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Limit Theorem s for Short or Long-range Dependent 
Processes. Statistical Applications.

A bstract . This thesis is devoted to the study of short and long- 
range dependent processes in a unified approach.

The main subjects of this work are non-linear functional of 
Gaussian processes. We are interested in functional limit theorems, 
called also invariance principles, for empirical processes indexed by 
classes of functions or classes of sets. We have considered the discret 
time case as well as the continuous time case.

To carry out the proof of these theorems we established new 
moment inequalities which are of their own interest. Some other 
applications are given such as a rate of convergence in the strong 
law of large numbers and a high order asymptotic for the empirical 
distribution function.

In the last part, we dealt with the density estimation problem 
under gaussian subordination. In particular, we established the rate 
of convergence in law of the kernel estimator and we identified the 
limit law depending on the order of magnitude of the bandwidth 
and the decay of the covariance function.

K ey W ords: Short and long-range dependence, Gaussian pro
cesses, Empirical processes, Moment inequalities, Functional cen
tral limit theorem, Kernel estimators, Local time, Partial sums, 
Hermite’s polynomial, Diagram method.
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I n t r o d u c t i o n

En statistique, nous sommes souvent face à une suite d’observations et 
nous souhaitons, à paxtir de ces observations, extraire des informations sur le 
système en question. Pour cela, nous avons besoin d’un modèle mathématique 
pour modéliser le système .

Clairement, le modèle est d’autant plus fiable chaque fois qu’il reflète au 
mieux les propriétés du système et tient compte de ses spécificités. Ainsi, dans le 
domaine de l’analyse des séries temporelles : par exemple, modéliser l’évolution
d’un système au fil du temps_; le modèle d’observations indépendantes semble
peu réaliste et peut même fausser les résultats de l’étude. Pour prendre en 
compte cette structure de dépendance entre le passé et le futur, les probabilistes 
ont développé des mesures de dépendance. Les premières sont apparues dans les 
travaux de Rosenblatt. Ainsi, de nouvelles difficultés techniques apparaissent : 
les théorèmes limites habituelles sous l’hypothèse d’indépendance ne sont plus 
valides ainsi que les tests et les estimateurs construits à l’aide de ces théorèmes.

Une littérature abondante généralise des résultats existants sous des hy
pothèses d’indépendance à ce qu’on appelle processus faiblements dépendants : 
c.à.d. la mesure de dépendance tend vers zéro avec une vitesse suffisante lorsque 
la distance entre le passé et le futur tend vers l’infini . En d’autres termes, notre 
système oublie petit à petit, mais relativement vite son passé, une hypothèse 
qui semble tout à fait naturelle. Il est important de noter que les théorèmes 
limites ainsi que les outils permettant de les établir ne se distinguent pas dans 
leurs formes générale de leurs homologues sous des hypothèses d’indépendance. 
Par suite, l’enjeu était la recherche des hypothèses minimales dites alors opti
males qui suffisent pour énoncer ces résultats.

Cependant, des données empiriques ont montré que la covariance des don
nées réelles converge très lentement vers zéro et ne peuvent satisfaire ces hypo
thèses de dépendance faible. Ces phénomènes qui expriment le faite que notre 
système a une forte mémoire et oublie difficilement son passé, apparaissent
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naturellem ent en hydrologie, économétrie, météorologie et d ’autres domaines. 

Ceux-ci exposent les m athém aticiens à des nouvelles difficultés aussi bien sur 
les techniques de dém onstrations que sur les types de résultats eux-mêmes.

Ce phénom ène est connu sous le nom de dépendance forte ou encore de 

longue mémoire. Un intérêt croissant lui a été porté ces dernières «innées, et 

c’est dans ce cadre là que s’inscrit notre travail qui se veut être une contribution 
à l’étude des variables fortem ent ou faiblement dépendantes dans une approche 

unifiée.

Évidem m ent, nous sommes loin de résoudre ce problème dans tou te  sa 
généralité. Nous devons donc spécifier notre modèle. Rappelons que dans la 
litté ra tu re  existante deux types de modèles sont généralement traités :

- les fonctionnelles des processus gaussiens.

- les processus linéaires.

Nous avons choisi de travailler sur le prem ier modèle. Plus précisém ent, 
nous considérons un processus gaussien que nous supposons stationnaire pour 
simplifier les calculs et nous proposons d ’établir des théorèmes lim ites pour des 
fonctionnelles non linéaires du processus.

Pour pouvoir dém ontrer ces résultats, nous développons des nouvelles inéga
lités de mom ents aussi bien en tem ps continu qu’en tem ps discret. Notons au 
passage que nous nous sommes confrontés à une difficulté supplém entaire dans 

le cas continu due au com portem ent de la fonction de corrélation au voisinage 
de zéro.

R é s u l t a t s

Les deux premiers chapitres sont consacrés au tem ps continu, les deux sui

vants au tem ps discret. Enfin, dans le dernier chapitre, nous étudions une 

application statistique très courante : l’estim ation fonctionnelle. Avant de se 

lancer dans le détail des résultats obtenus, nous signalons que sous des hypo

thèses de dépendance forte les résultats diffèrent quantitativem ent (norm alisa

tion, vitesse de convergence... ) et qualitativem ent (nature des lois lim ites : non 

gaussiennes en général, ...) du cas de la  dépendance faible.
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C h ap itre  1

Dans le chapitre 1, comme exemple de fonctionnelle non linéaire d ’un pro
cessus gaussien, nous étudions le tem ps local d ’un processus gaussien station
naire. En particulier nous donnons un développement du tem ps local et nous 

m ontrons que le reste du développement (partie correspondante à la dépen

dance faible ) converge avec la normalisation habituelle vers un processus gaus

sien.

Soit { X t , t  € R} un processus gaussien stationnaire vérifiant 

E(XsX t) =  r ( | s - i | ) ,E ( X 3) = 0 ,  E(Xa2) =  l

Supposons que

F  1
/  ~'/ l 51.. 2< \ dS <  ° ° ’Jo y 'I  — r2(s)

et qu ’il existe m tel que

J  |j~('s)|m°̂ s < °°- (2)

La condition (1) (voir [9]) assure l’existence du tem ps local que nous notons 

lt(x) et adm et le développement suivant dans L2(Q) :

l,(x) =  p(z) £  £  Hk{X ,)d s  (3)

avec :

✓ 1 _*î / X / ..p(x ) :=  ,— e 2 et Hk(x ) :=  (—1) — ^ r —
V 7 y/27T W  V '  p (x )

où p(x ) désigne la densité d ’une loi normale centrée réduite et Hk{x) est le
✓

k —ième polynôme d ’H erm ite. Ecrivons

lt (x ) =  tp(x) +  V  Hk^ P ^  f  Hk(X s)ds +  Rt (x) (4)
teÎ kl Jo

OÙ

R,(x) := p(x) j r ,  £  Hk{X ,)ds. (5)
k—m ^

^  Hk{x)
^  klk=0

(1)

Hk{x)
kl
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On m ontre alors

T h é o rè m e  1. Soit {X t, t  G K} un processus gaussien stationnaire. Soit

r (g , g) =  2 ^ H k(x)p{x)Hk(y )p(y) p ^ s)ds  (6)

h— TTX ®

(a ) Sous les conditions (1) (2), l ’expression (6) est bien définie. En plus les
lois fini-dimensionnelles du processus

{-^=Rt{x), x € R}
y/t

converge vers ceux d ’un processus gaussien centré, (/2(ic))xeK dont la fonc
tion de covariance est donnée par (r(rc, 2/))(x,y)eR2'

(b )  S ’il existe t suffisamment grand tel que

Jo ( l - r ^ s ) Y ds <  ° ° ’ (7)

pour p  >  le processus limite admet une modification en loi ayant des 

trajectoires continues.

(c) Enfin, si la condition (7) est satisfaite pour un p >  1, alors la convergence
aura lieu dans C(R,K.) muni de la convergence uniforme sur les compacts.

C h apitre 2

Le tem ps local qui est par définition la densité de la mesure d ’occupation, 
n ’existe pas toujours. Dans le deuxième chapitre nous étudions cette  mesure 
d ’occupation.

Soit G  une fonction réelle de variable réelle. Posons

m =  inf{fc > 0 ;  ck ^  0}, où c* =  E {G {X )H k{X ))

m  est dit le rang d ’H erm ite de la fonction G et joue un rôle im portant dans les 
lois lim ites de f* G (X s)ds. (Voir les travaux de Breuer et M ajor (1983), Taqqu 

(1977), Dobrushin et M ajor (1977)). É tan t donnée une fonction G : K. —> R, 

nous donnons des conditions suffisantes sur : i  G 1 }  et sur G  pour que

{ P  G (X s) - E [ G ( X s) ] d s \
WO J i>0

J poo 

O
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convenablement normalisé converge en distribution. Ces questions ont fait l’ob
je t de plusieurs travaux: Taqqu (1979), Dobrushin et M ajor (1979), Breuer et 
M ajor (1983), Chambers et Slud (1989), Arcones (1994), Csôrgô et Mielniczuk 
(1996).

Nous étudions pour commencer la convergence des processus des sommes 
partielles. Nous m ontrons que si la fonction de covariance et les coefficients de 
la fonction décroissent suffisamment vite vers zéro, alors le processus

(G (X s) - E [ G ( X s)])ds : x G r J  ,

converge dans C([0,1]; R ) muni de la convergence uniforme.

T h é o rè m e  2. Soit G une fonction vérifiant E [G (JQ ] =  0 et E [G2 (X)] <  oo. 
Soit m  son rang d ’Hermite

(i) Si / | r m (s)|o?3 <  oo , alors les lois fini-dimensionnelles de (Zt ('))t>0 défi
nies par:

Zt(x) =  J ' J  G {X s)ds , a? € R

tendent vers celles de crW(-) où W(-) est le mouvement brownien standard 

et

oo 2 /»

=  E  I  /  rk (s )ds <  “ • (8)
k—771

(ii) Si de plus, l ’une des deux conditions suivantes est satisfaite :

1. Il existe R  >  1 telle que

oo o
__2 _ SîL

u k]k=ra
< OO.

í>0

J _  f tX
y/t Jo

2. Les Ck sont positifs et E [G4 (X)] <  oo..

Alors, la convergence aura lieu dans C ([0,1]) muni de la convergence uni

forme.

OO

E
k—m

loi
Vk\ ( /

Rk <  oo, (9)|r ‘ M I
\  1/2 

ds J

{ v t
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Lorsque le processus est fortem ent dépendant, la question a été résolue 
par Taqqu (1979), Dobrushin et M ajor (1979), pour des processus gaussiens à 
valeurs réelles et généralisée par Arcones 1994 au champs gaussiens à valeurs 
dans R n. Dans le cas de la dépendance faible, la question a été étudiée par 

Cham bers et Slud 1989. Ici nous améliorons partiellem ent leurs résultats. En 
effet, la condition de Chambers et Slud était

ë  % V 3 ) *  <  - ,
k—m V/C-

Le théorèm e suivant donne des conditions suffisantes pour qu ’un théo
rèm e lim ite centrale (abrégé TLC dans la suite) uniforme sur la classe F  =

: æ € M.} soit vraie. Dans le cas discret, la convergence uniform e a été 
étudié par Dehling et Taqqu (1989), dans le cas de la longue mémoire et par 
Csôrgô et Mielniczuk (1996) dans le cas de courte mémoire. Les techniques u ti
lisées ne s ’adaptent pas au cas continu. Nous complétons ces résultats existants 

par le théorèm e suivant.

T h é o rè m e  3. Soit {X s)s>0 un processus gaussien stationnaire. Soit m  le rang 

d ’Hermite de la famille J- =  {l{G(-)<a;}j x G R} et F la fonction de distribution 
G {X ).

Si r m G IL1 , alors les lois fini-dimensionnelles de Zt (G ,.)  définies par

1 [*
Zt (<?> *) =  -^= j o (1{G(JT0.)<*} -  E [J-CGCXo)<*}]) ds

convergent vers celles d ’un processus gaussien centré dont la fonction de cova
riance est

roo
r(a?,y)=2 I Cov (l{o (x0)<x}->î{G(xa)<y}) ds 

Jo
(i) Si de plus on suppose que

(K 1 ) fo -̂ / ï-r2~(s)dS < ° ° ’ Vt >  0

(K i ) F  est continue et la mesure de Lebesgue de G -1 [0,1] est finie. 

Alors, la famille Zt ((?,*) est tendue dans C([—oo,+oo]).

(ii) Si F  est continue et si les hypothèses H 1,H 2, et (H 3 ou H'Z) ci-dessous
sont satisfaites :

(H l)  X t =  f a t+sdWs
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(H2) f M>v cigds < 00, (3 >  1/2.

(HZ) slip* sup„ k f j  (r* (s))k ds < 00.

(H'3) SUp ĵ, I^E  | l{a;<ir0Gr(Jf)<3/} — l{æ<F’oG(X*')<3/> |2 < OO, pour un f3 >  1/2. 

Alors, la famille Zt (G,-) est tendue dans C([—oo,+ 00]).

La condition (K  1) assure l’existence du temps local. Notons que cette condi
tion est similaire à (H3) puisque toutes les deux sont concernées par le compor
tem ent de la fonction de covariance au voisinage de l’origine. De telles consi
derations n ’apparaissent pas dans le cas discret.

C hapitre 3

Dans les deux premiers chapitres, les processus étudiés peuvent être vus 
comme des cas particuliers de processus empiriques indexés par des classes 
de fonctions. Dans le troisième chapitre, nous examinons la question de TLC 
uniforme sur une classe donnée de fonctions. Clairement, nous aurons besoin 
de contrôler la taille de cette classe. Pour cela nous avons utilisé des conditions 
sur l’entropie à crochets qui semblent bien adaptés aux vaxiables dépendantes. 
Nous montrons que les conditions suffisantes assurant un TLC uniforme au 
sens de Hoffman réalisent un équilibre entre la régularité du processus mesurée 
avec les structures de dépendance et la taille de la famille en question.

Soit (-X,)i>o une suite stationnaire et J- une classe de fonctions réelles à 
variable réelle. Soit l°° (•?■') l’espace des fonctions bornées définies sur J-. Nous 
définissons l’application

Zn : T --- ► R

/  ► Z„(/) =  è  ( /  W  - E ( /  (Xi))) .

Si sup^r 1 /(.) — E(/(J*To))| existe et est fini, alors l ’application Zn est un 
élément dé l°° (J~ ) et il est donc légitime d’étudier la convergence en loi de Zn 
dans l°° (J7) muni de la topologie uniforme. Une famille vérifiant cette conver
gence est dite classe de Donsker (en référence au premier auteur qui a étudié 
cette question pour la classe des quadrants). D’après les travaux de Pollard, 
Hoffman, cette convergence est caractérisée par celle des lois marginales plus 
la tension. Précisément, Zn converge l°° (JF) si et seulement si :
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(i) Pour tou t / i ,  éléments de .F,

(•^n(/i), Zn(fk)) converge en loi.

(ii) Il existe une pseudo-métrique p telle que (JF, p) soit totalem ent bornée 
et telle que pour tou t e >  0,

lim lim su p P  [ sup \Zn ( /  — g)\ >  e J = 0 .  (10)
ra-»-+oo \p(f,g)<S J

La seconde propriété est connue sous le nom d ’équicontinuité stochastique et 
c’est généralement l’étape difficile dans les preuves des théorèm es fonctionnels. 
Rappelons qu’en 1987, Ossiander a m ontré que si les variables sont indépen
dantes et identiquem ent distribuées, alors (ii) est satisfaite dès que :

J y / l o g N i i i e ,  ||-||a,.F)<fe < OO,

où iV[ ] (e, || • ||2 , JF) est le nombre m inim al de e —crochets suffisant pour recouvrir 
JF. (Voir plus loin pour une définition précise). Ce résultat a été généralisé par 
Doukhan, Mas s art et Rio en 1995 aux suites absolument régulières dites encore 
(3—m élangeantes.

D ’autre part, Arcones en 1994 a m ontré l ’équicontinuité stochastique de 
■{Zn( f ) ,  f  €  JF}n>0 lorsque X  est gaussien avec une fonction de covariance som- 
m able dès que

f  NH2 (x,\\-\\2 ,T )d x  <  oo.
J 0

Andrews et Pollard 1994 ont m ontré la tension pour les suites fortem ent mé
langeantes sous les hypothèses

^   ̂ip~2cxp+'r (¿) <  oo, 
i>o

SUP i/l <  1 f  x ~ ^ N } ( p (æ, ||.||2 dx <  oo 
r  Jo

où p >  2 et 7  >  0. Leurs preuve était essentiellement fondée sur une inégalité 

de m om ent, combinée avec un argum ent de chainage.

fu  •••>/fc
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Avant d ’énoncer le prochain théorème, nous rappelons la définition de l ’en
tropie à crochets.

/
D é fin it io n  1 . Etant données deux fonctions l et u, le crochet [l ,u ] est l ’en
semble de toutes les fonctions f  vérifiant l <  /  <  u. Soit ||-|| une norme 
définie sur un espace contenant JF. Un e —crochet pour ||-|| est un [/, u] qui vé
rifie ||/ — m|| <  e. L ’entropie à crochets N[ ] (e , ||-|| ,JF) est le nombre minimal 
de e —crochets permettant de couvrir «F.

Pour p  >  2, nous introduisons deux types d ’hypothèses :

H (p ,X ):  Il existe deux constantes a(p) et b(p) telles que pour tou t fonction /  
m esurable

E |Z n (/)!"  <  a(p) \\f\\l'X +  b(p)n1~pt 2 | | / | | ^ 2 | | / | | ^  (11)

où || • ||2 x  est une norme vérifiant :

* Il existe C >  0 telle que || -1| j <  C  ||-||2 x  •

* l / l  \g\ Il y  II 2,J%r — 11-̂112,J%T •

H (p , JF): JF est uniformément bornée si p >  2 et

/  N l \ P 0 e ’ IN I2,A' > ^ )  dx <  ° ° -  ( 1 2 )v 0

La norm e |H |2x  es  ̂ celle qui apparait dans les inégalités de m om ent du type 
Rosenthal. L’indice X  exprime le fait que cette norme dépend en général du 
processus. En paxticulier, pour les variables indépendantes cette  norme n ’est 

au tre  que la norme ||-||2*

Nous somme m aintenant en mesure d ’énoncer un théorèm e qui regroupe 
trois résultats d ’équicontinuité stochastique. Dans le (a), nous traitons les 

classes de fonctions uniformément bornées. Dans le (b) l’hypothèse selon la

quelle J7 est uniform ément bornée est remplacée par une hypothèse d’inté- 

grabilité de la fonction enveloppe. Le (c) donne un exemple de condition sur 

le logarithm e de l’entropie si les coefficients de mélange décroissent avec une
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vitesse exponentielle.

T h é o rè m e  4. Soit (X i)i>0 une suite stationnaire de v. a. et J- une classe de 
fonctions

(a) Si les hypothèses H (p ,X ) et H(p, J-) sont satisfaites, alors

Ve >  0, lim lim su p P  ( sup \Zn ( /  — g)\ > e J = 0 .  (13)
”->-+00 \J|/-5ll2,X<* /

(b ) Soit F  >  supfçzj? l/l- Nous supposons que F  € Lr+1, pour r >  1 et que JF
vérifie l ’hypothèse H (p ,X ),

f Q N[]P ( X’ W‘\\2,X* dx <  °°> (14)

où l / t /  =  1 — 1̂ — . Alors (13) est vérifiée.

(c) (X i)i>0 une suite stationnaire et F  une famille de fonctions bornées 
par 1 . Si les conditions suivantes

a) or(?) <  c e x p ( -m ) , où c,ot sont des constantes positives et cx(i) dé
signe le coefficient de mélange fort de la suite (X ,)t>0.

b) fo loë 2 N[ ] IHIi » F ) de <  °°-

sont vérifiées, alors Ve >  0,

lim  lim su p P  f sup |Zn( f  — g)\ >  e J = 0.
5-H-oo n—>+oo \||/-S|li<5 /

Ce dernier résultat améliore le résultat de M assart 1987 puisque sa condi
tion sur F  é tait log N[ ] (e, ||-1|x <  C  (~)^ , avec £ <  1/4. Enfin, nous signa

lons que Andrews et Pollard ont conjoncturé dans leurs article de 1994 qu’une 

condition suffisante pourrait être

f  e~ÿ+ï log2 N[ ] (e, II'Hj ,^F) de <  oo,
Jo

où 7  >  0 .
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C h ap itre  4

Dans le quatrièm e chapitre, nous étudions les sommes partielles. En parti
culier, nous établissons des inégalités de mom ents de type Rosenthal sous des 
conditions de dépendance très générales. Nous rem arquons en particulier que 
contrairem ent aux inégalités de mom ents avec des hypothèses de mélanges, la 

condition de somm abilité absolue de la série des covariances suffit (en fait une 

condition plus faible est parfois suffisante) pour avoir des inégalités similaires 
à celles du cas indépendant, pour les moments d ’ordre quelconque.

Soit f  une fonction réelle et p  un entier pair. Désignons par m le rang 

d ’H erm ite de f  et par m p le rang de la famille { / ,  f 2, f 3, ..., f p~2}  . Définissons 
aussi

H/L.p =  m ax ^p1/2 \\f\\2 , Y ]  ^ 4 = ^  ( ï V M p - ^ ( 1 5 )

r*(j) =  sup |r(* )|.
i>j

ot{s,i) =  ( ( s - l ) r * { i ) ) 1/2 

où d k (f  ) =  E | /  (J^) H k(X)\. On m ontre

T h é o rè m e  5. Soit f  une fonction centrée telle que E [ f 2 (X)] <  oo, et p un 
entier pair

(i) Si la fonction f  est bornée nous avons :

E ¿ / ( X i )  <6>'{(VS||/Il2,p) ,’ +P!,n||/IILII/Il~2} (16)
i—1

où | | / | | 2p est donnée par (15).

(ii) Soit m p est le rang d ’Hermite de { / ,  / 2, ..., f p~2} . Si rmp est intégrable
alors il existe une constante K  =  K (p ,r )  telle que pour n >  0,

E|<S'»(/)|P ^  K (p ,r )  ( ( \ / n | | / | | 2) P +  n | | / | | j )  -

(iii) Si rm est intégrable où m est le rang d ’Hermite de / ,  alors il existe une 

constante K  =  K (p ,r ) telle que pour tout n >  0,

E| Sn( f ) \P <  K (p ,r )  ( v S | |  f \ \ f f  ■
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Comme applications de ces inégalités, nous donnons un développement 

asym ptotique de la fonction de répartition empirique dans le cas d ’une subor
dination gaussienne, qui généralise et unifie les résultats de Dehling et Taqqu 
1989 (cas de la dépendance forte) et ceux de Csôrgô et Mielniczuk ( cas de la 
dépendance faible). Des résultats similaires, mais sans convergence uniforme 
ont été prouvés récem m ent par Koul et Surgailis 1997, lorsque le processus est 

linéaire.
Soit Ifc(-) le processus d ’H erm ite d ’ordre k défini par

Yk( t ) =  f  f f  T \{ v  -  U i ) l ^ d v  W (dUl)...W (duk) (17)
JR* I/O + £

où v+ =  v V 0 et W  est le mouvement Brownien standard. Pour une fonction 
G  m esurable, posons

Fn(x) =  “  5 3  I{G{Xj)<x}- 
j—1

Soit

m(cc) :=  rang(I{G( )<o:y), m  •= inf m (x) et F (x ) =  P  (G (X j) <  x) .

Alors

F„(*) - F(x) = ¿  M î i l  ¿  Bk(X j)
k=m J=1

OÙ

jk(x) =  E (l{G{Xj)<x}Hk(Xj)') . (18)

Pour tou t k* >  m  on pose

_1
n

oo . / \ . n

*» (* )  :=  Ë  4 p -  E  (19>
k=k* j= 1

A l ’aide des inégalités précédentes nous prouvons 

T h é o rè m e  6. Soit X n un processus gaussien stationnaire.

(1) Supposons F continue et r k* intégrable, alors

■s/nRn^-) —> R(-) dans C(R,1R)
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muni de la topologie uniforme, où R est un processus gaussien de fonction 
de covariance

R ( z , y ) = f
k=k* j

(2) Si de plus r(n) est équivalente à n aL(n ) où et >  0 est un réel strictement 
positif et L est une fonction à variation lente. Alors pour tout k tel que
0 <  km  <  1 nous avons

È Hk(Zi) = * ■ T T n ( 1 )  dans ® (R ’R)’ ’ j = l

où k Hk(Xi)')2 et Vfc(-) est le processus d ’Hermite d ’ordre k.

C h ap itre  5

Enfin, cette thèse effectuée dans un laboratoire de statistique, ne peut se te r

m iner sans donner des applications statistiques. Aussi, dans le dernier chapitre 
nous évoquons le problème d ’estim ation de la densité (classique en statistique) 
par la m éthode du noyau lorsque les observations sont issues d ’une fonction 
de gaussien fortem ent ou faiblement dépendant. Contrairem ent à ce que nous 
attendions, nous montrons qu ’il est possible de réduire l’effet de la dépendance, 
voir m êm e de l’éliminer en jouant sur la taille de la fenêtre d ’estim ation. Ceci 
est résum é dans le théorèm e 7 ci-dessous.

Soit Yn — G(Xn) . Supposons que Y  adm ette une densité m arginale /  à 
estim er. Nous proposons d ’utiliser l ’estim ateur à noyau défini par :

/» (* )
_  1 

nbn

n 

i= 1 ( -

où K  est un noyau et bn est la fenêtre d ’estim ation ( c ’est à dire une suite de 
réels positifs tendant vers 0). Motivés par les travaux de Hall et H art 1990, 

Csorgô et Mielniczuk 1995, nous étudions les propriétés asym ptotiques de l’es
tim ateu r à noyau et nous m ontrons les résultats suivants

T h é o rè m e  T. Soit (X n) une suite gaussienne stationnaire et Yn =  G (X n) la 

suite stationnaire engendrée supposée de densité marginale f  continue.

