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ABSTRACT

The first part of this thesis is concerned with the study of ergodic properties of 
stopping time transformations, Tv where T is an automorphism and v a transformation with 
values in Z. The demonstrations use cutting and stacking methods. Results when T is 
Bernoulli have been published in Z. Warhs. Verv. (vol 48, 1979, with K.M. Wilkinson) and 
density results when T is ergodic in the Proc. London Math. Soc (vol 43, 1981).

The second part of this thesis is composed of several papers, in probability and in 
statistics, about spatial processes and the testing of association. A first paper, published in 
J.A.P. (vol 18, 1981 with D. Hemon) derives the asymptotic variance of the correlation 
coefficient between two independent lattice processes. The speed of convergence in the 
Central Limit Theorem for weakly dependent processes in Zd is the subject of the second 
paper (published in Z. Warhs. Verw (vol 66, 1984, with X. Guyon). The speed is 
dependent on the dimension d, on moments conditions and on mixing conditions.

The development of tests of association between spatial processes having a controlled 
Type I error form the statistical part of this thesis. These tests were proposed in a paper 
published in Biometrics (vol 45, 1989, with P. Clifford and D. Hemon). Their power and 
an extension to the testing of partial correlations was further studied (to appear in Statistics in 
Medecine). The applications discussed concern the field of geographical correlations in 
epidemiology (Int. J. Epidemiol vol 16, 1987, with I. Stiicker and D. Hemon).

Keywords : Ergodic properties of stopping times, spatial processes, Central Limit Theorem, 
Speed of convergence, Correlation coefficient, Tests of association, Effective degrees of 

freedom, geographical epidemiology.

A.M.S. code : 28 D 05, 60 F 05, 60 G 60, 62 E 25, 62 H 20, 62 M 30, 62 P 10, 92 A 15.
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de Nottingham, ont d'abord porte sur un sujet de theorie ergodique suggere par K.M. 

Wilkinson, mon directeur de Ph.D. J'ai etudie les proprietes ergodiques des temps d'arret 

auxquels ont 6t6 imposees des conditions telles que ces transformations soient des 

automorphismes d'un espace de Lebesgue continu. Ces temps d'arret peuvent aussi etre 

consideres comme des temps d'arret probabilistes qui sont definis sur une suite de variables, 

mais la classe des temps d’arret probabilistes est strictement plus large.

Je me suis ensuite interessee k d'autres types de processus, les processus 

spatialement dependants et plus particulierement a l'etude de tests d'association. Mes 

recherches ont ete menees a la fois du point de vue probabiliste et du point de vue statistique. 

Elies ont aussi comporte un domaine d'application, les etudes de correlations ecologiques. 

Ces recherches ont ete faites dans le Laboratoire de Statistiques Medicales de lTJniversite de 

Paris V et dans l'Unite 170 de l'INSERM en collaboration avec D. Hemon (U.170), 

X. Guyon (Universite de Paris I) et P. Clifford (Universite d'Oxford).
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Premiere partie  : Processus ergodiques : etudes des proprtet^s 

ergodiques des temps d'arret.

Les definitions et les resultats classiques en theorie ergodique utilises dans cette partie 

peuvent se trouver dans les ouvrages de Halmos (5) et Walters (9).

Les temps d'arret consideres sont de la forme xv ou x est un automorphisme (c'est-k- 

dire une transformation bijective preservant la mesure) d'un espace de Lebesgue (Ω,Β,μ) et 

v une transformation mesurable a valeur dans N, telle que les ensembles τν{ν  = n) forment 

une partition de Ω. Dans ce cas la transformation xv est-elle meme un automorphisme. Cette 

classe de transformations inclut les temps de retour xvD a un ensemble D et la restriction de 

xvD a l'espace de Lebesgue (D,Bi>M-d) coincide avec xD l’automorphisme induit.

Ces temps d'arret ont ete introduits par Neveu (6) qui en a donne une decomposition 

en termes de produit de temps de retour associes a une suite decroissante d'ensemble {Di}. 

Quand l'esperance de v, E(v), est finie, on peut montrer qu’elle est egale a un entier k qui 

coincide avec le nombre d'ensembles {Dj}, i = 0..., k-1 dans la decomposition de Neveu. 

L'entropie de xv est reliee a celle de x via l'esperance de v.

De nombreux auteurs se sont interesses aux proprietes des transformations induites : 

Friedman (3), Friedman et Omstein (4), Omstein et Smorodinski (7). Nous avons cherche a 

voir comment leurs resultats pouvaient se generaliser aux temps d'arret ; une premiere 

difference etant que xv n’est pas necessairement ergodique quand x l'est, bien que Xd le soit 

egalement.

Mes recherches se sont portees essentiellement sur deux aspects. Dans un premier 

temps, j'ai etudie les temps d'arret lies a une transformation x lineaire par morceaux, definie 

sur [0,1] par une "tour". Dans un deuxieme temps, la transformation x est seulement 

supposee ergodique.
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1. Temps d'arrets et "tours”

Une tour, definie sur [0,1], est un ensemble de colonnes composees d'intervalles 

disjoints de meme mesure, empiles les uns sur les autres. A l'interieur des colonnes, une 

application partielle bijective est definie de maniere a ce que chaque intervalle soit 

lineairement applique sur l'intervalle situe directement au-dessus. Au sommet de chaque 

colonne, la transformation est definie par recurrence en udlisant la methode du "cutting and 

stacking". A l'etape n, la tour existant Tn est remplacee par une nouvelle tour Tn+i 

constitute par une copie reduite de moitie de Tn : l/2Tn ,a la base (cutting) et par une copie 

de T„ au dessus de chaque colonne de l/2Tn (stacking). Ainsi a l’etape n, la transformation 

est etendue lineairement par morceaux a la moitie du sommet. Comme la mesure du sommet 

tend vers z€to quand n tend vers l'infini, la transformation est eventuellement definie sur 

l'ensemble des intervalles qui composent la tour. Elle preserve la mesure et elle est 

ergodique.

Cette classe de transformations, introduite par Chacon (1), a ete largement etudiee 

(voir Friedman (2)). Friedman (3) et Shields (8) ont montre que les transformations definies 

par des tours sont markoviennes (Markov shifts). II est facile de poser des conditions telles 

qu'elles soient, de plus, melangeantes. Par isomorphisme, cette classe inclut done les 

transformations de Bernoulli (Bernoulli shifts) d'entropie finie quelconque (Friedman et 

Omstein (4)).

Quand τ  est une transformation definie par une tour T, on peut suivre explicitement 

l'action de τν dans la tour quand les intervalles de T sont des sous-ensembles de la partition 

Ej = Di-i - Dj, 0 < i < k, associee au temps d'arret v, E(v) = k. Pour certains intervalles (au 

plus k) dans chaque colonne, la transformation de xv n'est pas definie. Ceci conduit a 

decomposer la tour T en une union de k tours {Xi} disjointes. A l'interieur de chaque T j , 

les intervalles sont transformes par xv . L'action de τν sur les sommets des colonnes peut etre 

identifiee grace a des fonctions associees a v, definies sur la partition des intervalles de la 

tour. Ces fonctions caracterisent de maniere unique un ensemble de permutations qui 

indiquent quelle tour placer au dessus de quelle colonne dans la procedure de "cutting and 

stacking".
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Cette construction geometrique, que nous avons nommee : "tower blocks", peut etre 

etudiee independamment des temps d'arrets. La transformation qui lui est associee est 

markovienne et on peut donner des conditions explicites pour qu'elle soit ergodique ou de 

Bernoulli. On en deduit que si x est de Bernoulli d'entropie finie, l’ensemble des τν qui sont 

de Bernoulli est dense (par rapport a la metrique uniforme) dans la famille des 

transformations {τ ν}. Ceci generalise un theoreme de Friedman (3) pour les transformations 

induites.

Ces resultats faisaient partie de mon doctorat (PhD ) que j'ai soutenu en 1978 a VUniversite 

de Nottingham (Directeur K.M. Wilkinson); ils ont έίέ publies dans Z. 

Wahrscheinlichkeitstheorie verw.(liste des travaux (1)).

2. Approximation des temps d'arret

Dans un deuxieme temps, en supposant seulement x ergodique, j ’ai montre comment 

on peut approcher une transformation xv quelconque par une transformation xv’ de meme 

entropie et ergodique sur l'ensemble {v* Ψ 0}. A nouveau, ces resultats sont fondes sur une 

construction explicite par induction de la transformation xv'. L'etape inductive est foumie 

par le theoreme de Rohlin, qui donne une representation geometrique d’une transformation 

ergodique x quelconque a l'aide de x-colonnes. Le theoreme de Rohlin a aussi ete utilise par 

Friedman et Omstein (4) dans leur construction d'une transformation melangeante. Les 

fonctions associees a v qui ont ete introduites dans la construction precedente sont a nouveau 

sollicitees et le temps d'arret v* est defini comme la limite d'une suite de temps d’arret v<r). A 

chaque etape le temps d'arret vW est legerement modifie afin que la transformation limite soit 

ergodique. Une fois l’ergodicite obtenue, en utilisant des resultats connus sur les 

transformations induites (4,7), on peut en deduire des resultats analogues concernant la 

densite des xv melangeantes ou possedant la propriete de Kolmogorov.

Ces resultats font igalement partie de mon Ph.D et ont έίέ publ 'Us dans les Proceedings of 

the London Mathematical Society (liste des travaux (2)).
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D eiixiem e n a r t i e  : Processus spatialem ent dependants : 
convergence vers la normalite, tests d'association et applications.

Etudier ou tester l'association entre deux variables aleatoires est un probleme 

classique en statistique. Pearson en 1896 introduisait deja une mesure d’association : le 

coefficient de correlation empirique. Dans le travail que je vais presenter, je me suis 

interessee au cas ou les variables sont observees en differents points d’un espace 

geographique et sont des realisations de processus stochastiques pour lesquels une 

dependance entre des variables indexees par des points geographiquement proches existe.

Cette dependance ou autocorrelation spatiale peut avoir des origines diverses. II peut 

s'agir d'une propriete intrinseque au processus lui-meme, comme l’existence d'interactions 

entre les differents sites, de phenomenes de diffusion ou de contagion. Cette autocorrelation 

peut egalement resulter indirectement de l'influence sur la variable etudiee d'un certain 

nombre d'autres facteurs aleatoires ou deterministes qui varient a une echelle spatialement 

plus large que celle du reseau de points consideres. C'est le cas de variables definies comme 

une moyenne sur une unite geographique de variables dichotomiques observees par individu. 

Nos exemples d'applications, choisis en epidemiologie, se situent dans ce cadre 

^autocorrelation cree indirectement.

Cette dependance spatiale a de multiples consequences en particulier sur les 

conditions de convergence vers la normalite dans le Theoreme de la Limite Centrale ainsi que 

sur la vitesse de cette convergence.

Du point de vue des tests d'association, les methodes statistiques classiques fondees 

sur la correlation ou la regression ne sont pas applicables directement au cas de variables 

spatialement dependantes et il est necessaire de les modifier. Les consequences du fait de ne 

pas prendre en compte l'autocorrelation dans les modeles de regression ont ete passees en 

revue par Johnston (13) pour les series chronologiques et Cliff et Ord (5) pour les series 

spatiales.
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Certains auteurs ont propose des mesures d'association qui impliquent une 

transformation des donnees par filtrage pour reduire l'autocorrelation avant d'appliquer des 

techniques standards : ce sont les travaux de Haugh (10) developpes dans le cadre des series 

chronologiques. La generalisation de cette methode a des donnees spatiales irregulieres 

souleve des difficultes.

Mes travaux ont considere deux aspects : l’un probabiliste et l'autre statistique. J'ai 

aussi developpe des applications en epidemiologie.

1. Approche probabiliste

1.1 Variance asvmptotique du coefficient de correlation

11 s’agit d'une etude sur la variance asymptotique du coefficient de correlation entre 

deux processus mutuellement independants, chacun etant autocorrele spatialement. Dans le 

cadre des series chronologiques, la variance et les covariances des coefficients de correlation 

croises ont ete etudies par Bartlett (2,3).

La variance asymptotique est etablie pour des processus gaussiens sur un lattice et 

une suite croissante {Dn} de domaines de Z2 de forme quelconque, de cardinal IDnl.

Supposons que {X (u )} et (Y (u )}, u ε Z2, soient deux processus gaussiens 

stationnaires, d'esperance nulle et de variance finie, σ2χ et σ2γ . Supposons de plus que les 

autocovariances de X et Y  : Cx(u,v) = E (X(u) X(v)) et Cy(u,v) = E (Y(u) Y (v)) , u,v ε Z2, 

soient a decroissance exponentielle.

Soit Γχγ, le coefficient de correlation empirique entre {X(u)} et {Y (u )}, u ε Dn.

Alors :
lim IDnl var (Γχγ) = Σ  Cx(0,v) ΟγφΛΟ/σ^ σ2γ 

η — >oo v ε Z2

ou 0 est l'origine et la suite {Dn} peut etre de forme quelconque du moment 

qu'asymptotiquement son bord 5Dn soit negligeable par rapport a Dn. Cette condition sur la 

suite {Dn} est souvent retrouvee quand les processus spatiaux stationnaires sont etudies.
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Dans le cas de processus markoviens conditionnels ou autoregressifs simultanes des 

plus proches voisins, une expression explicite de la variance en fonction des parametres des 

processus est donnee. Ces calculs numeriques illustrent bien l'influence considerable de 

l'autocorrelation sur la variance du coefficient de correlation.

Ces travaux ont fa it I'objet de deux publications dans le Journal o f  Applied Probability et 

la Revue de Statistique Appliquie en collaboration avec D. Ηέηιοη., (liste des travaux (3),

(4 )).

1.2 Normalite asvmptotique de Γχγ sous des hypotheses de melange

Les r0sultats enonces dans ce paragraphe ne sont pas publiis. On peut les considerer 

comme une annexe aux publications des paragraphes 1.1 et 1.3.

Dans le cadre de variables stationnaires dependantes sur Zd, d > 1, les theoremes de 

la limite centrale (T.L.C.) sont habituellement obtenus par l'imposition de conditions de 

melange qui assurent en quelque sorte une faible dependance pour des σ -algebres 

engendrees par des variables eloignees, (Ibragimov et Linnick (12) et Hall et Heyde (8) 

pour d = 1, Bolthausen (4) pour d > 1).

En particulier le champ (X(u)} est defini comme α-melangeant (melange fort) si 

pour toutes parties A et B de Zd, sup IP(E n F ) - P(E) P(F)I < a (d (A,B))

E ε Jk, F ε Jb

avec a(m) —> 0 quand m — > + <», et Jb etant les σ-algebres engendrees par X sur A et

B et d la distance du sup.

Pour les champs gaussiens stationnaires, cette propriete de melange fort est liee a la 

decroissance des covariances qui peut etre facilement verifiee quand on connait la forme de 

la densite spectrale. Cette propriete peut aussi etre verifiee dans le cas de champs gaussiens 

markoviens non necessairement stationnaires (Kunsch (14), Guyon (7)).

Une autre notion de melange, introduite par Dobrushin (6), fait intervenir les parties 

A et B par l'intermediaire de leurs cardinaux ou d'une fonction de ceux-ci. Elle est 

particulierement bien adaptee aux champs de Gibbs (Kunsch (15), Guyon (7)) pour
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lesquels on ne sait pas verifier le melange fort. Bolthausen considere un coefficient de 

melange ot2 (m) ou IAI < 2.

Une classe egalement interessante de processus dependants est celle des processus 

lineaires (ou moyennes mobiles infinies) qui ont souvent ete etudies pour les series 

chronologiques (Anderson (1), Rosenblatt (17)). Pour ceux-ci, un T.L.C. peut etre montre 

directement en imposant des conditions sur les coefficients de la moyenne mobile. Les 

processus lineaires ne sont pas necessairement fortement melangeants (Withers (23)).

Ces differentes notions peuvent etre utilisees pour formuler des conditions 

entrainant la normalite asymptotique de Γχγ. A titre d'exemple nous allons en formuler 

deux.

Soit (X(u)} et {Y (u )}, deux processus stationnaires sur Z2 centres et de variance 

finie, σ2χ et σ ^ ·

Soit {Dn} une suite croissante de domaines de Z2, U Dn = Z2 lim l5Dnl / IDnl = 0.
n —> oo

Les conditions alternatives suivantes sont considerees :

(i) {X (u)}, (Y (u )} ε L2+s, pour un 6>0, sont mutuellement independants et melangeants
v y

avec coefficients de melange oci;(m) et ai>(m) satisfaisant

OO oo

Σ m oc (̂m) &/2+δ < oo et Σ m a^m ) δ/2+δ < ^  
m=l m=l

(ii) (X(u)}, { Y(u)} sont lineaires : X(u) = Σ gk Z(u - k), Y(u) = Σ hj W(u-l)
keZ2 ΙεΖ2

avec Z(u) et W(u) i.i.d. de moyenne nulle et de variance finie, Σ Igkl < °°, Σ !hjl < » e t  les 

σ-algebres engendrees paries (Z(u)} et les (W(u)} sont independantes.

Sous l'une ou l'autre de ces conditions, on montre alors que : Σ = Σ Cx(0,v) CY(0,v)
νεΖ2

est absolument convergente et que si Σ  > 0, IDnl1/2 Γχγ converge en distribution quand 

n —> o o  vers une distribution normale, d'esperance nulle et de variance Σ  / σ 2χ σ 2γ.

La demonstration sous la condition (i) repose sur la verification des hypotheses du 

T.L.C de Bolthausen (4). La convergence des variances empiriques vers σ2χ et σ2γ est
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a nouveau utilise. La convergence des autres termes vers 0 etant assuree par les conditions 

de sommabilite des coefficients { }  ou {hi}.

Pour d=l Anderson (1) demontre un T.L.C. sous des conditions semblables a (ii). 

Ces conditions ont ete affaiblies par la suite par Hannan (9) et Hall et Heyde (8) qui 

utilisent alors une approche de martingale. Cette approche ne se generalise pas 

naturellement a ZA, 

d> 1.

1.3 Vitesse de convergence du theoreme de la limite centrale pour des champs faiblement 
dependants

II est aussi interessant d’etudier la vitesse de convergence dans le T.L.C. pour des 

variables faiblement dependantes indexees par Zd. Ceci a ete fait dans le cadre general d'un 

champ (X(u)} centre, non necessairement stationnaire, verifiant sup IIX(u)ll2+5 < °°> pour 

un δ > 0, ueZ2

et d'une suite strictement croissante de domaines a laquelle sont associes les suites 

(Sn),(an2):
Sn = Σ  X(u) , CTn̂ = Var Sn · 

ueDn

Ni la stationnarite, ni la forme des domaines Dn n'intervient plus explicitement

contrairement a la conjecture de Prakasa Rao (16). II faut seulement supposer que quand

Dn croit, on apporte toujours du "nouveau" au sens de la variance, d'ou une condition :

lim inf ση2 IDnH = a > 0.

Soit Δη, la distance entre Sn renormalisee et une normale reduite de fonction de repartition Φ:

Δη = sup IP(Sn/an < x) - Φ(χ)Ι . 
x

La technique utilisee par Tikhomirov (21) pour d = 1 a ete generalisee. Elle consiste a 

evaluer la distance entre fn(t), la fonction caracteristique de Sn/an , et exp (- 12/2 ) et a utiliser 

ensuite l'inegalite de Berry-Esseen. Pour ce faire, d/dt fn(t) est developpee, conduisant a 

une equation differentielle qui fait intervenir - 1 fn(t) et des termes de reste dont le controle 

est lie a la vitesse de convergence. Dans certains termes du reste, la dimension d apparait 

explicitement dans les majorations qu'on effectue sur la covariance de sommes partielles,
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majorations qui utilisent les inegalites classiques du melange (cf (8)). La vitesse de 

convergence va done dependre a la fois de de la dimension d, de conditions sur les 

moments et de conditions sur le melange.

Cas d'un champ m-dependant (c.a.d. a(k) = 0 pour k > m)

a) si 0 < δ < 1 , Δη = 0 (ση~̂ ) .

b) si δ > 1 , Δη = Ο ((Log ση) (d’1>/2 σ ^ 1)

Quand δ < 1, la vitesse optimale est atteinte (Sergin (18)). Dans le cas de variables i.i.d., 

cela correspond a une vitesse en n-̂ /2 .

Quand 6 > l e t d = l , o n a  egalement la vitesse optimale en On'1 ; mais quand d > 1, il y a 

apparition d’un terme en (Log On)̂ d1^2 lie a l’ordre du developpement de d/dt fn(t) . La 

question reste ouverte de savoir si cette vitesse peut etre amelioree sans conditions de 

moments plus fortes (Heinrich (11)).

Cas d'un champ α-melangeant. a a decroissance exponentielle

a) Δη = O ( (Log an)d[1+6] ση δ) , 0 < δ < 1  

Δη = Ο ( (Log an)2d ση'1) , δ > 1 , d > 2 

Δη = Ο ( (Log ση)5'2 ση1) , δ > 1 , d = 1

b) si de plus X est dans L4+s, δ > 0, alors Δη = O ((Log on)d ση'1)

La vitesse a aussi ete etudiee pour un melange a decroissance puissance.

En utilisant une autre technique et un melange de type Dobrushin, Takahata (19) 

obtient une vitesse optimale pour des champs m-dependants sous une condition L8, tandis 

que pour des champs α-melangeants a decroissance exponentielle et sous une condition 

L8+5, δ > 0, cette vitesse optimale est ralentie pour le facteur (Log an)d comme dans le cas 

(b) qui impose une condition L4+8, δ > 0 mais un melange plus fort.

De meme que dans §1.2, les resultats formules peuvent etre appliques en particulier 

a l’etude de Γχγ sous l’hypothese nulle d'independance entre X et Y.

Ces resultats on tfa it I'objet d'une publication dans Z. Wahrscheinlichkeitstheorie verw. en 

collaboration avec X. Guyon ( liste des travaux (5 )).
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2. Tests d'association

Plusieurs approches - qui se trouvent resumdes dans les comptes rendus d’un 

colloque (liste des travaux (6)) - peuvent etre envisagees pour tester l'association entre 

des variables autocorrelees. Je me suis interessee au developpement d'un test fonde sur le 

coefficient de correlation empirique Γ qui, bien que parametrique, ne necessite pas le choix et 

l’estimation de modeles parametriques specifiques (comme dans les modeles de regression 

avec parametrisation spatiale de la matrice de variance-covariance des erreurs).

Les publications prisenties dans cette partie constituent des itapes successives du 

diveloppement de ce test: elaboration de la mithode, etude du risque de premiere espdce et 

de la puissance, extension au test du lien conditionnel.

Du point de vue statistique, la variance asymptotique du coefficient de correlation r 

trouvee au §1.1 ne peut-etre utilisee directement pour modifier une procedure de test car elle 

fait intervenir les autocorrelations pour tous les decalages et ne tient pas compte de 

l’estimation des moyennes et des variances.

2.1 Approximation de la variance de rvv

Une bonne estimation de cette variance pour un domaine A de taille finie a ete 

developpee. Cette estimation est basee sur une approximation au premier ordre de la variance 

dans le cas de variables gaussiennes autocorrelees, X ~ N (μχ,Σχ), Y  ~ N (μγ,Σγ) 

independantes, definies sur un ensemble A de N sites.

Denotons par Σξ et Ση les matrices de variance-covariance des vecteurs d’elements

ξα = χ α - X, ηα = Y «  - Ϋ. α ε A ou X = Σ Χα/Ν , et Ϋ  = ΣΥ«/Ν .
αεΑ αεΑ

Soit Γχγ, le coefficient de correlation empirique, rxY=sxy/sx sy, sxy = N '1 Σ(Χα-Χ)(Υα_Υ)» 

δχ2 = N’1 Σ(Χα-Χ)2 et σ2Γ sa variance.

Au premier ordre :
tr (Σξ Ση)

σ2Γ = -----------------  (1)

tr (Σξ) tr (Ση)
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Dans le cas particulier ou : (i) Σξ et Ση commutent, (ii) Ση est proportionelle a une matrice 

idempotente, (iii) les valeurs propres de Σξ sont nulles si les valeurs propres associees de 

Ση sont aussi nulles, l’approximation (1) est exacte. En effet dans ce cas, Γχγ a pour densite 

fM(r) =  (i_r2)i/2(M-4) / B(l/2, l/2(M-2)), Irl < 1 ou B est la fonction beta et M =l+ rang (Ση).

2.2 Tests d'association modifies

L'approximation (1) conduit a un estimateur de σ2Γ sous l'hypothese qu’une partition

{ Sfc} k=l,...K de AxA puisse etre definie de telle sorte que la covariance de X et de Y  soit

constante dans chaque element Sk. Quand les points de A sont repartis irregulierement dans

le plan, les strates peuvent etre indexees par une fonction discretisee de la distance.

En definissant Cx(k) = Σ  (Xa-X)(Xp-X)/Nk 
Sk

ou Nk = ISicI, on est conduit k l'estimateur de σ2Γ :

Σ  N k Cx (k) C Y(k) 
k

A2f = ---------------- . (2)

N2 s2x s2Y

a) Tests modifies

Des tests d'association modifies pour tenir compte de l'autocorrelation peuvent alors 

etre proposes en considerant soit une covariance renormalisee :

W = N βχγ(Σ Nk Cx(k) CY(k ))1/2 , que l'on teste suivant une N(0,1) en se basant sur un
Λ

T.L.C, soit un test modifie de Γχγ : t$-2 , fonde sur une modification, M, des degres de 

liberte du test sur la correlation :
Λ Λ ο
Μ  = + 1 .

Precisement Γχγ est teste suivant la densite fiOi(r) definie au §2.1.
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b) Risques de premiere espece

Une premiere etude par simulations portant k la fois sur des processus a valeurs dans 

un lattice ou dans un reseau irregulier montre que le risque d'erreur a de ces tests modifies 

reste alors proche de la valeur nominale. Dans cette etude, les performances des statistiques 

W et tjCl-2 sont equivalentes.

Ces resultats ontfait Vobjet d'un article icrit en collaboration avec P. Clifford et D. Hemon, 

paru dans Biometrics (liste des travaux (7)).

Comme les statistiques W et tjOi-2 ne sont pas fondees sur les memes approximations 

des distributions, les performances des tests W et tj&_2 ont ensuite ete comparees pour des 

echantillons de faible taille. On constate alors une superiorite du test tjCi_2 sur W.

II a d’autre part ete verifie que les risques de premiere espece restaient stables si 

differentes partitions isotropes { S }̂ de Ax A etaient definies. Ce risque ne s’accroit que si 

trop peu de strates sont considerees.

Dans cette etude par simulations il a aussi ete montre que le risque de premiere espece 

du test non parametrique d'association propose par Tj0stheim (22) n'etait pas bien control  ̂

et augmentait avec une autocorrelation positive.

2.3 Puissance des test modifies

La puissance des tests modifies est etudiee sous une hypothese alternative de modele 

lineaire entre X e t Y  : H i  : Y  = aX + W , X ~  Ν(μχ, Σχ) , W ~ N(μw,Σw) 

et X et W independantes. Soit Σθ la matrice de variance-covariance du vecteur d'elements

Wa -W , a ε A.

II est difficile de calculer la puissance des tests modifies car l'on ne connait pas 

exactement leurs lois sous Hi. Cette puissance peut etre evaluee par simulations. Par ailleurs 

il peut etre interessant de calculer la puissance πχ(5χγ) d’un test de la covariance sxy ou 

l'estimateur N'2 Σ Cx(k) Cy(k) de sa variance est remplace par son evaluation theorique 

sous Hi :

N-2 tr (Σξ Ση) = N-2 [a2 β·(Σξ2) + ίτ(ΣξΣθ)]·
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Pour pouvoir comparer les puissances observees par simulations a une reference, la 

puissance Κν*(γ) du test standard de la correlation base sur un nombre N* de points 

compatible avec la variance empirique observee de Γχγ a aussi ete calculee. Des tableaux 

indiquant tct(sxy), TtN*(r) et les puissances observees de W et tjCt-2 par simulations sur un 

domaine irregulier sont donnes dans (8).

On constate que dans l'ensemble toutes les puissances calculees ou observees sont 

proches. La difference ne devient notable que dans quelques cas de fortes autocorrelations 

pour l'un ou l'autre des processus.

Ainsi on peut dire que la puissance "theorique" tct( s x y )  donne une bonne indication 

dans la plupart des cas rencontres. Les tests modifies ne presentent pas de perte de puissance 

notable par rapport a un test classique fonde sur un nombre d'observations N* "equivalent". 

L'itude de la puissance par simulation et de certains aspects compMmentaires ont fait Vobjet 

d’une communication ecrite (liste des travaux (8)).

2.4 Tests modifies des correlations partielles

Π est souvent interessant de pouvoir tester le lien conditionnel entre deux variables 

apres conditionnement sur une ou plusieurs autres variables, ce qui revient a tester la 

correlation partielle. Les methodes developpees precedemment s'etendent aisement au test de 

la correlation partielle si l'on considere un cadre gaussien et les distributions conditionnelles 

appropriees.

En pratique les tests modifies W et tjCi-2 seront calcules sur les residus, obtenus par 

les moindres carres, des regressions lineaires sur les variables de conditionnement. Une 

etude par simulations a permis de verifier la bonne performance de cette methode.

Ces r4sultats vont paraitre dans Statistics in Medecine (liste des travaux (9)).
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3. Applications a 1'etude des correlations ecologiques en epidemiologie

Les etudes ou les variables considerees sont moyennees sur des groupes (par 

exemple les taux de mortalite par departement) sont appelees des etudes de correlations 

ecologiques. Ces etudes sont sujettes a differentes sources de biais qu'il faut prendre en 

compte pour pouvoir en donner une interpretation valable.

Dans un premier temps, je me suis attachee a discuter ces biais quantitativement en 

comparant la forme des relations dose-effet individuelles ou agregees et l’effet du niveau 

d'agregation. Dans une deuxieme partie, j ’ai compart sur des exemples les risques relatifs 

estimds par des Etudes ecologiques et des etudes individuelles. On peut montrer que les 

relations dose-effet donnees par les etudes ecologiques et les Etudes individuelles sont 

d’autant plus proches que le facteur de risque etudie est preponderant dans l’ensemble des 

facteurs de risque relevants, que les fractions de populations concemees sont bien identifiees 

et que la relation dose-effet individuelle est proche de la linearite.

Ces reflexions ontfait Vobjet d'une publication dans Vlnternational Journal of Epidemiology 

en collaboration avec I. Stiicker et D. Himon (liste des travaux (10)).

D’autre part, j ’ai applique a differents problemes epidemiologiques les methodes 

proposees. Les resultats trouves sont en bon accord avec certains facteurs de risque isoles 

dans des enquetes individuelles et illustrent l'interet des methodes statistiques proposees.

Ces resultats sont prisentis dans la derniire partie de Varticle sur le test ajusti de la 

corrilation partielle (liste des travaux (9)).
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4. C o n c lu s io n

Dans cette deuxieme partie, j'ai resume un ensemble de travaux centres sur l'etude de 

tests d’association entre des variables spatialement dependantes. Ceci m’a conduit d’une part 

a m'interesser a certaines techniques probabilistes, utiles dans le cadre de variables 

faiblement dependantes pour etudier la consistance ou la convergence vers la normalite de 

certaines statistiques. D’autre part, j'ai έίέ amenee k proposer un test d'association modifie 

fonde sur le coefficient de correlation empirique. Le coefficient de correlation est une mesure 

d'association qui, bien que parametrique, ne necessite pas l'identification et l'estimation de 

modeles particuliers. Le risque de premiere espece et la puissance des tests modifies ont ete 

etudies, ainsi que leur generalisation au test du lien conditionnel. J'ai montre l'interet 

d'utiliser ces test dans des applications epidemiologiques sur les correlations ecologiques.

Π serait interessant de developper d'autres mesures d'association, en particulier non 

parametriques. Un index d'association non parametrique a ete propose par Tj0stheim sans 

que le risque d'erreur de la methode proposee n'ait ete bien controle. Une approche fondee 

sur les permutations serait possible si on prenait soin de faire une inference conditionnelle a 

la preservation d'une structure spatiale.
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§ 1. Introduction

In this paper we shall study properties of τν where r is an automorphism of a 
Lebesgue space and v is a non-negative integer valued measurable function. We 
shall always assume that v satisfies the conditions, given by Neveu £4] and 
discussed in §4. which ensure that rv is again an automorphism. Such a v is 
called a stopping time and rv a stopping time transformation. The set of all 
stopping time transformations derived from a particular automorphism r is 
equivalent to the positive part of the full group of r.

We shall restrict attention to that class of automorphisms which are defined 
by means of a tower construction. This class contains many interesting transfor
mations including Bernoulli shifts of any prescribed entropy. For an auto
morphism in this class, using a theorem of Neveu. we can follow the action of rv 
in the tower and this leads to an analysis of rv by means of a more general 
contruction which we call a tower block construction.

This new construction appears to be of interest in its own right and so 
because of this and also for reasons of clarity we shall commence by introducing 
the construction and discuss properties of the transformation so defined. In ^4- 
and 5 we show that in general rv. where r is defined by means of a tower 
construction, can be represented by a tower block construction. We are then 
able to use the results of § 3 to obtain density results for r\ our main results 
being firstly that the set of τν which are ergodic and secondly the set of rv which 
are Bernoulli are both dense in the set of stopping time transformations derived 
from the same tower transformation r. As a consequence of this last result we 
have that if r is Bernoulli the set of rv which are also Bernoulli is dense, thus 
generalising a result of Friedman for the induced transformation [2]]. Saleski [6 ] 
has also investigated properties of a stopping time transformation where r is 
Bernoulli, particularly in the case where v has expected value 2.

Throughout the paper we take Ω =  [0. 1], the set of Borel subsets of Ω and 
μ Lebesgue measure on

0044-3719 79 0048 0259 S05.20



260 S.T. R ichardson and K .M . W ilk inson

§2 . Tower Block Construction

O u r  i n i t i a l  d e f i n i t i o n s  f o l l o w  F r i e d m a n  ( [ 1 ] ,  § 6  a n d  C - ] ) -  A  c o l u m n  C  is  a n  

o r d e r e d  s e t  o f  d i s j o i n t  l e f t - c l o s e d ,  r i g h t - o p e n  s u b i n t e r v a l s  o f  Ω ,

C  =  ( L i : 1 ^ i ^ h ) .

T h e  s e t s  L f . a r e  r e f e r r e d  t o  a s  c o l u m n  l e v e l s  a n d  t h e y  a r e  a s s u m e d  t o

e a c h  h a v e  t h e  s a m e  m e a s u r e .  C  h a s  b a s e  B ( C )  =  L l , t o p  A ( C )  =  L h* w i d t h  \ v ( C )  

=  / i ( J L 1) a n d  h e i g h t  h ( C )  =  h.  W e  l e t

C* =  U  L t
i =  1

a n d  d e f i n e  c o l u m n s  C L, C 2 t o  b e  d i s j o i n t  i f  C *  a n d  C ?  a r e  d i s j o i n t  s e t s .  W e  

d e n o t e  b y  r c  t h e  o n e - t o - o n e  m e a s u r e  p r e s e r v i n g  m a p p i n g  f r o m  C *  — L h t o  C *  

- L 1 w h i c h  m a p s  L t l i n e a r l y  o n t o  Z-£ + l , 1.

A  t o w e r  T  is  a n  o r d e r e d  s e t  o f  d i s j o i n t  c o l u m n s ,

T  =  ( C  ·: 1 ^ / ^ / n ) .

tn trt tn

T  h a s  b a s e  B ( T ) =  [ J  B ( C j ) ,  t o p > l ( T )  =  [ J  A ( C t)  a n d  w i d t h  u ( T ) =  V  u ( C r)
i =  1 i =  1 i =  1

=  / ί ( β ( Τ ) ) .  W e  l e t

m
7^c _  ; | 

i =  1

a n d  d e f i n e  t o w e r s  , T 2 t o  b e  d i s j o i n t  i f  Γ *  a n d  T 2* a r e  d i s j o i n t  s e t s .  r r  i s  t h e  

m a p p i n g  f r o m  Γ *  — A ( T )  t o  T * — B ( T )  c o n s i s t i n g  o f  t h e  m a p p i n g s  r c . i n  e a c h  

c o l u m n  C , .

I f  C i  = ( i -  n*· 1 =  z ^ ^  i ) a n d  C 2 = ( L 2 i : 1 ^  z /?2) a r e  t w o  d i s j o i n t  c o l u m n s  w i t h  
\ v ( C l ) =  u ( C 2) w e  d e f i n e

Cl  * C 2 = ( L 1 1,Z-l2 ....... '^21* ^ 2 2 ..................

s o  C t * C 2 i s  t h e  c o l u m n  o b t a i n e d  b y  p l a c i n g  C 2 a b o v e  C \ .

I f  r i = ( C l f : 1 a n d  T 2 =  ( C  2 i : 1 r gz  ^ m 2 ) a r e  d i s j o i n t  t o w e r s  w e  d e f i n e

C 1 2 ..........C l m t , C 2 1 , C 2 2 ............ C 2m2),

s o  7 \  4- T 2 i s  t h e  t o w e r  o b t a i n e d  b y  p l a c i n g  T 2 a t  t h e  s i d e  o f  T x .
r

S u p p o s e  a f ^ 0 .  a n d  a ,  =  1. I f  L  =  b )  w e  d e f i n e
i = o

Γ j ~  1 7 \
y . j L  =  \ a -h ( b  —  a )  ^  a,r, a  -+- ( h — a )  V  J , 0  ^  r.

L i = o ,· = o '

T h e n  f o r  a  c o l u m n  C = ( L - :  1 5^ / <Ξ /;) w e  d e f i n e

y . j C  = ( y . j L i : 1 r g / <;/?).  O f g / f g r .

Ά τ. C,



and for a tower T =  (C ;: we define

0CjT =  (3cJ C i : L / 5Ξ m),  0 < > j £ r .

Note that η (ο  ̂C) =  :ζ7»ν( C) and n {oijT) — y.j\\ (T).
If C is a column and T =  (C f: is a tower such that C * and T* are

disjoint and \v(C) =  \v(T) we define a tower C * T by

C  * T =  (a,, _ l C * C t. 1 5Ξ / rg m)

where α,·_ t =  vv(Ci)/w(C). So C #T  is obtained by placing the tower T
above C. If Tx = (C , : and T2 are disjoint towers with w(7'1) =  vv(T2) we
define a tower Tl * T2 by

m
T, * Γ2 =  y  C j *y.j_ t T2 

j= 1

where ocj_ , =»ν·(^)/νν(Τ2). I ^m .  So Tt * T2 is obtained by placing a copy of T2 
above each column in T'j.

If a0 =  x( =  1/2 we adopt the notation

/ =  0.1. where L .C .T  are. respectively, a column level, a column and a tower. 
For any tower T we define a tower SiT) by

S{T) =  (\T)0*{\T)l .

So S(T) consists of a copy of T in the base and a further copy of T above each 
column in the base copy. The base copy of T in S{T) will be referred to as the 
copy of rank 0 and. if T has m columns, there are m copies of T of rank 1 in 
S(T), one above each column in the rank 0 copy.

Letting S°(T) — T we define S“(T). u ^ l .  inductively by

Su^ 1 (T )=S (SU(T)).

5"(T). u ^O . consists of one rank 0 copy of 71 m rank 1 copies of T. m1 rank 2
copies of T,__  and m2“~l copies of T of rank 2" — 1 and each copy of T of
rank i. l ^ / ^ 2 “ —1 is immediately above a column in a rank i — 1 copy of T. 
S"(T). i/^0 . also contains /?j2“ columns.

If the zth column in a tower T has the form

r,
where y.{ 2: 0. £  f s= l .  0 ; :g ι-j. 1 ^  / /. and Cj. are columns, it will

.V - -  0
sometimes be unimportant what the values of y.j . 1 are. In such a case we
write

C,· ( T )  =  [_C 1 . C 2 .......Ci~]
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( i^) *,L. ( | C ) afC. a n fi T-



and take this to mean that the /th column of T  consists of a copy of c·, with a 
copy of c2 above it. etc.

In particular, if r = (C , .  1 then the m1 columns of S {T )  are given by

C (IO_ n , ^ I1(S ( r ) )  =  [ C io.C ,, ] .  1 =  0 =  m' J =  

and more generally, for it S: 1, the m2“ columns of S " (T )  are given by

C ( i o — 1) m - “ ~ 1 (i 1 — 1)  m - “ ~ 2 — . . .  +  (*’2 “  -  a —  ̂^ ) )

=  [ C fo, C ii. . . . , C 1, u. i], 1 =  h =  m' 0 = j ^ 2“ — L.

Note that τ5(Τ) agrees with τ τ on T*  — A ( T )  and that, in addition. tS(r) is 
defined on half of A(T ) .  In fact the set on which rS(T) is undefined is .4(SCr)) 
which has measure j\v(T) .  Similarly rs„(ri. u ^2 .  agrees with τ5<,(Γ) on T*
— A (S V(T) ) ,  O ^ v ^ u - l  and

/i(^(S“(T))) =  47»v(T).

Hence we may define a mapping τ (Τ ):  T*  —* T*  by 

τ ( Τ ) =  lim Ts„rn.
11 — ■ r

r lT)  is invertible, preserves Lebesgue measure and is ergodic ([1 ]).
We now wish to define a more general construction for which the resulting 

transformation need not be ergodic. We shall use this construction to investigate 
properties of stopping time transformations. W e  start with an ordered set of 
towers

ΊΓ = ( Tj:

each with m columns.

Ti =  i C ij: 1 £ j £ m )

and H'(C;|.j) =  u '(Ci; j). 1 . i 2 ^  k. 1 £Ξ / iS in. ΊΓ is called a tower block and has 
base

fc k
β(ΤΓ)= U  B(Tt). top .4(ΊΓ) =  \J AiTi)

f = l  i = l

and width \ν(ΤΓ) =  μ{Β{ΤΓ)) =  k\v{ 7\). W e also put 

k

ΤΓ* =  (J 7V*.
/= 1

Let Ι = ( σ !·: where each σ,-. 1^/<Ξ/?ι. is a permutation of {1. 2......A:] and
define Ρ(Σ,ΤΓ)  to be the tower block (Ρ(Σ\ 7~): 1 ^ i ^ k )  where
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m
Ρ(Σ.  Tt) =  v  ( K , , )

j= ί
i - T1 * 2 1 <r

1 < / <  k.
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and

y-j _ , =  vv ( c u)/w (7]). 1 iS m.

So Ρ(Σ.  Tj) has a copy of Tt in the base and then a copy of Τσ U) above the y'th 
column of 7]. In fact

W e  shall let ττ  be the transformation defined on ΤΓ* — ̂ 4(ΊΓ) which is ττ on 
each 7̂ * —^4(7 )̂. 1<Ξ/^Α:. Clearly ζΡ{Σ T) agrees with ττ  on IT *—,4(Ί0Γ) and is also 
defined on half of X *  — A(TT).

W e now wish to extend the definition of ττ  by defining an inductive tower 
block construction. Let IT and Σ  be as above. For each we define an
ordered collection of permutations of {1.2......k].

for each I / 5Ξk. W e then define P ° ( T j) =  Ti. and for each n 0 we
inductively define

P"~ 1 ( T.) =  Ρ { Σ η. P"{  7~)). 1 £ i£ k .

and define Ρ"(ΤΓ). 0. to be the tower block

( P u(Ti): l ^ i ^ k ) .

Note that P u(7]). i ^ i ^ k .  u^.0. consists of a rank 0 copy of 7~. above each of the 
m columns of 7J there is a copy of one of the towers 7]. l ^ i ^ k .  above each of 
the m~ columns in these rank 1 copies there is a copy of one of the towers 7], 
1 ^ i ^ k .  ... and at the top of P"(7]) there are in2“~ 1 copies of some of the towers 
7], 1 ;£ / 5Ξ A:, of rank 2"— 1. one above each column in the copies of rank 2“ — 2. 
Because of (2.1) for each ιι ^  0. k.

So (2.1) ensures that above every copy of the column C i; of rank 0. 1......2" —2 in
Ρ"(ΊΓ). u^. 1. we have a copy of the tower Τπ (i). Note also that in Ρ"(ΤΓ). 0. 
there are ml copies of each Ts. 1 ^ i ^ k .  of rank /. 1 ^/5Ξ2"— 1 distributed among 
the various P"(7^). lfS/igA:.

As r /)1)(in. a S r i .  agrees with each of rP, liri on ΊΓ* — .-1 ( P ' (ΤΓ)). O^t 1. and

1) m îl(^(E· T])) = l CLio, C 1 ^  ij ^  rn. 7 = 0 .  1.

by Σ α= Σ  (i.e. σ° =  σ,. l5S/:gm) and for u ^  0. L ^  in21', 

( 2 . 1 )  a\‘f _  \ , _ 4(i) =  < η {σ 1} ( i )).

(2.2) C
( ί  o  —  1 ) >n -  * 1 {i i —  1 )  m 2 2 —

Γ C C C
*- l l o "  ^i0 (i). X 1 * V'<Tf1 (<Ti0 (I

P “ ( ΤΛ
- r  ( |  2  w  -  2  —  1 ΐ 2 u  ~  1 if

«,.... (ο·,-,.._3(··· (σ,,(σ,·„(/)))...)). /'(<Ti0 (I >). 12-

as

//(.-! (P"(TT))) =  - -  n |TT). u^0.

Σ = 1 <  / <  m2“>S I — III  I .

0^7 ^ 2 " — 1.</; =  fU'

l·c„
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we can define a mapping τ(Ζ. ΊΓ): IT*—>·ΊΓ* by 

τ (Σ,  ΊΓ) =  lim 'TP„(ir).
it —· r

So r(IT. IT) maps a column level in IT which is a subset of IT* — ,4(TT) linearly 
onto the column level immediately above and maps l ^ j ^ k .  1 ^ j ^ in .
onto B (T a.^).

The above construction in the case k =  1 yields

Ρ “(Ί0Γ) =  Su(T l). u^O.

where SU(T 1). u^O. is as defined in Friedman's construction. Note that r(Z\TT) is 
invertible and preserves Lebesgue measure. As an example of τ(Σ". ΊΓ) which is 
not ergodic take k ^ 2  and each σ,. lfSiigm. to be the identity permutation. In 
this case

P u(Ti) =  Su(Ti)

for each «Ξ£0. l ^ i - ^ k  and so τ(2Γ.T )  leaves each set T*. l ^ i ^ k ,  invariant.

§3 . M ix ing  Properties of τ ( Ι ,  T )

Throughout this section we take τ =  τ(.Γ.ΤΓ) where .Γ and ΤΓ are as defined in 2. 
W e shall first show that r is a Markov shift, thus generalising a result of 
Friedman []2] and Shields [7],

Let i f  be the partition of X *  consisting of the column levels in ΤΓ and let i£n
H — 1

=  V  τι . If 1, we shall let
I = O

j¥'n(L )  =  {Xf<=if„: M c L l .

