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The main purpose of this thesis is to give a geometric interpretation of the 
results of Rankin and Selberg on the scalar product of two automorphic forms 
(cuspidal and non-ramified) on GL(2) over a function field. This geometrisa- 
tion is one of the aspects of the Geometric Langlands Program initiated by 
V.Drinfeld, A.Beilinson and G.Laumon.

Let Eq be an irreducible €-adic local system of rank 2 on a curve X . By the 
geometric Langlands correspondence, to Eq is associated an irreducible perverse 
sheaf Aut^jj on the moduli stack Bun^ of vector bundles of rank 2 and of degree 
n on X ,  which is a Hecke-eigensheaf w.r.t. Eq. We introduce the stack Bun^, the 
quotient of Bun^ by the 2-action of Gm, which acts by the scalar automorphisms 
of vector bundles. We show that Aut^^j is the inverse image of a perverse sheaf 
Aut^g on Büñ^. We calculate

A b strac t

Rrc(BunJ, Aut^. (g) A u tj j ,

where E\ and E 2 are two universal deformations of Eq ’’independent” of each 
other. The result, considered as a sheaf on the formal scheme of parameters, is 
the constant sheaf on the diagonal.

The proof is based on some local result, which does not appear explicitely in 
the classical Rankin-Selberg method for the corresponding automorphic forms.

K ey w ords: geometric Langlands program, automorphic sheaf, Rankin-Selberg 
method.
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Introduction générale

Motivation

0.1. L’objet principal de cette thèse est de donner une interprétation géométrique 
des résultats de Rankin et Selberg sur le produit scalaire de deux formes automor- 
phes (cuspidales et partout non ramifiées) pour GL{2) sur un corps de fonctions. 
Cette géométrisation fait partie du Programme de Langlands Géométrique initié par 
V.Drinfeld, A.BeiÜnson et G.Laumon. Comme première motivation, rappelons les 
résultats de G.Laumon ([14]) et M.Rothstein ([13]) dans le cas de GL{1] qui nous sert 
de modèle.

Soit X  une courbe projective, Hsse et connexe de genre ^ > 1 sur C. Notons 
M 'le  schéma de Picard de X  qui paramètre les classes d’isomorphie de Ox-modules 
inversibles L de degré 0. Soit M  l’espace grossier de modules des faisceaux inversibles 
L sur X  munis d’une connexion (integrable) S/ : L ^  L ^Ox C’est un C-schéma 
en groupes abéliens (pour le produit tensoriel), muni d’une structure naturelle de 
H*̂ (X, i2;i^)-torseur sur M'. Il existe un (!?MxM'-niodule inversible Aut à connexion 
(relative à M) qui est le noyau de deux transformations de Fourier

^  : D U ( Ü m O

et

r' ■■ dU(Om) -
Le théorème de Laumon-Rothstein dit que ces fondeurs sont quasi-inverse l’un 

de Vautre (à un décallage et un automorphisme (—1)* près). Ce résultat peut être 
obtenu comme une conséquence formelle de deux relations d’orthogonalité. L’une 
d’elles s’écrit sous la forme:

le complexe
R(pri2)*(prÎ3 Aut (g) pr23 Aut)

est canoniquement isomorphe à dans B’̂qcohi^MxM) (à un décallage et un auto­
morphisme (—1)* près),

où pri3,pr23 : M X  M  X  M' M X  M' et pr 2̂ \ M x M x M ' - ^ M x M  sont les 
projections. A: M M x M est le morphisme diagonal, et l’image directe par rapport 
à prj2 est calculée au sens de D-modules.

La variante ¿-adique de cette relation d’orthogonalité est la suivante. Soit X  une 
courbe projective, lisse et connexe de genre g > l  sur un corps algébriquement clos de
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caractéristique positive p. On fixe un nombre premier i  différent de p et une clôture 
algébrique de Q .̂ Soit Eq un Q^-faisceau lisse de rang 1 sur X.

On ne dispose pas d’espace de modules des systèmes locaux £-adiques sur X. 
Cependant, on peut considérer les déformations de Eq (au sens suivante: si A est 
une Q^-algèbre Artinienne locale à corps résiduel alors une A-déformation de Eq 
est un ^-faisceau lisse F  de rang 1 sur X muni d’un isomorphisme F Qi^ E q). Le 
système local Eq admet la déformation universelle E  (cf. Prop. 1). Notons R  la base 
de cette déformtion universelle. En fait, R  est un anneau des séries formelles sur 
de dimension 2g.

Pour tout n > 0 on a un i?-faisceau lisse de rang 1 sur (cf. sect. L3.1). 
Notons Pic” X  le schéma de Picard de X  qui paramètre les classes d’isomorphie de Ox- 
modules inversibles de degré n. Par la theorie de corps de classes abelien géométrique, 

est l’image inverse par rapport à un morphisme naturel X^“̂̂ Piç”’X d’un 
iî-faisceau lisse de rang 1 sur Pic” X. Notons E^, E^ les deux relèvements de à
St>î {R<S>R).

Pour tout n il existe un isomorphisme canonique de R® R-modules

H2i'(Piç” X, nom{E^, E ^))^R {-g ),

où la structure de R® R-module sur R est définie par le morphisme diagonal R ® R —î 
R. De plus, on a H*(Pic” X, Hom{E’̂, = 0 pour tout i ^  2g.

C’est ce type de relations d’orthogonalité qu’on cherche à établir dans le cadre 
^-adic pour GL(2) au lieu de GL(1).

0.2. Rappelons le résultat de Rankin et Selberg mentionné au début, notre deuxième 
source d’inspiration.

Soit X  une courbe projective, lisse et géométriquement connexe de genre g sur le 
corps fini F, à g elements. On fixe un nombre premier i  inversible dans F ,̂ une clôture 
algébrique de Qt, une racine carré de q dans Q ,̂ et une clôture algébrique F  ̂ de 
F,.

Soit E  un Q^-faisceau lisse et géométriquement irréductible de rang 2 sur X. 
V.Drinfeld (et D.Gaitsgory dans [2]) ont associé à un Q^-faisceau pervers irréductible 
Auts sur le champ de modules Bun2 des fibrés vectoriels de rang 2 sur X, qui est en 
un sens convenable vecteur propre des opérateurs de Hecke par rapport à E.

Soit Bun2(Fg) l’ensemble de classes d’isomorphie de fibrés vectoriels de rang 2 sur 
X . On note (pE ’ Bun2(Fg) —> la fonction ’’trace de Probenius” associé au faisceau 
pervers Aut^;. C’est la forme automorphe (cuspidale et partout non ramifiée) associé
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k.E  au sens habituel de correspondance de Langlands. On note Bunj la composante 
connexe de Bun2 qui correspond aux fîbrés de degré n.

Pour tout n e Z on a

E
L € B u n ^ (F ,)

où X  = X  (8)Fq Fg et Pr est le Frobenius géométrique. En plus, si E\ et E 2 sont deux 
Qi-faisceaux lisses et géométriquement irréductibles de rang 2 sur X  qui sont non 
isomorphes, alors pour tout n G Z

L€Bun?(F,) ^

Remarque . Pour a G Z/2Z notons BunpQL^Î^g) l’ensemble de classes d’isomorphie des 
PGL2"fibrés sur X  de degré a. Si det £^i^det E 2 alors la fonction L (fiE^{L)(pE2 {L) 
ne depend que de l’image de L G Bun^iF^) dans Buup^^^  ̂^(F,) et on a

L€Bun^(F,) ^   ̂ ^

où Piç° X (Fq) est le group de Picard de faisceaux inversibles sur X  de degré 0. Comme

#Piç'’ Jü:(F,) =  5 «clet(l -  P rg-', H'(X,Q<)), 

on a finalement pour tout a G Z/2Z

E  =  ?'-»det(l -  Y,q-\£ndoE)
LeBun^GLai^«)

Résultats principaux

0.3. On fbce un corps k algébriquement clos de caractéristique positive, un nombre 
premier i  different de caractéristique de k. Soit X  une courbe projective, lisse et 
connexe de genre ^ > 1 sur k. Choisissons un système local ^-adique irréductible 
Eq de rang 2 sur X .  Soit E  la déformation universelle de Eq, R  la base de cette 
déformation universelle (cf. sect. 1.1.1). En fait, R  est un anneau des séries formelles
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sur de dimension Sg — 6 (cf. Prop. 1). Notons Ei {i = 1,2) les deux relèvements 
de à Spî{Ré>R).

D’après V.Drinfeld (et D.Gaitsgory, [2]), on a un faisceau pervers irréductible Aut^o 
sur le A;-champ Bun2 de modules des fibrés vectoriels de rank 2 sur X , qui est un vecteur 
propre des operateurs de Hecke par rapport à Eq. On note Aut̂ ^̂  la restriction de 
AutjSo à la composante connexe Bun^ de Bmi2 qui correspond aux fibrés de degré n.

On montre que la construction de Gaitsgory reste valable pour les déformations de 
Eq, ce qui nous permet à définir un /^-faisceau pervers Aut^ sur Bun^ (cf. sect. 1.4.1). 
(Pour la definition d’un iî-faisceau pervers cf. sect. 0.2.1).

Les automorphismes scalaires des fibrés vectoriels définissent une action de Gm sur 
Bun” par 2-automorphismes de champs. Notons B un^e quotient de Bun^ par cette 
action, de sorte que le mophisme naturel Bun^ —̂ BüxÇ est une G^i-gerbe (cf. sect. 
1.2.1). Du fait que Aut^ est pervers, il est un image réciproque d’un faisceau Aut^[—1 
sur Bun2, où Aut^  est un i?-faisceau pervers.

Le résultat pricipal de cet exposé est le

Théorèm e P rincipal Global . Pour tout n £ Z il existe un isomorphisme canon­
ique de Ré> R-modules

où la structure de R  (g) R-module sur R est definie par le morphisme diagonal R ^ R —* 
R. De plus, on a H^(Bün^,Âüt^. Aut^^) 0 i ^  0.

Remarque . i) Le champ Bun2 n’est pas de type fini. Cependant, Aut^ est le pro­
longement par zero de sa resriction à un sous-champ de Bun2, qui lui est de type fini 
(cf. Cor. 1).
ii) Les cohomologies à support compact d’un champ ne sont à priori pas définies. Nous 
allons utiHser la définition du livre à venir de G.Laumon et L.Moret-Bailly ([7],(18.8)) 
communiquée à l’auteur par G.Laumon (cf. Appendice A). Leur définition est in­
spirée par une idée de J.Bernstein et V.Lunts ([8]). Une définition analogue a été aussi 
communiqué à l’auteur par V.Drinfeld.

0.4. On déduit le Théorème Principal Global d’un résultat local. Pour l’énoncer on a 
besoin de quelques notations.

Notons Sh” le champ qui classifie les faisceaux cohérents sur X  de rang générique i 
et de degré n (cf. sect. 1.2.2). Soit ° ShJ  ̂le champ qui classifie les couples {O ^  Fi) sur 
X, où Fi e Sh” (cf. sect. 1.2.2). On a un morphisme représentable : *̂ Sh'” —> Sh”
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qui envoie [O ^  Fi) sur Fi. On a aussi un morphisme tTq : *^Shf Shg qui envoie 
» F{) sur F i/lm s .  On vérifie facilement que ttq est un fibré vectoriel de rang n.

On note Flag„ le champ qui paramètre les suites exactes

0 M Fi 0, (1)

où M  est un fibré vectoriel de rang 2 et de degré n sur X, et fi est le faisceau inversible 
canonique sur X  (de sorte que Fi est un faisceau cohérent sur X  de rang générique 1).

Soit Ext le champ qui classifie les suites exactes 0 fi —>? (9 —> 0 sur X. Le 
morphisme Ext Spec k est donc un fibré vectoriel généralisé (non-représentable) de 
rang 1 —g (la définition d’un fibré vectoriel généralisé est donnée dans sect. 0.2.2). On 
a un morphisme naturel Ext —̂ A¿.

Considérons le champ °Sh'” Xsh”Flag„^2p-25 où le morphisme Flag„+25-2 Sh” 
envoie la suite (1) sur Fi. On a un morphisme représentable ° Sh'” Xsh”Flag„^25-2 

Ext qui envoie la collection ((!) ‘̂  Fi, 0 — O —> M Fi 0) sur le ’pull-back’ de (1) 
par rapport à (i9 Fi). On définie le couplement fi : °S hf Xsh” Flag„^23-2 
comme le morphisme composé °Shi” Xshy Flag„+25-2 Notons le
faisceau d’Artin-Schreier sur (cf. sect. 0.2.3).

Pour un intier positif n on note la puissance symétrique n-ième de X. C’est 
le schéma de modules des diviseurs effectifs D de degré n sur X .  Soit Pic” X  le champ 
de Picard qui classifie les faisceaux inversibles sur X  de degré n. On a un morphisme 
7T :  ̂Pic^X qui envoie un diviseur D G X^^^ sur le faisceau inversible 0{D).

Soit det : Sh” —> Pic” X  le morphisme naturel qui envoie F\ sur det Fi (cf. [12]). On

dispose d’une flèche ° Sh'” qui envoie {O ^  Fi) sur {O det Fi) G X^'^\ (Ici
est consideré comme le schéma de modules des couples {O A, A  E Pic” X)). 

On note

<p„ : “ Sh“  Xshî “ Sh? Xshî FÜi„+2,-2 Xpic.;f X<")

le morphisme qui envoie la collection {O ^  F i ,0  Fi,Q Cl M  ^  Fi —»•0)

sur {O d e tF i ,0  detFi). (Ici X^”  ̂ Xpic^x X”̂”  ̂ est identifié au schéma de 
modules des triplés (s', s" : O A, A  E Pic” X)).

Notons i : X^”) —> X^”) Xpic«x X^”) l’immersion fermée qui envoie {O ^  A) sur 

( O ^ A , O ^ A ) .
Soit A  une Q^algèbre locale d’Artin à corps résiduel Q¿. Pour un A-faisceau lisse 

E  sur X (cf. sect. 0.2.1) on note le A-faisceau pervers de Laumon sur Shg (cf. 
sect. 1.3.1).
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Théorèm e Principal Local . Soient E i,E 2 deux A-faisceaux lisses de rang 2 sur 
X . Le complexe

(y’n )!(prî ^ 0  P e i ® a  PÏ2 T̂ 'o <S>Qj pr^g 1 1 * pi23 ¡ / C ^ ) [3n +  2 -  2 g

est un A-faisceau pervers sur Xpic^x X '̂^K II est supporté par le sous-schéma 
fermé i : —s> Xpicnjjf et est canoniquement isomorphe à

i ^ { E i  (g)yi E 2 Ÿ " ^ \ - n  - 1  + g ) n

Remarque . i) Le morphisme (pn peut être facilement décomposé en des morphismes 
représentables et des fibrés vectoriels généralisés, par example de façon suivante

»Sh* Xsh; “Sh? Xsh- FÏSi„+2,_2 ^  X<"> Xp„n;f CShT  Xshî fîi„+2s-2) ^

x<”> X p i , » x  (XW X Ext) XW X picnx-

Par suite, {(Pn)\ peut être aussi défini comme le composé de foncteurs correspondants, 
ii) On verra que l’énoncé du Théorème Local Principal est local par rapport à E i,E 2 - 
Pour cette raison on peut espérer établir un résultat analogue pour les systèmes locaux 
à coefficients de torsion.

La preuve au niveau de fonctions

0.5. Dans ce numéro nous rappelons les traits marquants de la demonstration due à 
Rankin et Selberg de l’énoncé 0.2. On conserve les notations de 0.2.

La forme automorphe <fE • Bun2(Fg) ^  est uniquement déterminée par ses 
propriétés:

pour tout point fermé x e X , tout L G Bun2(Fg)

1) (Pe {L{x)) = tr{Frx,det E)(Pe {L)

2) EVE{L')  =  -qHi{Ft^,E)<PE(:L),
L'ÇS

OÙ S  est l’ensemble des fibrés vectoriels L 'tels que L C L' C L{x) et deg L' —  deg L + 1, 
qx = Pra; est le Probenius géométrique agissant sur la fibre géométrique en x;

3) Étant donné une suite exacte 0 ii ^  L —î> 4̂ ^  0, où .4 est un C>x-niodule 
inversible de degré n, on a

s:0<-^A
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où u e  Ext^(,4, Q) correspond k 0 Ù L A  ^  0, 'ip : ¥q Q¿ est un caractère 
additif nontrivial, divs est consideré comme un Fg-point du schéma (Pour la
définition du faisceau sur cf. sect. 1.3.1).

Tout d’abord on démontre la formule suivante.

0.5.1. Soient E\ ,E 2 deux Qe-faisceaux lisses et géométriquement irréductibles de rang 
2 sur X . Etant donné un Ox-module inversible A  de degré n, on a

Il \ 5 / s :0 < -^ A
Q:(det

où la première somme est prise sur l’ensemble de classes d’isomorphie des triples 
(Í2 ^  L ,q), o ù ü ^  L est une inclusion de Q dans un fibré vectoriel L de rang 2 sur 
X  (on ne suppose pas que Ü est localement facteur direct de L), et a : (det L)®D,~^^A 
est un isomorphisme.

Le point essentiel est l’assertion suivante dont la verification est laissée au lecteur. 
Notons am '■ x X^^^ —)■ le morphisme qui envoie (D', D) sur D' + 2D.

0.5.2. Soient £?i, E 2 deux Qi-faisceaux lisses de rang 2 sur X . Sur {Ei (g) £̂ 2)̂ ”  ̂ on a 
une filtration canonique

0 C Fo C Fi C . . .  C F[ ]̂ =  { El ® E2̂ '̂ ^

par Qi-faisceaux constructibles tels que

® M ((det £,)<’") ® (det E,)'"*’)

pour 0 < m < I  {F-i = 0).

Remarque . La variante non-géométrisée de cette assertion s’écrit: si Ei, E2 sont deux 
espaces vectoriels de dimension 2, alors on a

Sym”(£;i (g) £̂ 2) = © (det Ei (g) det E2)®^ 0  Sym”-^’” Ei 0  Sym”-^”̂  E2 .
m > 0

Voici la démonstration de 0.5.1. Étant donné un triplet (Q L,a) comme ci- 
dessus, on note D le diviseur effectif sur X  tel que Q,{D) ^  L est un sous-fibré 
vectoriel, m  =  degD. On a une suite exacte 0 ^  Ü{D) ^  L —> A{—D) —̂ 0. Notons 
u G Ext’̂ (.4(—D), i^(D)) l’element correspondant. En plus, on a Aut(f2 ^  L, a) = 
Uom{A{-D),n{D)).
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Par suite, la première somme s’écrit

»n>0 £>€A'('")(F,) ueExt^{A{-D),iï{D)) 

E E q-dimRom{A{-D),ü{D))^j.ç^^^  (d etE l)^ ’”) ® (d e t £̂ 2 )̂ ”^̂ ) * 

"»>0 D€X("»)(F,) 

53 ^Ei{Lv)<PE2{Lv), 
veExt^{A{-2D),ii)

OÙ la suite exacte 0 —> Q  - >  L^, —> ^ (-2 D ) —> 0 correspond à  v.
En utilisant la propriété 3) de (Çe , on obtient finalement

{q -  l)q^-^^ J 2  E  ^
iTï>0 £>6X("‘)(F,)

^  tr(Prz?/,
D'6|A(-2D)|

où on a noté |.4(—2j9)| l’ensemble des diviseurs effectifs de la classe v4(—2D). L’applica­
tion de l’énoncé 0.5.2. achève la démonstration de 0.5.L

Comme corollaire immédiat de 0.5.1 on obtient 
0.5.3. Soient E\ ,E 2 deux ^¿-faisceaux lisses et géométriquement irréductible de rang
2 sur X . Pour tout n > 0  on a

S  S  tr(Erc.(Ê:®  £,)<">).

OÙ la première somme est prise sur Vensemhle de classes d’isomorphie des couples 
(fì L), où ü  ^  L est une inclusion de ü  dans un fihré vectoriel de rang 2 et de 
degré n + 2g — 2 sur X  (on ne suppose pas que est localement facteur direct de L).

Rappelons que la fonction L attachée au système local Ei <S> E2 sur X  est définie 
par la série formelle

L{Ei ® B2, t) = ^  ^  tr(PrD, (Êi ® E j)'’*»)«“
n>0 D€X(”)(Fq)

dans Qe[[t]\ et, d’après la formule des traces de Grothendieck (cf. [SGA5] (exp.l5, 
par.3, N.2) et [SGA 4|][Rapport](4.10)), on a

2

L{Ei (8) E2 , i) = n ^  ® ^ 2))̂ "̂ ’̂'''',
r=0

10

a dim Homi A {- D]I,i2(D):
'E i L)E2.L)

tr FrD, [det Ei m) det Bo m )\

2m)E2m],(n-E

Fr Wt, X Ei

deg
L

-2Z/=n■h2g

1

Aut L)
E L) L)E2̂ é - 4fl

De X Fa(n)

2
(n-



où Pr est le Frobenius géométrique, X  = X  0 f , ~̂q-
Il resuite de 0.5.3 qu’on a l’égalité entre séries formelles

^ ^ 0 L eB u n ^ + 2 ® -2 (F ,)

En utilisant la cuspidalité de ips, on vérifié que si (Pe{L) 7̂  0 et degL est assez 
grand, alors Ext^{Ü,L) = 0 et dimHom(Q, L) =  degL + 6 — 65'. D’autre part, si 
det E l '^  det E 2 alors la somme

E (pEi{L)^E2(L), # A u tL
L eB u n^ + ^3"2(F g)

ne depend que de n mod 2. Pour conclure, il reste à comparer le comportement asymp- 
totique des séries ci-dessus lorsque t tend vers en utilisant l’interprétation coho- 
mologique de la fonction L{E\ ® E^^t).

Les aspects nouveaux au niveau géométrique

0.6. On rappelle en 1.1 la structure de la déformation universelle E  d’un système local 
^-adique Eq sur la courbe X  (sous la condition End(E'o) =  Qi). La base R de cette 
déformation est un anneau des séries formelles sur de dimension 2 + (2gf — 2)m^, 
où m  est le rang de Eq. En plus, on calcule la cohomologie de Hom{Ei, E 2) sur X, où 
El et E 2 sont deux relevement de E au spectre formel de R 0 R  (cf. Prop.2).

