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Title : MEASURES AND DIMENSIONS

ABSTRACT

Our purpose is the study of such sets as : the
nowhere differentiable curves,the nowhere dense compact sets,
and generally those which are now called "fractals"(B. Mandel-
brot), in R" . The techniques belong to the geometric
measure theory, including the use of outer measures, and
non-integer valued dimensions. Our main interests are the
following: the comparizon between different notions of dimen-
sion (Hausdorff dimension, Cantor-Minkowski index), the intro-
duction of new measures and dimensions, their evaluation on
some particular sets.

A new family of outer measures ¢-p , called
"packing measures", is defined; several applications show
that they can be considered as the dual of the classical
Hausdorff measures ¢-m ; they provide a dimension Dim ,
always greater than or equal to the Hausdorff dimension dim .
The comparizon between ¢-m and ¢-p , or between dim and
Dim , is a sort of test of regularity; the main applications
are: the dimension of the cartesian product of two sets in
rR" , and the measure of a Brownian path. Concerning the
Cantor-Minkowski index, we prove the equivalence of different
formulations of this index in R , and show how to generalize
the Besicovitch-Taylor definition to R" . As to the parti-
cular examples, we have taken a special interest in: the
Brownian motion path in R3 , the curves called "spirals"
in R2 , the residual set of the apollonian packing by disks

of a curvilinear triangle.






Cette thése se présente sous la forme d'une collection
d'articles dont la liste se trouve ci-dessous. On y fera réfé-
rence, dans le texte, par des chiffres entre parenthéses. Les
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MESURES ET DIMENSIONS

Dans le sens ou nous la prenons cette théorie remonte, en ce
qui concerne les mesures, a Carathéodory et Hausdorff, en ce qui
concerne les dimensions a Hausdorff et Bouligand. Son objet
principal est 1l'analyse, dans un espace métrique, des ensembles
"rares" ( de mesure de Lebesgue nulle ), ou fractionnés a 1'infini,
ou des courbes nulle part différentiables, enfin de cette classe
d'ensembles non assimilables a4 des schémas de la géométrie clas-
sique que Mandelbrot appelle des "fractals" [12] . I1 suffit
de lire 1l'historique de 1l'ouvrage cité pour s'apercevoir que la
notion méme de fractal préexiste a celle de "dimension fraction-
naire" : Hausdorff a inventé sa dimension pour les fractals.

Ceci a eu lieu bien avant tout essai de définition correcte de
la classe d'ensembles concernée. Maintenant on cherche a définir

les fractals par la dimension de Hausdorff.

I1 n'est pas question de présenter ici l'essentiel des idées
qui ont excité 1'intérét des chercheurs sur ce sujet depuis le
début du siécle ; j'en ai fait un choix restreint qui définit bien
le domaine dans lequel se place cette étude. Et je voudrais
surtout souligner deux courants d'idées principaux, relevant en

quelque sorte de deux philosophies différentes.

Mesures et dimension de Hausdorff

Cette premiére méthode se présente a 1l'origine comme une
généralisation d'une notion de mesure. Si ¢ est une fonction
définie et croissante dans un voisinage positif de 1l'origine, de
limite O en O , on considére pour tout r > 0 les recouvrements

R de E par des boules ouvertes ( par exemple ) de diamétre

<r . On calcule

inf 2 ¢(diam B)

IRI< r BeR
ou la borne inférieure est prise sur tous ces recouvrements. La
valeur obtenue croit quand r tend vers 0 , et sa limite est

¢-m(E) : mesure de Hausdorff selon ¢ .



Cette notion se relie étroitement aux propfiétés des mesures
singuliéres portées par E . Citons deux résultats importants.
Supposons que E se trouve dans RP, p > 1, et que Br(x) est
la boule de centre x , de rayon r . I1 y a un "théoréme de
densité" di a Rogers et Taylor [15] qu'on peut présenter ainsi:

Soit u une mesﬁre finie, positive, o-additive telle
que u(E)>0 . On peut trouver deux constantes A, et A,

1
telles que

klu(E) inf ( lim inf ——2121—— ) =< ¢-m(E)
xeE r —0 u(Br(X))

¢-m(E) < l2|p| sup ( 1lim inf ___.ﬁt_(_ll_ )
xeE "' r —0 (B (x))

(avec les précautions ordinaires: 0.(+«)=0 , p/O=+> si p>0 ).

Puis, il y a le lemme de Frostman: si E est compact,
¢ tel que ¢(2t)/¢(t) est borné, et ¢-m(E) > 0 , il existe une
mesure u de poids fini portée par E telle que

¢(r)
w(B_ (x))

Vx e E, Vr <1 > 1

Ces théorémes ont des implications multiples. Le
premier en particulier donne lieu au "théoréme de Billingsley"
[3] concernant la dimension. En effet, si & = iqR , la famille
particuliére des mesures 22-m , a > 0 , posséde pour chaque E
un exposant critique qui est la dimension de Hausdorff dim(E)
si b > dim(E) , 2b—m(E) =0, et si b < dim(E) , QP—m(E) = +o
I1 est donc naturel qu'un résultat permettant le calcul de ¢-m ,
tel que le théoréme de densité, puisse fournir un résultat pour
le calcul de dim(E) . Enongons-le de la maniére suivante:

Soit u une mesure finie, positive, telle que u(E) > O

< log p(Br(x)) > < log u(Br(x)) )

lim inf lim inf
r —0 log r r —O0 log r

< dim(E) < sup
xeE

inf

xeE
De méme le lemme de Frostman permet une définition de

dim(E) ou n'entrent en jeu que des mesures singuliéres, a condition

que E soit analytique [11] , (1)

. ’ < ]_og u(Br(x)) > ’
dim(E) = sup inf lim inf

xeE r —0 log r

ol le sup est étendu a toutes les mesures u telles que dans le

théoréme de Billingsley.



Nous auront lieu de retrouver ces faits principaux dans la
suite, a4 titre de comparaison. Voyons maintenant la seconde

méthode.

LLes définitions constructives de Borel et de Bouligand

Celles-ci ne font pas appel a la notion de mesure.
Peut-étre est-ce la raison pour laquelle elles ont été considérées
comme moins importantes par les théoriciens. Cependant ce sont
certainement celles qui se prétent le mieux aux problémes pratiques.
Le premier a découvrir cet indice semble avoir été G. Bouligand
[7] , [8] en 1928, mais il a été ensuite redécouvert plusieurs
fois sous d'autres formes par Borel, Besicovitch & Taylor, Kolmo-
gorov & Tihomirov,... : voir (2) pour un trés bref historique.
Il s'agit toujours d'un exposant critique A associé a des suites

ou a des fonctions dépendant de E , telles que: le nombre minimum

n log 2

de boules de rayon r recouvrant E , le volume IE(r)Ip de
l'ensemble des points de RP 4 distance <r de E , le nombre
m(Zn,E) de cubes dyadiques rencontrant E , etc... Par exemple
o log |E(r)|
A(E) = inf { a : r2"PIE(r)|_ =»0 } = lim sup <\p - P
P r —0 log r
n -na log w(2™,E)
= inf { a : w(27,E) 2 +0 } = lim sup 2

n —
( la 1lim sup n'est pas spécifiée dans [8] , ol A& est appelé
"ordre de Cantor-Minkowski" ). En ce qui concerne les compacts
de mesure nulle sur la droite, une autre idée est de considérer
le complémentaire de E dans un intervalle borné donné: ce sera
une réunion d'intervalles ouverts de longueurs c, > supposée en
ordre décroissant. Alors
1.
A(E) = inf { a : n® z:ci +0 } = 1im sup
n

n-—»ao

log n

log n - log ). c,
n
( E. Borel [6] , 1948 ; A est appelé "raréfaction logarithmi-

que" ). Par cette derniere définition Borel revenait a des idées
antérieures aux travaux de Bouligand, et méme de Hausdorff:
"...Pour ces diverses raisons la notion d'ensemble de mesure nulle

est primordiale; mais c'est en méme temps une notion si générale
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qu'on ne peut espérer approfondir réellement cette question qu'en
étudiant de prés cette notion générale) c'est-a-dire en ne confon-
dant pas entre eux tous les ensembles de mesure nulle. La classi-
fication basée sur la décroissance des intervalles d'exclusion me
parait étre un premier pas dans cette étude qui s'impose aux

analystes" [4] (1913).

A ce qu'il parait ce n'est que tout récemment qu'on s'est
apercu que les définitions de Borel et Bouligand coincidaient dans
R . Pour plus de clarté j'anticipe sur la présentation de mes
propres travaux, et indique que Foutes ces définitions historiques

( ainsi que d'autres plus récentes ) coincident quand E est de
p q

mesure nulle: c'est le méme A qui est défini. Celles formulées
dans Rp, p > 1 , coincident également. A la suite de 1l'ouvrage
[17] , & 1'auteur duquel je suis personnellement redevable de mon

premier départ et de cet intérét porté aux indices de raréfaction,
j'appelle A(E) 1la "densité logarithmique" de E , pour les
raisons suivantes: logarithmique va de soi, et indique en méme
temps une généralisation possible dans une échelle de fonctions
plus vaste ( la dimension de Hausdorff aussi pourrait étre dite
logarithmique, a la suite de formules telles que le théoréme de
Billingsley ). Densité,'vient du fait que si F est dense dans
E, A(F) = A(E) ; et ce mot évite le mot "dimension", qui choque
ici 1l'intuition du fait que A peut prendre des valeurs non nulles
sur des ensembles discrets ( 4( {% :nelN}) =3 ). Quelle que
soit sa dénomination la carzctéristique essentielle de 4 est
d'étre définie de fagon "constructive", et c'est la raison pour
laquelle les praticiens 1l'emploient ( souvent sans le savoir, comme

M. Jourdain faisait de la prose ), considérant par exemple que

n .
le rapport - 1°n wé; zb) est une approximation de dim(E) ( mais

quel sens peut-on donner a dim(E) 1lui-méme si E n'est connu

que par des approximations numériques? ). Cet aspect non construc-
tif de dim(E) , Borel le reléve en 1935 ( époque ou dim était

la "dimension de Besicovitch" ) dans une comparaison avec une

autre de ses méthodes d'analyse: "Je dois tout d'abord faire obser-

ver que la méthode de M. Besicovitch présente avec la mienne une



différence analogue entre ma définition de mesure des ensembles
et celle de M. Lebesgue., Les démarches, différentes, conduisent
naturcllement 4 des indices distincts. L'inégalité

_dim(E) < A(E) ,
toujours vraie, est en général une inégalité stricte, et l'égalité
se produit sur des ensembles a construction trés réguliére, en
accord avec une remarque de [8] , que 1l'on peut maintenant traduire
ainsi:

log u(B_ (x))

Si, pour tout x € E , les rapports Tog tendent

uniformément vers une constante a , alors a = A(E) = dim(E)

(comparer avec le théoréme de Billingsley ). L'égalité a lieu, par
exemple, pour les courbes rectiéiables, pour la courbe de Von Koch.
( A(E) = log 4 / log 3 ), ou pour 1l'ensemble triadique de Cantor

( A(E) = log 2 / log 3 ).

Thése soutenue a Genéve ( Claude Tricot 1979 )

Pour références, voir [18] et [19] . Son but princi-
pal était d'augmenter 1'ensemble de définitions et de résultats
permettant de faire le lien entre les deux méthodologies distinctes
que je viens de décrire sommairement. Les questions auxquelles il
fallait répondre étaient du type suivant: " Si A prend, locale-

ment, la méme valeur en tout point de E , cette valeur est- elle

égale a dim(E)? Existe-t-il d'autres dimensions intermédiaires
entre dim et A? Qu'est-ce exactement que régularité d'un
ensemble? etc...". La réponse a la premiére question est négati-

ve, mais construire un contre-exemple devient a ce niveau-1a assez
compliqué, non pas tant pour des raisons purement géométriques,

que pour des raisons de vocabulaire, et de la quantité de mots
nécessaires a la définition. Il a été possible d'éliminer une
partie du probléme grdce a l'utilisation de graphes dyadiques, per-
mettant de visualiser 1l'ensemble E considéré au moyen d'un arbre.
Ce procédé s'est révélé utile en d'autres occasions. La deuxiéme
question est une de celles que j'ai davantage poursuivies par la
suite, avec, peut-étre, l'arriére-pensée de rendre arbitraire le
choix de la dimension de Hausdorff en présentant d'autres dimensions
tout aussi valables a certains points de vue. Tout d'abord, un

essai d'une théorie compléte des indices de raréfaction: un indice



a doit posséder deux propriétés essentielles,

Monotonicité: E, c E2 -» a(El) < a(Ez) s

Invariance : aoh = a , pour tout homéomorphisme h :

P _ 5P ;P . log dist (h(y), h(z)) _
m R tel que, VX e R ) lim 10g dist (y)z) - ! )

y+x
z+X

Ceci donne 1'idée de considérer la théorie de la raréfaction comme
un raffinement de la Topologie classique, laquelle voit tous les
objets comme équivalents a un homéomorphisme preés. Ici les objets
sont équivalents par rapport a un groupe plus restreint d'homéomor-
phismes, comprenant en particuligr les difféomorphismes. L'indice

a est dit "o-stable" si af UEn) = sup a(En) , propriété que

n n
posséde dim , mais non A . De méme que toute pré-mesure peut
fournir une mesure extérieure sous-additive [14] , de méme tout «

peut engendrer un indice o-stable, en posant:
§(E) = inf { sup o(E ) : E_+E }
Par ce procédé A fournit B8 , et & ( le symétrique de 4 :
§(E) = lim inf log w(2",E) / n log 2 ) fournit & ,ce qui nous
donne déja trois indices o-stables au comportement assez sembla-
ble, et ordonnés de la fagon suivante: |
dim < 8§ < 8 .
La considération du théoréme de Billingsley conduit a se poser
la question suivante: existe-il un indice, symétrique en quelque

sorte de dim(E) , qui prenne la valeur a lorsque, pour tout x

. log u(B_(x)) .

dans E , lim sup = a ? Dans cette thése sont déja
‘ r —0 log r

esquissées les "mesures et dimensions de packing", mais le manque
de résultats et le contexte encore trop restreint ne permettront
pas encore de donner une réponse définitive a la question. Nous

la retrouverons plus tard.

Enfin la notion de régularité d'un ensemble se trouve
précisée grace a un "coefficient d'irrégularité" r dont la
définition est basée sur les mesures singuliéres portées par E .
E est dit "régulier" si r(E) = 0 . Comme on a toujours

A - dim < r ,

les indices déja connus coincident sur les ensembles réguliers.



Ce coefficient permet d'introduire la notion d'"indice régulier"
a est régulier si .

a = dim + O(r) ,
ce qui est le cas de 6§ , A , &, A, et permet d'éliminer les

indices sans signification ( tel celui identique a 0 ).

Ces considérations ne sont pas un résumé complet de la thése
de Genéve: c'est, a la suite des quelques faits historiques présen-
tés au début, un extrait de tout ce qui pouvait servir a déter-
miner les fondations de la thése présente, et a en justifier les

motivations.

Les grandes lignes de la thése d'Orsay

Ces méthodes d'approche de la notion de raréfaction
dont nous avons parlé, 1l'une incluse dans la théorie de la mesure
et introduisant la dimension de Hausdorff, 1'autre de concept plus
géométrique, introduisant la densité logarithmique, on les retrou-
ve toutes deux dans la présente thése, qui se divise donc assez
naturellement en deux parties. La premiere, correspondant aux
titres (1) et (6), est une étude plus poussée des indices de
raréfaction o-stables ( c'est-a-dire, suivant notre acception du
terme, des dimensions ), définit de facgon compléte les mesures et
dimension de packing, et en donne les propriétés et des exemples
typiques; des précisions supplémentaires sont données par ce
moyen sur la trajectoire du mouvement Brownien. L'autre, corres-
pondant aux titres (2), (3), (4), (5) et (7), concerne 4 plus
spécialement: en calculer la valeur sur des ensembles donnés ( en
l'occurence: les spirales du plan, et 1l'ensemble résiduel du
packing apollonien ), et surtout en élargir le spectre de toutes
les définitions possibles dans rRP spour différentes valeurs de p

Donnons quelques précisions:

Mesures et dimension de packing: définitions

On peut en effet considérer d'autres mesures extéricures
que celles de Hausdorff. Celles-ci utilisent pour leur définition

des recouvrements de E par des ouverts dont le diamétre tend vers 0



On peut prendre plutét des "packings" de E ( supposé borné ),
c'est-a-dire des familles d'ensembles disjoints a distance nulle
de E , et dont le diamétre tend vers O . Les recouvrements
devaient étre aussi "économiques" que possible; ici les packings
devront étre au contraire aussi "serrés" que possible. Par ce
procédé on obtient directement non une mesure extérieure, mais
une pré-mesure, définie par

lim ( sup 2 oe(diam B) ),
r+0 | § |<r Be T

ou la borne supérieure est prise sur tous les packings § de E
par ensembles B de diamétre < r . Les résultats différeront
selon les conditions imposées aux ensembles B . Par exemple, on
appelle ¢-Q , ¢-P*¥ , ¢-P 1les pré-mesures, définies par la
formule précédente, correspondant respectivement a des packings par
boules ouvertes ( comme en (1) ), par cubes dyadiques, ou par boules
ouvertes centrées en E (6). Notre but est d'obtenir finalement
des mesures extérieures: or toute pré-mesure F peut engendrer

une mesure extérieure F par le procédé classique [14]

¥(E) = inf { % F(En) : ECVE , B disjoints } .

n
On va noter ¢-q , ¢-p¥* , ¢-p celles tirées de ¢-Q , ¢-P*
¢-P respectivement, par cette formule. Ici diverses considérations

s'imposent.

Tout d'abord les définitions de ces mesures extérieures peuvent
paraitre plus compliquées que celle de ¢-m : mais nmous verrons que

les théorémes de calcul ne le sont pas, ce qui est essentiel.

Ensuite elles ne sont pas équivalentes: pour tout ¢ on peut

trouver deux constantes Al et Ay telles que

¢-p X A, ¢-p¥ < A, ¢-q ,

mais il est possible de trouver un E tel que ¢-p(E) = 0 et
¢-p*(E) = += . De méme pour ¢-p¥* et ¢-q .

I1 y en a donc bien trois, au moins. On aimerait en trouver
une meilleure que les autres. Une bonne raison d'éliminer ¢-q

vient du fait que, si E est un compact de R , ¢-q(E) est égal,

S

pour tout ¢ concave, soit a O soit a += : c'est donc un cas



dégénéré. Pour éliminer ¢-p* on a montré qu'elle n'était pas
invariante par translation: on a construit un compact E de R

tel que l%—p*(E) < +o | tandis que 'Lé—p*(E+a) = +» ou E+a est
le translaté de E d'un réel a . On va donc garder ¢-p , qui
adopte comme ¢-m un comportement normal et en particulier, comme
le montre directement sa définition, est indépendante de tout dépla-
cement dans RP . Cependant il existe une parenté assez étroite

. . a
entre ces mesures (6) : en reprenant la famille de fonctions &° ,

22_p(E) < +=« — Vb > a , 2P-q(E) = 0

22-q(E) > 0 — Vb < a R lb—p(E) = +=
autrement dit 2a—p s La—p* s %a—q définissent, au moyen d'une
coupure a la maniére de la dimension de Hausdorff, le méme nombre
dimensionnel, noté Dim : la dimension de packing ( introduit pour

la premiére fois dans (1) , a 1'aide des mesures 2°-q ).

Théorémes de calcul

On retrouve pour ¢-p un théoréme analogue a celui pour
¢-m , mais en remplagant les lim inf par des 1lim sup (6)

Pour toute mesure p finie, positive, o-additive,

» w(E) inf <lim sup _elr) ).i ¢-p(E) < |u| sup < lim sup o(r) ))
xeE r —0 u(Br(x)) xeE r —0 p(BP(X))

A étant constante.

Un lemme qui correspond a celui de Frostman est valable pour
¢_P-X-

Si E est borné, et ¢-P¥(E)<+» , il existe une mesure pu de

poids fini telle que

Vx e E, Vr <1, _o(r) < 1. (1)
u(B_(x))
( le fait que ce lemme est valable pour ¢-P* vient de ce que sa

démonstration, a l'instar de celle de Frostman, utilise un réseau
de cubes dyadiques; je n'ai paé essayé de prouver le méme résultat
avec 1'hypothése plus faible que ¢-P(E) est fini ). Enfin le
théoréme de Billingsley retrouve exactement le correspondant que

1'on devine pour Dim , et grace au lemme précédent on peut écrire,

pour tout E( 51) log P(Br(x))
Dim(E) = inf sup lim sup s
xeE r —0 log r




ou la borne inférieure est étendue 4 toutes les mesures p finies

( comparer avec la formule correspondante pour dim ). La ou, par
contre, la symétrie cesse, c'est dans la comparaison de dim et

Dim avec les indices 3 et 23 dont on a parlé précédemment: en
effet, dim et 3 sont distincts, méme si & prend, localement,
partout la méme valeur sur E ( ceci se montre par un contre-
exemple (1) au reste assez difficile, et qui elit mérité une repré-
sentation par graphe; mais je n'ai pas osé proposé un tel graphe

pour publication au P.C.P.S. ) alors qu'il se trouve que

Dim = 2 ! Ce qui fournit deux méthodes de définition trés diffé-
rentes pour Dim . Bien entendu cela est di au manque relatif de
finesse de 1'échelle des fonctions 12 ,a >0 : les mémes nombres

dimensionnels, vus dans une échelle comportant des logarithmes

itérés, seront distincts sur certains ensembles, tels par exemple
que la trajectoire du mouvement brownien. J'utiliserai les deux
notations, Dim ou B3 , suivant que 1l'une ou 1l'autre des défini-

tions s'accorde le mieux au contexte.

Trois dimensions

On a donc toujours

dim < 8 < A = Dim ,

et chacune de ces dimensions mérite considération. 3 est une
régularisation de 4 , et ces deux indices sont liés par le
résultat important suivant (1) , fondé sur un théoréme de Baire:

Si E est compact, et si pour tout x € E on a

lim A(Ef\Br(x)) = a , ou a est une constante ( A est alors dit
r-0
"uniforme sur E " ), alors a = A(E) = 3(E) .

Cepéndant 3 a un comportement qui semble s'accorder mieux
a4 1'idée intuitive de dimension que A : en particulier sa valeur
sur n'importe quel ensemble dénombrable est O (comme pour tout
indice o-stable et régulier ). Les mémes remarques s'appliquent
a & et 8 , et aussi un résultat analogue au précédent, mais a
condition de renforcer un peu 1l'hypothése: il faut supposer que,

pour tout x ¢ E , lim G(Ef\Br(x)) §(E) (1) .
r-0



Quant a dim et Dim , elles ont partie égale, et leur
intérét réside surtout dans leurs rapports avec les mesures singu-
liéres. Comme ces deux dimensions sont, en quelque sorte, extré-
mes, elles ont pu servir a définir un nouveau coefficient d'irré-
gularité R = Dim - dim . L'ensemble E est dit "régulier"

( R-régulier ) si R(E) = 0 . Une application intéressante est

que, si E est régulier et F quelconque dans RP , on a
dim(ExF) = dim(E) + dim(F) ,

résultat qui généralise un théoréme de Besicovitch & Moran [1] .

On le tire directement des inégalités ci-dessous (1)

dim(E)+dim(F)<dim(ExF)<dim(E)+Dim(F)<Dim(ExF)<Dim(E)+Dim(F)

Une petite remarque en passant: si E est non régulier au
sens qui précede, il mérite certainement le nom de fractal. Dans
ce cas nécessairement dim(E) < Dim(E) . Par exemple il est bien
facile de construire un ensemble du type de celui de Cantor
( parfait symétrique ) dans 1l'intervalle [0,1] qui soit tel que
dim(E) = 0 , Dim(E) = 1 . Or Mandelbrot [12] propose 1'inégalité

dim(E) < dimension topologique de E
comme définition d'un fractal, définition qui n'englobe pas
l'exemple précédent. Cela donnerait 1'idée de proposer plutét
1'inégalité

Dim(E) < dimension topologique de E .

Mais la plupart des ensembles considérés en [12] , sinon
tous, sont tels que leur dimension de Hausdorff est égale &4 Dim(E),

voire méme a A(E) .

Mouvement brownien

Mais la comparaison entre dim et Dim ne donne encore
qu'une idée assez grossiére du type de régularité d'un ensemble.
Plus fine est la comparaison entre ¢-m et ¢-p , les mesures
de Hausdorff et de packing. Nous avons étudié en (6) 1la trajec-
toire Em du mouvement brownien dans R3 . Un probléme classi-
que, posé par P. Lévy, était de trouver la "bonne" fonction ¢ ,
celle telle que 0 < ¢-m(Ew) < +o avec probabilité 1 . Ce
probléme est achevé en [10] : il faut prendre ¢1(t)=t210g|10g t| .

Nous avons poursuivi la méme recherche pour ¢-p , et trouvé que la
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bonne fonction était ¢2(t)=t2/logllog t] ( noter la symétrie
agréable ). Un lemme, nécessaire pour arriver a ce résultat, dit
que si T(r) désigne le temps total ('pASSé et futur ) durant
lequel la particule reste dans la boule BP(O) ( au temps O

elle se trouve a l'origine ), on a:

. T(r ~
lim inf T(r) = 2 presque surement.
@2(r')
T1 faut ensuite utiliser un théoréme de densité. Dans cette

partie le professcur Taylor a eu, évidemment, la part essentielle.
Mais d'une fagon générale il se trouve que tout 1'ensemble de cette
thése a été écrite a Liverpool, et que j'ai grandement profité

de nos trés fréquentes conversations.

