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A b s t r a c t
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F i r s t  we co n sid er th e  C au ch y  p ro b lem  fo r th e  K P -II  e q u a tio n . W e prove th e  
local w ell-posed  ness fo r th e  K P -II  e q u a tio n  in th e  a n iso tro p ic  Sobolev  sp aces 
# r ,y a2( R 2) fo r s i  >  —1 /3 , «2 >  0 . O n  th e  o th e r  h a n d  we p rove  t h a t  th e  c ru ­
cial b ilin ear e s t im a te  needed  fo r th e  local w ell-posedness fails fo r s \  <  - 1 / 3 ,  
S2 =  0. T h e  g lobal w ell-posedness o f  th e  K P -II  e q u a tio n  in Hx]y3 2  ( R 2) fo r 
s i  >  — 1 /3 1 0 , 52 >  0 is also  proved . T h e  m ain  new  tech n ica l in g red ien t is a  
g e n e ra liz a tio n  o f  th e  b ilinear e s t im a te  p ro v id in g  th e  local w ell-posedness.

T h e  fifth  o rd e r  K P  e q u a tio n s  a re  a lso  co n sid ered . W e p rove  local a n d  g lobal 
w ell-posedness re su lts  fo r b o th  K P -I  a n d  K P -II  ty p e  e q u a tio n s . In th e  case  
o f fifth  o rd e r  K P -I  e q u a tio n  we prove  th e  g lob a l w ell-posedness in th e  en erg y  
sp ace  d e sp ite  th e  “b ad  s ign” in th e  a lg eb ra ic  re la tio n  re la te d  to  th e  sym b o l o f 
th e  lin earized  o p e ra to r .
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Resume 1

Dans cette thèse nous étudierons le problème de Cauchy pour les équations de Kadomtsev- 
Petviashvili (KP). Les équations de KP apparaissent naturellement dans plusieurs contextes 
physiques comme un modèle “universel” pour la propagation des longues ondes dispersives 
faiblement non linéaires qui sont essentiellement uni-dimensionnelles avec des effets trans­
verses faibles. Par ailleurs, elles sont un des plus importants exemples d ’un système Hamil- 
tonien bi-dimensionnel integrable. Dans cette thèse on utilisera des techniques d’analyse 
harmonique, développées ces dix dernières années par J. Bourgain, C. Kenig, G. Ponce, L. 
Vega pour étudier les équations de KP. En effet les équations de KP sont des généralisations 
en dimension deux de l’équation de Korteweg - de Vries (KdV)

(1) ut +  usxx +  uux =  0

L’équation (1) a été obtenue par Korteweg - de Vries comme un modèle pour les longues 
ondes uni-dimensionnelles qui se propagent dans un canal. Parmi les solutions de (1), un rôle 
spécial est joué par les ondes solitaires

(2) u(t, x ) =  3c sech2i-v/c(£ — et),
z

où c est la vitesse de propagation. En étudiant la stabilité des ondes solitaires (2) par 
rapport à des perturbations bi-dimensionnelles, Kadomtsev et Petviashvili [33] ont obtenu 
les équations suivantes en 2D

( 3 )  “ 1“  01LXXX - } -  UUX')X “ j ”  t i y y  —  0 .

Le rôle du paramètre a devient transparent si on considère (3) dans le contexte des “water 
waves” . Le signe de a  est positif (équation KP-II) quand la tension de surface est petite 
ou absente (le nombre de Bond < 1/3). Le signe de a est négatif (équation KP-I) quand 
la tension de surface domine comme dans une eau très peu profonde (le nombre de Bond 
> 1/3). Dans le cas critique quand le nombre de Bond est près de 1/3 des termes d ’ordres 
supérieurs apparaissent dans (3). On doit dans ce cas considérer l’équation de KP d ’ordre 5 
(voir Kawahara [38])

(4) (tít “t■ "h "h uî/y =  0*

Le principal but de cette thèse est l’étude mathématique des problèmes de Cauchy associés 
à (3) (avec a > 0) et à (4) pour a et o\ arbitraires (<T\ /  0).

Décrivons maintenant la composition de la thèse.

Dans le Chapitre 1 on presente le cadre général d ’une méthode pour étudier le prob­
lème de Cauchy pour des équations d ’évolution non linéaires, développée par J. Bourgain

*Ce résumé est essentiellement une traduction en français du Chapter 0 ci-dessous
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(voir [12, 13]), simplifiée et améliorée par C. Kenig, G. Ponce and L. Vega (voir [42]). On 
commence par introduire les espaces de Bourgain dans une situation générale. Ensuite on 
démontre les estimations linéaires qui sont en fait uni-dimensionnelles et ne dépendent pas 
du choix d ’une équation particulière. Après on montre l’estimation non linéaire dans un cas 
simple - l’équation de KdV avec donnée dans L 2. Finalement on présente une idée récente 
de J. Bourgain (voir [10]) pour prolonger les solutions locales globalement en temps. La 
méthode est basée sur une décomposition des données en basses et hautes fréquences. On 
utilise cette idée dans le Chapitre 4 dans le contexte de l’équation de KP-II.

Dans les Chapitres 2,3,4 et 5 on étudie le problème de Cauchy pour l’équation KP-II

/ R S  /  {Ut +  UXXX +  UUX) X + U y  y  =  0
^  1 u(0,z ,y ) =  ( * ,y ) € R 2

avec des données dans des espaces de Sobolev d ’indice négatif. Dans le Chapitre 3 des général­
isations en dimension trois de (5) sont aussi considérées. Dans [14], J. Bourgain démontre 
que le problème de Cauchy pour l’équation KP-II est localement bien posé pour des données 
dans L2. La preuve est présentée surtout dans le cas des données périodiques mais peut 
être adaptée au cas continu. La démonstration de [14] utilise une décomposition dyadique 
associée au symbole de l’équation linéarisée. Dans cette thèse on présentera une approche 
différente qui utilise des techniques dues à C. Kenig, G. Ponce, L. Vega (cf. [42]), développées 
dans un premier temps dans le contexte de l’équation de KdV et les inégalités de Strichartz 
pour l’équation de KP injectées dans le cadre des espaces de Bourgain associés à l’équation 
de KP.

On introduit les espaces fonctionnels pour les données intiales de (5). Soit Hx)y2 (R 2), si € 
R , S2 € R  les espaces de Sobolev anisotropes munis de la norme

=  11(1 -  ^ ) V 2 (1 -  Ll„-
Les espaces H l)y2 (R 2) sont naturels pour les données de (3) car leurs versions homogènes sont 
invariantes par les transformations de changement d ’échelle qui préservent les équations de 
KP. On note que if£ty(R2) =  -L2(R2). On introduit aussi les espaces de Sobolev anisotropes 
modifiés Hx)y2 (R 2), munis de la norme suivante

ii*ii =  imi»î.v’ + iK - a ir ^ V ik v -

De façon similaire à [48] on note H a(R 2) les espaces de Sobolev modifiés, munis de la norme

Dans le Chapitre 2 on démontre que le problème de Cauchy pour (5) est localement bien posé 
avec des données dans H 3(R 2), s > 0. On se sert de l’inégalité de Strichartz pour l’équation 
KP-II injectée dans le cadre des espaces de Bourgain correspondant à /P ( R 2).

Dans le Chapitre 3 on améliore le résultat du Chapitre 2. On démontre que le prob­
lème de Cauchy pour (5) est localement bien posé pour des données dans /fx‘jJS2(R 2), «i > 
—1/4, s -2 > 0. Le fait que <£ 6 Hx)y2 (R 2) signifie que (—dx)~l!2<j> € if*JjJ*2(R 2) ce qui est 
(comme on le verra plus tard) une restriction inutile. L’avantage des espaces de Bourgain

h

1*2/2<t>î)fl,«1,«2*»VIM I*

•1>*2 i,yH:

IMI H* =  IMIH*+ IK - £ )
1- 1 / 2 i>\\H'-
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basés sur H i\y 2 (R 2) est la simplification des cas des basses fréquences dans l’estimation bil- 
inéaire cruciale pour la preuve. Par ailleurs la taille de l’intervalle d ’existence dépend de 

,*2 et donc même dans le cas si =  S2 =  0 on ne retrouve pas complètement le résultat

de [14]. Dans le Chapitre 5 on présente une amélioration significative du résultat du Chapitre 
3 concernant (5). Dans le Chapitre 3 une généralisation en 3D de (5) est aussi étudiée. On 
démontre que le problème de Cauchy pour l’équation de KP-II en 3D est localement bien 
posé avec des données dans i / a(R3), s > 3/2 (les espaces H s(R 3) sont définis similairement 
à H 3(R 2)). La démonstration utilise des inégalités de Strichartz pour l’équation de KP-II en 
3D. Les techniques du calcul différentiel utilisées en 2D ne semblent pas être appropriées au 
cas de la dimension 3.

Il y a deux ingrédients principaux dans le Chapitre 4. D’abord on introduit une ap­
proche pour traiter le cas des basses fréquences dans l’estimation bilinéaire de sorte qu’il 
n’est plus indispensable d ’utiliser les espaces ifJ,y,2(R 2) comme ensemble de données ini­
tiales. En exploitant la nature asymétrique de l’estimation bilinéaire on introduit un facteur 
supplémentaire dans la définition de l’espace restriction de Fourier ce qui nous permet de 
traiter les cas des basses fréquences. Il est surprenant qu’un facteur similaire soit utilisé 
dans [14] mais pour des raisons complètement différentes (voir Chapitre 7, Section 6, preuve 
de la Proposition 5 pour une application typique de l’approche de [14]). Le deuxième in­
grédient dans le Chapitre 4 est la preuve d ’existence d ’une solution globale de (5) pour des 
données dans ifj,y*a(R 2), si > —1/310, «2 > 0. Cela généralise le résultat d ’existence globale 
de J. Bourgain pour des données dans L2. L’exposant —1/310 est de nature technique et 
il n’est sûrement pas optimal. La démonstration se sert de l’idée récente de J. Bourgain 
de décomposer les données en petits et grands modes de Fourier. Le nouvel ingrédient tech­
nique est une généralisation de l’estimation bilinéaire cruciale (voir Chapitre 4, Theorem 4.2).

Dans le Chapitre 5 on démontre que le problème de Cauchy pour (5) est localement bien 
posé avec des données dans Hx\y2(R2), si > - 1 / 3 ,8% > 0. La démonstration est une version 
raffinée des arguments du Chapitre 4. Le résultat est probalement optimal compte tenu des 
exemples donnés dans la deuxième partie du Chapitre (voir Chapitre 5, Theorème 4). Dans 
ce sens, c’est l’analogue du résultat concernant l’équation de KdV obtenu par C. Kenig, G. 
Ponce et L. Vega (voir [42]).

Dans les Chapitre 6 et 7 on étudie les équation de KP d’ordre 5

//»\ f (^£ OlUxxx *f* PUxxxxx H" uux)x 4" =  0
 ̂ '  \  «(O.aî.y) =  4>(x,y)

dans le cas de la dimension 2

/ i (lit “1" Oc\Lxxx H" P^xxxxx "f* Wllx)x /y "f" ^zz =  0
 ̂ '  \  u(0, x, y, z) =  <f>(x, y, z)

dans le cas de la dimension 3. Evidemment à l’équation de KP usuelle correspond ¡3 =  0 et 
a  =  — 1 (KP-I) ou a  =  +1 (KP-II). A l’équation de KP-II d ’ordre 5 correspond /? < 0 et à 
l’équation de KP-I d ’ordre 5 correspond (3 < 0.

uw

IMI ñi}¿
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Les résultats de type “bien posé” dans le Chapitre 6 sont donnés pour l’équation de 
KP-II d ’ordre 5. Dans le cas de 2D on démontre que le problème de Cauchy pour (6) est 
localement bien posé pour des données dans si > -1 /4 , s? > 0. En 3D, on dé­
montre que le problème de Cauchy pour (7) est localement bien posé pour des données dans 
Hx\y‘i {R 2), si > —1/8, S2 > 0. La démonstration se sert d ’un effet de régularisation globale 
démontré dans [5]. Un autre effet de régularisation est une relation arithmétique pour le 
symbole de l’opérateur linéarisé. Cette identité a le “bon signe” seulement dans le cas de 
l’équation KP-II (j3 < 0). La deuxième partie du Chapitre 6 concerne des résultat de type 
“problème mal posé” pour des équation de type KP-I. La démonstration utilise essentielle­
ment l’existence des ondes solitaires.

Dans le Chapitre 7 on continue d ’étudier le problème de Cauchy pour l’équation de KP 
d ’ordre 5. D’abord on montre que le problème de Cauchy est localement bien posé dans 
l’espace d ’énergie pour l’équation de KP-I d ’ordre 5, malgré le “mauvais signe” dans la rela­
tion algébrique liée au symbole. C’est le premier résultat de ce genre pour une équation de 
type KP-I. Dans le cas des données périodiques on utilise l’approche de [14] pour démontrer 
des résultats de type bien posé pour l’équation de KP-II d ’ordre 5 avec des données péri­
odiques (voir Chapitre 7, Théorèmes 4, 5).

Le Chapitre 8 est consacré à une note sur le caractère “mal posé” local de l’équation de 
KdV. On montre que le problème de Cauchy pour l’équation de KdV est localement mal­
posé dans H s, s < —3/4, si on impose que le flot u(0) ■— )• u(t) est de classe C 2 de H a(R) 
dans H 3(R ). On améliore ainsi un résultat de [15] où des conditions de régularité C 3 sont 
nécessaires. Dans [15] le caractère “bien posé” local n’est pas satisfait dans les directions 
4>{x) telles que

<Â(0 ~  +  l[AT-y,JV+7](0»

où 1a est la fonction caractéristique de l’ensemple A. La relation entre la fréquence N  et 
le paramètre 7 est donnée dans [15] par 7 ~  N~  2. Dans notre preuve, cette relation est 
remplacée par 7 ~  N ~ 2, ce qui est la principale nouveauté dans notre approche.

(R 2)fl ,32
P.VH\

, [-N -7 ,-N + 7 ](0
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CHAPTER O

Motivation and description of the results

The main goal of this thesis is to study the Cauchy problem for the Kadomtsev-Petviashvili 
(KP) equations. The KP equations naturally occur in many physical contexts (they are 
“universal” models for the propagation of weakly nonlinear dispersive long waves which are 
essentially one-directional, with weak transverse effects). On the other hand, they are one 
of the most important example of two dimensional Hamiltonian integrable system. In this 
thesis, in order to study the KP equations, we shall apply harmonic analysis techniques, 
developed in the last decade mainly by J. Bourgain, C. Kenig, G. Ponce, L. Vega. The KP 
equations are two dimensional generalizations of the celebrated Korteweg - de Vries (KdV) 
equation

( 1 )  ”1” WfXXX ”1”  =  0

The equation (1) was derived by Korteweg - de Vries as a model for long waves propagating 
in a channel. Among the solution of (1) a special role is played by the solitary wave solution

(2) u(t} x ) =  3c sech^-y/ci* -  ^0»

where c stays for the propagation speed. When studying the stability of the solitary wave 
solution (2) with respect to weakly two dimensional perturbation, Kadomtsev and Petviashvili
[33] derived the following equations in 2D

(3) (lit +  ov-xxx +  uux)s +  uyy =  0.

The role of the parameter a is transparent when considering (3) in the context of water waves. 
The sign of a  is positive (the KP-II equation) when the surface tension is small or absent 
(Bond number < 1/3). The sign of a  is negative (the KP-I equation) when the surface tension 
dominates as in very shallow water (Bond number > 1/3). In the critical case when the Bond 
number is near to 1/3 higher order terms should be taken into account in (3). Therefore in 
that case we are in position to consider the fifth order KP equations (cf. Kawahara [38])

(4) (tt< +  auxxx +  o\uXXXxx +  uux)x -(- uyy =  0.

This thesis is mainly devoted to the mathematical study of the Cauchy problems associated 
to (3) (with a > 0) and (4) for arbitrary a and <t\.

Now we describe the structure of the thesis.

In Chapter 1 we present the general framework of a method for studying the well- 
posedness of nonlinear evolution equations, introduced by J. Bourgain (cf. [12, 13]), sim­
plified and improved by C. Kenig, G. Ponce and L. Vega (cf. [42]). We first introduce the

7
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8 0. MOTIVATION AND DESCRIPTION OF THE RESULTS

Bourgain spaces in a rather general situation. Then we prove the linear estimates, which are 
actually one dimensional and do not depend on the particular equation. Next we prove the 
needed nonlinear estimates in a simple case - the KdV equation with L2 data. Finally we 
present a recent idea of J. Bourgain (cf. [16]) for extending the local solutions globally in 
time, based on decomposing the data into low and high Fourier modes. This idea shall be 
used in Chapter 4 in the context of the KP-II equation.

Chapters 2,3,4,5 are devoted to the study of the local and global well-posed ness of the 
Cauchy problem for the KP-II equation

/_■> j  {Uf +  UXXx "H UUx)x 4* Uyy =  0
I  tt(0,a:,y) =  <f>, {x,y) £ R 2

with rough initial data (Sobolev spaces of negative indices). In Chapter 3 the three di­
mensional generalization of (5) is also considered. In [14], J. Bourgain proved the local 
well-posedness of the KP-II equation for data in L 2. The proof is mainly performed for peri­
odic boundary conditions but could be applied to the continuous case too. The proof of [14] 
uses suitable dyadic decompositions associated to the symbol of the linearized equation. In 
this thesis we shall perform an alternative approach which uses the simple calculus techniques 
due to C. Kenig, G. Ponce, L. Vega (cf. [42]), first performed in the context of the KdV 
equation and the Strichartz inequalities for the KP equation injected into the framework of 
the Bourgain spaces associated to the KP equation.

In order to formulate our results we define the functional spaces where the initial data  
is expected to belong to. Let f f l jy ^ R 2), Si € R , S2 € R  be the anisotropic Sobolev spaces 
equipped with the norm

imi »a*» = ii(i -  a?),l/2(i - «„•
The spaces H x)y2 (R 2) are natural for the initial data of (3) since their homogeneous ver­
sions are invariant under the scale transformations preserving the KP equations. Clearly 
#®,y(R2) =  L2(R 2). Taking into account the specific structure of the KP equations we also 
introduce the modified anisotropic Sobolev spaces H x)y2 (R2), equipped with the norm

Similarly to [48] we denote by H 9(R?) the modified Sobolev spaces, equipped with the norm

iwifi. = imih- + iK-ajr^viiip.
In Chapter 2 we prove the local well-posedness of (5) for da ta  in H S(R 2), s > 0. The 

main tool is the Strichartz inequalities for the KP-II equations injected into the framework 
of the Bourgain spaces corresponding to H s(R 2).

In Chapter 3 we improve the result of Chapter 2, proving the local well-posedness of
(5) for data in iíxJ¿a2(R 2), si > -1 /4 ,52  > 0. The fact that <f> € H l)y2{R 2) means that 
{—dl)~xl2<f> 6 Hx)y7(R 2) which is (as we will see later) an unnecessary restriction. The 

advantage of using the Bourgain spaces based on Hx)y2 (R 2) is the trivialization of the small 
frequencies cases in the crucial bilinear estimate. On the other hand the size of the time

<t> I
82 / 2

% )

r r * l »«2
r e * , yñ .

- 1/ 2 .
( - « )+11H*1'**n *,v=  IMIfr»I ,*2

xtVIMI
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interval, where the local well-posedness is obtained depends on ||<£||#*i.*2 and therefore even

in the case sj =  S2 =  0 we do not recover completely the result of [14]. In Chapter 5 we 
give a significant improvement of the result of Chapter 3, concerning (5). In Chapter 3 the 
three dimensional version of (5) is also considered. We prove the local well-posedness of the 
3D KP-II equation for data in H a(R 3), 5 > 3/2 (the spaces H*(R 3) are defined similarly to 
H 9 (R 2)). The proof uses only the Strichartz inequalities for the 3D KP-II equations. The 
simple calculus techniques used in 2D do not seem to be appropriated in the case of three 
spatial dimensions.

There are two main ingredients in Chapter 4. First we show how to treat the small 
frequencies cases in the bilinear estimates and thus we are not obliged to use the spaces 
Hx)y32 (R2) for the initial data. Using the asymmetric nature of the crucial bilinear estimates 
we introduce an additional factor in the definition of the Fourier transform restriction spaces 
which helps us to deal with the small frequencies cases. Surprisingly a similar factor is used 
in [14] but for different purposes (cf. Chapter 7, Section 6, the proof of Proposition 5 for a 
typical application of the approach of [14]). The second main ingredient of Chapter 4 is the 
proof of the global well-posedness of (5) for data in Hx)ya2 (R 2), si > — 1/310, S2 > 0. This 
generalizes the L 2 global well-posedness result of [14]. The exponent —1/310 is of technical 
nature and is surely not optimal. The proof uses an idea due to J. Bourgain of decompos­
ing the initial data into high and low Fourier modes. The main new technical ingredient is 
a generalization of the bilinear estimate providing the local well-posedness (cf. Chapter 4, 
Theorem 4.2).

In Chapter 5 we prove the local well-posedness of (5) for data  in ifsJj}a2(R2), si >
— 1/3 , 8 2  > 0. The proof is a refinement of the arguments of Chapter 4. The result 
seems to be optimal in the sense that the key estimate for the local well-posedness fails 
for Si < —1/3, S2 = 0 (cf. Chapter 5, Theorem 4). In this aspect, it is the counterpart of the 
i / 4(R), s > —3/4 local well-posedness for the KdV equation proved by C. Kenig, G. Ponce 
and L. Vega in [42].

Chapters 6 and 7 are devoted to the study of the fifth order KP equation

//»\ f (^ t "I" OlUxxx fi'U'Xxxxx 4* 'U'^x)x “I" uyy =  0
'  * I  ti(0,x ,y )  = <f>{x,y)

in the two dimensional case and

/y \  f (^t OlUxxx "H f tUxxxxx  "I" u u x ) x  "H Wyy -f- Uzz — 0
^  \  u(0 , x ,y , z )  =  <j>(x,y,z)

in the three dimensional case. Clearly “usual” KP equations correspond to (3 =  0 and oc =  -1  
(KP-I) or a  =  +1 (KP-II). Further the fifth order KP-II equation corresponds to ¡3 < 0, while 
the fifth order KP-I corresponds to /? > 0.

The well-posedness results of Chapter 6 are devoted to the fifth order KP-II equations. In 
2D we prove the local well-posedness of (6) for data in fZ£)y,2(R 2), s\ > —1/4, S2 > 0. In 3D 

we prove the local well-posedness of (7) for data  in H x ) y 2 (R2), «i >  -1 /8 ,  $2 >  0. The proof 
makes use of a global smoothing effect for the linearized equation established in [5]. Another
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smoothing effect essentially used in the proof is an arithmetic identity involving the symbol 
of the linearized operator. This identity has “good” sign only in the case KP-II equation 
(/3 < 0). The second part of Chapter 6 is devoted to the proof of ill-posedness results for 
some KP-I type equations. The proof relays on the existence of solitary wave solutions.

In Chapter 7 we continue the study of the fifth order KP equations. We first prove the 
global well-posedness in the energy space of the fifth order KP-I equation despite the “bad 
sign” in the algebraic relation related to the symbol. This result is the first of this kind for 
KP-I type equations. The proof uses the global smoothing effect for the linearized equation 
from [5] and the simple calculus techniques due to C. Kenig, G. Ponce and L. Vega. Then 
we turn to the case of periodic boundary conditions. The difficulty in that case is that the 
free evolution does not possess any dispersive property. Here we use the approach from [14] 
in order to obtain the local well-posedness for the periodic fifth order KP-II equation with 
rough data (cf. Chapter 7, Theorems 4, 5).

Chapter 8 is devoted to a remark on the local ill-posedness for the KdV equation. We 
prove that the Cauchy problem for KdV equation is locally ill-posed in H a, s < —3/4 if one 
asks the flow map u(0) ■— > u(t) to be C 2 from H a(R) to H a(R ). This is a slight improvement 
of a result from [15], where C z regularity is needed. In [15] the local well-posedness fails 
along the directions <f>(x) such that

HO ~ y](£) +  1[TV-7,W-H(£)>
where 1a is the characteristic function of the set A. The relation between the frequency N  
and the parameter 7 is 7 ~  N ~ i .  In our proof the relation between 7 and N  in an example 
similar to [15] is 7 ~  N ~ 2, which is the new point.

[ - N - 7 , -W



CHAPTER 1

Preliminaries

1. Local existence

We shall give an idea for the method developed by J. Bourgain for studying the local 
well-posedness of nonlinear evolution equations (we also refer to the expository paper [23] 
for a more complete presentation). The method is a rather general scheme and can be applied 
for equations of type

{
iu* =  Au +  f(u)

<i(0) =  uo,

where A is a self-adjoint operator acting on a Hilbert space. In most cases A is a differential 
operator (or a Fourier multiplier) defined on a classical Sobolev space. The term f(u)  repre­
sent the nonlinear interaction and uq is the initial data. Several examples could be injected 
into the previous framework:
- A  =  A, where A is the Laplace operator in R n, which corresponds to a nonlinear Schrodinger 
equation .
- A  =  i(% x € R, f(u)  =  - iuux, which corresponds to the Korteweg de Vries equation.
- A = id%± id~ldy, (x, y) 6 R 2, f{u) =  - iu u x, which corresponds to the Kadomtsev- 
Petviashvili equations.
- A — V -A , which corresponds to a nonlinear wave equation.
- A  =  diag{-A, V -A }, where diag stays for the diagonal matrix, f(u)  =  (tiitt2 , A |u|2), 
which corresponds to the Zakharov system.
Actually we shall solve the integral equation corresponding to (1). Let ^  be a cut-off function 
such that € C0~(R ) , supp C [-2,2], =  1 on the interval [-1,1]. Consider a truncated 
version of the integral equation corresponding to (1)

(2) u{t) =  ^ (i)i/(t)u0 -  ty{t) f  U(t — i')/(ti(£'))dt',
Jo

where U(t) =  exp(-tiyl) define the free evolution of the system. Sometimes we change ty(t) 
by i>{t/T) in the integral term and we look for solutions on the time interval [-T , T]. Clearly 
to a global solution of (2) corresponds a local one of (1) on the interval [—1,1] (respectively 
[-T , T]). Now we define the Bourgain spaces. These are the spaces B  equipped with the 
following norms ||u||b =  ||i7(—i)tt||jt» where X  stays for a classical functional space, for 
example a Sobolev space. We shall solve (2) by a fixed point argument in B. Suppose that 
the initial data belongs to Y  and the space X  be of the form X b = Y  (/if), & € R. We denote 
by Bb the Bourgain space corresponding to X b. Then we have the next result.

li

(1)

if)
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(3)

(4) IV’(i) f  U{t — 
Jo B b

where b' +  b < 1, b > 1/2, b' > 0.

P ro o f. The estimates are in fact one dimensional (with respect to time) and do not 
depend on a particular choice of the unitary group U(t). The proof of (3) is a direct conse­
quence of the definition. It suffices to note that ^(f) and U(t) commute since the operator 
U(t) is a multiplier operator with respect to time. In order to prove (4), we note that it is 
equivalent to

(5) ip{t) [  v ^ d t '  
Jo

<
HÌ

tf|| H~b>’

Since b +  6' < 1, the inequality (5) affirms that “by integrating we gain a derivative” . Using 
Fourier transform we obtain

f t  roo i tr  _  1
ij}(t) I t ;( i /) d i / =  i>{t) I — :------v ( r ) d r

Jo J - oo tT

=  VKO /  ~—:— - v ( r ) d r  +  ^ ( i )  [  — v ( r ) d r  -  ^ { t )  [  
•/|t|<1 ^  J \ t

:=  h { t )  +  h i t )  +  h { t ) '  

We shall now estimate the three terms. First

v(r)
i r

d r

IIA W IIh * <  £  ¿ I I « V W I I h *II< 'II«^  ~

It remains to estimate h ( t) .  Using Cauchy-Schwarz inequality, we obtain for 6 > 1/2

11̂3(01| jyb < IIV'COIIh«’ J  ■  ̂¿T

< IIV’Wll̂ llvll̂ -x

£  IMI/i-fc', s ince 6 +  b' <  1.

Il (t) U{t) ¿IIB b <rsj II^IIk . <pe Y .

O / M O ) * ' <r>j B-b>,

M>i

k>l u <1

(r)2b dr
Ì

1
2

< MLH~b'-

Further we have

m m Hi
<

l i >1

€itr

ir
v ( r ) d T

J
crb
1 t,loc

<
J \r \ >1

e itr

ir
v(r)dr < IM Hb-l <

r>sj IMIH-*

< II* (t) IIm {
di

{r)U )
1
2

{
|ü(r)|2dr
( r )2(1-6) )

1
2
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This completes the proof of Theorem 1.
There are different variants of the estimate (4). For example if we wish to take into account 
the factor T  of the cut-off function then in [23] the following estimate is proven

\ m / T )  f  U ( t -  t')f(u(t'))dt'l\Bi < r ,_l_*'||/(tO||B-»>, b +  b'<  1, 6'< 1/ 2.
Jo

Sometimes one needs to take b =  1/2 in the definition of the Bourgain’s spaces. For example, 
this is the case of the periodic KdV equation. In this case the terms Ii(t)  and Ii(t)  can be 
treated in the same fashion as above. A logarithmic singularity appears in the estimate for 
h {t) .  Using the above arguments one can easily obtain

v-WjTu(t-mu(t'))dt-I < (n/Miig.j+ii/(«)iiz- i ) ,

where the space Z~* is equipped with the norm

IM I^i = ||t/(-t)«||y
K - * )

1 - 1
and W t ’ 2 stays for the Sobolev space with respect to time based on i 1 and measuring 
regularity of order -1 /2 . For more details we refer to [23, 24].

In order to apply a fixed point argument we have to prove the following estimate

(6) l l /M l ls - *  < IM Ib ..

where A is the order of the nonlinearity. The estimate (6) is called “nonlinear estimate” or 
“bilinear estimate” in the case of a quadratic nonlinearity.

Here we shall consider a simple case when an estimate of type (6) holds. More precisely 
we shall prove (6) when

(7) /(« )  =  <««„ y  =  L2(R), a  = i d l  6 = i +  b ' = l ~ -

From this version of (6) together with Theorem 1 and a Picard fixed point argument will result 
the local well-posedness of the KdV equation for data in L2(R). Thanks to the conservation 
of the L2 norm one extends the solutions globally in time. Note that assuming (7), the norm 
of the Bourgain spaces B b has the form

NlB>=IK’- + iVS(r,0||Lj (

A duality argument shows that when (7) holds the estimate (6) has the form

(8) J  < II/IM I0 |Il2IMIl2>

where

J  =
I I -

iei/fa,6)íf(r-n,e-6)Mr,0 -drd^drid^i
(r + f3)2 (ri +fi>2 + (r_  ri + ( f - 6 ) 3}2 +

We can assume that / ,  g , h  are positive. A use of the Cauchy-Schwarz inequality yields

J < J  r (T* Z ) { J  l/(ri>& )0 (r-n ,£ -6 )|2dn#i j  h(T,S)drdZ,

B t
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where

,,r III (  [ _______ fMii_______ V/2
1 (T + O » -  V  (n + i? )1+( r - r 1 + ( i - i , )3 ) i+ ;  •

Further we easily obtain

, i r  ^  î i (f  V/2
1 ■t,~ <T + i3)}- \ J  (r + i?+(f-f,)3)I+y •

Performing the change of the variable fi ■— ► /¿, where fi =  r  +  f 3 +  (f -  ^i)3 we arrive at

1 /2
dfi

<

+ £3 -  4/i| 2

Kl3/4

(r +  ^3)2 (4r +  f 3)<

< const.

Hence I(r ,£ )  is bounded and another use of the Cauchy-Schwarz inequality completes the 
proof of (8). Now it remains to use a standard fixed point argument in order to prove that 
the initial value problem for the KdV equation is locally well-posed for data in L2. The 
above arguments are further developed in [42] where the bilinear estimate is proven for the 
Bourgain spaces based on H a(R), s > —3/4 yielding the local well-posedness for the Cauchy 
problem for KdV equation for data in H a{R), s > —3/4. This result is sharp due to the 
counter examples constructed in [42].

2. G lobal ex is tence

We restrict our considerations to the following case

/ q\ /  =  p (D )u + f(u )
W  I  u(0) = <f>,

where p(D ) is a Fourier multiplier acting on the classical Sobolev spaces H ’ . Once we have a 
local well-posedness in a suitable space we can extend the solutions globally by the aid of the 
conservation laws due to the symmetries of (9). Here we shall give an idea for the method 
developed by J. Bourgain to prove the global well-posedness in cases when the conservation 
laws are not directly available. Let H(u(t)) = H{4>) be a conservation law. Actually we shall 
consider only the case H(<f>) =  ||< |̂|i,2. We shall try to construct global solutions for data 
below L2. Note that there is no conservation of the Sobolev norms below L2 for (9). We 
suppose that a local well-posedness below L 2 could be proven. Let <f> € H ~ a, with s > 0. 
Consider the following decomposition

<t> = <t>o + Vo,

where fo  is the spectral projector on the interval [ -N ,  iV], Here N  >  1. Clearly

IMIl’ ~ IMIh-* ~

d t  i

f ( r »0 <
lfp/4

(T +  & ) (/ M 1+|4r2

iu t

N s N 3 — <J



Let B b,~3 be the Bourgain space associated to H ~ 3(H b). Consider the following system

ivt = p(D)v + f (  v)

(10) < iwt =  p(D)w  +  f ( v  + w) -  f (v )

, (v(0),w(0)) =  (4>0,tj0) e L 2 x H ~a 

The next Theorem could be proven by using the techniques described in the previous section.

T heorem  2. (local existence) There exists (u,i>) € B ^ +,° x B 2 + ~a, a unique local so­
lution of (10) on the time interval [—5,5], where 8 ~  N ~ a3, a  > 0 and in addition

< ON», 0  > 0,

IM IBi+.-. £ c N ~ 1 '  7 > 0-
Write

w(t) =  U(t)r}0 + r(t).

The new estimate is the following.

T heorem  3. Fort e [0,5], we have

IMOIIp  < c(ll*>llBj +,IH IBi+ .- + IMIBj*.-.)

< c N ^

We can easily obtain the following corollary.

T heorem  4. Suppose that Theorem 2 and Theorem 3 are proven and s +  7 — /3 — a s  > 0. 
Then (9) is globally well-posed for data in H ~3.

P ro o f. Let 8 be the size of the existence interval from Theorem 2. Set

<f> 1 =  u(8) +  r(8), t)i =  U(8)tj0.

Since U(t) is an isometry on the classical Sobolev spaces we have

IMIH —  = IMItf-*-
Further we have

\M& < H * ) lb  + IK *)lb  

< ll^olb + l|r(5)lb

< IMU’ + cN 0- \

Hence the L 2 norm increase as A ^“'v. We would like to iterate the process M (N )  times. We 
need that

M (N )N 0-^  ~  N 3, i.e. M (N )  ~  N 3~0Ĵ .

Thus we obtain an interval of size

M { N ) 8 ~  ATa+ ^ - Q4.

Since s +  7 — ¡5 — as  > 0 and N  »  1, we can finally achieve any interval.
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CHAPTER 2

Remarque sur la régularité locale de l’équation de 
Kadomtsev-Petviashvili-II

This Chapter essentially contains the paper [56] (Remarque sur la régularité locale de 
l ’équation de Kadomtsev-Petviashvili, C.R. Acad. Sci. Paris, t. 326, Série I, p. 709-712, 
1998).

R ésum é. On donne une demonstration courte d’une partie d’un résultat de Bourgain [14]. Plus 
précisément, on démontre que le problème de Cauchy pour l’équation de Kadomtsev-Petviashvili-II 
est localement bien posé dans des espaces de Sobolev d’indice strictement positif.

A b s tra c t. We give a short proof of a part of the Bourgain’s result from [14]. More precisely 
we prove that the Cauchy problem for the Kadomtsev-Petviashvili equation is locally well posed in 
Sobolev spaces with positive index.

1. In tro d u c tio n

On considère le problème de Cauchy pour l’équation de Kadomtsev-Petviashvili-II

( U f  - ( -  U x x x  " f"  /U 'V 'x)x U y y  ~

u (0 , z ,y )  =  <j>.

En utilisant une méthode initialement appliquée aux équations de Schrödinger non-linéaire 
et KdV ([12,13]), Bourgain [14] démontre que le problème (1) est localement bien posé pour 
des données initiales dans H*(T 2), s > 0, T 2 =  R 2|Z2. La preuve peut être adaptée aux 
données dans R 2. Bourgain [14] utilise une décomposition dyadique associée à la structure 
d’équation (1). La preuve n’utilise pas les propriétés dispersives de l’équation linéarisée dans 
le cas des données dans R 2. Ici, on donne une démonstration courte d’une partie du résultat 
de Bourgain qui est basée sur les propriétés dispersives de l’équation (1). On écrit (1) sous 
la forme

. . I  idtu =  p{Di, D2)u -  iuux,

* l  u(0 i*,y) =  0,

où D\ =  - i d x, £>2 =  —idy et l’ opérateur p(D\, D2) est défini par la transformation de Fourier 
F {p{D i,D 2 )u){Ç) =  p(C)à(C)- 0 °  n° te par Ç =  (£,ri) les variables conjuguées de Fourier et 
p(Q — — £3 +  tj2/Ç. On note H b,a(R 3) l’espace de Sobolev classique muni de la norme

||»;H‘-*(R3)|| = ||(r>‘ (0*4(’-,C ):l^ )ll,

où (.) =  1 4 -1.|. On note i j r ,a(R3) l’espace de Sobolev modifié (voir [48]) muni de la norme

II»; H m (R 3)|| =  II«; f f 6,*(R3)|| +  l l i o . r 1«; f f ‘’*(R3)||.

17
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On définit de même manière l’espace H 9(H2) et on note L2 l’espace H °. On peut remarquer 
que quelque soit u € H b'Sl’32, on a J  u(t, x , y)dx =  0. Soit U(t) = e xp (-itp (D \ , D2 )) le groupe 
unitaire qui définit l’évolution libre de (2). On va résoudre (2) dans l’espace de Bourgain B b,a 
muni de la norme ||u ;B 6’a|| =  \\U(-t)u-, H b,s\\. Comme f (U ( - t )u ) (T ,  Q = û(r -  p{ C),Ç)> on 
obtient que la norme dans B b,a s’écrit sous la forme

| |u ; = J ( t +  p( C)>“ (1 +  O p d rrfC .

On a le théorème suivant.

T h éo rèm e  1. Soit s > 0. Alors quelque soit <f> € H 3, il existe T  =  T(||<^||^,) positive et 

u(t, x , y), une solution unique de (1) dans l ’intervalle [-T , T] telle que u 6 C([—T , T]; i f J(R 2))f  
B 1/ 2'3.

On va résoudre une version tronquée de l’équation (2)

(3) u(t) = 4>(t)U{t)u(0) -  \l>{t/T) [* U(t -  t’)dx {tj)2{t'/2T)u2(t'))dt'.
* J 0

où est une troncature telle que 6 Cq°(R), supp tj) C [—2, 2], ÿ  = l  sur l’intervalle 
[—1, 1]. Aux solutions globales en temps de (3) correspondent des solutions locales de (1) sur 
l’intervalle [ -T , T]. On a l’estimation suivante pour l’évolution libre

\m ) u ( t ) b  <  c\\4>\ i r i l -  

Pour estimer le terme intégral de (3), on utilise la Proposition suivante.

P ro p o s it io n  1. (voir [24], Lemme 2.1). H existe c > 0 telle que

*(t/T) f  ‘ U(t -  B 1' 2-* <  c{ | |u u r ; || +  \\uux-, y * | |} ,
J 0

où Y 3 est muni de la norme

11«; l ' i l  =  l l W - ^ O ' t l  +  l i r 1) ^ - * ) » ) ; ! ^ ) « .

L’estimation non-linéaire est la suivante.

P ro p o s it io n  2. Soit s > 0 et supp u c  {(£, x) : |£| < cT}. Alors il existe 7 > 0 tel que 
on a les inégalités suivantes

(4) Huit,; B - ^ ’W <  ¿ r i l « ;  B 1/2'’ | |2,

(5) ll»®«;y*|| <  cTWu-'B'^-'W2.

On va essentiellement utiliser l’estimation suivante.

P ro p o s it io n  3. (inégalité de Strichartz, voir [24], Lemme 3.1 et [48], Proposition 2.3,). 
Soit

0 < 7 < 1, 0 < 8 < 1, €1 > 0, supp u C {(£, x) : |£| < cT}.

Alors, quelque soit u 6 L2(R3), on a Vinégalité suivante

(6) l | i - 1((’- +  p (C ) ) -1 / î | i h O I ) ; i | ( % , , ))ll <  « r ,*/ , l l « l b ,
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|ô(r,í | - ‘)2(0 2*B b's y2

B ~  1/ 2 .«t')dx (u2( O ) * ';



où 7 * = 7  — 0  e t q, r  so n t  telles que

q l + £j ' ' 2 r l +  ei

2 . Démontration de l’estimation non-linéaire

On pose a -  <r(r,Ç) = r +  p(C), ^  = <7(rlfCi), ^2 = * ( t - t ï ,C - Ç i )  et

rô(r,C) = (T + P(C))1/2(C)aû(^ Ci-
Par dualité, on écrit (4) sous la forme

2. DÉMONTRATION DE L’ESTIMATION NON-LINÉAIRE 19

I/ / <^(T)C»n,Ci)w(ri,Ci)w(r -  ri,C -  <i)i)(r, C)d7-id<i<irdC

(7) ¿ H IM Ii*  +  I M b l l l A r r H b  +  W m - ' w W l m v ,

K(r f r  r \ -  (0 (0‘(Ci)~'<C-Ci)~‘
1 ^  (<7i)1/2(<T2)l/2<ir)l/2 *

On peut supposer que > 0 et v > 0 . On a la relation suivante

* , + a , - *  =  % { ( { -

Donc max{|(r|, |<7 i|, |<r2|} > |£ if (£ - f i) |.  Par symétrie, on suppose que |<7i| > |<T2 1. On note J  
le membre de gauche de l’inégalité (7). On considère trois cas principaux.

Cas 1. \<t\ > |<ri|,|f| > 2 . On note J\ la restriction de J  sur cette région. On peut 
supposer que |£| < 2 |Çi|. Si |C| > 2|Ci|, alors |£| < 2 |£ — £i| et les arguments sont les mêmes. 
Si lÉ.I > 1 et |£ — | i |  > 1 , alors IfKc) ly 2̂ < cte et on obtient en utilisant les inégalités de 
Holder, Strichartz et Sobolev

Ji < <.));£?(££,s))ll 
-  r ,,<  -  Cl)); £?(££,„>)IIIMi’

<  c T ^ \ \ r - \ ( a i ) - ^ w ( T  -  T „ C  -  C l) ) ;

à condition que <5(ri) =  ¿(rj) =  Æ(ri) +  J(r2) =  1, s > <5(r2) -  ¿(r^). On pose 7  =  6

et la restriction de l’injection de Sobolev devient s > , qui est satisfaite pour s > 0 et

e, €1 suffisamment petits. Si |£i| < 1 , alors HKo-) - 1 ^2 < c<c|f i | _1  et les arguments sont les 
mêmes en utilisant |||-Di|- 1w||i,2 à- la place de ||w ||.£,2 où cela est nécessaire.

Cas 2 . |<ti| > |crj, ¡Il > 2 . On note J 2 la restriction de J  sur cette région. Si |C| < 2|Ci|, 
alors on peut appliquer les arguments du cas 1 . Soit |£| > 2|Ci|. Si |£i| > 1 et |f — £i| > 1 , 
alors HKîTi) - 1/ 2 < cu  et en utilisant les inégalités de Holder, Strichartz et Sobolev, on obtient

J2 < - n , < -  Ci))iif(^i,,,)ll

< crnMikMiy,

2
=  1 -

0(1 - 7)
:= 2

1 1 (1 — g)(l — 7)

6 ) +
(íin -  im )2
í i í ( í - í i )

(n,w\- 1 / 2
« * 1>

- 1
11̂

s w ( t(C -  Ci)- 1/ 2 ,« * 2>- 1
\ \ F

L}(1 r2 '
{x,y)‘IIH b lM b

IM b ,MbcT1*<

F
- 1 «*>

- 1 /2'u(r,C)); LÌ mu
T~\«* 2>- 1/2 w I

H . »

1-7  _  1 
1+ei 2’

2e+2ei
1+ci

\ \ F
- 1 ((Cl) -*W (n,Ci)); L K V lv ) )ll

où



à condition que ¿ (n )  =  2<5(ri) +  <J(r2) =  1, s > ¿(r2). On pose 7 =  € et la re­

striction de l’injection de Sobolev devient s > 2[ ^ tl , qui est satisfaite pour s > 0 et €,€1 

suffisamment petits. Si |£i| < 1, alors IfK^i) -1/2 ^  c<e|f i l-1 les arguments sont les mêmes.

C as 3. |£| < 2. Dans ce cas, on a 1!2 < cte et on peut utiliser les arguments du
cas 1.

On remarque que w G L2 et on peut donc utiliser l’inégalité de Strichartz avec w dans 
tout les cas précédents. On a utilisé l’inégalité de Strichartz avec v seulement si |£| > 2, car 
dans ce cas on peut supposer que la fonction u est telle que v(r, 0, 77) =  0 près de £ =  0 et 
donc qu’elle appartient à L2. Par dualité, on écrit (5) sous la forme
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' J J

Ki(T,{,ri,Ci)i»(Tï,ii)œ(T -  -  ( ,i)v((,)dT \dÇt <lTiC,\ <

(8) cTMIMI h + I M M I ^ r ' a - l b  + IllD.r'wIliaJIIollw,

K i r C  r  ~ <■>'*
'( ’C’ 1,Çl)_ (<T,)‘/2(<r2)l/2(<7) '

Si |£| < 2, alors on utilise les mêmes arguments que dans la preuve de (4) dans le cas 1 
en remplaçant £>(7-,C) par (<r)-1t)(C) € ^(t<;)- Si |<7i| > |a | on utilise les arguments de la

preuve de (4) en remplaçant v ( t ,  £) avec € L2r ^ pour e suffisamment petit.

