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Chapitre 1

Introduction

1.1 Etude bibliographique

L’étude de I’estimation des fonctionnelles intégrales non linéaires d*une densité et de ses
dérivées se développe a partir des années 70. On dispose alors d’un certain nombre de
résultats concernant ’estimation de densités, notamment par la méthode des noyaux ;
résultats qui sont utilisés pour estimer les fonctionnelles du type I(f) = [o(f, f'y...f(R).
Ainsi, Dmitriev et Tarasenko (1973) proposent d’estimer I(f) dans un modéle i.i.d. par

. A Al » (k
I(fn) = /¢(fn’fn 3. f'n.( ))
ou fn est un estimateur a noyau de f :

o 1 & ,:L‘—X:,'
fn(z)_n—hn;h( ).

Les estimateurs & noyau ont été proposés pour la premiére fois par Rosenblatt (1956);
leurs propriétés asymptotiques ont tout d’abord été étudiées par Parzen (1962). Un peu
plus tard Bhattacharya (1967) et Schuster (1969) étudient les propriétés de fn(k) pour
estimation de f(¥). A D’aide de tous ces résultats, Dmitriev et Tarasenko démontrent la
convergence presque siire de leur estimateur dans les cas particuliers suivants :

12
e l'estimation de l'information de Fisher / fT;
e l’estimation de ’entropie —/flog(f);

¢ l'estimation de /fz.



L’estimation de I’entropie avait déja été étudiée par Basharin (1956) dans le cas de vari-
ables aléatoires discréetes.

Levit (1978) s’intéresse a I’estimation de fonctionnelles du type

@ = [9(F(@), F'(@),..., P)(z),2)dF(a)

F étant la fonction de répartition des X;. Il propose d’estimer @ par la quantité

5;1 = % Z P(Frn(X5), fn(Xi)7 cee fn(rul)(Xi)’Xi)
i=1

o F, est la fonction de répartition empirique des X; et f, un estimateur & noyau de la
densité f. Sous des conditions de régularité pour la densité f qui ne sont pas les conditions
optimales, Levit obtient des estimateurs efficaces et asymptotiquement gaussiens :

V(@ - @) 5 N(0,C(F,9))
nE($,-®)2 = C(f,9)

ot C(f, ¢) est la variance asymptotique minimale pour ce probléme d’estimation. Pour le
démontrer, Levit s’appuie sur les résultats de Koshevnik et Levit (1976).

Les premiers résultats de minoration de la vitesse de convergence des estimateurs pour
ce type de probléme sont donnés par Ibragimov, Nemirovskii et Hasminskii (1987) dans le
cadre du modéle du bruit blanc. On observe

Y(t) = /0 " fwdut ew(t), te0,1].

w est un processus de Wiener standard. On s’intéresse & I’estimation d’une fonctionnelle du
type ®(f). Les trois auteurs proposent un estimateur de ®(f) qui est efficace en particulier
lorsque @ est lipschitzienne et lorsque f est supposée & priori appartenir 3 la classe de
fonctions

Moo= {f €L2(0,1),1f(2) - SW)| S Clo =y} aveca> .

Lorsque a < ;}, ils démontrent le résultat suivant de minoration :

inf sup E¢(T, — ®(f))* > ¢THia
Te jeAq

En 1987 Hall et Marron proposent des estimateurs de | ( f(’l‘))2 dans le cadre d’un

modele i.i.d. . Pour simplifier la présentation de leurs résultats, intéressons-nous seulement
a I’estimation de 6 = [ f2. Soit f un estimateur & noyau de la densité f.
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1 |
—ZKh(:c—X) a,vecKh_EA(E).

3

I est assez naturel d’estimer [ f? par l’une ou l’autre des quantités suivantes :

N 1 & ;
¢ a) /f2 == > /I\h(m — X;)Kn(z — Xy)dz;
j1k=1

1 n R
o b) =) f(X;) = 2 Kin(X; — Xk).
= =
Dans les deux cas, Hall et Marron constatent que les termes diagonaux, i.e. correspondant
a j = k introduisent un biais supplémentaire, ils les suppriment et proposent donc les
estimateurs suivants pour [ f2:

b = n(n-— 5 3 /Kh(a: ~ X;)Ki(z — Xi)do

;ék 1
~ 1
b = ——— Kn(X; — Xk).

Dans le cas oll f € A4, ces estimateurs convergent 3 la vitesse 1/,/n dés que a > 1 5; lorsque

a<i E(6; - 0):12=0(n 1+2m) pour un choix optimal de la fenétre h. Ces resultats ne

sont pas optimaux ; 'indice de régularité critique pour la densité f permettant d’atteindre

1

la vitesse semi-paramétrique 1/4/n dans ce type de probléme n’est pas % mais 3, comme

Pont démontré Bickel et Ritov en 1988.

Afin de mieux comprendre les résultats contenus dans I’article de Bickel et Ritov, nous
allons tout d’abord évaluer le biais des estimateurs proposés par Hall et Marron.

E@) = [(Fkn? E@)= [+ KnS

Ainsi, pour f € A,, le biais de chacun des deux estimateurs ci-dessus est de ’ordre de h®.
Il est aisé de constater que le biais de I’estimateur ‘202 - 01 est égal a — [(f * I\h - f)2,
il est donc de l’ordre de h2® pour f € A,. Ainsi, cette combinaison linéaire de 91 et 92
va réaliser de meilleures performances que chacun des deux estimateurs pris séparément
pour estimer [ f2. C’est I'idée de la construction de Bickel et Ritov, mais leur estimateur
a une expression plus compliquée car ils ont séparé I’échantillon en deux parties, ce qui
n’était pas nécessaire. Ils proposent en fait une combinaison linéaire de trois estimateurs

pour estimer T} = /(f(k))z. IIs font une hypothése a priori du type



f € Fpac = {£,1fP(z) - f®)(z + h)| < g(z)|h|*}

avec g € IL2NIL®, p > k, a €]0,1]. Leur estimateur T} a les propriétés suivantes :

. 1 —~
i)Sip+a>2k+ 1 V1(Ty — Tk) £ N(0,Cx(f))
nE(Ty, — Ti)* — Ci(f)
i) Sip+a§2k+;11 E(Th - T)? = O(n 557

2
La variance asymptotique Ci(f) =4 [/(f(%))Qf - (/(f(k))2) ] est I’analogue en semi-

paramétrique de la borne de Cramér-Rao d’aprés les résultats de Koshevnik et Levit
(1976). L’estimateur est donc efficace. De plus, les deux auteurs montrent que la vitesse
obtenue en ii) est optimale. ‘

Il est également intéressant de citer un article de Donoho et Nussbaum (1990) qui
traite de I'estimation de [(f(%))? dans le cadre du modéle du bruit blanc. Des vitesses de
convergence du méme ordre de grandeur que celles des estimateurs de Bickel et Ritov sont
obtenues.

En 1991, Birgé et Massart ont démontré des résultats de minoration de vitesse de
convergence pour le probléme de I’estimation de [ ¢(f,.) si f est une densité sur IR? et
de Testimation de [¢(f,...,f(*) ) si f est une densité sur IR. Supposons que f soit
a support dans [0,1]? et admette une régularité d’ordre s. Lorsque s < 2k + %4{, pour
tout estimateur 7, de Jo(fof's... f®))) (avec k = 0 si d > 1), 'ordre de grandeur

—8(s—k)

de E(T,\l — Jo(f, ... f®), )2 est minoré par n a+& . Ces résultats sont tout 3 fait
intéressants dans le cadre de cette thése car ils nous permettront dans un certain nombres
de cas de voir que nos résultats sont optimaux.

1.2 Quelques applications

Nous allons donner un certain nombre d’exemples d’applications de I’estimation des fonc-
tionnelles intégrales non linéaires. Nous présenterons successivement des applications de

Vestimation de / 7, J/'( FOY2, / flog f et / (f%z-

1) _Estimation de [ f?:




Supposons que 1’on dispose de deux échantillons X;,...,X,, et Y7,...,Y, issus d’un
modéle de translation. Les variables X; sont i.i.d. de densité f. Les variables Y; sont i.i.d.
et admettent la densité f(.—A). Nous nous intéressons au test de I’lhypothése A = 0 contre
A > 0. Lehmann (1975) p. 371-374 montre que si ’on utilise la statistique de la somme
des rangs de Wilcoxon notée U,,, pour batir le test, ’efficacité du test est proportionnelle
a [ f%. La puissance II du test peut également étre estimée & partir de Pestimation de [ f2
d’aprés I’équivalence suivante démontrée par Lehmann :

Hz@(A 12’"’"/#—%)
m+n

ol ® est la fonction de répartition de la loi normale N(0,1) et u, est défini par
P(Upn < uy) = a.

2) _Estimation de [(f(*))2:

L’estimation de [(f(¥))2 peut étre utilisée pour déterminer la fenétre optimale (en un
sens a préciser) lors de ’estimation d’une densité par la méthode des noyaux ou des pro-
jections orthogonales.

Dans le cas de D’estimation par la méthode des noyaux, Deheuvels et Hominal (1980)
s’intéressent & la détermination de la fenétre optimale au sens le la minimisation du

M.LS.E. (mean integrated square error), défini par £ < / (fn — f)2> avec

fo= — Y KESAY,

| nh = h

Il s’agit, pour un noyau K donné de déterminer la fenétre optimale h. Deheuvels et Hominal
utilisent le développement suivant :

E (/(fn - f)2> ~ n—Ih/K?Jr %h“ (/z2lx’(:v)d:v>2/(f”)2.

Il est alors aisé de voir que la valeur optimale de h sera obtenue en égalisant les deux
termes de droite dans ’équivalence ci-dessus, ce qui conduit a choisir

(A NP . [K?
"= (W) e A= oK (@)da)

L’estimation de la densité par la méthode des noyaux peut alors s’effectuer en deux étapes:

a) on estime [(f"”)? ce qui nous permet d’avoir une estimation de la fenétre qui minimise
le MIS.E.



b) on estime la densité .
De méme, si I'on estime la densité par la méthode des projections :

_ 1 m n
fn = ; ZEPZ(XJ)pt(x)’
1=0 j=1
ol (p;)ien est une base orthonormée, le choix optimal de m fait intervenir des fonction-

nelles du type [(f(¥)2.

3) _Estimation de ’entropie :

Vasicek (1976) propose un estimateur de I’entropie qu’il utilise pour construire un test
de normalité. La légitimité d’un tel test est liée au fait que 1’entropie de la loi normale
N(0,0?%) est supérieure a 1’entropie de toute loi de méme variance. Soit X1,---,Xp un

n-échantillon et T; un estimateur qui converge en probabilité vers I’entropie — / flog(f).

La quantité

A, = exp(T,)
ViR, (X - X2

converge en probabilité vers v/2me sous ’hypothése de normalité des X; ; en effet, I’entropie
de la loi A(0,02) est égale & log(v/2mec). Sous toute hypothése alternative, A, va con-
verger vers une valeur inférieure strictement & v/2we. L’hypothése de normalité est rejetée
si Ap < uy, U, est déterminé a 1’aide de simulations dans le cas ou la loi de A,, sous
I’hypothése de normalité est inconnue. Sous certaines contre-hypothéses, Vasicek donne
des résultats de simulations permettant d’évaluer la puissance du test. Il est clair que les
performances de T}, en tant qu’estimateur de I’entropie vont influer sur la puissance du test.

Dans le méme ordre d’idée, Dudewicz et Van der Meulen (1981) proposent d’utiliser
des estimateurs de I’entropie pour tester 1'uniformité d’un n— échantillon dont la densité
est a support dans l'intervalle [0, 1]. Si f est & support dans [0, 1], ’entropie — [ flog f est
négative ; la valeur maximale de I’entropie, a savoir zéro, etant atteinte seulement dans le
cas de la loi uniforme sur [0, 1].

4) Estimation de I'information :

L’application la plus simple de I’estimation de I’information de Fisher est diie & I'inégalité
de Cramér-Rao. Supposons que 1’on dispose d’un n—échantillon issu d’une loi de densité
f(- = 6) ot 6 est un paramétre réel inconnu. Il s’agit 1a d’un modéle de translation. Soit



(fo)?
fo

Y un estimateur sans biais de 8. Si § — f5 est dérivable, si existe et est non nulle,

alors
1
)2
4%

nEg(Y — )% >

Il est donc intéressant de savoir estimer la borne de Cramér-Rao : afin d’évaluer

1

(J)?
6

les performances d’un estimateur Y de 6. Y sera dit efficace si la quantité Eg(Y — 6)? est

égale a la borne de Cramér-Rao.

Apres ces préliminaires, qui nous ont permis de faire le point sur les résultats antérieurs
sur le sujet, et de donner quelques motivations au probléme de 1’estimation des fonction-
nelles intégrales non linéaires, nous allons décrire les résultats contenus dans la theése.

1.3 Description de notre travail

Nous traitons le probléme de ’estimation d’une fonctionnelle du type / &ffs. e, )
dans le cas d’un modele i.i.d..
Le Chapitre 2 concerne I’estimation de fonctionnelles du type / #(f,.) dans un cadre

trés général. La premiére étape de la construction des estimateurs consiste a effectuer
un développement de Taylor & lordre 2 de ¢(f(z),z) au voisinage de (f(z),z) ou f
est un estimateur préliminaire de la densité f, qui sera construit sur une petite par-
tie de ’échantillon. Il faut prendre un certain nombre de précautions lors du choix de
I’estimateur préliminaire afin de garantir que les quantités ¢(f, s d)’(f, .) et gb”(f, .) ont
un sens. Ceci nous conduit & supposer que ¢,¢’' et ¢” sont définies sur un voisinage
de 'image de f. En particulier, si nous estimons l’entropie, nous supposons que f est
minorée par une constante strictement positive, et donc que f est a support compact.
Cette hypothése est assez restrictive ; elle exclut notamment 1’application de ces tech-
niques en vue d’un test de normalité. Par contre, nos estimateurs pourront étre utilisés
pour tester 'uniformité d’un n échantillon dont la densité est a support dans l'intervalle
[0,1]. En regroupant les termes du méme type, le développement de Taylor s’écrit sous la

forme /d)(f, )= /G(f, D+ / H(f, Of + / Ix"(f, J)f%+ T, ou T, est le terme de reste.
La seconde étape de la construction consiste a estimer avec les données indépendantes
de f les fonctionnelles linéaires et quadratiques qui apparaissent dans le développement.
Les fonctionnelles lindaires sont estimées par un estimateur empirique. Les fonctionnelles
quadratiques sont du type [ K(f,.)f% Dans la mesure ol elles sont estimées avec des
données indépendantes de f, nous pouvons considérer qu’elles sont du type [ f2¢ ou ¥



est une fonction fixe.

Pour permettre de mieux comprendre la construction des estimateurs de [ f21, attachons-
nous dans un premier temps a Destimation de [ f2. Supposons que f € IL%(dy), u étant
une mesure queconque. Soit (p;);ep une base orthonormée de IL2(dy), D est dénombrable.
Soit a; = [ fp;, alors [ f% = Zaf. Le coefficient a; est estimé par l’estimateur em-

1€D
1 n
pirique d; = - Zp,-(Xj), il est alors naturel d’estimer [ f? par Z d;%; M, étant un
=1 i€Mn

sous-ensemble fjini de D, dépendant de n. Ceci nous conduit dams(E un premier temps a
’estimateur suivant pour [ f2:

1 n
s o D pilX)pi Xi).
1EMn j,k=1
Les calculs de biais de cet estimateurs montrent que les termes diagonaux ( i.e. correspon-
dant a j = k ) introduisent un biais supplémentaire ; nous les supprimons donc, ce qui

nous donne : .
n(_nl_——ﬁ Z Z pi(X;)pi( X&)

i€EMy, j#k=1

=

L’ensemble M,, est déterminé de maniére & minimiser la quantité E(§ — [ f?)?, C’est-a-dire
la somme de la variance et du carré du biais de ’estimateur. Le choix optimal de M,
dépend bien entendu des hypothéses & priori que ’on fait sur f.

Supposons que f soit & support dans un compact de IR, disons [, 7], soit (p;)ieN la base
Fourier de IL?([—, 7]). En prenant M, = {i € IN,i < m,}, § s’écrit sous la forme suivante

~ 1 n
§=——— > Dun.(X;- X
n(n—1) k=1

sin(my, + 3 )t

1
27rsm2

On ne peut alors s’empécher de noter I’analogie entre cet estimateur et ’estimateur 0,
proposé par Hall et Marron :

ol D,,, est le noyau de Dirichlet : D,, (t) =

R 1 n .
by = — K (X; — Xp).
2 7l(n _ 1) J;ﬂ ( J )

Le noyau K, a simplement été remplacé par le noyau de Dirichlet. Cette opération per-
met d’effectuer une réduction de biais ; le biais de 6 est de I’ordre de grandeur du carré
du biais de 6.

Venons-en au probléme initial de ’estimation de [ f*%. En notant Sy, f = YoieM,, @iPi,

10



nous constatons que le biais de I’estimateur de [ f2 proposé ci-dessus est égal & — /(SMnf - 1)
Pour I’estimation de [ f24), nous cherchons 3 obtenir un biais du méme ordre de grandeur,

plus précisément un biais égal a — /(SMnf — f)%. Ceci nous conduit & prendre comme

estimateur :

§= ( Z Z pz(X (pﬂ/))(Xk)

zGMn J#k=1

T T X nCm) [

1,0 €My j#k=1

Nous sommes désormais en mesure de décrire Pestimateur de [ ¢(f,.). Supposons que
I’estimateur préliminaire soit construit avec les n; derniéres données ; les parties linéaires
et quadratiques du développement de Taylor sont estimées avec les ny premiéres données.
Nous estimons [ ¢(f,.) par

.—./G(f, )+——ZH(f, X))+ —— ( Z E pi( X;)(PiK (f,))(Xk)

zEMn J#k=1

e 1)“2 Z pi(X;)pyr Xk)/pzpz’l\(f,

'eMp j#k=1

Le Théoréme 2.2 du Chapitre 2 donne les propriétés asymptotiques de cet estimateur dans
le cadre assez général ou f est supposée & priori appartenir & 1’ellipsoide

P
£ = {f: Za,’pi,2|;ﬁ.—|2 S 1}
i€D ieD
Cette étude couvre en particulier le cadre multidimensionnel. Dans le cas ot f est &
support dans [0, 1]¢ et admet une régularité d’ordre s nous obtenons les résultats suivants:

Si s > j{ VAT = [ 6(4,)) 5 N(0,C(5,4)
nB(T, - / 8(f, )% = C(f,¢)

cr.9)= [@Drs-([#)17

En nous appuyant sur des résultats de Koshevnik et Levit (1976) et de Ibragimov et Has-
minskii (1991), nous démontrons que C( f, ¢) est la variance asymptotique minimale pour

avec

11



ce probleme. Nos estimateurs sont donc efficaces. Par ailleurs, Birgé et Massart (1991)
~ ont démontré que lorsque s < %l on ne peut pas atteindre la vitesse semi-paramétrique
1/y/n. Dans le cas particulier de ’estimation de [ f24), nous obtenons la vitesse de con-
vergence optimale si s < %, par contre lors de I’estimation de [ ¢(f,.), le terme de reste du
développement de Taylor I';, devient prépondérant devant les autres termes lorsque s < %
et nous n’atteignons pas la vitesse optimale dans ce cas.