A  partition i f  is a Markov partition for a transformation τ with invariant 
measure μ if we can find p(L. Λ/)ΞϊΟ. L . XIei/ ' . satisfying

(3.1) For each XleJs?. μ{ΧΙ )  — V  //(i-)p(L. XI).
Le^

(3.2) For each L e i f .  ^  p(L. XI) =  1. and

(3.3) For each D e i f n(L). L e ^  and X fe i f .  

μ ( τ D r\ X I ) =  p (L. XI) μ (D).

W e first show that an atom of ifn. n ^  1. can be approximated by the union 
of certain column levels in P “(TT). it 72:0.

Lemma 3.1. Let L e i / ’ and ,\/ey'(LL n 2: 1. Then for each ι< Ξξ: 0 we can write 

X I = D U^ E „
II- 1

where D u is a union of copies of L in P"(TT) and ^  tj (B( P'MTT))).



Proof. Let =  ( L i\ Each column level in Ρ “(ΊΓ) is a subset of an atom
of and if F  is a column level of P “(TT) we write l (F )  =  i if F czL ( , i.e.
l (F )  =  i if and only if F  is a copy of L,. N ow  for each /. 1 ίΞ/^s. there are 2umz“~ 1 
column levels F  of Ρ “(ΊΓ) with /(F) =  i. Let

M = L i|n T L i, n . . . n  τ"~ 1 L in

and let Fj, 1 ^ 2 “ m2“ ~ l. be the copies of L it in Ρ “(ΊΓ). Define J t to be the set of 
those j, 1 ^ 2 “ m2“~ \ for which the column of Ρ “(ΤΓ) containing Fj has no more 
than n — 2 column levels beneath Fj. For j e J {  we let Fj χ =  Fj and for 1 ^ p ^ n  — 1 
we let F: , denote the column level immediately below F  _. Define

J .  P  -+* 1 -  J -  p

J2 =  ,J e J ‘{ : I{Fj p) =  ip. l ^ p ^ n )  

and

J3 =  {JgJ‘ : 1(Fj ρ) φ ϊ ρ for at least one p. 

and let

D u =  U  Fj- EU =  X I - D U.
j <= J 2

n — 1

As E ltcz (J FjCi τΙβ (Ρ Μ(ΊΓ)Κ we have the result.
jeJl /=()

Corollary 3.2. Given i:> 0 we can find U — U (n. i:) such that μ (Εη) for u^  U . 

/«-l  ̂ (/2 — 1 )
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Proof, μ ( (J τίβ (Ρ “(Τ Γ ) ) )= (- ^ Γ-η·(1Γ).
'1 =  0 ' -

Lemma 3.3. ££ is a Markov partition for r. 

Proof. Define for L. X l ^ i f

p ( L . M )  =

1 L  φ A (X). \I =  tL .
0 L φ ,4 (ΊΓ). ,V/ +  tL
/K.Vf)
u r  L = A (  C tJ). M  cr B( Τ„]φ ). ^  m.

0 1 L =  A(Cij ) ,  Μ Φ Β ( Ta .Ki,). 1 ^ i ^ k. 1 ^ m.

W e must check that this definition satisfies (3.1). (3.2), (3.3). 
Let iV/eJzf. Λ/φβ(ΊΓ) and let L , = r - 1 .V/. Then

II L  =  L .
P(z...v/>={o

and so

y  /i(L) p(L. XI) = ui L γ) =  μ( \ I )



266 b.T. R ichardson and tv.M. W ilk inson

and (3.1) is true in this case. If now M  dB(7J). 1 ^ i ^ k .  then

[ ' L  =  A { C U) with σ ,(/) =  / p {L . \ I )  =  W ( T l) lj)
[o otherwise

and so

Τ  M L ) p ( I .M ) =  V  μ ( Λ ( € υ ) ) ^ Ρ -  =  μ { Μ )
\ ( j\  I ) :  σ J ( l )  =  i }  V V V M /

as
m

Σ  f i (A (C lj) ) =  y  f i {A {Caj. i ,,·>._/)) = h( 7 )̂.
{(j* 1)1 <Tj{ll =  i} j  =  1

So (3.1) holds.
N o w  if Ζ.φ.4(ΊΓ).

f 1 Λ/ = zL 
' ,|Z--V /|= {o  .W +  ri.

and so

V P ( L . M ) =  1
A/;/

and if L· =  .4( Cry). 1 ^  i ^  k. 1 

μ {Μ ) Λ/ =  β (Τ  

0. Λ/ zz Β (Τσ ,,,).
/?(L..\/) = 

and so

Σ  P(L..V/)= 1  ^ 4 ^ = 1 -
Λ/ e ^  Λ/ = βΐ / σ,,·») u  W  l )

So (3.2) holds.
N ow  suppose L d z A ( T T )  and let Λ/x — t L .  C lea r ly

//(rDn.V/) =  0

for Λ/ΦΛ/j. Recall that by Corollary 3.2 we can write for u ^ U in .e )

D =  Duv E u

where D u is a union of copies of L in Ρ ’'(ΊΓ) and As Ζ.φ,4(ΤΓ) no copy of
L  in ·Ρ"{ΤΓ) is a subset of .4 (P"(TT)). Hence the column level in Ρ"(ΊΓ) immediately 
above each copy of L  where LczDu will be a copy of Λ/,. Hence

/<(r D:io.\/,)=(i|O j
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and so

li(D)  — ;: <  μ(τΏ„Γ\ XI ι)·^μ{τ D ο  Λ7 ,) Si,ii(D).

As i: is arbitrary we have

μ ( τDr\XI ι) =  μ(Ω)

as required for this choice of L since p(L. XI x) =  1.
Now suppose D e ^ ( L )  and L =  A { C iJ). I 5Ξ / ;£ k. As τ maps every

copy of A(Cij )  linearly to the base of a copy of Τσ we have

μ{τD r\ XI) =  0

for XI φΒ{Τ„ (i)). We write, as before.

D =  Duu E u

and let

D u =  D'„kjFu

where is a union of copies of L of rank less than 2" — 1 and Fu is a union of 
copies of L of rank 2". If u is large enough we have, for <:>0.

μ{Εη ό  Fu)<;:.

Now. if XI <=B{Tn (i)). we have

. ,a(.V/) .
μ [ τD, γλ XI) =  - ~ - μΦ„ )

"  ( T x)

and so

(μ(Β)  — ε) </ι(τΟ,! ί~· Μ ) ^ μ ( τ Ω π  XI).«•(Γ,)
But

μ{ΧΙ)μ ( τD XI) =  μ(τD,| ο  -V/) + μ(τ {Ειι Fu) r\ XI) < ———  +  ε.
( * 1 )

As e is arbitrary we have 

u-(7\)

/ i ( M )
as required for this choice ot L. XI as /?(L. XI) — Hence (3.3) holds and the
proof of the lemma is complete. 1

For ^  1. let Un‘ denote the partition of ΊΓ* consisting of the column levels in 

P"(TT)· Analogous to Lemma 3.3 we have

Lemma 3.4. For each a ^  1. W" is a Markin- partition for r.

μ ( τ D
μ { Μ )

u(D)
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Proof. Define for L, M e T

1
0

P U{ L .  M )  =  | μ {Μ )

L  φ ,4 (Ρ “(ΊΓ)), M  =  xL 
L  φ -4(Ρ"(ΊΓ)), M  =t= tL

L^A iC 'U ) ,  Μ α ,Β (Τ σγ{ί)) 

L =  A (  C uit), Μ φ Β ( Τ σγα))
w (P“(7\))
0

where C“, is the Ith column of P “(7J). That this definition satisfies (3.1), (3.2), (3.3) 
may be checked in a way analogous to the proof of Lemma 3.3.

Let sJ0 be the σ-algebra \J zl and for i<2^1 let sJu be the σ-algebra

Corollary 3.5. t is a Markov shift on each "/„. i/^0.

r is ergodic on .c/0 if for each L. we can find /ieZ such that

(3.4) /i|T*Ln.V/)>0.

N o w  if L  is a column level in C 0 and V/ is a column level in CM. 1 ^  /'. p^k.
1 :£/. q ^ m  and (i . j )= ip .q ) then (3.4) holds with h the difference in the heights of 
L and M  in the column C u. If (/._/') Φ (/>. q) then (3.4) holds if and only if for some 
u ^  1 there is a column in Ρ"(ΤΓ) having a copy of C i; in the base and a copy of 
C pq in the same column or vice versa. N ow  by (2.2) a typical column of P “(Tj) 
with a copy of C u in the case has the form

Γ C C C C  l
i j '  I [  * <t  t , ( i t  12 ...................  <T/ ,  < < * , · , “  _  3  i . . .  i <Ti  l  ( σ  J  ( i l l )  . . .  j ) .  i V ‘ -  i J

where 1 ^  r ^  ni. I ^  r ^  2M — 1. Hence we have

Lemma 3.6. τ is ergodic on ss/0 if and only if for each 1 fg/. p ^  k, 1 q m. at 
least one of the following holds

(i) (i.j) =  (p. q),
(ii) σj(i) — p or aq(p) =  i.

(iii) for some u 2: 2 we can find l ^ i  ^ 2 “ — 2 and 1 5S m. 1 f rg^ such that

V  τι& Η.

ais(σ«,. t (···< fff, (σ>( 0)) ···) )=  P
or

σιΛσί , -Λ·"  (<*■,·,(<Mp))) ...)) =  /.

Corollary 3.7. I f  for some _/j, 1 σ· is the permutation

<7ji (/) =  /-(- 1 (mod k) 

then τ is ergodic on .r/„.



Proof. If (i.j ) φ(ρ. q) and σ^ί )φρ ,  suppose that

p =  σ7· (i) +  s (mod k),

then afi1(aJ(i)) =  p. where σ{/* denotes the 5th power of σ} ί . In a similar way we 
can prove

Lemma 3.8. Suppose t/^0. I f  for some j\, 1 ^ j l ^ m2“, is the permutation 

σ“ι(/) =  ϊ+1 (mod fc) 

then τ is ergodic on sJu.

Theorem 3.9. τ is ergodic on .^(TT*), the Borel subsets ofTT*. if for some 
j 2^m, aj i . are defined by

<7 ;, (/) =  / +  1 (mod k).

Proof. Note that for each u^O. /e { l ,2 ......A:}

i — I ) m- “  ~ 1 — i j t  — 1 > m- u “ 2 — ... — [ j  i — 1 1 m j \   ̂^  ^  j  i  ̂^  ^

and

s - lt i l )
< j  ,  -  1 ) I / I  -  1 —  ( j  I — 1 ) m  -  -  —  . . .  -  ( j  Ϊ —  1 > f f t  —  /  2  v

=  crJ (ai.2" -  1 »(/)) =  /+ 1 (mod k).

where σ(2“' and σ)2“ ~ "  denote the 2"th and (2" — 1)th powers of σ ίι respectively. 
Hence, by Lemma 3.8. t is ergodic on each .c/;i. u ^0. As j4(TT*) is the rr-algebra 
generated by t/S:0}. τ is ergodic on .^(TT*).

W e now investigate the conditions under which τ is mixing. As τ is a 
Markov Shift on each .V„, «2:0. τ will be mixing on -c/i( if it is ergodic and 
aperiodic. In addition to conditions on the permutations we have to impose a 
condition on heights of certain columns of X. as was the case for Friedman's 
construction, to obtain the aperiodicity of τ.

Lemma 3.10. I f  for some j i - j j - J i '  L =7, =  m- ϊ =  1-2. 3. and some z. 1 /' :£ k. we 
have

(i) er  ̂(/) = / + 1  (mod/c), /e{1.2......k}.
(ii) σ]ζ {1) =  σ] ί (1) =  1. /e{1.2......k],

(iii) if h is the height of C ih then C ih has height h +  1. 

then τ is mixing on _c/0.

Proof, τ is ergodic on c/0 by Lemma 3.7. Moreover

Γ  , { P 2iT) )
(72— 1 ) <  J -  — I > — Γ> 2 — 1 * m  — P 1

=  ZCijz. C i,1. C ij1. C ip]. 1
and
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σ ^ ( 0  =  /
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i.i2 — ’ i m3 — < >3 — 1 )m- -t- lj2 — 1 > m -t- ^  ( *^))

=  C C tJ. . C Ui. C ij - c, ], 1 >n.

and so for any column level L in C iJz we have 

Li(T2hLr~\ L) >  0 and μ{τ21'^ 1 Lr\ L) >  0

which implies that τ is aperiodic and therefore mixing.
In a similar way we can show

Lem ma 3.11. Suppose t/SiO. I f  for some j l . j 2-j3 - 1 =7, =  m2"· * — 1-2.3. and some /. 
1 ^  ^  fc.

(i) σ “ι(/) =  /+1 (mod/c). /e{ 1. 2. .... k},

(ii) σ “; (/) =  σ“3(/) =  /. /e {1. 2.......fc}.

(iii) f/ie heights o f the α/Ιί  ̂ ./^th columns o f Pu{Ti) differ by 1.

then τ is mixing on - u.

However it turns out that if the conditions of Lemma 3.10 are satisfied by IT 
and .Γ then the conditions of Lemma 3.11 are satisfied by P"(TT) and Σιι for each 
u^O.
Theorem 3.12. If ΊΓ and Σ satisfy the conditions of Lemma 3.10 then r is mixing 
on each v'.,. i/2:0.

Proof. Note that

C ,  j z -  1 I I I , : "  -  ■ ~ ( j  2  -  1 > m - “  -  -  —  . . .  —  { j 2 -  1 I » 1  -  12  ̂ f 3  (  ^ 1 ) )  =  ZCij2 .  C  i j 2 ................... i j 2 ·  ^ \ \ / 0

where and σ'?“ 11 represent the 2“th and (2U— l)th powers of re
spectively. Moreover for I 5̂ 1 ^ k

Hence the conditions of Lemma 3.1 1 hold and so τ is mixing on each .c/u. i/i>0.

Corollary 3.13. If ΤΓ and Σ satisfy the conditions of Lemma 3.10. r is a Bernoulli 
shif t on .z/:i. u ^  0.

and

C <  j 2 _  1 ) „ ! - ' ·  -  1 -  Ij 2 -  1 ) m - “ - I j 2 -  1 X I I -  j i  (PU( T j ) )  Ĉ-”o2 ·  Cij2.................C i j 2 '

have heights differing by 1 and also for le{ 1.2.......A:}

—U
ί 72 — 1 ΐ /π : “ '  ’· - ( j 2 -  1 ) i n 2 . . .  -r- ( J2  — 1 > #FI

and

r~ u
i j z — 1 i m 2  u  ~  1 —  ( 7 2  —  1 ) m 2

' i j z  — l > i n2 * 1 —  ( 7  2'—  Π  m 2 “  1 —  . . .  —  ( / '  2 —  1 ) m  —  j x(/) =<7;. (<7y““ 1 *(/)) =  / -r 1 (mod A ).

jAD =

Jz -  1 ) /,(/) = ^ / , «
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Proof. In Q3] it is shown that a mixing M arkov shift is weak Bernoulli and hence 
a Bernoulli shift.

Theorem 3.14. If~K and Σ satisfy the conditions of Lemma 3.10 then τ is Bernoulli 
on

Proof. By Corollary 3.13. τ is Bernoulli on each of the σ -algebras
which form an increasing sequence. Hence by a result of Ornstein [5] τ is
Bernoulli on ^(ΊΓ*), the σ -algebra generated by u2i 0.

§4 . Stopping Time Transformations

Let τ be an automorphism of If  v is a measurable mapping from (Q .j #)
to the natural numbers JN then the transformation τν defined by

t v co =  t ” co . a>e{v =  n}, nelN.

is an automorphism of (Ω .^ .μ )  if and only if the sets r" {v =  /i}. /?elN. form a 
partition of Ω. If this is the case λ’ is called a stopping time for [Ω. Λ. μ. t) and rv 
is called a stopping time transformation. Neveu [4] established

Theorem 4.1. (i) I f  Ω^> D 0zd D x ... is a sequence of measurable sers such that either
s

Dk l =j=0 and Dk= 0  for some k ^  1 or ^  Dn =  0 then there is a stopping rime v of
n= <>

{Ω. μ. τ) such that

where En =  D tt_ t — Dn. n^. 1. and for any De .^ . td represents the induced transfor
mation o f τ on D.

(ii) Corresponding to any stopping time v o f (Ω. μ. r) there is a sequence of 
measurable sets Ω D 0=> D x ... as in (i) such that rv has the form  (4.1).

(iii) I f  v is a stopping time for (Ω, μ. τ) and τ is ergodic then \ νάμ is either a 
non-negative integer or -h ^o. I f  | \̂ hi =  k<c cc then the sets Dn. n ^O . defined in (ii)

j
satisfy Dk_ l Φ0. Dk= 0  whereas if  J vdii =  + zc. we have Dn==0. n ^ O  and P| Dlt

In the sequel we shall assume that fvi//t =  /c< x .  noting that if |' vdμ =  + x  
and Ω=> D 0=> D γ ... are the sets defined by Theorem 4 .l(ii) the transformation

-v*  fCO
\τν<ο coeD'j.

differs from r' on a set of small measure for large k. As r' is the identity
transformation on |v =  0}. for our study of mixing properties of r' we shallk
restrict attention to the behaviour of rv on D Q =  En. Note that the sets

(4.1) τ ' o j  =
CJ

=  0.

o je E n =  D Ln

Γο(1( τ 0 , ( · · · < τ ο „ - , < ^ >  ■ · · )> ω 6 £ „ ,  1

< o e D k
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Ο ^ π ^ /c. form a partition of Ω. W e  shall only consider those transformations τ 
for which there is a tower T  satisfying Τ * = Ω  and τ =  ~ (Τ )  and we shall assume 
that our stopping time is chosen so that each of the sets £„. defined in
Theorem 4.1 is a union of column levels in T. If a column level L  in T  is a subset 
of Etl. O ^ n ^ k .  we say that L  has name n and write u[L )  =  n. We shall also 
assume that in each column of T  there is at least one column level with name k. 
Note that if for some tower T  and stopping time v these conditions are not 
satisfied then, as the towers SU(T), «2 :1. have smaller and smaller column 
widths, we can modify v on as small a subset of Ω  as we please to have these 
conditions satisfied by S“( T )  for some « ^ 1  and a slightly modified stopping 
time.

k

As we restrict attention to the action of τν on E n we delete from T  any
^  /* =  I

column level with name 0 and denote by T  the resulting tower. Note that the
deleted set is invariant under τν and that S"( T )  =  S"( T). 1.

Recall that in the definition of r. r maps each column level in T. except tops 
of columns, linearly onto another column level within the same column of T. If 
C  =  [ L i: 1 iS/^/i) is a column in T. in order to define r' on a level L ; with name
n. by Theorem 4.1. we first have to define “D on then, if n 5:2. define

k  1 2

on τ Ζ)> _ ι (Χ Ι). etc. As D„_ x =  M  E (. 1 z Dn_ x( L i) is another column level
/  =  / /

within C if and only if

[ j : * +  1 ^ h- >HLj)

is non-empty, in which case τ0 , maps L, linearly onto L-  where

/ j =  min [ j: i +  1 ^  h. Lj )  Ξϊ n J.

Then, if π Ξξ 2. rD , (L fi) is another column level within C if and only if

{ j: /, +  l h. n(Lj )  ^  η -  1J

is non-empty, in wrhich case maps L u linearly onto L iz where

i2 =  min {j: i l -+- 1 :gv ^  h. n(Lj )  ^  n — 1!.

Clearly there may be column levels other than .4 (0 .  i.e. some L,. lrg i^/ i — 1. 
for which, if h(L,-) =  h. some or all of the sets

τη„ -Sxd „-; - , ( · · ·  •••) >· 1 ^ /^ ” -

are not column levels within C. In our tower block construction for rv we shall 
be inerested in the number of these sets which are not column levels within C. 
For a column level L,. ΐ5Ξ/5Ξ/ι. with name n we shall define imL.)==0 if each of

• υ„ - ,(Τ| Ι ^ Ι ^ η .1 -Γ
ι Ο » - ι
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is a co lum n level w ithin C  and n(L,) =  u S i l  if each of

is a co lum n level w ithin C  but

x d u -  t ( t d„  ( ·  · · ^Z D „ -  t · · · ) ) ·

is not a co lum n level in C (u (L i) =  n meaning xDn_ i {Li) is not a column level in 
C). So ΐί(Α) counts the number of steps in the iterative definition of τν on L, 
given by Theorem 4.1 which are left undefined w ithin the co lum n containing L,. 

Equivalently, if /i(L,) =  /i. ι/(Χ,) =  0 if the set

{i l , i 2___- fn: i < t !  ·■· n i L i ^ n —j  + 1, 1

is non-empty. u(L,) =  i/. with 1 — 1 if the sets

{i-! . / , ....... is: i <  r x < i s<,h. n (L i . ) ^ n —j  + 1. 1

are non-empty for s ^ n  — u and empty for s ^ n  — u+  1 and u(L i) =  n if the set

{j: i c j ^ h .  n {L j ) ^n )

is empty.
Note that for anv column level L· in T" with n{L) =  n we have 

Any co lum n level L in T with m L ) ^  1 is called a v-top. Note that a column level 
L  is not a v-top if and only if there is another column level L· in the same 
co lum n as L and above L such that rV{L) =  L. If C is a column in T we let
.4 t ( C). A 2(C) ........4 , ( 0  denote the v-tops in C where we number from the top of
C. so A t (C) =  .4( C). . 4 , ( 0  is the first v-top in C  below A l (C). etc. We now study 
properties of the v-tops in T and. in particular, we shall show that each column 

in T may be assumed to contain exactly k v-tops.

Lem m a 4.2. For etich column C in Tl ;i(^4;( (Γ)) ̂  /.

Proof. Clearly n{A j ( O )  ^  1. Suppose π Μ , ( Ο ) ^ / .  1 Ss i^ j-  Then if n(.4;-i_ l (C)) S j  

we have u iA j^  t (C)) =  0 and so .47_ , ( 0  is n ° t  a v-top.

C o r o l la r y  4 .3 . There are at most k v-tops in each column o f T.

Proof. For any co lum n level L  in T we have n (L ) ^ k .

Lem m a 4.4. I f  C is a column in T and L is a column level o f C lying between 

At(C) and A ^  t (C). l ^ i ^ l — l. then n {L )^ i .

Proof. The result is clearly true for i =  l since ,42(C) must be the first column 
level in C  (counting from the top of C) with name greater than or equal to 2. 
N ow  suppose the result is true for 1 ^ / ^ . / .  U j ^ l - 2 .  let L  be the first column 
level below ^ ^ ( O  with mL) =  n ^ j  + 2. W e show that L  is a v-top and so L 

=  4 , (C) and the result is true for 1 ^ i ^ j +  1.
N ow  rD _,(L) is a column level in C  if and only if there is a column level L 

above L with n(L)^ .n  and so by the inductive hypothesis and the definition ot L.

■ D„ Λ .(τD „  - ■,·)).--)).

< 1 1
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L  can only be one of A,(C ), 1 ^ i^ j -1 -  1. Similarly each of the sets

can be a column level in C if and only if it is equal to one of A,-(C). 1 ^ i ^ J  +  1. 
Thus we see that u{L)^.  1 and so L  is a v-top.

Corollary 4.5. I f  n( A y-(C)) =  n and u ( A j ( C ) )  =  u. then each of

Corollary 4.6. Suppose T  =  ( C j :  l ^ j ^ m )  and 5(T') =  (Cj: I f  I j is the
number of v-tops in C 1 ίΞ/ 5Ξm. and lj is the number of v-tops in C '. l ^ j ^ m 2, 
then if l j ^ k - 1 .

The copies of A J C j). 1 ^ n ^ l j .  will again be v-tops in C u_ Moreover if L
is the highest column level in C, with n [ L ) ^ l j +  I. which exists since we have 
assumed that each column in T  contains a column level with name k. the copy 
of L  in the base of C„_ ltm^  will be a v-top in C (i_ 1)m^

Corollary 4.7. For any tower T  each column in Sk~ ' ( T )  contains exactly k v-tops.

Because of this last corollary we shall assume in the sequel that T  is chosen 
so that each column in T  contains exactly k v-tops. If T  =  (C  : lrgy'rgm) we shall 
let * 7

Lemma 4.8. I f  C  is a column in T  with v-tops A {(C) ,  l ^ i ^ k .  then i^=j implies

«(>!,·(Ο )  Φ «(>!,·( c )>-

Proof  Suppose i=#/ and m(^,-(C)) =  u ( A j ( C ) )  =  u. say. and let ιι(.4,·(0) =  »ι.. 
n{AJ( C ) )  =  nj . If

/(,·_ i )m + l j  +  1 

for each 1 ^  ^  in.

Proof. Recall that for 1 ^  i ̂  m

m  k

^V(^)=U U A n(Cj).

and

J V -M C).
··· TD„.- ,(.4^(0))... ) ) . II ^  II j — 1

τ ο „ - ί (τ ο „ - ί + 1( · · ·  (το„-ΛΑΛ€ )) · · · ) ) .  1 =  1 =  Λ» Ιί~
is a v-top.

r = ίτο,.(το,.->(■■■ (?D„
1 U ,-(C),

<£</!,

c (I -  D m ( S ( D ) C ^ C j ]

. W O ) ) . u <Ξ 
«  =

-  1

<TD„(TD„- L) ) . .

u = }
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then L j ^ L j  and we may as well assume that L j  is above L i in C. We shall see 
that whatever the values of it, jj,·. tij. then t 0u i(L,·) is a column level in C. 
contradicting the assumption that u(Ai(C)) =  u. If u =  ttj the result follows from 
the fact that n(Lj )  =  u. whereas if 1 the result follows from the fact that

n(L;)}zu + I.

§5. The Tower Block Construction for rv

In this section se shall show that i f  τ =  γ (7~) and v is a stopping time for 
(Ω .,Ά .μ.τ) with $νάμ  =  1<. then we can find a tower block IT and a set of 

permutations Σ such that τν =  τ(Σ .X).
Let C be a column in T and let L n(C) be the first column level (counting 

from the base) which satisfies « (L „ (C ))^ « . Then define B 1(C) =  L 1(C) and for

B„(C) =  rDn{TDi( .. .(r0_ A L n(C ))) . . . ) i

where we assume that T is chosen so that each Bn(C ). 1 is a column level
in C. (If this is not the case for T it will be for S“(T) for some it ^  1.)

Now for each B jC ) .  1 <^n^k . there is ί,,^Ο such that (τ'Τ" B„( C) is a v-top in 

C  and in the column

D„[C)=  B JC ):  0 £ ] £ /„ }

maps each column level except the v-top (r')‘” B/I(C') linearly onto the column 
level immediately above it. Since τν is invertible we have

y  D n(C)* — c*.
11=  1

Now if T =  ( C ; : 1 ^  m) we define for l ^ n ^ k  

Tn =  {CnJ: 1 

where Cnj =  Dn{Cj) and we let 

ΤΤ =  (Τ„: 1 ^  h ^  k).

Note that ΤΓ* =  T*. We also clearly have 

Lemma 5.1. (i) ^Ι(ΤΓ) =  .4V(T),

(ii) τΤ(ίϋ) =  τν(ω). ojeTT* — 4  (ΤΓ).

We shall define Σ =  {σ/. 1 ^ j ^ m }  by σ j(n) =  i/(4 (C Hj)). Because of Lemma 

4 .8. each σ]. 1 is a permutation of {1.2.......k).

Lemma 5.2. For each it Si 0.

(i) 4 ( P"(TT)) =  4 V(S"( T)).

(ii) Γ Ρ „ ι 1 Γ ι ( ω (  =  τ''(ω)- cjeTT* — 4  (Ρ"(ΤΠ).

n >  2

ϊ  m )
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Proof. The result is true for u =  0 by Lemma 5.1. Suppose the result is true for 
and let

P ' (T i) =  ( C ij: l ^ y ^ m 21),
S-'Ct) : 1 £ j £ m 2v).

Then

Λ ( Ρ ν  ̂1( T ) ) =  i j  A i P ^ ^ T J )
n = 1 
m2t> k

= U Uj= 1 1 J

where 0Cj_ t =  w ( C iJ) /w(Pv(T]) )

=  U α ^ ρ ^ τ,,)),)
n= 1

=  A v(^(St( f ) ) 1) =  .4'(S, - 1(f·)).

So (i) holds for i/ =  t- -I- 1. To check that (ii) holds for u =  r-t-l. it is sufficient to 
check that τ' agrees with r,„.- Ι|ΊΓ) on .41 P ‘ (ΊΓ)) — .4 (P '~  1 (IT)).

N ow  for each 15Ξ/5ΞΑ:. 1 ^ j ^ n i 2’. A [ C ij) is a v-top in Cj  in S '(T ).  Suppose 
that

n (-4 ( C u)) =  u. n(A( Cij)) =  n.

So each of

is a column level in SV(T )  above A { C tj) but

is not a column level in SV(T) .  N o w  looking at S1̂  l ( T )  we have

τ Dlt- i (TD„(--(TD, - i ((l ̂  ( C ,j))q)^-- ))
m-*'

~  0  %j— I (^^u( C*/)) 1I = 1

where 0Cj_ l — \v(Cj ) /w(Sv(T) ) .  and so

rv( ( -M (C 0.))0) =  ‘U
/= 1
m11

=  vJ ay - 1 (3&*· ml ̂ Y)) t
/ = 1

=  % i- . 1(|P r( r , , J ) l )

\(Pl

M * j -  i(i ' T O M )u u
j =  1  n —  1

TDn- S ZD„ ,(··· <το. A ( C U))) s i  s n  — (i

( Τ . ( . - ( τ

- / )) I

■ Μ ))
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a n d  so t v agrees w ith  r pi .( i r) o n  each  /4(C,-y), 1 a n d  so

+ i ) =  T ( ( O )

for coeTT* — A ( P V+ 1(1T)) a n d  so. by in d u c tio n ,  the  le m m a  is p roved .
H en ce  we have

T h eo rem  5.3. r v =  r(2T, U").

A n d  the fo llow ing  theorem fo l lo w s  f r o m  the results o f §  3.

T h eo rem  5.4. (i) r v is ergodic on {v=f=0} i f  f o r  som e j 2 ^ m ,  are
defined by

crj i (i) = i. <?j2(i) = i + l  (m od  fc). i 'e { l ,2 ---- .A:}.

(ii) r v is Bernoulli on {v=t=0} i f  f o r  some j x - j z d s *  1 fSj, ^  m. i =  1 .2 ,3 , and some 
i. 1 ^  i ^  k  we have

(a) (Tj i (l) = l+  1 (m odi;) .  / e { 1 .2 ---- , A:}.

(b) a jz (l) =  <7ji (/) =  /. / e { 1 .2 ........k}.

(c) I f  T{ = (C¡j. then the heights o f  and C ij3 dijfer by  one.

§ 6. D ensity  Results

In o rd e r  to investiga te  dens ity  results we need  to investiga te  to w hat ex ten t a 
s to p p in g  t im e needs to be m odified  in o rd e r  to  satisfy the co n d i t io n s  for r v to be 
e rgod ic  o r  Bernoulli  as ou tl in ed  in T h e o re m  5.4. T hese  co n d i t io n s  are  m ainly  
c o n c e rn e d  w ith  the  p e rm u ta t io n s  Z  which are  in tu rn  d e te rm in ed  by the nam es 
o f  c o lu m n  levels in T. So in this sec tion  we shall assign n am es  be tw een  0 and  
k ^ .  1 to  c o lu m n  levels in T  an d  ta k e  v to  be th e  c o r re sp o n d in g  s to p p in g  tim e of 
(£2. /.i. r( T)) as defined by T h e o re m  4.1 (i). It will be co n v en ien t  w hen  assigning 
n am es  to c o lu m n  levels to insist th a t  if v is the  s to p p in g  t im e w hich  arises then 
the Arv-tops in th a t  c o lu m n  a re  the  to p  k  levels in th a t  co lum n .

L e m m a  6.1. L e t  A (. l ^ i ^ k .  be the top k levels (n um bered  fro m  the to p ) in a 
column C o f  T. A  necessary and sufficient condition f o r  each A t. 1 5S / ^  k. to be a v- 
to p  is

/i(/4;)e{ i, i +  1........k}. L k.

P ro o f  T h a t  this co n d i t io n  is necessary  is sh o w n  in L e m m a  4.2. If /*(.4,) =  n( :> 
th en  no t  all o f

t d „ ,  -  j  ( t d „ ,  -  j  T ! ( •  • •  ̂ r D „ ,  -  i ( ■ ' 4 / ) )  • • • ) ) •  0  ^  n {

can  be c o lu m n  levels in C  as the re  a re  only  i — 1 c o lu m n  levels ab o v e  .4, in C.
W e shall define an  /i-sequence of o rd e r  k to be a co llec tion  [nr. 1 ^ / ^ / c i  

satisfying /»,-e {/. / -I-1....... A:}, l ^ i ^ k .  T h u s  if we give the  /th level (coun ting  from

<; i k. / m

g / g n)

o j  1 9aj 21 / 1



the top) of a column in T  the name »,·. where {«,.· l ^ i ^ k }  is an n-
sequence of order k. then these k column levels are v-tops. Note that the number 
of different «-sequences of order k is k\. If }/!,-: 1^/^A ;} is an «-sequence of order 
k then each of

{/. n l + l. « ,  -+■ 1. . . . , n k +  1}, l ^ l ^ k + l .

is an «-sequence of order k +  1 and in fact we can obtain each of the (fc4- 1)! re
sequences of order k +  1 from the «-sequences of order k by this method.

A  collection {u,: is called a κ-sequence of order k if it is a
permutation of {1,2---- ,k}. Corresponding to each «-sequence of order k we
define a «-sequence of order k by ul = n l and for j ^ 2 .  1 1 = 11, l ^ u ^ n — 1 if the 
sets J J

{1 1, z2, —  is : 1 ^  is <  /s_ t <  ... <  j 1 < j ,  nit ^  «y — t +  1, 1 ^  t  ̂  s}

are non-empty for s^Hj — u and empty for s^tij —  u +  1 and uJ =  nj if the set 

{/: 1 ΞΞ i < 7 , ni }>nj } 

is empty.
Equivalently, if A (. l ^ i ^ k ,  are the top k levels (counting from the top) of a 

column in T  with n(/4i) =  /i.. then ui =  u {Ai). That the collection {«,·: 1 ^ i ^ k ]  is a 
«-sequence of order k follows from Lemma 4.8.

Lemma 6.2. Let J/?,: be a n-sequence of order k and {«-: l ^ / ^ A J  the
corresponding 1,-sequence. I f  [n]: 1 ^ / ^ A + l )  is the n-sequence' of order k +  1 
defined for some 1. 1 ^  ^  k +  1. b v

n\ =  I

11 )+ 1 =  nj + 1 1 = j  =  k 

then the corresponding u-sequence of order k +  1. {u\: 1 ^ i ^ k  +  1} is defined bv

lt \ ~  I
and for  1 ^  k.

fUj 1 < « . < /  — 1
“ ,•̂.1 -s —  j —

(_ Uj +  1 / ^  Uj ̂  k.

Proof u\= l  by definition. N o w  for 2 t^k +  1, l ^ s < n ’. — 1.

.......ls : l c . . . < i 1 < j .  ni'^n'j  — t + l .  l<^t<^s}

= U 1 + l -Λ +  1..... Λ + 1: 1 =Λ </*- i < ··· <7i <7 — 1.
>ίΛ^ · _ , - Γ + 1 .  l ^ r ^ .v } .

The set on the right hand side is non-empty for s ^ n j _  and emptv for
-  " j  _ 1 - 11 j - i +  1 · Since n\ =  /. if 1 ^  itj _ , ^  / -  1 and .%■ =  nj _ , -  « . _ ,.

“ S.T. R ichardson and Κ. M . W ilk inson
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{ ί χ . ΐ ζ....l ' ’s - 1: <',<···<j'i<■/- l = i= 5 + l ‘

=  {1} [/,. iz....../ v: 2 5Ξ ix<- ·· ■ <  i i <  /- ,Jit =  nj ~  f +  1 1 [ =  s »

and so iij =  uj _ t in this case, whereas if / ^ « 7_ 1 ^ k  and s =  nJ_ l — itj_ ,

• i * t . t 2 .................. w * - 1 ; 1  =  1 < * , < · . . < * i < λ

=  V i . i 2....../s: 2 ^ nit^ n ’j — r+1 .

and so Uj =  Uj_ t -t- 1.

Theorem 6.3. T/ie mapping which takes an n-sequence of order k to the correspond
ing u-seqiience of order k is one-to-one.

Proof. Note that there are kl /i-sequences of order k and kl «-sequences of order 
k. Hence it is sufficient to check that each π-sequence of order k gives rise to a 
unique «-sequence of order k. W e proceed by induction on k. Clearly the result 
is true for k =  1. Suppose to each /i-sequence of order k there is associated a 
unique «-sequence of order k. Lemma 6.2 shows that the procedure we have 
used to proceed from π-sequences of order k to /i-sequences ot order k -+- 1 will 
preserve the uniqueness of definition of «-sequences.

As a result of this theorem there is a unique //-sequence of order k which 
gives rise to any particular «-sequence of order k. As Σ  depends on the value of 
u on v-tops we want to see how we must change the names in columns of T  in 
order to obtain the permutations required for the resulting transformations to 
be ergodic or Bernoulli. Let T  =  ( C ;: 1 ^Lj?=Lm) and tor each 1 ^ j ^ m  let .4,(C;).
1 ^  ^  k. represent the top k levels (counting from the top) ot the column C r

Theorem 6.4. Let /> he a permutation of *,1.2......k\. We can assign names to
.4,4 C,·). 15Ξ/5ΞΑ:. so that σ; =  />.

Proof  Let B„(C·). 1 ^ n ^ k .  be as defined in  ̂5 and first of all assign the name k 
to each .4,(C^). l ^ i ^ k .  This ensures that each .4,(C;). ΐ5Ξ/5Ξλ\ is a A-top. Now  
for each η. 1 we can find r ( » )e [  1.2......A.} and z„^0 such that

(r'V" B fIlC, )  =  .4ri„,(C,).

Note that r is a permutation of [1.2......k).

N ow  we shall assign a new name nt to .4,4 C,·). 1 5Ξ / with ligiiSA:} a
particular /i-sequence of order k and we denote by v' the stopping time 
associated with the partition E\. 1 ^ i ^ k .  by Theorem 4.1. where E\ is the union 
of column levels now having name i. Note that changing the names in this way 
does not affect the permutation r. i.e.. we shall still have for each l ^ n - ^ k

(rv )"' Bn( C j) =  .4r,„,( C ;). 

for. if fM =  0. this is clearly true and if /,, is 1 and

/Mir' )'" ‘ 1 B„( C.)) =  I

i
1 -  l 2 < t. < <  * i <Λ n] +  1.

------  J

».·, = "i
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for some / with l £Ξ / 5Ξ A:. then for some h. l ^ h ^ l .

T D h ( T D )l<. , ( " - ( T D , - i W r ' )*" 1 ·®η ( ^ · ) ) ) · · · ) ) Φ  i_J Ai (C j )
i =  1

and

^Dh - , ( ^ D h( - - - ( T D [_ l ( ( T v' ) i” - 1 JB „ ( C 7) ) ) . . . ) ) < =  ( J  A {(Cj) .
i = 1

But because n (Ak(C j ) )  =  k we have

^Dh_ 1(TDh( . . . ( T D, _ l ((Tv> - l S „ ( C , ) ) ) . . . ) ) = > l fc( C , )  

and so

irrespective of the particular values of n(/l,(C7))e {i. i +  1...... A:}. 1^/^/c.
In order to have σj =  p the particular «-sequence of order k we choose is the 

one corresponding to the «-sequence of order k defined by

ui= p { t ~ l {i)\ l ^ i ^ k .

Then, for σ^ϊ )  =  p(i). as required.
In discussing the density of stopping time transformations with specified 

properties we shall work with the uniform metric

( 1 ( τ ι . τ 2 ) =  μ { ί ο :  τ , ( ω ) φ τ 2((υ)}

where τ , . ι ,  are both automorphisms of (Ω .^ .μ ) .  It will be of use to relate the 
proximity of two stopping time transformations with the proximity of the 
associated partitions which are defined by Neveu’s Theorem.

Lemma 6.5. Let v and v·' be stopping times for  (Ω . μ. r) with J v άμ =  |’ v άμ =  k ^  I 
and let En, O ^ n ^ k .  and E ’n. O ^ n ^ k  be as defined for v and v' respectively bv 
Theorem 4.1. For any ε > 0  there is t](e.k) such that

μ(Ε„ J E'n) <η{ε.  k). 0 ̂  n ^  k.

implies

d (τν. τν ) <ε.

Proof The result follows from the fact that, for 1 ^ n ^ k .
n — 1

μ ( { ( oeE„r\E’„: rv(co)φ rv (ω ) } ) ^  Υ  μ φ , Δ Ο ’,)
I = o

where

D l =  U £™ and D l =  U Em-
m =  / r  1 m  =  I  —  1

το0(τί>,( A k _ h+ i (C j )τ ο , _ , :ν BAC
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For the case n =  1 we note that

{ojeEl r\E\: τν(ω) = τν'(ω )} ={coeEl r>E\: tDo(cu) = t D|.(cu)}
=  (£  ( η  £',) π  τ ^ 1 (D 0 n  D'0) n  r j . 1 ( ΰ η η  D0)·

Hence

{ coeEi r^E\: τν(ω )φ τ ν'(α>)} =  ( 5 ^  £ ', )n  [ r ' 1 Φ 0\Ο'0) w t ^ ‘ (Z)'0\ D 0)] 

and so

μϋα,^Ε,Γ^Ε'^.  Γι' (ω )φ τ Γ (ω ) } ) ^ μ (Ο 0\Ο'0) +  μ(Ο'0\ Ο  0) =  μ (ϋ  0 J D'0).

For the case n =  2 we note that if

coeE2 ο  E\ r\ το,1 l (D  , η ΰ ' , ΐ π  τ ^ 1 (D 0 o  D'0)] ο  [(£>, r> D't) ο  τ ^ 1 <£>0 o  D ’oy\ 

then

τ0, Μ  =  τΒ;(ω) and τ0ο(τι,ι(ω)) =  τ0{>(τ0.1(ω)). so

Jco e E 2r>E’2: Γν(ω) =  τν (ω)}
[(ΰ ,ηβ '^η τό/ ΐΟ οηΟ ;,)] 

γλ rD· [(D[ π Ο ,)λ τ 0(ι (Z)0 γ"ί Z)0)]
or

J E 2r\ E'z: τν( ο ) ψ  τν (ίυ)}
^ E 2r\E’2nl{ τό/ [(D, .D 'Jur^'lD,, £>;,)]

^ τ li\ [(°1 \^ΐ)^->τθή (Οο ·£>θ)]).
Hence

//({a>e£, £·,: τν(ω) φ τν (<:υ)|)
^ μ ( Ο ί\Ο\ )  +  μ (Ω 0 D'n) +  μ(ΰ\ D j ) +μ (Ώ '0\ Ο 0)
=  μ (ΰ  0J D ’0) +  μ{Ω χ AD\).

The cases » ^ 3  follow in an analogous way.
N ow

ί/(τν. τν) =  μ({οο: τν(α>)φτν (ω )})  
k k 

^  y  μ(Ε„\Ε'„ )+  X  μ ( {ω ε £ „ η £ ' :  τν(ω) φ τ ν'(<υ)})
;ι =  Ο  /ι =  1

k k n —  1

^  X  / i(£„J£ ;)+  X  X  μΦ,ΔΩ, )
n = 0 «=!/=()

^ y  .tM£;iJ£;,)+ t  "v  y  ^ e j e j
/i = O n — 1 / ()/« — / — 1

which establishes the result.



Theorem 6.6. Let τ =  τ(Τ ). I f  v is a stopping time for (Ω. μ. τ) with $ v dμ =  k7£\ 
then for any ε > 0  there is a stopping rime v' with J v' dμ =  k such that τν is ergodic 
on {ν 'φ Ο } and

d(xv. τν ) <  ε.

Proof. Let E n, O ^ n ^ k .  be as defined for v by Theorem 4.1. As the column levels 
in St’(7'), 17^0. generate we can find such that

(i) There are disjoint sets E'n, O ^ n ^ k .  which are unions of column levels in 
SV( T )  with μ (Ε ηΔ Ε'η)< η (ε ,  k)/2.

(ii) μ (Β (5 ' ’( Τ ) ) ) < η ( ε Λ ) / 2k.

In C t give each column level name n if it is a subset of E'n, O ^ n ^ k ,  and then 
modify the top k column levels so that

σ l (i) =  i -f-1 (mod fe). /e{1.2......k}.

In C 2 give each column level name n if it is a subset of E'n, O ^ n ^ k .  and then 
modify the top k column levels so that

σ 2(ϊ) =  ϊ. /e{1.2......A:}.

For 3 ^ i ^ m .  give each column level in C f name n if it is a subset of E ’n and then 
assign the name k to each of the top k column levels. N o w  let Fn be the union of 
those column levels now having name n. O ^ n ^ k  and define v’ so that

v.  ̂ =  f c j  cjeF0
τ CJ 1το0(τθι( · · · ( td„- ,(ω >) ···))· OJeFn. l ^ n ^ k .

k

where D„_ ! =  U  Ft. l ^ n ^ k .  Note that because of Theorem 5.4(i)
l = n

rv is ergodic on {ν'φΟ}.

Also

μ(Ε'„ Δ Fn) <  kμ (Λ (Ξ % {F ) ) )  <  μ(ε. k)/2 

and so

μ (Ε η Δ F „ )< μ(Ε„ Δ E'n) + μ(Ε'„ J  Fn) <  η{ε. k).

Hence, by Lemma 6.5. we have 

d(x\ τν')<β .

Theorem 6.7. Let τ =  τ (Τ ).  I f  v is a stopping time for (Ω. j#. μ. τ) with ] =  1 
then for any ε >  O' there is a stopping time v" with J v'i/u=fc such that rv is 
Bernoulli on |ν'φ0| and

d(z\  τν' )<«·:.
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Proof. Let E„, O ^ n ^ k .  be as defined for v by Theorem 4.1. As the column levels 
in Sl' (T) .  v^O.  generate we can find r ^ O  such that

(i) there is a partition F„, O ^ n ^ k .  of Ω. with each Fn a union of column levels 
in Sl ( T )  and

μ(Ε„ J F „ ) < n(e/2.k).

(ii) If Sl ( T )  =  ( C i: l ^ i ^ m )  then μ( C * )  <  η(ε/2. k)/4. 1 5Ξ z 5Ξm.
(iii) μ(Β{Ξι ( Τ) ) )  <  η(ε/2. k)/2k.
(iv) C 2 has height greater than k.

Let Θ be the stopping time associated with the partition Fn, O ^ n ^ k .  by 
Theorem 4.1. In C t give each column level name n if it is a subset of Fn and then 
modify the top k column levels so that

σ^ ί )  =  / + I  (mod/c). z'e{l, 2 ,___k).

In C 2 give each column level except the top k -+- 1 levels name 0. give the ik+  l)st 
column level (counting from the top) name 1 and allocate names to the top k 
levels so as to give

σ,(/) =  /. z'e{1.2......A:J.