Les nombreuses définitions de A

Passons maintenant a la partie concernant A . Nous
avons vu que cet indice avait été retrouvé plusieurs fois par des
méthodes, soit métriques soit arithmétiques, trés différentes.
Comme les idées de départ divergent, il peut sembler surprenant
que les résultats coincident. Ceci est di au manque relatif de
finesse de 1'échelle des fonctions &2 , @ > 0 : dans une échelle

plus fine les résultats divergeront.

C'est dans TR que 1l'on peut observer le plus grand nombre de
formulations différentes, puisque dans R seulement a été consi-
dérée une suite d'ouverts complémentaires du compact E étudié.

Cette suite s'impose en effet naturellement, il suffit de prendre

les composantes connexes du complémentaire. Notons (cn) la suite
décroissante des longueurs de ces intervalles. J'ai dans (2)
réuni 12 définitions différentes - les onze premiéres étant des

définitions "historiques" ou apparentées, la douziéme basée sur
1l'emploi de réseaux, d'une forme aussi générale que possible, per-
mettant d'approcher E par des recouvrements de plus en plus fins
( mais toujours par intervalles de longueur comparable ).
L'essentiel de la démonstration se raméne a la preuve de 1'égalité

entre les trois indices suivant:



A](cn) = inf { a : n cn‘»O }
A (c ) = inf { a : Ca—]~§ c. +0 }
2°"n n i
n
)
A.(c ) = inf { a : n z:c. -0} .
3" n i
n
On reconnait la raréfaction logarithmique de Borel [6] dans
la troisiéme expression. La premiére est la plus simple, et

s'apparente a 1'indice de Besicgvitch-Taylor [2]

inf { o : E:c? < 4o }
;1

Quant a AZ(Cn) ,qui est le plus difficile a4 comparer aux autres,
il joue un rodle important dans certains calculs techniques concer-
nant A : je 1'ai retrouvé a plusieurs reprises par la suite, et
n'aurai pu mener a bien différents travaux sans la connaissance
préalable de ces égalités. On la retrouve en particulier dans

1'étude du probléme suivant:

8Si E est dans RP s, P> 1, quelles conditions doivent
remplir une suite d'ouverts disjoints de diamétres <, dans le
complémentaire de E , pour que les expressions précédentes soient
encore égales a A(E) ? En d'autres termes, pour que 1'égalité

Al(cn) = A(E)

ait lieu. Pour motiver cette recherche, prenons un exemple bien
connu. D'un triangle curviligne dans le plan, bordé par trois
cercles mutuellement tangents, extrayons le disque ouvert de dia-
métre maximal, puis répétons la méme opération dans les trois
triangles restant, etc... Cet ensemble de disques, finalement
partout dense dans le triangle initial, est le "packing apollonien".
Si (cn) est la suite des diamétres de ces disques, la "constante
du packing" [13] a été définie comme inf { a : E:c: < 4o }
c'est-a-dire justement la forme de Besicovitch-Taylor, et effecti-
vement on peut montrer que cette constante n'est autre que A(E) ,
oi E est l'ensemble restant dans le triangle initial aprés avoir
O0té tous les disques. Comment généraliser cela, non sculement a
des disques ou des pavés, mais a des packings de toute forme?

L'ouvrage (3) donne une réponse valable dans RZ ,que voici:
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Prenons pour commencer un domaine VO , qui contiendra E ,

et une famille dénombrable (Vn) d'ouverts disjoints inclus dans

n>1

V0 , de telle sorte que pour tout n>0 , Vn a une frontiére Fn

topologiquement équivalente a un cercle. Pour éviter des pro-

blémes de frontiére définissons E comme

E = V0 - U Vn .
n=1
On appelle <, le diametre de Vrl , et on suppose €h 2 %h,1 ¢

Alors 1l'expression AI(Cn) est égale a A(E) si les conditions

suivantes sont réalisées:

(i) IEI2 =0 .
(ii) Fn est rectifiable, de longueur 8o et pour une
certaine constante A > 1 : L < Ac .

n n

(iii) I1 existe deux boules BA et Bg telles que

B'cVcB" , et diam B" < A diam B' .
n n n n - n

(iv) L'ensemble (nal Fi)‘an n'a pas plus de A
0
composantes connexes.

(v) dist (Vn,E) <A c, -

De ce type sont, clairement, les disques du packing apollonien;
ou encore, les pavés recouvrant le complémentaire seloﬁ la méthode
de Whitney [16, p.16] . Pour montrer qu'aucune de ces conditions
n'est inutile, on donne cing exemples d'ensembles, associés & une
suite d'ouverts complémentaires, dont chacun vérifie quatre des
conditions et manque a vérifier la cinquiéme; et pour lesquels
Al(cn) £ A(E) . Quant a la démonstration, elle est courte ( et
n'utilise pas 1'hypothése (iv) ) si E:ci = +o ( A(E) est alors
> 1 ); et nettement plus difficile si E:Ci < +o» , cas ou les Fn
ont d'importantes parties communes. Dans le premier cas on ren-
contre une nouvelle expression équivalente pour Al(cn) :

. N | L
inf { a : c, %:cifo } .

La généralisation du théoréme ci-dessus a RrP » b > 3 , parait
inextricable. Du moins pew-m la faire dans le cas ou les Vn sont

des pavés, ce qui exclut les conditions (ii) et (iii) : c'est le
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sujet de l'article (7) , di a une question de J. Peyriére. Sans
doute pourrait-on encore la tenter pour le cas ou les Vn sont des

corps convexes, avec des difficultés géométriques supplémentaires.

Spirales

D'autres expressions équivalentes de Al(cn) sont utili-
sées dans 1'étude (5) des spirales T définies par 1'équation
polaire

p = f(e) , e >0,

ou f est continue, décroissante, convexe, tendant vers O quand
8 tend vers +« , et ou T est.localement convexe. Le proble-
me posé par Y. Dupain et M. Mendés-France était de relier A(T)
a dims(r) - inf { « :2.n wg <+ } | ou © est la mesure de
l'ensemble des droites du plan coupant T en exactement n points
( selon la mesure classique, invariante par tout déplacement ).
Dans le cas de la spirale, il a été possible de prouver 1'égalité
entre ces deux indices, la démonstration consistant d'abord a
prouver que -
dim.(T) = inf { a : 2. n 6° < 4= }

S 1 n

ou s, = f(2n7) - £(2(n+1)7) , et ensuite que cette derniére valeur

était égale aux suivantes:

n
inf {a: ¢1'Y i 6.+0 1, inf { a : n
n 1 1

. a-1 < ~. a-1 <
21nf{a.6n %610},et 1nf'{on.n5rl %6i0}.

Ces résultats obtenus on en tire assez facilement &(T) =

dimS(F) , en donnant une estimation de |[T(r) | Ces & peuvent

5 -
en réalité étre reliés a des diamétres d'ouverts complémentaires
de T , et on pourrait ainsi ramener 1'étude de A(F) au probleée-

me plus général de (3) .

Le packing apollonien

C'est toujours une source de difficiles problémes.
Celui par exemple de démontrer 1'égalité
dim(E) = A(E)
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ou E est l'ensemble résiduel, a été résolu par Boyd [9] de facon
d'ailleurs assez complexe. J'ai cherché a démontrer la méme éga-
lité ( a4 vrai dire je n'ai eu connaissance de la démonstration de
Boyd qu'a la fin de mon travail ) par la méthode, trés simple dans
son principe, consistant a utiliser le théoréme de densité pour
dim(E) en construisant sur E des mesures singuliéres adéquates.
Avant cela il est nécessaire de construire un réseau recouvrant FE
composé de triangles curvilignes aussi réguliers que possible,

( réguliers, en ce sens que le rapport du diamétre extérieur au
diamétre intérieur doit étre borné; on évite par la les triangles
trés longs et trés fins ). Pour ce faire, enlevons dans une
premiére étape tous les disques du packing qui sont tangents a au
moins deux des cercles originaux ( c'est la "guirlande de Kasner
et Supnick" ); cela déterminc une famille dénombrable ﬂi de trian-
gles, de toutes tailles, mais tous réguliers. Puis, dans chacun
d'eux, répétons la méme opération: au total cela détermine une
famille 32 , emboitée dans iﬁ . Et ainsi de suite a 1'infini.
I1 faut vérifier que ce réseau se trouve étre effectivement suffi-
sant pour le calcul de dim(E) . Ensuite on définit une mesure
par son poids sur chaque triangle de 3; .Une légére variante du
théoréme de densité fournit alors un encadrement pour dim(E)

Des réseaux de plus en plds fins permettent finalement d'obtenir
une suite de valeurs de plus en plus précises pour dim(E). On

montre d'autre part que A(E) est inférieur ou égal a la limite

de cette suite. D'ou 1'égalité.

Il serait intéressant de vérifier si, comme nous le conjectu-
rons, cette méthode ne s'appliquerait pas a des packings plus
généraux. Telle quelle, elle fournit un bon exemple du calcul
des dimensions par des procédés classiques. I1 va de soi que les
autres indices dont on a parlé, tous compris entre dim(E) et
A(E) , prennent tous cette méme valeur 1,306... : l'ensemble
résiduel du packing apollonien est, du point de vue dimensionnel,

au plus haut point régulier.
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Introduction
The main properties of the Hausdorff dimension, here denoted by dim, are

monotonicity: B, < E,= dim (E,) < dim (£,)
o-stability: dim (U E,) < supdim (E,)
n n

In R?, invariance under a group H of homeomorphisms: VH e H, dimo H = dim.
The definition of H, introduced in (15) and (16), is recalled in § 2.

Furthermore dim takes the value p on each subset of R? of positive p-dimensional
Lebesgue measure, and log 2/( —log a) on each symmetrical perfect set with constant
ratio a (7).

Our purpose is to begin a systematic study of a second dimension Dim (the first
reference can be found in (16), with the notation d) which has all the above mentioned
properties. We show in § 1 that, as for Hausdorff dimension, Dim can be obtained from
a family of outer measures A— M. This section is valid in any metmc space. The
remainder of the paper is restricted to R?.

In § 2 we give, for each subset of R?, a definition of dim which is known for compact
subsets (with a slightly different form, see (7)), using the lemma of Frostman. We show
that a symmetric definition, where, roughly speaking, the sup is replaced by inf and
conversely, can be found for Dim (Theorem 1).

In §3 we introduce two other o-stable indices § and A (in fact A = Dim, Pro-
position 2). With the help of the concept of uniformity of a rarefaction index on a set
we can find a general result concerning a family of o-stable indices (Proposition 3) and
deduce the existence of a set such that dim + 8.

We always have the inequality
dim < Dim

but these two dimensions are not identical: we study in § 4 the irregularity coefficient

R defined by
R = Dim —dim.

A set E is regular if R(E) = 0: this new notion (weaker than that introduced in (16))
is used in § 5, devoted to the study of cartesian products, to give in particular that
dim (£ x F) = dim () + dim (F)

holds if E, or F, is regular, in the sense of § 4 (this problem was suggested to me by
Professor S.J. Taylor), and we see that this condition is weaker than that given by
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Besicovitch and Moran(2) (Proposition 4). Several examples of dimension relations
for cartesian products are given at the end.

I am most grateful to Professor S. J. Taylor for his advice and encouragement while
I was preparing this paper.

§ 1 The outer measures h-m and h-M

Let (X, p) be a metric space, d(E) the diameter of £, and B the set of all open balls
of X. A countable family of bounded subsets of X will be denoted by £, and
D(#) = sup d(E).
IfE<X,r>0: Eea
AE,r)={Z/DZR)<r, E<uZ)}

B(E,r) ={# < B/D(Z) < r,
the elements of % do not overlap, and YVBe %: p(B, E) = 0}.
As in (12), we call #| the class of functions A: R* - R, monotone increasing for

t > 0, positive for ¢ > 0, continuous on the right for all ¢ > 0, and such that A(0) = 0.
It will be useful to write 2(E) instead of h(d(£)) when E + &, and h(Z) instead of the

sum Y h(E).
EeR
Let A = idR+.

If E < X, he ¥, the limit, when r > 0, of
h—m(E,r) = inf{h(R)/ R A(E,r)}

is the Hausdorff measure of E, h —m(E), and the Hausdorff dimension of £ is defined
in the following way:
dim (£) = inf{ae R*/A%—m(E) = 0} (1)

= sup{aeR*/A*—m(E) = + c0}. 2)

We now introduce another index by a similar method. Let us denote by » — M(E)
the limit, when r — 0, of
h—M(E,r) = sup{MZ)/#cB(E,r)}.

As for the Hausdorff measure it can be seen that the family A?2— M, ae R, deter-
mines a rarefaction index:

DEFINITION 1.

A(E) = inf{aeR*/A%— M(E) = 0} (3)

sup{aeR*/A%— M(E) = + 0} (4)

with the following properties:
(P,) A is monotone: E;, < E,= A(E,) < A(E,).
(P,) Aisstable,i.e. A(E, U E;) = max (A(E,), A(&,)): This follows from

_ h—M(E,V E,)) < h— M(E,)+h— M(E,).
(Py) A(E) = A(K).
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This last property implies that A is not o-stable, a function a: (X) - R being
a-stable (16) if
(U E,) = supa(E,). (5)

This difference between A and dim is a result of the fact that 2 — m is an outer measure,
and k — M isnot. But we can use it as a pre-measure (12) and get the new outer measure:

h—M(E)=inf 3 h—M(E,), (6)

EcUE;
(the sets E; are arbitrary subsets of X).
Now we introduce our ‘symmetrical index’:

DEFINITION 2.
Dim (E) = inf{aeR*+/A2— M(E) = 0} (7

= sup {aeRVA“-—M(E) = + oo}, (8)

The fact that & —  is an outer measure implies that Dim has the same properties (P,)
and (P;) as Hausdorff dimension:

(P,) Monotonicity: E, < E, = Dim (&,) < Dim (£,).
(Pg) o-stability: Dim (U E,) = sup Dim (E,).
n n

Let us state a lemma which will be useful later:

LeMwMma 1. Let E be a bounded subset of X, and for each r > 0, M} (E) be the greatest
number of non-overlapping open balls of diameter €lr/2,7] s.t. p(B, E) = 0.
Then

-k log M? (&)
A(E) = hrrrlsoup “Togr

(9)
Proof. The inequality > comes from

(g)“M:(E) < A®— M(E,r) foreach aeR*,

which is trivial.

In the other direction, assume that A(E) + 0, and take two real numbers £ and 7,
0<p <y <AE).

By (4) AY— M(E) = + o0, and for each r€]0, 1] there exists # € B(E, r) such that

AY(R) > 1.
Let n > 0, and k,, be the number of Be % such that

2-n-1 < d(B) < 27,
Using the inequality

©
Sk, 277 > 1,
1

there exists an integer N such that

M;'N(E) = kN P 2.’Vﬂ(1 _2ﬂ—-y),
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o)
(log M »(E)/log 2Y) > f+0 (Kl,) ,
which concludes the proof.
COROLLARY 1. Foreach E < X:
dim (E) < Dim (E) < A(E). (10)
Proof. (a) Let us show first that
dim (E) < A(E). (11)

Let r > 0, and # be a set of M} (E) non overlapping open balls s.t. p(B, E) = 0.
If each Be Z is replaced by B of same centre and diameter 3 d(B), the set of all open
balls B is a covering of E. Therefore,

VaeR*+, A®—m(E,3r) < M*(E)(3r)2,
and A*—m(E) < 3% lim inf M¥(E)re

r—0
which by (1) and (9) implies the required inequality.
(®) Dim (E) < A(E)

comes from h— J(E) < h— M(E) (6).
(c) Now let us take a > Dim (%): by (7)

Ae—J(E) = 0,
80 there exists a sequence (E,), U E, = E, such that

T Ae— M(E,) < 1.
n

It follows from (3) that A(E,) < a for each n. Using (11) and the o-stability of dim,

we obtain
dim (F) € a.

We will see, in further examples, that these three indices are different, but take the
same values on some large classes of sets.

§2 Another definition of dim and Dim in RP
Let peN*, X = R», p be the distance defined by

plx,y) = max |z;—y,,
1<i<p

B,(x) be the open ball of centre x, radius r, and for each £ < R?:
E(p) = {xeR?/p(x,E) < r}.

The p-dimensional Lebesgue measure is denoted by | |.
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Let neN. A 2"-mesh in R is a closed interval of the kind [k2-", (k+1)2-*], keZ.
A 2n-mesh in RP is a closed ball, the projection of which on each axis is a 2*-mesh.

If E is bounded, w(2", E) will denote the number of 2"-meshes meeting E.

There is another definition of A in R?:

COROLLARY 2. Let E bounded, M,(E) be the greatest number of open balls of diameter r,

non overlapping, and centred in E, and N(E) be the smallest number of closed balls of
diameter r covering E. Then

A(E) = limsup log M, (%) = limsup log N, (E)

o0 —logr r—0 —logr
Y logw(2™, E) .. ( log[E(r)l)
= ll;nsup W —rll_lftsup (p— W . (12)

Therefore A is exactly the ‘metric dimension’ of A. Kolmogorov (9), the ‘logarithmic
density’ of C. Tricot(14), the ‘entropy dimension’ of J. Hawkes(6).

Proof. Let us call A,, ..., A the five members of (12).
A, = A;: by lemma 1, and the inequalities

M) (5) < 1B0)] < MHE) (e,

the last one resulting from the fact that E(r) is covered by M (E) balls of diameter 4r.

A, = Ay, and A, = A;: similar argument.
Ag < Ag: since |E(r)| < N(E) (3r)?.
Ag < A;:since N(E) < w(2%E) if 2-n <.

Remark. In particular

A<p. (13)
If |E| > 0 we have
dim (E) = Dim (E) = A(E) = p.

Let us give a property of invariance for dim, Dim, A:
In (15) we introduced the group H(X) of all homeomorphisms H: X — X such that

VzeX, lim logp(H(y), H) _
vz

log p(y, 2)
2z
y+2z
This property is equivalent to:
For each compact set K < X, log p(H(x), (H(y)) (log p(x,y))* converges to 1 uniformly

on K as p(z,y) > 0.
Prorosition 1. VHe H(RP), dimo H = dim, Ao H = A, Dimo H = Dim.

Proof. Let E < R?. Without loss of generality we can assume that E is bounded. Let
€ > 0, and r > 0 such that

VeeE,Vyek, p(z,y) < r=p(H(z), H(y)) € [p(z,y)'**, p(z, y)~].
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(a) If Ze A(E,7), for each A € #, the diameter of H(A4) is < d(4)!-¢:
So# = {H(4)/Ae R} A(H(E), r-), and

~

AYA) < AC=AZR),

which implies dim (H(E)) < (1 —¢)~1dim (E).
(b) The same argument proves that

N,-«(H(E)) < N(E),

so by (12) A(H(E)) £ (1 —¢) L A(E).
(¢) Ifa > Dim (E), Ae— ]lAI(E) = 0, and there exists (£,), UE, = E,s.t. A(E,) < a.

So AH(E,)) < (1—¢)la by (b),

n

and therefore Dim (H(E)) < (1—¢€)~1Dim (E).
To conclude, we use the fact that ¢ is arbitrarily small, and that H-1e H(RP?).

Now let us consider the o-additive measures on a set E. In this paper they will
always be finite, of total mass |x||, and positive, without further mention. By

convention,
log 0

if relo, 1: Togr = 4 0. (14)
Notation. Let u be a measure, and z e RP. Let
— Tim ing 08 4(B, () T log #(B,(x))
o(x) —Tanl()lnf Togr Du(x) = }ﬁnosup Togr

@u and Ou are functions R? - R U { + oo}.

THEOREM 1. Let E be an analytic subset of RP, and
Y(E) = sup {inf¢u}, TI'(E) = inf{sup Ou}. (15)
r E

WE)>0E

Then
dim (E) = y(E), Dim(E) = ['(E).

Proof. (a) The inequality y(E) < dim (Z) is not far from a result of P. Billingsley (3):
If y(E) + 0, and € ]0, y(E)[, there exists a measure x, #(E) > 0, such that

VzeE, liminf log u(B,(=)) > a. (16)

r—>0 logr

Lete > 0,and E, = {xeE/r < %: W(By(x)) < re—¢},

For each family £ of open balls centred in E,, and of diameter < 1/n, covering E,,

we have
A=) > p(B,). (17)

AsE cEy<...,andUE, = E, u(E,) > 0if n is large enough. On the other hand
n
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we know that dim (Z,) may be calculated with such open balls centred in £, therefore
by (17)

dim (E,) > a—¢,
from which the result follows.

() Dim (E) < T'(E):
Let a > I'(E), u such that

Yz e E, limsup

log (B, (z))
r—0 IOg r ( 18)

<a,
€>0,and B, = {er/r < hl-=>,u(B,(x)) > rate}

Let n be such that £, + @, and assume first that £, is bounded.
If r < 1/n, each ball B of radius r centres in E, verifies

u(B) > r=+e,

whence
M, (E)r=te < g
By (12) it follows that
A(E,) < a+e
and by (10) Dim (E,) < a+e.

If E, is not bounded: replace E, by
E, = E, n B,(0).

Then apply the o-stability of Dim to conclude. _
To complete the proof three lemmas are necessary. The first is well-known (see (7) for
a proof in R).

LemMMA 2. Let he 5, such that
Je, > 1 and cg > 08.d. h(c,t) < cyh(t),
and E be a compact set.
h—m(E) > 0=>3u, Suppu = E, such that
VeeE, Vrelo,1[: u(B,(z)) < h(r).

LemMma 3.
h—M(E) < +o0o= sup h(ZX) < +oo0.
ReB(E,1)
Proof. Let r > 0 be such that h— M (E,r) < 2h— M(E).
If e B(E, 1) is such that each ball of # has a diameter > r, # has no more than
|E(1)| r-? elements.

So sup h(#) < 2h— M(E)+ |E(1)| r7h(1).
ReB(E,1)
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LemMMA 4. Let he # and E < RP.
h—M(E) < + oo =-3u such that
VozeE, Yrelo, 1[: u(B.(x)) > h(r).

Outline of Proof. It is in some sense the symmetrical lemma to Frostman’s lemma,
and we will use similar arguments.

Ash—M(E) < + o0, E is bounded.
Let #, be the family of 2"-meshes meeting E, and v, be the measure uniformly
distributed on each we %, such that v,(u) = A(2-7*1). Then by induction on k an
increasing sequence (v, ;)o <1 < », Of measures can be constructed such that

VueR, i, Vo r(u) = h(277FEFT),

and such that there exists a covering Z of E by disjoint meshes with v, (U R) = h(Z).
Now apply Lemma 3 and a theorem of Helly to get a finite measure x verifying

VneN, Vue,, pu)> h(2-H). (19)

Let ze E, and r€]0, 1. There exists ue U %, such that v = B,(z), and d(u) > r/2.
k
From (19)
h(r) < h(2diam () < p(u) < 4(B,(@)).

End of the proof of Theorem 1.

(c) dim (E) < y(E): Assume dim (E) # 0. As E is analytic, for each a€]0, dim (¥)[
there exists (4) a compact subset F < E such that

a < dim (F).

As A*—m(E) = + oo we can find (Lemma 2) a measure g such that F = Suppy,

and inf@u > e.
F .
If xeE—F, let r> 0 be s.t. FnB,(z) = @: then u(B,(z)) =0, and from (14),
infgu = + 0.

E-F

Therefore y(E) > c.

(d) T(E) < Dim (E): for each a > Dim(E), A*~M(E) =0, and there exists a
sequence (E,), U E, = E, such that

supA*—-M(E,) < 1.

Let 4™ be the measure constructed on £, as in Lemma 4, and put
@y = 27" )7, p = Ta,u™.
 is a finite measure, and for each x€ E,,: "
Vre]0,1[, u(B,(x)) > a,u"™(B,(x)) > a,r%,

so that
Du(z) < a.
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§3 Concept of uniformity, and examples -

This section is mainly devoted to a comparison between dim, Dim and other
o-stable indices. Let us recall that if « is a monotone set function, defined on the
bounded subsets of R, with values in [0, p], the new set function

&(E) = inf{supa(E,)/U E, = E} (20)

is o-stable (see (5)), and can be extended to any subset of R” (16). The properties

&<a and a<pf=4<f (21)
are easily verified.
As an example, A is not o-stable, but A is. Another example is 8, defined on a
bounded set E by

. o logw(2M E)
oE) = ll;n inf T (22)
This has the properties (F,) and (P;), and, as with A, it may also be written
8(E) = liminf BNAE) _ 11 ing 108 MAAE)
r—0 —logr .50 —logr
— liminf (p— 8 IE(r)I)
—rlin; inf (p logr )’ (23)

and the corresponding o-stable index & < A by (21).
We will show that A is coincident with Dim. We cannot find any similar result for
dim, and give an example of a set such that dim (E) + §(E) (Example 2).

PROPOSITION 2. .
Dim = A. (24)

Proof. The o-stability of Dim and A, and (10) prove that Dim < A.
Conversely, ifa > Dim (E), by (7) A® -m (E) = 0, and E can be written U E,, where
n
A®— M(E,) < + co. Therefore A(E,) < a by (3) and A(E) < a.

Notation. If « is a monotone bounded set function, let us denote for each z€ £

a(E,z) = lima(E n B,(x)), (25)
r—0
and
a*(E) = sug a(E,x). (26)

For a fixed E, a(E, +) can be considered as a function £ - R.

DEFINITION 5. a t8 ‘uniform on E’if a(E, x) is constant on E.
Then this constant is equal to a*(E).

Remark. In general « is not necessarily uniform on E. For a = dim there is an
example in (13) of a perfect set £ for which a(E, - ) takes a different value at each point.
3 ‘ PSP I
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Lemma 5. If a is stable, i.e.
a(G Ei) — max a(E,) 27)
i=1

1<i<n
and uniform on E, where E is bounded, then a(E) = o*(E).
Proof. For each ¢ > 0, and each z € E, there exists r, > 0 such that
o(E n B, (x)) < a*(E)+e.

