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A bstrac t : There is three parts in this work. In the first part we study the weak 
convergence of the truncated and weighted empirical process for sequences of <p 

mixing or strong mixing and non stationary random variables. Then we extend this 

results to the weighted empirical process indexed by rectangles. After the definition 

o f a new process called split process, we prove the weak convergence o f this 

process weighted by a function. In the second part, we deduce the weak 

convergence of the multi dimensional linear rank statistic as well as the serial linear 

rank statistic always under mixing and non stationary conditions. Then, we 

establish the weak convergence of a two sample linear rank statistic. At last, in the 

third part, we prove the weak invariance of the U-statistic as well as a signed rank 

statistic under absolutely regularity and non stationary conditions.

Key w ords : weak convergence, weighed and truncated empirical process, rank 
process, split process, linear rank statistic, serial linear rank statistic, U-statistic, <p 

mixing, strong mixing, absolute regularity, Skorohod topology.
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INTRODUCTION

Ce travail a pour objet essentiel d'obtenir la convergence faible de la statistique 

linéaire de rang dans des conditions très générales (faible dépendance, scores non 

bornés et non stationnarité).

Il a été mené à bien sous la direction du Professeur Jean - Pierre Raoult.

Mon souci a été de rechercher quelles étaient les hypothèses les plus larges de non 

stationnarité qui permettaient malgré tout d’obtenir des théorèmes de convergence 

faible. En effet, les processus issus de la réalité physique sont rarement 

stationnaires. Or, la plupart des théorèmes de convergence faible ont été démontrés 

sous des hypothèses de stationnarité.

Après avoir rappelé les bases sur les théorèmes de convergence faible, nous 

énonçons les avancées déjà effectuées par d'autres auteurs tout en expliquant la 

portée de notre travail qui se présente sous forme de trois chapitres subdivisés en 

treize articles dont certains, écrits en collaboration avec le Professeur Madan Puri.

Les théorèmes de convergence faible

Soient Xi, X2, ... une suite de variables aléatoires (V.A) réelles indépendantes et 

identiquement distribuées de fonction de répartition continue F.

La fonction de répartition aléatoire

appelée la fonction de répartition empirique de X i,..., Xn. La normalisation naturelle de Fn 

conduit au processus empirique défini par

n

Fn(x) = ir1 2  I[X;<x] 
i= l

(I[ ] désigne la fonction indicatrice) qui affecte la probabilité n-1 à chaque valeur aléatoire Xi est

Un(x) = n1/2 [Fn(x) -  F(x)] — 00 <  X <  +  OO

On note F '1 la fonction inverse de F.

On part du résultat de convergence fonctionnelle suivant

Wn = Un o F"1 => W0 quand n —> «>

où W0 désigne un pont Brownien et => désigne la convergence faible pour la topologie de 

Skorohod sur [0, 1].

— oo <  X <  +  oo
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Si Wn est affecté d’une fonction correctrice, Shorack et Wellner (1982) ont montré que le 

processus empirique corrigé (par r) Wn/r vérifie

Wn/r => Wq/t si et seulement si 

r2(t) /  [t log log (l/t)] —» °o quand t -» 0

où r est une fonction continue, positive ou nulle, croissante sur [0, 1/2] et symétrique au point 

1/2 .

Si par contre, les V.A. ne sont plus supposées ni indépendantes, ni identiquement distribuées, 

notons

n

S„ = S X i
i=l

Me Leish (1975) a montré que si les V.A. sont faiblement stationnaires (p mélangeantes avec le
S2

taux tp(n) = 0[l/n (log n)2+e], e > 0 sous la condition E(-jp) —» a2 (a2 constante positive)

quand n —> <*>, la fonction aléatoire Wn(t) = -^lüîL ([x] désigne la partie entière de x) appelée
n1/2c

somme partielle empirique converge en loi (pour l'extension de Stone (1963) sur [0, + «>[ de la 

topologie de Skorohod) vers un processus Brownien.
+oo

Par contre, Billingsley (1968) a montré qu'avec la condition plus forte X  (<P(n))1/2 < + °°,
n=l

S2
alors la condition E(-^) —> a2 est satisfaite.

Les résultats sont similaires lorsque les V.A. sont seulement fortement mélangeantes. 

Reprenons le cas de VA. indépendantes et identiquement distribuées. Du processus 

empirique, on a dérivé le processus de rang Ln défini par

n

Ln(t) = n-i/2 X ( I [ F n(X i)< t] - t )  0 < t <  1
i=l

On considère la statistique linéaire de rang £n définie par

n

= IL Cni an(Ri) 
i=l

où les cni sont des constantes connues appelées constantes de régression. an(i) sont les scores 

connus et R, est le rang de X¡ parmi X i,..., Xn. Si on note Jn les fonctions de score définies 

par
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Jn(t) — &n(i)
. i-1 

81 T

la statistique de rang §n peut s'écrire

n
h„(t) dL^t) = - n 1/2 1^,(0 dh„(t)

0 0

En utilisant la propriété de martingale de la suite {Ln(i/n+l) / (1 — i/n) : 0 < i < n -  1}, Shorack 
et Wellner (1986) en ont déduit que n '1/2 §n converge en loi vers une loi Gaussienne.

Enfin, on définit une U-statistique.

où la sommation 2L désigne toutes les suites possibles 1 < ii < ... < ik < n et g est une
(0

fonction mesurable symétrique dans ses k coordonnées.

Soit Zn = (Zn(t), 0 < t < 1} 

un processus aléatoire défini par :

Miller et Sen (1972) ont montré la convergence faible du processus Zn(t) vers un processus de 

mouvement Brownien. Ce résultat est appelé principe d'invariance faible de la U-statistique. 

Nous espérons que ce bref rappel permettra de mieux saisir nos objectifs.

N o s  o b j e c t i f s

Einmahl, Ruymgaart et Wellner (1984) ont montré, pour des V.A. indépendantes, la 

convergence faible du processus empirique corrigé multidimensionnel.

Une généralisation possible de ce processus est le processus empirique indexé par 

ensembles.

U » = ( k J  | S < X H . . . . . V
.1 (n)

k < n

si 0 < t < (k - l)/n

Z^t) = < (kn^y^U j si t = i/n k < i < n

. linéairement interpolé si t e [i/n, (i + l)/n], k - l < i < n - l

k < i < n

n

Wn(B) = n"1/2 2  (I[X¡eB] - W(B)) B € B
i=l

et . i 
“n et 1 < i < n
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où B est un ensemble de parties de IRk et |ii est la mesure de probabilité associée à Xi.

Us ont ensuite établi la convergence du processus empirique corrigé indexé par rectangles.

La convergence du processus empirique indexé par des ensembles très généraux a été étudiée 

avec correction pour des V.A. indépendantes par Alexander (1982) et sans correction pour des 

V.A. mélangeantes par Massart (1987).

Notre premier objectif (chapitre 1) a été de généraliser les résultats d'Einmahl, Ruymgaart et 

Wellner (1984) dans un cadre faiblement dépendant de type mélangeant non stationnaire.

Dans le chapitre 2, toujours dans un cadre mélangeant non stationnaire, on utilise la 

convergence du processus empirique corrigé pour montrer la convergence de la statistique 

linéaire de rang via la convergence du processus de rang corrigé.

La correction des processus est utilisée pour montrer la convergence des statistiques de rang 

à scores non bornés. En effet, selon une idée de Rüschendorf (1976), on peut exprimer la 
statistique de rang £n sous la forme

S  = n
n

1/2
k< 0 - ¡ f t  ■« '> * „ «

[0.11

où Ln est le processus de rang, r la fonction corrective et une mesure donnée par les scores.

La difficulté rencontré pour des V.A. multidimensionnelles est que le processus empirique et 

le processus de rang s'annulent sur la frontière inférieure de [0, l]k (une seule des coordonnées 

de t est égale à 0) mais non sur la frontière supérieure (une seule des coordonnées de t est égale 

à 1) et ceci nous réduit considérablement la classe des fonctions de score.

Pour résoudre cette difficulté, on a été amené à définir un nouveau processus appelé 

processus éclaté qui présente l'avantage de s'annuler aussi sur la frontière supérieure de [0, l]k.

Bien que son intérêt se justifie dans le cas multidimensionnel, définissons ici le processus 

empirique éclaté unidimensionnel pour illustrer cette nouvelle notion.

H est donné par

Wn(t) = -

n 1/2 S a  .! -t)
i=l [Xj<F V)]

n m  E d  _! - ( 1 - t ) )
i= l [Xi>F A(t)]

si t < 1/2

si t > 1/2

lorsque les V.A. sont identiquement distribuées.

La première partie de chapitre 2 étudie la convergence de la statistique linéaire de rang 

multidimensionnelle. Ruymgaart et Van Zuylen (1978) l'on démontrée pour des V.A.
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indépendantes et non identiquement distribuées. Mais leurs techniques du type poissonisation 

ne sont plus utilisables dans notre contexte mélangeant.

La deuxième partie du chapitre 2 étudie la convergence de la statistique sérielle linéaire de 

rang. Cette statistique avait été étudiée par Hallin, Ingenbleek et Puri (1985), mais ils obtenaient 

la convergence uniquement lorsqu'il y avait contiguïté à l'indépendance, en utilisant un lemme 

classique de Lecam. Avec nos techniques, nous généralisons leurs résultats.

La troisième partie démontre la convergence faible d'une statistique linéaire de rang ayant 

une plus large classe de fonctions de score pour une suite de V.A. uni-dimensionnelle à deux 

échantillons. Pour cela, on étend un résultat de Denker et Rôssler (1985) du cas stationnaire au 

cas non stationnaire en utilisant un théorème central limite de Withers (1975) pour des V.A. non 

stationnaires.

Le chapitre 3 établit l'invariance faible de la U-statistique pour des V.A. absolument 
régulières (mélange intermédiaire entre le (p mélange et le mélange fort) non stationnaires, puis 

on déduit l'invariance faible d'une statistique de rang signée utilisée dans la pratique pour tester 

la symétrie. Ces résultats avaient été établi par Yoshihara (1976, 1978) pour des V.A. 

absolument régulières mais stationnaires. Pour généraliser, on utilise le théorème central limite 

non stationnaire de Withers (1975).

Nous montrons à présent comment nous avons pu réaliser ces objectifs.

Présentation de nos résultats.

On considère une suite triangulaire Xni = (X ^, ... , X ^) 1 < i < n, n > 1 de variables 

aléatoires à valeurs dans avec pour fonctions de répartition Fni et fonctions de répartition 

marginales supposées continues pour tout j e  {1, . . . ,  k}.

Pour tout ce qui suit, nous travaillerons avec des suites de variables aléatoires qui seront soit 
(p mélangeantes, soit fortement mélangeantes, soit encore absolument régulières.

On rappelle que la suite non stationnaire {X„j} est dite (p mélangeante si

sup max /  sup I P(A I B) - P(A) I ; B e C^X ,̂ 1 < i <j), A 6 o(X i > j + m)l = <p(m) i  0
n>l j<n-m l  A,B /

où o(X„i, i < j) et G(Xni, i > j + m) sont les tribus engendrées par (Xni, ..., Xnj) et 

(Xn,j+m» Xn,j+m+l> • • • > Xn,n) respectivement.
Elle est dite fortement mélangeante si

sup max /  sup I P(A n  B) - P(A)P(B)I ; A e o(X -, 1 < i <j), B e a(Xni, i > j + m)l
n>l j£n-m l  A,B J

= a(m) i  0

et enfin absolument régulière si
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sup max EÎ sup I P(A I ©(X^, 1 < i < j)) - P(A)l1 = (3(m) i  0
n âl j<n-m \  Aeo(Xni, i >j+m J

On a toujours a(m) < P(m) < cp(m).

Pour une meilleure compréhension des résultats, certaines définitions et conditions techniques 

seront, dans ce qui suit, seulement évoquées et non données en détail.

Analyse du chapitre 1.

Soit Hni la fonction de répartition définie par

HriGi...... tk) = FrfO? » '1 (t,)........F«>'‘ (tt ))

n

pour tout ( t i , ..., tk) € [0,l]k où F$? = n"1 2  F„i
i=i

On considère maintenant le processus empirique tronqué Wn défini par

K l  r k 1

w "(t°-, ) = n " '2 1 ISî'^ï M
pour tout to e [0, 1] et t = ( ti,..., tk) e [0, l]k où [n to] désigne la partie entière de n to.

Soit f : [0, l ]k+1 —> R . Pour p e {0, l}k+1, on définit

fp(t) = lim f(s) (s, t) e [0, l]k+i 

ss t  tj p(i) = 1

Sj l  tj p(i) = 0

si la limite existe et on appelle fp(t) la p limite en t. On note Dk+i l'espace de toutes les 

applications f : [0, l ]k+1 —> IR telles que , pour tout p e {0, l}k+1, fp existe et fp = f pour p 

= (0 ,..., 0). L'espace Dk+i généralise l'espace des fonctions c.a.d. l.a.g. Parfois appelé espace 

des fonctions admettant une limite dans les 2k+1 quadrants et continues dans le premier 

quadrant, il fut introduit par Neuhaus (1971).
On dit que la suite {Hni} est [i-bornée s'il existe une mesure finie et positive (i sur [0, l]k 

avec ses fonctions de répartition marginales continues telle que pour tout n > 1 et 1 < i < n, 
Hni(B) < jx(B) pour tout rectangle B dans [0, l]k où |ini est la mesure sur [0, l]k associée à Hni. 

On appelle fonction correctrice une fonction continue r : [0, l ]k+1 —» R +

On a obtenu le résultat suivant
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T h é o r e m e  1

On suppose que la suite {Xni} est
(a) (p mélangeante avec (p(m) = 0(m ~ 1 “ e), e > 0

ou
oo

(b) fortement mélangeante avec X  m2(k+1) a e(m) < <*>, e e  ]0, 1 / (2k+4)[
n=l

la suite {Hni} est
(c) |i bornée où p. est absolument continue avec une densité bornée 

ou

(d) {Hni} a des marginales uniformes pour tout n > 1 et 1 < i < n.

De plus, on suppose que

(e) la fonction de covariance Cn(v) du processus empirique Wn converge vers une 

fonction C(v)- Alors, pour toute fonction correctrice r telle que r(t) = 0 s'il existe au 
moins un j e {0,..., k} tel que tj = 0 ou si t = ( 1 , . . 1 )  et satisfaisant

Wn/r (à valeurs p.s. dans Dk+i) converge faiblement pour la topologie de Skorohod vers un 

processus Gaussien Wo/r à trajectoires p.s. continues (WQ est le processus limite de Wn).

Les résultats d'Einmahl, Ruymgaart et Wellner (1984) étaient vérifiés pour une plus large 

classe de fonctions correctrices (satisfaisant les conditions de Shorack et Wellner (1982)) en 

raison de leur technique de démonstration différente, non utilisable pour nos conditions de 

mélange.

Soit maintenant le processus empirique indexé par rectangle Wn défini par

r(t) > A l i t :  1 - I l  t- , t e [0, l]k+1, A > 0  0 < l / 2 - 8 <  
L j=o V j=i JjJ

1
2k+4

n / k >

W„(B) = n - W I  I I I  tì) ü, - U . ( B )

k

pour tout rectangle B = I"I ]a-, bJ c  [0, l]k
j=i

Si ^(k) est l'ensemble des rectangles semi ouverts de [0, l]k, on généralise l'espace Dk en 

un espace noté Dk (trop long à définir ici) qui est un sous-espace de l'ensemble des fonctions 

f : & (k) —> 1R. Sur Dk, on est amené également à définir une topologie de Skorohod adaptée.

On appelle processus empirique modifié le processus Wn défini par

Yl1/2"5
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W (B) = { W n<B ) si I B I > n'1 et IB I < 1 - n'1
l 0 sinon

où IB I est la mesure de Lebesgue de B.

Pour toute fonction correctrice r : [0,1] —» R +, on introduit le processus empirique modifié 

corrigé défini par

(W^rXB) = Wn(B ) / r ( IB I ) s i lB I* 0

0 sinon

THÉOREME 2

Supposons que les conditions (a) ou (b) et (c) ou (d) ainsi que (e) du théorème 1 soient 
satisfaites, alors pour toute fonction correctrice r s'annulant en 0 ou 1 et satisfaisant

r(u) > A[u (1 -  u)]!/2-8 A > 0 ,0  < 1/2 -  6 < 1/2 k(k+l)

Wn/r converge faiblement pour la topologie de Skorohod vers un processus Gaussien.

Les résultats d’Einmahl, Ruymgaart et Wellner (1984) furent établis dans le cas indépendant 

en recourant à la bien connue construction de Skorohod, mais uniquement pour des processus 

équivalents puisqu'ils n'ont pas envisagé les notions d'espaces et de topologie de Skorohod 

sur Dk.
Pour tout p = (p(i))o<i<k 6 {0, l }k+1 donné, et tout n > 1 on définit une application 

xj/p) : (R k)n —» (R k)n comme suit

V ^ (x i, ..., xn) = (yi, y„) où 

Xj = (xS1}, ..., xjk)), y. = (yj1}, ..., y[k)) et où 

xP si p(0) = 0 et p(j) = 0

- xP si p(0) = 0 et p(j) = 1
yi
Ci) _

*2îi-isi p (°)= 1 et p(j)= °

• si P(°) = 1 et p(j) = 1

l < j < k

On définit aussi
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Vp : [0, l]k+1 -»  [0, l]k+1 comme suit 

= (t'o, . .. ,t 'k) où

tj si p(j) = 0 

1-tj si P(j) = 1
0 < j < k

Pour tout p e {0, 1 }k+1, on note Wft le processus Wn0P’p(t)) associé à la variable aléatoire 
V™  (Xnl, X„„).

Puis, si on note I(p) = Ip(0) x ... x Ip(k) où

_ f [0, l/2[ si Z = 0

e “ t  [1/2, i] si e = i

on définit enfin le processus empirique tronqué éclaté par

w > )  = < ( t )  si t el(p)

★
Le processus Wn n'est plus défini sur l'espace Dk+i mais sur un espace que nous notons

*
I \ +1 où les fonctions ont leur continuité dans un quadrant dépendant de p.

Sur l'espace I \ +1 , nous définissons également une topologie adaptée dite de Skorohod

THEOREME 3

Supposons que les conditions (a) ou (b) et (c) ou (d) ainsi que (e) du Théorème 1 soient 

satisfaites, alors pour toute fonction correctrice r : [0, l]k+1 —» IR s'annulant s'il existe au 

moins un j € {0,..., k} tel que tj = 0 ou tj = 1 et satisfaisant

r(t) > A n«j rid-tj)
L j=0 j=0

1/2 - 8

, A > 0, 0 < 1/2 - 8 <
1

2k+ 4

r* 1Wn — (à valeurs p.s. dans I \ +1 ) converge faiblement pour la topologie de Skorohod vers 

un processus Gaussien.

Cette notion de processus éclatés est nouvelle et permettra dans le chapitre 2 d'obtenir la 

convergence de la statistique linéaire de rang multidimensionnelle et de la statistique sérielle 

linéaire de rang avec des constantes de régression et des scores non bornés.

v
t l , .. , tk) =

éclatée.
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Analyse du chapitre 2.

Deux types de statistique sont envisagées

- la statistique linéaire de rang où les observations sont k-dimensionnelles que l'on écrit

n

s n = I  ^ ( ^  • • •> < )
n  i = l

où k désigne une dimension, est donc le rang de la coordonnée X̂ j parmi (X^, ..., X^), 

cni est la constante de régression et an le score.

- la statistique sérielle linéaire de rang où les observations sont 1-dimensionnelles que l'on 

écrit

* 11

— ^  Cni an ^n.i-k+1’
n i=l

où k est une longueur de regroupement, Rni est donc le rang de Xni parmi (Xni , . . . ,  Xnn).

Dans toute la suite (pour des raisons de lisibilité des résultats), an sera supposée définie à 

partir d'une fonction de score J avec telle propriété (sauf mention explicite).
J = Jd + Jc où Jd est une fonction en escalier ayant seulement un nombre fini de points de

aijc . ,

discontinuité et Jc admet des dérivées partielles continues-------- sur ]0, 1[K+1 pour tout
Otj)jeI

l e  {0, ..., k}.

On considère le processus de rang tronqué Ln

[n toi k

Mto,») = n-!/2 S  { n  Ifti>(xS)s-i] - H"iW }
i=l j=1 n ni j 

pour tout (tQ, t) € [0, l]k+1 où F® est la fonction de répartition empirique de la suite

(X“ï),<iSn

On définit également nn processus de rang trnntiné éclaté Ln.

Après avoir rajouté une condition technique appelée condition de différentiabilité. nous avons 

pu démontrer la convergence faible du processus £-n muni d'une fonction correctrice vers un 

processus Gaussien pour la topologie uniforme afin d'en déduire le résultat suivant.

THÉOREME 4.
Supposons que les conditions (a) ou (b) et (c) ou (d) ainsi que (e) du théorème 1 soient 

satisfaites, avec en plus la condition de différentiabilité et qu'il existe pour tout j e  {1,... k} 

une fonction de répartition F(i) telle que
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sup I F® (x) - F^(x) I = 0(n a), a  > 0
xeR

alors si la fonction de score J vérifie

I
a,

jel

■3/2+8

A > 0, 0 < 1/2 - S < 2 ^ 4  

n 1/2 Bn converge en loi vers une distribution normale de variance finie.

Etudions à présent la convergence de la statistique &n, on obtient deux théorèmes selon que 

la fonction de score J est bornée ou non.

On affaiblit alors la condition de non stationnarité en supposant Fni = Fn pour tout 
i e { 1 , n}. On note fn la densité de probabilité de F„ et g„ la densité de probabilité de la 

variable aléatoire (Xni , X n k ) -

La condition de différentiabilité est remplacée par une condition un peu plus forte que nous 

appellerons ici condition de pseudo-différentiabilité.

T h é o r e m e  5.

Supposons que les conditions (a) ou (b) et (d) et (e) du théorème 1 soient satisfaites avec 
la condition de pseudo-différentiabilité, alors si la fonction de score J est bornée, n_1/2

converge en loi vers un distribution normale de variance finie.

Nous avons alors trouvé des applications aux processus de Markov et processus ARMA.

T h é o r e m e  6.

Supposons que les conditions (a) ou (b) et (d) et (e) du théorème 1 soient satisfaites ainsi 

que la condition de pseudo-différentiabilité. On suppose de plus qu'il existe une fonction de 
répartition F telle que

sup I Fn(x) - F(x) I = 0 (n “) cc>0
x e R

et que

g„(x,, . . . , x t ) S A

k -,-,/2+8 k 

I1f,W (i-f,w ) Uw
L j = l  J  j = l  J

A >0 ,  0 < 1 / 2 - ô < j y m :

(0
< A

jel
Vtfil
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alors si la fonction de score J vérifie

a j c(t)

0 9 .
je l

 ̂a r n ut - tp "
L je l J

-3/2+8'
8'>8

n' 1/2 §n converge en loi vers une distribution normale de variance finie.

Enfin, nous envisageons le cas où la suite {Xni} est 1-dimensionnelle et la réunion de deux 

suites indépendantes de variables aléatoires faiblement dépendantes, c'est-à-dire

X
nl»

n2J

1 < i <n 1

J =  1 " n i nj + 1 < i < n

où n = nt + ^  et lim nj n"1 = e ]0, 1[
n—>00

les deux suites fY n 1i l i <i<n1 et {Zn2jh<j<n2 sont supposées indépendantes.

Nous montrons alors le comportement asymptotique de la statistique &n lorsque la fonction

de score J s’écrit J = J0 x Ji où J0 est défini à partir des constantes de régression.
Pour tout 5 > 0 on pose rç = 8(4 + 8)*1 et on note jig la mesure sur [0, 1] donnée par la

densité t(l-t)"1̂ '1! par rapport à la mesure de Lebesgue. On note l'espace des fonctions Ji à 

variations bornées, |a.g intégrables et pour lesquelles les mesures rj définies par Ji = Jdrj sont

absolument continues par rapport à la mesure de Lebesgue.

Si on note F ^ \  ̂ et ês fonctions de répartition respectives des variables aléatoires

(Ynii, Ynie) et (Zn2j, Z„2k), on obtient

T h é o r e m e  7.

Supposons que les suites (Ynji) et (Z n2j) soient (a') cp mélangeantes avec

+00 +00

2  m((p(m))(2+3S)A4+25) < + 00 pour 2>8>0,ou  (b') fortement mélangeantes avec 2  m2
m=l m=l

(a(m ))^2+̂  < + 00 pour 8 > 0 , que (c') la fonction J0 admet une dérivée à variations bornées 

et Ji appartient à ^ 5  et que de plus (d') pour tout m e N et tout Ce {1, 2}// existe une

fonction de répartition continue Gm sur IR2 de marges F$) telle que

- 1 / .  ^  ^ ( ^ / T T - l / .  >> TT -1lim max
n—»«> 1—i<j—n

F ' n V y i - G Î V 1« ! ) .  H“ «2)) =  0

pour tout (ti, t2) e [0, l ]2 où

F(e)
E* (F« ti).

p(2)
bno,i,
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n

Fn = n-l X  F„i et H = XQ F0> + (1 -  XQ) F(2) 
i=l

alors nAI2 £>n converge en loi vers une distribution normale de variance finie.

Analyse du chapitre III.

La U-statistique est définie par

-1 (")

U(F„) -  Q  J S  g (X ^, .... X ^ )  n 2 p 2 1

(n)
où la sommation X  recouvre toutes les inégalités 1 < ii < ... < ip < n et g : R p —> R est une

(i)
fonction Borel mesurable qui est symétrique dans ses p coordonnées. Si on note Fn,ij la 

fonction de répartition de (Xni, Xnj), on obtient alors le résultat suivant :

THÉOREME 8.

On suppose que la suite {Xni} est absolument régulière avec P(m) = 0(m-(2+8)/S), que la 

fonction g satisfait certaines conditions techniques d'intégrabilité (non données ici) et appartient
*

à l'espace Dp et que de plus pour tout m e  N , il existe une fonction de répartition continue 

Gm sur R 2 de marges continues F telle que

lim max | Fn .. (xj, x2) -  Gm(Xj, x2)| = 0
n— lâ<jfin

pour tout (xi, X2) e R 2,
alors nlfZ U(Fn) converge en loi vers une distribution normale de variance finie.

Des applications aux processus de Markov et processus ARMA sont données.

Remarque : Les U-statistiques ne convergent pratiquement jamais en condition de mélange 

fort.

Pour terminer, nous définissons la notion de U-statistique généralisée.

Soit un entier c > 2 et pour tout j (1 < j < c) un entier mj > 1 ; soit g une application de
C

n (R k)mj dans R , symétrique pour tout j (c’est à dire que g(xi, ..., xc) est invariant pour

toute permutation sur les mj indices de xj).

On considère c tableaux triangulaires indépendants de variables aléatoires à valeurs dans R k, 

notées Xj>n,i ( l < j < c ,  l < n ,  l < i < n ) à  fonctions de répartition continues
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Pour tout n( = (ni, ..., nc)), tel que, pour tout j, n. > m; soit Sn = ü  Si n;, où S; n; est
J J j=l Jf J J

l'ensemble de toutes les suites strictement croissantes à mj éléments dans {1, . . . ,  nj} (1 < ijj < 
ij 2 < ... < ij,mj ^ nj). La U-statistique généralisée de degré m = (m j,... me) est définie par

U(n) =II

c

n fn0
-1"

L j =i l m j j

£  g (X .n j ..e, l s e s m j, l S j S c )

On suppose que, pour tout j, le tableau triangulaire des variables aléatoires Xj>n,i (1 < n, 1 < 
i < n) est absolument régulier de taux noté (3j.

On étudie le comportement asymptotique de U(n) quand les nj tendent vers l'infini de telle
sorte que, pour tout j, nj/ ni + ... + nc tende vers Xj(0 < Àj < 1) ; les Xj seront fixés dans toute
la suite et on note lim ce type de convergence, 

n
Pour tout t = ( ti,..., te) e [0, l]c et n = (n i,..., ne) on note [n t] = ([ni t i] , ..., [nc te]).

Soit Z(n) = {Z(t, n), t e [0, l]c le processus défini par

Z(t • n) = j  U^ n ^  “  0 (̂ n) Pour tout tn fl -  m 
l 0 autrement

où 0(Fn) est un coefficient de centrage 

(a < b signifie aj < bj pour tout j = 1, . . .,  c)

Si on note i £ la fonction de répartition de la variable aléatoire (Xj^j, Xj n ̂ ), on obtient

T h é o r e m e  9.

On suppose que les variables aléatoires {Xj^} vérifient

max P (m) = 0(m 6 8)
l<j<c J

c

que la fonction g appartient à Dkm où mo = X  mj & satisfait certaines conditions
j=l

d'intégrabilité (non données ici) et que de plus il existe une famille de fonctions de répartition 
sur IR2k, Gj£ de marges Fj(l < j < c, E > 1) telle que pour tout (xi, X2) e E 2k

lim max max | G. . p (Xj, x2) -  G. p .(Xj, x2)| =0 
n l<j<c l<i<e<nj J’

alors Z(t ; n) converge en loi pour la topologie de Skorohod sur Dc vers le processus Gaussien 
W = (W(t), t e  [0, ip}oiì
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W(t) = ¿ y . W ï t )  t > 0  
j= i  J

0 avec la probabilité 1 si tj = 0 pour au moins un j, 1 < j < c

où les Yj sont des constantes et les Wj sont c copies indépendantes d'un mouvement brownien 

sur [0 , 1].

En utilisant des techniques similaires à la démonstration des théorèmes 8 et 9, on montre 

également un théorème d'invariance faible pour une certaine statistique de rang où on prend les 

rangs des valeurs absolues des variables aléatoires. Cette statistique est utilisée pour tester la 

symétrie.

Actuellement, nous nous attaquons toujours sous des hypothèses de non 

stationnarité à d'autres types de problèmes de convergence, en particulier à la loi du 

logarithme itéré. Nous espérons ici avoir fourni un outil plus adéquat de travail aux 

statisticiens appliqués qui utilisent les théorèmes de convergence faible.
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I IÜ iim i|Ç 9 =ÇB=|=II3BE*
I-a) Rappels.

En [ 6 ], dans ce même fascicule, S. BALACHEFF et

G. DUPONT établissent des conditions de convergence pour le proces

sus de rang normalisé tronqué. Cette étude repose sur la considéra

tion préalable du processus empirique normalisé tronqué; voir aussi 

[ 5 ]pour plus de détails.

Ce processus, noté ici Wn, est défihi de la manière sui

vante (nous utilisons dans ce texte, sauf avis contraire les mêiAes 

notations que S. BALACHEFF et G. DUPONT dans [ 6 ]).

1+k
Pour tout t (s [0,1] ), on convient de noter : 

t = (t0,...tk) et t = (tj,..., tk) (c [0,l]k)

(alors que dans C 6 ], il est noté en général : 

t s (s, t ̂ ,. »., tjç ) )

On note en particulier ï = (1,..., 1) (e [0 ,1 ]̂ )

Etant observé x (= (x*,..., xn)), suite de n observations

dans IR , on note : r * i
LntoJ

cw (tn (x) = —  I i cFn (x?) < t] - (ï)
/n j=l

i r k ‘

troduites dans [ 6  3, Ill-a, Ill-b et III-c );

K —  i
(les notations [ ü, I [ ], £ (ordre dans tR ), Fn, sont in-

Rappelons en particulier que :

i f t : - s t tFnil (*|) î

“  Hï <fcl.... ‘k’ - ' V i ' 1!'..... Fn,k(tk>>

(H^ est la fonction de répartition de la probabilité notée

Il résulte alors de [ 5 ] (Chap. 7, Th. 1) (et, à quelques

détails de normalisation ,près [ 6 ], Th. 5) que la suite des procès-
1+k

sus Wn converge en loi, pour la topologie de SKOROHOD sur [0,1]

(voir [ 13 ] et [ 6 ]), vers un processus gaussien à trajectoires p;s. 

continues dès que sont satisfaites les hypothèses suivantes :

H, - Les marges P . (1 $ i £ k) de la probabilité P régissant
' k n n

l'observation x dans ( IR ) sont supposées diffuses sur IR .

_ - l  _-l

*n>

1 CFn (X3)
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H2 ” La suite (Cn ; n e IN ) des fonctions de covariance des pro

cessus Wn converge simplement vers une fonction limite c.

Hj - Il existe une application décroissante <fr s in -*• [0,1] véri

fiant <(>(0) = 1, J n et pour laquelle la suite
* n e IN 

(Pn, n e IN ) est mélangeante.

le
H4 - Il existe une mesure y sur [0,1] , finie, positive, à marges 

diffuses et vérifiant :

(Vn c N*) (Vj e{1, 2, ..., n}) (VB bloc de [0,1]k)

(B) ( u(B)

(où comme en [ 5 ], si T est une partie de [0,1] de la forme 

k
n T,, on appelle bloc de T, toute partie de T de la forme 
i=l

k _ __
H ] t ., t. ] hT où, pour tout i, t. et t. sont deux éléments de 
i=l —  —

vérifiant t^ < t^ .

I-b) Cadre de cet article.

L'usage proposé par RUSCHENDORF [ 2 ], des processus de rang

pour la convergence des statistiques de rang multidimensionnelles

repose sur l'étude (qui va faire l'objet du présent article) de la

convergence en loi, pour la topologie de SKOROHOD de la suite des

processus du type W . i, où r est une application continue de 
1+k[0,1] dans IR+ et où, par convention, on note :

r = r W  Si r * 0

•p (t) = 0  si r (t) = 0

L'étude de tels processus est effectuée par FEARS et MEHRA 

([ 3 ]) (dans le cas unidimensionnel), par MEHRA et RAO ([ 8 ]) 

(dans le cas multidimensionnel, mais pour un processus stationnaire 

non tronqué); ils la présentent comme l'étude de la convergence de 

la suite des processus WR pour la topologie déduite de la topoloaie.de

¥j

(t)(t)
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SKOROHOD en adoptant, pour distance entre deux éléments f et g de 

Dk' ^ r̂' r̂  ^ est distance de SKOROHOD (les auteurs notent

dr (f.g) » d (̂ , 2) et parlent de "dr metrics" ; remarquons que 

cette nouvelle topologie n'est, en toute rigueur, définie que sur 

l'ensemble des éléments f de Djç tels que ~ soit lui-même un élé

ment de Djç ; nous traiterons cette difficulté en posant ci-dessous 

une hypothèse assurant que, presque sûrement, la trajectoire des 

processus corrigés appartient à D^.

Comme le remarque RUSCHENDORF, les fonctions r doivent, pour

permettre d'obtenir les résultats de convergence des statistiques

de rang qui constituent son but, s'annuler en tout point de 
1+k[0,1] en lequel le processus prend presque sûrement la va

leur 0, c'est-à-dire en tout point t vérifiant l'une des condi

tions suivantes :

(1) = tc = 0

(ii) Il existe i (1 $ i < k) tel que t^ « 0

~ k (on dit alors que t appartient à la frontière inférieure de [0,1]

notée [0,1]^.

(üi) t = 1

Nous nous limitons en fait au cas où r est une fonction cor

rectrice (et même, dans une première étape, semi-correctrice) aux 

sens donnés par la définition suivante :

Définition 1.

On appelle fonction correctrice (respectivement semi-correc-
1+k

trice) toute application r de [0,1] dans IR+ , vérifiant :

(Vt) r (t) - rQ (tQ) r (t)

où

(i) rQ est une application continue de [0,1] dans |R+, s'annu

lant en 0 et en 0 seulement.

~ k
(ii) r est une application continue de [0,1] dans (R. dont l'en-

----V „  <«___  r .
semble des points d'annulation est [0,1] V {1} (resp. [0,1] ).

Si r est une fonction correctrice (resp. semi-correctrice) on 

dit que le processus ^  est le r-corrigé (resp. r-semi-corrigé) de 

Wn (ou corrigé (resp. semi-corrigé) si il n'y a pas de risque de 

confusion sur r).

o ù

1 "n

V ?
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Sont en particulier correctrices les fonctions dites de 

WELLNER (.par référence à Ci4] ) de la forme :

r ( t )  = [ t fl n t, (1 -  n t . ) ] 1/2" e 
1=1 i=l

(où 0 < e < -j) .

I-c) Objet de cet article.

En C 2 ], RÜSCHENDORF présente un théorème (Th. 2.2) dans 

l'énoncé duquel la convergence (en loi pour la topologie de 

SKOROHOD) d'un processus (non nécessairement empirique) corrigé 

est déduite uniquement de la convergence du processus lui-même 

("avant correction") et d'une condition sur la probabilité limite 

de ce processus.

Ce théorème n'est pas exact (pour un contre exemple, voir 

C 12 ]). En fait, nous pensons même qu'il est vain d'espérer 

obtenir un théorème "général" de ce type.

Le but de notre travail est donc de donner des conditions sur 

la fonction correctrice (ou semi-correctrice) r, conditions liées 

intimement aux éléments intervenant dans la définition du proces

sus empirique non tronqué, et assurant la convergence du processus 

empirique normalisé tronqué corrigé.

La première étape de cette étude consiste à établir la propo

sition suivante (qui est, pour l'essentiel, le lemme 3.2 de 

C 8 3 et dont nous ne redonnerons pas ici la démonstration).

Proposition.

Soit Wn (n c IN*), une suite de processus, à valeurs dans 

Dk+1 et convergeant en loi vers WQ, processus gaussien à trajec

toires presque sûrement continues.
k + 1Soit r une application continue de [0,13 dans R+ .

On pose, pour tout 0 > 0

R0 = {v e R1+k ; (3w c R1+k) r (w) = 0  et Sup|vi-wi| ÿ 0}

O^i^k

On suppose vérifiées les deux conditions suivantes :

(A) Pour tout n, le processus est à trajectoires presque 

sûrement dans D^.

(B) (V ô > 0) (V e > 0) ( 9 0 > 0) ( 1 N0) (V n * N0)
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Pn CSupj (Wn . i )  ( v ) |  > 6]  < e

v k R0

Alors la suite des processus Wn .̂  converge aussi, en loi vers 

le processus corrigé W 0.p (qui est évidemment lui-ihême gaussien 

et à trajectoires p.s. continues).

Dans le cas particulier, où est le processus empirique 

normalisé tronqué, la condition (A) est évidemment assurée par 

l'hypothèse suivante :

Hj - r est une fonction correctrice (resp. semi-correctrice) 

telle que, pour tout n et tout j (1 $ j $ n), soient satisfaites 

les conditions (1) et (2) (resp. soit satisfaite la condition (1)) 

cir-dessous :

(1) En tout t appartenant à la frontière inférieure,on a :

lira (Hj — ) (u) = 0 
u t n T

(2) lim C (1 - Ĥ )-4 -] (ïï) = 0 
ü T n r

Notre tâche essentielle consiste donc à assurer la réalisation 

de la condition (B) de la proposition.

On remarque que, par définition même des fonctions correctri

ces (resp. semi-correctrices), on a, pour tout 0 < j ,

k k 
Rû = V V (resp. R0 - U C0 ^
9 i=o 0

où, pour tout i (ç $ i < k)

C0,i = it; ° * t L * 9Î 

et C'Q = {t ; (VI c{l,..., k}) : 1 - 0 < t± £ 1}

toous nous limiterons désormais aux fonctions correctrices et 

semi-correctrices régulières au sens suivant s

Définition 2.

La fonction correctrice r (resp. semi-correctrice) est dite 

régulière Si et seulement si sont satisfaites lés conditions- (1)

(2) et (3) (resp. (1) et <2>) J ci-dessous.
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(1) “ Il existe 0Ô (> 0) tel que r0 est strictement croissante 

sur [0, 9-03

I ^
(2)^- Il existe 6 (> 0) tel que r est strictement croissante

sur ü Cn, , 
i=l 0 'i

(3) - Il existe 0" (> 0) tel que r est strictement décroissante

0 •sur Cl„

L'étude des processus régulièrement corrigés conduit à dé

composer Rq en l'union des parties des types suivants :

(1) C9,i (1 ,< W  k)

k
(2) °9,0 n ^ • i i—1 0 ,i

(3) o
C
D O n [C0,l]1+k ”^ 0',! “ C0"]

(4) <oC
D

O

n
C0"

(5) O
CD 

-
 

3

et à démontrer que, pour chacune (soit R) de ces parties,

<b r > (V6 > 0) (Vc > 0) (3 9 > 0) (-3 N0) (Vn i  Np)

Pn CSup|(Wn.|) (v)| > 6] < e 

V cR

Pour k = 2, on a les schémas suivants :
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Pour les processus régulièrement semi-corrigés, il suffit de 

procéder ainsi en décomposant R0 en l'union des parties suivantes:

(1) c0 i (1 $ i < k)

(2) c 6.o "J, ce*,i

(3’> ce,o ce',i)

Nous allons nous limiter dans le présent article â 1'étude 

des processus régulièrement semi-corrigés ; ceci implique évidem

ment que, pour un processus corrigé par une fonction régulière r, 

la condition BR est satisfaite sur les parties (1), (2) et (3) 

pour lesquelles la condition BR coïncide avec celle, relative 

respectivement à (1), (2) et (3)1,pour tout fonction correctrice 

régulière r' coïncidant avec r sur [0,1] * Ci,, (il est clair au'ilO
en^existe).

II - NQT4ïIQNS=E|=||^^|S=2|ggg|QyE§.

II-a) - Notations.

0. On notera K = {1,..., k} et K' = {0, 1,..., k}

k
U

i=l



1 - Soit ; 1 $ i ( k) une suite d'éléments d'un ensemble X,

de longueur k.

1°) Soit I G  K ; on note (I : x̂ ) la suite partielle 

(x̂  ; ici) (élément de [0 ,1 ]*).

(en particulier (K : x^ = (x̂  ̂ ; 1 $ i 4 k)

Soit Çl = K -  1 ; on note 11 î x̂  ( l'application de

X ^  dans X^, qui à tout (Çl : y^) associe l'élément

(ẑ  ; 1 < i £ k) défini par î

si ici, = x^

si i«I, z± = y±

Si f est une application d'ensemble de définition X, 

f o|I : x̂ | désigne alors bien sûr l'application déduite de f 

par "fixation aux valeurs x^ des coordonnées d'indices appartenant 

à I"

2°) Soit (ŷ  ; 1 * i i k) une autre suite, de longueur k et 

soiënt I et J deux parties disjointes de K ; alors

(I : Xjl ; J s y^ »(I U J s z±)

où si ici, z^ = x^

si ii J , z± = yA

Ce type de notation peut bien sûr s'étendre à plus de trois

parties disjointes de {1 ,..., k)

1 2  3(Exemple :(1^ : ; ^  ! ; Ij : x̂ ) où 1̂ , Ij» I3 sont trois

parties disjointes de K.

3°) Soit X e n  et I C J C  K et soit f une application de 

X*̂  dans R.

On note, si cela a un sens, djf la dérivée de f selon les 

coordonnées appartenant à I.

(si I = i^) où i i k

3If  -  VTVT̂ r- £ > '  

X1 i

56

<x±
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On remarque que, si £ est une application de X dans R, on a 

(3jf) (K : x±) « (Ojf)o |[I ; x j ) (1 : x±)

autrement dit :

(3jf)o Çl : = 3j (f o s x

2 - Soit ((a^, b^) ; 1 £ i £ k) une suite d'éléments de [0,1] , 

de longueur k et soient I et J deux parties disjointes de K; alors

[I : aif ; J : c ^  di] = II [x^ y ^
i e l v J

où si ici, [xif y^] « [aif b ^

si ie J , [xA, y±] = [cif d ^

Ce type de notation peut bien sur s' étendre à plus de deux 

parties disjointes de {1,..., k)

1 1 2 2 3 3
(Ex6iû 1g • ^^l * * 12 * * 3̂ * b^3 où ^1* ^2* 3̂

sont trois parties disjointes de K.

3 - "L'opérateur différence" Afîf (où B est un bloc de [0,1] et 

f une application de [0,1]^ dans R) s'exprime naturellement avec 

les notations ci-dessous :

>i-Si B = [K : ai, b{] ,

û„f = l  (- i)card 1 f(I
’i »  C1 ai>

ICK

Il-b) - Lemmes techniques«

Dans les démonstrations de la partie III, nous serons amenés 

à Utiliser certaines propriétés sur les notations que nous venons 

de définir ; nous allons les énoncer ici sous forme de lemmes 

dont on trouvera les démonstrations (fastidieuses mais élémentai

res) dans [ 7 ].

Lemme 1.

Soit f une application de [0,1] dans !R nulle sur [0,1] ' 

alors on a :

l[I : &i, b± ; [i : 0, c ^  f = Û[I : a±, bJL](fv? C1 : ci )
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Lemme 2.
Jç

Soient f et g deux applications de [0,1] dans IR, nulles
i —

sur [0,1] ; soit pour tout i (1 £ i £ k) , 0 £ a^ $ b^ $ 1 ; alors 

on a :

A[K : aif b ^  f*g ~ j]uj A[I : aif bi ; J - ï  î 0, aĵ ; Çj : 0, bi]f‘

Û[I : 0, bi ; J -1 : a^, b̂  ̂ ; : 0, b^]9

Lemme 3.

k 1--- k
Soit £ une application de [0,1] dans <R nulle sur [0,1] ;

soit, pour tout i ( l £ i < k ) , 0 < a ^ $ b ^ $ l  ; alors on a :

i m :  -i) » „  , a±, bl , Ci , o, bt] £ +i(K ! bi>

I*(j>

Enfin, nous énoncerons une propriété du processus empirique 

Wn qui est en réalité une des deux seules que nous utiliserons 

dans la démonstration du théorème, découlant de la définition 

même du processus empirique tronqué (l'autre propriété sera uti

lisée dans le lemme 9).

Soit H la fonction de répartition de la mesure y citée dans 

l'hypothèse (H4).

Soit H' la fonction de répartition de la mesure y' sur 
1+k[0,1] produit de la mesure y et de la mesure uniforme sur [0,1] 

Lemme 4.
k k 

Soient B = n [a.,, bj] et B’ = n [c., , d., ] deux blocs de

1+k i=t> i=ô [0,1] tels que : B'CB (c'est-à-dire î

a± f ci i d± g bi# 0 S i i k), aQ - c0, bQ - dà et afl, b0, 

cQ, dQ de la forme :

0 » » 
aQ =» c0 » jj , bQ ■ dQ » —  où t et l' sont des entiers com

pris entre 0 et n.

Alors on a :

1 / 2
l4B' MJ  « ' 4B wn l+ n 4b h '
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On va majorer séparément WR et - Ag, Wn

a) AB' Wn = : cif di3 Wn

lê k
= n"1/2 l ( n. I Cc± i F. ± (xj) < d±3 - . d , 

j«£4T i=l i n,i i 1 *- ci'aiJ

Démonstration.

V  k
- 1 / 2

x,1
n"1/2 I (Ar„ _ k t H« “ A..*, . „ j -i Ĥ ) 

j=i.+l C n [K . n

5 ACK’ : a±/bi] Wn + n V 2 jJ +1 ACK : ai,bi3 Hi

n i/£ l ( n I [ai * F Axp  * bLl - Û[K
j=*+l i=l 1 n,i i i ik . aL, ^ 1

S |Ab W„| + n 1/2 U' - *,) . &i b̂i] H (d'après 1

(H4) )

■ ÎÛT> WJ  + n1/2 Ary, m K T H'1 B n 1 [K :

b) D'autre part :

Jt' k
" Arr» . „ j -i W = n” 1/2 £ (Ar- . 1hJ - n IC(S4< [K • j n • « [iC• c /q^j n  ̂ ^

t1
$ n" 1/2 y ArK . , Hj

j-i+1 Ci#di3 n

$ " 1/2 ACK’ : a1,b 1] H’

1Hi>* 

i b î > +

'hypothèse

« 1,1/2 hK' , ,lfbt] H> ♦ |Ab Wn |

dj]>F j n j
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III - ÇQS^BSiSQ|=gg=tgJ=gAN§_yg_VQIS|N4§|_DE_LÔ_gBQSTIERg

i ï ï S I i I i S S i =

Ill-a) - On note :

C0/i s ft ; 0 i t± ,< 9} (1 $ i < k) (CQ>i - [0,1] x gg )

Fl' F2'*’’' Fk ^es f°nct*-ons de répartition des marges de p,
F_ la mesure uniforme sur [0,1]

1+k
H" la fonction de répartition de la mesure y" sur [0,1] ,

mesure produit des marges de y et de la mesure uniforme sùr [0,1]

(c'est-à-dire i H" - H F .).
i=b

Théorème.

Supposons que :

1. (1-1) Les conditions (H^ , (Hj) , (H^), (Ĥ ) (Ĥ.). sont "vérifiées 

(1-2) La fonction r est semi-correctrice

2. Il existe 0Q et 0' strictement positifs tels que :

(2-1) Sur ] 0,0.],-i- est de classe^, et 3 (|-) < 0
ro o

k ^ k ^
(2-2) Sur U Cft, . — U C . , - est de classe et 

i=l 0 ' l  i«l 0,1 r K

-si card I est pair, 3* (■“ ■') prend des valeurs positives
r

-s* card I est impair, 3, (~—) prend des valeurs négatives.
r

(2-3) Il existe B > 3 ■ * * 2 

tel que : 

a) 1
a .—3-----est fonction croissante, sur [0,0„], de a_O p . .  vJ Lf
ro (ao>

b) pour tout J  C  K

A[I : a ^ ^  ; Qf : 0.,at]H * ~ÏÏ~ U : bi' C1 : ai}
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e t A
CI î a

sont, sur

i,bi ; [i ; 0,aiD (i21 Fi> ‘ (I : bi' C1 : ai> 

k
U Cq,  ̂fonctions croissantes de ( Q X : â )

(2-4)

t0 ,8 o J

[ 0 , e o ]

(2-5) Pour tout I C  K

U c fl,
1=1 0 M

k
u

i=l

k
I - r r  3 T ( n F.)- 3Pt (i)  I d \ ] 

r p i=l x l*A r
< +

' 6 M

1 - 4 -
ro

ro

1
1+ß d t o

< 4* oo

+ »
(* T ’ fco d to

3I H 3 xk 4* 00



62

Alors la suite des processus Wn .̂  converge en loi vers le 

processus WQ.^ gaussien et à trajectoires p.s. continues (où 

WQ est le processus limite de Wn).

Remarques.

1 - Il résulte évidemment des hypothèses 2-1 et 2-2 que la 

fonction semi-correctrice r est régulière.

2 - 1 1  sera pratique d'introduire
1 <(*k

H la fonction de répartition de la mesure y "sur [0,1]
M

somme des mesures y' et y" (c’est-à-dire ? H = H' + H").

H J,a fonction de répartition de la mesure y , marginale de y

sur C0,l]k (H* * H + n F.)
i-1

Alors l'hypothèse 2-3 b exprimé une propriété de croissance

de :

Û[I î a L , b L ; fi î 0,ai] H* ~I“ (I : bi' : ai> 

et l’hypothèse 2-5 exprime que :

| ~ -  3- H* 3 | dXk < + »
k r* 1 r
y 50* i i=l ®

3 - Un processus Wn vérifiant la condition (B) de la proposition 

avec une certaine fonction correctrice r, vérifiera aussi la 

condition (B) pour toute fonction correctrice égale à r à une 

constante multiplicative près ; c'est pourquoi par la suite, nous 

supposerons toujours que :

rQ < 1 sur [0,1] 

et r $ 1 sur [0,l]k

Démonstration du théorème.

Nous montrerons que la conditions BR est vérifiée dans les 

suivants :
k

û , , R = CQ n U C , (noté par la suite Ca )
U / 1 0 / 0 ^ _v f o

trois cas suivants 
k

R = U C 
i=l
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et R = C. nC[0,l]1+k - .Uy C6',l3 {notée Par la suite C0,o)D / O I t I

On remarque que CQ » U C„ . (où pour tout i,
±=1 —v , 1

-0,1 “ -0,0 n C0',i}

L'idée directrice de la démonstration va consister à géné

raliser dans chacun des trois cas une idée donnée, dans le cas

unidimensionnel, par FEARS et MEHRA [3],
k

Ainsi dans le premier cas (R = U CQ .), pour tout i
i= l 9 ,1  "

♦  ♦
(1 i i $ k) et pour tout n e IN , on note Cg  ̂(n) le sous ensemble

de Cft . constitué par les valeurs de t telles queo t X

Fo (to) * ïï et pour tout j '  1 ‘ Fj(tj} 5 (n)1+a

On démontre alors la propriété suivante (dans l'énoncé de 

laquelle v est une^iffuse et y une constante positive qui seront 

précisées par la suitfe}^— mesure

1 - Pour tout i (1 < i < k) , il existe une constante > 0 

telle que pour tout 0 (< 0’), pour tout e (> 0), il existe 

Nq (e, 0 ) tel que pour tout n > N* (e, 0) on ait

K "
Pn CSup |(Wn.̂ ) (t)| > e] < -i- v1+Y (cQfi)
,----**------v e
t€C 0 , i(n>

Pour tout i (1 £ i £ k), pour tout 0 (< 0') pour tout 6, > 0 

et pour tout > 0, il existe (eif 6i, 0) tel que pour tout 

n £ (g^, 6^, 0) on ait

n CSup |(Wn.|) (t)| > 5±] < c 
----- ±------- ^

' « C0 , i “Cî , l (n)

Cette propriété (1) assure la réalisation de BR dans le 

premier cas, démontrons le :
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E n  e f f e t ,  o n  a

, k
Sup |(Wn.i)(t)| i l ( Sup|(wn.i)(t)| + Sup|(Wn.i)(t)|),

f K ' 1/ S / "l" N

tc^Cg^ teC0,i“ C* ,i(n)

c'est-à-dire :

k
PnC Sup I(Wn.|)(t)I > 6] < l (Pn [ Sup|(Wn.i)(t)I > -i-]

p„ c Sup I (Wn.i)( t )| > -¿ -il .
'— -------N
t€C0,i_C0,i(n)

Pour tout i (1 $ i $ k) , soit 0̂  ̂> 0 tel que l’on àit^i 0<0£ 

v1+Y (C0fi) < [Kl (|^)4]_1 (̂ -)
2JC

i fi
Pour tout 0 < 0., soit alors N (— ,0) tel crue pour tout

1 ° 2k

n i (— , 0) , on ait s 
° 2k

Pn CSÏP > 77] < Ki ‘r1*4 '-1+Y (ce.l>
r #  1  ¿K

tcC0, i(n)
< —

2k

D’autre part, pour tout i, et pour tout 0 < 0^, il existe

également N?- (— , — , 0) tel que pour tout n ï n} (——, -^— ,0 ), 
2k 2k 1 2k 2k

on ait :

P [Sup |(W .¿)(t)| >
2 t ■■■ s 2k 2k

t£C0,i_C0,i(n)

,i(n)

C9,i
tei/
i=

(n)
t€C0,i

(t)I(wr



65

Alors, si on prend 0 < Inf (9^)

l<i<k

et N0 - sup {Sup (n* (|j,9), n* (jf, ^,6)) , 

l<i*k

on aura pour tout n > Nq,

*n, [ guP I iWn-è> ( t > I > ”  ■  k (fk  + ~ e >

têU c 
i=l e 'i

k
qui est la propriété*Bn (pour R » U C. .) annoncée.

K i=l 9'1

De même, dans le second cas (R = C0 ), on définit pour tout 
 ̂ v / o

i (1 < i < k) CQ .(n) comme le sous ensemble de Cn . constitué —o,1 , —o,i
par les valeurs de t telles que FQ (tQ) < — et pour tout

j (1 $ j i k), Fj(tj) > (i)1+a,et on démontre la propriété (2)

formellement identique à (1) ci-dessus (en y remplaçant 0' par

0Q et en y conservant les mêmes mesure diffuse, v et constante

Y) ; le même raisonnement que précédemment permet d'en déduire

la propriété B„ pour R = C.  ̂k —y f o

Enfin, dans le troisième cas (R « C„ ) il suffit, r étanto fO
minoré sur R par une constante strictement positive, de défiAir 

cî (n), sous ensemble de CQ constitué par les t tels que
D / O  O f O

t 2 ^ ; on démontre alors la propriété suivante (dans l'énoncé 

de laquelle la mesure v* diffère de celle utilisée dans les pro

priétés (1) et (2)):

3 - 1 1  existe une constante K" > 0 telle que pour tout

0 < 0q/2, pour tout e (> 0), il existe N0 (e,0) tel que pour tout 

n 2 Nq (e,0) on ait

Pn [SPPJ Wn (t) ‘r^(t^) ^  e] < v' ^ (C20,o} 

t£Ü0,o

la condition (BD) sera alors réalisée en choisissant 0 tel crue
1+Y Ko -l

v' (C-. )  ̂ (----j—  ) e car pour tout n > N_ (e,0) on aura :
™ ’° (m6)4 ' °

Pp £Syp j (wn .̂ ) (t) 1 > 5] = Pn [Sup |Wn (t) r (t~yl> mÔ] 

teC6/0 ° °

Kö

£_) , 
2k



Ill-b) - Démonstration des propriétés 1 et 2.

Nous allons décomposer la démonstration en quatre lemmes 

dont les deux derniers énoncerons les propriétés 1 et 2. Sans 

perte de généralité et pour la commodité de la démonstration, 

nous supposerons dans cette partie que :

- rQ est de classe 3 (—~-) < 0 sur [0,1] } ce que nous
o

appellerons l'hypothèse (2-1)'y

- pour tout aQ€[0,l] ,

aQ. g 1---- est une fonction croissante sur [o,l] de aQ t

ce que nous appellerons l'hypothèse (2-3) a').

En effet, rQ étant continue et strictement positive sur 

C0O,13, il existe m tel que 0 < m < rQ (tQ) si to€C0o»1] )

soit r1 une fonction définie par :
o

r o (to> - ro (to> si

r o (to) " (Ato)Ô si V C0o'1]

(ro (0o))1/2
avec 0 < 5 < 1 et 6 i < 1 et A ■ ----*-------

0o

(donc : r'Q (9q) = rQ (0Q))

r^ vérifie bien toutes les hypothèses du théorème 1, ainsi que 

(2-1)• et (2-3) a’) et on a :
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K" K"
>  / O \  f  O V -1
< (--------t ) (---------T-)  e = e

(m6) (m6)

-e«}V co
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Sup  |W ( t )  7  ( t ) .  i ( t )  
♦  n  r o  r/------- 1----- V

V CV 1]

s
r

Sup
_ 1 _

Z <*> 
r

Wn ( t )  1
m

t0eCÉ

t  eZO,lT t  e [ 0 , l ] '

Sup

_ 4 _

V * >

r i ( t o> m

V C0o ' 13 

t€ .  C O , l ] k  

, 6

r ° ( t ° -  è  ( t ) |  $ ~  Sup  |W ( t )
r  o  r

to€C0o,13 

t e  [ 0 , l ] k

o ù  —  e s t  u n  n o m b re  f i n i  p o s i t i f ,  zn

On d é f i n i t  s u r  [ 0 , 1 ]
k +1

v (A) = l
I GK

l a  m e s u r e  v p a r  : 

k +13 :  H*3 Ç j ( i )  | d  X*

o ù  3 >
3 k  + 2 

k  + 2

R e m a rq u o n s  q u e  l a  m e s u r e  v e s t  l a  m e s u r e  p r o d u i t  d e s  m e s u r e s  

v Q e t  q u  v Q e s t  l a  .m e s u re  d g f i f t i e  s u r -  [ 0 , 1 ]  p a r  î

W ' W  a t o  + - V  3 ( i - )  r c | a t c  ,

e t  v e s t  l a  m e s u r e  d é f i A i e  s u r  [ 0 , 1 ] p a r  :

V ( A)  -  l
I G  K

= 4  », a* » C l «i - ) i  d x k

P a r  l a  s u i t e  3 é t a n t  f i x é ,  i l  s e r a  p r a t i q u e  d e  l ’ é c r i r e  

s o u s  l a  fo rm e  :

p - 2-* J L .-t- «.) (oû a > o)
k  (1 + a)  + 2 

e t  o n  d é f i h i r a  :

t  =
k (1 + a)  + 1

( y v é r i f i e  (1 + y) (1 + 3) = 4)

Ao

I

- Ao

M  t
( t )  Ibo>r<

r

r ¿

O'1-

l - Tr H
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Pour tout n (e tN*) on définit 8(n), ensemble des blocs

k _
B = II [t., t.,] tels que 

i=o -

<t0»t0) €({0,±,...,Ü^I, l})2 .

k
Pour tout bloc B = n Ct^,t.] on pose

i=o

m^B) « Inf (F^t^ - Fi (ti)') 

liiik

Lemme 5.

Sous les conditions du théorème , il existe K(> 0) tel que

pour tout n et tout bloc de B(n) contenu dans
k  ,  u „

{ U C0I U Ç0 q ̂ érifiant mjj (B) a (—) on ait : 
i—1 ' o/

E (Ab (Wn.|))4 < Kv1+Ï (B)

Démonstration.

On commence par montrer existe une constante K' > 0

telle que pour tout bloc B = (II [t^, t^]) appartenant à B(n)

i i +« i= °  
et vérifiant (B) > (— ) on ait :

E (Ab Wn)4 < K' (Afi H*)1+Y ;

d'après un lemme technique, dans [4] p. 133, faisant intervenir 

l'hypothèse de mélange H^, il existe une constante K^(> 0) telle 

que :

E (Ab W„)4 * Kj (t0-£o)2 <4U  = * 2 H

de l'hypothèse ir̂ tB) > (i)1+ct on en déduit :

<So-V X  (FiÆ l> • Fl (-in  5 (5)ka+!,) * 1 

(4b“*>Ï î n »

‘i l[Kn

k

qu' il
^ V
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d'où

e <sB wn i 4 < 2Kj [ ( t 0 - i o > 2 ( 4 ci t ! t 1 , t 1 aH>2 + (1 BH*>'f l V ï o > 4 [ic=t1 , t l :R

* 2KX C(AbH*)2 + (AbH*)1+Y]

< K* (AbH*)1+Y avec K ’ = 2K1 (H*(1,.f.,1)1_Y+ 1)

Soit maintenant J - {ifc K' : t^ > 0} •

On a d'après le lemme 2,

AB (Wn ‘r} ACI: tift± ; J-î : 0,t± ; (¡J: 0 , ^ ] ^  -

A _  I
[I: 0,t^ ; J-î : tj^t^ ; 0,t^]r

Utilisant l'inégalité ( \ S (23)card E £ x 4

et posant : K, .(3) _ „3,2

ecE e
k+1

(2J)fc . K', il vient

ecE

E (A (Wn .i))4 $ K (3) l Yj
lcr 1

avec

Yt= (AI CI: ; J -1  y 0 / t ^  ! 0 , ^ ]
- -H*,

(A
C I :  0 , ^  ; J- î  : t ^ t ^  ; Çji  O - , ^ ] 17 }

Or :

l û[ I :  0 , ^  ; J - î  : t j^t.^ ; £ l : O j t ^ r  I
1 .1+8

'AU-I  : < ï °  | I»/ IV : t 4| ) | 1+B S

|acj-i : t^t.i <è ° \IU 0  * <Jr T ? < ^ i > C £îti » e—1 1 LCJ-L

2 ( k + 1 ) 8 l A C J - I î  t^t.3 (è ° | Iy CJî ti|) I ( Sup
i  i  LCtj"* I  

k
d'où, par croissance de r sur ( U Ca, ,)U Ca

o » i  0,0

vl+Y
fci '*- i '

lAU--I : ;

l ) ) 0S :
L* C

:(L:Sup
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Ia _ _ I il+B .
1 IÎU Qj : 0,t± ;J - lît^t^r 1 *

2 (k+1) Bj . _ _ i  | 1 i j . j
' C11/ C«7: 0,tL; J - I: t ^ t ^ r  * {J

Comme (1+0) (1+Y) **4 , on a alors 

Yj i.2(k+1,0 Yj avec

YI “ J-1:0,^; C^jO,^]11* lJ

I a 1 | » 1+Y
|ûCIü C*̂ î OftjL ; J - Xî 11

(Û[ I :  t L, t L } ()Jî 0 , ^ 3t- -,H o J - I: ■ ^ u - j
rB

|A — T— O[Itf (J«/: t ^ t ^ r Iü Çjs t± |)1+Y

D'après les hypothèses (2-1)' et (2-2)

1 k 3 r î(r) est de signe constant sur ( U C-, .
i.=»i f

lûU-I: 0
II/ l> :  t j l

CJ-I "^ > ^ ^ 3

d'où en vertu des hypothèses (2-3)a') et (2-3) b)

*T î < lCIsti,ti; ()lî0,ti3
- -,H o J-ï: v^ •sslU - I i

ï 6
C J - I : t ^ , t ^ 3

Yîj_ I £  (10 0 : fci ; v i>l XJ_T (dVi) )1+Y

et en vertu des hypothèses (2-1)' et (2-2) on a , 

pour tout (K' : v^ c[K' : t ^ t ^  ,

'(3«/-I Ï)(K*: vi)l 1 b  U U C^; *i ; J-1:

en particulier

p  ( K '  j  V j L ) >  £  ( I U Ç j  :  t t  ;  J - 1 :

: t^; IU (V:t^) .

-Itt^; tu Çj:tL). 

t tj_ ;îu Çjt t )̂.

m ç ^  ) 7 on a : 

•ti»̂ I!Vi)lX,îîîi)

¡VjLî 1U C*̂ : tA) •

vA) | ;

L 'H

l i '
1

t i 3r \*J-I |r) (I

: t i f -

J-I: '



donc :

<[ ^ i w è ’ l-su, c X  « k+1) l n

C I U ( J - t y . t i , t L ; Ç j - .O ' t ^
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Clst^t^:

^ ( K *  :v±)-¿luCjn*(IC:Vi) 1 . 3 ^  (K' : v ±) | 

U - I î t ^ t ^  dXJ" T d \ ÎU ^ ) 1+Y

* Y,

donc si on pose K = 2 k̂+1^  , on a ,en raison de l'inégalité

(où a >1):

( I lxe !a > I lxe l )a i
eeE ecE

E (AB (Wn.i))4 < K l (
le * 1' B

1 + y
< K v (B) (fin de la démonstration du lemme) ,

— Pour tout i (1 £ i 6 k), on définit un quadrillage de

C6,i (e < 0,),de base B0,i(n) “ {(tj' (n'0) • 0 5 1 $ £j: 0 S 1 * k}'

vérifiant

t? (n,0) = 0  (0 < j < k)

(n- 6> -  I  - Lï  -  n

tj (n,0) = 1 si j * i

tLx ( n , 6) = O

o + i a
F j (tj (n,0))- Fj(tj(n,0)) (où j * o) est indépendant de Si et

1
r & f I* :u C« H* iXk+] l+Y

f ]0 * 0



72

vérifie:(i)1+0 < Fj (t j+1 (n,0)}- Fj (t* (n,0) ) < (¿)1+ot’(où 0 < a* < a) .

Ê .( l)  ±
Autrement dit.si on note —*--- = D7 (n,0) quand j * i ,

3
F

et = D* (n,0), on a F . (tj+1 (n,0))-F. (t* (n,0))= D* (n,9)
Ex ■ 1 J 3 J 3 3
*i

et la mesure (pour la mesure y") de chaque bloc élémentaire de
1 k i

notre quadrillage vaut — II D. (n,0)
« j=l 3

(où (¿)1+a < D* (n,0) < <i)1+a')

On définit également pour tout i (1 $ i i k) un quadril

lage de C. . (0 < 0 ) de base Ba .(n) =
—v f l  O —u f JL

((t̂  (n,0) ; 0 < 0 < Lj s 0 i j $ k), vérifiant, 

t® (n,0) * 0 (0 $ j $ k) 

t* (n,0) = | >ü£ « Cn0] +1 

£iti1 (n,0) = 0'

tjJ (n,0) = 1 si j est différent de 0 et de i

9 4«1 9
F^(t. (n,0))-F.(t. (n,8))(où j * 0) est indépendant de l

J J J J

et vérifie (¿)1+01 < Fj (tJ+1 (n,0) ) -Fj (tJ (n,0))< (¿)1+a'

(où 0' < a' < a)

(On introduit comme ci-dessus, (n,0) qui est la valeur 
!.+1 î. 3

commune des Fj (tj (n,0)) - Fj(tj (n,0)).

Lemroe 6.

Sous les conditions du théorème , pour tout

i (1 $ i i k), il existe K| > 0 tel que pour tout

0 (< 0') et tout e (> 0), on ait :
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pn C S£P K v è *  ( t ) |  > e ] < - J -  v1+Y (C0 i ) . 
/— * — :—>  G '

K 1

t tB e , i (n)

Il existe également > 0 tel que pour tout 0 (< 0Q) et 

tout e (> 0) on ait :

K1
pn C S?P l ' V ï ’ (t>l » *1 « T -  vl+ï <£20.1’

4 1 V G

t€ - 0 , i (n)

Démonstration.

C'est une conséquence directe de l'inégalité de MARKOV, 

du lemme 5 et du théorème 1 de BICKEL et WICHURA [ 10](sous la 

forme affaiblie qui en est donnée par BALACHEFF et DUPONT en

[5] p. 82 en [6] lemme 1).

k k+1 Pour tout bloc B = n [a^,b.] de [0,1] }
i=o

si J * {i*.K? :â  > 0} on note ,

w
X(B) " 11 ' F  7 7 TiÏJ Filai}

(= 1 si J = 0)

Lemme 7.

Sous les conditions du théorème , pour tout i(l £ i £ k),

il existe K? > 0 tel que pour tout 0(< 0') et tout e (> 0), il
i * i existe N (e, 0) e N tel que, pour tout n > N (e, 0) on ait

K”
Pn CSup |(Wn.i) (t)|< e] < -J- v1+Y (C0il) .

* " .........». GK

teC§Çi(n>

Il existe également K7 > 0 tel que pour tout 0(< 0 ) et
i # ^ 

tout e (> 0) il existe N (e, 0)c N tel eue pour tout
i

n i En on :
“ ■ t j  ^  t i

K

Pn CSÏP I < V f > (t>l " X t -
#r" 1 m ̂   ̂
te—0, i (n)

e ,i)<Ç2v1+T

le,  0)



Pour e et 9 donnés, fixons également n et notons D^ 

pour D* (n, 0).
_ «■ . i .+1 4

Soit t£[K':tj,tj] avec fcj=tj3 C1 i S £j

alors on a :

|(Wn.i)(t)| =l(Wn .i)({0} : to;Kîtj)| i 

I(Wn‘rî ({0}) : fco 1 K : tj)  ̂ i

 ̂ I A[{0}:0,t ;I: t.,t. ; fi: 0,t.]Wn ^  ({0}: ; K: tj)
—o  J j  w J

ICK

(d'après le lemme 3).

Posons :

Yï "^[{OjîO,^ ; I: tj.tj ; Ql : ({0}î O'^o ; Kî tj)

l. A.+l
(K': tj) appartenant au bloc élémentaire : CK': tj , tjJ ], 

on a pour tout j ( 0 $ j $ k)

l .+1  
F. (t.3 )
-3-----i------  < 2

Fj (tj>

donc X ([K': tj.tj]) i 2k+l .

D'autre part, les hypothèses de croissance (2-3) a') et (2-3) b) 

entraînant également la croissance de la fonction

k 1
II (puisque S >l),on en déduit pour tout J C  K:
i-o

i  (K*: t.) $ 2k+1 i  (J : t., (V: t.) .

Si I = 0, on a :

YH A[{0}: 0,t ; K: 0,t.]Wn|*r ({0}: ^o; K: tj) $

74

Démonstration.

> S j í k );í ;c

0,t.

Fi
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2k+1 |(Wn.i) ((0): t^ K: t.)| .

S i  I * 0

YI * lA[{0}î 0,^; I: t^tj? (Jl: 0,t^]Wn^r Èo? K: tj) + '

nl AC{0> î 0,^; I: t., t.i ? Qlî 0,tl]H,*F ({0Î: ^o? Ki tj)

(d'après le lemme 4)

Posons K’* (I) = {t^} » n {t. ,t.,}*IÏ {t.)
"° jil ~3 3 j4l 3

et soit (#C' s a( j) ) l'élément générique de K'*(I)

(c'est-à-dire a(0)= tQ, a(j)= tj ou tj si jel, et a(j) = tj si ĵ I), 

On a alors :

'*[{0}:^; I: t^t^; CTî 3 Wn‘lr ff0}î ^o; Ki tj> *

2k+1 I l(Wn.|) (K*: a(j))| .

(K': a(j))cK'*(I)

D'autre part, la mesure d'un bloc pour la mesure y' étant majo

rée par la mesure marginale de toute face, on a pour tout

j un, 

A[{0}: 0,to? I: tj,^; Ç1: 0 ,t^a' é Dj 

d'où
1

A[{0}: I: Çl: 0,tj]H * (̂ j  Dj)

On en déduit (en utilisant le fait que 0 > 1 et que r est majo

rée par 1)

nV2 AC{0) : tQi I: tjftj? (J I : r ({0}î V  Kî fcj} -

[{0 }

s
,v

1 /2

.card I
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1
-k+lM  card I n ni. câxdT. 1/2 , A
2 (ln " V  > ‘‘[«»it ; I, tv r,, Cl,

jcl ~° -3 3 v j

({0}: t^- Kî t.))1/2 *

2 K + 1 i f « c a r d  *  I T ^  u l

2 Un " “j' ' ( [{0}!^: Il t j . ï j !  Cl! 0,tj3 .
j«I

({0}: t ; Ki t.))1/2rl+6 —o* "* -j-

1
2k+1((ncard 1 H D*)Card 1 )1/2 v1/2([{0}:0,toî Iît/^jîClsO.tj])

j c l

1
< 2k+l ( (BCard 1 n D h card J' )V2 vl/2 , „ c

i . J  3 l-1 '

On a done :

YJ S 2k+1( I  |Wn.i)(K's a(j))|+{ncard 1 n D*) 

(K’:a(3))cK,#(I) j«I

vV2( Ï C0, .)) 
i=l 0

card I „ -i.2 card I

Soit finalement

,k+l _kSùp|(Wp.^)(t)| < 2k+1 3 Sup |(Wn.|) (t)| + 

tcC0,i(n) teB0,i(n)

2 (2 -i) Sup (n 1 n D^) 2 1 v ( U CA, .)
IOC j c l   ̂ i a l  9 »1
1*0

0 If
(et la même inégalité en remplaçant CQ ^(n) par C Q ^(n) et B0 (̂n) 

par

D*autre part, par hypothèse, pour tout j, Dj (n,0) ■ o ( j-)1+0

(n>)- e , i

1
sard

lH'
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Donc (ncard 1 n D b Card 1 = o (l/n)°T
j«I 3

On pourra donc trouver un (e,0) tel que,si n > (e,0)_,

on ait j

Sup (Cncard 1 n Dj)carâ 1 $ (2k+1 (2k-l) v1/2 ( y  Cftt

1CK 
1*0

Donc/si on pose

K» , ^ + 2 ^ 4  ^

On aura pour tout n 5 (e,0)

Pn CSup |(Wn .i) (t)| > e] $ Pn CSup 2k+1 3k !(Wn .i)(t)| > f]
— — — f t — — 1  A  1 v

tcCgfi(n) tcBg^tn)

K" .
< — 5—  v Y (C0 i'd1 après le lenune 7)

G 9

(et de même, si n > (e»0)

K”
P„ [Sup |<Wn .i><t)| > £] i - 7  '>1+’,l=28.i>

/ '"'1 ■ s. e

t € —0 fi(n>

Lemme 8 .

Sous les conditions du théorème pour tout i (1 < i £ k)f

pour tout 6 (< 6'), pour tout 6, > 0 et tout e, > 0, il existe 
i ♦  i  

N1 tel i110 pour tout n > Nĵ (e^i^O) on ait :

pn «up I(VF* (t)I * 6i3 < ei
** --------- \
t,c6,i"ce,i(n)

De même pour tout 0(<0_) pour tout 6 . > 0 et tout e. > 0 il
i  ^ 1 

existe (e^, £.¿»0) e IN tel que pour tout n > N* .(e^fi^fl)

on ait :

p„ [Sup I(Wn.i)(t)I > 5t] <

t<£ e , i - c ê , i (n>

Ki



Soit,pour tout j,C..= {teC0 ± - C*^(n) ; t̂  $ t* (n, 

On a pour tout i (0 < i < k)

i k i 
Pn [Sup |(wn.|)(t)| > 6±] ¿1 Pn CSupI (Wn.i) (t) | >
/ ^ -̂---\ i=o /— zA
tcC0,i~C6,i^n  ̂ teCj

le terme d'indice j = 0 est nul, car pour tout t tel que

fco < b on * < V ï )(t) = 0 ?

i 0
si j * 0, il vient (en posant provisoirement t. pour t.

H > J j
en utilisant la croissance de — )

Démonstration.

P„ _[SUP̂  | (Wn.i) (t) I i jjij- ] 

teCj

» Pn([sup l (wn.j) (t) u  ^ri"tïn,3( C j (tjn =

t<ci

I1
5 V t n 1' 2 %- «J) = t}, C(j>= tqq> S

On majore /~n par (n H’)1̂ 2 (— — )1̂ 2 ; 

Or on a, d';-.une part,
Li

H' (ij): tj; Ç{j}: tqq ) < Fj(t*)

e)} . 

%/h+i ]

(n,6) et 

=03 >

et d'autre part,

^ 5-  « j ) .  t j ,  C( J , :  V  ) s j î T j - V  h a  i 1+kt i
. Cij):0,tjj Q j ) : 0, tqq 3

L1
< V ({j } :0,t j ; £{j):0,tqq )

« v (ce,i) ’

78

(t*)):F 1 
n , .

Fn , ;
-3n[ÎL

lc+]
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I l  en r é s u l t e  que :

P„ CSup |(Wn . i )  ( t ) | <  j i j ]  >

tcCj

î,n t t ( n F j ( t j (n ' 8>»1 / 2 '’1 / 2 <C8 , i > i  k î î inC?n , 5 (Fn ! j ( t j (n ' 9 ) )  *  0 ] }

Or n F j ( t j ( n , 6 ) )  = o ( i ) °  ; i l  e x i s t e  donc N  ̂ (6 ^ ,6 )  

t e l  q u e ,  pour t o u t  n > n ’  ̂ (6 ^,0 )  on a i t

n Fj ( t j  ( n , 6) ) < t ^ ) 2 ( v(Ce ( i ) ) _1 ,

d 'o ù

P„ CSup |(Wn.i)(t)|< (n'6))- 01

t ,C i

* 1 ' j i  F".3 <n’9”

> 1 -  n F j ( t j  ( n , 8 ) )

ï  1 -  n d |  (n ,0 )  .

i  1 a* " i
Comme n D̂  (n ,0 )  = ô (—) , i l  e x i s t e  un N  ̂ ( e ^ ,0 )  t e l  que

si n > n"* (ei#e)

i  Gi  n Dj ( n , 0) < (1 < j < k) ;

l ' i n é g a l i t é  c h e r c h é e  s ’ en d é d u i t  avec  j

N1 <e i ' 5 i ' 8) “ SuP {N’ Î  n "J ( e i > 0 ) } .

On f a i t  un ra ison n em en t  s i m i l a i r e  pour a v o i r  :

Pn CSup |(Wn .£)(t)| > 6^] < £i 

/  ----TE----■“ >

î i ,
k+1 P n Fn, (F 1. ( n,]

(F 1 
n , «‘ j1

0,i 0,i

0 ) ,:6i
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III-c )  - Démonstration de la  propriété 3.

Soit v' la mesure définie sur [0,1]1+k par

v’ (A) = J_ a S*, .

1+6 K |—^-.3 (j-)F0 .3KH*fd X
k+1

(ou 8 est définie comme dans Ill-b).

On remarque, que v est la mesure produit de la mesure et 

de y*, où y* est la mesure de fonction de répartition H* (voir 

remarque 2 après l'énoncé du théorème)et où $st la mesure 

sur [0,1] définie par :

'»¿«V - 1+8 dto + I - V  *(r - } Fo l d t o »

On définit aussi, comme dans Ill-b) y, B(n) et mn (B).
W . .

On convient de noter —- l'application définie sur [0,1]

W ° 1 
par (^»tj,... ,tk) = Wn (tQ,... ,tk)*£-çt - y

Lemme 9.

Sous les conditions du théorème , il existe K (> 0) tel que 

pour tout n et tout bloc de 8 (n) contenu dans C„ , vérifiant
v f O

mjjiB) > (¿)1+a» on a it  :

E (Ab (Wn.p-))4 i v'1+Y (B) 
o

Démonstration.

Dans le lemme 5, on a déjà montré qu'il èxiste K' > 0 tel 

que E ( AR wn)4 $ K’ (AnH*)1+YB n1 
k

avec B = n Ct.,,t.] vérifiant les conditions figurant dans 
i=0 1 1

l'énoncé du lemme.

Si t = 0 on a :—o

4B (wn'ï-> * (4B V ï" < VO o

JAo K

Ar < A
o

v¿ 1
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d ' o ù  ( u t i l i s a n t  e n  p a r t i c u l i e r  l ' é g a l i t é  ( 1 + f l )  ( 1 + y )  =* 4 )

E (AB (Wn . | - ) ) 4  $ K ’ (Ab H * ) 1 +Y  ( j -  ( t Q ) ) 4 
o  o

"  K ’ « b H* ------- Î + F  <‘ o > 1 1 + ï

< K'  (
d u .

*o1+6<V
3 r S '  4  Xk ) 1 + *  

C K i t ^ t ^  K

$  K '  V , 1 + Y  (B )

S i  t ,  >  0 ,  i l  v i e n t  : —O '

ÛB (Wn , r Q ) “ ( A [ K : t i , t i ; { 0 } : 0 , t o ]  Wn ) ( r 0 (^ o } ”  r Q ( t o ) +

(ÄB

d ’ o ù  s

E<Ab(V^»4 « 23 {LZK,t^it {6}:0fto]H*)1+Y(l;(So)-|j<to)̂  +

2 3 (Ab H * ) 1 +Y  ( i - ( t Q ) ) 4 .
o

I l  r é s u l t e  d e  l a  c r o i s s a n c e  d e  r Q s u r  [ O , 0 o 3 q u e

I j - 'V  - Î - < V I1+8 i  Iît'îo»- l r Æo>l r r ' î o ’
o  o  o  o  r _

o

d ’ OÙ A -  H*
1 4  3 E K î t j / t , , ;  { 0 }  : 0  , t  ]  .  .  i + v

E <4B<wn - î 7 » >  i  2 <---------- r J  ■ -------- —  t Y

j 3  <4 B H*  •L T h T < ‘ o ) > 1 + Y  •

E n  v e r t u  d e  l ' h y p o t h è s e  ( 2 - 3 ) a )  o n  a u r a  a l o r s  

A _

— ..... =*-' h  C t° ' - k  1

—o

f * b

Wr
1_
r c

' i o 5

(V - :oAo



On a de même :

V *  - T f f f  < V

$( 1+g * dV (3KH*)dXk

CKst^t^

d’où :

E(AB (Wn-ï~))4  ̂ 23(o

2 3 (

i j r  3 (̂ i duo

o

(3<H*) dXk)1+Y +

CKîti,̂ ]

i + r  duo-

ÎO

< K V'1+Y(B)

O kH*) dXk)1+Y

CK

(avec K ■ 2 ) (fin de la démonstration du lemme)

—  On définit un quadrillage de Cg Q (8 < 0Q) de base :

ba (n'0) : 0 $ l < L. ; 0 S j * k) telle que
° o '°  J J

82

'to

« 7777 3<î;)(u°h a"o
• io

* — * 

J * o

-  to  It  3 (f -
r o

W0. (3KH*)dAk

, CKxt^t^

ĈKstj -  H*t  l 14 r t ± J

l - T
r o

|du{ AC.< rti

A

fco

’t
o

t
o

ro

-i * i 3

(n) ((t
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t° (n,9) = 0 ,0 $ j $ k

fco (n' 0) " n » V s Cn0] + 1

L.
tj3 (n,0) ■ 1 si j * 0

{.+ 1 f.
Fj(tj (n,0))-Fj(tj(nf0)) (où j * 0) est indépendant de i

et vérifie (±)1+a < Fj<t*+1 (n,0))-Fj(t*(n,0)) < (|)1+a’

(où 0 * a' < o)

Lemiae 10.

Sous les conditions du théorème _, il existe K' > 0 tel que 

pour tout 6(< 0Q) et tout e > 0 on ait î

pn csup | <wn.i-) (t)| > ci '-•1+7(c26i0)
--*--- \ ° e

tcBft o<n>0,0

Ce lemme se déduit du lemme 9 comme, ci-dessus, le lemme 6 

du lemme 5.

On déduit alors du lemme 10, par une méthode tout à fait 

analogue à celle permettant d'établir ci-dessus le lemme 7 et 

en remarquant que, si tQ < jj , Wn (t) *0, la propriété (3) 

énoncée.
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1. INTRODUCTION

Let Xn^ = X̂ni^'*’*'Xn i ^ ' n-^ ^ - v a l u e d  random

variables with continuous distribution functions Fn^(x),

V
x€R and continuous marginal distribution functions

Fni ^ ' x€R' l<j<k . We are interested in the

asymptotic behavior of the truncated empirical process Wn 

defined by

_i iC,V r  * ,
d - D  w (t ,t) = n * 2 { 17 1 (1) (1) - Hn i (i>/

i t i  l pn <xni

for all t €[0,1] and t =  (t € [0,l]k where

[ntQ ] is the largest integer , i  ntQ ' F (x)

*1 ^  /  ^  \  1

= n 2 F W '  (x) , and H . is the measure on [0,11 definedm  m  w

by

(1.2) Hn i (t) = .....F<k >(tk )) .

In section 2, we introduce spaces Dk+1 and Ck+i and

suitable weight function r . Section 3 deals with some 
basic tools and the weak convergence of the truncated 
empirical process Wn defined in (1.1). In section 4, we

study the weak convergence of the weighted truncated process

Wn • i with respect to the Skorohod topology where r is a

V + 1 +
continuous function from [0,1] into DR (called the
weight function). The convergence properties are studied 
when the sequence

(1.3) <p-mixing with rates <p (m) = 0(m_1”e ), e>0 

or
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l<i be

<fci ]

IS
<2ni-

( F <1>
-1
i t , ) ,

i=l n'

l£i n £ l ,

< n ,
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(1.4) strong-mixing with rates ^ m2 ^ +1^ae (m) < «

m=l
for some e€(0,1/(2k+4)).

Recall that (xn^} is «P-mixing if sup { | P(B| A) -P(B) | ;

A € a (Xn ,̂ l£i£ j) , B € ct (Xn ,̂ i> j+m) } = <*»(m)lo for positive

integers j and m ; and it is strong mixing if
sup { |P(AnB)-P(A) .P(B) I ? A € a (X^, lii< j ) , B €a (XRi, i> j+m) } =

a(m)io for positive integers j and m . Here a(Xn^,i£j)

and a(Xn^,i£j+m) are the cr-fields generated by

<xnl.... xnj> and (xn,j+m'xn,j+B+l'-"> respectively .
Our results are the extensions of the results of Fears 

and Mehra (1974) and Ahmad and Lin (1978) who considered the 
stationary univariate empirical processes under <#>-mixing. 
Einmahl, Ruymgaart and Wellner (1984) studied the weak 
convergence of the weighted multivariate empirical processes 
when the underlying random variables are independent and the 
class of weight functions is sufficiently broad. However, 
their approach based on exploiting the representation of an 
empirical process as a conditioned Poisson process cannot be 
used in the context of this paper. Our results carry the 
approach of Fears and Mehra (1974) to the nonstationary as 
well as multivariate case.

