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SOM E PROBLEM S RELATED TO THE LONG  

TIM E BEHAVIOUR OF DISSIPATIVE  

EVOLUTION EQUATIONS.

Abstract : In this work, we consider the long time behaviour of dissipative evolution 

equations. More precisely we study the existence o f attracting sets such as attactors and 

inertial manifolds.

In the first part, we describe a general method to construct inertial manifolds for a 

nonlinear parabolic equation. We obtain an existence theorem under the same type o f 

assumptions as the methods that already exist. Our method is based on the resolution of a 

hyperbolic partial differential equation (the Sacker's equation) such that the graph o f its 

solution is a positively invariant manifold.

The second part is devoted to the existence o f approximate inertial manifolds. These 

are substitute to inertial manifolds when their existence is not known. W e prove in two 

cases (the reaction diffusion equation and the Cahn-Hilliard equation) the existence o f an 

infinite family o f approximate inertial manifolds with increasing order o f approximation. 

Our method is general and can be applied to other equations.

Finally, in the third part, we study a singular perturbation o f the Cahn-Hilliard 

equation in space dimension one obtained by adding a second order derivative in time 

whose coefficient ε  is small. We prove the existence o f attractors for the perturbed 

equation. Moreover, the Haussdorf semi distance from these attractors to the attractor o f the 

unperturbed equation converges to zero when ε  goes to zero.

Key words: Inertial manifold, Sacker’s aquation, elliptic regularization, approximate 

inertial manifold, Cahn-Hilliard equation, reaction diffusion equation, attractor, singular 

perturbation.
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Dans cette these, nous abordons certains aspects de l'&ude du comportement pour les 

grands temps des solutions des equations devolution dissipatives. Ce domaine a connu un 

essor assez grand depuis quelques temps. Ceci est du, entre autres, a l'apparition 

d'ordinateurs de plus en plus puissants capables de travailler sur de tels problemes.

Une fa^on d'aborder ces Equations est de les considerer comme des systemes 

dynamiques de dimension infinie. On peut alors essayer de gen£raliser les concepts qui 

existent en dimension finie. C'est ainsi qu'est apparue la notion d'attracteur. Un attracteur 

associe a un systeme dynamique est un ensemble invariant qui attire toutes les trajectoires 

de ce systeme. Si le semi-groupe associe h liquation devolution possede certaines 

proprietes de compacite et si on sait qu’il existe un ensemble absorbant bom6 B alors on 

peut montrer que l'ensemble omega limite de B est un attracteur. Cette methode g£nerale 

s'applique k de nombreuses equations (voir [1],[2]). L'attracteur parait done etre l'objet 

ideal pour decrire le comportement asymptotique des solutions, malheureusement c'est en 

general un ensemble dont la structure peut etre trfcs compliqu6e (voir l’attracteur Strange de 

Ruelle et Takens [3] ou le "Smale's horseshoe" [4],[5]), ce qui empeche son etude 

pratique.

Pour cette raison, C.Foias, G.R.Sell et R.Temam ont r^cemment introduit la notion de 

variete inertielle qui generalise celle de variet6 centrale. Une variete inertielle est une vari6te 

reguliere de dimension finie positivement invariante qui attire les orbites du syst&me k 
vitesse exponentielle. Quand elle existe, une variety inertielle permet de restreindre l'6tude 

du systeme de dimension infinie & sa projection sur cette variete: la forme inertielle. Les 

techniques classiques de construction de variety centrale (methode de Lyapunov-Perron, 

methode de Hadamard...) ont pu etre generalisees pour plusieurs equations.

Toutefois, l'existence de variete inertielle n'a pas ete etablie pour certaines equations 

tres importantes. En general ces equations possedent des varietes inertielles approchees. 

Une variete inertielle approch^e est une variete reguliere de dimension finie telle que toutes 

les solutions du systeme entrent dans un voisinage tres mince de celle-ci en un temps fini. 

Outre le fait d'exister sous des hypotheses trfcs larges, les varietes inertielles approchees 

presentent l'avange d'etre donnees par des formules explicites.

INTRODUCTION



*
l£££ partie: Variete inertielle et Equation de Sacker.

Dans cette partie, nous proposons une nouvelle methode de construction de variety 

inertielle. L'idee est de resoudre une Equation aux d£riv£es partielles hyperbolique dont la 

solution possfcde un graphe positivement invariant (l'6quation de Sacker).

Plus precisement, supposons que l'on dtudie l'equation parabolique suivante

du/dt + Au +f(u) = 0, (1)

que l'on suppose bien posee dans un espace de Hilbert H, ou A designe un operateur du 

type (- Δ ) Γ  et f  une nonlin^ariti. On cherche une fonction 0 :H j—> H2  , ou H=Hj+ H2  et 

dim Hj < 0 0 , telle que son graphe soit invariant pour le systfcme dynamique associd h (1). 

On note Pj le projecteur sur Hj (i= l,2). En projetant (1) sur Hj et H2 , on voit que si 

ρ ( 0 + Φ( ρ ( 0 )  est une solution de (1) sur la variete inertielle, on a

d<E>(p(t))/dt + Α Φ ( ρ ( ί ) )  + P2f(p(t)+0(p(t))) = 0, 

dp/dt + Ap(t) + PjfipW  + Φ ( ρ ( 0 »  = 0, 

et, en eliminant le temps, Φ  doit verifier l'equation introduite par R.J. Sacker [6]

-D<X>(p)(Ap + Ρ χ ί( ρ+  Φ ( ρ ) ) )  + Α Φ ( ρ )  + Ρ 2ί ( ρ+ Φ ( ρ ) )  = 0, (2) 

(Pj et P2 commutent avec A). On cherche les solutions de (2) dont le support est inclus 

dans une boule de PjH.

Pour cela, on resout d'abord une equation approchee obtenue en rempla9 ant H par un 

sous espace de dimension finie m et en ajoutant une viscosity artificielle de coefficient ε .  

Cette equation approchee est une equation elliptique nonlineaire que l'on resout par une

methode de point fixe dans W^,0°. Les estimations sont obtenues a partir de principes du 

maximum. Une grosse difficult^ vient de l'application de ces principes du maximum aux 

derivees de Φ  dont on ne connait pas le comportement k la frontifcre de la boule. On obtient 

des estimations suffisantes pour passer h la limite ε — >0 et m~>«> sous une hypothese 

assez forte sur l'operateur A (hypothese d’ecart spectral). Cette restriction est commune a 

toutes les methodes.

/

2£ΙΠ£ partie: Construction de families de varietes inertielles approchees.

La deuxieme partie est consacree a la construction de families de variet6s inertielles

Cette these est compos6e de trois parties dont nous exposons maintenant le contenu.



approchees. Ce travail a 6t6 fait en collaboration avec M.Marion et fait suite a deux de ses 

precedents articles [7,8] dans lesquels etaient construites deux varietes inertielles 

approchees pour l'equation de reaction diffusion et six pour l'equation de Cahn-Hilliard.

On montre pour ces deux equations que la construction peut etre generalisee afin 

d'obtenir une famille infinie de varietds inertielles approchees dont l'ordre d'approximation 

est croissant. Le principe de la methode est de decomposer la solution u de liquation en 

u(t) = p(t) + q(t) ou p(t) represente les grandes structures et q(t) represente les petites (on a 

encore decompose H=Hj+ H2 avec dim Hj < 0 0 ). Pour le cas de la reaction diffusion, on 

obtient en projetant l'6quation

dp/dt+Ap = P1f(p + q), (3)

dq/dt +Aq = P2f(p + q), (4)

ou A= - Δ  muni de conditions aux lim ites, et f  est une nonlin6arit£ a croissance 

polynomiale. On montre qu'k partir d'un certain temps q, ainsi que toutes ses derivees, est 

petit. Ce qui legitime l'approximation de (4) par

Aq = P2f(p). (5)

Si on fixe p, on note Φ  j(p) la solution de (5). Le graphe de O j est la premiere variet6 

inertielle approchee. On peut ameliorer l'approximation de (4) en introduisant une 

approximation de dq/dt obtenue en derivant (4) et en n^gligeant d^q/dt^. Pour obtenir Φ 2 

dont le graphe sera la deuxteme variety inertielle approchee, on r£sout successivement

p1 + Ap = Pjf(p+ Φ ι ( ρ ) )

Aq1 = P2f  (p)Cp1) , 

q*+Aq =P2f(p+ Φ ι ( ρ ) ) ,

et on pose

Φ 2( ρ)  = q.

On peut repeter ce proced^, la k ^ me ν β ι ΐ έ ί έ  inertielle approchee est construite en 

introduisant une approximation de d^'lq/dt^"! obtenue en negligeant d^q/dt^. On montre 

que les solutions de l’equation de reaction diffusion entrent en un temps fini dans un 

voisinage de la k^me variet6 inertielle approchee de taille Κ^ δ^ , ou ne ddpend pas de
• V

m= dimHj et δ  est proportionnel h la (m +l)ieme valeur propre de A. Pour liquation de 

Cahn-Hilliard, on procede de la meme maniere, mais pour des raisons techniques la 

construction et les demonstrations sont legerement differentes.



3i£jQ£ partie: Une perturbation singuliere de l'equation de Cahn-Hilliard.

Dans cette troisifcme partie, on etudie une perturbation singuliere de l'equation de 

Cahn-Hilliard obtenue en ajoutant une derivee seconde en temps dont le coefficient ε  est 

petit

ε  d^u/dt^ + vA^u - Af(u) = 0, (6)

ou f  est un polynome de degre impair et de coefficient dominant positif. On s'interesse plus 

particulierement a l'existence d'un attracteur pour cette Equation et au comportement de 

celui-ci lorsque ε  tend vers ζάχ> .

L'equation de Cahn-Hilliard ( ε  =0) a d£jk ete 6tudi6e dans [9], il y est montr£ qu'il 

existe un attracteur pour la topologie forte dans {ueL^ : lm(u)l< a } . Dans ce travail, on 

montre en utilisant la methode classique mentionn6e auparavant que (6) possede des 

attracteurs au sens de la topologie faible dans les espaces Vs= {u e  H s x  Hs -  ̂ : 

lm(u)l+lm(du/dt)l £  a} pour s= l,2  ou 3 (m(u) d&igne la moyenne spatiale deu). Pour des 

raisons techniques, nos resultats ne s'appliquent qu'en dimension d'espace n=l.

On montre que les attracteurs de (6) dans que l'on note Α ε  sont bom es 

independamment de ε  dans V^, ces bomes sont assez longues k obtenir et sont issues 

d'estimations a priori fines sur les solutions de (6). Ensuite, on d^finit une injection de 

l'attracteur de l'equation de Cahn-Hilliard (qui est un sous ensemble de L^) dans que 

l'on note A et on montre que la semi distance de Haussdorf de A k Α ε  tend vers zero 

lorsque ε  tend vers zero

lim sup inf ||u-uellH2+llv-vellL 2 = 0 .

ε-> 0  (u£,v£)e A ε  (u,v)e A

En d’autres termes, l'attracteur de (6) est semi continu superieurement en ε = Ο . Ο η  emploie 

le meme genre de techniques que dans [10].
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I . INTRODUCTION

Much progress has been made in the study of dissipative evolution equations because they can be 

considered as infinite dimensional dynamical systems. For instance, the notion of attractor that 

existed for finite dimensional systems has been extended and many equations have a global attractor 

which is compact and connected (see e.g. R. Temam [1] or J.K. Hale [1]).

If (S(t))t>0 is the semigroup associated to a dynamical system in a Banach space E, the global 

attractor is a compact subset of E that attracts all the bounded sets of E :

(1.1) V B c  E, B bounded : 

d(S(t)B,<S&) -» 0 when t -» -h*> ,

moreover it is invariant:

(1.2) V t> 0  , S (t)< & = ^ .

Such a set is interesting in order to describe the behaviour of the orbits of the system for large time. 

Indeed, we know that in numerous cases the attractor is finite dimensional and we have very good 

estimates of its dimension that correspond to the physical situation (see R. Temam [1]).

But attractors are not well adapted to practical purposes (especially numerical utilizations) for two 

reasons:

- they can attract the orbits very slowly;
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- their geometry can be very complicated (perhaps fractals) and they are not regular object.

For those reasons, the notion of inertial manifold has been introduced by C. Foias, G. Sell and R. 

Temam [1],[2]). It is defined as follows : let (S(t))ts0 be a dynamical system in a Banach space E, 

a set is an inertial manifold for this semigroup i f :

(1.3) - oH, is a Lipschitzian manifold,

- cR  is positively invariant:

V t > 0 , S(t) c M c A ,

- cM. attracts the orbits o f (S (t))t>0 with an exponential speed,

- cM, is finite dimensional.

When an inertial manifold exists, the system is very well approximated by the inertial system that we 

obtain by restricting (S it))^  to cH,.

We are interested in an equation of the form:

(1.4) J $  + Au + R(u)-0,
\u(0) = u0 ,

in a Hilbert space H ; here A is an unbounded linear operator (for instance A = (-Δ)Γ, r > 0, with 

boundary conditions) and R is a locally Lipschitzian non linear function from H to D(A )̂ (0 < γ

S 1 ).2 }
(In fact, we are not able to prove the existence of an inertial manifold in that case, we will have to 

modify the function R to avoid problems for large values of the norm of u).

There already exist some methods to construct an inertial manifold. They all look for it as the graph 

of a Lipschtzian function and the main necessary hypothesis is a spectral gap condition on the 

operator A ; for instance, we do not know if there exists an inertial manifold for the Navier-Stokes 

equation (see C. Foias, G. Sell and R. Temam [1],[2] ; C. Foias, B. Nicolaenko, G. Sell and R. 

Temam [1],[2] ; P. Constantin, C. Foias, B. Nicolaenko and R. Temam [1],[2],[3] ; J. Mallet-Paret 

and G. Sell [1] ; S.N. Chow and K. Lu [1]). When that spectral gap condition is not satisfied, there 

often exist approximative inertial manifolds, that object has been introduced recendy by C. Foias, O. 

Manley and R. Temam for the Navier-Stokes equation and has been extended to others (see C. Foias, 

O. Manley and R. Temam [1],[2]; Temam [2]; M. Marion [1],[2]).

In this paper, we are interested in another construction of inertial manifolds based on an equation of 

RJ. Sacker [1]. In that paper it was observed that if an invariant manifold is the graph of a function 

Φ ,  then this function must satisfy an hyperbolic equation. Although the article is devoted to finite 

dimension, the method applies as well in infinite dimension (with a function Φ  taking its values in
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infinite dimension). Our aim in the present article is to show how one can construct an inertial 

manifold for a broad class of equations by solving this hyperbolic equation .Classically the 

hyperbolic equation is resolved by elliptic regularization. We are able to derive inertial manifolds in a 

constructive manner for the same type of equations as in the references quoted above, with the same 

type of hypotheses.

In a related work M. Luskin and G. Sell [1],E. Fabes, M. Luskin and G. Sell [11,[2] used this 

method to construct an inertial manifold, but in their article, the condition on the existence are much 

stronger than in the others references quoted above as far as the spectral gap condition and as far as 

the type of equation are concemed.In this article we consider the same class of equations as in the 

other references and recover the same type of gap condition, the method being furthermore 

construstive.

Let us describe the construction of the hyperbolic equation ; we first modify equation (1.4) by 

replacing the nonlinear term R by a truncated form R0 that has a compact support to avoid problem 

with large values of the norm of u (this will be done precisely in the next section), we search an 

inertial manifold for the system:

(1 .5 ) <&- +  A u + Rq(u) =  0 ,  

where u lies in a Hilbert space H.

Let P be a finite dimensional orthogonal projector and Q = IdH-P (hence we have H = PH Θ  QH). 

We look for a function Φ  from PH to QH whose graph is positively invariant for the equation

(1.5). We project (1.5) on PH and on QH :

(1.6) ^E. + Ap + PR e(p+q)=0,

(1.7) ^  + Aq + QR0 (p+q) = 0 ,

where p(t) = Pu(t) and q(t) = Qu(t) (we assumed that P and A commute, that will be satisfied 

[see section III).

If u(0) is on the graph of Φ  and if its graph is positively invariant:

V t> 0  : q(t) = 0(p(t)).

Therefore:

(1.8) + Α Φ ( ρ )  + QR0 ( ρ+ Φ( ρ) )  = 0 .

U s i n g  (1.6), w e  h a v e  :
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= D0(p)(-Ap-PRe(p+0(p)))
= - (Ap + PRe (p-i-O(p))) .V O(p).

We infer from (1.8) that O is a solution o f :

(1.9) - (aP + PR0 (p+0(p))). V <D + AO + QRq (p+0(p)) = 0 .

R0 has a compact support, let p be given such that the ball centered at 0 of radius p/2 in H 

contains its support, we will search O with a support in the ball centered at 0 of radius p in PH 

(this is natural since we will construct R0 such that its support contains an absorbing set of the 

equation), thus we are lead to the Dirichlet boundary condition :

(1.10) 0  = 0 on 313(0,p).

This construction of a partial differential equation that characterizes invariant surfaces is due to R. J. 

Sacker [1]. He was interested in a perturbation of a differential equation that possesses an invariant 

torus, he used that equation to show that the perturbed equation has an invariant surface that is a 

graph on the torus ; his result is restricted by an asumption that is similar to the spectral gap 

condition. The method that we will use to solve (1.9) is similar to his but new difficulties appear :

- O lies in an infinite dimensional space (R.J. Sacker only considered the finite dimensional case).

- The a priori estimates are based on a maximum principle that is very easy to use when the quantity 

that we want to estimate has its maximum inside the domain, this is always the case on a torus but not 

in our case where the domain (which is a ball) has a boundary. This difficulty appears in lemma 4.4 

here after.

In the following sections, we will first give the notation and the precise asumptions (section II), then 

we will give the existence theorem and a few remarks (section III); finally, in section IV, we will 

prove the theorem.

I I  N O T A T IO N  A N D  H Y P O T H E S E S

Let H be a Hilbert space with the norm I. I and scalar product (.,.).

A denotes a linear closed unbounded positive self-adjoint operator in H with compact inverse ; 

under these asumptions, there exists an orthonormal basis of H consisting of eigenvectors of 

A : (w1,...,wk,...), we denote by (A.j,...,Xk,...) the associated eigenvectors :

dO(p) , 
dt

ϋΦ(Ρ)Μ
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/ V i j e  N* :

/ (wi,Wj) = 8ij,
| Awi = X{ w j,
|and 0 < Xi < .̂2 ^ ^ -̂k —> +°° •

Moreover we can define As for every s in R, the domain D(AS) when endowed with the norm 

I As.l is a Hilbert space.

P denotes the orthogonal projector on the space spanned by ( W j , . . . , w N) (N is to be chosen later). 

P; denotes the j*  coordinate in PH :
J J

(2.2) V u  € H : PjU = (u ,W j)  .

Q (resp. Q^, t  > N+l) denotes the orthogonal projector on the space spanned by 

(wN+1,...,wk,...) (resp. (wN+1,...,we), t  > N+l). He = PH 0Q eH  is the space spanned by 

(wl5w2,... ,w^), it is endowed with the norm induced by the norm in H.

Let us notice that:

I
S S

V s > 0  , V p e PH : tpl < IAspl < XNlpl,

V s > 0 , V q e QH : ^ +1 W ^  lAsql .

R is a nonlinear operator from H to D(A '0 (0 < y < 1/2), Lipschitzian on the bounded sets of H 

and continuously differentiable. As we already said, we will replace R by a truncated form Rq ; in 

order to do that, we make some further asumptions on the system (1.4). We assume that for every 

u0 in H, (1.4) possesses a unique solution in C(R+,H) n  L^O,!*; D(A1/2)) for all T > 0. 

Moreover the semigroup (S(t))t>0 associated to (S) possesses a bounded absorbing set £B0 in H 

which is positively invariant (these asumptions are often satisfied, see e.g R. Temam [1] for 

numerous examples).

Let us choose p such that the ball of H centered at 0 of radius p/4 contains 5B0, we choose a 

C” function 0:

’0 :R + -> [0,1] ,

(2 4) i 0(s) = 1 for s e [0 ,p/3] ,
\ 0(s) = 0 for s e [p/2,+°°[ ,

1 sup 10’(s)| ^ 2 .
\ s>0

(2.Γ

(2.3)
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Re(u) = 0(lul) R(u) , V u e  H .

Rq is a C1 function from H to ϋ ( Α _γ) with a compact support; thus it is bounded together with 

its differential.

From now on, we will always consider the truncated equation in which R0 replaces R, thus we 

will omit the index Θ  in order to make notation simpler (except in section ΠΙ.3 ).

Let us write:

(2.5) K0 = sup|A-?R(u)| ,
ueH

(2.6) Ki = sup sup | A‘?DR(u)(v)| .
ueH veH 

lvl=l

Ω  will be the ball in PH centered at 0 and of radius p :

Ω  = BpH (0,p).

Now we define some functional spaces that we will need:

Ho(Q,Qe H) is the space of the functions from Ω  to Qt H which are L2 together with their first 

partial derivatives and which equal zero on 9 Ω ,  it is a Hilbert space when endowed with the norm :

W e  w r i t e  :

I I2 2 V 2(2·7) ΙφΙηΗα'' ,i>Il2+Iv<i>Il:) ·
where

|a1/2o|l2= i  | Α1/2Φ(ρ)|2 dp . 
Jq

(this norm is equivalent to the usual one : | φ £ 2 = ( ^ (p )P d p  on L2(Q,Q^H) since Q^H is a
Jo.

finite dimensional space ; of course, this is no longer true on L2(Q,QH)) 

and

| ν φ | Ϊ 2  = 2  I IDjO(p)|2 dp .
i=l 7ω



7

N=1
(p is a variable in Ω  which is embedded in PH ; we write p = ^ ΐ Φ ( ρ )  is the partial

derivative of Φ  with respect to p^.

L°°(Q,QH) (resp. L°°(Q,Q^H), L“ (Q,QD(A1/2))) is the space of the essentially bounded functions 

from Ω  to QH (resp. QgH, QD(A1/2)), it is a Banach space when endowed with the norm :

| φ | ί ~  = ess sup | Φ ( ρ ) |
ρ6Ω

(resp. | Φ ^ ο ο  = ess sup | Φ ( ρ )  | 
pe Ω

Ia ^ L -  = ess sup | Α 1/2Φ ( ρ )  I ) 
ρεΩ

W1,oe(Q,QH) (resp. W1,00(Q,Q^H)) is the space of functions in L°°(Q,QH) (resp. L~(Q,Q^H)) 

whose gradients are in L°°(Q,QH)N (resp. L°°(Q,Q^H)N), it is a Banach space when endowed with 

the norm:

(2.8) | φ^ ι ,~  = | <J)|L<» + 1 ϋ φ | ί ° ° ,

where:

(| ι · · Ρ Φ ( ρ ) Ρ
IΟ Φ |l°°= ess sup sup \ |h|

N
p€ Ω h^R

and for h = (hj,...,hN) in RN

N I N \ U2

h D<*KP)= Σ  hiDjOKp} , |h|= £ h ?
i=l i=l\ /

We will use the subspaces of W ^ ^ Q e H ) and :

Ve = ( φ  6 W ^ n .Q e H ): IΦ ^ «  < Mo and | ϋ Φ ^ -  < Mi) ,

V = ( φ  e W ^Q .Q H ) : | Φ ^ «  < M0 and |m>\L~ < Mi) ,

(M0 and Mj will be choosen later).

