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Chapitre 1

Introduction

3

1.1 Etude bibliographique

L’étude de l’estimation des fonctionnelles intégrales non linéaires d’une densité et de ses 

dérivées se développe à partir des années 70. On dispose alors d’un certain nombre de 

résultats concernant l ’estimation de densités, notamment par la méthode des noyaux ; 

résultats qui sont utilisés pour estimer les fonctionnelles du type / ( / )  = f  <£(/, / ' , . . .  /(*•')). 

Ainsi, Dmitriev et Tarasenko (1973) proposent d’estimer / ( / )  dans un modèle i.i.d. par

'(/»)= í<P(LL',--fnih))
où f n est un estimateur à noyau de /  :

ÁM-dré̂ nr*)-i i i i n  ■ j • f ' n

Les estimateurs à noyau ont été proposés pour la première fois par Rosenblatt (1956); 

leurs propriétés asymptotiques ont tout d’abord été étudiées par Parzen (1962). Un peu 

plus tard Bhattacharya (1967) et Schuster (1969) étudient les propriétés de / n^  pour 

1 estimation de A l’aide de tous ces résultats, Dmitriev et Tarasenko démontrent la 
convergence presque sûre de leur estimateur dans les cas particuliers suivants :

f f '2• l ’estimation de l’information de Fisher J

• l’estimation de l’entropie — /

• l ’estimation de J  f 2-



L’estimation de l’entropie avait déjà été étudiée par Basharin (1956) dans le cas de vari­
ables aléatoires discrètes.

Levit (1978) s’intéresse à l ’estimation de fonctionnelles du type

*  =  J  4 > ( F ( x ) , F ' ( x ) , . . . , F ( r \ x ) , x ) d F ( x ),

F  étant la fonction de répartition des X{ .  Il propose d’estimer $  par la quantité

= è Ê  W W ), Ûxù,... /„(r‘1,(Xi). Xi)
71 . 

î=l

où Fn est la fonction de répartition empirique des X i  et f n un estimateur à noyau de la 

densité / .  Sous des conditions de régularité pour la densité /  qui ne sont pas les conditions 

optimales, Levit obtient des estimateurs efficaces et asymptotiquement gaussiens :

V ï ï ( * „ - * )  $  JV(0, c ( f  ,</,))
» « ( ♦ . - Î ) 1 -  Cif,  Q)

où C(f,<f>) est la variance asymptotique minimale pour ce problème d’estimation. Pour le 
démontrer, Levit s’appuie sur les résultats de Koshevnik et Levit (1976).

Les premiers résultats de minoration de la vitesse de convergence des estimateurs pour 

ce type de problème sont donnés par Ibragimov, Nemirovskii et Hasminskii (1987) dans le 
cadre du modèle du bruit blanc. On observe

Y ( t ) =  f  f ( u ) d u +  ew( t ) ,  i € [0,1]. 
J o

w  est un processus de Wiener standard. On s’intéresse à l ’estimation d’une fonctionnelle du 
type $ ( / ) .  Les trois auteurs proposent un estimateur de $ ( / )  qui est efficace en particulier 
lorsque est lipschitzienne et lorsque f  est supposée à priori appartenir à la classe de 
fonctions

Aa = { /  G IL2([0 ,1]),\ f ( x )  -  f ( y )| < C \ x  -  y \ a }  avec a  >  

Lorsque a  < ^ , ils démontrent le résultat suivant de minoration :

inf sup E f ( T e -  $ ( / ) ) 2 > • 
Ti /eAa

En 1987 Hall et Marron proposent des estimateurs de J ( f ^ ) 2 dans le cadre d’un

modèle i.i.d. . Pour simplifier la présentation de leurs résultats, intéressons-nous seulement 
à l’estimation de 8 =  f  f 2. Soit /  un estimateur à noyau de la densité / .
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/  =  ̂Y  K h -(X ~  ^i)> avec K h. = 
j = 1

Il est assez naturel d’estimer J  f 2 par l ’une ou l’autre des quantités suivantes :

• a) /  / 2 = ^  E  J  1{ h(x -  X i ) K h ( *  -  X k ) d x ;
j ,k= 1

• b) ^ Ê / W )  = ^  Ê  Kk(x i -  **)•
n j = i  n

Dans les deux cas, Hall et Marron constatent que les termes diagonaux, i.e. correspondant 

à j  = k introduisent un biais supplémentaire, ils les suppriment et proposent donc les 

estimateurs suivants pour f  f 2 :

0 i  =  ,  1 Y ,  /  K h(x  -  X i ) K h{x -  X k)dx
< n - l )  ^ = 1 J

Dans le cas où /  G Àa , ces estimateurs convergent à la vitesse 1 / y / n  dès que a  H ;  lorsque
1 /s o —4a

a  < ^ E ( 6i — 0)f=12 = 0 ( n 1+2a ) pour un choix optimal de la fenêtre h.  Ces résultats ne 
sont pas optimaux ; l ’indice de régularité critique pour la densité /  permettant d’atteindre 

la vitesse semi-paramétrique l / y / n  dans ce type de problème n ’est pas ^ mais comme 
l’ont démontré Bickel et Ritov en 1988.

Afin de mieux comprendre les résultats contenus dans l’article de Bickel et Ritov, nous 

allons tout d’abord évaluer le biais des estimateurs proposés par Hall et Marron.

E(ê,) = J ( f * K k) \  E(ê2) = J(f*I<k)f.

Ainsi, pour /  G Aa , le biais de chacun des deux estimateurs ci-dessus est de l’ordre de ha . 

D est aisé de constater que le biais de l ’estimateur 202 — 6\ est égal h — f ( f  * K h  — f ) 2, 

il est donc de l’ordre de h 2a pour /  G Aa . Ainsi, cette combinaison linéaire de 9\ et 62 
va réaliser de meilleures performances que chacun des deux estimateurs pris séparément 
pour estimer /  f 2 . C’est l ’idée de la construction de Bickel et Ritov, mais leur estimateur 

a une expression plus compliquée car ils ont séparé l ’échantillon en deux parties, ce qui 

n’était pas nécessaire. Ils proposent en fait une combinaison linéaire de trois estimateurs 

pour estimer Tk = J ( / ^ ) 2. Ils font une hypothèse à priori du type

5
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/  € W  = {/, |/(»>(*) -  /W(x + fc)| < 

avec 5  € IL2 n IL00, p  >  k,  a  €]0 ,1]. Leur estimateur T k a les propriétés suivantes :

i) Si p  +  a  >  2k +  1 v^(2fc -  T k) £  0 , C k{ f ) )

n E ( T k - T k)2 - + C k( f )
1 -— - - 8 ( p + a - k )

ii) Si p  +  a  < 2k  +  -  E ( T k -  T k) 2 = 0 { n ' à w »  ).

paramétrique de la borne de Cramer-llao d après les résultats de Koshevnik et Levit 

(1976). L’estimateur est donc efficace. De plus, les deux auteurs montrent que la vitesse 
obtenue en ii) est optimale.

H est également intéressant de citer un article de Donoho et Nussbaum (1990) qui 

traite de l’estimation de f ( f W ) 2 dans le cadre du modèle du bruit blanc. Des vitesses de 

convergence du même ordre de grandeur que celles des estimateurs de Bickel et Ritov sont 
obtenues.

En 1991, Birgé et Massart ont démontré des résultats de minoration de vitesse de 

convergence pour le problème de l’estimation de /  .) si /  est une densité sur IRd et 

de l ’estimation de /< />(/,..., .) si /  est une densité sur IR. Supposons que f  soit 

à support dans [0 , l ] d et admette une régularité d’ordre s.  Lorsque s  <  2k  +  pour 

tout estimateur Tn de f  / ' , . .  . f (k\ .) ( avec k =  0 si d  > 1 ), l ’ordre de grandeur

de E ( T n -  f  / ' , . . .  f ( k\ . ) 2 est minoré par n  «hT* ) . Ces résultats sont tout à fait 
intéressants dans le cadre de cette thèse car ils nous permettront dans un certain nombres 
de cas de voir que nos résultats sont optimaux1.

1.2 Quelques applications

Nous allons donner un certain nombre d’exemples d’applications de l’estimation des fonc­

tionnelles intégrales non linéaires. Nous présenterons successivement des applications de

l’estimation de J f 2, / ( / (fc))2, j  f l o g f  e t  J  

1 ) Estimation de f  f 2 :

6
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"I / I  /  T A  1 % V -» > 1 . .

est l ’analogue en semi-



Supposons que l’on dispose de deux échantillons A i , . . . , X m et Y i,. . . ,  Yn issus d’un 

modèle de translation. Les variables X i  sont i.i.d. de densité / .  Les variables Yi sont i.i.d. 

et admettent la densité / ( .  — A). Nous nous intéressons au test de l ’hypothèse A = 0 contre 

A > 0. Lehmann (1975) p. 371-374 montre que si l ’on utilise la statistique de la somme 

des rangs de Wilcoxon notée Umn pour bâtir le test, l ’efficacité du test est proportionnelle 

à f  f 2. La puissance II du test peut également être estimée à partir de l’estimation de f  f 2 

d’après l ’équivalence suivante démontrée par Lehmann :

ÍS**(A'lWnJf2-n°)
où $ est la fonction de répartition de la loi normale A f (0,1) et u a est défini par

— ̂ a) = Û.

2) Estimation de f (  f (k) )2 :

L’estimation de f ( f W )2 peut être utilisée pour déterminer la fenêtre optimale (en un 

sens à préciser) lors de l’estimation d’une densité par la méthode des noyaux ou des pro­

jections orthogonales.
Dans le cas de l’estimation par la méthode des noyaux, Deheuvels et Hominal (1980) 

s’intéressent à la détermination de la fenêtre optimale au sens le la minimisation du

M.I.S.E. (mean integrated square error), défini par E  I / ( /n — f ) 2 1 avec

Â = ̂ î > ( ^ ) -
3=1

Il s’agit, pour un noyau K  donné de déterminer la fenêtre optimale h.  Deheuvels et Hominal 

utilisent le développement suivant :

£ (M - f>2) ̂ ¿ //f2+M/ x2K{x)ixî  S {>")2-
Il est alors aisé de voir que la valeur optimale de h sera obtenue en égalisant les deux 

termes de droite dans l ’équivalence ci-dessus, ce qui conduit à choisir

». ( A V / 5  ,  f I { 2h = —  ■ ■ ■■■■■» avec A  = ------ ----------- « .
\ n j ( f " ) 2 )  ( f  x 2K ( x ) d x )

L’estimation de la densité par la méthode des noyaux peut alors s’effectuer en deux étapes: 

a) on estime / ( / w)2 ce ^  nous permet d’avoir une estimation de la fenêtre qui minimise 

le M.I.S.E. ,
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b) on estime la densité .

De même, si l ’on estime la densité par la méthode des projections :

-j 77i n

fn — — 2̂ P i( )P i ( X ) 5 

i=0 j = 1

où (p i ) iç f i  est une base orthonormée, le choix optimal de m  fait intervenir des fonction­
nelles du type

3) Estimation de l ’entropie :

Vasicek (1976) propose un estimateur de l ’entropie qu’il utilise pour construire un test 
de normalité. La légitimité d’un tel test est liée au fait que l’entropie de la loi normale 

Af(0,<72) est supérieure à l ’entropie de toute loi de même variance. Soit X i , . . . , X n un 

^ - é c h a n t i l l o n  et Tn un estimateur qui converge en probabilité vers l ’entropie — J f  log(/ ) .  

La quantité

A exp(Tn)

JiT.U(Xi-x)2
converge en probabilité vers y / ï i r e  sous l’hypothèse de normalité des X t ; en effet, l ’entropie 
de la loi\V(0, a 2) est égale à \ o g ( \ / 2 n ê a ) .  Sous toute hypothèse alternative, An va con­

verger vers une valeur inférieure strictement à v/27rë. L’hypothèse de normalité est rejetée 
si An < u a , u a est déterminé à l ’aide de simulations dans le cas où la loi de An sous 
l’hypothèse de normalité est inconnue. Sous certaines contre-hypothèses, Vasicek donne 

des résultats de simulations permettant d’évaluer la puissance du test. Il est clair que les 
performances de Tn en tant qu’estimateur de l’entropie vont influer sur la puissance du test.

Dans le même ordre d’idée, Dudewicz et Van der Meulen (1981) proposent d’utiliser 
des estimateurs de l’entropie pour tester l ’uniformité d’un n -  échantillon dont la densité 
est à support dans l’intervalle [0,1]. Si /  est à support dans [0,1], l ’entropie -  /  / lo g  /  est 
négative ; la valeur maximale de l’entropie, à savoir zéro, étant atteinte seulement dans le 
cas de la loi uniforme sur [0,1].

4) Estimation de l’information :

L’application la plus simple de l ’estimation de l ’information de Fisher est diie à l ’inégalité 

de Cramér-Rao. Supposons que l’on dispose d’un rï-échantillon issu d’une loi de densité 

/ ( .  - 9 )  où 6 est un paramètre réel inconnu. Il s’agit là d’un modèle de translation. Soit

8



les performances d un estimateur Y  de 0. Y  sera dit efficace si la quantité E q( Y  — 0 y  est 

égale à la borne de Cramér-Rao.

Après ces préliminaires, qui nous ont permis de faire le point sur les résultats antérieurs 

sur le sujet, et de donner quelques motivations au problème de l’estimation des fonction­
nelles intégrales non linéaires, nous allons décrire les résultats contenus dans la thèse.

1.3 Description de notre travail

Nous traitons le problème de l ’estimation d’une fonctionnelle du type 

dans le cas d’un modèle i.i.d..

Le Chapitre 2 concerne l’estimation de fonctionnelles du type J </>(/,.) dans un cadre 

très général. La première étape de la construction des estimateurs consiste à effectuer 

un développement de Taylor à l ’ordre 2 de </>(/(x),x) au voisinage de (f ( x ) , x ) où /  

est un estimateur préliminaire de la densité / ,  qui sera construit sur une petite par­

tie de l’échantillon. D faut prendre un certain nombre de précautions lors du choix de 

l’estimateur préliminaire afin de garantir que les quantités </>(/,.), </>'(/,.) et 0 " ( / , .) ont 
un sens. Ceci nous conduit à supposer que <j),<j/ et <j>" sont définies sur un voisinage 

de l ’image de / .  En particulier, si nous estimons l ’entropie, nous supposons que /  est 

minorée par une constante strictement positive, et donc que /  est à support compact. 

Cette hypothèse est assez restrictive ; elle exclut notamment l’application de ces tech­
niques en vue d’un test de normalité. Par contre, nos estimateurs pourront être utilisés 
pour tester l ’uniformité d’un n  échantillon dont la densité est à support dans l ’intervalle 

fO, 11. En regroupant les termes du même type, le développement de Taylor s’écrit sous la

9

Y  un estimateur sans biais de 6. Si 6 —»• fe  est dérivable, "/*f existe et est non nulle,

alors

n E , ( Y - O Ÿ > - ^ .

J 1T

D est donc intéressant de savoir estimer la borne de Cramér-Rao :
1

f  (/¿)a
fe

afin d’évaluer

La seconde étape de la construction consiste à estimer avec les données indépendantes 

de /  les fonctionnelles linéaires et quadratiques qui apparaissent dans le développement. 

Les fonctionnelles linéaires sont estimées par un estimateur empirique. Les fonctionnelles 

quadratiques sont du type f  K ( f , . ) f 2. Dans la mesure où elles sont estimées avec des 

données indépendantes de / ,  nous pouvons considérer qu’elles sont du type f  p i p  où xf)

forme y « / , . )  = /<?(/,.) + I /?(/,-)/ + y AT( / ,  . ) / 2 + rn où rn est le terme de reste.

J«f f m ,-)



est une fonction fixe.

Pour permettre de mieux comprendre la construction des estimateurs de f  f 2ip, attachons- 

nous dans un premier temps à l’estimation de /  f 2. Supposons que /  G JL2(d/j;), ¡x étant 

une mesure queconque. Soit (pi ) i çD  une base orthonormée de JL2(df i) ,  D  est dénombrable.

Soit ai = f  f  Pi, alors / / 2 = ^  a 2 . Le coefficient a,- est estimé par l ’estimateur em-
J içD

1
pirique a; = — ^ p i ( X j ) ,  il est alors naturel d’estimer / f 2 par ^  â 2; M n étant un

i eMn
sous-ensemble fini de D , dépendant de n. Ceci nous conduit dans un premier temps à 
l’estimateur suivant pour f  f 2 :

è  E  È  MXj)pi(Xt).
iGM-r, i.k—\

Les calculs de biais de cet estimateurs montrent que les termes diagonaux ( i.e. correspon­
dant à j  = k ) introduisent un biais supplémentaire ; nous les supprimons donc, ce qui 
nous donne :

E  « W s ) .
n { n  L* i e M n j * k = l

L’ensemble M n est déterminé de manière à minimiser la quantité E ( 9  — f  f 2)2, c’est-à-dire 

la somme de la variance et du carré du biais de l’estimateur. Le choix optimal de M n 

dépend bien entendu des hypothèses à priori que l’on fait sur / .

Supposons que /  soit à support dans un compact de 1R, disons [ -x ,  ît], soit la base

Fourier de IL2([—ît, 7r]). En prenant M n = { i  G IN, i < m n } ,  6 s’écrit sous la forme suivante

où D mn est le noyau de Dirichlet : D m (t )  = s*n(mn +  2 )^
2 7r sin |

Le noyau K hn a simplement été remplacé par le noyau de Dirichlet. Cette opération per­

met d’effectuer une réduction de biais ; le biais de d est de l’ordre de grandeur du carré 
du biais de 02 .

Venons-en au problème initial de l ’estimation de / / 2y>. En notant S Mnf  =  Y, iaMn aiPh

10

On ne peut alors s’empêcher de noter l ’analogie entre cet estimateur et l ’estimateur d2 

proposé par Hall et Marron :

02 = - , - - n  
n ( n  -  1) ¿  K K ( X ¡ - X k). 

& k =1

e = — i —
n ( n  — 1)

¿  D mJ X , - X t )



nous constatons que le biais de l’estimateur de f  f 2 proposé ci-dessus est égal à -  J  (SMnf  ~  f )2- 

Pour l’estimation de /  / 2V>, nous cherchons à obtenir un biais du même ordre de grandeur, 

plus précisément un biais égal à — J (»Sm„/ — Z)2̂ - Ceci nous conduit à prendre comme 

estimateur :

0 =  7,r„ 2 n  £  è  p i { X j ) { Pii > ) ( X k)
n{n L ) ieMnj?k=i

1 f  
- n(n _ u  E E Pi(Xj)pz>(Xk) / pipt'4>.

i , i ' tM n j ¿ k =1 ^

Nous sommes désormais en mesure de décrire l ’estimateur de f  .). Supposons que 

l’estimateur préliminaire soit construit avec les ni dernières données ; les parties linéaires 

et quadratiques du développement de Taylor sont estimées avec les n 2 premières données. 
Nous estimons J  <}>(f, .) par

/ I 712 2 11
° ( f ’ •) + E H ( / .• ) (* ,)  +  E  E  p < ( x , ) ( P iK ( f , . ) ) ( x k)

2 j =1 ' '  ieM„ j^ k=1

- ¿ T )  E  j b  K ( X j ) p A X k )  f p i P i ' K d , . )

Le Théorème 2.2 du Chapitre 2 donne les propriétés asymptotiques de cet estimateur dans 
le cadre assez général où /  est supposée à priori appartenir à l’ellipsoïde

£ = { /  = E < w >  E l ? ! 2 ^ } -
i eD  i eD  1

Cette étude couvre en particulier le cadrç multidimensionnel. Dans le cas où f  est à 

support dans [0, l]rf et admet une régularité d’ordre s  nous obtenons les résultats suivants:

Si » > -A v -n(T„ -  J  * ( / , .) )  - i  A'70, C ( f , ./.)) 

n E ( T n -  [

avec

En nous appuyant sur des résultats de Koshevnik et Levit (1976) et de Ibragimov et Has- 

minskii (1991), nous démontrons que C ( f ,  </>) est la variance asymptotique minimale pour
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ce problème. Nos estimateurs sont donc efficaces. Par ailleurs, Birgé et Massart (1991) 

ont démontré que lorsque s  < |  on ne peut pas atteindre la vitesse semi-paramétrique 

1 / y / n .  Dans le cas particulier de l ’estimation de /  / 2y>, nous obtenons la vitesse de con­
vergence optimale si s  <  par contre lors de l’estimation de /  4>(f, .), le terme de reste du 

développement de Taylor Tn devient prépondérant devant les autres termes lorsque 5 < |  
et nous n ’atteignons pas la vitesse optimale dans ce cas.

Le Chapitre 3 traite de l ’estimation de T ( f )  =  J  </>(/, / ' , . . .  /(*),.). Nous restreignons 
le cadre de l ’étude : f  est supposée être une fonction à support dans [—?r, 7r], périodique 

ainsi que ses dérivées. De plus, nous faisons une hypothèse de régularité sur /  :

/  € W  = {/, I f M(x) -  /W(y)| < c\x -  »I“}.
Dans la suite nous noterons s  la quantité p  +  a .

L’idée de la construction des estimateurs repose comme au chapitre précédent sur un 
développement de Taylor au second ordre de <^>(/(x),.. ./(*)(a:),x) au voisinage de

°ù /  est un estimateur préliminaire de /  construit avec les ni

dernières données.