2. PRELIMINARIES

2.1a. The and ck+l sPaces

V+1 V+1
Let f : [0,1]* -1- -» IR . For p e {0,1}* , define

k+1
f (t) = lim f(s) ((s,t)€[0,l] ) , if it exists; in which 

p S i T ti r p ( i ) = l
siiti,p(i)=0

case, call fp (t) the p-limit of f at t . Denote by

k+1
Dk+1 ' sPace of a11 maPs f : [0,1] -* IR such that for

le 4-1
all p € {0,1} , f p exists and f = f for p 

= (0,__,0) . Denote by Ck+1 , the space of all continuous
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maps f : [0,1] -» R , and note that for any bounded 
function f , if and only if lim (j(f,6) = 0  where

6-»0

(2.1) <a(f,6) = sup { |f(t)-f(t*) | ; (t,t')€([0,l]k+1)2 ,llt-t'll 
£ 6 } and IItil = sup {|tj|,0<j<k} .

2.1b. Weight function

k+1 +
,A function r : [0,1] -* R is called a weight 

function if it satisfies the following conditions:

(i) There exists an rQ : [0,1] -* R+ and r : [0, l]k -* R+

such that r(t) = ro (tQ)r(t) for all t = (tQ ,t)€[0,l]k+1 ,

(ii) r belongs to ck+1 /

(iii)r =0 if t =0; r=0 if there exists at least oneo o ~

j€{i,...,k) such that tj=0 or t = (l,...,i) . 

2.1c. Grids accompanying a sequence of probability measures

k+1 V4-1
A grid T of [0,1] is a subset of [0,1] such

k
that T = n t ^ ^  where is a finite subset of [0,1]

j=0
which includes 0 and 1 .

k ii)A pace r of a grid T = IT T'J; is the number t
j=0

= max t . where r. = max {|t!-t.|, t! and t. are
CKjSk 3 3 3 J 1' 3 3

successive elements in T ^  } .
V

A subpace t of a grid T = IT t 'J' is the number t

j=0

= inf r. where r. = inf {|t!-t.|; t! and t. are successive 
0<j^k J 3 3 3 3 3

elements in T ^ } .
We denote the lower boundary of T by T where

k + 1

^ Í C)  ^ ( ß)T = U [ H T  x {O } x n T{ } ]
j=o e=o ¿=j+i



V+1
We call block B of T any rectangle of [0,1] 

which is of the form
k ...

B = U {[t.,t!] where t. and t! belong to , and t.ct!}.
j=0 J

We call evaluation e^®^ of B , the operator e^B  ̂ : 

D^+1 -* R+ such that
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e (B)(f) - l (-1) 1 f [ (i-e0) * * •

(eo ,...,e]c)€{0,l}]C+1

• • • /  (  1“ *

For any 6>0 , set

cjT (f,ô) = sup { I f (t) -f (t • ) | ; (t, t • )€T2, llt-t • IKÔ > .

We say that a sequence {Tn )neiN* of grids is

k+1
asymptotically dense in [0,1] if the pace Tn of Tn

satisfies lim t = 0; IN* = IN— {0}, IN = {0,1,2,...} . 
n-**>

* .
Let P , n€IN be a sequence of probability measures on

(Djc+1/®jc+1) where ®]C+  ̂ i-s the cr-field generated by the

Skorohod topology (on D^+1). we say that the sequence {Tn )

of grids accompanies the measure Pn if and only if V e>0,

3 e*>0 and V 5€ [0,1/2),3 Nq€IN* such that

Pn [{f€Dk+1;<j(f,5)>e and «T (f,26)<e'}] = 0 V n>NQ .
n

For the ease of convenience, we state the following 
Propositions due to Balacheff and Dupont (1980) which will be 
used in the sequel. Proposition 2.1 is, however, a slight 
modification of a result of Neuhaus (1971).

Proposition 2.1. Let P , n€lN be probability measures on 

(D̂ .+ 1 such that the following conditions are 

satisfied:

t »^  __ Ê •  #
> o '' V *
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(2.2) weakly **° soine probability measure Py on

1RU where U is a finite subset of [0,l]k+1 .

(4^ is the projection of on ^U ) •

(2.3) lim lim sup P [f€Dv . ;ti)(f,6)^e] = 0 V e>0
6-»0 n-*» n K+1

Then Pfi converges weakly with respect to the Skorohod 

topology to some probability measure P , and p (cjc+i) = 1

Proposition 2.2. Let v be a positive finite measure on
k+1 *

[0,1] with continuous marginals. Let P , nGIN be a

sequence of probability measures on (Dk+i'®k+i) such that
•jt . V x i  ^

V n€IN , Pn [feDk+1,f|[^il] =0] = 1 . Let T , n€IN be a

k+1
sequence of grids asymptotically dense in [0,1] and
accompanying Pn . Furthermore suppose that for any block B

of Tn ,

i B̂n̂  I ~t B
(2.4) Pn [f€Dk+1;|e n (f)|>X] * X ^(«(Bn))P , P>1

and tt>o .

Then, V e>0, 3 a 6 € (0,1) and Nq€IN such that

(2.5) Pn [f€Dk+1;a,(f,5)>e] < e V n>NQ .

3. CONVERGENCE OF THE TRUNCATED EMPIRICAL PROCESS

3.1. Some basic tools

To investigate the weak convergence of the truncated 
multivariate empirical process, we use some of the ideas of 
Balacheff and Dupont (1980) who studied the convergence of 
the unweighted empirical processes. We need two lemmas.

Lemma 3.1. Let the sequence K-valued random vari

ables centered at their expectations be <p-mixing with rates

2 m 1 <p^2^(m) < », q € IN* . Let N be the number of 
m n  n

(pn

°k+3

Xni



indexes i (l£i£n) for which Xn^ is not identically zero.

Set S" = J l Xni ' and "Xni"C ■ (/|Xnil2idpn>V 2 e  • Then' 

there exists a constant Cg(<#>) depending only on q and <p 

such that

q
(3.1) E(S2q) * C (<p) ) N ^ (  sup «X .11 )2q .

«=1 ni €

Proof. The proof is a slight modification of Theorem 2.1 of 
Neumann (1982) and is therefore omitted.

Lemma 3.2. Let the sequence (xni) R-valued random vari

ables centered at their expectations be strong mixing with

rates 1 m2c* 2ae (m) < ®, q>l, e € (0,l/2q), and 
m£l

| X ^ l £1,l£i£n, n£l . Let Nn be the number of indexes i 

(l£i<n) for which XR^ is not identically zero. Set Sn

= 5 Xn . and HXnille = (/|Xni|2/(1_e))1_e . Then, there

exists a constant Cg(a ) depending only on q and a such 

that

q
(3.2) E(S^) S C («> I N«(sup .

e=1 liiin

Proof. The proof is essentially the same as in Doukhan and 
Portal (1983) and is therefore omitted.

We shall say that the sequence (Hni) H-bounded if

k
there exists a finite and positive measure n on [0,1] 
with continuous marginal distributions such that for every 

ar

k
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n>l and l<i<n , Hn^(B) < v(B) for all rectangles B in

[0 , 1]'

Theorem 3.1. Assume that the sequence

(a) <p-mixing with rates (1.3) or (b) strong mixing with rates
(1.4); the sequence (c ) ^“bounded where is

absolutely continuous with bounded density f or (d) {Hn }̂

has uniform marginals for all n>l and l£i<n . Furthermore

■:>IX . ni

is
<3ni>

Hni
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assume that (e) the covariance function Cn of the empirical 

process converge to a function C . Then, converges

weakly in the Skorohod topology to a Gaussian process W 

with trajectories a.s. in .

Proof. To prove this theorem, we have to verify (2.2) and
(2.3) for the probability measure Qn on (Dk+i,2,}ç+l̂

defined by W
n

To verify (2.2) we have to show that the 

finite projections of the process Wn converge in law to a

P

normal law; equivalently, we have to show that ^

¿=1
converges in law to a normal law for every

(X1,...,A ) € r P , for every (t1 ,...,^) € [0,1]^+1 where

t e = (t£,...,t£), 1 S e i  p, p € N* Without loss of

generality, we assume that tj <...< t^ . Now set

t ^  ) 
' k'

and

I
e=i
p

Yni =
e=m

_m-l m,

if i > [ntP] .

Then, we can write

n

(3.3) I  X{W n (tS) = n ' 1' 2 I n i
e= i i=i

Following Withers (1975, Cor 1) we have to show that 
n

(i) e[ Y Yni] 2/̂ n converges to some constant,

i = l

Ck+1

It*)\„w e n

WnWn

k

j=l F (J
m

x (j)
ni t í

Hn fcl'

vi if i ■n t l

í  P1 < m[nt 0i £if £n t n

n



(ii) ^ <*(n) < « and (iii) n1 a“ ([n]^) — * 0 (as 

n>l
n — » “ ) where 0 < 2 b < a < l - b .  Now in our situation
(i) holds by (3.3) and assumption (e); (ii) follows from
(1.3) and (1.4), and (iii) from (1.3) and (1.4) by taking 
a = 3/4 - e / 8 ,  b = 1/4 and e sufficiently small (since

taking a(n) = n”1”6̂ , n1”aa([n]^5) £ R n ~ e ^  where A > 0 is 
some constant) . Thus (2.2) is proved.

To prove (2.3), we use Proposition 2.2 and verify (2.4) 
which will imply (2.5).

Let Tn = (i/n;0<i<n) be a sequence of grids asympto-

k+1
tically dense in [0,1] , and we prove that Tn

v —
accompanies Qn . Now for every t €[0,1] , let (t,t) be

P k+1
the points of Tn (projection of Tn from [0,1] to

[0,1]^) such that % £ t £ t and Ht-tll £ 1/n , and denote

t = [ntQ]/n for every tQ€[0,l] . Then, with the

conditions (c) or (d) of Theorem 3.1, we obtain, after some 
computations

|W„(t ,t) - W ft't')| < fe). + |w (t ,t) - W (t',t')| for
1 n o ~ n o ~ 1 n o n o  —

k + 1
every (tQ ,t) and (t^,t') e [0,1] where K(*i)

= sup . f (t) if we have (c), and K(n)=l if we have 
t€[0,1] M ~

(d). Consequently, for every 5€(0,l/2] , we have u(Wn ,5)

 ̂ 2kK(fi)_ + (w , 26) . It follows that Tn accompanies 
Vn n

Q . It remains to show that satisfies (2.4).
n n

00 — 1 1/4
Suppose we have condition (c) . Let 1 m </» (m) < «>

m=l
(implied by (1.3)), and let Bn be a block of Tn as

defined in 2.1c. Then, using Lemma 3.1, with q=2 , we 
obtain
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( Bn ) 4 —2 2 2 k  2 
E[e n (Wn)]4 < n ZC2 {<>) [(ntQ-nt£rK0i)r( II (t_.-t.jr

k
+ (nt -nt')K(n) U (t.-t!)] .

° Q j=l J J

Let v * (C2 (*>) (K(fx)+K2 (fx)) J*3 Uk+1 where Uk+1 is the

k+i
uniform probability measure on [0,1] and p
= (k+2)/(k+l) . Then, by the Markov inequality,

(g )

Qn tf€Dk+l;,e n (f)l > X] * x‘4 (u (Bn^ /?

which implies (2.4) for the <p-mixing case with rates (1.3).
(2.5) follows.

For the strong mixing case with rates (1.4), we use 
Lemma 3.2 for q=2 and e < l/(2k+4) , and obtain

<Bn> 4E[e n <wn)]4

k
< i r C  (fl)[(nt -nt')2{K(fi) u (t.-t!)}2(1“e) + 

n o o j=1 j 3

k .
+ (nt -nt')<K(n) U (t.-t!)) e]

j=l J J

which (with p = fc)+1) implies (2.3) and hence (2.4)

by proceeding as above.
Now let us suppose we have condition (d). Then, for the

<#>-mixing case with rates 2 m_1<p1//2 ̂ k+2  ̂(m) < » (implied by
m=l

(1.3)), we use Lemma 3.1 with q = k+2 , and obtain

E[e(Bn)(Wn)]2(k+2) 

k+2

< w * >  I  *
e=i

x ( n (t.-t!))](k+2)/ki 
j=i 3
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2)/e, ( *it*
on t o

k+2)
n

fk+1]
k+1



and now proceeding as in the <#>-mixing case dealt with above, 
we get the desired result.

For the strong mixing case with rates (1.3), we use 
Lemma 3.2 with q=k+2 and e < 1 / 2 (k+2) , and obtain

/d \ k+2

E[e n (Wn )]2(k+2) < Ck + 2 (a) I n"(yi+2~e) x

e= i

x ( ff (t.-t!))^(1"e)/k .
j=i J ->

Now proceeding precisely as in the first </>-mixing case, we 
get the desired result. The proof follows.
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4. CONVERGENCE OF THE WEIGHTED EMPIRICAL PROCESS

We start with a basic proposition given in Mehra and Rao 
(1975), and Harel (1980).

Proposition 4.1. Let Yn , n€lN be a process with values in

Dk+ 1  ' an(* s u PPo s e  that Yn converges in law (in Skorohod

topology) to a Gaussian process Y q with trajectories a.s.

in C. ., . Let the weight function r be such that Y 
k+ 1 n

i , n € IN has a.s. trajectories in . Furthermore

assume that V t j >0 , 3 0>O and N such that V n > N
o o

(4.1) Pn [sup (|Yn (t) • ï n>] S tj

where P is the law of Y , and sup is taken over t = 
n n

(t ,t-,...,t,) with the condition that there is at least one
O  jL k

k
j , 0 <j<k such that t . £ 0  or IT t. > 1 - 9 .  Then

D j=i J

Y^ • ^ converges weakly in Skorohod topology to the Gaussian 

process Yq • ^ with trajectories a.s. in Ck+ 1 '
o r

We now prove our main theorem.

V

r (t) 1
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Theorem 4.1. Let (xni) satisfy the assumptions of Theorem

k+1 +
3.1. Then, for any weight function r : [0,1] -*■ IR 
satisfying

(4.2) r(t) > A
k k 
U t. (1 - IT t.)

L j=o J j=i J

1  -  X
2 k+1

, t€[0,1] ,A>0,

0 < 2 ~ 5 < 2 (k+2 )

Wn •' ̂  converges weakly in Skorohod topology to w0 * ^ 

with trajectories a.s. in •

Proof. From Proposition 4.1, it is clear that the proof will 
follow if we prove (4.1).

Denote

(4.3) C^1) = {t;t€[0,l]k+1, 3 at least one j€{0,1,...,k) 

such that tj<0}

and

(4.4) .8

Then (4.2) will follow if we show that

ci2) = {t;t€[0,l]k+1. IT t. > 1-0}
j=l 3

(4.5) n ™P(i) • rTtT1 2 ”>
6

< n / i = l, 2 .

(By convention (ty = 0 if r(t) = 0) .

We first prove (4.5) for i=l . Without loss of 

generality, take r(t) = (^k=1tj)1//2 ” 5 . Define a measure 

k+1
u on [0,1] by

(t) •w
n
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(4.6) v (A) = J

IC{0,1,...,k}

J r^(t) (atj}
u k+1 (t) 9

(at.)j€ic r(è) (fc)

X d t o ...dtk+1

k+1 k+1
where A is any Borel subset of [0,1] , U is the
distribution function of the uniform probability measure on

[0,
I .

k*+* 1 o
[0,1] , p>0 is a constant, and I is the complement of

Let {Tn )ne[N* ke a sequence of grids of [0,1]
k+1

with

1 1+CZ * ^
pace t such that r £  (— ) ; t the subpace of the pro- 
c n n n n c
• • P ~ 1 1+rr
■jection T of T such that t  > (— ) ; 0<a'<a , and 

n n n n

ip ( 0 ) = (o — n~ í X}
n * 'n'’* * ' n ' ' ’
(a) We first consider the case when (xni) is '/»■mixing with

rates (1.3) and H“bounded (viz. conditions (a) and

(c) of Theorem 3.1).
Then the proof of (4.5) will follow if we prove the 

following Lemmas.

Lemma 4.1. For any block B of T 
-----  n n

(4.7)
B W 

e n (-^) \r ' < K [ D ( B n ) ] 1_Mf ,

where K>0 is some constant, y = [k(l+a)+l]-1 and p in 
(4.6) is chosen such that (1+P)(1+tt) = 4 .

Lemma 4.2. 3 C>0 such that V 0>O and V n>0 ,

(4.8)
n sup(l) (|Wn (t)‘FTtT 

t€C„ flT ( ;o n 
n

I > H }
-4 (1)< c n  v (c^g )

where 9 = 0 + n 
n

- I - a  '
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Let Cg1^(n) be a subset of defined by

(4.9) Cg1)(n)

= {t;t€C^1) ;Vj€{0,...,k},tj*inf{tj;t;!€Ti(j) ,tj*0}} .

Lemma 4.3. 3 such that V 6>0 and V tj> 0  3 N (0,t))

such that

( 4 . 1 0 )  Pn sup {IW (t) • |(t)l>r,}
[ t e c ^ U n )  n

>  N q  ( 0 ,  t j  )

<-C1ri_4u ( C ^ >) V n

Lemma 4.4. V 0>O and V t) > 0  , 3 N1(0,r]) such that

(4.11) Pn 5%i>-cW(„,,|w"(t) ' - (t)l >’"
> ^ ( 0 ,7 7 )  .

< tj V n

Proof of Lemma 4.1. Using Lemma 3.1. with q=2 , we obtain

B B
(4.12) E[e n (Wn)]4 < Kx[e n (Uk+1)]1+nr

where K^>0 is some constant. Let J = {j€{0,...,k};tj>0} ,

and for any I C J , associate to B two other blocksn
Bn(I) and defined as

b  ( I )  = it [ t . , t n  it [ o , t . ]  rr [ o , t n
n jei -* -> jej-i J j€J J

and

B ' ( I )  = IT [ 0 , t n  IT [ t , , t n  IT [ 0 , t M  
n j€i J jej-i jiJ J

Then we have

n (W • h = I e B"
B

e “ (Wn r' ICJ

(I) BA (I)
(Wn) e (I)

c {1)

C1

Bn < X>

B



Consequently,

(4.13) E[e n (Wn • i)]4 i K2 J Yj where K2 is some

ICJ
constant, where
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(4.14) [eBn(I)(Uk+1)]|eBi:i(I)(i)|1+P
l+-r

k+1
As U and r are nondecreasing, we obtain after some
computations (along the lines of Harel (1980, Lemma 5)) that

V ^ k + i^ .^ A w ^ i+ p
(4.15) (e n (U ))|e

< K, I ' i
,IUJV

,Uk+1(t) x

n 
,J-I

X d t o - - - d t k •

where K3>0 is some constant. Using (4.15) in (4.14) we 

obtain

(4.16) YI

K
,IUJ' ,J-I

(±) (t) )

n

x dt ... dt,
O K

i + t

Substituting (4.16) in (4.13) we obtain (4.7).

Proof of Lemma 4.2. This follows from the Markov inequality, 
Lemma 1 of Balacheff and Dupont (1980) and (4.7).

Proof of Lemma 4.3. Let rj,9 and n be fixed, and let t €

, ( D (n) . For any j€{0,...,k) , let t. and t. be

( p t))
J-]sj }j

( a -

® n B '' (I

J-Ij ' j €
[t)

k+1

UJj€I( a t j )

Í



elements of T3 such that t.<t.<t. where t. and t. are 
n ■ ~D 3 J ~J J

successive elements of T . For IC{i,...,k} , let B"(I)
n n

be the rectangle in defined by

B" (I) = [ 0, t ] 17 [t.,t.] IT [ 0,t.] .
j€I J J j€I J 

ĵ O

Then, we have an inequality

v B"(I)
(4.17) I (Wn r)(t)I  ̂ Z le n (Wn)||£(to/t| .

IC{1,...,k)

If I=4> , then

B" (I)
(4.18) |e n (Wn )| i(to ,t) < 2k+ 1 |Wn -i(to ,t|

where t = (t1#...,tk ) , and (tQ ,t) e Tn n C^1) .
n

If I , then we show that 

B" ( ! )
(4.19) Ie n (W )|-i(t t) < K sup |(W *i)(s)| +

r€C^ ;flT
0 n 
n

+ o(n"a ')

where K4>0 is some constant. (4.19) follows because of the 

following fact:

For any rectangles B1 and B2 in [0,1] where

B2CB1 , we have

B B B
(4.20) |e 2 (Wn )I < |e 1 (Wn)| + n 1/2 e 1 (UH)

where U is the uniform distribution over [0,1] and H is 
the distribution corresponding to measure .

From (4.15),(4.16) and (4.17), we obtain
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c*1)1

. k+l



(4.21)
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sup (|w (t)-i(t)|} < K sup {|W (s)-i(s)I) +
teci ' (n) n r 3 sec^ 'pit n ryj w nn

+ o(n_a') ,

where Kg is some constant. Using Lemma 4.2 and (4.21) we 

get (4.10).
Proof of Lemma 4.4. Set

C(n,j) = {t;t€[0/l]k+1, ^  < Inf [tj;tj€T^j) ,tj*0]}, 

j=0,l,...,k . We have

n supm  m  < Iw_(t)-|(t) | > t?} 
-t̂ Cg Cg (n)

k

< ) p L n
j=0

sup { |w (t) -|(t) I > r £ - )  
Lt€C(n,j) n r K+1

If j=0 , then V t€C(n,0) , we have wn(t) = 0 

then

If j*0 ,

n n , * kTTt€C(n,])

> P.n sup ( |W (t)-|(t) | < rjp)
[tcc(n,j) " r K+1

n (F^1) (X^}),..., F^k) (X^k) ) )€CC(n, j) , V i€ {1, ..., n}

= pn sup
Lt€C(n,j)

{n- i /2 [ynto1 V £ )  <

1 L r(t) - k+l' 
i=l

n F (
r 'Fnk)(Xni)))ecC(n'3) V i€{l, "»}

|W
1 * —
r t)

1)
a i
m
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= P
n (Fi1)(xii))»---»(Fn(xii)))€c°(n»3)» v i€^' , n

for sufficiently large n

* 1 “ y Fni)oFii^ (n"1““ ') > 1 - n"“ ' *l  ni n
i=l

It follows that (for sufficiently large n)

sup

’̂Cg1) —Cg1) (n)

{ l^it) *^(t) I > TJ)

This proves Lemma 4.4.
Now from (4.10) and (4.-11), we obtain (4.5) for i=l 

when conditions (a) and (c) of Theorem 3.1 are satisfied.
(b) We now consider the case when (xni) strong mixing

with
rates (1.4) and (Hni) ^-bounded (viz. conditions (b) and

(c) of Theorem 3.1).
To prove the result for this case, we use Lemma 3.2 with 

q=2 and obtain the inequality (4.7) for

t = [kil+aj+l]”1 - a , a < [2(k+2)] 1 and p satisfying 
(1+0) ( 1+tt) = 4 . (Note for a sufficiently small, i> is a 
finite measure, and t>0) . Proceeding precisely as in (a) , 
we obtain for this case also the results of Lemmas 4.2, 4.3 
and 4.4. Consequently, we get (4.5) with i=l .
(c) Let now (xni) ke «p-mixing with rates (1.3) and let

(Hni^ have uniform marginals for all n>l and l<i£n (viz.

conditions (a) and (d) of Theorem 3.1).
To prove the result for this case, we use Lemma 3.1 with 

q=k+2 and we obtain the following variant of the inequality
(4.7).

B
(4.22) E[e n (Wn-i)]2(k+2) < K6[u(Bn)] l+-r

where K c>06
-1

is suchis some constant, nr = [k(l+a)+l]

that (1+/3) ( 1+t ) = 2 (k+2) . (For a sufficiently small, u 
is a finite measure). The proofs follow proceeding as in
(a) .



(d) Finally, let (xni} be strong mixing with rates (1.4)

and let have uniform marginals for all n£l and

l£i£n (viz. conditions (b) and (d) of Theorem 3.1).
Here we use Lemma 3.2 with. q=k+2 and get the

inequality (4.25) where -r = [k(l+a)+l]-1 - e , e <

[2(k+2)]_1 and p is such that (1+/3) (1+r) = 2(k+2) . The 
proof follows proceeding as in (a).

We now prove (4.5) for i=2 .
Without loss of generality, let us take

jc
(4.23) r(t) = [t (1 - IT t.)]1/2 ' 5 .

j=l J

Following the ideas of Einmahl, Ruymgaart and Wellner (1984), 
we start with the equality
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n“1'2

[ntQ ]

^ (IrfF(1) rx(1)  ̂ F (k) fx(k)neBi" Hni(B))
i=l [(Fn (Xni ' ' ' ' ° ' n (Xni ))€B]

[ntQ]

= -n 1/2 J (z (1) (1) (k) (k) c " Hni(BC))
i=l [(Fn ( ni (Xni ))€B ]

and then using the union-intersection .principle (see Einmahl, 
Ruymgaart and Wellner (1984)), we obtain

r (t) V4-i
(4.24) |wn(t)| i 2 Ie <wn> I ' te[o,l]

£€L

where L is a finite index set, R^(t) one semi-open 

rectangle and Rg (t) is the closure of Rg (t) . (By 

R , (t:)
convention e (WR) = 0  if R^ (t) = <#») • Using (4.23) and

(4.24), we get

( 4 . 2 5 ) sup
|wn (t) I 
r(t) * ^ s w c < 2>

f€ L  8

, Re ( t )  ,
I e wnl

(Uk+1(Re(t))1/2 '6te (2)
)

;up

Hni>
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Now let £ be fixed. Then there exists a JC{i,...,k),

such that R.(t) = (0,t 1 x U (t.,l]x(0,l]k-q where q is
j€j 3

the cardinal of J . For the convenience of simplicity, take
* 
n

*(i) v*(qK w*(j)

■x't' , and let F . be the ni ni

distribution function of (X X . ), F >J/ theni ni ni

marginal distribution function of X*P^ , and let f* ^ ̂ ni ' n
-1 n

*(j) 
ni

*

^ IT
= n 2 F >J/ . Let H . be the measure on [0,1]q . _ ni ni• 1=1

defined as H .(t_,...,t ) = ni 1 q'

Fni(Fni1) 1(tl)'*-"Fniq) 1(tqn  ' and let R«(t) denote the
k+1 It

projection of R̂ (t) from [0,1] for [0,1] . Then, if

R̂ (t) * * , we get

Re(t)
(wn )

(Uk+1(R^(t)))i<"6

n
[nto> q

2 I~1/2 I < * 1 (j) (j) “ Hni(Re<t))

x (t ff (l-t.))'1/2 + 6

n- 1/2

:=1

Cf ° 1 q 
2 <.”

-  .........^ V ' (t rr (i-t,)) 
j=i J

-1/2 + 5

which is the empirical process (1.1) weighted by
q

(t 17 (1-t.)) V 2“5 for k=q , and associated with the random 
j=l . 3

variable (Xni^ ' * * ’'̂ i^^ ' n-1 • and replaced
by 1-tj, j*0 . Now proceeding exactly as in the proof of

(4.5) for i=l we get (4.5) for i=2 .

J = -q){ i . Set x*(:
ni

J M

>tjl

1-t
*

Hni

i=l )<1-y ( j )
ni

( ij  = 3

ni
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Convergence faible du processus empirique 
m ultidim ensionnel corrigé en condition de m élange

Michel H arel et Madan Puri

Résumé —  On a établi dans [6] la convergence faible du processus empirique tronqué multidimen
sionnel en condition de <p mélange pour des fonctions correctrices s’annulant sur la frontière 
inférieure de [0,1]*+1. Dans cette Note, nous étendons les résultats en mélange fort et aussi quand 
les fonctions correctrices s’annulent non seulement sur la frontière inférieure de [0,1]*+1 mais aussi 
sur le coin supérieur de [0,1]*+1.

Weak convergence of weighted multivariate empirical processes under mixing
conditions

Abstract —  W e  established in [6] the weak convergence of the multivariate truncated empirical 
processes under (p-mixing conditions for weight functions which vanish on the lower boundary of 
[0,1 1. In this paper we extend the results under strong mixing conditions and also when the weight 
functions not only vanish on the lower boundary o/[0,l]*+1 but also on the upper corner of[0,l]k+1.

1. Introduction. — Soient X ^ ^ X ^ ,  . . ., Xjÿ), 1 des variables aléatoires 
à valeurs dans IR* avec des fonctions de répartition continues Fni(x), x e ¡Rk et des fonctions 
de répartition marginales continues F $  (x), xeIR, 1 ^  i  ̂  n ,  Nous nous intéressons 
au comportement asymptotique du processus empirique tronqué W„ défini par :

(«<>] r *
(1) W ,(t0> t) =  n 1/2 X  ) X  ^[FyNx^gtj]-

<=i Lj=i

pour tout toe[0,l] et t  =  ( t 1 , . . . ,  t k)  e  [0,1]* où [ni0] est le plus grand entier ^ n t 0 ,

n

F W ( x )  =  n ~ 1 Y j F lf (*) et H ni est la mesure définie sur [0,1]* par
j =  i

(2) H m(t) =  Fni(Fj,1)-1 (ij), . . ., Fj,k,_1 (it)).

Les propriétés de convergence sont étudiées quand la suite { Xnj-} est

(3) <p mélangeante avec le taux tp (m) =  O  ( m  ~1 -e), 8 > 0  

ou
oo

(4) fortement mélangeante avec le taux m2 ( k + 1 )  a ?  ( m )  <  c o  pour un certain
m = 1

ee]0, l/(2/c +  4)[.

Ces résultats sont une extension des résultats de Fears et Mehra [5] et Ahmad et Lin 
[1] qui considéraient le processus empirique unidimensionnel stationnaire et cp-mélangeant. 
Einmahl, Ruymgaart et Wellner [4] ont étudié la convergence faible du processus empiri
que multidimensionnel corrigé lorsque les variables aléatoires sont indépendantes.

2. Définitions et notations. — 2.1. L e s  e s p a c e s  D fc+1 e t  Ct+1.
S o it/: [0,1]*+1 -»R. Pour p e {0 , l } t+1, on définit

/ p( 0 =  «m f ( s ) ( ( s , t ) e [ 0 , l ] k +  1 ) ,

Si î  t i  p (i) = 1

Si i  ti P (0 = 0

Note présentée par Robert Fortet. 

0249-6291/87/03050093 $2.00 ©  Académie des Sciences

on ine u 

i« . n >l ^ i
ni VA/» 

i ^ k .

(t)j- H n,
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si la limite existe et dans ce cas on appelle f p (t) la p limite de / en t.

On note D k + 1 l’espace de toutes les applications /: [0, l]k+1 -*• IR telles que pour tout 

pe{0,l } k + i , f p existe et/p=/si p = (0, . . 0).
Finalement on note par Cfc + 1 l’espace de toutes les applications continues / : 

[0, 1]*+1 -»• U.

2 . 2 .  Fonction correctrice. — Une fonction r : [0, l]k + 1 —* f5+ est appelée fonction 

correctrice si elle satisfait les conditions suivantes :
(i) il existe r0 : [0,1] -> U + et r : [0,1]* -*• R+ tels que r ( t )  =  r0 (i0)r(t) pour tout

i = (i0, t)e[0,l]k + 1;
(ii) r appartient à Cfc + 1 ;
(iii) ro = 0 si t 0 =  0; r = 0 s’il existe au moins un j e  { 1, . . ., k } tel que t}= 0 (frontière 

inférieure) ou si t = (l, . . ., 1) (coin supérieur).

3. C o n v e r g e n c e  d u  p r o c e s s u s  e m p i r i q u e  t r o n q u é .  — On dit que la suite {X m-} est |x 

bornée s’il existe une mesure finie et positive p. sur [0,1]* avec des fonctions de répartition 
marginales continues telle que, pour chaque n^l et 1 H nf (B) ̂ ja(B) pour tout 
rectangle B dans [0,1 ]\

T h é o r è m e  1. — On suppose que la su ite { X nI } est

(a) (p m élangeante avec la tau x (3 )

ou

(b) fo r te m e n t m élangeante avec le taux (4); 
la su ite { H ni} est

(c) |x bornée où jx est absolum ent continue avec une densité bornée

ou

a des m arginales uniform es po u r  tou t n 2:1 e t 1 ̂  i ̂  n.
D e p lus on suppose que

(e) la fon ction  de covariance du processu s em pirique W„ converge vers une fon ction .

A lors W„ (à valeurs p . s. dans D k + 1) converge fa ib lem en t po u r  la topo log ie  de S k o ro h o d  

vers un processu s Gaussien W 0 avec ses tra jecto ires p . s. dans C k + 1 .

Preuve. — On fait une démonstration similaire à celle du théorème 5 de [2] où avec 
nos hypothèses on utilise d’abord un corollaire de Withers [8] puis une légère modification 
du théorème 2.1 de [7] dans le cas cp mélangeant et du théorème 10 de [3] dans le cas 
fortement mélangeant.

4. C o n v e r g e n c e  d u  p r o c e s s u s  e m p i r i q u e  c o r r i g é .

T h é o r è m e  2. — On suppose que la su ite { X n i } sa tisfa it les h ypothèses du théorèm e 1. 

A lors, po u r  tou te  fon ction  correctrice  r : [0, l]k+1 -*■ !R+ sa tisfa isan t

[
k /  k 1(1/2)  —ô

n ^ l - r u j j  > te[0, 1]*+1, A >0

0 <  -  — 8 < — î— .
2 2/c + 4

W„ 1/r (à valeurs p . s. dans D k+1) converge fa ib lem en t pou r la topo log ie  de S k oroh od  

vers W 0 1/r à tra jecto ires p . s. dans C k + l .

Preuve. — Quand la fonction correctrice s’annule sur la frontière inférieure, on reprend 
la ligne directrice de la démonstration du théorème de [6] et quand la fonction correctrice

(d)

r m
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s’annule sur le coin supérieur, on reprend une idée utilisée dans [4] pour le cas indépen
dant.

Reçue le 13 avril 1987.
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1. Introduction. Let = (X^P..... , l<i<n, n>l be IR̂—valued random

variables with continuous d.f.s (distribution functions) F | and continuous marginal d.f.s

of X^p , l<j<k, l<i<n . Let F ^  = n—1 S F^p , and let {Hn-} be a sequence of

measures on [0,1]^ defined by

(I D Hni(‘l...= pni(Fi1)(*l)*-*Fik)<*k»* '
Let Wn be an empirical process defined by

n k
W iB) =  n ^ y  ( n i  rA

i= l i= i taj< Fi j)(x i l )) ibj]

*j,bj]c[0,l]k when Ijj

k
(1.2) Wn(B) =  n"^2' ( n  I fn/ ,-a - H ^ B )

i l  j=1 [aj<FiJ)(xir)^
k k

where B = n  (a;,b5]c[0,l] when Ir 1 denotes the indicator of [ ] 
j= l

Our aim is to study the asymptotic behavior of for a certain Skorohod 

topology (to be defined in Section 3) when the sequence {Xnj} is

(1.3) ip—mixing with rates </?(m) = 0(m—1—e) 

or

00

(1.4) strong mixing with rates ^ m ^k+ '0</(m) < m for some € g (0>2^ + 2)) *

m =l

Recall that {Xni} is y>-mixingif sup {| P(B | A)—P(B)|; A e <r(Xni,l<i<j) ,

B e o-(X^,i>j+m)} = </?(m)J,0 for positive integers j and m ; and it is strong mixing if 

sup {¡P(AflB)—P(A).P(B)|; A e ofX ^K K j), B G ^(X^,i>j+m)} = a(m)|0 for positive 

integers j and m . Here a(Xnj,l<i<j) and a(Xnj;i>j+m) are the a—fields generated by

(Xn l ...... V  “ d (Xn,j+m’Xn,j+m +l-->  respectively.

Bass and Pyke (1985) extended the M2 Skorohod (1956) topology for functions on 

[0,1] to set functions that are outer continuous with inner limits, but the empirical 

processes indexed by rectangles that we are considering have trajectories concentrated on 

the set of functions for which an extension of the Skorohod (1956) topology is more 

appropriate. Most of the work dealing with the empirical processes indexed by points is

n iXni

p(j)
ni

r i
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concentrated on the Skorohod's J j topology. In their basic paper, Bass and Pyke (1985) 

posed an open problem of determining a general class of sets on which an extension of 

Skorohod's J j topology is possible. In this paper we provide an extension of the Skorohod 

J j topology to functions indexed by rectangles and thus answer a part of the problem 

posed by Bass and Pyke (loc. tit.). We may also mention an interesting paper of Straf 

(1972) which deals with the extension of topology to very general index sets. This 

requires the existence of a group A of homeomorphisms on an arbitrary space and does 

not seem to give real answers perhaps because of its very theoretical nature. Also Straf's 

methods seem to be applicable on the space of functions defined only on [0,l)k and not on 

[0,l]k , and they do not seem to be applicable to empirical processes indexed by rectangles.

The weak convergence of fche weighted univariate empirical process indexed by 

points was established for the independent case by Pyke and Shorack (1968), and for the 

(^-mixing case by Fears and Mehra (1974) and later by Ahmad and Lin (1980). The 

generalization to the y>-mixing multivariate nonstationary case was carried on by Harel 

(1980). Shorack and Wellner (1982) established the weak convergence of the weighted 

univariate empirical process indexed by intervals when the underlying random variables are 

independent. Their results were later generalized by Einmahl, Ruymgaart and Wellner 

(1984) to the multivariate case by using directly the well known Skorohod construction 

when the underlying random variables are independent, identical and uniformly distributed 

over [0,l]k . Later Ruymgaart and Wellner (1984) considered the case when the random 

variables are not uniformly distributed, but left open the problem of the convergence of the 

weighted empirical processes (see Ruymgaart and Wellner (1984), remark p. 221). Our 

method of constructing Skorohod topology on the space of functions indexed by rectangles 

leads also to the extension of the results of Ruymgaart and Wellner (loc. cit.) for more 

general classes of distributions (not necessarily uniform distributions).

We may also mention for reference the work of Alexander (1982) on weighted 

empirical processes indexed by Vapnik—Cervonenkis classes of sets for the independent
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case. For the weak convergence of (nonweighted) empirical processes the reader is referred 

to the interesting papers of Neuhaus (1971,1975) for the independent case, Ruschendorf 

(1974) and Balacheff and Dupont (1980) for the </>-mixing cases.

2. The and spaces and preliminaries.

k
We write t = ( t ,, .. .,t ,) , and half-open rectangles R(t,t') = II (t-,tt] . By

j= l J J
convention, any point tj e [0,1] will be called a half-open interval and will be written as 

(tj’tjl ‘ = * • For 6 ([0,l]k)2 , t<t' will mean tx tj  V j=l,...,k , and

t< t' will mean tj< tj V j=l,...,k . For (t,t') 6 ([0,1]^)^ with t< t' or t<t' we can 

associate a rectangle R(t,t?) defined as before.

Let J^k) = {R(t,t');R(t,t') c [0,1]^} , and associate with the space ^k) the 

Hausdorff metric dg where djj(R(t,t'),R(s,s')) = max max { | Sj—tj | , |sj—111} .

Consider a family of k strictly increasing finite sequences of elements of [0,1] such

that 0 is the first element of each sequence. For example, let B = {t»}, l<i<nj, l<j<k be

k sequences such that ^  = 0 and t» < t~ ,  ̂ V i G {l,...,n.-l} and j 6 {l,...,k} . Now
J J J J

associate with B a set I^^i,^) defined as

l(V(i,S) =

and

(Note that I^(i,^) = <f> if t . / t» ) .

j ,tj]C[0,1] ■ * j<tji+1 I<tj^+1} if l<i,/<Hj-l 

{(tj.ijlcfo.l] , t j ¿St j<t j i+i if

Then a partition G of o^k) defined as 

k
(2.2) G = { n  I(j)(ij,ij),l<ij<nj>l<ij<nj, and n  i*}

J J ^
will be called a grid of o(k) with base B .

Let S be a finite subset of ^k) where S = { R (a ^ ,b ^ ) , . . . ,R (a ^ ,b ^ )}
*

Then the base generated by S is the smallest base of the grid B such that

Ck

Note that R(t,t) (t,t')

" * “n j
<tK

l(j)
’W « H<tj <J;tjnc[o,i

TÜ)fi
&
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U c } V j = .

Let R(t,t') 6 Jfk) and (/v ) € {0,1}^ * {0,1}^ . Then the (/>,e) quadrant of J(k)

with top R(t,t') is a subset Q(R(t,t'),p,e) of ^k) defined as

k
Q(R(t,t'),p,e) = n  Q.(t.,tl,p.,c.) where 

j_.| J J J J J

Q3(yj ,̂,ep
{(Si,s!.]c[0,l] , s ,< t - , s U t l }  i f  p-=e.=0  

{ ( s i , s U c [ 0 , l ] , s i> t . , s U t U  i f p f l ,  e-=0 

. {(s.;>s-]c[0,l] 5s i<t.,s^>t •} i fp.=0,  C.=l

Let R(t,t') 6 and (p,e) G {0,1}^ x {0,1}^ such that Q(R(t,t'),/?,e) /  (f>. Then, it is 

easy to see that if G is a grid, there exists an S 6 G such that SnQ(R(t,t'),p,e) is a 

neighborhood of R(t,t') in Q(R(t,t'),p,e) in the topology induced on Q(R(t,t'),/9,e) by 

the Hausdorff metric.

Let S be a nonempty subset of ^ k ) . S is called a pavement of o^k) if S is of

the form S = II S- where for any l<j<k , 3 ( a ^ ,b ^ ,a (^ ,b (^ )  G [0,1]  ̂ such that S. =

For any R(s,s') G S , we call the pair (J,L) the indicator of R(s,s') into S if 

(J,L) c {l,...,k} x {l,...,k} is such that

Sj G {aW,a(2)} V jeJ , and s. e ( a j^ a j2)) V j£J 

s'£ G {b^,b^2)} V £eL , and sj G ( b ^ b ^ )  V 1<£L .

We say F , a subset of S , is the face of R(s,s') in S with indicator (J,L) if F is 

of the form

F = {R(u,u') G S; uj=sj V jGJ , and u^=s^ V teL} .

Note that if (J,L) = (<p,<f>) , then F=S , and if (J,L) = {l,...,k}x{l,...,k} , then F = 

R(s,s') .

We say that f:^k)-*!R  admits a (p,e) limit in R(t,t') if and only if the 

restriction f|Q(R(t,t'),p,e) admits a limit in R(t,t') with respect to the metric djj and

{a! 0 . a(p:
j » p , [tji

(S;,S c[0,1
J

S j > t s ->t if  p ,
£i = 1

f ' . :¥ i »I»
(2)i 
j J

,<b$
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the usual metric on IR . We shall denote the (p,c) limit of f in R(t,t') by 

f(R(t,t')+0(/>,e)) . If (/9,e)=((l,...,l),(l,...,l)) , then the (p ,e) limit of f is f(R(t,t')) .

Denote by , the set of maps f:^k)-*IR such that for any R(t,t')e^k) and 

any (p ,e) G {0,l}kx{0,l}k for which Q(R(t,t'),p,£) i  <f>, f admits a (p ,e) limit in 

R(t,t') .

Finally denote by , the set of maps f : ^k) -> IR which are continuous in dg 

and the usual metric in IR .

2.2 Properties of the spaces 13̂  and .

Let and R(t,t') e J[k) , and for any (J,L) c {l,...,k}x{l,...,k} , set

, If(R(t,t')+OQ>,e))-f(R(t,t')+()(/>1 ,e')) | , ^
(2.2.1) H(f,R(t,t'),J,L) = max | [ |(R ( t,t ')  , p , € ) f t ,  Q(R(t,t ' ) , p '  , e ' ) ^

1 where V jeJ, Py'P1̂ ^  ei~e\

Note that if (J',L') c (J ,L ), then H(f,R(t,t'),J,L) < H(f,R(t,t'),J',L') and if (J,L) = 

{l,...,k}x{l,...,k} , then H(f,R(t,t'),J,L) = 0 . If (J,L) =  (<j>,<j>) , then we shall denote 

H(f,R(t,t'),J,L) by H(f,R(t,t')) .

Lemma 2.2.1. Let fe f^  , R (t,t')e^k) , (J,L) c {l,...,k} * {l,„.,k} and 7?>0 . Let 

B(R(t,t'),a) be an open ball with center R(t,t') and radius a  such that V (p.e) 6 

{0,l}kx{0,l}k , v (s,s') € B(R(t,t'),a) fl Q(R(t,t'),/>,c)

(2.2.2) | f(R(s,s')) -  f(R(t,f) + 0(/>,i)) | < r , .

Then, for any R(u,u') 6 B(R(t,t'),ar) for which tj = Uj V jeJ , tj#Uj V j£J ; t^=u^ V i £ L  

and t^u^ V ££L , we have

(2.2.3) H(f,R(u,u'),J,L) < 2r j .

Proof: For any (p ,e)  £ {0,l}kx-(o,l}k such that Q(R(u,u'),/?,e) # ^ , we denote by (p,7)  , 

an element of {0,l}k * {0,1}^ defined as follows: 

if j 6 J , pj = pj if I  £ L ,

J I1 11 Uj> tj l  h  if uv<t#

then Q(R(u,u'),/?,c) n Q(R(t,t'),p,e) /  <f>.

Dk

°k

ck

ßk

if  j î J , -
if l if ¿0L i>t n0 if i
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Let ^ > 0  and a'>0 be such that

I f(R(s,s')) -  f(R(u,u') + 0(p,e)) | < nx

V (p,e)6{0,l}kx{0,l}k and V R(8,8')€B(R(u,ul),o,)nQ(R(u,u,),/!>,e).

As B(R(u,u'),a') n Q((R(u,u'),/?,e) fl B(R(t,t'),a) fl Q(R(t,t'),p,e) # <f> we can find 

R(s,s') such that (using (2.2.2))

|f(R(s,s')) — f(R(u,u') + 0(/?,c))| <

and

|f(R(s,s'))-f(R (t,t') + 0(p,7))| < V .

From the above inequalities, we deduce

|f(R(t,t') +  0(p,e))-f(R(u,u') + 0(/>,e)) | < rj +  ^  ,

Since t^ is arbitrary, the left side of the above inequality < rj.

Let (p\e') be another element of {0 ,l}kx{0,l}k such that Q(R(u,u'),p',e') # <f>. 

Since (p',e') = (p,7) , we deduce, proceeding analogously,

|f(R(u,u') + 0(p',e')) — f(R(t,t') + 0(p,7))| < rj

and

|f(R(u,u') + 0(p\e')) -f(R (u,u ') + 0(p,e)) | < 277.

Now using (2.2.1), we conclude (2.2.3).

Lemma 2.2.2. Let feD^ and (J,L) c {l,...,k}x{l,...,k} . Set T c  ^k) be such that V 

(R(t,t'),R(s,s')) e TxT with R(t.t') 4 R (s.s'). we have t.=s. V jeJ, t4s- V j£J, tV=sW
J J J J I I

£eL, and t^£s  ̂V l$L . Then, for any r)>0 , the set of elements of T such that 

H(f,R(t,t'),J,L) > rj is finite.

Proof. Let ?]>0 be fixed, and let T^ be the set of elements of T such that 

H(R(t,t'),J,L) > rj. If T is infinite, then it has a limiting point R(t,t') , and we can find 

a sequence R(t^n^,t'^n )̂ of points of T^ which admits R(t,t') as limit, and is such that

V neIN , t!nVtj for Vj£J and tJnV tJV # L .

Let t)'<t)/2 and or>0 be such that B(R(t,t'),a) satisfies |f(R(s,s') — 

f(R(t,t'),p,c) | < rf V (p,e) e {0,l}kx{0,l}k and V R(s,s') g B(R(t,t'),a) n Q(R(t,t'),P,e) •
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Also let nQelN be such that R(t^n\ t '^ n )̂ e B(R(t,t'),a) V n>nQ . Then, using Lemma

2.2.1, it follows that H(f,R(t^n\ t '^ n^),J,L) < 2rj'<rf which contradicts the hypothesis. 

Theorem 2.2.1. Let R be the set of grids of ^k) and let f : ^k) -»IR . Then fef)^ if 

and only if V rj>0, 3 ¿>0, 3 GeR such that V SeG and V (R(t,t'),R(s,s')) e S*S we have

(2.2.4) dH(R(t,t'),R(s,s')) < 6-* |f(R(t,t') -f(R (s,s'))| < V •

Proof. (Sufficiency). Let f : ^k) -> K , and let fj^D̂  . Then we show that (2.2.4) is not 

true, that is we show that V ¿>0, V GeR, 3 SeG, 3 (R(t,t'),R(s,s') e S*S such that 

djj(R(t,t'),R(s,s')) < 8 and |f(R(t,t')—f(R(s,s'))| > rj. Since f^D^ , it follows that 3 

R(u,u') e ^k) and 3 (p,e) e {0,l}^x{o,l}^ such that Q(R(u,u'),/9,e) # <l> and f has no 

(p,e) limit in R(u,u') . This means that V ^ > 0  , 3 (R(t,t'),R(s,s')) € Q^(R(u,u'),/9,e) 

such that djj(R(t,t'),R(s,s')) < rĵ  and |f(R(t,t'))—f(R(s,s'))| > 77.

Let ¿>0 and GeR be fixed. Then we can find SeG such that Q(R(u,u'),p,e) fl S 

is a neighborhood of R(u,u') in Q(R(u,u'),p,e) . Then, there exists an a>0 such that 

Q(R(u,u'),p,e) fl B(R(u u'),a) c Q(R(u,u'),p,e) n S .

Now choose =  min (6,a /2) . Then V (R(t,t'),R(s,s')) 6 (Q(R(u,u'),/?,e) n 

B(R(u,u'),<*))^ such that djj(R(t,t'),R(s,s')) < ^  . We see that (R(t,t'),R(s,s')) e S*S 

and djj(R(t,t'),R(s,s') < 6.

We can now choose (R(t,t'),R(s,s')) , such that |f(R(t,t')—f(R(s,s')) | > rj and this 

leads to contradiction. Sufficiency is established.

(Necessary Part). Let feD^ . Choose an t) > 0  , and let be a class of subsets T of 

o^k) such that

(a) V R(t,t') e T, H(f,R(t,t')) > V

(b) V (R(t,t'),R(s,s')) e TxT, R(t,t') # R(s,s!) 4 Ws. V je{l,...,k} and t jf t j  V &{l,...,k} .
*

Note that T is finite VTe<^\ Let S  ̂ (e<^) be a maximal element (in c%>).
* *

By iteration, we construct a sequence S p .- .^ j  of sets in ^k) as follows.

For any R ( s ^ , s '^ )  e Sj and any (J,L) e {l,...,k}*{l,...,k} such that the Card 

J + Card L = 1 , let <^(R(s^^,s^1^),J,L) be a class of subsets T of <^k) such that
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(c) V R(t,t') G T*, H(f,R(t,t'),J,L) > r}

(d) V R(t,t')eT*, tj=sW  V jGJ and t ^ s l ^  V teL and

(e) V (R(t,t'),R(s,s'))GTxT, R(t,t') # R(s,s') => tj/Sj V j^J and tjfr j V l$L .

Now let S (R (s^ ,s '^ ) ,J ,L )  be a maximal element in < ^ R (s ^ ,s '^ ) ,J ,L ) . We set

S0 = S, U U S  (R (s^ ,s '^ ) ,J ,L )  where U in the union over R (s^ \s '^ )g S , and 
(1) (2) (1) 1 

U is the union over (J,L)g# where 3\ is the class of subsets of Jc{l,...,k} and 
(2)
Lc{l,...,k} such that Card J + Card L = 1 .

* *
Proceeding this way we get a sequence S  ̂ c ... c S2k of sets in ^k) . Let G be a

*
grid generated by S2k ' Now denote

J(R(t,t')) = {jG{l,...,k} : 3 R(s,s') G S2k and Sj=tj}

and
j|e

L(R(t,t')) = {¿G{l,...,k} : 3 R(s,s') G S2k and s^=t^} .

Then , we first prove the following Lemma.

Lemma 2.2.3. Let R(t,t')G*^k) . Then for every (J,L) such that (J(R(t,t'),L(R(t,t')) c 

(J,L) , we have

(2.2.4) H(f,R(t,t'),J,L) < i f .

Proof. Let S? be a set of sequences ( R is ^ ^ s '^ ) ,^ ) , . . . ,^ ^ ^ ) ^ '^ ) ^ ^ )  where l<h<2k , 

j^G{l,...,2k} and l</<h such that

= \ if ji-k’ s$ = V k itii>k (1££ih)
(2.2.5) R(s(1^s '(1))gS*,R(s^,s'^)gS*(R(s^_ 1\ s '^ “ 1)),J1,L1)

where J, = U {j } , L, = U {j -k} , and j / i j p - J / i }  •
1 p < M jp<k p 1 P<M jp>k p

Note that & has at least one maximal sequence and it is easy to check that

(2.2 .6) V & { l,. .. ,h } ,sW = y fji <t and s l ^ = t ! ^ k if j p k

Since JjCJ(R(t,t')) and L1cL(R(t,t')) , it suffices to prove that any maximal 

sequence satisfies
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(2.2.7) H(f,R(t,t'),J2,L2) < 77 where (J2,L2) = (J-^jLj) with h = l —1

There axe three cases to be disposed of.

Case 1. Let h = 2k . Then from (2.2.6), R(t,t') =  R(s(2k),s'(2k)) (from (2.2.6)), 

J(R(t,t')) = L(R(t,t')) = {l,...,k} and so H(f,R(t,t'),J(R(t,t')),L(R(t,t'))) =  0 (<77) . 

Case 2. Let & =  (f>. Then H(f,R(t,t')) < 77, and also for any (J,L)c{l,...,k}x{l,...,k} , 

H(f,R(t,t'),J,L) < 77.

Case 3. Let l<h<2k . Then, for any R(s,s') € S ( R ( s ^ ,s '^ ) , J 2,L2) and »

we have s4 t. if j<k,  ̂ if j>k . Now if H ^ R ^ t1),^ ,!^ )  > 7 7 , then the sequence

would not be maximal, and so we have the contradiction. This proves the Lemma.
*

Now let G be a grid generated by , and let SeG .

Let S denote the closure of S under djj . (Note that 5  is a pavement). If 

R(t,t')e5 , and (J,L) is the indicator of R(t,t') in i? , then we have 

H(f,R(t,t'),J,L) < 77.

Now we prove that for any SeG 3 ¿>0 such that V (R(t,t'),R(s,s')) e S*S ,

(2.2.8) dH(R(t,t'),R(s,s')) < 77 => |f(R(t,t'))-f(R(s,s'))| < V ■

Suppose (2.2.8) is not true. Then, we can find an SeG such V ¿>0 , 3

(R(t,t'),R(s,s') e SxS , such that

(2.2.9) dH(R(t,t'),R(s,s')) < 8 and |f(R(t,t'))-f(R(s,s')) | > 77.

In this case, we can extract two sequences R(t^n^,t'^n )̂ and R(s^n^,s'^n )̂ in S such 

that they converge to the same limit R(t,t') in S’; furthermore 3 (p ,e) e {0,l}kx{0,l}k 

and (p ' ,e ' )  e {0,l}kx{0,l}k with R ( t ^ , t ' ^ )  e Q(R(t,t'),/?,e) and R ( s ^ , s '^ )  in 

Q(R(s,s'),/>',e') for any n>l such that |f(R(t^n\ t ' ^ ) )  — f(R(s^n\ s ' ^ ) |  >77.

As fef)k , lim f(R (t(n),t'(n))) = f(R(t,t') + 0(^,6)) and lim  f(R (s^ ,s ,(n))) =
n - *  00 n ->  00

f(R(t,t') +  0(p',£’)) •

Consequently,

(2.2.10) |f(R(t,t,) +  0(f te ) ) - f (R ( t ,O  +  0G>\el))l > >) ■
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Let (J,L) be the indicator of R(t,t') in 5 .  If (J,L) = (<f>,<J>) , J(R(t,t')) = ^ and 

L(R(t,t')) = (j>, then &  is (f> and so H(f,R(t,t'))<7/ which is not compatible with

(2.2.10).

If (J,L) /  (fa(f>) , then p . = p í V jeJ , and V -feL , and so

|f(R(t,t') +  0 (p ,e ) )  — f(R(t,t') +  0(^',e*))l < H(f(R(t,t'),J,L)

< H(f(R(t,t'),J(R(t,t,)),L(R(t,t')) < T)

(from Lemma 2.2.3) and this is not compatible with (2.2.10). This proves the theorem. 

Definition (Balacheff and Dupont (1980)). A grid G' is finer than a grid G if and only if

V S'eG' , 3 SeG such that S'cS .

Property of a finer grid. Given any ¿>0 and any grid G , we can find another grid G' 

finer than G such that the diameter of each element S' of G' is less than or equal to 6 .

For any grid G with base B = {{tjj},l<i<nj,l<j<k} , we associate the number 

m(G) , called permeability m(G) of G , defined as

m(G) = inf inf { I V t j i+1l,tu# ii+1} , t m .+l=1 
l<j<k l<i<nj J1 J1+1 J1 J1+i Jnj+ i

by convention. (Note that this concept of permeability is an extension of the similar

concept given by Neuhaus (1971) for a rather specialized situation connected with the space

D^). Now denote

(2.2.11) R^ = {G;m(G) > tj for any rj>0}  .

Corollary 2.3.1. Let f : k̂)->IR . Then

(a) fe f^  if and only if V r}>0 , 3 a grid GeR such that V SeG and V (R(t,t'),R(s,s')) e 

SxS . we have |f(R(t,t'))—f(R(s,s'))| <  r j .

(b) feDk if and only if V r j>0 , 3 a &>0 and GeR^ such that V SeG and

V (R(t,t,),R(s,s')) e SxS , we have |f(R(t,t'))—f(R(s,s')) | < ??.

Proof, (a) is a consequence of Theorem 2.3.1 and the property of the finer grid, and (b) is 

a consequence of (a).

For any function f : k̂)->lR , and any ¿>>0 , we define the 'modulus of continuity1
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u/(f,<5) in Dk and w(f,£) in as

(2.2.12) o/(f,£) = inf max sup If ( R ( t , t ') ) —f(R (s ,s ') )  I
GeR^SeG (R (t,t'),R (S ,s '))eS xS

and

(2.2.13) S (f , 6) = sup{ |f  (R (t,t 1) )—f (R(s, s 1)) | ;

( R ( t , t ') ,R ( s ,s , ) )6 ^ k )x ^ k ) ,d H(R ( t , t , ),R(s,s'))<<5} 

Note that a function g : &->w'(f,<5) where ¿€(0,1] is nondecreasing.

Corollary 2.3.2. Let f : k̂)-»lR . Then

(a) feD, if and only if lim  a/(f,£)=0
K ¿-»0

(b) feCi if and only if lim  w(f,5)=0 .
K £+0

Proof, (a) is a consequence of Corollary 2.3.1(b), and (b) follows by definition.

Note that for any bounded function f : ô k)-4R , and any £e(0,£),a/(f,£) < w(f,2<$).

3. Skorohod topology on Dk .

3.1 Preliminaries. In what follows, A denotes the space of maps h : [0,1]-*[0,1] which 

are nondecreasing, continuous and bijective. A^) denotes the space of maps A : 

[0,l]k-[0,l]k where A(tp ...,tk) = (A1(t1),...,Ak(tk)), Â gA, l<j<k .

1̂  denotes the identity map on [0,l]k .

A.(t.)-A.(s.)
111A111 =  max sup |log J tJ J J | 

l<j<kO<tj<Sj<l lj sj

for any R(t,t') e ^k) , A(R(t,t!)) denotes an element R(s,s') of ^k) defined by

A-(t-) = s. and A.(tj) = s-, l<j<k . For any bounded maps f,g : ^k) ->1R , we denote
J J J J J

<*(f»g) = j ^ ( k ) m a x  i l t f — soAll’llA—I(k) l l) ;

d0(f>g) = i n f (k) max{||f-goA||,| | |A| 11} •
AeA

II
R(t,t')GJ(k)

where ||f-goA|| = sup _  {|f(R(t,t'))-goA(R(t,t'))|} and ||A -I^ || =

P T. {| A(t)— . We shall call the topologies associated with d and drt as
[0,1]K W  o

Skorohod and modified Skorohod topologies respectively.

su
t€
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Lemma 3.1. Let fQ : be a sequence of maps such that f^-rfeD^ in Skorohod

topology. Let R (t,t')e^k) be such that the restriction of f to the face of R(t,t') in ^k)

is continuous in R(t,t') . Then l i m f  (R(t,t')) = f(R(t,t')) .
n-*oo

Proof. Proof follows by using the inequality

|fn(H.(t,t'))-f(R(t,t'))| < |fn(R(t,t'))-f(A-1(R(t,t')))| +  |f(A-1 (R(t,t')))—f(R(t,t'))| 

where A~  ̂ is the inverse function of A .

Remark 3.1. Following Billingsley (1968) and Neuhaus (1971), the following facts can 

easily be established.

(i) Skorohod topology as well as modified Skorohod topology implies uniform topology.

(ii) Uniform topology is finer than the Skorohod topology.

(iii) The modified Skorohod topology is finer than the Skorohod topology.

(iv) The Skorohod topology and the modified Skorohod topology are equivalent in .

(v) The space (Î3^,d) is separable.

(vi) The space (£3 ,̂d0) is complete.

(vii) V ¿>0, u>'(f,£) is upper semicontinuous in fe t^  with respect to the Skorohod 

topology.

Lemma 3.2. For any R(t,t')e«^k) , let ^  : be a map defined bv =

f(R(t,t')) . If the restriction of the face of R(t,t') into ^k) is continuous, then 

is continuous with respect to the Skorohod topology.

Proof. Consequence of Lemma 3.1.

Theorem 3.1. Let KcD^ . Then the closure of K of K (with respect to the Skorohod 

topology) is compact if and only if

(3.1) sup ||f|| < oo
feK

and

(3.2) lim  sup o/(f,£) = 0 .
¿h oo feK

Proof. Let K be compact. Then (3.1) and (3.2) follow from Remark 3.1(vii). We now

V*

ß k

t,t')%

ft,t'%’Rft, \ - 4
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prove the sufficiency part.

Let Kcftk , and let (3.1) and (3.2) hold. Since (Dk,dQ) is complete, we have to

show that V ??>0, 3 a finite subset K(rj) of 0^ which is r)-n e t  in K with respect to dQ .

Choose an r j>0  , and an integer m such that i ] >  1/m , and w'(f,l/m) < 77 V feK .

Let = {j/m;0<j<m} and let R( Jf^) be the set of grids G of ^k) , with each

grid having the base of the form {tjjl<i<nj,l<j<k} where t» 6 Vi and Vj .

Let H be an rj-net set of [-sup ||f||,sup ||f||] and let K(j;) be the space of step

functions of the form E «gig where GeR( ̂ fQ) and for any SeG , org belongs to H .
SeG

Then it is easy to check that K(rj) is 27/-net in K with respect to d , and hence K(rj) is 

77-net in K with respect to dQ .

4. Weak convergence of probability measures in .

4.1 Measurability on .
nr

For any Tc ̂ k) , let ip^ denote the projection of in 1R , and let be the 

Borel a—field generated by the Skorohod topology in . For any (J,L) c 

{l,...,k}*{l,...,k} , let F j l  = {R(t,t');tj=l V jeJ and t^=l V t e L }  . Then, we have 

Theorem 4.1. 2^  is the restriction to of the <7—field on IR*^) where 3  is

the usual Borel a—field on IR .

Proof. First we show that . To prove this we have to show that

V R (t,t')e^k) , the map : D̂ -̂ R is measurable.

If t= t'= (l,...,l) , then the measurability of ^  follows as a consequence of Lemma 3.1. 

If t or t'#(l,...,l) , then setting J={j;je{l,...,k},t^l} and L={4&{l,...,k},t^l} , we 

notice that LcJ . Then, from the continuity of the right with respect to tj and tj in 

R(t,t') , it follows that ^  = l i m hf where

Vf) = TCard J + Card L) j (f(R(u,u'))(duj)jGj( d u ^ L
n [t;,t-+c) II [U,t»+c) 

jeJ J J leL 1 1

and

%(t, t '):

H

IK . 

3 t*

%

V

%°k

D,

¿f : m
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e < inf (inf (1—t-), inf (1-U), inf (t/r-U) 
jeJ J l e L  1 £ eL

where Uj = 1 if j£J , and u^ =  1 if t£ L  .

We prove that hf is continuous with respect to the Skorohod topology.

For any feD^., denote

(4.1) C(f) = {R(s,s');R(s,s')6^k) and the restriction of f to the face of R(s,s') into ^k)

is continuous in R(s,s')} ,

and the map

(4.2) n j  L • <̂ k) [0,1] x[0,l] 

defined by

nj,L(R(s,s')) = ^sĵ jeĴ sP̂ 6L̂  ‘
If fn-*fQ in the Skorohod topology, then fn(R(s,s')) -» fQ(R(S,s')) V R(s,s')eC(f0) , and

* *
from Lemma 2.2.2 we deduce that IIj ^(C (fQ)) where, C denotes the complement of 

C , has the Lebesque measure 0 in [0,l]^x[o,l]^ . It follows (from the Lebesgue Theorem) 

that he(fn)->he(fQ) , and so hf is continuous in the Skorohod topology. This implies that 

hf is measurable and hence ^  is measurable. Thus • Now we prove

that .

Let Tc J[k) , and suppose T is dense in ^k) and also for 

(J,L)c{l,...,k}x{l,...,k} , F j jOT is dense in F j ^ . Then, we prove that 2^ is 

generated by t ,yR(t,t')eT} .

Following Billingsley (1968, p. 121), because dQ is separable, it suffices to show 

that for any and r>0 , the open ball B(f,r) = {ge£)jt;d0(f,g)<r} belongs to the

a-field generated by { < ^ t t iyR(t,t')eT} . Take a sequence { R ( t ^ , t '^ }  of T , and 

suppose that it is dense in v^k) , and the intersection of this sequence with F j ^ is also
*

dense in F j ^ . For any 7?<r and any N elN , denote

(4.3) An *(t?) =

for some AeA^)}.

{geD, ,| 11A| | |<r-7/,|g(R(tW,t'W))-f(A(R(tW,t'W))| < r-77,0<i<N*,

ftßk

•&).
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Then, it follows that

(4.4) V d )  = »’{¿(.(0),t'(0)),...)R(t(N*),t'(N*))}(HN*(,>)) 

where
*

(4.5) HN*(i,) = {(a0,...,ari*) e RN +1; | | |A | | |  e r r a n d

|aj—f(A (R (t^ ,t '^ )))j< r—̂ f0<i<N for some AeA^)}

which implies that A^*(7/) belongs to the a—field generated by ^;R (t,t')eT} .

Next, we show that B(f,r) = U ( n Am*(t7)) where Q is the set of
7?eQn(o,r) N*elN 1N

rational numbers.

It is clear that B(f,r) c U ( n AM*(r?)) . It remains to show that for each
7^Qn(0,r) N*elN N

?7eQn(0,r)

(4.6) n An *(77) C B(f,r) .
N*eN 1N

*

Let g € fl At.t*(7?) . Choose N and A(N )eA(k)
such that

N*elN iN
* *

| | | a ( N ) 111 <r-7? and |g(R(tW ,t'^))-f(A (N )(R (t^ ,t'W )))| < x - t ]  V 0<i<N* .

(%*) *
Following Billingsley (1968, p.122), we can find a subsequence {A ;N elN} of

* * (i *)
{a(N ),N*6IN} such that A N ^ AeA^k) , and | M A111 < r—77.

For any R(t,t')eT , we can find an i such that tj<tj^ and , and then we

have

|g(R (tW ,t'W ))-f(A (‘N }(R(tW,t'W)))| < r - ,

V N >i,ie{0,...,i^*} . It follows that there exists a (/)(R(t,t')),e(R(t,t'))) =

^ l < j < k ’^ l< K k )  e {M}k*{0,l}k such that

(4.7) tj= l A /?j=l V l<j<k and t^=l 3 e^=l V \<£<k

(4.8) Q(R(t,t'),p,e) # (j> 

and

(4.9) |g(R(t,t'))-f(A(R(t,t')) + 0(p,e))| < i-r ) .
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We now prove that ||g—foA|| < r—77. To prove this, suppose there exists 

R(u,u')6^k) such that |g(R(u,u'))—f(A(R(u,u')) | > r—77. Then we can find an 

R(t,t')eT such that for any (p,6)e{0,l}^x{0,l}^ such that (4.9) is not satisfied. This 

leads to contradiction. Thus ||g—foA|| < r—77. Now since 111A111 <r—77, it follows that 

geB(f,r) . (4.6) holds.

Corollary 4.1. Let T be denumerable and dense m ^k) . Also let F j ^flT be dense m 

F j l  V (J,L)c{l,...,k}x{l,..,k} • Let where Mp =  {(¿^(H^j), U is a finite subset

of T, and H^j a Borel—subset of IR̂ } , and tpy is the projection of on 1R̂  . If P

and Q are probability measures on 2^ . and if P=Q on . then P=Q on 2 ^ . 

Proof. Consequence of Theorem 4.1.

For any probability measures on (D^, 2^) , denote 

T p= {R (t,t');R (t,t')6^k);P ({f;^^  ^  is discontinuous on f})—0} 

Tp={R(t,t');R(t,t')6o^k);P({f; the restriction of f to the face of R(t,t') into ^k) is 

discontinuous in R(t,t')})=0} .

Then, it is clear that TpCTp .

Theorem 4.2. TpflFj ^ is dense in F j ^ . V (J,L) c {l,...,k}x{l,...,k} .

Proof. It suffices to prove that TpflFj ^ is dense in F j ^ . To prove this it suffices to

show that T inF  , , is dense in F , , .P <p,<p (j>,(j>

For any R(t,t') G F ^  , let

jR(t ^  = {f;f is discontinuous in R(t,t')}

C = {R(t,t');R(t,t,)eF^^;P(JR(t)tI))#0} ,

and

Obviously,

r{R!

C = M  m>1{R(t’t')€FA(>;P(J{R(t,tl),l/ni}) - ?} '

Now using Lemma 2.2.2 and proceeding as in Billingsley (1968, p. 124) we find that

Dk+1

'),n {f;H(f,f :t,t > V
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{R(t,t');R(t,t')eF^ t i)})>?7i} has a Lebesque measure zero. This implies that

C has a Lebesgue measure zero. Consequently TpflF^ ^ is dense in F^ ^ .

Theorem 4.3. The sequence {Pn}n>j of probability measures on converges

weakly to a probability measure P on ( f ^ ^ )  if and only if

(4.10) yfy(P^) converges weakly to <fy(P) for all finite subsets U o f T p .

(4.11) the sequence is tight.

Proof. The necessary part is obvious. To prove the sufficiency part, note that since the 

sequence {Pn} is tight, it is weakly relatively compact, we have to prove (cf. Billingsley 

(1968), Theorem 2.3) that any subsequence of {PQ} which converges admits P as limit. 

For this we use the same line of argument as in Billingsley (1968, Theorem 15.1), the fact 

that for any probability measure Q and any finite subset U of Tq , is a.s. 

Q-continuous, and the Corollary 4.1.

Corollary 4.3.1. Let {Pn}n>j be a sequence of probability measures on ( i ^ ^ )  such 

that

(4.12) lim lim sup P (f;o>'(f,6)>e) = 0 V e>0
6->0 n-*co

and there exists a probability measure P on ($^>3^) such that

(4.13) (¿fy(Pn) -> (¿fy(P) weakly for any finite subset U of Tp .

Then.

(4.14) wea^ v w^h respect to the Skorohod topology.

Proof. Follows from Theorems 3.1 and 4.3.

Corollary 4.3.2. Let {Pn}n>j be a sequence of probability measures on (0^,2^) such 

that

(4.15) lira lim sup P (f;o>(f,£) >e) = 0 V e>0
6^0  n-+oo n

and

(4.1i^(Pn) converges weakly to some probability measure P ^  on R ^ for every finite 

subset U of ^k) . Then,

,;P(J

Pn
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(4.17) converges weakly to some probability measure P in Skorohod topology

with P(^k) =  1 •

Proof. Follows from Corollary 4.3.1 and the inequality o/(f,<5) < co(f,6) .

5. Convergence of the process Wn .

5.1 Preliminaries and some basic tools. In this section we study the asymptotic 

behavior of the empirical process defined in (1.2). Before we do that we introduce the 

space .

Let f : [0,1]^ -»R . For p e {0,1 }k , define f  ( t)  = lim f ( s )  ((s,t)e[0,l]k) , if
p sitti ,p(i)=a

it exists; in which case, call f^(t) the />-limit of f at t . Denote by D^ , the space of all

maps f : [0,l]k -> 1R such that for all />e{0,l}k , f exists and f =  f for p =  (0,...,0) .

k k For any map f : [0,1] -> IR , and any rectangle B =  II (a-,b-] , we denote a
j= l J J

difference operator A gf by

(5-1) Afif = E (-l)card 1 f((bi)i€l ,(aj)1(fl)

where card I is the cardinal of I , and £ is over all the 2 subsets I c .

We will study the asymptotic behavior of via the empirical process Wfl 

defined as

n f k
(5.2) W f t )  =  iT* Y H I ' , .  — H • (t)

¿u-i [fp)(^))itj] ni
The process WQ has been studied by Balacheff and Dupont (1980), among others. (See

the references in Balacheff and Dupont (1980)).

It is well known that the process Wn has a.s. (almost sure) trajectories in . 

k
Set B =  II (a-,b-] € ^k) , and by convention, we shall put W (B)=0 if there 

j = l  J J
exists at least one i for which b - = a . . Then the process W_ has a.s. trajectories in the 

J J J n

space .

[ i ) =0S-It « 
1 ]i ,p(

n -

Dk

°k

Dk
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Our results of section 5 as well as section 6 are based on the following two lemmas.

Lemma 5.1. Let the sequence {Xnj} of real—valued random variables centered at their

expectations be mixing with rates E m—* m) < oo. Let N be the number of
m>l n

n
indexes i (l<i<n) for which XQj is not identically zero. Set SQ = E , and 

^ n i ^ = ' ^ken, ^ere exists a constant C^(p) depending only on
*

qeN ={1,2,...} and <p such that

(5-3) E fS^) < C (».) I  N ^ (s u p  I IX ^ I l /9 .
{=1

Proof. The proof is a slight modification of Theorem 2.1 of Neumann (1982) and is 

therefore omitted.

Lemma 5.2. Let the sequence {Xnj} of real—valued random variables centered at their

expectations be strong mixing with rates E m ^ —̂ af(m) > oo, q>l, c £ (0,l/2q) , and
m >l

|Xni | <1, l<i<n, n>l . LetNn be the number of indexes i (l<i<n) for which X j is not 

identically zero. Set and llx nillc = (J lx n i|2^ 1_CV _e • Then, there

exists a constant C (<*) depending only on q and a such that
4

q
(5-4) E (S^) < C (a) I  N W  ||Xni||f) .

t=  1 1 - 1 - "

Proof. The proof is essentially the same as in Doukhan and Portal (1983) and is therefore 

omitted.

Now for any grid G with base B = {t-,l<i<n.,l<j<k} , the number r  = max
J J 1<j<k

max {11-.—t r , 11} is called the pace of the grid G .
1 <j<n—1 J1 J1+1 _ j _  j

Let {Gn}n>j be a sequence of grids with paces {rn}n>j • {^n}n>i is called 

asymptotically dense in [0,1]  ̂ if rn-+0 as n-+co. We denote the lower boundary of a 

subset C of [0,l]k by C where C = {t;teC,tj=0 for at least one j, l<j<k} . For any

2tiì

Xni

l<i<n

Sn
i= l

n 
: £

Xni 1
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base B = {tjj,l<i<iij,l<j<k} , we say that a subset 6  is tied to B if 6  =

^  R(t ’t ') is tied to B if and tje{t.l v ..,tjn }
J J J

V l<j<k and |R (t,t') |# ) where |R (t,t')| is the Lebesgue measure of R(t,t') , i.e. 

k
| R(t,t') | = II (t1.—t.) . Note that S is unique whereas R(t,t') is not unique. 

j= l J J
For any base B of a grid G and the corresponding subset B tied to B , denote

(5.5) Wg(f>̂ ) = sup { |f(t)—f(t') |;(t,t')6SxS,||t—t'||<^} for any £>0

where ||t|| = sup { |tj | ,l<j<k}.

Now for any bounded function f : [0,l]k-4R , denote

(5.6) w(f,<5) = sup { |f(t)-f(t')|,(t,t')e[0,l]kx[0,l]k,||t-t'||<^} .

Let P^, n>l be a sequence of probability measures on (Dk,.S^) where 3 ^  is the

a—field generated by the Skorohod topology (on Dk) . We say that the sequence {Gn} of

grids with bases {B^} accompanies the measure PQ if and only if V e>0, 3 e'>0 and V

¿¡E[0,l/2), 3 N >1 such that Pn[{feDk;a;(f,<5)>c and Wg (f,2<5)<e'}] = 0 Vn>NQ.
n

For the ease of convenience we state the following lemma due to Balacheff and 

Dupont (1980) which will be used in the sequel.

Lemma 5.3. Let v be a positive finite measure on [0,l]k with continuous marginals. Let 

<Pn>n>l be a sequence of probability measures on (D^. such that 

Pn[f€Dk;f| [0^1]k=0] = 1 V n>l . Suppose {Gn}n>1 , a sequence of grids with bases 

{BjAi) 1 *is asymptotically dense in [0.1]k. and accompanies PQ . Furthermore suppose 

that for any R(t^n),t'^n))G^k) tied to Bn ,

(5.7) Pn[f6Dk;|A  {n) ,n)f| > A] < A -X R itW .t'^ )))]^ , /J>1,7> 0 .
R(t jti )

Then. V ¿>0. 3 fefO.l) and NQ>1 such that

(5.8) Pn[feDk;w(f,i)>c] < € V n>NQ .

Finally, we need the notion of ¡i—boundedness.

t ;«
V '

<j<k ¥ {t
J j
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We shall say that the sequence {H^.} is /¿—bounded if there exists a finite and 

positive measure \i on [0,l]k with continuous marginal distributions such that for every 

l<i<n, n>l, Hnj(R(t,t')) < /i(R(t,t')) for any rectangle R(t,t') in ^k) .

5.2 Convergence of Wn .

Theorem 5.2.1. Assume that the sequence {Xnj} is fa) (¿>-mixing with rates (1.3) or 

(b) strong mixing with rates (1-4): the sequence {H^} is (c) /¿—bounded where \i is 

absolutely continuous with bounded density f or (d) {H^j} has uniform marginals for all 

n>l and l<i<n . Furthermore assume that (e) the covariance function Cn of the 

empirical process WQ defined in (5.2) converges to a function C . Then. Wn converges 

weakly in the Skorohod topology to a Gaussian process with trajectories a.s. in . 

Proof. Let the probability measure Qn (resp. Qn) on (D ^ ,^ )  (resp. (D ^,^.)) be 

associated with WQ (resp. W ). To prove this theorem, we have to verify (4.12) and

(4.13). Then following Withers (1975) ^ ( Q ^ ) -> weakly to a Gaussian measure if
~1 <\ V\

(i) C -> some function C , (ii) E a(m) < oo, and (iii) m a([m ]) -» 0 (as m->oo) where 
n m>l

0<2b<a<l—b . Now in our situation (i) holds by assumption (e); (ii) follows from (1.3) 

and (1.4); and (iii) from (1.3) and (1.4) by taking a = 3/4 — c/8, b = 1/4 and e 

sufficiently small (since taking a(m) = m—1—e, m1—aa([m^]) < Am-1^  where A>0 is 

some constant). Thus (4.13) is proved. We now prove (4.12). Since 

|Wn(B)| = |AgW n | where Ag is defined in (5.1), we have

(5.9) sup { Wn(R(t,t'))-W n(R(s,s'))|;dH(R(t,t'),R(s,s'))a}

- sup {2k|Wn(t)-W n(s ) |; ||t - s ||a } , 

to prove (4.12), it suffices to prove (5.8) for Wn . (5.8) will follow if we prove (5.7).

Let Bq = {i/n;0<i<n}k, n>l be a sequence of bases of grids G , n>l . Note that 

Gn is asymptotically dense in [0,l]k , and we prove that Gn accompanies Qn . Now for 

every te[0,l]k, let (t,t) be the points of $ n where Sn is tied to Bn such that t<t<t 

and ||t—t|j<l/n . Then, with the conditions (c) or (d) we obtain, after some computations
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that |W (t)-W (t')| < 2k K M +  |W ( t ) - W  (t')| for every te[0,l]k and Vt'e[0,l]k
Vn

where K(/¿) = sup h f (t) if we have (c), and K(/x)=l if we have (d). Consequently, 
tG [0,1] ^

for every ¿>€(0,1/2] , we have w(Wn,i) < — ^  (Wn,2<$) . It follows that
Vn n

accompanies Qn . It remains to show that Qn satisfies (5.7).

00 —1 a.
Suppose we have condition (c). Let E m  y>4(m) < oo (implied by (1.3)) and let

m=l

R(t(n),t'(n)) be tied to Bn . Using Lemma 5.1, with q=2, we obtain

(5.10) e [ #  (R(t(n),t'(n)))]4 < c 2(v)[(K0.) n  (t;-tj))2 + rTl (K(n) n  (tt-t,))].
j_ l  J J j= l J J

Let v  =  (C2 (^)(K(/i)+K^(//)))^ Uk where Uk is the uniform probability measure on 

[0,l]k and 0  = 1+k  ̂ . Then, by the Markov inequality, we obtain

which implies (5.7) for the <,c>-mixing case with rates (1.3). (5.8) follows.

For the strong mixing case with rates (1.4), we use Lemma 5.2 for q=2 and e <  

(2k+4)— , and obtain

E[Wn(R(tW,t'(n>))]4 < C2(<*)[K(/.) n  (tr tl))2(1_i> + iT^KO») H (t.-tl))1“ «]
j = l j = l J J

which (with /?=(1—e)+k—*) implies (5.7) and hence (5.8) by proceeding as above.

Now let us suppose we have condition (d). Then, for the «p-mixing case with rates

E m—̂ / ^ " ^ ( m )  < oo (implied by (1.3)), we use Lemma 5.1 with q=k+l , and 
m =l

obtain

k+ l T-
E[W (R(t^n),t'-n*))]2 -k+1* < Ck+,(p) y n“ (k+1)[n(k+1^ <n ( t ! - t^ k+1^ ki]

“  £=1 i=1 

and proceeding as in the </?-mixing case dealt with above, we get the desired result.

For the strong mixing case with rates (1.4), we use Lemma 5.2 with q=k+l and

e < l/2(k+2) , and obtain

)\ßR(X^h| > A ]n))f lR(t^:D*fe M )» .5
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k+1 k
E[«'n(R(t-n,,tl*n*))]2(k+1) < Ck+1(a) J  „-(k+ l-i) n

t = l  i=1 

and then proceed as above for the first ^-mixing case.

The proof follows.

6. Convergence of the weighted empirical process.

We start with the definition of the weight function.

Definition 6.1. A function r : [0,1] -> 1R~*~ is called a weight function if it satisfies the

following conditions:

(i) r is continuous.

(ii) r(u)=0 if u=0 or u=l .

We will consider a modified empirical process WQ defined as

(6.1) W (R(t,t')) = { V R(t , t '))  i f  lR( t ,t ') l> n _1 and |R ( t , t ') !<1—n—1 
n *■ 0 otherwise

where |R(t,t')| is defined in section 5.

For any weight function r , we introduce a weighted modified empirical process

Wn/r defined as

' ‘ ' r ( ( ’ )) jo  otherwise.
Then, the following lemma is a slight variation of a proposition in Harel (1980).

Lemma 6.1. For any n>l , let Yn be a process with values in , and measurable with

respect to . Suppose Yn-»YQ in law where YQ is a Gaussian process with trajectories

a.s. continuous. Let Pn be the probability measure associated with Yn . Let r be a

weight function such that

(6.3) Yq • ^ has trajectories a.s. in , (n>l)

(6.4) V e>0, 3 0>O, 3 NQ>1 such that P jsup {| Yn(R(t,t’))j( | R(t,t') | ) | }>e] < 6 V n>NQ 

where sup is over R(t,t') with the condition that | R(t,t') | <0 or 1 — | R(t,t') | < $. 

Then Yfl • ^ converges weakly in Skorohod topology to the Gaussian process YQ • ^ 

with trajectories a.s. in .

wn(R(t,t r(|R ) if |R(t , t ' ) |

ck
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Theorem 6.1. If the sequence {Xn-} satisfies the assumptions of Theorem 5.2, then for 

any weight function r satisfying

— 6
(6.5) r(u) > A[u(l—u)]2 , A>0 

where

(6.6) 0 < 6 < l/8k if the condition (c) of Theorem 5.2. is satisfied 

or

(6.7) 0 < \ —8 < ^  the condition (d) of Theorem 5.2 is satisfied.

Wn/r  converges weakly in the Skorohod topology to the Gaussian process WQ/r with 

trajectories a.s. in (where WQ is the same as in Theorem 5.2).

Proof. Convergence of to WQ follows from the definition of and Theorem 5.2. 

The theorem will follow if (6.3) and (6.4) are satisfied. (6.3) follows from the definition of 

Wn • We now prove (6.4).

For any 0€[O,1] , let C ^  and C ^  be two subsets of ^k) where 

C^> =  {R(t,t');|R(t,t')|<«}

C ^  = {R(t,t');|R (t,t')l >1-0}-

(6.4) will follow if we show that V if>0, 3 0>O, 3 Nq>1 such that

(6'8) Pn ‘R ft.t 'J e c i1) |Wn(R(t’t,:)) • r ( | R (t,t ') | ) l - ^  * 1 V n- No>i=1-2 ■

First let us take i= l .
C

Without any loss of generality, let r(u) = u2_ . Set, (for any n>l),

(6.9) mn = max {m; I  < m>0}
2

and

(6.10) m(0) = max {m; 0 < l/2 m, m>0} .

For any p>0 , consider a base Bp of some grid Gp where

(6.11) Bp = {tjj;l<i<n(p),l<j<k, tji = i/2p, njp) = 2?} .

We need a few lemmas.

1
k+1)

1
T

Wn
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Lemma 6.1. Let 0e[O,l] and suppose a function f : [0,1] -> IR is given. Then, for any two

m( 6)PQints (u,v) 6 kl} * with |u -v | < 2 lilv</; where
2 2 2 2m 2m 2m

m is an integer > m(0) , the following inequality holds:

m

|f(u)-f(v)| <4 Y sup |f(u1+2 r) f(u1) | 

r=m(0)
1 9  q T __ -| __

where the sup is taken for all u-. e {0,— ----- ,1} and u.,+2 € [0,1] .
1 2 2 2 1

Proof. Follows from Neuhaus (1971, Lemma 5.1).