(i) Si r m €  L 1, lim bn =  0 et lim nôn =  +oo, alors

y/nb~n (U (x ) -  E [/„(*)]) = *  H  (0 ,a 2(x)) . (20)

1 3k(x) 
dn,k Ar!

jk{x)jk{y)
k\ Y1  r *0')

3

G {Xi)
bn



où cr2(x) =  f  K 2(u)du f ( x )

(ii) Si r(n) ~ n~aL(n), ma < 1 et n^bn —> 0 pour (3 < 1 — mcx alors l ’assertion
(20) est encore valide.

(iii)  Si r(n )  ~  n~aL(n) , mcx. <  1 et n^bn —»■ oo pour (3 <  1 — m a  alors,

~P— E f  sup |/n(æ) — E [fn(x)] — Cm,n (x) Y^,nf) --> 0

où

Vm,n = n - 1 ¿  H m(X j)  et Cm,n (x) = E Î ^ - K ( ^  ~ f ‘( X ) ) I im( X ) )  ,
3=1 n

(iv ) Si de plus jm (')  esi bornée et uniformément continue,

- f —  (fn{x) — E[/n(a;)]) ^ p l ^ ( l )  dans C [— 00, +00]. (21)
Q"n,,m 771.

Pour rem placer E[/n(x)] par f{ x ) ,  il suffit de choisir des noyaux d ’ordre 
supérieur et de supposer des conditions de régularités sur / ,  afin de contrôler 

le term e de biais. C ette discussion est bien exposée dans l’article de Csôrgô et 
Mielniczuk 1995, (voir aussi l ’article de Bretagnolle et Huber 1979).

C o n c lu s io n s  e t  P e r s p e c t iv e s

À l ’issue de cette étude nous pouvons tirer quelques conclusions. Modéliser 
la dépendance dans les séries temporelles avec les structures de covariances 
semble une bonne alternative aux coefficients de mélanges, au moins pour les 
raisons suivantes :

- Elle perm et de ten ir en com pte des processus à longue mémoire, c’est-à- 
dire non mélangeants.

- La généralisation aux dimensions supérieures pour tra ite r les champs de 

vecteurs est naturelle et garde tout son sens.

- Les covariances sont plus simples à évaluer ou à estimer.

Cependant, nous sommes obligés de nous restreindre à des classes de mo

dèles qui, bien qu’assez générales sont loin de tout englober, d ’au tan t plus

18 Introduction
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qu’il est difficile de vérifier ces hypothèses. Des travaux ayant pour perspec
tive d ’élargir la classe de modèles existent déjà, (voir les travaux de Giraitis et 
Surgailis, Avram et Taqqu ... sur les processus linéaires), mais beaucoup reste 
à faire.

L’objet fondamental de cette thèse était sans doute les processus empiriques 
ainsi que leurs fonctionnelles. Une généralisation possible consiste à étudier les 
U—statistiques et les U—processus. Les travaux de Bretagnolle 1983, Arcones 
et Giné, peuvent ainsi être revues dans ce cadre de dépendance.

Enfin, d ’autre applications statistiques sont envisageables, dans ce cadre 
de dépendance. Je pense entre autres, au bootstrap, comme procédure de ré
échantillonnage très utile, la régression...etc. Ces questions feront l’objet de 
mes futures recherches.
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C h a p i t r e  1

C e n t r a l  L i m i t  T h e o r e m  f o r  t h e  

L o c a l  T i m e

ABSTRACT. We prove a central limit theorem for the local time 
of a real stationary Gaussian process via its expansion in term of 
Hermite polynomials. The limiting process is Gaussian, and we give 
conditions ensuring its sample paths continuity. In the later sections 
we show other new asymptotics for the local time.

Key words: Central limit theorem, Local time, Gaussian process, 
Hermite polynomials, Edgeworth expansion.



26 Central Limit Theorem for the Local Time

I n t r o d u c t io n

Let { X t , t  € R} refer to a real valued, Gaussian, stationary process with 
covariance function E(J£TsJYi) =  r ( |s  — i[), E(JsTs) =  0 and E(JY’2) =  1. We 
assume that:

¡I V l - rHs)ds<o°’ (1-1)

and moreover th a t there exists some positive integer m  with

J  |r (s ) |mofs <  oo. (1-2)

Condition (1) (see Berm an [1], Geman, Horowitz [7] or Doukhan, León [6]) 
ensures th a t the local tim e which we denote by lt (x ) exists and adm its the 
following expansion in L2(fi):

lt(x) =  p(x) y  Hkif ^  Í  Hk{X s)ds (1.3)
k=o * J0

where for any nonnegative integer k:

and H t(x) =  ( - 1)tE^ 1 

denote the  normal density and the k-th order H erm ite polynomial. Note th a t 

the existence of the  local tim e is related to  the condition

v T ^ 7 2  6 L 'oc,

We will write the expansion (3) as follows:

lt(x) =  tp(x) +  Y 2  — 4 " ' r  Hk(X s)ds +  Rt (x) (1.4)
fe=i Jo

where we set:

R ,(x) =  p(x) ¿  f  Hk(X ,)d s  (1.5)
k=m ®

here we prove th a t under the conditions (1.1) and (1.2) the  rem ainder of the 

expansion denoted by Rt('), suitably normalized is asym ptotically Gaussian.

P(x ) =  —7x=e *2V27T

Hk(x)p(x)
k\

Hk (x) 
k\
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The lim iting process (in the finite dimensional - fidi - sense) is continuous as 
soon as,

(T'-1r»y e (1-6)

for some p  >  1/ 2 ; and the last convergence is functional if the condition (1.6) 
holds for some p >  1.

In (1.4) m is chosen to be the smallest num ber satisfying (1.2). In the 

expansion (1.4), note th a t the k-th term  belongs to the k-th order of the chaos 
relative to  the  process ( ^ í ) í€r .  Under a long range dependence assumption, this 
term  correctly normalized has a behavior usually non Gaussian (see Taqqu [15], 

Dobrushin & M ajor [7] or Doukhan & León [6] for multidimensional versions); if 
r(s)  ~  |s |-oíL(5) and kcx <  1, this norm alization is y /L k(t) t2~ka. From another 
hand, in short range dependence the tail of this series (5) has an order y /i  
in probability as it was shown in Doukhan &¿ León [6]. It is called there the 
Gaussian part of It s Edgeworth expansion. For m =  1 it may be proved directly 
th a t this series is asym ptotically Gaussian using Berman technique (see [2]). 
The aim of this paper is to investigate this Gaussian convergence in the general 
frame.

The paper is organized as follows: In section 2 we present our m ain results, 
while some applications are stated and proved in section 3. For example, we will 
provide a complete Edgeworth expansion of the local tim e if r (s ) ~  |s |_0fL(s). 
Section 4 is devoted to the proof of the m ain results.

M a in  r e s u l t s

In the  following we are interested in the asym ptotic behavior in law of Rt(-)- 
We shall prove th a t the lim iting process in x, w ith a convenient norm alization is 
Gaussian. Then sample path  properties of the lim iting process axe investigated. 
Finally conditions ensuring tightness and functional central lim it theorem  are 

discussed.
Before stating ours m ain results we recall the following definition; we say 

th a t ^ R t{‘) satisfies the functional central lim it theorem  in Ck-(R.,R) if for 

each com pact subset K , -^R t(x)x&K satisfies the central lim it theorem  in the 

space (£(# ,]& ); || • ||*r) where ||/ ||* r  =  supxeK |/ ( * ) |.



28 Central Limit Theorem for the Local Time

The expression.

Hk(x)p(x)Hk(y)p(y) 
k\

oo
r(x,ÿ) = 2 ^

k—m

/*oo
/  rk(s)ds (1.7)

J 0

is of a special interest; in the appropriate case, this will be the covariance 
function of the limiting Gaussian process.

T h e o re m  1 .1 . Assume that assumptions (1.1) and (1.2) hold then (1.7) is 
well defined. Moreover, the finite dimensional distributions of the random pro
cess

{A=-Rt(x), x G R}
V t

converge to those of a Gaussian and centered process (i?(a;))xe]R with the cova
riance function (T(rc, y))(*,j,)eR2.

If there exists some p >  ̂ suck that( 1.6) holds then, the limiting process 
R(-) admits a modification in law with almost surely continuous sample paths.

If in addition, the relation p >  1 holds, then the previous convergence is 
functional (in the space C(R,R)^.

Í  (1 — r 2(s)) pds <  oo
J o

for some t0 such that |r(.s)| < 1/2 for 5 >  t0.

As examples of behaviors of covariance functions satisfying (1.6) for p >  1 
we can take r(s) ~  1 — c |s |a with a. <  1. The Ornstein Uhlenbeck process (e.g. 
r(t) =  exp(—|i|)) satisfies (1.6) if and only if p <  1, and thus does not fulfill 
(1.6) for p >  1.

In the proof of the theorem above we will first prove the convergence in 
distribution of the finite dimensional laws of {^  Nj*, k € N*} where =

JQ Hk(Xs)ds to those of independent and Gaussian random variables {iVfc, k € 
N*}. Second, we apply the previous result to prove the finite dimensional 
convergence. The technique of the proof is essentially the method of moments 
and the diagram formula (cf. Appendix). The idea is motivated by the paper 
of Breuer and Major, [4]. The assumption (1.6) may be relaxed to

7 tN<k
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A p p l ic a t io n s

O ther a sy m p to tic  for th e  loca l tim e

In this paragraph we deal with the L 2 and almost sure convergence for the 
local tim e, we always assume tha t relation (2) holds. Using the  orthogonality 
of H erm ite polynomials we write

E [(/«(re) -  tp ( x ) f]  =  ^  -  £  £  >•*(*. s ')d°d*' +  E •

P ro p o s i t io n  1.1. Assum e that (1.1) and (1.2) hold then

lim sup E( — p (x))2 =  0
t—*00 X£]R t

and

lim M fil =  p(x) a.s. 
t—>-00 t

P ro o f . Let k  6 {1, 2 ,.., m — 1} we have

n r k(s, s')dsdsf =  2 f  (t — s )rk(s)ds < 2 1 f  | r fc(s)| ds 
Jo Jo

hence for some constant C  >  0

n t r rt ~ k/7*1
r k(s ,s ')d sds ' < 2 1\ | r fc(s)| ds <  c t 2~k' m

lJo

and
1 2 °° poo

lim E( —̂ R t(x)) =  5 3  Pk 0e) I  rk(s)ds.
k—m, *-*

where

r, /„x H k(x)p{x) oX
Pk{x) Vki ( }

then  for some C  independent of x

1 2 
E ( ^ JRi(x)) < C ,

V t

therefore

sup E [ ( ^ i  -  p (x))2] < C m t- 1/rn + C /t
XGR L t  J

1̂ —k/m

H l(x )p 2(x)
Ä!A;=l
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which tends to zero as t goes to infinity. Now

E [ i  j f  < C t~ k'm

thus Borel Cantelli lemma yields

lim — N k2m =  0 and also lim ]. Rn2m(x) =  0 a.s
n—>oo 71 n—>oo 72

Let t k a sequence tending to infinity and let nk such th a t n |m <  tk <  (n^ +  l ) 2m 
using the  fact th a t the local tim e is a non decreasing function we write

(n fc +  l ) 2m lnk2m(x ) <  ltk(x) <  l(nk+i)2m(x ) nk2m
nk2m nk2m ~  t k ~  (nk +  i ) 2m (nfc +  l ) 2m

We let k go to  infinity in order to conclude th a t

lim — ln2m(x) =  p(x) a.s.n—too Ti

As a consequence of the previous relation there exists a sequence t k such th a t 

limfc_>oo =  P(x )- In fact this holds true for all sequences t k increasing to
infinity and yields the result.

A  co m p lete  E dgew orth  expansion  for th e  loca l tim e

In this paragraph we assume th a t the covariance function is of the form

r(s) ~  s~aL (s)

for some or >  0 and some slowly varying function L. Define

k* — inf{A:, kcx >  1}.

Set

l,(x) =  tp(x) +  ¿  H^ x )p(x ) f  Hk(x ,)d s  +  R ,(x) (1.9)
k= i Jo

with

Rt{x) =  p{x) j r  f  Hk{Xs)ds. (1.10)
*=*• ** Jo

j f  Hk{X a)d^
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Then one obtains the following higher order asym ptotic for the  local tim e.

P ro p o s i t io n  1.2. Assume that the relations (1.1) and (1) hold, set L*(t) =  
f^t r k*(s)ds, then
a) If 0 <  k <  k* :

f* Hk(X .)d s = *  Yk( 1) 
ak,t Jo

where =  E(J*o Hk(Xs)ds)2 and Vfc(-) denotes the Hermite process of order 
k.
b -1 ) If k* ex >  1 ;

~^=Rt(x) = >  A f(0 ,T (x ,x)).

b -2 ) If k*cx =  1 then L* is a slowly varying function; if it is not a bounded 
function then

—,  ̂ Rt(x) = $ ■ Af(0,cr*2(x)) where cr*2(x) =  —k* ^ ^  . 
y /tL * (t) U  W  k*\

b -3 ) If k*a =  1 and £*(•) is bounded, then

- ►  V ( 0, «*«(*))

where

^ , (x) = + £  £  m ^ M r rH s)ds

k=km+1 ' J°

and L* =  limi_).00 L*(t).

E x a m p le . Taking L (t) =  log“ t for t >  1 and a real num ber a we assume th a t 
k*a =  1 for some k* (this k* is the same as defined above) then

2 log log t if k*a =  — 1

L'(t) = /*, r‘*Wds ~  < ¡fI+T10®^"“*1 if k'a > - 1

[ C  if fc*a <  - 1

hence if k*a <  — 1 we are in the case (b-2), if k*a >  — 1 we are in the case 

(b-3), in particular if k*a =  0 then L*(t) ~  21ogi.

— . ... R t(x ) 
y/tL*(t)

Hk*(x )p2(x )
fc*!

poo

Jo
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P ro o f . Point (a) is proved in [15] and point (b-1) is a consequence of Theorem
1. Therefore we have only to prove (b-2) and (b-3). According to [14] L*(t) is 
a slowly varying function. Now the same arguments as in Proposition 1 when 
r  =  1 apply with small changes yielding

(1.U )
v á m  IÒ Hk-(x')ds = *  W X )

on the other hand

. ' iS  E T z7(i) ( p(x) J C +i ~ W " £  » ‘ W * )  — *■ °-

and this ends the proof. Now, (b-3) is proved in a similar way.

P r o o f s  o f  t h e  m a in  r e s u l t s

To prove our theorems we need some results stated  as lemmas and propo
sitions; their proofs axe postponed to the end of this section.

P r o o f  o f  T h eorem  1.1  
F id i co n v e rg e n ce

P ro p o s i t io n  1.3. Assume that relations (1.1) and (1.2) hold. Let ki, &2, •••, kr 
be r be integers satisfying ki >  m for i =  1,2, . . . , r  then the following conver
gence in distribution holds in R r

(N kl, N kr) (N kl,..., N kr)

where the N ki are independent Gaussian random variables.

In order to  prove Theorem 1, we have to check th a t a 2(x ) =  r (x , x ) is finite. 

For this use th a t there exists an universal constant C  (see [9]) such th a t for 
any real x and any integer k

<  e t - » / -  ( i .i2 )I Hk{x)p(x)\

Vk\
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yields

( » ) .  2 £  r  r *(s)ds  <  c £  r  rH s)d s
k=m k ' J° k=m J°

Now rem ark th a t the  two conditions k ~ x!2 r k(s)ds  <  0 0  and (1.1)
are equivalent under the  assumption (1.2). Indeed

°° r o o  °° f t  oo p o o

k ~ xf 2 I r k(s)ds  =  y '  A;-1/ 2 I r k (s)ds  +  fc-1/ 2 /  r*(s)<£s
k = m  ® k = m  k — m

Now, choose t  such th a t |r (s ) | < 1 / 2  for s > t use th e  hypothesis (1.1) and the 

relation  (1.21) below.

A pplying proposition 1.3 we conclude th a t  for all K  >  m ,

(*) =  p(x) J 2  J0‘ H „ (X ,)d s  = s .  N k ( x )  =  A i (0, tT^(x))

w here

=  > r v W d s ,
k — m  ®

and

jV ^ x )  =>- ^ ( 0 ,  <r2(a:)) since ° k (x ) —>• <r2(x), 

on th e  o ther han d

E [« ,(*) -  f l f  (x)]3 =  j r  n t W f W  f ‘ f  r* (s ,s ' )d sd s '
k = K  fc- J o  J o

Therefore

T 1  ̂ I 2
lim  sup lim  sup E  —p=(Rt(x) — .Rf^x)) =  0.

K —t o o  t - + o o  I V t

then  from  Theorem  4.2, page 25 in [3] we ob tain

- ^ r i ^ x )  ==> R { x ) =  A/”(0, cr2(x)).
V t

Let now, x i , x 2, a ? /  and a i , .., cti real num bers, th e  expression

r o o

I r k (s)ds  <  C
Jo

a ì<{x ) — 5 3
k —m

1 i

£
i = l

ociRt(xi)
oo

-E
k=m (è\*=i

Fffcix.Wcci) fJo
Hk{ X s)ds

H î ( x ) p \ x )

E oo
k = m

7 ï r ‘ { x )

H k (x) 
k\

k\

fc-1/2
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clearly converges to a normal distribution, and this prove the first point in 
theorem  1.
R e m a rk  If m  =  1 it is possible to prove this result in a more simple way 
using an idea of Berm an (see [2]). If r € L 1 then X  adm its the representation

X t =  j  b(t -  s )d W s (6 € L2(A))

where W  denotes a standard Brownian motion. Following [2] we introduce:

X t,v =  J  bv(t — s )d W s

where bv(s)  =  6(5)/^a|<„/2}. Now, we define:

Zwc.vM =  _L  £  H h( X ,„ ) d s

Using the same notations as in [2] we have:

1 f*
Zt,K,v(x) =  -y= j  G K { X SjV)ds  =£- jV(0, <?v,k (x )) (1*13)

since X SfV is a «-dependent process (a process is said to be u-dependent if X s 

is independent of X s> whenever |s — s'| >  v); here

< * ( * )  -  2 £  HI(X)? (X) f ~  r l„ ( s )d s .  
k= 1 K' J0

Using (lem ma 8.4.1, [2]) we write:

cr2>K(x) =  a 2K {x) =  2 X J  ^  JQ rk (s )ds  i 1-14)

Again from (lem m a 8.4.1, [2]) we obtain

lim sup lim  sup E [(Zf,x(^) — Z t,K,v(x))2] =  0 (1-15)
K — ¥ o o  t—+oo

From (1.13), (1.14) and (1.15) we conclude tha t

Zt,K {x) =  ^ = f *  G K { X s)ds = ►  Af(0, <t2k(x )) (1.16)

lim
Í — > 0 0

= J* G K ( X s,v)ds  = >

Z ì ,k ( x )  —
1

V t

K

£
k = l

Hk{x)p{x)
k\

f  H k {X s)ds  
Jo

i ^ H k(x)p(x)  r*

y/t h i fc! J°

H k(x )p2(x )
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On the other hand:

S S , aK(x ) =  ^(a?) =  2 Y 2  ^  r*(*)<k (1-17)

Using again (lem ma 8.4.1, [2]) yields

lim sup lim sup E [(Zt (x ) — ^ ^ ( x ) ) 2] =  0 (1-18)
K—+00 t—too

From (1.16), (1.17) and (1.18) we conclude that:

Z t^  =  ~7t ~  = * ^ ° ’ C1-19)

and this ends the  proof for the one dimensional case, the finite dimensional 

case may be handled in the same way.

C on tin u ity  o f th e  lim itin g  process

We have proved th a t the family of processes converges in
the finite dimensional sense to a real, zero mean, non stationary Gaussian 
process R( ) w ith covariance function given by (1.7). F irst, rem ark th a t (1.6) 
is equivalent to

°° ft
'y  ̂kp~x I r k(s)ds <  00. (1.20)
k=m ®

indeed

(i - , ) - » =  f ;  (* - * , + p ) ! **
k=0

and Stirling formula ~  C kv~x yield with p =  |  +  S

00 ft ft 1
\  ¿.-1/2+5 /  r k(s)ds <  00 I --------------- TTo\ xdu <  00 (1-21)
¿ z  Jo Jo (1 -

00 poo Q
E [R (x) -  R iy)]2' =  (q -  I)" y ] Q U x ,y )  r"(s)ds .

r ~  Jo_bz—m

where Q k(x,y) =  Pk{x) — Pk{y) and Pk{x) is defined by (1.8); but

|Hk{x)p{x) -  Hk(y)p(y)\ =  I f  Hk+X(z)p(z) dz
| J X

m { x ) p \x )
kl

( ^ ¡ r ^  ~  ? (* ) )  = *  - ^ t0’ a2(x ))

( v i M - ) )J t>0

(fc-l+p)!
k!
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which together with (1.12) entails

IQk(x, y ) |2 <  Ck~1/2( 1 A \x — y\2{k +  1))

<  Ck~1/2\ x - y \ 2s(k +  l ) s (1.22)

hence

00 fOO ®
E[i2(®) -  ^ (y )]29 <  C k~1/2+s /  r*(s)c?s |* -  y\2qS

LAr=m *̂° J

Now, to conclude the proof we consider higher order mom ents and we use the 
Kolmogorov-Chentsov criterion.

R e m a rk  The law of R(-) is identical to  tha t of the process defined by

where (Ck)k is a sequence of i.i.d standard normal variables and the series (1.23) 
converge a.s and in square mean. This representation offers another possibility 

of studying the sample path  properties of R.

T ig h tn e s s  a n d  fu n c tio n a l C LT.

According to Theorem  1.1 it suffices to prove the tightness of the family 

{ ( ^ JRt(x))a;eJ<r ; t  >  0}. But

[
1 1 2 00 /*oo

~^=(R(x) -  R (y))j =  ^ 2  Qk(x i y) r k(s)ds .

hence, by (1.12)

- -J 1 2 OO /«OO ^
E - j j(R (x )  -  R (y)) <  C J 2  k - 1'* +s /  r k(s)ds \x -  y |25

J  U = m  J° J
<  C \ x - y \ 25

where we still set 8 =  p — | .  Now, since 25 >  1, using the criterion of tightness 
in [3]. This concludes the proof of theorem 1.

OO

£
k=m

Hk(x)p(x)
Vk\ ( f

\  1/2 
rk(s)ds J Ò: (1.23)

lim Et—+oo
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P ro o fs
Proof of proposition 1.3

Let aci, ..., OLr be real numbers, we assume tha t the kî*s are distinct. We are 
aimed to  prove

’ 1 ^  l p \  {P ~  I ) -  (J2ri=i Vi^kiY12 if P =  2ç is even
lim  E — y^otiN }*  = <t—̂-oo x/t I

L 1=1 -I L 0 if is odd

Set

1 r V
M ( p , t , r ) = E

y *  fe i

Then:

M (p ,t,r )  =  M'(p, t, r) +  M ”(p ,t ,r )

where

M '(p ,t,r )  =  —̂  ^ 2  cxi .̂cx  ̂ I ( G ,k , t )
*i,..,*p=l GeTf(k{1 ,...,kip)

M ”(p ,t ,r )  =  ^  J 2  “i. •••<*, £  /(G ,M )
i'i,..,t'p=l Ger”(A:fl,...,A<p)

Setting a,- =  we write

I r
M '(p ,t ,r ) =  ^ 7I  5 3  Offi-aip- 5 3  I (G , k >t )

ti,..,tp=l C?€r/(A;̂ i...,kip)

=  W i  T ,  J 2  i3„h - l3 ktrl ( G ,k , t )
i'l ,..,*p=l GeV{ki1 ,...,kip)

=  5 3  fp/2 5 3  5 3  P k ^ ,p k ipi ( G ,k , t )

The first level w ith cardinal k{1 is chosen, a second level is needed to  define 

the  first component of G, there are 2q — 1 choices, w ithout loss of generality 

assume th a t it is the second level, so fct-2 m ust be equal to  k^ . Thus

ki1 =1 Ì2,--,ip=l GEr,(ki1 ,...,kip)

ßki

otiNf*
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M ’(p, t ,r )  =  ] T  - i j ( 2 9 -  1 )0 l kh ! f  f  r “ . (s, s')dsds' x 
¿,,=1 J° J°

r
‘y  y ^   ̂ ^ i 3 > •••> PkipI(G , (k{3, ..., &lp) ,t )

i3,-,*V=1 Ger'(*i3 

repeating this decomposition q times yields

M '(p ,t,r )  =  (p -1 )< \  V  T T / C V j  f  f  r k‘,(s ,s ')d sd s'
U. L>. —1 7*—1 J Jo JoKil — -i- J —

letting t  goes to infinity we obtain

r 9 /* CO
lim  M '(p ,t,r )  =  (p — 1)!! TT !2 I rkij(s)d st—+ OO ^ ^  3 J /

U ,..,«qr=l 

_*=i

now, we will prove in the following lem m a that the contribution of the 
irregular diagram  to the limit is zero. Hence we obtain

lim M ” (p ,t ,r )  =  0,t—>-oo

and this ends the proof of the proposition.

L e m m a  1.1 . Let G be an irregular diagram element of r(fci, fc2, kp), then

fp/2 ..,kp),t̂) =  0 

P ro o f . The lem m a above is a simple adaptation of the Proposition 1 in M ajor

[4]-

=  ( P - I ) ü  ¿  «i, ■■<x2iq<rli l~<rliq
i 1 ,..,Zqr=l

limt—ïoo
1

tv/ 2

= (P-I)H ¿ « ? * i  
-*= 1

I (G, (ki, ki,

il —1 j—1
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A p p e n d i x

Let kx, &2, kp some integers, V  a set of points of cardinality ki +  k2 +
... +  kp We call an indirected graph of type r ( k 1,k 2, ..., kp) an element of G{V) 
satisfying:

-  i) V  is a disjointed reunion of p levels with respective cardinalities ki, k2, ...,k p

V  =  U?=1jLi, Li =  {(¿ ,/), I =  1,2...,&,}

-  ii) Only edges between different levels are allowed

w =  ((*» 0> (*7> 0 )  =► • 7̂  *'

-  iii) Every point has exactly one edge

V (i ,0  € V, 3 ( i ' , n  /  ((.*,/); ( i ' , 0 )  € G(V)

For w =  ((¿, I), I')) element of G (V) we define ni(w ) =  i as the first level 

of w  and n^iw) =  as the second one.