Après réarrangement des termes du développement de Taylor, la fonctionnelle T ( f )  s’écrit 
sous la forme

ni) = ÎG(f) + E  /' + E  /' k,,,(})+ r„.
3 = 0  *  j j ' = 0  *

En prenant soin de choisir /  périodique ainsi que ses dérivées, des intégrations par parties 
successives nous permettent d ’écrire :

r n,(f)fw = (-iy imMH
J — 7T J — 7T

Cette quantité est estimée par l ’estimateur empirique correspondant bâti sur les n 2 premières 
données ( avec n \  +  n 2 =  n  ).

Une étape intermédiaire consiste à estimer les fonctionnelles du type f *  et

à décrire les propriétés asymptotiques des estimateurs. C’est l ’objet du Théorème 3.1 
du Chapitre 3. Pour estimer cette quantité, nous généralisons les résultats du chapitre 

précédent concernant l ’estimation de f  f 2ip. Soit (pi)î(=]N la base Fourier de H2( [ - 7r, 7t]) ; 

dans la mesure où les densités sont périodiques, il est assez naturel de choisir cette base 

orthonormée pour construire nos estimateurs. Soit S m f  =  ££L0 dipi  ; nous allons chercher 
à construire un estimateur de dont le biais sera :

- / -  /«HS,,,/« -  /Ü'))V>.
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Ceci nous conduit à l ’estimateur

------ i m n
nrjj' _  1 V a

a m n

+w^rnE E * X - i ftâWHx,,)
*H n  j= o  /, ¿̂¡2=1

1 m 71 n r . .
—n| n _  n  2  Ë  I p \3)p\>')i>-

n n̂  L> i,i>=ohjïi2= i  J - *■

Remarquons que lorsque j  =  j '  =  k,  tp =  1, nous estimons / ( / ^ ) 2 par

m n 

n Vn Ait= 0 /19É/2=1

Dans ce cas en effet les trois termes qui apparaissent dans l ’expression de Tff '  coïncident.

L’estimateur T k a une expression très simple ; il réalise les mêmes performances que 
l’estimateur proposé par Bickel et Ritov (1988). Cet estimateur est asymptotiquement 
gaussien et efficace si s  > 2fc +  |  ; il atteint la vitesse optimale de convergence si s <  2k +  j .

Après cette étape intermédiaire, nous revenons au problème initial de l’estimation de 

^ ( / )  = f  •)• Nous proposons l ’estimateur suivant :

/
I  k  n 2

G(/) + -EE(-')j(̂ (/))0)(̂ )
n 2 j = o / = i

k cy m fi2
+ E _ n E E p.(̂ .)(-i)i(#,A>(/))«(̂ !)

j , j '=0 2  ̂ 2 i n = 0 l 1^l2=\

k 1 tn  7 i2

- E n E Ê Pi(xh)Pil(xl2) I pWp^Kjjiif)
h j l = 0 n 2 { n2 L) i t i l= Q l i^ h = 1  J-7T

Le résultat essentiel du Chapitre 3 est le Théorème 3.2 qui annonce les propriétés suivantes 
pour T n :

i) Si s > 2k +  ± y/ïi{Tn -  T ( f  )) 4  A/\0, C ( / , . . .  /<*>, f ) )  

nE{ Tn - T { f ) ? ^ C { f , . . . f i k\<i>) 

ii) Si 1 <  s <  2fc +  ^ Æ7(2T, -  T ( f ) ) 2 =  0 ( n =^ r î  ).
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Nous montrons à l ’aide des résultats de Koshevnik et Levit (1976) ou de Ibragimov et 

Hasminskii (1991) que la constante C ( / , . ../(*),<£) est la variance asymptotique minimale 
pour ce problème. De plus, d’après Birgé et Massart (1991), la vitesse obtenue en ii) est 
optimale.

Notons que l ’hypothèse de périodicité n ’est pas nécessaire si l ’on estime une fonction­
nelle qui ne dépend que de la densité, ceci est démontré au Chapitre 2. Par contre, 
nous ne pouvons éviter cette hypothèse dans le cas de l ’estimation d’une fonctionnelle 
du type f  . . . ,  /(*),.). En effet, si nous cherchons à estimer la fonctionnelle f  =  

/ ( 7r) - / ( -7r)> nous sommes ramenés au problème de l’estimation de la densité en un point. 
Farell (1972) a démontré que cette fonctionnelle s’estime à la même vitesse que la densité 
elle-même, c’est-à-dire à une vitesse inférieure à celle que nous avons énoncé ci-dessus. 

Dans le cadre de ce théorème, de même que lors de l ’estimation de /  </>(/,.), nous exigeons 

que et ses dérivées soient définies sur un ouvert contenant / ( [ —ir, 7r]) x .. . / ^ ( [ —n,  tt]) x 

[-7r, 7r]. Si nous estimons l ’information de Fisher f  ^ p - ,  cette hypothèse se traduit, comme 

dans le cas de l ’entropie, par une hypothèse de minoration de la densité par une constante 

strictement positive. Pour ces deux exemples particuliers (entropie et information de 

Fisher), il conviendrait d’éviter cette hypothèse mais actuellement nous n ’avons obtenu 
aucun résultat dans cette direction.

Le Chapitre 4 donne des résulats de simulations concernant l ’estimation de f  f 2 et 

celle de l ’entropie. Pour l ’estimation de f  f 2 nous comparons l ’estimateur par projection 
proposé dans la thèse :

S=̂ T)AD"(X’-Xk)
ou D m est le noyau de Dirichlet, avec l’un des estimateurs proposés par Hall et Marron :

En ce qui concerne l ’estimation de l’entropie -  / / l o g / ,  l ’estimateur proposé au Chapitre 
2 de cette thèse est comparé avec un estimateur étudié par Gyôrfi et Van der Meulen 
(1990):

i  712

--E  '»g Mo-
712 3 = 1

Cet estimateur correspond à un développement de Taylor au premier ordre, alors que notre 

estimateur est construit à partir d ’un développement de Taylor au second ordre.

Les résultats des simulations font apparaître très nettement la réduction de biais réalisée 

par nos estimateurs. Lorsque les paramètres de lissage varient, la moyenne des estimateurs
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proposés dans la thèse et beaucoup plus stable et proche de la vraie valeur du paramètre 

à estimer. Nous estimons également E ( 9  -  9 )2 par la moyenne des carrés des écarts entre 

le paramètre estimé et la vraie valeur. Dans la majorité des cas, nos estimateurs se com­
portent mieux que ceux auxquels ils sont comparés.

Pour conclure, notons qu’il serait intéressant à l ’issue de ce travail de répondre aux 
questions suivantes non résolues dans la thèse :

a) Lors de l’estimation de f  </>(/,.), en supposant que /  admette une régularité d’ordre 

s  sur IRd, nous n ’obtenons pas les résultats optimaux annoncés par Birgé et Massart (1991) 

si s < Pour cela, il faudrait faire un développement de Taylor à l ’ordre 3 et atteindre 

des résultats optimaux pour l’estimation de fonctionnelles du type f  f 3i>. En utilisant 

des techniques du même genre que celles qui nous ont permis d’estimer les fonctionnelles 

quadratiques, nous n ’obtenons pas les résultats escomptés. En fait les résultats récents 

de Kerkyacharian et Picard (1992), achevés en même temps que cette thèse et concernant 

l ’estimation de / / 3, permettrons sans doute de résoudre ce problème.

b) La seconde perspective de recherche consiste à essayer de supprimer l’hypothèse de 

minoration de la densité par une constante positive dans le cas de l ’estimation de l’entropie 

et de l ’information de Fisher. Il serait également intéressant de savoir estimer ces fonc­

tionnelles dans le cas d ’une densité à support non compact, ce qui nous permettrait de 

mettre en oeuvre des tests de normalité, tels qu’ils ont été proposés par Vasicek (1976).

c) Enfin, il serait utile d ’obtenir des résultats concernant l ’estimation des fonctionnelles 

intégrales non linéaires dans le cadre d’un modèle de données censurées, ce qui pourrait 
avoir des applications dans le domaine des statistiques médicales.
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Chapitre 2

Efficient estim ation of integral 
functionals of a density

A b stract

We consider the problem of estimating a functional of a density of the type f  </>(/,.). Start­
ing from efficient estimators of linear and quadratic functionals of /  and using a Taylor 
expansion of </>, we build estimators which achieve the n -1/2 rate whenever /  is smooth 
enough. Moreover, we show that these estimators are efficient. Concerning the estimation 
of quadratic functionals, more precisely of integrated squared density, Bickel and Ritov 
have already built efficient estimators, we propose here an alternative construction based 
on projections, which seems more natural.
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2.1 Introduction

Let X \ , . . . ,  X n be i.i.d. with common density /  with respect to some measure fi. When /z 
is the Lebesgue measure on the real line, Bickel and Ritov (1988) have studied the problem 
of estimating / ( / W)2 where /  is supposed to belong to a nonparametric set of densities 
0 S included in some compact set of smooth functions of order s. They built an efficient 
estimator if s  > 2k + If s  < 2k + they showed that the best order of convergence is

— 4(s — k)

n  ‘+4s . It is a quite remarkable result in the sense that the critical regularity 2k  + \  is 
completely unusual ; actually, one could think at first glance that this critical regularity 
should be 2k  + i ,  (see Hall and Marron (1987) where some statistical motivations for 
studying these functionals are also provided).
This problem has also been treated by Don oho and Nussbaum (1990) for the white noise 
model ; it is also worth to mention the paper by Ibragimov, Nemirovskii and Khas’minskii 
(1987) which deals with differentiable functionals in the same framework.

Bickel and Ritov’s estimator is a quite intricate expression based on kernel estimators of the 
density. In this paper, we propose an alternative and somehow simpler method of estima­
tion based on orthogonal projections. This method will allow us to treat the more general

problem of estimating / f 2,ipdn when /  belongs to some ellipsoid £  = a*p,; ^  | - |  | < 1}
i€D ieD  Ci

where (pi)i^D is an orthonormal basis of ]L2(dfi) .

This generalisation is crucial to achieve the aim of this paper which is to construct efficient 

estimators of functionals of the type T ( f ) = J  <j)(f(x), x)cfyx(x), /  (E 5, when it is possible. 

This problem was first studied by Levit (1978), who built efficient estimators of this kind 
of functionals, under regularity properties for the density which are more restrictive than 
our conditions.

Some typical motivating example of such functionals is the Shannon entropy J /lo g (/) . 
Dudewicz and Van der Meulen (1981) show how estimators of the entropy may be used to 
test uniformity of a n-sample with density /  concentrated on the interval [0,1]. Moreover, 
Vasicek (1976) proposes a test of normality which is also based on estimators of the entropy.

Before stating the results that we get, let us explain how the two problems mentioned 
above are connected. is assumed to be a smooth function. So, expanding <f> up to the 
second order with Taylor’s formula provides an expansion of T ( f )  — T ( f ) ,  where /  is a 

nonparametric preliminary estimator of the density / ,  constructed with a small part of 
the n — sample. With the remainder of the sample, we build estimators of the terms, 
up to the second order, which appear in the Taylor expansion. Some of these terms are 
linear functionals of /  while others are quadratic functionals of the type f  f 2K ( f )  which
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has been studied in the first section. Our main result is proved in Section 3 and may be
summarized as follows : when /  belongs to some Holder’s space with index s over IR^, we
can built an estimator Tn of T ( f ) such that 

d
i) If s  >  -  \ / n ( T n — T ( f )) —>• A/"(0, C ( f ,  4))) where A/^O, a 2) denotes the normal distri­

bution and n E ( T n -  T ( f  ))2 -»■ C{f ,4>)  where

C U  A )  = /(*',(/, .))2/ - ( /  </<',(/,-)/)2

and 4>[(u, v) — - ^ ( u , v ) .  Moreover, C ( f , 4 >) is the semiparametric information bound for

the problem of estimating T ( /)  as will be shown in the Appendix, hence our estimator is 
asymptotically efficient.

When s  < |  we do not know what the optimal rate is, except that it is smaller than
— 35

n d+2* . Actually, in this very case the remainder term in the Taylor expansion is precisely 
of order n~s+^. Birge and Massart (1991) have proved that the rate cannot be smaller than

—  45

. So, it would be necessary to do the Taylor expansion up to the third order and to 

estimate f  / 3V> but we do not know how to estimate /  / 3 at a rate faster than the one 
we just mentioned. After the completion of this paper, Kerkyacharian and Picard (1992) 

have found that the rate of convergence for the estimation of /  / 3 is actually .

2.2 Estimation of J  f  2if)

Suppose X \ , . . . , X n are i.i.d. random variables with common density /  £ IL2(cfyi). Let 

(P i) i£D  be an orthonormal basis of JL2(d/i), where D  is a countable set ; a,- = f  f p { and

consider the ellipsoid £  =  a ip i;  ^  | ^ | |  < 1}.
i^D  i€ D  Ci

Our purpose is to estimate 9 = /  f 2tp when /  6 S.  Let us first look at the case ip -  1.

Since / f  2 =  Y  a f ,  a natural idea would be to estimate this integral by 9 =  Y ]  a 2, where
*0 itw

1 n
ai is the empirical estimator of a, : a,- = -  and M is a subset of D .  Therefore

71 .
.7=1

*= ^  e  è
i£M  j ,1=1

The computation of the bias of this estimator shows that it can be reduced by removing 
the diagonal terms, i.e. the terms of the type - ^ p f ( X i ) .  This leads to an estimator of f  f  2 

with bias — /( ¿ 'm /  — f ) 2 where S m S denotes ^
ie-M
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We intend to built an estimator with a similar bias for the estimation of /  / 2-0. More 
precisely, we wish the bias to be equal to

-  J  (S M f  -  / ) V  = 2 J  (S M f)f1 >  -  J  (S u f f i ’ -  J  f 2i>.

Hence, the problem is to find an estimator with expectation 2 J  ( S m /) /^  -  j  (<Sm/)V- 

For the part / ( -S W /) /^  we propose the following estimator :

^  = n ( n -  l ì  Z È P i{X j)(P ii> ){X k)-  (2.1)
”  h e M  j^k=\

To get the term f { S M f ) 2i>, we propose the estimator

^2 = ~7"’ 1 n  è  P i ( X j ) M X k) Ì PiPil^ ( x ) d x  (2.2)

with piPi'Tplx) = pt(x)pt/(x)V>(a:). This explains the expression of the estimator 0 proposed 
below :

T heorem  2.1 Let X \ , . .  . , X n i.i .d .  random  variables with co m m o n  den sity  f  belojiging  

to som e Hilbert space JL2(dfi) .  L e t  (pi)i^D an or thon orm al basis o f  JL2(d/j,). We assum e

that f  is uniform ly  bounded and  belongs to the ell ipso id  8  — o-iPi] ¿ J  | - | |  < 1}. Sup-
i€D i£D

p ose  that the fo llow ing condit ion  holds : we can f in d  a subse t M n o f  D  such that

{ sup \Ci\A « J^ l
\i(Mn J n2

where \M n \ den o tes  the card inality  o f  M n and

V g € IL2(d//) /  ( S m „9> — g ) 2d[x 0 as n oo.

Let & =  f  f 2i> to be e s t im a ted  where ^  is a bounded fu n c t io n  and  let

0= n(^ _  n S  È  Pi(Xj)(Pii>)(Xk)

1 71 f 
-T T ^T n E E P i ( X j ) p i ' ( X k) / p i p i, ^ ) { x ) d x ,

r^ n '  i,i'eM„j^k=i J

0 has the fo llow ing a sym p to t ic  proper t ies  as an e s t im a to r  o f  f  f  2 ir :

i) I f -—— —> 0 as n —► oo then  
n
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v ^ ( ? - 0 )  -> M { 0 , A ( f , t ) )  (2.3)

\ nE ( 6  -  i f  -  K ( f , n  < 7 , [ l ^ i  +  | | i Mn/  -  f \ \ 2 + \ \ S u M f )  -  f i , \ \ 2] (2.4)

where

O th erw ise

E ( e - 0 ) 2 <  l 2 ) M A  
n 2

where 71 and 7 2  depend on ly on  | | / | | o o  a n d  ||V’||oo- M oreover, they are both increasing  

fu n c tio n s  o f  H/H,» an d  HV’lloo-

The notation A n B n used in Theorem 2.1 means that Ai < —  < A2 where Aj and
* -x-A2 are positive constants.

Comments : Of course, it follows from (2.4) that lim n E ( 6  -  9 ) 2 = 4  [J / 3 t/>2 -  (J  f 2/ip)2].

In the next section, will be a random function depending on n, which explains the fact 
that we need a bound depending explicitly on iff.

We shall prove in the Appendix that the asymptotic variance is optimal when /  is assumed 
to belong to the ellipsoid €  and to be bounded from below by some positive constant, or 

when /  is assumed to belong to a class of regular densities as it will be defined in the next 
section. Our estimator is therefore efficient in these cases.
Example 1 :

Let X i , . . . , X n be n  i.i.d. d dimensional random variables with density /  belonging to 
H 2(dfj,) where p, is the Lebesgue measure over IRd. /  is supposed to belong to the ellipsoid 

. £  = { J 2  aiVi\ Y j  ( M 2si + • • • + M 2sd) K . . . J 2 < 1 } Where s j  > 0 V j  € {1. . . d } .
i£7Ld (¿1...»d) € Z t‘

Let s £  IR be defined by

-  =  T -
S X - i  S j

J = l  3

and M n {(¿1 , • •. > id) € |tj| < m d'i }. The cardinality of M n has the same order as 
m .  Moreover,

sup |ci|2 ss (m ~ T ’ ) .
i<£M„ v '
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Let m  & . Then,

(SUPi jM n  lc»l2)2 ^  JL
\M n \ ~  re2

Hence, as soon as s >  |  the estimator 0 defined in Theorem 2.1 has the properties defined 

by (2.3) and (2.4). When s < |  we get E { 9  -  9)2 <  A f o r  some A G IR.

In the framework of this example, when /  belongs to IL2([0, l]d) and when (p i ) ie7Zd is the 

Fourier orthonormal basis of IL2([0,l]<i) we shall prove (see proof of Corollary 2.1) that 

the condition /  G £  generalizes a condition of the type : /  belongs to some Holder space 

of any index bigger than s.  In this particular framework, and when V> is either always 
positive or always negative, Birge and Massart (1991) have proved lower bounds for the 

rates of convergence which agree with the rates of Theorem 2.1. Our result is therefore 
optimal.

Example 2 :

Suppose that /  G IL2([0,1]). We give another example where (pi)igN will be the Haar 
orthonormal basis of IL2([0,1]). Let

P - i ,  o(x ) =  l[o,i](aO

i>0 , o ( z ) =  l [o , l /2]0 *0 -  I ]l/2 ,l](a:)

P j , k ( x )  =  2j / 2p 0t0(2j x  -  k)  V 0 <  fc <  2J" — 1, j e  IN

i.e.

Pj,k(x ) — 2 ^ 2 |  I t x  _fc + 1. 1  -  *±ii r (x )-
23 2̂ + lJ J2J 2J + 1 2J JJ

Let a j ik = I f ( x ) p j tk ( x ) d x  and let the ellipsoid £  be defined by : 
Jo

In order to apply Theorem 2.1, we set

Mn  =  {(j',fc), 0 <  k < 2 J -  1 , - 1  <  j  <  jo  =  ( t _^4 8 ) lo g 2(w)}

and

cjtk =  2~>s , V j ,  V k G {0,.. .2J — 1}.

Since
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\M n \ «  «1 + 45
2

and

sup \cj k\2 & 2 2-?oS = ni+4s 
U,WMn

we get :

if s > i  then \ / n ( 9  -  9) -> JV(0, A(/, VO) 

n E ( 9  -  9 ) 2 -»• A( / , V»)) 

if 5 < i  then £(0  -  0)2 = 0 (» T & ).

2.3 Estimation of J

2.3.1 Main results

The purpose of this section is to estimate T ( f) = /  4>(f(x),x)dx efficiently when it is 

possible. As in the previous section, we assume that /  belongs to the ellipsoid

£ = {£<w;E l4 l< i} .
I'e D  i £D i

We would like to start with some preliminary estimator f  of the density /  built on a 

small part of the initial sample and do a Taylor expansion of <j> in a neighbourhood of 

( f ( x ) , x ) .  In order to give a sense to this expansion we shall assume the following :

: The function u  —> </>(tt,x) belongs to C 3(i2) V x,  where Cp(fi) denotes the class 
of p  times continuously differentiable functions over i l .  V x a <  f ( x )  <  b , where a, b 6 IR, 
with [a, 6] C ii.

• A 2 : We can find a preliminary estimator /  of /  constructed with n-> m -¡-4-r data,
io£f(n) ’

such that V x a — e < /(x )  < 6 -f- e with [a — e, b + e] C ii for some 6 > 0. Moreover, 
V 2 <  q <  +oo, V I 6 IN* E / \ \ f  -  f \ \ lq <  C ( q , l ) n ^ la for some a  >  |  and for some con­
stant C ( q , l )  independent of /  belonging to the ellipsoid S.

We shall give an example of such an estimator in the case where /  is a density defined 
over a compact set S  of IRd satisfying some regularity assumptions.

Assuming that Al and A2 are verified, it is now legitimate to make a Taylor expansion of <f> 

in a neighbourhood of (/(x ), x). We shall use the following notation for partial derivatives
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where I ( t = [a -  e, b +  e].

T ( f )  =  J <l>(f(x),x)dx +  j  <j>\ ( f (x) ,x) ( f  -  f ) ( x ) d x

+ \  J  <t>" ( f ( x ), x ) ( f  ~  f ) 2(x)dx +  r n,

where Tn is a remainder term which will be proved to be negligible compared to the linear 
and quadratic terms. It is convenient to write T ( f ) as follows :

T(S) = /  <?(/, •) + /  H ( l .) / + / 1<(1 , ) f  + r „

where

We have to estimate two types of functionals :

• L =  J # ( / , . ) /  which is a linear functional of / .

