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Abstract

This thesis is devoted to the study of some non linear estimators of a regression function. More
precisely, one observe y; = f(z;) + & (i € {1,...,n}), where the explanatory variables (z;) are
deterministic and the error terms (¢;) are i.i.d. with mean zero. We consider two frameworks
: the non linear parametric regression and the non parametric regression. We study the sharp
asymptotic behaviour of some least squares type estimators.

For non linear parametric regression, we consider the jackknife estimator 6 of the regression
parameter 6,. We show that, under suitable smoothness conditions, \/rT'(65)~1(f — 6,) con-
verges in distribution to a standard gaussian vector, for some adequate positive matrix I'(6,)
and propose a consistent estimator § of T'(8y). Thus, /75~ 1(f — 6;) converges in distribution
to a standard gaussian vector. We present some applications of these results. In particular, we
show how they allow the construction of confidence regions and hypothesis tests, with given
asymptotic level. This valids asymptotically Tukey’s heuristic, according to which the pseudo-
values can be considered as i.i.d variables, We illustrate the jackknife method by the study of
real data. These data result from experiments about bacteria evolution in a milky environment.
We compute jackknife estimators thanks to the logiciel S.A.S. Then, we test the influence of
the temperature on the bacteria evolution.

For monotone non parametric regression, we prove a central limit theorem for the IL,-
distance between the isotonic estimator f, (that is the least squares estimator under order
restriction) and the regression function f, whenever the (z;) are uniformly spread over [0,1]. If
f is smooth enough over [0,1] and if the error terms admit a variance o2 and moments of order
greater than 12, then,

M8 {n1/3 /0 () = F@ldt - Cp} 2 N(0,0%)  asn— oo (0.1)

where C; = C [ |o2f'(t)|!/3dt. C and a are absolute constants : C ~ 0.33 et a ~ 0.17. Our
approach consists in approximate the initial regression model by a white noise model thanks
to a Komlds, Major and Tusnady type strong approximation. We have to prove (0.1) with f,
in the place of f,, where f, is the isotonic estimator defined from the approximant white noise
model. The scaling properties of the Brownian motion will be widely used, which motivate the
introduction of a white noise approximation. We also prove some weaker result than (0.1), but
which holds under the square integrability of the errors. If f is smooth enough, then

B [ 1520 - (0ldt = O™,

Key words: Non linear regression, Non parametric regression, Jackknife estimate, Isotonic
estimate, Hypothesis test, Brownian motion
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Chapitre 1

Introduction

Cette these est consacrée a 1’étude de différents estimateurs non linéaires d’une fonction de ré-
gression. Nous envisageons deux cadres: la régression paramétrique non linéaire et la régression
non paramétrique monotone. Nous étudions dans chacun le comportement asymptotique fin
d’estimateurs du type moindres carrés. En régression paramétrique non linéaire, nous consid-
érons ’estimateur jackknife du parameétre de régression. Nous établissons sa normalité asymp-
totique et proposons un estimateur consistant de sa variance asymptotique. Nous présentons
quelques applications de ces résultats. Notamment, nous montrons comment ils permettent la
construction de régions de confiance ou de tests, de niveau asymptotique donné. En régression
non paramétrique monotone, nous démontrons un théoréme de limite centrale pour la perte 1L,
de I’estimateur isotonique. Nous vérifions que la variance asymptotique est libre de la fonction
de régression, et exprimons l’espérance asymptotique comme une fonctionelle explicite de la
fonction de régression.

Avant d’énoncer plus précisément ces résultats, nous rappelons ce qu’est un modéle de ré-
gression, et décrivons quelques unes des méthodes d’estimation classiques.

Un probleme rencontré fréquemment en statistique est la détermination de la relation ex-
istant entre deux variables, dont I’une au moins est aléatoire. Il s’agit de décrire I’évolution
d’une variable aléatoire, que nous appellerons variable réponse et noterons y, en fonction d’une
variable z (aléatoire ou déterministe), dite variable explicative. Les modéles de régression pro-
posent de décrire la variable réponse comme la somme d’un terme déterministe, dépendant de
z et représentant la tendance générale du phénomeéne étudié, et d’un terme résiduel aléatoire,
représentant les fluctuations autour de la tendance générale. La tendance étant entiérement
décrite par le terme déterministe, la variable résiduelle est supposée centrée. Ainsi, il existe une
fonction f telle que

y=f(z)+e (1.1)

ol ¢ est une variable aléatoire d’espérance nulle. 1 s’agit alors de déterminer la fonction
de régression f. Il n’est possible d’estimer f avec une précision raisonnable que si ’on dis-
pose de plusieurs observations. Nous supposerons donc que nous disposons de n observations
(2i, ¥i)i<i<n du couple (z,y), ot chaque observation est régie par la relation (1.1). L’équation
de régression est alors la suivante

¥i = f(zi) + & 1<i<n (1.2)

7



8 CHAPITRE 1. INTRODUCTION

ou les (g;) sont d’espérance nulle. Nous supposerons en outre que les termes résiduels (g;)
sont indépendants, de variance IE¢? = o? finie. Les variables explicatives (z;) seront supposées
déterministes et connues, appartenant 2 R, et f est une fonction & valeurs réelles.

Considérons tout d’abord un cadre paramétrique.

Estimation en régression paramétrique

Nous supposons ici qu’il existe un sous ensemble connu © de IR” tel que la fonction de
régression appartienne a un ensemble de fonctions parameétré par O:

fe{s(.,6), 6 €0}

ou la fonction f( ., . ) est connue. Si le modéle est identifiable, il existe un unique vecteur 6,
de O tel que f soit égale a f( . ,6,), et le probleme d’estimation de f se raméne au probleme
d’estimation du paramétre 6,. On s’intéresse & la vitesse d’estimation du parameétre 6, (par
rapport a la distance euclidienne).

La méthode des moindres carrés

La méthode d’estimation de 6, la plus couramment utilisée est la méthode des moindres
carrés. Cette méthode consiste & choisir comme estimateur de 6, un point de ® ot Y [_, (v —
f(z;,0))? atteint un minimum, ce que nous résumons par

b = srgmingeo > (s — £(z:,0))" (13)

i=1
t

Dans le cas du modele linéaire, c’est & dire lorsque f( . ,6) est une fonction linéaire de
6, I’équation (1.3) admet une solution, exprimable comme combinaison linéaire des variables
réponse y;. Cette solution est unique si le modeéle est identifiable et ’estimateur des moindres
carrés est dans ce cas consistant et asymptotiquement gaussien (voir par exemple Coursol [9]):
il existe une matrice positive I'y dépendant de 6, telle que

V(6 - 85) = N, (0,Ty) quand n — o0 (1.4)
Si en outre les résidus (g;) sont gaussiens, /n(f — 6,) est une variable gaussienne.

Lorsque f n’est pas linéaire en 6, la solution (si elle existe) de I’équation (1.3) ne peut
généralement pas s’exprimer comme fonction explicite des observations. Seules les propriétés
asymptotiques de 6 (s’il existe) sont accessibles. Jenrich [21] fit le premier a déterminer des
conditions d’existence et de consistance de I’estimateur des moindres carrés en régression non
linéaire. De nombreux auteurs se sont intéressés au comportement asymptotique de cet es-
timateur. Malinvaud [24] énonce une condition suffisante de consistance, et propose certains
exemples d’estimateurs des moindres carrés non consistants en régression non linéaire. Jenrich
[21] et Wu [42] établissent des conditions suffisantes de consistance et de normalité asympto-
tique de 6, lorsque O est un sous ensemble compact de R” et f( ., . ) est une fonction réguliere.
Prakasa Rao [31] étudie le cas de fonctions de régression moins réguliéres, tandis que Shao [37]
généralise les résultats de Jenrich [21] et de Wu [42] en établissant la consistance et la normalité



asymptotique de 6 en levant ’hypothése de compacité pour O.

Dans le cas de résidus hétéroscédastiques, de matrice de variance-covariance de la forme
02V, ol o est un réel positif inconnu et V est une matrice positive connue, on pourra préférer
I’estimateur des moindres carrés pondérés. Cet estimateur est obtenu par minimisation de la
somme des carrés résiduels pondérés par les coefficients de la matrice inverse V=! (voir par
exemple Seber et Wild [35] p. 28).

Lorsque la loi du vecteur résiduel (ey,...,€,) est connue, on pourra également considérer
Pestimateur du maximum de vraisemblance. En fait, toutes ces méthodes sont des exemples
d’estimation dite de minimum de contraste, telle qu’introduite par Pfanzagl [27] et [28]. Le
comportement asymptotique de ces estimateurs est étudié par Dacunha-Castelle et Duflo [11].

La méthode de jackknife

L’estimateur que nous avons choisi d’étudier dans le cadre de la régression non linéaire ré-
sulte de I’application de la méthode de jackknife & I’estimation par moindres carrés. Rappelons
quelques définitions (pour une présentation plus compléte de la méthode de jackknife, on pourra
se référer & Gray et Schucany [15] et Miller [25)).

Soit f, un parameétre inconnu et 6 un estimateur de 6o, construit sur n observations. La
méthode de jackknife consiste & éliminer successivement chacune des observations et a recalculer
estimateur de 6, sur les n— 1 observations restantes. Soit _; I’estimateur de 6, obtenu lorsque
la 7*™¢ observation est éliminée. L’estimateur jackknife de 6, est défini par

- s n—=1& -
6 =nf - — §0_.- (1.5)

La méthode de jackknife a été introduite comme technique de réduction du biais. Pour compren-
dre le fonctionnement de cette méthode, il est intéressant de considérer la situation élémentaire
suivante: supposons que pour une constante a, le biais de 8 soit de la forme

E()-6=a/n

Alors 6 est un estimateur non biaisé de 6,. Par exemple, considérons Yj, ..., Y, des variables in-
dépendantes et de mémeloi. L’estimateur empirique de varY; est 2 -7 (Y;=Y)2. L’estimateur
jackknife vaut —1= 5" (Y; — Y)2. On retrouve donc par cette méthode l'estimateur non biaisé
usuel de la variance. Plus généralement, si le biais de 6 posséde un développement asymptotique

du type
E@)-0=2+0(%)
T n?
alors, le biais de 8 est d’ordre ;’3 Cette propriété de réduction du biais rend 1’utilisation des
estimateurs jackknife attractive pour de petits échantillons. On trouvera dans Efron [13] de

nombreux exemples d’utilisation de la méthode de jackknife.

Nous nous intéressons a présent a l’utilisation de la méthode de jackknife en régression.
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Estimateur jackknife des moindres carrés

Revenons au modele de régression paramétrique

¥ = f(zi,00) + & (1.6)

ot les (z;) appartiennent & un compact X de IR%, 6, appartient & un sous ensemble @ de IR?,
et les résidus (¢;) sont centrés. Nous supposons dans cette introduction (bien que nos résultats
restent valables sous des hypothéses moins restrictives) que © est compact et que les résidus
(g:) sont indépendants et équi-distribués.

Appliquons la méthode de jackknife a I’estimation par moindres carrés. Rappelons que
I’estimateur des moindres carrés de 8, est un p-vecteur § de © qui minimise Y7, (v — f(z:,6))?
sur ©. On définit, pour tout ¢ € {1,...,n}, f_; comme estimateur des moindres carrés obtenu
lorsque la i*™ observation est éliminée, c’est & dire que _; est un p-vecteur de © minimisant
Yi#i(y;i — f(2;,6))? sur ©. Comme nous I’avons mentionné plus haut, 'estimateur jackknife
défini par (1.5) posséde des propriétés de réduction du biais de I’estimateur des moindres car-
rés, qui justifient son utilisation pour de petits échantillons. Les propriétés asymptotiques
de ’estimateur jackknife en régression (consistance, normalité asymptotique) ont en outre été
largement étudiées pour le modéle linéaire (voir Miller[26], Shao[36], Hinkley[20], Weber et
Welsh[40]) ainsi que pour certains modéles de régression linéaire généralisée (Shao[38]). Pour
ce qui concerne la régression non linéaire, la normalité asymptotique de I’estimateur jackknife a
été conjecturée par plusieurs auteurs (Duncan [12], Fox et al[14], Miller[26]) sans démonstration.

_C’est précisément I’objet du second chapitre de cette thése que de démontrer ce résultat. Nous
montrons que /nT'(6p)~!(d — 6) converge en distribution vers un vecteur gaussien standard,
pour une matrice positive I'(f,) adequate. Pour appliquer un tel résultat de convergence en loi,
il est nécessaire de construire un estimateur consistant de I'(f,). Introduisons pour ce faire les
pseudo-valeurs 6; suivant la définition de Tukey [39):

Vi e {1,...,n} é,' =né—(n—1)é-,-
1 se trouve que 6 est la moyenne empirique des pseudo-valeurs 6;, c’est & dire que = D 6;.

Il est donc naturel (et utile pour les applications que nous détaillons plus loin) de considérer
comme estimateur de I'(6y) la racine carrée de la matrice positive

52 =

1 % svirs &

6; —6)*(6; —6 1.7
S PRURDNCRD (1.7)
Nous établissons des conditions suffisantes de consistance de cet estimateur, et en déduisons que
V1§ 1(6 — 6,) converge en distribution vers une gaussienne standard quand n — oo. Ces ré-
sultats sont obtenus sous des conditions de moment et des hypotheses convenables de régularité.

Shao [37] a établi des conditions suffisantes de normalité asymptotique de ’estimateur des
moindres carrés en régression non linéaire. Notre travail consiste donc essentiellement a dé-
montrer 1’équivalence asymptotique de l’estimateur jackknife § et de l'estimateur des moin-
dres carrés 6, a la vitesse n~!/2, Ceci implique en particulier ’égalité des variances asympto-
tiques de v/n( — 8;) et \/n(d — 6,). Nous démontrons alors la consistance de notre estima-
teur de variance §* en établissant ’équivalence asymptotique de 5 et d’un autre estimateur
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#=(n-1)T",(8-; — 8) *(—; — 6) dont Shao établit la consistance dans [37]). Plus précisé-
ment, nous démontrons le fait suivant: s’il existe un entier m > 2 tel que IE|¢,|™ soit fini, si f
est réguliere au voisinage de 6, et si les estimateurs des moindres carrés obtenus dans le modele
complet et dans les modéles diminués convergent en probabilité et uniformément vers 6, (i.e.
max,s,-s,. “0_,' - 00” = Op(l) et ”9 - 00|| = O]p(l)), alors

o 116~ = op(n®/m")
o 1132 - 2] = op(nt/m-2)

(nous utilisons ici la méme notation || . || pour représenter la norme euclidienne dans IR? ou la
norme associée pour les matrices p X p & coefficients réels). Ainsi, si IE|¢,|® est fini,

Vas1 (0 - 6,) B N, (0,1,) quand 7 — c©

Pour en venir a la motivation principale de ce chapitre, précisons que ce résultat permet
de valider asymptotiquement des pratiques de construction de régions de confiance et de tests
couramment utilisées et qu’on peut situer comme suit. Elles se fondent sur I’heuristique de
Tukey [39] qui, définissant les pseudo-valeurs (6;), postule qu’elles se comportent comme des
variables indépendantes et de méme loi normale. En s’appuyant sur ce postulat, on peut des
lors réaliser une analyse de variance comme dans un modéle linéaire gaussien, & partir des
pseudo-valeurs. Citons & présent deux applications explicites de notre résultat de convergence
qui confortent le point de vue développé ci-dessus.

- Construction de régions de confiance pour 6.
Soit x2 une variable aléatoire de loi du chi deux & p degrés de liberté et C, 4 le quantile
défini par IP(x3 > Cpo) = 1 — a. Alors, sous des hypothéses de régularité convenables,
R = {0 €0, nt(f-6)52%6-06)< C'p,o,} est une région de confiance pour 6, de niveau
asymptotique . ’

- Test d’homogénéité de fonctions de régression.
Considérons k modeles de régression de la forme

v = {60+ 1<i<n  1<j<k

ol les résidus sont indépendants et de méme loi centrée, et pour tout j € {1,...,k}, 03") est
un parameétre inconnu. Notons (5? )) les pseudo-valeurs obtenues dans le j*™¢ modtle et
6G) 'estimateur jackknife de ng ). Soit 8, la moyenne empirique des estimateurs jackknife
(c’est & dire . = 1 Yo7, 6)) et 32 la matrice

n;

k
- 3T (69 - )y (@9 — g4
ji=1

n—k* =

oun = Z;=1 nj. Sous des hypotheéses de régularité convenables, le test défini par la région
de rejet

k
{Zni t(é(j) - éc)gc'?(é(i) - éc) > CP(’«'-I)-O}
i=1

oll Cpk-1),« est le quantile défini par P(x2,_;y > Cpr-1)a) = 1 — a est un test de

I’hypothese 0(()1) =..= egk) contre ’alternative 37, 7' : 0((,j) # ngl) de niveau asymptotique
1-oa.
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Afin d’illustrer la méthode de jackknife présentée ci-dessus, nous avons étudié des données
réelles et effectué quelques tests d’homogénéité. Ces données sont les résultats d’expériences
portant sur 1’évolution en milieu lacté d’un taux de bactéries. Nous disposons de quatre ensem-
bles de données, chacun étant constitué de mesures, a différentes dates, du taux de bactéries
d’un milieu lacté placé a une température donnée. Nous avons déterminé les estimations jack-
knife pour chacune des courbes de croissance au moyen d’un programme réalisé a ’aide du

logiciel S.A.S. Nous avons alors pu tester I'influence de la température sur ’évolution du taux
de bactéries. ‘

Considérons a présent un cadre non paramétrique.

Estimation en régression non paramétrique

Nous considérons & nouveau le modele de régression (1.2). On vise ici a estimer f en im-
posant des contraintes beaucoup moins restrictives que dans le paragraphe précédent. Typique-
ment, c’est une contrainte a priori sur la régularité ou la monotonie de f qui, dans I’approche
non paramétrique, se substitue & la donnée d’un ensemble {f( . ,8), 6 € O} dans ’approche
paramétrique.

De fagon & mieux situer la méthode d’estimation que nous avons choisi d’étudier ainsi que
les résultats de convergence que nous avons en vue de démontrer, nous présentons tout d’abord
quelques méthodes d’estimation non paramétrique classiques.

Les méthodes linéaires: noyau et projection

Les méthodes les plus élémentaires sont linéaires; ce sont les méthodes de noyau ou de pro-
jection. Dans les deux cas, on estime une approximation de f de moindre complexité, définie
soit comme la convolée de f avec une fonction réguliere (dite noyau) soit comme projection de
f sur un espace de fonctions de dimension finie.

La méthode du noyau fut tout d’abord introduite pour I’estimation non paramétrique d’une
densité (Rosenblatt [32]), puis adaptée par Priestley et Chao [29] & I’estimation d’une fonction
de régression. Elle consiste & estimer la convolée de f avec un noyau K, (. )= h;'K( . h;),
ol K est une fonction réguliére et {h,} e est une suite de réels positifs convergeant vers 0
quand n — oo. Priestley et Chao [29] ont étudié la consistance ponctuelle d’estimateurs a
noyau lorsque la fonction de régression et le noyau sont supposés Lipschitziens. Benedetti [2]
a généralisé ce résultat et établi la normalité asymptotique ponctuelle d’estimateurs a noyau.
Cheng et Lin [8] ont ensuite évalué la vitesse de convergence uniforme de ces estimateurs.

Nous énoncons ici un résultat, di & Csérgd et Horvéath [10], de convergence pour I’estimateur
a noyau d’une densité. Bien que ce résultat ait été démontré dans un cadre différent du notre
(I’estimation d’une densité, et non pas ’estimation d’une fonction de régession), il permettra
de mieux situer notre propre résultat. Il s’agit en effet d’un théoréme de limite centrale pour la
distance IL, entre une densité et son estimateur & noyau f,. Nous nous contentons de I’énoncer
pour p = 1, lorsque le support de la densité i estimer est compact. Soit f une densité a support
compact. Si f est deux fois dérivable, le noyau K est suffisamment régulier et si h, = n~% avec



13

% <a< %, alors il existe des constantes m et 0? dépendant de K telles que

w1 {Vaka [10a(0) - S0ldt = m [ £2@dt} 2 A(0,0%)  quandn—oo  (18)

De méme que les estimateurs & noyau, les estimateurs par projection ont initialement été
introduits afin de résoudre des problémes d’estimation non paramétrique d’une densité par rap-
port & une mesure donnée u (Cencov [7]) avant d’étre adaptés au probleme de I’estimation
d’une fonction de régression. La méthode de projection consiste a estimer la projection de
f sur un sous-espace vectoriel de IL,(1) donné de dimension N,, ol la suite {N,}nen Véri-
fie lim,_o N, = oo. Plus précisément, soit {¢;}1<j<n, une famille orthonormée connue de
fonctions (les fonctions ¢; dépendant éventuellement de n) telles qu'il existe des coefficients f3;
(1 £j < N,) pour lesquels f soit convenablement approchée par la fonction Ef;l B ¢;. Alors,
Pestimateur par projection de f est obtenu par

N" -
fa =3 Bid; (1.9)
i=1

ol pour tout j € {1,...,N,}, B; représente (en régression) ’estimateur de §; ajusté par moindres
carrés dans le modele de régression linéaire

Na
=) Bi¢i(z)+e 1<i<n
i=1

Ainsi, en projetant f sur ’espace de fonctions engendré par la famille {#;}1<j<n,, On rameéne
le probleme d’estimation de f au probléme d’estimation d’un nombre fini de parametres. Par
exemple, si f admet une représentation en série

[s <]
f= Zﬂj¢j
i=1
ol {¢;}jen est une base connue de fonctions et {f;};ew sont des coefficients inconnus, on con-

sidére la projection de f sur I’espace engendré par les N,, premiers termes de la base {¢;};en
pour obtenir ’estimateur (1.9).

Un cas particulier de I’estimation par projection est I’estimation par histogramme. Sup-
posons f définie sur [0,1]. Soit I, ..., Iy, des intervalles formant une partition de [0, 1], et pour
tout j € {1, ..., N,.}, soit ¢; = ﬁ][;l., ol |I;| désigne la longueur de 'intervalle I;. On consid-

J

ere alors la projection de f sur le sous-espace de L?[0,1] engendré par la famille orthonormée
{$ihgicn.-

C’est encore un résultat obtenu dans le cadre de I’estimation d’une densité que nous avons
choisi d’énoncer afin d’introduire notre propre résultat, la littérature dans ce cadre étant bien
plus fournie que celle relative a I'estimation d’une fonction de régression. Ce résultat, di
a Kogure [23], fournit I’ordre de grandeur du risque minimum pour un estimateur par his-
togramme. Si f est une densité a support compact,

lim sup [i}lnfnl/"’IE / 1fa(t) - f(t)|dt} —c / LF()F ()3t (1.10)
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ot l'infimum est pris sur I’ensemble des estimateurs par histogramme et ¢ est une constante
absolue. Ainsi, le risque IL; du meilleur histogramme est d’ordre n=!/3. Cependant, ce résultat
ne permet pas de construire le meilleur histogramme, c’est & dire de déterminer la partition
optimale du support de f. En effet, la partition optimale dépend étroitement de la fonction
inconnue f. En ’absence d’informations a priori sur f, on choisira une partition réguliere,
vraisemblablement non optimale.

Les estimateurs isotoniques (en estimation de fonction de régression) et de Grenander (en
estimation de densité) sont des estimateurs par histogramme construits automatiquement a
partir des observations, c’est a dire sans connaissance a priori (autre que la monotonie) sur la
fonction a estimer. C’est la répartition méme des observations qui guide le choix d’une bonne
partition.

FEstimation isotonique

Grenander [16] a introduit un estimateur non paramétrique pour une densité monotone ou
unimodale, a présent connu sous le nom d’estimateur de Grenander, pour lequel aucun choix ar-
bitraire de parametre n’est nécessaire. Cet estimateur est comparable aux meilleurs estimateurs
par histogrammes. En effet, Birgé [4] a démontré que le risque IL, de I’estimateur de Grenander
(c’est & dire l'espérance de la distance IL; entre l'estimateur de Grenander et la fonction de
densité a estimer) est majoré, & une constante multitplicative prés, par 'infimum des risques
IL, des estimateurs par histogrammes. Cela signifie que 1’estimateur de Grenander est un esti-
mateur par histogramme qui s’adapte automatiquement a la forme de la densité & estimer pour
choisir la subdivision optimale de [0,1]. Les propriétés non asymptotiques de ’estimateur de
Grenander ont été étudiées par Birgé [4], tandis que ses propriétés asymptotiques ponctuelles
ont été étudiées par Prakasa Rao [30]. Une présentation compléte de ’estimation isotonique
(c’est & dire sous contrainte d’ordre) peut étre trouvée dans Barlow et al [1].

Groeneboom s’est interessé au comportement asymptotique global de ’estimateur de Grenan-
der, et plus particulierement a la normalité asymptotique de la distance IL; entre la densité a
estimer et son estimateur de Grenander. Dans [17], il annonce le résultat suivant. Soit f une
densité décroissante de support [0,1] et f, I’estimateur de Grenander de f. Si f est suffisament
réguliere, alors

n!/® {nll"’/1 |f,,(t)—f(t)|dt—D,}LN(O,UZ) quand n — oo (1.11)

avec D; = C [, |f/(t)f(2)|'/3dt. C et o2 sont des constantes absolues: C = 0.33 et 02 = 0.17.
Groeneboom propose dans [17] une ligne de preuve pour ce résultat. Une démonstration com-
pléte en a été établie trés récemment par Groeneboom, Hooghiemstra et Lopuhai [19].

