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METHODES DE VOLUMES FINIS ET MULTINIVEAUX
POUR LES EQUATIONS DE NAVIER-STOKES, DE
BURGERS ET DE LA CHALEUR

Résumé

Cette theése est composée de quatre chapitres traitant des méthodes de volumes finis et mul-
tiniveaux appliquées aux équations de la mécanique des fluides.

Dans un premier chapitre, nous considérons I’équation de la chaleur non linéaire avec des
conditions aux bords de type Robin, les termes non linéaires vérifiant une hypothése de mo-
notonie. Nous proposons un schéma de volumes finis discrétisant ce probleme. Nous prouvons
I’existence d’une solution approchée satisfaisant des propriétés de stabilité et convergeant vers
la solution du probleme continu.

Dans les deux chapitres suivants, nous étudions la résolution des équations de Navier-Stokes
incompressibles & ’aide de schémas de volumes finis a variables colocalisées i.e. les vitesses et
la pression sont calculées au méme endroit. Ces schémas permettent des simulations dans des
domaines a géométries complexes et rendent plus aisée la mise en oeuvre de méthodes multini-
veaux. Le chapitre deux est dédié a I'analyse de la stabilité d’un de ces schémas utilisant une
méthode de projection comme discrétisation temporelle. Le chapitre trois décrit les techniques
d’implémentation de ces schémas, la principale difficulté étant d’assurer un couplage correct
entre la vitesse et la pression.

Enfin, dans un quatriéme chapitre, nous présentons une nouvelle méthode multiniveaux qui
résulte d’une adaptation aux volumes finis des Inconnues Incrémentales originellement définies
dans un contexte de différences finies. Nous validons cette méthode a ’aide du probleme de
Burgers vu comme un probléme non linéaire d’évolution modéle. Cette méthode a été construite
pour fonctionner avec les schémas de volumes finis & variables colocalisées étudiés précédemment.

Mots clés : Méthodes volumes finis - Méthodes multiniveaux - Inconnues incrémentales -
Schémas & variables colocalisées - Convergence - Stabilité - Equations de Navier-Stokes - Equa-
tion de Burgers - Equation de la chaleur
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FINITE VOLUME AND MULTILEVEL METHODS FOR THE
NAVIER-STOKES, BURGERS AND HEAT EQUATIONS

Abstract

This thesis is composed of four chapters which deal with finite volume methods and multi-
level methods applied to the fluid mechanic equations.

In the first chapter, we consider the nonlinear heat equation with Robin-type boundary
conditions, the nonlinear terms satisfying a monotony hypothesis. We describe the finite volume
scheme used to discretize this problem. We prove the existence of an approximate solution and
we state a stability result. We then show that this approximate solution converges to the solution
of the continuous problem.

In the next two chapters, we study the solution of the incompressible Navier-Stokes equations
obtained with collocated finite volume schemes i.e. the velocity and the pressure are computed
at the same location. These schemes facilitate the use of complex geometries and hierarchical
space discretizations. The second chapter is dedicated to the stability analysis of one of these
schemes using a projection method as time discretization. The third chapter describes the imple-
mentation of these schemes, the main difficulty being to obtain an appropriate coupling between
the velocity and the pressure.

Finally, in the fourth chapter, we introduce a new multilevel method which consists of a
finite volume adaptation of the incremental unknowns originally defined in the finite difference
context. We validate this method by solving the Burgers equations which may be regarded as
a simplified model of the Navier-Stokes equations in the context of the collocated finite volume
schemes previously studied.

Key words : Finite volume methods - Multilevel methods - Incremental unknowns - Colloca-
ted/colocated schemes - Convergence - Stability - Navier-Stokes equations - Burgers equation -
Heat equation

AMS Classification (2000) : 65M12, 76M12, 76F65, 65M55, 65N22, 65M06, 76D05, 35K05,
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Introduction

L’objet de ces travaux est I’étude de la résolution numérique d’équations aux dérivées par-
tielles a 'aide de méthodes volumes finis. Nous travaillerons également & la mise au point d’une
méthode multi-niveaux adaptée aux volumes finis.