In C ,  give each column level except the top k levels name 0 and give the top k 
levels names which give

σ 3(ζ') =  /. /el 1.2......k].

For 4 ^ j ^ n i  give the top k column levels in Cj  name k and any other column 
level name n if it is a subset of F„. N o w  let E'n be the union of column levels now 
having name n. θ£Ξ/ζ^Α\ and define v’ so that

where D n_ l =  E\, 1 <^n^k. Note that the second and third columns of T l . as

defined in $ 5 have heights 2 and 1 respectively and so. by Theorem 5.4(ii) τν is 
Bernoulli on (v'4=0}. Moreover, for O ^ n ^ k .

c j <=E ό
ajE:E'n, 1 ^ n ^ k .

k

I  =  n

μ^FnJE ; , ) < :μ^C ΐ ) +μ^C* )  +  kμ^Λ(S'^^T) ) )<η(e/2, k) 

which implies that 

ι/(τ". r' ) <  ;:,2.

Hence

rv to =
(Ο

(τ,' D o Dt

d (τν. r'
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Corollary 6.8. I f  τ is a Bernoulli shift of finite entropy then tne set of stopping time 
transformations τν for which t v is Bernoulli is dense in the set of stopping time 
transformations.

Proof  Any Bernoulli shift o f finite entropv is isomorphic to τ =  τ(7~) for some T
C-l·
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A P P R O X I M A T I O N  R E S U L T S

B y  S.  T.  R I C H A R D S O N f
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1. Introduction
In  this paper we prove some approximation results within the class «^(r) 
of stopping-time transformations derived from an ergodic autom orph
ism t of a Lebesgue space.

I f  v  is a non-negative integer-valued measurable function then r v 

belongs to r ) if and only if t v is again an automorphism, and v  is then 
called a stopping time. Stopping-time transformations were first 
discussed by Neveu in [6]. SS {t) includes induced transformations and 
coincides with the positive part of the full group of r.

I t  is known, see [1] and [2], tha t is separable and complete with
respect to the uniform metric and th a t the entropy of t v is related to th a t 
of r  via the expected value of v.  In § 5 we approxim ate any stopping-time 
transformation r v by a stopping-time transform ation r V|, which has the 
same entropy and is ergodic on the set {vx # 0 } .  We then deduce density 
results for the set of mixing or Kolmogorov stopping-time transform
ations using results of [4] and [7]. These approxim ations are based upon 
a construction which is given in §4. In a previous paper [8] we proved 
th a t when r  is a Bernoulli shift the set of r v which are also Bernoulli 
shifts is dense. Throughout the paper we take £2 =  [0, 1], 38 to be the set 
of Borel subsets of Q. ¡j. to be Lebesgue measure on 3S, and r to be an 
ergodic automorphism of (£l.3S. /a ).

2. Preliminaries
Let v  be a measurable mapping form (£2. 39) to the natural numbers l\i. 

Then the transformation t v defined by

t v(co) =  r ”(ct>). aj G  {v =  n } ,  n  G  Î J,

t  T h e  a u t h o r  w is h e s  to  t h a n k  h er  s u p e r v i s o r  D r  K .  M. W i l k i n s o n  for  m u ch  h e lp  a n d  
e n c o u r a g e m e n t  in th e  p r e p a r a t io n  o f  th i s  p a p e r  w h ic h  is p a r t  o f  h e r  P h .D .  th e s i s  a t  th e  
U n i v e r s i t y  o f  N o t t i n g h a m .

P r o c .  L o n d o n  M a t h .  S o c .  (3) 43 (1981) 273-294
K8. 3 .4 :*



is an autom orphism  of (Q, 38. ¡x) if and  only if the  sets {t"{v =  «}: n e f\|} 
form a partition  of Q. I f  this is the  case, following iieveu , we call v a 
s to p p in g  t im e  for (Q. 38. ¡x, x) and xv a s to p p in g - t im e  tra n s fo r m a t io n .  
Neveu [6] established the following decom position theorem:

T h eo rem  1. (i) I f  €1 rs D 0 ■=> D l . . .  i s  a  sequ en ce  o f  m e a s u ra b le  se ts  su ch  
th a t e ith er  D k_ x ^  </) a n d  D k =  (/> f o r  so m e  k  ^  1 o r  C \ ^ - 0 D n — (/) then  
there i s  a  s to p p in g  t im e  v o f  (Q, 38, /x, x) su ch  th a t

<o. i f  to  e  E 0 =  D 0C,

TB0(Ti)i(---(TD--l(w»---)). */ <*> 6 E n f o r  n  1,

ivhere E n — D n_ x\ D n f o r  n  ^  1, and  /o r  any -O e -rD re p re se n ts  the  
in d u c e d  t r a n s fo r m a t io n  o f  x on D .

(ii) C o r r e s p o n d in g  to a n y  s to p p in g  t im e  v o f  {€1. 38, fx, x) there i s  a  sequence  
o f  m e a su ra b le  se ts  Q D 0 D x. .. a s  in  (i) su ch  th a t  xv h a s  the f o r m  (2.1).

(iii) I f  v i s  a  s to p p in g  t im e  f o r  (Q. 38. fx. x) a n d  x i s  ergod ic  then  jV d/x i s  
e ith er  a n o n -n eg a tive  i>iteger or o c . I f  jV dfx =  k  <  oo then f  'e se ts  D n 
ivith  n ^  0. defin ed  in  (ii) s a t i s f y  D k_ l ^  0 , Z)fc =  0 ,  w h ereas  i f  
§vdfx. =  4-oo «re Aave Z>„ ^  0 . /o r  w. ^  0 , and =  0 *

If  we let =  Z)QC and E { =  Z)t-_ l \Z)i, for i  ^  1, then, for a stopping 
time v with Jv d^x =  k <  oc. the sets {£’t}*= 0 form a partition  of Q th a t  we 
call the  partition  associated with v. Conversely, given a partition  
{ E i} l- - 0 o f Q. we say th a t  the stopping time v defined as in (2.1) with 
A>° =  E o  and  D t — { J j  = ,■ i E j. for 1 ^  i  ^  k — 1, is the  stopping time 
corresponding to the partition  {.Erf}*_0.

N ote th a t  any stopping-tim e transform ation  xv with j v d/x =  -f- oo 
can be approxim ated by a stopping-tim e transform ation  xv* with 
§vk d/x =  k  <  oc. Indeed if ! is the sequence of sets, decreasing to
(/), associated w'ith v by Theorem 1 (ii), we define

fa>. if a> e D k,
xv*(a>) =  1 v *

^x (a>). II co € U k ,

and we choose k  large enough so th a t  xv and  xv* differ on a set of a rb itra ry  
small measure.

The en tropy  of a stopping-tim e transform ation  is related to  the 
num ber of sets in the decomposition as follows: if d/x =  k C  oo, then

h(Tv) =  kh(-r). (2.2)

The entropy of xv was first studied by Belinskaya in [2], where (2.2 ) is 
proved under the additional hypothesis of ergodicity of xv. By

274 8.  T.  R I C H A R D S O N
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decomposition of t v into its ergodic com ponent and use of a result of 
R ohlin’s [9] relating the entropy of an autom orphism  to the entropy of 
its ergodic components, Belinskaya’s result easily leads to (2.2).

The construction in §4 involves the geometric representation of an 
ergodic transform ation via R ohlin’s theorem. Let us recall some 
terminology, introduced principally in [3, 4, and 8].

L et 0 ^  i  <  h} be a collection of disjoint measurable sets. We say 
th a t  C — (Li'. 0 ^  i  <  h) is a t -c o lu m n  if t (Lh) — L i + l , for 0 ^  i <  h — 1. 
The sets L t, with 0 ^  i  <  h, are the column levels of C; C  has base 
-B(O) =  JL0 , top -4(C) =  L h_ 1? height h(O ) =  h, and width tv(C) =  fx(L0 ). 
We let C* =  Lt- Note th a t, even though r  is an automorphism  in
Q, in a r-coiumn C. t  is not defined within C on .¿4(C). I f  F  <=. L Q, the 
column (t 1F : 0 ^  i <  h) is called a su b c o lu m n  (or c o p y )  of C with base F .

A -r-tower T  is a finite set of disjoint columns T  =  (Cy. 1 ^  to); T  
has base B ( T )  =  t B (C j)  and top  A ( T )  =  t A ( C j ) .  We let 
'I’* =  U J L  i C f  and denote by £ ? { T )  the set of column levels of T .  In  the 
sequel, when we simply say column (respectively tower) we mean r- 
column (respectively r-tower).

We say th a t  a column C is p u r e  with respect to  a partition  P  — {pi}"_ x 
if each level of C is a subset of an atom  of P .  Given any column C. we 
p u r i f y  C with respect to P  if we divide C into subcolumns th a t are pure 
with respect to P .  This is done by taking the bases of these subcolumns 
equal to

m o -  i _ .
B { C )  r\  ( ]  t Jp i ,

j  =  o

for all choices of i j  G {1. 0 ^  j  <  A(C). We purify a tower with
respect to P  if we purify each column in the tower.

L et us now consider a fixed stopping time v , with associated partition 
and a x-eolumn C, pure w ith respect to  We can then

label each column level of C with respect to th a t  is, we define a
function on j£f(C). taking values in {0, . . . , k } by

n ( L)  =  n if L  c= E n, for 0 ^  n ^  k.

and  say th a t L  has n a m e  n. Levels w ith nam e 0 are invariant under t v 
and  will no t be involved in the discussion th a t  follows. The action of r v 
w ithin the column C can now be described by an appropriate sequence 
of names. Suppose th a t a column level L i  has nam e n  ^  1. Then r v(Z<i) is 
ano th e r column level in C (we also say xv(Z/,) is defined within C) if and 
only if there is a sequence of indices
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i <  ¿! <  ¿2 <  ... <  in <  h

{E .}k
i =  O ’



with ^  n —1 +  1 and 1 ^  t ^  n.  F u rth e r . 'rv(Zif) =  L in if each index
i t satisfies i t =  m in{j: t -+-1 ^  j  <  h.  ^z(Lj) >  n — t -+- 1} for 1 ^  t ^  n.

Clearly there m ay be column levels o th e r  th a n  A ( C ) ,  th a t  is, some L/{, 
w ith 0 ^  i  <  h — 1. for which r v(Z/i) is n o t defined w ithin  C . F o r  a  column 
level L t with ^t(L) =  n.  we shall define ««*(£,-) =  u, where 1 ^  u  ^  n,  if  
the  set

i  <  i  t <  ... <  i s <  h,  n ( L it) ^  n  — t +  1 ,1  ^  ^  <s}

is non-em pty  for s  ^  n  — u and  e m p ty  for s  ^  n  —u - 1- 1, and  m (A) =  o if 
t v(Z/,) is defined w ithin the column. So counts the  num b er of steps
in the ite ra tive  definition of t v on Z*f given by Theorem  1 which are left 
undefined w ithin  the  column containing L

In  the  sequel, we refer to [8] for properties o f the  functions and & 
th a t  we quote w ithou t proof.

Any column level L \ r \ C  with L ) ^  1 is called a v - t op  in C  and  it can 
be shown th a t  there are a t  m ost k  v-tops in any  column. Furtherm ore , 
any  level L  in C  with ¿¿(L) =  0 is m apped  by some power of t v onto a 
unique v-top.

I f  we now have two disjo in t x-columns C Q and  C x with 
r(*4(C0)) =  B ( C X). we denote by C 0 the column defined by

( t ‘B ( C q ): 0 ^  i <  h ( C Q) + h ( C i ) ) .

Similarly, given two disjoint towers T t 1 ^  j  ^  ) and
T 2 — ( C 2l: 1 ^  I ^  m 2 ) " 'ith  t ( A ( T j)) =  B ( T 2 ). we then  define a tow er 
with base B { T x) and top A ( T 2) deno ted  by T x * T 2 . The bases of the  
columns of 7 \  * T 2 are given by

{B(Cij) t~H{Cij)B(C21): 1 ^  j ^  m l. 1 ^ 1 ^  ra2}.

so r ! * T 2 has a t  most m l m 2 columns. I f  C Q and  C x are both  pure with 
respect to and  if L  is a v-top for O a , then  t v( L)  m ight be defined
within O 0 * O l . Precisely, we define a t  m ost k  levels in C  x: 
{ B t( C t ): 1 ^  i ^  A.*}, called the v-bases of C l , by

f B l ( C 1) =  L ^ C t ) ,
I W . )  =  r Do(rDl(...(x0i_2(A (C1)))...)), for 2 ^  i <  k,

if TDo(TDx(-. . {'rDi_2( L i( C x) ) ) . . . ) )  is a column level within C y and  where 
L i ( C i) is tbe first column level o f (counting from the base) w'hich 
satisfies ^ (¿ ¡ (C j)  ^  i. I t  follows th a t  when L  is a v-top for C Q with 
¿s(L) =  u ^  1 and when B u( C t ) exists, we have

276 8.  T.  R I C H A R D S O N
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N ote th a t, for a column C  =  ( :  0 ^  i <  h), pure with respect to 
{£'l}f_0. if there exists a sequence of indices {¿y}*=o with 
0 ^  i Q <  <  ... <  i k - i  =£= h — 1 and L¡j) ^  k —j ,  for 0 j  ^  k —1. 
then  C  possesses exactly  k  v-bases. However, any  level in C  is the image 
under some power of t v of a v-basis.

Thus the nam e function characterizes the action of t v within a column 
C Q; further, if the  column C Q is extended by considering C Q * C  then r v 
m aps v-tops of C 0 to  v-bases o fC j and this action is characterized by the 
function

3. The ¿¿-blocks
The definitions concerning v-tops, and  abases  given in the

previous paragraph  depend on v only through the partition  { E ^ ^  0 
associated w ith v. We could as well have sta ted  these definitions with 
respect to a partition  and taken v to be the corresponding stopping time. 
Since v and  {.E,l-}*=0 are interchangeable in this way, we simply refer to 
*t. & functions as defined with respect to a n a m e  p a r t i t i o n  Q , and
similarly for v-tops and v-bases.

In  w hat follows it will be convenient to impose conditions on 
the nam e struc tu re  such th a t  the k  v-tops in a column C . pure with 
respect to a name partition  {^7^}0. are the top k  levels. We denote 
these top k  levels by D ( C ) =  (*4y(C): 1 ^  j  k).  numbering from 
the top  so th a t  A ^ C )  =  A ( C ) ;  if T  =  (C y  1 ^  k) then we let 
D ( T ) =  (D { C j ): k).

A necessary and sufficient condition for each A  ¡(C) to be a r-top with 
respect ito a name partition  {i7f}*= 0 is

M(Ai(C))  e  { i . i + l ........k } ,  for 1 ^  i k. (3.1)

In  this case {¿¿(Ai(C)):  1 <  i <  £} is a perm utation  of {1. 2. .... A-}. 
F u rth e r, we note th a t  if two name partitions {2?,-}*_0 and {^-}*=0, with 
associated stopping tim es v and v respectively, both satisfy (3.1) and 
coincide on C \ Z ) ( C ) ,  then the sets of v and v'-tops coincide. I f  L  is a level in 
C  w ith ¿¿(C) =  0 and t v(L>) — A j ( C )  for some j ,  where 1 ^  J  ^  k. then 
€*\L)  =  0 and t v'(L) =  A j ( C ) .

We now define a specific structure  of names, called a ¿¿-block, which 
we shall use later to control the action of r v.

A tow er T  =  { C y  \  ^  j  ^  k) is a ¿¿--block with respect to a name 
partition  {^7£} 0 if

(i) h(Cj)  =  k . for 1 ^  k  and iv(Cj) =  i v (C t), for 1 ^ j , l  ^  k.
(ii) the columns of T  are pure with respect to {£’,}'c= Q,

(iii) ¿¿(Ai(Cj)) =  i + j — l (modi'), for 1 ^  i , j  ^  k.



A ¿¿-block w ith k  — 3 is illustrated, below in Fig. 1. Above each level 
we have listed its  nam e and the value of the  ¿^-function.
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Now suppose th a t  there  is no underlying nam e p artition  and  th a t  C  is 
a  r-colum n of height k.  Then we can define a  nam e partitio n  so as to  
convert C  into a  ¿¿-block. This is done by first dividing A t (C)  in to  
k  d isjo in t subsets o f equal measure, which we denote  by 
{ A l ( C ) ( j ) :  1 ^  j  ^  &}, and  then  defining

C j  =  ( ^ A ^ O U ) :  - ( k - l )  ^  i  ^  0).

Thus T  =  (C y  1 ^  j  ^  1) satisfies condition (i) of the definition of a ¿¿- 
block. Secondlv we assisn nam es to column levels in each column C so~ J
th a t  conditions (ii) and (iii) are satisfied: for 1 ^ j ^ k ,  we let

, j  ,r- » _  +  if  1 * =S k - j  +  1.
[i. if  k - j + 1  <  i  k.

In  general, we s ta r t  w ith an underlying nam e p artition  and  a
column C .  w ith h( C)  ^  k.  pure w ith respect to {J£'t}f=0. We then, as 
above, subdivide C  in to  k  subcolum ns of equal w idth, { C y  1 ^  j  ^  k }  
and  modify the nam es on the top k  levels o f each Cj ,  a n d  o n ly  o n  these , to  
yield a ¿¿-block. We call the resulting tow er U (C ). Thus the new nam e 
partition  defined is such th a t

(i) the tower { D ( C j ) :  1 ^  j  ^  k }  is a  ¿*-block w ith respect to  G,
(ii) E t (€ 1 \ D ( C )*) =  E\  rs (C 1 \ D ( C )*),  for 1 ^  i  ^  k.

We refer to  {-£''•}*_ 0 as the nam e p artition  corresponding to {.£7,-}*= 0 a fte r 
form ation of U ( C ) .

I f  T  =  ( C t: I ^  I ^  m )  is a tow er w ith columns of equal heigh t h,  
where h ^  k.  which are pure w ith respect to  a nam e partition  { E ^ ^ q , 
then  we let U  (T ) denote the tower resulting a fte r modification of each C t 
to  U ( C t), w ith 1 ^  Z ^  m.  Thus U ( T )  has k m  columns and we refer to the 
new nam e partition  as the partition  corresponding to a fter
form ation of U ( T ) .

To outline the  fundam ental p roperty  of ¿¿-blocks, we consider the 
following situation. We have a column C  =  C Q * C 1( where h ( C 0 ) ^  k.  
h ( C t ) ^  k,  iv(C) >  0. and both C Q and  are pure w ith respect to  a

= 1 * = 1
A X(CX)

a 2 (C\) A 2(C2 )
= 3

A 2(C3)
= 2

= 3
A 3(C2)

= 3
^ 3 ( ^ 3 )

= 3

<?3
F i g . 1

A,(C2) A 1 (C 3 )
2 2

A 3:c l )
u 3

C i

2 9t 2

1

C 2

3 jt 3

1

€ 4 2
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name partition  { E ^ - q. We suppose th a t  the k  v-bases of C x. 
{ B t( C x): 1 ^  I ^  &}, exist. We form U ( C Q) and let {2£,'}*_0 be the 
partition  corresponding to a fte r form ation of U ( C 0). Note th a t
C  j is still pure with respect to We adopt the following notation:
if L  is a column level in C  of height h,  then define

L ( j )  =  Th- '’<c°>vl1(C'0)( i) ,  for 1 <  k.

Thus L  — [_)j=slL ( j ) .  Let v be the stopping time associated with 
{i£'}*=0. Note th a t  {J3i(Cx): 1 ^  I <  k }  are also the v'-bases of C t . We 
now show th a t  the existence of a ¿¿-block a t  the top of C Q controls 
'uniform ly’ the intersection between images under t v- of levels in C 0 and 
levels in C p

P r o p o s i t i o n  1 . L e t  C  =  C Q * C l} {£"}*=<), a n d  v be a s  above.  L e t  L  be a n y  
level  i n  C 0 , a n d  let L' be a n y  level  i n  C x, both i n c l u d e d  in  E'0C. T h e n  there 
ex is t s  a  u n iq u e  t >  0 s t ick  that

(Tv')iL  o  L'  #  0 ,

a n d .  f o r  th i s  va lu e  o f  t.

tJL((Tv:y L n > L ' )  =  w ( C ) / k .

Proof .  We first show th a t for each i ,  with 1 ^  i ^  k. k  subsets of A ^ C q) 
are m apped by t v to different »/-bases. Precisely, by definition of a 
¿¿-block. ¿¿(Ai(C0 ) ( j ) )  =  i + j —1 (m od i-) and thus, by (2.3).

Tv'(.4i(C0) ( i ) )  =

where from now on, all indices are taken  modulo k. For 1 ^  i. I ^  k  fixed, 
there exists a unique j  = j ( i , l )  such th a t

i  + j  — I — I (mod k),

and. for^' #  j ,  t v ( A i ( C 0 ) (Jr)) o  B t( C x) =  </>. Hence, for any 1 ^  i ,  I ^  k.

v('rv' ( A i( C 0 ) ) r ^ B l( C l )) =  » ( B t C O U ) )  =  w { C ) / k .  (3.2)

Now for a fixed^', with 1 ^  j  ^  k, L ( j )  belongs to a subcolumn of C Q, 
pure with respect to with { A i ( C 0 ) ( j ) :  1 ^  i  A;} as its f'-tops.
Hence there exists a unique tQ e Î J, such th a t

( r v' y ° L ( j )  =  A i( C 0 ) ( j ) .  (3.3)

for some i . with 1 <  i  ^  k.  Moreover, as rem arked a t  the beginning of 
the paragraph, i is independent of j  because, by definition of U ( C 0 ), for 
a n v j ,  with 1 ^  J  ^  k.  the names of { A (( C 0 ) ( j ) :  1 ^  i ^  A-} satisfy (3.1).

B i +j (C\) (j).
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Hence (3.3) holds for any  j ,  w ith 1 ^  jf ^  k,  and

(> ')‘°Z, =  1J  (Tv' y ° M j )  =  U A i( C o ) ( j )  =  A {( C 0 ). (3.4)
j=  1 J=1

Finally , as C  x is pure with respect to  {¿7'}*=0, there  exists a unique I, 
w ith  1 ^  I ^  k,  and  a unique t r e f̂ J such th a t

(Tv y ' B t( C i ) =  L ’. (3.5)

L e tting  t =  ¿Q-Mi-l-1, we have, by  (3.3), (3.4), an d  (3.5),

0^ ’Y L r ^ L ' =  (xv-)r‘[(Tv-M i(0 0) o ^ i(C'1)], 

for unique 1 ^  i ,  I ^  k,  and  th e  result follows from  (3 .2 ).

N ote th a t  Proposition 1 still holds if, instead  o f supposing th a t  C  x is 
pure with respect to {Ef} ^ Q, we only suppose th a t  the  first h ( C x) — k  
levels of C t are pure w ith  respect to  { E ^ - q w hilst D ( C x) is p a rtitioned  
by  {£*,}*_ o into any  num ber of ¿¿-blocks.

I f  we now have n d isjo int -r-columns, satisfy ing  t ( A ( C j )) =  B ( C j  + j), 
where 0 ^  j  <  n. we denote by C  — C 0 * C t * . . .  * C  n th e  colum n defined 
bv  ( t ‘B ( C 0 ): 0 ^  i  <L y.j = 0 h(C j) ) .  I f  h (C j )  k  and  each Cj.  w ith
0 ^  n . is pure with respect to  a nam e p a rtitio n  {-£7t}*=0. we construct 
several ¿¿-blocks by forming successively

T 0 =  U ( C Q).

T y =  L ( T o  * C i ) ,

T t =  U ( T t -  i * C t), for 1 I ^  n  — 1,

T n =  T n_ l * C n.

B y abuse of no ta tion  we som etim es denote  T n by  U ( C Q * C t * . . .  * C n) 
and. when there is no possible confusion ab o u t th e  de te rm ina tion  of the  
C j  (0 ^  j  ^  n) ,  we simply say th a t  we have form ed independent ¿¿~ 
blocks within C .  In  th is process, a t  each stage, we define a new nam e 
p artition  { E \ n}i = 0 , for 1 ^  ^  n.  w ith  {i£*-l)}*=0 the nam e partition  
corresponding to a fte r form ation  of U ( C Q), an d  { E \ l + 1)}*_0 the
nam e p artition  corresponding to  {.E’i,)}ic=0 a fte r  form ation of 
U ( T l _ l * C t). for 1 ^  I ^  n — 1. N ote th a t  the  nam es o f levels in D ( C n) 
have no t been modified. We refer to  {2£,Jn)}*==0 as the p a rtition  
corresponding to {£’I}*=0 afte r form ation  of U ( C Q * . . .  * C „). We can
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describe this construction as follows. F o r 0 ^  I ^  n —1. T l consists of 
k l + l  columns, pure with respect to and D ( T t) is a set of k l
¿¿-blocks. T n consists of k n columns, pure w ith  respect to and
{£,|")}*=0 coincides with {.E,f}|c=0 on £2\(^jr=o D (@ i)*)-  F or an illustration 
of the  form ation of independent ¿¿-blocks in the  case where k  =  3 and 
n  =  3, see Fig. 2.

We now s ta te  a generalization of Proposition 1 which can be proved 
by  induction.

P r o p o s i t i o n  2 .  L e t  C  =  C Q *  C t *  ... * C„ be a  c o lu m n , p u r e  vHth resp ec t  
to a  n a m e  p a r t i t io n  w ith  w (C )  >  0 a n d  h (C j)  ^  k, f o r  0  ^  j  ^  h.
S u p p o s e  a lso  th a t C  „ p o s s e s s e s  k  v -bases  w i th  r e sp e c t  to  Q. L et  {¿7-}f=0
be the p a r t i t io n  c o r re sp o n d in g  to {-£',•}*_ 0 a f te r  f o r m a t io n  o f  U  (O q * . . .  * C n), 
a n d  let v be the s to p p in g  t im e  a sso c ia te d  w ith  T h e n ,  f o r  a n y  level L
in  C io a n d  level L ’ in  O i t , where  0 ^  i 0 <  ¿j ^  n a n d  both levels  are  in c lu d e d  
in  E q , there e x is t  tj, w ith  1 ^  j  ^  k i l ~ io~ L. su ch  th a t

j  K 
the u n io n  be in g  ta k en  over j  ra n g in g  f r o m  1 to k l l ~ l°~ 1.

In the sequel, we adopt the notation

C  =  [C o ,C ,........C n]

if O  =  c0 * c t * . . .  * c n, where cf is a copy of C ( for each i. Forming 
independent ¿¿-blocks within C  is then taken  to mean forming 
U (c 0 * ... * cn). We conclude this section by quoting two results th a t  we 
shall use in the next section. Suppose th a t  P  =  {2>,-}i6/ is a partition  of Q. 
w ith I  a finite set of indices, and th a t  a  is an ergodic autom orphism . The 
following theorem  is referred to as the strong Rohlin theorem.

T h e o r e m  2 .  G iven  n. a p o s i t iv e  in teger, a n d  e >  0 ,  there e x is ts  a 
a -c o lu m n  C  o f  he igh t n a n d  base B  such th a t

(i) jlt ( C*)  >  l - e .
(ii) d ( P  / B )  =  d ( P ) ,  

w here

d ( P )  =  a n d  d ( P / B )  =  | . g/-

For a set A  e \ /  TLTo1 <*~lP- with m ^  1 and

=  P i o ^  a ~ lPii °  ••• °

A1([ U
j

(rv ) L] )
IV [C)
k

o o (m -  1)Vi m  -  1 ’

{<“•(Pi)} í e I i Vir \ B )

} t e /(B )
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.3 [C0) ( 1 ), n 3 •^3 [Co) (2), 3 ^3 Co) 3), 3
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we call the sequence (i 0 , ..., t ) the P - m - n a m e  of A  with respect to a. 
As a consequence of the ergodic theorem, the following holds: for any 
e >  0, there exists N  >  0 such th a t  for m ^  N , there is a collection of

frl

sets inN^/T^o1 &~lP  of to ta l measure a t least 1 —e such th a t for all p i e P  
and A  e

|f A(i, | <  e,

where f A(i, m )  is the relative frequency of the index i  in the P-m-name of 
A  with respect to  cr.

4. Construction
T hroughout this section v is a given stopping tim e for (Cl, 38, t)  with 

§vdfjL — k  ^  1 and associated partition  { E {}^= 0 .
We construct a stopping time v , with $v'dfj. =  k, for which the 

autom orphism  xv-, whilst remaining close to  t v, is ergodic on the set 
{V #  0}. This involves constructing a sequence of r-towers x and
of stopping times {»/<r)}r3.i- As in [4] where Friedm an and Ornstein 
induced a mixing transform ation, the recurrence step is provided by a 
R ohlin’s theorem, though here we need to use the strong form of 
R ohlin’s theorem  (Theorem 2). The stopping time v is defined as the 
limit of the sequence where a t the r th  stage we modify the
existing name partition  by introducing independent ^-blocks and take 
vir) to be the stopping time associated with this modified partition.

We shall use the following notation. {*Sy}r;ï0 is a decreasing sequence 
of sets formed inductively in the construction, and r r =  tSf. the induced 
transform ation on S r. F o r each r e  f^, the dyadic intervals of order r  
induce on S r a partition  denoted by Q r, th a t  is

Q,  =  { S r n l r.j: 1 «  j  =S

where I r j  =  [ ( j — 1 ) 2 ~ r, j 2 ~ r), for 1 ^  j  ^  2r and r  ^  1. We shall purify 
the towers T r, where S r — T * , with respect to Q r in order tha t the set of 
levels of the successive towers generates the Borel cr-algebra.

The construction involves a decreasing sequence of positive real 
num bers {i7r}r> i, where 771 <  1 is given and { v r} r > 2  are determined 
inductively. Later, in § 5, further conditions will be imposed on the 
sequence {r)r)r > i to prove approxim ation results.

The first step of the induction process constructs a r-tower T x. pure 
with respect to {Ei } *=0 and such th a t  the top  k  levels in each column 
have, after modification if necessary, name k.

Let iS0 =  Q: Choose a positive integer ¿(1) satisfying
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¿(1) >  2k/rj, (4.1)

m ) M' P i )

o
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and apply  Rohlin’s theorem to the ergodic transform ation  r 0 =  t to find 
F  x <=■ S 0 which has ¿(1) disjoint images under t 0 and is such th a t

t0'Fx' j  >  fJ.(SQ) — rjx. (4.2)

N ext we purify the r 0-column (tq'jFV 0 ^  i  <  ¿(1)) w ith respect to the 
partition  { E ^ - q, and so obtain  a tow er T  x where each column level 
L  e  is given a unique name by

n ( L )  — i  if and only if L  c  E t, for 0 ^  i  ^  k.

Suppose th a t  T x has m x columns, say, T t =  ( C XJ: 1 ^  r nx), w ith 
bases B Xj =  B ( C XJ). Let w x be the w idth  o f the  sm allest column of T x 
and  let H x =  h ( C xj) =  ¿(1), where 1 ^  j  ^  m l . N ote th a t  H x ^  k.  We 
now change to k  the names of all levels in D ( T ’1). This defines a new 
nam e function *ix on £ f ( T x). Precisely, for L  e  T X\ D ( T X), we have 
k x(L)  =  whilst for L  e D ( T  x). ¿¿X( L)  =  k.  L etting  S x =  T f ,  we
define a modified name partition  6?(1) =  by

G \ l) =  s  S f { T x): n x(L)  =  ¿} (Ei(~\ (C 1 \ S X)), for 0 ^  i  ^  k.

Note th a t

fx{Ei A G \ l )) <  2 kf j . (El ). for 0 ^  ^  k,  

and so. by (4.1),

fjL(EiAGf\l}) <  r)x, for 0 i  ^  k.  (4.3)

We finally define the first modified stopping time v(1> to be the stopping 
tim e corresponding to the partition  {J£'|-1)}*_0 where

E =  G (0l ) ^ ( n \ S x),

E \ 1 * =  for 1 i  ^  k.

In  o ther words, when considering v(1), we reduce our a tten tion  to S x.
We now describe the general induction step which differs from the 

construction of T x.
Suppose th a t  a t  stage r. where r  ^  1, T r is a tow er with m r columns, 

say T r =  (C rj: 1 ^  j  ^  m r) with bases B rJ =  B ( C rj), and F r =  x B rj.
Let S r =  T * .  let w r be the width of the sm allest level in T r, and let H r be 
the common height of all columns of T r. Suppose also th a t  the j»2r-name 
of levels in D ( T r) is k.

Define P r to be the partition  of F r given by P r =  {B^}™^ x. and let 
cjr =  t f  . Choose

V r + x < w r/ 2 r + l H r. (4.4)

H'
f(i) - 1

i =  o

G\l) o S i ,
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Since 07 is ergodic there exists iVr >  0 such th a t  for n ^  N r, there is a 
collection £r/t of atom s of \ /  7= o a r  ~  * P r  to ta l measure a t  least 
/j.(Fr) —i v r -1-1 and such th a t,  for all B rJ e  P r and A  e  £r

| f A( B rJ, n) —ix(Brj) | <  $Vr+ !. (4.5)

Recall th a t  f A( B rj, n ) is a relative frequency of occurrence of the index j  
in the P r — »-name of A  w ith respect to  ar. Inequalities (4.4) and (4.5) 
and the definition of w r imply th a t ,  for any  n  ^  max(iVr, 2./r)r + x) and 
any set A  e £r n, f A( B rJ, n)  ^  2/ n  for any j ,  where 1 <  j ^  m r.

Now we choose f(r-f- 1) a positive integer such th a t

t (r -h  1) >  maxiiS/V, 4:k/rjr+ t ), (4.6)

and apply the strong Rohlin theorem  on F r to  find F r + x c: F r, which has 
£( r+l )  disjoint images under crr and is such th a t

/t{r -h 1 ) -  1 / \  /t{r +  1 ) -  1 \

V V r- 'P r /F r+ i j  = d( V ^ J (4-T Ï

Let T r j be the xr-tower with base F r + x and columns pure with respect 
to £ f { T r). For 0 ^  i ^  t ( r - 1-1) —1 and 1 ^  j  ^  m r, (4.7) implies 
th a t  fj.(ar ~ 'B rJ F r) — /j.(Brj)fj.(Fr) >  0. In o ther words, for any
0 «S i <  ¿(r-f- I) — 1. orlF r + 1 intersects the base of any  column of T r. Let 

be the tower with columns consisting of the subcolumns of Crj with 
base crrlF r+ t O  B rj, for 1 ^  j  ^  m r. I f  we follow the successive images of 
F r + t under r r =  T Sr, we see th a t  first F r+ x climbs through the subtower 

Further, note th a t  if a» e A ^ T ^ ) ,  then Tr(aj) cr F r, and thus 
r r{ A { T \|.0))) =  TFr( F r + i )  =  oy(i'Tr_l_ x). Hence next, under xr, F r + l  climbs 
through the levels of T'*1*, and so on. Consequently

'j1 =  7 T<0) *  *  * /77,f<r 1 >— 1 >

So each column of T r x is a product of t (r  -f- 1) columns which are copies of 
the columns of T r. A typical column C  of T r x can thus be written as

<7 =  [ C rio, ...,C 'rir(_ 1)_1]. (4.9) 

where 1 ^  ^  m r and 0 ^  ^  t (r  4- 1) — 1. and its base is then 

F r+ t B rior> a r ~ l B rii . . .  n<7r ' ,,|r+1)' 1)Bri.........

We call a column of T r x re gu lar  if there appear a t  least two distinct

and

KA"~u‘̂ O ^ - < 4 - 8 )
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copies of each of the Crj? for 1 ^  j  <  m r? in (4.9). We now delete from T  r t 
all columns which are no t regular and  call the  resulting tower T r 2.

Lemma 1. ¿¿(T* J - ^ ( T * 2 ) <  \v)r + x.

P ro o f .  L et R r be the union of all bases of the  columns of T r> t which are 
no t regular. Then the choice of i ( r +  1) in (4.6) implies th a t  if  a base

B = Fr+1^ B rior̂... o  (c7r)-«r+1>-1)B r<lfr+u.1

of T ry x belongs to R r then

belongs to £*,«!■+ n- Thus

Br ̂  £ry i(r+l)^ Fr + j ,

and since £r.nr+n is a union of atom s of \ / i  = o 1>-1 (ar ) ~ lPr- (^*~) then 
implies th a t

^ ¿x(£>.t<r + X))fx{Fr+ ! ) <  ±T)r + x̂ (Fr+ t)?
so. finally.

Ax(r*1)-yu(T*2) <  iVr+1.

We then purify T r 2 with respect to  Q r, the dyadic intervals of order r.  
and  obtain a tower T r 3. The columns of T r 3 are subcolumns of the 
columns of T r 2 and so. when considered as products of copies of 
columns of T r. are regular.

We now form independent ¿¿-blocks, the  r- ¿¿-blocks, within each 
column of T r 3. This defines the tow er T r + X. So T*^.x =  T**3 and 
D ( T r+ x)* =  D ( T ri3)*. We let Cr(r+1>=  {G Y ^  1)}ic=0 be the partition  
corresponding to G ir) after form ation of independent ¿¿-blocks within 
each column of T r 3, and we let *tr + x be the  new nam e function 
associated with it. The tower T'r + l  is thus pure w ith respect to G ir'¥' l ) .

The set J  r of the levels of T'r 3 whose >?r-name has been altered by the 
^¿¿-blocks, is a subset of { D ( C r J): 1 ^ J  ^  mr} and so is included in 
D ( T r)*. Since all levels in D ( T r) have an >?r-name equal to  k. and  since in 
forming ¿¿-blocks we never give a nam e equal to  0, it follows th a t

G%+ l) =  <9<0r\
G Y + u  G Y \  for 1 ^  i ^  k  -  1.

G (kr+ l) ci Gir>.

B, ¿O r\ > r )
-<*<■ -  1)B

h ( R
r )

rii (r + 1)- 1
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Note th a t  the set J r is disjoint from L>(rT r,3)* and th a t  since 
D ( T r 3 ) c= D ( T r), the «r+1-name of the levels in D ( T r 3) is k. I t  is also 
clear th a t  the formation of the r- ¿¿-blocks has no t altered the names of 
the  levels of T r 3 included in any of the i -  ¿^-blocks, for i  ^  r — 1, as they  
are disjoint from D ( T i 2 )* =  D ( T  i+ x)* and thus disjoint from D ( T r). 
Now

/*(GT AGT+1>) <  2k r t F J ,

and so, by our choice of t (r) ,

A G Y *  1}) <  T)r. (4.10)

We finally define *Sr+ i =  T * +x and let v(r+1) be the stopping time 
corresponding to the partition  { E Y *  1)}*=o where

E q + 1 > =  Gf<r + X) ^  (C i \S r + x ),

E Y *  =  GY* l y r \ S r + l , for 1 <  i  ^  k.

This completes the induction step.
We are now ready to define the limiting stopping time v . F irs t note 

th a t  the  monotonie properties of the sequence {G ir)} r ̂  x imply th a t  if we 
set G t =  \J?L 1 GYK for 0 ^  i ^  k — 1. and G k =  i  G£K then
G =  {(?,-}*_o is a partition of H. Letting »S' =  1 we can then define
a partition  {£’'}f=0 of ¿1 by

E'o =  G 0 (£1\S) ,

E\ =  G t o  S ,  for 1 ^  i  ^  k,

and we take v to be the stopping time corresponding to the partition  

o-
Note th a t as {*Sr}r^ 0 is a decreasing sequence of sets. S Q =  Q. Also

^ ( S ) > l - 2 V r  (4.11)
r =  1

since, by (4.2), ¡jl( S 0 \ S x) <  rfx, and. by (4.8) and Lem m a 1.

<  (M(>Sr) - / x ( ^ 1))- f- (M(7T* 1) - At( T * 2))

< i V r +  1 + i V r +  1 -
L emma 2.

fj.(E0 A E q) <  — 2  Vri
r =  1

fx(Ei A  E ’i) < 3  2  Vr> f o r  I <  i  <  k.

H(Gr)

{E
ti k

(Sry
\ r - h 1)
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P ro o f .  ^
n { E 0 A E'o) <  f , ( E 0 A i^o1') <  Vi +  2  Vrr = 1

by (*4.3) and (‘4.11). F o r 1 ^  i ^  k — 1.

E \  =  G t r \  S  and  G f =  <?'/> o  Q  (<?}r + 1)\G ,i,));
r =  1

thus
fx ( £ , A ^ ; ) « M < - £ ' 1AO<,1» ) +  f  , * ( G ! ' * 1> \ < ? r ) + Ju ( n \ . S )

r =  1

oo

<  771 -+- 2 2
r =  1

by (4.3), (4.10), and  (4.11). A sim ilar result can be proved for fx(Ek A E'k). 
N ote  th a t  the lem m a implies, in particu la r, th a t

^{E'k) >  tx (E k) ~  3 1  Vr- (4-12)
r =  1

5. Approximation results
The metric chosen here will be th e  uniform  m etric d  defined by

d(T.  t ' ) =  to: t (cl>) 7̂  -r ( t o ) } .

w'here x and x' are bo th  au tom orphism s of (Cl. 39. /a ).
We shall use the following fact:

L e m m a  3  [8 ] .  L e t  v aixd v be tw o  ■s to p p in g  t im e s  f o r  ( H .  39. ¡j.. x ) ,  let  
§i'dfj. =  jV d/j. =  k. iv ith  {.£7f}*= 0 a n d  { £ ’'-}*=Q th e ir  re sp e c t ive  a s s o c ia te d  
p a r t i t i o n s .  F o r  a n y  e >  0, i f  / x ( E A E \)  <  e / k 2(k -+- 2 ), then  c?(xv. xv ) <  e.

We now give a p rep a ra to ry  result based on the following lemma 
which is due to K nopp.

L e m m a  4. L e t  ( X .  ^ , m )  be a p r o b a b i l i t y  s p a c e  where 3 ?  i s  the o -a lgebra  
g e n e ra te d  b y  a  r in g  &  o f  su b se ts  o f  X . S u p p o s e  th a t  there i s  a  su b se t  ^  o f  31 
su c h  th a t  e v e ry  R  e M  i s  a  f in i t e  d i s j o i n t  u n io n  o f  se ts  i n  ^ . T h e n  i f  F  e 
i s  su ch  th a t

m ( F  o  I )  ^  c m ( I ) ,  

f o r  t. n y  I  e ^ . where c >  0 i s  a c o n s ta n t  in d e p e n d e n t  o f  I . it  f o l lo w s  th a t
m { F )  =  1.

We use the following notation : \x represents the  norm alized Lebesgue 
m easure on the set {V #  0 }. and  — { L  e J& ( T r): L  <= iiro,c}.

Vr*
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C o r o l l a r y  1 .  I f  f o r  a n y  r ^  1 a n d  L V, L 2 £ . w e  have

(5 .1)

where c i s  in d e p e n d e n t  o f  L 2 , then, f o r  ayvy L  e  *,

*  ( _ U  ( T ^ J - l .(I =  —  OO

OO

P ro o f .  Fix r  ^  1 and let Z/ e  j£fr+ . N ote th a t

{„' ^  0 } =  G 0C o  S =  (<?(Qr))c o  S.

I f  we let M  be the ring of finite disjoint unions of elements of £ f p  , where 
p  ^  r. then it follows by construction th a t  M  o  S  generates the Borel a- 
algebra restricted to {V #  0 }. Replacing, if necessary, L  by one of its 
copies in T p and using (5.1). we see th a t for any L' e with p  ^  r.

The result now follows from Lemma 4.

We now prove our main result which shows th a t for a suitable choice 
of {i7r}r s i- the stopping-time transform ation xv- is ergodic on {v #  0 }. 
has the same entropy as xv. and is arb itrarily  close to t v.

T h e o r e m  3 .  L et  x  be a n  ergodic  a u to m o r p h is m  o f  (Cl. /a) ,  a n d  let v be a  
s t o p p i n g  t im e  f o r  (Cl. ¿8. /x. x )  with  Jvd/j. =  k. ivhere k  i s  a p o s i t i v e  in teger.  
T h e n  f o r  a n y  e >  0 .  there e x is t s  a s to p p in g  t im e  v' f o r  (Cl. J # . fx. x )  such  tha t  
the f o l lo w in g  s ta te m e n ts  hold:

(i) r v is  ergodic  in  {V #  0 };

P ro o f .  Let 0 be the partition  associated with v. By Theorem
1 (iii). E k is a non-em pty set and so there exists 8 >  0 such th a t  
fx(Ek) >  8. We now choose a decreasing sequence of positive numbers 
W r}r^  1 satisfying

N ext we construct T x as in §4 for 171 =  771. We then choose -r)2 <  r)'2 
satisfying (4.4) and construct T 2. and so on. That is. in general, we

(ii) h ( r v ) — h(Tv);
(iii) d(-rv. x v ) <  e.

^  rj'r <  min(S/'6 . e/ 3 k 2 (k -I- 2 )). ( 5 . 3 )

'r

( 5 . 2 )i
f¿

30
I -rvY r i r / \

f

H*
i = s  —  OO

30

l J (^V;)lL ¿2 C/L6 ( ^ 2  )’

c
/

IX ( L' )•

r>:\ss. 3 43



2 9 0  S .  T .  R I C H A R D S O N

choose Tjr+ t such th a t

T)r + l  <  min(i7'r + i - w r / 2 r + 1 H r), where r  1, (5.4)

and  define the  s topping  tim e v to  be as construc ted  in § 4 for th a t  choice 
o f  1*

(i) To prove th a t  xv- is ergodic in {V ^  0}, we first show th a t  for any  
L  e  , w ith  r  ^  1,

/x '( fJ J J x v' ) ^ )  =  1. (5.5)

B y  Corollary 1, it  will be sufficient to  show th a t  for a n y  L . L ’ e  .

w ith  a c o n s ta n t independen t of L ’.
So suppose th a t  L  e  C rlo and  L ' e  Cril, where 1 ^  lQ, ^  m r. N ow  L'  is 

d is tr ib u te d  as d is tinc t copies am ong the  colum ns o f T r 3; precisely, we 
w rite

L  £>r -h i =  ?i’
i e l

where l\ is a copy of L ’ in a column of T r 3 an d  I  is a finite index set. By 
construc tion , for any  i e  / .  in the colum n o f T r 3 con ta in ing  l\, there  is a 
copy o f C rlo, th a t  we denote  by  above or below the  copy of C rit 
con ta in ing  l\.

Recall th a t  we have formed independen t ¿¿-blocks w ith in  each 
colum n o f T r 3 and  th a t  isir~r1) is the  associated  s topp ing  tim e. Therefore 
we can app ly  Proposition 2 to  each l t an d  l\. F o r  the  sake o f  
sim plification, we shall include more powers o f  -rv<r + X) th a n  those given 
b y  P roposition  2 and  hence w'e have the  following inequality :

( (  . * Ç i  (TV(r" U)Jl*) ̂ Zi)  25
fj.