Applying Borel-Lebesgue’s theorem to the open covering {B, /ze E} of E, and
using the stability of «, we deduce

a(E) < a*(E) +e,
80 a(E) < a*(E). The converse inequality is trivial.

ProPOSITION 3. Let o be a monotone set function, such that for each E, a(E) = a(E).
If o is uniform on the compact set F, and a(F) = a*(F), then o(F) = &(F).

Proof. (25), (26) and the equality a(F) = o*(F) imply

YeeF, Vr>0, aFnB,(z)=alf). (28)
Suppose that &(F) < a(F): by (20) there exists a sequence (F,) such that
F=UF, and oF,) <a(F). (29)
n

- Let ze F,,: for each r > 0, a(F, n B,(z)) < a(F,). Using (28) and (29), this implies
that the closure of the two sets F, n B,(z) and F n B,(x) are different, so F,, is nowhere
dense in F, and F is of the first category: so F' cannot be closed, by Baire’s theorem.

CoroLLARY 3. If E 18 compact
A uniform on E= A(E) = Dim (E)
8 uniform on E and 8(E) = 6*(E) = 8(E) = 8(E).
Proof. By (P3), Lemma 5, Proposition 2 and 3.
Example 1. Let E be a symmetrical perfect set in [0, 1]:
E = QE’n,
where E, is the union of 2" non-overlapping intervals of length a,, each of them
containing two intervals of E, ;. The sequence (a,) verifies
a=1, 2a,.,<a,.

(For more detailed definitions of these sets, see (7)).
As 2" ¢ N(E) < 2**tif rela, 4, a,), it follows from (12) and (23) that

nlog 2
-loga,’

8(E) = liminf 8%
n - log Gy

A(E) = limsup
n

Moreover it is easy to see that 8 and A are uniform on E, and 8(E) = 8*(E).
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From Corollary 3, and a known result about dim (for example see (1)) we have
dim (E) = §(E) = 6(E), Dim(E) = A(E).

On the triadic Cantor set, all of these indices take the value log 2/log 3.

Example 2. We now define a perfect set in R, such that dim (¥) = 0, and for each » in
a Vitali covering Q of £, §(E nu) = 1.
By Corollary 3, it follows that

8(E) = 6(E) = Dim (E) = A(E) = 1,

and in particular dim (E) + §(E).
Let (#,), <o be a sequence of families of closed meshesin R, such that each mesh of
Z,, contains two meshes of %, ., which have at most one point in common.
Let Q = U £, the set of all these meshes, and
n

E =N (UZ,): it is a perfect, bounded set.
n
If we enumerate the meshes of Q so that Q = {/}, each V'€ Q has

an index N(V), s.t. V = Vy,
{a rank 7(V), s.t. VeZyy).

If P(z) = [3(x—1)], and »(V) > 1, we can assume that the mesh of rank »(V)—1
which contains V¥ has index P(N(V)).
Let F, @ be two functions N - N*, strictly increasing, s.t.

F(0) < Q(0), and F(j)—F(i) < G(j)—G(:) for each pair (3,j)eNxN, i<y

(30)
F(k)/G(k)—> 0 (31)
k—>+o©
Q(k)/F (k+1)—> 0. (32)
k—>+o

To calculate dim and & it is not necessary to state exactly the position and length of
each mesh of Q; we will see that it is sufficient to give all the lengths after a certain
rank. By induction on r(V):

r(V) = F(0): [V] = 2760
r(V) > F(0) + 1: if there exists £ > 1 such that »(V) = F(k) and V < ¥}, then
'V' = 2-Gk), Iant', IVI = %'VP(N(V))L

(a) Thisdefinition isconsistent: we must verify that, foreach Ve Q, | V| < #|Vawey|-
Let us call €, k > 1, the category of V€ Q such that (V) = F(k)—1, and V < %,.
It is sufficient to prove that, for each Ve®,;:

2-G) < 3|V).
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By induction on &:
k=1:}|V] = }.2-FO-1-FO) 2-60) > 2-60)

if F(1)—F(0) < G(1) - G(0): by (30).
k = 2: since F(2)— F(0) < G(2)—G(0).
k > 3: let us assume that Z#,, is constructed for any n < F(k)—1. Let W be a
mesh of Q containing V.

If F(P(k)) < r(W), |W|=3}|Veaml-
If F(P(k)) = r(W): it follows, from the inequality
F(P(k)) > 1+ P(k) (F isstrictly increasing)
| > 1(7)
that W = ¥, < Vp(,, and then |W| = 2-6@®),
From this discussion we deduce
3| V| = §. 2 F@O-1-F@UWN  2-G(PGkY (33)
> 2-6® using (30).
(b) dim (E) = 0: let x be the measure defined on E by giving the mass 2-* to each
mesh of #,,.

If € E there exists a decreasing sequence (V},‘) such that « = n Vi,- Let v,(z) be the
mesh of rank F(k;), containing z, and included in ¥}

pvy(x)) = 2FED,  p (x) = 2-Gk,
So

. logu(v(x)) .. F(k)
W g o) ~ PRy = & P B

By Billingsley’s theorem (3) it follows that dim (E) =
(c) &(E) = 1: we have proved (33) that every mesh in the category €, has length
~L :
27 where Ly = F(k)— 1— F(P(k)) + G(P(k)).

Some straightforward calculations prove that L,_,(G(P(k)))~* - + co.
Therefore, for a certain KeN, k > K= G(P(k)) < L;_,. Let L be an integer > Lg,
and k such that L, <L<L

Let V be a mesh of rank F(P(k)), included in ¥;. Since | V| = 2-6®®) and k > K, we
have
(Pk) < L < Ly,

and thus V contains 2Z-¢(P®) 2L-meghes of €2, each of them meeting E. So
log w(2E, E) S L-GQ(P(k))
log2t ~ L

G(P(k))
L

=21- -1,
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Whence (22) and (13) = §(EF) = 1(= A(F) = Dim (E)).
(d) & is uniform on E: it is sufficient to prove that, for any 1eN, §(EnV,) = 1.
Let Ry = r(V;), Q|V; = {VeQ/V <V}, b be the increasing bijection
N> {r(V)/V <V},
and for each k > 0:
Wi =Vowr BWy) =r(Vpw), N'(W) =k,
F'(k) = F(b(k)) — R,,
G’ (k) = G(b(k)).
It is sufficient to verify that the lengths of meshes of Q|V; are defined in the same way
as for those of Q (replace V,», F,G, N by W, R, F', &, N').
Furthermore F’ and G’ have the properties (30), (31) and (32). Then each previous
result about £ is valid for £ n V.. In particular §(E nV}) = 1.
(e) Particular case: itisnot difficult to choose functions F and G satisfying conditions

(30), (31), (32). For example
F(k) = 2¥, G(k) = (k+1)2¥.

§4 Irregularity coefficient R

If the value of different rarefaction indices on a set E coincide we obtain a notion of
regularity for E. In the converse case the set is irregular, and this irregularity can be
measured by a suitable coefficient. In (16) we studied a strong notation of regularity,
by means of the coefficient r. In (15) we introduced a weaker irregularity coefficient R :

DEFINITION 6. We call ‘irregularity coefficient’ the set function
R(E) = Dim (£) —dim (). (34)

E is said to be ‘R-regular’, or ‘regular’, if R(E) = 0.
Some properties of R are easily deduced from the definition:
(Pg) VHeH(R?), RoH =R.
(P;) R(UE,) < supR(E,).
Examples 3. The following sets are R-regular: countable sets, symmetrical perfect

sets such that (a,) converges (see Example 1), subsets of R? such that dim (E) = p.
If E is any symmetrical perfect set in R,

nlog 2

R(E) = limsup %82 _lim inf

—loga, . —loga,

, (35)

so R can take any value between 0 and 1.
In R? it is easy to see, with p-dimensional Cantor set, that R can take any value
between 0 and p.

Remark. If E is a regular compact subset of R2 such that dim () < 1, for each real
real number ¢ let E, be the linear set {x +ty/(x,y) € E}. We can show that E, is also a
regular set, except for ¢ in a set 7' with dim (7') < dim (E):
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Firstly we can easily see, without hypothesis on E, that for each ¢, A(E;) < A(E).
This comes from the fact that, ifuisa ba}ll of R?, u, is an interval of length (1 + |¢|) d(u),

80 Nen(E) < N,(E) foreach 7> 0.
Secondly, as (U E™), = u E{™, it follows that
Dim (E;) < Dim (E).
Thirdly, a theorem of R. Kaufman (8) says that, except for ¢ in a set 7' with
dim (7') < dim (E), dim (E,) = dim (&).

This concludes the proof.
IfteT, E, can be irregular: it is sufficient to see that the cartesian product £, x E, of
two linear, irregular sets may be regular (Example 7 in the next section).

§5 Dimension of a cartesian product

If E, F are subsets of R?, we want to give some estimate of dim (£ x F), in terms of
dim (E) and dim (F). This was first investigated by Besicovitch and Moran(2), then
by Eggleston (5), Marstrand(11), Larman(10) and Wegmann (17). In fact the intro-
duction of the second index Dim allows us to give new results:

THEOREM 3. Let E, F in RP:
dim (E) + dim (F) < dim (E x F) < dim (E) + Dim (F)
< Dim (E x F) < Dim (E) + Dim (F). (36)
Proof. (a) The first equality has been stated in (2) and (5) with some complementary
hypothesis on E and F, and was proved without hypothesis in R (11), then in a more
general metric space (17). If E, F are analytic sets, it is an immediate consequence of

Theorem 1. _
Indeed, let € > 0, 4 a measure such that x(E) > 0 and inf gu > y(E)—e, v a measure
E

such that »(F) > 0 and infgv > y(F) —e. Using the product measure x x v, we can see
F

that
Viz,y)eExF,: ¢ux)+¢v(y) < duxv)(z,y),

80 Y(E)+y(F) < y(E x F)+ 2.
(b) For the second inequality, let us begin by showing:

dim (E x F) < dim (E) + A(F). (37)
Let a > dim (E), b > A(F), N eN be such that
n > N=w?2",F)2- < 1, (38)

(see (12) for a definition of A), M > N, and
RecA(E,2-M) such that A%(ZX) < 1. (39)
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For each ue %, 2-7-1 < d(u) < 2™, the set
#(u) ={uxB/Bisa2"mesh, BN F + @}
is a covering of u x F by w(2", F') sets of diameter 27, so
AP (w)) = w(27, F) 2-nag-nb
< 2¢d(u)® by (38).
Then ¥ = U L(u)e A(E + F,2-M), and by (39)
e AT (P) < 28,
As M is arbitrarily large, it follows that
A2t —m(E x F) < + o0,

so dim (£ x F) < a+b, which implies (37).
Now let us write E = U F,,: :

By (37) dim (E x F,) < dim (E) + A(F,),
and by o-stability of dim
dim (£ x F) < dim (E) +sup A(F,),

which proves the required inequality.
(c) ForeachneN,

w(2", E x F) = o(2", E)w(2™, F),
80
A(ExF) > 6(E)+A(F)

> dim (E) + A(F).

71

(40)

(41)

Now by (P,) we can assume, without loss of generality, that for each ¢ > 0 there

exist two sequences (£,) and (F,) such that

E +E, FAF
supA(E, x F,) < Dim (E x F) +e.
By (42) i
limdim (£,) = dim (E), limA(F,) > Dim (F),
by (41) n n
A(E, +F,) > dim (E,) + A(F,)
and by (43)

Dim (E x F)+¢ > dim (E) + Dim (F).
(d) (40) implies '
A(E x F) < A(E)+A(F),

then it is sufficient to apply Proposition 2, for the last inequality.
From (34) and this theorem we easily deduce the following:

(42)
(43)
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COROLLARY 4.

(i) E regular = dim (E)+dim (F) = dim (E x F),
(ii) E and F regular = E x F regular,
(iii) £ x F regular = R(E) = R(F), and dim (E x F) = dim (E) + Dim (F).

Conditions for the equality
dim (E)+dim (F) = dim (£ x F), (44)

were given in (2). The next proposition shows that the condition of Corollary 4, (i) is
weaker:

ProrosiTION 4. If E < RP is a set of finite positive a-dimensional measure, and if at
all points of E the lower a-dimensional density is positive, then E is regular, and dim, Dim
are uniform on E.

Proof. The hypothesis (see (2)) means that

Ar—m(E) < + o0, (45)
and
VeeE: liminfr-2. A2—m(E n B,(z)) > 0. (46)
r—0

It is sufficient to prove that Dim (E) = a: indeed dim (£) = a by (45) and (46), 80 E
is regular, and the proposition remains valid if £ is replaced by E n B,(z), for any
fixed r and € E. Then

dim (£ n B,(z)) = Dim (£ n B,(z)) = a,

which proves the uniformity.

Let us assume that E is bounded, without loss of generality.
Let

E(n, k) ={x €E|r < %»A“-m(EnB,(x)) > %a :

then by (46) E = U E(n, k), and it is sufficient to prove that, if E(n, k) + @ :
n,k
A(E(n,k) < a. (47)
Each ball B of radius r < 1/k, centred in E(n, k), verifies

d(B)* < 28n.A*—m(E n B).
Then
M, (E(n,k)) < r°n.A*—m(E),
(see Corollary 2 for the definition of M,(E)), which implies (47), provided (45) and (12).

Example 4. Let E; be a symmetrical perfect set in [0, 1] (see Example 1) defined by
the sequence (a,) such that

limnlog2(—loga,)!=a > 0,
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E, a symmetrical perfect set in [1, 2] defined by the sequence (b,,),

limsupnlog2(—logd,)* <a and liminfrlog2(—logd,)! <a,
n n

and F any set in R”.

Then R(E, U E,) = 0 (stability of dim, Dim and (34)) and thus by Corollary 4, (i),
E, U E, and F verify (44). Nevertheless dim is not uniform on E, v E,, and this set
does not verify the conditions of Proposition 4.

Ezxample 5. Another example is given by a symmetrical perfect set £ such that

a, = 4—n—log n,
As
nlog 2 n

—loga, (2n+logn)

converges to 1, E is regular, nevertheless At —m(E) = 0.

Example 6. Again if E is a s.p.s. in [0, 1], defined by the sequence (a,), it is easily
verified that
dim(E x E) = 8(E x E) = 26(F),

Dim (E x E) = A(E x E) = 2A(E),

then E regular <> £ x E regular <> ( nlog 2

— loga ) converges.

n

The pair (£, E) verifies (44), and shows, if £ is non regular, that Corollary 4, (i) has
no converse.

Ezxample 7. which shows that Corollary 4, (ii) has no converse.

If p: N - N is strictly increasing, p(0) = 0, and %(n) a family of 2P™-meshes, so
that each mesh of #(n) contains two meshes of Z(n + 1) (as in Example 2), let E(p) be
the perfect, bounded set defined by

E(p) = N (U R(n)).
As for a symmetrical perfect set ’

dim (E(p)) = 0(E(p)) = 1inminf27(’%)

Dim (B(p)) = A(B(p)) = limsup .

Now let K, = $(4®—4) and define p by
p(1)=9, p(K, =4 and pk+1)=1+pk) if K, +1<k<K,.
Let L, = (4™ —4) and define g by .
q(1) =5, qL,) =241 and qk+1)=1+qk) if L, +1<k<L,.
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It follows that
dim (E(p)) = dim (E(q)) = &(E(p)) = §(E(q)) = %,

Dim (E(p)) = Dim (E(q)) = A(E(p)) = A(E(g)) = §.
If w*(2!, E(p)) is the number of 2'-meshes u such that » n E(p) + @, we can verify that

for each ! > 4, so w*(2, E(p) x E(q)) = 2

Dim (E(p) x E(9) = A(E(p) x E(q)) = 8(E(p) x E(q)) = 1.
To calculate the Hausdorff dimension of E(p) x E(q), let 4 be the measure on E(p)
fi
defined by uw) = (¥, (),

for each 2-mesh » such that % n E(p) % 0, and v the corresponding measure on E(g).
Then for each 2'-mesh U in R? such that U n (E(p) x E(g)) + 0,

(wxv) (U) = 27+,
Applying an easy generalization to R2 of the Billingsley’s theorem, it follows that
dim (E(p) x E(g)) = 1.
So E(p) x E(q) is regular, though R(E(p)) = R(E(q)) = }.
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ANALYSE MATHEMATIQUE. — Douze définitions de la densité logarithmique.
Note (*) de Claude Tricot, présentée par Gustave Choquet.

On démontre, dans R, I’équivalence de différentes définitions d’une méme dimension fractionnaire : la depsité
logarithmique. La plupart d’entre elles sont apparues, sous les noms les plus divers, entre 1928 et 1974. La douziéme
formulation s’obtient & I’aide de réseaux d’intervalles vérifiant certaines conditions de régularité.

The main result establishes, in R, the equivalence of different definitions of the same fractional dimension index: the
logarithmic density. Most of these were first defined between 1928 and 1974, with various names. The twelfth
definition is new and uses nets of intervals verifying suitable regularity conditions.

La densité logarithmique A intervient, dans R, comme indice de raréfaction, ou comme
dimension fractionnaire, sous des formes différentes mais en réalité équivalentes. Nous nous
proposons de réunir un certain nombre de ces formulations parmi les plus connues et de
démontrer (ou le cas échéant de rappeler) leur équivalence. Le théoréme 1 concerne les
formulations A, a A,,. La premiére idée de Ag, Ay, A;, est due & G. Bouligand [1] en 1928
(« ordre dimensionnel »). Plus tard mais indépendamment, A. N. Kolmogorov et
V. M. Tihomirov [2] en 1959 ont introduit Ay dans leur étude d’espaces fonctionnels
(« dimension métrique »), et C. Tricot en 1973, la « densité suivant une fonction f»
mesurant la rareté d’un compact au moyen de fonctions croissantes vérifiant des hypotheéses
convenables, cette densité devenant Ag si f est le logarithme [3]. La limite inférieure du
rapport utilis¢ pour définir A, a été comparée par L. Pontrjagin et L. Schnirelmann [4]
(1932, « ordre métrique ») a la dimension topologique, A, , lui-méme étant repris dans [2], et
dans [5S] par J. Hawkes (1974, «entropy dimension »). Aget A furent employés
implicitement par Paul Lévy en 1948 a propos du mouvement brownien ([6], p. 224). A, est
la « raréfaction logarithmique » de E. Borel (1948) introduites pour I’étude des sommes
d’ensembles rares [7], et A; une adaptation de la précédente par M. Fréchet et Z.
Moszner [8] (1965). A,, plus tard appelé « indice de Taylor-Besicovitch » a été défini [9] en
1954 pour majorer la dimension de Hausdorff.

Les égalités Ag=A,=A,;, peuvent étre trouveées dans [1], A;=A,, dans [2], A,=A,,
dans [5]. Nous montrons qu’on peut ramener la démonstration du théoréme 1 a la preuve
des égalités A, =A,=A,. :

Le théoréme 2 concerne A,,, qui est une généralisation de Ay au moyen de réseaux
d’intervalles adaptés a ’ensemble E considéré.

Pour une treiziéme définition, voir [10].

L’espace considéré est R, | | est la mesure de Lebesgue, p la distance euclidienne. On
suppose que E est un compact non fini, de mesure nulle. .

Soit(%,) la suite des intervalles complémentaires de E dans [inf E, sup E] ordonnée de telle
sorte que la suite correspondante (c,) des longueurs de ces intervalles soit non croissante.

Pour >0, neN, posons :

K,=nombre de 4, de longueur 2r,L,=)" ¢;

c;<r

M, =plus grand nombre d’intervalles ouverts disjoints de longueur r dont le centre est
dans E;

N, =plus petit nombre d’intervalles fermés de longueur r recouvrant E;

o(n, E) =nombre de mailles-n rencontrant E, une maille-n étant un intervalle de la forme
[kn=1, (k+1)n~ [, ke Z (définition 1égérement différente dans [1] et [3]);

E(r)={xeR/p(x, E)<r}.
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THEOREME 1. — Avec les notations précédentes, soit :

A, =inf{a/nct — 0} =lim sup log n/(—log c,),

n— o

A2=inf{a/c:‘12ci—>0}=lim sup<1—<lo'g Zci>/log c,,),

A3=inf{oc/n1'“(z ci> - 0}=lim sup log n/(log n—log ZC.-),

A4=inf{a/2c§< +oo},
1

As=inf{a/r*K, - 0}=lim sup log K,/(—log r),

r—0

Ag=inf{a/r* 'L, >0} =lim sup (1 —log L,/log ),

r—0

A;=inf {a/K}! *L, - 0}=lim sup log K,/(log K,—log L,),

r-0

Ag=inf{a/n"*w(n, E)— 0} =lim sup log o (n, E)/log n,

n— oo

Ag=inf{a/r*M, » 0} =lim sup log M, /(—log r),

r—-0

Ayo=inf{a/r*N, - 0} =lim sup log N,/(—log r),

r—->0

Ay =inf{o/r* ' |E(r)| > 0} =lim sup(1—log|E(r)|/log r),
r—>0
alors, pour tous i, j, on a A;=A;.
Démonstration. — La série X c; étant convergente, on remarque que :

(1) Vi, A1

La vérification de 1’égalité A, =A, est facile, et de méme A, =A;, A,=Aq, A;=A,, et
Ag=Ag=A;o=Ay;.
En utilisant le fait que | E|=0, on peut vérifier que :

()

A, =max(As, Ag).

=L,+rK,+0(r),

ce qui entraine :

Il ne reste plus 2 montrer que :
A=A, =A,;.

(@) A=A, : par (1), et 'inégalité :

o)
NCyy<Cpt ... +03,<).C;
n
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qui entraine :

2nc§,,<,2n1’“<

:MS

ci)m, pour tout a<1;
b) A;SA, isiA <l etae]A, 1]
ici=(9(n1'”");
() A=A, :car pour a<l:
c:'lici=§ci.c:‘l§§c?,

ce qui donne :
Az §A4=Al;

(d) A=A, : supposons A, <1, et soit ac]A,, 1, e=A, —A,. a=A, =INeN tel que :

(2) C"<n—1/(a+t‘.)’
nzN = o

(3) Yei<el™s

(2) et (3) impliquent :

4) S ¢, <n-U-ato),

(4) implique Ay <(x+¢)/(1+¢), pour tout a>A,, donc :
A;=(A,+€)/(1+€)=A/(1+¢).

Enfin (a) implique € =0, et le théoréme est démontré.

Cette version simplifiée de la démonstration est due en partie aux suggestions du professeur
Roy O. Davies.

Passons a A, :

On appelle grille pour E un ensemble Q={u,(x)/ne N, xe E } d’intervalles non dégénérés
u,(x) tels que, pour tout xeE :

@) x€ M uy(x);

(i) lim | u,(x)|=0.

Pour tout #<Q, ##F, on note UR=\Ju, D(R)=sup|ul|, d(R)=inf|u|, et

ueR ueR ueR
R,={u,(x)/xeE} le recouvrement de E par les intervalles de rang n.
THEOREME 2. — Avec les notations précédentes, soit :

Ay, =inf{a/D(®R,)* ' |UR,| -0} =lim sup(1—log| U R, |/log D(,)).

n— o
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Pour que A, =A,,, il suffit que Q vérifie les conditions suivantes :

(a) log D (#,)/log d (®#,) — 1;

(b) ou bien (b1)log D (#,.,)/log D (®,) — 1, ou bien (b2) log x,/log D(%,) — 0,
ou x, est le plus grand nombre dintervalles de R,,, que peut rencontrer un intervalle de
R,(1=%, <+ 0).

Donnons des exemples de grilles vérifiant les hypothéses du théoréme 2 :

1. La grille des intervalles de la forme [x—r,, x+r,), xeE, & condition que
lim (log r,)/(log r,.,)=1, et lim r,=0.

n

n
2. La grille des mailles-r", ne N, rencontrant E, ou r est un entier =2. Ou encore, comme

en[11], la grille des maillesf(n), ou f(n)=][] a; a; entier 22, a4 condition que

i=1

lim(log a,,,)/(log f(n))=0. En fait il suffit quef vérifie la condition plus génerale
li:n(log f(n+1)/log f(n))=0 [3]. Ces grilles vérifient les hypothéses (a) et (b 1).

3. Lagrille des intervalles blancs d’un parfait de translation [12] tel qu’a la n-iéme étape on

trouve []k; intervalles de longueur a,, k;22, 0<a,<k,'a,_;, & condition que
i=1

lim(log k,,,/log a,)=0. Elle vérifie (a) et(b2), et la densité logarithmique vaut

lim sup <log ]l[ k,)/(log a,).

i=1

(*) Remise le 12 octobre 1981.
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§1. Introduction

Compact sets of Lebesgue measure zero in m2 can be analysed using
Hausdorff measures. However in the present paper we are concerned with
other definitions of rarity. For example, the rate at which. ]E(r)|2

converges to zero is a measure of rarity, where I denotes Lebesgue

P

measure in mz,
- 2
E(r) = {x¢R : p(x, E) < r},

and p is the euclideandistance.

A classical rarefaction index is the logarithmic density A,

defined by
A(E) = 1lim sup (2 - 1og|E(r)|2/1og r) (1)
r->20
(replace 2 by p to get a definition of A in Rp). This density

aﬁpeared in numerous papers about compact sets, but in different forms:
we give, briefly, the references {1], [2], D%], [8], [12], but a more
complete bibliography can be found in [12].

Our problem is to extend, tae dimension 2, the results of [13]
about the compact sets of IR: namely the equivalence between various
definitions of A, including some new definitions.