Lemma 6.2. Let 0e[O,l] and suppose a function f : [0,l]k->IR be given. Then, for any 

(t,t') 6 Bm*Bm with t< t' and |R (t,t')| <2 . the following inequality holds:

r̂ +...+rk>m(̂ )

I s "p{

4 - r  fn(u,,u,+2 j] 
i=i J J

rv<ra ( n 2 rj ) 1/ 2 S 
j=l

—r.r j _

where the sup is taken over all u. 6 {0,^-,...,^. ~^} and u.+2 e [0,1] , l<j<k , and

2  ̂ 2 J

where m is an integer > m(0) .

Proof. From Lemma 6.1, we deduce (by iteration)

<6-14) l A R(t,t')f| ^  I  I  S“P i l A k f l •

r l~m r k-m 
r^ + .. .+rk>m(#)

n(u i ,u 1+2 J] 
j=i J j

Since each term on the left side of (6.14) is less than or equal to a finite number of terms on

k -r .
the right side of (6.14) for which the Lebesgue measure |R (t,t’)| > II 2 J, and since r is

j= l
a nondecreasing function, we obtain (6.13).

Lemma 6.3. V 7?>0, 3 0>O, 3 N>1 such that

(6'15) )€Sm i4 1){",”(R(t’t ')) ' n liuU')!)1̂ }
|R(t,t ') |#0n

< 7? V n>N .

2m -

> * __
2m —

i
_ 2_2

(6.13)
r( (t, t '

f |lüR( t , t 1 4k

2 -m l

SUD

R(t,
Pn
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Now we prove (6.8) for i = l . We assume that the condition (c) of Theorem 5.2 

holds. Let 0e[O,l] and n be fixed.

For any R(t,t') 6 ^k) for which |R(t,t')| >n~~\ let t,t,t' and t' be points of 

such that
. n

—m _ —m
t:<t-<t.. t'.<tl<tl, t.-t- <2 n and t '.- t1. <2 , l<j<k .

J J

For any (J,L)c{l,...,k}x{l,...,k} for which JflL=0 , we define an element

R(t,t')(J,L) of J(k) by

R(t,t')(J,L) = n (t.,t.] n (t;,ti] n (t.,ti].
jGJ J JjeL J J j^JUL J J

Then, we have the inequality:

Proof. See Appendix.

(6.16) |Wn(R(t,t’))*r^ |R (t,t ') |) I - I  lVn(R(t , t l ) ( J,L^F('|R(t,t,) |)l ’
G M £cJl,...,k}x{l,...,k}-

If J=L=4>, then we have the inequality

(6.17) [Wtt(R ( t , f ) ( ^ ) ) r( | R(i it1) I) I <3k I Wtt(Ra,P))— i -  - ■ I

If JuL/0 , then we have the inequality

(6.18) l * n(R(t,t')(J,L)) r( | K.(t,tl) l) l

< W n (G k) * r ( | R ( t , F ) [ j l  +  "* K (/‘)u k (G k) 'r ( |H . ( t , t l) | i

where

ok = n (tptj n ft!,p.] n ft,,P.]
K jeJ  J J jeL J l j^JuL J J

(6.18) follows due to the fact that for any (BpI^) G c^k)x^k) where B2CBJ ,

(6.19) ! « n(B2)l < |W n(Bj) |  + n V ( B 1) .

As r is non—decreasing, we deduce

(6.20) |Wn(R(t,t’)(J,L))

< 3k | W (Gk)K r(|G , I))“ 1 + n*(K W  n  (t.- t.)  n  (t!- l',))(4+<)}.
11 K jeJ J J jeL J J

Now

1
E (ïr(
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(6.21) n*(II (tr t .) I I  ( t l - t i ) ) ^ ^  = n*(2 mn) ^ + * ) ^  0
jeJ J J jeL J J

as n-+oo, where I  =  Caxd JUL .

Using (6.16), (6.17), (6.20) and (6.21), we obtain

(6'22) R(t , t ' )eC ^> 1 Wn<R(t>t ’))-!-(| Rft.t') | ) 1 -

| R ( t , t ' ) | ” o

where K>0 is some constant.

Using (6.22) along with Lemma (6.3) we get (6.8) for i= l when the condition (c) of 

Theorem 5.2 is satisfied. The proof when the condition (d) of Theorem 5.2 is satisfied is 

essentially similar, and is therefore omitted.

Now we prove (6.8) for i=2 .
JL_C

Without loss of generality, we take r(u) = (1—u)2 . Following the ideas of

Einmahl, Ruymgaart and Wellner (1984), we start with the equality Wn(B) = —Wn(B )

* * i n
where B is the complement of B and Wq(B ) = n"

where Fn = (F^ .....F ^ ) , For any R(t,t')€*$c) with |R (t,t')| < 1—n  ̂ and using the

union—intersection principle (see Einmahl, Ruymgaart and Wellner (1984)), we obtain

(6.23) |Wn(R(t,t'))| < I  iW jR /t .t ') ) !
leL

where L is a finite index set, R^(t,t') is an element of J^k) with the condition that there 

exists Jc{l,...,k} and Mc{l,...,k} with JflM = (¡> and JUM # <j> such that

R/t,t') = n (0,t.] • n (t;,i]. n ( o ,1]
1 jeJ J jeM J j^JuM

From (6.23), we get

' " ■ « “ ’» O T T O 'J D '

where a v b = max (a,b) .

If |R ^ t,t ') | >n \  then R ^ t,t ') e C ^  and from (6.8) for i= l, we get the desired

< K sup
R(t, 'H l

l * n R(t,1 ')) H|K( 0(n ‘(2 _mn H-i

*
(B ):H„¡

*
eB[Fn<

;6.24 SUD

R(t, i£h
l^ n (R^

1
Ì -S) I Vn|R,(t,1
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-1result for Wn(R^(t,t')) • (r( | R(t,t') | ))

If | R^t,t') | < n \  then using the inequality (6.19), we get 

(6.25) Wn( R / t , t ' ) ) - ^ F J | < | # n(R ^ ( t(n),t'(” )))

+ n* fi(R^tHt'M))/^“1)*^
where R ^ ( t ( n),t'(n))eJ(k) , |R^n)(t(n),t'(n))| = n-1 and R /t,t')  C .

Since R^n)(t(n),t'(n) )e C ^ , we get the desired result from

(6.8) for 1-1 for » „ (R ^ f tW .t 'W ))  • ^ '¿l..)(t(i) |t ,(n)) |) - Stoce H f W ) !  “  »_1.

(n- 1 ) (n-1 ) ^ "  n "*

as n->oo.

Using (6.24), and the properties of W (R/t,t')) ------------ -----x_r for each
( |R /t,t ')  |vn )2

¿eL obtained in the discussion following (6.24), we get the desired result, viz. (6.8) for 

i=2 . The proof follows.

7. Appendix.

Proof of Lemma 6.3. (a) Let us suppose that {Xnj} is </?-mixing with rates (1.3) and 

{Hni} is /¿—bounded (viz. conditions (a) and (c) of Theorem 5.2.1).

From Lemma 6.2, we obtain if m(0) < mfl that

(71) R ( t , t ' ) eBm l 4 ‘ ) • r( |tt( l t' ) | , l

|R ( t , t ') | /0 n

i*k I ■■■ I S»P | » n( n  ( y i . + 2  J]) k ^ r .  I

r l - mn r k-mn J ( ¿ , 2 >’
r^+ .. .+rk>m( )̂ ^

where the sup is taken as in (6.13). Let a be a real number such that

4 K ~~(7.2) 0<a<l and a • 2 > 1 .

If the left side of (7.1) exceeds 7 7 , then 3 (rp...,^) e {l,...,mn}x...x{l,...,mn} with

4 n)

X i
n2 ■ :4 n)'t « -(n)

<K(m
.." I1

n2 •: :K(„

I n(RI t , t

( H
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r^+.-.+r^ > m(0) such that 

(7.3) sup { | Wn(Ak) • k *r . I } > Bk
( n  2 J)2-6 
j= i

k

where Ak_  n (Uj.Uj+2 J] , Bk -
J V

S r.-m(0) 
i=l 1

rj and

B1
S r^-m(0 )

,i=la = Ofm1̂ « ) ) .

rl+.

From (7.3), we deduce 

Pn f f i t , f ) « 0  { | W n(R(‘ >t ')) r ( | k ( t ! t ' ) | ) l ^ t

¿(t.t'iei. nC^
n

,r k
2  - 1  2 - 1  

<7 4 ) <- I ■■■ I l - l  PnHW n ( \ )  k

r l - mn r k -mn ur °  uk=0 ( . 5 , 2 J) ’
r^+ .. .+r^>m(^) J

r l r k 
2  - 1  2 - 1

i I ■■ 1 I-" I  (B^)E[Wn(Ak) ( H 2  rj ) ^ ] 4

rl - mn rkimn ul =0 V °  J
r^ + .. .+r^>m(^)

by the Markov inequality.

Using Lemma 5.1 for q=2 , the right side of (7.4)

1 )

■rl >m 0)

Bk]

<
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k

”*5j Ij 1_

< S . . .  S K, (B, 1 ) ,K , > 0  a constant

r l-%  r k-mn 1
r i+. .+I*k>m(^)

< ( f BJ1))4 l „ .  I  b-m^ )  • (ba4)mW' i § ir i, b = 2 ^ (1^ > l  

r A  r l A
i\j + . . .+rk>m(^)

k
u -E i.+m(0)

(7.5) < K j t l - B ^ V B ^ b “ “ ^ )  where b [ 2>= J  (ba4) i=1

r 1+ ...+ rk>m( )̂

Using (7.2), we note that B ^  = 0(mk-1(^)) and since (mk_1(^))5-b-m ^ ) -> oo as 0->O 

(m(0)-»oo as #->0) it follows that the extreme side of (7.5) -> 0 as (hO which implies that 

n-»oo. This proves (6.15) with conditions (a) and (c) of Theorem 5.2.1.

(b) Let {XQi} be strong mixing with rates (1.4), and let {H^} be /¿-bounded (viz. the 

conditions (b) and (c) of Theorem 5.2.1). Choose a real number a such that

4 ^—6—̂ (2—<5)
(7.6) 0<a<l and a • 2 > 1 .

< K9( ^  BÎ X))4 BÎ2)b

Now using Lemma 5.2 for q=2 , and proceeding as above, we obtain

( U ) P "RS( ï , t ' ) El i  n c ^ l ^ n W ^ ' i - F n W J Ü 1̂

l R ( t , f )  M 0 a  

r —e-4(i—S)
where b = 2 and K2>0 is a constant. Using (7.7) and arguing as in (7.5), we

find that the right side of (7.7) ->0 as ¿M) (and therefore n->oo). This proves (6.15) with 

conditions (b) and (c) of Theorem 5.2.1.

(c) Let {Xnj} be ^»-mixing with rates (1.3) and let {Hnj} have uniform marginals (viz. 

conditions (a) and (d) of Theorem 5.2.1).

Choose a real number a such that
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2^ + 1) F"2(k+ 1)(2_<̂
(7.8) l< a < l  and az K̂+i' 2K > 1

(This is always possible since from (6.7), ^  — 2(k+l)(£—8 ) >  0 , and so we choose a G (0,1)

such that (7.8) is satisfied). Using Lemma 5.1 for q = k + l , and proceeding as above, we

k 2k+2
note that the left side of (7.7) <K 3( | - b [ ^ )  where

> = I  (ba2k* V = iri+m W  = , b =  2F -2(k+1)(i- {)

r̂ +.. .+rk>m(0)

and Kg>0 is some constant. Using (7.8) and arguing as in (7.5), we prove (6.15) with 

conditions (a) and (d) of Theorem 5.2.1.

(d) Finally, let {Xnj} be strong mixing with rates (1.4) and let {H^} have uniform 

marginals (viz. conditions (b) and (d) of Theorem 5.2.1). Here choosing 0 < a < l and

a2(k+2)2(2—e(k+l))k —2(k+2)(£—<5) >   ̂ usjng Lemma 5.2 for q=k+2 , and proceeding 

as in (b), we get (6.15). This proves Lemma 6.3.
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L’espace Dk et la convergence faible du processus empirique 
indexé par rectangles en condition de mélange

Michel H a r e l  et Madan P u r i

Résumé —  On a établi dans [5] la convergence faible du processus empirique corrigé multidimen- 
sionnel indexé par points en condition de mélange. Dans cette Note, nous étendons les résultats au 
processus empirique indexé par les rectangles de [0, l]k après avoir au préalable généralisé la 
topologie de Skorohod sur un espace de fonctions indexées par rectangles.

The space D* and weak convergence for rectangles-indexed processes under m i x in g

conditions
Abstract —  We established in [5] the weak convergence of the weighted multivariate empirical process 

indexed by points under mixing conditions. In this paper we extend the results for the empirical 
process indexed by rectangles of [0, 1]* after a generalization of the Skorohod topology on a space of 
functions indexed by rectangles.

1. I n t r o d u c t i o n .  — Soient X^^Xj,**, . . ., X^’), l ^ i ^ n ,  n ^ l  des variables aléatoires 
à valeurs dans R* avec des fonctions de répartition continues Fnl- (x), x  ë  R* et des fonctions 
de répartition marginales continues (x), x e  1R, 1 ^  i n ,  1 iS/5Ïk. Nous nous intéressons 
au comportement asymptotique du processus empirique Wn défini par :

n s k
(1) W„(B) =  n - 1/2 £  (  FI I[a; < F ^ ( x ^ ] - M B )

¡= 1  \ j = 1

k
pour tout rectangle B = Y\ ]ap bj\ a  [0, 1]* où

j= i
n

F ^ (x ) =  n - 1 X  F“>(x)
1=1

et |i ni est la mesure, sur [0, l]k, admettant pour fonction de répartition la fonction définie 
par

(2) ifc) = Fni(F^1) 1 (ix), . . F ^ O * )), 1 i i ^ n .

Les propriétés de convergence sont étudiées quand la suite { Xni} est

(3) cp mélangeante avec le taux tp (m) =  O (m ~ 1 -c), s > 0

ou
00

(4) fortement mélangeante avec le taux ]T m2(,I + 1)a<1(m )<oo pour un certain
m = 1

se]0 , l/(2/c +  4)[.

Ces résultats sont une extension du cas indépendant au cas mélangeant des résultats 
de Einmahl, Ruymgaart et Wellner [3]. L’introduction d’une topologie de Skorohod 
permet une extension de leurs résultats pour des classes plus générales de variables 
aléatoires (non nécessairement uniformément distribuées).

Note présentée par Robert F o r t e t . 
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2. D é f in i t i o n s  e t  n o t a t i o n s .  — 2.1. — Les espaces D k et Ck. — Nous écrivons
t = ( t i , . . ., tk)e[0 , l]k s’il est souhaité de détailler les coordonnées de t. On note les

k
rectangles semi ouverts de [0, 1]* par R (f, t ')=  ]t7-, £'•].

j= i
Soit J  (k)=  {R(r, t'); R(£, f') <= [0, 1]*}; on associe à l’espace J ( k )  la métrique de 

Hausdorff dH où

dH(R (t,  t'), R (s , s'))=  max m a x { |s j - i j | ,  |s'— i' |} .
l ^ j ^ k

Soient R (i, f')e</(/c) et (p, e )e { 0 , 1 }* x {0, 1}*. Alors^e (p, 8)-quadrant de J  (k) de 
sommet R(f, t') est le sous-ensemble Q (R (t, t'), p, s) de Jf)(k) défini par

/
Q (R (t, t), p, e)= n  QjUp tp Pp Sj)

j= 1

où

{ ]Sp s'j] <= [0, 1], Sj < tj, Sj <t'j} si Pj =  £; =  0 

{ ]sy, Sj] <= [0, 1], Sj ̂  tj, s'j < t j } si P j =1 et £j = 0 

{ ]sp s}] <= [0, 1 ], Sj < tj, Sj ̂  t j } si p7 =  0 et £j=  1

{ ]Sj, s}] C [0, 1], Sj ̂  tj, Sj ̂  tj } si pj =  6j=  1.

On dit que / :  (A:) —»• FS admet une (p, e)-limite en R(t, t') si et seulement si la 
restriction de / à  Q (R (i, t'), p, e) admet une limite en R (i, t') par rapport à la métrique 
dH et la métrique usuelle sur R.

On note D k l’ensemble des applications /  : J  (k) - *  IR telles que pour tout R (i, t ' ) e ^  (k ) 
et tout (p, e )e { 0 ,  1 }k x {0, 1 }* pour lesquels Q(R(r, t'), p, s ) ^ 0 ,  /  admet une (p, si- 
limite en R (f, f").

Enfin on note Ck, l’ensemble des applications f  : J  (k) —► [R qui sont continues pour dH 
et la métrique usuelle sur IR.

2.2 . Topologie de Skorohod sur fi*. — Soit A l’espace des applications h : [0, 1] —♦ [0, 1] 
qui sont continues, croissantes et bijectives. On note A ik) l’espace des applications 
X : [0, l]k -> [0, 1]* où

M il, • • •> i&)=  (̂ -î (̂ i)> • • - , Xk (fk)), XjG A, l ^ j ^ k .

I(k) désigne l’application identité sur [0, l]k.
Pour tout R (i, t ' ) e S ( k ) ,  X.(R(i, r')) désigne l’élément R(s, s') de J  (k) défini par

h  ( t j ) =  SJ e t  h  ( 0  =  s 'p 1 = z j ^ k .

Pour tout couple d’applications bornées / ,  g : J  (&)-*• IR, on note 

d(f> g )~  inf m a x { | | / - g ° \ | | ,  | |X - I (k>||}
JL6A<*>

OÙ

| | / - ^  =  A , | | =  s u p  { | / ( R ( r ,  0 ) - ( ^ ° ^ ) ( R ( t ,  0 ) 1}
R (t , t ' ) e S  (k)

et

11̂ -— =  sup { i M o - i (*)(i)|}.
t e  [0,  1]*

La topologie associée à d est dite de Skorohod.

Q tj9 Pj» ej)
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2.3 . Fonction correctrice. — Une fonction r: [0, l]-*-IR + est appelée une fonction 
correctrice si elle satisfait les conditions suivantes :

(i) r est continue
(ii) r(u) =  0 si m =  0 ou u=  1.

3. C o n v e r g e n c e  d u  p r o c e s s u s  \V„. — On dit que la suite { n n i} est |j.-bornée s’il existe 
une mesure finie et positive |a sur [0, l]fc avec des fonctions de répartition marginales 
continues telles que, pour chaque n ^ l  et fxni(R (i, t'))^n.(R(f, t')) pour tout 
rectangle R (i, t ') de J { k ) .

On note W„ le processus empirique indexé par points défini par

( 5 )  w „ ( t ) = » * »  i  {  n  I i F ÿ ’ . x i f i s . d - H . , « ) }

1=1 W=1 )
pour tout t = ( t i9 . . ., ik)e[0 , 1]*. 

k
Soit B =  Y[ ]ap b j] e S (k ) ;  par convention on pose Wn(B )= 0  s’il existe au moins un j

j= i
tel que aj = bj.

T h é o r è m e  1. — On suppose que la suite { X m } est soit cp mélangeante avec le taux (3 ) ,  

soit fortement mélangeante avec le taux (4); la suite {j¿m} vérifie Vune des deux conditions 
suivantes :

(a) elle est yi-bornée, |i étant absoluement continue avec une densité bornée;
(b) pour tout n^. 1 et tout 1 |iwi a des marges uniformes.
De plus, on suppose que la fonction de covariance du processus empirique W n converge 

vers une fonction. Alors W„ (à  valeurs p. s . dans D fe) converge faiblement pour la topologie 
de Skorohod vers un processus gaussien W0 avec ses trajectoires /?. 5. dans Ck.

Preuve. — Dans un premeier temps, on démontre que l’espace D fc possède des propriétés 
identiques à celles du très connu espace D fc, voir Balacheff et Dupont [1] et Billingsley [2] 
pour k = l. Puis, on montre que la topologie de Skorohod sur D fc possède également les 
principales propriétés de la topologie de Skorohod sur D*. Enfin on termine en utilisant 
des techniques déjà utilisées dans [5] pour la convergence du processus W„.

4. C o n v e r g e n c e  d u  p r o c e s s u s  e m p i r i q u e  i n d e x é  p a r  r e c t a n g l e s  e t  c o r r i g é .  — On 
considère maintenant un processus empirique modifié W„ défini par

ÍW „(R (í, O) Si I R (r, r') I et I R (í, t') I <  1 - n " 1
(6) W„(R ( t , t ' ) ) = \  " ' ‘

( 0 smon

où | R (i, t ') | est la mesure de Lebesgue de R (i, t') c’est-à-dire
k

|R(t, =
J = 1

Pour toute fonction correctrice r, on introduit le processus empirique modifié et corrigé 
défini par

f W„(R(f, í'))/r(|R (£, O l )  si I R (i, O l ^ 0  
(Wn/r)(R (r, t ' ) ) = \  Y  M 1

l 0 smon.

T h é o r è m e  2. — On suppose que la suite { X m } satisfait les hypothèses du théorème 1. 

Alors WJ r  converge faiblement pour la topologie de Skorohod vers le processus gaussien 
W 0/ r  à trajectoires p. s. dans C fc, pour toute fonction correctrice r : [0, 1] —►  !R+ satisfaisant

r ( u ) ^ A [ u ( l - u ) ] l/2- \  A > 0
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où 0 <  1/2 — ô <  1/8 k si la condition (a) du théorème 1 est satisfaite, ou bien 
0 <  1/2 — ô <  1/2 k (k +  1) si la condition (b) du théorème 1 est satisfaite.

Preuve. — On généralise une idée déjà utilisée par Neuhaus dand [6].

M. P. : Research supported by the Office of Naval Research Contract N  00014-85-K-0648.

Note reçue le 14 septembre 1987, acceptée le 9 novembre 1987.
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Résumé

Nous avons é ta b l i  dans (6) la  convergence du processus em pirique m u lt i -  

dim ensionnel en c o n d itio n  de $ mélange avec des fo n c tio n s  c o rr e c tr ic e s  

ég a les  à zéro  seu lem ent su r  la  fr o n tiè r e  in fé r ie u re  e t  dans c e t  a r t ic l e  

nous é ta b lis s o n s  la  convergence d*un nouveau processus : le  processus 

em pirique é c la té  avec des fo n c tio n s  co rre c tr ic e s  éga les à zéro  sur to u te  

la  f r o n t i è r e . C 'e s t  une prem ière étape pour o b te n ir  la  convergence des  

s ta t i s t i q u e s  de rang .

A b stra c t

We e s ta b lis h e d  in  (6) the  convergence o f  th e  m ultid im ensional em p irica l 

p ro cess  in  $ m ixing  co n d itio n  w ith  w eighted fu n c tio n s  equal to  zero  on ly  

on th e  lower boundary and in  th i s  paper we e s ta b lish  the  convergence o f  

a new p ro cess  : the  s p l i t  em pirica l process w ith  w eighted fu n c tio n s  equal 

to  ze ro  on a l l  th e  boundary. I t  i s  a f i r s t  s tep  to  o b ta in  th e  convergence 

o f  the  rank s t a t i s t i c s .

Mots c lé s  : Processus em piriques m ultid im ensionnels é c la té s ,  espaces de 

Skorohod m u ltid im en sio n n e ls  é c la té s s fo n c tio n s  c o r r e c tr ic e s  é c la té e s ,

<J> m ix ing .

0. INTRODUCTION

Parmi le s  d if féren tes  méthodes envisagées pour é ta b l ir  des théorèmes 

de convergence pour des s t a t i s t iq u e s  de rang re la t iv e s  à des su ites  

d'expériences ♦ -mélangeantes e t  â valeurs dans R k, L. Rüschendorf 

propose dans (7) d'exprimer ces s t a t i s t iq u e s  sous la  forme :

(Vn c N*) (Vx £ R k) n)

n(x) = f k Mn x (s ,u )  du (s ,u )
" J rn . i i> in . i iK n>x n' [0,1]>4P,1]

1+k
ou pn e s t  une mesure signée sur [0 ,1 ]  , e t  où Mn e s t  le  processus

de rang défin i  par

(Vx e (Rk)n (Vs £ [0 ,1 ] )  (Vu £ [ 0 , l ] k) 

i [ns] k

oü [ns] désigne la partie  ent ière  du nombre réel ns, I la fonction indica 

t r i c e ,  e t  Fn x̂ la  fonct ion de réparti t ion  empirique associée à la su i te  

x i = (x ^ , .........ï x j )  des i ^ 5 composantes des observat ions.

Pour obtenir  des applications au comportement asymptotique des t e s t s  

de rang dans l e s  cas le s  plus généraux avec des fonctions de scores prenant 

des valeurs infiniment grandes, i l  e s t  indispensable d'envisager des mesures 

signées yn qui ne convergent pas faiblement (en p art icu l ier  de variations  

to ta le s  non bornées) on e s t  alors conduit à exprimer Tn(x ) ,  une fo i s  conve

nablement centré e t  normalisé, sous la forme :

I k Ln x ( s ’u) 7 ( s ’u ) r ( s ’u ) dPn(s>u)J [o,i]x[o,ir n,x r n

Mn-Kn
où Ln e s t  de la  forme — —  (où Kn e s t  une fonction de centrage convenable) 

e t  où r e s t  une applicat ion continue de [ 0 , 1 ] 1+k dans F + (e t  on note par

.69.

V, ( s ,u )
s u . ],(x})tFn,:

k
n

[ns]

n J=1

= j. 
n



convention t ) = 0  s i  r ( t )  = 0 ) ,  on d o it  alors v ér i f ier  la  convergence

fa ib le  des mesures signées r (s ,u )d y n(s ,u )  e t  la convergence au sens de la
1

topologie de Skorohod des processus Ln . .̂ (autrement d i t  la  convergence des 

processus Mn au sens de la topologie  de Skorohod corrigée par r ,  en adop-f  q
tant pour dis tance entre deux éléments f  e t  g de D j ^ ,  d(—, où d e s t  

la dis tance de Skorohod).

Il e s t  c l a i r  que c e t t e  nouvelle topologie (Skorohod corrigée) n ' e s t ,

en toute rigueur, d é f in ie  que sur l'ensemble des éléments f  de t e l s

que ~  s o i t  lui-même un élément de ; par conséquent, on ne peut

obtenir  des ré su l ta t s  de convergence de la su ite  Ln que s i  la  fonction r

s'annule en tout t  te l  que L ( t )  ^=s 0 ,  c ' e s t -à -d ir e  en tout  
k

t ( = ( t Q, t ) )  e [0 ,1 ] * [0 ,1 ]  v é r i f ia n t  l ’une des conditions suivantes :

( i )  t o = 0

( i i )  l'une au moins des coordonnées t .  (ou 1 £ 1 £ k) e s t  nulle

( i i i )  t  = 1 = ( 1 , . . . , 1 ) .

Une étude préalable à c e l l e  de la convergence de la su i te  Ln e s t  c e l l e  

de la  su i te  des processus Wn empiriques normalisés tronqués d é f in is  par :

1 [nto] k .

“" . * « > = £  .  V  • v >

OU

Fn , = i  " F;* , (1 s i s k)
* j = l *

e t  . e s t  la  fonction de répart i t ion  de la  marge régissant l 'observation
n , i

(1 < i < k, 1 < j < n).

Le passage de la convergence des (Wn) à c e l l e  des (Mn) e s t  t r a i t é  par 

Balacheff e t  Dupont (1) e t  (2) dans le  cas de la topologie u su e l le .  Dans 

le  présent t r a v a i l ,  nous abordons seulement l 'étude du processus Wn pour 

la topologie  de Skorohod corrigée.

Cette étude a déjà é té  partiel lement e ffectuée  par nous en (6) pour des

fonctions r v é r i f ia n t  ( i )  e t  ( i i )  ; par contre en imposant la  condition

( i i i ) ,  nous avons é té  a s tre in ts  à des condit ions excessivement fortes  sur

la fonction de mélange, ce qui nous a conduit à penser qu'en exprimant le s

s ta t i s t iq u e s  de rang sous la forme proposée par Rüschendorf, on ne pourra

obtenir le s  résu l ta ts  souhaités . Il semble préférable d'exprimer ces

s ta t i s t iq u e s  de rang au moyen de processus s'annulant à la f o i s  sur lak
front ière  infér ieure e t  sur la  front ière  supérieure de [0 ,1 ]  .

Les nouveaux processus que nous a l lons  d é f in ir  e t  que nous appellerons 

"processus éc latés"  répondront à ces c r i t è r e s .

L'idée d ir e c tr ic e  e s t  la suivante (exprimée ic i  pour k = 1) on considère 

le  processus W* déduit de Wn par :

- s i  € [ 0 , 1/2 [2 » f t w  = W V

-  s i  ( V t j )  e [ 1 / 2 , 1 ]  x r o . i / 2 [ w ; ( t 0 , t 1 ) -  JL [n£ t o ) 1 1[P

-  Si ( W  « ! 0 , l / 2 [  X [1 /2 , l ]W *(t0 , t 1)

- s i ( t 0 . t l ) e [1 /2 ,1 ]  W*(t0 . t l ) = ^ [n<^ ° ) l l [ r n)1( x * j ) , t 1] - ( 1- Kn(t l ) )  

oû x*j = x j +1’ j (1 s j  s n).

L'étape suivante de ce t t e  étude consistera  à déduire de la  convergence 

de W* au sens de la topologie  de Skorohod corrigée ,  c e l l e  de Ln pour la 

topologie de la  convergence uniforme (ou L* se déduit de Ln par éclatement 

comme W* de Wn) puis à exprimer Tn (centré e t  normalisé) sous la  forme 

Jl*.  -p.r du* , où y* e s t  une mesure sur [ 0 , l ] 1+k, que l'on  aura construite  

à partir  des fonctions de scores d'une manière presque s im ila ire  à c e l l e  

que l'on  a déjà u t i l i s é e  pour la  construction de y .

.70 . .71 .
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1. L'ESPACE Dj+k ET LA TOPOL0GIE DE SKOROHOD ASSOCIEE

1.1 L'espace D̂ +k

Q§flDl5l9Q§-§î-!39î§îi2!]§
On reprend le s  notations de (2) sur le s espaces D. , on note

1+k
IQ = [ 0 , l / 2 [  e t  l 1 = [1 /2 ,1 ]  ; on pose pour tout p = (pi )0<i <k * {0,1}

k 1+b
I = n I pour toute application f  e Dlx. , tout p € {0,1} e t  
p i =0 p i 1+k

tout (xQ, . . . , x k) g Ip on pose

......... x k> = f ( ( x 0 > . . . , x k)+Op)

(qui e s t  la l im ite  de f ( x ^ , . . . ,xk) quand (x^ , . . . ,xk) tend vers (x0 » . . . , x k) 

par valeurs supérieures pour le s xl t e l s  que p. = 1 par valeurs in férieures  

pour l e s  xl t e l s  que p̂  = 0 (on d i t  que c ' e s t  la l imi te de f  en (x0 , . . . , x k) 

dans la d irec t ion  p)) ; auss i ,  pour k = 1, on a :

f*(x0,x!) = f(X0’Xl) si X
o
X
 

1—
* [0,l/2[2 ;

f* ( V xl> = f(x^xj) si (X0.Xi) £ [0,l/2[x[l/2,l] ;

f*(x0,xi) = f(x;,x|) si (X0*X 1 ) £ [l/2,l]x[0,l/2[ ;

f^Xo.X^ = f(x;,x-) si (x0,xi) £ [1/2,l]2

Pour toute applica tion  f  e D̂ +k* tout J c { 0 , . . . , k }  e t  tout pavé
k i . l

n [ a . , b . ]  inclus dans [0 ,1 ] , on note 
i=0 1 1

k

Al+k <J’f ’ ^  [V bî ])

déf in i  par récurrence avec

.73.

k k-1 
A^+ k ( J , f ,  [ a . . * b ^ ] ) = Ak ( J n ( { 0 , . . . , k - l } ) , f ( . , b k ) ,  n [ a ^  3)

k-1
A . ( J  n ( { 0 , . . .  , k - l > ) .  f ( . , a . )  n [ a . , b . ] )  s i  k  € J  

K K i=0 1 1
k - 1

= a. ( J  n ( { 0 , . . . ,  k -1} ) ,  f ( . ,b. ) ,  n [ a . , b . ] ) -
K i=0 1 1

k - 1

Ak ( J  n ( { 0 ............ k - 1 } ) ,  f * ( . , a k ) ,  n [ a ^ b . ] )  s i  k t J

i=0

1+k
Pour tout p c {0,1} , on note

J ( p )  =(0 < i < k ; Pi = 0 *

On d é f i n i t  l ' ap p l ica t ion  y sur Dj+k par

1+k
(Vp C {0,1} )(V(xQ, . . . ,xk) € Ip) ï ( f ) ( x 0 , . . . , x k) = D1+k(J (P) , f » n I ) 

où Ix e s t  égal à [0,x^] où à [x^,11 selon que x.- < 1/2 ou x- > 1/2.

So it  l ' ap p l ica t io n  y '  d é f in ie  sur D̂ +k par

' Y ' ( f )  -  (A1+fc(J (p ) .  f | l p . ^  IX i )p e ( 0 f l ) l +k

Défin it ion_l_

1+k
Pour tout p e {0,1} , on note D l 'ensemble des applicat ions f  de I

p  p p
dans F prolongeâmes à I en une applicat ion admettant des l im ites  dans

1+k p 
le s  2 directions en tout point,  e t  continue dans la direct ion p ; on note

 ̂ 1+k 
Dl+k 'I'e s Pace des fonct ions f  t e l l e s  que pour tout p € {0,1} la r e s t r i c 

t ion de f  à Ip appartienne à Dp.



P a r  u n e  s u r j e c t i o n  é v i d e n t e  d e  s u r  Dp , o n  r e t r o u v e  p o u r  D p t o u t e s  1 

p r o p r i é t é s  é n o n c é e s  p o u r  d a n s  ( 2 ) .

On a  a u s s i  u n e  b i j e c t i o n  é v i d e n t e  y "  e n t r e  tt D e t  D ? . .

pe {0,1} P

L | j n e = l

° n  a  r ( D 1 + k ) = D*1+ k

Y = y " 0 y ’

1+ k
On a p p e l l e  b a s e  d e  q u a d r i l l a g e  é c l a t é  d e  [ 0 , 1 ]  ’t o u t e  f a m i l l e  d e  k+1 

s u i t e s  f i n i e s  d ' é l é m e n t s  r é e l s  t e l l e  q u e  c h a q u e  é l é m e n t  d e  c h a q u e  s u i t e  

a p p a r t i e n n e  à [ 0 , 1 [ ,  q u e  l e  p r e m i e r  é l é m e n t  d e  c h a q u e  s u i t e  s o i t  é g a l  à

0  e t  q u e  1 / 2  a p p a r t i e n n e  à  c h a q u e  s u i t e .

S o i t  p a r  e x e m p l e ,  B = { ( t : j  ; 1 < j  < , 0  < i  < k ) }  u n e  t e l l e  b a s e .  

P o s o n s  p o u r  t o u t  i ( 0  n  < k )

Mi = [ t i ’ s i  ^  s  1 / 2  j  e ( 1 , . . .  , L- j}

= f 1 / 2 }  S i  f j  = 1 / 2  j  e { 1 . . . . . L . }

M ' j * 1 = ] t j , t j + 1 ] s i  f j  a l / 2  j e  i l ............L i +1>

L i +1
( o ù  p a r  c o n v e n t i o n  t .  = 1 ) .

i+k k si
A l o r s  l ' e n s e m b l e  d e s  p a r t i e s  n o n  v i d e s  d e  [ 0 , 1 ]  d e  l a  f o r m e  M.. 

o ù  p o u r  t o u t  i ,  e { 1 , . . .  , L . j + l }  e s t  a p p e l é  q u a d r i l l a g e  é c l a t é 1 - 0  

d e  [ 0 , 1 ] 1+ k  d e  b a s e  B.

* 1+k 
On n o t e  R* l ' e n s e m b l e  d e s  q u a d r i l l a g e s  é c l a t é s  d e  [ 0 , 1 ]

A t o u t  q u a d r i l l a g e  R  a p p a r t e n a n t  à  R* d e  b a s e

B = { ( t ^ ) ; 1 < j  < L . . , 0  < i  < k ) } , o n  a s s o c i e  l e  n o m b r e  r é e l  s t r i c t e m e n t  

p o s i t i f

m( / ?)  = I n f  i n f  { t ^ - t ?  }

0 < i < k  0 < j < L .

m {r ) e s t  a p p e l é  l a  p e r m é a b i 1 i  t é  d e  R .

On n o t e  R* l e  s o u s - e n s e m b l e  d e s  q u a d r i l l a g e s  d e  R* d e  p e r m é a b i l i t é  

s t r i c t e m e n t  p l u s  g r a n d e  q u e  6 .

E x e m p l e  d e  s c h é m a  p o u r  k = 1

1 --------------- r - n ----------r--------
1 I I 1

2 ----------J - f ,----- J -------------
2 --------------- î ---------- 1i i .

I I j

1/2 "  — -
i •

i .

i  ̂ i 
i l i

— -------------jU---- '±1-----------f ------------------------ *
o t :  1/2 t :  i

1 -*! 1

On a  B = { 0 ,  t j ,  t j ,  t p  x { 0 ,  tZz ) ;

l a  p e r m é a b i l i t é  d u  q u a d r i l l a g e  d e  b a s e  B e s t  i c i  1 / 2  -  t j .

. 75.. 74.

1/2

' Dî+k

Dl+k
1+k

tj+1[
*5
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Définit ion_2
1 x 1 /

Pour toute application f  bornée de [0,1] dans F , on pose :

w ' ( f , 6 )  = Inf Max sup | f ( t ) - f ( t ' ) |
R e  R* R eR ( t , t ' ) e R 2ô

Proposit ion 1
1+k

S o it  f  une application de [ 0 , 1 ] A * dans F ; pour que f  appartienne 

à D ^  i l  faut i l  s u f f i t  que :

1im w *(f ,6) = 0
ô->0 *

Démonstration :

Cette caractéri sa t i on  des éléments de se déduit élémentairement 

de la carac tér isat ion  classique des éléments de D ^  par la convergence 

vers 0 de w ' ( f ,6) où

w1( f ,6) = Inf max. sup. | f ( t ) - f ( t ' ) |
/?£ R. R CR ( t , t 1 ) € R2

o

où R̂  ej>t l'ensemble des quadril lages usuels composés des pavés de la

forme tt [ t . , t ' . ]  e t  de perméabilité plus grande que ô e t  de la b ij ec t ion
,, i =0 1 1

Y •

L^esgaçe 

On note

Cl+k = , f  ’ V̂p e l ° » D 1+k) f U p aCh,et un Prolongement continu â Ip )

w ( f ,6) = max., . sup. | f ( t ) - f ( t ’ )|  
pclO.ir k (t,t')i!2
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Proposition 1

1+k
Soit  f  une application de [0 ,1 ]  dans 1R ; pour que f  appartienne à 

1̂+k ^  et ^  9ue

lim w ( f ,6) = 0  
6-+0

le  principe de démonstration e s t  le  même que pour la proposition 1.

1.2 - Topologie de Skorohod 

l 2 2 2 l 2 9 Ì§_d§_Skgrghod_associée_à D ^

Soit  A l'ensemble des applications x continues,  b i j ec t iv e s  e t  [0 ,1]  dans 

[0 ,1]  vé r i f ia n t  x(0)  = 0 x ( l / 2 )  = 1/2 x ( l )  = 1.

Si A = (XQ, . . .  ,X| )̂ on note :

( f  o x) (Xq , . *. *x|<) = ’ * * * *^k^*k^

d *(f ,g )  = In f1+k max. (||f-g o x||, I U - i 1+kll }
X c  A

1+k
(oü i 1+|̂  e s t  l ' app li ca t ion  identique de [0 ,1 ]  ) .

La distance d* e t  la topologie  q u 'e l l e  d é f i n i t  sur l'ensemble des appii - 
1+k

cations bornées de [0 ,1 ]  dans 1R sont d i t e s  de "Skorohod éclatée".

Il e s t  c la ir  que l 'app li ca ti on  y" dé fi n ie  dans 1.1 ci -dessus é t a b l i t  un

homéomorphisme de tt , . D (muni de la topologie  produit des topologies
P€ {0,1} p

de Skorohod sur chacun des D ) sur D ^  (muni de la  topologie de Skorohod 

é c l a t é e ) .

Ç§r§ÇÎ§üi§§ÎÎ9D-^§§.Ç2,!!B§Çîs_de Dî +k

On peut montrer l ' équ iv a lent  d'un théorème connu de B i l l in g s ley  

(général isé  à D̂  par Balacheff e t  Dupont en (1 ) ) .

Cl+k

ül+k
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P r o p o s i t i o n  2

S o i t  K u n e  p a r t i e  d e  D^+ k  ; l a  f e r m e t u r e  d e  K e s t  c o m p a c t e  s i ,  e t  

s e u l e m e n t  s i  l e s  d e u x  p r o p r i é t é s  s u i v a n t e s  s o n t  v é r i f i é e s  :

P ,  -  S u p  || f | |  < +  -

1 f c K

Po -  L i m S u p  w ' ( f , 6 )  = 0  
6 - 0  f e  K *

D é m o n s t r a t i o n

E l l e  d é c o u l e  i n m é d i a t e m e n t  d e  l ' h o m é o m o r p h i s m e  y "  d e  l a  c a r a c t é r i s a t i o n  

d e s  e n s e m b l e s  c o m p a c t s  d e  D j ^ .

1 . 3  -  C o n v e r g e n c e  f a i b l e  d e  p r o b a b i l i t é s  s u r  D j +k

On r e t r o u v e  é l é m e n t a i r e m e n t  d e s  r é s u l t a t s  é q u i v a l e n t s  à c e u x  é n o n c é s  

d a n s  ( 1 ) .  ( I . l - b  p r o p o s i t i o n  1 e t  I . l - c  t h é o r è m e s  1 e t  2 )  p o u r  l e s

e s p a c e s  D^ .

On n o t e  l a  t r i b u  b o r é l i e n n e  a s s o c i é e  à  l a  t o p o l o g i e  d e  S k o r o h o d  

é c l a t é e  s u r  D^+ ^ .

P o u r  t o u t  T c  [ 0 , 1 ] 1 + k , o n  n o t e  <|>T l a  p r o j e c t i o n  d e  D ^  s u r  

P r o p o s i t i o n  3

* * r o  l l * + k
e s t  l a  r e s t r i c t i o n  à  D ^  d e  l a  t r i b u  p u i s s a n c e  s u r  ]R 1 J

( F  é t a n t  m u n i  d e  l a  t r i b u  b o r é l i e n n e ) .

D é m o n s t r a t i o n

1+k
P o u r  t o u t  p e f 0 , 1 }  , n o t o n s  D  l a  t r i b u  b o r é l i e n n e  a s s o c i é e  à  l a

p

t o p o l o g i e  d e  S k o r o h o d  u s u e l l e  s u r  Dp ; o n  s a i t ,  comme p o u r  D j + k , q u e

e s t  u n  e s p a c e  s é p a r a b l e  ; l a  d é m o n s t r a t i o n  v a  d o n c  r é s u l t e r  d u  l e mme  s u i v a n t  :

Lemme 2

S o i t  T u n e  p a r t i e  d e n s e  d é n o m b r a b l e  d a n s  [ 0 , 1 ]  t e l l e  q u e  d e  p l u s  

p o u r  t o u t  J e  { 0 , . . . , k }  s i  o n  n o t e

Fj = {( t0 , . . . , t k) £ [ 0 , l ] 1+k ; Vj e J t j  = 1/2}.

F j  n T s o i t  d e n s e  d a n s  F j  ;

a l o r s  l a  t r i b u  e s t  e n g e n d r é e  p a r  ; t e  T } .

D é m o n s t r a t i o n

On n o t e  a (  ) p o u r  " t r i b u  e n g e n d r é e  p a r  ( ) " .

On a  d ' a b o r d  <*(<!> i t e  T )  c  p * + k  ; e n  e f f e t ,  s i  p o u r  t o u t  y

p ( e { 0 , l } 1 + k ) e t  t o u t  Tp ( c  1 ^ ) ,  o n  n o t e  ^  l a  p r o j e c t i o n  d e  Dp s u r  F p

o n  a  o U Q, . x ; t  € T n I ) = D  e t  ,  . D
{t} P P 1+k p£{0 y 1} P

D o n c ,  p o u r  t o u t  t ,  e s t  m e s u r a b l e .

M o n t r o n s  m a i n t e n a n t  l a  r é c i p r o q u e  ; o n  n o t e  :

* : D Î , ,  -*■ D *, s o i t  D T n t 
p 1 +k  p T n l

f f ' !P
- 1

l ' e n s e m b l e  d e s  p a r t i e s  d e  Dp d e  l a  f o r m e  <|>ÿ (H ) ,  o ù  U e s t  u n e  p a r t i e  

f i n i e  d e  T n l p e t  Hu u n e  p a r t i e  b o r é l i e n n e  d e  K u ( 0 y n j  e s t  u n e  a l g è b r e  

q u i  e n g e n d r e  D p ) .

S o i t  e n f i n  Z?y l ' e n s e m b l e  d e s  p a r t i e s  d e  D ^  d e  l a  f o r m e  4> ÿ î ( H u ) o ù  U '  

e s t  u n e  p a r t i e  f i n i e  d e  T e t  Hu u n e  p a r t i e  b o r é l i e n n e  d e  F u .

1+k

.7 9 .
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On a  a l o r s

\ 1(pTnlJ c dT et p(,'p1(DTnI.)> = »

d o n c

o u  e n c o r e,-pl(Dp) c a(D*T)
s o i t

C = tt C ^ ( e  tt d  ) ; o n  a

P £  { 0 , 1 }
pe{0 , l )1+k p' , n “Pl+k

*  1+k C.  = 1*1, * ' 1 <c ) « ° ( » t )
P€{0,1 )  0 p£{0,1} P P 1

d ' o ù

TI
pe {C

s o i t  e n c o r e

1̂+k c = °̂ {t} *  ̂e

Convergence_f a i l l e

Un e  s u i t e  ( P n ; n  e |si ) d e  p r o b a b i l i t é s  s u r  ( D ^ ,  D \ + ^) e s t  d i t e  

f a i b l e m e n t  c o n v e r g e n t e  s i  e l l e  e s t  f a i b l e m e n t  c o n v e r g e n t e  p o u r  l a  t o p o l o g i e  

d e  S k o r o h o d  é c l a t é e .

P o u r  t o u t e  p r o b a b i l i t é  P s u r  ( D j + k » ^ + k ) »  o n  n o t e  T p l ' e n s e m b l e  d e s  

p o i n t s  t  ( d a n s  [ 0 , l ] 1 + k ) e n  l e s q u e l s  e s t  P p r e s q u e  s û r e m e n t  c o n t i n u e  

( o n  r a p p e l l e  q u e ^ j  ( f )  = f ( t ) ,  e t  q u e  f  e D^+ k ) .

.81.

P r o p o s i t i o n  4

S o i t  ( P n ; n  € N )  u n e  s u i t e  d e  p r o b a b i l i t é s  s u r  *

e l l e  a d m e t  u n e  p r o b a b i l i t é  P s u r  ( D i + k ^ i + k )  P ° u r  l i m i t e  f a i b l e  s i  

e t  s e u l e m e n t  s i  s o n t  v é r i f i é e s  l e s  c o n d i t i o n s  s u i v a n t e s  :

1 .  ( Ve  > 0 )  l i m  l i m  s u p  P ( { f  ; w ' ( f , ô )  > e } )  = 0  ;

6 - 0  n-**>

2 .  P o u r  t o u t e  p a r t i e  f i n i e  U d e  T p , <J>jj(Pn ) c o n v e r g e  f a i b l e m e n t  

v e r s  <|>y( P ) q u a n d  n t e n d  v e r s  l ' i n f i n i .

D é m o n s t r a t i o n

C o n s é q u e n c e  d e s  p r o p o s i t i o n s  2 e t  3 .

Ç o r o l l a i r e _ l

S o i t  ( P R ; n  e I N )  u n e  s u i t e  d e  p r o b a b i l i t é s  s u r  ( D ^ ,  

v é r i f i a n t  :

1 ' .  ( Ve  > 0 )  l i m  l i m  s u p  P n ( { f  ; w ( f , 6 )  > e } )  = 0  ; 

ô->0 n-*» n *

2 ' .  L a  c o n d i t i o n  2 d e  l a  p r o p o s i t i o n  4

A l o r s  l a  s u i t e  ( P n ) a d m e t  u n e  l i m i t e  f a i b l e  P v é r i f i a n t  

p(CÎ+k) = 1

E n f i n  o n  é n o n c e  u n  r é s u l t a t  q u i  e s t  u n e  v a r i a n t e  d ' u n  t h é o r è m e  d e  

D u d l e y  ( 5 )  e t  q u e  n o u s  u t i l i s e r o n s  p o u r  l a  c o n v e r g e n c e  d e s  p r o c e s s u s  L * .

Ç o r o l l a i r e _ 2

S o i t  ( P n '* n e N  ) u n e  s u i t e  d e  p r o b a b i l i t é s  s u r  ( » ^ î + k )  ^o ù  

u 1 + k  e s t  t r i l ) U  e n g e n d r é e  p a r  l a  t o p o l o g i e  d e  l a  c o n v e r g e n c e  u n i 

f o r m e  s u r  D j + k ) ; a l o r s  i l  e x i s t e  u n e  p r o b a b i l i t é  P a v e c  P i C j ^ )  = 1 

p o u r  l a q u e l l e  l a  s u i t e  ( P n ) c o n v e r g e  f a i b l e m e n t  p o u r  l a  t o p o l o g i e  d e  

l a  c o n v e r g e n c e  u n i f o r m e  s i  e t  s e u l e m e n t  s i  s o n t  v é r i f i é e s  l e s  c o n d i t i o n s  

1 '  e t  2 d u  c o r o l l a i r e  1 .

-iir
P

(°( }Tn i >
P

c o (i

>T,

.l)1
D

P
o ( /

>t )l+k i:k)
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La condition su f f is an te  e s t  une conséquence du corol lai re 1 comme cela  

a été  f a i t  par B i l l i n g s l e y  (4) chapitre 3, p. 151, pour D̂ .

Montrons la condition nécessaire ;  on suppose donc que Pn converge 

faiblement vers P avec p(C^+j) = 1.

Soi t  la topologie  de la convergence uniforme sur ; comme P 

e s t  concentré sur un espace séparable,  i l  résul te  du théorème 1, p. 284 

dans (8) qu' i l  e x i s t e  un espace de probabil ité (fì, a ,y) e t  des variables  

a lé a to ir e s  (Xn ; n £ IN ) e t  X t e l l e s  que p (Xn) = Pn» y (X) = P e t  que 

Xn converge vers X p . s .  pour y .

Pour tout 6( > 0 ) ,  on considère l 'appli cat ion de dans IR défin ie  

par :

Ys : Dî+k - R

Démons t rat ion

Y ^ f )  = max i l+k sup { | ( f ) - f ( f ) |  ; ( t . f ) e I*. | t - f |  s 6} 

alors Y. e s t  une applicat ion  continue pour la topologie de la convergence

P£

6
uniforme.

Soient  ( Zn 6 ; n e 1N ) e t  Zfi l e s  variables aléatoires  d é f in ie s  par

Zn,6 " Y6 0 Xn Z6 = Y« 0 X
alors on a

V e > 0  3 n o e IN Vn > nQ y{ |Zn)6-Z| > e / 2}  < e / 2

comme X e s t  concentré sur i l  e x i s t e ,  pour tout e > 0 ,  6 > 0 te l

que y{Zô > e / 2 }  < e / 2 ,  e t  ceci  entraîne y{Zn>6 > e} < e , s o i t  encore

P n ((f i W ( f . 6 )  > e } )  = y ( Z n#6 > e} < e

on a ainsi é tab l i  la  condit ion 1* ; la vér i f i ca t io n  de la condit ion 2 

e s t  immédiate.
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II - CONVERGENCE EN LOI DU PROCESSUS EMPIRIQUE NORMALISE TRONQUE 

ECLATE CORRIGE PAR LA T0P0L0GIE DE SK0R0H0D

2*1 " Nature des observations

1 n kSoit  x = (x , . . . , x  ) une su i te  de n observations dans IR ; pour tout

i e { l , . . . , k } ,  notons x  ̂ = ( x . , . . . , x ! ? )  la su i te  des ièmes composantes

des observations,  Fn x la fonction de réparti t ion  empirique assoc iée à la

su i te  x.., Fj| (1 < j < A) la fonction de répart it ion de la marge Qj| de la

probabil i té  Q rég is sant  l 'observation x dans (IRk)n , e t  F;J . (1 < i <; k) n . n , i
la fonction de répar ti t ion  de la marge Q̂  ...

On note également :

1 n i
Fn i = t; 1 F n 1 * i < kn , i  n n , i

(pour plus de d é t a i l s  voir (6 ) ) .

Nous nous plaçons sur 1 'hypothèse de continuité  suivante :

Hj- l e s  marges Qn . (1 < i < k) de Qn sont supposées d i f fu se s  sur lRn

le processus empirique W sur lequel nous travai l le rons sera déf in i  en 

notant pour tout t  = ( t Q, t )  = ( t 0 , t 1#. . .  , t k) (e [ 0 , 1 ] 1 K) ,

( » „ ( t n o o - i  ' «  i) - Hjiï) , 

Hi<‘i v  ■ rl <f;îi<‘i) 

On suppose également que sont s a t i s f a i t e s  l e s  hypothèses suivantes :

H2 - la su i te  (cn ; n e IN*) des fonctions de covariance des processus 

Wn converge simplement vers une fonction c.

( t k ) )pn!k
avec

'^1  
Îl <
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H3 - Il e x i s t e  une application  décroissante $ : IN* [0 ,1 ]  v ér i f ia n t
1/2

4>(1) = 1, n^N* n * ' (n) < +» e t  pour laquel le  la  su i te  

(Qn : neW*) e s t  $ mélangeante.

H4 - Il e x i s te  une mesure y sur [0 ,1 ] , f i n i e  pos i t ive  à marges d if fu ses  

e t  v é r i f ia n t  :

(Vn e K*) (Vj £ ( 1 .  ,n} ) (V B bloc de [ 0 , l ] k) ^ ( B )  < y (B) 

e s t  la probabi lit é  ayant HjjJ pour fonction de rép a r t i t ion ) .

On note H la fonction de répart i tion de la mesure u.

2.1  - Convergence en lo i  

Ü2 î § î l 2 D § -ê î .d é f in i t io n s  

Définit |on_3

1+k
On appelle fonct ion correctr ice éc latée  toute application r de [0 ,1]  

dans IR+ v é r i f i a n t

( i )  Il e x i s t e  rQ e t  r applications de [0 ,1] e t  de [ 0 , l ] k dans 1R + 

t e l l e  que pour tout t  (= ( tQ, t ) ,  r ( t )  = rQ( t Q) r ( t )  ;

1

( i i )  pour tout p c {0,1} , r11 admet un prolongement continu sur

I .
p

1+k
( i i i )  r e s t  nul sur toute la front ière  de [0,1]

R?§y]£2î-Pri:]iü?iD§2!rç
Nous énonçons d'abord une généralisation immédiate de la proposition  

équivalente énoncée en (6) p. 50.
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Soit  pour tout  n, un processus Yn d éf in i  sur ( [0 ,1 ]  k) n à valeur dans 

Dl+k * on suPP°se 9ue su i te  des Yn converge en lo i  vers YQ gaussien,  

à tra je c to ire  presque sûrement dans C|+k pour la topologie  de Skorohod 

éc la tée  ; on note Pn la  lo i  de Yp ( c ' e s t  la probabil ité sur Dj+k) e t  on 

suppose que le s  conditions  1' e t  2 du co r o l la ire  1 de la  proposition 4 

sont v é r i f i é e s .

So it  r une applicat ion de p o s i t iv e  ou nu l le .

So it  également pour tout a( > 0)

Ra = {(v0 , . . . , v k) £ [ 0 , 1 ] 1+k ; (-i i e ( 0 ......... k}) sup ( v . , 1 -v^  s a}

On suppose v é r i f i é e s  le s  deux conditions suivantes :

(A) pour tout  n, le  processus Yn .-p e s t  à tra je c to ire s  p . s .  dans D j^ .

(B) (Vi > 0) (Ve > 0) ( - ] a > 0) (-3 nQ) (Vn a nQ) Pn(Sup |Y „. i |  > S) < t .

a

Alors la  su i te  des processus Yn.^  converge aussi en lo i vers le  processus
i n r

corrigé YQ. -  (qui e s t  lui-même gaussien e t  à t ra jec to ire  p . s .  dans 

C^k) Pour la  topologie  de Skorohod é c la tée .

Proposition 5

Nous devons maintenant étudier dans quelles  conditions on peut appliquer 

la  proposition 5 au processus é c l a t é ,  W* d éf in i  par :

VV*)

(  = Y(Wn) s i  0 < t  s lo 5 1

- *<V ( V ï ï ' t )  s17 s t o £Î!r

= 0 s n-1



.86.

Par la continuité de l 'applicat ion y, on sa i t  déjà que ï(Wn) converge 

en loi vers y(W0) (où Wq es t le processus limite de Wn) pour la topologie 

de Skorohod éclatée.

V é r i f i o n s  t o u t  d ' a b o r d  la  convergence  en l o i  du p ro ces su s  Wn .

y (W ) est p.s.  à tra jec to ires  dans C, . e t  de plus nul p.s.  sur toute i+b i+K 
la frontiè re  de [0,1] .

Considérons maintenant pour tout n £ N*, l 'application ^n , de Dj+k dans 

lui-même défini par :

f = s i  0 s *0 s 7

- f ( t 0 ,l/n+t)  si \  < t Q <

V = 0 si ^  V  1

* l+k Soit fQ e Cj+k» nul sur toute la frontière de [0,1] e t  soi t f n une

suite de fonctions de Dj+k te ls  que f p converge vers fQ pour la topolo

gie de Skorohod éclatée ; alors ^n(^n) converge aussi vers f Q pour la 

topologie de Skorohod éclatée, donc, d'après le lemme 3 de (2), W* conver

gera en loi vers y(WQ) pour la topologie éclatée.

Les conditions 1' e t 2 du corolla ire  1 sont élémentairement vérifiées 

pour le processus Ŵ .

Il résulte de l 'expression même de W* (qui est identiquement nul pour

t  suffisamment proche de 0 ou suffisamment proche de 1) que la condition 

A est vérif iée  pour W* si la fonction correctrice éclatée r et les 

fonctions Hjj sont liées par la condition (H|) ci-dessous :

kHj pour tout z appartenant à la frontière de [0,1] , on a :

( ï ( H j ) . i  (ù)  = 0 
u -t r
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k * 
où pour tout p = (ciO.l) ) e t  tout ( v j , . . . , v k) e I~ = * Ip

on a 1=1 *

..........v k ) = Ak ( J ( i ) .  H^ l ï -  î  J y )

avec 1

J(5) = (1 < i < k ; P. = 0}

Il nous reste à assurer la réal isation de la condition (B).

l+kPour cela, on va décomposer Ra en 2 sous-ensembles

(Rp) m i \ 1+k définis par Rp = R n i  v orp c {0,1} r a a p

et montrer que (B) est  vérif iée sur chacun des sous ensembles Rp.

Notons <? = < e t 1 = >

Définition 4

Soit J c ( 0 , . . . , k )  e t  so i t  f  une application d'une partie de [0,1]  ̂

dans 1R ; f  est  di te  monotone éclatée s i ,  pour tout p e t  tout couple 

((t'i^ieJ* ^ -P ie j )  de P°in ts  de projection de Rp sur [ 0 , 1 ] J vérif iant ,  
pour tout i appartenant à J ,  l ' in ég a l i té  t .  < t  i , on a

On note, F^, Fg » - - • »Fĵ  les fonctions de réparti t ions des marges de y,

Fq celle de la mesure uniforme sur [0,1] ,  et H' la fonction de répar t i 

tion de la mesure produit de la mesure uniforme sur [0,1] e t  de y.

Pour tout f e Cj+k e t  pour tout p e {0,l}1+k, on note e p l 'application 

qui à f | l p associe son prolongement continu f p sur I .

Enfin, pour tout L c {0 , . . . ,k}  et  toute fonction f  de classe C1+k, on 

note a L f  sa dérivée par t ie l le  d'ordre card(L), par rapport aux coordon

nées appartenant à L.

(O t)

tn»t)

’ihsisk

i(H; <vi

f(l t!)
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11 l
On suppose alors q u 'i l  ex i s te  a( > 0) te l  que, pour tout p €{0,1}  , 

le s  condit ions suivantes (dans l'énoncé desquel les J désigne (0 < j < k e t  

pj  = 0}) soient  s a t i s f a i t e s .

H5 - sur l ' i n t é r i e u r  de Rp , -î e s t  de c la sse  Ck+1 e t ,  pour tout

L c ( 0 , . . .  , k } , prend des valeurs po si t ives  ou négatives selon

que card (L n J) e s t  pair ou impair.

7 [r+O
Hg - Il e x i s t e  c > (lue» Pour tout L c f O , . . . , k } ,  toutes  les

fonct io ns ,  notées f j  ou f 2 » déf in ies  ci -dessous so ient  £L monotones

éc la tée s  sur Rp : on f i xe  tout d'abord, pour tout i c L, t .  e t  t î
OL , Z 1 1

t e l s  que t  ̂ < t j  <  ̂ s i  i e L n J , e t  j  < t.! < s i i e L n ; 

on d é f i n i t  a lo r s ,  pour toute famil le  ( ( t^ ){  e [LnJ* ^ î ^ i  e £L n 

t e l l e  que t.,- < -̂ s i  i e CL n J e t  t î  > y  s i  i e CL n CJ >

f l ^ V i e C L n J ’ ^i^ûCLnCJ^ A k (6P (y (H' ) ) (c i )Qs i sk)

* [a.  ,b. ]  
e t  1=0 1

f 2( ( V i e C L n J ’ ( t l^i£CLnJ^ û k Fi  ̂\ e p( r ) ) C ^ Ci ^ 0si'sk^
* [a .  ,b.] 

i=0 1 1

où [ a . , b^] e s t  égal à [ t . , t ^ ] , [ t i . t ^ ] , [ 0 , t i 3 ou [ t j , l ]

selon que i appartient à LnJ, LnfJ, [LnJ , CLnCJ, e t  où c  ̂ e s t  égal 

à t- ou t i  selon que i appartient à (fLnJ) u (LnCJ) ou à 

(JnL) u (CLnCJ).

Hy -  Pour tout L c { 0 , . . . , k }

f P1̂  3l 3cl <f)I d *1+k<+“ et 
k

i l f 1? * 1- ( , ( i'.0 F' )) SCL <F>! Í  >’* < * -a
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Pour é ta b l i r  que le s  propriétés (H^), (H6) e t  (Hy) impliquent la propriété

(B) sur tout Rp , nous remarquons que, en ( 2 ) ,  nous avons établ i  ce tt e  

implication pour p° = ( 0 , 0 , . . . , 0 ) .

Pour la généra l i ser  à tout Rp , nous considérons p étant f i x é ,  l ' a p p l i 

cation ^  de Fk dans lui-même, t e l l e  que  ̂ ( X j » . . . ^ )  = ( x j , . . . , x ^ )  oû

ŝ

si

x  ̂ = X. s i  = 0

x{ = -x i s i  P i  = 1

xi = xn+l - i  s i  pi = 0

x i = *xn+l - i  s i  pi -  1

1+k
e t  l ' app li ca t ion  t|/', de [0 ,1 ]  * dans lui-même, t e l l e  que

K  ( t o>t i , - " ’ t k)P= oû

t  ̂ = t i s i  Pi = 0

tj  = 1 -  t i s i  Pi = 1

On note F^’J la fonction de répar ti t ion  de la  marge Q ,̂J de la probabil i té

(£ rég issant  l 'observation i|> (x) dans (J^)n e t  Fp , j  (1 s i s k) la
n i P ^

fonction de la marge

On note également Fp . = ~ z F ^ i  (1 < i < k) 
n , i j = l

«  h S - j < h .................v  ■  F S ' J < F S  < v .................. r ç ; i < y >

Si *;(t0 . i ) )  = ( t j . t ' ) ,  on a Ç (Hj)(t)

on en déduit que pour tout ( t Q, t )  appartenant à Ip,

Wn( t o*t ) ( x )  j f o  ^ „ ( ^ ( x j )  < t ' ]  -

c P  _  1 y r P  » J

p 0  = 0

po = 1

k
( * i=0(ßV

Cj)

(H’))

/S (t1:C j

..t¿)t ; , .

Hn,j<t‘) =
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c ' e s t -à - d ir e

w;( t ) (x )  wn(*; ( t ) ) *  (x))

~ W ~  = -------

oû rp e s t  défin i  sur 1̂  par rp ( t )  =

donc s i  on pose t ’ = i|> ( t )  e t  x ’ = (x) le processus 
wn( f ) ( x ' )  p p
— — t̂ i —̂  v é r i f i e  (B) pour p = p ° .

îhéorème_fondamental

Il résu l te  de la proposit ion 5 e t  de l'étude menée au paragraphe précédent 

qu'on a le  théorème suivant :

|b|QÇ|01

On suppose que le  processus des observations v ér i f ie  le s  conditions

(H, ) à (H,) e t  (Hj) e t  que la fonction correctr ice r e s t  monotone éc la tée
1+k

e t  q u 'i l  e x i s t e  a( > 0) te l  que, pour tout p (e{0 , l }  ) l e s  conditions  

( Hj-) à (Hy) so ien t  s a t i s f a i t e s .

Alors la su i te  des processus W*.-i converge en loi pour la topologie de 

Skorohod é c la té e  vers le  processus ï (Wq) . i  gaussien e t  à tra jec to ire  

presque sûrement dans

.91.
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1. Introduction

Let X ni = (Xjl]), . . . , X j t̂ ) ,  1 < / < « ,  « > 1 ,  be (Revalued r .v .’s (random variables) 
with continuous d .f . ’s (distribution - functions) Fni(x), x e  IR*, and continuous 
marginal distribution functions F % \x) j  xeIR,  l < z < / i ,  n >  1, Our aim is
to  study the asymptotic behavior o f  the rank statistics

o-i )
i-l

where cni are the regression constants, a„(•••) are the scores, and RV* is the rank o f  
X among { X % \  1 < / < « } .  W e assume that the underlying r .v .’s are ^-mixing 
with rates

<p(m) = 0 ( m ~ 1 _£) for som e £ > 0  (m >  1) (1.2)

or

X m ~ l<pi/4(m )< oo .  (1.3)
m = 1

Recall that the sequence { X ni} is «^-mixing if

s u p { |P (5 |> l ) -P (5 ) |M € < 7 (A 'm, 1 < / < / ) ,  B e o ( X ni, i > j  + m)}=<p(m)lO

0378-3758/88/S3.50 © 1988, Elsevier Science Publishers B.V. (North-Holland)

j< k .

Ri?yKni ’^ni^n?n  =
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for positive integers j  and m .  Here o ( X ni, 1 ^ i < j )  and o ( X ni, i > j + m )  are the 
CT-fields generated by and ***) respectively. Our
m ethods o f  proofs are based on som e o f  the ideas o f  Fears and Mehra (1974), Mehra 
and Rao (1975), Riischendorf (1976), and Ahm ad and Lin (1980). For the case 
o f  independent observations X„it the asymptotic behavior o f  SPn is studied by 
Ruymgaart and Van Zuijien (1978).

Denote by F^  the right continuous empirical d .f . o f  X f i \  / = 1 , i . e .  let

I  I [Xu ^ xi 
1=1

where I[ j denotes the indicator function, and set F ^ \ x )  = E { F ^ \x ) )  = n ~ x £"=1 F ^ ( x ) .  
Let {H ni} be a sequence o f  measures on [0,1]* defined by

H ni{t) = Fni(FUr \ t x\ . . . , F « r \ t k ))y * =  ( / „ . . . , /* ) e [ 0 , l ] * .  (1.4)

W e now define the trunca ted  rank p ro cess L n as

Info] (  k
L„(to>t) = n ~ l/2 Y, ) II s tj\ ~ H n i(O (> ioe  [0,1]. (1-5)

i = i  U = i  J

where [n t0\ is the largest integer < n tQ. Then, we can rewrite S?n equivalently as

SPn =  n ~ 1/2 J L „ (t)  • -r  ( t)  • r( t)  • du„ (t ) +  d„ (1.6)

where t - ( t 0, t ) ,  fi„ is a signed measure on [0 ,1]*+1, r  is a continuous function from  
[0 ,1]*+1 into IR+ (called a weight function, see definition in Section 2.1b) and d n is 
a centering constant. (By convention, ( l / r ) ( / )  =  0 if  r(/) =  0 .) The weight function  
is introduced to  deal with the situations when the regression constants an d /or score 
functions are unbounded. W e shall first establish the weak convergence o f  the pro
cess L n • (1 /r ) with respect to  the topology o f  the uniform convergence (i.e. uniform  
topology), and then the convergence o f  9 >n will follow . Since the process L„ • (1 /r )  
does not necessarily vanish on the upper boundary o f  [0 ,1]*+1, we introduce (in 
Section 3) a new process L„ called the split rank process which vanishes on the 
upper boundary and which admits the representation o f  SPn in the form

^ n =  « - |/2 f L n( t ) - ( t ) - r ( t ) d X n(t)  + bn (1.7)
J[o, n*+l r

where X„ (a certain measure) and b„ (a centering constant) are defined in Section 4. 
In Section 3, we shall establish the convergence o f  £„• (1 /r ) via the convergence o f  
Wn • (1 /r ) where Wn is the trunca ted  em pirical p ro cess W n defined as

[W/fll r k ^
W'„(t0, t )  = n ~ l/2 £  n  H n i iO y  *oe [0,1]. (1-8)

Our methods are the extensions o f  those o f  Fears and Mehra (1974) and Ahmad  
and Lin (1980) who studied the problem for the one-dimensional stationary case,

,X„¡)(Xni x n,Xn,j - m +1»

x) = n
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and o f  M ehra and R ao (1975) who considered the m ultidim ensional stationary case. 
These authors study the convergence o f  the processes w ithout truncation and their 
findings are lim ited to  the case where the regression constants are bounded. The 
results o f  our paper take care o f  these lim itations, and provide not on ly  the exten
sions o f  the results o f  Fears and M ehra, and o f  A hm ad and Lin, but also im prove 
upon  the results o f  M ehra and R ao (loc. c it.). For exam ple, in the Ar-dimensional 
case with stationary observations having Ily=i tj as their com m on d .f . ,  we obtain  
the convergence o f  em pirical process w ith w eight functions like r(fj, . . . , / * )  =  
(IIy= i t j )a if  a < ( k  + l ) / 4 k  ( a < { k  + 2)/M Jc + 1) w ith truncation), where M ehra and  
R ao provide results for a < \ / 2 k .  M oreover the m ain theorem  (Theorem  3.1) o f  
M ehra and R ao (loc. c it.) can be used only for w eight functions w hich vanish on  
the low er boundary and not on  the upper boundary . Here the results hold  for weight 
functions which vanish on the low er as w ell as on  the upper boundary. W e m ay also  
m ention that in the one-dim ensional case, N eum ann (1982) uses a m uch slower 
m ixing rate for «»-mixing than in H arel (1980), but his results can on ly  be applied  
for stationary processes and in untruncated situations. H ere we also obtain  a slight 
generalization o f  his results by considering interm ediate «»-mixing and for truncated  
and nonstationary processes.

W e w ould  also like to  draw the attention o f  the readers to  work o f  Ruym gaart 
(1974) w ho studied the m ultidim ensional i.i .d . case, and o f  Ruym gaart and Van  
Zuijlen (1978) w ho investigated a sim ilar problem  for the case o f  independent but 
not identically distributed random  vectors.

2 . Prelim inaries

2 .la . T h e  D *+ , a n d  C*+ j spaces

if  it exists; in w hich case, call f e ( t )  the £>-limit o f  f  at t. D enote by D k + l , the space 
o f  all maps / :  [ 0 , l ] * + , -*IR such that for all g e  {0, l } Ar+1, f e exists and f e = f  for  
q  =  ( 0 , . . . , 0 ) .  M ore generally, for a closed  rectangle R  in [0, l]*  + l . Let D 0(R) = 
{ / ; / : / ? - ►  (R; f Q. exists V g ' e  {0, l } k+l and f Q = / } .

Let £>*%, = { / ; / : [ 0 , l ] * +1 -»• IR; V q ,  restriction f\ 1(g) has an extension Je on I (q)  
with JB e De(/(£)} where /(g) = Ie(Q) x  ••• x  Ie(k),

where A  denotes the closure o f  the set A .  D enote by C k+l the space o f  all con-

L e t / : [ 0 , l ] * + , - I R .  For e  =  te(0), . . . , g ( k ) ) e  {0, l } Ar+1, define

f e ( 0 =  lim A s )  ( (5 ,i)e  [0, l ] Ar+1),
s,T t„ e(i) = l 
s ih i ,  e ( i )=o

7 n<u) if i=o, 
' Mi ,  l] if  / =  i ,



t in u o u s  m a p s  / :  [0 , 1 ] * + 1 -»  IR, a n d  n o te  th a t  f o r  a n y  b o u n d e d  fu n c t io n  / ,  f e C k + l  

i f  a n d  o n ly  i f  l im 5 _ 0 ( o ( f ,  3 )  =  0  w h e re

a > ( f ,S )  =  s u p { | / ( 0 ; ( i , / ' ) e ( [ 0 , l ] * + 1 ) 2, (2 . 1)

a n d  | / |  =  s u p { | f , - | ,  0 < j < k } .

N o w  p u t  C *+1 =  { / ;  / :  [0 , 1 ] * + 1 —♦  IR; V q ,  f  11 (@) h a s  a  c o n t in u o u s  e x te n s io n  

t o  /(£ > )} . W e  d e f in e  a  m o d u lu s  o f  c o n t in u i t y  f o r  a n y  b o u n d e d  fu n c t io n  

/ :  [0 , l ] * + 1-*-!R , t o  b e  d e n o te d  b y  a > * ( /,< 5) ,  (<5 > 0 )  b y  s e tt in g

c t> *(/,< 5) =  m a x  s u p  | / ( i  ) - / ( * %  \ t —1 ' \ < S .  (2 .2 )
e e { 0 , \ } k+, ( t , n e / 2(e)

C o n s id e r  a n  o p e r a to r  y : D k + i - + D * + l  d e f in e d  as

y(f)(t) = I  (-1  te l(e ) ,  (2.3)

w h e re  a¡ =  0  a n d  b¡  =  i f  q ( í )  =  0 , a , =  t¡ — a n d  b¡ =  1 i f  £?(/) =  1 a n d  C a r d  /  d e n o te s  

th e  c a r d in a l i t y  o f  I .

F o r  e x a m p le , s u p p o s e  k — 1 . T h e n

y ( / ) ( 0  = /( * o >  0 ) - / ( 0 , / j )  + / ( 0 , 0 )  i f  ( i 0, i i ) 6 [0 , l ) 2,

y ( / ) ( 0 = / ( l , í i ) - / ( í o -  / i ) - / ( l , 0 ) + / ( f 0 -  0 )  i f  ( r 0^ . ) e [ i ,  1] x [ 0 , i ) ,

y ( / } ( 0  = /( * < > ,1)  - / ( ' o ,  ' i  - )  ~ / ( 0 , 1)  + / ( 0 , h  - )  i f  (/o , e  [0 , 1 )  x  I I ,  1] ,

y < / ) ( 0 = / ( U ) - / ( ' o -  l ) - / ( l , í i - ) + / ( í o -  Í 1 - )  i f  ( W i ) e [ * , l ] 2.

2 . 1 b .  W e ig h t  f u n c t io n

A  fu n c t io n  r :  [0 , 1] * + 1-+ (R + is  c a lle d  a  s p l i t  w e ig h t  f u n c t io n  i f  i t  s a t is f ie s  th e  

f o l lo w in g  c o n d it io n s :

( i )  th e re  e x is ts  a n  r 0 : [0 , 1] - * ■  IR+ a n d  r : [0 , 1] * - *  IR+ s u c h  th a t  r ( t )  =  r 0( t 0) r ( t )  f o r  

a l l  i  =  ( f 0, i ) e [0 , 1] * + 1 ;

( i i )  r  b e lo n g s  to  C * + 1;

( i i i )  r = 0  i f  th e re  e x is ts  a t  le a s t o n e  j e  { 0 , s u c h  th a t  /)  =  0  o r  t j =  1. 

r  is  s im p ly  c a lle d  a  w e ig h t  fu n c t io n  i f  ( i ) ,  ( i i )  a n d  ( i i i )  a re  re p la c e d  b y

( i ) '  r  b e lo n g s  to  C * + 1 ;

( i i ) '  r =  0  i f  th e re  e x is ts  a t  le a s t o n e  j e  { 0 , s u c h  th a t  t j  =  0  o r  i  =  ( l , . . . , l ) .

2 . l c .  G r id s  a c c o m p a n y in g  a  s e q u e n c e  o f  p r o b a b i l i t y  m e a s u re s

A  g r id  T  o f  [0 , l ] * + l  is  a  s u b s e t o f  [0 , 1 ] * +1 s u c h  th a t  T =  n * =0 ^  w h e re  r ° ’) is  

a  f in i t e  s u b s e t o f  [0 , 1] w h ic h  in c lu d e s  0  a n d  1 .

A  p a c e  x  o f  a  g r id  T = H j = 0 7 *J) is  th e  n u m b e r  r  =  m a x o S7S * T y w h e re  zy =  

m a x { | / j  — t j \ ,  t j  a n d  t j  a re  su c c e s s iv e  e le m e n ts  in  T {J) } .

W e  d e n o te  th e  lo w e r  b o u n d a r y  o f  T  b y  7 U  w h e re
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u \Jii n ^
y=0 L /=0 l = j +  1

W e  c a ll  b lo c k  B  o f  T  a n y  re c ta n g le  o f  [ 0 , 1 ] * +1 w h ic h  is  o f  th e  f o r m  

k
B =  w h e re  t j  a n d  t j  b e lo n g  to  7 ^ ,  a n d  t j < t j } .

j=o

W e  c a ll  e v a lu a t io n  e (B) o f  B ,  th e  o p e ra to r  e (,S):£ > ^ + 1 - >'(R + s u c h  th a t

E  ( - l ) E*-<>Ci/ [ ( l - e 0)t0 +  eq&  ...,(1  - e k)tk +  ekt'k}.
(£0. — .C * )€ {< X 1 } *  + I

F o r  a n y  < 5 > 0 , se t

« r ( / . < 5 )  =  s u p { | / ( 0 - / ( 0 | ;  ( t , t ' ) e T z , \ t - t ' [ < S } .

W e  s a y  th a t  a  s e q u e n c e  { r „ } B e N .  o f  g r id s  is  a s y m p to t ic a l ly  d e n se  in  [ 0 , 1 ] * +1 i f  

th e  p a c e  r „  o f  T n s a t is f ie s  l im „_ o o  =  0  ( IN *  =  N  — { 0 } ,  N  =  { 0 , 1 , 2 , . . . } ) .

L e t  P n f  n e I N *  b e  a  s e q u e n c e  o f  p r o b a b i l i t y  m e a s u re s  o n  ( D k + 1, ® * + i )  w h e re  

@>k+  j is  th e  < T -fie ld  g e n e ra te d  b y  th e  S k o r o h o d  to p o lo g y  ( o n  D k + l ) .  W e  s a y  th a t  th e  

s e q u e n c e  {  T n }  o f  g r id s  a c c o m p a n ie s  th e  m e a s u re  P „  i f  a n d  o n ly  i f  V e >  0 , 3 e ' >  0  a n d  

V S e  [0 , | ) ,  3 N 0 e N *  s u c h  th a t  P „ [ { f e D k + l ; t o ( f , S ) > e  a n d  (o Tn( J , 2 d ) < e ' } ] =  0  

V n > N 0 .

F o r  th e  ease o f  c o n v e n ie n c e , w e  s ta te  th e  f o l lo w in g  re s u lts  d u e  t o  B a la c h e f f  a n d  

D u p o n t  (1 9 8 0 )  w h ic h  w i l l  b e  u s e d  in  th e  s e q u e l.

P r o p o s it io n  2 .1 .  L e t  P n , « e lN *  b e  p r o b a b i l i t y  m e a s u re s  o n  ( D k + 1, ® * + i )  s u c h  

t h a t  th e  f o l l o w i n g  c o n d i t io n s  a re  s a t is f ie d :

0 ( j ( P n ) -*■ w e a k ly  t o  s o m e  p r o b a b i l i t y  m e a s u re  P y  o n  IR17 (2 .4 )

w h e re  U  is  a  f i n i t e  s u b s e t  o f  [ 0 , 1 ] * +1 ( i y  is  t h e  p r o je c t i o n  o f  D k + l  o n  IR17) ;  a n d

l im  l i m s u p / >w[ / e i ? it + 1 ; a i { f , 5 ) > e \  = 0  V e > 0 .  (2 .5 )
¿ - ► 0  n - * o o

T h e n  P n c o n v e rg e s  w e a k ly  w i t h  re s p e c t  t o  th e  S k o r o h o d  t o p o lo g y  t o  s o m e  p r o b a b i 

l i t y  m e a s u re  P ,  a n d  P ( C * + 1 )  =  1.

P r o p o s it io n  2 .2 .  L e t  v  b e  a  p o s i t i v e  f i n i t e  m e a s u re  o n  [ 0 , 1 ] * +1 w it h  c o n t in u o u s  

m a r g in a ls .  L e t  P „ ,  « e lM * ,  b e  a  s e q u e n c e  o f  p r o b a b i l i t y  m e a s u re s  o n  ( D k + i , @>k + , )  

s u c h  t h a t  V n  e  fN * , P „ [ f e D k + l , f \  [0 , l ] l + l  = 0 ]  =  1. L e t  T n , n e lN * ,  b e  a  s e q u e n c e  

o f  g r id s  a s y m p t o t ic a l ly  d e n s e  in  [ 0 , 1 ]*  + 1 a n d  a c c o m p a n y in g  P n . F u r t h e r m o r e  s u p 

p o s e  t h a t  f o r  a n y  b lo c k  B n o f  T „ ,

P „ [ f e D k + l ; |e (fl" )( / ) | > A l < A - > ’( v ( 5 n ) ) /?, 0 > l , y > O .  ( 2 .6 )

T h e n , V e > 0 ,  3<5 e  ( 0 ,1 )  a n d  N 0 e  N  s u c h  t h a t

P n l f e D k + l , a > ( f , S ) > e ) < e  V n > N 0. ( 2 .7 )
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3. Weak convergence of the weighted and split rank process

In this section we shall study the weak convergence of the weighted rank process 
as well as that of the split rank process. We start with preliminaries:

3.1. Split rank process

For a given e  = (6(0),Q)e {0,1}*+1, we define a map 

^¿"^(IR*)" — (IR*)"

as follows:

0̂̂ 1» * * * > ̂ n) (̂ 1> • * •»2(i)

where x, = (xfl), . . . , x j k)), Zj = (zjl\ . . . , zjk)) and where

(3.1)

rO)= J

0) if e(0) = 0 and q(J) = 0»
- xjj} if e (0) = 0 and q(J) = 1, 

x ^ l x_i if £(0)=1  and q(J) = 0,

if tf(0) = l  andffC/) = l.

Also define

^ : [ a i ] * +1- t a i ] * +I, VS ’ [0,1]*-[0,1]*, ^ c(0): [0,1]-*[0,1] (3.2) 

as follows:

Ve(to, . . . , t k) = (Vo,e(0)(to), V6(t)) = (to, , t'k)

where

'  0 - 0  ¡1
if e U ) = 0 ,

¡f eO ')=i.

For any 0 e{O ,l}*+1, denote by L% the process L n°if/'e associated with the r.v. 
if/̂ n\X „ u . . . ,X nn) on (IR*)", and consider the process L* defined as

r i  Ai-n*+1 
0 • 

r i  , - n -  a3)
L ‘ ( t )  i f » 6 1 - ,  —  I n /( i) .

Then, we define the split rank process L n as
k+ 1

I 1 Tl
0 if

¿«*(0 = i

4(0 H
i —L n +  1 //+ 1

l h n
k +  1 (3.4)

n i ( Q),if í
n +  ]

1 n

n+ 1
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where

n +  1

n
if e U )= o ,

n + 1 1
------t j - -  if q(J)=  1*

n n

(3.5)

Definition. We say that the sequence {//„,} of measures on [0,1]* is /¿-bounded if 
there exists a finite and positive measure /i on [0,1]* with continuous marginal 
distributions such that for every /i>  1 and 1 Hni(B)<fi(B) for all rectangles
B in [0,1]*.

{Hni} is said to satisfy the differentiability condition if:
(j) (d/dtj)Hni exists and is continuous; and

(jj) lnj = n~x £ f-=°i] (d/dtj)Hni(t)-*• /,(t0, t ) in uniform topology as n~*a°; l je C k+l 
and (dk~ï/(dti)i^j)lj exists and is bounded.

Theorem 3.1. Assume that (a) the sequence {X ni} is <p-mixing with rates (1.2); (b) 
the sequence {Hni} is fi-bounded where fi is absolutely continuous with bounded 
density (c) the sequence {Hni} satisfies the differentiability condition-, (d) the 
covariance function Cn o f  the empirical process Wn defined in (1.8) converges to a 
function C; and (e) there exists a d . f  F^\x) such that

sup |J^Cx) -  /^(jc)! = 0(n " “), a >  0.
jcelR

Then, fo r any split weight function r satisfying
r  -j 1 /2 -5

r(t)^ A \  n  II ( ! - ( / )  V /e /te )
Ly'e/te) j « J{q) J

(3.6)

(3.7)

where A > 0  is a constant, |  — (k + 2)/(4k + 4 )< Ô< 4- and J(Q) = { j \  y e { 0 ,. .. ,A:}, 
£*C/) = 0}, Ln-( l / r)  converges weakly in uniform topology to a Gaussian process 
y{L0) • (1 /r) with trajectories a.s. in C*+l where L0 is defined in Proposition 5.1.3.

Proof of this theorem is given in Section 5.
Let us now consider the untruncated process Ln defined as

4(0 H
o if *L«+i  rt+ij

(3.8)

L i U it'] if ti 1 n

rc+ 1n+ 1

n1
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w h e re

' n +  1

' . H

n
t j  i f e ( j ) = o ,

n + 1  1
t j - -  i f e ( / )  =  i .

n  n

a n d  w h e re  /(£?) = / e ( i ) X  ••• x / e W . T h e n ,  w e  h a v e :

C o r o l la r y  3 .1 .  A s s u m e  th a t  ( a ' )  th e  s e q u e n c e  { X n i }  is  s ta t io n a r y , a n d  < p -m ix in g  

w ith  ra te s  ( 1 .3 ) ;  ( b ' )  th e  c o m m o n  d . f .  H ni h a s  a  c o n t in u o u s  d e n s ity ; a n d  ( c ' )  H ni 

s a t is f ie s  th e  d i f f e r e n t ia b i l i t y  c o n d it io n .  T h e n , f o r  a n y  s p l i t  w e ig h t f u n c t io n  

r :  [0 ,1 ] * - * -  !R+ s a t is fy in g

[ -i 1/2 — <5

n  t j  n  (1  — < /)  I f o r  a l l  t e  l i e )  (3 .9 )

j e J ( e )  J

w h e re  A > 0  is  a  c o n s ta n t ,  \  — ( k + \ ) / 4 k < d < % ,  a n d  . / ( £ )  =  { y ;  y e  { 1 ,  . . . , & } ,  

£ ( y )  =  0 } .  L n ' ( \ / r )  c o n v e rg e s  w e a k ly  in  u n i f o r m  to p o lo g y  to  a  G a u s s ia n  p ro c e s s  

y ( L 0)  • ( 1 / r )  w ith  t r a je c to r ie s  a .s . in  C * .  H e re  L 0 =  L 0O> 0  a n d  Y '• A t - * A t  *s  d e f in e d  

a s  in  ( 2 .3 ) .

