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Abstract :

Alfven waves can be seen in several magnetised plasmas, in the presence of a strong
magnetic field B,. These phenomena are described by the general MHD equations. As
this equations are very complex from a mathematical point of view, a great interest has
been given in the last few years to its asymptotical limits.

In this thesis, we study some of those asymptotical models. We begin by considering the
multi-dimensional version of the DNLS equation, derived by Myolhus and Wyller (1988).
After obtaining some Stricharz-type estimates for the linear part, we prove the existence
of local solutions in an analytical Sobolev space, for the general system. Then, we show
the local well-posedness of the Cauchy problem for a DNLS equation with non-local term,
in the Sobolev space H'' (R).

We deal afterwards with the Zakharov-Rubenchick equation. This equation describes the
interaction between the high-frequency wave with low-frequency waves of acoustic type,
excited by the modulation of the high frequency wave, by means of ponderomotive forces.
After showing that this problem is locally well-posed in H?(R), we get global solutions
via energy estimates. We then showed the existence and orbital stability of solitary wave
solutions.

Finally, we proved rigourously that in a sens the DNLS equation can be approached by
the cubic non-linear Schrodinger equation. A numerical illustration of this fact is given
via a finite-difference scheme.

Key words: Alfven waves -Oscillating integrals- the DNLS equation - Analytical Sobolev
spaces - the Zakharov-Rubenchick equation- Solitary waves- Orbital stability - Asympto-
tical limits.
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Chapitre 1

Introduction: Aspects physiques

On appelle “plasma” un fluide ionisé, de densité suffisamment forte pour que les forces
exercées entre elles par les particules le constituant ne soient pas négligeables face aux
forces induites par des champs extérieurs. On peut en quelque sorte considérer 1’état de
plasma comme un quatrieme état de la matiere, apres les états solide, liquide et gazeux.

Historiquement, quatre domaines de la physique eurent un réle prépondérant dans le
développement de la physique des plasmas : les décharges électriques dans les gaz, la théo-
rie cinétique des particules chargées, la propagation d’ondes radio dans la ionospheére et
I’astrophysique du soleil.

Michael Faraday, en 1830, fit le premier a s’intéresser a des décharges électriques dans
des gaz, suivi de Ampere qui étudia le mouvement d’un liquide conducteur, le mercure,
soumis a un champ magnétique extérieur. La théorie des décharges dans des milieux ga-
zeux continua ensuite avec Hittorf en 1869 et Sir William Crookes en 1879, ce dernier
ayant été le premier a suggérer l’existence d’un quatriéme état de la matiére. En 1903,
Towsend définit le coefficient d’ionisation d’un gaz, qui mesure son niveau d’ionisation
dd aux chocs entre ses particules. Un travail soutenu de plusieurs décennies ont fait de
Towsend et Thompson les pionniers de la théorie moderne des décharges électriques en
milieu gazeux.

D’un point de vue de la théorie cinétique des particules chargées, Lorentz appliqua avec
succes en 1903 la théorie générale de Boltzmann au probleme de la conduction électrique
dans un gaz d’électrons. Le cas de la distribution des vitesses des électrons dans un gaz
soumis a un champ électrique fut traité par Dryvesteyn en 1930, et par Mose, Allis et
Lamar en 1935. La théorie cinétique de Boltzman et Maxwell se montra particulierement
perfomante dans la description du comportement d’'un fluide n’étant pas en équilibre
thermique avec 'extérieur. Dans cette direction, ’article “Motion of ions and electrons”
(Allis, 1956) constitue un point essentiel dans la construction d’un modele de fluide pour
les plasmas.
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Quant a la propagation d’ondes radio, Marconi démontra en 1901 que celles-ci pouvaient
parcourir de tres longues distances, notamment traverser 1’ Atlantique. Ceci fit expliqué
par Heaviside et Kennelly, qui attribuerent le phénomene a certaines propriétés de la io-
nosphere, créée par des radiations ionisantes issues du soleil. En 1925, Nichols et Schelling
étudiérent le phénomene de propagation d’ondes dans un plasma soumis a un champ ma-
gnétique extérieur (la ionosphére soumise au champ magnétique terrestre) et lancerent,
avec Breit, la théorie “magnéto-ionique”.

Finalement, concernant I’astrophysique, une premiere observation fat faite par Carring-
ton dans les années 1850, qui constata ’existence d’un lien entre certaines perturbations
du champ magnétique terrestre et les taches solaires. En 1908, Hale démontra qu’un in-
tense champ magnétique était associé a ces taches. En utilisant la théorie des tempétes
géo-magnétiques, Chapman et Ferraro ont décrit, dans les années 30, l’intéraction mu-
tuelle entre les forces hydrodynamiques et magnétiques dans les gaz ionisés. C’est dans
ce contexte que se situent les travaux d’ Alfvén, datant ds années 40, et concernant les
ondes magnéto-hydro-dynamiques.

On peut ainsi séparer la théorie des plasmas en deux pdles distincts. Le premier traite des
décharges électriques et des fortes intéractions entre les particules neutres et les électrons.
Le deuxiéme correspond aux plasmas astro et géophysiques ou aux plasmas de fusion, et
releve plutdt des intéractions entre champs magnétiques et plasmas.

Les effets des plasmas dans ['univers sont presque toujours liés a leur interaction avec des
champs magnétiques, dont I’abondante existence dans la galaxie a été a maintes reprises
vérifiée, et dont l’intensité peut varier entre 10™> et 10* Gauss. Un plasma hautement
conducteur et un champ magnétique tendent a se figer dans la situation ou ils ont initia-
lement interagi. Ceci signifie par exemple que le plasma éjecté lors d’une explosion solaire
va non seulement suivre le champ magnétique mais aussi le “tordre” dans la direction de
son propre flot. Pour comprendre ce phénomene, il est utile de considérer le mouvement
individuel des particules en présence d’un champ magnétique. Le mouvement dans le plan
transverse au champ est contraint a étre circulaire autour des lignes de champ alors que le
mouvement dans la direction du champ reste inchangé. Ainsi le plasma tend a former dans
son mouvement des zones plus lumineuses coincidant avec les lignes de champ([38],[23]).

Les ondes d’Alfvén sont un phénomene de propagation observé lorsque ’on soumet un
plasma magnétisé a un fort champ magnétique extérieur B,. Ces ondes, de type hydro-
magnétique, se dissipent plus lentement que les ondes magnéto-acoustiques, et peuvent
ainsi parcourir de plus longues distances. Leur présence a été observée dans le vent solaire
(un flot de particules chargées émanant du soleil qui vient affecter le champ magnétique
terrestre) et plus généralement dans divers plasmas astrophysiques([41]). ‘
Ces phénomenes sont décrits par les équations générales de la magnétohydrodynamique
(MHD). Ces équations étant trés complexes d’un point de vue mathématique, un intérét
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croissant a été porté ces derniéeres années a ses limites asymptotiques. En tenant compte
de 'effet Hall dans la loi d’Ohm généralisée , le systeme (MHD) devient dispersif, et il
est possible de distinguer, dans le cas de la propagation d’ondes d’Alfvén, deux modeéles
asymptotiques distincts([9]).

Premierement, dans le cas ou la dispersion est d’un ordre de grandeur comparable aux
effets non linéaires, les ondes d’Alvén sont décrites essentiellement par ’équation de Schro-
dinger Non-Linéaire Dérivée, et non par le modele “canonique” que constitue 1’équation
de Korteweg-de-Vries (KdV). Ceci est dt a I’égalité entre la vitesse de phase de ’onde et
la vitesse du son, dans la limite de dispersion nulle.

Deuxieément, dans le cas ou la dispersion est gardée finie, la dynamique des ondes d’Alf-
vén monochromatiques et de petite amplitude est régie par 1’équation de Schrodinger Non
Linéaire, avec des éventuels couplages a des champs de basse fréquence.

Dans la suite de cette introduction, on décrira les méthodes permettant de déduire ces
différents modeles a partir des équations générales de la MHD.

1.1 Cas d’une dispersion comparable aux effets non
linéaires

Dans ce paragraphe, on se placera systématiquement dans la limite des ondes a grande
échelle([36],[49]).

En se restreignant au cas uni-dimensionnel, des ondes d’Alfvén faiblement dispersives
et faiblement non-linéaires, se propageant dans la direction du champ extérieur B, sont
gouvernées par 1’équation de Schrodinger Non Linéaire Dérivée (SNLD):

gt +1qzc + (l(Ilz‘J)x =0
q(z) — 0,
|z| = +oo.

Ici,

q= By, +:B,

représente les composantes du champ magnétique transverses a la direction de propagation
(0;), dans un référentiel se déplag suivant a la vitesse de ’onde.

Afin de représenter des ondes se déplacant de maniére quasi-parallele au champ extérieur,
on peut également se donner une condition de frontiére non nulle a I'infini:

q(z) > ¢ #0, |z| = 40
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Pour un plasma chaud sans collisions, on obtient 1’équation non-locale

" Jof(e!)

o igee + (Pa)e = olalop. [ I ), (1.2

—00
ou le terme de droite représente l’effet des particules résonantes sur les modulations de
Ponde.

Tous ces modeles ne décrivent pas d’éventuelles variations du champ dans le plan trans-
verse.

Afin de tenir compte de ces mémes effets, Myollhus et Wyller ([36]) proposent une version
multidimensionnelle de I’équation SNLD :

lgI* +24) =0

qt + iQ:c:c + [(IQIZ + QA)q]w - 6(
=0, (1.3)

Aot 30+ Dyt 2(0 - 7)-
V = @ + 7,5;
Ce modeéle représente la propagation d’ondes d’Alfvén localisées multi-directionnelles, fai-
blement non-linéaires, faiblement dispersives, faiblement diffractives, se propageant quasi
paralléllement au champ magnétique ambiant dans un plasma sans collisions.
Pour des solutions multidimensionnelles de type trains d’onde, un systéeme plus général
doit étre considéré ([33]). .

On commence ce paragraphe par décrire le procédé qui permet de déduire les équations
(1.1), (1.2) et (1.3) a partir des équations générales de la MHD (voir [36]).

1.1.1 Equations de la Magnétohydrodynamique avec effet Hall

L’équation de continuité s’écrit

%p +V.(pu) =0 (1.4)

ou p est la densité de masse et u la vitesse du fluide.
On a par la suite ’équation du mouvement

d,_ 1

pzu——(VxB)xB=-V.(I+P) (1.5)

ou B est le champ magnétique et II + P le tenseur de pression totale avec:

— P la pression extérieure donnée par

1
P= E(pll —p")B'B 4 p'I (1.6)
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— II le terme correctif de Larmor (Finite-Larmor-Radius). On utilisera les composantes

o = (5~ 52) 291 .
er = — (5 — 22) — 29102
Ici, p*tll représente la pression partielle (perpendiculaire et parallele) des ions.
Finalement, en combinant la loi d’Ohm généralisée
1 i L.
E-—luxB+™ljxB-vpy
c pgc
a ’équation d’induction magnétique, on obtient
0 msc 1 1
—B -V XxB)=—-——Vx(—(VxB)xB--V.P* .
5 X (u ) . ><(47rp( x B) x pV ) (1.8)

avec E le champ magnétique, j la densité de courant, P¢ le tenseur de pression des
électrons, et g;, m; la charge et la masse des ions.

1.1.2 Meéthode de perturbation réductive

On considére une base orthonormée (e, ey, €).
L’état ambiant constant sera caractérisé par:

P = Po,
B = B,e,,
u=20,et

P, = (o — py)etes + 7,1
Au niveau du plasma, on écrira
B = (B;, By, B;) et u = (ug, uy, uy).

Aussi, il sera commode de prendre une notation complexe pour décrire les composantes
de champ magnétique et de vitesse dans le plan transverse a la direction de propagation:

B =B, +iB, et i = u, + iu,

La méthode de perturbation réductive est basée sur le changement de variables :

£ =¢€(z—At)
(- (19

T=¢€t
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ou X est la vitesse de ’onde d’Alfvén a l'ordre 0, & déterminer plus tard.

On effectue les développements a priori:

B=e(BW 4+ eB® 4 )
1 1.10
{ ‘a = f(u(l) -|- eu(2) + ) ( )

et

B, =B, +eBY + ...
=B, + eu(l) + ...
i p = po+ep) + .. (1.11)
p“ p” +epll® 4 .
Pt =gt ept 4

Le petit parametre € et ses puissances caractériseront I’amplitude de I’'onde, ainsi que les
échelles caractéristiques dans les directions perpendiculaire et parallele.

Les changements d’échelle (1.9) ont été choisis de sorte que les divers effets contribuent
tous au méme ordre et s’équilibrent.

Le choix du temps 7 impose une condition d’évolution lente, “bloquant” ainsi des éven-
tuels modes se propageant a une vitesse différente de .

En injectant ces développements dans les équations (1.4), (1.5) et (1.8), on obtient:

-3 Pordre €2 :
On a les contributions de (1.5) et (1.8).

On obtient :
A=) == vi+vi~vﬁ,
ou
, 2 , pl Al
vy = vitesse de Alfvén) et v =2
A= Zmpr ( ) et vy = -

En supposant la condition de stabilité du plasma:

s ‘PLI

Po

'UA + 0,
on peut supposer A réel.

De plus,

a® = 20 g (1.12)

[
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-a ordre €:
En prenant la premiére composante de (1.8),

oBY) .
—/\08—§ = -B, v, ul) (1.13)
avec
0 0
V, = (= L
1 (877’ ac)
En combinant ceci avec (1.12),
0 (1) (1)
5654+ VuBY =0, (1.14)
Par ’équation de continuité,
L= Ll IBOF Bp 1
-A-:Ué) = F(ivA +v U”) B2 + )\_(2) vy ”) B2 + po/\2p“(l). (115)
-3 Pordre €3 :
A cet ordre, on obtient apres quelques calculs simples:
0 0? a, =~ .
E;B(l) +ics 8—623(1) + 5 §(NB(1)) - B,VN =0, (1.16)
ou
_ IB“)P B( ) pt@®
N=or +25) tmpp (1.17)
c3 = ()\2 Y 3?) il 2’0”_)

Il reste uniquement 3 exprimer p(®) en fonction de B® et B, ce qui sera fait en
considérant la cinétique du plasma.

1.1.3 Aspect cinétique

On consideére des particules de type “k”, de masse my, de charge g, de vitesse vy et de
moments magnétique et conjugué respectivement py et py.

Par les travaux de Grad ([18]), I’équation vérifiée par la fonction de distribution des
particules fx(pk,pr) dans ’approximation “centre-guide”est

0 1 1 1
&fk + miX Pk—'(HkB + qxd — "mkvk” +3 Img X Pk)—fk =0 (1.18)

o étant la coordonnée le long d’une ligne de champ et x un facteur d’étirement de ces
lignes de champ.
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On reconnait entre parentheses les diverses forces exercées:

-La force miroir de potentiel ui B et le champ électrique parallele de potentiel gré. Ces
deux termes sont ceux qui contribuent pour le terme d’amortissement de Landau dans le
résultat final.

-Les termes — mkvk“ et 5 ){"pi qui se simplifient a la résonance onde-particule caracté-
risée par 2 ”" =X pulsque

M V||
Pk = et pup =
X

25

Comme précédemment, on effectue les développements:

— fO (1)
(g

De plus, on peut supposer

E)
3 = 68é + O(€?)
{ =1+ LelB5E 1 0(e). (1.20)
En termes de la variable vx = :L—’; on peut écrire:
_ 0 .a o Ve 1, |BO32 9
(% = %) 5 P 3l 3 = X) 5 g ©_ g (1.21)
avec
‘/k‘ = Bo,‘("lx):A(l) _f: qk¢(1)
AW = B 4 LIBLE
On obtient
Vi 1, IB(I)l 0
P = [mk(@: %) 3Tt o) o (0) (122)

ce qui n’est pas bien défini pour Uk = A,. On peut cependant obtenir une limite asymp-
totique pour l’intégrale de fk

T Vi(é) 0 L0 —
»/—oo mk(ﬁz—)‘o) aﬁ k dm—-) Gk‘/k
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ot I'opérateur Gy est donné par
Gy =GV 1+ GYH.

Ici, I est I'identité, H la transformée de Hilbert, et

+oo 1

ch’) + iGS) = p.p.(/

—00

o O+ i 0 e,

Finalement, en écrivant la condition de neutralité
Z qrnx = 0,
k

on obtient a 1’ordre €:
+oo
Z/ G Vidur = 0.
k 0

A partir de cette relation, on peut exprimer Vi en fonction de A,
En calculant p*(!) en tant que somme des pressions partielles des especes présentes, on
obtient

=251

p® =[2p; + BX(N — M L )]AW (1.23)

ou

L= Zk fooo 07ﬂk)dﬂk
M=y, [ qk,uka()‘oa#k)dﬂk
N = 2ok fo KRGk (o, ik )dus

1.1.4 L’équation générale

Par (1.14), et en combinant (1.15) et (1.23), on obtient

2B +icsZzB + Z[(c1 + caH)(|BI* + 2B,B:)B) — B,V (c1 + cH)(|1B]? + 2B,B,) = 0
B +V.B, = O
(1.24)

les ¢; étant des constantes réelles.

Ce modele général permet ainsi de trouver ’équation (1.1) (en négligeant les effets trans-
verses et de résonance), I’équation (1.2) (en négligeant les effets transverses) et finalement
le modéle multi-dimensionnel (1.3), lorsque ¢; = 0.
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1.2 Cas de la dispersion finie

En négligeant les effets dissipatifs, et en tenant compte de I’effet Hall au niveau de la loi
d’0Ohm généralisée, les équations de la MHD s’écrivent, en unités sans dimension,

pi+ V.(pu) =0

p(us + Vu.u) = ——gV.p”—}-(V xB)x B

B, =Vx(uxB)-zgVx(;(VxB)xB)=0
V.B=0

(1.25)

ol R; est la fréquence ion-cyclotron normalisée,  la constante polytropique des gaz et
est le paramétre fini caractérisant le plasma:

En faisant ’hypothése unidimensionnelle, (1.25) devient [9]:

%u +usu= —%%(;;ﬂ + %]bP)
pB(—aa_tv —g u-a%v) N %b 3 (13b
ab"l" %(Ub'— 'U) = Z—a—'—(;—x),

(1.26)

ou 'on a noté u = u, la premiére composante de u et avec la représentation complexe

{b:By—sz

v =1uy, —iou,, (60 =1ouoc=-1).

La composante B,, supposée constante a cause de la condition V.B = 0, a été absorbée
dans le champ extérieur.
Le systéme (1.26) admet pour solutions exactes des ondes d’Alfvén monochromatiques

polarisées circulairement (a droite ou & gauche suivant que o = 1 ou 0 = —1) de la forme
b= _%v — Boei(kz—wt)
u=0
p=1

et avec la relation de dispersion reliant nombre d’onde et fréquence :

_ % 42 / L
w-QRik +k 1+4Rf'

1.2.1 Equations de modulation

Dans cette partie, on déduit de (1.26) les équations d’enveloppe pour les modulations de
I’onde d’Alfvén, par la méthode multi-échelle habituelle ([8]) & partir de la solution exacte



1.2. CAS DE LA DISPERSION FINIE 17

décrite plus haut.
On définit le petit parameétre € et les nouvelles variables lentes

X =ex
T =¢€t

et on fait les développements

v = ev; + €2vy + €v5 + ...
b= eby + €2by + €3b3 + ...
p=1+¢€ps+ p3+ ...
u = 62u2 + Sus + ...