Now  regrouping over i  e  I .  we ob ta in

H- (( /ty (rv(r+ l ) )JL  n 5 r+1^ n  ( L ’ o  + x )) ^  ^ L '  n S r + 1 ) / k .  (5.6)

N ow for r ^  1 and by the  choice o f -rjr+ t in (5.4).

^  ^  lVi 1
1 w )  <  — V i  + i <  2  t t ô t t t -

i =  r -  1 < =  r -t- 1 /  /  , -

H-
I  =  —  OO

oo

(T )
Î L r> U CjJL ’( U ),

£â -hr

H-O /k.

b (S’



and so

+■ 1 \ Â ) <' w r +  1 / r + (0.7)
Hence writing Lr\Sr+l as Lr\Sr+l =  (L o  S) kj (L o  (Sr+ i\S)) and 
similarly for L' r\Sr+l, we deduce, from (5.6) and (5.7), th a t

,(Y "u (r*"V(InS)Jn(i'n«A
»  ML- r,Sr+i)/k)-(2Hr+t + 3 )(. ( « „ , \ « )

(/u(Z'o*Sr+ i)/^ )  — ¿¿v+i- (5.8)

We now notice tha t,  by (4.6),

_ ^ "Hr + 1  IV r
i <  --------1— <  ——— <  ——- (5.9)

r+1 t(r-h 1) 4k 4 k V

and th a t  as L' is a level in Tr,

O S r + ! ) >  n ( L ' ) —-qrJr 1

> /x(Z ,')-M( i ' ) / 2 ^ 1. (5.10)

Combining (5.9). (5.10). and (5.8). we then have
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u* (Tv,r+1V \ £ o A ’) ) o ( Z / o t f ) ) ^
= - H r - l  /  /f= -ffr-1

and therefore in anv case

h-(-L') h-(-L’) h-(-L') 
k 2 r+ U- 4A-

m ((  (rv,r+1V U n ^ n ( I ' n ^  ^  t*(L')/2k

>  nS)/2k. (5.11)

Note that the iterates of L  r\ S  under xv<r+ 1) which make (5.11) hold 
are all ivithin the columns of T r+1 and so the formation of «^-blocks of 
order i ̂  r + 1  will not affect them. So using (5.11). we finally obtain

,<X_0 (Tv:)j(LrsS)^r^(U r̂ S)̂ j

^  0 (Tv:)J(Lr^S)Jr^ (L' o  S)^

5= ̂ (2i'nS)/2Jt. 

or equivalently, as (t v-)iS =  -S' and normalizing, we have

Q  o  Z/^ 2* H.’{L')/2k.

M

t*
oo

V
T • j  L
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Thus (5 .5 ) holds. Now, since the sets in {(( Ĵ^L t Jzfr+) o  -S’} generate the 
Borel a-algebra restricted to {V ^  0 }, the ergodicitv of t v on {V #  0} 
follows by a standard approximation argument (see [3, §6], for 
instance).

(ii) Recall tha t fj.(Ek) >  8 and, by (5.3), Vr <  6 -̂ Using (4.12), we 
see tha t it then follows tha t the set E'k is non-empty and hence tha t 
jV dp. =  k. As a consequence of (2.2), we have

h( T v ) =  k h (t) =  A(tv).

(iii) If  we use Lemma 2 and equation (5.3), we see tha t

A E\) <  3 ^  Vr <  ¡ ¿ z ^ + 2 )  ’ f o r 0 < * < * -  

Lemma 3 then implies tha t e?(-rv, xv ) <  e.

C o r o l l a r y  2 .  The conclusions  ( i )  a n d  ( i i i )  o f  T heorem  3  s t i l l  hold when  
jV dfj. — -+- oc.

Proof. We remarked earlier th a t we can approximate a stopping-time 
transformation r v with J vd/j. =  +  oo by a stopping-time transformation 
Tv,t with J vkd(j. — k < oo.

We are now in a position to study indirectly other ergodic properties 
of stopping-time transformations by using Theorem 3 and known 
density results for induced transformations.

T h e o r e m  4 .  Let t  be an ergodic a u to m o rp h ism  o f  ( Q .  3¡&. ¡j.), a n d  let v be a  
s to p p in g  tim e fo r  ( Q .  /x. r ) .

( i )  F or a n y  e > 0 .  there ex is ts  a  s to p p in g -t im e  tran sform ation  r Vl which is  
strong m ix in g  on #  0} a n d  such that d ( r v, t v‘) <  e.

( i i )  S u pp o se  that r  has p o s it iv e  en tropy . F o r  a n y  e >  0 ,  there ex is ts  a  
sto p p in g -tim e  transform ation  r V2 which i s  a K o lm ogorov  a u to m o rp h ism  on 
{ v2 ^  0 }  a n d  such that d ( r v. r V2) <  e.

P roof, (i) In [ 4 ]  Friedman and Ornstein proved tha t given any ergodic 
automorphism r. the sets A  such th a t t a is strong mixing are dense.

So given e >  0. we first use Corollary 2 to obtain a stopping time v 
such that r v is ergodic on {V #  0} and d ( r v. r v ) <  Let r v |r„'#o¡- denote 
the restriction of r v to {V #  0}. Then there exists a set A  c: {V ^  0 } such

A1(Ei



th a t
(a) #  0}) >  1 —6«- and
(*>) (tv' | {„ ^,,})/1 is strong mixing.

Let xVl be the transform ation defined by

Ui-v')A(aj), i f  CO e  A .
Tv'(<o) =  V  ,aK c (5.12)

l^cOj II oj G A  .

Then clearly r Vl is a stopping-time transformation. Moreover, since 
tv; |k ^o} =  ('rv'V*o}> we have

t Vi |{ v t * o }  =  (t v )a

i 7” ){*'&0}r^A

=  ( t v  |{„

which is strong mixing by (b). Also

¿(TV'.TV‘) <  2M({„' #  0 } \ . 4 ) + ^ 4 c\{v =  o}) <  ±e.

which in turn  implies th a t  d ( T v,-rVl) <  e.
(ii) In [7], Ornstein and Smorodinsky proved th a t given any ergodic 

automorphism r  of positive entropy, the sets A  such th a t  t a is a K -  
automorphism are dense.

As in (i) we use Corollary 2 to obtain a stopping time v with finite 
expectation such tha t t v | . is ergodic and d ( r v, t v ) <  %e. We now 
check tha t the entropy of tv *s strictly positive. We have

h W  =  h((-rv')y ^ , }) 

=  kh(T) . 0}),

where JVcfyx, =  k <  cc./x({v' #  0}) ^  >  0, and we have used (2.2)
to deduce the last equality. As h(r)  >  0 by hypothesis, it then follows 
th a t  h ( T v |;„ ,̂,| ) >  0. and we can then choose a set A , with 
/ j . (A) / fx({v' #  0}) >  1 —¿-e. such th a t  ( tv is a iii-automorphism.
We then define r V2 similarly to tVi in (5.12).
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Abstract
C o n s i d e r  tw o  s to c h a s t i c a l ly  i n d e p e n d e n t ,  s t a t i o n a r y  G a u s s i a n  la t t i ce  p r o c e s 

ses  w ith  z e r o  m e a n s ,  { A '(u ) .  u ^  Z } a n d  { V ( u ) ,  u ^  Z~}. A n  a s y m p to t i c  e x p r e s 
s io n  for t h e  v a r i a n c e  of  t h e  s a m p le  c o r r e l a t i o n  b e t w e e n  { .\ ' (u )}  a n d  { Y (u )}  o v e r  
a fin i te  s q u a r e  is d e r iv e d .  T h i s  e x p r e s s io n  a lso  h o ld s  fo r  a w id e  class  o f  d o m a in s  
in Z*. A s  a n  i l lu s t r a t io n ,  t h e  a s y m p t o t i c  v a r i a n c e  o f  th e  c o r r e l a t i o n  b e t w e e n  tw o  
f i r s t -o r d e r  a u t o n o r m a l  s c h e m e s  is e v a lu a t e d .

A I T O S O R M A L  S C H E M K S ;  L A T T 1 C H  P R O C E -ISShS:  S A M P L  E  C R O S S - C O R R H L  A T I O N

1. I n t r o d u c t i o n

We shall consider throughout an infinite square lattice. 2 x 2 .  and random  
variables X ( u ) = V ( u ) =  > associated with each point ( u , .u : ) or
(ϋι. Vz) of the lattice. The processes {Λ'(κ)} and {V(t>)} are assumed to be 
mutually independent and both stationary Gaussian with zero means and finite 
variance cr\ and crv respectively. Let C„. n ^  1. be any square region in Z' 
containing n 2 points. C„ = {(/./); s ^  i ^  s — η — 1: t j  ^  t — n — 1} for some 
integers 5, t. W'e consider in this paper the variance of the sample correlation  
coefficient rv> between the n" observations from {X(u)}. {Y(u)} over C„:

Interest in lattice processes has arisen recently in many contexts, see Besag 
(1974) and Tj0stheim (1978) for further references. For time series, the asympto-

R e c e iv e d  7 Ju ly  1980; r e v is io n  r e c e iv e d  2 O c t o b e r  1980.
* P o s ta l  a d d r e s s :  U I 7 0  S ta t i s t i q u e s .  16 b is  a v e n u e  P au l  V a i l la n t  C o u t u r i e r .  948(X) V i l le ju i f ,  

F ra n c e .

r
[ σ  y <“ >; ] ! 'Ο, J L  W t C n J

943

'Σ  X(U)Y(U)u«=C'n

X ( « ) -
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tic variance and- covariances of the cross correlation were derived by Bartlett 

(1935), (1966), and their asymptotic distribution by H annan  (1970). These results 

are com m only  used in the analysis of relationships between two time series 

(H augh  and Box (1977), Pierce (1979)). S im ilarly, spatial cross-correlation 

coefficients have been proposed for studying relationships between spatial series 

(Bennett (1980)).

2. T he asym ptotic variance of r.w

Variances and covariances will be denoted as follows:

Gx(u, v) = E[X(u)X(v)],  Cw(m, v) = E[Y(u)Y(v )]

C *v(u , U) =  Η [ Χ ( « )Υ ( υ ) ] ,

in particular V ar[X (u )]  =  Cxx(0 ,0) =  cr\, where in this case 0 is the point in Z2 
with both  coordinates equal to 0. It will be supposed that the autocovariances of 

{X (u )}  and { V (u)} are dom inated by exponentially decreasing functions of their 

coordinates, that is there exists θ\, θζ,  0 <  θ\, θ ζ<  1, such that

| C v k ( k .  V )  I ^ C . e ' , · * ·  l .

(1) |Cvv(u. u)| ^

where c x,c2 are positive constants. Note that C ond ition  (1) follows from  

Cauchy ’s inequalities whenever the autocovariance generating functions of 

(X (« )}  and { V (u)} have a Laurent expansion in the ne ighbourhood of the unit 

torus, as is the case for the autonorm al schemes of Besag (1974) or the 

simultaneous autoregressive schemes of W hittle  (1954). It will be shown that

(2) Iim  n* Var(r.vv) =  —t~ t Σ  C v .v (0 ,b )C vv (0 ,ii) ,
n—*oc cr.xcr v  L - e z :

where, due to (1), the series on the right-hand side is absolutely convergent.

To ob ta in  this result, we first derive V ar[2ueC'„ X ( u ) V ( u )]. Since {ΛΓ(μ )} and 

{Y (u )}  are independent and both have mean 0,

Var F Σ . ^ ( “ ) '^ ’(μ ) 1 == Σ  Σ  C w ( w, w )C w (m, w).
L u e  c'„ J  u «= c \  w <= <rn

For 0 <  | ϋι |, | υ 2| =  « — 1, we let D ( v ) =  =  {(u. w ) GE C„ x C „ ; wt — w, =  u,,

u2 — Wz =  ϋ;}· W ith  this notation,

Σ  Σ  C x x ( u , w ) C y y ( u , w ) =  2  Σ  C x x  ( u ,  w ) C y y  ( u .  w ) .
u £ C „  *v<=.C ~n t’ , | , n  -  I ( u. *v ) ( £ / ) (  v  )

I u n - 1

Note that the num ber of couples (u, w) in D ( v )  is equal to the num ber of points 

in the intersection of C„ and 7'-t,(C „ ), the translation of C„ by — v, that is

i | - fu , t-,1c.e
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(n — | Ut j) * (n — j v21). Because (X (u )} and {V (m )} are stationary Cxx(u,w) =  
Cv.x (0, υ ) for (w, w )G  D ( v ), so that

Var Γ Σ  X ( u ) Y ( u ) ] =  Σ (n -| t7,|)-(n -|u2|)Cxx(0, o)Cw(0, »).
L  ̂«=C~„ J !u,|Sn- 1I ~ ·

Hence, using Condition (1),

(3) X  Var Γ Σ  X ( u ) Y ( u ) ] =  Σ C * x  (0, v ) C YY (0, v)  + O  A )  .
^ L «SC,, J !uIf53n — l \M /

! Uj»| 2ί π — |

Next, we expand Var(rxv) in powers of n~2 using standard techniques. Let

A- - [£ Σ. x(u)Yiu)], b. = [X _Σ_ x(u)=] · [X _Σ v ( U )=] .
so that E ( r 2Xy) =  E(A„/B„).  The first term in the expansion of H(r'w) in powers 
of n ~2 is given by

To show that H(r\v) equals E(A„ )/E(B „ ) plus terms of order it"4 we must 
consider the variances and covariances of A„ and B„. Note that relation (3) 
implies that E { A n) is of order n ’ . Now

H (A ;)  = -^ 2  E [ X ( u ^ X ( v ) X { w ) X ( x ) ] E [ Y ( u ) Y { v ) Y { w ) Y ( x ) ] ,
** u.w.w.xec„

but since {ΛΓ(ιι)} is Gaussian,

E [ X ( u ) X ( v ) X ( w ) X ( x ) \

—  C x x  (u, v)Cxx (W, X ) +  C v x  (u ,  w ) C x x  (l>, x)  +  C v x  (u, X  )C v x  (v, w ) ,

and consequently E ( A 2„) can be expressed as the sum of nine terms, three 
symmetric in X, Y  and six cross-product terms. Each symmetric term is equal to 
E (A.„ )' and hence of order n 4. All cross-product terms are of similar form and 
so we consider only one. If Θ = max(0t, θ2), and || u — v || =  | u, — v, | + | u2 — v21, 
we have:

. V. W.JC er
C x x ( u ,  V  )  C \ X  (  w , x ) C Y Y  ( u ,  w ) C y y ( v ,  x )

<£±£i 
n  *

Σ
,*ν.Λ t= C\

^l iu  -  u ||̂ ||w  —  x * M I * >  -  xij^jtu -  w |j

<  C1C- 
=  n 4 Σ

L i € Z ‘

Θ l»ii j

E(A„)

E ( B n) n  Jt r x t r  v [(J,
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Consequently Var(A„), and similarly Var(B„), Cov(A„, Bn) are of order n J. 
Similarly H ( r Xv )  = 0 up to order n 2 so that the first term in the expansion of 
Var(rxv) is given by

(4) V ar(r*v) =  — v ar [  ^  X < u )Y (u )j  +  O ( j p )  -

Using (3) and (4), (2) follows immediately.
Expression (2) can be extended to sequences of domains in Z’ which are not 

necessarily square-shaped. Consider an infinite sequence of domains {D „ }nSi 
with lim„_oo (b„/d„ ) =  0, where d„ is the number of lattice points in D„ and b„ the 
number of lattice points on the boundary of D n. Comparing the number of points 
in D n and in D„ Π T_„ (£>„), for v fixed in Z\ it can easily be shown that (2) still 
holds in this case. On the other hand, if we now consider an infinite sequence of 
rectangles of fixed width m and increasing length n, an expression other than (2) 
can be obtained for the asymptotic variance of rxv, namely

lim nm Var(rxv) = —^ j T, Cxx (v, 0)CVv (v, 0)
CT vCT >· υ,ΕΖ

— - Σ  I I Cvx ( 0)C> v (v, 0),
U | t : Z()5=rtt’ >i - 1

an expression which is Bartlett’s result for time series when rrt =  1. Result (2) is 
therefore specifically related to sequences of domains such that boundary effects 
can be asymptotically neglected.

3 . A p p l i c a t i o n  t o  s y m m e t r i c  f i r s t - o r d e r  a u t o n o r m a l  s c h e m e s

As an illustration of (2), suppose that {X (u>} and {Y (u ) }  are both stationary 
symmetric first-order autonormal schemes with autocovariance generating func
tions given by

F v ( z . , z 2)  =  1 _ £j (Zi  +  z r . +  22 +  2 j .) >

F v ( z , , z 2) =  i - b ( z i  +  z )> +  z2 +  z ; ' )  ’

1 — δ <  |z , | ,\z2\<  1 +  S, |a | < i,  \b\ck.

The existence of such processes is discussed in Rozanov (1967) and Moran 
(1973b).

As noted by Besag (1972), the autocovariances of many spatial processes are 
not readily expressed in an analytically tractable form. However, using a remark 
of Quenouille (1947) for time series, Σνι3ζ- Cvx (0, u)CVv (0. v) can be calculated
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as the constant term in the Laurent expansion of z 3)F v (z i , z2). Denoting
this constant term by P t(a, b ), we have

m-*-n even

so that

(5) P.(a, b ) =

S ( 2 , + , ) ( 2*'), “ “
Moran (1973a) noted that

a = b.

where iC(16a') — (1 — 16a'sin2 0) -άθ, is the complete elliptic integral of the 
first kind. Similarly, using standard results (Abramowitz and Stegun (1965). 
15.1.1.. 17.3.10) we have

p i ,  +  1)

where E(16a2) =  (1— I6a: sin' θ^άθ. is the complete elliptic integral of the 
second kind.

Consequently

(6) P i (a ,b ) =

] _ b [a K ( l6 a z) ~  bK ( lbb2)], a ^ b

1

77- 1 — 16a a =  b.

Moran (1973a) also showed that σ\ =  (2/π)Κ'(16α'), σ\ =  (2/7τ)Κ(166'). We 
conclude from (2) and (6) that for aj^b

lim n ’ Var(r.v> ) = Γ ^

and for a =  b

2 a - b [ K ( \ 6 b :) iC (1 6 a :) ]  

E ( 1 6 a ' )
lim n - V a r ( r x v ) = 2  x _  f g P  [Κ(16α ’)Γ *

Numerical evaluation of these last two expressions shows that n'Var(/\-v ) 
increases more than exponentially with a and b.

P x ( a , b ) ■Σ  Σ "b
m  +  η 

i(m +  η)

• s c r 2· - b Σ Ι=o a b
a —  b

2 /V

.)
7

ττ 1 16 a 2Ξ(16α')

JC(16cO21 a
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A U T O C O R R E L A T IO N  SPATIA LE : SES CONSEQUENCES  

SUR LA C O R R E LA TIO N  E.VIPIRIQUE DE 

D EU X PROCESSUS S P A TIA U X

Sylvia R IC H A R D S O N , Denis H EM O N  (* )

RESUME

L'existence d ’autocorrelations pose des problemes quant aux tests d ’independance 
stochastique de deux processus spatiaux.

Pour apprecier de ί&ςοη quantitative ces problemes, on etudie 1a variance du coefficient 
de correlation em pirique des deux processus. C ette variance est evaluee pour differentes valeurs 
des autocorrelations et pour plusieurs types de processus. II ressort clairem ent de ces evalua
tions que l’influence des autocorrelations ne peut etre negligee. Ceci conduit a discuter les 
approches proposees pour tester l’independance de deux processus spatiaux.

1. INTRODUCTION

Les methodes classiques d’analyse statistique visant a tester l’independance 
de deux variables aleatoires X et Y  supposent que l’on dispose d’un echantillon 
de realisations independantes du couple (X, Y).

Cependant lorsque ces variables sont liees a un espace geographique, elles 
presentent le plus souvent un certain degre d’autocorrelation spatiale. Ceci pose 
des problemes du point de vue de l’analyse statistique, comme le soulignent 
LEBART [15], CLIFF et ORD [8] et UNWIN et HEPPLE [26]. Ces auteurs re- 
marquent en particulier que si l’on neglige l’autocorrelation, on est souvent conduit 
a sous-estimer le risque de premiere espdce des tests employes. Pour apprecier 
de fagon q u a n t i t a t i v e  ces problemes, nous etudions ici la variance du coefficient 
de correlation empirique.

Comme dans le cas de series tempore lies, l’existence d’une correlation entre 
deux processus spatiaux peut resulter de l’existence de deux tendances.. L estima
tion et l’interpretation d’une tendance spatiale a fait 1’objet de nombreux travaux, 
dont on trouvera une bibliographie dans UNWIN et HEPPLE [26]. Aussi ne consi-

(*) INSERM U.170, 16 Bisav. P.V. Couturier, 94800 VILLEJUIF.

Revue de StatistiQue Appiiquee. 1982. vol. X X X .  η3 T

Mots-Clis : Processus spatiaux, autocorrelation, correlation croisee.



derons-nous que des processus stationnaires definis en chaque point d’un quadril- 
lage regulier, processus etudies en particuiier par BESAG [6] et TJ0SHEIM [25].

Soient (X(u)} et (Y (u )} deux processus stationnaires, gaussiens, centres et 
de variances finies σχ et σγ  respectivement, definis en tout point u =  (u, , u2) 
de Z x Z.Les autoco variances de (X (u )} seront notees :

Cx x (u, v) =  E[X(u) X (v)] , CY Y (u, v) =  Ε[Y (u ) Y (v )],

en particuiier Var [X(u>] =  Cx x (0 , 0) =  σχ , 0 representant le point de 
dont les deux cordonnees sont egales a zero. Pour tout sous-ensemble Dn de Z 
con tenant dn points, le coefficient de correlation empirique rXY entre les obser
vations de {X (u)}, {Y(u)> sur Dn est defini par :

Σ  X(u )Y (u )
_ ___________u^ P n____ _________________

Γ Χ Υ  p  _ -i 1 / 2  Γ  -  "I 1 / 2

Γ Σ  xo)2] Γ Σ  Y(u)2|
|_u<=D„ J L ue°n J

Sous l’hypothese d’independance mutuelle entre {X(u)> et (Y (u )} nous avons 
demontre precedemment ([23]) que la variance asymptotique de rXY est donnee 
par :

lim dn Var(rXY) =  - — ^   ̂ Cxx  (0 , v) CY Y (0 , v), (1)
η -"*00 σ χ σ Υ  v ^ Z ~

pour toute suite de domaines Dn de Z2 ou les effets de bords s’estompent a Γΐη-
bn -2fini (c’est-a-dire tels que lim ---= 0 . bn etant le nombre de points de Z sur la

-----dn
fronti^re de Dn). Notons que la serie intervenant dans (1) converge absolument 
pour une large classe de processus, en particuiier ceux dont les autoco variances 
Cx x (0 , v) et CYY (0 , v) sont dominees par une fonction exponentielle decrois- 
sante du type cB|vt, avec [θ |< 1 et c >  0, [23].

L’expression (1) est analogue a celle de BARTLETT dans le cas de series 
temporelles, [2], [3]. Remarquons qu’il sufflt que l’un des processus {X(u)>, {Y (u )} 
soit non autocorrele pour que la variance asymptotique de rXY ait la meme valeur 
que dans le cas d’un echantillon de dn couples (X  ,Y) independants c’est-a-dire 
l/dn. Ceci est par exemple le cas en experimentation agronomique ou des par- 
celles disposees selon un lattice recoivent un traitement tire au sort. Par contre 
si les deux processus (X (u )}  et {Y (u )} presentent to us deux une autocorrelation 
positive la relation (1) montre que la variance asymptotique de rXY est supe- 
rieure A l/dn.

Au § 2 nous evaluerons numeriquement cette variance pour differents types 
de processus spatiaux. Au § 3 nous discuterons les differentes approches qui ont 
ete proposees pour tester l’independance stochastique de deux processus spatiaux.
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2 . E V A L U A T I O N  D E  L A  V A R I A N C E  A S Y M P T O T I Q U E  D E  r x Y  
P O U R  P L U S I E U R S  T Y P E S  D E  P R O C E S S U S

2 .1 .  P R O C E S S U S  D O N T  L ’A U T O C O V A R I A N C E  D E C R O I T  G E O M E T R I Q U E -
M E N T

Considerons tout d ’abord le cas ovi {X (t) , t €  Z } et {Y (t) , t 6 Z] sont deux 
processus autoregressifs d ’ordre 1 sur Z . Dans ce cas {X (t) , t €  Z }  et {Y(t) , t € Z }  
sont egalement des processus de Markov, leur autocovariance est donnee par :

Cx x ( 0 ,  k) =  E [X (0 )X (k )] =  \ lkl , k e z ,  | λ , |  <  1 

CY Y ( 0 , k ) =  E [Y (0 )Y (k )] =  σξ- X|k> ,k€EZ , |X ,|<1 . (2)

La variance asymptotique de rX Y , defini sur un intervalle de n points, est 
egale a :

1 +  λ .  λ ,
lim  n Var (rX Y ) =  ---- ———  , (3)

η —· ~  1 -  λ ,  λ 2

formule obtenue par BARTLETT [2].

Cherchant a etendre la forme d ’autocovariance donnee par [2] a un processus 
dans le plan, M ART IN  [16] considere les processus “doublement geometriques” 
dont la structure stochastique est celle du produit de deux processus unidimen- 
sionnels satisfaisants (2 ) ; pour ces processus :

1 V t | + |νΛ| ~
C x x (0 , v) =  σ 2 X, 1 - , |Xt | <  1 , v £  Z 2 .

Contrairement au cas temporel (X (u ) , u e  Z 2 } n ’est plus un processus mar- 
kovien et l ’equation “autoregressive” qui le definit n'a pas d ’interpretation natu- 
relle. Si Ton suppose que {X (u)} et (Y (u)} sont tous deux des processus double
ment geometriques, de parametre et λ2 respectivement, i’expression (l)d ev ien t 
alors 1’extension directe a deux dimensions de la formule (3) :

/ l  +  λ. X-y \2 
lim  d Var [rX Y ] =  (- --- - — ) ( 4 )

2 .2 .  P R O C E S S U S  M A R K O V !  E N  S  E T  “ A U T O R E G R E S S I F S ”  D E S  P L U S  
P R O C H E S  V O I S I N S

L ’autocovariance de beaucoup de processus spatiaux n ’est pas exprimable 
sous une forme analytique simple, BESAG [5]. Cependant l’expression

y  Cx x (0 , v) C Y Y (0 , v) peut etre calculee comme terme constant du produit 
veZ ̂
des developpements de Laurent des fonctions generatrices d ’autocovariance des 
processus {X(u)} et {Y(u)}.

a )  P r o c e s s u s  m a r k o v i e n s
Nous supposons que (X (u)} et {Y(u)} sont tous deux des processus station- 

naires gaussiens, markoviens des plus proches voisins, definis par les fonctions
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generatrices des autocovariances suivantes :

F x (Z i , Z2 )  == [1 a ( z i z 1 ^  ^2 ) ]

FY (z x , z2) =  [1 -  b(Zj + Z71 + z2 4- z 7 1)]-1
(5)

1 — δ <  |Zj| , |z2| <  1 + δ , |a| <  1/4 , |b| <  1/4. L ’existence de tels processus 
a ete discutee par ROZANOV  [24] et M ORAN  [19].

Ces processus satisfont aux relations suivantes :

^uj,u2 — a(^ux — 1 ,U2 ^ui + l,u2 ^uj,u2- 1 ^ Ul ,U2+l)

+  e u 1(u 2 > ( U l > U2 ) Z x Z · ( 6 >

Si 3X(u) =  {X„ i ,, X  ^ , > X  X  > est 1’ensembley v /  L U j- i,u 2> A U]+ l ,U2 A u 1 (u2- 1» a U|,U2 +1 J
des plus proches voisins de X (u ), chaque variable aleatoire e(u) intervenant dans
(6 ) est gaussienne ; conditionellement d 3X(u) elle est independante de (X (u)} avec 
|vx — Uj| 4- |v2 — 1 4  I >  1 et centree.

L ’expression de la variance asymptotique de rXY que l’on calcule a partir 
des fonctions generatirces des auto co variances (5) est donnee dans l’appendice. 
Cette expression, qui fait intervenir les integrates elliptiques des parametres a et b, 
a ete tabulee par integration numerique avec trois decimales de precision (Table 1), 
les valeurs des parametres a et b sont choisies de telle sorte que les autocorrela
tions d’ordre 1 *, px et pY , varient de 0,0 a 0,7 par pas de 0,1.

TABLE 1
Valeur asymptotique de dn V ar(rXY) pour deux processus Markoviens

S .  Px 

P x \
0 , 0 0 0 , 1 0 0 0 , 2 0 0 0,300 0,400 0,500 0,600 0,700 b

0 , 0 0 0 1 , 0 0 0 , 0 0 0

0 , 1 0 0 1 , 0 0 1,042 0,095

0 , 2 0 0 1 , 0 0 1,088 1,195 0,168

0,300 1 , 0 0 1,138 1,321 1,558 0,2123

0,400 1 , 0 0 1,192 1,469 1 , 8 6 6 2,444 0,2355

0,500 1 , 0 0 1,248 1,637 2,251 3,270 4,989 0,24565

0,600 1 , 0 0 1,307 1,824 2,720 4,419 7,917 15,903 0,24918

0,700 1 , 0 0 1,368 2,025 3.256 5,883 12,432 33,523 140,603 0,24994

a 0 , 0 0 0,095 0,168 0,2123 0,2355 0,24565 0,24918 0,249949

p x et pY sont les autocorrelations d’ordre 1 de {X (u )}  et {Y(u)> respectivement. 
Les valeurs correspondantes de a et b peuvent etre lues respectivement en bas et a 
droite. Pour a > b , les valeurs sont obtenues par symetrie.
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b) Processus autoregressifs

Supposons maintenant que {X(u)} et {Y(u)} soient des processus station- 
naires gaussiens associes aux fonctions generatrices d’autocovariance suivantes :

Fx (z , , z2) =  [1 -  a(zt + ζ γ 1 + z2 4- z j 1 ) ] - 2

Ρ γ (ζ , , z^) =  [1  -  b (zx + ζ γ 1 + z 2 +  ζ ΐ 1) ] - 2

1 — δ  <  |z,| , |z2l < 1 + 5 ,  |a| <  1/4, |b| <  1/4. Ces processus, qui furent 
consideres pour la premiere fois par WHITTLE [27], correspondent aux equations 
autoregressives :

* » .  * ( X * t  — 1 ,U 2 "** +  1 ,U 2 ^ u ,  , u 2 — I ^ U j  ,U 2 +  €U j ,U 2 ( ^ )

dans lesquelles la suite d’innovations {E (u)} ,u  =  (Uj ,u 2) Z x Z}, est une 
suite de variables aleatoires gaussiennes independantes, d’esperance nulle. No
tons que pour le processus markovien (6 ), e(u) et e(v) sont correlees quand
I u j — Vj| + |u2 — v2 | <  2 . L ’expression de la variance asymptotique de rXY 
en fonction des paramdtres des processus est donnee dans l’appendice et a ete 
egalement tabulee (Table 2).

*L ’autocorrelation d’ordre 1 ,px , est definie comme le coefficient de correla
tion entre X (u) et l ’un quelconque de ses plus proches voisins.

TABLE 2

Valeur asymptotique de dnVar(rxy) pour deux processus autoregressifs

\  P x  

P yV
0 ,0 0 0 ,1 0 0 0 ,2 0 0 0 ,3 0 0 0 ,4 0 0 0 ,5 0 0 0 ,6 0 0 0 ,7 0 0 0 ,8 0 0 0 ,9 0 0 b

0 ,0 0 0 1 ,0 0 0 ,0 0 0 0

0 ,1 0 0 1 ,0 0 1 ,041 0 ,0 4 9 3

0 ,2 0 0 1 ,0 0 1 ,0 8 5 1 ,1 7 8 0 .0 9 4 5

0 ,3 0 0 1 ,0 0 1 ,1 3 0 1 ,2 8 2 1 ,4 5 8 0 ,1 3 3 5

0 ,4 0 0 1 ,0 0 1 ,1 7 8 1 ,3 9 4 1 ,6 5 5 1 ,9 6 0 0 ,1 6 5

0 ,5 0 0 1 ,0 0 1 ,2 2 7 1 ,5 1 5 1 ,8 7 8 2 ,3 2 0 2 ,8 6 4 0 ,1 9 0 2

0 ,6 0 0 1 ,0 0 1 ,2 7 9 1 ,6 4 7 2 ,1 3 0 2 ,7 4 3 3 ,5 3 0 4 ,5 4 0 0 ,2 0 9 9

0 ,7 0 0 1 ,0 0 1 ,3 3 2 1 ,7 8 8 2 ,4 1 1 3 ,2 3 7 4 ,3 4 7 5 ,8 4 4 7 ,8 9 4 0 ,2 2 5

0 ,8 0 0 1 ,0 0 1 ,3 8 7 1 ,9 4 0 2 ,7 2 9 3 ,8 2 3 5 ,3 6 9 7 ,5 8 1 1 0 ,8 2 6 1 5 ,8 9 3 0 ,2 3 6 4

0 ,9 0 0 1 ,0 0 1 ,4 4 4 2 ,0 9 4 3 ,0 9 6 4 ,5 4 1 6 ,7 1 0 1 0 ,0 4 5 1 5 ,4 0 3 2 4 ,8 3 8 4 4 ,8 4 6 0 ,2 4 4 7

a 0 ,0 0 0 0 ,0 4 9 3 0 ,0 9 4 5 0 ,1 3 3 5 0 ,1 6 5 0 ,1 9 0 2 0 ,2 0 9 9 0 ,2 2 5 0 ,2 3 6 4 0 ,2 4 4 7

p x  e t  p γ  s o n t les a u to c o r r e la t io n s  d ’o r d r e  1 de  ( X ( u ) }  e t  (Y C u)}  r e s p e c tiv e m e n t.  les v a leu rs  
c o r r e s p o n d a n te s  de a e t b p e u v e n t  e t re  lu es  r e s p e c tiv e m e n t e n  b a s  e t  a d r o i te .  P o u r  a > b , les v a leu rs  
s o n t  o b te n u e s  p a r  s y m e tr ie .
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En comparant les resultats obtenus pour les differents processus envisages 
(formules (3), (4), Tables 1,2), on remarque tout d ’abord que l’effet de l’auto- 
correlation intrins£que des processus {X (u)} et (Y (u )}  sur la variance du coeffi
cient de correlation est numeriquement bien plus important dans le cas de pro
cessus spatiaux que dans celui des series temporelles. Par exemple pour 
ρ χ =  ρ γ =  0 ,3 , la “ taille corrigee” d ’un N-echantillon est de N /l ,20 pour une 
serie temporelle satisfaisant (2), tandis qu ’elle est de N /1,56 pour le processus 
markovien dans Z 2 defini par (6 ).

Par ailleurs les valeurs donnees pour les processus markoviens (Table 1) 
sont plus elevees que celles correspondant aux processus autoregressifs (Table 2) 
et aux processus doublement geometrique. Neanmoins quand p x est plus petit que 
0 ,3 , les valeurs donnees pour les trois processus sont voisines.

3. D ISCUSSION

L ’analyse de la correlation de deux series temporelles est classiquement 
conduite en etudiant les correlations croisees ou le spectre croise. La plupart des 
concepts utilises dans ce type d ’analyse peuvent etre etendus au cas des series 
spatiales. Avant d ’envisager de facjon detaillee les differentes methodes proposees, 
il est bon de rappeler les difficultes intrins^ques a I’etude des processus spatiaux.

La premiere de ces difficultes tient a l’absence d’un ordre naturel sur Z 2 . 
Ceci exclue en particulier la possibility d ’utiliser la distinction entre le passe et le 
futur pour interpreter les correlations, P IERCE et HAUGH [22]. De ce point de 
vue, il est clair que Fanalyse de series a la fois spatiales et temporelles est particu- 
lidrement informative, G R A N G E R  [11]. Une seconde difficulte tient a l’arbitraire 
du choix de la taille des unites geographiques considerees : on sait en effet que 
les resultats des analyses statistiques dependent du degre d’agglomeration de ces 
unites. Enfin , les observations sont souvent disposees de maniere irreguliere dans 
l’espace ce qui interdit une analyse spectrale classique. Dans le cas d’un quadril- 
lage irregulier, on peut toutefois donner un sens a une decomposition hierarchique 
en variations locales, departementales et regionales, comme le proposent par 
exemple C L IFF  et O RD  [9] et C U R R Y  [10].

Les coefficients de correlation croises sont couramment employes dans 
1’analyse de la liaison de deux series temporelles, HAUGH  et BOX [14], P IERCE
[21]. HANNAN [13] a etabli la normalite asymptotique de ces coefficients sous 
certaines hypotheses. BENNETT [4] a suggere d ’entendre cette approche a l’etude 
de la liaison entre deux processus spatiaux. Si l’on se place dans le cas de processus 
stationnaires sur Z 2 et d ’un domaine d ’echantillonnage regulier assez grand, on

C x x (0 , v) CV Y ( 0 , v )
peut estimer les autocorrelations ----- =---  , ----- -̂--  d ’un grand nombre

σχ σΎ
de processus de manidre consistante, G U YO N  et PRUM [12]. On peut alors estimer 
de fa9 on consistante une approximation de la variance de rXY en utilisant une 
version tronquee de la formule ( 1 ).

Plusieurs auteurs ont etudie des modifications du moddle de regression 
lineaire. LEBART [15] fixe la structure de la matrice de variance-covariance des 
residus en la decomposant suivant des “niveaux de contiguites” decroissants. Cela
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lui permet d’estimer les parametres du module par la methode des moindres carres 
generalises et d ’appreder la perte d’information due a la dependance spatiale. Cette 
decomposition de la matrice de variance-covariance peut s’appliquer au cas ού 
les variables sont mesurees aux sommets d’un graphe quelconque ; elle suppose que 
la covariance de deux variables depende uniquement de leur niveau de contiguite 
sur le graphe et qu ’elle soit nulle au dela d’une certaine distance. Generalisant les 
modeles de regression des series chronologiques, O R D  [2 0 ] etudie differents mo* 
deles mixtes regressifs-autoregressifs dans lesquels interviennent une matrice de 
voisinage supposee connue a un facteur de proportionalite prds, p. II discute la 
qualite des estimateurs de regressions et de p et compare l’estimateur du maximum 
de vraisemblance a plusieurs alternatives. Comme dans le cas de Lebart, ces mo
dules ne supposent pas une structure regulidre de l’espace et la matrice de voisinage 
est adaptee au cas particulier considere. Une approche empirique visant a prendre 
en compte l’effet des autocorrelations dans le module lineaire a ete proposee par 
M A R T IN  [17].  Elle consiste a transformer {X (u ) }  et { Y ( u ) }  en leur difference 
d’ordre 1, c’est-a-dire a supposer essentiellement p =  1 avant d ’effectuer une 
regression lineaire. Martin etudie 1’effet de cette procedure par des methodes de 
Monte Carlo et montre qu’en supposant p =  1 les estimateurs des paramdtres de 
regression sont en general meilleurs qu’en negligeant les autocorrelations (p  =  0).

Plusieurs auteurs se sont preoccupes de la definition d ’une mesure de corre
lation sur des unites que Ton pouvait en principe subdiviser ou regrouper. Les 
methodes proposees sont toutes fondees sur l’idee d’une decomposition hierar- 
chique des variations de chaque processus. C U R R Y  [10] estime les paramdtres 
d’un modele dans lequel la valeur prise par le processus Y  en un point u est une 
combinaison lineaire des differentes composantes hierarchiques du processus X. 
C LIFF  et O R D  [9 ] utilisent une analyse de variance emboftee en postulant que la 
correlation entre {X (u ) }  et {Y (u ) }  est due a un facteur commun a chaque niveau 
hierarchique. BESAG [7 ] propose un test non parametrique qui fait intervenir 
toutes les permutations d ’unites a rinterieur d’un meme bloc hierarchique.

Les methodes decrites ci-dessus apportent des solutions partielles au pro- 
bleme general de l’analyse de la correlation entre deux processus spatiaux. Cer- 
taines presentent un caractere empirique impliquant la connaissance de la struc
ture de la matrice de variance-co^variance. D ’autres adoptent des methodes develop- 
pees pour les series chronologiques, dans ce cas la validite de certains resultats 
asymptotiques utilises reste a etablir. Les problemes d’Lnference statistique concer- 
nant l ’independance de deux processus spatiaux restent done encore ouverts, I’im- 
portance de l’effet des autocorrelations justifle que des travaux complementaires 
leur soient consacres.
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A P P E N D I C E

a )  L A  V A R I A N C E  A S Y M P T O T I Q U E  D E  r X Y  D A N S  L E  C A S  D E  D E U X  
P R O C E S S U S  D E  M A R K O V

Le terme constant P j ( a  , b ) du produit F x (Zj ,  z2)  . FY ( z x , z2)  est egal £

I — [ a  Σ  ( V )  a2t — b V  ( t ' )  b 2*
_ ) a — b  [_ t= o  t=  o

, a Φ  b

(8)P. (a , b )  =  .
1 ) »  f 2 t Y

V  (2t +  1) V t / a2* , a =  b
t= o

Les series constituant (i )  peuvent etre exprimees au moyen des series hyper- 
geometriques de Gauss, ABR AW O W ITZ  et STEG U N  [1 ] 15.1.1 :

o n , ο  λ  V  ° °«  (2)t Zt F (k , £ , m , z) =  2^ —
t=o (m)t t !

(k )t =  k(k 4- 1) . . .  .(k +  t -  1). On obtient

V  ( t )  a2t =  F (l/2 , 1/2, 1, 16a2)

t: °  ( 2 t y
V  (2t +  1 ) V t /  a2t =  F(3/2, 1/2, 1, 16a2)
t=o

On peut utiliser les relations qui lient les series hypergeometriques aux inte- 
grales elliptiques de la l ere et 2e espece quand on veut les evaluer numeriquement :

F (1/2 .1/2.1 , z ) =  ~~ K (z )

F (3/2 ,1/2 .1  , z) = -= -  — -----  E (z )
Π 1 — z

avec -Π/2 _ 1 /.Π/2 i
K (z ) =  / (1 — z sin2 Θ)  2 άθ et E (z ) =  / (1 — z sin" Θ) 2 d0 ,

o

A B R A M O V IT Z  et STEGUN [1 ] 1 7 3 5  et 17.3.10.
En consequence

\ — — ------[ aK (16a2) — b K ( 1 6 b 2)]  , a Φ b
) Π a — b

P , ( a , b )  =

\ Π 1 -  1
— E (16a2)  , a =  b .

— 1 6a"1
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MORAN [18] a remarque que :

σ2 =  -±. K (16a2) , a\ =  ^  K (1 6 b 2) .

On obtient done finalement pour a Φ b :

Π 1 Γ a b Ί
Um d n Var [rX Y ] =  — --- - _  ■ ,

n-**» 2 a — b |_K(16b ) K (1 6 a  ) J

tandis que pour a =  b :

Π 1 E (16a2)
lim  d Var[rX Y l ----------- - --------— -

XY 2 1 -  16a2 [K (16a )]

b )  L A  V A R I A N C E  A S Y M P T O T I Q U E  D E  r X Y  D A N S  L E  C A S  D E  D E U X  
P R O C E S S U S  A U T O R E G R E S S I F S

Le terme constant P2 (a , b ) du produit F x ( z t , z2) . F Y (Zj ,z2)est egal a

a2

Π (a -  b )2 

2 2ab

Ε (16b ) + ------- - E (16a )
1 -  16b 1 -  16a

P2 (a , b) =  ) H-—  --- — 3  [b K (1 6 b 2) -  a K (1 6 a 2)] , a ^ b
/ Π (a — b)

\ F (5 /2 , 1/2,  1 ,16a2) -r 20a2 F (7/2 , 3 / 2 , 2  , 1 6 a 2) ,  a =  b .

On peut exprimer F (5/2 ,1/2 ,1 , z) et F (7/2 ,3 /2  ,2  , z) en fonction 
des integrates elliptiques K  (z) et E (z) a 1’aide des relations de recurrence suivantes :

5 F ( l | - , 2 , z )  =  2 F ( | , | , 1 , ζ )  +  3 ρ ( |  , | , 2 , z )

=  - O - K y - T · 1 *z)]

2Ρ(Ί’Τ ' 1·Ζ)=Ί^7[4Ι:(Ί·Ί·1’Ζ) - 3Ρ(Ί·Ί·1·Ζ)]

F (4 4 · 1 ·ζ) [2(2 -  z) f(4· j ' 1- 0 - Κτ·5-·1-z)]
Finalement remarquant que dans ce cas σχ =  Ρ χ (a , a) et a\ =  P j(b  , b) est 
defini par (8), on obtient :

(a , b)
lim dn Var [rX Y ] =  2V

P x (a , a) P j (b , b )
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R ésum é. N o u s  é tu d io n s  la vitesse de  co n v e rg en ce  d u  th é o rè m e  de  la lim ite  
c e n tra le  p o u r  des c h a m p s  de  Z d, fa ib lem en t d é p e n d a n t s :  m -d é p e n d a n t  o u  a- 
fo r te m e n t  m é lan g ean t .  D ès q u e  le c h a m p  est d a n s  L.2^ 0, 15 >- 0. la  vitesse de 
co n v e rg e n c e  o b te n u e  est avec u n  fa c te u r  (log<7„)a q u i  in te rv ien t
q u a n d  a es t  à d éc ro issan ce  ex p o n en tie l le  et d a n s  le cas m -d é p e n d a n t  q u a n d  
<>^1. L e cas où  a  est à d éc ro issan ce  p u issan ce  est auss i  é tud ié .  Ces ré su lta ts  
ne fon t in te rv en ir  ni la s ta t io n a r i té .  ni la g é o m é tr ie  des d o m a in e s  su r  
lesquels le T .L .C . est é t u d i é 1.

§ 1. Introduction

N o u s  n o u s  in té resso n s  d a n s  ce trav a il  à  la v itesse d e  co n v e rg e n c e  d a n s  le 
th é o rè m e  de la  lim ite  cen tra le  (T.L.C.) p o u r  X  =  { X j , j e Z d} u n  c h a m p  défini su r  

cen tré ,  fa ib lem en t d é p e n d a n t ,  vérif ian t:

D e u x  types  d e  faible d é p e n d a n c e  so n t  é tu d iés  c la s s iq u e m e n t :  la  m -d ép en d an ce  
et les c o n c e p ts  de m élange. P a rm i ceux-ci n o u s  n o u s  l im i te ro n s  ici à u ne  n o t io n  
d e  a -m é la n g e  fort.

L a  l i t té ra tu re  d a n s  le cas d =  1 est a b o n d a n te ,  t r a i t a n t  é g a le m e n t  le cas de 
p ro cessu s  a cc ro issem en ts  de m a r t in g a le  (voir p a r  e x em p le  Ib ra g im o v  H all
e t H e y d e  £11] et B o lth au sen  Q23).