• Q  = J K ( f , . ) / 2 which is a quadratic functional of /  of the type studied in Section 2 .

If /  is based on the n \  last observations, then L  and Q  are estimated with the n 2 first 

data where n 2 = n  — n \ .  The following theorem gives the expression of the estimator T n 

of T ( f )  and its properties.

T h eo rem  2.2 L e t  X \ ,  X 2, . . . ,  X n be i .i .d .  random, variables  with c o m m o n  d en s i ty  f  

belonging to  so m e  Hilbert  space ]L2(dfx). L e t  (p i ) i^ o  be an o r th o n o rm a l  basis o f  IL2(fi/x), 
a{ =  f  f p i  a n d  suppose  tha t  f  belongs to the e l l ipso id

£  = l"rl ^  ^
¿gD iQD

Let T ( f )  =  f  </>(/,.) to  be es t im a ted .

We a ssu m e tha t  the hypo theses  A l  a n d  A 2  hold a n d  tha t ||̂ >i ||oo, ||0i||oo a n d  ||<^:3' | |00 are 

f in ite .
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II<aS3)IIoo = sup. Iâ3(m’x)I

XyUÇKe

(2.5)

(2.6) 

(2.7)

G(l - )  =  « / , ■ ) - « ( / , • ) /  + i « / , - ) ?

n ( l - )  =  ¥ i ( î ,  • ) - / « / , • )

K ( l - )  =



S uppose  tha t  we can  f in d  a subse t  M n o f  D  such tha t  (  sup \cj\ ) «  -— —
\ i < t M n  ’  J  n2

a n d  such tha t  V g  e  JL2(dfj,) \\SMng  -  g \ \ i  -*■ 0 as n -+  oo. L et

__ r  ^  i n 2 cy n

Tn = j G ( f , . ) + - ' £ H (/,.)(*,) + —  £  £  P i ( X , ) ( K ( f „ ) K ) (Xk)
i“ 1 ' ' ieMn j^k=l

- M ^ T ) J E ,  £ t v ^ ù v A X . ) J p , Vi. K ( l .)

where G ^ H ^ K  are def ined by (2 .5) ,  (2 .6) ,  a n d  (2 .7) .  The fo l low in g  p r o p e r t ie s  hold :

-  0 iAen V^(r„ - r ( / ) )  -> M ( 0 , C ( S M  (2.8)

$ ™ , n E ( T n - T ( i ) ) 2 =  C ( f A )  (2.9)

where C ( f , ( f >) is def ined by

Comments :

1) The asymptotic constant C(f,<f>) appearing in Theorem 2.2 is optimal when /  is sup­
posed to belong to the class Fr>a,c  which is defined below, or belongs to the ellipsoid S  and 

is bounded from below by some positive constant. This follows from the general theory of 
efficient estimation as explained in the Appendix.

2) We shall give some corollary of Theorem 2.2 with an explicit construction of the pre­

liminary estimator f  in the particular case where /  is a density defined over a compact set 

of IRd, for example S  = [0, l ] d and satisfying regularity conditions. When it will be useful, 

the function /  will be extended by periodicity. The regularity conditions are defined as 

follows : let r  =  ( n , . . . , r rf) € INd and a  =  ( a i } . .  . , a d) e]0, l ] d. Let D j  the derivation 
operator with respect to the j th variable. We shall denote by Fr^ c  the set of densities /  
defined over [0, l]d such that

D r/  f  exists V j  6  { 0 , . . . d )  and D ) f  is periodic for / = 0 . . .  Tj.

ID r/ f ( x )  -  D r/ f ( y ) \  
sup — — ---------- ±— _ _  < c

x , y& S, x 3 j : y } I X j  — y j \ a J *
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We define Sj =  r j  +  otj and 5 by -  = • We will show in Section 4 that if /  belongs
S S j

J = l  J

to FTt0lic  then /  belongs to some ellipsoid

Í  = { E “¡Pii E dill2*'1 +  • • ■ +  M 2si)k , . . . iJ 2 < 7}
i£7Zd (ii ...id)ç7Ld

for all ( s i , . . . ,  s'd) such that V j  0 < s'j <  Sj =  r j  +  ay , for some 7  > 0.

In this case, the preliminary estimator /  is defined as follows : let /  be a kernel esti-
Tt

mator of /  based on the n \  last observations where n \  «  ------ . Let /o € Fr a a  such that
log n  ’ ’

f o ( S )  € [a — t, b +  c] let A n =  { / ( S )  C [a -  e, b + f]} and

f ( x ) =  /(* )  l An +  fo ( x )  I a c . (2 .1 0 )

Theorem 2.2, together with rates of convergence results by Ibragimov and Has’minskii 

ensuring A2 when s  > |  ( see Ibragimov and Has’minskii (1980) and (1981) ), imply the 

following corollary:

C oro lla ry  2.1 L e t  X \ ,  X 2, . . . ,  X n be i .i .d .  d  d im en s io n a l ran dom  variables w ith  d en s ity

d  ̂ 1
/  belonging to  the s e t  Fr<ot,c ,  r  € INd, a  €]0, l]d. L e t s j  =  t j + c t j  a n d  — = ^  — . Suppose

S S jJ=1 J

th a t $ >  i -  L e t  (s'l5 . . . ,  s 'd) be a n y  e le m e n t ofJR,d such tha t V i  0 < s'- < Sj an d  such tha t  

d  ̂ 1
s' defined  by — =  ^  — sa tisf ies  s' >  L e t  (Pt)jga«1 be ^ie o r th o n o rn a l F ourier  basis o f

3=1  3

IL2([0, l]rf), a n d  f  the e s t im a to r  o f  f  defined  by (2 .1 0 ) .  L e t M n = {(¿1 , . . . ,  id)  G 2Z ; V j ,  | < in  }
2d ^

and  in  ~  n d+**'. Tn is  defined  as  in  T heorem  2 .2  w ith  M'n in s te a d  o f  M n . Then

an d

lim n E { T n - T { f ) ) 2 =  C{f,<¡>)
71—►  OO

Comment : We don’t need the periodicity condition for the partial derivatives of /  when 

d = 1 as will be shown in the next section.

2 .3 .2  E n tro p y  es t im a tio n

As an example, let us give the precise shape of our estimator of f  f l o g ( f ) .  Condition A 1 

means in this case that V x ,  0 < e < f ( x )  < b i.e. that /  is bounded from below by
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some positive constant. Since /  is a density, this condition implies that /  is defined over a 

compact set. Hence, this estimator will not be suitable to test the normality but we may 

use it to test the uniformity of a density defined over [0,1], ( see Dudewicz and Van der 
Meulen (1981)).

Using Taylor expansion as above, we get :

/  / lo g ( / )  =  ~ j f  +  j log( / ) /  + 1 y £  +  rn.

lh e  general estimator proposed in Theorem 2.2 has the following expression :

1 f  1 712 1 712 

r-= - 2  / /+^ to)+ j :  »<*■.x?.//)«,)

1 712 r
2 noino — l ì £  E Pi{Xh )pi,{Xh ) / ( p i p {l/ f ) ( x ) d x .

If /  € Fr,a,c and s  > ^ then Tn has the following properties :

M T n  -  T ( f  )) log2( / ) /  -  Q  / l o g ( / ) ) 2j

\ m ^ n E ( T n - J / lo g ( / ) ) 2 = J ì o & H f ) / -  ( J / l o g ( / ) ) \

2.4 Proofs

2.4.1 Proof of Theorem 2.1

We start from the usual decomposition :

E { 6 -  j  / V ) 2 =  Bias2(0) +  Var(0)

where Bias(0) = E ( 6 )  -  6.

We shall write M  instead of M n for short.

6 has been constructed in such a way that Bias(0) =  -  f (S M f  -  / )  V- Hence,

I Bias(0)| < llV’Hoo j  (S m f  - f ) 2 - llV’lloo N2 - Halloo sup ICfJ2 since / 6 £.
i<£M
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Let us now evaluate the variance of our estimator. We recall that 9 = 29 \ — 92 where d\ 

and 02 are respectively defined by (2.1) and (2.2). We notice that 6 is a U-statistic, more 

precisely, we can write 9 under the following form :

1 n
9 =  —,------tt X  H X j , X k )  where h is symetric.

Actually,

201= - 1 ,, £  B,(Xi,Xk) 
" ( "  -  ' )  * ¡ £ 1

where H \ { x , t )  =  (xp(x) +
i€M

Moreover,

h - £ MXj,Xk)

where H 2( x ,  t) = ^  Pi(x)Pi'(t) /  PiPi'i>, and h is defined by h ( x ,  t) = H i ( x , t ) -  H 2(x ,  t).

It follows from Hoeffding’s results concerning the computation of the variance of U- 

statistics ( see Hoeffding (1948) or Serfling (1980) p. 183 ) that

,, 4(11 — 2). 2 .
Var(0) = -------¿ft +  —------- f t

n ( n  — 1) n ( n  — 1)

where

ft = Var (M * i))>  f t  = Var ( h ( X u X 2))

and

h 1( x 1) =  E ( h ( x i , X 2)).

It is easy to see that

M * i )  = ( S M f ) i > ( x i) + S m ( W ) ( x i) -  S M [(SM m ( x i).

Let us first bound Var(9) .

6  < £ (M (* i) )

< 3E [((.S.m/i.KA',))2 + +  (SM(<l>SMf)(Xi)f .

Our purpose is to show that ft is bounded by some constant depending only on ||/||oo and 

H a l l o o -

e  [( (S m /M a -,))2] < IM lL  / (Sm sYs
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< ||V €oll/IU !/||i since SM is a projection

< IMl2oll/ll2o since J  f  < ll/lloo J  /•

e  [(.smi/vow)2] = /  s u m  < \ \ f \ u \ m i  < nvcimiL-

E {(S M » S Mf)(Xj))2} = j  S l , [ ( S „ m i

< WfU\(sMm \ l  < II/IILIIV-IIL-
Collecting the above evaluations, we obtain £1 < S\\f\\loM\[2oo- We now bound £2-

fc = Var[h(X1, X 2)} < E[h2{X i ,X 2)\ < 2E {h 2(X u X 2) + H2(XUX 2)\ •

< MlfWloMWl I  iC^Pi{x)Pi{t))2dii{x)dn(t)
J J i£M

< 411/1^11^11^0 /  /  S  P iP i ' { x ) p i P i > { t ) d f i { x ) d ^ { t )
J J m'€M

£ m U M l M  by orthogonality.

We make the same type of computations for the term E[H2(X \ ,X 2)].

E { H l { X i,X2)) = f (  53 Pi(*)Pi'(t) f  PiPi'A  f(x)f( t)dfi (x)dn( t)
\ i , i ' € M  J • /

< II/IIL /(  53 Pf(*)p.-'(i) PiPi‘i>)( 53 ptl(x)ptii(i) I p ilPilii))dfi(x)dn(t)

< II/IIL  I  53  I  piPi' i>)2d fJ , (x )d n ( t) by orthogonality.

< II/IIL 53 (/ P i P A ) 2 ^ 11/11« / i ( J 2 P i ( x )Pi{t))'2^ ( x ) i i t ) d f i ( x )d n ( t )
iA'SM J J J i£M

< W f l L M L  J  f ( J 2 p i ( x )Pi(t))2M x) M t)
i£M

< \\f\\lo\\i, \\lo\M \ by orthogonality.
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Finally,

It follows from the above computations that

Var(0) < 7||/||LIIVJ||L [ -  +  for some 7 € IR.
n n A

We recall that Bias2(0) < HV’IlL ( SUP lc»' l ] •
\i<£M J

By assumption,  ̂ Hence we get
\ M  I n z

.  if M l _  o then E ( 9 -  9)2 =  O ( - )
7 X

• else E ( 9  — 9)2 <  7 2 —̂̂  where 7 2  depends only on ||/l|oo and ll l̂loo*
71 .

Let us now look more precisely at the semi-parametric case, that is the case where

E { 9  — 9 ) 2 =  0 (—) and show that the estimator is asymptotically normal. To do this, 
n

we will show that the expectation of the square of

r  = V5 f« ■-  0 -  2(1 ¿ ( / v o p y  -  J  / 3V0 j

converges towards zero. This will clearly imply (2.3). 

We will prove (2.4) simultaneously.

E(B?) = nE(S -  0 f  +  i f ;  ( Y , M X , ) -  j

- 4 E (# -  « ) ( ¿ / V - r a  -  i / V )
j  = l

We first compute n E { 9  — 9 )2 .

w|Bias2(0 )| < A||^||^o^—  ̂ for some A € IR.
71/

We will now evaluate nVar(0) — 4[/ f 3ij)2 — ( f  f 2^ ) 2].

nVar(0) = 4 & ------£1 + —^-r6-
n — 1 — 2

31

(2.11)& < 1011/1UMILIMI-



6  is bounded by 9 | |/ | |^ | |y ; | |^  and from (2.11) we get r _  , < 2 0 | | / | |^ | |^ | |^ — , to
yTl Z j  Jl

show (2.4) we just have to prove that

6  -  [ / / V  -  (J  P i ’?) < 7 1 01 s Mf  -  f h  +  I I s MUi>) -  M i ]  ■

We recall that

£i — Var ((SMf)i>(Xi) +  5'a/(/V’X ^ i)  — SM[(Sxff)i>(X i ) ] ) .

Denote

Yi =  i), Y2 = S m W X X !) ,  y3 = - S m K S m / M X  i).
3

Then 6 = 2  C o v ( ^ 5 ' j ) -  I n  fact, V i , j  6  { 1 , 2 ,3}2, we claim that : 
*.¿=1

Co v(y-,^-) -  €i j [ J  /V  - (J  fi>)2] < 7l [|| SMf - f \\2 + \\sM{fi>) -  mu  (2 .1 2 )

where ( i j  =  - 1  if (i,j) =  (1,3), (2,3), (3,1) or (3,2) and eij =  1 otherwise. (2.4) follows 

immediately from the above property. We give a complete proof for i = j  = 3 since the 
computations are similar in the other cases.

Var(y3) -  J  5'm[(5'm/)'0] / -  ( J  SM[(SMf)i’] f )  •

The computation will be done in two steps : we first bound the quantity

\ J  S 2M[{SMm f -  j  f i >2 .

This expression is bounded by

J  |Sm [(Sm /)V>]/- S 2M{ f ÿ ) f \  +  J  \S2M( f i ) ) f  -  / V 2|

^ ll/llooll^Mti^M/)^] + >5'm(/V’)||2||5'm[(5'm/)'0] ~ SmU^Wi 

+ II/I|oo||Sa/(/V0 +  f i ’h W S M i f i ’) ~  M \ i

by Cauchy-Schwarz inequality.

Using repeatedly the fact that since S m  is a projection, ||«i>Af <7||2 5; IMh sum is bounded 
by

\\f\\oo\\(SMf)i> +  f i ’h\ \ (SMf)4’ — f tp I I 2 +  2 | | / | j 0 0 | | / ^ | | 2 | | 1S ' A i ( / V > )  -  f i ) I I 2

<  nf\\oo\mi\\fh\\SMf  -  f h  + 2||/||oo||^||oo||/||2||5'w(/V») -  M U -
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The second step consists in bounding the quantity

(/ s u n s u m / y  -  (J  .

This term is equal to

[ J  f(SMi(sMm +m ) (/ smkww- / f2i>)
which by Cauchy-Schwarz inequality is bounded by

( I I / I W I î m K S m / M +  / * ! « ( /  | S m [ ( 5 m / W  -  SM(f1>)f\ + J  \Su(f1>)i -  / V | )

<  l l / l l a  (ll(ÎMM h  +  W h )  x ( I I / I | 2 | | S m [ ( 5 m / ) V >  -  M h  + l l / l b l l S ' j w C / V ’) -  f t  110

<  2 1 1 / i i l n ^ i u  ( | | / | | 2 | | ( 5 „ / ) V -  -  m \2  +  l l / I W I ^ t f «  -  M i )

<  2 1 1 / i i i n v - i u  ( i i v - i u i i s m /  -  f h  +  iis M( m  -  ¡ m  ■

Collecting the above inequalities and noting that | | / j |2 < i i /n ^ 2 we finally get (2.12) for 
i =  j  =  3, hence (2.4).

To show that E ( R 2) —»■ 0, we have to compute now — E  — J  / 2V’) |  • This

quantity equals 4 / V ) 2] •

At last, it remains to compute

- 4e ( è - e ^ m x j ) -  j  pi,) 
i = l

which is equal to

- 4 E  U p ^ M X j ) \  + 4 n  J  f ‘ i , E { d ) .

We recall that 9 has been written under the following form

1 n
9 = — ------— 2  h ( X j , X k )  where h is symétrie.

 ̂ ' j ^k=i
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Hence

ê(itmxù) =  - 7 - ^ T T  Ê  hiXj,xk)Mx,)
1=1 &k=i,l

This implies that

- i E  í » ¿ M X j )  )  = - S E ( h ( X „ X k) f i , ( X , ) ) - M n - 2 ) E ( ê )  J /V -

So,

-A E  ^ ¿ M ( X j ) )  + 4nj f 2i>E(d) = - 8 E ( h ( X j ,X k)frl>(Xj)) + 8E(6) J / 2t/>.

We have to determine the limit of this expression as n —*■ oo.
As it was already proved £'(^) —► 6, so 8E(6) $ f 2 if) -* 8( f  f 2i>)2. 
Let us now compute the other term.

-8E (h(X j ,X k) f iJ ’(Xj)) = -8  J J h (x , t ) f2(x)ip(x)f(t)dfi(x)dn(t).

We want to show that as n —► oo this term converges towards —8 J f 5ip2.
We recall that

h(x,t) = [if)(x) + i>(t)} Y  pi(x)pi(t) -  53  Pi{x )Pi>(t) / iW 'V’-

So, we have to compute

which is equal to

- 8  J(Smf)̂ 2f2 •+■ J ~ J(SMf)SM{f2'<P)i’ •
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“  8 f  I E  H x )Pi(x )Pi(t ) f 2(x ) i ’(x)f (t )dfx(x)dn(t)  
J J i c M

+ 8 /  /  PÁx ) M t ) f 2(x )'il’(x ) f ( t ) M x W ( t ) I vïpA
i j 'EM J

-  8 J  J  53 ^ ( t )Pi(x )Pi( t ) f 2( x ) i ’i x ) f ( t ) d K x ) dK t )
i£M

= E  h ( X „ X k)i4,(Xj).
' ' j ¿ k = l

^ t î )  E  Kxjtxk)mxt)



Using the fact that y> € IL°°, that /  € IL°° n H 2, and that V g € JL2 \ \SM g  -  g h  ^  0 as 

n ->■ oo, we see that the above expression converges towards - 8 / / V 2.
Finally, we get

Um -4  E ( » -  exïtmXj) -  J f i , )  =  -8  y  / V . -  ( /  f l > ?  .

Hence, E(R2) —► 0, this achieves the proof of Theorem 2 .1 .□

2.4.2 Proof of Theorem 2.2

We w ill first control the remainder term Tn.

H a lloo  is finite so, £ (T 2) = 0  ( e  (J \f -  / | 3)2] )  = 0  (e  [ | | / -  / | | | ] ) .

Since /  is assumed to satisfy condition A2 this quantity have order O ^ -6“ ) where 

” > K  kife and <* >  5- S °.

E(Tl) = o(i).n
This proves that the remainder term is negligible.

We are now going to prove the asymptotic efficiency. Let

Ä = v^ r „ - T ( / ) -  ( y 2 p t i ( f , - ) ( x , ) ~  ■

Of course, to ensure that both (2.8) and (2.9) hold, it  is enough to show that E(R2) -> 0. 
We notice that R =  R̂  +  R2 where :

/  1 n*
Rx = ^  Tn — T( f )  — | —

1 n2 / r \"
~  X  (#(/> -)(Xt) -  j  #(/, .)/J

We shall prove that both E{R\) and E(R$) 0. Pluging the expression of Tn and T(f)  
in Ri we get
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jRj = y /n [L '  — L' Q  — <9 +  Tn]

where
i 2 1 r ^

l ' =  -  //«/,•)/; i; = -^E/W.-)W); 0 = 5y«/.-)/2
«/ 2 j - i

and Q  is the corresponding estimator. Since E ( T l )  =  o(^), we just have to control the 

expectation of the square of yfn[L'  -  V  + Q  -  Q].