On introduit en 1.2.1 le champ Bun^ qui est le quotient de Bunj par l’action de Gm 
(précisons que G,n adit sur Bun^ par 2-automorphismes de champs. Cette action est 
donnée par les automorphismes scalaires des fibrés vectoriels). Le morphisme naturel 
7f : Buug —> Bun2 est une G,7ï-gerbe.

En 1.4 nous rappelons la construction due à D.Gaitsgory du faisceau pervers Aut^o 
pour le système local irréductible Eq de rang 2 sur X. On montre que cette construction 
reste valable pour les déformations de Eq, ce qui permet à définir le iî-faisceau pervers 
Autc sur Bmi2. En fait, en adaptant les arguments originaux de [2], on construit
d’abord un it!-faisceau pervers Aut^ sur Bmi2 et on pose Aut^ = Aut£;[—1]. En 
plus, on donne une nouvelle démonstration pour la deuxième propriété de Hecke de 
Autfi.

La partie gauche de la formule 0.2 s’interprète géométriquement comme

R r c (B u n 2 , A u î 'e * <8> A u t ^ J  (2)
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Notons B{Grn) le champ classifiant du group multiplicatif. D’une part, on observe par 
la formule de projection que les cohomologies Rrc(5(GTn),Q^) interviennent dans (2). 
D’autre part, ils interviennent dans la partie droite de 0.2 comme une géométrisation 
du dénominateur ^  (cf. Appendice A, éxample 1). Puisqu’on veut une réponse 
comme en 0.1, on se propose de calculer

RFc(Bun2, Aut̂ ;* <8) Aut̂ )̂

au lieu de (2).
Pour ça, on donne tout d’abord une interprétation géométrique de l’énoncé 0.5.1, 

à savoir Théorème 2, sect. 2.2.1. C’est un résultat local en quelque sorte qui n’est pas 
relié à l’irréducibilité des systèmes locaux évoqués. La difficulté principale est que la 
démonstration de 0.5.1 donné ci-dessus ne se géométrise pas directement. On obtient 
Théorème 2 autrement, comme une conséquence formelle du Théorème Principal Local 
qui, à connaissance de l’auteur, n’apparait pas explicitement dans la méthode classique 
de Rankin-Selberg pour GL(2).

Le but de la sect. 2 est de déduir le Théorème Principal Global du Théorème 2 en 
adaptant les arguments de 0.5 à la situation géométrique. On exploite le fait que au- 
dessus du support de Aut^ le morphisme naturel Flag„ —> Bun^ est universellement 
a(n)-acyclic, où a(n) est une fonction de n teUe que a(n) —+ oo lorsque n —>■ oo. 
On rancontre aussi une difficulté technique rehée au fait que l’image inverse de Aut^ 
à Flag^ est donnée par la formule explicite (qui géométrise la propriété 3) de (p^) 
seulement sin: un ouvert ’’assez grand” de Flag„ (cf. Remarque 8, sect. 1.4.1).

La sect. 3 est consacrée à la démonstration du Théorème Principal Local. L’idée de 
cette démonstration, qui est absente au niveau de fonctions, est d’étudier les propriétés 
locales (pour la topologie étale de la base) de l’image directe en question. On observe, 
en particulier, que la restriction de cette image directe à l’henselisé (strict) d’un point 
arbitraire de la base ne depend pas des systèmes locaux E i,E 2 -

En sect. 4, qui est essentiellement indépendante du reste de la thèse, on introduit les 
faisceaux sur le champ XpicnxFlag„^.2g_2- Le but est de démontrer qu’ils sont 
pervers. En plus, on calcule tous les faisceaux de cohomologies (pour la t-structure 
habituelle) de Pg. Comme une application, on démontre la deuxième propriété de 
Hecke de Aut^.

Dans l’appendice D on propose une conjecture qui renforce un résultat de Laumon 
(Théorème (3.3.8),[3]). On construit aussi un analog du Q^-faisceau constructible 
correspondant pour un groupe reductif arbitraire.
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0 .1  Main results 

0.1.1

Let X be a smooth complete connected curve of genus g > 1 (defined over k, cf. 
sect. 0.2.1). Let Eq be an irreducible 2-dimensional ¿-adic local system on X. Let E  
be the universal deformation of Eq and R  be the base of this universal deformation 
(cf. sect. 1.1.1). In fact, R ìs a  ring of formal power series over of dimension 8g — 6 
(cf. Prop. 1). Denote by Ei {i = 1,2) the two Hftings of E  to the formal spectrum of 
R^R.

D.Gaitsgory in [2] has associated to Eq an irreducible perverse sheaf Aut̂ ĵ  on 
the moduh stack Bmi2 of 2-bundles on X , which is a Hecke eigen-sheaf with respect 
to Eq.  Denote by Aut^ ĵ its restriction to the connected component Bun” of Bun2 
that corresponds to bundles of degree n. Gaitsgory’s construction is still valid for 
deformations of E q,  s o  that we have an ií-perverse sheaf Aut^ on Bunj (cf. sect. 1.4.1), 
(The definition of an i?-perverse sheaf is given in sect. 0.2.1). Scalar automorphisms of 
2-bundles provide an action of on Bun” by 2-automorphisms of stacks. Denote by 
Buu2 the quotient of Bun^ under this action, so that the natural morphism Bun” —> 
Bun^ is a Gnt-gerb (cf. sect. 1.2.1). Since Aut|^ is perverse, it is a pull-back of some 
sheaf Aut¿;[—1] on Bun2, where Aut^ is a perverse E-sheaf.

The main result of this work is the following

M ain Global Theorem  . For any integer n there is a canonical isomorphism of 
R ® R-modules

H»(BÍÍ5. A Í ¡ 4 P íí(-1),

where the R <8) R-module structure on R is given via the diagonal mapping R® R R. 
Besides, we have H* (BunJ, AutJ. <S>ñ®ií A ut^J = 0 for i ^  0.

Remark 1. i) The stack Bun2 is not of finite type. However, Aut^; is the extension by 
zero of its restriction to an open substack of Bun^ which is of finite type (cf. Coro- 
lary 1).
ii) The cohomology with compact support of a stack a pripori was not defined. We 
will use a definition from the forthcoming book of G.Laumon and L.Moret-Bailly 
([7],(18.8)) communicated to the author by G.Laumon (cf. Appendix A). Their defi­
nition is inspired by an idea of J.Bernstein and V.Lunts ([8]). An analogous definition 
was also communicated to the author by V.Drinfeld.
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We derive Main Global Theorem from some local result, which can be considered as 
a geometrization of the classical Rankin-Selberg method for GL(2) (cf. [9], [10]). To 
formulate it we need some notation.

Denote by Sh” the stack that classifies coherent sheaves on X  of generic rank i and 
of degree n (cf. our conventions in sect. 0.2.3, cf. also sect. 1.2.2). Let °Sh^* be the
stack that classifies pairs {O ^  Fi) on X,  where Fi G Sh” (cf. sect. 1.2.2). We have 
a representable map : °Shi” —> Sh” that sends {O ^  Fi) to Fi. We also have a 
map -k'q : °Sh'” —> Shp that sends {O ^  F\) to F i/Im s. Notice that ttq is a vector 
bundle of rank n. Denote by Flaĝ  ̂ the stack that classifies exact sequences

where M is a bundle of rank 2 and degree n on X, and Í2 is the canonical invertible 
sheaf on X  (so that Fi is a coherent sheaf on X  of generic rank 1).

Let Ext be the stack classifying the exact sequences 0 —» f i ^ ? - ^ ( 9 - ^ 0 o n  
X. Then Ext —>■ Spec A; is a generahzed (non-representable) vector fibration of rank 
1 — g (the definition of a generalized vector fibration is given in sect. 0.2.2). We have 
a natural morphism Ext A .̂

Consider the stack ^Sh^” XshyFlag„^2g-2? where the morphism Flag„^2g-2 Sh” 
sends a sequence (1) to Fi. We have a representable map ° Sĥ ” Xsh5‘Flag„^2g-2 

that sends a collection (C> ^  Fi, 0 —̂ fi ^  M ^  Fi ^  0) to the pull-back of (1) w.r.t. 
{O ^  Fi). Define the pairing ¡i : °Sh^” Xsh” Flag„^23-2 —̂ as the composition 
°Sh'” XsŶ n Flag„^2ÿ-2 —>■ > A¿. Denote by the Artin-Schreier sheaf on Aĵ  (cf. 
sect. 0.2.3).

For a positive integer n we denote by the n-th symmetric power of X. Let 
Pic” X denote the Picard stack that classifies invertible sheaves on X of degree n. We 
have a morphism tt : X^”  ̂ ^  Pic” X that sends a divisor D G X^”) to the invertible 
sheaf 0{D).

Let det ; Sh” —> Pic” X be the natural map that sends Fy to detFi (cf. [12]). We

have a map °Sh'” X^”) that sends {O ^  Fi) to {O detFi) G X^”\  (Here X^”  ̂
is considered as the moduli scheme of pairs {O ^  A, A  £ Pic” X)). Denote by

i f n  : ‘"Shi” Xsh? °S h i” Xsh? F i ^ n + 2 g - 2  XPic^^X X^”)

the morphism that sends a collection {O F i,0  ^  Fi,0 ^  ^  M Fi —»0) 

to {O detFi, O detFi). (Here we consider X^”  ̂ Xpic^x as the moduli

0.1.2
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scheme of triples {s',s" : O ^  A, A  e Pic” X)). Let i : Xpic’̂ x X^”) be

the closed immersion that sends {O A  to {O ^  A, O ^  A).
Let A be a local Artin Q^-algebra with residue field Q .̂ For a smooth A-sheaf E  

on X (cf. sect. 0.2.1) we denote by C% the Laumon’s perverse A-sheaf on Shg (cf. 
sect. 1.3.1).

M ain Local Theorem  . Let E i,E 2 be any smooth A-sheaves on X  of rank 2. The 
complex

(^n)!(pi^l '̂ 0 ®A pf2 "̂ 0 - ^ £ 2  P^13 P^23 >^i/))[3n - \ - 2 ~ 2 g

is a perverse A-sheaf on X^”) Xpicnx X^” .̂ It is supported at the closed subscheme
i : X^”  ̂ —̂ X^”) Xpic”x X^”) and is canonically isomorphic to

i^{Ei E2 Y ' ' \ - n  - l  + g) n

Remark 2. i) The morphism ipn is easily written as the composition of representable 
morphisms and generalized vector fibrations, for example as follows

»Sh“ X s t f  “Shi” XShJ X W  X p ie n x  ('’Shi" X sh f F k 5 „ + 2 , - 2 )  ^

Xpic^x (X<”> X Ext) x ‘">

So, (i/?n)! can also be defined as the composition of the corresponding functors, 
ii) We will see that the assertion of Main Local Theorem is local w.r.t. E\, E2 . For this 
reason one may hope that the same result is also true for local systems with torsion 
coefficients.

0.2  Conventions 

0 .2.1

We fix aji algebraically closed ground field k of positive characteristic. In this paper all 
the schemes and stacks will be defineed over k. We also fix a prime number i  different 
from char k and an algebraic closure of Q .̂ Let E\ C Qe be either a finite extension 
field of Qg or Q .̂ By a jK^-sheaf we will always mean a constructible £'A-sheaf.

We will be working with algebraic stacks in the smooth topology and with (per­
verse) £?A-sheaves on them (cf. [6]).

Let X  be an algebraic stack locally of finite type. The notion of a (perverse) E\- 
sheaf on X  localizes in the smooth topology; for a scheme S locally of finite type and
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a. smooth surjective morphism 5 —> the category of (perverse) Ex-sheaves on X  is 
equivalent to the corresponding category of sheaves on S  equipped with the descent 
datas.

If A is a local Artin ÆJ -̂algebra with residue field Ex then the category of (perverse) 
A-sheaves on X  is the category of pairs (p, F), where F  is a (perverse) F^-sheaf on X  
and p : A  End(F) is an action of A on F. We say that a (perverse) A-sheaf F on X  
is A-fiat if the functor N  F<S>a N  from the category of finite type A-modules to the 
category of (perverse) A-sheaves is exact. By a smooth A-sheaf we mean an A-sheaf 
(p, F) such that F  is a smooth £^A-sheaf and all the geometric fibres of (p, F) are free 
A-modules of finite type.

If i? is a complete local noetherian F^-algebra with residue field Ex and maximal 
ideal m then we denote by A{X, R) (resp., by VA{X, R)) the projective 2-limit of the 
categories of i2/m”-sheaves (resp., of perverse i2/m”-sheaves) on X  (for the general 
notion of the categorical projective 2-limit cf. SGA4, éxposé 6 (6.10). In our case this 
notion coincides with that of sect. 1.1.3). In other words, an object of A{X, R) (resp., 
of VA{X,R)) is a projective system (Fn, V’n)neN» where is a i?/m”-sheaf (resp., 
a perverse i?/m”-sheaf) and 'ipn • Fn+i ®r/x(̂ +i R/wP'^Fn is an isomorphism. Mor- 
phisms in A(X , R) (resp., in VA{X, R)) are morphisms of the corresponding projective 
systems.

The formalism we need is not put into shape yet, and we will satisfy ourselves with 
the following definitions. If Ex is a finite extension of then the category of i?-sheaves 
(resp., of perverse jR-sheaves) on X  is, by definition, the category A{X,R)  (resp., 
VA[X,R)). If Ex = Qi then we define the category of i?-sheaves (resp., of perverse 
i?-sheaves) on A* as the following full subcategory of A{X,R)  (resp., of VA{X,R)). 
An object F  of A{X, R) (resp., of VA{X, R)) is an jR-sheaf (resp., a perverse i?-sheaf) 
on X  if there exists a finite extension field Efj, of Q ,̂ a complete local noetherian 
F^-algebra R' with residue field E^ and an isomorphism R' Q f^ R  such that F  
lies in the essensial image of the functor A{X,R') —» A{X,R)  (resp., of the functor 
VA{X, R!) VA{X, R)) that sends M to M  Qî-

Remark 3. To use the geometric intuition, an i?-sheaf on X  can be thought of as a 
sheaf on X  X Spf(i?), i.e., a family of ^-adic sheaves on X  parametrized by R.

0 .2.2

Throughout the paper the phrase ’’complex on a stack” will mean an object of a 
suitable derived category on this stack (in general, it is neither a sheaf nor a perverse 
sheaf). However, the existence of such a derived category will never be used, any 
complex will appear only through its cohomologies (in the perverse or usual sense).
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Following [2], we say that a morphism /  : —> <̂ 2 of algebraic stacks is a general­
ized vector (resp., affine) fibration if there exists a homomorphism of smooth miipotent 
group schemes A over X2 (resp., a homomorphism of smooth unipotent group 
schemes A A !  over X2 and an A'-torsor X[ over X2 ) such that X{^A!JA  (resp., 
X {^X [/A ).  If, in addition, A  and A! can be chosen smooth over X 2 of constant 
relative dimensions n and n' respectively then we say that /  is a generalized (vector 
or affine) fibration of rank n' — n. Notice that the stack A !/A  depends in some sense 
only on the quasi-isomorphism class of the complex A  ^  Ai (cf. SGA4, t.3, exp. 18, 
1.4.10).

For a morphism f  \ X\ X2 oi algebraic stacks we will use the functor f* between 
the derived categories. When /  is representable (resp., a generalized (vector or affine) 
fibration) we will use the functors f\ and /* (resp., the functor /i). However, we will 
also need the functor f\ for more general non-representable morphisms. For them we 
use a definition of Appendix A.

Remark 4- A definition of the derived category of smooth-etale sheaves on a stack is 
given in the forthcoming book [7] of G.Laumon and L.Moret-Bailly. They introduce 
a notion of a Bernstein-Lunts stack (cf.also Appendix A) and partially establish a 
formalism of ’six operations’ a la Grothendieck for Bernstein-Lunts stacks of finite 
type and morphisms between them.

0.2.3

For example, when we write: ’’consider the stack that classifies pairs Mi M2 with 
Ml (resp. M2) being a coherent sheaf on X  of generic rank ii and of degree d\ (resp., 
of gen. rk ¿2 and of degree ¿2)”, the reader should keep in mind that what we mean 
is the following /c-stack. Its category fibre over a scheme S  is the groupoid whose 
objects are inclusions Mi ^  M2 of coherent sheaves on S x X  that are ¿'-flat and such 
that the quotient M2/M i is also 5-flat, and for any point s £ S  the conditions on the 
generic rank and on the degree of Mi |sxx {i = 1,2) hold. Morphisms from an object 
Ml M2 to an object M{ Mj are by definition the isomorphisms M i^M [  and 

making the natural diagram commutative.
By a local system we mean a smooth Q^-sheaf. We fix a finite subfield ^ q d k  oiq 

elements. We also fix a square root of q in and define using it the sheaf <^(|) over 
SpecFg and, hence, over Specfc. We denote by il the canonical invertible sheaf on X.

We fix a nontrivial additive character  ̂ and denote by the Artin-
Schreier sheaf on Aj associated to -0 (cf. SGA4|, [Sommes trig.], 1.7). If x is the 
coordinate on A  ̂ then the equation — t =■ x defines an F^-torsor over A ,̂ and 
is a smooth Q^-sheaf of rank 1 on A  ̂ obtained from this torsor by extension of the

17

y

M M.1

t

Fa m
X-ò

M2 ' 2M



structure group via The Fourier transform functor is normahzed to preserve the 
perversity and weights, (cf. the exphcit formulae in sect. 1.4.1).
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1 Reminders and complements

1.1 The universal deformation of a local system 
and cohomologies of 7 0̂771(^1,^ 2).

1.1.1

Let E\ be either a finite extension field of or Q .̂ Fix a smooth ¿"A-sheaf Eq on X  of 
rank m .  In this subsection we recall the structure of the universal deformation of E q. 

This construction is standard (cf.[l] for the definition of pro-representability, etc.).
Let 77 G X be the generic point of X  and 77 —> ry —> X be a geometric point over rj. 

Set G = 7Ti(X,^). Denote by the category of local Artin E’̂ -algebras with residue 
field E\. {Cq̂  will also be denoted symply by C). Recall that for A G Ob(Cf;^) the 
functor that sends E  to Efj is an equivalence of the category of smooth A-sheaves on 
X of rank m with the category of pairs (£', p), where £■ is a free A-module of rank m  
and p : G Aut>i E is a representation (it is required that, as a representation over 
E\, p is already defined over a finite extension field of and is continuous in the 
^-adic topology).

Definition 1. Let A  G Ob(C£; )̂. An A-deformation of Eq is a pair {Ê 'ij;), where 
£■ is a smooth A-sheaf on X of rank m and : E <S>a E \ ^ E q is an isomorphism of 
£'A-sheaves on X.

Define the functor Feo ■ Cex Sets by Feo{A) = the set of isomorphism classes of 
A-deformations of E q.

Proposition 1. Suppose that End(Eo) = Ex then Feq is pro-representable by a pro­
pair {R, E), where R is a ring of formal power series over Ex of dimension 2-\-{2g — 
2)m^. I f m C R i s  the maximal ideal of R then EomE)^{m/m‘̂ ,Ex)'^'ii\X,SndEQ) 
canonically. If, in addition. Ex is finite overQi then the pro-pair {R<S>Ex Qei E<^ExQe) 
prorrepresents the functor Fe^^^^^.

Lemma 1. Suppose that End(Eo) = Ex
1) If E is an A-deformation of Eq then End(£?) = A.
2) Let A' —̂ A, A" Abe two morphisms in Cex- Suppose that A” A is surjective 
then the natural morphism Feq{A' A") —> Feq{A') Feq{A!') is a bijection.

Proof 2) The surjectivity is easy. To prove the injectivity use point 1) and CoroUary 
3.6,p.217 of [1]. □
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Lemma 2. Let A' A he a surjective morphism in whose kernel is a 1-dimensional 
Ex-vector space. Let V' he a free A'-module of rank m. Put V = V  ®a' A. Then the 
natural morphism

GL(F') PGL(y') XpGL(v) GL(y) XGL(detK) GL(dety') 

is an isomorphism of groups. □

Proof of Proposition 1
Consider the ring Ex[e]/{e^) of dual numbers. The groupoid of Ex[e]l(£^)-deformations 
of Eq is naturally equivalent to the category of extensions 0 J5q -^? Eq 0 
on X . It follows that the tangent space to Feq is identified with Ext^(jEoj-So) = 
}i^{X,£ndEo). Now combining Lemma 1 with Theorem 2.11,p.212 of [1] we get the 
pro-representabiUty of Feo by a pro-pair {R,E).

Let us show that the morphism of functors associating to an A-deformation E  of Eq 
the A-deformation det E  of det Eq is a formally smooth morphism from the universal 
deformation of Eq to the universal deformation of det Eq. Let A' A, V' and V  be as 
in Lemma 2. Suppose that V  is equipped with a structure of A-deformation of Eq. Let 
p: G Autyi V  be the corresponding representation of G. Since H®(Ji,£ndo-Eo) = 0, 
we get H^(X,£ndoFo) = 0 by Poincare duality. It follows that the corresponding 
representation of G in PGL(F) can be lifted to a representation p' : G PGL(F'). 
Now our assertion follows from Lemma 2.

Notice that the universal deformation of detjÊ o is formally smooth, because it 
is isomorphic to the universal deformation of the triviaM-dimensional local system, 
which is an infinitesimal formal F^-group (cf. SGA3,t.l, éxposé 7s, 3.3).

It follows that R  is formally smooth (i.e., by Prop. 2.5(i) of [1], is a ring of formal 
power series over Ex).

Since x(5ndo-E^o) =  (2 — ‘¿g){m^ — 1), we have dimH^(X, EndEQ) = {2g — 2)m^ + 2.
If Ex is finite over then {R®Qe, E  (g> Q¿) is a pro-pair for the functor :

C —̂ Sets, so that it defines a morphism of functors  ̂ Êo<̂Qe ^^ve to
show that this is an isomorphism. ( Here : C —> Sets is the functor represented
by in other words, hji^Q^(A) = Homjocar<î -oZp(-̂ ® Since we akeady
know that Fe^^q  ̂ can be represented by a ring of formal power series over Q¿, our 
assertion follows from the fact that the induced map on the tangent spaces is an 
isomorphism. □

By definition, E  = (£’n)neN, E^ G FeoÍR /vx̂ ) are such that the image of En+i 
under —>■ Feq{R/v̂ ^) is En. Fix a i?/m”-deformation of Eq in the iso­
morphism class En and denote it by the same symbol En- For any n fix an isomorphism 
of i?/m”-deformations of Eq: En+i <8>i?/mr*+i Then the projective system
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{En)neN is an  o b jec t E  o f A{X^ R) eq u ip p ed  w ith  an  isom orp h ism  E Ex^Eq  o f  

^ A -sh eaves o n  X . From  P ro p o sitio n  1 it  a lso  fo llow s th a t  if  E\ =  th en  E  G A{X, R) 
is, in  fa c t, an  i?-sheaf.