T h e  p r o o f  is  g iv e n  i n  S e c t io n  5 .

E x a m p le  3 .1 .  L e t  th e  d . f .  F ni b e  g iv e n  b y  

*  r  *
F n < =  I I  ¡*” 1 1 +  A /  n  (1 - ^ ’ l l

J - 1 L 7=1 J

w h e re  F ^  is  a  c o n t in u o u s  d . f .  a n d  — 1 <  f i n i:S 1. S u p p o s e  th e re  e x is ts  a  /? e  [ — 1 ,+  1] 

a n d  a n  a > 0  s u c h  th a t  |/?m —/?| = 0 ( n  ~ a ) .  T h e n ,  i t  is  e a sy  t o  c h e c k  th a t  th e  c o n d i t io n s  

o f  T h e o r e m  3 .1  a re  s a t is f ie d .  ( N o te  t h a t  h e re  H n i ( t )  =  f l y  = i t j { \  + /3 ni [ ] * =  t (1 -  ( , ) ] • )

E x a m p le  3 .2 .  L e t  F  b e  a  c o n t in u o u s  d . f .  w i t h  m a r g in a ls  F ^ ,  1 < y < & ,  s u c h  th a t

F ni ( u u . . . , u k )  =  F ( u l +  \ / n ,  . . . , w * +  \ / r i )

f o r  a l l  ( M | , . . . , M * ) e lR *  a n d  F ( F ( i )  ( ) , . . . ,  F {k) ( ) )  h a s  a  c o n t in u o u s  d e n s ity .  T h e n  

th e  c o n d it io n s  o f  T h e o r e m  3 .1  a re  s a t is f ie d .

E x a m p le  3 .3  ( D u p o n t ) .  A s s u m e  th a t  F ^ ) ^ a ^ F ^  +  f i j / i )G (J), y = l ,  . . . , £ ,  w h e re  

0, l ] 2 a n d  1; a n d  le t  F ^  a n d  G ^  a d m it  c o n t in u o u s  d e n s ity

fu n c t io n s  w h ic h  a re  s t r i c t l y  p o s i t iv e  o n  s o m e  b o u n d e d  in t e r v a l ,  a n d  z e ro  o u ts id e .  L e t  

o r ^ e lO ,  1] a n d  y > 0  b e  s u c h  th a t  l o r ^ - a 0 *! =  0 ( n ~ y ) ,  1 < y < £ .  T h e n ,  th e  c o n d i 

t io n s  o f  T h e o r e m  3 .1  a re  s a t is f ie d  (s in c e  / „ , ( / )  c o n v e rg e s  u n i f o r m ly  t o  t 0 . / / ) .

{Ctu \  y lit 5 3U))ni '

r(t)- I
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4. A sym ptotic norm ality o f  linear rank statistics

A  measure A on  [0, l l Ar+1 is called a  pseudo-m easure o f  order / C { 0 ,  . . . ,& }  i f  for  
any f e  C *+ , ,

f d i ) =  f / ( t ) X ( d t ) .  
J  [<U]*+ ' J { ( / o , , tk): 0 =  1 / 2 Vjel]

A will be called a  general measure i f  it is the finite sum  o f  pseudo measures.
For any #*, w e define a measure A„ concentrated on  { l / ( n +  1 ) , . . . , n / ( n +  I )}* 4-1 

by setting

x- (  n  f r i r - l )  n  ¿ 7 ] ) - < * « . < ' ..............
\jeJig) L n  +  * 2 / y ^ y ( C) L 2  / i + l j /

for all (/0/ ( / i +  1 ) , . . . , /* ./ («  + 1 » e / ( i ? ) n { l / ( « +  1 ) , . . . , n / ( n  + 1 )}*+ D enote  by  

the d .f .  o f  A £  =  (A j‘*  . . . , * # * )  and F%)e the marginal d .f .  o f  where

w S & n u  — , X m ) = (X%u ...,X % n) and set

E  F $ » ,
1=1

) , . . . , / * * * - ' (  »  for any i ? e { 0 , l } * +1. 

For any n , w e also define a centering coefficient b n by

b„=  I  f  / t f ( f )A „ (d / )  
ee{<u}*+l J/fe)

where //¡J is a map: [0 ,1]*+1-*>IR+ such that

I  H°nioxj>ë ( t ')
i= l

where

/ î  “f* 1
tj i f e t / )  =  o ,

n

« + 1  1
t j - -  i f q U ) =  l .

n n

W e now  state the fo llow ing theorem , the p roo f o f  which is given in Section 6.

T heorem  4 .1 . L e t  r be  a  sp lit  w eight fu n c t io n  such  th a t f o r  s o m e  genera l m easure  

A0 w e h a ve

lim ( /r d A „ =  f f r  d A0 f o r  a ll f e  C *+ , ,  (4.1)
» - < »  J [ 0 , 1 ] * +I J[0,1J* + I

sup f /r d |A „ |< o o ,  (4.2)
/ielN J[0,l)* + l

f W

pUìe
n

H e --iÆm - n i K l

H i ’( 0  =

t
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w h e r e  |A„| d e n o te s  th e  m e a s u r e  o f  t o t a l  v a r ia t io n .  I f  th e  s e q u e n c e  { X ni} a n d  r  
s a t i s f y  th e  a s s u m p t io n s  o f  T h e o r e m  3.1 th e n  n ~ x/2(9>n — b n ) c o n v e r g e s  in  la w  to  th e  
n o r m a l  d i s t r ib u t io n  w i th  m e a n  0 a n d  v a r ia n c e  T 2 w h e r e

T 2 = \  \  E [ y ( L 0) ( t ) y ( L 0) ( n ] X 0 ( d t ) W n .  (4.3)
J[(U]*+1 J[<U]*+I

Remark that the above theorem is proved under the assumption that the sequence 
{ X ni} is «»-mixing with rates (1.2). The theorem does not hold with the «»-mixing 
rates (1.3) unless one assumes stationarity and the special case when c n i=  1 for all /.

Let SPn denote the statistic 3Pn when cm = 1 for all i, i.e. let

1=1

and let 8 n denote the corresponding centering coefficient i.e. 

b n =  I  f H % ( t) X „ ( d t )
êe{(U}* Jï(ê)

where

r n +  1

H * ( t )  = E  H ^ o ^ i t ' ) ,  t'j = < 
»=1

n

n + l

tj if e ( j ) = o ,

t j - ~  if ¿C /')=i.
n  n

and

x"( n frrw ) n ...«•Vye7(ê) L » + l  2 /  L2 n + l ] /

Corollary 4.1. L e t  r  b e  a  s p l i t  w e ig h t  f u n c t io n  s u c h  th a t  f o r  s o m e  g e n e r a l  m e a s u r e  
A"o o n  [0,1]* w e  h a v e

lim f J r d £ n = f J r d X 0 f o r  a l l  f e C * ,  (4.4)
J[o, ij* Jian*

sup f / - fd |A „ |<c» .  (4.5)
nelN J

I f  th e  s e q u e n c e  { X ni } a n d  r  s a t i s f y  th e  a s s u m p t io n s  o f  C o r o l la r y  3.1, th e n  
n ~ x/2(& >n - b n ) c o n v e r g e s  t o  th e  n o r m a l  d i s t r ib u t io n  w ith  m e a n  0 a n d  v a r ia n c e  T 2 
w h e r e

T 2 =  f f £[y(£o(0))KA(n)tfo(dOA~o(dO.
J[an*Jto,n*

a  n i l R m>
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The proof of Corollary 4.1 can be deduced from the proof of Theorem 4.1. 
Let I(e) = nj=0 4u) where

,*] i f /  = 0,
1) if /=

_ f(0 , 
' U >

The following corollary gives sufficient conditions under which the conditions
(4.1) and (4.2) are satisfied.

Corollary 4.2. Let J  be a function on [0,1]*+1 such that

=c«/oa«(/o>—»**)

fo r  all (/0, ...,/*) e {1, ..., w}*+1, J= Jd+Jc where Jd is a step function taking only 
a finite number o f  jumps, and where fo r  any /C {0, Jc has a derívate
drJc/(dtj)jeI which admits a continuous extension on I(q) and satisfies {on î(ôï)

,-3/2 + á'

^ — j c\ ^ a \  n  (/>> n  0 - 0)1
j  )j c i  I Ljeinj te) jeinj*(e) J

fo r  all t e I(q), with A > 0  and  ̂— (k + 2)/(k  + 4)<<5'<^. Then the conditions (4.1) 
and (4.2) are satisfied fo r  any split weight function r which satisfies (3.7) with S < S'.

Proof. It is sufficient to prove the above corollary in the case when Jd has only one 
jump, say at a = (ar0, . . . ,ak) e [0,| ) Ar+1 let A' and A" be measures on [0,1]*+1 defined 
by

K C.iL [ n+T ’ \ ’^ t ] )  ̂ (¡Tm  • - •  ̂ Tl)’

X" ( j i L  [  n + T  ’ 2 ) [ I  ’ n + l ] )  = J d ( jT T l ....... ¡ T m ) -

for all (/<>/(* + 1 ),...,lk/(n  + 1)) e I(e)C\ { l/(n  + 1 ),...,n/(n  + 1)}*+ *.
It is easy to check that

lim [ / •  r dA '
n-°° J 1(e)

0, ...,k} J[Q,±)' V (d t j ) je l  J/C{ 0,

for all / e C * +1 where £ = (0, ...,0 ) and / = Card/ and similar limits exist if 
Q ^ ( 0,...,0).

Thus we obtain a general measure X’0 satisfying

lim f / •  rdX'„ = í / -rdA ¿ .
» —«  J[0, l | *+l J [0.11**1

' I
4> h

n+ 1

h e  I)(dr; + I -  / j
-)*r(+-)ye/')« '•

3'
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Analogously, we obtain

l im /•  rd A > (/*  /0(a) E ( -  !)%((«/-)ye/(«y+))/«/)

f o r  a l l  / e  C * + ! w h e re  /  =  C a rd  / .

5 . P r o o f  o f  T h e o re m  3 .2  a n d  C o r o l la r y  3 .2

A  p re v io u s  w o r k  is  to  o b ta in  th e  w e a k  c o n v e rg e n c e  o f  th e  p ro c e s s  W n d e f in e d  in

(1 .8 )  th e n  th e  w e a k  c o n v e rg e n c e  o f  th e  p ro c e s s  L n d e f in e d  in  (1 .5 )  a n d  f in a l l y  th e  

w e a k  c o n v e rg e n c e  o f  th e  w e ig h te d  p ro c e s s  W n • ( 1 / r ) .

5 .1 .  C o n v e rg e n c e  o f  th e  e m p ir ic a l p ro c e s s  a n d  th e  r a n k  p ro c e s s

P r o p o s it io n  5 .1 .1 .  A s s u m e  th a t  th e  s e q u e n c e  { X n i }  s a t is f ie s  th e  a s s u m p tio n s  ( a ) ,  

( b )  a n d  ( d )  o f  T h e o re m  3 .1 . T h e n  W „  c o n v e rg e s  w e a k ly  in  th e  S k o r o h o d  to p o lo g y  

t o  a  G a u s s ia n  p ro c e s s  W 0 w ith  t r a je c to r ie s  a .s . in  C k + l .

T h e  p r o o f  is  b a s e d  o n  th e  id e a s  o f  B a la c h e f f  a n d  D u p o n t  (1 9 8 0 ) w h o  c o n s id e re d  

th e  a s y m p to t ic  n o r m a l i t y  o f  th e  t r u n c a te d  e m p ir ic a l p ro ce sse s  u n d e r  < p -m ix in g  w it h  

ra te s  £ “ =1 m<pl / 2 ( m ) <  oo.

F u r th e r  in  th is  p a p e r ,  w e  c o n s id e r  th e  ra te s  (1 .2 )  o r  (1 .3 )  w h ic h  a re  s lo w e r  th a n  

th e  o n e  c o n s id e re d  b y  th e m . T o  e s ta b lis h  th e ir  r e s u lt ,  B a la c h e f f  a n d  D u p o n t  (1 9 8 0 )  

u s e d  a  s l ig h t  m o d if ic a t io n  o f  a n  in e q u a l i t y  d u e  t o  R iis c h e n d o r f  (1 9 7 4 )  w h ic h  is  n o t  

a p p lic a b le  in  o u r  s i tu a t io n .  O u r  r e s u lt  is  b a s e d  o n  th e  f o l lo w in g  le m m a .

L e m m a  5 .1 .1 .  L e t  th e  s e q u e n c e  { X n i}  o f  R -v a lu e d  r a n d o m  v a r ia b le s  c e n te re d  a t  

t h e ir  e x p e c ta t io n s  b e  (p -m ix in g  w ith  ra te s  Y,m > i  m ~ x(px/2q( m ) < < x > .  L e t  N n b e  th e  

n u m b e r  o f  in d e x e s  i  (1 <  / <  r i)  f o r  w h ic h  X ni is  n o t  id e n t ic a l ly  z e ro . S e t S n =  £ " = , X n i, 

a n d  |A 'm ||/ =  ( f  \ X n i \2‘ d P n ) l /2 t . T h e n , th e re  e x is ts  a  c o n s ta n t  C q (<p)  d e p e n d in g  o n ly  

o n  q  a n d  <p s u c h  th a t

P r o o f .  T h e  p r o o f  is  a  s l ig h t  m o d if ic a t io n  o f  T h e o re m  2 .1  o f  N e u m a n n  (1 9 8 2 )  a n d  

is  th e re fo re  o m it te d .

P r o o f  o f  P r o p o s it io n  5 .1 .1 .  W e  h a v e  to  v e r i f y  (2 .4 )  a n d  (2 .5 ) .  F o l lo w in g  W ith e rs  

(1 9 7 5 , C o r .  1) w e  h a v e  to  s h o w  th a t  i f  Q „  is  th e  p r o b a b i l i t y  m e a s u re  o n  ( D k + ,,  2 >k + ,)  

d e f in e d  b y  f V „ ,  th e n  < P a ( Q „ ) c o n v e rg e s  w e a k ly  to  a G a u s s ia n  m e a s u re  Q „  i f  ( i )  C „  

c o n v e rg e s  to  s o m e  fu n c t io n  C , ( i i )  a ( m ) <  oo, a n d  ( i i i )  m l ~ aa ( [ m ] b ) - >  0  (as

E (S ?)sC ,W  í  turf sup
1=1 V is ie r t  /

(5 .1 )

2«
Xn\

Em*
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m ~ > oo) w h e re  Q < 2 b < a <  \ — b .  N o w  in  o u r  s itu a t io n  ( i)  h o ld s  b y  a s s u m p tio n  ( d ) ;

( i i )  fo l lo w s  f r o m  (1 .2 ) ,  a n d  ( i i i )  f r o m  (1 .2 )  b y  ta k in g  a  =  \  — -g-e, 6  =  t  a n d  e s u f f i 

c ie n t ly  s m a ll (s in c e  ta k in g  o r(m ) =  m 1 ~ aa ( [ m ] b ) < A m ~ E/& w h e re  A > 0  in  

s o m e  c o n s ta n t ) .  T h u s  (2 .4 )  is  p ro v e d .

T o  p ro v e  (2 .5 ) ,  w e  use  P r o p o s it io n  2 .2  a n d  v e r i f y  (2 .6 )  w h ic h  w i l l  im p ly  (2 .7 ) .  

L e t  T n =  { i / n ; 0 < i ^ n } k + i  b e  a  s e q u e n c e  o f  g r id s  a s y m p to t ic a l ly  d e n se  in  

[ 0 , 1 ] * + 1 ; w e  p ro v e  th a t  T n a c c o m p a n ie s  Q „ .  N o w  f o r  e v e ry  f e [ 0 , 1 ]* ,  le t  ( i L, f u ) 

b e  th e  p o in ts  o f  T ?  ( p r o je c t io n  o f  T „  f r o m  [ 0 , 1 ] * +1 to  [ 0 , 1 ] * )  s u c h  th a t  

a n d  J /L — f u | <  l / / i ,  a n d  d e n o te  to =  [ n t 0] / n  f o r  e v e ry  t 0 e  [0 ,1 ] .  T h e n ,  w it h  c o n d i

t io n  ( b )  o f  T h e o re m  3 .1 ,  w e  o b ta in  a f te r  s o m e  c o m p u ta t io n s

I w n ( t 0, t ) ~  w n (t'0, n \  <  + 1 w n { t ^ t v ) ~  f v n ^ \ t f L )\

f o r  e v e ry  ( t ^ t )  a n d  ( t Q , t ' ) e  [ 0 , 1 ] * +1 w h e re  A '( / / )  =  s u p ,e[0>1j*y ^ i ( / ) .  C o n s e q u e n t ly , 

f o r  e v e ry  ô e (0 , | ] , w e  h a v e  œ ( W „ , ô ) < 2 k K ( n ) / ' / n  +  y /Tn( W „ , 2 S ) .  I t  fo l lo w s  th a t  

T n a c c o m p a n ie s  Q n . I t  re m a in s  t o  s h o w  th a t  Q n s a t is f ie s  ( 2 .6 ) .

L e t  E “ = I m ~ V 1/4( / n ) < »  ( im p lie d  b y  ( 1 .2 ) ) ,  a n d  le t  B „  b e  a  b lo c k  o f  T n as 

d e f in e d  in  2 .1 c . T h e n ,  u s in g  L e m m a  5 .1 .1 ,  w it h  <7 =  2 , w e  o b ta in

E [ e (B" \ W n ) Ÿ < n ~ 2C 2( ç ) i ( n t 0 - n t t f K ( M) 2 f t  « / - < / ) 2
L  J= i  

+  (nt0 -  ntô)K(fi) n  itj~  ( / ) J  •

L e t  v  =  ( C 2(< p ) (K ( j j )  +  K 2( j i ) ) ) P ~ ' u k+ l  w h e re  U k+i  is  th e  u n ifo r m  p r o b a b i l i t y  m e a s u re  

o n  [ 0 , 1 ] * +1 a n d  0  =  ( k  +  2 ) / ( k +  1 ). T h e n ,  b y  th e  M a r k o v  in e q u a li ty ,

Q „  \ f e D k +  ! ; |e ™ ( f ) \  >  A ] ^  A

w h ic h  im p lie s  (2 .6 )  f o r  th e  « ^ -m ix in g  case  w it h  ra te s  (1 .3 )  a n d  th e r e fo r e  ( 1 .2 ) .  (2 .5 )  

fo l lo w s .

P r o p o s it io n  5 .1 .2 .  A s s u m e  t h a t  t h e  s e q u e n c e  { X n i }  s a t i s f ie s  t h e  a s s u m p t i o n s  ( a ')  

a n d  ( b ' )  o f  C o r o l l a r y  3 .1 . T h e n  W n ( \ , t )  c o n v e r g e s  w e a k l y  i n  t h e  S k o r o h o d  t o p o l 

o g y  t o  a  G a u s s ia n  p r o c e s s  W 0( l , t )  w i t h  t r a j e c t o r i e s  a .s .  i n  C k .

P r o o f .  F ro m  th e  p r o o f  o f  P r o p o s it io n  5 .1 .1  i t  is  s u f f ic ie n t  t o  p ro v e  th a t  th e  f in i t e 

d im e n s io n a l d is t r ib u t io n  o f  th e  n o n tru n c a te d  p ro c e s s  l V „ ( t )  ( =  f V „ ( l , t ) )  c o n v e rg e s  

in  la w  to  a  n o r m a l d is t r ib u t io n ;  e q u iv a le n t ly ,  t h a t  , X t W n ( t ^ )  c o n v e rg e s  in  la w  

to  a  n o r m a l d is t r ib u t io n  f o r  a n y  p e  fN l*, a n y  t {l) =  ( t \ l), . . . t t ^ ) e  [ 0 ,1 ] *  a n d  a n y  

A /€  IR (1 < l < p ) .

L e t  b e  th e  c o m m o n  d is t r ib u t io n  fu n c t io n  o f  th e  ( n  e  IN * )  a n d  le t  g j ^ i X j )  

a n d  g j ( X j )  be  th e  ra n d o m  v a r ia b le s  d e f in e d  b y  g l̂ ,)( X i ) =  i l y = i ~

a n d  g , ( X i ) =  ^ i g f \ X t ) .  '  ' '

%)Ÿ

l '
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We have

p

I
1=1 i=1

where gj(Xj) is a sequence of strictly stationary ^-mixing random variables. We 
deduce from Theorem 2.3 of Neumann (1982) and Theorem 18.5.1 of Ibragimov 
and Linnik (1971) that A/FPj,(/(/)) converge weakly to a normal law.

Proposition 5.1.3. Assume that the sequence {X ni} satisfies the assumptions (a) to
(d) o f  Theorem 3.1. Then L n converges weakly in the uniform topology to a Gaus
sian process L 0 with trajectories a.s. in Qr+l where

Proof. It is proved by Balacheff and Dupont (1980) in their Theorem 6 under 
^-mixing rates E"=1 m<px/2(m )< oo but the p-mixing rate is not used in the proof 
of this theorem because the rate is used only for the convergence of Wn.

Proposition 5.1.4. Assume that the sequence {Xni} satisfies the assumptions (a') to 
(c') o f  Corollary 3.1. Then L n( l ,t)  converges weakly in the uniform topology to 
L0( l,t)  with trajectories a.s. in Ck .

Proof. Consequence of Proposition 5.1.3.

5.2. Convergence o f  the weighted empirical process

We start with a basic proposition which is given in Mehra and Rao (1975) and 
Harel (1980).

Proposition 5.2.1. Let Y„, n e  IN* be a process with values in Dk + i, and suppose 
that Y„ converges in law (in Skorohod topology) to a Gaussian process YQ with tra
jectories a.s. in Ck+l. Let the weight function r be such that Y„- (1/r), /i> N , has 
a.s. trajectories in Dk+l. Furthermore assume that Vtj>0, ¿10>0 and N 0 such that 
V n> N 0,

where P„ is the law o f  Y„, and sup is taken over t = (t0, t{, ..., tk) with the condition 
that there is at least one j, 0 <y < /:, such that tj < 6. Then Y„ • (1/r) converges weak
ly in Skorohod topology to the Gaussian process Y0- (1/r) with trajectories a.s. in

k
L 0(to,t)  =  Wo(to, t) -  E  lj(t0, t) x  fV0(l 1).

p w^supj^ r n(r ) -— (5.2)

We now state the proposition for the convergence of Wn~ (1/r).

A/l K< ,(/)> = /l -1/2
n
r (Ai)g

l

C  ic+ 1 •

i n
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P r o p o s it io n  5 .2 .2 .  A s s u m e  th a t  th e  s e q u e n c e  { X n i }  s a t is f ie s  th e  a s s u m p tio n s  (a ) ,  

( b )  a n d  ( d )  o f  T h e o re m  3 .1 . T h e n  f o r  a n y  w e ig h t f u n c t io n  r  s a t is fy in g

1 k + 2  1 

E O j  , i e [ 0 , l ] * + 1 , A > 0 ,  2 ~ 4 k  +  4 < â < 2 '  ( 5 ' 3 )

W n • ( 1 / r )  c o n v e rg e s  w e a k ly  w ith  re s p e c t to  th e  S k o r o h o d  to p o lo g y  to  th e  G a u s s ia n  

p ro c e s s  fV 0 - ( 1 / r )  w ith  t r a je c to r ie s  a . s. in  C k + l .

P r o o f .  See H a r e l a n d  P u r i  (1 9 8 7 ).

5 .3 . S o m e  p r e l im in a r y  le m m a s

B e fo re  th e  fo r m a l  p r o o f  w e  g iv e  f iv e  le m m a s .

L e m m a  5 .3 .1 .  L e t  Y „ b e  a  p ro c e s s  w ith  v a lu e s  in  D * + ! a n d  m e a s u ra b le  w ith  re s p e c t 

to  , ,  th e  a - f ie ld  g e n e ra te d  b y  th e  u n i f o r m  to p o lo g y  (o n  D * + j). L e t  P n d e n o te  

th e  la w  o f  Yn . T h e n , th e re  e x is ts  a  p r o b a b i l i t y  m e a s u re  P  w ith  P ( C * + 1 )  =  1 f o r  

w h ic h  P n c o n v e rg e s  w e a k ly  w ith  re s p e c t to  th e  u n i f o r m  to p o lo g y  i f  a n d  o n ly  i f :

( i )  f o r  a l l  f i n i t e  s u b s e ts  U  o f  [ 0 , 1 ] * +1, c o n v e rg e s  w e a k ly  to  <PV { P ) \

( i i )  l i m 5_ 0 s u p , , - « P n [ { / I c t i * ( / < 5 ) > e } l  =  0 , V c > 0 .

L e m m a  5 .3 .1  is  a  v a r ia n t  o f  T h e o re m  (1 2 )  o f  D u d le y  (1 9 7 8 )  a n d  th e  p r o o f  w i l l  

b e  o m it te d .

L e m m a  5 .3 .2 .  F o r  a n y  n >  1, le t  Yn b e  a  p ro c e s s  w ith  v a lu e s  in  D * +x w h ic h  c o n 

v e rg e s  in  la w  w ith  re s p e c t to  th e  u n i fo r m  to p o lo g y  to  th e  G a u s s ia n  p ro c e s s  Y0 w ith  

th e  t r a je c to r ie s  a .s . in  C * + 1 . L e t  P n d e n o te  th e  la w  o f  Y „ ,  n >  0 , ( i t  is  a  p r o b a b i l i t y  

m e a s u re  o n  ( D * +  l t  1) ) .  L e t  r  b e  a  f u n c t io n  o n  C * +  x w ith  v a lu e s  in  IR+ s u c h  th a t

1 , •
Y „ -  h a s  a .s . t r a je c to r ie s  in  D k + l ,

V ô > 0  3 0 > 0  3 N q s u c h  th a t  V n > N 0 ,

(5 .4 )

P „ ( s u p ^  Yn( t ) ^ ( t )  : 3 O < y < A : m i n ( / ; , l - / 7) < 0 j s ^ < < 5 .  (5 .5 )

T h e n  th e  s e q u e n c e  o f  p ro c e s s e s  Y „ - ( l / r )  c o n v e rg e s  w e a k ly  w ith  re s p e c t to  th e  

u n i fo r m  p ro c e s s  Y0 - ( 1 / r )  ( w ith  t r a je c to r ie s  a .s . in  C * + 1 ).

R e m a rk  5 .3 .  T h is  le m m a  im p ro v e s  s l ig h t ly  th e  re s u lts  o f  P y k e  a n d  S h o ra c k  (1 9 6 8 )  

a n d  o f  F e a rs  a n d  M e h ra  (1 9 7 4 )  ( in  th e  o n e -d im e n s io n a l c a s e ).

P r o o f .  A c c o r d in g  to  L e m m a  5 .3 . 1  i t  is  s u f f ic ie n t  t o  v e r i f y  th e  f o l lo w in g  c o n d it io n s .  

F o r  a n y  e > 0 ,

r(t.

: u f i  i

iP n )C/C
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lim lim sup Pn^ j / ;  a>*^/* ^ ,<5̂  > e j^  = 0. 

For all finite subsets U of [0, l]*+l,

<t>u(Yn • converges in law to <P(ĵ Y0' ^ .

(5.6)

(5.7)

it suffices to show (5.6) because (5.7) is an immediate consequence of the hypo
thesis. From Lemma 5.3.1 and the hypothesis above we deduce that

Ve>0 lim lim supPw({/; a>*(/<5)>e}) = 0
<5-*0 n - * a o

where co*(/,<5) is defined in (2.1).
For any 0>O set Cq — {/; te  [0, l]*+\  3  at least one ye {0,...,&} such that tj< 6  

or tj>  1 — 0}. We can write

co*
(■>

max sup 
ce{0,l}*+l (i./')e/2te) 

\t —  t ' \ < d

/ ( 0 - ( 0 - / (* ') - (* ')  r r

< max sup sup
ee{<u}*+1 t e I Q i ) C \ C0- i

/ ( 0 - ( 0 - / (* ') - ( * ')  Ir r

+ max sup sup 
0 e{O,l}*+' tei(e)ncS-à

<2 sup 
teCg

m - ( t )
r

</(o  - A n )  -r u )  + / ( n ( j  ( o -  ì  ( ìo )

co*(f,d) (0 +(r,S)
m m /e[0t u*+l

where m = m\ntmI(e)_c*_lsr(t) and we obtain (5.6) easily.

sup |/(f)|,

Lemma 5.3.3. Let { Yni, 1 «>1} be real-valued random variables with con
tinuous distribution functions Fni, «>1. Assume that the Yni’s are (p-mixing with 
rates m ~x<px/2{m)<co. Furthermore, assume that there exists or0>0 and a
continuous distribution function F such that

sup |Fm(x)-F (x )|<A(n a°), A > 0 , n>iV0€N ,
x e  IR

(5.8)

where F„ = n 1 £"=1Fm. Then, V(a,a') where 0 < a < a '< ( a 0Ai), RK>0 and 
N(a,a') such that

sup |F„oF-1(x )-A :|> /:( / |-a) l< A '( « r 1 + 2a+a' 
L*e io ,n  J

(5.9)

Vn>N(a,a') where Pn is the right continuous empirical distribution function o f  
{ Yni, i=  l, . . . ,n},  and F~1 is the inverse function defined as

1
r

1
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F

-oo if te [0 ,1/n),

r* / + l \

. *0») if  t = 1,

where Yw < ••• < Y^ is the ordered sequence Ynl, - , Y nn.

Proof. The proof follows by showing that

Pn\  sup |/*„ («) — F(u) | > Kn ~ “1 ^K'n~l+2a+a'
L ueR J

and then making standard transformation (see Harel (1986)).

Lemma 5.3.4. Assume that the random variables { Yni} satisfy the assumptions o f  
Lemma 5.3.3 and condition (b) o f Theorem 3.1. Then Ve>0 and Vr ( 0 < r< |) ,  
3/? > 2 such that

P„[FnoF -\x )< P x v~ \ x > n - l\ > \ - e  Vn> N0e IN*. 

Proof. Follows from Theorem 3.1 of Fears and Mehra (1974).

.1 —r - li (5.10)

Lemma 5.3.5. Under the conditions o f Proposition 5.1.3 the process Ln converges 
in law to y(L0).

Proof. For any g e  {0,1}*+1, we put

/'= 1 citj

If we denote by L'n the process defined by 

LUt) = Ln( ^ ~ t f K \ sj  

where 1=(1,...,1) and af\b = (a0Ab0,. . . ,akAbk), we have

r 1 n ly(K XO + M O  .

f 1 n 11+*
0 if t$  ---- - , ---- - ,

L « + l  n + l j

where

en(t) = n~U2 Z t e l ( 6),
1=1

r m i f t
nLn

i6 = nj n~x H e <11 tu Uh
¡0)(Í0)J

(O

if t
n+  1 1+1

,1+Ac

(/)).l&êm<o)(VaHÎA
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with

if f?Ü) = 0,

' J H  *
------ti. n + l J

From Proposition 5.1.3, Ln converges in law to L0 therefore L'n converges weakly 
to L q and consequently y(L'„) to y(L0).

It remains to show that e„ is uniformly convergent to 0.
Using the differentiability of H £ we obtain

equivalently, e„(t) = n l/2 V}—/y)/£(cy). We deduce from the differentiability 
condition that there exists an A > 0  and an N0e  INI such that for any n > N 0 and 
j  “  1, ••• * k*

5.4. Proof o f  Theorem 3.1 and Corollary 3.1

It is sufficient to prove Theorem 3.1 because in the formal proof the rate of <p- 
mixing is not used.

Once it has been shown that (5.5) is satisfied for L n, the theorem follows from 
Lemma 5.3.2 and Lemma 5.3.5. However, it is sufficient to show it for L*  defined 
in (3.3) and even for L * \I(q) for £ = (0,...,0); the case for g ^ (Q ,... ,0) will be 
deduced by symmetrization.

Let /^ /) be the right continuous inverse of FJnt i.e.

k [«^aeSp)(io)] d
en(t) = n~l/2 I  {tj- t j)  I  — H S'O ^ic^)  

(= 1 / = 1 Otj

where

^  = if l> j,  
c0) = (c,(y), ...,c£J)), c)j ) * e [tj,tj] if l= j,

L = if l< j;

m ^ A .

Therefore \e„\<nl/2k(n+\)~  *A < n ~ l/2kA , which converges to 0 as n-*ao.

-oo  f o r i7e|^0, —

FOT' = J r /  i + \ \

n ] * -  f o r H ; ’ — >

¿ X Jn:n f o r  t j = \ ,

where Xtf* denotes the /-th order statistic of (X ffl,... ,X%}).

S-
i o

=  1.y)i f
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We have

L*n

where

^ « (0  =
for t e  ^  ,

0 otherwise,
Info]

n~X/2 I  Hni(F^°F^~ (tl) , . . . ,F f )oFjlkr (tk))~Hni(t)

0 otherwise.

Zw(0  = I k+1

We first show the condition (5.5) for the process Wn - (1/r).
Let S, S' be such that

r k -i 1/2 —6
r ( / ) ^  n / J  , A > 0 ,  i€ [0 ,ll*+1,

and such that -J- — (Ar+2)/(4fc + 4 ) < a n d  define r' to be a function by 
setting

r * -.1/2-S'
r V ) = \ n t j \  , fe[<U]*+1.

Using Proposition 5.2.2, we have Ve>0, 30(1)>O, (N*, Vrt>N^]\

p \  sup ^/i(0 --77- | > e l  
Li6C«(»n/(C)  ̂ ( 0 1 J

<e

where C^={/; /e [0 ,l]* +1, 3  at least one. / e{0, 1 , such that (,<#}.
From Lemmas 5.3.3 and 5.3.4 and the preceding inequality we deduce that 

Ve>0, 30(2)>O, 3A^2)e IN, V n > N $\

IP I sup
te CemCiI(Q)

&n(t)
’]

> e  < ie
r 'iF ÿ 'o /w r  ( / , ) , . (/*))|  

and Ve>0, 30(3)>O, 3N<3)eN*, Vn>N&\

p \  sup
L i€C,i»n/(j) r(t) J

(take t  with 1 -  r > (± -  <5)/(| -  3')) setting Q = 0 (2) A 0 (3) and N0 =  A/J2)vA/J3). The 
condition (5.5) follows.

Ke w n i  iß Zn i(ß :

,*+i

n
Wrr n K "

« i rn ('l), eK*
n

\p(k
n ('*)

if
f 1 n — 1

«

r' f l ]° n ] (U), ,Fik e(k)
n (/*))
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Now we show the condition (5.5) for Z „-(l/r). We define the function r' as 
before. The process Z„ can be written in the following form:

[rt/ol k
Z„(t) = n~ I  £  / / m( a ^ ) - / / m(*0))

'= i j —i

where

aU) = (aU) a U)\ aU)= { ti .s »f *>./'.
a ta, ), a, ^F 0)Ojpy> (//) if /<y,

if /^y, 
(i,) if /<y.

b U)

As {i/m} is bounded and the measure n admits a bounded density, we have
[rtiol *

Zn '
i= ly=1 /<y p>y

where >1 > 0. From the equalities

-  ,y = ̂  '« ,) - '(«,) + Py'l°PHr  '<.!,) -  Ij

We deduce that 

Zn(t)
r(t)

_  int0] * ^ ( l , . : . , i ^ )o /^ )",(/,7) , . . . , l )  + o(rt-1/2)
—  ̂  1/2-5 .2-,

wio y=i
1/2-5

p(l)op0) ( f \  fn r n n Vi* TT ___£—
.1/2-5 11. * 1/2-5 ’i<j */ p>y lp

We apply the previous estimate to W^„(l,... (tj),..., 1)/^1/2_<Î in the non
truncated one-dimensional case, and Lemma 5.3.4 to (tj)/tf/2~s with
1 — r > |  —<5. Since t j> \ /n  we deduce o(n~l/2)/tJ/2~s < t f  and the conclusion 
follows immediately.

6. Proof of Theorem 4.1

First we give the integral representation of SPn in the form of (1.7). By definition,

n - ,/V ’„- bn) = n 1/2i i  c ^ R j » , ....*<«)-A„]

= W_1/2[ E  Cm E  .(it) n
L i - l  l s / j s ; n  7 =  1 J

1 sys/c

(b J\ ,b b ?
f t,

F

01 = /i W2A »/H-/I «/ -',•1 A of; -1 , 
(t, t0

■«/>-
«-1)l) + OIrXl,pu y

n
’0)o
n, i ,

ri

'WnK■ n - u‘

pii) 
* n

puy
n

>pUÏ
n

FU)t
*s

bn\h*{¿'(A» •
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= n

n

- t
Jia i]*

a  A" C +  I ' - ' n i  l )  JJ/Wt'A n / l ^ i l

...-A-)
\ « + l  n + l /  n \ n +  1 n + l j

X  H  A-n( 777»"*» rr') £  n  ̂ [R^slj] II I[Ru>2:lj]
/ C { 1 , B  \/I+l n +  1/ , = /0+i j e /  j* I

-x I /q lk \na'°{lM l° lk ^
nV « + i ’'“ ’n+iy " U + i ” " ’«+i/

4(0A „(d /)

where £ A is the sum over all 1 < / ,< | [ l  + ri\, y e l ,  |[1 +n]<lj<n, y'$J, l ^ / 0<  
±[l+/i]; and £ B is the sum over all 1 </y< | [ l  + /i], y e / ,  1[1 + «]<(,< /!, y $ / ,  
|{1 + /i]< /0< «  and

We now prove that

f £ „ • - rX„(dt)~* f ^ o) 
r  J[<ui*+1 r

rA0(d/). (6.1)

Let hn: D*+ ,-+[R be defined as

h „ ( /)= \  f r - X „ ( d t ) ,  «^ 0 ,
J[ai]*+I

let {/„: n>  1} be a sequence of functions in D*+l, and suppose that f„/r~*fQ/r  in 
uniform topology where f 0 e  C*+ j and / 0 • (1 /r) e  C*+, .  We show that hn(Jn • (1 / r)) -*> 
hQ(J0-(\/r))  as « — 0 0 :

f /„A „(dO -t / 0A0(dO 
J[o,i]*+l Jiaii*-*

( ( 7 n - - - /o - - V , , ( d O  + f /o • “ r(A„ — A0)(d/)
J[<u]*+I V r  r /  J[au*+I r

1
— I
r /o--(ol f r*.„{dt) + f — r(A„ —A0)(d/)

r 1 J[au**' J[0,1]**' f

From (4.1) and (4.2), we obtain (l/r))-*/i0(/„-(1/r)), n -* 0 0 , and by
Theorem 5.5 of Billingsley, (6.1) follows.

It remains to show that <r2<oo. For this, we have to prove

( (J[0,I1*+I J[0.U*+l
£[ya*)(Oy(£o)(nUo(dOAo(d/')<«. (6.2)

1/2

rc{i,
Jo__ 1*

k h  ' hA)

• 1/2

Q {I) , £ > m , e u :
0 if

if
ye/,

y*/.

SUD

Â„(/„



By symmetrization it is sufficient to show

f f £[(L0)(O ao)(/,)]Ao(d/)Ao(d/')< «>•

We have by Proposition 5.1.3,
k

¿ o (0 = » o (0 -  E
j=i

By assumption (d) of Theorem 3.1, if (/,/') 6 [0, |)2,
k

6 2  M . H areI /  W eak convergence u n d er <p-mixing

Um |Vn( 0 lj(t) Wn{ 1,..., tj,..., l)j

• j W o -  E  . . . , . . . ,  i>jj

=  |£ [ ¿ o ( O A > ( ' ' ) ] |

<lim ,0—  1)] ]

• e  [ w „ ( n -  e  t jV 'W n iu . . . , . . . ,  i ) j2]
2n 1/2 i

= lim[y4n5„]

by the Schwarz inequality.
From Lemma 5.1.1 for <7=1, and condition (c) of Theorem 3.1, we obtain

k

+ E E Ŵ Cl, - iy......DW^d....... /,.......1>|H
S = 1 j - l  ) ]

r k V /2sCiM
where C| is some constant. Similarly Bn< C i [ \ { kj =Qtj]x/2.
Thus ̂ [LoíÔ -oíOH is bounded by a function which is A0xA0 integrable, and 

so lislLoiÔoCOll is also A0xA0 integrable.
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J10.ÌV+1

,1).tj:W0{\,lj(t)

Wn(W '.

w n(t)
k

■ E
y=i

[1,.
I 1/2
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Statistique/5 ta t is t ics

C o n v e r g e n c e  faible d e  la statistique d e  r a n g  

m u l t i d i m e n s i o n n e l l e  e n  condition d e  <p m é l a n g e

Michel H arel

Résumé — On considère des suites de variables aléatoires multidimensionnelles et cp mélangeantes.
La convergence faible des processus empiriques corrigés associés fut établie par Harel [3]. Dans 
cette N ote on continue cette recherche et on prouve des résultats de convergence pour les processus 
de rang corrigés et certaines statistiques de rang.

Weak convergence of multidimensional rank statistics under cp mixing condition

Abstract — We consider arrays of <p mixing multidimensional random variables. The weak conver
gence of the associated weighted empirical processes was established in Harel [3]. In this paper we 
continue this research and prove weak convergence results for weighted rank processes and certain 
rank statistics.

1. Intro du ctio n . — Soient X̂ *), 1 ̂ i^n, n 2: 1 des variables aléatoires
à valeurs dans IR* avec pour fonctions de répartition Fni (x), xeR1, supposées continues 
et pour fonctions de répartition marginales (x), xeIR, 1 1, 1 k, suppo
sées continues également. Notre but est d’étudier le comportement asymptotique de la

n

statistique de rang <3„= X  cni a n , R'Jf) où les cni sont les constantes de régres-
i= 1

sion, a n( .  . .) sont les fonctions de score, et est le rang de X{£ parmi {X^,
On suppose que les variables aléatoires sous jacentes sont <p mélangeantes où le coefficient 
de mélange vérifie :

(1) tp(m) = 0 (m-1-E) où 8>0 (miï 1) 

ou
00

(2) X  m “ 1 (p1/4 (m )< o o .
m=  1

On note la fonction de répartition continue à droite de X $ , i=l, . . ., n; c’est-
n

à-dire F^)(x) = n-1 £  I[Xa)gx] où I[Xo)̂ X] est la fonction indicatrice, et on pose 
i — i

n

(x)  =  E ( F („J) (x)) =  n ~ 1 Y  Fj/?(-*)• Soit {Hbî} une suite de mesures sur [0, 1]* définie
i= i

par

H m (t) = Fm (F^>"1 ( t , ) , . . ., F<k)~1 (tk.)), t = (i„ . . . , t k) e  [0, 1]\

On considère maintenant le processus empirique tronqué W n défini par

t ) = n  1/2 X  ) n  L H
i= 1 1 J

Note présentée par Robert F o r t e t . 

0249-6291/88/03060433 $ 2.00 © Académie des Sciences

Xni= y <D.ni » • •

¡n, n< i <

1^,

pü) 
x n

KO,i0eI[FÜ>(w„ 0̂5
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où [nt0] désigne la partie entière de nt0 et on considère le processus de rang tronqué L„ 
défini par

[»*<)] { k ^
L« (ro> t) = n 1/2 Z  O  îFÎi') s tji ~  Hm (t) j-

pour tout (t0, t)e[0, l]k+1.
2. Définitions et notations. — 2. 1. — Les espaces D£+1 et C*+1. — Soit

/ :  [0, l]k+1 ->R. Pour pe{0, l}k + 1, on définit f p(t) = lim f(s) ((s, t)e[0, l]k+1), si
Si t  p <o =  i  
*i i  H p (i) =  o

la limite existe et on appelle / p (i) la p limite de /  en t.
On note Dfc+1 l’espace de toutes les applications / :  [0, l]k +1 —> 1R telles que, pour tout 

pe{0, 1 }k+1, / p existe et f p= f  pour p = (0, . . 0). Plus généralement, pour un rectangle 
fermé R dans [0, l]k + 1, soit Dp(R) = {f; f:  R -+ !R, f p. existe Vp'e{0, l} k + 1 e t / p= /} . 
Soit Dj*+1 = { / ; / :  [0, l]k +1 - ► R; V p, la restriction / 11 (p) a une extension Jp sur T(p) avec 
JpeD p(I(p)} où I(p) = Ip(0)x • • • xlp(k), 

j _  f [0> l/2[ si / = 0,
1 |[ l/2 , 1[ si / = 1 et Â désigne la fermeture de l’ensemble A.

On note Ck + l l’espace de toutes les applications continues /:[0, l]k +1 —*■ ¡R et 
C*+1 = { / ; / :  [0, l]k+1 —► M; V p, / 11 (p) a une extension continue sur T(p)}.

On considère un opérateur y : Dfc + 1 ->■ D*+1 défini par

( 3 )  Y ( / ) ( 0 =  Z  ( - 1  Î e I ( P )
1<={ 0,

où a,= 0 et bi = ti si p(i) = 0, a—i,- et Z>, = 1 si p(i)= 1 et card I désigne le cardinal de I.
2.2. Fonction correctrice. — Une fonction r : [0, l]t + 1 —*■ R + est appelée fonction 

correctrice si elle satisfait les conditions suivantes :
(i) il existe r0: [0, 1] —► [R+ et r: [0, l]k—►IR+ tel que r(t) = r0(t0) r(t) pour tout 

t = (t0, t) 6 [0, l]k + 1,
(ii) r appartient à Cjf+ t,

(iii) il existe au moins un 7 e { 0, . . ., k } tel que tj = 0 ou tj = 1.
3. Convergence du processus de rang éclaté. — Pour p = (p(0), p)e{0, 1 }k + 1 donné, 

on définit une application \|/(pn) : (Rk)n -+ ([Rk)n comme suit :
V PB)(X i, • • - , x n) =  (y i ,  • • - , y„) 

o ù  x ^ O c j 1*, . . . ,  x |k)), y i =  (>;i1), • • j f 0) e t où

xY* si p (0) = 0 et p(j) = 0
u)= , -xH* si p(0) = 0 et pO ')=l

y‘ 4 +i-i si p(0) = 1 et p(y') = 0
si p (0) = 1 et p ( ;)= l.

On définit aussi
: [0, l]k+1 ^  [0, l]k+ \  [0, l]k -+ [0, l]k, Vo, P (o, : [0, 1] -+ [0, 1]

comme suit :
% (t0, . . ., tk) = (\|/o, p(0>(t0X 'lfc(t))=(to, ■ ■ - , t'k)

OÙ
tj si p 0 ) = 0

tj  \ l - i ,  si  p 0 ' ) =  1.

(bùt. (o¡)¡ m)’

1 -  i
Y< j)
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Pour tout p 6 { 0, 1 }k+1, on note L£ le processus L„°\|/' associé à la variable aléatoire 
pB,(Xn 1?. . Xnn) sur (R*)", puis on définit le processus de rang L„ par

• J  1 » T +10 si t$\  ------ , ------
L « + l  n + l j

T 1 n T  + 1
L 5 (0  si te  ------ , ------ H I (P )

[_ n + l  n + l j

L„ (0  =

ou

( 4 )  t j =  ' ”

n +1 . ... _
tj si p 0 )  =  0

n + 1  1 .
t j - -  si p ( j ) = l

n n

et enfin on définit le processus de rang non tronqué L„ par

0 si t £ I 

L"(t)=‘ r ! n*
U 1, p>(t') si t e  ----- - ,  n T (p );

|_n +  1 n +  1 J

(t') est défini comme dans (4), et T(p) =  Ip(1) x . . . x Ip(fc).
On dit que la suite { H ni} de mesures sur [0, l]fc est n-bornée s’il existe une mesure p. 

finie et positive sur [0, l]k avec ses marginales continues telles que pour chaque ng: 1 et
1 ^  i ^  n, H m-(B) 5S |j.(B) pour tout rectangle B de [0, 1]*. { H ni} est dit satisfaire la condition  
de différentiabilité si

(j) (ô/ôtj) Hm existe et est continue;
[n«0l q

(jj) lnj = n ~ 1 Y, —  H Bi(t) -+ l j ( t0, t) pour la topologie uniforme quand n -*> oo; l} e Ck+1 
¡=1 Ôtj

et (dk~ 1l(d tl)l¥lj ) lJ existe et est continue.

Théorème 1. — Supposons que la suite { X m-} est (a) cp mélangeante avec le taux  (1), 
ou (b) stationnaire et cp mélangeante avec le taux  (2); (c) la suite { H ni} est \i-bornée où (x 
est absolument continue avec une densité bornée, et (d) la suite { H ni} satisfait la condition 
de différentiabilité, (e) la fonction de covariance du processus empirique W„ converge vers 
une fonction  et ( / )  il existe une fonction  de répartition  F(J) (x) telle que

sup | F£° (x ) -  Fw (x) | =  O (n~a), a  >  0.
x  e R

Alors, sous les hypothèses (à) et (c) à ( / ) ,  pour toute fonction correctrice r satisfaisant 

r(0 = A [ n  h f i  ( l -0 )] (1/2)-8> Vrel(p)
j e  J (p) j  * J (p)

où A > 0 ,  (1/2) — ((/c +  2)/(4/c + 4 » < 8 <  1/2 et J(p) =  { ; e { 0 ,  . . . ,  k }, p (j)  =  0 } ,  t„ .  1/r 
converge fa ib lem ent pour la topologie uniforme vers un processus gaussien y (L 0) . l / r  à 
trajectoires p. s. dans C*+1, (L0 processus limite de L„) et, sous les hypothèses (b) à (e), 
pour toute fonction correctrice r: [0, l]fc —► IFS  ̂ satisfaisant

r ( t ) ^ Â [  ] [̂ tj (1 —îj)]1/2_s pour tout t e î ( p )  
j e  7(p) j i  7<p)

où Â > 0 ,  (1/2) — ((/c +  l) /4 fc )< Ô <  1/2, et J(p) =  {y; j ê  { 1, . . . ,  k } ,  p(/)=jO}, t n. l / r  
converge faiblem ent pour la topologie uniforme vers un processus gaussien y (L 0) . l / r  à 
trajectoires p. s. dans C*. [L0 =  L0 ( 1. t) et y: D k -+ D * est défini comme dans (3)].
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n

n

n +  1n+  1

1



436 C. R. Acad. Sci. Paris, t. 306, Série I, p. 433-436, 1988

4 .  N o r m a l i t é  a s y m p t o t i q u e  d e  l a  s t a t i s t i q u e  d e  r a n g . — U ne mesure X sur [0, l ] k + 1 

est appelée une pseudo mesure d’ordre l c { 0 , . . . ,  k } si pour tout /eC j*+1,

f / ( t ) M d t) = f  m u d t y ,  
J[0, l ]k + 1 J{(t0 f * ) : i j= l /2 - ,  Ÿ je l )

X sera appelée une mesure générale si c’est une somme finie de pseudo mesures.
Pour tout n, on définit une mesure Xn concentrée sur { l / n +  1), . . . ,  n/(n + 1) }k+1 par

x- \ n  n  ....wLj6J(p)Lm+ 1  2 l_J^j(p)L2 n + l J J

pour tout (i0/(n +  1), . . .,  lk/(n +  l ) ) e l ( p )  H  { l / ( n +  1), - • •, n/(n + l ) } k+1- On note 
F£f la fonction de répartition de X P, =  (X ^ )P, . . . ,  Xj,*)p) et p la fonction de

n
répartition de X^)p où \|/<,n) (X„ l5 . . X„„) =  (XP1, . . . ,  Xp„) et soit F^)p =  n _1 £  F* ip>

¿=1
US; —Fm(Fi,1)p 1 ( Fj,*)p 1 ( )). Pour tout n, on définit aussi un coefficient de
centrage bn par

L  w n(t)Xnm
pe{0, 1 }lt+1 Jl(p) 

où Hp est une application : [0, l]k + 1 -»• IR+ telle que
[" +0, p(0)(*0)l

Hp (0 = I  Hpf (t')
i= 1

où ( t'0, t) est défini comme dans (4).

T h é o r è m e  2. — Soit r une fonction correctrice telle que pour une certaine mesure 
générale X0 on a :

lim / .  rdXn =  f . r d X 0 pour tout f e Cjf+1
J[0, l]k+1 J[0, l]k+1

sup / .  rd | Xn | < go

n e N J[o,  l]k+ 1

où | Xn | est la mesure de variation totale. Si la suite { Xni} et r (ou r) satisfont les hypothèses 
(a) et ( c )  à ( / )  [resp. (b) à (e)] du théorème 1, alors n“ 1/2(®w — bn) (resp. avec cni= 1 pour 
tout i) converge en loi vers la distribution normale de moyenne nulle et variance T 2 où

=  f  i  E [y (L0) (i) y (L0) (*')] ( * )  (¿O-
J[0, l ]k+1 J[0, l ] k + 1

T 2

Note reçue le 20 janvier 1988, acceptée le 25 janvier 1988.
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CONVERGENCE FAIBLE DE LA STATISTIQUE DE RANG MULTIDIMENSIONNELLE 

EN CONDITION DE ♦  MELANGE OU DE MELANGE FORT
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RESUME

Nous é t a b l i s s o n s  la  convergence des s t a t i s t i q u e s  de rang m u lt id im en s ion ne l le s  munies de 
fo n ct io ns  de scores  e t  de con stantes  de r ég res s io n  non bornées sous des con d it ion s  de <fr mélan
ge ou de mélange f o r t .  Les démonstrations  seron t  pour la  plupart d ér ivé e s  de M. Harel (1980,  
1984, 1985).

Mots c l é s  : processus empiriques e t  processus de rang multid imensionnels  é c l a t é s  e t  c o r r ig é s ;  
s t a t i s t i q u e s  de rang multidimensionnelles;<f> mélange, mélange f o r t ;  fo n c t io n s  
c o r r e c t r i c e s  é c l a t é e s .

7. INTROVUCTION

Après l e s  r é s u l t a t s  de F.M. Ruymgaart (1974,  1978) dans l e  cas indépendant , une méthode

plus adaptée au cas mélangeant e s t  c e l l e  qui fu t  u t i l i s é e  par R. Pyke e t  G. Shorack (1968)

dans l e  cas unidimensionnel indépendant puis  r e p r i se  e n s u i t e  par T.R. Fears e t  K. Mehra (1974) 

dans l e  cas unidimensionnel <t> mélangeant.

Cette méthode c o n s i s t e  à é c r i r e  la  s t a t i s t i q u e  Tn sous la  forme 

vn € Tti* vx € (lRk) n

"(X) = i r n  , i * r o  n k Ln < V * > < x > • 7  ( t o . t ) r ( t 0 . ï ) d „ n( t 0 . t )' [ 0 , l ] x [ 0 , 1]

1 +koù e s t  une mesure s ig n ée  d é f i n i e  sur [ 0 , 1 1  e t  Ln l e  processus de rang normalisé tronqué 

e t  cen tré  d é f i n i  par

vx e (Kk)n v t0 e [0,1] v t = ( t j ......... t k) e [ 0 , l ] k

1 [" to1 k j ~
Ln(t , t ) (x )  = 4 ;  " 1 ~  j * Hn(t)/n j -1 ,=1 [Fn,x.(x^<t.l

où [n t  ] e s t  la  p a r t ie  e n t i è r e  de n t n , F e s t  la  fo n ct io n  de r é p a r t i t i o n  empirique continueo u n,x*
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à d r o i t e  a s s o c i é e  à la  s u i t e  ( x K  . . . »  x!?) de la  i ème composante des o b s e r v a t io n s ,  H;j une
1+k +fo n c t io n  de c e n t r a l i s a t i o n  e t  r une fo n c t io n  continue de [ 0 ,1 ]  dans IR (on note par con

vention  ~ ( t )  = 0 s i  r ( t )  = 0 ) .

La fo n c t io n  r e s t  appelée  fo n c t io n  c o r r e c t r i c e  e t  f u t  in t r o d u i t e  pour o b ten ir  des ap

p l i c a t i o n s  au comportement asymptotique des t e s t s  de rang dans l e s  cas l e s  p lu s  généraux,  

c ' e s t - à - d i r e  avec des fo n c t io n s  de sco res  e t  des con s tan tes  de rég r e s s io n  non bornées.  Nous 

devons v é r i f i e r  to u t  d'abord la  convergence f a i b l e  du processus Ln( t Q, t )  . ~  ( t Q, t )  par rapport  

à la  to p o lo g ie  de la  convergence uniforme e t  e n s u i t e  la  convergence de Tn .

Nous n 'obt iendrons la  convergence de la  s u i t e  Ln . -p que s i  l a  fo n c t io n  r s 'an n u le  pour 

to u t  t  t e l  que LR( t )  0 c ' e s t - à - d i r e  en to u t  t  = ( t Q,"E) € [ 0 ,1 ]  x [ 0 , 1 ] k v é r i f i a n t  une des  

co n d it io n s  su iv a n te s  :

(i) t0 = 0
( i i )  au moins une des coordonnées t.. (1 <  1 <  k) e s t  é g a le  à zéro

( i i i )  t  « 7  -  ( 1 ,  . . . .  1) .

Pour o b te n ir  l e  r é s u l t a t  so u h a i t é ,  l ' u t i l i s a t i o n  du processus Ln n ' e s t  pas s u f f i s a n t  

car i l  ne s 'annu le  pas sur la  f r o n t i è r e  supérieure  ( l 'en se m b le  de tous l e s  t  = ( t Q, . . . ,  t^)  

pour le s q u e l s  au moins une des coordonnées e s t  é g a le  à 1 ) .

Nous sommes conduits  à é c r i r e  Tn sous la  forme su ivan te  :

T = i C . -i . r d X n J n r n

où Ln e s t  un nouveau processus possédant la  même l i m i t e  qu'un autre nouveau processus L*

appelé  processus  de rang é c l a t é  (c e s  deux nouveaux processus  s 'an n u len t  sur la  f r o n t i è r e  in -
1+kf é r i e u r e  e t  sur la  f r o n t i è r e  supérieure  de [0 ,1 ]  ) ( v o ir  M. Harel (1 9 8 5 ) ) .

1+kxn e s t  une mesure généra le  d é f i n i e  sur [ 0 ,1 ]

La p r in c ip a le  idée  e s t  la  su ivante  : (pour k » 1) on d édu it  de L* l e  processus Ln , en 

posant :

Ln<V*i> ■ L„<V'i> *< <Vli> e '»‘è1

[n t Q]

O v h )  - 7 : * ' v  , v , (t0,t l ) € ro.jt X 4 ,1]

! j ! 2
Ln<t o*t l )  “ r i - ,  - ( l - H ^ n s i  ( t  . t j )  e  1)

/n j - 1

où = xnj+1- j  ( K j  < n )  e t  f ; >Xi(u) - I  J j  I [xj > u l  ( U 6 R ) .
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Une étape p ré l im in a ire  e s t  la  convergence du processus empirique tronqué é c l a t é  e t  

c o r r ig é  W* . ~  d éduit  de Wn , comme L* e s t  déd u it  de Ln , où Wn e s t  l e  processus  empirique tron 

qué normalisé  d é f in i  par

’  Æ  ' K 0 ' Ü l

— 1 n • •
avec £ Fi . (1 <  i <  k) e t  F“ . la  fo n c t io n  de r é p a r t i t i o n  de la  marge r é g i s s a n t

M|1 #

l 'o b s e r v a t io n  x;? (1 <  i <  k, 1 < j  <  n ) .

Nous avons é t a b l i  dans M. Harel (1980) la  convergence du processus  W co rr ig é  e t  dans
* n 

M. Harel (1983, 1984) la  convergence du processus W c o r r ig é  par rapport à la  to p o lo g ie  de
n *

Skorohod, puis  dans M. Harel (1985) nous montrons la  convergence du processus  Ln c o rr ig é  par 

rapport à la  to p o lo g ie  de la  convergence uniforme e t  en déduisons la  convergence de la  s t a 

t i s t i q u e  de rang Tn sous des c o n d it io n s  de <t> mélange. Nous montrerons i c i  que la  convergence  

de Tn r e s t e  v ra ie  pour des o b servat ion s  ayant des l o i s  de p r o b a b i l i t é s  un peu plus gén éra les  

e t  a u ss i  sous des co n d it io n s  de mélange f o r t .

2. DEFINITIONS ET NOTATIONS

2.1. L'espace

On note IQ = [ 0 ,  [ I j  = 1] 

s o i t  k € IN * f i x é  pour to u t

P = (o0 , p ) « ( p ^  e  ( o , . . . , k }  e

on pose k k

I = n I 7~  = n I
p i =0 p i p i = l  p i

0 (p)  = { i  € { 0 ,  . . . ,  k>; p. = 0}

J(p)  = { i  € { 1 ,  . . . ,  k}; p . = 0 ) .

VêAinljbion 2 . 1 .

1+kPour t o u t  p € { 0 ,1 }  , on n o te  D V  espace  AonctlonÁ  f  de  I dans 1R o u i  adm et-
P p pl+k

t e n t  une p ro lo n g a tio n  sua  I { fe rm e tu re  de  Ip ),  o n t  une t í m l t e  dañó l e s  2 d ir e c t i o n s  en

t o u t  p o in t  e t  s o n t  c o n tin u e 4 dans l a  d i r e c t i o n  p; on n o te  D-, . l ' e s p a c e  des &o n c tio n s  f  t e l l e s  
1+kque pouA t o u t  p e  {0 ,1 }  l a  r e s t r i c t i o n  de f  à l a p p a r tie n n e  à D .

p p

2 . 1. L 'esp a c e

^  1+k 1+k 
On note = { f  d é f i n i e  sur [0 ,1 ]  ; Vp € ( 0 , 1 )  f / I  admet une pro longat ion

continue sur I } e t  p a r
p

Ck(i) , 1 ^ i  < k l'espace de toutes les applications continues et bornées 

f : A(i) ----» IR où A(i) = [o, I ]1“1 X ]0,1[x[0,1 ]k_1
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2 .3 .  La vuoLtuAQ. de* ob6eA vation&

S o i t  x = ( x 1 , . . . ,  xn) une s u i t e  de n observ at ion s  dans IRk . Notons pour to u t

i € (1 ,  . . . ,  k} ,  x.  = ( x j ,  . . . ,  x!?) la  s u i t e  des i ièmes composantes des o b s e r v a t i o n s ,  F laî i i  ^
fo n c t io n  de r é p a r t i t i o n  empirique continue  à d r o i t e ,  pour t o u t  j  6 ( l , . . . , n >  F~ la  fo n ct io n  de

r é p a r t i t i o n  de la  marge de l a  p r o b a b i l i t é  Q • r é g i s s a n t  l ' o b s e r v a t i o n  x dans (lRk)n e t  F;J .
n . n . » • » »

la  f o nc t io n  de r é p a r t i t i o n  de la  marge QjJ  ̂ de Q~.

On note auss i  :

Fn i = £  * Fn -i 1 € i l ............ «n n , i

Hjj la  f o n c t io n  de r é p a r t i t i o n  d é f i n i e  sur [ 0 , l ] k par Vt  = ( t ^ ,  . .  t k) € [ 0 , 1 ] ^

«n^l........V  “ •••• ^nîk^k»-

2 . 4 .  Le* p*oce66U&

Les processus  empirique tronqué normal isé  WR e s t  d é f i n i  par 

VX 6 ( K k)n Vt0 € [ 0 ,1 ]  v t  = ( t r . . . . .  t k) e [ 0 , l ] k

/n J-l i=l [Fnii(xJ)<t.] "

Le processus de rang tronqué normalisé  Ln e s t  d é f i n i  par :

VX e  ( ® k )n Vt0 e  [ 0 , 1 ]  v t  = ( t j ,  . . . .  t k) e [ o , l ] k

Ln ( t  , t ) ( x )  = ±  f V o1 n i  j  -  Hj('f) .

Æ  j = i  i = i  t rn , X i (xJ) < t . ]

Pour to u t  p = (P0 *^) € ( 0 , l } * +k, on d é f i n i t  l ' a p p l i c a t i o n  de (K ^)n dans lui-même e t  pour

tout  i € {0 ,  . . . ,  k}.  ij/1 l ' a p p l i c a t i o n  de IRn dans lui-même t e l s  quep

V xiv •••» xk)
où

*p(x IV xk>
= ( ♦ ¿ ( X j ) » . . .  *k(x k) =

X
-J

. II

( x } .  • * • * , X!  = (x!1, X!n)

x'.j*1

'T
rXII s i po = 0 e t o = 0

y • J 
xi s i po = 0 e t

pi = 1

x ' jx i = x - ‘-j si noa 1 et p.. = 0

x-.J*1
n+1 

= -xi
- j si ilOa 1 e t  Pi = l

1 +k
On d é f i n i t  auss i  l ' a p p l i c a t i o n  ij/ de [0 , 1 ]  dans lui-même, pour tout  i € { 0 , . . . » k >
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. i
pi

co#1]( 0 , . . . , k > - ( i >  dans ly-j-même e t  ^  l 'a p p l ic a t io n  de [ 0 , l ] k dans lui-même t e l s  que :

l 'a p p l ic a t io n  de [0 ,1 ]  dans lui-même, pour tout  i € { 1 , __ _ k} i// l 'a p p l ic a t io n  de
pi

où

p

♦;(t0.ti. .... tk) - (♦;iPo(t0). .... ♦¿.^(tk)) - ^ ( t 1) 

= ( ♦ ¿ #p0 ( t 0 ) - % ( T ) î  -  n .  . . . .  ^

t\ = t .  s i p. = o

t*. = 1 - t. si  p. = 1

Le processus empirique éc la té  tronqué e t  normalisé W* e s t  déf in i  par 

Vp € { 0 , l } 1+k v t  € I vx € ( F k)”

v f r t K x )  = 0  s i t  i  _nQ [ I  , 2=1]

H*(t) (x)  = Wn( * ; ( t ) ) ( * p(x))  s i t  e .nQ [ I  . S ii]

Le processus de rang éc la té  tronqué e t  normalisé e s t  déf in i  par 

v P € { 0 , l } 1+k v t  € I vx € (1Rk)n

L ; ( t ) (x )  = 0  s i  t  * ,nQ [ I  , 2=1]

Ln* ( t ) ( x )  « Ln( * ; ( t ) ) ( * p(x))  si t  € nQ [ I  , ü z i ]

Le processus de rang é c la té  non tronqué Ln e s t  déf in i  par

vP e {0,i}k vt e T~ vx e (Fk)n

LnC Ï ) ( x ) = 0  s i  T l ^  [ I  , i t l ]

r nCÏ)(x) = Ln( i , ^ f E )) (* (0 ~ )(x))si t e ^  [I  , nri]

On note également pour tout  p = ( p0 »p*) € { 0 , l } * +k Fp ’  ̂ la fonction de répart it ion  de la marge

de la probabilité Qp régissant l'observation & (x) dans (IRk)n et F^’:? la fonction de ré- 
n n p n t >

part it ion  de la  marge n , i

On note enfin

^ . 1  = ïï  1 € { 1 * • • •*  k >

....V  =
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#P»J _ 
n , i

jP.J

*nn :

> P

tn K,0 (V i

j=i
n P * J 
n , i

2 .5 .  MeAuAe g t n é A a t e

Pour to u t  I c  {0 ,  . . . »  k} on a p p e l le  pseudo-mesure d'ordre I une mesure X sur [0 ,1 ]  

concentrée  sur {-j}03™* *  x 0 ,1  ^-card *  t e l l e  que pour to u t  f  € C^+k l ' i n t é g r a l e  j  f  d X e s t

d é f i n i e  par

f [ 0 , l ] 1+k f  d x = i [ 0 f l ] k-card I ç  { 0 ,  . . . .  k} -  I» *•

d (x i 5i € ( 0 ,  . . . .  k} -  I*'

X e s t  appelée  pseudo-mesure, s ' i l  e x i s t e  I <= {0 ,  _______ k> t e l  que X e s t  une pseudo-mesure

d'ordre  I .

On appelle mesure générale une somme finie de pseudo-mesures.

RejnaAque 2.5.

Une pseudo-mesure d'ordre 0 est une mesure.

3. LA NATURE VES OBSERVATIONS

Nous allons supposer que les observations vérifient deux types d'hypothèses :

H . 1. Les manges Q_ . i € {l,...,k> sont ¿¿¿¿uses s u a  F n . 
n , i

H.2. La suite (cn ; n € 1N ) des ¿onctions de covarUance du processus empiAlque Wn converge sim
plement veAS une ¿onction c.

H.3.a. IL existe une ¿onction décAotssante <J> : N *  -* [0,1] ^̂ ¿̂ÀjOLnZ <|>(0) = 1,
( n) = 0 ( n ~ * ~ e ) au e >  0 e t  pouA l a q u e l l e  t a  s u i X e  0^ e s t  <t> m é la n g e a n te .

ou

H.3.b. IL existe une ¿onction décroissante a : IN * -*■ [0,1] ¿̂̂ ¿¿iant a(0) = 1,
2 6 1 

Z ( n+ 1 )  a  ( n )  <  + «  a v e c  6 € ] 0 ,  g ( k + 1 )   ̂ ^  pouA LaqueLLe La s u i t e  Qn est ¿ o A te m e n t

mélangeante de taux a(n).

k
H.4. I t  e x i s t e  u n e  m esuA e  u s u a  [0,1] q u i  e s t  p o s i t i v e , d e  maAges d i ¿ ¿ u s e s  e t  q u i  v írU ,¿ i.e  

v n € l N *  Vj € (l,...,n) VB (Bloc d a n s  [0,l]k VJjj(B) <  p(B)

(ujj est la probabilité qui a pour fonction de répartition et on note H la fonction de ré

partition de la mesure u).
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H.5.a. \rti € N* Vi € {1, k} Vj € {1, n}

*n,i = it? Hn ****** sur A(i) et appartient à C (i)
’ i K

Pour tout n € 1N * et i 6 {1, ..., k}, on note *n . l'élément de D̂+k défini par
[n t ]̂

(t0, t) e [0,nk ‘n . l i V ^ - ï ï  3Zml

H.5.b. vi 6 {1, __ k> 3Jt. € D., . tel que £ . conveAge ve/u i. pou/i lu topolo-i i t k n > i i
g ¿e uniiotime. sur tout compact de A(i).

H.6. Vi € {1, ..., k> vt 6 [0,l]k
i  e” ..(T) converge v&ià 0.

Vo € {0,l}*+k on note Hp la fonction de répartition de la mesure ^(u)-

vi € {1, ..., k} on note F* la marge Hp (1, ..., 1, t •, 1, ..., 1) et ¿5 limite
de t e .

n , i

On note Fq la fonction de répartition uniforme sur [0,11.

1+kH.7. Il  exÂAte une fonction continue r définie *ua [0,1] telle que 

VB > T ^  Vp € { 0 , l } 1+k *■<- H.3.B.).

H.7.a. vi c {0, —, k} v [a.,b.]1+k = [0, ^]1+k

A n [a.,b.] n [o.a,] (F Hp) --- 1—« (<bi)ieI• (a1 )itfI)
iei 1 1 if£I 1 0 (roi)!1 ) 1 iel 1 1?I

k P
A n [a b.] n [o,a . ]  ( n fÇ) -----L_«C{»»^)1€I. ( ■ 1 ) t<1)
i l  1 1  ijtl 1 i=0 1 (rvj/)8 1 161 1 1pI

6 o n t  ¿ o n c t i o n s  cAo£&6ante&  d e  ( a -î ) l ' o p & i a t e u A  d e  d i f â ë A e n c e  m u lX ic U m e n & io n n e l) .

H.7.b. VI c {0, ..., k}

I 1 l+k 1--- L~6 3I(Fo H°> 3CI(rV ) ld xl+k + ~J[0,^]1+k (r0i|ip) 1 0 CI

i ! ,1+k I--- —B 3,< n FÇ) 3CI r i r l  d X1+k < + -
J[0,£]1+K (r„^)B 1 i=0 1 LI r°*o

n.7.c. vi e {i, k’ , vu e R,. = (t e [0,ll1+k; aj f i  t 4 = 0)2 P 1 J
t- H \ ( t )

iim ^  ] ■ ■ ■  = o e.t t°. a p p a r t i e n t  à C ( i )
~ r°üi 1 k 

t  = ( t Q, t )  -  U
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1 itn H-ht) . ------ -------  = 0
w ï *>

*
H . 8 .  Voua, t o u t  i  €  ( 1 , ____ k } ,  i Z  e x t & t e  u n e  f o n c t i o n  d e  >l é p a A t i t i o n  c o n t i n u e  F . . ,  a >  0 ,

A >  0 et Nq e h *  t e t  q u e

vn >  N Sup |P . (u )  -  f ! ( u) |  <  A ( i ) a .
°  u€IR n ’ 1 1 n

Le deuxième type d'hypothèse est :

H*.l. = H.1.

H * . 2 .  Leâ o b te A v a t io n ô  à o n t  A ta t io w u L Ù ie A

H*.3.a.I£ e x i s t e  u n e  i o n c t i o n  d êcA o t& A a n te  <t> : Ji * -* [0,1] v&it£um£ <j>(0) = 1,
-1 1/4

E n ^ ' ( n  ) < + • & £  pouA  t a q u e t t e  Q e à t  <f» m é la n g e a n te  
n 1

o u

H .3.b.= H.3.B.

H.7.d. vn £ 1N vj e (1......... n} vïï e K = {? € [0 ,l]k; 31 = 0} vtQ € [0,1]

ic. mua. gi/riv̂ wwfuo ^
vj € ( 1 , ___ n}) e t t e ,  v en ^ ifa e H.5.a. e t H.7.

H .4. S i. on n o te  t a  ¿ o n c tio n  d e  A .ë .p a A titio n  commune a u x  ¿ o n c tio n à HjJ (H^ = H Vn € H

4 . CONVERGENCE VE LA STATISTIQUE VE RANG

L'objet de cette section est de montrer la convergence des statistiques de rang de la

forme

Tn = Cn V < 1 ............

score, cjj une constante de régression et Rjj . 

>t le rang de X|j  ̂ dans la suite (X*

où an(...) est une fonction de

(1 <  j <  n, i € (1, k}) est le rang de X^  ̂ dans la suite (X* ..., X” ^).

4 . 1 .  V é ^ in t t io n ô  e t  n o ta tœ n s

Pour tout n, on définit une mesure concentrée sur • ••» 7^x}1+k définie par 

V0 e (0 ,l}1+k v(iï-). e e IP n ..........^ l l + k

X" ( Æ J(p )  [à* ’ ?  [ 12J ( P ) [ ? ’ M ] = Cn’ an < ( * i > i € ( l , . . . , I O > -  

Pour tout n € fi * et tout p e (0,l}*+k, on définit une fonction H^(t) définie sur [0,1]

'"♦¿.p^o»
Hp( t) = Z H^*j(^(t'))

j = l p
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avec *1 m T T  *1 s1 p i = 0 vi  6 f 0 » k}
♦ » n+l 4- 1 1
h  = “ FT * n 5 1  ° 1  * 1

e t  pour n ,  on d é f i n i t  un c o e f f i c i e n t  bn appelé c o e f f i c i e n t  de centrage par

bn = z  l+k f  H®(t) x ( d t ) .
" pe{0,l} Jl n n

P

Lorsque tou tes  l e s  con stantes  de rég ress io n  sont tou te s  é g a le s  à 1 ,  on note a lo r s  pour tou t  n

T la  s t a t i s t i q u e  de rang 
" k

~ n la  mesure concentrée  sur __ » nTT* d é f i n i e  par

V~ € { 0 , 1 , k V ^ ) .  € { 1 ..........k} = î ~  n 7̂ T) k

avec

~n ( n [tï?î • 1  [ H il’ Tîïï]) = ani(1i >1 € {1... k})
ie3(p) 1W(p) '

i?(?) = Z H(°.e),j CgT-(T* ) ) 
j=l n 0

t* = ü±i t. si P. = 0

*;• = *1 - ïï si °i - 1 

ï ïn l e  c o e f f i c i e n t  de centrage par

= ~ z k [~ Wn pe{0,l}k Jl~ " n
P

4 .2 .  Convergence, de. Tn z t  Tn

Théorème. 4 .2 .

On ¿uppoôz que Zza obòzrvcutlonò òcu tlò^on t Zzò c o n d i t io n s  H . l .  à H.6 . e-t H.8 . a i n s i  

que. Zzò condbubLonà ó u iv a n tz ò .

I Z zx X ô tz  une ¿ o n c tio n  r  p o ò lX iv z  ou naZZz z t  appaAXznant à Cj+k v é r i f i a n t  H. 7.  z t  

H.9. 3B >  0 Vp € {0,l}1+k Vt € I
p

1 _ s
r(t) >  B f n t { n ( 1 - t  - ) F  avec 0 < s < i .

M eJ (P) 1 ii£J(p) J £

l+kIZ z x l ô t z  u n z  mzôu/iz g én zra Z z \ Q d é ^ ln l z  ôu/i [ 0 ,1 ]  tzZ Z z  quz  

H. 10. pour t o u t  f  € C*+k

l i m i f ’r d L  = f f*r  d i
n— !  n J 0
sup | r d I I <  M <  + 
ne IN
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où I Xn î Qj>t l a  mesuAe de vcvuiation t o t a l e .  A Ioas n” ^ ^ ( T n- b n ) conveAge en l o i  veAs une l o i  gaus-2
s ie n n e  N(0,o ) avec

° 2  m [ l + k  f  l+k E ( L * ( t ) L * ( f ) )d X  ( t )d x  ( f )  < + -  J[0,l]1+K J[0,l] K 0 0  o o
* *

où Lq e s t  t e  pAoceASus L im ite  du pnoceASus Ln.

Remarque 4 . 1 .

Si H admet une d e n s i t é  bornée , on a 

\  * "41^4 <  ô < 7  avec H.3 . a .
e t

'? " f i£ i<Â<'? avec H-3-b-

C o no lta iA e  4 . 2 .

On supp ose  que l e s  o b se r v a tio n s  s a t i s f o n t  l e s  c o n d i t io n s  H .1 .  à H .3 .  CLinsl que l e s  

c o n d i t io n s  s u iv a n te s .

»N# * *
I l  e x i s t e  une £o n c t io n  r  p o s i t i v e  ou n u l l e  e t  a p p a r te n a n t à v é A i^ la n t  H A .  e t  

H* .5 .  3ÏÏ >  0 € { 0 , l } k vT e ï ~
P

i . ä
7fï) > B  f n t.- n (1 - avec 0 < a  < i  .

LiéJ(^ 1 ieïï(o) 1 J 7
^  le

I l  exÀJSte une m esuA e g é n è A a le  \ Q d é f i n i e  s u a  [ 0 , 1 ]  t e l l e  q u e

H * . 6 .  pouA t o u t  f  6  c j | ,

lim [ ?  * r dA = f ?  • r dx 
n - «  ■* J

sup f r  d |T  | <  M <  + » .  
neJRJ n

- 1 / 2  ~  ~  , —o
klo>u> n (Tr -  b n ) c o n v e / ig e  e n  l o i  veAS u n e  t o i .  g a u ô A ie s in e  N ( 0 , a  ) a v e c

° 2 = f  k  f  k E(L (t )L  ( f ) ) d x  ( t )  dx ( f )  <  + ~J[0,1]K J[0,l] 0 0 0 0

ou  LQ( t )  e s t  l e  p r o c e s s u s  l i m i t e  du  p r o c e s s u s  L * ( l , t ) .

Remarque 4 . 2 .

Si H admet une d e n s i t é  bornée , on a 

\  ~ <  <5 <  7  avec H . 3 . a.
e t

1 2k+l . 1  u* K
” H1T-? c avec  ̂ . 3 . b .
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Démonstration

Nous ne regarderons que l e s  p o in ts  de démonstration où l e s  n o u ve l l e s  hypothèses  par 

rapport à M. Harel (1985) e n tr a în en t  une m o d i f ic a t io n .

L'hypothèse H .3 .b .  ou H*.3 .b .  e s t  n o uv e l le  e t  in t e r v i e n t  dans l e  Lemme 5 de M. Harel

(1980) .

Dans c e t  a r t i c l e ,  au bas de la  page 6 7 ,  on prend comme nouve l le  va leur  de 6

_ 6 k ( U « )  + 3 
3 “  -2 k T lV a ) V  '5

on pose à nouveau

Y = ïïTT+a'V + 1 

a lo r s  s i

1
ô - TkTl+a'J + 2

on aura

(1-^)(1+B) » 4
e t

1 - 5 + y > 1.

On aura a lo r s  dans l e s  c o n d it io n s  du Lemme 5

k
3K (>  0) t e l  que pour to u t  n e t  t o u t  b loc  de B(n) contenu dans ( U C0 , ..) U Q 

v é r i f i a n t  mH(B) >  (-p)*+a on a i t  0

E(AB(Wn . 7 ) ) 4  <  K v1+Y_Æ (B)

( v o i r  M. Harel (1980) pour la  d é f i n i t i o n  des n o ta t io n s )  e t  la  démonstration e s t  id en t iq ue  à 

c e l l e  du Lemme 5 en u t i l i s a n t  l e  Théorème 10 de P. Doukhan e t  F. Portai (1 983) .  L'hypothèse  

H .3.b .  i n t e r v i e n t  auss i dans la  P rop os it ion  2 de B a la ch e f f  e t  Dupont, mais la  p ro po s i t io n  r e s t e  

v ra ie  comme conséquence immédiate du C o r o l la ir e  1 de Withers (1975) .

L'hypothèse  H.7. e s t  p lus  g énéra le  que H.7. de M. Harel (1985) .  Les hypothèses H.7 . a . ,  

H .7 .b .  e t  H .7 .d .  n ' in te r v ie n n e n t  que dans la  convergence du processus Wn • -p donc dans l e s  

démonstrat ion de M. Harel ( 19 80 ) ,  mais H.7 . a.  e t  H .7 .b .  so n t  moins généra les  que l e s  hypothèses  

( 2 . 3 )  à ( 2 .5 )  de c e t  a r t i c l e  e t  H .7 .d .  c ' e s t  l 'h yp o th èse  H.5. (1) de ce même a r t i c l e .

L'hypothèse H .7 .c .  i n t e r v i e n t  dans la  démonstrat ion de la  P rop os it ion  4 . 4 .  de M. Harel(1985) 

e t  on v é r i f i e  fac i lem en t  que la  p ro p os i t io n  r e s t e  vra ie  avec c e t t e  nou ve l le  hypothèse.

Exemple 4 .2 .  Si k -  2 e t  s i  on a :

vn € 1N v j  € {1 ,  n) Fjj e s t  la  fo n c t io n  de r é p a r t i t i o n  d'une lo i  gauss ienne de marginales
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c e n tr é e s  r é d u i t e s  e t  de c o e f f i c i e n t  de c o r r é l a t io n  p avec 0 < o  < 1 ,  dans ce cas l 'h y p oth èse  

H.7. e s t  v é r i f i é e  a lo r s  que cec i  n ’e s t  pas vrai  pour l 'h y p oth è se  H.7. de M. Harel (1 98 5 ) .
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2

1. Introduction. Let {X ., l<i<n, n>l} be real—valued random variables with conti-

nuous distribution functions Ffl(x) = P(Xn }<x) , l<i<n, n>l . Consider the statistics

n

(1.1) = (u-k) - 1 I  cn . an(Rn ._k.....R„ .)

i=k+l

where the c • are known constants, a are the scores, R . denotes the rank ofn,i n }

X . among (X p.-.jX ) , and k>l is a fixed integer (< n). Our aim is to study the n,i n,i n̂ n

asymptotic behavior of gŝ  when the sequence {Xfl is (^-mixing with rates

(1.2) y?(m) = 0 (m * c) for some e > 0  (m>l) 

or

00

(1.3) I  m“ 1 »¿/2(3+k>(m) < .

m =l

or strong—mixing with rates

00

(1.4) ^ m ^k+2) </(ni) < oo for some e 6 (0,l/2(3+k)) 

m =l

Recall that the array {X ., l<i<n, n>l} is ^-mixing if sup sup {|P(A |B)—P(A)j :
11,1 m<n l<j<n—m

B e ^(X^ j,l<i<j), A G tf(Xn j, i>j+m)} = </?(m)J.O as mfoo for positive integers j and 

m , and it is strong-mixing if

sup sup {|P(AnB)-P(A)P(B)|,Ae<r(X .,l<i<j),B6a(X .,i>j+-m)} = a(m) |0  as 
m<n l<j<n—ni n’*

m|oo, for positive integers j and m . Here <r(Xn -,i<j) and <7(Xq .,i>j+m) are the 

(T-fields generated by (X lv ..,Xnj)  and (x nj +m>x nj +m +p--) respectively. The 

asymptotic behavior of the statistic under strong—mixing conditions leads to interest

ing applications in ARMA processes in time series as well as in Markov processes (section 

6). In passing we may mention that Hallin, Ingenbleek and Puri (1985) established the 

asymptotic normality of linear serial rank statistics gs'  defined in (1.1) for an ARMA 

process contiguous to white noise. We show (in section 2) that contiguity is not necessary 

for the derivation of the asymptotic distribution theory derived in Hallin et al. (1985)’ and
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our results also lead to applications in some Markov processes which are either geometri

cally ergodic or Doeblin recurrent, and to some ARMA processes. For a related problem 

dealing with the applications of U—statistics (see Harel and Puri (1989a), (1989c)) to some 

Markov processes and ARMA models, the reader is referred to Harel and Puri (1989b).

2. Asymptotic normality. We start with a few preliminaries.

Denote by Fn(x) , the right continuous empirical distribution function of ^ ,

-1 ni=l,...,n; i.e. let F (x) = n £ IiY . i where Ir i denotes the indicator function. 
n i= l 1An ,i-J  H

Denote by Gn the distribution function of the k+1 of the successive random variables 

p...,Xn n . Let Hn (for each n > k+1) be a sequence of continuous distribution 

functions on (0,l)^+ \  defined by

(2.1) Hn(t) = Gn(F“ 1(t1),...,F;1(tk+1)) for all t = (tr ...,tk+1) E (0,l)k+1

where Fn*(u) = inf{t: Fn(t)>u} , 0<u<l . (Since Hn is continuous, it is actually well 

defined on [0,1]^+ ^). Though G , Hn and t depend on k , we have suppressed this 

fact for notational convenience.

k+2Denote by , the space of all continuous maps f : [0,1] -> IR , and by

Ck_j_i(j) »(l<j<k-hl) , the space of all continuous and bounded maps f : A(j) -+ IR where

A(j) = [0,l]-i_1x(0,l)«[0,l]k+1_j .

Definition. We say that the sequence {Hn} satisfies the differentiability condition

1 dEnif (i) -r^- Hn exists on A(j) and belongs to Ck+ i(j) , l<j<k+l , and (ii) -* ^  in the
J J

uniform topology on any compact subset of A(j) as n-n» , and ^ belongs to W »  •

We define the graduate empirical process (also called the copula process, see e.g.

Gaenssler and Stute (1987, Chapter V)) Wfl as

[n tQ] k+1
(2.2)

|r I O
for all t = (tQ,t) = £ (0,1) , where [ntj denotes the integral part of

the real number nt .
o

X
n,

k+1
t p .