En annullant les divers coefficients de ¢’ et en effectuant des moyennes sur les variables
rapides, on obtient, avec B = e’("z_“’t)(bl + €b):

i(Br + vyBx) + €% Bxx — ek(u — %p)B =0
pr+ux =0 (1.27)
ur + (Bp+ 5|BI*)x =0

2w"3
k(K2 +w?)
En choisissant un référentiel se déplacant a la vitesse de ’onde

{§:X—ng

T =¢€l,

ou v, = représente la vitesse de groupe et w” = w”(k).

iBr + % Bege — k(u— %2p)B =0
epr + (u—vgp)e =0 (1.28)
eur + (Bp — vyu + %IBP)E =0

1.2.2 L’approximation adiabatique

Cette approximation consiste & négliger les termes en € dans (1.28).
On obtient alors I’équation de Schrodinger Non Linéaire :

1"

1B + {:’Z—ng +

kv,

B—v;
2

Cette formulation devient evidemment singuliere a la résonance § = vy (1.e. Vson = v4).
Prés de cette valeur critique, et via un nouveau changement d’échelle

|BI?B =0

,8’;' — Vg = €§/\
£ = € (z — vyt) (1.29)

T = €3¢
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et

on obtient ’équation de Benney:

. " _ —
{ 1B, +w Bgé k¢B =0 (130)

¢‘r + ’\¢E = —%,B@

1.2.3 L’équation de Zakharov-Rubenchick

Loin de la résonance, une formulation hamiltonienne peut remplacer ’equation (1.28).
Elle est obtenue en posant
vy kvg — 1

u=u—(k+5ﬂ_v§

kv, —1

2
5Bl

)Betp=p—

iB, 4+ W"Bge — k(i — %2p +q|B]*)B=0
e + (@~ v,5) = —H|B: (1.31)
e + (87 — v,7) = L1/ B2

ou ’on a posé

vg kv — 1

4 B—v?’
Cette équation décrit de fagon générique l'intéraction d’une onde haute-fréquence avec des

ondes de basse-fréquence du type acoustique, excitée par la modulation de ’onde haute
fréquence au travers de forces pondéromotrices.([62])

g=k+
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Chapitre 2

L’équation SNLD
multidimensionnelle

Dans ce chapitre, on étudie ’équation (1.3) en dimension 2:

¢ + iqze + [(|9]* + 24)q) — (lq* +24), =0
Az +ig+7)y, =0, (2.1)
- q(z,y,0) = go(z,y).

2.1 L’équation linéarisée
Le probleme linéarisé en 0 s’écrit

Az + %(q +9)y =0, (2.2)
q(z,y,0) = ¢o(2,y).

Plus généralement, sous sa forme dérivée, (2.2) devient

(gt +19sz)z + (¢ +Q)yy = 0. (2.3)

Ce chapitre est organisé comme suit :

Dans une premiere partie, on étudiera les problémes d’évolution associés a (2.2) et (2.3).
Puis, en établissant des estimations uniformes d’intégrales oscillantes, et par interpolation
complexe, on déduit les estimations du type “LP — L9”.

Finalement, dans la troisieme partie, on donnera les estimations du type Strichartz qui
en découlent.

2.1.1 Le groupe unitaire

La conjugaison complexe n’étant pas linéaire vis-a-vis de la transformée de Fourier, on va
poser
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{ a(z,y,t) = Re(q(z,y,t))
b(z,y,t) = Im(q(z,y,1)),

et on obtient le systeme

(a; — byz)z + 24y =0
btz + Qzze = 0

On commence cette étude par un premier calcul (formel):
En prenant la transformée de Fourier en espace,

7l senn ) =26 (semy )

ou (§,n) sont les variables duales de (z,y) et

22 g2
M(ﬁ,n)=( 5 e )

La matrice M est diagonalisable:

Premmenren - (e 0 ),

Ll(&an):w'z_{_l'g‘l“%a L2(§"’7):—U‘g+§4_%7 (25)

P(¢,n) = ( ””ég’ n) iL?égm) ) .

avec

et

Ainsi, en posant
(semd)=ren(Gery )
5 (0 ) = (" e ) (ST,

()= (9 o ) (567,

i.e.
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FEn revenant aux variables initiales:
a(€,m,t) ) ( do(€,7) )
7 =5 1,1 3 )
( b(&,m,t) (&, 1) bo(&,m)
eit[a 0

S(¢,n,t) = P( 0 eitLg)P_l

_ b (iLge —iLpe™2)  E2[E|(etn — et
2i/m* + 8 ElE| (et — e2)  [€|(iLyettr — iLyettle) |-

En remarquant que

avec

+1]<2

3 n’
gl = | -
et
3
/774 _*_é'G
on a pour tout ¢ € R,
S n,t) € L=(R?).

Par conséquent :

Theoreme 2.1.1 Soit s € R.
Le probléme d’évolution (2.8) définit un groupe & un paramétre {S(t)}ier agissant sur
H*(R?) par:

S(t): H'(RY) — H*(R?)
% — q(z,y,t)=F(S(&n,t)d.(€,7))-

Remarque 2.1.2 S(t) est unitaire. En effet un calcul simple permet de montrer que
S@) S(t) = Id.

Il s’agit & présent de montrer que ¢(t) = S(t)g, est effectivement une solution pour
les problémes d’évolution (2.2) et (2.3). Il est clair que pour cela il suffit de justifier la
dérivation par rapport au temps de g(t). ‘
Supposons que, pour s € R, ¢, = a, + b, € H*(R?). On a:

eifb‘§+iy'ﬂ

a(.’lt,y,t) = 8217rz m[ll‘f'([’le

ithy LzeitLg)a»:o + l€|3(eitL2 _ eitL1)6o]dfdn, (26)
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et

1 eizi+i'yn 3, iths
b(m,yat) - 8i7r2 \/T]T——}—_f—é“f' (e

Afin de justifier la dérivation sous le signe de somme, il suffit de montrer que les intégrales
dérivées restent absolument convergentes, ce qui n’est pas le cas ici puisque la différentia-
tion par rapport au temps fait apparaitre une singularité en % Cependant, remarquons
que

_ 6itL2)do+i|§l(L16itL2 _ Lzeith)go]dé'dn_ (27)

1 zx£+zyn

=[i[€](Lie™"t — Loe™2)ed, + |€[°(e** — &)eb,d¢dn,

ax(x)y7t) = Q2 \/"—é.

et
1 gl i 3¢ itLy _ itLy\g o~ | itLy ity 1
bx(mayvt) = 872 \/m“gl (e —€ )fao + Zlﬂ(Lle — Lqe )fbo]d'fdn
Puisque
€Lia] = —n* £ /(" + )| < (1 + € + In*)?,

la différentiation par rapport au temps devient possible, et
Aty b:ct € HS_S(R2).

Ainsi,
Theoréme 2.1.3 Soit.s € R et g, € H*(R?).
Alors il eziste

q € C(R; H*(R))

solution au probléme d’évolution

( (@)e + iteze + (4 Dy = 0 ) (2.8)

q(0,z,y) = go(z,y).

Pour finir, on s’intéresse au systéme “non-dérivé” (2.2).
On remarque que si I’on suppose P’existence de ¢ € H? tel que a, = 9,9,

do(&,m) = z§$(§7 77)’

et la dérivation sous le signe de somme des intégrales (2.6) et (2.7) est justifiée. De plus,
notons que pour tout ¢t € R,

ina(6,m,1) = i€l (iLye" — iL,a)d 4 Kol gosa _ oy

NGRS 20/ 6
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Ainsi, en posant

N |§|77 . itL . itLa ) |§|239n(§)n itL, itLo\ 7 —1 -
A y ,t = — L wht L wl2 + 3 "I ATl Stth bo f‘ Hs 1 R2 ,
(&m,1) 5 774+56(Z 1€ 1L2€"7%)¢ o 774+§6(e e")b, € F( (R%)

(2.9)

on obtient la proposition suivante:

Theoréme 2.1.4 Soit s € R et g, € H*(R?), tel que ¢, + Go = 2., ¢ € H*(R?).
Alors il eziste (g, A) solution du probléeme d’évolution

Gt + 19z — 24, =0
As+3(a+7)y =0, (2.10)
q(z,y,0) = g.(z,y).

avec

q € C(R; H*(R)) , A € C(R; H'(R)).

Remarque 2.1.5 Par (2.9), on remarque que

¢y(€, 77) = _A(§7 7, 0)

2.1.2 Etude des propriétés de dispersion
Estimations d’intégrales oscillantes

On commence par montrer le résultat suivant:

Theoréme 2.1.6 Soitn >2, et g€ C*HR)NC™"(R/{0}) avec:
[#D(&)] 2 C1 > 0 pour [¢] 2 & >0

|¢(n)(§)| Z C2 > O, et lzmg_,o|¢>(“)| = 400

Alors,en posant
I(t,z) = / et PE)+et) ge.
R

on a, pour T > 0 fizé:

[I(t,z)| < C(T)t= (resp.|I(t,z)| < C(T)t7) pourt>T >0 (resp. O <t <T).

Remarque 2.1.7 La proposition (2.1.6) est une généralisation du cas connu ot ¢(§)
est un polynome de degré n ([2]), et semble particuliérement intéréssante lorsque, par
ezemple, toutes les dérivées jusqu’a 'ordre (n-1) de ¢ s’annulent en un point ot la dérivée
d’ordre n explose, puisque dans cette situation il n’y a pas maniére d’utiliser I’estimation
“universelle” de Van der Corput.
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Remarque 2.1.8 Par ezactement la méme méthode, on peut montrer des estimations
pour

](t, 1:) — / gaeit(¢(§)+$§)d§
R

ot a >0 si ¢"(&) ~ & pour ¢ grand.

Preuve de la proposition:

On commence par énoncer la version du lemme de Van der Corput qui nous sera utile
dans la suite:

Pour

b
I = / e,
é € C*[a;b],6*) # 0 sur [a;b], on a:

1 < _ Ckk)
= Min(|¢®)])5

On prouve maintenant la proposition 2.1.6 pour
I(t,z) = / s,
0

I’étude sur [—o0,0] étant analogue. Nous allons raisonner comme dans ([28],[2]) :

i)Estimation sur [£,; oo[
On choisit &, assez grand, de sorte que

¢"(€) 2 C1 > O et ¢'(§) > 0 pour [¢] 2 |&.
L’équation ¢'(¢) + z = 0 a au plus une solution ¢, puisque ¢’ est strictement croissante.
On pose B = [aé;; B¢;], avec @ < 1 et B > 1 de sorte que B C [€,; 00].

Directement par Van der Corput:

| / eibea0 g < ¢ C (2.11)
B (Cat)z — 12

On pose maintenant B’ = [£,; 0o[/ B: Pour ¢ € B’

'3
6(6) + 2] = ¢/(6) — B(&)] = | /5 &' (n)dn| > [ — &.]Cy > C& > CE..
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Ainsi,

s+t gy — L / L et g
L ST S

1 $"(€) _u(er+at) 1
- | 28] ie©+at)y L @ty
zt/ () +2) o t[¢’(§) e
d’ou
¢ 1 C(£)
(@) +e8) ge| < , < ) .
I dé| < —Sups EGETRE (2.12)
ii)Estimation sur [€; &,]
Soit € > 0 fixé:
Directement par Van Corput:
|/ et (#( £)+z§)d€| < t( ) (2.13)

iii)Estimation sur [0, €]
Soit {v;};>0 une suite strictement croissante, avec

lim(v;) = 400 , v, = |67 (e)

et
1

- < 0.
. n
320 U;

Soit de plus une suite {¢;};>0 strictement décroissante et de limite nulle a I’infini, de sorte
que

V¢ € [ej41; €51, |6 ()] > v;.

Posons ¢
I = / OO +26) g
€541
Alors o
1] < (n)L
(tv;)a
et

:IHI Q

(2.14)

" it6le1+2) g <
| / =135 <

7>0
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En combinant (2.11),(2.12),(2.13) et (2.14) on obtient I’estimation pour t grand.

Pour D’estimation pour t petit, on va poser

I(z,t) = / EONGEER:
0

ot $2(8) = pyé(AE) et A > 1.

On cherche des estimations de I)(z,t) pour t grand, uniformes en z e A.
i)Sur [&,, 00]

Le choix de £, et la minoration de ¢, sont indépendantes de A puisque

A(6) = ¢"(Af)etA > €.

Soit € > 0 et A > 1 fixées:
ii)Sur [;&,], on a

g = A 2HM(AE) > [6™[(AE) > C2 > 0,
d’ou encore une estimation uniforme sur cet intervalle.

On pose
¥
Ii(z,t) = / eit(¢x(£)+x£)d§_
.
(on reprend {¢;} et {v;} définis précedemment).

Pour ¢ € [ %], on a

165(6)] > [6™(AE) > vj,

d’ou
Lz, 1) < —2
(tv;)»
et .
I\(z,t) = / T OO+ g < ¢
0 T tw

C indépendant de .
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On a ainsi montrer que |I)(z,t)| < gt-(le, pour t > T > 0.

En effectuant le changement de variables n = A¢,
C(T)

[I(z,t)] = |AL(N*, Az)| < /\()\Zt)%

pour A%t > T.

On a maintenant fini en choisissant A = %

Application a I’équation 2.2

D’apreés la premiere partie, il suffit de borner notre étude a
@+ iLi(D) = 0
2.15
{ q9(z,y,0) = g(z,y), (2:15)

ou Lj(D), 7 =1,2 sont les opérateurs donnés par:

[L;(D)$)(¢,n) = L;(&,m)(&,m)- (2.16)
Les solutions de ce systeme s’écrivent
q(z,y,t) = ¢o * K(z,y,1) (2.17)

ou K est le noyau de convolution

1 .
K(z,y,t) = — /}22 e (Lilem+attyn) de gp (2.18)

T 4q?

qui peut étre vu comme le Fourier inverse d’une distribution tempérée ou bien en tant

qu’intégrale oscillante.
/,74 n?
Ll (§7 T’) 62 I £4 €

A € fizé, ce symbole n’oscille pas a infini en n. Il comporte par conséquent un défaut
d’oscillation en y.
De fait, un calcul permet de montrer que

Remarque 2.1.9

L, d,L, > (2.10)

D(&m) = Det ( BedyLy 0Ly

est croissant en n, et on s’attend donc d une “perte’ de dérivée en y. C’est la une grande
différence avec le groupe associé a l’équation KP, ou ce déterminant vaut 1.
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28
L;(£t7,nt?) (2.20)

En remarquant que
tLJ'(é.a 77) =

on obtient aprés le changement de variables (¢/,7) = (t2¢,t1n)

LT Y
= —<K(—+,5,1) * .
q e (t%,t%’) o
Cette “pseudo-homogénéité” nous permet déja de mettre en facteur une puissance négative
de t.
Plus,
I=q+@= 3% 0*11’1(11,-93—)"1“-0? 0*K2(Eﬁ%) (2.21)
ti iz t:s  t% iz ti
avec
+w . > .
Ky(X,Y) = / / XYL, (€ g dn (2.22)
=0 JR
(2.23)

0
Ky (X,Y) = / / e XY LG ey,
§1=—c0 JR

Dans tout ce qui suit, on prendra L = L;,le cas L = L, étant analogue.

i)Estimation de ¢,
(2.24)

; 0o izt [nf e
= o't [ B
0

=£X+%—,/Z—:+£4,

On note
¢ = ¢x ()

et on cherche & estimer

I(n, X) = / eixnl€) .
0
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Par un calcul simple, ¢ a les propriétés suivantes :

241322 4224

) (f) =27 (1 n Zz)%

)

ou Z = Z—: De plus ¢"(0) = 2 et ¢"(¢) # 0 pour toute valeur de €. Donc, pour Z < Z,
fixé, " > C(Z,) > 0, et on peut écrire

| eitxa@ge| = | e#xn0de| < C(Z,).
&>

Z<Zo

2
3
o+
z3

Sur Z > Z,, on remarque que
1

ot 6 ~ < & Dinfini. Ainsi ¢(®(¢) = %QO(Z),oﬁ 6, a une limite infinie a I'infini.
n

Donc, en choisissant Z, assez grand,on applique la proposition 2.1.6 pour montrer que:

| eixa€)dg| = | / , %00 de| < ntC(Z,).
7>7%, Jecp
25

D’ou

I(n,X) = / e#xndg < O(1 + ),
0

et, pour € > 0,

C i_y_g_ O REN 1. ?
g = —5qo*/ I(n,X)e t‘dn+t; =0T qo*/ n~e I(n, X)e gdn. (2.25)
6

Finalement,

110, T g1, Ve > 0. (2.26)

1_3
te7 ¢

C
llg2( Dlleo < llgelln +
ii)Estimation de ¢

Cette estimation est nettement plus facile:
. o0 T +ﬂ3+ 4 +£4
Ki(z,y) = /dnezfél / ezz—g e dg.
0

Ici,
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2 /
¢=¢X,n(€) :€X+n'§—+ 52 +&,

2+ 137% 4224

U — 2Z . ,
¢"(£) + 12

et

ou une fois de plus, Z = g—: Par conséquent,¢”(¢) > C' > 0 pour tout £ > 0 et on peut
écrire :

¢ ‘
llar(; oo < —%Ilqolll + ||<91+ %l|l1, Ve >0 (2.27)

.1._§_
1274

Conclusion-Estimations LP — L?

En combinant (2.26) et (2.27) on peut énoncer le résultat suivant:
Soit g, € W(R?), ou
W(R?) = {f € ['(R?)/0} f € L (R?),etdy ' € L'(R?)}.

Alors, si g(z,y,t) = ¢ * K(z,y,t) = S(t)q.,

. . O C/ . CII E-{—e
e > 0, lla( Ok < llaolh + 0] gl + 10 ol (2:28)

ce qui est une estimation pour les temps longs, ou, pour tout t,0 <t < T (ou T > 0 fixé)

y

o(T)

€ 19_3‘*'C
e (I1goll + 110, gol 11 + 1105 ™ gol|1)- (2:29)

llg(-s )l <

Remarque 2.1.10 Bien qu’il soit difficile de voir si cette estimation est optimale, on a
nécessairement perte d’au moins une dérivée en y(cf. Remarque 2.1.9).

En posant

Wo(R?) = {f € LT ®R})/||fllwy = |I£1] 2, + 05+l gy + 11857 T f1]_2, < oo},
(2.30)

pour tout 6 € [0,1].
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S(t) : W, = L*(R?) — L*(R?) avec norme 1.

S(t) : W1(R?) = W(R?) — L*(R?) avec norme C(T).
Par interpolation complexe,
S(t) : We(R?) — leTe(R ) avec norme t(T)’

autrement dit, on vient d’établir les estimations “L? — L9”:

Theoreme 2.1.11 Soit T >0 fizé, 0 <t < T.
Alors, pour tout 8 € [0,1] et pour tout € > 0,

(goll 2o +11080+9g0] 2 41185 ]l o). (231)

L1+6

C(T)
2
”q("t)HLTz—e(R ) < t'54_ LT+0 L1+0
De méme, pour des temps “grands”

Theoreme 2.1.12 Soit T > 0 fixé, T < t.
Alors, pour tout 8 € [0,1] et pour tout € > 0,

c(T ¢
a0l 2y B < LSl + 102090,y + 185l z,). (232

2.1.3 Estimations du type “Strichartz”

Grace aux estimations L — L? déduites dans la partie précédente, on peut construire les
estimations de Strichartz associées:

Theoréme 2.1.13 Soit § € [0,1] et

1 2
A=LILLW)"(R?) ot s = ?3 +eetr= 36

A* = LZIL;'Wy‘”'(R?) son espace dual.

1S(£)llax < Il

Preuve:
Par dualité, il s’agit de montrer que pour tout ),

| / Sl < Clléllzl L.
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Or, par Plancherel,

| / SWdgl = | / 8lr = LONHU )
< |18l 1B (L(E), )12

Reste donc & montrer le lemme de restriction:

Lemme 2.1.14 Pourq = 5 >1,

1B(L(E), Ollzz < Cllblla.
En effet, par Plancherel,

L), = / K ey

_ / (K *$)(t, 2)b(—t, —z)
< |IK | ]ae ][]
De plus,
T . A ']
1K« pllae <€ [ HIF 505 5, Wy )y ds

Compte tenu du fait que
‘ Wy = L,

d’apres (2.32) et par Young-généralisé:

T
1K il <C [ 1G9 pds

ce qui est une quantité finie pour ¢’ = ;—0 > 1.

2.2 Les données initiales analytiques
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Local analytic solutions to the DNLS
equation in higher dimension

(SUT Journal of Maths., Vol.36, 385-406, 2000.)