L’attrait de I’estimateur de Grenander, comparé a4 un estimateur a noyau, réside dans ses
propriétés d’adaptivité. En particulier, un inconvénient du théoréme de normalité asympto-
tique (1.8) de Csorgd et Horvath est qu’il concerne un estimateur & noyau dont la fenétre est &
choisir par le statisticien, alors que la description de ’estimateur de Grenander ne dépend que
des données. Un prix a payer est I’hypothése de monotonie, qui est fondamentale pour un bon

fonctionnement de l’estimateur de Grenander. Une autre difficulté, technique celle la, liée a
I’estimateur de Grenander est qu’il est non linéaire, ce qui rend la démonstration d’un résultat
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comme (1.11) plus délicate que celle de (1.8).

Brunk [5] a défini un estimateur pour une fonction de régression monotone analogue a
I’estimateur de Grenander pour une fonction de densité. C’est cet estimateur, généralement
appelé estimateur isotonique, que nous avons choisi d’étudier dans le cadre de la régression non
paramétrique monotone. L’estimateur isotonique f, de f est défini comme I’estimateur non
paramétrique des moindres carrés sous la contrainte d’ordre f,(z;) > ... > fu(z,). fa se trouve
étre la pente du plus petit majorant concave de la fonction de répartition empirique F, définie
par

1 n
Vte[0,1] F.(t)= - > uilsc
=1

Brunk [6] a démontré la convergence ponctuelle de ’estimateur isotonique et déterminé la
distribution limite de n'/3(f,(t) — f(t)) en un point t fixé tel que f'(t) # 0. Wright [41] a
généralisé ce résultat au cas de fonctions de régression moins régulieres. Dans son théoreme
1, il suppose que f satisfait |f(t) — f(z)| = Alz — t|*(1 + o(1)) quand z — t, ol a et A sont
des constantes positives, et montre que dans ce cas, la vitesse de convergence est n=%/2¢+!, La
démonstration de Brunk est inspirée de la démonstration d’un résultat analogue de convergence
ponctuelle pour I’estimateur de Grenander d’une densité monotone (Prakasa Rao [30]).

Nous étudions dans cette theése le comportement asymptotique de ’estimateur isotonique
en régression, dans le cas ol la fonction de régression f est définie sur [0, 1], les résidus (¢;) sont
indépendants et de méme loi centrée et les variables explicatives (z;) sont uniformément réparties
sur [0,1]: Vi € {1,...,n}, z; = i/n. Nous montrons que, sous des hypotheéses convenables, la
distance IL; entre I’estimateur isotonique et f converge & vitesse n=!/3 vers une fonctionnelle
de f. De plus, cette distance, convenablement recentrée, converge a vitesse n~'/? vers une
loi gaussienne centrée dont la variance est libre de f. Plus précisément, si f est suffisament
réguliere et si £; admet un moment d’ordre au moins 12, alors

nl/‘s{nl/"/1 |fa(t) = f(2)|dt - C;} 2 N(0,02) quand n — o0 (1.12)
0

avec C; = C [} |f'(t)|/3dt. C et o2 sont des constantes absolues: C = 0.33 et 02 =~ 0.17. Nous
obtenons donc pour ’estimateur isotonique en régression un résultat de normalité asympto-
tique analogue a celui démontré par Groeneboom et al [19] pour I’estimateur de Grenander. La
preuve de Groeneboom et al (qui a été établie indépendemment de la notre) repose essentielle-
ment sur des travaux antérieurs de Groeneboom [18] portant sur les mouvements Browniens
avec dérive quadratique, tandis que notre propre preuve s’inspire davantage des heuristiques de
Groeneboom [17].

Notre démarche consiste a approcher le modéle de régression initial par un modele de bruit
blanc grace a une approximation forte (nous employons un raffinement, di a Sakhanenko [34],
de la construction de Komlés, Major et Tusnddy). Ceci revient a approcher Fy,(t) par ﬁW’(t)+
F(t), ou F est la primitive de f nulle en zéro et W est un mouvement Brownien standard. 1l
s’agit alors de démontrer (1.12) avec fa en lieu et place de f,, ou fa est Pestimateur isotonique
défini comme étant la pente du plus petit majorant concave de 7‘:W + F. Les propriétés de
changement d’échelle ou d’origine sur le mouvement Brownien seront abondamment exploitées,
ce qui motive I'introduction d’une approximation bruit blanc. Nous montrons en particulier
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que f, et f,, sont équivalents vis & vis du type de convergence que nous visons, c’est a dire que
E [ 1fa(t) - fa(®)ldt = o(n™'1%) (1.13)

La preuve du résultat de convergence (1.12) en modele de bruit blanc est assez longue.
Nous en donnons ici les principaux arguments. Notons tout d’abord que la fonction inverse
(généralisée) U, de I’estimateur isotonique f. admet une expression plus explicite que f,. En
effet, U, peut encore s’écrire

Vae R  U,(a) = argmax{W(u) + v/n(F(u) — au)}
u€(o0,1]
En outre, si g désigne la fonction inverse de f définie sur IR,

[ Va0 = s0ldt = [ [Ua(a) - g(alde (1.14)

1 nous suffit donc d’établir un théoréme de limite centrale pour la distance IL; entre U, et g,
et de calculer le biais asymptotique de cette distance. Dans la suite, f est supposée continue et
[m, M] désigne I'image de [0, 1] par f.

Nous établissons I'inégalité exponentielle suivante: il existe une constante positive Cyp ne
dépendant que de f telle que

Yae R Vz >0, IP(n'?|U,(a)-g(a)l > z) < 2exp(—Coz®)

Cette inégalité constitue un outil essentiel utilisé & plusieurs endroits de la preuve. Elle contribue
en particulier a justifier le fait que

M
E | 1Ua(0) - g(@)lda = | [Us(a) - g(a)lda+ o(n™?)

Aussi nous suffit-il d’étudier le comportement asymptotique de me |Un(a) — g(a)|da. Nous dé-
montrons tout d’abord un théoréme de limite centrale pour [* |U,(a) - g(a)|da en introduisant
un processus B;, a trajectoires dans C([m, M]), dont nous prouvons la convergence fonctionnelle
vers un processus gaussien 3 la vitesse n=1/2, Soit en effet

velm M B)= [ Uaa)- g(@lda~E [ [Ua) - g(a)lde

La normalité asymptotique de /2B (M) découle a fortiori de la convergence fonctionnelle
et établit le résultat cherché. La convergence fonctionnelle est établie en s’appuyant sur un
théoreme de Billingsley [3]. Il s’agit de garantir la convergence en variance, 'indépendance
asymptotique des accroissements et la tension. Une conséquence immédiate de I'inégalité expo-
nentielle ci-dessus est que pour tout s et ¢t dans [m, M], pour tout entier p,

- * : -1/3

E||B}(t) = By (s)ll, = |t = s|O(n™/?)
Les points délicats ici sont évidemment de ”gagner” la vitesse n=!/2 depuis cette vitesse n='/3,
et de calculer explicitement la variance asymptotique d’un accroissement de \/nB;,. Nous util-
isons pour cela la faible dépendance des acrroissements de \/nB],. Nous montrons en effet
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que les "petits” accroissements de \/nB;, peuvent étre approchés par des variables indépen-
dantes convenablement construites, auxquelles il est possible d’appliquer I'inégalité de Rosen-
thal. Nous obtenons ainsi un contréle des moments de tout ordre des accroissements de \/nB;,.
L’intégrabilité uniforme se prouve alors par des arguments standards. La tension de la suite de
processus {\/nB]}.en est quant & elle obtenue par un argument de chainage grace aux inégal-
ités de moment.

Une des difficultés qu’il faut surmonter aussi bien lors de 1’évaluation asymptotique de
n'/PE fn):' |Un(a) — g(a)|da que pour justifer ’approximation bruit blanc, est qu’il convient
d’établir que si un processus est uniformément proche d’'un mouvement Brownien avec dérive
dominée par une parabole, alors les lieux ou les maximums sont atteints sont proches. Ceci est
garanti par une étude de la vitesse avec laquelle le mouvement Brownien avec dérive minorée
par une parabole "fuit” aprés avoir atteint son maximum. )

Nous prouvons également un résultat plus faible que (1.12), mais valable dés que les termes
résiduels ¢; admettent un moment d’ordre 2. Si pour tout ¢ € {1,...,n}, z; = i/n et si la
fonction de régression f est suffisament réguliere, alors

1
E [ 1,0 - f®)ldt = 07,
0
Plan de cette thése

Le second chapitre est consacré a I’étude du comportement asymptotique de I’estimateur
Jjackknife en régression paramétrique, et plus précisément a la démonstration de la convergence
en loi de cet estimateur convenablement normalisé vers une gaussienne standard. En outre, nous
présentons plus en détails dans ce chapitre les applications de ces résultats & la construction de
régions de confiance et de tests d’hypothése.

Dans le chapitre 3, nous illustrons par une étude de données réelles la méthode d’estimation
et de tests d’hypothése présentée au second chapitre. Nous montrons ainsi sur un exemple
comment déterminer pratiquement les estimations jackknife, et proposons un programme de
calcul réalisé au moyen du logiciel S.A.S.

Enfin, le chapitre 4 est dévolu & I’étude du comportement asymptotique de ’estimateur
isotonique en régression non paramétrique.

Deux annexes viennent ensuite compléter cette thése. Nous y démontrons l'invariance de
la distance IL; entre deux fonctions monotones par passage a 'inverse de ces fonctions (soit
I’égalite (1.14)) et un raffinement du théoréme de convergence fonctionnelle de Billingsley men-
tionné plus haut.

Les chapitres 2 et 4 correspondent chacun a un article.
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Méthode de jackknife en régression
non linéaire
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Chapitre 2

Asymptotic normality of the
jackknife least-squares estimator in
non linear regression

The purpose of this paper is to establish the asymptotic normality of the jackknife least-squares
estimator for the regression parameter in non linear regression. The main motivation is to
provide asymptotic justifications for empirical methods consisting in using the so called jackknife
pseudo-values in the usual analysis of variance inference. These methods were originally founded
on heuristics suggested by Tukey about the weak asymptotic dependency of these pseudo-values.
Our results allow us to valid the analysis of variance on the pseudo-values asymptotically.

2.1 Introduction

Jackknife techniques have been introduced as a method for bias reduction (see Efron [13] for
examples and Miller [25] for a review). So, jackknife estimation is widely used for estimating
an unknown parameter or the variance matrix of some asymptotically efficient estimator, in the
hope to get a good small sample performance. Asymptotic normality of the jackknife estimator
for a parameter and consistency of the jackknife estimator for the variance matrix have been
studied in the past in several contexts. The problem of jackknifing linear regression models has
been extensively studied (see for example Miller [26], Shao [36], Hinkley [20], Weber and Welsh
[40]). Shao [38] examined the case of generalized linear models. Only a few authors considered
the context of non linear regression. Duncan [12] and Fox et al [14] stated empirical results for
the jackknife in non linear regression, while Shao [37] established consistency of a jackknifed
estimator for the least squares estimator’s variance matrix.

The aim of this paper is to prove asymptotic efficiency results for jackknifed estimators
in nonlinear regression. Our main motivation is to provide asymptotic justifications for the
empirical methods of analysis of variance, based on the jackknife pseudo-values introduced by
Tukey (39]. Throughout this paper the following nonlinear regression model is considered

Yi = f(:z,-,@o) +8,' 1= 1,...,n (21)

where the z;’s are deterministic vectors, y; is the observation at point z; and 6, is an unknown
parameter. The regression function f is defined over a subset I’ x © of R? x IR” where X is

21



22 CHAPITRE 2. ASYMPTOTIC NORMALITY OF THE JACKKNIFE ESTIMATOR

compact. The ¢;’s are unobservable independent random variables with zero mean and finite
unknown standard deviation. The errors are allowed to be heteroscedastic, more precisely we
assume that €;/o; are i.i.d. for some unknown constants o;.

The jackknife estimators are constructed as linear combinations of least-squares estimators.
The least-squares estimator of §, based on the n data points (z;,¥;) is a p-vector § of ® which
minimizes £,(0) = Yi,(vi — f(2:,0))? over ©. The jackknife method consists in sequentially
deleting data points (z;,¥;), and recomputing the least-squares estimator. Let 6_; be the least-
squares estimator when the ith data point is deleted, which means that f_; is a p-vector of @
which minimizes £_;(6) = ¥, ;(y; — f(z;,6))* over ©. Then the pseudo-values as defined by

Tukey [39] are the p-vectors ; = nf — (n — 1)d_;. Their empirical mean

- o n—1< -
=3 —_— -t .2
6 =nb - ;0 (2.2)

is the jackknife estimator of §,. We shall show in this paper that (under some appropriate
assumptions) v/nT~1(6,)( — 6) converges to a standard multivariate gaussian distribution for
some adequate positive matrix I'(f,). Moreover, we shall see that this convergence holds true
if one substitute to I'(fp) some jackknife estimator 3. The estimator that we propose is defined
as the square root of the nonnegative matrix

5=

| RN

— ;(Gi - 8)(6; - 9) (2:3)
This generalizes on asymptotic results for the jackknife estimators for multiple linear models
which have been proved by Miller [26] and Weber and Welsh [40]. Moreover, it provides a proof

to Miller’s claim "although the proofs have not been worked out, the jackknife should extend
to the case of nonlinear least-squares”.

Let us describe now some applications of such asymptotic results to the construction of
confidence regions and tests of comparison.

Tukey [39] suggested that in most cases, the pseudo-values 6, ...,8, can be treated as n
approximatively independent identically distributed variables for constructing a confidence in-
terval for instance. Miller [25] shows that, in the context of linear regression models, this "rule
of thumb” can be rigourously justified. In the same spirit, we have in view to describe various
questions in the context of non linear regression, where our results provide asymptotic justifi-
cations to methods of confidence region constructing or hypothesis testing which are currently
used because of their simplicity and which are based on Tukey’s heuristics. For confidence re-
gions, one can more precisely derive from the weak convergence of 1/n5~1(f — 6,) to a standard
normal, that n *(§ — 6,)3~2(8 — 6,) converges in distribution towards a random variable X2 dis-
tributed as a chi-square with p degrees of freedom. Let C, , be some quantile of the chi-square
distribution with p degrees of freedom, that is IP(x2 > Cp o) = 1 — . Then,

R={6€0, n*(f-0)5(F-6)<Cpa}

is a confidence region for 6, with asymptotic level equal to . If the parameter of interest is
Bo = h(6o), where h is a smooth enough function defined from © to R? (¢ < p), our convergence
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results prove that under suitable regularity conditions, we can construct confidence regions in
the same way. A confidence region with asymptotic level a for f; is

R = {8 € Im(h),n*(B - B)5;%(B - B) < Cp.a}

where § = nh(f) - 2=l Sy h(6_;) and 52 is the empirical variance of the pseudo-values f; =
nh(8) — (n = 1)Rh(6_,).

Another interesting problem where our results can turn to be useful is the question of
comparing different regression parameters. Let us consider for instance the problem of testing
homogeneity between different regression functions. This preblem occurs when one wants for
example to study a phenomenon in several contexts and one wishes to test the influence of
the context. Suppose that in each context, the phenomenon can be modelized by a nonlinear
regression involving the same parametric regression function f defined from A" x © to IR.
Consider the experiment in the jth context (j € {1,...,k}, where k is the number of contexts
considered).

(J) f(z(J) 9(]))+£(J) i=1,..,n;

where 09 ) denotes the true unknown parameter in the jth model. Then, comparison of the
k regression models reduces to comparison of the k parameters 9((,j ). This comparison can
be made using a (multidimensional if p > 1) analysis of variance on pseudo-values, whenever
assumptions of theorem 2.1 hold true for each model and whenever the experiments have been
made independently of each other. Let 0(" ) be the ith pseudo-value obained in the jth model
and 6 the jackknife estimator of 6. Let 6, denotes the empirical mean of the jackknife
estimators in the k£ models .

Eéw (2.4)

?rl»—-

and §? denotes the matrix

k n

= - 600 (@ - 5 (2:5)

=11i=1

where n = E;‘:, n;. Consider the following U, statistic of analysis of variance

k

Uy =D m; H(6D - 8.)572(89) - 8,).

Uy, /(n — k) is the Hotelling-Lawley statistic of the following model of analysis of variance over
the pseudo-values

tégl) \\ 17§1)
zég}) 1., 0 ,9(()1) 7(1)
:(;:gk) ) 0 A 1n, ,;l()k) ¥ 171(k)
Ty e
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where the 77) are random p-vectors. The Hotelling-Lawley test is asymptotically valid iif i,
is asymptotically distributed under the true model as a chi square with p(k — 1) degrees of
freedom. Provided that the (¢¥));; are i.i.d. this in fact is a consequence of our asymptotic
normality results (namely theorem 2.1 below). So, the following region 7 is an available reject
region for the test of homogeneity of the k parameters, with asymptotic level equal to «

T= {U,, > Cp(k—l).a}

where C'(k-1),o is the quantile defined by IP(X;‘:(,:_I) > Cpk-1),0) = 1 — cu.

Note that all statistics involved in this paper (for example 6, 8, §?) depend on n, but for
notational simplicity, this subscript will be omitted throughout the paper.

2.2 Main results

In this section, we state some asymptotic results for the jackknife estimator of the unknown pa-
rameter 6, and the variance matrix. We shall prove that under suitable smoothness conditions
on f and moments conditions on the errors ¢;, the jackknife estimator 6 of 6, normalized by
\/n is asymptotically normally distributed and the sample variance 32 of the associated pseudo-
values provides a consistent estimator for the asymptotic variance of \/n(f — 6,). Shao [37] gave
sufficient conditions for the least-squares estimator 6 to be asymptotically efficient. Qur main
task will be to show that § is asymptotically equivalent to § at the rate n=1/2, This will in
particular implies that \/7(8 — 6,) and /n(6 — 6,) have the same asymptotic variance matrix.
This will allow us to derive the consistency of our estimator 52 of the variance matrix from the
consistency of the estimator §2 proposed by Shao in his analysis of the asymptotic behaviour of §.

We shall assume some regularity conditions for the regression function f and the errors ¢;,
and some topological properties for @ and X, in such a way that the least-squares estimator is
asymptotically gaussian and the jackknife estimator of variance proposed by Shao is consistant.
Shao [37] proved that under the following assumptions S,, the least-squares estimator of 6 is
asymptotically gaussian, and under assumptions S, and S., his jackknife estimator of variance
is consistent.

Sn @ For each 7 € {1,...,n}, let f; denote the function defined over ® which takes 6 into
f(ZE,', 0)

1. For all 7, there is some centered random variable é; with unit variance and some scalar
o; such that ¢; = 0;6; and the §;’s are i.i.d. Furthermore, there exist some positive
reals oy and o such that

0 < g € min 0; < max
1<i<n 1<i<n

0; < 0o < 00
2. f is continuous over A’ X O.
3. O is a subset of IR” such that 6, € ©, and © satisfies either a) or b) or c)

a) O is unbounded and as ||8]| — oo, |f(z,8)] = oo uniformly for z.
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b) O is unbounded and there exists a constant a such that |f(z,8)| — a as ||8]| — oo
uniformly for z and

PR
hﬁ‘l{}.}f; ;{f;(&) -a}?>0

c) O is compact.
4. X is a compact subset of IR? non reduced to a single point.
5. For any positive constants ¢ and 4,

n

liminf inf =S (fi(8) = £:(60))* > 0

neo feAlbe n i
where A(6,c)={0€0: 6§ <||6 - 6| <c}.

8. : There exists some open neighborhood V(6,) of 6, over which f is twice differentiable with
respect to 6 and %-g and g—:‘é are continuous over X' X V(6,). Furthermore, there exists a
non singular p X p-matrix £(6,) depending on 6, such that

lim =5 (66) *£1(60) = £(60)

n—oo N

We turn now to the statement of our main result. In theorem 2.1, it is stated that under
smoothness conditions, the jackknife studentized statistic is asymptotically gaussian with zero
mean and unit variance, which is a sufficient condition for building confidence regions and tests
as described in the introduction.

Theorem 2.1 Suppose we are given model (2.1), where assumptions S, and S. hold true.
Suppose that there erists some compact neihborhood V(6y) of 6, such that f is three times
differentiable with respect to 6 over V(6,) and -g—%é is bounded over X x V(8,). If IE|§,|° is finite
then

Vs (0 = 60) B N,(0,1) as n —
where 8 and 3 are the jackknife estimators defined in (2.2) and (2.8).

Theorem 2.1 is a direct consequence of the following theorem 2.2. In this theorem, it is
shown that, under suitable smoothness conditions on f and moments conditions on the errors ¢;,
the jackknife estimator of the regression parameter is asymptotically gaussian, with asymptotic
variance depending on the unknown parameter f,, and the variance-covariance matrix 52 defined
in (2.3) is a consistent estimator for the asymptotic variance of /n(8 — )

Note that under assumption S, since there exist oy and 0, such that 0 < 0y < 0; < 05 < ©
for all ¢, the following limit (depending on ;) exists and is non singular. Let S(6,) denotes this
limit. Lo

S(60) = lim — o7 f1(60) *fi(60).
Theorem 2.2 Suppose we are given model (2.1), where assumptions S, and S, hold true.

1. IfIE|6,|° is finite then

V(8 - 85) 3 N, (0, 5(8:)(Z(6p))"2) as n — oo
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2. IfIE|6,]? is finite and if there ezists some open neihborhood V(8,) of 8y such that f is three
times differentiable with respect to § over V(6,) and g—:% is bounded over X’ X V(6,) then

2% 5(8,)8(80)"2  asn— oo

The main tool in proving theorem 2.2 is the following proposition, where it is shown that,
on the one hand the jackknife estimator and the least-squares estimator are asymptotically
equivalent at rate n~'/2 and on the other hand 5% is asymptotically equivalent to the following
estimator §2 proposed by Shao.

8 =(n- 1)?(9_‘ -6)'(6-; - 0)

We can rewrite the jackknife estimator as

n

G=0-2"156_,-b)

n

It is clear from this identity that the asymptotic equivalence between § and § will result from
an appropriat control of I, (6-; — 0).

Throughout the sequel, we shall use the same notation || . || for denoting either the Euclidean
norm in IR defined by ||6||> = '06, or the associated norms for linear or bilinear operators
from IR? or R? x IR? to IR”.

Proposition 2.1 Suppose we are given model (2.1), where assumptions S, and S. hold true.

1. If lEIcS;I’".. is finite for some m > 2 then

foax 116 = 81| = op(n"/™) (2.6)

2. If IE|6,|™ is finite for some m > 2 and if there exists some open neighborhood V(6,) of

0o over which f is three times differentiable with respect to 6 and -g—:é 1s bounded over
A X V(oo) then

1Y (6= = 6)|] = op(n®/™") (2.7)
i=1
Moreover, under this assumptions,
(@) 16 - 6l| = op(n="")
(6) 18 = &|| = op(n="7)

Thus, § and § are asymptotically equivalent at rate n=!/2 whenever the ¢;’s admit moments of or-
der 6, since §? and 32 are asymptotically equivalent whenever the ¢;’s admit moments of order 3.

Suppose now that the parameter of interest is o = h(6,) where h is a smooth function
of the model parameter defined over a re.gion R of ® which coqtains 6,. Let B be the naive
least-squares estimator for 6, defined by 8 = h(6), and B_; = h(6_;). Then, the pseudo-values



2.3. PROOFS 27

B_; (1 <1 < n) are defined by B; = nf — (n - l)ﬁ_; and the jackknife estimator B of By
constructed on the naive least-squares estimators is

f=nf-T254

i=1

The jackknife estimator for the asymptotic variance of 3 is defined by

2=t i(ﬁ.- _ )i - B)

n—14

We state in theorem 2.3 that the jackknife estimator B is asymptotically equivalent to the
least-squares estimator B. So, B has an asymptotic gaussian distribution provided k is smooth
enough. Moreover, §2 is a consistent estimator of the asymptotic variance of \/T_z(ﬁ = o),
asymptotically equivalent to the estimator of variance proposed by Shao which is defined by

2=(n- 1)2)(&-,- - B) *(B-: - B)

Theorem 2.3 Suppose we are given model (2.1) where assumptions S, and S. hold true. Let
h be a twice differentiable function defined from R to R? (q < p), where R is an open subset of
O such that 8, € R. Suppose that h"” is bounded over an open neighborhood of 6,.

L. IfE|&|™ is finite for some m > 2, then ||f — B|| = op(n="")
2. IfE|6,|™ is finite for some m > 2, then ||§2 — §Z|| = O]p(n%-z)
3. IfIE|6,|® is finite, then

V5 (B - Bo) B Ny(0,1,) as n — oo

Corollary 2.3 is the analoguous of theorems 1 and 2 in Miller [26]. In Miller’s theorem 1,
asymptotic normality of a function for the regression parameter in linear models is stated.
The same smoothness assumptions for h are required in the two cases. Asumptions related to
error terms are quite differents. In the linear case, Miller assumed that the ¢;’s are i.i.d. with
finite fourth moment, since in nonlinear models we assume that the ¢;’s are i.i.d. except for an
unknown scalar constant, with uniformly bounded 6th moment.