• Computation of lim n E ( L ’ — L 1)2 :71—+00

nE [(D -  L ' f  I / ]  =  ^  / ( / < ( / ,  . ) ) V  -  ( /  M / .  - ) / ) 2 •

—  -*• 1 as n  oo. Moreover, we will show that the expectation of the above expression
n 2 ^
converges towards the same expression with /  instead of / .  We shall only give the proof 

for the term J (f< t>"{f ,  •))2/ •

i e ( j  { M i  o)2/ - /  m m  o) i

< \\f\\ooE ( j | M '(/,.) + M'(/, OllM'(/> •) -  M'(/> OIJ •

We recall th a t a  <  f ( x )  <  b and a  -  € < /(* )  < b +  e, lor some € > U, so tne aDove 

difference is bounded by

l l / l l o o  [2(sup(|a|, |6|) +  f ) | | 0 i | | o o ]  E ( | / < £ i ( / ,  •) M ( / >  -)l) •

Finally,

< £ (lMil •) - M U  01) + E (lMU •) -  M U  01)
Since £ ( | | /  -  / | | i )  0 and since H alloo  and H ^ IU  are finite, each of these terms con­

verges towards zero and we get

Um E(V -  L ' f  =  j  « ( / ,  .))2/ 3 -  ( /  < W .  - ) / 2)2-

• Computation of lim n E ( Q  — Q ) 2 :n-+oo
Denote -0 = (/> •)• ^  f°U°ws fr°m (2-4) that for -> 0.
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»£[« - Q ) 2i f ì  -  [ / m i  - ) ? f  - < /  .)/2)2]

< Tidi/iioo, iiv-iic«) + \\sMf - f \ u + iis«(m '(/,.)) -  m i - ) h

Hence,

nE{(Q -  Q f ]  -  E y  d ' { ( l  ,))2/ 3 -  ( J  <%(l  . ) / 2)2]

<  7 . ( 1 1 / 1 1 » ,  I I V - I U )  +  Il S u l  -  f h  +  E  ( | |  S M ( 0 { ( 1  ■ ) )  -  M ' ( / .  - ) l b )  •

We have to prove that

£ ( | | 5 m ( M ' ( / .  ■ ) ) - / « / ,  O l l a ) - 0  «

Since, by similar arguments as above, the expectation of the term J(<j)"( / ,  .))2/ 3 -  ( J  (j>"( / ,  . ) / 2):

converges as n —>■ oo towards J 0 )2/ 3 ~ ( J  <t>\ U, ■ ) f 2)2 , this will imply that ra£(<3 -  (Q)2 

converges towards the same limit.

E ( | |Sm(0 { (1  ■ ) )  -  M Û  O lla ) <  E ( | |SMU<f>"U, 0 )  -  - M M U  O lla )

+ii^m(M'(/, o -  mu, on»+ e (ym u  o -  mu, oiia)

< 2e (ymm,.) -  mu, o i b )  + i ismìmu, o  -  miu, o i b

since Sm  is a projection.

The second term converges towards zero since ■) € TL2(d/j,) and since V g € IL2(<Z/x)

II^W# — g Ih ~ ' 0 moreover the first term converges also towards zero by the arguments 

already used above.

To complété the proof we shall show that the sum of the two terms we have just computed 

is the opposite of the covariance term.

• Computation of lim 2n E ( L '  — L ' ) { Q  — Q )  :
n—>00

Since conditionally to / ,  L' is an unbiased estimator of U  we get

E[(L' -  L')(Q -  Q)|/] = E(L'Q\f) -  L'E(Q\f) 

We recall that Q  =  2 Q \  — Q 2 where
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n  -  1 V '  V '  n i Y i Pi^ r W i

^  1 n 2 , Iff/ ? \
Q* =  n(n  -  l ì  S  S  P i ( * i ) f t ' W  /  » , v i ^ p ! ( x ) < i x .

2v 2 ' i, i '£M j^ k = l

We shall first develop the calculations for Q x.

E ( L ' Q , \ f )  = ~  £  /  f
" 2 i6MV J 2

- 7 -  E  °i /  / « ( / .  0 ) ^  + (1 -  ¿'«(Oil/)-
i £M 1 2 \  n 2 J

E(i'Qi\f) -  ¿ ' £ ( 0 1 1 / )  =  I S u W i d  ■ ) ] / « / , ■ ) /

So

"2^ /(SMf)M(l ■)?f -  ^L'Emf).

Let us first show that

£  ( • ? « [ / « / ,  - ) ] / < ( / ,  • > / )  -  /  m u - » 2 ,

of course, an analogous result is valid for the second term. We shall first show that the 

expectation of

/ 5 m [ / < ( / ,  ■)) [ M U ■ ) / -  / V i U •)] -  0-

This integral is bounded by

II%(MU -))IWlMU'-) -  M U  Olbll/lloo.
Moreover,

I |5 m ( M ' ( / , - ) ) I | 2 <  l l / W ) ( / , . ) l b  <  l l / I W M ' I U  <  l l / l l ^ 2 I W ' I U

and as it was already shown, the expectation of the term \\f<j>"( / , . )  -  - ) | |2  converges

towards zero. It remains to show that the expectation of

/  (sm[M U  •)] -  M U, ■)) Z2« / .  •)

converges towards zero. This expression is bounded by
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I W / I U I / I | 2 | | S m [ M ' ( / ,  •)]  -  M ' ( / ,  - )  Il 2 *

So, we just have to prove tha t

E ( | | S m [ / « ( / ,  ■ ) ]  -  M U  O l h )  -  o .

This quantity is bounded by

e  ( i l s „ V # 1 (1 . ) ]  -  S m I M U  01112) +  I I s w t M U  0 1  -  M ' ( / ,  0 II2.

< e (11 / « / ,  0 - M'(/. Olb) + l|s«(MU 0) - MU OII2-
Since each of these terms converges towards zero, we get

£ (¿WMU OlMU, 0/) -  /  /3M U 0)2-
We will now prove th a t

Urn £  ( - 2 L '£ ( Q 1| / ) )  =  ( J  < ( / ,  0 / 2)2.

We have to show th a t

£ [/ MU, 0/ /  (Sm/)K(/, 0/1 - ( / « / ,  0/ 2)2 -  0.
The above difference is equal to  :

e [/ m u, 0/ (/(SMfml 0/ - / 4>”(f, o/2)
+£ [ / < ( / ,O/2 (/Vif/, 0/ -  / « / , 0/2) ■

The first part of the sum is bounded by

l l / I W W I I « £  [ /  /  ( ( S W W - i U ,  0  -  M ' ( / ,  o |

<  ll/ IU II^ r ilo o ll/ lb -E ' [ | | ( s M / K ( / , 0 -  M U O I h

= 0  [ e  (ii( S m M k I  0  -  M U ,  0 II2 +  I I M U ,  0  -  M U ,  0 II2) '

= o [mu\sMf - fh+ ii/ iuB  (m l  0 -  « / ,  olb)'

and each of this term converges towards zero. It follows th a t
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Um n E ( L '  -  Z/)(Qi -  Q i )  =  ~  j ( # U  •))2/ 3 +  ( J  < ( / ,  •)f  2? .

Since Q  = 2Qi — <32? to show that the above result holds with Q  instead of Q i ,  we have 
to prove it for Q

nE(L '-L ') (Q1-Q i )  = ? - E \ -  J  S m I(S m M (1  • ) ] /< ( / , • ) /  + ¡ ( S M S f r t d - )  J  m l - )  f  ■

We first want to prove that

e [J SMl(sMf)<t>'{(f,-)lMf,-)f\ -  /  Z3« ( Z . - ) ) 2-

The difference between these terms is

E[j SM{(SMf)<t>'l(i,-)} (/«(/,.)/- Z2«Z,-))}

+  s  { /  Z2« Z ,  •) ( S m [ ( S m / X ( / ,  •)] -  S m ( Z « Z ,  • » )  }  

+  E  y  ■) (SmU’P'ÌU, ■)) -  Z f f iZ ,  ■ ) ) }  •

Using the fact that S m  is & projection, this sum is bounded by

< ii5m /ii2 w ii« ,£  (iiM l  ■) - sm, oiu) iiz iu  
+ iiz iu  w iu iiz ib f i (11 (sMfm i  ■) - /m,  oils) 
+ IIZIU WlUIIZIh (||Sm (Z«Z,.))- Z«Z,-)lb) ■

We already proved that the first two terms converge towards zero, as to the third term, it 

also converge towards zero since .) € 1L2(dn) .

To conclude the proof, it remains to show that

e [J(i«z)2« z , •) / m l  •)/] -  ( /  zv,'(z, .)Y •

The difference between these two terms is

£ {/(S m Z )2«Z~, •) [ /  M ( l - ) S -  J  Z2« Z , - ) ] }  

+ e {/ fwf,.) y(SM/mi ■)-j pm, •)]} •
The first term is bounded by

iw ' i u i i / i i ^  b ; '< z ,- )z -  J  m u , - )  ib
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which converges towards zero as proved above in the computations for the term Q j. The 
expectation of the second term is majorized by

M'iui/ll|£ [ /  /2 \<t>'l(l ■) -  <(/, .)| + / 1«/. - ) ( f  - (S«/)2)|

< [ll/IUII/lk-E (ll«/~,.)-<(/>-)h)\
+ ¡K lllo ll/llill/ +  5-jw /ibn/-

Of course both terms converge towards zero. We now conclude that

J m  2n E ( U  -  L')(Q -  Q)  = - 2  j ( « / ,  ,))2/ 3 +  2( I  « / ,  , ) / 2)2

which implies that

lim E(R%)  = 0.n—► oo
It remains to prove that E ( R \ )  0.

E ( R %  = [ /  ( # ( / , . )  -  ^ ( / , . ) ) ' / ]  

- ^ - e U  J  < t> ',U ,-)fY  ■

Using as before the fact that E ( \ \ f  -  /Hi) -> 0 and that H^Hoo is bounded, it is easy to 
see that E(R%)  —► 0. This achieves the proof of Theorem 2.2. □

2.4.3 Proof of Corollary 2.1

Let us first show that condition A2 is verified by the preliminary estimator /  defined by 

(2.10) as soon as s  >  This estimator is based on the kernel estimator /  studied by 

Ibragimov and Has’minskii, who showed the following properties for /  :

SUP E f ( \ \ f -  f\\l ) < Ai(g,/)nid+2s V 2 < q <  +oo,V I <E IN*
/€Fr>a,c

— Is

SUP E f ( \ \ f  -  / | | [ j  < A 2(l)  f  j*1 )  d+2s V / G IN*. 
/eFria,c Vlog(ni);

We recall that /  = /  1 a „ +  fo  1 where A n =  { /  C [a -  e, b + e]}.

£ ( i i / -  /iij) < E(\\f-f\\‘q) + n/o -  n\‘qnK)-
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Hence, to prove condition A2, it is enough to show that P{A % )  is small enough. We notice 

that A cn C { | | /  — /Hoc > e}- Since

£ / l l / - / l l ^ < ^ ( 0 ( ^ ) d+ï'‘ V f  e n -

we get

So,

p ( A " » £ A 3 ( i , ) ( d k j ) d+v'  v , ' ê W *-

For large enough,

/ > « )  < A 4( l ) n ™ \

It follows that

M \ f -  /Hi) < c ( ? ,o » i« * .

This achieves the proof of condition A 2 since when s > > i -
Let us now prove the following lemma

Lemma 2.1 Let f  € Fra r  with r 6 IN̂  and a  (ElO, lH  Then f  belongs to the ellipsoid

£  =  {  J 2  aiPiî (Ki|2si +  • • • +  \ u ? s'd)Wh...id \2 <  7}
ie7Zd (ii...id)e7Zd

for all ( s^, . . . ,3j )  such that V j  0 < s'- < Sj = rj +  a j, for some 7 independent of 

f  € Fri0l>c  and where (pi){&'Z d denotes the Fourier orthonornal basis o/IL2([0, l]d).

We have to show that V j  £ {1,.. . d }  the quantity ^  (Ki|2̂ ')!ct» i | 2 is bounded

(¿1 ••♦¿d)€2Zci
by some constant n/j independent of /  <E Fr.a.c- Since D l- f  is periodic for I =  0 . .  . r j  it is 
easy to see by integration by parts that

\ f ( D ] ’ f)Pi\ = ( 2 x Y ’ \i ,\r>\ [ f P i I = (2îrr>|I'JMa,|.

Using this remark, it is enough to show that if /  satisfies the condition

|/(^i 1 • • • ? H- h, f { x \ , . . . ,  ..£rf)I ^ C|/î.|rt-'
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then

V j e { l , . . . , i }  £  (|.') |2'3') |a ,,. . ia|2 <7,- VO < D i < a i . 
( i i—id)€^zd

The Fourier expansion of f ( x x, . . . , x j  +  h , . .x d) -  f ( x x , . . . , X j - h ,  . .x d) is

a i l .,.ide 2i< i^ + - i^ 2 i  sin(27riéh).

(û,—»d) 6  2Zd

Hence

J  . . , X j  +  h , . . x d ) -  f ( x i , .  . . , x j  -  h , . . X d ) ) 2 = 4  ^ 2  la n . . . î ' J 2 sin2(27rij/i)
(¿i,...td)€Zd

< C 2\2h\2aK

We shall denote by (¿ 1 , . . .  *},... i d ) the element (¿ 1 , . . .  i j - 1 , i j + 1 , . . .  i d ) of TLd~ x .Let  q 6  IN* 

and h  =  Then, V i j  G { q , . . .  , 2 q  -  1}  sin2(27r i j h )  > ^ and

2g 1 r>2 1

S  £  l « n . . i j 2 <  - y  ^  ya.
ti ~ (i (iu...ij,...id)eTLd- 1

By similar arguments,

V'' U |2 ^  1
2 - i lan - îd l -  2 f8o i2a;J

tJ= - 29+ i (ii>. ^ ) ^ )eæd_1 z m )

Let 0 < /3j < a.j

\ 2B- \  |2  /  C 2 ( 2 ç ) 2^

z J  X} M  Jla«'i-î'dl -  “ô” ('8 oV2aJ 
=̂<1 (iu .S j ,...id)eTLd- 1 [ q)

Now, let q =  2 l ,

E K..,i2< ^ E ( ^ ) -
(h,...,id)e2i d 0  /=o 7

This achieves the proof of the lemma, and we can therefore apply the results of Theorem 
2 . 2  for some well chosen ( s i , . . . ,  s'-). □

Comment : of course, if d = 1 we don’t need to assume that /  is periodic. Actually, 

we use the same proof as above ( except that we do not integrate by parts ) to show that, 

for some a  > ^ /  belongs to the ellipsoid

£ = < E  OiPi, Y  M2sN 2 ^  7} f°r some constant 7 .
iÇjL
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2.5 Appendix

2.5.1 Semi-parametric information bound

A) We first suppose that /  is a regular function belonging to the set Frt0ltc  defined in 

Section 3, we want to show that the asymptotic variance appearing in Corollary 2.1 is 

optimal. To do this, we will apply the results of Koshevnik and Levit (1976), see also 

Ibragimov and Hasminskii (1991). We also refer to Levit (1978) where an application of 

Koshevnik and Levit (1976) is given, for a problem which is almost similar to our problem.

We suppose that /  belongs to the class Fr,a g  and satisfies

\D rf  f ( x )  -  D ?  f ( y ) \
sup — J— ------- r“ -----< C.

xj^yj  Ix i  V j I 3

Let £ a bounded function, infinitely differentiable, such that J  /£  = 0, and let

f t  =  / ( I  +  i£) where t  € IR.

For small t , f t € fr,a,c and is a density.

m ) - T ( f )  = /<*(/,.)(/<-/) + <>«)

= /  (<«(/, •) -  /  « ( / .  •)/)  (ft -  f )  + «(<)

since j  ( f t  ~  f )  =  o. Hence,

T(h) -  T(f)  = J  (<A',(/,.) -  /  4>\(f, .) /)  (sßt -  \/7 )(\Æ  + n/J) + »(«)■

Using the notations of Koshevnik and Levit (1976), p.741, we get

II V7t- VI -  At\\2 = o(t)
where

*  = fv7.
Moreover,

T(ft) ~ T(f) =Bt + o(i)
where

Bt =
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and

g  -  2 (V i(/i-) -  i m , . ) / ) .

G  is called the canonical gradient of T ( /) ,  it satisfies E j ( G ) = 0.

Noting that functions f  are dense in the set of functions g  of IL2(<fyi) satisfying E f ( G ) = 0, 
we can find a sequence £n such that

lim [ — G ) 2f ( x ) d x  = 0.
71-+00 J  2

This ensures the condition 8 in Koshevnik and Levit (1976) since all the functions f tn = 

/ ( I  +  ^ n )  belong to for small t .

According to Theorem 1 and Theorem 2 of Koshevnik and Levit (1976), we see that

i E ( T „ - T ( f ) ) 2 > ^ E i ( G 2).

The right-hand term of the above inequality is equal to j  (<t>'\{f,-))2f  — ( /  <f>i(f, -) f)2 

which achieves the proof.

B) We now assume that /  belongs to the ellipsoid £, which is more general as above, but 

/  is supposed to be bounded from below by some positive constant e. In fact we assume 
that /  satisfies

e | < > -
i € D  i

We suppose that the orthonormal basis (pi)i^D of IL2(d//) is such that ||p*||oo < + 0 0 , and, 
( except the first function which is usually constant and will not be used in the following) 
that f  pi =  0. Let

f t  =  f  +  t ( Y  ciPi)i ci € \J \ e
i e i

WVT, -  Vf -  A'th = o(t)

A 't  -  'CiPi) J f .

T ( h )  -  T ( f )  — B t  +  o ( t )

inf lim inf
e n —* 0 0

sup
F1 ̂ ^1r)a,C»||/l-*/||2<€

where

Moreover,

where

For small t, f t is a density since /  > e > 0, and belongs to the ellipsoid £  since |/ |  is finite.

B t  =  E } (çÀZieidPi)^
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and G' —  2 .) — J  - ) f j  ; E j { G ' )  =  0. To conclude the proof, we remark that

the functions of the type ^  c,-p,- are dense in the set of functions g e  3L2(ci>u) satisfying
«6/

f  g  =  0. Hence, there exists a sequence £n of functions of the type ^  Cipi such that

•e/

Ss. I irr 0)/=0
since /  is bounded from below by € > 0. The end of the proof is similar as above.□



Chapitre 3

E stim ation  o f integral functionals 

of a density  and its derivatives

47

Abstract

We consider the problem of estimating a functional of a density of the type

•)• The estimation of f  0 ( / , .) has already been studied by the author : 
starting from efficient estimators of linear and quadratic functionals of /  and its deriva­

tives and using a Taylor expansion of <f>, we build estimators which achieve the n -1/2 rate 

whenever /  is smooth enough. Moreover, we show that these estimators are efficient. We 

also get the optimal rate of convergence when the n -1/ 2 rate is not achievable and when 

k >  0. Concerning the estimation of quadratic functionals, more precisely of integrated 

squared density derivatives, Bickel and Ritov have already built efficient estimators, we 

propose here an alternative construction based on projections, which seems more natural.
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3.1 Introduction

Let X i , . .  . , X n be i.i.d. random variables with common density /  defined over a compact 

set S  of IR. Our purpose is to estimate quantities of the type T ( f ) = f  / ' , . . . ,  f (k\ .) 

when /  is assumed to belong to some Sobolev space of index s >  k.  This problem was 

first studied by Levit (1978) who built efficient estimators of this kind of functionals under 

regularity properties for the density /  which are not optimal. It is also worth mentioning 

the paper by Ibragimov, Nemirovskii and Hasminskii (1987) which deals with differentiable 
functionals in gaussian white noise.

The problem of estimating / ( / M )2 has already been studied by Bickel and Ritov (1988) 

and by Donoho and Nussbaum (1990). The same results are obtained in these papers : 

if s >  2k  + ¡ ( f W ) 2 may be estimated at the semiparametric rate -4^; if s  <  2k  + i ,
—4 (  a — fc)

the rate of convergence have order n  . Moreover, Bickel and Ritov show that their 

estimator is efficient and that the nonparametric rate of convergence is optimal.

In this paper we generalize the results obtained in the previous chapter and concerning the 

problem of estimating f  <f>(f,.). Before stating the results, let us explain how our methods 

work : (j) is assumed to be a smooth function. So, expanding <j> up to the second order 

with Taylor’s formula provides an expansion of T ( f )  -  T ( f ) ,  where /  is a nonparametric 

preliminary estimator of the density / ,  constructed with a small part of the n — sample. 

With the remainder of the sample, we build estimators of the terms, up to the second 

order, which appear in the Taylor expansion. Some of these terms are linear functionals of 

/  and its derivatives while others are quadratic functionals of the type f  /(■*)f d ' )  K j j i ( f ) .  

So, a crucial point to make our methods work will be the construction of estimators of 

quantities of the type /  /0 ’) /0 ’;)^  where ^  is a fixed smooth function since we shall work 

conditionnally to / .  This will be the purpose of Section 2 . For the particular problem 

of estimating / ( / ^ ) 2 we get the same results as Bickel and Ritov, and as Donoho and 

Nussbaum, moreover the formulation of the estimator is very simple. Our main result is 

stated in Section 3 and may be summarized as follows : we can build an estimator T n of 
T ( /)  such that

i) If s  >  2k +  -  >/n(Tn — T ( f )) —> jV*(0, C(f ,  </>)) where jV"(0,<r2) denotes the normal 

distribution and nE(Tn — T ( f ))2 —*■ C(f,4>) where

k . 12 f k 12 
cu,</>))= B - :iy( w , / w,•)) f -  E l -)/w

[j=0 J [_j=0

where
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<t>j (*£O? • • • i %ki 0  (*^0? • • • x kj 0 *

ii) If k > 0 and k <  s  <  2k  +  \  then E ( T n -  T ( f  ))2 = 0 ( n ' J& r i ).

In case i) C ( / ,  (¡>) is the semiparametric information bound for the problem of estimating 

T ( f )  as will be shown in the Appendix, hence our estimator is asymptotically efficient. 

On the other hand, the rates which appear in ii) cannot be improved for most functionals 

T ( f )  as shown in Birge and Massart (1991).

When k =  0 and s < |  we do not know what the optimal rate is, except that it is
- 3 j

smaller than n *+2s. Actually, in this very case the remainder term in the Taylor expansion 

is precisely of order n 1+2s. So, it would be necessary to do the Taylor expansion up to 

the third order and to estimate f  f 3ij) but do not know how to estimate J  at a rate 

faster than the one we just mentioned. Actually, the recent results of Kerkyacharian and 

Picard (1992) concerning the estimation of / 3 show that the rate of convergence for the—4s
estimation of this functional is n J+4s.