Filipe Oliveira
U.M.R. de Mathématiques, Bat.425
Equipe Analyse Numérique et E.D.P.
Université Paris-Sud, 91400 Orsay

Résumé
We prove the local well-posedness of the evolution system

g+ (¢(1g1* 4+ 24))z — (|g|* + 24)y + igee = 0
Az +3(q+7)y =0
q(OvX) = QO(X)

in the analytic Sobolev spaces X™(r(T)), m > 7, with the initial compatibility
conditions (g, + o)y = —24,z and |go|2 + 24, = Yoy, where Ay, ¥, € X™(r(T)).
This model, due to E. Mjolhus and J. Wyller ([44]), describes in the long-wave
limit the evolution of localized nonlinear Alfvén waves propagating in a parallel (or
quasi-parallel) direction to the ambient magnetic field and is a generalisation of the
DNLS equation.

2.2.1 Introduction

When studying weakly nonlinear waves in fluids, the reductive perturbation method
([45],[15]) appears to be a useful unifying technique. In fact, it leads to well known par-
tial differential equations such as the Burgers equation, the Korteweg de Vries (KdV)
equation and the Nonlinear Schrodinger Equation. In particular, for weakly nonlinear,
weakly dispersive MHD waves, propagating perpendicular or obliquely to the ambient
magnetic field, this reductive perturbation method allows to derive the KdV equation for
magnetosonic waves ([27],[31]):

Us + Ugge + vug = 0. (2.33)

Then, by taking into account weak dependence on the transverse direction, this KdV
equation was generalized in [25] by Kadomtsev and Petviashvili:

(2.34)

ut+uzzz+vy+uum =0
Vg = Uy.

Similarly, when dealing with the singular case of parallel propagation, the above mentioned
reduction technique results in the Derivative Non Linear Schrédinger equation (DNLS)
(see for example [16]):

@ + 19z + (|g1’g)s = 0. (2.35)
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The DNLS equation has been studied by many authors (see for instance [40], [46],[22],
(35]).

Then, by allowing weak dependence on the transverse directions, Mjolhus and Wyller
derived a 2-dimensional model for localized parallel propagating MHD waves, with the
assumptions of weak nonlinearity, weak dispersion, weak diffraction and slow evolution
(see [44], [39] and [49]), namely

3B, 4 9By _ ) (2.36)

{ B 1 o(Z((|BI* + 2B,B:)B) — B.2(|BI* + 2B,B.)) + %2 = 0
o€ on

where B, is the ambient magnetic field, and the magnetic field B is such that, to leading
order 1 1
B = (B, + €B;,e2 By, €2 B,),

(weak nonlinearity)

B=B,+iB,,

Q;
= 57 and B =

« v A ’
with vg = %: the Alfven velocity, (; the ions gyrofrequency and L a lenght of reference,
and finally

3

n = e2y (weak diffraction) (2.37)
T = €°t (slow evolution).

{ ¢ = e(x — vat) (weak dispersion)

Note that the small parameter € does not appear in (2.36) since this equation is invariant
by the transformation

(F’ B_:IL‘) 5,7 n” T’) _) (6%—?) 6—B—x’ 6—1§7 6—737]7 C—ZT)’

Finally by normalisation of the physical constants, (2.36) can easily be brought to the
canonical form:

{ g + (q(lal” +24))z — (la|* + 24)y + 1¢zs = 0 (2.38)

Az + %(q+§)y =0,

which is clearly a 2-dimensional extension of the DNLS equation, in a similar way that
the KP equation is a 2-dimensional extension of the KdV equation.
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We will be concerned here with the Cauchy problem associated with (2.38).
Results in the classical Sobolev spaces H*(R?) do not seem easy to get, essentially for two
reasons :

First, when considering the linearized problem

{ Gt + 1Gzz — 2A, =0

- 2.39
Ar+ 30+ =0, (2:39)

the linear operator which generates the solutions of the Cauchy problem associated to
(2.39) has the form, when D, = 10, and D, = 30,

L(D., D,) = £450=D),
where D, = 10,, Dy = 10,, and

S(En,6) = —g—j neE %

The expression e?5(¢142) does not oscillate for fixed ¢ and letting ¢, tend to infinity.
Actually, for fixed &,

lim expitS(&1,&) =1.
§2—r0

For that reason, one cannot obtain any dispersive estimates with smoothing for the free
evolution of (2.38). In particular, local smoothing estimates or Strichartz type inequalities
with smoothing do not seem to be available here.

Secondly, we only know three conservation laws for (2.38)

d

%J,(t) == 0,

with

J(t) = / adzdy | Jy(t) = / g dzdy
and

J(t) = / (gl +24)? + 2iqgdedy

which are natural extensions of the three first time-invariants for the DNLS equation :

Jo= /qdm , J1 = / lq|*dz

Jr = /(lql“ + 219Gz )dz.

and
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One may try to use these invariants in order to derive a local existence result for (2.38)
in the classical Sobolev spaces H*(R?), similarly to the case of the KdV equation, the KP
equation, and many other dispersive models. This energy approach seems to fail in the
case of (2.38) because the nonlinear term contains the formal anti-derivative 0, '(q +q)y.
For this same reason, we were not able to find any a priori estimates in H*(R?) for possible
solutions of (2.38).

However, an easy formal computation shows that, if we take the auxiliar evolution variable
u = |g|* + 2A, we obtain

Us — a;luyy + %(q ~ Qay — (u(g + Q))y + 1(9%zz — 9Tz) + 2Re(q(uq)z) = 0

and we only get an anti-derivative in the linear part. The price to pay for this operation
is the appearance of a big “derivative-loss” in the non linear term.

Many authors deal with this kind of problem by introducing the analytic Sobolev spaces,
which are essentially the functions f € L?(R?) that can be extended to holomorphic func-
tions in a band containing the real axis. For instance, those spaces were used by Hayashi
(see [20],[21]) to overcome derivative losses in nonlinear Schrodinger equations.

In [6], de Bouard extends this result to nonlinear “non elliptic” Schrédinger equations, by
proving the well-posedness in the analytic Sobolev spaces of :

{ iU, + L(U) + G(U,U,VU,VU) = 0 (2.41)

U(X,0) = U, (X)

where G is a polynomial such that G(0,0,0,0) = 0, the self-adjoint operator L is given
by
LU(¢) =P(U(¢) ,

and P(£) is a symmetric matrix symbol with real entries P;(€) € L§2.

Here, we will generalize this result to the case where the linear part presents a singu-
larity of the kind:

L - Ll + Lg, (242)
with L, self-adjoint as in [6] and
L, = Diag(ielagll@zkl, ....,iena;llc?zkn) , € € {0;1} and k; € [1,n],

since, as we will see later, (2.40) can be reduced to this form.
The rest of this paper is organized as follows: In the second section, we introduce the
analytic spaces and equip them with a local structure, which is crucial for our proof. At
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the end of this chapter, we will state our main theorem.

In the third section, we prove the local well-posedness of (2.41), with L given by (2.42): we
first build a family of approximate solutions {u.}.s0 by regularizing the anti-derivatives,
and then take its limit as € — 0.

In the last section, we apply these previous results to equation (2.38). For technical rea-
sons, we will be dealing with a system possessing seven unknowns:

(@+Tq— (94D, (4 — D, (@ + Dy (7 — Dy» g + 24).

Finally, we will return to the initial system (2.38).

2.2.2 Sobolev analytic spaces
Definitions and first properties

We begin by introducing the analytic spaces used in [20],[21].
Definition 2.2.1 Letm € N, r >0 andn > 1.

We set(analytic Sobolev space of order m)
X™(r) ={f € L’(R"), I xm(y =< a(r,6)a*™(€)f, f >12@m< +o0}
where a™(€) = (1 + [£]*)7 and

q(r, &) = qi(r, &) + g2, ) := H cosh(2ré;) + Z €k sinh(2ré;) H cosh(2r¢;).
=1 k=1 £k

We also introduce the Hardy analytic spaces:

Definition 2.2.2 Letr >0 andn>1:
We set S(r) ={z€ C*"V1<j<n,|Imz|<r},

L. = {f € L*(R™), f is analytic on the band S(r),
and Hf”%r = Supyé]—r,r[“”f(- + Zy)”%g(Rn) < +OO},

Ym(Rn) = {f E Lra Hfll%’m(R") = Z Hag.fl‘%,. < +OO},

la|<m

and, form > 1,

7 < +oo}.

YiRY) ={f/Vf €L, Ifll}e@m = > [102f]

1<]al<m
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We now state two results proved by Hayashi in [20]:

Lemma 2.2.3 Let f € L,.
Then

[atnoli @ < Ak,
where f* is the trace of f on the real axis. Conversely, if [ qi(r, OF(€)2d¢ is finite, then

f can be extended to an analytic function over S(r), and

|mmST/mmommw¢
Lemma 2.2.4 We set

L., = {f € L*(R™), fis analytic in the band S(7),

and ||fI17,, =) Supy/yka—r,r["*/ 1024 f (- + i) |72 mdys < +00}-
k=1 -r

Then
/qz(r, Of(©)1Pde <2*7|If113,,-

Conversely, if [ ga(r, {)]f(f)zdﬁ is finite, then f admits an analytic extension to the band
S(r) and
171, <2 [ a(rlf©rae

This leads to the following corollary :
Corollary 2.2.5 Let m € N and r > 0.Then

Yit1(r) C X™(r) C Yi(r)

Finally, we give a last result:
Lemma 2.2.6 Assume that m > [n/2] + 1. Then, for wy,...,wx € Yn(r),

k k
T willvme < C > (T il )10t inr)-
i=1

I=1 j#l

Proof: see [20].
We can state now our main result:

Theorem 2.2.7 Let (X,t) e RZ2x R and m > 7.
Let q, € X™(r,), ro > 0, such that

(o + o)y = —2A,, where A, € X™(r,) (2.43)
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and
|g0|* + 24, = o with ¢ € X™(r,). (2.44)

Then there exists M > 0, T > 0, depending only on q, and Ir : [-T,T] — [r,,r(T)]
strictly decreasing on [0,T], even, with r(0) = r, such that the system

{ g+ (q(lg? + 24))z — (lg* + 24), + igee = 0
Az +5(g+7)y =0 (2.45)
q(0,z,y) = go(z,y)

has an analytic solution
q € Loo(—Tv Ta Xm(T(T))) n L2(_T> Ta Ynt+1(r(T)))a

with
¢ € L®(=T,T, X" *(r(T))) N L*(=T,T, Yy _,(r(T))).

Moreover,

qc Cw([_T7 T]7 Xm(T(T)))

and is unique in the class

Bo(T) = {w € Cu([-T,T}; X™(r(T)))/ sup IIwH?m(rqthrM/ [lw][}» (r(t))dt < oo}
[tI<T -T

Here C., denotes the weak continuity.

Remark 2.2.8

Condition (2.44) is natural, since by differentiating the equation with respect to y and
taking the real part, we get:

(lgl* + 24)yy = Ox[—2A4; + igey + (uq),).

Local Spaces

In this section, we define the local spaces X% (r) where B is a open ball of R?

Lemma 2.2.9 Letr >0 and m € N.
There ezists a family {Ca(r)}aenn of R}, with ) Cy < +o00 such that

feX™(r) if and only if Y Ca(r)||05 fIlzm@n) < +oo.
o[>0

Moreover,

£ 1Bemy = D Calr)13%FIlEmar)-

la[>0
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Proof:

One can write

0= I Gl + X TTE Gl ™

j=1 k>0 Jo=1j#jo k>0

and, by Fubini-Tonnelli,

Z C €2a

|e|>0
Thus, for f € X™(r),
Hf||§(m(r) = <Q(7‘af)02m(§)f7f>L2(Rn)
S EGGIGIR
= [(X catemiab s
la|>0

and again by Fubini-Tonnelli,

1 1mry = D Calr) 105 f 1l g,

[a]>0
Note that we have obtained another formulation for the scalar product of X™(r):
< f,9 >xn(=< 4(r,)"™(€)f,§ >r2@m= Y Calr) < 0%f,0%9 >Hm@n) -
la|>0
Definition 2.2.10 For all ball B C R", we set
X5 (r) ={f € L’(B)/||flfxge) = D Calr)10%f1ltm(m) < +oo}.
la]0

We now shortly prove the following elementary property :
Lemma 2.2.11 Let m € N and § > 0. Then, for all ball B C R", the embedding

Xg¥(r) = X5 (r)

1s compact.

Proof:
Let B; be the unit ball of X**(r) and {f.}n>0 a sequence in Bj.

For all n € N,
N Calr)10% fal Bymrs(my < 1.

|a|>0
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Thus, for every fixed a, the sequence ||0% fa||gm+s(p) is bounded. The injection
H*(r) = HE (7

being compact, there exists a subsequence {9% fs.,(n) }n>0 Which converges to F, in H™(B).
Plainly,

F, = 0% F,,

and using a classical diagonal process, it is clear that there exists a subsequence fy(y), still
denoted f,, such that for all @ € N*,

Jim 1105 fu — 05 Fulligry =

and, for example,
185 f — 8% Follp () < 1, for all n.

Hence, since C,||0% fn — 0% Follup(r) < Co ( with 35, Co < +00), we have by dominated
convergence that:

Jim {|fn = Follxge) = 0,
and yet the proposition is proved.

We end this section by the following remark :

Lemma 2.2.12 Letm > 2 and n = 2.
Then

Y(f,9) € X™(r), fg € X™(r) and ||fgl|Xm(r) < CHfHX"‘(r)HgHXm(r)-

Proof:
From Lemma 2.2.5, one gets, for f,g € X™(R?),
£ gll¥mir) € Cllf ¥ 1911¥mr)-
Moreover, note that for f € Y,,(R"),
102 f(- + i)llz2m2) = [0 f(- + 1y)llL2(me)-

Thus, for 0% f,0%g € L, and for all |a] < m,
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> 185 (fa)lli., D) Supyyer-rein / 110:.0% (£9)(- + iy) |22 d¥s

la<m lasm k=1

< O Supmereir [ 17+ )y
< Y Supymetrim [ 000 (0)(+ ) Fimary o
# [ N9+ )3+ )l
< Z Supfct-aetet [ O+ i0) Fomgan10a(6)C + i0) Frmgary

+Hlg(- + 1)l lrm@n 10, (F)(- + 1) [ rm@n) ) dys
< CUAlmey Y 110%gllzz, + llglfmey D 1105S113,,)

|a|<m lo|<m

and the lemma is proved by Lemmas 2.2.3 and 2.2.4.

2.2.3 Approximate solutions for the regularized system

In this section we treat the scalar case, the generalisation for systems being straightfor-
ward.

For all € > 0, we consider the approximate system S,:

iut + Leu + G(u, @, Vu, Vu) = 0
{ u(X,0) = u,(X) (2.46)

where (X,t) € R" x R, G is a polynomial such that G(0,0,0,0) = 0 and
L{u)(€) = € po(€) with po(6) = — 2
(u)(€) = &,p(¢) pe(£) 1)

The system S, fulfils the conditions of theorem 1 of ([6]), hence:
Lemma 2.2.13 Let m = 2[n/2] + 5 and u, € X™(r,) for somer, > 0.
Then, there exists M, > 0 and T, > 0 such that the system S, has an analytic solution

ue(t) € C([=Te, Ty X™(r(T)) N L* (=T, Te; Yo 41 (r(T)))

(joyjl) € {17 TL}

with, for all t € [=T,, T.), u(t) € X™(r(t)), r(t) = roe~ ro—

Moreover, this solution is unique in the class:

Bn(T) = {w € C([-T,, Td; X" (r(T0))),
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Te
olBoagry = 38 [lwlFmioy + Mo [ lull,, (r(9)d < oo
[t<T ~T.

Uniform estimates for u,

Lemma 2.2.14 In the Lemma 2.2.13, one can choose T = T, and M = M, indepen- .
dently of €.
Moreover, there exists C = C(u,) > 0 such that

|[ue(t)l| oo (-7, 7xm(r())) < C-

Proof: The proof of this lemma relies essentially on the proof of Theorem 1 of [6]. For
clarity, we will shortly present this proof. For details , one can refer to that paper.

We denote B, the ball of radius p = 2||u,||xm(r,) in Bm(T.), and for every v € B,, we
consider the equation

{ g + Leue = —G(v, v, Vo, Vo)

w(X,0) = uy(X). (2.47)

By setting w = w, = %u,, |8] < m, and taking the Fourier transform of (2.47), we get

ity + L = —82F(v). (2.48)

Multiplying this last expression by g(r(t), {)w(€) and integrating the imaginary part,

() ey — 2¢°(8) < €2k (2), DD(E), B(E) >rmny

< —2Im < 8B F(v), q(r(), €)b(€) >12(R"),

since
n

Beq(r(t),€) = Y _ 2’ (1)&ai(r(t),€) + (&, 1),

k=1
where A < 0.

Thus, by Cauchy-Schwarz inequality, and integrating between —7, and T :

T

el [B iy < Mol imrs) +2fT 10% F (0()lz o [10(8) ly: -5y d
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Finally, using the fact that

1E () l¥mr) < QUIPIm)IV]|Yinga(ry i 1 2 [2/2] +1 (2.49)

where () is a polynomial with positive coefficients, we get(see [6] for details)

1
ledllsncry S 75+ 20Q(P) (2T + 37) (2.50)

In order to get a contraction in B, and therefore obtain a fixed point u, solution of S, it
is enough to choose M, and T such that

20(0)(2T.+ 3) + %

which can be done obviously independently of €. More, for all ¢t € [T, T1,

<1, (2.51)

lull,.r) < C(uo)

and we have proved Lemmas 2.2.13 and 2.2.14.

Remark 2.2.15 Uniqueness

In [6], the uniqueness of the solutions of (2.46) is given in the class

T
Bn(T) = {w € C([=T,T}; X™(r(T)))/ sup |[w|[may + M / [lw]¥s, (r(t))dt < oo}
T -T

More precisely, it is shown in [6] that if u;,u; € B, are two fixed points solutions of (2.46)
corresponding to the same initial data ¢ € X™(r,),

|1 = u2||B () < (2Q1(p, p) + 21/PQ2(p, p)) (2T + Kl/[‘Hul — u2||Bu(1))

where @; and @ are two polynomials and once again p = 2||9||xm(r,)-
Therefore, by eventually choosing new values for T and M, we get u; = us.
Uniform estimates for v/
Lemma 2.2.16 Assume that u, € 8;; X™(ro), i-e. up = Oz b, with ¢ € X™(r,).
Then there exists C = C(u,) > 0 such that

Il oo (-1 rixm=2r(7y) < C.

Proof:
We begin by proving the existence of u!.
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We fix t €] - T,T1.
For h small enough (in order to have t + h €] — T, T[), we set

FOE) = 3 et 4+ B) — (1),
It can be seen from the system S, that
ul € C([-T,T}; X™ *(r(T))). (2.52)
Therefore, a standard argument shows that
F® () = ul as h — 0 in X™ %(r(T)) weak.
An elementary computation shows that
O fM () + LfM (1) + RSP (1), ue(t)) = 0,
where
R(f® (), uc(t)) = £ (&) Ra(u) + F® () Ra(ue) + VP (¢)Ra(uc) + VB, (¢) Ra(uc)

and
Ri(ue) = Rj(ue(t), uec(t + h), Vue(t), V.t + h))

are polynomials.

More, for all ¢,

{ u(t +h) = uc(t)
Vue(t + h) = Vu(t) in X™ (r(T)) strong.

Hence, u.y(t) exists in X™4(r(T)), and, setting v = ve = uey,

{ vs + Le(v) + R(v(t),ue(t)) =0

v(0) = —Le(ueo) + G(ue,). (2.53)

We now consider equation (2.53):
We have v, € Xp_2(T), m — 2 =2[n/2] + 3 and

1R(v(2), ue(t))l¥moatr) < CUI0ll¥marll + [[VOllvma(r)-

Therefore, the estimate (2.49) holds for the nonlinear term R(v,u.) and we can apply the
fixed-point technique described above to equation (21): this equation possesses a unique
solution vs € Bp—2(T'). Moreover,

[[vs(B)]|xm2(-(1y) < Cllvo|l xm2(r,)-
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Also, u! € B,,(T) satisfies (2.53). Therefore u, = v, and
el xm-2¢(ry) < Cllug ()] xm—2(r(1y)

where C is a positive constant independent of e.