L em m a 1.2 (th e  D iagram  Form ula). Let (X S1, X S2, X Sp) a Gaussian vec
tor centered at expectation and with a covariance matrix given by (r(si, Sj))1<{ j<p

p "I __
IE J_ Hk {,XSi) =  y  '  r (5n!(u/)? •Sn2(^))

.»'=1 J Ger(ki,...,kp) w<=g

where n i(ty), n2(w) are the first and the second level of w

The proof can be found in Giraitis and Surgailis [9] in a more general setting.
We say th a t a  subset of levels U I  C { l,2 ...,p }  form a chain for a 

diagram G  if every vertex in Utg/Lj can be connected by an edge to some other 
vertex U*gjLt-. A graph is said to  be irreducible if there isn’t a chain w ith less 

than  p  levels. As a consequence, each graph can be considered as a reunion of 
irreducible subgraphs called components of the graph.

A subgraph is said to  be of degree k , k =  2, 3, ,.,p  if it forms a chain on k 
levels; then an irreducible graph is one of degree p. A graph is said to  be regular 

if all its components are of degree 2, otherwise he is said to be irregular, th a t 

is, there exists at least one component of degree greater or equal than  3.



Note th a t if p  =  2 the set of irregular diagram is empty, and if p is odd 
then the set of regular diagrams is empty.

For G element of r(&, k , ..., k) we set the following definitions: ka(i) is the 

num ber of edges going from level i and g(i) =  k°k̂  ■
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ABSTRACT. In this paper we consider two functional limit theo
rems for non linear functional of stationary Gaussian process sa
tisfying short range dependence conditions: the functional CLT for 
partial sums processes and the uniform CLT for a special class of 
functions. To carry out the proofs, we develop Rosenthal type in
equalities for functional of Gaussian processes.
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I n t r o d u c t i o n

Let { X t : t € K.} be a real valued, Gaussian, stationary  process w ith  cova
riance function E(A’o.X’f) =  r ( |s  — ¿|), E(A"a) =  0 and E (X 2) =  1. If G  is a real 

function satisfying E(G 2(JQ ) <  oo and X  is a standard  norm al variable, then  

it is well known th a t G  can be expanded as:
OO

i2-1)
k=0

where Hk is the  kth  H erm ite polynom ial and the  series (2.1) is convergent in 
IL2(fi). Let m  be inf{fc > 0 ;  ck ^  0}. m  is called the H erm ite rank  of G  and 
plays a cen tral role in the asym ptotic of f* G (X s)ds as shown by Breuer and 
M ajor (1983), Taqqu (1977), Dobrushin and M ajor (1977). Given a function 
G  : K. —> K. we will give conditions on the  process { X t : t € K.} and th e  function 

G  in order th a t

{  f  G (X s) - E [ G ( X s) ] d s \  ,
1^0 J f>0

su itab ly  norm alized, converge in distribution. Such questions have been stu 
died by several authors, bo th  in short and long range dependence, continuous 
and  discrete tim e processes, for exam ple Taqqu (1979), Dobrushin and M ajor 

(1979), B reuer and M ajor (1983), Cham bers and Slud (1989), Arcones (1994), 

Csorgo and M ielniczuk (1996). Our aim here is to  com plete some of these results 

for non linear functional of continuous tim e, short range dependent, Gaussian 
processes.

In section 2, we present our m ain results. Theorem  1 deals w ith th e  func
tional CLT (central lim it theorem ), for in tegrated  processes. We will see th a t if 
the  covariance function and the  H erm ite coefficients of the  function G  go fast 
enough to  zero, then  the process

J * X G (X S) - E [ G ( X s)]d S : x € 1 r }  ,

converges in  T> [— oo; +oo] endowed w ith uniform  topology on com pact sets, to  
a Brow nian m otion.

W hen th e  process is long range dependent, these questions have been solved 

by Taqqu (1979), Dobrushin and M ajor (1979), for real valued G aussian se

quences and generalized by Arcones (1994) to  vector valued G aussian fields. In
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short range dependence, the  same question was also considered by Cham bers 
and Slud (1989) in a  m ore general setting. Here we partia lly  im prove some of 
these results.

In Theorem  2 we will give sufficient conditions for the  uniform  CLT over 

classes of functions of the  type =  {l(7(-)<x : x € R }  to  happen.

Uniform  convergence have also been investigated by m any authors. Dehling 

and Taqqu (1989) have proved th a t the em pirical process, su itab ly  norm alized, 
converges under long range dependence conditions, to  a degenerate process 

which is not G aussian in general. In short range dependence Csorgo and Miel- 
niczuk (1996) round off th is question for Gaussian sequences. On the  other 
hand, Arcones (1994) gives sufficient conditions for a  fam ily of functions in 
order to  satisfy the  uniform  CLT. U nfortunately, the  two results do not apply 
in our case.

Finally, we point out th a t bo th  in Theorem s 1 and 2 the  lim iting process is 
the  sam e as for m ixing or associated processes, ( see for exam ple [6] and [13]). 
Note th a t here no m ixing condition is assumed.

In section 3, we develop a new m om ent inequality for integrals of functional 
of G aussian process. These inequalities which are in teresting in themselves, 
will be repeatedly  used in the  proofs of the  m ain results. They can be seen as 
th e  analogous to  those proved in Shao and Yu (1996) [13] for functionals of 
associated sequences. Our conditions on the  function G  are weaker than  those 

in[13].

In section 4 we prove our m ain results. Since we are dealing w ith  functional 
CLT two steps will be developed: convergence of m arginals and tightness. The 
m ain tools used in the  proofs are the  expansion of functions in H erm ite poly
nomials and the  diagram  formula. In Theorem  2, when proving tightness, we 
will use an autoregressive representation of th e  underlying G aussian process 

and the  m om ent inequalities developed in section 3.

In the  sequel B , C, D ... stand  for constants w ith values th a t m ay change in 

each appearance. (X , X ' ) stands for a Gaussian vector, where X  and  X '  denote 

s tandard  norm al variables. G  denotes a  real function.
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Main results

T h e o r e m  2 .1 . Let G  be a function  such that  E [ G ( X ) \  — 0, E [G 2 <  oo,

with m  as H erm ite  rank. Then:

(i) I f  f  \rm (s)| ds <  oo , then the finite  d im ensional laws o f  the process (Z t ( ')) t>0

defined by:

1 f tx
Z t ( x ) =  —j= I G ( X s)ds, x  e  K 

v i  Jo

ten d  to those o f a W ( - )  where W (- )  is the s tandard  B row nian m otion  and

00 2 p

a 2 =  J r k(s )d s  <  oo. (2.2)
k —m

(ii) M oreover, suppose that one o f  the following conditions holds:

1. there exists R  >  1 such that

Y  7^7  (f \rk(s)\ds) Rk < °°> (2.3)
k —m  '

2. the Ck are positive  and  E \G A (-X-)] <  oo.

Then the convergence sta ted  in (i) holds in C(K.,K.) endowed with the uni

fo rm  topology on compact sets.

R e m a r k s

1) T he condition E (G 2( X ) )  <  oo in Theorem  1 can be relaxed to  th e  
following one: Y,kLm ck fo H k{ X s)ds  is convergent in IL2(0 ) . Note th a t
th is condition is weaker. For exam ple one can take the  local tim e in zero of 
Gaussian processes. Indeed, under some conditions the  local tim e h { x )  of a 

G aussian process exists and adm its the  following expansion:

M£) f Hk(x,)ds 
k = 0  ‘

On th e  other hand we can show th a t (fc!)-1^2 Hk (0) p(0) C k  x/ 4. Note th a t  
th is condition cannot be removed in the  discrete case.
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2 ) As exam ples of functions satisfying conditions of Theorem  1, one can 
consider either polynom ials or G ( x ) =  exp (ax)  in which case ck =  exp(a2/2)a*or 
G (x )  =  exp (1 /2 a x 2) for which c 2 k + 1 =  0 and
c2k =  (1 -  a )~ 1/2 (2kk l ) ~ 1 (2k)\ ( a /  (1 -  a ) ) k .

However the  function G (x )  — |x | does not fulfill conditions ii) of Theorem  
1; indeed, it is easy to  check tha t:

M  =  v ^ +  2P(0) ±  ±  ( - 1 ) » «
71=1 V '

Thus (fc!)1/2 |cfc| ~  C'A;-5/4 and (2.3) does not hold since r  is continuous in 0.

3)We recall th a t Cham bers and Slud [5] have proved th e  functional CLT 
under th e  existence of spectral density and condition (2.3) w ith R  =  \/3 , 
w ithout th e  te rm  involving the  correlation function. However, they  consider 
functionals which m ay depend on infinitely m any coordinates of { X t : t  G R } .

4) Clearly, if G  is a finite linear com bination of functions satisfying 1) or 2) 
the  conclusion rem ains true.

In the  following, we study the  uniform  CLT for th e  continuous analogous 
of th e  em pirical d istribution  function. For discrete tim e processes, Csôrgô and 
M ielniczuk [6] show th a t the  functional CLT holds under th e  continuity of 

th e  d istribu tion  of G ( X )  and the  condition ^2k [r' (A;) |m <  00 where m  is the 
H erm ite rank  of the  fam ily {1g(.)<x; x  £  ir*} . However, it seems th a t their proof 

cannot be adapted  to  the  continuous case.
Now, in order to  sta te  our second result we introduce the following notations 

and assum ptions. Assume th a t the  process adm its the following representation

X t =  J" at+sdW s, (2-4)

where W  is a s tandard  Brownian m otion and a E IL2 (R., A). According to  Theo
rem  16.7.2 in [11] th is holds if and only if the  spectral function of the process is 
absolutely continuous. In particu lar, it is the  case when the  correlation function 
r  belongs to  1L1. Now we recall the  following definitions from  [2].

D e f in i t io n  2 .1 .  Let ( X s)s be a Gaussian process given by (2.4). We define X% 

by:

X i 1 =  f  a,vt+, d W .  <  =  - f i - l (|,|<„/2}; | K f  =  f  a 2sd 3 (2.5)
J  J\s\<v/2

M ain  results 4 7
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Define r , r ljVand r 2,v by:

r ( s ) =  m [X 0X s] ; r ltV(s) =  E [X 0X?] ; r2,v(s ) =  E[XSX?] (2.6) 

and set: r* (s ) =  sup ( |r (s ) | , |r i>iy(s)| , |r2,„(s)|) .

It is easy to  check th a t the  process (X t ; X f ) t>0 is a Gaussian sta tionary  
process vector valued w ith covariance m atrix  given by:

f  î'(î) Ti,v(t) _ f  J" Q>sQ't+sds J  asa-t+ads \
V r i A t )  r 2,v(t) )  ~  v I  asat+sds f  a”a?+3ds J  

Next we define

D e f in it io n  2 .2 . Let G be a real function . Let us define the occupation measure 
Lt ( G , . ) b y

Lt (G ,x )  =  f  lG{xx)<xds 
Jo

and set

= (2.7)

where F  is the distribution function of G (X )

We will study  the  convergence in X> [—oo, +oo] endowed w ith the  uniform  

topology of the  process defined by Zt (G ,.) . U nder the  term inology of th e  
Definition 2.1, we prove the  following

T h e o r e m  2 .2 . Let (-X"s)a>0 be a stationary Gaussian process, let m  be the Her
mite rank of the fam ily OF — {l{G( )<a:>; x R.} and F  the distribution function  
o fG (X ) .

We assume that rm £  L 1 , then the finite dimensional laws of Zt (G ,.)  
defined in (2.7) tend to those of a centered, Gaussian process with covariance 

function given by:

poo
T(a;, y) =  2 I Cov (l{G(A-0)<a;>5 l{G(xs)<y}) ds 

Jo

(i) Moreover, if  we assume that:

an)
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(K 2) F  is continuous and the Lebegue measure of G~x ([0,1]) is finite.

Then the fam ily Zt (G ,.)  is tight in C [0,1] and thus the convergence takes 
place in C [0 ,1] endowed with the uniform topology.

(ii) Moreover, if  we assume that F  is continuous and:

(H I) X t =  f a t +sdW s

(H2) v 2j8 J|s|>i; a'lds <  oo, fo r some ¡3 >  1/2.

and either 

(H 3) sup* supw k (r* (s))k ds <  oo 

or

(H '3) sup^ y | 1{e<foG(x)<j/} — l{a;<F0G(Xt’)<3/> |2 <  oo, fo r  some (3 >  
1/ 2 .

Then the fam ily Zt ( G ,.) is tight and thus the convergence takes place in 
C [—oo, +oo] endowed with the uniform topology.

E x a m p les  and  co m m en ts:
a) The condition ( K 1) ensures the  existence of the  local tim e of the Gaus

sian process. In fact the  proof of tightness in this case relies on th e  local tim e. 
Note th a t th is condition is sim ilar to  (H 3) in the  sense th a t they  are concerned 
w ith  the  behavior of the  covariance function near the  origin. Such considera

tions do not appear when dealing w ith discrete tim e processes.
b) The hypothesis ( K 2) will be used in the  following form: the  function 

x ----> J  10<a{u)<xdu is defined, continuous on [0 ,1] .
c) Let G  be a function such th a t there exists a finite num ber of intervals 

Ii, I?---, In  where G  is m onotone on each one, this is the  case when G  is conti
nuously differentiable w ith derivatives vanishing in a finite set of points. In this 

case

E | 1{x<FoG(A-)<3/} — l^ F oG iX “)^ }!2 =  Y lf k k̂\ 0  ~  Na^ fc)
k = l

where

Ck(x ,y )  =  E [ l-(a:<FoG(Jf)<j/}Hf. (X )] =  J  l{x<FoG(u)<y}Hk (u) p(u)du.



However, { u /  x <  F  o G  (u) <  y} is a finite collection of intervals , its num ber 

is bounded by N. Now as j x Hk (w) p(u)du  =  —H k-i (x )p (x ), we get

\ck( x ,y ) \ < 2 N  ||S '* -, (O p O IL  

Using the  bound ||i7fc (OpCOIIoo — G y/klk”1/4 we can write:

oo 2 f \ 00
fcl ( l  -  ll«"||*) <  2 A r C ^ fc -3/ 2in f ( l , f c ( l - | |o * ' | |) )

k=l * Ar= 1
00

<  (1 -  ||«^||)5 2N C  fc-3/ 2+,y
k=l

Hence, provided 5 <  1/2, we have

E  I l{a;<FoG(A')<y> _  l{x<FoG(X*')<y} I <  C [ I a^ds ) .
W|-|>t,/2 /

Thus ( i i  3) holds whenever (i?2) holds.
c) For instance the  Ornstein-Uhlenbeck process ( i.e. r(s )  =  exp — |s |) fulfill 

the  hypothesis (ÜT3) . In this case no condition is assum ed on the  function G 
excepting the  continuity of the  d istribution function.

M o m e n t  in e q u a l i t i e s

In  th is section we derive a m om ent inequality for occupation m easures when 

the  observations are functional of Gaussian processes. The m ain idea behind 
the  theorem s below is to  replace the  in itial process by a u-dependent one, and 
then  divide the  integral into blocks w ith size q greater th an  v. So and under the 
setting  of Definition 2.1, we first establish a m om ent inequality for th e  process 
X.v defined by (2.5). This is sum m arized in the following proposition which is 
in fact the  m ain technical result of this section.

P ro p o s i t io n  2 .1 . Let G be a function such that E[G(A")] =  0 ,E [G ?2(X)] <

00, with m  as Hermite rank.

(i) Let Ct =  2 J* |r ( s ) |m ds. then

I r* 2
E /  G (X s)d s  < t C tm \G (X 0)\2 (2.8)

I Jo
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(ii) Let p =  2 (1 +  sO); s > 0,0 G ]0, 1] , and assume that X  admits the follo
wing representation:

X t =  J  at+sdWa

Let K (p ) =  2p+1D(p) where D(p) is the Rosenthal’s constant in the i.i.d 
case and

Mi =  K (G 2(X o) ) ,M 2tS,0 =  (K \G 2(X0) \ y - G (E | G2(1+S>(X0)|)* -

Then, for any 0 < cx < 1 there exists a constant a which depends only on 
s , 6, C and cx such that for v(t) =  ata we have

E | J * G (X vsW)ds <  K(p) [(tC M 2)p/2 +  i 1+a*(1+2s)Mw ] (2.9)

where C := 2supv>0 |r2,„(s)|m ds .

P ro o f. Observe that since X"" is ^-dependent then f£° |r2)t,(.s)|m ds =  j ” |r2iU(s)|m ds , 
and hence sup0<v<v Ĵ °° |r2jW(s)|m ds < 2V. Sufficient conditions ensuring that 
C is finite are discussed after the proof. Now we turn to the proof of the Pro
position. First we note the following

OO
C ov(G (X ),G (X ')) =  ~ ^ ¡ G o V (H k(X ),H k( x ■) )

k\ ,k'2=m
oo 2

-  ov‘ ( x , 0 ’
k=m

then
oo 2

Cov (<3(X),<3(X'))| < 5 ^ ^ |C o v ( x , X ' ) |m =  E [G 2(X0)] |C o v ( x ,X ') |m .
k—m,

Therefore (2.8) follows from

e |  f  G {X s)ds  < 2  f \ t - s ) \ r { s ) \ rndsE [G 2(X0)]
I Jo Jo

We now prove (2.9) by induction.
• First note that (2.9) is obvious when 0 < t < 1 , with K (p ) =  1.



• Assume that there exists a constant K(jp) such that the inequality

E | J*  G (X vs )ds P < K(p) [(¿CM2)p/2 +  t 1+a^1+2s>MM ] , (2.10)

holds for t < n. We shall deduce it for n <  t < n +  1. Let q =  a ta where 
a <  1/2 is some constant to be specified later. Then define

p(2k— p2kqAt
U(k) =  / G (X ff))ds and V(k) =  / G (X vs^ )ds

J2(k-l)q J2(k-l)q+q

for 1 <. k < kt, kt =  1 +  \t/2q\ and q =  q(t) =  v(i). Now, write

j ft p /  kt p kt p\
E J y  G (X vs{t))ds <  2p~l f E ^ 2  u (k) + E 5 3 ^ ( fc) )•  (2.H)

Since the process (X v) is «-dependent, the U(k) are independent whenever 
q >  v. Hence the sequence Mn =  X/fc=i U(k) *s a sum °f i-i-d random variables. 
By Rosenthal’s inequality, (see for example [10] or [11]), there exists a constant 
depending only on p such that:

kt p ( /  kt \  p / 2 kt '
E < D(p) M  E [Ĉ 2W ] ) + ^ E |f 7 ( f c ) |” >

k=l ^ \A ;= 1  / k= 1 ^

< D(p) { (fc,E [U2(lj\ y 12 +  ktK |C/(1)|P} . (2.12)

Now we have:
1 2

[ 9 G (X ^ )d s  
Jo

< 2 q f  \r2,v(t)(s)\m dsM2 
Jo

< CqM2 (2.13)

Now, in order to apply the induction hypothesis to the second term  we must 
replace G (X s^ ) by G (X s^ ). To this end we write:

E |E /( l) r  < a ' - 1 J J ‘ G (X ‘“iq])ds " +  E jy"V T'(X ”(,)) -  G {X'^')ds

< 2P_1 (Ii,p +  h ,p) .

Applying the induction hypothesis to IijP, we get:

h.P <  K(p) [(qCM*)”1* + 91+"i <1+2*>M2,,,#] . (2.14)
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Now to control / 2,p we use the following Holder’s inequality:

j  Z 2(1+sO)dp  < Z 2dp ^ ( y  Z2(1+s) dP^ (2.15)

where Z  is a random variable defined on a probability space (O, P) .
Applied to Jq G(Xs^ )  — G (X s^ )ds  the inequality (2.15) writes:

h  ,P <  ( h i  G (x ;(<)) -  G (x ;(9))c/s| ^

/ I t-q 2(l+a)\ ̂
X i E y  G(X*W) -  G (X ^ )d s  J

< (4CqM2)1~e ((2g)2(1+s) EIG(X0)|2(1+s))^

:= C2q1+9(1+2s) M2tS>e (2.16)

We combine (2.12), (2.13), (2.14) and (2.16) to get

kt p

E J 2  u (k)
k=l

< D(p) (ktCqM2)p/2

+D (p)kt2P~1 [K(p) ((qCM 2)p/2 +  q '+ ^ + ^ M ^ e )  +  C2g1+*<1+2s>M2,s,*]

< D(p) (tC M 2)p/2 {1 +  2p- 1J£f(p)ap/2- 1*(a'-1>(p/2- 1>}

+D(p)2p~1 MM ktq {K {p)qae^+2s"> +  <72̂ (1+2s)}

< £>(p) (tC M 2)p/2 {1 +  2P_1 ijr(p)ap/2- 1i (“- 1)(p/2- 1)} 

+Z?(j?)2p- 1M2,.,«t1+a®(1+2*) {K(p)aa^1+2s> +  C,2a*<1+2s>}

The same bound applies to E V(k) | . In conclusion we have:

i t  P /  kt P kt P\
E f  G (X vs )ds <  2p-  1 ( e  ¿ C /(fc )  +  E ¿ V ( f c )  )

I V k = i  1=1 J
< 2pD(p) ( tCM 2)pl2 {1 +  2p- 1iir(p)ap/2- 1i(a- 1)(p/2- 1>}

+2pJD(p)2p- 1M2,a,^1+°!̂ 1+2s) {lir(p)a“®(1+2*> +  C,2a®<1+2*>}

Take ii"(p) =  2.2pD(p) and choose a such that

ap/2~122p~l D(p) <  1/2

22p_1 D(p)a°‘e(1+2s) < 1/2

2p“2C2ae(1+2s) < 1/2

sr̂ kt

1-0

1-0



allows us to achieve the proof. □
R em ark . Clearly, Proposition 2.1 is of interest if we show that C =  supv>0 f ” |r2>t,(.s)|m ds < 
oo. In particular,

C is finite if either rm G L1; and v2jfm f^ >v a2ds =  0(1) or a G L1 or 
rm G L1 or and a > 0 .

In the first case we have

=  £  \r2A^)\md s < 2m- 1 \r(s)\mds + £  \r2tV( s ) - r ( s ) \mds^

< 2m~1 Q f  IKa) r da + v Hr2,t;-r||™^

< 2™-1 ^ £ °  \r(s)\m d3 + D ( v 2'm £  a2ds^ ^  (2.17)

In the second case, we write

f  \r2,v{s)\m ds < f  \r2,v(s)\ds < \\av\\~2 (  f  |a,| ds) .
Jo Jo \J  |s|<t> /

In the third, case, we have |r2,„(.s)| < ||al'||~2 |r(s)| .
The next proposition gives a moment inequality for occupations measures 

under conditions on the coefficients ck of the function G. Note that here we do 
not assume a representation (2.4) for (Xs)s.

P ro p o sitio n  2.2. Let G be a function such that E[G(X)] =  0,E[G 2 (X)] < 
oo; with m as Hermite rank and p be an integer. Then:

E (  j f  G (X .)d sy  < (ty/* J 2  ^  ( / ’ |r* « l< fe )l/! (p -  i ) ‘/2

P roof, cf. the appendix.
The forthcoming Theorem gives a moment inequality under some conditions 

on the covariance function, the functional G and the coefficients as which define 
the process (-X"s)s .

T heorem  2.3. Let p > 2 and G be a function such that E[<jr(JTo)] =  0 with 
m as Hermite rank. Let (-^s)s a Gaussian process. Assume that

(i) X t =  J a t+sdWs.

(ii) f  |r(s) |m ds < oo.
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Moment inequalities 55

Let us write p =  2 (1 +  sd) with s > 0, 9 e ]0 ,1] , and let

A (») =  E [(G(X0) -  G « ) ) 1] +  E [(G(X„))2] (  f  a^ds) ^  . 

(a) If

A (u) < B2v~P,

then, for any e > 0 there exists K  =  K (e,s ,9 ,/3 ) such that

I ft v
E /  G(Xs)ds < K  (t¥G2{X o)y/2 

I Jo
+  ̂ l+ m ax(fi(l+2S)-^(l-9)ie)g l-9E0 | G2(l+s) (J(2) j.8)

(b) If moreover we assume that

E|C?pO -  G(Xv)|2(1+s) < BsE \X  -  x v\2(1+s)\

then, for any e > 0 there exists K  =  K (s, s,9, j3) such that

J- ft
‘ G{Xs)ds < K  {tWG2 {X0))p/2 

. 0
+ JftT£1+raax̂ (1+2s>- (̂1+ff+2ŝ ;e>JB (2,3, 9) (2.19)

Where: B (2, s, 9) =  B\~eB es

Proof. As in the proof of Proposition 2.1 we will prove the theorem by induc
tion. To this end, the following lemma proved in the Appendix will be useful.

Lem m a 2.1. Let H be a function with K  as Hermite rank, and assume that:

i) K  > 2

ii) max (supv |r2,u(s)|iC_1 ds, J  ^ (s )^ -1 ds)  < 00.

Then:

E \  ( J ‘ H (X .) -  H (X ”)ds) < CO. [(ff(X„) -  H(XS ))2]

+ C m [(H (X a) f ]  (  f  afd.sY2.2O)
\J\s\>v/2 J



We only prove (2.18), the proof of (2.19) can be done similarly with small 
changes.

• Step 1: Assume that m  > 2 and supu>0 |r2,u(s) |m-1 ds < oo.
Clearly,

e|jTg (Xs) ds P < 2p-x ( e \ £ g  (X?) ds P + E | J *  G (X s) — G ( X ”) ds Q

To control the first term we proceed as in the proof of Proposition 2.1 with 
v = v ( t) = at until the relation

h,v < Î e |  £  G i X ^ )  -  G (X fr i)d s ^

/  I rq 2(l+s)\ 0
x i E \ J  G ( X ^ ) - G ( X ^ ) d s  J

then we use Lemma 2.1 to get:

Ï2,P < (C qB 2v ( q ) - /3y ~ e ((2ç)2(1+a)E|G(X0)|2(1+a))'

<  22(1+5)*C,1_*a~^(1_* V 1_/?)(1~<?)+2*(1'N,)# | _<? ^E | G(X0) |2(1+s)  ̂9 

= C2a - 5lq1+52B l - e (e|G(X0)|2(1+s))* 

where Si = (3 (1 — 9) , S2 = —(3 (1 — 9) + 9(1 + 2s). Hence: 

k tI 2,p < C2a - sHqs* B l-e (e | G(X0)|2(1+s)) *

<  C2a - Sitqm&̂ e’Ŝ B l~° (E |G (X o ) |2(1+5)) 0

< C2a -sHi+ma-<e'5̂ a eB l~ 6 (e  |G (X0)|2(1+s)) *  .

