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Some questions related to the large time approximation, by wavelets
and finite elements, of the solutions of dissipative evolution equations.

Abstract: In this work we consider some methods to approximate the global
attractor of the dynamical system defined by the flow of the solutions of a dis-
sipative nonlinear parabolic equation. These methods, that relate to the inertial
manifolds theory, are adjusted to wavelets and to new hierarchical finite-elements
bases.

In the first part, we construct approximate inertial manifolds (A.I.M.) for a
class of evolution equations. A.I.M.’s are smooth finite-dimensional manifolds
that contain the attractor into a thin neighborhood. The innovation is that these
manifolds are defined as graphs on orthonormal wavelet bases.

In the second part, we first study new hierarchical finite-elements bases. We
then use these bases for a nonlinear Galerkin approximation of a reaction-diffusion
equation. We prove convergence results for approximate solutions towards the
solution of the original problem.
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Dissipation, nonlinear parabolic equations, approximate inertial manifolds,
wavelets, nonlinear Galerkin methods, hierarchical bases, finite-elements.
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RESUME

Dans cette thése, nous abordons quelques aspects de I’approximation pour
les grands temps des solutions d’équations aux dérivées partielles dissipatives. Les
méthodes utilisées se situent dans le cadre de la théorie des variétés inertielles,
et sont adaptées aux ondelettes et & de nouveaux types d’éléments finis.

En quelques mots, la dissipation de ’E.D.P. se traduit par ’existence d’un
attracteur pour le systéme dynamique associé, i.e. d’un ensemble compact de
I’espace ambiant qui attire toutes les orbites quand ¢ — +oo (cf [T1]). Pour sur-
monter les difficultés inhérentes a ’approximation d’un tel ensemble — ’attracteur
peut avoir une structure complexe, fractale; la vitesse de convergence des orbites
peut étre arbitrairement lente — de nouveaux objets mathématiques ont été in-
troduits, les variétés inertielles. Ce sont des variétés réguliéres de dimension finie,
invariantes par le flot des solutions, et qui attirent toutes les orbites avec une
vitesse exponentielle (cf [FST]).

En particulier parce que leurs équations plus simples facilitaient 1’implémen-
tation d’algorithmes numériques, vinrent ensuite les variétés inertielles approxi-
matives (V.I.A.), qui sont des variétés régulieres de dimension finie qui attirent
toutes les orbites dans un voisinage mince, en un temps fini et avec une vitesse
exponentielle (cf [FMT]). En outre il subsiste des équations pour lesquelles on ne
connait pas de variété inertielle, et pour lesquelles ont été construites des familles
de V.I.A. qui approchent 1’attracteur avec un ordre de plus en plus élevé (cf [DM],
[F1], (T2]).

A titre d’exemple, ’espace de dimension finie sur lequel on implémente
une méthode de Galerkin pour calculer une solution approchée de 1’équation
considérée, représente la V.I.A. la plus simple, puisque plate, et la plus grossiere,
puisque fournissant un ordre d’approximation peu élevé. Par ailleurs les V.I.A.
d’ordre supérieur sont la base d’algorithmes numériques performants, en vue de
l'intégration pour les grands temps des équations d’évolution (cf [DJT], [DIMT],
[FJoKSTi], [JRT])

La théorie et la pratique des Méthodes de Galerkin Non-Linéaires est main-
tenant bien développée dans le cas d’une approximation spectrale des solutions, et
s’étend a présent au-dela : cf [MT] pour les éléments finis, [T3] pour les différences
finies.

La thése s’articule des lors autour de deux axes. La premiére partie est
consacrée a la construction de V.I.A. a ’aide d’ondelettes pour une équation pa-



rabolique dissipative. La seconde partie commence par la description de nouvelles
bases d’éléments finis , que 1’on utilise ensuite afin d’implémenter un algorithme
non linéaire — dont on étudie la convergence — pour une équation de type réaction-

diffusion.

1)Construction de variétés inertielles approximatives a ’aide d’onde-
lettes

Soit une équation qui s’écrit sous forme abstraite

du + Au+ B(u) = f

dt

ot I'inconnue u(t) envoie R, dans L*(T"), T™ étant le tore n-dimensionnel, ou
A est 'opérateur non borné (—A)™, avec conditions au bord périodiques, et ou
la nonlinéarité B est choisie bilinéaire avec des hypothéses techniques assurant
P’existence d’un attracteur pour le systéme dynamique associé a 1’équation.

Le résultat central établit des estimations pour les grands temps sur la
distance, pour différentes topologies, entre toute trajectoire u(t), et ’espace de
dimension finie V; engendré par les 2’ premieres ondelettes, rangées dans 'ordre
naturel. Dans le langage des variétés inertielles, nous avons établi que, sous ré-
serves de considérer des ondelettes de régularité suffisante, V; fournit une V.L.A.
d’ordre comparable a celle obtenue en utilisant la décomposition spectrale de u(t)
suivant les vecteurs propres de A, et ceci pour des espaces de méme dimension.

Auparavant nous aurons établi des résultats préliminaires sur les ondelettes,
ol nous retrouvons a quelles conditions elles fournissent des bases inconditionelles
des espaces de Sobolev périodiques (cf [Me]).

Dans le théoréme central, nous prouvons en outre des estimations pour les
grands temps sur la distance entre %’;‘(t) et V;, ce qui nous permet de dériver des

équations de V.I.A. qui fournissent des ordres d’approximation supérieurs a celui
de V;.

2)Méthodes de Galerkin non linéaires a I’aide de bases hiérarchiques
presque orthogonales d’éléments finis

Dans cette partie nous envisageons d’étudier un algorithme non linéaire
pour approcher les solutions d’une équation de réaction-diffusion de type

Oou
i vAu + R(u) = f,



ot la non-linéarité R est un polynéome de degré impair dont le terme de plus haut
degré est positif.

Dans un premier temps, nous décrivons la construction de nouvelles bases
hiérarchiques d’éléments finis associées a la discrétisation de 1’ opérateur Id — A
sur = [0,1]* ( »n = 1,2), avec respectivement des conditions aux limites de type
Dirichlet, Neumann ou périodiques.

Ensuite on établit des résultats relatifs a I’analyse des fonctions des espaces
de Sobolev qui interviennent dans la formulation variationelle du probléme initial,
en particulier on traite le cas des espaces LP(2), 4 I’aide des bases précédemment
obtenues.

La derniére partie est consacrée a ’étude de la convergence de la solution
du probléme semi-discrétisé, la variable ¢t étant gardée continue, vers la solution
du probléme initial.
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CONSTRUCTION OF APPROXIMATE
INERTIAL MANIFOLDS
USING WAVELETS

Olivier Goubet

Laboratoire d’Analyse Numérique,
Université de Paris-Sud,

91405 Orsay Cedex, France

Introduction

One of the aims of this article is to make the connection between two recent theories:
the theory of inertial manifolds that has emerged from the study of dynamical systems
and the theory of orthonormal wavelet bases.

First let us have an overview of the inertial manifolds theory, that relates to the large
time study of dissipative evolution equations.

Let us consider a nonlinear P.D.E. that is dissipative; it means that there exists a
global attractor for the associated dynamical system, i.e. a compact set that is invariant
by the flow of the solutions, and that attracts all the orbits when ¢ — +o00. Nevertheless
the convergence of the orbits towards the attractor can be arbitrarily slow, and this one

can have a complex structure, and even be a fractal (see [T1]).
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Then new Mathematical tools have been introduced ([FST]): The inertial manifolds
(I.M.), which are smooth finite-dimensional manifolds, positively invariant by the flow of
the solutions, and that attract all the trajectories with exponential speed; From the Phys-
ical point of view, I.M.’s modelize the interaction laws between small and large structures
of a turbulent flow, and represent its permanent regime; actually on a I.M. small eddies
are slaved by large ones, and there is similar results, after a transient time, for a trajectory
that is not on the I.M. (see [FST], [FMT]). Nevertheless, until now the existence of I.M.
necessitates a very restrictive property, the spectral gap condition (see [T1]).

Hence came the approximate inertial manifolds (A.I.LM.). They are smooth finite-
dimensional manifolds that attract all the orbits into a thin neighborhood, in a finite
time, and with exponential speed. A.I.M.’s are useful when no existence result for I.M.
is available, and also since their equations are rather simple, and then make easier the
implementation of numerical algorithms (see [FMT], [T5], [DeMa], [Fl])

The theory of A.ILM.’s which first developed in the spectral case has begun to extend
beyond. Some nonlinear algorithms have been established for finite elements (see [MT])
and finite differences (see [T3]). The purpose of this paper, following a suggestion of R.
Temam, is to construct approximate inertial manifolds using the newly developed concept
of orthonormal bases of wavelets.

The improvement featured by wavelets with respect to spectral bases (here the trigono-
metrical system), is to combine good localization properties in space variable, and good
localization properties in frequencies (see [M]). In this paper we are interested in the space
periodic case, and we consider the periodic version of wavelet bases of [D], [LM], [L], as
described in [M]. However, wavelets are flexible tools that can be a.da.pt;ed to other do-
mains than the n-dimensional torus (see [JM] ), and allow us to consider the construction
of A.ILM.’s in domains where few information on the spectral bases is available.

Nevertheless, in this paper, for the sake of clarity, we will focus more particularly on

the one-dimensional spline wavelet bases of [L], referring the reader to an Appendix for
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multidimensional results and for other wavelet bases.

The paper is organized as follows. In section 1 we briefly recall some results about
spline wavelets in the one-dimensional periodic case. In section 2 we give for the sake of
completeness a proof of a result announced in [M] saying that, if spline wavelets are regular
enough, then they provide an unconditional basis for periodic Sobolev spaces. In section
3, we describe a class of nonlinear parabolic P.D.E.’s; Then we show how one can use the
wavelet expansion of a function to construct several A.I.M.’s for this class of evolution
equation. The method follows [T2]; first we define the induced trajectories, tools that
allow us to estimate the distance, for different topologies, between the orbits and the space
spanned by the k first wavelets, ordered in the natural way. These estimates, that hold
for large time, are then compared to the ones obtained in the spectral case, for spaces
that have the same dimension. The result is that the wavelets provide a flat A.I.M. that
provide the same order of approximation than the one obtained using spectral bases. Then
we give two examples of nonflat A.I.M.’s that approximate the attractor with higher order
than the flat one; once again we match the accuracy obtained in the spectral case. Finally
in the appendix we extend the results of section 2 to the constructions of [D] and of [LM]

a.nd to the multidimensional case.

Notations: Let Z (resp. R, C) be the set of integers (resp. of real numbers, of complex
numbers).

Let I = R/Z be the one-dimensional torus. We denote by CN(II) the space of N
times continuously differentiable functions on II and by H*(II) the usual periodic Sobolev
space.

We denote by H *(II) the space of functions win H *(II) such that

/H u(z)dz = 0.
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H*(I) is a Hilbert space when endowed with the scalar product

(u,0)e = 3 | & [2* (k)5 (R),

keZ

where
ﬁ(k)z/u(z)e_zi"kzdz.
II

Let | u |, be the corresponding norm,
1
| w o= (u,u)s.

When s = 0 we write H*(II) = L?(IT), | u [o=| » | and (u,v)o = (u,v).
In the following we will denote by C a constant that only depends on the regularity

N of the wavelet, and in part 3 on the data of the equation.

1. Spline wavelet bases of L2(II)

We consider the finite dimensional space V; = {v € C N(II); v is a piecewise polynomial
function of degree less than or equal to N + 1, with nodes at k/27;0 < k < 27}. Then we
have the embeddings

Vo C...CV; CVjp1 C...LA(T).