Finally,
lugllxm2(r0) < 1 Lettol|xm=3ro) + [1G(uo)l|xm-2(r.)

and
2

MailBonsey = [ (0,04 E) sl

4 ¢4

= [ a0 DO b e

< 18ol xmr1yy-

2.2.4 Limit of the approximate solutions

Lemma 2.2.17 Let m > 2[n/2] + 5 and u, € X™(r,) such that 8zjlq[> = u, where
$ € X™(r,).

Then there exists a sequence €, — 0 such that
Ue, = u in L=°(=T,T; X™(r(T))) weak-*
and
u, —u' in L®(=T,T; X" (r(T))) weak-*.
Moreover, for a €]0, 2],
Ue, = u in C([=T,T), X27%(r(T))) strong.

loc

Proof:
The first two assertions are consequences of Lemmas 2.2.13 and 2.2.14.
Since the embedding
XE2(r) = X5™2(r)
is compact, the standard Aubin’s compactness lemma yields, up to a subsequence,

U, = u in L}(=T,T; X[~ *(r(T))) strong.

loc

Moreover, one can write, for all ¢,,¢; € [-T;T]:

|[ten (t1) = ten(Eo)||m—a < /Q(T(T)af)Uz(m"a)lluén(tl) — g, (t)|?d¢
< Huen(tl) - uen(to)||;_(m—2(r(:r))|!u6n(t1) — Ue, (to)H;,,?(r(T))
t o
< 0 [ I mainy
S Cltl - to|
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and wu,, is equicontinuous in C([-T;T]; X™ *(r(T))),0 < a < 2.
By the same calculations,

[lu(t1) — ulto)l ko < Clts —tol.

Now, by setting fu(t) = [[u(t) — ten (£) [Zr-e
loc

T
/ fa(t)dt = 0 as n = 400
-T

and f, is equicontinuous, hence

sup fn(t) = 0 as n — +oo.
[_T!T]

Lemma 2.2.18
10z, Lepte, — —83jou weakly-* in L=°(=T,T; X™ *(r(T))).

Proof:

It is clear that Oy Le,uc, — v in L=(=T,T; X" *(r(T))) weak-*.
Let f € L}(=T,T; X" *(r(T))).

On one hand,

T T
/ < 8% Lenuen (7'), f(’r) > xm=2(r(T)) dr — / < 'U(T), f(T) > xm—2(r(T)) dr.
-T -T

On the other hand,

T T
/_T < ale Lenucn(T),f(T) > xm=2(r(T)) dr = —-/ < 82J.°u(7'), f(T) > xm-2(r(T)) dr

-T
€n -
Oy, u(T) >paqge -
J1

3

T
+[T<ﬁW4mwm@ﬁv)

By dominated convergence, it is clear that the above integral tends to 0, and the lemma
is proved.
We can already state that

(1w + Q(u, %, Vu, V))g, = =0, u in L®(=T,T; X" (r(T))).
The nonlinear terms also converge, since

ue, — u in C([-T,T), X *(r(T))) strong.

loc

Finally,

Remark 2.2.19
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One has

u € CW([—Ta T],Xm(r(T))),
ie., for all € X™(r(T)), t =< 1, u(t) >xm(1)) is continuous.

In fact, it suffices to notice that
q € L=(=T,T; X™(r(T)))
and
q € L®(=T,T; X™*(r(T))).

(See for instance [37], Vol.1, Chap.1).
We finish this section by the following theorem :

Theorem 2.2.20 Let (z,t) € R* xR, m = 2[n/2] + 5, and G a polynomial such that
G(0,0,0,0) = 0.
We assume that for some r, >0, u, € X™(r,) such that

Uo = sy, with ¢ := 8 u, € X™(r).

Then, there ezists M > 0 and T > 0, depending only on u, and r : [=T,T] — [r,,r(T)]
strictly decreasing over [0,T], even, r(0) = r,, such that the problem

Vg, = U (2.54)

tue + 03, v+ G(u, @, Vu, V) = 0
u(0,X) = uo(X)

has an analytic solution such that
u € L®(=T,T,X™(r(T))) N L*(=T, T, Yy 1 (r(T)))

and

v € L®(=T,T,X™*(r(T))) N L*(~=T,T,Y;:_,(r(T))).
Moreover, u € Cy([=T,T),X™(r(T))) and is unique in the class

T
BA(T) = {w € Cull=T, T X™((T))/ sup [l M [ 1wl () < oo}
[tI<T -T

Proof:
We first check that v € B2(T):
It is easy to see that

Supy<r|[u(t)|| xmr(2)) < 00
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by replacing in the proof above ¢ by T'.
More, we have, for all € > 0,

T
/T [uellvz,, rendt < Cluo).

Also,

T 1
Yo (r(0)dt = /_T [lom(€)(a1(r(2), €))7 €de(&, D)7 dt.

T
/ e
-T

om(€)a(r(t),£))

Therefore,

(SIS

&ig(€,t) — o in L*(=T,T; L*(R)) weak.

Since 0 (€)E(qu(r(t),€))s € C=([-T,T] x R), a simple argument of uniqueness of the
limit in the distributional sense yields

¥ = om(€)(qu(r(t), €))7E0(E, 1),

Uniqueness of this solution can now be obtained as in Remark 3.3, since the same a priori
estimate holds here. Therefore, we only need to show that u(0,.) = u,(.). In fact, for
¢ € X™(r(T)) fixed and for all n,

< Uoy @ > xm(r(T)) =< e, (0), @ >xm(r(1)) =< u(0), ¢ >xm(r(1)) -

2.2.5 Application to Alfvén waves
The case of systems

As also noticed in [6], it is straightforward to generalize these results to the system (2.41):

Theorem 2.2.21 Let (z,t) € R xR et m > 2[n/2] + 5.

Let U = (uy, ua, ..., ua) and {Gj}i<j<a d polynomials such that G;(0) = 0.

We set BY(T) = {B*}¢ and L = L, + Lo,

where Ly is a self-adjoint operator with a symmetric matriz symbol with real entries P; €
. and

Ly = Diag(16:0;'0%, ..., 16,0, 03, )
where €¢; € {0;1}, k; € [1,n].
Then, if for each ¢; = 1, u,; € B;IIXm(ro),ro > 0, there exists T > 0 and M > 0 depending
only on U, and r : [-T,T] — [ro,r(T)] strictly decreasing over [0,T], even, r(0) = r,,
such that the system

{ U, + LU+ GU =0 (2.55)

U(z,0) = Uy(z)

where
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has a solution U such that
U € L®(=T,T; X™(r(T))) N L*(=T,T; Y1 (r(T)))

and

U’ € L%(=T,T; X™7*(r(T))) N L*(=T,T; Y7, _4(r(T)))-

Moreover,

U € Cu([-T, T; X™(r(T)))

and 1s unique in the class BY(T).

Proof of Theorem (2.2.7)

We consider the following system:

1Q:+ LQ+G(Q) =0
{ Q(X,0) = QOEX)) (2.56)

with Q = (a,b, a)ﬂ)’)’;(s)u)?

(070, ~B O 0 0 0 0
0 0 0 —0u 0 0 0
L= 0 0 —0zz O 0 0 0
0 0 0 0 -39, -8 O
0 0 0 0 — Oz 0 0
\ 0 0 0 0 0 0 519,
and
[ uaz+af(a,b)— +(a® = b?), \

—1ub, — 1bf(a,b))

UzrQr + U, + a:rf(aa b) + 2‘19(“’ a, b, ﬁ) - (a:va’y - bl‘by +acy — bﬁy) + Yy
2G = | —tugby —uf; — iby f(a,b) — tbg(a, a,b,f)

Uyasz + uYz + ay f(a,b) + 2ah(a, ,b,8,7) — (af, - bf, + ayy — bdy)

—tuyby + uy; — by f(a,b) — ibh(a, a, b, 5,7)

\ 20y + (acz — bB;) + 2(uya) + 2(ua), — 2u,(a® — b?)

where )
f(a,b) = Z(a2 - b)), —a, ,
1
9(a,,b,0) = 7(az + aay — b — b8, + 4oy ,
and

1
h(a,a,b,B,7) = 1(273, + agay — byby + aay, — b0,) .
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As mentionned in the introduction, this system was obtained heuristically by setting

(a,b,0,8,7,6,u) = (¢+ 0,9 — T, (¢ + Dzs (¢ — Qs ( + D)y, (7 — )y, |g]* + 24),

in order to apply Theorem 2.2.21.
By choosing a, € X™(r,) and b, € X™(r,) such that

1
ap = ¢ra¢ € Xm(ro) and Z(ag - bz) - ¢y = 2/}1‘71/)13 € Xm(ro)
with

Qo = (am bos Goz boz, Aoy, b0y7 (ag - bz) - ¢y)’

the system (2.56) has a solution in the product space BY(T) = (B%(T))* x (B*_,(T))*,
as in theorem 2.2.21.
We now prove that

1
V(t) = (a - az‘)ﬂ - b:r>7 — Ay, — byvu“’ a 1(02 - b2)$ + ay) =0 for all ¢ € [_T7T]
By construction, by taking U = (vy,v,,vs,v4), it is easy to see that U € B _,(T) satisfies
a system of the form

Uy + Li(U) + Ri(Q, VQ)Ry(U, VU) = 0 (2.57)

where R; are polynomials, R5(0,0) = 0, and @ is a fixed function (the solution of (2.56)
with initial data @,).

Since @ € B¥Y_,(T), the computation presented in Remark 2.2.15 remains valid for
example in BY_,(T') and therefore, for all times, U(¢) = 0.

We can now prove by the same method that vs = 0, and Theorem 2.2.7 holds for

1 1
q(z,t) = —2-(a(a:,t) + b(z,t)) and A(z,t) = —§(u(9:,t) —lg(z,t)]?)
by looking at the first two lines of the system (2.56).
Conclusion
We were able to prove the well-posedness of system (2.38) for analytic initial data. It

remains an interesting and important open problem to prove the existence of solutions
for less regular initial data, say H*(R?), for some s > 0.
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2.3 Remarques sur la propagation oblique
Lorsque 1’on considere le cas de la propagation oblique au champ magnétique extérieur

B,, il est naturel de choisir une condition de frontiere non nulle a l'infini pour le champ
transverse [36] :

0 Go=a+1b#0

Le modeéle (1.3) (“SNLD-multidimensionnel”) restant valable pour la propagation quasi-
parallelle, on va choisir ici

g=Q + g avec = 0
Le systeme (1.3) devient alors:

{ Qi+ (@ + ¢)(1Q + g* +24))s — (1Q + gof* +24)y + Qe = 0

ou encore, en posant

1
A=A + '2_|q0l2)

24
—(IQP + a(Q+ Q) +16(Q — Q) + 2A4), + iQuz = 0
0.

{Qt+[(Q+qo)(|Ql o(Q + Q) +1b(Q@ — Q) +24)],
+1Q+Q)

En posant

u=Q"+a(Q+Q)+ibQ—-Q)+24:
{ Qi+ [(Q + go)uls — uy +1Qus =0 _
= Q2 +a(Q + Q) +ib(Q — Q) — (@ + Q)y-
Un calcul simple montre alors que, formellement, on a
u = 0y "uyy + P(Q,VQ,u, Vu, Quy)
ot P est un polynéme vérifiant P(0,0,0,0,0) = 0.

On peut par conséquent utiliser encore une fois la méthode précédente pour prouver que
ce systeme est bien posé dans les espaces de Sobolev analytiques.
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2.4 Linéarisation autour d’une onde solitaire

On linéarise ’équation

{ g+ (q(lq* + 24))z — (lgI* + 24)y + iges = 0
Az + %(Q‘l‘q)y =0
“autour” d’une onde solitaire f(z,t) de I’équation DNLS-1D

g + 1950 + (qlg|*)e = 0,

f de la forme:

f(z,t) = e =g (g — vt) (2.58)
avec 3
! _ 3 <2
1

2 —
©(X) = B Drcosh(DsX)

ot les D; sont des constantes qui se calculent en fonction de w et v.
En injectant dans (2.58) la quantité

q(z,y,t) = f(2,t) +r(z,y,1)

on obtient le probleme linéaire non-autonome:

re 4 ires + 07 (r + Py + (I + fF)r + fa7 + 2 Pra + 70 — 27y (2.59)
— (f+ f)ry — f207 (r +7)y = 0.

En posant

B a(a), ,t) = Re(r)
R(z,y,t) = ( b(x,;g,t) = Im(r) ) ’

on obtient le systéme linéaire suivant :
Ri+ Ly(z,t)R + La(z,t)R+ L3(z,t)R=10 (2.60)
ou Ly(z,t) est 'opérateur anti-adjoint donné par

Li(z,) = 207102 + As(z,t)0; + As(x,t)0y —02 4 Ay(z,t)0; + As(z,1)0,
WO 82 4 Ay(z, 1), + As(z,1)9, Ba(z,t) + Bs(z,1))8, ’
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L4 est 'opérateur d’ordre 0

et finalement

avec:

Ay(z,t) = Re(|f[Z + ffo + ffz)
Ax(z,t) =Im(ff, — [ [2)
As(z,t) = Re(2|f]” + f?)
Ay(z,t) = —Im(f?) _
As(z,t) = —Re(2f + [ + f)
< Aﬁ(xat) = Im(zf)
A7(z,t) = —Re(f:)
Bi(z,t)=Im(ff, — ffz)
B2($,t) = Re(ffa: - ffz)
Bs(z,t) = —Re(f?)
By(z,t) = —Im(fs)

On remarque que L3(z,t), provenant lors de la linéarisation du terme
2Aq, (de (2.58))

peut éventuellement empécher le probleme d’étre bien posé dans L?(R?).

2.4.1 Le probleme a coefficients constants

On commence ’étude en “fixant” les A; et B;:

En prenant A; = Aj(z.,t,) et Bj = Bj(z,,t,), on obtient le systéme & coefficients
constants:

{ R+ LR+ LSRR+ L3R = 0R(0, z,y) = R,(z,y) (2.61)

avec L? = Lj(z,,1,).
On montre dans cette partie:

Theoréme 2.4.1 Le probléme linéaire (2.61) est mal posé dans L?(R?).
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Preuve: Les coefficients de (2.61) étant constants, on obtient facilement ses solutions sous
la forme:

d(f,n,t) — ( b") (A+D)—+/(A-D)2—4BClt, + F( 6) —(A+D)++/(A-D)2-4BClt, (2.62)

B(€,m, ) = Fa(dy, by)elA+DI-VADP=BCke | (4, B,)el-(4+D1+/(A-DP~iBCl. (3 63)

ou les F; sont des fonctions de la condition intiale R, et
et

n) = Ay +iAsf +idsn +iL + Ar2
§,m) = Az + & +iA4€ +iAen

) = —E& + By + 1A +iAen + B4 <te
D(&,m) = By +1Bsé

A=
B=B
C:C

On se ramene ainsi a [’étude des exponentielles
E(,n,t,) = elmA+P)EV(A=D)?~4BClk (2.64)

ou I’on a noté indistinctement
Z = ++/z les deux nombres complexes tels que Z? = z

On prouve le lemme suivant :
Lemme 2.4.2 A t, > 0 fizé, les exponentielles E(€,n,t,) restent bornées si et seulement
si la quantité || reste bornée.

On commence par montrer une condition nécéssaire pour que E(¢,7,t,) reste bornée.

Fixons n = 71, € R et faisons tendre { — 0:
Un calcul élémentaire montre que

+4/(A— D)2 —4BC = i\/(A7? - %) (1 + R(no,§)) = ﬂA’? + %) 1+ R(,,¢)

ou
R(no,€&) — 0 lorsque € — 0.

Ainsi,
in2
(f Mo, t ) — e[A1+i(A3§+A5n+I§&)+A7%Q:}:(A7%Q+igzi),/1+R(-,,o,5)]to
yMos Lo ’

Et pour que E(&,n,t,) reste bornée, il faut la condition nécessaire

lgl <M,M>0. (2.65)
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On montre maintenant que E(¢,7,t,) reste bornée dans le cone

Cu ={(&) € R, lgl < M}

Pour (¢,7) € Cu,

B = Ay + & + 1A +1Aen
C =Cs(&,m) — € +iA +iAen
D = By +1B5¢

ou les C; restent bornées.

Un calcul simple permet de montrer que

f(fa 77) = (A - D)2 —4BC = _§4 - [(02)2 + Aé]nz + Pl(fz’f,%??f) + ZP?(é.a 77)

ou les P; sont des polynomes du premier degré a coefficients réels, variables mais bornés.

Il s’agit désormais de montrer que Re(%+/f(€,n)) reste borné.
Et en effet

Re(:/F(& ) = i%\/lf(ﬁ,n)l TR )

Pour |(¢,7)| assez grand, Re(f(&,n)) <O0.
Do, pour |(€,7)] —+ oo,

VIFEn) + Be(F(€,m)) ~ Re(f(&,m)[1 - \/ 1+ (%%%)2 ~ %%

ce qui est une quantité bornée.
Il est maintenant aisé de montrer la proposition 2.5.1.
Il suffit pour cela de choisir une condition initiale R, telle que, par exemple,

1

F3=0etF1~€2—+7—73.

On a alors, pour £ fixé,
lim, o0 Fi(z,n)el~(A+D)=V/(4-D)?-4BCl=c0

et
a(.,t,) L%



Chapitre 3

Ondes Alfvén dans un plasma chaud
sans collisions

3.1 Introduction

Dans ce chapitre, on s’intéresse a ’équation

@+ igss + (l91°9)e = o(qHq|*)e (3.1)
ou H désigne la transformée de Hilbert, donnée par
: +oo f(:tl) 1
H = v.p. ——2dz') = v.p.(=
fa)=val [ T de) = 0p()+ @

ou encore, en Fourier, ) )

H f(£) = isgn(£)f(£).
Cette équation modélise la propagation d’ondes Alfvén dans un plasma chaud sans col-
lisions, le terme non local de droite représentant ’effet des résonances des particules sur
les modulations de I’onde([60]).

Dans [11], le cas ou la distribution des vitesses o est positive est traité par une méthode
d’énergie, et les auteurs obtiennent alors le théoreme suivant :

Theoréeme 3.1.1 Soit T >0, a,ER,3>0, et s€EN, s> 2.
Soit g, € H*(R). Alors il existe une constante C = C(a, 8) > 0 telle que si

llgellze < C,

le probléme

{ @ + 1900 = o(|q°q) + B(H|q|?q)=
q(0,2) = go(z)

admet une unique solution u telle que
dtqe L>(0,T; H)
pour tout h € N,
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A noter que la méthode de régularisation parabolique utilisée dans cet article ne tient pas
compte des effets dispersifs de ’opérateur de Schrodinger.

Ainsi, on se propose d’adapter la bien connue méthode de Kenig-Ponce-Vega ([28],(29],[30])
afin de montrer des résultats (locaux) pour des données initiales moins régulieres. On prou-
vera le résultat suivant:

Theoréme 3.1.2 Soit o, € C et € > 0 fizé.
Il existe 8, > 0 tel que st
HQOHHH‘e < 50)

il existe T = T(||qo||g1+¢) > O tel que le probleme

@ + 1922 = o(|q*q) + B(H|q|*q)s
{ 4(0,) = g,(a) (3:2)

admet une unique solution forte
g € C([0;T); H*(R))
telle que

1—-6

T
Supoe[o;l](/ (/ {Da(%“)q(a:,t)ﬁdt)l—f?dx) 7 < +4oo.
: Jo

R

On remarquera que le terme de droite de (3.1) est dissipatif si et seulement si 8 > 0.
Cette condition est vérifiée tant que la fonction de distribution de vitesse décroit avec la
vitesse parallele au voisinage de la vitesse de ’onde. Il semble par conséquent difficile de
montrer des résultats globaux lorsque cette condition n’est pas remplie.