Notice that R  is defined up to a canonical isomorphism, and the i?-sheaf E  is 
defined up to a non-canonical isomorphism.

Definition 2. For a local system Eq (i.e., for Ex = Q¿) the i?-sheaf E  will be reffered 
to as the universal deformation of Eq, and the ring R  wiU be reffered to as the base of 
the universal deformation of Eq.

1.1.2

In the rest of sect. 1,1 we set E\ =  Q¿. Put R^q^ R  = jim(i?/m”) (i?/m”). This 
is a ring of formal power series over of dimension 2 dim R. Put Ei — E <S)r {RéiR), 
where the i?-module structure on R<SiR is given by pi : R ^  R® R (i=l,2). Now 
7iom{Ei, E2 ) is a smooth i? (g) i?-sheaf on X.

In this subsection we establish some properties of Rr(X, Hom{Ei, E2 )) we need in 
section 2.

Consider the morphism 'Hom{Ei, E2 ) Hom{Ei, E2 ) RP^Snd{E) R.
Applying the functor H^(X, . ), we get a canonical morphism H^(X, Hom{Ei, E2 )) 
E \X ,R ) ^ R { - 1 ) .

Proposition 2. 1) Rr{X,Hom{Ei, E2 )) is well-defined as an object ofDparf{R<^R).
2) R can be represented in Dpaxf(-R0 -R) by a complex (V° —̂ —»• V “̂) of free R<^R- 
modules with rkF® = vkV^ — 1, rkF^ = {2g — 2)m^ + 2 such that the differential in 
V is zero modulo the maximal ideal of R<S>R.
3) The canonial morphism H^(X, Hom{Ei^ E 2 )) —> -R(—1) is an isomorphism ofR<S>R- 
modules.

Remark 5. From the geometric point of view, we calculate the direct image under the 
projection X  x Spf(i?) XspecQeSpf(iî) ^  Spf(i?) XspecQf Spf(i?), and the point 3) of the 
above proposition says that the second highest direct image is canonically isomorphic 
to the (Tate twisted) constant sheaf on the diagonal Spf(i?) —>• Spf(i?) XgpecQj Spf(JÎ).

1.1.3

To prove Proposition 2 we need some general lemmas about perfect derived categories. 
They are collected in this subsection.
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Lemma 3. Let h. he a local noetherian ring with maximal ideal m.
1) If K  is a perfect complex of ^.-modules then it can be represented as a direct sum 
K  = K q ® Ki of two perfect complexes, where K q is acyclic and the differential in 
Ki (g)A A/m is zero.
2) If Ki and are perfect complexes of K-modules such that the differential in 
A/m is zero {i = 1,2) and f  \ Ki is a homotopical equivalence then f  is an 
isomorphism of complexes.

□
Suppose we are given a projective system of categories (Cn)neN? / n + l  • Cn+l  ̂Cfi- 

Then is the category defined as follows. An object of 2 -^ C n  is a collection
(cn,Q!n)n6N , where c„ G OhCn, an  : fn+iCn+i^Cn. A morphism from (c„,û;„)n€N to 
(c ,̂ 0!̂ )neN is a collection (/?n)neN) where Pn ' Cn ^  c'̂  is a morphism in Cn such that 
the diagram

£  f n + l { ß n + l )  e  /
Jn+lCn+1  ̂ /n+lĈ +i

i «n i
ß n  f

Cn C'̂

commutes for any n G N.

Lemma 4. I f  A is a complete local noetherian ring with maximal ideal m then the 
natural /«ncior Dpaxf(A) 2-^mPnarfiA/m”) is an equivalence of categories.

□

1.1.4

Denote by A  the category whose objects are surjective local homomorphisms R - ^  A 
of Qralgebras with A G ObC. A morphism from R A to R A' is & morphism 
A —> A' in C making the natural diagram commute.
Proof of Proposition 2 l i  A E OhC and .F is a flat A-sheaf on X  then we suppose 
known that Rr(X, !F) G Dpaxf(A). Since its tor-dimension is easily estimated using the 
projection formulae, it follows that Rr(X, T) can be represented by a perfect complex 
[U  ̂ ^  U^) of A-modules.

For any i? A in A the complex

RF(X, Hom{Eu E2 ) (A 0  A))
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lies in Dparf (A(g) A). For any morphism in A  as above we have a canonical isomorphism

L
RF(X, 7iorn{Ei, E2 ) ^R(^r {A A.)) ^aisiA {A' <8> A')—̂

RF(X, Hom{Eu E 2 ) ® r^r  {A! 0  A'))

By definition, Rr{X,Hom{Ei,E 2 )) =  ]^Rr{X,Ho7n{Ei,E2) <^r^r {RéR/rn^)). 
Now 1) of Proposition 2 follows from Lemma 4. Besides, for any R - ^  A'm A w e  get 
a canonical isomorphism

RF(X, 'Hom{E\, -̂2)) ® r ^ r  ® A)  ̂RF(X, T~toni[Eî E2) ̂R { ^ r  (A. 0 A.))

Chose a perfect complex V  of i?0  i?-modules that represents RF(X, 'Hom{Ei, E2 )) 
and such that the differential in V ^ r ^ r Q î  is zero. By 2) of Lemma 3 this complex is 
defined up to a non-canonical isomorphism of complexes of i? 0  iî-modules. However, 
the complex V ^ r ^ r Q î  is defined up to a canonical isomorphism. More precisely, we 
have canonically y* ®ji^jiQf^lV{X,SndEo) for every i. The point 2) of Proposition
2 follows.

Notice that RF(X, Hom{Ei, E2)) <S>r̂ r RF(X, 8ndE) which is the direct sum 
RF(X, R) 0  Rr(X, SndoE). Since ff(X , SndoE) = 0 for « 7̂  1, we can conclude that 
the differential in V R is zero.

In the rest of the proof R - ^  A will denote an object oî A, I  C A®  A wiU be the 
ideal of the diagonal and J  C I  will be another ideal of A 0  A.

The next assertion is an immediate consequence of the universal property of {R, E).

Lem m a 5. Suppose that the images of Ei 0 r ^ r  (A 0  A) and E2 <S>r̂ r (A 0  A) in 
Feq{A 0  A /J) coincide then J  = / . □

Lem m a 6. Let B EOhC and Mi, M2 he two non-isomorphic B-deformations of Eq. 
Then H°(X, 7iom{Mi, M2 )) = Homs(Mi_, M2 )^ and for any f  € Hom5 (Mi, M2 )^ the 
morphism /  0  id : Mi 0 ^  Q£ —̂ M2 0b  vanishes.

Proof We have /  0  id G EndcCFo) = Q .̂ Suppose that /  0  id 7̂  0 then /  0  id is an 
isomorphism of Q^-vector spaces. It follows that /  is an isomorphism of 5[G]-modules. 
Multiplying /  by an element of we get an isomorphism of B-deformations oi Eq, a 
contradiction. □

Lem m a 7. Put B = A<S> A / J. Suppose that the differential ( f  : ^^r ^ r B  
^R ^R  B vanishes. Then J = I.
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Proof Consider the B-deformations Mi = Ei B oi Eq {i = 1,2). By our
assumption, H°(X, Hom{Mi, M2 ) ) - ^ V ^ ® ^ B  is a free 5-module of rank 1. Suppose 
that J  ^  I  then Mi and M2 are non-isomorphic by Lemma 5. Denote by n the maximal 
ideal of B and set Annn = {b £ B \ bn = 0}. By Lemma 6, Annn annihilates 
H°(X, 'Hom{Mi, M2)). Since Annn ^  0, we get a contradiction. □

Consider the complex V  (A 0  A). Combining Lemma 7 with the Poincaxe
duality, one proves that the image of the differential d} : (A 0  A) ^

{A ® A) is I{V^ ® ^))- In other words, the natural morphism
H^(X, liom{Ei, E 2 ) {A 0  A)) A(—1) is an isomorphism.

Passing to the limit we get the desired assertion.
□  (of Proposition 2)

1.2 Definitions of stacks

1.2.1

Denote by Bun  ̂ the moduU stack of vector bundles on X  of rank i. So, its category 
fibre at a scheme S  is the groupoid whose objects are rank i vector bundles on S x X , 
and morphisms are isomorphisms of such bundles. This is an algebraic stack whose 
connected components are indexed by n € Z; the component Bun” classifies vector 
bundles on X  of rank i and degree n. The stack Bun” is locally of finite type, smooth 
and of dimension — 1) over Specfc. The stack Brnii (resp.. Bun”) will also be 
denoted by PicX (resp., Pic” X). This is the Picard stack of X.

Consider the A:-prestack whose category fibre at a scheme S  is the following groupoid. 
Its objects are vector bundles L on 5 x X of rank i and degree n. A morphism from 
Li to L2 is an equivalence class G {{A, f )  where A  is an invertible sheaf on S, 
f  : L { ^ L 2 0  w4 is an isomorphism of O^xx-modules, and the pairs {A, f )  and (A', / ')  
are equivalent if there exists an isomorphism A ^ A '  making commute the diagram

Li L2 ® A  
\f il 

L2®A'

We define Bun^as the stack associated to this prestack. Then the natural morphism 
7f: Bun” —̂ Bun” is a Gm-gerb.

Lemma 8. Bun  ̂ is an algebraic stack locally of finite type. It is smooth of dimension 
i‘̂ { g - l )  + l.
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Proof Let 5  be a scheme, L\ and L 2 be vector bundles on 5  x X of rank i and 
degree n. Consider the morphism IsomiLi. Lo) S  obtained by the base change

S  Bun” X Bun” from the diagonal mapping Bun” ^  Bun” x Bun^. Recall
that Isom(Li, L2 ) is an open subscheme of some affine 5-scheme where ^  is a
coherent O^-module, and IsomiL i. L2 ) is of finite type over S  (cf. [6],Th.4.14.2.1). We 
have a free action of Gm on IsomiL i. L2), and the square is cartesian

Bun” X g ^  Bun” Bun” x Bun”
T* U L u L2)

lsom(Li.Lo)/Gr» S

It follows that Isom(Li, Z/2)/Gm is an open subscheme of P(.^), in particular it is 
separated over S. So, the diagonal mapping Bun” —»• Bun” x Bun” is representable, 
separated and quasi-compact.

If y  Bun” is a presentation of Bun” then the composition Y  Bun” Bun” 
is a presentation of Bim”. □

We denote by Bun* the disjoint union of the stacks Bun  ̂ for n € Z.
The morphism tt : Bun” —> Bun^ is, in fact, the canonical morphism Pic” X ^  

Pic” X ,  where Pic” X is the Picard scheme of X. Any closed point x of X  defines a 
section ax : Pic” X  —> Pic” X  of this G^-gerb. Namely, if one consider Pic” X  as the 
moduli scheme of pairs {A, t) with A  E Pic” X, t : A ^ k  being a triviahzation of the 
geometric fibre of .4 at x then olx sends {A, t) to A.

Remark 6. Denote by BmipGLi moduli stack of PGLj-bundles on X. There exists a

morphism tt : Bun” —̂ BunpGL, such that the composition Bun” ^  Bun” A  BunpcLi 
is the canonical map Bun” —> BunpcLi- The morphism tt is representable, smooth and 
separated. Let tx  : Bun” x Pic° X  Bun” be the map that sends (L, A) to L® A. 
We have a map ix  : Bun” x Pic° X  Bun” such that the diagram

Bun” xPic°X  ^  Bun”
i _ i 

B ^ x P ic ° X  % BiE”

commutes, and the following two squares are cartesian

Bun” ^  BunpGLi Bun  ̂ —̂ BunpGLi
T t x  T T t x  T -

Bun” xPic°X  ^  Bun” B ^ x P i c ° X  ^  B ^
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1.2.2

By Shi we denote the moduli stack of coherent sheaves of generic rank i on X. This 
stack is algebraic, its connected components are numbered by n G Z: the component 
Sh” classifies coherent sheaves of rank i and degree n on X. The stack Sh” is locally 
of finite type and smooth of dimension i^{g — 1).

For two pairs of integers (ni, 712) and (¿1, ¿2) we denote by the stack that clas­
sifies pairs (Ml M2), where Mi and M2 axe coherent sheaves on X  with M j/M j-i 
being of generic rank ij and of degree rij. We have a map Sh”’;^”^
that sends the above pair to M2. This map is representable and proper. In addi­
tion, we have a map denoted by '•  ̂ Sh”  ̂ x Sh"̂  ̂ that sends an object 
(Ml ^  M2) to (Ml, M2 1 Ml). It is easy to see that is a generalized vector 
fibration. This, in particular, imphes that is smooth.

We denote by Sh”’- ”̂  (resp., by Shf*”) the open (resp., locally closed) substack 
of Sh” that corresponds to those coherent sheaves whose maximal torsion subsheaf 
has length at most m  (exactly m). To be precise, the stack structure on Shi’*” is

defined as follows. If .^¿0,1 i® the preimage of Sh^ x Pic”“”  ̂X  under then

the restriction of to J^Iq̂i is a locally closed immersion T Iq’i Sh” ,
and this substack is denoted Sh”’”̂ .The stack Sh”’”* is smooth (and can also be defined 
as the complement of Sh”’- ”*“  ̂ to Sh”’- ”* with the reduced stack structure).

For i > 1 we denote by ShJ” (resp., by ° ShJ”) the stack that classifies pairs (Fj, 5 : 
n®*~i —> Fi) (resp., (Fi,s ; ^  Fi)) with Fi G Sh”. We have an obvious open
embedding ji : Sh'” Sh'”. By tti : Sĥ ” ^  Sh” is denoted the natural projection. 
The morphism 7t-_i ; °Sh' Shj_i sends a pair (Fj,s : Fj) to Fi/Im(5).
This is a generalized vector fibration. Set also °7Ti — tcio j .̂

By Shg” we denote the stack of pairs {Fq,s : O —> Fq) with Fq G Sh^. (This 
notation does not agree with [2]!)

We denote by W” the stack that classifies exact sequences 0 —»• Q + «4 —>■ 0 
on X  with A  G Pic” X. The morphism W” —» Pic” X that sends the above exact 
sequence to A. is a generalized vector fibration of rank n-\-l — g.

By ^  Sh^ we will always mean the morphism that sends a divisor D to 
Q(D)/fi. By div : Sho is denoted the morphism norm (cf. [11],6). If
D i,. . . ,D s  are effective divisors on X  then it sends the Ox-module Odi+...+Ds ® 
^D 2+.. +Da 0  . . .  0  to Di -f- 2 D2 -h ... “h sDg.

1.2.3

The following notations are used in sect. 3 and 4.
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We denote by Pic'” X the preimage under tti : Sĥ ” Sh” of the open substack 
Pic” X  C Sh”. Let ¿0 : Pic” X  —̂ Pic'” X  be the zero section of the natural projection 
Pic'” A" ^  Pic” X. We have an open immersion Pic'” X, and Îq : Pic” X —>
Pic'” X  is the complement of to Pic'” X  with the reduced stack structure.

Lem m a 9. I f  S  is a locally noetherian scheme and Fi € (Sh”)^ then there exists a 
natural morphism F\ —>■ detFi of Osxx-'^odules. It depends functorially on S.

Proof Since Fi is 5-flat and dimX =  1, locally on S  in Zarisky topology there exists 
a resolution 0 F~^ —̂ Fi ^  0 of Fi, where F~^, F° are locally free coherent
sheaves of constant ranks, say m — 1 and m  respectively. Instead of constructing a 
morphism Fi —» (det F°) ® (det F~^)*, we define a mapping Fi (g> (det F “ )̂ —»• det F^ 
as follows. If s € Fi and Si € F~^ {0 < i < m  — l) then it sends 5 0  (si A • • • A s^ -i) 
to s A (si A • • • A Sm-i) € det F°, where s € F° is a (local) lifting of s.

The mapping Fi det Fi constructed locally on S  is compatible with the descent 
datas. □

The above lemma shows that there is a natural morphism Sĥ ” —̂ Pic'” X . Namely, 
if 5  G (Aff /  Spec A;) and Fi G (Sh”)^ then every section (9 —> Fi defines a section of 
det Fi as the composition O Fi det Fi.

The following square is cartesian

Sh? Pic'” X
U i  Î 

oSh'i”

We define the stack Sh  ̂” from the cartesian square

Sh;” ^  Pic'” X 
T T io (3)

Sh'/” Pic” X

(The author does not know whether Sh'/” is reduced).
Notice that Sh"” Xghjf Sh”’”̂  is the stack that clasifies the collections: Fq G Sh” , 

A  G Pic”“”* X , an extension 0 —̂ Fq —̂ Fi —̂ A 0, and a section O —> Fq. In 
particular, this stack is smooth of dimension g -  I. This, in particular, implies that 
Sh"” is reducible. Its irreducible components are numbered by m > 0. The component 
corresponding to m  is the closure of Sh"” Xshy Sh”’”* in Sh'/”.
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1.3 Definitions of sheaves

1.3.1

Let A  G ObC and E he a smooth A-sheaf on X.  Denote by sym : X ” —+ the 
natural map, and consider the smooth A-sheaf E ^  on X ” (the tensoring is taken 
over A). The A-sheaf sym,(E^^) carries a natural /S^-action. Using the projection 
formulae for sym, we see that it is fiat over A. Notice that sym|(E®”)[n] is a perverse 
A-sheaf (flat over A).

We set Ê '̂  ̂ =  (symj(£?^”))‘̂ .  Since Ê ^̂  is a direct summand of symj(£’'^”), 
Ê ^̂ [n] is also a perverse A-sheaf (flat over A). For a morphism A —* B 'm C w e  have 
{E (g)̂  (g)̂  B  naturally.

Consider the open substacks ’“̂ ^Shp C  ’’Shp of Sho that correspond to regular 
semi-simple and regular sheaves respectively. In other words, Shg is the image of the 
(smooth) map X^”) Sh^, and ^®*Sho is identified with (X^”) — A )/G ” , where A is 
the divisor of coinciding points. We have a cartesian square

X" -  _
-I i- Po,...’,o

X(”) Sh”,

and î  ^'"-Galois étale covering over Shp.
Recall that the Springer’s sheaf Spr% on Sh^ is defined by

° o dw--*{E  s .. .  s  ¿;)

This is a perverse A-sheaf (flat over A), and it coincides with the Goresky-MacPherson 
extension of its restriction to ’’̂ ^Sho- In addition, it carries a natural 5”-action (cf. 
Lemma 3,p.l5 of [2] or Theorem 3.3.1 of [3]).

D efinition 3. For a smooth A-sheaf on X we define the Laumon’s perverse A-sheaf 
C% on Sho as Hom5n(triv, <Spr^), where triv denotes the trivial representation of the 
symmetric group 5”.

jC% is a direct summand of Spr^, hence it is an A-flat perverse A-sheaf. For a 
morphism A B  inC we have C% 0 a  iiaturally. The pull-back of C% to
X^") is identified with E '̂̂ \ Besides, Cß is the Goresky-MacPherson extension of its 
restriction to Shß.

If Eq is a local system on X such that End(E'o) =  and the pair {R^E) is 
constructed out of Eq as in sect. 1.1.1 then the above definition yields a perverse R- 
sheaf C% on Shg equipped with an isomorphism C% ®r Qe^C^^.
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1.3.2

sh?xsh5̂
i pS!o'’

Let A G ObC and Ei, E2 be a pair of smooth A-sheaves on X. Following [2], we define 
the perverse A-sheaf Shô "''̂ ^̂  by

Again, this sheaf is a Goresky-MacPherson extension of its restriction to 
(cf. Prop.2 of [2]).

For two non-negative integers Ci, C2 consider the diagram

1.4 Gaitsgory’s construction of Aut̂ ; and the Hecke property

Let Eq be an irreducible local system on X  of rank 2. The purpose of this subsection 
is to recall the Gaitsgory’s definition of the perverse sheaf Aut̂ ĵ, on Bun2 (cf. [2]) and 
explain that this construction is still valid for deformations of Eq. This leads to the 
definition of the perverse ii-sheaf Aut^; on Bun2, where E  is the universal deformation 
of Eq, and R  is the base of its universal deformation. In fact, we adapt the original 
argument of Gaitsgory ([2]) to first construct the perverse i?-sheaf Aut^; on Bun2 and
define Aut^; by Aut^; =  tt* Aut£;[—1], where tt : Bun2 —> Bun2 is the natural map. 

A new proof of the second Hecke property of Aut^; is also given.

1.4.1

Gaitsgory’s construction of Aut^; is given in termes of the following ’fundamental 
diagram’ (first introduced by G.Laumon in [4], éxposé 1, sect.l, cf. also [2] sect. 
2.1.1):

Ŝh? ̂  Shf
y' Tt'o \  ’ri 1/  \  “̂ 2̂

Sh” Sh” Sh”+"^-"

(The corresponding stacks and morphisms are defined in sect. 1.2.2). Notice that ttq 
is a vector bundle of rank n, and tt̂  is a generalized vector fibration of rank — g.
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Following [2], for an integer c we denote by cSh* C  Shj the open substack that 
corresponds to sheaves M G Shj such that Ext^(L, M) =  0 for any L G Pic^ X  with 
d < c.

Notice that over 2 -̂2 Sh” the morphism 7T2 : Sĥ ” —>• Sh” is a vector bundle of rank 
n -  65 ̂+  6.