The paper is organized as follows : in Section 2, we built estimators for the quantity 

J In Section 3, we propose an estimator for T ( f ) .  The proofs of the theorems

are postponed to the fourth section.

3 .2  E s t i m a t i o n  o f

We will first set some notations.

The notation A n ~  B n will mean that v \  < ^  where v \  and u-2 are positive con­
stants.

Halloo = sup \g(x) \ ,  ||flf||a= sup
x £ S  x ^y f - ,

Let s  =  p  +  a  where p  € IN and a  G]0,1]. We shall denote by FSjc  the set of densities /  

with support on S  satisfying the following conditions :

1 ) / (i,0 0  = / (,)( - tt) V / 6 { 0 , . . . p —1}

2) | | / (p)||« < C .

When it will be necessary, the function /  will be extended by periodicity. C k( S )  will be 

the space of k times differentiable functions on S.
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We shall denote ( j , j f) by J  and J  /O’) / ^ ) ^  by T ^ .  For any function g defined over 
S  = [—7r,7r], we define :

19(x)-g{y)\
\x -  y \ a

for 0 < a  <  1.

fU)/■

/  f ij)



Let (pi, i € IN) be the Fourier basis :

, x 1 , x cos ix . . sin ix
Po\x ) =  ~ K = ’ P2i {x)  =  — ^ ,  P2i - i (x )  =  — = -  for * > 0 ,

v 2  7T V 71" V 7r

rti *

we set S m f ( x )  — ^ 2  a i ( f ) P i ( x ) with a i ( f )  = /  /Pi- When no confusion is to be feared, we
i=o J

shall write a{ instead of at( / ) .

/
TV

) ^ x ) d x  to be estimated. We assume that j  <  j '  <  s ,  tp 6 C j/ (S)
-7r

and that V ^ ( tt) =  V,^ ( -7r) ^   ̂ £ { O , - - - , / -  !}•

The problem of estimating J  f 2ip has already been studied in a more general framework, 

in the previous chapter. In particular, we do not have to suppose that /  is a periodic 

function. The construction of the estimator of /(•?) /(J')^;(z)ota will be of the same 

type. We recall that the estimator of f  f 2ip proposed in Chapter 2 is

_ « min) n
r“ = E E Pi(xh)Pi-f(xh)

' ' i=0 /1̂ /2=1

j m(n) n

- ¿ i E  E Pi(Xh )pi '(Xi2) /
^¿,,-'=0i1,4/3=1 J

Let us write m instead of m ( n )  for short. The bias of this estimator is equal to 

— f ( S m f  — f ) 2tp. We shall look for a similar bias for the estimation of T ^ .  More precisely, 

we wish the bias to be equal to

-  i ’  -  / W)((Sm/ ) 0,) -  f m )1>
j  — 7T

= r  (f u ) ( S m f )( j,)+ f W \ s mf)W ) i i>  -  r  -  r
J  —  TV J —  TV  J  —  IT

Hence, the problem is to find an estimator with expectation

Since /W (x) =  7r) and V?W(7r) = —71-) V / g {0, . . . , y — 1}, successive inte­

grations by parts lead to

f  / ( , ) ( 5 . « / ) 0 ')V> =  ( - ! ) '  / ’  ( (S ra/ ) ° ' V ) 0 ) / .
J — TV J —  IT
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It is therefore easy to see that the following estimator

, m(n) n
r« = x r n E  E kW.X-WpKVMx,,)

rHn ^  j=o /19é/2=1

-, n

+ âttîE E M-Ki.x-iy'rfV)««,) (3.1)
*Hn L> i=0 h ï l 2=1

will have expectation +  f ö ' \ S mf)W)1>.

To get the term -  fHn(Sm fYj \ S m f ) {j'H ,  we propose the estimator

__  j  m(n) n

t Î,2 -  _ n  E  E  Pi(x h)Pi'(x h) p {f )p{p i ) { x ) d x .  (3.2)

Theorem 3.1 Let X \ , X 2 , . . . ,  X n be i.i.d. variables with density f  belonging to the 
set FStc and let tp belong to C^'(S) with j '  < s. and satisfy V / €
{0, 1}.
Let = f*v /(■?) fU')xj) to be estimated with j  < j'.

Define + T^> 2 where T^ x and T ^ 2 are given by (3.1) and (3.2) respectively with
2

m(n) «1+4«. Then

• i) If s >  j  + j '  +  A, and Ai = sup H alloo  then
1=0..j1

E ( T i - T } Y < ^ 1 . (3.3)

Assuming that £ satisfies the same assumptions as if}, let T^1 be defined as replacing 

(i,iO bV U iJ i)  andi> by£  a n d T f  /OO/Oi)^.
Let s > sup (j + j '  + \ j i  + j[ + I), j[ > j x and

= sup sup ( (||Vj(°||oo, | |^ (°||«) ;^SUP ( (||^(,)||oo, Iloilo) j
then

n E (TÌ  -  TÌ ) { T ^  -  Tj!1) -  V’, 0  < C[(i*(m(n) a + m (n )2+-7+'7'+-7i+'Ji_2s) (3.4)

where

a j m m ) = J + ( - i  y'(/(iw jl)) ((-i )ji( / (iî)o (ii) + (- i  y[(f(n)oU[)) /
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- 4  r  /0 ') /( i ')^  r  f ( n ) f U x ) ^
J — 7T J— TC

•  i i) I f  s  <  j  + j '  +  A and

a2 = sup f  sup M '?" ~  + i;fiu, sup — !!^ 2 H ~ , ) ,
\ i= o . . .p - j  m ( n )  ! 1= 0...j'

then

E{Ti ~ T i f  < C2\ 22n=MW^ . (3.5)

Ci,C{ and C2 are absolute  co n s ta n t s  .

Com m ents:

1) If j  =  i ' ,  5 < 2j  +  |  and ip is either positive on 5 or negative on 5, the rate of conver­

gence is optimal ( see Birge and Massart (1991) ). Otherwise, we do not know whether
. . —83+4.7+4 j*

the optimal rate is n i+<* or not.

2) In the next section, ip will be a random function depending on n, this explains why we 

need bounds which depend explicitly on ip.

3) The estimation of 9k = / ( / (fc))2 has already been treated by Bickel and Ritov (1988). 

In this case j  = j 1 =  fc, ip = 1 and the expression of our estimator is very simple :

- m(n) n

= n(n - n S  £  <H{k)Pi(Xh )pi(Xi2) 
nl<n  L) i= 0 ^ 2  =  1

where q{( k )  =  f ^ ( p ^ ) 2 = ( ~ l ) k p f k\ i .  Hence q2i(k )  = q2i - \ { k )  =  i 2k V i >  0, 
q0(k )  = 0 if fc > 1, qo(0)  = 1.

It has the same properties as Bickel and Ritov’s estimator.

4) The assumption of periodicity for /  and its derivatives is necessary : suppose that 

we want to estimate 2 / ! „ / / ' .  It is equal to f 2(n )  -  f 2{ - i r )  ; hence, this problem is 

the same as estimating the density at one point. Farell (1972) showed that the rate 

of convergence for the problem of estimating the density at one point is not better than 

the rate obtained when we estimate the whole density, which never achieves the n ~1/2 rate.
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5) Since the assumption of periodicity for /  and its derivatives is necessary, it seems 

natural to use the Fourier basis to built our estimators. Moreover, the orthogonality of 

the derivatives of the />'• s will be used in the proof of Theorem 3.1. Another orthonormal 

basis of IL2([—7T, 7r]) having this property could also be used.

3.3 Estimation of integrated functionals of /  and its deriva­
tives

3.3.1 Main results

The purpose of this section is to estimate T ( f )  =  J  <f>(f, f (-k\ x ) d x  efficiently when

it is possible. Assuming that /  € FStc  and k <  s ,  we also give the rates of convergence of 

the estimators when the n -1/ 2 rate is not achievable.

We would like to start with some preliminary estimator /  of the density /  built on a 

small part of the initial sample and do a Taylor expansion of <j> in a neighbourhood of 

( / ( $ ) , . . . , / ( * ) ( x ) , x ) .  In order to give a sense to this expansion, we first need some as­
sumptions.

k

Let K t = I l k  - « .  bi + e] x S  be some given hyperrectangle , € > 0. We shall assume 
¿=0

the following :

• A1 : <j) belongs to C k+3( i l )  for some open set ii and V 0 < i  <  k f ^ \ S )  C
k

where x S C £1.
i=o

For instance, if the functional to be estimated is the entropy ( <p(x) =  x  log(x) ) we assume 

that /  has is bounded from below by some positive constant.

k

Since n  f W ( S )  x 5 is not almost surely included in ii when /  is a standard prelimi- 
¿=o

nary estimator of / ,  such as kernel or projection based estimator, we shall have to modify 
it. We shall assume the following :

• A2 : We can find a preliminary estimator f  o f  f  based on the last observations 
such that

a) f e C 2k( S ) ,  /ffl(ir) =  /> ') ( - ! )  V ( g { 0 , . . . 2 t - 1 }
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b) f i \ S )  C [o,- - € , b i  +  e] V i G {0 , . . .  fc}
^  q(l — s)

c) £ ( | | / < ' > - / « | I S ) < 7 . ( ? K +!‘ V / < p ,  V 2 < g <  +oo
^ q(l — sf)

i) £ ( I I / <0 I I L ) < 7 2 ( ? ) ( 1  +  » 1 1« '  )  V s ' <  s  V 0 <  i  <  2fc, 9 >  1
A,., 9(1 + 0-,«')

e) £ ( l l / ( )lla) <73(9X1 +  ^  1+25 ) V s ' < s  V 0 <  / <  2fc,<7 > 1,

where 7 1 (9 )5 7 2 (9 )? 7 3 (9 ) are absolute constants independent of /  G and where
k

= J J [ ai -  i ,6 t' +  t] x 5  C ii.
¿=0

The existence of such estimators will be proved in the Appendix.

For /  satisfying condition A2, <£(/,.. . , / (* ) , .)  is well defined and it is legitimate to make 

a Taylor expansion of <f> in a neighbourhood of ( f ( x ) , . . . f ( k) ( x ) , x ) .  We shall use the 
following notations for partial derivatives

ll'/’, , ) I U  =  sup sup J , (Wo. - - - Mb+l)l-
i i  ,—ji  €{0 ,. .k}  ( j / oJ / fc+1)

T ( f ) =  / + / $ ( / ( * ) ’ • ■ - » / ^ O O ^ X / ^  -  f t t y x )
J 3=0

I ^ • ' ( / ( ic)»--*/l*)(:c)»a;X / ( ,) - / ii)x / (J/)- / ,ii/)Xa!) + r n,
j = 0 j ' = 0

where Tn is a remainder term which will be proved to be negligible compared to the linear 
and quadratic terms. It is convenient to write T ( f ) as follows :

k k 

T(i) = [ g (}) + E  f  + E  f  Ki A f ) f u)f u,) + r„
3 = 0 J  j , j ' = 0 J

where :
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„ _  d 2(j> ,

d y Jd y JS y° , ' " yk+^

, d ÿ  
Vi =  1d y j

VQi • • • Vk+1)5

G(f) = <H/>- • /w .O ¿ ¿ K Â - / 1*’. - ) / '
¿=o



We have to estimate two types of terms :

• T i j  =  fZ v  which is a linear functional of / .

• T J ( K j ( f )) = K j ( f ) f ^ f ( i ' )  which is a quadratic functional of the type we have 
studied in Section 2.

Before stating the results, let us give some ideas about the estimation of these terms. Since 

/ ( 0 ( 7r) =  / (  O(-t t )  v /  € {0, . . . ,&  -  1} and / ^ ( 7r) =  / ^ ( -7r) ^  € { 0 , . . . ,  2k -  1}, 

assuming that <j>, <£'•, and <£>"•, are periodic with respect to the k + 2 ^  variable, we get by 

successive integrations by parts

r  h , ( / ) / « =  r  ( - l y  [h , ( / ) ] » / .
J —7T J —7T

Setting ?i2 = n  — i u , we can estimate Ti; by

As to T J ( K j ( f ) )  its estimation has been studied in the previous section. K j ( f ) is a 

random function based on the n\  last observations and T J ( K j ( f )) has to be estimated 
with the remainder of the n sample which leads to

__ 1 m 112

r ', ( ÍO ( / ) )  = n , l n , -  11 E  E  Pi(Xh)(-mAñ h’jm » ( X h)
2 , 1  1 1  , = 0 / , 5 Ö ! = l

-i m  ii2

+ ,,2(B2_i)E | E  ̂p.-(̂ , )(-1 /o(/))(j'>(̂ )
J  771 712 /»7T

2 ' î , î ' = 0 / 1^ / 2= l  ^

T h eo rem  3.2 Let  A’i, X 2, . . . ,  X n be i .i .d .  ra n d o m  variables  w ith  co m m o n  d en s i ty  f  

belonging to FStC, le t T ( f )  =  f  4>( f (x) , . . . ,  /(*>(&), x ) d x  to be e s t im a te d  with  k <  s  a n d
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H j  =
i ri2

fE(-iy
”2 /=i

/)] ' ) (X )•

(3.6)

(3.8)

(3.7)

+ 2 ^  
j , j '=o

. . / W )/(J) j [ j ' )

H j ( í )  = # ( / > • s; *w/,.
j'=0

Kjj-Û) = K À Î )  = \ i ■PK-)-



assum e that A I  holds an d  th a t  </>, </>'•, are 2ir p er io d ic  w ith  respect to  the k +  2 th variable

C o n s id er  a p re l im in a ry  e s t im a to r  f  o f  f  sa tisfy in g  A 2 an d  based on  the n x last observa tion s  

where 7i\ «  . L e t

^  t* k , n2
Tn = / <?(/) + E -B - i iW /) ] “ « ) 

J- '  j=0  " 2 1=1
k  r a ( n )  n2

+ E E , , , . , ,  E
j , j ' = 0  i = 0  n '2 Vn 2  l > l ^ l 2 = 1 

k m ( n )  n 2

■  E E _ n É Pf(̂ /,)p,-'(̂ /2) / p\3)p¥]Kj(f)dx 
j ¿ ' = 0 i , i ' = 0  2  ̂ 2 L )  1 ^ 1 2 = 1  J - *

where G , H j , K j  are defined  by (3 .6 ) ,  (3 .7 )  and (3 .8 ),  a n d  m (n )  «  nnV -. 
The fo llo w in g  p ro p e r t ie s  hold :

•  i) I f  s  > 2k  + \  then

V5(Tn-r(/))-JV(o,c(/,0)) (3.9)

arid

nE(Tn- T ( f ) f  -  C(S,4>) (3.10)

where C ( f ,  d>) is  equal to

Tr " k  ̂ “ k ^

C(SA)= f  £ ( - i )>  ( ^ ( / , ) ) w / -  «</. ••/“>..)/« ■
*  _j= 0  _ J = 0 J '~'K

• i i)  I f  k >  0 and k <  s  <  2k  +   ̂ then

E ( T n - T ( f ) ) 2 =  0 ( 7 1 ^ ^ ) .

Comments :

1) When k > 0 and k < s < 2k  + assuming that T  is not degenerated, Birge and 

Massart (1991) have proved that the rate of convergence that we get is optimal, moreover, 

in the semi-parametric case, the asymptotic variance is optimal as will be shown in the 
Appendix.
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2) When k — 0 the problem has already been studied in a more general framework ( see 

Chapter 2 ). In this case, we do not have to suppose that /  is a periodic function to get 
the semi-parametric rate of convergence -^=.

/S, O yy yy *2

/
* ■  f ; 2  f i r  f t  rn f t  PIT f t  /*7r f /2 ^  f t

..T = -L^+2/-,7/,+/-^/2 + L7-2/-i//' + r "

This expression is equal to

We have to suppose that /  is bounded from below by a positive constant. The estimator 
has the following expression :

_  i n2 (  f,2 p i \  1 rn(n)

r*=^ r 27 w+E E1 1=1 \ J  J  J  h3i = 0 z=0

1 m(nï 1 n2 f1r

-  E  E  w /„ _ n Ê  p.-(a)pî'( /̂2) / í>í0)í4',)̂ '( /)  
j ,j '= 0* ,t '= 0  " 2^"2 ' 1 ^ 1 2  =  1 J ~ lr

Where :
Ÿ  f t  i 

/io-° = "Î3’ A"o,i = A'i,o = Ai,i =
/ 3 P  f

If 5 > I  we get

If 1 < 5 < f
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3.3.2 Fisher Information estimation

As an example, let us give the precise expression of our estimator of
/*7T j t ' l

/ — . Using a the
/—7r /

Taylor expansion of <j>(f) in a neighbourhood of ( / , / ' ) ,  we get

f = l )
/•7T ?/2 h r c - 2

/

r  f
' j - f f  +  Tn
- 7 T  / • *

o n2
— - —  y  ( -  

l2^n2 -  !) h k = i
i y ' n ( x h ){lí ü - W T ' 1« , )

lim  nE(Tn — f  - 
n-* oo J _ " r - m - ç y . - m -

E ( T n -
r* f'2L M = - 8 ( 5 - 1 )

O ( n H ^ ) .



3.4 Proofs

3.4.1 Proof of Theorem 3.1

We recall that s = p + a where p € IN and a (E]0,1]. The following lemmas w ill prove 
usefull :

Lem m a 3.1

sup {J2  i2p+w(4 i ( f )  +  4 - i ( / ) ) ,  /  € Fs,c} < ^  V 0 < (5 < a

°° f̂ 2 (  \  
sup { J T + i *2p( 4 ( / ) + 4 _ i ( / ) ) , /  g f s,c }  < ^  ( | r r i j

The proof of Lemma 3.1 is postponed to the Appendix.

Lem m a 3.2

sup { | | / (/)I|oo,/ = 0 , . . . , p , / €  F9tc }  < +oo. 

We refer to Bickel and Ritov (1988) for the proof of Lemma. 3.2.

P ro o f o f Theorem  3.1: We use the classical decomposition :

E(T{ -  T l f  = (Bias(T j )?  +  Var(f^)

In the proofs, we shall write m instead of m(n) for short and always assume that m is 
even.

• C o n tro l o f the  bias :

We claim that, since to is even

rfi 77i
^2pt{x)p\J\y) = ( -1  y ,J2p\3')(x)pi(y). 
i- 0 i—0

(3.11)

This equality implies that

S,„(9V)) = ( 5 „ j ) “» V g 6 C'(S)).
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|Bias(T¿)| =  \ f*  ((Smf ) U) -  f {i))((Smf ) W  -  f W ) t ß
\J— 7T

<  I M U  (  f  ( ( Í m / ) W -  / W )2)

/2 / /»7T \ l/*2

We noticed above that



Hence

—- oo oo OO oo

IBiasfrj!)!2 < live E «?(/<’>) E “?(-/0',)) = MIL E «0)«? E
t=?n+l i = m + 1 i=m+l t=m+l

Since 0 < 9i(j) < 0 ,  we get

00 00 
|B¡as(T¿ )|2 < l l V t  Y, i ^ ì i 23-2” E  ¡2p«,?¡2,'- 2p-

i = m + l  i = m + 1

From Lemma 3.1 and the fact that j  — p  ^  0, j f — p  0, we derive

IBiaŝ ) ! 2 = O m \L (w ? ^ '

Here, and in the remainder of the proof, the O’s are independent of if) and its derivatives, 
and of /  € FSyC.

Let us now evaluate the order of magnitude of Var(T^). 
• Control of the variance :

T J  — T J  4- t J
Ip 1 ip , l ' ip <2

as defined by (3.1) and (3.2) .

We shall first^prove (3.3) and (3^5), so we just have to determine the order of magni­

tude of Var(T^). We notice that can be written under the following form:

n { n  — 1) E  h j j i ( X [ l , X ¡ 2)

where hjj i  is symétrie. More precisely,

1*•' = ¡ J -  1) Ê  „X Q  + i H f  + HpXX^X, ,)

m

where H [ 3\ x , y )  = Y , P i ( x ) ( - l )j (Pif )  
¿=0

r «  = - M ^ T j  Ê  ( H Ï '  +  H p K X ^ X , , )  
V ’ h&2=l
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m r7V

with Hi’\ x , y ) =  Y .  P i (* )M v )  /  À ’M i'1*-
i,i>=0 J~w

We notice tha t H ^  (x , y ) =  H ^ ( y , x ) .  

hjjt is defined by

l>iA*,v) = 5 [ ( » F  + H p ) ( x , y ) + ( H { i ‘ + H { i ) ( y , x ) - ( H ^  + HÌ'>)(x,,j) .

It follows from Hoeffding’s results concerning the computation of the variance for U- 

statistics ( see Hoeffding (1948) or Serfling (1980) p. 183 ) tha t

Var(T* ) =  nf”  n fl + ~rv n(n — 1) n(n — 1)

where

6  = Var ( L y  (Xa)), 6  = Var ( h ^ f X ^ X i ) )

and hjji(x) =  E(hjji(x,  X 2 )). We first compute hjj i (X  1 ).

• Computation of E(H(^'(x, X 2))-

r m
E ( B " \ x , X t )) = E 'E v A * ) ( - V ’(v'-p1>){t)(X2)

A- 0 
m *

= E w w / i K  j'ififti) integrating by parts. 
¿=o ^
m •/ /*

= /  ^ / (j)Pi by (3 .1 1 ).
i=0 J

Hence,

E { H \ '  (x , X 2 )) = ( - l ) j 'S ^ [ i P f ^ ] ( x ) .