This section ends with the asumptions on the spectrum of A.

We choose M0 such that:
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(2.9) Κ 0 λ ^ < Μ 0 ,

(let us recall that Ko = sup | Α ' γ  R(u) | ) and we assume that there exists N such that:
ueH

(2.10) λ Ν + ι - λ Ν ^ Κ ^ λ ?  + ^N+lf »

(let us recall that Ki = sup | A'Y DR(u)|^(H) ).
ueH

This is a necessary and sufficient condition to the existence of a real Mj such that:

and (Mi > 0 ’
“  \-Ki λ£  Mj + Μ ι  ( λ Ν+ ι - λ Ν  - KiO-J + λ£ +ι)) - Kj λ£ +ι > 0 , 
that implies :

(2.11) ί λ Ν+1 - λ Ν - Κ ι ( 1  + Μ ι ) λ ϋ  > 0 ,

(2.12) \— ^N+i------< Mi

(λ-Ν+Ι - λ Ν  - Κ ι( 1  + Μ ι )

We make the further asumption that we can choose such that:

(2.13) λ ΐ |  > Κ ι (1 + Μ ι ) | ς  λ ί | ,

(2.14) λ-Ν+1 K1(1 + M1)<1 .

I ll  MAIN RESULT

We state the main result, this is an existence theorem for the inertial manifold (the proof will be given 

in section IV). This section ends with some comments on the results.

1) THEOREM 3.1 : Under the asumptions made in section II, there exists a function Φ  in 

W ^Q .Q H ) n  L~(Q,QD(A1/2)) solution of:
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I- (Ap + PR(p +0(p))) .V<E> + AO + QR(p +0(p)) =0  in Q ,

\ <D = 0 on dQ. .

Moreover, if we extend O outside Q by setting : OIph\q = 0 , then its graph is an inertial 

manifold for the system :

4P- + Au + R(u) = 0 . 
dt

2) (2.10) is a spectral gap condition, this is the most restricting condition among (2.10)-(2.14);

for instance if A-n ~ c Na (this is the case when A = (-A)r on a n-cube in Rn with periodic

boundary conditions, then a  = ^  (see R. Courant and D. Hilbert [1])), in order to satisfy (2.10)

we need a  > — and (2.13), (2.14) are then easily checked. If we consider the Navier-Stockes 
1-Y

equation, we have y = ^  and a  = ^ , thus our result is not sufficient in this case.

3) Theorem 3.1 gives the existence of an inertial manifold for the truncated system:

(3.2) du- +  Au + Rq(u) = 0 .

Consider an orbit {u(t)}^Q of the initial system :

(3.3) dp- + Au + R(u) = 0 , 
dt

as R0 and R are equal on the absorbing set of (3.3), there exists a time t0 such that:

V t > to , R(u(t)) = R0(u(t)), 

thus (u it)} ^  is an orbit of (3.2) and if we denote by the inertial manifold of system (3.2):

either u(t) e <M, for t > t0 

or d(u(t),cM.) decays exponentially.

4) (3.1) is an hyperbolic equation in the unknown O, it is quite natural to try the method of 

characteristics to solve i t ; we see the term -(Ap + PR(p+0)).V0 as a directional derivative. We 

introduce the curves:

/ ^  = -(Ap + PR(p+0)),

\p(0) = po,

on these curves, we have :

(W><dP1<t)> + AO(p(t)) + QR(p(t) + <*>(p(t))) = 0 , 

which can be integrated :

(3.1)
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0(p(t)) = - 1 eA(°-1) QR(p(a) + 0(p(a))) da
Jto

+ eA(to-t) <D(p(to)).

Letting ^  go to -<» (assuming O is bounded) and taking t equals 0 :

f °
®(po) = - eAaQR(p(a) + <>(p(a))) da .

And we can solve this integral equation by a fixed-point method.

This is the principle of the Lyapunov-Perron method developped by C. Foias, G. Sell and R. Temam

[1],[2] (see also R. Temam [1] chap. 8 and S.N. Chow and K. Lu [1]).

IV PROOF OF THEOREM 3.1

In order to prove theorem 3.1, we will first solve a Galerkin approximation of equation 3.1 (which is 

an infinite dimensional hyperbolic system, whose unknowns are the coordinates of <3> in the base 

(wN+1,...,w k,...)).

Let £>N+1, we search from Q to Q H  solution of:

f-(Ap +pr(p+<De(p))).v<De + AOe +QeR(p+oe(p)) = o in q ,
\ <J>g = 0 on dQ .

This is done by regularizing this system with a second order elliptic term that tends to zero. Under the 

asumptions made in section II (especially (2.10)), we can find a solution of the regularized system 

through a fixed point method in a subset of W1,~(Q,Q^H), in the same time we obtain a priori 

estimates that enable us to pass to the limit to obtain a solution of the Galerkin approximation of 

equation (3.1), then to make t  -4  +°° and thus to have a solution of equation (3.1).

LEMMA 4.1 : Let \|/ 6 V^, then there exists a unique C> in Hq(Q,Q<>H) such that:

I e AO + (Ap + PR(p+\)/)).VO - AO - QeR(p+\j/) = 0 ,

|C> = 0 on dQ .
(4.1)
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We write Φ  = £ ψ .

(Let us recall that ν<> = { φ €  W ^CQ.Q^H) / |o | l° °  ^M o and |ϋ φ | ι / ° ^ Μ ι|  ). 

Proof

Let α ( Φ 1, Φ 2) be the bilinear continuous form on Hq(Q,QcH) defined by :

r n

δ ( Φ ι , Φ 2) = ε  I 2  Φ ί Φ ι ,  ϋ ΐ Φ 2) dp 
Ja ί=ι

- 1 ((Ap + PR(p+y)).ν Φ ! , Φ 2) dp 
] ω

+ 1 (α ^ Φ !  , Α 1/2Φ 2) dp ,
Ja

and L the linear continuous form on Hq(Q,Q(>H) :

L (0 2) = - l  (AVQ>R(p+¥ ) , A ^ 2)d p .
J£l

We claim that a is coercive :

Let Φ  e Η^ ( Ω ,< & Η) ,

&( Φ , Φ )  = ε |  2 |D i® p d p
L· i=l

J
((Ap + PR(p+y)). ν φ , φ )  dp

Ω

+ | |A 1/2O p d p ,
Ja

We observe that:

-fa ((Ap + Ρ^ρ+ψ)).νφ,φ) dp 

= 4  f a (Ap + PRip+ψ)) V |Φ |2 dp 

= j  f a div (Ap + PR(p+\|/)) | Φ | dp ,

and this is positive since :
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div (Ap + PR(p+\|/)) = Σ  Dj ( λί  Pi+P; R(p+y(p)))
i=l
N

= Σ  λ ί  + Pi DR ( ρ+ ψ)  (wj+ ϋ ΐ ψ )  
i=l

= Σ  λ ί + Σ  λ [ γ  P, DR ( ρ+ ψ)  (x?(wi + ϋ ί ψ ) )
i=l i=l

> Σ  λ ί - Σ  I Α - Ύ PDRip+ ψ)  (X ,W  ϋ ΐ ψ ) ) I
i=l i=l

> Σ  λ ί - κ τ Σ  k W ο ί Ψ )| 
i=l i=l 
N f N \

^ Σ  λ ί - Κ ι  Σ  λ} I (l+Mj) . 
i=l Vi=l /

(Let us recall that

K^suplA-YDROObtdD
ueH

and
N
Σ  hi ϋ ΐ ψ

|DV|L_ = esssup sup
pen h6R* 2  h?

< M! . 1-1 )
Thus :

a(0,<J>)>inf ( ε ,1 ) | φ£ ι  .

By the Lax-Milgram theorem, there exists a unique Φ  in Hq(Q,Q^H) such that: 

a(<I>,Oi) = L(Oi) for every Φ ι  in Hq(Q,Q£H) .

Taking C“ with a compact support, we have :

ε  Δ Φ  + (Ap + PR(p+>y)).\^ - Α Φ  - Q>R(p+\|/) = 0 , 

in the sense of distributions, that implies that Φ  is in H2(Q,QgH) and that (4.1) is satisfied almost 

everywhere in Ω .

LEMMA 4.2 (Continuity o f ^  g) .

I f  V(> is endowed with the norm of L“ (Q,Q^H), then 

% ,l: Ve Hj(Q,QeH)
is continuous.
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Proof

Let ( ψ η )η ε Ν  be a sequence in Vg such that

ψ η  Ψ  in L°°(Q,QeH).

We write Φ η  = ψ η  and Φ  = ψ  and substract the equations satisfied by Φ η  and Φ  :

ε  Δ ( φ η - φ )  + (Ap + PRip+ ψ η )  )· V ( φ η - φ )

+ (PR(p+¥n) - Ρ Κ ( ρ + ψ ) ) . ν Φ  - Α ( φ η - φ )
- (Qe R(p+Vn) - Qe RCp+ ψ)) = o .

We take the scalar product with Φ η - Φ  in Qg, H and integrate over Ω  (by parts in the two first 

terms, there are no integral over 3 Ω  since Φ η - Φ  is in Hq(Q,Q(>H)) :

-ε / Ω Iν Κ - φ )| dP - j / Q div (Ap + Ρ ° ( ρ+ Ψ η ))| φ η - φ | 2dp 

+ 4  (<PR(P+V„) - PR(p+V)).V«M>n- I>) dp

- / j A ' I M l f d p

- / Ω ( Α ' γ( θ6 Κ< Ρ+ ψ» )  •QeRip+vW.A1). >„-fl>))dp 

= 0 .

The second term is negative since :

div (Up + PR(p+ψn)| > 0 (see lemma 1).

Thus:

- < | ν ( φ „ - φ ) |  dp+ / j A ' > n-*)| dp

< ((PR(p+ψn) - P R (p + ψ)) .V Φ,Φn- φ )  dp 
Jn

- (A XQeR(p+vn) - Q eR(p+v)),A ^n̂ ) )  dp 
Jn

< λ ΐ  sup | A'?(PR(p+\j/n) - PR(p+\|/)) 11 ν φ | ^ |  φ η - φ | ι 2
Ρ6 Ω

+ λ ϋ +f sup I A ^(QeR(p+yn) - QeR(p+\j/)) | (mes ω )1/2 | Α 1/2( φ η - φ ) ί 2
peQ

£ K, (I V<J>|L2 + khlf mes ( Ώ ) 1" )|ψ η - ψ |L_| A 1/2( φ η - φ) |^  ·
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Therefore if Ι ψ η - ψ Ι  —> 0 then

I A1/2f0 n-0)|L2 - » 0

and

| ν ( φ η - φ) |ι2 -» 0  .

LEMME 4.3 (L°° estimate)

Let ψ  in and Φ  = then Φ  e L°°(Q,Qg, H) and

(4.3) m L~ ^  M0 .

Proof

ψ  is a Lipschitzian function (it is in \ ν 1,ββ(Ω,(2β, H)), hence it is in C0,S(Q,Q(> H) for all s < 1 

(C°’ŝ ,Q e  H) is the space of Holderian continuous function of order s).

R is a C1 function, thus the coefficients of equation (4.1) are in C0,S(Q,Q<> H), and thanks to the 

classical results on the regularity of the elliptic equations (see D. Gilbarg and N.S. Trudinger [1]):

Φ  e C2 s(Q,Qe H ).

We deduce that (4.1) is verified everywhere.

Let us take the scalar product of (4.1) with Φ ,  and use :

(4.4) (δ φ ,φ ) = 1  δ | φ |2 - 1 ν φ | 2 ,

(4.5) ( ν φ , φ )  =  1  ν | φ | 2 .

We obtain:
2 2 1 2

I  δ | φ |  - ε ) ν φ |  +^-(lAp + PR(p+v)).V^|

- Α 1/2φ | - (A'YQeR(p+\|/),A^) = 0 .

— I |2At the point p where | Φ |  is maximum, we have :

Δ | φ ( ρ ) | 2 = 0 and ν | φ ( ρ ) | 2 = 0 .

(p is in the interior of Ω ,  since Φ  = 0 on 3 Ω) .

Hence:

| A1/2 Φ ( ρ ) Ρ  < - (α -Ύ Qe R(p+y(p)),AV Φ ( ρ ) )  

- 1 Α ' Ύ  Qe R(p+y(p)) 11 Α γ  Φ ( ρ )  I 

< κ 0 λ ^ Ι α 1/2 Φ ( ρ ) |  ,
t h a n k s  t o  (2.5).
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We deduce:

| φ Ιι,-= Ι φ (ρ )Ι * Xn^ I a 1'2®®)!

< λ ^ +1 Κ ο  ,

I φ |ί° °  -  Μ ο ,

thanks to (2.9).

LEMMA 4.4 (W l'°° estimate)

Let ψ  in V|> and Φ  = ψ  then Φ  e W1,“ (Q,Q£. H) and

|d® |l~ — Mi .

Using lemma 43, we have :

^ e V e c V e .

Proof

We want to use the same method as in lemma 4.3 to obtain estimates on the derivatives of Φ ,  we 

will differentiate equation (4.1) and use the same type of arguments. But two difficulties appear:

- we do not know wether the derivatives of Φ  are sufficiently regular

- the maximum of the derivatives of Φ  can occur on the boundary.

The first difficulty is easily overcome by approximating ψ  with a sequence of more regular 

functions.

The second is more difficult to overcome, it is done by looking carefully what happens on the 

boundary if the maximum occurs there; the arguments employed are hidden by technical calculous, 

thus we will first describe the method in a simpler case.

We now begin with the proof.

We first assume that ψ  is in C!(Q,Q^ H) then we have :

(4.7) Φ  e C3(Q,QeH) .

(See D. Gilbarg and N.S. Trudinger [1]).

We differentiate (4.1) with respect to pj (1 < i < N ):

/eADj Φ  + (Ap + PR(p+\j/)).V Ό ί Φ  + λ ΐ  ϋ ι Φ  
N

(4.8) + Σ Pj DRip+ ψ)  (Wi + D{ψ )  Dj Φ

J=1y  A ϋ ί Φ  - Qe DRip+ ψ)  (w; + Dj ψ )  = 0 .

Thanks to (4.7), (4.8) is satisfied everywhere in Ω .



16

We choose h = (hj,...,hN) in RN, multiply (4.8) by hj, make the sum for i = l,...,N  and take
N

the scalar product with h.DO = 2  hjDiO, using the analog of (4.4), (4.5):
i=l

( δ  h.DO,h.D<I>) = 1  δ! h.D<D \2 - 1 Vh.DO |2 ,

(V h.DO,h.Dd>) = 1  V| h.DOp ,

we obtain:

f  δ |  h.DOp - ej V h.DO|2 + i(A p  + PR(p+\|/)).v| h.DOp 

+ ^ Σ  h  hi Di 0 ,h .D 0 j

(4.9) + 1 2  hi Pj DR(p+\|/) (Wi+ ϋ ί ψ )  Dj Φ, h.DoJ

- 1 A ^h.D O  P - 12  hi Qe DR(p+y) (wi+Diy), h.DO j 
=  0 . 1-1

We will consider two cases :

• 1st case : lh.D<E>l2 attains its maximum at a point p in the interior of Ω ,  then we have :

(4.10) Alh.DO(p)l2 < 0 ,

(4.11) Vlh.DO(p)l2 = 0 .

We estimate the other terms in (4.9) at the point p :

(4.12) |  2 hi Pj DR(p+\|/) (w ^ D iy ) Dj Φ, h.DO j
y n n \ \

= 2  PjDR(p+\|0 2  hi(wi+DiV) I Dj Φ, h.DO I

N / N \

< 12 Pj DRip+ ψ)  2  hi(wi+DiV) DjOl Ih.DOl
j=l Vi=l /

< |PDR(p+y) 12  hi(wi+Diy)j I |d o |l - |h.D4>l

N
<XnKi 12 hi(wi+Di\|i)l |d<I>|l - Ih.DOl

i=l

< λ ϋ , Κ ι  Ihl (1 + Id\j/Il ~)Id<j>Il ~ Ih.DOl

< λ ϋ κ ι ^ |  (1 + Mi) |DO|l - |h.DO| .



17

/  N \  N
(4.13) [ Σ  λ ΐ  h, D iO , h.DO I < \Σ h hj DjOl Ih.DOl

Vi=l /  i=l
/  N - \l/2

£ I Σ M h? |d o |l ~ Ih.DOl

< λ Ν  |h| |d o |l ~ Ih.DOl .

|A 1/2h.DO|2 + 12  ^ Qe DR(p+y) (w i+ D iY ),h .D o j

> | Α 1/21 ι . ϋ Φ |2 - |A V Q e D R (p + v )|f h i(w i+ D ^ ) j I | Α Ύ 1 ι Χ> Φ |

N 1-1

> |a 1/2 h.DOl2 - K i 12 h i(w i+D iY )| |A^h.DO|
i=l

> |A 1/2 h.DOl2 - Κ ι  λχΐι |h| (1 + M i) |A 1/2 h.DOl .

I f  XN+i|h.Do| > X ^ + f lh K l  + M i ) ,  as the function x2 - Κ ι  λΝ_ Ι{2 |1ι|(1 + Μ ι ) χ  is

TC Ύ-1/2
increasing when x > λ Ν+1 |h |( l + M i), we have:

(4.14) | A 1/2h.DO|2 + hi QeDR(p+\j/) (w i+D iV ),h .D o j

> λ Ν+ 1 | ΐ ι Χ> φ |2 - Κ ι  λ ^ +1 |h| (1 +M i)|h .D O | .

(4.10) to (4.14) with (4.9) give :

Xn+i |h.DOp < XN |h ||D 0 H h .D 0 |

+ Κ ι I hI (1 + Μ !) I Exd|l~I h.DO |

+ Xjf+1 K H h K l+ M O lh .D o l,

(4.15) λ Ν+1 |h.DO| < | Η ( λ Ν | θ φ | ί ~ + Κ 1λ Ν ( 1 + Μ ι ) | ϋ φ | ι,~ + λ Ν +1 Κ ^ Ι + Μ ^ )  .

I f  λ Ν + ι | ΐ ι Χ > φ |  < XN+i2 |h |( l + M i), then λ Ν + ι ^ . ϋ φ |  < λ^+ ι |h |( l + M i) and (4.15) is 

still satisfied. As Ih.DOl attains its maximum at p, we have :
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{
V p e £2 :

XNJhXXI>| s  |h | |x N+K 14 ( l+ M l))|D<I>|L-+XN<.1K1(l+Ml)) ■

• 2nd case : Ih.DOl attains its maximum at a point p on the boundary.

In order to describe the arguments we will use, we first give a heuristic proof in a simpler case : we 

replace Q by the N-cube [-p,p]N (the following arguments are not valid since we do not have 

enough regularity in such a domain).

P = (Pi >P2.---»Pn) is on the boundary if there exists i such that |pi| = p, we assume, and this is no 

restriction, that pi = p.

O is constant on the bounary thus all tangential derivatives are zero at p :

D; 0>(p)=0 if i * 1 ,

|h.D4»(p)| = |h1D1<Kp)|

< |h||r>iO»(p>| .

We claim that |Dii>| cannot attain its maximum on the boundary, thus we can use the estimate

(4.16) of the first case with h = (1,0,...,0):

>-n+i |d i «,(p)| s ((x.n + k 1xJi( i +m 1))|d«I)|l-+ x.J[+1k 1(i +m 1)),

^N+l |h.D4>(p)| <XN+1|h|| D ^ (p ) |

< |h |( ( lN + K 1x i ( l +M 1))|D4>|L- + ^ 1K 1( l+M 1)) .

And (4.16) is valid. We have to prove the claim; assume that | Di<I> | attains its maximum at p0 on 

the boundary, p0 must be on the face Ipjl = p (otherwise | DiO(po)| = 0), assume that p0 j = p, 

then we have:

(4.16)
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Di Φ ( ρ ο )  =0 , if i * 1,

Dii Φ ( Ρ ο )  = 0 , if i * 1 >
R (po + ψ(ρο)) = 0 , since | p0 + ψ( ρο)  | > I po I ^ P ,
Φ ( ρ ο )  = 0 , since po is on the boundary .

Using equation (4.1):

(4.17) ε  DU Φ ( ρ 0) + λ ι  p Di Φ ( ρ ο )  = 0 ,

we take the scalar product of (4.17) with ϋ ι Φ ( ρ ο ) :

(4.18) |  D jD^(po)|2 + λ !  p | ϋ ι Φ ( ρ 0)|2 = 0 .

But | ϋ ι Φ ( ρ 0)| is maximum, thus:

|D ^ (p o ) |> 0 ,

D i|D ^(po)| > 0 .

This contradicts (4.18), hence | Di φ |  cannot obtain its maximum on the boundary.

The proof on that case is complete but it is not valid since Φ  is not regular enough.

Let us consider the original problem, the calculous are a bit tedious because on the boundary we have 

to use local coordinates.

Φ  is constant on 5 Ω ,  thus all tangential derivatives are zero on Θ Ω .

5 Φ
We note n(p) = (n1(p),...,nN(p)) the unit outward normal at p e Θ Ω  and —  the derivatives in the

8r
direction n, we have :

1 ιΧ> Φ(ρ) = 2  hi Di Φ ( ρ )  = (h.n(p)) ̂  (p ), when p e 3 Ω . 
i=l *

We deduce:

(4.19) |h.D®(p)| < |h| ^ ( p )  .

We will estimate (p) . First, we claim that (which is define everywhere in Ω )  does not 
dr dr

. . .  5 Φ
attain its maximum on the boundary. Indeed, if we assume that attains its maximum at p0 on

the boundary. Let (Xj,_*τ η _!) be a local coordinate system on 3 Ω  near p0, then:
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A®= 2  | i
,,.k 3 t , d t k 3 Pi aPi

, ^  + M  ^
9r2 r dr

+ 2 J . — P - ^
ij dTjdr  aPi r 

+ y  30 92Xj 

».j 3 p 2

Thus, at p0, we have :

(4.20)
dr2 P or

+ * 2 — < M > 5 * £  .
i.j dTj dr dPi p

(the others terms are zero since they are tangential derivatives). 

Moreover:

r)(t>
(4.21) Apo.VO(po) = (Apo.n(po)) (po),

(4.22) R(p0 +V(po)) = 0 , (|po+v(po)| >|pol ^ p ) ,

(4.23) O(p0) = 0 .

Using (4.19) to (4.23) in (4.1) :

e ^  + 2e 2

(4.24) *  «  3Pi P

+ ( e ^  + Apo.H )«  = ° .

30
We take the scalar product of (4.24) with - (po) :

or

ΔΦ(ρο) 32 φ  , , 
' ar2 (Ρο)

Ν-1 ^  ί  \V  ar(P0)
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' 2\ I 2\
e B 3 0  v  3 3 0  3Tj Pi

2 dr [ 3r ' ^  I dpi p

(4.25) 2
I N-l 30  

+ l e  hApo.nl -^ -(po ) = 0  •

(This is the analog of (4.18)).