There are two distinct ways of looking at the logarithmic density:

(a) The first (valid also in more general metric spaces) uses
coverings of E by classes of sets whose diameters tend to O, but are
always comparable (without this last condition we get indices of the
Hausdorff dimension type). For example (1) is based on the E-coverings

by balls of radius r and centre in E. Another example will be useful:



Let us define Mr(E) the greatest number of disjoint open balls
of diameter r, with centres in E, Nr(E) the smallest number of closed
balls of diameter r covering E, w(n, E) the number of n-meshes meeting
E, an n-mesh in IRp being a p-dimensional cube the projection of which

-1 -
on each axis is a half-open interval [kn =, (k + 1)n 1[, k ¢ Z.

Then
A(E) = 1im sup logh%gE)/(—log r) = 1lim sup log Nr(E)/(-log r)
r >0 r >0
(2)
= 1lim sup log w(n, E)/log n .
n->+
The proof of these equalities can be found in [2] and [8].
(b) The second, which as far as we know has previously been used
only in 1R, consists in studying the complementary set of E in a funda-
mental interval containing E. The decreasing sequence (cn) of the

lengths of the open intervals whose union is this complementary set is

used in different formulations, the simplest being, in the notations of [13]

Al(c ) = 1lim sup log n/ (-log c ), (3)
n N0 n
but all are in fact equal to A(E). These open intervals have been
called "contiguous™® [1], "complementary" [4], or "white" [7]. There

is no unigque way of generalizing them to '"complementary open sets" in Rp.

2
Let us take in IR , a countable family of disjoint open sets € , of diameter
n

c , c

S . .
n n 2 cn+1’ included in a fundamental open set Eo, and such that the

frontier Fn of Gll, n 2 0, is a Jordan curve of length £ = 2-m(F )
n n

(1-measure of Caratheodory, or Hausdorff). Let us define E c CI(EO) by



(o]

E = cifcie) - U cice)). (4)
0 _ n
i=1
Note that the frontier Fn may or may not be included in E. Given

a compact set E there exists in fact an infinity of families (€ )
n
satisfying (4), and the direct analogues of the formulae known in IR

can give surprising results if these complementary open sets are not

regular enough, by themselves and by their relationships. Five typical
examples of "irregularity" are studied in §2. What general conditions
on the en can we find which ensure that A(E) = Al(cn) ? The

following theorem, inspired by the examples of §2, is an attempt to answer

this question,

Theorem With the preceding notations, the conditions (i) to (v)

are sufficient to ensure the equality Al(cn) = A(E).

(i) |E|2 = 0

+
There exists M e N and A € R such that for all n > 0

2
(i) e < A]Enlz

(iii) p(en. E) < Acn

(iv) ln < Acn

n-1
(v) (LJ F;) n Fn has no more than M connected components.
0

The proof is given in §4 and §5.

This problem is related to that of the "apollonian packing" of a

curvilinear triangle by circles [3], [10]. The characteristic constant



e(c) = 1,30695 [11] of the packing is nothing more than Al(cn)’ where
cn is the sequence of diameters of these circles, therefore the logarithmic
density of the residual set E after removing all the open disks. The

same remark applies to the packing of an equilateral triangle with inverted

triangles [5]. §6 is devoted to such applications.
2, Five pathological examples

These examples contradict, each in turn, one of the conditions of

the above theorem, but satisfy the four others.

Example 1 (i) 1is not satisfied. It is easy to construct an
example where E contains an open set. Let us look for a nowhere

dense set E: this will imply that (i) cannot be replaced by a '"topological"
condition.

Let F be a "translatiom perfect set"” in [0, 1] (see [7] for a
definition) the complementary set of which is the union, for all n 2 1,
of 3n open meshes of length a—n. F 1is a nowhere dense compact
subset of linear measure 1/2. E 1is defined as the image of F by

a Peano curve which, to each 9n-mesh of 1 associates a 3n—mesh of

[0, 1] x [0, 1] (such a curve is studied in [6]). E is a nowhere
dense compact subset of mz such that |E|2 = |F|1 = 1/2, hence
A(E) = 2. Take eo = Jo, 1[ x Jo, 1[, and «':n)l121 the family

of the open images of Qn-meshes in the complementary set of F. This



sequence satisfies (4) using the continuity of the Peano curve, and

Al(cn) = A(F) = 1 < A(E).

The conditions (ii) to (v) follow easily from the fact that the ¢

are squares at distance zero from E.

Example_2 (ii) is not satisfied: take E = Jo, 1[ x {0},

€, = 1o, 10 x Jo, 1[, €_ = 1o, 10 x327, 2™ if a2, Then
A(E) = 1, cn > 1, Al(cn) is not defined. Put A=3 and M =1

for the other conditionms.

Example 3 (iii) is not satisfied: take E = ]JO, 1[ x {0}, then
AE) = 1, Cb = Jo, 1[ x Jo, 1[, and for (en)ﬁZI the family of all

squares of the following type

n

. . * 2
Ji/k(k + 1), (i + 1)/k(k + 1)[ x Ji/¢k + 1), 1/k[, ke N , i=0, ..., k +k - 1.
Then p(en, E) 1is comparable with n-l/s, and cn with n—z/3 in
the neighbourhood of + . Al(cﬁ) = % > A(E).
Example 4 The Von Koch curve E over the segment X = J0, 1[ x {0}

0

(see [6] and [9] for more details) is the limit of a sequence of polygonal

curves jﬁn defined as follows:

For each ordered pair (P, Q) of points in the plane, let us call
T(P, Q) the polygonal curve PslsZSBQ made up of 4 segments of length

p(P, Q)/3, the value of the angles at the three vertices S S

1’ 2’ 3

— —>
(Bgl’ gzgé) = /3, (8182’5233) - 2ﬂ/3’ (8283 §;6) = /3.

S being



Then ial = T, 0), (1, 0)), and by induction: }nl is made up of

4n segments of length 3—n’ and }3n+1 is obtained from jan by replacing
each oriented segment PQ of 39n (the orientation is taken from (0, O0)
to (1, 0) for the whole curve) by the curve T(P, Q).

For each n 2 1, let Xn be the open set between Xo and

. ) - i > -
jbn Xn c Xn+1, and, if p n, the open set Xp Cl(Xn) is the union

of a(n, p) connected components, where

2p+n 2n

a(n, p) = -2, (5)

their diameters varying between 3_p and S—n-l, the largest connected

components being bounded by a polygonal curve of length

371, g72mel 5P, (6)

The Figure 1 represents 333. The shaded area is X3 - c1(x1),

which has 12 connected components, of diameter 1/27 and 1/9, the latters

having a perimeter equal to 11/27.

Figure 1
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Let (n(k)) be a sequence of integers, such that n(0)= 0 and

n(k + 1) 2 2n(k). M



Let o = Jo, i[ x Jo, 1[, El be the set of points which are

"over" E in eo, and (en)n>2 be the family of all the connected

components of xn(k+1) - cxxn(k)), k 2 0. Then (4) is verified and
A(E) = 1log 4/ log 3.
k-1
Let b(k) = 1 + 2 a(n(i), n(i + 1)) From (7) b(k) 1is

n (k) i=D
comparable to 2 when k becomes large: then from (6) lb(k) is
comparable to (4/3)n(k), and (iv) is not verified, while eb(k) is
comparable to 3—n(k)’ which implies

Al(cn) = log 2/1log 3 < A(E).

Finally, (i) follows from the inequality A(E) < 2, (ii) from the
fact that each En, n 2 2, contains an equilateral triangle of diameter cn,
(iii) from the equality p(en, E) = 0, (v) from the fact that each Fn,

n =2 2, meets only one Fm such that m < n and then Fn n Fm is a segment.

.Example 5 (v) is not satisfied. Let (an) be a sequence of ]R+* ,
a, = 1, 8 .1 < ian, and let E be a symmetric perfect set [7] defined as
P
E = (;En ,

where En is the union of 2n disjoint closed intervals of length an,

each of them containing exactly two intervals of En+1'

It is always possible to choose (an) such that

1lim sup n log2/(-log an) = A(E) > 0, 1lim inf n log2/(-log an) 0, (8)

and a strictly increasing sequence (n(K)) of integers such that

n(0)=0, n(k)log2/(-log an(k)) + 0 and n(k + 1) - n(k) + +o . (9



Let €, = Jo, 1L x Jo, 1[, and 1let (€ ) be the family of open

sets of the following type:

x - E x [0 10
ux 30, a gl T B ey X PO 2 gy (10)
where u 1is an interval of E and k € IN.
n(k)
The formula (4) is verified, and A(E) > O. On the other hand for
n(k) .
each k ¢ IN there arein (en) 2 open sets at distance 0 from. E,

given by (10), hence of diameter a /2, perimeter

n(k)
n(k+1)-n(k)+1 2
4 - < > X h
an(k) + (2 4)an(k+1) Gan(k)’ and area %an(k) The
conditions (ii) to (iv) follow. (i) follows from (8).
K oam
Finally, if N(k) = 1 + 121 2 , the set Fy . .. nF, has

2n(k+1)-n(k) connected components, therefore (v) is not verified, from (9).

(9) implies also

Al(cn) = 1lim sup log N(k)/(-log ¢ ) = 0 < A(E)

n(k)



§3. Preliminary remarks

Before proving the Theorem let us start by exploring the meaning

of the conditions imposed on the hypothesis.

(a) Topological consequences

From (4), for each n 21, E n en = @, and if Fn nF contains
P

a Jordan arc T of extremities P and Q, then

EnTlT c {P, Q}. (11)
From (i), E 1is nowhere dense in Eo. Each point of E is a limit
of a subsequence (en(k)) of open sets with diametsr tending to O.
From (ii),
2 . .
Ecn < + o, which implies that 1lim cn = 0. (12)
n
(b) Convexity
If 'mz - Cl(Eb) is a finite union of convex open sets, and if each

e, » > 1 is itself a convex open set containing a ball of diameter
c' = Bcn, where B is a fixed constant in 110, 1[, then the conditions

n

(ii), (iv) and (v) are verified:

(iii) follows from the inequalities

2 -1
< 4 <
c = BTe” < 4(nB7) lCnlz

(iv) from the convexity: ln < ncn

(v) from the fact that, if p < n, Fn n Fp if it is non-empty

is made up of a finite number (=1 if p > 1) of segments or points.
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On the other hand Fn contains, in that case, the vertex of a circular
sector included in Cl(eb), of radius éBcn, angle o = 2 sin_l(éB),
area 2 (iB)sci. All sectors of this type, for all p < n such
that Fn n Fp # P, are disjoint, and included in en(éBcn), which has
diameter (1 + B)cn < 2cn, so that the area < wc:. Therefore there

cannot exist more than 81r/B3 such integers p.

(c) Universal families

For any compact E, a sequence of convex complementary open sets can
be constructed using the net of Zn—meshes, in the following way (proposed
by J. Peyriere):

Let eO be the interior of the smallest closed mesh containing E,

el be the largest open mesh (or one amongst those of maximal size) included

into 80 and at distance > 0 from E, ..., E; an open mesh, of maximal
n-1

size, included into Eb - UV E& and at distance >0 from E. The hypo-
i=1

thesis about the distances implies (4), whilst by maximality p(en, E) < cn,
which implies (iii). (ii), (iv), (v) are trivial. This construction
shows that, for every compact of measure O, there is a family of comple-
mentary open sets satisfying the conditions of the Theorem. It is,
clearly, possible to find other examples of universal families, using other

suitable nets of the plane.

(d) Other definitions of Al(cn)

Two different forms of Al(cn) will be useful in the sequel (we follow

the notations of [13]):
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Lemmad Let
1 (o] [+
. o- - 14 _
A2(Cn) = inf{a s.t. c z cié-O} lim sup(1l log z ci/log cn) (13)
n n
a-1 h a
S = 1 - , 14
A13(cn) inf{a st c 2 c, > 0} lim sup(1l log :zl ci/log cn) (14)
Then
(o)
=> = =
§ ci < o Al(cn) Az(cn) < 1, and AlS(Cn) 1. (15)
(<]
= => = > = 0o
g e, +00 A, Ce)) AigCe) 2 1, and A, (c) + (16)
Proof The equality Al(cn) = Az(cn), in (15), was proved in
[13]. In (16), Al(cn) > 1, and for each o > Al(cn), we have
-1/a a-1 2
ch = G (n ), giving cn zci = 0(1).
1
Therefore Als(cn) < Al(cn)' The converse inequality follows from
n
ne® < 71 Y e, .
n i
1
Finally, for every a > 0
ad.(c?) = inf{a s.t.nc>-+0} = A (c)) (17)
1(¢y) = infla s.t. nc 1€c)
a _ )
ady(e)) = int{a s.t. cf ] c; o0}, (18)
n
and this expression is equal to Al(cn) if ZC: < + &>,
a a—an a
a c = i .t. . >0
A13( n) inf{a s.t c E c; }’ (19)

and this expression is equal to Al(cn) if Zc: = 4+ o™,
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§4, The hypotheses (ii) and (iii) of the Theorem imply that Al(cn) < A(E).

(iii) implies that E((A + 1)r) contains every Cn of diameter <r,

for all r > 0.
(ii) and the fact that the En are disjoint imply that

A ) c: < |ECA + DD,
le, Isr

I1If r e Jo, cl[ and if n is the integer such that
< r < c,
n

c
n+l

then for all o ¢ 10, 2[

(-
ranzlE((A + 1)r|2 > Aci-z{z ci - ci)
n

which, with (1) and (18), implies the required inequality.
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§5. The hypotheses (i), (iv), (v) of the Theorem imply that AE) < Al(cn)'

A simple argument would deal with the particular case of the universal

family described in §3 (c¢): If k(n) is the smallest integer such that

-n
@) < 22,
we get from (i)
n -2n 1
w(2, E)2 =5 1 <
i2k(n)
then, for each q € J]0, 2[
- -2 2
m(Zn, Ey2 "% < Za/zcz( ) Z <
™) i5k(n)

which, with (2) and (18) implies the required inequality.
We could also give, in the case of convex families, an easier special

proof.

General case We can assume, without loss of generality, that

EnF = 9. (20)

Indeed if B 1is any open ball containing F0 it is always possible to find in

B - Eb two open sets e 1 and € 97 bounded by a simple closed curve, and
such that

B - Cb c Cl(Eil) v CKC_Z), and Cl(fll) n CI(CLZ) is made up of two

segments.

Then it suffices to replace EO by B, include & _ and in the family

1 2

(En), changing the numeration and if necessary the value of A and M, to
get a new family Qﬁn) verifying (4) and the Theorem's conditions, such that

(20) is true and Ai(cn) is unchanged.
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From (20) there exists a positive real number r0 such that

E(ry) < eo . (21)

Let us fix a real number r in JO, min(ro, cl)[. Let

n(r) be the unique integer such that

< (22)

Cn(r)+1 Ca(ry”

Define the set
n(r)
P = (’{J € n E(r).
r i=1 i

From (iv) the Fn are rectifiable, which implies, with (i) and (21)

that
o
2
[E¢e)l, < IP_|  + ) (23)
2 r 2 i
n(r)+1
n(r)
Therefore we must estimate [P |, = 2 e, nE() ]|, - There are
r2 i=1 i 2
two cases, requiring different arguments.
(-]
Case A) A, (c ) <1, so that 2 C < +%,
1 n 1 n
We shall prove the following inquality:
ot 2
IP |. < 36rf ) L+ 8mn(r)r-, (24)

r2 i=n(r)+1

which is sufficient: indeed, from (iv), (23) and (24)

©o o

a- - a-
r 2IE(r)I2 < 8mMn(r)r- + 36TATr 1 Z c,+T 2 Z c? ,
i=n(r)+1 i=n(r)+1
for all q. Using (22), (17) and (18), and making r tend to O:

: 2
AE) < max(Al(cn), Az(cn). 2A2(¢n))

= Al(cn) from (15).



To prove (24), three lemmas are necessary.

Let C be a simple arc, and for all € > 0 let

€(C, €) be the set of all arcs included in C(e) and having the same

extremities as C: then

2-m(C) = 1im inf{2-m(C') /C' € €(C, ¢€)}. (25)
>0

This is a restatement of the well-known property of lower semi-

continuity for £-m.

J.emma 3 If E, U are two measurable subsets of :mz, U open
and connected, lE n Ulz = 0, then for all pairs (P, Q) of points in

U there exists a simple arc C with extremities P and Q, such that

2-m(C n E) = O. (26)

Since any connected open set in the plane is pathwise connected, we
can obtain this result by a Fubini-type argument on the set of all connecting

polygonals between P and Q.

Lemma 4 For each simple arc C and for each ¢ < ¢-m(C)

|C(e)l2 < 9me2-m(C). 27)

Indeed, the maximum number of points of C at distance > 2¢ from

each other is MZS(C)' If MZE(C) =1, then C(g) 1is included in a

disk of radius 3€, so that

IA

IC(s)I2 < one? o1 € L-m(C) .

If MZE(C) > 1, C 1is included in MQéC) balls of radius 2¢, and

C(e) in MZe(C) balls of radius 3e, where 2(M2€(C) - 1)e < 2-m(C):
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this gives
2
|c(e)|, < 9mM_ (C)e”, and M_ (C) < g-m(C)/e,
2 2¢ g 2€

which proves (27). The constant 97 could certainly be improved:

all we need is a uniform bound.

Now let us prove (24): the set {Fi n Fj /1 <i < j<n(r)}l is the

union of simple arcs (possible degenerate), each of them being included in

a frontier Fi’ 1 <i < n(r). Since, by (v), their number is less than
Mn(r), the set H of their extremities contains no more than 2Mn(r) points.
n(r)
For each i, 1 < i < n(r), the set F, - U F. is also the union
=1, j#i ?

of simple arcs, whose extremities belong to H. Let us call G the
set of all these arcs, for 1 < i < n(r), of diameter > 3r.

Let C € G : C 1is included in the frontier of an open set € of
rank <n(r). Let P, Q be the extremities of C, in H. Let P1

in C be such that o(P,, P) }%, r[ and Q  in C be such that
p(Ql, Q) € }E, r[. Let C1 be the sub-arc of C with extremities P1

and Ql. From {(iv) C1 is rectifiable. By Lemma 2 there exists

€ > 0 such that

' . gem(C 1.
VC' ¢ 8(C1, €) : g-m(C') > 2 2 m(Cl). (28)

By Lemma 3 it is possible to find, in cl(e) - € a rectifiable arc c2 of

extremities Pl’ Q1 such that
R—m(C2 n E) = 0. (29)

For all j > n(r) the set C2 n f% is open in C2; if it is non-

empty, it is a countable union of disjoint simple arcs whose

Yk, 5’
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extremities are in Fj' To each Yk j it is possible to associate an
’
arc ! included in F C_(e h tremiti re those of
Yk,J 3 n 1( ), whose ex es are e Yk,j’
and such that if k # £, Yi j and Yi j have at most one extremity in
’ 1
1
common. Finally, to each Yﬁ j we associate a simple arc Y; j included
? ’
in CJ n Cl(E), with the same extremities, of length smaller than
2 28-m(y' ) and such that if k L 1" and " have at most one
k.3 | 7 b Y,y Y23
extremity in common. Then
L-m(y" € 2-m (F C,: . (30)
E g, 3 (Fy n C (e))
Figure 2

.
esoeeee esvosvcesosone ooo.............
L] Seg
®e
L
[T
Se

) (% .'“"-..
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Let C3

Yk.;l’

P1 and Ql' included in Cl(e).

for all k and j > n(r):

(-]

be the set obtained from C2 by replacing each Yk j by
’
then 03 is a simple arc with extremities

(29) and (30) imply

- < -
2-m(C,p) 2 Y g-m(F 0 C (e)). (31)
j=n(r)+1
so that, using (28):
o
2-m(C,) < 4 ) 2-m(F, 0 C,(e)). (32)
j=n(r)+1
But the diameter of C is greater than 3r, so that
diam(Cl) 2 r,
and we can apply (27) to give
lc. | <  367r ) 2-m(F, n C_(g)). (33)
1 2 . J 1
j=n(r)+1

As (33) is true for ¢

from the arcs of G - {C}, € = EC

making the same construction over each arc of G,

e . s
Cl( C) are disjoint.

either at distance <r

We deduce, using (33) and the fact that there areno more than

arbitrarily small, and C1

from one such Cl’

is at distance >0

can be chosen small enough to ensure that,

all the sets of the type

Moreover, using (11), each point of Pr is,
or at distance < 2r from H.
2Mn(r) points

in H, the inequality (24).
A (¢ 2 .
Case B) 1(cn) 1
From (22), (27) and (iv) we deduce that
Vi < n(r), |(Fi(r)lz 97A rc,,
then
I nST)
< 1
prlz omar | e, (34)
i=1
For all a > 0, by (23):
) n(r) ©
a-2 a-1 a-2 2
r |E(r)|2 < 97Ar ) c, +T ) c, ,

i=n(r)+1
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which with (22), (14) and (18) implies

2
A(E) < max(A13(cn), 2A2(cn))

A (e ), by (16).

Note that, in Case B, the hypothesis (v) has not been needed.

Remark 1 The arguments of 84 are immediately generalizable to
n%p, P 2 3, but that seems to be more difficult for those of §5. In

fact, some supplementary assumptions are necessary about the sets Fi n Fj.
and their boundaries; and this will make the proof more complicated.
We have a proof in the case where the Cn are cubes in R" , with sides

parallel to the axes, which requires n cases: i < Al(cn) <i+1,

i=0,1, n-1. In each case we derive an inequality for Pr like (24) or (34).
Remark 2 The conditions of the Theorem may be weakened, in the

following way:

n-1
Let us call Mn the number of connected components of Fn n (U Fi)
0
(Mn can be unbounded). Then, with the notations of §1,
The equality Al(cn) = O(E) holds if the following five conditions

are satisfied:

@ lel, = o
(i) lin 1ogl€nlz /log ¢ = 2
(iii) I%m log O(en, E) /log c = 1
(iv) I%m log ln/ log c = 1
(v) Mn is finite, and I%m log Mn/ log cn = 0.

The proof in this case only requires rather more analytic computations

with €'s; we used the statement of §1 to make things easier to follow.
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§6. Applications

a) Packing of circles Let us assume that F0 is such that,

for each circle C strictly included in Cl(eo), FO N C contains only

a bounded number of points: for example, F0 can itself be a circle, or
R - Cl(eo) can be a finite union of open convex sets.
Let (en)n>1 be a countable set of disks c Eb, with decreasing

diameters, such that \Jen is dense in EO: then the conditions (ii) to

(v) of the Theorem are verified, and the residual set E of (4) can be

written
(-]
E = 01<eo) - U e, (35)
n
n=1
since Fn c E for all n > 0. If, moreover, |E|2 = 0, which is the

case of the "osculatory packing" where, after a rank N, each on has

n-1
maximal diameter in eo - LJ"Ei (see [3]), the '"exponent of the packing"
i=1
e(C) = inf{a s.t. ZCE < 4+ =} .

defined by Melzak [10], which corresponds to the Besicovitch-Taylor index
in R [4], is easily shown to be equal to Al(cn)’ and therefore to A(E)
(easy part of the proof; §4 and §5, Case B). The inequality

dim(E) £ e(C) (36)

proved in [3], where dim is the Hausdorff dimension, is a particular case

of the well-known inequality
dim(E) < A(E)
for all bounded sets E. For some E this inequality can be an equality.

Is this the case for (36)? B.Mandelbrot, in [9] (p. 188), seems to assume

the equality, but I am not aware of any proof of this result.
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b) Packing of equilateral triangles The 6scu1atory packing of an

equilateral triangle by equilateral triangles of sides parallel but of
opposite sense has been studied in [51]. By self-similarity

dim(E) = 1log 3 /1log 2. As this packing contains 3n-1 triangles of
side Z_n, for all n 21 (assuming that the fundamental triangle has
side 1), Al(cn) = 1log 3/1log 2, and this is also the value of AE),
provided we show that these triangles verify all the required hypotheses
(see convex case in §3 b)) and that IEI2 = 0, where E can be written
as in (35). Actually there is an easier way to compute A(E), using
self-similarity, a method which is known for dim (as example see (7]

and [9]) and ought to be known for A, though as far as I know it is not

in the literature. We state it formally:
Lemma § (Self-similarity) Let k be an integer 2 2, and k real
numbers al, ey ak such ;hat 0 < a1 < a2 < ... < ak < 1. Let
E e:mp such that E = z Ei' where Ei is similar to E with similarity
i=1
ratio ai. Then A(E) is the solution of the equation in a:
k o1
Y} a, = 1. (37)
i=1
%o
Proof Let ao be the solution of (37), and F(r) = r Nr(E),
where Nr is defined in §1. The inequality
k
N_(E) < 'Z N_(E,)
i=1
implies, by similarity
k
N() < J N __ (E),
T i=1 /3
so that
k ao
F(r) < Zai F(r/a,).