P o u r  le cas m -d é p e n d a n t  sans  h y p o th èse  de  s ta t io n n a r i té .  P e tro v  [17],

1 A u m o m en t où est soum is cet article, les au teu rs  on  pris co n n a issan ce  de l’article de H. 
T a k a h a ta  [23] qu i é tud ie  exactem ent le m êm e problèm e. L a  co n d it io n  de  m élange (D obrush in )  est 
m oins  forte que la nô tre  et les résulta ts  son t ob ten u s  en u tilisan t la techn ique  de Stein. P o u r  des 
ch am p s  m -dépendan t et sous une cond it ion  L s . la vitesse o b ten u e  est o p t im a le  tandis  que p o u r des 
ch am p s  a - lo r tem eni m élangeant à décro issance exponentie lle  et sous une co n d it io n  <>>0.
cette vitesse o p tim a le  est ralentie par un facteur (log

SUp j| Xj\\ 2  ô ~  Ü X  !i 2 -t- iJ <• '^O’ <5>0.
j

(1-1)
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E g o ro v  [8 ] ,  Sergin  [20 ]  et M a e j in a  [1 3 ]  u til isen t la te c h n iq u e  de B ernste in  
( fo rm a tio n  de paque ts )  et a m é lio re n t  su ccess iv em en t les vitesses o b ten u es .  A vec 
l 'a r tic le  de  Serg in  [21 ], la  vitesse o p t im a le  est o b ten u e .  S u r  la base  d ’une  a u tre  
te c h n iq u e  d ’é v a lu a tio n  d ’espérence  c o n d it io n n e lle  et so u s  un e  c o n d i t io n  L,8, 
S tein  [2 2 ]  o b tie n t  éga lem en t ce tte  vitesse o p t im a le  d a n s  le cas s ta t io n n a ire  et 
u n e  vitesse p resque  o p t im a le  p o u r  u n  p ro cessu s  a - fo r te m e n t  m é lan g ean t ,  a 
é ta n t  à  décro issance  exponen tie lle . B o lth a u se n  [4 ]  o b t ie n t  aussi u n e  vitesse 
o p t im a le  d an s  le cas de ch a in es  de  M a rk o v  ré c u rre n te s  et fo r te m e n t 
m élan g ean tes .

S’in sp ira n t  de l’artic le  de S tein , T ik h o m iro v  [2 4 ] ,  su r  la base  d ’u n e  é v a lu a 
t io n  d irec te  de la dérivée de  la fo n c tio n  c a ra c té r is t iq u e  f n{t) de  la so m m e  
é tud iée , o b tie n t  des résu lta ts  a n a lo g u e s  p o u r  u n  p ro cessu s  s ta t io n n a ire  sous  la  
seule c o n d i t io n  L2~*à, ô > 0 .  L ’h y p o th è se  de  s ta t io n n a r i té  est levée p a r  S ch n e id e r  
[1 9 ] .  C o m m e  o n  va le vo ir  d a n s  le cas spa tia l ,  n i la s ta t io n n a r i té ,  ni la  
g é o m é tr ie  des d o m a in es  su r  lesquels o n  so m m e  X ,  ne jo u e n t  un  rô le  p a r t ic u l ie r  
d a n s  le p ro b lè m e  de vitesse d e  convergence . D a n s  ce trava il ,  n o u s  su iv rons , en  
la g én é ra l isan t  à  Z d. la te c h n iq u e  de  T ik h o m iro v .

D a n s  l’é tu d e  des th éo rèm es  lim ites p o u r  les c h a m p s  ( d ^ 2 )  d eu x  n o t io n s  de 
m é lan g e  ap p ara issen t.  L ’u n e  o ù  seule la d is ta n c e  e n tre  les d eu x  sous-en sem b les  
su r  lesquels on  exam ine  les tr ib u s  in te rv ien t (D eo  [5 ] ,  G o ro d e tsk i i  [9]). 
L 'a u tre ,  in tro d u ite  p a r  D o b ru sh in  [7 ]  d a n s  le c o n tex te  des c h a m p s  de  G ib b s .  
fait in te rv en ir  éga lem en t les sous-ensem bles  eux -m êm es, parfo is  u n iq u e m e n t  
p a r  l’in te rm éd ia ire  de leur c a rd in a l  (N a h a p e t ia n  [14], N e a d e rh a u s e r  [15. 16]. 
B o lth au sen  [3]). C 'est la p rem iè re  n o tio n , plus forte, que  n o u s  con s id éro n s .

D a n s  le cas /« -dépendan t, la vitesse de co n v erg en ce  d u  T .L .C . a é té  é tu d iée  
p a r  L e o n e n k o  [12] qui o b t ie n t  le m êm e ré su lta t  q u e  P e tro v  d a n s  le cas 1 et 
p a r  P ra k a s a -R a o  [18]. C 'e s t  la co n jec tu re  a n n o n c é e  p a r  ce d e rn ie r  qu i a 
m o tiv é  n o tre  trava il:  sa co n jec tu re  est inexacte  et la fo rm e  du  d o m a in e  n 'in te r 
v ien t pas. Le cas de c h am p s  m é lan g ean ts  est é tu d ié  p a r  N e a d e rh a u s e r  [16]  et 
T a k a h a ta  [2 3 ]  (voir n o te  (1)). Berkes et M o r ro w  [1 }  d o n n e n t  une  é v a lu a t io n  
de  l’a p p ro x im a t io n  des so m m es  partie lles  m u ltid im en s io n n e lle s  p a r  u n  d ra p  
b ro w n ien .

2. N otations et résultats

S o it X  = (Xj)jeZd u n  c h a m p  cen tré  vérifian t (1 — 1); so it (>!„) u ne  su ite  s tr ic te 
m e n t  c ro issan te  de d o m a in e s  de  7Ld à  laque lle  so n t  associées les su ites (S„), (<x„):

L a  seule  co n d it io n  que  d ev ra  vérifier la su ite  (y4n), re la tive  au  p rocessus  .Y, est:

S„ =  Y X j ,  <7„- =  V a r5 „ . (2 - 1)
A

lim infcr~ • |.4„| l =  x > 0 (2-2)

(|/4| est le ca rd in a l  de A).



Soit <j) la fonc tion  de r é p a r t i t io n  de  la n o rm a le  rédu ite .  L a  d is tan c e  en tre  S n 
re n o rm a lisé e  et la n o rm a le  réd u i te  est éva luée  p a r :

^ n =  s u p |P ( 5 m/crn^ . x ) - 0 ( x ) | .  (2-3)
-X

O n  co n s id é re ra  p a r  la su ite  la n o t io n  de  m é lan g e  fort  su iv a n te :  soit .4. B  deux  
p a r t ie s  de 7Ld, d (A ,  B)  leur d is tance , o ù  la d is tan c e  e n tre  d e u x  p o in ts  x. y  de  Z d 
est celle d u  su p : i / (x ,  y ) =  su p  |x,- —>’¡1, e t 3FA, les cr-algèbres engen d rées  p a r  
X  sur A . B. l i i  = d

O n  d i r a  q u e  le c h a m p  X  est a -m é la n g e a n t  si, p o u r  to u t  coup le  de  pa r t ie s
A . B . o n  a :

sup  \P ( E r \F )  — P (E )P (F )\  ^oc(d(A , B)) (2-4)
F e . y * B

o ù  x (d )—*0 q u a n d  d -* -h  oo.
O n  d i ra  q u e  la c h a m p  est m -d e p e n d a n t  si x{d) =  0 p o u r  d ^ m .  O n  a  les 

ré su l ta ts  su iv an ts :

T h é o rè m e  1. Soit X  un champ centré et m -dépendant de TLd. (A n) une suite  
str ic tem en t croissante de domaines de Æd. vérifiants  (1-1), (2-2). A lo rs :

a) S i ' O c d c l .  A n = 0(<j~ô).
d -  1

b) Si <5^ I. zl„ =  0((Logcr„) 2  - a ~ l )

N o ta n t  a a  b l 'inf de  a et de  b.

T h é o rè m e  2. Supposons que X  soit x-mélangeant. x à décroissance exponentie lle  ; 
alors :

J  „ =  O [ (L 0 g  (T ,fU 

Si de plus X  est dans L l 'hô. c>>0. alors:

=  <5[(log <rn)d • cr- 1].

T h é o rè m e  3. Supposons que X  soit x -m élangeant. où x  est à décroissance puissan
ce: x{m) =  0 ( m ~ a). Posons:

_ 2d(2 +  <5)[(H-«5)A2]
a — i ----------- :——----—--------- .

t> • (¿> A 1)

Alors, dès que f i>  1, on a le contrôle  suivant de A n:

J n = 0 ( a ~ E(p ô\  où

3. La décomposition de Tikhomirov

Les résu lta ts  énoncés  au  §2 so n t  o b te n u s  en é v a lu a n t  la d is tan c e  en tre  f n{t). la 

fon c tio n  c a rac té r is t iq u e  de S„. et exp  ̂— puis en a p p l iq u a n t  l 'inégalité  de
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2 ß (à A 1)



300 X. G u v o n  et S. R ichardson

E sseen (voir [10]). A  cette  fin. T ik h o m iro v  u tilise  u n  d é v e lo p p e m e n t  de  /„'(f). 
N o u s  em p lo y e ro n s  les n o ta t io n s  su iv a n te s :

y _  Xj ,  1^1, 5}o>= —  x Xj
G n  A n o  è f j .  Im ) & n j e A n

¿ ( 0  =  e ù ( S M - » _ . v y , ) _ u

o ù  B(j,  Im ) rep résen te  la b o u le  de  cen tre  j  e t de  r a y o n  Im,  e t B(j, Im) son  
c o m p lé m en t .

P o u r  k >  2, on  a p a r  in d u c t io n  ([24 ]) :

/ ■ '<*>-- H  I  £ ( x i ^ i ,>)+  £  X  E Î x / f i  ç y v ' * r )
~  n L j e A n r =  2  j ^ A n \  / =  1 /

+  I £ ( x , n c : y > e ‘̂ ) l .
i e y l n  v  i  =  1 /  j

E n  é c r iv an t:
/  r — 1 -, /  r -  1

E (*; n -y**irsy")=e n «y1 {̂ tsr - £(*irsn})
+  £  ( x 7 n  çy>) E (e irSir))

' / = i

et en  a jo u ta n t  et so u s t ra y a n t  f n(t) de E (e itSijr)) d a n s  le 2èm e  m e m b re ,  o n  o b t ie n t :

k
X   ̂^1 (r ) ^2 r̂ ) ^3 (r )) ■+■ (3-1)

avec

T0 =  —  V  £ ( X , e 1,sin ) 

et p o u r  2 ^ r ^ k ,  en  n o ta n t  cij(r) =  E  ^X j  ]~J

Ti(r)  =  —  Y. aAr )fr,(Ô- T2(r) =  —  X  i ^ — /„(r)}
j ë - s t n

r3(D-i- x £(x/fi\=y>{^,-£(eiisn})
je An ' / = 1 '

Rk=i- 1  £ (x,n
JS.4„ \ / = 1 ’

D a n s  le cas d ’un  p rocessus  ra -d ép en d an t .  Tn et T^(r)  so n t  nuls et la 
d é c o m p o s i t io n  (3-1) se rédu it  à :

k
0*)4- T2(/■)) +  R k- (3-2)

U) 1
j

/ 1

(t ) i o “h
r

R k

<*n je 4n

Ì )

U)
ì eus [k>

)

(r) V/
r = :

(7 1



D a n s  la d é c o m p o s it io n  (3-1) o u  (3-2) de /„'(f). 7\ (2) c o n tr ib u e ra  un  te rm e en
— t f n{t) à  l’é q u a tio n  différentielle. L a  vitesse de converg en ce  se ra  o b ten u e  en 
é v a lu an t l’o rd re  des term es restan ts . E n  éc r iv an t l’é q u a t io n  différentielle sous la 
fo rm e :

fn (f) ~  tfnit) +  a„(t)fH(t) + hn(t) avec

o 9n. o(t) +  a ,  t 0„. ! (r) |r| +  a„, 2 0„, 2 (t) |t|<1 + A 2, <5 >  0 (3-3)

h „ ( t )  =  b n , 0  ^ n . o (£) +  &„. i 3 n , i ( f )  |r|  + Y .  b n ' S @ n , s ( t )  l^i5
A

o ù  A est une  p a r tie  finie de ]1 , +  o c [ ;  a n j , b n j réels positifs, o n  u tilisera :

L em m e 3.1. Supposons que  /„(r) vérifie (3-3), les fonc t ions  8 , S  étant continues , 
uniformément bornées en n , j , t  pour  | r | ^ 7 '0(n), a„ =  m a x  {an0, an i , a n2) tendant  
vers 0.

Soit  / i s 
0„.2 =  sup  |0„.2(r)|, T\(«)==inf r 0(n ) ,------- —

|r| ^  Toin) \ ^ a n.2^n,2'
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alors pour n grand:

A

où
•Srsi?L(maXf",r4})

T - t- 2!

r d t ^ B a „ - r  C\_bn.o +  f V i  l o S T  +  Y . b n.s T *

B. C étant des constantes finies.

4. Vitesse de convergence pour un processus m-dependant

4.1. Lem m es fondam entaux

D an s ce qui suit, nous u tiliserons à p lusieurs reprises les résu lta ts  su ivan ts : 

\elx — 1| 5Sx

elx — 1 — i x  = Üj(x)\x\i l ~ d** 2 où 0j(x)  est b o rn ée  su r  IR p a r  6j.

Lem m e 4

où

d -  1

f \ t \ b m ( r — 1 )  2 \ r ~  1 d ~  1
.1. |tf;(r)| ^ c düxü2 -̂-------- ------------j  x  (r — 1) + = « (r ) ,

-  id — 1 )

cd = ( 2 y  2n)d et bm =  (2m)dy  d || X\\ 2 e 2

| r -  1 r -  1 j

Démonstration. \a j ( r ) \^ E  X j Y \  Î j l) I~[
/= î /= î !
l p a i r  l i m p a i r

(4-1)

(i) a n.

o n( T ) J
-  T

f . ( r ) e
i ]

r 2,

-il)



C o m m e  les { ç f ' . l  p a ir  (resp. impair)} so n t  in d é p e n d a n ts  en tre  eux, en 
a p p l iq u a n t  l’inégalité  de H older. o n  o b t ie n t :

| ^ ( r ) |^ ; iX ! !2rn  a- 
/= î

Soit  Cn t l’in tersec tion  de  A n et de  la c o u ro n n e  de  ce n tre  j  e t  de ray o n s  Q(/ 
—-1) m, lm~\.

E n  u ti l isan t (4-1):

| | ç . | | | < i l £ ( ( X  Xj)2),
a n C„.t

E(  X  X j)2 ^ ( 2 m)d x  2d m (2 lm )d-  1 '\X\\ |  
c„.,
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à cause de  la m -dépendance . O n  o b t ie n t  d o n c :

(
Ifl — \r~ 1 d — 1
^ ( 2 m ) d i / d \ \ X \ \ 2 )  ((/- — 1)!) -I

et la d é m o n s tra t io n  est achevée  en  u t i l isan t  l 'inégalité  de  Sterling.

L e m m e  4.2.

A' ,)
a 7,

+  |.41J r I S 2(m. i-V 2) \ f n(t)\)
avec

B  t (m. \ X  2) = 3d 2 [2m)3d:2 :\ X : 2
et

B 2(m. >Y : , )  =  (2m)J !;A':U.

Démonstrat ion.  P osons  :

nj(r) = eMsr - s n - 1 .  r ^ 2

| r 2( r ) |^  — | e | X  «i (r)C»7J-(»')-£(»7J-(r))]|-H|/„(f)| I Z  a/r)£(»/,.(r))|}
(. jeAn J e . J

£ |  Z  «;( '■)C'7j(r ) — £(>?/'*))]! ^ a ( r ) -  £  cov  (rç,(r), rç^r))1 2
j e  A n  < *4 n

c o v ( ^ r), ^ (pr,) =  0 dès q u e  d(j.  p ) >  3>rm. D a n s  le cas co n tra ire ,  en u t i l isan t  (4-1) et 
la m -dépendance . on  o b t ie n t :

<7

et de m an iè re  a n a lo g u e :

|E(>/:(r))| 5S —  (2m)d 2{2rm)J 2 ' \X  ■■ -> 
<r„

ce qu i pe rm et de co n c lu re  la d é m o n s tr a t io n .

!lÇ(/)
j

! !

a i(r >1< ¡I il 2

Ir 2( r I g a (/' )
I

(I 4 »I
_L rd B 1(m.

c ov ( 7Îr n
( r )

P
)

r -
(2m ( 2rm ) d I X II

2
2
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L e m m e  4.3.

7~i(2) =  y„(f)( t _|_ |f |<1 A 2 ^ ( f ) (2 /n ) J[(1 +d> a 2] yx;! ( 2 ^ . 3 )
^n

où 0à{t) est une fonc t ion  bornée sur  IR.

Démonstration.  U ti l isan t  (4-1):

E ( X j Ç f ' )  =  E l X j { i t ( S f ’ -  S ÿ  >) +  d ô{t ( S f > -  SŸ  >)) |r |( 1 + *)a2 |S^0> -  S‘l Y 1 + *,a2}] 

N o to n s :
X E (X j  Sj°') =  crn,

j e  Art

X  £ ( ^ 5 ÿ u ) =  0 à  cause  de  la m -d épendance .
j e A „

L a  d é m o n s tr a t io n  est conclue en  é v a lu a n t :

i ~ ô
2 + ô\

\E(Xj\ s f '  -  s 1/ 11'1 - »  A 2)| ^  x  ; 2 +.â e  -  s:)1)i[< 1 5> A 21( 1+âh  " ~ *
^  X  i 2_ (j c r - t<1^ <i," 21(2m)‘i [ a "-<5)/' 21lUYj|<21J-  Ó) A 2 

ô

4.2. La décomposition de f n{t)

O n  u til isera  la d é c o m p o s it io n  (3-2) et Ton se place sous Thypothèse  (2-2).

E xa m en  de  7^(2). D 'ap rès  le lem m e 4-3. 7\(2) c o n tr ib u e ra  une  expression de la 
fo rm e:

(2m)d{{ 1 ̂ ô) A 21
ZôTTT

à l’é q u a t io n  différentielle. La vitesse de convergence sera  d o n c  limitée (Lem m e 
3.1) p a r  a* 2 =  <x~<<5a1> avec une co n s tan te  en m égale à (2m)J[( 1 ~ A 21.

E x a m e n  de R k. Soit s > 0 .  k n le p rem ier  en tie r  su p é r ieu r  à s log a n et T0(»)
<7

-— iitL~ÿy2  • ^ l ° rs p o u r  fc =  f c „ - l . | f | ^ T 0(n), u t i l isan t  le L em m e 4.1.:
e b m(s logerJ

!* kl ^ —  cJ 'ÙX\\2 ( - V / T ^  
c r„  \é?  /

C h o is isso n s  m a in te n a n t  e assez g ra n d  p o u r  que :

t' l o g  O n  — 1 d  — 1] v  e l o g  <7n — 1 a — l

- )  x  (s loger,,)  * < < r ~ 2

a lo rs  R k = —  Ô„'0(t) avec |^„ 0(i)| <  Cj ¡| X  2.

rfr (r
)*
n. 2 I« (1-4- A 2

f , (i )
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k

E x a m e n  des termes ^ T x{r), k  =  k n— 1. E n  a p p l iq u a n t  à  n o u v e a u  le L e m m e  4.1
3

et en fa isant so r t i r  d u  c ro c h e t  une  pu issan ce  (1+<5) a 2. o n  o b t ie n t  p o u r  
| r | ^ T 0(n):

î -î- iwvri~T)iŝ (̂ra'“2r -3 <*n j h „  \  Z=\ /| <T„ \  ff„ /

• ( £  ^ j - li2+Ô)* 3] 

r ij(1 +  î ) a 2

=>E T i{r) =  ] 1 ¿Al—- 0n. 2(i)/„(f),
3 a n

5 d - l

E xa m e n  des termes  ] T T2(r). k =  k n— l.  D ’ap rè s  le L e m m e  4.2, ces te rm es  font
2

in te rven ir  d eux  express ions:

If I *■
(a) 2 B l (m . . \X-\2) X  “ (r)rd

a r=Z
k

(b) L-, =  -^4|,4j B^(m.  :: X: , ) \ f„(t )| v  a(r )rd.
r~2

L ’é v a lu a t io n  de L x où  L 2 se fait de  m a n iè re  sem blab le ,  e n  a p p l iq u a n t  le 
L em m e 4.1 et en fa isant so r t i t  d u  c ro ch e t  une  p u issan ce  (<> a  1).

O n  o b t ien t  p o u r  | r | ^ T 0(/i):

U | ( 1 - î ) a 2

^  1 =  ( 1 _<i> A 2 ^ 2 ( f )
n

avec \02 (t )| g B a / n .  j| X  ü 2) cd ¡| X  || 2 bôm̂  1 e~ 3 T  Ç d +  1 )

{rj^ ^  A 2
^ 2  =  à / \  1 cr„

avec  |0 3(f)( ^ B 2(m. ||X\\ 2) x  cd \ \X \ 2 bôm~ 1 e~ 3 T  ^ - ^ L) ■ 

P a r  conséquence ,  p o u r  | r | ^ T 0(/i):

k | £|( 1 -i- ô> A 2 IJ|l-r<)|A2

X  T2(r) =  - - - J A ----- tr n z ( t ) f n{t) + — T^ r 77rT Ôn_2(t)
r=2 <?n CF.,

avec \0’n 2(r)| ^ | 0 3(r)| et |(J„ 2(r)| ^ 0 , ( r ) .

( r 1)
d 1

-4- hi 3 -h2<5) A )

avec \en. 2 (f H b m[1
i-ô) e -  3 ■ r >•(
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4.3. L a  vitesse de convergence

O n  d é d u i t  d u  § 4 .1  q u e  p o u r  |t| ^  T 0 ( n ) ,  f ^ { t )  s a t i s fa i t  à  l ’é q u a t i o n  s u i v a n t e :

/„ '(0  =  ~  2 ki( 1 + " 2 , { t ) fn(t) + bn,o <?„.o(r)

+  b n. 2(r)|îr1+flA2
o ù  a n 1 =  ô „ o ^ o - “ 1 e t  b „ 2 =  o - - [(1 + <5) A 2].

N o u s  d e v o n s  m a i n t e n a n t  d i s t i n g u e r  d e u x  c a s :

(a) <5< 1 : T1(n) =  i n f ( T 0 ( n ) , a ~ 2 ) =  a ~ 2

sn(T) C  h ll + (i) A 2 1* 0 = 7 "  =  T x{n)
& n n ° n  J

et la  v itesse de co n v erg en ce  est d o n c  en  a

(b) (5 ^ 1 :  Tx («) =  in f(T 0(rc). a n 2) =  TQ(n)

-  Ó

e b m{& l o g a n)(d 1, 2

n( T ) ^  —  + c \ —  + -?1, O ^ T ^ T ^ n ) .  
<J„ Ler„ cr“ J

L a  vitesse de  converg en ce  est d o n c  lim itée  p a r  —-—  ce qui conc lu t  la 
d é m o n s tr a t io n  d u  T h é o rè m e  1 (b).

Remarque.  P o u r  ¿><1. la vitesse o p t im a le  est a tte in te . Le seul te rm e restr ic tif  
est le coefficient de  |r |1 ■*"d d a n s  7 \ (2). D a n s  ce cas il n ’est p as  nécessaire de 
p o u sse r  le d é v e lo p p e m e n t de  t ) j u s q u ’à  u n  o rd re  k = k n— l non  borné. Il

suffirait de  cho is ir  k =   ̂ pc>u r  o b te n i r  ce tte  vitesse.

5. C a s  d ’un c h a m p  a -m é lan g ean t : d é m o n s tra t io n  des théo rèm es 2 et 3

Si X  est x -m élan eean t,  n o u s  a v o n s  les inégalités su ivan tes  (cf. H all et H ey d e
[ U ] ) -

Y2) - E ( Y l ) E ( Y 2) \ ^ 4 C 1 C 2 x {Y1, Y2) (a)

(a(Y x. Y2) est à p re n d re  en  u n  sens na tu re l) .
C e tt  inégalité  se généralise  sans difficultés à :

lEiY, Y,... yr) |^ n |£ ( y fc)| + 4 ( r - l ) C 1...Cra(m)
1

dès q u e  C fc, k = l . r .  les Y é ta n t  d eu x  à deux  “ d is ta n te s"  de  m.

\ X \ £  C. Y e L F .p >  1 :
1 -  —

|£ (A 'Y ) — £ (X )  E( Y)| ^ 6 C  Y \ p xi X .  Y) r (/i)

I I c 1 *¡y2Ig c 2 IE( *'i
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\ E ( X Y ) - E ( X ) E ( Y ) \ ^ 8 \ \ X \ \ p \\Y\\q z { X ,  Y)  p * (7 )

Soit la condition:

C 2 =  2 > d_1*(i'’)24-,5< 0°  (C0)
o

On a le résultat préliminaire:

L em m e 5.0. Sous  (C0). E ( £  X j)2 ^  16 • C 2 • \A\  i|X|| \ ^ 6.
A

Démonstration.  Utilisant (7 ) avec  p = q =  2 + Ô, on  obtient:

£ ( V  X j Ÿ  ^  8 !| Xü l  + »\A\  - X  aO')2^ -
.4 A

Le résultat s’obtient en constatant que le nom bre de j  à une distance v de 
l’origine est majoré par 2 d  vd~ l .

5.1. Les  trois lemme s fo n d a m en ta u x  

Soit m un entier positif.

L em m e 5.1. Supposons que t vérifie: S  =  4 d  —  (2m)d Cjj X  :j -, d ^  1. Alors:

ù 5 (J — 1 )

|a,.(r)|^:jA’j;2^ j 6 r - 2 r a(m)2 + * +  C 1( r - l )  *

■ [ C 2 trâ  (r -  1 =  air)

avec : e(r) = 1  si r — 2: e{r) =  2 p si r =  2p  4- 1 ou 2p  -I- 2. p  ^  1

C 1= ( 2 v ' 2 ^ ) i T1 , C 2 =  4 d 2 ^ - C - e ^  \ X .  , _ (j.

D émonstration. Cas. r — 1 =  1: Il suffit d ’utiliser l’inégalité de H ôlder habituelle  
pour le produit X j -  ç}n et le L em m e 5.1.1.

C as , r — 1 ^ 2 :  D es Çjl) apparaissent pour / pair et / impair. N o to n s  77' le 
produit relatif aux / impair. 77" relatif aux / pair. Par H ôlder;

\ a j(r)| ^  il 77' 2 ü X j  H "  '! 2 . (5-1)

2 +  c)
U tilisant (a) pour 77’. (/i) avec p =  —-— pour X j T I  . on  a:

X e L p y L? 1

P
+

1
< 1

d — 1

2 e ir



E\n' ?J'\2 • 2r^ 1 y \ m ) +  TI' E ( ç f )2
ô

T h é o rè m e  de la limite centrale  p o u r  des c h a m p s  307

E\ X j  77" ç f \ 2 ^  6 1| X  || |  + d • 2— 1 a ( m ) ^  » +  j| X  ü 2 + ,  £ ( /7"  ç f ) 2.

L 'in ég a l i té  (a) p e u t  à n o u v e a u  ê tre  u til isée  p o u r  é v a lu e r  E ( i l " ) 2. R é u n is sa n t  ces 
m a jo r a t io n s  d a n s  (5-1), o n  o b t ie n t :

\ a j { r ) \ ^ ' \X \ \2^ ô(u + u)

u =  6 r 2 r y.(m)*/2 + ô, v' =  n ' E ( ç f ) 2, v" =  77" E(ç{p ) 2 (5-2)

et t' =  raax{ti'.i!"}.

L e  lem e  5.0. p e rm e t  d 'é v a lu e r  v', v"

* -> rü-] d~ 1 2 rr~ 11
v ' ^ ( n ’ i) 2 s L2-*, v' '^(n' ' i )  2 5 l  2 J

( [ a ]  est la  p a r t ie  en t iè re  de  a); u t i l isa n t  la  m a jo r a t io n  de  S ter ling  d ’u n  factoriel 
e t  |S| ^  1, o n  o b t ie n t  :

( r -  l > ( d -  t )
3  ( d  — 1 ) ■ 1 v 7  _  - _ r  — 1

i ^ ( r - l )  -1 C

L 'e x a m e n  r =  2p -f- l .  r = 2 p - h 2  p o u r  p ^ l  c o n d u i t  d ire c te m e n t  au  résu lta t  
a n o n c é .

L e m m e  5.2. Majora t ion  du terme T2ir).
Dès que m  ^  2d ~ 2 C 2. on a :

|T,(r)| ^ a ( i - ) 4  {li„(f)| C 3U4„| ( r m Ê  +  C , M J ^ ( r m ) T }
<*n

avec:  C 3 =  4.2d 2 y 7 i  ¡ X ;; C : C x = 2 2td~ u X  2_ é.

Démonstra t ion.  L a  d é m o n s t r a t io n  su it  la m êm e d é m a rc h e  que  celle du 
L e m m e  4.2. d o n t  n o u s  re p re n o n s  les n o ta t io n s .

D a n s  un  p rem ie r  tem ps, il faut m a jo re r  £  cov(rçy(/-). n p(r)). U tilisan t 
l’inégali té  (y) avec p — q = 2 +  ô. o n  o b t ie n t :  J,p

| Y. c ° v ( > 1  ¡(r). >1 P(r))\ ■¿L8\A,,\ || rç(r)ii f ^  ]T a(d(B(0, r  m), £ (j ,  >*m)))2
<"ln •' An

o ù  ||>7(>') ! 2 -<> m a jo re  les !|»/j(r)|| 2_hô.

— Si i / ( 0 . j ) ^ 2 r m .  la d is tance  e n tre  les d eu x  boules  est nulle. Il y a (Arm)d tels 
j-
— Si i/|0.j') =  2 r m  +  r . r > 0 .  la d is tan c e  e n tre  les deux  boules est v. Il y a (4 r m  
-f-2r)‘i_1 tels /. U ne  suite de m a jo ra t io n s  é lém en ta ires  p e rm e t d ’ob ten ir ,  sous 
(C O ):

V  ocUHB(O.rm). B{ j. r m ) ) ) ^ 2 2J~ x(rm)J



dès q u e  m ^ . 2 d~ 2 ■ C 2. D ’a u t r e  p a r t :

Wn(r)W2^ 6 ^  —  {2rm)a ÜX||2 + <5.
<*n

Ceci c o n d u i t  à :

Ifl ü
E \X aM )  ( ^ / r ) — E  >7;(r ))l ^  2 2ld + 1 > 1̂ 1 J*  —  £J(r) (r m) 2 \ \ X \ 2^ Ô

•4„ a n

D ’a u tre  p a r t ,  on  a:

I X  a ; ( r ) •E ( ^ y ( r ))l £ a ( r ) \ A n\ \ \ r i ( r ) | |  2 .

L e L e m m e  5.0. p e rm e t  a lo rs  de  conc lu re .

L e m m e  5.3. Evaluation de  7^(2)

ô m dU 1 -t- <5) a 2]
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TA2

où

l $ i ( 0 l  ^ 8 a  ¡ | X ! |  2 ^ ô

\02{t)| ^  2dil 1 ^ ¿>l A 21 a 0 (, i; X Â 3 <a- définis en (2.2) et  (4.1 )).

Démonstration.  La  seule m o d if ic a t io n  p a r  r a p p o r t  au  L em m e 4.3 est 
l’év a lu a t io n  de E ( X ¡ S j 1'). U t i l isan t  (y) avec p — q — 2 + ô et l’inégalité  de 
M in k o w sk i  p o u r  Sj :2- ô’ on  o b t ie n t  le lem m e.

P a r  la suite les c o n s tan te s  o u  les m a jo ra n ts  de  certa ines  fonctions de r ne 
se ro n t  pas explicités: de  telles c o n s ta n te s  no tées  0 . . .  se ro n t  universelles une  
fois fixées <5. d. X  et (A n).

5.2. L a  décomposit ion de  _/„'(f)

O n  p a r t  de  la d é c o m p o s i t io n  (3.1) de  f„’(t).
k

M ajora t ion  de T o ^ y r ,  (r): p a r  a p p l ic a t io n  de  (/?)
2

<5-h 1

S 1

| 7 ^ ( r ) | ^ 6 x  <x„-2r ;X ii2^ x (m )< > -2

et d o n c :
á -  i

r 0 - f V  7~3(/*)j ^  9{t) a(m)0* 2 • 2k (5-3)

E xam en  de T l (2): (L em m e 5.3)

T'l ( 2 ) = j n(t) { — t + Ol ( t )ù nl t + 0 2lt)a„2 \t\n ^ 0' '"2)

o ù :  tin L =  |.4„! x{,m)ô~ 2. a n2 — m dU 1 A 21 a ùn A 1
(5-4)

) (- 1+ e i it) 4 rtl a [m) 2 — < • t -h d 2 it)
O5 a 1

n

t I
4- Ô> )fn (t)

I r„ I s X a rt
:i¡1X' y. (m ô
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E x a m e n  de R k : S o ien t  K >  0. C h o is is so n s :

* k  =  k n =  [e log c r j  +  1 

•• jr| ^  T0 (n) =  <r„/{eK C 2 m 2 {e log  <y„) 2 )
S i:

E n

0 ^ k ^ k n, [ c 2 ]̂ - m 2 ( f c - l ) V  J ^ (, — K

5(d- 1) 
k  =  k „ : k n *

d~ 1 ~lk„- 1 5(d- 1)
[ c 2 ^ - m 2 (kn- l )  2 ]  ^ (s log<x„) * o n-  K e

A  e > 0  fixé, ch o is ir  K(e) tel q u e  ce se c o n d  m e m b re  so it  in fé r ieu r  à a ~ 2. O n  
o b t ie n t  p a r  a p p l ic a t io n  d u  L e m m e  5.1 :

R k n  =  03(f) k n - kn a n 2 -I- 0 + (t) crn-  1 (5-5)

E x a m e n  de  X  7 \ (r) :
3

X T 'i( r ) 0-n /n ( f )Z a (r )-
3

D a n s  la m a jo ra t io n  de  a(r)  d eu x  te rm e s  a p p a ra is s e n t :  le te rm e  en  a(m) et le 
te rm e  c o m p lé m e n ta i r e :  de ce seco n d  te rm e, so r to n s  d u  c ro c h e t  u ne  pu issance  
| 1 + ( 5 ) a 2  (possib le  p u isq u e  r ^ 3 ). En  c o n s ta ta n t  q u e  la série :

V  ra e <  oo

o n  en  d é d u i t :

Z  T 1 (r ) = f n ( t  ) 1 & 5  (f > <?n k n ^  *(™)2 + » ■+■ 06(f)
m 2

^-[(1 -h<5) A  2]

kl
( 1 + < 5 ) a 2

}
(5-6)

E x a m e n  de  ]T T2(r): U ti l isan t  le L e m m e  5.2, s o r ta n t  ce tte  fois-ci d u  c ro c h e t  une
2

p u is sa n c e  <5 a  1 (possib le  p u isq u e  r ^ 2 ) ,  o n  o b t ie n t  de  faço n  an a lo g u e ,  une  
p r e m iè re  q u a n t i té  fac teu r  de  f„(t), u n e  a u t r e  n o n  fac teu r  de  f n(t):

Ô ,Ü~Hl m"
—  [(1 + î ) a 21

f n(t) \  e 7(t) m 2 a(m)*- 2 k i -  2 k"|r| +  0 8(r)- ^  a t |f| ( 1 -h ô) A 2 (5-7)

jri v _3d_ Ò

^ - m 2 {Oo(t) + 0 io ( t )k„ "  2 2k- o c ( m ) ^ 2} 
cr„

(5-8)

R e p o r t a n t  les é v a lu a t io n s  (5-3) à (5-8) d a n s  le L e m m e  3.1 d ’in té g ra t io n ,  on 
o b t ie n t  :
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ô
a n o  =  k n - kn a (m )2 ^5,

a nl = ma.-x.{àn l , m 2 k 2 2k" oc(m)2 == |^1J a(m)2-^,

a fi2 =  mJt(1 + )̂A2Vo-^ \  (5-9)

fc„o =  max{<T„ 1, a nk n2k" y.(m)2 + â},
3 d

bn l = ------m a x { l , / c 2 2kn a(m)<5-+- 2 }.
<*n

O n  va ch o is ir  e e t m =  m(n) tels q u e :

ànl es t  d e  l’o rd re  de  a„2, 
a nl est d e  l’o rd re  de  à n l , 
anQ e t  bnQ so n t  d ’u n  o rd re  in fé r ieu r  à  a„->,

3 d

bnl est d e  l’o rd re  de  m 2 - e r " 1.

A lo rs :

o u
T 1(n) =  in f{T 0(/i). a~2 ) .

D ès q u e  an2 ten d  vers 0 les c inq  c o n d i t io n s  c i-dessus  se r é d u ise n t  a u x  d e u x  
p rem ières ,  soit,  en n o t a n t  £ =  o lo g 2 :

à m J({ 1 ~ (5> A 21
a - x i m ) 2 - ^ ---- —— -----  ( C l )

1 J *
m 2 (log c r j  2 <r‘ a(m)^* 2 ^ a n2 (C 2)

5.3. Cas d'un mélange exponen t ie l

Le ch o ix  m(n) = a log crn, avec  a  assez  g r a n d  et e <  1 a s su re  (C O ) et (C 1)-(C 2)  
p o u r  t o u t  m ^ m ( n ) .  P o u r  ce ch o ix :

T°(n)- C -( U W - * - 7’><") = a-

L a  vitesse est en  (log crn)Jl<1 + <>) A 2VcrjJA

Remarques ,  i) D a n s  le cas  d =  1, X  s t a t io n n a ir e ,  , 4 „ = [ l . n ]  e t  0 > 1 .  le r é su l ta t  
p e u t  ê t re  am é lio ré .  Le T h é o r è m e  1 de  [2 5 ]  est a p p l ic a b le  (a est  à d é c ro is sa n c e  
e x p o n en t ie l le )

üV X r  r ^ K \ A \ 12 si 2 r <  2 +  t). (5-10)

O (m ax {a n2 i ( n )
—  1

?
log Tr («)

Gn
m

3 d

})
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L ’é v a lu a t io n  de  an2 d an s  le L e m m e  5.3 est a insi m od ifiée :

£ ( |X / i Z X\l<1+d)A2) ^ i l X ¡ | , ^ j Y  A’k|!r)‘ 1 + * A2
A A

2 - h ô
avec r =  [(1 +<)) a  2J y — Si ¿ > 1 ,  alors 2 < / * < 2  +  d. On en déduit que an2

=  D o n c  si X  est d a n s  L3 + y, y > 0 ,  la v itesse est en  (log cr„)/cr„.
ii) D a n s  le cas d =  1, et sans s ta t io n a r i té ,  m ais  so u s  u ne  c o n d i t io n  v y > 0 ,  

o n  o b t ie n t  la  m êm e  vitesse en  u ti l isan t  l’inégalité  (5-10) d é m o n tré e  en [6 ] p o u r  
les en tie rs  p a irs  r ^ 4 .  Q u a n d  d ^ . 2  et si X  est d a n s  L?’ + V, y > 0, la vitesse de 
c o n v erg en ce  est en  ( lo g (Tn)d/<rn. E n  effet, l’inéga lité  (5-10) est u ne  conséquence  
d u  lem m e su iv an t,  qu i p résen te  u n  in té rê t  p ro p re :

L em m e 5.4. So it q un entier supérieur ou égal à 2, X  dans I3+â, <5>0, a- 
m élangean t , satis fa isant :

centrées en des points de J .  de rayon 3q D(J). l'un au moins des points de J  é tant  
exa c tem e n t  à d istance D(J) d'un des centres.

A d m e tto n s  p ro v iso ire m e n t ce lem m e. Le n o m b re  de  J  tels que  D(J) = k est 
d o n c  m a jo ré  p a r :  q \ \A\lq,2H2d d ■ k d~ *) (2 • 3q k)diq~ n  et d o n c :

D é m o n tro n s  le lem m e auxilia ire . Il est facile de le vérifier p o u r  q = 2.3.
S u p p o so n s  q u e  j l réalise D{J), j 2 é ta n t  le p o in t  le plus p ro ch e  de j t . D eux  cas
se p ré se n te n t  :

C =  X  1 a(/c)«-d <  oc.

Alors, pour toute  partie A  de "Z.d. on a:

£(X Xjf^K- \A\^
A

où K  est une constante  f in ie  ne dépendant que de q .d .X .

D ém onstration. E (^  X j f  =  ]T E ( X , X j2 ....... A’’Jq).

N o to n s  J = { j l , j 2....... j q}. D =  DiJ)  — m ax  {¿/({y,-}. J \ { j j } ) } -  X  é ta n t  centré, on
a. u til isan t (y): i= 1 - q

\E(Xji X j 2 ... X ,  ) \ ^ 8 - A k ) ^  \\X\\*+a

R este  à d é n o m b re r  l’en sem ble  des J  de  A q tels q u e  D(J) =  k. 
C e d é n o m b re m e n t  ré su lte ra  de:

L em m e 5.5. I l  e x is te  un recouvrem ent de J  constitué d'au plus boules.I

I£ Œ  X M ^ q l  '.\X\\q ó -2d- d - { 2 - 3 q)J{q l ) V  kd{q 1 a(/c)«-'5.
.4 fc ^  O

k
Jí q í 2 ]



1er cas: B ( j2, D(J))r\{J3, ---- j q} = Q • A lo rs  D(j'3,j\ ,  . . . , j q) est in fé rieu r  o u  égal à

D(J),  et d o n c  avec —J bou les , de r a y o n  3q~ 2 D(J), cen trées  en  certa in s

p o in ts  de  j 3 ........j q , o n  re c o u v re  j 3, . . . , j q. A d jo in d re  a lo r s  la b o u le  B(J2, D(J))  e t
a u g m e n te r  les ray o n s  d o n n e  le ré su l ta t  a n n o n c é  à  l’o rd re  q.

2ème cas:  S u p p o so n s  q u e  j 3 a p p a r t ie n n e  à  B ( j z , D(J)).  M o n t r o n s  a lo rs  q u e  
D (j2. j 3, ...  , j q) ^ 2 D ( J ) .  Si ce la  n ’est pas  vrai, a lo r s  D' =  D (j2, . . . , j q) > 2 D (J ) .  Soit 
/  le j  q u i  réa lise  D'. A lo rs  /  =H/2 p u isq u e  d ( j 2, j 3) ^ D ( J ) .  D o n c :

d U ' J l ) ^ D ' - D ( J ) > D ( J )
et d o n c :

d ( { j ' } , J \ { j ' } ) > D ( J )

ce q u i  c o n tre d i t  l’h y p o th é se  q u e  D(J)  est réa lisé  en  j x.

O n  p eu t  d o n c  re c o u v rir  j z , . . . , j q avec  — j  b o u le s  cen trées  en  ce r ta in s  de

ces j ,  de  ra y o n  39-1 x 2  D(J). Il suffît d ’a u g m e n te r  de  D(J)  le r a y o n  de  la  b o u le

c o n te n a n t  j z p o u r  e n g lo b e r  j r. D o n c   ̂1 b o u le s  de ra y o n  3,_ 1  x 2 D(J)
-I- D(J)  reco u v re  J.  D ’où  le ré su lta t .  L ~ J

P o u r  o b te n ir  la vitesse a n n o n c é e ,  il suffit a lo rs , d a n s  l’inégalité  (5-10) de 
m a jo re r  la n o rm e  r p a r  la n o rm e  4. O n  en  d éd u it ,  c o m m e  d a n s  la re m a rq u e :

^ , 2  =  ( l o S cr»)‘i/ crn-

5.4. Cas d'un mélange à décroissance puissance

a (m )=  0 ( m ~ a), a >  0

(C0) est éq u iv a len te  à :  a  d >  <¿(2-h c>),

• / x  h i (2 +  <5) C(2 -I- <5) a  3]( C l )  est verifiee si m — m{n) =  <r„,h =
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a <5 -+- d (2 +  c>) Q 1 -+- ô) a 2]

C h o is isso n s  a lo rs  m =  m(n):
L e te rm e  an2 te n d  vers 0 dès q u e :

2d(2  <5) [(1 + 5 ) a 2 ]  
a =  P ---------- r— ----—---------  avec  /? >  1 (A)

O - (O A  1 )

L a  c o n d i t io n  (A) im p lique  (C0). D ’a u tre  p a r t ,  o n  vérifie  fac ilem en t q u e  si è < l ,  
e t si (A) est vérifiée. (C2) est vraie. P o u r  ce ch o ix  m(n):

T0(n) = ------
ci -  1 d

(log <Tj - a l
et d o n c :

—  • h

J , .  =  0 m ax ri 2 ’
<r„

a i
n 2

log To (/i) 3 d

n\ in 2 i)
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S o u s (A), a n2 réalise  ce m a x :

J¿ =  0 ( a n2), avec : 

(2 +  Ó) [(2 +  â) a  3]

a —  r r - E i P . â . d )
n i  —  n

E(fi, M )  =  ¿ a  l-d[(l+c>) a 2 ]
a â  +  d(2 +  ô) [(1 +  <5) a 2]

L a  c o n d it io n  (A) p o r te  ex p lic item en t su r  <5,d,(3. L ’e x p o sa n t d a n s  la  vitesse ne 
d é p e n d  de  d q u e  p a r  l’in te rm é d ia ire  de (A).
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1.  INTRODUCTION

A q u e s t i o n  whi ch  i s  f r e q u e n t l y  a s k e d  i n  s t a t i s t i c s  i s  w h e t h e r  t h e  a p p a r e n t  a s 

s o c i a t i o n  b e tw ee n  two v a r i a b l e s  i s  due t o  s o m e t h i n g  o t h e r  t h a n  c h a n c e .  Of p a r t i c u l a r  

i n t e r e s t  a r e  c a s e s  w h e r e  t h e  v a r i a b l e s  a r e  o b s e r v e d  a t  a v a r i e t y  o f  s p a t i a l  l o c a t i o n s .

T y p i c a l  e x a m p l e s  a r e  f o u n d  i n  t h e  f i e l d s  o f  g e o g r a p h y  a n d  r e q i o n a l  s c i e n c e ,  f o r  

i n s t a n c e  when r e l a t i n g  c o n s u m p t i o n  o f  a g r i c u l t u r a l  o u t p u t  a n d  r o a d  a c c e s s i b i l i t y  

( C l i f f  and Ord [ 1 2 1 ) .  Examples  in  s o c i o l o g y  a n d  p o l i t i c a l  s c i e n c e  a r e  d e s c r i b e d  by 

D o r e i a n  [ 1 7 ] ,  w i t h  r e f e r e n c e  f o r  i n s t a n c e  t o  v o t i n g  b e h a v i o u r  a n d  s o c i o - e c o n o m i c  o r  

p o l i t i c a l  f a c t o r s .  In  e p i d e m i o l o g y ,  e t i o l o g i c a l  c l u e s  t o  e n v i r o n m e n t a l  r i s k - f a c t o r s  

a r e  s o me t i me s  s o u g h t  t h r o u g h  t h e i r  j o i n t  a n a l y s i s  w i t h  d i s e a s e  i n c i d e n c e  o r  m o r t a l i t y  

maps ( D ol 1 [ 16  ] ) .