2.3 Proofs

Proposition 2.1 is proved in section 2.3.1. Theorems 2.2 and 2.3 are derived in 2.3.2. Througout
the proofs, we shall use the following notation: for each ¢ and £ in IR”,
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2.3.1 Order of max<i<n ||(§..,- — éH and 215,5,1(5_; - 0)

This section is devoted to the proof of the proposition 2.1. Throughout the proof, we shall use
the following notations

1. Z.(0) = S0 (% — £i(6))?
2. for each i € {1,...,n},X_;(0) = Yizily - fi(6))%.

Shao [37) proved in his theorem 1 and lemma 3 that under assumptions S,, 6 converges al-
most surely to 6y as n — oo and max;<i<n ||6o — é_;ll converges almost surely to zero as n — oco.
Let r be a positive real number such that the closed ball B,(6,) with center 6, and radius r is
included in V(6,). Fix € > 0 and let no be a positive integer such that max;<i<n |16 — 6] < 7
and ||§ — 6]| < r with probability greater than 1 — ¢ whenever n > no. Throughout the proof,
we shall assume that n > n,.

Let us prove (2.6). Since (with probability greater than 1 —e) for all ¢, ¥_; is twice differen-
tiable over (0 _,), we can expand ¥_; in Taylor formula at the second order. With probability
greater than 1 — ¢, for each i € {1,...,n} there exists some §; € (8,6_;) such that

. . - a s 1.~ . A .
B-i(0) = Toi(8-) + "TLi(8-)(0 - 0-5) + 5 (8 - 6-)ZLi(B:)(6 - 6-:)
where by definition 6_; minimizes $_;. Thus 2’_,-(5-,-) = 0 and

Ei(8) - BlB) = 5 (B - B.)B1(BN0 - )

For each i € {1,...,n}, let ¢; denotes the function from © to IR defined by #:(0) = (v — £:(0))%
Then, X_; = X,, — ¢; and we get, since § minimizes X,

Toi(0) = Zi(6-) = Ta(8) - 6i(8) — Ta(6-:) + 6:(6-2)
< #i(8-:) - ¢i(6)

So, there exists some ; € (6_;, ) such that

1 ) ) " ) ) / ) )
5 YO —6_)Z2,(B:)(0 - 6-5) < |lgi(va)ll 116-: — 6| (2.8)
where by the following lemma (which proof is postponed to the end of this subsection),

max I52,(8)/n - 2560 220 asn— oo
Lemma 2.1 Suppose we are given model (2.1) where assumptions S, and S, hold true. Let

T be a positive real number and such that the closed ball B,(6,) with center 8, and radius r is
included in V(60,). Then

1. For each familly {6in}inen of random variables in B,(6,) such that max;<i<n||0in — 6ol|
converges in probability to zero as n — oo,

max ||-2",.(o.-") —2%(6)|| =0 asnm— o (2.9)

1<i<n
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2. For each sequence {0, }nen of random variables in B,(6,) which converges in probability
to 0y as n — oo,

%Eﬁ,’(ﬂn) 2, 25(6,) asn — o (2.10)

Let R be a positive real number such that R < 2r and Cr denote the centered sphere in R?
with radius R: Cg = {6 € R?, ||6|| = R}. Then, infeec, '05(6,)8/R? is achieved and positive.
Let A be this infimum. We get

'0(60)6 1

— . : t 6.)6
A aeB:lfl(lg)\{o} |16]]? T R m 6%(%)

where B,,(0) denotes the closed ball in IR” with center 0 and radius 2r. We suppose n large
enough so that max;<i<n [|Z7;(8:)/n — 2E(6o)|| < X with probability greater than 1 —¢. Then,
with probability greater than 1 — 2¢, for each non zero 6 € B,.(0)

nA 195(6,)0 A, 1 '%".(B:)8

—2—' <n(—“-§-]-|-2——-—§)< 5 119“2 Vi € {1,...,n}

and therefore for each non zero 6 € B,,(6,),

‘05_:(8:)6

2L
el < —3

So, (2.8) yields with probability greater than 1 — 2¢,

- 2, s 2 :
16 = 0-l* < =Nl 16— 611 Vi€ {1,...,n}

and therefore

2 '
max 18 - 611 < — max 14

For each 6 € V(6,) and each i, ¢}(0) = —2(e; + fi(6o) — f:(0))f{(0). Since f and 0f/08 are
continuous over A" X B,(6,), there exist some positive constants Cy and C,; such that

sup max lg:(O)ll < Co max lei| + C,
6€B.(6 )1(

Hence,
. 2
max 18- 8-l < = (Comax lei + C: ) (211)

with probability greater than 1 — 2¢. We have to control max;<i<n |€;]. This will be done by
noticing that our assumptions ensure that the variables |¢;|™ are uniformly integrable, which
allows to use the following elementary fact

Lemma 2.2 Let {¢;}iew be a sequence of random variables such that {e™};en are uniformly
integrable for some positive m. Then

— 1/m
max e;| = op(n''™)
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Proof of lemma 2.2:

Let 6 be some positive real number. Forall t € R,

P(max |e;] > 6n'/™) < n max P(|e;] > 6n'/™)
1<i<n 1<i<n

1
6m

IN

max I (le]™ Liesym>nam)

where the right hand term converges to zero as n — oo since the variables {¢[*};cn are uni-
formly integrable. ¢

We turn back to the proof of proposition 2.1. (2.11) yields (2.6) via lemma 2.2 since € is
arbitrarily small.

Let us prove now (2.7). Recall that we suppose that n > ng, which implies max;<i<n ||9_, -
8o]| < 7 and ||6 — 8,|| < r with probability greater than 1 —¢, r being some positive real number

such that B,(6,) C V(6,). With probability greater than 1 — ¢, we can expand X/ by Taylor’s
formula

Zn(6-) = Zh(8)+Z(0)(6-: - 6) + R
where T/ () = 0 and R; satisfies

Rl < ‘“0—:‘ - 0I|20 sup {[Z(O)]]

eBr o

On the other hand, we can expand ¢} by Taylor’s formula and get
$i(6-:) = 41(6) + #/(B)(6-: — ) + Rs
where R; satisfies

||l < —Ilo-e - 0II29 sup || (6)l

B.(8o

But #}(0_;) = T/, (f_;) which yields by identifying the two Taylor expansions above:
Sn(6)(0-: = 6) + R = ¢(8) + ¢!(8)(6-: - 0) + R,

Dividing by n and summing over i we get, since 37, #(6) = £’ (4) = 0,
1 "nea /5 0\
(Tn‘zn(o)) ;(0—1 0) = an + bn
where
a = L3(Ri- R
n - n “ ] 1
1o 1"eAN(A 9
N )
i=1
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Taking the norm square in (2.12), one deduce that

' (i(é-.- - é)) (5zu0) (Zw - é)) = llan + ol

i=1

<\ 2
But (%E:{(())) converges in probability to £(6,)? and arguing as in the proof of (2.6), it follows
that with probability greater than 1 — ¢, for each non zero 6 € B,(6,)

1617 < < 4 (lz"(é))29
- A n "

which yields with probability greater than 1 — 2¢

IN

"o 1
11> _(6-: - )l 5 11an + ball
i=1

IN

1
5 (llaall + 116al1) (2.12)
By definition,

ntl ] 3112 "
2 L 10-i — 01 pyax _ sup 114 (6)I]

|lan]l

9 ) "
llall - < 1115135)5‘”0-,—0llg&§068311&)ll¢,-(0)ll

IN

For all 6 € B, (6,)
¢/(6) = 2£(6) * £1(6) — 2(e: + fi(60) — £:(8)) f{'(6)
7'(8) = 217'(8) *£{(8) + 4£i(6) () = 2(ei + fi(60) = £i(8))£"(8)
and since 0 /06, 0% f/06* and 0° f/06° are bounded over X' X B,(6,), there exists some constants
Co and C, both positive such that

1"
ax , up 16:"(8)11 < C1 + Co max |ei]

/" 3
T2 sy O] = o Co g e

Now, the proof of (2.7) can be completed by combining (2.12), (2.6) and lemma 2.2.
We prove now the last part of proposition 2.1. By definition, § — § = o=l " (0_; — ) and

therefore (2.7) yields
116~ 8]| = op(n®/™").

Let é(,) be the empirical mean of the least squares estimators in the reduced models : l;(,) =
Yo, 0_;/n. By definition,

F=(n-1)>(6-;—6y) *(6-i — b(y)
i=1
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So, § = §% + r, where r, is defined by
r = n(n—1)(8,-0) (8 -6

= (30.-9) (3 @-0)

i=1

We get |2 — 5%|| = 2=1|| 5, (6—; — 6)]|? and therefore
157 = || = op(n®/™"?).
This completes the proof of proposition 2.1. ¢

Proof of lemma 2.1:

Let G, be the function defined over V(6,) which takes 8 into 3 ., f/(8) *f/(6). We know
from assumption S, that G,(6,)/n converges as n — oo to £(6,). So, it is enough to prove that

max [|Z”;(6in) — 2Ga(6o)|| = op(n) (2.13)

1<i<n

to get (2.13). By definition,

1 2 2 2 2
;Elii(ein) - ;Gn(oo) = ;Gn(ein) - ;Gn(eo) - ;ftl(om) tfil(oi") + Gin
where
2 2
Gn = —— I ACSE - > (fi(80) = £;(6:n)) f; (6in)
J#s Jj#

Since /06, 9%f/06? and 9°f/063 are bounded over X’ x B,(6,), there exists some positive
constants C;, C, and Cj such that

af

(=.o)e?fa,(ao) 2l < &
2
(z,6)€X xB,(6o) % < C,
3
(I.G)ES;ISB,(%) -g—ﬂé < Ca
S°> we get
BERIGn(6) = GulBl € 3 0) = 0 (0) + 580 (10) = 5O
. 2nclé;3g;$a><nllo,-n—oo||

and therefore

P
max — 0 as n — 0o

1<i<n

1 1
;Gn(oin) - '7—1'Gn(00)
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Since 0f/06 is bounded over X’ X B,(6y), it is clear that

. 2 ! t g/
Jim  max || fi(6in) "fi(8in)
Furthermore,
max ||a;a|]] < max zn:aff'(ﬂ )+ 26 max |&;| + 2C,C; max ||6 — 6in]|
1<in 0 igignlln £ I3 AT n 1<i<n ' 122 [ in 170 T Tin
By the law of large numbers,
max Ziaﬂ'(ﬂ) 20 asno o
15‘5" nj=] IES ] 0
and since
2 - i 1
3 | o700 = £ 6] < 25 e 160 = Bl 3 fed

t'=1

where 2 "7 |e;| is almost surely finite, we get

max
1<i<n

%Ee,- 1) =0 asn— oo (2.14)
j=1

By combining (2.14), lemma 2.2 and the fact that max;<i<n||f0 — 6in|| converges to zero in
probability as n — oo, we get

zax l|ain|] =0  asn— oo
(2.9) follows. It is clear from the proof that (2.10) holds true. ¢

2.3.2 Proof of main results

Proof of theorem 2.2:

By proposition 2.1, \/ﬁ(é— 6o) has the same asymptotic behaviour as ﬁ(é — 65). By theo-
rem 2 in shao [37), v/n(0 — 6,) converges in distribution under assumptions of theorem 2.2 to a
centered p-dimentionnal gaussian variable with variance S(6,)(2X(6p))~2, which proves the first
part of theorem 2.2. The second point follows from proposition 2.1 and theorem 4 of Shao [37],
where it is proved that under assumptions of theorem 2.2 (where the assumption IE|6;|* < oo
is useness) $% converges almost surely to S(6,)(Z(6o))? as n — oo. ¢

Proof of theorem 2.3:

Let r be a positive real number such that h” exists and is bounded over the closed ball B, ()
in IR? with center 6, and radius r. Note that since for each £ > 0, there exists some integer ng
such that whenever n > n, ||0 fol| < r and max;cicn [|6-; — 8o]] < r with probability greater
than 1 — ¢, it suffices to prove theorem 2.3 whenever ||§ — || < r and maxi<i<n [|6-; = 66| < 7
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(see the proof of proposition 2.1).

We expand h in Taylor formula at the second order.
h(6_;) = h(8) + 'K (8)(8_; - 8) + R (2.15)

where R; satisfies .
IR < 5 sup
0

ri%

NW@HW4-W2

By definition,

n

> (h(6-:) - h(8))

i=1

n—1

ﬁ:Mm_

and therefore

a

ﬁ:g_l‘—;-l *h’(é);(é_i-én";l;&

By proposition 2.2

- OP(nShn—l)

th'() znj(é_,. -0

i=1

Since h” is bounded over B,(6,), there exists some H > 0 such that
-1

ek 3}
n i=1

2/m=1) by proposition 2.1. So, || — || = op(n3/™-1).

< H(n-1) max ||0_; - 8|1
1<i<n

which is op(n

Let ﬁ(,) be the empirical mean of the least squares estimators in reduced models : ﬁ(,) =
S0, B_i/n. By definition

Z=(n-1) Z(B-i — Bey) {(B=i = Bey)
i=1

and therefore, 52 = 32 + 74, where 4, = n(n — 1)(8¢) — B8) *(8 - B)-
Shao [37] shown in his theorem 2 that 32 converges in probability to *h’/(6)s(6)(2(60))~2h'(65)
as n — co. By (2.15),

Soi= )= WOI - )+ R
i=1 i=1
So by proposition 2.1, ||Ts.|| = op (n%/™-2).

If m> 6, /n(8 - B) converges in probability to zero as n — oco. By theorem 2.2 and the
following classical result (see theorem 2.4),

V(B = Bo) = Ny(0,' 1 (80)S(86)(2(60)) ™2 B (B0)  asn — oo

Shao proved in his theorem 4 that §? converges almost surely to *A’(6,)S(60)(Z(60))~2 h'(6o)
under the assumptions of theorem 2.3, which completes the proof of theorem 2.3.
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Theorem 2.4 Let T be a p x p positive definite matriz. Let {6,}.env be a sequence of p-
dimensional r.v. such that

V7(6n = 80) B N,(0,T) as n —

Let h be a function defined from IR® to IR?. Suppose h is twice differentiable with second
differential "' bounded over a neighborhood for 6,. Then

Vi(h(8,) — h(60)) B N,(0,' '(6,)T 1'(6,)) as n — oo
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Chapitre 3

Mise en oeuvre de la méthode de
jackknife. Comparaison de courbes
de croissance

Nous illustrons ici par I’étude de données réelles la méthode de jackknife décrite dans le sec-
ond chapitre. Apres avoir décrit les données initiales, nous présentons le modéle de régression
retenu. Nous effectuons alors les estimations jackknife, ainsi que quelques tests d’homogénéité.

Le programme, réalisé i ’aide du logiciel S.A.S., qui a permis d’effectuer les calculs, ainsi
que les données initiales sont donnés au paragraphe 3.4.

3.1 Modélisation

Les données présentées en figure 3.1 sont les résultats d’expériences portant sur ’évolution au
cours du temps du taux d’une bactérie (nommée Lactobacillus Delbrueckii Lactis) en milieu
lacté. Ces expériences ont pour but de déterminer 'influence de la température & laquelle est
placé le milieu sur ’évolution de la bactérie, afin d’en améliorer les qualités nutritives.

Le taux de bactéries dans le milieu de croissance est évalué au moyen de mesures de con-
ductivité, la conductivité étant étroitement liée au taux de bactéries. Chaque expérience a été
réalisée de la fagon suivante: Le milieu étant placé & une température donnée, une mesure de
conductivité est réalisée chaque heure, pendant 40 heures. La date de la premiére mesure est
considérée comme date initiale, soit z; = 0. Ainsi, la i*™ mesure (pour 1 < i < 41) est effectuée
ala date z; =1 — 1.

Quatre expériences similaires ont été réalisées oli, pour chacune, le milieu de croissance est
placé a une température différente. Les températures envisagées sont

t, = 33.85°C
t, = 36.45°C
t3 = 39.45°C
ty = 4235°C

37
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Sur la figure 3.1, nous avons porté le temps en abscisse, et la mesure de conductivité correspon-
dante en ordonnée, pour chacune de ces températures.

Figure 3.1: Mesures de conductivité: ¢; : + ,t3:0,%3: ., t4: x
35 1 1 1 I | I | T

3~ —
ol eI rrey)
T x" ””
15 F T -
1 n

0.5

0 | | 1 1 1 1 ! 1

0 5 10 15 20 25 30 35 40

Les questions que nous nous posons relativement al’influence de la température sur I’évolution
du taux de bactéries sont les suivantes:

1. La température joue-t-elle un réle dans ’évolution globale du taux de bactéries? Plus

précisément, peut-on considérer comme semblables les courbes de conductivité obtenues
pour deux températures différentes?

2. Le taux maximal de bactéries est-il significativement sensible a un changement de tem-
pérature?

Nous devons tout d’abord modéliser les données, afin de formaliser ces questions. En I’absence
d’une connaissance a priori de I’évolution du taux de bactéries, c’est I’allure méme des données
qui guide notre choix du modéle.

Un examen qualitatif des courbes de conductivité de la figure 3.1 conduit a la remarque
suivante: les points expérimentaux se répartissent sur le graphique suivant une forme simple et
réguliere. Ceci justifie I’emploi de la régression non linéaire comme outil d’analyse. En outre,
les courbes de conductivité obtenues pour chacune des températures t,, t,, t3 et t4 ont une forme
comparable. Aussi, si yfj ) désigne la i®*™* mesure de conductivité observée lorsque le milieu de
croissance est placé a la température t;, nous considérons un modeéle de la forme

v = f(zi,65) + P 1<i<41 1<5<4

ou Hf,j) est un parametre inconnu a estimer, f est une fonction ne dépendant pas de j, et esj)
est un terme résiduel. Ici, les résidus (sfj )) sont liés a 'imprécision de la mesure conduisant
a ’observation y,(j ). Aussi pouvons nous considérer les hypothéses d’indépendance et d’équi-
distribution comme raisonnables. Nous supposons en outre les résidus gaussiens.

Nous observons que la forme générale de chaque courbe est comparable a celle des fonctions

z — a(l — exp(b+ cz)) (3.1)



3.2. ESTIMATIONS JACKKNIFE 39

oia>0,b<0etb+c<0.En effet, les fonctions de la forme (3.1)
e ont une pente comparable i celle des courbes de conductivité dés que ¢ est un réel négatif,
¢ prennent des valeurs positives si b + c est négatif,
¢ admettent une asymptote de hauteur a.

L’asymptote n’étant vraisemblablement atteinte pour aucune des courbes de conductivité, nous
supposons que la hauteur d’asymptote est supérieure a la plus grande mesure observée. Une
modélisation par la famille de fonctions définie par (3.1) conduit a de mauvaises estimations de
la mesure de conductivité pour les premieéres dates d’observation. En effet, cette modélisation
ne prend pas en compte le fait que chaque taux est nul en zéro. Nous introduisons donc un
terme régularisant ﬁ Ainsi, la fonction de régression retenue est:

az
z,0) = ——(1 —exp(b
£(2,6) = T2 (1 = exp(b + c2)
ou § = *(a,b,c) appartient a IR®. Compte tenu des remarques précédentes, nous supposons
en outre que le vraie valeur ) du paramétre de régression correspondant a la température ¢;
appartient au sous ensemble ©U) de IR? défini par

0¥ = {(a,b,c)eR*: a > ma.xyfj), c<0,b+c<0}
Nous pouvons a présent formaliser les questions ci-dessus.

1. Notre premier probléme est le test d’homogénéité de deux courbes. Pour tout couple (J, k)
d’éléments de {1,...,4} tel que j # k, nous voulons tester I’hypothése 887 = 6 contre
I'alternative 6§ # 6§,

2. Notre second probleme est le test d’homogénéité de deux asymptotes. Pour tout couple
(4, k) d’éléments de {1,...,4 tel que j # k, nous voulons tester ’hypothése agj) = a®
contre I'alternative aff’ # aff). Ceci revient & tester I'hypothése h(65)) = h(65") contre

’alternative h(ng)) # h(G((,k)), ot la fonction h est la projection définie de IR dans IR par

h(0) = a, lorsque 6 = *(a,b,c).

Nous avons en vue d’effectuer ces tests suivant la méthode d’analyse de variance décrite
dans le second chapitre. Cette méthode se fonde sur I’heuristique de Tukey [39] qui, définissant
les pseudo-valeurs (6;), postule qu’elles se comportent comme des variables indépendantes et de
meéme loi gaussienne. Nous déterminons tout d’abord les estimations jackknife, afin de valider
qualitativement notre équation de régression.

3.2 Estimations jackknife

Afin d’alléger les notations, nous omettons ici I’exposant (7), et notons n le nombre d’observations
effectuées pour chaque courbe (soit n = 41). Nous considérons donc le modéle

% = f(zi,00)+e;  1<i<n (3.2)
ol les résidus {€;}1<i<n sont indépendants et équi-distribués M (0,0?) pour un réel positif o
inconnu, 6, = *(ag,bo, o) est un parameétre inconnu appartenant au sous ensemble © de R?

défini par
0 = {(a,b,c) e R®: a>maxy;, c<0, b+ c< 0}
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et f est la fonction définie sur R x R® par f(z,6) = 75 (1 - exp(b + cz)).

Nous appliquons la méthode de jackknife a I’estimation par moindres carrés. Rappelons que
Iestimateur des moindres carrés 6 de 6, est un vecteur de © qui minimise Yo (v = f(zi,0))?
sur ©. On définit, pour tout 7 € {1,...,n}, f_; comme I’estimateur des moindres carrés obtenu
dans le modéle privé de la i¥™¢ observation, c’est & dire que f_; est un vecteur de © minimisant
Yi#i(yi — f(z;,0))? sur ©. L'estimateur jackknife de 6, est alors défini par

- . n—-1< -
‘0—n0— - ;o_,- (3.3)

Nous calculons les estimations par moindres carrés au moyen de la procédure nlin du logi-
ciel S.A.S. Cette procédure utilise la méthode itérative de minimisation de Gauss-Newton, et
nécessite la définition d’une valeur initiale pour chaque parametre. Nous devons nous appuyer
sur les données pour fournir des initialisation aussi proches que possible de la vraie valeur des
parameétres, afin de garantir la convergence de la procédure de Gauss-Newton.

Compte tenu de 'interprétation géométrique du parameétre a comme hauteur de I’asymptote,
nOous Proposons

Ainit = 1121’3&)5‘ Yi

comme valeur initiale pour I’estimation de ao. Les valeurs obtenues sont consignées dans le
tableau suivant

Qinit
t; || 2.46
ty || 2.51
ts || 2.67
ty || 2.77

Nous utilisons la formule donnant by et ¢, pour déterminer une valeur initiale pour I’estimation
de ces deux paramétres. Pour tout i € {1,...,n} tel que 1 — 2=y, > 0, soit

+z

1
z; = log(1 — Yi)
QinitT
Sil’on considere comme négligeables les résidus du modeéle (3.2), alors, pour tout 7, z; = bo+coz.
Ainsi, une régression linéaire sur les variables z; fournit une premiére estimation des parametres

bo et co. Considérons en effet le modele de régression linéaire
Z; = bo + CoZ; + C,' (3.4)

ol nous supposons les résidus ({;) indépendants et de méme loi gaussienne. La procédure reg

de S.A.S. permet d’obtenir les estimations par moindres carrés b;ni1o et Ciniro de by et ¢o ajustés
dans le modele (3.4):

binito Cinit0

t, || 0.428865 | -0.120017
ty || 0.613294 | -0.146276
ts || 0.338799 | -0.140880
ty || 0.166340 | -0.141558
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Dans '’exemple que nous étudions ici, ces estimations ne peuvent pas étre utilisées comme
valeurs initiales pour ’estimation par moindres carrés de by et ¢co, dans la mesure ou elles ne sat-
isfont pas les contraintes de notre modele (3.2). En effet, les estimations b;n10 €t ¢iniro Obtenues
ne vérifient pas la contrainte b;niz0 + Cinito < 0.

Nous devons proposer de meilleures initialisations. Nous définissons pour ce faire les vari-
ables v; (1 << n) par
14«2
QinitT
Si I'on considere les résidus du modeéle (3.2) comme négligeables, alors pour tout i,

‘U,'=1—

Yi

v; = exp(by + ¢oz).

Nous considérons donc le modele de régression non linéaire
v; = exp(bo + coz;) + 6;

ou nous supposons les résidus (4;) indépendants et de méme loi gaussienne. Nous déterminons
les estimations par moindres carrés de b, et ¢o dans le modele (3.5) grace a la procédure nlin
de S.A.S. Nous devons pour ce faire proposer des valeurs initiales pour les paramétres by et co.
Nous retenons comme valeurs initiales les estimations b;n;10 €t Cinizo Obtenues dans le modéle de
régression linéaire (3.4).