De plus, la méthode présentée ici se généralise facilement a ’équation

@ + 1050 + 01]q)’qz + 220’0 = ﬂqu|Q|g + BeqzH|q|* , e1, 2, 51,52 € C

et, notamment, la conclusion du Théoreme 3.1.2 s’applique également a 1’équation de
Schrodinger Dérivée :

@ + g + Ma*ge + g’ = 0
pour A et 4 des complexes quelconques, alors que les études précédentes concernant cette
équation (voir par exemple [46], [22],[46]) nécessitent de la condition A € R.

3.2 Propriétés de la transformée de Hilbert

Lemme 3.2.1 Soitl <p< +oo,1<r < +oo etT >0.
Alors il existe une constante C = C(p,r,T) > 0 telle que

( | / | Heq(e i} < O( / | / oo iR, (33)

0
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La démonstration de ce lemme repose sur le Théoreme 3.1 de [12]:

Theoréme 3.2.2 Francia-Ruiz-Torrea(1986)

Soient A et B deuz espaces de Banach.

Pour tout p € [1;+00], on appelle L (R,) I’espace de Bochner-Lebesgue formé des fonc-
tions mesurables f : R — A telles que

+oo
|£(2)|[3dz)? < +o0 pour p < +oo, et

llfHLi(Rx) = (/

[ fllzee ) = Sups|| f(z)]]a < oo

Supposons que pour un certain p, € [1;+o0], opérateur H, est continu de L% (R,) dans
L% (R;). Alors H, s’étend a L%(R;) pour tout p € [1;400], avec,
pour tout p €]1; +oo|, lezistence d’une constante C, > 0, telle que

| Ho fll2,®.) < Coll flle r.)-

Ici, on prendra A = B = L{([0,7]):
Soit r, €]1; +0o0.
En choisissant p, = r,,

([ 1 1Heae,fdg®2)% = ( / dt( [ |Hoq(z,t)odz))%

Rz JO Rz

< o /0 dt( /R (2, 8)[°dz))% (H continu I™*(R.) — L™*(R.))

< C(/R,[/oT lq(z, t)["°dt] " dz)?s

3.3 Estimations de Strichartz pour 'opérateur de Schro-
dinger

Dans cette partie, on déduira les estimations de Strichartz avec effet régularisant qui nous
seront utiles par las suite. On interpolera les inégalités connues pour le groupe de Schro-
dinger, diies & Kenig-Ponce-Vega ([28],(29]), grace au théoreme de Stein sur les familles
analytiques d’opérateurs.

On pose S(t) = e"%== I'opérateur de Schrédinger engendrant les solutions du probleme
libre
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q(0,z) = go(2).

Dans tout ce qui suit, on notera

-

lallzzz; = ( /R ([ 1ate.orant)

lallzs = ([ ([ late0ranH3,

3.3.1 Estimation homogene

et

Lemme 3.3.1 Il existe une constante C > 0 telle que pour tout g, € L*(R),

ID2 S ()go(z) 12z < Cllgolr2 (3.4)

ou encore, en forme duale, pour tout g € LLL?,

[ / DES(t)g(.,7)drlzz < Cllg(e, 1)z

Pour la preuve, voir [28], Théoreme 4.1.
On a également I’estimation sur la fonction maximale Sup;e(o;775(t)go() :

Lemme 3.3.2 Soit T >0 et e> 0.
Alors, il existe une constante C > 0 telle que pour tout q, € H%'“(R),

IS®ao@lzzze < CO+T)lloll 34 (3.5)
< CA+T)(|ID2 " gz + llgolI2)

Pour la preuve, voir [55].
Finalement, une méthode standard d’interpolation complexe donne

Lemme 3.3.3 (Estimation homogéne)
Soit € > 0 fizé. Soit T > 0. Alors, pour tout 6 € [0;1],

1D25(t)al a3 SOT 7)1 g, 1z + llaollizz) (3.6)

ou C(T) est une constante qui croit avec le temps T.
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3.3.2 Estimation inhomogéne

Lemme 3.3.4 Soit T > 0.
Il existe une constante C(T') > 0 telle que pour tout 0 <t <T

II/0 St —7)f(z,7)dr|lzee < C(T)([[D§+f($)t)HL§L%’l'HfHLZ,L?I.) (3.7)

< o@(EDE £z, t)llgazs + 1 llzas)

Preuve:

I / S(t — ) (o, T)drllzrg = / (Supogeer| / S(t — 7)(z, 7)dr|)dz

x

/(/ Supogicr|S(t) (e, 7)|dr)de

VAN

VAN

T
T2/ SupostsﬂS(t)f(:v,T)Pde:z (Holder)
R2 JO

IA

CT*(1 + T /dT/ 2 fo, 1)+ | f(z, 7))z (par (34))

INA

C(T)(| D f(w,t)HLng + 117 (2, 1)l z223)

< om)(IHDE fz, )l + 1 (@ Dllzars)

Lemme 3.3.5 Soit T > 0.
Il existe une constante C(T) > 0 telle que pour tout 0 <t < T,

|10z /Ot S(t =) f(z,7)dr|rers < C(T)|If (2, 8)l|rsrz,

ou encore
st [ 1+
D3 / S(t — 1) f(z, M)drllugrs < CTHDE £z, )llnass (3.8)
0

Preuve: voir [29], Theoréme 2.1.

Une fois de plus, en utilisant le lemme d’interpolation complexe de Stein , on obtient grace
aux deux lemmes précédents:

Lemme 3.3.6 FEstimation inhomogene

Soit € > 0 fizé.

Soit T > 0. Pour tout t € [0;T] et pour tout 0 € [0;1],

t 3
I / D25 (s~ 7)f(w, )|,

5
I LT

< C(T)(HHDéJrefHL@—eH +[1f(z,t)l|z2z2)
(3.9)

ou C(T) est une constante qui croit avec le temps.
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On termine ce chapitre par le lemme suivant :

Lemme 3.3.7 Soit 1 < p,r < +4ooetl<a<l.
Alors, pour tout T' > 0,

1D2(fg) — fD3(9) — D5 (9lzzrs. < ClIDZ fllgzpn [1DZ2 gl ez 2 (3.10)
oul < p;,r; < +oo avec

P P P2 roory oy
et o; € [0;1] avec a; + ag = a.
Cette inégalité reste vraie si (p,r) = (1,2) et si ’on remplace DS par HDZ.
Cette inégalité, utilisée par Kenig, Ponce et Vega ([29]), est une version vectorielle des
inégalités scalaires dies a Kato et Ponce ([26]), Christ et Weinstein ([10]) et Taylor ([54]).

3.4 Preuve du Théoréme 3.1.2

Dans ce qui suit, on fixe € > 0.
Pour ¢, € H'™(R),||go||g1+e < 65(6, & fixer ultérieurement), on considére les solutions
¢ = ¥(q) du probleme linéaire

Qt + Z&xm = N(q)
{ §(0,) = g,(z) (3.11)

ou
N(q) = a(qlq]*): + B(gHo|ql*)s » @, B € C,
q€ X7 ={q:Rx[0;T)/nr(q) < a, Are(q) + Are(Hq) < a,0 € [0;1]}, et

6(2+e¢
n7(q) = Supeeomlla(®)lam+e , Mrolq) = ||D )q||L1—_%L%-

Notre but ici est de montrer que pour a et T bien choisis (en fonction de ||g,||z1+¢),
si g € X7, alors § € X%, et
’d" = ¢QO ) — q

est une contraction de X7.

3.4.1 Estimation de Ary(§) et Arg(Hq)
On a

i(t) = S0+ [ 8- 1IN (3.12)
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Ainsi, par (3.6) et (3.9),

M6(8) < ellgollmse + C(T)IHDN(q)(,1)l| 2,5 + el IN(9)(z, )22

Onposepzﬁé[l;?]:

|HD+N(q)(2,t)|lp,2

la|-[[Z D+ [H(lg)qle] |2 + lalllH (lg12q)z 2.2
HIHD*(|ql*q)zlloz + 121 )el |22

| HD*[H(:)q)l|p2 + |1 H D[ H(q2)q) |2
HIHDT[H(qq)qa)llp,2 + [ H (2:9)all 2.2

IA

63

+IH (43)4)ll22 + [H(4)g:]l|2,2 + || H D[] |2

+2/|HD =+ [¢*F] ||p,2
+2||4:74l 122 + 1¢°T1 |22

On estime uniquement le premier terme (les autres étant analogues):

|HD>+<[H (4:9)q]||p,2

Aussi,

IA

1D5*(a-2)allyz + HDH g H (7).

(3.13)

| HD¥**[H (q:7)q] — D***qH (qs7) — HD¥**H(g.9)ql.2

Lo e
llggD>"Gllp2 + |lggH D= g, 2
+|HD=*qH (q:9)||p,2
+lg[D7**[(¢:q)] — D2**qg, — gHD7**q]||,2

+HHD%+6[H(qz§)Q] - D%-HQH(Q:J]-) - HD%+EH(%§)QH;>,2

1. Lo _
llga=D2*qllp2 < IDF7G|| 2_ 2 [130l]_ 22 _

par Holder, et ou

1—65 '8, 2=pt+plo ' 165

1+ 2¢
0, = .
3+ 2¢
1702l 2o, 2 < [HD'qll 2 2 lllles

De plus,
ou
2
0. —
T34 2
i.e.

1—91=2+p(90—1) ,et£+6—1=1_6°
2 2p

b 2 2 7

a:—%—ZQetb:—{—oo

2—p
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Finalement,

2—p 4(p—1)

14g-D3*Glp2 < A, (9) 7.0, (Ha) Ar0(9) 7 (17(9))" % (3.14)

De plus,

|ED7qH(%:)llpz < I1HD*ql| 2 I1H(@go)ll 22 _ 2
< Ao (9)990|| 20 _2_(d’apres (3.3))

2—p+pbo’1—6o

< Ao (@)A1 (H9)lll] 22 o

et

2(p—1

|| HD¥qH (g:9)] o2 < Mo ()10, (HO) Oro(@)) * (n2())? (3.15)

Aussi, par Holder,

Spe
@ llp,2l | HDZ*q||oo 2
3
||(J||gp,2”HD’+equo,2
S 4e
Tlql13p,00l | H D¢ ql|oo,2

— 3
llggH D= *<q]lp,2

ININ A

2p—2

Tlqlledoe(Ar0(0))E Az (H)

IA

et, par Sobolev,

lg@H D5+ q|l,2 < CT(nr(9)F (Aro(q))? Ara(Hq) (3.16)

Finalement, d’apres (3.10) et Holder,

>t¢€ = =t+e— —ite FTE v s+e= — 134
1glD=*((4:9)]—H D**“Ggo—gD¥*q))llp.2 < || D3+((4:7))~ HD**Gge—gD*q))|22lll| 22,
1o
< CNIDT gl 2 2l 2 2 gl 22
d’ou

|lg[D***[(¢:9)] — D**Gge — GHD7*°q]| |2 (3.17)

< O, ()1 (He)(10(0)) 5 (Mrola)) 5

De méme,
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|HD¥[H(q,2)) - D¥*qH (9.3) — HD**H(a:D)alln:
< CHH@%)H#&E,%IID%th

2.2
6o 1-80'60

2(p—1)

< CArao (910, (Ha) Ar0(0) 7 (12(q)) 7

Ainsi, en combinant cette dérniére inégalité avec (3.13),(3.14) et (3.17) et en posant

Ar(q) = Mazoco<1{Aro(q), Mro(Ha),n(9)},
on obtient, pour tout p € [1;2],

IN(g)(z,8)llp2 < C(T)(A1())° (3.18)
ou encore
Mo(9) < C(T)(A2(Q))’ + cllgollarree. (3.19)
Les mémes arguments montrent que
Mro(Hg) < C(T)(Ar(q))” + cllgo| e (3.20)

ou C(T) désigne une constante strictement positive, qui croit avec T'.

3.4.2 Estimation de 77(q)

Pour conclure, on estime n7(§):

"7T(§) < CSUPte[o;T]H‘IHL? + C’Supte[o;T]lIDHC‘II[L2
Par (3.12),

t
nr(q) < Cllgol|mre + Supte[o;T]H/ S(t —7)N(q)(z,7)dT||L2
0

t
+ Suprepa| / D5 (t — 7)N(q)(z, 7)dr |12
0
et
t T
Supretoir / DHS(t - T)N(q)(z, 7)drllz < O / SupreomDES(t — T)N(q)(z,7)dr] |1z
0 0

< O(M)IHDZ*N(g)(z, )|z < C(T)(Ar())?
( par (3.9) et (3.18) ).
De plus,

t T
SUPte[O;T]H/O St —7)N(u)(z,)dr(l2 < C/O ( A [N (q)(z,t)[*dz)?dt

IA

ort([ [ I, 1)Farda)?

CT?||IN(g)(2,)]|2,2
CT3(Ar(q))?

IN A
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Finalement,

nr(q) < C(T)(Ar(9))” + 1ol [+ (3.21)

3.4.3 Fin de la démonstration

On a ainsi obtenu

Ar(§) < cllgollee + C(T)(Az(g))’

ou C(T) > 0 croit avec T'.
En posant a = 2¢||g,]||g1+e < 2¢d,,

P(X7) C X7

si 2C(T)c*68 < 3.
Avec ces conditions sur a, T et ||g,||g1+<(R), les arguments précédents permettent de
montrer que

A((u) - $(v)) < 20(T)PEA( — v) < SA(u—v)

1
2
i.e. 9 est une contraction, d’ou I’existence d’un point fixe encore noté ¢ pour I’application

¥

Ainsi, il existe ¢ € X§ vérifiant ’équation intégrale

()= 50+ [ 56— NG

La technique habituelle (voir entre autres [29]) permet de montrer que ¢ € C([0, T]; H'*¢(R))
et qu’il est unique.
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Stability of the Solitons for the

one-dimensional Zakharov-Rubenchik
Equation

(Submitted to Physica D., June 15, 2001)

Filipe Oliveira,
U.M.R. de Mathématiques, Bat.425
Equipe Analyse Numérique et E.D.P.
Université Paris-Sud, 91400 Orsay

Résumé

We prove the global well-posedness of the one-dimensional Zakharov-Rubenchik
equation

0p: + (v — vp)s = —k|B[2 (4.1)

{ iB; + wBey — k(u— %p+¢|B|*)B=10
Bus + (Bp — vu)s = §v|BIZ,

in the space H2(R) x H'(R) x H!(R). We also prove the existence and the orbital
stability of solitary wave solutions to (4.1).1

4.1 Introduction

In order to describe the dynamics of dispersive Alfvén waves propagating in a plasma, we
consider the Hall-MHD equations([9])

pmy + V.(pmU) =0

pru(Us +u.VU) = =EV(p}) + (V x b) x b
b=V x (Uxb)— gV x (5-(V xb)xb)
V.b=0,

where dissipative processes have been neglected.

Here, b denotes the magnetic field, pas the density of mass, U the fluid speed, R; the
normalized ion-cyclotron frequency and 7 the polytropic gas constant. Assuming the exis-
tence of a strong ambient magnetic field along the x-axis and variations of the fields in
this direction only, we get([9])

pums + Oo(pmi) = 0

pu(fis + udsit) = —0,(Zp}, + 31B])
pm (0w + U0,v) = Ozb

O + B (b — v) = — £-0,(SLb),

(4.2)

1.1991 Mathematics Subject Classification: 35A05, 35Q55, 35B35. Key words : Zakharov-Rubenchik
equation, Alfvén waves, stability of solitary waves.
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where % = U, and where we have used the complex notation
b=10b,+1b, and v = U, +:U,

to describe the transverse directions of the fields.
The system (4.2) possesses the exact solutions
b= ——%v = B, =0, ppr =1,

where the frequency w and the wave number & are related by the dispersion equation

k? / k?

This solutions correspond to a monochromatic circulary polarized Alfvén wave propaga-
ting along the x-axis. )

Again in ([9]), by a classical multi-scale analysis, the authors look for small amplitude
solutions to (4.2) which are slow modulations (in time and space) of the exact solutions
described above:

For a small parameter 8 > 0, we define the slow variables X = 0z, T = ¢, and expand

b=0elk==v)(B, + 0By +...)
v= ei(k””““t)(t‘)vl + 0%y +...)
pm =1+6%p; +6p2+ ...
4= 0% + Cus+ ...

(4.3)

By inserting these quantities in (4.2), equating the coefficients of {6"},en to 0, and putting
B = By + 0Bz, p = p; and u = u,, one gets the system

pr + 0xu =10 (4.4)

{ Z(aT + Ugax)B + 0wixx B — Gk(u — %p)B =0
Oru+ 0x(Bp + 3|BI*) = 0,

where the group velocity v, is given by

2w3

(k2 +w?)’

Ug:

Then, changing the system of coordinates to a frame moving at speed vy, (4.4) is reduced
to

iBr +wBge — k(u— 2p)B =0

Opr + c(u — vyp) = 0 (45)
bu. + 3:(8p — vyu + 3| BI2) =0,
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where

(§,7) = (X =, T, 07).

Note that by neglecting the terms in §, one gets the Nonlinear Schrodinger Equation with
cubic nonlinearity :

k'v
i BT + w'Bge + ————|B|*B = 0.
et 5 u§)|
This model clearly breaks down at the resonance
B —v?=0.
In this case, by setting
Bz —v, =05\
(= Gg(x — v,t)
T = 03t
u = 3v(p — 1) = 03¢,

(4.4) becomes the Benney equation:

{ 1By + wBge —k¢B =0
¢‘r+>‘¢€ = ——%‘Bﬁ?

This model has been extensively studied by many authors.
In [56], the local well-posedness of (4.6) is obtained in the Sobolev space Hz(R).
Also, in [57], and in the case of the presence of a cubic non-linearity of the form

{ lB.,- —}-ngg k¢B |B| B (47)

¢7‘ + /\¢§ = —élB|§7

global well-posedness has been established in A %(R)
Finally, in [34], P. Laurencot considers global weak solutions in H*(R) and the stability
of solitary waves to (4.6).

Far from the resonance, one can get another formulation for (4.4).
By some elementary computations([9]), one obtains the Zakharov-Rubenchik equation

([62]):

Op: + (u — vp)s = —k[B|; (b) (4.8)

iB; + wBze — k(u—%p+¢|B|*)B =0 (a)
Buc + (B9 — vu). = S0l BE (o),

where ¢ is given by
v(kv—1)
=k4+ —-.
1T B )
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We have in fact obtained the canonical model describing the interaction between long and
short waves.
Here, we will study (4.8) in the case where

0<f<<l,

k>0

w > 0 (right-hand polarization)
B —v?>0.

One can find in [48] a study of the Cauchy problem for (4.8) in dimension 2 and 3.

The rest of this paper is organized as follows:

In the second section, by using “L? — L?” and Strichartz-type estimates for the Schrodinger
operator, we prove the local well-posedness of (4.8) in H*(R) x H'(R) x H*(R) via a fixed-
point technique.

In the third section after deriving a few conservation laws and a priori estimates to (4.8),
we prove that the local solutions described in the previous section can in fact be continued
globally.

Finally, in the last section, we look for the existence of solitary wave solutions to (4.8).
We also prove their orbital stability by building some appropriate conservation laws to

(4.8).

4.2 Local solutions

This section is concerned with the local well-posedness of the Cauchy problem (4.8). We
prove the following:

Theoréme 4.2.1 Let B, € H*(R) and p,,u, € H*(R).

Then there exists T > 0, and a unique solution (B, p,u) of (4.8), with

(B, p,u) € Nj=o1CY([0,T]; H*¥(R)) X Nj=01C? ([0, TT; H'7(R)) x Nj_oC ([0, T]; H*(R)).
Moreover,

B, € L8(0,T; L8(R)).

4.2.1 Preliminary Remarks

The system (4.8) can be put in the form

1By + By — k(u — §p+q|B]2)B =0
pit — 2vpgt + (Uz — B)poz = —kIBlgt + ']%U[B|azcx2
g — 20Uzt + (V2 — B)Uss = §U\Bi§t + k(B - %)'Bliz

By setting (z’,t') = (z + vt,t) and

~ . v, ./ 02 '
B(z',t") = €27~ TY) B(x,1),
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we get

'z’

1By + Bow — k(u — %p+q|B’B) =0
puw — Bparss = —h|BlLy — Ev| B (4.9)
Ugprgr — ,Bul-lxl = g‘U’Blilt/ + ﬂleli/xl.