Le Chapitre 3 traite de ’estimation de T'(f) = [ &(f, f,... f*¥),.). Nous restreignons
le cadre de ’étude : f est supposée étre une fonction a support dans [—, 7|, périodique
ainsi que ses dérivées. De plus, nous faisons une hypothése de régularité sur f :

f € Fpac ={£,1fP(2) - fP(y)| < Clz - y|*}.
Dans la suite nous noterons s la quantité p + a.
L’idée de la comstruction des estimateurs repose comme au chapitre précédent sur un
développement de Taylor au second ordre de ¢(f(z),...f*)(z),z) au voisinage de
o(f(z),...f®(z),z), ot f est un estimateur préliminaire de f construit avec les n,
derniéres données.

Apres réarrangement des termes du développement de Taylor, la fonctionnelle T(f) s’écrit
sous la forme

~ k ™ -~ . k 7 -~ . -y
()= [+ Y [ 119+ 3 [T Kip(HrOf 4.
j=0""T 5,3'=0""T
En prenant soin de choisir f ‘périodique ainsi que ses dérivées, des intégrations par parties
successives nous permettent d’écrire :

| Hihs = v [ oy,

Cette quantité est estimée par ’estimateur empirique correspondant bati sur les n, premiéres
données ( avec nq +ny = n ).

Une étape intermédiaire consiste & estimer les fonctionnelles du type [™_ f()f(")4 et
a décrire les propriétés asymptotiques des estimateurs. C’est Iobjet du Théoréme 3.1
du Chapitre 3. Pour estimer cette quantité, nous généralisons les résultats du chapitre
précédent concernant I'estimation de [ f24. Soit (p;)ien la base Fourier de IL2([—, 7]) ;
dans la mesure ou les densités sont périodiques, il est assez naturel de choisir cette base
orthonormeée pour construire nos estimateurs. Scit S, f = S"™, a;p; ; nous allons chercher
a construire un estimateur de [ FG) £G4 dont le biais sera :

- / (SmfU) = fO) (S, f0) = fED)y,

12



Ceci nous conduit 3 ’estimateur

T3 = Z S p(X) (-1 ) 9(x,)

1—0 L #la=1

Z Z pi(X1,)(=1)Y (0P 9) (X,

1=0 I} #£lp=1

>3 nupx) [

‘l /=0 Il;élz"'l

n(n——l

T,

Remarquons que lorsque j = j' = k, 1 = 1, nous estimons [(f(¥))2 par
1 m

i:k = _——Z Z (- l)kp’l(Xll)pz2k (Xlz)

n(n—1) = h#lp=1

Dans ce cas en effet les trois termes qui apparaissent dans 1’expression de T“ coincident.
P

L'estimateur T a une expression trés simple ; il réalise les mémes performances que
lestimateur proposé par Bickel et Ritov (1988). Cet estimateur est asymptotiquement
gaussien et efficace si s > 2k;+}1 ; il atteint la vitesse optimale de convergencesi s < 2k+%.

Aprés cette étape intermédiaire, nous revenons au probléme initial de ’estimation de
T(f)= [&(f,-..,f®),.). Nous proposons Iestimateur suivant :

k no

T, =[G+ 3 Y -DitH(E)x)
1=01=1
k m , o
+ X _1)2 S5 nn G Koy ()O(X1)
sio M2(m2 = 1) i, S

k m
2 ( —1). Z Z pi( Xy, )pir Xlz)/ PSJ)Pz(; )ij’(f)
jgr=0 2\"2 i 1=0 Iy £lp=1
Le résultat essentiel du Chapitre 3 est le Théoréme 3.2 qui annonce les propriétés suivantes
pour T, :
1 —~ ,
Sis> 2+, VAT - T() L NO,C(,... /9, 6))
nE(T, ~ T(f)? = C(f,...f®),9)
1 —~ . —8(s—
i) Sil<s<2+y BT -T()) = O(n~T550).
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Nous montrons & laide des résultats de Koshevnik et Levit (1976) ou de Ibragimov et
Hasminskii (1991) que la constante C(f,. .. f(¥), $) est la variance asymptotique minimale
pour ce probléme. De plus, d’apreés Blrge et Massart (1991), la vitesse obtenue en ii) est
optimale.

Notons que I’hypothése de périodicité n’est pas nécessaire si ’on estime une fonction-
nelle qui ne dépend que de la densité, ceci est démontré au Chapitre 2. Par contre,
nous ne pouvons éviter cette hypothése dans le cas de ’estimation d’une fonctionnelle
du type [&(f,..., f(¥),.). En effet, si nous cherchons & estimer la fonctionnelle [r =
f(m)— f(—m), nous sommes ramenés au probléme de I’estimation de la densité en un point.
Farell (1972) a démontré que cette fonctionnelle s’estime a la méme vitesse que la densité
elle-méme, c’est-a-dire & une vitesse inférieure a celle que nous avons énoncé ci-dessus.
Dans le cadre de ce théoréme, de méme que lors de ’estimation de [ o(f,. ) nous exigeons
que ¢ et ses dérivées soient définies sur un ouvert contenant f([—m,7])x... f®)([-7,7]) x
[—7, 7]. Si nous estimons I'information de Fisher f %L , cette hypotheése se tradult -comme
dans le cas de I’entropie, par une hypothése de minoration de la densité par une constante
strictement positive. Pour ces deux exemples particuliers (entropie et information de
Fisher), il conviendrait d’éviter cette hypothése mais actuellement nous n’avons obtenu
aucun résultat dans cette direction.

Le Chapitre 4 donne des résulats de simulations concernant 1’estimation de [f% et
celle de I’entropie. Pour ’estimation de [ f2 nous comparons estimateur par projection
proposé dans la thése :

b= —— Z Do(X; — Xk)
n( jtk=1

ou D,, est le noyau de Dirichlet, avec I’un des estimateurs proposés par Hall et Marron :

1

71(7?«_—1—) i: I\"h(Xj-—Xk).

J#k=1

§2=

En ce qui concerne I’estimation de ’entropie — [ flog f, I’estimateur proposé au Chapitre

2 de cette thése est comparé avec un estimateur étudié par Gyorfi et Van der Meulen
(1990):

1 &,
. Z log f(X
255
Cet estimateur correspond & un développement de Taylor au premier ordre, alors que notre
estimateur est construit a partir d’un développement de Taylor au second ordre.

Les résultats des simulations font apparaitre trés nettement la réduction de biais réalisée
par nos estimateurs. Lorsque les paramétres de lissage varient, la moyenne des estimateurs

14



proposés dans la theése et beaucoup plus stable et proche de la vraie valeur du paramétre
a estimer. Nous estimons également E(§ — 6)? par la moyenne des carrés des écarts entre
le paramétre estimé et la vraie valeur. Dans la majorité des cas, nos estimateurs se com-
portent mieux que ceux auxquels ils sont comparés.

Pour conclure, notons qu’il serait intéressant & lissue de ce travail de répondre aux
questions suivantes non résolues dans la thése :

a) Lors de I’estimation de [ ¢(f,.), en supposant que f admette une régularité d’ordre
s sur IR, nous n’obtenons pas les résultats optimaux annoncés par Birgé et Massart (1991)
sis< %. Pour cela, il faudrait faire un développement de Taylor a 1’ordre 3 et atteindre
des résultats optimaux pour ’estimation de fonctionnelles du type [ f31. En utilisant
des techniques du méme genre que celles qui nous ont permis d’estimer les fonctionnelles
quadratiques, nous n’obtenons pas les résultats escomptés. En fait les résultats récents
de Kerkyacharian et Picard (1992), achevés en méme temps que cette thése et concernant

lestimation de [ f3, permettrons sans doute de résoudre ce probléme.

b) La seconde perspective de recherche consiste 3 essayer de supprimer I’hypothése de
minoration de la densité par une constante positive dans le cas de ’estimation de ’entropie
et de l'information de Fisher. Il serait également intéressant de savoir estimer ces fonc-
tionnelles dans le cas d’une densité & support non compact, ce qui nous permettrait de
mettre en oeuvre des tests de normalité, tels qu’ils ont été proposés par Vasicek (1976).

c) Enfin, il serait utile d’obtenir des résultats concernant I’estimation des fonctionnelles

intégrales non linéaires dans le cadre d’un modéle de données censurées, ce qui pourrait
avoir des applications dans le domaine des statistiques médicales.
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Chapitre 2

Efficient estimation of integral
functionals of a density

Abstract

We consider the problem of estimating a functional of a density of the type [ ¢(f,.). Start-
ing from efficient estimators of linear and quadratic functionals of f and using a Taylor
expansion of ¢, we build estimators which achieve the n~1/2 rate whenever f is smooth
enough. Moreover, we show that these estimators are efficient. Concerning the estimation
of quadratic functionals, more precisely of integrated squared density, Bickel and Ritov
have already built efficient estimators, we propose here an alternative construction based
on projections, which seems more natural.
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2.1 Introduction

Let Xy,..., X, bei.i.d. with common density f with respect to some measure . When y
is the Lebesgue measure on the real line, Bickel and Ritov (1988) have studied the problem
of estimating [ f*))2 where f is supposed to belong to a nonparametric set of densities
O, included in some compact set of smooth functions of order s. They built an efficient
estimator if s > 2k + ‘—11. If s <2k+ %, they showed that the best order of convergence is

n” 1+4 | It is a quite remarkable result in the sense that the critical regularity 2k + ‘—11 is

completely unusual ; actually, one could think at first glance that this critical regularity
should be 2k + 3, (see Hall and Marron (1987) where some statistical motivations for
studying these functionals are also provided).

This problem has also been treated by Donoho and Nussbaum (1990) for the white noise
model ; it is also worth to mention the paper by Ibragimov, Nemirovskii and Khas’minskii
(1987) which deals with differentiable functionals in the same framework.

Bickel and Ritov’s estimator is a quite intricate expression based on kernel estimators of the
density. In this paper, we propose an alternative and somehow simpler method of estima-
tion based on orthogonal projections. This method will allow us to treat the more general

problem of estimating / f?dp when f belongs to some ellipsoid £ = {Z a;pi; Z | = 3 | <1}
i€D 1€D ¢
where (p;)iep is an orthonormal basis of IL?(du).

This generalisation is crucial to achieve the aim of this paper which is to construct efficient
estimators of functionals of the type T'(f) = /¢(f(a;), z)dp(z), f € £, when it is possible.

This problem was first studied by Levit (1978), who built efficient estimators of this kind
of functionals, under regularity properties for the density which are more restrictive than
our conditions.

Some typical motivating example of such functionals is the Shannon entropy [ flog(f).
Dudewicz and Van der Meulen (1981) show how estimators of the entropy may be used to
test uniformity of a n-sample with density f concentrated on the interval [0, 1]. Moreover,
Vasicek (1976) proposes a test of normality which is also based on estimators of the entropy.

Before stating the results that we get, let us explain how the two problems mentioned
above are connected. ¢ is assumed to be a smooth function. So, expanding ¢ up to the
second order with Taylor’s formula provides an expansion of T'(f) — T(f), where f is a
nonparametric preliminary estimator of the density f, constructed with a small part of
the n— sample. With the remainder of the sample, we build estimators of the terms,
up to the second order, which appear in the Taylor expansion. Some of these terms are
linear functionals of f while others are quadratic functionals of the type [ f2 I\(f) which
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has been studied in the first section. Our main result is proved in Section 3 and may be
summarized as follows : when f belongs to some Hélder’s space with index s over R%, we
can built an estimator T, of T(f) such that

) If s> fzi Va(T, = T(f)) — N(0,C(f,$)) where N(0,0?) denotes the normal distri-
bution and nE(T, — T(f))? — C(f,¢) where

= [ - ([ 105,017

and ¢}(u,v) = d¢(u v). Moreover, C(f, ¢) is the semiparametric information bound for
the problem of eszélmatmg T(f) as will be shown in the Appendix, hence our estimator is
asymptotically efficient.

When s < % we do not know what the optimal rate is, except that it is smaller than
ndrss Actuflly, in this very case the remainder term in the Taylor expansion is precisely
of order n+2:. Birgé and Massart (1991) have proved that the rate cannot be smaller than
naFis So, it would be necessary to do the Taylor expansion up to the third order and to
estimate [ f3¢ but we do not know how to estimate [ f3 at a rate faster than the one
we just mentioned. After the completion of this paper, Kerkyacharian and Picard (1992)

—4 s
have found that the rate of convergence for the estimation of / f3 is actually na¥i: .

2.2 Estimation 0f/f21,b

Suppose Xji,..., X, are i.i.d. random variables with common density f € IL%(du). Let
(pi)ieD be an orthonormal basis of le(du), where D is a countable set ; a; = [ fp; and
consider the ellipsoid &£ = {Z a;p;; Z ]c2 | <1}

1€D €D T
Our purpose is to estimate § = [ f2¢) when f € £. Let us first look at the case P = 1.

Since / f?= Z a;, anatural idea would be to estimate this integral by § = Z @;%, where
i€D 1EM

a; is the empirical estimator of a; : @; = = sz(X ) and M is a subset of D. Therefore

]1
é: zzzpz ple)

te€M 3,l=1
The computation of the bias of this estima.tor shows that it can be reduced by removing

the diagonal terms, i.e. the terms of the type =3 p?(X;). This leads to an estimator of [ f?

with bias — [(Spf — f)? where Sy f denotes Z a;p;.
1EM
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We intend to built an estimator with a similar bias for the estimation of [ f?%. More
precisely, we wish the bias to be equal to

- [Gur =P =2 [suniso- [Sunte- [ £,

Hence, the problem is to find an estimator with expectation 2 /(SMf f— /(SMf ).
For the part [(Sumf)fv, we propose the following estimator :

= ts 3 3 R, 21)

) ien j#k=1
To get the term [(Sp f )2¢, we propose the estimator

~

02—

Z E p’(X )pt Xk)/pzpﬂ"/*’ :z:)d:c (2.2)

n(n - i,i'eM j#k=1

with p;pii9p(z) = pi(z)ps(z)y(z). This explains the expression of the estimator § proposed
below :

Theorem 2.1 Let Xy,...,X, i.i.d. random variables with common density f belonging
to some Hilbert space IL?(dp). Let (p;)icp an orthonormal basis of ]L2(d,u) We assume

that f is uniformly bounded and belongs to the ellipsoid & = {Z a;p;; z | } < 1}. Sup-

€D €D l
pose that the following condition holds : we can find a subset M,, of D such that

2

2]~ 1 Mal

sup [ei? )~
i¢Mn, n

where | M,,| denotes the cardinality of M,, and

Y g € IL%(dp) /(SM,,g.— 9)%duy —0 as n— co.
Let 8 = [ f24 to be estimated where v is a bounded function and let

5 Z Z pz(X pzd))(Xk)

n(n— )zeMnJ;ék =1
n_ 1) Z Z pz(X )pz /Yk)/pzpz"l/J Cl?)d:l:,
1, €M 3#k=1
9 has the following asymptotic properties as an estimator of [ f29 :

j iy 120l

— 0 asn — oo then
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nB@- 07 =AU < [P a4 1S () - ol (2)

where
A =alf rPot - ([ P
i) Otherwise

E(a" 0)? < 7 | M|

where 1 and 7y, depend only on ||f||e and ||¢||co. Moreover, they are both increasing
Junctions of || f||co and ||¥||oo-

| pN

% < Xy where \; and

n

The notation A, = B, used in Theorem 2.1 means that \; <

&

A are positive constants.

_Comments : Of course, it follows from (2.4) that nll)ngo nE(OA— )% = 4[/ f3p? - (/ i)
In the next section, 9 will be a random function depending on n, which explains the fact
that we need a bound depending explicitly on 1.

We shall prove in the Appendix that the asymptotic variance is optimal when f is assumed
to belong to the ellipsoid £ and to be bounded from below by some positive constant, or
when f is assumed to belong to a class of regular densities as it will be defined in the next
section. Our estimator is therefore efficient in these cases.

Example 1 :

Let X;,...,X, be n ii.d. d dimensional random variables with density f belonging to
IL%(dp) where y is the Lebesgue measure over IR, [ is supposed to belong to the ellipsoid
E=A{ Z a;p;; E (Jea** + ... + |ia)*¢) @i, 4,|* < 1} where s; >0V e{l...d}.

/A (t1...iq) €24
Let s € IR be defined by

d X1
Nab D

and M, = {(d1,...,1q) € Z¢, |i;] < m?i}. The cardinality of M,, has the same order as
m. Moreover,

sup |e;]? & (m—T%) :
igM,
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2
Let m ~ n1+47d Then,

(SupigM,, |Cz'|2)2
| M|

1
n2

Hence, as soon as s > % the estimator @ defined in Theorem 2.1 has the properties defined
by (2.3) and (2.4). When s < & we get E@-6)< An@is for some A € IR.

In the framework of this example, when f belongs to IL?([0,1]¢) and when (p;); ¢z is the
Fourier orthonormal basis of IL%([0, 1]?) we shall prove (see proof of Corollary 2.1) that
the condition f € £ generalizes a condition of the type : f belongs to some Hélder space
of any index bigger than s. In this particular framework, and when % is either always
positive or always negative, Birgé and Massart (1991) have proved lower bounds for the
rates of convergence which agree with the rates of Theorem 2.1. Our result is therefore
optimal.

Example 2 :
Suppose that f € IL?([0,1]). We give another example where (p;);en Wwill be the Haar

orthonormal basis of IL2([0, 1]). Let

p-10(z) = Tjo)(2)
Poo(z) = I[0,1/2]("’3) - I]1/2,1](“”)
pik(z) = 2/2pop(2ic —k) YO<k<2 -1, jeN
i.e.
. _ 0j/2 B
Pr@) = 2 M a = W)

27723

1
Let a; i = / f(z)p; r(z)dz and let the ellipsoid £ be defined by :
0

271 27 -1
E={Y Y aiwpip, 3 . 2902, <1}
J2-1 k=0 7>-1 k=0

In order to apply Theorem 2.1, we set

€

2
1+ 4s

M, ={(4,k),0< k<2 —1,-1<5 < jo=( ) logy(n)}

and
Cik = 2795 YjiVke {0,...27 — 1}.