Si M  > |<7i| et |£| > 2, on a alors que |ît| > c |f |2|£i|, lorsque |£i| < 1 et |cr| > c|£|2, lorsque 
|fi| > 1. Il reste à remarquer que

<0Ô(0 r 2€ L t  avec < 0*(0  . T2
(a) +  \ Ç \ 2 '  M(*> + KI2 (T,C)’

et à utiliser les arguments de la preuve de (4). Ceci termine la preuve de la Proposition 2. 
Des arguments standards de point fixe terminent la preuve du Théorème 1.

R em arq u es . L’idée de ce travail vient de [32], où est donnée une démonstration dif­
férente du Théorème 1. Elle n’utilise pas les propriétés dispersives de (1), mais se sert de 
la méthode utilisée dans [42] pour l’équation de KdV. Dans [57], nous démontrons que le 
problème (1) est bien posé dans des espaces de Sobolev nonisotropes d ’indice négatif par 
rapport à x (en particulier dans L2)1.

*cf. Chapters 3,4,5

1+íl
1 - 7 1
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CHAPTER 3

On the Cauchy problem for Kadomtsev-Petviashvili equation

This Chapter essentially contains the paper [57] (On the Cauchy problem for Kadomtsev- 
Petviashvili equation, Communications in Partial Differential Equations, 2 4  (1999) 1367- 
1897).

Abstract.

Using the method of Bourgain we prove local well-posedness of the Cauchy problem for KP-II equa­
tion in non-isotropic Sobolev spaces R 2) for si > —1/4 and 52 > 0. In the case of three space 

dimensions we prove local well-posedness in H*(R 3) for s > 3/2.

Résumé.

En utilisant la méthode de Bourgain on démontre que le problème de Cauchy pour l’équation de 
Kadomtsev-Petviashvili-II est localement bien posé dans les espaces de Sobolev non-isotropes R2), 
quand si > -1 /4  et 52 > 0. Dans le cas de la dimension trois, on obtient que le problème de Cauchy 
pour l’équation de KP-II est localement bien posé dans H*(R3), quand s > 3/2.

1. Introduction

We will study the initial value problem for the Kadomtsev-Petviashvili-II equation (KP- 
II). The Cauchy problem for KP-II equation in R 2 has the form

/i\ f (̂ f + Uxxx "I" "I" Uyy = 0
U  1 u(0,x ,y)  = <f>

The Kadomtsev-Petviashvili equations are “universal” models for the propagation of weakly 
nonlinear dispersive long waves which are essentially one-directional, with weak transverse 
effects. The equation (1) has the structure of an infinite dimensional Hamiltonian system and 
applying the inverse scattering method one can obtain global solutions of (1) in Sobolev spaces 
W 3'2 fl W 3'1, s > 10 (cf. [61]). Using a method based on an analysis of multiple Fourier se­
ries first applied for the Schrödinger equation (cf. [12]) and KdV equation (cf. [13]), Bourgain 
(cf. [14]) proved global well-posedness of (1) for initial data in H*(T 2), s > 0 , T 2 = R 2|Z2. 
The proof is also adapted for data in R 2. Bourgain [14] uses mainly a suitable dyadic de­
composition associated to the structure of the equation (1) and an algebraic relation for the 
symbol of the linearized operator. No form of the classical Strichartz inequality is used for 
obtaining the result of [14]. In [32] using a method proposed by Kenig, Ponce, Vega (cf.
[42], [43]) a part of the Bourgain’s result is recovered. More precisely local well-posedness 
of the Cauchy problem (1) in H 3(B?),s > 0 is proved. The nonlinear estimate of [32] is
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obtained by a change of variables similar to that of [42] for KdV equation or [43] for the non­
linear Schrödinger equation. No form of the classical Strichartz estimate is used in [32] either.

We write (1) in the following form

j  idtu =  p(Du D2)u -  iuux 
' > \  u(Q,x,y) = <j>

where D\ =  \ d x , D2 =  \ d y and the operator p (D \,D 2) is defined through the Fourier 
transform

?{p{Du D2)u){Q = p{Q u{Q .

Here £ =  (£, rj) stays for the Fourier variables corresponding to (x, y) and

TJ2
p « )  = - ? + j

With H b,ai,S3(R 3) we denote the classical Sobolev spaces equipped with the norm

||a ; H 6 ,« .» ( R 3)|| =  | | ( r ) ‘ (0*'<i!>*s ä ( r , 6 ’i ) ; i ( T,0 ll.

where (.) =  1 +  |.|. Similarly we define H 3l,37(R 2) and the homogeneous spaces i f 4l,42(R2). 
As in [48] we define modified Sobolev spaces H b,3l,a2 (R3)

H b'3i'S2(R 3) =  {u € H b'3l'3*{R 3) : ^ ( K r ^ r . O )  € ^ Mi,S2(r 3 )}» 

equipped with the norm

|| u; f f 6-4l’42(R3)|| =  I l t t j f f ^ ^ iR ^ I I  +  I H D i l ^ t t j H ^ ^ i R 3)!!.

Similarly we define the spaces /Til,42(R 2). With L 2 we denote the space H°. Note that for 
any u € H b,3x'32 we have

poo

u(t , x, y)dx =  0.
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fJ  —(

Let U(t) = exp(—itp(Di, £>2)) be the unitary group which defines the free evolution of 
(2). In both papers [14] and [32] the solutions of (1) belong to the space B b,b 1,4 equipped 
with the norm

(4) ||« ;X 6'6l’4|| =

In [14] a small modification of (4), according to the size of the initial data is performed. The 
parameter s  measures the Sobolev regularity of the solutions and b r>j 1/2, b\ ^  1/4. In the 
present paper we shall not make use of the term ( )&1 in the description of the functional 

space where the solutions are expected to belong. More precisely we shall solve (2) in the 
Bourgain type spaces B b,9ï,s2 equipped with the norm

||u;£&,*i,«2|| _  \\U(-t)u-)Hb'9l't2\\.

(3) II«;
ßb,bi,3'II =  \ \ u ( - í)u ; X 6’6l,all.

where X b,bl,a is equipped with the norm

(T)
r

i + KI3'bl(O s »(*■> 0 ;
t2
L(r,<)

b
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Since F (U (—t)u)(T ,Q  =  u(r  — p(C)iC) we obtain that in terms of the Fourier transform 
variables the norm of B b,ai ,a* can be expressed as

|K ; B M .,« || =  ||( r  +  p ( i) )* { i> « < ,> « fl(T ,C )||i} j{ +  IK»- +  p (0 > * l€ |-1 <€>** <*?>•**(»-, 0 1 1 ^

Note that if u(i, x, y) is a solution of (1) then so is

u\(t, x, y) = X2u(X3t , Ax, A2y)

We have that

=  A-*+a* + * /a||«(A3t , O l l / r - . . ^

Hence one may expect that for S\ -f 2s2 +  1/2 > 0 the Cauchy problem (1) is well-posed in 
H 31,42-type spaces. Our main goal in this Chapter is to prove the following Theorem.

T h e o r e m  1 . Let si > - 1 /4  and «2 > 0. Then there exists b > 1/2 such that for any 
<f> 6 H 31,32 there exist positive T  =  Tfll^H i^.ij) and a unique solution u(t, x,y) of (1) in the 
time interval [-T , T] satisfying

u e C ([-T ,  T]; H 31'3* (R 2)) n  B b'31 >a2.

We shall obtain solutions of (1) belonging to B 1/2**’31'32 ,$i > -1 /4 ,32  > 0 and € suffi­
ciently small. One dimensional Sobolev embedding injects the solutions in the framework of 
the continuous in time functions. The linear estimates are the same as in [12], [13], [14]. In 
the estimate of the nonlinear term uux we consider three main cases. The difficulty in the 
first one is a singularity which appears near to the origin in the integral representation of the 
nonlinear estimate. In the second case we apply the method of Kenig, Ponce, Vega similarly 
to [32]. In the third case we make an essential use of the Strichartz-type inequalities for KP 
equation (cf. [23], [48]).

The rest of the Chapter is organized as follows. In Section 2 we recall the framework of 
Bourgain’s method and state the nonlinear estimate in two space dimensions. In Section 3 we 
prove Theorem 1. Section 4 is devoted to the case of three space dimensions. In an appendix 
we give the proof of the classical Strichartz inequality for KP in three space dimensions.

2 . P re lim in aries

Note that the equation (2) is equivalent to the following integral equation

(5) u(t) = U(t)u{0) -  \  f  U{t -  t')dx (u2{t'))dt'.
2 Jo

Let ip be a cut-off function such that

ip 6 C o ° (R ) ,  supp C [-2 ,2], ip =  1 over the interval [-1 ,1].

We consider a cut-off version of (5)

(6) a(t) = *{t)V(t)u(0) -  \*l>(tlT) J ‘ U(t -  i ')& (u2(i'))<«'.

H»l>* 2IM *,. ,  Oll



We shall solve globally in time (6). To the solutions of (6) will correspond local solutions 
of (5) in time interval [-T , T]. We have the following estimate for the first term of the 
right-hand side of (6)

For estimating the second term in the right-hand side of the integral equation (6) we use the 
next Proposition.

P ro p o s i t io n  1. (cf. [23], Lemma 3.2). Let - 1 /2  < 6' < 0 < b < b' +  1. Then

(7) ip{t/T) f  U { t - t ' ) d x {u2{t'))dt'-,Bb'Sl'a> < c T 1- b+b'\\uux]Bb'’ai^ \ \
Jo

R em ark . The estimate of Proposition 1 is in fact one dimensional (with respect to t). 
More precisely (7) can be reduced to the following estimate

where the operator K  is defined by

(Kg)(t) = *(t/T) /%(«')<«'.
Jo

We refer to [23], Lemma 3.2 for details.

The Strichartz inequalities are injected into the framework of Bourgain spaces. More 
precisely we shall use the following estimate.

P r o p o s i t i o n  2. Let

O < 0 < 1 ,  € i > 0 ,  0 < b<  1 /2 +  €i.

Then for any u € L2(R 3) the following inequality holds

(8) ^ _1((r  +  p (0 )~ 6|û ( ^ 0 l ) ; £ i ( £ k j , ) )  < c|M |L2,

provided q and r satisfy the next relations

2 _ ,  »> 1 l , _ ( l - 0 ) f >  
r 1 _ V 2 W  i(r)- 2(2 - r ) - 172W

P ro o f. For any 4> 6 L2(R 2) the classical version of the Strichartz inequality for KP 
equation (cf. [48], Proposition 2.3) yields

(9) \ \Um Lqt(LUy))\\<cML*,
provided

1 1 1 ,>-  +  -  =  2 < ç < oo. 
q t I

Once we have (9) Lemma 3.3 of [23] gives for any u 6 f î l/ 2+£i>°>°

(10) ll<‘;i?(iîx lS))ll<c|W;B,/2+<'A0|l.
provided

1 1 1 «-  +  -  =  2 < q < oo.
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\ \ m U(t) < f> ;

ßb,31,52 Il < c||<t>; H 51,52
Il

c T
l-fr+6' II«; <11.<flîllIl*s;



Interpolating between (10) and

\\u-,L*{L\x>y))\\ < | |« ;5 0,0,0||,

we obtain

(11) ll« ;tf(^))ll<e|l« iB ‘'°'0ll-
provided

I  -  i -  9h HM -  t1 ~ *)* n ^ o <  i— 1 /O I , ’ — i /a , > 0 < 0 < 1.q 1/2 +  €i 1/2 -f- €i

But (11) is equivalent to (8) which completes the proof of Proposition 2.

R em ark . Note that (9) is true for any <f> 6 L2(R 2), but U(t)<f> is the solution of the 
linearized KP equation under an additional assumption on the initial data. It is easy to be 
seen that for any <f> G L2(R 2), U(t)<f> is the solution of the linearized KP equation.

We shall solve (6) in S 1/2+2<,a 1,92 for si > —1/4, S2 > 0 and c > 0 sufficiently small. 
Due to Proposition 1 in order to apply a fixed point argument it is sufficient to estimate 
£ - 1 / 2 + 3 « , norm 0f the nonlinear term. Then a small factor T e appears in the right-hand 
side of (7) which ensures the fixed point argument. Our main tool is the following Proposition.

P roposition 3. Let si > —1/4 and S2 > 0. Then for sufficiently small t we have

(12) \\uux ] B - 1/2+3t'9" 92\\ < c ||u ;B 1/2+2i’ai’52||2.

3. Proof of Proposition 3

We set

= (i' + p(C)>1/2+2e<0ai(7?>a2«(7'.0 -
Then (12) is equivalent to
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( t  +  i>(0> 1/2+3<( | ) 1+*1 ( t ) ) 92 J  K (r, C, r h  Ci) w ( t i  , Ci)w ( t  -  t x , C -  C i^M Ci <
L

(13) c{\\w\\i2 +  + iipxi-^n2̂},
where

Kir C r C \ -  ~ W ’ i’) ~
(r, + p(<l))l/2+2<(r  _ T, + p(C _ Cl))l/2+2.

By duality we obtain that (13) is equivalent to

I//K i (t , C, tu Ci)w(ri, Ci)w(t- -  n , C -  Ci M r ,  Qdrxd^drdQ

(14) c{\\w\\l2 + \\w\\L,\\\Dx\ 1w \ \L 2 +  | | | A p |  ' w W l ^ M l 2 ,

where

K ( r r r  r \ -
U (r, + p«i))'/2+2'<r -  r, +p(C -  Ci )>‘' ,+*<t + P«))1̂ -3"

w (t , O

IMI L2\ \ m -1
w \\l *

<6> -*1 <*-*!>
“ «1 Vi)

-32

<0L + 5 1
iv) 92(6) «  -  «o -*1

(V i )
-32 -32

2
ni*



Without loss of generality we can assume that w > 0 and v > 0. Further we set

772
a :=er(r,C) = r - f 3 +  y ,  ax := a(ri,Ci), ^2 := o{r -  n ,<  -  Ci)-

As in [14] the following relation plays an essential role

(15) <7, +  <72 -  <r =  -  6 )  +

Hence

(16) max{|a|, |<7i|, |a2|} > -  & )|.

We shall also use the next elementary inequalities

(17) <*?i>"2a2(*7 -  Vi)~2s2 < c(v)~232,

(18) (6>_2ai(f -  6>"241 < c(0"2si, if «1 > o.
By symmetry arguments we can assume that

N  > N -

By J  we note the left-hand side of (14). We shall divide the domain of integration of J  into 
three main regions. In the first region |£| is small and in the second and third region we take 
into account which term dominates in the left-hand side of (16).

C ase 1. |£| < 2. We denote by J\ the restriction of J  on this region.

C ase 1.1. |£| < 2, l€il < 1. We denote by J u  the restriction of J\ on this region.

Using (17) we obtain

26 3. ON THE CAUCHY PROBLEM FOR KP-II

J n < j  J (01+'lt&(ri,Ci)w(r-ri,C-Ci)«(̂C)̂Cdn<iCi
We set

<{ -  {l>*‘ (<r)‘/2-3<(<71>'/2+2<(<T2)l/2+2< 

<i)1+*'

Now using the boundedness of |£| and |£i| we obtain that g is bounded and using Holder 
inequality and Proposition 2 with b =  1/2 +  2€, 0 =  1/2 and ci =  2e we obtain

3e e:e
i l i « - i l )

(ÇiV-tVi)2

í l í ( {

9{t ,a,Vi6) 1/2—3<(6)S\ si
té 6 )

Jn < IIT
-1

«*!>
—1/2—2e“Kn, Ci)); Li )H

\ \ F

- l i
( to ) '

-1/2—2«,v(r -7-1,
a C i ) ) ; LU

L U ) '
Il M b

< cIMIklMlL».
R em ark . Note that g remains bounded for si > 0 without smallness assumptions for 

|£i | . But we are not able to apply the above arguments without smallness assumptions for

|£i| when si < 0. Let us consider a sequence such that

f (n) -> o, íí”1 r (")
M "))2

e<»>
-4 00,

(T(») £ (n ) 7?(n) Ci"1)



Then it is easy to see that
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«(rW.ÇW.rçW.e!"1) - f  oo.

Therefore when si < 0, |f i | > 1 and |f| < 2  we have to perform a different argument in order 
to estimate J.

C ase 1.2. |£| < 2, |fi| > 1. We denote by J u  the restriction of J\  on this region. 

Using Cauchy-Schwarz inequality we obtain

J n <  y / i ( n , C i )  T ! , C - C i ) | 2^ c J  w ( r i ,Ci)<fri<*Ci>

where

M , r 1 _  »>~*‘(’?i)~*a (  f  « ) 1+’I« - 6 ) ~ 2,1(’))2” ^ V /2
llU,w \Jm<2 (’?->?i>2*iWI-6<W'+4' )

We have the following Lemma.

L e m m a  1.

/ i ( r i , C i )  <  const, if | f i |  >  1.

P roo f. We assume that - 1 /4  < Si < 0. If si > 0 then we can apply the arguments of 
Case 1.1. in order to estimate Using (17) and the boundedness of |£| we obtain

(19) M n .G )  < (J * y l2+2, '

We perform a change of variables

a = c r - ( j 2, /? =  3 f£ i(£ i- 0 -

Note that |/?| < 18 |fi|2. Moreover we can assume that f i  > 0 .  If £i < 0 then the arguments 
are the same. Further we have

c W ^ d a d f f

li1|3/2(fe?-/8)I/2K + /5 - « l l/2

Moreover

(» »  •

where we used the following elementary inequality

r ______ * ______
J -c o  "  W 1- 64

|û(r, Q w (t
iei<2u

<(Ti)1/2+2e

u Kl<2

drdC
<^)1- 6t(iT2)1+4e)

1/2

(20) / l i n , Ci) <
c(£A~2a'

<*l) Ül*l<2

dC
(<T -  (T2)1~ 6e)

1/2

>1/ 2+2 «



Therefore we have

r  r l 8 | 6 | 2 roo | p \ l / 2 d a d p  1 1/2

{7-181612 J-oo ( f l i  -  P)x,2\a - o \ -  P\1/2(a )1- 6* J

We set

r ____________________ = r  . . . +  (
y _ o o  | a - < 7 i  -  P\ll 2{cn)1 6e y |o |> 2 |< r i+ /9 |+ l  V |a |<2 |<ri+/0 |+1
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1 '
(1) (2)

If |a | >  2 |a i -f P\ +  1 then |a  — <7i — P\ 1 < 2(a) x. Hence

-  [  | .  -  ___ U  _  T. _  r t | l / 2 - 7 e / , v \ l+ €  -  _L / ? \ l / 2 —7e

d a  c

'|«|>2|<71-/?|+i |a -  ai -  /Jl1/2- 7' ^ ) 1-*-« (<7i +  /?)1/2‘

(2) < c(2I°’1 +  + . 1)7'  <
(ai 4- P)l/2 ~  {o\ +  P)l !2~7i 

where we used the following two elementary inequalities

i°° dt c

(ty+*\t -  bi1/* -7* -  <0>1/2- 7£’

’l6l d t  r \ h \7tr' ' dt 

/ -» I  ( t y - ^ i t -
<  c |6 |‘

. w  <t>i-e€|£ _  ^|i/2 -  (0)1/2"

Therefore we have

c i  rislCil2 |/3|i/2d/?

/ l ( T l , < l )  -  ^ i ) ‘ /2+2<< f. )3/4+2a‘ \ / - .8 ie , |s  ( | f ? - / 3 ) , /2 (<n +  /3>1/2- 7<

<
<<Tl) l / » - 3 / 2 « ( f l ) 3 / 4 + J . . - 7 i \ y _ 18|<1p  ( | { 3 _  W . / 2<ffl +  ,3)1/2  

Now we consider two cases for (ri,C i).

M n .C i) < c<( I)'2“
( ( T l ) l / 2 + 2 % | 3 / 4

c

}

1/2

}
1/2

I6I2 < k i  I
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We have that

, lT e , < __________ £__________ i f "  W /2W  ,
1 1,1W  ~  (<Tl)l/2 -3 /2< ( i l ) W 2 . . - 7 .  V - 1 8 t ; ( f f ?  -  /J)‘ / V  +  ff)1'* 

/•<«?

(o-i)1/2-3/2e(ii)3/4+2ai-7e

x { / °  *» | / ' * ’ ________ f i ________ U/2
V-i«? fo + fl1'1 'Vo m-m',2{°i + P)112

<  £__________ W  .
-  W i ) i / 2 - 3/ 2 , { ( i )3 /4 +2 „ - 7 , ^ >  + M J 0 | | f 3 _ / ) | +

+ ii ln(l + (<7i»)1/2^ 1)l/2-3/2<^1̂ 3/4+2#,-7<

cln1/2(l + (ai))
+-  ^ i ^ / 4 - 3 / 2 <̂ i ^3 /4 + 2 . ,-7 <  ^ ^ l / 2 - 3 / 2 < ^ ^ l / 4 + 2 . , - 7 <

*  C+ (6)5W „ - 7 .  ^  C°"St'

provided Si > —5/4 and c be sufficiently small.

•  M < l f c l 2

If Ifi! < 48 then we can easily verify that /i(ri,C i) < const. If |£i| > 48 then

1/2

i
IHÌ \ß\Wdß

mi - ßrHoi+ß)11*
j l / 2

<
c

X

c

i
dß

<<̂1 +  ß)
+

/•18Í1

J18ÍÍ-1

dß
I}1' 2

m -  ßi1'2 > i +ß)
1/2

(11613 - ß > c|fl
3/2

c

<
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and hence

-  ( f f l ) l / 2 - 3 / 2 e ^ l / 2 + 2 . i - 7 «  -  COI1St»

provided si > —1/4 and e be sufficiently small. This completes the proof of Lemma 1. 
Therefore using Lemma 1 and Cauchy-Schwarz inequality we obtain

J12 < c|MIl»IMIl»i

which completes the proof in Case 1.

Case 2. \<r\ > |<7i|, |£| > 2. We denote by J<i the restriction of J on this region.

Case 2.1. |a| > |<7i|, |f| > 2, |fi| > 1 ,  |f  — f i | > 1. We denote by J 2 1  the 
restriction of J2 on this region. In this case we perform arguments of [42] similarly to [32]. 
Using Cauchy-Schwarz inequality we obtain

J 21 < f  ,  I ( r , Q  I f  M n » C i ) t & ( r - r i , C - C i ) | 2^ i < i C i }  t ) ( r ,C )d rd C ,
J R 3 l/k l> k il J

where

tifatili < c(£i)
(°l)

1/2—3/2c :ei>
3/2+251-7c u

181612

18I6P

d/?

k i + Z?)1/2)
1/2

1 /2

0
(ty+*i(ny*

(a )1/2-3* ak l > k i l

(6) «  -  ii>
—2s\d^dÇi

1 / 2

<*?i)
,232[V -  VI) 252 (*i)

l+4e
(^ 2

l+4c )
If we prove that J(r, C) is bounded then an applying of Cauchy-Schwarz inequality will prove 
(14) when \a\ > |<Ti|. We have the following Lemma.

Lemma 2. (cf. [32], Lemma 2.2.)

I(t ¡f l i l > 2 .

Proof. Lemma 2 is essentially proved in [32] but we shall give the proof for completeness. 
Using (16),(17), (18) we obtain

(21)

We shall only prove boundedness of the right hand-side of (21), i.e. we assume that 0 > 
si > -1 /4 . The arguments in the case si > 0 are similar (simpler). We perform a change of 
variables

at = <7i+ 0 2 ,

I
^ l + 2ai

/ a \  1 /2 + 3 1  - 3 e ukl>kil

dTidCi

)
1/2

if Si < 0.

(22) < 0

(<r)l/2—3* ak l > k i l

dridÇi
(^i)1+4e(<r2)i+4e)

1 / 2

i f  s i  >  0 .

J 0 <

/( T, O <

0 < const,

ß 3« i (e ei )



Note that f  6 [—3|cr|, min{3/4f3,3|<r|}], when f  > 0 and f  € [max{3/4£3, -3|<r|}, 3|«r|}], when 
£ < 0. We assume that £ > 0- If £ < 0 then the arguments are the same. We have that

, _ c W ^ d a d f i

lil3/2( H 3 - / » ) I/V  +  0 - a | 1/J
Therefore we obtain

c<0
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I{T, C)< ^1/2+»i-3€|^|3/4 

rm in{3/4i3,3|<r|> roc \(}\l l 2d c td p  \ 1/2
<

' - 3 H

f 00 | P l^ d a d f i

7 -oo (f£3 -  /?)1/2k  +  /? -

, ^ 1 + 2 » !  [  /*min{3/443,3|<T|} l/?!1/ 2^/? 1 ^

<ff) l / 2 + . , - 3 « | f l 3 / 4  y _ 3 k |  ( | £ 3  _  0 ) 1 / 2 ^  +  ¿3)1/2

where we used the following two elementary inequalities

f°°  dt ^ c f°° dt c

7-00 (t)l+4i(t -  0>1+4t "  W 1+4e’ 7-00 (i)1+4£|i -  6\l/2 ~ W 1/2'

Now we consider two cases for (r, £).

•  f  lil3 < 4 |<t|

We have that

H*< 0  <

<

. f° m  1/2d/3
<<T) l / J + . , - 3 « | i |3 /4  V _ 3 k l  (1 ^ 3  _  +  0 ) 1 /2

/•}<*

Vo ( f i 3 - /3 )1' V  +  0 )1' 2'

« ( f l 1' * » * 1 i  1 °  0  | ,3 /2  / ■ f { ‘ < #  I
( < T ) l / 2 + . , - 3 « y _ 3 w ( ( T  + 0 ) 1 / 2  _/0  I f « .  - f l . / . < a +  » « / » /

C « > ‘ /4 + 2 *‘ „ . M / 2  , , 3 / 2 ,  <*/»

1/2

c ( ; ) 1 / 4 + 2<, ,§ < > - 1

-  (<7) l / 2 + . , - 3 . «  > + i  ( y 0 I f f 3 ~  01

a |l /2 < a ) 1+4e

1+2*1
C<0

ß)
kl/2

+ L
k 3- i dß

(<T + ß)
+ L

| í3

ì é 3- i

dñ

ñ e  -  ßV 'H o + ß y n
I t 1' 1

\ß\
1/2 d0 1/2
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c ( 0 > ^ ( t o ( l  +  <a)))V«
-  ^ ) l / 4 + . , - 3 <  +  (<T) l /2 + > |-3 <

< +1J«
^ 3 / 4 + 3 « ! - 9 e  ' ^ 3 / 2 + 3 a 1-12e — 's /

Hence

/( r ,  C) < const, 

provided Si > —1/4 and e be sufficiently small.

•  4 M < f K | 3 

In this case we have

Hr n  < c« ) 1̂ ) 174 f [ * '  dß ) 1/2 <
1 -  <„ ) i / î + . , - 3 . | i |3 / 4  y _ 3 W  ( f ç a  _  +  j 9 > i /a  J  -

c ( 0 1/4+231 [ /“3|a| dß 1
(ff)l/4+.1-3«|Ç|3/4 y _ 3 W (a + /?)l/2j

1/2

<

c (e )- /^ ..(< x )v <  1/3.,l+9t
(<7)1/4+»,-3« -  £•> -  COnSl’

This completes the proof of Lemma 2.
Therefore using Lemma 2 and Cauchy-Schwarz inequality we obtain

J21 <  cIMli’ IMU2»
which completes the proof in Case 2.1.

Case 2.2. |<r| > |f| > 2, |fi| < 1. We denote by J 22 the restriction of J2 on
this region. Using Cauchy-Schwarz inequality, (16), (17) and (18) we obtain

J22 < f  3 Hr* 0  (  f  N & r M r i j C i M r - r i , C - C i ) | 2^ i d C i l  t)(r, Qdrd^,
J R 3 | / M > M  J

where

Ur a  < ( /  _ ^ o _ ) . / 2  if „ < 0

C<0
1/4+25J

< c(0
1/4+2«!

<*>l/2+ii—3e «*> 1/2 f £3/2

0) 1/2

k i  I

té)1+231

(<r)

1/2

ln (i + (G )))
1/2

c<C)
1/ 2»1 C(*}

1+ »1



/(r,c) 5 (jLi W 1+4‘W i+4')  ’ if "  ~
Now we can perform the arguments of Case 2.1 

C ase 2.3. |<r| > K | ,  |£| > 2, | £ - £ i | < l .

This case can be treated in the same way as Case 2.2.

C ase 3. |<Ti| > |cr|, |f| > 2. We denote by J 3 the restriction of J  on this region.

In this case we shall use Strichartz inequality in order to estimate J. Using (17) we obtain

( 0 1+î i w (t u Çi ) w {t  -  -  Ci)û(r,C)drdC<fridCi
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Jz * / J (S i)" 1 <Î -  Ç l)*1 (0 ->, /=’-3 < (a-i>1/ï+2<<0.2>1/2+2«

C ase 3.1. |fi| < 1. We denote by J 31 the restriction of J 3 on this region. 

We have that
1 < ................ I ______ _ <  c

M 1»  ~ lil1/2liil1/2l i - i i l 1/2 “  lilli .l1/2
Hence

(23) <i),+>' ^ . ) - I/2« 1>-’, « - f i )-*1 < c | i i | - ‘

Using (23), Holder inequality and Proposition 2 with 61 =  c/2  we obtain

*1 < r-,«<’)-‘/2+3<*(’-.c))iir(i;i,„))ii

l l ^ - ’« o 2>-1/2- 2‘Æ(r -  n , < - < i ) ) ; £ r ( i ^ >v|)|| 

< clltollylllD^r'lolliilM Il».

provided

2. =  1 _  »(1/2 ~ 3€) } =  (1 ~ m / 2 -  3e)
9i 1 172+172 ’ 1 i; 1/2 + c / 2 *

_2__1 _ 2flc f/_ \ _  2(1 -  fl)c
Q2 ~  1 /2  +  c/2  ’  ̂ ”  1 /2  +  c / 2 ’

■ 2 . - 1 -  *(V 2 +  f o  „  ) = ( 1 - 0 (1 /2 +  2e)
93 -  1 1 /2  + c /2  ’ 1 3; 1 /2  +  c /2  ’

^ ■ + i  +  ^  =  1 ’ 5(r i) +  5(r2) +  ^(r3) =  1- 

Now it is sufficient to take 0 =  1/2 to ensure the restrictions of the Holder inequality.

Case 3.2. | £ - £ i | < l .

{*)
1/2-3«
<0 dridÇi

1/2

\ \ r

-1
( f a )

- 2 e 61
-1 l&(Ti, Ci)); L? )ii



This case can be treated in the same way as Case 3.1.

Case 3.3. |£ — £i| > 1, |£i| > 1. We denote by ^ 3 3  the restriction of J 3  on this region. 

We have that

«>1+,,(<'i>-1/2<iir,,< î- i ir *1 < <conSt.
Now as in Case 3.1. we obtain

< r - l(W-1/2+3t«(’-,0)ii?,(i(;,ï))ii 

||jf-‘(^i>-2‘*(r„C.))i£r(£g,v))ll
| | ^ - I ((a2) - 1/ 2- 2t* ( r  -  n , c  -  Cl)); ¿ r ( i g ,» ) ) l l

< cIMIIi IMIl*.

provided

2. =  ! _ 0(1/2 -  3Q 5 ( r i ) _ ( l - g ) ( l / 2  -3€)
9i 1/2 +  c/2 ’ 1 1/2 +  c/2 ’

2. _  1 _  29e  t ( r  \ _  2(1 - f l ) c
92 ~  1 / 2  + c/ 2  ’  ̂ “  1 / 2  + c/ 2 ’

2 =  m / 2 ± 2 ç l  ) = ( l - f l ) ( l / 2  +  2c)
?3 1 1/2 +  c/2 ’ 1 3' 1 /2 +  c/2 ’

è " l" è " l" à  =  1 ’ * ( r i)  +  * ( r 2) +  * ( r 3) =  l .

As in Case 3.1. we take 0 =  1/2 to ensure the restrictions of the Holder inequality.
This completes the proof of Proposition 3.

It remains to use standard fixed point arguments to complete the proof of Theorem 1 . 
We define an operator L

1  f*
Lu := i>{t)U{t)<f>- -rl>(t/T) /  U{t -  tf)dx{u2(tf))dtf.

2 Jo
Using Proposition 1  and Proposition 3 we obtain

(24) ||Lu]B1/2+2c’3l'32\\ < c ||^ ;F Sl-*2|| + c T t ||t i ;5 1/2+2£-,1-a2||2.

Similarly we can obtain

(25) ||L u - L v ,B ^2+2c’3l’i2\\<

cT€\\u -  v; B1/2+2e’3' ’32\\\\u + 1>; b ^ 2+2(’3i’32\\.

Using (24),(25), we can apply the contraction mapping principle for sufficiently small T, 
which completes the proof of Theorem 1 .
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Kl
1/2+31

161
- 1/2—«i

le- 6 1
-1/2—si < const.

¿33



R em ark . With arguments similar to these of Case 3 of the proof of Proposition 3 one 
can prove the next estimate for si > —1/2 and S2 > 0

4. THE CASE OF THREE SPACE DIMENSIONS 35

/  [  üf3(r,C>n.Ci)w(n>Ci)*(r -  r1?C -  Ç i ) v ( T , Q d T i d Ç i d r d Ç <
'Kl>i

(26) c{|M |£2 +  I M b l l P x r ^ I l L ’ +  I IP x I-M lM lM I* ,

where

k ( t ,  .  C S = ( 0 1-1- - 6 >—  - m ) - *
31 l ’w  fo+ p(C i))1/J< r-n + J> (C -C i)> ‘/ i <r+ *(()>■/»

If we extend (26) when |£| < 1 then we could prove local well-posed ness of (1) for Si > —1/ 2, 
«2 > 0. An additional term would appear in the linear estimate but we could estimate it as in 
Proposition 7 bellow. We note also that just using the arguments of Case 3 above we are able 
to extend (26) when |£| < 1 for si > 0, > 0 and therefore to prove local well-posedness in 
this range for (s i ,s2).

4. T he case o f th re e  space dim ensions

In this section we consider KP-II equation in R 3

(nry\ { t 4* UXXX 4" UUX)X +  Uyy +  Ugg =  0
I > \  u ( 0  ,x ,y )  = <t>

With methods similar to these of the two dimensional case we shall prove that that (27) is 
locally well-posed in the modified Sobolev spaces H a for s > 3/ 2. In two space dimensions the 
Strichartz inequalities for KP equations are similar to these for two dimensional Schrodinger 
equation. One of the difficulties in three space dimensions is that losses of derivatives appear 
in Strichartz inequalities (as for the wave equations for example). We write (27) in the form

/ n /  idtu = p(Di, D2, D3 ) u - i u u x
W  I u(0, x,y) = <f>

where D\ =  \d x , D 2 =  \d y, D$ =  \d 2, and the operator p(Di, D 2 , £>3) is defined through 
the Fourier transform

F(p(D h D 2 ,D 3 )u )(Z )= p(Z )u (Z ).

Here Z  =  (f , 77, C) stays for the Fourier variables corresponding to (x, y, z) and

P(Z) = - i ’ + £ + ?

With J?&,S(R4) we denote the classical Sobolev spaces equipped with the norm

||U; =  ||(r)‘ (Z)*«(T ,Z);lJIiZ)||,

Further we define modified Sobolev spaces H b,a(R 4)

H b'a(R 4) =  {u 6 H b'3 (R 4) : ^ ( ^ « ( t » ^ )  € f f b’a(R 4)}, 

equipped with the norm

11«; £ m(R4)II = 11«; ff ‘ '*(R4)ll + H P .r1«; f f ‘ ’’ (R4)ll-



Let U(t) =  exp(—itp(Di, D2 , D3 )). We shall solve (28) in the Bourgain type spaces B b '3 

equipped with the norm

In the terms of the Fourier transform variables the norm of B b,s can be expressed as 

11“ ; B 6'*ll =  ll<r +  p { z ) ) \ z y  u ( r ,  Z ); £ f I>z) || + \\(r +  p(Z))b\^ (Z Y u (r ,  Z );

The next estimate is essential for obtaining the result in three space dimensions. 

P r o p o s i t i o n  4. Let s > 3/2 and

supp u c  {(i, x) : |t| < cT}.

Then there exists 7 > 0 such that the following inequality holds

(29) ||««x; B -1/2,a|| < cTi\\u; B ^ 2'3\\2.

Using Proposition 4 we can prove the following Theorem.

T h e o r e m  2. Let s > 3/2. Then for any <j> € H* there exist positive T  =  T (||0 ||^ ,) and 
a unique solution u ( t ,x ,y ,z ) of (27) in the time interval [—T, T] satisfying

u € C ([-T , T]; H s(R 3)) n  B 1/2’3.

R em ark . Similarly to the two dimensional case we can define the non-isotropic Sobolev 
spaces Hx)yjt'a3 {R 3). Note that if u (t ,x ,y ,z )  is a solution of (27) then so is

u \( t ,x ,y ,z )  = X2 u{X3 t, Xx, \ 2y, X2 z).

We have that

Hence one may expect that for si +  4«2 — 1/2 < 0 the Cauchy problem (27) is ill-posed in 
H * 1’3 2 '92 (in particular in L2).

4.1. P ro o f  o f P roposition  4. In the proof of Proposition 4 we shall need the following 
estimate.

P r o p o s i t i o n  5. (Strichartz inequality^ Let

0 < 7 < 1, 0 < 0 < 1, ci > 0, 1/2 < b < 1/2 -I- ci, supp u C { ( t , x ) :  |f| < cT} 

Then for any u 6 L2(R4) the following inequality holds

(30) ||Jr- ‘ ( l i r i® ^ ( r  +  p (Z ))-‘ |fi(r,Z )|); i ; ( i ; jw ) )|| < c7^*/2||«l|i a ,

where 7* =  7 i f b >  1/ 2, 7* =  7 — 0 i f b =  1/2 and provided q and r satisfy the next relations
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u; B b.s
Il UH ) u ;

_  \ 5 i + 4 í 2 - 1/ 2 ||
H *  1> * 2>*2I M * . . , - ) tf(A3í , .) H 5 1,«2 , « 2

=  1 -
0(1 -  7 )b
1/ 2+61

Sir) := 3(1

2
(1 - « ( 1 - 7)6

1/2 +  Ci

1
r

2

Q

L 2
(T,z )II



4. THE CASE OF THREE SPACE DIMENSIONS

Proof. For any <p € L2(R3) Theorem 4.2 of [5] (cf. also the Appendix) yields

I

provided

(31) IIID J C ^ u m  ¿ ? ( i [ , ,M )|| < c ||^ ||t >,

2
-  =  <J(r), 2 < q < oo.

Like in the proof of Proposition 2 we obtain

(32) l l ^ - ' d f r ^ ^ ^  +  ptz))-* |i(r,Z )D ;L ’(I{w ) )|| < 

provided

l  =  1 -  M  SM  =  ~ W  
q 1/2 +  f , ’ 1/2 +  ei *

Now using (32) with b' =  (1 -  7)6 we obtain

| | ^ t ( | i r «ji$$5f (T + ,(z )> -‘ |«(r, Z)|); I? (I[W ) )II < c||(r + p (Z )) -^ i( r ,  Z); I 2||, 

provided
2 * (1 -7 )6  ( l - 0 ) ( l - 7 ) &
i = 1- V 2 T 7 T ’ ()_ 1/2 + €, •

The argument of [24], Lemma 3.1. yields

IKr + r tZ W - ^ r .Z N I i ,  < i r ’*/, ||«||i >, 

which completes the proof of Proposition 5.

Further we set
u,(r,Z) = (r + p(Z))1/2(Z), i ( r ,Z )

By duality we obtain that (29) is equivalent to

IJ  J  K ( t ,Z, Ti, Z i )w(t\, Z i )w(t -  ri, Z -  Z i )v(t , Z)dTidZ\drdZ\ <

(33) ¿r>{\\w\\l-, + lltollylllD .r'H li» + I l l iy -U ’IIMIMU* 

where

K( t 7 t 7 >__________ « x z m o - M z - z , ) - _________
' ’ ’ 11 1} (n  + j>(Z,)>*/»<r  -  r, +  j>(Z -  Z,)>»/*<r + P(Z))'V  

Without loss of generality we can assume that w > 0 and v > 0. We set
2 >2

a := <r(r, Z) = r -  f 3 + — , <ti := <r(ri, Zi), <r2 := <r(r -  n ,Z  -  Zi) 

We have the relation 

T , ,T ,T , , ,  M . «id -  i „ ) 2 (i,c -  «,)»
», +  <7a - « T - 3 i , i K - i , ) +  + i l i ( i _ &)

Hence

(34) max{|a|, |*i|, |a2|} > (f -  6)1-

elidi 1*1

f i i të - £ l )

37



By symmetry arguments we can assume that

M  > W2 I

By J  we note the left-hand side of (33). As in the proof of Proposition 3 we shall use the 
Strichartz inequality with v just when |£| > 2. We consider three main cases.

Case 1. | | |  < 2. We denote by J\ the restriction of J  on this region. We can assume 
that \Z\ < 2|Zi|. If |Z| > 2|Zi| then \Z\ < 2 |Z — Z\\ and the arguments are similar. Using 
Holder, Strichartz and Sobolev inequalities we obtain

Jl < i) ) ;£ « (£ fw ,)||

^ - ‘« Z  -  -  TU Z -  Z,)); L f  (£ £

(l--y)i(r2)
< c||̂ -1(|{-i1r^rf5ĵ <̂ >-1/i*(’--n,z-^));£r(£g,wl)lll|i»lbll»lbll
< cT>'l'l \\w\\\,\\v\\L2 , 

provided

2 _  1 ^(1 - 7 ) s/  \  _  (1 _  0)(1 ~ 7 )
92 ~  1 1 +  W  ’ ^  “  1 +  2ei »

2. _  1 _  1 ( 1 - 7 ) 5 M  . 3
qi ~  l +  2ci ’ 5 > 6(l +  2«i) r 2 •

qi 92 2

We take 7 =  € and hence

2*i
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9 =
l - €’

i.e. 0 < 77 < 1 for 6 and 61 sufficiently small. The Sobolev embedding restriction becomes

„ ^ 0 / 0  (5+126!+c)(l - e -  2ei) 

-  3 /2  6(1 +  26!)^ ’

which is fulfilled for 5 > 2/3 and 61, e sufficiently small.

Case 2 . |<j| > |<ti|, |£| > 2. We denote by J 2 the restriction of J  on this region. We 
can assume that \Z\ < 2\Zi\. If |Z| > 2|Zi| then |Z| < 2|Z — Zi\ and the arguments are 
similar.

Case 2 .1. |£i| < 1. We denote by J 21 the restriction of J 2 on this region. Using (34) 
we obtain

(35) M > c lifliil-

n ,w(- 1/2
( k l )

-1
\ \ r

(z,y,2) HI!! L2



Using (35), Holder, Strichartz and Sobolev inequalities we obtain

(i—r)*(n) .

< l l ^ - 'd i  - f . r ^ r ( < 7 2) - ' / 2u>(r -  r „ Z  -  z,))|L ] ' ( V (; iM))||

< cT'/*IMMIOil-’wllwHtf.

4. THE CASE OF THREE SPACE DIMENSIONS 39

provided

2. = 1 _ 0(1-ll S(r) = (l-g)(l-7)
<7i T T W  ’ 11} 1  +  2 e i  ’

2 _  i 1 ( l - 7 ) i ( r i )  , 3
W " 1 TT2iT ’ S >  6(l +  2«i) *V

1_ J _ _  1 

9i +  ?2 2'

We take 7 =  6 and hence
2€l

1 - c ’
i.e. 0 < rj < 1 for c and 61 sufficiently small. The Sobolev embedding restriction becomes

t - ^ o / o  ( 5 + 12ci +  c)(l -  c -  2ci)
S £ 3 / 2 -------------6 Ô T 2 ^ ---------- '

which is fulfilled for 5 > 2/3 and €1, e sufficiently small.

Case 2 .2 . |fi| > 1. Using (34) we obtain

M > c|{|2.

Now we can use the arguments of Case 2.1.

Case 3. |<7i| > |<r|, |£| > 2. We denote by J 3 the restriction of J  on this region. We 
have that

f  r ($)(zyw(n, Z i)w(t - tu Z -  Zi)v(t, Z)drdZdTidZx
3 -  J J ( z -  z ^ ^ y ^ y i ^ y i ^ y i *

C ase 3.1. |£i| < 1. We denote by J 31 the restriction of J3  on this region. Using (34) 
we obtain

(36) K l  > i | i | 2|{,|.

J 2 \ <
\ \ r

- i « Z  -  Zy) -sfa)- 1 / 2 w ( r - r i , Z -  Z x))\
W Z » . ) )ii

\ \ r

-1
:(*i>

- 1 / 2
eil

- i w ( TU Zi)) \ L f (L ì*,V,z) IIIMI L2

\\?
-1

:<*i>
- 1 / 2

161
-1W[Ti , Z i )) L f x,y ,z) lllll yllL2



Case 3.1.1. |£i| < 1, \Z\ < 2\Z\f. We denote by J^n  the restriction of J 31 on this 
region. Using (36), Holder, Strichartz and Sobolev inequalities we obtain
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provided

2. = 1 _ g i l - j z l  s(ri) =
9l 1 1 +  2€i ’ l) T + W i

■ 2 = i _ , 1 s > ( i - 7 ) 5 ( n ) , 3 .
92 l  +  2ci ’ s > 6(1 +  2ci) +  r i *

J_ l_ _  1

9i 92 2

We take 7 =  6 and hence
2ei

9 =
1 - « ’

i.e. 0 < 8 < 1 for e and 61 sufficiently small. The Sobolev embedding restriction becomes

(5 +  12t! +  ¿)(1 -  c — 2c,)
“   ̂ 6 ( 1 +  2 e , ) 2

which is fulfilled for 5 > 2/3 and «i, e sufficiently small.

Case 3.1.2. |£i| < 1, \Z\ > 2\Zi\. We denote by J 312 the restriction of J 31 on this 
region. In this case we have that \Z\ < 2\Z -  Zi\. Using Holder, Strichartz and Sobolev 
inequalities we obtain

J311 < II*
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Now it is sufficient to take 7 =  gl (i.e. <72 =  <?3 =  4) to ensure the restriction of the Holder 
inequality.

C ase 3.2. |£ — £i| < 1. This case can be treated in the same way as Case 3.1.