Now we continue in the same manner as in the proof of Proposition 2.1 and 
we choose a and K  appropriately to get:

E |/  G ( X vs )d s  < ür{(tE(G2(Xo) ) ) p/2 + i1+max(e’52)̂ -^E0 |G2(1+s)p̂ o)|}

(2 .21)

On the other hand we have:

e| f  G ( X s) -  G ( X vs )d s  P < B ' - dE? |G2(1+s>(X0)|
I Jo
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which together w ith (2.21) proves (2.18).

• Step 2: Now assume only th a t f  |r ( s ) |m ds < oo.

Since Jjs|>v/2 as < C v-P , there exists K  such th a t supM>0 f £  |r'2,^(^) 1  ̂ds <  oo. 
Now w rite

K oo
G (X ) -  E [G (X )}  =  Y , % H*(X ) +  Y .

k=m * k=K+l
=  G i (X )  + G2(X ) .

Let q an even num ber greater or equal than  p. Proposition 2.2 applied to  G\ 
gives:

I f t V /  I ft |? \P /i
E /  G x(X s)ds < ( E  / G 1(X s)ds\ J

/
- P/2

|rm(s)|ds . (2.22)

According to  the  first step we can write 
| f t p

E \ G2 (X s) ds 
I Jo 

< K  { ( m ( G l ( X 0) ) )p/2 + t 1+m̂ E's*'>Bl-eWi> |g 2 (1+s)(X 0) |}

<  K  { (* E (G 2p f 0) ) )p/2 +  t 1+va*<e's* 'B \-9W? |G 2(1+s)(X 0) |}  . (2.23) 

Finally (2.22) and (2.23) yields (2.18).

P r o o f s

P r o o f  o f  T h eorem  2.1  
P r o o f  o f  T h eo rem  2.1 (i)

In order to  reduce notations we shall restrict our self to the tow dimensional 

laws. Hence we have to  prove that:
1 fix  1 1 ftx  2

Z t ( x i , x 2) = J  G (X s)ds + a 2-y= j  G (X s)ds 

= >  cx1cr\V(x1) -+- a 2<rW(x2)
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< lcfe| 

* ^_k=m { ■ r . ,

\ 1/2 
r fc(s)|<£s J (q -  1)k' 2

<  K ( q - l ) K E (G 2(X o )) t

1

a i v t



In Theorem  1 in [4] Breuer & M ajor proved

T h e o re m  2 .4  (B re u e r  &c M a jo r  ). L etG  be a function such that E  \G  (X)] =  

0, E[Or2 (-XT)] <  oo,and let (X i)i>0 a Gaussian sequence. If  ^  lr (k )|m <  oo, 
where m is the Hermite rank of G, then the finite dimensional distributions of 
the process defined by:

(fc+l)n

=  v s  Ei=kn

converges to those of (Z k)k>o where the Z k are i.i.d  with normal distribution.

Now we sta te  the  following result which can be seen as the continuous 

version of the  theorem  above and can be proved similarly.

T h e o re m  2.5 (B re u e r  &c M a jo r  ). L etG  be a function such that E [G (X )]  =  
0, E [G2 (X)] <  oo with m as Hermite rank. Let Z k be defined by:

1 f (k+i)t
Z k =  ^=  G {X s)ds. (2.24)

VI Jkt

If f  |r ( s ) |m ds <  oo, then the finite dimensional distributions of {Z k)k>o converge 

to those of (Z k)k>o where the Z k are i.i.d  with normal distribution.

First, note th a t Zt (x i ,x 2) can be w ritten  as:

rtx i rt&2
Z t(x t, x 2) =  (a:i +  a 2) —y= I G (X s)ds +  ce2~jz I G {X s)ds.

V t Jo V t JtXi.

We will prove the  desired convergence in several steps:
-F irst case: We assume th a t x\ — p and x 2 =  q where p, q are positive integers. 
Then:

i  /**(*'+!) i  ft(i+1)
Zt (p ,q) =  (ct1 + c t2) y 2 - =  /  G (X s)ds +  a2- =  Y ]  /  G (X s)ds.

i=0 V t Jit V t i=p Jti

It then  follows by the  Theorem above that:

Zt(p, q) ----> crN(0, (a i +  <x2)2Xi +  o%{x2 — Xi)).

-Second case: x\ =  p i/q  and x2 — p2/q  where p i ,p 2, q are integer.

1 rtpilq -i rtp2/q
Z t(p i/q ,p 2/q ) =  a ^ J o G {X ,)ds +  a 2 - =  J  G (X .)ds

[ 1 ftPl 1 ftP2 1

V? J o  G ( x ’ " ' ) d s  +  J 0 G <J!sr.(',>)d s | .
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where (.Xj9̂ ) is a Gaussian stationary process w ith r q( s , t ) =  r(g _1|s — i|)  as 
the correlation function. Then it follows by the case above tha t:

o-iv)
Zt {x i , x 2) ----> —^-N(0,(cx1 +cx2)2p i + a l ( p 2 —pi)  

=  crN(0, (a i +  a.2)2x\ +  a%(x2 — x i)).

-T hird  case: x i ,x 2 are real numbers.

Let Pnil/n be two sequences of rational num bers converging respectively to
xi and x 2. According to  the second case we can write:

Vra, Zt(y?,y%) — crN(0, +  a 2)2y™ +  cxl(y2 -  y ").

On the other hand

crN(0, (oil +  a 2)2y™ +  al(y% — y%) ----> crN(0, («1 +  cx2)2xi +  cx\(x2 — x i).

In addition we have

lim suplim  su p E [^ t(x i, x2) — Zt (y™, y2 )]2 =  0,
n—>00 t—± 00

Thus the result is proved. □

P r o o f  o f  T h eo rem  2.1 (ii)
/  \  2(1+0)

Let 0 <  9 <  1, we will study E ( j Q Hk(X s)ds)  . By Holder’s inequality

we have

J  Z 2(1+9U P  <  Ç J  Z 2dP ^ Z 4dP ^ . (2.25)

Applying (4.18) to  Z =  Hk(X s)ds we get:

E Hk(X s)ds^ i + ) <  ( e Ç J*  Hk(X s)ds^  ^  ^ E  ( j f  Hk(X a)ds^  ^  . 

By Proposition 2.2:

E Ç J*  Hk(X s)ds^ <  (3 kk\t J  |r fc(s)|<is^ .

It follows th a t

a
t \  2(1+0) /  r* \  /  r* \ 29

Hk(X s)ds j <  IkH r k(s )d s j  Î 3 fcA:!i /  r fc( s )d s j

/ f t  \  (1 + 0)
<  ffc’.t j  rk(s)dsJ  (3k) 2*-
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Thus

II p  G{Xs)ds < j r  W  | f  Hk(Xs)ds
IMo 2(1+0) m=1 K- I Jo 2(1+0)

Taking 9 sufficiently small and tx instead of t we get:

/ i rtx \  2(1+0)
E \ V t J  G(<X ^ ds)  < C x^+ 9\  (2.26)

( C is independent of x), as soon as the hypothesis (2.3) is satisfied. Inequa
lity (2.26) is sufficient to prove tightness; and this proves ii) 1 through the 
Billingsley criterion of tightness.

We shall prove under the hypothesis of (ii) 2 that E G(Xs)ds^ <
C x2. We write

a t \ 4 oo 4
G (X .)ds) =  I I  p i  J 2  '( G -M )

S k\ ,..,i4=m i=l *■ G€r(fci,...,A4)
00 4 /  4 ft \  1/,;2 

s  £  I I  irr lr <*i..... **)! t4I I /
ki,..,t4=m ¿=1 * V  t=l * /

a
t v 2 oo 4

|rm(s)|ds) t 2 ^ 4)l

< ( / V ( ^ )  i 2E [G 4 (Xo)]- 

(r(fci,..., £4), /(Cx, fc, i) are defined in the appendix.) □

P roof o f Theorem  2.2
The proof of the finite dimensional convergence can be done in an analogous 

way to the discrete case, see [6] for example, hence it is omitted. Recalling that

1 f*
Zt {G,x) =  —j= J  (1{g(x3)<x} — F(x)) ds, 

we only have to prove the stochastic equicontinuity of Zt (G ,.) i.e.:

lim lim sup P ( sup \Zt (G, x) — Zt (G, y) \ > e ) = 0 .
¿-»•0 i-i-oo y|a;-j/|<5 J
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a) Assume the hypothesis (K l ) t (K 2 )
Under (K 2) the local time of the process (A's)sr denoted by lt(-) exists, then

Zt (G , y ) — Zt (G , x ) =  — J  (1-o<g(x5)<j/> — (F(y) — F(x))) ds

= J  (l{*<G(ti)<y} ( I t  (u) ^i>(W))) d,U

=  —  [  1 ( V  Hk (x)p(x ) [* rr (Y  J
's /i J m. '■x—G û —̂y  ̂ I ' kl J  s) 1 u '

Hence:

A ,(x ,y )  =  (Zt (G ,y) — Zt (G, x))2 

=  j ( / R W l S . )  ( i t ,  Hk^ , P(u) £  Hk(X .)d^ j

du^

x ( j K 1{»<0(«)<V}J ( j t  Hk(u^ p{u) £  H„{X.)duj A.'j 

Since x ,y  E [0,1], we get:

A* (<S) =  sup (Zt (G, y) — Zt (G , x))2
|a?—1/|<5

< sup ( /  1 {x<G(u)<yydu )
\x—y\<5 \ J l  J

x £  l{0<G(„)<i>i H t  Hh £  Hk(X,)ds^j du.

Now under the existence of the local time and if f  \rm (s)| ds is finite one can 
show that:

supE ( T )  H!‘S?'>Ax1 f  Hk(X ,)d^ \ < Ct.
\ £ Z .  kX J o J

Therefore:
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E ( A t ( £ ) ) <  sup ( /  l{r<G(u)<!, } ^  ) ( /  l{0<G(u)<l}dw ) .
|a?—y\<S \ J R J \ J R /

Hence:

E(Af (<£)) < C SUp | / l^a;<G(u)<j/}) ( / l-[0<G(u)<l}-d̂  ) •
|x-y|<S \ JR / W R  /

as the  function a; h—>■ l{o<G(u)<a;}<̂w is continuous by (A 2) , we conclude th a t 
l im ^ o  lim s u p ^ ^  E ( A* (¿)) =  0.

b) Assume (HI)  , (H 2) and (H'3) .

For /  : R ----y R  we set

z . ( / )  =  ^ J \ f ( X , ) - E  If  (X ,)]) ds,

and we define two classes of functions by:

F  =  {i{G(-)<x>;x e  R}

F'  =  {/* (•) :=  X G |0, 1]} .

Note th a t since F  is continuous, {Z t ( / )  ; /  E F }  is tigh t if it is the  case for 

{ Z t ( / )  ; /  € ■ (see [6] for details). Next we recall the  following criterion of 
tightness as it was pointed out in Shao & Yu (1996) [13].

L e m m a  2 .2 . If there exists reals r,p,q,cx such that r >  0,p  >  0,0 <  cx <  

1? <!•> <1 +  >  1 and which satisfy:

E | Zt (/*) -  Z, ( /„ ) |” < K ( \ x -  y \ i+r +  t - ! 2 \x -  y |“ ) , (2.27)

then the family {Zt ( fx) , x £  [0,1]} is tight in T> [0,1] .

Now choose 9 sufficiently small such th a t j3 >  |  , apply (2.18) w ith

5 = 1 and e small enough to  1{x<FoG( )<2/> ~  (y ~  x ) yields

E |Zt (U ) -  Zt ( f y)\p <  k (\x -  y\1+e +  *-«+m«M(i+2)-/?(i-*)) 1̂  _ y | ^  .

then  use (2.27) w ith q =  2 (—29 +  ¡3 — (39) , a. =  r =  9 to  conclude.

c) Assume (HI)  , (H2) and ( ii3 ) .

62 Limit Theorems for Gaussian Processes

l{FoG()<æ}



In th is case (2.27) apply again after deriving a m om ent inequality using Pro
position 2.1 and a slight modification of Lemma 2.1. Indeed in this case (2.20) 
becomes:

E (  f  H ( X . )  -  1 < C m [ ( H ( X o ) f ]  (  [  a ids ' )1'* . (2.28)
. w o  /  J v/|s|>i//2 /

which combined w ith Proposition 1 will gives:

E | Zt (U )  -  Zt ( /„ ) |2(I+"> <  K  ( |*  -  y\x+e +  t~s \x -  j/ |)  . 

where 5 is some positive real.n

A p p e n d i x

Let &i, k-2, ..., kp denote integers, V  a set of points of cardinal ki +  k2 +  ... +  kp. 
An undirected graph of type r(fc1,fc2, ...,kp) is an element of G(V)  satisfying:

i) V  is the  union of disjoint p levels with respective cardinals k\, k2, ..., kp

V =  U ^ L i ,  Li = {(¿,/), / = l , 2...,fc<}

ii) Only edges between different levels axe allowed

w =  ((*> 0» (¿/> 0 )  = > * # * '

iii) Every point has exactly one edge

V(t,I) €  V, 3! e  G (V )

For w  =  ((*,Z), (i ' , l ')) in G(V)  we define ni(w) =  i as the  first level of w 
and n 2(w)  =  i' as the  second one.

Lemma 2.3 (DIAGRAM FORMULA). 5 • •• j a Cxaû ssian*
vector centered and with a covariance matrix given by (r(si, Sj))1<:i j <p.Then:

v ~ _
e  n  '̂('Sni(tu)5 Sn2(w))

. i=i J Ger(fci,...,*p) weG

where ni(u;), ra2(u>) are the first and the second level of w.
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- H ( Xl)ds)

Let :xn , x n ,

~ p
e  n v j  =

- i = l

V (M ) e  V, 3! ( ï , l ' )  /  ((*, /);(*', O ) e  G(V)



The proof can be found in Giraitis and Surgailis [9] in a m ore general 

setting. For G  element of T(fci, k2-,..., kp) we introduce the following notations: 

k a (i) is the  num ber of edges going from level i and g (i) =  ■> an<i  J (G ,k ,t)  

is defined by:

yt yt P
I (G ,k ,t )  =  i  i n  n  j ?ri2 (u/)) ds \ ds2... dsp .

® ® t=l w£G,ni (w)—i

P r o o f  o f  P ro p o s i t io n  2 .2 . We need two inequalities sta ted  in the  following 
lemma. The form ula (2.29) is proved by Taqqu in [14]. the second is proved 
below.

L e m m a  2 .4 . i) Let X  be a standard Gaussian random, variable. Then

V.(\Hhi(X )...H kr(X )\) <  n ( P -  (2.29)
1=1

ii) If G  G T (kx ,...,kp) then

p rt
I 2(G ,k ,t)  < t PY [  | r fci(5)Ms. (2.30)

¿=1 ̂

Now let us w rite 

E G (X s)dsy

°° p \r I r l
i  x :  n - w  ••• E (H kl(X Sl)...H kp(X Sp)) dsx...dsp

/fci,*2,...,fcp=m i=l *' Jo JO
QQ V j | __

s  Z  I I ' W  E  I (G ,k ,t ) .
1̂ )̂ 2 j*"»kp—TJZ i—X GGr(̂ l ĵ 2

By (2.29) and (2.30) we conclude that:

G (x s)dsy

OO P I I P / ft \ 1/2
s  e  n - W i r (fci>fc2> - ’ fcp ) i n (*  /  ir *(s )id s )

k\ ,k2i...,kp=m i=l *" i=l ^ '
00 I I /  rt \  p

<  (tx )p/2 ^ 2  — l ) k/2V k\ i  /  |r fc(s)|oisJ
Je=m ' \J - t /

P r o o f  o f  L e m m a  2 .4 . We assume th a t kx <  k2 <  .. <  kp. Moreover, w ithout 

loss of generality assume th a t edges go from lower levels to  higher ones, ( by
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the  sym m etry of the covariance function). Hence, using Holder’s inequality we 
obtain

rf f* p
j  ... j  |  |  | |  5 (tw)
®  ̂ *’=1 {̂ GG,ni (lL')=i}

j  ••• j  (̂ 1̂ ? ^n2(^))^^l
0  ̂ {‘w€.G,ni(w) = l}

P
x i i  n  j 7̂12 ( )̂ )̂ *̂ 2 • • »dSp

*=2 \xu€.G,ni (u>)=iy 
f* f* P

>< /  •■ /  n  n  |r(3i, Sn2(-u;))|dS2...<iSp
Jo Jo i=2 {w€G,m(u;)=0

/ '  /  n  n  Sn2(iu)) |c?52.,.dsp.
J~l Jo Jo i=2 {-w€.G,ni (™)=0

Repeating the  same for s 2, ..., sp we get

|/ (G ,M )I  <  f [  f  |r (s ) |^ « e is . (2.31)
i'=l

In order to  prove the  inequality (2.30), for any graph G we write the two 

sym m etric formulas

|/ (G ,M )I  <  n  /  H*)!*0'0 *».
i=l J ~f

\n G ,k ,t) \ <  n  f  h s ) \ ^ ,
i=i J~*

where ka(i) +  k'G(i) =  k{. The first relation is (2.31). For the second relation 
assume th a t edges go from high levels to  lower ones, proceed as in (2.31) consi
dering n 2(iu) instead of n i(tu) and begin by integrating out sp instead of 3j. 
Hence from Holder’s inequality

I 2(G, k, t)  <  J J  f  f  |r (3 ) |fc<?« |r ( 5 ,) |fĉ (i)i/5i/s' 
t= 1 J -t

< Y l Q  J  H s )\k<dsds^ ( ^ J J r i s ' ^ d s d s ' ^

-  i i * /  irfe<(a)id5-
¿=1
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P r o o f  o f  le m m a  2.1.

E ( J  H ( X S) -  H (X g )d s^  = A ( t ) +  £ ( i )

where:

A(i) =  f  e , [ ( H ( X , ) ~  H(X»))  (H(X,, )  -  H(X}) ) ]  dads',
J |s —s'|<t0

B{t)  =  [  £ [ ( # ( * » ) -  (H (X y ) -
J\s — s'|>t()

On the one hand

A ( t ) <  « 0E [(ii(X o) -  #  W ) ) 2] .

On the other hand

B ( t ) =  f  E [(ff(X .)  -  t f p C ) )  (¿ fp O ) -  #  (X*,))] dsds'
J\s—s'|>io

-  2 Y 2  T\ f  ^  _  (rfc(s ) _  2 r i,v(5) +  ^ ( s ) )  ^

=  B x(t ,v )  +  B 2(t,v) .

where

B ' i t ,  v ) = 2 ^  TT\ f  (* ~  s ) (rfc(5) “  r*^(s ))
*>i<: ' ^ io

£ 2(i, v) =  2 ^  ^  f  (t -  s) (r ^ v(s) -  r i tV(s)) ds.
k>K ‘ Jto

Therefore

B \ t , v )  <  2 [  f |r (s )  -  n ,v(s)| |rA:- z(s)ri71;1(s ) |>) ¿s
k>K ‘ Jto \  l- l  /

< C t ( \ \r  -  rx^W^ ^ 2 ^  sup k f  r f ~ \ s ) d s \  .
\  k>K • k Jt o J

Choose to such that (5) < 1 / 2  for s > to , hence

B x(t ,v )  < Ct  ||r -  ri.,,11  ̂ ^ 2  S*
k>K *
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T he sam e bound holds for B 2( t , v ) th a t is

B \ t , v ) < C t  ||r2,„ -  r i ,v| |„  J 2  %■
k>K '

Using Lem m a 8.4.1 in Berm an [2] we can write:

llr - ri,*lloo ^ IT“¡r / a,ds+ ( f  <*Zd*)ll^llv J\s\>v/2 \J\s\>v/2 J

||r2fv -  <  Tj~Ti f  <*,d3 +  -rr^rr- f  f  a 2d s \
llallv J\s\>v/2 11 I It/ V«/ \s\~>v/2 J

consequently

Ik -  ri,v\\oo +  I K *  -  r i,4oo <  c ( [ <*i) •
\J\s\>v/2 /

Thus (2.20) is proved. □

A ck n o w le d g m en ts : The author is deeply grateful to Professor Jean  Bre- 
tagnolle for helpful discussions and his valuable suggestions.
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C h a p i t r e  3

U n i f o r m  C L T  f o r  e m p i r i c a l  p r o 

c e s s

ABSTRACT. Empirical processes indexed by classes of functions 
based on dependent observations are considered. Sufficient condi
tions in order to satisfy stochastic equicontinuity are given. Condi
tions are in terms of bracketing numbers with respect to a norm 
arising from Rosenthal type moment inequality satisfied by the pro
cess. Several applications involving mixing sequences, functions of 
Gaussian sequences are discussed..

Key words: bracketing; chaining; empirical processes; functional 
central limit theorems; stochastic equicontinuity; weakly dependent 
processes.

Classification AMS:60F05; 60FX7



I n t r o d u c t io n

Let (X i)i>0 be a stationary sequence of real random  variables defined on a 
probability space (O, A, P ) , and J- be a class of real valued functions of real 

variables. Let l°° (J7) denote the space of bounded real functions defined on 3~. 
Given a collection JF one can define a map from J- to R. as follows:

Zn \ F ----

f  I— ► Zn(f)  =  -1= E ( /  ( X ) ) .

If supjp-1/ (•) — E ( /  (X0))| exists and is finite, then the m ap Zn is an element 
of l°° (Jr ) . Consequently, it makes sense to investigate conditions under which 
the sequences Zn converge in law in l°° (J~) endowed w ith the  uniform topology. 
A class J7 for which this is true is called a Donsker class. Weak convergence 

in l°° (J7) can be characterized as asym ptotic tightness plus convergence of 
marginals. More precisely, according to Pollard 1990 [11] ( see also Van Der 

Vaart 96 [15]) this convergence is equivalent to the  following two conditions.
(i) Convergence of marginals: for all / i ,  ...,/*  elements of J-,

(Zn( f t ) , ..., Zn(fk)) converges in law.

(ii) There exists a pseudo m etric p such th a t {JF, p) is totally  bounded, and 
for all e >  0,

lim  lim sup IP ( sup \Zn ( f  — g)\ >  £ ]  = 0 .  (3.1)
5-+0 n-j-4-co \p(f,g)<8 J

The second property is known as the stochastic equicontinuity of the  family 
Zn. It is useful in proving uniform central lim it theorem s as well as in other 
contexts, (see for example Andrews 94 [2].)

Convergence of the  finite dimensional distributions is proved for m any 

classes of processes. Roughly speaking, Property (i) is satisfied as soon as the 

sequence X  is sufficiently weakly dependent. Dependence between the past of 

the  process and its future is measured either by mixing coefficients such as 

«-m ixing (strong mixing), p, (3 and <£-mixing, or by the  decay of covariances 

for functions of Gaussian, linear processes and associated sequences. Therefore
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and in order to  conclude the uniform CLT, it remains to prove the stochastic 
equicontinuity. And this will be the main purpose of the present paper.

Several results exists in the literature. We recall some of them  in what 

follows w ith an emphasis on those which are close to  the spirit of this work. In 

1987, Ossiander [9] proved tha t if the variables are i.i.d then  (ii) is fulfilled if

T  ,/lo g  JVn  (£, \\-\\2 ,F )d e  <  00,

where N[ ] (e, ||-||2 , JF)is the minimal num ber of e —brackets sufficient to  cover 
J- (exact definition will be given later).

This result has been generalized by Doukhan, M assart and Rio in 1995 [6] 

to  ^-m ixing sequences under the sum m ability of the sequence of /3-mixing and 
the following condition on the family J7 :

J  y j log N [ ] ( £> II-II2,/3 >F ) de <  °°>

where =  Jq /3~l (u)Q2(u)du. The technique’s proof in the two cases was
exponential inequalities for independent random  variables.

On the  other hand, using a moment inequality of order 2 , Arcones in 1994 

[1] showed the  stochastic equicontinuity of {Zn( / ) ,  /  6 ^7}n>0 when the process 
X  is Gaussian w ith summ able covariance function and if the family satisfies 

the condition:

[  N\ ] 2 (x> IHI2 ,F)dx < 00.
Jo

Andrews and Pollard 1994 [3] have concluded the tightness of the empirical 

process of a strong mixing sequence under the following hypothesis:

^  ̂iP-Zgp+y ̂  <- QQ̂ 
t>0

sup I/I <  1 and f  N }(p (x,\\-\\2 ,Jr) dx <  00
F JO

where p >  2 and 7  >  0. Here also, the m ain tool was a m om ent inequality of 

order p.
In view of these results we can see th a t the conditions ensuring the tightness 

of the em pirical process is a kind of balance between the  regularity of the
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process on the one hand, expressed here in term  of weak dependence, and the 
size or the complexity of the family J7 on the  other hand, m easured here by 
the bracketing numbers with respect to  a norm induced by the process.

A goal of this work is to give a general approach to this problem  which 
involves some existing results beside other ones. The m ain result asserts th a t 
if the  process satisfies a Rosenthal type mom ent inequality of order p and 

if N f f  (x , ||-||2)X , dx <  oo where J7 is an uniformly bounded class of 

functions and ||*||2 y an appropriate norm induced by the m om ent inequality 
then  (ii) is satisfied. The paper is structured as follows, in section 2 we give 
the  m ain results, several applications are discussed in section 3, section 4 is 

devoted to  the proofs of results.

M a in  r e s u l t s

Before stating the m ain result we recall the following definition of bracketing 
numbers.

D efin itio n  3 .1 . Given two functions I and u the bracket [Z,w] is the set of all 
functions f  with I <  /  <  u. Given a norm, ||-|| on a space containing J7, an 
e—bracket for  ||.|| is a bracket [/,u] with ||i — tt|| <  e. The bracketing number 
N[ ] (e, ||*|| , J7) is the minimum number of e —brackets needed to cover J7

For p >  2 we define two kind of conditions, the first one on the  process, 
and the  second one on the family J7.