We define
W; = Vit N (V;), (1.1)
then we have
L3(T) = é;o w;, (1.2)
=0

the sum being orthogonal.

Let us introduce what are the periodic wavelet bases associated to the W;’s. We first
recall the original construction on R; from [L] (see also [B], [M]) we know that, for each

integer N, there exists a function ¥ satisfying
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¥n € CV(R), (1.3)

1N being a piecewise polynomial function of degree less than or equal to N + 1 with

nodes at the half integers.
(i)

Jdey>0/ for m<N+1
om _
| 2 (o) |< O, (1.4
(i) Em <N +1
/R 2™ (x)dz = 0. (1.5)

The wavelets, that are derived from ¥ by a translation and a dilation as below,
satisfy
( iv) The family {29/2¢n(27z — k)}; ke z is an orthonormal basis of

- L*R). : (1.6)

Remark 1: Formula (1.4) shows the exponential decay of the wavelet 27/2¢n(27z — k)
away from %%— Formulae (1.3) and (1.5) describe the localization in frequencies of the

wavelet 27/ 21/)N(2j z — k) around an anulus of radii c127,¢,27.

Remark 2: Throughout this paper we shall omit the subscript N on ¥x.

Following [M] we define the periodic wavelets as
pik(z) =292 " p(27z + 270 — k). (1.7)
leZ
This periodization transfers to periodic wavelets the localization in frequencies ( see Lemma

2 below), and does not deteriorate too much the localization in space variable. Then we
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have

- The family {%;}1<k<2i is an orthonormal basis of W;.

- The family {;

k}ocj<+ooit<h<ai

2. Preliminary results
2.1 Bernstein inequalities

Proposition 1: There exists C > 0 such that for any v in V;

|v N < C2VHD [0 |

is an orthonormal basis of L2(II).

(1.8)

(1.9)

(2.1)

Proof: Let by be the N** fundamental B-spline, defined from the characteristic function

x of [-1/2,1/2] by

bN = X R * X
N+1times
For v in V},
27
v = Z aj,k2j/2bN(2jz — k).
k=1

It is well known that

27 27
(Y laje P) v P< ()] | e [7),
k=1 k=1

for some constants cj,c; depending on N.

On the other hand, we have

2 (N+1) oy o
| v | Nga= Z 4/ )aJykaJ,PmJ,km’
1<k,p<2
where
_f gN+T . N+1 .
. — 97 ——— D —_ I
Mjk,p = 2 Do bn(27z k)ach"'l bn(2'z — p)dz.

12
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We observe that either mjx, =0if |k—p|> N +1or

N+1 aN+l
| migp |SI oz b lnm) | gomam b lze(w) - (2.7)
It follows
|0 RS CHNHD N o e | (2.8)
|[k—p|<N+1
Using
2J
Yo larlleipI<CY ] el (2.9)
lk—p|<N+1 k=1

we infer the result from (2.4) and (2.8).

Remark 3: We recall that C is a constant that depends on N, but which is independent

of j.

Lemma 1: Let r,s,t be real numbers, < s <t. Then for any u in I:I’(II)

t—s —-r

lu o<l 7w | (2.10)

Proof: This is just a particular case of the interpolation inequality (see [T1] and the

references therein).

Corollary 1: Let s be in [0, N + 1]; then for any v in V;

|v],<C27° |v]. (2.11)

Proof: Thanks to (2.10)

| v ], <] v P/ D) o/ HD) (2.12)
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We infer from (2.1) and (2.12)

|v |, < C*/N+D2de | o |, (2.13)

Corollary 2: Let s be in [-N —1,0|; then for any v in V;

|v|<C279 |v|,. (2.14)
Proof: Thanks to (2.10)
—s —s/(N+1—
v <[ v (VN g [N (2.15)
Using (2.1)
I v IS C—a/(N+1—a)2-—js(N+1)/(N+1-—a) | v l—a/(N+1—a)| v |£N+1)/(N+1—a) . (216)

To conclude we take the {yﬁ%‘-}‘h power of inequality (2.16).

2.2 Poincaré inequalities

Lemma 2: Let f be in L'(R). Let g(z) = Y,z f(z + £) € L*(II). Then

§(k) = f(k). (2.17)

(the left hand side of the equality above represents the k** Fourier coeflicient of g, the
right hand side denotes the value at the point k of the Fourier transform of f)

Proof: Thanks to Fubini’s theorem,

, t+1 _
/ g(z)e ¥ dy = E/ f(z)e~ im0z 4 (2.18)
II L

leZ
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provides the result.

Proposition 2: There exists C > 0 such that for any w in W;

|w |-N-1< €27 V) [ |

Proof: Let w € Wj; we write

2:'
w= E :aj,k%bj,k-
k=1

We easily infer from (1.7) and (2.17)

¥ik(f) = 2,/21/)( -)ezp(— 2277-—)
We set
ul ke
( )—2”/22a1kezp( 2z1r
k=1
This yields

w(l) = m(5; )¢( 25

Then, thanks to Parseval’s identity,

lw 2= |a(2) I,

leZ
we obtain
(o= | m(=) Pl (=)
- teZ 27 297

we write )
2/-1

wi= Y Yimg+o P 1¢<—+e)|2-

k=1-2i-1teZ

Observing that m is a one-periodic function, we obtain

2i-1

lwl= ) 21)12(Z|¢< +2) ).

k=1-2i-1

15
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Now we need

Lemma 3: Let f be in L*(R) N L'(R) such that | f(2) |< C(1+ | z [)™® with a > 1,
and such that the family {f(z + £)}4cz is an orthonormal family in L*(R). Then, for each
zin Il

Y 1 fz+0 =1 (2.28)

LeZ
Proof: We prove that the Fourier coefficients of the one-periodic function

1= 1 fz+0 P

LeZ

are equal to zero.

Lemma 2 yields

/H (3| £z + ) [P)e 2744

lez2

- /R | F(2) |2 e-2imk5 g, (2.29)

The result follows, using Plancherel’s theorem

/ |j’:‘(z) |2 e——2i1rkzdz
R

= Lf(:c)f(z — k)dz. (2.30)

Then, we apply Lemma 3 to (2.27) to obtain

2i-1

lwP= Y [m(k/2) . (2.31)

k=1-2i-1

On the other hand, by the same computations as above

|w [2y_i=
1 A k k k
YECES) >, |m(5) I )+ 57) N B+ ) 1) (2.32)
k=1-2i-1 tez

16



Using (2.31), we observe that it is sufficient to prove that 3 C > 0/

b Lk
D1+ 5) PN+ ) < C < +oo
ez

to end the proof of Proposition 2.

First we obtain

S(E oI e+ £ P 4N,
ez 2 2

using that for |k| < 277, we have

k —2N—
|_2_J+£| 2N 2$4N+1’

and thanks to Lemma 3

o k
> e+ ;) <.

ez

It remains to majorize

k ~ k
()N G 1y

(2.33)

(2.34)

(2.35)

that is the term corresponding to £ = 0 in (2.33). For that purpose we observe that, thanks

to (1.5), ¥(z) = 0(z¥*t!) when z — 0. Therefore there exists a constant C' such that

k. _on_o, ~ k
(57) 2N 2|¢(§;) I’< C.

This fact concludes the proof of Proposition 2.

Then we also have

Corrolary 3: Let s be in [-N — 1,0]; then for any w in W;

lw|, < C27%|w|.

17
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Corrolary 4: Let s be in [0, N + 1]; then for any w in W;
lw| < C277|w,. (2.38)

Proof: We prove (2.37) and (2.38) as we established (2.11) and (2.14), using (2.19) instead
of (2.1).

2.3 Conclusion

We summarize section 2.1 and section 2.2 by:
Proposition 3: There exist C1,C2 > 0 such that, for each s in [-N — 1, N + 1], for any

wj in Wj, setting

27
wj =Y Viktiks
k=1

we have ;
2
C1 | w; [,<2°() 73)' 2 < Ca | wjls - (2-39)
k=1
We also have ;
2
| wj |= (O 7ie)' (2.40)
k=1

The following theorem includes the main result of this section.

Theorem 1: Let s be in (—N — 1, N 4 1); let u be in H*(Il). We set

Vi =< U Yk > froqmy, -+ (1)

27
w; =Y Vigbik-
k=1

Then, u = Ej:g w;, where the sum is unconditionally convergent in H* (Im).
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Actually there exist C1(s),C2(s) > 0 such that

+o00
Ci(s) [w[3< ) |wj [3< Ca(s) [ [ (2.41)
—
Proof: We first prove (2.41) for u regular, such that v = j::wj holds in L2(II) for

instance.
Then we conclude by noticing that if u, — u in H *(II), then, thanks to Proposition 3,
wjn — wj in H*(I). (wj,, defined from u, in the obvious way)
Now we follow step by step the proof of Theorem 8 chapter 2 of [M]. We write
+oo
lu 3= Jw; 342 (wj,we)s (2.42)
3=0 i<t

Choosing € such that | s |< N — ¢, we obtain

I (wj’wl)a |S| wjy |6+c| wy Ia—ea (243)
and thanks to (2.39)
| (wjywe)s |< C275ED) | |, we |s - (2.44)
Therefore
+o0 .
12) | (wj,we)s I CY (O 2717 Jw; |2
i<t J=0 t#j
< s luslh (2.45)
=0
This yields
+oco
lu2<C(s) Y | ws |2 (2.46)
i=0

On the other hand, setting

J
wuy = Z‘lj"‘wj, (247)
j=0
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we have
J
(u,uy) = 24” | wj |?.
=0

Thanks to (2.39)
J

J
Z4j’|wjl2202|wj|3-

Jj=0 j=0
Then we infer from (2.48), (2.49)

J

Z'wj 2<Clulslus|-,.
j=0

Using the first part of the proof we obtain

J
lus 2,<C(s) Y | 4°w; |2,
j=0

this yields, using (2.39)

J
lug 2, C(s) Y w; 2.
1=0

]=
We then infer from (2.50) and (2.52)

J
Qw2 <0@s) | uls.
i=0

We let J — 400 to end the proof.

We summarize Proposition 3 and Theorem 1 by:

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

Corollary 5: For each s in (—N — 1, N + 1), there exist C1(s),C2(s) > 0 such that, if

+ oo 27

w=) Y virbix € H'(M),

7=0 k=1

then

Ci(s) |u 2 <D 49 |7k P< Ca(s) |u 2.

Ik

20
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In other words, if | s |[< N + 1, the family {%;r}o<j<+o0; 1<k<2i is an unconditional
basis for H*(II). (For equivalent definitions of an unconditional basis in Hilbert spaces see

for instance [JM]; see also [M] and the references therein)

3. Approximate Inertial Manifolds

3.1. A class of evolution equations

Let H be the Hilbert space L?(IT). The class of evolution equations we shall consider

has the form
du

= + Au + B(u,u) = f, (3.1)

where f € H, Ais the dissipative partial differential operator (%%z)m, acting on H, whose
domain is

D(4) = H*™ (W),

B is a bilinear operator from D(A!/?) x D(A'/?) into D(A~'/?), and the unknown u maps
R, into H.