W
r,w n -k

i=k+l j= l :f »,(x „. tj-k -
00l'rsj'- H i
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[nt ] k+l

(2.3) L„(t) = ( n - k P  £  I{Fn(Xn<|+j_k_ 1)<tj } "  ‘V

For any n>l , we define a signed measure An concentrated on 

by setting

k+1 i-

V . n n = cn,i
J=u o

for all (io,...,ik+1) e {l,...,n}k+2 • (By convention cR j = 0  if < k+1).

We also define a centering coefficient bQ by

W e  a l s o  c o n s i d e r  t h e  r a n k  p r o c e s s  L n  ( c a l l e d  t h e  g r a d u a t e  r a n k  p r o c e s s ) d e f i n e d  a s

(2-4) b =n
[0,1]

HJt)An(dt)

where Hn is the function: [0,1]^"^ -> IR"*" such that Hn(t) = ([n tj—k)Hn(t) .

We now state the following theorem the proof of which is given in section 5.

k+2THEOREM 2.1. A ssu m e  th a t there ex ists a R a d o n  m ea su re  Â  on  [0,1] such

th a t

(2.5) lim [ fdA„ = f fdA for all f e C, , 0
r n J  n J 0 k+2

an d

(2.6) sup [fd|A | < oo ; IN = {0,1,2,...}
neIN J n

w here  | AQ| d en o tes  the m easu re  o f  to ta l  va ria tion .

A ssu m e  th a t  the sequence {X .} is  (a ) ip—m ix in g  w ith  ra te s  (1.2) o r  (b) s tro n g -n,i

m ix in g  w ith  r a te s  (1.4) . F u r th e rm o re , a ssu m e th a t (c) the co va r ia n ce  fu n c tio n s  {I<n,n>l} 

o f  the e m p ir ic a l  p ro c e s se s  {Wn,n>l} defin ed  in (2.2) converge to  a fu n c tio n  K(-,-) in  

p o in tw is e  to p o lo g y  as  n->oo a n d  (d ) {Hn} sa t is f ie s  the d iffe ren tia b ili ty  c o n d it io n s , then  Ln 

con verges  w eakly  in  u n ifo rm  topo logy  to a G a u ss ia n  p ro c e s s  w ith  tr a je c to r ie s  a .s. in  

Cfc+ 2  > a n d  (n—k)*(<ÿ^—bn) converges in  law  to  the n o rm a l d is tr ib u tio n  w ith  m ea n  0 a n d  

va r ia n ce  (P1 w here

k+2

,(t) •
i=k+l

n
n—1

«s-

L00
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(2.7) a
2

. . .  E[L (t),L (t')ldA (t)dA (t') (<  oo) .
* If+9 . V 4 .0  00 00 0W  0V ’  V ’

[0 , l ]k+2 [0 , l ]k+2

REMARK 2.1. The above theorem is proved under the assumption that the

sequence {X •} is nonstationary and, either </?—mixing with rates (1.2) or strong—mixing
11,1

with rates (1.4). The theorem does not hold with the </?-mixing rates (1.3) unless one

assumes stationarity (which implies that the distribution functions Fn,Gn and Hn are

equal to unique distribution functions F,G and H respectively) and the special case when

c .=1 for all i . 
n.i

w here |An | d en o te s  the m ea su re  o f  to ta l  va ria tion .

A ssu m e  th a t the sequence {X .} is  (a ') tp -m ix in g  w ith  r a te s  (1.3) a n d  (fc1) Hn,i

sa t is f ie s  the d ifferen tiab ili ty  con d ition , then  L (l,t) con verges  w eakly  in  u n ifo rm  to po logy

Let a ?  denote the statistics d f  when c • = 1 for all i , i.e. let n n n,i ’
n

(2-8) < =  I  an(Rn ,i -k ’- ’Rn,i}
i= k + l

and let Bn denote the corresponding centering constant, i.e.

where is a measure concentrated on {^-,...,2^,1}^"*"^ and

(2-9) Bn =  j H (t)X (dt)  

[o,i]k+1
, -V . ________  . . , f l  n - 1  , i k + 1

n̂ “ Vh’-’Wl) *
fk+1 i-

Then, we have the following theorem.

THEOREM 2.2. Assume there exists a Radon measure X on [0 ,1 ]^ *  such that

(2.10) lim f T dX =  |T  dX
IHoo J J O

an d

(2.11) sup f id  | X | <0 0  
neIN J n

to  a G a u ss ia n  p ro c e ss  £ with  tra je c to r ie s  a.s. in  , and  (n—k)2(<^—Bn) converges
rv 9

in  law  to  the n o rm a l d is tr ib u tio n  w ith  m ea n  0 and va r ian ce  a “ w here

c k + l
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( 2 . 1 2 )
~ 2
G

,k+l
E[C (t),Ë (t')ld l (t)dX (t') ( < o o )  , 

].+1 1 ov~' ov~ n ov~' ov~ '
[ 0 , 1 ] "  1 [ 0 , 1 ] '

The proof follows from Theorem 2.1 by putting t^=l for the processes Wn and 

Ln , and showing that the finite projections of converge to a normal law (the proof of 

which is given in Proposition 3.4).

The following corollary gives sufficient conditions under which the conditions (2.5) 

and (2.6) are satisfied.

COROLLARY 2.2. Let J be a function on [0,l]k+2 such that - - r ip 1) =
k _ i _ 9

cn j W - A + i )  f° r  aU (i0’"*’ik+l^ e i 1»-»11} “ ’ J =  Jd+ Jc where Jd is a step 
’ o

junction taking only a finite number of jumps, and where for any Ic{0,...,k+1} , J has a

s 1

continuous derivative
T M

, then the conditions (2.5) and (2.6) are satisfied.

PROOF. It suffices to prove the above corollary in the case when has only one 

say c 

defined by

jump, say at a=(a ,...,a, , , )  e [0,l]k+2 . Let A' and A" be measures on [0,l]k+2 
o K“r  n  n

k + i  1; 1 l n . i

V jn0[i 11) = Jc(i - ^ ±i)n

and

K + l  1 .  1 1.

An<j20 ^  = Jd(i...I 11)

for all (¡0v.i]t+i) € n ,1}

It is easy to check that

l i m  

n-»00 r r
[0 ,1 ]

k+2 — , t , ff e j6l«Vi6I-«k+2_i>
Ic{0,...,k+1} jo^jk+2

- 1

for all f e Ck_j_2 whose i =  card I

Thus, we obtain a measure satisfying

lim
n-*oo

J

[0 ,1 ]
k+2

[0,1]

fdA’(t) . 
k+2 0

Wn

je]

c

J d

h 2 —i\Jc

»(d>
I

1

■nv
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l i mi  fdA (̂t) = f(a) J ( - l ) iJd(Caj-),(ai+))

“^” [0,1] Ic{0,...,k+1} ie l  U I

for all f 6 where i = card I .

3. Weak convergence of the graduate empirical process and the graduate rank process.

We start with preliminaries.

3.1a The spaces Dj.+ 2 an<̂  ^ + 2  •

Let f : [0,l]k+2 -» R . For p e  {0,l}k+2, define

f (t) = lim f(s), (s,t) e ([0,l]k+2)2 (i=0,l,...,k+l) , if it exists, in which case,
p  s.T t.,p(i)= i

Analogously, we obtain

Sjitj, p(i)=0

"P'

L i  O

call f (t) the /Mimit of f at t . Denote by Djc+ 2 ’ sPace of all maps f : [0,1] ->

such that for all p  € {0,1}̂ "*"2 , f exists and f = f for p  — (0,...,0) .

We say that we have special Skorohod topology on D ^ ^  if we have the uniform 

topology for the first coordinate and the J j—Skorohod topology for the other coordinates. 

(For definition of Skorohod topology, cf. Skorohod (1956) and Billingsley (1968)).
k_LO -f-

We define a modulus of continuity for any bounded function f : [0,1] 1R to 

be denoted by w(f,<5),(&>0) by setting

(3.1) w(f,<5) = sup ,k+2,2if(t)—fft') I , lit—t'll < S ,
(t ,t')e((o,l] )

where ||t|| = sup {|tj|,0<j<k+l} .

Note that f belongs to Cv , 0 if and only if lim  a^f,i) = 0 .

The following proposition which is a variant of Theorem 1.2 of Dudley (1978), will 

be used to prove Proposition 3.4.

PROPOSITION 3.1. L e t Yn be a p ro c e ss  w ith  values in  D ^ ^  a n d m easurable  

w ith  r e sp e c t  to  2^+2 » f ie ld  g en e ra te d  by the u n ifo rm  topo logy  (o n  D ^^)- L e t Pn 

d en o te  the law  o f  . T hen , there  ex ists  a p rob a b il i ty  m ea su re  P with = 1 /or

which  Pfl con verges  weakly w ith  resp ec t to  the u n ifo rm  topo logy  i f  an d  on ly  i f

the ;

'k+2^P((

the a-

Yn
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(i) fo r  all f in i te  subse ts  U o f  [0,1] , <j>u(Pn) converges  weakly to cJ)̂ r(P) - ((j)y is  

the p ro je c t io n  o f  Dj,+ 2 on

(ii) V e > 0 , lim lim sup ?n[{f ;w(f ,6)>e}] = 0 .
6->0 n->a>

The proof is given in the Appendix.

3.1b Grid accompanying a sequence of probability measures:

We call a grid T of [0,l]k+2 a subset of [0,l]k+2 such that T = II T ^
j= °

where T ^  is a finite subset of [0,1] which includes 0 and 1.

k+1 /.n
We call a pace r  of a grid T = II Tu ' the number r  = max r- where

j=0 0 <j<k+l J

t ■ = max {11-—t-1, t'. and t- are successive elements in T ^ }  .
j J j j j

We denote the lower boundary of T by T where

k+1 rj—1 (f \ k+1 /«•
T = U n  Tw  x {0} x n  T1- ' 

j=0 L/=0 ¿= j+ l

We call block B of T any part of T in the form

B = II {(t.,t|] fl T^) where t- and t- belong to T ^  and t.< t'J  . 
j = Q J J J J J J

We call evaluation e ^ ^  of B into T , the operator e , j ^  : such that

k+1 
E ei

(3.2) e^B\ t )  = I  (-1) fl(l-£o)to+ iot ; .... ( l-e k+1)tk+i+ fk+1t i +1l •

(eo’ ‘ ‘ ' ’ek+l)e{0,1}

Let v  be a finite measure on [0,l]k~*~̂  and let T be a grid of [O ,!]^2 . We call

reduction v  of v  on T the measure on T defined by

( 0 if t 6 T  
= k+1 

I v{ n  ( t u . ] )  if 1 1 T 
j=o

where

tj = max {x;xeT^;x<tj,tjGT^} .

For any ¿>0 , we set

k -1-9

Dk-

u ),
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Uj,(f,i) = sup{|f(t)-f(t')|;(t,t') 6 T2,|[t—t'H<<5} ■
k _L 9

We say that a sequence {Tn}ne^* of grids is asymptotically dense in [0,1] “ if 

the pace rn of satisfies lim = 0 (IN =IN—{0},IN=0,1,2,...) .
n-̂ oo

*
Let Pn , n G IN be a sequence of probability measures on (Djia.2, '^k+2^ w^ere 

^ k+9 IS generated by the Skorohod topology (on D ^^)- We say that the

sequence {Tfl} of grids accompanies the sequence {Pn} if and only if V e>0, 3 e'>0 and 

V ie  [0,1/2), 3 G N , we have

Pn[{f G ^><5)  ̂e (f>2Æ) < e'}] = 0 V n>NQ .

The following propositions (3.2 and 3.3) are variants of a result of Neuhaus (1971) 

(see e.g. Theorems 2 and Theorem 4 in Balacheff and Dupont (1980)) and will be used in 

section 4.

PROPOSITION 3.2. Let Pn,nGlN be probability measures on ( 0 ^ 2 ’*^k+2^ suĉ  

that the following conditions are satisfied:

(3.3) (j)jj(Pn) conver9es weakly to some probability measure P^j on IR̂  for any finite 

subset U of [0,l]k+2

and

(3.4) V e > 0 , lim lim sup P [feD,+2 ;w(f ,<!>,) > e] = 0 ,
<5-t0  n->oo

then, Pfl converges weakly with respect to the Skorohod topology to some probability 

measure P and P iC ^^ ) = * *

PROPOSITION 3.3. Let u be a positive finite measure on [0,1]̂ "*”2 with conti

nuous marginals. Let Pn be a sequence of probability measures on (D]i+2, '^k+2^ suĉ  

that V n G IN , pn[f6Di(+2;̂  = °] = 1 • Let Tfl be a sequence of grids asymptoti-

k_i_9
cally dense in [0,1] and accompanying Pn . Furthermore suppose that for any block 

B„ « /  T n .

(3.5) Pn[ftiD2+ki I e f ( f )  | >A] <

.ik+2

the a -field g



10

where is the reduction of v on Tfi , and (3>l and 7>0  . Then, we have V e>0, 3 

¿£(0,1) and N̂ GlN such that

(3.6) Pn[f6Dk+2A(f,i)>f] < f V n > No .

3.2a Convergence of the graduate empirical processes.

PROPOSITION 3.4. Under the conditions (a) and (c) or (b) and (c) of Theorem 2.1, 

W converges weakly in the special Skorohod topology to a Gaussian process with 

trajectories a.s. in Under the conditions (o') of Theorem 2.2, =  Wn(l,t )

converges in the Skorohod topology to a Gaussian process W with trajectories a.s. in

c k + i -

3.2b Convergence of the graduate rank process.

PROPOSITION 3.5. Under the conditions (a), (c) and (d) or(b),  (c) and (d) of 

Theorem 2.1, converges weakly in uniform topology to a Gaussian process with 

trajectories a.s. in Ck+2 • Under the conditions (a1) and (b') of Theorem 2.2, £n =

Ln(l,t )  converges weakly in uniform topology to a Gaussian process with trajectories

a.s. in .

4. Proofs of Propositions 3.4 and 3.5.

Our proofs of the Propositions 3.4 and 3.5 are based on the ideas of Balacheff and 

Dupont (1980) who considered the asymptotic normality of the truncated empirical pro

cesses under ^—mixing with rates E ^ _ ^ m ^ /2(m) < oo. Here in this paper, we consider 

the rates (1.2) and (1.3) which are slower than the one considered by them. In addition we 

also derive results under strong mixing (1.4) which have not been considered in the litera

ture. To establish their result Balacheff and Dupont (1980) used a slight modification of 

an inequality due to Riischendorf (1974) which is not applicable in our situation. Our 

proofs are based on the following two Lemmas.

LEMMA 4.1. Let the sequence {X .} of real—valued random variables (centered at
n , i

its expectation) be (p—mixing with rates S^_^m  ^ ^ /^ (m )  < oo, where q is an integer. 

Denote by Nn the number of indices i (l<i<n) for which Xfl j is not identical to zero. Set

'k+2 *

W
i

L i
no

L
00

'k + l  •

n
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Sn = S j a n d  ||Xn ¡11̂  = (1 lx n jl^ d P n) * ^  • T hen , fo r  a n y  q>l , there  ex ists  a 

co n sta n t C (<£>) depen d in g  on ly  on q and ip such th a t
4

(4.1) E(S2<I) < C („) I  Nf ( s u p  l|XnJ||()2q •
£ = l

The proof is a slight modification of Theorem 2.1 of Neumann (1982) and is

sketched briefly in the Appendix.

LEMMA 4.2. L e t the sequence {Xn o f  real—valued ra n d o m  variab les ( ce n te red  a t

i ts  expec ta tion ) be s tro n g  m ix ing  with  ra te s  £ ^ _ jm 2c*—2a e(m) < oo, c G (0 ,^) an d

|Xn j|< l, l<i<n, n>l w here q is  an integer. L e t  Nfl be the n u m b er  o f  indexes i (l<i<n)

n
f o r  which X . is  n o t id en tica l to  zero . S e t S„ = -EnX • and  IIX .11 =J n,i n i= l n,i 11 n,i"e

(J |Xn Ĉ P n)*—c . Then , fo r  a n y  q>l , th ere  ex ists  a co n s ta n t C^(tt) depend ing

on ly  on  q an d  a  such  th a t

(4.2) E(S2<I) < C (o) I  n£(sjd ||Xn . | | / .
£ = l  1^1̂ n

The proof is similar to Theorem 11.10 of Doukhan and Portal (1987), and is 

therefore omitted.

LEMMA 4.3 (Neumann, 1982). L e t {Yj,i>l} be a s ta t io n a r y  sequen ce o f  

r e a l - v a lu e d  ra n d o m  variab les ce n te red  a t i ts  ex p ec ta tion  an d  with  f in ite  seco n d  m o m en t.

00 _i i
A ssu m e  th a t the sequence is  ip—m ixing  w ith  ra te s  E m  ip2 (m) < oo. Then, th ere  ex ists

m=l

—I n 2 2 a p o s i t iv e  c o n s ta n t K such th a t n E( E Y-) —» K a s  n->oo.
i= l 1

Since the reference Neumann (1982) is not readily available, we have (at the 

suggestion of one of the referees) given the proof in the Appendix.
k+1Proof of Proposition 3.4. Consider a sequence Zm j, l<i<m, m>l of IR —valued 

random variables defined by Zm j = (Xm+k i,. .,Xm+k i+k) = 1))f

l<i<m, m>l . Then, the (k+1)—'variate truncated empirical process W associated with

, z ( ki
’ m ,  i

1).
m , i

2/(l-e
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( « )  « W V Ï) -  ^  11 V m+k(Z<;!)<tj} -  Hm+kO)

and this is the same as the graduate process Wn defined in (2.2). Now the process Wn 

defines a probability measure Qn on (Dk+2>' ,̂k+2^ '

To prove this proposition we have to verify (3.3) and (3.4). Following Withers 

(1975, Corollary 1) it can be shown that (j)y(Qn) converges weakly to a Gaussian measure
1_o K

Qy if (i) Kn -* some function K , (ii) a(m) < oo, and (iii) m a([m ]) -» 0 as

m-*oo where 0<2b<a<l—b . Now in our situation (i) holds by assumption (c), (ii) follows 

from (1.2) or 1.4), and (iii) follows from (1.2) or (1.4) by taking a = 3/4 — e/8 , b = 1/4 

and e sufficiently small. (Since taking a(m) = m ~ e, m^~aa([m^]) < Am -* 0 as 

m -> oo). Thus (3.3) holds whenever conditions (a) and (c) or (b) and (c) of Theorem 2.1 are 

satisfied.

Now suppose that the condition (a') of Theorem 2.2 holds with Xn . = X. . Then, 

for any pelN , any t ^  € [0,l]k and any Â  € IR , (l<Kp), let gj^(Xj) and gj(Xj) be the 

random variables defined by

lvH“ 1 ^
4 ° ( Xi>= n  [I(F(X.x . , ,)<t.} - H ( t («)] and g.(X.) = J  A^giOfX,)

J—1 l-rj—k—1 j

where X, = (Xi_k,Xi_k+1,...pCi). Then, we have £ = (n-k)- * £ gI(X1),
/—1 i—k I 1

and so (3.3) also holds by Lemma 4.3 and the central limit theorem for the stationary and

«¿►-mixing case (cf. Ibragimov and Linnik (1971, Theorem 18.5.1 and Lemma 4.3)). Now to

prove (3.4), we shall use Proposition 3.3 and verify (3.5) (which will imply (3.4)).
lr+9

Let Tr = {i/m;0<i<m}v “ be a sequence of grids with n = m+k . Tr is asymp- 

k+2totically dense in [0,1] and we prove that Tfl accompanies Qn . Now for every 

t € (0,1)^"^ , let (£,£) be the points of 7r(Tn) where ir is the projection defined by 

;r(t) = t such that J. < t <¥ , and ||T—£|| < 1/m . Let us write = [n tj/n  for every

th is sequence is g iven  by

[ ( m + k ) t o] - k r k + 1

&w :

t : 
-o

S m>l
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t e [0,1] . As the marginals of Hn are uniform, we obtain (after some computations) that

i w n<vi> -  i ^  + 1 ' v v d  -

V(t0,t) 6 [0,l]li+2 and V(t;,t') e [0,l]k+2 .

Consequently, V ie  (0,1/2] , we have w(W ,<$) < —  + u>T (W ,25) . It follows that T
Vm n 11

accompanies Qn . It remains to show that Qn satisfies (3.5).

Let S m ^ / ‘̂ ~*'k)(m) < (» (see (1.3)), and let B be a block of T 
m =l n

defined in section 3.1.b. Using Lemma 4.1 with q = k+3 , we obtain (see (3.2)) 

E[e^Bn\ w n)]2 k̂+3  ̂ <
n

k+3
k+1 (k+3)/(k+l)£< c k+3M  I  m -ik+3)[(m+ k)(to-t;)](k+3)/^x [ n  (tr tl)]

¿=1 j - 1  
k+3 , ,

< c v+q(^) J  m“ (k+3) x (m+k)(k+3^ x  [ n  (t .-t!)](k+3)/(k+2)^
K+ti j=0 J J

< c k 3 (¥.)(k+3)[kn 1( t r t |)](k + 3 ) /(k + 2 )  •
j =0 J J

1

Now let v =  (Ck^_g(^>)(k+3))^ U where U is a uniform measure on [0,l]k"*’2 and /? = 

(k+3)/(k+2) . Then, by the Markov inequality, we obtain (see (3.5))

V eDk+2;ieTBn)w i ^ ] s A_2(k+3)(i;„(B„))^

which implies (3.6) for the ^-mixing rates (1.3) (and so also for (1.2)). For the strong 

mixir

(4.2)

mixing case with rates (1.4), we use Lemma 4.2 with e < (2(k+3)) * and obtain from

E[ 4 B" ) (w n)]2(k+3)< c k+3(«) I  ™ (k+3 <)(t0- t ; ) <(kn 1(tr tj))^1 f)/(k+1> 
n /= 1  j - 1  

which (with P = k̂+2j[^  €^ ) implies (3.5) and hence (3.6). We derive the conver

gence with respect to the special Skorohod topology because Wfl is measurable with 

respect to this topology and we use Proposition 3.1 to the first coordinate (of W ).

W I 
n

t ' ,t '
o ~ W n< t')lltÔ’:
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Proof of Proposition 3.5. The main line of proof is as follows:

We consider a map Gfl : where Y  is a subset of D ^ ^  anc  ̂ suc^

L = G o W , n>l . We show that G : (Y  ,d)-»(D, . n,p) is a continuous map where d n n ir _ n v n’ ' v k-\-L ’

is the special Skorohod metric and p is the uniform metric.

Let Y  be a subset of D j.^  such that for any v e Y , v equals zero on the lower 

boundary of [0,l]k"*~2 and also for t =  (1,...,1) . It will be noted that Y  C Y  for

V n>l .

Let G : Y-> 0 ^ 2  be a map defined by
k+1

(4.4) G(v)(t) = v(t)-tQ £ [v(l,...,tj,...,l) x /j(tp ...,tk+1)]

j= l
where ^ is the limit of Hn as n-*» . We will show that V (vn)ng|fj* € (^nelN*

and V v 6 Y  n 5vn~^“*v Gn(vn)-^-*G(v) as n~*°° • Now using Lemma 3 of 

Balacheff and Dupont (1980), we get the desired convergence.

Let = {ye[0,l]n : ( y ^ , —>y^) are distinct points of (0,1)} . We define Yn :

[0,l]n -  Dk 9 by setting Y (y)(t) = (n-k)_1/ 2^S
K+- n i=k+l

k+1
n  i { (i+j- k - l ) < t } - H n(t) 

j = i  u  - y

for all y = ( y ^ V - ,y ^ )  e / n ^ d  t = (tQ,t)e[0,l]k+2.

We define the space Y^ by V  — Yn( . For any j e {l,..,k+l} we define an 

operator t- : ? -̂>D  ̂ as follows:

Let y(1)< - < y (n) be the order values of ( y ^ , —>y^) • (By convention, y ^  = 0,

y(n+ l)  =  x)> and let vn =  Yn(y) • Then

(4.5) ij(vn)(1;j) =

where y ^  = max{y(m) ; m e { j , j + n - k - l } }  i f  t j = l  

V q  ̂ where y ^  = m a x { y W < y ^  ;me{0 J , . . . , j+n-k-1}} i f  t j  6 [ ¡ p - ^ )  

where i =  {0,l,...,n—1} .

Now the map Gn: Y^ -> D ^ ^  is given by
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(4.6) Gn(vn)(t) = vn(to,7-1(vn)(t1),..„rk+1(vn)(tk+1)

J n t 0 ] r
+ ( n - k )*  I  Hn(r1(vn)(t1),...,r1.+ 1(vn)(tk+ 1) - I I n(t1,...,tk+1)

i =k+lL

We now give the formal proof.

The first thing we have to show is that Gn is continuous for every n .

Let {vR n>l, t>\ be a sequence of functions in and let vn  ̂ vn (G

with respect to special Skorohod topology. We show that Gn(vn -* Gn(vn) in uniform

topology. From the definition of the special Skorohod topology, we have a sequence

{A- e Ak+* such that V e>0, e IN such that max | A. ^(t-)—1.| < e

J’ — ’ -  1 < j  < k - | - l

and

(4-7) l v ( ‘K ( V Ai,( ( t i ) ' - A + i , / ( lk + i)> l< i V , i i <

and V t 6 [0,l]k+2

where A denotes the space of maps h : [0,1]->[0,1] which are nondecreasing, continuous 

and bijective, and Ak"*’  ̂ denotes the space of maps A : [0,l]k’̂ ^ [0,l]k’*"̂  where 

A(tp ...,tk+1) = (A1(t1),...,Ak+1(tk+1)) , AjGA , l<j<k+l . Then, we have

LEMMA 4.4. 3 ¿o>0 such that V Vj e {l,...,k+l} and V tj e [0,1] ,

Aj , i ( Tj ( V )(V ) = Tj(vn)(V
0 p ri_k

PROOF. For fixed j , let (y ’ ,...,y ’ ) be a nondecreasirig sequence of disconti-
-» I

nuity points of r-(v *), and let (y0’ ,...,y0’ ) be a (nondecreasing) sequence of discon- 
J ft)*'

tinuity points of rj(vn) • (By convention, y^° = y°’° = 0, y ,n = y0,n = 1).

For i 6 {0,l,...,n—k+1}, let tj £ [ŷ ’\ y ^ + *) • Then

(4.8) (n" kr t  V  (1v - , t j , - )l)+H n(l,...,tj ,...,l)] = i(n-k)-1 .

Let h € {0,l,...,n-k+l} -* Aj  ̂(tj) 6 [y°’̂ ,y0,h+1) • Then, we have

(4.9) (n—kr*[vn(l,...,A ^ (tj),...,l)+Hn(l,...,Aj^ (t.),...,l)] = h(n-k)"!

From (4.8) and (4.9), we deduce
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(4-10) Ih=Ic — n=icl -  I ( V I  +  (n_k) 1 2̂ |vn/ ( 1v , t j , - , l )  vn( l , . . . ,A ^ (tp,..., l) |

< -ii- V I > some (• . 
n  k  j

Thus — n ^  iî Ic an(̂  *mP ês h=i • ^ow ^  = max • Then, W >
1  ̂j ^k

l  and V t. € fŷ ,i,y^i+1) , we have A- „ (t;) e [y0,i,y0,i+1) • Since the functions A- f are
o J M  J M

continuous and strictly nondecreasing, the proof follows.

We now decompose Gn defined in (4.7) as Gn = 7n+^n where 7n(vn)(t) —

v n ( V T l ( v n ) ( t l ) ’ - ’ , ' k + l ( v n ) ( t k + l ) )  a n d  =  G i T V  

LEMMA 4.5.

(a) 7n: ( y^AY-* P k + 2 ’̂ ) *s continuous.

(b) : ( ^ A )  (®k+2 ^  2S continuous.

PROOF. For t € [0,l]k+2, for V e>0, 3 I 9 W > t  , we have (using Lemma 4.4)

I V (V Tl (V ) ( t l ) ’- ’ rk + l ( vn , ^ t k + l ) ) - vn ( V r l ( vn)(t l ) ' - ' 7'k + l (vii)(t k + lW I < ( •

The proof follows. Part (b) follows analogously noting that Hq has uniform marginals.

We now prove the convergence of the sequence {Gn} . 
jjj 1 

Let vne neIN and suppose that vfl— >v e Ck + 2 an(  ̂ v=0 on the lower
k-4-2boundary of [0,1] and also when t= (l,...,l) . We have to prove that 

Gn(vn)—̂-+G(v) • The proof is based on the following Lemmas.

LEMMA 4.6. V j e {l,...,k+l}

(a) rj(vn) 1] *n uniform topology.

(b) (n-k)1/ ^ ^ ^ ) ^ ^  1j)-*-v(l,...,id j0ilj,...,l) in uniform topology. Where idjQ̂  

is an identity Junction on [0,1] .

PROOF. Note that V vn , 3 yn = such that vn = Y J y J  . Now

for fixed j , and for each n > k+1 , define v ^ ( t j )  as v ^ ( t j )  = n 2 £ {I ^  — tj}
i-1  {yn <tj}

and note that vj^(t-) can also be written as

k-j n

Vn3 ) ( t j )  = ( M / n l V l - ' - V - l )  + I [ I fy ( i )< t 1 j ] * I  1Ify ( i )< t .i*J|-
i=l ŷn -l y  i=n—j 'yn

I h 'H=£
that

(n
■’K( y ( l !VJn
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Since vn-^-*v (which => vn-^-*v), it follows that v^(tj)-^->v(l,...,tj,...,l) . Thus, we can

write

n

I ' j W V  = I" 1 I  {1{y(i)<r(v  )t )}- lj} M J> W l » 1
i= l lJn - jv n' y {

< n_ 1/ 2[/9(vP,v(l,...,-,..,l)) + /9( v ( l , . . . , l ) , g ) ]  -+0 as n-*» where gEO.

This proves part (a). The proof of part (b) is similar.

LEMMA 4.7. 7n(vn) -* v in  u n ifo rm  topology.

PROOF. Follows by definition and Lemma 4.6(a).

LEMMA 4.8. ¿n(vn) ¿(v) = G(v) — v in  u n ifo rm  topology.

PROOF. For t e [0,l]k"*"2 , we have

[nt ]-k ( 1

% ,(t) = ^ 1 7 5  {Hn(r l M tl)--"’7k+l<vnK W l »  “  “ J V " - W j

if there exists a j € {1.... k+1} , t. < n , then

k—[nt 1 k—[nt 1 1

W ( t >  = Hn(tl> •’tk+l) 2 • 5

and so ¿n(v ) -» 0 as n->oo.

If V j € {l,...,k+l}, tj > n ~ \  then by the Taylor expansion 

fnt 1—k

in<Vn)(t) =  M O 1?5  ^  <irj (v n ) (t j ) -  ‘ j> * 4: “ n t V l l - ’ W W 1

where 0nj(tj) € [tj A r.(vn)(tj), t. V r.(vn)(tj)] .

Since {Hn} satisfies the differentiability condition, we deduce from Lemma 4.6, the 

desired result.

Now since G fv ) = 7 (v ) + 6 (v ) , we obtain (using Lemmas 4.7 and 4.8) that nv ir /nv ir nv n7 v °

Gn(vn) -* G(v) = v + <5(v) . The proof of Proposition 3.5 follows.

5. Proof of Theorem 2.1.

First, we show can be written as

(5.1) <fa = (n-k)‘ j j 0 jjk+2 Ln(t* V dt) bn
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where Afl is a signed measure on [0,1] and bn is the centering constant defined in 

section 2.

r n

(n -k )* « ,-b „ )  = (n-k)"*

1x4-9

(n-k)

n n 

n
_ i ' '

V c -a (R • , ,...,R •) — b L n,i nv n,i—k’ ’ n,i; n
Li=k+1

v v k+ l
1  Cn,i 1  ^ l ’-^ k + P  .^ / [ R ni+ j_k_ 1=ij] 

■i=k+l lA J_ i n’1+J lv 1 JJ

_  V \ A  lk+1)
Z n' n n ' n ' n’"*’ n '
B

l i r  1 k+1
= (n~k)

= V \ fjo =
L nS n’“’’ n ' n ' n’"*’ n '

X V * - ™ )  f  C " V 1+I k
B 4 = k t lJ=1 n.»+J—k~ 1 Jj

1 1

B [0,1]
k+2

Ln(t)An(dt)

where S is the sum over all (i1,...,il , , )  in {l,...,n}^ and E is the sum over all 
A B

k i 9
(V"*,ik+l) *n ’ where Afl is defined in Section 2, and Ln is given by (2.3).

We now prove that

(5.2)

[0,1] [0,1]

L (t)A (dt) as n-x» 
k+2 00 0

Let hn : Dj.+2 R be defined as

(5.3)
hn(f>= I  k+2f ' An(dt)’ n“° '

[0,1]
Let {fn,n>l} be a sequence of functions in , and suppose that fQ->f̂  in

uniform topology where *0eCk _|_2 • We show that

(5.4)

We have

h (f ) -> h (f ) . nv n' o o

f f A (dt) -  I f A (dt) 
J i k + 2 n  n  m i i k + 2  0 0

[ 0 , 1 ] [ 0 , 1 ]

|k+2,L r t)An dt)

h m n>0dt)
,f - V
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[0 , 1] +

<SUD k+9| fn( tH ( t ) |
te [0 ,1] n

+

[0 , 1]
k+2

f (A —À )(dt) ov n o ’

[0,1]
k+2

An(dt) +

[0 , 1]

f (An-A )(dt) 
k+2° n 0

(5.4) follows using (2.5), (2.6) and (5.3), and (5.2) follows using Billingsley (1968, Theorem 

5.5) and Proposition 3.5.

Now we prove that condition (2.6) of Theorem 2.1 is satisfied. By using (5.1) and

(5.2) we deduce that

(5.5)

We have (see (4.4))

(5.6)

2
a —

[o“,i]k+2 [o; i]
k+2EM t )LJ t , )]Ao(d t)Ao(d t,) •

k+l

L (t) = W (t) -  y t W (l,...,t.,...,l)A(t)00V 7 00V ' Zj 0 00 J J 
j= l

From (5.5) and (5.6) the equality in (2.6) holds.
9

It remains to show that <7*'<oo.

By assumption (d) of Proposition 3.4,

k+l k+l

(5.7) lim |E[{Wn(t) -  I  t 0Wn(l,...,tj,...,l)«t)}{Wn(t ') -  I  t;vI1(i,.. ,ty ..,iK j(t)}]|

j=l j= 1 

= lE^wyt')]!
k+l

12,1
< l i m  [ E { W n ( t )  -  l  t  V  ( l , . . . , t i , . . . , l ) / : ( t ) } T  x  [ E { W n ( t ' )

n->oo j j

k+l
j = l

-  1 t;w1(i,...,tj,...,i)<j(t1)}2]* 
j=i

= lim tAn BJ
n-»oo

by the Schwarz inequality.

Let now {X •} be ^mixing with rates (1.2) or (1.3). Then from Lemma 4.1. 
n,i

with q=l , we obtain

J fn --f Io 1
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k + 1

(5.8) An < [E{W-(t)+2|Wn(t)ito I  |Wn(l.....tj.....l)|/j(t)

j= l
k+1 k+1

+
s = l  j = l

k+1 k+1
1/2

An - ^2
k+1 
n t

ra=0 m

1—€ 
k+2 + 2t

k+1
n t„ 1 n m=l

1-e 1-e-i 1/2 

s

<Ci((k n ‘ tm)R:5 + 2t ( lií ‘ tm) ^ < ( t )  + t 2 1 I  ij(t)£s(t)t|t*; 
m= l  m = l  J s = l j = l

where Cj>0 is some constant.

Similarly Bn < some inequality with t's changed to t"s . Thus |E[Lo(t)Lo(t')]| 

is bounded by a function which is integrable, and so |E[Lo(t)Lo(t')] | is also ^xA^

integrable.

Let now {X .} be strong mixing with rates (1.4). Then, using Lemma 4.2 with 11,1
q=2 , we obtain

1-e k+1 k+1

S=1 j=l
and a similar inequality for Bn , and the result follows as in the case of ^-mixing.

The proof of Theorem 2.2 follows analogously.

6. Applications to Markov processes and ARMA processes.

6.1 Markov processes. Consider a sequence {X̂ . n;n€Z} , of IR—valued processes such 
* ’ 

that for all teIN , {X, } is a k—Markov process with stationary transition probabilities 0,11

Pj.(xp...,xk;A) where Ae J?, $  is the Borel a—field of IR , and (xp...,xk) e IRk.

We say that the Markov process is ergodic. if there exists a unique probability 

measure on IR with marginals IIj. on IR such that

IIj.(A) = J P^(xp...,xk;A)/Zj.(dxp...,dxk) for all

We denote by P™ , the m-step transition probability defined by 

P^C xp-.^kjA ) = Jp^(x2,...,xk,y;A)P1J1(xp...,xk;dy)

for all Ae and (xp...,xk) e IR .

\ ww n(x(lvw n,0 )/.(t.)/t2
0

TÎT . t 2o jtt)

ÀC
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For a transition probability P{(...;.) and invariant measure and marginal n fc,
*

we denote by Pt (->0 the transition probability defined by

r *~k+l * k
I Pt (u1,".,uk;(^,,v1.+ 1])^t(du1,...,duk) = j Pt (“k+1; n i (^»,yi])nt (duk+1) .

—oo

i=l 1

We say that the Markov process is geometrically ergodic if it is ergodic and if there 

exists 0</>t < l such that

||Pj(xlv ..,xk; . ) - n t (.)ll =0(pj) for a l l  a .s. (xp...,xk)elRk , 

where ||.|| denotes the norm of total variation, (p^ is called the rate).

The Markov process is Harris recurrent if there exists a a—finite measure on IR 

with z/t (IR)>0 such that i/t (A)>0 implies Pt (xp...,xk;Xj, neA i.o.) = 1 for 

all (x^,...,xk)e!R".

Finally, the Markov process is Doeblin recurrent if it is ergodic and there exists a 

finite measure on IR with ẑ .(IR)>0, an m>l and c>0 such that P^(xp...,xk;A) <

1—e if ^t (A) < e for all (xp...pck) € [Rk and

Let us denote V j e {l,...,k+l} and V M > 0 ,

R.(M) = (^o,+oo)j_1 x [—M,M] x (_00>+<10)k- j+1 .

Then we have the following theorem:
*

THEOREM 6.1. L e t {X. n,nel} be a M a rk o v  p ro c e ss  such  th a t  fo r  e v ery  teN , 

{X. } is  e i th e r  (a )  aperiod ic , H a rr is  recu rren t an d  g eo m etr ica lly  ergodic  w ith  ra te s
u ,n

0 < p , < p  , p  e (0,1) o r ( b )  a p er io d ic  an d  D oeblin  recu rren t. S u pp o se  th ere  ex ists  a  proba-  
 ̂ 0 0

b ility  on  IRk an d  a tra n s it io n  p ro b a b ili ty  P^(...;.) such th a t

(6.1) sup* \n t ( A ) - n Q( A ) \  = 0 (t~ ft) , a > 0  ,
Ae. 

(6.2) sup | Pt (xp...,xk;A) -  Po(xp ...,xk;A) | -» 0 as t-*x>,

w here sup is  o v e r  and  (xp...,xk)eR^(M) f o r  e v ery  j € {l,...,k+l} , V M > 0 , and

(6.3) sup lp t (xk + i;Ak )“ Po(xk + l;Ak)l "*° as
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w h e r e  s u p  i s o v e r  | x k + ^ | < M  a n d  .

Then , u n de r  the a ssu m p tio n s  (3.2) and  (3.3) (n—k)*/2(<2̂ —b ) converges  in  law  to
9  9

a n o rm a l d is tr ibu tion  with  m ea n  0 and  variance o~ where bfl a n d  a“ are  g iven  by (2.4)
* *

an d  (2.7) respective ly . (It is assumed that P .̂,P ,P^,Po have densities continuous in x's 

and, (xt and n  have densities).

PROOF, (i) Suppose (a) holds. First, we show that the process is geometrically 

strong mixing. It is well known (see Nummelin and Tuominen (1982)) that if a Markov 

chain is aperiodic, Harris recurrent and geometrically ergodic with rate p^ , then

liP^Cxp...,^;.) - n t (.)||Mt(dx1,...,dxk) = 0 ( ^ )  

and this property is equivalent to strong mixing with rate p™ (see Rosenblatt (1971, 

p.199)). Next, we show that the covariance functions of the associated graduate empirical 

process (2.2), converge to a function K , but this is a consequence of Lemma 6 of Rüschen- 

dorf (1974) which remains true for strong mixing conditions with a geometric rate.

Let Gj. be the distribution function of the k+1 successive random variables of 

{Xtn} and let Ĥ . be the measure on [0,l]k+* defined by H ^ y ^ ,...^^ ^ ) = 

Gt (EÇ1(y1)»—•,rÇ1(yj;C_hl)) where" Hj. is the marginal of for all ( y p - ^ + i )  e 

[0,l]k+1 and t>0 (note that we also denote by the distribution function associated 

with the measure n^).

We have to show that satisfies the differentiability condition (given in

section 2).

Set ^  Ĥ  , and let Fp) be the conditional distribution function defined as

Fp)(uj;y1,...,yj_ 1,yj+1,...,yk+1) = j  Pt (u1,...,uk;(^»,yk+1])/i{(du1,...,duj_ 1,duj+1,d«k)

A
j—1 k • 

where A =  n  (-oo,yJ ÏÏ (~oo,yJ , p i is the measure associated with the distribution 
t = \  1 ¿=j+l

function Ht (up...,uj_pl,uj+1,...,uk,l) if j<k , and Fpv+1) is the conditional distribu.-
*

tion function associated with P^ . We have

V

í Ht.} >n

o
7iï~
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i t (j)(yr ...,yk + i)  =  F-ij) ( n t 1(yj);n ;1(y1) , . . . ,n ;1(yj_ 1) ,n ; 1(yj+ 1 ) , . . . ,n -1(yk + l ) ) .

Also

ft(j)(y 1, - , y k) - < 0(j)(y i . - , yk) =

=  IF(i ) ( n ; 1(yj ) ;n ;1(y1) , . . . ,n ;1(yj_ 1) ,n - I (yj+ 1 ) , . ,„ n - I (yk + 1 ))

- F O ^ o - p ^ y j ) ..... n ; 1(yH ) ,n - 1(yj+ 1 )...... n^1Cyk + 1 ))]

+  [F(j)(n^1(yj) ;n ;1(y1) , . . . ,n -1(yj_ 1) ,n ; 1(yj+ 1 ) , . . . ,n ;1(yk + 1 ))

-  F ( i ) ( r 1(yj);r 1(y1) ,... ,ir1(yj_ 1),n ;1(yj+1) , . . . , r 1(yk+1))] =  a  +  b  .

To simplify the notation take j= l  , (for j#l , the method is exactly the same). 

Then, we have

A =  F(1)(n^1(y 1) ;n -1(y2) , . . . ,n ;1(yk + 1 )) -  F (1) ( n ; 1(y1);n ;1(y2) , . . . , n ^ y k + 1 ))

=  I  Pt (x1;u2,...,uk;(-™,xk+1])iiJ(du2,...,duk)

n(-oo,x,]
1=2 1

- j  p , < , ..

£= 2 1

< € + i ^ ..................................... i ‘ ‘ l

< 2c

n(-t»,x-]
e=2 c

for all (xp ...,xk+1) 6 Rj(M) .

We also have

B =  F (1)(n^1(y 1) ;n - 1(y2) ......n - 1(yk + 1)) -  F (1)( n ; 1(y1) ; r 1(y2) , . . . ,n ;1(yk + 1 ))

-  F i 1)(n ; l o n „o n i 1<y i>;n; l o n »o n t1^ 2 ) " - n > n „o n t 1<>'k+ i) )

-  w 1(ri )!i l o n . < & 2 ) - " - < e n , o ii; 1(yk + i )  •

Noting that

sup i n o r r t y i i - y i i  =  sup I y , —n o i r ] {y ) | 
y i e[0,i] 0 1 1 1 y i 6[0,l] i t » 1

sup

y i e [0 , 1]

n
c
or
i i^ i h ' n t° r‘(o vy ^ l

.,k+l.
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we find (using (6.1)) that, B<e for sufficiently large t . Thus 4 ^ (y p —0 ^ + 1) 

^ ( y p - ,y k+1) as t-*, uniformly in (ylv -,yk)6Rj(M) for any M>0 and so {Ht }t>0 

satisfies the differentiability condition.

(ii) Suppose (b) is satisfied. Then the proof follows from Davydov (1973) who proved that 

a Markov process which is Doeblin recurrent and aperiodic is geometrically y>-mixing. 

Example 6.1. Consider the process {Xn,neZ} where = a^Xn + +
9

a0c , 1 + a , e “ , , +  ac where the a's are real numbers and { f  ,neZ} is a white noise with3 n+1 4 n+1 5 1 n’ J
2 2 2strictly positive density. Then Mokkadem (1985) has shown that if a  ̂ + a9E(c^) < 1 and 

E(e|) < 0 0 , then the process {Xn,neZ} is geometrically ergodic and geometrically strong 

mixing. Thus the asymptotic normality of the statistic <2̂  based on the ranks of {Xn} 

follows.

Example 6.2. Consider the process {Xn,ne2} where Xn_^ = (̂-^n) + en+l w^ere the 

e's are independent and identically distributed random variables with strictly positive 

density, and f : IR -»IR is bounded, nondecreasing and continuous. (This model was studied 

by Collomb and Doukhan (1983)). It is easy to check that this model is Doeblin recurrent 

and aperiodic, and we deduce, that {XQ} is geometrically <p-mixing and we can apply 

Theorem 6.1.

6.2 ARMA processes. Consider a sequence of ARMA (kpkg) processes

(6.4) n1 (1 -  a!n)U)Xnii = Q[n)(U)e., iei, neIN*
j—1  ̂ ’ 2

where UA-= A- ,  , Q in)(U) = E2 bin V ,  b ^  = 1 and {c-,i€Z} is a sequence of 
1 1 1 k 2  £=0 1 0 1

independent random variables such that E(cj) = 0 , and has a density gj(x) , i e l .

Then

LEMMA 6.2. (Gorodetskii (1977), Withers (1981)). L e t  the sequen ce  {X .,ieZ}
11,1

sa t is fy  the fo llow ing c o n d itio n s:

00

(6.5) sup | |g.(x+/?)-g.(x)|dx < c, |/?| , V P a n d  s o m e  c^O  
i<EZJ 1 1 1 1

- X X )

â2X n+1



25

(6.6) sup E | e-1 < c9 < oo and sup sup | | < p < 1
iel 1 “ nelN l<j<k1 J

*
where c9 and p are som,e constants. Then for any nelN , the process {X  ̂ - ;ie2} is 

strong mixing with rate a(m) — 0 (p™^) for each p^> p .

THEOREM 6.2. Let the sequence {X -,ie2} of ARMA  (k,,k9) process given by
11,1 L ¿d

(6.4) satisfy the following conditions:

(6.7) {fpieZ} is a sequence of independent and identically distributed random variables,
* 2

each having ) distribution.

(6.8) V je{l,...,k^}, 3 £*>0 and aj€(—1,1), aj/O such that lajn^~aji = 0 (n~ 'a), and

V £(= { l,...^} , 3 (3>0, and b̂ etR such that | b ^ —b |̂ = 0(n—̂) .

Then for the rank statistic associated with the sequence {Xn p---,Xn n} and

the score junctions satisfying the assumptions of Theorem 2.1, (n—k)^2(<^—bn) converges
2  2

in law to the ^(0,0 ) distribution where bQ and a are given by (2.4) and (2.7)

respectively.

PROOF. To prove this theorem, we first note using Lemma 6.2 that the sequence

{Xn ¡} is geometrically strong mixing. Let now, Ffl be the distribution function of Xn . ,

and F  ̂ the distribution function of a stationary random variable XQj defined by an

ARMA (kpkg) process with coefficients aj, 1 <j<k̂  and b^, K&kg • Now we prove the

differentiability condition for Hn(t) defined in (2.1) by verifying (6.1), (6.2) and (6.3).

Let Pj[ be the transition distribution function of X_ X„ . , ,X„ ., , ,...,X_ , , n n ,i n,j 1 n ,j-r 1

and G-j the distribution function of (X , ,...,X , _,), n>0 . Then (6.1), (6.2) and (6.3) n ii^ i n,iv^ x

are satisfied in view of the following well known result.

LEMMA 6.3. Let {Gn,n>0} be a sequence of k—dimensional normal distribution

junctions each with mean vector $ . Let the covariance matrices of Gn and Ĝ  be =

((a |^ )) and Eo = ((<r^)) and assume that = 0(n a) for each i / = l , . . . ;k .

Then Gn converges uniformly to Ĝ  .

.(n).

(n) 
V  ' a\i\

S  : 
~n
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7.A Proof of Proposition 3.1.

(i) and (ii) are sufficient conditions; They follow immediately from Proposition 3.2 

by using a result from of Billingsley ((1968), p. 151,1. 15).

We have only to prove that (i) and (ii) are necessary conditions.
*

Let be the a—field generated by the uniform topology on .
*

As P is concentrated on a separable space (C ^^» ^  ^°^ows fr°m

Wichura ((1970), Theorem 1) that there exists a probability space (0 ,^ ,/i)  and a
* * * 

sequence of random variables {Yn} , neIN and a random variable Y such that
)jc î̂£ 5jc îjc

fi(Y ) = Pn , n(Y ) = P and Yr  —* Y a.s. f i . For any 6 (>0), we consider the map 

T^ : Djc_)_2 —* ® defined by

T^(f) = sup { | f ( t ) l l t - t ' l l  < ■

Then, T^ is a continuous map for the uniform topology on 2^+2 •
*

Now, consider a sequence of random variables {Zfl , neIN and a random variable 

Z ̂  defined as

z i = V Y*-
* *

As Yq converges a.s. to Y , it follows that V e>0 , 3 N̂ elN such that

(7.1) p{ I Zn S -  ZI > e/2} < f/2 , V n>No
*

As Y is concentrated on > we have also V c>0 , 3 £>0 such that

(7.2) n{\Zs \ > < / 2 } < e/2 .

(7.1) and (7.2) imply

7. Appendix

Á

or

(7.3) Pn[f; o<f,i)>e] = M |Zn>Æl>^} < «

and from (7.3) we obtain condition (ii). Condition (i) is immediate. Proposition 3.1. is

proved.

> €

*
?Yn

Ck+2

Zr, Xn ,o
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7.B Proof of Lemma 4.1.

Without loss of generality, vve can take = n . First, we prove that for any p 

(l<P<n)

<7-4) E ( I  Xn,i]2<,SCq I  Pq/ \ ^  HX„ , j l l / q (h(P.« )2<1 
i= l 0=1 - J-

where Cq is a constant depending only on q and ip and

h(p,0  = exp| J  ^ / 2q ([21/ 2^ +1 )̂])J for 2s<p<2s+1 . 

i= 1

For any (¿,p) (l<Kp<n) , we define S(i,p) by

( i+p-1 ) A(n+1)

S(^,p) = ^ Xn • where by convention Xn  ̂= 0 .

i=M(n+l )

Denote S = S(^,p) , S' = S(£fp+r,p) , R = S(i+p,r) — S(2p+^,r) for r>l ,

( /+p- l )A(n+l )  2q i/2q 
a(p,q) = sup IE \  Xfl J  , and m, = sup ||Xn ^ .

V-1 i=/A(n+l)  - J -
Then, after some computations, we obtain the following inequality

(7.5) E(S+S, )2q < 2(a(p,q))2q exp{(2q ^(r))1/ 2^  + (2a(p,q-l))2q .

From the Minkowski inequality, it follows that 

(•i+2p—l)A(n+l)

II I  X n , i H 2 q  =  i | S + S ' + R | | 2 q  < | S + S ' | l 2 q  +

£=1

< 21/ 2q a(p,q) e x p f^ r )1/ 2^  + 2a(p,q-l) + 2rmq .

Now take p = 2s , s>l and put r = r(s,q) = [2s/ ^ q"*"̂ ] , ^(s,q) = ((¿>(r))*/2q . 

Then, from (7.5), we can write

a(2s,q) < 21//2q a(2s_1,q) exp{^(s,q)} + 2a(2s - 1,q-l) + 2r(s,q)mq ,
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s s

(7.6) a(2s,q) < 2s/ 2q(l + 2 £ 2-1/ 2q r(i,q)) mq exp{ £ tf(j,q)}

i= l  j= l
s s

+ 2 £ 2(s-i) /2q a(2i - 1,q—l)exp{ £ $j,q)}

i= l  j= i+ l
s

where by convention S ^(j,q) = 0 .
j= s+ l

For q=l , we have

a(2s,l) < Kx 2S/ 2 h(2s,l)m1 

where is a positive constant.
g

We give a proof by recurrence on q . Suppose that for all q > 2 and p = 2 , we

have

q- 1

a(2s,q - l ) <K  j I  2sl 2Ch(2sf im (

(=1

where Kq_j is a positive constant. From (7.6), we deduce

a(2s,q) < 2s/ 21 (exp{ J  ^j,q)})(l + 2 J  2 ’ (1 1+1}) mQ + 2* ^ ^  J  2s/ 2V 2S,Qm<,

i = i  j = i  e= i
where Aq is a constant depending only on q and <p. That is,

q
(7.7) a(2s,q)<Kq J  2s/ 2i h(2s,£)m£ .

1=1

Finally, for each p<n , we can write the binary decomposition as

s

p = 1 v.21, v. € {0,1} . 
i=0 1 1

From the equality h(p,^) = h(2s,i) for 2s < p < 2S~*"̂ and (7.7), it follows that

s s

a(p,q) < J  Vj a(2\q) < £ a(2!,q)

i=0 i=0 
s q

a (p ,q )< K q I  I  2 '/2/ h(2i,<)m<

i=0 1=1



29

(7.8) (a(p,q))2q < Cq I  p 'l//(li(p,<)mi)2<l

t= 1
and (7.4) is proved.

(4.1) now follows by putting p=n=Nn and by using the following relation 

00 00

(7.9) ^ ( v? ( 2 ^ ) ) * / 2<1 < +oo  4 = *  ^ m—̂ ( m ) ) ^ 2^ < + o o .

£=0 m =l

Lemma 4.1 is proved.

7.C Proof of Lemma 4.3.

N N

For every p,N,r e IN , we define SN = J  Yj , TNj  = £ Y^N+r)+ . ,

i= l ’ i= l
r

% ,j  = 1 (Yj(N+r)+N+i — YpN+jr+i^ for j= 0v ,P - l  • For every &IN , we denote 
i= l

K? = E( I  Yi)2 - 
i= l

From the property of stationarity, we have

K2 = E(S2) = E(Tn j )2 for j=0,...,p—1

and

p—1

(7-10) | E(Sn )2 -  i  E( I  Tn j )2 | < p(tfr))* K 2 .

j =0

We have

p N p—1 p—1

SpN= I  Yi =  I  TN,j+ 1 RN ,r  
i= l  j =0 j =0

We deduce from (7.10)

(7.11) |B(SN)2 - i E ( S pN)2 | < p M r ) ) * K 2 +4pI<rKN .

From Lemma 4.1, there exists a constant C depending only on ip such that

I<2 < C r K 2 and k J < C N k J .

Now taking r = r(N) = [N*] and using (7.10) for p=2 , we obtain
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i 3 E(s / “ ^ f 5 E(s^ )2 1 - ?  I ? i Ei V k i ! - J E( V « )!li  i  -  ̂ k = 0 - i

2 s+m-l

< 8 C Kt I  ((v*[2k/2)) + 2"k/ 4)

k=s
1 2It follows that — E(S ) is a Cauchy sequence. Hence there exists a constant K 
2^

m — 1

such that

E(S J 2 —» K2 as s-*oo . 
2s 2

We deduce that for every p̂ elN

sup |K2 — E(S J 2 | - * 0  as s-x». 
p>p0 P2 P2

Let I be such that pq < I < (p+l)q . Then

I k  E(Spq)2 "  1 E(S/ 1 - 2 °  K?(P + ^  f°r q n  'P
Consequently V e>0 , B p̂ elN , such that

1 P I W E(SP(1/P]) 2 - ^ E(s / ' <  e/2 • Vp>- po

s
Now if we choose s such that 2 0 > p and 

o o
sup |K2 — i-E(S J 2 | < e/2  for all s>s , 

p<2po p2 p2 0

s
then there exists for every n > n  ̂= p^2 °, an S>SQ and a p for which PQ < p < 2p^ and

p2s < n < (p+l)2s .

We deduce that V n>n 
" o

Ik2- 5 e( V 2| i  Ik2 - A e(s / l  + l-ijEtS s)2 - iE (S  )2| <f /2 + e/2=e
n n p2 p2 p2 p2 n n

which implies

E(Sn)2 —» K2 as n-+oo

and Lemma 4.3 is proved.
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STATISTIQUE. —  Convergence faible de la statistique sérielle linéaire de rang en 
condition de dépendance avec applications aux séries chronologiques et processus de Markov. 
Note de Michel Harel et Madan Puri, présentée par Robert Fortet.

La normalité asymptotique de la statistique sérielle linéaire de rang introduite par Hallin, Ingenbleek et 
Puri [2] pour le problème d’éprouver un bruit blanc contre des alternatives ARMA est établie pour une 
suite de variables aléatoires (p mélangeantes ainsi que fortement mélangeantes en utilisant l’approche de 
Rüschendorf [5]. Des applications sont données pour les processus de Markov et les processus ARMA en 
séries chronologiques.

STATISTICS. —  Weak convergence of serial rank statistics under dependence with applications in time 
series and Markov processes.The asymptotic normality of linear serial rank statistics introduced by Hallin, Ingengleek and Puri [2] for the problem of testing white noise against ARMA alternatives is established for (p-mixing as well as strong mixing sequences of random variables using Rüschendorf s [5] approach. Applications in Markov processes and ARMA processes in time series are provided.

1. Introduction, définitions et hypothèses. — Soient Xnl, . . X nn9 n ^ l  des 
variables aléatoires réelles avec Fn(x) n^l la fonction de répartition supposée continue. 
On considère les statistiques :

n

= Z  Cm-0n(Rn, R». i)
i = k+ 1

où les cni sont des constantes connues, a„ (. . . ) sont les fonctions de scores et R„ f le 
rang de Xm- parmi (X„ x, . . ., X„B). Notre but est d’étudier le comportement asymptotique 
de <3„ quand la suite {Xni} est cp mélangeante où le coefficient de mélange vérifie :

(1) <p(m) =  0 (m_1~E) où 8 > 0 (m ̂  1) 

ou
QO

(2) £  m -1q>1/2(3 + k)(m)<oo
m  =  1

ou fortement mélangeante de coefficient de mélange a vérifiant
oo

(3) £  m 2<* + 2)a£(m)<oo où ee]0, l/2(3 + fc)[
m =  1

On note F„(x) la fonction de répartition empirique continue de Xni, i = l ,  . . n;
n

c’est-à-dire P„ (x) = n x £  où I( j est la fonction indicatrice. On note G„ la
«=1

fonction de répartition de k +1 variables aléatoires successives parmi (X„ l5 . . ., X„„). 
Soit {H„} une suite de mesures sur [0,1]*+ 1 définie par :

Hn(t) = Gn(Fjr 1(i1) , . . . , F 1T1(ik + 1))

pour tout t=(f!, . . ., tk+1)e[0,l]* + 1.
On considère maintenant le processus empirique gradué W„ défini par :

(«toi f  k + 1
W.(,)-(n- k ) - ' *  X

i = k + 1 i j =  1

0249-6291/87/03040583 $ 2.00 © Académie des Sciences

H,i + j - k -(X„,

l [X „ ,S x ]
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pour tout t = (t0, t)=(t0, tlf . . ., £fc+1)e[0,l]* + 2, où [nt0] désigne la partie entière de nt0 
et on considère le processus de rang gradué L„ défini par

I"» o l r k + 1 -,

pour tout t = (t0, t)e[0,l]fc + 2.
La convergence de <S„ sera déduite de la convergence de L„ qui sera elle-même déduite 

de la convergence de W„.
Finalement, on note par Ck + 2, l’espace de toutes les applications continues 

/ :  [0,l]k+2 -* IR et par C*+1 (j), + l’espace de toutes les applications continues
et bornées f  : A (f) -*■ U où A (j) = [0,1 ]J ~1 x ]0,1 [ x [0,1 ]*+1 ~j.

2. R é s u l t a t  p r é l i m i n a i r e .  — On dit que la suite {H„} satisfait la condition de 
différentiabilité si ôHJdtj existe sur A (j) et appartient à Ck + l (f), l^ j^ k  + 1 et 
ôHJdtj -*• lj pour la topologie uniforme sur tout compact de A (j) quand n —► oo, et lj 
appartient à Ck+1 (/).

Proposition. — Supposons que la suite {Xm-} soit (a) tp mélangeante avec le taux (1) ou 
(<b) stationnaire et cp mélangeante avec le taux (2) ou encore (c) fortement mélangeante 
avec le taux (3 ) .  Supposons de plus que (d) les fonctions de covariance des processus 
empiriques W„ convergent vers une fonction et que (e) {H„} satisfait la condition de 
différentiabilité.

Alors sous (a) (d) et (e) ou (c) (d) et (e), L„ converge faiblement pour la topologie 
uniforme vers un processus gaussien L0 avec des trajectoires p. s. dans Ck + 2- Sous (b) et 
(e) L„(l, t) converge pour la topologie uniforme vers un processus gaussien L0(l, t) avec 
ses trajectoires p. s. dans Cfc + 1.

3. N o r m a l i t é  a s y m p t o t i q u e  d e  l a  s t a t i s t i q u e  s é r i e l l e  l i n é a i r e  d e  r a n g  S „ .  — Pour 
tout n, on définit une mesure signée Xn concentrée sur {1/n, . . ., (n — \)/n, l}k + 2 en 
posant :

où | Xn | est la mesure de variation totale.
Si la suite {X„,} satisfait les hypothèses (a) (d) et (e) ou (c) (d) et (e) ou encore (b) et (e) 

avec cni= 1 pour tout i, alors (n — k)112 (<5„ — bn) converge en loi vers une distribution

s K -f J
L„(i) = (n — k)~1/2 £  \ X

ï =  fc +  l  w = l
(•>}

K

pour tout (/l5 . . ., lk+ 1)e{l, . . ., n}k+2 (par convention cB/o = 0 si /0<fc + l). 
On définit un coefficient de centrage b„ par :

J[0,l]fc + 2
où Hw est une fonction : [0,1]* + 2 U + telle que H„(t) = ([ni0] — fe)Hn(t). 

Théorème 1. — S o i t  X 0 u n e  m e s u r e  t e l l e  q u e  :

b n =  f H n ( t ) K ( d t ) ,J r o . n fc + 2

(4) lim \ f . d ' k n = \ f d X Q
n -* oo J J

p o u r  t o u t  f e C k + 2

et

(5) sup \f.d\\n\<co; 
n e N  J N= {1, 1, 2, . . .}

,k+ Ir

i —o L
1 : Cnl0 a n lk+1)
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normale avec moyenne nulle et écart type a  où

cr2 = |  F E [L 0 ( t ) L 0 (t')]dX0 (t)dX 0 ( t ') (< o o )
J [ 0 , l ] k + 2 J [ 0 , l ) k + 2

Preuve. — Après avoir montré que S„ peut se mettre sous la forme :

&n = ( n - k ) ~ 1,2\ f  h a( t ) ’Kn(d t)]  + bn
LJ[o,u*+1 J

on utilise la proposition.

C o r o l l a ir e . — Soit J une fonction sur [0,l]k + 2 telle que

J (~> • • ■» ~ ^ )  = Cni°fln( l̂» • • •> 4+l)

pour tout (l0, . . . ,  lk + 1) e  {1, . . .,  n}k + 2, J =  Jd + Jc où Jd est une fonction en escalier prenant 
seulement un nombre fin i de sauts et où pour tout l e {0, . . . ,  k + 1}, Jc a une dérivée 
continue dl Jc/(dtj)j e „ alors les conditions (4) et (5) sont satisfaites.

4. A p p l ic a t io n s  a u x  p r o c e s s u s  d e  M a r k o v  e t  p r o c e s s u s  ARM A. — 4 .1 . On considère 
une suite {X,„; n e Z }  de processus à valeurs réelles telle que pour tout i e  N*, {X(n} est 
un k processus de Markov avec pour probabilité de transition P ,(x i, . . . . ,  x k; A )  où 
A sâS  la tribu borélienne de IR et ( x l5 . . . ,  x k) e U k.

On suppose que le processus de Markov est ergodique avec pour probabilité invariante 
m sur IR* et marginale n, sur R.

On note Pj*(.; .)  la transition de probabilité de X (n vers X f_fc X (_ x n définie
par (i( P, =  Tt( P*. V j e {  1, . . . ,  k + 1}, V M > 0 , on note

R ,( M ) = ] - o o ,  +oo[j ~ 1 x [ M M ] x ] - o o ,  +  oo[*“ -i+1

T h é o r è m e  2. — Soit {X f„; n e Z} un processus de M arkov tel que pour chaque t e M * ,  
{XtB} est soit apériodique, Harris récurrent et géométriquement ergodique avec pour taux  
0 < p (< p o, po e ] 0 , 1[ soit apériodique et Doeblin récurrent. On suppose qu’il existe une 
probabilité |i0 sur R* et une transition de probabilité P0 ( . . . ; . ) telle que :

sup |m ( A ) - n o (A )| =  0 ( t -a), a > 0
A e J *

sup I pt • • -, X k; AÎ-PqÎX!, . . ., xk; A) | ----»-0
A  g f —►  oo

U l ,  . . . , Xfc) 6 R j  (M)

pour chaque j e {  1, . . fe}, V M > 0  et

sup | P* (xk + 1; A k) - P $ ( x k + 1; A k) | -----» 0
l * * + l l <M f OO

A *

alors, sous les hypothèses (4) et ( 5 )  (n — k ) 1/2 ({3 n — bn) converge en loi vers la distribution 
normale de moyenne nulle et écart type a  où bn et a  sont donnés dans le théorème 1. (On 
a supposé que Pr, P0, Pf, P* ont des densités continues en x ' s et \it et |a0 ont des densités.)

Exemple  1. — On considère le processus {Xn; n e  Z} où

X„ + i = a t X„ +  a2 X nen + i + a 3 sn+1 + a 4 e^+1 +  a 5

où les coefficients a l9 . . . ,  a 5 sont des nombres réels et {s„, n e Z }  est un bruit blanc avec 
une densité strictement positive. Alors si af  + al  E (8 i) < 1  et E (S i)< o o , le processus
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{X„, n e Z }  est géométriquement fortement mélangeant [4] et la normalité asymptotique 
de S„ suit du théorème 1.

Exemple 2. — On considère le processus {X„, n e  Z} où X n + 1 = / ( X „ ) + e n + 1 où les e„ 
sont indépendants et identiquement distribués avec une densité strictement positive et 
f  : [R —* IR est bornée, croissante et continue alors {X„} est géométriquement <p mélangeant 
[1] et on peut appliquer le théorème 1.

4 .2 .  On considère une suite de processus A RM A  d’ordre ( k u k 2)

X  ( 1 - a f  U J X ^ Q ^ U e ,- ,  ie Z ,  n e N *  
j=  i

où
k2

U O l e " ' ( U )  =  I  b\n)U l, b$> = 1
i = 0

et {e,-; i e  Z} est une suite de variables aléatoires indépendantes et identiquement distribuées 
ayant une 91(0, a * 2) distribution.

Théorème 3. — Soit la suite {X ni, zeZ} de processus A R M A  d'ordre ( k u k 2) satisfaisant 
les conditions suivantes : V j e  {1, . . ., k t }, 3 a > 0  et a^-e]—1, 1 [, a ,#  0 tel que 
| a(f ) — aJ\ = 0  (n~a) et V le  { 1, . . ., k 2 }, 3 p > 0  et bte  IR tel que | b(") — bl | = 0  (n_p) alors 
pour la statistique de rang S>„ associée à la suite X„ l5 . . . ,  X nn et les fonctions de scores 
satisfaisant les hypothèses du théorème 1, (n —fc)1/2 (©„ — &„) converge en loi vers la 
91(0, a 2) distribution où b„ et a 2 sont donnés par le théorème 1.

Reçue le 16 février 1987.

R é f é r e n c e s  b i b l io g r a p h iq u e s

[1] G. Collomb  et P. Doukhan, Estimation de la fonction d’autoregression d’un processus stationnaire et 

cp mélangeant : risque quadratique par la méthode du noyau, Comptes rendus, 296, série I, 1983, p. 859-862.

[2] M.Hallin, J. F. Ingenbleek et M. L. Puri, Linear serial rank tests for randomnes against A R M A  

alternatives, Ann. S t a t  13, 1985, p. 1156-1181.

[3] M . Harel, Convergence en loi pour la topologie de Skorohod du processus empirique multidimensionnel 

normalisé tronqué et semi-corrigé, Lecture Note in Math., Springer Verlag, n° 821, 1980, p. 46-85.

[4] A. Mokhadem , Le modèle non linéaire AR(1) général. Ergodicité et ergodicité géométrique, Comptes 

rendus, 301, série I, 1985, p. 889-892.

[5] L. Rüschendorf , Asymptotic distribution of multivariate rank order statistics, Ann. Stat., 4, 1976, 

p. 912-923.

M. H. : Institut universitaire de Technologie de Limoges, 

Département Technique de Commercialisation, 

allée André-Maurois, 87065 Limoges Cedex 

et U.A.-C.N.R.S. n° 759, 76000 Rouen;

M. L. P. : Department of Mathematics, Indiana University, 

Bloomington, Indiana 47405, U.S.A.



WEAK CONVERGENCE OF THE SERIAL LINEAR RANK STATISTIC 

WITH UNBOUNDED SCORES AND REGRESSION CONSTANTS 

UNDER MIXING CONDITIONS

BY MICHEL HAREL AND MADAN L. PURI1

In s t i tu t  U n ivers ita ire  de Technologie  de L im o g es  et 

U .A . C .N .R .S . ,  R o u en  a n d  In d ian a  U n ivers ity

Harel and Puri (1987b) established the weak convergence of a class of the serial 

linear rank statistics with bounded score functions and regression constants when the 

random variables are <p—mixing or strong mixing. This paper extends these results to the 

case when the score functions as well as the regression constants are not necessarily- 

bounded.
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1. Introduction. Let Xn l,...,X , n>l be real—valued random variables with 

continuous distribution functions Fn(x), n>l .

Consider the statistics

n

(1.1) df = y c • a (R • i ,..,R •)' ' n L m nv n,i—k’ ’ n,iy
i=k+l

where the c . are known constants, a (...) are the scores, and R • denotes the rank of m nv y m

Xni among ( X ^ .....Xnn) .

Our aim is to study the asymptotic behavior of df when the sequence {Xn-} is 

(^-mixing with rates

(1.2) </?(m) = 0(m— €) for some e>0  (m>l) 

or

00

(1.3) I  m " V (3+k)(m) < oo

m =l

or strong mixing with rates

00

(1.4) ^ m2(k" ^ a re(m) < oo for some ee(0,l/2(3+k)) . 

m =l

Recall that the sequence {X^} is ^-mixing if 

sup{|P(A|B)—P(A)| : B e <r(Xnj,l<i<j) , A e ^(X^, i>j+m)} = ^(m)i0 f°r positive 

integers j and m , and it is strong mixing if sup { |P(AnB)—P(A)P(B) [ , Aea(Xnpl<i<j) , 

Becr(Xnj,i>j+m)} = a(m)J,0 for positive integers j and m . Here cr(Xn-,l<i<j) and 

cr(Xni,i>j+m) axe the a—fields generated by (Xnp...,Xnj) and

(Xn,j+m'Xn,j+m+ 1.... Xnn> respectively.

The asymptotic normality of the serial linear rank statistic <25̂ in (1.1) was 

established by Hallin, Ingenbleek and Puri (1985) for an ARMA process under the null 

hypothesis of white noise, and under alternatives contiguous to white noise. In this paper 

we show that contiguity is not necessary for the derivation of asymptotic normality, and 

we derive the results under (¿>-mixing as well as strong mixing sequences of non—stationary
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random variables using Rüschendorf (1976)'s approach. In passing, we may also mention 

that Harel and Puri (1987b) derived the weak convergence of & when both the score 

function and the regression constants c ^  , l<i<n , n>l are bounded. The present paper 

also extends the results of Harel and Puri (loc. cit.) to the case of unbounded score 

functions as well as the regression constants. In section 6, we provide some examples.

We start with some preliminaries.

Denote by Fn(x) , the right continuous empirical distribution function of 

-1  ni=l,...,n; i.e. let FQ(x) = n E 1^- <xj where I^j denotes the indicator function.

Denote by Gn the distribution function of the k+1 of the successive random variables 

among . Let gn denote the probability density function of Gn , and let f

be the marginal density of Gn (equivalently, the density of Fq). Let {Hn} be a sequence 

of measures on [0,l]k"*”̂  defined by

(1.5) Hn(t) = Gn(F„1(t1),- ,F ~ 1(tk+1))

for all t = (tp ...,tk^^) e [0,l]k+1 , and consider the rank process Lq (called the 

graduate rank process) defined by

_ i [!% ] fk+1 1
(1.6) Ln(t) = (n-k) > “ H” (î)}

k 4 _ o
for all t = (tQ,t) = (t05t p-->t]i+ i) e [0,1] , where [ntQ] denotes the integral part of 

the real number ntQ .

With the above notations, we can rewrite as

(1?) «’„ “ (n-k)4 f Ln(‘) i( ï)  r(‘) % ( ‘) + dn 
[0,1]

k 4 - 2where fi is a signed measure on [0,1] and where r(.) is a continuous function from 

[0,l]k"*’2 into IR"*”, called a weight function, and dn is a centering constant. (By conven

tion |-(t) = 0 if r(t) = 0). The weight function is introduced to deal with the case when 

the score functions an(...) are unbounded. We shall verify the weak convergence of the 

process L •- with respect to the topology of the uniform convergence (i.e. uniform

l > * j T- j - k -<V»1 =1i = k + l
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topology). Since the process Ln *  ̂ does not vanish on the upper boundary of [0,1]^"^ , 

we shall introduce in section 2 a new process L called the split graduate rank process
If i O

which vanishes on the boundary of [0,1] and which permits a representation of in 

the form

(1.8) c/n = (n-k)* f Ln(t) j{t)r(t)dAn(t) + bn

[0 , l ]k+2

where An (a certain measure) and bfl (a centering constant) are defined in section 3.

The graduate empirical process defined by

(l-#) w“(t)=(n-k)̂  !£) A - H-(t))
is a variant of the multivariate empirical process studied by Harel and Puri (1987a). 

(Applications of in ARM A processes in time series as well as in Markov processes are 

provided in Harel and Puri (1987b)).

2. Weak convergence of the graduate empirical process, the split graduate rank 

process and the weighted split and graduate rank process. We start with preliminaries.
*  *  V - t - 9

2.1. The spaces D ^ ^  a11̂  ^k+ 2' ^et ^ : [0,1] -+ R • For

/?=(p(0),...,/9(k+l))e{0,l}k"*’  ̂ , define f (t) = lim f(s) (s,t)e([0, l ]^ ^ )^  if it exists,
P S jitj p(l)=l 

Sj i  tj K i)=0

in which case, call f (t) the />-limit of f at t . Denote by D ^ ^  or ^ + 2^  fche space 

of all maps f : [0,l]k+ -̂*|R such that for all /9G{0,1}^+ ,̂ exists and f =f for
L i O

p=(0,...,0) . Denote by ^ ^ ( l )  > the space of all maps f : [0,1] -*IR such that for all 

pe{0,l}k"^, exists and f = f for p = (1,0 ,...,0) .
k_i_o

More generally, for a closed rectangle R in [0,1] , let D^(R) be the set of all 

maps f : R-»1R such that f^* exists for all p e{0 ,l}^^  and f =f .
* k  -4-9

Put Dj^^g = {f;[0,l] , for all p ,  restriction f|I(p) has an extension f on

IW  with e D^(T(p))} where I(p) = ^ (o )* -* V k + 1) ’ '< =  {[Jllj if £ l  and 1

denotes the closure of the set A .
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In what follows, A denotes the space of maps h : [0,1]-»[0,1] which are 

nondecreasing, continuous and bijective and A ^ +2) denotes the space of maps 

A : [0,l]k+2-[0,l]k+2  Where A(t0 ,...,tk+1)=(A0(t0),...,Ak+ 1(tk+1)) , AjEA , 0<j<k+l .
u ! o

For any bounded maps f,g : [0,1] -4R , we denote

dftg) = j^ (k + 2 )  max ( I IH oA IM IA ^ )! !}

k+2
where ^ + 2) denotes identity map on [0,1]

||f-goA|| = sup k 2{ |f(t)—(goA)(t) | } 
te [0,l]K+i2

llA_I(k+2)H = 1jk+2{lA(t)- I (k+2)(t )l} *

We shall call the topology associated with the metric d Skorohod topology.

We say that we have special Skorohod topology on if we have uniform

topology for the first coordinate and Skorohod topology for the other coordinates (for more 

details on the Skorohod topology cf. Balacheff and Dupont (1980)).
*

We define an operator 7 : D ^ ^  -* by setting

(2-1) 7(f)(t)= I (-l)C“ d 1 f((bi)ieI .(a ^ ,))
Ic{0,...,k+1}

for all tel(p) where

faj = 0 and bj = tj if />(i) = 0

i = V an(* = 1 if /?(i) = 1

and card I means the cardinal of I .
k_i_9

Finally, denote by Ck+2 , the space of all continuous maps f : [0,1] -> IR , and 

by Ck+1(j) , (l<j<k+l) , the space of all continuous and bounded maps f : A(j) -> IR

where A(j) = [0,l]j_ 1x(0,l)x[0,l]k+1_-> .
* k4-2

Now put Ck+2 = {f;[0,l] -»IR : for all /?,f|I(/?) has a continuous extension to 

T(/?)} . We define a modulus of continuity for any bounded function f : [0,l]k_*"2->IR"*" to be 

denoted by a>*(f,£) , (&>0) by setting

(2.2) w*(f,£) = max , 9 sup |f(t)—f(t') | , ||t- t '||< £ .
^^{0 , 1} (t,t ')€ l(/> )



6

*
Note that f belongs to C, . 0 if and only if lim  w*(f,£) = 0 .

k+z <^0

The following proposition, which is a variant of a theorem of Dudley (1978) will be 

used in section 2.2.a.
*

PROPOSITION 2.1. Let Yn be a process with values in Dk+2 and measurable
* * 

with respect to ^ k_|_2 ’ —  <7— generated bv the uniform topology on Dk+2 • XiêÊ. PQ
*

denote the law of Yn . Then there exists a probability measure P with = *

for which Pn converges weakly with respect to the uniform topology if and only if

k-4-2
(i) for all finite subsets U of [0,1] , ^u^n^  converges weakly to <Pjj(P) • (^u(^) is

* Uthe projection of Dk _̂2 QnIR ),

(ii) lim lim sup P f{f;w*(f,£)>e}] = 0 , V e>0 .
c a  n¿MÛ D.-H»

2.2.a. Convergence of the graduate empirical process.

PROPOSITION 2.2. Assume that the sequence {X^} is (a) ^ -mixing with rates

(1.2), (b) stationary with rates (1.3), or (c) strong mixing with rates (1.4). Furthermore 

assume that (d) the covariance functions {(CQ; n>l} of the empirical process {Wn; n>l} 

defined in (1.9) converge to a function C . Then under (a) and (d) or (c) and (d), Wn 

converges weakly in the Skorohod topology to a Gaussian process WQ with trajectories

a.s. in 0 ^ 2  • Under (b). W ^(l.t) converges in the Skorohod topology to a Gaussian 

process WQ(l,t) with trajectories a.s. in Ck^  .

k+1PROOF. Consider a sequence Zm- , l<i<m , m>l of IR valued random 

variables defined by (Xm+k)i,- ,X m+k>i+k) = ( z W , . . .  » Z ^ t1)) , l<i<m , m>l . Then 

the (k+1)—variate truncated empirical process Wm associated with this sequence is given 

by
, [(m+k)t ]—k k+1

(2.3) Wm(t0,t) = m ’ s «  [ . " I p  , ( Z « ) ) < t . ] - W ! »
1=1 j=l L m+kv mi jJ

and this is the same as the graduate process Wn defined in (1.9) for m+k = n .
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For the process Wm , the proof follows from Theorem 3.1 in Harel and Puri 

(1987a). We derive the convergence with respect to the special Skoroliod topology by using 

Proposition 2.1 to the first coordinate of Wfl .

2.2b. Convergence of the split graduate rank process. To consider the convergence 

of the split graduate rank processes, we need some preliminaries.

DEFINITION. We say that the sequence {Hn} satisfies the differentiability condi-

8  d E n
tion if (i) Hn exists on A(j) and belongs to ^k + 1 ^  ’ > and 00 cJtT”* *n

the uniform topology on any compact subset of A(j) as n-><» and £; belongs to C^^^(j) .

Forgiven ee{0,l} , we define : IR-4R by ^  = (—1)£I^ where 1̂  is an identity 

function. We also define ij>' : [0,1]-*[0,1] by ^  = e+(—1)CI^ .

For any e€{0,l} , denote by Fn f the distribution function of ^c(Xnj) , and set

Fn f(x) = n—1 .E (X ^ <xj . For any ¿e{0,l}k+1 , we denote by g£(x) , xelRk+1,

the distribution function of i)>*”>^p(^+i)(^n k+1^ an<̂  by t îe se(llience

of measures on [0,1]̂ "*”* defined by

for any p =  (/j(0),p)e{0,l}k+  ̂ the process i /  defined by

„ _ i b  fk+l 
(2-4) L (t) = (n-k) 2 S { .n  i[p (^ )(x J ^ 'n O - ) ]

i= alj= l 1 n,p(ir̂ p(}VK n ,i+ j-k -P -V (j)v r

.... ^ ( k + i A + i » }
♦

where a=k+l , b=[ntQ] if /?(0)=0 and a = sup{[ntQ] +l,k+l} , b=n if /?(0)=1 , and

*

K i  =

n tQ if ntQ is an integer

[n t j+ l  otherwise.

The split rank process Lq is defined by
ik+2

(2.5) Ln(t) =
0 if t£[l/n+l, n/n+1]

L^(t') if te[l/n+l, n/n+l]k+2nl(/j)

L<j<k-hl ,

H j ( t : ’W ] ■< * Fn,p ; ! ) ( * ! ) k+1 ^k+l

Hg(*;
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where tï = 5 ^ t j  if p(j)=0  and tj = ^ p t j  - if />(j)=l then we have

PROPOSITION 2.3. If the sequence {Xnj} satisfies the assumption (a) and (d) or

(c) and (d) in Proposition 2.2, and furthermore if {Hn} satisfies the differentiability 

condition, then converges weakly in uniform topology to a Gaussian process LQ with
*

trajectories a.s. in •

The proof is given in section 4.

We now define the nontruncated split rank process Ln as follows

(2-«) Ln(t)
0 if t£ [l/n+ l, n/n+l]k+1

L^’̂ l j t ')  if te [l/n+ l, n /n + l] ^ 1 D I(p) 

where tj = ^ t j  if /<j)=0  , tj = 5 ± i t .  if />(j)=l and \{p) =  Ip(1)x- xIy9(k+1) • 

PROPOSITION 2.4. If the sequence {Xnj} satisfies the assumption (b) of 

Proposition 2.2, and {H^} satisfies the differentiability condition, then Ln converges
*

weakly in the uniform topology to a Gaussian process LQ with trajectories a.s. in .

The proof is an easy consequence of Proposition 2.3 because the mixing rate is not 

used in the proof.

2.2.c. Convergence of the weighted rank processes. First we define the split weight 

function.

DEFINITION. A function r : [0,l]k+2 -» IR+ is called a split weight function if it

satisfies the following conditions:

ro : [0, lH R + -------- ....................................... ,0 ,.0(i) there exists an r : [0,1]-"®"*' and an r : [0 ,1]̂ "*"̂ -̂ "*" such that r(t) = r (t )r(t) for

all (to,t)€[0,l]k + 2 ,
*

(ii) r belongs to >

(iii) r=0 on the boundary of [0,1]̂ "*"2 .

PROPOSITION 2.5. If (i) the sequence {Xnj} satisfies the assumptions of

Proposition 2.3. (ii) if there exists a distribution function F such that

sup | F (x)-F(x)| = 0(n_i*) , <ï>0 , and (iii) 
xeIR n
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(2.7) gn(x p" >xk + l )  $ A 1

k+l
[ . ^ F ^ X j X l - F ^ X j ) )

j +  Æk + l

where A^>0 . then, for any split weight function r satisfying

n  t : x n(2.8) r(t) > A, (1 -tj)  
Ï J

for all tel(/?)
[j£J(/>)J j ( 3 (p )

where A2>0 , 0 < i~f> < ■ and J(/>) =  { M 0,...,k+l}:/>(j)=0} . Ln - j  converges
1 * 

weakly in uniform topology to the Gaussian process LQ*- with trajectories a.s. in

The proof is given in section 4.

PROPOSITION 2.6. If the sequence {Xni} satisfies the assumptions of 

Proposition 2.4 and (2.7), then for any split weight function r : [0,1]^̂ -+IR"*’ satisfying

(2.9) r(t) > Â n  t- x n  ( l —■t.) 
j e i ( ? ) J j* JOS) J , 

1

\ - 8

f  1for all tel(^) where A>0  , 0 < $-8 <  4^ + ^  » and J(£) =  {je{l,...,k+l};/9(j)=0} , Ln *-

f  1converges weakly in uniform topology to the Gaussian process LQ*p with trajectories a.s. 

*  < + I  •

The proof follows also by Proposition 2.5.

3j. Asymptotic normality of linear serial rank statistic For any n , we define a

k+2signed measure A concentrated on { l/n + l,. . . ,n /n + l}  by setting

j " j ( / . ) ' ^ D = H
i  I

for all _ £ + ! )  6 i( /,)n{_^I)..M_ n _ }k + 2 (by convention cn/ =0  if ¿0< k + l).

We also define a centering coefficient bn by

(3.1)
bn =  I

where is a function: (0,1] ÎR such that

k+l x*
H g ( t ) A n ( d t )

(3.2)
Hn<‘) =  (b- M - » ( ^ ( ^ l ) (‘ i ) . - - ^ k + l ) i tk + l)))

n+1
a=k+l , b = [(n + l) tj  if p(0)=0  ; a=[(n+l)tQ- l ]  +1  , b=n if /?(0)=1  , tj =  tj if

/>(j)= 0  , tj =  tj -  j  if /?(j)=l , j>l •

j=3

"k+2

4(k+2) ’

n+1
n

An'
J (P)

Ì L I )
n + 1’2'' n

i*J(
•2’n+:

t .

= H
•’̂ k+1
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In the sequel, we will use another measure, called a pseudo measure. 

DEFINITION. A measure A on [0,l]k+2 is called a pseudo measure of order
$

Ic{0,l,...,k+1} if for any feCk+2 >

(3.3) f fdA = [ f(t)A(dt) .

[o, i]k+2 { (V  • •.tk+1);ti= i -  V iel}

A will be called a general measure if it is the finite sum of pseudo measures.