C ase 3.3. | f - f i |  > 1, 161 > 1. In this case we have that

M  > lilliilli-fil > c|il2
Now we can estimate J  like in Case 3.1. This completes the proof of Proposition 4.

4.2. P ro o f  o f  T heorem  2 . As in the two dimensional case we shall solve globally in 
time the truncated integral equation

(37) u(i) =  ij>{t)U{t)u{0) -  \i>{t/T) t  U(t -  U)dx {u2{l!))df'.
* Jo

Note that (37) is equivalent to

(38) u{t) =  4>{t)U(t)u(0) -  \l>{t/T) f* U(t -  i/)flx(V’2(i72T)u2(i,))di'.
* Jo

Hence we can assume the nonlinearity to be truncated too. We shall solve (38) in B 1/2'3. In 
this case an additional term appears in the linear estimate. For that purpose we introduce 
the auxiliary snares Y*

y 4 =  {u : | |u ;ya|| <00},

where

The linear estimate has the form

P r o p o s i t i o n  6. (cf. [24], Lemma 2.1).
The following estimate holds

W IT ) f  U(t -  t')0*(u2(t'))* '; < cflltm,; +  ||<m*| H I}-
Jo

Hence in order to apply a fixed point argument we need the following Proposition. 

P r o p o s i t i o n  7. Let s > 3/2 and

supp u C {(¿»aO : |i| < cT}.

Then there exists 7 > 0 such that the next inequality holds

(39) < ¿ H I« ; B 1/2,5||2.

P roo f. Using a duality argument we obtain that (39) is equivalent to

| J  J  K ( t , Z ,  ri, Zi)tZ>(ri, Z i ) w ( t  - n , Z -  Z l )v(Z)dT-i dZxdTdZ\ <

(40) cT{\\w \\2L> + H M P . r 1»!!*  +  IIIA T M IlO IM U ’ ,
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where
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{oiYftWHv)
When |£| < 2 we can perform the same arguments as in Case 1 of the proof of Proposition 4 
replacing v(r, Z) with {a)~lv{Z) 6 L2rZ )• When |<7i| > |cr| we can use the same arguments

as in the proof of Proposition 4 replacing v(t , Z) with (a )-1/2-ti)(Z) € ^ \ TZ) ôr sufficiently 
small c. When |ct| > |<ri| and |f| > 2 we have that

M > c|£|2|£i|, when \^\  < 1

and

Hence

and

kl > c|i| , when |Çi| > 1.

( ( H Z )  c(()v(Z) c(Q6(Z)

W )  "  <<r) + l£illfl2 "  liiKW  + liP )’ 161 -  

m z )  < whe„ ^ > 1 .
<»> - W + l i l2’

It remains to note that

« > « (Z )  r , 2  „ ifh
(<r) + |?|2 € W'th <*> +  l{l2

• T2
i L (t,Z) < CIMU2

and to apply the arguments of Proposition 4. This completes the proof of Proposition 7.

We shall solve (38) by the contraction mapping principle for sufficiently small T.  Using 
Proposition 6, Proposition 4 and Proposition 7 we obtain

m / T )  [ ‘ u(t -  !')W 2(f'/2:?V(t'))<ii'; b 1/2,,II <
Jo

+ ||3*W>2(t/2 I> 2(i,Z));r ,||) < 

c r , ||i6 (i/21> (i, Z)\B 'l '2’’ II2.

But we can easily prove that for any e > 0 there exists c > 0 such that

(41) \\ip{t/2T)u{t, Z ) ; B ^ 2'9\\ < cT~e\\u; B 1/2’a||.

To prove (41) we use the next inequality due to Coifman and Meyer (cf. [18])

(42) lla^ll*i/2(R,) < c(lla llji1/2(R)ll^llL00(R) IIûIIÎ(2î2±£1^jII^1̂ 2^IIl2+‘(R))> 

where J  =  (1 — jjp-)1/2- Using (42) and Sobolev embedding we obtain

||,(>(f/27>(t,Z));B| /2’, || <

c(MMIII“;B1/2il + ll̂ ifiiATjib îiiiuiB1/2’”!!) =

K [ t . Z ,  T i, Z i)  —
<{Xz>*<z,>-<z -  z ,) -

when

té) V {z)

c(Ildx Ub2
(*,<2T)u2 B - 1/2,3

C{ IltbIU°°+ T~
€

2(2+«) IM1 / 2
H l !+<Hl u; B1 /2 ,a

II.

when



which proves (41). Hence

i>{t/T) f  U{t -  t')dx {^2{t'/2T)u2{t'))dt' ; B 1/2'3 < c T ^ ||u; B 1/2’3\\2.
Jo

As in the proof of Theorem 1 a fixed point argument completes the proof of Theorem 2.
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5. A ppendix . S trichartz  inequality  for 3D K P  equation

In this appendix we give the proof of (31). This estimate is essentially established in [5] 
but we give the proof again for completeness. In the particular case of KP equations the 
arguments are simpler then these [5] where a large class of estimates of type (31) for some 
generalized KP equations are derived. In particular a smoothing effect is established if we 
replace the term uxxx with uxxxxx in KP equation.

P r o p o s i t i o n  8. For any <j> € L2(R3) the following inequality holds

(43) 

where

First we shall prove a Lp — Lq decay estimate for the solution of 3D KP equation. 

L e m m a  3. The next inequality holds

(44) l l l ^ r ^ E / f t ) * L\w ) W < 1 ^ , 

where
2 < r  < oo, =  1

r r

P roo f. Using Fourier transform we obtain

U(t)<J> =  <f>*S(t, .,.,.)

where

(45) 5(i, x, y, z) = f  exp(z'(i£ +  yrj +  z (  + tp(Z))d^drjdC
J R

We change the variables as in [48]

i  =  l * / f < =  | i / i l 1/20

Hence we have that
c r°°

S ( t , x , y , z ) = -  / \Z\exp(i(y2/ t  + z 2/ t  + x)Z + it£ )<%
* J —oo

Further we have

U{t)<f> = 7 f  3 f  l£l exp(i(j/i/i +  z \ / t  +  z i) f  +  itf?)d£dxxdy\dz\ <
* JR  J -O O

jSUpx€[_oo,oo]l J 1̂ 1̂  exp(ix^ H- *i^3) ^ | | | | JDar|1/2<̂ ||Z(1(R3)-

I IP .I
Sir)

6 U(t) <f> IILì < cIÎ IIl2,

2

9
Hr).

[Lr

et -5 (r)
Il*



Now using Lemma 2.1. of [39] we obtain

(46) I H W I I i -  <

The proof of (44) follows by interpolation between (46) and the conservation of the L2 norm 
for KP equations. This completes the proof of the Lemma.

P ro o f  o f P roposition  8.

By duality argument (43) is equivalent to

(«) I ÎA m - ‘̂(s(t,.)*m\<cML>\mL*(Lr’ ,,
JR 4

where
1 1 1 1 ,
-  +  — — -  +  — — 1. 
q q' r r

Using Plancherel equality we obtain that (47) is equivalent to

(48) I f  l i . r ^ S f r ,  Z)drdZ < c lW ly  \ \ n ^ , Lr’ y
I./R * v (*.v.*r

Here S(r, Z) stays for the space-time Fourier transform of S. We have that

S(r ,Z)  =  i ( r - p ( Z ) ) ,

where 6 is the Dirac delta function. Hence one can estimate the left hand-side of (48) as 
follows

I JR , l ( r ^ S ( r ,Z ) ^ Z )^ T ,Z )d T d Z I  < c M p l l l i r ^ M Z i . Z )  : L |||.

Therefore Proposition 8 will follow from the next Lemma.

Lemma 4. (restriction lemma) The following Fourier transform restriction inequality 
holds
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, Hr)

Proof. We have that

I i  , \ i \ ~ ! ^ \ i > ( v ( Z ) , Z ) ? d Z \  =  \ [  S i { T , Z ) M r , Z ) \ * d T d T d Z \  =  

J R  J R

\ J ^ iS i -k ^ d td x d y d z l  < 4Si*HL?(LrtyiJ\1>\\Lf iLr’vzy

Here 5 i(i, x,y, z) is defined through its Fourier transform

51(r,Z) = | f | - SP i ( r - p ( Z ) )
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t 3/2liD x
1 /2

•4> IlL1(R3)
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Using Lemma 4 and weak Young inequality we obtain

ll î <

4  /  l l^ z i(*,y,z)(lf 1 ^  exp(“ *(* “  s)p(Z))î>(s, Z)); Lr{x y 2)\\ds\\L< <
J  oo

roo

4  /  •)); -  *)-‘(r)<fa||t , < c m  „
J oo ‘ v (*.».*) '

The restriction of Young inequality is

I  +  l  =  I  +  5(r), i.e. -  =  <S(r). 
q q' q

This completes the proof of the Lemma and Proposition 8.
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CHAPTER 4

Global low regularity solutions for Kadomtsev-Petviashvili 
equation

This Chapter essentially contains the paper [58] (Global low regularity solutions for Kadomtsev- 
Petviashvili equation, to appear in Differential Integral Equations).

A bstract.

We study the initial value problem for KP-II equation. We prove the existence of solutions 
to the integral equation corresponding to KP-II for any data in L2, removing the additional 
condition imposed in [57]. Following a method recently developed by J. Bourgain we obtain 
global solutions to KP-II with data below L2.

AMS Subject Classification: 35Q53, 35Q51, 35A07.

1. Introduction

In this Chapter we continue the study of the initial value problem for Kadomtsev- 
Petviashvili-II equation (KP-II). The Kadomtsev-Petviashvili equations are two dimensional 
extensions of the Korteweg-de Vries (KdV) equation. They are “universal” models for the 
propagation of weakly nonlinear dispersive long waves which are essentially one-directional, 
with weak transverse effects. The Cauchy problem for KP-II equation in R 2 has the form

{
(Ut + UXXX + UUX)X + Uyy = 0

ti(0 , x ,y)  = <t>{x,y)

In order to solve the initial value problem (1) different methods could be applied. For in­
stance (cf. [61]) the inverse scattering technique provides global existence results for (1) 
under some decay assumptions on the initial data. Using energy type estimates for (1) local 
well-posed ness in H s for s > 2 could be obtained (cf. [31]). The condition for s is in order to 
control the L°° norm of the gradient of the solution. The equation (1) possesses an infinite 
number of conserved quantities. Unfortunately the only useful one to provide global a priori 
bound seems to be the L2 norm.

In [12], [13] J. Bourgain developed a new method to study the local regularity of some 
important nonlinear evolution equations. In the favorable cases the local well-posedness re­
sults together with the conservation laws provide global well-posedness. The method was 
first applied for the nonlinear Schrödinger equation and KdV equation. One of the main 
points of the method is the choice of the functional space where the solutions are expected 
to belong. These are Sobolev type spaces based on L2 which take into account the specific

47
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structure of the respective equation. The solutions are obtained by a fixed point argument 
for the equivalent integral equation. The linear estimates are similar for all equations. They 
are in fact one dimensional with respect to time (cf. [23]). The main difficulty concerns 
the nonlinear estimates. There are at least two different methods for deriving the nonlinear 
estimates. The first of them makes an essential use of the Strichartz-type inequalities injected 
into the framework of Bourgain’s spaces. The second method is based on a direct estimate 
for the kernel in the integral representation of the nonlinear estimate.

Returning to KP-II equation, some results (using Bourgain’s method) concerning local 
well-posed ness of (1) have recently appeared. The method of Bourgain is applied to the 
evolution equation derived by (1)

, . /  idtu = p{Du D2)u -  iuux
' ’ \  u(0 ,x ,y )  = <j>,

where D\ = i dx, =  \d y and the operator p(D i,D 2) is defined through the Fourier 
transform

^ ( p p 1,i>2)tt)(C)=p(0fi(0-
Here £ = (£, rf) stays for the Fourier variables corresponding to (x ,y ) and

p(o = - e + j
The method consists of applying a Picard fixed point argument in a suitable functional space 
to the integral equation corresponding to (2)

(3) «(i) =  U{t)4> -  1/2 [* U(t -  t ) d x(u2 {1?))de,
Jo

where U(t) = exp(-itp(D i, £>2)) is the unitary group which defines the free evolution of (2).

In [14] local solutions of (3) in L 2 are obtained. The nonlinear estimate uses a dyadic 
decomposition related to the symbol of the linearized operator. A short proof of local well- 
posedness in H a, s > 0, which uses Strichartz inequalities, is done in [56]. The same result is 
obtained in [32], where the nonlinear estimates are obtained by the second method explained 
above. In [57] local well-posedness of (1) in Sobolev spaces with negative indices with respect 
to x is obtained. However, an additional condition on initial data is imposed. More precisely, 
it is assumed that |£|“ V(£, rj) € L2, which seems to be quite restrictive. Our first goal in 
that Chapter is to prove local existence and uniqueness of (3) for any data (f> 6 L2, removing 
the additional condition on data imposed in [57] (cf. Theorem 2 below). The solutions are 
in spaces similar to these proposed by J. Bourgain [14]. Therefore in some sense we give an 
alternative proof of the result of [14] in the case of data on R 2 (in [14] the periodic case is 
also considered).

In [15] J. Bourgain developed a method to obtain global well-posedness in Sobolev spaces 
with fractional indices between these where global well-posedness is provided by the conser­
vation laws and the local existence. The second goal of this Chapter is to show that this 
approach provides global solutions below L2 (cf. Theorem 5 below). Actually we use a sim­
ilar argument to this performed in [19] in the context of the KdV equation. In [21] the
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approach is applied for the Modified KdV equation. More precisely global well-posedness 
for the Modified KdV equation for data in iP (R ), s > 3/5 is obtained. The proof in [21] 
does not use Bourgain’s type Fourier transform restriction norms. It relies on some sharp 
estimates for the unitary group associated to the linearized KdV equation and in particular 
on the dual version of the sharp Kato’s smoothing effect.

With X b,bl (R3) we denote the spaces equipped with the norm

|«i JfM‘(R3)|| = ||<r)‘ ( l  + | ^ )

where (•) =  (1 +  | • I2)1/2. Now we define the Bourgain type spaces 5 6,6l(R3) equipped with 
the norm

Since F (U (—t)u){T,Q  =  u(r — p(C),C) we obtain that in terms of the Fourier transform 
variables the norm of B b,bl can be expressed as

I k e ' l l  =  ¡<1-+)>(<)>* (1 +  - f f i i - )  «(’■.C);£fr,<)

By H * we denote the Sobolev space which measures the regularity with respect to the x 
variable equipped with the norm

Further we define the space B b,bl equipped with the norm

I k e ' l l  = ||(r+jK0>‘(i>* ( l  + ■r )  V (r,0;4„

Clearly Bq,I>1 = B bibl. Let /  C  R  be an interval. Then we define the space B b,bl (I) equipped 
with the norm

0

IMIB6.6tm =  inf {IMIBMi,w(i) =  u(t) on /}. 
* ( ' w£Bb, ' 1 ‘

Note that for b > 1/2 and b\ > 0 one dimensional Sobolev embedding injects B b,bl into 
C (R , i/* (R 2)). Now we state a bilinear estimate which will be the main tool in the proof of 
the L2-Theorem concerning KP-II (Theorem 2 below).

T h e o r e m  1 . The following inequality holds

(4) ||ttttx; i r 6̂ H I < c | k S 6,N l2>

where
b > 1/2, 1/2 > b '>  7/16, h  > 11/48, b’ -  1/4 > bx > 5/8 -  b'.

In the proof of Theorem 1 we make use of both Strichartz type inequalities and changes 
of variables similar to those performed by C. Kenig, G. Ponce and L. Vega in the context of 
KdV equation. We shall use Theorem 1 for b ~  1/2, b' ~  1/2 and ~  1/4. Under the same 
conditions for 6, br, b\ the arguments of the proof of Theorem 1 yield

119,(1»);B-*'"*1 H < c ||« ;B ‘.‘i ||||t) ;B « ‘||.

Lì(r,C)u(r, *?);

II«; B 6,6 ,
II Il U (- t )v ; X 6,6,

II-

11-11HS IKO*u(t¡ •) l ira
ll£'«.)

i t y / 4
( r  +  p (C )> 6‘
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Using Theorem 1 and the arguments of the linear estimates in Bourgain’s framework (cf. 
Section 3) we can obtain the following Theorem.

T h e o r e m  2. There exist b > 1/2 and b\ < 1/4 such that for any <j> 6 L 2 there exist a 
positive T  =  T (|M |l2) and a unique solution u { t ,x ,y ) of (3) in the time interval [—T, T] 
satisfying

u € C ([-T ,  T]; L2(R2)) n B b'b1 ([-T , T]).

In addition the length T  of the existence interval satisfies T  > c||0 ||£®.

Let u(t,x ,y )  be a solution of (3). Then u is a solution of (1) only if an additional 
restriction on the initial data is imposed. This is because of the singularity of the symbol 
p(C) near to f  =  0. Actually the operator U(t) is defined for any <j>£ L 2 but U{t)<f> has a time 
derivative only if we suppose that <f> has a “zero x mean value” . More precisely U(t)<f> has a 
well-defined time derivative provided |£| <£(£, rj) € S'. This condition means that formally 
/  y)dx =  0. Hence we have the following Theorem.

T h e o r e m  3. There exist b > 1/2 and b\ < 1/4 such that for any <f> € L 2 satisfying 
|£|- V(£> V) € S ' there exist a positive T  =  Tdl^H^) and a unique solution u(t, x, y) of (1)  
in the time interval [-T , T] satisfying

u 6 C ([-T , T]; L2(R2)) D B b'bl ([-T , T]).

As was mentioned previously, if u(t, x ,y)  is a solution of (1) then ||u(£,., .) ||l2 does not 
depend on t. The time interval for the solutions obtained in Theorem 3 depends only on 
\\<j>\\Li and therefore iterating the process of deriving local solutions we arrive at the following 
Theorem.

T h e o r e m  4. (3. Bourgainj For any <f> € L2(R2) such that |£|- V(£, tj) € S ' there exists 
a unique global solution of the Cauchy problem (1).

As it was mentioned we shall generalize Theorem 4 for data rougher then L2. Following 
the idea of [15] we decompose the initial data in low and high Fourier modes. Then we use a 
local existence Theorem in Sobolev spaces with negative indices (cf. Theorem 4.3 below) as 
a consequence of a bilinear estimate proved in Section 4.1. Then we make use of the bilinear 
estimate from Section 4.2 to complete the argument. Thus we are going to prove the following 
Theorem.

T heorem  5. Let (6, &i) = (^+, ^ )  and s 6 (—1/310,0]. Then for any <f> 6 H£ such that 

l£l <£(£>*?) € S ' there exists a unique global solution of the Cauchy problem (1) satisfying

u € C(R; H 9X{R 2)) n  B b,bl, u ( f )  -  U{t)<j> € L2(R2).

The number —1/310 is of technical nature and is probably not optimal. Our aim here is 
to show that Bourgain’s argument could be applied for KP-II. The essential step of the proof 
of Theorem 5 is the bilinear estimate proved in Section 4.2. The result of Theorem 5 could 
be easily generalized to the spaces Hx\y 2, provides Si > -1 /310 and s2 > 0. The point here 
is that for s2  > 0 we have

(v)a2 (Vi)~a2 ( V - V i ) ~ S3 < c.
For details we refer to [52], [57].
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The rest of this Chapter is organized as follows. Section 2 is devoted to the proof of the 
nonlinear estimate (Theorem 1). First we state the Strichartz inequality injected into the 
framework of Bourgain spaces and some elementary calculus inequalities needed for the proof. 
The rest of the section consists of the proof of the integral representation of the nonlinear 
estimate (cf. (13) below). Section 3 is devoted to the proof of Theorem 2. First we prove the 
linear estimate (Proposition 3.1). Then a fixed point argument and a scaling one provide the 
existence. Finally we prove the uniqueness by the aid of Proposition 3.4. Section 4 is devoted 
to the proof of Theorem 5. First we prove two bilinear estimates needed for the proof. Then 
in Section 4.3 we apply Bourgain’s argument to complete the proof.

We shall use the following notations. By or T  we denote the Fourier transform, while by 
T ~ x the inverse transform. | | . | | l p  denotes the norm in the Lebesgue space Lp. A ~  B  means 
that there exists a constant c > 1 such that £|,4| < |J3| < c|A|. The notation a± means a± e  
for arbitrary small e > 0. Constants are denoted by c and may change from line to line.

R em ark . Some new results of H. Takaoka for KP-II equation have recently appeared. 
The result of Theorem 2 (cf. also Corollary 2 below) has been further developed in [52] 
where a sharper local existence without the restriction on the data is obtained in Sobolev 
spaces of negative indices with respect to x. (In the next Chapter we shall further improve 
that result). In [53] global well-posed ness below L2 is shown. However in [53] an additional 
condition on the initial data is imposed. More precisely the initial data is supposed to belong 
to a homogeneous Sobolev space of negative index with respect to x which is a restriction on 
it. On the other hand the regularity of the spaces considered in [53] is lower then this in the 
present Chapter. Thus the results of [53] do not overlap with ours.

2. P ro o f  o f T heorem  1

2.1. P re p a ra tio n  o f th e  proof. The linearized KP equation has dispersive properties 
(cf. [48]) and hence there are Strichartz type inequalities for KP (cf. [51]). On the other 
hand these inequalities are naturely injected into Bourgain’s framework. In this paper we 
shall make an intensive use of the following estimate.

P r o p o s i t i o n  2.1. Let > 0 and 2 < q < 4. Then for any u € £ 2(R3) the following 
inequality holds

(5) ll-?r“ 1«T h-p(C))_6I*(^, ODIU« < c|M |L2, 

where b =  2(1 — ^ )(l/2  +  ci).

P roo f. For any <f> € L2(R 2) the classical version of the Strichartz inequality for KP 
equation (cf. [48], Proposition 2.3) yields

(6) \ \ u m \ L * <  ' M W * -

Once we have (6), Lemma 3.3 of [23] gives for any u € B l^2+e 1,0

(7) |M |l < < c||tt;B1/2+ei,0||.

Interpolating between (7) and the identity

IMb = lkB 0’0||,



we obtain
(8) ||u||t , < c | | !1;SM||,

where b =  2 ( 1  — |)( l / 2  + 6i). But (8 ) is equivalent to (5) which completes the proof of 
Proposition 2 .1 .

We shall also make use of the following calculus inequalities.

P r o p o s i t i o n  2.2. Let 7  < 1 < 7 . Then for any a € R the following inequalities hold

(9 ) r
J —  C
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ro° dt c

m t  -  a)7 -

77
a := <r(r,C) = r  - £ 3 + y ,  <Ti := a fa ,  Ci), o2 := <r(r -  n,C -  Cl), 

0:=0(r,C) = ^ 7?, ^i=^(ri,Ci), #2 = 0(t -  tu C -  Ci)-

Setting w(r, £) = (<7 )b($)u(T, £) we obtain that (4) is equivalent to

(12) J  J  K (T^ ,T u C i )^ (n ,C i ) ^ ( r  -  Ti ,(  -  Ci)dTtdCi; LfT<)

where

By duality we obtain that (1 2 ) is equivalent to

(13) | J  J  ̂ i(r,C,ri,Ci)w(ri,Ci)w(r -  rx,C-Ci)u(^C) îrfCi^C

where
\ m

< c|Ml£a-

< c||w||i2||u||L2,

*i(r,C,n,Ci) =

Without loss of generality we can assume that w > 0 and u > 0. By symmetry arguments we 
can assume that |(7i| > |<r2|. To gain the loss of a derivative in the nonlinear term we shall 
use the relation (cf. [14])

(14) 0 i + 07. -  o = 3£i£(f -  fi) +

and hence

(15) max{|a|, |<r2|} > |6 f(f -  &)|.

(o)7

(10) /
oo 

■oo

dt

m t  -  a)7
<

c
(a)î

(H) ÍJ — OO

dt

m t  -  «i»/»
< C

(°)1'2

Now we set

\ m
<*>6'

K ( r , C n ,  Cl) =
1

(*1> f a ) (0l}(02)

(6*7 - 671 )2

í i f K - í i )

N

( 1)
b1 n 1)b O2 )b(9i X 6 2)



By J  we denote the  left-hand side of (13). As it was mentioned in the introduction, there are 
different m ethods to  estim ate J . One of them  is based on using the Strichartz inequalities. 
Note th a t J  can be w ritten in the form
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J  = J u l { r ,  C )(ti2*«3)(r, Q d rd {.

Using Plancherel identity and Holder inequality we obtain

j  <  n i l
j =i

where 52;-1 — =  1. In the favorable cases tt, have the formqj 3

Ui =  (cr)~a V, U2 =  (<7i)~a iW, U3 =  {(T2)~a*W 

and an application of Proposition 2.1 (Strichartz inequality) completes the proof.

A nother m ethod reduces the evaluation of J  to  a direct estim ate for K \.  Namely Cauchy- 
Schwarz inequality yields

J  <  J  ( J  K l d r , d ( i )  |t5 (r i,C i)ii( r  -  r , ,<  -  d ( r , ( ) d r d < ;

< l |A - i; i^ 0 ( 4 „ Cl,)llll» llM |v |b .

Hence the difficulty is to  prove

||A-i ; L £ 0 (L fT1,( l) ) ||< o o .

Now we give an idea for the estim ation of J  proposed in [14]. We localize J  in the following 
regions

(a) ~  K , (o-x) ~  K i,  ~  %2, ( 0  ~  M , (£i) ~  M i, (£ -  £i) ~  M2,

where K , K \,  K 2 take values 2J , j  =  0 ,1, 2 , . . .  and M , M i, M 2 take values 2J , j  =  0, ±1, ± 2, . . .  
Therefore (15) yields

m ax{tf, K u K 2) >  M M iM 2

and we have

r ^  v -  M C (K } K h K 2, M , M i, M 2)
(16) J  < ¿ 2 -------------K h'K bK b------------- <  VKMl WKlMl *  WK*M*

1 2

where < >  stays for the L 2 scalar product, the sum is taken over K , K \ ,  K 2, M , M i, M2 
and v k m , WKiMn wK2M2 are localized v and w. The difficulty is to  prove an inequality of 
type

(17) WwKiMx * w k 7m2Wl> < C (K i, K 2, M l, M 2) W w km \\l*\\™ k2m2\\l*

In the favorable cases use of (16) and (17) provides the estim ation of J  by a  to ta l constant.

T - i
K ) IIl«¿ i

Ci)|2drid<i
1/2



2 .2. P ro o f o f th e  in tegral rep resen ta tion  o f th e  b ilinear estim ate  (4). We shall 
estimate J  considering five cases for (r, We use both the Strichartz inequalities and
direct estimates for the kernel K \(t, Ç, ri,£ i).

Case 1. |£| < 24. We denote by J\ the restriction of J  on this region. Using that 
(0) < c{a)b> we obtain

* l(T' c ' r i ’C l)- < ^ k p  
Since b > 1/2 the use of the Strichartz inequality yields

J\ <  | | ^ _ 1 ( ( ^ i > " 6 w ( n , C i ) ) l l L « l l ^ _ 1 ( ( ^ 2 ) “ 6 w ( r  -  t ï , C  -  C i ) ) I I l « I M I l »

< c||w||22||u||L2.

Case 2. |<r| > |<7i|, |£| > 24. We denote by J2 the restriction of J  on this region. Using 
Cauchy-Schwarz inequality we obtain

J2 < f  , I ( t , C) I  [  |«5(7-i,C i)w (r-ri,Ç -C i)|2<iridCil v(r,QdrdC ,
J R 3 1/M>kil J

where

, tT n  -  !i!i£> (  i  iT“ *<■ Y *

We have the following Lemma.

Lemma 2.1.

7(r,C) < const, t/ |£| > 24.

P roof. Using (9) we obtain

(»)*' V M ik il <ff‘ +  <72>“ /

We perform a change of variables similarly to [32]

a  =  <7: + a 2, /? =  3&i ( £ - & ) .

Note that f  € [ -3 |a |, min{3/4£3,3|<r|}], when f  > 0 and £ 6 [max{3/4f3, —3|cr|}, 3|cr|}], when 
f  < 0. We assume that £ > 0. If £ < 0 then the arguments are the same. We have that

c\3\^^dotdB

<1 = l i l3/î( ! i 3 - « 1/2k  + i - o | I/2
Therefore we obtain using (11)

n  n  <r C« > 1 / 4 W  J  r in <3 / , ‘i > ’3 |'’ l> / “  1 1 /2
1 (a>‘' \ y . 3k| J - » ( | i 3 - /3 ) l/ î |a +  / î - o | ‘/»(o)“ /  -

c (i)1/4(#> i (•™"<3/« î -3M> |^ |1/2<i/? l ‘/2

W  \ / - 3 H  ( f i 3 ->9)1/2<  ̂+ j3)1/=> /  ■
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Now we consider two cases for ( r ,£).

•  | l i l 3 < 4|<t|

We have th a t

i w n  <  C« ) ‘ /4W  r r  l/g|1/2^
W)v V . 3 w ( f f 3 - / ’) 1/V  +  -9>,/2

/•»<* w  m p  n  

Jo a e - w ' H v + w ' * *

<

, «3/2 / f i  ____________________ 11/2
J o  l ! i 3 - / 3 |1/J(0' +  /?>1/5

^ f> I/4<«> „ -U /2  . «3/2/ <W

c a m

Let |cr|&1 <  | f |1/4. Then we have

I ( Ti C) ^  (€)3b' (£)3b'~ ~  cons  ̂ ’

provided b' >  1 /3 . Let |<r|&1 > | f |1/4. Then we have1 (£>3/4 
7(r ’ ^  -  {^v -b i-M A  +  (<r)<>'-bi- -  const ’

provided b' — b\ > 1 /4 .

< c<O1/4<0>

(*)*
{

f/ —3|<t|

dß

(a + ß ) l l 2

\ i e - ß \

+
I

k 3- l dß

(<T + ß)
+

I..

3f3
4'

¿ e - i

dß

IS*3 ß \1/2 (<T + ß) 1/2
) } 1/2

< :<O1/4<0>

<*>6'
[{a Ÿ +

£3/2 ln (l +  (a » ) 1/2

< c(Ç)1/4(0)

(° )
»'-1/4 ■f

<*>*-

4M < 3
4 f l3

provided b' > 1/3 Let I1

I ( Tì C)
(C)

<0
+

o
36 < const ,
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In this case we ha

I(T n  < c < 0 1 / 4 w  ! r  — ii— \
I • U -  {<r)V-V* \ J _ 3k| ( i { 3  _  ß y p {a +  0 y / 2 1  

c(9) f  f W  dß  ] 1/2

(o->6'_1/4( 0 1/2 [ J - 3 W \  ( °  +  ß ) l/2 j  

 ̂ c{e){oyi*-v
( 0 1/2

Let |a | 61 < | f |1/4. Then we have

(C\3/2-3b'

I ( t ,  C) < ^ 1/2 <  const ,

provided b' >  1/3.
Let |(7 | 61 > HI1/ 4. Then we have

/_\l/2-6'+61 /«:\3/2-36'+36,

£ ^  — ^373—  2 const •

provided b' — bi > 1/4. This completes the proof of Lemma 2.1. Therefore using Lemma 2.1 
and Cauchy-Schwarz inequality we obtain

h  < c |M |£2||i;||l2 .

Case 3. |<7 i| > |<r|, |£| > 24, |£i| < 1 . We denote by J3 the restriction of J  on this 
region. We shall estimate J3 by a localization with respect to £1 and (<7i). We set

J * M =  !  [  tfi(r ,C ,n ,C i)w (ri,Ci)w(r-ri,C-<i)u(r,C)dricfCicirdC,
J Jakm

where

AKM =  {(rx,Ci) : 161 ~  ~  K } .

We have

j , < E
K,M

where the sum is taken over K  =  2 k,k =  0 , 1 , 2 , . . .  and M  =  2m, m =  0 , - 1 ,  —2 , __  Now
we shall estimate in two ways. First by a direct estimate for K \  we bound j £ M. Then 
we estimate by the aid of the Strichartz inequality. A suitable interpolation provides 
the needed inequality.

Cauchy-Schwarz inequality yields

Jz M < JR 3  I KM(r, C) { J a K M  l^(ri.Ci)w(r - n,C -  Ci)|2<indCi| v(T,0drdC,

jKM
J 3

I{r ,Q
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where

, k m ,t n  = JfKf) (  [  d n d j ,  \  W

'  , u  W  U -  <<n>2‘to > 2W 2<02>V
We change the variables

a  =  0-i+<T2, /3 =  3 f £ i ( f - f i ) .

As in the proof of Lemma 2.1 we suppose that f  > 0. We have

|/? |< 3 K |(K |+ 1 )2 M < 9 |£ |2M.

Hence using that (9) < c(a)bl we obtain

j K M ( /  c lfl1/4 

1/2yoo roo r9M\z\2 \/3\l 2̂dTidad/3 1
/ - o o  7 - 0 0  J - 9 A f |£ |2 < * 1 > 26 < «  -  < ^ ( ^ 3  _  ^ ) l / 2 k  +  0  _  a | l / 2 {0 l ) 2  J  ‘

Since |/3| < |<7i| we obtain

w 1/2 < c{ax)
(«l)2 

Hence

c | ^ | l / 4 / i 1/ 4 - 6 1 J  y c o  / -9 M |i |2jKM( /*\ < ' / f  ' 1 I f°° r  
i r , g  s  1 /  /17-00  7 -9 m k p  <<*>26( f £ 3 -  0 ) 1/2I* +0  -  <*l1/2

cl̂ l1/4̂ 1/4-61 [ /’9A/|i|2 d/? 11/2
( a ) * - *  \7 -9 M liP  ( | e 3 - / ? ) 1/ 2k  +  /?|1/2 J  

Since |f | > 24 we have that | | f 3 -  (3\ > §£3 and therefore8

, k u { t C \ <  <* i/< ~t i  { r *  0  ) 1/2
1 , u  •  I€I1/2<<t>6'-*‘ \ j - m w  W + W *  f

<   ̂
l i l 1/ 2^ ) 4' - * '  11

< c tf1/4_6lM 1/4,

where we used the elementary inequality
13

/  , Z n , i  ^  CM '  \&  k  +  /?|1/2-9 A / | i |2 

Hence
I k m (t ,Q  < c K 1/4~blM ^ 4.

W)
b'—bt

1/2-261 < cK•1/2-261

dotdß
1/2



Cauchy-Schwarz inequality yields

(18) J ? M < cK l/4~blM 1 / 4 \ \ w \ \ 2l 2 \ \ v \ \ L 2 .

Now we shall estimate ^  {r, Ç) by the aid of Proposition 2.1. We have

K t r C r  r 1 < — — M W—  
i (  , C ’  i ’ C i )  -  ( a ) b' ( a i ) 6 + 6 i ( < 7 2 ) 6 ‘

Let < |f |1/4. We denote by the restriction of j £ M on this region. We have

c|*|
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î(r,C,n,Ci) <
(<r)b'(<Ji)b+b' (o2)b

c M - W R - V *

-  (<r)*V06+6 i - 5/8(a2)6'

Using Proposition 2.1 and Holder inequality we obtain

||<<7i)-6-ll+5/8ffi(ri,Cl)||w  

||(<72)-*Æ(t -  r,,Ç -  ÇiJllt-n

provided +  7- +  7- =  1 and
r  91 92 .93

b' =  2(1/ 2 +  i , ) ( l - - ) ,
91

6 + 6 i - 5 / 8  =  2 ( 1 / 2 + 6 0 ( 1 - - ) ,
92

b = 2(1/ 2 +  ei)(l -  —).
93

Now we take 61 =  6 +  bi/2 +  6'/2 — 13/16 to ensure the restriction of Holder inequality. Note 
that if 6' +  61 > 5/8 then 6i is positive.

Let |<r|61 > |£|1/4. We denote by J ^ M the restriction of J $ M on this region. Since 
(o i)3/8 > c|^|3/4M 3/8 we obtain

n r , r n  < cKI3/4
A U  l , W  ~  (<r)b' - bi ( a l ) b+ bi(<T2) b

cM-3/®̂ -1/16
-  (a)fe/- 6>(ir06+6l- 7/ 16(<T2)6'

tK M
J3l <

C

M 1/2# 1/8m
-b

v(r,C IIl*i

<
c

m 1/2k ï /s
IMIh MlL2>



Using Proposition 2.1 and Holder inequality we obtain

S M3/4./.6llW-W l^.C)IU* 

||<<T1>-*-*‘+T/1,i8(n,Ci)||L«

II -  OIIIl®

provided +  -f- +  — =  1 and
v  41 42 93

b ' - h  =  2(l/2 + e , ) ( l - - ) ,
9i

6 +  6 : - 7 /1 6  =  2(l/2H -€l)(l -  —),
Q2

6 = 2(l/2 + « , ) ( l - i ) .
?3

Now we take cx =  6 +  b'/2 — 23/32 to ensure the restriction of Holder inequality. Note that 
ci > 0, provided b' > 7/16. Further we have

tKM  /  jKM  , t/CM 
‘'a — ♦'si i J32

(1 9 )  <  c  ( m - W »  +  A P / » * » / » « )

Interpolation between (18) and (19) (with weights 3/4 and 1/4 respectively) yields

K  4 1 «<

Since 6i > 11/48, summing over K  and M  yields

Jz <  c|MIl»IMIl»-
Case 4. |<ti| > |<r|, |£| > 24, |£| < 2 |fi|. We denote by the restriction of J  on 

this region. In this case we have

W )  * c ( i i ) l / 4 -

Hence

K i T t  , f k  

Using Cauchy-Schwarz inequality we obtain

J4 < / / i ( n ,C i )  { f  |u(7-,0^(r - r i > c - c i ) |2^ c }  to(ri,Ci)*idCi,
J  (ykil>kl J
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T K M  
J 32

c

(a 2) bw ( r  — r l5C

c
IMIA /3 /8 /^ 1 /1 6

< 2
L2IMI L2

1 1
IMI b II»!Il2

<
c

iVf 1'2/̂ ’1/16 IM I h Ml L2'

<*>

d f, I5/"

W)v(o i ) W

11/2

/ K M
3 <

c L/16

II
2W 7 liII I 2II
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where

1/2
l i . l5/" (  f  dr<K

( IM b i>i<ri <̂ >26,<̂ 2>26 

We have the following Lemma.

Lemma 2.2.

/i(n ,C i)  < const.

Proof. (10) yields

h{TuCl) <  [  i  «  r
W  l/k il>M  <a  ~ CT2) J 

c i i d ¿c 1 1/2

(^i)6 Vkxl>kl (<7-< t2>26J

where we used that |«t — cr2| < 2|<7i |. We perform a change of variables

ot = a -  o2, /? =  3 £ f i( f i -£ ) •

We can assume that > 0. If 6  < 0 then the arguments are the same. Further we have

c ld^^dadd

Therefore we obtain using (11)

n  cl«ilI/2 /  /•“ _________ __________________ 1 1/2
i i ln .W - <ai)V - /? ) ■ /> ,+ /3 - a|i/2<tt)26/  -

c |iil1/2 i  /'r"i" (3/4£’ ,3,'’ il) l/3|1/2<f/3 1 1/2 

■ R i r \ y - 3 Ki ( ? e ? - « 1/> i + / 3 ) 1/2J '

Now we consider two cases for (ti,£i).

•  fl? l|3 < 4 M

h (n , Ci

C|íl|5/4
1/2

líil3/2(!<? -  /8)l/sk i + 0 -  <*ll/2'
<JÇ =

m iiH3/4tr.3kri

-3  <71
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We have

, , r  d  < cl ^ l ' / ;  f / °  W ' M
/ i l n .Q )  < V - ^ . i t ^ - W ' V i  +  W '2

[ W  W ' H ß  1/2 

Jo  ( |€ f - /3 ) ,/2<«-i + >9>,/2Í

< <lfilI/2 , [° i ß
W  {L M W i + ß ) 1'*

, c3/2 f ' (‘ ________ *ß________ 11/2
1 Jo  i i t i - ß V H a i + ß ) 1*2 ’

< ^ l l 1/2, / .M f t  , ,3/2, n (’- '  i ß
j ^ f ^ ^ S o  m - ß \

I«?-1 dß /*«? dßf T̂ 1“ 1 dß f  1 d/3 ^ i / 9

+ Jo W ^ ß )  + /î« f-i Ifi? -i3 |1/2<<̂i +/3>1/2

< ^ ^ ( f o > l/3 + í ? /2 l»(l +  <»i>))1/2 

,  c |f i l1/2 , <ttil5/4
-  <CTl)»'-i/-< +  (<71)*'-°

.  c |ftl1/2 , dftl5/4
-  |ít ¡3Í.--3/4 +  |ç,|3t.'-

< const,

provided b' > 5/12.

•  4|<7i | < f l í i l3

In this case we have

, tT c \  < clfrl1/2 f  i 3'" '  dß l ‘/2
-  < a , ) ‘ ' - ‘ / 1  W _ 3 |, l l ( | i 3 _ / J ) l / 2 ( < T l + W l / 2 j
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<
í f 3\^\ dß 1

1/2

i>1/4 ^ c|6 I3(1/2- 6') ^

"  <cr1>fc,-1/4|6l1/4 "  llil1'4 - C° nSt’

provided b' > 5/ 12. This completes the proof of Lemma 2.2. Therefore using Lemma 2.2 and 
Cauchy-Schwarz inequality we obtain

J 4  < c|M|£,2|MIl2.

Case 5. |<7i| > |cr|, |£| > 24, |£| > 2 |fi|, |fi | > 1. We denote by J 5 the restriction 
of J  on this region. In this case we have that |£| < 2|£ — £i|.

Let |<r|61 < HI1/4. We denote by J 51 the restriction of J 5 on this region. We have

c|!IKil1/4
^ i(r ,C ,ri,C i)  < (a>6'(a i)6+6« (<r2>6

<
(<T)6,(<Ti)6+6l- 5/8(<r2)&‘

Proposition 2.1 and Holder inequality yield

Jsi < IK0-)-6 OIIl«

|K(Ti)_6_6l+5/8iIj(ri)Ci)||L92

||<(T2 >_ 6 t i ; ( r  -  t i , C - C i ) I | l « 3

< c|Mll»Hli>,
provided — +  — +  — =  1 and
r  91 92 93

6' = 2(1/2+ e , ) ( l - | . ) ,
91

b + bi — 5/8 =  2(1/2 +  €i)(l — —),
92

b =  2( l /2  +  ei) ( l - l ) .
93

Now we take €1 = 6  +  b’/2  +  bi /2 — 13/16 to ensure the restriction of Holder inequality. Note 
that if 61 +  b' > 5/8 then ci is positive.

Let |<r|èl > HI1/4. We denote by J 52 the restriction of J 5 on this region. We have

ciii3/4iiii1/4

C|6I1/2

f a ) " - 1' 4!* !!3' 4 J - 3k ,|  <0-1 + / ? ) 1/2

* i ( r f C , n , C i ) <
w) 1 \^i) W>1(„ 2)b
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l i l ^ l i . l 1' 4 < <W,/2| i , | l/4|i  -  i l | 1/4 < c(<T1)1/4(<T,)1'’8 =  c(<T,)3/8.

Therefore

#l(ï-,C,TÏ,Cl) < ^6+*i -3 /8^ 6-

Proposition 2.1 and Holder inequality yield

J l i  < HW^îir.Olli«

||<ffl) 6 *I+3/8Ô(Ti,(l)||i«i

< clM & H h,

provided t- +  r- +  =  1 andr 91 92 73

b' — bi — 2 (1 /2 + 6i ) ( l ----- ),
91

b + bi -  3/8 =  2(1/2 +  6i ) ( l ----- ),
92

i = 2(1/2+
93

Now we take €i =  b +  6'/2 — 11/16 to ensure the restriction of Holder inequality. Note that 
if 6' > 3/8 then €i is positive.

Hence

h < cN&IMIz,*.

This completes the proof of Theorem 1.

3. P r o o f  o f  T h eo rem  2

This section is devoted to the proof of Theorem 2. First we prove the linear estimate 
following the lines of the Bourgain’s method (cf. [12], [13], [14], [23], [32]). Then using 
Theorem 1 and a scaling argument we prove the existence. Finally we prove the uniqueness 
using an argument of [42]. Recall that we shall apply a Picard fixed point Theorem to the 
integral equation

(2 0 ) u{t) =  U{t)<j> -  1/2 f* U{t -  t')dx{u2(t'))dt'.
JO

and

ufa)
-b tv(r -  n C - 1) IIL <73



3 .1 . T h e  lin ea r  e s t im a te .  We define the operator Tj,

(21) T*(tt) =  U(t)<f> -  1 /2  T  U(t -  t')dx{u2{t'))dt'.
Jo

Let ÿ be a cut-off function such that

€ C o°(R ), supp C [ -2 ,2 ] ,  ip =  1 over the interval [—1,1].

Now we state the linear estimate.

P r o p o s i t i o n  3.1. Let b > 1 /2 , b' > 0, b + b' <  1 and bi > 0. Then

(22) ||V’?V(u )||£6,6i <  c(||0||£2 +  ).

P r o o f .  Recall that p(Q =  —£3 +  ^  and a =  r  + p(Q. Note that

i/>(t) J £/(i — ¿/)ïi(i')wa:(i/)iii/ =  ij)(t) J ex̂ +vv~tp̂ T{uux){T,Q-----------drdÇ

k>i ' •'M^1

+xl>(t) f  (r, C) -drdC
J\a | > 1  <*

f  cf^ +,w-^ » ^ (tttt ,) (r ,C )-d rd C  
J  | < t | > i  v

=  (l) +  (2) +  (3).

Further we have

||(1)|| c\\t V’(0 l l i /6+6i )

for any 6 >  0 and b' > 0. In order to estim ate (2) we need the following Lemma. 

L e m m a  3.1. For any b > 0 and bi >  0 the next inequality holds

(23) HlMlj9*.*i < cIMIb m ,.

P r o o f .  Let ü(r, £) =  (<tŸ{6)u[t,Q. Then (23) is equivalent to
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/<»>“ W2 1/  f a  -  TiH'T^rr'Hn.QdTi <*t <K < M b ,

where a* =  T\ +  p(£) and 6* =  ^ i / I - A duality argument shows that the above inequality 

is equivalent to

( 2 4 )  | /  ^ ( r  “  r i ) ^ T l > 0 ® ( r ,  Q d r d n d C  <  c\\v\\L2 \\w\\L2 .