• Computation of E(H{^(X-2 ,x)) .

r rn
E(H” \ . Va,*)) = E £ p ^ ) ( - 1 ) ’(pFV)W(x,)

.¿=0 
711 «

2=0 J
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m «

= £ (  /  /p¿)i
2=0 J

= ( -1  Y i S r n f V W ’i*)
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• Computation of E^H™ (x , X 2)).

m .
E { H ” \ x , X 2)) =  E  • £  p , ( x ) M X 2) /

m »

= E M * )  /  P!j)(-S'm/)(,#V  
¿=0 ^

m .

= (- 1 )J Y , f ' ( x ) ' H ) ^ P i  integrating by parts

= (-I)’X, f((S™/)u'V)(,)l (*)•
Denote

y»' = (-iy'së'>[/(,V](jf.)
Y f  = ( - l ) ’ (Smf U'>4’)tJ>( X i )

y? ' =  - ( - î y s ™  [ ( (s „ / )ü' W > ]  (x , )

(3.12)

(3.13)

(3.14)

It follows that

6  = V ar[^ ,(J f ,)]  < E K A ^ ) ) 2]

< 3 + Y lj,j)2
1=1

We will now compute E [ ( Y ^  )2] for I € {1,2,3}. We first majorize these quantities.

• Computation of E [ ( Y {J )2]

EVXi’’)2] = I [sif1 W»]] /•
i) If s >  j  +  j '  +  ^ then p  >  j  +  j 1 and /  is j  +  j '  times continuously differentiable so, we 
can write using the fact that S m (g W )  =  (S mg ) { l\

euy” '?] =  j s i m ^ u

< \\f\\oo\\(^fUÌ)(JÌ \\l since Sm is a projection
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f n' + y  fi) .
h j j ' f â  l )  1

1 A .

* é í

< 6 ¿ £ [ ( 5 f ' ) 2] + £ [ ( l / J')2]
/=1

< ii/iuiiE
1=0

i , W f W - n  m

: o



Since by Lemma 3.2, s« p { ||/ ' ) | |00, /  = 0 F ,,c} < + 0 0  we obtain

E ^ Y ’i ' f ]  < C,A?

where Ci is independent of ip and /  € <7 .

ii) If 5 < j  +  j '  +  i  then p  <  j  +  j ' .  We first consider the case where p  =  j  4 - j ' .  As 
above, we can write

E{(Y{’ ')2} = j

< l l / I U | | ( V > / W ) ( i ' ) | | 2

= 0 ( sup ||V>(0 I|L) 
1=0,.. .j '

Moreover, by definition of A2

sup IIV^IIto < A2m 2^ +-?,_s+i). 
1=0,...j'

Let us now consider the case where j  +  j '  > p. In this case we also have j  +  j '  > 5 . Using 
the fact that Sm ( g M) = (S mg )( l\  for m  even, we get :

m

—  l l / l l o o E ^ +2i 2p î by orthogonality of the p^s and their derivatives,
1 = 0

where 6 t- denotes the Fourier coefficient of the function (V>/(j))(p~j). We will evaluate 
the a — norm of this function in order to apply Lemma 3 .1 .

Using the fact that for any functions g , h

M l a < I M I o o | | ^ I U  +  IN o o lM U

we get

I I W “ ) ^ ! ! «  <  E  (  V  )  Ü W ' ( ' ) I I ~ I I / ( ' " ' ) I I «  +  l l ^ ( ' ) l l « l l / ( ' - ' , l l = o )  •
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£ [ « ' ■  )2] = /  ( s í ^ ' ' - ’>[W«>)<’ -'> ])a /

p - i

E
1=0 : v )

0(0 ■ ( p - 0( p - j )m {j))



B y  L e m m a  3.2  t h i s  q u a n t i t y  i s  0  ( s u p  ( | |V 7 lloo +  IIV' I U )  )•
\l=0,...p-j J

B y  d e f i n i t i o n  o f  A2,

s u p  ( | |y > (° | |o o  +  l l ^ l l a )  <  A2m 1 / 6 .

F r o m  L e m m a  3.1 a n d  s i n c e  j  +  j '  > s > p  +  fl V 0 <  /3 <  ct, w e  d e r i v e

m m
^j + 2j ' - 2Vbj  _  f j + 2j ' - 2p - 213^^2

2=0  2=0

= 0  (m2-?+2'?,- 2p-2^||('0y(j))(j') ||2 )

= 0  ^A2m1/3m2:,+2j/-2s+1/2m_ 2+2 â_^ ^  .

S i n c e  (3 i s  a r b i t r a r y  c l o s e  t o  a, m 1/3m  2+ 2(“  0 ) —►  0 . C o l l e c t i n g  t h e  a b o v e  e v a l u a t i o n s ,  

w e  g e t  f o r  s < j  +  j '  +  \

E[(Yj j ')2} < C2A | ( m 2 j + ^ ' - 2 s+ 1 / 2 ) .

•  C o m p u t a t i o n  o f  £ [ ( Y 2ÍJ ) 2]

m f ? )  =  J  [(sm/(/v)w] / < n/iuii(i„/«'V)(,)i

=  0  [  SUp U ^ W l o W i S m f ) ^ '  ° | | 1  
[1=0,...j>

A s  a b o v e ,  w e  s h a l l  c o n s i d e r  t h e  f o l l o w i n g  c a s e s  :

i )  I f  s > j  +  j 1 +  \  t h e n  p > j  +  j 1 a n d

( S m / ) Ü + ' ' ~ °  =  & [ / ( ) + / " ' ) ] V /  ê  { 0 , .  . . j ) .

S i n c e  Sm i s  a  p r o j e c t i o n ,  i t  f o l l o w s  t h a t

ll(Sm/ ) « +)' - ' > | l l< | | / < i + / - ' > i < 2 Ir sup | | / W £
1=0,...V

H e n c e ,  p o s s i b l y  e n l a r g i n g  C\

i i )  I f  s <  j  +  j '  - f  i ,  w e  s h a l l  c o n s i d e r  t w o  c a s e s  :
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1 f j + ] ' - l < s  then j  + j  — I < p and ||5m( / i ,+J ^ H 2 < 2ir sup | | / ^ | | ^ .
1=0,...p

It follows that

E{(Y» 'y i = O (  rap__ ||v>(,)| | l j  = O (A¡m V +V -2‘+ i )  .

If j  + j '  — I > s then

m

ll^llllKS™ /)1̂ ' - 0!!! < IIV>(')l lL E i2i+23''"2'“ i
i=0
m

< ||V>«||L E « 2,,+2i ' '2l- 2''‘ w i2p+2'JOi v 0 < » < a.
i=0

Since j  +  j '  — I > s > p + /3, V 0 < (3 < a, we get

W (')|lLll(-fm/)(i+,' “0 |ll < IIV>(,)! l l o j + « ' - 2I-2p-2i3 £  j2* .3 ia?
1=0

= 0  [(ll^(0||oom - l)2m2j+2i ' - 2p- 2P'

=  0  AI m 2^ ' - 2? - 213' .

Possibly enlarging C2 the above equality leads to

E [ ( Y i j ' )2} <  C 2\ l { m 2i + 2i ' - 2s+ xl 2).

• Computation of E[(Y^  )2].

since Sm is a projection and the computation of this term has just been done above.So, 

we get
i) if s > j  + j '  + I  then E[(Yjj ')2] < Ca A2

ii) if s < j  +  j 1 -f i ,  then E [(Y^  )2] < C2A2(rn2-?+2j,-2s+1/2).

Of course, the above results hold for E[(Yf •?)2], / = 1,2,3. It follows, enlarging C\ 

and C2 that

\ ) \ i s >  j  + j '  + ^ & < Ci A? (3.15)

ii) if s < j + j '  + ^  6  < C2A2(m2̂ +2^ - 2s+1/2) (3.16)
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We now bound £2 -

6  = VzT(hjj , (X u X 2)) < E ( h l , ( X l t X 2j)

< 3E  [ ( i r " '( X , ,X 2))2 +  ( H p ( X 1, X 2) ) 2 + ( h f ( X „ X 2) ) 2

The three inner bracketed terms will be evaluated separately.

• Computation of E  (H{r  {X x, X 2) f  .

E ( h 13' ( X i ,X 2) ) 2] = J  J  j E M * ) ( p K V ) (j)(y) f{x) f{y)dxdy

< WfWlo J J  ^pi(*)(pi,,)v»)(j)(y) dxdv
f f ^  •/

< 11/11« j  j  E  PiPi'(x )(p\J,)'tl’){3\ y ) ( p <i' )',P)i3Ky)dxdy
i,i'=Q

771 /* 2

< 11/11» 5 3  /  (Pt3>̂ ) ^ ( y )  dy by orthonormality
i=O''

r 1 2

< MWlflJ p  ( ] ) ?!* ''■ V ‘>(») dy

<  W i W L p J  Y ,  ̂J j ̂  j p\,+ , '~')P<i’+’'~,'U't‘)<l'l''Hy)dy

Since IIpPHoo < il our expression has order

Moreover
j

i) if s > j  + j 1 +  ̂ then 5 3  Tn~l \\i,^\\oo — O(Aj) which implies, possibly enlarging C\
1=0

E (H{j ' (X l , X 2) y  < Cx\ 2xm l+2j+2>'.

3

ii) If s < j  + j '  + A then E m _iH^(,)l|oo = 0(A2) which implies, possibly enlarging C2
1=0

E  ( H(j ' ( X x, X 2) ) 2 < C2\ W + W r - 
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It is clear that the same result holds for E ( h ( ì (X\ ,  -^2 )) J •

• Computation of E '(A’ijXz)) J .

2l m f 
E \ ( h » \ X u X 2)) j = E  £  PiPn(Xi)Pi>Pi>(X2) j  p ^ f  j  pSfpJfV

è  J  PiPij J  Pi'Pi'j J  p(i ]p{P ^  J  p^p^p 4>
[=0

r r (  m r \ 2
“  /  /  I E  ( /  Pt^Pv ]i))Pi(x)Pi>{y) I f ( x)f(y)dxdy 

\ i , i>=o J /

t  r I  m r \  ^
< II/IIL / /  I E  ( / pÎ pI? ̂ )P i ( x )Pi'(y) I

771 * * * .
< II/IIL E  / P i^P^V J Pi^plpi) J PiPil j  Pi'Pi'x

m r . . r

< 11/11« E  /  Pf ^  /  pÌj)p Ì̂  V  by orthogonality
¿,¿'=0  ̂ ^

< l l /C .  /  J  ^ P i j ) (z )Pi^\t)^ ( ^ p ^ )( z ) p ^ \ t ) ^ ‘tp(z)i)(t)dtdz

By Cauchy-Schwarz inequality, this expression is bounded by

II/IILIMIL / / ( E ^ W ’m) <*«*// ( e ^ ' ^ ^ ’w) 2* ^

Moreover,

/ /  ^ E p^ W p^ W ^  = / /  è  pÌJ)(^)pÌÌ)(^)pSj)(ì )p!Ì)(ì ) ^ -

771

— E  *4j by orthogonality of 
¿=o

< m 1+4j

It follows that
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e [(H” 'Ÿ(Xu X2)\ < ||/||LllV>llL(™1+4i )1/2(m1+4i'),/2

< m i m i ™ , + 2 i+ 2 i ‘

Hence, we obtain

i ) J f s > j  +  j ' +  ^  6  < C 1X l m 1+2i+2j‘ (3.17)

ii) If s < j  +  j '  +  \  Î 2 < C 2\ W + W  (3.18)

We recall that Var( T $ )  =  ~  +  ~ j ~
v n(n — 1) n{n — 1)

From (3.15) and (3.17) we obtain, enlarging C \

1 — / l  rr>1+2i+2j, \
if s > j  +  j '  +  -  then V ar(T/) < C \ X \  I -  +  ----- .

4 r \ n  nl J

From (3.16) and (3.18) we obtain, enlarging C 2

, 1  — , / m2j+2i'-2s+l/2 l+2j+2j'\
if s < j  +  f  +  -  then Var(T/) < C2A2 i - ----------------+  ------ j  .

We recall that Bias2(T^) =  0  (||V»||^m2̂ ' -48) and that m  «  hence

i) If s > j + j '  +  \  E ( T j , - T j , ) 2 <  C l - i4 v v n

ii) If S < j  + j ' + j  E ( f l ~ T i f  < C iA ln ^ S i^ .

This achieves the proof of (3.3) and (3.5). We shall now prove (3.4).
• Control o f the covariances :

We first notice that when s  >  sup ( j  +  j ’ +  1, j x +  j [  +  i )  then j  +  j '  <  p  and j x +  j [  <  p .  

We recall that

n ( n  I') E  hj j ' i>(X h i X l 2) 
n n̂  L> h ï l 2=1

where hjji p̂ is symétrie. We now denote hjji^ instead of hjji since is an estimator of 

f  while estimates /  /O’O/O'i)^. Since

E(Ti ~ T$){T(1 -  T /1) = Bias(T^)Bias(3yî ) + C o v ( Î ÿ , î f  ) 

we shall use the following lemma which will be proved in the Appendix :
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L em m a 3.3 Let T  and U be U-statistics respectively defined by

T = -  £  * Xi'Xk)’ u = t  «X*  * * )v > J^k= 1 V j j£k=\

where a and b are symetric. Then

Cov(T’U) = ̂ n 43 + ~ r ~n{n — 1) n(n — 1)

where

6  = Cot;[«(*!),& (*!)], U  = Cov[a(Xl , X 2),b (X u X 2)]

and

a(x) =  E  [a(x, X 2) ] ; b(x) = E  [6(®, X 2)].

This equality is a generalization for the covariance of U-statistics of Hoeffding’s formula 
for the variance. It follows from Lemma 3.3 that

C o v ( f 3 , ^ )  =  i ^ l f 3 +  - r i - r . i4 (3.19)
r  q n(n — 1) n(n — 1)

where

6  = Cov , U  = Cov [hvhl;( X u X 2),hn ^ ( X u X 2)

and

^  ^"2)] •

(3.19) implies that

n E ( f j  -  TJ)(t { ‘ -  T/>) = nB ias(iJ)B ias(if>) +  ^ £ ^ 6  +  ^ ? 4 .

I
Using the results obtained in the first part of the proof, we get

n |B iM (f5)Bia s ( i ^ ) |  < CilltHUHilUnm j+j'+A+Ji-“

< C[fijinl ^2+J+J,+n+:1i~2s

since n «  m 1/2+2s. We want to prove that —~“[£t 1S bounded by a similar quantity.

i4 < { E ^ i X u X , ) ) ) ' ' 2 ( E ( h l J,( {X u X 2) ) ) '1'2

From (3.17) which is actually an upper bound for E(h'jj,^(Xi, A'2)) we derive, possibly 
enlarging C[
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where , / =  1,2,3, are respectively defined by (3.12), (3.13) and (3.14). We have to 

keep in mind that Y ^  depends on ip while depends on £.

4Cov (kij. i (X l ),hMU(Xij) = £  Cov ( ( i f '  + + Y,i‘'n )) .
1,1’-1

We claim that V 1,1' 6  {1 , 2 , 3} 2 that

C o v ( ( j f ' +  Y,*’) , (¥ ? *  + Y , (3.20)

where

€//, =  - 1  if (/,/ ') = (1,3), (2 ,3), (3,1), (3,2) 

€U, =  1 if (/,/ ')  = (1,1), (2,2), (3,3), (1,2), (2,1)

Of course, this will achieve the proof of (3.4). We give a complete proof for I = 1 , and 

/' = 3, since the computations are similar for the other cases. We recall that

y;1' = (-iysm [(/«'»vo01] to
Y ^ '  = - ( - 1 ) « Sm [(5 ,„ / w!>f)()l)] ( X , )

Then,

Cov ((Y” ' +  Y f ’ ) , ( ¥ ? ’• + Yl ' " ))
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A(tï — 2)
It follows that the asymptotic covariance A j j Af ,  VO can only come from the term —-------- -£3 .

71 — 1
Since, |^3 1 < C j/ij, ( this result follows from the computation of £1 ), to show (3.4), we 

just have to prove that

— —  U < C [ ^ m 1+i+j'+il+ü = C[u2m1/2+j+j,+jl+jï - 2s. 
n - 1  1 n i ri

We recall that

Moreover,

(3 = Cov f r M X i l h ü í á X i ) )  ■

146 -  Aj j i if, ' 01 < C'í/ifm

l  £ W J' 
¿ l=i

(* .)  =hj j i ÿ Y Y p )



= - J [(-i)j,sm ((/«V)w) + (-iyX ((/«>v>)w’>)]
x \-iy‘sm ((.?,„/«w * > )  + ( - i y i s „  ((■?„/<*>««>)] /

+ [/ Sm(fU,)i>)fU) + Sm(/(JV)/OT] x [/ Sm(SmfW()&) + ,

using integrations by parts for the last line.

As n  —► oo, this quantity converges towards - A j j j  ( / ,  i/>, £). More precisely, the difference 

between this and —Aj j l ( / ,  ip, £) is bounded by C [ f x \ m ~ a , possibly enlarging C [ .  The proof 
will be done in two steps :

a) We will first show that

1 /Sm ( ( /« V ) 0)) sm (($„/«>{)«'>) f - J  ( / « V ) U) / | < Citfm-«.
b) After that, we will show that

\ j  Sm ( / (j'V ) f {j) J  s m ( s mf W t )  /to) _ J  j /to) < C [f im ra.

Of course, the computations are similar for the other terms of the covariance since we just 
have to exchange j  and j ' ,  j \  and j [ .

• Proof of a)

Introducing the auxiliary term S m ( / ^ V ) ^  ( / ^ f ) ^  / ,  the absolute value of the dif­
ference is bounded by

l l / IU /  |s» ( / (,'V ) “  s m -  sm (/«> {)'(i,)

+ll/l|oo/|s„, (/OT</’)W (/(i|)f)°l) - (fu’>4>)W (/°!>i)Wl) 
which, by Cauchy-Schwarz inequality is bounded by

H/lloollS» ( f ° y ) (i) Ihll-S’m ((Smf ^ O (h)) -  ( fWt)Ul) ||2 (3.21) 

+  ll/ lloo ll ( / (,* ^ ) (, l)  Ib ll^m  ( / ( j, )V7) (j) -  II2 - (3.22)

•ll^m H2 < || ( i p f ^ y ^  H2 since Sm is a projection

= 0 ^_SJ P , l l ^ (/)i u j  = ° M -
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•IIS.» ( ( S ,» /® « ) 01*) -  (/W)f)0l) Ib < Ils™ ((s„/«>o<*>) -  S m ( ( / « > « < « )  Ib

+  l | 5 „ ( ( / « > f ) ü ‘> ) - ( / « i ) ç ) t o ) ||2.

Since S m is a projection, the first IL2 norm is bounded by

II ( S m / W ( ) M  - ( / « > ? ) ' (J,) II2

= H E  (  3}  )  -  /< '■+ '!- ') )  f(')||2

=  o f  sup | | fW | |„ | | i„ /<A+ii —' ) - / « . + i i - 0 | | 2

Since j i  +  j [  — I <  p,  V I € { 0 ,. . .  , j [ }  by Lemma 3.1,

\\Smf {jl+ji~l) -  / (* + 'H ) | |2 = 0(m~a)

and the above IL2 norm is 0 { ^ \ m ~ a ). 

We now bound the second term

iis» ( ( /W)o ü,)) -  (/<*>«)ü,) ib = i f ;  '
\m+l /

where &,• denotes the Fourier coefficient of the function (/W)^»)^"1). 
By Lemma 3.1,

/  0 0  \  V 2

= o (™ ‘ "II(/0!)î ) ° ‘)i ü
\m+1 /

moreover I K / ^ O ^ I U  = 0(/xi).

It follows from the above computations that (3.21) is bounded by C[iJ,2m ~ a . Of course, 

the same result holds for (3.22) by analoguous computations. This achieves the proof of a).

• Proof of b)

As above, we introduce an auxiliary term, so that the expression defined in b) is equal to

I I sm ( / f c ' t y )  / «  J S m ( s m/W >i) /« ■>  -  I S m ( / (> ')v>) /M  J /« ■> /« > {
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+ J  sm ( /k " V )  /(J) J  f(h)f(ii){ _  j  fU)fU')^ J  f(h)fUDt | 

< J  l^m ( / (j'V )  / (i)| [ /  |5 W (smf ^ k )  f Ul) -  f Ul)f Uik\  

+ J  | ( f U'H) f U) ~ / (i)/ (i'ty |] J  | / (il)/ (ii)e|

By Cauchy-Schwarz inequality, this expression is bounded by

Il/Wl|2||sm (/«'V) Ibll/'̂ 'lbllS™ -  /«>i||2 (3.23) 

+llil|2||/°',,/ <ji)lllll/(j,llll|S™ (/(i'V) -  f m i>||2 (3.24)

We first majorize (3.23) by

2x ||/«> |U ||/0 '> |U ||/y ')V ||2 ||S ro ( s m/ « > f )  -  / « > £ ||2

Moreover

||/«'V||2 < V̂ HV-llooll/'̂ Noo = Ofo).

We now compute

||Sn, -  / Wli||2.
It is bounded by

l|S„, (Smf<>'•>() -  Sm( / <J1>0 lb + IISm( f W ()  -  / (j!)il|2.

Since S m is a projection
1

Iism (■?„/«>?) -  s m( ; w  0 H2 < ll-?™/(,i,i  -  / (y;)fl|2

< IlilloollS,»/«’ -  / W ||2 =  O t /n m -“ ).

As to the term ||5m(/to )^ ) -  / to )^ ||2? it is bounded by Lemma 3.1 by

= 0 ( n i i n ~ a ).