Les méthodes volumes finis, basées sur une intégration des équations considérées, sont tres
utilisées par les ingénieurs. De nombreux et variés types de problemes peuvent ainsi étre simulés,
on peut entre autres citer :

— Les écoulements peu profonds a surface libre (équations de Saint-Venant) [BGH98], [GP01]
tels que les rivieres, les lacs, les régions cotieres, pouvant étre liés a des problémes d’envi-
ronnement : inondations, ruptures de barrage, transport et dispersion de polluants, réseaux
d’irrigation, d’avalanches...

— Les écoulements turbulents (équations de Navier-Stokes) [BH96], [PKPO01].

— Les problémes de propagation des ondes, en electromagnétisme [PRF02] ou en aérocoustique
[BP03] ( propagation de bruits générés par des sources : sources mécaniques, moteurs
d’avions ou de voitures...).

Les techniques de volumes finis ont été développées pour la qualité physique des approximations
quelles procurent (conservativité) ainsi que pour leurs performances numériques (robustesse).
On leur reproche cependant parfois de n’étre que peu précises.

Les méthodes multi-niveaux sont intéressantes lors de I’étude de phénomenes multi-échelles

dans les équations aux dérivées partielles. Ces phénomeénes apparaissent typiquement lors de la
simulation d’un écoulement turbulent. Un tel écoulement étant caractérisé par son irrégularité a
la fois en temps et en espace, sa simulation est trés délicate. Il est trés sensible aux perturbations,
méme faibles, celles-ci ayant tendance & s’amplifier du fait de la faible viscosité.
La présence de structures de tailles trés différentes interagissant entre elles caractérise également
un écoulement turbulent. En effet la turbulence est engendrée pres des obstacles ou aux bords
du domaine, de 13, elle se propage dans tout le fluide. Plus le nombre de Reynolds est grand (i.e.
plus la viscosité est petite), plus la différence de taille entre les plus grandes et les plus petites
structures présentes dans ’écoulement est importante. Les méthodes multi-niveaux permettent
de mieux capter toutes ces structures et ainsi de mieux tenir compte du caractéere local de la
turbulence. De plus, on évite ainsi l'utilisation de grilles tres fines aux zones “calmes” ce qui
permet de diminuer sensiblement le temps de calcul.
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Premier chapitre : Un schéma volumes finis pour I’équation de
la chaleur non linéaire

Le probléeme que ’on étudiera dans ce chapitre est celui de la chaleur non linéaire dans un
domaine borné (2 :
ou

i vAu+ o(u) = f dans Q, (1)

ou, t >0, f = f(z,y,t) est donnée, et en dimension deux, u = u(z,y,t) représente par exemple
la température dans un conducteur.
Les conditions aux bords considérées sont des conditions de type Robin :

Ou

— + B(u) = g sur IN 2
ou g = g(z,y,t) est donnée.
Les fonctions o et [ intervenant dans les termes non linéaires de (1) et (2) satisfont les hy-
pothéses suivantes :

— «a(u) est supposée monotone :
(a(u) — a(v)) (v —v) >0, (3a)

et
alulP — ¢ < a(u)u < colul? + b, (3b)

ou ¢y, ¢, ¢z, ¢, sont des constantes et p > 1.

— B(u) est également supposée monotone :
cslul? — c§ < B(u)u < cq|ul? + cf, (4)
ou c3, ¢4, ¢4, ¢y sont des constantes et g > 1.

L’étude théorique dans le cas continu de ce probleme a été effectuée par Lions [Lio69]. L’exis-
tence et 'unicité d’une solution ont ainsi été démontrés.
Pour faire une étude dans le cas discret, nous construirons un schémas volumes finis puis nous
montrerons que la solution approchée obtenue grace a ce schéma converge vers la solution du
probleme (1), (2).
Concernant la discrétisation spatiale du probléme, nous découperons le domaine €2 en plusieurs
volumes de controle. L'obtention du schéma volumes finis se fera en intégrant 1’équation (1) sur
chaque volume de contrdle. La discrétisation temporelle sera assurée par un schéma différences
finies de Crank-Nicholson.
Apres avoir prouvé I’existence d’une solution approchée obtenue grace au schéma, nous démontrerons
la convergence de cette approximation vers la solution du probléme continu (1), (2). Cette
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démonstration de convergence suivra la démarche utilisée par Lions [Lio69]. Le passage a la
limite se fera grace & la monotonie et & I’hémicontinuité, cela nous permettra de n’utiliser
qu’un minimum d’estimations a priori. Un passage & la limite par une méthode de compacité
nécessiterait des estimations a priori supplémentaires.