Since

23



|My| = nTHE

and

S |2 92008 — Y
up |C.71kl ~ = nltds
(9:k)EMn

we get :
if s > i then ﬁ(é— 8) — N(0,A(f, %))
nE(6 - 8)* — A(f, ¥))

if s < then  E(6—0)? = O(n1.+_84)

| =

2.3 Estimation of/qb(f)

2.3.1 Main results

The purpose of this section is to estimate T(f) = /gﬁ(f(z), z)dz efficiently when it is
possible. As in the prev1ous section, we assume that f belongs to the ellipsoid
&= {ZazanI 2|<1}

i€eD ieD G

We would like to start with some preliminary estimator f of the density f built on a
small part of the initial sample and do a Taylor expansion of ¢ in a neighbourhood of
(f(:c),w) In order to give a sense to this expansion we shall assume the following :

Ay : The function u — #(u,z) belongs to C3(2) V z, where C?(Q) denotes the class
of p times continuously differentiable functions over Q.V z a < f(z) < b, where a,b € IR,
with [a,b] C Q.

oA, : We can find a preliminary estimator f of f constructed with n; =~ (n) data,
such that V& a—¢ < f(z) < b+ ¢ with [@—¢,b+¢€ C Q for some € > 0. Moreover,
V2<g<+o0, VieN* Ef||f fIIE < C(q,1)n7'® for some a > 3 and for some con-

stant C'(q,!) independent of f belonging to the ellipsoid &.

We shall give an example of such an estimator in the case where f is a density defined
over a compact set 5 of IR? satisfying some regularity assumptions.

Assuming that A1 and A2 are verified, it is now legitimate to make a Taylor expansion of ¢
in a neighbourhood of (f(z),z). We shall use the following notation for partial derivatives
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0¢ 0%¢ 3) s
¢ = %(U,U), ¢ = w(uav), 61" lloo = xi‘g}’{ la—ug(u,$)|

where K¢ = [a — €,b + €].
1(5) = [(f(@),a)dz+ [ (@), )7 - P)o)da

+5 [ $(F@)2)f - PNz + T,

where I';, is a remainder term which will be proved to be negligible compared to the linear
and quadratic terms. It is convenient to write T'( f) as follows :

1(5)= [ 670+ [BFf+ [K(F )P +T

where
G(F) = 8F) - (F )T+ 587, )P? (25)
H(f’) = '1(]?,)—/?915'1'(1?,) (2.6)
K(f,) = 587 (27)

We have to estimate two types of functionals :
o L= /H(f, .)f which is a linear functional of f.

o () = /K(f, .)f% which is a quadratic functional of f of the type studied in Section 2 .

If f is based on the n; last observations, then L and @ are estimated with the n, first
data where n2 = n — ny. The following theorem gives the expression of the estimator 7,
of T(f) and its properties.

Theorem 2.2 Let Xi,X,...,X, be i.i.d. random variables with common density f
belonging to some Hilbert space IL*(dy). Let (p;)icp be an orthonormal basis of IL%(du),
a; = [ fp; and suppose that f belongs to the ellipsoid

2
a;
E={D aipi;y_ |?| <1}
i€D €D Tt
Let T(f) = [ #(f,.) to be estimated.
We assume that the hypotheses Al and A2 hold and that ||¢} ||, ||#7]lco and ||</>%3)|]0o are
finite.



2
M
Suppose that we can find a subset M,, of D such that (sup |c? |) | n;’
¢Mn

and such thatV g € L*(du) ||Sm,g—9gll2 =0 asn — oco. Let

Tn - /G(fa )+ — Z H(f7 )(XJ) t+—— ( g — 1) Z En: p,(X])(I((]?, )pz)(Xk)

1EMn j£k=1

n

oy Pi(Xj)pz'/(Xk)/pipifK(f, y

ng(n2 -1) M et
where G, H, K are defined by (2.5), (2.6), and (2.7). The following properties hold :

| M|

n

If (T, - T(f)) — N(0,C(f,4)) (2.8)

Jim nE(T, - T(f)? = C(£,9) (29)

where C(f, $) is defined by

ctr.0)= J6irrs - (fon1)

Comments :

1) The asymptotic constant C(f, ¢) appearing in Theorem 2.2 is optimal when f is sup-
posed to belong to the class F, o ¢ which is defined below, or belongs to the ellipsoid £ and
is bounded from below by some positive constant. This follows from the general theory of
efficient estimation as explained in the Appendix.

2) We shall give some corollary of Theorem 2.2 with an explicit construction of the pre-
liminary estimator f in the particular case where f is a density defined over a compact set
of RY, for example S = [0,1]% and satisfying regularity conditions. When it will be useful,
the function f will be extended by periodicity. The regularity conditions are defined as
follows : let r = (r1,...,74) € IN¢ and a = (ay, .. aq) €]0,1]% Let D; the derivation
operator with respect to the jt* variable. We shall denote by F; ¢ the set of densities f
defined over [0, 1]¢ such that

D7f exists Vje€{0,...d} and DLf is periodic for [ = 0...r;.

D" f(z) = D"
sup |D;’ f(=) if(y)l <c
z,yES,z;£y; '331' - yj| J

26



d
We define s; = r; + a; and s by 5= Z . We will show in Section 4 that if f belongs

i= 1
to F, o,c then f belongs to some elhpsmd

E={Y"aipi; Y. (lal* 4.+ ]id) ) ai,)? < 7}
i€Z? (t1..1q)€Z?

for all (sq,...,s)) such that Vj 0 < s} <s; =r; + a;; for some v > 0.

In this case, the preliminary estimator f is defined as follows : let f be a kernel esti-
X n
mator of f based on the n; last observations where n; ®~ ——. Let fy € F; o ¢ such that

log n
fo(S)€la—eb+ellet Ay ={f(S)Cla—eb+e]} and
f(2) = f(z) La, + fo() Lag. (2.10)

Theorem 2.2, together with rates of convergence results by Ibragimov and Has’minskii
ensuring A2 when s > ¢ ( see Ibragimov and Has’minskii (1980) and (1981) ), imply the
following corollary:

Corollary 2.1 Let X3, X5,...,X, bei.i.d. d dimensional random variables with density
d
. d 1
[ belonging to the set F, o c, 1€ IN% a€]0,1]% Lets; = rj+a; and S = > e Suppose
i=1 %
that s > 4. Let (s’l, ,8") be any element of R® such thatV j 0 < si < s; and such that

d
1
s' defined by — = Z 78 satisfies s' > %i. Let (p;);cza be the orthonornal Fourier basis of

k»

IL2([0, 1]%), and f the estimator of f defined by (2.10). Let M\, = {(i1, ..., iq) € Z%Y j,]i;| < m*7 }

2d _~
and m = nd+ss’ | T, is defined as in Theorem 2.2 with M), instead of M,,. Then

VT, - T(f)) — N(0,C(f,$))
and

lim nE(T, — T(f))? = C(f,¢)

n—00

Comment : We don’t need the periodicity condition for the partial derivatives of f when
d = 1 as will be shown in the next section.

2.3.2 Entropy estimation

As an example, let us give the precise shape of our estimator of [ flog(f). Condition A1l
means in this case that Vz, 0 < € < f(z) < bi.e. that f is bounded from below by

27



some positive constant. Since f is a density, this condition implies that f is defined over a
compact set. Hence, this estimator will not be suitable to test the normality but we may
use it to test the uniformity of a density defined over [0,1], ( see Dudewicz and Van der
Meulen (1981)).

Using Taylor expansion as above, we get :

| Froas) =——/f+/1og(f)f+ /A+r

The general estimator proposed in Theorem 2.2 has the following expression :

= ——/f+ — ilog (X)) + Z Z pz(Xll)(pi/f)(Xlz)

11#12—1 1EM,

2”2("2 -1), Z 2 p’(Xll)p"(Xlz)/(pipi'/f)($)dz.

#lo=114'€M,

If fe Facand s > 5 4 then T has the following properties :

VAT, = T(f) = & (o, Jreens - ([ rioen) )

Jim nB(T, - [ flog()? = [10g2(s)f - (/ flog(f))2-

2.4 Proofs
2.4.1 Proof of Theorem 2.1
We start from the usual decomposition :
E(§ - /fzz/r)'z = Bias?() + Var(6)

where Bias() = E(6) — 6.
We shall write M instead of M,, for short.

§ has been constructed in such a way that Bias(HA) = - /(SMf — £)%. Hence,

| Bias(@)| < 16l [ (Su1S - £ = Wl e < il sup e since f € .

i¢M
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Let us now evaluate the variance of our estimator. We recall that § = 26, — 52 where 51
and @, are respectively defined by (2.1) and (2.2). We notice that 8 is a U-statistic, more
precisely, we can write § under the following form :

- 1 n
0= —— h(X;,Xx) where h is symetric.
n(n—1) j;gc-:—-l (Xi> Xk) y
Actually,
~ 1 n
201 = ———— > Hi(Xj, Xx)
n(n — 1) Prradt
where Hy(z,t) = (¥(z) + ¥(1)) Z pi(z)pi(t).
1IEM
Moreover,
~ 1 n
0 = —— E Hoy(X;, X)
n(n — 1) Pradt
where Hy(2,t) = Z pi(a:)pi,(t)/p,-pmﬁ, and h is defined by h(z,t) = Hy(z,t) — Ha(z,t).

ieM
It follows from Hoeffding’s results concerning the computation of the variance of U-
statistics ( see Hoeffding (1948) or Serfling (1980) p. 183 ) that

Var(h) = 1"+

2
n(n — 1)52
where

§1 = Var(h1(X1)), & = Var(h(Xy,X3))

and
hl(zl) = E(h((l:l, Xz))

It is easy to see that

Baer) = (Swf)b(er) + S (F9)(z1) = Sual(Sna f)l(an).

Let us first bound Var(6).

E(hi(X1))

& <
< BE [(SMDP(X0)) + (S (FE)XD) + (Su(Su ) (X1))?]

Our purpose is to show that £; is beunded by some constant depending only on || f||« and

¥l
E[(Sunwx0f] < 1l [(Sus2s

29



||¢Hgo||f||oo||f||§ since Sps is a projection

WIEIAIE, since [ £ <1 fles [ 1

IN A

E [(SuUX0F] = [ S0 < 1 leall 913 < 1912051

E[(Su(wsuf)(X0P] = [ Shl(Supulf

< NAllooll(Sn )23 < 1131112
Collecting the above evaluations, we obtain & < 9||f||%[|%]|%,- We now bound &,.

& = Varlh(X1, X2)] < E[R*(X1, Xz)] < 2B [HY(X1, X2) + HE(X1, X3)|

E(H}(X1,X,)) < 4E [¢2(X1)(Zpi(X1)Pi(X2))2]
. iem

IN

4 [ V@)L @) (@) fOdu(z)dut)

1EM

AAENIE [ [(X pile)p) due)dut)

1EM

IN

IN

AN [ [ X pivi()pmo(t)dute)au)

ii'eEM
< 4| fIILII% M| by orthogonality.
We make the same type of computations for the term E[H%(Xl,Xz)].

2
E(H}(X1,X3)) = / ( > pi(z)pa(t) / pz-pmﬁ) f(z) f(t)du(z)dpu(t)

i,i'eM

< NI (O p@petd) [ T pa(elpg (@) [ pipw)du(z)duct
iA'eM i1, €M
< 11 / Y pia)pA(t)( / pipa)*dp(z)du(t) by orthogonality.
1i'eEM ‘
< A% X ([ omen? <A [ (X pi@ino) (@) @dua)due)
i'eEM 1EM
< AR [ (S piemtt)Pdu(e)auct
€M

< 115 I190%IM] by orthogonality.
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Finally,

& < 100 F11% 1 11%| M. (2.11)

It follows from the above computations that
~ 1 |M
Var(®) < YFIZIHIEE + 20 for some 7 € I,

2
We recall that Bias?() < [|]|% (sup |ci|2) :

1

(sup;¢ns lei]?)?
| M|

o 1f 11 _ 0 then E(f - 0) = 0(%)

. 1
By assumption, ~ = Hence we get

~ M -
o else E(6—6)2 < 72% where 7, depends only on || f||eco and ||%|co-
Let us now look more precisely at the semi-parametric case, that is the case where

E(f-8)? = O(l) and show that the estimator is asymptotically normal. To do this,
n
we will show that the expectation of the square of

R=a (5 ~o-2E S - | f%))

converges towards zero. This will clearly imply (2.3).
We will prove (2.4) simultaneously.

E(R* =nE(6-0)* + %E (En: fe(X;) - / f%b)
7=1

—45 [(5 - 0% ) - [ fzw}
. 1=1
We first compute nE(8 — 6).

|M]

n|Bias?(8)] < )\Hi/JHiOT for some A € R.

We will now evaluate nVa,r(HA) —4[f 392 = (f f2)2].

4 2
z—1€1+n—2

nVar(f) = 4¢, — - £,.
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M
€ s bounded by 91 and from (211) we get s < 20 AR LY, 1o

show (2.4) we just have to prove that

a1 re-(f £

We recall that

N < lSmf = Flla+ ISm(F9) = fll2] -

&1 = Var ((Sm)Y(X1) + Sm(f4)(X1) = Sm(Smf)v(X1)])-

Denote

i = (SuNY(Xa), Ya=Su(fe)(X1), Ya=—Sml(Smf)p)(X).

Then & = Z Cov(Y;,Y;). In fact, V 4,5 € {1 2,3}%, we claim that :
1,5=1

Cov(¥i,¥;) = e | 1242 = ([ F0)1] < 1w = Flla+ 1S (F9) - Foll) - (2.12)

where €;; = —1if (¢,5) = (1,3),(2,3),(3,1) or (3,2) and €;; = 1 otherwise. (2.4) follows
immediately from the above property. We give a complete proof for ¢ = j = 3 since the
computations are similar in the other cases.

Var(Ys) = / S [(Smf)olf ( / Sml(Smf)vlf )

The computation will be done in two steps : we first bound the quantity

| / Syl(Smf)v]f - / PR

This expression is bounded by

J 158Ul = 2o+ [ 15301 - Fu?

S N llool1SMmI(SM %]+ Sp(F) |2l Sml(Sm £)v] = Sae(F)|l2

HflleollSm(F%) + fllallSm(f1) — Foll2

by Cauchy-Schwarz inequality.
Using repeatedly the fact that since Sps is a projection, || Sprg|lz < [lg||2 the sum is bounded
by

[ llooll(Saa )% + Sl (S £ = Fbllz + 201 Fllooll Foll2ll Saa(F1) — £l
< 2 lleollbll NN SA S = Fllz + 21 Flloollllooll Fll2ll Sna(£) = bl

32



The second step consists in bounding the quantity

i( [swttswnmis) - ([ r4) |
This term is equal to

([ resulsmnyat+ o)) ([ suliswnis - [ £6)

which by Cauchy-Schwarz inequality is bounded by

(SklSaal(Sne 01+ 191 ([ 15ml(Su£)1f = Suro) A1+ [ 180 - 729

A2 NCSm F)pllz + 11 fll2) X (112l Spl(Sae )b = Flllz + 1 Fll2l1Sar(f) = Fll2)
201319 llo (£ 12152 )% = follz + 1 Fll2llSae () = fll2)
201319 llo (1 lloollSn £ = fll2 + 1Sae(f) = fll2) -

IN IA A

Collecting the above inequalities and noting that || f||2 < Hf]l(l,é2 we finally get (2.12) for
t = j = 3, hence (2.4).

2
To show that E(R?) — 0, we have to compute now %E (Z(fd)(Xj) - /f%/))) . This
J=1

quantity equals 4 [/ P2 — (/ f%/))z} .

At last, it remains to compute

—-4F

= e(zw )= [ F9) ]

which is equal to

_AE (()qu/) J)) +4n/f21/)E

1=1
We recall that @ has been written under the following form

~ 1 n
0= n(n — 1) j;;:l h(Xj, Xk) where h is symetric.
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Hence

5(if1/)(X1)) = m > (X5, Xe) fo(X)
=1 J#k=1,l

2
n(n —1)

S B(XG, XF$(G) + s 3 h(X;, Xi)fo(X0)
=1 n(n—1) ;57

This implies that

~4E (az f¢(Xj)) = =8E (h(X;, Xe)f(X,)) - 4(n — DEO) [ 1.

i=1

So,

~4E (5 > fz/)(Xj)) +an [ P9B(G) = =8B (b(X;, X)F$(X3)) + 8EG) [ .

i=1

We have to determine the limit of this expression as n — .
As it was already proved E(8) — 6, so 8E(6) [ f2¢ — 8([ f2)2.
Let us now compute the other term.

~8E (h(X;, Xo) f9(X5)) = =8 [ [ h(a, ) P)(2) F(0)dua) i)

We want to show that as n — oo this term converges towards —8 [ f342.
We recall that

h(z,t) = [Y() + p()] D pi(z)pi(t) — > pi(m)pi’(t)/pipi’¢~

1EM 1,i'eM

So, we have to compute

- 8 [ [ S @m@n @)p(@) ftdu(a)du(r)

1EM

= 8 [ [ 'S son@m0) @) f0dua)in)

1EM

+ 8 [ [ X n@mP @@ 0dudut) [

ieEM

which is equal to

8| [t + [ sutro)fe- [sunsuon]
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Using the fact that ¢ € IL*, that f € L™ NIL%, and that V ¢ € IL2 1Smg — gll2 — 0 as
n — o0, we see that the above expression converges towards —8 [ f342.
Finally, we get

lim ~42 |G- 0)(S 10(55) ~ [ 20| = <8 [ [ por— ([ rup].
7—00 l: ; J / J [/ / ]
Hence, E(R?) — 0, this achieves the proof of Theorem 2.1.0

2.4.2 Proof of Theorem 2.2

We will first control the remainder term T,,.

ITal < 168 Meo [ 17 - 7P

16821 is finite s0, £(12) = 0 (B [([ 17 - 7] ) = 0 (& [1F - 1)

Since f is assumed to satisfy condition A this quantity have order O(n;~%%) where
~ ——) and o > . So,

B(T3) = o).