The d a t a  i n  t h e s e  e x a m p l e s  c o n s i s t  o f  a s e t  A o f  N l o c a t i o n s ,  and  a p a i r  o f  

v a r i a b l e s  i n d e x e d  by t h e i r  l o c a t i o n s -  T h es e  v a r i a b l e s  w i l l  t y p i c a l l y  e x h i b i t  some 

d e g r e e  o f  s p a t i a l  a u t o c o r r e l a t i o n . The f i r s t  s t e p  i n  s t u d y i n g  t h e  r e l a t i o n s h i p  b e t w e e n  

t h e s e  v a r i a D l e s  i s  o f t e n  t h e  t e s t i n g  o f  s t a t i s t i c a l  i n d e p e n d e n c e  b e t w e e n  p a i r s  o f  

v a r i a b l e s ,  a  * T h i s  p r o b l e m  c a n n o t  b e  s o l v e d  by  t h e  u su a l  methods

b a s e d  on c o r r e l a t i o n  and l i n e a r  r e g r e s s i o n  w h i c h  r e q u i  r e  t h a t  b o t h  (X^ , ot € A} and 

(Y^ , x € A}  r e p r e s e n t  i n d e p e n d e n t  s a m p l e s .

The c o n s e q u e n c e s  o f  n e a l e c t i n n  t h e  a u t o c o r r e 1 a t i o n  i n  t h e  X a nd  Y D r o c e s s e s  

we r e  f i r s t  p o i n t e d  o u t  i n  t h e  c a s e  o f  s t a t i o n a r y  t i n e s  s e r i e s  by B a r t l e t t  r 3 1.  B a r t l e t t  

c a l c u l a t e d  t h e  a s y m p t o t i c  v a r i a n c e  o f  t h e  e m p i r i c a l  c o r r e l a t i o n  c o e f f i c i e n t  r ^ y  - 

When X and  Y a r e  m u t u a l l y  i n d e p e n d e n t  a nd  n o r m a l l y  d i s t r i b u t e d ,  t h i s  v a r i a n c e  d e 

p en d s  o n l y  upon t h e  a u t o c o r r e l a t i o n s  o f  b o t h  p r o c e s s e s .  T h i s  f o r m u l a  was e x t e n d e d  t o
2

s t a t i o n a r y  s p a t i a l  p r o c e s s  i n  2  by R i c h a r d s o n  a n d  Hemon [ 3 2 7 .  Numer ica l  c a l c u l a 

t i o n s  g i v e n  i n  [3 33  show how, when X a n d  Y a r e  b o t h  p o s i t i v e l y  a u t o c o r r e l a t e d ,  

f i r s t - o r d e r  n e a r e s t  n e i g h b o u r  i s o t r o p i c  a u t o g r e s s i v e  o r  M a r k o v i a n  p r o c e s s e s ,  t h e  a sy mp 

t o t i c  v a r i a n c e  o f  r ^ y  i n c r e a s e s  s t e e p l y  w i t h  t h e  f i r s t - o r d e r  a u t o c o r r e l a t i o n  o f  e a ch  

p r o c e s s .  Mo re o ve r ,  f o r  two d e p e n d e n t  p r o c e s s e s ,  B i v a n d  (171, i n  a Monte C a r l o  s t u d y ,  

made s i m i l a r  o b s e r v a t i o n s  a b o u t  t h e  i n c r e a s e  i n  t h e  s t a n d a r d  d e v i a t i o n  o f  F i s h e r ' s  Z 

t r a n s f o r m a t i o n  o f  r ^ Y .

In  r e g r e s s i o n  a n a l y s i s  o f  Y on X t h e  e f f e c t  o f  a u t o c o r r e l  a t  i o n  i n  t h e  d e p e n 

d e n t  v a r i a b l e s  and i n  t h e  e r r o r  t e r m  has  b e e n  a n a l y s e d  by s e v e r a l  a u t h o r s .  In t h e  

c a s e  o f  p o s i t i v e  a u t o c o r r e l  a t i o n ,  J o h n s t o n  C26U f o r  t i m e  s e r i e s ,  C l i f f  an d Ord r i 2 ]  

a nd  B e n n e t t  [ 4 ]  f o r  s p a t i a l  s e r i e s ,  show t h a t  t h e  v a r i a n c e  o f  t h e  s l o p e  i s  i n f l a t e d  

a nd  t h a t  t h e  l e a s t - s q u a r e  e s t i m a t o r  o f  t h e  v a r i a n c e  o f  t h e  e r r o r s  i s  b i a s e d  downwards ,  

l e a d i n g  t o  o v e r  s i g n i f i c a n t  t  and  F s t a t i s t i c s .  An i l l u s t r a t i o n  o f  t h e  b i a s  b e 

t w ee n  t h e  t r u e  v a r i a n c e  o f  t h e  s l o p e  and t h e  OLS v a r i a n c e  e s t i m a t e  i s  q i v e n  by 

M a r t i n  [ 2 9 ]  i n  a Monte C a r l o  s t u d y .  Mor an’ s I s t a t i s t i c  f o r  t e s t i n a  a u t o c o r r e l a t i o n  

h a s  b e e n  e x t e n d e d  by C l i f f  and Ord [121  t o  t h e  t e s t i n g  o f  a u t o c o r r e l  a t  i on amonn
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r e g r e s s i o n  r e s i d u a l s .  F u r t h e r  work i n  t h i s  a r e a  was done by Brandsma and K e t e l T a p p e r  

[ 1 0 ]  who compared t h e  power o f  d i f f e r e n t  t e s t s  f o r  a u t o c o r r e l a t  ion  amonq r e g r e s s i o n  

r e s i d u a l s  an d c o n c l u d e d  t h a t  o v e r a l l  M o r a n ' s  t e s t  w i t h  o r d i n a r y  l e a s t  s q u a r e s  r e s i d u a l s  

seems t o  p e r f o r m  b e s t .

The p r o bl e m o f  d e a l i n g  w i t h  s p a t i a l  a u t o c o r r e l a t i o n  i n  t e s t i n g  f o r  a s s o c i a t i o n  may 

be  t a c k l e d  i n  v a r i o u s  wa y s .  Time s e r i e s  methods  s u c h  a s  t h e  p r e w h i t e n i n g  o f  each 

s e r i e s  b e f o r e  a n a l y s i s  o f  t h e  c r o s s  c o r r e l a t i o n s  c o u l d  be  e x t e n d e d .  A l t e r n a t i v e l y , 

s t a n d a r d  me a s u r e s  o f  a s s o c i a t i o n  s u c h  as  t h e  c o r r e l a t i o n  c o e f f i c i e n t  ca n  be a d a p t e d  t o  

t a k e  a c c o u n t  o f  a u t o c o r r e l a t i o n . T h i s  a p p r o a c h  w i l l  be  d e v e l o p e d  i n  a s u b s e q u e n t  p a p e r  

a n d i s  o u t l i n e d  i n  C l i f f o r d  and R i c h a r d s o n  r 1 3 j .  Mor eove r  c l a s s i c a l  r e g r e s s i o n  a n 

a l y s i s  can  be e x t e n d e d  t o  t a k e  s p e c i f i c a l l y  i n t o  a c c o u n t  t h e  s p a t i a l  s t r u c t u r e  o f  t h e  

d a t a .  F i n a l l y  new i n d i c e s  o f  a s s o c i a t i o n  c a n  be p r o p o s e d .

2.  REVIEW

In t i m e  s e r i e s ,  Haugh [ 2 31  ha s  proDosed t h a t  u n i v a r i a t e  t i me  s e r i e s  model s h o u l d  

be f i t t e d  t o  e ach  s e r i e s .  The c r o s s  c o r r e l a t i o n  c o e f f i c i e n t s  be twe en  t he  i n n o v a t i o n  

p r o c e s s e s  a r e  t h e n  c a l c u l a t e d .  T hi s  s e t  o f  c r o s s  c o r r e l a t i o n  c o e f f i c i e n t s  i s  found t o  

be asvmotot i  cal  1 v i n d e p e n d e n t  and n o r m a l l y  d i s t r i b u t e d  and can be us ed  to p e r f o r m  a

t e s t  o f  i n d e p e n d e n c e  o f  t h e  two s e r i e s .  He a l s o  u s e s  p r e w h i t e n i n g  as  a f i r s t  s t e p  

i n  i d e n t i f y i n g  ( dyna mi c)  r e g r e s s i o n  model s  r e l a t i n g  t h e  two s e r i e s .  Us i na  t h i s  a p -  

p r o a c n ,  P i e r c e  L'311 found  o n l y  weak e v i d e n c e  o f  a r e l a t i o n s h i p  b e tw ee n  p a i r s  o f  e c o n 

omic t i m e  s e r i e s  which  were  t r a d i t i o n a l l y  c o n s i d e r e d  a s  r e l a t e d .  In a s u b s e q u e n t  

p a p e r ,  Geweke i. 181 compares  s e v e r a l  t e s t s  o f  i n d e p e n d e n c e  be tw ee n  s t a t i o n a r y  t i m e  

s e r i e s ,  in  p a r t i c u l a r  H a u g h ' s  t e s t  and  an F t e s t  on t h e  r e g r e s s i o n  o a r a m e t e r s  o f  a 

mixed r e g r e s  s i v e - a u t o r e g r e s s i ve model b e tw e e n  t h e  two s e r i e s .  He c o n c l u d e s  t h a t  i n  

many c a s e s  t h e  r a t e  o f  t y p e  I I  e r r o r  o f  H a u g h ' s  t e s t  i s  l a r q e r  t h a n  t h a t  F t e s t  o f  

t h e  r e g r e s s i o n  c o e f f i c i e n t s .  Fo r  s p a t i a l  s e r i e s ,  no c o m p a r a b l e  s t u d y  has  been done t o  

d a t e  a l t h o u g h  t h e  p r e w h i t e n i n g  o f  s e r i e s  has  be en  d i s c u s s e d  by G r i f f i t h  [ 2 0 1 .  I t  i s  

l i k e l y  t h a t  a s i m i l a r  c o n c l u s i o n  t o  Geweke would h o l d  and t h a t  t e s t s  o f  i n d e p e n d e n c e  

o r  e s t i m a t e s  o f  r e g r e s s i o n  c o e f f i c i e n t s  b a s e d  on t h e  o r i g i n a l  s e r i e s  w i l l  be more e f 

f i c i e n t  t h a n  t h o s e  b a s e d  on t h e i r  r e s i d u a l s  a f t e r  p r e w h i t e n i n q .

As f o r  t i m e  s e r i e s ,  s p a t i a l  s t r u c t u r e  has  b e e n  t r a d i t i o n a l l y  a c c o u n t e d  f o r  i n  
r e g r e s s i o n  models  i n  two w a y s ,  e i t h e r  by c o n s i d e r i n g  a mixed s i m u l t a n e o u s  r e g r e s s i v e -  

a u t o r e g r e s s  i ve model :

Y = L(Y) + X 3 + - -  , ( 1)

wher e =: i s  i n d e p e n d e n t  o f  Y and L(Y) . t r e p r e s e n t s  some l i n e a r  f u n c t i o n  o f  t he  

v a l u e  o f  Y i n  l o c a t i o n s  , * *  ct o r  by c o n s i d e r i n g  a r e g r e s s i o n  model w i t h
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a u t o c o r r e l a t e d  e r r o r  t e r m

Y = XB + U * ( 2 )

w here  t h e  s p a t i a l  a u t o c o r r e l a t i o n  i s  r e f l e c t e d  i n  t h e  s t r u c t u r e  o f  Z * t h e  v a r i a n c e  

c o v a r i a n c e  m a t r i x  o f  t h e  e r r o r  U ( s e e »  f o r  e x a m p l e ,  C l i f f  and Ord C121, Upton and 

F i n g l e t o n  C 3 7 ] ) .

The i n t e r p r e t a t i o n  o f  8 i s  e s s e n t i a l l y  d i f f e r e n t  f o r  t h e  r e g r e s s i o n s  ( 1 )  and

( 2 ) ,  hence  t h e s e  e q u a t i o n s  s h o u l d  n o t  be  t r e a t e d  as  a l t e r n a t i v e s  b u t  t h e  c h o i c e  b e 

tween them s h o u l d  be m o t i v a t e d  by t h e  p ro b le m  c o n s i d e r e d  (Cox C151) -  In  ( 1 )  t h e  

s p a t i a l  a u t o c o r r e l a t i o n  i s  c o n c e n t r a t e d  on Y and R e p r e s e n t s  t h e  e f f e c t  o f  X when 

t h e  i n f l u e n c e  o f  n e i g h b o u r i n g  v a l u e s  o f  Y h a s  a l r e a d y  b e e n  t a k e n  i n t o  a c c o u n t ,  

w he reas  f o r  ( 2 )  t h e  a u t o c o r r e l a t i o n  i s  g e n e r a t e d  s o l e l y  by U .

T here  a r e  c a s e s  when e q u a t i o n  ( 1 )  does  n o t  p r o v i d e  a p l a u s i b l e  e x p l a n a t o r y  m ode l ,  

f o r  i n s t a n c e  when r e l a t i n g  t h e  i n c i d e n c e  o f  a non c o n t a g i o u s  d i s e a s e  t o  e n v i r o n m e n t a l  

f a c t o r s ,  s i n c e  t h e  n e i g h b o u r i n g  d i s e a s e  r a t e s  have  no d i r e c t  c a u s a l  i n f l u e n c e .  On t h e  

o t h e r  h a n d ,  f o r  some e x a m p l e s ,  a p r o p a g a t i o n  e f f e c t  o f  Y i s  c o n c e i v a b l e  l i k e  i n  models 

o f  r e g i o n a l  income d i f f u s i o n  c o n s i d e r e d  by H a i n i n q  C213, o r  t h o s e  on t h e  Huk r e b e l l i o n  

c o n s i d e r e d  by D o re i a n  C17] .

The e s t i m a t i o n  o f  model s  ( 1 )  and  ( 2 )  was f i r s t  d i s c u s s e d  by Ord [ 3 0 1 .  The a u t o 

r e g r e s s i v e  t e r m  in  ( 1 )  i s  u s u a l l y  m o d e l l e d  a s  : L(Y) = o WY , where  W i s  a m a t r i x  

o f  w e i g h t s  r e p r e s e n t i n g  c o n t i g u i t y  i n t r o d u c e d  by C l i f f  a nd  Ord H121,  and  o i s  a p a 

r a m e t e r  s u m m a r i s in g  t h e  o v e r a l l  l e v e l  o f  a u t o c o r r e l a t  ion  which has  t c  be  e s t i m a t e d .

I f  t h e  e r r o r  t e r m  i s  m u l t i v a r i a t e  normal  w i t h  u n c o r r e l a t e d  co m p o n e n t s ,  t h e  l i k e l i h o o d  

o f  Y can be w r i t t e n  down and t h e  p a r a m e t e r s  can be  e s t i m a t e d ,  u s u a l l y  by d i r e c t  

s e a r c h .  The l e a s t - s q u a r e  e s t i m a t e s  a r e  n o t  c o n s i s t e n t  f o r  t h e  s i m u l t a n e o u s  r e p r e s e n 

t a t i o n  in  (1)  b u t  C l i f f  and Ord C121 and  Besag l5 !  have  p o i n t e d  o u t  t h a t  t h i s  i s  n o t  

t h e  c a s e  i n  t h e  e q u i v a l e n t  M ark ov ia n  sc heme .

Mardia  and M a r s h a l l  [281 have s t u d i e d  t h e  a s y m p t o t i c  p r o p e r t i e s  o f  t h e  maximum 
l i k e l i h o o d  e s t i m a t o r s  f o r  model ( 2 ) .  S u p p o s i n g  t h a t  Y i s  a G a u s s i a n  p r o c e s s  and 

t h a t  i t s  m a t r i x  o f  v a r i a n c e - c o v a r i a n c e  £ can  be  p a r a m e t r i s e d  i n  t e rm  o f  a f i n i t e  

number o f  p a r a m e t e r s  9 , t h e y  g i v e  c o n d i t i o n s  which e n s u r e  t h e  c o n s i s t e n c y  and t h e  

a s y m p t o t i c  n o r m a l i t y  o f  (3 *£ )  , t h e  maximum l i k e l i h o o d  e s t i m a t e s  o f  ( 6 , 9 )  .

Models f o r  I  h a v e  b e e n  b a s i c a l l y  o f  two k i n d s ,  e i t h e r  a s p e c i f i c  a u t o r e g r e s s i v e  

model f o r  U i s  s u p p o s e d  t o  h o l d  :

e ~  N(0 , a 2 I )  , ( 3 )

2 -1  - 1
which i m p \ i e s  t h a t  I = a  (I -oW) (I -  oW) * o r  t h e  e l e m e n t s  o f  E a r e  assumed
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t o  depend on d i s t a n c e  w i t h  a f u n c t i o n a l  form s u g g e s t e d  by t h e  v a r i o q r a m  o f  t h e  o r d i n a r y  

l e a s t - s q u a r e  r e g r e s s i o n  r e s i d u a l s .

E q u a t i o n  ( 3)  ha s  b ee n f i t t e d  by Bodson a nd  P e e t e r s  C9] ,  C l i f f  and Ord C12J and 

Bivand [ 8 ] .  E q u a t i o n s  ( 2 )  and ( 3 )  can be c ombine d t o  g i v e  :

Y = o WY + X8 -  o WX 3 + c * ( 4 )

and so g i v i n g  a p a r t i c u l a r  c a s e  o f  a l a r g e r  c l a s s  o f  r e g r e s s i o n  models i n  which Y i s  

a l s o  r e g r e s s e d  on WX . T e s t s  o f  t h e  a d e q u a c y  o f  ( 4 )  w i t h i n  t h i s  l a r g e r  c l a s s  a r e  d i s 

c u s s e d  by B u r r i d g e  C11J .  A B a y e s i a n  a n a l y s i s  o f  model ( 3 )  has  been g i v e n  by Heppl e

[ 2 4 ] .  Using a u n i f o r m  d i f f u s e  p r i o r  f o r  3 = * o and l og  a  , Heppl e  shows

how t h e  c o n d i t i o n a l  p o s t e r i o r  d i s t r i b u t i o n  o f  i s  s e n s i t i v e  t o  v a l u e  o f  o and he

d e r i v e s  t h e  b i v a r i a t e  p o s t e r i o r  d i s t r i b u t i o n  f o r  3^ and e , w i t n  mode c o r r e s p o n d i  no 

t o  t h e  maximum l i k e l i h o o d  e s t i m a t e s  o f  ¿2  ancl 0 •

The a r b i t r a r y  n a t u r e  o f  t h e  d e f i n i t i o n  o f  W i s  a common c r i t i c i s m  o f  model

( 3 ) .  Ar or a  and 3 r o w n’ s r . 2 l  a l t e r n a t i v e  a p p r o a c h  e i t h e r  ne ed s  t h e  a v a i l a b i l i t y  o f  

s p a t i a l  d a t a  a t  d i f f e r e n t  t i m e  i n t e r v a l s  o r  a ssu me s  t h a t  t h e  s p a t i a l  a u t o c o r r e l a t i o n  

i s  e n t i r e l y  c r e a t e d  t h r o u g h  an unknown common e r r o r  t e r m .  T h e i r  a p p r o a c h  does  n o t  

a p p l y  t o  d a t a  on which s p a t i a l  a u t o c o r r e l  a t i o n  d e c r e a s e s  w i t h  d i s t a n c e .

The c n o i c e  o f  p a r a m e t r i  s a t  i on  o f  '! by p l o t t i n g  t h e  v a r i o c r a n  o f  t h e  l e a s t  

s q u a r e  r e s i d u a l s  has  be en  d i s c u s s e d  by R i p l e y  3 4 : ,  Cook and Pococs  14 and A g t e r b e r g  

f 1 : - Care  has t o  be t a k e n  when i n t e r p r e t a t i n n  t h e  v a r i o g r a m  s i n c e  i t  i s  s e n s i t i v e  to  

t h e  number o f  p a i r s  o f  d a t a  p o i n t s  u s e d  t o  e s t i m a t e  t h e  e m p i r i c a l  c o v a r i a n c e  a t  a 

p a r t i c u l a r  d i s t a n c e .

The number o f  p a i r s  w i l l  v a r y  w i t h  t h e  d i s t a n c e ,  t y p i c a l l y  i r, c r e a s i n g  a t  f i r s t .  

R i p l a y  a d v i s e s  t n e  u se  o f  c r o s s - v a l i d a t i o n  by s u c c e s s i v e  d e l e t i n o  o f  d a t a  p o i n t s  to 

a s s e s s  t h e  f i t  o f  t h e  model c n o s e n  f o r  t h e  c o v a r i a n c e  f u n c t i o n .  Cook and Pocock 

f i t t e d  an e x p o n e n t i a l  f u n c t i o n  d e c r e a s i n g  w i t h  d i s t a n c e ,  w h i l s t  A c t e r b e r q  u s e s  a 

q u a d r a t i c  o ne .

Once a p a r t i c u l a r  p a r a m e t r i s a t i o n  i s  c h o s e n ,  t h e  o a r a m e t e r s  may be e s t i m a t e d  by 

maximum l i k e l i h o o d ,  e i t h e r  by g r i d  s e a r c h  o r  by i t e r a t i o n .  M ar a ia  and M a r s h a l l  ~28 ] 

recommend u p d a t i n g  t h e  p a r a m e t e r s  by s c o r i n g ,  C l i f f  and Ord F 12 ’ s u g g e s t  f i n d i n g  a c o n 

d i t i o n a l  maximum f o r  , i b e i n g  f i x e d ,  t h e n  e s t i m a t i n g  by g e n e r a l i s e d  l e a s t  

s q u a r e s  and i t e r a t i n g  u n t i l  c o n v e r g e n c e ;  a c o n v e r g e n c e  howe ve r  wnich i s  n o t  n e c e s s a r 

i l y  g u a r a n t e e d  ( s e e  H a i n i n g  r 22 ) .

O t h e r  ways to  model " , f o r  i n s t a n c e  by a s p e c t r a l  d e c o m p o s i t i o n  ( S t r e i t b e r g  

3 5 ' )  o r  w i t h  a f i n i t e  number  o f  c o n t i g u i t y  m a t r i c e s  o f  i n c r e a s i n g  o r d e r  . L e D a r t  27 

nave  been  p r o p o s e d  b u t  a r e  i n f r e a u e n t l y  u s e d .
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C l e a r l y ,  t h e  r e g r e s s i o n  methods  d e s c r i b e d  a b ov e  a r e  c o m p u t a t i o n a l l y  i n v o l v e d  and 

e n t a i l  a c e r t a i n  d e g r e e  o f  a r b i t r a r i n e s s . B iva nd  C8] d i s c u s s e s  model s e l e c t i o n  and  

i n t r o d u c e s  t h e  use  o f  A k a i k e ' s  c r i t e r i o n .  In a t r e n d  s u r f a c e  a n a l y s i s ,  H a i n i n a  LZ21  

compar es  t h r e e  d i f f e r e n t  model s  f o r  z i n  ( 2 ) .

A non p a r a m e t r i c  i n d e x  o f  a s s o c i a t i o n  b a s e d  on t h e  l o c a t i o n s  o f  t h e  r a n k s  o f  two

s p a t i a l l y  d e f i n e d  v a r i a b l e s  ((X^ ,Y ) , a  € A} h a s  b e e n  i n t r o d u c e d  by T j e i s th e i m  C361ot ct
a nd  g e n e r a l i s e d  by H u b e r t  and Go I l e d g e  l"25].  T h i s  i n d e x  i s  d e f i n e d  a s  t h e  sum o f  t h e  

d i s t a n c e s  b e tw e en  t h e  l o c a t i o n s  o f  s i m i l a r  r a n k s ,  w i t h  a s u i t a b l y  c h o s e n  d i s t a n c e  

f u n c t i o n .

In a s i m u l a t i o n  s t u d y ,  G l i c k  r 191 i l l u s t r a t e s  t h e  p e r f o r m a n c e  o f  t h i s  t e s t  i n  

c o m p a r i s o n  t o  S p e a r m a n ' s  r a n k  c o r r e l a t i o n .  When t h e  X p r o c e s s  has  no a u t o c o r r e l a t i o n  

and  t h e  Y p r o c e s s  c o r r e s p o n d s  t o  a s i m p l e  s p a t i a l  s h i f t  o f  t h e  X p r o c e s s ,  

T j p s t h e i m ' s  i n d e x  A d e t e c t s  an  a s s o c i a t i o n  w h i l s t  S p e r m a n s  r an k  c o r r e l a t i o n  i s  non 

s i g n i f i c a n t .  The s i t u a t i o n  i s  r e v e r s e d  when t h e  d e p e n d e n c e  b e tw e en  t h e  X and  t h e  Y 

o r o c e s s  ha s  no s p a t i a l  comDonent.  The r a n d o m i s a t i o n  model u se d  by T j 0 s t n e i m  a n d ,  H u b e r t  

and  G o l l e d g e  t o  g e n e r a t e  a r e f e r e n c e  d i s t r i b u t i o n  a g a i n s t  wnicn o b s e r v e d  v a l u e s  o f  A 

a r e  compared  u n d e r  t h e  n u l l  h y p o t h e s i s  i s  t h a t  o f  a S D a t i a l  r e d i s t r i b u t i o n  o f  o ne  o f  

t h e  v a r i a b l e s ,  t h e  o t h e r  s t a y i n g  f i x e d .  Th i s  f u l l  s e t  o f  s e r n u t a t i o n  c l e a r l y  doe s  n o t  

p r e s e r v e  t h e  a u t o  co r r e  1 a t  i on o f  t he  v a r i a b l e  and hence  t h e  s i cni f  i cance  o f  A i s  n o t  

c o r r e c t l y  a s s e s s e d  i n  t h i s  c a s e .  One woul d  n ee d  t o  c o n s i d e r  a s m a l l e r  s e t  o f  p e r m u t a 

t i o n s  wnicn  would r e s p e c t  i n  some way t h e  s p a t i a l  a u t o c o r r e l a t  i on  o f  t n e  v a r i a b l e .

T h i s  would  a l s o  be  t h e  c a s e  f o r  t h e  f l on t e  C a r l o  me thod  p r o o o s e d  by Be sa g and  D i n g l e

[ 6 ]  f o r  t h e  d e t e c t i o n  o f  s p a t i a l  a s s o c i a t i o n  b e tw e en  two s e t s  o f  c o n t i n u o u s  q u a d r a t  

c o u n t s  o v e r  a s i m p l e  r e g i o n .

3.  CONCLUSION

In t h i s  r e v i e w  we have  t r i e d  t o  o u t l i n e  d i f f e r e n t  a p p r o a c h e s  t o  t h e  p r o b l e m  o f  

t e s t i n g  a s s o c i a t i o n  be tw ee n  s p a t i a l  v a r i a b l e s .  F u r t h e r  work on t h e  n o d i f i c a t i o n  o f  

e x i s t i n g  m e a s u r e s ,  i n  p a r t i c u l a r  w i t h  t h e  a im o f  t a k i n g  i n t o  a c c o u n t  t h e  s p a t i a l  s c a l e  

o f  t h e  p r o c e s s e s  wo ul d  be o f  i n t e r e s t  and  o f  p r a c t i c a l  u s e .  S t u d i e s  c o m p a r i n g  t h e  

power  o f  t h e s e  me thods  would  g i v e  u s e f u l  i n s i g h t  i n t o  t h i s  complex  p r o b l e m .
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S u m m a r y

M odified tests o f  association based on  the  correla tion  coefficient o r  the  covariance between two 
spatially au tocorre la ted  processes are presented. These tests can be used bo th  for lattice and  nonlattice  
data . T hey  are based on  the evaluation o f  an  effective sam ple size th a t  takes in to  account the spatial 
structure.

F o r positively au tocorrela ted  processes, the effective sam ple size is reduced. A m ethod for evaluating 
this reduc tion  via an  approx im ation  o f  the  variance o f  the  corre la tion  coefficient is developed. T he  
perfo rm ance  o f  the  tests is assessed by M onte  C arlo  sim ulations. T h e  m e th o d  is illustrated by exam ples 
from  geographical epidemiology.

1. Introduction

The calculation o f correlation coefficients for variables that are observed at a variety o f 
different spatial locations has suggested intriguing hypotheses about the relationship be
tween environm ental factors and  disease pathologies (A rm strong and  Doll. 1975: Hoover 
and  Fraum eni, 1975). It is well known that the null d istribution o f  r. the product m om ent 
correlation coefficient, is influenced by spatial and  tem poral autocorrelation (Student. 
1914; Bartlett, 1935; Richardson and H ém on, 1981).

In a prelim inary report, Clifford and R ichardson (1985) have suggested a m ethod o f  
approxim ating the critical values o f r. Their m ethod depends on an estimate o f the variance 
o f r. In this paper we investigate a general m ethod o f obtaining such an estimate and  show 
that the test which results is related to a test based on the standardised covariance between 
the processes. Theoretical properties o f the distribution o f  r are reviewed in Section 2. In 
Section 3 we report on an empirical sim ulation study o f the perform ance o f these procedures 
and in Section 4 we apply our m ethods to test the association between cigarette consum p
tion. industrial risk factors, and  deaths from lung cancer for French départements.

Some authors have devised measures o f association that involve transform ation of the 
data before standard techniques are applied. Student (1914) advocated a form o f what 
would now be called prewhitening, and m ore recent work, such as that o f Haugh (1976) 
with tim e series and  Davies and Jow ett (1958) can be seen as developm ents o f this local 
approach, in that filters are applied to the data in order to reduce tem poral or spatial

Requests for reprin ts should be addressed to the second au thor.

Key words: C orrela tion coefficient: Geographical epidem iology: M onte  Carlo sim ulations: 
Significance tests: Spatial processes.
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autocorrelation. However, the application o f this approach to irregularly spaced data 
presents a num ber o f  problem s that have not been thoroughly explored and  inform ation  is 
lost by filtering techniques.

The problem  o f  testing the association between autocorrelated variables can also be 
tackled by regression techniques (Ord, 1975) when a relationship between a dependent 
variable and a set o f  independent variables is postulated. Cook and  Pocock (1983), in their 
study o f  the association between water hardness and  heart disease, considered a regression 
model with stationary autocorrelated errors, the autocorrelation decreasing exponentially 
with distance. M ardia and  Marshall (1984) have dem onstrated  the asym ptotic properties 
o f  this approach. In general, these techniques involve a substantial am o u n t o f com puting  
tim e and  depend on an explicit param etric model for the autocovariance.

A nonparam etric  index of association has been proposed by T jostheim  (1978) and  
generalised by H ubert and  Golledge (1982). However, they assess the significance o f  the 
index with reference to  a random isation  distribution that involves the spatial redistribution 
o f one o f the variables, the o ther staying fixed. This full set o f  perm utations clearly does 
no t preserve the autocorrelation o f the perm uted  variable an d  hence the significance o f  the 
index is no t correctly assessed.

2. Modified Tests of Association

2.1 Basic Properties o f  r

We are interested in data  sets which consist o f  a set A o f  N  locations num bered  from 
1 to .V and  a set o f  pairs o f  observations (X*, F„), oc G A. where each pair is indexed by its 
location. The correlation coefficient is then given by

where s yy =  Ar_l S^J.Y,, — X ) ( Y C, —_Y)  is the sample covariance, s% =  N~* (Xa — X )2, 
si- =  iV_l v,, (Y a — F)2, and  where X  =  N ~ l Z.i X„ and  Y  =  N ~ l Ya. If, conditional on 
X.  the elem ents o f  Y  are norm al i.i.d. variables or conditional on  Y, the elem ents o f  X  are 
norm al i.i.d., then  r has the standard  null distribution with p.d.f.

where B  is the beta function.
Critical values o f r are usually obtained from Mables since (N  — 2 )1/2r / ( l  — r2) l/2 has a  

/-distribution with N  — 2 degrees o f  freedom under these assum ptions. This is also the 
r-statistic that is calculated in testing the significance o f  the linear regression either o f  Y  on 
X  o r  o f  X  on Y.

2.2 The Standardised  Covariance

For independent sam ples the correlation coefficient can be thought o f  as a standardised 
covariance. If the elem ents o f  Y  are i.i.d.. then conditional on X  = x  the sam ple covariance 
S\y  has m ean zero and  variance N ~ 2 ^ (.v„ — x ) 2ay  where a \  is the variance o f  the elem ents 
o f  Y. To standardise S \Y. the unknow n quantity  is replaced by an unbiased estim ate 
v , ( Y„ — Y)2/ ( N  — 1) an d  s.\y is divided by the resulting estim ate o f  its standard  deviation. 
This leads to the expression (N  — 1 )' 2r. whose significance would be approxim ately assessed 
with reference to tables o f the norm al distribution, relying on a central lim it theorem  to 
justify the approxim ation . Thus, a test based on the standardised covariance is equivalent 
to a test based on r.

s .y y

S x S y
(2. 1)

( I  _  r - y v - 4 , / ;

M r )  -  ^  v  _  2 )] ’ r  ^  l ' (2 -2)
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In the general case, we suppose now that X and  Y are independent but that both X and 
Y are m ultivariate norm al vectors with constant m eans and  variance-covariance matrices 
2 \  an d  S v . respectively. The conditional variance sXy is given by

A ^2 2  (X . ~  X ) (X fi -  X )cov( Y„ , Yti), (2.3)

which is equal to iV-2 v i (X„ — X )(X a — X )  cov( Y„ — F, Yti — F ) since I  , (X„ — X )  =  0. 
Replacing cov(y„ — Y. Yti — Y )  by the unbiased estim ate (Y„ — F )(> '; — F ) gives the 
expression s \  y, as a trivial estim ate o f the conditional variance o f sXy. It is clear that no 
progress can be m ade until some plausible restrictive structure is im posed on 2 V.

2.3 Structure fo r  S x and 'E y

W e will assum e tha t the set o f  locations A  is a subset o f  som e larger set £>. F or stationary 
processes Q can, in principle, be arbitrarily large. For real spatial data. 9  is finite, per
haps equal to  A  itself. We assum e that the set o f  all ordered pairs o f  elem ents o f 9 can be 
divided into strata Sn, S i,  S 2 , . .  . . ,  so that the covariances within strata are constant,
i.e., c o v ^ , , ,  X,,) =  Cx(Ar) and  cov(F(>, Yd) =  Cy (k), {a, (3) & S k, k  = 0. 1..........O f course, if
(c*. ¡3) e  Sk, then  (/3, a )  G S k for consistency. For stationary processes the stratification is 
indexed by directional lags. For isotropic processes the num ber o f strata is reduced in the 
lattice case an d  when the data are irregularly spaced the strata can be indexed by a discrete 
distance function. The general form ulation is flexible enough to perm it spatially inhom o- 
geneous variances and  other aspects o f nonstationarity. W ith this structure (2.3) becomes

k

(Xn ~  X )(X d -  X)
¿Vk

Cv(Ar), (2.4)

where M. is the cardinality o f A/,, A k = (A x  A ) n  Sk, and  the sum m ation  over Ak is for all 
ordered pairs (a . /?) G A k.

F or sta tionary  processes, Clifford and R ichardson (1985) have suggested using

C y(k)  =  £  (Y„ -  Y )(Y ti -  Y)/Nk  (2.5)
■h

as an  estim ate o f C\ (k)  for values o f k  corresponding to small spatial lags and  shrinking 
C \(k )  to  zero otherwise. This was partially for com putational convenience. Here we propose 
to consider the inclusion o f all lags. The resulting estim ate o f  the conditional variance o f 
sXy is therefore

N ~ 2 2  N k C \(k )C \(k ) .  (2.6)
k

It does no t rely on an arbitrary notion o f what constitutes a sm all lag, it is invariant to 
shifts in the m ean, and  it is unbiased for periodic processes. It has the additional advantage 
o f  being sym m etric in X  and  Y, so tha t it is also the estim ate o f  the conditional variance o f 
5ar given Y. N ote that w hen .So =  A x  A. (2.6) reduces to  Ar~lsiv-s,i'.

2.4 The S tandardised Covariance and  the M odified  t-Test 

Using the estim ate (2.6), the standardised covariance, W, becom es

W  =  iV.Vv:
- 1/2

(2.7)

N —2
S Y

A
A hC s.(k )C Y (k)



If we consider the correlation coefficient, in Appendix 1 it is shown that to the first

, v a r (5 V>)

^  ~  E(s%)E(s2y) •

We therefore take as our estimate o f 0 7

„2 _ X Cx(k)C"\(k)
^  ~  N ZS \S 2y

We consider a modified Mest for the correlation coefficient by approxim ating the critical 
values o f r by percentage points o f the p.d.f. fu (r) ,  where M  =  1 +  ¿7 2 a n d / i s  defined by 
(2.2). The quantity (M ) M  can be thought o f as an (estimated) “effective sample size” that 
takes into account the spatial autocorrelation in the variables X and Y. Note tha t when 
So =  A x  .-1. M  = N  +  1 . For positively autocorrelated processes, the estim ated effective 
sample size is typically less than  N. If one o f the processes has negative autocorrelation it 
is, in principle, possible that the effective sample size will be larger than  N.

Comparing (2.7) and (2.9), we see that

W = ( M - \ ) ir-r, (2.10)

where M  =  1 +  &71.
In Section 3 we consider the perform ance o f the test obtained by assum ing that W h a s  a 

N(0, 1 ) distribution under the null hypothesis and  com pare this test with that obtained by 
assuming that r has p.d.f. fu (r ) ,  that is, using a /-statistic with M  — 2 in place o f N  — 2.

3. Monte Carlo Simulations

The perform ance of the modified Mest or the test based on the standardised covariance 
has been assessed by M onte Carlo sim ulation in both a lattice and a nonlattice case.

3.1 The Lattice Case

M ethod  We sim ulated stationary first-order isotropic sim ultaneous autoregressive 
processes defined by

X s., =  a(X s-\., +  Xy+i.i +  X s.,-\ + Xs.t+i) + e.v.,, (3.1)

where {ev.,} is a sequence o f i.i.d. N(0, 1), 0 <  | a | <  This class o f  processes has been 
widely discussed in the modelling of spatial patterns (Whittle, 1954; Besag, 1974; Cliff and 
Ord. 1975) and  is relatively easy to sim ulate (see Appendix 2).

The sim ulation was perform ed on a DPS7 C.I.I. Honeywell Bull. A spectral decom posi
tion similar to that given by Besag in the discussion o f Bartlett’s (1978) paper for au tonorm al 
processes was used to generate processes on a 26 x  26 lattice with zero on the boundary 
and then restricted to middle 1 2  x  12, 16 x  16, and  20 x  20 squares. This restriction was 
sufficient to render negligible the influence o f the boundary condition.

For each simulation, a 26 x  26 field o f i.i.d. N(0, 1 ) variables was first generated using a 
polar algorithm. Values of a equal to 0, .0945, .165. .2099. .2364 were chosen to give values 
o f the nearest neighbour autocorrelation, px(l), equal to 0, .2. .4, .6 , and  .8 , respectively.

For each value o f a . 500 pairs (Xtx, a G. A . were generated. Taking advantage o f the 
lattice structure, each process X can also be rotated by 90° or reflected with respect to the 
diagonals, leading to eight copies ( four rotations an d /o r  two reflections) o f  the original 
process. These copies have the same set o f  estimated autocovariances, {C\(A:)), which 
therefore is calculated only once. Thus. 4,000 trials, dependent in groups of eight, were 
obtained for each value o f p \ ( l )  and pv(l).
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order.

(2.8)

(2.9)
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The proposed statistics are denoted by H 'a n d  tu-z-  where .1/ is the estimated effective 
sampie size. .1/ =  1 +  n j - . If expression (2.6) for the estimated variance of s .v>- gave an 
inadmissible negative estimate, it was replaced by the product .V-1 .v.i.vy. which is the 
estimate in the case o f  no autocorrelation. The standard ¿-statistic for r based on N  
observations is denoted by ts -z- For the three statistics. W. t.u-z, and a 5% nominal
rejection level was chosen. For testing i.o-2 - the integer part o f \ J  was taken. The empirical 
variance o f the rejection levels was estimated by first averaging the rejection indicator 
function over the eight dependent pairs (X„, Y„) (where X„ is obtained by rota
tions/reflections) and then calculating the empirical variance o f this average over the 500 
independent simulations.

Results  Figure 1 illustrates the poor perform ance of the standard i-test in the presence o f 
positive autocorrelation. The observed Type I error rates are represented for the three lattice 
sizes together with their 95% confidence interval. N ote that the observed Type I error rates 
are significantly larger than 5%. even for low values o f  p \(  1) and pv( 1 )•

x

o 0.2 0.4 0.6 o.a

Figure 1. Standard test o f  the correlation coefficient: 95% confidence intervals for the proportion 
o f  Type I errors for a 5% nominal test in the case o f  two mutually independent simultaneous 
autoregressive processes on a lattice. For each value o f  the nearest neighbour autocorrelation for X or 
Y. p \ ( l )  or pyUX the confidence intervals are plotted for three lattice sizes: 12 x  12. 16 x  16.

20 x  20.

W hen both X and Y are highly autocorrelated, observed Type I error rates vary between 
25% and 55%, thus clearly showing that the testing procedure needs to be modified.

For the two proposed tests, the observed Type I error rates ranged from 4.2% to 5.85% 
for the  W  test (Figure 2) and from 4.1% to 5.9% for the /.0 - 2  test, and are thus close to the 
nom inal 5% level. Note that when one of the processes has no autocorrelation. W  and 
t u - 2  perform as well as the standard t-test. The confidence interval did not include the 5% 
nom inal level in only two cases [20 x  20. p \ ( l )  =  .2. pv(l )  =  .2 and 16 x  16. px( 1) =  .6. 
pv( 1) =  .8]. Inadmissible estimates were rare: they did not occur more than twice per lattice 
size in all the trials except in the case p \(  1) =  0. pv( 1) =  .8. where there were three negative 
estimates for the 1 2 x 1 2  lattice.

60

50

40

30

20

10

0

O 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.4 0.6 0.8 0.6 0.8 0.8

pv



128 Biometries, Mare/i 1989

8.0 -

7 .5 -
7 .0 -
6 .5 - 
6.0 -

5 .5 -
5.0 ■
4 .5 -
4.0 -
3 .5 -
3.0 - 
2 .5 *
2 . 0  -

1 . 5 -
1 .0 - 
0 .5 « 
0 .0 -

0.2 0.4 0 . 6 0 . 8 0 . 2 0.4 0 . 6 0.8 0 . 6 0.8 0 . 6 0 . 8

0 . 2 0.4 0. 6

0.8

Figure 2. Test based on the standardised covariance W: 95% confidence intervals for the proportion 
o f  Type I errors for a 5% nom inal test in the case o f  two mutually independent simultaneous

autoregressive processes on a lattice.

A com parison o f the empirical variance o f r (averaged over the 4,000 trials) and of the 
average vr o f the estim ated variance given by (2.9), was also m ade. For small to m oderate 
autocorrelations, there is practically no difference between the em pirical variance of r and 
vr- As the autocorrelation increases, vr is consistently too low. T ha t (2.6) is negatively biased 
as an estim ate o f the variance o f s .x y  can be easily seen in the case 2 X =  2 V.

Q uantile plots o f the distribution o f  the W  statistic show th a t it has short tails com pared 
with the norm al distribution in the extrem e case o f  p x ( l )  =  P y ( 1 )  =  . 8 .  The departure from 
norm ality  is confirm ed by a K olm ogorov-Sm im ov test, which is significant at the 5% level 
bu t not at the 1 % level. The tendency for short tails also occurs in o ther cases o f p \(  1) and 
Py(1), bu t is m ore m arked for higher autocorrelation. Nevertheless, the departure from 
norm ality  o f W  and the order o f  the negative bias in vr do no t seem to be quantitatively 
altering the levels o f  the W  and  t.û-2 tests even in the strongly autocorrelated cases.

3.2 Nonlattice Case

Choice o f  the m odel The structure o f the netw ork and  the type o f spatial dependence were 
both  chosen in order to be similar to tha t o f  examples in geographical epidemiology which 
will be discussed in the next section.

The coordinates o f the points o f the network were identified with the geographical 
locations o f  the adm inistrative centers (“préfectures” ) o f  French départem ents. The vari
ables considered are the m ortality rate for lung cancer (LC) for m en, the cigarette sales 
(CS) per inhabitant, and  the percentage o f  m etal workers (M W ) and  the percentage o f 
textile workers (TW ) with respect to the male working population  in each départem ent.

T he spatial structure o f these variables was investigated by m eans o f  a variogram. In this 
analysis, N  =  82 locations were retained after grouping the départem ents around Paris into 
one area. The distances between the centres o f  départem ents were partitioned into 
15 classes of 50-km intervals each. This gives 15 strata S\* . . . ,  S i5 : the stratum  
S 0 =  {(a. a )  a G A }. The num ber of strata chosen should take into account a balance 
between the sam pling fluctuations o f the estim ated autocovariances when the num ber of 
strata is large and  the in troduction of bias when the num ber of strata is small. In making 
this judgem ent it is helpful to com pute the observed semi variogram  for several cases. For
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the present data set we have found that the results were not sensitive to the choice of the 
num ber o f strata.

The observed variogram of LC. i.e.. the plot of

V ; 1 £  k = 1. . . . , 1 5 ,

against the average distance. d k. for départem ents in Sa, is shown in Figure 3. The 
variograms of CC and M W  were similar and exhibited also an upward trend of fairly linear 
shape with increasing distance. Hence, a disc model for the covariance matrix (Ripley. 
1981. p. 55) seemed appropriate and we chose it to simulate a spatially dependent process 
on this irregular network.

Figure 3. V ariogram  o f  the lung cancer m ortality  (LC). Fifteen classes o f  distance are considered: 
the  n u m b er o f  ordered  pairs in each class is (82: 400: 582: 674; 764: 822: 812: 726: 630: 476: 304: 

172: 94; 58; 40). T he  abscissa corresponds to the average distance in kilom etres w ithin each class.

M ethod  The average distance between départem ents in the first stratum  Si is approxi
mately 40 km. The param eters o f the disc models for X and Y were chosen to be such that
the autocorrelation at distance 40 km is equal to .2............ 9. We also denote these by px(l)
o rp v ( l) .

For each chosen value of px(l), the matrix 2 X was triangularised ( 2 X =  L L T) and then 
a realisation of X was obtained by first generating a vector o f _V i.i.d. N(0. 1 ) and then 
m ultiplying this vector by L. In each case 500 pairs o f mutually independent processes 
(X. Y) were sim ulated and  the statistics W  and / 0 -: calculated for each pair (X. Y) as in 
Sections 2.2 and 2.3, where the autovariances C \(k )  are defined as

Cx(A-) =  V 7' S (A'„ -  XXX, -  X).