We will consider the initial value problem consisting of (3.1) and of initial condition
u(0) = uo € H. (3.2)
Notations: As usual we write
V=D(AY?)=H™W), ||-||I=| |m

and
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() = (5 m-
Moreover we assume that the following properties involving B hold: Setting
B(u) = B(u,u),
b(u,v,w) =< B(u,v),w >v v,
for
u,v,w €V,

we have

b(u,v,v) =0 (3-3)

and there exists Cj > 0 such that for any v,v,win V
| b(u,v,w) < O |u 2] |2 0 ||| w 2] w ||}2. (3.4)

We also assume that there exists Cp > 0 such that for any u,v in D(A)

| B(u,v) |[< Cg | u '] Au [*3|| v ||, (3.5)
| B(u,v) |< Cp | u '3 u||*/?|| v /3] Av '3, (3.6)
and that
| Au |? 1/2
| B(u,v) |<Cr|lu]]v] (1 +L°g(m)) , (3.7)

where A\; = (27)*™ is the smallest eigenvalue of A.

Under these assumptions we recall without proofs the following well-known results:

Theorem 2 (well-posed problem)

There exists a unique solution of (3.1) and (3.2) belonging to

C(0,+o0; H) N L*(0, T; D(A/?)),
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for each T > 0.

Moreover if ug € V then u belongs to

C(0,+00; V) N L*(0,T; D(A)),
for each T > 0.

Proof: See [T1] and the references therein.

Theorem 3 (Dissipativity. Absorbing sets)

Let us consider initial data ug in (3.2) satisfying
| wo [< Ro, || uo ||< Ry.

Then there exists a time to that depends on ug through Ry, and on the data A,| f | of

the equation such that for t > t,
| u(t) |< Mos || u(t) ||< Mi, (3.8)

where My, M, are independent of ug, but depend on the other data.

Proof: This is related to the existence of an absorbing set in H and V for the dynamical
system (3.1); actually tg = Cqlog(Ro) + C; is the entrance time in these absorbing sets;
see Chapter III Section 2.2 in [T1].

Theorem 4 (Time analycity)

There exists a domain of C containing
\([| wo [|) = {¢ € C,Re( >0,

| Im¢ | < Re( if Re¢ < Ty}
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where u can be extended to an analytic map into D(A); here Ty depends on Ay, | f |, || %o |-
Proof: See [FMT], [FT], [P].

Remark 4: We will use Theorem 4 in the following form:

Fort > tg(to as in Theorem 3),u can be extended to an analytic map from

A = {¢ €C,Re( > to,
IImCISTo ifReC_?_to-}-To

|Im(|§Re(—to ifReCSto-f-To}

into D(A), with Ty that depends on A1,| f | but which is independent of || uo || .
We also recall from the proof of Theorem 4 (see [P] for instance) that for { € A,

Il »(¢) 1< 2(1 + My), (3.9)

M; being as in Theorem 3.

3.2 Induced trajectories lying in the flat manifold

Let V; (j being fixed in this section) be the flat manifold associated with the (linear)
Galerkin approximation of (3.1); (3.2) by periodic piecewise polynomial functions.

Let P; be the orthogonal projector in H onto Vj; let Q; = Idy — Pj. We also define
P;,; (being provided m < N +1 such that V; C V holds) as the orthogonal projector in V
onto Vj, and @4,; = Idv — P ;.

Remark 5: In the following we shall omit the subscript 7 on P;,0j, P ; and Oy, ;.

Following the methods developed in [T2] we call induced trajectories (lying in the flat

manifold) associated with u(t) solution of (3.1); (3.2) the trajectories y(t),y1(t) defined
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y(t) = Pu(t); v1(t) = Pru(t). (3.10)

we also set
(1) = Qu(t); 21(2) = Quu(t). (3.11)

Remark 6: Unlike the spectral case we no longer have y = y;.

We recall from the results of Section 2

Proposition 4: For m < N + 1, there exists ¢ > 0 such that for any z in QV

c

|z g =1l (3.12)
Proof: We write
“+oo 2¢
2= ) Yeatek. (3.13)
=3 k=1

Thanks to Corollary 5 there exist constants c;,c; that depend only on m, N such that

allzIP<Y 4" |y P< e | 2|7 (3.14)
Lk
This yields
N e F< e || 2|12, (3.15)
Lk

and the identity

2= [ven [ (3.16)
L,k

provides the result.

We would like to check this kind of inequality for z; in @;V. For this purpose we

need more regularity on the wavelets 9 's :
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Proposition 5:For 2m < N + 1, there exists ¢ > 0 such that for any z; in @1V

C
P (3.17)

Proof: First we observe that
(z1 € Q]V) & (AZ] € V'and < AZ],'Q[’(# Sy v= 0 for £ < J)

Then if m < N + 1, thanks to Theorem 1, we write

400 2¢
Azy =) ) veptben, (3.18)
=3 k=1
where
+oo 2¢
ci(m) | Az 2n< 30N | ver P47 < ea(m) | Az |2, (3.19)
=3 k=1

where ¢;(m), cz(m) as in Corollary 5. We observe that | Az; |2,,=|| z1 ||%.
On the other hand we would like to estimate | Az; |2,,,=| z1 |* with respect to the
Yer 's. If 2m < N + 1, the sum in (3.18) is unconditionally convergent in H-2™; then

applying Corollary 5 we obtain

400 2¢

c1(2m) | Azt 2500 <30 e [P 16767

=3 k=1

< c2(2m) | Az |2 (3.20)

—2m?

and therefore we infer the result from (3.19) and (3.20).

3.3. Behavior of small eddies

Theorem 5: For 2m < N + 1, both z(t), z1(t) satisfy, for t large enough as in Theorem
3, the following inequalities:
1/2

[2(0) L) 24(8) L1 20 1] 2 (2) < 0

(3.21)
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m)1/2
120 I 2 e) < 200 (322)

We reinterpret these inequalities saying that the flat manifold V; associated to splines

. . VI ; /
of order N is an approximate inertial manifold of order %;;—2 H and of order L%%:—z

in V.

Remark 7: Here we set z' = £,2} = %1.

Remark 8: We match here the accuracy established (see [FMT], [T2]) in the spectral
case in the following sense: Let Pj be the orthogonal projector onto the space spanned by

the first 27 eigenvectors of A; Qj = Id — P;; then we have, for ¢ large enough

| Q~ju I < C‘SLl/za

I Qju || < e8'/2L'72,

where § = =, L being a logarithmic correction of é.

Proof of Theorem 5:

We take the scalar product in H of (3.1) with z;; using (3.3) and

(Au, 21) = ((u, 21)) =[] 21 |I* (3.23)
we obtain
du
I 21 = (f,21) = ('E,Zl) = b(z1,y1,21) — b(1,1, 21)- (3.24)
Then (3.7) yields
A 2
|6y, ur22) 1< s s [P (1+ Log Ll (s ). (325)
1 v
Thanks to (2.1)
(1 +L I Ayx |2 ))1/2 < ( 1/2 3.26
og(———A1 Tui [P < c(gm)/=. (3.26)
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Hence

| b(y1,91,21) IS C(Gm) 2 || yy [P 21 | -

On the other hand we use (3.4) to obtain
| 5(z1,91,21) [SC [y ||| 22 ||| 21 | -
Then we infer from (3.24), (3.27) and (3.28)
lze IP< (1 F 1+ | |+C'(Jm)1/2 Fya 12 +C lwa 22 []) [ 21 |-
We observe that for ¢ large enough as in Theorem 3 we have both
o [l 1l 22 1<)l w < My,

and that for ¢ large enough as in Theorem 4

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

that is a consequence of the Cauchy formula applied to u in a ball included in A, and of

(3.9). We use these facts to obtain

| 21 |I2< C(jm) /2 | 1 |,

(3.32)

holding for ¢ large enough as above, where C depends on N and on the data Ay,| f | of

the equation, but is independent of 7. Then Proposition 5 yields

1 2
= < ¢
2im
- |<C(‘7m)1/2
4im

Now we estimate | z | and || z ||; we observe that z = Qz; and that therefore

1/2
|2]<| 2z |< C_(Z___)_
4im
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holds; but moreover we have

Proposition 6: Form < N +1,Q, which is an orthogonal projector in H, maps continu-

ously V into itself, and its norm as a linear operator acting in V is bounded independently

of j.
Proof: We write forve V
+o0 2¢
0= veabek,
=0 k=0
+ oo 2¢
t=3 k=0

Thanks to Theorem 1, for m < N + 1 we have

“+o0 2t

10 1< o 22 2047 e I

=3 k=0

400 2¢

= Cl(m)l/2 224““ 72 |2

£=0 k=0

c2(m) /2
<
(s |,
where ¢1(m), c2(m) are as in Corollary 5.

We apply this result to z = Qz; to obtain

)1/2

|2 1< Y™
2Im

(3.36)

(3.37)

(3.38)

(3.39)

To end the proof of Theorem 5, it remains to estimate | z' | and | 2] |. For this purpose

we observe that z and z; are analytic in time in the same domain as u, and then we use

Cauchy’s formula to get the estimates on 2’ and 2] from these on z and 2;. For reader’s

convenience we give a complete proof below.
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First we need to introduce some notations. Let H¢, V¢, ch and D(A®)c¢ be the com-
plexifications of H,V,V; and D(A®). We recall that if u; + iu; is a typical element of He,

then we have
A(u1 + ’I:’U,2) = A'LL] + iAU2,
(w1 + duz,v1 + iv2) = (u1,v1) + (u2,v2)

+ i[(uz,vl) - (ulavZ)L

and that the multiplication by a complex constant is performed in the natural manner.

We observe that the family {v¢r}o<s<j;1<k<2i is an orthonormal basis of ch in He

and that moreover we have

Lemma 4:

The family {t¢,k}o<t<+oo;1<k<2¢ i an orthonormal basis of He, (3.40)

and for m| s |< N + 1 the family

{%e,k}o<e<jsi<k<2t is an unconditional basis of D(A*/?)¢ (3.41)

Proof: The proof is straightforward and is left as an exercise to the reader.
Now we observe that y; and 2; can be extended as time analytic functions in the same

domain as u. Let Y;,Z;, and U be the extensions of y;,z; and u. Then U satisfies, for

¢eA(lul)

%g- + AU + B(U) = f. (3.42)

Taking the scalar product in H¢ of (3.42) with Z; we obtain

oU
| Z1 |1*<| Fa || Z1 |+ | b(Y1,Y1, Z1) |
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+ | 8(Y1,21,24) | + | 8(Z1,Y1,2Z4) |

+ | (Z1,21,Z1) |+ | | Z1 |- (3.43)

Easy computations yield
| b(Zl’ZI,ZI) ISI Zy l” Zy “2, (3'44)
|8(21,Y1,21) |[SC | Zy ||| Z ||| Ya ], (3.45)

where C is an absolute constant.

Using (2.1) on Re(Y7) and Im(Y;) we obtain
|52, Y1,21) [S C || Y |I? (4m)*/? | 21|, (3.46)

|8(Y1,21,21) IS C | Ya Il Z | (5m)*/2 | 24 |, (3.47)

where C depends on N.
For { such that | Im( |< IZQ and Re( > to + 2T, (with to and T as in Remark 4), we

apply Cauchy’s formula on a ball B centered at (, of radius %Q, to obtain

ou
I A (¢) IS Csup | U(n) |, (3.48)
neB

and we infer from (3.9)
ou
— I< .
15 1<c, (3.49)
where C depends on the data of the equation through M.
We also use (3.9) to majorize || Y7 || and || Z; || by 2(1 + M), for ¢ as above.
All these facts yield

I 21 |I°< C(im)*/? | Z4 | - (3.50)

On the other hand we observe that Lemma 4 provides analogous forms of Poincaré
inequalities (3.12) and (3.17) for Z and Z;. We also infer from Lemma 4 that the orthogonal
projector in H¢ onto the orthogonal complement of ch is continuous as a linear operator

mapping V¢ into itself, the corresponding norm being bounded independently of j.
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We apply these remarks to (3.50) to obtain, by the same computations as above,

. \1/2

121,123 1< 09T, (3.51)
. \1/2

12120 )< o, (3:52)

for ¢ belonging to a thinner strip than A, for example

{Re( > to + 2T

To

< —.
| Im( | < 5
To end the proof of Theorem 5, we apply Cauchy’s formula on a ball B centered at

t > to + 3T, of radius 22‘1 to obtain

dz
| 5 (8) IS Csup [ Z(n) |, (3.53)
neB
where C depends on the data of the equation through M;. We then infer from (3.51) and

(3.53)

. \1/2
& oim”
dit 4m

| (3.54)

An analogous result for z] concludes the proof.