1<i<n (3.5)

Les initialisations que nous obtenons finalement pour chacun des parametres ag, by et co
sont fournies dans le tableau suivant

Qinit binit Cinit
t; || 2.46 | -0.030200 | -0.080094
t, || 2.51 | -0.073023 | -0.087370
ts || 2.67 | -0.16274 | -0.095521
ty || 2.77 | -0.15497 | -0.10924

Nous utilisons ces initialisations pour déterminer la valeur prise par ’estimateur des moin-
dres carrés 6. Nous utilisons alors cette réalisation de la variable § comme valeur iniale pour le
calcul des estimations par moindres carrés dans les modeles incomplets, c’est & dire des réali-
sations de 6_; (1 £ < n). Nous calculons ensuite ’estimation jackknife grace a la formule (3.3).

Les estimations jackknife obtenues pour chacun des parameétres sont consignées dans le
tableau suivant

a b c
t, || 2.8650529 | -0.0719907 | -0.0537202
o || 2.7958263 | -0.1261184 | -0.0621865
3 || 2.8700630 | -0.2006438 | -0.0734319
14 || 2.9049411 | -0.1826466 | -0.0910303

La figure 3.2 représente simultanément les données et les courbes ajustées.

pour la température t;, la courbe ajustée est la courbe d’équation

2 865z

(1 —ex

exp(—0.072 — 0.054z)).

Par exemple,
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Figure 3.2: Ajustements jackknife

3.5 T T T — T T T T

T

2.5

1.5

T
|

0.5

T

Les estimations jackknife fournissent de bons ajustements de chacune des courbes de con-
ductivité, Ceci valide qualitativement notre choix d’équation de régression.

Testons a présent I'’homogénéité des courbes de conductivité, et I’homogénéité de leur hau-
teur d’asymptote.

3.3 Comparaison de courbes de croissance

Dans ce paragraphe, nous effectuons des tests d’homogénéité des courbes de croissance, grace
a un modele d’analyse de variance sur les pseudo-valeurs. Rappelons que si 0(-"_) désigne
I’estimateur des moindres carrés du paramétre 95’) et pour tout i € {1,...,n}, 0(_’,) désigne

I’estimateur des moindres carrés de 08’) obtenu lorsque la i*™¢ observation est omise, les pseudo-
valeurs sont définies par

Vie{l,..,n} 69 =nd9 — (n-1)§9)

L’estimateur jackknife 60) de ng ) est alors la moyenne empirique des pseudo-valeurs, c’est a
dire
n
6 = 2349
n i=1

Nous nous appuyons ici sur I'heuristique de Tukey [39], selon laquelle les pseudo-valeurs se com-
portent comme des variables indépendantes et de méme loi gaussienne (heuristique que nous
avons validé asymptotiquement dans le second chapitre pour des modéles de régression non
linéaires suffisament réguliers).

Nous souhaitons tout d’abord tester, pour un couple (j,k) d’éléments de {1,...,4} tel que
Jj # k, ’hypothése 08’) = 0((,“ contre l’alternative 08’) # ng). Nous considérons pour cela le
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modele d’analyse de variance suivant

zggi)\ :,751)
té'S‘j) 1, 0 :ggj) t,.,(j)
14 ( 0 1)( o )T (30
\ :9'.,(11:) \ 7(k)

ou les vecteurs résiduels (’yf”) et (7*)) sont supposés indépendants et de méme loi gaussienne
N3(0, V) pour une matrice inconnue V de rang 3. L’estimateur des moindres carrés du paramétre -

togi)
(%)
lzn :00) 14()
HZ._ 7O 1(k)

Notre probleme consiste a tester le modeéle (3.6) contre le sous modele

obtenu dans ce modéle est

tégj) / ‘79)
0) Lo 0\ )
gk | T ( 0 1, ) ( 9 )t '7“" (3.7)
tégk) \ 7(")

L’estimateur des moindres carrés de 6, obtenu dans ce sous modeéle est
I P
6, = 5(19(1) + 9(k))

Nous testons le modéle (3.6) contre le sous modeéle (3.7) par la méthode de Hotelling Lawley
(pour une présentation détaillée du test de Hételling Lawley, on pourra par exemple consulter
Coursol [9]). La statistique de Hotelling Lawley s’écrit ici

HL = —2(n— ) [ (0(1) é )~—2(9(J) é ) + t(g(k) g )~—2(0(k) g )]

ol §? est la matrice définie par

32 — 4 _ a0G) pG) _ gG) - GCkY _ gy togtk) _ A(k)
= oD [Z(a = §92) (89 - ) + 3(BF) - 60) (6 - 6 )]

i=1

La procédure glmde S.A.S. permet de calculer les estimations par moindres carrés des paramétres
d’un modele de régression linéaire multidimensionnelle. Il est également possible, grace a cette
procédure, de tester un modeéle linéaire contre un sous modéle suivant la méthode de Hotelling
Lawley. glm détermine en effet deux valeurs essentielles: la valeur de la statistique de Hotelling
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Lawley pour le test proposé, et une probabilité P précisant le niveau auquel le sous modele est
accepté. Plus précisément, le sous modele est accepté au niveau 1 — a si la probabilité P est
supérieure a a.

Ainsi, sous I’hypotheése d’équirépartition gaussienne des pseudo-valeurs, nous acceptons
I’hypotheése 09) = 08") au niveau 1 —a si P > a. Rappelons cependant que, bien que les pseudo-
valeurs se comportent asymptotiquement comme des variables indépendantes et de méme loi
gaussienne, elles ne vérifient certainement pas cette propriété dans le cas d’un échantillon fini.
Le test défini par la région de rejet {P > a} est donc de niveau inconnu, et 1 — a n’est qu’une
estimation du niveau réel de ce test.

Nous obtenons pour chacun des couples (j,k) d’éléments de {1,...,4} tel que j # k les
valeurs suivantes de HL et de P:

HL P
i=1, k=2 107.0093 0, 0001
j=1,k=3 435.4232 0.0001
j—1,k=4 688.7432 0.0001
j—2 k=3 658.2813 0.0001
=2 k=4 1099.420 0.0001
j=3, k=4 478.5985 0.0001

Pour tout couple (7, k), ’hypothése ng ) = 08") est donc rejetée au niveau (approximatif)
1 — a = 0.95. Cela signifie que la température du milieu de croissance influe sur I’évolution au
cours du temps du taux de bactéries dans le milieu.

Nous souhaitons & présent tester I'homogénéité des taux maximaux de bactéries. Nous
testons, pour un couple (j,k) d’éléments de {1,...,4} tel que j # k, I'hypotheése ag’) = agk)
contre ’alternative af,’ ) # agk). Nous considérons a nouveau le modele d’analyse de variance

(3.6), et testons ce modeéle contre le sous modéle

( 'éﬁ’)\ t,),gf)
99 L _ (1.0 a b ) |
61" I )\ e 8§ of? R

\ 6% ) O

au moyen de la méthode de Hotelling Lawley et de la procédure glm. Nous obtenons les résultats
suivants:

AL P

j=1, k= 3.9996 0,0472
j=1,k=3 0.0209 0.8851
j=1,k=4 1.3279 0.2509
j=2 k=3 4.5994 0.0335
j=2 k= 9.9365 0.0019
j=3, k=4 1.0153 0.3152




34. PROGRAMME S.A.S. 45

L’hypothése d’homogénéité a{? = alf) est rejetée au niveau (approximatif) 1 — a = 0.95
pour chaque k € {1,3,4}. D’autre part, I’hypothése af,j) = af,k) est acceptée au niveau 0.95 pour
tout couple d’éléments de {1,3,4}. Notons qu’en effet, I’estimation jackknife du parameétre
d’asymptote af)z) est sensiblement inférieure a l’estimation jackknife de af)j ), pour j # 2. La
température t, semble donc jouer un role particulier dans 1’évolution du taux de bactéries,
conduisant a un taux maximal faible. Il semble par contre que les températures t,, t3 et ¢4 soient
équivalentes vis & vis du taux maximal. Nous testons cette derniére hypothése af" = af® = al?
contre ’alternative 35,k € {1,3,4}: a§) # al"). Nous considérons pour cela le modéle d’analyse
de variance

/ tégl) t,),§1)
té%;; t r(‘;)
6 1, 0 0 1) ty ()

: =1 0 1, 0 193 | + :
go | \o o 1) \ew) | o
14 9

\ 6 \

ou les vecteur résiduels sont supposé indépendants et de méme loi centrée gaussienne N3(0,V)
pour une matrice inconnue V de rang 3, et testons par la méthode de Hotelling Lawley ce
modeéle contre le sous modéle

/ :ggl) ,751)
19'511) t,);’(ll)
5(3
tgg ) 1, 0 0 2o bgl) cgl) 1753)
: =10 1, 0 ap b ¢ |+ :
t6(3) 0 1, ap b M ty(3)
(4 (0
Q) ty ()
Nous obtenons:
HL P
0.9902 0.4565

ce qui confirme ’équivalence des température t,, t3 et t4 du point de vue du taux maximal de
batéries.

3.4 Programme S.A.S.

Dans ce paragraphe, nous présentons les données initiales ainsi que le programme S.A.S. grace
auquel ont été effectués les calculs décrits précédemment.



46 CHAPITRE 3. MISE EN OEUVRE DE LA METHODE DE JACKKNIFE

Données initiales

Le tableau 1d1.don contient les données initiales, c’est & dire I’ensemble des mesures décrites
par la figure (3.1). Le vecteur des observations recueillies & la température t; est noté yj; le
vecteur des dates d’observations est noté x.

data 1dl.don;
input x y1 y2 y3 y4;

cards;
0 0.00 0.00 0.00 0.00
1 0.27 0.23 0.35 0.38
2 0.37 0.41 0.57 0.61
3 0.46 0.57 0.76 0.81
4 0.58 0.72 0.92 0.98
) 0.68 0.84 1.05 1.13
6 0.77 0.95 1.16 1.27
7 0.87 1.06 1.27 1.39
8 0.96 1.15 1.36 1.51
9 1.05 1.24 1.45 1.62
10 1.13 1.33 1.55 1.73
11 1.21 1.41 1.64 1.83
12 1.30 1.48 1.73 1.93
13 1.40 1.55 1.81 2.03
14 1.50 1.62 1.89 2.11
15 1.58 1.69 1.97 2.17
16 1.66 1.76 2.03 2.23
17 1.72 1.83 2.10 2.28
18 1.79 1.89 2.15 2.32
19 1.84 1.95 2.20 2.36
20 1.89 2.00 2.24 2.40
21 1.94 2.05 2.28 2.44
22 1.99 2.09 2.32 2.47
23 2.03 2.13 2.35 2.51
24 2.08 2.17 2.38 2.54
25 2.12 2.20 2.41 2.56
26 2.15 2.23 2.44 2.58
27 2.19 2.26 2.46 2.60
28 2.22 2.29 2.48 2.62
29 2.25 2.32 2.50 2.63
30 2.27 2.35 2.52 2.65
31 2.29 2.37 2.54 2.67
32 2.32 2.39 2.56 2.69
33 2.34 2.41 2.58 2.70
34 2.36 2.42 2.59 2.71
35 2.38 2.44 2.61 2.72
36 2.40 2.46 2.62 2.73
37 2.41 2.47 2.64 2.74
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38 2.43 2.49 2.65 2.75
39 2.44 2.50 2.66 2.76
40 2.46 2.51 2.67 2.77

run;
Initialisations

La procédure means détermine les valeurs max;<i<a; y,(j ), 1 € 5 £ 4 et fournit les valeurs
initiales pour I’estimation des parametres af,j), 1< { < 4. Les macroprocédures init1 et init2
calculent les estimations par moindres carrés de by’ et cgj) ajustés dans le modeéle (3.4) et (352
respectivement. Nous obtenons ainsi les valeurs initiales pour I’estimation des paramétres bg’
et cg’ ). Les valeurs initiales sont toutes sauvegardées dans le tableau 1dl.init.

proc means data=ldl.don noprint;
var yl-y4;
output out=max
max=al a2 a3 a4;

Ymacro init;
hdo j=1 Yto 4;
data max2;
set max;
call symput(’a’,a&j);
data init&j;
set 1ldl.don;
if _N_=1 then delete;
v&j=1-((1+4x)/ (x*&a) ) *y&j;
if v&j>0 then z&j=log(v&j);
proc reg data=init&j;
title’’regression lineaire &j’’;
model z&j=x ;
iend;
Ymend init;
hinit
run;

Jmacro init2;
hdo j=1 %to 4;
data reg;
b1=0.428865; c1=-0.120017;
b2=0.613294; c2=-0.146276;
b3=0.338799; c3=-0.140880;
b4=0.166340; c4=-0.141558;
call symput(’b’,b&j);
call symput(’c’,c&j);
proc nlin data=init&j noprint;
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parms b=&b c=é&c;
bounds c<0;
model v&j= exp(b+c*x);
der.b=exp(b+c*x) ;
der.c=x*exp (b+c*x) ;
output out=bc&j
parms=b&j c&j;
%iend;
data 1dl.init;
set max;
#do j=1 Yto 4;
set bc&j;
Jiend;
if N_>1 then delete;
keep al-a4 bi1-b4 ci-c4;
proc print data=1ldl.init;
title’initialisations a’;
var al-a4;
proc print cata=1ldl.init;
title’initialisations b’;
var bi-b4;
proc print data=1ldl.init;
title’initialisations c’;
var cl-c4;
Ymend init2;
%init2
run;

Estimation par moindres carrés dans le modéle complet

METHODE DE JACKKNIFE

La macroprocédure reg ci-dessous détermine les estimations par moindres carrés du parametre
6§ (1 £ j £4) ajustés dans le modele (3.2), en utilisant comme valeurs initiales les valeurs
contenues dans 1d1.init. Les estimations obtenues (notées ea, eb et ec) pour le j*™¢ modéle
sont sauvegardées dans 1d1.t&j. Ce fichier contient également ’estimation y du vecteur yj,

c’est a dire le vecteur défini par

=1
/macro reg;
%do j=1 Yto 4;
data init(replace=yes);
set 1dl.init;
call symput (’a’,a&j);
call symput (’b’,b&j);
call symput (’c’,c&j);
proc nlin data= 1dl.don noprint;
title’’regression courbe &j’°’;

eii(l — exp(eb + ec z)



3.4. PROGRAMME S.A.S. 49

parms a=&a b=&b c=&c;
d=b+c;
bounds a>=&a, d<0, c<O0;
model y&j=(a*x/(1+x))*(1-exp(b+c*x));
der.a=(x/(1+x))*(1-exp(b+c*x));
der.b=-a*(x/(1+x))*exp(b+c*x);
der.c=-(a*x/(1+x))*(x*exp(b+c*x));
output out=mct&j parms=ea eb ec r=res ess=SC;
data 1dl.t&j;
set mct&j;
= ea*x/(1+x)*(1-exp(eb+ec*x));
keep x y y&j res SC ea eb ec;
data mc&j;
set mcté&j;
if N_>1 then delete;
keep ea eb ec;
proc print data=mc&j;
title ’’estimateurs des moindres carres pour la courbe &j’’;
proc plot data=1dl.t&j;
plot res*x=’.’/VP0S=25 HP0S=60;
title’’graphe des residus courbe &j’’;
proc plot data=1dl.t&j;
plot y*x=’.’/VP0S=25 HP0S=60;
title’’estimation &j’’;
%end;
/mend reg;
hreg
Tun;

Estimation par moindres carrés sur les modeles incomplets

La macroprocédure regi ci-dessous détermine les estimations par moindres carrés de Gf,j )
(1 £ j < 4) dans les modeles privés de la i*™¢ observation (1 < 7 < 41). On utilise les estima-
tions obtenues dans le modeéle complet comme valeurs initiales (c’est & dire les valeurs contenues
dans les tableaux 1d1.t&j, 1 < j < 4).

Les estimations de ng) obtenues dans chacun des modéles incomplets sont sauvegardées dans
les tableaux theta&j, 1 < j < 4, qu'il convient d’initialiser.

data thetal; input rega regb regc; cards; ;
data theta2; input rega regb regc; cards; ;
data theta3; input rega regb regc; cards; ;
data theta4; input rega regb regc; cards; ;
data mc; input ea eb ec SC; cards; ;

Ymacro regi;
hdo j=1 Yto 4;
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data init;
set 1dl.init;
call symput (’bounda’,a&j);
set 1d1.t&j;
call symput (’a’,ea);
call symput (’b’,eb);
call symput (’c’,ec);
%do i=1 Yto 41;
data regres (replace=yes);
set 1dl.t&j;
if _N_ =&i then delete;
proc nlin data= regres noprint;
title’’regression pour le &j eme modele, lorsque la &i eme observation
est omise’’;
parms a=&a
b=&b
c=&c;
d=b+c;
bounds a>=&bounda,
d<0’
c<0;
model y&j=(a*x/(1+x))*(1-exp(b+c*x));
der.a=(x/(1+x))*(1-exp(b+c*x));
der.b=-ax(x/(1+x))*exp(b+c*x);
der.c=-(a*x/(1+x))*(x*exp(b+c*x));
output out=regkj
parms=rega regb regc;
data estim&j;
set reg&j;
keep rega regb regc;
if _N_>1 then delete;
data theta&j (replace=yes);
set theta&j estim&j;
%end;
%end;
/mend regi;
hregi
run;

Estimations jackknife. Détermination des pseudo-valeurs

La macro jackknif détermine les vecteurs de pseudo-valeurs (notés pva&j, pvb&j et pvcj
dans le j*™¢ modele) puis calcule les estimations jackknife (notées ja, jb et jc) comme moyenne
empirique des pseudo-valeurs. L’ensemble des pseudo-valeurs calculées dans le quatre modeles
est sauvegardé dans le tableau 1d1. jk

Jmacro jackknif;
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do j=1 Yto 4;

data pseudo&j;
set theta&j;
set 1dl.t&j;
pva&j=41i*ea-40*rega;
pvb&j=41*eb-40*regb;
pvc&j=41*ec-40*regc;
keep x y&j pva&j pvb&j pvcé&j;

proc means data=pseudo&j;
title’’estimateurs jackknife pour la courbe &j’’;
var pvakj pvb&j pvc&j; ‘
output out=jk&j

mean=ja jb jc;

data call&j;
set jk&j;
call symput(’a’,ja);
call symput(’b’,jb);
call symput(’c’,jc);

data resjk&j;
set 1dl.don;
r&j=y&j-(&a*x/(1+x))*(1-exp(&b+&c*x)) ;
r282j=(r&j)**2;

proc plot data=resjké&j;

title’’graphe des residus jackknife, courbe &j’’;

plot r&j*x=’.’ /vpos=25 hpos=60;
proc means data=resjk&j noprint;

var r2&j;
output out=sumkj
sum=SCjk&j;
%end;
data 1dl.jk;

%do j=1 %to 4;
set pseudo&j;
%end;
data sumjk;
%do j=1 Yto 4; -
set sum&j;
%end;
proc print data=sumjk;
title’’somme des carres residuels jackknife’’;
Jmend jackknif;
%jackknif
run;

imacro mc;
%do j=1 Yto 4;
data mc (replace=yes);
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set mc 1dl.t&j;
if N_>&j then delets;
keep ea eb ec SC;
%end;
proc print data=mc;
title’’estimations m.c.’’;
var ea eb ec;
proc print data=mc;
title’’somme des carres residuels m.c.’’;
var SC;
%mend mc;
Ymc
run;

Comparaison de courbes de croissance

Les tests de comparaison décrits dans le paragraphe précédent sont effectués par la macro-
procédure tests. Pour un couple fixé (7, k) d’éléments de {1, ...,4} tel que j # k, le tableau de
données glm contient I’ensemble des pseudo valeurs calculées dans les j*™ et k*™ modéles. La
procédure GLM effectue alors I’analyse de variance (3.6), puis teste I’hypothése ()Sj ) = 68") contre
I’alternative 657 # 6{*) suivant le méthode décrite dans le paragraphe précédent. Le tableau
glm2 contient I’ensemble des pseudo-valeurs calculées dans les quatre modeles. La procédure
GLM suivante effectue les tests d’homogénéité des hauteurs d’asymptotes.

Jmacro tests;
title’’test des pseudo-valeurs’’;
hdo i=j %to 4;
data test&j;
set 1dl.jk;
ind=¢&j;
pva=pva&j;
pvb=pvb&j;
pvc=pvcé&j;
keep ind pva pvb pvc;
end;
%do k=1 Yto 3;
hdo k=&j+1 Yto 4;
data glm (replace=yes);
set test&j testkk;
proc GLM data=glm;
title2’’comparaison des courbes &j et &k’’;
class ind;
model pva pvb pvc=ind/ solution nouni;
manova H=ind;
hend;
hiend;
data glm2 (replace=yes);
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set testl test2 test3 test4;
proc GLM data=glm2;
title2’’comparaison des asymptotes’’;
class ind;
model pva pvb pvc=ind/ nouni solution noint;
contrast ’asympt 1 et 2’
ind 1 -1 0 0 ;
contrast ’asympt 1 et 3’
ind 1 0 -1 O;
contrast ’asympt 1 et 4’
ind 100 -1 ;
contrast ’asympt 2 et 3’
ind 01 -1 0 ;
contrast ’asympt 2 et 4’
ind 01 0 -1;
contrast ’asympt 3 et 4’
ind 001 -1 ;
contrast ’asympt 1, 3 et 4’
ind 001 -1,
ind 1 0 0 -1 ;
manova H=ind M=(1 00 , 000 , 000 ) ;
Jmend tests;
tests run;



CHAPITRE 3. MISE EN OEUVRE DE LA METHODE DE JACKKNIFE



Partie 11
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Chapitre 4

Sharp asymptotics for isotonic
regression

In this paper, we prove global convergence (in the IL;-distance sense) of the isotonic estimator for
a monotone regression function. We prove that the IL,-distance between the isotonic estimator
and the true function is Op(n~!/3). Moreover, we prove that a centered version of this IL,-
distance converges with rate n=!/2 to a Gaussian variable.

4.1 Introduction

The aim of this paper is to study the asymptotic behaviour of the IL;-distance between the
isotonic estimator and the unknown monotone regression function. More precisely, we consider
the following regression model

Y = f(z:)+ & 1<:<n

where the z;’s are deterministic observation times, Y; is the observation at time z; and the
€;’s are independent and identically distributed errors centered at expectation. Moreover, the
regression function f is monotone. We prove that the centered IL;-distance between the isotonic
estimator and the true function converges at the n~!/2 rate to a Gaussian variable. Moreover
we compute the asymptotic expectation of the IL;-loss.

In the context of density estimation, Grenander [16] has suggested to use as an estimator
of a monotone density (nonincreasing say) the maximum likelihood estimator under the order
restriction that the density function is nonincreasing. He showed that this estimator is given by
the left-continuous slope of the smallest concave majorant of the empirical distribution func-
tion, and can be obtained by a max-min operator. Then Prakasa Rao [30] has established the
pointwise convergence of this estimator: with a norming factor of order n!'/3 (where n is the
number of observations), the difference between the Grenander estimator and the density at a
fixed point has a nondegenerate limiting distribution which is the distribution of the location of
the maximum of the process {W(u)—u?, u € R}, where W is the standard two-sided Brownian
motion originating from zero.

Brunk [5] has proposed an analogous estimator for a monotone regression function, which
is now usually called the isotonic estimator. This estimator may be presented as the solution of

S7
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some weighted least square minimization under order restriction (see Barlow et al [1] for more
details about that). As a matter of fact it can be also defined (in the nonincreasing case) as
the left continuous slope of the smallest concave majorant of F,,, where F,(1) = £ Y1, Vi1, ,.
Brunk [6] established the pointwise convergence of the isotonic estimator with rate of conver-
gence n~'/3, whenever the regression function is differentiable. Wright [41] generalized this
result to Holderian regression functions, making different rates of convergence appear.

The purpose of this paper is to study the global asymptotic behaviour of the isotonic esti-
mator with respect to the IL;-distance. Groeneboom [17] was first to realize that, in the context
of density estimation, sharp asymptotics for the IL,-loss of the Grenander estimator could be
obtained. He stated that the expectation of the IL;-loss converges at the rate n=!/3 to some
functional ¢(f) of the density f. Moreover, more remarkably, substracting n='/3¢(f) to the
IL,-risk, one gets a convergence in distribution at the n=!/2 rate to a centered Gaussian law with
fixed variance (we mean independent of f). He proposed a sketch of proof of these results !.
Our approach here will be to follow the line of proof proposed by Groeneboom. Our main result
is theorem 4.2 below, which ensures the convergence in distribution of a properly centered and
normalized version of the IL;-risk of the isotonic estimator under adequate smoothness assump-
tion on the regression function and moments conditions on the errors. The two main steps of
the proof are the following;:

- First, we establish a similar result for the isotonic estimator of a signal function in a white
noise model. '

- Next, using a strong approximation argument (which is a refinement due to Sakhanenko
of the Komlés, Major and Tusnddy construction) we build a white noise model which
approximates the regression model. The quality of approximation depends on the inte-
grability of the errors. We show that, if this approximation is good enough, then the
isotonic estimator f, of f in the regression model and the corresponding estimator f, in
the white noise model are asymptotically equivalent for the normal convergence of the
IL,-loss. Namely we prove that

E [17a(t) = falldt = o(n™?) (4.1

The article is organized as follows:

The isotonic estimator of a monotone regression function is defined in section 4.2. The main
theorem is stated in section 4.2. The rest of the article is devoted to the proof of theorem
4.2. The main tools used in the proof are presented in section 4.3. The exponential inequality
obtained in theorem 4.4 is a fundamental tool that we shall use repeatedly. In section 4.4, we
prove global convergence of the isotonic estimator of a signal function in a white noise model.
The construction of a white noise model with isotonic estimator close enough to the isotonic
estimator of the regression function and the proof of (4.1) are performed in section 4.5.