é E
k> 1

(Ä)*
Âr! / e i ( x H m - tp (  Q ) j r ( UUx) (T) Q a k~ l dTd(:

+ T O f
J  M>i

e i(xi+vv+tT ) j 7 ( UUx) ( T i Q 1
a

i r d C

( * M
{ ° * y m

t'

-ID(t)



We can suppose that tf) > 0, v > 0, w > 0. Since (<7) < | r —ri| +  ((7*) and ($) < |r  — r i |6l-|-(0*) 
we obtain

- & { d)  < 1 +  |r - r ,\b+b'
{V )b(6*) ~ + 1 11 •

Now we set

X(r -  rx) =  (1 +  |r  -  n \ b+bl)ip(T -  Ti).

We denote by /  the left-hand side of (24). Cauchy-Schwarz and Young inequalities yield

2
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I2 < ( / ( X  *r v)(r, C)w(r, Qdrdç'j

< f i x * * u)2(r >0<fr<*CIMlL2

<  c\\x \\l\\v\\U*\\b>

which completes the proof of Lemma 3.1.

Now due to Lemma 3.1 we have

< c||«at ||B-v.t l .

It remains to estimate (3)

1 ( 3 ) 1 * ,  <

d r  [  \ F { u u x ) { T , Q \ 2d T d (l<  -iiwiii f  f  1*1”  w .  O r<  c l l ^ l l ^  j  ^ 2b J  (^ 2 (1 -6 )

^  C l|V ’| | H 6 + l> l | | t i t i x | |B 6 - 1 . 6 1

< c||u«r ||fl_6/,6l.

Now we estimate the free evolution

||«(i) (̂i)<Mlaw, < 

which completes the proof of Proposition 3.1.

3.2. E xistence. Using Proposition 3.1 and Theorem 1 with 6 =  |  +  c, V =  i  -  c and
b\ =  j  — 2c we obtain for sufficiently small c.

2

11(2)11B b>b i < 4( ° )
,6-1 {6)T(uux)Hl2

«IMI Fjb+bi(/(/\ F ( u u x ) ( t ,  C ) |d r

<*> )2 de)

1/2

elicli IM I*.



P roposition 3.2. I f  e > 0 is sufficiently small then the following inequalities hold

(25) \\i’T<f>(u)\\B^ _ 2e < c(\\<f>\\L 2 +

(26) H iT ^ u )  -T t(v ) ) \ \B^ _ 2{ < c | |t i -  +

Now a standard fixed point argument yields

P roposition 3.3. There exists Co > 0 such that if \\4>\\l2 < Co then the map ipTj, has a 
fixed point u which is the unique solution of u = tpT^u), i.e. local solution of (3) in time 
interval [—1,1].

To prove local existence for arbitrary data in L2 we shall perform a scaling argument. If 
u (t,x ,y )  is a function then we set UT(t,x,y) =  T 2lzu (T t ,T llzx ,T 2lzy). Similarly if 4>{x,y) 
is a function then we set <t>r{x,y) =  T 2/3</>(T1/3:c,T2/3y). Finally we set ^ t ( 0  =  if>(t/T). 
We have that ||<£t||i,2 =  T xl&\\4>\\ii. Hence due to Proposition 3.3 if T  is sufficiently small 
then the equation u = tpT^^u) has a solution. Note that if u (t,x ,y )  is a solution of KP 
equation with data 4>{x,y) then so is u j( i, x,y) with data <f>r(x,y). This observation and a 
direct computation shows that we have the next relation

(27) [̂ >T̂ t (u)]t -i =  ^ t T ^ ut- i ).

Hence u? -i is a solution of tprT^Ux-i) =  uT-i.  Therefore, we proved the existence of a 
solution to (3) for T sufficiently small in time interval [—T, T].

3.3. U niqueness. To prove the uniqueness we need the next Proposition.

P roposition 3.4. Let 1/2 > > b" > 6i > 0. Then there exists 8 > 0 such that for 
8 € (0,1) the following estimate holds

IIiM I b - O i ^

P roof. Let Y b,s be the space equipped with the norm

Mir».. = ll<’- - i 3 + J> ‘ <0*s(’- .0 ll^ it)- 

Write the norm in B b,bl as

IMIflMi ~  IMIkM +  •

If 0 < 6 < a < 1/2 and 8 6 (0,1) then there exists 0 > 0 such that

(28) ||^$ti||y-«,« <  c ^ ||t i | |y -6 , . .

The estimate (28) is proved in [42] in the context of KdV equation (cf. inequality (3.29) in 
[42]). For KP equation the proof is essentially the same. Now using (28) we arrive at

IIV’HliJ-fc'.fr, ~  IIV’Hly-b'.o +  \\i>Su\\Y- b'+bu- lh
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■IM*

c e t i l i Iß-6" 6!

< c6e' ||i ||y-6",o + c^lldNy - 6 "  +  6l t - l / 4

< «HMI ß—

1 ~ A. _o .

V II 1 Ilu V II + € 2«



This completes the proof of Proposition 3.4.

Let ux,u 2 € jB1/2+i’1/4-2e([—T,T]) be two solutions of (2) in the time interval [—T,T] 
and S € (0, T) to be specified later. Clearly

ips(ui - u2) =  y Jq U^ ~  t' ) M ui -  u\)(t')dt'.

Let I  =  [-5,5]. Then Proposition 3.1, Proposition 3.4 and Theorem 1 yield for sufficiently 
small € > 0

11«! -  tt2||fl*+<,*_2<(/) < c | |^ iK - t t2)||Bi+<>i_2e

< cU]dx{u\-u\)\\B. M . 2t

< c86\\i)s(ux - ti2)||g$+<̂ _2J|ui + ti2||B +̂tî _2<

< cSs (ll«, -  « j I I , , * « , •

Here the constant c depends only on ||tii +  ii2||B^+tij._2t. We chose S such that cSe < 1/2 to 
conclude that u\ =  u2 on I. Now we iterate the last argument to prove the uniqueness. This 
completes the proof of Theorem 2.

4. P ro o f of T heorem  5

4 .1. A b ilinear estim ate . In this section we prove a bilinear estimate following the 
lines of the proof of Theorem 1.

T heorem 4.1. Let (6, &i,s) be such that

b > 1/2, &' > s +  1/8, b1 > b\ +  s, y  — b\ > 1/4 +  s, 6/ +  36i > 1,

&' +  2&i > 7/8, 6'> 5 /1 2  + s/3, b' +  &i > 1/2 +  s/2, 6'> 3 / 8  + s/2.

Then the following inequality holds

(29) ll^x(UU)||jg-l>',6l ^  CHUllgMt IMIg^l

Proof. Recall that
„2

a := <7(r,() =  r  — f 3 +  a x := <r(ri, Ci), <r2 := a(r -  n ,  C -  Cl).
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<
c f \ \ I Tpsdx' »? lß-i+t i )

í : = í ( r ,C )  = (<7>

«>I/4
#1 =  0(n .6)> 02 =  0(r

h
- n , C - CO-

e,
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We have that (29) is equivalent to

J  J  — Ti,Ç — Çi )w (t , QdTidÇidrdÇ <

(30) c|MIl»IMIl».IMIl*.

where

Without loss of generality we can assume that û > 0, v > 0 and w > 0. By symmetry argu­
ments we can assume that |<ri| > |o"2 1. We denote by J  the left-hand side of (30). Consider 
several cases for ( r ,Ç, t ï, Ci )-

C ase 1. |£| < 24, |fi| < 48. We denote by J\ the restriction of J  on this region. 
Using that (9) < c(cr)b' we obtain

(<7,)b{a2)b'

Since b> 1/2 the use of the Strichartz inequality yields

< C||ti||t 2l|v||£î]|w||t ï.

Case 2. |£| < 24, |fi| > 48, |<7i| > |<r|. We denote by J2 the restriction of J  on 
this region. We have that (9) < c(^i)(^i)1/4 and hence

K(r, c .n .G )  <

<

( a ) b' ( a  i ) b(<r2) b

c m ù l/4+2a
(a )6 (<Jl>i>(<72>6* 

Since |£|1/8+*(f1)1/4+2* < c(<ri)1/8+a we obtain

Kir C t  C Ï < cl^|7/8 *K(T,C,n,  Ci) _  ^ b ' ^ b - s - i / S ( a2)b-

By Strichartz inequality we have

h < l|Jr_1«CTi>-M-<’+1/sffi(T-1,Ci))|U«i 

< cllullijllellijllwlltj,

K ( r , C.TÌ, Ci) « fa , Cl )v{r

K ( t, C, n X i)
m m )

— 3
&>j ( £ - 6 >â

<*>6' (<71>6 cr2>6(Ol) (h)

k ( t ,  c, 7*1. Cl) < C

J T-1
( <xi bli r i<i ))I L4II7 1

( I -o V(T rLi< c1))IIí 4 IIwIIL2

1e(* t(C

Il r -1
(

f 7 y- 6 V(r Ti )r 1) IIL

IlT 1( a bw TyC ) IIL ?<
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provided =  1 and

6 - 5 - 1/8 =  2 (1 /2+  €i)(l -  —),
91

b =  2(1/2 +  £l) ( l - 1 ) ,
92

6' =  2(1 /2+  € 0 (1 - f ) .
93

Note that if 6' > s +  1/8 then ex > 0.

C ase 3. |£| < 24, |£i| > 48, |cr| > We denote by J3 the restriction of J  on 
this region. We have that ($) < c(<7)61 and hence

K ir  e r  C \ < C|M W < £ -& )'K (t, C, r i ,  Cl) <  ( a )6 '-6 l (£ri)6(<T2)6

c\t\1 — 3

(a)b'~bl~a(<ri)b(<T2)b

{<TX)b{(J2)b ’

provided b' > bx +  s . Now a use of Strichartz inequality yields

Jz < l l ^ - H ^ - ^ r i . C O i l ^ i i ^ - H W - ^ r - r ^ c - C i ) ) ! ! ^ ! ! ^ ! ! ^

< c| IU11 £,2 11 v 11 £,2 11 tw 11 i,2 .

Case 4. |£| > 24, \cr\ > |<7i|, min{|£i|, |£ -£ i |}  < 1. We denote by J4 the restriction 
of J  on this region. Note that in this case we have

<0_W < Ç - 6 > * < c .

Therefore we are in position to perform the arguments of the proof of Theorem 1, Case 2. 
Under the assumptions 6' > 1/3 and 6' — 61 > 1/4 we obtain

J4 < c |M M M |L2|M |L2.

C ase 5. |f| > 24, \a\ > |<7i|, min{|£i|, |£ - f i |}  > 1. We denote by J5 the restriction 
of J  on this region. Note that in this case we have

Using Cauchy-Schwarz inequality we obtain

Js < [  I{ r tÇ) {  [  |« ( r i ,C i)û ( r - r i ,C -C i) |2^ id C i |  w(r,C)^dC»
J R3 J

where

, , r n  (  f  _ _ J l ! d G _ _ V /2

-  U w i h i W W - i W

(c
- í

<ei)
5
<C 1) < c<c ) 23

(O)
i

iei‘ - 2-W
t a f -

— +  — +  — 91 <72 1 93



We have the following Lemma.

Lemma 4.1.

I{Ti C) ^  const, if  |£| > 24.

Proof. Using (9) we obtain

, t r  r\ < (  i  d<l '

Perform a change of variables a  =  <ri+<T2, P =  3£fi(£—£i). N otethat£  € [—3|<r|, min{3/4£3,3|cr|}], 
when £ > 0 and £ € [max{3/4£3, — 3|<r|}, 3|<7|}], when £ < 0. We assume that f  > 0. If £ < 0 
then the arguments are the same. We have

c\P\l t2dad0

l i l3/2( | i 3 - /9 )1/2k  +  /3 -a |1/2
Therefore we obtain using (11)

(*tnin{3/4̂ 3,3|<r |} /-oo \fi\l f3dad0 1 1/2
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Ĉ l / 4 - 2 « ^  ( /*min{3/4£3,3|<r |} roo

^  C> 5  <»)»>-. { / 3W J —co ( f F ^ P)l/2\a + P -  a \^ ( a ) 26
<

C<O1/4- 2‘<0> [  f min{3/4̂ 3*3|<t|} \p \'/2dp 1 1/2

\J-3M  ( le - P V 'H e  +  P)1' 2 J

Now we consider two cases for (r, £).

•  | l i l 3 < 4 M  

We have that

l ( r , 0  <
c « )1/4- 2,W  f / °

W -  V - 3 W ( |i3 - « l/2<<r+/3>1/2

if«* I0|1/2^  

J o  ( it ( 3 - / } ) 1l 2 ^  +  0 ) i >2>  

- /-0

+<3/2 / ,£ _______ _________ 11/2
J o  w e - ^ ^ + D ) 1' ^

< C(̂ ~ - ’W { ^ ) 1/2 + i 3/2( / ^ ' ‘ ^
! i 3 -  /»I

1/2

dCi

<
cC 1/4 2 a fi

n b'—s

o

('7 + £ 1/2
da

i t r ~ a‘w
w -
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/•}<•-> dD r i ?  ________ d0________  1/2

Jo  w + f f )  V - i  i f i3 -/3i

< ln(l +  (a ))) '*

_  / vU__ 1 />• I

J(T.<) < 7 ^ 5 7  +  l w - 3, -  S co n st,

(a ) V - , - u *  T <„>*'—  ’

Let |<t|61 < |f |1/4. Then we have

(O 1" 2* . J £ t 2s
^ 3 b ' - 3 s  (f)36 '

provided b' > 1/3 +  s/3.
Let |<x|bl > |£|1/4. Then we have

„ r n  <  I Q ' 1 * i « > 3 / 4 ~ 2’
1 1  -  (<r)»'-»i-«-i/4 (a)6’- 1'-* -

(f t-2 , (Q3/4-*
—  / > \  o i /  o L .  O .  O / i l  •^ 3 6 ;- 3 6 i - 3 5 - 3 / 4  1 ^ 3 i ' - 3 6 i - 3 « -

< const ,

provided b' — b\ > 1/4 +  s.

In this case we have

< c®1'*-*«) i /~3H dp }
n r , g  -  « — 1/4 \ y _ 3 H  +  J8)>/, J

1/2

< «<»> f  V /2
^ '- .-1 /4 (0 1 /2 4 -2 , y _ 3|<T| (<, +  0)1/2 J

« W 1' 1
—6'+i

( £ ) l / 2 + 2 a

Let < |£| */4. Then we have

/ e \3 /2 - 3 6 ,+3*

^ • O  i  ( f l  1/24-2. - ^  COnSt '

i 3

oc

a; b —s

1 /4 -2  s
o L/2r

( + i
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provided b' > 1/3 +  s/3.
Let |<t|61 > |£|1/4. Then we have

((T\l/2-b'+bi+s 

^  -  ^ 3/4+ 25

^ 3 /2 - 3 6 '+ 3 i> i+ 3 a
<

( 0 3/4+2a

< const ,

provided b' — bx > 1/4 +  s/3. This completes the proof of the Lemma. Therefore using 
Cauchy-Schwarz inequality we obtain

Js < c|M|L2||u||L2|M|L2.

C ase 6. |£| > 24 |<ti | > |cr|, |fi| < 1. We denote by the restriction of J  on this 
region. In this case we have that

Hence we are in the situation of Case 3 of the proof of Theorem 1. Now we shall apply a 
slightly more precise argument. We shall again localize Jq with respect to and (<7i). Set

[  ^ (’•>C»T-i»Ci)«(ri,Ci)w(7" - rl»C-Ci)w(r,C)dr1dCidTdC,
J JAKM

where

AKM = {(Tub) ■■ l f i l ~ A i ,  < f f i>~ J T } .

We have

*  < £
KM

where the sum is taken over K  =  2*,k =  0 ,1 ,2 ,. . .  and M  = 2m, m  =  0, —1, —2 ,__ As in
the proof of Theorem 1, Case 3 we can obtain

(3i)

Further we have

KtrCr t\< IflWI A,

Let IcrJ**1 < |^|1/4. We denote by Jg\M the restriction of J $ M on this region. We have

cKIK
(

cM~l!2K ~ s 
~ {<j)h'(ax)b+bi - s- W { ( j 2)b'

c 3

(t.1
a
(■

C l i 5
C

J
K M

ï

J K M < C K 1/4—0i Ai 1/4
Il IL L 2 IIV IIL2 IIwIIL 2

o b'
(ö1 O+Oi O2 )

b( r ) C T ìc1 <



Here S > 0 is to be specified later. Using Proposition 2.1 and Holder inequality we obtain

ii(„1)-» -‘.+<+, /»S(Ti)C.)iii e  

||(<r2>“Jt)(r Cl) Hi.«

provided t- +  ^- +  =  1 and
r  91 92 93

V = 2(1/2 +  €i)(l — —),
91

b +  b l - S -  1/2 = 2(1/2+  €l) ( l - - ) ,
92

6 =  2(1/2 +  c ,)( l  — ~ ) .
<73

Note that if S < b' +  6i -  1/2 then 6i is positive.

Let |<r|fel > |^|1/4. We denote by J$2M the restriction of j f f M on this region. We have

Kf r  C r  n  < cl^l3/4S (iT)6'-6l((7l)6+6l((T2)6

cM ~ 3/sK~s
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(<r)6' - bi(a i) fc+6i - 5- 3/8(<72)6. 

Using Proposition 2.1 and Holder inequality we obtain

||<ffl>-l" t,+,+3/*»(Tl,C,)||to 

||(ir2)”lffi(T -  n,C -  Cl)Ufa

<

J KM
51 <

C

L/2 Ks Il ü( )-0' w
■ r c ) IIL71

L/2

C

h fi iluIIL2 II V L2 IIUIIL 2 1

J
W M

3/8 i 1
■

r n )
-o -t-0i 11( T i C) IIL 11

c

M 3 / 8 K A u IILÀIIV IIL2 IIW IIL- î



provided — +  — +  — =  1 andK 71 92 93

b ' - h  =  2(1/2 +  €i)(l — —),
91

b + h - S -  3/8 =  2 (1 /2+  € i ) ( l - - ) ,
92

b =  2(1/2 +  £i)(l — —).
?3

Note that if <5 < b' — 3/8 then €1 > 0. Hence

(32) JeKM <

Interpolation between (31) and (32) with weights | +  and respectively yields 

with > 0 and 82 > 0 provided

( l / 4 - » i ) ( | + ) - « | - ) < 0 ,

i.e. <5 > 1/2 — 2&i. But 8 should be such that

8 < min(6/ +  £>i — 1/2, b' — 3/8).
4

Hence we are able to chose proper 8 provided b and bi satisfy

b* +  2bi > 7/8, bf +  36i > 1.

Summing over K  and M  yields

Je < c H l ’ IM M M Il*-

Case 7. |f| > 24, |cri | > |a |, |£| < 2|fi|. We denote by J-j the restriction of J  on 
this region. In this case we have

(»,> -  « ■ '  ■ <«< -  «>• ’

Hence

K (r  C r f  1 < c|€ l|5/,,+J 
( ,C’ 1,Cl) -  (ff>‘,<<ri)‘(<T2>‘ ‘

Now the arguments of of the proof of Theorem 1, Case 4 provides a bound for J j  provided 
b' > 5/12 + s/3.

Case 8. |£| > 24, |<Ti| > |<r|, |£| > 2|£i|, |fi| > 1. We denote by Jg the restriction 
of J  on this region. In this case we have that |£| < 2|£ — f i | and

Hence

« li lK - i i l 'W
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K (t, C,r„Cl) < o

JB
KM

LIIWIIL?ÏJIIT, 2
M Kù

C
I hII

B
KM C

KO'! Il li I IIVIIL2\,hV I2

(cL)
S t. {1 3

(L
tt 1)

9

) (n1) ( 12) ( i i)

d i m - ( i r <íl)2’
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Let H &1 < |£|1/4. We denote by i the restriction of Jg on this region. We have

c K IK iM i-iil*K
{o)V(a

Proposition 2.1 and Holder inequality yield

* i  < IKa>-*'«(nC)llw 

||{a1) - ‘- ‘1+,/s+l/2S(r1,Ci)||i,«

||(»9)_t®(r -  n ,<  -  COIIl«

< cllulliillrlli.illwllti,

provided =  1 and

V =  2 (1 /2 + e,)(l
91

b + h - s / 2 - 1 /2  = 2(1/2+ £ 0 ( 1 - —),
92

6 = 2(1/2 +  €i)(l - —).
93

Note that if bx + b' > 1/2 +  s/2 then 61 is positive.

Let |cr|&l > |f |1/4. We denote by Jg2 the restriction of Js on this region. We have

K t r t r  C\ < c^l3/4l^l1/4^ - ^ l 8 tf(r,C ,*ï,C0 _ (^ b '-b tfa jb + b :^

Proposition 2.1 and Holder inequality yield

J«i < IK<7>-*'+l'«(r,C)IU«

||(<Ti) - t-»1+3/8+,/2S(T1,<i)||l a

||(ff2)“‘l ( r  -  n ,C  -  Ci)IU«

< c||u||c> IIv||£3IIwllii,

T Ci T r1 <

(o b'(01) 5+61 —a/2—1/2(G )6
c

c
-  (<t)6'- 61 (<7i)6+fcl - 3/8“»/2(<72)b ‘

ì  +  ì  + ì  
91 1 92 93



provided -f- +  -7 - +  ~  =  1  and
r  91 92 93

6' - 6, = 2(1/2 + «,)(1 -  —),
tfl

b + b i~  s/2  -  3/8 =  2 (1 /2+  € 0 ( 1 - —),
?2

6 =  2(1/2 +  60(1 “  — )•
93

Note that if 6 ' > 3/8 +  s/2  then is positive. Hence

Js < c N b l M I ^ I M b -
This completes the proof of the Theorem .

Now we state a corollary which will be used in the proof of Theorem 5.

C o r o l la r y  1 . Let (6 , 6 ', 60 =  ( |+ ,  ^—, ^ ) .  Then for s € [0,1/32) the following inequal­
ity holds

(33) | |5x( t i u ) | | I M I jjMi -
^  —  3 — 3 —  J

Using Corollary 1  we arrive at the following local existence result.

C o r o l la r y  2 . Let (6,60 = ( |+ > ^ )  an^ s € (_ l/32,0]. Then for any <j) € H*(R2) 
there exist positive T  =  T(||<^||/f») and a unique solution u(t, x ,y) of (3) in the time interval 
[•- T , T] satisfying

u€C([-r,71;iri(Ra))nBi*.
6

In addition the length T  of the existence interval satisfies T  > c||<A||#J+2* •

Proof. Once we have Corollary 1  the proof of Corollary 2  follows the lines of the proof of 
Theorem 2 . The assertion for the length of the existence interval follows from the inequality

\\<h\\Hs < cT ^ M h ..

4.2. A n o th e r  b ilinear estim ate . This section is devoted to the proof of the following 
estimate.

T heorem  4.2. Let (b,b',bi) =  ( |+ ,  5 —, ^ ) .  Then for s € [0,1/32) the following inequal­
ity holds.

(34) I|0xM I I b -6'.o < c l M i ^  IMIb m , .

P roof. Note that (34) is equivalent to
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II S

K ( r > C, n ,  Ci)u(n, (i)v(r  -  TU  C -  C0™(r, Q d r ^ id r d ^ <

(35)

K t r r r  r \ -  1̂ 1 ( & > • « - & ) •  
1 1,w

wnere

cIIl IIL Ì1ilL2 , w IIL2 ?



Without loss of generality we can assume that u > 0, v > 0 and w > 0. By symmetry argu­
ments we can assume that |cti| > |<r2|. We denote by J  the left-hand side of (35). Consider 
several cases for (r,C>r iiCl)-

Case 1 . |£| < 24, |£i| < 48. We denote by J\ the restriction of J  on this region. As 
in the proof of Theorem 1 we bound J\, provided b > 1/ 2.

C ase 2. |£| < 24, |fi| > 48, |<ri| > |<r|. We denote by J2 the restriction of J  on 
this region. In this case we have that

Jf(r,C.n,Ci) < (<T)V(<Tl)i(<T2)6
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{ o ) h'{<T\)b- a {(T2)b ‘

Now we bound J2 by the aid of Proposition 2.1, provided b > s, i.e. s < 1/ 2.
Case 3. |f| < 24, |^i| > 48, |<r| > |<ri|. We denote by J 3 the restriction of J  on 

this region. We have

c|il«l>*<{ -  il>*
K ( T ,  Ç.Ti.Cl) <

(7

clll1-

Now we can estimate J 3 by the aid of Proposition 2.1, provided b' > s, i.e. s < 1/ 2.

Case 4. |£| > 24, \<t\ > \ai\t min{|6 |, |£ -£ i |}  < 1. We denote by J 4 the restriction 
of J  on this region. Note that in this case we have

-  6>a < cKI4.

Now, in order to bound J 4, we can perform the arguments of the proof of Theorem 4.1, Case 
4, provided b' > 1/3 +  s/3  and b' — b\ > 1/4 +  s/3, i.e. s < 1/2 and s < 3/32.

Case 5. |f| > 24, |cr| > |<ri|, min{|£i|, |£ -£ i |}  > 1. We denote by J 5 the restriction 
of J  on this region. In this case we have

-  £i>‘ < c<a>*.

The arguments of the proof of Theorem 1, Case 2 provides a bound for J 5 provided b' > 1/3+s 
and b' - b \ >  1 /4 +  s, i.e. s < 1/6 and s < 1/32.

Case 6 . |f| > 24 |<ti| > |<r|, |^i| < 1. We denote by the restriction of J  on this 
region. In this case we use the same localization as in Case 6 of the proof of Theorem 4.1. 
We have

r 1(3/2

( i l ) ' ( i  -  il>* < -  i i >,/2 < j p p .

< *c

n C ; 3 C i

6'
( 7 (a2

b

C
I

(ei s
(C

et
fr i



Hence the following inequalities could be obtained similarly to (31) and (32) respectively

(36) j £ m  <

jK M  < A.-i+./2M -l/2-/2Hullyllollyllwlly,

where 1/2 -  2bx(S < min{6' -  3 /8 ,6 '+  h  -  1/2}, i.e. 1/16 < <5 < 1/8. We take <5 =  § - .  
Hence

(37) J(fM <

We shall interpolate between (36) and (37) with weights a  and 1 — a  respectively. Choose a  
such that

a ( l /4  — s/2) +  (1 — a )(—1/2 — s/2) =  0 +  ( to  have a positive power of M), 

i.e. a  = 2/3 +  2s/3+. Further we need

a (l/3 2  +  s/2) +  (1 -  a ) ( - l /8  +  s/2+) < 0 , ( to  have a negative power of K),

i.e. s < 1/29. Hence

J* "  * ip rlH M M M M b,
with ¿i > 0 and S2 > 0. Summing over K  and M  completes the proof in this case.

Case 7. |f| > 24, |<7i| > \<x\, |£| < 2|£i|. We denote by J-? the restriction of J  on 
this region. In this case we have

<£i>a<£-6>a<cKir
Now the arguments of the proof of Theorem 1, Case 4 provides a bound for J-j provided 
6' > 5/12 +  2s/3, i.e. s < 1/4.

Case 8 . |f| > 24, |<7i| > \a\, |f| > 2|£i|, |fi| > 1. We denote by J% the restriction 
of J  on this region. In this case we have that |f| < 2|£ — £i| and

c|illiil1/4+*lf-fil*
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k (t , Ç.n.Çi) <

Now a use of Proposition 2.1 gives a bound for J 7, provided 6' +  61 — 1/2 > s/2, i.e. s < 7/16. 
This completes the proof of the Theorem .

4.3. E nd  o f th e  p ro o f o f T heorem  5. Decompose the initial data <f> € H~s in two 
parts

4> = 4>q + Vo,

where

=  /  $(Ç,v)ei{x(+yr,)dÇdv. 
J\(\<N

Kl /32+a/2 M l / A - a / 2 n IIL2 LIII IIWIIL2

K -1/8+S ¿+M— 1 / 2 —a/7
IIuIIL2IIV L*IIU] (j2,

o (7l (To b

<
c

< ) C7\ )
b+b i —1/2—5/2

( )
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Here N  >> 1 is a large number to be specified later. Note that ||</>o||l2 rsj N* and ||i?o||H-<.
Consider the following system of integral equations

(38) u(o = u(t)<h+ f  u(t -  tX O M O # '.
Jo

(39) v(t) = U(t)ijo+ f  U(t -  t')dx(v2 +  2uv)(t')dt'.
Jo

We have the following local existence Theorem for (38)-(39).

T heorem  4.3. Let (b,bi) =  (5+ , ¿ )  and a € (5,1/32). Then there exists a unique 
solution (u, v) of (88)-(S9) on the time interval I  =  [—¿,<5] satisfying

* e  C ( [ - T ,  T]; L 2(R 2)) n  Bk0M ( / ) ,  v €  C ( [ - 7 \  T]; i f ' * ( R 2)) n  B ^ 1 ( / ) .

In addition the length 8  of the existence interval satisfies 6  ~  N ~ 6a and the following inequal­
ities hold

(40) IMIgM! < ciVT5a+,

(41) ||w|L*,h < cN%a~ff+2aff+.
— <T

Proof. We apply the scaling argument of the proof of Theorem 2 and Corollary 2. 
Recall that if ti(f, x,y) is a function on R 3 then we define us by us = 52 / 3 u(6t,81/ 3 x ,6 2/ 3 y) 
and similarly for given <f>(x,y) we define <}>$ as <f>s = 8 2 / 3 <f>(8 1/ 3 x , 8 2 / 3 y). Consider (38)-(39) 
with initial data ((<£o)j> (Vo)s)• We have that

IIWo)i|li« = 'S1/6IMIz,>~'S1/6^*

and

m)s\\nr z S^WvoWnr ~  S ^ N - *
As in the proof of Theorem 2 we shall use a contraction argument to obtain a local solution 
(u,t?) of (38)-(39) in Bq 1*1 © 5 ^  on the time interval [-1,1] with data ((<£0)5, (^o)i)- More 
precisely we define an operator T

T  : B b0’bl © Bbj £  — >• B b’h  © B bJ.bJ ,

where T(u,v) =  (2i(ti, v),T2(u, u)) and

v) =  mU(t){<f>o)s + m  f  U{t-t')u(t')ux{t')dt',
Jo

T2{u, v) = 1>(t)U{t){i}o)s + 1>(t) [* U(t -  t')dx{v2 + 2uv)(t')dt'.
Jo

Using Proposition 3.1 and Corollary 4.1 we obtain

llr i(w>t;)llB,,>t,i ^  c{||^o)i||L» +  IIuIIrMi }>

I I ^ K  u)||BMi < c{||77o)5|Ih - ,t +  IMIB‘.kilMIB*>‘i +  llullgMi}-
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Now a use of the contraction mapping principle provides a fixed point (u, v) of T  for S such 
that IKAOilb =  =  Co 1. Note that with this choice of S the norm is

small. Furthermore since ((0o)$> (*?o)i) is small in then we can perform a contraction
argument in B\ ® B2, where B\ is a ball with radius c||(<£o)5||l2 in Bq,1>1 and 5 2 is a ball with 

radius c|| (770)5Wh -* in B - t1 • Hence we obtain that (u, v) satisfies

(42) < c||(^0)5||l2 ~  c,

(43) |M |B„ ,  <  c lK ^ i l l ^ - .  ~  N - + * " .
—  <7

Since (u, v) is a solution of (38)-(39) on [-1,1] with data ((<£o)i, (^0)5) then («5- 1, i>j-i) is a 
solution of (38)-(39) with data (^o,r?o). This proves the existence. The uniqueness follows 
from the argument performed in the proof of Proposition 3.4. In order to prove (40) and (41) 
we need the next Lemma.

L e m m a  4.2. Let 8 < 1 and s > 0. Then

< C<$1/ 3“6-6l||ti||B6;b1.

2
P ro o f  of th e  Lem m a. Recall that <t(t,£) =  r  — f 3 +  and £ =  (£, 77). We have

I k - I I 2«, = ¿-,/3IM-/'W'Sl/3.-/'S2/3)llj,M,
— 9 — S

| ^ ( . / i , . / i ‘/ 3,./<2/3) ( r ,0 |2<ir<iC

_ ¿8/3- 26- 21, J (S + a(ST,Sll3(,SV3v)Ÿb(®~‘

< ¿2/3- 2i- ” 'IM I|» ,

Hence
IK - i ||bm , < cÆ*/3-»-*-||«||ei,;..

This completes the proof of the Lemma. Using Lemma 4.2, (42) and (43) we arrive at (40),
(41). This completes the proof of Theorem 4.3.

We decompose t; in the following way

V(t)  =  U(t)T]o +  w ( t ) .

uII 0,01II B□

IUX-1 I Ö— a

<5- 4 / 3
( a 2b 1

(
+ ( a Oí

e 1/4

2

C
)
-5

(sil 4- (' I- (7 St
»
s e 1 I

2)<
Cy

IU l d T 6 c ò Tl
2d r dC



Further we set
fa =  u(5) +  w(S), t}i = U{S)t̂ .

It is clear that ||î7o||#-» =  ll^ill#-»- Now we shall estimate the L2 norm of <j>\.

11*1 b  < Hi)llL» + IH«)||La

=  \\Mv + \\»mv

~  N 9 +  ||w(i)||i,2.

Now we estimate ||w(5)||i,2 by the aid of (40), (41), Proposition 3.1 and Theorem 4.2 

| | w ( < S ) | | L 2 <  « « ^ * € ( - 0 0 , 0 0 )  l l ^ ( * )  w ( * )  H i »
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< c(||ii|| m i||v|Lm , +  \M 2 blbl)

< c{N™a+ N dà t- a+2ia+ +  N T a~2a+4a<r+)

< c N ^ 3~ff+23ff+.

Hence
ll*lli»<ll*p|li» + cJv¥-'+a~+.

37
Therefore the L2 norm increase by at most cN~aa~a+2a(7+ passing from time 0 to time 8. 
We iterate the argument replacing 4>q and t)q with 4>\ and rji respectively. We would like to 
iterate the process M (N )  times. In order to keep the control on the L2 we need that

M ( N ) N T a~ff+2a<7+ ~  N 3, i.e. M ( N ) ~  N ' - T 3- 23" - .

Hence we are able to achieve an interval of size

M ( N ) 6 ~  n ' - t 3- 23*-.

Therefore to achieve any interval we should impose the condition
77

(44) cr — —s -  2so > 0.

The largest possible value for a is 1/32. We take a =  . Hence (44) is equivalent to 
s < 1/310. This completes the proof of Theorem 5.

< IIw i n II£ 5.0
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CHAPTER 5

On the local regularity of Kadomtsev-Petviashvili-II equation

This C hapter essen tia lly  contains the jo in t  paper with Hideo Takaoka [54] (O n the local 
regularity o f  K adom tsev-P etviash vili I I  equation, P rep rin t (1999)).

Abstract.

We prove the local well-posedness for the KP-II equation in the anisotropic Sobolev spaces 
Hx]y2 (R2) for si > -1 /3 , S2 > 0. On the other hand we prove that the crucial bilinear 
estimate needed for the local well-posedness fails for si < -1 /3 , s2 =  0.

1 . Introduction

In this Chapter we continue the study of the Cauchy problem for the Kadomtsev-Petviashvili-
II (KP-II) equation with data in an anisotropic Sobolev space of low order. The Kadomtsev- 
Petviashvili equations are two dimensional extensions of the Korteweg-de Vries (KdV) equar 
tion. They are derived in [33] as “universal” models for the propagation of weakly nonlinear 
dispersive long waves which are essentially one directional with weak transverse effects. Con­
sider the initial value problem for KP-II equation

/i\ ( («t 4" Uxxx "I" UUx )x  "H Uyy =  0» (̂ > !/) € R  ,
U  1 t t (O ,* ,y )  =  0 ( * , y ) ,

where the initial data <f>(x, y) belongs to an anisotropic Sobolev space Hx,y 2 (R 2) defined by

ffT (R 2) = {* 6 S'(R2) : < oo},

where

IMI»;;;*’ = IK1'  a*)’l/2(i ~
The spaces Hx,y*2(R2) are a natural set for the initial data of (1) since their homogeneous 
versions are invariant under the scale transformations preserving the KP equations. More 
precisely if u(t, x, y) solves (1) with data <j>(x, y) then so does

«A (i,* ,y) =  A2u(A3i, Az,A2y),

with data

M x >y) =  A20(Ax,A2y).

Consider the homogeneous versions H x t¿*2(R2) of H x l, y 2 (R2) equipped with the norm

Ml«i- = IK
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Then

I M '.  - ill« ;«  = A ^ + ' / ’ M A 3« , O I I « r  ■

Hence for si +  2s2 +  1/2 =  0 the space / / ¿ ^ ( R 2) is invariant under the scale transforma­
tion which preserves the KP equations. Therefore the critical values for (s i ,s2) for initial 
data in Hx\y2 (R 2) is si +  2s2 +  1/2 =  0. One may expect well-posedness (ill-posedness) for 
Si +  2s2 +  1/2 > 0 (si +  2s2 +  1/2 < 0).

Our goal is to seek for the lowest possible (s i ,s2) such that (1) is locally well-posed 
in Hx)y2 {R 2) (more precisely, within the framework of which is defined in Def­
inition 1). The notion of local well-posedness in the functional space X  means the ex­
istence, the uniqueness, the persistence property (i.e. a solution describes a continuous 
curve in X  whenever <}> € X )  and the continuous dependence of the solution upon the 
data. There are a large number of recent papers devoted to the Cauchy problem for (1) 
(cf. [14, 20, 31, 32, 48, 52, 53, 57, 58, 60, 01] and the references therein). The KP 
equations are infinite dimensional integrable Hamiltonian systems. Thus the inverse scat­
tering technique could be applied to (1) under appropriate decay assumptions on the initial 
data <f> (cf. [61]). In [61] a smallness assumption on the data is also assumed. Using energy 
estimates one can obtain local well-posedness of (1) in Hx \y 2 (R2) provided si > 3/2 and 
s2 > 1/2. Actually the proof does not rely on the specific structure of KP equations and 
could be performed in a rather general context. The condition for (s i, s2) is imposed in order 
to control the L°° norm of the x derivative of the solution by the usual Sobolev embedding. 
The equation (1) possesses an infinite number of conservation laws. Unfortunately the only 
one providing an a priori bound seems to be the L 2 norm. In [20] A.V. Faminski obtained 
weak solutions of (1) in a suitable weighted space. In [12], [13] J. Bourgain developed a new 
method to study the local regularity of nonlinear dispersive equations. This method has a 
special advantage for the quadratic nonlinearities and has been first applied to the nonlin­
ear Schrödinger equation and to the KdV equation. An essential element of the method is 
the new Fourier transform restriction spaces strongly related to the symbol of the respective 
equation. The method has been successfully applied for KP-II equation as well. In [14] J. 
Bourgain showed that (1) is locally well-posed for data in L2. The proof is mainly performed 
for periodic boundary conditions but could be applied to the continuous case too. The ar­
guments of [14] do not use the Strichartz inequality for the KP equations. One uses dyadic 
decompositions related to the symbol of the linearized operator, in order to prove the crucial 
bilinear estimate. An additional difficulty appears in the continuous case because of the ap­
pearance of small frequencies cases in the integral representation of the nonlinear estimate. 
In [57] the local well-posedness of (1) in Sobolev spaces with negative indices with respect 
to x variable is obtained. However, an additional condition on initial data is imposed. More 
precisely, it is assumed that |£|“ V (f, *7) € L2} which is rather restrictive. The constraint 
on the data is in order to eliminate the difficulties with the small Fourier modes in the in­
tegral representation of the nonlinear estimate. This condition on the data was removed in 
[52], where local well-posedness for the integral equation corresponding to (1) in . / / ¿ ^ ( R 2), 
si > —1/4, s2 > 0 is obtained. In [53],[58] the global well-posedness of (1) with data below 
L 2 is shown by using a new idea due to J. Bourgain of decomposing the initial data into low 
and high Fourier modes. In all papers [52],[53],[57], [58] a modified version of the proof of
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[14] is performed. Namely, the Strichartz inequality for the KP equations are injected into 
the framework of the Bourgain spaces associated to the KP equations and one uses the simple 
calculus techniques which C. E. Kenig, G. Ponce and L. Vega first performed in the context 
of the KdV equation.

In this Chapter we prove that (1) is locally well-posed for data in the anisotropic Sobolev 
spaces #5,y*2(R 2), si > —1/3, s2 > 0. The proof is a suitable combination of the arguments 
of [52] and [58]. The result seems to be the optimal one for initial data in Hx\y{R 2) , due 
to the counter examples of the relevant bilinear estimate constructed in the second part of 
the Chapter. Now we define the Bourgain spaces associated to the KP-II equation.

D e f i n i t i o n  1. For 6, 6i, 62, si, s2 € R  we define as a Bourgain type space asso­
ciated to the KP-II equation

= {“ « <S'(R3) : IMIb»,.., < °°} ,

where

/  _ 2  \  & /  (t — £ 3 4 . \

\ t - s 3 + j )  ^Il

LU.r,

and (•) =  (1 + 1 • |2) 2. Let I  C R  be an interval. Then we define the space B ^fy f2 (I) equipped 
with the norm

=  inf { ,  w(t) = u(t) on /}  .

Now we state the crucial bilinear estimate which is essential for the proof of the local 
existence result concerning the KP-II equation.

T h e o r e m  1. Let the real numbers 6, b', &i, 62» «1)^2 be such that

61 > 0, 62 > 0, b > 1/ 2, 52 > 0, 5i > ¿>1 -  6',

Si > 1 — 36', Si > 1 +  3&i — 36' — &2i M > 61 +  1/4,

6' +  36i > 1, 6' -|- 2&i b2 — 26162 ^  1» ^i > 62 — 1,

6' +  61 > 1/2, 26' +  62 > 1, si > 1 -  36i -  36' +  62.

Then the following inequality holds

(2) ||<?x(tn>)|| 0- 6',61,62 ^  IMI 06,61,63 ||t>|| d6,6i,!>2 •
d *\>*2

Using Theorem 1 with 6 =  5+, 6' =  5—, 61 =  | +  (depending on 6'), 62 =  5 we arrive at 
the following Theorem.

T heorem  2. Let si > -1 /3 , s2 > 0. Then

B b.oi
51 .32

IL Bbtbitbo
» 1**2

IluIIE

(3) Il 9ü UV ) I
E

■f rv u
t B

4-IIUII1+Ti
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R em ark  1.1. The estimate of Theorem 1 contains the bilinear estimates of Proposition 
3.4 established in [52]. Namely taking b =  |+ ,  b' =  , &i =  i ,  b2 =  si +  |  we obtain for 
si > -1 /4

Il

The proof of Theorem 1 uses the Fourier transform restriction method due to J. Bour- 
gain. As in the case of the KdV equation the difficulty stems from the derivative nonlinearity. 
The smoothing effects result from an arithmetic identity involving the symbol r  — £3 +  ^  of 
the linearized KP-II equation (cf. (13) below). A “bad” sign in the similar identity for the 
symbol of the KP-I equation is the obstruction to perform the method for the KP-I equation 
(which is derived by changing the sign of the term uyy in (1)).

Since the KP equations are two dimensional generalizations of the KdV equation one 
may try to adapt the arguments of some of the existing results for the KdV equation in 
the context of KP equations. Unfortunately a lot of properties of the KdV equation do not 
have analogues in the case of the KP equations. For example the sharp version of the Kato 
smoothing effect for the linearized KdV equation is used in order to gain regularity for the 
KdV equation in [40, 41]. The point is that one controls the L ^ ( L 2) norm of the gradient 
of the solution to the linearized KdV equation by the L2 norm of the initial data. In order to 
prove this (sharp) version of Kato smoothing effect one changes the role of the time variable t 
and the space variable x in the oscillatory integral representing the solution of the linearized 
KdV equation. Then an application of Plancherel identity provides the needed bound. If we 
try to use the above argument for the linearized KP equations we should choose one of the 
space variables x or y to be changed with the time variable and hence we lose the symmetry 
of the estimate. On the other hand in [48] a local smoothing effect for the KP-II equation 
is obtained. The proof uses the original Kato idea (cf. [37]) in the context of the KdV 
equation. Since the Kato local smoothing effect can be used to obtain global weak solutions 
for the KdV equation (cf. [37, 44]) for data in L2 the local smoothing effect of [48] strongly 
suggests the global existence of weak solutions for KP-II equation with data in L 2. Actually
A.V Faminskii [20] proves such a result for data in an L2 weighted space. Another tool 
used in the context of the KdV equation are estimates for the corresponding maximal func­
tion. We do not know of any satisfactory maximal function inequalities for the KP equations.

On the other hand, there are Strichartz inequalities for the KP equations (cf. [48]). They 
are in fact similar to those of the 2D Schrödinger equation and hence at this level the KP 
equations behave as the 2D Schrödinger equation. It is known that it is difficult to solve in 
the Bourgain spaces a derivative nonlinear Schrödinger equation even in ID because of the 
lower order dispersion compared to the KdV equation (where the dispersion is sufficient to 
compensate the loss of one derivative). Therefore the fact that one is able to solve the KP-II 
equation (recuperate a derivative loss) in Bourgain spaces shows that the dispersion of the 
KP-II equation is in some sense stronger than that of the 2D Schrödinger equation. We note 
also that the Hessian matrix of the symbol of the linearized KP equation is a constant and 
hence the Strichartz inequalities do not gain some additional regularity, contrary to the KdV 
equation, where the second derivative of the symbol of the linearized KdV equation increase

r
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at infinity.

There are difficulties to prove Theorems 1  and 2  by the calculus arguments of [42] alone 
in the case of the KP-II equation. In the integral representation of the bilinear estimate one 
needs the integrability with respect to 77, the dual of y in the Fourier variables. For that 
purpose we need the following extra factor

(r
(4) 1 +  1 -

in the definition of the Fourier transform restriction spaces. We need (4) also to treat the 
small frequencies in the proof of the crucial bilinear estimate. At this stage we do not know 
of a proof of the bilinear estimate (2 ) which does not make use of the Strichartz inequality 
for the KP-II equation.