This proves that the remainder term is negligible.
We are now going to prove the asymptotic efficiency. Let

Of course, to ensure that both (2.8) and (2.9) hold, it is enough to show that E(R?*) — 0.
We notice that R = R; + R, where :

Rlzﬁ[n 7(f) - ( Z¢' (7.0 - | ¢;(f,.)f)}
R2=\/—[n122<¢'(f, (X0~ [ (7. )]

=1
—ﬁ[ ;(qﬁl(f, (X) - [ 6405, )}

We shall prove that both E(R?) and E(R2) — 0. Pluging the expression of 7}, and T(f)
in R; we get



Ri=vall'-L'+Q-Q+Ty]

where
- [FaFon T=-s S isG Ky Q=g [#GIL
i=1

and Q is the corresponding estimator. Since E(I2) = o(2), we just have to control the
expectation of the square of /n /- L'+ Q - Q.

o Computation of lim nE(L' - L')?:

nE (U~ I1]] = [ J e (7271 - (f 7, )f) }

™ _1asn — oo. Moreover, we will show that the expectation of the above expression
n2

converges towards the same expression with f instead of f We shall only give the proof

for the term /(f(b'{(f, ).
B ([0 - [ PERGD)

< Ul ([ 1FACE, )+ SO MNTHE,) = 44
We recall that ¢ < f(z) < band a —¢€ < f(x) < b+ ¢, for some € > 0, so the above

difference is bounded by

1 flle [2(5up(Jal, 181) + 16 llee] E (1761(F, ) = FH(S, ) -
Finally,
E (175, — f81(5, )
< B (161, ) - F#(5,N) + B (1815, - F#(F))

Since E(||f — f|l1) — 0 and since ||<;f>1 )||oo and ||#{||co are finite, each of these terms con-
verges towards zero and we get

n—0o0

lim E(I' - L')? = /(q’)”(f, ) (/ & {(f, ) )%
o Computation of lim nE(Q - Q)*:

Denote 9 = %(}5’1’()?, ). It follows from (2.4) that for I—Ni"—l -0,
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nBI@ - QP - | [H(F. 0 - ([ 10577 ]

[IMI

1 flloos 141l o) +1153f = fllz + 1Sm(F1(F, ) - ¢"(f,-)|lz]

Hence,

nE(Q - @ - E | [, 077 - ([ (7,057
[

< 711 lloos [1#1l0)

We have to prove that

E (ISm(f64(F, ) - £ (f, JMz) =0 as n— .

+1180f = flla+ B (ISu(F61(7,) - £, 1) .

Since, by similar arguments as above, the expectation of the term/ #(f, ) - /qﬁ’{ T idk

converges as n — 00 towards/(¢ (f, )?f? - /¢”(f, )f%)?, this will imply that nE(Q Q)?

converges towards the same limit.

E (1S (f61(F, ) = F81(F, ) < E (1Sm(F4(F,-)) ~ S (£84(S, l2)
HISMUFSI(S,-) = 81 Mo+ E (1£61(F, ) = F1(F, o)

< 2B (1£61(f,) = FI(F, M) + ISm(f1( S, ) — LS,

since Sps is a projection.
The second term converges towards zero since f¢(f,.) € IL?(du) and since V ¢ € IL2(dp
g 1 K g
Smg — gll2 = 0 moreover the first term converges also towards zero by the arguments
gu
already used above.

To complete the proof we shall show that the sum of the two terms we have just computed
is the opposite of the covariance term.

o Computation of lim 2mE(L — L')(Q - Q) :

Since conditionally to f, I’ is an unbiased estimator of L’ we get

(L7 - 1')(@ - Q\f) = E(L'QI) - L'E(QI)).
We recall that Q = 201 — Q, where

37



@\1 _ Z nzz ])p1¢1(fa )(X )

7?.2(71,2 b 1) (€M jth=1

Q:= > Y wil X‘)Pi'(Xk)/pipi'¢)1(éf’.)($)d$-

n2(n2 - 1) 1,0'eM j#k=1

We shall first develop the calculations for Ql.

BTG = -~ 2 / FU(F, i [ 61,022

_—,EZM“’ i+ (1- 2 ) re@ih
So

EDQiIN) - VE@ID = ~5 [ Sulfol(FNF#(F )1
e [(SuDFGFE, P - ZVE@I)
Let us first show that

E (SmUoi(F, Wi#i(F,00) = [ 2618,

of course, an analogous result is valid for the second term. We shall first show that the
expectation of

| Sult(F N [F#1F.0f - 105, ] ~
This integral is bounded by

I1Sm(F(Fs NN FSL(F ) = £81CF Ml Flloo-

Moreover,

153 (FSLF, Dz < WF@DF, e < 1Al lloo < NI oo

and as it was already shown, the expectation of the term || f¢/(f,.) — f¢?(f,.)|| converges
towards zero. It remains to show that the expectation of

[ (Suls(F, 1= 16807,) £264(5,)
converges towards zero. This expression is bounded by
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161 Fllool Fll2 1S [FS1(F, )] = (S, 2.

So, we just have to prove that

E (ISmlf¢{(F, ) = F1(£,)ll2) — 0.
This quantity is bounded by

E (15wl F(Fr )1 = SualF$1CF, M2) + 1SaalF (S, ) = F84(F, -

< E (IIf¢1(F,-) = FS1(F ) + 1Sm(FH4(f, ) = FHL(F, e

Since each of these terms converges towards zero, we get
E (Sulfo{(F,NFeU(F, 1) = [ 2810, )™
We will now prove that
lim B (-2'B(@1D) = ([ 61,052,
We have to show that
E|[ 7701 [(sun#i(F,05] - ([ 64050527 0.
The above difference is equal to :
B | [ Fercor ([uneidior- [ 5]
+E [ [otr.0r (7701 - [s1r.08)] .
The first part of the sum is bounded by
1 FlleliétllocE [ [ £[(Su0t(Fo0) - £61(7,0)]
< 1 llo l6¥lloo | £l [I1(Sne )SY(F, ) = FSLCE, i)
= 0 [E (I(SMNGY(F,) = FF, M+ IF(F, ) = £ N2) ]
= 0 [I16{lleollSat f = fllz + 1 flloo B (161(F, ) = $1(. ll2)

and each of this term converges towards zero. It follows that
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Jim nB(T = 1)@ - Q1) = = [(BI.02 8 +([ 45,077

Since Q = 2Q; — @, to show that the above result holds with ( instead of Q;, we have
to prove it for @\2

nE(D-L)@=0Q) = B |~ [ SulSuNé(FIFAF 0 + [(Sus (R, [ 1617,
We first want to prove that
E| [ SulsunetF NFstF, s [ £tes 0>
The difference between these terms is
E{ [ Sul(sun)si(F.0) (FLF, )1 - Pot(5,0)}
+ E{[ P40 (SulSun#(F, ) - SuU8(,0) |
+ B{ [ PO Gulréi,0) - 187,) |
Using the fact that Sy is a projection, this sum is bounded by

< ISmfllalléillooE (IIFE1(F,-) = F8Y(F, 2) 1 lleo
+ I loolléillooll fll2E (I(Saf)S1(F, ) = FHL(F ll2)
+ 1 llooll ool Fllz (US3(FLCS,)) = £l -

We already proved that the first two terms converge towards zero, as to the third term, it
also converge towards zero since f¢7(f,.) € IL%(dp).
To conclude the proof, it remains to show that

e[ [unraido [ sendad] ~ ([ Poicso)
The difference between these two terms is
p{ [sured, [ set707 - [ Pocs, ]}
v e{ [ rousa | [Guprado- [ o]}
The first term is bounded by

680 LAIBE [et7, 07 - [ 771
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which converges towards zero as proved above in the computations for the term Q;. The
expectation of the second term is majorized by

11 lA1BE | [ 7 g+ [

< 19 oll 13 [ £l 1 £112E (I64(F, ) = B2, ll2)
+ 1BHIENFBNS + Srflalf = Saa Sl

(. = Suf P

Of course both terms converge towards zero. We now conclude that

lim 2nE(L’ LQ-Q)= —2/(¢”f, )f3+2(/¢ (f,)fH?

which implies that
lim E(R3?) = 0.

n—oo

It remains to prove that E(RZ) — 0.
B(R) = —E | [ (4(7,)- 61(£.)’ 1]
~2p[[ e~ [

Using as before the fact that E(||f — f];) — 0 and that |¢1llco is bounded, it is easy to
see that E(R3) — 0. This achieves the proof of Theorem 2.2. O

2.4.3 Proof of Corollary 2.1

Let us first show that condition A2 is verified by the preliminary estimator f defined by
(2.10) as soon as s > ‘Zi. This estimator is based on the kernel estimator f studied by
Ibragimov and Has’minskii, who showed the following properties for f :

_=ls
sup E;(|f — fII}) < Ai(g, Dn{™* V2<g< 400,V 1€ N*

ra,C

sup Ef<||f—fnéo)3A2<z)( )_ Vie .

feFr,a,C 10g(n1)

We recall that f = f L4, + fo T4c where A, = {fcla- 6,0+ €]}

E(If - fI1) < EUF = FIL) + 1 fo = fIIL P(AS
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Hence, to prove condition A2, it is enough to show that P(A¢) is small enough. We notice
that AS C {||f — flleo > €}. Since

—U's

~_ l’ < ! n’l m 1 %
EflIf - fl, < As(t) <log(nl) VIeN
we get
~ 1 . ,
P(43) < P(If = flloo 2 €) < 5 E4(IIf = FII%)
So,
c < ! nl )d+2’ ll *.
PUAZ) < 45(1) (o)™ vren

For n, large enough,

—ls

P(A2) < Ag(l)nfF>.

It follows that

=l

Es(|If - £IIL) < C(g, =,

This achieves the proof of condition A, since when s > %, 55 >

1
6
Let us now prove the following lemma

Lemma 2.1 Let f € F, o ¢ withr € IN? and o €]0,1]%. Then f belongs to the ellipsoid

&= Z a;pi; Z (Jir > + ...+ lia|?*0) @i, iy |* < 7}
i€Zd (i1...iq)EZA

Jor all (sy,...,s)) such that Vj 0 < s; < 8; = r; + aj, for some v independent of
[ € Fr a0 and where (p;);cga denotes the Fourier orthonornal basis of IL3([0, 1]%).

We have to show that V j € {1,...d} the quantity Z (|i]~|239)|a,~1_,_,‘al|2 is bounded
(41..34)€ZY

by some constant ¥; independent of f € F, , . Since Dé-f is periodic for [ = 0...7; it is

easy to see by integration by parts that

| [07 pypil = @oylio) [ o = oyl olad.
Using this remark, it is enough to show that if f satisfies the condition

|f(@1,. sz 4 hyog) — f(@1,...,..2q0)| < Clh|Y
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then

Vie{l...,dy Y (15PP%)ai.il* < VO<Bj<ay
(llld)ezd

The Fourier expansion of f(zy,...,z; + h,..xq) — f(z1,.. T —h,.xg) is

Z ail,__,-deZ""(“"”‘+"'id$d)2i sin(2mwe;h).
(il,...id)ezd

Hence

/(f(a:l,...,:zj + hy.zq) = f(z1,...,2; = b, .2q))*

4 > i, sin?(27ish)
(il,...id)ezd
< C?|2h)%,
We shall denote by (44, . . z;, ...1q) the element (¢, ...4j_1,%j41,...1q) of Z* 1. Let ¢ € IN*
. . . 1
and h = 8iq. Then, V i; € {q,...,2¢— 1} sin*(27ih) > 5 and

2¢-—-1

: c? 1
> > |ai,..q,]% < 3 (R
Y=Y (i1t o id) EZ41

By similar arguments,

— c? 1
—Z > |ai,..ig|* < 2 G

=204 (5 G id) €A

Let 0 < 3, < a;

2q—-1 2 (2q)%s

. N C --——2 ’
OIS DR LT e
) A 2 (8¢g)*
1J=q (il,...i,-,...id)ezd'l

Now, let ¢ = 2/,

B; +oo I
Z lai1~~-id|2 < C2;2;j Z (4%-1_[3]-) .
(315ereria) EZ® =0

This achieves the proof of the lemma, and we can therefore apply the results of Theorem
2.2 for some well chosen (s, ...,s}). O

Comment : of course, if d = 1 we don’t need to assume that f is periodic. Actually,
we use the same proof as above ( except that we do not integrate by parts ) to show that
for some a > ;li f belongs to the ellipsoid

= {Z a;p;, % li|**|a;]* <y} for some constant .
1€

b
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2.5 Appendix

2.5.1 Semi-parametric information bound

A) We first suppose that f is a regular function belonging to the set F, , ¢ defined in
Section 3, we want to show that the asymptotic variance appearing in Corollary 2.1 is
optimal. To do this, we will apply the results of Koshevnik and Levit (1976), see also
Ibragimov and Hasminskii (1991). We also refer to Levit (1978) where an application of
Koshevnik and Levit (1976) is given, for a problem which is almost similar to our problem.

We suppose that f belongs to the class F; 4 ¢ and satisfies

D7 f(z) — D7 f(y)|
sup <

T #Y; |z — y;|*

C.

Let € a bounded function, infinitely differentiable, such that / f€ =0, and let

fi=f(1+1tf) wherete R.

For small ¢, f; € F; o,c and is a density.

T(F)-T() = [ &= )+ o0
= [ (0= [608) (= D+t
since /(ft — f) = 0. Hence,

100 -T(5) = [ (9= [ 615.95) VT = VDT + V) + ol0).
Using the notations of Koshevnik and Levit (1976), p.741, we get

IVFe = VF = Atlls = o(2)

where
At = L:—f\/f
Moreover,
T(fe)-T(f) = Bi+o(t)
where

Bt = Ef(th)
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and

G =2(4(£,) - [4(5.01).

G is called the canonical gradient of T'(f), it satisfies E¢(G) = 0.
Noting that functions £ are dense in the set of functions g of IL?(du) satisfying E;(G) = 0,
we can find a sequence £, such that

Jm [0 Gree =0

This ensures the condition 8 in Koshevnik and Levit (1976) since all the functions f,, =
f(14t&,) belong to F, 4 ¢ for small t.
According to Theorem 1 and Theorem 2 of Koshevnik and Levit (1976), we see that

inf lim inf sup nE(T, — T(f))* > -1-Ef(G2).
¢ T fi€Facillfi-fllage 4

The right-hand term of the above inequality is equal to / (A1(f,-))? f / #(f,)f)?

which achieves the proof.
B) We now assume that f belongs to the ellipsoid £, which is more general as above, but
f is supposed to be bounded from below by some positive constant €. In fact we assume

that f satisfies
2

Z%<1.

i€D
We suppose that the orthonormal basis (p;)iep of IL?(dp) is such that ||p;||eo < +00, and,
( except the first function which is usually constant and will not be used in the following)
that [ p; = 0. Let
= [+t _cipi), t,eci € R,|I|€N.
i€l .
For small ¢, f; is a density since f > € > 0, and belongs to the ellipsoid £ since |I| is finite.

IVFe = VF = A'tl]2 = o(t)

where
Alt = t(ZzeI Czpz)\/—
Moreover,
T(ft) - T(f) = Bt +o(t)
where

i = by ()
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and G' =2 <¢>’1(f, )= /gb’l(f, )f) ;s E¢(G") = 0. To conclude the proof, we remark that
the functions of the type Ecipi are dense in the set of functions g € IL%(du) satisfying

el
J g = 0. Hence, there exists a sequence &, of functions of the type Z ¢;pi such that
el
lim & _ G’ : f=0
n—00 2f

since f is bounded from below by € > 0. The end of the proof is similar as above.O
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Chapitre 3

Estimation of integral functionals
of a density and its derivatives

Abstract

We consider the problem of estimating a functional of a density of the type

Jo(f, f'5..., f®),.). The estimation of J ¢(f,.) has already been studied by the author :
starting from efficient estimators of linear and quadratic functionals of f and its deriva-
tives and using a Taylor expansion of ¢, we build estimators which achieve the n—1/2 rate
whenever f is smooth enough. Moreover, we show that these estimators are efficient. We
also get the optimal rate of convergence when the n=1/2 rate is not achievable and when
k > 0. Concerning the estimation of quadratic functionals, more precisely of integrated
squared density derivatives, Bickel and Ritov have already built efficient estimators, we
propose here an alternative construction based on projections, which seems more natural.
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3.1 Introduction

Let X1,..., X, be ii.d. random variables with common density f defined over a compact
set S of IR. Our purpose is to estimate quantities of the type T(f) = [ ¢(f, f',..., f®),.)
when f is assumed to belong to some Sobolev space of index s > k. This problem was
first studied by Levit (1978) who built efficient estimators of this kind of functionals under
regularity properties for the density f which are not optimal. It is also worth mentioning
the paper by Ibragimov, Nemirovskii and Hasminskii (1987) which deals with differentiable
functionals in gaussian white noise.

The problem of estimating [(f(¥))? has already been studied by Bickel and Ritov (1988)
and by Donoho and Nussbaum (1990). The same results are obtained in these papers :

if s> 2k+1, [(f®%))2 may be estimated at the semiparametric rate -\%—5; if s <2k + 1,
—4(s—

the rate of convergence have order n™T#% . Moreover, Bickel and Ritov show that their
estimator is efficient and that the nonparametric rate of convergence is optimal.

In this paper we generalize the results obtained in the previous chapter and concerning the
problem of estimating | ¢(f,.). Before stating the results, let us explain how our methods
work : ¢ is assumed to be a smooth function. So, expanding ¢ up to the second order
with Taylor’s formula provides an expansion of T'(f) — T'( f), where f is a nonparametric
preliminary estimator of the density f, constructed with a small part of the n— sample.
With the remainder of the sample, we build estimators of the terms, up to the second
order, which appear in the Taylor expansion. Some of these terms are linear functionals of
f and its derivatives while others are quadratic functionals of the type [ fU) f (J")Kj,j/( f ).
So, a crucial point to make our methods work will be the construction of estimators of
quantities of the type [ fO £")4p where 1 is a fixed smooth function since we shall work
conditionnally to f This will be the purpose of Section 2 . For the particular problem
of estimating [(f(¥))? we get the same results as Bickel and Ritov, and as Donoho and
Nussbaum, moreover the formulation of the estimator is very simple. Our main result is
stated in Section 3 and may be summarized as follows : we can build an estimator ﬁ of

T(f) such that
i) If s>2k+ 4_11 Va(T, = T(f)) = N(0,C(f, $)) where N(0,0?) denotes the normal
distribution and nE(T, — T(f))* = C(f, ¢) where

_ 12 2
cr.e)= [ {i(—l)j (657, f',...,f<’°>,.))‘”] f- [Z [ 819, f(j)}

where
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9
8 (T0r 1 Ty 1) = a—f(mo, e zd).
7

i) If k>0 and k<s<2k+1 then E(T, — T(f))? = O(n 155 ).