For the convenience of the reader we recall the definition of the Fourier transform 
functor Four between the derived categories on Sĥ ” and on ® If A G C and
K  is an A-complex on Sh'” then

Four(i^) = prj(pr* K  (g)Q̂ fi*C^)[n + 1 -  9](—^ —

is an A-complex on ° If K  is an A-complex on Sĥ ”"''̂ “̂  ̂ then

Four(^) =  pr,(pr" K  /i'£^)[n + 1 -

is an A-complex on Sĥ ”. Here ¡i : Sh'” Xshŷ Sh'̂ '*'̂ ®“  ̂ Aj is the natural pairing 
(defined as in sect. 0.1.2), and the projections pr and pr' are given by the diagram

Sh5” xshy°Sh?+̂ "̂̂  ^  0Sh?+̂ "̂̂  
i  pr J, it'

Sh'i” ^  Sh”

The stack Flag„ introduced in sect. 0.1.2 is the preimage of Bunj under °7T2 : 
° Sĥ ” —> Sh2. Let j  : Flag^ —̂ ° Sh'^ be the natural open immersion. Put

Flag,-r2.-2 = Flag„+2,-2 H Tr'f HSh”=̂ )̂

Set also
eFl^, = Fk^,n\;(eSh”),

,Flag„ =c Flag„ n Flag “

Denote by c Bun2 the image of c Bun^ under tt.

D efinition 4. For A G C, F  a smooth A-sheaf of rank 2, n > 0 define the A-complex 
on by

,^n+2g~2 ^  ..  ^ ^ ^  K'(Cl)[n]

L  ___
Notice that for a morphism A - ^  B inC we have K.^ 0̂ 1
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We have a smooth map m x  : Bmi2 x X  Bmi2 that sends {M,x e X) to M{x). 
We have also a map ifix '• Bmi2 x X  ^  Bun2 included into the commutative diagram

Buu2 xX ^  Bun2
J, #xid \, 7f

Buu2 x X  ^  Buu2 

Let A e C, E he a. smooth A-sheaf of rank 2. We put Eq E  0 a

Theorem  1. Let Eq be irreducible. There exists an A-flat perverse A-sheaf A vAe on 
Bung that satisfies:
(1) if n > 651 — 4 then the sheaves °7T2̂ *(Aut^)[n — 6g 5] (—25' +  2) and /C|, are 
canonically isomorphic oi;er2pFlag“ . (Here AutJ is the restriction ofAntE to BunJ
(2) fh*x (Aute )-^  Aut£ ^  ¿  canonically
(3) for a morphism A B in C we have Aut^; <S>aB ^  AuteŝiaB canonically.

-<i
Remark 7. (i) The map 23Flag” 2g Bung is smooth and surjective with connected 
fibres. It easily foUows that by the properties (l)-(2) the perverse A-sheaf Aut^ is 
defined up to a canonical isomorphism.
(ii) Put Auti; = TT* Auti;[—1]. Then Aut¿; is a perverse A-sheaf on Bung. For A = 
it was constructed by D.Gaitsgory (cf Main Theorem C, [2]).

Definition 5. Let £'0 be an irreducible local system on X  of rank 2. Let E  be its 
universal deformation and R  be the baise of its universal deformation. By Theorem 1, 
to the pair {R,E) is associated the object Aut^; of VA{Bwi2 ,R) such that for any 
morphism R ^  A m  A  (cf sect. L1.4) we have Aut e  ® r A ^  Aut E(^h a  canonically. It 
is easy to see that Aut^; is, in fact, a perverse i^-sheaf flat over R.

The proof of Theorem 1 (modulo the results of D.Gaitsgory ([2],ch.3)) is given in 
sect. 1.4.2-1.4.3. Now we formulate some additional properties of Aut^i we need in 
sect. 2.

Proposition 3. For any m > 0 there exists a constant consti{m) such that for n > 
consti{m) we have

®7T27f*(Aut^)[Ti — 6g + 5] (—25' + 2)^/C^

<771

canonically over Flag„ .
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Remark 8. The conjecture of Laumon (cf.[4]) states that this isomorphism holds for 
any n > 2 g  — 2 over the whole of Flag„. At the level of functions ’trace of Frobenius’ 
this conjecture is true.

Proposition 4. There exists a constant consÍ2 such that for any invertible sheaves 
A ,B  on X  with deg A  — degB > const2 the fibre of Autjs at A ®  B vanishes.

The proof of both Proposition 3 and Proposition 4 will be given in sect. 1.4.4. Now 
we derive an important corolary.

Corolary 1. There exists a constant consta such that for any integers n ,m  with n > 
2m + consta the perverse A-sheaf A u t i s  the extension by zero of its restriction to the 
open substack m Buna Bmi2.

Proof We can suppose that const2 > 2g — 2. It is well known that there exists a 
constant, say c, such that any rank 2 bundle M on X  can be included into an exact 
sequence O ^ A ^ M ^ B - ^ 0 ,  where A, B are invertible sheaves on X  with 
deg A  — deg B > c .

Pick constz such that consta > 4g — 4+const2 and consta > Ag — 4 — c. Let M be a 
rank 2 bundle on X  of degree n. It defines a fc-point of Bmi2. Suppose that the fibre of 
Aut^ does not vanish at this point and chose an exeict sequence 0 - ^ A —* M - ^ B —̂ 0 
as above. By Proposition 4, we have c < deg A  —deg B < const2 . Let m  be an integer 
such that n > 2m + consta. Now for any invertible sheaf L of degree < m we have 
Ext’’(L, A) =  Ext^(L, B) = 0 and, hence, Ext^(L, M) = 0. □

1.4.2

In this subsection we prove the following result which is a part of Theorem 1.

Proposition 5. Let E q be irreducible and let n satisfy: n >  Qg—4 .  There exists an A- 
flat perverse A-sheaf on 2g Buna such that the sheaves {S^)[n—6g-\-b]{—2g-\-2)

and K% are canonically isomorphic over 2gFlag^^. For a morphism A ^  B in C we 
have naturally <Ŝ

Remark 9. The perverse A-sheaf is defined up to a canonical isomorphism, because 
the map 23Flag„~ -^ 2g Bun^ is smooth and surjective with connected fibres.

Proposition 5 will be a consequence of (Theorem 5, [2]) and of the following asser­
tion;
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Proposition 6 . Let n satisfy n > 4g — 3. The irreducibility of Eq implies that the 
canonical maps

il! ° ^  iv., o <(£?:) ̂  h , o < ( £ | )

are isomorphisms over In particular, over Sĥ ”’-^ the perverse A-sheaf
ji\ °'^o A-flat.

Lemma 10 . Let 0̂  he an algebraic stack, F be an A-flat perverse A-sheaf on y . Put 
Fq =  F A Qe- There exists a filtration 0 C Fi C F2 C ••• C Fk = F of F by 
perverse A-subsheaves such that Fi+i/Ff^Fo as perverse A-sheaves {0 < i < k). If, in 
addition, U ^  y  is an open substack, and Fq is the Goresky-MacPherson extension 
of its restriction to U then the same holds for F .

Proof Let m C A be the maximal ideal. Choose t e A , t ^ O  such that tm = 0. Then 
the sequence 0 F <S)a (t) ^  F F <̂a A/{t) 0 is exact, and F  (8)̂ 1 {t)^Fo. The 
first assertion follows by induction on dimQ  ̂A.

If 0 G G2 —> 0 is an exact sequence of perverse sheaves on y , and Gi
(i =  1, 2) is the Goresky-MacPherson extension of its restriction to U then the same 
is true for G. The second assertion follows. □

Proof of Proposition 6
It suffices to show that jn o ju  ° is an isomorphism over Sh'”’-^.
For this combine (Theorem 6, [2]) with the first assertion of the previous lemma. □

Lemma 11 . Let f  : X  y  be a representable morphism of algebraic stacks, with 
3  ̂ locally of finite type. Suppose that there exists a presentation ir : S y  and an 
isomorphism X  Xy x S over S. Then the functor f* is an equivalence between
the categories of smooth A-sheaves on y  and on X  respectively.

Proof The notion of a smooth A-sheaf on 3̂  localizes in the smooth topology, so that 
we are reduced to the case, where ^  is a scheme. In this case our assertion follows 
from SGAl,exp.9,Cor.6.11 and éxp.ll, Prop.1.1. □

<m-l
Lemma 12. For m > l  any fibre of the morphism m+2g-2P̂ 3i.g~ m+2g- 2  Bun^
is isomorphic to \  S, where S  C is a closed subscheme of codimension
> m. Besides, S  is Gm-^Quivariant.

Proof For M  G m+25- 2Bun2 and D G we have dimHom(n, M (—D)) = x{M  0  
= {n — 6g 6) — 2m and dimHom(Q,M) = %(M 0  0 “ )̂ = n — 6g + 6. 

Since dimX^”*) = m, our assertion follows. □
The next result is straightforward.
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Lemma 13. Let y  he a smooth algebraic stack, F he a perverse A-sheaf on y  fiat 
over A. Suppose that Fq = F <S>a is a local system on y  (appropriately shifted). 
Then F is a smooth A-sheaf on y  (appropriately shifted).
□
Proof of Proposition 5
By Proposition 6, over Flag“ the A-complex is an A-flat perverse A-sheaf. Since

____
is an irreducible perverse sheaf over Flag“ , by Lemma 10 over this stack is 

the Goresky-MacPherson extension of its restriction to any nonempty open substack 
C /c F l ¡ i ; \

Consider the restriction of 7T2 : ShĴ  Shg to 2g- 2  Bun^ C Shg. This is a vector 
bundle, and its projectivization coincides with

p r g  ; 2 f l - 2 F l a g „  ^ 2 g - 2 B ^  2 3 - 2  B u n ^  ^  2 3 - 2  B u n ^

It follows that the natural morphism 2p-2Flag„ 2 -̂2 Bung satisfies the conditions of 
Lemma 11.

By Theorem 5 of [2], there exists a perverse sheaf <5̂  ̂ on 2ÿBun2 such that

[n — 65 4-6]{—2gH- 2) over 2pFlag„ . Let 17 be a nonempty open substack 
of 2g Bung, where is smooth. Denote by U' (resp., by U") the preimage of U under

_____ <]^ _____
2gPlag“ —+ 2pBun2 (resp., under 2gFlag„ ^  2ÿBung). Now, by Lemma 13, is a 
smooth A-sheaf over U' (appropriately shifted). Since U" \  U' is of codimension 2 in 
C/", K% can be extended as a smooth A-sheaf firom U' to U". Let Ü be the image of 
U under

Applying Lemma 11 to the morphism U" Ü we learn that there exists a perverse 
A-sheaf F on Ü such that the inverse image of F[n-6g+5]{—2g-\-2) to U' is isomorphic 
to ICe over U'. Define the perverse A-sheaf S% as the Goresky-MacPherson extension 
of F  under Ü 2g Bung.

Since the Goresky-MacPherson extension commutes with a smooth base change, 
we get the isomorphism /C£.^°7r|f*(«Sj)[n — 65 4- 5](-2p + 2) over 2ÿFlag~ .

Since the morphism 2gFlag~ 2g Bung is smooth and surjective, the A-flatness of 
S% follows from the A-flatness of over g^Flag^^. Similarly, given a morphism A —> 
B  in C, the isomorphism ^  ® a B ^  obtaned from the analogous isomorphism
for )C%. □

1.4.3

In this subsection we finish the proof of Theorem 1.
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For m > o put Flag„+2 ^ - 2  =  Flagn+2 5 - 2  Xshy Shi="̂ . The stack Flag„+2ff- 2  is also 
denoted by W” (cf. sect. 1 .2 .2 ) . For m > 0  there exists a natural isomorphism

W ” - 2 -  X

that sends a collection { 0 - ^ f l - ^ M - ^ A - ^ 0 , D e  to ( ( 0  Q —̂ M{D)
M{D)/Ü  0) G MÜ„^.2,_ 2 , (0 0(D )/fì -> M{D)/Ü  ^  A{D) 0) E S K ^ -  

Denote by the restriction of to Flag^^2 5 - 2 -
Our next result will be a corolary of our considerations in sect.4.1.2. ( We would 

like to underline that in the following assertion Eq is not supposed irreducible ).

P roposition  7. Let A EC, E he a smooth A-sheaf of rank 2 on X . Then for m > 0 ,  
n > 2 m there is a canonical isomorphism

mj^n+29- 2^ ^ 0jQ -2m+2g-2>̂ ^  {A‘̂ EY^\2m

over X X ^ ^ l Besides, mjc+^9 -2  = q /o rn  < 2m.

The proof will be given in sect. 4.2.
For m > 0 we again denote by m x ■ Bunj xX^"*) Bunj'*'^’” the smooth map 

that sends (L, D G to L{D). Similarly, we have the map m^  ̂ Bunj xX^^^
. yyn-2 5 + 2  Bun^ as the composition W” ^  Flag„ ^

Bun^ —> BunJ.

Corolary  2 . Suppose that Eq is irreducible. Let n > 6g — 4, m > 0. Then over 
2gBun2 xX^'^^ we have canonically

Proof 1 ) Since A^E is of rank 1 , one easily reduces this assertion to the case m = 1 .
2 ) Let 2^VV"“^^+^be the preimage of 2pBm5 under Denote the restriction Pn : 

^  2g Buna by the same symbol. We have a commutative diagram

^^yyn-2g+2xX ^  2,+lFlag;+2
i  PnXid  I 

---------n ^  f f ix  T T --------- m + 2

2t,Bun2XA ^  2ff+iBun2 

Combining Proposition 7 with Proposition 5, we get a canonical isomorphism

{p„ X id)*m^ i  (p„ X id)*(5ï; H E)
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Since Pn : —»■ 2g Bun2 is smooth and sm'jective with connected fibres, there
is a unique isomorphism i n * x { S ^ ^ ) ' ^ E  that induces 7 . □

Proof of Theorem 1
For n > 6ff —4 define the perverse A-sheaf AutJ as the Goresky-MacPherson extension 
of to Bung. Since fhx is smooth, from Corolary 2 we conclude that for n >  Qg — 4 
and m > 0 we have Aut^ over Bun^ xX^’̂ \

For any n pick a divisor D : Spec k of degree m  such that n + 2m > 6g-4 .
We define Aut^ as

Aut^ =  mp(Aut^^^’”) (g> {A^E*)^^\

where ffin is the composition Bun^ Bun^ xX^‘̂  ̂ ^  Bu%^^”̂ . By Corolary 2, this 
definition is independent of D. Moreover, the property (2) is automatically satisfied.

To show that Aut^; is A-fiat it is enough to prove the fiatness over c Buna for each 
c € Z. Given n, c € Z pick again D : Spec k X '̂^^ such that n -h 2m > 6g — 4 and 
c + m > 2g. We have m£»(cBun^) C 2p Bun^^^”̂ , so that the A-fiatness of Aut^ over 

c Bmi2 follows from the A-fiatness of S% over 2g Bun^^*^.
Given a morphism A B inC, the isomorphism Aut^ ®aB ^  obtained

by the same argument from the analogous isomorphism for □

1.4.4

In this subsection we prove Proposition 3 and Proposition 4.
Let A € C, F  be a smooth A-sheaf of rank 2 on X. In this subsection the local 

system Eq = E (S>a Qe is assumed irreducible.
The proof is based on the following result of D.Gaitsgory, which is a strengthened 

version of Proposition 6.

P roposition 8 . For any m > 0 there exists a constant const¿í{m) such that for n > 
const/^{m) the canonical maps

j i i  o < ( £ ^ )  -  i i!*  O ^  j u  o

are ismorphisms over Sĥ ”’- ”̂ .

Proof For A =  this is (footnote 4, [2]). The general case is reduced to A = as 
in Proposition 6. □
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Corolary 3. Let n satisfy: n > 6g — i  and n — 2g + 2 > const4,{m). Then we have 
canonically

*(Âïït^)[n -6 g  + 5](-2i/ + 2)=?/C^

over 2g-2Flag„
<m

• < mProof By Proposition 8, under our assumptions is a perverse A-sheaf over Flag^ 
and is the Goresky-MacPherson extension of its restriction to any nonempty open 
substack of Flag^ . Since 2ÿ-2Flag„~ —> 2 -̂2 Bun2 is smooth, our assertion follows 
from (1) of Theorem 1. □

For any n the natural map W” —̂ Pic” X (obtained by restricting tt^) is a gener- 
aUzed vector fibration. Denote by io : Pic” X W” its zero section.

The proof of the following result was communicated to the author by V.Drinfeld 
(and is due to D.Gaitsgory).

Lemma 14. The irreducibility of Eq implies that =  0 for n >  4g — 4.

Proof Denote by Pic'” X the preimage of Pic” X under tti : Sh'” — Sh". Consider the

morphisms Â  Pic'” X ^  Pic” X obtained from ° Sh? ^  Shf ^  Sĥ  ̂by the base 
change Pic” X Sh”. By Deligne’s theorem, for n > 4^ — 4 the direct image of Ê '̂  ̂
under the Abel-Jacoby map X^^yGm —> Pic” X vanishes. Now from (Lemma 16,[2]) 
it follows that for n  >  4^ — 4 we have ( t t i  o  ji)\E^^^ = 0. Applying now (Theorem 
1.2.2.4,[5]) we get the desired assertion. □

Proof of Proposition 4
Pick const2 such that const^ > 2g — 2 and const2 -\-6g — 4 > const^{2g — 1). Let 
A, B be invertible sheaves on X  with deg A  — deg B > const2 and deg A  + deg B = n. 
By (2) of Theorem 1, we may assume B = n(D), where D is an effective divisor on

X  of degree 2g — 1. Consider the fc-point {Ü ^  Ü{D) © A) of 2g-2Flag„~^  ̂ where 
i : Q,{D) is the canonical inclusion. By Corolary 3, it is enough to show that the

fibre of JC% at this point vanishes. By Proposition 7, we can replace (i) ^  fi(D) © A)

by (i) '=-4 Î2 © A{—D)). Now our assertion foUows from Lemma 14. □

Proof of Propsition 3
Step 1. Pick consti{0) such that consti{0) > 4g — 5,consii(0) >2g — 2, consii(O) >

-2g  + const^{2g -  1). If n > cons£i(0) then Flaĝ +~2(2ff-i) 2p-2Flag„^ |̂(2ff-i) and, by 
Corolary 3, we have an isomorphism

°7T ^ r -  25 -H 3]{-2g + 'E
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and Proposition 7, we get the isomorphism p* (Aut^)[n — 6̂ f + 5] (—2^ + 2)^°/C^. So, 
for m = 0 our assertion is proved.
Step 2. We claim that if n — 2m > 4^ — 4 + const^ and n — 2m > consti{0) then 
for any 0 < t < m  the complex is the extension by zero of its restriction to 
2ÿ-2Flag„. Indeed, by Proposition 7, it is enough to show that the complex of

is the extension by zero of its resriction to 25- 2Flag°_2t. By the assertion of Step 1 
and Corolary 1, this is the case.
Step 3. Pick con5ii(m) such that consti{m) > 4g—4+2m-\-const3, consti{m) > 6g— 
4, consti{m) > 2g — 2 + const4 {m)  ̂ consti{m) > 2m + consti{0). Let n > consti{m). 
By Corolaxy 1, Aut^ is the extension by zero of its restriction to 2g- 2  Bunj. By
Corolary 3, we have the desired isomorphism over • Now our assertion
follows from Step 2.
□ (  Proposition 3)

Remark 10. Using Proposition 8 and Lemma 14, it is not difficult to prove the cuspi- 
dality of Aut^, where Aut^ = tt* Aut£;[—11. We will not need this fact.
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2 Orthogonality relations between automorphic 
sheaves attached to 2-dimensional irreducible 
local systems

2.1 Cohomology of ^{Hom{Ei,E2)Y'̂ ^
In this subsection we make the assumptions and use the notations of sect. 1.1 (with 
E\ = Qi). So, Eq is a local system on X  of rank m such that End(Fo) = Q ,̂ E is 
its universal deformation and R  is the base of this universal deformation. Recall that 
Ei = E <SiR {R<§R) {i = 1,2), where the i?-module structure on R<^R is given by 
P i: R R® R. So, {Hom{Ei, £̂ 2))̂ ”  ̂ is an R ^  R-sheoi on X^'^\

Chose a closed point x £ X. Recall that it defines the G^-torsor ax • Pic” X —> 
Pic” X (cf. sect. 1.2.1). Define the scheme from the cartesian square

i  in
Pic” X ^  Pic” X

Denote by ^{Hom{Ei,E2 )Y^^ the inverse image of (?iom(Fi, ^ 2))̂ ”  ̂ to
The purpose of this subsection is to present a proof of the following result.

P roposition 9. / /n  > 0 then we have

X(">. %Hom(Ei, -  1)

canonically, where the R  (g) R-module structure on R is given via the diagonal mapping 
R<^R ^  R. Besides,

for 0 < i < n.

This will be done using the results of sect. 1.1 and of Appendices B and C.

2 .1.1

To prove Proposition 9 we need the following hnear algebra lemma.
Let A be a (commutative) ring of characteristic 0. Consider a complex of A-

modules M  = {A M~^ A), where M~^ is a free A-module of rank r. (So,
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M~2 = = A and M* = 0 for « > 0 and i < —2). Suppose that there exists a 
basis 6i , ... , G M~^ such that d(ei),... , d{er) is a regular sequence for A. Put
I  = Imd. Let (pi ; M M[2] be a morphism of complexes such that the induced

map is an isomorphism. Define the morphism (p : 0  M —> ( (g) M) [2
¿= 1 i = l

as (g) id (g) • • • 0  id + . . .  + id (g) • • • (g) id Then there is a (unique) morphism 
(fn : Sym”(M) ^  Sym”(M)[2] such that the diagram commutes

(g) M ^  0  M[2 
i=l i=l

U U

Sym”(M) Sym”(M)[2

Lemma B .l. Define the object K  E Dparf(A) from the distinguished triangle K  
Sym”(M) ^  Sym”(M)[2]. Then 'H.^{K)^A/I and W{K) = 0 for —n < i <0 and for 
i >  0.

The proof is given in Appendix B.

2.1.2

Denote by Yx ; ^  the closed immersion that sends D to D + x. We
consider as a divisor on and write sometimes Yx ^  for the same closed 
subscheme. Denote by 'Yx the inverse image of Yx under sym : X ” —> X*̂”). (In other 
words, the closed immersion 'Yx ^  X” is obtained from Yx ^  X^”) by the base change 
sym : X ” —» X^”)). Denote by 'Y^ the inverse image of x under pr^: X” —> X. So, 'Y^ 
and 'Yx are divisors on X ”, and we have 'Yx = 'Yj- + ... + 'Y^.

Consider the invertible sheaf 0{Yx) on

Lemma 15. ®X̂ ”  ̂ is naturally isomorphic to the total space of 0{Yx) with removed 
zero section.