Deuxieme et troisieme chapitres : Schémas volumes finis a va-
riables colocalisées pour les équations de Navier-Stokes
Dans ces deux chapitres, nous considérerons les équations de Navier-Stokes dans leur formu-

lation vitesses-pression et I’équation de continuité écrite pour un fluide visqueux incompressible.
Q est ici un domaine borné de R?. Pour une force f donnée, nous résolverons le probléme suivant :

%_VAu-i-(u-V)u—i—VP:fdanSQx [0, 7], (5)
d’l"U u= 07 (6)

ot v est la viscosité et, en dimension deux, u = (u(z,y,t),v(z,y,t)), t > 0.
Les conditions aux bords considérées sont de type Dirichlet :

u‘aﬂ = 0. (7)

La résolution numérique d’équations aux dérivées partielles telles que les équations de Navier-
Stokes pour des fluides visqueux incompressibles a motivé de nombreux auteurs. Du point de vue
de la discrétisation spatiale, on trouve deux principaux types de discrétisations : les méthodes a
variables colocalisées (i.e. les vitesses et la pression sont calculées aux centres des mailles) et les
méthodes a variables décalées (i.e. la pression est calculée aux centres des mailles et les vitesses
aux interfaces). Traditionnellement, les méthodes & variables décalées, comme par exemple les
schémas de type MAC en différences finies [HW65], ont été le plus utilisées. Ce n’est qu’en 1981
que la premiére méthode volumes finis & variables colocalisées fiit élaborée par Hsu [Hsu81],
Prakash [Pra81] et Rhie [Rhi81]. La principale raison du développement tardif de ces méthodes
vient du fait qu’elles étaient considérées comme peu réalistes [Pat80] car elles donnaient de mau-
vais résultats numériques. La cause de tels résultats venant souvent d’un mauvais couplage des
vitesses et de la pression. Nous verrons que dans certains cas cette difficulté peut étre résolue.
Une comparaison intéressante de ces deux types de méthodes peut étre trouvée dans [PKS88].
Concernant les avantages des méthodes & variables colocalisées, on peut citer d’une part la facilité
avec laquelle elles permettent de faire des simulations dans des domaines a géométrie complexe,
et d’autre part, le fait qu’il est plus aisé de construire une méthode multi-niveaux lorsque les
variables sont toutes situées au méme endroit. Ce dernier point sera étudié plus en détail dans
le quatrieme chapitre lorsque que nous travaillerons au développement d’une méthode multi-
niveaux adaptée aux volumes finis colocalisés.
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Dans le deuxiéme chapitre, apres avoir expliqué comment est construit un schéma volumes
finis & variables colocalisées dont la discrétisation temporelle est assurée par une méthode de
projection [Cho68], [Tem69], nous démontrerons sa stabilité.

Le troisieme chapitre illustrera 'importance du choix de la discrétisation temporelle en
étudiant deux schémas volumes finis & variables colocalisées ayant une discrétisation tempo-
relle différente : le premier utilise une méthode de projection et le second une récente méthode
de “splitting” mise au point par Guermond et Shen [GS03]. Notre étude portera bien entendu
sur les techniques utilisées afin d’assurer un couplage des vitesses et de la pression satisfaisant.
Nous présenterons et commenterons ensuite les résultats numériques obtenus 4 ’aide de ces deux
schémas dans le cas de la simulation d’une cavité entrainée.