- 22 -

From this inequality we can prove by induction that

Vr <a_, F(r) < sup F(8) < +o,
1 sela ,1]
1
This implies A(E) < qo. In the other direction,
k
N.(E) > (121 N _(E)))/k

implies, for all ¢ > O,

% ¢ -€ T %
ro N(E) > (r /“)Z a F(r/a,),

i=1
which proves, after an induction on k, that
ag-€

r Nr(E) + +o when r 3 O,

so that A(E) 2 09 = €

A corollary is that, in the case of self-similarity, A 1is always

equal to dim. If ai = a for all i, then
AE) = dim(E) = 1log k/ (-log a). (38)
c) To illustrate case A of §5, with ch < 4o, it suffices to remove, from

the equilateral triangle of side 1, a polygon of 6 sides of length alternately
a and 1 - 2a, O < a < 1/3, 1leaving three equilateral triangles of side a,
and repeat the construction on each of these triangles by similarity. If
our complementary open sets are the polygons thus constructed, we can see in
this example that they have important parts of their frontier in common:
indeed, to get A(E) <1 it is necessary that E be nowhere dense in each

Fn' The residual set E, defined by (4), is such that
A(E) = 1log 3/ (-log a)

from (38). The value 1 1is obtained for a = 1/3, in fact for the residual



set corresponding to the osculatory packing of the equilateral triangle
by regular hexagons with sides parallel to those of the triangle. The
linear measure of E 1is positive and finite. On each side S of each
triangle, as well as on three of the six sides of each hexagon, E n S |is

congruent to a piece of the triadic Cantor set.
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A NEW PROOF FOR THE RESIDUAL SET DIMENSION

OF THE APOLLONIAN PACKING

‘Claude Tricot

Liverpool

§1 Introduction ILet U be a curvilinear triangle formed by three

externally tangent circles and Dk a sequence of open disks constructed

inductively as follows : D1 is the disk of maximal radius P1 inscribed

in U . Assuming D1 , D2 g eee Dn are given in U , Dn+1 is a

n

disk of maximal radius Q contained in U - U D, . The family D
n+1 i=1 i n

of such disks is the "apollonian packing'" of U . The residual set E = EU

defined by

oo
E=c1u) - U p
n=1 n

has zero planar measure, but its Hausdorff dimension dim(E) is at least
1.03 [6] , and less than 2 [S] . In order to give a precise estimate of
dim(E) , one method consists in defining
A(E)zinfix>0 : Z‘):é-roo} ,

computing the value of MNE) (n 1.3, see [2] R [3] ) , and proving
that

1) di@(E) - Aw .
The inequality

aim(®) < D@

is easy [1] s and can be viewed as a particular case of some results about



sty
UL,
the complementary open sets of a compact [8] o We are interested here in

the reverse inequality
(2) A) £ daim(E)
which is much more difficult. A proof can be found in Boyd [‘+] « Our
purpose is to give a different and, we hope, simpler argument.
First of all let us give a brief abstract of Boyd's proof :
The operation which consists in removing, from any curvilinear triangle T ,‘
the maximal inscribed disk is called operation Y , and Y(T) is the
family of the three triangles obtained. For any family iTii of disjoint
triangles, define \L’( {Ti}) as L{’ Y(Ti) . Starting from U , &'(U)
consists of 3 triangles, Y( Y(U)) = YZ(U) has }2 triangles, ..., ‘fn(U)
has 3" triangles. These families Y"(U) are nested, and cover E . Let
o0
‘\}(U) = l__{‘f”(u) .  The Hausdorff dimension of E is generally defined
n=
using coverings of E by open sets. If we use only coverings of E by
curvilinear triangles taken from 1?/(11) we get a variant dimo(E) of this

dimension. Using this intermediary index, it is shown essentially that

(3) dia (E) £ dim(E)
and
(%) A® < ain(®

which proves (2) . The inequality (3) derives directly from the
following :

LEMMA 1 Let {Vig be a finite covering of E by open disks : there

exists a finite family 1“3 } C_\?’(U) y covering E , such that for all




x>0,

2 dtan(W)* < 21-deiu(Vi)x .

J
For a proof, see [h. Lemma 2] s inspired by arguments of [5, Theorem 2] .
It is relatively simple, and we will use (3) as part of the argument in
the present paper.

The proof of (4) is far more technical, and uses algebieic calculations.

We have tried to replace this by other arguments which are purely geometrical

and therefore easier to visualize. Our idea is as follows :

We want to define another sequence of nested families of

coverings, and then, by induction, some suitable measures r.k carried by
E , which allow us to apply a density theorem of Rogers &Taylor [7] .
Indeed, the greatdifficulty of using ’V(U) is that it contains some very
irregular ("long and thin") triangles. To avoid this probleq we will replace
the operation Y by §2 » which consists in removing, from any T , all
the disks of the packing of T which are tangent to at least two of the
circles bounding T . This gives an infinite family G2(1) of triangles
which are uniformly regular (in the sense that the ratio of the outer diameter
to the inner diameter is bounded ). Defining dim1(E) as the corresponding
variant of the Hausdorff dimension, we will prove

(5) A®) < dim, (E) ,
which is the important part of the argument ( §‘+, §5. §6 ), and

(6) dim1(E) < dino(E) .



which is fairly easy (é?) and, with help of (3) , completes the proof

of (2) °

The sections §2 and é} are devoted to notation, preliminary results

and geometrical lemmas.

For the geometry of the problem our main basis was [5] .

I wish to thank Prof. S.J.Taylor for his useful advice.

§2 Notations and Propositions a) A curvilinear triangle T , bounded

by three externally tangent circles of radii a , b, ¢ 1is denoted
T = T(a,b,c) without mention of order. The 3-uple (X (T), [3(?), K(T))
denotes the set ia,b,c} in a decreasing order. As a limiting case, one of

the sides of T can be a straight line, and then X(T) = +oo.

(?) (1) = diameter of T = \/10(2[5‘6 / (& +P)(O(+K) [5] .

(8) 7Z(T) = radius of the circle circumscribed to T = Vabe / (a+b+e) [5] .
2

(9) v (T) = radius of the circle inscribed in T.= 1/ (2— + % + -:— +2)
(Soddy's formula).
Let (pn(T)) be the sequence of radii of those circles which are tangent

to the initial circles of radii [XT) , X(T) e -~ Then

p1(‘1‘) = T(T) , P, = pn(T) = \T(P,X, n-‘l) it n32 ,

r_aAay 2 2n i ' ‘
(10) 7, ~ (P+X) 2%+ o+ X (Melzak's formula ) .

Similarly, (qn('.l')) and (rn(T)) are the sequences of the radii of

those circles tangent respectively to the initial circles of radii x('l’) ’



K(T) and o(T) , \3('1') . Formulas for a and r, are derived from (10)
by circular permutation.

b) As defined in §1, GT) is the family of all curvilinear
triangles of radii P, s U s Ty nx1 :

[0 =4
Q(T) = U{T(d ,rn,rn+1) ’ T(rb,rn.rn+1) ’ T(P,Pns n+1) ’ T(X’pn’ n+1) '

n=1
T(X 'q'n'qn+1) ' T(“'qn'q'nﬂ) } °
For any family i‘l‘i} of disjoint triangles, define G { Ti§ ) as L{'Q(Ti) .

[o <]
Let ST =G2UM , ... ,52%m =G262% (1)) , ana W(m) = U .

n=1

c) Now we define two families of functions F_ and G by

2y : seRkm]

(11) VT ,VxerR,Vk)1 : Fk(T;x)

(12) q (T5x) = > {g(s)" : S éQk(T)} ]
Then
(13) F,(T5x) = 2 ZZ (p (D + (D% + r (D)

(1%) G1(‘1‘;x)

o0
2 %( p (D% + ¢ (D + (D) .
Since, if 1<L < k , we have S2X(m) = Q4§4m)) -
2{ Fk-!,(S;X) : S 3 Qz(T)} ’
2{g_y s : seQm} .
1

If T =7(1,1,1) and T%= T(0,1,1) , we use the fact that F_ and G

(15) Fk('l‘;x)

(16) ka;x)

are increasing in the variables o, P, K, and a remark of Boyd [2] s to

show that
(17) F (Tix) 3 Y (DF F (152
(18) G (T5x) € P(M* 6 (T%x)

from which with (15) and (16) we deduce the crucial inequalities
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1 1 1
(19) Ir 1¢L<k ¢ R(THx) 3 F(Tx) R (Tx)
(20) G (T%5x) €6, (T%;x) Gk_t('l‘“;x) .

As a direct consequence of (19) and (20) |,

(21) F (105 € F (20 € 6 (T%%5x) < 6, (150K .
We deduce from (10) , (13) and (14) that, considered as functions in the
variable x , the domain of definition of F, and G, is ]-} . +oo[ .
In this domain they are continuous, strictly decreasing and convex. It is
easy to check that

(22) lim F1(T1;x) =+ , and 1im G (T%x) =0 ,
x =3 X —>00

8o that the range of F1(T1;x) and of G1(T°°;x) is [R"" . Using (21) ,
Fk(T1;x) and Gk(T“;x) have the same properties, for all k » 1 . Therefore
the real numbers X, and Y verifying
(23) F(ix) = G (T%%3,) = 1

are uniquely determined.

d) As explained in é‘l, it will be enough, for the proof of (2) ,
to establish the following results :
PROPOSITION 1 ly, - x| = Qi) .

PROPOSITION 2 It U =1, A® (inty .
k

PROPOSITION 3 If U is any curvilinear triangle, sup x, < dim1(E) .
k
PROPOSITION 4 dim, (E) € dimy(E) .

Propositions 1, 2, 3 prove (5) , Proposition 4 proves (6) .



§3 Technical lemmas

LEMA 2 x_ and y, Dbeing defined by (23) :

(24) '(k;1 v 1< < <2 .
Proof Since the centres of the disks tangent to at least two initial
circles of '1"1 are on three straight lines, it is easy to verify that
r1('r1;_1) =(12+5{3) /(6 +33)>1 ,
1
so that x,> 1 . From 1) , Fk(T ;x,‘)}‘l » then x > x, .
(21) is used also for x <y, and y'kg ¥, - To complete the proof,
we must verify that G1(T°°;2) <1 : this follows from (10) and (14) ,
which give the inequality
S 4
G1(T°°;2)s 6 > (ne )t
1
LEMMA 3 TFor all x :
(25) 6, (1%%x) € 2% 6,(5x) .
1 1 1
Proof Since pn(T ) = qn(T ) = rn('l‘ ) , and qn(T“) = rn(T“) >pn(T°°) ’
it is enough to show that for all n :

r (1%°) » 2n2+2nV3+1
n .

1 = 2 éz.
rn(T) n“ +2n + 1

The following is a consequence of the 'regularity'" of the triangles

ot U

LEMMA 4 If T is any curvilinear triangle, and S € U(r) : then

(26) PsygH ¥(s)
(27) s) / VO < D)2 Pls)

Proof Let T = T(N.F.X) , and seQ(-r) 't (26) comes from the

inequality
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1.1, .4 1.1, 2
p(s)/ X(S)$V/r2= ( ‘4(0—(4»?’) +i;+1 )/(;+F+E+1 )
from (9) and (10) , the right member being an increasing function of X ,
of maximum 4 when X —=+p0. For (27), take O =1 , and use (7)
and (26) .

LEMMA 5 If T is any curvilinear triangle

(28) Vxelz,2[ : T@*<ur@mo ,
and denoting ' (T) = max { v(S) , where S e G }
(29) L o (1) L V(D) .

Proof For (28) , take ™ =1 , and using (9) and (10) , show that the

ratio rn/V' is a decreasing function in the variables r: and K « Then

o0
F,(Tix) / T(D* ) z%( r (D) /(D) by (13)
S 2
> z%( r (1,1,1) / v(1,1,1) )

>1/4 .

As v (T) = 7(L,7T, r2) , we verify, with help of (8) , (9) , (10) , that

-

91+

1
v B z7

from which (29) follows.

2+2+5_+12>
g

§1+ Proof of Proposition 1 For each x > 4 , and for each curvilinear

triangle T , the derivative g; F,‘(T;x) exists, and from (13) is equal to :

o
%x- F, (T;x) = 2%( pn('l‘)x log pn('l‘) + qn('l')x log qn(‘I‘) + z-n(T)x log rn(T) )
then if UY(T) € 1
| &2 mm] 3 2 |108 Tm| 7m0
dx 1 ] 74 8 1 ] ,

and by convexity of F1 2
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(30) If 3<x<y : F(T5x) - F(T53) ) 2 (3-x) | log v(T)| F (T5y) .

From (21) , »}<xk<yk<2. Let us take x =x_, ¥ =7y , and omit the

index k in the few following lines for the sake of simplicity : we have

0 Fk(T1;x) - Gk(’.l‘oo;y) 2 Fk(T1;x) -7 Gk(T“;y) from (25)

S{(rmo -2 emy) : 1e@ah}  trom (15) ana (16)

S 2{ (R (mx) - 2 F(Tiy) - 6.7 V(DT )} from ()
»2{ [2G-0|10s 70| - 25.27 + 1] (1)} 4 trom (28) and (30) .
Replacing V(T) by
V., =max §{ V(D where TeSXah]
we deduce the inequality |

Y
(31) Y - % <0 25.2 k_q )/2|1og V‘k_1| .

From (29) , the sequence (V'k) verifies the inductive relation

T S Tn /4
then v vr) s g

and, with (31) , and y <2 :

Ve - % £99 /7 2(k-1) log b .

és Proof of Proposition 2 ILet E be the residual set from the apollonian

packing of T , ( Fn) be the sequence of the radii, and
A(E) = int { x such that EP’; < +o0 g .

oo
In the sum Z Gk(Too;x) , each P is counted at least once and no more
k=1

than 6 times. Therefore

o0
(32) AE) = int {x such that Z G, (T%;x) <+o°} .
k=1 k
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With the convention that Go(Tm;x) =1, it follows from (20) that if
i,3,k,L are four integers such that k = j&L + 1 , then

Gk('l'm;x) < G‘e('.l'oc';x)J Gi(Tm;x) .

Let us fix £21 :

0o [- <4
2 6 (1%x) g > 6, (r%x)? @ (1%x)
3=0

k=0 1-0 ¢
o -]
<l mx 6 (1% 2 60l .
0gigl-1 =0 <
If x is any number)y‘e , then G£(T°°;x) <1, and Z Gk(T°°;x)< +00 .

k=0

Then A(E)y , for all £ .

%

§6 Proof of Proposition 3 A curvilinear triangle U being given, we

have defined in §2 the family UCU) with help of the operation G2.

Each point of U -U(U(U) which is not a vertex of the triangles of W

is the limit of an imbedded sequence of these triangles. We will therefore
change a little the definition of E = EU , and assume that it is the residual
set, less the set of vertices; this will not alter the dimension.

For any k > 1 , we can also consider the operation Qk , define the
subfamily uk(U) =£q Q#z(ﬂ) , and call dimk(E) the new variant of
dim(E) defined using only coverings of E by triangles taken from uk(U) :
The inequalities

dim(E) £ dim, (E) {dimk(E)
are obvious. We are interested in the converse inequalities. For Proposi-

tion 3 it suffices to show the following, for all k) 1:
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(33) x € dim (E) ,
(34) dimk(E)<d1m1(E) .

a) Let us prove (33) . Let us fix k > 1. Ve construct by

induction a measure }Lk as follows @

th(U) = Fk(U;xk)

1r TeSKW (D) = X(T)xk

1 TeSU%wm , £32, e e QEE-V(y

} % o '
}Lk(T) = X(T) rL(T ) / Fk(T ,xk) .

}Lk is, clearly, a finite, additive measure, and }Lk(E) = ’Lk(U):> 0.

From the relation

x "k

O F = y@F R hix) ¢ R Tix)
deduced from (17) , we can verify, by induction on £ , that
x
(35) Vrellw , pmgym® .
With help of (7) , we have also
(36) ¥ ¥, so that
) *x
(37) Yrel @ : p@gdm™ .
If @ is a covering of E by triangles of uk(U) , we get

218m* . 2e® ]y f®

which proves (33) . This kind of argument was used already by Rogers & ‘I‘aylor[?].



- 12 -
b) Let K = k0 G1(T°°;1) . Before proving (34) , let us first
establish the following inequality for all j € lN v §2 1, for all triangles
T,and forall x €[1, 2]

(38) {8 : seSUmMm} € ¥ Smx .

By induction : if j =1,

2{8e* : se%m} < z"z(s(sf by (27)

2x'G1(’_I‘;x)
2" B(D™ 6,(T%x) by (18)

K ST vy (27) .

IN N

Iz (38) is true for 1, 2, eee , J ¢
2{%6* : seSm} -.-ZZ{ S : ste Qm s eS|
£ z {KJ d(s)* : sre Q(T)} by hypothesis

< k3 Sm* .
Now let ﬂ. Cu1(u) be a covering of E by disjoint triangles. Let T € ﬂ,
k2. If T ;uk(u) , then T € 'uz(u) vhere =k i+3, 043i<k .
Then $2¥3(1) C uk(u) . If we replace in (R each such T by G2X-3(7)
we get a new covering (' C uk(n) , such that from (38)

EZS(T)X s e@:}éx“ zfﬁ(m)" : Te@} .

This proves (34) .
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§7 Proof of Proposition & We will first show that, fot all S € V(U) .
¢u v A ~
either S € W (U) , or there exists S € W(U) , S = T(O‘,P,b’) , and
k31, such that se{ TRy m) o NYyadig) K, Por) §
Suppose S € Yn(U) , and proceed by induction on n :
~N
The case n =1 is clear : take S =0,k =1.
: n+1
Assume that the statement is true for n. Take S € Y (U) and
n u v
S' € Y™U) such that SCs'. If S' € W(U), teke S =S' and k = 1 .
oy, ~

If not, there exists S' , S' = T(J,P,K) , and l«),1 , such that, for
example, S' = T(F:,K,pz) . But S € ':I:'(S') , then either S = T(P’p,(,’p£+1) ’
or S= T(Y,pz ’pl;*") ,or S = T(P’X’ptﬂ) o« In the two first cases

(0%4 n n
s€Gs) c U) . In the last case, take S = S' and k = £+1 , and the
induction is proved.

If, in the second case, S = T([}, X’pk) , the family
‘.5 = {T(P,pi,pi+1) . T(x,pi,pi”) y 12 k-1 i (where Pq =X if k=1)
is a covering of E Ns by triangles of u(U) « It is possible to show
that, for a1l x € [1,2]

(39) 2{%@* : 1 e S} Fwa) T 4

Indeed, ZS(T)"ga"Zp(T)" from (27)

x+1, x x
= 2 (pk + Plyq *ooee )

< (2 X(s)x + Fy(85x) )
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28+ 2§ T + 1eSRANT ) trom (36)
{ 2(k+2) 3(s)*  from (38) , case 3 =1.
(39) holds also if S = T(U ,O(,qk) or S =T, r’,rk) » with the suitable 3
It follows that, if (R 1is any covering of E by triangles of L (U) ,
we can replace each S of Gi which is not in U (U) by the corresponding 55
in order to get a new covering {]' C 11(U) such that, for all x & [1 , 2]

2§ %@ - Te(PC§<u<x+z>Z{$<s>" : s e@® } .

This completes the proof.

Remark We have proved also that
sup xk = inf Yy
(Propositions 2 and 3 ). It seems likely that (xk) is strictly increasing

and (yk) strictly decreasing, but we do not need this for the proof.
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DIMENSIONS DES SPIRALES
PAR

Yvis DUPAIN, MicHeL MENDES-FRANCE et CLaupe TRICOT ™)

RisuME. — G. BOULIGAND a donné une définition de la dimension d'une courbe liée au
recouvrement par une bande. Nous introduisons une nouvelle dimension des courbes liée au
nombre de points d’intersection de la courbe avec une droite aléatoire. Pour une grande classe de
spirales, ces deux dimensions coincident.

ABSTRACT. — G. BOULIGAND has given a definition of a curve related to the covering of the
curve by a band. We define a new dimension of a curve in terms of the number of intersection
points of the curve with a random straight line. For a large class of spirals, both dimensions
coincide.

1. Introduction

De I'escargot au tourbillon turbulent, la nature fourmille de spirales
("Arcy THompsoN [1], Cook [4], STevens [12]) lesquelles se prétent & une
étude dimensionnelle. Apporter notre contribution 4 ce nouveau regard sur la
nature inauguré par MANDELBROT dans son livre sur les objets fractals [7], tel
pourrait étre un des buts de notre étude. Nous nous contenterons cepecndant
de nous limiter & un cadre purement mathématique.

Les spirales que I’on considére sont toutes bornées dans le plan, s’enroulent
autour d'un point qu’on choisit étre I’origine, et tendent vers ce point. Ces
spirales sont représentées par leur équation polaire p=/(0) ou f est définie
pour 020, décroissante vers 0 quand 6 croit indéfiniement.

(*) Texte regu le 1S novembre 1982, révisé le 15 avril 1983.
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d’Informatique, 351, cours de la Libération, 33405 Talence Cedex.

C. Tricot, The University of Li\;crpool, Department of Mathematics, P.O. Box 147,
Liverpool L693BX, G.-B.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE — 0037-9484/1983/ /% 5.00
© Gauthier-Villars



2 Y. DUPAIN, M. MENDES-FRANCE ET C. TRICOT

Certaines spirales comme p=(1+0)~"' convergent « rapidement » vers 0
alors que d'autres p=(log(2+0))”! convergent lentement vers 0. Ces
dernieres ont une tendance plus grande & « remplir » un voisinage de 0,
presque a la fagon d’une courbe de Peano, et en ce sens on pourrait assimiler
la spirale lente & un ensemble localement bidimensionnel.

La dimension topologique et la dimension de Hausdorff d’une spirale sont
toujours égales a I'unité et ne permettent donc pas de classifier les spirales. Par
contre, la dimension de BouLiGAND (notée dimy), plus fine que les dimensions
précédentes, permet cette classification. Nous verrons que lorsque I parcourt
la famille des spirales, dimy I" parcourt 'intervalle [1, 2]. Pius lente est la
spirale et plus sa dimension avoisine 2.

En partant d’une remarque de STEINHAUS, nous définissons une nouvelle
dimension que nous appellerons dimension de SteinHAUs (dimg). Les
définitions de dim, et dimg ne sont pas logiquement équivalentes. Nous
montrerons cependant que pour une grande classe de spirales I :

dim, " = dims T

Ccci constituera notre résultat principal.

2. Dimension de BoULIGAND

Soit A un ensemble plan borné, soit £ >0, soit A (g) ’ensemble des points &
distance moindre que € de A, et | A(g)| sa mesure.

Si A est réduit a un point :
JA(e)]| X e?, e—0.
(La notation f(x) X g(x), x = x,, signifie :

1)

0<lim inf, Jx) <lim sup, _,, 2

XN S +Cn)
T g(x)

Si A est un segment de droite :
l4(e)| Ke
ct si enfin 4 est un disque :
AKX 1=¢

ToME 1 — 1983 — N° 2



DIMENSIONS DES SPIRALES 3

Les exposants 2, 1,0 de € varient en sens opposé des dimensions respectives
du point, du segment, du disque. Cette remarque  simple a conduit
G. BouLiGAND & définir la dimension de A4 [3] :

dimy(A)=inf{ o/lim,,, €*"*| A(e)|=0{.
Si A est une courbe plane bornée, alors :
I <dimy(4)<2.

A titre d'illustration, on se convaincra que la dimension de la spirale
p=(14+0)"% a>0est max {1, 2(1+a)~'}, que la spirale p=(log(2+6))~"
est de dimension 2 et que la spirale p=exp(—0) est de dimension 1.

Remargue. — On montre sans difficulté que la dimension supérieure de
Kormogorov et TiHomirov [6] liée a la e-capacité et la e-entropie coincide
avcc la dimension de BouLicanp. On pourra aussi comparer ces dimensions
avec ceclle de E. BoreL (2], page 294.

3. Dimension de STEINHAUS

Une droite D du plan (x, y) est repérée par son équation normale :
x cosB+ysinf—-p=0,

ou0<0<2nr, p=0. Ilya unicité de la représentation sauf si p=0. Un point
(0, p), 0<0O<2m, p=0 représente donc une droite et réciproquement 4 part
I'cxception signalée. La mesure de Lebesgue du plan (8, p) induit une mesure
dD =d0dp sur 'ensemble des droites D.

Soit C une courbe plane bornée dans le plan (x, y), localement rectifiable.
Soit Q=Q(C) I'ensemble des droites qui intersectent C et soit Q, le sous-
ensemble des droites qui coupent C en k points exactement (k= 1). Soit
enfin :

w=mesQ et , =mes Q,.

On supposera toujours que w, =0. Cette condition est d’ailleurs
automatiquement remplie pour les spirales qui nous intéressent.

Un théoréme classique de STEINHAUS [11] (voir aussi SANTALO [10]) montre
que [a longueur /(C) de C est donnée par :

1
/(C) = 'i Zk’: 1 k(l)k.

BULLLTIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



4 Y. DUPAIN, M. MENDES-FRANCE ET C. TRICOT

Appliquée au contour fermé ¢K frontiére de I'enveloppe convexe K de C,

cette formule s’écrit : |

I((K)=z20=w0,

(]}

d’ou :

20) «, 9
TRy ~ 2k o

Si on interpréle o,/w comme la probabilit¢ pour qu’une droite
intersectant C coupe C en k points exactement, on voit que 2 /(C)//(3K) est
I'espérance mathématique du nombre de points d’intersection de C avec une
droite aléatoire. Ainsi la longueur /(C) est liée de fagon précise au nombre
moyen de points d’intersection avec une droite. Il s’ensuit que la dimension de
STEINHAUS définie ci-dessous est elle aussi liée a cette méme’quantité.

Supposons que /(C) soit infini. Il se peut qu’il existe alors un nombre réel o
(nécessairement >1) tel que :

ZkL-- 1k(w,)* < 0.

Ce nombre est de « dimension a » car :

W, =J dBdp,
Q,

a la dimension d'une longueur. Nous appellerons dimension de STEINHAUS
de C le nombre :

dimgC=inf{az>1/) 7. k() <w}
=sup{a=1/Y /. k(w)*=x}

Une courbe de longueur tinie est donc de dimension unité. Un calcul simple
montre que la spirale p=(1+6)" “a pour dimension max { 1, 2(1+a)~ '} et
que la spirale p=(log(2+0))~! a pour dimension 2. Sur ces exemples, les
dimensions de'BouLicanp d’une part et de STEINHAUS d’autre part coincident.
Ce résultat se généralise ainsi qu’on va le voir au paragraphe suivant.