In case i) C(f,¢) is the semiparametric information bound for the problem of estimating
T(f) as will be shown in the Appendix, hence our estimator is asymptotically efficient.
On the other hand, the rates which appear in ii) cannot be improved for most functionals
T(f) as shown in Birgé and Massart (1991).
When £ = 0 and s < % we do not know what the optimal rate is, except that it is
smaller than n7%5, Actually, in this very case the remainder term in the Taylor expansion
is precisely of order niF So, it would be necessary to do the Taylor expansion up to
the third order and to estimate [ f33) but do not know how to estimate [ f3¢ at a rate
faster than the one we just mentioned. Actually, the recent results of Kerkyacharian and
Picard (1992) concerning the estimation of f3 show that the rate of convergence for the
estimation of this functional is nT¥é .
The paper is organized as follows : in Section 2, we built estimators for the quantity
F9 64, In Section 3, we propose an estimator for T'(f). The proofs of the theorems

are postponed to the fourth section.

3.2 Estimation of/f(j)f(j')d)

We will first set some notations.

The notation A, ~ B, will mean that 1y < %g < v, where v; and v, are positive con-
stants.

We shall denote (j,;') by J and ff(j)f(j')t/). by T;/,]. For any function ¢ defined over
S = [-m, ], we define :

z —
lollo = suplo(@)l, llglla = sup lo@) =9l ¢ o cact.
e

styes T — Y[
Let s = p + a where p € IN and a €]0, 1]. We shall denote by F, ¢ the set of densities f
with support on S satisfying the following conditions :
1) fO(r) = fO(-r) YieA{o,...p—1}
2) |If@P < C.
When it will be necessary, the function f will be extended by periodicity. C*(S) will be
the space of k times differentiable functions on S.



Let (p;,t € IN) be the Fourier basis :

COS 1T sin 1z

1 :
po(z) = \/—‘Qzﬂ, pai(z) = —\/—;7 p2i-1(z) = 7 for >0,

we set S, f(z) = Z a;( f)pi(z) with a;(f) = /fpi. When no confusion is to be feared, we
1=0
shall write @; instead of a;(f).

Let T{!{ :/ F 0 (2)dz to be estimated. We assume that j < j' < s, 1 € ci'(8)
and that p()(r) = (=) Vie{0,....5 - 1}.

The problem of estimating [ f29) has already been studied in a more general framework,
in the previous chapter. In particular, we do not have to suppose that f is a periodic
function. The construction of the estimator of [ O £@)ep(z)dz will be of the same
type. We recall that the estimator of [ f29) proposed in Chapter 2 is

m(n) n
— 2
TP =—= %" > pi(X)pap(Xs,)
d, (] 1
n(n-1) = l1#lp=1 1 i
- pi( X1, )par (X )/Pipi'¢-
n(n —1) i 1=0 I £lp=1 l i

Let us write m instead of m(n) for short. The bias of this estimator is equal to
— [(Smf = f)?3. We shall look for a similar bias for the estimation of Tj . More precisely,
we wish the bias to be equal to

= [ (5nnD = FOY(Sn P - 1)

= [ )O 4 1S £~ [ (S )OS [ 70500,

Hence, the problem is to find an estimator with expectation

(SN + FOSu )0V = [ (SIS ).

Since f(l)-(w) = fO(=xr) and ¢O(r)=ypO(-7) VIe{0,...,5 — 1}, snccessive inte-
grations by parts lead to

™

" 1O(8u = (<17 [ (8 f))0

-7
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[t is therefore easy to see that the following estimator

m(n) g
—— 1
T}y = n_l)Z > Pl Xn)(=1Y (e ) (Xs,)
1=0 l]#lg"l
Z pi(X1)(~ 1) ()9 (X ) (3.1)
1=0 ll?‘-'lz_l

will have expectation [T _(fU)(S, f)U) 4+ £6)(S,, /) ).

To get the term — [™_(Sp f)) (S )4, we propose the estimator

1], = S nCumx | o (@)de. (32)
' n(n -1 .52 -
1,2 1#l=1
Theorem 3.1 Let X1, Xs,...,X, be i.i.d. variables with density f belonging to the
set Fyc and let v belong to C7'(S) with j' < s. and satisfy vV (r) = pW (=) VI €
{0,...,5' = 1}.
Let T;/{ = f fJ)f(J P to be estimated with j < j'.
Define de = le i +T¢ o Where Tw1 and Tw , are given by (3.1) and (3.2) respectively with
m(n) = nT#% . Then
o)) Ifs>j+j +1 and \y = sup ||| then
1=0..5'

A2

n

E(T] - T))? < (3.3)

Assuming that £ satisfies the same assumptions as 1, let Tg‘ be defined as 7/’:2}’ replacing
(4,57) by (j1,71) and 9 by € and T* = [T f@) fUDe,
Lets > sup(j + '+ 3,01+ 41 + 3), 41 2 1 and

- 0 O - s l)
pr = sup [1285, (119 Olloes 11 V1) sup (us oo €]l )]

then

nE(f,{ —TO)T9 =T = Mg (f, -;/,,g)l < Clpd(m(n)™* + m(n)z Hiti+ir+ii=2s) (3 4)
where

Man(F,8) = [ ((C1FFED + (1) (FO9) (=1 (£ 4 (1t (i) 1



4 _” FO py [T pln) i,

oii)[fsgj—l-j’—{-%and

A =sup| sup 19 Dloo + 1Yl sup 1900
i=0.p—j  mMn)YE T g i () =St AL)
then
BT - 1Y) < Coa 82 -

C1,C1 and Cy are absolute constants .

Comments :
DIfj=75,s<27+ '}i and 7 is either positive on S or negative on S, the rate of conver-

gence is optimal ( see Birgé and Massart (1991) ). Otherwise, we do not know whether
—8s+45+4;' ’
the optimal rate is n~ 1+4  or not.

2) In the next section, 9 will be a random function depending on n, this explains why we
need bounds which depend explicitly on 1.

3) The estimation of f; = [(f(¥))? has already been treated by Bickel and Ritov (1988).
In this case j = j' = k, 1 = 1 and the expression of our estimator is very simple :

O = Z Z ¢ (k)pi( X1, )pi( X1,)
n(" -1) = Li#h=1 1 ’
where gi(k) = [T (p")2 = (=1)F /7 .. Hence qai(k) = qaic1(k) = 2% Y3 > 0,

qo(k) =0if k > 1, go(0) = 1.
It has the same properties as Bickel and Ritov’s estimator.

4) The assumption of periodicity for f and its derivatives is necessary : suppose that
we want to estimate 2 [T ff'. It is equal to f%(w) — f3(—7) ; hence, this problem is
the same as estimating the density at one point. Farell (1972) showed that the rate
of convergence for the problem of estimating the density at one point is not better than
the rate obtained when we estimate the whole density, which never achieves the n=1/2 rate.
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5) Since the assumption of periodicity for f and its derivatives is necessary, it seems
natural to use the Fourier basis to built our estimators. Moreover, the orthogonality of
the derivatives of the p! s will be used in the proof of Theorem 3.1. Another orthonormal
basis of IL?([~=,7]) having this property could also be used.

3.3 Estimation of integrated functionals of f and its deriva-
tives

3.3.1 Main results

The purpose of this section is to estimate T'(f) = [ &(f, f',.. L ) z)dz efficiently when

it is possible. Assuming that f € F; ¢ and k < s, we also give the rates of convergence of
the estimators when the n~1/2 rate is not achievable.

We would like to start with some preliminary estimator f of the density f built on a
small part of the initial sample and do a Taylor expansion of ¢ in a neighbourhood of
(f(z), . .,f(")(m),z). In order to give a sense to this expansion, we first need some as-
sumptions.

k

Let K, = H[ai — €,b; + €] X S be some given hyperrectangle , ¢ > 0. We shall assume
1=0
the following :

¢ Al : ¢ belongs to C*+3(Q) for some open set Q and V 0 < i < k f)(S) C [a;, b;]
k

where H[ai,bi] X 5 C (.

=0
For instance, if the functional to be estimated is the entropy ( ¢(z) = zlog(z) ) we assume
that f has is bounded from below by some positive constant.

k

Since H f(i)(S) X S is not almost surely included in Q when f is a standard prelimi-
1=0

nary estimator of f, such as kernel or projection based estimator, we shall have to modify

it. We shall assume the following :

e A2 : We can find a preliminary estimator f of f based on the nq last observations
such that

a) feC™8), fO(r)=fO(-r) Vie{o,...2k~ 1}



b) fOS)Clai—e,bi+e Viedo,...k)
N q(l—s)
o) E(IfO = fOI9) <m(g)n™ VI<p, V2<q¢<+oo
~ qgl-s'!
d) E(IfO1L) < 72()(1+n, %) Vs'<s VO<I<2%,q>1

q!l+a—s'!

) E(IfO18) <va(@)(1+n, FF ) Vs'<s VO<I<2%,g> 1,

where 71(q),v2(¢), ¥3(¢) are absolute constants independent of f € F; ¢; and where
k

K, = H[a,-— 6b;+¢ x5 cCq.
1=0
The existence of such estimators will be proved in the Appendix.

For f satisfying condition A2, gb(f, .. .,f(k), .) is well defined and it is legitimate to make
a Taylor expansion of ¢ in a neighbourhood of (f(z),...f(*¥)(z),z). We shall use the
following notations for partial derivatives

9 92
¢; = 8—;;(310,. ..yk+1), (ZS;,J/ = 3_3138;?/]:(?/0’ . 'yk‘+1)

l
16Vl = sup sup |85 (Yo, - - Uks1)|-
315---31€{0,-k} (y0,--yk41) EK e

k |
1()= [6(f@)....[O@), 2o+ Y [6(F(@), .., [0 a),2) (70~ ) (a)

k
132 % [ #5(7@), - FO@), )19 - FOY) = fN)@) + T,

where I';, is a remainder term which will be proved to be negligible compared to the linear
and quadratic terms. It is convenient to write T'(f) as follows :

k ~ . .
> /ij'(f)f(“f(") + T,

7,3'=0

k
T(f) = [ G(f) + Hi(H)fY +
(= [feh+y [
where :

-~

k
G(f) = ¢(fr o W, )= 3 @i(frn . JB, ) f
7=0
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- Z (f,-. . JW,)FO ) (3.6)

J J'=0
k
Hi(D) = (s 0,0 = 3 #(Fre F, ) ) (37)
3'=0
Kin(D) = Ka(F) = 58p(Frnnn JO,0) (38)

We have to estimate two types of terms :
oH; = [ H;(f)fU) which is a linear functional of f.

oTY(Kj(f)) = [7. Ks(F)f@ ") which is a quadratic functional of the type we have
studied in Section 2.

Before stating the results, let us give some ideas about the estimation of these terms. Since
fO(x) = f(’)(—7r) Vie{0,....k—1} and fO(x) = fO(-x) Vi€ {0,...,2k— 1},
assuming that ¢, %, and ¢7 o1 are perlodlc with respect to the k + oth varlable we get by
successive integratlons by parts

[ a0 = [y e s
Setting ny = n — ny, we can estimate H; by
7% = — > (1P (IO,
=1

As to T7(K(f)) its estimation has been studied in the previous section. K(f) is a

random function based on the n; last observations and T7(K(f)) has to be estimated
with the remainder of the n sample which leads to

n2

f‘\](]\"J(f)) = na(ng = 1) Z Z pi( X1, )( 1).1( IxJ(f) J)(Xl )
l_oll¢12_1
732("2 -1) gllg 1p,(X,1 ( I(J(f))(i')(xlz)

m

,12(712_1) > E (X (X)) [ 2999 K 5 (F)()da

? ll’-nll#lg 1 -

Theorem 3.2 Let X1, X,,..., X, be i.i.d. random variables with common density f
belonging to F;c, let T(f) = [#(f(z),..., f®)(z),z)dz to be estimated with k < s and



assume that A1 holds and that ¢, b qb;’]-, are 27 periodic with respect to the k+2th variable
V3,7 €{0,...k}. R

Consider a preliminary estimator f of f satisfying A2 and based on the n, last observations
. Let

ng

T, = Gf)+2 Z( LY H;(H9(X))

-1

m(n) na

D S Dy B NP T e

7,j'=0 i=0 nz(ng - 1) li#l=1

-ZZ

7,7'=01%,4'=0

na

2 Pi Xh Pi (Xlg)/ p1 f,)I(J(f)dm

7l2(n2 —1 [¢12_1

where G, H;, K are defined by (3.6), (3.7) and (3.8), and m(n) = nTFE,
The following properties hold :

1) Ifs> ‘2k+% then
V(T = T(f)) = N(0,C(f,9)) (3.9)
and

nE(T, - T(f))* = C(f,¢) (3.10)

where C(f, ¢) is equal to

-1 J=O

™ k . : .
C(f,9) =/ [Z("UJ (ﬁb;'(f,.-f(k se) ) ] {2 $i(f,.f B, )f(J)}
¢ i) [fk>0 and k<s<2k+] then

E(T, - T(f))? = O(n 7).

Comments :
1) When £ > 0and k < s < 2k + 1 3> assuming that T is not degenerated, Birgé and
Massart (1991) have proved that the rate of convergence that we get is optimal, moreover,

in the semi-parametric case, the asymptotic variance is optimal as will be shown in the
Appendix.



2) When k = 0 the problem has already been studied in a more general framework ( see

Chapter 2 ). In this case, we do not have to suppose that f is a periodic function to get
1 ;

the semi-parametric rate of convergence T
3.3.2 Fisher Information estimation

As an example, let us give the precise expression of our estimator of / 7 Using a the

Taylor expansion of ¢( f) in a neighbourhood of ( 1, f ), we get

T fl2 , 9 fl2 ,
/_W7=—_szf+ |1 Af+_ﬂf3f+_7r /—ff
This expression is equal to

~2
PPy i " f_'z_ /
/. (P 2f)er LR /—«Aff”“

We have to suppose that f is bounded from below by a positive constant. The estimator
has the following expression :

12 12 ™ n2 " (Vg ot
T, = iz (— ol ) (X0)+ Z Z S (=1 piX0)[E (HP (X,

ny =\ J? PP dt (ng 1) el
m(n) ng R
- Z Z Z p’l(Xll)p't (Xlz)/ pz z’ \"j,j’(f)
§,§'=01,i'=0 "2("2 D5

Where :

~2 %

K A K, K K !
0,0 == 0,1 = 1,0 = —=, 1,1 = =.

f? f? f
Ifs> % we get

s [ 55 () - (L5)

—~ ™ 12 . —8(s—1
E(T, —/ i}-)z = O(n_liﬂ_sl).

Ifl<s

IN
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3.4 Proofs

3.4.1 Proof of Theorem 3.1

We recall that s = p+ a where p € IN and « €]0, 1]. The following lemmas will prove
usefull :

Lemma 3.1

2a+1C2

sup {ii”“ﬁ(a%i(f) + a3 (), f € Fag} <= V 0<fB<a

= qa=f — 1

- 2 2a+1
sup { Z *P(a3;(f) + a3;1(f)), f € Foc} < ,Sza <7T )

[0 T
1=m+1 4 1

The proof of Lemma 3.1 is postponed to the Appendix.

Lemma 3.2
Sllp{”f “00> "’07°"ap7f€Fs,C}<+oo-

We refer to Bickel and Ritov (1988) for the proof of Lemma 3.2.

Proof of Theorem 3.1: We use the classical decomposition :
E(T] - T])* = (Bias(T}))? + Vax(T])

In the proofs, we shall write m instead of m(n) for short and always assume that m is
even.
o _Control of the bias :

We noticed above that

/_ :((‘ ) = FOY(Sm ) = f(j')),p’

< ¥l (/_:((Smf)(j) _ f(j))z)lﬂ (/_i((Smf)U') ) f(j,))2>1/z

We claim that, since m is even

sz P (y) = (-1) Zp (3.11)

1=0

[Bias(T})| =

This equality implies that
Sm(g®) = (Smg)? Vg € CY(S)).
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Hence

Bias(T)I* < 19ll2 Y° af(f9) Y a2 (f9) = pl% Y gi(j)a? > ai(s)a?
i=m+1 1=m+1 i=m+1 i=m+1

Since 0 < ¢;(j) < 1%, we get

0 &)
[Bias(T))[2 < [[p[2, Y i%a2i¥=2 3 izng2iti=2

i=m+1 1=m+1

From Lemma 3.1 and the fact that j —p <0, j/—p <0, we derive

|Bias(T})|? = O(|[¢]|2, (m27+2'~4s)).

Here, and in the remainder of the proof, the O’s are independent of v and its derivatives,
and of f € F;¢.

Let us now evaluate the order of magnitude of Var(TJ )-
e _Control of the variance :

rd _pd g
T{=T] +Tj,

as defined by (3.1) and (3.2) .

We shall first prove (3.3) and (3.5), so we just have to determine the order of magni-
tude of Var(T). We notice that T; can be written under the following form:

o 1 n
T = ——— hii( Xy, X,
¥ n(n _ 1) 1152::1 73 ( 1 2)

where /i is symetric. More precisely,

Td{ Zn(n 2 (HJ] HJJ (XII’XI2) + (HJ] + HV )(Xlz"x’ll)
11#12 1
where H{jl(‘r Y) EP: ?/)) )(y). Moreover,
—_— 1 n .., .
e = 5oy 2 (I + )X, X,)

l1#lh=1
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with ngl(z,y) Z Pz(ll' Y25 (y) pz pz' )d)

1, 1’—0
We notice that Hg’ (z,y) = H%’(y,m).
h;;: is defined by

hig(a ) = 5 (B + ) (e,0) + (3 + B9 (y,2) - (B + B)(o,0)]

It follows from Hoeffding’s results concerning the computation of the variance for U-
statistics ( see Hoeffding (1948) or Serfling (1980) p. 183 ) that

Var(T]) = 222135 * n(n2—— 1)

£2

where

& = Var(h;(X1)), & = Var(hjji(X1, X3))
and h;;i(z) = E(hjj(z, X3)). We first compute R (X1).

o Computation of E(H}' (z, X3)).

E(H{ (2, X2)) = E[ipz-(zx—1)3‘@?%)(”(&)]

= Zpi(m)/pgjl)d)f(j) integrating by parts.

Z( 1)’p/)(z)/¢f“p by (3.11).

=0

Hence,

B(HY (2, X)) = (-1 S fO)(2).
e Computation of E(H{j’(Xg,a:)).

E(H{?(X3,2)) = [ip, (X2)(=1Y (P ) (1)
= 2 e 9

= ("1) (‘ mf ) (l)
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e Computation of E(ngl(:c,Xg)).

Z pi(z)pi(X2) /;vl o }

1,i'=0

= S pl) / P (S )N
=0

E(HY (z,X;)) = E

= (-1y ipi(fv) / ((Smf))9)Dp;  integrating by parts
= (~1YSn [(5mNE9)] (2).