3.4. Two nonflat approximate inertial manifolds

Following the methods developed in [T2] we provide below two examples of (nonflat)
approximate inertial manifolds of higher order than the flat one.
First let us consider the (nonlinear) mapping ®; : PV — QV defined as follows: For

each y in PV, there exists a unique ®;(y) in QV such that

((Ql(y)) 2)) = (f — Ay — B(y)1 2)1 (3'55)
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for any z in QV. ®; is well defined, thanks to a straightforward consequence of the Riesz

representation theorem.

Remark 9: Let us notice that the term (Ay,Z) does not vanish. Actually, unlike the
spectral case y and Z are orthogonal in H, not in V. This point can also be observed in

the nonlinear algorithms described in [MT].

Let M; be the graph of ®,; then we have
Proposition 7:

M, is an approximate inertial manifold for the equation (3.1) of order %’,—',‘,l in H and
of order %’%l inV.

Remark 10: We match here the accuracy established in the spectral case (see [FMT],
[T2]) in the sense of Remark 8.

Proof: We plan to estimate the gap between the trajectory u(t) and its induced trajectory

lying in My, y(t) + ®1(y(t)), where y(t) = Pu(t) as above. We set

x1(t) = @a(y(2)) — 2(2)- (3.56)
We rewrite (3.55) as
QA®,(y) + QAy + QB(y) = Qf. (3.57)
Hence x; satisfies
Qax: +Q(B(y) - Bw) = = (3.59)

We take the scalar product in H of (3.58) with x; to obtain

I x1 1< by, 2,x1) |+ | (2,9, x1) |
dz
+18(z20) [+ = xa - (3.59)
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On the other hand (3.7) yields

|6y 221) 1< O w1 = 1| (1 + Log(5 - T

2))1/2 | x

We infer from (3.8) and (3.38)
lyll<Cllul<CM,

and from (3.22)

=< U

2im

these estimates holding for ¢ large enough as in Theorem 5.

We apply (3.12) to obtain

| x1 I< o5 T xa lls

2im
and (2.1) to have

2
(1+ Log( Ll < oim) .

Then we finally obtain

| b(y,2,%1) 1< CZ | xa | -

43”‘

We also have, using (3.4)

| 8(z,9,%2) IS Cs |2 /2] 2 12y [l a 12 1112

We then infer from (3.21), (3.22), (3.61), (3.62) and (3.65)

I |l

l b(z’y’XI) |

For t large enough as above.

Using (3.3) and (3.4) we obtain as well

|6(z,2,x1) IS Co | 2 Il 2 [lll xa I,
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and thanks to (3.21), (3.22)

6z, 2,x1) < €I [ ). (3.68)
Using (3.21) to estimate | 92 | we finally obtain
: . \1/2
jm jm
I < [ 1 o, U (3.69)
. . 1/2
jm jm
+Cj3 (81"‘) + 04( 8j’)" 1 xa |l
~ This yield
jm
Ix:l<€ —(4,m), (3.70)
and thanks to (3.62),
| 1< ) (3.71)

gim ’

holding for ¢ large enough as above.

Now we define M, as the graph of the mapping ®; : PV — QV defined by induction
from ®, by:

((22(y), 2)) (3.72)

= (QA%®1(y) — @B(y,®1(y)) — @B(21(y),y), £), for any Z in QV.
Existence and uniqueness of ®,(y) are consequences of the Riesz representation theorem.

We have

Proposition 8:

My is an approximate inertial manifold for the equation (3.1) of order gl_m)"'"— in H

and of order (’8,2,,/2 inV.
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Remark 11: We match here the accuracy established in the spectral case (see [T2]) in

the sense of Remark 8.

Proof: Setting

x2 = ®2(y) — z, (3.73)

and using (3.57) we rewrite (3.72) as

QA®;(y) + QAy + Q@B(y) (3.74)
+QB(y, ®1(y)) + @B(®1(v),y) = Qf.

Hence

QAx2 + @B(y,x1) + Q@B(x1,v)
_dz B 3.75
=—+ @B(z), (3.75)

where x; is defined as above. We take the scalar product in H of (3.75) with 2 to obtain

| xz2 IIP<| b(y, x1,x2) |+ | 8(x1, 9, x2) |

b z0) [+ 2 - (3.76)
As usual, thanks to (3.7)
| b(y, x15X2) |
<Oalyllla 0+ Tog G2 1l @)

From previous estimates (3.61), (3.63) and (3.70) we obtain, for ¢ large enough as above

(9m)*/
4im I X2 l, (378)

| b(y,x1,x2) IS C
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and thanks to (3.12)

im)3/2
1, 32) 1< LT ).

On the other hand, using (3.4)

| 50x1,,x2) 1< Co Lxa 21 2 M2 0wl e 1720 o2 12

We infer from (3.12), (3.61), (3.70) and (3.71)

(Gm) 1

4v2)™ (\/2)

| b(th,XZ) | S c

=l

<cli™

<l

By similar computations, using (3.3), (3.4), (3.21) and (3.22)

| 5(z,2,x2) [S Oy | 2 [[| 2 [lll x2 |

jm
<elixl

We have as well, using (3.12) and (3.21)

dz (jm)l/2
- < S — .
14 1< U2 s

We summarize (3.76), (3.79), (3.81), (3.82) and (3.83) by

(Fm)*/?
Ixz I°< €=l x2 |l

holding for ¢ large enough as above. Poincaré inequality (3.12) ends the proof.
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APPENDIX
In this appendix we want first to present a proof of Theorem 1 for the multidimensional
periodic wavelet bases built from the one-dimensional ones by tensor products. For the
sake of simplicity we present this result for the two-dimensional case. The reader could
check that it can be extended without difficulties to the d-dimensional case, d > 2.
After that we will end the paper explaining in few words how to prove Theorem 1
considering two other important examples of wavelet bases.

In both cases we just have to prove analogous results to Proposition 1 and Proposition

We recall from [L], [M] that, for each N > 0, there exists a function ¢ satisfying (i),

(i1), such that

[ ente)dz £0, (41)
R
and that, setting
0ik(z) =297 N (272 + 2L - k), (A4.2)
LeZ
the family
{®ik}1<k<2i is an orthonormal basis of V;. (A.3)

(We dropped for convenience the subscript N on the ¢;'s.)

Let us introduce some notations. H*(II?) will be the usual periodic Sobolev space on

the two-dimensional torus. H*(I1?) will be the set of functions u in H*(II?) such that

‘//r;zu(:c)dzldmg = 0.

H*(11?) is a Hilbert space when endowed with the scalar product

(w,0))s = Y |k P a(k)s(k),

keZ?

where
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| k| = (k.k)Y2, k.l = kyly + ko,

u(k) = //l;zu(a:)e'zi"k"dz.

We denote the corresponding norm
o = (w2,
Then let V; be the space of functions v € L*(II*) = H°(II?) such that both
z1 — v(z1,22), 22 — v(Z1,22), belong to V;
(i.e. V;=V;®V;). For a = (a1,0a2) in Aj = {1,...,2j}2, we set
Pa(®) = Pja (1)9],0,(2)- (A.4)

Then we observe that the family {¢q}ae A; is an orthonormal basis of V;.

Now we are ready to claim

Proposition A.1 There exists C > 0 such that for any v in V;

I [[v42< C27HD o o . (4.5)

Remark A.1: As above C is a constant that depends only on N.

Proof: We use the convexity of the function A — AN+ to write

lwlfher = ) (6 + BN [ ak) 2
keZ?

<2V (V4 V) () P
keZ?

<2Vl ()M u IF + 1] (82)Vu |I3], (4.6)
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setting (0;)VT1u = —g—:—r;vi—’f ; 1=1,2.

On the other hand we write for

v= Y Aapa in V; (A.7)
aecA;j
TN o 5= D Aadar(((81)¥ 0y (81)V 0 at))o. (4.8)
a,a' €EA;j

Thanks to Fubini’s theorem
(((al )N+1‘Paa (31 )N+1‘Pa' ))0 =

([ oo o)) [ pon(an)ioa (22)de2), (4.9)

where we set w&lfﬂ)(ml) = %?Tgaal(ml), and where we dropped the subscript 7 on the
1

Pj,a;’s to write pq;; 1 =1,2.

Using [i; @a,(22)par (z2)dzz = 0 if a2 # af (cf (A.3)), we obtain

| @)+ 2= 3 /H (3 Aa@®+D(z1))?dzs. (4.10)

az=1 a;=1

We then apply (2.1) to the function z; +— Ei:l Aagogfﬂ)(:cl)

2j 25
/ (Y M@ (zy))2de; < 04"(”“’/ (3 Aapey(21))2das. (411)
II I

a1=1 a1=1

(A.3) yields ' .
L0 dapastan)de = 3 22 (4.12)

a1=1 a;=1
therefore
| (8)N*1o i< caF VTN " a2), (A.13)
aEAj

To conclude we recall that the family {¢a}aca; is an orthonormal basis of V;, then using
(A.6), (A.13), and that (A.13) holds for || (8;)¥*v |2 as well, we obtain || v [|%,,<

C4NHD v |7 .
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Now we set

Wj =Vt n(V;)*. (A.14)
W; can be viewed as the direct sum of three of its subspaces, namely
VieW; WieV; W;eW;.
We observe that the family {¢a,(%1)%a,(%2)}ac4; is an orthonormal basis of
V; @ W (A.15)
(we also dropped the subscript j on % q, to write %q,).

We claim

Proposition A.2: There exists C > 0 such that for any w in W;

| w [l-n-1< C2N [l [y . (4.16)

Proof: For w in W; we write w = wy + w; + w3 where w; € V; @ Wj w2 € W; ® Vj;ws €
W; ® W;. We observe that

Il o=l wa IIg + Il w2 lIg + Il ws [lg, (4.17)

lw |Zn-aS 30 wi 12nog + [l w2 2 nog + [ ws [|2e—)- (4.18)

It follows that it is sufficient to check (A.16) on both w;,w2,ws. Because the proofs
are similar we present below only the proof for w;.

Let
wy = Z AaPay (21)Pa, (22) (A.19)

acA;
Using (1.7), (2.17) and (A.2) easy computations yield

R 1 —2ixa.t e - e
Bi(l) = (55 Y, Aae” B )p(55)(55) (4.20)
aEA;
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Hence

w1 fl3=Y | m( )Ilso( )||¢< 2) 1

tez?

setting

Z A —2:1r

aEA

m is a Z%-periodic function. Using this fact we obtain
lwa llf=) lm(zj) (Y |‘P( = +0) (Y |¢( > +6) P),
kET Lez Le2
where T = {k € 2%/1 - 2971 <k; <2971,i=1,2}.
Thanks to lemma 3

lwi ll§=) Im(—) *.

kel
On the other hand we write
AN |y |12 y_y= Z | w1(£) |? | |_2N' :
tez?