A consequence of Theorem 2  is a local existence result for (1 ). The method consists in 
applying a fixed point argument to the integral equation corresponding to (1). The linear 
estimates are similar to those of other dispersive models where the method of Bourgain could 
be applied. Then a Picard fixed point Theorem provides the existence. The proof of the 
uniqueness uses an additional argument first applied in the context of the KdV equation (cf.
[42]). We have the following Theorem.

T h e o r e m  3. Let s i  > - 1 / 3  and s 2  > 0. Then for any <j> € i/x,yaj(R 2), such that 
|£|- V(£i V) € <S'(R2) there exist a positive T  =  T(\\<f>\\H»y2 ) (  T(p) =  0 0 ) and a
unique solution u (t,x ,y )  of the initial value problem (1) on the time interval I  =  [—T, T]

satisfying u € C (J, (R2)) D (/).

R em ark  1 .2 . Actually we shall solve an integral equation corresponding to (1 ) for any 
data <f> € /fJJy42(R2). The condition |£|“ V (f, rj) 6 <S'(R2) is imposed in order to insure that 
the solution of the integral equation solves (1 ) too in the distribution sense.

Now we state a result showing that in some cases the crucial bilinear estimate needed for 
the local well-posedness fails.

T h e o r e m  4. The estimate

( 5 )  ( iAV) II D*—1 ¿S I M I d 6-6i.1>2 I M I r M i .62
«1.0 «1|0 «1*0

fails if one of the following cases hold

(a) 6 +  6 1  < 2 / 3 ,

(b) Si < 3(6 +  6 1 ) — ¿>2  — 2,

(c) s i  < - 1 / 3 .

The proof of Theorem 4 uses ideas due to C. E. Kenig, G. Ponce, L. Vega (cf. [42]). Com­
bining the results of Theorem 2  and Theorem 4 we see that the Sobolev exponent s i  =  - 1 / 3  
is critical for the bilinear estimate (5). This observation strongly suggests that s i  =  - 1 / 3  is

e +i ri
e

\ bo
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also the critical exponent for the local well-posedness of the KP-II equation in the anisotropic 
Sobolev spaces Hx]jy°(R2), when using a contraction argument in the Bourgain spaces related 
to the KP-II equation. Note that the exponent $i = —1/2 is suggested by the scaling argu­
ment. Hence similarly to the KdV equation, it seems that in the case of the KP-II equation 
the critical for the local well-posedness Sobolev exponent differs from the scaling one. The 
scaling exponent for KdV equation is -3 /2 . In [42] local well-posedness for data in H 3 (R), 
s > —3/4 is obtained. In fact, the flow map turns out to be real analytic. On the other hand 
in [15] it is proven that if the data-solution map is supposed to be of class C 3 from H 8 {R) to 
H*(R) then KdV equation is locally ill-posed for data in H a(TL), s < —3/4. For the moment 
we are not able to prove a similar result for the KP-II equation.

Finally we remark that the existence of solitary wave solutions for the KP-I equation 
was used in [49] in order to prove that the KP-I equation is locally ill-posed in Hx)y{R 2), 
Si < —1/2. Unfortunately this approach does not work in the context of the KP-II equation. 
Namely, a use of Pohojaev type identities shows easily that there is no nontrivial localized 
solitary wave solution for the KP-II equation (cf. [10]).

N ota tions. We denote by 'or 7  the Fourier transform and by F ~ l the inverse transform. 
||.||p> denotes the norm in the Lebesgue space Lv. A ~  B  means that there exists a constant 
c > 1 such that £|A| < |£ | < c|A|. For any positive A and B  the notation A  < B  (resp. 
A  > B) means that there exists a positive constant c such that A  < cB (resp. A > cB). The 
notation a±  means a ±  e for arbitrary small e > 0. Constants are denoted by c and may 
change from line to line. By mes(A) we denote the measure of a set A.

The rest of the Chapter is organized as follows. Section 2 is devoted to the proof of the 
crucial bilinear estimate. We first state the Strichartz inequality for KP equations injected 
into the framework of Bourgain spaces and some simple calculus inequalities needed for the 
proof. The rest of the section is devoted to the proof of the integral representation of the 
bilinear estimate. In Section 3 we apply a Picard fixed point argument to an integral equation 
corresponding to (1). In Section 4 we give the examples of failure of the bilinear estimate.

2. P ro o f  o f T heorem  1

2.1. P re p a ra tio n  of th e  proof. Let C =  (£» *?), £i =  (£1, 771) and

„2

<r:=<7(r,C) =  r - f 3 - f -y ,  a x := <t(ti,<i), <j2 := o {t  -  n,C -  Cl),

9 := 0(r, C) = 0i := 0(ri,Ci), h  := 9 { t  -  Ti,C -  Cl)-

Now we state a version of the Strichartz inequality for the KP-II equation.

L em m a  2.1. Let 2 < q < 4. Then for any u € L2(R3) the following inequality holds

(6) 11^-' K»r*l«(i-, C) I) IU« S  I M b .

where b = 2(1 -  |) ( j+ ) .
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P roof. For any <t> € L2(R 2) the classical version of the Strichartz inequality for the KP 
equation (cf. [48], Proposition 2.3) yields

(7) \\um\n < m*,
where U(t) =  exp(-i(dj! +  9~ld2)). Once we have (7), Lemma 3.3 of [23] gives for any 
u € L2 (R3)

(8) 01)11* <IMb-
Interpolating between (8 ) and the Plancherel identity completes the proof of Lemma 2 .1 . 
Now we state a corollary of Lemma 2.1 which will be intensively used hereafter.

Lemma 2.2. Let cti, 0-2, <*3 € [0 , \  +  e] and u, v, w be positive. Then

provided « 1  +  a 2  +  « 3  > 1  +  2e.

P roof. We denote by I  the left-hand side of (9). Clearly we can assume that <*1 + 0 2 + < * 3  =  
1  +  2e. Then the Holder inequality, the Plancherel identity and Lemma 2.1 yield

/  < ll^_1 ((^i)"“1«) IIl« ll^_1 ( W - “21>) ||l« H-F"1 (<<r)"aw) ||l«

provided oij =  2(1 — +  £)> 3 — 2,3 and ^  =  1. But the last condition is
equivalent to a i  +  a 2 +  0 : 3  =  1 +  2 e which completes the proof of Lemma 2.2.
We shall also make use of the following calculus inequalities.

Lemma 2.3. For any a € R the following inequalities hold

f°° dt ^ 1
(10) J-oo( t ) l ± ( t - a y + ~ ( a y ± '

r  dt < 1J- 00 (i)l+|i — o|̂  ~ (a)?
A duality argument shows that (2) is equivalent to

J  J  K ( t, C, rlt Ci)«(^i»Ci)v(r- -  n , C -  Ci)w(r, Q dnd^ drdC  <

(12) N Il’ IMIl’ .IM Il’ »

where 2, u, w can assumed to be positive and

K t r  r  r  r  1 -  (■>>"

y
Ul CiI ( r ri y

r
A

iraCdTiaCi IIu L 2 IIV IIX? Ilw IIL 2 i(1 )*i { VI o ) *3

rv IIU IIL 2IIV IIL2 IIW IIL i t

11

t V) 6) »1 & y
“ 51 c fi )-»i (n
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b
((72 &(e (9 ) <71 »2 ri Vi 32



2.2. P ro o f o f th e  in teg ral rep resen ta tio n  o f th e  b ilinear estim ate . We shall 
consider only the case si € (—1/3,0]. Let s =  —si. Moreover we assume s2 =  0. The 
case s2 > 0 can be treated in the same way, using that for s2 > 0 one has

(vY2 < (Vi)a2(V ~ Vi)*2'

Hence the kernel K (t , C,r i,Ci) in (12) becomes

K ! r f r  t \ =  le iw < 0 —
1 '

To compensate the loss of a derivative in the nonlinear term we shall use the relation (cf. 
[14])

a , +  -  * =  3 i i i ( i  -  {,) +  ^  f  ̂

and hence

(13) max{|<r|, 1^1, |tr2|} > |fif(£  -  6)1-

By symmetry arguments we can assume that |<7i| > |<T2|. Denote by J  the left-hand side of 
(12). We consider several cases for (r, C, ri,Ci).

Case 1. |f  | < 24, |f i | < 48. Denote by J\ the contribution of this region to J. In 
this case (6) < (cr)b> and hence

Since b>  1/2 a use of Lemma 2.2 provides a bound for J\.

C ase 2. |f| < 24, |fi| > 48, |<7i| > |<r|. We denote by J2 the contribution of this 
region to J . We have that (6) < (&)bl and hence
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(a)6'"6! (cti)6<<72)6‘

In this case |cri| dominates in (13). Therefore |f|*(fi)2a < (<7i)* and hence we obtain

l£|1-a
K {t,C,Ti, C i )  <  ( a ) 6 ' - 6 i ( a i ) 6 - ( a 2 )6 *

Since b' > bi +  5 a use of Lemma 2.2 provides a bound for J2.

Case 3. |f| < 24, |fi| > 48, |<r| > |<ri |. We denote by J3 the contribution of this 
region to J. We have that (0) < (u)bl and since in this case |<r| dominates in (13), we obtain

l£l1_a 1 
#(r,C ,n ,C i) £  ■/.xM -h.-w- u /_  u  £{a)b' - b' - a(<7i)b(a2)b ~  (iTi)6^ ) 6’

since b' > bi + s. Now Lemma 2.2 provides a bound for J3.

C ase 4. |f| > 24, |<r| > K |,  min{|£i|, |£ - & |}  > 1.

{ 1)
A
(e *i )

a

J { )6(J 2 6 Vl &2)

K (r. ?TU C1
1

7i ) ( 72 b

K î t X . t u  Ci)
I£ l/M 2í



C ase 4.1. |£| < 100|fi| and |f| < 100|f — £i|. Denote by J41 the contribution of this 
region to J. Due to (13) on the support of J41 we have

l î l ' - ' l i i H i - i l l ' < lf l(1+,)/3N (1+,)/3l i - i , | ( ,+*w3 <

•  Let (a)bl < Then

K ( t, C, n ,  Ci) <

Since 6' > (1 +  s)/3  we can use Lemma 2.2.
•  Let (cr)bl > | f p .  Then similarly as previously we obtain

k , t  e r  t  \ < <\T, Ç, Ti, Çi) ^  / \W_A- / \bf- \b ~
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(a)6'-6l(<7i)6(<72)6 ~  (<7)6,- 6i - maxia-(1+»-fr2)/3>(<Ti)6(ir2)6‘

Since b' — b\ > (1 +  s — 62)/3  and 6' — &i > s we can again use Lemma 2.2 to complete the 
proof of this case.

C ase 4.2. |f| > 100|fi| or |f| > 100|£ -  f i |.  Denote by J 42 the contribution of this 
region to J. On the support of J 42 one has

i î r - * i i i i * i i - i i i * < i i r * .

Using the Cauchy-Schwarz inequality, we obtain

J42 < J  I(r, 0  j  J  |tt(n,Ci)»(^ -  n ,C -  Ci)|2<fridCi j  w (r,O drd^

where

1/2

H r, 0  =
(° )v  V m > m  f o ^ t o W m ) 2

We are going to show that 7(r, £) is bounded for |£| > 24. Using (10) we obtain

1/2
,<T n  < l*l1+,W
" T'Q ~  (<7)*'

We perform the change of variables (£1,7/1) >— > (v, n)

i ' =  3 £ fi(£ -£ i) , H = <ri +02-

Note that v € [—3|cr|, min{3/4f3,3|<r|}], when f  > 0 and v € [max{3/4f3, -3|<r|}, 3|<r|}], when 
f  < 0. We assume that £ > 0. If f  < 0, the arguments are the same. Further we have

l i l3/2( | i 3 -> ')1/>  +  ‘' - i ‘ l1/2'

1

(<r)fr,-(1+a)/3(<ri)b{<r2)h'

I * 1— *»!£ i i* i£ -e  j *

dridÇi

/  f  dÇidrii \

\ J  { < r i  +  <72) 2b )

dÇidrii =
c\v\l !2dvdii
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Therefore we obtain using (11)

H r , 0  < r  M l/ 2 d/idt' ',1 /2

<rsj

W  1 J- 3|<r| J- CO (f£3 -  I')l/2W + V -  /i |1/2(/i> 

<0 1/4+aW  i f 3H \v\ 1/2dv 1 1/2

(*)V 3|<r| (f£3 — v)X!2((T +  v ) 1 ! 2 J •

•  Let |<r|61 < Since in this case min{|£i|, |£ — £i|} < X5qI£I we have that \v\ < §|£|3 and 
hence \v \ 1 ! 2 < (§£3 — v ) x ! 2 ~  |£|3 2̂- Then we have

(e)1/4+3 f /“3|a| M 1" 26' 1 1/2 (£)1/4+a
^  0  *  ITT { / 3W +  „ ) « . * }  *  i  “ ■ *  ■

since b' > 1/3 +  s/3.
•  Let |cr|bl > l^l6*. Then we have

1/2
/ C \ l / 4 + i —62 f / " S k i  l t / | l —2 6 '+ 2 6 i

i ( r ’ C ) ~  ( < , ) ■ / «  | / 3 k |  | | i 3 _ „ | l / 2 ( ,T +  1, ) i / 2 * '

/ t \ l / 4 + 4 - & 2  

S  ( 0 3 ( f - 6 , - l / « )  i  “ ” St •

since b' - b i  > max{(l +  s -  62)/ 3 ,1/4}.
Hence / ( r ,  C) is bounded for |£| > 24. Using the Cauchy-Schwarz inequality we obtain

J42  < N M M M M b -

Case 5. |£| > 24, |<r| > |<7i|, min{|£i|, |f  — £i|} < 1. In this case we have

(0 ~s<ii)*(C -6 >a < const, 

and we can thus perform the arguments of Case 4.2 with s =  0.

Case 6 . |£| > 24, |a i| > |<r|, |fi| < 1. Denote by J& the contribution of this region 
to J. On the support of J$ one has

< 0 " ' ( 6 ) ' ( £ - 6 > '< const- 
Hence we assume that s =  0. Consider the dyadic levels

A k u  =  { ( t1,(1): W 1) ~ K ) .
Denote by J $ M the contribution of A KM to Jq. Then

K,M

where the sum is taken over K  =  2fc,Ar =  0, 1, 2, . . .  and M  =  2m,m  =  0, —1, —2, __  We
shall bound J $ M in two ways. First we shall use an argument similar to that of the Case 
4.2 above. Then we shall estimate J $ M by the aid of Lemma 2.2. A suitable interpolation 
argument will provide the needed inequality.
The Cauchy-Schwarz inequality yields

J ™  £  j  jy*  |« (r i ,C i)» (r -  n . C - C i ^ c M C i  |  w(r,C)drdC,



where

t K M /  _  l f l (0)  /  f  d r id C i  y / 2 

1 <*>6' \ J ak" ( ° i)2bM 2b(0iy(e2y )  •
Similarly to Case 4.2 we perform the change of variables

^ =  3 f f l ( f - f l ) ,  ( i  =  <Ti +  02-  

As in Case 4.2 we can suppose that f  > 0. We have

H < 3 |f | ( | i |  +  l )2 M < 9 |ip M .

Hence using that {&} < (a)b' we obtain

, k M,t n  < I  r  r  f m ( , ‘ ______________________________________ \ 1/2
~  \ 7-00 7-00 7—9M|£|2 (<rl)2b(fJ’ -  ^ l)26( i i 3 -  ^)1/2k  +  *> -  /i|1/2<^l)2 J

Due to (13) we have that |v| < |<ri| and therefore

l y | I / 2  <  / a , \  1 / 2 - 2 6 ,  <  r s l / 2 —2bi  

(6i)2 ~  v lf ~

Hence

< «î -. j££" M,„p_'au-,|.,.r
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< l í l ‘/■‘ir ' /" -1- í  / 9MI<P - , _______± _________\
~ \y-9MiíP(i?3-wi/2k+»'ii/2j

1/2

Since |f  | > 24 we have that | | f 3 — v\ > | f 3 and therefore

i i 1/4- 6* f r9Mw2 dv 1 1/2
7 (r-0 S  ^ i r \  u  ■ , ,1/2lc|x/ [J-9M\Z\* W +  Vl1' 2 )

5

< K 1/4~blM l/4, 

where we used the elementary inequality

r9WKI2 du/*/-<’ - 9 M K I 1 k  +  ‘ '1 1 /2  

Now we have by the Cauchy-Schwarz inequality

(14) 4 ™  < K 1/4- ‘1W l/4||«||ia||»||i.||«l>||u.

Note that in (14) we gain a small factor M 1/4. When &i < 1/4 the only use of M 1/4 provides 
a bound for J&. But as it was mentioned in the introduction our goal is to lower as much as 
possible b\ in order to weaken the restriction of Case 3 above. For that purpose we shall now 
estimate J $ M by the aid of Lemma 2.2.

< ----7—~  |f|l/2
M 1/4!

K ^ 4- blM l/4,



• Let |<r|fcl < l l̂^2. We denote by Jg[M the contribution of this region to J $ M. Since |£i| < 1 
and using (13) we arrive at

T/i /* _ /* \ ^  1̂1 ^  M ~1/2K ~ Sl
K (t, C, n, Cl) < (ir)6'((7l)6+6l (<T2)6 ^  (<7)6'(a i)6+6,-i1-l/2 (ff2)6-

Here ¿i > 0 is to be specified later. Due to Lemma 2.2 we obtain a bound

(15) J&M <

provided 26 +  b' + b\ — Si — 1/2 > 1.
• Let J<r|&1 > Ifl*2. We denote by J$2M the restriction of J $ M on this region. We have

|£|i-*>2 M~^~b̂ y2K~S2
*(r.C ,ri,C i) < , , y_b , l  xb+b, . xh <
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(a)b'~bl (<ti)6+6i (a2)b ~  (<r)6,~6i(o-i)6+6»“ i2"(i-62)/2(<7,2)6’

Due to Lemma 2.2 we have a bound

(1«) J ™  £■ M (i-t!)/a^ 'll” l|L»ll»lk»|l’°|lt ».

provided 26 +  b' -  S2 -  (1 -  b2)/2  > 1. The factors K ~5', i = 1,2 in (15), (16) help us to 
lower 6i. Thus an interpolation between (14) and (15) (resp. (16)) with weights |+  and | — 
(resp. |~2g|+  and 5 ^ ^ - )  respectively yields

J> "  S f ^ W b N b l M b .

with Si > 0 and 6% > 0 provided

(1/4 — 61) ^ 3 + ^  ~ ^ 3 _ )  < *‘e’ ^  > ~ ^

(resp. j £ M < -^ |- |M M M Il2 |M Il* , 

with Sf > 0 and > 0 provided

(1/4 ■ 4i) d ^ H +) -  h  ( r ^ s r ) < ° ’ u - h  > (1/2 ■ 2i,i)(1 ■  ‘ 2))-

But for the applications of Lemma 2.2, S{ should be such that

Si < 26+ 6 ' +  6i - 3 /2 ,  S2 < 26 +  6' +  62/2  -  3/2.

Since 6 > 1/2, it remains to note that we are able to choose properly 5, provided 6, 61 and 62 
satisfy

6' -f- 3&i > 1, 6' +  26j -J- 62 — 2&x62 > 1.

Summing over K  and M  yields

J e Z M v M v M l v -

Case 7. |£| > 24, |cti| > |<r|, |£| < 2|£i|. We denote by J7 the contribution of this 
region to J. In this case we have

1

M 1/2K Si
N b l M b l M U

W . < «1>Ü 
<*.) ~  «>*

and
<f>*<0 *

< t o p  

~  <0* *



Using the above inequalities and taking into account that |<7i| dominate in this case we arrive 
at

for s < 1 — 62. We use now a symmetry argument. The arguments of Case 4.2 can be used 
to estimate J j. The point is that we get the same estimate just replacing (r, £) with (ri, Ci)-

Case 8. |f| > 24, |<Ti| > |a |, |f| > 2|£i|, |f i | > 1. Denote by Jg the contribution 
of this region to J . In this case we have that |f| < 2 |f — f i | and

« .) •«  -  fi>* < , , . .

Hence

K ir  t  r  C \ <

•  Let |<7|&1 < Ifl**2. We denote by J& 1 the contribution of this region to J%. Since |<Ti| 
dominates in (13), we obtain

K ir  C r  C \ <î> Cl) „  ( a f ^ b + b t ^ b

< _____________________________
~  (<r>6,(<rl>6+6l" n,ax{l/2’(a+62+1)/3}<<72)6*

Since b' + bi > (s +  62 +  l) /3  and b > 1/2, we have that 26 +  6' +  6i — (s+62 +  l) /3  > 1. Since 
b' + b\ > 1/2 and b > 1/2, we have that 26 +  6' +  6i — 1/2 > 1. Therefore a use of Lemma 2.2 
provides a bound for J& 1.
•  Let |a |61 > |f  I*2. Denote by J&2 the contribution of this region to J% . Similarly to the 
estimate for J&i we have

k ( t  e t  c 'i < \t\1~h \ t i \9+b2„  ( a y - b i ^ b + h ^ b

< --------------------------1--------------------------
(a)6'“6! (<7l)6+6l - max{(1- 62)/2>(»+1)/3}(<72)6

Since 6' > (5+ l) /3  and b > 1/2, we have that 26 + 6 '— (s + 1)/3 > 1. Since 26' + 62 > 1 and 
6 > 1/2, we have that 26 +  6' — (1 — &2)/2 > 1. Therefore we can apply Lemma 2.2 in order 
to give a bound for Js2- 
This completes the proof of Theorem 1.
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K (r ,i ,T lt C,) -  f o r *

~  < * > * w * w

m i m
<*)*>!> w w



R em ark  2.1. One can summarize the restrictions on s =  — si, b', 6i, 62 of  the proof of 
Theorem 1 in the following way:

si > &i — 6' — when |f  | is small.

Si > bi — b', si > 1 — 36', — when |cr| dominates in (13) 

b' > bi + 1/4, si > 1 +  3&i -  36' -  62.

b' +  36i > 1 , b' +  2&i +  62 -  2b\b2 > 1  -  when |<ri| dominates in (13) and |fi| is small.

s \ >  b2 -  1, 26' +  62 > 1, 6' +  61 > 1/ 2, -  when |<Ti| dominates in (13) and |fi| > 1

Si > —36' — 36i -4* 62 *t* 1, Si > 1 — 36'.

3. P ro o f o f T heorem  3

We shall apply a Picard fixed point Theorem to the integral equation

(17) tt(f) =  U(t)<f> -  1/2 T  U(t -  t,)dx(u2 (t,))dt , 1

Jo

where U(t) = exp {—t(dx +  dx l d2)) is the unitary group describing the free evolution of the 
KP-II equation. The operator U(t) could be regarded as a kernel operator

U(t)<f> = St * <f>,

with a kernel 5t(z,y) defined by the oscillatory integral

St(x, y) = J  J  exp +  iyq +  ii(f3 -  ^ - ) )  d^drf.

Suppose that u(t,x ,y )  be a solution of (17). Then u(£, x,y) satisfies the KP-II only if an 
additional condition on the data <f> is imposed. Actually U(t)<f>(x,y) is well defined for any
0 6 <S'(R2) but U(t)<f>(x,y) has a well-defined time derivative when we can give a sense to 
the expression |f |- 10 (f, rj).

Let be a cut-off function such that ip 6 Co°(R), supp ip C [—2,2], ip = 1 over the 
interval [-1,1]. Let ips(t) = ip(t/8 ). Now we state the linear estimate.

T h e o r e m  3.1. Let b > 1/ 2, 6' > 0, 6 -f 6' < 1, 61 > 0, b2 > 0 and s i , s 2 € R . Let the 
operator be defined by

T ^ u )  = U{t)<p -  1/2 f* U(t -  t')dx {u2 {t'))dt'.
Jo

Then the following estimate holds

U8) llVtfV(u)||BMi,62 < ( +  ll^xlL-e.'.kx.fra) •
*1**2 \  ,¥ *1**2 /
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Proof. Let Y b,a 1,42 be the space equipped with the norm

N l y ‘ . n . * 2  =  ( r ~ f +  ( 0 Si (v)S2̂ (t^ ,V )

'  '  VrA*

Then we can write the norm in Ba’i , ^  as

*1>*2

Now we state a theorem containing the linear estimates in the Bourgain space framework. 
These estimates are in fact one dimensional (with respect to time) and do not depend on the 
particular choice of the unitary group U(t).

T heorem 3.2. Let b +  b' < 1. Then for s \ ,s 2 G R  we have

(19)

(20) HV(i) [ ‘ U(t -  i ') i ’((')*'lly-...,..i < àH ill ,,- ,..,..,.
JQ

P ro o f o f T heorem  3.2. To prove (19) it suffices to notice that

| M | y 6 , » i . * 2  =  (  ^ ) ‘l* | |  7

where H b’*1̂3'2 (R3) is a classical Sobolev space equipped with the norm

n t , x , y r*C»n

For the proof of (20) we refer to [42] (cf. also [23]).

We return to the proof of Theorem 3.1. Due to Theorem 3.2 we obtain

| | V > T ^ ( « ) | L m 1i62 ~  | | ^ T <£ ( ' U ) | | y 6 , , 1 ,«2 +
Z>*1 .» 2  

i S  ( i M I t f * ! ; * 2 l l <̂ l l j y * i j|- k 2 - , 2 H-  l l w w * l l y - i > / . * i . « 2  l l u t i * l l y - ‘>, + ‘> i . * i - ^ . * 2 )  

~ l̂l̂ llHi,1/2 + II^IIb,-6;̂ -62) •

This completes the proof of Theorem 3.1.

Using Theorem 3.1 with b =  ¿+, b’ — &i =  |+ ,  b2 = \  and Theorem 2 we obtain for 
si > -1 /3  and s2 > 0

(21) m ,( u ) \ \  < ( m h ^  +  N i l * +.t+.* ) •
D,l>*2 \  *1**2 /

Similarly we can obtain

( 2 2 )  W r * ( « ) - T * ( » ) ) | |  i + ij +. j  <  | | u - ® | |  i + ij + ij | | i i  +  t>|| i + , j + ,j .

IlZiII 3 bM,bo
n>92

rsj IIUIIY + IIuIIY 2̂ »*2

Il* {t)u{t t>IIY < II4IIf i
«1,50
*.v >

IluIIy IIU ( t ) V H t,*,y

IluII >2 II(r)
btfCy

»i
(n »®2U ( r,Ç»*7.)IILî,t,v*

Il 7 (U) IIY H-6x•*i-h>ê2

<

<ou (II IIH*»V + IIuuXIIB —bi.bt ,60
•l.«2 )

(II<t>IIHZ,V + II IIHJl —60 .JO
*.v

+ IIuuXIIY + IIuu2 Y b'+bi,êi - 62^2 )



Hence due to (21) and (22) there exists Co > 0 such that if < Co then the map
V’TV has a fixed point, which is a solution of the integral equation (17) in the time interval 
[—1,1]. To prove local existence for arbitrary data in / /^ ¿ ^ (R 2) we shall use the scale change 
invariance of KP equations. As was noticed in the introduction if u(t, x, y) is a solution of 
the KP-II equation with data <j>(x, y) then so is

u \( t ,x ,y )  = \ 2u ( \3t , \ x , \ 2y),

with data

<i>\(x,y) = X2<f>(\x, \ 2y).

We have that

W xWhW* = 0(Amini°-,1'232-ai+2,2>+1/2), as A -»• 0.

Since for si > —1/3, s2 > 0 we have si +  2s2 + 1 /2  > 0, we can always assume that ||^||^»i'*2 
is small enough. To prove the uniqueness we need the following theorem.

T h e o r e m  3.3. Let 1/2 > b' > b" > i>i > 0, &2 € R . Then there exists 9 > 0 such that 
for S € (0,1) and Si, s2 £ R  the following estimate holds
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s l »*2

P ro o f  o f T h eo rem  3.3. I f 0 < 6 < a < l / 2  and S € (0,1) then there exists 9 > 0 such 
that

(23) ||V’5W||y-°.*i.*2 ^IM|y-Mi,«2 •

The estimate (23) is proved in [42] in the context of the KdV equation (cf. inequality (3.29) 
in [42]). For the KP equation the proof is essentially the same. Now using (23) we arrive at

-&'+&l ,«1-1/4,*2 

^  5  1 IMIy-6 " , « ! , ^  +  S 0 2 \ \ u \ \ Y - b " + b i , s i - 1 / 4 ,s2

U*l>32

This completes the proof of Theorem 3.3.

! +  1 +  I» o » » a » » * /Let Ui,U2 € 3 two solutions of (17) in the time interval I  =  [—T ,T]
and 8 6 (0, T) to be specified later. Clearly

fa{ui -  u2) =  Y  JQ U^ ~  ^ * ( ^ 1  ”  u\W )d t ' .

Ilfou IIB - ò 'ò i  ,bo
3 l,S2

< S IIVilB3l,32

Ilè s u IIB -b'bi ,bo
n > * 2

r>u II IIY ,»2 + II IIy

<r>j 6e
IIu II bl ,02



Let Ji =  [—6 , S\. Then Theorem 2, Theorem 3.1 and Theorem 3.3 yield

I K - « a l l o i + . i + . h / x  ^  cI I $ K - « 2 ) I L * +.*+.**1fs2
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< c\\t fdx ( u l - u l ) \ \  j +>è+.j
*1 »*2

< c6°\\1>sdx(ul -  ul)\\ $+,*+,*
*1 >a2

< c i V i K  “ «2)11 1+,J+1J |K + « 2 | |  l+.J+.J
*1>*2

< rf» (ll.. -  “*lls M +.J(Il)+) ■

Here the constant c depends only on ||tti +  «2II £+,£+,£• We chose S such that cS9 < 1/2

to conclude that «1 =  on I\.  Now we iterate the last argument to prove the uniqueness. 
This completes the proof of Theorem 3.

4. P ro o f  of T heorem  4

4.1. P ro o f  o f (a) and (b). We shall construct examples where the bilinear estimate 
which is crucial for local well-posedness falls, by considerations similar to [42], p.591 (cf. also
[15], Section 6). Let xa  be the characteristic function of the set A.  The sets A  and B  are 
defined as follows

„21
<1} ,A = { { t , Z ì tì) : N  < £ < N  + N - 1/2, |t?| < AT1/2 and 

B = {(t, 77) : ( - 7-, , - 77) € A}.

T - f + ' j

Note that A  and B  are symmetric with respect to the origin, of  ̂ Let C  be the paral­

lelepiped centered at the origin of dimensions cN3/2 x N ~ 2 x N 1 / 2 with the largest side point­
ing in the (3AT2, 1,0) direction of R 3 ^,, and the shortest side pointing in the ( - | iV -2 , 1,0) 
direction of R 3^ .  The parallelepiped C  has

N */2 ± 3  ,.r_1/2
± c------= = = = =  ~  ± N  ' ,

2 N V 9 N 4 +  1

as f  components of the vertices. Clearly

llx>i||z,2 ~  IIx b IIl 2 ~  IIx c IIl 2 ~  1.

We remark that A includes the set

D = U t,S,V) : N < ( < N  + N - ' /2, H < i N l*  and | r - ? 3| < j } -
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Actually if ( t ,£ ,t7) € D then

r - e +vj < \r - f\ +  \ +  7 < 1f  “  2 ' 4

and hence (r, f , rj) € A. On the other hand D includes the parallelepiped 

D' =  {(t,£ , rj) : (77I < ^ N l^2, for fixed 77 the sections parallel to the ( r ,f)  plane

are rectangles having a vertex (N 3, N, 77) with dimensions N ~ 2 x N 3̂ 2

and the longest side pointing in (3iV2, 1, 0) direction of R 3  ̂ }.

Similarly B  includes the set D" which is symmetric to D' with respect to the origin of R 3^)t?* 
Since the volume of D' is a constant independent of N  and the orientation of D, D" and C 
in the space is the same, we obtain

(24) { Xa * X b ) ( t , Z , ti) >  { X D ' * X D " ) ( T , Z t r j ) > x c { T , Z t v ) .

First we shall show the necessity of 6 +  61 > 2/3. Assume that 6 +  £>1 < 2/3 and (5) holds. 
We shall consider only the case 6 +  61 > 0 , since the case b +  < 0 is easier. Recall that
C =  (f>*7)»Cl =  i t u V i )  and

„2

a  := <r(r,C) =  r - f 3 +  — , a x := o ^ C i ) ,  <*2 := <t{t -  n ,C  -  Cl)- 

By polarization and duality (5) is equivalent to

1f  1 \Z\(t)aif{T,Z,v)/ (<r)h \  g i T - T u t - t u r i - r n )

J w 1-* w U - w w i g f c ) T2 ¿1.11

(25)

Take

(26) f ( T , Z , T ) )  = XA(T, Z , T) ) ,  9(t,Z ,v) = X a {t , Z , ‘0)  +  X b {t , Z , v )-

Note that on C  one has |r | < c (l +  iV2|f|). Consider the sets

5 1  = C n { ( T , Z , r i )  : i j 2 > N 2Z 2 , \ t j \  >  c }

and

5 2 =  C'n{(r,f,r/) : r/2 < N 2£ 2 , |r?| > c}.

Clearly 5i U S2 C C. Further we have

and

+ on 5,

( a )  < (1 +  JV2|?|) , on S2.

< II/ IIL2 II9IIL

<■il )»1<7\ )b
)“I

(Í1 )*2 )

á T dC,

<o ) <(V
(

1 +
2

Kl )
î
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Now substituting (26) into (25) and using (24) we obtain

const >
V./* { a } ^ 0» * 7

\  1/2

O
r d ^ Z .  /-«ai/JV /  C \  2(6+6i) \ ! / 2

[  L ( ? )  H

a

cN~1!2 rcN£ \ X! 2/ ( ^ ) - 2(Wl)^

~  i v w 3(6+6i)/2,

which proves the necessity for 6 +  &i > 2/3.

Now we show that an argument similar as above provides the necessity for si > —1/2. In 
the next section we shall obtain an improvement of this result. Note that (5) is equivalent to

f  Ifl( 0 S1 / ( ° )bl \  f i n , t i , m )  g j T - T u t - t u r i - T i i )

<27) <

We shall take /  and g as in (26). Then arguments similar as above show that substituting
(26) into (27) yields

const > W * .

* » -  ( / ,  f jS & i? 1" « . ) ’ ' ’

a
cN" 1/2 /-cN£ \  ^

J  Ç2 (N 2£)2(b+bl~ ^  dr]d£ j

~  N ~ 2*i N 3(b+bl̂ 2~21

1/2

+N (i XC (T,t,V )

<*>2(o+6i) drdÇar}

>rsj N

4 N
( i.

I 2

<rs IIJ IIL IIr> i IIL2

\Ç \
2

XC (r, £, tî)
ÌTdidn)

1/2

((7)2(l—6—6i)

>rsj N 241

( I .

cN 1 / 2

L
<*>fN

a
2 (*

T )
2(1—5—¿>i)

dÇdrj
)

1/2

+■N
- 2 s i

1/2



which proves the necessity for si > 3(6 +  ¿>i) /4  — 1 > —1/2.

Now we show the necessity of s\ > 3(6 +  6i) -  62 — 2. A duality argument shows that (5) 
is equivalent to

r mr's(T,tv) / ^ \  /(n.fr.m) M r - n . j - f t , , - , , )

<28> ^  " » k J i ' k J W k « , -
Let the set A' be defined as follows:

A' = {(r +  2JV3, f  + 2N, V) : (r, f l  e C, N  < V N / 2}.

Clearly mes(A') r*j 1. Set

9 ( t , £ , t ) )  =  Xa> (t , f, 77), /(r, £, 77) =  fc(r, £, 77) =  xa (r, £, 77).

An argument analogous to [42] p. 591 gives

(29) (/★fr)(7-,f,f?) £  (Xa *XA)(r,f, 77) >XA'(?■,£, 77).

On the set A', we have |£| ~  N  and r  — f 3 +  ^  < N 3. Clearly

IMIl* ~ II/IIl* ~ IWIl* ~ l.
On the set A, we have |f| ~  N  and jr — f 3 +  ^-| < const. Substituting (29) into (28), we 

obtain

rnn. t v, n -2„ [ \Z\(OaiXA'(T,Z,v)/(<r)bl\ J const > N  ‘ J a ------- ^ 5 ------- ^ } dTd(dV

> N - s i + i + 3 ( b + b y - i ) - h  f  d r d ^ d j ]

Ja>

~  N~* 1 +3(fr+*l)—*2—2,

which shows the necessity of the condition s\ > 3(6 +  6i) — 62 — 2. This completes the proof 
of Theorem 4, (a) and (b).

4.2. P ro o f  o f (c). The aim of this Section is to give a proof of (c). The essential 
ingredient of the proof is the following Lemma.

Lemma 4.1. Let N  ^  1 be a large number. Then there exist sets A, B, W  in R 3̂  such
that
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mes(A) ~  mes(B) ~  mes{W) 0(1),

{t , £ , t] ) €  supp ( AUB)  ==> r - f 3 + y  <  1 , |f| ~  iV,

(^ ,£ ,77)6 suppW  => r - f 3 +  ^- < N 2, |f| ~  0(1)

drdTi drjdrfi
(°)

î - b <0h
(6 ) »1 b b,)»i } i l )S 1 M b ( )
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and

X A * X B > X W -

Once we prove Lemma 4.1 the proof of Theorem 4 (c) is straightforward. Recall that (5) 
is equivalent to

1£K0*X / ( g)&1\  fin,turn)f  £ 1(0 ' 
J  w -

dTid^idrji

(30)

Now take /  =  x a , 9 =  Xb > where the sets A  and B  are the same as in Lemma 4.1. Then 
clearly

0 (1) > N ~ 2i lN 2(6+6l_1),

which shows the necessity of
si > ¿> +  &i -  1 > -1 /3  

due to (a). Hence it remains to perform the proof of Lemma 4.1.

R em ark  4.1. We note that the example providing the necessity of sx > -1 /2 , con­
structed in the previous section uses f  = x a , 9 = XB in (30), with x a *XB £  XC• The sets A ,
B, C  in R 3^  have measures 0(1), the symbol r  — f 3 4- of the KP-II equation is bounded

on A  and B, |f| ~  N  on A  and B, t  -  f 3 +  ^-| < iV3/2 and |£| ~  AT-1/2 on C. In this section

we improve this argument by considering sets A  and B  with the same properties as in the 
example providing the necessity of «i > —1/ 2, but the set C  will be such that |f| ~  0(1) and

r - e  + i I < JV2 on C.

P ro o f  o f Lem m a 4.1. Let 7 =  and the set Ap<r] C R 2 be defined as follows

:= { ( r>0  : N  + P < € < N  + p + 7 , r - e + ^ <2},

where 0 < /? < 1 and 0 < tj < N.  The set Aptr} includes the rectangle R f a of dimensions 

cN~2 x AT3/2 with the longest side pointing in the

( 3<'v+« 2+ (a T W ’1)
direction of R 2 .̂ The intersections of the planes {rj =  const} with the set A  in Lemma 4.1 
will be chosen as subsets of Rp rj. The coordinates of the vertices of R p v in (r, £) plane are 
the following:

((*  + P)3 -  T&B* *  + P) , 

{ (N +0)3 - f & iS - r ^ N  + 13 + e ^ ,

<0 ( t i ) 91
f a )

bf (cri) »1

«i> >2 ) ( t *1) »1
f a )

b
(

(<r2)6l
°2

Q(r T] e TÌ — T7i )

< IIÍ IILi II9IIL

A0,v



({N  + P +  7)3 -  / ^ +7 +  Tp -  1, AT +  P +  7 -  ,

where

r j  =  t (N + P, , ,  r ) :=
i+(a<«+0>+_ j-p .)

f t  =  i(AT +  A  n, l )  := (3(W +  /?)* +  j , ^ , )  r(AT +  P, n, 7).

Note that ~  iV-4 and £jj ~  AT-2 (more precisely =  j^ N -2 +  o(iV-2)). Further we note 
that the rectangle R p v is situated between the following lines in the ( r ,f)  plane:

r  =  ( 3(AT +  P Ÿ  +  ( i  -  AT -  P) +  (N  +  p f  -

r  =  { i ( N  +  P)1 +  ( i  -  N  -  P -  {>) +  (AT +  -  r j .

Now we define the set Bp^^x as follows
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£/?,„,* :=  { ( r , 0  : -AT +  /3 -  1 <  * <  -JV  +  /J -  1 +  7 , r _ ^ s + M : <2}.
e

For 0 < /? < 1, -K- =  O(N)  and 0 < rj < N,  the set Bptr)tK includes the rectangle RptTliK of 

dimensions cN~2 x N 3/2 with the longest side pointing in

(3(" + i - ^ - 7 > 2+ ( j v T I ^ F ' i )
direction of ( r ,f )  plane. The intersections of the planes {rj =  const} with the set B  in Lemma 
4.1 will be chosen as subsets of Rpirttx- The vertices of K have the following coordinates:

( _ (AT +  1 — / ? -  7 )3 + ^ 5 j l - y, - i V - l  +  /? +  7) ,

(“ (•̂  + 1 “  0 “  7)3 + J+l-P-'y + Tb ~ 1 ■*" ̂  ■*" ̂  ~  ’

( - ( i V + l - / 3 ) 3  +  ^ g  +  l , - i V - l  +  /?),  

(- (N + 1 -  P)z + + 1 -  rj> ~ N -  1 + /? + £$) 1
where

r j  = t ( - N -  l  +  /? +  7 , 77-  AT,- 7), $  =  Ç (-N  -  1 +  0 +  y, r\ -  K,  - 7 ). 

Note that fjj =  j ^ N -2 +  o(N~2). The rectangle RpiVix  is situated between the lines:

r  =  ( 3(AT +  1 -  P -  7 )2 +  ) ( (  + N + l - P - y ) -

( N + l - P - l f + j g g b ,

((N f ß ■f 7 )
3 n2

NW -Fÿ 1>/V+ 0+ ) J

2

N i ß

l - 7 3- 3 y (N+0)+
2 217

?
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r  =  (s (N  + 1 -  (3 - j ) 2 + (f +  N  +  1 — /? — 7 +  ip) — 

{N + 1 - / 3 - y ) 3 + +  Ti

in the (r, £) plane. For fixed r/, the set W  in Lemma 4.1 will be the intersection of suitable 
parallel translations of the rectangles Rp and R p ^ x -  The relation between 77 and (3 will be 

chosen later. Now we define the parallelogram R/3 ,ij,k in as the intersection of suitable 
translations of R p v+m and RptV-ri0,K a ProPer choice of t)q. More precisely we set

Rprf'K — {Rf3,Ti+i)o {^bi^o}} H {Rp,r)—i)o,K "I" {^Ojio}}

where

3 N 2 3 N  3 y/N  5 K 2 K 2 . . .  1 ro := A T3+ + + x- +  ôâ72> :— AT H- —, 7?o
K

4 ' 8  2N  2N 2' "  ' 2 ’ ,u ' 2

The parallelogram R/3 ,t,,k is determined by the following lines in (r, £) plane:

(31)

(32)

(33)

(34)

where

|  t  =  ^3(N  +  (3) 2 +  ^ (f +  \  ~ ¡3) +  (N  +  P) 3  -  —  r0, 

=  ^3(N  +  P) 2 +  (£ +  2 ~ (3~ £%)

+ (N  +  P) 3  -  —  to -  Tp,

■ =  ( 3 ( w + 1 -  » -  i y + ü, ),  )  k + i - ^ - 7 )

- ( N  + 1 -  P -  7)3 +  ^+7-4-7 +  ro>

=  ^3(AT +  1 -  p -  7)2 +  +  2 “  0 “  7 +  0 )

- ( N  +  1 -  P -  y ) 3  +  +  To +  r j ,

$  = + 0, V + f , 7), $  = t { - N  ~  1 +  P +  7, V~ Y  ’ -7 ) .
K

T3p =  r(iV +  /?,77+ y ,T ) ,  =  r (- iV  - 1  +  ^  +  7 ,17 -  y ,  - 7 )- 

In order to compute the f  coordinates of the vertices of R/3 ,rj,K we need the following relations

(35) (N  + P) 3  + {N + l - P - ~ f ) 3  = 2N 3 +  3iV2 -  |iV 3/2 +  3(1 +  2p2 -  2p)N

K

+ 3(^ -1 )a /ÏV  +  1 +  3 ^ - 0  + o ( ^ = y

(36) 37 (jv +  1 -  p -  7 )2 =  |tV 3/2 +  3(1 -  -  I  +  O ,
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(39)

(40)

i^3(JV + p)2 + |2 ± iL j + r3 = * + o ( I ) ,

$  ( i ( N  + 1  -  0 -  i f  +  +  r 4 =  I  +  o  ( i . )  ■

Now using (35), (36), (37), (38), (39), (40) and the definition of ro, fo a-nd 770, we arrive at 
the following relations for the f  coordinates of the intersection points of the lines (31) and 
(32) with the lines (33) and (34):
The intersection of (31) and (33):

<*/?(£ +  2 “  =  +  6 ( ^ 2 “  0  +  12N* ~  ~  4

+3(/S-|)2 + ̂  + ̂ !- S  + 0(^),
The intersection of (31) and (34):

d0{ Z + \ - P )  =  hP  + HP2 - P  + £ p - S * ) N - i

The intersection of (32) and (33):

dp(ti +  2 ~  P) =  +  6 (^ 2 ~ P + uW? ~  3 N ^ ) ^  "  4

+3(iS-§)2 + ^  + ^ - i l - J + 0 ( ^ ) ,

The intersection of (32) and (34):

<*/?(£+ 2 ~  ^ 2~  +  6(^2 “  ^  +  1̂ 5- -  ^ 72- ) ^  -  \

+3 < / > - t f  +  & + Sled S i - $ i + i - i  + 0 ( j )f) ,

where
dp = 6(1 -  2P)N -  Zy/N + 0{1).