9 0  2We assumed that (po) is maximum : 
dr

8 0  2 
-^r (Po) > 0 > 

50  2and this contradicts (4.25). Hence cannot have a maximum on the boundary and there exists a

3 0  2
point Pj inside Q such that ~^r(Pi) is maximum. We denote by m =(mi,...,mN) the outward 

normal at p15 then :

BO N
(4.26) 3 -  (p2) = 2  mi Di O (pi).

dr i=i 

Let p be a point on the boundary :

N
2  miDiO(p) = (in.n(p)) (p) 
i=i dr

~ bT (p)

3 0 . .

< 3r (pl) ’

N N
(4.27) 2  miDiO(p) < 2  miDiO(Pl) .

i=l i=l

a a o  2 Λ
5 ^ 1  -= C -(P o )  =  0 .*-1dr ¥ « Π ”
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N
W e deduce  that the m ax im um  o f  2  m i Dj Φ (ρ ) occu rs  in s id e  Ω , w e  can  u se  the es tim a te  (4 .16)

i=l
w ith  h =  ( m i , . . . ,m N ) :

V  p e  Ω  :
(4 .2 8 )  / n  . v

λ Ν+1 S m i D i O i p )  < ^ | ( ( λ Ν+ Κ 1(1 + Μ 1) λ } ί) |θ φ ί < »  +  λϋί+1Κ 1(1 + Μ 1) ) .
' i=l

U sin g  (4 .19), (4 .26), (4 .28) a t p t and  Iml =  1, w e  have  fo r  all p  in Ω  :

λ Ν+ι | h .D O (p )  | <  λ π + ι | h .D O (p ) |

< X N + i |h | ^ J r ( p )

^  λ Ν+ι |h |  ^ - ( P l )

N

^ λ Ν+ ιΙΗ Ι Σ ^ ΐ ^ Ρ ι )
i=l

< | h | ((λΝ + K i(  1 + M i)  λ £ ) |D O |L~ +  λ][,+1 K ^ l + M ^ )  . 

A n d  (4 .16) is still va lid , i t  is va lid  fo r  all h in  R N, w e  deduce  :

λΝ+l | ϋ φ ί “  =  λ κ +l sup sup Ι ^ Φ | 
p eB  he R N W

< ((xn+Ki(i+m1) xJ)|d o |l~ + λ-Ν+1 Ki(l+Mt)) ,
thanks to  (2 .1 1 ) :

|d ® |l -  s ____κ , ( ΐ + Μ ι )__________

λΝ+1 ·λΝ  - Κ ι(1 + Μ ι)  λ ^
thanks to  (2 .1 2 ) :

|d o |l ~ < .

T hus the lem m a is p roved  w hen  ψ  e  (^ (Ω ,Ο ^  H ) ; i f  ψ  e  W 1,00̂ ,Q e .  H ) w e ch o o se  a seq u en ce  

(ψη)ηεΝ ^ ( Ω , ζ ^  Η) n  w hich  converges  to  ψ , w e w rite  Φ η = ψ η, then :

V  n e  N  : | ϋ Φ η^°° < Μ ι .

(Φ η) is b o u n d ed  in  W 1,00̂ ,Q (>  H ), it adm its  a  sub seq u en ce  w h ich  co n v e rg e s  in W 1,oê ,Q f c  H) 

w eak  star, thanks to  lem m a 4 .2 , the lim it m ust be Φ , w e  deduce  : Φ  e  W 1,00̂ , Q £  H ) ,

| e x d |l ~ < lim  in f  IΟ Φ η|υ» < M i .
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LEMMA 4.5 (fixedpoint)

i) V|> is a Banach space when endowed with the L°° norm.

ii) % £ : Ve —> Ve is a strict contraction for that norm.

We deduce that possesses a fixed point, we denote it by Φ ε χ ,  we have :

.. 9Q. / ε Δ Φ ε χ  + (Ap + PRip+O^eij.VO^e - Α Φ ε χ  - Qe R(p+Oe,e) = o in Ω ,

( φ ε€  = 0 on Θ Ω  .

Proof

i) Left to the reader.

ii) Let ψ |  in V£ and Φ ;  = ψ ΐ  (i -  1 »2).

We know that Φ 1 and Φ 2 are in C2,ŝ ,Q e  H) (s < 1).

We denote by Φ  = Φ χ  - Φ 2, we have :

^   ̂ ε Δ Φ + ( Α ρ  + PR(p+\j/1)).’V ^  + (pR(p+yj) - PR (p+ ψ2)) .V Φ2

- Α Φ  - ( ( ^ ( ρ + ψ χ )  - QeR(p+\|r2)j = 0 .

We take the scalar product of (4.30) with Φ  :

2 2 1 2
^ Δ | φ | - ε | ν φ |  + 2  {Ap + PR(p+\|f1)).V ^ |

+ |(PR(p+\|/ j) - PR(p+\}/2)).Vφ 2, φ |

- Α 1/2φ | 2 - lA'^QeRCp+Vj) - < ^ ( ρ + ψ 2) ) , Α γ α |

=  0 .

_ I |2 _
At the point p where | Φ |  is maximum (p is inside Ω  since Φ  = 0 on Θ Ω )  :

A % (p)\ < ((pRCp+ ψ^  - PR(p+\|/^).VΦ 2Φ ( ρ) |

- (A'7(b eR(p+¥i) - QeR (p + y ^ ) ,A ^ )

< λ ^ Κ ι | ψ ι - ψ 2|ί « ο | ϋ Φ 2ί~ | φ ( ρ ) Ι
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+ Κι|ψι-ψ2|1~|Αγφ(ρ)|
< λί λχίϊ Κι Μ1|ψ1-ψ2|ίοο| Α1/2Φ(ρ)|

+ λ Ι!ί;11/2κ 1| ψ 1- ψ 2|ί „ | Α ι/2Φ ( ρ ) |

^ λ·Ν+1 Κι(1+Μι) |ψ1-ψ2|ι«ο| Α1/2Φ(ρ)|
|φ (ρ)Ι < λ ^ ΐ Α ^ ρ ) !

^  λ Ν+1 Κ ι(1+ Μ ι) |ψ ι-ψ 2 ο̂ο ,

|Φ ι -Φ2|ι ~ < Κ ι(1 + Μ ι)|ψ ι-ψ 2|ί00 .

Thanks to (2.14), is a strict contraction.

LEMMA 4.6 : (limit ε  —»0 and t  —> +<>=>)

i) The sequence ( φ ε ,ε)ε>0 possesses a subsequence that converges when ε  —> 0 in 

W1,eo(Q,QeH) weak star to a function that satisfies:

I- (Ap + PR(p+Φe)).V Φe + A Φe  + Qe RCp+ Φ ε )  = o in Ω ,
} \ Φ Ι  = 0 on 3 Ω  .

ii) Let Φ ι  be the function from  Ω  to QH defined by :

^ e ,w k) = ^ e ,w k) if k < t ,

U e,w k) = 0 if k > I ,

then the sequence (φε)(>>Ν+1 possesses a subsequence that converges when t  —» +°° in 

W1’“ ( Ω,Q  H) weak star to a function Φ ,  that satisfies :

32) /" (Ap + Ρ^ ( Ρ+ φ (Ρ)))·ν φ  + Α Φ  + QRip+ Φ)  = 0 in Ω  ,
| φ  = 0 on 3 Ω  .

Moreover Φ  e L“ ^,Q D (A 1/2)) n  W ^ ^ Q H ) .

Proof

i) For all ε  > 0, we have, since Φ £ ̂  is in :

'^.e'wi.o0 -  Mo+Mi ·

Hence there is a subsequence ( Φ ε ' ) ε ·>ο which converges in W1,00(Q,Qg, H) weak star to a function 

Φ^ ,  as the imbedding of \ ν 1,00(Ω,(2(> H) in H) is compact, we have :
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ε  Δ Φ ε -,£ -> Ο  in W 1,0°(Q,Qe Η )  ,

(Ap + PR(p+oe,e)).voe>e —χ (Ap + PR(p+0e)).V0e

in η ) weak star,
( Α Φ ε ·χ + Qe R(p+oe,e)) -» AOe + Qe R(p+Oe)

in L°°(Q,Qe h) strong,

Using those limits in (4.29), we obtain (4.31). 

Moreover:

^ Iw ^ n .Q e  H) ^ Mo+Mi . 

We take the scalar product of (4.31) with Og,:

- ((Ap + PR(p+0e)).V0e,0e) + 1 a 1/2 Oel2

+ (A-^Qe R(P^ e ),A T o e) = o ,

| A1/2 φ ε |2 < fsup I Ap| + λ£  Ko) Μ !  λ ^ ί \  \ A1'2 Oe| 
\pe Ω I

+ λ£ ! /12 KolA^cDel ,

|A 1/2Oe|L~ ^
\p€ Ω

Ύ \ -1 n y-l/2
sup | Ap| + Ko] Μ ι  λ Ν +ι + λ^+ ι Ko

Hence (Oe)e>N+i is bounded in W ^ O .Q e  Η )  n  L°°(Q,Qe D(A1/2)).

ii) We have:

I O e  w 1·0 0 = I O e l w 1·*  and a ^ 2 o e L ~ = I a 1̂ 2 O e I l ~  ·

The sequence (φ ^^>ν +ι *s bounded in W1,eo(n,QH) n  L°°(Q,QD(A1/2)). Thanks to lemma (4.8)

below, there exists a subsequence (oej and a function Φ  in W1,00(Q,QH) n  L°°(Q,QD(A1/2)) 

such that:

Oek —  ̂ Φ  in W1,00(Q,QH) weak star,

Oek —> Φ  in L“ (Q,QH) strong .

Then, we have :

(Ap + PR(p+Oek)).VOek —  ̂ (Ap + PR(p+0)).V0 in L“ (Q,QH) weak star ,

Α Φ ^  —> Α Φ  in L ^^Q D iA "1)) strong ,

QR(p+Φek) -» QRCp+ Φ)  in L°°(Q,QD(A ^) strong .
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We deduce that Φ  satisfies (4.32).

LEMMA 4.7 :

I f  we extend Φ ,  obtained in lemma 4.6 ii), by zero outside Ω ,  its graph is an inertial manifold 

for the system:

Proof

We still denote by Φ  the extended function. 

Then we have:

- (Ap + Ρ11(ρ+ φ)).νφ  + Α Φ  + QRip+ Φ)  = 0 ,
almost everywhere in PH.

Let u0 be in H and u(t) = S(t) u0 be the solution in C(R+,H) n  L2(o,T,D(A1/2)) for all T > 0 of 

system (4.33) (see the asumptions on (4.33) on section II), we write :

= -(Ap + P R (p+ q))^ (p )

= - (Ap + Ρ Ε ( ρ + Φ ) ) . ν Φ ( ρ )

+ (PRip+ Φ )  - Ρ Κ ( ρ+ ς ) ) . ν Φ ( ρ )  

= (PRip+ Φ )  - P R (p+ q))^ (p )

- Α Φ ( ρ )  - QRip+ Φ ) ,

d t = - (pRip+ Φ)  - P R (p+ q))^(p )

■ Ar - ((QR(p+q) - QRip+ Φ))  .

We take the scalar product of (4.34) with r(t) and use :

(4.33)
ί ώ .  + Au + R(u) = 0 , 

\u(0) = uo.

and

We have:

p(t) = Pu (t), 

q(t) = Qu ( t) , 

r(t) = q(t) - Φ ( ρ ( 0 ) .

(Ϊ-) = 1 d. 
2 dt

since r(t) e L2{o,T;D(A1/2)) and l 2{0,T;D(A-1/2)), we obtain:
dt

^5- + Aq + QR(p+q) = 0 , 

^  = f.VO(p)
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1  4 ί £  + 1 A m  r |2 = - ((PRCp+ Φ)  - PR(p+q)).VO,r)
2 dt

- MQR(p-Hq) - Q R C p ^ ^ r )

< ! PRfp+ Φ)  - PR(p+q)| 1 DO|l«I r|

+ 1 A'i(QR(p+q) - QR(p+0))| | ATr|

< λ ί κ ,  Μ ι | γ |2 + Κ ι | γ | | α ϊ γ |

< Kj Μ ι  λ̂ +ι |r || A1/2 r|

+ Κ ι  [ r 11 A,/2 r

< λ ^ ’ί2K, (1+M,)|r|| A,/2r

S 2 ^N+i K? (l+M j^Irl2 + | A1/2r |2 ,

^  + ^ , | r p S ^  + |AWrP

< λ^+ι K2 (1+M,)2|r|2 .

Thanks to Gronwall’s lemma :

(4.35) | r(t) |2 < | r(0) |2 e^N+i(1 - λ Ν+ι Ki (1+M i)2) 1 .

We deduce that if u0 is in the graph of Φ ,  then r(0) = 0 and r(t) = 0 for all t > 0. The graph is 

positively invariant.

If u0 is not the graph of Φ ,  thanks to (4.35) together with (2.14), lr(t)l (which is larger than 

d ^ t ) , ^ )  decays exponentially.)

Theorem 3.1 is proved, except lemma 4.8, used in lemma 4.6.

LEMMA 4.8 :

Let ( φ η )ηε n be a bounded sequence in W1,eo(Q,QH) n  L°°(q,QD(A1/2)) then there exists a 

subsequence ( φ Π ι} that converges in W1,00(Q,QH) weak star and in L°°(Q,QH) strong.

Proof

For the convergence in W1,00(Q,QH) weak star, we use that L°°(Q,QH) is the dual of L!(n,QH) ; 

for the strong convergence in L°°(Q,QH), we use Ascoli-Arzela theorem :

- K )  is bounded in W1,00(Q,QH), thus it is equicontinuous,

( φ η ) is bounded in L“{q ,QD(A1/2)), thus for all p in Ω ,  the set | φ η ( ρ ) / η ε Ν }  is 

compact in QH (indeed A 1/2 is a compact operator).
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VARIETES INERTIELLES APPROCHEES.





1

On the construction of families of approximate inertial manifolds 

Arnaud DEBUSSCHEO) and Martine MARION(2)

0. Introduction

The aim of th is paper is to present a  general m ethod for the construction  
of approxim ate inertial m anifolds (AIM). The co n cep t of AIM h as b een  recently  
introduced by F oias-M anley-T em an [7] in relationship with severa l difficulties 
arising in th e  theory of inertial m anifolds. For a  g iv en  partial differential 
equation , an inertial manifold, w hen  it ex ists , is a  sm ooth  finite d im en sion al 
invariant manifold which attracts exponentially all the so lu tion s a s  tim e g o e s  to 
infinity. T he long-tim e d yn am ics can  then b e d escr ib ed  by the so lu tion s of a  
finite sy s te m  of ordinary differential eq u a tio n s . E x isten ce  resu lts  of su ch  
m anifolds can  be found in F oias-S ell-T em am  [8 ], Constantin et al [4], Mallet- 
Paret an d  S e ll [12], F ab es-L u sk in -S e ll [6 ], D e b u s sc h e  [5] ( s e e  a lso  th e  
r e fer e n c es  therein) but th ere are still m any d iss ip a tiv e  partial differential 
eq u ation s for which the ex is ten ce  of inertial m anifolds is not known ; there are 
ev en  in s o m e  c a s e s  non e x is te n c e  resu lts, s e e  M allet-Paret and  S e ll [13], 
Mora and Sola-M orales [18]. A lso, although inertial m anifolds are m uch better 
su ited  for com p u ta tion s than attractors, their com p u ta tion s rem ain a  very  
difficult task . T h e se  problem s have lead  to introduce the w eak er co n cep t of 
AIM : AIM are m anifolds which attract the orbit in a  sm all (thin) neighborhood  
exponentially rapidly. It is show n in [7] that the two d im ensional N avier-Stok es  
eq u ation s p o s s e s s  AIM w hile the e x is te n c e  of ex a ct inertial m anifold is not 
known for th e s e  eq u ation s. Even for eq u ation s p o s s e s s in g  inertial m anifolds, 
AIM can  be usefu l, e sp ec ia lly  for practical p u rp oses. Indeed th e s e  m anifolds  
are com putable and numerical s c h e m e s  well adapted  for long term integration  
are b a se d  on that co n cep t, M arion-Tem am  [17] ; s e e  R osier  [22], R osier- 
Tem am  [23], for numerical te s ts  of th e se  m ethods. W e a lso  refer to Sell [24] for 
another definition of AIM.

T he e x is te n c e  of AIM h as b een  proved for sev era l partial differential 
eq u ation s (Foias-M anley-T em am  [7], Marion [15, 16], Titi [26], Jolly-Kevrekidis- 
Titi [9]). But in th e s e  r e fe r e n c e s  th e  authors restrict th e m s e lv e s  to th e  
construction of a  finite num ber of m anifolds. Our aim here is to derive a  m ethod  
for con stru ctin g  infinitely m any AIM providing b etter  an d  b etter  order  
approxim ation to the orbits. W e will present our tech n iq u es in the c a s e  of two  
m odel problem s that o n e  of the authors previously co n sid ered  in [15, 16] : a  
reaction -d iffu sion  eq u a tio n  and  a  fourth order eq u a tio n  borrow ed from

0 ) Universit6 Paris XII and Laboratoire d'Analyse Num6rique, b&t 425, Universite Paris-sud, 
91405 ORSAY, FRANCE.

(2) Departement de Mathematiques-lnformatique-Systemes, Ecole Centrale de Lyon, BP 163, 
69131 ECULLY cedex, FRANCE.
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m athem atical p h y sic s , nam ely the Cahn-Hilliard equation . But our m eth od s  
are g en era l and ca n  b e  a d a p ted  to m any d iss ip a tiv e  partial differential 
eq u ation s. R elated results for the N avier-S tok es eq u ation s app ear in T em am  
[25].

T he first part of the paper is d evo ted  to the study of a  reaction diffusion  
equation . T he p rec ise  a ssu m p tion s are stated  in sec tio n  1 . T he problem  w e  
investigate ca n  be rewritten a s  an abstract evolution equation in H = L2 (Q) :

(0.1) ^  + Au + f(u) = 0 ,

w here Au is the operator - dAu + u , d > 0 , a s so c ia te d  to the appropriate  
b ou n d ary  co n d itio n  (D irich let, N eu m a n n , p er io d ic ). W e c o n s id e r  th e  
orthonormal b a sis  of H consisting  of the e igen vectors  of A :

A Wj = Xj Wj, j = 1 ,2 , . . .

0 < λ ι  < λ ·2 ... » Xj —̂ + 00 a s  j —> + °° .

For a  fixed m, let P = P m d e n o te  the projector in H onto th e  s p a c e  
sp an n ed  by , . . . ,  w m and let Q  = Q m = I - P m · W e write p = Pu , q = Qu so  that 
u is d eco m p o sed  a s  the sum

u = p + q .

W e introduce the coupled  sy stem  of equations for p and q :

(0 .2 ) ^  + Ap + Pf (p+q) = 0

(0 .3) ^  + Aq + Qf (p+q) = 0

T hen, in section  2, w e  d escrib e  our m ethod for constructing a  se q u e n c e  T flj, i 

e  N , of AIM. The manifold TTli is obtained a s  the graph of a  funtion φ ,  m apping  
PH into QH. W e sh o w  that for large time any solution of (0.1) sa tisfie s

dist (u(t), m i)  < q  ( λ 1/ λ ΓΤ1+1)'+1,

w here c\ d e n o te s  a  con stan t d epend ing  on i but ind ep en dent of m. T herefore  
the orbits en ter a  neighborhood of 7TL i that can  be m ad e arbitrarily sm all by

ch oosin g  m large en ou gh . And, for ii < 12 , if m is large en ou gh , provides a

b etter  approxim ation  than <ΙΠ»ίι . Our m eth od  c o n s is t s  in particular in

introducing in (0 .3 ) co n v en ien t approxim ation  of dq/dt an d  of p+q. T he  
corresp ondin g techn ical proofs are g iven  in S ectio n  3. N ote that our results  
hold in sp a c e  d im en sion  n < 4 , while the e x is ten ce  of ex a ct inertial m anifolds



3

for reaction-diffusion eq u ation s is generally  not known for n = 3 and th ere are 
non ex isten ce  results for n = 4 [13].

W e th en  a d d re ss  in the s e c o n d  part of th e  pap er sim ilar q u estio n s  for 
th e  Cahn-Hilliard equation

—  + Δ 2 u + a  Au - b Au3 = 0 , a, b > 0 . 
dt

This equation  is a  m od el for th e  sp inodal d ecom p osition  that occu rs w hen  a  
binary solution is c o o le d  sufficiently [2, 3, 11, 21] . It co n ta in s  a  fourth order  
dissipative term and a  se c o n d  order anti-d issipative term and can  b e  rewritten 
in an abstract form :

-£jjr + A2 u + Af(u) = 0 , f(u) = au - b u3 ,

w here A d e n o te s  the L aplace operator a s so c ia te d  to th e  co n sid ered  boundary  
conditions (N eum ann or periodic). T he equation  and its functionnal setting are 
d escr ib ed  in sec tio n  4. W e recall th ere resu lts  borrow ed from N ico laen k o- 
S c h eu rer  [19], N ico la en k o -S ch eu rer -T em a m  [20] , Marion [16]. W e th en  
p resen t in sec tio n  5 th e  principle of the construction of AIM. T he a lgeb ra  and  
th e  co rresp o n d in g  p roofs  a re  d ifferent from th e o n e s  for (0 . 1 ) but th e  
underlying id e a s  are similar. In particular w e  again  introduce approxim ations

to tim e derivatives. W e obtain a  family of m anifolds THi of d im ension  m (m e  N  
fixed) su ch  that fo r t sufficiently large,

dist (u(t), TTli ) <  q  (X2/Xm+i)i+2 .

w here q  is in d ep en d en t of m and (fy) j e  PS d e n o te s  the family of e ig e n v a lu e s  
of A. S e c tio n  6 c o n ta in s  th e  p roofs of tech n ica l resu lts  co n cern in g  tim e  
d er iv a tiv es . A gain , our resu lts  hold in s p a c e  d im en sio n  n = 3 , w h ere  th e  
e x is te n c e  of inertial m anifolds is not known.
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Part I. Reaction-diffusion equations

1. The equation and some properties of the solution

1 .1 . T he equation  and th e  sem i-grou p

W e c o n s id er  th e  following problem  involving a  real va lu ed  function u(x,t) 
d efin ed  on Ω  x E +  , w h ere  Ω  d e n o te s  a  regular b ou n d ed  s e t  of R n (n > 1)

3u
(1.1) —  - d Au + f(u) = 0 , in Ω  x E + . 

at

T h e equation  is su p p lem en ted  with th e  initial condition

(1.2) u(x,0) = u0(x) in Ω  ,

and  o n e  of th e  th ree  following boundary cond itions :

Dirichlet u = 0 on Γ  =  8Ω ,

3u
(1.3) N eu m a n n  — = 0 on Γ ,

3 υ
n

P eriod ic  Ω  = Π  JO-M and u is  Ω  periodic. 
i=1

H ere, d > 0 is a  diffusion coefficient. W e a s su m e  that the nonlinear term  f 
is  infinitely m an y  d ifferen tia b le  from TR into R  an d  s a t is f ie s  th e  grow th  
con d ition

(1 .4) Ci I s  Ir - C3 < f(s)s  < C2 I s  Ir - C3 , V s  e  1R , with r > 2 ,

(1 .5) f'(s) > - c 4 , V s  e  IR ,

w h ere th e  q ' s  are positive co n sta n ts .