By the same computations as above

47N+ ” w1 “2—N—1

=Z|m( INONE: L | eN- 2|90( +51)||¢(—+£2)|)-

ker tez?

(A.21)

(A.22)

(4.23)

(A.24)

(A.25)

(A.26)

we infer from (A.24) and (A.26) that to prove (A.16) for w; it is sufficient to majorize the

function

[-1/2,1/2)* - R4

2= Y L2+ L[V @ + ) PP+ ) [
Ltez?

observing that | z + £ | 72N=2< 4N+ for 2 in [-1/2,1/2]% and £ # 0 we obtain

D1z +TN 2 Gz + ) Pl (2 + &)
L#0
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<AV @+ 4) PYY 1 9(2 + &) [P). (4.27)

LeZ LLeZ

We then apply Lemma 3 to obtain

Sz + L1772 G(z1 + 1) Pl P22 + &) [P< 4VH (A.28)
£#£0

We have now to majorize
|2 |72V (1) PP () P
we infer from (1.5) and (A.1) that
| ¢(z1) I* = 0(1),
| 9(z2) 2 = 0(] 2z PN*?),

when| z |— 0. This fact ends the proof.

Let us recall some results about the Daubechies’ compactly supported wavelets. (See
(D], [M]).

Vn > 1, there exists a couple of functions ¥,, ¢, such that:

“Pn,pn € C™(R) (A.29)
-/:c""gbn(:c)d:c =0if m<n (A.30)
“¥n,n are compactly supported. (A.31)

(Actually there exist two constant ¢;,cz > 0 such that the width of their support belongs

to [c1m, c2n]).

- The family {2//2¢,(27z — k)}jkez is an orthonormal basis of L*(R). (A.32)
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. If we denote by W, the space spanned by the functions Yn(2iz — k);k € Z,

then the family {2//20,(27c — k)}rez is an orthonormal basis of @ W, (A.33)
t<j

Now we are able to define the periodic Daubechies wavelet bases and to prove Theorem
1 in this case, being provided n is large enough with respect to s. Actually we just have to
replace by by ¢, in the proof in Proposition 1 and ¥n by ¥, in the proof of Proposition

2. The multidimensional results follow.

We recall now what is the Littlewood-Paley wavelet basis (see [LM], [M]). There exists
a couple of functions ¢, belonging to the Schwartz class S(R) satisfying respectively
(A.1), (A.30) for each integer m, (A.32) and (A.33). Moreover ¢ and b are compactly

supported.. Then, with the same notations as above, for w in W;
B(€) = m(£/27p(¢/27), (4.34)

where m is a one-periodic function. This yields, for each s in R

lw o= o) lef

LeZ

= Y, la@Pe, (4.35)

a2i <L<b2i
where a and b are independent of j. This fact yields to Proposition 1 and Proposition

2. We then deduce that the periodic Littlewood-Paley wavelets provide an unconditional
basis for all Sobolev spaces H*(II). The multidimensional results follow.
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Nonlinear Galerkin Methods Using Hierarchical
Almost-Orthogonal Finite Elements Bases

Olivier GOUBET
Laboratoire d’Analyse Numérique, Université Paris-Sud
Batiment 425, 91405 Orsay, France

1. Introduction

New methods have recently emerged in Numerical Analysis in view of a better
understanding of nontrivial dynamical situations arising in large time integration of
dissipative evolution equations. Actually the set that describes the permanent dynamics
of the equation —the attractor— can have a complex structure and even be a fractal (see
[T1]). A dynamical approach for the numerical discretization of such problems led to
the development of the so-called Nonlinear Galerkin Methods.

Their history can be overviewed as follows. A first step was the theory of inertial
manifolds (I.M.). The idea was to imbed the attractor into a smooth finite dimensional
manifold and to reduce the dynamics to this manifold (see [FST], [T1] and the references
therein).

Next came the approximate inertial manifolds (A.I.M.). These manifolds capture
all the orbits after a transient time in a small (thin) neighborhood. Hence they represent
the large time behavior of the system up to a certain level of accuracy : the order of the
A.LLM., that is the width of the neighborhood. Sequences of A.I.M.’s, that approximate
the attractor with higher and higher order, have been derived for a broad class of
dissipative evolution equations (see [DM], [F], [PT], [T2],...).

As the classical Galerkin method is related to the coarsest of these A.ILM.’s, the
flat one, the nonlinear Galerkin methods feature inertial nonlinear algorithms that cor-
respond to A.I.M.’s providing better orders of accuracy. The theory first developed in
the spectral case (see [FMT], [MT1]) extends now beyond : for instance see [T3], [CT]
for works about finite differences or [G] about wavelets.

In this paper we are interested in finite elements. Hence we go back to the frame-
work of [MT2] : let V, be a finite elements space corresponding to a triangulation
whose mesh size is h. Instead of computing an approximation yp of a solution u of a
dissipative evolution equation as the solution of the approximated problem on V;, we
are looking for a nonlinear approximation ys + @(yr), where ¢ maps V}, into a suitable
supplementary Wy, of V}, into V3, ;.

‘The algorithms of [MT2] used finite elements spaces that are related to classical
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finite elements hierarchical bases ; for a description of such bases see [Y]. But for
numerical reasons it appears that it is convenient to enforce an orthogonality condition
between the spaces V; and Wj. Here appears the theory of orthonormal wavelet bases
(see [M]).

Actually it could be possible to use the wavelets for open subsets of IRY as described
in [JM]. On the other hand an unconvenient feature of these functions is that they are

not given in an explicit form, although very interesting asymptotical results are available
(see [J1]).

Therefore we are looking for new hierarchical bases whose elements enjoy both
properties of finite elements and wavelets :

- Numerical convenience : each function is derived from a single(?) basic function by
dilations and translations (up to a truncation for functions whose support is close
to the boundary).

- Localization : each function is compactly supported around a vertex of one grid.

- Orthogonality : each function is orthogonal to all but a finite number (independent
of the function) of the others.

- Cancellations : each function oscillates (because the basic function has vanishing
moments).

All these properties will allow us to obtain a robust decomposition of functions »
as a sum

+o0
U =Y+ Z Zh; (1.1)
3=0

where y}, is as above and where the incremental variables zp, ;41 aTe obtained by successive

mesh refinements hj;; = %’-, with the condition that z;,, is orthogonal to zp, for
k<j+1.

The remainder of the article is organized as follows. In part 2 we describe the
construction of the basic function. In part 3 we present the new hierarchical bases and
we address some questions related to the robustness of formula (1.1). In part 4 we study
a nonlinear Galerkin algorithm that applies to a class of reaction-diffusion equations.
This class of equation that does not appear in [MT1], [MT2] necessitates some partic-
ular treatment. Other questions related to large time approximation properties of this
algorithm will appear in a subsequent paper.

Notations :

e 2:(0,1)N, N=1,2; 89 =Q\Q
o dist(z,) = inf{|z —w|,w € Q}
® 6, : Kronecker symbol

(*) One in space dimension one, 2 — 1 in space dimension N.
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e (2(I) : space of sequences {a,} indexed by I such that
Z laal® < 400
Aerl
L?*?(Q)), HZ(R) : classical Banach, Sobolev spaces on .
g = [ lu(e) e

|u| = |ul2, (, ) corresponding scalar product.

|lull? = /‘; |Vu(z)|*dz; ((, )) corresponding scalar product.

[ulle = sup |(u,¢)|

lell =1
supp (u) denotes the support of a function u.

2. Construction of the Function §

For the sake of simplicity we will only describe in the following the construction as it
relates to usual Q; finite elements in space dimension one or two. The existence of such
function for various finite elements is related to the existence of compactly supported
functions in multiresolution analysis ; see [L] where this last question is addressed.

2.1. The one-dimensional case

In this paragraph o is the roof function depicted in Fig. 2.1, up to a multiplication
by a constant choosen such that
/ o(z)*dz = 1.
R

A

Fig.2.1. The roof function

49



We are looking for a piecewise affine continuous function § that is compactly supported,
whose nodes are the half-integers, and which satisfies :

/ o(z)6 (:z: + %‘- - k) dz = 0, for any k in ZZ. (2.1)
R

A convenient solution is borrowed from [A] ; 8 is the function whose graph is

Fig.2.2. 0 : one — dimensional case

Actually we shall consider the function

1
z— M—l/zﬂ(m).

Now we prove some preliminary material that we shall use in the next section.

LEMMA 2.1. Let j > 0, h = 3. The (nonvanishing) restrictions to (0,1) of the functions
z— 0 (% —£— %) , £ € 7L, are linearly independent.
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Proof.

o A
I—O——-e——o%(-e—-l

Fig.2.3. : Functions with nonvanishing restrictions. j =2

Remark : In the following we will represent the points that are on the coarse grid by x
symbols, and the uncremental points, that are the points on the fine grid that are not
on the coarse one, by o, A,0,... symbols.

There are exactly + + 2 functions 8 (£ — £ — 1) whose support is not disconnected
to (0,1). Let I = {A="h(€+ 1)} be the set of indices of such functions. We observe
that all the points of I are in (0,1) except —% and 1 + % We have to prove that, if
there exist numbers vy’s such that

> o (z;'\) =0 (2.2)

A€l

for all z in (0,1), then ) = 0 for all A in I.
Let u be such that

Yu = |7#| = max [yal.
Ael

First, if p is in (0,1), we take z = p in (2.2) and we obtain

(*3%)

On the other hand, we go back to the definition of § to observe that for any Ay =

h(lo+3) B
6(0) > ) 0<A_’LA°> .

A#Xo
51
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These two last inequalities lead to v, = 0.

The second case occurs when p is equal to —!2'- (the case 1 + -'25 being similar). We
then take £ = 0 in (2.2) and we obtain

Y-r/z2 + Y072 =0,

and we are back to the first case.

2.2. The two-dimensional case : Q; elements

For that case we mimic the construction of two-dimensional wavelets by tensorial
products (see [M]).

(V4 X
(N
Jﬁ_x

Fig.2.4. Q, uniform triangulation

Written with their center at (0,0), the three basic functions are

b1, 22) = 0(21)6(2),
Oo(z1,22) = 0(21)8(z2),
Oa(z1,22) = 0(z1)o(z2),

where 0,0 are as in the one-dimensional case. For instance the values on the grid of
0, are depicted in Fig. 2.5 below ; as usual in the next sections we will chose the L?
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normalization for 0.

A -¢ | 6 i

Fi9.2.5. 05 : two — dimensional Q; case.

We also define the two-dimensional ¢ function as
o(z1,22) = o(z1)o(z2),
the o’s in the right hand side of the equality above being the one-dimensional one.

Remark. We have to observe that the analog of (2.1) holds thanks to Section 2.1 and
to Fubini’s Theorem.

3. The New Hierarchical Bases.

This section is organized as follows : first we shall present the construction of several
hierarchical bases on £ =(0,1), in view of the discretization of an elliptic problem with
respectively homogeneous Dirichlet, Neumann or periodic boundary conditions. Then
we will derive such bases for the unit square [0,1]? in IR?. We will conclude this section
by establishing some properties of these bases.