THEOREM 3.1. Let r be a split weight function such that for some general

measure AQ we have

(3.4) lim J f.r dAn = J f.r dAQ for all feCk+2

(3.5) sup f f.r d | A | < oo ; IN = {0,1,2,...}
neIN J

where | An | denotes the measure of total variation.

If the sequence {XQj} and r satisfy the assumptions of Proposition 2.5, then 

(n—k)- * ( bQ) converges in law to the normal distribution with mean 0 and variance 

a2 where

(3.6) <r2 = f ... [ E[L (t)L (t')]dA (t)dA (t') < « .
[0,l]k+2 [0,l]k+2

REMARK. The above theorem is proved under the assumption that the sequence

{Xni} is nonstationary and either ^-mixing with rates (1.2) or strong mixing with rates

(1.4). The theorem does not hold with the ^—mixing rates (1.3) unless one assumes

stationarity and the special case when <^=1  for all i .

Let denote the statistics when cnj= l for all i , i.e. let

n

(3-7) <  = I  an(En ._k,...,Rn .)
i=k+l

and let bn denote the corresponding centering constant i.e.

(3.8) bn = I

P£{0y

where fij( t)  = (n -k )H £ (^ (1)( .;) .... ^ k+1)(t£+ I) ) , tj =  (=±±) tj if p(j)=0

pe{0,l}k+1 I'
Hj(t)An(dt)

n+l>
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t 'i =  — n if and
r t

X
n

l x
=  an ^ l ’"-’ k+1

then we have the following proposition.

THEOREM 3.2. Let r be a split weight function such that for some general

measure À on [0,1]
k+1

we have

lim JfrdÀn =  JfrdÀQ(3.9)

(3.10)

If the sequence {X nj} and r satisfy the assumptions of Proposition 2.6, then

sup frd lÂ  I <  oo. 
neIN J ~ n

(n—k) 2(< ^ —b ) converges to the normal distribution with mean 0 and variance a  where

(3.11)
,k+l

E[ ÿ t ) ÿ r ) ] dv dt)dÀ0(t') < « •

[ 0 , 1 ]  [ 0 , 1 ]

The proof is similar to that of Theorem 3.1 and is therefore omitted.

Let Î W - J n ^  where i , =  {¡°;j{ J{

The following corollary gives sufficient conditions under which the conditions (3.4) 

and (3.5) are satisfied.

I  £

COROLLARY 3.1. Let J be a function on [0,l]k+2 such that • • • >ri+l^

k_i_2
=  cn t  an ^ l ’- ^ k + l ^  —  —  ( V - ’V l - l ^ 1’- ’11} ’ J =  Jd+ J c — —  Jd i s a s t e a  

function taking only a finite number of jumps, and where for any Ic{0 ,...,k+ 1} , J has a

continuous derivate

(on !(/>))

Wdj;jel which admits a continuous extension on I(p) and satisfies

a’j
-

(3.12)
<«tj)

< A
je l

n t: n
-3

n. t, n (i-t.)
je I nJ(/))J je I cnJc(p) J

1

- 1

for all tGl(p) where A >0 , c denotes the complement and 0 <  ’ t*ien —

conditions (3.4) and (3.5) are satisfied for any split weight function r which satisfies (2.7) 

with 8<6' .

, n + U

xi

n+1
m

l+1’2
eJ(/

¿ = 0

S'

iar(p)jinJ
T '

k + z j4 1
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PROOF. It suffices to prove the above corollary in the case when has only one 

jump, say at a=(aQ,...,ak+1)e[0,i)
k i o

Let A  ̂ and A  ̂ be measures on [0,1] defined by

K( j l  M ^  jiJW ^  = Jc(s?1," '

and

1‘ - * e- * b i ,

f & w  ^  i i w  [^ ] ) = ¥ ï ? t ’

forali ( j f p  • • • >Hn~) 6 n in+T’ ' • ' ’n t l i

It is easy to check that 

lim
n-*oo j*

h .

f-r -dAi -  I J  !f' r p t T ) i >k+2 1)(dV j e I
(/.) Ic{0,...,k+i} (o,*)1 . J j e i

*
for all feCji;_|_2 where /?=(0,...,0) and i = card I and similar limits exists if /?^(0,...,0)

Thus we obtain a general measure \'Q satisfying

f.rdA;(t) = [ f.rdA'(t)
1 n r J  _ ,1*4-9 0EL“* 00 rnJ ilk + 2  ilk+ 2

l i m

[o-.ir™  [o',i]*

Analogously, we obtain

lira f f.rdA^(t) = (f.r)(a) \  (-1)1 Jd ( ( a . - ) , ( a ^ ) )

11-100 [0,l]k+2 Ic{0,...,k+1} ie i  i*I
*

for all feCk_j_2 where i = card I .

4  Proof of Propositions 2.3 to 2.6.

PROOF OF PROPOSITION 2.3. The main line of proof is as follows: We consider
*

a map G„ ; . 0 where Vn is a subset of D, , 0 and is such that L„ = G oW .v n ’ n k+2 n k+2 n n n’
* *

n>l . We show that Gn : (^ > c0-»(Dk_̂ 2><i ) ls a con^ nuous maP where d is the special
*

Skorohod metric and d is the uniform metric.

Let V  be the subset of such that for any veV, v equals zero on the lower

boundary of [0,1]̂ "**2 . It will be noted that for any n>l .
*

Let G : V*Dk_|_9 be a map defined by

¿k+l.
n+1

n+i

/ o
’11+1

r V i

: p ( Í  )

r  c r  fo
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(4.1) G(v)(t) = T(v)(t)—̂ 0^(to)^S^7<v)(l,-..Jtp-..,l) *

^(^>(l)(t l ) ,‘" ’^/7(k+l)(tk+l))

for any p =  (p(0),p)e{0, l}k~̂ 2 and te l(p) where ^  is the limit of as n-*oo.

We will show that V (vn)ngjj* € II * Y^ and V ve m  C j. 2 > vn ^ v ^
neIN

*

GJ vn ^ G^  ^  n^°°-

Now using Lemma 3 of Balacheff and Dupont (1983), we get LQ converges in law 

to G(Q) .

We now give a formal proof.

Let =  {ye[0,l]n; (y ^ \ ." 5y ^ )  are distinct points of (0,1)} . For V te{0,l} , we

define : [O.lJ^D^^C^) by setting 

__i b k+!
Yn(y)(t) = (n-k) 2 E [ n  I fi+ ;_k_ n  “ ^ ( t ) ]  where a=k+l , b=[nt ] if 6=0 

n i=a j= l  [ŷ 1+J k i ; <tj] n ~ 0

and a=sup{[ntQ] + l,k+ l} , b=n if c=l for all y = ( y ^ , —> y ^ )e^ n >

t = (to,t)e[0,l]k + 2 .

We define the space Y^ by ^  = Y °(^n) .  For any je{l,...,k+l} and ee{0,l}

we define an operator r j  : as follows.

Let y ^ ^ < .. .< y ^  be the order values of ( y ^ , —>y^) (by convention, y ^ = 0  ,

y(n+l)=1) ’ and let vn = Y n ^  * Then

(4.2) r®(v5(t.) =

’y ^  where y^^=max{y^m  ̂;me{j,... ,j+n-k-l}} if tj=l 

y(q) where y(q)=max{y(m) < y ^  ;me{0,j,... ,j+n-k-l}} if 

tj€[i/n,i+l/n) where ie{0,l,..,n— 1}

k+1
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(4-3) r}(v®)(t.) =

1—y(  ̂ where l —y^=m ax{l—y(m) ; m e { j , j + n - k - l } }  i f  t j= l  

l_y(q) where l-y^q^=m ax{l-y^<l-y^n+1_ ^  ;me{0 , j , . . . ,  j+n-k-1}} if

t.e[i/n,i+l/n) , ie{0,l,..,n—1}
*

Now the map GQ : *s given by

(4-4) Gn(v°)(t) =  v ^ 0)(ti ^ ( 1)(v « )(^ (1)(t i ) ) , . . . , ^ | i + 1)(v » )(^ (k+1)(t]i+1))

+ (n -k )^ (b -a+ l)[H j(7f ( 1)(v“) ( ^ (1)( t ; ) , . . . , r g | f 1)(v»)

W ^ k + D ^ + i»  -  .....V n ) (tk + i))]
where a=k+l , b=[nt(!)] if />(0)=0 ; a=[nt^] +1 , b=n if p(0)= l ; tj = if /?(j)=0  ,

0<j<k+l , tj =  - 5  if /5(j)=l , 0<j<k+l for all p = (p(0),p)e{0, l}k+2  and teI(/>) .

The first thing we have to show is that Gn is continuous for every n . Let {v^} , 

n>l , £>1 be a sequence of functions in and let v ^ v ^  (g?^) with respect to the 

special Skorohod topology. We show that Gn(v^)-»Gn(v°) in uniform topology.

From the definition of the special Skorohod topology we have a sequence 

^ j^ l< j< k + l ¿>1 e such that V e>0 , 3 ^elN such that max | I  ̂ € and

lvn / t -̂v n^to,^ l / t l ^ '" ,\ + l , / tk + l^ l < € V

and V te[0,l]k+2 .

Let be the bijection on [0,1] defined by Aj^tj) = 1—Aj^(l—tj) , l<j<k+l ,
*

&IN then we have

LEMMA 4.1. 3 ¿Q>0 such that V t>iQ , V je{l,...,k+l} and V tjG[0,l]

(a) y  r°(v°£)(tj) = r°(v°(tj)

<b> Aj / rj(vni>(V = r j<v2(V

PROOF. It was proved in Harel and Puri (1987b) for (a), it is similar for (b) and 

the proof is therefore omitted.

We now decompose Gn defined in (4.4) as Gfl = 7n+<̂ n where 7n(vn(t )) =

= vS(0)(ti . Ii (1)(v®)(K’; (i ) ( t J ) ) , - , ' i | i + 1)(v®)(^(k+1)( t i+1)) and in = Gn-Tn .

n+1.  
“ n .

Hn<< w :

Ht:
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LEMMA 4.2. (a) 7n : ( ^ ^ - » ( D ^ ^ d  ) is continuous
* *

(b) : ( 35̂ 1,d)-»(Djc_|_2 »d ) is continuous.

PROOF. It was established in Harel and Puri (1987b) for tel(/?) for p=(0,...,0) , 

the proof is similar for tel(p) with /9^(0 ,...,0 ) and therefore omitted.
*

We now prove the convergence of the sequence {Gn} • Let , neiN and
*

suppose that vn^->veckj _2 311(1 v=® on tlie l°wer boundary of [0 ,1]^"^. We have to 

prove that Gn(vn)-*G(v) . The proof is based on the following lemmas.

LEMMA 4.3. V je{l,...,k+l}

(a) r j(v^) ^  in uniform topology

(b) r j(v^) - » 1  — idjQ ^  in uniform topology

(c) (n-k)*(r?(vn) -  i d ^ j )  -♦ -  v(l,...,idj0 1 |,...,l)

(d) (n-k)*(rj(vn) -  (1 -  id[0 >i])) -* v(l,...,idj0 ^ ,...,1 ) -  v(l,...,l) where i d ^ j  is 

an identity function

PROOF. It was established in Harel and Puri (1987b) for (a) and (c). The proof 

for (b) and (d) is similar and therefore omitted.

LEMMA 4.4.

(a) 7 n(vn)->7 (v) in uniform topology
k+ 1  -

(b) V vn ) ^ - . ^ 1^ ( 0 ) ( - ) ^ 1’"-’' ’" ’1>x ^ ^ ( l ) ( - ) ’"-’^ (k + l)(-))  = ^  m
1 k+ 2  

uniform topology on the restriction to l ( p)  for any /9G{0 ,1 }

PROOF. It was established in Harel and Puri (1987b) for the particular case

/>=((),...,0 ) and the proof is similar for p/(0 ,...,0 ) by using the following fact

7 n ( v n ) ( t )  =

i f  t < i

0  otherwise

and is therefore omitted.

Now since G (v ) = 7  (v ) + £ (v ) , wre obtain (using Lemma 4.4) that nv n' 'nv n' nv n' ’ v 0

Gn^vn ^ G v̂  ̂ = 7(v)+ ^ v) • The proof of Proposition 2.3 follows.

v e r  
n  n

1, i o

T Í O i r
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PROOF OF PROPOSITION 2.5. We first give three lemmas.

LEMMA 4.5. Assume that the sequence {Xnj} satisfies the assumptions (a) or (c)

of Proposition 2.2, then for any weight function r satisfying
k_|_

(4.5) r(t) > A[ n  t.]*-<* te(0,l]k+2 , A>0
j=0 J

and 0 < > V f>0 > 3 &>0 , 3 NQ>1 such that V n>NQ

PI teC^

where = {te[0,l]k+2; 3 at least one je{0,...,k+l} such that tX0} .

PROOF. The proof of this lemma is given in Harel and Puri (1987a) noting that

W is the same as W _ defined in (2.3). n m v ’

LEMMA 4.6. Let {Ynj;l<i<n,n>l} be real valued random variables with continu

ous distribution functions Fn , n>l . Assume that the Ynj's are (¿—mixing with rates

S m—■*■</?*(m) < oo or strong mixing with rates (1.4). 
m>l

Furthermore, assume that there exists <*o>0 and a continuous distribution F 

such that

—a
(4.6) sup |F (x)—F(x)| < A(n °) A>0 , n>N elN

xelR n 0

then V(«,a') where 0<«<a' < (q̂ AI/3) 3 I<>0 and N(or,a') such that

(4.7) P [sup |F  oF^fx i-x l >K (n-“)J< K (n-1+2“ + “ ')
n xelR n n

V n>N(ft,a') where F^ is the right continuous empirical distribution function of 

(Ynp-..,Y ) and F~* is the inverse function defined as

F']
if s'e

Y (i) if SG

Y(n) if 8=1

0 ,1 /n )
i^ n ,i+ l/n )

where Y ^ < . . .< Y ^  is the ordered sequence Ynj,...,Ynn 

PROOF. See Appendix.

LEMMA 4.7. Assume that the random variables {Ynj,l<i<n,n>l} satisfy the

1
k+2)l~à

3Up Wn t) rXtJ
c] <  e

■1, ,
(s)



17

assumptions of Lemma 4.2. Then V c>0 and V r(0<r< l/2) 3 a fi>2 such that

(4.8) ï W ^ n 1^) - /?s1_7’,s>n_1] > l-e  V n>NQelN* .

PROOF. See Appendix.

Proposition 2.5 will be proved if we establish the following lemma.

LEMMA 4.8. Assume that the sequence {Xnj} satisfies the assumptions of 

Proposition 2.5, then for any weight r(t) satisfying (2.8) we have V e>0 , 3 0>O , 3 NQ>1 

such that V n>NQ

(4.9) PJsup

d
*  V-J-9

where C^={t€[0,l] : 3 at least one je{0,...,k+l} such that t .<0 or 1—tx#} .

PROOF. It is sufficient to prove (4.9) for L^|I(p) with /?=(0,...,0) , the case for 

¿^(0,...,0) will be deduced by symmetrization, and for Lfl follows immediately. We now 

suppose p=(0,...,0) . We have Lfl(t) = Wn(t)+Zn(t) where

(4.10) W (t) = '•■Fnofn1(tk+l» for te[l/n,n-l/n]k+2
^0 otherwise.

a  i l l  7 m  | ( " - k)“ 4( K ] - k)(Ha ( V f ; 1(t i ) ........V C f W i - V i ) )  , 2
(4-nj ¿n(t; - 1 0 otherwise. for te[l/n,n-l/n]k+2

Now we show (4.9) for WQ and ZR on I(/>) .

Let Sjff be such that

r(t) > te[0,l]k+2
j=0 1

and such that 1 < 6 < and define r' to be a function by setting

r'(t) > A p lY ]* - ^, te[0,l]k+2 . 
j=0 J

Using Lemma 4.5, we have V e>0 , 3 0^>O  , 3 N^elN , V n>NQ

^nfsu£* / \ r 1 (t) ^ < e 'n teC^^nI(/>) n r ^

From Lemmas 4.6 and 4.7 and the preceding inequality we deduce that V e>0 , 3

><ìf p J 111

iWn' oF
1 E

k+l

1
"  4 [k+2)
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P[sup* |W ( t )  • -------------i------------------ —i---------- |> f ]  <  c/2

t^ d j if lW  (̂Fn°{' ; ( ‘l ) ' - 'Fn0C ( tk+l)

and V e>0 , 3 9 ^ > 0  , 3 N ^eN  , V n > N ^

Pf.„ n , , £
P[SUp* ------- --------------------n-pj----------------->1 < 9

(take t with 1—r > |zfr) setting 6 = ( f ^ K and NQ=N^2) v N ^  the condition (4.9) 

follows for on I(p) .

It remains to show (4.9) for Z& .

We define r' as before and note that Zn can be written as

k+ 1

zn(t) = (n-k)^([ntj-k) I Hn(a<j)-Hn(b(j))
j=l

where

a(j) = (a P ,.- ,4 + i)  > = ( b p M i } )

a ^  = t^ if l>j , b ^  = t^ if ¿>j

4 J) =  Fn ° K \ ) if  b ? } =  V r? K \)  if  •

3 n £2W  , V n>N^2)

We can also write

k+1 dE
Zn(t) = (n-k)-*([nt0]-k) I  (Fn°Pn1(tj)-tj) ^ - ( F noFn1(t1)>..

j=l J

"•,Fn°^n ^ j—l) ’̂ j5n,*j+l," ',tk+l) 

where ß- e {iran{F oF“ 1^.),^}, max {Fn°F~1(t-),t.}] and we remark that
J J J < J J

= (n-k)^Wn(l,...,l,Fnof-I(tj),l,..-,l)+o(n-1) .

We deduce that

Wn

i(/0, n l

)F_1r

*<j

Fn >Fn V * j:
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,Zn«, . A(I“‘0]-k>kv 1 |W n(l,...,l,Fno ^ 1(t.),l,...,l)+o(n-«)|
ITXFT1 S V  l  •'(n-k)to j=l

dEn - 1  - 1  1
^r:(FnoFn (tl)’- ’FnoFn ujn’tj+l,"‘,tk+l) x nt ) H

m l
J

We have

<9H , ,

^TT^FnoFn W r 'lFn n (tj-l^/V tj+l’*"’tk+l)

_  rFnof’n1(tj - l ) |*j+l rtk+ / +lH n . „ „ ,, „ . 
- J  J ••• J - - J  T w y ^ < <ik+/ V " ’uj - i ’V  j+ i ’’’’’ k+i>

dur ..duH ,duj+1...duk + 1 .

M
o o

From condition (2.7), we deduce that

dE

■5ir(FnoFn ^l^*"’FnoFn (tj-l)’̂jn’tj+l,"',tk+l^ ̂ nt -

_L , o F oF^(t,))* W -* 1
< Ai ( V  2 n . i j —

1 Jn i<j t^ 2 0

1/
r v v o i)  j v v i v ^  

0

bj+l

. . . J k+1( n ^ - 1 + w ( n . u , r 1+^ d u 1...duj_ 1duj+1...duk + 1 . 

If we apply Lemma 4.7 we have V e>0 , 3 0^)>O , 3 N^elN , V n > N ^

(4.12)
F o F ^ t , ) ) '  V

P[sup m  n n 4 --- > !] < I V^{l,...,k+1} .
J t^ 2 0 4

We also have V t>0 , 3 </2)>0 , 3 N^elN , V n>N^2)

(]-k)t^~ii<(<:/(k'fl)>1/(k+2)’ v t°"<,(2) 

| t,(uir 1+2idu<< (f/k+l)1/ k+2 V tf< /2 ) , V Ce{l,...,k+l}

(4.13) P[sup ,2)
V - ”0

Fn° Fn (t,luir 1+i+i,du ,<  (t i T)1/ (k+2)] > i - |  v& {i,..,k+i}

K1(tj)

(tj_
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If we apply Lemma 4.5 in the one dimensional case and Lemmas 4.6 and 4.7 we obtain

V e>0 , 3 0 , 3 N^elN , V n>N^3)

W (1,...,1,F oF ^ ( t O j l v i l )  i i//oi j-o1*

<414) l _E— — 1 < 1 > 1 " f/4

V je{l,...,k+ l} .

We also have V <*>0 ,

P[ inf  )>(l/n)1+0] = P[Fn(Xni)>(l/n)1+a, V ie{2,...,n}]
tj>l/n J

and

n
1+öin x V t>it? /“v /„\l+Ofi „ —1—a —aP t.U {Fn(Xni)< (l/n )1+Qi}] < I  P[Fn(Xni)< (l/n )1+0l = n n  1 a = n  

1-1 i= l 

which implies V c>0 , 3 0^>O  , V n>N^4)

( 4 '15) P[i/S<tj< ^  K (^ )1/(k+2)l" 1 - £ / 4

(for a sufficiently small).

Letting 0 = A 0 ^  and N = V . From (4.12) to (4.15) we obtain V 0<6n , 
l<p<4 0 l<p<4 0

V  n > N  - o

P J s u p *  I r T t Tt ec„  ni(/>) I '
0

Zn00
I rTtjH > (J < ‘

i.e. condition (4.9) for ZR on I(/>) .

It remains to prove Proposition 2.5. From Proposition 2.3 we deduce that Ln 

verifies the conditions (i) and (ii) of Proposition 2.1. From Lemma 4.4 we deduce easily 

Ln
that —  verifies conditions (i) and (ii) of Proposition 2.1 which inducts the convergence of 

L
— which is Proposition 2.5.

Proof of Theorem 3.1. First we give the integral representation of c/n in the

form of (1 .8) .

3[sup
(3) k+1 -c/4> 1''21

-c/4(4.15) ’[sur

(P)

u. ~ p in

_L.
n *

j ?”

o(
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( « ^ ( ^ ^ ( » - k r t  l  cnian(Rn i_k,-.,Rni) -  bn)

i=k+l

By definition

n

n k+1
- ( n  kj*( £ cni £ a n ^ l ’- ^ k + l^ . II1I[R . . , .=/.] V

i=k+l l< /.<n J=1 n>1+J-k“ 1 JJ
J

1< j <k+l

= (*-kI*( I  I V r a - ’i i^ X  I  n ^  <*,
Ic{l,...,k+1} A i=k+lJ€l n ,i+ j-k-l jJ

w TTT XT ( I)) ̂ 0 k + l \ \ \

j? i  [Rn,i+j- k - l ^ r  n ( r a .....

+  (“^ (  I  I v i ? 5 * “ T T r ) (  I  “ ' P L . . .  k . « J  
Ic{l,...,k+1}B i= ^ + l je I  n ,i+ j-k -l-jJ

v IT T ^k+l\\\
j ? i l Rn,i+j- k - i ^ r H” W - r n r » )

= j  k+, £n M V dt>
[0,1]

where E is the sum over 1 < ^  < ^-?r^ j ^ I , < i  < n j e l , 1 < lQ < 5

the sum over 1 < ¿. < j€ l , < I < n j £ I , < lQ < n and

P(!) = (Kl),-,p(k+l)) 

p(j) = 0 if j€l 

p(j) = 1 if j #

From Lemma 2.5 we easily deduce 

(n-k)“ ^(^n-b n) = L *7 rdA -> 
ik+2 n r n

o
It remains to show that a < oo.

[0,l]m  [0,1]

¿ „ •7 r<iA„ 
k+2 0

For this, we have to prove

(5.1) J  |  E[L0(t)L0(t’)]A0(dt)A0(dt') < „

|(U ]k+2[0,l]k+2

B
M

íi± n l
2

íi± n l
2

ri+ni
2 is
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by symmetrization it is sufficient to show

(5.2) J  J E[L0(t)L0(t-))A0(dt)A0(dt') < « .
[ 0 , i ] k + V , i ] k + 2

We have by proof of Proposition 2.3
k+1

v * > = w o<‘ ) - 1  w ...... i j ...... W j W  v « ( o , i ) k + 2

j= i
by assumption (d) of Proposition 2.2

k+1 k+1

lim|E[{Wn( t ) -  I  t0Wn(1,...,tj,...,l)ij(t)}{Wn( t ') -  I  t^Wn( l .... tj,...,l)/j(t')}]| 

j= l  j= l  
= |E[L0(t)L0(t')]|

k+1

< lim (E{Wn(t) -  I  y ^ l , . . . ^ , . . . , ! ) « ! ) } 2]*

i= l
k+1

X [E{Wn(t') -  I  tiWn(l,...,t!,...,lKj( t ') } ¥

,  » j=1 
= 1 im A B 

n nn->oo

by the Schwarz inequality.

Let now {Xnj} be ^mixing with rates (1.2) or (1.3), then from Lemma 4.1 with 

q=l of Harel and Puri (1987b) we obtain

*
A * < P { W 2(t) + 2|Wn(t) |t0 I  |WI (l,...,t.,...,l)|/j (t)

j = l
k+1 k+1

+ ‘o I  I  /¡(t)/s(t)|W n(l,...,tj,...,l)WI1(l,...,t8,...,l)|}]*
S = 1 j =  l

< c 1KkS 1tm)1/ (k+2> + 2t ( k n It m)1/ 2(k+1)i,(t)
1 m=0 m ° m=l J “

k+1 k+1

+ I  I  (where C, is some constant)
J J

s= l j= l
)t]t

i1
]2
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<c,[( n t_ )1/ (k+2) + 2A,t ( n t  )1/ 2(k+ 1)tT̂ + (̂ n
1 m=0 m 1 0 m =l m J l t \ l

k+1 k+1

+ Alt; I I tftf( n  t / + * (  n  t / ^ *
8=1 j= l  PiS 

by condition (2.7).
* -

Similarly Bq < some inequality with t's changed to t"s . Thus | E[LQ(t)L0(t')] | 

is bounded by a function which is AQxA0 integrable and so |E[L0(t)LQ(t')] | is AQxA0 

integrable.

Let now {Xnj} be strong mixing with rates (1.4), then, using Lemma 4.2 with q=2 

of Harel of Puri (1987b), we obtain

a* < c 1[(k n 1t ) ( 1_e)/(k+2) + 2A ,t ( k n 1) ( H / 2(k+1M + i( n t /)H i
n 1 m=0 m 1 0 m =l J It] 1

k+1 k+1

+ aA I 1 f €/2 ̂ /2̂ )i+S{ j  tp)H¥
s= l j= l  l *i p *s

*
and a similar inequality for Bn , and the result follows as in the case of </>-mixing.

6. Examples. For convenience, let us take k= l .

6.1 Consider a sequence of autoregressive processes

Xn,i = an Xn,i—1 + ei * i€l ' neiM • aneR 

where { ieZ} is a sequence of independent and identically distributed random variables

each having a ^"(0,1) distribution.

If there exists an a such that |an~a| = 0(n—a) , «>0 and
1 3*

0 < 8 < j 2 , then for the rank statistic g$̂  associated with the sequence 

{Xn p...,Xn n} and the score functions satisfying the assumptions of Theorem 3.1
i 7 9 2

(n—k) 2(e/n—bn) converges in law to the J^(0,a ) distribution where bn and a are 

given by (3.1) and (3.6).

Indeed, from Theorem 6.2 in Harel and Puri (1987b) we have only to satisfy the 

condition (2.7). The bivariate random variable (Xfl j_pXn j) is gaussian with correlation

1—2 6 
ì+26
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coefficient ---- ^ . From Ruymgaart, Shorack and Van Zwet (1977), the condition (2.7) is

K
satisfied if

laJ  ^ 2(i-5) _  1—26 
, 2 < 2-2( H )  “  ï+22

n

and (2.7) follows for n sufficiently large.

6.2 Consider a sequence of moving average processes

Xn,i = ‘i + bnei—1 ■ ie I  • neW < 
where { ieZ} is a sequence of independent and identically distributed random variables,

each having ^ ( 0,1) distribution.

If there exists a constant b such that | bQ—b | = 0(n—̂) , p>0 , and

0 < j —8 < 5 then for the rank statistic <̂n associated with the
1+b

sequence {XQ p...,Xn n} and the score functions satisfying the assumptions of
i o

Theorem 3.1, (n—k) 2( ^ 1—t>n) converges in law to the ) distribution where bQ
2

and a are given by (3.1) and (3.7)

7. Appendix. Proofs of Lemma 4.6 and Lemma 4.7.

The proofs of Lemmas 4.6 and 4.7 are based on the following lemmas.

LEMMA 7.1. Let {Ynj,l<i<n,n>l} be real valued random variables which are 

(¿-mixing with rates

a

00

(7.1) ^ m V*(m) < oo

m=l

or strong mixing with rates

(7.2) ^ m2orc(m) < oo, ce(0,^) and |Ynj|< l, l<i<n,n>l .

m =l

561 Sn = â Vni • HYnill = « l Y„ r E(Yni>|2<JPn)2

1— 2  S  
T+ïïS’

+b
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HYJ £ = (<lYn r E(Ym>|2/(1 £)dPn)1_e '

Furthermore, assume that there exists aQ>0, NQ€[N arid f i(  |n | <oo) such that

n _

(7.3) |n_1 I  E(Ynj)—p| < A(n ° ) , A>0 , n>NQ

i=l

then V <*<(0^ 1/ 3) , 3 I<>0 and N(a) such that

(7.4) Pntl“" 1 S Y .-«I > K(n—tt)) < K(iT1+2a)M , V n>N(a)
i= l

where M = sup max ||Y ;|| if the sequence of r.v.'s is yp-mixing and 
n l<i<n m

M = sup max || Y • || if the sequence of r.v.'s is strong mixing, 
n l<i<n m €

PROOF. Suppose the sequence of r.v.'s is y?-mixing. Using Lemma 4.1 in Harel

and Puri (1987b) with q=l we obtain

n

EKn_1 I  (Yn r E(Yni» ]2 ^ C ^ J M iT 1 
i= l

where Cj(</?) is a constant depending only on ip . We deduce from the Markov inequality

n

(7.5) Pn [ | iT 1 I (Yni-E (Y ni)) | >  K0n -° ]  < (KQ) V V ^ C j M M  .

i= l

From (7.3) and (7.5) we obtain (7.4) for K = m a x fl^ + A ^ K ^ C ^ ^ M }  .

If the sequence of r.v.'s are strong mixing, we use Lemma 4.2 in Harel and Puri

n

(1987b) for q=l and obtain E[n—1 ^ (Ynj—E(Ynj))]2 < Cj(a)Mn—1 where C^(a) is a

i= l

constant depending only on a , the method is similar and therefore omitted.

LEMMA 7.2. Assume that the random variables {Yn-,l<i<n,n>l) with continuous 

distribution functions Fn , n>l satisfy condition (7.1) or (7.2) of Lemma 7.1.

Furthermore, assume that there exists <^>0 , NQ€lN and a continuous distribution 

function F such that

-a.
(7.6) sup | F (x)—F(x) | <A(n °) A>0, n>N

xGlR n 0
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then V (a,a') where 0<a<a' < (arQAl/3) < 3 K>0 and N(a,Q!')GlN such that

(7.7) P |sup | F (x)-F(x) | >K(iT“)] < K(n_1+2‘H' a ')
xgIR

V n>N(tt,al) where Fn is the empirical distribution function of {Yn1,...,YnTi} .

PROOF. For any jelN, kGlN* such that j<k we denote by u - , G IR U{—oo,+oo} the 

element defined by

F(uj;k) = i / k '
From (7.4) of Lemma 7.1 we deduce that KQ>0 exists (not depending on j and k) and 

N(qt)gIN such that

(7.8) P„[if 'n(»j;k)-F(>ij;k)l>K0(n_ “)] < K0n - 1+2a Vn>N(a) .

For j and k fixed, let u be so that uj_j.k<u<uj.k . We have

F(“ W .k) < F(u) < F (u .k)

Fn("j-1*> < * f n(uj;k)

F(Uj;k) - F(uH ;k) = 1/k

which inducts

Fl ( u)-F(u) < Fn(uj;k)-F(uH ;k )

= fn (“j;k)-F(“j;k) + W  •

By the same argument we obtain

Fn(u)-F(u) > Fn(uj_1.k)-F(uj_ 1;k) + 1/k

and we deduce

sup | F (u)-F(u) | < 1/k + max | Fn(u:.k)-F(u..k) | 
ugIR n 1 < j <k J,k J,K

we choose’ N (a ,a1) sufficiently large such that for any n>N0(a,or') we can find k 

verifying

K0na < k < K 0n“ ' .

For this number k we have

(7.9) sup | F (u)-F(u)) | < K n~a + max | F (u..k)-F(u..k) | . 
ugIR n 1 < j <k J,K J’K

-l;k>-F(Ujuj;k>'
) + F

“j *
i—F(

uj;k“ f n<
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Then from (7.8) and (7.9) we obtain

V n>N(ar)vN (ar,a') = N(a,a')

P Jsu p  IF (u)-F(u) I > 2 K  n ~ ° )  < kK n1" 2“  < K V  2a 
uelR n 0 0 0

which is (7.7) for K = max{2KQ,K2} .

PROOF OF LEMMA 4.6. It comes from (7.6), (7.7) and the following inequality

sup |F  o F ^ u H i l  <sup  | F o F ^ u J - F o F “ 1^ ) !  
u e [0,1] ue[0,l] n n n

+  sup iF o F ^ iu ) - ? 1 o F ^ (u ) |  +  sup IF ° F ~ \u ) —u | 
ue[o,i] n n n UG [0,1] n n

where by definition |FnoF~*(u)—u| < 1 /n  .

PROOF OF LEMMA 4.7. Let Un be the empirical process associated with the

sequence {Yqj} that is

n

(7.10) Un(s) = n 2 ^ I p  .)<s] — s f°r ^  se[0,l] .

Un is the particular case of the process WQ defined in (1.9) for which k=0 and which is 

nontruncated.

From Lemma 4.5 we deduce that V e>0 , 3 # > 0  , 3 NQ>1 such that V n>NQ . 

Pn(An) > 1 — e/ 2  where

An = { lU ^ F ^ F ” 1^)! < (F ^ F ”1^ ) )2-^ , O<s<0} where 0 <f-<fc:£ . From (4.7) of 

Lemma 4.6 we have V e> 0  , 3 N^>1 such that V n>Nj , Pn(A^) > 1 — e/ 2  where

A ¿
where P > 1  and 0 < r< l 

Now we can write
n

““V v t f w ) = ■r l  I  I[Fn(Yni)<FnoF ;i (s)] - v i ' ; 1(s)
i= l

= F

if n ^<s<0 we obtain on Afl

(7.11) Pn°Fn1(s) < Fn o F n \ s )  +  n“ i (FnoFn1(s))^ S < s + s(FnoFn*(s))’ 6

)f ; -i ,
-Fn< (S)Fñ1

t Fn » /fe1" 5<1}\ 0 <
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Put u=s* and z = F oF~\s) , from (7.11) we deduce 

z < u2 + uz*—̂ 

z*+<5 < zu

z < 22 / ( l+2£)ul / ( l +25)

or F oF~*(s) < /?s1—r where /?= 22/ ( 1+2^  and 1—r  = l/(l+2<5). At last we have

V n> N VNj , F ^ F '^ s )  < /?s1 -r  on A ^A ^ if s > 1/n  and P(AnnA^) > 1-e  which is

(4.8) and Lemma 4.7 is proved.
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Statistique/S tatistics

C o n v e r g e n c e  faible d e  la statistique sérielle linéaire d e  r a n g  

avec des fonctions d e  scores et des constantes d e  régression 

n o n  bornées e n  condition d e  m é l a n g e

Michel H a r e l  et Madan P u r i

Résumé —  Nous établissions dans [1] la convergence faible d’une classe de statistiques de rang 
sérielles linéaires avec des fonctions de scores et des constantes de régression bornées lorsque les 
variables sont <p mélangeantes ou fortement mélangeantes. Cette Note généralise ces résultats au 
cas où les fonctions des scores ainsi que les constantes de régression ne sont pas nécessairement 
bornées.

Weak convergence o f the serial linear rank statistic with unbounded scores and 
regression constants under m ixing conditions

Abstract —  W e  established in [1] the weak convergence of a class of the serial linear rank statistics 
with bounded score functions and regression constants when the random variables are (p-mixing or 
strong mixing. This paper extends these results to the case when the score functions as well as the 
regression constants are not necessarily bounded.

1. I n t r o d u c t io n , d é f in it io n s  e t  h y p o t h è s e s . — Soient X Bl, . . . ,  X„„, « 2 ;  1 des variables 
aléatoires réelles avec des fonctions de répartition continues F„(x), n ^ l .  On considère 
les statistiques

n

(1) S „ =  X  cnian (R n, i-t> • • ->Rn, i)
« = *+ 1

où les cni sont des constantes connues, a„(. . . )  sont les fonctions de score et Rn> ¡ le rang 
de X ni parmi (X Bl, . . .,  X„„). Notre but est d’étudier le comportement asymptotique de 
S„ quand la suite {Xnj} est (p-mélangeante où le coefficient de mélange vérifie :

(2) <p(nt) =  0 (m “ 1_*)- où £ > 0  ( m ^ l )  

ou
oo

(3) £  W 1 <p1/2 (3+k)(m )<oo
m =  1

ou fortement mélangeante de coefficient de mélange a vérifiant
00

(4) £  m 2  (* + 2)a£(m)< oo où ee]0, 1/2(3-h/c)[.
m —  1

On note Fn (x) la fonction de répartition empirique continue à droite de X m-, i — 1, . . ., n;
n

c’est-à-dire F„(x) =  n _1 £  °ù  I[ ] est Ia fonction indicatrice. On note G„ la
i= 1

fonction de répartition de fc +  1 variables aléatoires successives parmi (X nl, . . . , X nn). 
Soient g„ la densité de probabilité de G„ et /„ la densité marginale de G„ (c’est-à-dire la 
densité de F„). Soit encore p.n la mesure sur [0, l]k + 1 admettant pour fonction de 
répartition la fonction définie par
(5) Hn( t )= G n(F„-1 ( i1X • - . . F - 1^ ! ) )  pourtout t =  ( i l5 . . . , f k+1) e [ 0, l]k + 1.

On considère également le processus empirique gradué W„ défini par

(6) W„ (t) = (n — k ) ~ 112
i

Note présentée par Robert Forint.

0249-6291/88/03070617 $ 2.00 ©  Académie des Sciences

I
— k 1

El ^FniX^i+y-
7 = 1

i ) S t j i
H„(t)
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pour tout t = (t0, t) =  (t0, t 1, . . . , i fc + 1)e [0 , l]k+2, où [nt0] désigne la partie entière de nt0. 
Ce processus est une variante du processus empirique multivarié étudié par Harel et 
Puri [2].

1.1. Les espaces Djf+2e£ C£+2. — S o it /: [0 ,  l]k + 2 —► IR. Pour tout

p =  (p(0), . . .,p (fe +  l ) G{0, l } k+2,

on définit

/ P( 0 =  Hm f ( s ) ( (s ,  t) e  [0, l]k + 2)
S i î * i P ( * ' ) =  1 

Si l  t i  p  («') =  0

si la limite existe et dans ce cas on appelle f p (t) la p limite de /  en t.
Pour tout rectangle fermé R de [0, l]k+2, soit D p(R) l’ensemble de toutes les applica

tions / :  R ->■ IR telles q u e /p. existe pour tout p*g {0, l } k+2 et f ç= f-
On pose D *+2 = { f  : [0, 1 ]*+ 2 —»■ IR, pour tout p, la restriction d e / à  I(p) a une extension 

/ p sur I(p) telle que / pe D p(T(p))} où Â désigne la fermeture de A et

T/ \ _t v vT f[0, l / 2 [ s U  =  0
I ( P ) - I mo»x - - * W i >. 1 ] s i / = r

Finalement on note Ck + 1( j \  (1 ^ /^ fc  +  l) l’espace de toutes les applications 
continues et bornées où A (/) =  [0, \]j ~ 1 x]0 , 1[ x [0, l]fc+1 ~j. On pose
C*+2 =  { /  =  [0, l]**2 —► U: pour tout p, la restriction de / à I(p) a une extension continue 
sur T(p)}.

1.2. Fonction correctrice. — Une fonction r:[0, l]k+2-+IR+ est appelée fonction cor
rectrice éclatée si elle satisfait les conditions suivantes :

(i) il existe r0 : [0, 1] -»■ IR+ et r : [0, l]k + 1 -*• IR+ telles que

r(t)  = r0 (t0)r{ t)  pour tout (t0, t) e[0, l]k+2;

(ii) r appartient à Cjf+2;
(iii) r =  0 sur la borne de [0, l]k+2.

2. R ésultats prélim inaires. — On dit que la suite {H„} satisfait à la condition de 
différentiabilité si :

(i) dH Jô tj  existe sur A (/') et appartient à C l + 1 (/'), 1 ^  k +  1 et
(ii) ôH Jd tj  -* lj pour la topologie uniforme pour tout compact de A (/') quand n —>oo 

et lj appartient à Ck + 1 (/)•
Pour e e { 0 , 1} donné, on définit vJ/E : [R —► R par x|/e =  ( — 1)£ ld, où Id est la fonction  

identité. On définit aussi 1] -* [0, 1] par \|/' =  e +  ( — l)£Id. Pour tout e e { 0 ,  1}, on
n

note Fn e la fonction de répartition de \|/£(X„, i) et soit F„ E(x) =  n _1 £
i =  1

Pour tout p e{0 , l } k + 1 on note G J(x),xelR t+1, la fonction de répartition de

(1)(X„, i), • • • 5 ^p(*+ 1) (X„, fc + 1)) et HJJ la suite de fonctions de répartition définie par 

HS(f i> • • • ’ tk +1) =  G{j (Fn> p (ij), . . . ,  Fn> J (k + 1) (tk +1))

Pour tout p =  (p(0), p )e{0 , l } k + 2 le processus L£ est défini par
b rk=l

L»(t) - (  n-krm  E I  n
i =  a 0 = 1

(.#)> < ■j — k— 1 (t,)]

— H£(\̂ p(i) ,Wnlkc + 1)0Lk+ l)

*6 (Xn
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où a = k + 1, b = [nt0] si p (0 )= 0 ,  et a =  sup { [«10]* +  l, k + 1}, b = n si p (0) =  1

f nto si nto est entierI fit 1 =  <
0 [ l [ « t0] + l  autrement.

Le processus de rang éclaté L„ est défini par

si t ÿ [ l / ( n +  1), n/(n+  l)]fc + 2

si i 6 [ l / ( « + l ) , n / ( n + l ) f +2n i ( p )  

où t et t' sont liés par la relation

(8) tj = ( n + l / n ) t j  si p(/) =  0 et tj = ( n + l / n ) t j — l/n  si p (/')= l.

2.1. Convergence du processus de rang gradué éclaté.

Proposition 1. — On suppose que la suite {Xni} est soit <p-mélangeante avec le taux
(2), soit fortem ent mélangeante avec le taux  (4); la suite {H„} satisfait à la condition de 
différentiabilité. De plus, on suppose que la fonction de covariance du processus empirique 
gradué W„ défini en (6) converge vers une fonction. Alors L„ (à valeurs p. s. dans D*+ 2) 
converge faiblem ent pour la topologie uniforme vers un processus gaussien L0 à trajectoire 
p. s. dans C*+ 2.

Si on définit le processus de rang éclaté gradué non tronqué comme suit

n U  [ 1^ ( 1, t') si ie [ l /(H -h l) ,  n/(n+l)]* + 1n ï ( p )

où t et t  sont liés par la relation (8) et T(p) =  Ip(i) x . . . x Ip(fc + 1), alors on a :

P r o p o s i t io n  2. — On suppose que la suite {Xni} est stationnaire et cp-mélangeante avec 
le taux  (3 )  et que la suite { H n} satisfait la condition de différentiabilité. Alors L n converge 
faiblem ent pour la topologie de la convergence uniforme vers un processus gaussien L0 à 
trajectoire p. s. dans C£+1.

2 .2 .  Convergence du processus de rang gradué éclaté et corrigé.

P r o p o s i t io n  3. — Si la suite {Xm-} satisfait les conditions de la proposition 1, sJil existe 
une fonction de répartition F telle que

( 1 0 )  sup | F„ (x) — F (x) | =  O (n “), a >  0

et si de plus

t
k + l  - | - l / 2 + ô fc + 1 

n F . i x ^ l - F . i x , ) )  n /* (*;)

7=1 J  7=1

où A x > 0 ,  alors, pour toute fonction correctrice r satisfaisant
11/2 ô

n  tj n  O — 0) pour tout t e l  (p),
7 e J (p) j  t  J (p) J

où A 2 ^ 0 ,  0 <  1/2 — 8 < l /4 ( /c  +  2) et J(p) =  { /e{0 , . . . ,  k + 1} : p(/) =  0}, L n. \ j r  converge 
faiblem ent pour la topologie uniforme vers le processus gaussien L0. 1/r à trajectoires p. s. 
dans C*+2-

Proposition 4. — Si la suite {X„,} satisfait les conditions de la proposition 2 et (11), 
alors, pour toute fonction correctrice r: [0, 1]* + 1 -*• (R+ satisfaisant

r 11/2-8 __
r ( * )  =  A  ö -  lJ D J 1 - * / )  pour tout t e l  (p),

I .'<rT »’ ¿ T  / ~ ï  I

(7) L„0 4 °U s (O

(9)
si e[ n + l ) n/(n jk+ 1

+ DI

(H) 8n i* Xk+i

(12) r (t) gA2
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où Â > 0 ,  0 <  1 /2  — ô < l / 4 ( f c  +  2 )  et ï ( p )  =  {t/ e { l ,  . . . , f c  +  l} ;  p ( / )  =  0 } ,  L „ .  1 / r  converge 
faiblem ent pour la topologie de la convergence uniforme vers le processus gaussien L 0 . 1 /r  

à trajectoires p. s. dans CJ+1.

3. N o r m a l i t é  a s y m p t o t iq u e  d e  l a  s t a t is t iq u e  l in é a i r e  d e  r a n g  S„. — P o u r  t o u t  n, o n  

d é f i n i t  u n e  m e s u r e  s ig n é e  X„ c o n c e n t r é e  s u r  {1 /n + 1, . . n / n + l } k+2 e n  p o s a n t

k (  n  Uj/n+U  l / 2[ n  [1/2 , Z > + 1]1 =  c„i0«„(/,, . . . , l k + 1)
\ j  e J (p) j  t  J (p) J

p o u r  t o u t  (l0/ n + \ ,  . . lk+1/ n + l ) e l ( p ) P \ { l / n + l ,  . . n / n + l } k+2 ( p a r  c o n v e n t i o n  

cnlo = 0 s i l o < k  + l).
O n  d é f i n i t  a u s s i  u n  c o e f f i c i e n t  d e  c e n t r a g e  bn p a r

(13) bn= Z Î  H W ) K ( d t )
pe{0, i>* + 2 J i  (p)

o ù  H £  e s t  u n e  f o n c t i o n  : [0, l ] k + 2 -*• IR te l l e  q u e

(1 4 )  HS(i) =  ( b - a + l ) ( H ? ( ^ (1 )( i ; ) ,  . . i| / ; (* + 1 )( î ;  + 1) ))

o ù  a  =  fc +  1, b =  [(n+  1) i 0] si p ( 0 ) = 0 ,  a  =  [ ( n + 1) i 0 — 1]* + 1 ,  =  n si p ( 0 )  =  l ,  e t  le s  tj e t  

tj s o n t  l ié s  p a r  (8 ) .

U n e  m e s u r e  X s u r  [0, l ] fc+2 e s t  a p p e l é e  p s e u d o - m e s u r e  d ’o r d r e  I a  {0 , 1, . . k + 1} s i 

p o u r  t o u t  f  e  C jf+ 2

f f d X =  f f { t ) X ( d t ) .
J[0, l]k + 2 J{(t0........... tk+l); t i = l / 2 - ,  V i e 1}

X s e r a  a p p e l é  u n e  m e s u r e  g é n é r a l e  si e l le  e s t  u n e  s o m m e  f in ie  d e  p s e u d o - m e s u r e s .

T h é o r è m e . — Soit r ( o u r )  une fonction correctrice telle que pour une certaine mesure 
générale X0 on a

(1 5 )  l i m j f . r . d X n =  \ f - r . dX0 pour tout f  e  C * + 2

( 1 6 )  s u p  \ f . r . d \ X n\ <  oo où | X n | désigne la mesure de variation totale .
«6 M J

Si la suite {Xni} et r(our)  satisfont aux conditions de la proposition  3 (resp. proposition 4), 
alors (n — k ) ~ 1,2(Sn — bn) (resp. avec cni = 1 pour tout i) converge en loi vers la loi normale 
de moyenne nulle et variance a 2 où

a 2 =  Î . . . f E [L0 (i) L0 (i')] dX0 (t) d k o (*') <  oo.
J[0, l]k + 2 J[o, 1]* + 2
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L Introduction. Let Xnj , l<i<n , n>l be real—valued r.v.'s (random variables) with 

continuous d.f.'s (distribution functions) Fflj(x) , xeIR and let cnj (l<i<n , n>l) bean 

array of regression constants defined by a function g on [0,1] as

(1.1) cni = g(i/n) , l<i<n , n>l .

-1  n
Denote by Hn(x) = n E cnjlj^x .<x] ^ e  weighted empirical process where Ij- j

-1  ndenotes the indicator function and by F (x) = n E IrY , i the usual empirical
n i= l lAni-XJ

process.

The corresponding expectations are denoted by

Hn = E(Hn) and Fn = E(Fn) .

We will study the asymptotic behavior of the simple linear rank statistic of the form

, r+00 _ „ . p+00
(1.2) <̂n(J) = n* J Fn(x))dHn(x) -  n> J J(Fn(x))dHn(x)

—oo —oo

where J is a score function defined on the open unit interval.

The problem of finding a sufficiently large class of score functions for which the 

linear rank statistic is asymptotically normal was first considered by Chernoff and Savage 

(1958). Their results were later on strengthened considerably by several authors, mainly 

by Govindarajulu et al. (1966), Pyke and Shorack (1968), Hajek (1968) and DupaC and 

Hajek (1969) for the independent case, by Fears and Mehra (1974) for the (¿»-mixing case 

with stationary random variables, and by Denker and Rosier (1985) for the ^-mixing as 

well as strong mixing case but under a stationary set—up. In this paper we investigate the 

asymptotic distribution theory of the simple linear rank statistics (1.2) for the case when 

the underlying random variables are nonstationarv.

2. Preliminaries. In this section, we give some propositions which are minor variations 

of Denker and Rosier (1985) and so their proofs will be either omitted or briefly outlined. 

For ¿>0 , set tj =  6{A+28) 1 .
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Let //^ denote the measure on [0,1] given by its density (z(l-z)) 2 ^ relative to 

the Lebesgue measure. For a monotone function J , let ||J||^ be the L^—norm of J in 

Lj(/i^) . By the Jordan decomposition of any right continuous function, J has a unique 

decomposition: J = Jj —J2 where and J2 are monotone functions and J^(l/2) = 0 . 

For such a function, we set

11^=11^11*+IIJ2II*

where and J2 belong to L^(/i^) .

Denote by the space of ail right continuous functions J with ||J||^<oo and

J(l/2) = 0 and let be the set of all Je< ^ for which the measure v defined by

J = jdi/ is absolutely continuous with respect to Lebesgue measure. It is well known that

pfj is the || || ̂  closure of C2 ^ : the space of functions with bounded second derivatives.

The a priori assumption of having the space of right continuous functions J with

J ( l /2) = 0 is no restriction because J defined by J(x) = J(x+) = 1 im J(y) is a well
y |x

defined right continuous function and if J belongs to ^ , q̂ (J)  and e5^(J) are 

asymptotically equivalent (see Denker and Rosier (1985)).

We consider the array G • (l<i<n, n>l) ofd.f.'son [0,1] defined bym

(2-1) G • = F .oF" 1v ’ m m n

Denote by Gn the empirical process in [0,1] derived from Hn and defined by

n

(2.2) Gn(t) = n 1 ^ cni I[Fn(Xni)<t] ’ te t0’^

and i n the empirical process on [0,1] derived from Fn and defined by

n

(2.3) !n(t) -  n 1 ^ I[Fn(Xni)<t] ’ •

We also denote G = E(G ) and I = E(i ) .  The linear rank statistic defined in n v ny n v n7

(1.2) can then be written as

(2.4) *>n(J) = n* f1^  ¡n(t))dGn(t) -  n* J J(In(t))dGn( t ) .

0 0
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The connection between the dependence structure of the processes and the class of func-

tions for which asymptotic normality holds is expressed by the following condition

(2.5)
nE(Gn(t)-G n(t) )2 < C A ^ tf l-t ) ) 1 2n

ln E ( in( t ) - I n(t))2 < C ( t ( l - t ) ) 1' 2’'

for all t e (0,1) and n>l where 77 =  ¿>(4+2<$)~1 , A =  sup |g(i/n)| for g defined in
l<i<n

(1.1) and C is some constant > 0 .

PROPOSITION 2.1. Let I<>0  and ¿>0 be given. Then there exists a constant 

such that the following holds: If {Xnj} is an array of r.v.'s satisfying (2.5) and if 

{cni} are regression constants defined bv (1.1), we have

(2.6) nE{ J + “j ( 5| I  Fn(x))dHn(x) -  Fn(x))dHn(x) } 2 < CjA2|!

—00 —00

(2.7)

(2.8) 

(2.9)

r+oo

“00

n { f V nM )  -  Fn(x)))dHn(x )}2 < C jA 2

“00

n E (^ n(J))2 < CjA2 ||J||2

PROOF. We only prove (2.6) because our method of proof is similar to that of 

Proposition 2 in Denker and Rosier (1985). It suffices to consider an increasing function

J e< ^ . Define

¥<x,t) =
1 i f  n T T Fn W ^ < 5 T T Fn W  

-1 «  n T T Fo W S ‘ < 5 f T F„ W

0 otherwise.

n

and denote by Fn*(t) =  inf {xeIR : Fn(x)>t} the left continuous inverse of Fn . Since for

t < n
n+1

V<x»t)

1 i f

_! i f  F- l (û ± I t ) < x < F ^ ( û ± l . t)

0 otherw ise .

it follows that for fixed t < n
-  n+1  ’

i -
nE{ J(

n
l + l Fn *) )d(Ö„ Hn r c. Vnl

Ulli

V
n + l

n t) X <
■ Fn

fl+1
n
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| J ”v(x,t)dHn(x) | < An J°°| ,rfx,t) | dFn(x) = An | < S ± i t > - F n(Fn1( ï ± i  t)-)

“00 -00

S V  I ‘H  -  ^  11 + 2 inf { It} )

where <t> =  ^  if ^  < t < | .

From the assumption (2.5) on the sequence {X^} , it follows for t < that

( j+ °V(x,t)dHI1(x))2 < 8 A2( I (1 A nt))2 + 2 E(în( ï ± l  t) -  In(2± l t)):
—oo

< 8 A2( |( l  A nt))2 +  2 £  A2(t(l—t ))1 2,1.

Finally, interchanging the order of integration, and using the Cauchy-Schwarz inequality, 

we obtain

nE( f ”J(ETT * DW X W  -  f " j < 5 T r  ^ W X « ) 2
—00 —oo

n
rll+l p+00pu-ri rToo

= nE(j J  ^x,t)dHn(x)dJ(t))‘

0 —00 
n

rll+l p+00 A 0 , f
< n ( J  (E(j tfx,t)dH(x))2)’dJ(t))‘

0 —00
n n

n+1
n“ * ( t ( l - t ) ) ^  dJ(t))2

n

where C, is some positive constant, since n2 l ( i  a nt)dJ(t) < C, J*(t(l—t))2dJ(t) . 
1 0 n 1 0

(2.6) is proved.

PROPOSITION 2.2. Let {Xnj} satisfy condition (2.5) for some ¿>0 , and let the regres

sion constants cnj satisfy (1.1) and sup < + o o . Assume that KCe^ is a subset

possessing the following property: for every JeK , there exists a normal distribution

n
n+1

c i A;
î+ i

5<1 a it)d. i(t) +

u
z
S

<Cr 'n "
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9  2
^(0,cr“) where 0<cr<+oo such that <^(J) converges in law to J ^ (0 ,a  ) ,  then the

|| || ̂ -norm closure of K has the same property.

PROOF. Let J ^ K  where K is the closure of K , and JeK . By Proposition 2.1

and the fact that ^ ( J ^ )  = <̂n(J) + J) » ^ e  distributions of and «^(J)

are closed, uniformly in n , in the weak topology for sufficiently small ||J—JJI^- This

proves the proposition.

For two probability measures P and Q on IR , denote by Ü2(P,Q) =

2 1Inf (E(X—Y) ) 2 where the infinitum extends over all r.v.'s X and Y defined on the same 

probability space and having distributions P and Q respectively.

Let J f ( Z )  denote the distribution of the r.v. Z .

PROPOSITION 2.3. Let {Xnj} satisfy condition (2.5) for some &>0 and let cnj

satisfy (1.1) and sup* A < +oo . Assume that there exists an operator o : <̂ c-* IR which 
neIN n 0

is uniformly bounded and satisfies the Lipschitz condition for the || ||^ norm.
o

If for every JeKcJ^ , <^(J) converges in law to a normal distribution (J)),

then the || || ̂ -norm closure of K has the same property.

PROOF. Let J^gK and JgK . Then, we have

D2( ^ ( ^ ( j i ) ) , ^ ( ° , ,2(j i)))

< D2(-ii-(^1(J i)),(-ii’(<i>̂ (J )))+D2( ^ ’(<^1(J» >̂ ( 0><T2(J)))+D2(^'(0,^2(J )).-^(0,^2(J 1)))

< D2(^(<^(J)),v^(0,«t^(J))) + C'||J—J. || c for some C’>0 using Proposition 2.1 and the 

Lipschitz condition on <j  .
o

Since the convergence in law from g^(J) to jf(0 ,a  (J)) implies

1 im D2(-^’(<^1( J ) ) ,^ (0,<t^(Jj))) = 0 (see Denker and Rosier (1985)), the theorem
I H o o

follows.

3̂ . Convergence of the linear rank statistic. Recall that the sequence {Xnj} is

yj—mixing if sup sup {sup {| P(B | A)-P(B) | ; Ae<r(X ., l<i<j), Be<r(X ., i>j+m))}} 
n>l l<j<n—m m m

= ^(m) |0  for positive integers j and m .
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Here <KXnp —>Xnj) and a(Xn j_|_mv>Xnn) are the <r—fields generated by

(Xnr " ' ,Xnj) “ d (Xn ,j+ m -"Xnn> respectively.

Also recall that {Xnj} satisfies the strong mixing condition if

sup sup {sup { |P(AnB)—P(A)P(B) | ; Aea(X ., l<i<j, Bg<t(X ., i>j+m)}} = a(m)|0 . 
n>l l<j<n—m m m

Since a(m) < </?(m) , it follows that if {X^} is ^—mixing, then it is also strong 

mixing.

We will study the asymptotic behavior of q5^(J) when the r.v.'s {Xnj} are

V>-mixing with rates

+ 0 0

(3.1) I  m ^ m ) ) ^ / ^  < + o o  for some 0 < 6 < 2 

m =l

or strong mixing with rates

+ 0 0

(3.2) ^ m2 a  ( m ) ^ 2"*"̂  < +oo for some ¿>0 .

m =l

Let Fn • • be the d.f. of (Xnj,X -) , l<i<j<n, n>l . For any sequence of d.f.'s
* 2 

{G^, i  > 1} on [0,1] with uniform marginals, we denote

n1 1 1
(3.3) <7j({G^}) = lim  {[ f2(u)du+ 2 J  f f f(u)f(v)dG^ (u,v)}

n —> m 4 . 4 4

if the limit exists, where

n^°° 0 £=1 0 0

(3.4) f(u) = J (Iju<vj -  v)dJ(v) + J(u) -
r l

J(v)dv

0 0 

and JeJfy for some ¿>0 .

THEOREM 3.1. Suppose the sequence {X^} is (/̂ -mixing with rate (3.1) or 

strong mixing with rate (3.2). the function g which defines the regression constants in
*

(1.1) belongs to ^ the space of functions which admit a derivative of bounded varia-
’ * 2 

tion, and suppose that for any t> 1 . there exists a continuous d.f. G^ on [0,1] with

uniform marginals such that
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(3.5) lim m ax |F , ¡(F '(u),F : (v)) -  G*_;(u,v)| =  0
n-»oo 1 < i < j < n  ’ ,J J

for all (u,v) e [0,1]“.

Then, for every with 2><S>0 if we have (3.1). and ¿>0 if we have (3.2)

(3.6) lim  D9(JT(*n(J)),^f(0,^ ({G !))) = 0
n - » o o

where

(3.7) &j({G^}) = aj({G^})( (uAv)g'(u)g'(v)dudv -  2 J ug'(.u)du + g2(l))

0 0 0 

and <Tj ( { G ^ } )  <  o o .

REMARK 3.1. Let the sequence of distribution functions {F . .} satisfy the

following conditions:
* 2

(i) There exists a sequence of d.f.'s F^ on 1R such that
*  2 

lim m ax |F  . .(xpx^—F. :(x,,x2)| = 0 for all ( x j^ )^ ^  ,
n-*oo 1 < i < j < n  ’ ,J J

(ii) Fnj = Fn for all l<i<n , n>l ,

then the condition (3.5) is satisfied whenever the sequence {XQj} is strong mixing. 

PROOF. To prove Theorem 3.1, we first need a few lemmas.

For any n (n>l) , any i (l<i<n) and any JeC2 ^ , let

(‘[F (X .)<t] - « n i ( t)>J '(t )dGn i«  + J (pn(x ni)) "  f ' •(3.8) Anj(J) =

It is obvious that E(Anj) = 0 .

Now consider for any JeC2 ^ , the process Ln(J)(s) defined on the space of 

continuous functions on [0,1] , by

[ns]

(3.9) Ln(J)(s) = n“ *( I  Anj + (ns-[ii3])An [ns]+1)

i=l

where [ns] denotes the integer part of the real number ns .

LEMMA 3.1. Suppose that {Xnj} satisfies the eondii unis of Theorem 3.1 and J 

belongs to C2 ^ < then the process Ln(J)(s) converges weakly in uniform topology to a
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Gaussian process LQ(J)(s) with trajectories a.s. in Cj with mean 0 and variance 

scrj({G^}) where Oj({G^}) is defined in (3.3). and ^({G^}) < o o .

PROOF. The process Ln(J) defines a probability measure Pfl on . From 

Theorem 8.1 of Billingsley (1968), we have to prove that (i) the finite dimensional distribu

tion of Pn converges in law to a normal distribution and (ii) Pfl is tight.

P
First we prove (i) which is equivalent to proving that £ Ln(J)(s^) converges in

*
law to a normal distribution for any peIN , any &[0,1] and any ÂelR (l<Kp) . Without 

loss of generality, we can take p=2 and suppose that s^<s2 •

We have

2 [ n s j  [ns2]

(3.10) I  X( La(J)(st) = n - * l l  (A1+ A2)Anj(J) + J A ^ J )

I— 1 i= l i= [n s j+ l

+ A1(ns1Mm1])AIli[llSi]+1(J) + A ^ m ^ n s , , ] ^ ^ ^ . ! ) ]  .

We define the sequence of r.v.'s {B^(J)} by

- (A2+A2)An i(J) i f  i^ fnsj

2̂Ani(J) i f  [ns1]<i<[ns2] .
- 0 i f  i>[ns2]

As J and J 1 are bounded, we deduce

2 n

(3.12) I  Xt  Ln(J)(sp = if*  I  Bnj(J) + 0(n-*) .
1=1 i= l

From Corollary 1 of Withers (1975) we have to verify that 

n

(3.13) E( J  Bni(J))2/ n -  { (A j+ a /s j  + A2^ - ^ ) } ^ ^ } )  as n-w .

i= l 

We have

(3.11) Bni(J) =
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n

(3.14) E( l  Bni(J))2/a  =

i= l
[n s j  [n s1] [n s j  [ns2]

= n - 'K A ^ A /  l  l  E(Ani(J)Anj(J)) + (A1+ A2)A2 l  l  E(Ani(J)Anj(J)) 

i= l j= l i= l j=[ns1]+l

[ns2] [ns2]

+ 4  1 l  E(A„i(J >Anj(J))1 ■
i= [n sj+ l j=[ns1]+l

Suppose the sequence {Xnj} is y>-mixing, then from the boundedness of J and J'

and from the well known inequality on the moment of <p-mixing r.v.'s (see Doukhan and

Portal (1987), Proposition 2.2), we obtain

[n s1] [ns2]
(3.15)n-1|(A1+A2)A2 J  J  E(Ani(J)Anj(J))|

i= l j=[ns1J+l 

[n s j  [ns2]

- M/n ( 1 1 V /p(H))
i= l j=[ns1]+l

where M is some constant > 0 and p = (4+2<5)/(2+3£) . From (3.1), the last expression

goes to zero as n-*a>.

If the sequence {Xnj} is strong mixing, the left hand of (3.15) is majorized by

[ns,] [nsJ

(M 7 » X  I  I  * i / ( 2 + i ) ( H ) )
i= l j=|nSj]+l

where M' is some constant > 0 and from (3.2), this converges to 0 as n-x» .

It remains to prove that

[ n s j  [n sJ  ^

(3.16) n“ 1 ^ I  E(Ani(J)Anj(J ))- ,s1^ ({ G <}) as i h .

i= l j= l
and

[ns2] [ns9l ^

n_1 I  i  E(AniWAnj(J)) - ,(s2-sl) ,7j( {GI<}) “
i=[ns1]+l j=[ns1]+l
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We first prove the convergence of (3.16) when J and J 1 are replaced by indicator func

tions. Suppose .

j(t> = i

Then we can write

A .(J) = mv ’

=  -  Gn i( ia,VFn(X„i)}Ab' } > - j  ‘ dGn i «  +  “  <Gni(b> "  Gni(a»

= D .(X*.) where X*. = F (X .)m v nr m nv nr

a

Let Gn,i j  be the d f- of (Fn<Xni>'Fn(X nj»  • Then’ we have

' Dni(u>Dnj(v>dGn,i,j(u’v) ‘E(Ani(J)Anj(J ))

From condition (3.5) we easily deduce that

(3.17) lim m ax |E(A ¡(J)A .(J)) -  [ f D(u)D(v)dG?.(u,v) | = 0 
n->oo 1 < i <j<n m nj j  j  J 1

where

D(u) = I[a<u<b] “  <b- a) + b' ~ {(a'VujAb'} -  |(b'-a')2 .

We obtain the same result if J and J' are replaced by step functions.

As J and J 1 are continuous and bounded, we can uniformly approach them by 

step functions and we deduce that

n->oo 1 <i <j<n 

where f(u) is defined in (3.4)

(3.18) lim m ax |E(A .(J)A -(J)) -  [ [ f(u)f(v)dG?_j(u,v) | = 0
n->oo 1 <i <i<n 0 0

Now denote /?(0) = 

[nsj] [ n s j
0

1 2
f (u)du and p(i) = 2 

+00
-1

rl rl

0 0

f(u)f(v)dGj(u,v) , i>l . Then,

I" I  I E(Ani(J>An /J)) -  [”sl)n I M l 
i=l j=l i=0

a,< <b and J '
I(a' <b']

G  -i ni <b]Fn
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[n Sj] 1 [nsj]—i

< |n—'(nsjldnsj)-1  £ £ E(Anj(J)An j+ i(J)) 

i=0 j=l
[n s j  oo

-  [n S jJH n s^r1 Y ([nsJ-iM i)! + [ns^n-1  £ \p(i)\ 

i=0 i=[ns1]+l

[nSj] oo

+ [nsjn-1  £ £ |/?(k)|
i=0  k=i

= | A | + B + C .1 n 1 n n

From (3.18) we deduce that | An | -+0 as n->oo and from the well known inequalities 

on the moment of mixing r.v.'s (see Proposition 2.2 and 2.8 of Doukhan and Portal (1987)) 

and (3.1) or (3.2) we deduce that Bn~>0 and Cn-*0 as n-*oo.

It is also immediate that

+ 0 0  + 0 0  

|[nsjn—1 ^ p(i) — s-̂  ^ /?(i)| -* 0 as n->oo. 

i=0 i=0 

J n S jH n s J  + o o

We conclude that n E E E(A -(J)A_;(J)) converges to s,( E p(i)) as n-*oo
i= l j= i  m nJ 1 i=0

+00 2 * 
where E /?(i) is equal to <rT({G/,}). Similarly 

i=0  J 1
[ns2] [ns2] #

n_1 I  I  E(Ani(J)Anj(J)) — (s2-S j)^ ({ G £}) as n-«

i=[ns1]+l j=[ns1]+l

(3.16) is proved.

2 2
From (3.14) — (3.16), we deduce (3.13) and we conclude that E( E A^Ln(J)(s^))

2 2 2 * 2 converges to {(A^+A2) Sj+A2(s2-Sj)}<7j({G^}) which implies that E A^Ln(J)(s^)

converges in law to the normal distribution with mean 0 and variance
2  9  2 *

{(A^+A9) Sj+ A ^ ^ - S j)}^ ({G,}) and (i) is proved.

We now prove (ii).

From Theorem 8.2 of Billingsley (1968) we have to verify that V e>0 , 3 t] > 0 ,
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( 0 < tj< 1 )  and an integer Nq such that V n>NQ

(3-19) P[sup |L (J )(s )-L _ (J )(s ') |> 6] < €.
I s—s'I <77

If ns and ns' are integers, by using Theorem 11 for q=4 of Doukhan and Portal 

(1987) for the strong mixing case and Lemma 5.1 in Harel (1988) for q=2 for the 

«¿»-mixing case, we obtain for s>s'

(3.20) E(Ln(J)(s) -  Ln(J)(s'))4 < ((s-s-)2 + n-'fs-s'JJMCt/J)

where

+00

(3.21) C(p) = £ m“ V / 4(m)

m=l

if the sequence {X^-} is y?-mixing, and

+00

(3.22) C(/?) = 1 m2J / ( 2+S)(m)

m =l

if the sequence {Xnj} is strong mixing and M is some positive constant.

If s>s' and ns and ns' are integers, we have s-s' > n—̂ and 

E(Ln(J)(s) -  Ln(J(s'))4 < m ( s s ' ) 2C(P).

From Lemma 2 of Balacheff and Dupont (1980) we obtain that V e>0 , 3 j/>0 , and an 

integer NQ sufficiently large such that V n>NQ ,

(3.23) P[sup . . . | L ( j) (M ) _  Ln( J ) ( M )  | > f /2] < 2MC(flK,2i^

n n

where K is some positive constant.

From the definition of Ln(J)(s) in (3.9), we obtain

(3.24) sup 1L (J)(s) -  L (J)(s') I < 2 max | L (J)(Ifl) -  L (J)(M) | .
I s-s' 1 <77 | M _ i n i ! i | <277

By using (3.23) and (3.24), we deduce

(3.25) P[sup |L (J)(s) — L (J)(s')|>f] < MC(0)K'1?
|s -s '|< ’) 2 »

where K1 is some positive constant and (3.19) is proved. The fact that <7j({G^})<oo is

a simple consequence of b and (3.1) or (3.2).
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Now we consider for any J6C2 ^ the r.v. Vn(J) defined by

n

(3-26) Vn(J) = n > I  cniAni .

i= l

LEMMA 3.2. Suppose that {Xnj} satisfies the conditions of Theorem 3.1.

J belongs to C2 ^ and g admits a derivative g'. Then Vn(J) converges in law to the
’ 2 * 2 *

normal distribution with mean 0 and variance âj({G^}) where ôj({G^}) is defined in

(3.7) and ^j({G^}) < 00.

PROOF. For any n define a measure on [0,1] by setting

y ( s »  = cn i - cn , i+ l ’ 1- i- n_1 <md An(« )  = c:
By definition, we have

rl

nn

Vn(J) = L n ( J ) ( u ) A n ( d u )

We now prove that 

(3.27) 1 f1Ln(J)(u)An(du) converges in law to — LQ(J)(u)g'(u)du + LQ(J)(l)g(l) as n-*».

0

Let hfl : -* IR-, n>l be defined as hn(f) = J f(u)An(du) and hQ : -+ IR be defined as

0

hQ(f) = —J  fg'(u)du + f( l)g ( l) . Let {fn, n>l} be a sequence of functions in Cj and
0

suppose that fn-*fQ in uniform topology as n-*oo where fQ€C^ . We show that

h (f ) -> h ( f )  as n-x». nv n' ov o'
r l  r l

0
fn(u)An(du) “  (“

p i

f0(u)g'(u) + f 0(l)g(l)|

(fn(u)-f0(u))An(du) | + foAn(du) +
c

<1 ■ 
o o

1

fo u); :'(u) ■ fc(i Ik(1)

c , -
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- Sc ? n , l  | f n ( u ) - f o ( u >lu£ [0,1]

rl
n—1

V du)l +  ( 1 y W l g O / ^ - g O + l / n ) )  + f0 ( l ) g ( l )  

i = l

+ f0(u)g'(u)du — f0(i)g(l) i -» 0 as n-*oo

from the hypothesis fn"*f0 in uniform topology, g' is an integrable function and

sup* A < oo. 
neIN

Consequently h (ffl) -> h (f ) as n-*oo and by Theorem 5.5 of Billingsley (1968),

(3.27) follows.

It remains to show that E(—f^L (J)(u)g'(u)du + L (J)(l)g(l))2 = ^({G«}) < oo.
Q (J U V

We have

r l

E(— L0(J)(u)s'(u)du + I-0(J)(l)g(l)) =

1 r1 

0 0

E[(L0)(J)(u)(L0)(J)(v)]g'(u)g'(v)dudv -  2 J E[L0(J)(l)L0(J)(u)]g'(u)du

0

+ E[L0(J)(l)L0(J)(l))]g^(l) .
2 *

As E[L0(J)(u)Lq(J)(v)] =  (u A v )<Tj ( { G ^}) <  oo, the property follows and Lemma 3.2 is 

proved.

PROOF OF THE THEOREM. We first prove that the theorem is true for 

JGC2 k • We have the following decomposition

= VnW + An<J> + Bn<J > + Cn(J> •

where

rl
A„(J) = n<

0

Bn(J) = — ( o + l )  V ,'(InW)ÍnWdónW

C„(J) = 2  V
rl

0

)(t)r 0 ,(t))c-Int)-:J'O , *l n.(t))

(t)J"(0 t))] (n (n M) ''n'w): 2dG



where 0n(In(t)) G [In(t)Aln(t),In(t)vin(t)] •

Suppose JeC9 ^ . Then the weak convergence of Vn(J) is established in Lemma

3.2. The random variables A(J) , B(J) , X(J) converge to zero in probability and in L2 

since

(3.28) E(A2(J)) < I<n—1 sup | J'(t) |2 sup* A2C(/?)
n te [0,1] nelN n

(3.29) | B (J) | < Kn- 2 sup |J '( t) |su p * A
n te[0,l] neIN n

(3.30) E(C2(J)) < I\n—1 sup |J '( t ) |2 sup* A2C(/?)
n te [0,1] neIN n

where C(p) = S°°m(^(m))(2+3^ / ( 4+2^  if we have (3.1), and C(/?) = 
m =l

m2 E (a(m))^/^2 ’̂<̂ if we have (3.2), and K is some positive constant. 
m =l

We only prove the inequality (3.28) for the </?-mixing case, because the method is 

similar to the proof of the three inequalities in Denker and Rosier (1985, p. 66). For any 

(i,j/,q) 6 IN4, we. put

HUM = (J1J,(In(t))cni(i[x xtrFniWW'ix .< t ] - y t)))(.rV (I n(u))cn{

Ii V ] ' ?"'(l))d(IV " i ‘ V )1)-
Suppose i<j<^<q and let p = 2^ 2g , then from the condition of </>—mixing, we have the 

following three inequalities:

/?0,jXq)< sup |J '(t) |2A2v (H )  
te[o,i)

/J(i,j,i,q) < (2 sup |J '( t ) |2A2)(v(<-j) +  4*>1/P(H)*>1 /P(<H)) 
t€[0 ,l] n

0(i>j/q)< sup |J '( t ) |2A2p(q-<) 
t€ [0 ,l]  ”

If i,j,^,q are differently ordered, we obtain similar inequalities.

From this, we deduce

P Y A ^ j m  < 41 n - 3  filin I .I'it/I I 2,| A 2 V '

te 0, 1 n . . ,
1 J h iJ A

16
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Put j '= j-i , m—l - j and q '= q -^ . We have

n

E(A2(J)) < 4! iT 3( sup |J '( t ) |2) A ^  ( I  2i>(j')+ I  2 ^ ' ) +  I  W )  

M M  i=l 0<r< j' 0<j' <q' 0<j'< f
0<q'<j' 0<f<q' 0<q'<f

+ 4^1/ p( j V 1/ p(q')))

and after some computations, we obtain

E(A2(J)) < 288 n~3 ( sup |J '( t ) |2)A2 ( I  p1/p (m))( £ m<//P/m))(n+n2)

tel0,1l m>l m>_l
<Kn-1  ( sup |J '( t ) |2) sup* A2 C(/?) 

te [0,i] nelN n

where K is some positive constant and C(/?) = I! m (<p(m ))^"^^/^+ ^ .  (3.28) is
m>l

proved for the 9—mixing case. Hence the theorem is true for J€C2 ^ •

Following Proposition 2.3 it remains to prove that the operator a : IR defined
*

by 0-(J) = 0j({G¿}) satisfies the Lipschitz condition for the || ||^ norm and the condition
*

(2.5) is satisfied. The first property follows easily from the definition of <jj({G^}) in (3.7) 

and the definition of 0j({G^}) in (3.3) and (3.4).

We now prove (2.5) if we have (3.1). For p = (4+25)/(2+35) and q = (1—p—*)—* 

we have

nE(Gn(t)-G n(t))2 =

n n

= “El““1 I  cni(I[Fn(Xni)<t) -  Gm«))2 = I 1̂ ( F ^ ) « ]  ~ Gni«»2

= m 1 I  E[cnicnj(I(F (X )<t] -  (X ,)<t] _  GnjWJ]
l<i,j<n n ni n nj

< n-1 A2 I I EI(I(F (x }<t] -  Gni(t))(I[F (x )<t] -  Gnj(t))l
l<i,j<n n m n nj

“ 1 a2 I  (X (y

n—1 n—i
-1 A 2

- 2n An _ Io E |(I[Fn(x ni)<t] Gni(t))(I[Fn(Xn j+i)<t] Gnj+ii*»I

< 2U-1 A2 I / /P ( l )  I (Gn<j(t)(l-GnJ(t)))1/P(GIl j+1(t)(l-GIlJ+i(t)))I/ <l 

¡= 0  j= l

Gni« ¡FL n»(ii



s a . - 1 A I I  ^ /P ( l ) (  I (GBj ( t ) ( l - G nj ( t ) ) )1 /,,( I  G n j + i W d ^ n . j + i i ' ) ) ) 1^  

i=0 j= l  j= i

< 2„ -‘ A2 I  ^ /P (l)( 5 (Gn . « ( l - G ^ t ) ) ) 1̂  J  GnJ(t)(l-G nJ(t)))1/q

i= l  j= l  j= l 
n—1 n

= n"1 A2 I  ¿ /P ( i )( I  (GnJ(t)(l-G n J.(t))) 

i= l  j= l
n—1 n n

< 2h-1 A2 I  ^ /P ( i)n ( ì  J  G ^ t tD d - n -1 £ Gnj(t))

i= l  j= l j= l 
n—1 +00

= 2 An I  < 2( I  V1/P(i))A2t( l- t)
i= l  i= l 

which implies (2.5) if we have (3.1).

Finally, we prove (2.5) if we have (3.2). We have

nE(G(t)-Gn(t))2 =

= n 1 1 Etcnicnj(I[F (X .)<t] ~  Gn i^ ) ( I[F (X .)<t] ~  Gnj^^l 
l<i, j<n 1 nV m' _ J 1 nV nJ;" J

- n * An 1 Ie [(i [f (X .)<t]” Gni(t^ ( I[F (X .)<t]_ G n j ^  
l<i,j<n n nJ

n—1 n—i
-1 A 2

18

■  2n A” ¡ I o  j I I  E 1 (ItFn(Xni>Stl "  Gni(t))(I(Fn(Xn,j+i)-t l Gnd+i(t)) 1

< 2D"1 A2 J(«(i))f/(2+í) I (G nj(t)(l-Gnj(t)))1/(2+í>(GllJ+i(t)(l-GnJ+i(t)))1/(2+¿) 

i=0 j= l  

<2n“ 1A2 ^(o(i))i/(2+<)( I (G nj(t)(l-Gnj(t)))1/(2+Æ) * 
i=0 j= l  

* ( I Gn,j+ i(t)(l“ Gn,j+i(t )))1/(?+i) 
j = l

l-t)</

n—i

n—in—1
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< 2„-‘ a2 J(o (i))i /(2 + i)( î ( G nj(l-G nj(t)))I/(2+Æ)( I  G„,j(‘)(l-G nj ( ‘)))1/(2+i) 
¡=0 j= l j= l

= 2 » -^ *  J(û<i))W 2+ i>( J  Gnj(t)(l-G nj(t)))2/ ( 2+ i) 

i= 0  j=l

< 2n-1 A2 J f o i O J ^ + ^ n f n - 1 \  G ^ tX l - iT 1 \  GnJ-(t)))2/(2+i) 

i=0 j= l j= l

= 2 A2 £ (a < i) )^ 2+^ ( t( l - t ) )2 /(2+^  

i =0 

+00

- 2An J (« ( i) ) ^ 2+^ ( t(1- t ))1-2,? for ??=<5(4+2i)_1 . 
i=0

Thus (2.5) is proved if we have (3.2).

COROLLARY 3.1. If among conditions in Theorem 3.1 the function g is replaced
*

by a function for which there exists a decomposition g = gc + gd where gc 6 Cj ^ and 

gd is a step function with p jumps, sav at aj,..,ap such that aj e (0,1) (l<i<p) . then
*

the conclusion of Theorem 3.1 remains true but <jj({G^}) defined in (3.7) is replaced bv 

ôj({G^}) where

(3.31) i.2({G*}) =

l l  ” l 
= *j({G/}) (J J (uAv)g^(u)g^(v)dudv — 2 j  (gd(ar ) - g d(aj+)) J (uAa})g^(u)du

0 0 i= l 0
f1

- 2 j ugj(u)du + I  (aiAaj)(gd(ar ) ~gd(aj+))(gd(aj-) ~gd(aj+))

0 l<i,j<P

P *
+ 2 1 ai^d (ar )  “ §d(ai+)) + g2(1) —-ere is defined jn (3.3).

i= l

4  Convergence of the two sample linear rank statistic. Let {Y .} , l<i<n, andll JL

{Zn .} , l<j<n0 be two independent sequences of weakly dependent random variables with 
n2J i



2 0

continuous d.f.'s F^)(x) and F^2)(x) respectively, xeIR . Given n = n1+n9n^i n^j l &

X . = Y - if i<n, and X - = Y_ • if i>n-. . Denote by F^^(x) =
m n^i - 1 m n2’1—ni 1 l

-1 111n. S c -Irv ✓  i the empirical process based on the first sequence of r.v.'s {Y .} 
1 i= l V  ' ni  ̂ V

and weighted by the regression constants c . . We put F p )  = E ( F ^ )  .
1 1 1

jjC

Then Q5̂ (J) defined bynv
r+ o o

(4.1) ^ n(J) = n>(j Jt;;!,- Fn(x))dF(|)(x) -  | + ”j(F n(x))dF< J)(x))

—00 —00

is the two—sample linear rank statistic. We suppose that the regression constants c •
1

(l<i<n,) are defined by a function h on [0,1] as

cnxi = h0 /ni) ’ nl - 1

We assume that n^n * AQ e (0,1) .

We have F = n-1 ( S 1 F^1) + E2 F^2)) .
n i= i v  j= i V

Let f(J)w  be the d.f. of ( Y ^ . Y ^  and F ^  be the d.f. of ( Z ^ . Z ^ ) . 

THEOREM 4.1. Suppose the sequences {Y .} and {Z •} are <p—mixing with
V  n2J

rate (3.1) or strong mixing with rate (3.2). the function h satisfies h = hc+h^ with
*

hcGĈ  k and h^ is a step function and if for each p> l . there exist two continuous d.f.'s 

Gp^ and G^2  ̂ on IR2 with marginals F ^  and F ^  such that

(4.2) 1 im max I F ^  ¡(F ^ ftjJ .F ^ ftj) )  -  G ^ iH - ^ t  J.H“ ^ ^ ) )  | = 0
n-*oo l<i<i<n i,J n j i  i 2< i < j<n

for all ( tp t2) 6 [0,1]  ̂ , £=1,2 where

i'i1) j. M—A w (2)(4.3) H = AQF ^  + (1—A0)F'

Then, for every with 2>i>0 if we have (3.1) and ¿>0 if we have (3.2).

(4.4) lim D2(J'(«*'n*(J)), 4 0 ,S j({ G ^ } ))  = 0 

where

w e set
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where

(4.5) ^ ( { G ^ } )  = 52({G W})L(h)

(4.6) =

= Ao'‘ ( ^ (u Jd iF ^ o H  1)(u )+ 2  J . j  J f 1(u)f1(v)d(G(1)(H-1(u),H-1(v))}

p>2 0 0

+ (1—\>H f2(u)d(F<2>°H V )  + 2 I J  J 1f2(u)f2(v)d(G<2)(H-1(u),H-1(v))) •
p>2 0 0

fj(u) = f*(u) -  j ' i ’ tvM f W oH -V ) )

0

f2(u) = 4(u) -  J y v J d l F ^ o H - V ) )

0

f*(u) = J(u) + A0 | 1J'(v)d(F(1)oH-'(v)) 

u

f2(u) = J  J'(v)d(F(2)oH_1(v))

Here

with

u

and

(4.7) L(h) = J h^(u)^(v)dudv -  2 \  (hd(ar ) -  hd(a.+)) hc(u)du -  2 J  h^(u)du

0 0 i= l 0 0

+ I  (hd(aH  ~ hc(ai+))(hd(ar )  “  hd(ai+ )) + 2 1 V af )  “  M ai+ ) + & )
l<i,j<P i= l

where a^, l<i<p are the discontinuous points of hd .

REMARK. Let the sequences { F p \  •} and {F^2\- •} satisfy the following
ftpMj 2’ ’J

conditions: (i) there exist two sequences of d.f.'s on 1R2 , £=1,2 such that

l immax |F ^ .  .(xp x2) -  G ^ (x p x2) | = 0  
n-»oo 1 < i <j<n V ’J 1 z J 1 1 z

for all (xpX2)eIR ,£=1,2

G,¡(O

o « )n
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(ii) F ^ )  = F ^  for all l<i<n1 , and v ’ n^i n  ̂ 1

(iii) F^2] = F^2  ̂ for all l<j<n9 .
n2J n2 z

Then the condition (4.2) is satisfied when the sequences {Y .} and {Z .} are strong
1 2J

mixing.