For th e  functional setting of the problem , let u s  introduce the operator Au 
= - d Δ υ  + u on Η  = Ι-2 ( Ω )  eq u ip p ed  with its u su al sca la r  product (.,.) an d  norm

I . I . T hen A is a  positive  linear u n b ou n d ed  operator on H with dom ain  

D(A) = { u e  Η 2 ( Ω )  , (1 .3) holds}.

A s u su a l, w e  d e n o te  by V th e  s p a c e  D (A 1/2) e n d o w e d  with th e  norm  

IA 1/2. | . W e shall d e n o te  by ll.llp th e  norm of Ι - Ρ ( Ω )  , 1 < p < + (ll.ll2 = I . I ), 

while th e  norm of any other B anach  s p a c e  X is d en o ted  by ll.llx .
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U nder a s su m p tio n s  (1 .4 ), (1 .5 ), for u0 g iv en  in H , th e  initial-boundary  
v a lu e  problem  (1.1 )- (1 .3) p o s s e s s e s  a  un ique so lu tion  u d efin ed  for all t > 0  
su ch  that

u e  C (R+; Η )  η  Ι_2(0 ,Τ ; V) n  Lr ([0 ,T] x Ω ) ,  V T > 0.

Furtherm ore, if u0 e  V n  Ι_Γ ( Ω ) ,  then

u e  C (R + - V n  Lr(Q)) n  L2(0,T  ; D(A)), V T > 0.

It is  u sefu l h ere to recall sev era l tim e uniform e s t im a te s  sa tisfied  by the  
solution  u of (1 .1) - (1 .3 ) borrow ed from Marion [14 , 15] . Let uQ b e g iv en  in a  
ball B (0 ,R ) of H of c en te r  0 and  of rad ius R. T h en  th ere  e x is t s  a  tim e t0 
d ep en d in g  only on R (and of c o u r se  on th e  d ata  (Q ,d,f)) su ch  t h a t :

(1 .6 ) IAu(t) I < Kb , V t > t 0,

(1 .7) llu(t)llco < Kb , V t > t o ,

w h ere  k 0 d e n o te s  a  co n sta n t d ep en d in g  only on  th e  d ata . A lternatively (1 .6)

(resp . (1 .7 )) e x p r e s s e s  that th e  ball o f c e n te r  0 an d  of rad ius k 0 is an  
a b sorb in g  s e t  in D(A) (resp . ί ~ ( Ω ) )  for th e  sem i-g ro u p  a s s o c ia te d  to (1 .1 ) -
(1 .3). W e recall that th e  e x is te n c e  of an absorbing s e t  in H m e a n s  a  d issip ative  
property of th e  problem . A lso  th e  e x is te n c e  of an  ab sorb in g  s e t  in a  s p a c e  
co m p a c tly  im b ed d e d  in H y ie ld s  th e  e x is t e n c e  of th e  u n iv ersa l attractor  
a sso c ia te d  to (1 .1) (1 .3) ( s e e  [1], [10], [14]).

W e will a lso  n e e d  in th e  s e q u e l e s t im a te s  a n o lo g  to (1 .6 ) (1 .7) for the  
tim e derivatives of u. H ereafter, w e  write :

u(i) = —  , for j e  N .

T hen , accord ing  to [15], th ere  e x is ts  a  tim e tj d ep en d in g  on j and R su ch
that

(1 .8 ) I Au®<t) I < Kj, V t > tj,

(1 .9 ) llu <i>(t)ll- < K|, v t > t j ,

w h ere  Kj d e n o te s  a  co n sta n t d ep en d in g  on j and on th e  data.

It fo llow s from (1 .7 ) that, for t > t0 , u = u(t) is so lu tion  of an evolution  

eq u ation  with a  L ipschitz con tin u ou s nonlinear term . Indeed  let ζ  d e n o te  a  C~  
truncation function su ch  that
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ζ  (s) = 1 if Ο  < s  < 1 and ζ  (s) = 0 if s  > 2. 

Let f : IR -»  1R b e  d efin ed  by

f(s) = ζ ( 4  ) (f(s) - s).
Ko

T hen, for t > tQ , u(t) sa tisfie s

·— - d Au + u + f(u) = 0 . 
at

T his eq u ation  rew rites a s  the following abstract differential equation  in H

(1 .1 0 ) ^  + Au + f(u) = 0.

S in c e  w e  are only in terested  in long-tim e b eh a v io u rs , w e  will c o n s id e r  from  
now  on (1 .1 0 ) in stead  of (1 . 1 ).

Remark 1.1 : All th e  resu lts  p r e s e n te d  h e r ea fte r  c a n  b e  e a s ily  
e x te n d e d  to m ore g e n e r a l reaction -d iffu sion  e q u a tio n s . In particular, th ey  
apply to  th e  reaction  diffusion s y s te m s  adm itting a  p ositively  invariant region  
co n s id ered  in [14].

1 .2 . B eh aviour of sm all e d d ie s

Let Wj, j e  FJ* , d e n o te  th e  orthonom al b a s is  of H co n sistin g  of th e  e ig en  
vecto rs  of th e  operator A :

Awj = Wj, j = 1 ,2 ,...

0  < λ ι  — λ ·2 ^ . . . !  Xj —̂  + °° a s  j —> + ° ° .

W e fix an in teger  m e  N  and d e n o te  by P = P m th e  projector in H onto  
th e  s p a c e  sp a n n ed  by (wi , . . . ,  w m) ; w e  s e t  Q = Q m = I - P m · In order to simplify 
th e  notations, w e  will write :

λ  = λ η η  , Λ  =  ληη+1 » 

and w e  introduce th e  num ber

δ  = λ ι  A,m+i .

Applying P an d  Q to eq u ation  (1 .1 0 ), w e  obtain  th e  follow ing co u p led  
sy stem  of eq u ation s for p = Pu and q = Qu :
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(1 · Ί 2 )  ^ ·  + Aq + Qf(p+q) = 0 .

H ere, p rep resen ts the "large structures" of s iz e  larger Ithan λ ^ /2 and q

-1 /2
rep resen ts the "small structures" of s ize  sm aller than . In the following, w e  

will frequently u se  that for all a  > 0  :

(1 .13 ) I Aa+1'2 p 12 < λ  I Aap 12 , V p e  PD(Aa+1/2)

(1 .14) | Aa+1/2 q  | 2 > a  | A“q 12 , V q e  QD(Aa+1/2).

H ereafter, w e  d en ote  by κ  any con stan t which d e p e n d s  only on the data  
Ω  , d and f.

W e now  give an estim ate  of the s iz e  of q and of its derivatives for large
time.

Proposition 1.1 : Assume that (1.4), (1.5) hold. Then, for all j  in N  
there exists a time t'j which depends on the data ( Ω  , d , f) and on R when
I u0 1 <R  such that:

(1 .15) lq(i)(t)l < κ δ , V t > t ' j ,

(1 .16 ) IA1/2 q<i)(t) I < κ δ 1 /2 , V t > t'j.

Proof. Differentiating j tim es equation (1 .12) with resp ect to t, w e  obtain:

(1 .17) ^ q ° ) + a Q0 )+ Qfj(u,u<1)...... u(i)) = 0 ,

w here w e h ave s e t

^ j(f(u )) = fj(u,u(1>,..., u(i)), 

in dj
q -  dF

(1.11) ^  + Ap + Pf(p+q) = 0 ,
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By taking the sca lar  product of (1 .17) with Aq(J), w e  h ave  :

§· g ·  IA1/2q(i) I2 + I AqO> 12 = - (<i(u.uO...... util), Aq <i>),

< |fj(u,u(1) , ..., u(i)) | | Aqti) I

< i  |fj(u,u)(1)...... u(i>) I2 + ί  I Aq(J) 12 ,2 "J

1 .  |Ai/2qffl|2+ I Aq(i) 12 < Ifj(u,u0>...... u(i))|2.

From th e construction of f, w e  s e e  that f togeth er  with its derivatives are 
bounded. T herefore, using (1 .8 ) and (1 .9), o n e  easily  c h e c k s  that there ex ists  a

con stan t K su ch  that

|fj(u,u(1)...... u(i)) 12 <  k 2 , V t  > max t|<.
1̂ <<j

This g iv e s , thanks to (1 .14) :

^  I A 1/2q(i) 12 + Λ  I A1/2 q(i) | 2< k 2 .

Integrating this inequality b etw een  Tj = m ax tk and t , w e  find
1<k<j

K2
(1 .18 ) IA1/2 q<i)(t) I2 " ” + lA ^ q (j)(T j) | 2 e -A(t-Tj)i v t > T j .

S in c e

| A 1/2q(j)(Tj) I < I Ai/2u<j)(Tj) I < Kj 

w e infer from (1 .18) that

IA1/2q(i)(t) I2 - ,  V t > t ' j  
Λ

w here t', = su p  max (Tj, Tj + —  Log — - lKj ).
^m+1 K

meM

This sh o w s  (1 .1 6 ). Finally, (1 .15) fo llow s readily from (1 .16 ) by using

(1.14) with a  = 0.

Proposition 1.1 is proved.
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2. Construction of the family of AIM

T he aim of this sec tio n  is to p resen t th e  a lgeb ra  of construction  of the  

s e q u e n c e  * ΠΙ j , i e  B i , of AIM. T h e s e  m an ifo ld s are c lo s e ly  re la ted  to  
approxim ations of th e  equation  for q. T h e se  approxim ations are obtained  by 
using Proposition 1 .1 , i.e. that q and its tim e d erivatives are sm all for large  
tim e.

T he construction  of th e  first two m anifolds THi and *Π12  fo llow s Marion 
[15]. T he m anifold Τ Π , ι  co rresp o n d s to th e  s im p lest approxim ation of (1 .1 2 ). 
T hanks to Proposition 1.1, w e  know that q and q<1) = dq/dt are sm all for large 
tim e. T herefore, w e  g u e s s  that, in (1 .12), qO) is sm all com p ared  to Aq and q is 
sm all c o m p a r e  to p. W e a re  lea d  to  r ep la ce  (1 .1 2 )  by th e  fo llow ing  
approxim ate equation  :

(2 .1 ) Aq + Qf(p) = 0 .

For p g iven  in PH, the resolution of (2 .1) is e a s y  and w e  d en ote  by qi its 
solution:

(2 .2 ) q 1 = φ ι  (p).

T he graph of th e  function φ ι  : PH Q D(A) d e f in e s  a  sm o o th  (C°°) 

m an ifo ld  7 Π, 1 in H of d im en sio n  m. T he orbits are  a ttracted  by a  thin 
neighborhood of Τ ϊ Ι ι  a s  show n in th e  following proposition.

Proposition 2.1. Assume that (1.4) (1.5) hold. Then, for t sufficiently 
large, t > ti \  any orbit of (1.1)-(1.3) remains at a distance in H of V11 bounded 
by κ ι δ 2; κ ι  is an appropriate constant which depends on the data and ti * 
depends on the data and on R when luQ R .

Proof. Let u = p+q b e  an orbit of (1 .1)- (1 .3). For every  t > 0 , w e defin e  

qi(t) = φ ι ( ρ ( ί ) ) .  Then, p(t) + q^t) lies in THi and

dist (u(t), TTli) = inf I u(t) - v I < I q(t) - qi(t) I. 

v e l , i

T herefore, it su ffices  to eva lu a te  the norm of

Xi(t) = q i( t ) -q (t )

Substracting (1 .12) from (2 .1) with q = q -ι w e  find 

Α χ ι  = Q(f(p+q) - f(p)) + q ' ,

and



I Αχ! < I f(p+q) - f(p) I + I q* I .
S in c e  f  is  b o u n d ed  on  IR , it fo llo w s e a s ily  that

I Α χ ι  I < κ  I q | + | q ' ! , 

w hich g iv e s  th a n k s to (1 .1 5 ) for j = 0 ,1 ,

(2 .3 )  I I < κ  δ  , for t > m ax (t0' , V ).

T h erefo re , u sin g  (1 .1 4 ) , w e  obtain  :

I % 1 I < κ  δ 2 .

T h is s h o w s  P rop osition  2 .1 .

N ext, w e  g iv e  a s  an  e x a m p le  th e  con stru ction  of 7112 · M aking u s e  of 

q i = Φ ι ( ρ ) .  w e  n ow  ap p rox im ate  Q f(p+q) by Q f(p+q-|). A lso  it fo llo w s e a s ily  from  
th e  proof of P rop osition  2.1 that w e  n e e d  n ow  to in trod uce an  app roxim ation  of 
q (1). T his is  o b ta in ed  by co n sid er in g  th e  eq u a tio n  for q (1) :

(2 .4 ) q(2) +AqO) + Qf(p+q)(p(i) + q(i)) = o .

In (2 .4 ) , p(1) g iv en  by (1 .1 1 ) is ap p rox im ated  by

(2 .5 )  p] = - Ap - Pf(p)

A lso  q<2) is n e g le c te d  an d  th e  non lin ear term  Qf'(p+q)(p<1) + q (1)) is  r ep la c ed  by 

Qf'(p) p ] ; th e  ap p rox im ate  v a lu e  q] is g iv en  by

(2 .6 ) Aq] + Qf'(p) p] = 0 .

H e n c e , (1 . 1 2 ) is n ow  rep la ced  by th e  eq u a tio n  :

(2 .7 ) q] + A q 2 + Qf(p + q i)  = 0

T h e  m anifold  Ί Γ Ι 2 is  th erefore  d e fin ed  a s  fo llow s. For p e  PH , w e  d e fin e  

q i by (2 .1 ) . T h en  w e  d e fin e  p] by (2 .5 )  an d  th e  reso lu tion  of (2 .6 ) g iv e s  q  ̂ .

Finally, by so lv in g  (2 .7 ) , w e  obtain  

Q2 = Φ 2( Ρ )

1 1
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T h e  graph  of th e  function Φ 2 : PH —» Q D (A ) d e f in e s  a  C°° m anifold ^ 2  of 
d im e n s io n  m in H. T h is  m anifold  p ro v id es  a  b etter  ord er  ap p rox im ation  to  th e  
orbits th an  TTli an d  th is  is s ta te d  in

Theorem 2.2 : A ss u m e  th a t (1 .4) (1 .5) hold. Then for t su fficien tly  
large, t  > t 2 * , a n y  orbit o f  (1 .1)-(1.3) rem ains a t a  d istan ce  in H o f V I2  b o u n d ed  
b y  K2  δ 3 ; K2  is  an  appropria te  co n sta n t which d e p e n d s  on the d a ta  a n d  t2 * 

d e p e n d s  on the d a ta  a n d  on R  when I uQ I ^  R.

Proof. T h e  proof fo llo w s th e  s a m e  s t e p s  a s  th at of T h e o re m  2 .3  b e lo w  
a n d  is left to  th e  read er.

In o rd er  to  c o n s tr u c t  Τ Π  3 , w e  will n e e d  in p articu lar  to c o n s id e r  
im p roved  a p p ro x im a tio n s  of q ’ an d  of p+q in (1 .1 2 ) . T h e  app roxim ation  of p+q

is p rov id ed  by p + q 2- T h en , w e  in trod u ce  a n  a p p ro x im a te  v a lu e  q^ of q(2) by

n e g le c t in g  q(3) in th e  s e c o n d  d er iv a tiv e  of ( 1 . 1 2 ) a n d  th at e n a b le s  u s  to  
im prove th e  approxim ation  o f (2 .3 ) and  to  d er ive  a  better  v a lu e  for q'.

M ore g en era lly , w h e n  w e  co n stru ct th e  m anifo ld  7TLκ  . w e  co n stru c t tw o  

fa m ilie s  p ^  , i = 1 , ..., k-1 a n d  q^.j , i =  0 , . .., k-1 s u c h  that p^.., p r o v id e s  an

ap p roxim ation  of p(') a n d  q^.j of q(') and  that sa tis fy  e s t im a te s  of th e  form  

(2.8) I pi*., (t) - p» ( t)  I < K)sS<-i,i = 1 .......k -1  ,

(2 .9 )  I qi,.|(t) - q(‘)(t) I < % δ 1̂ 1 , i = 0 ....... κ  - 1  ,

for t > t"k , w h e r e  ki< d e p e n d s  on  th e  d a ta  an d  k, an d  t"k d e p e n d s  on  th e  d a ta , κ

a n d  R w h en  I u0 I ^ R. In particular, at s t e p  κ ,  w e  in trod uce a p p ro x im a tio n s  of 
th e  tim e d er iv a tiv es  of p an d  q up to  th e  order (k -1).

T h e  m a n ifo ld s  TTlk are  d e f in e d  recu rsively . For k = 1, 7 H i is g iv e n  by

(2 . 1 ). A s s u m e  th at * Π Ι ι ,  ..., TTlk-1 are  c o n s tr u c te d  ( κ  > 2). W e  aim  n o w  to

co n stru c t TTlk · W e  start by com p u tin g  th e  s e q u e n c e  Pk.j , i = 1 , ..., k - 1 . T h e

s e q u e n c e  is  d e f in e d  r ec u r s iv e ly  for in c r e a s in g  v a lu e s  o f i th a n k s  to  th e  
follow ing form ula :

(2 . 1 0 ) Pk-j = - A Pk-j+1 - P fi-1 (P + qk-i-1 . Pk-i+1 + Qk-i.....  Pk-k1 +

j-1 i-1 , 
Pk-i +  )·



H ere, w e  h a v e  s e t  for c o n v e n ie n c e

p° =  p, V I > 1 , 

qQ =  0 .

N o te  that pj^ is d e fin ed  explicitly and  th e  right h a n d -s id e  of (2 .1 0 )  in v o lv es  e ith er

q u a n tit ie s  k n ow n  from  th e  co n stru c tio n  o f *Π1 1 ........‘HI k-1 . o r  th e  term  p'k_1j+1.

d e fin ed  at s t e p  (i-1 ) of th e  recu rs iv e  s c h e m e .  T h e  form ula (2 .1 0 )  is  o b ta in e d  by  
c o n s id er in g  th e  eq u a tio n  (1 . 1 1 ) d ifferentiated  (i-1 ) t im es , that is

(2 .11)  p(') + Αρ(μ1) + P  fj-i (p+q, p(1) + q C ) , ..., p('-1) + q('-1)) = 0 .

T h en  w e  rep la ce  in (2 .1 1 )  th e  tim e d er iv a tiv es  pO, q(') by p^ , qjj for c o n v e n ie n t  

v a lu e s  of α , β .

W e  th en  c o m p u te  th e  fam ily q|<_j , i = k- 1 ........  1 . T h e  fam ily  is  a g a in

d e fin ed  recu rsively , but n ow  for d e c r e a s in g  v a lu e s  of i. At s t e p  i, q^.j , w h ich  is  

an  a p p rox im ate  v a lu e  of q('), is  g iv en  by th e  resolution  of

(2 . 1 2 ) q£j_.| + A q[<_j + Q  fi(p + qk-i-1 . Pk-i+i + ,..., Pk.j+i + q ^ j , p .̂j +

Qk-i-l) =  0  ,

w h ere  w e  a g r e e  that

Qo = 0  , V  I > 1 .

R elation  (2 .1 2 )  is o b ta in ed  by co n s id er in g  eq u a tio n  (1 .1 2 )  d ifferentiated  i t im es  
a n d  in troducing a p p ro x im a tio n s  of th e  d ifferent term s. N o te  th at in (2 .1 2 )  all

term s e x c e p t  qj^ are  know n e ith er  from th e  co n stru ction  o f Τ Π ι  ....... Τ Π κ  or for

p̂ _j from (2 .1 0 ) , or f o r q j ^  from th e  s te p  (i+1) of th e  recu rsive  s c h e m e .  For th e

first s te p  i = k -1 , w e  h a v e  q^.·.., = c£ = 0  ; th is  e x p r e s s e s  that th e  tim e d erivative  

of order k of q is n e g le c te d .

Finally, qk = q £  is d e fin ed  by th e  a n a lo g  of (2 .1 2 ) for k = 0  that is

(2 .1 3 )  qk-! + A qk + Q f(p+qk-i) = 0

1 3
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It is c le a r  that qi< is a  function of t through p(t) :

q k(t)  =  < * (p ( t ) )

T h e m anifold  THk with eq u ation

q  =  <l>k(p), Φ κ  : P H  Q D ( A )

is  a  m anifo ld  of d im en sio n  m in H. T h is  m anifold  p r o v id e s  a  b etter  order  

app roxim ation  to  th e  orbits than  T ill , ... *H lk -i · T h is is  s ta te d  in th e  follow ing  
T h eo rem  w hich  is  valid in s p a c e  d im en sio n  n < 4.

T h e o r e m  2 .3 . A s s u m e  that (1 .4) (1 .5 ) h o ld  a n d  n < 4. Then, for t 
sufficiently large, t > t k * , a n y  solution o f (1.1) -(1.3) rem ains a t a  d is ta n ce  in H
of VI k bounded by κ k 5k+1 ; Kk is an appropriate constant which depends on 
the data and k and tk* depends on the data, k and R when lu0 I < R.

Remark 2.4. A s it will a p p ea r  in th e  proof of T h e o re m  2.3, w e  obtain  in 
fact a  s tro n g er  result. W e  s h o w  that for a n y  arbit u(t) = p(t) + q(t) of (1.1 )-(1.3), 
th e  in d u ced  orbit on  th e  m anifold TTlk :

uk(t) =  p(t) + <t>k(p(t)) 

sa t is f ie s  for large tim e

I u (t) - Uk(t) I <  Kk δ 1̂ 1 .

Remark 2.5. T h e  c o n s ta n ts  Kk a n d  tk* a re  in d e p e n d e n t  of m. H e n c e ,  

th e  orbits e n ter  a  n e ig h b o u rh o o d  of ‘Hlk that c a n  b e  m a d e  arbitrarily sm all by  

in crea sin g  th e  d im en sio n  m of th e  m anifold THk ·
For k a n d  k’ g iv e n , k < k' , a n d  for m su ffic ien tly  la rg e , th e  orb its are  

c lo s e r  from ‘HW » th an  from TTLk- H o w e v er  s in c e  w e  are  not a b le  to  c o m p a r e  

Kk a n d  ,Kk·, w e  are  not certain  that for k, k \ m g iv en , k < k \ th e  orbits are c lo s e r  

to ‘ITlk than to  ‘Hlk· ·

Remark 2.6. For a  fixed  v a lu e  of k, th e  s c h e m e s  (2.11), (2.13) c a n  b e  
im p roved  a n d  sim plified  by u s in g  th e  explicit fo rm s for th e  d e r iv a tiv e s  of th e  
nonlinearity  f.

Remark 2.7. T h e  restriction  o n  th e  s p a c e  d im e n s io n  c o m e s  from th e  
u s e  of S o b o le v  im b ed d in g  T h e o r e m s  in th e  proof of T h e o re m  2.3. It is e a s y  to  
s e e  that, for sm all v a lu e s  of k, th e  c o n c lu s io n s  o f T h e o re m  2.3 hold in s p a c e  
d im en sio n  n larger th an  four. For e x a m p le , T h eo rem  2.2 is valid in a n y  s p a c e  
d im e n s io n .



Proof of Theorem 2.3. Let u(t) = p(t) + q(t) b e  a  so lu tion  of (1.1 ) - (1 .3). 