Finally, if
¢=u—%m
we obtain
{ iBy + Byw — k(¢ + q|BI’B) = 0
You = Bipurer = kvl Blloy + (8 + )| BlLr-
Therefore, when v = 0, the system (4.8) is reduced to the Zakharov system([47],[61]).

Also, when § = 23, an elementary computation yields

4
{ 1By + Buy — k(3 + q|B]*)B) = 0

'th’ - 12}'1/)1:’ = sz:’a
i.e. the Benney’s equation (4.6).
In fact, the Zakharov-Rubenchik equation (4.8) contains these two models.
In what follows, we will always assume that

o~ %) #0
Finally, setting
Y1=3p+
{ ¥ = (5 — (VB + ), (4.10)

we transform (4.9) to

iét/ + Bxlzl - k(d)l + ’U’l,bz) — kqlBIZB =0
{ Y1y — Prgiy = (B — %Zlmzw =0
VYot — Prhag = (E‘I - \/B)B|Z' = U
Hence, we will discuss the IVP

iB; + Beo + 1B + 2B + |BI*’B =0
d)ltt - ¢'1m: = ‘BB::L‘

Yo — oy = | B2

B(0,z) = B,(z)

$1(0,2) = 1,(2) , $1e(0,) = o, (2)
$2(0,7) = oo ().

(4.11)

We prove:

Theoréme 4.2.2 Let B, € H*(R), 11,,%2, € H'(R) and 41, € L*(R).
Then there exists T > 0 and a unigue strong solution to (4.11) such that

(B, 1, 92) € Ni=on O (10, T H*™(R))x Ny=01C7 ([0, T); H'™(R)) x5 oC ([0, T H'~/(R))
Theorem 4.2.1 follows easily from Theorem 4.2.2 by inverting (4.10).
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4.2.2 Proof of Theorem 4.2.2

The difficulty of (4.11) consists in a derivative-loss occuring in the nonlinear term. We
will use here a technique introduced in [52] to solve the fully nonlinear wave equation : by
introducing some auxiliary functions, (4.11) can be re-written without the derivative-loss
(see also [47]). Then, we will be able to use the “L? — L?” and Strichartz estimates for
the free Schrodinger group in order to apply a fixed-point technique.

By differenciating in respect to t the first equation of (4.11), and setting F = B;, we
get —
iF, + Fpp + (1 + 2 + 2/ BIP)F + (e + o + FB)B = 0.

Therefore, we consider the system:

iFy + Fop + (1 + 02 + 2| B))F + (1 + e + FB)B =0
zltt - zplxz —_I‘ ||Bl:%a:
t— ¢2x =|B 3;
\ F(0,2) = Fu(z) = iBo(ths + b + |BoJ2) + iAB, (412)
¢’1(0,$) = 1/)10(37) ) ?f)lt(O,m) = 1/)11(33)
[ %2(0,2) = t20(2)

where B and B are given in terms of F by:

{ B(z,t) = Bo(z) + [} F(z,s)ds ) ) )
Blent) = (8.~ D)= (0004 e )8~ B 0Bl ).
413

We have:

Lemme 4.2.3 Let B, € H*(R), ¢1,,%s, € H'(R) and ¢y, € L*(R).
Then there exists T > 0 such that (4.12)has a unique solution (F,1,2), with

F € Nj=0,1C([0,T); H™% Nj=o,1 L%(0, T, L) and 1 € NCH ([0, T]; H 7).

Moreover

B,=F , BeC(0,T); HY,

and (B, 1, v2) satisfies Theorem 4.2.1.

We denote by {S(t)}icr the one parameter Schrédinger group. We start by quoting a few
well known results:

Lemme 4.2.4 (L? — L? estimates [7])

Let p and q such that 2<p<coet ; + =1

Then there ezists C > 0 such that for all f € LY(R),

1S(t)fllze < Clt772 || llza , t £ 0
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Lemme 4.2.5 (Strichartz estimate [7])

Let (r,q) such that 2 < g < co and (3 — %)r = 2.

Then there exists K = K(q) > 0 such that for all f € L*(R),
1S () fller @ pamy) < KIF||z2

Lemme 4.2.6 [7]
Let (r,q) as in the previous lemma. Let I be an interval of R.
Then there exists A = A(q) > 0 such that for all f € L"' (I, L7 (R)),

t
I / S(t = $) f(s)dsllneroemy < Al ey

where——l—l—l Lil=1,2<b<ocoand (}-1)a=2.

Let T > 0 and X (T') the Banach space equipped with the norm
I(Fy 1, 92)llx = [|Fl|zeor,z2) + 1 Fllzso,r.ze) + [[$1llLeoo, a1y
+[Y2llpeo,r,m1) + Y16l Lo (0,7,22) + |¥2¢l| Lo (0,7,22)-

We set
a = SUP{HFOHL% HBOHHZ’ ”1/)1o||Hl, H"/JZOHH% ||'¢)11HL2}'

We define the map
O : (F, 41, %2) — (61, 62,05)

with
01(2,8) = SOF, — [¢ S(¢ = s)(31(5) + #a(5) + 2B + (us) + ls) + B F) B
2(z, t) = cos(Dt)z/;la sm(Dt)t/Jl1 -+ fo sin(D(t — s))|B(s)|2,ds
O3(z,t) = e%'ehy, + [y e o (#=2)| B(s)|2ds,

where W (t) is the well-known linear operator which generates the solutions of the free
wave equation, given by

W) = - [t

) feee,

and B,B are given by (4.13).
Moreover, we consider

Y(T) = {(F,%1,%2) € X/||F||lze(o1,02) < 20, || Fl|zs0,7,08) < 2K a, ||[th1||1(0,7,81) < 2a,
|[2llLeoory < 26, 91| 0,7,02) < 26}, ||9h2] |0 (0,7,22) < 20}

(where K=K(6) is the constant given by Lemma 4.2.5).

Lemme 4.2.7 For T small enough, © is a contraction from Y(T) into itself.
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Proof:

We first prove that © maps Y into itself.
Let (F,11,2) €Y.

Then,

10Oz < 1Follzs + 1 / S(t — 8)([(s) + $a()F(5))ds o2
1 / S(t — ) (Bbuels) + Pae(9)1B(5))ds | o122
) / S(t — $)QIB()F(s) + B(sY'F(3))ds|| (o,
By Lemma 4.2.6, with (¢,r) = (3,12),

t
I [ St Y F N ollimorzy < CIFlL s
C”F{|L'}%(0,T’L6)H¢l|lL°°(0,T,L2)
< CT%|IFi|L6(0,T,L6)|I¢IHL°°(0,T,L2)-

IN

Also,

11
l|/ S(t — s)(h2(s)F(s))ds||eoo,r,02) < CTH||F||r8(0,1,28) [l L0 (0,7,12) -
0 .

Moreover,

t t
H/O S(t — ) (¥1e(s) B(s))ds| |0 1,02) < T5||¢uBo||Loo(o,T,L2)+||¢u/0 F(r)drll 8 o103

1
< T2||¢1t||L°°(0TL2 || Bo||zo(0,7,L)
+H¢1t!|Lw(0TL2)||/ dTHL%%(o,T,LS)
< ||¢1t||Le<>(o,:r,L2)(C'T2 || Bo!|Leoo,,72) + T%HF”LG(O,T,LG))a

and
t .
H/ S(t—s)(%t(s)B(s))dsl|L°°(0,T,L2) < H¢2t||L°°(0,T,L2)(CT§||Bo||L°°(o,T,H2)+T"%HF||L6(0,T,L°‘))-
0

Finally,

I [ 8- )EOPE)dslmara < | [ 5= (B P)esllmorn
12| / S(t - 5)(B(s)F(s) /O F(r)dr))ds|| =(o.7.02
4l / S(t - 5)(F(s)( /O P(r)dr))ds]| (07,25
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by Lemma 4.2.5 for the pairs (3,12) and (6, 6),

t t
I [ 8- B PO sllimomen < VBl + 1B P00

11
HIPC] P69
CIF gm0 1Bl Bz,

t
HBlle=or ol llz=ranll | POl 0
0 3 )

IN

t
+HFHL°°(0,T,L2)H(/O F(S)ds)2“Lg’(o,T,L3)

CcT

IN

IN

1
IF |25 0,2,29) || Bol | 2o 0,7, 1)

T2 C||Bo||ze(o,7,52) || F || zoo(o,1,22) || F' || L8 0,7, L%)
+T

oz SR B

I |Zo 02,29 |1 FllLo(o7,22),
and
16:()] | o1.22) < @+ aC(aKT + aT7 + aKT + (K +1)a’TT + K?a’T%).
By choosing T' small enough, in order to have
C(aKT5 + aT% + aKT% + (K +1)a®T% + K%a?T%) < 1,

we get
101(t)|| 2o (0,7,22) < 2a.

Next, we estimate ||01(t)||ze(0,7,z6) :
We begin by taking the L®-norm in space. By lemma 4.2.5:

10:0lls < ISWFIs+C [ = SHIE(s) ((5) + () (4.14)
FB($)(ud(s) + bals)) + F()B(s)P + Fls) Bl g ds
ISPz +C [ [t = sl IF e llgas) + als) o
+1Boll 2 $1:(8) + ¥a2e(s)]lz2

+ [P odrvs) + bulslle + 1BF O

IA

s

12||B,F(s) / “P(r)drll g+ IF(s) / P(r)dr)|| gds
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< IS F ) +C / = s F )l a(s) + a(s) s
1Bollzellbrels) + b5z
; / IE@I Bl E () Esdr + 1Bl 1F ()12

+2[|Bo[zs ]| F(s)]| 2 /0 |F(r)l|sdr + Hl“’(é’)llm(/os [|1F(7)l|zedr)’]ds.

Finally, by Lemma 4.2.4,

3 s
101|202y < Ka+ 5Tg [Cl|F||zoo(o,7,22)| 11 + Yol |Lo(o,,m1) + Cl|Bol 2| [9h1e + Yol |z (0,7.12)
11 1 1
+T” H‘blt + ¢2t||L°°(0,T,L2)“F”zoo(o,T,p)”F'lfe(o,T,Ls) + C||F||L°°(0,T,L2)||-BOH§12
5 5
+CT3|Bol| 2| Fl| 0.2, 1 Fllzs(0,7.29) + T3 IF | o o.2,9) | F | o070

i.e.
11

101 ||zs 07,9 < aK +aCT# (a1 + T) + a*T3 + a*T).

By choosing T' small enough, in order to have
CT4(a(1 + T%) + a’T% + *T5) < K,

we get
Hal(t)”LG(O,T,LG) < 2aK.

We now derive an estimate for || B||ze(o,r,52), Which will be useful for the estimates concer-
ning 02,3 .

Lemme 4.2.8 For0<t<T,
|B||zwor,a?y < Cla+a®+ a1+ T+ T +T?)).
Proof:

IBONaz < #1(0) + 9a(t) = 1+ BO)BOllza + I Fllz=or.o
< W‘l(t)+¢2(t)HL°°(||BoHL7+H/O F(S)dSHmHHBaHmH/0 F(s)ds||r2

t
B, +( / F(s)ds)llz2 + |1 Fllimoz.08
1]

C+ 11l + 12Ol )| Bollz2 + 1 Bollzs + 3CT | Bol el | Fl| oo 7,22
5 5
+T3|BollellFllZso .28y + T2 IFNIzso .oy + 1 lzoim,co),

IN

i.e.
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||1Bllzsor.a) < Cla+a® +a®(1+ T+ TS + T%)).

Therefore,
102Dl = 1I(L+ D?)205(2)] |z
< @it [+ )BaeloY i
< (14 T)a+ 701(1 + T)(||Blzo.1,.L) + || Bzll(0,7,L5) ) || Bl| oo (0,7, 52),
and

||02(t)”L°°(0,T,H1) S a+ CT(O, + aHB||L°°(O,T,H2)) S 2a,

for T' > 0 small enough.
Also,

0 . 0 1 . 2
_— = — — —_— ° 1
8t02(t) sin Dt 3:01’[)10 + cos Dtypy, + 7 sin Dt|B, |z, (4.15)

t
+ / cos D(t — s)|B(s)|2,ds
0

and we get as before

02:(t) || Loo(0,7,02) < 2a
for T' > 0 small enough.

We can prove by analogous computations that if 7" > 0 is small enough,

”6-3”1,00(0,7[',}]1) S 2a and Hegt”Loo(Q,T,L’z) S 2(1.

Yet, we have shown that

oY) cY.

By the same computations, we can prove that for 7" small enough , © is a contraction of
Y, which completes the proof of the Lemma 4.2.7.
O

Therefore we get the existence of a unique fixed-point (F,;,s), solution to (4.12). A
standard argument then yields:
F € C([0,T), L% , ¢r2 € C7([0,T); HY) , i = 0,1 et B € C([0, T]; HY).

To complete the proof of Lemma 4.2.3, we still have to prove that B(0,.) = B, and that
F - Bt.
From the first line of (4.12), one gets

(A —1)F = —iF, — (Y1 + %2 + 1 + 2|B|))F + (¢1: + 2 + FB)B
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Also, by differentiating (4.13) with respect to time:

(A—=1)B; = —iF, — (1 + ¥y + 1 + 2| B>)F + (¢3¢ + ¥2: + FB) B,

so that
B; = F in H'2(R).

Also,
(A —1)B(0,.) = —iF, — B,(%1, + %10, + 1) — B,|B,|* = (A - 1)B,
by the choice of Fj,.

4.3 Global solutions

4.3.1 The formal invariants

Lemme 4.3.1 The system (4.8) possesses the following (formal) invariants :

I(t) = / IBP,
R
_w 2@45/_229_/2&/2_2/
t)—2/R|Bz| +4fR'B'+2 [(w=goiBr+ 5 [P+ [P =5 [ w,

and .
t)=0/up+£/(BE—Bz§).
R 2 R

Remarque 4.3.2 By combining I, and I3, we obtain the following fourth invariant :

w k k —
w0 = [1B2+5 [ 18045 [-5onBr+g [P+ [ wi+g; [(5E-B.B).

Proof:

By multiplying (4.8,a) by B and integrating the imaginary part, we get the conservation
Of 1 1-

Moreover, by multiplying (4.8,a) by B;, and
integrating the real part,

0 24 kg pay _ [1, 0 2 2
i LGB+ SAB1Y = [ Sk(3olBE — ulBE),
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1l.e.

2/(w13x12+@1314+ku|3|2—1kvp13|2) =/kut13|2—1/kvpt|3|2. (4.16)
ot R 2 2 R 2 R

Also, by (4.8,b) and (4.8,¢c),

o [ gkuBE -5 [ kopdBP)
R 2 4 Jr

Il

S/R(ﬂp—vu”B[Z-l-(UP“U)(%|B|2)
= 5 [ B —v){tvp =) 00

% / (vp —w)[0u; + (Bp — vu)d]
SN, ([P + Il = 20(up)o),

and we obtain the second invariant.

Finally, by multiplying (4.8,b) by p, and (4.8,c) by u, we easily get
b2 [ (wp-+i(BB - BEL) =0,

4.3.2 A priori estimates

In this section we derive priori estimates for a solution (B, p,u) € H*(R)x H'(R)x H(R)
to (4.8).

Lemme 4.3.3 There exists C > 0 such that

lu(®)l[Z@) + oIl Z2@) + 1 Bo(t)l|72w) < C, , t €R. (4.17)

Proof:

We begin by noticing that

/ B+ 35 | (BB - B.B) 2 ~C1(0) (4.18)

We have for any fixed n > 0,

i — — n? v?
BB, — B, B)| | <= [ |B:)? 5|2
49/( /' ‘2/1&' |+802772/R|B|
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e = [ 1B

By choosing 7 such that £ —n? > 0, we get (4.18).

since

Therefore,

2 [ier [ Fhere g [w-gaisr+§ 108+ 5 [P < 1@+ 000

(4.19)

Observe that for-all n; > 0 and 72 > 0,

1
ku|B|? < / u+/——sz4
Jruise < 5 [+ [ ki
1
[t < [ e+ [ kbl
R

By choosing 7; and 7, such that

and

1 1
ar=7(1=n) >0, az = 2(8— 2v?) >0,

and setting
1 1

4 f+ 167]2)

aI/u2+a2/p2—a3/ |B|4+Z/ |Bz|* < CL(0) + 14(0).
R R R R

Finally, by noticing that

az = k2(

1
/RIBI4 <IBIGIBIIz> < l1Blizl1Bellzs < 1(0)° + €l| Bsllz2,

for any € > 0, we get the announced result for § — ¢ > 00

Lemme 4.3.4 (Estimates for ||B||g2,||ull%: and ||p|}1)
For any T € R*, there exists D = D(T') > 0 such that for all0 <t < T,

IBI[z2 + lu@llEn + @)l < D(T).

Proof:
Differentiating (4.8,a) with respect to ¢, we get

1By + wByp — k[(u — §p + q|B| )B]; = 0.
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We multiply this expression by B; and integrate the imaginary part :

a 2
= 18

k/(u - gp)tlm(Bﬁt) + q/ |B|2Im(BBt)

— & / ((3;_5),)” gvuz)lm(BFt)+k2 / \B2Im(BBt) + q / B Im(BBY).
The Cauchy-Schwarz inequality then yields
|IB|ze < C||Bs|lm < C,

and we obtain

0
5 [1BP<CitCa [IBE+Ca [0+ Co [ 1ucl (420)

where the constants C; > 0 are independent of time.
Moreover, by (4.8,b) and (4.8,c),

0 k
o Bleellis +lluclls) = k8 [ 1BEapo+ 5o [ 1B,
< ClBlliw [ 1Blus + pal + ClIBlz [ |Beelius + ool

From (4.8,a), ||Bez||z2 < ||Bt||12, and using the Cauchy-Schwarz inequality and the So-
bolev imbeddings,

0
51 Bllpallzz + llualz2) < C(|Billz2 + [[usllz + llpellze + 1)° (4.21)
Finally, setting
o*(t) = ||Bellzz + BllpsllZz + lluallZe,
we combine (4.20) and (4.21) in order to obtain

9 , 2
52" (1) S C(1+ a(t) + o*(1)).

The result follows by Gronwall’s lemma.

4.3.3 The global solutions

We prove here that the local solutions of (4.12) found in the last section are in fact global
in time.
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Let [0; Trmez[ be the maximal time interval on which the Cauchy problem (4.12) has a
unique solution (F, 1, 1,) with

F € Nj=0aC([0,T[; H¥ N L8(0, T, L®) and %15 € Nj=0,1C¥([0, T[; H' ™),

for any T' < Tynez. By Theorem 4.2.1, one clearly has T}, > 0. Assume that T;,,, < +00.
Let 0 < T < Tmas and (B, u, p) the associated solutions to (F,,1)2), solutions of (4.8).
The regularity of (B, p,u), allows one to validate all the computations in the previous
section, hence, for any 0 < ¢ < T,

IF(@)]lz2 = [|1Be(t)|lzz < My and ||| + [ < Mo,

where the constants M; > 0 depend only on the initial data.
Moreover, in view of (4.15), one has clearly

[162(2)]] 2 + [|63()]|r2 < M.

Finally, we estimate ||F||z¢(o,1;L¢)- Since B = B, by (4.14), one obtains

1Fllzsrize) < Follzsomize) + CIIF (1 + %2) + Bt +2,) + FIBI* + FBZHLOO(O,T;Lg)'

By the Sobolev imbeddings, one easily checks that
IF||zs(o,7;28) < My
Finally,
H(F, %1, ¥2)||x (1) < My + Mz + M3 + My,

which contradicts the maximality of Ths,z-
Therefore, Thafer = +oozxand:

Theoréme 4.3.5 Let B, € H*(R) et p,, u, € H'(R).
Then there exists a unique strong solution (B, p,u) for the system (4.8), and

(B, p,u) € Njmoa CH(R*; H* ¥ (R)) x Nj—onCH(RY; H'I(R)) x Ni_oC(R*; H'(R)).