H (p , X)'. There exists a(p) and b(p) constants such th a t for every m easurable 

/

E| Zn ( f ) \p < a(p) ||/H5,X + i(p)n1“!,/2 ll/IIL"2 WfWlx (3-2)

where ||-||2 x  a norm satisfying:

— ||*||x <  C ||* ||2Jffor some positive constant C.

~ |/ |  <  \§\ ll/I^.X  — l l ^ l l *

H (p , J -) : J- is uniformly bounded if p >  2, and

£  N {l{ (x , \ \ - \ \^ x , F ) d x < oc. (3.3)
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We are now able to sta te  our first result.

T h e o re m  3 .1 . Let (-X»‘)i>0 be a strictly stationary sequence of random, va
riables and J7 be a class of functions satisfying H (p ,X ) and H(p,Jr), then: 
Ve >  0,

lim lim sup P  ( sup \Zn ( /  — g)\ >  s  ) = 0 .
s~+° n—M-00 \||/-5ll2,x<5 /

The condition under which the family T  is uniformly bounded, m ay be 

relaxed by strengthening the condition on the covering num bers and imposing 
further assum ptions on the envelope function of the family. This is what is 
done in the  following theorem.

T h e o re m  3 .2 . Let (-Xi)i>o a strictly stationary sequence of random va
riables and J7 be a class of functions satisfying H (p ,X ). Let F  >  supy€:F | / |  be 
a measurable function. Assume that F  € Lr+1, for some r >  1, and

f 0 N i]P ( *» IH U x > ^ 0 dx <  00• (3-4)

where l /u  =  1 — £ ( l  — .
Then the conclusion of Theorem 1 holds.

In what follows we are aimed to give sufficient conditions for J7 in order to 

satisfy the stochastic equicontinuity property in the  case when the «-mixing 
coefficient decays exponentially. The result is closely related to  the work of 

M assart 87 [8], however the technique’s proof is slightly different. The proof 

of the  next result relies on a Rosenthal type mom ent inequality, w ith explicit 
bounds of the  coefficients a(p) and b(p), due to Rio combined, as usual, w ith a 
chaining argum ent.

T h e o re m  3 .3 . Let (X i)i>0 be a stationary sequences and !F be a fam ily of 
functions bounded by 1. We assume

(a) or(z) <  cexp (—m ), where c >  0, a. >  0.

(b) fo log2 N t 1 (£> INI 1 ’ de <  00•

Then, Vs >  0,

lim  lim  sup P ( sup |Zn( f  — g)\ >  e ) = 0 .
S-H-OO n—»-+00 \||/- s ||1<5 J

Main results 75



The previous theorem  improves on M assart’s result. Indeed, under the same 
hypothesis of mixing, the assumption on J- was

logJV[, (e, H-ll, , F ) < C  ( j )  . f  <  1/4-

We point out however, th a t M assart shows a ra te  of convergence for the given 

weak invariance principle. We note also th a t Andrews and Pollard [3] conjec
tu red  in their paper th a t the condition implying the stochastic equicontinuity 

under the same assum ption of mixing, m ay be

f  e- +̂2 log2 N[ ] (e, 11‘Hj ,^F)de <  oo,
Jo

for some positive constant 7 .

R e m a rk . In the independent case, the  same m ethod of proof shows th a t 
the  condition is f*  log1/ 2 N[ ] (e, || * || j , J7) e~1̂ 2de <  00. This condition is known 
to be optim al when J- is the class of all subset of N.

E x a m p le s  o f  a p p l ic a t io n

In this section we give some examples for which the hypothesis H (p , X )  is 
fulfilled and we compare w ith some existing results. As for H (p,Jr), we refer 
the reader to  [8] and [15].

F irst we recall the following measures of dependence. Suppose (fi, /Cj'P) is 
a probability space. For any two cr-fields A. and B of /C, we define

cx(A, B) =  sup |P (A U  B) — P(A) U 1P(B)|, A  € A , B  G B,

and

p (A ,B ) =  sup |C orr(/,sr)|, /  G L2(*4), g €  L2{B).

The following inequality holds

p(A ,B ) <  ct(A ,B )

If (-X*;) is a sequence of random  variables we define

c =  supc(G i,C?r+J
k

where c =  a, p and G™ is the a  field generated by (X k, n <  k <  m).
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C ase o f  « -m ix in g

Let (X k) a  stationary sequence, and for u positive real, set ct(u) =  «([«]), 
where [x] denote the  integer part of x. Denote by Qs the quantile function of

|/ ( X 0)| , which is the  inverse of the ta il function t  ----y P ( | / ( X 0)| >  t). The
following corollary is an im m ediate consequence of Theorem 1.

C orollary  3 .1 . Let \\f\\22tX =  If H (p ,F ) is fulfilled,
then Zn( f ) converges in l00^ )  to a Gaussian process indexed by J7 with | | / | | 2j£- 
continuous sample paths.

In particular, this convergence holds whenever the following conditions are 
satisfied:

( i i l )  : y   ̂(i +  l)^ -e_1 «(*) <  oo 
i>0

(H2) : j  N f f  (x , \\.\\2, e , T )  d x <  oo.

To com pare w ith the assumptions of Andrews and Pollard we first note th a t 
if Nr (rr) =  N[ j (x, ||-||r ,T )  , and if F  is bounded above by 1, then Nr (x 2̂ r) <  
N 2 (a;). By a change of variable we conclude th a t ( i/2 ) is implied by:

(H ' 2) : N ^ p (x, ||-||2 ,J r)x ~ l+edx <  oo.

The assum ptions of Andrews and Pollard are:

E r> 2 —20
(i +  l ) p a(i)pe+2- 20 <  oo

t>0

{A2) : j  (x, ||.||2 , J7) x~1+edx <  oo.

Now (H I ) is weaker for p >  2, ( e.g. for a polynomial rate  of mixing, say 
cx(i) ~  ci~a, ( i i l )  is satisfied if a >  (p — 1) /  (1 — 0) while (A l)  is fulfilled if 

a >  (p -  1) (p0 +  2 -  20) / ( 2 -  20)).

C ase o f  p -m ix in g

The forthcoming corollary considers p-mixing sequences. Its proof relies 

on a m om ent inequality established by Shao [13] and the CLT for p-mixing 

sequences ( see [10] for example).

C orollary  3 .2 . Let (X k) be a stationary, p —mixing sequence. Assume that
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F e  L2+s,
OO

£  p (2*) <  00 and I Nf] (x, ||-||2 , CF) dx <  00, 
i=o

where 17, S are positive reals.
Then Zn( f )  converges in l°°(^F) to a Gaussian process indexed by JF with 

||-||2 continuous sample paths.

The corollary applies to the family of quadrants, and generalizes the result 
of Shao and Yu 96 in the  sense tha t the continuity of the distribution function 
is not needed here.

C ase o f  G au ssian  sequ en ces.

Let (-ATi)t>0 be a stationary Gaussian sequence satisfying: E(Ao) =  0, 
E (X 2) =  1 and let r(k) =  E(Xo-Xfc). To apply Theorem 1, we need a Ro
senthal type inequality for partial sums of a function of Gaussian sequences. 

This is the subject of the following lemma. The lem m a handles the particu lar 
case when p =  4. B ut we th in k 1 tha t similar results can be obtained for even 
integers, however this will not be considered here. We recall th a t the rank  of 
a real function /  is defined by ra n k f  =  inf {fc >  0 /  E (H k (X )f(X ))  ^  0} .

L e m m a  3 .1 . Let f  be a real function and assume that:

5 > ( * ) r < o o ,
fc>0

where m =  inf (ra n k f, ra n k f2) . Then there exists a constant K  =  iif(r(-)) 

such that:
n 4

E (* •)  -  Kf  (* •) S  K  ( y  (Ef  (X ,) )2 +  n 11/llL Ef 2 (X ,))  .
i= 1

As a consequence of the previous lem m a and Theorem  3.1, we deduce th a t 
if r belongs to  L1 and if J^ (x, ||*||2 , J7) dx <  00 where JF is a class of

family bounded by 1, then (ii) is satisfied. Since the condition r belongs to  L l 
is sufficient for convergence of marginals (see for example [4]), we have then 

proved the  following corollary.

C o ro lla ry  3 .3 . Let (X{) be a stationary Gaussian sequence such that E (Jf0) =  

0, E(JTq) — 1 and r (k) =  E(-Xo-X&) . Let J- be a family of function bounded 

1. indeed, we later prove it. cf chapter 4
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by 1. If

r g L 1 and J  N u ( x < <  oo,

¿/ien -{Zn(f)i f  € «F*}n>0 converge in l°° (07) to a Gaussian, centered process G  
indexed by !F with covariance function given by:

Cov (G (f) , G(g)) =  E (G (f)G (g ))  =  Cov ( /  (X„) ,g  (X t)) .
¿e^

In the particu lar case when J7 =  {1g(.)<x; a; G i?} where G  is some measu
rable function, the condition r  belongs to  L1 can be relaxed to  the  following 
one:

fc=i

where m  is the  H erm ite rank of the family OF J7U {l.<a?; P  (G (X ) =  x) ^  0}. 
Indeed, in this case the m om ent inequality of order 4 will be applied to  OF—J7 :=  

{ /  -  ff', ( f ,  9) € (:F, J7}  } . And since for /  € OF we have ra n k (f2) >  ra n k (f)  
it suffices to  have lrm (^)l <  °°- But N[ ] (x , ||-||2 , J7) <  Jjg- for this family.
Thus the  result applies and this generalizes Theorem  1 in [5] to  the case when 
the  distribution function of G (X ) is discontinuous.

P r o o f  o f  M a in  r e s u l t s

For any expressions A  and B  let us write A -< B  if A  <  K B  for some 
absolute constant K . And let [a;] stands for the integer part of x.

P r o o f  o f  T h eorem  3.1

By hypothesis (3.3), for all integer k there exists a  finite sequence of pair 

of functions (//% A f ) ls(sjv(t) , where N (k)  =  N[ ] (2~k, ||.||2 X such that:

• V / €  J7 there exists i such th a t | /  — /* | <  A*.
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¿  \rm(k)I <  oo, 
k=l

•  IIa .- I k *  ¿  2 - t
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We set (7T* ( / )  , Afc ( / ) )  the first pair (/* , A f) which satisfies: \ f  — /* | <  
A*. Let qo,k and q integers verifying qo <  k <  q. Following an idea from 
Arcones 94 [1] we define a m ap from J7 into a finite subset of F  by:

Tk(f) =  7T* O 7Tfc+i o .... O TTq ( / )  .

For 1<  i <  N(qo) let us define:

Ei =  { f  G T  : Tqo(f)  =  /¿} ,

then  the  E{ form a partition of J7'. For S >  0 we define:

Fi,j ~  { (/> d) £ F  x ^  sucb th a t /  G -E*,# G Ej and \\f — g\\2 x̂  <  ¿ j

Let now A =  {(¿, j )  such th a t F ij 7̂  0} . For every pair in A fix an elem ent of 

F ij and denote this pair by \&tj) .
Let ( / ,  g) a pair satisfying | | /  — g\\2 x  <  <5, then necessary ( / ,  <7) G for 

some (i, j )  G A. Now we write:

f  9 — f  Tq0( / )  4- Tqo(f)  «frjj +  ^i,j ■+■ ^go(fiO +  Tqo(.9') S'

bu t Tqo( f )  =  T q o ^ j )  and Tgo(gr) — Tqo('$itj) since / ,  are in E* and g ,^ itj 
are in Ej. Consequently:

sup \Zn ( /  -  5f)| <  4 sup |Zn ( /  -  Tqo(f))\ +  sup \Zn ( $ ifi -  ^ f>i)| 
Il/-sll3,x<* /e^7 (iJ)eA

Apply the outer expectation to the previous inequality to  get:

E sup \Zn ( f  — g)\
J\f-9\\2,x <s

<  4E sup \Zn ( /  — Tgo( / ) ) |l  +  E sup |Zn ( $ i j  -  ^ tJ )|
J (*,i)€A 

:== AE\ -|- £?2.

For the  shake of brevity we put sup^€:F |Zn ( / )  | =  | |^ n ( /) | |j r  • In order 
to  control the two term s of the previous display we shall use the  following 

m axim al inequality from Pizier, combined w ith a chaining argum ent. For all 
random  variables Z \, Z2, ..., Zn

/  p\ i/p
( E  max \ZA ] <  N 1/p max ( E \Zi\pf /p . (3.5)\  l<i<N ' J ~  l<i<N 1 1 '  V '

Control of E\
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For /  in J7 we write:

f - T , M )  =  f - T , ( f ) +  £  Tk( f ) ~ T k^ ( f )
k=q0 + l

=  / - » , ( / ) +  1 3  Tk( f)  — Tk- i ( f ) .
k=q0+l

Therefore:

:= E | | Z „ ( / - T „ 0( / ) ) | |y  

<  E||Z„ ( / - * , ( / ) )  ||^ +  ¿
A;=go + l

q
<  •E'i.g+i +  2-\/nsup EI A g( / ) |  +  ^   ̂ -Ei.fc (3.6)

/e:F fc=30+i

where

E \ tk =  E || (Tk{f) — 7fc_i(/))||Jr , <?o +  1 <  k <  q 

E1,q+1 =  E ||Z » A ff( / ) | |^ .

Now observe th a t Tk( f ) — Tk- i ( f )  =  Tk( f)  — Trk- i  (Tk( f )) and Tk( f)  range on a 
finite set w ith cardinal less or equal than  N(k).  Using inequality (3.5) we can 
write:

E x,k <  N { k f ,p m ax ||Zn (g -  7rk-i(g))\\p (3.7)

Since by hypothesis J7 is uniformly bounded when p >  2, we may assume th a t / ,  
7r& -i(/) and A , ( / )  are bounded by 1. Apply hypothesis (3.2) to h =  g — 7Tk-i{g) 
to  get:

\\zn (h)\\p <  «1/p(p)||A||2,x + (6 (p )n ‘-»-/3 ||/!| |^ 2 | |A | | ^ ) 1/’'

<  a 1/p(p)2-(fc- 1) + 6 1/p(p)n1/p- 1/22_2ii r ii (3.8)

Combining (3.7) and (3.8) yields

E 1>k <  2a1/p(p)N(k)1/p2~k +  2b1/p(P)N(k )1/p2~k (n~1/22fc) 1_2/p.
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A sim ilar bound holds for Extq+i. Finally using the fact th a t E |A g( / ) |  <  
C  ||A g( / ) | |2 x  < C2~q we obtain :

9+1
E x x  V ^2 ~ q + 5 3  E l’k

k=q0 + l
9+1

^  y/n2~q +  a1/p(p) N { k y /p2~k
k=qQ+l

9+1
+b1/p(p) 5 3  N ( k y /p2~k (n~1/22a) 1-2/p

A:=go+l
g+i

y/n2~q +  a 1/p(/?) £  AT(fc)1/p2 - fc
/c=c?o+l

9+1
+61/pCp) (n~1/229) 1_2/p ^  N (k )1/p2~k

k=zq0+1

Hence:

=< \ /^ 2 " 9 +cCp) 5 3  N (k )1/p2~k ( l  +  (n " 1/229) 1_2/p)  (3.9)
&=g0 + l

Control of E2

Noting th a t |A| <  N 2 (q0) and | |$ , j  — ^ * j | |2,a' — ^ we Se^:

E 2 =  E sup |Zn ( ^ j  -  ^ j ) |
_(* J)€A

<  Â 2/p (g0) m ax 11 j  -  ^  j  ) 11

Again by H (p ,X ):

E 2 X N 2/p(q0) ( a i ' p(p)8+  (b(p)n1- p/262) 1'P̂ j

r< c(p)(iV (go)^)2/p. (3.10)

Let VF(n,<5) denote E ( s u p n ^ ^  x<5 \Zn ( /  — #)|^ . From (3.9) and (3.10) it 
follows tha t:

W (n , 8) < 4E 1+E 2
9 + 1

X v^ 2 - » + e ( p )  ( l +  ( n - 1/22’) 1" 2/’’)
&=90+l

+c(p) (AT (g„) J)2* 1
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Let q0 =  qo (S) the greatest integer satisfying N (q0) <  <5-1/2. Without loss of 
generality we may assume that q0 (5) goes to infinity as S goes to zero. Therfore, 
if we set e(S) = ŷ !̂_go+1 N {k )1/p2~k we have by H (p ,Jr) that e(S) —>• 0 when

5 —> 0. Take q = q(n, S) = [2iog2 + 1- With this choice q >  q0 and
y/n2~q < 1 if n > n(5) and for n > n(S) we have:

W (n, S) r< y/H J) + c{p)^/I(5) + c{p)6xt*.

Consequently:

limlim sup W (n ,5 ) •< lim y/e(S) + c(p) y/s(S) + c{p)51̂ p
5->° n-y+oo 5-»-0

=  o,

and Theorem is 3.1 proved.

P r o o f  o f  T h eorem  3.2

We will follow the same lines of the proof of Theorem 1 with small modifi
cations. Thus notations will be unchanged.

Control of Ei

E 1 =  E||ZW(/ - T 3o( /) ) IU
<  IE || Z n ( ( /  — 7Tg(f)) +  E ||Z n ( /  — 7Tq(f)lF>M)\\y7 

'■= E\,m  +  M (3-11)

On the one hand, since F  G lLr+1 we can write:

E'i ,m  — 2a/^E|F1jf’>a/|

< TT~r (M ) M r

where r(M ) goes to zero as M  goes to +oo. On the other hand:

Si,M <  E | |Z „ ( ( / - 7 t , ( / ) ) 1 f <m)||^ (3.12) 

+  ¿  m \\Z„((Tk( f ) - T k- 1( f ) ) l F<M)\\^
&=Ç3fO+l

<  Æ "+1 +  2v^ 8 Up E |A „ ( / ) |+  £  S "  (3.13)
k=qo + l
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where:

Eifk = El f Zn (Tk(f)  — T k - i ( f ) )  1f<m\\jt , qo + 1 <  k < q 

K ,+ l  =  E || ZnA q ( f ) l F<M \\jr •

Note th a t when F  <  M,  we may assume th a t Tk{ f ) as well as A q( f )  are 
bounded above by M.  Apply hypothesis H ( p , X ) to h :=  T ^(/) — T k - i ( f )  after 
applying (3.5) to  obtain:

<  N (ky 'rm *x\ \h \ \p

< 2a,/p(p )N (k ) I/p2~k + 2b1ip(P)N(fc)1ip2~2k/p (ra-1/2M )1_2/l,(3.14) 

A similar bound holds to Effq+1 tha t is:

< 2a1̂ ( p ) N ( q ) 1/p2~g +  2b^p{p)N{q)1fp2~2qfp ( n ~ ^ 2M )1_2/p

Therefore:
qr+1

E 1M ^  -\/n2~9 +  ^   ̂ E lfk
A;=go+l

9+1
■\fn2~q +  c(p) JV(fc)1/p2~*

fc=9o+l
9+1

+c(p) ( n ^ M ) 1 2/p iV(Jfe)1/p2 -2*/p.
fc=<?o + l

Taking M  =  n x̂ 2r, from the estimations of E\,m  and E'1M, we deduce that:

9+1
i?i y/n2~q +  c(jo) N ( k ) 1/p2~k

k=q0+l
g+1

+c(p) ( n - 1/2A f)1“ 2/p ] P  N ( k ) 1/p2~2k/p +  r'(ra). (3.15)
fc=90 + l

where r/(ri) —»■ 0. Let R  denote the th ird  term  in the above display, then:

g+i
R  := ( n - 1' 2 M y ~ 2/P Y 2  N { k )x/p2~2kfp

=̂90 + 1

< ( n - 1'2n '/2’-)1- 2/p /  N'l'’(x)xVp~1dx
J2~<l

»2-10
<  n( -1/2+i/2r)(i-2/P) / Â 1/p(a:)a:2/p“Va;

J 2-<*
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Apply Holder’s inequality to /  =  N 1/p,g  =  x 2/p~1 and with l / i /  =  1 — 
1/r (1 — 2/p ) , to obtain:

/■2-w /  /*2-«o \  / »2-90 \  i:?L
J2 N 1̂ (x )x 2̂ ~ 1dx <  I j  N v^ (x )d x \  i j  x W r - V ^ d x }

N ‘'/”(x )d x \  ( ( r - 1 ) - 1 [x -’-+‘] ^ )  '

U
2-«0 \  I/»'

N i'/p(x)dx  J (r -  1 ) " ^  (2-9 ) (1- 2/p>(1/r~1)

It follows that:

U
2~ 90 \ ■*■/*'

. (3.16)

Combine (3.15) and (3.16) to get:

9+1
Ei X y/n2~q +  c(p) E  N (k )1/p2~k

k=q0+l

a
 2-40 \ 1/ hf

N û { x )d x \  +  r'(nX3.17)

Control of E2

Similarly we have

E-2 =  E sup \Zn (^ ij  —
_(*\i)€ A

— E2,m  +  E2M.

First we write:

^2,M ® SUP ((^¿,j — ^¿.j) 1f>m)|
l_(»,i)eA

<  4s/ ti]!£.\F1f>m \

<  r{n), (3.18)
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where r(n ) goes to zero. Second, apply H (p ,X ) to (3>tj — ^i,j) 1f <m  which 

satisfies ||(4>*,j — ^f<m\\2,x — $ obtain:

E 2,m  E sup \Zn (&i,j — V ij)  1f <m \
a

< N ^ p {q0) ( a 1tp(p )5 +  (6(p)n1- p/2Mp- 252)1/P̂  (3.19)

< c(p) (N  (q0) S)2/p . (3.20)

From (3.18) and (3.20) we conclude that:

E2 <  c (p ){N {q 0)5 )2/p +  r{n). (3.21)

End of the proof

Recalling that W (n, £) = E ( s u p ^ . ^ | Zn ( /  — sr)|) . Then (3.17) toge
ther with (3.21) imply:

W (n,S ) <  4E1+E2
9+1

X y /^ 2 -q + c (p ) '¿T N (k y /p2 -k +  c(p )(N (qo )S )2/p+  r(n)
k=qo+l

a
 2~go \

N v/p(x)dx ) + r'(n)

Put (3 = — (1/r — 1) (1 — 2 /p ) , and let

<?o = qo (<£) — max {&, k e N, / N (k) < <5-1 2̂} .

We may and do assume that qo (S) goes to infinity as 5 goes to zero. Put

U
2-*)(<s) \  x!v

N vlp{x)dx \ ,

we have by (3.4) that e(<£) —»• 0 when 5 —> 0. Now choose q = q(n,S) in 

such a way that ■\/n2~q and (v/n2-9)̂ 1/̂r-1^1-2^  e(S) have the same order of 
magnitude, that is:

q = q(n, S) =  log - J — +1.
2 log 2 £l+(3 (¿)
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W ith  this choice q >  qo if n >  n(<5), and in this case we have:

i 9+1 
W (n,S )  ^  £i+0 (<£) (1 +  c(p, r)) +  c(p) £  N (k )1/p2~k

*=90 + 1
-\-c(p)S1/p +  r(n ) +  r '(n )

It follows th a t

lim lim sup P  ( sup \Zn ( /  — g)\ >  e ) = 0
Î-+0 n̂ +oo \||/-S||2(X<5 /

and this conclude the proof of Theorem 2.

P r o o f  o f  T h eorem  3.3

In the  sequel all the inequalities are valid up to a m ultiplicative constant. 
F irst we recall the  following m om ent inequality which is a corollary of Theorem 
6.3 in Rio 97 [12].

L em m a 3 .2 . Let (c*n)n>o sequence of strong mixing coefficients of the
process (X i)i>Q. Let f  be a measurable function. Then for all p  >  2.

E |z „ ( f ) \ r < <p )II/III,«  +  K p K - p/2Î >  +  i ) p_2“ < I IÆ  (3-22)
i—1

with:
- Q j is the quantité function of \f(X o)\.

- ll/ llL *  =  Jo1 a!-1o)<2/(u;Mw-
- a{p) <  (C p )pf2 , a{p) <  (Cp)p .

We have assumed tha t: V / G T ', ll/llco <  1. Hence w ithout loss of generality, 
we may assum e th a t V / €  >  0, Afc(/) <  1. From (3.22) it follows that:

\\Zn (f) \\p < A ( p , f )  +  B (p ,f )

with:

A (P ,f)  ^  v W I I 2,«
B (p ,f )  ^  p2n~l/2+x/v Il/H^
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Applying Holder’s inequality gives:

l l / l l * ,«  -  ( j £  du)  ( ĵ  ̂ Q j,e (u>)du^

s  £ (i + 1)rb a ( i) )  m b>

(  1 ^   ̂ \  X~~e 
^  ( r^? £ (i + x) “(i)) H711'-

Therefore:

A (p ,f )  X  v ^ l l / l l "/2 

B (p ,f )  <  P3" “ 1/2+1/i’ 11/11«,

We then proceed as in the proof of Theorem 3.1, and thus we keep the  same 

notation.