Quatrieme chapitre : Discrétisations volumes finis et méthodes
multiniveaux pour simuler des écoulements

Ce chapitre doit étre vu comme une premiére étape vers la mise au point d’une nou-
velle méthode multi-niveaux congue pour des schémas volumes finis & variables colocalisées
résolvant les équations de Navier-Stokes incompressible. Nous établirons donc dans un premier
temps les concepts d’une telle méthode. Pour la mettre au point, nous nous inspirerons de la
décomposition de I'inconnue en Inconnues Incrémentales utilisée en différences finies [Tem90],
[Che98] et [Pou96]. La décomposition obtenue sera donc mathématique car basée sur les pro-
priétés du développement de Taylor.

Pour la validation de cette nouvelle méthode, afin de ne pas cumuler les difficultés inhérentes
a la méthode multi-niveaux que nous essayerons de développer avec les difficultés propres a la
résolution des équations de Navier-Stokes incompressible, nous nous intéresserons a la résolution
du probléme de Burgers 2D. Nous considérons donc le probléeme de Burgers 2D comme un
probléme non linéaire d’évolution modele. En effet, ces équations peuvent étre interprétées
comme une formulation simplifiée des équations de Navier-Stokes incompressible pour lesquelles
le gradient de pression et la condition d’incompressibilité sont supprimés.

Soit © un domaine borné de R? dont la frontiere est notée 9, le probléme étudié est donc
le suivant :

Oru —vAu+ (u-V)u=fdans Q x [0,T], (8)

u = g sur 01, (9)

u‘ = ug dans €, (10)
t=0

ou u = (u(z,y,t),v(z,y,t)) est le champ des vitesses que 'on cherche & calculer, et f(z,y,t),
g(z,y,t), uo(z,y) sont données.
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Apreés avoir décrit comment est faite la hiérarchisation spatiale pour un volume de contrdle
a l'intérieur du domaine ainsi que pour un volume de contréle en contact avec la frontiere, nous
donnerons les détails de I’algorithme multi-niveaux considéré. Nous ferons également une analyse
de la stabilité de l'algorithme. Enfin, nous reprendrons un cas test de nombreuses fois utilisé,
voir [Pou96], [CLT97], [DJT99] et [LZ03], afin de valider notre méthode.
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A finite volume scheme for the nonlincar heat equation
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Batinent 425, 91405 Orsay, France

Abstract : The aim of this article is to study the finite volume approximation of a nonlinear
heat equation displaying a monotone nonlinear term. In a first time, we describe the finitc vo-
lume scheme used to solve this equation and show the existence of the discrete solution. Then,
we prove that the approximate solution is bounded in suitable spaces and that it converges to
the solution of the continuous problem.

1 Introduction

In this article, we consider the nonlinear heat equation in a bounded domain {2 :

% —vAu+ a(u) = f in Q, (L.1)

where, in space dimension 2, u = u(z,y,t), t > 0.

On 99, we consider a nonlinear boundary condition of Robin’s type :

ou

5+ B(u) =g on 00, (1.2)

where g = g(z,y,t) is known.
The functions « and S in (1.1) and (1.2) satisfy the following hypotheses :

~ About the nonlinear term «(u) of (1.1), we assume that it is monotone :

(a(uv) — a()) (v—2v) >0, (1.3a)
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and
crlul” — ¢ < au)u < clul” + d), (1.3b)

where ¢1, ¢}, ¢z, ¢, are constants and p > 1.
About the boundary term S(u) of (1.2), we assume that it is monotone and :
cslul? — ¢ < B(u)u < cqlul? + cf, (1.4)

where c3, ¢, ¢4, ¢y are constants and ¢ > 1.
More generally the ¢;, ¢; and ¢} will denote various constants.

The mathematical theory of such nonlinear equations was devclopped e. g. in Minty [Min62],
[Min63] and in Lions [Lio69]. Following [Lio69], we now introduce the appropriate function

spaces and recall the main result of existence and uniqueness of solution for this problem. The
appropriate function spaces for this problem are :

V= {v € HY(Q) N LP(Q), yov € Lq(aﬂ)},
W = {v € L2(0,T; H' () n L2(0,; L7 (%)), 00 € L9(0,T; L9(99) },
where o € L(H'(2), L?(0)) is the trace operator.