Remark 4.3.6

Although the natural energy space for (4.8) is £ = H* x L? x L?, the fact that a derivative-
loss occurs in the nonlinear terms turns a global existence result in this space hard to get.
For instance, in [56], when dealing with the particular case of the Benney equation

{ iB, +iB,, = uB + |B|*B

u = |B[, (4.22)

the authors were only able to establish the existence of global strczng solutions for B, € H?.
Although the local problem can be solved for initial data in H2z x L? (see[4]), it remains
an open problem to prove the global well-posedness of (4.22) for B, € H®, s < %
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4.4 Stability of the solitary waves

In this section we prove theexistence and the orbital stability of the solitary wave solutions
to (4.8).

4.4.1 Existence of solitary waves

Let ¢ > 0.
We look for solutions to the system (4.8), of the form Q = (1, ¢2, ¢3), with

¢1(z,t) = eMA(z — ct)
$2(z,t) = a|A(z — ct)|? (4.23)
¢a(z,t) = b|A(z — ct)[?,

(a,b) € R2
By (4.8,b) and (4.8,c), we get

k(—cf — %)
B —(cf +v)?
NS R TCET)
B—(c0+0)?

b = bc)= and (4.24)

Moreover, by (4.8,a)
‘wA" —icA' — XA = k(a — §b+ q)|A]?A. (4.25)

Finally, setting 4
R(z) = 3 A(s),

we obtain

2

w1 k v 3 _
R'+ (== MR- =(a=2b+q)R =0, (4.26)

which is the well-known stationary equation associated to the cubic NLS equation. A
simple computation shows that if
2

v
> - — >
" A>0ora(c) 2b(c)-i—q_O,

then (4.26) has no solutions.
Otherwise, if
e v
E—)\<0 and a(c)—ib(c)+q<0,
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then there exists a unique positive solution to (4.26), which is even and exponentially
decreasing.

We can therefore state the following result:

Lemme 4.4.1 Let ¢ > 0.

Assume that E := (X — 4%) > 0 and that a(c) — 3b(c) + ¢ < 0.

Then Qr(z,1) = (1 (2,t), $a(2,1), $5(, 1)), with

é1(z,t) = e"’\te?—:R(w — ct)
¢2(z,t) = a(c)|R(z — ct)[?
¢3(z,t) = b(c)|R(z — ct)|?,

is a solitary wave to (4.8).

Here, R = R(., E) is the unique positive solution to (4.26), which is even and ezponen-
tially decreasing, and a(c), b(c) are given by (4.24).

Remarque 4.4.2 For § small enough, the condition a(c) — 5b(c) + q < 0 is satisfied. In
fact, for 8 =0:

a(e) - 3b(e) +q = —4(’%;}2—) <.

Remarque 4.4.3 The ezpression of R is known :

R(z,E) = \/ e 2B ! (4.27)

¢) — 3b(c) + g) cosh(VEz)

4.4.2 Orbital stability

In this section, we prove the orbital stability of the solitary waves described earlier. We
will use the method developed in [34], [58], [5] and [59].

We begin by introducing the natural orbit
O(B,u,p) = {°B(. + z,),u(. + 2,), p(- + z,)/a € R,z, € R}. (4.28)

Note that if (B,u,p) is a solution to the system (4.8), then all the elements in its orbit
O(B,u, p) remain solutions.

We denote by Ng the H'(R)-norm given by:

NE(f) = If 2@y + Ellf 2oy,

Finally, if @ = (B, u, p) is a solution to (4.8) for some initial data Q, = (B,, o, po),
we define for all times the distance between () and the orbit of the ground state Qg by:

d5(Qo,t) = inf [Ng(ee™ 5 B(. + z,) — R)) (4.29)



86 CHAPITRE 4. L’EQUATION DE ZAKHAROV-RUBENCHIK UNI-DIMENSIONNELLE

We can now state our main theorem:

Theoréme 4.4.1 Letw >0,v>0,0<0 <1 and B —v?>0. There exists A > 0 such
that for all (), c) € R*x]0; %[ satisfying

c2

1
= —(A = —
E c0( 4w)>0,

the solitary wave

ic

QR(wat) = (¢1($a t)’ ¢2($at)a ¢3(z)t)) = (eute—z—f_R(m - ct),a(c)R2(:c - Ct)’ b(C)R2($ - Ct))

is orbitally stable, i.e. :
There exists €; > 0 such that for all ¢, > € > 0 and for all (B,, u,, p,) € H*(R) x H}(R) x
H'(R), there ezists 6(€) > 0 such that if

1B, — %5 R||m@) < 6(€),
|[uo — a(c)R?||r2r) < 4(€),

|lpo — b(c) R?||L2g) < 4(e),
then for all t € R,

In fouz||€¥B(. + 0,1) — 1 (-, )|y < € (4.30)
Info||ul. + 2o, t) — #2(., 1) || L2m) < € (4.31)
Infe|lo(- + 2o, t) — ¢3(., )||2®) < €, (4.32)

where (B, u, p) is the solution of (4.8) corresponding to the initial data (B,,u,,p,).
Remark 4.4.4

Note that we must take @, € H*(R), since we do not know if (4.8) is strongly well-posed
in H'(R).

Proof of the Theorem 4.4.1:

We begin by noticing that :
Remarque 4.4.5
One can assume, without loss of generality, that

|| Bollz2®) = ll1(-, 0)||z2(m)-

First, we construct another ground state @)z, corresponding to a speed ¢ close to ¢, and
satisfying || B,||z2r) = || Rel|r2(w)-
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(

2 _a c) —
”R5I|L2(R) - a(E) —

bc)+4, 12

3
3
We choose ¢ such that

a(€) — 3b(¢) + ¢
a(c) — 3b(c) + ¢q

= HRCH%%R)HBOHZzz(R);

which is possible if §(¢) small enough :
By setting f(c) = a(c) — 3b(c) + ¢, we have
28(20c + v) — v® — 60vc? — Jv?fc >0 v3 +4vc? + 263 >0
2(8 — (v+ 6c)?)? ~ 2(B— (v +6c)?)? ’
The Remark 4.4.2 now comes from the fact that the orbits of Qg, and Qg, remain close
when c is close to €.
Lemme 4.4.6 For allt > 0, there exists a(t) € R et z,(t) € R minimising (4.29).
Moreover,

file)=19

©: Rt — H'(R)
t — eWe=%5 B(. + z,(t))

is continue.
Also,

/R3(m)%Re(eia(t)e-:ﬁB(m + z,(t),t) — R(z))dz =0 (4.33)
and

/ B3 (z)Im(e°We=% B(z + z(), t) — R(z))dz = 0. (4.34)
This technical lemma is proved for example in [3].

We now build a Lyapunov-invariant associated to the system (4.8).
We set

h(z,t) = e2We=%" B(z + 7,(t)) — R(z)

wy(z,t) = u(z + z,(t)) — aR?(z)

wa(w,t) = p(z + z,(t)) — bR*(z) (4.35)
(2, 1) = Re(h(z,1))

ho(z,t) = Im(h(z,t))

First, we compute [;(¢) := I;(Q(t)), where I;, 1 < j < 3, are the three invariants intro-
duced in section 3.
By setting

c

ro=
2w’
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I(2) =/R2+/|h|2+2/Rh1,

L(t) = g(/Rzz_l_rz/Rz)_i_a2+ﬁb2+k(qz2a—vb)—2abv/R4

+/h1[wr2R—wR”+k(q+a— gb)RS] —2wr/R’h2
+2 [P+ [+ kg [ RImP + 20+ 20 - o) [ BB
+2w/hlh’2+%/lhrbrkq/R|h|2h1 +/w1R2[k———v;i3]

+/w2R2[25b_ k4v — 2va] N %/(w% + Bul)

k kv kv v
§/w1]h|2+k/Rh1w1 - -Q—/Rhlwz——Z/IhP’LUz— —Q-/wlwg,

and, finally,

I3(t) = /9abR4+/0aR2w2 +/be1R2+/0w1w2

+r/R2+2r/Rh1+r/lh|2—2/h'1hg+2/Rh’2.

We set \ 0
I(t) = Sh() + = h(t) - < k()
and
AI(t) = I(t) - I(¢1(0)’ ¢2(0)v ¢3(0))
We get

AI(t) = / K2 + / |h|2(—4—cw—2+ 5%(2q+ 2a,b) R + %)

2kq 1
+/]h1|2(732)+ E/(warﬁwg)

0 k
- w1w2+—/w1|h|2+/2kw/3hlwl
w w
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Note that the linear terms in h, wy, and w; dropped out, which means that the ground
state (¢1, P2, #3) is a critical point for the functional Z.
Moreover,

1
AI(t) = < L+h1,h1 > + < L-hz,hz >12 +§;[w1 — (’U + 0c)w2 + 2kRh, + klh|2]2

_1_ — (v c)?(v cw (v+20c)
+5o (VB = (v +00)%(v + 0)w, + Rkhy R (4.36)
,  (v+26c) 9
g T

where i
L.=-8+EId+R~(q+a- -z'ib),
w

k
Ly=—02+E.Id+3R"~(g+a— gb)
and F is composed of the terms of higher order:

Foy = [rnecgt -

k 9 (v + 26c)

— -2k — k————=).
+w /R|h| hi(2q — 2k 7 (U+9C)2)
Next, we estimate Z(t). By the imbeddings

H'(R) < L*(R)

and
H'(R) < L*(R),

we easily prove the existence of two positive constants A; et A; such that
F(h) > —Ai||h|[3n — Azl|R||p-

Therefore, we are reduced to the study of the quadratic forms < Ly h;,hy >72 and
< L_hg, hy >12, which correspond to the second derivative of Z.

Lemme 4.4.7 On the varieties defined by the restriction conditions (4.33) et (4.34), we
have the existence of By > 0, C; > 0, C; > 0 and C5 > 0 such that

< L_ha, hy >12> By||hal|%n

and
< Lyhy, by >2> Chl|ha |3 — CallAl3 — Csl|B4:.
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Proof:

The estimate concerning L_ is easier.

Since R > 0 and L_R =0, L_ is non-degenerated, and therefore < L_.,. > is positive.

Moreover, one can prove (see [5]) that if W < L_hy,hy >z vanishes under the
H1

constraint (4.34), thus this minimum is attained in R, which contradicts (4.34).
The proof of the second estimate is harder to obtain. Since we assumed that

[|Bol|z2g) = ||#1(-5 0)]|2(m),

the proof stated in [59], Proposition 3.3 can be applied here.

We can now end the proof of Theorem 4.4.1 by the standard method :

Z(t) > (By + C)||Al3 = (Cy + AR5 — (Cs + A ||A||5:,
l.e.

Z(t) 2 G(Ne(h(?))),

where
G(z) = a2® — c32° — c3z?,

— _BitCy — CatA; — CatAy
and o1 = g G5y @2 = Tarap) 204 6 = LR E-

More, since (B, u, p) is a solution to 4.8,
AZ(t) = AZ(0) Vt € R*.

Let €, > 0 such that G increases on [0; ¢,)].
Let 0 <e<e,:
Att =0,
|AZ(0)] < G(¢) for é(€) small enough.

Hence,

G(e) > G(Ng(h(1)))
Finally, by the continuity of ¢t — Ng(h(t¢)) and since G increases,

d5(Qo,t) = Np(h(t)) < e Vt € R+,

h being a minimizer for the problem (4.29).

Finally, we check the estimates (4.31) and (4.32):
We only need to notice that by (4.36), and the previous study of A,

1
G(e) > E[wl — (v + c)w, + 2k Rhy + k|R|*]?, (4.37)
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and
1 (v + 26c) 2 (v+20c) 2
i — (v c)2(v chg khl klh ’
Gle) 2 ooV — (v +bc)*(v + fcjwn + R ﬂ—(v+9c)2+ | i ﬂ—(v+0c)2]

(4.38)






Chapitre 5

Approximation de I’équation DNLS
par I’équation de Schrodinger
cubique

93



94CHAPITRE 5. APPROXIMATION DE L’EQUATION DNLS PAR L’EQUATION DE SCHRODINGER,

A modulation equation for the DNLS model

(Submitted to Differential Integral Equations, June,2, 2001)

Filipe Oliveira,
U.M.R. de Mathématiques, Bat.425
Equipe Analyse Numérique et E.D.P.
Université Paris-Sud, 91400 Orsay

Résumé

We approach rigorously the Schrédinger Equation of Derivative type ¢; + tq, +
Aq|%¢: + pg*qz = 0, A € R, u € C, by the cubic Nonlinear Schrédinger Equation
AT +iAxx + iko(A — p)|A|2A = 0. )

We also study the case of the KdV-like equation g;+igzz +aqrzz +1|q|%g+A(|g|%q) .+
iilql%qz = 0, A iL € R, arizing in optical physics. Finally, we illustrate these results
numerically. !

5.1 Introduction
We consider the Nonlinear Schrodinger Equations of the form :

@ + 190z + Mg|*qz + ¢’ = 0, (5.1)

where A € R and p € C.

These equations have been extensively studied by many authors (see for instance [53],
[22],[35],[46]), and cover the case of the so-called Derivative Nonlinear Schrédinger Equa-
tion (DNLS)

g + 1qsc + (|Q|2Q)x =0,

describing the parallel propagation (to the ambient magnetic field) of circulary polarized
Alfvén waves in a plasma. When linearized at ¢ = 0, (5.1) has the exact solutions:

qg= qoei(kox+wot) , o € C,
where the wave number k, and the frequency w, are related by the dispersion equation
w, = k2. (5.2)

In order to study how these plane waves are modulated by the nonlinear effects, we in-
troduce for a small € > 0, the formal approximation ([44], [42])

qa(z,t) = €A(X, T)e*=), (5.3)

1. 1991 Mathematics Subject Classification: 35Q55, 35A35.
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where X = ¢(z — vgt), T = €%t and ¢(z,t) = koz + w,t,
and for an energy speed vg given by

Ow,
Vg = —ak .

We expect with this approximation to describe solutions to (5.1) which are slow modu-
lations (in time and space) of a wave train of small amplitude: the exponential will take
into account the ”fast” oscillation of the phase while the ”slow” rescaled variables X and
T will be responsible for the small variations of the complex amplitude.

In order to derive an equation for the amplitude A, we inject g4 in (5.1), and then equate
the coefficients of [¢/, j € N, to 0. This formal multi-scale method was used in [44], [42].

By this method, we get the cubic Non Linear Schrodinger Equation (NLS).

Ar +iAxx + ik, (A — )| APA =0, (5.4)

In this sense, the NLS equation appears here as an approximation to equation (5.1).

In this paper we will justify mathematically this approach.
This line of work is not new, and we can quote the works of P. Kirmann and al.([32]), T.
Gallay and al.([14]), and G. Schneider([51]):
In [51], the NLS equation is rigorously derived as an approximation for the KdV
equation :

Up + Uggr + UUL = 0

and, in [32], for the Sine-Gordon equation:

Ust = Ugg + STR(U).
Also, in this same paper, the Swift-Hoenberg equation

uy = Ly(0z)u —u® , Ly(8:)u = —(1 4 82)u + u.
is correctly approximated by the Ginzburg-Landau equation :
Ar = 4Axx + A - 3|A]PA.
Finally, in [14], T. Gallay and G. Schneider describe the KP equation
[2A7 + (A®)x + Axxx]x + Ayy = 0.

as an approximation for the Boussinesq equation

b1 = Ap+ A($?) + Adye.



96 CHAPITRE 5. APPROXIMATION DE L’EQUATION DNLS PAR L’EQUATION DE SCHRODINGER

Here, we will combine the different arguments presented in these papers to prove our main
result :

Theoréme 5.1.1 Let s > %
Let A be a solution to the NLS equation (5.4), with

A € C([0,T,); H*H3(R)),

T, > 0, and let qa be given by (5.3).
Then there exists €, > 0 such that for all 0 < € < ¢, and for all g, € H*(R) satisfying

qu - QA(-,O)”.? S D1627 (55)
we have the ezistence of a solution g € C([0;T]; H*(R)) to (5.1), with ¢(.,0) = g, and

Sup[o,%]”q('at) - QA(-at)”s < DZC%- (56)

Here the D, are strictly positive constants depending exclusively on €, and T),.
We can now state a few remarks:

The solution g (as well as the approximated solution ¢4) has a H*(R)-norm of order e%,
while the error g — g4 is of order e%, which is smaller .

This result proves the existence of solutions to the DNLS equation that behave approxi-
mately as NLS solitons. In fact, a part of the NLS dynamics are contained in the DNLS
model.

Finally, the regularity condition A € H**3(R) is usual in this kind of results and is in
a certain way needed for the estimate (5.6) to remain valid in the ”large” time interval

[0; €7*T5).

The rest of this paper is organized as follows :

In the second section, and essentially for technical reasons, we build an approximation
T4, more accurate than g4.

In the third section, we evaluate the error and prove Theorem 5.1.1.

In the fourth section, we consider the nonlinear cubic problem

{ q: + i%:x + aQzzs + i|Q|2q + S‘(IqPQ)z + ﬁ'qPQx =0 (57)
(0, X) = ¢,(X)
with @ # 0, which we will approximate by the NLS equation

Az +i(ak, + 1) Agz +5(1 + k(A + 2))|APA = 0, (5.8)

and by
AT 4 aAeee +i(1 + k(A + ) |A]2PA =0 (5.9)
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in the case where the wave number &, is close to the critical value -—%. Finally, in the last
section, we illustrate Theorem 5.1.1 by a numerical method.
We end this introduction with a few notations:

We denote by < .,. > the canonical scalar product of L?(R), given by
< f,9>=<f,9>p= /Rfﬁ-

We denote by A® the operator (1 — 82)%.

For s € R, we introduce the usual Sobolev spaces

H*(R) = {f/IIfII; = [|A*£l|f> < oo}

and, if s is an integer,

W2 (R) = {f/||fllwee= = Y _ 185 flzeo < 00}
k=0

Finally, we denote by [A®f, g] the commutator given by
[A*f, 9] = A*(fg) — FA*(9).

5.2 The approximated solution

Let s > 2 and A € C([0,T,); H***(R)) a solution to (5.4).
Let ¢, > 0, € €]0,¢,] and g, € H*(R) such that

llgo(-) — qa(.,0)||s < D1é?,

for g4 given by (5.3) and Dy > 0.

We denote by Res(qa) the residual
Res(qa)(€,2,1) = qas + iQ4as + Maal* a4 + 14474,

formed by the terms that do not drop out after inserting g4 in (5.1).
A simple computation yields:

Res(qa) = iee|w, — k2]
+e2e"® Ax[—vg — 2k,
+Ee®[Ar +iAxx + ikod — p|A|?A]
+€4ei¢[x\|AI2AX + pAsz]
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By the dispersion equation (5.2), the value of the energy speed vg and (5.4), we get
Res(qa)(¢,z,1) = 0(64)'

In order to prove Theorem 5.1.1, we need to get a ”smaller” residual. For this reason, we
define a more accurate approximated solution, by adding one more term to ¢4. Hence, we

set
TA(ev :l,',t) = QA(€7 z, t) + 62B(X7 T)eiqS

where B will be chosen later.
The new residual yields:

Res(ra) = e'e’®[Br +iBxx + MA|*Ax + pA*Ax + ik, A — u(A*B + 2|A|2B)]
+e%e[ik, A — u(2| B|*A + B*A) + A\(|A|*Bx + AAxB + BAAx))
+e®e®u(A?Bx + 2ABAx) + e u(B*Ax + 2ABBx)
+¢8%¢[ik,\ — uB|BJ? + \(|B]*Ax + ABBx + BBxA)]
+€"e®[\|B|*Bx + pB*Bx].

Now, consider the linear (in B) equation:

Br +iBxx + MA*Ax + pA?Ax + ik,) — u(A?B +2|AI*B) = 0
B(X,0) = By(X).

Since H**?(R) is an algebra, it is clear that the Initial Value Problem (5.10) is well-posed,
and that its solutions exist and are bounded in H**?(R) as long as A exists and is bounded
in H*3(R).