The same procedure as in the lattice case was adopted for an inadmissible negative estimate 
for the variance of .vv> . A 5% nom inal level was chosen to assess the performance of IV. 
t û - 2 . and t \ — 2 •
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R e s u l t s  F igure 4 d e m o n str a tes  the  increased  p r o p o r t io n  o f  T y p e  I errors o f  the  s tandard  
/-test in the case  o f  p os it ive  au to co rre la t io n  o f  b o th  processes . Figure 5 sh o w s  the  perfor 
m a n c e  o f  the  JF test ,  w h ich  is in d ist in g u ish a b le  fro m  the p e r fo r m a n c e  o f  the t u - 2 test. A ll  
ob served  T y p e  I error rates, even  in th e  m o st  h igh ly  au tocorre la ted  case, w ere c lo se  to 5% .  
N o  in a d m iss ib le  negative  es t im ate , ¿ 7 * arose. K o lm o g o r o v - S m ir n o v  tests p erform ed  o n  the  
d istr ib u tion  o f  J^'were s ign if icant in tw o  cases  ( .2  x  .6 an d  .9 x  .9).
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Figure 4. Standard test o f  the correlation coefficient: 95% confidence intervals for the proportion 
o f  Type I errors for a 5% nominal test in the case o f  two mutually independent processes generated 
by a disc model on a network o f  82 points. (The parameters p \( 1) and pY(1) o f  the disc models for X 

and Y respectively are equal to the autocorrelation at 40 km.)
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Figure 5. Test based on the standardised covariance IV: 95%  confidence intervals for the proportion 
o f  Type I errors for a 5% nominal test in the case o f  two mutually independent processes generated 
by a disc model on a network of  82 points. (The parameters pv( 1) and p̂  (1) o f  the disc models for X 

and Y respectively are equal to the autocorrelation at 40 km.)



4. Examples

O ur examples concern the relationship between lung cancer, smoking, and industrial 
factors. We calculate i^ 'an d  /'o-;.

4.1 The Data

For 82 départem ents we considered male lung cancer mortality rate (LC) standardised over 
the age 35-74  and over a 2-year period, 1968-1969: cigarette sales per inhabitant (CS) in 
1953 (a 15-vear tim e lag was chosen to account for the delay between exposure and the 
onset o f  the pathology); and demographic data on the percentage o f employed males in the 
metal industry (M W ) and the textile industry (TW) recorded by census in 1962.

4.2 Results

Using the standard test based on r, there is a highly significant positive association both 
between LC and  CS. and  between LC and MW. The association between LC and TW , on 
the o ther hand, is less strong but still significant at the 1% level (Table 1). The W  and 
tû -z  statistics for these three examples are shown in Table 1. O ne can see a substantial 
reduction o f the degrees o f freedom when the autocorrelation is taken into account.

Table 1
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Com parison o f  the significance levels fo r  tests o f  the association between lung cancer m ortality rates 
and several risk factors given bv standard test, W, and t.o-2 tests

_________________________________________ r_______________________ W ________ \ f  to-2

Cigarette sales per inhabitant 10.48 2.94 4.22
(1953) (CC)___________________________.76 P ^  IQ'-1 P  =  .0032 15 P =  .001
% male workers in metal industry 7.16 2.48 3.00
(1962) (MW)_________________________ .63 P ~  IQ"11 ^ = . 0 1 3 6  16 P = .  01

% male workers in textile industry 2.57 1.51 1.52
(1962) (TW) ' .28 / > = .  01 ^ = . 1 3  30 P =  A5

' Standard test (/-transformation with 80 d.f.).

For CS and  M W  the CS effective sample size is about 20% o f the original sample size. 
Consequently, the significance levels are reduced but even after this “ad justm ent” these 
two factors are statistically significantly associated with lung cancer. For TW  the significance 
disappears after adjustm ent.

These results can be considered in good agreement with current knowledge concerning 
life style and  occupational risk factors for lung cancer (Schottenfeld and  Fraum eni, 1982).

5. Discussion

O ur study o f the correlation coefficient has been m otivated by its widespread use in 
epidemiology, where relatively small data sets o f  up to 100 irregularly spaced points are 
encountered. In this context, positively autocorrelated X and Y are m ost com m only 
observed.

We have confirm ed both theoretically and empirically that the uncritical use of the 
correlation coefficient for testing association between positively autocorrelated processes 
leads to an inflated proportion o f Type I errors, and have shown theoretically that the 
m agnitude o f this inflation is consistent with a reduction in the effective sample size. We 
have then investigated how the correlation coefficient behaves when it is adjusted to take 
account o f this effect. We have done this in two related ways, the W  and t u-z tests, and
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h a v e  s h o w n  th a t  w h e n  a d ju s t m e n t  is m a d e  th e  T y p e  Ï e r r o r  ra te  is m u c h  c lo se r  to  th e  
n o m in a l  level. T h e s e  m e th o d s  d o  n o t  r e q u i r e  th e  id e n t i f ic a t io n  o f  a  p a r t i c u l a r  p a r a m e t r ic  
m o d e l  fo r  th e  ty p e  o f  sp a tia l  a u to c o r r e l a t i o n  a n d  th e y  c o p e  e q u a l ly  w ell w i th  reg u la r ly  a n d  
ir re g u la r ly  s p a c e d  p o in ts .  I s o t ro p y  n e e d  n o t  b e  a s s u m e d .  T h e  s t r a ta  c a n  b e  d e f in e d  by  
o r ie n t a t i o n  as well as  d i s ta n c e  in  th e  sp ir i t  o f  G r a n g e r  (1 9 6 9 )  b e c a u s e  e q u a t io n s  (2 .7 )  a n d  
(2 .9 )  c a n  be  easily  a d a p te d  to  a n y  p a r t i t io n  o f  th e  se t o f  p a ir s  o f  lo c a t io n s .  O n ly  s im p le  
c a lc u la t io n s  o f  a u to c o r r e la t io n s ,  w h ic h  c a n  be  d o n e  o n  s m a l l  c o m p u te r s ,  a re  in v o lv e d .

T h e  d e te c t io n  o f  a s so c ia t io n  b e tw e e n  sp a tia l  d a t a  se ts  is n o t  a  s im p le  p ro b le m .  In  th is  
p a p e r  w e  h a v e  in v e s t ig a te d  o n e  p a r t i c u l a r  a p p ro a c h .  A s w ell as  h a v in g  re s e rv a t io n s  a b o u t  
th e  a s s u m p t io n  o f  s ta t io n a r i tv .  in  a  d e ta i le d  s ta t is t ic a l  a n a ly s is  i t  s h o u ld  b e  re c o g n is e d  th a t  
a s s o c ia t io n  c a n  ex is t  s im u l ta n e o u s ly  a t  a  n u m b e r  o f  d i f f e re n t  g e o g ra p h ic a l  scales. T h e  
c o r r e la t io n  c o e ff ic ie n t  is a  s ing le  o m n ib u s  s ta t is t ic  t h a t  a v e ra g e s  th e  s c a le -d e p e n d e n t  
a s so c ia t io n .  T h u s ,  fo r  e x a m p le ,  it is p o ss ib le  t h a t  n e g a t iv e  a s s o c ia t io n  a t  s m a l l  sca les  is 
s w a m p e d  b y  p o s it iv e  a s so c ia t io n  a t  la rge  scales. W e  h a v e  n o t  a t t e m p t e d  to  e x p lo re  th e  w ay s  
in  w h ic h  th e s e  s c a le -d e p e n d e n t  a s s o c ia t io n s  c a n  b e  s e p a r a te d  o u t .  T h is  is a n  i m p o r t a n t  a re a  
o f  r e se a rc h .

A c k n o w l e d g e m e n t s

T h e  a u th o r s  w ish  to  t h a n k  A n n ie  M o ll ié  a n d  N ic o le  Le M o u a l  fo r  c o m p u t i n g  a ss is tan ce . 
T h is  w o r k  w a s  s u p p o r t e d  b y  E u r a to m  C o n t r a c t  B I6 -0 1 2 6 -F .

R é s u m é

Des tests d'association modifiés, ponant sur le coefficient de corrélation ou la covariance entre deux 
processus spatiaux autocorrelés. sont proposés. Ces tests peuvent être utilisés à la fois pour des données 
observées sur un lattice ou sur un domaine irrégulier. Il sont fondés sur l’évaluation d ’un nombre 
d'observation corrigé qui prend en compte la structure spatiale de chaque processus.

Le nombre d’observations corrigé est inférieur à la taille de l'échantillon quand l’autocorrélation 
de chaque processus est positive. Une méthode pour évaluer cette réduction par l’intermédiaire d’une 
approximation de la variance du coefficient de corrélation est développée. La performance des tests 
est évaluée par des simulations de Monte-Carlo. La méthode est illustrée par des exemples d’épidé- 
miologie géographique.
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A p p e n d i x  1 

The Variance o f  r

Let 2 € and 2 n denote the variance-covariance matrices o f  the vectors with elements =  X,, — X  and 
n» =  V.. -  Y.

If we write

r =  f TV ( € Tf  nTn ),/2

then

vartr) =  E , r { | ^  Ml} -  , r ( E E £ )  , A. I )

bv the independence o f  £ and v-
Expanding tjt t7 about its expectation. A:, =  tr(2„). we have

i  _  77X77 ~ ~  ( v T v  —  k i ) 2 

kt k i
(A.2)

N ote that in the case I v =  I we have k , =  ¿V — 1 so that we would be expanding in inverse powers o f  
N  — 1. To evaluate the expectation o f  (A.2) we calculate

E(rmT)2 =  2 2 ;  +

and

E ( t?tFt )3 =  8 2 ;  +  2 +  4 f c , 2 ;  4- f c i S , ,

where k 2 =  tr( 2~).
If we make the plausible assumption that the maxim um  eigenvalue o f  2 n is bounded above by XB 

as N  —* oo? then using the inequality t r ( 2 ; )  ^  XB tr(2„), we have the second-order asymptotic 
expression

Ê  = t’- 23  + 2Tf- (A-3)
Finally, substituting (A .3) and a similar expression for E(££7/£  r£ ) into (A .l). we have to the first 

order

t r ( 2 n2 €)
(77 = --- -—: ,

k i j i
(A.4)
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and to the second order

, t r ( 2 „ 2 t ) 2 t r ( Z ; 2 5) 2 t r ( 2 „ 2 e ) ( k,  , Jz\  2 t r ( 2 n2 j )

k,j, ~  m  U i " j i )  ~  m ,  ■ 1

where./,, =  tr( 2* ) .
In the case 2 n =  2* the second-order term in (A .5) becomes

j t r ( S i )  t r ( S ; ) t r ( 2 f ) |  ■ ,V )
------------------------- i t ------------ [  "  1  "• ~ V , r ,  ‘ ■)  I

where p t =  ^ 7 1  ^ i1 M/ • being the eigenvalues o f  2 n and 2* (matrices o f  rank <  Ar — 1), i.e.. the
first-order approximation is no larger than the second-order approximation.

Note that in the case where (i) 2* and 2„  comm ute, (ii) 2 n is proportional to an idempotent matrix, 
and (iii) the eigenvalues o f  2* are zero whenever the associated eigenvalues o f  2 n are zero, then the 
first-order term in (A.4) is exactly equal to err. This follows from the remark that in this case r has 
p.d.f. f u ( r )  with effective sample size M  =  1 4- rank(2„), where f \ / (r)  is the standard distribution o f  r 
defined in (2.2).

A p p e n d i x  2

Sim ulation o f  Sim ultaneous Autoregressive Process

For a process given by (3.1) with zero boundary, i.e., A\.0 =  Ao., =  =  A",., ,̂ =  0 (5, t =  0. 1.
. . . .  n -f- I), the spectral decomposition o f  2 X can be deduced from the expression given by 
Besag [discussion o f  a paper by Bartlett (1978)]. The process can be simulated by computing  
P Tdiag(5.i 2)Z, where Z is a vector o f  independent N(0, 1) variables and where P Tdiag(o,)P is 
the spectral decomposition o f  2 X. If we denote the matrix {A\ . , i" , - i  by X and rearrange the vector
o f  Z into an n x  n matrix whose elements are Z,, (/, / =  1 .2 ........... /7), then, exploiting the properties
o f  P. we find that X is simulated by

X =  Q {Z  V J Q .

where

X ,, =  1 — 2 t f ( c O S [ 7 r / / ( / 7  +  1)] +  COS[7rj / (n 4-  1)])

and

Q,, — [2/(n  4- l ) ] 1 2 sin[irij/(n  4 -1 )] ,  n even.

The computational cost o f  a single realisation is therefore o f  the order o f  n 3, operations or iV3/2 since 
V =  n~. In contrast, a single triangulation LLT o f  2 X requires an order o f  N* operations and each 
realisation involves an order o f  N 2 operations.

( .5 )

■A {
•V— I

V
(Pi

V -  I

V
/ =  i

Pl
)

P/ 1
Í 0.
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V — I
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TESTING ASSOCIATION BETWEEN SPATIAL PROCESSES

Sylvia RICHARDSON*, Peter CLIFFORD+

1. Introduction

This paper is concerned with a topic in spatial statistics, that of testing for association 
between two spatial processes. This question arises frequently in various fields and examples 
abound in geography and regional sciences (Cliff and Ord, 1981), geology (Malin and Hyde, 
1982), sociology (Doreian, 1981)... In the epidemiology of chronic diseases, etiological clues 
are sometimes sought by studying joint geographic variations of environmental risk factors and 
disease rates (Doll 1980). The examples discussed in the later part of this paper will be taken 
from this field.

Throughout the data will consist of a set A of N locations and pairs of variables 
(Xa> Y a ), a  ε A, indexed by their location. These variables will be spatially autocorrelated.

In the first part a method for approximating the critical values of the product moment 
correlation coefficient Γχγ will be summarised. This method has been described in detail in 

Clifford, Richardson, Hemon (1989).
In the following section we give some complementary results on the performance of the 

tests for small domains and on their power. We also discuss the influence of the choice of the 
partition of the covariance structure. Finally we give some examples, comparing our results 
with those of Monte Carlo tests and giving pivotal confidence intervals for the regression 
coefficient.

2. Modified tests of associations

We have devised modified tests of association based either on sxy: the empirical 
covariance between pairs of observations (Χα» Yoc))> oc ε A, or based on Γ χ γ  : the 

corresponding empirical correlation coefficient. We shall use the notation :

X = Ν-1(Σ Χα), sxy = N-l Σ (Χα - Χ )(Υα- Ϋ), sx2 = N 'l Σ (Χα - X )2 

and similarly for Y  and sy2.
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Method

Suppose that X and Y  are independent but that both X and Y  are multivariate normal 
vectors with constant means and variance-covariance matrices Σχ and Σγ respectively. A 
stratified structure for Σχ and Σγ is imposed. Pairs in A x A are divided into strata So,Sl, 
S2 ,..· such that the covariances within strata remain constant, 

ie cov (Xa , Χβ ) = Cx(k) if (α,β) ε Sk

An estimate of the conditional variance of sxy is then derived:

N-2 Σ Nk £X(k) £Y(k) , (1)
k

Nk is the number of pairs in strata Sk and £x(k) (respectively £y(k)) is the estimated 
autocovariance:

6 x (k ) =  Σ  (X «-  X )  (X p  - X )  /  N k

Sk

Thus the estimate takes into account the autocorrelation of both X and Y.

Further it can be shown that, to the first order, the variance of Γχγ, is :

Var(sxY)
= ---------------------- , (2)

E(sx2)E(sY2)

which leads to the following estimate :

ENk t x ( k )  £ γ ( k)

= ------------------------  (3)
N2 sx2 sy2

Note that an equivalent expression for Var(sxY) is N’2 tr (Σξ Ση) where Σξ and Ση are 

the variance-covariance matrices of the centered vectors X - X and Y  - Y.

In the classical non autocorrelated case, when either Σχ or Σγ = I, it can be shown that 

the approximation given by (2) is exact and that Γχγ follows a t-distribution with N-2 d.f (t]sj-2 )· 
Further: N = 1 + ( σ2! · ) ' 1

In general, an estimated effective sample size, A , is defined by the relationship

$1 = 1 + ( σ2Γ)-ΐ



where σ2χ· is given by (3). A modified t-test: tr&_2 is proposed which rejects the null hypothesis 

of no association when :

I $ - 2 ) 1/2 r(1. r2 )-l/2  | > t<Xjft 2  

where ta i&-2 is critical value of the t-statistic with lVl- 2  d.f.

Equivalendy a standardised covariance can be used :

W = N sXY (Σ Nk £x(k) £Y(k))-V2 

and tested as a standard normal relying upon central limit theorems for spatially dependent 
variables.

Results on the performance of W and tfft.9

The performance of these tests under the null hypothesis of stochastic independence 
between X and Y  was first assessed by Monte Carlo simulations for two models :
a) X and Y were generated on 3 lattice sizes (12x12, 16x16, 20x20) as nearest neighbour 
isotropic autoregressive gaussian processes, with 1 st order autocorrelation px (l) and ρ γ (1 ) 

ranging from 0 . 2  to 0 . 8  ;
b) X and Y  were generated on the grid of the administrative centres of the French departements 
as gaussian variables with a disc model for their autocovariance (Ripley 1981) and arbitrarily 
defined 1st order autocorrelation ranging from 0.2 to 0.9.

In both cases and for several levels of autocorrelation in X or Y, 500 trials were 
executed with a nominal rejection level of 5%.

For the two statistics, tM-2 and W, the type I errors found did not vary in any systematic 
way with the level of autocorrelation and fluctuated around the nominal 5% level (the 
confidence interval excluded 5% in only 2 cases out of 45 simulated in (a)). This contrasted 
with the performance of the standard t-test procedure based on N-2 d.o.f. where the type I error 
increased systematically with the autocorrelation to reach values around 50 % in the highly 
autocorrelated cases (Clifford, Richardson, Hemon, 1989).

3. Comparison of W and t$ - 2  on small lattices
Based on our first results the performance of the statistics t$ - 2  and W seemed indis

tinguishable. The number of sample points was reasonably large and a difference between their 
respective performances could be better highlighted by studying smaller samples.

Results from further simulations on smaller lattices of sizes 6 x6 , 8 x8 , 10x10 are shown 
in Figure 1. The type I errors of the W statistic exhibit a systematic downward trend with 
increasing autocorrelation which is not apparent for the modified trft-2 statistic. Consequently, 
for small domains, the use of the modified tf&.2 statistic is preferable to that of W.



We also note that the convergence of W to normality is slower as the autocorrelation 
increases. Figure 2  shows a Q.Q. plot of W, i.e. quantiles of a standard normal distribution 
against the sample quantiles of W for 500 independent trials, in the case ρχ(1) = ργ(1) = 0.8 
and a 12x12 lattice. We note that the distribution of the W statistic has short tails compared to 
the normal distribution. The departure from normality is confirmed by a Kolmogorov-Smirnov 
test which is significant at the 5% level but not at the 1% level.

4. Power of the modified tests

The power of the modified tests was assessed under a simple alternative hypothesis of a 
linear regression between Y and X : Ηχ : Y  = aX + W, X ~ Ν(μχ, Σχ), W ~ N ^w X w ) and 
X and W independent. It is difficult to calculate theoretically the power of the modified tests 
because their distribution under Ηχ is not precisely known. Their power can be assessed by 
simulations.

Two independent spatially autocorrelated processes X and W were generated on the grid 
of the administrative centers of French departements as gaussian variables with a disc model for 
their autocovariance. Without loss of generality σ^χ = a2w was chosen and hence the 

correlation ρχγ between X and Y  was only dependent on the parameter a. Five hundred trials 
were carried out for several levels of autocorrelation in X and W and for the values ρχγ = 0.2 
and 0.4. The grid contained N = 82 points. Results for higher values of ρχγ are not reported 
because the power of the tests was very close to 1. In these simulations, the power of W and 
tjOi-2 , was evaluated with a 5 % nominal level.

On the other hand it might be interesting to calculate the power 71t(sxy) of a test on
0 _  Λ Λ

the covariance sxy, similar to W but where the estimate : N 2 Σ  Cx(k) Cy(k), of the 
variance of sxy is replaced by its theoretical value under Hi :

N-2 tr (Σξ Ση) = N-2 [a2 ΐΓ(Σξ2) + Ο-(ΣξΣθ)].

where Σθ denotes the variance-covariance matrix of the centered vector W - W and Σξ and Ση 
are defined as before.

In order to carry out the calculation of JIt (sxy), it is necessary to suppose that the 

distribution of Vn sxy under Hi is approximately normal. This approximation can be justified 
by central limit theorems if appropriate hypotheses are placed on the rate of decrease of the 
autocovariances of X and W as a function of the lag.

The expectation and the variance of sxy under Hi are given by :

Ehi (NsXY) = a tr (Σξ)

Vhi (NsXY) = 2a2 tr (Σξ2) + tr (ΣξΣθ).



The traces of the matrices ΣξΣθ or their product can be expressed in terms of Σχ and

Σνν and thus evaluated for specific models for Σχ and Σνν·
The power πτ(δχγ) of the test of the covariance using the statistic Nsxy ο·(Σξ Ση) ' 1/2 

for a bilateral test of nominal level a is thus equal to 1 - [Φ (Mi) - Φ (M 2)]

with :

Ca [a2 tr (Σξ2) + tr (ΣξΣθ) ]1/2 - a ίτ(Σξ)
Mi = -------------------------------------------------

[2a2 tr (Σξ2) + tr (ΣξΣθ)]1/2 

- Ca [a2 tr (Σξ2) + tr (ΣξΣθ)]1/2 - a ΐτ(Σξ)
M2 ---------------------------------------------------

[2a2 tr (Σξ2) + tr (ΣξΣθ)]1/2

Φ being the N(0,1) distribution function and Ca being such that P{IN(0,1)I > Ca}  = a.

It is also interesting to be able to compare the power observed by simulations to a 
reference value. Along these lines, we thus also calculated the power of the classical test of 
Γχγ ; 7tN*(r), in a case which would be compatible with the observed empirical variance of 
Γ χ γ ,  ve, estimated by the Monte Carlo simulations. Recall that in the case of non 

autocorrelated variables X and Y  and large samples, the variance of Γχ γ is approximately 
equal to (1 - ρ 2 χγ ) 2  / N-l for a sample of N observations. For autocorrelated X and Y, we 
thus computed an approximately equivalent sample size, N* :

N* = 1 + (1 - ρ 2 χγ ) 2  / ve

This number N* was used to compute the reference value, 7iN*(r), power of the 
classical test of Γχγ based on N* observations.

A summary of the results is given in Tablela and lb. In those tables, the observed 
power of W is only given since it is almost identical to that of t$_2 · Overall all the powers, 
whether observed or calculated, are close. The only differences are seen a few cases of high 
autocorrelation for either X and W.

In summary we can say that the "theoretical power" tit(sxy) gives a good

approximation of the observed power in most cases and does not require Monte-Carlo 
simulations. Furthermore, the modified W and tests have comparable power to that of a 
classical test based on an "equivalent" number of observations N*.



5. Choice of the partition for the covariance structure of X and Y.

Computations needed in order to apply the modified tests to a data set are straight 
forward but rely upon a choice of strata {So,Sl,S2 ,··.} of AxA, on each of which the 

covariance of the two processes is assumed to be constant.
In Table 2 the performance of the tj0i_2 statistic is investigated for different choices of 

strata in the case of the irregular grid network and gaussian disc models. Six partitions were 
defined, ranging from 5  to 2 1  strata and corresponding to different discretisations of the 
distance between pairs of locations (assuming isotropy).

Overall the type I error was close to 5 % for most of the partitions. As the 
autocorrelation increased, the type I error for the 5-strata partition was inflated whereas there 
was a stability in the observed error rate when the number of strata increased. The results 
for the W statistic were similar.

This confirmed that a balance has to be reached between choosing too few classes 
which can bias expression ( 1 ) or too many resulting in less precise estimates of the 
autocovariances. Clearly in the case simulated where the autocorrelation decreases smoothly 
with distance, the performance of the tjCi-2 statistic is robust to various choices of partitions.

6 . Confidence interval for regression coefficient

Once we have a test for independence it is possible to construct a confidence interval 
for the regression coefficient b, in the model

Y  = al + bx + Z

where Z is a process independent of X and 1 is a vector with unit elements. The confidence 
interval for b is the set of values of b which we would not actually reject i.e the set of b such 
that Y  - bX has no significant correlation with X. Defining :

fa  = Xa - X and ga = Y a _ Y  the standardised covariance between Y  - bX and X is :

(gT f  - b fT f)
W b = -------------------------------------- ---------

VZ Nk Cx (k) CY-bx(k) 
k

where CY-bx(k) = Cy(k) + b2 Cx(k) - 2b Nk' 1 Σ fa gp
Sk



This standardised covariance can be used as a pivot to obtain a confidence interval 
for b. We do not reject the null hypothesis when

IWbl < Ca  where : P{ IN(0,1)I > Ca } = a.

Therefore the confidence interval is :

{ b : (gTf - bfTf) 2  < C« 2  Σ  Nk Cx (k) CY.bx(k )} (4)

or b - T2  ±  (T22 + Τι - T 1T3 - 2bT2  4- b2 T3 )l/2 ( 1  - T3)-l

where b = sXy / sx2  : T i = dx Σ  Nk Cy(k) Cx(k) ; T2  = dx Σ  Nk Cx(k) Cxy(k)
k k

T 3 = dx Σ  Nk Cx2 (k) and where Cxy(k) = Σ  fa  ga / Nk and dx = Ca2  N-2 sx-4 · 
k

7. Examples

Our examples concern the relationship between lung cancer, smoking and 
industrial factors. We calculate W, t$ - 2 and a confidence interval for the regression 
coefficient for each example. To provide an additional check on the performance of our 
tests, we also carried out a Monte Carlo test based on the disc model for cases in which such 

a model is plausible.

The data

For 82 departements we considered male lung cancer mortality rate (LC) over a 2 
year period, 1968-1969, standardised over the age 35-74, cigarette sales per inhabitant (CS) 
in 1953 (a fifteen year time lag was chosen to account for the delay between exposure and 
the onset of the pathology) and demographic data on the percentage of employed males in 
the metal industry (MW) and the textile industry (TW) recorded by census in 1962.

The coordinates of the points of the network were identified with the geographical 
locations of the administrative centers ("prefectures") of French departements. The spatial 
structure of these variables was investigated by means of a variogram. In this analysis, N = 
82 locations were retained after grouping the departements around Paris into one area. The 
distances between the centres of departements were partitionned into 15 classes of 50 
kilometres intervals each. This gives 15 strata S i,.... S1 5 .



The observed variograms, i.e the plot of Nk'1 Σ  (Xor Χβ)2,

(α,β) ε Sk
k = 1 ,... 15, against the average distance, dk, for departements in Sk, for the four variables 

considered are shown in Figure 3. Note that the last two classes contain few pairs and hence 
have a large variability. Three of the variograms (LC, CS, MW) exhibit clearly an upward 
trend with increasing distance. Up until the 10th class, the shape of this trend is fairly linear 
with increasing distance, thus compatible with the disc model for the covariance matrix 
discussed by Ripley (1981). The variogram for TW gives little indication of any spatial 
autocorrelation.

Results

Using the standard test base on Γχγ there is a highly significant positive asso
ciation both between LC and CS and between LC and MW. The association between LC 
and TW on the other hand is less strong but still significant at the 1 % level (Table 3). The 
W  and t$ . 2  statistics for these 3 examples are shown in Table 3. One can see a substantial 
reduction of the degrees of freedom when the autocorrelation is taken into account. We note 
that this occurs also for the case LC-TW which is surprising if one recalls the shape of the 
variogram of TW. A possible explanation for this is that the geographically small 
departements, which are over-represented in the first few strata, are atypical for this 
particular variable (TW). For CS and MW the effective sample size is about 20 % of the 
original sample size. Consequently the significance levels are reduced but even after this 
"adjustement" these two factors are statistically significantly associated with lung cancer. 
For TW the significance disappears after adjustement.

The first two examples were also investigated by a Monte Carlo test. A  disc model 
for the covariance was fitted by maximum likelihood. The parameters were found by direct 
search and corresponded to autocorrelation p (1) of 0.91, 0.85 and 0.91 respectively for 
LC, CS and MW.

For each example, 1000 pairs of mutually independent variables, with covariance 
given by the estimated disc model, were generated and the observed correlation coefficient 
was ranked among the 1000 generated coefficients. The significance levels obtained are 
given in Table 3. The agreement between them and the significance levels of the W or t$ _ 2  

tests is better for CS than for MW ; this is possibly due to a better fit of the disc model for 
the CS variable. Confidence intervals, given by (4), for the regression coefficients were also 
calculated. We note that they are not symmetric.



8 . Discussion

In this paper we have studied the properties of modified tests of the empirical 
correlation coefficient between two spatial processes. We have shown that by a simple 
adjustment, correct level of significance can be reached and that the power under a simple 
linear alternative is compatible with that of a standed test in an equivalent situation. These 
tests can be applied both to regularly and irregularly spaced points and can be considered as 
a first step in an analysis of association when detailed spatial modelling is not suitable.

The performance did not vary much when different strata of equal covariance were 
chosen. On small lattices, the modified trft_2 statistic is better than the standardised 
covariance.

Application of these tests to data may also give pivotal confidence interval for the 
regression coefficient. Furthermore, if one is prepared to model the observed covariance 
structure, Monte Carlo tests of association can be performed. In the examples investigated, 
the results from the two types of testing procedures were close.

It would be interesting to develop distribution-free tests of association based on 
permutations and to compare their performance to that of the proposed modified tests in the 
case of non gaussian spatial distributions.
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VARIOGRAMS OF THE VARIABLES CONSIDERED IN &7
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Table la

Power o f the m odified tests: results concerning the testing o f the correlation between X  

and Y= aX + W  where both X  and Y are spatially autocorrelated, X  and W  independent 

and o f equal variance and a is chosen so that the correlation ρ χ γ  between X and Y takes

the value 0.2.

_____ pLxy - 0-2-----
pw  ρ χ  0 .0  0 .2  0 .4  0 .6  0 .8

N* 79 82 78 79 84

π Ν *(Γ) 0 .42  0 .4 4  0 .42  0 .42  0 .44
0.0 power of W  0.42 0.44 0.43 0.39 0.35

tct(sxy) 0.44 0.44 0.43 0.42 0.37

76 74 67 71 63

0.2 0.41 0.40 0.36 0.38 0.34
0.42 0.42 0.39 0.34 0.30
0.44 0.41 0.39 0.36 0.32

80 78 66 57 54

0.4 0.42 0.42 0.36 0.32 0.30
0.44 0.36 0.37 0.34 0.21
0.44 0.39 0.36 0.32 0.27

78 75 61 46 35

0.6 0.41 0.40 0.33 0.25 0.20
0.48 0.36 0.36 0.28 0.20
0.45 0.39 0.34 0.27 0.20

78 66 54 39 19

0.8 0.41 0.36 0.30 0.22 0.12
0.52 0.48 0.42 0.28 0.12
0.48 0.40 0.33 0.23 0.13

500 sim ulations were carried out. The observed power o f W is compared with Κ ν *(γ ) and

tct ( s x y )  (cf § 4). The observed power o f t]Ct-2 i s  alm ost identical to that o f W. Standard 
deviations and confidence intervals for the observed proportions can be calculated  
according to binomial sampling.





Table lb

Power o f the m odified tests: results concerning the testing o f the correlation between X  

and Y= aX + W where both X and Y are spatially autocorrelated, X and W independent 

and o f equal variance and a is chosen so that the correlation ρ χ γ  between X and Y takes 

the value 0.4.

_______Qx y = 0-4______
pw ρχ 0.0 0.2 0.4 0.6 0.8

N* 83 87 81 70 63

πΝ*(Γ) 0.97 0.97 0.96 0.93 0.90
0.0 power of W  0.97 0.96 0.96 0.92 0.87

tct( sx y ) 0.94 0.93 0.92 0.89 0.74

82 73 76 68 55

0.2 0.96 0.94 0.95 0.90 0.86
0.96 0.96 0.94 0.92 0.83
0.94 0.91 0.90 0.85 0.70

84 67 61 63 49

0.4 0.97 0.92 0.89 0.90 0.81
0.97 0.92 0.91 0.88 0.79
0.94 0.91 0.87 0.81 0.65

83 69 66 44 30

0.6 0.97 0.93 0.92 0.77 0.58
0.96 0.95 0.93 0.81 0.56
0.94 0.90 0.85 0.74 0.54

68 52 51 33 20

0.8 0.92 0.83 0.82 0.63 0.39
0.97 0.93 0.89 0.76 0.42
0.95 0.91 0.84 0.68 0.38

500 sim ulations were carried out. The observed power o f W is compared with 7 ijsj* (r)

and 71t ( s x y )  (cf § 4). The observed power o f t$_2 is almost identical to that o f W. 
Standard deviations and confidence intervals for the observed proportions can be 
calculated according to binomial sampling.





Table 2

PERCENTAGE OF TYPE I ERRORS OF THE tjyi-2 STATISTIC FOR  

DIFFERENT PARTITIONS OF THE COVARIANCE STRUCTURE

Number of
strata in each 5 9 13 15 17 21

partition_______________________________________________________
p(l) = p(l) = o 0.056 0.052 0.05 0.056 0.054 0.054

p(l) = p(l) = 0.2 0.04 0.04 0.036 0.032 0.034 0.03

P(V = p(v  = 0.4 0.062 0.046 0.05 0.05 0.052 0.05
Λ _______ T______________ _ _ _ _ _ _ _  _ _ _ _ — — I _ _ ^ _ _ ^ _ —

p(1) = p(i) = 0.6 0.066 0.058 0.054 0.056 0.052 0.052
A________I ^ ^  -___i^_^_ — . .....

ρ φ  = ρφ  = 0.8 0.068 0.058 0.048 0.04 0.046 0.046
Λ _______ T ^ _ _ _ _ _ _ _ _ _ _ ^ _ - i —J —————— — - J— — —-—— ·—— -





Table 3 : Comparison of the significance levels for tests of the association 

between lung cancer mortality rates and several risk factors given by standard
A

test, W and tjj_2 tests and Monte Carlo simulations, f is the estimated regression 

coefficient.

* standard test (t transformation with 80 d . f . )

+ Monte Carlo significance  levels over 1000 simulations.

r fcN-2* w ** fcM-2 Monte 95SCI

Carlo for X

Cigarette sales

per inhabitant 0 . 7 6  10 .48  2 .9 4  15 4 .2 2  2 /1000  0 .7 8

(1953) (CS) ρ »10“ 21 p=0 .0032  p * 0 .0 0 1  [0 .54 ;0 .8β ]

I male workers

in metal 0 . 6 3  7 .1 6  2 .48  16 3 .0 0  45 /1000  0 .2 9

industry

(1962) (MW) psao-11 p = 0 . 0136 p = 0 .0 1  [0 .11 ;0 .36 ]

% male workers

in textile 0 .2 8  2 .5 7  1 .5 1  30 1 . 5 2  - 0 .18

industry

(1962) (TW) p * 0 .0 1  p=0 .13  p * 0 . 1 5  Q-0.07;0.37j

t· — —  —  —  —  — L — —  J· — — · — J — —  · — —  L··— L— —  « —  ··■·
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A method for testing the significance of geographical correlations 

with application to industrial lung cancer in France

Sylvia RICHARDSON

SUMMARY

This paper discusses some of the problems encountered when using tests 

of significance in geographical epidemiology studies where the variables 

analysed will typically exhibit some spatial autocorrelation.

A test of partial correlations between spatially autocorrelated variables is 

presented. This test is based on an evaluation of an effective sample size which 

takes into account the spatial structure. Its performance is assessed via Monte 

Carlo simulations. The method proposed is applied to studying the relationship 

between male lung cancer rate and specific industries.

Kev words :

significance tests, partial correlation, spatial processes, geographical 

epidemiology, lung cancer.



1. Introduction

Ecological correlation studies aim to analyse the association between a 

set of variables defined on groups. Among these, geographical correlation 

studies are particularly concerned with variables measured as averages over 

geographical units and the study of their joint variations.

In epidemiology, studies of the geographical distribution of incidence or 

mortality rates for particular diseases have been widely used for obtaining some 

clues about the etiology of those diseases1·2·3. In particular, the correlation 

between the spatial variation of exposure indicators, like dietary practice or 

industrial employment, and health indicators have been investigated4·5. 

Ecological analysis has also been used to check epidemiological hypotheses 

suggested by other approaches such as animal experiments, case-control or 

cohort studies6·7.

Examples of geographical correlation studies are also found in other 

domains like regional science, for instance when relating agricultural output and 

road accessibility8, or sociology with reference for instance to voting behaviour 

and socio-economic factors9.

When considering results from such studies, it is necessary to be aware of 

the methodological problems which arise from their design. These problems fall 

broadly into two categories : problems of interpretation due to the nature of the 

data considered, and statistical problems connected with the spatial structure of 

the data. Indeed, the data units can rarely be considered as independent 

replicates and often present some spatial autocorrelation.

In epidemiology, the limitations which stem from the nature of the data 

have been reviewed by many authors10*13. They are related to numerous factors : 

the potential non uniformity in diagnosis and registration of causes of death, the 

difficulty in adequately defining the population at risk, the difficulty in finding data 

on health and exposure on the same geographical units, the use of average



exposure when exposure is heterogeneous within the population and the 

difficulty in considering appropriate time lags between exposure and disease.

A discussion of the biases encountered when trying to estimate quantitatively 

relative risks from ecological studies is given in Richardson, Stiicker and 

Hemon14and Greenland and Morgenstern15.

Furthermore, geographical data often exhibit a regular component in these 

spatial variations analagous to a trend or a gradient. Such gradients, if they are 

present in both the exposure and the health indicator rates, make the 

interpretation of the joint variations difficult since many potential confounder 

variables may also show the same regular spatial gradient. This is clearly 

illustrated in the study of cardiovascular mortality and water hardness of Pocock 

et al16 where a northwest to southeast gradient is observed for both variables 

which is also related to climatic and industrial variables in Great Britain. At an 

individual level, this situation would be equivalent to having a confounding factor 

whose distribution nearly parallels that of the risk factor investigated. This has 

suggested a further step in the analysis : correlating the residual variations in the 

exposure and the health variables after removing a trend component or gradient 

which is obtained by regression of each of the variables on the coordinates of the 

geographical units. This is equivalent to computing the partial correlation 

between the exposure and the health variables after conditioning on the 

coordinates of the geographical units. A significant correlation between both the 

non-adjusted and adjusted observations would strengthen a causal 

interpretation.

Similarly one might want to adjust the relationship investigated on some 

geographically distributed confounding factors. Nevertheless, the residual 

variations after the removing of confounding factors and/or a spatial gradient 

might still be spatially autocorrelated. In a multifactorial chronic disease for 

instance, this residual autocorrelation might arise from the spatial structure of 

other unidentified or unmeasurable risk factors. In the case of autocorrelation



among the residuals the classical methods for testing the significance of the 

association are not applicable.

In this paper, we will describe a method for assessing the significance of a 

partial correlation coefficent in the presence of spatial autocorrelation. This 

method is an extension of a modified test of correlation developped in Clifford, 

Richardson and Hemon17 to the case of several variables. The proposed method 

is outlined in section 3, and some results on its performance are given which 

were obtained by Monte Carlo simulations. This section is preceded by a review 

of some available methods in geographical correlation studies where, in 

particular, the modified test of correlation between two spatially autocorrelated 

variables is briefly described as well as the fitting of multivariate regression 

models with a variance-covariance spatially parametrised error matrix. In a final 

section, the test proposed is applied to an example concerning the relationship 

between lung cancer mortality for men in France and particular industries. This 

relationship is investigated at the level of the French departem ents  and 

adjustment is made on cigarette sales. The results clearly illustrate the interest of 

performing an adjustment for spatial autocorrelation. The effect of adjusting a 

linear spatial gradient is also discussed on the examples and through some 

simulations.

2. Review

The data usually considered in geographical correlation studies is a set A 

of N locations and variables indexed by their locations. These variables will 

typically exhibit some degree of spatial autocorrelation. A first step in the analysis 

is often the calculation and testing of correlation coefficents between pairs of 

variables (Χ α Ύα ). oc ε A.

The consequences of neglecting the autocorrelation in the X and Y  

variables were first pointed out by Bartlett18 in the case of stationary time series. 

When the autocorrelations are positive, the significance level of classical tests



are overestimated. This phenomenon is more accentuated for spatial series. For 

instance, when Xa and Y «  are both spatially autocorrelated with nearest

neighbour autocorrelation around 0.8, the observed significance level of a 5 %  

nominal test of the correlation coefficent can be increased up to 50 %  17

The situation is similar in regression analysis. The effect of neglecting the 

autocorrelation in the dependent variables or in the error term has been pointed 

out by several authors, Johnston19 for time series, Cliff and Ord8 for spatial series. 

Inflated values of the t and F statistics are again found when there is positive 

autocorrelation even though the estimation of the regression coefficient is not 

biased.

A modified test of the correlation coefficient Γχγ has been proposed by 

Clifford, Richardson and Hemon17 for testing the association between a pair of 

variables (Χ α Ύ α )· It consists in modifying the degrees of freedom of the classical

test on Γ χ γ .  An effective sample size is calculated based on an estimation of the 

variance of Γχγ which takes the internal autocorrelations of X and Y  into account.

Suppose that X and Y  are independent but that both X and Y  are multivariate 

normal vectors with constant means and NxN variance-covariance matrices Σχ and Σγ 

respectively. It can be shown that, to the first order, the variance of rxyt σ2Γ is :

Var(sxv)
σ2Γ = -------------------------------  , (1)

E(sx2) E(s y2)

where βχγ denotes the empirical covariance between pairs of observations (ΧαΎα). 

α ε A and εχ2 (respectively βγ2) the empirical variances of X (respectively Y).

To be able to estimate var (s x y ), one needs to impose a stratified structure for 

Σ χ  and Σγ. More precisely pairs in A x A are divided into strata S o .S i, S 2 , · · such that 

the covariances within strata remain constant, i.e. cov (Χα , Χβ ) = C x (k ), if (α,β) ε Sk-

An estimate of the conditional variance of s x y  is then derived :

N-2 Σ  Nk fcx(k) 6 Y(k) , (2)



where Nk is the number of pairs in strata Sk and 6x(k) (respectively 6v(k)) is the 

estimated autocovariance :

6 X(k) = Σ (Xo- X) (Xp - X) / Nk 
Sk

Thus the estimate takes into account the autocorrelation of both X and Y.

Equations (1) and (2) lead to the following estimate of the variance of r :

ZNk 6 x(k) 6 Y(k)
&2r , ---------------------------  . (3)

N2 sx2 sy2

In the classical non autocorrelated case, when either Σ χ or Σγ = I, it can be

shown that the approximation given by (1) is exact and that (N-2)1/2 Γχγ / (1-r2xy)1/2 

follows a t-distribution with N-2 degrees of freedom (d.f.) (tN-2)· Further: Ν=1+(σ2Γ)-ι

A
In general an estimated effective sample size, M, is defined by the relation

ship

lOl = 1 + ( 62f)-i

where &2r is given by (3), A modified t-test : tiOi-2 is proposed which rejects the null 

hypothesis of no association when :

| (M-2)1/2 r(1 - r2)'1/2 | > t«i0i-2 (4)

where ta i0i-2 is critical value of the t-statistic with M-2 degrees of freedom.

Monte Carlo simulations carried out both for lattice and non lattice models 

show that the tiOi-2 statistic has indeed a correct significance level17.

In the case of several variables, classical regression analysis can be 

extended. The spatial structure is taken into account either by considering a 

mixed simultaneous regressive-autoregressive model :



Y  = L(Y) + Χβ + ε (5)

where {ε α} are i.i.d. Ν(0, σ2), and L(Y)a  represents some linear function of the 

values of Y  in neighbouring locations y, y * a  ; or by considering a regression 

model with autocorrelated error term :

Y  = XB + U (6)

where the spatial autocorrelation is reflected in the structure of Σ υ .  the variance- 

covariance matrix of the error U, which is parametrised in terms of a finite number 

of parameters Θ.

The interpretation of β is essentially different for the regressions (5) and 

(6). In model (5), β represents the effect of Xa  on Y a  when the influence of 

neighbouring values of Y «  has already been substracted. When relating the 

incidence of a non contagious disease to environmental factors, model (5) is not 

plausible since disease rates in neighbouring areas do not have a direct causal 

influence and model (6) should be chosen. In model (6), it is assumed that the 

autocorrelation of the variable Y  comes from an underlying structural variable U.

The estimation of models (5) and (6) with an autocorrelation structure 

modelled via a contiguity matrix of weights W, was first discussed by Ord20. 

Mardia and Marshall21 have studied the asymptotic properties of the maximum 

likelihood estimators for the model (6). Assuming that Y  is a gaussian process, 

they give conditions which ensure the consistency and the asymptotic normality 

of (β,θ) the maximum likelihood estimators of (β, Θ). Conditionally upon Θ, the 

variance-covariance matrix for β can be calculated and hence tests of the 

regression coefficients can be performed. Because of the conditionality, the 

standard errors of β might be underestimated, which leads some authors to

prefer a Bayesian approach22.

In using model (6), one is left with choosing how to parametrise Σ υ  and to 

perform a numerical maximisation of the likelihood function which can lead to



involved computing and is fraught with difficulties. A study of Warnes and 

Ripley23 showed that the Fisher scoring technique usually ensures convergence 

only to the nearest local maximum. Moreover Ripley24 reports some simulation 

results where the global maximum found is well away from the true value. Models 

used for Σ υ  have been basically of two kinds, either involving directly the 

contiguity matrix20, or supposing that the elements of Σ υ  depend upon the 

distance between pairs of locations with a functional form suggested by the 

variogram of the ordinary least square regression residuals. This is the approach 

chosen by Cook and Pocock25 in their study of cardiovascular mortality and 

environmental factors (in particular water hardness). They fitted an exponentially 

decreasing function of distance for Σ υ  and still found a statistically significant link 

with water hardness.

In summary, generalised regression where the variance-covariance matrix 

of the errors follows a specific spatial model involves some degree of 

arbitrariness and is often computationally difficult in practice. We have thus found 

it interesting to develop a simple test of partial correlation which does not depend 

on parametric modelling.

3. A modified test for partial correlation

Our aim is to show how the modified t|0|-2 test described in §2 can be 

simply extended to test partial correlations. For the sake of clarity the method is 

going to be described and assessed for testing the association between two 

variables (Υ α-Ζα) adjusted on a third one, Χ α, α ε Α .  Its generalisation to any 

number of adjustment variables is straightforward.