Control of Ex 

We recall th a t if N ( k ) =  N[ ] (2~k, j[ -1|x , 0r ) then:

g
E x < E | |Z nA g( / ) | |^  +  2 V ^ s u p E |A 9( / ) |+  Y ]  E | |Z nTk( f )  -  T ^ f ) ^

fe:F k=q o + l
(3.23)

we recall also t h a t :

Ei,k — E || ZnT k (f)  — T ^ _ i( /) ||:?r , q0 +  1 <  k < q 

E ltq+1 = E \\Z nA q( f ) \ \ r

From the hypothesis and inequality (3.5) we have:

E ut <  AT(fc)1/» max ||Z„ (g -  ^ ( g )) ||p (3.24)

We now apply the  m om ent inequality to  g — TTk-i(g) which is bounded by 
Afc_i (g) to  obtain:

Ei,k < N (k )1/P m ax A  (p, g -  ^ - 1(5-)) +  m ax B ( p , g -  7rfc_i (g ))
[g€Tk(F) geTkXJ7)

^  N (k )1/P (y/p2~ke/2 +  p2n " 1/2+1/p)

^  N { k y /p 2k^ - $f ^ 2 - k +  p2 ( n - ^ 22ky ~ 2/p 22fc/P2- fc)  (3.25)
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Therefore if p >  2, n~1/ 22g >  1, we get:

Ei,k r< N (k )1̂  {y/p 2 k^ -° f^ 2 -k +  (n"1/ 229) p222k!p2~k)

Let p =  k +  log iV(fc), then

Si,* ^  (V *  +  y/log N (k j)  2k^ - ê 2 ~ k +  (n -1/223) (>2 +  log2 JV(Jfe)) 2~fc 

A similar bound holds for E i>q+1. Hence if we assume th a t:

f  log2 N[ ] (e, ||-||2 ,J r) ds <  oo,
Jo

and

f  log1/2 N[ ] (e, ||-||2 , JF) x 6t 2~1de <  oo 
Jo

for some 0 <  6 <  1. Then there exists a positive sequence Z(fc) satisfying 
T . l(k) <  oo, such that for all k, q0 <  k <  q +  1, if n -1/ 229 >  1, we have:

Si,* =< (f»"1/22«+  1) Z(fc).

Since /o log2 iV[ j (e, ||-||2 , .F) cfe <  oo implies log1/2 jVt j (e, ||-||2 , .T7) ee/2~1de<  
oo, for some convenient 0, we conclude that under the hypothesis of the theorem 
we have: Vq >  qo such that n-1/ 22q >  1,

Ex ■< y/n2~q +  2n~1/22q ^  l (k) (3-26)
fe=9o+l

Control of E2 

Recall that |A | <  N 2 (qo) hence:

E2 =  E sup lZn (&ij — & ij)l
(ij)eA

<  N  (qo) max ||Zn ($ 4)i -  ||2(»,j)€A

Using a moment inequality of order 2 :

E \Z n ( f ) \2 < C (0 ',c t)  | | / | | f

where 0 <  O' <  1/2. Applying this to 3>ij— whichsatisfi.es 

we get:

E2 <  C(9', <x)N (qo) 6*'/2 (3.27)
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End of the proof

Let W (n, 8) denote E ^sup||y_a||i<(y |Zp, ( f  — fir)|  ̂ • Combining (3.26) and (3.27) 

gives:

9+1
W (n, 8) ^  y/^2~q +  2n~1/22q ^  l(k) +  C(0', a )N  (q0) 80>/2.

fc=90+l

Take O' =  1/3 for example and let q0 =  go (£) the greatest integer satisfying 
N (q0) <  S-1/ 12. W ithout loss of generality we may assume th a t qQ (8) tends to  

infinity as 8 tends to  zero. Therfore, if we set e(8) =  we have th a t

e(8) —» 0 when 8 —> 0. Take q =  q(n , ¿) =  [2iog2 log +  1. Note th a t q >  q0 
and y/n2~q <  1 for n sufficiently large, say n > n(8) and hence for n >  n(8)

W (n, 8) z< e1/2(8) +  C(0', a )81/12.

Consequently:

lim lim  sup W (n , 8) X lim e 1̂ 2(8) +  C(O', cx)81̂ 12
S—*0 7 2 ,CO 8—>0

=  0,

and this conclude the proof of Theorem 3.3.

O ther proofs  
P r o o f  o f  corollary  1

From Rio 97 [12] Theorem 6.3 we infer that:

E \Z n ( f ) \p <  a(p) oT1 (u)Q 2(u)du^

+b(p)n1~p/2 f  [oc~1(u)]p~1 Qp(u)du (3.28)
J 0

where Qf is the quantile function of | / ( X 0)| . Assume moreover th a t H/H^ <  
Af, then  (3.28) can be written:

E \Z n (f ) \p <  a(p) oTx(u)Q2(u)du^

+b(p)n1- p/ 2M p~2 f  [aT1(w)]p-1 Q2(u)du.
Jo
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Therefore, we can apply Theorem 1 w ith \\f\\2,x  =  Q2f(u)du.
Now H (p ,T )  implies th a t for f  E J7, a -1 (u)Q2f(u)du <  oo, and this implies 
(i) according to Doukhan and al. ( see [7]).

•  Using Holder’s inequality, we get, for any 6 in (0,1) :

j f  [a-1 (u)]p~X Q2(u)du <  [a_1(u )]^o?M ^ ( ^ j  Q2/6(u)du^

Since /o [a-1 (u ) f  du <  gEi>o(* +  ir 1°:(*) and Qf(u ) l=  1/POI if U  is 
uniform ly distributed on [0,1], we deduce tha t:

£  [<x~1(u)]p~1 Q}{u)du <  + ( l l / I U / e ) 2 -

Hence the  following hypotheses are sufficient to imply (ii):

(H I) : +  l ) ^ _1a ( 0  <  oo
«>0

(H2) : J  N ^ p (x , \\.\\2/0 dx <  oo.

and this proves the  second part of the corollary.

P r o o f  o f  coro llary  2

First we recall the following result from Shao 95 [13]. Vp > 2 ,  3 K  =  
K  (p(-),p) such th a t for every measurable / :

(
[log 7l] \

j 2 p ( 2i) 1 i i /p o i is

/ [log n] \
+ K n 1~p 2̂exp  I K  £  p2'” (? )  J | | / ( X ) | |J .

In particular, if P ( ‘¿') <  °°i then exp ( k  p2 p̂ (21)}  is a slowly
varying function for every p. Hence, Vp >  2,Ve >  0 3 K  =  K  (/o(-), jp, e) 

such th a t for every measurable / :

E|Zn ( / ) !” <  K  ||/(X )||5  +  K n 1*’-"!2 ||/(X )||*  . (3.29)

Proof of Main results gi
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E
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Arguing as in the proof of Theorem 2, it is easy to  see th a t under (3.29) (ii) 
is satisfied as soon as F , the envelop function belongs to  Lr+1, for some r >  1 
and

£  jv1Mi-i/'-(i-2/p)-2*/p) ||.||2 ? jt) da. <  oo.

Since p can be chosen arbitrary  large and e arbitrary  small, (ii) follows under 

our hypothesis. The proof of (i) follows from Theorem 1 in [10] for example.

P r o o f  o f  L em m a 3.1

We will take back the proof of a similar result given in Csorgo and Miel- 

niczuk 96 [5] (inequality 3.2) with small changes . In particular, we recall th a t 
for k =  1 ,2 ,3 ,4  :

E (S * » )=

We first assume th a t R  :=  supA:>1 |r(fc)| <  1/3, then, we proceed as in [5] to  
handle the  general case.

.  E (S ,„ ) =  n E ( f ( X 0) -  E/  (X„))4 X » | | / | |^  E /2 (X i) .
m

E (S 2„) =  3 Y l  E [ (7 (* .' .) )2 (7 (* fa ))2] + 4  J 2  E [ ( 7 ( * i . ) ) 3 / p ^ ) "  

where f  =  f  — E /  (-Xo)- The first term  is bounded by: 

n2 (Ef 2 (X t) )2 +  n jr lr ™ V 2> (i) lE lf (X i)l4 ,
i=1

and the second one is bounded by:

n ¿  |rm« \ i )  | E1/ 2 | /  (X i) |2 E1/ 2 | f  (X i) |6 .
¿=1

Hence:

E (5 2„) r< n2 (Ef 2 (X i))2 +  n | | / | |^  Ef 2 (X i) .

• Using a lem m a of Taqqu stated as Lemma 3 in [5], we have

E (5 3n) ^  ri3/ 2E1/2 | /  (X,)!2 E1/2 | /  (-X*)|4

X n2 (mf2 (X i))2 +  n K f4 (Xi) 

d  n * (p f 2 (X i) ¥  +  n \\f \\l0 E f* (X i) .
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l<n
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•  Again by Lemma 3 we have:

E (5 4n) =< n2E2 \ f (X i) \2 .

This comletes the proof.
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C h a p i t r e  4

M o m e n t  i n e q u a l i t i e s  f o r  p a r t i a l  

s u m s

ABSTRACT. Rosenthal type inequalities for partial sums of func
tions of gaussian sequences are obtained. Several applications in
volving almost sure convergence, functional central limit theorems 
are then discussed.

AMS subject classifications: 60E15; 60F17.

Key words: Partial sums; Gaussian subordination; Gaussian pro
cesses; Rosenthal-type inequalities; Maximal inequalities; functio
nal central limit theorems; Almost sure convergence.



I n t r o d u c t i o n

M om ent inequalities play an im portan t role in the  proofs of lim it theorem s 
in probability. W hen the  sequence is iid several sharp estim ates are available 
in th e  lite ra tu re , see for exam ple Petrov 1992. For optim al m om ent inequali
ties in the  independent framework we refer the  reader to  the  paper of Penilis 
1994. Talagrand 1994 also provides optim al constant for Rosenthal type  mo

m ent inequalities when we do not separate the  te rm  of the  variance and the 
term s which involve the  m om ent of order p. However, in sta tistics the  hypothe
sis of independence is in m any cases very strong and does not fit the  models 
especially when we are dealing w ith tim es series in which case the  dependence 
between th e  past of the  process and its fu ture is not weak enough to  assume 
th a t they  are independent. To take this s tructu re  of dependence into account, 
several m easures of dependence have been developed. Basically there are two 

kinds of m easu re : those which involve the  sigma algebra of th e  past and the 
fu tu re  and those constructed w ith a covariance structure. The first class in
cludes m ixing coefficients, and in the second we can find associated sequences, 
functions of gaussians and linear sequences. U nder m ixing assum ptions, th a t 
is a suitable decay of the m ixing coefficient, m any works have established mo
m ent inequalities for partials sums, bo th  R osenthal’s type and M-Z inequalities. 
These inequalities are m ore or less sim ilar to  the  iid case. For strong m ixing we 
cite the  work of Doukhan et al. 1983, Rio 1994 and Shao 1996. For p —m ixing 
sequences, nice inequalities are available in the  work of Shao 95. Concerning 
^ —m ixing sim ilar results are proved by U tev 1991.

It is w orth  noting th a t except for the  case of 4>—m ixing which is a ra th er 
strong condition, (Gaussian sequences which are (j>— m ixing are shown to  be m 
independent) all the  m om ent inequalities, up to  our knowledge, require a decay 
of th e  m ixing coefficients which increases w ith the  order of m om ents. Moreover, 

m any sequences fail to  be mixing (even strong m ixing) and it is in general 
difficult to  com pute the  m ixing coefficients. For exam ple when r ( j )  ~  j ~a, 

where a <  1, then  we can show (see W ithers 1981), th a t the  sequence is not 

mixing.

Processes w ith a correlation converging slowly to  0 natu ra lly  appear in m e

teorology, economics and others fields (we refer the  reader to  the  Beran 1992 

for m ore about this). In other words, such sequences can not be handled in the
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f r a m e  o f  w e a k  d e p e n d e n c e  a s s u m p tio n s .  S u c h  p ro c e s s e s  a r e  s a id  to  b e  s t r o n g  

d e p e n d e n t  o r  lo n g  r a n g e  d e p e n d e n t .  I n  t h e  l a s t  tw e n ty  y e a r s  m u c h  m o re  a t t e n 

t i o n  h a s  b e e n  d e v o te d  to  t h e  s tu d y  o f  s u c h  p h e n o m e n a .  W e  c i te  fo r  e x a m p le ,  

t h e  w o rk s  o f  T a q q u ,  D u b r o s h in  a n d  M a jo r ,  C so rg o  a n d  M ie ln u z u c k , G ir a i t i s  

a n d  S u rg a i l is  a n d  m a n y  o th e r s  a u th o r s .  W e  a lso  p o in t  o u t  t h a t  t h e  r e s u l t s  o b 

t a i n e d  in  t h i s  f r a m e w o rk  a re  g e n e ra lly , q u a l i t a t iv e ly  d if fe re n t  f r o m  t h e  w e a k ly  

d e p e n d e n t  c a se .

I n  th i s  w o rk , w e  a im  to  g iv e  e s t im a te s  o f  t h e  m o m e n ts  o f  p a r t i a l s  s u m s  w h e n  

t h e  o b s e r v a t io n s  a r e  a  f u n c t io n  o f  G a u s s ia n  s e q u e n c e s  o f  a  p o s s ib ly  lo n g  r a n g e  

d e p e n d e n t s  s e q u e n c e . T o  b e  m o r e  p re c is e  l e t  { X n : n  €  N }  b e  a  r e a l  v a lu e d , 

G a u s s ia n ,  s t a t i o n a r y  s e q u e n c e  w i th  c o v a r ia n c e  f u n c t io n

E ( X m X n) =  r ( \n  -  m |) ,  E ( X n ) =  0 a n d  E ( X 2 ) =  1. (4 .1 )

L e t /  b e  a  r e a l  f u n c t io n  s a t i s fy in g  E ( / 2 ( J Q )  <  oo  w h e re  X  is  a  s t a n d a r d  

n o r m a l  v a r ia b le .  A  q u a n t i t y  o f  p r im a r y  in te r e s t  in  th i s  w o rk  is t h e  s u m  d e f in e d  

b y

n
Sn =  S n( f ) = Y 2 , f ( X i )  (4 .2 )

*=1

W e  f i r s t  r e c a l l  t h e  fo llo w in g  e x p a n s io n  o f  /  in  t e r m s  o f  H e r m i t e ’s p o ly n o m ia ls  

w h ic h  is  c o n v e r g e n t  in  t h e  L 2(S7) s e n se

=  £  CJiw ~ H k W ’ <4-3)
k—0

w h e re  H k is  t h e  /s th  H e r m i te  p o ly n o m ia l  a n d  c * ( / )  =  E  ( f  ( X )  H k ( X ) )  . W e  

o f te n  w r i t e  c k fo r  ck( f )  w h e n  n o  c o n fu s io n  c a n  b e  m a d e .  L e t

m  =  m ( / )  =  inf{fc > 0 ,  /  c* ^  0 } , (4 -4 )

m  is  c a l le d  t h e  H e r m i te  r a n k  o f  / .  W e  a lso  d e f in e  t h e  H e r m i te  r a n k  o f  t h e  

f a m i ly  a s  t h e  s m a l le s t  o f  t h e  r a n k s  o f  i t s  e le m e n ts .

T h e  p a p e r  is s t r u c t u r e d  a s  fo llo w s , in  s e c t io n  2 w e  g iv e  R o s e n th a l  a n d  M -Z  

in e q u a l i t i e s  fo r  p a r t i a l  s u m s . T h is  is in  f a c t  t h e  m a in  p a r t  o f  th i s  w o rk . S e c tio n  

3 is  d e v o te d  to  d e r iv in g  m a x im a l  in e q u a l i t ie s  f r o m  t h e  m o m e n ts  in e q u a l i t ie s  

p r o v e d  in  t h e  p re v io u s  s e c t io n .  C le a r ly , th e s e  in e q u a l i t ie s  a r e  u s e fu l  in  t h e  

p ro o fs  o f  a lm o s t  s u r e  p r o p e r t i e s .  S e v e ra l  a p p l ic a t io n s  o f  o u r  r e s u l t s  a r e  t h e n
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presented in section 4. In particular, we gives rates of convergence in the SLLN, 
we prove the Donsker property for the paxtial sum process and finally we gives 
a high order expansion of the empirical distribution function. Since the main 
technical tool in our proofs is the diagram formula and related techniques, an 
appendix is devoted to these notions.

M o r e n t  in e q u a lit ie s

In this section we derive a moment inequality for partial sums when the 
observations are functional of Gaussian processes. A key ingredient in the proof 
of the forthcoming result is presented in Lemma 1. Since this lemma deals with 
sums on different indices, we will write (Sn(f))p as sum of terms as in the 
lemma, then we conclude with repeated applications of Lemma 1 and Holder’s 
inequalities.

N o ta tio n s . Let /  denotes a real function and p an even integer. Let 
m denotes the Hermite rank of /  and mp stands for the hermite rank of 
{ /, f 2, f 3, ..., f p~2y . We then define the following quantities.

l l / l l , ,  =  max L 1/3 ||/||2 , j r  ^ 7=P(P -  l ) k/2 (2  ' ) (4.5)
V k—rrip V ’ \  i=l /  /

where dk(f) =  E | /  (X) Hk(X)\ , and let

r*(j) =  SUP IKOI- (4.6)i>j
=  ((« — l)r* (0 )1/2 (4.7)

We first prove the following

P ro p o s itio n  4.1. Let f  be a function such that E [ /  (X)] =  0 ,E [ /2 (.X)] < 00.

(i) Let Cn =  2 XXo |r(t) |m then
n ^

E < n C nE \f(X 0)\2 (4.8)
i = 1

(ii) Let p > 2, for every centered, bounded f  we have:
n P

E ¿ / W )  < 6 ^ {  ( y a  \\f\\2iPy  +  t? n \\f\\lT l l / IC 2}  (4.9)
i—1

where | | / | |2p given by (4.5).
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(iii) Let p an even integer, then

E ¿ / ( X . )  < n » /2E | / ” (X)| ( l  +  £  (S!)-1i '2 ‘ (C (m ,S, r , n ) r j
¿=1 y s>pf 2 J

where

oo / / n n \ \ 1/2
<7(m ,s,r,n) =  1 +  ^ P (a (s ,  1))* f max i 2n~x |r '( * ') | ; 2 ^  \r'(i)\m J J

k—m \ \ ¿=1 i=l / /

where r'(i) =  r( i) /r* (l)  and m is the Hermite rank o f f .

We note that if the (AT,) are ¿-independent then the constants are — up 
to a multiplicatif constant — optimal. In particular we can derive exponential 
inequalities for the tail function.
P ro o f. The proof of (i) is straightforward. We now prove (4.9). To this end we 
introduce the following notation. Let

Q(p) = 0  = (̂15 ̂2» — 5 ts), ¿1 + ¿2 + —  + ts = p\ ti > 0}

N (s ) =  {* =  (¿1, *2, • — ,*«), I < h  < n; ik ii i f  k 1} . (4.10)

Hence

/  re \  p n /  p \

\ i=l / i\ ¿2 \/=l /

= e  c ( t)  y . E ( n / " ( ^ ) )
ieQ(p) (*i ,»2.--,is)6JV(s) V i=i /

where C (t) =  (s!ii!i2!— t s!)-1 p!. Let us set

(h,i2,...,is)€N(s) \ l =1 /

To control the above we need the following lemma, proved in the appendix.

L em m a 4.1. Let / i , / 2, •••/?>, be real, centered functions, and set m* =  rn(fi) . 

Let \\f\\r,P defined by

u / i u =  £  - 1)i/2 (4-ii)
fc=m(/) * \  i=l /

Moment inequalities 1Q1
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Then

« ¡ i n / i w )  < n n / 'H r „ -  (4-12)
¿eAT(p) \/=i /  i=i

To apply the previous lemma we have to center the functions, (note that
O

they are already centered when t{ =  1). We also set h =  h — E(/i(J^)) for any 
measurable function h. With this notation we have

E (n ( / '  (Xjl) + E/“(J0)') .

In the following we will bound the terms appearing in the last sum. Note that 
there is at most 2s terms. They are all of the form

i ( j , t ,n )  =  y i  f n ® / “  w )  ( n  ( / "  ( * « ) ) ) .
(ii,i2,-,is)eN(s) \l€J J \l€Jc ̂  ' J

where -[*/, is a partition of {1,2, ...,s} . Assume for simplicity that J  =
{1, 2 ,..., k}. In this case /(«/, t, n) — Ik(t, n) where

/* (* ,» )=  ( n ^ * 1 w ) E ( n  (/* ■ ( ^ , ) ) )  • (4.i3)
(i1,i2,-..,i3)€iV(s) \/=l / \/=fc+l  ̂  ̂/

Before proceeding further, observe that Ik(t,n) =  0, whenever t{ — 1 for 
some i <■ k. Therefore we may assume that ti > 1 for i < k. Since | | / | | rs <  
(s /p )i /2 \\f\\rtP , and | | / fc||rja <  | | / | |2)S ll/II^T1 , we get by (4.12) of the lemma

Ik(t,n ) <  ( n » |E / « - p o f )  ( n  ( v ^ n / “ iir,._*)') (4.i4)
M=1 / \l = k+1 J

< (v ^ n /ii2) 2fci i / i i r - ifc- 2fc (v ^ n /i i2,a_ , ) s“fc n /n i+i+- +*— +*

<  P~P+S ( v ^ | | / | | 2 ,p )  ( m a x  ( v ^ | | / | | 2 tP , P | | / H o o ) ) P • ( 4 - 1 5 )

Therefore

Mp :=

< £  C (t)I(t,n )
*€Q(p)

i€<3(p);|i|=i a=2 ie<9(p);li|=s
:= Mi'p +  M2,p.

102 Moment inequalities for partial sums

I ( t ,n ) < i :
(îi,î2,---,îs)€iV(s)

E
f n

E .
V i= 1

f  (Xi)
) ■

s i: C (t)I( t,n )  +  V '
y : C(í)



Clearly

Mi,„ < n¥.\f"(X)\

s  { ^ \ \ f \ \ 2„ y  (j>\\f\\^)p- 2 (4.16)

From (4.15) we deduce that
P

M2 ,p <  E  E  C(t)2s max /*(£, n)
«=2 iS<9(p);|f|=s

^ E  £  C'(<)p-’,+* (2 V S ||/ll2,r) ' ( m a x ( ^ | | / | | 2ii>,p | | / | |00) ) ’’' ' .
«=2 ieQ(p);|i|=s

But ]CieQ(p);|*|=s <?(*) ^ (s!)_1 It follows that

M2,p <  sPP~P+s ( 2V ^ ||/|l2 lP)  ( max (v^ ll/lla .p^ ll/lloo))^
«=1

< 2pep ( \ /^  ll/ll2,p)S (max (%/n | |/ | |2iP , p | |/ | |co) ) P-a
S=1

< ( p - 2 ) 2 » 6 - | ( xA i||/ | |2,!, ) ’, + ( v ^ l l / I I ^ V l l / I U ) ^ }  (4.17) 

From (4.16) and (4.17), we obtain

Mp < p 2 'e » |(v 1 T ||/ | |2j>) ' +  (v ^ l l / l l2,p) 2 (p l l /I D ”- 2}

And this concludes the proof of (ii).
Now we turn to the proof (iii).

E ( £ / ( * i ) )  =  E c w  E  E f r i / “ « . ) ' )
V *=1 / £€EQ(p) («i \ 1=1 /

E  E  E ( n / ' ■ ( * . ) )
iG<9(p),|i|<p/2 (*i.*2>— . V/=i /

+ e  e
*e<9(p),|*|>p/2 (ii,t*2,.-»*s)6iV(«) \/=1 /

= £ + £ •
On the one hand, by Holder’s inequality

X ; ;=  Y l  c m  E  E ( n / * ' ( * . ) )
t€Q(p),\t\<p/2 (*i,*2. — i*«)eiV(s) \  i=l /

<  np/2E |/p(X)|

Moment inequalities 1Q3
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On the other hand the terms of the second sum are bounded by some Ik(t, n). 
Firstly, note that /*(£, n) =  0 as soon as ti =  1 for some i < k, since /  is 
centered by hypothesis. Now we will argue on the number of i such that ti =  1. 
Since t\ +  ... +  tp =  1 and ti > 0, we infer that there is at least (2s — p) ti 
which take the value 1. According to what precede, we may assume that i > k, 
when ti — 1. With this in mind and assuming for simplicity of notation that 
tk+i =  .... =  tk+2s-P =  1> we apply Lemma 1 to get

Ik(t,n) < ( t h e / * ' w i ) ( n  ( v ^ i i / * ' i i r, . - * ) ) •

1=1 \l=k+2s—p+l J

Recalling that

ll/IU  =
k=m V • \ 2=1 /

oo /  n \ 1/2

< ii/ ii2E ( p - 1)‘ /2 ( 2 E i r ‘ w i )
k=m \  i=l /
oo /  n \ 1/2

< l l / l l 2 E ( P - 1)t/2r*(1)‘’/2 ( 2 E l r W />'*(l)|m ) •
k—m \ i—1 /

Here m is the Hermite rank of / .  Set =  2 ^ ”=1 |r(* )/r* (l)|m. Hence

( k \  /  OO \  2s~P
j ] > | e /*' (x )i ( v ^ ii/ ii, -  i )'=/2r . (1)(*.-m)/2( iC ) i/2 \

1=1 J V k—m /
s oo / n \  1/2

x n  v ^ | | / ‘i l 2 I >  -  » ‘ 'V d ) « * - » /2 2 5 > ~ ( 0 I
l=k-\-2s—p-\-l k=mi V i=l /

where m/ is the Hermite rank of f tl. Therefore, we get

( oo \  2a~P
] P ( a  (5 ,l))fc/2 (R™)1/2 )

k=m /
s / oo \

x n  ( o  (s, i))fe/2 (n~i ^n)1/2)
!=k-l-2s—p+l \k=mi /

( oo \ s~k
-  l ) ‘/>r *(1)(*-"')/i (max (n -1i i ^ i i ” ) ) 1/2 )

k=m J
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Vk\ (p - 1)‘/2 2 ¿ > * ( 0 1

Ik(t ,n ) <

h (t,n )  <  nk+s-p/*+s- k- 2s+PE\fp (X)\
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From the last inequality we infer that

i z  =  e  c «  z  e  i n  •'*■(*<■)')
t€Q(p),\t\>p/2 (ii,i2,...,ia)eN(s) \ l =1 /

/  OO \ *
< n^2W .\f(X )\ Y 1  CW 2WS ; (  5 Z (“ (* .1))*/J ("-1i i i v J C ) 1/a)

t€Q(p),|t|>p/2 “ ~ \k=m /

<  n”'2E \f” (X)\ x Y ,  (s!)-1^ '  ( \  +  £ ( a ( s , l ) ) ‘/2 („ - if li  V i C ) 1/2)
s>p/2 \  k=m /

And this ends the proof of (iii).
R e m a rk . In order to extend the previous results to real p. If p is not an 

even integer, we write p =  2(1 +  sd) and we use the following inequality

EZ2(1+S0) < (KZ2) X~e (KZ2̂ S+1)) 9 , (4-18)

which is true for any random variable Z  and every 0 in [0,1].
The next theorem is an application of the proposition. The basis of the 

proof is to divide the sample of size n in to blocks in such a way that within 
the same block different indices are at least T-distant, where T is an integer 
to be chosen. Then Proposition 4.1 is applied to each block.