Denote
Y = (=1 SUFDy)(X7) (3.12)
Yi = (=1)(SmfU9))(Xy) (3.13)
Y& = —(=1Y8n [(Snf))D)] (X1) (3.14)
3 . -
i (X3) = 5 (%7 +Y79).
=1
It follows that
& = Varlhjj(X1)] < E[(hjj(X1))*]
3
< 3Y BV +Y)
=1

3
< Z E[(Y{")] + E[(Y] 7))
We will now compute E[(Y,jj’)z] for [ € {1,2,3}. We first majorize these quantities.
o Computation of E[(Y{7')?]
: » y 12
B = [ (s 1.

DIfs>7+7+ ‘—11 then p > j + j’ and f is j + j’ times continuously differentiable so, we
can write using the fact that S,,(g®)) = (S,,9)¥,

BIYP'P] = [ S2ier))

< 1 flleo |I(1,/Jf(] )02 since S, is a projection

IlfllooHZ ( ) FOH013

IA
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Since by Lemma 3.2, sup{||fV||e,l = 0,...p, f € F; 0} < 400 we obtain

E[(Y{")] < C1A}
where C is independent of ¢ and f € Fc.

i) If s <j47 +}1 then p < j 4 j'. We first consider the case where p=7J+7. As
above, we can write

B = [ Shlwsonss
< Il £9) 93
= O( swp_[[$OI)

=o0,...,5

Moreover, by definition of \,

sup [$O]2, < g2+ e+
=0,...5'

Let us now consider the case where 7 + j/ > p. In this case we also have J+ 73" > s. Using
the fact that Sp,(g()) = (S,,g)®), for m even, we get :

B = [ (S5 2er@)e-))’ 5

m
< |l flloo Z 2'2’7“"2"""’7"1),2 by orthogonality of the pis and their derivatives,
1=0

where b; denotes the ith Fourier coefficient of the function (1/)f(j))(p“j). We will evaluate

the a— norm of this function in order to apply Lemma 3.1.

e - (-3 ) 0 (v—0)
CZADLEED DI I E0 et

=0

Using the fact that for any functions g, h

lghlle < llglleollBlla + lltlloollglla

we get

) P=J s
(£ Eo < 37 ( P ) (O loa L7+ 19Ol o)

=
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By Lemma 3.2 this quantity is O ( sup .(||1,b([)[|oo + ||¢(1)||a)).

[=0,...p—J
By definition of A,,

sup (18000 + [5V]la) < Aom?/S.

1=0,...,p—J
From Lemma 3.1 and since j+j'>s>p+3 V0< < a, we derive

m m

Lot it o oo
E :12J+2J 2Pb? — E :1,2.7-*-2] 2p 2[322%;}
1=0 1=0

= 0 (m2j+zj'—2p—w“(¢ FOYE)2 )

- 0 (A%m1/3m2j+2j'_2s+1/2m—%+2(a—ﬁ)) )

Since 3 is arbitrary close to a, m!/ 3m—3+2(e=B) _, . Collecting the above evaluations,
we get for s < j+5'+ 1

E[(Y{7)2] < CoD3(m?i+2"-2s41/2),
o Computation of E[(Y§¥)?]

By = [ [(smfw')w)""rm 1 loll(Sm FO) O3

2
< ”f“oo/ (Z (]l )(Smf)(f+i'-l)¢(l))

(=0
=Y [z up. ”'/’(l)”go||(5mf)(j+j'—l)||%]
=0,...5’

As above, we shall consider the following cases :
i)Ifs>j+j’+% then p > j + 7/ and

(Sm /)00 = 5, [0 D] v iedo,...5}.

Since S,, is a projection, it follows that

(S YU D)2 < || FUH" D)2 < 270 sup || FO)2,
[=0,...p

Hence, possibly enlarging C,

E[(Y# ] < CiAL.

i) fs<j+7'+ %, we shall consider two cases :
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if j+j'— 1 < s then j +j' =1 < p and ||Su(FOH" D)3 < 27 sup || FD)2,.
1=0,...p
It follows that

E[(Y{")?] = (sup [t ||2): (,\%m2j+2j’—2s+§)_

Ifj+7'—1> s then

m
OISR < 905 3247+ a}
~
zm . -
< ||¢(1)||§ozi2]+2g —21—2p—2ﬂi2p+2ﬁa? Vo< B<a.
1=0

Since j+j' —1>s>p+f0, Y0<F<a,weget

ORISR DG < [0 mas+2i'-2-20-20 57 24382

1=0
[(”d’ lloom™ ) m2j+2j'_2p_2ﬁ]
0 [/\%m2]+2_7 _2P—2,8] .

Possibly enlarging C; the above equality leads to
E[(Y{”)?] < CoXj(m?3+2'=2e41/2),

o Computation of E[(Y{7)2].

077 = [ [sn (swr0)”] 1

@)
< [ Flleoll (Sm s )" 13

since 5,, is a projection and the computation of this term has just been done above.So,

we get )
i)if s > j+j' + 31 then E[(Y]’ ) ] < A2
i)ifs<j+j'+ 3 1 , then E[(Y37')?2] < CoAR(m2it2'~2s41/2),

Of course, the above results hold for E[(S/Ij'j)'z], [ = 1,2,3. It follows, enlarging C';

and C'y that

o | A
1)1f8>]+]l+z 5156'1/\f (3.1

) ifs < g+ + 711 £ < CoA(mai+2i'=2s4112) (3.16)



We now bound &;.
€ = Var(hij(X1, X2)) < B (h3(Xy, X5))

. 2 . 2 . 2

< 38 [(m (60, %)) + (8900, X)) + (17 (0 X))

The three inner bracketed terms will be evaluated separately.
] 2
e Computation of E [(Hf’ (Xl,Xz)) } .

m 2
B[ (n oo, x)] = [ [Em(zxpﬁf”w)‘”(y)} (2) S (u)dody

1=0

m , 2
< 1% [ i(2)(p! ) }dd
1% [ [ | a6t 00| dedy
<M [ [ X vt ) D) 9) (v)ddy
1,i'=0
< “f”goi/:(Pz(jl)T/’)(j)(y)rdy by orthonormality

=0

=0 (=0

mo T\ s ’
< ALY | 2(;)1@%’*”"%(0(@/)} dy

m J . . o, o /
1Y [ 3 ( . ) ( ) )pﬁf“ Dy g y)dy
1=0 .

L,I'=0

IA

Since ‘|p1(-1)||oo < 4" our expression has order
j m . ¥} 1 / . . j 2
0|3 St 0] o[l | = O |m*2+25 [ S = lp0]|o | | .
1,I'=01:=0 =0
Moreover

J
i)if s > j+ j'+ % then Em"”zb(l)[loo = O(Ay) which implies, possibly enlarging C,
=0

. 2 oo
E [(H{J (X1, X2)) ] < CL AT
J
ii) If s <j+j'+ 1 then Zm"lﬂw(l)ﬂm = O(Az) which implies, possibly eniarging C’
=0

» 5 | o
E [(Hf] (Xl’X‘2)) ] < CoNimita+2’,

66



Y- 2
It is clear that the same result holds for F [(H{ (X7, XQ)) ]

o Computation of E [(ngl(Xl,X})) 2] .

E[(ngl(zYl,XZ))z] [ Z pipi, (X1)pipi (X2) / iy / Pt 53)4

1,4/,41,11=0

771.
= /pzpzlf/pupzlf/p, f’w/pn P Y

1,4',11 1—0

- //(Z(/pt Py '(/’)Pz(x)Pz (y)) f(2)f(y)dzdy

1'=0
2
< A% ( P o )pi(2 )i (y)) dedy
/ / >
< IIfIl2 P98y [ p9)p ff % [ piviy [ pipi
Lo A [ [ |
< A% Z / POy / pPp% by orthogonality
1,1/=0
< I [ f (Zp/)(z)pﬂ)m) (pri’(Z)p(”(t)) Y()b()didz
/=0

By Cauchy-Schwarz inequality, this expression is bounded by

. 1/2
2 119112, 92 dtdz ( 2)p) )ddz]
A1l [//(Eop ()8 t)) taz [ [ (o) at

Moreover,
[ ] (Sremon) aas = [ [ 35 doepdepon o
1,11=0
< > i% by orthogonality of p).
=0
S ,,nl+4j

It follows that
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E[(HP (X1, X2)] < AR I9I2 (m 49y /2 (14312

< Nl 2 mt 2+
Hence, we obtain
DI s> 45+ & < CraImitaa (3.17)
1 o
i) Ifs<ji+j+ 7 &< Co\2m1t2t2 (3.18)
2
We recall that Var(TJ) = 4(n 2)51 +

D T a1
From (3.15) and (3.17) we obtam enlarging C4

. o, 1 ~ L1 mi+2ided
ifs>j5+7 +Z then Var(Ty) < C1Af —t

n2

From (3.16) and (3.18) we obtain, enlarging C,

. ) ) 1 — m2j+2j'—2s+1/2 m1+2j+2j'
ifs<j+7j+ i then Var(T{,j’) < Co)d ( " + — )
We recall that Biasz(’.l/’g) =0 (||1/J||Zom2j+2j"4s) and that m =~ nﬁ, hence
. P | = 2 A2
DIfs>j47 +Z E(Ty - T¢) < Cl‘jn—

—8s+45445'

ii)Ifs§j+j’+£—11 E(T]-TI? < Co\ln™ i

This achieves the proof of (3.3) and (3.5). We shall now prove (3.4).
¢ Control of the covariances :

We first notice that when s > sup(j + 5/ + 4,71 + j| + 1) then j + 5’ < p and 5 + 71 < p.
We recall that

- 1 n
T = ———s 5T Yo hjim(Xy, Xp,)
11¢12_1
where h;jiy is symetric We now denote h;jiy instead of h;ji since TJ is an estimator of

FU) £ while Té1 estimates [ f(11) fU1)¢, Since

B(T] - T{)(T{ - T)) = Bias(TJ )Bias(T;") + Cov(T], T

we shall use the following lemma which will be proved in the Appendix :
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Lemma 3.3 LetT and U be U-statistics respectively defined by

1 n 1 n
T=——— a(X;, Xt), U= ——-— b(X;, X
n(n—l)j#kz_:=1 (X; n(n~1)j#Z=1 (X3, Xi)
where a and b are symetric. Then
| _ 4(n-2) 2
CouT, V) = n(n — 1)€3 + n(n — 1)54
where
63 = Cov [fl(X]),E(X])] ) {:4 = COU[G(Xl,Xg),b(Xl,X2)]
and

a(z) = E[a(z, X2)];b(z) = E [b(z, X5)].
This equality is a generalization for the covariance of U-statistics of Hoeffding’s formula
for the variance. It follows from Lemma 3.3 that

4(n-2) 2
n(n — 1)63 + n(n — l)f4

Cov(T}, T = (3.19)

where

£3 = Cov [}-ljj'd;(Xl)a’—ljhji{(Xl)] , & =Cov [hjj’¢(X17X2)ahjl,j{{(Xl,X2)]
and
| hjjip(@) = E [hjjiy(z, X2)] -
(3.19) implies that

—2)534- 2

- _y e N 4(n
nE(T;/)] - T;[,])(Té]l - Tgl) = nB1as(TdJ,)B1as(T£Jf) + (n =3

€a-

n—1

Using the results obtained in the first part'of the proof, we get

n|Bias(T7)Bias(T?"
b ¢

IN

Ci 1% llool|€l|oonm T3/ Hi1+31 —4s

< C{,ufm””jﬂ’ﬂl +J1-2s

2 . . .
154 is bounded by a similar quantity.

since n & m1/2t2s. We want to prove that

o 1/2 . i 1/2
€ < (E(0y(X1,X2))) " (E(h2 ;o X1, X))

From (3.17) which is actually an upper bound for E(h?j,d}(zYl,‘Xy‘z)) we derive, possibly
enlarging ('}
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2
n—1

2

£4 < C{%m1+j+j’+j1+j{ = ! pdml/2Hi+i i+l =2s,

4(n — 2
Since, |&3| < C{u?, ( this result follows from the computation of & ), to show (3.4), we
just have to prove that

It follows that the asymptotic covariance A, (f, %) can only come from the term

|4£3 - AJJ1 (fa d)’ 6)‘ S C{,u,%m_“.
We recall that
&3 = Cov (hjjl¢(X1), th]iﬁ(Xl)) .

Moreover,
_ 13 -, .-
hig(X1) = 5 D (V)7 +Y77)
=1 -

where }’ljj', I =1,2,3, are respectively defined by (3.12), (3.13) and (3.14). We have to
keep in mind that Yljjl depends on 1 while YIJ 11 depends on &.

3 . - -]
4Cov (hjjry(X1), hiysge(X1)) = 32 Cov (7 +¥79), (v + 7))
LI'=1

We claim that V I,I' € {1,2,3)}? that

|Cov (V77" + Y79, (Vi + V) — ewh s (£,9,8)| < Cldm== (3.20)
where

ar = -1 if(l’ll):(1a3)7'(273)3(371)a(3’2)
ar = 1 if(1,1)=(1,1),(2,2),(3,3),(1,2),(2,1)

Of course, this will achieve the proof of (3.4). We give a complete proof for [ = 1, and
I = 3, since the computations are similar for the other cases. We recall that

(=1)8 [(F99)] (X1)
= s (5000 ] ()

s’
Yl

Then, - N
Cov ((YIJJ' + Yf”),(Y;”‘ Ty ))
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_/ [(_1)1'5m ((f(i’)¢)(j)) + (=18 ((f(j)¢)(j’))]
[(_1)1'1 S, ((Smf(ji)g)(jl)) + (1)1 8, ((Smf(jl)g)(ji))] f
+ [/ Sm(f(j')z/))f(j) 4+ Sm(f(j)w)f(j')] X [/ Sm(smf(j{)g)f(jl) + Sm(smf(jl)f)f(j{)

using integrations by parts for the last line.

As n — oo, this quantity converges towards —A s, (f, %, ). More precisely, the difference
between this and —A s, (f, %, £) is bounded by C}u3m=*, possibly enlarging C{. The proof
will be done in two steps :

a) We will first show that

'/ S, ((f(j’)¢)(j)) S, ((Smf(ji)g)(jl)) f- / (f(j’)z/,) (f(J )5) (31) fl < Cludmee.

b) After that, we will show that

X

—Q

< Cipim

/3%(ﬂm¢)ﬂﬂ/5m(%Jmk)ﬂhx_/fmﬂm¢/ywnﬂmg

Of course, the computations are similar for the other terms of the covariance since we just

have to exchange j and j/, j; and j.

¢ Proof of a)

Introducing the auxiliary term S,, ( f(J ) ( fui )§> G f, the absolute value of the dif-
ference is bounded by '

S, (f(j’)¢,)(j) S, ((Smf(j{)f)(jl)) -5, (f(j’)w)(j) (f(j{)g) (1)

Hfllo [ [Sm (£505)" (76006) ) — (7579) 7 (s506)

which, by Cauchy-Schwarz inequality is bounded by
1ol (£598) 7 ol S (S 7)) = (7600€) ™ 1 (320)
0ol (790€) 7 el 5 (£99) 2 = (£60) . (3:22)

[1£lloo

n\ () o\ U .
|| S (1/)f(‘7 ))(J 2 < | (z/)f(] ))(]) |2 since S, is a projection
0 ( sup At ||oo) = 0(m).

l_
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o1 (S fDO) = (F606) 7y < (1S ((SmfIDE) — 5, (7)) |
+ (S ((f(ji)g)(jl)) _ (f(ji)g)(j‘) I

Since Sy, is a projection, the first IL? norm is bounded by

I (Smf(ji)§)(jl) 3 (f i )€>(J1) I
- ”i ( jll ) (Smf(jwj{—l) - f(j1+j{—1)) €0,
1=0

= 0{ sup l|§<‘>||oo||5mf<ﬁ+fi-‘>—f<fl+ﬂ'i-’)||-z]
gt

Since j1 +j; — 1< p,V1€{0,...,5;} by Lemma 3.1,
HSmf(j1+j{—1) — flrta=) ”2 0(m™%)

and the above IL? norm is O(u;m=).

We now bound the second term

| o 1/2
15 ((£EDE) — (70g) ™, = (z b?)
m+41

where b; denotes the ith Fourier coefficient of the function (fU )00,
By Lemma 3.1,

- 1/2
(Z b?) = 0 (m==||(@e) ), )

m+1

moreover [|(f0 )|l = O(pu).

It follows from the above computations that (3.21) is bounded by Clp2m==. Of course,
the same result holds for (3.22) by analoguous computations. This achieves the proof of a).

e Proof of b)

As above, we introduce an auxiliary term, so that the expression defined in b) is equai to

J S (7%) 19 [ 80 (50) ) = [ 5, (569) 50 [ g0 pi0g

72



+

[ 5 (£595) 100 [ 16060 - [ 70 gy [ g0 i
/ISm (f(f),/,) f(j)l [/ S, (Smf(j4)£> flin) _ f(h)f(ﬁ)f”
[ / Sm (Fp) FO) — §0O f(j')¢|] / | g

By Cauchy-Schwarz inequality, this expression is bounded by

IN

+

1Fall S (F979) 1z F9ll2ll S (S £ = £EDE, (3.23)
HIEl2N 9D FD ol F D)) S (£999) = £l (3.24)
We first majorize (3.23) by

27| F ool FD oo L Sl Lal|Sim (S FUDE) — £

Moreover

1F9% 112 < Ver|9lleoll £ oo = O(ua).

We now compute

1Sm (Sm FUDE) = FUDE]l,.
It is bounded by

118m (S fGIE) = Sn(FHIE) 2 + 1S (7€) — FDE].
Since 5, is a projection
1S (Sm FOE) =SSOz < 1S f)E — FUDE,
< [lEllooll S £ — FDlp = O(uam=2).
As to the term ||Sm(f(j“£) - f(jf)§||2, it is bounded by Lemma 3.1 by
|| FUDE)) om™ = O(pym ™).

Finally, the expression defined by (3.23) has order O(pfm~). The computations are
similar for (3.24); this ahieves the proof of b). We finally get (3.20) for / = 1 and I’ = 3,
hence (3.4). This achieves the proof of Theorem 3.1. O
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3.4.2 Proof of Theorem 3.2

Before specializing to case i) or ii), we first control the remainder term T',,.

k

1 . . ) ~ 7 NN
Tl < 51600 3o [ 1590 = FOIISE) = )| 76 — 76| (2) o,

33',3"=0

Hence,

E(T?)=0 (sup E [( |79 - f(J)”f (@) — fG)) FU") - f(j”)'fD .