At the time of the final writing of this paper we are aware that Groeneboom et al [19] have established a
complete and new proof of these results.
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4.2 Definitions and main results

We first define the isotonic estimator of a monotone regression function and its inverse process.
Let f be a monotone function defined over [0, 1] and consider the regression model

Y,=f($,)+6, 132STL (42)

where the z;’s are deterministic observation times, Y; is the observation at time z; and the
€;’s are independent and identically distributed errors centered at expectation. The isotonic
estimator of f under the order restriction that f be nonincreasing is defined as:

Ye

i<k<j -t

vt € [0,1] fa(t) = maxmin

T, 2t t2>zx;

Analogously, under the order restriction that f be nondecreasing the isotonic estimator of f is

Y,
vVt €[0,1]  fa(t) = maxmin —
z;<t t<z; | j<k<i 1—7

Throughout the sequel, we will focus on the nonincreasing case. Of course, the nondecreasing
case may be straightforwardly deduced from that case by changing f into —f. Let F, be the
empirical process defined by

vte[0,1] F.(t)= %EY,-]I,,S, (4.3)
i=1

Then, f, is the left-continuous slope of the smallest concave majorant of F,,. In figure 4.2 below,
F, and its concave majorant are represented: F, is the step function and its concave majorant
is the continuous piecewise affine function.

Figure 4.1: The empirical process and its concave majorant
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The isotonic estimator of a monotone regression function has been studied by Brunk [5] and
Wright [41]. They proved pointwise convergence of the isotonic estimator and determined the
asymptotic distribution of f,(t) for a fixed ¢t. Theorem 2.2 of Brunk [6] in the partlcular case
where the random errors are i.i.d. and Gaussian is the following

Theorem 4.1 Assume we are given regression model above, where the €;’s are i.i.d. centered
Gaussian variables and f is decreasing over [0,1]. For fized n, let one observation be made at
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cach of the observation points z; = i/n. Let t €]0,1[ and let there be a neighbourhood of t in
which f' is continuous. Then :

1/3

(fa(t) = S (1))

1/3

a2f/

converges in distribution to V(0).

(see definition 4.2 below for a definition of V(0)). Wright [41] generalized this theorem. In his
theorem 1, he assumed f satisfies |f(t) — f(z)| = Alz — t|*(1 + o(1)) as z — t for some «a and
A both positive. He proved that the rate of convergence is in that case of order n=o/2o+1,

The key idea of Groeneboom [17] for studying the global convergence of the Grenander
estimator is to consider the generalized inverse functions of both the estimator and the density.
The point is that the IL;-distance is invariant under this transformation and that the so-defined
inverse process is more directly describable from the empirical distribution function. Let us
recall that the (generalized) inverse h~! of a non increasing function A is defined in such a way
that the following equivalence holds true for each t € [0,1] and a € R

h(t)<a<= h7'(a) <t

We shall stick to this approach and consider the inverse function V, of the isotonic estimator
fn and the inverse function g of f. It follows that (see appendix B)

/01 |fn(t) - f(t)ldt = V/IRIVn(a) - g(a)lda

Moreover, V,, may be computed as the location of the maximum of some empirical process. Let
us first define what we mean by location of the maximum of a process.

Definition 4.1 Let X be a process indezed by a real subset I. The argmax of X over I is the
random variable defined as the greatest location of the mazimum of X over I (using the usual
convention that the supremum of an empty set is 00).

argmax{X (u)} = sup{u € I, X (u) = sup X(z)}
uel zel
It can easily be shown that

Vae R Va(a) = argmax{F,(u) — au}
u€lo,1]

where F), is defined by (4.3). This fact is illustrated by figure 4.2 below. One can see on this
figure that V, is the inverse process of f,: fix a € R and consider ¢ > Vy,(a). Then, the slope
at t of the concave majorant of F, (which is f,(t)) is no more than a.
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Figure 4.2: The inverse process
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The asymptotic distribution of the IL;-loss of the isotonic estimator will crucially depend,
via some delicate approximation arguments that will be detailed later on, on a location process
for the maximum of drifted Brownian motion. More precisely the process involved to decribe
the asymptotic distribution has been introduced by Groeneboom (see [17] and [18]). We shall
call it G'roeneboom’s process in the sequel and it can be defined as follows:

Definition 4.2 Let W be the standard two-sided Brownian motion originating from zero. Then,
Groeneboom’s process V' is defined by: Va € R, V(a) = argmax{W(u) — (u — a)?}.
ueR

It has been shown by Groeneboom that

Proposition 4.1 1. {V(a) — a}, R is a stationnary process

2. k=[5 cov(|V(0)],|V(b) — b])db is finite

Some more properties are given in Groeneboom (17] and [18]. In particular, Groeneboom dis-
cussed the analytical properties of the process (V(a), a € IR) and showed that the density of
V(0) can be found from solution of an integral equation. The density of V(0) can be charac-
terized in terms of Airy functions.

We consider the following regularity conditions for f for some m and M € R
R: fis decreasing from [0, 1] onto [m, M]
f is twice differentiable with non vanishing first derivative and bounded

second derivative over [0, 1].

We turn now to the statement of our main result.

Theorem 4.2 Assume we are given regression model (4.2), where f satisfies R. Suppose that

1. the ;s are 1.1i.d. variables with zero mean and variance o, and [E|¢,|P is finite for some
p> 12

2. for each i€ {1,...,n}, z; = i/n.
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Let f,, be the isotonic estimator of f. Then
1
nl/¢ {7z’/3/ | fa(t) = f(2)|dt - C,} 2, N(0,8kc?) as n — oo
0

where C; and k are defined from the Groeneboom process V by the following equations C; =

142 1/3
2IE|V(0)|/0 S0 dt and k= [ cov(|V(0)],|V(5) - b)db.

Remark 4.1

e By numerical integration, Groeneboom [17] gave approximations for the expectation
2[E|V(0)| and the constant 8k. These constants are approximately equal to 0.82 and
0.17 respectively.

¢ For sake of simplicity, we have assumed the design points to be uniformly spread, but it is
clear from our proof that this assumption may be replaced by the weaker condition that

—;’l- <% vie{l,..,n}

360 G]O, 1/2{, n

T;

e We have assumed in theorem 4.2 a rather stringent integrability condition on the errors.
We do not think that this condition is optimal. However, as a by-product of our proof it

~ is easy to derive some weaker result than the above limit theorem but which holds under
the square integrability of the errors.

Theorem 4.3 Assume we are given regression model (4.2), where f satisfies R. Suppose that
1. the ¢;’s are i.1.d. variables with zero mean and finite variance
2. for each i € {1,...,n}, z; = i/n.

Let f,, be the isotonic estimator of f. Then
' 1
E [ 15,0 - f()ldt = O(n™")
0

4.3 Location of the maximum of a drifted Brownian motion

The location of the maximum of a process X is well defined, even if X either achieves its
supremum at two distinct points or does not achieve its supremum (see definition 4.1). However,
it will be useful in some cases to know if the supremum of a process can be achieved at two
distinct points. Kim and Pollard (see [22], lemma 2.6) stated that Gaussian processes cannot
achieve their supremum at two distinct points. Let us recall their result:

Lemma 4.1 Let {X(t),t € T} be a Gaussian process with continuous sample paths, indezed
by a o-compact metric space T. If var(X(s) — X(t)) # 0 for s # t, then, for almost all w, no
sample path can achieve its supremum at two distinct points of T'.
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The two processes to be useful in the proof of the main theorem 4.2 are Groeneboom’s pro-
cess (see definition 4.2) and the inverse process of the isotonic estimator in a white noise model.
By definition, Groeneboom’s process is the location of the maximum of a Brownian motion
with parabolic drift, and one can prove that a well normalized version of the inverse process in
a white noise model is the location of the maximum of a Brownian motion with drift bounded
from below by some parabola. This is the reason why we are interested by the properties of
such processes.

Let W be the standard two-sided Brownian motion originating from zero, and D some
deterministic function. D will be assumed to satisfy the following

D: DeC'(I)where I C IR contains 0,
D(0) = 0,
There exists some positive Cy such that for each t € I, D(t) > Cot?.

Let Z denote the Brownian motion with drift D:
Vtel Z(t) = W(t) - D(1) (4.4)
and z the location of the maximum of Z: z = argmax,¢,;{Z(u)}.

We first provide a probability bound for the location of the maximum of the drifted Brownian
motion Z, whenever the drift D satisfies D. This inequality turns out to be a fundamental tool in
the proof of the main theorems, since it yields exponential inequalities for both the Groeneboom
process at zero and the inverse process in a white noise model at a fixed point (see corollary
4.1 and lemma 4.4 below).

Theorem 4.4 Let Z be the drifted Brownian motion defined in (4.4) with D satisfying D.
Then

C2t3
vVt >0 IP([z]Zt)§2exp<—- 02 )
Remark 4.2 By a Borel-Cantelli argument we can derive from theorem 4.4 that z is almost
surely finite, which proves that Z achieves its supremum. On the other hand by lemma 4.1, with
probability one Z cannot achieve its supremum at two distinct points. Thus, with probability
one, a Brownian motion with drift satisfying D achieves its supremum at a unique point.

Proof of theorem 4.4

Since W(0) = 0 almost surely, 0 € I and D(0) = 0, the supremum of W — D over I is almost
surely nonnegative. Let ¢ > 0. There exists some positive C such that D(u) > Cou? for each
u € R, thus

P(|z| > 1)

IN

P <5UP {(W(u) - D(u)} 2 0)

Jul21

P (e {2} 2 )

< P ( sup {u?W(1/u)} > Co>

lul<1/t

IN
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But W has the same distribution as uWW(1/u) and the distribution of ¥ is symmetric thus

P(: 2 1) < IP(sup {uW(u)}zco)

lul<1/t

IN

2P ( sup {W(u)} > Cot)

0<u<l/t

and since W( . /t) has the same distribution as t=!/2W( . ) we get

P(lz]| >t) < 2P ( iug {(W(u)} > Cot:s/z)

2t3
2 exp (— C; )

and we get theorem 4.4. o

IA

In the particular case where I = IR and Yu € IR, D(u) = u? we get the following

Corollary 4.1 Let V be Groeneboom’s process. Then for eacht > 0,

P (V) 2 1) < 2exp (-5)

The proof of theorem 4.4 (and thus of its corollary 4.1) is very simple: the only tools we use
here are standard properties of the two-sided Brownian motion originating from zero. Thus the
proof may seem to be crude. However, it provides the right exponential decay up to a constant.
In fact, Groeneboom proved that the density function ¢ of V(0) satisfies

2
8(0) ~ coltlexp (=31t + el

as |t| — oo for some constants ¢ > 0 and ¢; < 0 (see [18], corollary 3.4). Thus, for large t,
log IP(|[V(0)| > t) is of order —2¢%. In theorem 4.4 we obtain that log IP(|V(0)| > t) is of order
—t3/2.

The last result of this section is the evaluation of the smallest distance between the maximum
of the drifted Brownian motion Z and the maximum of this process outside some neighbourhood
of the location of its maximum. We have in fact in view to guarantee that with high probability,
if 6 is small enough, for each ¢t with |t — 2| > §, Z(2) — Z(t) is of order at least §*/2. Lemma
4.2 will allow us to prove that if Y, is a sequence of processes which converges uniformly in
probability to Z and if Y,, is smooth enough, then the sequence of the location of the maximum
of Y, converges in probability to z. Moreover, it relates the rate of convergence of the sequence

of locations of maximum to the rate of convergence of the sequence of processes Y, (see lemma
4.9 below).

Lemma 4.2 Let Z be the drifted Brownian motion defined in (4.4) where D satisfies D and z
be the almost surely unique and finite location of the mazimum of Z. If the derivative s of D
satisfies '

1
su 32 )< —e8 4 —
per (1)< 25 log 5,3
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for some § >0,z >0 and T > 0 then

d

We prove lemma 4.2 by using the following lemma, which relates the probability that the
supremum of a drifted Brownian motion lies in some real interval to the probability that a
Brownian motion lies in this interval.

sup Z(t) — sup Z(t)
tel lt—z2]>8

< 163/2) < 8eTz + 12ezé + P(|z| > T)

Lemma 4.3 Let d be some real valued function such that fol d*(z)dz is finite, and Z be the
drifted Brownian motion defined by

vt € [0,1] Z(t)=W({) - /‘ d(z)dz
Then, for each a,b € R
P (sup Z(t) e [a,b]) <elb-al

tefo,1)

whenever 0 < |b - a| < 1 and

1 ]
2
< -
/od(z)dz_210 :

|b—a|

Proof of lemma 4.3

Let a and b be real numbers such that a # b. By Cameron-Martin-Girsanov’s theorem,
E (HSUpue[o,u Z(t)E[a,b]) = (][sup,elo'll W(t)€[a,d) exP(\/EG - ’U/Q))

where v = [ d*(z)dz and G = -7 [} d(z)dW (z). By Holder’s inequality, for each ¢ > 1,

1-1/q

P (sup 2(t) € [a,b]> < exp(=v/2) [E (exp(av/56))] " [IP (t;;puwm ¢ [a,bl)]

tef0,1]
where
EE (exp(gv/vG)) = exp(¢°v/2)

since GG is a standard Gaussian variable. Let ¢ be the density function of |G|. Then, sup, R |¢(t)| <
1, and since sup,¢[o,1) W(¢) has the same distribution as |G| we get

P (sup W(t) € [a,b]) <|b-aq
tefo,1]
Therefore,
IP | sup Z(t) € [a,b] ] < |b— a]ex <Q+llo ——L)

tel0,1

Suppose 0 < [b—a| < 1and v < 2log(ﬁ). Taking ¢ = /2 log Ib+al yields

IN

P (sup Z(t) e [a,b])

|b — a| exp ( 2vlog 1
tefo,1]

b — af

IN

elb — al
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whenever v < Suppose now v > 2log —— Ib . Then, e|b — a| > 1 whenever v < =—1+—,

< ml“— 2log =’

which completes the proof of lemma 4.3.

Proof of lemma 4.2

Let Ny be some real interval such that Ny C [-T,T] and N, = [to, % + 6] for some ¢, € RR.
The increments of Z are independent since the increments of a Brownian motion are indepen-
dent thus for each positive a

(

sup Z(t) — sup Z(t)| < a/tsgg Z(t) - Z(tp) = c) =

teNg t<to

= lP( /SupZ(t)—Z(to)=c>

t<to
P ( < a)
Averaging over the possible realizations of sup, ., {Z(t) — Z(to)} we get
(b ®
Changes of origine and changes of scale in te Brownian motion W yields for each real number ¢
P ( P (

P ( 51[1p W(t) — Ds(t) € [(c - a)6'1/2 (e+ 0)5-1/2]>

sup Z(t) — Z(to) — ¢

teNo

sup Z(t) — Z(to) — ¢
teNo

sup Z(t) — Z(to) — c
teNy

sup Z(t) — sup Z()| < a) <suplP (

te€No ceER

IN

sup W(t) — §~/2(D(6t + to) — D(to) — ¢)
tef0,1)

sup Z(t) — fgtp Z(t)’ < a)

teNo

S a6—1/2>

IN

where D; is the function of C![0, 1] defined by V¢ € [0,1], Ds(t) = 6~/2(D(6t + to) — D(to)).
Let s; be the derivative of Ds. Then, [ s¥(z)dz = f:°+6 s?(z)dz and lemma 4.3 yields

P ( sup Z(t) — sup Z(t)l < a) < 2ead™'/?
teNo t<to
whenever s satisfies ]
sup s*(t) £ ———— 4.5
ng s < 26 log 5557 (+5)

Using the same arguments and since the distribution of a two-sided Brownian motion originating
from zero is symmetric we get
<o)

d

whenever s satisfies (4.5), and therefore

d

sup Z(t) — sup Z(t)

teNo t>t0+6

A

sup Z(t) — Z(to+ 6) — ¢

teEN

Sa) < suplP(
ceR

< 2ead™/?

sup Z(t) — sup Z(t)
t€No t¢No

< a) < 4ead™!/? (4.6)
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Let z = argmax,¢;{Z(u)} and suppose first that |[z| < T. We will finish the proof of
lemma 4.2 by separating [-T,T) into intervals of length é. For each integer k such that
~T6'=1<k<T6 "' +1,let Ni be the interval [ké, (k+1)§]N[-T,T). We get for each a > 0

P (sup Z(t) - I sup ZW)| <a; |z < T)
tel t-z]>6
< ZIP(supZ(t)—lsulp Z(1) <a,z€Nk>
< E]P ( sup Z(t) - sup Z()| < a)

where the sum is taken over all the integers k such that —=T6"! — 1 < k <Té6~' + 1. (4.6) then

yields
v (:

whenever s satisfies (4.5). Choosing a = z6%2 yields lemma 4.2. ¢

sup Z(t)— sup Z(t)
|t=z|>6

< a) < 4dead™V2(2T67' +3)+ P(|z| > T)

4.4 I;-convergence of the isotonic estimator in a white noise
model

As mentioned before, the key idea in the proof of IL;-convergence of the isotonic estimator of
a monotone regression function is to build a white noise model in such a way that the isotonic
estimator obtained in this white noise model

- satisfies to a limit theorem which is an analogue of theorem 4.2.

- is asymptotically equivalent to the isotonic estimator in the regression model in the sense
that (4.1) holds.

We begin by defining the isotonic estimator of a signal function in a white noise model
and then prove a limit theorem for its IL;-loss. The construction of a white noise model which
approximates the regression model and the proof of (4.1) will be performed in the next section.

Let f be a decreasing function from [0,1] to [m, M] (f is the signal function), W the two-
sided Brownian motion originating from zero and let Y,(t) (t € [0,1]) be the observations in
the white noise model

dY,(t) = f(t)dt + %dW(t) (4.7)

Let F be defined by Vt € [0,1], F(t) = [; f(z)dz. The isotonic estimator f, of f is the left
continuous slope of the least concave majorant of F(.)+W(.)/+/n. The following results provide
a central limit theorem for the IL;-loss of f,, and a computation of the asymptotic bias.

Theorem 4.5 Assume we are given the white noise model (4.7) where the signal function f
satisfies R and let f, be the isotonic estimator of f. Then

w1 = SOl = [ 152(6) = SOlde) 2 N(0,88) a5 n — oo



68 CHAPITRE 4. SHARP ASYMPTOTICS FOR ISOTONIC REGRESSION

Theorem 4.6 Assume we are given the white noise model (4.7) where the signal function f
satisfics R and lct f, be the isotonic estimator of f. Then

n— 00

lim n'/¢ (nl/SIE /01 | fa(2) = f(2)|dt — C,) =0

where C; = 2IE|V(0)) /l |7'(2)/2]""% dt and k = [° con(|V(0)],|V(b) — b])db.

Theorem 4.6 means that the expectation of the IL;-distance between the signal and its isotonic
estimate normalized by n'/? is asymptotically equivalent to n!/6C,, and as a consequence of
theorems 4.5 and 4.6 we get

nl/s {111/3/’ 1f2(t) = f(0))dt - c,} 2, N(0,8k) as n — o0
0

So, we obtain in the context of white noise the kind of result we want to prove in the context
of regression.

In order to study the IL;-distance between f, and f we use the identity

‘/01 lfn(t) - f(t)ldt = ‘/IR IUn(a) _ g(a)lda

where U,, is the inverse function of f, and g is the inverse function of f. We shall also use the
expression of U, as

Va € R Un(a) = arg[r;lf],x{W(u) + V/n(F(u) — au)} (4.8)

and we shall prove in lemma 4.12 that the IL,-distance between f, and f is asymptotically
. M
equivalent to [~ |Un(a) — g(a)|da, namely

E [ Un(e) - g(@)lda = [ 1Un(a) - g(@lda-+ o(n~"") (49)

which means that we only have to deal with f:’ |Un(a) — g(a)|da. Section 4.4.1 is devoted to
the proof of theorem 4.5 while section 4.4.2 is devoted to the proof of theorem 4.6.

4.4.1 Asymptotic normality

We derive properties of the IL;-distance [ |U,(b) — g(b)|db by embedding it in a process B,
defined as follows

Definition 4.3 Let U, be the process defined by (4.8). Let define the process B, by

t
Vi€ [m M) Ba(t)= | |Ua(a) - g(a)lda
Let B; be its centered associated process: Yt € [m, M), B (t) = B,.(t) — IEB,(t).

In this section, we prove a more general result than asymptotic normality of the centered IL;-
distance between U, and g: actually we show that \/nB;, converges in C[m, M] to a Gaussian
process. More precisely, section 4.4.1 is devoted to the proof of the following
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Proposition 4.2 Let f be a decrgasing function from [0,1] onto [m, M], g its inverse and F
the primitive of f such that F(0) = 0. Let B; be the process defined in definition 4.3. If f
satisfies R then

VaB, = Wov

where Vt € [m, M), v(t) = 8k(1 — g(t)) and k = [;° cov(]V(0)], |V (b) — b])db.
As a particular case of proposition 4.2, the random variable B}, (M) converges in distribution

with rate of convergence n~!/2 to a centered Gaussian variable with variance 8k, which proves,
since (4.9) holds true, that theorem 4.5 is a direct consequence of proposition 4.2.

To prove proposition 4.2, we shall use a refinement of Billingsley’s theorem (see [3], theorem
19.1). The statement that we give here differs from the original one in two points:

- We use a slightly different weak dependency assumption on the increments (see definition
4.4 below).

- We study the convergence to W o v instead of W, where W is a Brownian motion and v is a
variance function.

The proof can be straightforwardly performed by following the lines of the proof of Billingsley’s
theorem (see appendix A).

Definition 4.4 Let {X,, n € N} and {Y,, n € IN} be sequences of random variables. These
sequences are said weakly asymptotically independent if for each z,y € R

lim |[E (ei(zX..-f-yY,.)) -E (eizX.‘) E (eiyY..)

n-—00

Proposition 4.3 Let m, M be real numbers such that m < M. Let {X,, n € IN} be a tight
sequence in C[m, M] and for each s and t € [m, M], let A (t,s) = X.(t) — Xn(s). Suppose

hy - For each n € N, X,,(0) =0 a.s.

=0

hy - For each s1,ty, 82,12 in [m, M] with s; < 1) < $; < ty, An(ty,81) and Ap(s2, 1) are weakly
asymptotically independent.

- hs - For each t,s € [m, M], lim EA,(t,s)=0

hy - There ezists some increasing positive function v differentiable over [m,M] satisfying
v(0) = 0 such that for each s,t € [m, M], lim [EA2(t,s) = |v(t) — v(s)]

hs - For each t,s € [m, M], {A2(s,t), n € N} is uniformly integrable.
Then, X, converges in distribution in C[m, M] to W o v as n — oo.

In 4.4.1.1 we state an exponential inequality which proves that n!/3|U,(a) — g(a)| is almost -
surely finite. This inequality is the main tool of the proof of proposition 4.2. The exponential
inequality and a first approximation lemma allow us to compute the asymptotic variance of
the increments of \/nB;,. This is done in 4.4.1.2. In this subsection, we also establish a non-
asymptotic inequality for the variance of the increments of v/n B, which will be useful to prove
inequalities for moments of greater order. Inequalities for moments of B,, and B, are proved in
4.4.1.3: we prove that the IL,-norm (which will be useful for p > 2) of an increment of length
7 of \/uB;, is of order 7!/2. Tightness of B is derived in 4.4.1.4 and we complete the proof of
proposition 4.2 in 4.4.1.6.
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4.4.1.1 Exponential inequality for U,

Theorem 4.4 provides an exponential inequality for the location of the maximum of a Brownian
motion with drift bounded from below by some parabola. By the standard properties of the
Brownian motion (change of variables and change of scales), we can prove that a version of
Un(a) (for each a € [m, M]) is such a variable. Thus, we derive an exponential inequality for
Un(a). This inequality will be useful to compute the asymptotic variance of \/nB; and to
establish inequalities for moments of B}, and thus to prove that \/n B, satisfies assumptions h,
and hg of proposition 4.3.

Lemma 4.4 Let f be some decreasing continuous function from (0, 1] onto [m, M] and g its
inverse function. Let U, be the process defined by (4.8). If f is differentiable over [0,1] and
there ezists some positive m; such that tEiFOfl] |f'(t)| > m; then for eacht > 0

VaelmM]  P(a|U(a) - g(a)l > 1) < 2exp (—mét )

and if p is any positive integer, there ezists some positive constant C, which is independent
depend of a and n such that En?/3|U,(a) — g(a)|P < C, for each a € [m, M].