Finally, the expression defined by (3.23) has order The computations are

similar for (3.24); this ahieves the proof of b). We finally get (3.20) for I = 1 and /' = 3, 

hence (3.4). This achieves the proof of Theorem 3.1. □
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3.4.2 Proof of Theorem 3.2

Before specializing to case i) or ii), we first control the remainder term Tn.

|r„| < E  / 1/« - /»II/0'1 -  /«II/0"' - F \ x ) i x .

Hence,

E(Tl )  =  O (sup E  [( I ’  | /0 ) -  /« | | / ° '>  -  /« '> ||/0"> -  / 0 ") l)2l')  •

Using first Cauchy-Schwarz, and then the generalized Holder’s inequality we get

E(rl) = O jrap (||/W  -  / « | | l )  j  .

- 6
Using Assumption A2, we see that £ ( r „ )  = 0 ( n 1 1+2s ).

i) If 5 > 2 k +  j  then £(r2) =  o ( - ) .  (3.25)
4 Tt

ii) If ^  < s  <  2k + ^ then E {T ^ )  = o (n  }). (3.26) 

This proves that in both cases the remainder term is negligible.

• Proof in case ii) :

We will now look at the order of magnitude of E ( T n — T ( / ) ) 2 in order to obtain the rate 

of convergence in the nonparametric case.

k j 712 / /’7r \

Tn -  T( f )  = E -  E  ( - iy ( f f s ( / ) ) WW )  -  /  f f , ( / ) / ( i ) ]
i= 0 n2 /=1 V j-ir J

+ £  ( f j ( K A f ) )  -  T J ( K j ( f ) j )  + r„
h i '=0

where K j ( f )  =  T J( K j ( f ) )  =  / ' / 0 » / « / O ( / ) .

The expectation of the square of the linear term
k 1 712 /  ^ fK \ 1

E - E  { ( - i y M f ) ) U)( X , ) -  f f j ( / ) / (>) is o  -  sup £ ( I K W ) ) « ^ )  . 
j= 0 712 ;=1 v '  Ln '2 v
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Since 4> € C fc+3(A't), \\<j>(2+i>\\oo < 0 0  V i e  {1,...&} and we have to dertermine the 

order of magnitude of £ ( | |/0 'i+ ni) x .. ./(•'i+ni)||0o) and £ ( | | / (« + ni) x .. ./(■?i+n,)||a) where
/¿j -f- . . . + Tli =  /.

-l
Put h = n l +2s. By condition d) of assumption A2 and Holder’s inequality, it follows that 

E(\\f(n+ni) ' " f i j ,+n,)  | |2 j  =  q  +  ^  x . . . ( t fW - i i -n i )  +  ^  y s’ < 5.

i
Let k  < s' < 5 , since 5 3  n u =  I and j v < k,  we get

£/=1

£ ( | | /0 ' i+ m )  _, . / [ j.-+«.-)|||o) =  o ( fc2(-'-fe-/) +  (3 27)

Moreover, since

y{ii+»ii) _ _ . / ( ■J'+n>)(a;) — y(ji+ni) , , . /^J,+n’)(?/) =

i —1 /  i —t‘o i i - i o - l  i " \
e n /(i,i+nii)(z) n /̂ +-n)(y) _ n /&,+«<,)(X) pj /<*,+«<,)(y)
¿0=0 \  ¿i=l ¿i=j—¿o+l _ _ ¿i=l ¿j —i—iQ J

we get

n/(i.+»,-).../(A+«,)i|(i < ¿ ( n  ii/,-’'i+“,‘)iio=)ii/te»+’“«)iu.
«0=1 ilT̂ lQ

It follows from (3.27) that
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\ \ f ( n + ^ ) . . .  f i n+n<)\\a < /(i.o+n.o)||a.¿(II II.î0' - +n" , ||oo)|

í > s « L ( / . -
i=l

f lk)^ ^ f i h + n i )  x x f { j i + n i )  ir 
• • A  J JLn i + . . . n i = l  •

*  ̂ /*7T ^
As to the estimation of the quadratic term E  f U ) f U  ) K j ( f )  we shall apply the

jtj'—O
results of Section 2. In Section 2, we studied the properties of estimators of /W /O ')^ . 

Here, f  is the random function ZO(/) and T J ( / 0 ( / ) )  is estimated independently of / .  
Therefore, working conditionnally to /  we can apply the results of Section 2 . T J ( K j ( f )) 
will now be denoted by T J .

We have to determine the order of magnitude of E ( \ \ ( K and E ( \ \ K j ( f ))^ \\^ ) 

for / € {1,.. . k } .

We recall that K j ( f )  =  — . . . f ( k\ . )  hence we can see that (K j ( f ))(l) involve sum 

of terms of the type



E (  n  ll/te,+"l|)ll» l £ , = 0 ('>2(' ' - ‘ - ,+"'°) + l).
Vm^ î'o 1 /

Moreover, using condition e) of assumption A2 we get

i

£ ( | | / ( i i+ m )  _  j(ii+n,)||2) _  Q ^ 2  (h 2 (s' - k~l+nio )+  l )  (h 2(s' - k- a- nio) +

Jo=l

= O(/i2(s' - fc- “-0  + 1) Since s ' -  k >  0.

So,

£(ll(iO(/))(')lD  = 0 ( l + /¿’ (•'-‘ -o)

£(ll(/0(/))w|l2) = o ( l + A«*'-*-'-“))

By similar arguments, we can see that

v j  € {0,... k} s a K /W ))« !^ )  = 0(/.2s'-«  + 1).

(
f l ' i s ' —4 k  _|_ j  \  /  _ g( s_ * )  1 \

-------------- I = 0  ( n  J+4i -|—  )

n 2 J  V n j
since s' is arbitrary close to s and ^  —» 1.

We can now apply the results of Theorem 3.1 to get the order of magnitude of E ( T J — T J )2.

Since 5 < 2k  +  we have to consider the following cases 

• i f  j  +  j '  +  \  <  s  then

™V.t E  (ll(/0 ( / ) ) (i)|iL) = 0 0 2(s'-fc- y )) = 0 ( h 2s'~4k)

since j '  < k.  Hence, by Theorem 3.1,
i

^  t <•* f t 2 s , —4 k  —8 (s—k)

E ( T J -  T J )2 < C i ----------  <  C m  h ^ .
«2

• If i  + j '  + \  >  s we  have to evaluate the order of magnitude of E (  A2) V j , j (. We want 
to prove that £(A^) = 0 (/i2j_2fc). To do this, we shall prove that

a) sup E  +  IKA' j ( / ) ) ( l) l l« ) ]  _  Q t t f j - U )
i=o,...,p—j  [ n i 1/ 3

b) sup E  = 0 ( h 2j~ 2h).
1=0...j> TO(2i+ 2J'-2s+ 2)a2Z
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Hence, the expectation of the square of the linear term has order 0



Proof of a) :

v z = o,.. .p -  j, ir [ IKJW » (I)II~ + ll(JO(/))(l)ll^l = c
m 1/3 y m1/3 I

= O (h2j~2k) (/i25' - 2̂ -2q:rrfc-1 /3) .

Since s' is arbitrary close to 5 = p + a , we get lim /i2s'~2p_2“ ra~1/3 = 0, this conclude
n—+oo

the proof of a).

Proof of b) : We first assume that 2j  +  2j '  — 2s + ^ < I, then we have to show that

£(fti S ) ) = 0 { h 2 , ~ 2k) v,s/-
From the above evaluations of E ( \ \ K we derive

E ( ll^ ( /) ) (t>lilo \  = /  1+ h"-*-» \
J y 7ri(2i+2j;-25+|) J

= 0  ('h2j~2k) ( h U - 2 j m - 2 j - 2 j ' + 2 S- l / 2  + j^2s,—2 j —2l^n —2 j —2j l+ 2 s —l / 2 >j

Since j  < k and since s < j  + j '  + ±, f i ^ -2 jm -2j-2j'+2s-i/2 q Moreover, V I < j '

h 2 s ' - 2 j - 2 l m - 2 j - 2 j ' + 2 s - l / 2  <  t f s ' - 2 j - 2 j >  m ~ 2 j - 2 j > + 2 s - l ¡2

< (Tnh)2s~2i~2i' h2s'~2sm ~1/2.

Using the fact that mh  is a positive power of n and that s < j + j ' + \ ,  the above expression 
is bounded by

omh)l l 2li2sl- 2sm - l l2 = h}l2+2s' - 2s

which converges towards zero since s' is arbitrary close to s.

To conclude the proof of b), we have to consider the case of I > 2j  + 2j 1 — 2$ + 
and show that

E  j  = 0 ( h 2j~2k).

E  = O ((/t2* '-2* -27 + l)m ~2ij

= 0  (h2*-2*) (li2s'-'2j(m h )-21 + h2k- ^ m r 2l ĵ 

= 0 ( h 2j~2k).
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1 712 ^
r = v̂  i i - r ( / ) - -E B - ir ^ ( / , . / i , . ) ) ‘V i)+ •

2 ;=i j-o J

Of course, to ensure that both (3.9) and (3.10) hold, it is enough to show that E ( R 2) ->■ 0. 
We notice that R  = R \  +  R 2 where

—  1 «2 /  fc \  '
Rx =  vAI Tn -  T ( f )  -  -  E  B “ 1 -))U>(-Y/) -  /  4> ',(l ~ / w , - ) /w

2 1=1 \j=o j

and

Collecting the above evaluations and the computation of the remainder and linear terms, 
we get in case ii)

E (T n  -  T ( f ) f  =

• Proof in case ii :

We are now going to prove the asymptotic efficienty. Let

E ( (  £  TJ ~ r J )2i  = 0  ( J2 }i2j-'2kn^Ulti}' + n-r+5^^
Wfco ) [jko )

=  o f  y  h2i - 2km - * s+2>+2>' + 7 1 ^ * )
\ > k o  )

= o f  y  (m h )2i~ 2km ~ ‘ls+2i ' +2k + n  *+4~ ) |

\ j k *  )

= O ^m4fc-4s +  n  1+4»  ̂^ since m h  —*• oo, j  <  k , j '  <  k 

= 0  I n 1+4* ]

0 (n  i+4* ).

This acliieves the proof of b). 

Finally, if 5 < 2fc 4- A

A,’ [" 1 712

R-2 = -v ŷ
j—0 L 2 /=1

(# (/>  • ) - : f < k\



We want to prove that both E { R \ )  and E(R%)  -»■ 0. Pinging the expression of T n and 
T ( f )  in Äi we get

 ̂  ̂ 712 /

=  = - ' £ ( - ì y ( K j { f ) F )) ( X , ) +  2 [  K j ( f ) F f (i)
j , j ' = o  L  2 i = i  J ~ *

k ^

£  [t j  - T J +  Tn .
jJ'=o

Because of (3.25), we just have to prove that the expectation of the square of 
k ^  ^

y / n  ( L J -  L J +  T J -  T J ) converges towards zero, where L J = 2 f  K j ( f ) f ^ f ^  and
j j ' —O J

_ k ^  k _
L J is the corresponding estimator. We will first evaluate n E (  ^  L J -  L J )2 and n E (  ^  T J -  T J )2,

i,i'=0 j , j '=0
and then we will show that the sum of these terms is the opposite of the covariance term

k k

2n E (  L J  ~  L J ){ Y ,  T J -  T J ).
j , j '=0 j , j '=o

k ^

• Calculation of lim n E (  L J -  L J )2 :n—>oo ¿—J '
j , j '=o

n E  [ (LJ  -  L J ) ( L *  -  i J>)|7] = 4 ^  f  ( - \ Y + i ‘ ( ( A' j . f / ) / «») 0 0 /

-  4 -  f  Kj(f)fW>fW [ '  Kj, (/)/«>/«■>.
1̂2 J — 7T J — IT

The expectation of this expression converges towards the same expression with /  instead 
of / .  So,

B ra n E  ( ¿  Í J -  i-')» = 4  ¿  f
L j .¿ '= °  J j,j',ji,j{=o n

-  4 E  E  f  /o ( / ) / w'l / (j) i '
h3 '=o j i , j [=oJ - *  J - *

k

=  E AJJ l( / , / 0 ( / ) , ,A - J l(/)) .
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k _
• Calculation of lim nE ( Y'' T J — T J)2 .

n—oo v ^  ’
L j j '=o

Using the results of Section 2 we see that

nE ( ( f j  - T J)(TJi - T J^)\f) -  A j j . i l  K j i f ^ K j . i f ) ^  < C > 2(m "“ W /2+J+i'+jl+J‘- 2s) 

where

M ^ s u p  sup ( i K ^ f l ^ l U  + IK /O i / ) ) « « .) ;  sup i||(ii-j1( / ) ) « |U  +  | | ( / 0 1( / ) ) w ll«) • 
1=0,...j’ v '  /=0...j' v

As already proved, E(n\) = 0 (h 2s'~4k~2a 4-1). Since s' is arbitrary close to s and s >
2k +  |  we get lim E yC{fxl{m~a +  m 1/2+J+J,+-?1+Ji~2s)) = 0. So,

ton n E ( f i - T - ' K f i - T - ' 1) =  Um E( Aj j , ( f ,  K j ( f ) ,

and

k k 1 A?
J i ”« ( £ i 'J - 1"')2 = \ i r ^ n E  ( ^ P - L J f  = £  Aj  j , ( f , K j ( f ) ,  K j J f ) ) .

I 3,3'=0 J 3,3'=0 J ,j[ =0

k ^  k _
• Calculation of lim 2nE ( E

. i,i'=0 J,i'=0

We will show that

1

,}s^2nE <E i J-LJ)(E f j - Tj) =-2 £  Ax/.a/otA/o.io).
L i.i'=o i-i'=0 J hi' ,i\ jj=0

We first notice that

E [(f^  -  T J) { l A -  LJl)\f\ = £ ( f ^ | / ) -  £ (T ^ /)Z ,J l .

We recall that

— — 2 ”2 y
£J = —  E ( - 1)j ( /O ( / ) / ° ' I)0)(X,2), l J = - 2  /  Kj ( f ) fV'>fW

2 1=1 J
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and that T J = Tf  +  T(  where T(  = T p  + T p ,  and

—r 1 m n2

n> = n2iu, - 1) E  E  (-1  M x i M A M y H x t , ) ;
A 1 ^=0/1#2 = l

— I TO "2

^  = " n 2(n2 -  1) E  E  /  P ^ P ^  Kj ( f ) .
A  z > i^=0h^l 2 = 1  ’/ ~ ’ 7 r

We first do^the computations for Tq3 instead of T J , of course, the computations are 

simular for T p .

• Computation of E(TÌj ' lA \ f )  -  E(Ttf'\f)LJl :

£ (t0" V . | / ) =  _ 1  £  /o ( / m0,)/ (j) j

2 / m /**■ \
-  ^ JjkaM'^HkjmF^A  

- ( £ > • Jj o , ( / ) W ' > )

by integration by parts. It follows that

m

[ > ¿ ( - 1 ) ^  /  (A" 
=0- 1 (n 2 \

k r ___

Finally, 2n E(T^ LJi) -  E ( T p L Jl) converges as n -» oo towards

k

- 2 E  aj j , ( / . W ) , / o ,(/)).
JiJf yj l =o

The same result holds with 7 ^  replacing T p .  By similar computations for E(T?/LA  | / )  _  E(T^'\f)LJl

the above result holds for T J instead of Ttf'.
Finally,

Hm nE ( Y ,  TJ -  TJ + t J -  LJ ) = 0 .  
n-+0° \ii'=o /
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-  ÌÀ fJ - ly,+ns’*lii ' M ñ f i W n
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-  ñ A U - iy + , ' i K ] { f ) s -

f ñ J  Kj{lyTI2 J — TT
,/</>/«) / K j

J — 7T

V))ü)(Kj.



It remains to prove that R 2 —► 0.
IL 2

E (R i)  =  ^ E  r  ( ¿ ( - l ) > ( ^ ( ; . . . / ì ‘ ) , . ) ) « - E ( - l ) > ( ^ ( / . . . / ( ‘ ) , . ) )w ì  f
“2 \j=o j=ci )

Using the fact that 4> and its derivatives are bounded over K c and that /  and its p  first 

derivatives converge in IL1 — norm towards /  and its derivatives respectively, we show as 

above that

E \ F - , ( w ( / " - - ? * ) ’ -))ü')) 2 / ]  -  r  ( ( ^ ( / • • • / ( t , . - ) )w ) 2 /-

By similar arguments for all the terms which appear in the expression of E ( R \ )  and since 

£ - 1  « 2 - 0 .
This achieves the proof of Theorem 3.2. □

3.5 Appendix

3.5.1 Proof of Lemma 3.1
2 m —1

Let us fix a function /  in Fa ß -  We first want to bound £ (  a 2i- -1 + a 2 %)•
m

The Fourier series expansion of f ( x  +  h) — f ( x  -  h ) is :

oo
/ smza: cos ix  .

1 Z , \ a 2i —/=- -  0 2 »—l — 7=-)sin(*A). 
¿=1 V7T y/K

Therefore

/
7T OO

( f ( x  + h)  -  f ( x  -  h ))2 = 4 5 3 (a2i + o i - i  ) sin2 i/i
-7T •? — I

< C 2 r  (2h )2a =  2 i r C 2( 2 h ) 2a .
J —7r

2771 — 1

in i  € IN, 53  (a2i; + «2*—i ) sin"2 ih < ^4aC 2h2a.
i=m
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If we take h = since sin ih  >  s i n |  = ^  for i € { m , m +  1 , . . .2  m -  1}

Now, for /  € Fsf i  the same arguments show, since / ^  6 Fatc ,  that

2to_1 - 2 a + \ n 2

E  + (3.28)
i —m

Therefore, for a  > ß  > 0,

2m-1 „ - \ + 2 a n 2

£  i W ^ i ,  + 4 - , )  < ^ T ^ i - ™ 2" - 2“ .
i —m

Let m =  2J then

°° 2Ĵ - l  7r2a+ir 2
E  E  ^ ( “li +  4 - i )  < ^ ¡ r ^ T  ¡f i 3 < o  
i=0 i=2i

which gives the first part of the lemma.

From (3.28), we deduce that

OO OO m'2J+ l — 1

J 2 i2p(a2i + ali-i) = E  E  ^ ( 4  + 4-1)
*=m J=0 i = m 2 3

°° 1 /  -H-1+2« \  r 12
<  7r1+2a4 _ a C 2 V ( - i - ) 2“  =  I ------------ I — —

j— ra2^ y4a — 1J n i2a

3.5.2 Proof of Lemma 3.3

To prove Lemma 3.3, we first compute E ^ U ) .

T U  =  I n i n - U P  Ê  Ê  a ( X „ X t ) 6 ( ^ , ^ )

=  K „ - i y  f > ( * ^ ) K ^ . - r * )  

+ ( , , ( n - l ) ) 2  E  <■(*>,

+  ( n ( n  -  1))2 ^ . E ^  < X h  X t m , „ X k,)
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It follows that

Cov(T, {/) = 2 E [ a ( X u X 2) b ( X u X 2)\ 
n{n —  1)

n(n —  1)

+ ( ^ ( n - T T  ' -  *) EWXuXl)]E[KXuXl)\

Since
( n  — 2)(n -  3)  ̂ _  2 4 ( n —2) 

n(n —  1) n(n —  1) n(n — 1) ’

and since

E [ a ( X u X 2)} =  E M X t ) ] ,

we obtain

Co v ( T , U )  =  — [ E ( a ( X 1, X 2) b ( X 1, X 2) ) - E ( a ( X i , X 2) ) E ( b ( X i , X 2))}
72r( Tif J. 1

+ 4^11 lE (S(̂ l)K̂ l)) - £(a(Jf1))̂ (S(̂ l))) -a

This achieves the proof of Lemma 3.3.

3.5.3 Proof of Condition A2

Let /  an estimator of the density /  based on projection methods :

■* n ui\

f ( x ) = — ETil . —T
jz=.n—n\ t=0

1
where mi «  n 11+2i. Let

An = {f (i)(S) C [a,- -  f, bi +  e] V i e  {0, . .  .*}}

and put

f  = f U n + f 0  I K

where / 0 satisfies properties a) and b) of Condition A2.

It is clear that /  also satisfies a) and b). We will first prove condition c) with /  instead 
of / .

Let us first evaluate | | / ^  -  f ^ \ \ qq where = E ( f ^ ) .
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=  S m i ( f ^ )  for mi even .

Hence,

11/(0 -  / (0||| = r  |Smi( / ( 0 ) - / ( 0 |
J  — 7T

Let Vmi be the set of trigonometric polynomials with degree not bigger than m i. It follows 

from M. Riesz’s theorem (see Zygmund) that for 1 < q < + 0 0  and for P  e V mi

l l - W / (')) - / (', ll, =  II W / (0 -  ^ ) - ( / < ' > - -P)ll, < C , I I /«  -  P||,

< (2jr), /JC,||/<‘) -  P ||„ V P

hence,

II V ( / W) -  / Wll, < (2»)''»Ct inf ll/M -  f-IU < 4 V
PZPm! m? ‘1

q(l — s)
| |/(0  _  /(0 ||J  =  0 ( n ^ -  ).

Here, and in the remainder of the proof, the O’s do not depend on f  e  FSjC but depend 
on q.

We will show that E ( \ \ f W  — / ^ | | | )  is of the same order. Denote

y  - YTJoPi(xM\x)-zrjo^(m\x) Xj _ _  .