W e c o n s id e r  th e  fam ilies  ρ μ  , , qi rela ted  to  th e  m an ifo ld s  Τ Ϊ Ι ι , 1 < I < k. Our

aim  is to e s t im a te

*k(t) = <*(t) - q(t)

W e adm it h ere  that (2 .8 ) (2 .9 ) , hold (the proof of t h e s e  e s t im a te s  is p o s tp o n e d  
to  se c t io n  3). S u b stractin g  (1 .1 2 ) from (2 .1 3 ) , w e  h a v e  :

A  \  =  Q  (f(p+q) - f (p + q k - i ) )  +  q (1) -  qj-i . 

I A x k I <  l f ( p + q )  -  f (p + q k - i )  l +  I ) -  q k -i I ·

T h erefore , s in c e  f is  b o u n d ed  on  E  ,

(2 .1 4 )  I AXk I < κ  I q - q k_i I + lq<1> - q j .-ι I .

N ow  u sin g  (2 .1 0 )  (recall that qk-i = q j j^ ) , w e  infer from (2 .1 4 )

I AXk I < κ  6k, V  t > t"k-i .

H e n c e ,

| x k l <  κ δ> < + 1 , V t > t"k- i .

T his s h o w s  T h eo rem  2 .3 .

3. Proof of the estimates on time derivatives

Our aim  in th is S e c t io n  is to c h e c k  th e  e s t im a te s  (2 .8 ) a n d  (2 .9 ) . W e  will 
prove by induction on k that

(3.1 )k I p U t )  - p®(t) I £  Kk5*-i, 1 =  0 .......k-1 , 

(3-2)k lA iq U tJ - q C 'W ) !  < Kk S '- i , i  =  0 .......k-1 , 

for t > t"k, w h e re  d e p e n d s  on  th e  d a t a  , k a n d  R w h e n  I u0 I £  R . W e  recall 

th a t  p°  = p a n d  q°  = qi, V  I > 1 .

1 5
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i) Initialization of th e  induction (k = 1 ) . T h e  e s t im a te  (3 .2 )0 r e s ta te s  (2 .3 ) ; w hile
(3 .1 ) is o lv io u s.

ii) T h e  induction a rg u m en t. W e  now  a s s u m e  that (3.1 )| an d  (3 .2)i hold for
0  < I < k-1 for k >  2  g iv en  an d  prove that (3.1 )k an d  (3.2)k are  sa tis f ied .

H ereafter , w e  d e n o te  by κ  a n y  c o n s ta n t  w hich  d e p e n d s  on  th e  d a ta  an d  
on  k a n d  "for t large en ou gh "  m e a n s  for t > Tk w h e r e  Tk d e p e n d s  on  th e  d a ta , k 

and  R w h en  I u0 I ^ R.

F ollow ing  th e  p ro ced u re  o f defin ition of p'k_j an d  w e  will first d er iv e

(3.1 )k by induction on  i with i in crea s in g  an d  th en  (3.2)k by induction on  i with i 
d e c r e a s in g .

For i = 0  , (3.1 )k is  o b v io u s . Let u s  a s s u m e  that th e  re la tion s (3.1 )k are  
proved  up to  th e  order i - 1  for i > 1 . S u b stractin g  ( 2 .1 1 ) to  (2 .1 0 ), w e  h a v e  :

Pk-i - P (i) = - A (p '̂.1i+1 - pO-D) - P  [fM (p+qk-M , p ,|_i+1 + q j - j , P ^  +

q k - i - i ) -  f i - i (p + q .  p (1) +  q (1)........p (M )  +  q (M ))] -

T h a n k s to th e  relation (3.1 )k at th e  order (i - 1 ) an d  (1 .1 3 ) , w e  obtain  :

I A(pk_1i+1 - pO-1) ) I < λ  I Pk'.1i+1 - pi*-1) I <  κ  λ  5k-'+1 < κ  6k- ' .

W e infer from ( 1 .8 ) (1 .9 ) that

p+q, pO) + qO) , ..., p 0+1) + q('-1)

are  b o u n d e d  in D(A) a n d  L°°(Q). M oreover, w e  e a s ily  d e d u c e  from (3 .1 ) , (3 .2 )  

at th e  p r e c e e d in g  s t e p s  that p+qk-i-1 is  b o u n d ed  in L2 (Q), pk.j+1 + q^.j, . . . ,  p^ +1 +

q[^ are  b o u n d e d  in D(A) an d  pj^ + q^j.i in L2 (Q) for t large  e n o u g h . T h ere fo re ,

L em m a  3.1 b e lo w  a p p lie s  an d  th e  s e c o n d  term  of (3 .5 )  is m ajorized  by

k( lqk-i-1 - q I + IA (pj.i+1 - pO) I + \A(ql{ - q (1)) I + ... I A(p̂ +1 - p('-2)) I +
I A (q ^  - qO-2)) I + I ρ β  - p('-1) I + I - q(M) I ),

for t la rg e  e n o u g h . N o w , w e  u s e  (1 .1 3 ) ,  (1 .1 4 )  to g e th e r  with th e  in d u ction  

h y p o t h e s e s  to  c o n c lu d e  th a t th is  is  b o u n d e d  by κ  5 k·' for t large  e n o u g h .  
T h erefo re  (3 .1)k  is p roved  at th e  order i, an d  th is c o n c lu d e s  th e  induction on  i . 
T h u s (3 .1 )k  is sh o w n .



Let u s  n o w  p rove  that (3 .2)k  is  true by induction  on  i with i d e c r e a s in g .  

For i = k-1 , q f ‘1 is  d e fin ed  by

Aqif' 1 + Q fk-i (p, p j + q ] .......p£‘2 + q?'2 , p?'1 ) = 0

And, q(k-i) s a t is f ie s

q(k) + Aq(k-D + Qfk_i (p+q, p(D + q(D, .... p(k-2) + qik-2), p (k-l) + q (k-i)) = 0  . 

T h ere fo re

I A (q ,'1 - q<k'i)) I < lq (k) I + I fk-l(p , P2 + Q i..... Pt>'2 + Qi’2 . ρ ί ' 1 )

-fk -1 (P+q, P<1> + q (1· .......p(k-2) + q (k-2) , p (k-1) + q (k-1)) | .

T h a n k s to  proposition  1 .1 , w e  h a v e  

lq (k) |  < κ δ ,

for t large  e n o u g h . N ext w e  u s e  L em m a  3.1 b e lo w  to e s t im a te  th e  s e c o n d  term  

I fk- Ί (p  , p12 +  q ] , .... p£'2 +  q f ' 2 , p i 1) -  f k - i ( p  +  q , P (1) +  q (1). P (k‘2) +

q(k-2)tP (k-i) + q (k-i)} l < K( I q I + lA(pJ-p(D)| + I A(q  ̂- qO)) I + ... +

I A(pg 2 - p(k‘2) ) I + I A(qk‘2 - q(k-2)) | + | pf'1 - p(k‘1) I + I q(k-i) | ).

an d  w e  infer from P rop osition  1 .1 , (1 .1 3 ) , (3.1 )k an d  th e  induction  h y p o t h e s e s  

that th is  is m ajorized  by κ δ  for t large e n o u g h . T h erefore

I A(q? 1 - q(k-i)) | < κ  δ  ,

for t large  e n o u g h . A nd (3.2)k  is  proved  for i = k -1 . Let u s  a s s u m e  that (3.2)k is
proved  at th e  ord ers  k- 1 , k -2 ....... i+1 for i > 0 . By su b stra ctin g  (2 .1 2 )  to th e  ith
d erivative  of (1 . 1 2 ), w e  obtain

I A(qk.j - q0>) I < I qk-M - q(i+1) I + lfi(P+qk-M . Pk-i+i + qk-i ···, P k in  +
qk -i, pk-i + q'k-i-1) - fj(p+q,p(1) + qO).......p(M) + q('-1), p(') + q (')) I .

T h e  induction  h y p o th e s is  to g e th e r  with (1 .1 4 )  g iv e s

1 7



1 8

I q ^  - q < i+1> I < κ  6k' ' ,

for t large  e n o u g h . Sim ilar a r g u m e n ts  a s  a b o v e  yield a ls o  that th e  s e c o n d  term  

is  b o u n d e d  by K 5k·' for t large e n o u g h . T h erefore

I A(q|<_i -  q W ) I ^  κ δ Η

a n d  (3 .2 )k  is p ro v ed  for i an d , th a n k s  to  th e  induction a rg u m en t on  i, (3 .2 )k  is  
true for all i . In th e  s a m e  tim e, th e  induction on  k is f in ish ed  a n d  (3 .1)k, (3 .2)k  
hold for all in teg er  k. It rem ain s  to  s ta te  an d  prove  L em m a  3 .1 .

L em m a  3.1 . A ssu m e  that n < 4 . Then , for ( u , u i , ui - i , u i) in L2(Q) x  
(D(A) η  ϋ ^ Ω ) ) 1' 1 x  (L2 (Q) n  L°°(Q)) a n d  ( v , v t, v/-i , v/) in L2(Q) x  D(A)1' 1 x  
L2(Q) , w e  h ave  :

|f|(U , U1, ..., U|-1, U|) - f|(v , V-j, ..., V|-l, V|) I <

C (R ) ( lu - v l  +  I A (ui - v i )  I +  ..., +  I A (u n  - vi-i) I +  I ui - νι I ) ,

when l u l  < R ,  I v l  < R, / u / l o o <  R , l Au j l  < R ,  IΑ ν - ,  I <R, fori  = 1 ,  ... , 1-1 , 

a n d  luiloo < R ,  l u / l  < R ,  l v/1 < R  w here C(R) d e p e n d s  on the data, I an d  R .

P r o o f . T h e  proof is  len gh ty  an d  w e  om it th e  d eta ils .

W e first d e c o m p o s e  f| in tw o term s :

fi (u , u i , . . . ,  ui-i , ui) = gi(u , u i , . . . ,  ui_i ) + f(u ) u i ,

w h e r e  gi is  a  p o lyn om ia l in u-|, ..., U|-i w h o s e  co e ffic ien t d e p e n d s  on  f(k)(u) for 
k < I. T h en , w e  write :

f| (u , u i , . . . ,U|-1 , U|) - f| (v , v i .......V|-i , V|) =  gi(u , u i , ... , um ) -
9i(v , u i , . . . ,  U|-i) + gi(v, u i .......um ) - gi(v , v i ,  u2 , . . . ,  ui-i) + ...
gi(v , Vi , . . . ,  V|-2 , um ) - gi(v , v<i , . . . ,  v M ) + f(u ) ui - f(v ) v i .

T h e  first term  is a  su m  of m o n o m ia ls  in u i , . . . ,  ui-i w h o s e  c o e ff ic ie n ts  are  
a  c o n s ta n t  t im e s  f(k)(u) - f(k)(v). T h e re fo r e  s in c e  all th e  d e r iv a t iv e s  of f are  
Lipschitz a n d  u i , . . . ,  ui_i are  b o u n d ed  in L°° ( Ω ) ,  w e  h a v e  :

lg i(u ,u i , . . . ,  ui-i) - gi(v, u i , . . . ,  ui-i) I < k (R) I u-v I .

T h e  s e c o n d  term  is of th e  typ e  :

X  a k g (R)(v) u“ 2 :k ... i£ j-1;k (u“ 1;k - v “ 1;k). 
k
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U sin g  h o ld er  inequality  an d  th e  b o u n d e d n e s s  of th e  d er iv a tiv e s  of g  , for β ,  κ  =

aj k Pi a n d  ^ - +  ... +——̂ = 1, w e  obtain  
’ ^ P 1 Pl-1

l g i ( v ,u i , ..., ui-i) -g i(v , u2 , .... u M ) I

< Σ Ι  a k I ( s u p  I g<O I ) I u ,  - v , I *  I u 2 I ... I u M I ,

S  X I  a k I ( su p  I g O O l x l u ,  lLp , ;k+ I v ,  l ^ , / ’ * 'V a  I ...
k

I u m  l u i  - Vi i LPi .k ) .

< k ( R )  |A (U 1 - V i) I,

s in c e ,  for all p, LP(Q) cz Η 2 ( Ω )  an d  th e  H2 norm is  eq u iv a len t to  th e  norm IA I . 
W e treat th e  o th er  term s in a  sim ilar w a y  e x c e p t  for th e  last o n e .

I f (U) U| - f’(v) VI | < | (f(u ) - f (V)) U| | + | f'(v) (U| - V|) I ,

<  K | U-V | | U| I oe +  K | U| - V| I ,

< k (R) ( I u - v I + I U| - V| I ).

All t h e s e  e s t im a te s  prove  L em m a 3 .1 .

R e m a r k  3 .1 .  W e  u s e d  n < 4  on ly  in L em m a  3 .1 . If w e  look carefu lly  at 
th e  proof w e  c a n  s e e  that L em m a 3.1 is true for e v er y  n if I =  0  or 1 , for n < 8  if I 
= 2, n < 6  if I =  3  an d  n < 5  for I = 4. T h u s th eo rem  2 .3  is  true for larger v a lu e s  of 
n w h en  k = 1 ,2 ,3 ,4 ,5 .
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Part II : The Cahn-Hilliard equation

4. The equation and some properties of the solution

4 .1 . T h e  eq u a tio n  and  th e  sem i-g ro u p

W e n o w  c o n s id e r  th e  C ah n  Hilliard e q u a tio n  w h o s e  u n k n ow n  is  a  real 

v a lu ed  function  u(x,t) d e fin ed  on  Ω  x R +  w h e r e  Ω  d e n o t e s  a  regu lar b o u n d e d  

s e t  of R n(n < 3) :

3u
(4 .1 ) —  + Δ 2 u - Δ  f(u) = 0 ,  in Ω χ  R+. 

at

H ere, f is  a  p o lyn om ia l of od d  d e g r e e  with p o sitiv e  lead in g  c o effic ien t  

2 r-1
f(u) = £  ajui , a 2r-i > 0  , 

j=1

and  w e  a s s u m e  that

r > 2  if n = 1 ,2 and r = 2  if n = 3.

Strictly s p e a k in g , th e  Cahn-H illiard eq u a tio n  c o r r e sp o n d s  to  f(u) = a u 3 - bu , a, 
b > 0 , s e e  [2 3 ] .

T h is  eq u a tio n  is su p p le m e n te d  with th e  initial cond ition  :

(4 .2 ) u(x,0) = u0( x ) , in Ω  ,

a n d  with o n e  of th e  tw o follow ing bou ndary  co n d it io n s  :

3 u 3 Δ υ
(4 .3 ) N eu m a n n  : —  = ——  = 0  on Γ  = Θ Ω ,

dv dv
n

P er iod ic  : Ω  = ]^[ ]0;Lj [ an d  u is Ω  p er iod ic  

i=1

For th e  m a th e m a tic a l  s e t t in g  o f th e  e q u a t io n ,  it is  c o n v e n ie n t  to  
in trod uce th e  op era tor  A = - Δ  on  Ι_2( Ω )  e q u ip p e d  with its u su a l s c a la r  product

(.,.) a n d  norm  I . I . T h en  A is a  p o s itiv e  linear u n b o u n d e d  o p era to r  on  H with 
d o m a in

D(A) = {u ε Η 2( Ω ) ,  (4 .3 ) holds}.

U sin g  th is ab stract settin g , (4 .1 ) (4 .2 ) (4 .3 ) rew rites :
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(4 .4 ) + A2U + Af(u) = 0 , 

u(0 ) = uQ.

A s  sh o w n  in [19], for u0 g iv en  in L2(Q), th e  initial b ou n d ary  problem  (4 .1 ) (4 .3 )  
p o s s e s s e s  a  un ique so lu tion  u d e fin ed  for all t > 0  su c h  that

u e C  (K+; Ι_2( Ω ) )  η  L2(0,T ; D(A)), V  T > 0

F u rthem ore, if u0 e  D(A) ο  ί 2 Γ ( Ω ) ,  th en

u e  C (R +  ; D(A) η  ί 2 Γ ( Ω ) )  n  L2(0,T ; D(A2)), V T > 0.

A particular fea tu re  of eq u ation  (1 .1 ) is  that th e  a v e r a g e  of th e  so lu tion  is 
c o n s e r v e d , for all t > 0  :

m(u(t)) = Ju(x.t) dx = Ju0 (x)dx = m (u0 ) .
Ω  Ω

T h u s , th er e  c a n  not e x is t  b o u n d e d  a b so rb in g  s e t s  in th e  w h o le  s p a c e  Ι-2 ( Ω ) .  
T h e re fo r e , fo llow in g  [1 9 ,2 0 ] , w e  let th e  s e m ig r o u p  o p e r a te  o n  th e  s u b s e t  of 
Ι-2( Ω )

Η α  =  {u e  Ι_ 2 ( Ω)  /  I m(u) I < a } ,

for s o m e  fixed  a  > 0 .

W e  n o w  recall s o m e  tim e uniform e s t im a te s  b orrow ed  from [1 9 ,2 0 ]  . Let 
u 0 b e  g iv e n  in a  ball B (0 ,R ) in Ha . T h en  th ere  e x is t s  a  tim e t0 d e p e n d in g  on

th e  d a ta , on  a  an d  on  R su ch  that.

(4 .5 ) I Au(t) I < Kb , V t  > t 0

w h e r e  k q is  a  c o n s ta n t  d e p e n d in g  on  th e  d a ta  an d  a .  T h is  e s t im a te  p ro v id es

th e  e x is t e n c e  o f a  b o u n d e d  a b so rb in g  s e t  in D(A) η  Ha . S in c e  D(A) n  Ha is 
c o m p a c t ly  im b e d d e d  in Ha , th is  y ie ld s  a ls o  th e  e x i s t e n c e  of a  u n iv ersa l  
attractor in Ha ( s e e  [19 ,20 ]).

T h e  e s t im a te  (4 .5 ) is e x te n d e d  in [16] to th e  tim e d er iv a tiv es  of u :

... 5iu
u(J) =  —  j e  N .  

dtJ 1

For e v ery  j > 1 , th ere  e x is t s  a  tim e tj d e p e n d in g  on  th e  d a ta , a ,  j an d  R 

(w hen  I u0 I < R) su c h  t h a t :
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(4 .6 )  I AuO)(t) I < Kj , V t  > tj ,

w h ere  Kj is  a  c o n s ta n t  d e p e n d in g  on  th e  d a ta  an d  a .

4 .2 . B eh a v io u r  of sm all e d d ie s

Let (wj)je pj d e n o t e  th e  o r th o n o rm a l b a s i s  o f  H c o n s is t in g  o f th e  

e ig e n v e c to r s  of A a n d  (X.j)je pj th e  a s s o c ia t e d  e ig e n v a lu e s

A Wj = Xj Wj, j = 1, 2 , . . .

0 = λι < %2  ̂ λ 3  ... ; Xj —>+ 00 , 3.S j —> 00 .

A s  in S e c t io n  1 .2 , w e  fix an  in te g e r  m e  N  a n d  d e n o t e  by P = P m th e  
projector in H on to  th e  s p a c e  s p a n n e d  by w i ,  ..., w m ; w e  s e t  Q  =  Q m = I - Pm 
a n d  for th e  s a k e  o f sim plicity

λ  = λ τ η  , A  = λ η η +1 ·

W e  a ls o  in trod uce :

δ =  λ·2 /  λ ρ η +1

N o te  t h a t :

(4 .7 ) | AP+1/2 p 12 <  λ  | AP p | 2 , V p e  PD(AP+1'2) ,

(4 .8 )  IAP+1/2 q 12 > A  I APq 12 , V q e  QD(AP+1/2) .

By projection o f (4 .1) on  PH and  QH, it c o m e s  that p = Pu , q = Q u sa tisfy  
th e  follow ing c o u p le d  s y s te m

(4 .9 ) + A2p + PA  f(p+q) =  0  ,

(4 -10> m  + A 2 q + Q A f(p + q ) = 0 .

T h e  n ex t p ro p o sitio n  s t a t e s  th at q a n d  all its t im e  d e r iv a t iv e s  rem ain  
sm all for large tim e.

Proposition 4.1. For aii j  in N  , there  e x is ts  a  tim e t)  which d e p e n d s  
on the d a ta , a , j  a n d  R  when I uQ I < R  a n d  u0 e  Ha such  th a t , fo r t  > t)

(4 .1 1 )  I q<i)(t) I < Kj52 ,

(4 .1 2 )  I Aq(j)(t) | < η δ ,
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w here  κ j is a  con stan t depen d in g  on the d a ta , a  a n d  j.

W e om it to g iv e  th e  proof of that proposition  that c a n  b e  found in [16] . It is very  
sim ilar to  th e  proof of P roposition  1 .1 .

5 .  C o n s t r u c t io n  o f  t h e  fa m ily  o f  AIM

W e  p r e se n t  in th is  S e c t io n  th e  m e th o d  of co n stru c tio n  of a  s e q u e n c e  

711 i, i e  N , o f AIM. A s  in Part I, th e  m an ifo ld s  co rr e sp o n d  to  a p p ro x im a tio n s  of 
eq u a tio n  (4 .1 0 )  for q. A lso , t h e s e  ap p rox im ation s are  im p roved  by c o n s id er in g  
a p p ro x im a tio n s  o f an  in c r e a s in g  n u m b er  o f tim e d e r iv a t iv e s  o f q . H o w e v e r  
s in c e  th e  n o n lin e a r  term  in (4 .1 )  c o n t a in s  d e r iv a t iv e s ,  th e  a lg e b r a  of  
con stru ction  differs from th e  o n e  in Part I.

W e  start with th e  co n stru ctio n  of 7111 a n d  Τ Π .2  w h ich  is  b orrow ed  from
dq

[16]. P roposition  4.1 in d ic a te s  that q  a n d a r e  sm all for large tim e. T h ere fo re

w e  are  lea d  to r ep la ce  in (4 .1 0 )  p+q by p w hile  is n e g le c te d . T h is g iv e s  th e  

fo llow ing a p p ro x im a te  eq u a tio n  :

(5 .1 ) A2 q + Q A f ( p )  = 0  .

For p g iv en  in PH s in c e  A is in jective  on  QH , (5 .1 )  p o s s e s s e s  a  u n iq u e  

so lu t io n  q i  e  Q  D (A 2 ). T h e  m an ifo ld  <JH* 1 with e q u a t io n  q-i= Φ ι ( ρ )  is  an  
a n a ly t ic  m an ifo ld  in H o f d im e n s io n  m. T h e  orb its a r e  a ttra c ted  by a  thin  

n e ig h b o rh o o d  of TTL1 a s  sh o w n  in th e  follow ing T h eo rem .

T h e o re m  5 .1 . There e x is ts  a  tim e t i  * d ep en d in g  on the data , a  a n d  R  

when Iu0 1 £  R  a n d  uQ e  Ha such  that the orbits o f (4.1)-(4.3) rem ain when t 

> ti* a t a  d is ta n ce  in H o f 7Wi b o u n d e d  by κ ι  δ 3 ; κ ι  is  an appropria te co n sta n t 

which d e p e n d s  on the da ta  a n d  a .

P r o o f .  Let u =  p+q b e  an  orbit o f (4.1 )-(4 .3 ). For t > 0  , w e  d e fin e  

q i(t)  = O i(p (t)).

T h en , p(t) + q-|(t) lie s  in 7Tli a n d

dist (u(t), T ill)  < lq(t) - q i(t)  I .