Proof of lemma 4.4:

Fix a € [m,M] and define I,(a) = [-n'/3g(a),n'/3(1 — g(a))]. The change of variables
v = n'3(u - g(a)) yields

n'/*(Un(@) = 9(a)) = argmax {W(g(a) + n™'/*0) + Va(Flg(a) + n™"%0) - alg(a) + n~'/%0))}

Let W{™ be the Brownian motion defined by W{")(.) = n/¢ (W(g(a) + . n"'/3) — W(g(a))).
We get

n!3(Un(a) - g(a)) =

= argmax (s~ W{(0) + W(g@) + VR(F(o(a) + n71%%) = alo(a) + n~50))}

But the location of the maximum of a process is invariant by deleting terms which do not
depend on v or by renormalization, thus

n'3(U,(a) - g(a)) = argmax {Wﬁ")(v) + n?3(F(g(a) + n/3v) - an’l/av)}
vE€ln(a)
Substracting the term Fg(a) yields

n!/3(Un(a) - g(a)) = argmax {W{"(v) — D{(v)}
v€ln(a) ‘

where
D{M(v) = ~n*/(F(g(a) + n~/*v) = Fg(a) - an™"/%v)
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For each v € I,,(a), there exists some £, , €]g(a), g(a)+n~'/3v[such that D{M(v) = | f'(£..)[v2/2.
.and therefore for each a € [m, M] and each v € I,(a)

D{I(v) 2 Lo?

Since Va € R, 0 € I,(a) and D{™(0) = 0, theorem 4.4 yields the first part of lemma 4.4. Let

m2
C= Tj then for each a € IR,

EvliUn@) - g(@F = [ P (n)Ua(a) - g(a)] > 2'7) do

2/:0 exp (—Czs/") dz

IN

which is finite and does not depend on a. This completes the proof of lemma 4.4. o

4.4.1.2 Asymptotic and non asymptotic evaluations for the variance of the incre-
ments of n!'/2B;,

In lemma 4.6, we study the variance of the increments of \/nB}. We compute the asymptotic
variance of the increments of v/nB;}, and prove that /n B, satisfies assumption h4 of proposition
4.3. The function v of assumption hy4 is found to be 8k(1 — g), where g is the inverse function of
f and k depends on the moments of Groeneboom’s process. We also establish a non-asymptotic
inequality for the variance of the increments of v/nB. This inequality will be used in 4.4.1.3
to prove inequalities for moments of greater order.

We first state a weak version of a strong approximation lemma which will be proved in section
4.4.2. It provides a first example of convergence of a sequence of locations of the maximum
of processes. Lemma 4.5 proves that moments of n!/3|U,(a) — g(a)| (for each a € [m, M]) can
be approximated by moments of some Groeneboom process. This justifies dependence of the
asymptotic variance of B, on moments of Groeneboom’s process.

Lemma 4.5 Let f be some function satisfying R and c the function defined by
VaeR  e(a) = (If'g(a)l/2)"

Let U, be the process defined by (4.8) and for each | > 0 let T,(l) = {(a,b) € [m, M] a<b<
a+1n='/3}. Then for each (a,b) € To(1) there exists some Groeneboom’s process V. b ) satisfying:

lim sup B[V - c(a)n[Un(8) - g0} = 0

n—00 (q,b)eTn(l)
Moreover, for each (a,b) € T,(1), Va(,';)(O) = V{(c(a)n'/*(g(a) — g(b))).
The proof is postponed to section 4.4.2 (see remark 4.5).
Lemma 4.6 Let f be some function satisfying R, g its inverse function and F the primitive

of f such that F(0) = 0. Let B, be the process defined in definition 4.3 and B}, be its centered
associated process. Then
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1. Vs, t € [m, M], lim nIE|B, (1) - B:(s)|?* = 8k|g(s) — g(t)|.
2. there ezists some positive A such that Vs,t € [m, M], nE|B;(t) — B.(s)|? < A|t - s].

Proof of lemma 4.6:

Let s and t be real numbers in [m, M] such that t > s. For each n € IN let U be the
centered process associated to |U, — g|:

YVaeR  Ul(a) = |Un(a) - g(a)| - E|U.(a) — g(a)]

E (/t U (a)da [ U,:(b)db)

[ t / 'E (U2 (a)U: (b)) dbda
/,t /,t cov (|Un(a) = g(a)l, |Un(b) — g(b)]) dbda
2 / -/.1<a<b<t v (|U,.(a) — 9(a)l,[Un(b) — 9(b)|) dbda

By Fubini’s theorem,

IE (|B;(t) = Ba(s)”)

n

Let ! be some positive real number. We get

t patin=1/3
nlE (| By (t) - B;(s)?) = 2n/; /a cov (|Un(a) = g(a)], |Un(b) — g(b)|) dbda
+2n/“ /‘,:L,n-x/-'* cov (|Un(a) — g(a)l, |Un(b) -—g(b)])dbda. (4.10)

We will prove that the first integral in (4.10) converges to 8k|g(s) — g(t)| and the second
integral is negligible as » and / tend to infinity by building approximating variables of |U,(a) —
g(a)| and |U,(b) — g(b)| and integrating the covariance of the approximating variables. We will
use the following remark:

Remark 4.3 Let X, X', Y and Y’ be centered random variables. Then
|cov(X,Y) — cov(X',Y')| = |EX(Y - Y')+ EY'(X - X')|
We can apply Holder’s inequality and get
| cov(X, ¥) = cov(X", Y)| < IXIlIY = YIla + [IYlllX = X'|I5
We need some more notations:
o Let T, = {(a,d) € [s,1], a < b < a+In"1/3}
o Let ¢ be the function defined by Va € R, c(a) = |f'g(a)/2[*"®

By lemma 4.5, for each (a,b) € T,,, there exists some Groeneboom’s process ch,'},) such that

2
lim sup E||VP(0)] - e(a)n!?|Ua(5) - g(b)I] =0
"m0 (a,b)ETn '
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and since ¢ is bounded

2
lim sup IE c(a)"IVa(";)(O)| - '3\ U,(b) - g(b)ll =0

"% (a,b)ET

In the particular case where [ = 0 we get

2
lim sup [E|c(a)”'|VE(0)] - n!/*|Un(e) - g(a)l| =0

n—00 ;<a<t

Let I,(,’n) be the first term in the right hand side of equality (4.10). We get

t patin=?/3
11(.1:) —2711/3/ / c(a)™? cov(IVa(,’:,)(O)I,|V‘f.'},)(0)|)dbda <

2|t - s| sup |n**cov(|Un(a) = g(a)],|Un(b) = g(b)]) — c(a)* cov(|VP(0)], IV,,(,'Z)(O)I)|

(a,b)ETn

By lemma 4.4 and corollary 4.1, both n!/3|U,(a) — g(a)| (for each a € IR) and |V(0)] satisfy
exponential inequalities, and thus admit uniformly bounded moments of order p (p € IN).
Therefore remark 4.3 yields

t patln=t/3
lim I,(:,) = 2 lim n’/a/ / e(a)~2 cov(|VID(0)], |V, (")(O)I)dbda

By construction, Va(';)(O) = V{")(c(a)n'’3(g(a) - g(b)) and therefore
cov([VEROLIVER(0)]) = cov([V(0)], |V (e(a)n'/*(g(a) = ()

where V is some Groeneboom’s process. By Holder’s inequality and proposition 4.1

sup cov(|V(0)], [V(e(a)n'/*(g(a) - g(b)))]) <

(a,0)ETy

IN

2IE'/*|V(0))? S E'2|V(c(a)n'/*(g(a) — g(b)))|?

n

IN

ZE VO sup BYV(0) + ela)n' *(g(e) - gB))P

which is finite by corollary 4.1. On the other hand, sup(, ;)cr, |1 - %%%I = O(n~'/3). Thus,

at+in=1/3
i 18 = 2 im [ [ el 5D coniv o), Viela)n o) - o8

n—oo n—oo f'g (b)
e(a)n'/3(g(a)—g(a+in=1/3))
= 2 lim // c(a)‘3|f’g(a)|cov(lV(O)l,lV(b)I)dbda
n—oo Js Jo

t rle(a)lg’(a)l
=8 [ @lcov (V)L V) dbda

We can compute the limit as n and / tend to infinity:

lim lim I{})

|~ 00 n—o00

8 [ [ 1@ cov V()L [V(e)) dbda
8k(g(s) — (1)) (4.11)



74 CHAPITRE 4. SHARP ASYMPTOTICS FOR ISOTONIC REGRESSION

To prove that the second term in (4.10) is negligible as ! and n tend to infinity, we will
- consider independent approximating random variables of n!/3(U,(b) — g(b)) and n!/3(U,(a) -
g(a)). Let a and b be real numbers such that a,b € [s,t] with a < b, and let

D,(a,b) = argmax {W(u) + vVn(F(u) — bu)}
ue[22llnele) 20132 n0,1)

E.(a,b) = | argmax {W(u) + vn(F(u) - au)}
ue[ﬂﬂ_';ﬂﬂ'm:)’:ﬂﬂ]n[o,l]

For each u € [3’“’)2"(“), ’(")';9(9] and each v € ["(b);’("), 3’(")2"(1’)], since g(b) < g(a), v <
fa)ts® < 3. Thus Dn(a,b) only depends upon W'’s increments before time 22324 whereas
E.(a,b) depends upon W’s increments after this time, and D,(a,b) and E,(a,b) are independent
(recall that Brownian motion increments are independent). In particular

[t ‘/c:.m_‘,; cOV(IDn(a, b) - g(b)l, IE,,(G,, b) - g(a)l) dbda = 0 (412)

D,(a,b)—g(b)and U,(b)— g(b) are the location of the maximum of {W(u+g(b))++/n(F(u+
g(b)) — bu)} over [g(");”("), ’(“);g@] N [—g(b),1 - g(b)] and [—g(b),1 — g(b)] respectively. Thus
for each b € [s,t], | Dn(a,b) — g(b)| < |Un(b) — g(b)| and

| [Dn(a,0) — g(b)] = [Un(b) — 9(D)| I, =

= [|(IDn(a,b) — g(b)| = [Un(b) = 9(®)) Lip.(a,0)-so) 21U )-3(0)1 I
< | 1Ua(b) = 90 Tp, (a,0)-g ()20 )-9 (o) |l

If |Dn(a,b) — g(b)|] # |Un(b) — g(b)| then the supremum of {W(u + g(b)) + /n(F(u+ g(b)) —
bu),u € [~g(b), 1~ g(b)]} is not achieved over [£1=2(a) 9(");9“’)] and |U,(b) — g(b)| > La=28),
Hoélder’s inequality then yields

RO RO B UAG RO NTAGEPI( (s Sp———"

10(8) = s)1 24 (10 (8) = o(8)] > L2 20))

IN

Let T! = {(a,b) € [s,t)*: b> a+ In~?/3}. Then,

V(e,0)eT,  g(a)-g(b) 2 (b-a) (uselllopl] If’(u)l)

and therefore by lemma 4.4 there exist some positive constants C and C’ such that for each
(a,b) € T,

Il 1Dn(a,b) = g(b)] = |Un(b) = g(®)] ll, < C'n~" /2 exp (~Cn(b ~ a)?)

Using the same arguments, we can prove

| |En(a,b) = g(a)l = |Un(a) = g(a)| I, < C'n™'"* exp (=Cn(b - 0)3)



4.4. IL,-CONVERGENCE OF THEISOTONIC ESTIMATOR IN A WHITE NOISE MODEL75

On the other hand, | Da(a,b) - g(b)| < [Un(b) — g(8)] and | En(a,b) = g(a)| < |Un(a) - g(a) thus
by lemma 4.4 there exists some constant C, (which is independent of a, b and n) such that for
each (a,b) € T,

n'?||Un(a) = g(a)ll, < Ce
n'/? || Da(a,b) - g(B)ll, < Co
n'?||En(a,0) ~ g(a)ll, < C»

Thus by remark 4.3 and (4.12) we get: there exists some positive K such that

/,t /;,,,_,,, cov (|Un(a) — g(a)l, |Un(b) — g(b)|) dbda

t 1
< Kn’z/3/ / exp (=Cn(b — a)®) dbda
s Ja+in=1/3
t n'/3(t-a)
< Kn"/ / exp (—Cz®) dzda
s Ji
< Knlt- s[/ exp (-Cz®%) dz
1

Let I,('f,) be the second term in the right hand side of equality (4.10). We get
|I,(f,)| <2K|t- sl/ exp (-Cz?) dz (4.13)
|
Thus the second term in (4.10) is negligible as ! and n tend to infinity:

lim lim 2n/’t /'H/ cov (|Un(a) = g(a)], |Un(b) = g(b)])dbda = 0 (4.14)

l—00 n—00

(4.11) and (4.14) yield the first part of lemma 4.6. Let us compute a non asymptotic upper
bourd for the first term I,('i,) in the right hand side of equality (4.10): denoting {(a,b) € [s,]?:
a <b<a+in"'3} by T,, we get by Cauchy-Schwartz inequality

I < 20— 8|n2’3( sup. |cov(|Un(a) = g(a)l, [Un(b) = g(b)])]

< dlle= sl sup 1Un(e) = 9@V (8) ~ sl

Thus by lemma 4.4, there exists some positive C; such that II,(f.,)I < Ci|t=s|. On the other hand,
(4.13) gives a non asymptotic upper bound for the second term of (4.10), which completes the
proof of lemma 4.6. ¢

4.4.1.3 Moment inequalities for the increments of B, and B}

We have in view to apply proposition 4.3 to the process /nB:. The following upper bounds for
the moments of B, and B, will be crucial in order , on the one hand to warrant the uniform
integrability of the square of the increments of \/nB}, and on the other hand to perform a
chaining argument which will lead to the tightness of \/nB;,.
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Lemma 4.7 Let f satisfy R, g its inverse function and F the primitive of f such that F(0) =
0. Let p be a positive integer, B, the processes defined in definition 4.3 and B, its centered
associated process. We get the two following upper bounds for the IL,-norm of B,’s and B} ’s
increments:

1. there erists some positive K, such that Vs,t € [m, M]
n!/%||Ba(t) = Ba(s)ll, < K, It — s

2. there erist some real numbers C, and K, both positive depending only on f and p and
some positive integer n, such that for each s,t € [m, M) and n > n, satisfying n'/3|s—t| >
C,logn v

n!/?||B}(t) = B;(s)l, < K|t —s|'/?

Proof of lemma 4.7

Fix s and ¢t in [m, M]. By Jensen’s inequality,

t 1/p
n'/?||B(t) = Ba(s)ll, < n'/° (It - SIP"[ E|Un(a) - g(a)l"da)

and by lemma 4.4 there exists some positive K, such that n'/3||B,(t) - Ba(s)ll, < K|t = s,
which proves the first part of lemma 4.7.

We prove the second inequality of lemma 4.7 for any p > 4. It will be then obvious for any
p < 4 since the IL; norm is no more than the IL, norm whenever ¢ < p.

Fixp € IN,p > 4 and s, tin [m, M]. Let U be the zero mean process associated to |U, —g|:

VaeR  Us(a) = |Un(a) - 9(a)| - ElUn(a) - g(a)]

Let us explain B:(t) — B;(s) as a sum of small increments with step § = n™ -0 |t — s|=<’r_-zl):

(s+(i+1)6)At

I
EHORS:HOE oY Uz (a)da (4.15)

+i6

where I = [|t — s|6~!]. We will consider some independent approximating random variables
of f’(ﬁ'ﬁ('“)é)m U;(a)da. This way, B;(t) — B;(s) will appear as a sum of almost independent
variables. For each i € {0,...,I},let X, ; be the process indexed by [s + 8, s+ (i + 1)6] defined

by: Va € [s + 16,5 + (i + 1)6],
Xni(a) = argmax {W(u)+ Vn(F(u) — au)}

Ti41<u<Ti
where for each 7 € {0,..., I},

_ 9(s+i8) +g(s+ (i +1)6)
2

For each i € {0,...,I},let X ; be the zero mean process associated to | X, ; — g|:

T;

Vae[s+ibs+(i+1)8] X7 (a) =|Xn:(a) - g(a)l - E|Xn(a) - g(a)l
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To prove lemma 4.7, it suffices to upper bound the IL,-distance between approximating and
true variables:

I (s+(141)6)At
nlﬂz/ (X2 (a) - Uz(a))da (4.16)
i=0 J3+is P
and to control the IL,-norm of the approximating variables:
I (s+(i+1)8)At
n‘/zz/ X, (a)da (4.17)
i=0 v 2+ié '

4

We first evaluate the IL,-distance between X ;(a) and U;(a) for a fixed a € [s+16, 5+ (i +1)6]
to get an upper bound for (4.16). By definition | X, ;(a) — g(a)| < 1 and |U,(a) — g(a)| < 1 since
g takes values in [0,1]. Thus || X, (a) — g(a)| = |Un(a) — g(a)]| £ 1 and for each i € {0,...,I}
and a € [s + 6,5+ (1 + 1)d]

[Xii@) = U@ < 211 1Xai(a) - g(a)] - 1Vn(a) - g(a)l I,
< 2| (1Xni(@) = 9(a)| = [Un(@) = () Tx, sorzvacoll,
< 2P (X, 4(a) # Un(a))

If X, :(a) # Un(a) then
- either |[Un(a) — g(a))] > (g(s + (i — 1)8) — g(s + i6))/2
- or [Un(a) — g(a))| > (g(s + (i + 1)é) — g(s + (i + 2)6))/2
Let M, be some positive real number such that My > sup,c(oq |f'(2)]- If Xn:(a) # Un(a) then

|Un(a) — g(a))| > 2—1&7 Thus by lemma 4.4 there exists some positive C depending only on f
such that

IN

X 0) = Ui (@),

opi/r <|U,,(a) —g(a)| > '2;4_,)
4exp (—~Cné*/p)

IN

Let C’,, = p/2C and suppose n'/3|t — s| > C,logn and n large enough so that C,logn > 1. By
definition, § = n7-V |t — slﬁf:ﬂ . Thus

ot < o (<o (e o))

14
p

IN

4” exp (—C (Cplog n):(P:3)>
4?7 exp (—CC, log n)

A

. -2
since 3p=2)

20=T) > 1 whenever p > 4, and so

sup ”X,:,,.(a)—U;(a)” < 4nY? (4.18)
s+i6<a<s+(i+1)8 14
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Let us now evaluate (4.16). By Jensen’s inequality and (4.18) we get

(s4(141)8)At P (a+(x+l)6)l\( .
Ely [ (X:i() = Ui(@))da| nt—sv-‘mz ) 1X;.4() = Ui(a)Pde
i=0 +ié +ié
(s4(i+1)8)At
< |t—8|"lz ] X;.(e) = Uz (o) da
+i8 P

< 4P -P/'-’lt_ SIP
and since |t — s| < M we get for any positive integer p not less than 4

(s +(t+l)6)A1

wiy | (X5 (@) - U3(@))da

< AMV2t — s|!/? (4.19)
1=0 +ié

4

We compute now an upper bound for (4.17). Fix i € {0,...,/} and a in [s+ 6,5+ (¢ +1)8]. The
process X, ; only depends on W's increments between times T;,, and T;_; since by definition

Xni(a) = _argmax {W(u) = W(Tin1) + Va(F(u) - au)}

Ti41SuslTio

But Brownian motion’s increments are independent, thus on the one hand variables

(s+(i+1)6)At
/ [Xn (@) - 9(a)lda

s+ié

with odd ¢ are independent and on the other hand these variables with even 7 are independent.

Let So and S, be the sums of variables f,(:é('“)&)m X, ;(a)da with respectively odd ¢ and even

'L:
(s4(i+1)6)At
S,=nt/? 3 / X7 (a)da

0<i<I s4ié
1 odd

(s+(i4+1)6)At
S.=n'? % / X, (a)da

0<i<I s+1i6
Then, S, and S, are sums of independent variables with zero mean, and we get an upper bound
for (4.17) as soon as we get upper bounds for the IL,-norm of S, and S.. Rosenthal’s inequality
provides an upper bound for the p-order moment of sums of independent variables whenever
p > 2. Recall this inequality (see [33]):

!
Theorem 4.7 Let p > 2, I € N and §; = Z&' where the &;’s are independent random

. 1=0
variables with zero mean. If |&|P is integrable for each i € {0,...,I}, then there ezists some
positive A, depending only on p such that

E(15:]P) < 4,

I pl2 g
(Z IE'&P) + ZIEI&'V’]
i=0 i=0
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We apply Rosenthal’s inequality to both S, and S.. Then

(s+(i4+1)8)At
€ = { n‘“/ X, (a)da if iis odd (resp. even)
[ B 8416
0 if 7 is even (resp. odd)

Fix ¢ € {0,.../} and a in [s + i6,s + (i + 1)6]. By lemma 4.4 and inequality (4.18), there
exists some positive E such that

[%:i@)], < |Xi@) - v:@)] + 10z,
< 4n"V? 4 Eq7i3
< 2En~'/3

for n large enough and therefore

(s+(i41)8)At
n'/? / X (a)da

+1ié

< 2Eént/®
P

Suppose n!/3|t—s| > C,log n and n large enough so that C,logn > 1. By definition, |t—s|6~! =
(n'/3|t — s|)7e-7, thus 1 < |t — 5|6~ and T+ 1 < 3|t — s[6~}. So

(s+(i+1)6)At
n1/2/ X, (a)da
8416

P

< (I41)(2Eys /s

I

S E

i=0

< 3(2E)PnP/86P1t — 5|
< 3(2E)P|t — s|P/? (4.20)
On the other hand by definition for each s,t € [m, M), B;(t) — Bs(s) = [ Uz(a)da. Thus the

second part of lemma 4.6 and inequality (4.18) yield an upper bound for the L,-norm of &;:
there exists some positive A such that

e 5160997 x; (o) <

(s4+(i+1)8)At s+(i+1)8

< |2 / (X:.4a) - U3(0) da|| + |2 / U2 (a)da
PERY) ! 9 s+ib 2

< 46+ AV

S (4+A1/2)51/2

for n large enough, and so, by relabelling the constant we get

2
(s+(i+1)8)At 2\
nif? [ X7 (a)da
s

+i6
Theorem 4.7, (4.20) and (4.21) yield: there exists some positive K (depending only upon p)
such that IE|S,|” < K|t — s|//? and IE|S,.|’ < K|t — s|?/?> which furnishes an upper bound for

IN

(AT +1)8)y"?

IN

(3A)Pt — s|P/? (4.21)
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(4.17):

I pa4(i+1)8)At
n’/zz/ X, (a)da
i=0 Jo+ié '

ISe + S.ll,

14

IN

2K1P|t — s|'/? (4.22)

Thus when n is large enough and n!/3|t — s| > C,logn, (4.22) and (4.19) yield the second
part of lemma 4.7. ¢

4.4.1.4 Asymptotic equicontinuity of B}

Lemma 4.8 Let f be some function satisfying R, g its inverse function and F the primitive
of f such that F(0) = 0. Let B, be the process defined in definition 4.8 and B; its centered
associated process. Then

1. for each s € [m, M] and each positive integer p there ezits some n, € N and A, > 0 such
that

sup /n|B;(t) - B;(s)l

< A,T!/?
s<t<s+1 -

P

whenever n > n, and T > n~/3log® n.
2. The sequence {,/nB;,, n € N} is tight in C[m, M].