Now we set

(41) K  =  VZN(1 -  7 )  

and choose the relation between 7/ and P to be

(42) ti=V3n (0-  i ^ )

(37)

Ì38Ì

(n f K
2 )2

N  + 0 ( V +
K

2 )

2

(
i 0

)
+ o

(
i
AT) ?/V2/V

(ri K
i )

2

ß 7 ( V
K

)

2

(
i
N

1 - 0
N 2 )

+ O
(

1

) )
y/Ñ

(Ti K
2 )

2

( N -F 1 ß 7 )2 )

+3 t 3 i
2 )

2
+

_2
N2 +

(20—1)
N2

3 K2
4AP + o

(
1

VÑ )



in order to cancel the terms of order N . Note that the relation between rj and (3 is linear. For 
the parameter 0  we suppose 0 < ¡3 < 1 / 1 0 . Denote by Rp the parallelogram RptVtK, where 77 

and K  are obtained by (41) and (42). Now we have the following formulas for the vertices of 
Rp:
The intersection point between (31) and (33):

’ « = - i  + P -*+ n(P -t f+ o{ jp )) .

+(N +  0 ) 3  “  3n+H ~ r o >

The intersection point between (31) and (34):

' f  = " H / ’ + i  ( 241zTh^ - * + 1 2 ^ - l ) 2 + l  + 0 ( ^ ) ) ,

+  ( N  +  f } ) 3 -  -  To,

The intersection point between (32) and (33):

' €  =  ~k + 0 + b(:m̂ - 4  + u(0-kf-i + o(̂ )),

< r = ^ ( ( W + fl» + ^ g f) ( a ! = ¥ b f f l - 4 + U ( i - l ) * - i + 0 ( ^ ) )

+ ( N  +  0 ) 3 -  -  To -  J +  O  ( j j )  ,

The intersection point between (32) and (34):

' «  = - l2 + p + i ( * 1- £ '/F- - * + 12(f, - k ) 2 + i + o ( j w ) ) ,

' r = *((iV + ̂  + ̂ ) ( 2 i i ^ - 4 + 12(^-l)2+ | + 0(^))

+(AT + /J)3 -  -  t 0 -  I + O ( j / ) .

Finally the center of Rp has the following coordinates

- r  = ¿((JV + « 2 + ^ ) ( a « - 4 + 1 2 ( 0 - l ) 2 + f + o ( ^ ) )

+ ( N  +  /3)3 -  -  to -  |  +  0  ( j j ) .

When we shift ¡3 from 0 to the shift of dp is O(N). Recall that

dp =  6(1 -  2/3)N -  Zy/N +  0(1).
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But the difference with respect to £ of the intersection points between (31)-(33) and (32)-(33) 
((31)-(34) and (32)-(34)) is O(jj). Hence we can assume

dp = 6(1 -  20)N.

Define the set V  as

V  =  j(r,£,7?) : ( r , $ ) G %  tj =  V Z N  , 0 < ¡3 < J .

The projection of Rp on the £ axis is with measure The distance between the lines
(31) and (32) is 0 ( N ~ 2). The gradient of the lines (31) and (32) has coordinates (0 ( N 2), 1) 
in (r,£) plane. Hence the measure of Rp is 0 ( N ~ 1) 0 ( N ~ 2) 0 ( N 2) =  0 ( N ~ 1) and moreover 
the measure of V  is 0(1). Further if (r,£, 77) 6 V  then we can easily see that |r | ~  N 2, 
|£| ~  0(1) and T} ~  N  (cf. the definition of tq, £o and 770). Hence
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T72

r - i 3 + | - < N \

Let V* be the following subset of V

v *  =  { ( ’’. f . v)  : n  =  ( p  -  i 3 ^ 2  ^  ^  (r » 0  belons to  th e

parallelogram with the same center as Rp, the sides being parallel to those

of Rp and the lengths of the sides are times the lengths of the sides of Rp}. 

We easily see that

mes(V) ~  mes(V*) ~  0(1).

Denote by C =  ( r ,f ,  77) the coordinates in Next for each C/2 6 V*, we try to find a
subset V( C V  such that

mes(V^) =  c mes(V), C {<? : Ci* € V, C -  Ci € V},

where the constant c is independent of (. Let C/2 € V* be on the parallelogram Rp in V. 
Up to a translation, we may assume that C/2 is the center of Rp. We choose V( as follows:

v c = {(t ,Z ,v)  ’ V = y/ZN (j3i -  > \01 - p \ <  ^ ¿ 2 » (r’0 belong to the

parallelogram with the same center as Rpl , the sides being parallel to those

of Rpt and the lengths of the sides are times the lengths of the sides of Rpx}. 

We have to check that for any Ci € V( there exists C£ € V  such that

6 = C - < T .

Assuming this claim, we have that for C/2 6 V*,

mes{Ci : C? € V, C ~ Ci* € V)  > mes(V^) ~  mes(V) =  0(1).

(T )t )n) G V



Let C =  ( r ,£ , 77), Ci =  ( r i ,£ i , 771), C2  =  t o , €2 , 112)' Since the points with coordinates 
C/2, Ci, C2  belong to V, then there exist pairs (/?, 77), (j31 , t/x), (/?2, 772) such that

4. PROOF OF THEOREM 4 109

77/2 =  V3AT (/J -  i y l )  , ij, =  V3W ( f t  -  i - j i )  , % =  V3N ( fo  -  i - j )  .

± -  +  = (0-13 i)0(i),

If C2 =  C — Ci then /?2 =  2/3 -  /3i. Since

J.____ 1_

d/j dp1

we can assume that dp is independent of P and write just d = dp = O(N)  for 0 < P < ife. Let

Op be the center of Rp and a@, bp be the half diagonals of Rp. We use the frame (Op, ap, bp) 
to parameterize Rp as follows:

« =  ^ +  A  (“»i +  3ft +  O ( ^ ) )

:=  HP.tuh),

' r  =  3 ( {N  +  l3y  +  $ f o ) ( ^ -  +  j  +  (w +  f la  _  3 ^

- r 0  -  8  +  ^  ( ( ^ +  /?)* +  (ff+pyi)  (4^i +  302 +  O ( 7 ^ ) )  +  ^ f ^  +  0  (^r)

:= r(/?,0i,02),

where |0 i |+ | 0 2 | < 1* We shall prove that for Ci € V̂ , there exists Q  € V  such that Q  =  C- Ci • 
Note that this is equivalent to prove that for \P — P\\ < and |0i| +  \$2 \ < j^q, there exist 
8[ and l^il +  1 ^ 1  ^  1  suc^ that ^1 ,^ 2 » , ^ 2  satisfy:

( i ( 2 0 - 0 i A A )  = 2S(P ,0 ,0 )- i ( f3u0 i ,e2),
(43) <

{ f ( 2 P - P 1 , 6 'v 8 '2) =  2 f(/?,0 , 0 ) -  f  (Pi,6 1 , 6 2 ).

A straightforward computation shows that (43) is equivalent to

(44) |  ( 1 + c,(JV))«'1 +  ( 2 + c2(JV))«' =  - (1  +  «1(AT))®1 -  ( |  +  c2(iV))02

,)2 + 0 (^),
where

W - f t )  j _  /  n  3(2/?- f t )  rf . „ / n
C l W -  w  +24JV2 +  ^   ̂ 2N 24N2 \ N 2)  ’

l‘(N> = f  + 2  ̂+ 0(jh)’ a’W = l-2lP + 0GW-

12 ß - i )
2

1
4 VN

- 4 + f + C ( T/T, )
i

12 ( )
2

- 4 +

d

3
4 +o (

1
VN

«í + 3 -6 i a
4Q-i 24 (ß ßi )

i + O (
1

VN ) i

—24 (ß ß\ )
2

+ o (
1

VN ) >
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Clearly a ( N )  ~  c2 (N)  ~  ci(N) ~  c2 {N) ~  O ( £ ) .  Set

* - (  ' ' I  r - (  ' '\  1 + C i ( N )  |+ c j ( iV )7  V l +  2i(JV) J +  c2(VV)

e = ( h M ,  e '  =  w ,  i j ) 1, £  =  ( i , i ) ' -

Then (44) can be written in the form

x  e' = - y e  + (~24(p -  fa)2+ o  ( -± J )  )  e.

We have that

d e t(^ )  = c ( A f ) - | c 1(JV) =  o ( i ) .

Note that c2 (N) — |ci(iV) ^  0, since d ^  0 and hence det(X) ^  0. Therefore we have that 

O' =  -X~lYe +  ( —24(/? -  0 i ) 2 +  O (  * ~ lE.

We can easily obtain that

V - 1 „ ____ ] _ (  c , ( N )  \  _  (  0 ( 1 )  \

A  det(X) V -c,(iV) ) ~ {  0 (1) )  '

.  /  cafAT) -  |C,(JV) l c 2 ( N )  -  i c 2 ( N )  

X ~ ' Y  =
( J V -ci(jv) + e,(jv) -fc,(iV) + c2(iV)

= ( J ?) + (/?_A)(o(l) 0(1) ) '
Therefore we obtain that (43) can be written in the form

' Vx = _ i 1 + o(l) ( /» -A )(0 ( l) f t  + 0(l)*j + /?-/J,) + o ( . ^ ) ,

= — O-i + 0(1)(/? — /3i)(O(l)0i +  O(l)02 + 0 — 0i) + O •

Now it is clear that for |#i| +  \02\ < we can choose with |^ |  +  \di2\ < 1 in (43).
Then we conclude that for C/2 € V*

(45) mes{<,- € V : < -  C 6 V) > ¿ m e s ( V )  ~  0(1).

We take A  and B  as follows

A = V  +  (r0,Co,%), B  =  V -  (to,Zo, t)o).

We have that
A C \ { q  =  7/*} C B n  { i j =  r f )  C R p* tV*tj( ,

where

K  =  V 3 N { l - y ) ,  7]* = (/?* -  , \ v * \ ~ N .



Therefore

(t ,Z ,t))£ supp (A U B)  = ►  t  — f 3 +

Using (45) we obtain
Xa * X b (Q ^X v(C/2).

Now we take W  :— V* + V* in order to complete the proof of Lemma 4.1.
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CHAPTER 6

The Cauchy problem for higher order KP equations

This Chapter essentially contains the joint paper with Jean-Claude Saut [49] (The Cauchy 
problem for higher order KP equations, Journal of Differential Equations, 153 (1999), 196- 
222).

Abstract.
We study the local well-posedness of higher order KP equations. Our well-posedness results 
make an essential use of a global smothing effect for the linearized equation established in [5], 
injected into the framework of Fourier transform restriction spaces introduced by Bourgain. 
Our ill-posedness results rely on the existence of solitary wave solutions and on scaling argu­
ments. The method was first applied in the context of the KdV and Schrödinger equations 
(cf. [7], [8]).

AMS subject classification: 35Q53, 35Q51, 35A07.

1. Introduction

In this Chapter we shall study the Cauchy problem associated to Kadomtsev-Petviashvili 
(KP) equations having higher order dispersion in the main direction of propagation. Such 
equations occur naturally in the modeling of certain long dispersive waves (cf. [2],[35], [36]). 
The study of their solitary wave solutions was done in [10],[11], Thus we consider the Cauchy 
problems in R d, d =  2,3

/. \ f (ut 4" OiUxxx 4" ßuxxxxx *1” Wx)x “I” ̂yy ~ 0
^  1 tt(0,*,y) = (̂*,y)
in the two dimensional case and

,<£. / "I” Q̂xxx 4" ßUxxxxx 4" WWX)X Uyy 4* Uzz — 0
U  1 «(0 ,x,y,z) = <l>(x,y,z)

in the three dimensional case. The “usual” KP equations correspond to ß = 0 and a = -1  
(KP-I) or a  =  +1 (KP-II). We are interested in the local well-posedness of the Cauchy 
problems (1) and (2). Following [7] and [24] we introduce the next notion for well-posedness 
which will be convenient for our purposes.

D efin ition  1. The Cauchy problem (1) (resp. (2)) is locally well-posed in the space X  
if for any <f> 6 X  there exists T  = T(\\<j>\\x) > 0  (T is a nondecreasing continuous function 
such that limp_̂o T(p) = oo) and a map F from X  to C([0,T];X) such that u =  F(<f>) solves 
the equation (1) (resp. (2)) and F is continuous in the sense that

||F(0i) -  F(<f>2)\\L*>([otT]-,x) < M(||0i -  <h\\x,R)
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for some locally bounded function M  from R + x R + to R + such that M  (S , R) —► 0 for fixed 
R  when S  -¥ 0 and for <f>\, fa  € X  such that ||<£i||x +  ||<^2|U ^

We introduce the nonisotropic Sobolev spaces H 9u92(R d) equipped with the norm

IMIh-..- = /«>2' ,<’)>2sil®(f.>>)l2<i?*?,

where (.) =  (1H- l-l2) 1̂ 2 and i) =  (t)1,^ 2) in the case of three space dimensions. By H 91'92 (R^) 
we shall denote the homogeneous nonisotropic Sobolev spaces equipped with the norm

INI*.,.., =

Taking into account the specific structure of the KP-type equations we introduce the modified 
Sobolev space H 9l,92(R d) equipped with the norm

Ml*.,« = /( f) 2s‘(>!>2,2(i + li|- ')2is(i,i)|2<if^,

Note that any u 6 H 9l,92(R d) has (formally) a zero x mean value. We shall denote H 0,0 by 
L 2 . For 6,5i,52 € R  we define _X’6,ai,S2(R<i+1) to be the completion of the functions of Cq° 
with zero x mean value with respect to the norm

M W ., = /  <’-+p(e.’>)>“ «>2,,<’?)2’!(i + i i r ‘)2i“ (’', i. ’))i2*'df<*>,

where

?(i,>i) = /3e5 - a f 3 + ! y -

If a  or ß  vanishes then the equations (1) and (2) are scale invariant. If u(t, x, y) is a so­
lution of (1) with ß  =  0 then so is ux(t,x ,y) = A2u(A3i, Ax, A2y) and ||«A(i,-)|lxr»i.*2 =  
A'1+ ^ + i/2 ||u (A3t> .) ||^n ,.2. Hence one may expect local well-posedness (resp. ill-posedness) 
in H 91,92 of (1) for ß  =  0 when si +  252 > -1 /2  (resp. 5i +  2s2 < -1 /2 ) . Similarly if 
u(t, x, y, z) is a solution of (2) with ß = 0 then so is wa (¿> x , y, z) =  A2u(A3i, Az, A2y, A2z) and 
lluA(i) =  A,1+2a2-1/2||u(A3i , .)| | * Hence one may expect local well-posedness
(resp. ill-posedness) in H 91’92 of (2) for ß = 0 when Si +  252 > 1 / 2  (resp. si +  2s2 < 1/2).

If u (t,x ,y )  is a solution of (1) with a  =  0 then so is u \( t ,x ,y )  =  A4u(A5i, Ax, A3y) 
and ||«ä(£» 0ll#*i.*2 =  Aai+3s2+2||ti(A5i, .) ||#M>«2. Hence one one may expect local well- 
posedness (resp. ill-posedness) in H 9l,S2 of (1) for a  =  0 when si +  3s2 > —2 (resp. 
s i+ 2 s2 < —2). Similarly if u(t, x, y, z) is a solution of (2) with a  =  0 then so is u \( t , x, y, z ) =  
A4u(A5i, Ax, A3y, A3z) and =  A*1+3a2+1/2||«(A5i, .)||^»,,«2. Hence one one may
expect local well-posedness (resp. ill-posedness) in H 91,42 of (2) for a  =  0 when si +  3s2 > 
-1 /2  (resp. si + 3 s 2 < -1 /2 ) .

Now we state the well-posedness result. The proof uses the Fourier transform restriction 
norms introduced by Bourgain [12], [13], [14], in the context of Schrödinger, KdV or KP 
equations. In the nonlinear estimates we shall make an essential use of the smoothing effects 
for the linear group associated to (1) or (2) established in [5].
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T h e o r e m  1. Let d = 2 and ¡3 < 0, a  6 R. Then for any si > —1/4, s2 > 0  the Cauchy 
problem (1) is locally well-posed in H 31,92. Moreover there exists b > 1/2 such that the solu­
tion u(t, x, y) satisfies u € X b,Sl’92.

Let d = 3 and (3 < 0, a  6 R . Then for any si > —1/ 8, s2 > 0 the Cauchy problem (2 )  is 
locally well-posed in H 31'32. Moreover there exists b > 1/2 such that the solution u(t, x, y, z) 
satisfies u € X b’91'32.

If /? =  0 and a  > 0 (the “usual” KP-II equation) local well-posedness of (1) in L 2 is estab­
lished in [14]. The proof uses Fourier transform restriction norms, a dyadic decomposition 
related to the structure of the symbol of the linearized operator and can be performed for 
periodic initial data. Local well-posedness of KP-II in H 91’92, sx > —1/ 4, s2 > 0 is established 
in [57].

The sign of ¡3 is crucial in the proof of Theorem 1. We do not know of a similar result 
when ¡3 > 0 (KP-I type equations). In this case, however, it is easy to obtain global weak 
solutions by energy methods (cf. [55]). The uniqueness of such solutions is unknown1.

In [7] it is shown that the solitary wave solutions can be used to construct examples 
proving local ill-posedness for the (generalized) KdV equation. One considers the limit of the 
solitary wave solutions as the propagation speed tends to infinity. In the favorable cases the 
initial data tends weakly to a nonzero distribution (for example the Dirac delta function for 
the KdV equation with cubic nonlinearity) while the solution at time t > 0 tends weakly to 
zero. Using the idea of [7, 8] together with the properties of the solitary waves of KP-I type 
equations (cf. [10, 11]), we can prove the next Theorem.

T h e o r e m  2. Let d =  2. I f  a  < 0 and (3 =  0 then (1)  is locally ill-posed in H s,° for 
s < —1/2. Let d — 3. I f  a  < 0 and ¡3 = 0 then (1)  is locally ill-posed in H 9 1 ’92 for 
si +  2 s 2 = 1/ 2, si > 0, s2 > 0. I f  a = 0 and ¡3 > 0 then (2) is locally ill-posed in H 9,° for 
s < - 1/ 2.

Note that our well-posedness or ill-posedness results do not contradict with the scaling 
argument. In fact the region {(si, s2) : si > -1 /4 , s2 > 0} is a subset of the region suggested 
by the scaling argument { (si,s2) : si +  3s2 +  2 > 0}, where well-posedness is expected to 
hold in the case of two space dimensions when a  =  0, (3 < 0. The same holds for the region 
{(si,S2) : Si > —1/ 8, S2 > 0} which is a subset of {(si,S2) : si +  3s2 +  1/2 > 0} in the 
case of three space dimensions. If d =  2, a  < 0 and ¡3 = 0  then ill-posedness holds for the 
pairs (s, 0), s < —1/2 which can achieve the “critical” line si 4- 2s2 +  1/2 =  0, suggested 
by the scaling argument. If d =  3, a < 0 and (3 = 0 then ill-posedness holds for the pairs 
{(«i, s2) : si + 2 s2 = 1/ 2, si > 0, S2 > 0} which are a part of the line suggested by the scaling 
argument. If d =  3, a  =  0 and /3 > 0 then the pairs (s, 0), s < —1/2 can achieve the line 
si +  3s2 +  1/2 =  0, suggested by the scaling argument.

The method for obtaining local well-posedness works just for KP-II type equations (i.e. 
/? < 0 or (3 =  0, a > 0) since one can recuperate the derivative dx in the non-linear term by 
the aid of an algebraic relation for the symbol of the linearized operator, (cf. (16) below).

Mn the next Chapter we shall prove a global well-posedness result for the fifth order KP-I equations
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In the case of KP-I type equations {¡3 > 0 or ¡3 = 0, or < 0) we can not gain the dx derivative 
using the relation (16). However, using the parabolic régularisation method it is possible to 
prove local well-posedness of (1) in H a, s > 2 and local well-posed ness of (2) in H s, s > 5/2 
(cf. for instance [31] for an illustration of this method). The proof does not make use of the 
specific structure of the KP-type equations and could be performed for quite general evolu­
tion equations. The conditions for s are in order to control the L°° norm of the gradient of 
the solution and they seem to be very restrictive. Hence there is still no satisfactory theory 
for the local well-posedness of the Cauchy problem for KP-I type equations.

On the other hand our ill-posedness results are only valid for KP-I type equations since 
the existence of solitary wave solutions is used in an essential way. In [10] using Pohojaev 
type identities it is shown that the KP-II type equations do not possess localized solitary 
wave solutions. Note also that we are forced to take a or (3 zero in order to keep the scale 
invariance of the equation.

The rest of the Chapter is organized as follows. In Section 2 we recall the global smoothing 
effects for (1) and (2) established in [5], Then we inject these estimates into the framework 
of the Bourgain spaces associated to (1) and (2). In Section 3 we prove the crucial nonlinear 
estimate. In Section 4 we perform a fixed point argument to complete our well-posedness 
result. Section 5 is devoted to the ill-posedness of (1) and (2). In Section 6 we remark that 
the ill-posedness of the (generalized) KdV equations does not depend on the special form 
of the solitary waves. Finally in an appendix we give the proof of a decay estimate for a 
fractional derivative of the “lump” solitary wave of KP-I equation.

2. E stim ates for th e  linear equation

Let us consider the linear initial value problem associated to (1) or (2)

(3) f idtu =  p(D)u 
1 u(0, x,y) = <j>

where D =  (Di, £>2), when d =  2, D = (Di, £>2, D3 ), when d =  3 D\ =  - id x , £>2 = - i d y and 

D3  = —idz . We recall that p (f , 77) =  /3f5 — a f 3 +  We shall denote by U (t) =  exp(—ip(D)) 
the unitary group which generates the solutions of (3). We have the following representation 
for the solutions of (3), when d =  3

u(i, x, y,z) = U (t)<f> = Gt *4>,

where Gt is the oscillatory integral

Gt(x, y , Z) = CJR 3 exP(*W . v) +  *(*£ +  yv 1 + ZT}2 ))d£dT).

A similar representation for the solutions of (3) holds when d =  2. We have in fact a global 
smoothing effect for the solutions of (3).



Lemma 2.1. (cf. [5], Theorem 4-2) Let S(r) =  <i(A — £). Then the following estimates 
hold

< cM l>, (d =  2),

\m\^vm\LULi„„.,) < cwiiw. (<*=3),
provided

2- = S (  r).

Next we shall prove an inequality which will be used in the proof of the nonlinear esti­
mates.

Lemma 2.2. Let d =  2 and

0 < 0 < 1, € i >0 ,  0 <  b < 1 / 2  +  «!.

Then the following inequality holds

(4) +  < 011*11**, 

where
I  -  1 -  6b SM  -  (1 ~ 9>>b X -  5^ b
q 1/2 +  €i 1/2 -f- €i 2(1/2 +  €i)

Let d =  3 and
O < 0 < 1 ,  € i > 0 ,  0 < 6 < 1/2 +  c\.

Then the following inequality holds

(5) l l ^ ' i l i l V  +  p((, C, i?)|); LJ(I(W ,)|| < clKlk., 

where

— =  1 — r-T̂ —— , A -  i W ‘
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9 1 /2 +  €i ’ 1/2 +  €i ’ 6(1/2 +  €i) 

P roof. Let d =  3. Using Lemma 2.1 and [23], Lemma 3.3 we obtain

(6) 1110.1^«; £?(£<W ))II * '11“ ; x 1/2+‘'AOll,
provided

5 = i ( r ) '

Interpolating between (6) and

lk £ ?(£ ( . , ,) ) l l< ll“ ; * 0,0'°ll,
we obtain

(7) |||i?*|A«; < c ||» ;J t6-0-°|l,

provided

* =  *(r) =  f e ^ .  A =  ^q 1/2 +  €i ’ 1/2 +  Ci 6 (1 /2+  €i)
But (7) is equivalent to (4) which completes the proof of Lemma 2.2 when d = 3. If d =  2 
then the arguments are the same.

Ill Dx
ê(r)

2 U(t) <f> L<3(Lr
(*»v))

II.T - 1 (I eIa (t + p K »?)>>
- 6 \û(T i &T ] )l) î L t (L

r
(*.y) ) II



C o r o l l a r y  1. Let d =  2. Then the following inequalities hold

(8) ll^ "1(lil1/V  + ?>(i.’i)>"ll“ (’'. i. ’i)l);i?(£(,,1,))ll < cIMli*,
where b > 1/2.

(9) \ \F ~ \(T + P ( tv ) )~ b\u{T,Z,v)\)lLqt(L2(x,y))\\ < c|M|l2,

where 2 < q < oc, b > 0 and

Let d =  3. Then the following inequalities hold

(10) ll^~‘ (li|1/8(r + p(i> ’?)>‘ ‘|“ (t, f, ’(il); ¿f/3(i(I>!r,,))ll < c||»||t) ,
where b > 1/2.

(11) F - 'K r  + p K ^ D ^ IS lr .i,,)!);^ !^ )!! < cM b,

where 2 < q < o o , b > 0  and ^

P roof. The proof of (8) follows from Lemma 2.2 (d =  2) applied with 9 = 1/2 and 
b =  1/2 +  «i. Lemma 2.2 (d = 3) applied with 9 =  1/4 and b =  1/2 +  €i yields (10). To prove
(9) and (11) we apply Lemma 2.2 with 9 — 1.

3. A n estim ate  for th e  nonlinear te rm  

L em m a  3.1. Let d = 2 and s i > —1/4, $ 2  > 0. Then for sufficiently small e we have

(12) ||t*tt*||*-i/a+3«..i.»2 < c | M | ^ , / a+2€,.1(J3.

Let d =  3 and si > —1/8, 52 > 0. Then for sufficiently small € we have

(13) ||tttt*|lA-l/2+3«,M.«2 < C|M|* 1/2+2«,»lt«2 •

P roof. We shall give the proof only when d — 3. In the case of two space dimensions 
the arguments are similar. We set

t»(r, 7?) = ( r  + p(f, ̂ ))1/2+2i(0*1 (*?),2£fa £> V)>

<7 :=<7(r,f,7?) = r + p(f,77), a x : = a fa ,£1,771), <r2 := <r(r -  - & ,77-  771).
Let C =  (ZiV)' Then (13) is equivalent to

||(<T)"1/2+3‘(01+,‘(<)),!y  J*'(’',C,n,<i)ffi(n,Ci)'2(T-ri,c-Ci)<in<iCilli.jr() <

(w) cflMii»+ im i*  niD,ri«>iii> + iiiD.r’ ttiiL»},
where

K{ t  C r  t \ -
-  ^̂ l/2+2t̂ 2)l/2+2e

Hence by the self-duality of L2 we obtain that (14) is equivalent to
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' / / A'lfr.C, ri,Ci)i2(n,Ci)ii(r -  r ,,(  — Ci)S5(i-,0<iTi<iCidi-ciC| <

(is) c {|M li, +  I M M I I ^ r ' H b  +  ll l iy - 'to liM lM ly ,

bo
g-2 > 1

2

2 > 1
2

A n estim ate for

(b ) -*1 (* - * 1 (vi) -«2 (v fit )-32



where

K t r r r  <01+ , ‘ <i)n
U 1 .U I ( » 1)l/2+2=(<72)l/2+2<(CT)l/2-3< { ,,> «(> , -  ,,[)•>

Since for S2 > 0
fa}*2T— r----H ------- :—  <  COnst,

(m)a2( * i - m ) a2

we shall suppose that s2 = 0 from now on. Without loss of generality we can assume that 
w > 0 and t; > 0. We have the following relation, where rj = (771, r?2) and t)\ = (r/}, ij2)

ffl +  <72 -  <7 =  - 5/ % ^  -  6 )(?  ~ « 1  +  ®  -  £1) +

nfi, ( W - f r i ) 2 ( t r f - t t f ) 2

One has the next Lemma.

Lemma 3.2. There exists a positive constant co such that

(17) max{M, \ax\, |<t2|} > c|&(£ -  fi)f3|, for |£| > c0.

Proof. Since (3 < 0 we have that

3 max{|<r|,|<ri|,|c72|} > |fif(f-fi) |(-^ /3 £ 2 + 3a),
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where we used the elementary inequality £ 2 — f£i + £ 2 > §f2. If a > 0 then we obtain (17) 
with co = 0. If a  < 0 then for — ̂ f/3£ 2 + 3a > 0 we have

which completes the proof of Lemma 3.2.

We shall denote by J  the integral in the left-hand side of (15). We shall divide the domain 
of integration taking into account which term dominates in the left hand side of (17). By 
symmetry we can assume that

M  > W2 I

Case 1 . |£| < max(2, co). We denote by J\ the restriction of J  on this region. In this 
case we have that

K (r C r  C \ < W ' G  ~ M ' 1*
^ H " ,  S, Tlj s U  _  ^ ^ i / 2 + 2 e ^ 2J l / 2 + 2 e ^ ^ l / 2 - 3 e

Case 1.1. |£i| > 1, |£ — fi| > 1- We denote by Jn the restriction of J  on this region. In 
this case we have that

*,r.C,n.C)S 'M1/e' ^ ' I/8(<Ti ) l / 2+ 2« ( a 2 ) 1/ 2+ 2 i(<T)1/2 -3 e

(e ) t i t (c i l )

3 nax-lï<TI h*i\i , !■ [\ > î l t ('c )hr 15

8 H
i
)>
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Hence using Holder inequality (10) and (11) we obtain

x \ \ r - H \ £  ~  6 l 1 /8 <^2 ) - 1/2- 2iw(r -  n , c  -  C i ) ) I I l «/3( l4  ) 

< cIMlMMb-

Case 1.2. |£i| < 1. We denote by J\ 2 the restriction of J  on this region. In this case we 
have that

* i( r ,< ,n ,C i)<  liil1/8K - < i l ^ 8-------
lill<»l > 1/ 2 + î < (<T2 ) 1/ 2 + 2 «(c t)1/2 - 3 <

Hence using Holder inequality (10) and (11) we obtain 

J 1 2  <

x ||^ - l (|  ̂-  6 l1/8(^2)_1/2~2ew(r -  n ,c  -  Ci))llLa/3(L4 )

< cIIwIIl2III-̂ *I—1wIIl2IIvIIl2,

Case 1.3. |£ — £i| < 1. This case can be treated similarly to Case 1.2.

C ase 2. |£| > max(2, Co), \a\ > |<7i|. We denote by J2 the restriction of J  on this region. 
In this case we have that

|<r|1/4"4e > c|£|3/4- 12t|£iJ1/4-4i|£ -  Ci|1/4_4£.

Hence

w u r  t r \ <  <fl‘/< t,‘+12,<6)— 't4<« - h ) - ’' +4‘
_  |Çl|i / i |Ç _  +  e

Case 2.1. |£i| > 1, |£ — £i| > 1. We denote by J2\ the restriction of J  on this region. In 
this case we have that

Jn < IIT -1 (<̂ >
-1 /2 + 3  «i;(r,C)) IIL4

t (I 2 )

X IIT -1
( Ifi I L/8 -1/2—2cW( ri, Ci ) ) IILB/3

t [Li

IlT
-1

( (* >
—1/2+3« V ( ) ) IILA

t L2
)

X IIT -1
( I£i I1/8

(^1)
-1/2-2«

Kl I w (n,Ci )) IIl 8 / 3
t (L )

K i (r, c,n, Ci ) < 161
1/8 1/8

(*1 )l/2+2< (^ ) 1/ 2+ 2«(°) 1/4 + €



Using (10), (11) and Holder inequality we obtain

J «  <  I I ^ - 1( W - 1/4- ‘®(’- . 0 ) I I l « ^ w ) )

L‘ 'i i .v .’l'

x l l ^ - ' d f  -  f . l I / 8 W - , / 2 - 2‘ iS (r  -  n , c  -  C .) ) l l t . / » ( t .  ,
L>t vk(*,y,*)'

Case 2 .2 . |£i| < 1. We denote by J 22 the restriction of J  on this region. In this case we 
have that

*(r,C.n,«S K-n<-M1/8
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l6l(^i>1/2+2e(^>1/2+2e< )̂1/4 + c 

Using (10), (11) and Holder inequality we obtain

<  c\\w \\l 4 \ D x \ - ' w \\l , \ \ v \\l , .

Case 2.3. |£ — fi | < 1. This case can be treated similarly to Case 2.2.

Case 3 . |£| > max(2, co), |<Ti| > \a\. We denote by J 3 the restriction of J  on this region. 
In this case we have that

k i l^ - '  > c|Ç|3/4-12t|Ç1|I/4-4t| i - Î 1|1'4- “.

Hence

^(r.C.ruCi) < I 6 | 1 /4 |£ -  £ l |  1/ 4 ( <r1) 1/ 4+6t <(T2) l / 2 + 2£ ( a ) 1/ 2- 3e

Case 3.1. |ft| > 1, |£ - 6 1  > 1. We denote by J 31 the restriction of J  on this region. In 
this case we have that

K l T t T  r 1 -- ~ 6 )*
"  l l W  -  ((71) l / 4+6<(tr2)l/2+2<{<7)l/2-3<

X IIT
-1

(I £i (* i)
— 1/2—2cW (n,Ci))ll

< c IIw II
2
L2 IIt IIL2 .

J 22 < IIT -1
(<*>

- 1 /4 t;(7“,C)) IIK4
t (L )

X I:r
-i

:i6 i]■/»iM -1/2-2«
161

-1 w(T!, Cl))ll L8/3
t (L

X II7--1 (le 61 1/8
< * 2>

— 1/2—2eW( T  —- n , C Ci ))ll L8/3
t (L )

(e) 1 /4 + *1 +12c
« iî

-*1+4«
à )

- 3  l+ 4 c



Using Lemma 2.2 and Holder inequality we obtain

X l l ^ - 1 ( l i . l  ^  ( ^ ) - I/4- 6<f i(n , C i ) ) l l i ? ( i g  B „ ) 

X ||^ - ‘ (li -  i l l 1' ” ' 1 l‘ ,) (< T j ) -^ 2- 2<w ( t  -  T j ,<  -  C l ) ) | l L « ( i ' l  , )
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< c ||w ||2 2 ||v ||l 2 ,

provided

2 0(1/2 -  3<) (1 -  0 )(l/2  -  3<)
Ï Ï  “  l / 2  +  €, • ( ’ > "  1 / 2  + 7 ,-------- •

2 « (l/4  +  6t) ( l - i ) ( l / 4  +  6e) 

f t ” 1 "  1/2 +  «, ’ Î ( r2 )-  1/2 +  . , ------’

2 0(l/2  +  2<) ( l - « ) ( l / 2  +  2i)

® = 1-^72TTT 1 1 > 172+îÏ ’

^- +  ^- +  ^ - = 1  , i ( r , ) + i ( r , )  +  i(r3) =  | .
9l 92 93 ^

Now it is sufficient to take €i =  2e and 6 =  2/5 to ensure the restrictions of the Holder 
inequality.

Case 3.2. |fi| < 1. We denote by J3 2  the restriction of J  on this region. Using the 
arguments of Case 3.1, we similarly obtain

*2 < c|Mlz,>llll|£>.rl» M IIM b -

Case 3.2. — f i | < 1. This case can be treated similarly to Case 3.2.

This completes the proof of Lemma 3.1.

4. P ro o f of T heorem  1

In this section we shall give the proof of Theorem 1. Note that the equations (1) or (2) 
are equivalent to the integral equation

(18) u{t) =  -  f  U{t -  tf)u{tf)dxu(tf)dt'.
Jo

Let tp be a cut-off function such that

€ Cq°(R), supp C [—2 ,2 ] ,^ =  1 over the interval [-1,1].

3̂1 < IIT - i
(Kl

1/2-3«
1/2+n

¿íri  )
6 (°,

-1 /2 + 3 «
V (r,C )) IIL<¡1

t (I n )



We truncate (18)

(19) u(t) =  1>{t)U(t)u{0) -  i>(t/T) f  U(t -  t')u{t')dxu{t')dt'.
Jo

We shall solve (19) globally in time. To the solutions of (19) will correspond local solutions 
of (18) in the time interval [-T ,T]. We shall apply a fixed point argument to solve (19) 
in for sufficiently small c. Now we state the estimates for the two terms in the
left-hand side of (19).

L em m a  4.1. The following estimates hold for sufficiently small e > 0

( 2 0 )  1/3+2«,«1,*2 — CII <̂ I I h *1-*2 1

(21) II 1>(t/T) f  U { t - t ,)u(t')dxu(t,)dt, \\x i/2+2t,tl ,.2 ^ c T ^ n U x W x - i^ + u ^ ^ .
Jo

P roof. To prove (20) it is sufficient to note that

IMIx 6-'1>*2 =  ||^ (  —0̂ 11̂ 6,*1,«2 »

where H h,a 1,42 is equipped with the norm

His*...,.,=
The proof of (21) is a direct consequence of [23], Lemma 3.2 applied with 6 =  1/2 +  2e and 
¿>' =  —1/2 4- 3c. This completes the proof of Lemma 4.1.

Now we define an operator L

Lu(t) := 1>{t)U{t)u{0) -  \ i f{ t /T )  f  U(t -  i> (0 ^ x « ( i ') ) ^ '-
2 Jo

We obtain from Lemma 3.1 and Lemma 4.1

(2 2 )  ||Z/Ti||I/2+2e,«i,«2 — Cll<̂ llji« "f" C‘̂ 1 |M I x 1/2+2‘.»1.*2 *

Similarly we obtain

(23) \\Lu — L u ||^1/2+2«,.1,«2 < ^*11^ 4* UHx1/2+2«.»1.»2 11̂  ~ Ullxl/2+2«,»l,*2

Using (22) and (23) we can apply the contraction mapping principle for sufficiently small T  
which completes the proof of Theorem 1.

5. P ro o f o f  Theorem  2

It is known (cf. [10]) that in some cases (1) (resp. (2)) possesses solitary wave solutions. 
We recall that a solitary wave is a “localized” solution of (1) (resp. (2)) of the form u (x—ctt y) 
(resp. u(x — c t,y ,z)). More precisely we have the following Theorem.

T h e o r e m  5.1. (cf. [10, 11],). Let ¡3 > 0 and a < 0. Then (1) (resp. (2)) possesses a 
solitary wave solution u(x — ci, y) (resp. tx(x — ci, y, z)) such that

u <= L\(Li) n£„ H ‘•, ( wp. « 6 L2m  (Li) nru H ’).

The same statement holds when /? =  0 and a  < 0.
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Ilé (t) u (0 4 IIa

<n) 32(1 + Kl
-1

)
2
IU I dr d i dr)



We have (cf. [11]) that rsu € L2(R(i), for S < where r 2 =  x 2 + y2, when d =  2 and 
r2 =  x2+ y2+ z2, when d =  3. Hence using Cauchy-Schwarz inequality we obtain immediately

u e L 2y(Ll) (d =  2), u e L2{yiZ)(Ll) (d=  3).

The rest of the proof of Theorem 5.1 is contained in [10, 11]. Note that when /? =  0, a < 0 
an explicit form of a solitary wave can be derived by the inverse scattering method and we 
will use it below. In the 3D case we will use essentially scaling arguments and no explicit 
form of the solitary waves is needed. Actually, solitary waves for (1) or (2) (cf. [10, 11]) 
can be obtained by the aid of the concentration compactness principle for some pure power 
nonlinearities and the method for obtaining ill-posedness could be extended to these cases 
(see the end of the section).

•  Let d =  2, 0  =  0 and a  < 0. Then (1) has a solitary wave solution of the form

vc(t,x ,y )  = <j>c(x -  ct,y), c>  0

where
uc(0, x, y) = <t>c(x, y) = c<f>i(c1/2x, cy) := c^(c1/2ar, cy).

Here uc is the “lump”solitary wave of KP-I equation. Recall that

Ue(M ,y ) =  8c(1~ l ( * ~ <*);+ / i|2) 
( i + §(* -  ay + f r y

is a solitary wave solution of (1) with a  =  — 1 and 0 = 0. We will need a decay estimate of a 
fractional derivative of <f>c. Obviously x(j>c does not belong to L2(R2), but

L e m m a  5.1. (cf. Appendix) Let c > 0. Then

| D , € L2(R2).

We shall denote by T x the partial Fourier transform with respect to x. One has

Further we have

m l - »  = JK,(o 2' »)?& »■
Hence for s < —1/2 Lebesgue theorem yields

= c*\\'Fx{4>){0, -)lli,2 = Ci||0|lL2(Ll)>

where

* = r  <o2x.
J —oo

Similarly we obtain
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ci J R  cx c2 1

where (., .)a stays for the H*’° scalar product. Hence

lim — ca\\Tx{4>)(0,
Cl ,C2“ fO O ,C i  / C 2 —

T x {<t>c)( £>y) c1/2 T X (<f>)( cy )
C1/2 ?

(0 c i ) 5 (
Co

) [ « )
25? r (0) ( 1 / 2 ’ y )t x It) (

C2
y )d£dy 1

l im
c—»<x

0, H 9*0
2

) II
2
L2(i Ci à C2)S
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and

lim ||<£Cl -  <f>C2 H/fi.o =  0.
Cl ,C2-VOO,Cl/C2-»’l

Now we have that

K ) ( i , £ ,  y)  =  c1/2exp(-iic£)^x(0)(£/c1/2,cy).

The presence of the oscillatory term exp(-ticf) makes the expression (uCl ( i , .), uC2(t, .)), tend 
to zero as n -» oo by taking c\ =  n2 and c2 =  (n + 1 )2. More precisely we have by integration 
by parts

(un2(i, .)><*(n+i)2(i> .) ) ,=

■m Jr , 9<(ei,(2n+1|<)«>2*^(i)(j.y)^('«(^T, {jL̂ vW d y  =

£(^ k  r ««<*+*££*•,(izy«(**))(i  W)^(0)(_ |_ ,fc+ ii y]d(dy
in J r 2 |£|€ n n -+-1 n*

+

+

#TTT L  *i,,2”+1Kl^W&v)^(l4<l'W))(r^r. ==i ( n +  1) 7R  |?| n n + !  71

(1) + (2) + (3),

where

/ .x n +  1
c(n, t) = —

in(2n +  l)i

Using Cauchy-Schwarz inequality and the estimate ||0 ||l°° < Ĥ Hl1 we obtain

|(1)| < 2SC(n ,i) j i t!<i)2*-I||*(.,y)||£, , | | « . , f c i ^ I ')ll£..<ii<i»

2 sc i 1,. t )
R2
r e it(2n+l «

(0
25-1 C? c {n »y) Tx(4 )( n 4- 1 ?

(n +  1)2

n2 y) iÇdy

< c(n, t
en

n 4 - ' *11
2
LKu )



It is clear that the last expression tends to zero as n tends to infinity. Further we have
1(2)1 < /  ^ | ^ , ( |D , |* ( * ^ ) ) ( i , y ) | | | 0 ( . , i 2 ± Ü i y ) | | i ,,d{d»

n J R  Isl n nL
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nec(n, i) n

where we used that |f|~e(£)2s € I<| and Lemma 5.1. Hence we obtain that for c < 1/2 |(2)| tends to zero as n tends to infinity. The term |(3)| can be estimated in a similar fashion. Hence
l i P  (tt(n+l)a(*>-)>«»»(*>•))« =  0.n—¥oo ' 9Moreover

n-*oo
Hm̂ ||tt(w+i)a(t, 0 - OI&..0 = 2cs\\Jrx{<f>){0, Ollia.

Therefore we obtain that (1) is locally ill-posed in Ha,0(R2) for /? = 0 and a < 0, when s < -1/2.
• Let d = 3, ¡3 > 0 and a = 0. Then (2) has a solitary wave solution of the form

ue(t,x,y,z) = <f>e(x-ct,y,z), c>0
where

uc(0, x, y, z )  = 0C(®, y, z) = ĉi(c1/4x, c3/4y, c3/4z) := ĉ(c1/4x, c3/4y, c3/4z)
One obtain easily that

* ■ , ( * « )  ( i ,  V. z) = cz l , z ) .

Further we have
= JR, «)2*l v, *)?«**

Hence for s < —1/2 Lebesgue theorem yields
iiiSo = C > \ \ ^ - ) \ \ h  = c*ll̂ llL̂ y z,(Li)-

Similarly we obtain
{<t>cx,K)s = (;r)3/4 £2<O2âx(<£)(̂ ,y,z)̂ *(0)(̂ ,̂ y,̂Kdyik,

C1 J i t  Cl c2 1 1

where (.,.), stays for the Hs,° scalar product. Hence
Hm (̂Cl ) <i>ci)3 = cs||̂x(0)(O) OIIl2

C1 >c2”^°°>cl /C2 — 1and lim ||<£Cl - <f>C2 ¡I#,,o = 0.
Cl ,C 2-+ 00 ,C i/C 2-> -l

n n -f“ 1 il IIL2 VA ) { Í
R 2 IT r (ID T

t
(XÓ ))( n?y)i

2 }1/2

<
n ic (n , t) n 3/2

n n + 1 II<t>IIL2 ( ) IIID XI (x4 )ilL2 î

Il cII
2

«,cH

c3/4 r , (4>)( £
cl/4 î C

3/4
y,

(*)( £
c i / î ’



Now we have that

Fx(uc) (t, f , y, z) =  c3 / 4  exp {-itc£)Fx{<j>) (f /c 1/4, cy, cz).

The presence of the oscillatory term exp(—ifcf) makes the expression (uCl (t, .), uC2(t, .)), tend 
to zero as n —> oo by taking ci =  n2 and C2  =  (n +  l )2. Let x' =  (y, z). Then

( t i „ 2  ( ¿ ,  . ) ,  ( i , . ) ) 4 =
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2Sc(n, t) JR1 * ')r* m  ( ^ , 175. +

c(n ,1 ) / R *in1/2

/ r * ei‘<2"+,,f«>2>̂ > < ^ '* '^ < ^ < (^ W  :=

(l) + (2) + (3),

where
(n + l)3/2

c(n, t) =
m3/2(2n +  l)t

Using Cauchy-Schwarz inequality and the estimate ||<£||l«> < H^Hl1 we obtain 

1 ( 1 ) 1  <  2 S c ( n , i ) ^ > « ) 2 < - 1 | | « . , x ' ) l l L . | l ^ ( - . i i l ^ i ' ) l l i . < i f < i * '

era2 ..... .