Proof Denote by X^”) x X the universal divisor. Clearly, the inverse image
of under the closed immersion X^”) x x X^”) x X is the divisor Yx x x on 
x w  X x with some multiplicity r > 0. It is enough to show that r = 1, i.e., to show 
that the following square is cartesian

Yuniv ^  X X

T _ t

X(n-I) X X X(”) X a;
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To do so, denote by the in\ jrse image of under X ” x X  x X .
It is enough to show that the inverse image of under the closed immersion
X ^  X X ^  X ” X X is '1^ X x with multiphcity one. But this is obvious. □

The following lemma follows immediately from the formalism of 6 functors.

Lem m a 16. Let f  : Y  Z  be a proper morphism of separeted schemes of finite 

type. Let F  6 D‘(y,Q i),G  € D‘(Z,Q(). Denote by az : K r^{ZJ,F)  ® Rr,{Z,G) ^  

R Fc(Z ,/|F  0  G) the -^-product on Z  and by ay : Rrc(y, F) 0  Rrc(Y,/*G)
L

RFc(y, F  0  f*G) the ^-product on Y. Then the following diagram commutes

RF,(y, F) 0  RF,(Z, G) %  RFe(Z, f F  0  G)
i  id(g)6 ay

Rrc{Y,F)k>RTc{YJ*G), 

where b : RFc(-^, G) RFc(y, f*G) is the natural morphism. □

Proof of Proposition 9
By Proposition C.l, the complex (q; )̂!Q  ̂ is included into a distinguished triangle 
(q! )̂!Q£ Q£(—l)[-2] A  on X^‘̂ \  where c € H^(X^”\Q^(1)) is the Chern class of 
0{Yx). By the Kunneth formulae, we have

(X”, Qe) = © {X, Q,) 0  • • • 0  H*" (X, Q,) 
ii+-+i„=2

and H2(XW, Q^) =  H2(X", Denote by c' the image of c in E'^{X^, Q^(l)). The
construction of the Chern class is functorial, so that c' is the Chern class of 0{'Yx). 
Since = %^ + . . .  + we get

c' =  C i 0 l 0 - - * 0 H - . . .  +  l 0 - - - 0 l 0 C i  E

E \ X ,  Q^(l)) 0  E \ X ,  Q )̂ 0  • • • 0  H°(X, Qi) © ...

© H‘'(X ,Q i) 0  .. • 0  H‘̂ (X,Qi) 0  H2(X,Q^(1)) C H2(X”,Q^(1)),

where ci G H^(X, Q^(l)) is the Chern class of the invertible sheaf 0{x) on X .  Since 
degO{x) =  1, we have ci ^  0. On X̂ '^  ̂ we get the distinguished triangle

{a'Ji^nom{Ei,E2)Y^\l)[2]  A  {Hom{Ei, E2)Y^\l)[2
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ifn : RT{X^^\ {Hom{Eu Rr(X(”), {nom{Ei, F2))(”̂ )(l)[2

the morphism obtained from (?iom(Ei, ^ 2))̂ ”  ̂ {Hom{Ei, E2 )Y‘̂ \ l)[ 2 ] by applying 
the functor Rr(X(” ,̂ . ). We get the distinguished triangle in Dparf(i?<8>i?)

Rrc{^X^^\^{H(ym{Ei,E2)Y^^){l)[2] ^  Rr(X(”\  (Hom(Ei,

Rr(X(”\  {H(mi{Ei, F2))(”))(1)[2]

Since sym,{Hom{Ei, E2) ) '^  is a direct sum over the irreducible representations of

Sn, the same holds for RT{X^, {nom{Ei, Ea))'^”) = d  RT{X, nom{Ei, E2 )), and we
i=l

have naturally

Denote by

Rr{X^^\{nom{Ei,E2)Y^'^)'^{0 RriX,Hom{Ei,E2))
n 

,(8) 
Z=1

 ̂ . n
Denote also by ^ ; 0  RT{X,'Hom{Ei,E2 )) 0  Rr{X,Hom{Ei,E 2 )){l)[2 ] the mor-

¿=1 ¿=1

phism obtained from sym|(7iom(Ei, £?2))^” symi(7Yom(Fi, F 2))'^”(l)[2] by apply­
ing the functor Rr(X^”\  . ).

The morphism is a '---product by an element c G Q£(l)). By Lemma 16,
we can replace the ^-product on by that on X”. It follows that

^  = </?i (g) id (8) • • • 0  id -h... + id (g) • • • (8> id

Pick a perfect complex M  of i?(g) i?-modules that represents RF(X, Hom{Ei, E 2 )). 
We suppose that M is chosen as in 2) of Proposition 2. Pick a morphism (pi : M  
M(l)[2] that represents in DparfiR® R) (so, (pi is defined up to a homotopy). Since 
Cl 0, it follows that (pi is given by the diagram

i
M0(1) M i(l) M^(l),

where the vertical arrow is an isomorphism of i? 0  ii-modules.
Notice that is a free R  0  J?-module of rank dim R, and the ideal of the diagonal 

in i? 0  i? is generated by a regular sequence of dim R elements. Now combining 3) of 
Proposition 2 with Lemma B.l we get the desired assertion.
□ (  Proposition 9)
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2 .2  Proof of Main Global Theorem

2.2.1
Denote by /  : Flag„^23-2 Pic” X  the morphism that sends (Q w  L) to (det L)<g>Q~̂ . 
Recall that tt : Pic” X  sends a divisor D to 0(D).

The following assertion, which is a corolary of Main Local Theorem, will be a key 
point in our proof of Main Global Theorem.

Theorem  2. Let A E C, Bi and E 2 be smooth A-sheaves on X  of rank 2. For any 
n > 0 there is a canonical isomorphism

/KACJf’“'  E2)("))[2n]

Remark 11. The morphism /  is not of finite type. However, by Proposition 7, the com­

plex is the extension by zero of its restriction to the open substack Flag„^|i-2
____  ____ <[—1 ____  f

of Flag„+^_2 and the composition Flag„1,.23_2 ^  Plag„^^_2 Pic” X  is of finite type.

Proof of Theorem 2
For the pojection prg : ° Sh? Xshj Sĥ ” Xghy Hai„+2p-2 "^^n+ 2g- 2  we have

-  2 + 2g](-n - l  + g)= i 

P^siÍPrí 0.1 pr2 tTq >Ĉ 2 0Qe prís Pr23

The following diagram commutes

»Shrxshi»Shí‘ xstfH¡5„+2,.5 53 FÍÜ„+2»-2
I f .  1 /  (4)

Xpicn;̂  X(”) Pic” X

and the composition ^  X^”) Xpiĉ x̂ X^”) ^  Pic” X coincides with tt. Therefore, 
our assertion follows from Main Local Theorem.
□(Theorem  2)

Remark 12. Since {<4>n)\ can be defined as in (Remark 2, sect. 0.1.2), the diagram (4)

also shows that the complex fi{fC^^^~^ <S> can be defined without using
Appendix A. (In particular, this complex is bounded).
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2.2.2

Fix a closed point x E X  and define the stack * Bun^ from the cartesian square

* Bun  ̂ Bun^
i  i  

^ - W x  % Pic”-25+2x,

where Bun^ ^  Pic”~^ '̂*'̂ X is the composition Bun^ ^  Pic” X Pic”“^ '̂^^X. 
Then the composition ® Bun^ —̂ Bun^ Bun^ is a ^2-gerb. Define also the stack 
^Flag„ from the cartesian square

^Flag„ ^  Flag„

*Bun^ Bun^,

where the right vertical arrow is the restriction of ®7T2. For m > 0 we denote by 
^Flag„~"  ̂ the preimage of Flag„“ under ®Flag  ̂ ^  Flag„. Let im : Flag^”̂  Flag„ 
be the complement of Flag^”* to Flag„. Let '■ ^Flag„~”̂  “̂ Flag  ̂ be the
complement of ®Flag^”̂  to ®Flag„. ___  ___

Denote by the inverse image of /C^[l] under ®Flag„ —> Flag„.

Lem m a 17. Let A E C, E\ and E2 be smooth A-sheaves on X  of rank 2. If n > 0 
and m > 0 then the following three complexes are placed in (usual) degrees < —2m

1) Rrc(Fiii:r+2,-2.’”>CBt'’'" ®

Proof 1) First, we show this for m =  0. For the projection pra : Xpic« a:VV” —>■ W” 
we have

pr^.ipr; B<") ® M*£*)[2n + 1 -  9]C^l^
where /j,: X '̂̂  ̂ Xpic^x W” —̂ is the natural pairing. Since dim(X(”  ̂ Xpic«x VV”) = 
2n 1 — g, our assertion follows.

The case of an arbitrary m  is reduced to m =  0 as follows. By Proposition 7, if 
n < 2m then our complex vanishes otherwise it is isomorphic to

0  0^n-2m+2,-2^ |

RF(x(”̂ ), (det El 0  det E2)̂ "̂ )̂[4:m
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Since (det 0 d e t ^ 2)̂ ”*̂ ) is placed in degrees < 2m, we are reduced to the
case m =  0.
___2)Using the fact that = q for n < 2m and using the stratification of
Flag„^_2g_2 by the locally closed substacks Flag^^2s-2) > 0, one reduces the desired 
assertion to the point 1).

3) follows immediately from 2). □

2.2.3

In this subsection we suppose that Eq is an irreducible local system on X  of rank 2, 
E  is its universal deformation, and R  is the base of this universal deformation. Let 
E i,E 2 be the smooth R® R-sheaives on X  defined as in section 1.1.2.

P roposition 10. Let m > 0, n > 2m. Then we have

canonically. Besides, I) =  0 for -2 m  < » < 0
and i > 0.

Proof Consider the diagram consisting of cartesian squares

X M  A  Pic-X  ¿

T T a .  T
'X W  Pic»X ^  "Flag„+2,_2

By Theorem 2, we have canonically

RFefX<">,*(Wom(£i,B2))<’*>)[2n + 2 ] ^ 0  »-')

So, our assertion follows from Proposition 9 and 3) of Lemma 17. □
Denote by h : ^Flag^ —> Bun^ the composition *Flag„ ^  Flag„ ^  Bun^ Bun^. 

Notice that h is representable. If L is a rank 2 vector bundle on X  of degree n

then the fibre of h at the fc-point Spec k Bun” —̂ Bun^ of Bun^ is identified with
(Hom(fi, L) \  {0})/jÛ . ___ ^

Let h-'^ : ®Flag^”̂  —̂ Bun^ be the restriction of h to ®Flag^”*. Our next result 
follows easily from Lemma 12.
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Lemma 18. For any m > 0 over m+2g-i BunJ we have
1) canonically
2) =  0 /or 0 < i < 2m. □

Proposition 11. There exists a constant const^ > 0 with the following property. If 
n — 4g+ 2 > 2m +  consta, 2m > const^, and n > consti{m) then

canonically and H^(Bun2, Aut^;. 0  Aut ;̂ )̂ = 0 for —2m + const^ < z < 0 and z > 0. 

Proof By Proposition 3, we have (/i-”*)*(Aut^)[n — 6g+6]{—2g+2y^^K% canonically
■ <m

over ^Flag„ . By Corolary 1, Aut^ is the extension by zero of its restriction to
^ 4.25-1 Bun^. Since h-'^ : ^Flag^”̂  — Bun^ is smooth over ^+23-1 Bun^ of relative 
dimension n — 6^ +  6, we have a canonical map

® */Cîi) -+ Â S^. ® + 29 - 2)

Define the complex K  from the distinguished triangle

K  {h^^)^X^Kl. 0  Â ^E i ® Âïït^^(-n + 25 - 2)

Pick a constant conste such that for any n the perverse i?-sheaf Aut^ has cohomology 
sheaves (w.r.t. the usual t-structure) in degrees < conste. (The existence of such 
constant follows from 2) of Theorem 1). Prom Lemma 18 we see that K  has cohomology 
sheaves only in (usual) degrees < —2m - 1 -1- 2conste.

Since dim(Bun2 ) = 45 ̂— 3 does not depend on n, our assertion follows from Propo­
sition 10. □

Proof of Main Global Theorem
Given a pair of integers n, * € Z, we calculate H* (Buuj, Aut^;. 0  Aut ;̂ )̂ as follows. Pick 
m such that 2m > const^ and —2m 4- constz < i. Pick a divisor D : Spec A: —> of 
degree c such that n -1- 2c — 4^ -h 2 > 2m + consts, n-\-2c> consti{m). Denote by rhn 
the composition Bu% Bun^ xX̂ ^̂  ̂ ^  Bun^^^ .̂ By 2) of Theorem 1, we have

® (/<‘E2 )^g. Since ®

(A^£2)S5’ is a free i? 0  J?-module (of rank 1), we have

ttz /t5-- »̂ +2c -7— rn+2c _ -r— -n+2c,. ̂
H^(Bun2 ,Aut£j. 0Aut£;2 ) ^

H'(BÏÏiÇ,ÂïïtJ. ® ® (A'£2)ë’
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Since 0  0^®« R ^ R  canonically, applying Proposition 11 one
concludes the proof.
□  (Main Global Theorem)
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3 Local geometrized Rankin-Selberg method for
GL(2)

The purpose of this section is to prove Main Local Theorem.
All the results of section 3 (with obvious changes) are still true if one replaces 

by any A EC. However, to underhne the essential points of proofs, we work over 
The reader will easily pass from to A.

3.1 The complex

3.1.1

For the projection pr^ : Sh” XshyFlag^+29-2 ^  Sh'” put

= (pri)!/i*£^[2n +  2 - 2 g

In other words, K'^ = Four(j!Q^)( ) [n+1—g], where j  : Flag„_,_2g_2 ^  ® 
is an open immersion.

Recall that the stack Sh"” was defined in sect. 1.2.3.

Lemma 19. The complex is supported at the closed substack Sh^” o/Sh^ .

For m > 0 denote by : (Pic”“”*X) x Sh^ ^  Sh” the morphism that sends 
{A, Fq) to (.4.0 Fq). The square is cartesian

w —m XFlag„+2p-2 ^  
i

Sh” (Pic”- ”̂ X) xSh"

Proof of Lemma 19
In fact, we will show that the restriction of iiT” to ° Sh'” vanishes. 

The following diagram consists of cartesian squares

°Shf

Sh'i”
i

Sh^

^  X Sh'J"

^ (Pic'n-mj5̂) xshj”

(Pic^-^X) xSh^m
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It suffices to show that for any m the restriction of K” to x Shg”* vanishes.
Consider the Fourier transform for the diagram

P ic /n -m ^

\  /  
p i c n - m ^

W —m

As is easy to see, the Fourier transform of the constant sheaf on W”“"* vanishes when 
restricted to ^  Pic'”“"* X.  Since Four commutes with the base change

(Pic”-"*X) xSh^'^^Sh”,

and one can do the Fourier transform variable by variable, our assertion follows. □  
Let ° Sh'” Xsh” ° Sh'” —> Sĥ ” be the morphism that sends a pair of sections to 

their sum. Define the stack Sh'/” from the cartesian square

^Shfxshn^Sh'” 

00 Sh"”

Shi”
Î

Sh'/”

Lem m a 20. There exists a (unique) morphism rj : °°Sh/” making commute
the diagram

osh'” xsh?°Sh;”00 Sh'/” 
ir) 

X(n)

Proof We have a cartesian square

XW Xpie-A- X<")

Pic“ X lo

X(”) XpienxX(”) 
i

Pic'” X,

where the right vertical arrow is the summation of two sections. So, our assertion 
follows from the fact that the square (3) is cartesian (cf. sect. 1.2.3). □

To prove Main Locsil Theorem, we have to calculate the direct image (with compact 
support) of the sheaf

0. n

under the morphism

Sh'” Xsh?'’ Shi* ^  Xpie-x

By Lemma 19, the latter sheaf is supported at the closed substack ^^Sh'/
0 Sh'” Xshy ° Shi”, and we can give the following definition.

irn
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H i ŜC%))[n 

This is a complex on X̂ '^K

So, Main Local Theorem is reduced to the following result.

Theorem  3. For any local systems E i,E 2 on X  of rank 2 there exists a canonical 
isomorphism

® E2 )^ ''\-n  -  1 +  g)[n

in the derived category on .

3.1.2 P lan  of the  proof of Theorem 3

Our proof of Theorem 3 consists of the following parts;

0) We notice that the sheaf [Ei <8> £̂ 2)̂ "̂  on X̂ '̂  ̂ has the property: for any open 
subscheme j  : U X̂ '̂  ̂ the natural map {Ei 0  £'2)̂ ”  ̂ —»• {R^jJ)j*{Ei 0  £̂ 2)̂ ”  ̂ is an 
isomorphism.
1) We establish the isomorphism of Theorem 3 over the open subscheme A, 
where A  is the divisor of coinciding points (this is the purpose of sect. 3.1.3).
2) We show that ^ Q^-sheaf, and for any open subscheme j  : U X^”’̂ 
the map isomorphism.

The point 2) is local w.r.t. the étale topology. Its proof, which is the purpose of 
sect. 3.2, is divided into several steps:

2.1) We prove Theorem 3 under the additional assumption: Ei = En © Ei2 {i = 1,2), 
where Eij is a rank 1 local system on X. (this is done in sect. 3.2.1-3.2.6).

2.2) If El, E2 , E[, E '2 are local systems on X  of rank 2, Spec A; —̂ is a A:-point 
and is the (strict) henselization of X^^^ at D then we show that the 
restrictions of ̂ Fei,E2 e'̂  are isomorphic (cf. Lemma 30, sect. 3.2.7). 
(In particular, combining 2.1) and 2.2) we see that ^ . e 2 \~''^ ^ Qrsheaf).
2.3) We conclude with the following simple observation (cf. Lemma 31, sect. 3.2.7); 
Let F  be a A:-scheme of finite type, T i,J ^2 be constructable Q^-sheaves on Y . Suppose 
that for any fc-point Spec k ^  Y  the restrictions of Ti and of T 2 to Y^ are isomorphic, 
where Y^ is the (strict) henselization of Y  at y. If for an open subscheme j  :U Y  
the natural map Ti {RPj*)j*^i is an isomorphism then the same holds for T 2 .

Definition 6. For any local systems Ei, E2 on X  of rank 2 put
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3.1.3

Consider the natural morphism °Sh'” Xpic^x Sh” that sends {O ^  F{) to
d©ti s

{O detF i, Fi). It is representable (and later we will see that it is affine (cf. 
Lemma 34)). Denote by

4 > n  : °Sh]  ̂ Xshy Flag„^2ÿ-2 Xpic«x Flag^^2ÿ-2

the morphism obtained from the previous one by the base change Flag„^2 ^ - 2  Sh”.
Recall that W” is the stack that can be considered as an open substack of Flag„^2 5 - 2 5  

namely the preimage of Pic” X c  Sh” under Flag„^2 3 - 2  Sh^.The following lemma 
is straightforward.

Lem m a 21. For the morphism

0n : Xshy Flag„+2p-2 ^Pic^X ^^^ën+2g-2

the œmplex (^„)i(/x*£i^) is the extension by zero of its restriction to the open substack

□
P roposition  12. Let Ei, E2 be local sytems on X  of rank 2. Then there is a canonical 
isomorphism

® E 2 f " \ - n  -  1 + 9)[n]
over A, where A is the divisor of coinciding points.

Proof Consider the natural morphism

X id : °Sh'” Xsh5f *̂ Sh'” Xsh« Flag„^2g-2 Xpic^x X^^^ Xpicnx Flag„^2ÿ-2

The preimage of A under div : Sh^ —»• is Shg, and over Sh^ we have
div* canonically. Therefore, by the projection formulae, the complex

{(fn X id)!(pr* nQ*C%̂ 0  pr^ tTqC};̂  0  pr^g fi*C^ ® pr^ 3  //*£^)

is isomorphic to

pi*! ^ 0  P̂ 2 ^2  ̂® {.(jpn X id)| prĵ 3 fl jC-ip 0  pr23 fJ>

over (X^”)— a) Xpic"x (X^”)— A) Xpiĉ jsc Flag„^2ÿ-2 - Furthermore, by Lemma 21, 
{(Pn X id)i pr ^ 3  ii*C^ 0  pr2 3 is the extension by zero of its restriction to

X(”) Xpien;,X(”) XpienxW”

Since the natural map E^"  ̂ 0  E^^ {Ei 0  is an isomorphism over X^”)— A,
our assertion follows from the fact that >V” —> Pic” X is a generalized vector fibration 
of rank n + l — g. □
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3.2 Local properties of

3.2.1

Denote by Jn the set of 2 x 2-matrices c =  (cy), where Cij G Z+ and ^ jC ij  =  n for 
any i. For c G Jn put

y c  ^  ( ^ ( c n )  ^  J^ (ci2 ))  ^

So, classifies the 2 x 2-matrices (Djj) of divisors Dij G such that A j does 
not depend on i. Denote by the set of 2 x 2-matrices c' =  (c-̂  ), where G Z+ and 
'^i,j ~  ^ h: Jn that sends o' to c =  (cy) with

Cli =  ^  ] ̂ ij > <̂2i ^   ̂^ji 
j 3

Put y„ =  LI Y^. For d G j ;  put 'Y^  = so 'Y ^  parametrizes the matrices
ceJ„ i j

(D^j) of divisors D-.- G Put 'y„ =  U • Denote by norm : 'Yn ^  Yn the
c'eJi,

morphism that sends to (A j), where

Ai = E^y. =
3 3

Clearly, norm maps 'Y ^  to Y^, where c = h{d). Denote by norm^ : |J  'Y ^  Y^

the restriction of norm.
The scheme Y^ admits a stratification by locally closed subschemes cfY^ C Y^. The 

strata are numbered by d  G h~^{c). First, define <jŶ  as the open subscheme of 'Y ^  
given by the condition D'-̂  ̂^  -̂ 21 =  Then the composition (jY^ —> 'Y ^ Y^ is a 
locally closed immersion. As a subscheme of Y^, ¿Y^ can be defined by imposing the 
condition: deg(Pii D D2i) = d̂  ̂ for ¿ = 1,2.

Our next result is straightforward.