Proof of lemma 4.8

Fix p € IN. Let C, and K, be positive real numbers and n, be some positive integer such
that

n!2||B;(t) = By (s)ll, < Kt — s['/?

whenever n > n, and n!'/3|t — s| > C,logn (the existence of such numbers is proved in the
second part of lemma 4.7). Assume C, > 1 and let 7 be some positive real number such that
T > n~'/3log’ n and k, be the non negative integer defined as follows:

k, = inf{k € IN,2"*n!/3r < C,logn}

Since Cp, > 1 the integer k, is positive. Fix s € [m,M — 7] and suppose n > n,. For each
k € {0,...,k,} we build a grid over [s,s + 7] with step 27¥7: we note t; o = s, and for each j,
0<7<2¥—1,t ;41 =t;+27%r. Let m be the projection over the kth grid:

Vt € [s,s+ 7] me(t) = inf{ty j, : 0<i}“<fzk [t —te ;| =t — tejol}

Then, for each t € [s,s + 7]

kp—1

B (t) = By(s) = Ba(mo(t)) = By(s) + 3 Bi(mi(t)) — By(me-1(t)) + B5(2) = Ba(me,-1(2))

k=1

and therefore
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sup |B(t) = Ba(s)l|f < || sup [Bi(mo(t)) — Br(s)l
3s<t<s+r71 s<t<s+7
- - 4 - - 4
ky,-1
(22 sup [Ba(me(1) = Ba(meea)I|| + || sup |Ba(t) = Ba(me, (1)l (4.23)
k=] 3StSs+7 s<t<s+T P
P

where the second term is equal to zero whenever k, = 1. Thus it suffices to upper bound each
term of the right hand side of inequality (4.23).

o Upper bound for the first term: For each t € s,s 4 7], mo(t) € {s,s + 7}. Thus

sup | By (mo(2)) — Ba(s)| = |Br(s + 1) — B;(s)|

s<t<s+r

By the second part of lemma 4.7 (recall k, > 0, that is n!/3r > C,logn)

n'/? sup | B} (mo(t)) — By(s)l

< }'(',,7'1/2
s<t<s+T

4

o Upper bound for the second term whenever k, > 1: m,_;(t) and m(t) are elements of
{tk,0y -y te ¢} either equal or consecutive thus

sup |Bi(mi(2)) — Ba(me—a(1))P = sup |Bi(te;) — Ba(t,i-1)lP
s<t<s+7 1<j<2k
< > IBi(tks) = Bu(tei-1)lP
1< <2k

By construction of the kth grid (where k < k,) and definition of k,, for each j € {1,...,2%},
|tk; = tej—1] = 277, and n'/3|t, ; — tx ;1| > C,log n. Thus by the second part of lemma 4.7

WPE sup |Bi(m(t) - Bama(O)P < 2K
3_ _.! T

and we get an upper bound for the second term in (4.23) whenever k, > 1:

kp—1 kp—1
Y n'? sup [Bi(mi(t)) - Ba(mei ()| < D |n'? sup |Bi(me(t)) — Bi(me-a(1))]
k=1 sSt<s+T k=1 sStls+r P
P
S I(pTl/ZZ2k/p—k/2
k>1

Suppose first that p > 2. Then, 35,5, 2*/7~*/2 is finite and there exists some positive K/ such

that
kp—1

5w sup 1Bima(0) - im0

< K'71/?
s<t<s+T - P

p

But the IL, norm is no more than the IL, norm whenever ¢ < p thus the previous inequality
remains true for any p € IN.
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¢ Upper bound for the third term: By definition, B;(.) = B.(.) — IEB,(.) thus
|B7(7e,-1(2)) = Ba(t)| < |Ba(me,-1(1)) = Ba(t)] + E|Ba(me,-1(t)) = Bn(1)]

By construction of the grids, m,, _(t) — 2-krr <t < Te,-1(t) + 2-k»7 and by definition B, is
non decreasing, thus

|Ba(mt,1(8)) = Ba(t)] < 1Ba(m,1(t) + 27577) = Ba(m,a(2) = 27%07)
Thus we get
1Byt (D) = Bi] S |Ba(me,1(8) +2757) = Bu(me,ma(8) = 2757)]
+IE|Ba(mg,-1(t) + 2757 7) = Ba(mi, -1 (t) — 27577)]
|Ba(m,-1(8) 4+ 2747) = B (ma, (1) = 27007)|
+2E| Ba (i, -1 () + 2747) = Ba(mi,-(t) = 27507)|

IN

The first part of lemma 4.7 with p = 1 yields: there exists some K > 0 such that

Kn'/6Q-kst1p
2KCpn~"®logn
2K C,r'/?

En'/?| B (s, -1() + 27577) = Ba(me,-a(1) = 2707)|

INIAN A

whenever 7 > n='/3log® n. On the other hand, for any positive integer p we get

Sup | B}(Te,-1(2) +27507) = By (mi, (1) - 27M7)P <

s<t<ls+1
< sup  |Bi(te,-15+27%7) = Bi(te,-1; — 270 7))
0<j<2ke—t
2kp -t
< X IBi(tey1+2757) = By(thy-1s - 2700
j=0

Thus the second part of lemma 4.7 yields: there exists some positive K, such that

nt?  sup | By (e, -1 (t) + 2752 7) — By(mk,a(t) = 275 )| <
s<t<s+7 P
< 2k/Ppl? sup || Bi(tk,-1+ 27FT) — Bi(te,—1 — 2""1‘)”})
0gj <2kt
< 2’%/}’‘](’)2(-1%“)/2.,—1/2
< 2K, r?

whenever p > 2. But the IL, norm is no more than the IL, norm whenever ¢ < p thus the
previous inequality remains true for any p € IN and we get for any p € IN

n? sup |By(m,i(8) - Ba@l| < Ar?

s<t<s+7

4

for some positive A which completes the proof of the first part of lemma 4.8.
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We turn now to the proof of tightness of {n'/2B;, n € IN}. By Billingsley [3] (see theorem
8.3), it suffices to prove that for each positive fixed £ and 7, there exist some 7 with 0 < 7 < 1
and some integer ng such that for each fixed s € [m, M],

%IP ( sup V/n|B;(t) - Bi(s)| > 6) <n Vn2mng (4.24)

s<t<s+7

Fix s € [m, M],e > 0 and 7 > 0. For each positive 7, there exists some positive integer n,
such that 7 > n=1/3log? n whenever n > n,. Thus by Markov’s inequality and the first part of
lemma 4.8 with p = 4, there exists some positive real number A4 such that

4

1
lp ( sup v/n|B;(t) - B;(s)| > 6) < —=|| sup v2nlB;(t) - By ()|
T s<t<s47 E'T l|s<t<s+7 4
< Agr/et
whenever n > n,. It suffices to choose 7 small enough so that Ar/e* < 7 to get (4.24). ¢

4.4.1.5 Weak asymptotic independence of the increments of B}

Let sy, $2,1;,t; be real numbers in [m, M]such that s, < t; < s, < 5, and for each s,t € [m, M],
let An(t,s) = v/n(B;(t) — B;,(s)). We have to prove that for each z,y € IR and each positive
€, there exists some positive integer ny such that for each n > no,

IIEei[xA..(h.a1)+!/An(1:.3:)] - ]Eeiz'An(‘lr’l)IEeiyA"(""ﬁ) <e¢ (425)

We will use the following remark to prove convergence of characteristic functions.

Remark 4.4 Let p be some positive integer, < , > be the scalar product in IR” and || || be
the associated norm. Let {X,, € IN} and {Y;,, n € IN} be sequences of random variables which
take values in IR? and ¢x,, ¢y, be their characteristic functions: Vt € R?, px, (t) = [Ee!<tX>
and @y, (t) = [Ee'<"¥">, Since the exponential function is uniformly continuous and bounded
by one we get

E lei<t,x..'> _ ei<t,Y,.>l

lex. (1) — ev.(B)] <
S ”t”IE”Xn_Yn”

Thus Vt € RP,
lim |ox,(2) = ¢y, (1) =0
whenever lim,,_., [E|| X, - Y,,|| = 0.

Once more, we use approximating variables of the variables increments A,. Let X, and
X, 2 be the processes defined by

Va € [s1,t]  Xna(a) = argmax {W(u) + V/n(F(u) — au)}

ue[’(“)‘;""“) ,29(a)—- 9('1)-;9('2)],1[0’1]

Va € [s2,1,) X 2(a) = argmax {W(u) + V/n(F(u) — au)}

u€[2g(a)- 9(t))+g(s2) , 9(‘1)';-9(‘2) In[0,1]
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The processes X, ; and X, ; are independent since Brownian motion’s increments are indepen-
dent. For i = 1,2, let

1, t,
Fn(t:'vsi) = \/7—1/ |Xn,i(a)—g(a)lda_ \/T-IIE/ |Xn,i(a')_g(a)|da
I'n(t1,s,) and I'y(t2, s2) are independent. Thus for each z,y € R
IEei(zI‘,(t;,:;)+y1"..(t:,a:)) - IEeizF,.(tl,s,)IEein,.(t;,.v,) (426)

Let 7 be either 1 or 2. By definition

ti
E|An(tiys:) = Ta(tiy i) < 2\/7715/ 1Un(a) = g(a)| = [Xn(a) - g(a)l|da
Fix a in [s;,t;]. By definition, either X, ;(a) = Un(a) or

o(a) - g9(t1) + g(s2)

[Xa.i(a) - 9(@)] < :

< |Un(a) - g(a)l
Thus | X, :(a) — g(a)| £ |Un(a) — g(a)| and we get

E ||Un(a) - g(a)| = [ Xa,i(a) — g(a)ll E (||Un(a) = g(a)l = | Xn,i(a) = 9(a)l| Tv,(ay#Xn,i(a))
IE (|Un(a) - g(a)']IU,.(a)#X..,.-(a))

IN IA

Holder’s inequality then yields

E|[Un(a) - 9(@)| ~ [Xni(@) = g(@)ll < 11Un(@) = g()llsP"* (Un(a) # Xni(a))
By definition, if Un(a) # X, :(a) then

|Un(a) - g(a)| > |9(a) - _9_@;9_”

with g(a) # m’—%’ﬂ’—’l since g is decreasing. Thus by lemma 4.4, there exists some positive C;
such that

P (Un(a) # Xni(a)) < 2eC

On the other hand, by lemma 4.4, n!/3||U,(b) — g(b)||> is uniformly bounded. Thus there exists
some positive C which does not depend on n nor b such that

E [|Un(a) = g(a)| = | Xni(a) = g(a)]] < Cn'/3e=Cin/2
Thus IE IAn(t‘,S') —_— rﬂ(ti,sx)l S 2Cn1/.6|t‘ _ si|e—C;n/2 and
nh_.ngoIE |Aﬂ(ti7si) - Fn(ti,si)| =0

Fix € > 0, z and y in IR. By remark 4.4, there exists some positive integer n, such that for
each n > 7y and 7 equal to either 1 or 2

IEei[z:A,.(t,,a,)+yA,.(t,,:q)] _ IEei[xI‘,(t,,31)+yr‘,.(t;,33)] S ‘_;. (427)
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IEei:A,.(!.,!.) _ IECi:rn(tn'l)l < 5
. : -3
Thus if n > ny we get

|]E€izr..(1;.:;)IEciyl‘,.(tg,:;) _ IEeizA..(t,,:,)IEex'yA..(tg,a;)

= ‘IEcizI“,.(t,,:,) (Eeiyl‘,(tg,:g) _ IEeiyA,.(t;,:g)) _ lBeiyA..(t;,:;) (Eei:An(h,:,) _ IEei:I‘,.(tl,:,))I

< IIEngr..(t,,.,) — [Ee'von(ta2,82)

+ lIEeil'A,,('l,J]) — ]Eeizrn('ln’l)

Thus IIEeizI‘,.(t;,a,)lEein‘,.(tz,:g) _ EeizAn(h,s,)]EeiyA,.(tg,:;)

< 235 whenever n > ng, and by (4.26)
and (4.27) we get (4.25).

4.4.1.6 Proof of proposition 4.2

We have to prove that the sequence of processes {\/nB., n € IN} satisfies the assumptions of
proposition 4.3. h, and hj are obvious consequences of the definition of B;,. h4 has been proved
in the first part of lemma 4.6 with v = 8k(1 — g); tightness has been proved in the second part
of lemma 4.8 and weak asymptotic independence of increments of /2B, is proved in 4.4.1.5.
Thus it suffices to prove uniform integrability of the increments of \/nB;, raised to the square.

By the second part of lemma 4.7, there exist some positive real numbers C4y and K4 and
some positive integer n4 such that for each n > n, and each s,t € [m, M] satisfying n'/3|t —s| >
Cqlogn

n?E|B;(t) — B (s)|* < K4|t — s

Fix s and t in [m, M) and define N = ny Vinf{n € IN: n!/3|t — s| > C4logn}. We get
sup n’E|B.(s) — BL(t)|* < Ka|t — s|?
n>N
On the other hand, by the first part of lemma 4.7 there exists some positive real number K}
such that n*/3IE|B;(s) — Bi()|* < K|t — s|*. Thus
sup n’IE| By (s) - By(t)|* < K4N*Jt - off
n<N
and therefore sup, ¢ n?IE| B} (s) — By (t)|* is finite and {n|B;(t) — B;(s)|?, n € IN} is uniformly
integrable which completes the proof of proposition 4.2. ¢

4.4.2 Asymptotic bias

In this section, we compute the asymptotic bias of the IL;-distance between the isotonic esti-
mator and the true function. This means that we intend to prove theorem 4.6, namely

lim 7!/ (c, _ n”"’IE/ IU. (a) —g(a)lda) ~ 0
n—o0o R

This convergence is proved in two steps. In 4.4.2.1 we state a strong approximation lemma.
Lemma 4.9 provides sufficient conditions for a sequence of locations of the maximum of processes
Y, to converge to the location of the maximum of some process Z, whenever Z is a Brownian
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motion with parabolic drift. Moreover, this lemma yields rate of convergence of the sequence
of location of the maximum when the rate of convergence of the sequence of processes Y, to
Z is known. We then derive lemma 4.10 from lemma 4.9. This lemma states convergence
in probability of n'/3|U,(a) — g(a)| to a Groeneboom process with rate of convergence n~!/6.
Moreover, it provides a probability inequality which it suffices to integrate to get convergence
of n'/3|U,(a) — g(a)| to a Groeneboom process in IL,-sense with rate of convergence n=!/¢. This
integration is performed in 4.4.2.2.

4.4.2.1 Apprbximation of argmax-processes

We consider a drifted Brownian motion Z = W — D where D is defined over a real interval I
and satisfies D stated in section 4.3. Given some process Y defined on a subinterval J of I, we
want to understood how close is the location of the maximum of Y to that of Z whenever Y is
uniformly close to Z. The following lemma provides an answer to that question and proposes
two different probability bounds. The first one is well adapted to the situations where Y is also
a drifted Brownian motion while the second one is meant to cover situations where the location
if the maximum of Y cannot be exponentially controled. '

To compute the asymptotic bias and prove theorem 4.6 we shall only deal with the first
situation. The alternative bound will be useful to control the error when one substitute to the
argmax process V,, defined from the isotonic estimator in the regression model, the argmax

process U, defined from an approximating white noise model. This will be performed in section
4.5.

Lemma 4.9 Let Z be a Brownian motion with drift D satisfying D, and z the almost surely
unique and finite (see remark 4.2) location of the mazimum of Z. LetY be some process defined
over a real interval J C I and y = argmax,¢,;{Y(t)}. Then the two following inequalities are
available for each § > 0, z > 0 and T > 0 such that [-T,T) C J and the derivative s of D
satisfies

2(t) < ———
05 (S T
L. P(ly—z|>8) <P (2 sup |Z(t) - Y ()| > 263/2) +8eTz+12ez6+2P(|z] > T)+P(|y| >
tI<T
T)

o

.P(ly—z|>6) <P (2 sup |Z(t) - Y (t)| > z63/2) + 8eTz + 12ezé + 2IP(|z| > T)
teJ

Proof of lemma 4.9

Let z, 6 and T be positive real numbers such that [-7T",T] C J and

1

2
P
sup s°(t) < 5Tog 2;6

[t<T

By lemma 4.2,

P (ly —z|>6; [supZ(t) - sup Z(¢)| < z63/2> < P < sup Z(t) — sup Z(t)| < :1:63/2)
tel jt—z|>6 tel [t—z|>6
< 8eTz + 12ezé + P(|z| > T)
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On the other hand, since J C |

IP(|y—~2|>5;

sup Z(t) — sup Z(t)
tel jt—z|>6

> zam) < P(12(2) - Z(y)| > 26%2)
But |Z(z) - Z(y)| £ |Z(2) = Y(¥)| + |Y(y) = Z(y)|. Since y and z are the location of the
maximum of Y and Z respectively we get

1. 1Z2(2) - Z(y)| <2 sup |Z(t) - Y(t)| whenever |z] < T and |y| < T. Therefore
te[-T,T)

P(|Z(2)-Z(y)| > z63/*) < IP (2 sup |Z(t) -Y(1)] > m63’2> +IP(|z] > T)+P(ly| > T)

te[-T,7T)
which completes the proof of the first point of lemma 4.9.

2. |Z(2) - Z(y)| < 2sup,¢, |Z(t) = Y(t)| whenever z € J. Therefore
P(2(s) - 2()| > 26%) < P (2509 |2(t) - Y (0] > 262 + (el > T)

since [-T,T] C J, which completes the proof of the second point of lemma 4.9. o

In the particular case where I = R and Vt € R, D(t) = t2, lemma 4.9 provides sufficient
conditions to converge in probability to V(0).
Lemma 4.10 Let f satisfy regularity conditions R and c the function defined by

2/3

Vae R c(a) = ’-f/‘qT@

Let U, be the process defined by (4.8). For each |l > 0 let T,(!) = {(a,b) € [m,M], a <
b < a+In"Y3}. Then, there erist some positive constants Ao, A, and C such that for each
(a,b) € Ta(l), there exists Groeneboom’s process V,; satisfying

P (lc(a)nl/a(Un(b) - g(b)) - Va,b(o)l > 6) < 8eTz 4 12exé + 6exp(——§-T3)

whenever £63/% > n=3(A,T? + Ayl) and élog 5; < T-1/2.

Proof of lemma 4.10

For each b € [m, M], let 7, be the real valued function defined by:

Vu €[0,1]  ry(u) = F(u) ~ Fg(b) = b(u — (b)) — f'9(b)(u - g(b))*/2
Fix a, bin IR. Then,

Un(b) = a:%{fglfix{w(u) +v/n(f'g(b)(u - 9(b))*/2 + ri(u))}

and we get
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c(a)n'/*(Un(b) - g(b)) =

= argmax{W(g(b) + c(a) 'n"'/3v) — n"1/¢
uelf"',)

f'9(b)
T2

c(a)™*v® + v/nry(g(b) + c(a)'n"/30)}

where for each a, b € R, I("b) = [—c(a)n'/3g(b), c(a)n'/3(1 — g(b)]. Let W™ and W.f,"b) be the
Brownian motions defined by

vieR  WM(1) = c(a)/*n*W(c(a) 'n"1/3t)
WRt) = Wt + g(b)e(a)n'/?) — W (g(b)e(a)n'?)

and V,,(_:) the Groeneboom process defined by
VteR V(1) = argmax{W P () - (u - t)?)
ueR
Then,
Var (0) = V{(c(a)n!*(g(a) - 9(b))) (4.28)
and

c(a)n!*(Un(b) - 9(b)) =

= argmax{n~/®c(a)” 1/2W(")(v) n-1/6
uEI("

f g(b)

e(a)"2? + Vary(g(b) + c(a)"'n" Y v))

= argmax{W(v) - L g()v’+n2’3c(a)*/2rb(g(b)+c(a)-ln-wv)}

uel(m) f'9(a)
= argmax{W}(v) — v* + R{)(v)}
ue[(")

"~ where

(n) =(1- f'g(b) v? + n3¢(a)?r b) + ¢(b)"'n-1/3y
M= (-5 (8)'*ra(g(b) + e(6)'n="/%0)
Let D € C!(IR) be defined by Vv € R, D(v) = v2. Then, for each positive T,

sup (D'(t))* = 2T
<

Let z, 6 and T be some positive real numbers such that §log -1 523 < T7'/2 and suppose 7 large
enough so that [-T,T] C I,. By the first part of lemma 4.9,

P (|c(a)n'/*(Un(b) - g(b)) = Vap(0)] > 8) < PP (2 sup |R{)(1)] > zéa”) +
[tI<T

+8¢Tz + 12e26 + 2P(|Vas(0)| > T) + P (c(a)n!®|Un(b) - g(b)| > T)

By definition 7, is the rest of a Taylor’s expansion of F' of order 2. Since f’ is bounded from
below and f” is bounded, there exists some positive constant Ao (which does not depend on a
nor b) such that for each a,b € R

n*3¢(a)'/?|ry(g(b) + c(a) 'n"3u)| < %n"’/au3
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On the other hand, since f” is bounded and f’ is bounded from below, there exists some positive
constant A; such that for each (a,b) € T, (1)

Il _ f9(b)
f'9(a)

1 ’ _ f_l_ -1/3
Ta@l 1f'9(a) = fg(b)] < —-In

and therefore
P (|e(a)n!2(Un(b) - g(b)) = Vas(0)] > ) <

< 8¢Tz + 12628 + 2P([Vas(0)] > T) + PP (c(a)n'2|Un (b) - g(b)| > T)
whenever z6%/2 > n=1/3(A,T3 + A,l).
Since f’ is bounded, c is bounded and by lemma 4.4 there exists some positive constant C' such
that for each n € IN and each b € R

P (c(a)n'*|Ua(b) ~ 9(8)] > T) < 2exp(~CT*/2)

Thus by corollary 4.1 and since we can assume C <1

P (@10 (8) = 9(8)] > T) + 2P ([Ves(0)] > T) < Sexp (-5 T°)
which proves lemma 4.10. ¢

Remark 4.5 : To compute the asymptotic variance of B}, we used a weak version of lemma
4.10, namely lemma 4.5, that we are now in position to prove.

Proof of lemma 4.5

Let Ao, A; and C be the positive constants defined in lemma 4.10. Let 7' =logn, § = n™¢
for some positive € such that ¢ < 2/9 and z = n~1/36=3/2(A,T> + A,l), and suppose n large
enough so that §log 525 < T—'/2. Let

P =P (

VE(0) = ca)n! (U (b) - ()| > n~*)

By lemma 4.10, we get for each (a,b) € T,,(I)

P < 8eTn™5+% (AT + A1) + 12en~3%5(A,T% + A1) + 6 exp (—%T")

and therefore,
lim P™ = 0. (4.29)

n—oo

Hoélder’s inequality yields

E [V (0) ~ e(@)n 3 (Ua(b) - o) <

2
IE ' (Va(,rl:)(o) - C(G)n1/3(Un(b) - g(b))) ]I|V,(."b)(0)—<:(a)n‘/3(U,.(b)—g(b))|>n-: + n-25

B2 [V(0) - (@)t (Un(b) - g))] (B) " + 07

IN

IN
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By definition, Va(,';)(O) has the same distribution as V/(0), thus it admits uniformly bounded
moments of order 4 (see corollary 4.1). On the other hand, by lemma 4.4 and since c is
bounded, c(a)n!/3(U,(b) — g(b)) admits uniformly bounded moments of order 4. Thus (4.29)
yields

lim sup IE
T (a,0)ETA())

Moreover, by (4.28), Va(",',)(O) = V{?(c(a)n'/*(g(a) — g(b)). This completes the proof of lemma
4.5. ¢

(n) _ 1/3 _ 2 _
IVEA0)] - c(@)n?|Un(6) = g(B)I| =0

4.4.2.2 Proof theorem 4.6

Let ¢ be the function defined by Va € R, c(a) = |f'g(a)/2|*/3. By lemma 4.10 with [ = 0, there
exists some A > 0 and C > 0 such that for each a € [m, M], there exists some Groeneboom'’s
process V, satisfying

P (|c(a)n1/3(Un(a) - g(a)) - Va(0)| > 6) < 8eTz + 12ezé + 6exp(——§-T3)

whenever z63/2 > n=!'/3AT? and §log 51 < T!/2.

Let T = logn, € be some positive real number such that € < 1/9 and for each § < n~¢, let
z5 = n~'/*AT3¢§~%2, Suppose n large enough so that (logn)~'n='/¢ < 2~ and élog 71 < 5=
for each 6 € [(logn)~'n~1/6 n=¢]. Then for each é € [(logn)~'n~1/¢ n=¢

P (Ic(a)nl/s(U,,(a) - g(a)) - Va(0)| > 6) < 8en VPAT673/2412en P AT3 6246 exp(——g-T"’)

and therefore
nl/s—c
Jrognyon P e (@) = (@) =~ Ve(0)] > p)dp =
logn)-1?
= /s / (@) *(Un(a) - 9(a)) - Va(0)] > 6)d6
(logn)—1in-1/¢

§-312d§ + 12 AT®n-1/8 /

(logn)—1n-1/6

< SeAT"n"l/s/

(logn)=1n-1/6

6712d6 + 6n'/ce exp(——i—Ta)
< 16eAT*n™'"2(logn)'/? + 24e AT3n~/3-¢/2 4 gn!/6-¢ exp(—%T:’)

which is independent of a and converges to zero as n — oco. For each p > n!/6-¢

P(n/® [e(a)n'*(Un(a) — 9(a)) = Va(0)] > p) < P(|e(a)n*/*(Un(a) - 9(a)) = Va(0)] > n™°)
and therefore

n'/®logn

/n‘/e_‘ P(n'/S Ic(a)nlla(U,,(a) - g(a)) - V“(O)I > p)dp <

n'/®log n [8eAT4n‘%+% +12eAT?n~3%5 4 6exp(—%T3)]
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which is independent of a and converges to zero as n — oo since ¢ < 1/9 and T = logn. On
the other hand, by corollary 4.1 and lemma 4.4 there exists some constant Cy > 0 such that for
each p> 0

P (n'/° |e(a)n' *(Un(a) ~ g(e)) = Va(0)| > p) <

IN

P (|e(a)n' 2 (Un(a) - g(a))| > n7%2) + P (V@) > n5E )
4 exp(~Con™!/%p’)

IN

thus we get

[ Pme (@l (Un(e) - 9(@)) - (O] > p)dp < 7° [ dexp(~Cos®)ds
ni/élogn logn

which is independent of a and converges to zero as n — co. But

(logn)~* '
[ P |ean(Une) - 9(@)) - Va(0)] > p)dp < (log n)”?
0
and therefore

lim sup ” P(n'/® |c(a)n1/3(U,.(a) - g(a)) - V,,(O)| > p)dp=0

n=0 4e[m,M]Jo

which proves that

lim sup IEn'/%|e(a)n'/*(Un(a) - g(a)) = (Va(0))| = 0

n= g¢[m,M]

But ¢ is bounded, thus

M
lim n/® 1En1/3/ Un(a) = g(a)lda—C;| = 0 (4.30)

where C; = IE [V ¢(a)~!|V,(0)|da, and by lemma 4.12 below,

lim n'/®

n—oo

IEnI/a/Rw,,(a) - g(a)|da—c,| =0

By definition, c(a) = |f'g(a)/2|*/3, thus

M
¢ = EVO)I [ 29 da

m

EIV(0) [ 126/ SO ()l
2BV [ 170/ dt

which completes the proof of theorem 4.6.
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4.5 Proof of IL|-convergence in the context of regression

We prove theorem 4.2 whenever 0 = 1 and f is decreasing from [0, 1] onto [m, M], since the
other cases follows from this case and the definition of the isotonic estimate. Let g be the
inverse function of f and V, the inverse process of the isotonic estimator of f. Recall that V,
satisfies

Va e R Va(a) = argmax{F,(u) — au}
u€lo,1)]

where F;, is the empirical process associated to the regression model (4.2):
. |
t n = - Y1,
viel[o,1]  Fu(t)=- ; <t

We prove theorem 4.2 in two steps:

- In a first step, we establish a probability inequality for V,. This inequality proves that for
each a € R the distance |V, (a) — g(a)| is of order no more than n~!/3 (see lemma 4.11).