3.1. The bases ; the one-dimensional case

Let us introduce some notations. We are given a triangulation of [0, 1] with intervals
of width » = h; = 3, and we denote by Nj the set of the nodes (vertices) of the
triangulation, and by V} the corresponding P; finite elements space. For instance for
the Dirichlet boundary conditions

1
th{k.h,lgksz—l,ke]N}.
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Remark. We have to add to N}, respectively £k = 0 and k = %, and £k =0 (or k = %),
for respectively the Neumann and periodic problem.

For o as in Section 2, for x in Np, we set

o(z) = K% (z - "’) . (3.1)

Remark. Formula (3.1) defines o as the restriction to (0,1) of h~1/24 (%) in the Neu-
mann case, and as the restriction to (0,1) of A™1/2 [0 (£) + o (252)] in the periodic one
(since 1=0 in that case).

- We then recall the following well-known result :

PROPOSITION 3.1. The family {ox} .y, is a basis for V4. Moreover there exist two
constants C;,C, > 0 that are independent of h such that for any

y=y(®)= ) axox(s)

KEN,

in Vjy, the following inequalities hold :

Cily? < ) laxl’ < Calyl*. (3:2)
KEN,

Proof. We just compute the Gramm matrix of the o,’s and then observe that on each
column, the diagonal entry is larger than the sum of the modulus of the other ones.

We then define W}, as the orthogonal complementary (in L?(f2)) of V, in Vj /. We
are looking for a basis of W}, whose elements are functions that are localized around the
A’s belonging to I = Np/;\Np. We will derive these functions by truncation, dilation
and translation of the function of Section 2. We first observe that, independently of the
boundary conditions, card I = dim Wy = %
3.1.1. Dirichlet boundary conditions

For A in Ij, such that supp 6 (EZ—A) C Q we set

Ox(z) = h=1/2¢ (z = ’\) . (3.3)
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Hence we already have % — 2 functions ; it remains to define 65/, (and 6,_(p/z)). For
that purpose we shall modify (£ — 1) in order to enforce the condition 8j/2(0) = 0.
We then set

By /2(z) = /2 (e (% - -12-> —9 ({- + —é—)) (3.4)

_pz (g2 Ll L) _g(2_1_1

being understood that we consider the restrictions to (0,1) of the functions involved in
(3.4),(8.5).

A

'S -6 -6

Fig.3.1. Dirichlet boundary conditions;
J=4; 61/16, 0516

We will prove that this family provides a basis (for W}) in Proposition 3.2 below.

3.1.2. Other boundary conditions

For Ain I\ {%,1 — 2}, we define 0, asin (3.3). Let us first consider the Neumann
case. For a reason that will appear in the proof of Proposition 3.2 below, we set

O j2(z) = K~/ (e (% _ %) +0 (% + %)) , (3.6)

_ z 1 1 z 1 1
O1—(ny2y = h™'/? (0 (E'—TLE)”(E_E_E))’ (3.7)

being understood that we consider the restrictions to [0,1] of the functions involved in
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(3.6), (3.7).

Fig.3.2. Neumann boundary conditions;
7 =4, 0116, 95/16-

For the periodic case, we set

O /2(z) = h™1/2 (0 (% - %) +0 (% + % - %)) (3.8)
01— n/2y(z) = R/ (0 <% _ % + %) +0 (% + %)) , (3.9)

being understood that we consider the restrictions to [0,1] of the functions involved in
(3.8), (3.9)

Fig.3.3. Periodic boundary conditions;
] =4, 01/16, 05/16-
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3.1.3. Basic properties

PROPOSITION 3.2. The family {0}, defined as above provides a basis for Wh.
Moreover there exist two constants C3,C4 > 0 that are independent of h, such that for
any

z=2(z) = Y 16a(z)

AEIL

in Wy, the following inequalities hold
Cslz < ) Inl* < Calz]". (3.10)
AELL

Proof. The first step of the proof is to check that each 8 belongs to W, i.e. that 8, is
orthogonal to o, for all kK in Np.

Independently of the boundary conditions, this is a straightforward consequence of
(2.1) for any A in I such that supp 0 C [0,1].

Actually it remains to prove this result for )/, (the case of 8;_(5/2) being similar)
defined by (3.4) or (3.6). Let us first consider the Dirichlet case. For any k in Ny, we

e AOh/z(z)an(z)dz _ % URe (% - %) - (“’ - ")
- fo(Gra)o (57) =

Thanks to (2.1), the two integrals involved in the right hand side of (3.11) vanish, and
the result follows.

For the Neumann case, an analogous proof gives the result for all x in N} except
x = 0. On the other hand we have

/ne,,,z(x)ao(z) dz = % Uzzoa (% - %) o (%) dz
+ ‘/;200(%-%%)0'(%)&13] .

Hence, since 6 and o are even functions, we have

LoGe3)r(De=[_o(G-3) ()

and then, thanks to (2.1), the right hand side of (3.12) vanishes.

(3.11)

(3.12)

Let us now prove the first assertion of Proposition 3.2, i.e. that the 8)’s provide a
basis for W}. We just have to establish that these functions are linearly independent.
This point is a straightforward consequence of the definition of the )’s and of Lemma
2.1.
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Let us prove now the second part of Proposition 3.2. Inequality

22 <C Y Inl (3.13)

AEL

is straightforward to establish by expanding

22 < Y bl bl

LW I

b

/ 0x(z)0,(z)dz
o

and observing that the integrals involved in this sum, that are anyway bounded by 1,
vanish if |A — p| > Ch, for some constant C.
For the reverse inequality, we rather prove directly the following stronger result :

THEOREM 3.1. For any h; = %?-, j >0, let us define the family {0x},c;, as above.
2
Then the family

{ox}cen,, Y U {63},
i>0

is a Riesz basis for L*(Q).

Remark. The meaning of the theorem is that any function u in L%*(Q) can be written

in a unique way
u(z) = Z Oéna'n(ic)'*‘z Z 0 (2),

KENh, 720 A€,

such that the quantity
1/2

Dolel + D Il
K FHA

defines a norm that is equivalent to the L? one ; in other words a Riesz basis is a basis
that is isomorphic to an orthonormal one.

Proof of Theorem 3.1. Thanks to the density of [J;5, Vh; in L?(Q) we have

+00
@)=V, ®| & Wi |, (3.14)
2

the sum being orthogonal.

Let denote by I the set of indices Np, U (szo Ih,.) . We then define e, as the

sequence (8,,x),c; Of £2(I). Then we define a linear operator L from £*(I) into L*(22)
by setting
L(ex) = ok if £ € Ny,

L(ex) = 0x if X € I\ Np,.

58



Thanks to (3.14), the family {‘T"}neN;,o U {(9,\},\61\1\,»o is complete in L2(f2), and there-
fore L is onto. On the other hand, thanks to (3.2), (3.13) and (3.14), L is bounded.
Moreover L is one-to-one : if w in £#(I) is such that T(w) = 0, then we consider the

L? projection of T(w) on either V4, or Ws;, and we use Proposition 3.1 and the first
part of Proposition 3.2 to obtain w = 0.

Therefore the Banach open mapping theorem applies and Theorem 3.1 follows.

3.1.4. The two-dimensional case

The construction of bases for the unit square follows the method of tensorial prod-
ucts (see Section 2.2). As an example, we give below some functions related to a problem
with mixed boundary conditions.

P2 N
$J

o
L

'rnl -O

F1g9.3.4. Mized boundary conditions

Let us consider a problem with Neumann boundary conditions on z; = 0 and z; = 1,
and Dirichlet boundary conditions on z; = 0 and z; = 1 (see Fig. 3.4. above).

Remark. As usual, we consider the restrictions to [0,1]* of the functions presented
below.
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- For A = (A1,2) as in Fig. 3.4, we have

-2 - A
Or(z1,22) = h~10 (:cl . 1) 9 <:cz - 2) ‘

-6 3¢ -60 |36 [-¢

40 |-60 ]4a00 |-60 |40

- € 36 60 |36 |6

Fig.3.5. 0\ for A far away from 90

- For p = ()\1,1 - %) as in Fig. 3.4, we have

e =70 () Jo (2 v g) o (25 -3
LS

3 4 %0 |- 3

Fig9.3.6. 8, for pclosetoz, =1

+ Forw = (%,)\2) as in Fig. 3.4, we have

0o(z1,22) = b2 [o (%1 _ _;_) L8 (fhlJr%)] . (mg—’:)\z) .
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2 | |36 |-

-0 o €0 |0

36 |-6

S S
x

Fi9.3.7. 8, for w close toz1 =0

Remark. We have presented the functions in Fig. 3.5, Fig. 3.6 and Fig. 3.7 without L?
normalization.

3.2. Sobolev space and the new hierarchical bases

For the sake of clarity, we will establish the results above for the bases related to
a Dirichlet problem. Then we will briefly indicate the modifications to do in order to
obtain similar results about the Neumann case (Results about the periodic case can be
found in [M]).

The previous theorem shows that our bases are convenient to analyze the behavior
of functions in L?(2). In this section we will study some properties of the bases in H{(2)
spaces up to the natural edge that is s = 1.

First let us have a look at the properties of the 8)’s for the Hj norm. The following
result describes the cancellations of these functions.

PROPOSITION 3.3. Let h = hj = %’- be as above. There exist two constants Cs,Cg > 0,

that are independent of h, such that for any

z=2z(z) = Z Y20x(z)

A€,
in Wy, the following inequalities hold :
1 2
Cs|l2||* < 7z Z [yal” < G|z (3.15)
A€EIL
Proof. We derive
c 2
l2lI* < 25 > Il (3.16)
AEL,
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as we obtained (3.13), observing that ||8x| < %

Remark. We have to observe that this so-called Bernstein inequality holds also for the
ox’s. Namely there exists a constant C > 0 independent of ~ such that for any y in Vj
the following inequality holds :

C
Iyl < - (3.17)

Let us now prove the reverse inequality in (3.16). Thanks to (3.10) and to the interpo-
lation inequality
|2 < ll2llllzll,

we just have to prove

LEMMA 3.1. There exists a constant C > 0, that is independent of h, such that for any
z in W}, the following inequality holds :

|lz]|« < Chlz|. (3.18)

Proof of the Lemma : Let u in Hj () be such that |Ju| = 1. We have to estimate

|(z7u)]2 < (Z |7A|2) (Z |(0Mu)|2> ’

A€l A€l

setting as usual

z=2z(z) = Z Ya0x(z).

A€,

Hence, thanks to (3.10), inequality

>

A€l

2
< Ch?||u))® (3.19)

/n 0x(2)u()dz

yields (3.18).

Let us now prove (3.19). The first observation is that because [ 6(z)dz vanishes
there exists W compactly supported such that W(z) — W(z + 1/2) = 6(z). This point
comes from the fact that we can apply the Paley-Wiener Theorem to _f(_f.L and that

1—e'
therefore

W () = (2m)~N /R I _giatye

N1 — ez

is compactly supported.
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On the other hand, we observe that any 6, writes as 6 (-’—;—)‘) , or as a sum of two

or four functions 6 (3:,;’-\:) (restricted to €2). Hence setting

2 = i(a) u(z) if ¢ isin Q
“TEET Y0 elsewhere

we have

/ﬂ(h(:c)u(z)d:c = =N/ 2}\; /]RN w (z ;’)\') <ﬁ(:c) -4 (z - 121-)) dz

(3.20)

where wy = {a: € IRN/’“';)" € supp W} . Then
2

Do)l < C/ i(z) — @ (:c - %) dz

XETh RY (3.21)
< Ch? / |Vi(z)|? de,
]R.N

that concludes the proof of Lemma 3.1.

Remark. For the Neumann case, we have to replace H} () and H~1(Q2) by

HY(Q) = {ueﬂl(n); /nu=o}

and its dual space.