73'3"

Using first Cauchy-Schwarz, and then the generalized Holder’s inequality we get

E(r2) = ( sup B (JIf) - 9 ua))

=0

—6(s—k)

Using Assumption A2, we see that E(T2) = O(n, ™% ).

iy If s>2 + = then E(T2) = o(—- ) (3.25)
i) If -}1— <s<2k+ -4- then E(I'2) = o(n_{::;sk ). (3.26)
This proves that in both cases the remainder term is negligible.

e Proof in case ii) :
We will now look at the order of magnitude of E(T,, — T(f))? in order to obtain the rate
of convergence in the nonparametric case.

T.-T() = 2 2 (oo - [ )

+ Z (fJ(A’J(f))—TJ(KJ( A))) +T

3,3'=0
where K j(f ) (f, f(k),.), TJ(I\"J(fA)) = /7r f(j)f(j’)lﬁ'J(f)-

The expectation of the square of the hnear term

Zn Z( HICICOR MO )isO[fsup E(n(Hj(f»‘f‘)nzo)].

-7 2 je{0,..k}
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koo ~
As to the estimation of the quadratic term Z f(’)f(’ VK ;(f) we shall apply the
3,3'=0
results of Section 2. In Section 2, we studied the properties of estimators of [T_ f(9) f(J')1Lv
Here, 1 is the random function AJ(f) and TJ(IxJ(f)) is estimated independently of f
Therefore, working conditionnally to  we can apply the results of Section 2 . 7Y (K(f))
will now be denoted by 7.

We have to determine the order of magnitude of E(||(K(f))¥||%) and E(|1K5())D)2)
forl e {1,...k}.

We recall that K s(f) = 1 (f .f®)..) hence we can see that (K(£))® involve sum
of terms of the type

E¢§§-§I ]z(f’ ﬂk)’ _)f‘(j1+n1) X...X ﬂji+ni) ][n1+...n,‘=l.

=1

Since ¢ € CH3(K,), |9, < 00 Vi € {1,...k} and we have to dertermine the
order of magnitude of E(|| flr+m) x ... fléi+n)|| ) and E(]|flrtm) x .., fli+n)]||,) where
nm+...+ ni = l.

Put h = nl1+2 By condition d) of assumption A2 and Hélder’s inequality, it follows that

B(IFUm) . JUm|) = 0 (237 4 1) s (R 4 1) W <

1
Let k£ < 8’ < s, since Znu =land j, <k, we get

v=1
E(|| flrtn) . fUiAn))2 ) = O(R2G'=F=1 1 1). (3.27)
Moreover, since

flrtm) fUitni)(g) = fltm) fletna (y) =

i—1 i—1p . i—ip—1
Z ([H f(Jv’1+’"~i1)(z) H f(]s1+m1 y] l H ]?(_1.1+n,1 (z) H f1'1+"'1 (y )])

10=0 i1=1 11=t—19+1 11=1 11=1—1g

we get

o i, < 3 (T i) fint

t0=1 1119

It follows from (3.27) that



t Ty _ Sl—k—-l n;
(H TS ) = QR ~H-tmo) 4 1),

11 %10

Moreover, using condition e) of assumption A2 we get

E(|| flrtm) .. flarkna|2)

=1

0 [i (h2(s’—k—l+nio) + 1) (]1,2(sl“k"“_77'i0) + 1)

= O(h*'=*=2=D 1 1) since s —k > 0.

So,
E(|(Ks(F)DNIZ) = 0 (14 h2'=D)

E(I(Ks(HVIZ) =0 (1+h2(3’ —k=1- a))

By similar arguments, we can see that

V3ie{0,...k} E(I(H;{(N)DZ) = O(R>"* +1).

2s'—4k 4 q —8(s—k) 1
Hence, the expectation of the square of the linear term has order O (——n—-l-) =0 (n I+is 4 7_1)
2

since &' is arbitrary close to s and nﬂz - 1.

We can now apply the results of Theorem 3.1 to get the order of magnitude of E(’ﬁ] ~-T7)2
Since s < 2k + % we have to consider the following cases
oif j+ 7'+ 1 < s then

S E (1K (FHDIZ) = 0(r3C' =) = 0(h2~4¥)

since j' < k. Hence, by Theorem 3.1,

]28 —4k —8(s—k

E(T7 -T2 < C, < CinrrE

n2

o If 7+ 7'+ }1 > s we have to evaluate the order of magnitude of E(A\2) V 7,;’. We want
to prove that E(A\3) = O(h?=2k). To do this, we shall prove that

a) sup E[(KJ( ))(l 120 + ICKa(f )) || )

_ 2j—2k
I=0,...p—; ml/3 } O(h )

b) sup E! IS (F)D)%, ]_O(h‘Zj—-‘Zk)_

1=0...j' 7n(23+2] —2s41 7)N21



_Proof of a) :
Vi=0,...p—j 2 NI + (K s()) ”IP] _ 0 <1z2<s'—k—p+j—a>>

1 ml/3 /3

- 0 (h2j—-2k> (hZS’—‘Zp—‘Za,,n-—l/s) _

Since ' is arbitrary close to s = p + a, we get lim h25'~2P—2ap~1/3 _ 0, this conclude
n—00

the proof of a).

Proof of b) : We first assume that 25 4+ 25/ — 2s + % <[, then we have to show that

( ”I(J(f)) l)”2 ) — O(h2j;2k) Vi< jl.

m(23+25'=2s43)

From the above evaluations of E(||I(J(f))(’)||go) we derive

IES (PO | _ ) (Lt h2e=2k
E ) 1 b O YA LY 1
m(20+25'=2s5+3) m(29+25'=25+3)

- 0 (h2j-2k) (h2k—2jm—2j—‘2j’+23-1/2 + h2s’—2j—'21m—2j—2j’+2s—1/'2)

Since j < k and since s < j + j' + 1, hF~Wm=2-2"+2s-1/2 _, (. Moreover, ¥ | < 5/

th’—2j—2!m—2j—2j’+‘2s—1/2 h2s’-—2j—2j'm—2j—2j'+'23—1/2

IA A

il ol 17
(mh)2s 2-2" 28" =25 1/2-

Using the fact that mh is a posmve power of n and that s < j+ 7' + , the above expression

is bounded by
(mh)l/2h25 —Zs7n—l/2 — h1/2+2s —2s

which converges towards zero since s’ is arbitrary close to s.

To conclude the proof of b), we have to consider the case of | > 25 + 25/ — 2s + —3:,

and show that
CMAﬂWW>:OM%%)

m?2!

0 ((h‘).s’—zk—‘zl + 1)7n”21)

I

((III\J(f)) I3, )

\ m?2
= 0 <h2j_2k) (/L2S'_2j(7nh)_2l + ILZk“2j7rz‘2’)
= O(/z2j"2k).
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This achieves the proof of b).

Finally, if s < 2k + 1

k k .
i — - —38s ! —O( 8S— )
E (( > TJ—TJ)2) =0 (Z R TR 4, i(“f)
JJ

hi'= =0
L =8(s=k)
- 0 Z h2_7—2lc —4s+25+25' 1 iFE
J,3'=0

k
- 0 ( 2 (mh)2i= 2k —ds+25" 42k +n4§+4;kl)
J

= 0 <m4k 4s+n#%)) since mh — 00,5 <k,j' <k
= 0 (n#)
Collecting the above evaluations and the computation of the remainder and linear terms,
we get in case ii)
E(T, - T(f))* = O™ He).

e Proof in case i) :
We are now going to prove the asymptotic efficienty. Let

R= W{T T(f)——ij( 1Y (¢5(£,-1®,.)) (Xz)+/¢ (f,-f®), )50 ]

=175=0

Of course, to ensure that both (3.9) and (3.10) hold, it is enough to show that E(R?) — 0.
We notice that R = Ry + R, where

1

k T ~ .
R1=\/E[Tn T(f Z(E<—1>f<¢3<f,..f“),.))(j)(Xz)— ¢9(f,--f“‘",-)f(”)}
3=0 -

and

k ne ]
Ry= vy [i S (=17 (&S fB,) = G(F, ... fB, -))‘” (Xz)]

9 =1
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+/m Z[ 3(Fre P00 = [* 7, 0,050

We want to prove that both E(R?%) and E(R2) — 0. Pluging the expression of 7, and
T(f)in R, we get

k no
=¢ﬁ2[ 2 -1y (Ko(HFD) () +2 [ KAPFD ]

3,3'=0

+\/_Z[ —T7 41,

2,3'=0
Because of (3.25), we just have to prove that the expectation of the square of

Vvn Z (LJ L7+ 77 - T7) converges towards zero, where L’ = 2/ K (f)F9) 0 and

J3'=0

L7is the corresponding estimator. We will first evaluate n E( Z LI - L7)? and nE( Z TJ - T7)?,

53'=0 7,3'=0
and then we will show that the sum of these terms is the opposite of the covariance term

2nE( Z L7 - L7)( Z T - T7).

ny'= .7.7,—'0

e Calculation of lim nE( Z LI - L7)?:

n—00
7,3'=0

nkE [( LJ)(LJ1 LJ1 |f] = 4—/ (- 1).7+.71 (RJ(f)f(] ) (I‘J1(f)f(j{))(jl)f

o

= 4 [T RIS [* k(0 6.
T -

19 -7

The expectation of this expression converges towards the same expression with f instead
of f So,

k
lim nf {(E [TJ—LJ)'Z} = 4 E / D7+ (K (f) fONOD (K 5, (£) £y f

j,j"=0 y] 1.711]1—0

- 42 Z / KO D [T gy (£) 760 f6n)

-
1,3'=0 31,51 =0

= Z Ay (f, KJ(f)HKh(f))'

jvjlvjlvji =0
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k
e Calculation of lim nFE |:( Z TJ — T‘])2] .

n—o0 ..
53'=0

Using the results of Section 2 we see that

[ (77 = T7)T% = T)F) = Asa(F K (D), K (F))| < Gl (mpmd /2454 404 =2

where

S () Neo + 1) Ola) ; s (u(KJl(f))“)noo+u(KJ1(f)><’>|| )]-

i =sup |

As already proved, E(u?) = O(h*'~%-2* 1 1), Since ¢ is arbitrary close to s and s >
2k + % we get lim E (Cl,ul(m_"‘ + m””””“lﬂl"zs)) = 0. So,
Jim nB(TY = T))(Th ~T4) = lim E(Ass,(F, Ks(7), K ()

= Ayy (f, Ks(f), K5, (£)),

and

koo ] k
nlglgo nkE [( Z TJ - T7)? nh_)rgo nE {( Z LI — L) } = Z Aya (f, Ka(f), K, (f))-

jvj’zo 7,3'=0 jyjl1j11ji=0

k k
o Calculation of lim 2nE |( Y  LJ - L7)( Z T - TY)

n—>00 L= =
| 7,0'=0 7,3'=0

We will show that

koo koo k v
lim 2nE [( oL -LN( > 1Y —TJ)] =-2 Y Au(f Ki(f), K5 (f))

j?j’zo jvjl=0 jvjlyjlaj{=o

We first notice that
E[(T7 = /)% - LIF] = BT ) - BT )L,

We recall that
~ 2> TP PP
= 223 )R ADFNOXL), L = =2 [ k()70
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and that 7/’?’ = 7:1‘\] + f;J where 7:1} = ngl + T({’j, and

- 1 m ny . .
I = ——— =1 pi( X1 )(K s X,
0 m(nz-l)ghng P X0 ) (KD (X )
Té] n — Z Z p" Xll p‘t Xlz pz(J)pz/ I(J(A)
2 z 11=0 1 £lz=1

—

We first do the computations for ng' instead of T, of course, the computations are
simular for T} 9, ,
o Computation of E(TJ?' L|f) — E(T¥'| )L -

BT IMp= -~ (Z L s (DF s [ k() ')f”)

1=0
) %(Zai(—l)’“‘/ (Ks(Fpd)0 (I\Jl(f)f(j{))(jl)f>
1=0 -7
n2_ (Zaz KJ ')f(j) ”K,Jl(f)f(j{)f(jl))
1=0 - _r

by integration by parts. It follows that

B TRI) = B = = ([ (s (P00 Ry
~ e (L @sngtnige, (o)
¥ % " KAP)S 19 [ kg (P i),

k — —
Finally, 2n Z E(nglzjl) — E(T3' L )} converges as n — oo towards
'3} =0
k
-2 Z AJJ](f7 I(J(f)r[(‘h(f))'
3,3"31,01=0

The same result holds with Tg 7 replacing T“ By similar computations for E(T“ i 1f) - (szjl|]?)LJl

the above result holds for TJ instead of T“
Finally,

2

k
. g _md T _
nlEIgonE (E T/ -T + L L) =0.

73'=0
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2
[t remains to prove that R, Lo.

k

™ k . ~ ~, . . . 2
Bwy)=—Ee|[° (Z(—l)](as;(f...f<k>,.))(”—Z(—l)fw;(f...f“’),.))(”) f

i=0

2
o E (Z 95(f - f®, )9 - _W¢§-(f---f(’“),-)f("))

Using the fact that ¢ and its derivatives are bounded over K, and that f and its p first
derivatives converge in IL'— norm towards f and its derivatives respectively, we show as
above that

i [/W (((ﬁ;(f_”,]?‘(k),,))(j)>2f] - /_W (#0510, @)’ 5

By similar arguments for all the terms which appear in the expression of E(R3) and since
L 51 R, —> 0.

ne

This achieves the proof of Theorem 3.2. O

3.5 Appendix

3.5.1 Proof of Lemma 3.1

) 2m-—1
Let us fix a function f in F,, ¢. We first want to bound }: (a3;_y + a3;).

The Fourier series expansion of f(z + h) — f(z — h) is :

sin iz CoS T

2) (ay — a2i—1——=) sin(zh
; \/— 1 ﬁ )

Therefore -

/ (fz+h)— f(z - h))t= 42((1%{ + a2;_,)sin? ih
-7 =1
<C? / (2h)* = 2w C?(2h)%.
Hence

2m-—1

Ym € IN, Z (a3; + a3;_;)sin?ih < 4"C’2hz"

i=m
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If we take h = J-, since sin ¢h > sin % ALforze{m m+1,...2m -1}

2m—1 24172
Z ( 9 + 2 )< qéatl

Gy T A1) S “dama
i=m

Now, for f € F, ¢ the same arguments show, since f(p) € Fyc, that

2m—1 20+1(72
.2 2 ¢ T o
Z 1"P(a3; + a3; ) < Tamza (3.28)
i=m
Therefore, for a > > 0,
2m—1 142072
. e C _
Z iP+28(al; + a2, 1) < qa—F m?P=2e,
i=m
Let m = 27 then
o0 27+1-1 2a+1(72
-2 T .
Z Z P+2ﬁ + G’Z'L—l) S m if ,8 < «
’ —0 =27

which gives the first part of the lemma.

From (3.28), we deduce that

00 oo m2itl—1

Yoiahi+akiy) = Y Y ik +adiy)

=m 7=0 {=m?2J

1+2a Cz
< 1+20t4 o 2 m ! D
- ¢ Z(mzi 4o — 1 | m2«

3.5.2 Proof of Lemma 3.3

To prove Lemma 3.3, we first compute E(TU)

TU = CCENE 1))2 Z Z a( X, Xk)b( X0, Xpr)

I#k=1 j'#k/=1

_ m%ﬂ a( X, Xi)b(X;, Xk)

4
e e — a( X, Xi)b(X;, Xp
(’IL\TL-l))z j’1§¢ ( J )( J )

1
+ ——— D (X, X0)b( X, Xp)
(n(n - 1))2 5ogt ke kI
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It follows that
2

Cov(T,U) = n(T—)E [a( X1, X2)b(X1, X2)]

1 e AL EOTE )

+ (& ;(73(_ - 1) Bla(, Xp)lEb(Xi, Xo)
Since

(n—2)(n—3)_1:_ 2 4n-2)

n(n —1) n(n—1) n(n-1)

and since
Ela(X1, X2)] = E[a(X1)),
we obtain
Cov(T,U) = - (n2 £ B (a0, Xa)b(X, X2)) = (X1, Xa)) E(G(Xr, X2))
‘ __ngn - ?) [E (a(X1)b(X1)) — E(a(X1))E(5(X1))] .0

This achieves the proof of Lemma 3.3.

3.5.3 Proof of Condition A2

Let f an estimator of the density f based on projection methods :

my

flz) = Z > pilX)pi(z)

'—n—nl 1=0

where m; ~ n1‘+2 Let

A1L={f(i)(5)c[ai_€7bi+€] Vle{o,k}}
and put

f=FfTa, + fo 14

where fj satisfies properties a) and b) of Condition A2.

It is clear that f also satisfies a) and b). We will first prove condition c¢) with f instead
of f

Let us first evaluate || f) - f(l)||g where f() = E(f).
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FO = (80, HD = 5,0 (FD) for my even .

Hence,

17O = 1Ol = [ 15, (£0) = 7O,

Let Py, be the set of trigonometric polynomials with degree not bigger than m;. It follows
from M. Riesz’s theorem (see Zygmund) that for 1 < ¢ < 400 and for P € P,

18, (FD) = fOllg = 1Sy (FO = PY = (fO = P)||, < Col1 £ = Pl
(2m)/9C|| fV = Pl ¥ P

IA

hence,

!
Cq
s=1"
1

1Sy (F0) = £Oll, < (2m) 2, pinf (If0 = Pl <

l—s

17O — fO)g = Oy ),

Here, and in the remainder of the proof, the O’s do not depend on f € F; ¢ but depend
on gq.
We will show that E(||f() - f(’)llg) is of the same order. Denote

y, = ZEop(X)pi(2) = S i Hpt (@)

1+
my

[1¥jlloo < 2(1 + [ floo), Z E(Y}) = 0(

j=n-m
So, by Corollary 1 in Bretagnolle-Huber (1979), we get E(|| Yil|?) = O((:zl )22y,
j=n-n 1
which leads to 1
A1) _ o
E(IfO - FOI7) = 0(n¥).

It remains to show that the same result holds when f is replaced by f.
1
Since f € F;c, |8y (FD) = O] 00 = O Og(ml)) V1< p. (See Zygmund, vol. 1 p.
n
120 ).

For n large enough independently of f € Fyo, ||Sm,(f) — f0| = 17O = £ f
Vie{0,...p}. If [|[fO - fOllo <& V1€A0,...p}, then f = f.
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P
So, P(Af) < EP(Hf(I) — Do > 3) Denote by D,,, Dirichlet’s kernel :

=0
sin(my + 1)t
Dy, (t) = ———32~
! 27 sin £
- 1 n _
fO@)=— 3 DRE-X), fO@) =f+DY ().
j=n—m

It follows from Bernstein’s inequality that

P(If‘“—f'(”l(z)zg)s2exp{—l[ R p }}

2 | mt# + lem ¥

Let zo,...zn be n points from [—7, 7] such that zo = T, ZN =T, z; < T
|@it1 — ;| = 6.