- In a second step, we build a white noise model such that the IL,-distance beetwen V,, and
the inverse process of the isotonic estimator of the signal function converges to zero with
rate of convergence n~!/2,

4.5.1 A probability inequality for V,,

Lemma 4.11 Suppose we are given model (4.2), where f satisfies R. Suppose that the ¢;’s are
i.i.d. variables with zero mean and finite variance and for each i € {1,...,n}, z; = i/n. Let f,
be the isotonic estimator of f and V,, the inverse process of f,. Then,

1. there exists some positive constant B such that for each a & [m, M] and eacht > 0

B
nt((m - a)y + (a — M), )?

P(|Va(a) — g(a)| > ¢) < (4.31)

2. if IE|e,|P is finite for some p > 2, there ezists some positive constant A, such that for each

a€R and eacht >0
Ap

P(IVa(a) - g(a)| > 1) S =22

(4.32)

Remark 4.6 One can notice that in particular, for eacht > 0 and each a € R

P V() - g(a)] > 1) < 5

whenever IEe? is finite.

Proof of lemma 4.11

Fix a € IR. By definition,

n
Vn(a) - g(a) = argmax {'n'—l Zei ]I::.E]g(a),u+g(a)] - D‘(zn)(u)}
u€[-g(a),1-g(a)] i=1
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where Vu € [-g(a), 1 — g(a)),
DO =~ D I b e vesen + e
Let Z(™ be the process defined by
Vu € [-g(a),1-g(a)]  Z{M(u) = %iei L. clo(a).uto(a)]

=1

Then D{™(0) = Z(™(0) = 0 and therefore the supremum of Z(™ — D{") is almost surely
nonnegative and we get for each ¢t > 0

P (|Va(a) - g(a)| > t) <P (Istllp{zs"’(u) - D{M(u)} > 0) (4.33)

In the course of the proof of lemma 4.11, we shall provide an upper bound for the number
of elements of the sets

Az (u) = {i: z: €]g(a), g(a) + u]} (4.34)
where a € R and u € [—g(a),1 — g(a)]. One can notice that for each a and u,

A" (u) < nlu| + 1 (4.35)

since the design is unifomly spread over [0, 1). We can provide a better upper bound for #.47(u)
whenever either a > M or a < m. Suppose for instance that a > M. Then, g(a) = 0 and we
get for each u € [0,1], A% (u) = {i: z; €]0,u]}, and therefore

#AL(u) < nu (4.36)

Let us prove the probability inequality (4.31). Let a be some real number such that either
a > M or a < m. Suppose for instance that a > M (one can use the same arguments to prove
(4.31) whenever a < m). Then, g(a) = 0 and we get for each u € [0, 1]

1 n
Dgn)(u) = '—; Z f(zi)no<x.‘_<_u + au
i=1

Since f is decreasing, we get for each z; €]0, u]
f(z:) £ £(0)
where f(0) = M. So, by (4.36), for each a > M and each u € [0, 1],
DM (w) 2 u(a — M).

By (4.33) we get for each a > M and each t > 0

P (Va(a) - 9(@) > 1) < P (sup{2((u) - Ju(a = M)} 2 0)

IN

ZIP < sup  Z(M(u) > -;—tQk(a - M))

k>0 12k<u_<_f2k+l
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For each 7 < n and each z > 0 one has by Doob’s inequality,
- »
k IE ij &
P <sup2£; > :c) < —u

k<j izl zP

Moreover, by Rosenthal’s inequality (see theorem 4.7) and Jensen’s inequality, if IE|¢,|? < oo
then there exists some positive constant C, depending on E|e,[? such that for each j < n and
z >0, E| Y., &lP < C,pj7/? and therefore

k
Vi<n Vz >0 P (sup EE" > :z:) < Cpj*?zP (4.37)

E<j i=1

So, if [E€2 < o0, (4.36) yields

P (Va(a) - 9(a)| > 1) < ;nz(a_i;)zt222k#{i; 2 €0, 12+1])
B
nt(a — M)?

for some positive constant B, which proves (4.31).

Let us prove now the probability inequality (4.32). Since f is differentiable with non van-
ishing derivative, there exists some positive constant ¢ such that for each z; €]g(a), g(a) + uj,

f(z:) < fg(a) = ¢(z:i — g(a))

By using the notation (4.34) and the upper bound (4.35), we thus get for each a € IR and
u € [0,1— g(a)]

u+g(a)

D) > au——#i‘?—(“—’fg(am(%Zm—g(a))L.e;g<a>.u+g<a>1— /
i=1

n

(z - g(a))dm)

(a)

u+g(a)
+c/y ¥ (z - g(a))dz

()
' f9(a) ¢, cv

2 (a-fg(a))u—- == ——+—-
On the other hand, one can prove by using the same arguments that the same inequality holds
true for each a € IR and each u € [—g(a),0]. Furthermore, (a — fg(a))u is greater or equal to
zero for each a € R and each u € [—g(a),1— g(a)]: fg(a) = a whenever a € [m, M] and in this
case, (a — fg(a))u = 0, while fg(a) = M (resp. fg(a) = m) whenever a > M (resp. a < m)
and in this case, D{™) is defined only for nonnegative (resp. nonpositive) u. So, we get for each
a € R and u € [-g(a),1 — g(a)] which satifies cu? > 4(fg(a) + ¢)/n

D™M(u) > guz

By (4.33) and (4.37), there exists some positive C, such that for each positive ¢ satisfying
ct? > 4(fg(a) + c)/n

P (IVa(a) - 9(a)] > ) < P(Isup{zsﬂ(u)'— %cuz}zo)

u|>t
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IA

ZIP ( sup ZM(u) > lc11222")
E>0 12k 4

<lu|<t2k4s

IA

1
o Y- oot (HA(12) 4+ # A (1274

k30
By (4.35), #.A.(t2%) + #.A4,(—12%) < 2(nt2¥+! + 1) and therefore, for each t €]0,1] such that
ct? > 4(fg(a) + c)/n, we get

IP ([Va(a) - g(a)] > 1) < Tt

for some positive constant A. The above inequality remains true for each ¢t > 1since IP (|V,(a) — g(a)| > 1)
0 whenever ¢t > 1 (recall that V,, and g take values in [0, 1]). Moreover, possibly enlarging the
constant A and taking into account the fact that a probability is not greater than 1 finally
yields (4.32) for each t > 0. ¢

Lemma 4.12 1. Suppose we are given model (4.2), where f satisfies R. Suppose that the
€;’s are i.i.d. variables with zero mean and finite variance and for each i € {1,...,n},
z; = t/n. Let f, be the isotonic estimator of f and V,, the inverse process of f,. Then,

E [ Va(@) - s(@lda= [ Vi(e) - g(a)lda+ O(n™)

2. Let f be some function satisfying R. Let U, be the inverse process of the isotonic estimator
of f in a white noise model. Then

M
E [ |Un(@) - 9(@)lda=E | |Un(e) - g(a)lda+ O(n~?%)
R m
Proof of lemma 4.12:

For each a € R, let pu(a) denote (m — a); + (a — M),. By lemma 4.11 there exists some
positive constants A and B such that for each a with p(a) > 0

u(a) B o 4
ElVa@)—g@| < np@) 4 [ a5
< nu(a) (14 5+ Blog(np(a)?))
On the other hand by lemma 4.11, there exists some Ao > 0 such that
E|Va(a) - g(a)] < Aon™"/?
and therefore

” — 3
/ E|[Va(a) - g(a)lda < Agn™?°+ 1+ A/2 + Blog(n(a — M)?)
M .

M4n—1/3 n(a - M)2 da

Setting (a — M) = n~'/3z in the above integral yields

/Moo ]EIVn(a) - g(a.)|da = O(n—2/3)
Similarly, )
‘/_oo IEIVn(a) - g(a)lda = O(n-2/3)

which proves the first part of lemma 4.12. The second part of lemma 4.12 follows from the fact
that lemma 4.11 holds true for U, as V,,.
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4.5.2 A Komlés-Major-Tusnady type approximation

As mentionned before, we prove theorem 4.2 by building some white noise model with isotonic
estimator close to the isotonic estimator of the regression function. We state a version of
Sakhanenko’s [34] theorem that can be easily derived from his theorem 5.

Theorem 4.8 For each i € {1,..,n} let z; = i/n. Let g;,...,e, be i.i.d. random variables such

that [E|e,|? is finite for some p > 2. Assuming IEe; = 0 and [Ee? = 1, provided that the ¢;’s are
defined on some rich enough probability space, there ezists some Brownian motion W such that

sup
uglo, 1]

for some Ay > 0 which depends only on IE|e,|r.

Ee, rcu — W(w)

> :r) < Agn!-P/2g-P

Proof of theorem 4.8

By Sakhanenko’s theorem (see [34], theorem 5), there exists some Brownian motion W, such

that
(sup
k<n

Let W be the Brownian motion defined by Vu € R, W(u) = Wy(nu)/+/n. Then

(Sup
k<n

For each u € [0,1], let z, be the greatest z;, i € {1,...,n}, such that z; < u. Then for each
x>0
:c) = IP (sup :z:)
k<n

IP | sup

u€f0,1)

Ele, [P nl-p/2
TP

On the other hand u — z, < 1/n and therefore there exists some positive constant A such that

for each positive z

> e — Wo(k)

=1

P
) < nlE|e, [P

P
Ze, W(n~'k) ) < n'7P2E|e, |P

1 n
W(:cu) - 7_1—126,‘1[,55“ >
=1

k
W('n,-lk) - % ZE,‘ >
i=1

<

IN

P (usel[lopll |W(zy) - W(u)| > :z:) IP ( sup |W(u) — W(v)| > a:)

lu=v|<1/n, 0<v<1

< Anexp (-nz?/2)

For each 7 > 0, there exists some positive integer n, such that

Ele, IP
Anexp (-nz?/2) < %n“”z

whenever z > n~" and n > n,.. Possibly enlarging the constant 4, and taking into account the
fact that a probability is not greater than one finally yields theorem 4.8. - ¢
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4.5.3 Proof of theorem 4.2

By theorem 4.8, there exists some Brownian motion W such that

sup
u€l0,1]

for some A > 0 which only depends on IE|¢;|?. Throughout the proof, W will denote such a
Brownian motion. Let F be the function defined by Vt € [0,1], F(t) = [; f(s)ds. For each
a € R,let Z{™ and R™ be the processes defined by Yu € [0, 1],

Ze I,cu — W(u)

> :c) < Anl-r/2g-P

ZO() = W)+ Va(F(u) - av)
RO() = =3+ f(m) kg - W(w) = VAF(w)

Let U, and V, be the processes defined by Va € IR,

Un(a) = argmax{Z{™(u)}
u€fo,1)

Va(a) = argmax{Z(")(u)-i-R(")(u)}
ugfo,1]

Then, U, is the inverse process of the isotonic estimator of f in a white noise model and V,, is
the inverse process of the isotonic estimator of f in model (4.2). By theorem 4.5 and the second
part of lemma 4.12

M
n}/® (n”a/ |Un(a) — g(a)|da — C;) 2, N(0,8k) asn— oo
Thus, by lemma 4.12 it suffices to prove that

M
lim IEn’/Z/ |Va(a) = Un(a)|da =0 (4.38)

n-— 00

Fix a € R. Let W, and W, be the Brownian motion defined by Vu € R, W;(u) = W(u +
g(a)) — W(g(a)) and Wy(u) = n/SW,(un~/3). Let I{® = [—n!/3g(a),n'/3(1 — g(a))]. Changes
of variables yield: .

n'3(Un(a) - g(a) = argmax{W(g(a) +n~"/%u) + VAF(g(a) + n~*/*u) - n/oau)

uEI(")

= argmax{W(n""/*u) + VaF(g(a) + n~"/*u) — n'/°au}
uell™

= argmax{7l—1/6W2(u) + \/ﬁF(g(a) + n—l/3u) _ nl/sau}
uerlf™

= argmax{Wy(u) + n**F(g(a) + n*/*) — n'/%au)
ueIl™

One can prove using the same arguments

n'3(V,(a) - g(a)) = argmax{Wy(u) + n*3F(g(a) + n~"?u) — n**au+ n'/* R™(g(a) + n~/%u)}
uell™
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Since f is bounded, there exists some ¢ > 0 such that

i=1

sup
u€lo,1)

c
- < =
I;,<u— F(u)| < -

Thus for each positive real number z we get

P (2 sup, ¢, m /| R (g(a) + n~1/3u)| > z) =

P (2 sup n'/6|R™(u)| > :z:)
u€gfo,1)

< P(2sup ' [W()- —=) &l <. >:z:—2cn“1/"’>
<u€[01] () \/_Z :
< IP| sup n'/¢|W(u)- — 5]I,,u>z4)

R CORE SR E

whenever z > 4cn~!/3. Since a probability is not greater than 1 and possibly enlarging the
constant A, we get for each z > 0

P (2 sup n'/¢|R™(g(a)+ n"3u)| > a:) < An'~P/3g7P
u€ln(a)

Let D{®) be the function of C!(I{")) defined by
Vue I D{(u)=n*® [-F(g(a) +n~*u) + Fy(a) + n~au

and s{*) be the derivative of D{*). Then, n'/*(Un(a) - g(a)) = argmax, ¢ ;o {Wa(u) — D{)(u)}.
Since f’is bounded, there exists some positive S such that for each 7' > 0 and a € [m, M]

sup (s{M(1))? < ST.
ItI<T

Let T denotes logn and § be some positive real number such that § < T. By the second part
of lemma 4.9 and lemma 4.4, there exists some positive C' such that

P (n!/°|Un(a) - Va(a)] > §) < Ani=P/3g 76~/ 4 20Tz + 4 exp(——g—Ta) (4.39)
whenever §log 537 < S™IT-1.

Let € be some positive real number and for each § € [(logn)~'n=1/¢,n=¢], let z;5 be

_ (AN e
x’"(zoeT) nIE 470

Suppose n large enough (say n > n,) so that §log 575 < §~'T~! for each § € [(log n)~'n="/%,n=].
We get for each 6 € [(logn)~'n=1/¢ n=¢)

1

P+1 n a(ar.-n) (5—5(_:£1—) + 4exp(_%T3)

P (n'/°|Un(a) = Va(a)] > §) < 40eT <2OAT)
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whenever n > ny and therefore

nl/&—:
[ @U@ - Va(@)] > p)dp =
(logn)-!

_ nl/ﬁ/ IP(n'/%|Un(a) = Va(a)| > 8)d8
(logn)=1n=1/¢

-

A\ 14-3=r_ /" 3 1/6- C, .3
< R T 3(p+1) 2(p+1 € ——T
< 40eT (20eT) n + gy tnoi/e 87+ dé + 4n exp( 5 )

2 1 AN e p=2 C
< 40eT (ppj—2 ) (206T) n 12041 (log n) 740 + 4nt/6-c exp(—-ETs)

which does not depend on a and converges to zero as n — oo since p > 12. On the other hand,

(logn)~!
i P(n"/2|U(a) - Va(a)| > p)dp < (logn)™"
0

which does not depend on a and converges to zero as n — oo. Moreover, if § denotes 6—},;’—4,

n’logn
o B(n7{U(@) - Va(a)| > p)dp <

1/6-¢

< n’lognlP(n!/3|Ua(a) — Vu(a)] > n7°)
;i—l e J 3pe
< 40eT (-2—0-%> RGP0 T+ logn + 4n°logn exp(“%Ta)
Since ﬁ”l—) + 6—},{—4 < 0 whenever p > 8, it suffices to choose £ small enough to get
n®logn
lim sup P (nl/le,,(a) — Va(a)| > p) =0

n—oo a€[m,M) nl/é—e

On the other hand, by lemmas 4.4 and 4.11 there exist some constants Cy > 0 and C > 0 such
that for each § > 0

P (nl’alUn(a) = Va(a)| > 6) <

5 §
< P (w10,(0) - (@)l > 3) + B (nVa(a) - g(a)] > 5 )
c
< 2exp(—-Cé%) + 53}32
Thus we get
/ P(n}/2|U,(a) - Va(a)] > p)dp = n‘/G/ P(n'/3|U,(a) - Va(a)| > 6)d6
n®logn né=1/6logn

IN

(=] C’o
nl/6 /"0-1/6 g 2exp(—C8°%) + ) dé

where § — 1/6 > 0 and

1/6 /m 6-3p/2d5 2 (1 )3:-33
= ogn 2
" n®=1/¢logn 3p—2 ©
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and therefore -
lim sup P(n'/%|Un(a) — g(a)l > p)dp =0

n—=9 a¢[m,M]JO

which proves that
lim sup En'?|U,(a)— Vn(a)|=0

"= ag[m,M]

and completes the proof of theorem 4.2. ¢

4.5.4 Proof of theorem 4.3

We simply use [, |fa(t) = f(2)|dt = [ |Va(a) — g(a)|da, where V, is the inverse process of
fn and g is the inverse function of f. Lemma 4.12 ensures that IEfO1 [fa(t) — f(2)|dt =
E [ |V.(a) - g(a)|da+ O(n~?/3) and the result follows by integrating inequality (4.32). ¢



Appendice A

Convergence to a gaussian process
with independent increments

In order to prove the asymptotic normality of the IL,-distance between the isotonic estimator of a
monotone signal function in a white noise model and the true function, we used the proposition
4.3, which is a refinement of Billingsley’s theorem (see [3], theorem 19.1). This appendix is
devoted to the proof of proposition 4.3. Let us recall this result and the definition we use for
weak asymptotically independence.

Definition A.1 Let {X,, n € N} and {Y,, n € IN} be sequences of random variables. These
sequences are said weakly asymptotically independent if for each z,y € R

lim [ (/X)) I (%) E (¢47+)| = 0

n—+00

Proposition A.1 Let m and M be real numbers such that m < M, and let {X,, n € IN} be a
tight sequence in C[m, M]. For each s and t € [m, M], let A,(t,s) = Xn(t) — Xa(s). Suppose

hy - For each n € N, X,(0) =0 a.s.

hy - For each sy,ty, 9,15 in [m, M] with s; < 1) < s3 <1y, Ap(t1,s1) and A, (s2,t;) are weakly
asymptotically independent.

hs - For each t,s € [m,M], lim IEA,(t,s) =0

hy - There ezists some increasing positive function v differentiable over [m,M] satisfying
v(0) = 0 such that for each s,t € [m, M], Jim [EA2(t,s) = |v(t) — v(s)]

hs - For each t,s € [m, M], {AZ(s,t), n € IN} is uniformly integrable.
Then, X, converges in distribution in C[m, M) to W o v as n — oo.

Proof: Let X be the limit of a convergente subsequence of {X,, n € IN}. For each s,t €

[m, M],let A(s,t) denote the increment X (t)— X (s) and let (2, . ) be the caracteristic function
of X(1):
Vu e R, ¢(t,u)=1IE (eiuX(t))

101
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Fix t € [m,M] and h € [m, M —t]. Then,

‘r’(t + h’ u) - V(t’ ’lt)

E (eiuA'(t+h) _ eiuX(t))
E [eiux(t) (eiuA(t,t-H:) _ 1)]

But X’s sample paths are continuous, so X’s increments are independent and we get

ot + h,u) — @(t,u) = E [eiuX(i)] E [eiuA(t,t+h) B 1]
For each z € R, € = 1 + iz — %;ﬂ + ¢(z) where |¢(z)| < z3, thus

o(t + h,u) —p(t,u) = @(t,u)E [iuA(t,t + h) - —;-uZA(t,t + h)? 4 c(uA(t,t + h))]

For each s and t in [m, M], EA(t,s) = 0 and IEA(t,s)? = |v(t) — v(s)|. Since v is increasing
and differentiable over [m, M], we get

1T 1, J 1, w(t+h)—a(t)
}l.l{l}l h]E [zuA(t,t+ h) 5t A(t,t+ h) ] = -3 }3{1}) .
= ——u'(2)

On the other haand, we get since |¢(z)| < 23,
E (c(uA(t,t + 1)) < E(le(udr(t, t+ b)) < uPE (At + A)°)

To compute this third order moment, we make use of some results of Billingsley about fluctuation
of partial sums of dependant or independent variables (see [3], theorem 12.1)

Theorem A.1 Let &, ...,&, be random variables, So = 0 and for each i € {1,...,p} S; = ka.
k=1

Suppose there erist some nonnegative numbers uy, ..., u, such that V0 < i< j <k < p,
2
E(1S; = Sil’1Sk = $;I*) < | D0 w (A.1)
i<I<k
Then there erists some K € R* such that VA > 0,
2
PS> ) < & ]P( >’\)
(1512 2) < 33 l§pu: +P (max |6l 2 7

Let p be a positive integer and for each i € {1,...,5}, define & = A(t + =1

h,t+ 1h). Using
p

the notations of theorem A.1, we get ( for ¢ € {0,...,p}) S; = A(t,t + %h). For each s and
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t in [m, M], EA(2,5)? = |v(t) — v(s)| and X’s increments are independent. Thus for each
0<i<j<k<p

E (IS; - 5i4S: - i) = E(S; - S E (1S - 5,1

(v (t+ h) -o(t+ h)) (v(t + ;h) —o(t+ %h))
(

IA

v(t + h)—v(t+ h))2

(2)

l l -
where V1€ {1,...,p},wy = v(t + ;h) —o(t+

IA

1h). By theorem A.1, for each A > 0

PARE+B)| > A) < K (o(t +h) - o(8) + P (max &l > A) (A.2)

Leaving p goes to infinity we get
].—
P+ B)| 2 A) < 57 (ot + B) = ()"
We can now overestimate the third order moment of an increment with step k using the following
equality

+00

E(|A(t,t+ h)?) P(|A(t,t+ h)| > AV3) A1 dA

IN

400 ]\z )
A (;ﬁ@0+m—va»)A1@
< AK(u(t + k) = o(t)*

and since v is differentiable over [m, M], 11‘1\1% IllIE(lA(t,t-{- Rh)|?) = 0. We complete the proof by
using the same arguments as those of Billingsley.
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Appendice B

IL;-distance between inverses of
monotone functions

A crucial equality in the proof of the central limit theorem 4.2 for the IL;-distance between a
monotone function f and its isotonic estimate f,, (either in a white noise model or in a regression
model) is the following

Lemma B.1 Let! and h be decreasing (resp. increasing) functions defined over [0,1] and 171,
h=1! their inverse functions. Then,

/01 Ih(2) - I(t)]dt = /R Ih=}(a) — 17*(a)|da

This appendix is devoted to the proof of this equality. We shall prove it whenever ! and h are
decreasing, since it can be proved using the same arguments if / and h are increasing. Recall
that if 1 is a decreasing function defined over [0, 1], the inverse function A~! of h is defined over
R by

Vte[0,1],Va e R,  h(t)<a<= h7!(a)<t

We can notice that [ Tjne)-in)i>a da = |h(2) — ()| and therefore

1 1 1
/ In(t) - I(2)] dt = / / Tayoicyra da dt + / / o> heyea da dt
0 0o JR, 0o JR,

We compute the first integral, since the second one can be computed in the same way. Using
changes of variables and Fubini’s theorem we get

1
// Trey>i(1)+a da dt
0 ]R.+

1 roo
/ ]Ih(t)>a da dt
o Ji(t)

1 )
/ ]Ih“(a)>t da dt
o Ji)

) 1
/ / ]I),—l(a)>, dt da
1(1) JI1-1(a)

But A~! takes values in [0,1], thus T4-1(4)>¢ is equal to zero whenever ¢ > 1 and therefore

1 (ee) oo
/ / Thet)>icty+a da dt = / / Th-1(a)-1-1(a)>¢ dt da
0o JRy (1) Jo
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But [~'(a) is equal to 1 whenever a < I(1), thus I,-1(a)—s-1(a)>: is zero for each t > 0 and
a <I(1) and therefore

1 =)
/ / Tn(y>i(t)4+a da dt = / / Ih-1(a)-1-1(a)>t dt da
o JR, R Jo

00 oo
/ / Hh-l(a)_[—l(a)>t dt da +/ / ]Ih—l(a)_l—x(a)>¢ dt da
R JO R JO

o0
= / / ]Ilh“‘(a)—l"‘(a)|>t dt da
R JO

/]R Ih=1(a) - I='(a)|da

We get

/0] Ih(t) - I(2)| dt

which proves lemma B.1. ¢
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