We obtain the weak formulation of this problem by multiplying (1.1) by a test function ¢ € V,
integrating over Q and integrating by parts using (1.2). We arrive at the relation valid for all
p€e€Vandte (0,T):

d

9w, ) +alu,g) +b(u ) = (L) (1.5)

here :
(u, ) = /usa ds2,
Q
a(u,p) = V/Vquon,
Q
bu, ) = /a(u)<,o dQ+u/ B(u)p dr,
Q a0

<l,<p> = /fgodﬂ+u/ gy dl'.
Q o0

We infer from [Lio69], [Min63] the following result :

Theorem 1.1 (Existence and uniqueness for the exact problem). We assume that «
and B satisfy (1.3a), (1.8b) and (1.4). Moreover, we assume that “It:o = ug, f and g are given
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satisfying :
ug € L*(9Q),

/ ’ 1 1
fel?0,T;L7(Q) with — + - =1,
pop
! 4 l 1
g€ L7(0,T;LY(09)) with — + - =1.
q q

Then, there ezists a unique solution u : t — u(t), u € W, of (1.1) and (1.2) (or (1.5)) such that

The aim of this paper is to describe the implementation of a finite volume discretization of this
problem and to study the existence, stability and convergence of the scheme adapted to this
problem. The results arc presented for a rectangular domain Q = (0, L1) x (0, Ly) discretized by
a rectangular grid in order to simplify notations and readings of sonme proofs, but they can be
cxtended to morc general situations using the notations and concepts of [EGHO00], on which we
rely for the finite volume framework.

Remark 1.1. For a better legibility, we have chosen a simpler boundary condition but another
possible boundary condition for this problem is :

ou

n + afB(u) = g on 09, (1.6)
where g = g(z,y,t) and a = a(z,y,t) are known.
All the proofs in this paper can be easily extended to this case if we assume that :

a(z,y) > ap > 0 for all (z,y) € Q, (1.7)

where ag is a constant.

In Section 2, we introduce the notations used in the following sections. Then, in Section 3, we
give the finite volume scheme used to solve our problem, the discrete weak formulation, and we
show that there exists a solution for our scheme. In Section 4, we prove the numerical stability
of the scheme and in Section 5 we show that the discrete solution converges to the exact solution
of the continuous problem. At last, Section 6 is a technical section which contains the proof of
the lemmas used in the previous sections.

2 Notations

In order to discretize the domain Q = (0, Ly) x (0, Ls), we use rectangular finite volumes. We
assume that all of the volumes have the same dimensions Az x Ay with MAz = L; and
NAy = L, where M, N are given integers. Duc to the Robin boundary conditions, we also
define the fictitious control volumes around the boundary : Koj, Kar415, Kijo and Kinyq for
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1= 1,....,M and 5 = 1,...,N. Hence, we have M N control volumes and 2M + 2N fictitious
control volumes which are defined by :

Kij=lz,_1,z; X Y. 1,9y, )
( i = By i I o w54 i=0,..M+1, j=0,...,N+1’

where (i, 5) ¢ {(M +1,N +1),(M +1,0),(0,N +1), (0,0)}, and

Tipl =4Azx fori=—-1,...,M + 1,

yj+%=jAy forj=-1,...,N+1.

The above definition means that we have an adimissible finite volume mesh and we can define
the space Vj, as the set of functions from Q2 to R which are constant over each control volume
K;j of the mesh fori=1,..,.M +1,7=1,..,N+1and (¢,j) # (M +1,N +1).

For a function ¢ € V, we define its approximate function ¢, € Vy, by :