PROOF OF THEOREM 4.2. For any n^>l , for any i (l<i<n^) and for any 

JeC2,b ’ let

(4.8) B ^ J )  =  n ^ - 1 +  J ( F n (Y n i ,) )

- f j W d G ^ j t t )

o 1
where G ^ j  = F ^ |o F ~ \  and for any ^ > 1  , any j ( K j ^ )  , any JGCg ^ and any 

ue[0,l] , let

(4-9) Cn9j(J^ u) = 1 J (J[F (Z - G n ? j^ ^ J ' ^ dGn ^ ^
1=1 0 n n2J z

+ n ^ n ^ - f ^ u ] )  J  (I[Fn(Zn^j)<t] “  ^ j ^ ^ n ^ n ^ + l ^

where G^2) = F^2)oF_1 .
n2J n2  ̂ ^

*
Now consider for any JeC9 ■ the processes W (J)(s) and W (J)(s,u) defined

z , d i i2

* 2 respectively on and (= the space of continuous functions on [0,1] ) by

[*l*]
(4.10) W (J)(s) = 4 < I  B ¡(J) + (nlS-(n lS))B . ]+1(J))

1 i= l 1 1 1

x [ S 2 S1
(4.11) W n 2 (J ) ( s ,u )  =  n | (  ^  Cn ^ j( J ) (u )  +  (n2s- M ) C n 2 i[v j+ 1 ( J ) ( u ) ) .

By similar techniques as in Lemma 3.1 one can prove that the process W (J)(s)
nl

converges weakly in uniform topology to a Gaussian process WQ(J)(s) with trajectories

:iíFr i)<t] Gnn]
(t))J t)d &

nr
¡(t)
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a.s. in Cj with mean 0 and variance

(4.12) s[
rl

0

rl

0

f2(u)d(F(1)oH *)(u) + 2 I

P>1 0

r l
f1(u)f1(v)d(G(1)(H"1(u),H"1(v)))]

and W (J)(s,u) converges weakly in uniform topology to a Gaussian process W (J)(s,u)
2 0

with trajectories a.s. in Cj with mean 0 and variance

(4.13) s u t ^ u W F ^ o H -1 )^ )  + 2 l  Î1

p>l 0 00

f2(u)f2(v)d(G(2)(H-1(u),H"1(v)))].

From this and following Lemma 3.2, it is easy to prove that Vn(J) converges in 

law to the normal distribution with mean 0 and variance tfj({G ^}) where 0j({ G ^ } )
* P P

is defined in (4.5) and Vn(J) is a random variable defined by

(4.14) V*(J) = n>(|+ J(Fn(x))d(F( ^(x) -  F <:% ) )

—oo
*+00

+ J,(Fn«)(FnM - FnMMF*1’«)
—oo

Since <^(J) = Vn(J) + Un(J) where E(Un(J)) = 0(n 2) we prove Theorem 4.1 

following the line of argument in the proof of Theorem 3.1.
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From the study of U{ F„), we will deduce the asymptotic behavior of the 
V-static

V{Fn) = n ~ k X nik) (1.2).
/, = i /* = i

called the Von Mises’ statistic.
We assume that the underlying r.v.’s are absolutely regular with rates

P(m) = 0 ( m ~ (2 + d)/s) for some <5>0. (1.3)

Recall that the sequence is absolutely regular if

sup max E{ sup \P(A | <r(Xni, 1 <  i <  j ) )  — P{A ) \} =  p{m) i  0.
m ^ n l ^ j ^ r t  — n t A  e  <r( X nt, i ^  j -+- m  )

Here a (X ni, and <r(Xni, j  + m) are the cr-fields generated by
( Xni; X nJ) and (X n.J + m, X n j + m+l , X nn), respectively. Also recall that 
{X ni} satisfies the strong mixing condition if supm ̂  „ sup —
P{A) P{B )|; A e a ( X ni, B e a { X ni, i ^ j  + m)}  =  a (m ) |0 .  Since
oc(m)^P(m), it follows that if {X ni} is absolutely regular, then it is also 
strong mixing.

In the second part of the paper, we will study the asymptotic behavior of 
the one sample rank order statistic m

m / /? \
1L CniS(X ni) J \ ^ ^ j ,  « ^ « 1 ^ 1 ,  (1.4)

where J  is a score function, s(x) =  sgn(x), and the cni are regression 
constants defined by a continuous function h(x) on [ 0 , 1] as

c„, =   ̂ n > \  (1.5)

and =  £ 7 1 , / [ ,a-,, 1 < 1 -v„, 11 ’ 1 <  » m <  «, where I c denotes the
indicator function. We assume also that the r.v.’s are absolutely regular but 
with rates

P(m) =  0 ( m - 4). (1 .6 )

The convergence of the U-statistic as well as the V-statistic was 
established by Yoshihara [ 8 ] and afterwards, for the one sample rank 
order statistic also, by Yoshihara [9 ]  but only for stationary r.v.'s. Later, 
Denker and Keller [3 ]  proved some limit theorems of the above-men
tioned statistics for the processes which are uniformly mixing in both direc
tions of time. In this paper we extend the results of Yoshihara [ 8 , 9 ]  from 
the stationary cases to the nonstationary cases.
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O u r  r e s u lt s  a re  th e  a d a p t io n s  o f  s o m e  o f  th e  id e a s  o f  Y o s h ih a r a  ( lo c .  c i t . )  

a n d  a  n e w  c e n t r a l  l i m i t  t h e o r e m  ( L e m m a  2 .3 )  f o r  n o n s t a t io n a r y  u n b o u n d e d  

s t r o n g ly  m ix in g  r a n d o m  v a r ia b le s  w h ic h  is  a n  e x te n s io n  o f  a  c e n t r a l  l i m i t  

th e o r e m  d u e  t o  W i t h e r s  [ 6 ]  f o r  n o n s t a t io n a r y  u n i f o r m ly  b o u n d e d  s t r o n g ly  

m ix in g  r a n d o m  v a r ia b le s .

T o  p r o v e  th e  w e a k  c o n v e rg e n c e  o f  th e  U - s t a t i s t i c  C / ( F „ )  i n  T h e o r e m  3 .1 ,  

w e  f i r s t  d e c o m p o s e  i t  a s  0 ( F „ )  +  £ p = i  ( * )  U {np \  w h e r e  0 ( F „ )  is  a  c e n te r in g  

c o n s t a n t  a n d  th e  U (np) 's  a re  s o m e  r a n d o m  v a r ia b le s  ( d e f in e d  in  ( 2 . 2 ) ) .  U s in g  

L e m m a  2 .3 ,  w e  p r o v e  t h a t  f o r  p =  1, n l / 2 U {„ p) h a s  a  l im i t i n g  n o r m a l  d is 

t r i b u t i o n ,  a n d  f o r  2, —► 0  i n  p r o b a b i l i t y ,  a s -«  —►  oo ( L e m m a  2 .2 ) .  

T h e  l im i t i n g  b e h a v io r  o f  th e  V o n  M is e s  V - s t a t i s t i c  F ( F „ )  is  th e  s a m e  a s  

t h a t  o f  th e  U - s t a t i s t i c  t / ( F „ ) ,  s in c e  n l /2  | £ / ( F „ )  — F ( F „ ) |  —*-0  i n  p r o b a b i l i t y  

( C o r o l la r y  3 . 1 ). T o  p r o v e  th e  w e a k  c o n v e rg e n c e  o f  r a n k  s ta t is t ic s  in  

T h e o r e m  4 .1 ,  w e  h a v e  t o  v e r i f y  t h a t  th e  f in i t e - d im e n s io n a l  d is t r i b u t i o n s  o f  

th e  p ro c e s s  L n( t )  d e f in e d  in  ( 4 . 7 )  s a t is fy  th e  c o n d i t io n s  o f  o u r  L e m m a  2 .3 ,  

a n d  th e  p r o b a b i l i t y  m e a s u re  d e f in e d  b y  L n{ t )  is  t ig h t .

F o r  re a s o n s  o f  b r e v i t y  a n d  t o  a v o id  r e p e t i t io u s  a r g u m e n ts ,  w e  h a v e  

e i t h e r  o m i t t e d  o r  g iv e n  b r i e f  o u t l in e s  o f  th e  p r o o f s  t h a t  a re  s im i la r  t o  th o s e  

o f  Y o s h ih a r a .

2. P r e l i m i n a r i e s

2 .1 .  D e f i n i t i o n s

F o r  e v e r y  p  ( l ^ p ^ k )  a n d  n ^ k ,  le t  1 #  • • •  T ^ i p ^ n  b e  a r b i t r a r y  

in te g e r s .  P u t

g % n ' ip){ x ly  ..., X p ) =  £  A (X , ,  ..., X p ),  ( 2 .1 )
{̂ p + 1» —» € Jp.nUl* •••* ip)

w h e re

A ( x , , ..., x p ) =  f  g ( x t , . . . ,  x k ) d F m ( x p ^ i )  - d F „ , k( x k ),
J ¡R* ~  P

1 p%rSS 1 * •••* *̂/>) { ( i p  1 » 1 ^  -+- 1 ^  ^  I k ^  ^  {  *1 > •-*•> Ip } >
p  +  1 /  «s k  }  a n d  g 0 n =  ¿ ( i l ........ , , ) e  / o „ J g ( - * t ,  . . . ,  x k ) d F nh • • • d F nik ,  w h e re

Io ,n  =  { ( * 1 > - >  i k ) \  1 9* •• ¥ ^ i k < « } •
F o r  e v e r y  p  (1  <  p  ^  k ) ,  s e t

U ' S ' ^ n - W  X  f  g ^ - n ^ ( x , , . . . , x p )
1 =sc / , *  . . . ^  ip ^  n Rp

x f t  <2-2)
/= 1

w h e re  =  n { t t  — ! ) • • • ( «  — & +  1).

- F n h{Xj )d{ 1



184 HAREL AND PURI

Also for every p, ( 0 ^  p ^ k ) ,  we write 

g%n(x l y . . . , x p ) = £
i ' p + 1 ....../ a ) € { 1 .......n } k ~ p

X j* g (* i, •». ■**) dFnip+i ■ ■ • dF„ik (2.3)

and

V\P'> = n ~ k £  ••• X  gZ„( xl t x p)
h = l /p = l

(2-4)
7 =  1

Let p ^ l  and 1 ^  <  i2 <  • *• <  ip < n be arbitrary integers. For any j  
(1 iSy's-Sp- 1), is the probability measure defined by

x =  P l ( X nii, ..., X nij) e A ('>J

x P [ ( X nij+l, . . . ,X nip) e B ^ - ^

and Ptf^ 'ip) is the probability measure defined by

P o w , ) M (,>) =  p [ ( X nit, ..., X nip) e A lp)2

for any A U) e <r(Xnix, X nij)  (1 ^ j ^ p )  and any B ip- J) e <r(Xnij+l, ..., X nip) 
{ l ^ j ^ p - l ) .

For any function hr. R* —*■ R, we denote by h<g)h the function h<S)h: 
R2A: -+ IR defined by h ®  h (x x, x 2fc) =  h(xy , ..., .x*.) h(xk + x, x 2fc).

2.2. Basic Lemmas

L e m m a  2.1. For every p ^  1 and (z^,..., ip) such that <  /, <  ••• < ip 
and any j  { Q ^ j ^ p — \), let h {xx, ..., x p) be a Bor el function such that

f Ih ( x x, ..., .Vp)!1 + * dpyi; ^  M

for  some «5 >  0, then

f h ( x ,, ..., x p) dP%y- v1» -  f /j(.y....... .v ) dPKf c •••• ‘r>

< 4 M 1/,2 + X ,1+,i|( '/+I ~ij).  (2.5)

*/))•■F nijd (I íx

pUuj*ri I (j) B(p
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As a special case, i f  h (x x, ..., jĉ ,) is bounded, say, \h (x^,..., x p | <  M , then we 
can replace the right side o f  (2 .5 )  by 2M(3(ij+1 — /,).

Proof. Follows from Lemma 1 of Yoshihara £8].

L e m m a  2 .2 . I f  there is a positive number S' such that fo r  r = 2 + S',

sup max f |g ( x i , ..., x k)\r dFnh ■ • • dFnik ^ M 0 < co (2.6)
„ <*1..... .................... »}* J R*

where y = 2(3 — S')/d’(2 + S) >0.

Proof. It suffices to prove (2 .8 )  because the proof of (2 .9 )  is similar. 
Also it suffices to prove ( 2 .8 )  for p  = 2; the proofs for p = 3 ,.. . ,k  are 
analogous and are therefore omitted. We first note that

max
{ 1 ......n}k

E (\g (X nit, J r„ ft) r K M 0 <  OO (2 .7 )

and fo r  some 5 (0 <  5 <  d'), fi(n) = 0 (n  <2 + 5>/5)5 then we have

E ( U ¥ ))2 =  0 ( n - 1- y), 2 ^ p ^ k ,  

E (V \r ')2 = 0 ( n - l ~ y),

(2.8 )

(2 .9 )

1 ) )  X„i2 S  J t j ]  ^ ' 1 1 2 ( ^ 2 ) ) » (2.10)

so we have

E (U^)2 =  (n~^)2 £ X  A O i > *2 )» (y 1»J2 )), (2.11)

where

A ( h ,  *2 ). 0 ' i .  A ) )  =  E «  -VI ]  ^ m , ( * l ) )

X -  F „ , 2(.v 2 ) ) |

* g(2-'; / : , ( -Vl’ -v - ) </( / r-v.#I< >-,i -  F »,S »’i))

(2.12)

sup
n

1

n~
* 12^ n

S. g l
¡i.h)
,/l * 1 x 2 d { .

F  ( • n i \ \

Lg  2!
*2)

* 1 C 2 d U i

: d {  1 Í F,„A >'2 ) )



and

£ 2.«'*}(* 1 * X 2) =  Z  J ?_ ^ 1. 2 .-.**) dF„,,(* 3) • • • dF nik(xk).
(<3...<*)6/2.n(M.<2) K* 1

W e  deduce
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A ( h ,  *2), U i , j 2) ) =  Z  Z
/2.a(IU<2) (73.7*)€/2.«(yi,72)

><£(<1 I S(*i,,* 2 ,
Jr*~2

x ̂ Fnij(.x3) • • • d F nik(xk)(d(IiXmli* X2l -  F„it(xt))

x ¿(1 c ^ 2s; jc23 — |

X i f I g(yi> 72» yk) d F nJ (y3) - - - dFnJk(yk)^JR2 Jr*-2

X (d i l t x ^ny t j  r̂«/»(-Vl) )

x d ( h x m  ̂  y i \  F nj 2 (^2))}), (2.13)

since for any (1*,,..., /*.)e/0>„,

•L (-L*-2 ’ 'X2’ Xk̂ dFnî x*t' '  ‘ dF"‘̂ Xk)
-  | g(x„.v2, x k) dF„i (x2 )■■■ d F nik(xk)

J»*-1

-  f g(Xi,x2f..., x k) dFni,(xi) dFnh(x3) • • • d F nik(xk)
1

+  g(*i. * 2 , Xk) dFnil(x,) • - • ¿/’„J.v*)^ dF,tij(Xj) =  0, j =  1,2.

So from L e m m a  2.1 we have the inequalities

(i) If 1 ̂  i, <  i2 ̂  y-! <  j'2 and y‘2 —  7 i ^  f 2 —  *1 * then

7(0* 1»*2 )» (Ji » ̂ 2 ))

I  + -j,)
(»3.**)e / 2, /»( ̂ I * *2 > 2̂./t(7l»72)

=  ( ,ni M H "  + *’'P*',l2 + 6''ih-jx) (2.14)V n { n -  \ )J

M'ó *A’'Ü2

n ík1
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and similarly if 1 ^ /, < i2 ^  j l < j 2 ^ n  and i2 — i t ^  j 2 — y ,, then

/  n w  - \ 2
A ( h , i 2), Ui • j J X y Z f c L 'i ) )  + + (2.15)

Thus, using (2.14), (2.15), and (1.3), we obtain

=  <9(«2* -

Similarly,

X *2)» Ui.A))
1  ^  i* l <  V i  <  72  <  f’2  ^  «

=  o ( « 2* - 1- y) 

=  0 («2* - I - y) 

=  0 (/i2* " 2).

From (2.16)-(2.19) and (2.11) we have (2.8) for p =  2.

(2.16)

(2.17)

(2.18) 

(2.19)

Lemma 2.3. Let { X *,} be r.v's (with mean 0 )  which are strong mixing 
with rates satisfying

^  (a(m))<s/(2 + 6' ) <  00 for some 5" >  0. (2.20)
m =» 1

Suppose that for any K  >  0 f/iere exists a sequence { Y * }  o f r.v's satisfying
(2.20) such that

sup max | y ^ | ^  Bk < 00, VAT>0,
n e  N •  » < * < "

(2.21)

where BK is some constant >  0;

sup max E\X* -  Y«\2 + s"-> 0 as 00
«eN* !</</»

(2.22)
1 < / < n

< ? , * * ) /  n —* C < 00 as n —* oo, where C is some constant >  0; (2.23) 

E t  ( Y% -  E( Y*))2/n ->CK <  00 V K > 0 a s n - + o o y (2.24)
< = 1

where C A /j some constant >  0;

a s  AT - +  0 0 ; (2.25)C *

1< I
JU 1 *  *2 U\ h ) )

1 <71
JUlh h [Ji ;2Ï

J W l ,

Wl
/(( î'l ¡2 (y *2)

r*



then n ~ 1/2 i X*i converges in law to the normal distribution with mean 0 
and variance C 2.

Proof. From Corollary 1 of Withers [6 ] , Lemma 2.3 holds if {A'* } is 
uniformly bounded. Thus, VAT>0, w- 1/2 27= i ~  ■£(¥%)) converges in 
law to the normal distribution with mean 0 and variance C 2K.

Now denoting Z *  =  X% — Y% and using Ibragimov [5 ] , we represent 
the sum S n = n - ll2C ~ ‘Q X i  X * )  as S n = S'n + S '’, where S'n = 
n - ' /2C K l 'Z"i - x { Y « - E { Y « ) ) C KC - 1 and 5" =  n ~ li2C ~ 1 Z 7 - t ( Z * -  
E { Z *)). Then, using the well-known inequality on moments of strong 
mixing sequences of r.v.’s [4, Proposition 83 and omitting the details of 
computations, we obtain

E  |5"|2 2 n ~ lC ~2 a(/))<S7(2 + <5’) ( « - / ) 22 + 2<s*
i-O

x sup max (E  |Z £  |2 + 6")2/(2 + <s’).
n e  N *  K » « «

Let = sup„e N. m a x ^ ,-^  ( £ | Z £ | 2 + *')2/(2 + *'). Then, from (2.24), it 
follows that

E |5 " |2^ 2 3 + <5' C - 2 ^ X  (a(/))5V(2 + <5')  ̂D k — 0 as K -*  oo.

For any e > 0 ,  we can always choose K  so large that £ |.S^ |2< e  and 
|1 — C 2k/ C 2\ < e . If now f„(t) = E(ei,s’') is the characteristic function of S n, 
then

\ f n( t ) - e - ,2/2\ ^
+  |^-(rJ/2)(C \ / C * )  _  E e i , S„| +  |,| £  |^"|

^  |/| ■>J~& +  et2 + |e -('2/2)(ci-/ci) _  Ee“S'„|

from the convergence in law of S'„ to the normal law, the last expression 
converges to zero as n -* oo.
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3. C o n v e r g e n c e  o f  t h e  U - S t a t i s t i c  a n d  t h e  V - S t a t i s t i c  

Let F„ , j be the d.f. of (X ni, X nJ), 1 ^  / <  j  ^  n, // ^  1.

T h e o r e m  3.1. I f  there are two positive numbers S, S' ( 0 < < 5 < < 5 ' ) ,  such 
that (1.3), (2.6), and (2.7) hold, and if, further, fo r  any /, _/eN*, with i<  j,



there exists a continuous d . f  F on R2 with continuous marginals F* and F*  
such that

lim max I F ^ ^ i ,  x 2) -  F y{x lt x 2)| =  0 fo r  all (x ,,.x 2) e R 2
n  —* oo 1 ^ 1

(3.1)

and

F y = F  + 1 fo r  all i < j .  (3.2)

Furthermore, i f

f \g(x i , . . . , x k)\r FI dF(Xj) ^ M 0 < co, (3.3)
J»‘ y - 1

where M 0 is some constant > 0 and F =  F* fo r  all / e N* and g is right con
tinuous and has left-hand limits (rcll) or left continuous and has right-hand 
limits (Icrl), then n l/2(U(F„) — 0(Fn)) converges in lax to the normal dis
tribution with mean 0 and variance k 2a 2 i f  <x2> 0 , where 0{F„) = n ~ ^ g O n 
and
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a 2=  £ S2(* 1, x k) n  dF(x,) -  d2(F) J

+  2 Z  | f  2 (* i»  •••»**) S ( x k + 1, x ^ )  
i-2  Lj r 2*

x d F li( x l , x k+1) n  ¿Fix,) f l  dF(xp) — 02(F)1 <  g o ,  (3.4)
/ =* 2 p  k + 2 J

where 0(F) =  J n* g (x t , ..., x k) n # .  i dF{x,).

Note. The condition (3.2) implies that the limiting distribution F^ix, >>) 
of some random variable, say (X it X j) is such that the marginal d.f. F f  of 
Xi are identical to F,* ( =  F) for all i e N *.

Proof We rewrite (1.1) as

U{Fn) = n - t* 1 Z  I* •••> -**) f l
<'i... '*)e/o.« >=1

= 0(F„)+ Z  Q )  U lnP)-

From (2.8) of Lemma 2.2, it is sufficient to prove that n l 2U J,l> converges in 
law to the normal distribution with mean 0 and variance a~.



F r o m  ( 2 .2 ) ,  w e  n o t e  t h a t  U (nl )  =  n ~ l  £ " « i  A ' * ,  w h e r e

J rs  -  °  ( « a < ^ , )  -  JR g ' & M  dF „,(x ,)y

T o  p r o v e  th e  a s s e r t io n ,  w e  h a v e  t o  s h o w  t h a t  { X * }  s a t is f ie s  t h e  c o n d i t i o n s  

o f  L e m m a  2 .3 . N o t e  t h a t  ( 2 .2 0 )  c o m e s  f r o m  ( 1 . 3 )  f o r  ô < ô " < ô ' .  N o w  

d e f in e  Y  *  f o r  a n y  K  >  0  b y

(«2.-.**)€/|.*(i)

x (  f  g x ( X n i , x 2 , x k )  n  d F ni . ( X j )
\ J* k~ l j - 2

- f  g K { x XJ . . . , x k ) n  d F ^ i x J d F ^ X i ) ) ,  ( 3 .5 )
7 — 2 /

w h e r e  g *  is  d e f in e d  b y

i*  if \ g \ * K
*  ( 0  i f  | ^ |  >  AT. ( 3 ‘6 )

T h e n  s u p „ 6 N .  m a x lsS i!Sn | Y * |  «S2ÂT w h i c h  p r o v e s  ( 2 .2 1 ) .

W e  n o w  p r o v e  ( 2 .2 2 ) .  S e t  g ~ K =  g  — g K. T h e n

( E \ X * i - Y ^ i \ 2 + s ' ) 1/i2 +  6’ '>

< w - c * - n  £  (r f 2 l + a’ f f  +
(4....<*>./,..to V »

+  {R *2. •> -̂fc)|2 + <S* ^ m (V j) )

X Jl
y- 2  /

F r o m  ( 2 . 6 )  w e  d e d u c e

( E \ x ; ,  -  r ^ l  ^ *  «-> <  2 2 *  J- . _  0  a s  A f ^ o o ,
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w h e r e  ( 2  4- <5")( 1 +  e )  =  2 +  <5' a n d  ( 2 .2 2 )  is  p r o v e d .

T o  p r o v e  ( 2 .2 3 )  a n d  ( 2 .2 4 )  w e  f i r s t  p r o v e  th e  f o l l o w in g  le m m a .

ÌFn, i.V. dF (-V,

Mr.

K 2

g K( x } , x k ) l 2A



Lemma 3.1. L e t  h : [R* —► 1R b e  a  f u n c t i o n  s u c h  t h a t  h  i s  r c l l  ( o r  I c r l )  a n d  

s u p p o s e  t h a t

f  ^ 
sup max \ h ( x l i . . . , x k ) \ r Y { d F „ i ( X j ) < M < c o  (3.7) 

„ (*1...<*)e {1... „}* Jr* ! ’

f \ h ( x ly..., ■x*)|r n  d F ( X j ) < M <oo, (3.8)
Jo* .
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where M  is some constant >  0, then

lim max
n  —+ ao  1 <  i |  <  i*  +  | ^  n

( n - v - n y f  z  £
\  (/2,~.,X*)€ /l.«(l|) (l* + 2... '2*)€

x| ( h ® h ) ( x t,..., * 2*)

n  dFnij(xj) d ¥ nJuik+l(x i , xk + ,) ) 
j*  i '
^  A: H- 1

- f  (* ® A )(x i , ..., Xjjfe)
Jo2A

X n  dF(x/ )d F hik+l(xl , x k + l )
j*  i > * * + 1

=  0. (3.9)

Proof. From (3.1) and (3.2) it follows that (3.9) is true if h is a step 
function. For any .£> 0 , we define the function hK by

rh if i / . l a  
[0 if \h \>K.

As hK is rcll (or lcrl) and bounded, it is well known that hK can be 
uniformly approached by a step function. Let e >  0. Choose K  sufficiently 
large so that

f M 2 M  1 e

Then, there exists a step function g f  such that

sup \hK(x l t ..., .r* )-g * (.x t , ...,xk)\ <-£p  (3.11)
(•*1... -u) OK

and there exists N0 e N  such that Vai ^  N0t

3.10)
K' ’  K r



m a x  | (#I- c * - i 3 ) * (  S  I
l=Si, <,* + ,*£» | \  («2. ._.«*) 6/!.„(/,) («* + 2....12*)G/I,„(i*+|)
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x f  ( g ? ® g ? ) { X l t ...y X 2k)
JU2k

X 1 I | (^1 » *̂ /c + 1 ) J
7* 1 '

j * k  + 1

Jn2*

<6/3. (3.12)

From (3.7), (3.8), (3.10)—(3.12) and the decomposition h ® h  =  h ®  h — 
h ®  hK +  h ®  hK — hK ®  hK +  hK ® hK — hK ®  g* +  hK ®  g* — g* ®  g*  +  
g f  ®  g f , we deduce that V« ^  JV0,

max |(/i“ c*” l])2 (  X  Z
l< ii<(* + i Sn | \  (f2.... i*)e/,.„(/,) Uk + 2.....¿2*) e /,.„<!* +1)

x J (h ®  h ) (x ,,..., X2t ) n  dFni. {Xj)

j * k +  1

X + ! ) j  -  (ft ®  A)(xl , ..., * 2*)

x n  d F (X j )  dFilik + i(x I, .x*+ ,)
1

M 2 A /  e

< r - l +  r - 2 +  6 / : +  6 x + £ /  '

As e is chosen arbitrarily, (3.9) is proved.
We now prove (2.23). Denote

P ( l ) = f  g 2(-v,, ..., .v*) f l  dF(X/) - 0 2(F)
JR* / - i

i)=2[iPd)  =  2 g( ) £(** + 1 ,..., .v2A:) i/F,,(.v,, .v* + ,)
f̂ 2*

x n  dF(x,) n  ^ ) - f l 2(F )l ,  Vf> 2,
/ =• 2 p = k + 2 J

dl U i X, h 1

:2k)X ly .* f )<

¿F«.,dF
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Then,

4>(U i) =  J (^i'?„(^i))2 dFni(x i )

- (  JR (* f t (* i>  dFM( x , ) \  , ViSs 1, 

iff(h j )  =  2 J ( s $ ( * i )  g\‘,ZJ)(yi) dF^j'i + J{x , ,  >>,) 

- ( ¡ " (g V U x id F ^ x , ) )

* (  J„ V(I, j )  e N* J ,

K C ? , * # ) "
I 1 n — 1 n — i co

i c y .

)2 Z Z M*» y) -  £ p(*‘)
i = 0 7=1 i = l

-(»-1*-13)2"l ’fmj)-- i ("-0p<o
w , = o y- l n  i = \

oo n co

+ z  lp(OI+ I  Z lp*l
i - n + 1  / =  1 k  — i

=  Mn I +  -#/» +  Cn-

From property (3.9) of Lemma 3.1, it follows that \A„\ -* 0  as n —► co.
From (3.3) and the well-known inequality on moments of strong mixing 

sequences of r.v.’s, we deduce |p(/)| ^(a(i))*7(2+*,)(jW0)2/(2+*') which implies 
B„ —>0 and C„ —*■ 0 as n —► oo by using (1.3). (2.23) is proved.

The proof of (2.24) follows analogously, and is therefore omitted.

Corollary 3.1. Under the conditions o f  Theorem 3.1,

nl/2 | U(F„) — V(Fn)\ —*■ 0 in probability as n —* oo.

Hence n l/2(V(F„) —d(F„)) converges in law to the normal distribution with 
mean 0 and variance k 2o 2, where a 2 is defined in (3.4).

Proof. From (2.2) and (2.4), we have n i/2{U ^ ) — Vl„l}) =  0 P(n~l/2), 
E i V ^ ^ n - ^ g Z r ,  and, from (2.1) and (2.3),

n 1/2(8(F„) - n ~  ^ g ^ n) =  0(n~  ,/2),

g (l v K y i d F n, i ( y i



which implies that nl/2( Vl„l) — 0(F„)) converges in law to the normal 
distribution with mean 0 and variance a2.

On the other hand, since

£/(Fn) =  0(F„)+  f  Q  £/<>> and K (F J =  n ~ ^ g t n +  f  Q  V<f\

we conclude (by using properties (2.8) and (2.9) of Lemma 2.2) that 
n112 | i/(F„) — K(F„)| —► 0 in probability as n —*■ oo.
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4. Convergence of the R a n k  Statistic S fn m

From now on we assume that Fni =  F„ for any i (1 <  i ^ n). For any real 
number x, define //„( |x |)  and y m(x) as

//„(!*!) = F„(|x|)-F„(-|*í), rn,U) = / cl̂ ^ lx|] - H n ( \ x \ ) -

Let

X lm . ,----- T T  {(m -  0  ) +  1}.
m  +  i

m + l  m +  1
j* i

Let F be a d.f. on IR and define the d.f. H  on IR+ by / / ( |x |)  =  
F d ^ D -F i- lx l ) .

For a score function J(u) which is square integrable put

V „ = n A F n) =  f 5(.v)y(//n(|x |) dF„(x). (4.1)
Jn

For h defined in (1.4) put

m m /  j- \
Hn,m=Hn E  Cni=Hn E M - )» /»»<#!. (4.2)

, = l  i = l  V"/

For any sequence of d.f.’s {F,,; 2} on R2 with marginals F, we denote

<72( { F | , } ) =  Hit
n —•

 ̂ g 2( x )  d F ( x ) + ¿  I £ ( * )  g O ) ¿ l
= 2 ' a*

7 «/(-v, v ) |  (4.3)

Xni).Yn_Z n ñlL
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if the limit exists, where

* < * )  =  /  s ( y ) { I i t x ^ M y - H ( \ y \ ) } J ’ ( H ( \ y \ ) d F ( y )  

+  s ( x ) / ( / / ( | * | ) ) - f  s { y ) J ( H { \ y \ ) d F ( y ) .

F o r  e v e r y  n  ^  1, le t

(  l in e a r ly  in t e r p o la t e d

0 f o r  t  =  0

f o r  t  =  k / n , k = \ , . . . , n

f o r  t e [ k —  1 / n ,  k /n ~ \ ,  k  =  1 , . . . ,  n.

( 4 .4 )

w h e re  a  is  t h e  p o s i t iv e  c o n s t a n t  d e f in e d  i n  ( 4 .3 ) .

T h e  p ro c e s s  V „ ( t )  =  { V n{ t ) ,  O ^ / ^ l }  b e lo n g s  t o  th e  s p a c e  C x o f  a l l  

c o n t in u o u s  f u n c t io n s  o n  [ 0 ,  1 ]  w i t h  w h ic h  w e  a s s o c ia te  th e  u s u a l  u n i f o r m  

m e t r ic .

N o w  w e  g iv e  th e  f o l lo w in g  t h e o r e m  w h ic h  is  a  g e n e r a l iz a t io n  f r o m  th e  

s t a t io n a r y  c a s e  t o  th e  n o n s t a t io n a r y  c a s e  o f  T h e o r e m  3.1  i n  Y o s h ih a r a  [ 9 ] .

Theorem 4 .1 . S u p p o s e  th e  s e q u e n c e  { X n i}  is  a b s o lu te ly  r e g u la r  w i t h  r a t e

( 1 .6 )  a n d  th e  s e q u e n c e  { / ’„ }  s a t is f ie s  th e  c o n d i t io n s  ( 3 .1 )  a n d  ( 3 .2 )  o f  

T h e o re m  3 .1 . L e t  J  b e  a  s c o re  f u n c t io n  h a v in g  a  b o u n d e d  s e c o n d  d e r iv a t iv e .  I f  

<t2( { F u } )  d e f in e d  b y  ( 4 .3 ) ,  ( b e l o w )  is  s t r i c t l y  p o s i t iv e ,  th e n  V n d e f in e d  in

( 4 .3 )  c o n v e rg e s  w e a k ly  in  th e  u n i f o r m  t o p o lo g y  o n  C ,  to  th e  p ro c e s s  V 0 =

{  V qU ) ’ 0  ^  t  <  1 } ,  w h e re

a n d  W  =  { W ( t ) ,  0 ^ / ^ l }  is  a  s t a n d a r d  B r o w n ia n  m o t io n  p ro c e s s , a n d  

<72( { F 1/} < 0 0 .

P r o o f  W e  n e e d  a t  f i r s t  s o m e  le m m a s .  F o r  a n y  n  ( n ^  1 ) a n d  f o r  a n y  i  

(1  ^  i  ^  n ) le t

Vo(t) — f h { u ) d W { u \
J  r \o

( 4 .5 )

■A„i — j JC ) { ̂  CI JIT«, I < |x| } Hn( W ) } J  (Hn( W ) dF„(x)

+  { s{Xni) J (H n( \Xni\ ) ) ~  E{s{Xni) J {Hn{\Xni\)))}.  (4.6) 

It is obvious that E(Ani) =  0.

1

v n ( t )

O
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N o w  w e co n s id er  th e  p rocess  L n( t )  d efined  o n  C , b y

/ O'] \
L„(t) = n l/2( X  A ni- ( n t - i> O M n,o o  + i ) ’ (4-7 )

\ / = 1

where [wi] denotes the integer part of the real number nt.

L e m m a  4.1. Suppose that {X ni} satisfies the conditions o f  Theorem 4.1. 
Then, the process L„(t) converges weakly in uniform topology to a Gaussian 
process L 0( t) with trajectories a.s. in C, with mean 0 and variance 
/<r2( { F w}), where ff2({ iri,}) is defined in (4.3).

Proof. The process L„ defines a probability measure P„ on Ct . From 
Theorem 8.1 of Billingsley [2 ] , we have to prove that (i) the finite-dimen- 
sional distributions of P„ converge in law to normal distributions and (ii) 
P n is tight.

First we prove (i) which is equivalent to proving that XiLn(t,)
converges in law to a normal distribution for any p e N * ,  any t, e [0, 1] 
and any e R ( l < / <  p). Without loss of generality we can take p  =  2 and 
suppose that /, < t 2.

As J  and J '  are bounded, the sequence of r.v.’s { A ni} are uniformly 
bounded and we have

2 r On 3
I  U , ( 0  =  « - 1/2 Z  (A,+A2)^m 
/=i L i=i

0/2]

i =* O/j ] + l

+ (nt2 — [h /2] ) / í n , 0'2] -+* 1 J" (4.8)

We define the sequence of r.v.’s {Bni} by

r(A,+A2)^m if »<[«/,]

= < ^ l A ni if [ « / J  < / ^  [«/;,]
l o  if i > [ « / 2]

(4.9)

and then we have

n
(4.10)

From Lemma (2.3) we have only to verify (2.20) and (2.23). (2.20) is 
immediate from (1.6) for <5">§.

1 + 1[ni¿n .n t[ntAniX2.

Zf-

t  
= i

'/) = n 1/2 B»
i —

■ o P n l/2).



Now we prove (2.23). We have

/  « \ 2  I 1 r  /  C"'i3 \

E ( Z S * )  l n = n \ } X‘ + X J 2 (  I  I  E(‘4« A »j))

/  Z»*\l [>'23 \
+  (Al + A 2)A2 ( Z  X  £ { A niA nJ) \

\  /— l y — [«/i3 + i '
C/ff?] [/u*3

+  ai z  I  (4-ii)
« — C'»n3 + i y—C'«i3+i

As the { ^ 4 are uniformly bounded, for any 5” >  0, we can find a constant 
M > 0  such that

u ,  v ,  a n d  r a n k  s t a t i s t i c s  1 97

I
n

Cn,l 3 Zn*7] !
( A , + A 2)A2 X  Z  E ( A niA nj)

/ - I

'TL

(4.12)

From condition (1.6), the last expression converges to 0 as n -> oo for <5" 
sufficiently large.

It remains to prove that ( l /z O S f- i3 Z y -i1 E(AniA nJ) converges to some 
finite constant.

We first prove the convergence by replacing J ’ and J  in the expression of 
A ni in (4.6) by indicator functions such as J(t) =  / [ < , < , an^ */'(*) =  
/ [fl aSi<fc.3 and we then can write

A„ =  f  d(F„ .  H - 'U ) )  -  r  I d(F„ - H - 'U ) )
J ( a ‘ v  / / „ ( | j r ™ l ) >  a  b '  a '

- f ’ d(Fn o H : u ) )

+  f  r ^ ( F n o / / * ( , ) )  +  s ( X ni) I i
■'a'

J ct J a

where //*(/)=» —/=/-•(/).

Ol]

• i —

[>'ï3

j-O i3+l

S'/(2
*m'U i) M

A n /)Uni

d ( F „  c » ) - ' d { F , ° h : V )

I X  A]S M M X

)) a b-IXwl)a' V //„(
A.'
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Denote

^ n . ( - ^ m )  —  s { X ni) I [ a «  / / < ■ ( l A ' m I X  A ]

b rb

d{Fn o / / - » (* ) )  +  ] d{Fn oHX{t))
a Ja

and C„i( |X ni\) = A ni — Dni(Xni).
Let be the d.f. of (\Xni\, \XnJ\) (resp. F ^ ,, of (\Xni\, X nj) and ¥ \ UJ of 

(X„i t \Xnj\)) and F f>- (resp. F*. and F?.) be the d.f. on R + x R + (resp. 
R + x R and R x R  + ) defined by F,y(jc, y)  = F y(x, y)  — F iy( — x, y)  — 
Fy(x, - y )  + F 0( - x ,  - y)  for any x ^ O ,  y ^ O  (resp. F ‘ (;t, y)  =  ¥ v(x, y)  -  
Fu(—x , y )  for any x ^ O ,  y e  R, and F£(;c, y)  =  F,y(x, y) — F ^ x ,  — y)  for 
any x e R , y  ^  0) and (/, j )  e  N * x N *, where / <  j.

We then have

E(AniA nJ) =  f °° f ~  Cni( x ) C nJ{y )d F ntU( x , y )
Jq j0

+ J f D ni(x) D„j(y) dFn i j {x, y )
— QO *  —  GO

+  f f C„,(.x) D n,(y) dFl,Jx, y)
J 0  J — co

+  f f D ni(x) CnJ(y)  dF2n i J{x, y).
J  — oo J 0

By using properties (3.1) and (3.2) and the following inequality

\Fn o H - l( t ) - F o H - l( t ) \ ^ \ F „ o H - l( t ) - F o H - \ t ) \

+  \F° — F°
which implies

sup \Fn o H - \ t ) - F o H - l(t)\ 0
ù

we deduce that

lim max \E(AniA nJ) -  f + °° P *  C(.x) C(y)  d F 0(x, y)
/ l - » Q O  j 0  » o

- f  r ô w ^ ) d F ÿ(jcj)

rJo

- f  + 0C í + OCZ)(.x)C(y)^F2(.x, y)  =  0,
* — >x> •'O

(01H

+  QO 

— OO
C(x D(y ¿F'. y



where

C ( . x ) = f  d { F ° H ~ li t ) ) -  f*  t d ( F o H ~ l ( t ) )
( a ' v H ( x ) )  a  b ’ ^ a '

-  f  d ( Fo  H * { t )) +  C  t d { Fo  H * ( t ) )
 ̂( a ' v //(x)) a b'  a '

D { x )  =  „ (|Jtl)<i>] -  f  d ( F °  H ~ l ( t ) )  +  \ b d ( Fo  H * ( t ) ) ,
J a  ** a

where H * ( t ) =
We obtain a sim ilar property i f  J  and J ’ are replaced by step functions. 

As J  and J ’ are continuous, we can un iform ly approach them by a step 
function and we deduce that

lim  max \e { A niA nj ) -  (  \  f  C * { x )  C * ( y )  d F ¡ j { x ,  y )
w-*oo I V O  J 0

• -+- OO /• -+- OO
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+  f 00 f 00 C * { x )  D * { y )  d F ) j ( x ,  y )
J0 J — 00

p o o  p o o  ^  ^
—■ 00 J0

+  P “  D * ( x )  D * ( y )  t JF i j i x ,  y ) )
J  — OO J  — OO /

0, (4.13)

where

and

C * ( x ) =  \  + C° s ( y ) { I i x < M 1 - H ( \ y \ ) } J ' ( H ( \ y \ ) ) d F { y ) ,
— OO

Z>*(.x) =  | j( jc )  / ( / / ( | . v | ) ) - £ + °° J ( H ( x ) )  d F ( x )

+  f ^ J ( H ( - x ) ) d F ( x )} .

I f  we denote

p ( l ) =  f + 0°  (C*(:t))2 í lH( x) +  f + °° ( D * ( . x ) ) 2 í / F ( . v )
O J - en

+  2 Í + QC C(|.v|) D(x)dF(x)
J — oo

?*(x ) C*(y ) dF*>

- H
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'+ h

p(0  =  2 ^ | o+°° j0+C° C *<*) C * ( y ) d F u (x, y )

+  P ° °  Ì + “ d * ( * ) />*(>>) ¿ F lf(x, y)
— OO — CO

+  f j* C*(x) D*{y) y)
J 0  J -  oo

+  ¡ * 2  I0+°° C *<^> d F 2u (x, y )^ ,

we can write

i on]  c«'i] rw/, i  + *>
i  £  £  £  ptf)
n i=l >«i 

<

i= l
r w/ i  i On3-1

I  I  ( p ( / )£ U n̂ n, ,+ ()
« C« ' l ]  , = 0 y = 1

[A2Ì , ]  1
I  ( C « i i ] - 0 p ( 0

+

« C«'i] , =  1

[ « ' J
M

Tw/.l [",,3 00 ,p ( o i + J ^ J i  X  X  lp*l
1 = Zntx] + 1

=  Mi» I +  +  Cn9

n i = 1 /c = I

where

<p (/
r>=

if 1 =  0 
if / #  0 .

From (4.13) we deduce that ^ „ I ^ O  and from the inequality on 
moments of strong mixing sequence of r.v.’s we deduce |p (0 l ^  
(<x(i))a‘/i2 + a’)M  for some constant M >  0 which implies that B„ —*-0 and 
C„ -* 0 (as n -*• 00 ) by (1.6) for 5" >  It is also immediate that

C" ' l] £  P(0 - f .  ( I  „</)« / = 1 (£~) 0 as (4.14)

We conclude that ( lA O Z i"'!1 X J" '1,1 E{AniA ni) converges to i i ( I , +=T P(0) 
as n —*■ 00, where Z ,=T P(/-) *s equal to ff2( { F w}) defined in (4.3).

From (4.8)-(4.12) and (4.14), we deduce that EC^j^ t /.,L„(t,))2 con- 
verges to^U, +  A, ) 2 t f o 2( {F 1(}) which implies that X/= 1 '-iLn(t,) converges 
in law to the normal distribution with mean 0 and variance 

^(A, + / . 2)2 ^Kff“({F,,}) and (i) is proved.

%(rv

<V * i ) J
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To prove (ii), we have to verify (cf. Billingsley [2 ] )  that V e>0, 3rj>0  
(0 <  tj <  1), and an integer N 0 such that V« ^  N 0,

P\_ sup |L„(0 -  2s e] iSe'
\S— t\ < n

(4.15)

which follows by using Theorem 10 of Doukhan and Portal [4 ] , Lemma 2 
of Balacheff and Dupont [1 ] ,  and routine analysis.

We now consider the process L n(t) defined in C, by

/  «-"'3
L„(t) = n ~ l/2 I £  cniA m, - c „ , c„f] + 1(w/— [« /] )

1 V 1^ ( { F ^ J  •n , \_nt ■ (4.16)

Le m m a  4.2. Suppose that {X ni} satisfies the conditions o f  Theorem 4.1. 
Then, the process L n{t) converges weakly in uniform topology to a Gaussian 
process L0(/) =  h{u) dfV(u) with trajectories a.s. in C l5 where W  is a 
standard Brownian motion process.

Proof. From Theorem 1 of Yoshihara and Negishi [7 ]  we have to 
verify that Ve >  0

lim lim sup P  max
rj — 0 [.

V ^ ]  =  0, (4.20)

where >/, is any set of real numbers, rj = s\xpi t]i and M  = 
sup„ m axu / i n  £'(y4^J(o‘2({ F u }))- 1 ). By using Theorem 10 of Doukhan 
and Portal [4 ]  for q =  2, we have

¿ ( z  ^  C4(a){Mktj + M 2k 2tj2)

which implies from Theorem 12.2 of Billingsley for r}~^n~2 that

P I max
^k L >1 iA ,

I —  I

^  Ke~4( M - 3 +  M - 2)n3/2- (4 .21)

Since the right side of (4.21) converges to zero as rj—> 0, (4.20) follows.
Now we proceed as in Yoshihara [9 ] . As the score function J  possesses a 

bounded derivative, we have by the Taylor expansion

\ m  + 1J
(4.22)- z „ ^ , j + x-  Zl m,J"(nn.m.,),

n, 4„ T u
- 1

M J n

/ (X *
m.
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where

W e  note that

1

m +  1

So from (1.4), (4.1), (4.6), and (4.22) it follows (omitting the routine 
computations) that

&n,m — Hn,m ~  Z  C»iA nl
i = 1

sSU^I+M, •£ Z% mJ +  M 2,
/= 1

where M y and M 2 are some constants >0, M 0 =sup,6[0 \J"{t)\ and

J  m m  r

^ = — r i  I  Cnl 5 ( ^ „ , ) { / cI -̂ ni i ^ \Xnj I ]
1 i = I 7=1 L 

j * i
m

J IR J

Lemma 4.3. Under the conditions o f  Theorem 4.1, we have 

2?(|Km|2) =  0 ( l ) ,  £(|Km|4) =  0 ( l) .

P ro o f Follows using the same technique as in Lemma 2.2.

Lemma 4.4. Under the conditions o f  Theorem 4.1, we have

(4.23)

0 ( m - 1/2).

(4.24)

(4.25)

Proo/ Put g;(x, y) =  / C|>., * |v|] -  //„(|.v|). Let irs ( ^ m) (r = 1 , 3 ;  
5=  1, 2) be mutually different positive integers. Reorder {/„} as I <A:, <  
k2< • • • <k(>̂ m and put £111;= , gn(Xtli/i, X gn(Xnij}, X„,r )] = 
ElL(X,lki, X „ k6n = M ( / ; . , A - 6).

Let dU) be the cth largest difference among k/+ , — kj (j=  1,..., 5). Since 
ia  >’) dF„{x) = 0, we deduce from Lemma 2.1 that

Un “7, / - m ,  i

I 3 t, m,  i H, X , 1)1

H n( X ni } J \ H , ( \ X n

dFn, ( W ) * ) ‘(Hx \ ) } JH n{\:■* u n[l*«l S»J JJR

L

E

m

z
= 1

rrt

i  ■
= 1

72 
- n.

2
O m 1 )



M ( k l t . . . ,k6) ^ K  £  W j ' + l - k j J ,
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CC — 1

where K  is some constant >  0 if for some j a (1 ^  j a <  5), kUJtX — kJ<t =  d ia) 
(1 ^  a ^  3 ). Consequently,

m

X M(k„ k6) ̂  K'm3 X U + 1 )2 PU"U
1 ^  £  i <  - c ^ m  y =  1

where K ’ is some constant > 0 . From (1.6) we deduce X/L i (J +  1 )2 fi(j)
<  +  oo.

Using similar arguments we estimate the sums in the other cases and 
obtain (4.24). (4.25) follows immediately from (4.24).

L e m m a  4.5. Under the conditions o f  Theorem 4.1, we have

V e>0, P [  sup I V„(t) — L„(t)l >  e] —► 0 as n —*■ oo. (4.26)
r e  [ 0 , 1 ]

Proof To prove (4.26), it is sufficient to prove

P J max m -n„.n, ~  X  cniA ni ^  3enl/2 ^ 0  as « — co,
|_1 / = 1 J

for every e > 0 ,  which follows by using (4.23) and (4.25). (Since the method 
is the same as in the proof of the Lemma 3.5 of Yoshihara [9 ] , the details 
are omitted.)

Theorem 4.1 now follows from Lemmas 4.2 and 4.5.

Define the score function J„(u) by

, x f i f  0 < M ^ n / n + l
J  nr ,  * $J{u) rn(u) = < u , , , [J{n/n + 1) otherwise.

C o r o l l a r y  4.1. I f  the conditions o f  the Theorem 4.1 are satisfied except 
that the score function J  is replaced hy J„ in the expression o f  m defined in 
(1.4) and i f  J  is twice differentiable and satisfies the condition

| J"(u)\  ^  M n l/2 ~ d i f  —- — fo r  some ¿(0 <  Ô <  -?), (4.27)
n +  1

where M  is some constant > 0 , then the conclusion o f  Theorem 4.1 remains 
true.

Proof. Same as that of Theorem 3.2 of Yoshihara [9 ].



204 HAREL AND PURI

A c k n o w l e d g m e n t

The authors are very much grateful, to Professor G. Kallianpur for his very helpful 
suggestions.

Printed by Catherine Press, Ltd., Tempelhof 41, B-8000 Brugge, Belgium

R e fe r e n c e s

[1 ]  B a l a c h e f f ,  S., a n d  D u p o n t ,  G. (1980). Normalité asymptotique des processus empiri
ques tronqués et des processus de rang. In Lecture Notes in Mathematics Vol. 82,
Springer-Verlag, New York/Berlin.

[2 ]  B i l l i n g s l e y ,  P. (1968). Convergence o f  Probability Measures. Wiley, New York.
[3 ]  D e n k e r ,  M., a n d  K e l l e r ,  G. (1983). On U-statistics and V. Mises’ statistics for weakly 

dependent processes. Z. Wahrsch. Verw. Gebiete 64 505-522.
[4 ]  D o u k h a n ,  P . ,  a n d  P o r t a l ,  F. (1983). Moments de variables aléatoires mélangeantes. 

C.R. Acad. S e t Paris Sér. I. 297 129-132.
[5 ]  I b r a g i m o v ,  I .  A. (1962). Some limit theorems for stationary processes. Theory Probab. 

AppL 7, No. 4 349-382.
[6 ]  W i t h e r s ,  C. S. (1975). Convergence of empirical processes of mixing rv’s on [0, 1]. Ann. 

Statist. 3, No. 5 1101-1108.
[7 ]  Y o s h i h a r a ,  K., a n d  N e g i s h i ,  H. (1975). Weak convergence theorems for a type of 

weighted sums of random variables. Sci. Rep. Yokohama Nat. Univ. Sect. 1 22 1-9.
[8 ]  Y o s h i h a r a ,  K. (1976). Limiting behavior of U-statistics for stationary absolutely regular 

processes. Z. Wahrsch. Verw. Gebiete 35 237- 252.
[9 ]  Y o s h i h a r a ,  K. (1978). Limiting behavior of one sample rank order statistics for 

absolutely regular processes. Z. Wahrsch. Verw. Gebiete 43 101-127.



C. R. Acad. Sci. Paris, t. 306, Série I, p. 625-628, 1988 625

Statistique/S tatistics

C om p ortem en t lim ite  d e la  U -sta tistiq u e , de la  V -sta tistiq u e  
et d ’u n e sta tistiq u e  de rang á  u n  éch a n tillo n  pour d es 

p rocessu s a b so lu m en t régu liers non  sta tio n n a ires

Michel H a r e l  et Madan P ijri

Résumé — La convergence faible des U statistiques et V statistiques fut établie par Yoshihara [2] 
pour des processus absolument réguliers et stationnaires. Par la suite Yoshihara [3] a montré la 
convergence faible d’une statistique de rang à un échantillon sous des conditions similaires. Dans 
cette Note, nous étendons certains résultats de Yoshihara aux cas non stationnaires.

Limiting behavior of U-statístics, V-statistics and one sample rank order statistics
for non stationary absolutely regular processes

Abstract — The weak convergences o f  U and V statistics were established by Yoshihara [2] for 
stationary absolutely regular processes. Later Yoshihara [3] also proved the weak convergence o f  one 
sample rank order statistics under similar conditions. In this paper, we extend some o f  Yoshihara's 
results to the non stationary cases.

1. Introduction et notations. — Soient X n¡, 1 5Ï i 5S n, n ^ l  des variables aléatoires 
réelles avec des fonctions de répartition continues Fni(x), x e  IR. La fonction de répartition 
de la variable aléatoire (Xnl, . . . ,  X„n) à valeurs dans R" est notée F„.

Dans la première partie de cette Note, nous étudierons le comportement asymptotique 
de la U-statistique

(
\ - 1 ^

1 )  2 > ( * nil, . . - , X m. ¿  n ^ k ^ l

(n)

où la sommation £  recouvre toutes les inégalités 1 ^ i ¡  < . . . < ik^ n  et g : IR* —► IR est une 
(0

fonction Borel mesurable qui est symétrique dans ses k (kTz 1) arguments.
De l’étude de U (FJ, nous déduirons le comportement asymptotique de la V-statistique

n n

(2) V(F„) =  n~k Z  • • • I  g (X nil, . . X m.k)
»1 = 1 ik = 1

appelée statistique de Von Mises.
Les propriétés de convergence sont étudiées quand la suite { X ni} est absolument 

régulière avec le taux

(3) P(m) =  0  (m ~ <2 + s>/&), 8 > 0

(pour une définition de l’absolue régularité voir [2]) et quand la fonction g  vérifie les 
conditions d’intégrabilité suivantes

(4) sup sup
(¡1...... ifc) e { 1........

|s(* 00

(5) sup sup E ( | g ( X mV . . . , X mV>|2+8' )<co

avec 0 <  ô <  6'.

(¡1................. . . .  n i 1

Note présentée par Robert Fortet. 

0249-6291/88/03060625 $ 2.00 © Académie des Sciences

(1) U (F

■M *, x k 12 +Ö' fF4 ni

J

n)k
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Dans la seconde partie de cette Note, nous étudierons le comportement asymptotique 
de la statistique de rang à un échantillon m

(6) Z  c . f S Î X J j (
¡ = 1 V m + 1 /

où J est une fonction de score dérivable, s (x) =  sgn (x) et les cni sont des constantes de 
régression définies par une fonction continue h ( x ) sur [0,1] comme

(7) c„i = h ( - \  n ^ l

et R„,m,i=  Z l[x„ i six„¡|]’ * où Jt , désigne la fonction indicatrice.
J=1 nJ

N ous supposerons aussi que la suite { X ni} est absolument régulière mais avec le taux

(8) p(m) =  0 ( m - * ) .

La convergence des U-statistiques et V-statistiques furent établies par Yoshihara [2] et 
après, pour la statistique de rang, aussi par Yoshihara [3] mais seulement dans le cas 
stationnaire.

Par la suite, Denker et Keller [1] montrèrent certains théorèmes limites des statistiques 
mentionnées ci-dessus pour des processus qui sont uniformément mélangeants dans les 
deux directions du temps. Dans cette Note, nous étendons les résultats de Yoshihara du 
cas stationnaire au cas non stationnaire.

2. C o n v e r g e n c e  d e  l a  U - s t a t is t iq u e  e t  d e  l a  V - s t a t i s t i q u e . — On définit g 0n par
»

(9) g0,„= Z g ( x u . . x k) d ¥ nil. . .d F nik
( i l ,  . . . , ik) e Io, n J Mk

OÙ

Io,n “  { Oi? • • • ’ h)i 1 =  *1 ^  ^  h  =  n } 

et on note F„ ¿} la fonction de répartition de (Xní, X nj\  1 ̂ i < j ^ n ,  n ^ l .

Théorème 1. — On suppose que les conditions suivantes sont sa tisfa ites  :

(a) Il ex is te  deux constantes 5, 5/(0<5<8/) telles que (3), (4) e t (5) soient vérifiées.

(b) P our tout meN*, il ex is te  une fon ction  de répartition  continue G m sur R2 avec des  

m arges continues F* telles que :

( 1 0 )  üm max | F „ x 2) - G j _ i ( x 1, x 2) |  = 0
B - + Q O

pour tout ( x x, x 2) g !R2, 

( H )  f  | g ( x „  . . x j | 2 + 8' n  d ¥ (x j )< c o
jRk j= 1

où F =  FJ.
(c) g  est continue à droite et a des limites à gauche ou est continue à gauche et a des 

limites à droite.

«s

i ^ n gn <
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Alors n1 2(U(F„) — 0(F„)) converge en loi vers la distribution normale de moyenne nulle 
et variance k2 a2 si ct2>0 où 0(F„) = ((n — k) \/n !) g0 „ et

(1 3 )  a 2 =
T * 1.Jus*

■ 2  1
î = 1 [fOS

g(xt, . . xt)g(xfc + 1, . . x2k)dGi(xl, xk+i) n  <fF(x,)
1 = 2

n  dF(xp) - 0 2(F)
p = k + 2

<  00

où 0(F) — g(Xi ,  . xk) n  dF(x,).
i = i

Note. — La condition (10) implique que pour tout m 2: l, F* = Ff( = F).

C o r o l l a i r e  1. — Sous les conditions du théorème 1
nil2 | U (F„) — V (Fn) | —► 0 en probabilité quand n —» oo.

Par conséquent n1/2(Vn(Fn) —0(F„)) converge en loi vers la distribution normale de 
moyenne nulle et variance k2 a2 où a2 est défini en (13).

3. C o n v e r g e n c e  d e  l a  s ta t i s t iq u e  d e  r a n g  S „  m. — Maintenant nous supposons que 
Fni = F„ pour tout i(l^i^n).

Pour tout nombre réel x, on définit H„ ( | x | ) par
Hn(|x |)  = Fn( |x | ) -F „ ( - |x | ) .

Soit F une fonction de répartition sur IR et on définit la fonction de répartition H sur 
IR + par H (|x |)  = F (|x |)  — F( — |x|).

Pour une fonction de score J (m) dérivable et de carré intégrable, on note

(14) (F„) = Î s (x) J (H„(| x | ) dFn (x). 
Jk

Pour h définie en (7), on pose

(15) 

et

I £  Cn,. =  ^  £  h \ -
¡ = i ¡ = i  \ n

m  rg n,

(16) (p(x)= f sO) { I( | ,  | §! y n- H( |j> | )} J'(H ( | y | )dF(v) + s(x) J(H( | x | ))

-  s (_>’) J (H ( | v | )) t/F (>’)• 
J k

Pour toute suite de fonction de répartition {Gm, m ^ 1 } sur R2 de marges F, on note :

17) S2 ({ Gm })= lim cp2 (x) dF (x) + 2 £
i= i

ï
. J k 2

(p(x)(p(y)dG,(x, y)

si la limite existe.
Pour tout 1, soit 

(18) V„ (i) = (à n) ~1/2 [A„ [n„ + (nt -  [m]) An |„„ + J

xt, Xk.
< = 1

d ì ( x , ) e2(F]
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où cr est la constante positive définie en (17), A n i =  f >{ et [ni] désigne la partie 
entière de nt.

Le processus V„(t) = { V„(r), 0?St5ï 1} appartient à l’espace C x des fonctions continues 
sur [0 , 1], auquel nous associons la métrique uniforme.

T h é o r è m e  2 .  — Supposons que la suite { X n i } soit absolument régulière avec le taux  ( 8 )  

et que la suite F„ satisfasse la condition (10) du théorème 1. Soit J une fonction de score 
ayant une dérivée seconde bornée. S i cr2 ( { G m}) est strictement positive, alors V„ converge 
faiblem ent pour la métrique uniforme sur Cj vers le processus V0 =  { V0 (f), 0 ^ i < l  }, où

V0 ( i ) =  \ h (u)dV/ (u)  , O ^ i ^  1 ei W =  { W ( t), 0 <; i <; 1} est le processus Brownien standard,

et on a es2 ({ G m }) <  oo.
On définit la fonction de score J„(u) par

J(u) si O ^ u ^

J »  =

n+  1

n +  1 

autrement.

C o r o l l a i r e  2. — On suppose satisfaites les hypothèses du théorème 2, si ce n’est que la 
fonction de score J est remplacée par J„ dans l’expression de <5„ m et dans le calcul de g 2 , 
que J est seulement supposée deux fo is  différentiable et qu’il existe a (0 < a< l/2 )  tel que 
sup nx~ 1,2 sup | J"(u) | <oo. Alors la conclusion du théorème 2 reste vraie.

n 0  ^  u ^  n/n +  1
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1. INTRODUCTION

Let Xni , l<i<n , n>l be real—valued r.v.'s (random variables) with continuous 

d.f.'s (distribution functions) F .(x) , xeIR , and let F denote the d.f. of the IRn—valued

r-v. (Xn p ...,Xnn).

Consider the U—statistic

U(Fn)

(n) • Kwhere the summation S extends over all possible l<i, < ...< i,<n  and g : IR -*|R is a
( i )  _1 k"

Borel measurable function which is symmetric in its k(>l) arguments.

Consider also the one—sample rank order statistic ^
1

m R

"  1 cm <L2>
i = l

where J is a score function, s(x) =  sgn(x) and the cnj are regression constants generated 

by a continuous function h(x) on [0,1] :

i 111 
cni =  »(;) . n>l , RniIn>i =  2  I[ |x  , | < |X |] , (1-3)

where Ij- j denotes the indicator function.

In Harel and Puri (1988), we studied the asymptotic behavior of the statistics 

U(Ffl) and m when the underlying r.v.s are nonstationary, absolutely regular with

rates

/?(m) =  0(m (2 + ^)/^) for some ¿>0 (1.4)

in the case of the U—statistic (1.1), and

/?( m) =  0(m~^) (1.5)

m the case of the one—sample rank statistic (1.2). In this paper, we provide applications of 

some of the results of Harel and Puri (loc. cit.) for some Markov processes as well as

\R M A  processes.

For the ease of convenience and easy reference we state the two main results from

= ®
,(n l

11
Xni Xn

k
n> (1.1)

yn,m (Xni)J ;m>li n)m.ix
m+i

m<]l<i<l<ii n,
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THEOREM 1 .1 . (C on vergen ce  o f  the U - s t a t i s t i c ) .  L e t  Fn j j be the d f  o f  

(Xnj,Xnj) , l<i<j<n . S u pp o se  th a t  in a d d it io n  to the a ssu m p tio n  (1.4), the a ssu m p tio n s

(2 .6 ) a n d  (2.7) o f  H arel an d  P u r i  (1988) are sa tis fied . F u r th erm o re  a ssu m e  th a t fo r  a n y

v , . <

and  Fj such  tha t
o

limmax |F . .(x ^x ^ -F .^x ^ x ^ l = 0  f o r  all (x^x^elR a n d  (1 .6 )
iHool<i<j<n n,1’J 1 z 1J 1 1 1 z

Fij = Fi,j- i+ i f ° r a U  i1-7)

and

f r k|6(xp ...,xk) | r n dF(x-) < M0 < oo (1.8)
Rk j“ 1

*
where  MQ is  so m e  co n s ta n t > 0  a n d  F=Fj fo r  all ielN an d  g is  right con tin u ou s an d

h as le f t -h a n d  l im its  (r.c. t . i . )  o r  left con tin u ou s  and  has r ig h t-h a n d  l im its  ( t c . v . t ) .  Then

n2(U(Fn)—0(Fn)) converges  in  law to  the n o rm a l d is tr ib u tio n  w ith  m ea n  0 a n d  var ian ce

k V  i f  ir2>0 where 0 ( F ) =  iT M  £  Jbs(x r - - . xk)dFm ' - dF 11i. w h m  V

...........k>€lo ,nR 1 k

= {i1 ,---,ik);l<i1#-.-^ik<n} ,

k 00 ■
= [J g2(xp -,xk) n  dF(x^)-^(F)] + 2 £ [

rnk £— 1 • r» r

Harel and Puri (1988).

r  i=2K
2kS(x1, - ,x k)g(xk+1,...,x2k) (1.9)

k 2k

dFli(Xl'Xk+l) 11 dF<Xi> 11 dF(XD> -  ^ ( FM < »11 i Kt1 i = 2  i  p=k+2 P
k

where  0(F) = ^kg(xl r ..,xk)^n^dF(x^) .

We now assume that = Fn for any i (l<i<n) . For any real number x , define 

Hn( |x |)  as Hn( |x |)  = Fn( | x | ) - F n( - |x | ) .

Let F bead.f. on ¡R and define the d.f. H on(R+ by FI(|x|) = F ( |x |) -F ( - |x |)  .

For a score function J(u) which is square integrable put

=  H,(Fa) =  |s (x)J(H n( | x | JdF^fx). (1.10)

i,]SN with i<j , there ex ists  a con tinuous i f .  F-.
J y

with  con tin ous m arg in als F i
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m m

"n.m =  "n I  cni = "n I  >>(5 ) - mSn ' 
i= l i= l

2
For any sequence of d.f.s {F^; i>2 } on 1R with marginals F we denote

For h defined in (1.3) put

( l . i i )

n

/ ( { F li}) = l im {
II”* 00

if the limit exists, where

g2 (x)dF(x) + 2 J  f g(x)g(y)dF1^(x,y)} 

[R 1= 2  iR2

(1.12)

g(x) =
IR
s(y){ \ |x | < | y  | ] -  H( Iy I)}J'(H( Iy I )dF(y) + s(x)J(H( |x | )) s(y)J(H(|y|)dF(y).

For every n>l , let

r

v„(t) -
for t = 0

( G/n,k-/in ,k ) /<nl* for t=k/n, k = l , . . . , n  (1.13)
L lin ea rly  interpolated for te [k - l /n ,k /n ] , k = l , . . . , n

where a  is the positive constant defined in (1 .1 2 ).

The process V (t) = {Vn(t),0 <t<l} belongs to the space Cj of all continuous

functions on [0 ,1] with which we associate the usual uniform metric.

Then, we have

THEOREM 1 .2 . (C on verg en ce  o f  the rank—o r d e r  s ta t is t ic ) .  S u pp o se  the sequence  

{Xni} is abso lu te ly  regu lar  w ith  ra te  (1 .5) an d  the sequence  {Fn} sa t is f ie s  the c o n d it io n s

(1 .6 ) a n d  (1.7) o f  T h eo rem  1 .1 . L e t  J be a sco re  fu n c tion  havin g  a bounded  se c o n d  der iva -  

tive. I f  a  ( { F-y}) defin ed  by (1 .1 2 ) is  s tr ic t ly  p o s i t ive ,  then  Vn d efin ed  in  (1.13) 

converges  w eakly  in the u n ifo rm  topo logy  on to  the p ro c e s s  VQ = {Vo(t),0 <t<l} where

v„(t) =
0

h(u)dW(u) , 0 <t<l (1.14)

and  W = {W(t),0 <t<l} is  a s ta n d a rd  B ro w n ia n  m o tio n  p rocess ,  an d  <j“ ( { F ^ }  < oo.

2 . APPLICATIONS TO MARKOV PROCESSES AND ARMA PROCESSES.

2 .1  Markov processes.

Consider a sequence {Xnj;ie2} of IR-valued processes such that for all ne!N



5

{Xnj} is a Markov process with stationary transition probabilities Pn(x;A) where A e $ ,

3  is the Borel a—field of IR , and xelR .

Recall that the Markov process is g eo m etr ica lly  ergodic  if it is ergodic and if there 

exists 0</?n< l such that

llp™(x;-) -/*n(*)ll = 0 ( 0  for all a.s. xelR 

where || • || denotes the norm of total variation. (pn is called the rate) and P™ is the 

m—step transition probability.
*

THEOREM 2.1. L e t {Xnj;ieZ} be a M ark o v  p ro c e s s  such  tha t f o r  e v ery  neIN ,

{X i} is e i th e r  (a) a p e r io d ic , H a rr is  recu rren t  and  g eo m etr ica l ly  e rgodic  w ith  ra te s  

0< P n < P 0 , /5q6(0,1) o r  (b) a p er io d ic  an d  D oeblin  recu rren t.

S u pp o se  there ex ists  a p rob a b ili ty  m easu re  fiQ on  IR a n d  a tra n s i t io n  p ro b a b il i ty  PQ 

such tha t

A*n((—a>,x]) —► /*0((—oo,x]) as n-x» (2.1)

fo r  all xelR .

p n(x;(-^>y]) —» p0(x;(-°°»y]) as n^» (2 .2 )

fo r  all (x,y) 6 IR2.

Then fo r  a ju n c tio n  g sa tis fy in g  the co n d itio n s  o f  T h eo rem  1.1 an d  fo r  a U—sta t is t ic  

defined  in (1.1), the conclusion o f  T h eo rem  1.1 holds.

A lso  f o r  a sco re  ju n c tio n  J having a seco n d  bounded d er iva tive  and  the p ro c e ss  Vn 

defined  in (1.13), the conclusion  o f  T h eo rem  1.2 holds.

P roo f, (i) Suppose (a) holds. From Theorems 1.1 and 1.2, we have to show that 

the conditions (1.6) and (1.7) are verified and the sequence {Xn }̂ is absolutely regular 

with the rate (1.4) or (1.5).

From Nummelin and Tuominen (1982), a Markov process which is aperiodic, Harris 

recurrent and geometrically ergodic with rates pn , satisfies

'llP n(x;-)-Mn(-) l l^(dx) = 0( O -
U
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From Proposition 1 of Davydov (1973) we have

/?(m) =  sup* 
neIN IR

and we deduce that the sequence {Xn-} is absolutely regular with a geometrical rate pQ 

which implies (1.4) or (1.5).

We now show that (1.6) is satisfied. For any n>l , it can easily be seen that the 

d.f. Fn j j has the same marginals Ffl , say. For any m>l , let P^1 be the m—step 

transition probability of PQ .

Let Gm be the d.f. associated with the probability measure Qm where

Qm(Ai xA2̂  = V (Ap A2) E ^ 2 .

A1 A2
* 2

For any (i,j)e(lN ) with i<j , we consider the d.f. F-j defined by F^ = Gj_j . From the

definition of F.. , it is clear that the marginal d.f.s of F.. are identical. We denote them 
J

by F .

Let (x,y)elR be fixed, and note the following inequality

I Fn a i x’y^  Fi / X’y) 1 - Fn,i,j(x,y) “  Fn W FnW  I + I F„(x) - F(x) I F„M

+ F(X) | Fn(y)-F(y) | +  | F ^x .yH X xM y) | . (2.3)

As the sequence {X^} is absolutely regular with the geometrical rate pQ , it is also 

strong mixing with the same rate and from the definition of strong mixing we deduce that

V f>0 3 mQe[N such that V (i,j)e(IN )2 with i<j and j—i > mQ .

I Fn ,i,/X’y) -  Fn(x)Fn(y) I < o  ̂ e/ 4 (2‘4)

where A is some positive constant, and from (2.1) and (2.2) we also obtain

I Fjj(x>y) “  F(x)F(y) | < e/4 . (2.5)

Now from conditions (2.1) and (2.2), we also deduce that V e>0 3 nQ such that V n>nQ
*  9

and V (i,j)€(IN )“ with i<j and j—i < mQ

I Fn,i,j(x’y) _  Fij(x-y) I < f (2-6)

| F (x) -  F(x) (2.7)

;dx)KV
m/(xn vip '

pm,(x;dy l'*ol dx)

e/4
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recurrent and aperiodic is geometrically (p-mixing. This implies that {Xn-} is also abso

lutely regular with a geometrical rate.

EXAMPLE 2.1. Consider the process {X -;ieZ} where X . , = a(n^X • + ̂ 1 nr J n ,i+l 1 ni

a2n X̂nici+ l + ^ ^ i + l  ai n^e?-|-l w^ere ^ie a 's are rea  ̂numbers and {cj|i€2}

is a white noise with strictly positive density. Then Mokkadem (1985) has shown that if

(a |n))2 -1- (a^n))^E(e^) < 1 and E(e^) < oo, then the process {X^jieZ} is geometrically 

ergodic.

If we have

V je{l,...,5} 3 ajGlR

such that

lim a(n  ̂ = a- 
n-+oo •*

and

a^ + a^E( e^) < 1

then the conditions (2.1) and (2.2) are satisfied and we can apply Theorem 2.1.

EXAMPLE 2.2. Consider the process {X -;ie2} where X . , 1 = f (X .) + e. , ,
XXI XX^X | X- XX XXI X I 1

where the e's are independent and identically distributed random variables with strictly 

positive density and f : BNR is bounded and continuous. (This model was studied by 

Collomb and Doukhan (1983)). It is easy to check that this model is Doeblin recurrent and 

aperiodic and we deduce that {Xnj;ie2} is geometrically (¿»-mixing and if ffl converges 

simply to a bounded and continuous function f , we can apply Theorem 2.1.

J

(ii) Suppose (b) holds. From Davydov (1973), a Markov process which is Doeblin

From (2.3)—(2.5) and (2.7), (2.8) we deduce that V n>nQ , V (i,j)e(IN )2 with i< j and

|F„(y)-F(y)l < c/4 (2.8)

(2.9)

(2.6) and (2.9) yield (1.6). As the d.f. F-- has the same marginals F , we obtain (1.7).

I Fn,i,j(x’y) “  Fij(x>y) I < c/ 4 + €/ 4 + e/ 4 + €/ 4 =  €-

j~i >
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2.2 ARMA processes.
*

Consider a sequence of ARMA processes {Xn-;ie2} , neIN

Xn,i+1 “  4 " ) x „i +  4 n>ii+ l  (2 1 0 >

where {Cj;ie2} is a sequence of independent random variables such that E(cj) = 0 .

THEOREM 2.2. L e t {Xnj;ieZ} be a sequence o f  A R M A  p r o c e s se s  g iven  by (2.10).

S u ppose  {Xnj} sa tis f ie s  the following co n d it io n s:

is a sequence o f  in depen den t and iden tica lly  d is tr ib u ted  r a n d o m  variab les

w ith  s t r ic t ly  p o s i t iv e  den sity . (2-11)

3 (âp â2) 6 (-l,l)xR (2.12)

such  tha t

lim = a  ̂ an d  limâ.^n) = â2 .
n->oo n-*oo -

Then fo r  a ju n c tio n  g sa t is fy in g  the co n d itio n s  o f  T h eo rem  1.1 an d  fo r  a  U—s ta t i s t ic  

defin ed  in (1.1) the conclusions o f  T h eo rem  1.1 hold.

A lso  fo r  a sco re  fu n c tion  J having a seco n d  bounded d er iva tiv e  an d  fo r  the p ro c e s s  

Vn defin ed  in  (1.13) the conclusions o f  T h eo rem  1.2 hold.

P roo f . Particular case of Theorem 2.1.
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1. Introduction. Let X j , l<i<n „ n>l be real—valued r.v.'s (random variables) with 

continuous d.f's (distribution functions) Fnj(x) » •

We will study the asymptotic behavior of the one sample rank order statistic ^  m

where

ï  R
O D Gÿn,m = I  °niŝ Xni^^~m+T^—̂ •

i= l

J is a score function, s(x) = sgn(x) and the cRj are regression constants defined by a 

continuous function h(x) on [0,1] as

(1.2) cni = h(i) , l<i<n, n>l 

m
and R _ •  = £ Iriv \ s \ v  n , l<i<m<n where Ir i denotes the indicator function. n,m,i j = i  [|Xn jl<|Xn il ] ’ - - - -  []

We assume that the underlying r.v.'s are absolutely regular with rates

(1.3) /?(m) = 0(m-24(2 -^ / 5) , 6>0 .

Recall that the sequence {X^.} is absolutely regular if

sup max [E{ s up | P(A| a(X -,l<i<j)) -  P(A) | }] = /?(m)jO .
n m Ae<7(Xnj,i>j+m)

Here a(Xn.,l<i<j) and <r(Xnj,i>j+m) are the a—fields generated by (Xnp...,Xnj) and 

(Xn j+m,Xn j+m +j,...,Xnn) . Also recall that {Xn-} satisfies the strong mixing condi

tion if

sup max [sup {|P(AnB) — P(A)P(B)|; Ae<r(X ;,l<i<j, BeCT(X.,l>j+m}] = a(m)|0 . 
n 1< j <n—m m m

Since <*(m) < /?(m) , it follows that if {Xn-} is absolutely regular, then it is also strong 

mixing.

The convergence of the one sample rank order statistic was established when both 

the score functions and the regression constants are bounded and Fn* = Fn for all i 

(l<i<n) in Harel and Puri (1989a) by a generalization from the stationary case to the 

nonstationary case of the results of Yoshihara (1978). This paper extends the results of 

Harel and Puri (loc. cit.) to the case when the score functions as well as the regression
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constants are not necessarily bounded and also for hypothesis of nonstationarity more 

general than in Harel and Puri (1989a). Later Harel and Puri (1989b) gave some 

applications of the results of Harel and Puri (1989a) for Markov processes as well as 

ARMA processes. The conclusions of Theorem 3.1, and Corollaries 3.1 and 3..2 in this 

paper hold also for the models given in section 2 in Harel and Puri (1989b). For 

applications of unsigned serial linear rank statistics introduced by Hallin, Ingenbleek and 

Puri (1985) in time series and Markov processes, the reader is referred to Harel and Puri 

(1989c).

2. Preliminaries. For any real x , define Fn(x) , Hn( |x | ) and Hnj( |x |)  as follows: 

n n

Fn(x) = “_1 I V * ) '  Hni( |x |)  = Fni( |x |)  - F ni( - |x |)  and Hn( |X|) = n“ 1 j H J I x l ) .  
i= l  i= l  

Also for any te[0,l] , define Y ^ t )  as Y ^ t )  = (|X ^|)< t] ~ HnioHn ^ ^  ’

and put

Xni = Hn d X„ iD ’ Hni = Em°En • •
*

Definition. We say that the sequence {H^} of d.f. is //—bounded if there exists a 

finite and positive measure ¡1 such that for every n>l and l<i<n , the probability
*

measure /¿nj associated with H ^ satisfies /^¡(B) < //(B) for all intervals B in [0,1] .

2.1. Basic lemmas.

LEMMA 2.1. Let c>0 and a;(0< a< l) be fixed. Assume that {Xnj} are inde

pendent real random variables with the same d.f.'s Fnj as Xnj and let

ZmW = I[Hn(|X nil)<t]_ H m( t ) -

If the sequence {Hnj} is //—bounded and // is a uniform measure on [0,1] then, there 

exists positive constants M  ̂ and M2 such that for any I c {l,...,n} such that 

card I = m , we have

(2.1) P[ sup |m—1 £ Zni(t)| > m“ (1+Qr̂ 2u] < M ^ 2
t<cm iel

and



(2.2) P[ sup |m *E Z . ( t ) | >m  (1+a) /2u] < M,e 2 .
t>l-cm iel

PROOF. It is sufficient to prove (2.1), the proof for (2.2) is similar and is therefore 

omitted.

Without loss of generality we take I={l,...,m} . Since {Znj(t)/(1—Hnj(t)),0<t<l}

m *
is a martingale, it is easy to see that £ Z ;( t) /( l—H .(t)) is also a martingale.

i= l m m

For sufficiently large mQ , we have V m>mQ

(2.3) P[sup |m 1 £ Z j(t)| > m ^ ( 1+ a )u]
t<cm “  i= l m

< P[sup | E Z i(t)/(l-H ^i(t)) I > m ^ ^ u ]
t<cm i= l

< e“ 4“ E(exp £ Z .(cm -")/(l-H * (cm“ **))!))
i= l

< e- *u E(exp (m- ^ 1 -^  | E Z . ( c m ~ a ) \)) .
i= l m'

Thus

m
(2.4) S Zni(cm-“)|))

i= l
m

= 1 + f e xP[nT*(1_a) | E Z ;(cm—a) | >x]dx
J i—1 111
0 1 1

= l '+  f°exP[| E Z . ( c n r a)|>xm ^1-Q;)]dx
I  i= l m
0

and by using a Bernstein—type inequality (see Bennett (1962))

(2.5) E(exp (n T ^ 1-a) | E Zni(cm_ a) | )) < 1 + 2j°°ex exp(-gm(x))dx

1=1 0

where gm(x) = x 2r n ' ~ a / 2 [  E mH .(cm ^ (1 —Hnj(cm a) + I x m ^  ^M] for any
i= l 1

*  OL * _(Y
constant M which satisfies max [max {H .(cm ),1—H ¡(cm )}] < M .

1 < i <m m m
*

As {Hnj} is fi—bounded, we obtain

(2.6) g (x) > x2m*—Q;(2 Acm*- 1a  + ix m ^ 1—Q:̂ A maxicm- ^ l-c m - a })111 u

2 U

4

E(exp (m- *1
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gm(x) > 2x for x>xQ and m>m^ where xQ and are chosen sufficiently large and

A = /<([0,1]) •

From (2.3) — (2.6), we deduce (2.1) for m>m^ and we can choose Mj and Mg 

such that (2.1) also holds for mcm^ . (2.1) is thus proved.

LEMMA 2.2. Let a (0 < a< l) be fixed. Choose a number p (0<p<a) . Assume
*

that the sequence {XQj} is absolutely regular with rates /?(m) and the sequence {Hnj} 

is /¿—bounded where p, is a uniform measure on [0,1] .

If t is a number such that t<m—Q! or t>l—m~a . l<m<n . then

i ?  ,  -M 0u i n
(2.7) P(m | £ Yni(t)|>u[expm{-(l-/?)(l+a)/2}] < M ^ f e  + m pP([mp]+1)}

i= l

where expm(x) =  mx , [m/?] denotes the integral part of mp , Mj and Mg are some

constants > 0 .

PROOF. Put k = km = [mp] + 1 and write

k

(2'8> . Sm,nW = I Un J(t)
j = l

where

<2'9> Un ,j«  = I  Ya j+ p k «
p=0

and t  is the largest integer such that j+£k < m . Then
J J

(2.10) P[m—1 1 Sm n(t) | >u[expm{—(1—/?)(l+a)/2}]

k

< P(m—1 I  | Un jit) | >u[expm{-(l-^)(l+«)/2}])

j=l
k

< £ P(m“̂ 1_^  |Unj(t) | >u[expm{-(l-/9)(l+Qi)/2}]). 

j= l
For any j , l<j<k , define

 ̂j
Aj = {(yp-,y^) - I I  yp l > u[expmH l-p)(H -a)/2}]} 

j p=l
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1 i f  (y15. . . , y ,  )eA,
g (y p ---» y ^  ) = • , J

j [0 otherwise.

By using Lemma 2.1 in Harel and Puri (1988),

P[I Un j(t) | >u expm((l—p)(l—o;)/2] =  Eg(YnJ(t),...,YnJ+^k(t)) 

i
- p (l 1 Zn,j+pkW I-u[expm ^ 1_/,^ 1+Q;^ 2}^ +  2y ^

p=o
- M 9u  i

(2.11) < Mxe z +  2m fy([m/>]+l)

by using Lemma 2.1.

From (2.10) and (2.11), we deduce (2.7) and the lemma is proved.

For any n,m (m<n) and any i (l<i<m) let

<2-12) < m , i  =  S T T d  V Xni) +  1)
j<m

mid

<213> Zn,m,i = -  Xn,m,i =  mTT I  Ynj<X j  •
j<m

LEMMA 2.3. Under the assumptions of Lemma 2.2 there exists an nQ =  nQ(u) 

such that

<2-14> P[!Zn,m,iI>Su[expm{-(l-p)(l+a)/2}], x 'x m ^ o r  X ^ l - n T “)
„ . „  -M ,u  i „

< M ^ - ^ f e  1 +  m1_ ^([m /9]+ l)}  .

PROOF. The proof is similar to the proof of Lemma 2.3 of Yoshihara (1978) and

follows by using Lemma 2.2.

LEMMA 2.4 . Let {Xnj} be r.v.’s (with means 0) which are strong mixing with

rates satisfying

(2.15) ^(a(m))^^2"*’^  < oo for some &>0 .

and put

m>l

Suppose that for any K>0  . there exists a sequence {X ^ }  of r.v.'s satisfying

R n m,i
m+1
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(2.15) and such that

(2.16) sup* max |X ^ ; | < BT̂ < oo V K>0
nGW 1 < i <n ni iV

where Bj  ̂ ]s some constant > 0

(2.17) sup* max E|X • -  X * \ 0 as I\-*oo
neM 1 <i<n 111 ni

n

(2.18) E( I  X« -  E(X* ))2/n C2 V I<>0 as a-*»

i=l
where Cj^ is some constant > 0 .

n

(2.19) E( £ Xni)2/n  -» C2 < oo as n-*oo

i=l
where C is some constant > 0 .

(2.20) Cj£ -* C as K-too.

_ i  n  _ 2

Then n 2 S X^. converges in law to the normal distribution with mean 0 and variance C .

PROOF. See Harel and Puri (1989a).

3. Weak convergence of the one sample rank order statistic

Let F be a d.f. on IR"*" and define the d.f. H on IR”*" by H( | x | ) = F( | x | ) — F(—| x | ). 

For a score function J which is square integrable, put

(3-1) /•*_ ¡ = Pj(Fni) =
¡R

s(x)J(Hn(|x |)dF ni(x), i<n .

For h defined in (1.2) put
m m

<3-2) \ m  =  I  cn / n , i  “  I  h(n K , i  ’ m - n '
i = l  i = l  

o
For any sequence of d.f.'s on IR with marginals F and assuming that J

admits a derivative J' which is also integrable, we denote

n

(3.3) <t2({F¿}) = 1 im { |g2(x)dF(x) + 2 J  g(x)g(y)dF¿ (x,y)}

n^°° ¡R /= 2  ¡R2

if the limit exists, where
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(3.4) g(x) = fs(y){I[ |x |<|y |] —H(|y |)}J '(H (|y |)dF(y) + s(x )J(H (|x |))

- Js(y)J(H(|y|)dF(y) .

For every n>l , let

(3.5) Vn(s) = (<™)^[An|ns] + (nsHns])An[ns]+1] 

where a is the positive constant defined in (3.3) and A . = &’ . — u . .
11̂ 1 JLl̂ l JLl̂ l

The process V (s) = {Vn(s), 0<s<l} belongs to , the space of all continuous 

functions on [0,1] on which we associate the usual uniform metric.

Let ^ ,(0 < ^ < 1 )  consist of the set of functions L on (0,1) such that

(i) L is twice differentiable on (0,1)

(ii) L is nondecreasing on (0,1)

(iii) As ujO o ru jl  (d ^ /d ^ )(L (u ))  = 0([u(l—u)]~2+ *+ ^), i= 0, l ,2 .

Let consist of the set of functions L on (0,1] such that

(i1) L is twice differentiable on (0,1] ,

(i'i1) L in nondecreasing on (0,1] ,

(i'i'i') (d^)/d^)(L (u)) < Au~*—’ , i= 0, l ,2 where A is some constant > 0 .