If we still denote by ||z||. the quantity ~ sup J(”L;Tr)-l, then (3.18), and therefore
u € H(Q)
Proposition 3.3, hold.

The idea of the proof is to set & = 4(z) = Pu(z), where P is the prolongation
operator from H*(2) to H'! (IRN) defined by 2 successive reflections (and a truncation)
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(see [B] Remarque 10, p.160).

F149.3.8. The prolongation operator

Going back to the definition of the 8)’s, we then observe that

P (0(352)) =40ne)
and that therefore

/n u(z)0x(z)dz = h~N/2 /R _(Pu)(=)8 (” - ’\) dz.

The same proof as the proof of Lemma 3.1 above provides the estimate

> 16x,u)* < OR*(ul® + [lul®),

AEI,

and the conclusion follows the remark that since fn u = 0 we can apply Poincaré in-
equality to obtain |u| < Cl|ju]|.

Hence let us give two interesting features of our bases that are consequence of
Proposition 3.3. The first one is related to the discretization of the operator —A + Id
on V}, using a fully hierarchical basis : we already know a basis for V}, that is

{JN}nGNhOU U {ek}xer,.,. )

h;<h
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We look upon the coarse grid (5, as a superposition of coarser grids Q2i4,, J > 1, and
we define the corresponding spaces Vjp,. We observe that V,;;, = {0} if j is large
enough (because § is bounded). We then define by induction Wj_; as the orthogonal
of Vai+1p, in Vaip, and we consider the corresponding bases {61}, L, The basis we

shall consider for V}, is

U {01\})‘6151_5 :

j21

PROPOSITION 3.4. Let M* be the matrix whose entries are the ((0x,08,)) + (x,60,), for
A,pin Ujsy In_;- Then there exists an explicit diagonal preconditioning L* such that
the condition number K}, of the matrix (L*)"*M™(L*)~! grows (with respect to k)
like |Log h|?.

Remarks
. For analogous studies for wavelets and for the classical hierarchical bases see
respectively [J2] and [Y].
The reason why we do not obtain 0(1) instead of 0(|Log k|?) is because the
function 6 lacks a little smoothness.

Proof : First we observe that I;_; is empty for j > C(Q)|Log k|, where C(2) is a
constant that depends on the diameter of Q. Therefore if we define a function y of Vj
as

y= Z Z_; (3.22)
321
where

z_j=z2_j(z) = Z 10 (),

AGI’!_J-
we obtain both
lyll* < ClLog A| Y [l2—;l*, (3.23)
Jj21
lyl2 < Cl|Log k| >[Izl (3.24)
i>1

Using (3.15) and (3.23) we obtain

1\2
lyll> < C|Log A|> <2J_h) ST AR (3.25)
j2>1 A€, _;
Let us prove now a kind of reverse inequality. We set
_ 1)’
j(z) = (m) z—j(=), (3.26)

i1
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where z_; is as above. Hence we have

> (55) 1=of = @)

< sl ligll.

and then using (3.10), (3.18), (3.24) we obtain
1/2
L\ L 1/2 L\ 3.27
S (557) et < oo w2 | (557) 1e-if'| ol (3.21)
21 i>1

and therefore

|Log A|™! Z ((%) Z |’Y/\Iz) < Clly|l® (3.28)

j>1 AE_;
follows.
We reinterpret (3.25), (3.28) saying that for
1
o )
1
2h
1
4h
Lk = \
L
4h
\
1
27k

then Kp = O(|Log h|?).

The second application of Proposition 3.3 that we give below extends the robustness
of Formula (1.1) beyond the L? case. We shall prove that this formula holds for any
function or distribution in H{(Q) or in H~*(Q), for any s in (0,1) except s = 1/2. (In
that case we cannot define H;/ ?(2) by interpolation between L%*(Q) and Hj(R); see
[LM])).
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PROPOSITION 3.5. The family {J;c5 {0,\}“% is an unconditional basis for the spaces
j

H{(Q) and H™*(Q), |s| <1, |s| # 1/2. Namely any u in respectively H;(Q2) or H=*(2)
can be written in a unique way as

wz) =), Y, 1a(e)

JEZ A€l
where the sum is convergent in respectively H{(2) and H™*(Q2). Moreover
2
D | (R D2 il
JEZ A€l

defines a norm on respectively H{(SY) and H~*(2) that is equivalent to the usual one.

Remark. We recall that in Prop.3.5. actually
w(e) =Y, D M),
7> z\GI}.i

where j, is a negative number that depends on the diameter of 2.
Remark. Analogous results hold for the Neumann case, if we replace Hg (and H™*) by
the spaces defined by interpolation from H'! and its dual.

Proof. The proof is classical for orthogonal splittings of L? in a sum of subspaces that
enjoy both (3.10), (3.15), (3.18). See [M, Th. 8, Ch. 2]. See also [G].

3.3. L?(Q) spaces and the new hierarchical bases

The aim of this section is to establish some properties we will use in the next
section. At the same time we will extend the meaning of formula (1.1) beyond the
Hilbertian L? case.

In this paragraph we will use the localization properties of the #1’s and the o,’s
around respectively A and « ; we will also use the fact that the function of the dual
bases enjoy similar properties. Namely for any A or k in respectively I and Ny, if we
define by 6} and o}, the unique functions in respectively W} and V}, such that

(0rr,0%) = bx,x1, for any A in Iy, (3.29)

(oxty0%) = bx xr, for any & in Np, (3.30)
then there exist two absolute constants a,,C. > 0 such that
-

103(2)| < Cuh ™% exp (-a,. = - ') : (3.31)

lox(z)| < C.h~/* exp <—a,. 2 ; nl) ) (3.32)
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hold for any h,z, A, .

For a proof of (3.31), (3.32) we refer the reader to [JM]. The idea is that, for
instance for (3.31), because the 8)’s satisfy (3.10), the inverse G=! of their Gramm
matrix enjoys good decay properties for the entries away from the main diagonal. Hence
by 65 = G710,, the localization properties of the 6)’s transfer to the 63’s.

LEMMA 3.2. The orthogonal projectors L*(2) — V}, are uniformly bounded (indepen-
dently of h) as operators acting on LP(Q2), 1 < p < +o0.

Proof : Thanks to (3.32), the estimate

sup | 3 (,2)e2)
wENn (3.33)
< || oo- (nseu]gh‘/‘; lok(z)] d:c) . (:1618 ( g an(:c)))

provides the L™ bound. Since the projector is self-adjoint we then derive the L' bound,
and therefore the LP ones by classical interpolation results.

We then order the 8)’s in the natural way (the functions of Wh; before those of
Wh;.,). We have

COROLLARY 3.1. The family (J,;cz {02}y, ordered as above provides a Schauder basis
7
for L?(£2), 1 < p < 400 and for Cy(R).

Remarks.

. Co(9) denotes the subspace of L>(2) whose functions are continuous on {2 and vanish
on its boundary.

. Corollary 3.1 means that any function » in LP(R2), 1 < p < 400, or Co(2) can be

written uniquely as
+o0
u(z)= Y D (=),
j=—o00 AGI};J.

the partial sum being convergent for the corresponding norm.

- As usual we have to replace Cy(2) by C(2) for the Neumann problem.

Proof of Corollary 3.1 : We observe that thanks to Lemma 3.2 and to the fact that the
0)’s present the same features that the o’s, rewriting the partial sums as

Y axow(=) + Y Mmba(z),

KEN} A€l

we bound them (uniformly with respect to k) in the LP’s. Hence the conclusion results
from the density of szo Vi, respectively in LP(Q), p < +o0, and in Cop(S2).
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Remark : For 1 < p < 400 we have a stronger result for the Dirichlet case. Actually
the 0)’s provide an unconditional basis for L?(2). We do not want to develop this point
here. Nevertheless the idea is to check that the operator from D(IRY) into D'(IRN)

whose kernel is
3 ) 6a(=)83(v)

belongs to the Calderon-Zygmund class (CZO) and therefore is bounded on LP(RY),
1 < p < +0o. (See [M, Chap. 6 and Chap. 7]). The conclusion follows the observation
that both the restriction operator

u e LP(RY) - u/Q € LP(Q)
and the prolongation operator

in 0 € LP(RM)

u
0 elsewhere

(4]
Il

uELP(Q)—>{

I

U

are bounded.

4. A Nonlinear Galerkin Algorithm for a Reaction-Diffusion Equation Us-
ing the New Hierarchical Bases

In this section, we will only consider a Dirichlet boundary conditions problem.

The results that follow can be also proved for Neumann or periodic problems, with
obvious modifications in the statements of the theorems (H'(f2) or H] () instead of
H}(£)), and minor changes in their proofs (for instance we have to work with vA + Id
instead of v A for some a priori estimates).

4.1. An equation with a polynomial nonlinearity

The evolution equation we shall consider can be written in the abstract form

du

7 +vAu+ R(u) = f (4.1)

where the unknown function v maps [0,+00) into L?(Q2); A denotes the unbounded op-
erator on L?(Q) that is the Laplacian with homogeneous Dirichlet boundary condition;
v is a positive parameter ; f is in L?(2); and the nonlinearity R is a polynomial

2p—1

R(¢) = Z be£2*1,  with by, g > 0.
k=0
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For existence and uniqueness results of solutions u of (4.1) and of initial value
condition

u(0) = uo in L*(9), (4.2)

we refer the reader to [T1]; see also [Ma).
From the references above, we also recall the existence of two nonnegative constants
to = to(2, f), Mo, that are independent of g, such that for ¢ > #,

V@I + [u(@®)]® + [u(®)lzh < Mo < +oo (4.3)
holds. Here Mj is a constant that behaves with respect to the data of the equation like
Mo = C(p) [0 +|£]*] -

The estimate (4.3) is related to the existence of absorbing sets and of an attractor for
the dynamical system given by (4.1).

4.2. The nonlinear algorithm

The method developed here follows the framework of the nonlinear Galerkin finite-
elements methods (see [MT2]). Nevertheless two slight differences appear :
o First, here the new hierarchical bases replace the classical ones.
e Then, the equation that links y, and zj is given in an implicit form (see (4.5)
below) ; actually this is because we want the semidiscrete problem to have the
same monoticity properties as the original one, which is a gradient-like system.

Let us now present the algorithm. Let Vi, W}, be asin Section 3. Let up = yn+25 be
the (nonlinear) Galerkin approximation of u defined as follows : (yn, zn) is the solution
in Vi, x Wp, of

(22,50) + v+ 2n i) + (Rn +ahin) = (i), (40)
v((yn + 2, 21)) + (R(yn + 28), Z8) = (£, 2n), (4.5)
these relations holding for any (g, zx) in Vi X W4, and of initial condition
Yr(0) = un,0,

where up ¢ is for instance the L? projection of ug on Vj.

Remark : Because (4.5) is given in an implicit form, then some preliminary work will be
needed to ensure that the application y, — 25 is well defined and smooth ; this point
is the aim of Section 4.3 below.