It is clear that the last expression tends to zero as n tends to infinity. Further we have 

1(2)1 -

< c(n, i) n 2

n1/2 ( n + 1 )2

c(n, t)
L

de (e
t'í(2n+l)í

)<02*Tx (<t>)(
e

n1/2 y ? r (*) (
£ (n + 1 ) 2

a:7
( n + l ) 1/ 2 ’ n2

)dêdx'

c (n,f) f € (0
2sj X (

£
n 1/2 î ) r (« (•

£

(n+  1)1 / 2 )
(n + 1 ) 2

n2
z' +

c(n, t )
i (n + 1)1/2

(n + 1)
2

712
X9)dÇdx/

e <o
2«—2 T X (4>)(

£
711/2 i

( 7 1 + 1 ) 2

71
x' )d£dxf

c(n,t)

n1/2 i <0 \?x (X(j>)( ra1/2 mi *(• >
(» + 1 2

n2 a:') IILid£dx t

I! IIi 2
X ' (Lì ){ r

R3
ITX (xé ) (

t
n1/2

a )
r

dÇdz /
]

1/2

<
c(n, t )n1/4 n2

n 1/2 (n + 1)2 II IIL2
X (L i )II 4 IIi 2 J

< c(n, t )
(n + 1)2 2

X ’
(Li)



where we used that x<f> € L2 (R3), which follows from the decay properties of the solitary 
waves. Hence we obtain that |(2 )| tends to zero as n tends to infinity. The term [ (3) | can be 
estimated in a similar fashion. Hence

lim (u(„+i)2 (t,.) ,tin2 (i,.)), =  0 .
n—too

Moreover

J im Jh n + i)2^ ’ •) “  “»*(*» OIIh.-o =  2ca\\Fx(<f>)(0, .)||£2.

Therefore we obtain that (2) is locally ill-posed in i f a,0 (R3) for ¡3 > 0 and a = 0, when 
s < - 1 / 2 .

•  Let d =  3, = 0 and a < 0. Then (2) has a solitary wave solution of the form

uc(t, x, y, z) = <f>c(x -  ct, y, z),

where
uc(0 , x, y, z) = <t>c(xt y) = c<j>(c1/2x, cy, cz).

We have that 

Further we have

Hence when si +  2 s2  = 1 / 2 , sx > 0, s2  > 0 we have that ||^c|Ih4i . «2 =  IMIh«i.»2 - Similarly we 
obtain _____________

= (r )'3/2 L  !«l2',l>7l2’:,?(i.
Cl J R 3 C2 c2

where now (., . ) a i l S 2  stays for the H 3 l , a 2 scalar product. Hence using Lebesgue theorem we 
obtain
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and

Now we have that

lim (0 ci><£c2 )ai,i2 — ll^ll^«i. «2 *
C1 >c2”►OOjCi /C2”^l

lim ||0 Cl — ||/jr«l ,«2 =  0 .
Cl ,c2 -» o o ,c i / c 2 - f  1

iïc(t,Ç,v) =  c~3/2exp ( -* ic C )? (^ 2 ,^ ) .

and furthermore

(«ci (t, •), WC2( i ,  .))ai,a2 =

( ? ) ' 3 / 2  L  e M -itttc i ~ c2 ))li|2 “ l»|2 ,I? (i, -riWdri.
Cl J R 3 c 2 c 2

Hence using Riemann-Lebesgue lemma arguments we obtain as above

lim (u(n+i)2 (i, .)»«»*(*,•))•,,* = 0 .
T l—f O O  v 7

Moreover

l l ^ n + l ) 2 ^ '  • )  "  “ n 2 ( i ,  0 I & ' 1 . « 2  =  \ \4>\\]j . „ . 2

4c (i V) c 3/2 4(
£ n

)c1/2 )
C

Il cII
2
H9l>*2

C
31+2*2 - 1 / 2 i

R 3 Ie I
2 *i

Ir} IÌ (e, n)
2dtdT) c*1+32 L/2

II II
2
/y• 1,*2

( Cl ) <t>C2 ) n)dedr\)

limn oo



Therefore we obtain that (2) is locally ill-posed in H ai,a2(R 2) for (3 =  0 and a  < 0, when 
«1 +  2s2 =  1/2 and S\ > 0, s2 > 0. This completes the proof of Theorem 2.

There are some difficulties to extend the results of Theorem 2 to the two dimensional 
case with higher order term. If d =  2, (3 > 0 and a  =  0 then (1) has a solitary wave solution 
of the form

«e(*i*>y) =  M x - tf.y)) c > o
where

M o , *, y) =  <f>dx i y) = c<f>i(c1/4x, c3/4y) := c<t>(c1/4x, c3/4y).
One has

=  ? ( ^ j ,  ^ j ) .

and furthermore

(24) m \ U - >  =  ^ ) i 2<ie*>-

It is easy to see (cf. [11]) that <f> does not belong to L\syy  Hence one can not define the trace 

of <£(£, 77) at zero and therefore it is impossible to pass to the limit as c tends to infinity in (24).

We conclude this section with some remarks for the generalized KP-I equation.

\ /  f a t  "4 OlUxxx "i" f l U x x x x x  4“ UPU x ) x  "I" u yy "I" Uzz — 0
1 ’ \  u (0 ,x ,y ,z)  =  <f>(x,y,z)

If (3 =  0 and u(t, x, y, z) is a solution of (25) then so is

u \( t , x, y, z) =  A2/pti(A3i, Xx, A2y, A2z)

and
l l « * ( ‘ - ) l l # . . . «  =  A - + * * » + < s « ^ - > / 2P | | « ( A 3t ,

In [10] it is shown that for 1 < p < 4/3 and a  < 0 (25) possesses nontrivial localized solitary 
waves of the form

u (i,x ,y ,z) =  <j>c(x -  ct,y ,z), c > 0, 

where 0c(x,y, z) = cllp<f>{clf2x ,cyycz)y Using the arguments of the proof of Theorem 2 one 
can prove that (25) is locally ill-posed in i/*1**2 for si +  2s2 +  (5p — 4)/2p =  0, sj > 0, s2 > 0. 
If a  =  0 and u(t, x, y, z) is a solution of (25) then so is

wa (i, x, y, z) = \ 4/pu ( \5i, Ax, A 3y, A3z)

and
l l « ( t , - ) l l « M ..2 =  A - + 3« + < 8- T ' >V 2» | | « ( A s t ,  O i l * . . . . , -  

In [10] it is shown that for 1 < p < 8/3 and ¡3 > 0 (25) possesses nontrivial localized solitary 
waves of the form

u(t, x, y, z) = <f>c(x — ct, y, z), c > 0, 

where <f>c(x ,y ,z )  =  c1̂ p<f>(c1̂ 4x,c3^4y,c3̂ 4z), Using the arguments of the proof of Theorem
2 one can prove that (25) is locally ill-posed in H 9l,a2 for si +  2s2 4- (8 — 7p)/2p = 0, 
Si > 0, s2 > 0. In particilar when p =  8/7 (25) is locally ill-posed in L2.
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Finally we note that when a  < 0 and /? > 0, the existence of solitary waves is known for 
a suitable range of p's (cf. [10]) but the scaling argument leading to ill-posedness does not 
work.

6 . A  r e m a r k  o n  t h e  ( g e n e r a l iz e d )  K d V  e q u a t io n

In this section we shall show that the example providing ill-posedness for the (generalized) 
KdV equations uses just scaling properties and hence the special form of the solitary waves 
is not needed. Consider the (generalized) KdV equation

(26) ut +  uxxx +  upux =  0

The local ill-posedness of (26) is studied in [7], [8]. It is known that (26) possesses solitary 
wave solutions of the form

'u,c,'p{pix ) =  4>cAx  ~  )̂>
where

Uc,p(0,x) =  cp0p(cs*), <f>p(x) = { i(p + 2 )sech 2(^px)}1/p.

Since the solitary waves of (26) decays exponentialy at infinity one can define the trace of 
its Fourier transforms at zero and then prove local ill-posedness of (26) for p =  2 in H 3, 

s < —1/2 which is the result of [8]. Actually if p =  2 then <f>c,2{Q — ^ ( f / c 1̂ 2) and one 
obtains that for s < —1/2

Urn \\<f>c,2\\H> =  H?1 / ( 0 ‘<h{t/cl/2)d£ =  c ,^ (0 )c—+00 c—fOO J

and therefore one can easily obtain

lim (0ci i = ^»^2(0)
Ci ,C2->00,Ci /C2-* l

and moreover

lim . Jl&i,2 ~ 4>c2,2\\H‘ = 0.
C l  , C 2 - + 0 0 , C i / C 2 - » ’l

Further we have
•F(ttc,2)(t»0 =  exp( -zfcf )<fo (£/c1/2) .

Due to the Riemann-Lebesgue lemma, the presence of the oscillatory term exp(—itc£) makes 
the expression (tiClt2 (i,.) ,«C2,2(i) •))« ten<  ̂ zero as w 00 by taking c\ =  n2 and C2 =  
(n +  l )2. Therefore we obtain that (26) is locally ill-posed in H 3 for p =  2 when s < —1/2. 
In fact one can easlily show that the sequence <j>Ci2 converge strongly in H a, s < -1 /2  to 
V2nS as c tends to infinity. Here S stays for Dirac delta function. Similarly we can see that 
uc,2(i» •) converge weakly to zero in H a. Now the boundedness of ||<£c||ii*j s < — 1 /2  provides 
the locall ill-posedness.
Similarly when p =  1 (the “usual” KdV equation) one can prove that <f>Ci 1 (x) converge weakly
in H a, s < ---- 3/2 to \/2irdxS(x) as c tends to infinity. We also have that uc,i (£,.) converge
weakly to zero as c tends to infinity. We also have that

II>m ( M I I« - H l f e l l» - =
Since dx8(x) 6 H a, s < —3/2 the last arguments strongly suggest local ill-posedness of (26) 
in H 3, s < —3/2 when p = 1. On the other hand, J. Bourgain has shown in [15] that if one
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requires that the map data solution u0 M- u(t) be of class C3 from H a(R) to H a(R) then the 
rsult of [42] for the KdV equation (5 > —3/4) is sharp 2.

7. A ppendix

In this appendix we shall give the proof of Lemma 5.1. By scaling it suffices to prove that 
|L>r |e(x0) e ¿ 2(R 2), where

We have
1 2x2

*(* '») =  ! +  *» +  „» "  (1+ x^+ j,» )»  "  +
A simple computation shows that

1 r°° e _*(1+y2)1/2*  ̂
y) :=  ^ r ( 0 i ) ( £ ,  y) =  ^  +  y2)i/2  y _ oo
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1

(14-y2)1/2
_ ( l +y3)i/aK|

Hence

(f, y) =  - s g n f  • e (1+v3)1/2lil

and
d t  

^ J £ l 2£l ^ - ( £ , y ) l 2^ y  =  JK 2 \t\2'e-^+y2)1/2Mdtdy 

= f  7T~r~ra72+̂ e~̂ X̂dXdy < °°» J R 3 ( l  +  y2) 1/2+e

since € > 0. Let now 0(x,y) =  — |02(s,y )- A simple calculation yields

1 f  x2e- i M ) xlM
«({,») == * r M ( i , ») =  (1 +  y2)1/,  JR ,  (1 +  I y  «<«•

Write ~ ([+ 7 ^  and reca11 that (cf* W)

? ( - r h m = e~m
and

^ ( (h W )(<) =  c|i|3/2* 3/2<lil)'
where K3/2 is the modified Bessel function of order 3/2 (cf. [1])

Kz^ z) = { y z ' 6-2(1+ b ‘

2 In Chapter 8 we shall prove that C 2 regularity of the map data-solution suffices in order to construct 
the example providing the local ill-posedness

4>(x ,y )
1 - X2 +  y2

(1 ■f X2 +  y2)2

<fa(%1y)



Therefore

-  ~ ^  ■ ( T T ? ) ^ ( 1 + l f  1(1+ v2) ,/2)e - (1+“I),/I|il

_  J _ z V L e-(i+v2)1/2lCl _  C4 l ì . |tf|e-(i+v2)1/2KI
-  (1 + y2)!/2 V 2 K|e

:= 1>i ( ^ y )  + M ^ y )

The term ^ i(f ,y )  leads to a computation similar to that of <f>\. Now

^ r ( f , y )  = ' sgn^ ’ (e“ (1+I,2)1/2̂  — |£|(1 +  t/2)1/2e“ (1+y2)1/2̂ l)

:= i>i\(Z,y) + ^22(Z,y)

f  a \Z\2t\ M Z , y ) \ 2<%dy = c I  \^\2ee - ^ 1+ŷ 1,2^d^dy  
J R  «/R

=  CL  <1 l % n +s ' m i X i y <

J ^ 3 l£l2eliM & y )l2d£dy =  c >4 j ^ l 1+2£(i +  y2) l/2e' 2(1+v2)1/2kl^

= C [  2U/2+ e~2|* ld*<*y < °°-7r 2 (i + y2)1/2+e
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since € > 0 and furthermore

This completes the proof.

R em ark . We conjecture that the result of Lemma 5.1 is valid for any localized solitary 
wave of KP-I type equation.

K, y)
i

(i ■f y2)1/2e (1+v2)1/2Kl +
1

T
1

(1 +■ X2
(L + y2I1/2 )( ((1 ■+ y2

)
1/2

)

1

(1+ y2)1/2e (i+V2 )1/3kl



CHAPTER 7

The Cauchy problem for the fifth order KP equations

This Chapter essentially contains the joint paper with Jean-Claude Saut [50] (The Cauchy 
problem for the fifth order K P  equations).

A b s tra c t

We study fifth order KP equations. In 2D the global well-posedness of the Cauchy problem 
in the energy space for the fifth order KP-I is obtained despite the “bad sign” in the algebraic 
relation related to the symbol (cf. (7) below). In the case of the fifth order KP-II, global 
solution with da ta  in L2(R 2) for the corresponding integral equation are obtained, removing 
the additional condition on the da ta  imposed in [49]. The case of periodic boundary condi­
tions is also considered. In 2D the local existence for da ta  in Sobolev spaces below L2(T 2) 
is obtained and in particular the global well-posedness for da ta  in L2(T 2). In 3D the local 
well-posedness for da ta  in Sobolev spaces of low order is proven.

AMS subject classification: 35 Q 53, 35 Q 51, 35 A 07.

R é su m é

On étudie les équations de KP d ’ordre 5. En dimension 2, on montre que le problème de 
Cauchy est localement bien posé dans l’espace d ’énergie pour l’équation de KP-I d ’ordre 5, 
malgré le “mauvais signe” dans la relation algébrique liée au symbole (voir (7) ci-dessous). 
Pour l’équation de KP-II d ’ordre 5, on obtient des solutions globales correspondant à des 
données initiales dans £ 2(R 2) pour l’équation intégrale associée, sans la condition supplé­
mentaire pour la donnée initiale imposée dans [49]. On considère aussi le cas des données 
initiales périodiques. En dimension 2, on montre que le problème de Cauchy pour l’équation 
de KP-II d ’ordre 5 est localement bien posé pour des données initiales dans des espaces de 
Sobolev plus gros que L2(T 2). En dimension 3, on établit le caractère localement bien posé 
du problème de Cauchy pour des données appartenant à des espaces de Sobolev d ’ordre petit.

Code Matière AMS: 35 Q 53, 35 Q 51, 35 A 07.

1. In t ro d u c t io n

In this Chapter we continue the study of the fifth order Kadomtsev-Petviashvili (KP) 
equations started  in the previous Chapter. These equations occur naturally in the modeling 
of certain long dispersive waves. For waves propagating in one direction, the fifth order

133
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Korteweg de Vries (KdV) equation

(1) dtv +  vdxv +  ad%v + d%v =  0, a  =  ±1,0,

has been derived in many physical situations when higher order dispersive effects are to 
be taken into account. Kawahara [38] has introduced it (equation (1) is often called the 
Kawahara equation) in order to model solitary waves with an oscillatory structure, which 
can not be obtained from the usual KdV equation. More specifically, (1) with a  =  ±1 has 
been derived to model one dimensional gravity-capillary waves when the Bond number which 
measures the surface tension effects is close to the critical value 1/3 (cf. [28, 26, 30]), or to 
model surface water waves under the presence of an elastic ice plate [40]. On the other hand,
(1) with a  =  0 arises as the approximation to small amplitude, long waves at the surface of 
shallow water having the critical depth 0.54 cm.

Taking into account weak transverse effects in the y direction leads (cf. [33]) to KP type 
equations of the form

(2) (dtu +  ad%u -  d^u +  uux)x +  euyy = 0.

Here e — — 1 corresponds to the “focusing” case (KP-I type), while € = 1 corresponds to 
the defocusing case (KP-II type). The solitary waves of these equations have been recently 
studied in [2, 10, 11, 27, 29, 34, 35, 30]. We will deal here with the Cauchy problem. 
Thus in the case of two space dimensions we shall study the following equations

(3) (dtu — d^u +  ad%u +  uux)x — Uyy =  0, (fifth order KP-I) 

and

(4) (dtu — dxu +  ad^u +  uux)x +  uyy =  0, (fifth order KP-II) .

Here u is a real valued function and (i, x, y) 6 R 3. Both equations (3) and (4) are completed 
by the initial condition

(5) u{0,x,y) = <j>(x,y).

The equations (3) and (4) are infinite dimensional Hamiltonian systems with Hamiltonian

B W  =  \ j  W i t ?  +  f /  I M 2 ±  \  J  W ' V I 2 "  g / ^ 3.

where the sign +  (resp. —) corresponds to (3) (resp. (4)). The Hamiltonians are ( at least 
formally) constant along the trajectories of (3), (4), i.e.

ff(u(t)) = H ( 4 > ) .

Note that the main contribution of the quadratic leading part of the Hamiltonian is positive 
only in the case of KP-I. The L2 norms are also conserved along the trajectories due to the 
gauge invariance, i.e.

j  l“ WI2 =  j  w 2-

The equations (3), (4) can be written in the form

(6) a±(Dt , Dx, Dy)u =  - iuux,
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where Dt =  — idt, Dx =  — idx , Dy = —idy and cr±(Dt, Dx, Dy) are Fourier multipliers with 
symbols

<r±(r,Ç, 7?) =  r  -  £5 -  a£3 =F y  •

The symbol a+ corresponds to KP-I and <t_ to KP-II. We have the following algebraic identity 
for <t±, which was first introduced in the context of the “usual” KP-II equation by J. Bourgain 
(cf. [14])

< ' ± ( n . i l . ' ? l )  +  < '± (r  - o ± ( r , ( , ’?) =

(7) ( t ( ( (  ~ ( 0  |s ( { 2 -  « i + { ? )  T +  3 0 1

Note that in the KP-II case (7) permits to give a lower bound for the maximum modulus of 
the three terms in the the left-hand side of (7). This bound enables one to compensate the 
derivative loss in the nonlinear term uux (cf [49]).

In [49] the local well posedness of (4) in Sobolev spaces of negative indices is obtained. 
There are two main ingredients in the proof. The first one is a global smoothing effect for the 
linearized equation (cf. [5]) injected into the framework of the Fourier transform restriction 
spaces introduced by J. Bourgain. The second is the essential use of the algebraic relation
(7). In the case of <7+ (i.e. KP-I) the relation (7) does not give a priori a lower bound. 
Nevertheless, in this Chapter we shall be able to overcome this difficulty, mainly because of 
the higher dispersion (cf. Theorem 1 below). Unfortunately our methods do not work at the 
moment in the case of the “usual” KP-I equation

(8) (dtu +  dxu +  uux)x -  Uyy =  0.

On the other hand, using the parabolic régularisation method it is possible to prove local well- 
posedness of (8) in H 9, s > 2 (cf. [31]). The proof does not use the specific structure of the 
KP equations and could be performed for quite general evolution equations. The condition 
for s is in order to control the L°° norm of the x derivative of the solution and it seems to be 
very restrictive. Much deeper results concerning the KP-II equation have recently appeared. 
The “usual” KP-II equation has the form

(9) (dtu +  d%u +  uux)x +  uyy =  0.

In [14] local solutions of (9) in L2 are obtained with emphasize on the case of periodic bound­
ary conditions. The proof uses dyadic decompositions related to the symbol of the linearized 
operator. The full space problem is also considered. A short proof of local well-posed ness in 
/P ( R 2), s > 0, which uses only Strichartz inequalities, is done in [50]. The same result is 
obtained in [32], where the nonlinear estimates make use of the simple calculus techniques 
introduced by C. Kenig, G. Ponce and L. Vega in the context of the KdV equation (cf. [42]). 
In [57] the local well-posedness of (9) in Sobolev spaces with negative indices with respect 
to x variable is obtained. However, an additional condition on the initial data is imposed. 
More precisely, it is assumed that |£|- V(£>*?) € L2, which is rather restrictive. In [52] and 
[58] this restriction on the data is removed. Due to the conservation of the L2 norm the 
solutions are extended globally in time for L2 initial data. Global existence for data below 
L2 is established in [53] and [58]. The proof uses the local existence techniques and a new
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idea of decomposing the initial data in high and low Fourier modes due to J. Bourgain in the 
context of NLS (cf. [15]).

The equation (3) possesses solitary wave solutions, i.e. solutions of type u(x — ct,y), 
where c is the propagation speed (cf. [10],[11]). Actually by the aid of concentration com­
pactness principle solitary waves for some generalization of (3) could be obtained. Namely 
one is allowed to consider upux instead of uux as a nonlinear interaction in a suitable range 
for p. In [49] solitary wave solutions were used in an essential way to prove local ill-posedness 
results for some KP-I type equations (including (4) with a  =  0).

In this Chapter we are going to prove the local well-posedness of (3) for initial data in a 
suitable anisotropic Sobolev space. Further we extend the solutions globally in time due to 
the conservation of the energy and thus we obtain the global well-posedness of the fifth order 
KP-I equation in the natural energy space. Note that our result are the first of this kind for 
KP-I equations. In [55] M. Tom got by energy methods the existence of global weak solutions 
in the energy space but uniqueness was not proven. The proof of the local well-posedness 
result uses the Fourier transform restriction method due to J. Bourgain. The global solutions 
are obtained for data in the energy space, i.e such that H (<f>) < oo. In the case (4) local and 
global well-posedness in L2 are obtained, removing the restriction on the initial data imposed 
in [49]. Now we state our results in the continuous case. A precise formulation will be given 
in Theorems 4.1, 4.2, 5.1.

Theorem  1. (local well-posedness for higher order KP-I) The initial value problem (3)-
(5) is locally well-posed for initial data satisfying:

M i ’ +  IIID .M i» + IIIDylVlb < 00, s > 1, k  > 0, | « r ‘5(i,i/) e S '(R2).

T heorem 2. (global well-posedness for higher order KP-I) The initial value problem
(3 )-(5) is globally well-posed for initial data <f> € Z-2(R 2) satisfying H(4>) < oo.

The next result removes the constraint on <f> which was needed in [49].

T heorem 3. (global well-posedness for higher order KP-II) The initial value problem
(4 )- ( 5 ) is globally well-posed for initial data satisfying:

¿<=L2,

R em arks. There are several extensions of the Theorems above that we can think of. One 
may conjecture that global well-posedness of (3)-(5) (KP-I) holds for data in L2. For that 
purpose we need a further extension of the arguments of Case 3 of the proof of Theorem 2.1 
below. On the other hand local well-posedness of (4)-(5) (KP-II) can be obtained in Sobolev 
spaces with negative indices with respect to the x variable even without the restriction on the 
data imposed in [49]. Then one could use the same arguments as in [58] in order to obtain 
global well-posedness of (4)-(5) below L2.

Now we turn to the periodic boundary conditions. We shall consider only the higher 
order KP-II equation

(10) (dtu -  dlu  +  uux)x +  Aj_u =  0,
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where Ax =  d 2 in 2D and A± =  d 2 +  d2 in 3D. The equation (10) is completed with the 
initial condition

(11) u(0) = 4> : T 'h + R ,  d = 2,3.

Here stays for the d-dimensional torus. One of the main difficulties in the case of periodic 
boundary conditions is the absence of Strichartz inequalities. The point is that the free 
evolution does not possess any dispersion property. However in the case of periodic KdV or 
Schrödinger equations there is a partial knowledge of Strichartz inequalities (cf. [12, 13]). 
Similar inequalities in the context of KP are not known. Nevertheless in [14] J. Bourgain 
proves the local well-posed ness for the 2D KP-II with periodic data by an analysis of multiple 
Fourier series. In this Chapter we shall adapt this approach for the case of higher order KP-II. 
In order to state our well-posed ness results we define the Sobolev type space Y'iT**), d =  2,3 
measuring the regularity with respect to x, equipped with the norm

|H|K. =  ||<m)V(m,.)||L2(T<i).

Now we state the result in 2D.

T heorem 4. Let d =  2. Then the Cauchy problem (10)-(11) is locally well-posed for 
initial data:

<f> € y*(T 2), s > —1/8, I <f>(x,y)dx = const.
J  T 1

In particular when s = 0 we have global well-posedness due to the L 2 conservation law.

In 3D we shall prove the following result.

T heorem 5. Let d =  3. Then the Cauchy problem (10)-(11) is locally well-posed for 
initial data:

<f> € y*(T 3), s > 0, I 4>(x, y, z)dx =  const.
J T l

N o ta tion . By *or F  we denote the Fourier transform and by the inverse transform. 
IUIlp denotes the norm in the Lebesgue space Lp. The notation a±  means a ± e  for arbitrary 
small e > 0. Constants are denoted by c and may change from line to line. A ~  B  means 
that there exists a constant c > 1 such that i|i4 | < |i?| < c\A\. For any positive A and B 
the notation A < B  (resp. A > B) means that there exists a positive constant c such that 
A < cB (resp. A > cB). For A, B  6  R  we set A  V  B  =  max{,4, B} and A A B  = min{A, B}. 
By mes(>l) we denote the measure of a set A.

2. Prelim inaries

In order to prove Theorem 1, Theorem 2 and Theorem 3, we shall apply a Picard fixed 
point argument in a suitable functional space to the integral equation corresponding to (3) 
or (4)

(12) u(t) = U±{t)4> -\J 'Q U±{t -  t')dx{u2 {t'))dt'.

Here C/± (i) are the unitary groups which define the free evolutions of (3) and (4), i.e.

£/*(*) =  exp{-itp±(Dx,D y)),



where pi* (Dx, Dy) are Fourier multipliers with symbols

r?
p+(£, rj) =  - f 5 — a f 3 — - ,  for the fifth order KP-I

and
„2

p (£, rj) =  - f 5 -  a f 3 + 1 ") f°r the fifth order KP-II.

We define an anisotropic Sobolev space i7j;y(R2) by

» i : i (R 2) =  {* € S '(R 2) : II ÎIhj.; < ° ° } ,

where

=  ||(i -  d lY ' \ l  -  d l)k^  IIli.,

The spaces Hx’,y(R2) are natural ones for the initial data of KP type equations since their 
homogeneous versions are invariant under scale transformations which preserve the KP equa­
tions. Further we define the Bourgain type spaces associated to fifth order KP equations. 
Let X b,a’k be the Sobolev space equipped with the norm

where (•) =  (1 +  | • I2)1/2. We denote by B±*’fc(R3) the spaces equipped with the norm

(13) ||u; =  ||t /± ( - i ) ,u;A'6’a,A:||.

Since ^ ’(i/± (—t)u)(r,£ , rj) =  u (r — p± (^, 17),£, rj) we obtain that, in terms of the Fourier 
transform variables, the norm of B±3’k can be expressed as

| k B ^ ‘ || = ||(r + , ) > * « > * ( , 4 ^ , 1 1 .
L _ JL

Let I  C R  be an interval. Then we define a localized Bourgain space B± ' (I) equipped with 
the norm

=  infcf w(0 =  «(*) on !} ■

The following inequality, proven in [49] is a version of the smoothing effect established in [5] 

P ro p o s itio n  1. (cf. [49], Corollary 1 of Lemma 3). The following inequality holds

(14) l l^~1(KI^(T +  i>:t( ^ ^ ) ) " 2~ l « f a ^ ^ ) l ) l l ^ txy) < IMIl’ -

We shall make use of simple calculus inequalities.

P ro p o s itio n  2. Let 7 > 1. Then for any a € R  the following inequalities hold

dt
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i IIHM.k

Ilu;X bts,k
(R

3
)II II(r >

b
(0

9
iv)

k
U L 2

II,r¿,n?

Ilu IIB b.s.k
t (I)

(15)

(16) /oo 

•oo

(t) 7 <* o)
< («O

—'Y
î

dt

(t) 7 I* a\1/2
< (a)

-1/2



Let ip be a cut-off function such that

tp € Cq°(R), supp ip C [-2,2], ip =  1 on the interval [-1,1].

We consider a cut-off version of (12)

(17) u(t) = W ) U ±m - \ < H ‘/ T ) [ u ±( t - t ' ) d , ( u 2(t'))dt’.

We shall solve (17) globally in time. To the solutions of (17) will correspond local solutions 
of (12) in the time interval (—T, T). We have the following estimates for the two terms in the 
right-hand side of (17).

P ro p o s itio n  3. (linear estimates) Let — ̂  < b' < 0 < b < b' +  1, s > 0 and k > 0. 
Then the following inequalities hold

(18) IW 0 1 '±(0 * b *,*'‘ I I < M m :î ,

(19) M t / T )  f  u ±(t -  i')dr (u2(t'))di'; B b-’’hW < T l~k*k'\\uut -, Bh'---k\l
Jo

Proof. The proof of (18) is a direct consequence of definition (13). Clearly (19) is 
equivalent to

(20) l |£ i ; f f f l l < r 1-*+*'lli;Hf'll,

where the operator L is defined by

(Lg)(t) = rP(t/T) f  g (t')dt'.
Jo

Note that (20) is one dimensional and does not depend on the special structure of the equa­
tions (3), (4). In addition since b—b' < 1, (20) asserts that the integration gains one derivative, 
which is natural. For the proof of (20) we refer to [23], Lemma 3.2.

We shall apply Proposition 3 with b =  and b' =  — A small factor will appear in 
the right-hand side of (19). In order to apply a fixed point argument we need the following 
crucial bilinear estimates which will be proved in the next sections.

Theorem  2.1. (KP-I) Let s > 1 and k > 0. Then
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T heorem  2.2. (KP-II) The following inequality holds

(21)

(22)

IIUUXII8 ,*,k < IIti II
2
B +

IluuXII
B Bè+ .0,0 <rsj IItJII

2
è+ ,0,0
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3 . T h e  b i l in e a r  e s t i m a t e s

3 .1 .  T h e  f i f th  o r d e r  K P - I  e q u a t io n .  Let £ =  (£,77) and set

„ 2

a : = < 7 + (r,C) =  r - f 5 - a f 3 - y ,  a x :=  <r+(n, Ci), o2 :=  a + ( r  -  n,C -  Cl)-

By duality, (21) is equivalent to

(23)

where

and

Since for k > 0 the quantity

<>?>*

is bounded we shall suppose that k =  0 hereafter. Without loss of generality we can assume 
that u > 0, t; > 0 and w > 0. We consider several cases for (r, C, T\, Ci)-

Case 1. |£| < 100.

Case 1.1. |£i| > 200. In this case |£ — £i| > 100. By the aid of Proposition 2.1 we 
estimate the contribution to J  in this case by

<<'1>^-S(r1,<i))||i.||^-1(li -  i.l*M -*-® (r -  n,< -  Ci))lli<IMIp

< IM M M M M li,»-

Case 1.2. |fi| < 200. Denote by JX2 the contribution of this region to «7. Cauchy-Schwarz 
inequality yields

J  /i2 (r,C) |w(ti, Ci)v(r — T!, C — Ci)|2̂ î Cî  w{T,Ç)dTdÇ.

where by the aid of (15) we obtain the following bound for / i 2 (f, C)

We perform the change of variables rjX v

V =  <TX +  (72.

J <rs. Ih Hl2\\vIII2IIwIIL2 )

J
1 JK (T?C, TU Cl)U(r l, Ci)î (t n, C Ci)w )d.T\dCidrdC

K ri»' i Kl-(0 î (v) k

Ki y ei
L2h>2) ■f (m) k(n m) k

(Vi k
(n m

\k

J 12 <

/l2 (r , C) <rsj
lei

(* )
i
2 /

dC i

(°i + 02 )
1+

1
2

IlT -1
(IIei I

i
4
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Then
d v

dvi l«i(*-*i)l 

_ 2|£l \a + £6 (£ -  6) (5£2 -  5^i + 5£? + 3a) -  u\* 

l«i(*-6)l* 

£  lil* k  + « » K " i 'X 5«2 - « iii  +  «ÎÎ +  3«) -

Now using (16) we arrive at

A2(r,C) <
\t\*'

(o)i // d£\dv

O + «i({ -il)(5 î2 -  5«! + 5ÎÎ + 3a) -  v \ ’ <*>»+

M  i

W  +  « 1 «  -  f i)(5 i2 -  5 « i  +  5ÎÎ +  3a) -  v ) i

< const,

since |£i | is bounded. Hence using Cauchy-Schwarz we obtain

Ju  ;$ IM M M M M Il2*
Case 2. |f| > 100, min{|£i|, |£ — £i|} < 1. Denote by J 2 the contribution of this region 

to J. Cauchy-Schwarz inequality yields

J2 < J  h { r ,Q  | y  l«(n,Ci)v(r-tï,C-Ci)|2*ï<îCiJ «foO^C»

where due to (15)

We perform the change of variables (£1, 771) t-4 (¿1, u)

H =  « i ( £  -  6 ) ( 5 £ 2 ~  %  +  X Î  +  3 a ) ,  v = a +  (72 .

Then
dfi

d ti
=  li({ -  2fl)l|5Ç2 -  lOifi +  10{? +  3a|

> lil’ l i - % 1  (since |{| »  1)

2 4 ft iV f t l ) I

h (r,< <rNj
Kl

i«7)
i
2 / ¿Ci

i2

( ^i + <y\)14

r>*j lei
12 ìe i5 íes3ei (e £, )

>/V/ ICI* 'K
15 2Ip I-



and

Hence

and moreover
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dv

dm

d(n, u)
<

^ (r,C ) < - 3 — r
K K * )2 / /

2 („)1 + }

Now a use of (16) yields

h ( r ,  C)<
~ | £ | 4 ( ( 7 ) 2  \ J  (<7 +  / i ) 2 ( | £ | 5 - 2 | / i | ) 2  

Since min{|fi|, |£ — fi|}  < 1 we have that |/i| < 30|£|4 and therefore

1 (T a  < 1 l£l {  f  d**
2 ’ ~  |^ |« (a )2 - |£ |t  \V |M|<C|4|4 (a-H/i)!

12

< const.

Hence using Cauchy-Schwarz we arrive at

J2 £  N b l M M M b -

C ase 3. |£| > 100, < min{|£l |, — ^1}. Denote by J 3 the contribution of this
region J.  Clearly

KKfl1 < const < |£ i | i |£ - £ i | i .
<6 Y i t - b Y

Therefore as in Case 1.1 we obtain a bound for J 3

ll-T^Gfil« (o-i>_2_«(7-i, COÎMI-T7“ 1^  ~ Îi|^(o-2>"2- t;(r -  t ï ,< -  C i ) ) I M M k 2 

;$ IM M M b lM U 2-

Thus in the rest of the proof of (23) we can assume:

(24) lil > 100, l i m m i l f . I . l i - i x D i — |i| .

Case 4. (24) and \<T\ +<72 -  a\ > 755|£|4. Denote by J 4 the contribution of this region to 
J .  On the support of J 4 one has

(25) max{|<ri|,|<72|,M}> |£|4.

2I* a + u — V
i
2

>*SJ
«1 (c )

1
2

e 2 <7 f  U -  1/
i
2

1
2

122 )

i
2

5e(e
7
2 (7 +  /X -  1/

1
2

d (e1, Vi )

<r*j
1

(*)
i
4 + e

(*}
12
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Suppose that \a\ dominates in (25). Then

143

K(tX , t, X 0 < ^0+//T.\0 +(<7i>2+(<7i)2‘

and therefore we bound J4 by

< IMMMMMb-
If |<Ti| dominates then |<ti|- ?- |<j|- ?+ < |<Ti|— |<r{—2 — and we can use the same argument as 
when \a\ dominates just replacing a with (J\. A similar argument could be performed when 
10 2 1 dominates.

Case 5. (24) and \a\ + 0 2  — a\ < ŷ ol£|4- Denote by J5 the contribution of this region to 
J. By symmetry we can assume that |fi| < 1551̂ |. Consider the dyadic levels

(26) |6 I K ~  dyadic, K >  1 .
Denote by Jif the contribution of (26) to J5 . Since

K

we need an estimate for . Cauchy-Schwarz inequality yields

J *  < J  Is (t >Q l«(n,Ci)u(^-'ri,C-Ci)|2̂ iciCiJ w(r,C)drdC.

Since (£)*(£i)- , (£ — £i)-a ^ cK~s we have the following bound for

Perform a change of variables (£i> *?i) (/*,v )

A* = «i(* -  6)(5£ 2 -  5fti + +  3a), u =  a l +  <T2 - a .  

We have similarly to Case 2

dfi

Hence

>iei H t - w ,

m)

dv
drj 1

>rv/

d{n, v )
M*

Therefore we arrive at the following bound for I k (t ,Q

1 \fi\^dfidi/

IlT
-i

i l >1 S-k U T] j Ci)) L4 T -i
( i ii

1
4

12 '€ (r n,C Ci )) IIL4 W L2

<r E J K
5

1K ( )5

I K
(r) C) < i

K 9 /
dCi

°i + ai i+

12

e 2 U -  V
12

12

e
7
2 l i  —  V e 5 2 )

1
2

1 K
5 ( r »C) <rsj

1
i
4 K S U - V

i
2 c

(

î ¿/idi/
i
2

1 +1/ +  CT
1
2)2



Since |/x| ~  Ä"|f|4 an<i M < loöl^l4 we obtain

.. > 1; . .  < 1 _____ !_____ < _ L
,i r>j /t Aier . IV 1 rv .„.5 ’
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(Ki5-2H)* ki*
Hence

[ ° °  d j i d v  \  

i-c« <i' + ff)1+ J

I2* ’ { /»~ lil2*’ i J|„w  ̂

<rsj
K*-*

and furthermore

J * ~ 7“ ~tIMMMI£2IMIl2-
K a~i

Summing over i f  provides a bound for J 5. This completes the proof of (23).

3.2. The fifth order K P-II equation. Set

„2
a:=<7_(r,C) =  r - f 5 - a f 3 +  y ,  o x := a_(rl5Ci), <r2 := a_(r -  Ti,< -  Cl).

Due to the algebraic relation (7) we obtain

(27) max{|<7|, |cti|, |<t2|} > |£i||£ -  6 l|f |3-

A duality argument writes (22) in the form

/ / <rsjK (r, C, n , Ci)£(n, Ci)u(r -  TU C -  Ci)w(r, OdridCidrdC 

IÎ IIl2 IIuIIl2> IIwIIl2)
where

Kl^(r,C,ri,Ci) =
(<7>2 (<7i )2 +  (cT2)2 +

Without loss of generality we can assume that u > 0, v > 0 and w > 0. The cases when 
|£|, |£i| or |£ — £i| are near to zero can be treated exactly as in the proof of Theorem 2.1, 
Case 1 and Case 2. When |£|, |£i| and |£ — £i| are away from zero then we are in position to 
apply the arguments of Case 4 of the proof of Theorem 2.1 since in this case (27) provides 
the bound (25) needed for the proof (which is not always available in the case of higher order 
KP-I).

1K T,Ç) <rsj
1

*
2 K 3

Í
4

i
2

1
2



4. T he local w ell-posedness

In this Section we shall prove the local existence results concerning fifth order KP equa­
tions with initial data defined on R 2. We state the complete version of Theorem 1.

T h e o r e m  4.1. Let s > 1 and k > 0. Then for any (f> € i/J;£(R2), such that |f  rj) €
<S'(R2) there exist a positive T  =  T(||0||^»,*) ( limp_>.o T(p) =  oo) and a unique solution 

u (t,x ,y ) of the initial value problem (S)-(5) on the time interval I  =  [—T ,T ] such that

Now we state the result for KP-II equation.

T h e o r e m  4.2. For any <f> €  L2(R2), such that | ~ V ( £ ,  rj) €  <S'(R2) there exist a positive 
T = T(\\<f>\\i2 ) f'limp- .̂o T(p) = oo) and a unique solution u(t, x t y) of the initial value problem
(4)-(5) on the time interval I  =  [—T, T] such that

u e C ( 7, L2(R 2)) n  B i+’°’°(I).

R em ark . The assertion of Theorem 3 is a direct consequence Theorem 4.2 due to the 
conservation of the L2 norm.

P ro o f  o f T heorem  4.1 and  T heorem  4.2. Define the operators L*

L ^ i t )  = (t)tf* (0 *  -  k w / T )  t  -  tr)dx {v2{tr))dt'.
* Jo

Then by the aid of Proposition 3 and Theorem 2.1 we obtain
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Similarly using Proposition 3 and Theorem 2.2 we obtain

< ( w \ »  +  r ° +IM I^ t , , )

and furthermore

\\L+u - L +v\\ i +iiifc <  T 0 + | | u  +  v | |  i + .»lfc| | t i - v | |
B+ B+

Il L u — L v|| i+ |0|0 ^  T °+ ||ti +  u|| ¿+,0,0 II11 "" vll n¿*+,o,o •
D_ D_

Now we can use the contraction mapping principle for sufficiently small T  to prove the local 
well-posedness of the integral equation (12) on the time interval [—T, T\. Let u be a solution 
of (12). Then u is a solution of the original equation (3) (resp. (4)) with initial data <f> only 
if an additional condition on <f> is imposed. This is because of the singularity of the symbols 
P± (r i i ) 77) at f  =  0. In order to have a well defined time derivative of i /± (i)^ we should be 
able to give a sense of |£|-1^(f, r}). Therefore if we suppose that |£|- V(£, rj) 6 S ' then the 
solutions of (12) are as well solutions of (3) (resp. (4)) with initial data <f>.

u e C (1 E (R 2
)) r B

i
3 (1h

k
a»1

H

Il-L
+u

n
< i>

('
H*.v f T u 2

B+ )

L u



5. T he  global well-posedness in th e  energy  space (K P -I)

5.1. Local well-posedness in th e  energy  space. In this Section we shall prove global 
well-posedness of the fifth order KP-I equation in the energy space. Because of the specific 
structure of the energy density for KP type equations, we shall prove first a local existence 
result which requires more regularity on the data and in this sense weaker than Theorem 1. 
But on the other hand we shall consider data which satisfy the constraints needed to give a 
sense to the energy. Denote by £ (R 2) the space equipped with the norm

M E  =  i i ( i+ i i i2 + i i r 1N)?(i,>))iii j,f,

The space £ '(R 2) is related to the energy of the fifth order KP-I equation. Recall that

m )  =  5 /  l ^ l 2 + 1  /  I M 2 ±  \  j  l a r ' v i 2

is the energy for (3). Note that if <f> € ¿?(R2) then H(<f>) is finite. Denote by Y b,9,k(R 3) the 
space equipped with the norm

,,2\ b
(28) HlyM.* = IMIb>.'.° +
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:=  IMIvm +  IMIvm 1 ■* 2

Similarly to B±9,k(I) we define the space Yfr,a,*(/), where /  C R  is an interval. We remark 
that Yfc,2,1(R3) is the Bourgain space associated to i?(R2), i.e. the following relation holds

In order to state the local existence result we define the space H a,k(R 2) equipped with the 
norm

M s-.»  = 11(1 + i f r + i i r 1i’?i*)?(f.’?)iii.! •

Clearly / f 2,1(R2) =  £ ( R 2). We have the following Theorem.

T h e o r e m  5.1. Let s > 1 and k > 0. Then for any <f> € H s'k(R 2), there exist a positive 
T  =  T ( ||0 ||^ 4ik) ( limp_+o71(p) = <x>) and a unique solution u (t,x ,y )  of the initial value 
problem (S)-(5) on the time interval I  = [—T,T] such that

u € C (I , H 3’k(R 2)) Cl Y

The proof of Theorem 5.1 is in the spirit of the previous section once we obtain the crucial 
estimate

(29) ^

Due to Theorem 2.1 we obtain

(30) H 3rM IL-*+.. ^  IM L^m IMI i +1.
1 1 1

—-f- k
In the next Proposition we give a bound for the the Y2* ’ (R3) norm of the bilinear expression 

dx{uv) in terms of y i2+,s(R3) and Y22+,fc(R3) norms of u and v.

1

6 I
3
y

T - e — a r -
£ *7«( r,ç,*7(

L r,t,Tì

u V6,2,1 U - t u H b E y

dx U V
Y-k+,*,k < U

Y h4-,ê,k V
Y t ±.s.k

12h*,*
(/)•



P r o p o s it io n  4. Let s > 1 and k > 0. Then the following estimate holds

(31) ll^xM II i +ifc <  | IMI i +ifc +  ||u|| i+.JM | i +>. }
2 I Yl 2 Y2 M )

P ro o f  o f (31). We have
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\\dx (uv)\\ h tk  =  ||/(r,&»?)|lL?

where

J(r,6*?) =  - /t t t  / « ( n , 6 , » 7 i ) u ( r - r i , 7/i)drid6dî?i
(a) 2 7(a): 

(?)* 
i + /

«/hi(<7)2 [*/|»?|<2|*7i| ^hl>2|ml

We claim that

(32) ||/i(r,£,7?)||i2i fj £  ll«lly i +(*l|v||y i+,.

and

(33) IK 2(r,67/)|b  < | M|  i +J |t; || , +ifc
M Y2

Since if |t;| > 2|î7i| then |t/| < 2177 —1711 the proof of (33) is essentially the same as that of (32) 
via a symmetry argument. A duality argument writes (32) in the form

i34) f  f  ( v ) k\ j i \ f ( T i X i ) g ( r  ~ t i .C -  Çi)/t(r,QdTdÇdTjdÇj

£  UWlA M lA M l  ̂ ( recall that C =  (6 *?), Cl =  (&i»7i))-

The proof of (34) is similar to that of Theorem 2.1. Denote by J  the left-hand side of (34). 
Since on the support of J  one has (77! < 2|77i| the quantity (v)k(T)i)~k is bounded. Consider 
different cases in order to prove (34). Let |6| < 1« If If — 61 < 1 then we can perform 
the arguments of Case 1.2 of the proof of Theorem 2.1. If |f — 61 > 1 then we can use 
Proposition 2.1 as in Case 1.1 of the proof of Theorem 2.1. Hence we can assume that 
161 ̂  1- Let 1 < 161 < 2|£ — 61- Then by the aid of Proposition 2.1 the contribution of this 
region J is bounded by

||^"Hl&l<<^i}~’ _ 7 (n ,C i))IM I^ _1( lf -6 l< < ^ 2 )“ ’ - ? ( r - r i ,C - C i ) ) M W lL 2

< H / l b N M W b -

Let 161 > 1 and |61 > 2|f — 61* Denote by J  the contribution of this region to J .  In this 
case we have

lil <  s l i i l  <  3 | f |  = >  I i | ~ | f i | .