T h eo rem  4.1. Let p > 2, an even integer, and f  be a real function. Assume 
that Ef {X )  =  0.

(a) For any n >  1, for every T satisfying r*{T) < (p — l ) -1 ,

E |5 „ ( / ) r  <  (Tp)”'2 (V n \\f\\2 (1 +  K (p ,r ,T )))r 

+ (T p f  (\ + K { p ,v ,T ) fn  ||/||2  \ \ f r ~ 2

where

(v —i  )(raf' 1)/2 \  1/2
K (r ,p ,T )  =  KP . ; [ V '  \r(iT)\mp

1 -  y/r*{T) ( p -  l ) \ t ^  J

mp is the Hermite rank of { /, f 2, ..., / p-2} .

(b) Ifp is even and rmp € IL1, where mp is the Hermite rank o /{ /, / 2, ..., f p~2} ,
then there exists a constant K  = K (p ,r) such that for all n > 0,

E |S„(/)|" < K (p ,r) + n \\f \ \ l )  .
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(c) If p is even and rm € 1L1, where m is the Hermite rank of f ,  then there 
exists a constant K  =  K (p ,r) such that for all n > 0,

E l S - l O f S  K (p ,r) ( y ^ \ \ f \ \ i ) r -

Proof. Let T  > 0. Assume without loss of generality that n =  K T .

T K-1
sN =  sn(f)  =  J 2  f  (*«■+<).

1=1 i=0

• Proof of (a): Applying Proposition 4.1 and the stationarity assumption, we 
obtain

K-l p

E |S 'n(/)|P < Tp E £  /(X iT+l)
i=0

<  t p \ { y K  i i / i i 2iP) ’’ + p*k  \\f\\i'r i i / i i ^ t 2]

where | | / | |2,p is given by

||/||2lP =  m a x ^ i l / l l 2 ,  Y  j

Therefore

E |S „ ( /) |” <  Tp/2 { ' /T K \\f \ \2tP) r +  ( T p f K  m l j u r ; 2 ,

but
oo / K \ 1/2

¿ ( P - l ) ‘/2 ( ¿ | r ‘ (»T)|)
k=m \  i=l J

oo / K \ 1/2
< ( r ' ( T ) y m-/2 ] T  ((P ~  1 )r'(T ))k/2 ( 2 ^  \rm-(iT)\ )

k=m \ *=1 /

1 -  ((P -  I)t-(T ))1'2 V - t i  n )
= pl/2K (p ,r ,T )

hence

E |5 n( / ) |p <  (T p f /2 (V S ||/ | |2 (l +  jr (p ,r ,T )) )” 

+ (Tp)p (1 +  A-(p, r, T ) f  n \\f\\22 | | / | | ^ 2
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and this conclude the proof of the first relation.
• Proof of (b): After the proof of (i) of Proposition 4.1 at the relation (4.14), 

then we write

h a ,n )  < ( n » i i v  m i )  ( n  g h i z - i u * ) )

But

M / ' ) |  =  |Ef(X)H„(X)\

< WfWAfWV1 

< H / I I .H / l i r i l^ lU  (4-19)
< ii/iia i i / i i r i v/*!(2p)*/a

where in the last inequality we have used relation (2.29) in the appendix. 
Applying (4.18) with 0 — t — 2/(p  — 2), s =  p/2 — 1 we get

n |Ef  (X)| < (Vn ||/||2)2(1-<J) (n1/” . (4.20)

From (4.19) and (4.20) we infer

Ik(t,n) < (f[n |e /“ p o i )  ( i n i (v ^ ii^ 'iu —* ) )  

-  ( n  ( m- ( v ^ l l / l l .  l l / l l , ) ) ' )

s oo /  n \  1/2
x n  V S ll / l l i l l / l i r 1 (2 p V (l))t/2 I 2^ | r ( i ) / r * ( l ) r )

l=k-\-l k=mp \  i=1 /

< (m ax (V n \\f\\2 ; n 1/p | | / | |p) )  " +

/  oo /  n \  l/2\ S~k
x ( £  (2p?r*(l))*/a f 2 ^ | r ( 0 / r * ( l ) r  ) ) ■

\k —mp \  i= 1 /  /

Hence (b) is proved if 2p2r*(l) < 1. In the general case we proceed as in (a).
• Proof of (c): This follows from (iii) of Proposition 4.1 in a routine fashion.

M a x ir ~ a l in e q u a lit ie s

From the results of the previous section we can now prove maximal inequa
lities for partial sums. These inequalities are useful for proving almost sure
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properties. The idea goes back to  Serfling 1970, and m axim al inequalities can 

be deduced by combining the  results of section 2 and the  Serfling m axim al 
identity. However, some tim e sharper results are needed. This is the  subject 

of th e  following theorem . Before sta ting  the  result we introduce the  following 
no ta tion

n k
Sn =  J 2 f  (X i) , M  (m , N ) =  m ax /  (X*) and M n  =  m ax |Sfc| .

i= 1 — i=m-1-1 ~

We will prove

T h e o r e m  4 .2 . Let p  >  2 even, e >  0 and f  be a real centered function.

(i) There exists a constant K  =  K (p ,r ,e )  such that for all measurable func
tions and every N  >  1 we have:

E \M n \v < K ( p ,r ,e )  [ (V iV || / | |2,p) ’’ +  Af1+* | | / | | ^ | | / | | ^ 2] . (4.21)

( ii)  If r mp is summable where m p is the Hermite rank o /{ / ,  / 2, ..., f p 2}- - Then
there exists K  =  K (p ,r ,e )  such that

E |M ^ |p <  K (p ,r ,e )  [ ( v lv  ||/||2) ’’ +  N 1+* ||/||j] (4.22)

(iii)  I f  r Tn is summable where m is the Hermite rank of f .  Then there exists 
K  =  K (p ,r )  such that

< K (p ,r )  (V7V Hrllp)” (4.23)

P ro o f .  For 0 <  m <  N  and m  <  n <  TV, we write:

|S'»|P <  \Sm + M(m,N)\p 

< \Sm \p + \M{rn,N)\p + ck,i\Sm\k \M {m, N)\l.
k+l=p k̂,l  ̂0

Since for n <  m  we have |S'm|p <  \Mm\p , we conclude th a t

\MN \P < \M m \r +  \M (m ,N ) \p +  Y Z  Ch,,\Sm\k \M  (m , N )\‘ .
k+l=pyk,l̂ 0

By th e  sta tionarity  of the  underlying sequence we obtain by the  m ean of Hol

der’s inequality

E IM jvT  <W.\Mm \r + m\MN-m \r + Y Z  C^(E\Sm \T)k/r(.-E\MN.m \r)‘/r.
k+l=pyk,l̂ 0
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Assuming that for every e > 0, there exists a constant K  such that for n < N

E |M „|" <  K ■> [ (v ^ l l / l l2,p) 1’ + ">+■ 11/115,„ ll/IIL’ 2]

we shall prove that the relation remains true for N. Applying the induction 
hypothesis to E | Mm \p , E | MN- m \p and using Theorem 1 we get

®\M n \> <  K ” [ ( V ^ H /H ^ ) ” +  m 1+* ll/lllp ll/IIJT2]

+K> [ ( y W ^  I l /H ^ ) ' +  ( N -  m )1+s | | / | |2 „ | | / | | ^ 2]

+ K > -‘ J 2  ^ [ ( V ^ I I / I U j '  +  m ll / l l^ l l / I I J :2] ^
k+l=p

[ ( y r r ^ i  m 2,py  + (n -  m y +- m i P h/ i^ - 2] l/p.

therefore

E |Mn \v <  K -  [ ( v ^ l l / l l 3,p) ,' +  m>+* H/ll2 JI/HL“2]

+ K * ||y ||3̂ ) 3’ +  (AT -  m )1+e ll/ll2 „ ll/IIL’ 2]

+2’>K”-' {V ^ \\f \ \2,T) T +  m WfWl, \\f\\*-2 

+2»K ”- 1 ( / ¥ T ^  l l /H ^ )” +  (N  -  m )1+* ll/ll2,, U/ll^-2

Let m =  N /2

E | Mn \p < (ViV llrlU.p)1’ (2‘-» -H 2/T-1)]

+JV1+'  \\f\\l,r l l / I C 2 [Kr ( 2 -  +  2”-*AT-1)]

Choosing K  such that 21~p +  2K~X < 1,2~£ +  <  1, ends the proof of
(a).

C o m m en t. Comparing the inequalities stated in section 2 to those stated 
in section 3, we note that there is a loss of nE. We think that this is due to the 
method of proof.

A p p lic a t io n s

Several applications can be found in the literature see for example Serfling 
1970, Utev 1991, Shao 1995, and the references therein. Here, we will focus on 
some applications.
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A lm ost sure convergence

By the mean of Theorems 1, 2 one can obtain the following results which 
are concerned about rate of convergence in the SLLN, when the observations 
are drawn from an instantaneous filter of some Gaussian sequences. It is worth 
noticing that the result may hold even when the sequence is not mixing.

C o ro lla ry  4.1. Let X n be a Gaussian sequence of a real random variable and 
f  be a real centered function. Assume that f  € U>+'n for 1 < p < 2,rj > 0 and 
r G IL1. Then

OO
Ve > 0, 2 > ' lp  (Afn > en1'?) <  oo. 

t = l

In particular, we have

lim n~l/pSn(f)  =  0.71—fOO

P ro o f. Let S *(f) =  maxfc<n Sk(f) .Then

P (M„ > en1*”) <  p  (5 * ( /1 1/1SM) > e/2n 1'»)

+ r  (s:

Let M  — n 1/,p,

F (Afn (/l|/|>iur) > s/2n x*p) <  4£" 1n - 1/pnE | f l ]n>M\

Therefore, ŷ TL-i n -1P (Mn > e/2n 1/,p) < oo. as soon as /  € ILP.
Applying Theorem 1 to fl\f\<M  yields

E (*S'» < K  (V ^ ||/1 |/|< m ||2) 4 +  (v ^ ||/1 |/ |< m ||2)2 M 2ns
< K  (n E /2l,/,<Af)2 +  ro1+5E ( / 2l
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Applications

Therefore
OO

E » _lp (M- ( /!|/ l< » ) > e/2n1/”)
n—1

oo

< (2/e)4 K j 2 ” - 1- 4/r +  n m p lWSMM 2]
n=l
oo

< (2/e)4 K J 2  (E /2U<l/|-<t+i)2 Y , n~,~4/r+2+‘
k—1 n>k

oo
+  (2/€)4 K  5 3  E/ 2 5 3  n_2/p

&=1 n>&
oo oo

< (2/e)* K  (fcElfc<|/|p<fe+1) +  + (2/e)4 iiT 5 3  ®lfc<|/|p<fc+ifc1+'5
A=1 k= 1

where K  is constant independent of n but depends on f  , S and r. Since 5 can 
be choosen arbitrary small, the two series are convergent under the hypothesis
/  € U t+V.

The functional CLT
For t € [0,1], let Sn(f, t) =  53^1 /(^¿ )- The following corollary is an easy 

consequence of the theorems stated above. We need only to prove tightness, 
which follows by the maximal inequalities of section 3 via Theorem 12.8 in 
Billingsley 1968.

C o ro lla ry  4.2. Let X n be a stationary Gaussian sequence of a real random 
variable, and f  be a real function. Assume that f  E ILP for some p > 2, and 
r 6 IL1. Then

{Sn( f , t ) , t  e  [0, l]}

converge in distribution to the process

{<r(f)W„t e [0,1]}

where W  is a standard Brownian motion and

^(f) =£Cov(/(X„);/(Arw))
i€Z

R em ark . We think that it is possible to reduce the moment condition to 
p =  2, but in this case the proof would be too lengthy. We also recall that Csorgo 
and Mielnicuck proved the tightness under the moment condition /  € IL4.
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High order asymptotic for the empirical distribution func
tion.

In this paragraph we will give a higher order asymptotic for the empirical 
distribution function under Gaussian subordination. Similar results for linear 
processes can be found in Koul and Surgailis 1997 . Precisely, let Vfc(-) denotes 
the Hermite process of order k which is defined by

n  W = L  [ i n  (v -  txO+^duj w{dui)...w(duk) (4.24)

where v+ — v V 0 and W is a standard Brownian motion. For G measurable 
and x G M let

1 n Fn(x) = -  53
3=1

and define m(x) =  ranfc(J{G(.)<æ}), m = infIggm(a;) and F(x) = P (G(Xj) < a:), 
then

Fn(x ) - F ( x )  = i  -  F(*))^

j—1 k=m
— V"' 1 V s H ( V \
-  ~ kT n  Hh(Xi)k=m 3 — 1

where jk(x)) = E {l^G(Xj)<x}Bk(Xj)) . Hence, for any k* > m

F„(x) =  F(x) + ^ i n “ 1 Hk(Zi) + J^(x)
k=m j=1

with

*»(*) ~  ê  è  Hk(Zj). (4.25)
k=k* * j —1

Applying the previous results, one obtains the following high order asymptotic 
for the empirical distribution function.
Proposition 4.2. Let Xn be a stationary Gaussian sequence and G some Bo- 
rel function.

(1) Assume that F is continuous and rk* is integrable. Then
'\/nR7lÇ') —̂ i?(*) in C(JK., K.)
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endowed with the uniform, topology. R is a continuous Gaussian process 
with covariance function given by:

* (« , , )  = f ;  a & p )  Y r ku )
k=k* j

(2) Assume that r(n) ~  n a L(n) for some ex. > 0 and some slowly varying 
function L. Then for every k such that 0 < km < 1 we have

£  Hk(Xi) = ” ^ n (1 )  in C(R’ 

where d  ̂k =  IE and ^a(') denotes the Hermite process
of order k.

P roof. We have only to prove (1), since (2) is proved in Taqqu 1977 or Du- 
broshin and Major 1977. The finite dimensional convergence follows from [4]. 
To prove tightness we apply Lemma 1 to obtain

E(VTi(Rn{x) -  Rn{y))Y <  K (F (x) -  F {y))2 +  n ^ lF ix ) -  F {y)|.

(See Lemma 5.3 below). The last relation is sufficient to prove tightness with 
usual chaining arguments.

A p p e n d ix

In this part we prove Lemma 1. Before doing this, we recall the diagram 
formula and some related notions in the following.

The diagram  technique
Let fci, k2, ..., kp denote integers, V  a set of points of cardinal k\ -f k2-\-... -\-kp. 

An undirected graph of type T(fci, k2, ..., kp) is an element of G(V) satisfying:

i) V  is the union of disjoint p levels with respective cardinals ki, k2, ..., kp

V =  Upi=1Li, Li =  {(¿,0; l =  1,2..,, A*}
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ii) Only edges between different levels are allowed

w — ((*> 0> (**» 0 )  * 7̂  *'

iii) Every point has exactly one edge

V(x,0 € V, 3! (;',(') /  ((¿,/);(i',/')) e  G(V)

For w; =  ((¿,Z), (*',/')) in G^V) we define ni(ty) =  i V i' as the first level of 
w and n2{w) =  i A i' as the second one.

L em m a 4.2 (D IA G R A M  F O R M U L A ). j 5 • • • 5 Sp ) ^ (jf CtrTiS— 
sian vector centered and with a covariance matrix given by (r(sj, Sj))t<i j <p■ Then

v "I
e  n  r(5ni(-ui)? 3n2(w))

-i=1 J G€r(k1,...,kp)wGG

where roi(to), n2(w) are the first and the second level of w.

The proof can be found in Giraitis and Surgailis [9] in a more general setting.

P ro o f o f Lemma 4.1
To prove the lemma, we need two inequalities stated in what follows. The 

formula (2.29) is proved by Taqqu in [14]. The second is proved below. We write 
k  for (&i, k2, ..., kp). For G element of r(fci, k2, ..., kp) we introduce the following 
notations: kG(i) is the number of edges going from level i and g(i) =  and
I(G, k, n) is defined by:

J(G, k ,n ) =  £  n  |̂ ’(*ni (w) y *n.2(ti/)) | 5 (4.26)
¿eiV(p) xv̂ G

where N{p) — {i =  (i1, i2, i p), 1 < ik < n) ik ^  ii i f  k ^  1} .

L em m a 4.3. i) Let X  be a standard Gaussian random variable. Then

E.{\Hhl(X )...H kp{X)\) < f [ ( p - l ) k‘/2Vk?- (4.27)
i=l

ii) If G € T(fci,..., kp) then

p n
/ 2(G ,k,n) < n *  f [ 2 ^ ; | r ‘'(i)|. (4.28)

/=1 ¿=1
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Now let us write

« i n / ' ( * . ) ' )
ieN(P) \ 1=1 J

OO p I I
5 E  I T  fo! E  \K{H„t{Xh)...Hhr(Xir))\

ki,k2,-—)kp=l1ki>mi 1=1 iGN(p)
oo p | |

^ E  E  I(G,*,n).
ki,k2,...,kp=l,ki>mi 1=1 GeT(ki,k2,...,kp)

By (4.27) and (4.28) we conclude that:

« ( i i /(*.>)i€N(p) \ 1=1 /
oo p | |

< E  I L  tl Ir(fci,*î,-,*p)l sup /(G,k,n).
*„*,...* „ = i ¡ = i  fc,! cerf*,.*,...kp)

oo p I I /  n \ 1/2
s  E  n Ĵ # o » - i ) - /* ( 2 » E i 'A coi) •ki ,A:2 ,...ykp=lki >mi 1=1 * \ i=1 J

P roof o f Lemma 4.3. We assume that ki < k2 < .. < Moreover, without 
loss of generality assume that edges go from lower levels to higher ones, (by 
the symmetry of the covariance function). Hence

n n
/(G , k, ?i) ^  ̂••• ^  ̂ IX ( )̂) I

¿1=1 ip= i iv e g

= ±  ± n  n  k(**»*«2(«/))i
¿1 = 1 ip= 1 1=1 {ujGG,ni (rt;)=/} 
n n

— 5 3  "*53  n  *̂ 2(«'))i
¿1 = 1 ip=l {wÇG,ni(iü)=l}

V
X }|  || \r{̂ ĥ n2(,w)) | •

Z=2 {iL»6G,rai (w)=iy
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By Holder’s inequality we obtain
n

I(G, k, n) < £  n  iri2(w) ) I
«1=1 ■{u>GG,ni('w) = 1}

* ¿  ¿ 1 1  I I  K*l>*»a(ti;))l
¿2=1 ip= 1 1=2 {u/̂ Ĝ7ii{nj)=iy

^ 2 ¿3  lr'(*l)|Ar<3<1) ¿ 3  ** ¿ 3  IT I I  Ir(*/>*«2(t«;))l-
¿1=1 ¿2 = 1 ¿P=l 1=2 {u!̂ .G,ni (tz/) = /}

Repeating the same for ¿2, ip we get

|/(G,k,n)| < ^ 2 ¿  |r(i)|*°W. (4.29)
/=1 i=l

In order to prove the inequality (4.28), for any graph G we write the two 
symmetric formulas

|/(G,k,n)| <
/=1 ¿=1

|/(G,k,n)| <
/=1 i=l

where kG{i) + kG(i) = ki. The first relation is (4.29). For the second relation 
assume that edges go from high levels to lower ones, proceed as in (4.29) consi
dering n2(iu) instead of ni(tu) and begin by integrating out ip instead of i\. 
Hence by Holder’s inequality

/ 2(G,k,n) <
i=i ¿=i ¿'=i

fcg(0 fc<?Wp / n  \ fc, /  n \
-  I I  ( lr(*)lfci) ( KOI**J

-  TT 2ni h  irfc<(0 i •1=1 i=1
and this concludes the proof of the second display of the lemma.
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C h a p i t r e  5

D e n s i t y  e s t i m a t i o n  f o r  s h o r t  a n d  

l o n g - r a n g e  d e p e n d e n t  s e q u e n c e s

ABSTRACT. Let Yn = G(Xn) where X  is a stationary gaussian 
process and G is some borel function. Assume that Y  has a marginal 
density /  which is to be estimated. We investigate the asymptotic 
properties of the density process based on a kernel estimator of the 
marginal density / .  In particular, We study its variance and we 
establish limit theorems for the density process.

The work is motivated by previous results of Hall and Hart 
1990, Csorgo and Mielniczuk 1995. We shall see that the asymptotic 
behavior depends on the decay of the correlation function and the 
bandwidth. Roughly speaking, if they decrease sufficiently fast to 
zero our estimator behaves as in the i.i.d case. Otherwise, the limit 
will be similar to the long memory case.

Key words: Density estimation, Gaussian subordination , asymp
totic normality. Short and long memory processes.
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I n tr o d u c t io n

Nonparametric density estimation was thoroughly studied during the last 
years, (see for example Silverman 1986, Bosq 1996, Roussas 1990 and the re
ference therein.) Much more attention was devoted to the kernel density esti
mator. This will be the main subject of this work. Precisely, let YltY2, ....Yn, 
be observations from a stationary process. Assume Y  has a marginal density /  
which is to be estimated. In 1956, Rosenblatt introduced the kernel estimator 
defined by:

= («-I)
«=1 N '

K  is a kernel, satisfying some conditions that will be specified later ; bn is the 
bandwidth. It is quite reasonable to look for Criteria for good estimator such 
as its variance, MSE, MISE, Strong consistency, rate of convergence... .

When the data is i.i.d, the problem is well studied, however the indepen
dence hypothesis is in many cases not satisfied by the observations. A great 
interest last years was given to dependent observations. As a consequence, 
many results exist under weak dependence conditions. All these results have 
more or less the following form : looking for minimal hypothesis on mixing 
conditions ensuring similar behavior to the i.i.d case. However, experience has 
indicated that correlation of many empirical series does not converge slowly 
enough to zero in order to satisfy short mixing conditions. For instance, if X  is 
gaussian with r(n) =  E(Jsfo-Xn) ~  n~a , cx < 1, then is not mixing. Conditions 
on linear process to be mixing or long range dependent are given in Deniau, 
Oppenheim and Viano 95. Such sequences naturally appear in econometric, hy
drology, Traffic communication .... For more about the practical aspect of long 
range dependence, we refer to Beran 1992. Hence, a natural question arises: 
what happens if the sequence is not weakly dependent enough?

Unfortunately, the question can not be solved in its great generality, and 
some restrictions have to be made. We first specify our model.

/nO) =
1

nbn

n

E *i=l ( 4 a )



The m odel
From now on, assume that the observations are drawn from a stationary 

process:

Yn = G(Xn) , n =  0,1, 2..., (5.2)

where X  is a stationary gaussian process and G is some measurable function. 
Note that the model is quite general, in particular any distribution function 
can be written as a function of a normal random variable. Suppose F, the dis
tribution function of G (X ), has a Lebesgue density /  which is to be estimated 
from the observations G (X i),..., G{Xn) using the kernel estimator defined by

where K  is real function and bn is the bandwidth. Let Dn stands for the density 
process defined by

Dn(x) =  f n(x) -  E(fn(x)). (5.3)

Noting that Dn(x) can be written as a functional of the empirical distribution 
function

£>»(*) = r  f  K ( ^ - ) d { F n(y) -  F(y)}
&n J &n

where Fn(y) =  n~x and F (y) is the distribution function of
G(X). Then the behavior of the density process is heavily related to that of 
the empirical process. First, we recall the following result proved by Dehling 
and Taqqu. Assume that r(n) =  n~aL(ri), a  > 0; and I  is a slowly varying 
function. If am  < 1, where m =  inf m(x) and m (x) is the Hermite rank of 
1g(.)<x, then

- f — {Fn{-) -  F{-)) = >  in 2>[-oo,+oo]
@>n,m 772.

where c^m =  va r(Y '^ .H m(X i)) ~  (2m!)-1 (1 — ma)(2 — m a)n2~rnaLm(n).
Csorgo and Mielniczuk 1995 proved a kind of derivative result for the den

sity process. Namely, if am  < 1, and the bandwidth is sufficiently large. Then

~P— Dn(x) in C [-oo, +oo]
771.
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On the other hand, Ho 1995 considered the question of rate of convergence 
for different decays of the correlation function and different bandwidth. Howe
ver, his hypothesis on the functional G and the underlying process are rather 
restrictive, (he assumed that the joint density of any finite vector exists and is 
uniformly bounded).

We aim at complementing these results with an emphasis on the influence 
of the dependence on the asymptotic behavior of the density process.

H ypo thesis

We first set some conditions which axe assumed through the paper.

(A) bn —f 0 and nbn —y +oo

(B) =  0 for s (—A, A ), K  is derivable.

(C) The density /  exists and is continuous.

CD) m =  inf m^x) where m(x) is the Hermite rank of lG(.)<a;.

(E) If r m is not summable, then we assume that

r(n) — n~a L(s) 

where oc > 0, and I  is a slowly varying function.

R elated results
Firstly note that

A .W  = r -  /  K (^ ! - )d { F „ (y )  -  F(y)}
J On

where Fn(y) =  ¿537=1 and F(y) 1S the distribution function of Y: We
recall some results about the empirical process

En{x) =  Fn(x) — F(x).

The question was solved by Dehling and Taqqu when the process is a long 
memory one and by Csorgo and Mielniczuk in the short memory case. More 
generally we have proved the following high order asymptotic for the empirical



distribution function. Let Vfc(-) denotes the Hermite process of order k which 
is defined by

**(*) =  f  \ f  TT(V -  dv w (d u i)...w (duk) (5.4)
JR* |_./o £7

where v+ =  v V 0 and W  is a standard Brownian motion. For G measu
rable and a; G R let m(x) — rank(I{G(.)<xy), m =  infx(ER ra(a;) and F{x) =  
P (G (X j) < x), then

F „ (* ) -F (* )  =  J t t a s . l - i ' W )ii 3=1
— 1 ^  jk(x)

J = 1 k—m

=  e ^ ê ™
k—m i=l

where jfc(a:) =  E (/{g(j^)<x}#A:(^Q)) - Hence, for any k* > m

k* — 1 * / \ 71 
F„(*) =  F ( i)  +  2!j p - n ~1 E  +  *•>(*)

k—m j =1

with
OO * / \ 1 71

*»(*) := E  i r r  E  ^ ( ^ ) -  (5-5)
k=k* j = l

In the previous chapter, we proved

P ro p o s itio n  5.1. Lei -Xn 6e a stationary Gaussian sequence and G some Bo- 
rel function.