TOME 111 — 1983 — N° 2
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4. Lien entre les deux dimensions

THEOREME. — Soit T une spirale localement convexe définie par son équation
polaire p=£(0) ou f est réelle, définie continue pour 20, tendant vers zéro
pour © infini et convexe. Alors :

La démonstration du théoréme se fait a I’aide des deux lemmes suivants :

Lemme 1. — Soit T la spirale p={(8) ou fest continue et décroissante vers 0.
On suppose que T est localemenr convexe. Soit :

8, =fQkn)—fQ2k+1)m).
Alors :
dims(l')=inf{a> I/Z;‘= k82 <e0 }

Démonstration. — Soit Q,; I'’ensemble des droites xcos8+ ysin8—p=0,
avec f(2(k+1)m)<p<f(2km). La convexité locale de I’ entraine que
I'ensemble des points situés entre Ox et une quelconque derni-spire
(Ar <0< (k+ 1) m) est convexe. On en déduit que les droites de Q, coupent la
premiére spire (0<6<2n) en 1 ou 2 points, les (k—1) spires suivantes en
deux points, et la spire d’ordre k+1 (2An<6<2(k+1)=n) en 0,1, 2 ou
3 points. Les spires d'ordre supérieur ne sont pas coupées. Il y a donc au
moins 2k — 1, au plus 2k + 3 points d’intersection.

Soit Q, I'ensemble des droites qui intéressent I' en j points exactement.
Alors :

Qe Q- U
Qs 1 Qo VU QL
et comme mesQ, =2nd, :
®;, 271 (0 4 +0,),
Wyt SZHBy— 1 +8,+8,4 1)
On tirc de ces deux inégalités :

2kl +Qh+ Dol <A YR8 (@=1),

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



6 Y. DUPAIN, M. MENDES-FRANCE ET C. TRICOT

A, constante. Ceci assure que :
dim (M) <inf{a>1/) { k8j<+o0}.
Pour I'inégalité dans I'autre sens, on observe que :
QLC U%::i Qi’
d’ou I'on tire :
k<A, Takitian,
A, constante.
LeMME 2. — Soit (g,) une suite décroissante tendant vers zéro. On pose :
D,=inf{a|}Fkei<+0},
D,=2inf{a|lim,. €' ) P e;=0},
Dy=inf{a|lim,. ke; ') €e=0},
D,=inf{a|lim,_ € " Z';'is,-:O},
Dy=inf{a|lim,., k*€;=0}.
Alors D, =D;.
Si de plus :
Yieg<+o et Yrke=+o,
alors :
1<D,=D,=D,=D,=D;<2.
Démonstration. — (i) ) .{ kef<+oo=>ke;=0(k""), donc Dy<D,.
Inversement :
k’e; -0 = VB>a: kel=0K'"2V7),
dont la somme converge. Donc D, <D;,.
(ii) (a) L’égalité :
inf{o/e;" 'Y e, »0}=inf{a/ke; >0}
a ¢t¢ prouvée dans [13]. A l'aide de transformations mineures, on en tire

Dz=Ds.
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(h) L'inégalité :
(k) ey <dker 'Y (e,
valable pour tout a> 1, entraine :
Dy<max(l, D,).
Mais si Dy <1, il existe a <1 tel que :
£, =0k,

et alors kg, converge, ce qui est impossible par hypothése. Donc
-1<D <D,

D’autre part :
Yie<+w = g=0(k"' donc Ds<2,
et  kg,=0(1) donc D;<2.
Pour démontrer que Dy <D, on peut donc se restreindre au cas :
Dg<2,
choisir a€]Ds, 2|, et constater que :
ek=0(k'2/’) = Ez-lz:, s‘=0(k-2(u-ll)/:+|-2/1)=0(k—1).

Donc o> D, d’ou D; < Dy, puis Dy=Ds.
(¢) Dy< D, provient directement de :

1
.2 . k =1 k
5k er<eryvi<er ' Yhie,

et D, <D, de:
€k=0(k—2/1) ¢ = 8:—1 ZI{'isi=0(k~2(1—l)1+2—2/':)=0(1)’

valable si a>1.

Démonstration du théoréme. — D’aprés les hypothéses faites sur la
fonction f, la partie de courbe I', correspondanta 2An<0<2(k+1)mestun
arc simple de Jordan de longueur finie L,, telle que :

2nfQk+1)n) <L, <2nf(2kw).
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Soit I, (r) I'ensembile des points du plan a distance moindre que r de [',. 1l
existe une constante C (inféricure a 9 ) telle que :

Vre<L,: [T, (r)I<CL,r

(pour lc voir : en posant M, le plus grand nombre de boules disjointes de
rayon r centrées en I',, montrer que M, <L,/r, et |T,(1)|<9nr?M,).
Fixons re€]0, f(0)[, et soit k I'entier tel que :

Op. 1 Sr<id,,

ot 8, =f(2kn)—f(2(k+ 1) ). k est unique, carla convexité de f entraine la
décroissance de §,, propriété fondamentale pour la suite.

L’ensemble I'(r) contient tous les points 4 distance <f(2(k+1)r) de
I'origine. D’autre part, tout point de I'(r) est, soit a distance
<r+f(2(k+1)r) de 0, soit a distance <rd’un I';, 0<i<k. On en déduit les
inégalités suivantes :

QKR+ DT TOISRfQE+D 1)+ + X0 T |-
En utilisant le fait que f(2k ®) =) <, 8;, I'inégalité de gauche peut s’écrire :
IT()=r(Lie 8)?
et donc, pour tout a, 0<a<2:

re=? | r(r)l>1t51‘2(275; 1 8.’)2
==1t(5:/2— 1 Z;L 55 —8:’2)2.
Cébmme 622 tend vers zéro, ceci assure que :

dimg(I)>D,,

en reprenant les notations du lemme 2.
Quant a l'inégalité de droite, elle devient :

TSl 8+ +2nCr Yo+ 1) 8+(k+1) ity 3]
et donc pbur tout o, l<a<2: *
P T@ISe@GET XL 8 +8 +
2rCo TG+ )8, +k+1) Y it 8]
SROFZT Y 8,48 ) 420 C 8 (L idi+hk L8 1+0(8:Y).
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Or Y ;5 8,=/(0) est borné, ct Y. id; diverge : pour s’en assurer, il suffit
d’observer que cette somme est supérieure, a une constante prés, a la longueur
totale de la spirale. D’aprés le lemme 2 les quantités D,, D,, D, sont donc
dans [1, 2}, et la derniére inégalité prouve que :

dim, () <max(D,, D,, D,)=D;.

Le théoréme se déduit alors des lemmes 1 et 2.
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Packing measure, and its evaluation for a Brownian path

by

S. James Taylor and Claude Tricot
Department of Pure Mathematics
University of Liverpool.

1. Introduction The size of sets of zero Lebesgue measure in ]Rd can be

investigated by several distinct techniques. The first of these to be extensively
developed was established by Hausdorff [6]- for a recent account see Rogers [7].
Hausdorff measure is defined using economical covers of a set. For a given
monotone function ¢(s), there is a sense in which Hausdorff ¢-measure is the
smallest outer measure determined by ¢; there are several other measures based

on ¢. In the present paper we define packing ¢-measure and examine some of

its basic properties. We will see that it is the largest of the known ¢-measures
and many of its properties mirror those of Hausdorff measure.

The definition of packing measure has to be given in two stages. In
section 3 we consider various pre-mcasures and eventually choose one of them to
generate packing measure in section 5. The other pre-measures will be useful
for establishing the properties of ¢ - p(E), the ¢-packing measure. In the
theory of Hausdorff measures an essential tool used to prove ¢ - m(E) finite and
positive is the use of upper density first developed by Frostman [4] and made
precise in [8]. The analogous theoreﬁ for packing measure, using lower density,
is developed in section 5 and used for immediate calculationms. For example, the
classical Cantor set in [0, 1] has finite positive packing measure with respect

to ¢(s) = sa, o = log 2/1log 3, so that this set is so regular that the correct



¢ giving finite positive measure is the same for both Hausdorff and packing
measure,

The notion of strong and weak ¢-variation of a function £ : [a, b] » IRd
was defined by Goffman and Loughlin in [5]. Just as the weak variation is
related to Hausdorff measure, we are able to show, in section 4, that ¢ -packing
measure of the image of £ is bounded by the limiting strong ¢-variation.

The strong variation of Brownian motion was obtained in [11] so this relationship
gives an upper bound for the packing measure of a Brownian trajectory.

In [2] it was shown that ¢(s) = szlogrlog s| is the correct function to
give the Hausdorff measure of a Brownian grajectory in‘ ]Rd (d 2 3). In the
final section 7 we show that yY(s) = sz/logllog sl is the correct function to
make the yY-packing measure of the trajectory finite and positive. The proof
requires a new analysis of the small values of the sojourn time in a ball for
the process. This is carried out in section 6, and leads to Theorem 6.7
describing the lower asymptotic behaviour of the sojourn time. In order to

set the scene we start in section 2 by developing notation and describing the

main results for Hausdorff measure for which we can obtain analogues.

2. Measures of Hausdorfi type We will restrict our attention to subsets

of Euclidean space ]Rd (d 2 1). Some, but not all, of our results extend
to more general metric spaces but we will use the structure of ]Rd and not
concern ourselves with the validity of extensions. We usé |E| to denote
the Lebesgue outer measure of E and “xll to denote the distance from 0 to

X € IRd. We denote the open ball centre at x and radius r > 0 by

d
B.(x) = {ye®R :|x-y|l<r}.



d

* *
Let T stand for the class of dyadic cubes in R ., CeT if it

has side length 2-n, ne N, and each of its projections projic on the
ith axis is a 3-open interval of the form [kiz“‘, (k:l + 1)2_n) with ki € Z.
For x ¢ IRd, let un(x) be the unique dyadic cube of side Z_n containing X.

ok * K
We also need the larger class T of semi-dyadic cubes: CeT if
-n -n -n
it has side length 2 and proJiC = [ikiz , (ik:l + 1)2 ) with k:l € Z .
d d -n **
Each x e R belongs to 2 cubes of side 2 in T : of these we denote

*k -
by vn(x) the unique cube in T of side 2 n whose complement is at distance
_n..2 —n—2
2 from un+2(x). The coordinate of the centre of vn(x) is within 2
of the corresponding coordinate of x.
® denotes the class of functions ¢ : (0, 1) >+ IR which are increasing
continuous with ¢(s) -+ 0 as s ¥+ 0O, and satisfy a smoothness condition:
(1) There exists o > 0 such that ¢(2x) < c0¢(x) for 0 < x < §.
The identity function e(x) = x and each of its positive powers is clearly in ¢.
d d
Suppose @ (R ) is the family of bounded subsets of IR . We introduce

a partial order in the class of set functions

F:B@®Y > [0, +o] = B* y {+=}.
Put

F1-<F

if there is a finite A > 0 such that

2

F (E) < AF,(E) for all E cB(rY

and write

L
F1 —— F2
and say F1 and F2 are equivalent if both Flfé.Fz and szs F1 .
d d
d(E) denotes the diameter of E ¢®(RY . 1£Rc B(rY, put

o@® = 1 ¢CdE)
Eef{



and
Rl = sup{d(E) : E eR}.

3c@(md) is a covering family if, for each €>0, there is a subfamily

@c?with ”G{” <e and R? c U E. Clearly this property is valid
EeR

%k
for I‘* or T * or J the family of all open balls. For any covering family

3", define

2  F¢ - nE = lninz 4@ : ||R]| >e, R EcVU 7).
e+ O FeR

Whenever 3=®(]Rd) , ‘;,’-4; - m 1is the classical ¢-measure defined by Hausdorff
which we will denote by ¢ - m. When ? =,8 we obtain spherical Hausdorff measure.

Since every bounded set is contained in a ball of double the diameter (1) implies

immediately
(3) Se-n== ¢-m.
':'rf * * *
When =T wedenote I'd -m by ¢ -m , and again it is easy to see that
%*
(4) $-mt=< ¢ -m .

These restricted Hausdorff measures were first defined and used by Besicovitch.
For our present purposes we make two further modifications. Given E c ]Rd ’
let JE be the family of open balls {Br(x) :r>0, x€ E} with centres

in E. We again get
(5) ¢-m(E)SJE¢-m(E)Sc¢-m(E)

for a suitable constant c. Now put

% %k

I‘E = {vn(x) t:ne N, x¢e E},

* % *ok
and denote ]‘E ¢- m(E) by ¢ - m (E). It again follows that

(6) $-m>=Zé-m .



We note that each of the above set functions is defined on all subsets
of ]Rcl , takes values in [0,+»] and is a metric outer measure in the sense of
Carathéodory. For each of them there is a class of measurable subsets m and
the restriction of the set function to m is a o0-additive measure. Further

d

ﬁYl contains the Borel subsets of R . The rarefaction index corresponding

to Hausdorff measure is usually called Hausdorff-Besicovitch dimension, defined
by
a
dim E = inf {a >0 : e - m(E) =0} =sup{a>0:e® - mE =+ =} .

Clearly (3), (4), (5) and (6) show that any of the above set functions would
have given the same value of dim E, However if dim E = § > 0, then

e6 - m(E) can be zero, finite and positive, or + « .- Only if

0<e6-—m(E)< + ®

do we say that ¢(s8) = s‘s is the correct function in ¢ for giving the Hausdorff

measure of E.

If we want to prove that ¢ - m(E) < + = it is sufficient to find K such
that, for each ¢ > 0 there is a cover (]} of E for which ||R|/< ¢ and
¢((R) < K < + =, Using the definition (2) it is harder to show that ¢ - m(E) > 0
for now we have to find ¢ > 0 such that ¢(® 2 ¢ for every possible cover
of E. To avoid the need to consider all covers the following density theorem,

which is immediately deducible from the results in [8] is a useful tool.

THEOREM 2.1. For a given ¢ € ¢, there are constants c c2 such that, for

1!

all E c le and every finite Borel measure yu in ]Rd



-n
¢ u(E) int { lim inf ;—“3——’-} < ¢ - n(E)

xe E.

< czu(md) sup{l:lm inf M}

xeE ‘et0 xeu p(u)
d(u)<e
where the last infimum is taken over non-degenerate rectangles u containing
x with diameter at most €.
Variants of this theorem can be obtained by using (3) to (6) to replace
¢ - m by one of the restricted measures, by replacihg un(x) by vn(x) or

by replacing the 1im inf by 1lim inf —o(e) .
€vo H(B_(x))

A necessary too6l for examining Brownian paths will be a density theorem
for packing measure. Our choice of precise definition will ensure that such
a density theorem is valid. We would point out that, in terms of a given
¢ € & , there are other measures which lie between ¢ - m and ¢ - p. No
density theorem is known for these, and in some cases one can show that none is

valid.

As usual we use c¢ to denote a finite positive constant whose value is

unimportant and may change from line to line.

3. Packing pre-measures Our first step is to consider several ways of

modifying definition (2) by changing inf to sup and replacing covers of E

by packings of disjoint sets related to E. We again assume E%'is a covering
x R <8zt

family of bounded sets in R . We say <B(R") is a packing of E 'if, for all

F G‘GL, EOF # ¢ and the 'séts in ﬂ, are disjoint. Put



(1 F¢ - P®) = 11m sup{o@® : ||R]| < ¢, RcF, R 15 a packing of Ej.
€¥0

If we made no restriction on E;} this would not be a useful definition, because
near any X € E one could fit in an arbitrary number of disjoint sets of diameter
€ > 0 having x 1in their closure. This would give a value +<« even for the
singleton {x}. In [18], the definition (7) was used with F ==9! the class of

open balls. That definition is now denoted

Lo -rp® =4 - e,

but we will not adopt it in this paper for reasons which become evident later.
Different natural choices of ;; yield pre-measures and measures which are not
equivalent, although we will see that they all lead to the same rarefaction index
A discussed in [14].

It turns out that we not only need to restrict the family E; in (7) but
also demand that E contains a point near the 'centre' of each set used in packing.
We consider three further possibilities for E;.

(1) J’E is the family of balls B (x), r >0, x ¢ E.

g ¢

E

P(E) is denoted by ¢ - P(E).

%

{ ) N E} F*
E un(x) ; D€ , X € c

(ii) T

%k
P(E) is denoted by ¢ - P (E).

I‘*

E¢
%k %k

(111) rE* = {v(® :neN, xeE}cT

* %k : % %k
Ig ¢ - P(E) 1s denoted by ¢ - P (E).

* %k
We will discard ¢ - Q and ¢ - P and show that ¢ - P and ¢ - P are equivalent

set functions. Our final definition will be based on ¢ - P as this is clearly



%
invariant under translation. ¢ -P will be useful as an auxiliary set function.
The first step is to clarify the simple properties of the set functions based on

(7) which we have defined.

*
LEMMA 3.1. Let T = T¢ be any one of the set functions ¢ - P, ¢ - P ,

*%
¢ -P , ¢-Q. Then

(1) T is monotone: E1 c E2 = t(El) < 1(E2)‘;
(11) T is subadditive: T(E1 U E2) < T(El) + T(Ez);

(ii11) if <1 (E) = 0, there exists Y e ¢ such that -r‘p(E) = 0 and

¢
$(s) _ .
Ve 7o
(iv) 1if t¢(E)=é+¢ » there exists ¢ ¢ & such that TW(E) = 4+ and
1im ¥ o .
e W

(v) if E = {x} , then t¢(E) = 0 for all ¢ ;
(vi) it E 1is a bounded open set in md and ¢(8) =ad, then

0 < f¢(E) < + @,

Remark All the above are truve for Hausdorff measure and its variants. For

Hausdorff measure (ii) can be strengthened to 'r{tl Ei) < Z T(Ei) . This
i=1 i=1

is false in the present case. Consider ¢(8) = 81/2 and E =Q n [0, 1], the
set of rationals in [0, 1]. Since TyE) = 1:,([0. 1]), Tg(E) = +=, but E 1is
a countable union of singletons. Thus 1 1is not an outer measure.

The proofs for Lemma 3.1 follow immediately from the definition.

LEMMA 3.2. If T 1is one of ¢ -P, ¢ -Q, then for all

E R, w® = .



Proof From (1) of Lemma 3.1, 1(E) < 1(E). For ¢ - Q, any packing of
E is also a packing of E so 1(E) 2 1(E). Given ¢ > 0, for any sequence

{rk} of positive reals we can define a sequence {ré} with O < r& < T and

E¢(2rk) < (1 + e)2¢(2ri). Hence if GQ is any family of disjoint open balls of

radii rk and centre xk € E, we can find a family 0%' of balls radii ré

. ] 7 '
centred at xk e E such that Bré(xk) F Brk(xk). Since these are disjoint we
get ¢ - P(E) < (1 + €)¢ - P(E), and this is true for all ¢ > O.

Remark Consider the case ¢(s) = sa, o < 1 and subsets of (0, 1). If

E is any infinite set in (0, 1) we can order the complementary intervals Ji

of (0, 1\E so0 that |Ji| =c, decreases. If |E| =0 a simple calculation
shows

(1) if I c: diverges then ¢ - Q(E) = +o;

(1i) if g c: diverges then ¢ - Q(E) = O .

In fact, if ¢(s) 1is concave, there are nc subsets of the line with Lebesgue
measure zero and finite positive 4>- Q measure. This is the main reason we discard

¢ - Q@ as a candidate for packing pre-measure.

% %k .
LEMMA 3.3 p -P>=< ¢ -P =X ¢-P and

Proof From the definition of vn(x) it follows that
B _n_z(x) c vn(x) cB _n(x)
2 02
where p = nl/2 is the diameter of a unit cube. Condition (1) now implies the
**k
first equivalence ¢ - P¢ - P . Since every semi-dyadic vn(x) contains

* % *
the dyadic u (x) we get ¢ -P <X ¢ - P . The last inequality is obvious.
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Example 3.4. Let Eo be the perfect symmetric set in [0, 1] with

ratio 1/4. That 1is
-n
Eo-{xem.x=i:an4 P e 0 or 3} .

There are three types of dyadic interval u = [kz_n, (k + 1)2-n)

0 =
(a)unEofcp (b) unEo-¢

(c) un Eo = {kz-n} . Call these !1, @ , %3 .

Given e<1l, x ¢ Eo there is 2 u ¢ »{1 such that
ucB (¥ and [u] > %e .

It follows that é - P(Eo) < cﬁéq; - P(Eo). But the structure of EO te.lls

us that

ﬂlei - P(Eo) = 1 so ei - P(Eo) < +o
Now the complementary set [O, IJ\EO contains 2" dyadic intervals of length

2-2n; ot these 2n-1 are in «és and are disjoint for different values of n.

Hence ei - P*(Eo) = +4+o, 80 ¢ - P “and ¢ -‘P* are not equivalent. In
* 3 1
fact ¢ - P (E) =+ for any ¢(s8) = 8°/g(s) where ) ——(—— = + = .
(v} -2n
gz )
Example 3.5 Let E1 be the set EO less the countable set of end-points of
complementary intervals. Now all the dyadic intervals meeting E1 are in /1
*
so ei -P (El) < + @ However ¢ - Q(El) = 4+ if ¢(s) = si/g(s) and
1 *
~on diverges. Thus ¢ - P is not equivalent to ¢ - Q. This example

g2 ) *
also shows that Lemma 3.2 is not true for ¢ - P .

In [10] we noted that the gap between ¢ - m and generalised y-capacity
in the sense of Frostman [4] was about a factor |log s| . The same phenomenon
%*
exhibits itself concerning the maximum 'gap' between ¢ - P, ¢ - P and ¢ - Q.

We now make this precise
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LEMMA 3.6. Let g : (0, 1) » R’ be such that ) ——%;—< +  and
gz )
¢, ¢|le=Vve®. Then
¢ - P(E) <+ = ¢y - QEE) =0 .
d R
Proof Let E e(@3(m% , 6 > o, be a family of disjoint balls at

distance 0 from E, IMQHS 6. Suppose kn is the number of balls in 62 of

radius between 2-n and 2-n+1. Each of these balls meets some B _n(x) for
2

x € E. Now there is a constant Ad such that no ball of radius 2-n can

meet more than Ad disjoint balls of radius 2 2™, Assume § small enough

to ensure that, for 2 ° < §,
2% - P(E) 2 ¢(2““‘)Mn

where Mn is the maximum number of disjoint open balls of radius 2-n centred

in E. It follows that
-n
k < AM S 2. A ¢- P(E) / ¢(27") .

Now

W < Tk e ™™

1

S cgry-2.9 - P(E) ) - .

g2 )

Since this series converges, the sum of the tail - 0 as & + 0, so VY - Q(E) = 0.

Remark A simpler version of the same argument shows that

¢ - P(E) <+®3 § - P (E) = 0.

COROLLARY 3.7. Under the conditions of Lemma 3.6.

V-Q=<X¢-P and w-p*—4¢-P.
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Using any of the above definitions we could use the normal technique to
obtain a rarefaction index. The following result shows that we always get

the same index :
d
COROLLARY 3,8 For all E (R ), there is an index A such that

0sA<d and
(1) if 0 < A <A, eG - P(E) = 66 - P*(E) = 06 -P**(E) = eG - Q(E) = +4w;
(11) 1f § > A, e6 - P(E) = e6 - P*(E) = eG' - P**(E) = eé - Q(E) = 0.

For subsets of Rl, there are many more equivalent definitions of A, see
Tricot [14].

Remark A different definition of packing pre-measure is given by Bruneau
[1, p.1'+0] o In general this will lead to a rarefaction index distinct
from A s, 80 we do not discusas it in this paper. We also note that our
definition of ¢- P (and of ¢- p , see section 5) was first considered

for subsets of [R in Tricot [13, p.145] .
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4. Relation with strong variatiomn
d
Suppose f£ : I = [0, 1] +» R and W is adissection of [0, 1]
0 = <x .o = 1, = - .
xo 1 < < xnv ’ o(m) max(xi xi-l)
Define the strong ¢-variation W¢(f) and limiting strong ¢-variation V¢(f)
n
(8) W, (f) = sup z odlzxp - 2x,_DID,
m i=1
n
(9 V() = lim sup D edleex) - 2=y DD
e+0 o(m)<e i=1
In the present section we compare these variations with ¢ - P(£(I)). The
first result is immediate.
LEMMA 4.1 Suppose f is bounded, and ¢ ¢ ¢ is defined and
increasing on [0, 2||f|{] . Then
- W (£) .
¢ - P(£(I)) < 2co ¢()
Proof If (;l is a disjoint family of open balls Bl’ Bz, .., B
with centres yi = f(xi) in their natural order, then
aB) < 2min(ly, -y, Jfl, [y, -wlD 1f 2<1i<n-1

d(Bl)

A

2lly, - vl aB) < 2|y, -y |

Now use (1) and (8) to give

o < 2¢c,

. ¢d|yi -y 4D < 2e0W, (D).

nes—1 3

i

But ¢ - P(£(I)) < sup ¢ over all disjoint families R, so the Lemma
is established.

We now impose a convexity condition.

by
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LEMMA 4.2 Suppose that, for all x, y € (0, %)
(10) $(x +y) < $(x) + $(y) ;
Then ¢ - P(£(1)) < 2cov;(r) .
Proof Given ¢ > 0, 1let 02 be a disjoint family of balls with
centres y1 = f(xi) and xi x x1+1. Add points to the dissection to give
x; = 0 < x; < .00 < xé = 1 a new dissection 4' with o(7n') < ¢ and
’
txj} ) {xi}. Now
! .
| E S S | I ) lxy - =yl

x1_15x3_1<xi

so the concavity of ¢, now gives for each € > 0

N
R s 2¢) Jz& ¢("f(x5) - f(x3_1)ll)

N
< 2c sup d(IE(x}) - £(x! )||)
0 o(n')<e ng q J -1 I

and the result follows on letting € +0.

The condition (10) holds for ¢(s) = su (e £ 1) but it is not true for
a > 1. In our application (10) #%ill not be true: If we assume
(11) $(x +y) 2 ¢(x) + ¢(y) for all x, y € (0, %)

we can make progress but the argument needed is more complicated.