Lem m a 22. 1) Y^ is of pure dimension n. The irreducible components of Y^ are 
numbered by the set h~^{c). Namely, to d G h~^{c) there corresponds the component 
norm{'Y^) =  (the closure of ¿Y^ in Y^).
2) norm \ 'Y n ^ Y n  is the normalization ofYn (more precisely, it is a finite morphism, 
an isomorphism over an open dense subscheme of Yn, and 'Yn is smooth). In particular,

{norm^)^Qi[n]^ ICyc, 

where ICyc is the intersection cohomology sheaf on Y^.
□
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X  Xpi^n X  X (^ 2 2 ) )  ^  X pi^n ^

î i
yc ^  ^(n)^

and is a closed immersion. Put

M ‘ = (“Shf Xshs n ^ , r " )  Xshf (“Sh? Xsh5 J " © ’“ )

So, is.the stack that classifies the collections [O ^  Gi ^  F i ,0  ^  G2 ^  Fi), 
where Fi E  Sh”, Gj E  Sh^  ̂ for ¿ = 1,2. We have a natural morphism x

xpic«x (X^^2i) X sends the above collection to (O detGi ^

det Fi, O det G2 ^  det Fi). Denote by

x s h ?  FI^„+2,-2 X X(^-)) x p i c n x  X

the composition of the above morphism with the projection pr^. Denote by 

p« : M “ xsh- M5g„+2,_2 -> “ Sh? xshî " Shf xsbf Fki„+2^_2 

the natural projection.

P roposition  13. For any c E  Jn there is a canonical isomorphism

i^% {py{p43 ® Pr23 M*>Ĉ )[3n 4- 2 -  2gPÎ{i%{lCYc){-n - 1  + g),

The proof occupies sect. S.2.3-3.2.6. Now we derive an important corolary.

C orolary 4. Theorem. 3 holds under the additional assumption: Ei =  En © £"¿2 [i =
1,2), where Eij is a rank 1 local sytem on X .

Proof Let cE  Jn- Prom Proposition 13 it follows that

(<^n)!(prî ^  K*^eÎi%12 P̂ 13 ® pr̂ 3 /̂ *>Ĉ )[3n +  2 -  2̂ ;

is canonically isomorphic to the direct image of

prÎ2(EÎt“> El ® pr34(E<™' 13 E*?’) ® (0.(IC v-.)(-n -  1 +  ff)

3.2.2

Let CE Jn- We have a cartesian square
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under
X  X p i c n x  X ^  X p i c n x X ^ ” )

Clearly, it is supported at z :  ̂ Xpic"xX(”\  and the corresponding complex
on is a perverse sheaf which is a Goresky-MacPherson extension of its restriction 
to a sufficiently small open subscheme.

So, under our assumptions ^ direct sum of perverse sheaves, every of
them is a Goresky-MacPherson extension of its restriction to a sufficiently small open 
subscheme. Our assertion follows now from Proposition 12. □

3.2.3 P lan  of th e  proof of Proposition 13

Our proof of Proposition 13 will consist of the following steps:
Step 1. Let C be the open substack defined by the condition: Gi and G2 

are invertible. Denote by (resp., by the restriction of p̂  ̂ (resp., of (p̂ ) to 
Xshy Flag„^2(i-2- Using Lemma 21 we will show that

( ‘̂ ‘^)!(i>‘^ )* (p r i3  0  pr23 /¿ *jC ^ )[3n  -h 2 — 2^' 

(°<p̂ )! (V)*(prts <S> pras f J ' * [3n + 2 -  2g

naturally.
Step 2. Define the closed substack of from the cartesian square

^  °Shf xsh? ®Sh'”

We will prove that for the projection pr  ̂ : Xshy Flag„+23-2 the complex
(pri)i(°p^)*(pr*3;u*£  ̂0 pr23/i*£^) is supported at

By Lemma 20, there is a (unique) morphism r}̂  : ^  making commute the 
diagram

i
y c  ^  ^  ^(C12)) xpi^n;^ x

Dénoté by 'p  ̂the restriction of p  ̂to Xshî  Flag„^.2j,_2- Dénote by the composition 

Xshy Flagn+2ff-2 ^  ^  Y^. So, it will remain to show that

(V‘̂ )!(V)*(prÎ3 ^  P 2̂3 + 2 -  2g]^lCYc{-n - 1  + g)
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naturally.
Step 3. We will prove that the complex

(V‘')!(y)*(prÍ3 ® PÍ23 + 1 -  g)[2n + 2 -  2g] (5)

is a Q^-sheaf (i.e., it is placed in usual degree 0).
Step 4. Denote by C  the closed substack given by the condition si +  S2 =  0. 
Let T : he the composition Z^ ^ Y ^ .

We will show that (5) is, in fact, the highest (i.e. the (2n + 2 —25i)-th) direct image 
with compact support of

( y ) * ( p r Í 3  P^^23 +  1  “  P )

under the morphism '(f .̂ This will allow us to reduce the assertion of Proposition 13 
to establishing a canonical isomorphism

R°'T!Q£^(norm^)*Q£ (6)

Step 5. Using 2) of Lemma 25 we construct the canonical isomorphism (6).

3.2.4

For a pair of integers Ci,C2 € Z+ such that ci C2 = n denote by the stack
that classifies the collections {O Gi ^  Fi), where Fi e Sh", Gi G Pic^^^X. 
Let m > 0. Recall that the stack Flag„^2g-2 was defined in sect. 1.4.3. The stack 

Xshy Flag^+25-2 classifies the collections: D G X^‘̂ \ D i  G G

an extension 0 Q(D) L 0, where D = Di-\- D2 , and a mophism
^ : 0{Di) L/Q, making commute the diagram

0 { D i )  -> L/Q

\  i  
0{D)

Í S(Here Gi Fi is the inclusion 0{Di) ^  L/Q,, and O Gi is the canonical section 
(9 ^  (9(D i)).

Denote by ¡Í : Xshy Flag„^2ÿ-2 the composition

AT«« xshî F G C 2S-2 -* “ Shr xshr Fki„^.2,_2 i  A‘.
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where the first arrow is the natural map. Denote by Xsĥ  Flag„^_2g_2 —̂
X Xpi(,n-m;î  Flag^^2ff-2 morpHsm that sends the above collection

to

((Z)i, O2), £1 e 0 n(D) i  ^  0(D) ^  0), (7)

where D = D\ + D2 - In other words, 6^’̂  ̂ the morphism that forgets Notice that 
ig an afRne bundle of rank m.

Denote by x Xpign-mĵ  Ma^^_2g_2 the closed substack
defined by the condition Di > D. In other words, this stack is defined from the 
cartesian square

yci

i 4- pr

Lemma 23. The complex is supported at

Proof If Spec A: x Xpî n-m ̂  Flag^^2g-2 i® ^ A;-point defined by a
collection (7) then the restriction of ¡i*C  ̂ to the fibre of 6^’̂  ̂ over this point is a 
constant sheaf if and only if D i>  D. □

3,2.5

For n > 0 denote by Gn{k) the group of units of the ring A;[i]/(i”) {t is a variable). 
Clearly, Gn{k) is the set of A:-points of the commutative affine algebraic group Gn (over 
k). For example, Gi = G,„. Denote by B{Gn) the classifying stack of Gn-

Lemma 24. There is a canonical isomorphism U.~^^{B{Gn),Qe)^Qi{n). Besides, 
H j2"-‘(B(G„).Q,) = 0.

Proof 1) For n =  1, i.e., for Gm this is known, (cf. Example 1, Appendix A)
2) For any n we have an exact sequence 0 Un Gn Gm —̂ 0, where Un is

unipotent. The natural map B{Gn) B{Grn) is a generalized vector fibration of rank 
1 — n (it is a Un-gevh). So, f\Qe^Qi{n — l)[2n — 2]. Our assertion follows now from 
the point 1).
□
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Recall that ^Sh^ C Sh^ is the open substack that classifies regular torsion sheaves 
(cf. sect. 1.3.1). Let ”’’Sh^ be the complement of ’’Sĥ  ̂to Sh^ (with the reduced stack 
structure).

Lem m a 25. 1) All the fibres of div : Sh^ —>• are stacks of dimension —m. The 
fibres of the restriction div : ^̂ Sĥ  ̂—»• X̂ '̂> are of dimension < —m.
2) There is a canonical isomorphism

R“ ’̂” divi Q^^Q^(m)

Besides, div| =  0.

Proof 1) is straightforward. 2) Let ’'div be the restriction of div to ’’Sĥ .̂ By 1), 
the natural morphism R~^’” (’'div)!Q  ̂—>• R“2”̂ divi is an isomorphism. Since ^div is 
smooth of relative dimension —m, we have a natural morphism (^div)iQ  ̂—> Qi(m) [2m .

Let Spec k ^  be a A:-point with D =  Ylxex > 0. Then the fibre of ’'div
over D is isomorphic to Ilxex-^C^dx)- So, our assertion follows from Lemma 24 by 
the Kunneth formulae. □

3.2.6

Proof of Proposition 13.
Step 1. Denote by M-l the stack that classifies the collections {O detC?i,Gi ^  
F i ,0  ^  G2 ^  Fi), where Fi G Sh”, Gi € Sĥ ^̂  for i =  1,2. Then is the 
composition

Xshn Flag„+2,_2 ^  M \  Xshn Flag„+2,-2 -  x Xpien^ x 

where ip\ is obtained by the obvious base change from the map

“S h f‘ XpiemjfShf'

that sends (O Gi) to (O det C?i, Gi). Let C be the open substack 
defined by the condition: Gi is invertible. By Lemma 21,

(^ ¡ ) ' . (p T ( p ^13 ^  P̂ 2̂3

is the extension by zero of its restriction to the open substack Xshy Flag„^.2g_2 C 
M-i Xsh” Flag„^2ÿ-2- Notice that over ^M.\ Xshy Flag„^2 -̂2 ^  isomor­
phism. Applying an analogous argument with G2 instead of Gi, one ’’replaces” the 
stack ^M i Xsh” Flag„^2p-2 t>y its open substack Xshy Flag„+2ÿ-2-
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Step 2. Prom the cartesian square

0<nC

xsh? Flag„+2,_2 °Shr Xsh?°Shf Xsh?Flag„+2,-2 
ipri i

^ 0Sh?Xsh«®Shf

we get an isomorphism

(pri)!(V)*(pr;3 ® prj3 i«’£*)[3n +  2 -  2g]=ipt'C î YK" n

where is the complex defined in sect. 3.1.1. From Lemma 19 we conclude that 
{pii)\X°p )̂*{pil f̂jL*Crjj (g) pr23 is supported at

Step 3. Let m > 0. Denote by Vm (resp., by ’p^) the restriction of (resp., of ’p^) 
to the stack Xshj Flag|^^2g-2*

c(m) =  (' <=ii - ci2 -  m \
\  C2i — m C22 — m  J

and denote by x the finite morphism that sends {D, to

f D̂  ̂+ D\
V + D + D )

Lemma 26. There is a canonical isomorphism

(Vm)!CPm)*(pri3 ®  P̂ M f J ' * ~  1 +  ^ )[-2n  ~  2 +  2g  

over Y^.

Proof The stack X^ Xghy Flag^^23-2 classifies the collections: D G a matrix
(D* )̂ e  where

, ^ i c n  c i 2 - m \
V C21 C2 2 - m  J

an extension 0 —> Q{D) —> L 0, where D = Du + Dí2 G X '̂^~‘̂ \  and two
morphisms : 0{Dn) L/Q, making commute the diagram

C>(Ai) L/Ü
\  i  

0{D)
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Denote by Xghy Flag„^_2g_2 x the morphism that sends the above
collection to {D, This is a composition of an affine bundle of rank 2m and a
generalized vector fibration of rank n — 2m + 1 — g. (The point is that the sum of 
ranks does not depend on m!)

We have a closed immersion X̂ "̂  ̂ x ^  X^^^ x that sends (Z), (D^^)) to

Using Lemma 23 one shows that P m ) * ^  is supported at
X { m )  X  y c ( m )  ^ ( m )  ^  y c  argument is analogous to that of Step 1).

Denote temporary by 3̂  the stack given by the cartesian square

-m

Since the restriction of ('j?^)*(pri3)Li*£̂  ® pr23//*£^) to y  is the constant sheaf 
our assertion follows. □

So, calculating the direct image (5) w.r.t the stratification of X̂  ̂Xshy Flag„^2p-2 by 
locally closed substacks X^ Xshj Flag^^25- 2) 'rn>0, we conclude that (5) is a Qrsheaf. 

Remark 13. In addition, on the sheaf (5) we get a canonical filtration by Q^-subsheaves

0 C Fo C Fi C F2 C . . .

such that Fm/ f o r  m > 0. (Here F_i = 0). Since for m 0 we have 
y c ( m )  _  0  ̂ filtration is finite.

Step 4. Denote by '’Sh” C  Sh” the image of the (smooth) morphism Flag„^2ff-2 
Sh”. Notice that ’’Sh” Xgh” Sh”’"̂  is the preimage under the natural morphism Sh”’’” 
Sh^ of the open substack ’’Sh^ C Sh^.

Put '̂ X̂  = X^ Xshy’*̂ Sh”. Denote by ™'X̂  the complement of "̂ X̂  to X^.

Lem m a 27. The morphism rf \ X^ Y^ is of finite type and all its fibres are stacks 
of dimension < 0. The fibres of the restriction i f  : Y^ are of dimension < 0.

Proof For m ^  0 the stack X^ Xshy Sh”’”  ̂classifies the collections: Fq e  Sĥ ,̂ a matrix 
( D i j )  G y ® ,  where

\  ^21 *^22 ^  /
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an extension 0 Fq Fi ^   ̂ 0, where D = Du +  Dí2 G and two
morphisms : 0 {Dn) F\ making commute the diagram

0(A i) ^  Fi 
\  i 

0(D)

The morphism Xsĥ  Sh”’”* —̂ Sh^ that sends the above collection to 
{Fq, {Dij)) is a composition of an affine bundle of rank 2m and a generalized vector fi­
bration of rank —m. Since xY*^ -^ Y ^  is finite, using 1) of Lemma 25 we conclude 
that all the fibres of the resriction of to Xsh« Sh”’"̂  (resp., to Xsh« Sh”’”̂ ) 
are of dimension 0 (resp., of dimension < 0). Besides, Xshy Sh”’’” = 0 for m > n, 
because Jn-m =  0 in this case. Our assertion follows.
□  (Lemma 27)
___Since is a generahzed vector fibration of rank n + l  — g, and

is an open immersion, from the above lemma it follows that 
the fibres of are stacks of dimension at most n + l — g. So, the sheaf (5) is, in fact, 
the highest direct image with compact support of

(y)*(prÎ3 n*C^ (g) pr̂ 3 iJ,*C^){n + l - g )

under the morphism

Denote by the composition ^X^ Xshj ° ^  ^  X^ ^ Y ^ .  Let

Y  : ^X^ xsh- ° Sh?+2^-2 -> 0 Shf xsh? ° Sh'” Xsh? ® Sh?+^^"^

be the natural morphism. By abuse of notation, ¡i : °Sh'” Xsĥ  will
also denote the natural pairing. Clearly,

- 2A:’" xshi Flag„+2,.2 c  ’'AT' Xshf “Sh?«»

is an open substack. Now we state that the natural morphism

is an isomorphism. Indeed, if V is the complement of Flag„^2s-2 ° Sha”'*’̂ ”̂  ̂ then 
the fibres of the morphism pr  ̂ : ’'Sh” Xshy ’’Sh” are of dimension < n  + l — g.
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Recall that c  is the closed substack given by the condition si + S2 = 0. Let 
'̂ Ẑ  be the preimage of under Z'  ̂ X “̂. Recall that for the projection

pri : Sh? Xshî"Sh?+"«-" Shf

the complex (pri)i/i*£^ is supported at the zero section Sh” Sh'” and is canonically 
isomorphic to Q¿{—n — 1 +  5)[—2n — 2 +  2 ]̂ over Sh”. It follows that

P r 2 3

is supported at ^Z^ and is naturally isomorphic to Q¿(—n — 1 -I- g)[—2n — 2 +  25r] over
r^c

Recall that r  : Z'^ is the composition Z^ X^ ^  Y^. Let V be the
restriction of r  to ^2^. Prom Lemma 27 it follows that RO(’r)iQ£^ROr!Q£ naturally. 
So, to finish the proof it remains to establish the canonical isomorphism (6).
S tep 5. The stack Z^ classifies the commutative diagrams

Gi ^  Fi
Î Si

O G2

where Gi E Pic'̂  ̂X, Fi E Sh” (and all the arrows are inclusions). We stratify Z^ by 
locally closed substacks ¿Z^ C Z^ as follows. The strata are indexed by c' E h~^{c). 
The stratum ¿Z^ is defined by imposing the condition: deg(Gi H ^s) =

Lem m a 28. There is a commutative diagram

^Z^ Z^
ic>r i r  (8)

/ y c '  'Tiorm -yc

and we have RO(c't)!Q¿-^Q£ canonically. Besides, R“^(c't)!Q¿ =  0.

Proof Let c' E h~^{c). For a triple of divisors {D'n, D[2 , with E define 

^ from the cocartesian square

0 ( D i i  +  D'1 2 ) -^£»Íi.í?Í2.^2i

Î Î 
0{D[,) 0{D[, +  D 'l)

61

'C *c

c

[pi (’l p r
♦
13 ß*Cx(, Cipß'

y c

F.O'u D'u D'21
Sh •C22

D D'ij X

r*

21)



Then is the stack classifying the collections: (-Dii,-0̂ 2, £>21) ’’'̂ itb ^

Fq e  ShĴ  ̂ and an exact sequence 0 ^  Fi Fq 0.

The morphism x x x ShĴ  ̂that sends the above collection
to (D[i, D'1 2 , D'2 1 , Fq) is a generalized vector fibration of rank 022- Let (JT be the 
composition of the latter morphism with x x x Sh^^ id^iv fyc/
Then the diagram (8) commutes. Our assertion follows now from 2) of Lemma 25.
□  (Lemma 28)

By Lemma 28, R^{norm o (jT)\Q¿^{norm^)^Qi, where norm^ : 'Y^ Y^ is the 
restriction of norm, and R~^{norm o c't)!Q¿ = 0. Now the spectral sequence that 
computes riQ^ w.r.t. the stratification of by c'Z^ ’s shows the following. On R^riQ^ 
there is a filtration parametrized by the partially ordered set h~^{c) (the order is 
that of adjunction of the c>Ẑ  ’s ), with successive quotients being {norm '̂)^,Q¿. Since 
the different successive quotients are supported on different irreducible components 
of Y^ (cf. Lemma 22), this filtration degenerates over some open dense subscheme 
of Y^ into a direct sum. Now it suffices to show that R^riQ^fn] is a perverse sheaf 
which is a Goresky-MacPherson extension of its restriction to a sufficiently small open 
subscheme. Since the same is true for {norm^)^Qe[n], we are done.
□  (Proposition 13)

3.2.7

Our next result is closely related to (Lemma 18, [2]).

Lemma 29. Let E i,E 2 be local systems on X  of the same rank. Let Spec A:
be a k-point Denote by ^  X^”  ̂ the (strict) henselization of X^'^ at D. Then
the restrictions of and of to xxw  Shg are isomorphic.

Proof Let ^ : X ' X be an étale Galois covering. Denote by X'^”^(X) c  X'^”) 
the open subscheme parametrizing the divisors D' G X'^”) for which a{D') f] D' = 0 
for any a G Gal{X '/X),a ^  1. The morphism X'^”  ̂ X^”) is not étale for n > 1, 
however its restriction X'^”^(X) X^”) is étale and surjective. We have a cartesian 
square

X '”(X) ^  X^
i i  

X'W(X) X("),

where X '”(X) is the preimage of X'^”)(X) under the canonical map X '” X'^”\  
Prom this square we get a canonical isomorphism

L-(n)(X) -(« •£ )< " >  |X-<».(X)
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for any local system E on X . Denote by Sho(X') the stack of torsion sheaves of 
length n on X '. Denote by Sho(X,X') C Sho(X') the preimage of X'^'^\X) under 
div : Sho {X') —> X'^^^. We have a cartesian square

shS(x.x') ii shS(x)
i div i  div

X'(n)(X) X^^\

where 6^ is given by T G Sho(X') i-> 6^T e Sho(A"). (This notation agrees with [2]). 
Recall that for any local system E on X

i ^ y ^ E ^ ^ S * E  lshg(X ,X ')

canonically. Chose a lifting Spec A; —>■ ^  of D : Spec/c —»• It
induces a map —»• X'(”^(X) over X^”) and, hence, a map Xx(^) Sh^
Sho(X, X'). We see that the restriction of C% to Xĵ („) Sh^ is isomorphic to the
inverse image of |sh5(x,xo under g. Since 6 : X ' X  was an arbitrary Galois 
covering, our assertion follows.
□(Lemma 29)

Lemma 30. Let Ei^E2 ,E[^E '2 he local systems on X  of rank 2. Let Spec A: X^”) 
he a k-point and > X^”) he the (strict) henselization of X^^^ at D. Then the
restrictions of are isomorphic.

Proof The morphism r] from Lemma 20 can be written as the composition Sh"” ^  
Sh^ X;f(„) Sh^ ^  X(”), so that

where =  rj'{^u)*K'^[n]. By Lemma 29, the restrictions of A/"” <8> S C%̂ ) and 
of jV*” 0  (£^, Û C^,) to Xx(") (Sho x (̂„> Sh^) are isomorphic. Our assertion
follows by the base change theorem. □

Lemma 31. Let Y  he a k-scheme of finite type. Let be constructahle Qi-sheaves
on Y . Suppose that for any k-point Speck Y  the restrictions of and of J^2 to 
Y^ are isomorphic, where Y^ is the (strict) henselization of Y  at y. If for an open 
subscheme j  :Y ' Y  the natural map T\ is an isomorphism then the
same holds for Ĵ 2 -
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Y' <— Y'y

i i  i
Y  ^  Yy

To say that  ̂ is an isomorphism is equivalent to say that
H0(y*',^2) —̂ H°(y'^,JF2) is an isomorphism. The latter property depends only on 
the restriction of 3̂ 2 to y^. □

According to our plan (cf. sect. 3.1.2), Theorem 3 is proved. So, Main Local 
Theorem is also proved.