K-lloo < 2(1 + II/IU ), £  ®(y/ )  = 0 (— )■
mij = n - n i

So, by Corollary 1 in Bretagnolle-Huber (1979), we get E(\ \  £  m i ; )  =
j = n - m  1

which leads to

S ( l l / (,) -  / (0 II|) =  0 ( n f ^  ).

It remains to show that the same result holds when /  is replaced by / .

Since /  G Fa>c ,  ll*Smi(/^) — /^ ||o o  = 0 (  1 ^) V / < p.  (See Zygmund, vol. 1 p. 

120 ).
m \

For n large enough independently of /  € FStC, ||STOl( / (/)) -  / ( ') | |^  = ||/(0 _  / ( 0 ^  < 1  

V / € { 0 , . . . p } . I f | | / ( ,) - / ( 0 | | oo< |  V / € {0, . .  . p } ,  then f  =  f .  2
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So, P{Acn) < ]T̂ -P(||/̂  — /(/)||oo > -)• Denote by Dmi Dirichlet’s kernel : 
/=o 1

n
— " : 7----•

Ztt sm ~

^(')W  = i r  E  D i \ ( x - X i ) ,  P i x )  =  f * D g \ ( x ) .
j= n -7 i i

It follows from Bernstein’s inequality that

Let x0, . .  . x n  be n points from [-7T, x] such that z 0 =  - 7r, x h  =  x,  x { <  xi+l

l^i+i =  S-

| / « ( x )  -  / « ( * )  -  ( P ( Xj) -  /«(X i))! < (||/('+D|U +  ||/('+ i)|U )|x  -  x,-| < 2m2+'|x -  Xi|. 

Let 6 such that 6m 2+l =  then

P f  sup | / ( 0  -  / (0 |(a r )  >  ^  <  P { | / ( 0  _  / ( 0 | ( Xj.) >  1)
\|a7—or, |<5 Z J  4

At last,

i ’d l / «  -  /« l lo .  > \ )  < f  />(|/w -  /« K x o  > 1).

F d l / «  -  / « I U  > | )  <  K om™  exp { -  ( ^ ^ p )  }  (3.29)

where K 0, R \  are positive absolute constants. Since m , =  ii11+2 i, for m large enough,

E />dl/(,) - /<0lloo >b< Konf*
1=0 z

£ ( l l / (0 -  f {l)\\qq) < E(\\fW -  /(0 | |9 ) +  | | / (0  _  /^ 0 ||9^ onJ ^

< T i « i 1+2i •
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1 n i í2/4

~ 2  [m¡+2' +  í « n ] + ' j j

< 2 e x p | - ^
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This achieves the proof of c). Let us now control the order of magnitude of E( II /(Oil? ) y I < 2k 
From (3.29) we deduce °° “

P (■l| / " ,( l- ! ')>11”  a ‘ )  £ Aom?+'exp .
Since the above inequality holds for t > t0 > 0,

f  11 /(0  -  /CO||?  \  r+oo  f 2(s-s')
\ q(i-s') °° ) I  Kom2+lexp - K xnAl+2i t2!q dt
\  )  Jto

< 2t0 for n\ large enough. 

To conclude the proof of d), it  remains to prove that

ll/(/)||oo =  0(1 +  m[ s') V s ' <  5, V 0 <  / <  2k.

Using Lemma 3.2 and the fact that V I < p [|/t'> -  /«> IU  =  0 ( ^ 1 ), we see that V / < p,
mi

||/< )||oo is bonnded by some constant independent of /  € F,,c- We shall now prove that 
l l / (p+,)IU  =  V 0 < o’ < a.

_. . /*7T

f ^ +x\ x )  =  I D'mi ( x - t ) f M { t ) d t =  /  D'mi ( t ) [ f t o \ x - t ) - f t o \ x ) ] d t .
J ft J X — 7T

_  [ x+* f(m j +  ¿)cos(mi + i ) t  sin(m i +  i) ic o s 4 l

-  L .  I ---------- 2;r sin | -------------M , in  | p  ^  ~ *>~ ' “ M l * -

So,

| / (p+1) ( z ) |  <  (ma +

r ,(l+' , ,sin<1+2ir)!'„ ,.dy . , „
1 /  / , j~-— x r \* y •—  since /  6 Fsn- 

J m i ( x - r )  ( « « ¿ ) 2 r n j  s’°

ih e  second term of the sum is bounded by

rm i(x+7t) i
C 'm î ' °  /  | y M  sin(l +  — )ÿ | =  0 ( m { - « ) .

J m\ (a;—7r) 2mi V I /

r x + 71- COS( m i - | - I ) f

’ x —TT 27r(sin|)
f(p)(x _  t) -  f(p)(x)]dt

As to the term
/>x+* r (cos(mi -j-iw)"1 

L  ;  2 irsin^ j (/ (x - 0 - / x))dt we notice that it is equal
rx+ir

‘°  /  (.?„„!
J  X  — 1T

f(p))(i) f(p))(t))dt where Sm(f(p)) denotes the conjugate Fourier serie of
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/ ( p) and / ( p) the conjugate function of (see Bary (1964), vol. 2, p.52). Since / ( p) is 

also an a — holderian function, as proved in Bary (1964),

r X | 7T w

/  -  f ( v ) ) ( t ) ) d t  =  O im ^ lo g im i) )
X— 7T

and | | / ( p+1)||oo =  0 ( m j  “ ' )  V a ' < a.

From Bernstein’s inequality concerning trigonometric polynomials it follows that for I >  1

| | / (p+° | |c c  <  ^ i - 1 | | / (p+1)||oo =  0 ( m i " s ' )  V i '  <  5.

This achieves the proof of d). So,

£ ( l l / (0ll2o) = 0 ( m f  -■'>) V s ' < 5. (3.30)

At last, we have to show that

qQ+a-s')
£ ( l l / (' > K ) < 7 3 ( l  +  n, ' « •  ).

Since s — a  is an integer, we first notice that if s  — I — a  > 0 then s  — I — 1 > 0  and 

for s' < s close to s  s' -  I -  1 > 0. In this case, £ ( | | / (i+1) ||«o) is bounded and E ( \ \ f ( 0 \ \ l )  

is also bounded.

If s — I — a  <  0

If \ x - y \ <  then

If \ x - y \ >  then

Finally,

uPwi <  n / , ,+ i ) iiio'»;(“" 1 )+

e  (ii/ w iu) < e  [i i f +1)i i l ,™;(“",)+ ■
From (3.30) we derive,

£ ( l l / ( i ) l l £ )  =  0 ( 1  +  m f i + a - s ' ) )  V  s '  <  s .
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If {l\ x )  -  f W { y ) \  < | | / * ,+ 1 ) | |o o |s  -  y\

| / ( / } ( æ )  -  f i 1) (y ) I <  

\x -  y\a
l o o k - y l1ai+i) i

| /W ( s )  -  f {l)(y)  I ||?(I+1)|| 
\ x - y \ »  - 117

l / ( 0 O )  -  f {l]{y)\

\ x - y \ a
S 211/WlUmf.
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3 .5 .4  S e m i-p a ra m e tr ic  in fo rm a t io n  b o u n d

This proof will be almost similar as the proof which was done in Chapter 2 for regular 

functions. We still refer to Koshevnik and Levit (1976) and Levit (1978). We suppose 
that /  belongs to Fs,c  and satisfies

sup \ j m ^ M < c

x î ^ y € [ “ 7r,7r] \ x  V i

Let £ be a bounded function, infinitely differentiable, such that J  f£  = 0. We define

/* = / ( !  + tí) .

f t  £ Fs£  and is a density as soon as t  is small enough.

T ( f . )  -  T ( f )  = /  E  # ( / . • • • .  ■)(/,“  -  / w ) +  •>(<)
J j =0 a x j

(ft ~ f )  + °(t) by integration by parts.

= /  E  [<-iy (g ( / .  • • •, /<*>, o) /<*». •)/«)] </. -  / ) +«o

since /  ft = J  f  = 1. Moreover,

\ \>/ft  -  V f  -  A t \ \ i -*  0 as n - *  oo

At = t Î j f

T (h )  -  T ( f )  = Bt +  o(t)

Bt  =  Ef(G'~t)

where

and

where

where

«=2 [d - i v -£j$f./<*».•>/».
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So the function G  satifies E f ( G ) = 0. Since the function £ are dense in the set of functions 

g  € IL2([-7r,7r]) such that E f ( g )  =  0, there exists a sequence £n such that

-'iS o  / „ (1 f  "  G )V (* )'fc  =  o.

According to Theorem 1 and Theorem 2 of Koshevnik and Levit (1976),

i“f 1feigf sup nE&i ~ Tw 2 - ]Ef(G2ye n—>oo /l6F,iC,||/1-/||2<e 4
At last,

=/ [ h - i y  (£</. • of] 2 /<,- (/¿^</,. . . / “ > , . ) / « > < , ) 2

For the problem of estimating / ( / ( fc))2, we get for the analogue of the Cramer Rao bound:

4[ J ( f ' 2k>f f  - (/(/' c) )2 )2]_



Chapitre 4

Sim ulations

4.1 Estimation de J f 2

4.1.1 Introduction

Toutes les simulations ont été réalisées à l ’aide du logiciel MATLAB.

Nous présentons dans cette section les résultats des simulations concernant l ’estimation 

de /  / 2. Nous comparons les performances de deux estimateurs:

• 1) L’estimateur proposé par Hall et Marron (voir Hall et Marron (1987) )

«¿i) .£ K* x> ~ x*>
ou K  sera ou bien un noyau gaussien, ou bien un noyau uniforme sur [-1,1].
• 2) L’estimateur par projection proposé dans la thèse

j m n

E  vA X M x »)
' t= 0  j ^ k = 1

où (pi),gM est la base Fourier. Dans les deux cas, il faut ajuster le paramètre m  ou h. 

Nous allons donner les résultats des simulations pour différentes valeurs de ces paramètres. 

Les simulations sont réalisées aves n  =  300 données. Pour chaque paramètre ( m ou h ), 500 

simulations sont effectuées. Nous donnons la moyenne et la variance de ces 500 simulations
i 500

et nous estimons le risque quadratique n E { 9  -  9 )2 par la quantité n  x -— ~ ^)2’

i=i
les 0j correspondant aux 500 simulations.

91



Nous avons choisi deux densités à support dans l ’intervalle [0,1].
• A) f ( x )  =  1 +  l/2(sin47ra;).

• B) f ( x )  =  ( ~ 4 x  +  - )  IfQij +  ( 4 x  -  - )  +  ( ~ 4 x  +  | )  l j i ^ j  +  ( 4x  -  | )  1 ^ .

4.1.2 R ésultats des simulations

• A ) / ( x ) =  l +  (l/2)sin(4îræ); J  f 2 =  1,125, 4[ J  f  -  ( J  f 2) 2} =  0,4375; n  = 300.

Estim ateur proposé par H a ll et M arron

NOYAU UNIFORME NOYAU GAUSSIEN

h Moyenne Variance Risque Moyenne Variance Risque

1/1000 1,1318 1,54.10-2 4,615 1,1310 2,9.10“ 3 2,8479

5/1000 1,1238 4 ,3 .10-3 1,277 1,1211 2 ,9 .10-3 0,8416

1/100 1,1233 2 ,7 .10-3 0,8202 1,1167 2 , 1.10“ 3 0,6446

5/100 1,0935 1,6.10-3 0,7876 1,0694 1,3.10"3 1,4559

1/10 1,0481 1,2.10-3 2,1416 0,9842 6,7.10“ 4 6,1490
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E s t im a te u r  p ar  p r o je c t io n

m MOYENNE VARIANCE BORNE

3 1,0063 5,05.10-5 4,6808

5 1,1267 1 ,5.10-3 0,4515

10 1,1248 1 ,6.10-3 0,4665

60 1,1278 3 ,1.10“3 0,9293

200 1,1271 ' 6 ,9.10-3 2,0729
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• B) f { x )  -  ( ~ 4 x  +  - )  I [0)|] +  ( 4 x  -  - )  +  ( -4 *  +  - )  l j i ^ j  +  ( 4 x  -  ' -)  l ^ j .  

j  f 2 =  13/12 = 1,0833; 4 [f f~(f f 2)2] =  0,3056.

E s t im a te u r  p ro p o sé  p a r  H a ll  e t  M a r ro n

NOYAU GAUSSIEN NOYAU UNIFORME

h Moyenne Variance Risque Moyenne Variance Risque

1/1000 1,0889 8 ,1 .10-3 2,4366 1,1310 2,9.10"3 2,8479

5/1000 1,0798 2,4.10-3 0,7207 1,1211 2,9.10“3 0,8416

1/100 1,0692 1,6.10-3 0,5350 1,1167 2,1.10"3 0,6446

3/100 1,0315 9 ,7.10-4 1,0954 1,0927 1 ,5.10“ 3 0,7692

1/10 0,9153 5,02.10-4 8,6235 0,9842 6 ,7.10“ 4 6,1490
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E s t im a te u r  p ar  p r o je c t io n

m MOYENNE VARIANCE BORNE

7 1,0844 1,1.10-3 0,3178

20 1,0855 1,3.10-3 .0,4044

60 1,0892 2 ,6 .10-3 0,7740

200 1,0867 6,0.10-3 1,7876

600 1,0918 ■ 1 ,6.10-2 4,8151

___y_______ I_______ I_____
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4.2 Estimation de j  f l o g f .

4.2.1 Introduction

Nous proposons ici les résultats des simulations concernant l ’estimation de l ’entropie. 

Comme précédemment, nous comparons les performances de deux estimateurs :

• 1) L’estimateur qui correspondrait à un développement de Taylor au premier ordre (voir 

le chapitre 2), cet estimateur a été proposé par Gyôrfi et Van der Meulen (1990) :

1 n2

-E>os(/)W)
2 i = l

• 2) L’estimateur proposé dans la thèse et qui correspond à un développement de Taylor 
au second ordre :

1 712 l i  1 712 
-  E , 0 S(f)(x,) -  -  J ;+ - p —  £  r t x M * x x t)

Dans ces deux exemples, l ’estimateur préliminaire /  sera dans un premier temps basé sur 

les 7&i dernières données de l’échantillon avec ni = «2 =  f  • Dans un deuxième temps, nous 

utiliserons l ’échantillon complet pour construire l ’estimateur préliminaire de la densité et 

les estimateurs de l’entropie. L’estimateur préliminaire sera tantôt un estimateur à noyau 
( le noyau choisi est l ’uniforme sur [-1,1])

/ > )  = j -  Ë  -  X j )
1 j = n - n i + l

j  n mi

tantôt un estimateur par projection f ( x ) = — E  E P i ( X j ) M * ) -
 ̂ j —n —ni  +1 i = 0

Nous avons choisi deux densités à support dans l’intervalle [0,10].

• A) /(x )  =  ^ ( 1  +  ^sinTrx)

Cette densité comporte cinq périodes sur [0,10].

La deuxième densité est affine par morceaux et comporte deux périodes sur [0,10] :

. B)/W = ^(-|* + |) i[0,S! +1̂ (| - - 1) % , 5 !

+ TÔ̂ ~5a:+ 2̂  + 2̂
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4.2.2 Résultats des simulations

A) / (* )  = ¿ ( i  + ^sinTrx). -  J / lo g e /)  = 2,238, J / ( lo g / ) 2 -  (j / l o g / ) 2 = 0,1185. 

n =  400, n i — 112 =  200. L’estimateur préliminaire est un estimateur à noyau.

ESTIMATEUR A L’ORDRE 1 ESTIMATEUR A L’ORDRE 2

(m,h) Moyenne Variance Risque Moyenne Variance Risque

( 7 , ^ )  2,3385 2,4.10"3 5,001 2,2638 4,9.10~4 0,4620

( 4 0 , ” ” ” 2,2201 1,9.10-3 0,9070

(100, i )  ” ” ” 2,2101 3,7.10-3 1,7934

( 7 , ^ )  2,3008 1,3.10-3 2,0922 2,2684 3,7.10-4 0,5166

(40, - ĵ) ” ” ” 2,2385 1,5.10-3 0,5998

(1 0 0 ,^ )  ” ” ” 2,2380 2,7.10-3 1,0692

(7.1) 2,3702 3,4.10"4 7,1274 2,3229 1,3.10~4 2,9314

(40.1) ” ” ” 2,2582 1,4.10-3 0,7124

(100.1) ” ” ” 2,2591 2,4.10-3 1,1559
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A) / 0 )  = jqC1 + - s m i r x ) .  -  j  / lo g ( / )  = 2,238, J  / ( lo g / ) 2 -  (J  / l o g / ) 2 = 0,1185. 

n = 400 = n\  =  n 2. L’estimateur préliminaire est un estimateur à noyau.
Les 400 données sont utilisées à la fois pour construire /  et pour construire les estimateurs 

de l’entropie.

ESTIMATEUR A L’ORDRE 1 ESTIMATEUR A L’ORDRE 2

(m,h) Moyenne Variance Risque Moyenne Variance Risque

( 7 .1 )  2,1799 6,6.10-4 1,616 2,2170 3,0.10~4 0,2989 

(40, ¿ )  ” ” ” 2,2267 5,72.10-4 0,2796 

(1 0 0 ,^ )  ” ” ” 2,2495 7,86.10-4 0,3669

( 7 ,^ )  2,238 4,4.10-4 0,1774 2,2581 2,0.10-4 0,2418

(4 0 ,^ )  ” ” ” 2,2475 5,09.10-4 0,2393

(1 0 0 ,^ )  ” ” ” 2,2463 7,04.10-4 0,3085

(7.1) 2,3535 1,6.10-4 5,3978 2,3248 3,3.10~5 3,0251

(40.1) ” ” ” 2,2610 5,3.10-4 0,4225

(100.1) ” ” ” 2,2610 8,0.10-4 0,5421
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A )  f ( x ) =  Y q Î 1 +  2 s i n 7 r æ ) -  - j  / lo g ( / )  = 2,238, j  / ( l o g / ) 2 -(J / l o g / ) 2 = 0,1185. 

n = 400 = rii = «2 - L’estimateur préliminaire est un estimateur par projection.

Les 400 données sont utilisées à la fois pour construire /  et pour construire les estimateurs 
de l ’entropie.

ESTIMATEUR A L’ORDRE 1 ESTIMATEUR A L’ORDRE 2

(toi,to) Moyenne Variance Risque Moyenne Variance Risque

(5.5) 2,2978 1,1 .10“ 5 1,4360 2,3028 1,1.10“ 5 1,6856

(5.40) ” ” ” 2,2403 4,74.10"4 0,1915

(5.100) ” ” ” 2,2409 7,03.10-4 0,2842

(20.5) 2,2143 3 ,6 .10—4 0,3664 2,2391 2 ,4 .10-4 0,096 

(20,20) ” ” ” 2,2383 3,8.10"4 0,1519

(20.100) ” ” 2,2371 8 ,6.10-4 0,3432

(60.5) 2,1643 5,93.10-4 2,4076 2,1985 3,9.10“ 4 0,7798

(60.40) ” ” ” 2,2176 5,8.10~4 0,3959

(60.100) ” ” ” 2,2351 7 ,6.10-4 0,3078
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B) /  est la densité affine par morceaux comportant deux périodes sur [0,10] décrite 

ci-dessus. L’estimateur préliminaire est un estimateur par projections.

-  J / lo g ( / )  =  2,2598, J /(log f )2 -  {j / lo g  f )2 = 0,0803. n  = m = n 2 = 200.

ESTIMATEUR A L’ORDRE 1 ESTIMATEUR A L’ORDRE 2

(rai, m ) Moyenne Variance Risque Moyenne Variance Risque

(5.5) 2,2498 4,1.10"4 0,1005 2,2595 4 ,1.10“4 0,0813

(5.40) ” ” ” 2,2593 8,3.10"4 0,1655

(5.100) ” ” 2,2588 1,4.10"3 0,2883

(20.5) 2,2105 5,9.10-4 0,6042 2,2288 5,4.10-4 0,3001 

(20,20) ” ” ” 2,2596 6,1.10"4 0,1214

(20.100) ” ” ” 2,2567 1,5.10"3 0,3094

(60.5) 2,1059 1,2.10—3 4,9728 2,1463 1,2.10"3 2,8144

(60.40) ” ” ” 2,2132 1,2.10“3 0,6651

(60.100) ” ” ” 2,2409 1,8.10“3 0,4321
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4.3 Interprétation des résultats

La correction de biais réalisée par nos estimateurs est très nette dans tous les cas. La 

moyenne de nos estimateurs est assez stable, et en général très proche de la vraie valeur 
de la fonctionnelle à estimer. La varianca de nos estimateurs et la variance des estimateurs 

auxquels ils sont comparés sont du même ordre de grandeur. Par conséquent, la borne, 

qui estime la quantité n E ( 0  — 0)2 , se comporte mieux pour nos estimateurs dans la plu­
part des cas : elle semble être moins sensible aux variations des paramètres de lissage m 

ou h. D’autre part, pour une valeur optimale des paramètres de lissages nos estimateurs 

atteignent pratiquement la variance asymptotique minimale, c’est-à-dire l’analogue de la 

borne de Cramér-Rao. Ceci apparaît clairement dans le cas de l ’estimation de J  f 2 . Nous 

constatons également que les résultats optimaux sont obtenus pour de petites valeurs de 

m , en effet, conformément à la théorie, la variance est une fonction croissante de m .  Dans 

la mesure où les calculs sont beaucoup plus rapides pour de petites valeurs du paramètre 

77i, ce résultat est intéressant.

En ce qui concerne l’estimation de l ’entropie, il apparaît que lorsque l’estimateur au pre­
mier ordre est fortement biaisé, la correction au second ordre nécessite de prendre une 

plus grande valeur pour m .
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