S u b stractin g  (4 .1 0 )  from (5 .1 ) , w e  obtain

(5 .2 ) A2(q i - q) = QA(f(p+q) - f(p)) + q(D .
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S in c e , for η  < 3  , Η 2 ( Ω )  is  an  a lg eb ra , it is  e a s y  to  s e e  that th e  m ap p in g  

u —> f(u) from Η 2 ( Ω )  into Η 2 ( Ω )  is  lip sch itzian  on  th e  b o u n d e d  s e t s  of Η 2 ( Ω ) .  
T h erefore , by (4 .5 ) , w e  h a v e  :

IA f(p+q) - A f(p) I £  κ  Hq1Ih2(Q).

T h en  on  th e  s u b s p a c e

{u e  Η 2 ( Ω ) ,  ^ |udx =  °}»

th e  norm of Η 2 ( Ω )  is  eq u iv a len t to th e  norm I Au I . T h u s , u sin g  a ls o  (4 .1 2 ) , w e  
o b ta in

IA f(p+q) - A f(p) I < κ δ ,

for t large e n o u g h . T h e  s e c o n d  term  in th e  right h an d  s id e  o f (5 .2 ) is  b o u n d e d  
by u s in g  (4 .1 1 )

IqC) I < κ δ 2 , for large t.

Finally, w e  h a v e  obtaind  that

(5 .3 ) IA2(q i - q )  I <  κ δ  + κ δ 2 , 

an d , th a n k s  to  (4 .8 ) , th is  g iv e s

I q i  - q I < κ  δ 3 .

T h e o re m  5.1 is proved  .

It c o m e s  from  th e  p roof o f  T h e o r e m  5.1 ( e s p e c ia l ly  (5 .3 ) )  th a t th e  
app roxim ation  of th e  tim e  d erivative  by 0  is  of b etter  order than  th e  o n e  of th e  
n o n lin ea r ity . T h e r e fo r e ,  w e  c a n  im p ro v e  th e  a p p ro x im a tio n  o f ( 4 .1 0 )  by  
rep lacin g  (5 .1 )  by

(5 .4 ) A 2q + QA ί ( ρ + Φ ι ( ρ ) )  = 0  .

For p e  P H, w e  d efin e

φ 2 ( ρ )  = q 2 . th e  so lution  of (5 .4 ).

Let Ι Ϊ Ι 2 b e  th e  analytic  m anifold of d im en sio n  m in H with eq u ation  

q = φ 2 ( ρ ) ·  T h en
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T h eo rem  5 .2  . There ex is ts  a  tim e t2 * d ep en d in g  on the data , a  a n d  R  

when Iu0 1 <" R a n d  u0 e  Ha such that the orbits o f (4.1)-(4.3) remain w hen t > 

t2 *at a  d is ta n ce  in H o f V I2 , b o u n d ed  b y  Κ 2 δ 4 ; K2  is an appropria te  co n sta n t 
d e p e n d s  on the da ta  a n d  a  .

T h e  proof o f th is  T h eo rem  ca n  b e  found in [16].

N ext, in order to  co n stru c t TH3 , w e  in trod uce an  ap p rox im ation  of q (1). 
T h is  is  d o n e  by differentiating (4 .1 0 ) with r e sp e c t  to  t an d  n e g le c tin g  q(2) . T h e  
m eth o d  is a n a lo g  to  th e  o n e  in S e c t io n  2 , but a g a in  th e  ap p ro x im a tio n s  of th e  
different te r m s  in (4 .1 0 )  will b e  too  cru d e  a n d  w e  will b e  a b le  to  im p rove th em  
in a  fourth s t e p  with q(2) still n e g le c te d  (the d e ta ils  o f th e  c o m p u ta tio n s  for th e  
first s ix  m a n ifo ld s  c a n  b e  fo u n d  in [16]). T h u s , w e  s e e  th e  m ain  d if fe r e n c e  
b e tw e e n  th e  tw o  s c h e m e s .  For th e  C ahn-H illiard , w h e n  w e  n e g le c t  q (k) w e  
c o n s id e r  tw o  s u c c e s s i v e  a p p r o x im a t io n s  o f  ( 4 .1 0 )  (a n d  th e r e fo r e  tw o  
m an ifo ld s).

N ow , w e  d e s c r ib e  th e  a lg eb ra . T h e  m a n ifo ld s  a re  d e f in e d  recu rsively .  

A s s u m e  that w e  h a v e  o b ta in ed  Τ Ν , ι  , 7112, ■··» Τ Π , 2 ^ 3  » <n i2 k -2  for s o m e  k > 2  
(this h a s  b e e n  d o n e  for k=2 ). W e  aim  to  con stru ct *ITl2k-i an d  · W e  start by

m 2k-i ; TH2k-i is  d e fin ed  th a n k s  to tw o s e q u e n c e s  P2k-2i-i> i = 1 » ■··· k"1 

an d  q 2k-2M > i = 0 , ..., k -1 , w h ere  P2k-2i-i p ro v id es  an  app roxim ation  of p(') 

an d  q 2k-2i ° f  · T h e s e  fam ilies  sa tis fy  e s t im a te s  of th e  form

(5.5) I P2k-2i-i - P<'> I £ Kk S*-2' ,

(5.6) I qi,k.2M - q(i) I S kr δ * * "  ,

for t > t”k w h ere  Kk d e p e n d s  on  th e  d a ta , a  an d  k ; t'k d e p e n d s  on  th e  d a ta , a ,  

R an d  k w h e n  I u0 I ^ R and  uQ e  Ha  (this will b e  sh o w n  in S e c t io n  6  b e low ).

W e start by defin ing p 2k-2 i-i by induction on  i, i in crea sin g . W e  d e n o te  : 

F|(u,u(1) , . . . ,  u(0) = ^j- F(u).

T h en , P2k-2i-i >is 9 ive n  by

(5 .7 ) P2k-2i-1 = ‘ A 2P2k.2j+i ' ^  ^-1 (P+ci2k-2i-1. P2k-2i + q 2k-2i-1 > ···» P2k-2i + ^2Ι<-2ΐ- ΐ)’ 

w h e r e  w e  h a v e  s e t
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N o te  that (5 .7 )  is  an  explicit form ula a n d  all th e  te r m s  in th e  right-hand s id e  of
(5 .7 ) a re  know n e ith er  from th e  co n stru c tio n  of th e  p rev io u s  m an ifo ld s  or from  
s t e p  (i-1) of th e  recu rs iv e  s c h e m e .  A lso  (5 .7 ) is  o b ta in ed  a s  an  ap p roxim ation  
of eq u a tio n  (4 .9 )  for p d ifferentiated  (i-1) t im es .

T h en , th e  s e q u e n c e  q 2k-2M , i = k -1 , ..., 1, is  d e fin ed  recu rsively  on  i for i 

d e c r e a s in g  th a n k s  to  th e  form ula

(5 .8 ) q 2k-2i-3 + A2 °l2k-2i-1 + Q A  fj (p+q2k-2i-2 . P2k-2i-1 + ^2^ 2ί- 2 .......

P2k-2i-1 + ^ - 21-2) =  0  ·

W e  a g r e e d  that

q'0 = q!, = 0 , VI a 1 .

It is e a s y  to c h e c k  that all n e c e s s a r y  te r m s  are  know n in (5 .8 ) . T h is  form ula is  
o b ta in e d  by c o n s id e r in g  eq u a tio n  (4 .1 9 )  for q d ifferen tia ted  i t im e s . N o te  that

for i = k -1 , w e  h a v e  q 2k-2i-3 = 0  ; th is  m e a n s  that th e  d erivative  q(k) is n e g le c te d  

in th e  con stru ction  of TTl2k-i ·

Finally, q2k-i =  q 2k-i =  ^ k - i  (p) is  g iv en  by th e  a n a lo g  of (5 .8 ) for i= 0  : 

q k - 3+ A 2 q 2k-i + Q  A f(p+q2k-2) =  0  .

W e  n o w  p r o c e e d  to th e  c o n str u c tio n  of Til 2k For th a t p u r p o s e ,  w e  

in troduce tw o  fa m ilies  P2k-2i i= 1 . ···. k-1 a n d  q ^ ,  > l= 0 > ···> k_1 w hich  sa tis fy  th e

e s t im a te s

(5.9) I pi k.2i - p(i) | < KR 52k-2i+1 ,

(5.10) Iq2k-2i -q (i> I £ Kk52k-2i*2 ,

V t > t"k w h ere  Kk and  t"k are a s  in (5 .5 ) (5 .6).

T h e  con stru ction  is a n a lo g o u s  to th e  o n e  of ^ 2^1  > s 0  that w e  on,y 9 |ve  
th e  form u las. W e  first d e fin e  p*2k-2 i by

P° = P . VI.
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P2k-2i =  -  A 2 p2k-2i+2 " ^  fi-1 (P+C|2k-2i . P2k-2i+1 +  C|2k-2i........P2k-2i+1 +  C|2k-2i) ■

for i = 1 .......k -1 . T h en  q ^ . j , i = k -1 , 1  is g iven  by

(5 . 11)q2k-2i-2+  A 2 Q2k-2i +  Q A  f i(P +cl2k-2i-1, p2k-2i+  ^2k-2i-1.......P2k-2 i + 2k-2i-1)

= 0

A gain  it fo llow s from (5 .1 1 )  for i =  k-1 that q(k) is n e g le c te d  in th e  con stru ction  of

m 2 k .

Lastly for p g iv en  in PH, <I>2k(p) = q 2k is th e  so lu tion  of

Q2k-2 + A2 q 2k + QA f(p + q 2k-i) = 0  .

T o c o n c lu d e , w e  h a v e  d e fin ed  th e  m apping Ok : PH -»  Q D (A 2) for all

k e  N * .  T h e  graph  of th is  m apping is an  analytic  m anifold  ΤΓΠ ,  κ  of d im en s io n  m

in H. T h e  ‘H lk 's  provide a  better  a n d  better  order approxim ation  to th e  orbits a s  
k in c r e a s e s .

T h eo rem  4 .3 . There e x is ts  a  tim e tk* d ep en d in g  on the data, k, a  a n d  R  

when I u0 1 < R  a n d  u0 e  Ha such the orbits o f  (4 .1)-(4.3) rem ain when t > tk*at 

a d istan ce  in H o f VI k b o u n d ed  b y  Kk Sk+2 ; Kk is an appropriate con stan t 

d epen d in g  on the data , k a n d  a .

Remark 4.4. R em a rk s  sim ilar  to  R em a rk  2 .4  a n d  2 .5  c a n  b e  m a d e  
h ere. T h e  d e ta ils  are left to  th e  reader.

Remark 5.4. O n th e  co n tra ry  o f th e  c a s e  o f r e a c t io n -d if fu s io n  
e q u a t io n s , th e  s c h e m e s  that w e  h a v e  ju st d e fin ed  c a n  not b e  im proved .

Proof of Theorem 4.3. W e p o s tp o n e  to S e c t io n  6  th e  proof of 
e s t im a te s  (5 .5 ) (5 .6 ) (5 .9 ) (5 .1 0 ) . Let u s  s h o w  h ere  that t h e s e  e s t im a te s  y ield  
T h eo rem  4 .3 .

Let u(t) = p(t) + q(t) b e  a  so lu tion  of (4 .1 ) - (4 .3 )  a n d  let p(t) + q k(t) th e  
in d u ced  trajectory on  TTlk- W e aim  to  e s t im a te

*k(t) = qk(t) - q(t).

It fo llow s from (5 .9 )  and  (5 .1 3 )  that qk s a t is f ie s

qk-2 + Qk + Q  A f(p + q k - i )  = 0
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By su b stractin g  (4 .1 0 )  to  th is eq u ation , w e  obtain

(5 .1 4 )  A 2Xk = Q A  (f(p+q) - f(p+qk-1)) + q (1 > - qk-2 ·

It is  c le a r  from (4 .6 ) a n d  (5 .6 )  (5 .1 0 )  that p, q a n d  qk-1 are  b o u n d e d  for large t 

by c o n s ta n t s  d e p e n d in g  on ly  on  th e  d a ta , k a n d  a .  T h ere fo re , s in c e  f(u) is  

lipschitzian  on  th e  b o u n d e d  s e t s  of Η 2 ( Ω ) ,  (5 .1 4 )  y ie ld s

(5 .1 5 )  I A2xk | < k  l A ( q - q k - i ) l  + I q (1> - q 1k-2 I , 

a n d  u s in g  (5 .6 )  (5 .1 0 ) ,

I A2Xk I < κ  6k ,

I Xk I — κ  5 k+2 .

T h e o re m  4 .3  is  p roved .

6. Proof of the estimates on time derivatives

T h e  aim  of th is  S e c t io n  is to  d er iv e  e s t im a te s  (5 .5 ) (5 .6 ) (5 .9 ) (5 .1 0 ) . W e  
will p rove  by induction  on  k that

(6.1 )k I pLk-a-i - P(i) I £  Kk δ * ”21. ' = 0 .......k -1 ,

(6 .2)k  I A(q2k-2i-i - Q(l)) I S  Kk 52k-2' , i = 0  , k-1 ,

(6 .3 )k | pj,k.2| - p(') I < Kk , i =  0 .......k-1 ,

(6 .4)k  | A(q2k.a  - Q®) I £  Kk δ 2*-21*1 , i = 0 .......k-1 ,

for t >  tk w h ere  Kk d e p e n d s  on  th e  d a ta , k, a  an d  tk d e p e n d s  on  th e  d a ta , k, a  

and  R w h e n  I u0 I ^ R an d  u0 e  Ha  . W e  recall that ρ ° ι  = p , V I .

For k = 1, (6.1 )i a n d  (6 .3 ) i  are  o b v io u s . A lso  (5 .3 )  a lo n g  with (4 .8 )  y ield
(6 .2 )- |. Finally, (6 .4)1 s t a t e s  th e  resu lt of ap p rox im ation  for th e  m anifo ld  7TI2 
that c a n  b e  fou n d  in [16] a n d  is  d er iv ed  with te c h n iq u e s  sim ilar to th e  o n e s  
u s e d  h ere .

N ext a s s u m e  that (6.1 )k-(6 .4 )k  are  true up to order k-1 for k > 1 . W e  aim  to  
p rove  th em  at order k. Follow ing th e  s c h e m e s  of con stru ction  of th e  m an ifo ld s , 
th e  rela tions (6.1 )k (6 .2 )k (6.3)k (6 .4 )k will b e  p roved  s u c c e s s iv e ly .
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W e start by (6.1 )k a n d  a rg u e  by induction on  i, for i in crea s in g . For i = 0 , 
relation (6.1 )k is o b v io u s .

A s s u m e  it is  true for 1, 2 , i-1. By su b stra ctin g  (5 .7 )  from th e  (i-1)th 
d erivative  of (4 .9 ) , w e  obtain

( 6 .5 )  I P2k-2i-1 '  Ρ<·> I -  l A 2 (P2k-2i+1 " P^'"^) I +  I A (fj-1  (p+C|2k-2i-1 , P2k-2i +

C|2k-2i-1 , P2k-2i +  q2k-2i-l) ’  *«-1 (P + P - P (1) +  P (1) > ···> Ρ ( Μ ) +  Ρ (' '1 ))) I ·

T h a n k s  to th e  induction a ssu m p tio n  for i-1 a n d  (4 .7 ) , w e  h a v e  for large t

(6 .6 ) I A2 (P aU i* , - p('-1>) I < λ 2  I pi>k.2i+, - p(l-1) I <  κ λ 2 < K δ 2*’2* .

N ext, for m ajorizing th e  s e c o n d  term  in th e  right h a n d s id e  of (6 .5 ) , w e  
u s e  L em m a  6.1 b e lo w . In d eed , th a n k s  to  (4 .6 ) a n d  th e  induction a ssu m p tio n , it 
is e a s y  to  c h e c k  that

P + q 2 k -2 i-i. P2k_2i +  q ?k-2i.i . P+q , P (ct) +  q (ct). 1 ^  a  <  i-1

are  b o u n d e d  in Η 2 ( Ω )  by c o n s ta n ts  d e p e n d in g  on ly  on  th e  d a ta , k an d  a  for 
large tim e. T h ere fo re  L em m a  6.1 a p p lie s  a n d  y ie ld s

(6 .7 ) | A(fj-1 (p+q2k-2i-1 » P2k-2i +  q2k-2i-1 > ···> P2k-2i +  q2k-2i-l) '  >̂*1 (P+ q> P ^  +  

q C ) , ..., p('-1) + q('-1))) I <  K{llp2k.2 i- ρ Χ 1)||Η 2( Ω )  + -  + HpaUi - P(i'1)»H2(Q) +

Ilq2k-2 i-1 - q llH 2 (Q) + Hq2k-2i “ q (1) · Ι η 2( Ω )  + — + ^OaUi-l " q (l'1)»H2(Q) }·

For 1 < a  < i-1 , w e  h a v e  :

nP2k-2i ’ Ρ ( α) |Ι Η 2 ( Ω )  ^ Ci{ I p“k 2j - p(«) I + I A (p“k_2j - p W ) I},

with c i  a  u n iversa l c o n s ta n t ,

< (thanks to (4 .7 )),

< c-i(1 + λ )  lp “ .2 i - p ( “) l  ·

T h ere fo re  u s in g  (6.3)k-i+«

(6 .8 ) llp“k 2i - ρ« * ) » Η2( Ω )  £  c-i (1 + λ )  κ  62k-2i+1, 

£  κ  52k‘2 i .
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A lso , for 0  < α  < i-1 , w e  s e e  that

llc£ k -2 i-i '  9 (α)||Η2 (Ω) £  c 2 I A ( q “ k_2M - q<a >) I ,

w h ere  C2 is  a  un iversa l c o n s ta n t an d  th a n k s  to (6.2)k-j+a

(6 .9 ) llq“ ,2M - q(«)llH2 (n) < c 2 κ  δ 2^

To c o n c lu d e , w e  infer from (6 .5 )-(6 .9 )  that 

I P2k-2i-i ‘ P(i) I ^  κ  δ 2^ 2', for large t, 

w hich is (6.1 ) κ  .

T h e  e s t i m a t e s  (6 .2 )k , (6 .3 )k  , (6 .4 )k  a r e  p r o v e d  th a n k s  to  s im ilar  
a r g u m e n ts , e x c e p t  that th e  induction  is  for i d e c r e a s in g  for (6 .2)k  an d  (6.4)k* 
T h e d e ta ils  of t h e s e  very tech n ica l e s t im a te s  are  left to  th e  reader.

To c o n c lu d e , th ere  rem ain s to c h e c k  th e  follow ing L em m a.

L e m m a  6 .1 . The m appin g

Fk : H2(Q)k+ 1 Η 2( Ω ) ,

(u0, .... Uk) -> Fk(u0, u i , U k ) ,  

is lipschitzian on the b o u n d ed  s e ts  o f H2(Q)k+ 1 .

T h e  proof is  e a s y  s in c e  fk is  a  polyn om ial an d  Η 2 ( Ω )  is  an  a lg e b r a  (recall that 
Ω  c  IRn , n < 3). T h e  d e ta ils  are left to th e  reader.
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INTRODUCTION.

Let us consider the Cahn-Hilliard equation :

d \l
—— V i / A 2u  — A /(u) = 0, in Ω  x JR+, (0.1)
l/t

where u = u(x, t) is a real-valued function, Π  is an open set in IRn and the nonlinear 
function /  is a polynomial of even order whose leading coefficient is positive.

We know that (0.1) (together with Neumann or periodic boundary conditions) pos
sesses solutions defined for all time and those solutions converge to a global attractor A 
(see R. Temam [1] and the references quoted there).

We axe interested in a singular perturbation of that equation that we obtain by adding 
a second order time derivative with a small coefficient :

+ v& 2ue -  A f ( u e) = 0 , (0 .2)

we want to show the same type of results for (0.2) as for (0.1) : existence of solutions 
and of a global attractor Ae. Moreover, we want to study the behaviour of Ae when e goes 
to zero and to know whether Ae "converges” to A. More precisely, since A lies in L2(Q) 
and At in Η 2( Ω)  x L2(Q) (indeed, (0.2) is a second order equation thus the solution is 
(u, and lies in a product space), we will first define a convenient embedding A* of A 
in Η 2( Ω ) x L2(Q) (an element u in A will be identified to the pair {u,v} where v is the 
derivative at time 0 of a solution of (0.1) passing through u at time 0, then we will show 
that the Hausdorff semidistance S(Ae, A*) for the topology of H 2(Cl) x L2(Q) converges to 
zero ; in other words the attractor Ae is upper semicontinuous at e = 0. For that purpose, 
we will need a priori estimates independent of e for the solution of (0.2). Such a priori
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estimates are not easy to get and that will be the object of Section II. Unfortunately, 
for technical reasons which will be mentionned below, our results are only valid in space 
dimension one. In space dimension two or three, we do not know whether there exists an 
attractor Ae for (0.2) while in the unperturbed case the existence of the attractor is known 
in space dimension one, two or three.

In a related situation, J.K. Hale and G. Raugel [l] proved the upper semicontinuity 
of the attractor for a singular perturbation of a reaction diffusion equation.

The lower semicontinuity of Ae is a problem of a totally different nature (see J.K. Hale 
and G. Raugel [2]) ; it needs very precise information on the attractor and we intend to 
adress it eventually.

This work is organized as follows : in Section I, we set the notation and state the 
theorems of existence of solutions for (0.1) and (0.2) ; thus we can define the corresponding 
semigroups. Concerning (0.1), we do not give the proof that the reader can find in R. 
Temam [l] ; concerning (0.2), the proof are classical and are sketched in appendix A. We 
end Section I with a few remarks on Lyapunov functions for (0.1) and (0.2). In Section 
II, we derive a priori estimates on the solutions of (0.2). We will prove the existence of 
bounded absorbing sets in different spaces. Moreover, these absorbing sets are independent 

of e. In Section III, we use the results of Section Π  to prove the existence of attractors for 
(0.2), these are attractors in the weak topology (whereas the attractor of (0.1) is in the 
strong topology). In Section IV, we prove the upper semicontinuity of the attractor at 
e — 0 . We use the same type of methods as J.K. Hale and G. Raugel [l].

I. Preliminaries

a) Notations.

Ω  is the interval [0, L] in IR. We denote by || · || and (·,·) the norm and scalar product 

in L 2 (Cl). For each u in Ι/2( Ω ) ,  we denote by m(u) its average :

m (u) = T  I u ix )dx· (1.1)
J  Ω

L 2(Cl) is the subspace of L 2 (Q) consisting of functions whose average is zero :

L 2 (Q) =  {u € L 2 (d)/m (u) = 0}.

For each u in L 2(Cl), ϋ  is its projection on L 2 (Q) :

ii = u -  m(u). (1.2)
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We introduce the unbounded linear operator given by

A =  Δ 2,

A  Λ  i

D(A) = { u €  H 4{Q )/-^  = =  0 on 3 Ω} ,  (1.3)*

if we consider the Neumann boundary conditions for (0.1), (0.2), or

D(A) = Η 4„ ( Ω ) ,  (1.3)P

if we consider periodic boundary conditions (H*er(Q) is the space of functions of H 4 (Q) 
whose derivatives of order less than three axe equal at 0 and L). A  is a positive self-adjoint 

operator, it possesses an orthonormal basis of eigenvectors (u>y)yeiN· We denote by (Ay)ye iN 

the associated eigenvalues, we then have :

Vi',j € IN : (wiitvj) =  Si,y 

Aw{ =  A,ty,

0 — Ao ^  Ai ^  A2 ^  ... ^  Ay —► -hoo.