I ri <2 a
i
2 °\

12+ 0*1 i+ *71 A:

h 7 > ) + h (T »?)
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Hence we have to prove that

/  /  *  H /M ls lM W I* .
j  ^M<2|*7i| (<r)2 (<Tl )2+(<r2)2 + ( £ - £ 1)*

Let |£ — £i| < 1. We can estimate the contribution of this region as in Case 2 of the proof of 
Theorem 2.1. Let |£ — f i | > 1 and \oi +  <r2 — o\ > j^gl^l4. We can estimate the contribution 
of that region to J  as in Case 4 of the proof of Theorem 2.1. Let finally |f — £i| > 1 and 
\<j\ +  cr2 — cr\ < j^öKI4- We are in a position to apply the argument of Case 5 of the proof 
of Theorem 2.1. This completes the proof of (31). Then (29) follows from (30) and (31) and 
hence applying a contraction argument we can complete the proof of Theorem 5.1.

5.2. G lobal ex tension  o f th e  solutions. Let <j> € L2(R 2) be such that H(4>) < oo. 
Then <f> € £7(R2). Applying Theorem 5.1 with s = 2 and k = 1 we obtain a local solution of 
(3)-(5) on the time interval [—T, T] where T  depends on

Since ||ti(i)||£2 =  ||^ ||L2, we need to prove that the quantity

remains bounded along the trajectories. Then a standard continuation argument provides 
the global well-posedness. Recall that the Hamiltonian of (3) is (at least formally) constant 
along the trajectories, i.e.

(35) \  J R> { |a' “ (1)|2 + |a* 'a»“ (i)l2"  r 3(f)}  =

In order to justify (35) we need some additional arguments. Let Y (R 2) be an auxiliary space 
equipped with the norm

M v  =  11(1 +  lil4 +  l i r sl>)l2)?(i.'/)llz ,|ll

Then Lemma 3.2 of [47] yields that Y  (R2) is dense in £ ( R 2). Hence we can find a sequence 
of smooth functions <f>n converging to <f> in £ (R 2) and in addition <f>n £ Y (R 2). Let un be the 
solution of (3) with data <f>n. Since <t>n € Y (R2), Theorem 3.1 of [48] yields

H (un(t)) =  H(4>n(t))-

Since <f>n converges to <f> in Z?(R2) we have

H(<f>n) —+ H(<f>).

On the other hand the local well-posedness (Theorem 5.1) yields

(36) J  |ajtt„(()|s +  J  — ► J  |0 ju (i)|2 +  J  \d ; ld„u(t)\*

Further we have to prove that

(37) J u 3(t) i— y j u 3(t)

e i (n , ; i )9 (T  —  T] .»c - c E (T, Odi dÇdr d(

Ilu{ IIL2 4 II \ixi (t: \\l ! + II% ldy u t IIl2

(*:
i
2

i
B 2 ô2

<t)
2 f C r

1
U (t) |2

}
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In order to prove (37), write

j «*(<) -  J a >)| < IK M  -  «Wily (KWH?,. + MOIliO

< IK W  -  «MIMII«» WIIl»\\%*n(‘)\\i,lia ;1̂ « »  w l i t  

+ l l« ( i ) IM ia i« w i |f , | |O v « W llU

where we used the Sobolev inequality (cf. [6]):

IMIl« £  M h W d M l i W d - ' d y u W l i ,  u  € £(R 2).

Clearly u n (t) converges to «(£) in L2(R2) and hence

IJ f  “3(0 0,

which proves (37). A use of (36) and (37) shows that if(un(i)) converges to H ( u ( t ) )  and 
hence H ( u ( t ) )  = Now via a Sobolev inequality (cf. [6]) we obtain

and finally we arrive at

< 2IN<)lli>ll3;«Wlli>ll0x V W IIl»

< 4^111, +  jQ W .

Hence Q ( t )  is bounded by a quantity which remains constant along the trajectories. This 
completes the proof of Theorem 2.

We conclude this section with a remark on the global behavior of the solutions obtained 
in Theorem 2 and Theorem 3. Due to the local existence argument we have that for any 
finite interval I  C R the global solution u  of (3)-(5) belongs to the localized Bourgain space 
y  2 +,2,1(J) associated to the energy space 2?(R2). One may ask whether the solution u  belongs 
to the global (in time) Bourgain space Y  2+,2,1(R3). The answer to this question is negative, 
since in [10] solitary wave solutions of (3) are obtained and clearly they do not belong to any 
global Bourgain space. On the other hand similar a statement is not valid in the context of 
KP-II type equations because it easily results from Pohojaev type identities that there are no 
localized solitary waves for KP-II type equations. We do not know if the global solutions of 
KP-II type equations belong to the corresponding global Bourgain spaces. Finally we remark 
that in [16], J. Bourgain proves that the absence of solitary waves (defocusing case) leads to 
global properties of the solution in the context of the H 1-critical 3D semi-linear Schrödinger 
equation.

/ u3
W

Q (O <
24

23
H(*) +

16

23
4>

A
L2-
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6. T he case of periodic b o un d ary  conditions - 2D

We suppose that

(38) j  <t>(x, y)dx =  0.

Actually we can always suppose (38). In the general case a lower order perturbation of the 
equation appears which does not affect the analysis (cf. [13, 14]). Now we define a Fourier 
transform restriction space where the solutions shall be obtained. Denote by Xq’̂ R  x T 2) 
the completion of Cq°(R x  T 2) with zero x mean value with respect to the norm

H i #M =  ^ 2  J d T ( T - m 5  + !k )  (m>2ai2(r ’m ' n)i2
(m, n) € Z2 

ni j iO

/ e 2 \ 26+4
r ( r  — m5 +  r r  )

+ X  /  dT ------- ÜTi -----(wi)2i|u(r, m, n)|2.
(m ,n)€ Z2 

m ^O

The next estimate is crucial in the proof of Theorem 4.

-+ »
P r o p o s i t i o n  5. Let u € X 02 (R  x T 2), s > —1/8. Then the following inequality holds

(39 )  l l « « * I L - i + . .  £  llu ll2v i + . . -
A0 -*0

Once we obtain (39), the proof of Theorem 4 results from a contraction argument slightly 
different from that in the proof of Theorem 1 because of the second term in the definition of 
X06’s( R x T 2). This argument will be presented at the end of the next section.

6.1. P ro o f  o f (39). Set £ =  (m, n) € Z2 and

n2
<7 = <7(r,C) =  r - m 5 +  — , a x =  ff(ri,<i), <t2 =  o { t  -  n , <  -  <i).

m

0 =  r ^ r >  0i =  * (n ,c o , ^2 =  ^(t - t1, c - C i )-
m 2

By duality, (39) is equivalent to

f d  f  d r  H (™ )a(fl)tt(n,Ci)£(r -  r l tÇ -  Ci)w(r,Q 

a i z 2 <eZ2 (m i)a(m -  m 1)’ (9 1 )(e2 )(<T)t-((r1 ) 12 + (a2 )k+

(4°) £  IMIL2(r xt 2)IMIL2(r xt 2)IIwIIl2(RxT 2) ’



where 2(ri,Çi), v(t -  ri,Ç  -  Çi) and w(r,Q  can be assumed to be positive. Consider the 
dyadic levels in (r, £, tï,£ i)  space:
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r \K K \K 2 _  
u M M lM2 —

( a ) ~ K ,  (oi) ~  K i,  (<72) ~  K 2,

|m| ~  M, |mi| ~  Mi, |m — mi| ~  M2

Due to the zero x mean value assumption, we can suppose that M  > 1, M\ > 1, M 2 > 1. 
Denote by J  the left-hand side of (40) and by Jm\i^m2 the contribution of to J .
Then

t  <  Y " '' j K K \ K 2

K,Ku K2 ,M,MuM2

Let

when (cti) K 1, |m i| n*j Mi_  f «(n,Ci),

I 0
1, Ci) =  ,

elsewhere.

Similarly one can define the localized v and it; denoted respectively by:

vk2M2 (r -  n , C -  Ci) and wKM( r , <) •

Hence we have

M l+3 ( l  +
t K K xK 2 <  V M i )  i  UK1M1 { t \ , ( 1\ ) v k 2M2 [ t  ~  T\,  C -  Cl)wK M (r,  Q
M M iM 2 ~  , 1 + 1 +  ]D KKiKi ( L\ f L\ '

K 2 K l  K-l j d mm1m2 M aM 9 ' 1 1 ’ ' ' 1 1 ’ ‘1 2 1+^ l  l 1+^
where f nKKxK2 means integration with respect to r , ri and summation with respect to £i 

v mm1m2
on the range of • In order to estimate the expression

/  k k xk2 ^KiMi(n,Cl)^K2M2(T -  r l,C -  C i)w km (t ,0
MM\ m2

we shall use two main tools. The first one is the algebraic relation for the symbols cr, <J\ and 
0 2 , where the KP-II nature is essentially used. The second one is a convolution lemma in the 
spirit of [14]. State the algebraic relation

<J\ +  <̂2 — o — 5mim(m -  m i)(m 2 -  mmj +  m?) +  (m i n —m ni)
Tfi\m\Tn — mi)

Hence on we have

(41) max{tf, K u K 2} > M M?M. \ ,

(42) max{K, K u K 2} > M2M 2M 2,

(43) max{K, K lt K 2} > M ZM XM2.

Now we state the convolution estimate.

uK Mi
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Proposition 6. Let ui (r, m, n) and u2(r, rra, n) be two functions defined on R  x Z2 with 
the following support properties

I f  (r, m, n) € supp Uj then |m| ~  Mj, t — m +
n‘
m

~ K j ,  j  = 1,2,

where Mj > 1. Then the following inequality holds

(44) ||(«i *ti2)(r,m,n)||L2(T>|mhM)n) <

(sr, a j(A-! v (m , a
M*

The proof of Proposition 6 will be performed in the next section. In order to estimate 
we distinguish the cases taking into account which of the symbols |<t|, |<7i|, |<j2| 

dominates. By symmetry we can assume that |<ji| > |cr2| • Note also that M < (M\ +  M2). 
Hence

(45) M  < (Mi V M2).

The inequality (45) will be used intensively hereafter without explicit mention. We shall 
consider only the cases 5 =  0 and s =  —1/8. Then the proof for s € (-1 /8 ,0 ) results from 
the three lines theorem. The case 5 > 0 can be treated as the case 5 =  0 below.

•  Let 5 =  0 , \<r\ dominates and K » < M *. Then due to Proposition 6 and (41) we 

estimate the contribution of this region to by

---- “T7—TT («/fi Aii * VK2M2, WKm )l2
K * K { +K}  +

s  m 3*(m 1a m 2)Hm 1m 2)Hk 1a k 2)Hk 1v k 2) 1* ^ m
~  ----------------;-------------------------n —n ------------ IMIz^IMIz^IfIIi,2

M r- (MlM2)l-K°+K>+K>+

Since K  > M ZM \ M 2, K  > K\  and K  > K 2 a summation over dyadic K , K\ ,  K 2, M,  Mi, 
M2 yields the needed bound in this case.

1ÂM iM 2
U\ II2 U<2 L2

1I oMr

<rv.
1

R (H u L2 V L2 L2 «



•  Let s =  0 , \a\ dominates and K « > M 2. Then due to Proposition 6 and (41) we 

estimate the contribution of this region to by

cM j
—:----- IT—T— («JCiA/i * Vk2M2 » ™Km )l*
K» K{ K%
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.<rsj
m H m , a  * ) * ( * * » * ( *  a  * , ) * ( *  V W M H b W | l !

M Î- iM x M îf î -K O + K Î  + K l *

Since K  > M 3M iM 2, K  > K i and K  > K 2 & summation over dyadic K , Ki, K2, M, Mi, 
M2 yields the needed bound in this case.

The additional term in the definition of the Fourier transform restriction space Xq’s(R x
T 2) is introduced in order to deal with the cases when |cti| dominates. The advantage of

_ i. ^
this term is an additional small factor K x 8 (or M~  2) in the estimate. On the other hand a 

i
factor Mj2 also appears. That factor is easily canceled by using the convolution lemma.

•  Let s =  0, I<r 11 dominates and K * < M 2. Note that in this case

1 , 1

I rsj I
1 +  4

Then due to Proposition 6 and (42) we obtain the following bound for the contribution of 

this region to ^ M iM2

cMM?  _  ^  ^ .
---- ¡^- (WKM * VK2M21 uKiMx /L2

<

Kè+K* K%

M M f ( M  A M2)2 (MM2)*(.K'A ^ 2 )^ ( ^ V j ^ ^ 11̂ | |^ |^ | |^ | |^ j |^  

Mj® (M M 2) * -K 2 +K?+K* +

Z  4 + IM I i ’ IM M M b -

Since K\  > M 3M iM 2, K x > K  and K\  > K 2 a summation over dyadic K , K\, K 2 , M, Mi, 
M2 yields the needed bound in this case.

< 1
K o+ n L2 W I?'



• Let s =  0, |<7i| dominates and K» > M ?. Note that in this case

154 7. THE CAUCHY PROBLEM FOR THE FIFTH ORDER KP EQUATIONS

Then due to Proposition 6 and (42) we obtain the following bound for the contribution of 
this region to Jmm \ m2

cM *M ?
--------1_ 1 L (Û k M  *  Vk 2M2 , Uk xM x ) l2
h-4- TS o r/o 'K ì +K{ K.

1
„  M ï M * ( M A M 2)2(MM2) < ( K A K 2) 2 ( K \ / K 2) * .........................
;$ --------- -— i— ï---------------------- :— :— t t -------------I M b l M M M U 2

M f M f  {MM2)l - K Ï +K°+K> +

Since K\  > M 3M \M 2, K\  > K  and K \ > K 2 z. summation over dyadic K , K  i ,  / f 2> M, Mi, 
M2 yields the needed bound in this case.

•  Let s =  -1 /8 , |cr| dominates and K»  < M 2, Then due to Proposition 6 and (41) we 

estimate the contribution of this region to by

cM ?(M iM 2) > ^  ä  ä  x 
— :------- TT— T T \ u K i M i ★  U/f2A/2, ™KM)L2

M l  ( M i  A  M a ) à ( M i  M 2 ) t  ( ^  A  t f 2) * ( f f i  V  K 2) \ . . . . . . . . . . . . . . . . . . . . . . . . .
--------------------------------------------- ------------------IM M M M M Il2

M 2 - ( M l M2)l- K ° + K ^ K f

Since K  > M ZM \M 2, K  > K 1 and K  > K 2 a summation over dyadic K , if i ,  # 2, M, Mi, 
M2 yields the needed bound in this case.

1 f

1 ■ f

K 1
MF < M

1
1

M
i2

M i

ta :

<
r*j

1

h i
o+ uL2 V L2 W L2-

<
r

1
K o+ i L2 V L2 L2 -



•  Let 5  =  —1/8, \a\ dominates and K& > M 2 . Then due to Proposition 6 and (41) we 

estimate the contribution of this region to by

c M > ( M 1M 2 )» ^  v

—:----- T7—TT\uKiMi * Vk2M2, WKM/L2
K * ~ K * +K f

s  M $ (M l A M 2)?(Ml M2) i ( K l A K 2)$(K1\ /K 2 ) l* i] „ ...............
;$ — ---------- i------------- :----------- n r ^ i ---------  IÎ IIl* IÎ IIl2 II^IIl2

M s - { M xM2) * K 0+K*+k *

< ^ N b l M M M U 2-

Since K  > M ZM \M 2, K  > K\  and K  > K 2 a summation over dyadic K,  K\, K 2, M, Mi, 
M2 yields the needed bound in this case.

•  Let s =  —1/8, |<7i| dominates and K ? < AfK Note that in this case

1 1 1
< M L

I ~  I
i + 4  *>•

Af,

Then due to Proposition 6 and (42) we obtain the following bound for the contribution of 
this region to

c M * M ? (M xM2)* ^  ^  ^  .
----- ;----- TZ— r r ~ \ WKM * vk2M2 > uKiMi )L2

K i +K* K Y

< (M jM ;)? (M A M2) a (M M ;)< (i( A K 2)%(KV ^ 2)^ ||lj||L3|[T;||£3||ttf||j;)j

M ^ M /" (MM2) 4 -  i r i+ ^ o + i i 2 +

;$ ^ r l M M M b i M b .

Since K x > M 3M iM 2, K \ > K  and Ki > fC2 a summation over dyadic A-, # 1 , # 2 » M, Mi, 
M2 yields the needed bound in this case.

•  Let s =  —1/8, |<7i| dominates and K * > M 2 . Note that in this case
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1 +
R1
KA* <

rs.
M

1
2

M
i2

M*
1 4

b i

i



Then due to Proposition 6 and (42) we obtain the following bound for the contribution of 
this region to
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cM »M,2 {M\M2)* ^  ~ .
------:------TZ--- i r ~ \ WKM  * Vk 2M2 . UKxM i )l 2

K ï +K* K f

~  M {M }  (MM2)1-A 'i+A'?+ / f | +

< 4 + I M b N M M b -

Since K \  > M 3M XM2, K \ > K  and K\  > K 2 a summation over dyadic if , JFiTi, K 2, M, Mi, 
M 2 yields the needed bound in this case.

This completes the proof of (39)

P ro o f  o f T heorem  4. Let Y0fc,a(R x T 2) be the completion of Cq°(R x T 2) with zero x 
mean value with respect to the norm

M l ^ .  =Jo
(m ,n , l) 6 Z3 

m ^O

Then clearly

(46) IMIjtf* ~  IMIy*.« +  N l Yi+b>-h
*0

We shall apply a Picard fixed point argument to the following integral equation corresponding 
to the Cauchy problem (10)-(11)

(47) u(t) = i>{t)S(t)<j>- i^ ( f )  J  S ( t -  t')4>(t/T)dx(u2{t'))dt'.

Here S(t) =  exp(—1(—d% + d~xdy)) is the unitary group describing the free evolution of the 
fifth order KP-II equation with periodic boundary conditions and ip(t) is the cut-off function 
used in the proof of Theorem 1. Clearly a solution of (47) on R  corresponds to a solution of
(10)-(11) on [—T, T]. We shall apply the contraction mapping principle to (47) in the spaces 
X q3 ( R x T 2). We start we the following Proposition which helps to provide a small factor 
in the iteration scheme.

P ro p o s itio n  7. Let 1/2 > 6' > b" > 0. Then there exists 9 > 0 such that for T  € (0,1) 
and s e n  the following estimate holds

(48) \m iT ) u \ \

I L2 V L2 W L2
M

35 M
I
1 (Mt M2)

1
8( M A Mo

i2) (M M ,
iT) ( K A |5 ( K V Ko)

I
4

E / dr T  - m 5 f
n2

m

2b
m 2s u r, m, n 2

X -b',t < rjiO
U

Xô
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Proof of Proposition 7. I f 0 <6 <a < l / 2  and T  6  (0,1) then there exists 8 > 0  such 
that
(49) m / T ) u \ \ Y r .. <

The inequality (49) is proven in [42] in the context of the KdV equation (cf. (3.29) in [42]). 
Actually the proof does not depend on the particular choice of the unitary group the Bourgain 
spaces are associated to. Now we obtain via (46)

I W t / r H j . * ,  ~  m i T ) u \ \ Y- v ,  +  IW t/T H |

< t ' im i  y ., .

This proves (48). The next Proposition contains the estimates needed to apply the contraction 
mapping principle.

Proposition 8. For any 4> € Y 3(T2), s € R, there exists 8 > 0 such that the following 
inequalities hold

(50)

(51)

IW ‘)S(t)dl < M y -

m  f  < t ° m  i+...
Jo X? Xo

Proof of Proposition 8 . The proof of (50) follows directly from the definition of the 
spaces X q a (R x T2) (an observation similar to (13)). In order to prove (51) we first note 
that the following inequality holds

(52) i>(t) f  s(t -
Jo \rbta

r0
< T 6\\UUX\\yb-l-,t,

provided 1 / 2  < 6 < 1 . In order to prove (52), we first apply the linear estimate in the 
framework of the Bourgain spaces (cf. (19) and (20) above with T  = 1). Then we gain a 
small factor T 9 by the aid of (48). Now we write via (52)

(f) I *  S ( t  -  i')V>(*/r)d*(«2(i'))<ft' 
Jo r £■ + »«

This completes the proof of Proposition 8 .
Now Proposition 9 and Proposition 8 allow us to apply a fixed point argument in order to

2 6
ti y

-b'+¿

<
rsj T öi ti

y*
-6".í T 82 u

n
-b1+ i »“T

rv $■+1»+

<

T

- i

“Ì + ,*+ T 62 uux
Yo i+

7 ,/
Ulti

*c4+.*'

t )i>ft IT dx( u2(0 idi'

5 (t - t ' )y>(*¡ T )dx(ui
(0) dt



complete the proof of Theorem 4.

R em ark . The exponent —1/8 which appears in the statement of Theorem 4 is not 
optimal. It is of technical nature and is chosen in order to make the computations more 
transparent. Actually a slight modification of the above argument carries out the bilinear 
estimate for s > -1 /4 .

6.2. P ro o f  o f th e  convolution lem m a. We shall follow the idea of the proof of Lemma 
4.1 of [14]. Note that Young inequality yields

||u i*U2||l2 < ll^iIIl1 II^Hl2•

Hence the expression in front of ||« i ||l2IIu2||l2 ¡n the right hand-side of (44) is a bound for 
the volume which appears when estimating the L 1 norm of the characteristic function of a 
bounded set in the terms of the L2 norm. Clearly

r 2
5 3  /  dri ui(r i i mi>n i)“2(r -  Turn -  771!,n -  nx) .

m i . n i  J

The Cauchy-Schwarz inequality in the f a ,  mi, 7ii) variables yields

ll«l*tt2||i3(T,|mHif,n) < suP(r,m,n)mes{^rmn} 11 ̂  111 £211 «211 £,2, 

where Armn C R  x Z2 is the following set

A rm n  =  { ( n . 7 n i , » l )  : f a ,  77li, 7 ii) €  SUpp M l, (r -  TX, 771 -  77li, 71 -  7 li)  €  SUpp U2}  .

First we eliminate t x. Set p(m, n) =  - m 5 +  *£. If f a ,  mi, ni) € supp t*i and (r -  t x, m  -  
mi,7i — 7*i) € supp u2 then

In  +P(7ni,7i1)| < K u | r - r i + p ( m - m i , n - » i ) |  < K 2.

Hence
|r  +  p(77ii, 7ii) +p(m  — m x,n  — 7ii)| < (Kx V K 2).

Also for fixed (mi, ni) the maximal range for t x is bounded by c(Kx A K 2). Therefore

mes{ATmn} < {Kx A tf2)mes{J3Tmn}, 

where BTmn C Z2 is defined as follows

Brmn = { (fnx, 7ix) € Z2 : \mxI ~  M l , \m -  m x| ~  M2,

|r  +  p(m u ni) +  p(m - m x, n -  m )| < ( K x V # 2)}.

Note that mi should range in an interval of size smaller than M x A M2. Fix now m x. We 
shall estimate the size of the section with nx. We have to estimate the number of nx such 
that

|r  +  p ( m i , n i ) + p ( m - m i , 7 i - 7 i i ) |  < ( Kx V K 2), 

for fixed (r, m, to, mi). Note that

p(mx, nx) + p(m — m x,n — n x) =  p(m,n) + 5mxm(m — m x)(m2 — m m x + m\)

(mxn — m7ii)2 

m xm(m  — m i ) '
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||tii*«2|lia = dr



Hence the expression
(m\n — mni)2
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m\m(m — tti\)

has to value in an interval of size c(K\ V K2). Therefore, for fixed the integer n\
has to range in an interval of size

c(K\ V K2)mmi(m — mi)
m 2 M 2

Hence we bound the measure of Brmn with the product of the projection on the m\ line and 
the maximum of the sections with lines parallel to the n\ axis. Thus

mes(BTmn) < [Kx V K2)*(Mi A M i)
M 2

and furthermore

mes(ATmn) < {Kx A K2){KX V ff2)*(Mi A M2) ^ 1- ^ .
M 2

This completes the proof of Proposition 6 .

7. T he  case o f periodic b o u nd ary  conditions - 3D

As in 2D we can suppose that

(5 3 ) [<j>(x,y,z)dx = 0 .
J  JL

Denote by X q^5,î(R  x T 3) the completion of Cq°(R X T 3) with zero x mean value with 
respect to the norm

26
2 _  I J«-1  r  ^  1 **____ l  * \  / ™ \ 2 * | i ï / V  ™  «  m 2

A o

( r _ m5 +  £ + M 26 

+  5 Z /  d r --------- [ ^ 2!-------^ - ( m ) 2 s|u (r ,m ,n ,/) |2.
( m, n , / ) eZ 3  

m ^  0

The next Proposition contains the bilinear estimate crucial for the proof of Theorem 5.

P ro p o s itio n  9. Let u e A '|+e’*+2e’a’î+4<(R 
small number. Then the following inequality holds

P ro p o s itio n  9. Let u e A '|+e’*+2e’a’î+4<(R x T 3), s > 8e and e > 0 be an arbitrary

(54) uux x: ■*+«,*+2««.£+<« < U
2

)
u«.¿+2 «

(m.n.i e) z3

m t o

( K i V K 2
(MxM2)

1
2



Once we obtain (54) the rest of the proof of Theorem 5 follows the lines of the proof of 
Theorem 4 and hence will be omitted.

P ro o f  o f (54). Set C =  (m ,n , l ) € Z3 and

n2 I2
a = <r(T,C) = T - m 5 + —  +  —, <rx =  a fa .C i), <r2 =  a ( r  -  tu (  -  Ci).

m m

(rr \s^€
9 = r V 7 T ' ’ «2 =  ^ - 7 ! , C -C i).

\Tn\^+

A duality argument writes (54) into the form

y* f d f dr M(™)"(0)tt(n,Ci)«fr -  n , C -  Ci)fi(r,Q

cieZ ^eZ 3 (m i)‘ (m -

(55) < (RxT3) llull£,2(RxT3) 11̂ 11̂ 2(RxT3) 1

where 2(ri,Ci), v(r — ri,C — Ci ) and i3(r,^) are supposed to be positive. Similarly to 2D we 
consider the dyadic levels
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r\KK\Ki _  J
(o)~K, (<71) ~ Ä ' 1, (<r2) ~  A 2, 

|m| ~  M, |mi| ~  Mi, |m — rni| ~  M2

Dénoté by J  the left-hand side of (55) and by t îe contr'bution of to J  •
Then

t < V  iKK\Ki

K,Ki,K2,M,MuM2

Let

when (<7i) Ai, Imil Mi_  |  S(ri,Ci),
S/cjMiin.Ci)

elsewhere.

Similarly one can define the localized v and w denoted respectively by:

v k 2m2 { t  ~  T\ , C -  Ci) and w KM  ( r , C) •

Hence we have

M 1+a f l +  4 - 1
jK K iK 3 < V M*+4«/  i  UKlMl { n , £ \ ) v K 2Mi{T ~ r l»C ~ Ci)^K~m(^>C)
MM\M2 ~  l + e l +e ( K^+2t \ ( K ^ +2'

1 2 12  M f M l h  +  ^ J  U  +

e, = 8 (n ,Ci

01 02 a 2 -Ä i
2 +e Ì fc



where means integration with respect to r , T\ and summation with respect to C, Ci

on the range of the algebraic relation has the form

<7i +  <72 ~ v  =  hm\m{m — m1)(m2 -  mm\  -f mj)

^  (m\n  -  m n i )2 (m\l  -  ml \)2 
m i m ( m - m i )  m \ m { m - m \ ) '

Hence on we have

(56) max{|a|, |<7i|, |<72|} > { M zM xM 2 +  M M \ M 2 +  M 2 M 2 M?} .

Now we state the convolution estimate in 3D.

P ro p o s it io n  10. Let u i f a  m, n, I) and u2( t ,  m, n, /) be two functions defined on R  x Z3 
satisfying the support properties
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5 »  Ir -  m5 H----- 1----
m m

Kj,  j  =  1,2,I f  (t , m, n, I) € supp Uj then |m| ~  M j ,

where Mj > 1. Then the following inequality holds

(57) ||(«i * u 2) (r, m, n)||L2(Ti|mhMiJli0 <

(Ki A K 2 )s(Ki  V K 2 ) ^(M 1 a  m 2)^ M i^ ~ \\Ul\\L4 u 2\\L2
M i

P ro o f  o f  P ropo sition  10. The proof is similar to that of Proposition 6. Write
2

I K  * u 2\\2l7  =  5 3  J dT 5 3  / dri«i (n,Tni ,ni , / i )u2( r - T i , m - m i , n - n i , / - / i )
m,n,J m i,ni,/j

Set C =  (jw, n , /). The Cauchy-Schwarz inequality in the f a ,  mi, ni , / i) variables yields

H«l*«2||i3(T||m hAft»t/) < S«P(T,OmeS{^Tc}||«l|lL2llU2||i2,

where AT( C R  x Z3 is the following set

^rc =  { fa ,< i ) :  f a ,  Ci) € supp tii, ( r - r i , C - C i )  € supp u2} .

First we eliminate T\ . Similarly to 2D we obtain

mes{ATi} < (Ki  A /vT2)nies{BT̂ },

where

Brc= {Ci € Z3:|m i|~ M i,|m -m i|~ M 2,|r + p(Ci)+p(C-Ci)l < ciK i v K2)}

and p(C) =  — tu5 +  Note that mi should range in an interval of size smaller than
Mi A M2. Fix now mi. We shall estimate the surface of the section (ni, /i).  We have to 
estimate the number of (ni,/i) such that

(58) |r  +  p ( C i ) + p ( C - C i ) l < ( t f i V t f 2),



for fixed (r,£, toi). Note that

P(Ci) +  P(C ~ Cl) -  P(C) =  ^rnxra(ra -  m i)(m 2 -  totoi +  to2)
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(m\n — m n\)2 (mil — mlì)2 
^  m xm(m  — mi) m\m {m  — toi) ’

Hence the expression
(min — m ni)2 +  (mil  — to/i)2 

toito(to — mi)
has to value in an interval of size c(K\ V K 2). Now we set

to =  TOim(m —  mi), a =  T +  p(Q+5rh, K  =  c(Ki V K 2).

Note that a, and to do not depend on (t&i,/i). Now it is easily seen that the measure of 
(n i,/i) such that (58) holds is

{
. —\rh\k -  am  ^ /  TOin\2 /  m i / \ 2  ̂ \ m \ K - a m \  
n u h  : 1 1 2-------< ( n i - —  ) +  U  -  —  < i-------\

TO2 V TO / \  TO /  TO I
which is clearly equal to

Hence we can bound the measure of BTç with the product of the projection on the Toi line 
and the maximum of the surfaces of the sections with planes parallel to the (n i,/i) plane. 
Thus

mes(Bri) < (if, v  K 2)(M i A M 2) ^ i

and furthermore

mes(ATC) < (Ki A K 2)(K x V K 2)(MX A M2) ^ ^

This completes the proof of Proposition 10.

M 9 cM  ^ ^ ^
M* M a I---------1 + e  *  % W 2 , WKm )l*
M 1 m 2 K j

„  M i ( M l A M 2)H M l M2) i ( K l A K 2) h K 1V K 2) i ..........  ......
£  ------------- :----------------------------r ~ — n - ----------IM M M M M I lz

M 2 - 2e(MiM2)l- 4eK ' K [ + K%+

cK\m\
TO2

-  (Kl V K 2)
M i M2 

M  '

As in 2D, in order to estimate Jm %ì{m2 we distinguish the case taking into account which 
symbol dominates in the left-hand side of (56). By symmetry we assume that |<ri| > |cr2|.

• Let \<r\ dominates and ifs'+2e < M ?+4e. Then due to Proposition 10 and (56) we 

obtain the following bound for the contribution of this region to m̂2

W|| ¿ 2 .<  — II'-  K e ‘IM M IS I



Since K  > M 3M iM 2, K  > K i and K  > a summation over dyadic K, K\, M,  Mi, 
M2 yields the needed bound in this case.

•  Let |<t| dominates and K * +2e > M 2+4e. Then due to Proposition 10 and (56) we 

obtain the following bound for the contribution of this region to
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^  (M i A M 2)H M i M2) ï ~’ (K i A K 2) H K i V K 2)Ï
~ -------- ;------------- r ~ ------ lIT 'T Z :------ IM Il2IM Il2IMIz,2

M * ~ 9+e (M i M 2) ï ' 8* k *k \  + k %

~  N b l M b l M l n  ( «¡nee S > fe )
M * ~ + ( M i M 2)* +a~ ^ K s

< ¿ I M M M b I M b -

Since K  > M 3M iM 2, K  > K 1 and K  > K i  a summation over dyadic K , Ki, K 2 , M, Mi, 
M2 yields the needed bound in this case. Note that this is the only case when we use the 
assumption s > 0.

Then due to Proposition 10 and (56) we obtain the following bound for the contribution of 
this region to Jm m !m2

i+ 4r 
M s c M M ?

T77T77— ;------ 5—— r~-(wKM*VK2M ^ u K l M l ) L 2 ( since K x > K)
Mi M2 K f ' K ? '

<rsj
M M ? +4e(M  A Ma) a (MM2) 2 M, * (Üf A t f2)a (ür V ür2) h

M 8 cM2~4e 

M Ï M 2 K l ~ 3cK i +eK Ï +£
ÛKiAÍj * Vk 2m2, w k m )l*

•  Let I<TiI dominates and K * +2e < M 2+4e. Note that in this case

-, , K ï + 2 * L+a .

Kb>‘ ~
1 +  \ —  K i 

« p 7

M,8+* (MM2) *+e K }  K  *+eK * +£
I M I ; »IMI •2||t/ IIl»

< —«-IMIlzIMIlHMIl2 ( considering the cases Mi < Mi  and Mi > M2). 
K l

<
rsj

M Ì M A M 2 Ì 2

M f  2 (M M 2)*+eK ¡
IMIi ■IMIl IMIl*



Since K\  > M 3M i M 2, K x > K  and K\  > K 2 a summation over dyadic if , Äi, i^2) Ai, 
Mi, M2 yields the needed bound in this case.

•  Let |(7i| dominates and K * +2e > M ?+4e. Note that in this case

1 , ici+2' L+a.
1 +  „  m ; * 1

K ^ 2t ~  M ?+4e 

m )+4‘
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M a cM ?“4eM,2+4e 
T77T77---- ;— I— ¡— * £k2m2, uKiMx)l2 ( since tfi > tf)
m i m 2 / n A 7 / q +e

Then due to Proposition 10 and (56) we obtain the following bound for the contribution of 
this region to

< A M ,(MM2) ÎM r  f o A jf l f o  V * ) »  |H Il2|H Il21H |,2
M,2 e ( M M ^ - ^ K f K 2 Ä"|

^  M “  (M A M2) 2 ..........................
£ —rn -------- :-------IMIl2IMIl2IMIl2

M 2 (MM2) r 2ei f i

( considering the cases M\ < M2 and M\ > M2).

Since if i  > M 3M iM 2, K \ >  K  and K x > K 2 & summation over dyadic if , Xi, K 2, M, Mi, 
M2 yields the needed bound in this case.

This completes the proof of (54).

< —  
~  K \ MIl2 M l* Ml L2
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Remark on the local ill-posedness for KdV equation

This Chapter essentially contains the paper [59] (Remark on the local ill-posedness for KdV 
equation, to appear in C.R. Acad. Sci. Paris).

A b stra c t. We prove that the Cauchy problem for KdV equation is locally ill-posed in H \  
s < -3 /4  if one asks the flow map u(0) i—► u(t) to be C2 (in [15] C3 regularity is needed).

Remarque sur le problème de Cauchy pour l’équation de KdV.

R ésum é. On remarque que l’on peut construire un exemple tel que le problème de Cauchy pour 
l’équation de KdV soit mal posé dans H‘(R), s < -3 /4 , si on suppose que l’application qui à une don­
née initiale associe la solution à l’instant t soit de classe C2 (dans [15], une régularité C3 est supposée).

Version française abrégée
On considère le problème de Cauchy pour l’équation de KdV

/•. \ j  Vt "f* UXxx "H uux — 0,
'  '  \  u(0 ,x) =  <f>(x).

On a le résultat suivant dû à J. Bourgain (voir [15]).

T h é o r è m e  1 .  Supposons que s < - 3 / 4 .  Alors il n'existe pas de T  > 0  tel que l'application

St 1 0 1— y w(i) j i € [0, T]

pour (1) soit Fréchet différentiable de classe C3 en zéro de H 9(R) dans HS(R).

Dans [42] il est démontré que (1) est localement bien posé à données dans H*(R), s > 
- 3 / 4 . En fait, l’application St est analytique réelle de H*(R) dans H a(R). Le point essentiel 
de la preuve est une estimation bilinéaire dans le cadre des espaces “restriction de Fourier” 
introduits par J. Bourgain (voir [12,14]). Dans[42] on trouve un exemple qui démontre que 
l’estimation bilinéaire cruciale n’est plus satisfaite pour s < -3 /4 . Dans [15], un exemple 
similaire est donné pour démontrer le théorème 1 . En effet, on ne possède plus la régularité 
suivant les directions (f>(x) telles que

où \ a est la fonction caractéristique de l’ensemble A. La relation entre N  et 7  est 7  ~  N ~ î . 
Le but de cette note est de montrer qu’une régularité C2 suffit pour démontrer que le problème 
de Cauchy (1) est mal posé dans les espaces de Sobolev H s(R), s < -3 /4 . La relation entre 
iV et 7  est 7  ^  N ~2. On a le théorème suivant.

7,-N+7](0 +• V-7,N-py](0)m



T héorème 2 . Le théorème 1 reste vrai si on demande que St soit de classe C 2 de H 3(R) 
dans H 3 (R).
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Consider the initial value problem for KdV equation

/•> \ j  Uf +  Uxxx UUX — 0,
(lj \  u(O,x) =  0(x).

We have the following result due to J. Bourgain (cf. [15]).

T heorem 1. Suppose that s < —3/4. Then there is no T  > 0 such that the map

S t : 4*1—  ̂ 'm(O) t £ [o> T\

for (1)  is C 3 FrSchet differentiable at zero from H 3 (R) to H 3 (R).

It is known that (1) is locally well-posed for data <f> € H 3, s > —3/4 (existence, uniqueness, 
continuous dependence with respect to the data) (cf. [42]). In fact the map data-solution 
turns out to be real analytic. The essential ingredient of the proof is a bilinear estimate in the 
Fourier transform restriction spaces introduced by J. Bourgain (cf. [12, 13]). In [42] is given 
an example which shows that the crucial bilinear estimate fails for s < —3/4. In [15] a similar 
construction is performed in order to prove Theorem 1. Actually the C 3 differentiability fails 
along the directions <f>(x) such that

<£(£) ~  1[-N-7,-N+7l (0  +  V-7,N+7l(0*
where 1a is the characteristic function of the set A. The relation between the frequency N  
and the parameter 7 is 7 ~  N ~ 2. Our aim is to show that C 2 regularity of the map data 
solution suffices to construct the needed example. In our example the relation between N  
and 7 will be 7 ~  N ~2. We have the following Theorem.

T heorem 2. Theorem 1 is valid if one asks St to be of class C 2 from H 3 (R) to H 3 (R).

P roof. Similarly to [15] we consider the Cauchy problem

/os j  Uf uxxx
W  \ u (  0 ,x) =

+ uux = 0, 
6<f>(x), S € R,

We can define in a similar fashion Uk(t, x) as |j f (0 ,  i, x), k =  3,4, • • •. Taking into account 
that u(0, £, x) =  0 we can formally write a Taylor expansion

(3) u(<5, £, x) =  Su 1 (t, x) +  8 2 U2 (t, x) +  5 3 U3 (t, x) -----

where <f> 6 H*(R), s < —3/4, will be chosen later. Suppose that u(St t,x )  solves (2) and St 
to be C 2. We have that

u(S, t, x ) =  SU(t)<f>(x) +  f  U(t — t')u(S, t \  x)ux(Sy t', x)d t\
Jo

where U(t) =  exp(—td%). Note that 

du
=  U(t)4>(x) :=Ui(t,x),

Q2 U ft
^ 2 (0, i ,x)  =  2 J  U(t -  t')u i(t'1x)dxui(t,,x )d tl := U2 (t,x).
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Our aim here is to show that in some sense the first two terms of (3) are the main contribution 
to the solution of (2 ). The assumption of C 2 regularity of St yields

(4)
We seek for data <j> such that (4) fails. Consider initial data of type

<!>{x) = 7  2 N  4 |exp( - i N x ) ^ ^  e x p ( i x ^ ) d ^ j e x p ( i N x )  exp(ix$)d£^ | .

Here N  1, 7  <C 1 and the relation between N  and 7  is to be fixed later. We have

? ( 0  =  7 ~*N~9 +  l[w+7t;\r+27](0 } 1

Clearly ||<̂ ||̂ « ~ 1. Let Ix = [—N, —N  + 7 ] and J2 = [N + 7 , N  4- 2 7 ]. We have that

•Pw-*(t*i) ( * » 0  = exp(iif3)J(f)
and hence

u\ (t , x) ~ 7 ~ 2  N~* I exp(ix£ -I- it£3)d£.
•/£€/iU/2

A straightforward computation gives

/

°° r°° ,  i 3) -  1
/ f exp(txf + i t f )  ———3— (ui ★  Wi) (r, Z)drdZ.

•OO J  —OO '  S

-  ^
Since «1 (r»£) = &{r  ~ f )0(£) stays for Dirac delta function) we arrive at

/ OO ^  ^

S(t - & - ( { -  6 ) 3)? (f i)? (f  -  &)<*&•
•OOHence

, o r , _ 1
ti2 (i,x) ~ 7  l N  29 fexp{ixt  +  it£3) — — 7-—j ^ — dZdti

Further we have
o o f e -**i£i(£-£i) _  1

^-* (« 2 ) ( * , 0  ~ 7  N 29 e x p — <̂ i
^ i l G A U/2 £i€/i U /2 SSlvS Sly

~ 7 - 1iV- 2aexp(ii£3)f < [  --- ( - /  •••+ /  •••>
I ¿M O JA2{i) JA3(i) )

~ yi(i.0+^2(i,0+i73(i,0>
where

;4i(£) = {£1 : £1 € -  fi € A}, -¿2(f) = {£1 • £1 € h i €  — £1 € h }  ,

A3( 0  =  {£1 : 6  € Ji,* -  £1 € / 2 or 6  € /2,£ -  6  € M  .

Let /j = F ^ x(gj), j  = 1,2,3. Then clearly

ti2 (t, x) ~ fi  {t, x) + / 2 (i, x) + / 3 (i, x).

IM <, Oll*. < < # !& .-
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We shall first give an upper bound for the H 3 norm of f \ .  If f i € I\ and f  — fi € / i ,  then 
161 rsj |£| rsj N  and hence

||/i(f. oil*. ^  ~i~l N ~ 2aN ~ 2i N a*fi ~  7 i N ~ a~2.

Similarly

Now we shall show that with a proper choice of 7  and N  the main contribution of the H 9 
norm of «2 (£> •) is that of fa. If £1 6 I\ and £ -  £1 6 h  or £1 € h  and f  f  1 6 /1  then 
161 ~  l£ — 61 ~  N  and |£| ~  7 . Therefore |f£i(£ — £i)| ~  N 27 . Choose N  and 7  such that 
jV27 =  o(l). Hence for £1 € h  and £ — £1 € h  or £1 € I 2 and £ — £1 € A one has

e - i H ( i«-€i) _  x

t o f c - 6 ) "  C° nSt

and therefore
HAP, O il* .  >  c N - u - , l + ‘  ~  JV-4* - 3.

Hence

1 - l l C .  > IM U II t f .

> l l / 3 ( i , . ) l l ^ - | l / i ( i , - ) b - - | l / a ( i , . ) b .

> cN~4s~3 -  cN~9~3.

Hence N ~ 4s~3 < c(l +  N ~ a~3). Let — 3 < s < —3/4. Then N ~ 4a~3 < c. Contradiction for 
N  1. Let s < —3. Then N ~ 49~3 < cN~9~3 and hence N ~3a < c. Again contradiction for 
N  ^  1. This completes the proof of Theorem 2.

The proof of Theorem 2 uses the arithmetic fact involving the symbol of the linearized 
KdV equation

(5) ( r i  -  f? )  +  ( t  -  t i  -  (£ -  £ i )3) -  ( r  -  f 3) =  3££ i(£  -  £1).

The relation (5) was used in [13, 15, 42] to prove local existence results for KdV equation. 
We can regard (5) as a smoothing effect which helps to recuperate the loss of one derivative 
in the nonlinear term. We note that in the example performed here the frequencies £1, £ — £1 
and £ are chosen so that the quantity — £1) be small, which somehow means the loss of 
the smoothing relation (5).

The fact that s =  - 3 /4  turns out to be the critical exponent for the local well-posedness 
in H 9(R) for the KdV equation is surprising, since it differs from the scaling exponent. The 
scaling exponent for KdV equation is s = -3 /2 , since the norm i i - 3/2(R) is invariant under 
the scale transformations

u(t, x) 1— > u\(t, x) =  A2u(A3i, Ax), 

which preserves the KdV equations.

In general, one can try to prove local well-posedness for the Cauchy problem of any evo­
lution equation by considering some exact solutions. KdV equation possesses solitary wave

> const

I l /W ,  O l l * < cy2 N  8 2,
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solutions of type uc(t,x) = <f>(x — ct), where 4>(x) =  {3/2sech2(x/2)}1/2. One check that 
uc(0 ,.) converges weakly in H *, s < —3/2 to y/2ndxS(x) as c tends to infinity. A similar 
consideration shows that uc[t,.), t > 0 converges weakly to zero as c tends to infinity. We 
also have that ||uc(£, .)||/f« =  c1^2 \\4>\[h>- Since dxS(x) 6 H a, s < —3/2 (the scaling exponent) 
the last arguments strongly suggest local ill-posedness for KdV equation assuming that St is 
continuous from H 3(R) to .iP(R), s < —3/2.
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