Proof Consider the cartesian square
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4 Perverse sheaves V̂%

This section is, in essential, independent of all the rest of the paper. Here we introduce 
the sheaves V% on Xpicn^ Flag^^2g-2- The purpose is to show that they are 
perverse. Besides, all the cohomology sheaves of V% w.r.t. the usual t-structure are 
calculated (cf. Proposition 15).

Except to the proof of Proposition 7, the results of this section are not needed to 
prove Main Global Theorem.

4.1 Definition and first properties of V%

4.1.1

Let F  be a local system on X  of rank 2. Consider the perverse sheaf

P^i ^0 .2^ “I" 1 — 9. (9)

on ®Shf Xsh«Flag„+25- 2- Let (f>n : °Shi” Xsh  ̂Flag„+2̂ _2 Xpicn^ Flag„+2p-2 be
the morphism defined in sect. 3.1.3.

P roposition  14. Both

(0n)!(pri TTq ^  M .2^ “H i Q

and
(0n)*(pri ttqCe ® fi*c^)[2n + 1 -  g

are perverse sheaves on
X̂ '^̂  Xpic^x Flag„^2p-2 

D efinition 7. For any local system F  on X of rank 2 put

'Pe =  (<^n)!(pri ® +  l - g .

In fact, Ve depends also on -0. We will write if we want to express this depen­
dence.

The proof of Proposition 14 will be given in sect. 4.1.5.
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We stratify the stack Flag„^2 5 - 2  ^  follows. The strata are numbered by m > 0. The 
stratum indexed by m is Flag^^2g- 2  = ^^^^n+2g- 2  ^shy Sh”’’” . Recall (cf. sect. 1.4.3) 
that we have a natural isomorphism

y ^ n -2 m  ^

Denote by ¡jl : Xpic'^x ^  the natural pairing. Denote by

i' : X -> Xpie-x M¡g:+2,-2

the closed immersion that sends a collection {D' e X^'^~‘̂ ^ \D  € 0 Ü M  
0{D') -> 0) to {D' + 2 D e X^^\ (0 -> fi ^  M 0{D') 0, D) € x X(^)).

4.1.2

P roposition  15. For any m > 0 the restriction o f V^  to X^^^ Xpicn  ̂Flag„^2s- 2  

supported at the closed substack

i' : vr-^ “ ) X X«“ ' XW xpi.»x FkiT+2,-2

and is canonically isomorphic to

< ( p r î ( g ) p r * ( de t <S>prÎ2 fi*£^){-m)[2n + l - g - 2 m ]

In particular, this restriction coincides with the (2m — 2n — 1 + g)-th cohomology sheaf 
of V^  (w.r.t. the usual t-structure). Besides, V% has cohomology sheaves (w.r.t. the 
usual t-structure) in degrees 2m — 2 n —l + g , 0 < m <  [|].

Recall that X^'^^ Sh^ is the map that sends a divisor D to Q.{D)/Ü. Denote by 
fi : Sho"* Xshg'X’̂ ’”) the natural pairing. Let x Sho”* —?• ^Sh^" be
the morphism defined by the cartesian square

oshf X(^-^)xShS”
i  i  

gĵ n 7 ^  (Pic”-"^X) xSh^

(7n,m was defined in sect. 3.1.1). Denote by 6 : x X^^^ x the
closed immersion that sends {D', D) to {D' + D,D).

Our Proposition 15 will be a consequence of the following result.
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on X (Shg”  ̂Xshg'X ’̂” )̂, For the projection

pii3 : X (ShJ” Xsh-X^"")) x X^” )̂

the s/iea/(pr 13)1 (prÎ2 7n,m^cr l̂®PJ^23M*^V>) supported at the closed suhscheme 6 : 
j^(n-2m) ^ j (̂m) ^(n-m) ^ ĵ (m) ^  canonically isomorpMc to

^^(^(n-2m) ^  (det£?)(”^))(-m )[-2m]

4.1.3

Following [3], for 0 < m < I  denote by im ' ^ gĵ n morphism that
sends {D', D) to 0{D' -\- D )¡0  ® Q,{D)/Q,. Our next result is a weakened version of 
Theorem (3.3.8), [3] in the special case corresponding to the partition (n — m, m) of n 
and a rank 2 local system. It will be used to define the isomorphism of Proposition 16.

Lemma 32. Let E  be a local system on X  of rank 2. For 0 < m < |  there is a 
natural morphism

i* j: i E^r.-2m) ^  E)^^\-m )[-2m ]

Proof Denote hy j  : U ^  ^ x^m) open subscheme corresponding to pairs
of divisors {D', D), where D' and D are reduced subschemes of X that do not intersect. 
The morphism pi]]] ’}) : Sh^ is a locally trivial fibration over the image of
U under im̂- It follows that is locally constant over U. Using Theorem
(3.3.8) of [3], one shows that

^  (det E i '^ \ - m )

over U. Furthermore, m {det EY^^{-m) {BPj^)j*E^^-‘̂ ^^E {det E ^ ^ ^ -m )
is an isomorphism. This provides a morphism

n ‘̂ ^{i*^Cl) El {det E Y ^ \ - m )

and we are done. □

Remark 14- It can be checked that the morphism of the above lemma induces an 
isomorphism on the highest cohomology sheaves (w.r.t. the usual t-structure)

KI (det£;)^” ‘)(-m )

We will not use this fact. For generaHzations of this assertion see Appendix D.

Proposition 16. Let E he a local system on X  of rank 2. Consider the sheaf
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X { n - m )  X (S h J” X X i ’” )

T<5' t<5
J5j^(n-2m) ^ (ShJ” X gh -X i"^)) ^  X

Define the m orphismp': x (Shp”* Xshĝ X̂ *”)) —> Shg hy p' = ttq0 7 1̂,^ opr 1 2  ° ^'■

Proof of Proposition 16

Step 1 . The morphism ^n,m factors through the locally closed immersion Sh”’”* ^  Sh”, 
and the corresponding morphism (Pic”“”*X) x Sh^ —»• Sh”’”* is an affine bundle of 
rank m. Put ° Sh'”=”* = ° ShJ* Xghj Sĥ =”* and define a  : X(”"”*) x ShJ” ° Shf^”* from 
the cartesian square

X{n-m) xSh'J” A  «Shi”’”*
i i  

(Pic”- ”*X) xSh^ Sh”=”*

Then pr̂ g can be written as the composition

Xin-m) X (shjn XghmX ”̂*)) “4*̂  « Sh;”=”* Xgh- X^”*) X^”"”*) X X<”*)

The sheaf pr^j Tn.m^cT l̂; comes from ° Sh'”’"* Xshg* X^”*̂, so we will use the projection 
formula for a x id.

Define the stack from the cartesian square

° S h i” ’”* x s h -  X ^”*) ^  x ^ ” - ”*) X X ^’”)

T T<5
j)n ;m  j^ (n -2 m ) ^  j^ (m )

So, 3 )”;”̂  is the stack classifying the collections: D G X^”*), D' G X^”“ ”̂*̂ and a diagram

0 ^  n{D)/n  Fi ^  0{D' + D) ^ 0 ,
T s  / ■  (10)

O

where O —> 0{D ' +  D) is the canonical section.

4.1.4

Define the morphism 6' from the cartesian square
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Given an exact sequence 0 Fi 0{D' + D) 0, there exists a
canonical inclusion O(D') —+ Fi making commute the diagram

Fi ^  0{D' + D)
T /

0{D')

Therefore, there is a distinguished section Sq : O Fi defined as the composition 
O 0{D') Fi. It follows that can be considered as the stack that classifies 
the collections: D G X ^^ \D '  G : O —>• Q{D)/Ü and an exact sequence
0 ^  n{D )/n  ^ F i ^  0{D' + D ) ^  0._ (We put s = s' +  5q).

In particular, there is a morphism ^  Shó”* that sends a collec­
tion as above to (s', D).

One easily checks that (a x id)¡ pr23)Li*£̂  is supported at and is naturally 
isomorphic to m)[—2m] over
Step 2. The diagram commutes

Sh^ ¿  X (Sh'J" Xsh^X^^^) X  X^^^

\im T «0 / i d
j¡^ (n-2m ) X

where íq is the zero section of the vector bimdle pr̂ g. Let us define a morphism 

{pri3W*C% <S) p 4  13 (det F)("*)(-m)[-2m;

as follows. Using Lemma 32, we get the morphisms

p 0  P̂ 23 M  ̂ (̂ o)*̂ o(P pr23 M *'i'rn/̂ E ^
E (detF)(’"))(-m)[-2m]

Applying (pri3)i, we get the morphism

ipruW^JC^E ® P̂ 3  ^  E  (det E Y ^\-m )[-2m ]

It remains to show that this is an isomorphism.
Step 3. Denote by the stack that classifies the collections: D G X^'^\D' G 

X{n-2m) exact sequence 0 —> Ü{D)/Ü F -i- 0{D' + D ) /0  0. The natural
projection q : y^<^ —> x X^^^ is a generalized vector bundle of rank 0. We
have an isomorphism ^ (n -2m) ^ ^(m) sends a diagram (10) to

(0 Q(D)/Q F i/Im s ^  0(D' - h D ) /0 - ^  0)
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yn-,m — yn-,m  ^  g j^Jn  X g hm X ^™ )

Denote by p :  ̂ Shg the morphism that sends (D ,D ',0 ^  Q,{D)/Q, F ^
0{D' + D ) /0  0) to F.

We have to show that

Q\{P*^; O ^  la (det E)^^^

is an isomorphism. Since the morphism is akeady constructed, the problem is local 
w.r.t. X, and one can suppose E  to be trivial. However, we will only assume E = 
El ® E 2 , where Ei, E2 are rank 1 local systems on X. Recall that on the one hand, 
by ((3 )  of Proposition 2, [2]) we have ©o<c<n ^ £ ”¿ 2  other hand,

(J î 0  0o<c<n (sum)*(£'i‘̂  ̂S  E^~^^), where sum : x —>■ is the
summation of divisors.

We will show that ?!(;?*>̂ ”̂ 2̂ ^  vanishes unless m < c < n — m, and for
m < c < n  — m  there is an isomorphism

9.(p '^ e"2 ® /3V£*)^((sum)i(Ë<'-’"> H El (£i ®

Recall that

P'-CI^EFiPri)! prî(«S:r')'(<iiv x div)«(£W El 

where the involved morphisms are illustrated by the diagram

Denote by ¡3 : Sho’̂  the composition

c,n— c

y^'^  X sh ^  ^  S h ^  X S h ” - "  X (" )  X X ( ^ - " )

i p r i
yn-,m

So, the problem is to calculate the direct image of

pr5(35:r°)’(div X div)*(£<“) El ® prj (11)

under the composition

y^ ’̂  x s h s  - >  ^  X X ^ ” *̂
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To do so we stratify the stack y^''^ Xsĥ  by locally closed substacks i/ci,c2
parametrized by pairs (ci, C2), where 0 < c i < m , 0 < c 2 < n - m  and ci +  C2 = c. We 
say that a point

(D ,  D ' ,  0  ^  F  +  D ) / 0  0, F' C F )  (12)

is a point of i/ci,c2 if

length(Fo) = Ci and length(Go) =  C2,

where Fq = (Í7(D)/Q) n F' and Go is the image of F' in 0{D' + D)IO. Put Dq = 
div Fq,D i = div Gq. We have a map

9 c^,c2 : Uc,,c2 ^  X X (X("^) X

that sends (12) to {Di,D' D — Di,Dq,D — Dq). It factors through the closed 
immersion 6 ^ , 0 2  defined by the cartesian square

^ci,c2 X X X

i  su m  X sum
X (n-2m ) X  J^(m) ^  j^{m )

Notice that Uci,c2 i® ^ generalized (non-representable) vector fibration of rank
0. The diagram commutes

Xsh« ;sj^(n-2m) X  X^rn)

Î
U r .r . .  X ” ,m
Cl,C2 '̂ ‘•Cl,C2

The restriction of pr2(go,o ^)*(div x div)*(F^^  ̂M to [/ci,c2 is isomorphic to the
inverse image of e [̂  ̂ S  E^~^^ under the composition

Ucr,c2 X X (X<"^) X X

Denote by 7̂ ,̂C2 the restriction of pr]; to C/d,c2- For m < c < n -  m the closed
subscheme of X q'^  defined by the condition Di > D is given by the obvious closed 
immersion (X(^-^> x x X^^^ X j f .

Lem ma 33. We have {9 cuc2 )\%i,c2 = 0 unless ci = 0, C2 > m. I f m < c < n  — m then 
(5'o,c)i'̂ ,c is supported at the closed subscheme x x X^^^ Xq̂ ^
and is naturally isomorphic to the constant sheaf Qi over i t
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TT  ___. - \ m : m  w  ' s r n . m  Y " n , m

^ C l , C 2 ^ y  X(;f(„-2m)xX('")) Xci,c2 ^  ^  ^ C l , C 2

Proof of the lemma We have the morphisms

of generahzed vector bundles over • Denote by  ̂ their composition. Fix a point 
Spec/: —> by a collection of divisors {D,D',Dq,D i) as above. Consider
the morphism |  x id : Uci,c2 '̂ Xc{'̂  ̂ Specfc —> (of generahzed vector bundles over 
Spec A:) obtained from  ̂by the base change Specfc —̂ ^ci^2 -

1) Let us show that  ̂x id vanishes if and only if Do = 0 and Di> D.
^n,mThe stack 11̂ ,02 Spec A: classifies the diagrams

0 ^  fi(Z))/fi ^  F ^  0{D' + D )f0  -^0
T T T

0 ^  Q(Z?o)/n F' ^  0{D i)/0  ^ 0

Define an object K  of the derived category of A:-vector spaces from the exact triangle 
K  RRom{0{D' + D)/0, n{D)/n) REom{0{Di)/0, Q{D)/n{Do)). The coarse 
moduh space of C/ci,c2 ^P̂ cA: coincides with H^(iir) (if needed, we identify a
A;-vector space and the corresponding A;-scheme, whose set of A;-points is this space). 
The morphism  ̂x id is the compostion of hnear maps

Ucuc2 Spec A: ^  E \K )  A\

The corresponding linear functional {K) —>• A: is the composition

H^(ii:) Ext\0{D' + D)/0,Q{D)/n) h  k,

where fo e (Ext^(0(D '+ D)/C>, fi(L>)/fi))*^Hom(fi(L>)/fi, fi(D '+ D)/fi) is the 
canonical inclusion fo : il{D)/Q, Q,{D' + D)/Q,. The sequence is exact

H^(K) ^  Ext\0{D ' + D ) /0 M D )/^ )  Ext\0{Di)/0,iî{D)/ü{Do))

Besides, fo vanishes on Ker(p) if and only if Do = 0 and Di > D. Our assertion 
foUows.

2) Now let m < c < n — m. It is easy to see that the restriction of 7ô,c to 
((X(c-m) X x^n-m-c)'^ X X(”̂ )) Xjĵ n.m Uq̂c is the constant sheaf Q̂ . Our lemma follows.
□  (Lemma 33)
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X TlyTn

0,c

Lemma 33 imphes the degeneration of the spectral sequence that computes the 
direct image {q o pr^)! of the sheaf (11) w.r.t. the stratification by the t/ci,c2’s- Thus,

(q o pri),(pr5(î5;-“)*(div x diy)*(£:<‘' El ® prj (13)

vanishes unless m < c < n — m. If m < c < n  — m  then the only stratum that 
contributes to this direct image is the open one, and (13) is isomorphic to the direct 
image of ^  ^  (^i £̂ 2)̂ ”*̂ under

sum X id : x  x  X̂ ~̂̂  -> x

This concludes the proof.
□  (Proposition 16)

4.1.5

Proof of Proposition 15
Step 1. We have a closed immersion

i" : X(— ) Xpi,n-„^^ FÏiSV29-2 ^  xpic^x F i ^ + 2,-2

that sends {D e X ^ ^ \  Di e  (0 fi -> F  ^  0{Di -  D) 0) e
to [D + D ^ e  X(”), D G X ^ ^ \  (0 -> fi F  ^  0{Di -  D) ^  0) € W”-^^). The
morphism

.^„X id lO S hfX s^nF E ir+ jj-j^X W  XpienxFEir+25-2 (W)

obtained from </>„ by the base change Flag„^2p-2 Flag„^2g-2 factors through i" . 
After the base change (Pic”“”  ̂X) x Sh^ S h ^ t h e  morphism

»Shr Xshî FEiT+2j-2 ^  Xpi,»-™;, Fiür+2,_2

becomes the projection

( ^ ( n - m )  X (p i ,n -n » ;^ )  W^-^)  X ( S h y *  X s h ^ X ( ^ ) )  ( X ^ ” ""*) X ( p i , n - ^ ^ )  W ” - " * )  X x ( ^ )
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W -™ ) X (ShT X sh s-xW )

is

P̂ 13 ln,rn^O ® P̂ 12 P̂ 34 M "1“  ̂~  5̂.

So, by Proposition 16, the restriction of V% to

( ^ ( n - m )  y y n - m )  ^  ^ ( m )

is isomorphic to

prt2 11* ® (prÎ3 m (det EY^^)){-m)[2n + l - g - 2 m ]

In particular, it follows that the restriction of to Xpic« x^^Si‘èn+2g- 2  supported 
at

i ' : (X '" - '“ » X pi.„-,„;, X X<“ ) X W  X p,e»xF S gr+ 2,-2

Step  2. After the base change under i' the morphism (14) becomes the projection

(X t"-»”*) X(pi.„-*„;() X (ShS" Xst5.x<“ >)

(X(n-2".) X(pi.n-!m;ç, W"-^™) X X^"“'

The restriction of our perverse sheaf (9) to

(X<"-“"» X (pi„,-.„;,) W ”-2” ) X (ShS" Xsh5.x<“ >)

is isomorphic to

P 1̂2 M •̂ V' ® P̂ 134 ® P 3̂4  ̂ 9.

Applying again Proposition 16 we get the desired result. □

Lem m a 34. The natural morphism Sh'” —̂ Pic'” X Xpicn^ Sh” is affine.
2) The square

Shf Pic'^XxpicnxSh”
Î Î 

«Shf ^  XWxpien^Sh”

is cartesian. In particular,

0 „ :» S h î“ xshîFE5„+2,_2^X<») Xpic"x Flag„+2g-2 

is an affine morphism.

The restriction of the sheaf (9) to
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Proof 1) Recall that the map Sh'” ^  Pic^^X was defined in sect. 1.2.3. It yields the 
morphism Sh'” —̂ Pic'” X Xpic«x Sh”.

Suppose that S  € (Aif fk) and we are given a morphism S  —»■ Pic'” X Xpicnjĵ  Sh” 
defined by a sheaf Fi G (Sh”)^ and a section O A  detFi. Let Z  be the 5-scheme of 
sections of Fi, Z' be the ¿'-scheme of sections of detFi. The mapping Fi —> detFi 
provides an afiine morphism Z Z' over S. The section O -A detFi defines a 
morphism S Z' over S. Put Z  = S  Xz> Z. Then the square

Sh'” Pic'^X XpicnxShî
Î Î 
Z S

is cartesian.
2) is straightforward. □

Proof of Proposition 14

By 2) of Lenuna 34, Ve hves in non-negative perverse dimensions. On the other hand, 
by Proposition 15, (usual) cohomology sheaves in degrees 2m — (2 n + l — g) for
0 < m < [ |] , and the support of the cohomology sheaf with number 2m — (2n + l —g) 
has dimension (2n -I- 1 — ĝ) — 3m. So, the support condition is satisfied, lives in 
non-positive perverse dimensions. Thus, is perverse.

To show the perversity of (0n)*(pi‘î M*>Ĉ )[2n -\-l — g] notice that the dual
to the perverse sheaf (9) is

pr^ ttq 0  (2n 1 -  g)\ln + \  -  g

and use the Poincare duality.
□  (Proposition 14)

4.1.6

In this subsection we explain how to express the complex J^^^E2 terms of V^. (As
—n IS aa corolary of Proposition 15 we will get another proof of the fact that ^ ^ ^ e^

Q^-sheaf and another proof of Proposition 12).

Lem m a 35. Let be local systems on X  of rank 2. Then there is a natural
isomorphism

where
pri : X<") Xpie»x F k i„ + 2,-2  -*

is the projection.
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1) Consider the morphism [—1] : ® ShJ* Xshj Flag„4.2g_2 ^Sh^” Xsĥ * Flag„_j.2̂ _2 ^^at
S “ 5

sends O Fi to O Fi and does not change an extension of Fi. The inverse image 
of under [—1] is We have also the morphism

Proof

-1] : X<"> Xp,c-x Flag„+2,_2 ^  X<") Xpic^x Flag,on-\-2g-2

s s
that sends O ^  detFi to O detFi and preserves an extension of Fi. Clearly, the 
inverse image

2) One easily checks that the direct image (with compact support) of the sheaf

P ^ l ^ 0  ® P^2 ^0  •^^2 ® P^13 ®  P^23 ^  ”1“ 2 2g

under the morphism

0 ShJ* Xshf "S hf X shf FEi„+25_2 X<"> Xpic»x X<») X p ic -x  F E i „ + 2j - :  

is naturally isomorphic to

P ^13 '^E i P ^23 '^E i —n (15)

The direct image (with compact suport) of the latter sheaf under the projection pr^g 
is supported at i : Xpic'^x and is naturally isomorphic to
To complete the proof it remains to notice that, by 1), the restriction of (15) under

z X  id : Xpic^x Flag,n + 2 g - 2 Xpic^x 'Xpic^x Flag.n + 2 g - 2

□
Denote by cTm : x —> X^") the morphism that sends (Di, D2 ) to

D i  +  2 D 2 .

Another proof of the fact that ® Qrsheaf.

We calculate the direct image ® using the stratification of

X(^) Xpic^x Flag„^_2̂ _2 by locally closed substacks X̂ "*) Xpicn;̂  Flag^^2g-2) > 0)* 
Denote by the restriction of 0  ^S2,V'-̂  to X^") Xpicn^ Flag^^2ÿ-2- 

Our assertion is an immediate consequence of Lemma 36. □
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H ((det £!)(”•> ® (de t£2)<”'>))(-n - l  + g )n

where
pri : X<") Xpfc-jr ^

is the projection. I f m > ^  then (prJiQ ”̂  = 0.