FO(@) = FO@) = (FO(2:) = @] < (1FFHD oo + | 7D oo & — 2] < 22|z — .

Let 6 such that §m2+ = <, then

P( sup|F0— fO)(2) > g) < P(fO - fO|(z) > 3)

lz—zi|<6

1 TL1€2/16
<2 —— .
> exp{ 9 [m%“l-f— 'lliem%ﬂ]}

At last,

PUIFO = FOlls 2 £) < PO - 0)(2) > ).

z 5 - ' Kin,e
P(||F® — 7 00 > H< Kom?*Hexp{ — bl 3.29
(”f f ” Eat 2) = [0y P m}“l n %6ﬂl%+1 ( )

1
where Ky, K; are positive absolute constants. Since mq = n;** | for ny large enough,

P —gs
> PO = fOll > £) < Konf*e
(=0

E(IFO = 7012 < BAFO - fO19) + 170 - 103 o5

=q( 32—11
142s
<mimy .

86



This achieves the proof of ¢). Let us now control the order of magnitude of E(Hf(l)ll"oo) V1< 2k,
From (3.29) we deduce

FA) — F)|e '

P (*——“f q(l_fs,)”o" > t) < Komf“ exp [—11'11L1t2/qm1‘1“25 } .
my

Since the above inequality holds for ¢ >t >0,

5 (uf“) - /O,

q(l-s")
mi

400 213—5’!

) <tg+ I(Omf""’exp [—Klnl T42s t2/q} dt
to

< 2ty for ny large enough.

To conclude the proof of d), it remains to prove that

17O =01+ ml~") V&' <s, Vo<i<2k

log my

mg
| /9]l is bounded by some constant independent of f € F; . We shall now prove that
7P+ )|oo = O(m!=*) VO < o < a.

Using Lemma 3.2 and the fact that ¥ [ < p IF® - F)o = O( ), wesee that V [ < p,

fo@) = [ Dl @=00wa= [ b, @0 - 1) - @)

r—T

3 /z'*'" [(ml + 3 ) cos(my + 1)t _ sin(mq 4 1)t cos

27 sin £ 4m(sin £)2

] ({2~ 1) — P (a)]dt.

So,

FE@) < (a4 )

[ [t 2] e oo

-r | 2m(sind)

mi(e+m) sin(1+ 51 )y dy
+C‘7n"°’/ — I T pe Y ince e F,o.
U ey oy Wy snee S € B

The second term of the sum is bounded by

rmy(z+mT

C"m%“’/

my (z—m)

HnT
[(COS‘Z(mSl. +t2/ )J (f(p)($ _ t) _ f(P)(:];))dt we notice that it is equal
TSI =5

) . 1
a=2f .: — l—a.
[yl sin(1 + 59| = O(m} ™)

T+
As to the term /

=T 2

ol i v v v
to / (S, (f®)(t) — f@)(t))dt where S,,,(f(?)) denotes the conjugate Fourier serie of

=T



f®) and f(vp) the conjugate function of f() (see Bary (1964), vol. 2, p.52). Since f(P) is
also an a— holderian function, as proved in Bary (1964),

[ S 5)(0) = $)(0)dt = (i og(my)

-1

and ||fP+)| o = O(m!I™™) Vo < e
From Bernstein’s inequality concerning trigonometric polynomials it follows that for > 1

17PN loo < miTH I fPH) |y = O(mi™) V&' < s.
This achieves the proof of d). So,
E(IfO%) = o(mit=)) ¥ s <. (3.30)

At last, we have to show that
: a(i+a—s"
E(|fO18) < vs(14ny #50).

Since s — a is an integer, we first notice that if s~/ —a > 0 then s — [ — 1 > 0 and
for s’ < s close to s s’ =1 —1 > 0. In this case, E(||f(l+1)||go) is bounded and E(]|F"||2)
is also bounded.
fs—-1l-a<0

1FO@) = 7O < 174 ooz = )

|f(l)(z)—f(l)(y)l 2(41) _ l-a
oo S I eel -yl

1
If |z — y| < 7 then

F@) = FOW _ \ Apeny ot
T S mg,

If |2 — y| > 5, then
170(2) - FO(y)|

Iz — y|* < 2“f(1)||oom?~

Finally,
17O < IFHONEmED + 27 FOl g e
E(1FO1) < B [IFH0)gmi + 20 fO)ja,mie]
From (3.30) we derive,

E(NFfON2) = 0(1 + miU+e=)y vy ¢ < s,
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3.5.4 Semi-parametric information bound

This proof will be almost similar as the proof which was done in Chapter 2 for regular
functions. We still refer to Koshevnik and Levit (1976) and Levit (1978). We suppose
that f belongs to F ¢ and satisfies

P)(z) = )
wp U= 106
zAy€E[—m,7] |.'II - yl

Let £ be a bounded function, infinitely differentiable, such that / f€=10. We define

Jo = F(1+¢).

ft € F; ¢ and is a density as soon as ¢ is small enough.

k ‘ ) .
() -1 = [ 3 g—;;u, o L9~ £9) 4 o)

k Y (7)
= /Z(‘UJ (b‘z—(f, s [ )) (fi — f) +o(t) by integration by parts.
7=0 J .

k . @) .
=[x [(—1)1' (g—i(f,...,f“’,.)) -/ (g%(f,‘..,f(k),.)f“))} (o= )+ oft)
=0
since /ft = /f = 1. Moreover,
”\/ﬁ_ \/T—At”'z -0 asn— o

where .
At = tgﬁ
and
T(fe) - T(f) = Bt +o(t)
where
Bt = Ef(Gg-t)
where
N [ 04 (k) V& 0e (k) ) £(3)
6—2[;)(—1)’ (T%(f,---,f ,-)) J;O/a—m](f, S )



So the function G satifies E¢(G) = 0. Since the function £ are dense in the set of functions
g € IL?([—7, x]) such that E(g) = 0, there exists a sequence &, such that

n—+00

lim / (% - G)*f(z)dz = 0.
According to Theorem 1 and Theorem 2 of Koshevnik and Levit (1976),
inf lim inf sup nE(T, - T(f))* > l!_7}]:(02).
€ MR fieR o llhi-flla<e 4

At last,

! ‘ k Ty (9)]? k96 )2
—Ef(G2)=/ Z(—I)J _(favf(k)’) fd:u’_ /Z—(fvf(k)v)f(])d/”’

4 = oz; | = 0zx;

For the problem of estimating [(f(¥))2, we get for the analogue of the Cramer Rao bound:

A2 s - ([0
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Chapitre 4

Simulations

4.1 Estimation de /f2

4.1.1 Introduction

Toutes les simulations ont été réalisées & 1’aide du logiciel MATLAB.
Nous présentons dans cette section les résultats des simulations concernant ’estimation

f%. Nous comparons les performances de deux estimateurs:

e 1) L’estimateur proposé par Hall et Marron (voir Hall et Marron (1987) )

1

m i Kh(Xj'“Xk)

j#k=1
ol K sera ou bien un noyau gaussien, ou bien un noyau uniforme sur [-1,1].
¢ 2) L’estimateur par projection proposé dans la thése

’Il— E Z pz pz(XIc)

1=0 j#£k=1

ol (p;)ienN est la base Fourier. Dans les deux cas, il faut ajuster le paramétre m ou h.
Nous allons donner les résultats des simulations pour différentes valeurs de ces parametres.
Les simulations sont réalisées aves n = 300 données. Pour chaque parameétre ( mou h ), 500

simulations sont effectuées. Nous donnons la moyenne et la variance de ces 500 simulations
500

et nous estimons le risque quadratique nE(§— 6)? par la quantité n x — 500 4 2(5 — )2,

les 6; correspondant aux 500 simulations.
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Nous avons choisi deux densités a support dans l'intervalle [0, 1].
¢ A) f(z) =1+ 1/2(sindrz).

+B) f(2) = (~4o+3) Ty + (42— ) T

11
4°2

7 5

4.1.2 Résultats des simulations

e A) f(z) = 14 (1/2)sin(4rz); /F = 1,125, 4[/f3—(/f2)2] =0,4375; n = 300.

Estimateur proposé par Hall et Marron

NOYAU UNIFORME NOYAU GAUSSIEN

h Moyenne | Variance | Risque || Moyenne | Variance | Risque

1/1000 || 1,1318 | 1,54.10-2| 4,615 1,1310 | 2,9.1073 | 2,8479

5/1000 1,1238 | 4,3.1073 | 1,277 1,1211 | 2,9.1073 | 0,8416

1/100 1,1233 | 2,7.1073 | 0,8202 1,1167 | 2,1.1073 | 0,6446

5/100 1,0935 1,6.1073 | 0,7876 1,0694 | 1,3.1073 | 1,4559

1/10 1,0481 1,2.1072 | 2,1416 | 0,9842 | 6,7.10~% | 6, 1490
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Estimateur par projection

m || MOYENNE | VARIANCE | BORNE
3 1,0063 5,05.10~° 4,6808
) 1,1267 1,5.1073 0,4515
10 1,1248 1,6.1073 0,4665
60 1,1278 3,1.1073 0,9293
200 1,1271 ©6,9.1073 2,0729
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3 1 7 5

/f2 =13/12 = 1,0833; 4[/ 3 —(/ )% = 0,3056.

Estimateur proposé par Hall et Marron

NOYAU GAUSSIEN NOYAU UNIFORME

h Moyenne | Variance | Risque || Moyenne | Variance | Risque

1/1000 1,0889 | 8,1.1073 | 2,4366 || 1,1310 | 2,9.1073 | 2,8479

5/1000 || 1,0798 | 2,4.1073 | 0,7207 || 1,1211 | 2,9.10~3 | 0,8416

1/100 1,0692 1,6.1073 | 0,5350 || 1,1167 | 2,1.1073 | 0,6446

3/100 1,0315 9,7.10~* | 1,0954 || 1,0927 | 1,5.10=3 | 0, 7692

1/10 0,9153 | 5,02.10~* | 8,6235 || 0,9842 | 6,7.104 | 6,1490
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Estimateur par projection

m || MOYENNE | VARIANCE | BORNE

7 1,0844 1,1.1073 0,3178
20 1,0855 1,3.10% | .0,4044
60 1,0892 2,6.1073 0,7740
200 1,0867 6,0.1073 1,7876

600 1,0918 +1,6.1072 4,8151




4.2 Estimation de /flog f.

4.2.1 Introduction

Nous proposons ici les résultats des simulations concernant 1’estimation de l’entropie.
Comme précedemment, nous comparons les performances de deux estimateurs :

e 1) L’estimateur qui correspondrait & un développement de Taylor au premier ordre (voir
le chapitre 2), cet estimateur a été proposé par Gyorfi et Van der Meulen (1990) :

ny

— Zlog(f)(X )

e 2) L’estimateur proposé dans la thése et qui correspond & un développement de Taylor
au second ordre :

s Ses ) =3 [ T s 3 oo
25

j#k=1

Dans ces deux exemples, ’estimateur préliminaire f sera dans un premier temps basé sur
les n; dernieres données de ’echantillon avec n; = ny = 3. Dans un deuxiéme temps, nous
utiliserons I’echantillon complet pour construire ’estimateur préliminaire de la densité et
les estimateurs de I’entropie. L’estimateur préliminaire sera tantét un estimateur 4 noyau
( le noyau choisi est I'uniforme sur [-1,1])

n

fo)=o Y K- X))

1 jmn—ny 41

. : ST 1 &
tant6t un estimateur par projection f(z)= — Z Zp,-(Xj)pi(:c).
n

J=n—n1+11:=0
Nous avons choisi deux densités & support dans lintervalle [0, 10].

1

A) f(z) = %0(1 + %sinwz)

Cette densité comporte cinq périodes sur [0, 10].
La deuxiéme densité est affine par morceaux et comporte deux périodes sur [0, 10] :

1.2 3 12 1
PRI = Ry et g 105" ~2) g
1, 2 >
ey Tow+ 53— 3) s
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4.2.2

Résultats des simulations

A) f(z) = —11—0(1 + % sinwz). —/flog(f) = 2,238,

/f(logf)2 - (/flogf)2 =0,1185.

n = 400,n, = ny = 200. L’estimateur préliminaire est un estimateur & noyau.

ESTIMATEUR A L’ORDRE 1

ESTIMATEUR A L’ORDRE 2

(m,h) Moyenne | Variance | Risque | Moyenne | Variance | Risque
(7,3 2,3385 | 2,4.1073 | 5,001 2,2638 | 4,9.10™* | 0,4620
(40, » ” K 2,2201 | 1,9.1073 | 0,9070
(100, 15) ” " ” 2,2101 | 3,7.1073 | 1,7934
(7,2) || 2,3008 | 1,3.1073| 2,0922 | 2,2684 |3,7.10~*| 0,5166
(40,3, K ” ” 2,2385 | 1,5.1073 | 0,5998
(100, K K K 2,2380 | 2,7.1073 | 1,0692
(7,1) 2,3702 | 3,4.10~* | 7,1274 || 2,3229 | 1,3.10~*| 2,9314
(40,1) ” ? ” 2,2582 | 1,4.1073 | 0,7124
(100, 1) ” ? ” 2,2591 | 2,4.1073 | 1,1559
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A) f(z) = 1—10(1 + é sinz). ——/flog(f) — 2,238, /f(logf)2 - (/flogf)2 — 0, 1185.

n = 400 = ny = ny. L’estimateur préliminaire est un estimateur a noyau.

Les 400 données sont utilisées a la fois pour construire f et pour construire les estimateurs

de I’entropie.

ESTIMATEUR A L’ORDRE 1

ESTIMATEUR A L’ORDRE 2

(m,h) Moyenne | Variance | Risque || Moyenne | Variance | Risque
(7,—117) 2,1799 | 6,6.10~¢ | 1,616 2,2170 | 3,0.10~* | 0,2989
(40,-% ” ” K 2,2267 | 5,72.107% | 0,2796

10
(100,71(—)) 7 7 7 2,2495 | 7,86.10~% | 0,3669

(7,% 2,238 | 4,4.107%| 0,1774 2,2581 | 2,0.107* | 0,2418

(40,1—30 7 7 ” 2,2475 | 5,09.10~4 | 0,2393
(100, 3 ? ? ? 2,2463 | 7,04.107% | 0,3085

(7,1) 2,3535 | 1,6.107* | 5,3978 2,3248 | 3,3.107% | 3,0251
(40.1) 7 7 ” 2,2610 | 5,3.107%* | 0,4225
(100.1) " 7 7 2,2610 | 8,0.10* | 0,5421
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A) f(z) = —11—0(1+%sin1m). —/flog(f) = 2,238, /f(logf)‘l —(/flogf)2 =0, 1185.

n = 400 = ny = ny. L’estimateur préliminaire est un estimateur par projection.

Les 400 données sont utilisées a la fois pour construire f et pour construire les estimateurs
de I’entropie.

ESTIMATEUR A I’ORDRE 1 || ESTIMATEUR A L’ORDRE 2

(mq,m) || Moyenne | Variance | Risque || Moyenne | Variance | Risque

(5,5) 2,2978 | 1,1.1073 | 1,4360 2,3028 1,1.107° | 1,6856

(5,40) || 7 ” ” 2,2403 | 4,74.10~* | 0,1915

(5,100) » » » 2,2409 | 7,03.10~* | 0,2842

(20,5) 2,2143 | 3,6.107* | 0,3664 2,2391 | 2,4.10~% | 0,096

(20, 20) ” ” ” 2,2383 | 3,8.10~* | 0,1519

(20,100) ” ” 7 2,2371 | 8,6.10~* | 0,3432

(60,5) | 2,1643 | 5,93.10~% | 2,4076 | 2,1985 | 3,9.10~* | 0,7798

(60, 40) » ” ” 2,2176 | 5,8.10~* | 0,3959

(60,100) K K " 2,2351 7,6.107 | 0,3078
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B) f est la densité affine par morceaux comportant deux périodes sur [0, 10] décrite
ci-dessus. L’estimateur préliminaire est un estimateur par projections.

—/flog(f) = 2,2598, /f(logf)'2 - (/flogf)2 = 0,0803. n = nq = ny = 200.

ESTIMATEUR A L’ORDRE 1 || ESTIMATEUR A L’ORDRE 2
(m1, m ) || Moyenne | Variance | Risque || Moyenne | Variance | Risque
(5,5) 2,2498 | 4,1.107* | 0,1005 2,2595 | 4,1.107*| 0,0813
(5,40) " 7 " 2,2593 | 8,3.107* | 0,1655
(5,100) 7 7 7 2,2588 | 1,4.1073 | 0,2883
(20,5) 2,2105 | 5,9.10=*| 0,6042 2,2288 | 5,4.107*| 0,3001
(20,20) K 7 7 2,2596 | 6,1.10~*| 0,1214
(20, 100) 7 7 7 2,2567 | 1,5.1073 | 0,3094
(60,5) 2,1059 | 1,2.1073 | 4,9728 2,1463 | 1,2.1073 | 2,8144
(60,40) 7 7 ” 2,2132 | 1,2.1073 | 0,6651
(60, 100) 7 7 7 2,2409 | 1,8.1073 | 0,4321
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4.3 Interprétation des résultats

La correction de biais réalisée par nos estimateurs est trés nette dans tous les cas. La
moyenne de nos estimateurs est assez stable, et en général trés proche de la vraie valeur
de la fonctionnelle a estimer. La variance de nos estimateurs et la variance des estimateurs
auxquels ils sont comparés sont du méme ordre de grandeur. Par conséquent, la borne,
qui estime la quantité nE(HA— )2, se comporte mieux pour nos estimateurs dans la plu-
part des cas : elle semble étre moins sensible aux variations des parameétres de lissage m
ou h. D’autre part, pour une valeur optimale des parametres de lissages nos estimateurs
atteignent pratiquement la variance asymptotique minimale, c’est-a-dire ’analogue de la
borne de Cramér-Rao. Ceci apparait clairement dans le cas de I’estimation de [ f2. Nous
constatons également que les résultats optimaux sont obtenus pour de petites valeurs de
m, en effet, conformément a la théorie, la variance est une fonction croissante de m. Dans
la mesure ou les calculs sont beaucoup plus rapides pour de petites valeurs du parametre
m, ce résultat est intéressant.

En ce qui concerne ’estimation de I’entropie, il apparait que lorsque ’estimateur au pre-
mier ordre est fortement biaisé, la correction au second ordre nécessite de prendre une
plus grande valeur pour m.
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