LEMMA 4.3 Suppose f 1is continuous and nowhere constant and ¢

satisfies (11): then

¢ - PUM < eV (D) .
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Proof Define u : I ¥ (0, 1) =+ I by

u(x, 8) = -x + sup{ly ¢t x <y <1 and £([x, y]) c Bs(f(x))}.

As a function of 8, u 1is increasing. Since f 1is nowhere constant,
1im u(x, s) = 0 for each x ¢ I. We show
850

(12) as s+ 0, u(x, s8) » 0 uniformly for x € I.

Suppose (12) is false, then there is a ¢ > 0 and sequences {xn}, {sn}
with sn - 0 as n *> o and u(xn, sn) > c. By taking a subsequence we
can assume that xn “+ X ., Suppose. 0 < € < c. Now

0

||f(x0) - f(x, + e)]| < ”f(xo) - f(xn)” + ”f(xn) - fx_+ )| + ||f(xn + €) - f(x0-+eﬂ

and ”f(xn) - f(x_+ e)|| < 8

80 letting n -+ ® and using the continuity of f£,

f(xo) = :t(x0 + €)

so f is constant on [xo, x, + c]. This contradiction establishes (12).
For 6 > 0, 1let 02. be a finite family of disjoint open balls Bi of
radii si < § and centre y1 = f(xi) ordered so that xi_1 < xi. Since

f 1is continuous,

X <X <+ u(x

i 5% g0 83) <%

i+l
and f(x:l + u(x

i’ Si))‘e Fr(Bi)-

Hence

$(25,) < éo¢(”f(xi) - f(xi + u(x si))H).

i,
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By adding further division points between x:l + u(xi, si) and x1+1 it
necessary we obtain a partition z, of I with O < z1+1 -z < sup u(x, 6)
xel
which becomes small as 6 +0, by (12). Thus
¢ < c Lodlzz) - 2z, D
<
co(V¢(f) + €)
when 6 is small enough. This establishes the lemma.
LEMMA 4.4 Suppose f 1is continuous and ¢ satisfies (11).

For all € > 0 there is a continous nowhere constant g : I +:md such that

£(I) < g(I)

2
and v < c v, () + €] .
¢(g) 0 ¢( )
Proof If £ is nowhere constant, take g = £.

Otherwise, let E be the set of points of I where f is locally constant,

then E = L;L In where In is a maximal closed interval and f(x) = Y,
for x € In.n_ For n=1, 2, ..., let Sn be a circle in ]Rd (az 2),
or a line segment described twice in :mi, with perimeter ¢_1(52-n-2),
and let wn I > Sn be the uniform parametrisation of Sn such that
wn(o) = wn(l) = V- Define g by
for x e I \E, g(x) = £(x)
, x-a
for x € In = [an, bn], g(x) = wn[g—T:;_J .
n n
We only need to estimate the variation of g. For a given dissection ,

0 = xo < x1 < ... < xN = 1, there are five cases to consider.
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(1) xi, xi+1 eI \ E. Then
o(letx, ) - )| = ¢(|fex,, ) - 2=
(11) x1 el \E, xi+1 € In for some n. Then

-1 _-n-2
”g(xi+1) - g(xi)” < 2max{”f(xi).— f(xi+1”L ¢ (€2 n )}

. - -n-2
so  ¢lletxy, ) - eI < eplodlrex) - fex, ] + €27 70
(ii1) x5 € In’ X4, € I \E. Same argument as (ii).
(iv) xi € Im’ xi+1 € In' m# n. The same method as (ii) applied

twice gives

2 -n-2 -m-2
Co[¢(”f(xi) - f(xi+1)”) + €2 7% 4 e27 ™4

IA

¢dlecxy, ) - expld

(v) X xi+1 € In' Let J, k be thesmallest and largest integers
such that j < i <k => x5 € In' Using (11) gives
k-1 -1 |
iZJ ¢dlex;, ) - explh < ¢[ D leexy,p - g(xi)uj
< g2 %2,

When we add over i, the term ez’”'z can occur at most three times for a

given integer n so
N-1 iN

iZO sdlecx,, ) - explh < & [

-1
Loedlzeeg,p - teply + ;].

i=0

This establishes Lemma 4.4.

Putting the last two lemmas together gives:

THEOREM 4.5 Suppose £ : [0, 1] =~ :md is continuous and ¢ ¢ ¢

satisfies (11), then

¢ - P(£(I)) < ch (f).

¢
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This theorem is not, in general, sharp. The gap between critical
functions ¢ for. ¢ - P(£(I)) and V¢(f) can be arbitrarily large.
Example 4.6 Suppose ¢ 1s any strictly increasing continuous
function. Define £ : I + R by
£(0) = 0, f£(x) = ¢’1(x)s1n(1/x) for 0 <x <1,
2
Take z, = 7 ? k=1, 2, ... to see that V‘b(f) = + @, However,

f(I) 1is a bounded interval so e - P(f(I)) < +w,
If we want f to be bijective we could take the graph of the above £

in le.

5. Packing measure

+ N
Any pre-measure F :Cb(l‘td) > R gives rise to an outer measure F

on the power ‘set by
(13) %(E) = 1nf{ZF(En) : En e@;(nd), E c UEn};

see Rogers [7]. If F is monotone and sub-additive - Lemma 3.1 shows

that our packing pre-measures satisfy this condition - then (13) is equivalent

to
N : d
(14) F(E) = inf{lim F(E)) : E_ eBR, E_+ E}.
* *%
The outer measures generated by the pre-measures ¢ - P, ¢ - P, ¢ - P
* *%
¢ - Q will be denoted by ¢ - p, ¢ - p , ¢ - p , ¢ - q respectively. Each

of these is a metric outer measure so the class m of measurable sets includes
d m
the Borel subsets of R, and the outer measure becomes o-additive on .
It follows from Lemma 3.1 that countable sets have zero measure, and

from Lemma 3.3 that
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¢—p>—<¢-p"<¢—p*.

(15)
$-p=<X¢é-a.

We now prove a result which applies to ¢ - p and ¢ - q by Lemma 3.2.
+
LEMMA 5.1. Suppose F : @(md) + R is monotone subadditive and satisfies

F(A) = F(K) for all A. If E is a compact set such that F(E n V) = +» for all

Vwhich are open and meet E, then F(E) = 4o,

Proof Suppose En 4+ E . Since E 1is closed we

must have EN somewhere dense in E (Baire's Theorem) for some N. Then take

an open interval such that EN nNV=EnYV to get

F(Ey) 2 F(Eg n V) = F(E_ n V)

=F(EnV) =F(EnV)=+x .,

Using (14) gives ;(E) = +00 .

**k
Before proving a density theorem we state a result about T the family
*
of semi-dyadic cubes which was noted in [9] for d = 2. T is Nested in the sense

. - _
that any family in T can be replaced by a disjoint subfamily with the same

%
union. Lemma 5.2 states a similar result for T
- %k
LEMMA 5.2. Given ul, u2 2e ey uk a finite sequence of sets in T there
is a subsequence vl, v2 yeeey vz such that
k 2
. = U, =
u = v, = E

. . d
(ii) each x € E 1is contained in at most 2 of the cubes vj .

We now state the main density theorem which has a similar structure to Theorem 2.1

for Hausdorff measure.
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THEOREM 5.3. Suppose u 1is a Borel measure in ZIR(l with
0 < {lu]l= Ry < 4o, u (x) and v (x) denote the dyadic cube and semi-
dyadic cube containing x. For each ¢ €d there are finite constants A:l > 0

such that, for all E c ]Rd ,

$(r)
A W(E) inf { lim sup —— }s¢ - p(E) < |lu]] sup J lim sup _(g_(_l(_})_) }

-n . -n

2 ) | * $(2 )
Au(E) inf { lim sup 22 ) <¢-p (E) < |lu|l sup { 1lim sup }
2 xeE n -+ u(un(x))f xeE n-+eo u(un(x))

-n -n
A_u(E) inf { 1im sup —&—l} <¢- p**(E) < ||u]| sup { lim sup 2 ) }

3 xeE n-+o Vu(vn(x)) x€eE'  noe u(vn(x))

Proof Each of the above results can be proved by similar arguments. Ve
give the details for ¢ - p(E) which is the hardest case. The right hand
inequality is trivial unless there is a finite K such

that, for all x ¢ E

—$() .
lim sup <K ;
T+ 0 H(B (X)) '

1
In this case, put E ={x ¢E:rs = ¢(r) <K “(Br(x”}_ . Then E Tt E eo
¢- p(E) £ sup ¢- P(En).But if 6{ is a disjoint family of open balls centred
in E  with IR <% wve get ¢@D <K ||u]l; so
¢ - P(En) < K” u” . Hence ¢ - p(E) < K”u || for every
K ¥ sup { lim sup ——9;(-9—} and the right hand inequality is established.
xeE r+vyo0 U(Br(x))

Now assume that K 1is such that, for all x ¢ E,

-n
1lim sup -%‘(’—2—(—;)1)>K.
n-*e R

For a fixed no, let n(x) be the smallest integer 2 n0 such that
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42 > Ku(v_ (=)

and suppose 6% is the family of all such vn(x) . Choose a subfamily

G{ c:G{ such that each x € E belongs to at most 2d cubes of 0}! (use Lemma

5.2). Write G{j =6€1 U Qz U...U Qd where each @i contains disjoint cubes
2

*k ' 62
in T . Now 0{ covers E so we can find N such that

w(yBy > 2% @

It now follows that

-d
‘W&) > K2 “u(E) .
Since this argument works for each no we deduce that

* -d
¢ - P (E) 2 K2 u(E) .

Using Lemma 3.3 there is a fixed A > 0 such that for all A & GB(“ld) ’

*ok
¢ - P(A) 2 X¢ - P (A) ;

so if we make use of (14) we have shown that,

-n
lim sup 22 ) . g for all x € E => ¢ - p(E) sz'du(E)

now MOV ()
-n-2
But Br(x) c vn(x) for r <2 © , 5o monotonicity of ¢ and p with (1)
yields
-n
lim sup —%éz%;;) > K => 1lim sup ~$(2(i§) > E;
r+y 0 o T n-+> o u(vn c0
. . . -d -3

and we have established the left hand inequality with ll = A2 c0
Remark It is clear from the argument used that if the 1lim sup is attained

uniformly over E, the right hand inequality is valid for ¢ - P as well as

¢ -p

Example 3.4 We can now establish the packing measure properties of E
Let y be the uniform measure on Eo such that each dyadic interval u of

length 2—2n such that un E0 7 ¢ has mass 2-n’ and the remaining dyadic
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intervals of length 2—2n have zero mass. It is now easy to check that -

each vn(x) for x € Eo has measure at least 2-i(n'3),so we can use Theorem 5.3
to establish that ‘¢ -~p(Eo) > 0 whenever ‘¢(s) = si . We already know that
¢ - p(EO) < ¢—P(Eo) < + o
%k
Example 3.5 Since EO\EI is countable we know that ¢ - p (EO\E],) =0
* * * 3
so that $ - p (EO) = ¢ - p (El) < ¢ - P (El) < +o , whenever ¢(8) = 8°,
Now ¢ - Q(E) = + o for any ¢(s) = si/g(s) with ¥ 1 - ie
0 ‘ g(z—Zn)

s0 we can apply Lemma 5.1 and use the uniform structure of E0 to deduce that
¢ - a(E,) = + 0o for any such ¢ . This shows that ¢ - q and ¢- p* are

not equivalent, and that the conclusion of Lemma 5.1 does not hold for 4;- P* .,

Example 5.4 It is clear that ¢ - p is invariant for translations. The

following argument shows that it is possible to have ¢ - p(E) < + = and

* 4
¢ - P(E) =+ , Further there is a real number @ such that
* * * . .
$ -p (Eo)< ©, ¢ -p (E0 +a) =+ 80 ¢ - p is not even weakly invariant
for translations. Let EO be the closed set of example 3.4. Let
Lt i
1 o
a = z ——_-—j—:,ne]N,z > 2n
= 2
i=1 2
_1 . .
ki = 2 -n for i2 io, ¢(s) = g° ,

Let D c Eo +o={y :y=x+a, a ¢ Eo} be the countable set of left
extremities of the complementary intervals of E0 + a in [a, 1 + al. We

say X e D has order n if =x is the left exremity of an interval of length

-2n+1

2 (there are 2n-1 points of order n). Denote by Am ={ P

m
2
the 2"-net of R- dyadic points. We prove a number of properties. If

:pe Z}

i io and x € D has order ki’ there exists y ¢ AZk such that
i
1 2
(16) 2k.+2n - X~ Y < T2k +on
2 i 2 i
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Indeed x-0d is dyadic and belongs to A2k 80 X - q = —g;— . Put
i

i 2" 1
i~
y = —g%— + Z -j%I € AZk’-' since n < 2 1 . Hence
i J=1 2 , i
2 2
v 1
x-y = Y -3 which gives
= 2
J=i+1 2
. < < 2
g1+l S 4 g1+l
2 2
i+1
and (16) follows since 2 = 2ki + 2n .

Suppose u 1is the uniform measure on EO + o constructed by translating

the measure on E . We now show that very little of un(x) for xe¢ D is in

0
the set E0 + a. In fact, if x ¢ D has order ki' i2 10 then
an (u, () s-——
L K, +n :
-1 2 i

If y 1is as defined above u,, (x) = [y, y + ——2%—) .and’only [y, x] carries
’ i i
: 2

any mass. But for p > 2ki~

1 ) 1
wlx- e
22p~1 P

and an application of (16) now gives (17).

For all z ¢ E + a, let x (z) be the smallest xe¢ D, x>z of
0 n -n-2k

order n. Then if i > i and X -zg2 s We have
0 i

-n-k i
(18) uu, (2)) < 2 :
. i

This follows from (16) and (17) .

Now each z ¢ E0 4+ .a can be written

z=a+2——with 6, =0 or 3
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and the probability measure yu on Eo is the projection of the product

measure

P(§, =0) =

N =
I
lae)
~
(o]
N
(&)
N’
Pube
]
(™
N

i
O
(1]

Let H, be the event § _ _ _
i k1+1 k1+2 oo K +n 3. If 10 < i<, Hi

and HJ are independent each with probability Z—n > 0. Hence Hi occurs

infinitely often with probability one. We have proved

ko1 = 6k1+2 =...= 6k1+" = 3 infinitely often}) = 1 ..

(19) u({z ¢ E,+a : 8§

For such values of i we can apply (18) to get

¢Clu, 2]
n
uiz E'Eo+ a: -1 > 2 infinitely often}) =1
u(u  (2))
i
*
By Theorem 5.3, ¢ - p (E0 + a) 2 ZnAZ . This is true for all n, so
*
¢ -p (E0 + Q) = + o,
Example 5.5 It is easy to check that the triadic Cantor set C c [0, 1]
satisfies
a.
0<e - p(C) < + for a = log 2/log 3 .
CONJECTURE. This set C is such that
*
e -p(C) =+

In order to prove this one seems to need a strong independence result concering

the expansions of a real to bases 2 and 3.

%
COROLLARY 5.6. Each of the outer measures ¢ - p, ¢ - P, ¢ - q define the

same dimensional index.
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Proof This follows from Corollary 3.8 . The index is denoted Dim or
/A\ - see Tricot [15].

We have now to make a choice for '"packing measure'. We discard ¢- q
because there may be no interesting sets of finite positive measure. The above
examples show that 4)- p* is not translation invariant. We could take either

¢-p or ¢ - p** as both satisfy the density theorem and are equivalent.
However 47 - p** involves the use of a particular net and it is unlikely to

be invariant for translations so we make

DEFINITION 5.7. Given ¢ ¢ ¢, the outer measure ¢ - p is called the

¢ -packing measure.

6. Sojourn time for Brownian motionmn.

Before we can attack the problem of packing measure for sample paths we
need precise information about the small tail ofi the distribution of the total
time spent in a ball. We restrict atténtion to Brownian motion in ]Rd (d 2 3)
where the process is transient and therefore the total sojourn t.ime is finite.

The case d =1 1is trivial and a solution for d = 2 will require some additional

techniques.
Xt = Xt(m) y, = < t < 4+ is a standard version of the Weiner process
in ]Rd . We use l='x to denote the probability given . xo = x and write
P = PO. We need several associated random variables
My = sup{||xt -x0||, 0<ts<1}.

For r»> 0, Pd(r) denotes the first passage time out of the ball Br(O), given

X0=0

Pd(r) = 4inf{t > 0 : Xt ¢ Br(O)} .
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The total time spent in Br(O) after 0, given xo =0 is

Ud(r) = |{t >0 : X, € Br(O)}l ;

while the corresponding time before O is

Vi) =[{t<0:X B (O} ,

and the sojourn time in Br(O) given XO =0 is

Td(r) = Ud(r) + Vd(t) .

We will be interested in this paper in the small values of Td(r) as
r+v 0. Ud(r) and Vd(r) are independent positive random variables with the
same distribution so Td is small only if Ud and Vd are both small. It is
for this reason that our argument will have to be more complicated than that in

21, for there the large values of Td were relevant and these are the same

size as the large values of Ud or V

d

The trajectory of the process on [0, 1] 1is denoted
d
E(w) = {xe R :x= Xt for some t ¢ [0, 1]} . Since xt is continuous a.s.
E(w) 1is a compact set. For ne N we put

Nn(w) = number of dyadic cubes of side 27" containing a point of E(w).

We can now state some elementary results.

LEMMA 6.1, Suppose “x|| >r, then

r d—2
p{Br(x) is hit by Xt for t > 0} =

Il =l
This is well known: it follows from the fact that the hitting probability

of a ball starting from y is a harmonic function of y with boundary valﬁe 1

on the surface of Br(x).
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LEMMA 6.2, There are positive constants cl, c2 such that, for r > 1,
2 2
d-2 -ir : d-2 -ir
c v e < P{Md 2r} < c,r e .
Proof The reflection principle gives

P{I x,|l2 v} < P{M, >} < 2P{||X || 2 r}.

The result now follows using the large tail of the normal distribution.

LEMMA 6.3. There is a positive constant c3 such that

E(Nn(m)) < 0322n for all n e N .

This can be deduced from Lemmas 6.1 and 6.2 by a standard calculation or

we can obtain it as a corollary of the results in [2].

LEMMA 6.4. For 0 < t«<1
-g-+1 -%t -5+ -t
<
clt e < P{Ud(l) < t} < czt e .
Proof It was proved in [2] that Ud(l) has the same distribution as
Pd-z(l)' Hence
P{Ud(l) < t} = P{Pd_z(l) < t}
- pe. <
d-2 -
- -3
= P{M, , 2t 7}
using the scaling property for Brownian motion in the second line above. The
result now follows from Lemma 6.2.
LEMMA 6.5 For each ¢ > 0 there is a t1 = tl(s) > 0 such that
J(2HE)/t < e (Zma)/t

< P{Td(l) <t} < , for 0<t<t .
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Proof Since Ud(l) and Vd(l) are independent with the same distribution

we get

P{Td(l) < t} 2 [P{Ud(l) < it}]2

cit-d+2e-2/t

o (2+e) /t

> by lemma 6.4

2 if t 4is small enough.

A fairly crude method gives the right hand inequality. Put

G(s) = P{Ud(l) < s}

and fix an integer k. Then

t Kk i,
P{T (1) < t}) J G(t - s)dG(s) = ) J kK G(t - s)dG(s)
i=1 Ji-1
ot
Kk
k-1i+1 i
< Zlc[ . t} G[kt].

Now use Lemma 6,4 to give

- 2
k - i+1 1 2  -d+l d-2 1 k° + k ]
=2 2ele |2t < t I Y I
G( K J [k ] 2 k e"p[zt ik - i+ 1)
2

k™ + k 1.
ik -1+ D 2 4(1 - k) , 8O0

But, for 1 <1i <k,

2 1
o ar ~2a-d.
P{T (1) < t} < c:t d+led-1 ¢ k )

Given € > 0 we now choose k > 3/¢ and then t, small enough to give

for 0 <t < t

P{Td(l) < t} < e—(2—e)/t

1°
Remark It is clear that we could tighten up the above argument considerably
but not enough to give an exact asymptotic value for P{Td(l) <t} as t ¢ 0.
If we could have proved the following it would have simplified our task in the

next section.
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CONJECTURE 6.6. There are constants ) (d)

.ctk(d)e-2/t

P{Td(l) < t} ~ as

such that

"t4 0.

It seems likely that this should follow from a general result on the small tail

of the distribution of the sum of two positive independent random variables,

but the existing techniques are not good enough.

is the total time spent in the ball Br(O)

~-ow< t < +o with

In the easier direction

For k=2, 3,...

THEOREM 6.7. Suppose Td(r)
by a Brownian motion process in le (d = 3), Xt ’
XO =0 . Then
T4(M
lim inf es) 2 a.s.
2 r+0

where y(r) = r"/log|log r|.
Proof. Ve fix d thrdughout the proof and omit it.
a standard Borel Cantelli argument will work. Fix -}< 2 .
let

ak = exp(-k/log k)

E. = {w: TG < ypap}.

Using the scaling property,

P(E,) P{T(1) <

A

P{T(1)

A

Y/log k}

k¢,

A

when k 1is large enough. Taking

by lemma 6.5,
we have [ P(Ek) converges so, with probability 1,
for which

k 2 k1

Y/1log|log = 1}

where a = (2 -€)/y ,

€ small enough to make o > 1

there exists k

1= kl(m)

=> T(ak) > yw(ak) .
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Thus

T(a,)
lim inf -
K+ w V(B

2 Y a.s.

But T (r) and yY(r) are monotone for small r and

Y(a )
lim ——EE——— = 1.
k> ¢(Bk+1)

Hence

1lim inf %SEL 2Y 4a.s. .
r+o0 (x)

Since Y can be chosen arbitrarily close to 2 we get

T(r)

2 .8. .
V() 2 a.s

(20) 1im inf
rv0

In the other direction we require precise estimates of probabilities so we

have to use the fact that Td(r) is the sum of two independent random variables
T(r) = U(r) + V() .
We now fix vy > 2 and show that, for

bk = exp(-k(log k)z) k=2, 3,...

infinitely many of the events

(21) D= {w : T(p,) < Y¢Cbk)}

occur with probability 1. This is enough to give

T(r
V()

lim inf < 2 a.s.

r+0
which with (20) will complete the proof of the theoremn. The first step uses

the minimum 'rate of escape' to show that there is no contribution to T(bk)
from values of t with ltl much greater than bi . To be precise put

3 2
=k b d
Tk K an
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T, 1) =|{teR : |t] < 1  and Ix |l < b }.

k

Then the event T(bk, Tk) 7 T(bk) is contained in
{w :E}t > 1, with ||xt||s b} {w f]t < -t  with thlls b }.

The estimates for delayed hitting probability in [3] give

-8/2

P{T(bk. rk) 7 T(bk)} = 0(k ),

so that a.s. there exists k2 = kz(w) for which

(22) k 2 k2 => T(bk) = T(bk, Tk) .

2
k|I> k bk}_

Using the large tail of the normal distribution to estimate P{|kT

we can show that a.s. there exists k3 = ka(w) for which

(23) k2k = ||x || k%, and [|x_ || % .
3 T, Kk -1, Kk
_ 2
Now put ek = bk + (k + 1) bk+1 and note that
(24) k2k = B (0)<B (X. ) .
3 by °x  k+1

Define new sections of sojourn time

U(ty, T, T) Ht st <t<t +1 and llxt - X, | < r}]

0

“ < r}l .
t0

ot
|
-
IA
ot
IA
ot

V(ty, T, O = [{t and lei - X

By (24), for k 2 k3 we have
(25) U, b, T) < T + Ut

But now the events

1
T ~ Tea)S 2YVRY) - T }

A = {w : U(T e+l

are independent, and
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P(A) 2 PG s Iy -1 )
= P@UM < vy
where yk = (iyw(bk) - Tk+1)/éi N %y/logk as k - =, It follows

from Lemma 6.4, that for each ¢ > 0, whenever k is large enough
-(1+
P(A) 2z k A*ed/y

The same result holds for the symmetrical event
= : V(- . ' - < - T .
B {w Creenr & T T Teep) S B -7 )

The events A Bk are independent, so we get

k!

-2(1+e)/y
P(Ak n Bk) 2 k .

But for k = 2, 3, ..., the events Ak n Bk depend on disjoint time intervals
and are therefore independent. It follows that, with probability 1, for each
Y > 2, Ak n Bk happens infinitely often. We now combine (22) and

(29 to deduce that Dk defined by (21) happens infinitely often a.s.

Remark There are two differences between the result of theorem 6.7
and the corresponding 1lim sup law obtained in [1]. Firstly the asymptotic

value does not depend on d23.Secondly, the constant is different for a omne-

sided law. A simplified version of the above argument shows that
U (r)
lim inf = 3 a.s.
ri0 v(r)
COROLLARY 3.8 For fixed to, let Td(to, r) denote the total time
spent in Br(xt ) by a Brownian motion process in lfi d =2 3). Then

0
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T . (t,., r)
mint 42— = 32 g,
r+0 Y(r) :
Proof Y =X -X, , -0 < g < @ defines a version of the
E— 8 t 0+s to
Brownian motion process for which Yo = 0. Apply the theorem to Y.
7. The exact packing measure of Brownian motion

Our object in this section is to prove that.

pr) = rz/logllog r|

is the correct function in ¢ to give a finite positive y-packing measure for
a plece of Brownian trajectory in ]Rd (d 2 3). To obtain an upper bound
we use a result which may be more general than we need.

LEMMA 7.; Suppose Yt(m) is any standard process in ]Rd (d 21) and
E(w) = {x : x = Yt for some t € [0, 1]}. Let Nn(w) be the number of
dyadic cubes of side 2-n which meet E(w), pu be a-finite Borel measure in
]Rd and write, for A>0

q , = s P _ (™)< 22 ™3,
xeE(w) 2
©

1 n£1 [én.l¢(2_n)E(Nn(m))]i <+w then ¢ - P(E@)) < + = a.s.