Let Jfp consist of the set of functions L on [0,1] such that 

(i") L is twice differentiable on [0,1)

(i"i") L is nondecreasing on [0,1)

(i"'im) (d^ /(d |^ (L (u )) < A(l —u)- , i= 0, l ,2 where A is some 

constant > 0 .

Let Ffl j j be the d.f. of (Xn-,Xnj) . Then, we have the following theorem which is 

a generalization from the stationary case to the nonstationary case of the Theorem 4.3 in 

Yoshihara (1978).

THEOREM 3.1. Suppose the sequence {Xnj} is absolutely regular with rate (1.3)
*

where 3/10 < S < 1/2 and the sequence {Hnj} is ¿¿—bounded where // is a diffuse
*

measure. Furthermore assume that for anv &IN with 1< £ . there exists a continuous d.f.
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on (R with continuous marginals F such that

(3.6) 1 i nl max |F  . -  F. | = 0
n-»oo 1 <i <j<n ’ ,J J

for all (tptg) C [0,1]2 and (e,e') € {0,1}2 

and

2

(3.7) max sup, |H .(x) — H(x)| = 0(n )̂ where 7>1 .
1 < i <n xeIR m

Let J be a score function which belongs to and let h belong to ^

(0 < £—̂  < ¿>2/18) . If <72({F^}) defined bv (3.3) is strictly positive, then V defined in

(3.5) converges weakly in uniform topology on to the process VQ = {VQ(s), 1<s<1} 

where

(3.8) V0(s) =

0

h(u)dW(u) , 0<s<l

o
and W = {W(s), 0<s<l} is a standard Brownian motion process, and a ({F^}) < oo.

REMARK 3.1. Yoshihara (1978) in Theorem 4.3 assumes that and h

satisfies the Lipschitz condition (which implies the regression constants are bounded).

Here we only assume that Je and h e ^ }  . Thus we have more general score functions 

and our regression constants axe unbounded.

REMARK 3.2. Let the sequence {Xnj} be absolutely regular, and let the sequence 

of distribution functions {Fr j j} satisfy the following conditions:
2

(i) There exists a sequence {F^} of distribution functions defined on IR such that

(1) lim  max |F  . :(x,,x2) -  F -^X pX ^I = 0 for all (xpX^elR2
n-»ool<i<j<n ’ ,J J

and

(b) Fnj = Fn for all l<i<n, n>l .

Then the condition (3.6) is satisfied, and moreover, the condition (3.7) is not necessary for 

the proof of Theorem 3.1.

PROOF. In what follows we assume that the measure // is a uniform measure on 

[0,1] and we show that this condition is sufficient.

Fí

h ; 1h (tj)e H - ] ,e'H

j£¿f02
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If n is only diffuse, let v be the uniform probability on [0,1] and let n = n+v
* * 

and I< = 1+^([0,1]) . If H is the d.f. of the measure /i , define the map ip : [0,1]-+[0,1] 

by

# )  = H*(t)/K .
* * *

Let n' = ) and = ^(/¿nj) , then it is obvious that fi' is uniform on
*

[0,1] and the sequence {H^} is ft' —bounded.

We then have

(3.9) Yn.(t) = i [Hq( |Xni | )<t] — Hni^^ = ^ H ^ I X ^ D ^ i t ) ]  _ H i i ( ^ t )) = • 

As if) is a nondecreasing bijection on [0,1] , we can work with Y^(^(t)) instead of 

Yni(t) .

We need some lemmas. For any n (n>l) and for any i (l<i<n) let 

(3-1°) B A )  = Bni = | s(x) {'[ 1 Xni | < | x | ] -  Hni ( Ix I >J ' (Hn (Ix I )dFni(x>

+ {s(Xni)J(Hn( | Xnj |) -  E(s(Xni)J(Hn( | Xni |))}

Bni = J Y.jWJ'WdHJt) + s(Xni)J{X )̂ -  |  J(t)dHni(t)

[0,1] [0,1] 

where Hni(t) = F ^ hJ « )  + F J - hJ w ) - 1 .  It is obvious that EfBJ = 0 .

Now consider the process Ln(t) defined on Cj by

[nsi
(3-H) Ln(s) = n-*( I  B  ̂+ (ns-[ns])Bn , ,+1) .

i= l

LEMMA 3.1. Suppose that {Xnj} satisfies the conditions of Theorem 3.1. Then

the process Ln(s) converges weakly in uniform topology to a gaussian process LQ(s) with

2 2trajectories a.s. in with mean 0 and variance s<r ({F^}) where a ({F^}) is defined 

in (3.3).

PROOF. The process Ln defines a probability measure Pn on . From 

Theorem 8.1 of Billingsley (1968), we have to prove that (i) the finite dimensional distri

bution of PR converges in law to a normal distribution and (ii) PQ is tight.

m )Y'.rr

c i -

H1. =
n i
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(3.13) Cnj =

P
First we prove (i) which is equivalent to proving that S Â Ln(s )̂ converges in law

*
to a normal distribution for any peIN , any s^E [0,1] and any Â  6 IR (l<^<p) . Without

loss of generality we can take p=2 and suppose that s^<s2 • We then have

2 [nsj] [ns9]

(3.12) I  =  n-*[ I  (A1+ A2)Bni + £

1=1 i = l  i= [n S j]+ l

+ A1(nsr [ns1])Bn [nSi)+1 + A2(ns2-[ns2))Bn [nS2)_(_1] .

We define the sequence of r.v.'s {Cnj} by

(Aj+AgJB^ if i< [nSj]

A2Bni ^  [nSjJcKlnsJ .

0 if i>[ns2 ]

As J belongs to and n is a uniform measure, it is not difficult to prove that

(3.14) sup max E(B .)2" ^ < M < a >  for 7<3
neW 1 <i<n m

and by the Markov inequality, we deduce

2 n

(3.15) I  = n 2 I  Cni + °p (n ^
1=1 i = l

From Lemma 2.4 we have to verify (2.15)—(2.20).

(2.15) comes from (1.3).

We have

n [ n s j  [ n s j

(3.16) E( ^ Cnj)2/n = i[(A1+ A2)2( ^ \  E(BniBnj))

i = l  i = l  j = l

[nSj] [n s 2] [n s2 ] [ n s 2 ]

+ (A1+ A2)A2( I  I  E(BniBnj) + AH  I  E(BniBnj)] .

i = l  j = [ n s 1] + l  i= [n s 1]-+-l j= [ n s 1] + l

From (3.14), we obtain

a2e

-1
ni

0¡/) =



12

[nSj] [ns9]

(3.17)I|(A1+A2)A2 I  l ~  E(BniBnj)| 

i= l  j= [ns1]+ l

[n sJ  [n sJ
<(|A 1| + |A2 |)|A 2 |M2/ ( 2+T)n ~ 1 ( ^  I  £tT/(2+T')(j_i))

i= l  j=[ns1]+ l

From (1.3), the last expression converges to 0 as n-x» for 7=1 .

1 [ n s J  [ n s J
It remains to prove that -  £ S E(BnjBnj) and 

, [nsJ [nsJ
-  £ £ E(B -B .) converge respectively to some finite constants. Without
n i= [n S j]+ l j= [ n s 1]-l-l 111

loss of generality, we only prove this if J' is a nondecreasing function.

For every K>0 , define the sequence {B^} of r.v.'s from (3.10) with J and J' 

replaced by and J '^  where

JK =
J if | J | < K

0 if | J | >I<

and

iK fJ' if t( l—t)| J'l <K
J ,iV = 0 if t( l—t) | J' | >K

From (3.14), we easily deduce that (2.16) and (2.17) are satisfied.

1 [n s i] [n s il t< k  
Now we prove that -  £ £ E(BnjB nj) converges to some finite constant.

We first prove the convergence by replacing J and J' in the expression of Bflj in

(3.10) by indicator functions such that J(t) = I[a<t<b] and = 1[a'<t<b'] and we can 

then write

Bni =  ft„ i(b ') - f t Dl( « ‘ yX«l)Ab,}> " J ^  ‘^ m « )  +  " ( V ^ S b ]  

- ( H ni(b) - H ni(a)).

Thus

r+00 p+00 * *

E< W =J J -
“00 —00

x,y),i,j
y)dF[x):

3 *
Bni'

J'(t) =

JK
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From the condition (3.6) we deduce that

r+oo r“f~oo—TOO I—TOO

lim  max |E ( B }B . ) -  C(x)C(y)dF._.(x,y) | = 0
n-*oo 1< i <i<n J J J Jn-*oo 1< l <i<r —oo —00

where

rb
C(x) = H*(b') -H*({aVH(|x|)Ab'}) -  J  tdH*(t) + sM(I[&<H(|x|)<b] -  (H*(b)-H*(a))

a '

and

H*(t) = F(H '(t)) + F ( -H - \ t) )  -  1

We obtain a similar property if J and J' are replaced by step functions.

K KAs J and J' are continuous, we can uniformly approach J and J' by step 

functions and deduce that

»K r»K + 0 0 *+00
(3.18) lim  max |E(B‘\B ‘\ ) -  g * W '(y )d F . .(x,y) | =  0 

n-*oo 1< i <j<n 111 nJ J J J 1
J “ —oo —00

where g^(x) is defined as in (3.4) by replacing J and J' respectively by and J '^

Let us now denote

Pii) = J gK(x)dF(x) and /?(i) = 2 J  j  gK(x)gK(y)dFj(x,y) .

—oo —oo —00

Then, we have

[n sJ  [ns,] f ] +oo

Is  I  I  < i B “ ) - M l * » l  
i= l  j= l  i= l

|IS) [nS jH IcS jH  [ns) [nsx]

S l - T - I n b X  I E<BniBn,j+i)---- ¡TIHO I d-iH W D I
1 i=0 j= l  i= l

Ins,] “ (ns.) t“ s l! »

+  _ 5 ~  I  W ‘)l + _ n“  I  I  l ^ k)l “  lAn l + B n + Cn'
i=[nSj]+l i= l  k=i

From (3.18), we deduce that | AR | -+0 and from the inequality of strong mixing

sequences of r.v.'s and (3.14) we deduce that |/>(i)| < a ( i ) ^ 2" ^ M 2/(2"*’^  which

implies that Bn->0 and Cn*+0 (as n->oo) for 7=1 .
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5 1 T  E(B n iBni) -  ( « 2 - » l ) 4 « F/ »  38 n"»

[ns ] + “  + »
1- iT “ I  />(0 — Sj( I  p(i))| -*0 as n-w.

i= l i=l 
, [n s J fn s J  K K 00

We conclude that =- £ £ E(B - B . )  converges to s,( £ />(i)) as n->oo 
n i= l j= i 111 n-> 1 i= l 
9

where £ p(i) equals <r^({F^}) defined in (3.3) with J and J' replaced by J and 
i= l

J '^  respectively.

Now from the decomposition 

[n s J  [n s J  [ n s J f a s J  [n s J  [nsj [n sj [n s J  [nsJ [nsj

I  1 = 1 I  + I  I + I  I  + 1 I
i = l  j= l  i= l  j= l  i= l  j=[ns1]+l i=[ns1]+ 1 j= l  i=[ns1]+l j=[ns1]-t-l

and using (3.17) and the preceding result, we conclude that 

[ns2] [ns2]
E(B1X.B ,v ni ny

i= [n s j+ l j=[ns1]+l 

and (2.18) is proved.

We now easily deduce from this and (3.14) that (2.19) and (2.20) are satisfied.

2 2Finally from (3.12), (3.13), (3.15)—(3.17) we conclude that E( £ Â Ln(sp) con-

2 2 2 2 verges to {(A^+A2) s  ̂ + A2(s2-s j)}a  ({F^}) which implies that £ Â LQ(s )̂ converges

in law to the normal distribution with mean 0 and variance 

{(Aj+Ag^Sj + A^Sg-s^Jcr^fF^}) and (i) is proved.

We now prove (ii).

From Theorem 8.2 of Billingsley (1968) we have to verify that V e>0 , 3 tj> 0 ,

(0<?/<l) and an integer NQ such that V n>NQ

(3.i9) P[sup |L (s)-L (s') | >cj < e.
| s—s' | <rj

If ns and ns' are integers, we obtain the following inequality by using Theorem

2.10 for q=4 of Doukhan and Portal (1987) for s>s'

It is also immediate that
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E(Ln(s)-Ln(s'))4 < ((s-s')2 + ^ ) M 4/(2+7) I  m2J ^ 2)/(2+^(m) .

m=0

For 7=3 , (1.3) entails

+ 0 0

£ m2a'(,y~2)/(2+^(m ) < MQ< +oo. 

m=0

If s>s' and ns and ns' are integers, we have s-s' > n—1 and

(3.20) E(Ln(s)-Ln(s'))4 < 2M4/(2+^ (s -s ')2M0 .

From Lemma 2 of Balacheff and Dupont (1980) we obtain that V e>0 , 3 t]>0 and 

there exists an integer NQ sufficiently large such V n>NQ

p [sup |L ( I f l ) - L  ( M ) |  > (/2 ]< 2M 4/ ( 2 + T)M , 2K16£̂

where K is some constant > 0 .

From the definition of Lq(s) in (3.11) we obtain

(3.21) sup |Ln(s)-Ln( s ' ) |< 2  max |L ( M _ W ) | .
| S—S | <7/ n  | M _ l g s l | < 2 ^

By using (3.20) and (3.21), we deduce

(3.22) P t |u p ,| |Ln(s)-Ln(s')|>e] < 64M4/(2+7^M0Kc~4 ?72

and (3.19) is proved. Lemma 3.1. follows.

DEFINITION. A function r : [0,1]-^*  ̂ is called a weight function if it satisfies the 

following conditions:

(j) r belongs to Cj 

(jj) r(0)=0 and r(l)=0 .

LEMMA 3.2. Suppose that {Xnj} satisfies the conditions of Theorem 3.1. Then 

for any weight function r satisfying

(3.23) r(s) > As*  ̂ where A>0 , 0< i,,<^1

Ln( s ) - ^ j  converges weakly in uniform topology a.s. in Cj to the gaussian process 

Lo(s) *r(sJ ‘ (B l convention = 0 if r(s) = 0).

+00

f ns i
n n

ins'

1
FÍsT
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(3.24) P1s?f(?,l-«1 |Ln(S)' f W | - ’,1- ’i '

By symmetry and without loss of generality, it is sufficient to prove (3.23) for 

r(s) = s ^ "  .

If ns and ns' are integers, we obtain the following inequality by using Theorem

2.10 for q=4 of Doukhan and Portal (1987) for s'>s

L (s') L (s) A L (s')-L (s) « , , ,
* 3E( n T (5 rny- ) 4 +  s E i y s X j ^ - j ^ ) ) 4

+00

< 32[s-s']4<5"m4/(2+7) I  m2a ^ 2)/(2+ ^(m ) •
m=0

As 4<S">1 , we deduce from Theorem 12.2 of Billingsley that V rj>0 , V 6> 0 , 3 Nq 

such that V n>NQ

(3.25) P[sup |L (s)*—̂yj > >7/ 2] < K16?7
s<2  ̂ n r ŝ '
ns integer

where K is some constant > 0 .

From the definition of Ln(s) in (3.11) and r is nondecreasing, we obtain also

(3.26) P[sup |Ln(s ) -^ |j | > ),] < 16K,-4 (2«)4ff' ,

From (3.25) we easily deduce (3.23).

We now prove Lemma 3.2.

The process Lq-^ defines a probability measure Qq on and we have to show 

that (a) the finite dimensional of Qn converges in law to a normal distribution and 

(b) Qn is tight.

(a) is deduced easily from (i) from the proof of Lemma 3.1. We have only to prove

(b). For any 0>0 , set C ^={t;t<0}. Then,

sup |L (s)--l-y — L (s') - r r r l  <
| slg. <T] 1 F[sJ n' ’ W J '  ~
(s,s')eC0

PROOF. At first we prove that V r}>0 , 3 0> 0 and 3 NQ such that V ^N o

r(s') ns)

A (2ô

C1
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+ 7 c ^ W J ( K l s ) ~ K i s ' ){ ^

+ Ln(s,)lF [Î}~ f[? jl

< 2 sup IL (s) J jijl  + i  sup IL (s)-L (s') I 
sec« v ’ Is—s | <?/

+ sup | r(s)—r(s')| sup |L (s)| where m = m in r(t) 
m ^ l s - s ' l ^  se [0,1] n s

and from (3 .2 2 ), (3.25) and (3.26) we easily deduce that V e> 0  , 3 rj>0 , (0 < 7/<l) and an

integer NQ such that V n>NQ

(3.28) P[?u p , ,^  I V s) - ^ J - Ln(s' ) f [ i 7 ^ el i e -I s—s' I < 7? v ’ v ’
From (3.27) and Theorem (8 .2 ) of Billingsley (1968) we deduce that Qn is tight and 3 .2  is 

proved.

We now consider the process ¿n defined on Cj by

(3.29) Ln(s) = iT*( I  cniBnj + CQ [ns]+1(ns-Ins])BI1 [ns]+1 )(a({Ff}))- 1

i= l

LEMMA 3.3. Suppose that {Xnj} satisfies the conditions of Theorem 3.1. Then

the process Ln(s) converges weakly in uniform topology to a gaussian process

L (s) = Jsh(u)dW(u) with trajectories a.s. in C, where W is a standard Brownian o 0  i

motion process.

PROOF. For any n , define a measure An on [0,1] by setting

\ « ï »  = ( ' d - W )W (F <»r 1 ’ 1* n- 1 

V i 1»  = (< w ( W " 1 •

By definition, we have

(3.30) Ln(s) = f  LB(u)An(du) + Ln(s)cn ( n s ] + 1  = f ^ W A J d u )  + Ln( s ) h ( M ± l ) .

0 0  

We now prove that

(3.31) Ln(s) (-]*L0 (u)h'(u)du + L0 (s)h(s))(<<{F, } ) ) _ 1

< SUD SUD I Ln<s
1

F[fj -L  (ir bi\
0—7}

9-21]
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in uniform topology.

Let gn : be defined by

gn(f)(s) =
rS

0

f(u)r(u)An(du)-f(s)r(s)h( [ns]+l
n ) V n>l

where is the set of functions [0,1]-+[0,1] which are right-continuous and have 

left-hand limits (see Billingsley (1968)) for any feC^ where r is a weight function satis

fying (3.23) and gQ : Cj-tCj is defined by

g0(f)(s) =
0

f(u)r(u)h'(u)du — f(s)r(s)h(s)

for any feC^ .

Let {fn;n>l} be a sequence of functions in Cj and suppose that

f f f
(3.32) ^  p  in uniform topology where fQ6Cj and p  G Cj .

We show that gn(fn ‘^) g0(fQ-^) as n-*» in uniform topology and we deduce (3.31) by

Theorem 5.5 of Billingsley (1968). We have

l s A F K s>-8o(fo7>MI =

=  I f  fn(“ > r(u)An(du) - y s) . ^ r(s) h (M ± ± )  - J * y u) ^ ( u j h ^ d u

0 0  

+  f0(s)F(iy r(s)h(s) I

< I

+

(fn(u) ? ( i J - fo(u) f ( i j ) r(u) y du)l +  l j  lfo(u)? (iJ r(u) ( V ll,(u))(du)l
0

+ |fo(s)?jiy (h(l5^± l) _  h(8)) |r(s)

r(u)(An-li'(u))du|-  Su? ! I (fn r ^  “  (fo r M  • \  r(u)An(du) +  su? , lfo r ^  I ve[0,l] n r  01  J n ve[0,l] o r  q

+  sup |h(v)r(v) | sup |(f *^)(w) — (f0 *F)(w)l 
v€ [0,1] wG [0,1]

+  SUP |(f0 i ) ( v ) | |h ( M ± l ) - h ( s ) | r ( s ) .  
vG [0,1] 0 1  n

From (3.23), (3.32) and the properties of the function h , we deduce that the last expres

sion converges uniformly to zero as n-»oo, and hence we deduce (3.31) by Theorem 5.5 of

*D 1
: C

I Lis
1

IsT r(s)h( [nsj
n

± h Vs *È) (s)t

0

,fnsl1 + 1 -

n
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Billingsley (1968). 

We can write

rS

(
o

L0(u)h'(u)du + L0(s)h(s))(a({Fj}) 1 =

From (3,31) we conclude that

Ln(s) j 3 h(u)dW(u)

0

and Lemma 3.3 is proved.

LEMMA 3.4. Under the conditions of Theorem 3.1. we have

(3.33) V e>0 , P[sup | V (s)—L (s) | >e] -» 0 as n-*».
sG [0,1] n n

PROOF. To prove (3.33), it is sufficient to prove

m

(3.34) P[max | c/ r — u _  — Y c -B . | > en*]-> 0 as n-*».
'  1 <m<n n’m n’m ni m ' J

We now proceed as in Yoshihara (1978). Let a = 1 — ¿>/3 and define d as the

smallest integer j for which < 1/5 holds. For any n , let

E, = E , = {u : u<n—1a or u>l—n—a}1 n,l 1 1

h(u)(<7({F^})) XdL0(u) =

0

rS

h(u)dW(u) .

as n-*oo

* 1 * " * 1
Ej = Efl j  = {u : n—̂  < u < n— or 1—n—or* < u < 1—n—̂  } ,  j= 2,...,d

and

Ed+1 ”  En,d+1 = {u : n a < u < 1—n a } .

For every n>l , we define functions Kj(u) = Kn j(u) (j=l,...,d+l) on [0,1] by 

0 if n—a < u < l-n _ft

Kj(u) = Kn l(u) =

K

J(u) if 1/n + l  < u < n a or 1—n t t <u< n/n+1 

J ( l/n + l)  if u < 1/n + l 

J(n/n+ l) if u > n/n+1 

,(u) = K .(u) = J(u)IE (u) , j= 2,...,d+l where Ig is the indicator function of the set 
J n,J j j

E j . Then for almost all ue[l/n+ l, n /n+ 1] ,



2 0

d+1 d+1 d+1

J(u) =  I  K.(u) , J'(u) =  I  Kj(u) and J«(u) =  J KJ(u) 

j = l  j = l  j = l
and there exist two positive constants Mj and Mg such that

(3.35) M jlg  [expn {(£ +  i-5 )J }]  < d ^ ty d ^  K.(u) < M2IE [expn { ( i  +  i - 0 ) J - 1 }] 
j J j 

i=0,l,2; j= l,. .. ,d + l . Set h^m  ̂ = sup |h (i/n + l) | .
l< i< m

From (3.14), it is obvious that

m

(3.36) EicSf - a  -  J c - B  .)2 < (h(m))2Mm2v 7 v n,m pn,m L m nr - v n ’
i= l

where M is some constant > 0 . So putting nQ =  [expn a ]̂ , we have for any e>0

m

(3.37) P[max K nim - V m -  I  cniBn, | >«!*]

- m- no i= l
no m

* I I  cniBm
m =l i= l

< M(h^n°^)2n^(en2)~2 < AM n ^ n ^ c n * ) -2  =  0(n~7') 

for some 7 '> 0  .

Thus, to prove (3.34), it is enough to show that for any e>0 , there exists an 

integer N=N(e) such that for all n>N,

m

Pfmax | df — fi — Y c -B . |>en*l < e .
n <m<n n>m n ’m  . L , m 1110“ -  1=1

From (1.1) and (3.10) we have that 

m

(3.38) \c f  - u  -  y c -B .1 =  v ’ 1 n,m pn,m L m m 1
i= l

m

-  I I  <=nis(Xni)(J(x‘ mJ) + 2n m iJ'(X* m .) + l \ miiknima(x‘ m ) 
i= l

m

— \i — y c B • I pn,m L m m 1
i= l

p [ K n i,m

* ( hn )2*Ü
no)

,m |>cn*
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(where kn m • is defined like km j in (3.8) of Yoshihara (1978))

m m

* hr  1 + I 1 cnifs(Xm>Zn,m,iJ '(X„,ra,i>
i= l  i= l

d+1 m

-  ' Yni(t)J-(t)dH*i(t)]| + I  I  |cni| z 2 m . k ( ^ . ( x ; m .)

[0,1] j = l  i= l  

m d+1 m

^him) I I HV̂ l + mTtl I M l  V*>KjW<<W]
i= l  j = l  i= l  [0,1] 

d+1 m 
(m) v V

where

+ hr  I l  < m , | l Ki(X.,m,i)l 
j = l i = l

r(j) - _ L
(3-39) =  I  I  Cni[s(Xni)Yn£(Xni)KF n i ) -

l<i<ml<Km [0 ,1 ]

“ d k^m,i<u) = kn,m>i(u>1E((U) '

Yni

We remark that if Xnj = Hn(|Xnj|)  G Ej , j=l,...,d , then XQj > 1 / 2  or

X . < 1/2 , and soni
*

j<m

“  5 T T  < X Hnj<X„i)+1> -  S + I  H< I Xni I ) + 5 + T  H< I Xni I >
j<m

O T V I X n i D  + i r r H n d ^ l )

and from (3.8), we deduce

(3.40) X
< X . + An- 7  if X ->i, where A is some constant > 0 .

n,m,i

Now also from (3.8),

- ‘ "m ' ’ m

,> X*. -  An- 7  if X*.<i *•- ni m 2

*
Kn,m,i ■ J(X ,i>i

|J(X i,m,i -J(!

:t) K!
J » iH L(t)]

)+l)
*

Xm
*

*njX*1 ,m,i m+ 1
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m m

(3-«) I  lJ ( < , m , i ) - J<Xd ) l =  1 ( < , m , r X> ( W
i= l i= l

d+1 m

< B 1 1  (m+1 r 1̂ ^ )  

j = l  i= l

where B is some constant > 0 and € [X*>m/ X ^ ,X ^ m iVX J  .

From (3.40) and the fact that fi is a uniform measure we deduce for each j=l,...,d 

and i=l,...,m

^ e / W  * PI W Eji * P p ^  ̂ A n '^ 'X ^ l - r T ^ - A r T T ]  < On“*

where C is some constant > 0 . And proceeding as in Yoshihara (1978), p. 113, 114 we 

obtain for each j=l,...,d

m

(3.42) P[max h ^  £ (m+1) l K\(0n j)>en*] = 0(n 7) .
n <m<n • J ’ ’

o-  _ 1=1

On the other hand for j= d+ l , we have that for any c>0

m

(3.43) h (m> I  (m+ i r 1Ki+ 1 ( ^  m i) < C[expn { |( |  -  *)}]„*-*' < <n*

i= l

for n sufficiently large where C is some constant > 0 .

Hence from (3.42) and (3.43), we obtain

m
,(m) - - *(3.44) P[max h f 1 S l, ( \ m i) - J ( y i > “ V o  »  ^

n <m<n n . . 11,1X1,1 111
o-  -  1 =1

As J belongs to , he«^} , and using the property (1.3), we obtain

m

(3.45) E( I  | cnj | J  Yni( t )K j( t )d iy t ))2 < ( h ^ ^ M  < n1 2 i M

i= l [0 ,1]
where M is some constant > 0 , which implies
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m

(3.46) P[max 2(m+l) | Y |c -1
n <m<n • i mo- - i= l [0

n m
,ii

Yni

< I  P[(m+1) J | I  IcniI |  Yni(t)Kj(t)dH’ ;(t)|>«l*] 

i= l [0,1]m=n.

< M(cz'n) AnA ^u ^ m = 0(n log n) , j=l,...,d+l . 

m=n o

From Lemma 2.1 in Harel and Puri (1989a) and using the same techniques as in the 

proof of Lemma 2.2 in Harel and Puri (1989a), we obtain

E lVi!m l4 = 0(n2"4 i ')

and so

n

(3.47) P[max I V ^ l J m ^ M t e 2!!) 2 £ E | V ^ l “ = O ( n ^ )  .
n 0- n- m m=l

Finally let n̂  = expn {ad_j} , j= l,...,d+l . Let {T^m i : nQ<m<nd_j+1} ,
o

(j=l,...,d) and {Tn m j : n^_j+ ^<m<n} , (j=l,...,d) be collections of random variables, 

defined respectively, by

(3.48)

(3.49)

[>1 ) j _ 
n,m,i

T2’J

1 i f  lZn , m , i l - ( lo g m ) 2 fexpn H 1_^ ( 1+^ aj V 2}]
0 otherwise.

1 i f  l Zn , m , i l - ( l o s m ) 2 t expr a ^ 1_/?^ 1+a^ / 2 ^
0 otherwise.

Then, for any j (l<j<d) and for any m (n0<m<n^_j+ j)

m m

(3-50) h'm) I  |ki%,i(Xn>mii)|Znjmii<h(m> I  % (Xn,m,i)((10« n> [ ^ « 2 “ ^  
i= l i= l J

-  (l-pK l+aJai-1}] + (1 -  ^ ¿ ¡ X e x p j l -  i } ^ 1]}

Accordingly for each j (l<j<d) ,

t)IK'.I t)<dH' (t) •en*]

H
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m

(3.51) P( max l><m) I  Icn ll |k ( j1| lii(x ;  m .)|zf1)m .>2inil

no-m- nd—j+1 i= l 

nd -j+ l

<P[ max h<m) I  I E (X* imii)(logn)4(exPn{ 4 - | ) a i 1 + % W ]  
no-m- nd—j+1 i= l  J

nd—j+1

+ P I “ J \  ^  I  I E.(Xn,m,i)(1- Ti i , i ) ( exPn « I “  = >1 + >2 •n 0 <m<n . =1 J ’ ’

Since for any i and j (l<j<d) from (3.40)

P[X* .gE.] < Cn ^1 n,m,i jJ -

so for any j (l<j<d) , we have

(3.52)

n d -j+ l

ri -  hi,m)n_i 1 P(Xn m i£Ej)(l0S "AexPttt? ~  1 + ^ } )
noSmSnd-j+ l i= l

rl 6\„ i-1  , M
< M max n)^texPn^— 2 + 1 — <** + ( j  —1)<  ̂ 1 + ^ - ]

no-m- nd—j+1

= 0(n(*-i ' ) - ' i2/ 18)

where M is some constant > 0 .

On the other hand from Lemma 2.2 and (1.3) 

n d - j  + l m

(3.53) I2 < I  P[h<m) I  IE.(< m ,i) (1- Ti : i i ) [ “ [Pn{ | - iî _1) ] ^ n4]
m=n0 i= l

d - j +1 m

f l * 4  I  hi m)[® P „ { f - {̂ _1] I  E(IE.(Xn,m,i)(1- Ti i , i )
m=n i= l Jo

ii j 2 

^ M g n A ^ )  I  [expn{ ( | - ^ ) a i - 1}]m1-Qi+^{e M3(1°g m) + ml -Pp(mp)} 

m“ no

< M2n(*-y ) [expn{- \  + (f  -  ¿ ) J - 1) n ^ - ° + 4 i = O(n-T')

§)J' 4 })>:en ]̂ =:m)

- I )<

(log
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for any j (l<j<d) and for some 7'>0  (where Mp Mg and Mg are some constant > 0).

From (3.52) and (3.53) it follows that

m

(354) P[„<™<n I  |Cn illki!m ,i(< m ,i) lZn,m,i>2™4l = 0(n" T")
V - d -j+ i i= i

for any j (l<j<d) and for some 7">0 .

Similarly, for j (l<j<d) 

m

(3.55) P[ Y y |c -I |k (j)  .(X* .)IZ2 ->2enh v } 1 L L 1 m M n,m,iv n,m,i J
nd_j+ I<m<n ¡=1 

n

<P[ m ax IE (X* ¡)(logn)4(exp { ( | - i ) a j _ 1 -( l- /))( l+ J)} )> £ n i ]
" d_ j+ 1 <®<" i=1 i ’ ’

n

+ p [ m ax h<m) I  IE.(Xn,m,i)(1 _ T i;m,i)(expn ( ( |_ ^ ai_1» >in4l
d—j + ! -m-n i=1 J

—
= 0(n ) for some 7j >0 .

For j= d+ l and for all m (nQ<m<n) it follows from Lemma 4.4 in Harel and Puri 

(1988) that

m m

E( 1 l<=mllkI ^ ! ! ( < , m a ) l Zn,m,i)2 ^ hi m)) V p n{2( | - {)“d+1» E( I  Zn , m /  
i= l i= l

< Mn1— (expn(5—2^) ad)m—1

Since from the definition of d , (5—25)ord — 1 < 0 so 

m

(3.56) P[ m ax I  | cni 1 1 m t) | m .>2^^]

0 “ - i= l
m

< Mn-1 n1—2^(expn{(5-25)ad}) £ m-1  (where M is some constant > 0)

m=n„o
7o

= 0(n ) for some 7g>0 •

From (3.54)-(3.56) we deduce that for any j (l<j<d+l) ,
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m  • * “ 7
(3.57) Pf m ax Y |c • I I k ^ ) .(X* .)|Z 2  .>2«i*l = 0(n 3)> 1 , , L 1 n i11 n,m,iv n ,m ,r‘ n,m,i~ J v 'n < m<n - , ’ ’ ’ ’ ’ ’0 “ - 1=1

for some 73 >0 •

Finally from (3.36), (3.38), (3.44), (3.46), (3.47) and (3.57), we obtain (3.34) and 

Lemma 3.4 is proved.

The proof of Theorem 3.1 now follows as an easy consequence of Lemma 3.3 and 

Lemma 3.4.

REMARK 3.3. Theorem 3.1 works when the function h(x) defined in (1.2) is 

unbounded only when x-*0 and not when x->l . If h(x) is unbounded when x-»l but not 

when x-»0 , then we have the result as stated in Corollary 3.1 below.

For every n>l , let

(3.58) Vn(s) = (<m)-^[An [ns]* + (N *-ns)A n [ns|*_1]

where a is the positive constant defined in (3.3) and where

ns ^  ns is an integer r _  >  _ ~
*• J ' [ns] +1 otherwise ’ n,i n,i n̂,i’

m t> m
JlA/ • • jjc

■ = V c -s(X .)J(- j ) and S . = y c . n,i £ n p  ny v n-i+1'  pn,i L njpn,j
j=i j=i 

COROLLARY 3.1. If among the conditions in Theorem 3.1. the function h |s

replaced bv a function h which belongs to (0 < & < f?/18) , then Vn defined in

(3.58) converges weakly in uniform topology on Cj: to the process VQ = {VQ(s), 0<s<l} 

where

VQ(s) = J 1h(u)dW(u) 0<s<l

and <t2({F^}) < 00.

PROOF. Consequence of Theorem 3.1 by symmetrization.

REMARK 3.4. Finally, if h(x) is unbounded both when x-*0 as well as when 

x-»l , then we have the result as stated in Corollary 3.2.
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For every n>l let

(3.59) Vn(.) =
Vn(s) if 3<i 

lVn(s) if S>*

The process Vn(s) = {Vn(s), 0<s<l} belongs to the space of all functions f in [0,1] 

for which f/[0,*] is continuous and f/(£,l] admits a continuous prolongation on [j,l] .

COROLLARY 3.2. If among the conditions in Theorem 3.1. the function h is 

replaced bv a function h which belongs to (0 < S' < 8 /18) , then defined in
* ~

(3.59) converges weakly in uniform topology on C  ̂ to the process VQ = {V (s), 0<s<l} 

where

V0(s) =
VQ(s) if s< i 

V0(s) if s>*

and a ({F^}) < oo.

PROOF. Easy consequence from Theorem 3.1 and Corollary 3.1.
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Abstract. Yoshihara [7] established the weak invariance theorem of the generalized 

U—statistic for absolutely regular random variables but only for the stationary case. In 

this paper we extend the results from the stationary case to the nonstationary case.
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L Introduction. Let c (>2) be an integer and for each j (l<j<c) consider an

integer nij>l ; let g be a Borel measurable function g:(IRv) —»iR where mQ =

m, +...+m and assume that g is symmetric in m- (>1) arguments of the j—th set for 1 C  J
j=l,...c , i.e. g is symmetric in each of the c sets of arguments. We consider c inde- 

pendent triangular arrays of r.v.'s (random variables) with values in IR and let the 

random variables corresponding to the j—th triangular array be denoted by X . . (l<i<n, 

n>l) . Let Xfl j j have the continuous d.f. (distribution function) Fr j j , l<i<n, l<j<c, 

n>l .

c
Denote n =  (n^,...,nc) and assume that for any j , n->m-, let = II o5̂  .

J J j J

where <$f̂  j is the set of all the strictly increasing sequences of mj elements in {l,...,nj} 

The generalized U-statistic of degree m (=(nip...,m0)) is defined as

U(n) =
c
n

LJ=i

n j

Lmjj

-1

I  S&n.,i.„j’ ■ (L1)
rif j ’ F

Generalizing the definition given by Yoshihara [7] in the stationary case, we say

that a triangular array of r.v.'s n . (l<n,l<i<n) is absolutely regular with rates (3 if11,1

/? (m )= sup  sup E{sup |P(A | JcJ-t) — P(A))} |  0 as m->oo,
m<n l<^<n—m Ae J i _  ’—  n , t+m

where JtJ*. is the a—field generated by (»/_ 0,—,7L K) • n,d n,a n9o

Also recall that [n •} is strong mixing if 11,1

a{m) = sup sup {sup P|P(AilB)-P(A)P(B)|; k tJ c J .f i t J iJ 'p ,  }}X0 as m-*» 
m<n l<£<n—m n,i n ,«-m

since a(m) < /?(m), it follows that if {t? .} is absolutely regular, then it is also strongn,i
mixing.

We now suppose that for each j , the triangular array of r.v.'s fn j . is absolutely 

regular with rate /?• (consequently, it is strong mixing with rate a- < /?•).
J J J

Our aim is to study the asymptotic behavior of U(n) when the nj-x» such that for

mn

(l<i :ij2< ajm-

;j<c);mj5 1<1<£<



any j , n j/(n j+ ...+nc) —* Aj (0<Aj< 1), l<j<c .

The convergence of the generalized U—statistic was established by Yoshihara [7] for 

absolutely regular r.v.'s but only for the stationary case. In this paper, we generalize the 

results of Yoshihara [7] from the stationary case to the nonstationary case. Our methods 

are the adaptations of some of the ideas of Yoshihara (loc. cit.) and a new central limit 

theorem (Lemma 2.3) for nonstationary unbounded strongly—mixing random variables 

which is an extension of a central limit theorem due to Withers [6] for nonstationary 

uniformly bounded strongly—mixing random variables.

2. Preliminaries.

2.1 Notations. For each d=(dp...,dc) with 0<dj<mj , l<j<c , we set Jn(d) =

{i; i =  (ip...,ic), ij =  (ijlv ..,ijd.), #ijd,<iij if dj/O and ijd =0 if d-=0, l<j<c}

Let i G JQ(d) exist, and let

d=(0,...,0) . By convention if d=(dj,...,dc) where d p i  an  ̂ dpO , # j , then d will be

_ f  c m .

= 2 ( i )  ^(Xj ;,i=l,-,m-,j=l,...,c) n n J dF j .(x •)
i 61 i  j=1 u=á\+l J V J 

d,n c •*

(2.1)

where

V  =  fi*=(iÍ ' - 0 - ir ( ij,dj+ l ’- - ijmj)' 1Sj,dj+ l il"'*jmj- nj’
(2.2)

c
 ̂ S (rrij—dj) J

{ij l ,",ijd-}’ if dj+ 1^ mj’1^^c} ’ RC= (RV =1 and we set go n=gd n for

denoted by d ^  .

For every d , we put 

c -fm.l _ r

K W - .  
J _ 1  ¡ ^ ( d ) ^

c d i 
..,d.j=i,...,c) n n Jd(

j=i f=i

- F „

y
nv

(i)
=d ,n C

= 1 , . . , c )

(i)

u ( d)n
(i)

■ji (ï.y>
(2.3)

< i
J
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where Ij j denotes the indicator function on IRk , a<b means a^<b^, £=l,...,k , 

c

■5 dj
|R =(|R^)j— and m ~^=m (m -I)...(m —p+1) .

Let a=(ap...,ac) with aj>l, l<j<c and denote Ln(a)={i;i=(ip...ic), 

ir ( t j i , - , ijaj) , 1<ij i < - .< ija .<nj, j = 1,.-,c}.

i
Let i € L (a) and let for any j (l<j<c) and any t  (l<£<a-) , P-  ̂ n be the

J J J J5 j?

probability measure induced by the random vectors

i

Yn,j/j ( - n p i j p l ’ , “nii1i a i»1’- n2»12i ’2’ , " nj - l ’1j-laj__1’̂ "1, ‘’nj ,1j l^ ’ " V . i ^  

and

*i
Ynj,/. ^ n p i j ^ +1j 5---^npija_J^nj+1,ij+1)Pj+ l ’"-’?n j+1,ica^c^ 

respectively and defined by

and

= PK?n1,i u , r - .  ? V ^ (C)I

where

A? eo<Yn i ()’ A/ ° W n  i • A<C)eff(?n i i c>
j J’ j j ,J, j 1’ 11* c’ ca ’

and where <r(X) is the a—field generated by X .

• m i 2m
For any function h : (1Rc) °-tlR , we denote h®h the function h®h : (IR ) -JR

defined by .... ■

For any p>l , let f : [0,l]p-€ . For p = (p(l),...,p(p)) €{0,1}P , define

f (t) =  lim f(s) , se[0,l]p , te[0,l]P if it exists where s=(s1v..,s ), t=( t1 -,t ) ,
P Sj T tj p(i)=l p P

Sjl tj p(i)=0

h®h Xp ,x2km
I

h(xls ,xkmi
)h(x m H ;mo) '

1
Po,n

1
p.

.1,■V1 A ? A*/»)
j

P[Y. 4 j>
1

D,j,
P[Yj *0 )]f eA

n
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and denote by D (D resp.) the space of all maps f : [0,1]P->R such that for all
r r

/9e{0,l}P,f exists and f^=f for /?=(0,...,0) (p=(l,...,l) resp.). We associate on D the 

Skorohod topology (for a definition of Skorohod topology see Neuhaus [4] and Balacheff and 

Dupont [1]).

2.2 Basic lemmas. We need the following Lemmas:

LEMMA 2.1. For every a=(ap...,ac) with aj=bjmj, bj>l, l<j<c let i e Lfl(a)

exist, and for every j (l<j<c) and any (l<£j<aj) , let

h(x, ,...,x, .x, . , .....x, . ,, _  ) be a Borel function such thatv~ l’ ’~b^mj’~b^m^+l’ ’~b^ni^+...+Dcm(/ ------------------------------------

R.
IM i!.....i b lm i + - +bcmc) | 1 +f<iPi v - M ’ (24)

a,c

R

Ihix^—.x, ,, ) | 1+^dP„ . < M for some &>0, (2.5)i 5~bjm^+...+b m 71 o , n ----------  v 7

a,c

£ bjmj

where R = (Rk)1_1 . Then
a ?C

R.
hfe1.-.ib1m 1+...+bcm c d̂Pj,ij,n | ktel’''£b1m 1+...+bcm (;)<iPo,J

^  (2'6> 

As the special case, if h is bounded, sav. | h(xp...,xk m + +b m ^  ^  ’ ^ en — can 

replace the right side of (2.6) bv 2M/?.(i. f  , i. f ) .
j j

PROOF. Follows from Lemma 1 of Yoshihara [7].
*Let <if- be the set of all the nondecreasing sequences of m. elements in {l,...,n.}

J J J

jfc C j|c
(l<i. ,<i. 0<...<i. <n;) and let = II df- exist. v J>1 J.2- " J,mj- y  n .=1 j

*
For any n and any family s = (i^l<^<mj,l<j<c) which belongs to <2Ŝ , we

denote

V (h'r) = J 1 hfew i<f<,y<j<c)Ir .n ! ! < * „ . , ¡ . ^ j )  M

i,c
[1 / ( 2 + M 1 + è

i A i-,

(2.4)"^dF\H î
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and

bn s (h,r) = E(|h(Xn. . . f j ) |) r (2.8)

k mn
for any r>0 and any Borel function h : (IR ) —+ IR .

LEMMA 2.2. If there exists a positive number 8' such that (i) for r = 4+£' , the
jjc *

family (a (h,r), sG ^  , nG(W )c) and (b (h,r), sGĝ  , nGlN )c) are bounded bv a11,0 UL JLl̂O IX

finite constant M , (ii) for some 8 , <J>0 , 8' > 126~1 — 2 , and (iii) the rate of absolute
f  C

regularity satisfies max P-(m) =  0(m — ) .then 
1 <j<c J

£

E(U^ ) 4 =  0(n~”**) for any d such that £ d-=2 and max d-=l (2.9) 
n j= l J l<j<c J

E (U ^ )^  = 0(n~" )̂ for any d such that £ d-=2 and max d -=2 . (2.10) 
n j= l J l<j<c J

£

E(U^d))2 = 0(n” 2_c(d)) for M i d such that E dj>2 (2.11)

where c(d) =  card {jG{l,...,c},dj#0} .

PROOF. It is sufficient to prove (2.9) for d=(l,l,0,...,0) , the proof for 

d#(l,l,0,..,0) is analogous and is therefore omitted.

Suppose d = (l,l,0,...,0) . Then, we first note that

u ( d)
n

Fn1,ip l f e l , l ))d(I[X j 2<x1>2] <212>
‘2’ 2

where i=(ipi2,0,...,0) , so that
f 1 ♦

E (u (dV  = ( n  Bj “ j )4 I  J(ijf,j=l,2, <=1,...,4) (2.13)

*
where £ is the sum over all l<ij^<nj, j=l,2, £=1,...,4 .

J(U j= l,2 , fcl,...,4) = E{ n  f g W ( i n ,x<2)d(I,x  < , 
il ¿=1 ¿2k d’n ^  np i j^ l  Al

1’ l r  ^  l~n2,i2^ 2-~A2J 2’ 2f~

c

i=1 nj

m. “ i m

- Sd
fei. d(I, Xn

h ’1 *1,1

h j )i 2-  F
2

2.14)2)):\ AI
&
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«  ■ ,-!,(»L  i  ............ ¿ j .  ■
* eld,n (IRk) j= l J

where e(j)=l if j# l ,2 and c(j)=2 if j= l ,2 .

Suppose nj < n2 . If ij^(j= l,2, £=1,...,4) are mutually different, reorder {i^} as

l<k^<k2<...<kg<n and put

J ( i . , , j= l,2, ¿=1,...,4) = H(kp...,kg) . (2.15)

Let m(p) be the p—th largest difference among k . , k- (j=l,...,7) if for some j

(a)(l<ja^7,l<Q!<2) , k- , j — k^ =  mv '. Then, from Lemma 2.1, (2.14) and proceeding as in 

the proof of Lemma 2.2, we obtain

H (k 1,...,k  ) < U ^ i+g\ n  n M 4 ^ * ) 4 I m ax  js |2+<,) / ( 4 + { ')(kj p k j
1 P j= l  J 1 l< j< c  J ]oT l a

and then

I H fkjj.-.jkg) < 2M 1/ ( 1 + i >( S  n ^ i V ^ f 4!!2 ^  V + l ) 5

l<kj<...<kg<n2 1 ¿=1

c
4 £ m*—6

max = 0(n j=1  ) . (2.16)
l< j< c  J

We can use a similar method to estimate the sums in the other cases and so from (2.13) 

and (2.16), we have (2.9) for d= (l,l,0,...,0) .

Now suppose d=(2,0,...,0) and then we have

E (u (dV  =  ( H  ^ " “j1)4 I ¿=1,2)

* 1
where £ is the sum over all l<i-j<i-9<np j=l,...,4

 ̂ J

J ( y ,  j = l . - . r (=U2) = | 2k8d,nfel,j-i2,j)d(I[Xn i j . ^ S S g ]  “  Fn,,ij l , l (Sl,j))

, m = l,2 ,  /m =0, m/1,2, £=1,...,4 and

d(I fv <y 1 i 1̂ ~9 j))}
*~npij2,l ~2,j* nVl}2'L ~d

- y -

dF ■
m-

= f(j)j= l V=

c

i)-2
m

j= i

=1,.. 4,£=

2+tf)
'(0
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j =  (jr . - J c), Ji=Ciji»ij2 ^ J r 0 ’ ■

If i  ̂(j=l,...,4, £=1,2) are mutually different, reorder {iĵ } as l<kj<k9<...<kg<n^ and 

put

J(ij£ > j= l,—,4, t =  1,2) = H(klv ..,k8) .

Then, proceeding as in the preceding case, we obtain

I  H(kr ...,k8) < 4M1/ ( 1+<’)( n  HjmjI)4 (n1 (n1- l ) ]_ 4  nj £ V l ) 3

l<k1 < ...< k 8 <n1 ^_ 1  £ = l

c
4  S  i n * — 4

max ^ 2 + i,)/(4 +<$,)(£)=0(n j = 1  ) (2.17)
1 < j <c J

and similar results for the other cases. Thus (2 .1 0 ) is proved for d=(2 ,0 ,...,0 ) .

The proof of (2.11) is similar to that of (2.9) and (2.10) and is therefore omitted.
*

LEMMA 2.3. Let {Xuj} l<i<n, n>l , be r.v.'s (with means 0 ) which are strong

mixing with rate a{m) satisfying

00

£ (a(m))^ /(2" ^  ) < oo for some . (2.18)

m =l

Suppose that for any K> 0  . there exists a sequence {Y^} of real r.v.'s satisfying (2.18) 

such that

sup* max I YK.| < B u  <  oo V K>0 (2.19)
neIN 1 < i<n ni K

where Bj^ is some constant > 0  .

sup* max E |X * .-Y $ .|2 + i"-*0 , K̂ x> (2 .2 0 )
n€lN l<i<n ni 111 

n

E (  £  X * j ) 2 / n  C 2  <  o o , n->oo ( 2 . 2 1 )

i= l

where C is some constant > 0 .

n

E( I  Y ^ i-E O ft))2/» -  C 2  < » , n-» V K>0 (2.22)

i=l

where Cj^ Is some constant > 0  .

l<i .
- - f i -
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CK -* C , K-*a> (2.23)

_i n * 2
then, n 2 £ X . converges in law to the normal distribution with mean 0 and variance C . 

i= l 111
*

REMARK. Actually we are considering the sequence {X .} , l<i<nM where
“N1 1N

*
n̂ -too as N->oo, but for convenience we are writing {X^} .

PROOF. From Corollary 1 of Withers [6], since {Y^j} is uniformly bounded, we

_I n
deduce that V K>0 , n 2 £ (Ynj—E(Ynj)) converges in law to the normal distribution

2
with mean 0 and variance Cj^ .

K * KNow denote ZQj = —Yn j and following Ibragimov [5], we represent the sum

,-1Sn = »“ ‘c r l< j  X a s  Sn = Si+S^ where S; = n ^ C K‘( I  Y* - E(yK))Ck C

and = n“ *C-1 ( E Z1̂  -  E (Z ^ ) ) . Evaluating E |S ^ |2, we have

n—1 n—i

E I S ^ ^ n - i c T 2 I  I  |E(ZÎ -E(zKj))(zKj+ rE (zKJ+ .))| 

i = 0 j = l

< 2n -1C -2nY1(^(i))<5n/(2+ ^ )nï 122+2^ ,E I j  I 2+^ ‘e  I z ^ ,j+i 12+ ^ ) 1/(2+ ^ 0

i =0  j= l  

(from the well known inequality on moments of strong mixing sequences of r.v.'s (Doukhan

and Portal, Proposition 2.8, [3]))

< 2n—1C—2 Y (o(i))tf"/(2+ 5")(n-i) 22+2S" sup* max E |Z ^ . |2+5" .
j^O neIN l<i<n ni

Denoting DT, = sup* max EIZ^. I2^ ^  , we deduce from (2.18) and (2.20) that 
K neIN l<i<n 111

00

E|S^ |2 < 23+^' C 2( ^ W ) / H 2+* 'h » K 0 • F°r any c>0 , we can always choose

i=0 K -* oo

K so large that

E |S " |2 < e and | l - C j 2 /C 2 | < f  .

itS
If now ffl(t) = E(e ) is the characteristic function of the quantity SQ , then
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|fn( t H  t2 /2 l <

< |e- ( t 2/ 2)(CK /c 2)-e_t2/ 2 j + |e“ r̂ / 2^ CK /C^ -E e ltSn| + | t |E |S ; ; | '

< | t |  f e  + £t2 + | e~(t2/ 2^ CK /C^  - E e tSn|

from the convergence in law of to the normal law, the last expression converges to zero 

as n-><» , and Lemma 2.3 is proved.

Let G • f  • be the d.f. of (X • 5,X f .) , l<i<^<n-, l<j<c . In what follows lim

n i
means n.-x» V j=l,...,c , and —H------»A- as n--*® , j=l,...,c .

J £ J J

& ■*
lr *

LEMMA 2.4. Let h : (IR ) -+ IR be a function which belongs to or D^m
o v o

*
and suppose that for anv Ml with 1 <1 and any je{l,...,c} there exists a d.f. G^- on

2k *IR with marginals F j . Furthermore assume that

lim max max |G . p -(x, ,x9) -  G* . .(x, >X9) | =  0 (2.24)
fl l<j<c l<i<£<n ~L ~z *-1’J - 1

2k * * cfor all (xpXgj^elR . the family (an g(h,r), seo^ , n€(W ) ) is bounded bv a finite con

stant Mq , and

f r C m i
C( M  = m |h(x, 2,- ,x  )| n  IF  dF.(x*.) < M < 00 for r>2 . (2.25)

(Or) 0 ’ c j= l ¿=1 J ,J °

Then for anv je{l,...,c}

lim max ,-s I(n- II n/ ^  ( *X *1 , ̂  f (h®h)(x, ,...,x« ) (2.26)
n (i,<)eJ (d<j))K Jj=l J ¡‘£l( / €I<fL J2km ” - 1 ' ’̂ '  

n d^,n d^*,n IR 0 

dGy / j ( i l ’im0+l> dFn,i‘ ( i2 - - in i0) dFn / ( im 0+2'--'i2m0>> 

“ | 2k4 h®h)(i l  i2m0)dGi - i  j(?pim + l)dF* ( i2 '- im 0)dF’ (?m +2-"?2m » I = 0
0) 0

 ̂ * * * * 
where F -*

n,i* =  ( J .  n ' Fn i P  n J F n i i ^  1 =  ’ ir =  (‘r l ’-^ r m  ) Tfir#j p= l p’ rp’ p=2 nj ’ jP,J r

n i  
r^j

m m .-l

'j =  V - W  • F - ( ? , F r )*P J J ’
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PROOF. From (2.24) we easily deduce that (2.26) is true if h is a step function. 

Without loss of generality, we only prove (2.26) if h is a nondecreasing function. 

For any IOO , we denote by h^ the function defined by

K _  f h  if I h | < K 

h “ \ 0  if | h | > K  ‘

As h belongs to or D^m and is bounded, it is well known that h^ can be
o o

uniformly approached by a step function. Let e>0 exist.

Choose K sufficiently large so that

r Mn l ,
(2.27) max {k ^^ I ’k  r ) < (2'27) 

There exists a step function g^  such that

(x„?V?,xm ) lhK<5l.... S m < ' /6K
V~l1 mQ 0 0

and there exists NQ€lN such that V n>NQ ,

max /.\ |(n. II n. 1 )2( Y Y f (s^®&^Xxd--->xo )
(i,/)eJn(dW) J j= l J ¡« ¿ m  / £ , ( «  W '  - 1 ~“mo

d(j),n d 'J\ n R

- } ( g S £ ) ( i l ’ --’i2m0)dG^ j f e l ' 5 m0+ l)dF*(S2'---'!!m0)dF*<im0+2’ - ’X2m0)l < (>Z ■
(2.28)

From (2.27)—(2.28) and the decomposition

h®h = h®h -  h®hK + h®hK -  hK®hK + liK®hK -  hK®g|J + hK®ĝ  -  g^®g  ̂+ ,
t r t r

we deduce that Vn>NQ that the left side of (2.28) in which we replace g f ®g ^ by h®h is 

less than

¡^F=T + ~F=2 + %  + % + c/ 3 < c •

As e is chosen arbitrarily, (2.26) is proved.

Mo .

dG
ni

/»ï(x
o+1

dF ,xm
o

sic

*

' V ïm 0H
jfc

~2rnoh2’-
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3.1 Definitions. For any double sequence of distribution functions on

with marginals Fj , 1< £, je{l,...,c} , let F = (Fp...,Fc) and G^= (G^ p...,G^ c) ,
1 c

where we define

f c m i 
0 ( F )  =  g ( x n , . . . , x  p X j  2 , . . . , x  ) n  n J d F - i X j  .) ( 3 . 1 )

(^ m 0 _il 1 M  mcC j= l i= l J 1J

and

n j
¿({G ,}) =  lim {(i(ej (x))2dFj(x)-«2(F)] + 2 ^ [j (ej(x)ej (z))dG< .(; ,z)-02(F)]} (3.2)

n j -tQ0 Kk  A = 2 I R 2 k -  J’
J J 

F
if it exists, j= l,...,c where ej= g^. £  ’ ^ab =1 or 0 according a=b or not and

jl  jc ■

3i Convergence of the U—statistic.
9 k

F r c m-
Sd d (xi ?»i= 1,-»d5j= l,...,c) = g(x. .,i=l,...,m.,j=l,...,c) n  n J dF.(x. ,) . 

I.’"*, C J j*  _1’J J j= l i= d .+ l J
c ^

For convenience we shall write a- for <t-({G/,}) , if no confusion is possible. For every
J J ^

t  =  (tp ...,tc) 6 [0,l]c and n =  (np...,nc) , denote [nt] = ([njtj],...,[n t j )  where [s] is 

the largest integer <s .

Let Z(n) =  {Z(t;n),te[0,l]c} be the process defined by

z (t ;n) -  {o(Eo tle ru ise fIltl>~ ^ ^ ll)1 f ° r a U  [“t ] - m (33>

where for p = (pp...,pc) (pj>0,j=l,...,c) and n =  n1+...+n<;

^p;n) = n~*( \  o-.a|)( \  <7jAjPj1) 

j= l J'=l 

c -imj]
Oj is the constant defined in (3.2), 0(F^) = ( II nj )gQ n and a<b means aXbj for 

all je{l,...,c}.

Denote by {W.;j=l,...,c} = {Wj(t.);0<t.<l,j=l,...,c} c independent copies of a 

standard Brownian motion on [0,1] .

G í,j
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THEOREM 3.1. Assume that there are two positive numbers 6.6' . where

£ '>  max (12$-1—2, 2(5+£)—̂) such that the families (a 0(g,r), sec^ , ne(!N )c) andiijo n
*  *  £

(b (g,r), se<^ , ne(IN ) ) are bounded. c(g,r) is finite where r=4+6' and the rates of ELjS n

absolute regularity satisfy

max /?;(m) = 0(m~^ . (3.4)
1<j<c J

*
Further assume the condition (2.24) |s satisfied and g belongs to Dj,m or .

o o

Then, the limits in (3.2) exist.
o

Furthermore if max a.({Gy.}) > 0 . then Z(n) converges in law with respect to 
l< j<c J

the Skorohod topology on D to a Gaussian process W = {W(t);te[0,l] } where

c c c
'( £ m.(T.Ai)( E m-o-.AT*) [ E m-<r-A^W-(t •)], t>0 

W ( t )  =  j = l  J J J j = l  J J J j = i  J J J J J (3.5)

[0 with probability one i f  tj=0 fo r j (l<j<c) .

PROOF. We rewrite (1.1) as

3.2 Convergence of the U-statist.ic.

c n-._i  -  r c m -
U(n) = n ( •>) I  g(x. j=l,...,c) n nJd(I(x < ,)

j= imj ¡*e,(« j = l - l

c  n -  i f  c m .
= n ( J) I g(x. .,i=i,...,m.,j=i,...,c) n n J d(ifx < ,

j=1 j i*eI(i) ¿2km0 " J  J  ̂ j= li/= l
d(°),n

c m .  /

* Fn> + I  n , ( d J)u o
d e l  ( m )  ^ ^

where IQ(m) = {d=(dp...,dc); 0<dXnij, j=l,...,c, d/(0,...,0)}, d°=(0,...,0) and

i€Jn(d(0)) .

For any je{l,...,c} we define the process V :(t-) by

[M j!

Vn/ j )  = -J*( I  A„ . j} (3.6)
i = l

■ s %

ikmo

• F •
nj ’V

- Fn ,
’V
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c -[m.] m

where An,i,f "j(j21nj )likSd(j>,ü<ï)d(I|?nj,i,j-ïrFnj.id(-)) ’ ‘ = <‘l-'*iC) ’ ’l=i ’

ij=0,j#l •

We remark that Vn j(l) = njU^ ' .

First we prove the following lemma.

LEMMA 3.1. Under the conditions of Theorem 3.1 for any je{l,...,c} , V -(t-)
“ •»J J

converges in law to the Skorohod topology on D, to a Gaussian process V :(t-) with
9 2

trajectories a.s. continuous with mean 0 and variance tjaJ({G^}) where 0j({G^}) is 

defined in (3.2).

PROOF. It suffices to prove for one value of j and by convenience, we take j= l . 

The process VQ  ̂ defines a probability measure Pn on . By Theorem 15.1 of 

Billingsley [2], we have to prove that (i) the finite dimensional distributions of Pn con

verge in law to normal distributions and (ii) Pn is tight.

p (e\
To prove (i), we have to show that £ A/V , (t} ') converges in law to a normal^ i  ûjl 1

distribution for any peIN , any tj^e [0,l] and any ÂelR (l<^<p) . Without loss of 

generality we can take p=2 and suppose t j ^  < t .

Then, we have

2 , n  [“ l'S1*! [“ i ‘  P i
I WM*.> = Vi I ( V A2)An,i,l + I m V W -  <3'7>

t= 1 i= l i= [n1t j i j ]+ l

We define the sequence of r.v.'s {Bn j by

(Al +A2>An,i,l if i? Înl t Î 1)]

A2An , i , 1 lf InI t l  (3-8)
0 if i> [n1t j 2 ]̂

B - , n,i,l

and we have

Dl -

t(2)l . 1 J
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I  = v  I  • p-9)
(=1 i= l

From Lemma 2.3 we have to verify (2.18)—(2.23). (2.18) is immediate from (3.4) for 

S" > 2(5+6) * V (12<$~2) . Now we choose such a for which 6'>6" .

We define • , for any K>0 by 
’ ’ j  ,T/T C Hm.J P Tr / • \

I  n j

where is defined by

K _  I 8 if l6l * K
« "  1 0 if |g | > K (3.10)

M  is defined as in (2.1) in which we replace g by g^ and . , by 
d  ̂ ',n  n’1»1

BK • , =  n,i,l

>K

( A i + A 2) A ^ i  i  if l < [ n ^ 1 )]

A2 A n , i , l  if f n j t i 15] < i < [ n i 4 2)] (3 .11)

0 if i > [ n ^ 2 )]

We have sup max IB . , I < 2( I A, I + 1A0 1 )K which proves (2.19). 
n l<i<ni n,1’A 1 1

We now prove (2.20). If g^ = g — g^  , then we have

c —[mil v> r r _T<r 
< ( I AJ  +  A2 | )ni (  n  n. J ) J  ( ( g ( x f . , i = l .....m . j = l ......c)

j=1 iii(} L  H km<rk J J
d̂  ',n

r K c m .  u 1X1.
-  (g ( v i/=i,..,mi,j=i,...,c)n nJdF ■ ,(z,.))n nJ 

felini -ej J j= l< = l V j i ’1 **»> j=2 i= l

c m.

r m0
i2+£". »1/ (2+«")dF • . ( x , . ) I I dFn . A xm ) \ ^ v dF„ M (x. ,)) 

j ~ 1 1  ̂ ~i>i

c —[m• j _ /* a i ni Ts
<( | A, |  + | A J ) n , ( n  n, J ) T  ( 22 + i |gK( x , i,<=l,...,m.,j=l,...,c)|

j=1 ¡*£1%  i kmo

n  n k F n i  .
j= i e=i V k  ,J

2+$'

\ tv .( ‘I( « ) . * • 1 n, i,l

j = l or d^',D
(X))

, i , l
F n.d ( i .(

(E lßB Bnn
j 2+< ,1/(2 ±6")

-f-6")m
c
TT



16

(E |B  • i - B 1̂ - |2+g,,)1/ ( 2 + n < 2 2+ <̂1 - + 0  aïs K-*,.
 ̂ 1 n,i,l n ,i,l ’ -  (k 2+ô )e

where e is given by (2+Æ")(l+e) =  2+Æ\ (2.20) is proved.

We now prove (2.21). Note that

E <  2  B n , i , l ) 2 / " l  =
i= l

[ n ^ 1)] [n j tp i ]  [n j tW]

=  ^ ( a 1 + a 2 ) 2 ( I  I  e ( a d M . A ^ i )  +  ( A i + A 2 ) A 2 (  I

( n j t p ) ]  J [n j tp> ]  [ n j t p ) ]

.  I  ( 1 )  E t A ^ A ^  +  A l  y  I  W M

J = l V l  ' ]+ l  H V l  V 1 j=[n1t j  > ] + l

As the family defined in (2.7) is bounded by MQ , we deduce from Proposition 2.8 of 

Doukhan and Portal [3] that

[n j tW ]  ( n j t p ) ]

5 - | ( A j + A 2 ) A 2 (  £  J -  E ( A n , i , l A n , j , l ) )  /
i= l  j= [n1t j ']+ l

[n t ^ ]  [n t^2 ]̂
< { | A 1 |  +  | A 2 | ) | A 2 | M 2 / ( 2 + i ' ) n - 1 (  Y  Y  t t f / ( 2 + i , ) ( j - i ) ) .  ( 3 . 1 3 )

i= l  j= [n 1t j 1^]+l

From condition (3.4) the last expression converges to 0 as n -̂n» .

,  [ n . t t 1 ) )  [ n  t * 1 * ]
It remains to prove that —  £ £ E(A . ,A  . , )  and

nl i = l j =1 v n,i,l n,j,l'

1  I " l i , i 2 ) ]
“ Ï  i = l v p ) ] + l  j = [ n  t ^ l + l  n ' i ’ l A , 1 ' j - l )  C 0 n v e r g e  r e s p e c t i v d y  1 0  S O m e  r ‘ n i t e  

constants as n̂ -»oo. Now denote

If the family defined in (2.7) is bounded by the constant M (<oo), we deduce

p ( l ) =  f  ( e j O O v W j W  -  « V ) ,

and

L1 2 )

Mn

(2 )l|n4
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p(i) = 2[ 
I

Then

2k
(e.(x)ej(z))dG. ,(x,z) -  r(F )] , i>2 .

*■ J J ?

[ " l1*1*! I“ ! 1!'*! [Bjtp)] i "  

lH7<I I  E t V l A n J , ! ) - - I T T "  I  *UI 
1 i=l j= 1 1 i=l 

K t W )  . [ " i t p V i K t p V i  

'  ' “ l [n t*1*) ^ ‘)E*An,j,lAn,j+i,^
1 inr i  J i=o j= î

[n .tj1)) . lnl ‘ S1)) [n .tf1)] »
î  (ini ‘ h w o i  + - i 5j—  I  . . .

1 Inl ‘ l 1 ¡=1 1 i=[n14 1)]+l

[n t ( 1)]!nl t Î1)] ®
+ —V 1“  l  l  W')l = |An l l + B + C (3.14)

1 i= l  k= i 1 1

where w<i) = {* $  |=° .

From Lemma 2.4 we deduce that | Aq  ̂| -> 0 as n^-*» and from the well known 

inequality on moments for strong mixing sequences of r.v.'s (Doukhan and Portal, Proposi

tion 2.8, [3]) we deduce

WO I < (*1(>))i '/(2+i') M2/<2+{’) (3.15)

which entails -* 0 and C -* 0 as n, -> ® by (3.4).n^ n^ 1 J v '

It is also immediate that

|"n t  ̂  ̂  1
—  I p W  _ti^ I -*0’ as V 00*

1 i= l i= l

We conclude that

i [n, t i^ ]  [n, t (*)] +œ
i -  £ E E(An i i An i l )  -  1 ( E M )  «  n ^ «  (3.16)
nl i= i j= i  “»V “J»1 1 i=i
+00 n

where E p(i) =  ^({G^}) is defined in (3.2).

Now from the decomposition

:ì) i

(i) i



i [ni11 ] + l j - [ n^ J  '] + l 

and using (3.13) and (3.16), we conclude that 

[nl t (2)] [n1t{2 ]̂

nT I m I m  E(An,i,lAn,j,l) “ ' as nl^°° (3-17)
1 i= [n1t i 1V l j = [ n 1t ( 1)]+l

From (3.8) and (3.12)—(3.16) we deduce that 

n l
E< I (Bn,i,l -  E(Bn,i,l)))2/ nl " (A i+ A /t i1» ^ 0 ,}) + A ^ 2) ^ 1) ) ^ } )  

i= l

where crj({G^}) is defined in (3.2), and (2.21) is proved.

To prove (2.22), we replace g by g^ defined in (3.10) and proceeding as above we 

deduce that 

n l

E( I  Bn,i,l “  E(Bn ,i, l^ 2/ nl {(Ai +A2^2 tl 1  ̂ + A2(t Ì2 _̂ t Ì 1^ <7l ,K ^ G^^ V K>0 
i= l

as n -̂too,

where , is defined in (3.11), and n,i,l v ”

n l
° \  K « g ì»  = lim (if (e^(x))2dF (x)-*2 (F)l + 2 I  [i(eK(x)eK(z))dG, (x,z)-i^(F)] 

nl̂ ° ¿k /j=l ' r

r v  c m *  m- ,
e l ( xl l ) =  g (Xj .,i=l,...,m.,j=l,...,c) n  n J dF.(xj .) n  dF^Xjj)

1 ~M  ¿km0-k  ~hi J j = 2 i = l  J ~1’J i=2 1 -1’1

4 < F> = f sK<xi i4=i,-,mJ=i,...,c) n n> dF.(Xi,).
^  ¿km0 ~1,J J j= l i= l J ,J

2 2From the definition of j^({G^}) and cr (̂{G^}) , the properties (3.4) and (2.25),
9 5 2

it easily follows that <r̂  k ({ ^ } )  converges to <7̂ ({Ĝ }) as K-»oo, that is (2.23) and the

18

[Hlt<2)! [nl t (2)] [n j tW U n jt i1)] [ n ^ ]  ( n ^ 2»] [ n ^ 2)] [ n ^ 1»]

i= l j= l  i= l j= l  i= l j=[n1t j 1)]+l i= [n1t ^ ] + l  j= l

+ y y

(f -t«1h )<7i 3^}

-1 j=t 1
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fact that ^({G^}) < oo is also an easy consequence of (3.4) and (2.25). Conditions

2 / e\
(2.18)—(2.23) of Lemma 2.2 are verified and we conclude that S XfV ,{t; ;) converges

£_2

in law to the normal distribution with mean 0 and variance 

{(Aj+Ag)2^ 1) + A2(tp )  -t[^ )}< r2({G^}) . (i) is proved.

We now prove (ii).

From Theorem 8.2 of Billingsley [2] we have to verify that V c>0 , 3 r)>0 (0<tj<1) 

and an integer Nq such that V n^>NQ ,

p [, sup |Vn l ( t j ) - V  1(s1) | > i ] < £ .  (3.18)

If n^tj and n^s^ are integers and t^>s^ , we obtain the following inequality by using 

Theorem 10 for q=4 of Doukhan and Portal [3]

. -f~Q0

E(Vn,l(tl ) - Vn,l(Sl ))4- « ‘ ^ l )2 + ' ^ )M I “ V ' ^ V )

2

where M is some constant >0 .

From (3.4), we have E m2a f  / (2_̂ ^ )(m) < M, < +oo where M, is some
m=0 1 1

constant > 0 . If t^>s^, and n ^  and n ^  are integers, we have tj-s^  > 1/ n ^ . We 

deduce

E(Vn,l(‘l) -  Vn,l(sl» 4 i  SMM^tj-Sj)2 . (3.19)

From (3.18) and Lemma 2 of Balacheff and Dupont [1], we obtain for suffi

ciently large

p [, SUP . I v n  i ( fci> “  v n  i ( s i ) I ^«1
I S|—t j  I <V ’

[ i i i  t - i l  [n. * 1 ^ 1 ]  1

[n.s, n . t .  1 1 <
1 1 1  1 - |<2;1

“ l " l

where K is some constant >0 , which entails (3.18) for 77 sufficiently small and NQ 

sufficiently large. This proves (ii) and also Lemma 3.1.

<P( sup
' Vn,: ” V

Ki)■ 11:
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For any je{l,...,c} , let W .(t.) be defined by
J

Now, we prove Theorem 3.1.

Wn,j<V = 0 t j S f n y lJ n T 1

where t ^  = (l,...,l,tj,l,...,l) and put

Wj(t,n) = ^[nt];n){m.ajnj/[njtj.]} .

Then, since
c c

lin, Wj(t,n) = ( J lyjAjX £ m ^ A T H : 1)-1^ ^ : 1) ,

“ j = l  j = l
c

we deduce (from Lemma 3.1) that £ w;(t,n)W .(t;) converges in law to W(t)
j= l J n’J J

in (3.5).

As

. 5 -HÜ) . c m ,
(n) -  «(Fn ) -  I  m j O f ' =  I  I I ( > < d> 

j= l del^m) J - 1 J

V,

where I, (m) = {d=(d1v..,d ); £ d->l} , we have only to prove that i i c j=1 j

lim  max $p;n)| Y II (¿^)u£d) | = 0p .
n d€ll(m) j=1 J

Let C(l) and C(2) be defined by
c c

C(l) = {d=(d,,...,dc); I  i(= 2}, C(2) = {d=(d,.... dc), I  d^>2}.
1=1 t=  1 

Then, we have the following decomposition

i  ■ 1 1  A i )u-  •

d6lj(D) J=1 J j=ideC(j)4 1  '

We also have

V<p;n)(V<n;n)) 1 =  0(1) for p<n

defined

(3.20)

(3.21)

(3.22)

r¡n ])im-U'd (j)

fnr-
m;<l <nj

n jfc j

cn (miJ
à-
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c c

V»(n;n) = n*( j  J  m ^ A i r V + O i 1)) • (3.23)

j= l j=1
Consequently, using (3.22) and (3.23) we deduce that V e>0 and for n sufficiently large, 

we can find a constant K such that

P[ max (̂p;n)| J 5 Q j)U<d) | > i]
d t i j W P 1 j p

c c c m
< P[n*( I  m,<r,A|)( £ m.ff.AT*)-1  max | J  D ( . j ) u ( d)|>I<<]. (3.24) 

j= i 1 1 1 j= i J 1 1 ■'&*« delj(m) J' =1 )

C C _1
For convenience, let us write I< = ( S m;a;A?)( E m-a-A-2) . Then, from

0 J J J j _ j  J J J

(3.21), we can write

P [ n \  max I I  S (dj )U^d ) l>Ke] < J  P[a*K max | J  £ ("*)U<d> |r t r fT 1] 

m-p-11 delj(mjJ_1 3 j=l deC(j) 1

(3.25)

From (2.9) and (2.10) of Lemma 2.2, we deduce that

c m.

and

P[n’ K0 max | £ H (dV £ 4)i>2-1K£]
m-p- “ deC(l) P

< P [n* K max | J  £ (dV < ;d )l>4 'iCi]

"*•*> deD(l) 1 P

+ P[^K0 max I I  ¡¡ (" /w W M -'K t]
m-p-n deC(l)-D(l) £=1 a£ p

< (* I  " ‘x T V t V r 4 n2xn2x0(n-«) 

i ,j= l  
m

C

+ (4 I  ( 2 i))4(K0£)~‘ n V o O T 1) =  Ofrf1) (3.26)

i= l

where D(l) = {deC(l); max d-=l} .
l<j<c J

Î T j P



2 2

From (2.11) of Lemma 2.2 we obtain proceeding as above that

P[o* K0  max | J  (d£)Ui d ) l>2 1 Kf] = 0 (n *) . (3.27)

"-P-" deC(2) P 

From (3.24)—(3.27) we deduce (3.20). Theorem 3.1. follows.

Let Z (n) = {Z(t;n),te[0,l]c} be the process defined by

Z*(t,n) = [Var (U(n))]“ *[U([n/t]) -  0 (F J]

where [n/t] = ( [n j / tJ ) , . . . ,^ /^ ] )  .

Further let

W* = {W*(t),te[0,l]c} (W*(t)=w'W(t),te[0,l]c) (3.28)

i V 2 2 - 1 _l
be the process defined by w =  (w,,...,w )' , w- =  m.<r.A.2( L  m-a-A- ) 2 je{l,...,c} and

1 ^ J J J J J J J

W(t) = (W jitj) ,. ..^ ^ ! ,.) )  te[0,i]c .
*

COROLLARY 3.1. Under the conditions of Theorem 3.1. Z (n) converges in law
*

with respect to the Skorohod topology on D to the Gaussian process W .

PROOF. From Lemmas 2 .2 , 3.1 and the decomposition

c m-
U(n) = «(Fn) +  I

del0 (m)

we easily deduce that

Var (U(n))
I  " M ' i  

Lj= i

- 2 x
(1  + o j l ) )  +  0 (n )

by showing E(U^ d ^)2  = 0 (n z) for any d such that E dj =  2  . 

Let us now define

( m . < r . )  0 < t  ¡ < 1
J J J rn/t.U )l J

n

c

(3.29)

Wn,j<V = o t r o

and Wj(t,n) = [Var (U(n))] 2mj<7jnj2 . From Lemma 3.1 and (3.30) we deduce

C 3|c jjç jjç

E w-(t,n)W -(t.) converges in law to W (t) defined in (3.28). We finish the proof of 
j= l J n>J J

:<i)
i>uj

‘dij=

2 21
c
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the Corollary by showing that

lim max [Var (U(n))]~* | Y II ( | = Opf

» j =1 j 

which follows proceeding as in the proof of Theorem 3.1.
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Statistique/5 tatistics

C o n v e r g e n c e  faible d e  la U-statistique généralisée p o u r  des 

processus n o n  stationnaires a b s o l u m e n t  réguliers

Michel H a r e l  et Madan Pu ri

Résumé — Yoshihara [5] a établi la convergence faible des U-statistiques pour des variables 
aléatoires absolument régulières. Dans cette Note, nous étendons ces résultats du cas stationnaire 
au cas non stationnaire.

Weak convergence o f  generalized U -statistics for non stationary absolutely regular
processes

Abstract — Yoshihara [5] establihed the weak convergence of the generalized U-statistics for absolu
tely regular random variables. In this Note, we extend these results from the stationary case to the 
non stationary case.

1. Introduction. — Soient un entier c2ï2 et, pour tout j ( l ^ j ^ c ) ,  un entier ntj^ 1 ;
c

soit g une application de J} (IRk)mj dans IR, symétrique pour tout j  [c’est-à-dire que
j= i

g (x u . . ., xc) est invariant pour toute permutation sur les ntj indices de xj\.
On considère c tableaux triangulaires indépendants de variables aléatoires à valeurs 

dans IR\ notées B1(l 1 ^ n, à fonctions de répartition continues F} n>
C

Pour tout n (=(«i, . . ., nc)), tel que, pour tout j,  rij^ntp soit <9e’„= O  nj, où S^j,nj
j = i

est l’ensemble de toutes les suites strictement croissantes à ntj éléments dans { 1, . . . , nj} 
( 1 ^ ij l < i J 2 <  . . . <  ij mj ̂  rij). La U-statistique généralisée de degré est
définie par

(1) U (n) = [  Y l ( n j )

Généralisant la définition donnée par Yoshihara dans le cas stationnaire [5], nous 
dirons qu’un tableau triangulaire de variables aléatoires rjn ¡ ( l ^ n ,  est absolu
ment régulier de taux p si

P(m)= sup sup E{ sup | P(A | J t ln% x) — P(A) | } JO,
«S» ÎSISn-m A 6 M^i + m

où est la à-algèbre engendrée par . . ., n«, *)• On suppose que, pour tout j,  le
tableau triangulaire des variables aléatoires ^  „ , ( l^n, l ^ i ^ n )  est absolument régulier 
de taux noté P,-.

On étudie le comportement asymptotique de U (n) quand les n} tendent vers l’infini de 
telle sorte que, pour tout j, n jn x + . . . +«c tende vers Xj ( 0< X7< 1 ); les Xj seront fixés 
dans toute la suite, et on note lim ce type de convergence.

Note présentée par Paul-André M eyer . 

0249-6291/89/03090135 S 2.00 © Académie des Sciences

2> i .  nh  ij ^ m p âc)-lè /3

i^n)

• »n»,*)
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Pour tout 1, pour toute application f  de [0, l]p dans R, et pour tout 
p = (p(l), . . . ,p(/?))e[0, l]p, on définit

/ p(i)= lim f(s), (s,t)e[0,\Y
Si î  il p ( 0  =  1 

Si i  ti  p (i) =  0

si cette limite existe avec s = (sl9 . . ., sp), t = (tl9 . . ., tp).
On note Dp (resp. D*) l’espace de toutes les applications /  : [0, l]p -* U telles que, pour 

tout p e{0, 1}P, / p existe et fp=f pour p = (0, . . .,0) [resp. p = (l, . . 1)].
On associe à Dp la topologie de Skorokhod multidimensionnelle, voir Neuhaus [4] et 

Balacheff et Dupont [1].
Soit l’ensemble de toutes les suites croissantes à ntj éléments dans { 1, . . .,«?}

C

(1 . . . Sij, m<nj) et soit ST* = f [  ¿7-
j= 1

Pour tout n et toute famille s = (ijh 1 1 ĵ^c) appartenant à 5̂ *, notons
r> c

< * n . s =  l ^ y ^ c ) | 4  +  S n  n  d F J, nj ,  i j ' , O j ,  l )
J  tc= 1 1 = 1

et
bB,s = E(\g&D,j,ij'l)\r+S.

Nous établissons la convergence de la U-statistique lorsque les conditions suivantes 
d’intégrabilité sont vérifiées.

(3) Il existe 8(>0) tel que les familles (ons, se6f*, ne(N*)c) et (b̂ ŝe-Sf*, ne(N*)c) 
soient bornées.

La convergence de la U-statistique généralisée fut établie par Yoshihara [5] pour des 
variables aléatoires absolument régulières mais seulement dans le cas stationnaire. Dans 
cette Note, nous généralisons les résultats de Yoshihara du cas stationnaire au cas non 
stationnaire.

2 .  C o n v e r g e n c e  f a i b l e  d e  l a  U - s t a t i s t i q u e  g é n é r a l i s é e . — Pour toute suite de fonc
tions de répartition sur R2k, G ,̂ de marges F̂ , /> 1, 1 ĵ^c, soient F=(Fls . . ., Fc) et 
G, = (Gli,x, . . .,G Ct/e), l = (lt> • • - on définit :

/• c mj
e(F)= g(xjtl, 1 SjSc) n  n  dFjixj )̂

J ( R k)m 0 j  =  1 1 = 1

où m0 — m1-h. . . -f mc et

(4) a2({G,}) = lim f (ej(x))2dFj(x) — 02 (F)l
ni ~+ oo (. L J Uk J

+2 Â  [ i  » (ej (x)  ej (z)) d G j ' ij (x’z) ~102 (F) ]} 
si la limite existe, avec, pour tout j0(l 5S/0 = CX

e io ( * ío .  i)= f s  (Xj, „ 1 ^ ,1 ^ ^  n ij)  n n d F j  (x j. i)
Ju'c j=  1 I = « ;,;+ !

-t 5j Jo =  l ou 0 selon que j  =  j 0 ou j¥=j0-

k(*;, I Sm

où IR* = (IR*) 5J. Jo»

C£ (m¡ 
i= 1
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Comme dans Y oshihara [5], on définit maintenant le processus suivant :
Pour tout t =  tc)e [0 , l]c et n =  (n1, . . . , nc) on note [nt] =  ([n1 t t), . . ,,[n c, t j)  où

[s] désigne la partie entière de s.
Soit X (n )=  { X (t ;  n), te [0 , l]c} le processus défini par

X ( t . n )=  fxl/([nt]; ri)(U([nt]) — 0 (F„)) pour tout [n t]^ m

1 0 autrement,

où pour tout p = (px, . . . ,p c) (p j> 0, l ^ j ^ c ) ,  n = n l + . . . + n c 

* (p ;„ )  =  » - • «  (  £  <r,Xj« )  (  Z  Vj \y > p T  ‘ 

cjj est la constante définie en (4),

9(Fn)=( n

e / •  C mj

Sn, 0 =  Z  s  (Xj, t, 1 g  / ^  mj, 1 è/'^C ) n  n  dFn, j, ij,, (*/, iX
<.n)JiïZkmO j =  1 1 = 1

*
où la sommation £  recouvre toutes les suites

(n)

( 1 ^  îj, l ^ i j . 2 ^ -  ■ ■ *  ij, mj = nJ> ( '1 ^  C)’

a ^ b  signifie a ^ b j  pour tout j =  1, . . . , c  et m ~ lpl = m (m — 1) . . . (m —p + l ) .
On note également { W^; j  — 1, . . . ,c  } =  { W O ^ t j ^  1, l ^ j ^ c  } c copies indé

pendantes d’un mouvement brownien sur [0,1].
Soit G j „ ¡ , la fonction de répartition de la variable aléatoire bidimensionnelle

(ïj.n.i,

Théorème. — On suppose qu'il existe une fam ille de fonctions de répartition sur IR2, 
G j ,, de marges F j ( 1 ^ c, l>  1) telle que, pour tout (jc15 x 2)elR 2*,

lim max max | Gji>M< ¡t , ( x u  x 2) — G j .¡ - ¡ ( x ^  x 2) | = 0 .
n  1 £  j  S  c 1

On suppose que g  appartient à D k mQ ou D* mo, et qu'il existe deux constantes ô et 
avec 5 ' > 6 8 _1 — 3, telles que (3) soit vérifiée et que les taux d*absolue régularité vérifient

(5) max (3J(m) =  0 ( m " 6"8#).
l^j^c

Alors la limite en (4) existe.
Si de plus max a j  ( { G, } ) >  0, alors X (n) converge en loi pour la topologie de Skorokhod

1
sur D c vers le processus gaussien W =  { W (t), te [0 , l]c } où

W ( t )  J  (  Í  m i  CTJ M ' 2 ( 0 )  ]  < 6 0

? 0 avec la probabilité 1 si tj = 0 pour au moins un j,  l ^ j ^ c  

et Oj défini en (4).

Preuve. — On généralise le théorème 3 .1  dans Harel et Puri [3] ou le théorème 1 dans 
Harel et Puri [2].

r
Sn,nr lm

C

E  *
i — i

TjX - 1/2i [J,mjOj _1/2 j W
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Remarque. — La condition (5) est plus faible que la condition (6 .11) de Yoshihara [5] 
dans le cas stationnaire.

Soit maintenant :
X * (n )=  {X * (t;  n), te [0 , l]c} le processus défini par

C o r o l l a i r e . — Sous les conditions du théorème, X *  (n) converge en loi pour la topologie 
de Skorokhod sur D c vers le processus gaussien W*.
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X* (t ; n) =  r- 1 (n) [U (n/t] -  9 (FJ],

où r ~ x (n) =  V ar(U(n)) et [n/t] =  ([n1/ i 1], . . - ,[nc/tc]).
D e plus soit

w* = { W* (t), t e [0, l]c} (W* (t) = w 'W (t), 16 [0, l]e),
le processus défini par

w=(wl5. . . ,  wcy,
/ \ - í / 2  

w j  =  m j  a  j  X j  1/2 ^  £  a ?  1 J  1 ^  c ,

w (t) = (Wx (to, • - •, w c (O) t e [0, l]e.
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