Moreover, wo is the constant function equal to £  and for all u in L 2(Cl) :

m ( u )  =  ( u ,w o ) .  (1.4)

For all 5 in IR, we recall that A* is defined by

4-oo +oo

A au =  y ]  XjUjWj, Vu =  ^  UjWj.
J= 1 ;=0

We denote its domain by
Ve =  D{A8' 4). (1.5)

V8(1) is endowed with the seminorm and semiscalar product :

| u |.= | A -I'u  I, (1.6)

(« ,« ) . =  μ · / 4», Λ * '4»), (1.7)

and with the norm :
ι ι« ι ι .=  ( ΐ « ι ; + - η Η 2) · /2. ( i .8)

(*) Usually, Va denotes the domain of A 8/ 2. Here, we prefer to use the domain of A s/ 4, 
so that Va is embedded in the Sobolev space H 8(Cl) (when 5 is positive).



Moreover, for u = UjWj, we have

+ 0 0

u €  Va iff ^ \ f u )  < +00 ,

3=1

and then :
/+<*> \  l ' 2

I u |β = I j  , m ( u ) = u 0. (1.9)

When 5 is positive, Va is a subspace of H*(0, L) and || ||e is a norm equivalent to the usual 
norm of H a(0 ,L).

We easily deduce from (1.9) the interpolation inequality :

I u | λ β 1+ ( ι - λ ) β2< |  tt | i j  tt IJ“ \  for all u in VS2,

Si < 52 and λ  € [0,1].

Let /  denote a polynomial of even order whose leading coefficient is positive and vanishing 
at 0 :

2p —1

f ( x) =  Σ α^ ~ ι > °* i1·10)
t=l

We denote by g the primitive of /  vanishing at 0 :

φ ) =  Σ  ^ Γ χ ί ·--- %1=2

b) The Cahn Hilliard equation.

The unknown function is a scalar u(x,t), x € [0, L], t £ 1R+ , and the equation reads :

du
—  + u A 2u -  A f(u )  = 0 in [0,L] x H + , ( l .l l )

where u is a strictly positive real parameter. We supplement (1.11) with an initial condi
tion:

u(x,0) =  uo(a;) for x in [0,1,], (1-12)

and with boundary conditions that can be one of two types. Either the Neumann boundary 

conditions :
du dAu  _ y
—  = —— = 0 at 0 and L, (1.13) n
du du
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=  f° r  a  “  3 ' ( 1 -1 3 ) p

(We will write (1.13) for (1.13)^ or (1.13)p; there will be no confusion since the two cases 
are treated in the same way. The domain of A  will be (1.3) n  if we consider (1.13) ̂  and

(1.3)p if we consider (1.13)p).

We then have an existence and uniqueness theorem for solutions whose proof can be 
found in R. Temam [l] :

Theorem 1.1. For all uo in Vo, the equation (1.11)(1.12)(1.13) has a unique solution u 
which belongs to

C ( [ 0 , r ] ; V o) n  L2(0, T;V2) n  I 2' ’ (0 , T ; I 2', (0 , i ) )

for all T  > 0 .

The mapping S(t) : uo —> u(i) is continuous in Vo and the familly (5'(i))t>o is a 
semigroup.

The function J(u) = % \ u |* + Jn g(u)dx decays along the orbits.

Moreover, if uo is in V2, then :

u€ C (l0 ,T ];V 2) n L 2(0,T;V4)

for all T  > 0.

Remark. Theorem 1.1 is still true in space dimension n — 2 and, if we assume p =  2, in 

space dimension n =  3.

c) The perturbed Cahn-Hilliard equation.

The unknown function is a scalar u€(x,t), 1 6  [0,1], t € nt"1-, and the equation reads: 

A 2n fin

e~dt^ + ~dt +  ~  =  0 in [°> L\ x i 1-14) 

where e is a strictly positive real parameter which is supposed to be small. /  and u are as 

in section b). We supplement (1.14) with the initial conditions

or the periodic boundary conditions :

d au . .

(
u£(x,0) = u0(x),
due(x, 0) . (1-15)

---- 1----- =  ui(x),  for all x € Ω ,
dt
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For the existence and uniqueness of solutions, we have the following theorem whose 
proof can be found in Appendix A.

Theorem 1.2. For s =  1, 2 or 3 and for all (tio,Ui) in Va x Ve_2, equation (1.14) (1.15) (1.13) 
possesses a unique solution ue and

and with the same boundary conditions (1.13)jv or (1.13)p.

is continuous from V8 x Ve_ 2 into itself and the family (S*(t)t>0 forms a semigroup. 

Remark. We can easily prove that (S*(t) is in fact an homeomorphism from Va x Ve_ 2 into

for all T  > 0. The mapping :

itself and is defined for all t in H . Therefore {S*(t)t>o is in fact a group. Thus there is 
a difference with the semigroup introduced in the preceding section for the Cahn-Hilliard 
equation that has a regularizing effect and thus cannot be invertible.

d) Evolution of the average.

In order to study the long time behaviour of the solutions of equation (1.14), it is 
useful to rewrite the equation as a system for its space average m (ue) and ue — ue — m (ue). 
We take the scalar product of (1.19) with wo =  £  (this amounts to taking the average of
(1.14)); we obtain

« / * d , X
ed t * +  =  ° '

(1.17)

We substract (1.17) from (1.14), and obtain

(j2 ^
+  —u£ +  i/A2ue -  A f( u e +  m (u€)) =  0.

at* at
(1.18)

We supplement (1.17) (1.18) with the obvious initial conditions :

m (ue)(0) =  m(tt0), m (°) =  ™(«ι), (1.19)

fi«(0) =  « ο, ~  “ i· (1.20)

6
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Then (1.14)(1.15)(1.13) is equivalent to the system (1.17)(1.20) (supplemented by bound
ary conditions for ue).

Moreover, (1.17) (1.18) can be solved explicitely for m (ue), and we obtain

m (u€) =  m(u o) +  cm (ui)(l — e- t / £).

We easily deduce :

Proposition 1.1. Let u be the solution of (1.14)(1.15)(1.13) with (uo ,u i) E V8 x Ve_2 

(s =  1,2 or 3), then m (ue) +  em (^^-) is independent of t and

m

m (ue) —* m(uo) +  em (ui) when t —► +oo, 

( d u e\
( —— I —*■ 0 when t —► +oo.
\ d t  )

For the Cahn Hilliard equation, the average of the solution is constant and the equivalent 
system formally reduces to the preceding case with 6 =  0.

e) Lyapunov functions.

Thanks to Theorem 1.1, the function J(u) =  ^ | u +  f a g(u)dx is a Lyapunov 
function on Vo for the Cahn-Hilliard equation. For the perturbed equation (1.14), we do 
not have a Lyapunov function on the whole space Va x Ve_ 2. We take the scalar product 
of (1.14) w ith we obtain :

du'
dt

+ u\ ue 11 +
du.
dt

But,

Thus

2d t 1 €
du'
dt

= Έ fn*^dx- ( « “«)'"* (*£)) ·

+  l / | u < | f + 2  J^g(uc)d x j  +  ^  =  0.

We cannot conclude in general that the function J e(u,v) = e | v +u | u +  2 g{u)dx 
decays along the orbits of (1.14)(1.15)(1.13) (we do not know the sign of (/(«e)»”^ ^ · ) ) ·

7
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If we restrict the semigroup (iS/(i))i>o to the subspace :

Xo = {(«,») € Ve x Va_2/m (v) = 0}

(this space is stable for the semigroup thanks to Proposition 1.1), then J e(u,v) decays 
along the orbits in χ ο ·  Thus, we have a Lyapunov function on the subspace χ ο ·

II. Time uniform estimate for the perturbed Cahn-Hilliard equation.

a) In this section, we prove the existence of bounded absorbing sets for the equation
(1.14) (1.15) (1.13) in the spaces X f  that we define hereafter. As we will study in Section 

IV the behaviour when e converges to zero, we will always make precise the dependence 
of our estim ate on e, and the constants that appear are independent of e. e is supposed to 

be in a fixed interval ]0, eo[·

Due to Proposition 1.1 (in particular to the fact that m (u€) +  em (^ f-) is independent 
of f), it is impossible to find bounded absorbing sets in the whole space Va x Va_ 2, thus 
we define for s =  1,2 or 3 and for all a  in IR+ :

X» = {(η >υ ) € V8 x Va- 2  : | *«(«) | +^o | m(v) |<  a}.

Thanks to Proposition 1 .1 , X f  is stable for the semigroup (S €e ( i) ) t > o , we will prove the 
existence of bounded absorbing sets for the restriction of S* (i) to X f .  We first give a few 
lemmas th a t we will need.

Lemma 2.1. For s = 1,2 or 3, let u £ L 2(0,T ;V a) satisfy :

du

and

then

d2u
+ vAv, E L  (0 ,r;V e_ 2),

. Λ « \  1 A  (  r i i i  ^
+ I u

d 2xi /2_ i d u \  1 d (
' —  + ν Α * Α *  ' Έ )  = -2 7 ι {< at 5 ..

8— 2

in the sense o f distribution on ]0, T[.

This lemma is classical, the reader can find the proof in J.M . Ghidaglia and R. Temam

[1]·
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Lemma 2.2. Let 0 < λ  < m m  Α χ ,  . Then for all (u, v) in V8 x Va^ 2 ’

(1 -  Ae) | v |j_2 +A(Ac -  1)(u,v)8_2 +  λ ι /  I u |2> i  I t; \2a_ 2 + ^ -  \ u |2 . 

The proof of this lemma is easy, we use the fact that for all u in Va—2 '·

I n |e_ 2<  —! =  \ u \ a .

We now define the three following functionnals :

{
For all (p,φ  in V\ x V_i :

Ε\{<ρ,φ) =  e | φ + \<p |f +u | <p |* j +2 J^g(<p)dx

(
For all <p, φ  in V2 x V0 :

E 2(<P, Φ )  =  * | Φ  +  Av? |o + v  | <P |? + 2  ^  f'{(p) | Vv? |2 dx

(
For all <p, φ  in V\ X V - i ,u  in V2 :

Ε 3 ( ( ρ , φ )  =  € \ Φ  +  \<p |2 x + u \ t p \ l + 2  f{u)<p2dx.

(A is the constant appearing in Lemma 2.2).

Then we have :

Lemma 2.3. There exist some constants Ci,...,C6, c'l5...,c'6 independent o f e such that

Cl(e I Φ H i  +  I <0 I?) - C 2 < Ει(φ,ψ) < C[(t  I Φ |1 ,  +  I φ  |J) +  C '  || φ  ||J", 

c 3(e | Φ  12 +  | φ  11) -  c 3 <  Ε2(φ,φ) < C'3(t  | φ |» +  | φ  | | )  +  0 [ \ \ φ  | | ? \  

c s(( | ψ  H i  +  | Ψ  I?) -  C6 <  Ε3(φ,φ)  <  C£(e | φ |1 ,  +  | φ  |J) +  C£ || u ||?ρ _ 2 | φ  β  .

Proof of Lemma 2.3 : Let < ρ,φ  in V\ x V_i, then

e | Φ  +  X<P | l i  <  2 (c | 0  | l i  + e \ 2 | φ  | i j )

< 2 | φ  |2 i | <P |2 i )

^ 2 0 *  | *  i’- « + s k  i ή



g is a polynomial of even order with a positive leading coefficient, therefore we can find 
two positive constants Ci and k such that

k | x |2p> g(x) > ---- γ τ γ μ  f°r aU rea  ̂ x '2 | Ω  |

We deduce :

2 I g(<p)dx > - C 2,
Jo

and the left hand side of the first inequalities follows.

Thanks to Sovolev inequalities, we know that L°°(Cl) is embedded in i f  * (Ω)  and we 
can find a positive constant C such that :

I Ψ  |L~< c II φ  111 .

We deduce :

2 f g{<p)dx < 2k | <p |^o | Ω  |
Ja

<2kC\Ct  HI φ II?', 

and the right hand side of the first inequality follows.

For the two other inequalities, we use the same type of arguments.

b) Absorbing set in X f  :

Proposition 2.1. There exist two constants i? i , i?2 independent o f e such that for all u€ 
solution of (1.14)(1.15)(1.13) with (uq,ui) in X f, we have

du‘ m +  I u e ( 0  | ? <  R l  +  | « 1  1 -1  +  | M0 l l  +  II « 0  ||?p ) e
-1dt

We easily deduce, thanks to Proposition 1.1 :

Corollary 2.1. The semigroup possesses a bounded absorbing set in X f  for all

a.

Proof of Proposition 2.1 : Let λ  be a positive real number smaller than i n f

(see Lemma 2.2) and ue be the solution of (1.14)(1.15)(1.13) where («o5“ i) is in X f. We
set

du£
” =  Λ “ +  λ “ «’

10



and rewrite (1.14) as follows :

d%)
e— + (1 — Ae)v +  A(Ae — 1 )ue + u A 2ue — A f( u e) = 0 . (2 .1)

at

We take the scalar product of (2 .1) with A x!2v in L 2 :

(e | t; |1 χ +i/ | ue |2 +2 ^  g{ue)dx) +  (1 -  Ac) | v |* x
ljrf
2 d tK~ ' ~ 1-1 '  1 "c IA ' - y n - v - c —, · v- , - ,-x

+A(Ae -  l)(u e, v)_i +  Ai/ | ue |} + A (/(ue) ,u e) +  ( /(u e),m(t;)) = 0 .

The leading term of g(u) is as£̂  1 u2p, the one of f(u )u  is α 2Ρ _ ι« 2ρ, therefore :

3C i > 0  : Vu €  1R, / (u )u  >  g(u) -

(recall that a2P- \  is positive). We deduce

A( f (u e) ,u €) > A I g{u€)dx -  C\. (2.3)
Ja

Moreover, since (u£, ^ )  belongs to X * :

m(v) = m  +  Am(u£)

- α (λ  + £ ) ·
There exists a constant C-ι such that :

which gives :

Vu e  1R : | / ( « )  |<  . 1 . Q s ( « )  +  j ^ j )  ,

I (/(w€), m(v)) I < \  \  g{u€) d x + c 2. (2.4)
z Jn

We use (2.3), (2.4) in (2 .2), we denote C3 =  2 [C\ + C2) and we use Lemma 2 .2 , we find 
that for all time t :

\ j t  ( C * V +l/ * Ue ^ +2 

i v l - i  + γ  I u* li Jn g M d x  < *γ.

11



Thus :

ί .
dt Ε'(* '’ΊΓ) + ΈΕ'{*<'ΊίΓ)ϊα>·

Thanks to Gronwall’s Lemma :

E i ( - £ ) *
2 Ca

(1 -  e s*) +  Ei(u0,ui)e  a*.

We deduce Proposition 2.1, thanks to Lemma 2.3.

c) Absorbing set in X% :

Proposition 2.2 : There exist two constants i?3, jR4 independent of e such that for all 
bounded set B  in X %, there exists a time to(B) (independent o f e) such that for all 
solutions of (1.14), (1.15), (1.13) with (u q ,u i)  in B  and for all time t >  to(B) :

due
dt +  I ue(t) |j<  i?3 +  Ra I c

duf
dt (to) +  I u,(io) II

We easily deduce, thanks to Proposition 1.1 :

Corollary 2.2 : The semigroup (<S^(i))t>o possesses a bounded absorbing set in X% for all 
a.

Proof of Proposition 2.2.

We take the scalar product in Σ 2( Ω )  of (2.2) with v, we get :

I υ  Ιο I «« Ii) +  (1 -  Ac) | v \l +\{Xe -  l) (u e,u)0 

+ \ v \ u € \l - ( A f ( u e),v) = 0.
(2.5)

We rewrite the last term as follows :

-(Δ/(«,),®) = (/'(ue)V u«,V^)

+ λ(/ (u€)Vu€,Vue),

-(A/(u<),v) =  i I  f ' M j t |Vu« |2 d x

+  λ [  f ' ( u €) I V u e I2 dx,
J Ω

1 2



V u f I2 dx

- ( A / ( u , ) , i> )  =  ~  ( / ,  I Vu< I2 dx)  

Η- A jT /'(««) |

- 5 //'< ■“> £
We estimate the last term  of (2.6) :

(2.6)

Vu£ I2 dx.

I I 2

< 2 I /"(««J lL°
du.

dt L2
Vue IJ4;

we use Sobolev inequalities and interpolation inequalities :

3Ci >  0 : I /" (u e) Uoo <  Cidl ue ||?p"3 +1),

3C2 > 0 : I Vue |J4 < C2 I ue | f 21 u£ |J/2 .

(Recall that the space dimension is 1 ; therefore ί Γ 1/ 4( Ω )  and a fortiori # χ / 2( Ω )  is embed
ded in L4(Q)). We deduce :

du.
dt

V u f I dx

<  c , c , ( | | « .  I l f - 3 + 1 )  I «, Ι Γ Ι ». 1;

< <?s((ll «« II?"-3 +1) I « . | ? / y  +  i

3/21 .. 11/2 du.
dt I»2

dut
dt

+
Az/

u€ 12
(2.7)

L2

< C5((II tte I l f - 3 +1) I ue |?/2 )4 +  ± | «e |J + |L

+  g I v lo I ue li

We use (2.6) and (2.7) in (2.5), we obtain thanks to Lemma 2.2:

\ j t ^  I V 1° +U I Ue ^ ^  * VUe ^  dX 
+  £  I v Ιο I I2 + λ  Ĵ  / ' ( u e) I V u £ I* d a ; (2.8)

<  <M (|| « .  l i ? - 3 + 1) I ue |?/2 )4 +  £  | « β  |g + | L

There exists a constant Cq such that :

Vu € ffi. λ / '(u )  > y / '(u )  -  C6 ;
4

1 3



therefore :

f f ' M  I V u e |2 dx > j  f  /'(ue) |
Jω 4 Jn

-  C 6 | tte | i  ·

V u ,  I 2  d x

( 2 . 9 )

Let B  be a bounded set in then B  is bounded in Thanks to Corollary 2 .1, there 
exists a constant C7 (independent of B) and a time to{B) such that for all time t > to(B) :

2C5((|| «« i r *  + ! ) ! “ « I f 2)4 +  T K lo  +  T T  +  2Ce I I i< C7. (2.10)

(2.9), (2.10) in (2.8) give :

d „  (  due \  Λ  „  /  du€ \  „ 
dt Λ " )  +  2

for all time i > to(B). Thanks to Gronnwall’s lemma :

El  ( « <(i), ^ i ( i ) )  < ^ ( 1  - e- i«- ‘»)) + E i  (««(to), ^ i(to ))

We deduce the Proposition 2 .2 , thanks to Lemma 2.3.

d) Absorbing set in X g  :

Proposition 2.3 : There exists two constants R 5 ,Rq independent o f  e such that for all 
bounded set B  in Χ ξ ,  there exists a time t i ( B ) (independent of e) such that for all 
solutions of (1.14),(1.15), (1.13) with (uq ,u \ ) in B  and for all time t > t\{B )  :

d2u(
dt2 (t) +

-1

duf
dt (*) + 1 «.(*) II

< R 5 + ~  
€ £<·*> +  I ««(<■) II +1

We easily deduce, thanks to Proposition 1.1 :

Corollary 2.3 : The semigroup (Sf (*))t>o possesses a bounded absorbing set in X g  for all 
x.

In order to prove the Proposition 2.3, we need two lemmas :

1 4



Lemma 2.4. Let u e be the solution o f  (1.14)(1.15)(1.13) with  (u o ,u i)  in X f ,  then there  

exist a constant K \  (independent o f  (« ο> « ι)  and e) and a tim e  to(| «1 | - i ,  | uo | i , m ^ ) )  

such tha t for all tim e t > t 0  :
f t Idue 2

—  ̂ ds < K \ .
• U  -

Lemma 2.5. L et  / ,  g be two functions defined on 1R+ such tha t :

(i) g is positive,

(ii) there exists k i , k 2 , k$, IC4  in IR+ and a tim e to such th a t for all tim e t > to :

d f
— +  fci/ <  +  kzg f  + k Ag,

(iii) there exists k 5 in IR+ such tha t for all tim e t ^  *0 : f t 0 9 {s)ds < k 5, then, for all tim e  

t > t 0,

f{ t )  <  +  k 4 k 5^ ek*k*

ki  

ki

Proof of Lemma 2.4. We take the scalar product of (1.14) with

I d

2 dt ' €

+
duf

dt .r/n/K)m(ir)‘il = 0 ·

(2.11)

Thanks to Proposition 2 .1 , we can find a constant C[ and a time ί ο  (I « ο  |-i>  I u i |i)  such 

that, for all t > to :

2

dt ( t) +  u  I u e{t) \ l +  f  9 {ue{t))dx < C[. 
- 1  Jn

(2 .12)

Thanks to Sobolev inequalities (the space dimension is one) :

li f { u e)dx < Cjfll«. II?”· 1 +1)

< C ' ,

for all t >  ί ο .  We use (2.13) in (2 .11), we obtain since m  =  m (u j)e - i ê :

(2.13)

2

(2 .14)

15

^ ( M 1+ H u 'i5+/n 9(uH

due I2
~dt |_i  ’

- v  I u€ \l + I <7(ue)dx̂

) g^3 "

+
dut

dt
< «

>37~f o



We integrate (2.14) from to to t and use (2.12) :

du, 
dta

*' dUe ds < -C [  +  C^a{e~to/ € -  e-V*) 
-1  2

< \ c [  +  C'sa.

Proof of Lemma 2.5 :

We have for all t > to :

df
+  < k 2 +  k3g f  +  k4g,

We m ultiply (2.15) by e *3·^ο 9^ d* .

d (  k\  t —kz Γ  g(a)da \ 
di{e 0 m )

<  (k2 +  k4g)ehxt *̂ o 3 â>de

<  {k2 +  k4g +  k ik4 I  g(s)ds)eklt
Jt0

s ! ( !  +  *4 / / (s)ds) e‘ “ · 

We integrate (2.16) from to to t :

j - ^ + k t  J ' g ( s ) d ^ j  ek' ‘ -
Kl

g(s)da
f { t ) <  +  f t 9{s)ds^ eka

( « Ά )

‘ { r , +  * · * · ) ■ · · ■ ·  * ( « · >  - i f )

, - k i ( t - t 0 ) - k 3 f *  g(s )d s  
+ f{ t0) -  -Γ- e J*o

c*3*se-fci (i-to)

Proof of Proposition 2.3 :

We differentiate (2.2) w ith respect to time and we denote by

dv d2uc „ dut
dt dt2 dt ’ 
dur

w — -----,
dt ’

1 6

(2.15)

(2.16)

ki
e

t —k3 O l (s)ds

m
ekit0f(t o) <



e—----1- (1 — \e )W  +  A(Ac — l)iy +  u A 2w — A f'(ue)w  = 0 . (2-17)
dt

We take the scalar product of (2.17) with A ~ XI2W  :

\ j t {c I w  l - i  +v  I »  I?) +  (1 -  * 0  I w  I2- !  + λ( λ£  -  ( 

+  \ u  | w |i + (f'{u e)w ,W )0 =  0

We rewrite the last term  as follows :

( f '( u e)w ,W ) 0 =  ( / '( « £) ώ , ώ ' )

+  λ ( / ' (  ue)w,w)

+ { f ,{ue)m (w),W ), 

( f '(u €)w ,W )o =  f '{ u €)w2dx^

+ λ  I f ' ( u e)w2dx 
J Ω

+ m (w )(f '(u e) ,W ) (2.19)

“  \ f  f ' M ^ d x
1 Jo

— — m(w) f  f n(Uf)w2dx.
2 J Ω

We now estimate the last three terms of (2.19). Since Η 1 ( Ω )  is an algebra ( Ω  C  1R) and 
f "  is a polynomial of order 2p — 3 there exists a constant C\ such that :

I /"(««) li<  C ,(|| u, « r 3 +1)·

Therefore :

I m (w )( fn[ue) t W) I < | m(tu) || f" { u €) |x| W  |_ i

< Ci | m{w) | (|| ue I l f -3  +1) | W  |_! (2 .20)

< C2m{w)2{\\ ue ||iP—3 +1 )2 +  ^ | W I* j .