Hence, we choose B € C([0,T,]; H**?(R)) the solution of (5.10) corresponding to the ini-
tial data B, = 0.

(5.10)

Lemme 5.2.1 With the above choices of B and r4,
there exists three positive constants C;, j = 1,2,3, depending ezclusively on k, and ¢,,
and three functions f,g,h such that:

I)RCS(’I‘A) = 6%9(6’m7t) ) S’U,p[o’%g]”g(ﬁ, 'at)”s+1 S Cl
2)ra = e f(e,2,1) , Suppzallf(e,. )]sz < Ca
3)7‘A = eh(e,x,t) ’ Sup[o,%]”h(ev o) |wstre < Cs

In fact,

Res(ra) = €*e*lik,A — u(2|B|*A + B*A) + M(|A|?Bx + AAxB + BAAx)]
+esei¢u(A2BX + 2ABAx) + esei"su(BzZX + 2ABBy)
+€%e*(ik,A — uB|B|* + \(|B|*Ax + ABBx + BBxA)]
+€e'e[\|B|?Bx + uB?Bx].
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One only has to notice that for F € H*(R), the estimate
[IF(ex)e™|ls < Clkor &) | Fls

holds.
The Lemma then follows by using the imbedding

H* 3 (R) = W= (R).

5.3 The error estimate

We next consider the I.V.P.

{ @ + 1920 + Alg|*qz + ¢’ =0
q(m,O) = qo(:c).

It is well known that this problem is locally well-posed in H*(R) (globally well-posed in
H(R), see ([53]).

Therefore, in order to prove Theorem 1.1, we only need to bound uniformly the quantity
e 2||q(.,t) — qa(.,1)||s over the time interval [0; e~2T,).

We set
ER=q—ra. (5.11)
By an elementary computation,

Ri+iRes = (NFATAz + uTazTA)R+ (6T a,ma + AraTas)R + Alral’ Ry 4+ pRor
+€2[A|R|*ra; + ARz (Rra + R72) + pR*r4, + 2uRR,7 4]
+e*[A|R|’R, + nR*R;) — € 2Res(ra),

i.e.

R+ iR,y = €& [(ARhy + phoh)R + (uhsh + Ahhy)R + A|R|>R, + pR A%
+e3[A|RI*fs + AR-(Rf + Bf) + pR*f, + 2uRR. f]
+€*[A|R|*R,; + uR*R;] — eig

i= ¢y(R,h, Royhs) + €265(R, Ro, f, fo) + €'¢3(R, Ry) — €2,
where f, g et h are given by the Lemma 5.2.1.

We now estimate R:

Lemme 5.3.1 For all 0 < e <€, <1 and for all t € [0;€¢72T,),
Ld
2dt

where the C; are positive constants.

|IRI[2 < €[Cy + Ca||RI|? + €2 Cs|| R[4, (5.12)
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By applying the operator A® to (5.12), multiplying by A°R and integrating the real part,
we get

ld

SlIRIE = €Re(< A6, AR >) + €% Re(< A°¢y, A°R >)

+e*Re(< A°¢s, A°R >) — €2 Re(< A°g, A°R >), (5.13)

for all ¢ € [0, T,e™2]. In what follows, we will denote indistinctly by C' an arbitrary positive
constant.

Plainly,
Re < A°g,A’R>< C||R||, < C(1 +||RI[}). (5.14)
Also,

"Re(< A°¢3,A°’R>) = ARe < A°(|R|°R.),A°R > +Re < (uA°(R?R,), A°(R) >
= ARe < |RA*R,,A°R > +\Re < [A*,|R|%|R,, A°R >
+Re < uR*A°R;,A°R > +Re < u[A*, R?|R,,A°R >
A E} sp
=5 [VRLIARE + 14l [ (B).IARP]
HIALNA%, [RIP Rzl [RIls + |1l |I[A%, R?)R: ||| | RI|s
< C|IRI[;, (5.15)

IA

where we have used the fact that, for s > 1,

I[A®, flglle < ClIfNlsllglls-1,

and the Sobolev imbedding
1+
Hz (R) — L*(R).

Note that this estimate does not hold if A € C/R.
Next,

Re(< A°¢o, A°’R>) = ARe(< A*(|R|*f.), A°R >) + ARe(< N*(Ro(Rf + BF)), A°R >)
+Re(< A°(uR*F,),A°R >) + 2Re(< pA*(RE,f), A°R >).

Since Rf + Rf € R, the same method as presented in the previous estimate yields
Re(< A°(R.(Rf + Rf)),A'R >) < C||R|[} (5.16)
and

Re(< pA*(RR.f), A°R >) < C||R|[S. (5.17)
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The other terms do not contain z-derivatives of R, hence it is clear that
Re(< A°¢2,A°R >) < C||R||3. (5.18)
Finally, we estimate the last term:

Re(< A°¢1,A°’R>) = X < ReA*(Rh,R),A°R > +Re < A*(uh;hR),A°R >
+Re < A*(uhhR), A°R > +ARe < A*(hh,R), A*(R) >
+Re < A°(A|h|*R; + uR-h*),A°R > .

We use here the following remark :
Remarque 5.3.2 Let s € N, R € H*(R) and ¢ € W*th°(R).
There exists C > 0 such that

< A*(YR)z, AR > Cl|]|werro|| B[
Furthermore, if ¥ is real-valued,
Re(< A*(¥R)z, A°R >) < C||9||ws+r.| | R]|?

Proof :
Let R € H*(R), 3 € W*t1°(R), real-valued, and s an integer. Then,

< A°($R)s, A°’R> = ZC(a < 0% (Hy),0%R >

a=0
s a+1
= ) Clo) <) CLnOlROH' Py, 62R >
=0

Plainly, for g8 < s,
< 95RO;™°H,07R >< ||R[|| fllwe+1.

Also,
Re < 3R, 0:R >= % / $|O2R|2

and we obtain the desired result by integrating by parts. The proof of the first statement
follows the same lines.
By using Remark 5.3.2, we obtain that

Re(< A°(41), A°(R) >) < C||R||s < C(1 +||RI[2). (5.19)
By combining (5.14), (5.15), (5.18) and (5.19), we get Lemma 5.3.1.

End of the proof: By noticing that r4(0) = ¢ga(0) (since we have chosen B, = 0),

R(e,z,0) = € *(go(z) — 14(0,7)) = € *(go(z) — 94(0, 2)),
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and, by the condition (5.5),
IlR(63x1O)||s S Dl-

We set 1
t(e) = Sup{t € [0, *T,]/ez||R(7)||? < 1VT € [0,]}.
If one chooses €y > 0 small enough, t(¢) > 0, since at ¢t = O,

e7||R(0)]I? < €2||R(0)||? < 1.

Hence, for all ¢ € [0;t(¢)],
d
FIROIE < A1+ [IRGIL),

where

A= Md(E{ZCl, 2(02 + 03)}
By Gronwall’s lemma, for all ¢ € [0;¢(e)],

IR()]I? < (1 + ||R(.,0)[[2)et — 1. (5.20)
In particular, for ¢, small enough,
eZ||R()|12 < e2 (1 +||R(.,0)[[?)erT < 1,

and

t(e) = €T,

Therefore, (5.20) holds for all ¢ € [0,¢2T,], and there exists C > 0, depending exclusively
on €, and Ty, such that

IR(#)]ls < C', for all t € [0;¢7*T,],
ie.
Sup[oy%]llq —ralls < CE. (5.21)
We end the proof of Theorem 5.1.1 by noticing that
ra = qa+ €°F,
where F(e, z,t) = B(X, T)e'F=+wet) and
e||Fll. < 6,

hence 3
Sup[o,gg]llq — qalls < Dse2.
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It is straightforward to derive from Theorem 5.1.1 the following corollary :

Corollaire 5.3.3 Let T, >0, k > 0 and s > 2.
Let A be a solution to the NLS equation

Ar +1Axx + iklA]zA =0
such that
A€ C([0; T.); HH(R)).

Then we have a constant C > 0 and €, such that for all 0 < € < €, there are solutions q

to the DNLS equation

such that
Supyp,zglla(-t) — qa(-,1)lleo < Ce”. (5.22)

Proof:
One only needs to choose g(.,0) in the ball of H*(R) of center g4 and radius D;e?. The
result then follows from Theorem 5.1.1 and the imbedding

H*(R) = L®(R), s > -;-

5.4 The case of a cubic linearity

We consider the KdV-like equation

Gt + 1905 + 0Guzz +ilq%q + M|q[?q) + filg|?. = 0
(5.23)
q(0,z) = qo(z),

g € C, and where a,) and /i are three fixed real parameters, a # 0.

This model arises in optical physics, when studying the propagation of localized waves
along a fiber ([19]).

For the linearized equation at ¢ = 0,

q: + iq:cz + aqrzz = 0,

we find the exact solutions

q(z,t) = qoei(w°t+koz)

with the dispersion equation

wolks) = K2(1 + ak,). (5.24)
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In what follows, we assume that &, # 0.
Once again, we introduce the formal approximation

ra(e,z,t) = eA(X,T)ewetthe?) 4 2B(X, T)e (wottkor) (5.25)
— qale,2,0)+ EB(X, T)elwstho
with X = e(z — vgt), T = €%, and

ow,
ok,

By inserting (5.25) in (5.23), we obtain the residual

—vg =

= 2k, + 3ak?.

Res(ra)(€,z,t) = Tay+irage + @ agee +3|ral’ra + A(|ral®ra)e + flralras
= e[ide®(w, — k? — ak?)] + [iBe(w, — k2 — ak?)]
+€[ Az (—vg — 2k, — 3ak?)] + [ Bye'*(~vg — 2k, — 3ak?)]
+E%[Ar + i(ak, + 1) Ags +i(1 + ko(X + f1))| A A]
+e*e”[Br + i(ak, + 1) By + 0 Azes + A(JAPA), + fi| A?A,)
+ete[(iko(X + 1) + 1)(2/AI* B + BA?)]
+0(€°).

€
The amplitude A must then be a solution to the NLS equation
Ar +i(ak, + 1) Axx + (1 + k(X + i) A]*PA = 0. (5.26)

The techniques presented in the previous section allow one to derive an analogous theorem
for the problem (5.23):™

Theoréme 5.4.1 Let s> 3, T, > 0 and A € C([O,T,); H***) a solution to (5.26).
Then there exists €, > 0 such that for all € < €, and for all g, € H*(R) satisfying

||qo - qA(-70)Hs < D1€27

we have the existence of a solution g € C([0; T, H*(R)) to (5.23), with q(.,0) = g, and
Suppo, gz la(-, 0) = 4., 0)ll, < Dae? (5.27)

where the D; are strictly positive and depend ezclusively on T, and ¢,.
Note that for ak, + 1 = 0, (5.26) degenerates in

A7 + (1 + k(i + X)) |APA = 0. (5.28)

However, one would like to approach (5.23) by a “good” dispersive model also in this
case.

We then look for another envelope equation, valid for wave numbers k, such that the
expression ak, + 1 is small or even null.
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We expect to find small space-time modulations of the.critical mode e®°=.
In order to do so, we have to rescale the time variable and the amplitude of the modulated
wave. We set, for a small parameter € > 0,

ra(e,z,t) = 2 A(X, T)e* + €3 B(X, T)e'*e~ (5.29)

with
X=¢lz—vt), T =¢ét,

where v, is the critical energy speed

_ Ow,

Ok,

—v, (—a ') =al.

and
lak, + 1] < €.

We compute the new value for the residual Res(r4):

Res(ra)(e,z,t) = eze*?[—iAkX(1 + ak,)]
+eze®t[—iBEX(1 + ak,) + Ax(—v. — 2k, — 3ak?)]
+eze*?[Bx (—v, — 2k, — 3ak?) + i(ak, + 1)Axx]
teze*?[Ar + i(1 + koA + i))|A]*A + aAx xx + i(ak, + 1)Bxx]
t+e> e[ Br + A(|AIPA)x + | A" Ax
+i(1 + ko(A + 5))(AB + 2| A’ B)]
+0(e?)

Since
|1+ ak,| < €

1
| — ve — 2k, — 3ak?| = |1 + akng — 3k,|,

Res(ra)(e,z,t) = e e*[Ar +aAxxx +i(1 + k(A + ))|A]A]
+e7 % [Br + M| AP A)x + A Ax
+i(1 + ko(A + 2))(A’B + 2| A’ B)]
+0(€7).

By choosing two convenient functions A et B , we easily get the following result, analogous
to Lemma 5.2.1:

Lemme 5.4.2 There exists three strictly positive constants Ci 23

and three functions f,g,h such that:
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1)Res(ra) = €°g(e, 2, 1) , Sup[o,%"g]“g(e’-at)“sﬂ <G
Q)TA = ef(e,z,t) ) Sup[o,%.]”f(ea'at)”s+2 < 02

3)1”A = 6%h(€’x7t) ; Sup[o,—f—g]”h(e,-;t)||W3+1'°° < Cs

Then, if ¢ € C([0,T,]; H*(R)) is a solution to (5.23), we derive an equation for the error
R=¢€3(q—ra):

Ri+iRp + aRoee = —¢*(i|RI’R+ A(|R’R) + i| RI*R.)
—e*(iR*f + %|RI*f + M(2|RI* f- + R*f, + 2fRR,
+2R.(Rf + Rf))
—e*i(|R* f + Ro(Rf + Rf))
—€3(2iR|h|)* + iRh* + M(R|R|? + 2Rhh, + |h|*R, + h*R,))
—&ji(Rhoh + Rhh, + |h|*R,)
—e3g(e, z,t)

As before, we get the estimate
d
ZIIBIE < €(Cr +[IRIE(C: + €l RI) (5.30)

for all ¢ € [0, -GT—SQ]
Therefore, we can prove by the method presented before the following result :

Theoréme 5.4.3 Let s > 2.
Let A € C([0,T,); H**3(R)) be a solution to the equation

Az +aAxxx +i(1+ ko(A + p))|A?A = 0,

for some T, > 0, and with a # 0 and k, # 0.

Then, there exists €, > 0 and strictly positive constants D;(e,,T,) such that
forall0 < e< e, if

1) ¢ € H*(R) satisfies

llgo — €2 A(ez, 0)e™*||, < Dy é
and
2) |ak, + 1| < €,
then there ezists a solution g € C([0,T,); H*(R)) to (5.28) such that q(.,0) = g, and
Sup[o,gglllq(z,t) - C%A(X, t)e™* ||, < Dyé?,

where X = €(z — v.t) and v, = %
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5.5 Numerical applications

In this section, we illustrate the Corollary 5.3.3, emphasizing the correspondance between
NLS and DNLS. For this, we use a finite-differences scheme in order to solve numerically
DNLS and to recover solitonic structures of NLS.

Finite differences methods are very often used for the numerical resolution of disper-
sive equations such as Schrédinger-like equations ( see for instance [13], [50], [17]). It
is well-known that accurate solutions can be obtained with use of the Crank-Nicholson
scheme, with discrete conservation properties corresponding to the two formal invariance
laws for the NLS equation

{ M(t) = ||u(®)||z« = M(0)
E(t) = 3lIVu@®)lIZ. — llu(®)]ze = E(0).

2 4

Furthermore, the Crank-Nicholson scheme is known to be unconditionaly /2-stable.

We then describe our numerical method. We introduce the standard notations for finite-
difference schemes :

For an arbitrary space-time domain [a; 8] X [0; tmaz], and for (J, N) € N2, we set

b—a
J

Az = jz;=a+jAz for 7=0;...;J,

and

At=tmww—;tn:nAtforn=0;...;N.

Also, the standard difference operators are:
1
(09); = A—x(%ﬂ - ;)
and
9 1
(6°9)i = 17 (%+1 — 2 + gj-1)-
The scheme can then be written as:

1 n n i n n 1 n '3 n n
(@ = @)+ 50%(a + 4 + 5816 laf T + 1g7 Flgr ) = 0. (5.31)

At the boundary of the space domain, we set the Dirichlet condition

% = g5 =0.
Note that the scheme (5.31) is implicit. In order to implement it, we have chosen to use
a fixed-point algorithm consisting in successive linear resolutions of a released problem.
The scheme is supplemented with the initial values

@) = eA(ex;,0)e™*,
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where

AT = R0 10 =2

are the well-known ground states of the NLS equation.

In order to measure the numerical difference between ¢q and ¢4, we introduce the quantity

Ae = HqOHF«}HQ(tmGz) - QA(tmaz)”l°°-

We have made several experiments with the following parameters: T, = 107°, k = 5 and
A = 10*, and for different values of € = 0.1, 0.025 , 0.01 , 0.075. In the next figures, we
have displayed the corresponding plots for the quantities |g,|, |¢(tmaz)|, |g4(tmaz)|, and

"Z(tmaz) - QA(tmaz) |
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Fig. 1: |q,| (dotted ..), |g(tmaz)| (continuous line -), |ga(¢mqz)| (dashed -) and
|g(tmaz) — ga(tmaz)|(dashed-dotted .-) for: € = 0.1, ¢;., = 0.01, Az = 0.01,
At =1.107°, [a;b] = [-1;1], A, = 0.46.
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Fig. 2: |q,| (dotted ..), |g(tmaz)| (continuous line -), |ga(tmaz)| (dashed -) and
|g(tmaz) — 94(tmaz)|(dashed-dotted .-) for: € = 0.025, tq.; = 0.088, Az = 0.04,
At = 16.1075, [a;b] = [~4;4], A. = 0.36.
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Fig. 3: |q.| (dotted ..), |g(tmaz)| (continuous line -), |ga(¢mqz)| (dashed —) and
|g(tmaz) — g4(tmaz)|(dashed-dotted .-) for: € = 0.01, ¢4 = 0.1, Az = 0.08,
At = 1073, [a;b] = [-8;8], A. = 0.33.
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Fig. 4: |g,| (dotted ..), |¢(tmas)| (continuous line -), |ga(tmaz)| (dashed —) and
|q(tmaz) — qa(tmaz)|(dashed-dotted .-) for: € = 0.0075, ¢;qee = 0.18, Az = 0.08,
At = 1073, [a; 8] = [-15;15], A, = 0.29.
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We see that as € becomes small, ¢ and g4 are in good agreement numerically, and that
A, decreases with e.

Note however that the error on the phase is considerably larger than the error on the
amplitude. This is essencially due to the fact that the very fast oscillation of the phase

(XA = 10*) creates an error that our scheme is unable to cope with.
Moreover, the Corollary 3.3 suggests that ||ga(-,¢maz) — ¢(-; tmaz)||co is of order €2.

In order to check this assumption numerically, we display on table I the value of r. =

€ 2||q(., tmaz) — qa(-s tmaz)||i= for different values of e.

Table I:
€ [a; b] (Az, At) tmaz | Te

0.01 |[-10;10] | (0.08,1.1073) | 0.10 | 2050

0.0095 | [—10;10] | (0.08,1.1073) [ 0.11 | 2133

0.009 |[[—10;10] [ (0.08,1.1073) | 0.12 | 2224

0.0085 | [—13;13] | (0.08,1.107%) | 0.14 | 2316

0.008 |[—15;15] | (0.08,1.1073) [ 0.16 | 2397

0.0075 | [—15;15] | (0.08,1.1073) | 0.18 | 2496

0.007 |[—16;16] | (0.08,1.1073) | 0.20 | 2544

0.0065 | [—16;16) | (0.08,1.10-3) | 0.23 | 2640

0.006 | [—16;16] | (0.08,1.102) | 0.28 | 2676

0.0055 | [—20;20] | (0.08,1.1073) | 0.33 | 2689

0.005 |[—20;20] | (0.08,1.107%) | 0.4 | 2700

Graphically :
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2100+ .
b

2000 : ' :

5 6 7 8 9

x 10~

10



112 CHAPITRE 5. APPROXIMATION DE L’EQUATION DNLS PAR L’EQUATION DE SCHRODINGER

Fig.5: r.=€?||q(.,t) — qa(.,t)||i» for different values of e.
This plot suggests that the estimate (5.22) in the Corollary 5.3.3 seems to be optimal,
since r, stays bounded as € —+ 0.
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