Proof Using (1) and the trivial inequality Nn <N the hypothesis

n+2’

of Lemma 7.1 implies

-n 3
(26) Z[9n+2,k¢<z )E(Nn(w)i] < 4o
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A semi-dyadic cube v of side 22 4s called 'good' if u(v) 2 1¢(2"n'2)’

otherwise it is 'bad’'. I v = vn(x) then v contains B _n_z(x) 80
2
that for x € E(w)

P(vn(x) is bad) < qn+2,l .

There are less than 2dNn such cubes vn(x) so, if lln is the number of

bad cubes

d
EQL (@) < 2%, \E(N (0).

Hence

-n_|% d]- -n %
P{Mn> I;ln+2"AE(Nn)/¢(2 )]} < 2 _,qn+2.,)‘¢(2 )E(Nn)] .

Using Borel-Cantelli and (26) a.s. there is n1 = nl(m) such that

-n_|%
un < [qn+2_,AE(Nn)/¢(2 )] for n2mn.

4 *k - .
Now. if O{ is a family of disjoint cubes of T with- "Gﬂl <2 n, n < n1,

the contribution of the 'bad’' cubes to the sum ¢m) becomes negligible, for

T{oaw) : veR, v is bad} < ] un¢(d3’“)

i=n
© -n i
Sec 1§ 2,0 202 DEM)
=n
and this converges to 0 as n + « by (25). Also
3
o) : v c‘R,, v is good} < <o 1$(3 side of W)
< ¢3
0
— Il .
A
*k
Thus we have proved that ¢- P (E(w)) < c,6 < 4+, By Lemma 3.3 this

1
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tells us that there is a ¢_ s.t.

2

¢ - P(E(w)) = c2 < + o a.s8.
COROLLARY 7.2 If xt is a standard Brownian motion in :md (d 2 3),
then ¢ - P(E(w)) < ¢ < +« where p(r) = r2/logllog r|.
Proof We define y be projecting Lebesgue measure from [0, 1]
onto E(w). Thus for Borel A

ud) = |{t e [0, 1] : X, e A}l .

Clearly u(Rd) = wE@)) = 1. Now suppose O < ) < %. For
t € [0, 1]

PluB __ (X)) < W@ H} s PlueE™ < e}
2
< plu@) s 222%™}

< P{U(1) < A/log n}.

Using Lemma 6.4 gives

-$d+1 $d-1 _-1/2).
qn’A < Czk (log n) n
Using Lemma 6.3, the hypothesis of Lemma 7.1 is satisfied for A < . Thus
we have
Y - P(E(wW)) £ ¢ < +> a.s.
Remark There is an alternative proof of the result Yy - p(E(w)) < c.

If we use Theorem 4.5 and the result about strong variation proved in [11],,

Vw(f(l)) = 2 a.s., then we get an immediate .upper bound.
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LEMMA 7.3 1z xt is a standard Brownian motion in le (d. 2 3),
there 18 a constant c3 such that ¢ = p(E(w)) =2 c3:> 0 a.s.
Proof We apply the density theorem to the measure y defined
above. By Corollary 3.8, for each fixed to e (0, 1), almost surely
27) lim sup —¥EL - 3
1]
r40 u(Br(X(to))

By a Fubini argument the set of t_e€ (0, 1) for which (27) is true has full

0

measure, so the corresponding E_, < E(w) satisfies ‘.u(El) = 1. Apply

1
Theorem 5.3 to the set E1 and we get

V-pP@E) 2 ¥-pE) 2 ixl > 0 a.s.

We can now state our main result.

THEOREM 7.4 Suppose Xt (-» <t < ») 1is a standard Brownian
motion in ]Rd (a = 3). Almost surely there are finite positive constants

o] d such that

v - p(xA) = o [a]

for every Borel set. A ¢ R, where

d
X(A) = {x e€eR : t €A with Xt = x}.
Proof Corollary 7.2 and Lemma 7.3 ensure that
(28) 0 < c3t < ¢ - p(X(0, t)) < czt

for each fixed t > O. But now Yt = ¢ - p(X(0, t)) 1is an independent
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increment process, since an elementary computation shows that

v - p[xw. t)) n X(tg, tz)] = 0 a.s.

(in fact for d > 4 the set in square brackets is empty). It follows that
y- p(X(0,t)) is a Lévy process; using (28) and argument in [12] we deduce

that' there is a constant p, such that

Y - p(X(0, t)) = t for all t> 0 a.s.

Pq

A similar argument works for ¢y - p(X(-t, 0)). It is now immediate that

Yy - p(X(tl. t))) = pd('c2 - t1)

for all rational tl’ t2 and therefore for all tl, tz by monotonicity.

The result now follows for any Borel set A since we can approximate A by a

union of intervals.

Remark We have seen that (27) and Vw(xt) do not depend on

the dimension d 2 3. It seems likely that the constants pd in Theorem 7.4

are the same for each d = 3. It would be interesting to find pd.



1.

2e

3.

5.

6.

7.

9.

10.

1.

M.

Z.

A.

O.

C.

F.

C.

S.

S.

S.

- 38 -

REFERENCES

Bruneau, Variation totale d'une fonction, Lecture notes in

Mathematics (413), Springer-Verlag 1974.

Ciesielski and S. J. Taylor, First passage times and sojourn

times for Brownian motion in space and the exact Hausdorff
measure of the sample path, Trans. Amer. Math. Soc. 103

(1962), W3h4-450.

Dvoretzki and P. Erdos, Some problems on random walk in space,

Proc. Second Berkeley Symp. (1950), 353-367.

Frostman, Potentiel d'équilibre et capacité des ensembles,

Medd Lunds Univ. Mat. Semin. 3 (1935).

Goffman and J. J. Loughlin, Strong and weak ¢ -variation of

Brownian motion, Indiana Univ. Math. Jour. 22 (1972), 135-138.

Hausdorff, Dimension und ausseres Mass, Math. Annalen 79 (1919),

Je

Je

157-179.

Rogers, Hausdorff measures, Cambridge Press 1970.

Rogers and S. J. Taylor, Functions continuous and singular

with respect to a Hausdorff measure, Mathematika 8 (1961), 1-31.

Taylor, The exact Hausdorff measure of the sample path for

planar Brownian motion, Proc. Camb. Phil. Soc. 60 (1964), 253-258.

Taylor, On the connection between generalized capacities and

Hausdorff measures, Proc. Camb. Phil. Soc. 57 (1961), 524-531,

Taylor, Exact asymptotic estimates of Brownian path variation,

Duke Math. Jour. 39 (1972), 219-241.



12.

13.

1,

15.

-39 .

S. J. Taylor and J. G. Wendel, The exact Hausdorff measure of the
zero set of a stable process, Z. Wahrscheinlichkeitstheorie 6

(1966), 170-180.

C.Tricot, Sur la classification des ensembles boréliens de mesure

de Lebesgue nulle (Thése de doctorat), Genéve 1979.

C.Tricot, Douze définitions de la densité logarithmique, C. R. Acad.

Sc. Paris 293 (1981), Série I, 549-552.

C. Tricot, Two definitions of fractional dimension, Math. Proc.

Camb. Phil. Soc. 91 (1982), 57-7h.

Department of Pure Mathematics,

The University of Liverpool

P. O. Box 147

Liverpool 169 3BX






ETUDE DIMENSIONNELLE D'UN COMPACT, PAR LE PAVAGE DU COMPLEMENTAIRE

(1)

(2)

Claude Tricot

Le complémentaire d'un ensemble E fermée de Ifl peut etre
consideré comme la réunion d'une famille (Ck) de cubes fermes

paralléle aux axes, d'intérieurs disjoints, et de diametres ck tels

que

< i <
Alck d1st(Ck, E) Azck

ol A et Az sont deux constantes positives (on peut prendre

1
ll =1, Az = 4). Ce résultat est di a Whitney. voir [1] pour
une demonstration.

Si E est compact, pris dans un domaine borné U quelconque,
les seuls cubes complémentaires qui aient veritablement quelque interet
du point de vue de 1la géométrie de E sont ceux qui rencontrent U.

Le volume total de ces cubes est fini, car la suite (Ck) de leurs
diametres est bornee. Lorsque E est de mesure de Lebesgue nulle,
cette suite peut servir a définir un nombre dimensionnel A(ck)

caractéristique de E. L'une des formes les plus simples de A(ck)

est
- s . o
A(ck) = inf{a : z ¢ < +},

c'est-3-dire 1'exposant de convergence de la suite (voir [2] pour un
bref historique, et des références). I1 faut remarquer que A(ck)
n'a, jusqu'ici, été défini et utilisé que pour n = 1, tandis qu'il

existe une définition métrique de la dimension de E valable pour n



3)

(4)

quelconque, qui est
A(E) = inf{a : ra_n|E(r)|n +~ 0},

E(r) désignant 1l'ensemble des points de :mn 2 distance <r de E,
et | |n la mesure de Lebesgue n-dimensionnelle. Or il se trouve
que dans R, si lEl1 = 0, et si les ck sont les longueurs des

intervalles complémentaires de E, on a 1'égalité
A(E = A .
(E) (Ck)

Nous voulons montrer que (4) est vraie dans Kfl si les ck sont les
diamétres de cubes complémentaires du type Whitney, c'est-d-dire

vérifiant (1), et surtout obtenir le théoréme plus général suivant:

Théoreéme Soit (Ck)k>1 une famille de cubes fermés de an

paralleéles aux axes, d'intérieurs disjoints, les diamétres ) étant

bornés et rangés en ordre décroissant. Soit U un ouvert borné, et
E = U - @ Ck. On suppose que E est non vide, et que
1
= 0
el
(ii) dist(C_, E)/c, est borné
(iii) EnFr(U) = @.

Soit A(ck) ‘comme en (2), A(E) comme en (3). Alors A(E) = A(ck).

Si E est compact, de mesure nulle, et U convenablement choisi,
une famille de cubes de Whitney vérifient effectivement le théoréme,
mais avec 1la condition supplémentaire concernant la constante ‘Al
Dans R2 un résultat plus général a été obtenu en [3], avec des

ensembles complémentaires homéomorphes au disque et vérifiant de bonnes



conditions de régularité, mais 1'argument semble difficile & utiliser
dans 1R3. On peut aussi envisager des corps convexes plutdt que

des cubes, mais on est alors amené & des difficultés techniques propres

a2 la convexité. Le théordme ci-dessus peut &tre considéré comme une
premidre étape, avec l'avantage de conserver toutes les difficultés
inhérentes 3 la comparaison entre les deux indices, mais dans un contexte
géométriquement simplifié. La démonstration se divise en cing parties:
I) A(ck) < A(E), IT) A(E) < A(ck) dans le cas oii (C ) est une

k
famille de Whitney, III) A(E) < A(ck) dans le cas ol

© (-]
- N n-p-1
z cn 1 = 4o, IV) A(E) < A(c,) dans le cas ol z c P = 4o,
k k k

1 1

[e o]

2 c: P 4o, 1 <p<n-1, et V) démonstration d'une proposition
1

_utilisée dans 1IV). C'est précisement cette proposition, fortement

basée sur la topologie du cube, qui fait difficulté quand on envisage
des ensembles complémentaires plus généraux. La partie I) se
démontre & 1l'aide de 1l'hypothese (ii), II), III) et IV) & 1l'aide de (i)

et (iii).



(5

(6)

On ne donne pas la démonstration du lemme suivant, déja cité dans [3].

La partie la plus difficile du raisonnement se trouve dans [2].

Lemme Soit (Yk) une suite décroissante de réels positifs, et
a>0o0
oo o
a - a
Si Z Y, < +o, A(y,) est égal a inf{a >0 : ya 2 2 Y. > 0} < a
k k —_— k i
1 k
o k
a . o-a
Si z Y, = +«, A(y,) est égal a inf{u >0 : vy z Yé - 0} > a
— k k k i
1 1
Démonstration du théoreme Rappellons que ‘ In désigne la mesure

de Lebesgue n-dimensionnelle, et que pour tout éf c ]Rn, 8(1‘) désigne
1'ensemble des points & distance < r de £ . Comme E est borné,

]E(r)ln 1'est aussi, et par (3) A(E) < n. Comme U est borné, la

(o)
famille des Ck est bornée, donc z cE < 4+ | et par (2) Agck) < n.
1

Montrons que A(ck) < A(E).

Soit k =2 1, Az > sEp(dist(Ck, E)/ck), et r = (Az + 1)Ck' Comme
le volume des cubes Ci est n—n/2c§’ et que Ci c E(r) pour tout i 2 k,
on obtient
2 [e o]
|E(r)| > n-n/ z c? ,
n & i

et pour tout aq,
G-n : a- - -
r |E(r)|n > (Azd-l) nopTn/2 o ) c

qui démontre 1'inégalité, a 1'aide de (5).



II. A(E) < A(ck), dans le cas ol (Ck) est une famille
de Whitney: La démonstration est encore trés simple,

et juste l'inverse de la précédente.

D'aprés (iil) il existe r_ > 0 tel que

0
7 ' U i
(7) E(ro) c Eu (V ck)
1

Soit Al € Jo, ix;f(dist(ck, E)/ck)], r € Jo, ro“1[ , K 1le plus

petit entier tel que
(8) x < r,

et s = Alr. Aucun Ck de rang < K ne rencontre E(s), donc

E(s) ¢ E u (UC).
K k
On peut supposer que A(ck) < n, et prendre o < n: en utilisant (i),
on obtient

sc"'n|E(s)|n < A

d'oli par (5)
A(E) < A(ck).

L'intérét de la démonstration réside dans les parties qui suivent,
ol 1a famille de cubes complémentaires n'est pas de Whitney, ce que se

produit en particulier si leur frontiére contient des points de E.

I1I. A(E) =2 A(ck), dans 1'hypothese oii g c:_l = +o,

Soit vérifiant (7), r € JO, min(ro, cl)[, K 1'entier tel que
() °k+1 TS s

et Fk la frontiére de Ck. On a
(10) E(r) < E v (D c) v & F, ().

K+1 r



pour une constante Aa, et |E| = 0.

K+1

Si A(ck) <n, et ae ]A(ck), nf[, ona g > n-1 d'apres (§), et

K ©
n a-n+1 n-1 -n/2 o-n n
|E(x) | < A.c z c + n c c ,
n 3K 1 k K+1 K1
ol le membre de droite tend vers O. Donc A(E) < a.
Remarque Intuitivement le cas ol Zcz_l diverge est un cas

ol i1l y a une forte "densité" de cubes, généralement isolés les uns des

autres, ou dont les parties de frontieéres communes sont peu importantes pour

des cubes de diametres comparables. L'ensemble E est alors proche
des Fk, ou méme recouvre Fk’ et 1'approximation de E(r) a 1l'aide
des Fk(r) dans (10) devient raisonnable. Un exemple typlque, dans

R, est celui de 1'ensemble self-similaire

. 2 : . ~
ci-contre dans I°, oli 4 carrés de co6té 2 sont

ajoutés pour assurer l'hypothése (iii). Si

k 2 5, Fk est inclus dans E, et

AE) = 1log 8/1og 3 € L1, 2]. Cependent on péJ%' aussi ‘t;éﬁéér' des
cas - tels que le produit cartésion de 1'ensemble ' ] .
triadique de Cantor par lui-méme, ou la mesure
lineaire de E sur chaque Fk est nulle.
Remplacer E(r) par les Fk(r) devient ici une

~ 3 . 3
grossiere approximation. Il y a aussi des cas

pour tout k (familles de Whitney); il faut alors s'imaginer que les

cubes qui bordent la frontiere d'un Ck donne sont relativement petits.



v . AE) < A(ck), dans 1'hypoth2se ou il existe un entier p,
o o
1<p<n-1, tel que ) 2Pl +o, ) P e
1k 1 K

Ici quelques généralités concernant la géométrie des cubes et

familles de cubes sont nécessaires:

Etant donné un cube fermé I paralléle aux axes, appellons "p-variéte"
de T, 0<p<mn-1, 1l'intersection de I avec une variété linéaire
de dimension p paralledle & p axes de coordonnées et passant par un
sommet de T. Une O-variété est un "sommet", une (n - 1)-variété une
"face" de T. Le nombre de p-varietés de I est donc Zn—p(:).

Si V est 1'une d'elles,

n- .
(11) Vel < A,z Patan(ry)®,
A4 constante.
Ces définitions sont étendues & toute famille Q = {Fk} de
cubes: V est une p-variété de Q si V est p-variété de 1l'un des

Fk (ainsi tout sommet de Pk est dit sommet de ), méme s'il est

intérieur a ugd). On va utiliser la Proposition suivante, qui sera

démontrée en V:

Proposition Soit un entier p, 1 <p<n-1, et J(p) 1l'ensemble
des points de 1t = o, 1]n ayant n - p coordonneés nulles. Soit

Q une famille finie des cubes d'intérieurs disjoints paralléle aux axes

tels que

J(p) < uQ, ™ % ug.

Alors IO rencontre une (n - p - 1)-variété de Q.




Soit maintenant W(p, r) 1l'ensemble des x de '-r, r]n ayant
n - p coordonnées nulles: W(p, r) est inclus dans (;) variétés
linéaires de dimension p passant par l'érigine. Pourtout
€ c Hfﬂ € +Wp, r) = {x+y:xe€, yeWp, )} Voici quelques

exemples, ou {x} est un singleton, T wun cube:

n=2
T + w(1, r)
X + W(1, r)
r
b o :"'_' !
T
X LIS
n=3 )
X + W(1, r)
X
' + w(z, r)

/////] x + W(2, r)




Le volumede T + W(p, r), od r 2 diam(l'), vérifie

(12) It +wep, o < )\srp(diam ry?P
A5 constante. Notre but est d'estimer |E(r)|n a 1'aide du
volume des '"briques élémentaires" Ck + W(p, r), ck <r. Prenons
un ro comme en (7), r e ]O, min(ro, cl)[, K comme en (9), et
(-]
X = U (. +Wp, r). Comme X c (E + W(p, r)) U [u c  + W, r)],
k
K+1 K+1
et que d'apres (i) |E + W(p, r)|n = 0, on en déduit, en utilisant
(12):
o
n—
(13) Xl < a7 ] e P
K+1

Maintenant on doit estimer |E(r) - Xln, et pour cela utiliser 1la
2
Proposition. Un exemple simple dans R est celui du produit

cartésien de 1l'ensemble parfait symétrique 2 rapport constant % dans

I avec lui- méme. n=2,p=1 /222%7 /////
’ ! y /////
. 2 e
¢, = ... =¢c, = 2/2, Cg = vet =€l = o
c =‘£§ Si ¢ <r<ec X est la
17 16° 16 17’

réunion des 4 croix dont 1l'une est marquée
en noir, et E(r) - X est formé de 16 quarts
de cercle de rayon r. On voit ici que tout

- 1
X ¢ E(r) X est proche d'un sommet de {Ck}k<16 //Cj;;;>/

Dans le cas général, si x ¢ E(r) - X, x + W(p, r) ne peut

© K
rencontrer E u (VU C). Par conséquent x + W(p, r) cUC. .
k k
_ K+1 1
D'autre part il existe y ¢ E 2 distance <r de x. Si par exemple
xi <y. pour tout i =1, ..., n, on se retrouve exactement dans le cas
i
de figure de la Proposition, avec Q = {Ck}kSK moyennant une translation

(qui raméne x 8 l'origine) et une homothétie (d'origine O, de rapport %).
Ainsi donc x se trouve 2 distance <r/n d'une (n - P - 1)-variété de Q.

I1 en est de méme dans les autres casde figure. Etant donné (11)
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et le fait que chaque Ck comprend 2p+1[p21] telles variétés, on
obtient
p+1 X n-p-1
(19) [E) - x| < AT T Lo T
1
k6 constante. De (13) et (14) on tire
- p+1 X 1
p n-p n-p-
E < C. + A r p .
(15) |E) | AT L o< 6 L e

K+1

D'aprés (5), (6) et 1'hypotheése initiale, A(ck) ein-p-1,n- pJ.

Si A(ck) = n-p, et a > A(ck), on tire de (15)
o-n o-n+p < n-p o-n+p+1 ¥ n-p-1
r < + A
IE(r)In )\5CK ck ) GCK Z Ck ’
K+1 1
dont le membre de droite tend vers O d'aprés (6). Si A(ck) < n - p,

et a € JA(ck), n - pl,

® K
o-n o-n+p n-p o -n+p+1 n-p-1
; <
TOE@] L A %t 6% L e ’
K+1 1
dont le membre de droite tend vers 0 d'aprés (5) and (6). Donc dans

tous les cas A(E) < o, ce qui démontre 1'inégalité cherchée, et

acheve la démonstration du théoreme.

' Démonstration de la Proposition Elle s'appuie sur les faits suivants,

dont on ne donne pas la justification. Q désigne une famille de

cubes comme dans 1'énoncé.

F1 Soit Q' 1la section de Q par un hyperplan ® orthogonal

4 un axe: si 1 <p<n-1, toute (p - 1)-varidté de Q' est la

section d'une p-variété de .

F2 Le point P est un sommet de 2 si et seulement si P est

1'intersection de n faces orthogonales de {.
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Nous allons démontrer la proposition par récurrence sur n. Le cas
n=1, p=0, ol Q est une famille d'intervalles et J(0) = {0}
est clair. Supposons la proposition vraie au rang n - 1. Nous
allons prendre des sections de In par des hyperplans. P (i)
désigne 1'hyperplan d'équation x, = 0. Considérons 3 cas:
A) P <n-2, et il existe i0 tel que n P(io) & uf.
B) p<n-2, et pour tout i =1, ..., n, 1 n®E) < un.
C) P = n-1,
Cas A,
, n=3, p=1
Cas A @(io) est de dimension n - 1, i
et J() NP = {xeI”:x, =0, et i
0 10 :
n-p-1 des X, sont nuls pour i # io}. .
/,o
On applique 1l'hypothése de récurrence dans //
?(io), et on en déduit que 1" rencontre
une (n - p - 2)-variété de la section
Qn ¢(i0)' Par F1, In rencontre donc une (n - p - 1)-variété de Q.
! Cas B
Cas B Soit de coordonnées ‘
— v, de | n=3, p=1
n '
Y.y «++» ¥ un point de I - U@, et '
1 n '
1' d'é tio = PR A
Q 1'hyperplan quation x =y O
La projection de J(p) sur @ est {
1'ensemble
J'o= {xe1I": x =y, et n-p-1des x sont nuls pour 1 <i<n-1}.
Montrons que J' < U : tout x € J(p) a au moins une coordonnée xi

nulle, pour i <n - 1, donc x e 8(i), qui est orthogonal & Q
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La projection de x sur Q appartient donc aussi i‘f’(i). Mais

In n(?(i) c U par hypothese. Donc la projection de x sur Q
appartient & uf. L'inclusion étant démontrée, on peut appliquer
1'hypothése de récurrence dans Q, avec 2 et J', et terminer comme
en A).

Cas C J(n - 1) est 1'ensemble des n faces du cube I- qui
passent par l'origine. On va montrer que, si J(n - 1) c Ul et

G uQ, alors

a) 1" contient un sommet Z de

e e ae

b) z est le sommet d'un cube

T

P \

AN 1.

! ) . n-dimensionnel T tel que

] [ |

: 1’0 ,’

o Int T c 1" - ugQ.
Cas C, a) et b) sont évidents au rang 1.
n=3, p=2 a) est en fait exactement ce qu'on

veut démontrer: mais 1'hypothése que b) est vrai au rang n - 1 est
utile pour montrer que a) est vrai au rang n. Supposons donc
a) et b) vrais au rang n - 1.

Soit y, de coordonnées y . dans I° - use, @:

17 e

1'hyperplan d'équation xn =t, et I J Y) les sections respectives

t’ Tt ot
de In, J(n - 1), @ par G;. On sait que Io = J0 est inclus dans
/ -
, etque I § Q I1 existe donc un reel
0 y y
n n

t, = sup{t € [0, yn[ : It c Qt}' Si ¢ est assez petit, pour
tout t € ]tl, t o+ elon a It & Q- Un tel t étant donné, on

peut appliquer 1'hypothése de récurrence dans (?t’ avec Qt et Jt’

et en déduire que It contient un cube (n - 1)-dimensionnel Ft tel

que Int Ft cI, - Qt’ et 1'un des sommets =z de T est sommet de

t t t t’
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Par F2 =z est 1l'intersection de n - 1 faces orthogonales de Qt,

t
donc par F1 z, appartient & n faces orthogonales ?]j cees ?; 1 de 9,
toutes paralléles a 1'axe Oxn. Comme Q est fini, on peut prendre
un € assez petit pour que, si t1 <t' <t«< t1 + €, 1la translation
définie par le vecteur (0, ..., 0, t' - t) transforme Qt en Qt" Ft en Ft,,
et z, en z, les ?& étant indépendantes de t. Soit
n-1

z*+ = lim z, T* = lim T . Par continuité z* € () F,» T

tt tot i=1

t>t t>t

est un cube (n - l)-dimensionnel inclus dans Fr(uQ) nl?t, de sommet z*.

Donc z* appartient a une face horizontale ?; de : par F2, z* est

un sommet de @, et a) est démontré. D'autre part z* est sommet
d'une cube n-dimensionnel dont 1l'intérieur est inclus dans ) Pt,

t <t<t1+€
donc ne rencontre pas Uf, ce qui démontre b). Ceci

ach®ve la démonstration de la proposition.

Remarque Cette démonstration reste utilisable si on remplace
lemarque

les cubes dans l'énoncé du théoréme par des "parallélipipeédes" généralisés,
n max(bi - ai)

de la forme Tj-[ai, bi]' 2 condition que le rapport 2o — a)
i=1 i i

reste borné pour la famille (Ck).
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