Before we go further on the properties of this algorithm, we indicate some hypothe-
ses we need on the spaces V, and W, : ‘
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e (H1) A density result :
U Vi; is dense in Hy(92).
320
e (H2) The so-called enhanced Cauchy-Schwarz inequality : There exists § > 0, that

is independent of h, such that for any yp,zn in Vi x Wj the following inequality
holds

|((yns2n))l < (L= &) [lynll |2nl - (4.6)
o (H3) The L?P version of the enhanced Cauchy-Schwarz inequality : There exists

6p > 0, that is independent of h, such that for any ys, zx in V4 x W3, the following
inequality holds

bp (th|§§ + I%Iiﬁ) < lyn + znlop. (4.7)

e (H4) The improved Poincaré inequality : There exists C that is independent of h
such that for any 2, in W}, we have

|zn| < Ch||zn||. (4.8)

Let us explain why these assertions hold. (H1) is well known. (H3) follows from
the fact that the L? projector onto Vj is uniformly bounded with respect to h as
an operator acting on L?*?(Q2) (see Lemma 3.2). (H4) follows from Propositions
3.2 and 3.3. (H2) can be seen as a consequence of Lemma 3.1 and of (3.17) that
actually show that the L? projector onto W}, is uniformly bounded as an operator
acting on Hj (). (For another proof, see Lemma 4.2 below).

4.3. The fixed point problem

Here we could apply a Banach fixed point theorem. But it is more complicated
than the method we present below and it leads to a worse stability condition on h with
respect to the parameter v.

4.3.1. A uniqueness result

Let us denote by Py, (respectively @) the projector in L(2) onto V3 (respectively
Wh). Let us denote by Pj (respectively Q}) the mapping from H~!(Q) into L*(Q2)
defined by

(Q;;ufv) = (ua th)H-l,Hé

(respectively
(Pl:uav) = <u7Ph'v)H-1,Hé)

for any u,v in H™1(Q2) x L?(2). Hence we can rewrite (4.5) as
vQrA(Yn + 2n) + Qh(R(yn + 2n) — f) = 0. (4.9)
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Now let z}, 22 be two elements of W}, that satisfy (4.9). We set

2 1
Zh =Zh — Zp,

and we easily derive from (4.9) that z; must satisfy
v|zall* + (R(yn + 23) — R(yn + 24)28) = 0. (4.10)

On the other hand, we go back to the definition of R to prove without difficulty that
there exists a constant C such that for any u,v in L??(Q2)

(R(v) — R(»),u —v)+Clu—v|* >0 (4.11)

holds.
Hence we infer from (4.8), (4.10) and (4.11) that, if h satisfies

h < ho(v) = Cv'/2, (4.12)
where C is an absolute constant, then z; = 0, that is the uniqueness result.

4.3.2. An existence result

We define T}, as the nonlinear mapping acting on the finite dimensional space W},
by
Thn(zn) = vQRA(yn + 21) + Qr(R(yn + zn) — ) (4.13)

We write \
(Tr(zn),zn) = v zn||” + (R(yn + zn) — R(yn), 2n)

+v((yr,21)) + R(yn) — £, 2n)-
Hence we use (4.8), (4.11) to obtain from (4.14) :

(Th(zn),20) > v||za|| [”Zh” (1 - (%) ) - (“yh” e+ IIIJR(yh)”*)] , (4.15)

ho being as in (4.12). We then apply

(4.14)

LEMMA 4.1. Let [, ] be a scalar product on IRY, and T a continuous mapping on RN
such that

[T(€),€] > 0 for [¢] = R;
then there exists o, [€o] < R, such that

T(fo) =0.
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Proof : See Chapter 12, Lemma 3 in [T4].

Therefore, if we assume that (4.12) holds, (4.8), (4.15) and Lemma 4.1 provide the
existence result.

4.3.3. A regularity result

Let Fj be the nonlinear mapping from V};, x W, into W, defined by

Fr(yn,zn) = vQLA(yn + 21n) + Qr(R(yn + 21) — f)- (4.16)

F}, is obviously a smooth mapping and if we compute its partial differential with respect
to zp we obtain

D,h Fh(yh, zh)wh = VQ’,:A'wh + Q;;R'(yh + zh)wh, (4.17)

holding for any wp in Wh.
On the other hand we observe (see (4.11)) that there exists a constant C such that,
for any u in L2P(2)
R'(u)+C>0 (4.18)

holds for z almost everywhere in . Therefore (4.17) and (4.18) lead to

(D, Fi(yh, zn)wn, wr) + C lwp|* > v |lwa|®. (4.19)
Then, using (4.8) and assuming that assertion (4.12) holds, we apply the implicit func-
tion theorem to Fj and we deduce that the mapping y, — 2, defined according to
Sections 4.3.1 and 4.3.2 is of class C*°.

4.3.4. Conclusion

PROPOSITION 4.1. If (4.12) holds, for any ys in V}, there exists a unique zp = @Pr(yn)
in W}, satisfying (4.9), and moreover the mapping ¢, is of class C™.

4.4. A priori estimates
Using the previous section, we rewrite (4.4), (4.5) as the O.D.E. in V}

%h + v P A(yn + ¢n(yn)) + Pr(R(yn + én(yn)) — f) =0, (4.20)

implemented with the initial condition
yr(0) = Pruog.
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Owing to the smoothness of @5, the solution y(t) of (4.20) exists, by classical results,
on a maximal interval of time [0,%3). As usual the a priori estimates below show that
actually ¢ = +o0.

4.4.1. A priori estimates for finite time intervals
We take Jn = yn, Zn = zn in (4.4), (4.5) and we add these equations to obtain,
setting up = yn + zn,

Syl 4 v ol + (Run),un) < |(Frun)l (4:21)

On the other hand, we go back to the definition of R and we observe that there exists
a constant C such that, for any u in L?P((2), the following inequality holds :

bap—1
(Rw)yu) + € > 22z (4.22)
We then use (4.6), (4.7), (4.21), (4.22) to obtain, by straightforward computations

d
7 lynl* + v8(llynl* + ll281*) + bzp-16,(lynlop + |2nl3p) < C, (4.23)

where C is a constant that depends on || and |f|.
Then using classical methods (see [T1]) we deduce that :
e The sequence y; remains in a bounded set of

L>(0, +o0; L*(Q)). (4.24)
e Both sequences yj, zx remain in a bounded set of

L*(0,T; Hy(Q)) n L*([0,T] x Q), VT > 0. (4.25)

4.4.2. A priori estimates for large time intervals
We consider the following discrete Lyapunov functional :

v
A(0) = 5 lun @I + [ Glun(t,e))de = (,un(t) + K, (4.26)
Q
where G satsifies G' = R and where the constant K is choosen such that
v 2 b2p 1
An(t) 2 7 llen(” + =7 lun ()22 (4.27)

Then we use (4.4), (4.5) and the smoothness of ¢ to obtain that

d d
—Aht)—l-‘ Yh

= (4.28)
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holds.
On the other hand, from (4.21), (4.22), we obtain that, for » > 0 and ¢ > 0, we
have

t+r
/ An(s)ds < Cr+ C' lyn (). (4.29)
t
We go back to (4.23) and we apply Lemma 5.1 of [T1] to see that we also have

|yh(t)| <M,

for ¢ larger than a ¢} which is independent of ug, and for M; that is like My in (4.3).
We then apply this inequality to (4.29), and using the uniform Gronwall Lemma (see
Lemma 1.1 in [T1]), we infer from (4.28), (4.29) that for ¢t > ¢;, t; = #o + 1 for instance,

Ah(t) <C <+ (4.30)

holds for some absolute constant C.
We reinterpret (4.6), (4.7), (4.27), (4.30) by

PROPOSITION 4.2. There exists t; > 0 such that for any ug in L*(Q), both sequences
Yh, 2p remain in a bounded set of

L>®(t;,+o00; H () N L??(Q)). (4.31)

4.5. Convergence results

In this section we shall prove that, when the mesh size h tends to 0 —being provided
h < hy as above— we have

THEOREM 4.1. Let u be the solution of problem (4.1), (4.2). Then for each T > 0
up, — u in L*(0,T; Hy(R)) strongly, (4.33)
up — u in L?P([0,T] x ) strongly, (4.33)
and fro T > t;, t; being as in Proposition 4.2,

up — u in L°(t;,+00; Hy(Q)) weakly star, (4.34)
up — u in LI([t;,T] x Q) strongly, for ¢ < +oo. (4.35)

Proof. First we prove that

dyp

S~ —Py(Aun + R(u) - f)
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remains in a bounded set of
L?P/?P=Y(0, T; H1(Q)). (4.36)
In order to establish (4.36) we use

LEMMA 4.2. The operator P is uniformly bounded with respect to h as an operator
acting on H}(Q) N L?P(Q).

Proof. It remains to prove the H] bound. For that purpose we introduce the elliptic
projector P} that is the orthogonal projector in Hy(2) onto V4. Then we assume that
the following well-known error estimate holds :

|u — Pyu| < Chllu|. (4.37)

Hence using (3.17) we have
C
|| Pru|| < HP,}u“ + " |Paw — Prul. (4.38)

We then observe that
|P,}'u, - Phul < lP,iu - ul

and therefore (4.37), (4.38) conclude the proof of Lemma 4.2.

Let us go back to the proof of (4.36). First, using (4.25) and Lemma 4.2 we observe
that the sequence P Auj remains in a bounded set of L?(0,T; H~'(f2)). On the other
hand, using (4.25), Lemma 4.2 and the fact that

R : L*(Q) — L?/?P71(Q)

is bounded, we obtain that the sequence Py R(up) remains in a bounded set of
L#53([0,T] x ©). Therefore

dyn

gt = —VP,:Auh - P,:R(uh) + th

remains in a bounded set of L??/2P~1(0,T; H~1(Q)).

From (4.25) and (4.36), applying a classical compactness argument (see [LM]) we
observe that the sequence y,, remains in a compact set of L%(0,T; L%(Q)) = L%([0,T] x
). On the other hand, we infer from (4.8), (4.25) that z; strongly tends to 0 in
L%([0,T] x ).

Hence we have a subsequence of up, still denoted by up, such that :

e uj, weakly converges to a function w* in L%(0,T; H}(Q)) N L?*?([0,T] x ), and
strongly in L?([0,T] x ).
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e yp, converges to u* in LT°°(0, +o00; L*(02)) weak star.
e R(up) weakly converges to a function ¢ in L??/2P~1([0,T] x Q).

To prove that v = u*, and that therefore the whole sequence u} converges to u* = u
as written above, it is sufﬁclent to check that actually ¢ = R(u*) holds. It can be done
by classical compactness-monotonicity arguments : Let v be a test function. We set

T T
0<Xn= [ (R(un)— R(v),un —v)dt + C’/ lun —v|* dt, (4.39)
0 0

with C as in (4.11).
Using (4.4), (4.5) and the convergence results above we obtain

T T
lim sup X < / (¢ — R(v),uv* —v)dt + C/ lu* — v|? dt. (4.40)
h—0 0 0

We take v = u* — Aw, A > 0, in (4.40) and we let A — 0 to obtain ¢ = R(u*).

The strong convergence result (4.32) is obtained as in [MT1] proving that

T
Yh=VA ||u—uh||2dt+/ (R(u) — R(un), v — up)dt
T
+0 [ o= wP e+ (D) - )

tends to zero when h — 0. From Y, — 0 when h — 0, we also derive that

T T
/O(R(uh),uh)dtﬂ‘/; (R(u),u)dt

and that moreover
/ ]uhlzp dt — / ]u[det (4.41)
0

thanks to the weak convergence results in L?P([0,T] x ). We then apply Prop. II11.30
in [B] to obtain (4.33).

On the other hand, (4.34) results from (4.31), and (4.35) is obtained as follows
: first, (4.32) provides that uj converges to u in L%([t;,T] x Q); moreover, thanks to
(4.31), up remains in a bounded set of LI([t;,T] x Q) for any ¢ < +o0; therefore (4.35)
results from classical interpolation results between the L?’s.
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