We suppose that the 3N vector
^Χλ
Y

<Zj
follows a multivariate normal

distribution with mean μγ and variance-covariance matrix given by :



r  Σχχ Σχγ Σχζ ^
Σγχ Σ γ γ  Σ γ ζ  

 ̂ Σζχ Σ ζυ  Σ ζζ  j

Then the joint distribution of (Y,Z) conditional on X is also a multivariate 

normal with marginals given by Ν ( μ γ  - Σ χ γ  Σ χ χ ' 1μ χ .  Σ γ γ  - Σ χ γ  Σ χ χ ' 1 Σ γ χ )  and 

Ν ( μ ζ  - Σ χ ζ  Σ χ χ ' 1μχ» Σ ζ ζ  - Σ χ ζ  Σ χ χ ' 1 Σ ζ χ )  respectively. We can therefore test the 

hypothesis : ρ γ ζ . χ  = 0, where ρ γ ζ . χ  is the partial correlation between Y  and Z 

conditional on X, by testing that the correlation between the residuals of the 

regression of Y  on X and of Z in X is zero. Hence, the method outlined in §2 

equations (1) to (4) can be extended to test the partial correlation by considering 

the relevant variance-covariances in the conditional distributions of Y  and Z 

given above and carrying out the same adjustment of the degrees of freedom 

(d.f.). This adjustment will now take into account spatial autocorrelation in the 

conditional distributions. The same approach can be used if conditionally on X, 

(Y,Z) is multivariate normal even if X is not a random variable as it is the case 

when X is a vector of spatial coordinates.

In practice, this implies using the modified tiOi-2 statistic on the residuals of 

the linear regression of Y  on X and of Z on X respectively. These residuals need 

therefore to be estimated. We are proposing to do this by ordinary least squares 

(O.L.S.), thus ignoring the autocorrelation, since the O .L.S  regression estimates 

are unbiased.

In summary the following steps are followed :

1 . regress Y  on X by O.L.S giving estimated residuals ΰ

2 - regress Z on X by O.L.S giving estimated residuals V

3 - test the correlation coefficient between (j and V using the modified

test statistic trOi-2 given in formula (4) with

lOl = (var r & , tf)'1 + 1 (7).



If the residuals U and V are non autocorrelated, the variance of the partial 

correlation coefficient is (N-2)-1, hence Μ = N-1 as usual.

In order to check whether the estimation of the residuals by O.L.S could 

influence the performance of the test, a Monte-Carlo simulation was carried out to 

check the type I errors and to give some indication on the power of the proposed 

method.

Simulation model

In order to stay close to the epidemiological examples which will be

analysed in the last section, the simulation was carried out on an irregular grid of

points defined by the administrative centers of the French departement (N = 82).

Spatial dependence was introduced directly on the variance-covariance matrix of

the multivariate normal distributions by considering a disc model. In this model,

the covariance between the values of the variable in 2 areas (represented by

their grid points) is defined as proportional to the intersection area of 2 discs of

common radius R, centered on the grid points (see Ripley26 p. 55). By varying the

length of R, models with different degrees of autocorrelation can be generated.

The shape of the covariance function of this model shows a fairly linear decrease

with distance. This shape is similar to the observed variograms ; i.e. the plot of

Nk-1 Σ  (Χα - Χγ)2 against the average distance between 
(α,γ) ε Sr

locations in Sk, of a number of variables such as lung cancer mortality rate or 

proportion of workers in specific industries (Figure 1). These will be considered in 

the next section. The parameter R of the disc model is chosen so that the 

autocorrelation for a distance of 40 km between points is equal to 0.2, 0.5 or 0.8. 

We denote this autocorrelation by p(1) indexed by the name of the variable.

To simulate a process X on A, for each chosen value of px(1), a NxN matrix 

Σχ is generated following the disc model. Σχ was then triangularised, Σχ = LLT ,



and a realisation of X distributed as Ν(Ο,Σχ) was obtained by first generating a 

vector of N i.i.d. N (0,1) and then premultiplying this vector by L.

The distances between the centers of departements were partitioned into 

15 classes of 50 km intervals each. This gives 15 strata S i, ... S 15 ; the stratum 

S o = {(a,a), a  ε A}.

-Figure 1-

We now describe the model for partial correlation which was chosen. First 

three mutually independent autocorrelated variables, X, V  and W are generated. 

Then we define : Z = aX + V, Y  = cX + dZ + W. (8 )

For simplification, the autocorrelation structure of X,V and W are chosen to be 

identical. Therefore ργζ.χ depends only on the value of d : ργζ.χ = d/(d2 +1)1/2· 

The test statistic tiOi-2 is computed as described in §2 steps 1 to 3 and formula (7) 

using {C0(k)} and {Ctf(k)}, k = 1,... 15, the estimated autocovariances in each of 

the 15 strata of the O .L.S  residuals : U and O', from the regression of Y  on X and

Z on X respectively.

Five thousand simulations were carried out for ργζ.χ = 0.0, 0.2 and 0.4 and 

px(1) = pv(1) = pw(1) equal to 0.0, 0.2, 0.5 and 0.8. The values of a and c were 

fixed. Several sets of a and c were tried and were found not to influence the 

results.

R ES U LTS

Type I errors of the modified statistic were first checked by setting d=0 in 

(8 ) and choosing 5 %  and 1 %  nominal levels. The results are summarised in 

Table 1. At the 5  %  nominal level the performance of the modified tiOi-2 statistic is 

clearly satisfactory as the value 5 %  belongs to all the confidence intervals and 

there is no systematic variation with increasing autocorrelation. At the 1 %  level 

the modified t^ - 2  statistic becomes slightly conservative for the highest 

autocorrelation but is otherwise satisfactory. As an illustration, the empirical



variance of Γ γ ζ . χ  is also shown and one can see that it increases significantly with 

p(1). As expected, the type I errors of the non adjusted standard test of partial 

autocorrelation are greatly inflated for high values of p(1). The results are similar 

to those obtained in an earlier work for the test of the single correlation 

coefficient17.

In choosing in practice the number of strata for the partition of AxA, a 

compromise has to be reached between choosing to few strata resulting in a bias 

in formula (2) or too many leading to imprecise estimates of the autocovariances 

in each strata. Further simulations were carried out to check the robustness of the 

performance of the tiOi-2 statistic with respect to the choice of partitions. Using the 

same random number generator seed as in Table 1 and 5000 trials, we 

evaluated the type I error for isotropic partitions ranging from 5 classes of around 

150 km each to 21 classes of around 35 km each, in the most highly 

autocorrelated case (ρχ(1) = ργ(1) = 0.8). The observed type I errors stayed 

overall close to their nominal level and decreased progressively from 6.4 %  

[5.7 %-7.1 %] for 5 strata to 4.8 %  [4.2%-5.4%] for 21 strata for a 5 %  nominal 

level and from 1.1 %  [0.86 %  - 1.45 %] to 0.56 %  [0.35 %  - 0.76 %] for a 1 %  

nominal level. This indicates that at the 5 %  level the test is slightly over 

significant when too few strata are used and that a finer partition with number of 

strata between 11 and 17 is preferable. In a case (like the one simulated) where 

the autocorrelation decreases smoothly with distance, one can thus see that the 

performance of the tfOi-2 statistic is robust to various choices of partitions.

Table 1

The power of the modified test was then investigated for value of ργζ.χ  

equal to 0.2 and 0.4 and a 5 %  nominal significance level. Higher values of 

PYZ.x led to a power close to 100 %  and were less informative.

In order to have a reference value for the power the modified tiOi-2 statistic, 

we also calculated the power of the standard test of ργζ.χ in a case which would 

be compatible with the observed empirical variance of Γγζ χ, ve, estimated by



Monte-Carlo simulations. Recall that in the case of non autocorrelated variables 

X, Y  and Z, the variance of ryz.x is approximatively equal to (1 - ρ2γζ.χ )2 / N-2 for 

a sample of N observations when N is large. For autocorrelated X, Y  and Z we 

thus computed an equivalent sample size, N * :

N* = 2 + (1 - ρ2γζ.χ )2 / ve (9)

This number N* was used to compute the reference value π, power of the 

standard test of ργζ.χ based on N* observations.

A summary of the results is given in Table 2. On the first line is indicated 

ve, the empirical variance of Γγζ.χ. One can see that ve is smaller for ργζ.χ = 0.4 

than for ργζ.χ = 0.2 for the same autocorrelations. This is similar to the case of 

non correlated variables. Further ve increases noticeably with increasing p(1). N* 

and π are given respectively on the 2nd and 3rd lines. Note that as expected N* 

is fairly constant for the same autocorrelation. The power of the test tiOi-2 is given 

on the 4th line. Clearly the test t^ - 2  perform satisfactorily as its power is 

comparable to π.

-Table 2-

S4 Examples

We consider in this section examples concerning the relationship between 

male lung cancer and some industrial factors after adjustment on smoking. 

Among the different cancer sites, male lung cancer has been frequently 

associated with industrial exposure27·28 and the estimation of the proportion of 

lung cancer due to occupational risk factors has been the subject of recent 

debates29. To illustrate and discuss further the method proposed we present 

some results on 4 industrial branches : metal, general engineering, mining and 

textiles.



The data

Male lung cancer mortality rate has been standardised over the age 35-74 

and over a 2 year period, 1968-1969. The data were provided by the French 

National Institute for Health and Medical Research (INSERM) at the scale of the 

French departements. Cigarettes sales data were compiled by the French 

Nationalised Tobacco Company (SEITA). To  take into account the time lag 

between smoking and the onset of a lung pathology, cigarettes sales per 

inhabitant were recorded in 1953. Demographic data on the percentage of 

employed males in the metal industry, in general engineering, in the textile 

industry and in mining were taken from the 1962 census (INSEE). After the 

grouping of the departements around Paris into one area and the exclusion of 4 

others owing to the poor quality of the data, N = 82 locations were retained.

Results for the modified t|0i-2 test

Separate results for the 4 industrial branches are presented in Table 3. 

Simple correlations, partial correlations after adjustment on smoking or after both 

adjustment on smoking and a linear gradient were tested by the standard 

methods and using the modified tr0i-2 test.

Generally one can see that by including more explanatory variables the
Λ

autocorrelation in the residuals decreases and so the effective sample size M 

increases. As expected, the difference between the standard and the tiOi-2 tests, 

which can be substantial, is more marked where there is more autocorrelation.

The results obtained are quite different for the 4 industries. For metal and 

general engineering industry, there is a statistically significant association with 

male lung mortality rate after adjustment on cigarette sales both with and without 

the removal of a linear gradient. For mining, the significant association after 

adjustment on smoking is not observed after the removal of a linear gradient. For 

the textile industry, no significant association is found before adjustment with the 

modified trOi-2 statistic whilst this would not be the case if only standard test were



carried out. After adjustment on both cigarette sales and a linear gradient, the 

association is also clearly non significant. Note that in all the examples except 

mining the adjustment solely on cigarette sales leads to slightly larger t|tf|-2 

statistic.

-Table 3-

In Table 3, the t|$-2 statistic is calculated using the 15 isotropic strata 

defined in §3. To further study the influence of the number of strata we have 

calculated as an example values of the trfl-2 statistic for metal industry adjusted 

on cigarette sales (2nd line in Table 3) for 9 isotropic partitions ranging from 5 

classes to 21 classes. The values of ti0i-2 varied little, from 3.61 for 5 classes to
Λ

3.34 for 21 classes ; similarly the effective sample size M varied only from 37 

(5 classes) to 32 (21 classes). When these calculations were carried out for the 

other examples there is again little change in the results. This is in agreement 

with the simulations described earlier.

In a further analysis, it was thought interesting to also include other 

industrial factors in the adjustments. We chose the metal industry and general 

engineering for this purpose since they are the only two factors clearly 

significantly related to lung cancer. The results are presented inTable 4. Taking 

metal industry, with an adjustment on general engineering, or taking general 

engineering, with an adjustment on metal industry, did not overall modify the 

results found in Table 3 and the relationships are confirmed. It is interesting to 

note that for mining, adjustment on both industries had a similar effect to that of 

adjusting for a gradient with the association with lung cancer mortality becoming 

non significant and the residual autocorrelation disappearing. For the textile 

industry, the adjustment for both industries gives a similar result to that for 

cigarette sales with no clear evidence of any link with lung cancer mortality.

-Table 4-



The inclusion of a linear gradient, whilst strengthening the interpretation of 

the association of lung cancer mortality with metal or general enginnering 

industry has on the contrary, weakened the observed association with mining or 

textile. We now discuss in some detail the problems connected with the existence 

of gradients.

Gradient influence

The adjustment of gradients always involves some degree of arbitrariness 

in the definition of the appropriate trend. Furthermore, the observed variations in 

the residuals may be of a smaller order of magnitude than the original variations 

thus leading to less precision in the estimates. Hence, one needs to be cautious 

when interpretating a non significant result after de-trending.

We have investigated the effect of omitting to adjust a gradient on the 

performance of the standard and modified ttfi-2 test of the correlation coefficient. 

Simple models were chosen for two variables Xa and Y a, a ε A. The centred and 

standardised coordinates of a point a in A will be denoted by iaand ja. Define :

Xa = + aia + bja and Y a = V a + a’ia + b'ja (10)

with Ua and V a mutually independent variables, Ua ~ N(0, Συ), V a ~ N(0, Σν), Συ 

and Σ ν  generated by a disc model with equal parameter p(-j). Xa and Y a defined 

by (10) will not be stationary and the autocorrelation between 2 points will 

depend on their coordinates.

The effect of the linear gradient on the expectation of the covariance 

between X and Y  leads to a term proportional to aa' + bb' involving Σ ΐα2 and 

I ja 2. corrected by a term involving Σ ΐ^ α. The correction term is small since our 

centered and standardised coodinates are nearly orthogonal. Hence the effect is 

mainly related to aa‘ + bb' which is maximum when a' = a , b' = b and minimum 

when a' = -b ; b' = a. The effect of the gradient on the correlation coefficient is 

more complicated since a,a',b,b' are also involved in the denominator and a first 

order approximation for the expectation of rXY can be calculated. For the sake of



simplicity in the following discussion we relate the results to aa' + bb'. Values of 

the first order approximation are indicated in brackets in Table 5. Five hundred 

simulations were carried out for different choices of aa' + bb’ (keeping a + b = 

a' + b’), 3 levels of autocorrelation and a nominal 5 %  significance level. The 

results are presented in Table 5.

-Table 5-

For the standard test and p(i) = 0, type I errors are clearly increasing with 

aa' + bb'. The situation is similar when some autocorrelation is present 

(P(1)= 0.4) with overall higher type I errors. When the autocorrelation is high 

(p(i) = 0.8) the gradient influence on the overall type I error decreases in regard 

to the autocorrelation effect.
Λ

The modified ttfi-2 test is based on the estimated autocovariances {Cx(k)J 

and {CY(k)} even in the case p ( i)  = 0. Due to the linear trend, these 

autocovariance functions are quite regular and reach moderately large negative 

values for high k. From formula (2), it is easy to see that the adjustment in the
Λ Λ

degrees of freedom for is strongest when {Cx(k)J and {Cv(k)} are quite 

similar, whether positive or negative. This happens clearly in the extreme case 

a' = a , b'= b of parallel gradients ; but also to a slightly lesser extent in the case 

aa’ + bb’ = 0 since values of the variable {Y a} would be equal to those of {Xa} if 

the set of coordinates were rotationaly invariant by π/2 which is nearly the case 

in France. This explains that for aa' + bb' = 0, the d.f. are overadjusted and the 

statistic tiOi-2 is conservative. For the other values of aa' + bb', the correction of the 

d.f. reduces the type I error in comparison to that of the standard test but 

nevertheless it does not always stay close to 5 %. When p(-|) = 0.4 or 0.8, the 

intrinsic autocorrelation prevails more and more on the gradient so that 

irrespective of the gradient, all the type I errors are around 5 % for p(i) = 0.8.

In conclusion it is worth calculating ttfi-2 both before and after de-trending. 

Even in the presence of a gradient, t$ -2  may realise a satisfactory adjustment if 

the intrinsic autocorrelation in the variables is strong.



Concluding remarks

In this paper, we have outlined a simple test for partial correlations 

between spatially autocorrelated variables which is particularly suitable for 

ecological correlation studies. The performance of this test was shown to be 

satisfactory by Monte Carlo simulations. The application of this method to data 

sets is straightforward and only requires simple computing. The examples 

analysed concern the relationship between male lung cancer mortality rate and 

some industrial factors. They were chosen in order to illustrate that geographical 

epidemiology studies, when analysed with concern for the spatial structure, can 

identify risk factors which are related to those found in individual epidemiological 

studies and that this can be done quite easily with the modified test proposed. It 

would be interesting to compare our results with those of a generalised 

regression with spatially modelled error structure.

At the level of individual epidemiological studies, working in the metal 

industry, ship building and motor vehicule construction has been recognised to 

present a carcinogenic risk for lung cancer due to possible exposure to arsenic, 

chromium, benzo(a) pyrene, nickel or asbestos. Concerning the mining industry, 

the association is specifically reported for arsenic, iron-ore, asbestos or uranium 

mining but not for coal mining. Finally, there is no reported relationship between 

lung cancer and the textile industry29. Hence, the associations observed in our 

results using the modified t^ - 2  statistic with the metal industry and general 

engineering are particularly interesting as well as the non-association with the 

textile industry. Using standard methods would lead somewhat to misleading 

results concerning the textile industry. For the mining industry, the association is 

bordeline as it can be accounted for by a simple spatial gradient structure or by 

other industrial factors. As the epidemiological evidence does not involve all 

types of mining, a more detailed indicator of exposure would need to be 

analysed.



It is also interesting to note that part of the autocorrelation in the dependent 

variable is explained by the inclusion of confounding factors in the model. In this 

light, the gradient can be thought of as a proxy confounding variable. Finally one 

has to recall that as discussed in Greenland15 confounding at the geographical 

level by a covariate can occur under broader conditions than for individual 

epidemiological studies and that geographic adjustment might be insufficient to 

control for it.
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Table 1

Type I errors (per cent) of the ti$-2  statistic for testing at 5 %  and 1 %  nominal 
rejection levels the partial correlation coefficient Γ γ ζ . χ  between Z = aX + U 
and Y  = cX + W after adjusting on X.

5000 simulations are carried out tor several levels of autocorrelation in X,U and W (px(l)=pu0 )= PW(1)). 

with a = 2c = 0.204. As reference, the empirical variance of Γγζ.χ and the type I errors (per cent) for 

the classical test of ryz.x based on N = 82 observations are also indicated.

autocorrelation p(i) 
for variables X,U and V\

0.0 0.2 0.5 0.8

empirical variance 0.0128 0.0137 0.0176 0.0522
of Γ γ ζ , χ

% type I errors for t|Ci-2  5 .5%  5.44%  5.54%  5.16%
[95% Cl] [4.87% - 6.13%] [4.81% - 6.07%] [4.91% - 6.17%] [4.55% - 5.77%]

5 % nominal level

%type I errors for the 5.56 % 6.5 % 10.48 % 36.42 %
ttest*of rYz.xbasec
on N observations [4.93% - 6.19%] [5.81% - 7.18%] [9.63%-11.33%] [35.09% - 37.75%] 

[95% Cl]
5 % nominal level

% type I errors for tfo-2
[95 % Cl] 1.14 % 1.2 % 0.92 % 0.72 %

1 % nominal level [0.85% -1.43%] [0.9% -1.5%] [0.65% - 1.18%] [0.48%- 0.95%]

% type I error for the
t test *of ι γ ζ . χ  based 1.22 % 1.76 % 3.06 % 22.96 %
on N observations [0.92% -1.52%] [1.40% - 2.10%] [2.58% - 3.53%] [21.79% - 24.13%] 

[95% Cl]
1 % nominal level

* test of VN-3 ryz.x / (1 - τ2γ ζ . χ ) 1/2 as a Ϊν-3 distribution





Table 2

Power of the modified t|0i-2 statistic for testing at a 5 %  nominal rejection level the 
partial correlation coefficient ryz.x between Z = aX + U and Y  = cX + dZ + W after 
adjusting on X.

500 simulations are carried out for several levels of autocorrelation in X,U and W (px(l) = puO) = 

pw (i)), with a = 2c = 0.204. N* defined in (9) is an equivalent sample size base on ve. the observed 

variance of Γ γ ζ . χ  and π  is the power of a standard test of ryz.x based on N* observations.

p(l) 0.0 0.2 0.5 0.8
PYZ.X_______________________________________________________________________________________

ve 0.0111 0.0121 0.0156 0.0465

N* 85 78 61 22
0.2

π 4 4 . 8 %  40.4% 33.3% 10.8%

power of t(0i-2 43 .4% 41.7% 34.6% 13.6%

ve 0.0087 0.0094 0.0120 0.0372

N* 83 77 61 21
0.4

π 96.4% 9 5 %  89.1% 41.7%

power of t|0i-2 96 %  95.4% 91 %  46.8%





Comparison of the significance levels for tests of simple and partial correlations 

between male lung cancer mortality rates and industrial risk factors (adjusted on 

cigarette sales or on cigarette sales and a linear gradient) given by standard 

tests and tjOi-2 tests.

Table 3

Λ

r standard test Modified t|fl| -2  test M 
(N = 82)

(values of the tjsf-2 statistic (values of the statistic 
_________________________________________ and significance level)______ and significance level)___________

Metal industry workers

no adjustment 0.63 7.16 3.00 16
p<10'9 p = 0.01

adjustment on cigarette 0.52 5.46 3.46 34
sales p<10‘6 p = 0.002

adjustment on cigarettes 0.35 3.34 2.72 55
sales and a linear gradient__________________p = 0.002______________ p = 0.01_______________

General engineering workers

no adjustment 0.43 4.23 2.72 35
p<10'4 p = 0.01

adjustment on cigarette 0.37 3.58 2.86 53
sales p < 10’3 p = 0.007

adjustment on cigarettes 0.26 2.41 2.32 76
sales and a linear gradient p = 0.02 p = 0.02

Mine workers

no adjustment 0.33 3.16 2.37 47
p = 0.003 p = 0.02

adjustment on cigarette 0.24 2.26 2.42 94
sales p = 0.03 p = 0.02

adjustment on cigarettes 0.14 1.27 1.26 81
sales and a linear gradient NS NS

Textile industry workers

no adjustment 0.28 2.57 1.52 30
p = 0.01 p = 0.14

adjustment on cigarette 0.26 2.40 1.91 53
sales p = 0.02 p = 0.07

adjustment on cigarettes 0.11 1.02 0.96 73
sales and a linear gradient NS NS





Significance levels of partial correlations between male lung cancer mortality 
rates and industrial factors after respective adjustments on metal industry and/or 
general engineering given by the standard tests and t$ -2  tests.

Table 4

Λ

r standard test Modified tfOl-2 test M
(N = 82)

(values of the tjsf.2 statistic (values of the t$_2 statistic
and significance level) and significance level)________

Metal industry workers

adjustment on general 0.58 6.33 3.32 24
engineering p < 10"7 p = 0.004

adjustment on cigarette 0.34 3.28 2.62 53
sales, general engineering p =0.002 p = 0.02
and a linear gradient

General engineering workers

adjustment on metal 0.33 3.09 2.81 68
industry p =0.003 p = 0.007

adjustment on cigarette 0.25 2.33 2.20 73
sales, metal industry p =0.03 p = 0.04
and a linear gradient

Mine workers

adjustment on metal 0.17 1.5 1.54 86
industry and general NS NS
engineering

adjustment on cigarette 0.11 0.96 0.98 86
sales, metal industry, NS NS
general engineering 
and a linear gradient

adjustment on metal 0.23 2.07 1.88 68
industry and general p=0.05 p=0.07
engineering

adjustment on cigarette 0.18 1.63 1.51 70
sales, metal industry, NS NS
general engineering 
and a linear gradient





Table 5

Proportion of type I errors for the standard test and the tj0i-2 test of the correlation 
coefficient between the variables Xa = Ua + aia + bja and Y a = Va + a'ia + b'ja 
where Ua and Va are mutually independent spatially autocorrelated disc 
processes with equal parameter p(1).

500 simulations are carried out in each case. The nominal rejection levels of the standard and t|0l-2 

test chosen is 5 %.

Linear gradient slopes for Y 

[the linear gradient slopes for X are fixed with a=0.1 and b= 0.4]

a' = 0.4 a' = 0.35 a’ = 0.3 a’ = 0.2 a' = 0.1
% type I errors b' = -0.1 b' = 0.05 b' = 0.2 b’ = 0.3 b' = 0.4

aa'+bb’ = 0 aa'+bb'= 0.075 aa'+bb' = 0.11 aa'+bb' =0.14 aa'+bb'=0.17 
_______________________ (0.00)*__________ (0.043)*________ (0.091)* (0.119)* (0.143)*

standard t 4.6%  6.8% 13.2% 16% 26.4%
p(1)-0

t|Cl-2 1-8% 2.8% 6.2% 7.8% 14%

standard t 10.4% 12.2% 16.8% 21.8% 28.6%
p(1) = 0.4

ti0l-2 3.8% 4.8% 5.2% 8.6% 11%

standard t 35.4 % 46.2 % 43.6 % 50 % 46%
p(1) = 0.8
_________ t|0).2 I 2.6% I 4% | 5.2% I 5.2.% | 5%

* first order approximation for the expected value of Γχγ





Figure 1

Variograms of lung cancer mortality rate, cigarette sales per inhabitant and 

proportion of workers in the metal industry
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Fifteen classes of distance for the plot of N ^ I(X a  -  X^)2 against the average distance between 

locations in S|< are considered.

The number N|< of pairs in each class is : 82, 400, 582, 674, 764, 822, 812, 726, 630, 478,304.
94, 58, 40.
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COMPARISON OF RELATIVE RISKS OBTAINED IN ECOLOGICAL 

AND INDIVIDUAL STUDIES : SOME METHODOLOGICAL

CONSIDERATIONS
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This paper is concerned with the problem of estimating relative risks from ecological correlation studies. In the first 
part, some of the biases encountered when analysing aggregated data are discussed and in particular attention is 
focused on the shape of the dose-response relationship obtained from aggregated and non-aggregated data, on the 
need for extrapolation and on the scale of aggregation. In the second part some empirical observations are made on 
these points by means of four examples concerning the relative risk between smoking and different pathologies. The 
estimates of relative risks derived from French geographical data and from case control or cohort studies are 
compared. The performance of ecological studies is discussed with respect to the strength of the risk factor con
sidered, the geographical distribution of counfounding factors and the adjustment of different models.

Studies of the geographical distribution of incidence or 
mortality rates for particular diseases have been widely 
used by epidemiologists in formulating hypotheses 
about the aetiology of those diseases.1-5 These studies, 
where the variables concerned are averages measured 
on groups of people, are often referred to as 'ecological 
correlation studies*. How to interpret and to assess the 
statistical significance of an observed, ecological cor
relation has been discussed by many authors.6-13 Our 
aim is to compare the quantification of the dose- 
response relationship obtained by geographical studies 
to that assessed at the individual level, an approach 
first used by Beral.14
ESTIMATION OF RELATIVE RISK FROM 
ECOLOGICAL DATA: THEORETICAL 
CONSIDERATIONS
C om parison  o f  the Sh a p e  o f  the D ose-R esponse  
R ela tionsh ip  betw een  A ggrega ted  and  N o n - 
A ggrega ted  D ata  
Consider the relation:

f(x) = P(D | X = X) (1)
which models the probability of contracting the disease

• INSERM U170 Unite de Recherches Epidemiologiques et Statisti- 
ques sur TEnvironnement et la Sante, 16 av. Paul Vaillant-Couturier, 
94807 Villejuif Cedex, France.
+ Laboratoire de Statistiques Medicales, Universite de Paris V 45 rue 
des Saints Peres, 75006 Paris, France.

D if an individual is exposed to the risk factor X taking 
the value x. Suppose that inside a group G the distri
bution of X has mean μ0 and that it is only possible to 
observe the relationship between μ<3 and the mean 
level of the disease in the group YG:

Yg = g(|io) = Ex [P(D X)]. (2)
It is assumed here that Ex [P(D | X)] can be indexed 
solely by μ̂ . Let us compare in some examples estima
tions of the relative risk (RR) derived from (1) and (2).
(a) Firstly let us consider the case where f is linear,

f(x) = oc + βχ (3)
then clearly g is also linear with the same coefficients 

YG = α + βμ0. (4)
As suggested by Beral,14 (4) can be used to estimate the 
relative risk RR(x0) for an average exposure μο = x<> 

RR(Xo) = (β/α) Xo + 1.
RR(x0) can therefore be equally estimated from 

equation (3) or (4), that is from individual or ecological 
studies. So in the linear case with one risk factor there 
is no mathematical bias resulting from using aggre
gated data.
(b) Secondly if f is convex, then using Jensen’s in
equality, it follows that

Yg = g(Ho) = Ex(f(X)) ^ ί(μ0).
In particular in the classical exponential case,

f(x) = c eyx, γ > 0 (6).
Then we have
Yg = g^o) = Ex(ce'/X) = c exp(y μ0) x b(y, X) (7)

111
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where the bias coefficient b(y, X) can be expressed in 
terms of the cumulants of the distribution of X and will 
in general depend on γ, μσ and the parameters of f.15 
Consequently (7) will lead to a biased estimate of 
RR(xo) unless b(y, X) cancels from the numerator and 
the denominator of RR(xo). This is the case for 
instance when X follows a normal distribution (μο, σ2) 
under the condition that σ2 does not vary over the 
range of μ, a condition which would rarely hold.

In general the bias in the estimate of the relative risk 
will be more pronounced the larger the values of μ, the 
wider its range and the more pronounced the convexity 
off.

A ve ra g e  re sp o n se  a t ze ro  exp o su re  
In most cases, the range of the distribution of the 
ecological risk factor will not include zero. An extrapo
lation towards a non-exposed group will be necessary 
in order to compute an ecological relative risk. This 
extrapolation is subject to errors and even if two mod
els are indistinguishable in terms of fit on the range of 
the ecological risk factor, they might lead to quite 
different risk estimates at the non-exposed level. The 
problem of extrapolation can also occur in individual 
studies where only a few cases have low exposure. In 
both individual and ecological studies information 
about relative risks can still be derived by considering 
non-zero reference exposure within the range of the 
risk factor.

Sca le o f  aggrega tion
The geographical units on which the ecological analysis 
is based are divisible. Hence ecological studies can 
often be performed at several levels which may not 
give identical results. Checking the stability of the

results in relation to the geographical scale of the 
analysis is important for their interpretation.16"22

Assuming that the variables can be considered at 
two levels, either ungrouped or averaged over groups 
(symbolized by G), the total variation of a variable (var 
(X)) can be decomposed into the average variation A 
= E[var(X | G)] within each group and the variation B 
= var [E(X | G)] of the mean between groups: 
var (X) = A+B = E [var (X | G)] + var [E (X | G)]. 
Similarly for the covariance:

cov (Χ,Υ) = A'+B' = E [cov (X, Y | G)] + cov 
[E (X | G), E (Y | G)].

When the slope of the individual association of X and 
Y does not vary from one area to another, several 
situations can occur:
(a) A7A = B7B (Figure la). In this case the slope of 
the between group variation of X and Y is equal to the 
within groups one. Hence (A'+B')/(A+B) = A7A  
and so the evaluation of the slope is the same using 
total or intra-group variation.
(b) A7A Φ  B7B (Figures lb and c). In this case there is 
an ‘ecological cross level bias’ caused by the presence 
of a confounding factor which alters the intra-group 
variation of X and Y either by amplifying it (Figure lb) 
or by reducing it (Figure lc). This confounding factor 
can influence the analysis either at the ungrouped or at 
the grouped level.

The same reasoning applies to situations where 
small areas can be grouped into larger regions. When 
the slope of the relationship changes from one level to 
another, one may consider this as the result of a con
founding factor which varies with the level of the 
analysis.
ESTIMATING RELATIVE RISKS FROM 
ECOLOGICAL DATA: SOME EXAMPLES 
In the following examples French ecological relative 
risks between cigarette consumption and lung,
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bladder, oesophagus cancer and coronary heart 
disease (CHD) mortality are compared with those esti
mated in individual studies. Confidence intervals for 
the relative risk are calculated by Fiellers method.23

Mortality Rates
Throughout we consider the mortality in France for 
two time periods 1968-1969 and 197Φ-1976 corre
sponding to national census. The mortality rates have 
been standardized by the direct method using ten-year 
age groups from 35-44 to 65-74 and the 1968 popula
tion. From the 86 administrative areas (departements)

for which both cigarette consumption and mortality 
rates were available for those dates, four were 
excluded from the analyses because the proportion of 
deaths due to unspecified causes was too large.24

Cigarette Consumption
Damiani and Masse have estimated tobacco consump
tion per age and per sex for the 22 French regions25·26 
under the assumption that individual and ecological 
relative risks are equal. Their estimates cannot ther- 
fore be used in the present study which aims at discuss
ing that assumption.
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c i i i i .2 « RR=36.52Eco log ica l  re la t ive  risl< e s t im a te s  for an  average  

c o n s u m p t io n  o f 10 c ig a re t te s  per day :

•  19 co un tr ie s  l inear m ode l
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Figure 2 Relative risk for lung cancer as a function of current number of cigarettes smoked per day estimated in 
eight cohort studies and in ecological studies.
Cohort studies as quoted in:23

1 Best et al.. 1961 5 Dorn et al., 1974
2 Cederlof et al.. 1975 6 Hammond et al.. 1976
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It is necessary to consider an average time lag of 15 
years between cigarette sales and mortality rates. The 
number of cigarettes sold per inhabitant for each 
French fcdepartement’ was recorded in 1953 and 1957 
by the French nationalized tobacco company.27 To 
correlate mortality rates in the age range 35-74 to 
cigarette sales which occurred 15 years before, we 
assessed retrospectively the proportion of the total 
cigarette sales (in 1953 or 1957) which is attributable 
solely to men aged 20-59. We were able to estimate this 
proportion using the results of a large survey carried 
out in 1960 on smoking habits in France.28 These esti
mates will be used throughout the rest of the study and 
referred to as cigarette consumption for men.

Lung Cancer and Cigarette Consumption
In Figure 2, are represented relative risks for lung
cancer mortality (ICD 162) among men as a function of

current consumption of cigarettes per day estimated in 
eight major cohort studies.29 The relative risks corre
sponding to 5.10,15 or 20 cigarettes per day estimated 
geographically in France by a linear model between the 
standardized mortality rate for lung cancer in men in 
1968 and cigarette consumption for men in 1953 are 
also shown in this figure.

The values corresponding to daily consumptions of 
15 or 20 cigarettes are far outside the range of the 
average consumption in French fcdepartements\ which 
is 2 to 10 cigarettes per day (Figure 3). The comparison 
between cohort estimates and ecological estimates 
should only be judged on the 2-10 cigarettes per day 
range where there is a good agreement with a linear 
model fitted to the French data.

In this figure are also represented the same relative 
risks estimated by a linear model from international 
data and from US data. Correlation between national
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lung cancer mortality and cigarette sales has been dis
cussed by many authors.124 30 Data on lung cancer mor
tality in 1975 or 1976 for 19 countries (age- 
standardized over the range 35-74 using the European 
population as reference) were taken from WHO statis
tics31 and the corresponding national cigarette sales per 
adult (in 1957) from Lee.32 The US data represented 
come from Fraumeni.33 The relative risks estimated for 
the international and US data sets are much smaller 
than those given by the cohort studies or the French 
ecological data. This could be the consequence of the 
different ways of collecting data. Furthermore, US and 
international data on cigarettes sales and mortality 
rates were not restricted in this study to the most 
relevant age and sex groups thus resulting possibly in a 
dilution effect. In Table 1 estimates for different time 
lags and different models are given.

For the purpose of illustration, a consumption of 10 
cigarettes per day was chosen, but the results are 
similar within the range 2-10 cigarettes per day. All 
correlation coefficients corresponding to this table are 
highly significant, and vary between 0.75 and 0.79. All 
ecological estimates given in Table 1 are within the 
range of the individual relative risks cited in the US 
Surgeon General's Report.29 Further, estimates corre
sponding to 1953 and 1957 cigarette consumption are 
very close together. On the other hand, estimates 
based on 1968 death rates lie closer to the median value 
of relative risk obtained from individual studies than 
those for 1975 (Figure 2).

Similarly the estimates given by the linear model 
correspond better to cohort studies in the 2 to 10 ciga
rettes range than those given by the exponential model 
(Figure 2 and Table 1). This is understandable when 
looking at the fairly linear shape of the individual dose- 
response relationship in this range. Nevertheless there 
is a very good fit of both models on the French data 
(Figure 3). The exponential estimates of the relative 
risk are lower than the linear ones because the baseline

mortality rates for non-smokers given by the two mod
els are different.

Health and exposure variables often exhibit a regu
lar component in their spatial variations analogous to a 
time trend which makes the interpretation of the joint 
variations difficult since many potential confounding 
variables might also show the same regular spatial 
gradient.34 This suggests a further step in the analysis, 
the multiple regression of the health variable on the 
exposure variable and on trend components expressed 
in terms of the coordinates of the geographical units. A 
causal interpretation would be strengthened if a statis
tically significant correlation between exposure and 
health indicators is observed both with and without 
adjustment for a spatial trend. Table 2 shows that for 
both the linear and the exponential model, the regres
sion coefficients between lung cancer mortality and 
cigarette consumption after the adjustment of a linear 
gradient are hardly modified.

Bladder Cancer and Cigarette Consumption 
In Figure 4, the relative risk for daily cigarette con
sumption and bladder cancer mortality (ICD 188) 
estimated from the case-control studies of Wynder.35 
Cartwright.36 Howe.37 and Vineis38 are represented. In 
contrast to Figure 2, only two studies clearly demon
strate a dose-response relationship. As for lung cancer 
the geographical estimates of the relative risk for the 
French data analysed and for the US data from Lee32 
are shown in Figure 4, but in this case the relative risk 
estimates based on French ecological data are higher 
than those of the individual studies.

In Table 3 we note that the relative risks do not vary 
between 1968 and 1975 and that the linear model gives 
only slightly larger estimates than the exponential one. 
Correlation coefficients corresponding to this table 
were all statistically significant and vary between 0.52 
and 0.65.

In the case of bladder cancer we therefore observe 
some discrepancy between ecological estimates and

Table 1 Lung cancer mortality and cigarette consumption: estimation of the relative risk corresponding to 10 cigarettes per day, from French
eco lo g ica l da ta

Linear model Exponential model

19531a, 1957"” 1953UI 1957'"'

1968 8.2 3.2 6.0 5.1

Death rate (5.8 : 11 .3 )0  (5.7 : 11 .6 )0  (4.2 : 8 .6 )0  (3.6 : 7 .2 )0

1975 5.3 5.2 4.7 4.1

Death rate (4.1 : 6 . Ί Ο  (4.0 : 6 .610  (3.5 : 6 .2 )0  (3.1 : 5 .4 )0

O  95*^ confidence intervals.
E valuation  o t  c igarette  consum ption  (a) in 1953. (b) in 1957.
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Table 2 Simple and partial correlations between lung cancer, bladder cancer and CH D mortalities and cigarette consumption after adjustment for a
linear trend.

Significant^)
Fitted model Estimated slope % variance explained explanatory variables

Lung cancer
y = α + βΧ + ε 7.76 x 10~7 57.3% Cigarette consumption
y = α + βΧ + a,U + a2V + ε 7.84 x 10-7 67.9% Cigarette consumption, latitude
log y = α + βΧ + ε 1.09 x ΙΟ-3 55.3% Cigarette consumption
log y = ot + βΧ + a,U +  a2V + ε 1.10 x 10"3 63.7% Cigarette consumption, latitude

Bladder cancer
y = α + βΧ + ε 1.07 x  10-7 30.5% Cigarette consumption
y = α + βΧ + a,U + a2V +  ε 0.71 x 10*7 35.4% Cigarette consumption, longitude
log y = α + βΧ + ε 0.97 x  IQ-3 27.2% Cigarette consumption
log y = α + βΧ + a,U + a2V + ε 0.61 x 10"3 33.1% Cigarette consumption, longitude

CHD
y = oc + βΧ + ε 5.37 x  10"7 22.1% Cigarette consumption
y = oc +  βΧ + a,U + a2V + ε 5.46 x 10-7 32.9% Cigarette consumption, latitude
log y = <x + β Χ  + ε 0.34 x  ΙΟ-3 21.1% Cigarette consumption
log y = oc + βΧ + a,U +  a2V + ε 0.35 x 10"3 31.2% Cigarette consumption, latitude

y = standardized mortality (men) 1968. U: longitude,
x = cigarette consumption per inhabitant 1953. V: latitude.
Π  p <  0.05.

individual stu d ies . A  p ossib le  exp lanation  m ay be  
found  through  failure to  take in to  account eco log ica l  
con fou n d in g  factors w hich  w ou ld  b e positively  corre
lated  w ith  th e  d istribution  o f  cigarette consum ption .

T hus th e s lop e  o f  the regression  b etw een  b ladder  
cancer m ortality  and cigarette con su m p tion  w ould  also  
include part o f  th e e ffec t  o f  th ese  con foun din g  factors  
and lead  to  an overestim ation  o f  the relative risk. A
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Figure 4 Relative risk for bladder cancer as a function of current number of cigarettes smoked per day 
estimated in four case-control studies and in ecological studies.
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good candidate for such a confounding factor is the 
exposure to some industrial risk factors.39 Indeed, we 
know from consumer surveys28 that cigarette consump
tion is higher among industrial workers. When a linear 
gradient is adjusted on ecological data (Table 2) the 
slope of the dose-response relationship varies more 
than for lung cancer, thus pointing to the likely influ
ence of confounding factors having an heterogeneous 
spatial distribution.

C o ro n a ry  H e a r t D isea se  a n d  C igarette C o n su m p tio n  
Figure 5 shows the relative risks for coronary heart 
disease (ICD 410-414) with respect to the current 
number of cigarettes smoked per day estimated in five 
cohort studies,40 together with the ecological estimates 
for the French data analysed or for the US data taken 
from Friedman.41 Estimates are given both for the 
standardized mortality and for the age group 45-54.

In Figure 5 one sees a good agreement between the 
individual and ecological studies and in Table 3 it is 
shown that the estimates for the 45-54 age group are 
higher than those for the 35-74 one. This tallies with 
the Framingham study42 where the effect of cigarette 
consumption is more pronounced among middle-aged 
men than for those over 65. Just as for lung cancer the 
estimates for 1968 seem to give a better fit than those 
for 1975. All the correlation coefficients corresponding 
to Table 3 are statistically significant and similar for the 
two periods but are of a lower order of magnitude 
(from 0.35 to 0.47) than for lung or bladder cancer. The

T a b le  3 Ecological relative risks (French data) estimates for an 
average consumption of 10 cigarettes per day

Cause and year of death Linear model
Exponential

model

Bladder cancer 1968 (a) 

Bladder cancer 1975 (b)

CHD 1968 (a)

CHD 1968: age (45-54) only (a) 

CHD 1975 (b)

CHD 1975: age (45-54) only (b)

5.4 5.0
(3.3 : 8.3)(·) (2.8 : 8 . 9 ) 0

5.3 4.6 

(3.6 : 7 .6 )0  (3-0 : 6 .9 )0

1.8 1.8
(1.4 : 2 . 2 ) 0  (1.4 : 2 . 2 ) 0

2.4 2.5 
(1.6 : 3 . 2 ) 0  (1.7 : 3 . 7 ) 0

1.5 1.5 
(1.2 : 1 . 8 ) 0  (1.2 : 1 . 9 ) 0

2.0 2.0
(1.5 : 2 . 6 ) 0  (1.4 : 2 . 7 ) 0

(*) 95% confidence interval.
Evaluation of cigarette consumption (a) in 1953, (b) in 1957.

linear and exponential models give very close esti
mates due to a less pronounced convexity of the expo
nential curve. Adjustment of a linear trend does not 
modify the slopes of the dose-response relationships 
(Table 2).

O eso p h a g u s C ancer a n d  C igarette C o n su m p tio n  
The consumption of alcoholic beverages and of 
tobacco products has long been suspected of increasing 
the risk of oesophagus cancer (ICD 150).43-46 The ecol-
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ogical analysis presented concerns 1968 death rates 
and cigarette consumption for the year 1953. A group
ing of the deaths from alcoholism (ICD 291, 303) and 
cirrhosis of the liver (ICD 571) was used as an indicator 
of alcoholic beverage consumption and these causes 
will be referred to as alcoholic mortality.

The simple correlation between standardized 
oesophagus cancer mortality for men and cigarette 
consumption is negative and statistically significant (r 
= —0.28) and the same result holds for the partial 
correlation coefficient when alcoholic mortality is 
taken into account, whether an additive model (r = 
—0.27) or a multiplicative one (r = —0.28) is fitted. 
Looking at Figure 6, a group of eight contiguous 
‘departements’ situated in Normandy or Brittany 
clearly stands out by their very high standardized

oesophagus mortality and their low cigarette consump
tion. When these eight ‘departements’ are excluded 
the correlation coefficients between oesophagus 
cancer mortality and cigarette consumption becomes 
non-significant for the additive and the multiplicative 
model.

Thus cigarette consumption does not appear to play 
a part in the variations by ‘departements’ of the male 
mortality for oesophagus cancer in France. This is not 
due to a parallelism in the geographical trends of alco
holic mortality and cigarette consumption since in 
France they display nearly independent variations at 
the ‘departement’ level although they are correlated 
among individuals.

In a recent analysis of the geographical pathology of 
cancer of the oesophagus, Day47 points out that there
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are some geographical contrasts, for instance within 
Normandy and Brittany, that cannot be explained 
solely in terms of variations of alcohol or cigarette 
consumption. It seems that even in industrial countries 
nutritional deficiencies which could interact with alco
hol consumption might play an important part in the 
aetiology of the disease. Hence finding the precise role 
played by smoking is a difficult task, the more so as the 
dose-response relationship is weaker with respect to 
smoking than with respect to alcohol consumption.48 In 
this context ecological analysis in France at the ‘depar- 
tement’ level does not contribute to our understanding 
of the aetiology of oesophagus cancer.

CONCLUSIONS
In this paper the biases that one encounters when 
trying to estimate a relative risk from an ecological 
study are discussed.

For smoking and lung cancer, a good match between 
individual and ecological relative risk estimates is 
obtained. In this case smoking is an overwhelming risk 
factor with a fairly linear dose-response relationship in 
the low and medium dose range. Furthermore, time 
lags were included and a careful evaluation of the 
relevant exposure was possible. Using a time lag is 
necessary but its magnitude is difficult to interpret 
since both mortality and consumption have been aver
aged over different age groups. This example also illus
trates that the choice of the model has consequences on 
the estimates because of the frequent need for extrapo
lation to zero.

In the case of bladder cancer and cigarette consump
tion the ecological relative risk found is higher than the 
one given by individual studies. This example brings 
out the importance of considering the geographical 
distribution of confounding factors. This is also under
lined by the modification of the regression coefficients 
when spatial trends are adjusted.

As in the case of bladder cancer smoking is not 
necessarily the dominant risk factor involved in CHD, 
but here the geographical estimates show a better 
agreement with the individual studies. The difference 
between the two examples probably stems from the 
different geographical distribution of possible con
founding factors. Whilst cigarette consumption and 
industrial exposure are very likely to be positively 
correlated, this is presumably not the case for the other 
important risk factors for CHD such as diet. In this 
example of a multifactorial disease the closeness of the 
geographical and individual estimates of the relative 
risks might thus be partially coincidental.

The last example on smoking and oesophagus cancer 
illustrates that, in the case of a complex multifactorial

disease, ecological analysis techniques are likely to fail 
to bring out aetiological factors when performed with 
routinely collected data at a regional level.
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