(1) Assume that F is continuous and rk* is integrable. Then

y/nRn(-) =>- i?(*) ¿n i?(R ,R )

endowed with the uniform topology. R is a continuous Gaussian process 
with covariance function given by:

^ , î / )  =  E M ^ r M E ’-t<yi)
k=k* jÇi'Z*
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jk(x)jk(y)
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(2) Assum e that r (n)  ~  n a L{n)  f o r  some cx >  0 and some slowly varying  

function L . Then f o r  every k such that 0 <  k m  <  1 we have

1) m Z>(R,R)
n ’k  ' j =  1

where !&(•) denotes the Hermite  process o f  order k.

The Density process

In what follows we will study the asym ptotic properties of the  density pro

cess D n{x).  Let f n ( x ) denotes the  estim ator based on independent observations 
w ith the same law as G ( X o).

The variance
In order to  understand the  asym ptotic order of the density process, we begin 

by an evaluating of its variance. This is form ulated in the following lemma.

L e m m a  5 .1 . (a ) Assum e that  r m* £  L 1 f o r  some m* >  1, then:

m * - l  q 2  ( x \  cy n

v a r  [/nOr))] =  v a r  [ / ° ( » ) ]  +  ^ ----- j  5 1  ("  “  *)
K,  TI 

k = m  2=1

+ °  (n6n)

(b) In particular under (E)

v a r  [/„(*)] =  v a r  [/°(x ))] +  — (n ~  *)

(c) I f  moreover, we assume that j ^ x )  exists and is continuous, then C m, n ( —*■

j'm(x) and

v a r  [/„(*)] =  v a r  [/£(*))] +  (j'm(x ) )2 dn’m 2
(m\n)

3 k(x)
H k(Zs ) = !• M x ) v

~ W ~ Yh

+ o I nbn

1 n

n  4 —^2 = 1
km(OI

+ o (
1

nbn

1 n

n 't=i
I r "  (Olì

Cm,Ti(X ) 2 
m! n 2



As a consequence

- If r m G L.1, then v a r  [/n(^))] ~  v a r  [/°(ar))] .

- If mcx <  1 and n^bn —> Ofor (3 >  1 — mac, then v a r  [/n(^)] ~  v a r  [/°(#))]

- If met <  1 and n^bn —y oo for ¡3 <  1 — m a , then

v a r  [fn(x))\ ~  v a r  ^  ^  H m(X i)  { j '^ x )}2..
Tb

t  =  l

C o m m e n t:  It can be seen th a t the  asym ptotic variance is a sum of two term s:

- the first is the same as for i.i.d observations

- the second is due to  dependence.

We conclude th a t when the covariance or the  bandw idth converges fast enough 
to  zero, the  density process behaves in the variance sense as in the  i.i.d case. 
Otherwise the estim ator behaves like the em pirical process.

P ro o f .  Expanding the function b~l K (  — ) in term  of H erm ite’s polynomials 

D n( x ) gives

k —m  j = 1

where,

C*,„(x) =  E (' Hk( X ) ± - K ( X ~ ^ X ) ) \ =  ^ J h ( , x  -  bnu)dK(u)  

Hence, Ck,n(x) =  0 for 0 <  k  <  m. Therefore if r m* is summ able, then

r r  /  \  \  "I G ' l  ( x )  1 k

v a r  [/n(*))] =  2 ^ ----kl----^  Z ^ r  (*“ •?)
k = m  J2?=l

=  Z -. fc! ^  1 n +  2 ^ ( n - z ) r  (i) 1
k —m  \  ¿=1 /

1 ^  C \ n(x) , ^  Cl,„(x) 2

k —m  k = m + l  t = l

, {x ) 2 /  • >.+ E  ~ W ~  i?E (0
/c=m*+l i = l
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Let Sn denote the last term  in the previous display, then

00 /  \  k—m* 0 n

^  < J 2  " " (Ii>oClr(*)l)k=m*-\-l i= 1
O 00 r*2 ( /  \ k—m* 00

^  ^  £  ~ i t — ( I33?c | r W |)  E l r " ‘ , ( i ) l

bu t if p~x +  q~x =  1, then

|C*,„(*)| =  e ( h Ic( X ) ± - K ( x ~ ^ X ') ) )

&n q

<  b~1+1/qV k \(p  — l ) fc/2

where in the  last inequality we used (2.29). Therefore, choosing p >  2 such 

th a t (p — l)m ax,->0 |t*(*)I <  1 allows us to  w rite

^ Cb~1+2/g 1
£n — nbn ° nbn

The proof of (b) and (c) can be done analougsly.

W eak lim it th eorem s

The idea behind the  theorems below is to  extend the result on variance 
to  the  ra te  of convergence in law. The first theorem  deals with either short 
m em ory process or long memory and small bandw idth processes. As suggested 

by the  variance study, in both cases we prove a clt in the finite dim ensional 
sense w ith the  usual norm alization.

T h e o re m  5 .1 . Let Yn =  G(JCn) be a stationary process with a marginal den
sity  f .

(i) Assume that rm E L 1, then

V n bn (/»(a;) — E [/«(*)]) = >  M  (0, cr2(x )) . (5.6)

where ,<r2(x) =  J  K 2(u)du f (x )

(ii) Assume that m a  <  1 and n^bn —> 0 for (3 <  1 — m a  then the convergence
(5.6) holds.



Note th a t even when the process is long range dependent, we can still obtain 
convergence sim ilar to  the  i.i.d case by choosing a small bandwidth.

The last result deals w ith large bandw idth and long memory processes. In 
th is case the  density process satisfies a sort of derivative result of the em pirical 
process behavior. Setting

Yk,n =  n - 1 ¿  Hk(X j)  and Cm,n (x) =  E , ( ^ K ( X ~ ^ X ) )Hm( X ) ]  , 
j—l \t>n t>n J

we prove the following

T h eo rem  5 .2 . Let Yn =  G (X n) be a stationary process with a marginal den
sity  f .  Let D n(x ) be definded by (5.3).

(i) Assume that r(n ) ~  n~aL(n) and mat < 1. If n®bn —> oo for f3 < 1 — m a
then

Tt
~z IE S U p  (Drj ( x )  Cm,n (*®) ^ m ,« )  >' 0

( ii)  Assume moreover that the derivative of jm (') is bounded and uniformly
continuous. Then

^ - D n ( - ) = ^ ^ T ^ ( 1 )  in  £ > [-o o ,+ o o ]. (5.7)
(*n,m 771.

R e m a rk  As was m entioned in the  introduction, Csorgo et al. 1995 proved, 
by refining the  results of Dehling and Taqqu 1989 th a t if n^bn —> oo for (3 <  
l/2 in f(Z ), 1 — m D ), then  (5.7) holds. They also gives a law of the itera ted  
logarithm . These results can be rew ritten  w ith our new hypothesis on the 
bandw idth. We also recall th a t we can replace E ( /re(a;)) by f {x )  if we assume 
fu rther regulaxity conditions on /  and the kernel. T he question is well discussed 
in Csorgo and Mielniczuk, (see also the  paper by Hall et al. 1994 for relevant 

considerations on the bandw idth problem ). No further development in this 

direction will be done in the present paper since dependence does not affect 

the  biais term . We finally point out th a t a similax result to Theorem  5.2 is 

proved by Ho and Hsing 1996 when Y  is lineax.
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P r o o f s

This section is devoted to the proofs of the m ain results sta ted  in the 
previous sections. The technique proof is m om ent’s m ethod when establishing 

a central lim it result, while the technique is a weak reduction principle and a 
bound of the  oscillation behavior of continuity modulus of a rem ainder te rm  
in the  development of the em pirical distribution function.

P r o o f  o f  T h eorem  5.1

The proof is based upon the m ethod of m om ent. We shall conclude if we 

show

{ (jo — l)!!crp(ar) if p is even

0 if p  is odd

The m ain tool to achieve this will be the m om ent inequalities established in 
chapter 4. To this end we first recall some notations. So, let

Q(p) =  { t — (^1?t 2, — ? t s), t i  +  t 2 +  — +  ts — P'i ti >  0}

N (s) =  {i =  (¿i, ¿2, — , is)y 1 <  ik <  n; ik ^  h if k ^  1} .

^>(s ) =  {A : A a subset of {1, 2 ,..., s}} .

For A  a subset of {1, 2 ,..., 5} and T  >  0, integer, we define

Q a,t (p ) =  { t =  ( t1, t 2, t /A  =  t A : ti  +  t 2 +  .... +  t s =  p\ U >  0}

N a,t (s) =  {i =  (¿1, *2, ••••, is) € N (s ), Vi € A, 3 j  € A  such th a t |i — j \ <  T }

tA =  (ti)i&A

Hence if K n (.) :=  (n6n) " 1/2 (K  {b~x (x -  G(-))) -  EK  (6"1 (x -  G(-)))) , then  

i 71 \ P 71 / P \
e  1 5 3 * • „ (x,-) 1 =  Y  * n  * . ( * . )

\  1=1 / i\ \  /=1 /

teQ(p) V/=i /

where C ( t )  =  J ) -1 P-* B ut

N (s) =  UAer({i,2,...,a})NT,A(^)



hence N (s)  =  NT$(s) +  Uaj£V>Nt ,a (s ). We write NT(s) for NT$(s) in the sequel. 
The proof will be divided in three steps.

•  1st step ;

¿is, e  e  ( r i  w  ) ) = ( ? -
(h,i2,...,is)eNTit)(s) \z=i J

•  2nd step : For all A ^  0, for all t A

Um J 2  C (t)  Y  e ( I [ ^ W , ) ) = 0
*Ac€Q a(p)̂ =z(̂ Â a)̂ Q(p) (*1»*2» — \ 1=1 /

•  3rd step : From the second step we infer th a t

J™  £  C «  £  * ( n * ! w ) = 0  (5.8)
tGQ(p) (ii42,-",is)EUA:?£QN'r,A(s) \  1=1 /

Indeed, N (s ) =  Uyt€^({i,2)...,j>})-N’:zvi(s)j one i may belongs to  different N t,a (s), 
however the  m ultiplicity of the overcount is bounded and independent of n. 
Using the  second step, we conclude th a t (5.8) holds true, 

a) Proof of the first step: Let us set

/ ( i ,n )  =  ] T  E f  n  K n <X u ) )
(*'l ,*2>~->*#)eiVT,(a) V/=1 /

To control the  last display we need the following lem m a proved in the previous 

chapter when T  =  1. The proof for general T  can be done analogously, hence 
we om it it.

L em m a 5 .2 . Let f i , f2, be real, centered functions which may depend on
n , and set m =  m  (/¿) . Let | | / | | rp defined by

ii/ ii. . ,=  £  li7 r 1( p - 1)*/2 ( 2 i > * w i )  (®-9)
k=mi ’ \  i=T /

Then

e  E i n / , « , ) )  < n v s i i / , i i r,p. (5.io)
ieNT(P) \  i=i /
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Now we apply the previous lemma to K% . To this end, we have to  center 
the functions, (note th a t they are already centered when =  1). So, we set
0
h =  h — E (h (X ))  for any m easurable function h. W ith  these notations we have

\ i = 1 v / /

In the  following we will trea t the term s appearing in the last sum. Note th a t 

there is at most 2s term s. They are all of the form

n) =  Y  (I I B K » ( * )  ) E ( I I  ( &  (X n) )  ) >

where {«/, J c }  is a partition  of {1,2, . . . ,s } . Assume for sim plicity th a t J  =  
{1, 2 ,..., &}. In this case I ( J , t ,n ) =  Ik(t,n ) where

Ik( t ,n ) =  Y  ( n  (A-) ) E ( n  (¿i  « , ) ) )  • (5.11)
(*i»*2 \/=l / \/=A:+l /

Before proceeding further, observe th a t Ik{t, n ) =  0, whenever ti =  1 for some
1 <  k. Therefore we m ay assume th a t ti >  1 for i <  k. Since ||-£Gi||ra
(nbn)~tl/ 2 C (p, T)6*-5 , for T  sufficiently large, we get by (5.10) of the  lem m a

h ( t ,n )  <  ( n „ | K K S W |)  ( n ^ i K i u * ) )

^  ( n « ' 2)  (»(«))*"*

where 9(n) —> 0. Consequently, the contributing term s to  the  lim it m ust satisfy: 
ti — 2 =  0, k =  5, bu t since ij  +  t 2 +  ... +  t s =  p, then s =  p/2 . In other words

lim Tu(t n\ =  i. if £ =  (2 ,2 ,..., 2), and k =  p /2  
n—»-+00 \  0 otherwise

and this end the proof of the  first step, 

b )  Proof of the  2st step: For all A ^  0

Hm Y. £  * ( l [  *?(*.))=<>
t€.Q a(p) (¿1 ¿2,"-,is)EN'r,A(s) \ l =1 /



First of all note that | A| >  2. Then, for simplicity but without loss of generality 
assume that A =  {*1, 12, — , ¿|A|}and write t =  (tA, t Ac) •

R (U ,n )  = C (t) J 2  E ( r i A' i ( X ' .) )
tGQa(p) (*1»*2 7-"iis)ENT,A(s) V 1=1 /

z  e  c (o  x )  E ( n ^ ' ( ^ , ) )
(u>—»*lA|);i€JVT>Ji(®) *6<9a(p) (*|a|+i .—,*«);ieArT A(s) Vi=i /

l-4|
<  D (p ,tA) Y ,  V l l W ( X u ) \ x

(*i,...,*|A|);*€iVTj-A(a) i=1

c <t*'> 1 2  ( n  * ? ( * . ) )
t€QA(p) (*|Ai+i.-,*'.);ieiV(«-|A|) y= l^l+ i /

therefore

\A\ /  n \  P~\M
R (tA,n ) <  D (p ,tA)E  e  n  |jstf ( * , ) |  X ^ / r ,  (Xi) J

(i1,...,<iAi)a€JvTiA(|A|) =̂i \*'=i /

Now define

A i =  { j  €  A  :, |*i — <  T }  ,

A2 =  { j  €  A \A i :, |*2 — ij\ <  T } ,

A3 =  { j  €  A \ (Ai U A2) :, |*3 — *j| <  T} ...

Apply Holder’s inequality to get:

/  |-4| S\  1/9 /  „ \  (P-Wl)r 1/r
u  e  x e
\  i€NT,A(U4|) f=l /  V »=1 /

On the one hand the second term is bounded in view of the moment inequality. 
Indeed, since the Hermite rank of K \  (-X",-) >  m, for any t >  1, integer we deduce 

under the hypothesis of (i) or (ii) that \\K% ||2i2g =  0(X)' Hence,

E ^ ¿ / f „ ( W )  = 0 ( 1 )
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for any integer q. On the other hand

Ml q HI
E £  I U * i ( * . ) l  ^  l ^ d A D I "  m a x E n i ^ 'M ^ . ' , ) !

i6JVTfA(MI) *=1 ‘ T,>1 *=1

Assum e th a t A =  A \ +  A2 +  ..A/. Assume also th a t A i =  A2 =  ■ ■ =  Ai =  2. 
If Z, belong to  different A'-s, then  \ik — ii\ >  T  . By choosing T  large enough, 

arguing as in lem m a 3.1 of Taqqu 1979 the jo in t density of (X it )leA exists and 

we have

\A\ ^ , ( 1/2+5)1,41

* W K H X h ) \ -

for 8 sufficiently small. Hence

\A\ q \A\

e  J 2  n  i *? < *•■.)  i ^  i ^ i ' ^ ^ ^ e i i i ^ w . ) !
1=1 T,A" } 1=1

h{l/2+6)\A\
< s~i IrjT’lMI«/2 _ _____
-  °  '” T | ( n M 1-4172

T he proof of the  second step is achieved if A \ — A 2 =  .. =  Ai =  2 by choosing 
q sufficiently close to  1. If one of the  |A*| >  2, say for exam ple |AjJ =  3 and 

A i =  -{*i, *2? *3}» then we w rite

| (X h ) K l ^  (X h )\ <  |K l ‘"  (X ,,) | +  |K l ‘«  (X i2)| 

and  we continue the  proof in the same m anner.

P r o o f  o f  T h eo rem  5 .2

Recall th a t

° n ( x )  =  f  I < ( ^ ^ - ) d { F n(y) -  F (y )}
O-n J On

b u t if K  is derivable then

Dn(') = 4  /  (Fn(y) ~ F(v)) dy

— J  K \ u )  (Fn(x  — bnu) — F (x  — bnu )) du



B ut

Fn{y) — F (y ) =  — ^  I {G(xj )<y} — F {y)
j=i

=  £  ^ n_1 ¿  * * ( * > )  + * » (* )
k=m ’ j=l

Therefore

A ,( ') =  ¿ . /  / r ' (“ ) ( ¿ *  jk{X ~ KU) n~' ¿  -  Ku)\ du
71 \k=m ’ i=l /

=  5 3  /  K \ u) ^k X̂ f_, n~x Hk(Zj)du  +  0(n, x)
k=m j=z 1

Hence if J' K '{u)du  =  0 we obtain

0 (n ,x ) =  — J  K '(u)R n(x  — bnu)du (5.12)

0(n ,:r) =  ~  J  K '(u ) (Rn(x — bnu) — Rn(x)) du (5.13)

<  7— f  \K'{u)\ sup |Rn(x — bnu) — Rn{x ) | du (5.14)
J xER

Hence, we have to  study the  oscillations behavior of the em pirical process. This 
is w hat is done in the  forthcom ing proposition

T h eo r e m  5 .3 . Assume that r k* is integrable and let

w(n, u ) =  sup n í¡2\Rn{x +  u) — Rn(x)\
xgE

Then for every 5 >  0, the following inequality holds

E |iü (n ,tí) | <  C (r, SJu1/ 2-5 +  n-1 2̂+s (5.15)

P ro o f. First, observe th a t w ithout the  m axim um  in x, we can easily have

E ( n 1/2|i2„(ar +  u) -  i2n(*)|) <  \F (x  +  u) -  F {x )\1/2

<  sup \f (y )\u 1/2 
ye R

Now, to  control the  m axim um  we use a chaining argum ent com bined w ith a 

refined m om ent inequality sta ted  in the  following lemma.
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L em m a  5 .3 . Let f  be a real, centered function with m as a Hermite rank. 
Assume that r m G 1L1, then for any p even integer, fo r any a large enough, 
there exists a constant K  — K (r , p, a) such that

E (S „ ( /) )1' <  K (r ,p ,a )  { ( v ^ \\f\\2Y  + n ||/ ||J  +  l l /L ) 3 l l / l l^ 2}  • (5.16)

In particular, we can take a such that:

pm  — 2 (m — 1) 1
apm  2m *

The proof of the  lem m a will be postponed to  the  end of this section. Now, 

we tu rn  to  the  proof of the proposition. Let (x*)j<jv(fc) be a finite subdivision of 
M such th a t |-F(x*+1) — <  2~2k. We can assum e th a t these subdivisions
are m ade from  successive refinement. N (k ) is in fact the  bracketing num ber 
of the  fam ily J- = { f x — x € K.} w ith respect to  the  L2 norm , hence
N (k ) <  22k. Setting A n(x ,u ) =  R n{x +  u ) — Rn(x) we w rite for any qo and q 

satisfying q0 <  q
Q

(x, XL) ( x, ti) 5 *̂) + A n (x k, U ) (x k—i, ti ) — ? ̂ 0 *
fc=90+l

where x q =  7rg(;r) and x k =  Tk(x), (see chapter 3 for notation). Therefore,

E | w {n , ti) | — E || A.n(<X ̂ ti) / \ n(Xq , ti) ||^- -|- E || A.n(̂ Xq0, ti ). ||̂ 7
g

+  £
=̂90+l

q
<  Ei,q+i +  E || A n(xgo, t/).||_^. -1- E\,k

k=-qa+l

where

E\,k =  E || A n(xfc, u) A.n(Kx k—x, ti) 11 , qo —|- 1 5: k ^  q 

^l,g+l =  E || ̂ ^n(x, ti) A n(Xg, ti) ||̂ 7 .

Using inequality  (3.5) we can write:

Ex,k <  A/'(fc)1/pm a x ||A n(xA:,ti) — A n(a:fc_i, u ) ||p (5.17)

From  (5.16) we infer th a t

Ei,k <  K (r ,p ,a )N (k )1/pm a,x(y/n \\A n(xk,u ) — A n(xk- i ,u ) \ \2)X

+ K (r ,p ,  a )N (k )1/pm ax (n || A n(xk, u) — A n(xk- i ,  u)\\^)X,PX
<  K (r , p, a) [22k/p inf (v ^ ,  2~k) +  n~1/2+1/p]
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Similarly, we obtain the following for Ei^+i

Ei,q+i ^  y/n2~q+  < K (r ,p ,a ) [22?/p xni{y/u, 2~q) +  n_1/2+1/p] (5.18)

Finally, choosing q such that q ~  (Inn)2 yields

E |iy (n ,u )| < K (r,p ,a )  [22?0/,p inf(y/u, 2-90) +  gro-1/,2+1/p]

Since p can be arbitrary large the result follows.
Now, combining (5.14), (5.15) we conclude that

sup \0(n,x)\ =  o( 1).
¡reR

Hence the first part of Theorem 5.2 follows. For the second part we argue as 
in Csorgo et al. 1995.

P roof of Lem m a 5.3

We will argue as in the previous chapter, so we pick up the proof of Propo
sition 4.1 at the relation at the relation (4.14), then we write

h(Un)<  ( n n | E / ‘'P O |)  ( r H ^ I I / ' I U * ) )

Let r i, r 2, r3 >  0 : r f 1 -t-rj1 + r $ 1 =  1. Applying Holder’s inequality to / i ,  f 2, fz 
with

r*i =  m /m  — 1' f  i =  f et : 6tr\ =  2 
r2 =  tm - 2 m  +  2 (1. g)<

apm ’ 

r3 =  (1 — r f 1 +  r j 1) -1 ; f3 =  Hk

we obtain for t > 2,

=  |e /* w ^ w |

< (v^ ii/ ii, ) 2- 2'”  ii/iii;2+2/m n a n ,
< (v ^ ll/l l2)2- 2/m||/lli;2+2/mVW(r3) ^  (5.19)

where in the last inequality, we have used relation (4.27) in the appendix. On 
the other hand,

n / n \ I/771
Y. KO/r-(l)l < n1-1/m 53 k(0/*-*(l)|m
¿=1 \* = 1 /
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A p p ly in g  (4.18) w ith  9 =  t  — 2 / (p  — 2), s  =  p /2  — 1 we ge t

n  |Ef  P 0 |  <  ( v ^ I I / I | 2) 2<I' S) (n 1/p l l / l l , ) ”'  ■ (5.20)

(5.19) to g e th e r  w ith  (5.20) y ie ld  for s  >  2,

h ( t , n )  <  ( n n | E / * . W | )  ( n ^ l i r ' I U , ) )

-  ( n 11/11»” “ ( v « l l / l l , ; » 17' l l / l l , ) ) 1 1

s oo f 71 ( m\ 1/2

x n  ( v ^ l l / l l 2) 2_2/m l l / I l f 2+2/m £  (r3r * ( l ) ) ‘ /2 ( 2 ^  )
l=k+l k=mp \  i= 1  ̂ '  /

<  ( v ^ l l / I U ) 2 ( m a X ( v « ’ l l / l l2 ; n l/P | l / l lPJ I / l la P) )  1 +

W e m ay  assu m e  th a t  s >  2, indeed  we h a n d le  easily  th e  case 5 =  1 sep ara te ly .

H ence

s oo /  n / \
/ . (< ,n )  <  n  ( v ^ i i / i i 2) 2- 2/ ” i i / i i r +2/m £ ( ^ * ( i ) ) i/2

l=k-\-l k=mp \  i= 1 /

<  ( \ / n  I I / I I2)2 (m a x  ( \ / n | | / | | 2 ; n 1/p H /l^  , | | / | | „ p) )  ' +

x f ë  ('•3>-*(l))‘ /2 ^ ¿ | r ( i ) / r - ( l ) r ' )  ^  .
\k=m p \  1=1 /  /

(5.16) is p ro v ed  if  r 3r * ( l )  <  1. In  th e  g en era l case we p ro ceed  as in  (a) o f 

T h e o re m  4.1 in  C h a p te r  4.

C o n c l u s i o n

S evera l conclusions can  b e  derived  fro m  th e  p rev ious study .

1. T h e  a sy m p to tic  b ehav io r of a  ke rne l d en sity  e s tim a to r  w ith  d e p e n d e n t 

d a ta  dep en d s b o th  on  th e  d ep en d en ce  s tru c tu re  an d  th e  b a n d w id th :
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If the  process is sufficiently weakly dependent or the bandw idth  is small, 
then  the  density process behaves like the i.i.d observations. O therwise, 
the  density process behaves like the em pirical process.

2. W hen m easuring dependence w ith m ixing coefficients, we can only obtain  

sufficient conditions for behavior sim ilar to  the  i.i.d  case. Indeed, one can 

construct two function G\ and G2 w ith respective H erm ite rank 1 and 2, 
generating the same cr algebra and hence the  same m ixing coefficients. 
Therefore we m ay obtain  different rates according the  decay of the  cor
relation function. Consequently, the ra te  of convergence will depend on 

Gi if the  underlying process is strong dependent enough.

3. W hen dealing w ith covariance we can have a com plete answer. However, 
we have restrictions on the  model. One possible way to  generalize these 
results to  other classes is to  consider linear models and the ir functio
nals. Several significant works have already been done in th is area, espe

cially for em pirical process and some sta tistical applications. We cite for 
exam ple the  works of G iraitis and Surgailis, A vram  and Taqqu , Robin
son and probably m any other authors. Finally we point out th a t sim ilar 
results under m ore restrictive conditions, are proved in [4] for the  density 
process of a kernel estim ator based on linear process.

These results will probably allow us to  estim ate the ra te  of dependence, 
and to  te s t heavy dependence against short dependence. These questions will 

be investigated in a subsequent paper.
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