Thanks to the embedding of H 1 ( Ω )  into £ ° ° ( Ω)  there exist two constants C3 , C4 such that:

I /"(«<) U - < C ,(| u« I2/ - 3 +1) 

< c 4(ii u3 e ~ 3 + i) .

we obtain :

dW
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Now we use the embedding Ζ ,3 ( Ω )  C Ζ ,6( Ω )  C V\/z and an interpolation inequality

| ώ  1^3 <  C s  | W | # l /3

< c 5 I w |_11 w I\  .

Thus :

f " { u e)w3dx <  C4C5(|| «e ||?p 3 +1) | w |_! | w \l

Xu
< C 6(|| u e I l f " 3 +1)2 M - 1M ? + ^ M ? ·

Similarly, there exists a constant Cj such that : 

i(w) f  f ,,(ue)w2dx
Jn

We use (2 .20)-(2 .22) in (2.19) :

{f' {ue) , W)o > ~  J ^ f '{u €)w2dx

j  f '{u e)w2dx
Jn

< C7m(u;)2(|| u€ | | f  3 + 1)2 | w \2_ 1 + ^  | w \\ .

+  λ

-  C2m (»)2(ll u t  ||?"-3 + 1)2 -  Ϊ  | W  I?.!

-  Cedi 1ΙΪΡ_3 +1)2 I «> I2- , I  w  |2 ~  | w  |?

-  C7m(tu)2(|| u< | | | p_3 + 1 )2 | w |1 , | u> |? .

Now, we use (2.23) and the Lemma 2.2 to obtain from (2.18) :

\ ^ ( \ W 1-1 +1/ Mi +  f ' ( u e)w2dx)

+ \  I w  l - i  + - y  I w li + \

< C2m (» )2(|| ue ||;» -s + 1)2

+ Cedi ll?P~3 +1)2 I w l-il «>li 
+ C7m (« )2(|| uc IIJ" - 3 +1 ) 2 | |2_ ,

+  i | ^ | 2 1 + ^ | » | ? .

Finally, since there exists a constant Cg such that :

A [  f f(ue)w2dx =  7  /  f ' ( u e)w2dx — C8, 
Jn 4 Jn

1 8
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we have:
d  (  jp ( d u * d 2 u A \  . ( d u e < P u e \

d t \  3 \  dt ' dt2 ) )  2 3 \ d t  ’ dt2 )

< 2C2m(tu)2(|| ue ||ι Ρ - 3  + 1)2 +  2CS

+ ̂ (11 nr3+1)21
+ 2C7m W 2(|| u< I l f - 3 + l ) 2 M - l  ·

Let 5  be a bounded set in X%, then B is bounded in X ?  and thanks to Corollary 2.1, 
there exist constants independent of B  and of e, fc2, /C3, and a tim e ti(B )  such that for 

all (ttoju i) in B  and all time t > t x(B ), we have :

d / due d2u A  λ  / du€ d2ut \
dt 3 V dt ’ dt2 )  2 3 V dt ’ dt2 y

<  f c 2  +  f c 3  I w  l i j  # 3  +  * 4  I w  1 - 1  ·

Thanks to Lemma 2.4, there exists a time t 2{B) such that for all t > f2 (B) :

f  | ty ds < i f i .
J t x

Thanks to Lemma 2.5, for all t > to(B) = su p (ti(i? ),i2(.B)) :

Thanks to Lemma 2.3, there exists k[ , k'2 constants such that for all t > to :

d2u f
dt2 (t) +

-1

dut
dt (<) < k[ + k'2

d2ue
dt2

(to) +
- l

du.
dt (to)

+  II M * o ) nr2dut
dt (to) e - j V - t o ) '

We assume that to is sufficiently large so that :

du*
ue(to) Hi

2p—2
dt (to)

(2.24)

(2.25)
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where k'3 is a constant independent of B  (we use Corollary 2 .2). Moreover, thanks to

dued2ut
dt2

d2u t
dt2

(to)

(to)

<
- 1
2

-1

dt

< *±

( * o )

du.

+  |ue(io)|3  +  \ f ( u e(to) 11 J
- 1

dt (to)

(2.26)

- 1

and

M O I s  -  e
d2u t
d t2

| « e ( i ) |3  <  ^5 2

From (2.24)-(2.27), we deduce the Proposition 2.3.

(t) +
- 1 -1

d>

2

+
-1

du,
d t 'i t )

(2.27)

+  1

e) Propositions 1.1 and 2.1 are still true if we consider (1.14) on a bounded set in IR2 

or IR3, bu t we do not know w hether Propositions (2 .2) and (2.3) are still true. If we try  
to obtain estim ates in V2 x Vo by the same techniques as in Proposition 2 .2 , we have to 

estim ate the last term  of (2 .6) :

]* d x ·

Even if n = 2, th is term  is stronger than  E 2 (u£, · For instance, we can m ajorize it by:

du.
dt L2

Vu« ||. (2.28)

If n = 2, L 4{Vl) is em bedded in ^ 1/ 2( Ω )  and L°°{Q) in 1 ϊ1+ ι,( Ω )  for all η  > 0 ; therefore 

using interpolation inequalities, (2.28) is m ajorized by

c (II u e Ι Ι Γ Ί Ι  « « l l ^ + i )  II u .  | | o |  ue | i f  12

and th is is too strong (we would need η  <  0 and th is is not possible). If n = 3, (2.28) is 
stronger. For the Proposition 2.3, we have the same type of problem s.

ΙΠ. EXISTENCE OF ATTRACTORS.

a) In th is section, we first give a result of B. Nicolaenko, B. Scheurer and R. Temam [l] 
concerning the existence of a m aximal a ttrac to r for the Cahn-H illiard equation (1.11) (1.12)- 
(1.13). Then using a general theorem , we prove the existence of a ttrac to rs for the perturbed 

Cahn-H illiard equation (1.14), (1.15), (1.13) in the spaces X f  endowed w ith their weak
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topology. The results are valid for the Cahn-Hilliard equation in space dimension n =  1,2 

or 3, but for the perturbed equation, since we do not have any absorbing set in space 
dimension higher than two, the results axe restricted to the space dimension n = 1.

It is known that the attractor for the Cahn-Hilliard equation has finite Hausdorf and 
fractal dimension. We think that the method developed in J.M. Ghidaglia [l] (which is 
a slight modification of the usual method presented in R. Temam [l] for instance) can 

be adapted successfully to the perturbed equation in order to show that the attractors 

constructed in secton b) hereafter have finite fractal and Hausdorf dimension.

b) The Cahn-Hilliard equation.

As we already mentionned in section Id), the average of a solution of (1.11) is constant. 

Therefore, there does not exist any absorbing set in the whole space Vo and we have to 

introduce the subsets of Vo :

H a =  {u e  V0 : | m(u) |< a}.

One can show (see B. Nicolaenko, B. Scheurer and R. Temam [l] or R. Temam [l]) the 

following result :

Theorem 3.1. The restriction to H a of the semigroup (5(i))t>o defined in Theorem 1.1 

possesses a maximal attractor Aa in H a endowed with the strong topology of V0. Further

more, A a is compact and connected (for the strong topology of Vo).

Thanks to Theorem 1.1, we know that if uo is in Vo, then for t > 0 ,u(t) is in V2. As 

the attractor A2 is in invariant set, we deduce :

A2 C V2.

Using the second assertion of Theorem 1.1 and the same argument as above :

A 2 C V4.

c) The perturbed Cahn-Hilliard equation.

To show the existence of an attractor for the equation (1.14), (1.15), (1.13), we use a 

general existence theorem whose proof can be found in R. Temam [1] or Hale [1] :

21



Theorem 3.2. Let (E ,d ) be a metric space and (S(t))t>o a semigroup on E  such that for 

each t, S ( t) is continuous.

Suppose that there exists a bounded absorbing set B a such that U S (t)B a is

t > t 0
relatively compact in E  for some to > 0 . Then

Λ  =  ω ( Β „ )  = f )  cl ( (J S(t)B„
a>0 \ t > s

is a maximal attractor for the semigroup (S’(i))t>o ·

- v t e  1R : S{t)A = A

- for all bounded set in E  :

d {S { t)B ,A )— +Q^ 0'

Moreover A is compact and connected.

Our aim is to apply Theorem 3.2 to the semigroups (S'® (£))t>o on ^  endowed with 
the weak topology. In section II, we obtained bounded absorbing sets in X£ endowed with 

the strong topology, we denote them by Let ί ο  be such that

S !{ t)B aa>€c B aa)t for t > t0‘,

then U*>to S2[t)BZf€ C  and since B% is compact in X£ weak, (Jt>t0 S e{t )B i >€ is 
relatively compact in X* weak.

In order to apply Theorem 3.2, it remains to check the weak continuity for the semi

groups (5/(t))t>o. We have

Proposition 3.1 : For a in IR+ , 5 =  1,2  or 3 and t > 0, the mapping S*(t) is weakly 

continuous on X®.

Proof : We first consider the case s =  2 or 3. Let (un5vn) be a sequence in X f  weakly 

convergent to (u,t>) in X f .  Then (un, υ η ) converges strongly in X f_ x and since S£s - 1(f) is 

strongly continuous S f(t)(un,vn) converges to S*(t)(u, v) in X f_ x strong. On the other 

hand, (un,v n) is bounded in X “ and consequently 5 /(£)(ΐίη , υ η ) too, therefore there exists 

a subsequence Sf (t)(unh,vnh) that converges weakly in X f  to a limit (U,V). This subse

quence is strongly convergent in X f_ l5 thus the limit {U,V) must be equal to S*(t)(u,v). 

This shows that the whole sequence weakly converges to S '/(i)(u,u).
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We now consider the case 5 =  1 . Let (un,vn) be a sequence in X f  weakly convergent 
to ( ΐί, υ)  in X We denote by u” (resp. ue) the solution of (1.19), (1.15), (1.13) with 
u0 =  un, tii =  vn (resp. uq =  u, uj =  υ) .  We substract the equations satisfied by u* and 

ue, we obtain :
d2wl

dt2
where w™ =  u” — uc.

We take the scalar product in L 2 of (3.1) with A '·

2 d t l€

dw? 2 \i m  12 I dw? 2
c.

dt + v \ < \ l )  +
c

dt -2

+ ((/(««”) = 0·

dw? , η , Λ dwf 2

dt + *'KlSJ +
€

dt -22dt  ' 6

dw™

dt -2

d_
dt

dw?
dt -2

(3.1)

(3.2)

<  | / K * ) - / ( “ e)|jU·

Since (u*) is bounded in Η 1( Ω )  and consequently in L°°(Cl) and since /  is Lipschitzian on 
the bounded sets of 1R, we have

3 C(u” ,u €) such that

I/ « )  -  /(«)Il* < ^  K  “  uIl*
<  C K \ l ,

< C (K |J  + m « ) 2).

We take the average of (3.1) :

and that implies :

(3.3)

e; p m « > +  ! m(TO'n) =  ° ’

m « )  =  m(un — u) +  em(vn — u)(l — e */£), (3.4)

m  =  m(vn -  v)e~t/e. (3.5)

2 3

+ ι/Δ*< -  Δ / « )  + Δ / (« . )  =  Ο,



We deduce from (3.2)-(3.5) :

dw?
dt +  - K I S I  < K nIS

+C{m(un — u) + em(vn — v)(l — e ~ ^ e))

- 2

Thanks to Gronwall’s Lemma, we have 

2

dt - 2
+ v K |o  < ect (e |vn -  v|_2 + v\un -  u|2)

+ C f  — u) +  em(vn — υ ) ( ΐ  — e- t / €))<fi.
Jo

(3.6)

As { υ η  — v ,u n — u} converges weakly to zero in X f  and the injection of X f  into
f dw η  Ίcompact, (3.6) shows that < -j^-(i), !· strongly converges to zero in X q . In the same 

manner as in the case s =  2 or 3, this implies that 5*(ί){«η , vn} weakly converges to 

^ ( ^ { u ,  v} in X f .

Now, Propositions 2 .1, 2 .2 , 2.3 and 3.1 allow us to apply Theorem 3.2 in the three 

cases 5 =  1, 2 and 3. Thus, we have

Theorem 3.3 : For s =  1,2  or 3 and a in 1R+ , the restriction of S*(t) to possesses a 
maximal attractor A*a compact and connected in the space X* endowed with the weak 

topology.

Remark. 1) AfiCt is a bounded set in X 3 and consequently in X%. As it is an invariant set, 

we have :

A 3 c  A 2Λ €,α Λ € ,α'

In the same way :

A2 d  A^

Unfortunately, we do not knwo whether A2 a and Al a are bounded in X 3 and X 2 and we 
do not know whether the other inclusions hold.

2) Using the compactness of the injection of X* into X ^  for all s ' < s, one can see that 

the bounded sets of X £ are attracted by A\ i n  the strong topology of X ^ .

3) Let (u,v) be in A* a , then there is a complete orbits (u£(i), ^ )tem. *n ^ e*a suc^ that

u£(0) =  u, v£(0) =  v.
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m(») = m ( £ ( * ) )

Since m ( ^ - ( i ) )  is bounded, by letting t —> —oo we have

m(t>) =  0 .

Using section la ), for the perturbed Cahn-Hilliard equation there exists a Lyapunov func

tion defined on a set th a t contains the attractors. We deduce th a t the attractors consist 

of the unstable set of the set of the fixed points.

4) Using the technics developped in J.M . Ghidaglia and R. Temam [2], one can generalize 

Theorem 3.3 to the case where the right hand side of (1.14) contains a tim e periodic forcing 

term .

IV . C onvergence o f th e  a ttr a c to r  in  X3 w hen  e —► 0.

a) In this section, we prove th a t when e is small, A^>a is close to Aa . More precisely, we 

first define a convenient embedding of Aa (which is included in V4) into X% :

Aa =  { (u ,- u A 2u + A f(u )) /u  € Aa}.

If (u ,v ) G A&, and if (u(i))tgni is a complete orbit in Aa such th a t u(0) =  u, then v is 
the tim e derivative of u(t) a t the time 0 : v = ^f(O). We will show that the Hausdorf 

semidistance S(Af>a, A*) converges to zero.

b) Theorem 4.1. The Hausdorf semidistance S (A fa , A^) converges to zero when e - + 0  :

lim sup inf (|| ue — u \\\ +  || ve — υ  Uo) 1̂ 2 =  0 .
e - ►  0 (u£,v e) e  Ae,a (u,v) 6  X*

Remark. As we already mentioned in the introduction, Theorem 4.1 gives the uppersemi- 

continuity of the attractor at zero. The lower continuity is much more difficult and we need 
to have sharp informations on the structure of the attractors (consisting of the stationary 
solutions and their unstable manifolds).

For all tim e f, we have :
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Proof of Theorem 4.1.

We know that A%t0c is an invariant set. Let (ue(i))ie iR be an orbit in A^a , then using 

Proposition 2.4 we have :

d2ue(t)
dt2

+
-1

due(t)

dt
(4.1)

for all time t , with Rs a constant independent of e.

Moreover we saw in the third remark of the preceding section that:

m
( ί ) - °

(4.2)

and

m (u£) is independent of t. (4.3)

Let η  be a real positive number. For each c positive, we choose (u£, v€) in X g  such that :

inf (|| u€ - u  \\l +  || ve -  v ||3) > S(Af>a, A*) -  η .  

u ,v  e  A"

We denote by (u£(t), ^ ’(i ) ) t€IR a complete orbit in A f a such that

du
U€(0) =  Ue, - ^ ( 0 )  =  Ve.

Then thanks to (4.1), (4.2), (4.3) we have

(«e)e>o is bounded in L°°(]R, V3),

/ due\ ^ oun<je(j jn ^,°°(IR.,Vx),V dt /  e>0

( is bounded in L°°(IR, V_!), 
V dt /  e>0

(4.4)

(4.5)

(4.6)

Thus, using classical compactness theorem, (4.4) and (4.5) imply that there exists a sub

sequence (u£»)c/>o and a function u in C°(1R, V2) such that for all T  > 0 , u£/ converges to 

u in C°([—T ,T |,V 2). Moreover (4.4) implies that u belongs to C°(1R, V2).

We know that is in C°(IR, Vo). And (4.5) implies that there is a subsequence 

(that we still denote by (u£')e'>o) such that

2 6



dt dt
Thanks to (4.6), we have :

du,/ du . _,_, _ .
—  m L (IEl, Vi) weak star. (4.7)

•2
-»> 0 in L°°(IR, V_x) strong (4.8)

We rewrite (1.14) as follows :

dxjLfi d xjbfi λ  . j  » . .
—  =  - e - ^ 2 -  ”  uA  u* +  δ /(« € ')· (4.9)

Since the mapping u —» f(u )  is continuous from Vi to V2 we deduce from (4.8) and the
iu ,̂ 
dtconvergence of ue> to u in C °([—T ,T ], V2) for all T  > 0 that converges to —u A 2u +  

A f[u )  in σ ° ( [ - Γ , Γ ] ,  V_2) for all T  > 0.

(4.7) implies that :
H.1L
—  = - i /A 2u +  A f(u ) ,  (4.10)
at

and (4.5) implies that converges to ^  in C°([—T,T],V0) for all T  > 0 and th a t 
belongs to C°(1R., Vo).

Thus, u is solution of the equation (1.11) that belongs to (1R, V2). From the defini

tion of for all t u(t) belongs to Aa. And from (4.10) :

€  A*a.

Since ^u£/, converges to (u, in C °([—T ,T],V 2 x Vo) for all T  > 0, we have : 

(ue/,v e/) =  ^ue> (0), (0)^ converges to ^ u (0 ) ,^ (0 )^  in (V2 x V0).

And that implies :

lim inf (|| ue - u  \\\ +  || ve -  v ||£ ) =  0, 

e —> 0 (u, υ) 6 Λ*

0 <  lim supS(A€iCt, A*) < η. 
e —► 0

η is arbitrary small, therefore :

lim  S(A*a ,A X =  0. 
€ - +  0

2 7
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APPENDIX  
Proof of Theorem (1.2)

The proof of this theorem is very standard, we use a Faedo-Galerkin method. Let 

(wj)j£is be the orthonormal basis in L2(0, L) of eigenvectors of A. We first look for um in 

Sp (w i,... ,w m) such that

-  A P mf ( um) =  0 , (4.1)

^m(O) =  Pmu 0j

(0) =  Pm« ,. ( Λ.3 )

(Pm is the orthogonal projector on S p(w i,... ,w m)).

The existence and uniqueness for um on an interval [0 , Tm [ follow from classical the

orem on ordinary differential equations. Using the same arguments as in the proof of 

proposition 1.1, 2.1, 2.2, 2.3 one easily prove that, for 5 =  1,2 or 3, if («o>wi) belongs to 

Va x Vs—2 then, for all T  > 0 :

(«m)m<ElN is bounded in L°° (0 , Γ ;  V*), (A  A)

is bounded in L°°(0 ,T ; V*_2). (^-5)
/  dum \

mElN

(in fact, we can prove (A.4), (A.5) with simpler calculous since we are not interested in the 

dependence on e and we do not need time uniform estimates). ((A.4) and (A.5) implies 

that Tm =  +oo).

Now, using classical compactness theorems, we can take the limit in (A .l), (A.2), 

(A.3). There exists a function u in L°°(0,T] Va) with ^  in L°°(0, Γ ;  Ve-2) for all T  > 0 

such that:
d u du A,  A . ,

f d P + Λ  +  “ "  /(u ) =  ’ ( 6)

u(0) =  u0, ( Λ.7 )

du .
—  (°) =  u i. ( Λ . 8)

Now, we prove the uniqueness in V\ x V_ 1 together with the continuity of S} (<).

2 8



Let (uo ,u i), (uo>ui) in V\ x V_i and u ,v  the corresponding solution of (A.6), (A.7), 

(A.8). We denote by
w — u — v.

We have
d2w dw A 2 A, r . \ . . . .

€~dt2 + ~ d t+U W ~  Δ Μ υ ) ~  Μ* ) )  =  °*

We take the scalar product of (A.9) with A~1/f2̂ ,  we obtain

2 

-12 dt 1 *
dw 2 ^i 19 11 dw
dt

+ u\w\i 1 + dt1

+

I d
2 dt 1 C

dw 2 ^a I O  11 dw
dt + Η«Ηι J1 + dt

2

-1

<  l / ( « )  —  / ( v ) h
dw
dt - l

We use a Young inequality :

d

dt 1 6

dw

dt + *Ή ι < I/(«) ~/(»)li·
-1

μ . 9 )

Since /  is a polynomial, V\ is an algebra and u,v are in L°°(0 ,T ; Vi), we know that there 
exists a constant Cj (depending on sup | u |j and sup | v |x) such that

[ Ο , Γ ]  [ Ο , Γ ]

|/(u) -  /(v)|i < Ci|tt — vji.

Therefore :
d

dt ' 6

dw

dt + »\w\l \ < C2\w\l
-1

An application of Gronwall’s lemma leads to :

dw
dt w

-1
+  u\w(t) \ l  <  eClt  ( e  I t t i l l j  +  v  | u 0 | i )  . (A.10)

We now take the average of (A.9) :

Λ 2 , * Λ  , > 
£^ m W  + S m (”') =  ° '

2 9



Therefore :
m(w)  = (m(ti0) — m(v0))

_ <A 1 1 >

m

+ c(m(ui) -  m(vi))(l  -  e /€),

( ί )  =  “  " » Μ ) « “ */ β · {A. 12)

(A.10), (A.11) and (A.12) imply the unicity of the solution in Vi x V_i and the continuity 
of S}{t).

The continuity of S 2 (t) and 5*(ί) are left to the reader. We use the same type of 
arguments as above. It remains to prove the regularity of the solution, that is :

( . , £ )  € C { \ 0 , T \ , V , x V . - 2).

We notice that u is the solution of the nonhomogeneous linear problem :

d2v dv A,
£ ΊΡ +  Tt +  " Δ  v  =  9 ’

supplemented with the same initial and boundary conditions as (A.6) and with :

9 =  Δ / ( « )  E L°°(0,T; Fe_ 2).

On can find the proof of the regularity for that type of linear problem in Lions-Magenes 
[l] for instance.
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