Proof The diagram commutes

Lem m a 36. For 0 < m < |  we have a natural isomorphism

-m
i' : Xpic’»-2'"X W " -2 “ ) X X<™) ^  X W  X p ,cn ;,F k g „ + 2 ^ .2  

.. pii3 i  pri

By Proposition 15, is naturally isomorphic to

< prÎ3((Æ;i”~^^  ̂® S  ((det EiY^^ ® (det E2 Y ^^)){-2 m)[Sn + 2 - 2 g - 4 m

So, our assertion follows from the fact that for any k the morphism —> Pic^ X  is 
a generalized vector fibration of rank k-\-l — g.
□  (Lemma 36)

Remark 15. The above argument also shows that on +  1 — 9)[—n] there is a
canonical filtration

0 C Fo C Fi C • • • C % ] = +  1 -  g)[-n]

by constructable Q^-subsheaves such that

i ’m /i’„-i~(<T„).((i;l'*“' ”” ® B ((det ® (det Ê j)'“ »))

for 0 < m < | .  (Here F_i =  0).

Another proof of Proposition 12
Over A the filtration from Remark 15 is reduced to the isomorphism

E —n

Since Fq-^E^'^ 0  E^^ and the natural inclusion e [̂  ̂ 0  E^^ {Ei 0  ¿ 2)̂ ”  ̂ is an 
isomorphism over X^”^— A, our assertion follows. □
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Remark 16. Let Ei, E2 be local sytems on X  of rank 2. One can construct a canonical 
filtration 0 C  C  F{ C  • • • C =  {Ei (g) £̂ 2)̂ ”  ̂ on {Ei 0  £̂ 2)̂ ”  ̂ by constructable 
Q^-subsheaves with successive quotients

^ m / E m - l ~ ^ E r n / F m - l i

where (Fj) is the filtration from Remark 15. So, at the level of functions ’trace of 
Frobenius’ (in other words, in the classical theory of automorphic forms) this is the 
end of the proof of Main Local Theorem . However, in the geometrical theory one still 
has to show that not only the corresponding graded objects but the filtered objects 
itself are isomorphic. This was one of the main difficulties of the geometrization of the 
classical Rankin-Selberg relations.

4.2 An application

In this subsection we prove Proposition 7.

Proof of Proposition 7
For n > 0 for the projection pra : Xpic«x Flag„+2i?-2 Fl9'gn+2ii-2 we have 
(p^2)' Pe ( .  Our assertion follows immediately from Proposition 15.
□
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A Cohomology with compact support of a stack

Let A be a noetherian ring such that char A is invertible in k.

Definition 8 ([7],(18.7.1)). A representable morphism /  :  ̂ 3̂ 2 of algebraic 
stacks is called universally n-acychc (w.r.t. A) if for any morphism C/ 3̂2 with 
U G (Aff /k), any étale sheaf T  of A-modules on U the natural map T  —̂ R^{fu)*fu^  
is an isomorphism and R \fu )* ^  = 0 for 1 < i < n, where fu  : U Xy^ y i U is the 
projection.

Notice that the composition of two representable and universally n-acyclic mor­
phisms is also universally n-acyclic. A morphism obtained by a base change from a 
representable and universally n-acyclic morphism is also universally n-acyclic.

Definition 9 ([7],(18.7.4)). An algebraic stack A* is a Bernstein-Lunts stack (w.r.t. 
A) if for any n > 0 there exists a presentation of finite type n : S ^  X  such that tt is 
universally n-acyclic (w.r.t. A), and S  is separated.

Remark 17. i) If A’ is a Bernstein-Lunts stack then for any n > 0 there exists a 
presentation tt : 5  ^  /V as in the above definition such that tt is, in addition, smooth 
of constant relative dimension.
ii) If X2 is â representable and separated morphism of algebraic stacks, and X2 

is a Bernstein-Lunts stack then Xi is also a Bernstein-Lunts stack.

Lemma 37. If M  is a separated algebraic space with an action of an affine algebraic 
group G then M /G is a Bernstein-Lunts stack (w.r.t. A).

Proof (cf. [7], Lemma (18.7.5)). To construct a presentation tt : 5 ^  M/G  as 
in definition 9, it is enough to construct a universally n-acychc smooth algebraic 
space U of finite type with a free action oi G on U such that U/G is a separated 
algebraic space. Then we can set S  = (M x U)/G. Since G C GL(y) for some 
vector space V, it is enough to construct U in the case G = GL(F). Then we can 
take the Stieffel variety U = Inj(V,W) C Hom(V, Vt̂ ) that parametrizes injective 
linear operators V  W, where is a vector space such that dim W  >  dim V 
(if dim W  > dim V  then the codimension in Hom(V, W) of the set of non-injective 
operators equals dim W — dim V + 1). □

Lemma 38. The stack Bun” is a Bemstein-Lunts stack (w.r.t. A).

Proof Consider the morphism tt ; Bun” —̂ BunpcLi (cf. Remark 6, sect.1.2.1). It is 
representable and separated. By Lemma 37, BunpGL, is a Bernstein-Lunts stack. So, 
we are done. □
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Let Y  be an algebraic space of iinite type, A* be a Bernstein-Lunts stack, and 
f  : X  Y  he a, morphism of finite type. Let F  be a bounded complex on X. Pick 
an integer b such that F  has nontrivial cohomology sheaves only in the usual degrees
< b. Let d be an integer such that aU the geometric fibres of /  are of dimension < d. 
Following ([7], (18.8)) we will define for any n > 0 the complex r>2d+b-n{f\F) on Y. 
(Here t<c,t>c denote the troncation functors corresponding to the usual t-structure).

Let TT : 5  —> /f be a presentation of finite type and universally n-acychc, with S  
being separated. Then /  o tt is also separated. We can suppose that tt is smooth of 
constant relative dimension, say e.

First, consider the case, where /  is representable and separated. Then X  is an 
algebraic space, and tt is separated. Using the Poincare duality we see that the natural 
map ttiA —)• A(—e)[—2e] induces an isomorphism T>2e-n’̂ \A^K{—e)[—2 e]. It follows 
that the natural map f\'K\'K*F{e)\le] f\F  induces an isomorphism

r>2d+b-n{{f o Tr)\'K*F{e)[2e])^T>2d+b-n{f\F)

So, we return to the general case and put

r>2d+b-n{f\F)s = r>2d+b-n{{f o 7r)!7T*F(e)[2e])

(The subscript S  means that this complex depends on the presentation ir : S X).
If, in addition, tt' : 5' — S' is a smooth and surjective morphism of relative dimen­

sion e', and tt' is universally n-acyclic then we have a natural isomorphism

r>2d+b-niif ° ^ ° n')iTr'*Tr*F{e + e')[2e + 2e'])^T>2d+b-n{{f ° 7r)!7r*F(e)[2e])

Given two presentations tti : Si X  ,7T2 : S2 ^  X  as above, we define the isomorphism

T>2d+b-n{flF)si^r>2d+b-n{f\F)s2

to be the composition

T>2d+b-n{f\F)si^r>2d+b-n{f\F)si2~^^>2d+b-n{f\F)s2i

where Su = Si Xx S2 . If tti = 7T2 then this is the identical isomorphism. Given three 
presentations iTi : Si X  (i = 1,2,3) as above, one checks the commutativity of the 
diagram

' r > 2 d + b - n { f \ F ) s i  —  ̂ T > 2 d + b - n { f \ F ) s 2

I /
'^>2d+b-n{flF)s3

using 5i23 =  Si Xx S 2  Xx S 3 .  So, T > 2 d + b - n { f \ F ) s  does not depend on a presentation 
TT: S ^  X  and we can skip the subscript S.
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Example 1. Consider the classifying stack of the multiplicative group. We have
H*(5(G,„), A) =  A(n) if i = -2 n ,n e N, and H * A )  = 0 for all other i.

Example 2. Let G be a finite group such that the order of G is invertible in A. Then 
H°(.B(G), A) = A and H*(B(G), A) =  0 for i 7̂  0. (When working with f-adic sheaves 
instead of torsion sheaves the assumption on the order of G is not neccesary).
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B Some linear algebra

Let >l be a commutative ring of characteristic 0. Let M be a bounded complex of

A-modules. Then Sn acts on the complex 0  M, and we put Sym”(M) = ( 0
2=1 1=1

Clearly, Sym*''*'̂ (M) is a direct summand of Sym* (̂M) (8>a Sym^(M), so that we have 
both natural morphisms Sym^(M) Sym^(M) Sym^"^ (̂M) and Sym '̂^^(M) —̂ 
Sym^(M) Sym^(M).

We will be interested in complexes M of the form (• • • -^ M~^ —> M~^ —> A —> 0),
i.e., we suppose that = A and M* = 0 for î > 0. Denote by cr<fc, a>k the ’foolish’ 
troncation functors. Put V  = a<-\M, so the sequence of complexes

is exact. Define a morphism /„ : Sym”(M) -h- Sym”'*' (̂M) £is the composition A (g) 
Sym”(M) M (g) Sym”(M) = Sym^(M) <g) Sym”(M) ^  Sym"+^(M). We get an 
inductive system of complexes (Sym”(M),/n)n€N- Put Sym°°(M) =  linjiSym^fM).

Lemma 39. For any n > 0  the sequence of complexes

0 ^  Sym”(M) h  Sym"+^(M) ^  Sym”+^(F) 0

is exact, where the second arrow is defined by functoriality from the natural morphism 
M - ^ V .

Proof IÎ k < 0  then ( (g) M f  is the direct sum
i = l

71+1 J ̂
0 0 • • • 0 0 [( 0 Vf

i=l
tj=ofor somej

The group Sn+i acts on every summand in square brackets. It is easy to understand 
that the invariants

0 0 • • • 0

ij =ofor somcj

are identified with (Sym”(M))^. □
Prom the above lemma it follows that the natural morphism Sym”(M) —̂ Sym°°(M) 

is injective and (r>_nSym”(M) ^  cr>_nSym°°(M) is an isomorphism for any n > 0. 
So, Sym°°(M) is a filtered complex with the filtration (Sym"’(M))„gN. Since the mor­
phisms Sym*(M) 0  Sym^(M) Sym '̂*' (̂M) are compatible with /„, by passing to 
the limit we get the morphism of multiplication Sym°°(M) 0Sym°°(M) Sym°°(M) 
(compatible with the above filtration).
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Lemma 40. Suppose that M  = (M  ̂ ^  A), i.e., M* = 0 for i < —1. Then 
Sym°°(M) is the Koszul complex for In addition,

Sym"(M) ^  (7>_„ Sym°°(M)

is an isomorphism for any n > 0. □

Now we impose on M  the additional condition: M* = 0 for i < —2 and = A, 
so M  = { A M ~ ^  —> A). Then we have

Lemma 41. Let n > 0.
1) For any k we have (Sym”(M))*' = (Sym’*(M))“ ”̂~* canonically.
2) If 0 < k < n  then (Sym"(M))-^ = 0  0  A*=-^(M-i) 0  ... □

Set W  = cr>_iM. Pick Ci G A* and consider the exact sequence 0 W  
M  —> A[2] —̂ 0, where M —̂ A[2] is given by A. Let us define a mor­
phism Qn : Sym"'^^(M) —> Sym”(M)[2] as the composition Sym"'^^(M) —> Sym^(M)(8) 
Sym”(M) =  M 0  Sym”(M) ^  (A[2]) 0  Sym"(M). The proof of the next result is 
analogous to that of Lemma 39.

Lemma 42. For any n > 0  the sequence

0 Sym”+̂ (Ŵ ) Sym”+^(M) ^  Sym”(M)[2] 0 

is exact, where the first arrow is defined by functoriality from the natural morphism
w - ^ M . n

Remark 18. i) The morphism (Sym"'^^(M))^ ^  (Sym"(M))*‘'‘̂  can be also described 
as follows. For —n — 1 < A; < 0 this is the morphism 0  A“*'~^(M“ )̂ 0 ... —>
A-fc-2(j^ -i) 0  _ that sends to zero and induces isomorphisms on the
others direct summands A“*'~^(M“^ )^  A“^“  ̂ . . . .  For k < - n - 1  this is an
isomorphism (that preserves the corresponding direct sununands).
ii) Passing to the limit we get an exact sequence

0 Sym°°(i^) ^  Sym°°(M) Sym°°(M)[2] 0

Denote by (̂ n the composition Sym"(M) Sym"'*'^(M) ^  Sym”(M)[2]. In par­
ticular, (fi is given by the diagram

M - 1

Cl

M -i A 
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n n
Define the morphism (p : ® M  0  M[2] as (8>id 0

i=l ¿=1
Then the diagram commutes

•0id + . . .+ id 0  • • -0id0v?i.

0  M  
1=1

U

Sym”(M) Sym”(M)[2

0 M[2 
i=l

U

Proof of Lemma B. 1
Sym°°(W') is the Koszul complex for d{ei),. .. ,d{er) € A, so that the natural map 
Sym°°(l^) A/7 is a quasi-isomorphism. Our assertion follows now from Lemmas 42 
and 39. □
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c  Chern classes

Let 5  be a smooth scheme, A  E Pic S, f  : Y  — 5 be the complement of the zero 
section to the total space of A. Fix n > 0 invertible as a function on S.

Lemma 43. The œmplex is included into a distinguished triangle

f^fin Z /nZ [-l] /¿n[l],

where c{A) E H^(5,/i„) is the Chern class of A.

To prove this lemma we need the following straightforward result.

Lemma 44. Let A  he an ahelian category, D(yl) he its derived category. Let K' A  
K  K" he a distinguished triangle in D(A.). Suppose that the morphism W{K") —> 
H»+i(^/) ig surjective. Then there is a unique morphism r<i+iK' t<iK  such that 
the composition T<i+iK' —̂ r<iK —>• is ohtained from a hy applying the functor
T<i+i, and the triangle r<i+iK' r<iK r<iK" is distinguished. □

Proof of Lemma 43
Recall that the Kummer exact sequence \ ¡in ^  Gm Gm 1 on S  defines a 
distinguished triangle Gm[l] ^  Gm[l] Mn[2], and the Chern class of A € Pics' = 
Homo(Z, Gm[l]) is the composition 6oA E HomD(Z, /¿n[2]) of morphisms in the derived 
category.

Consider now the Kummer exact sequence on Y. It provides a distinguished tri­
angle f*Gm —̂ f*Gm on S. As is easily seen, the moprhism (R®/*)Gm ^  
(R /̂*)/Ltn is surjective (the question is local for the étale topology on 5, and one can 
assume /  to be the projection S x G^ S). Since by Lemma 44 we 
get a distinguished triangle

¡.Hr, ^  ^  (R“/.)G „

Let us now construct a morphism (R* /̂*)G„i Z. If t/ is a smooth scheme then

H“(C/ X G „,G „)=ÎH “(C/,G„) X H“(C/,Z)

canonically. Let 5' S' be an étale morphism. Put Y' = S' Xs Y  and denote by 
g -.GraXY' ^ Y '  the action of G„» on Y'. Let s € H°(5', (RV*)Gm)- Since Y'  is 
smooth, to so g there corresponds an element of H°(y', Z) = H°(5', Z). This provides 
a morphism {R^f^)Gm —̂ Z. It is included into an exact sequence

0 G^ ^  (r O/^)G^ ^  Z ^  0,
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where the first arrow comes from the natural morphism Gm —»■ f*f*Gm- Using Chech 
coverings one proves that the corresponding element of Ext5(Z, Gm) = Pic 5 is A. In

other words, we get a distinguished triangle (R®/*)Gm 
The morphism x  yeilds a morphism of exact sequences

z 4 g 11 on S.

0

0

Gm
i X

<Gm

m

m

0

0

The latter provides a commutative diagram, where the rows and columns axe distin­
guished triangles

(R»/.)G„ ^  Z 4  G„[l]
i  X i n i

{R»/.)G„ -» Z 4  G„[l]
l  i  i «  

/*)Un[l] —> Z/nZ ^  „̂[2'

—̂ jlî„[2] in the lowest row is c{A). □
The next assertion follows immediately from Lemma 43 by Verdier duahty. 

P roposition C .l. Suppose that S is a smooth separated scheme of finite type.Then
c{A)

f\fjLn is included into a distinguished triangle fi/in Z/nZ[—2] ^  on S, where 
c{A) G H ‘̂ {S,fin) is the Chern class of A.
□
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D On the Laumon’s perverse sheaf

In this appendix we formulate a conjectural strengthened version of Theorem (3.3.8),[3 
by Laumon. (It is nowhere used in the paper, but clarifies the place of our Lemma 
32 in general theory). An analog of the corresponding constructible Q -̂sheaf is also 
defined for an arbitrary reductive group.

D .l

Let F  be a local system on X. Let m = be a partition of m, i.e.,
mi > m 2  > • • ’ > TUs > 0 and Y^mi = m. Put di = mi — mi+i,ms+i = 0. We have a 
morphism

: X̂ ^̂  ̂ X X̂ ^̂  ̂ X . . .  X X̂ ^̂  ̂ S h ^

that sends (D i,.. . ,  A ) to Odi+...+Ds ® Od2 + -+d, 0  • • • 0  Od,- _
Following [3], define the polynomial functor of a Q -̂vector space V as

follows. If s > dimF then • = 0. If s < dimV then

ĵ {di,...,ds)y sym^i V 0  Sym^2(A^y) 0  •. • 0  Sym^^(AV)

is the irreducible subrepresentation of GL(y) of the highest weight diCJi H------h dgCJs
(with u>i being the highest weight of A*V). Consider the sheaf

^  . |g| (16)

on

X(̂ ^̂  X . . .  X (17)

If (Bi, . . . ,  Ds) is a fc-point of this scheme then we put Di = J2x€X di,x[̂ ] {i = l, .. . ,s).  
The fibre of (16) at {Di, . . . ,  Ds) is the tensor product over x G X of the vector spaces

0  Sym‘̂ >='(A*Ea;) 
i=l

In particular, there is a canonical inclusion

0  - ^ 0 ( 0  Sym‘̂ -*(A‘E^)) (18)
x€X xex 1=1

Our next assertion is a particular case of Proposition D.2.
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Proposition D .l. There is a (unique) constructable Q¿-subsheaf of (16) such that 
for any k-point (D i,. . . ,  Ds) of x • • • x X^^^  ̂ the fibre

is the image of the canonical inclusion (18).

C onjecture 1. There is a canonical isomorphism

where k = J2i=i

D.2

D.2.1

Let G be a connected reductive linear algebraic group over Q .̂ Fix a Cartan subgroup 
H c G  and an ordering on the set of roots. Denote by A’*' the semigroup of dominant 
weights. Let Repr^ be the category of finite-dimensional representations of G (over 
Q¿). For a  G A+ denote by F “ G Repr^ the irreducible representation of G with 
highest weight a. We also denote by W°‘ C F “ the 1-dimensional subspace generated 
by a highest weight vector.

For a finite set I  denote by E{I) the category of surjective morphisms I  —> I'. (In 
other words, this is the category associated to the partially ordered set of equivalence 
relations on I). For any morphism o;: /  —> A+ we define a functor

f a  : E{I)° Repr̂ j,

as follows.
Let /  —> / '  be a surjection. Consider the representation 0  of G  ̂ and restrict

í 6 jT

it to G '̂ via the diagonal mapping G '̂ G .̂ Generate a subrepresentation of G '̂
by the 1-dimensional subspace <8> C <S> and restrict it to G via the diag-

iei  iei
onal mapping G G^'. The obtained representation is, by definition, f a { h ) .  For a 
morphism

i  (19)
I"
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in E{I) we have an obvious inclusion fa{h') C  fa{h), so /« becomes a functor. Clearly,

U h ) ^  ®
i'eP

where o! : I' ^  A+ is given by a!(i') = Yjieh-̂ [i>) «(¿)- 

D .2.2

Fix 5 > 0 and a collection d = {di, . . . ,  ds) G (Z+)*. The scheme (17) can be thought 
of as the moduli scheme of (Z+)®-valued divisors on X  of degree d. Namely, a point 
(Di , . . . ,  Ds) of this scheme is the divisor that associates to a: G X the collection

dx — i,di,x̂  • • •) dĝ x)

S

Put I  = LI 7i, where 7* =  {1,2,.. .,di}. Define a map ^  : 7 -» (Z+)® constant on 
i=l

every Ii by /?(7j) = (0,. . . ,  1, . . . ,  0). (1 occurs in the i-th place). For a surjection

I  ^  I' denote by /?': 7' —»■ (Z+)® the map given by /?'(«') = 0{i).
The scheme (17) admits a stratification by locally closed subschemes Uh indexed 

by the (isomorphism classes of) objects h G Oh E{I). The stratum Uh parametrizes 
the divisors

'E m
iei'

X,

where are distinct points of X. Clearly, given two surjections I  ^  I \  I  ^  7",
we have Uh> C  Uh if and only if h' factors through h.

Now suppose that we are given a morphism 7 ; (Z+)® A"*" of semigroups. Define 
O' : 7 —» A+ by a  =  7 o /?. There exists a unique constructable Q^-sheaf on (17) 
with the following properties. The restriction of to Uh is the constant sheaf with 
fibre fa{h). For a morphism (19) in E{I) the corresponding cospecialization map is 
the inclusion fa{h') ~^ Ja{h).

Notice that for a sufficiently small open subscheme j  : U x • • • x
(R^j*)j*S^’'̂  is an isomorphism.

D.2.3

Now we present a twisted version of the above construction.
Fix a geometric point fj X  over the generic point 77 X. Recall that G- 

local systems on X form a groupoid whose objects are continuous homomorphisms
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F  : 'Ki{X,fj) C?(Qi); morphisms axe inner automorphisms of G(Q^) which make 
the natural diagram commutative. If e Repr^ and F  is a G-local system on X  
then we denote by Vf the corresponding smooth Q^-sheaf on X  (its fibre at fj is the 
representation 7Ti(X,^) —> G(Q^) A utF of 7ri(X ,7ÿ)).

Let 6i , . . . ,  6s be the standard basis of (Z+)®.

Proposition D .2 . Given a G-local system F on X , d e (Z+)®, and 7 : (Z+)® ^  A"*" 
as above, consider the constructable Qe-sheaf

é  (20)
Z— 1

on (17). There is a (unique) constructable Qi-subsheaf of (20) whose fibre at a 
k-point {Di, . . . ,  Ds) is

xex

□

Notice that for the trivial (7-local system F  on X we get . Again for a
sufiiciently small open subscheme j  : U x • • • x the natural morphism

(R î*)^*«^ ’̂̂  is an isomorphism.
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