en(z,y,t) = wi;(t) if (z,y) € Kij, (2.1a)
where 1 c 1 rvs
ity [Yi+rd
puslt) [ [ etavtydoay, (2.1b)
Y A:E Ay . 1 Y. 1
i-3 Y-y
Morever, we also define the trace of ¢;, by :
V15 ifx:Oandyj_%gySyj+%,
oMy frx=Liandy,_1 <y<wy. .,
70‘10h(33) y) = . ‘f < < ’ 2 d __-762 (2‘2)
®i1 la:i_%_cc_a:i+%an y =0,
eivy1 itz 1 <z <z, andy= Lo,
and we introduce the following discrete operators for ¢ =1,...,.M and j =1,...,N :
Pit1j — Pij
Dh(Ph('JC,y) = goij+Alg-;— ©ij if (m,y) € Kij? (23)
Ay
1 Vit1j — Pij Pi-1j — Pij Dij+1 — Pij Vij—1 — Pij
A z = A Ay ———— 4 Ag —— ——= + Ag ——— T2 |,
npn(7, ) Az Ay y Az tAay Az Az Ay o Ay ’
if (z,y) € Kij, (2.4)
and 0 o
( Po; — ¥ .
JAw J ifz=0andy; 1 <y<y;,1,
OM+1j — OM; .. ,
Ao J AL if £ = L; and yj..% <y< yj+%a
E)n(’): $i0 = Pu ifz, 1<z<z  1andy=0 (2:5)
Ay i-3 ST =Tl y )
WYiN+1 — PiN . _
\T 1f:z:i“%§m§a:i+%andy—L2.
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Therefore, let 77 > 0 be fixed, and let the time step be At = T/N; where N, is an integer.
We can define the space Wy, as the sct of functions from Q2 x [0,7] to R which are constant
over K;j x [nAt,(n+1)At) fori=1,.,M+1,j=1,..,N+1, (i,7) # (M +1,N +1) and
n=1,..., N;. For a function ¢ € W, we define its approximate function ¢, € Wy by :

onk(z,y,t) = ¢y if t € [nk, (n + 1)k) and (z,y) € K;j, (2.6a)

1 il [Yi+d
o = ——/ / o(z,y,nAt ) dzdy. 2.6b
s-msi ), ) (2:6b)

In the following sections, we also use the notations k = At and h = (Az , Ay ).

where

In particular, the meaning of our unknowns u . here, which will be computed with the finite
volume scheme described in the Section 3, is to be an approximation of the cell space average

at time ¢, = nAt :
~ Ay / / (z,y,nAt ) dzdy. (2.7)

So we will look for the solution upg in the space th.

Then, we define the discrete dot-products and norms of the functional spaces used. For ¢, 95
in V;, we write :

— Discrete dot-product and norm corresponding to the dot-product (., .) and norm |.| of the
space L%(§)) are written :

M N

(on, n)p = D Y Az Ay pijihi, (2.8)

=1 j=1
2
lonlh = (on, o) - (2.9)
-~ Discrete norm corresponding to the norm |.|,, of the space LP(2) is written :

M N

lonlh o =D Y Az Ay ¢F;. (2.10)
=1 j=1

~ We also need to introduce the discrete H'!(§2) seminorm and its positive symmetric bilincar

form :
((on, )y = (thh,DMbh)h
_ ZZA Ay 9013+1 Pij ¢ij+1"¢ij
Ay
i=1 j=1
N M
Pit1j — Pij ¢i+1j —wij
+ > > Az iy ~ Y (2.11)

j=11i=1
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lenllh = ((on> 1)) (2.12)

~ Discrete dot-product and norm corresponding to the dot-product (., .)5q and norm ||,
of the space L?(0Q) are written :

N M

(ns Yrdnoa = D Ay (913915 + earr1¥mr1y) + D AT (pathi + pint1in ), (213)
Jj=1 =1

I‘Ph}i,aﬂ = (n, Pn)p00 - (2.14)

- The discrete norm corresponding to the norm I.]Lq(aﬂ) of the space LI(9N) is written :

N M

|<Ph|z,Lq(aQ) ZAU 9013 + ‘PM+1] + ZAQ? (‘Pu + ‘P1N+1) (2.15)
=1

3 Finite volume scheme, weak formulation and existence

In this section, we begin by the description of the scheme used. Then, we give the associated
weak formulation and show the existence of the discrete solution obtained from the scheme.

3.1 Finite volume, time and space discretization

The finite volume scheme is suggested by integration of cquation (1.1) over each volume K;;
fori=1,..,M and j = 1,...,N. For the time discretization, we use a Crank-Nicholson finite
difference scheme. We arrive at :

ultt — oy uttL — g tl ntl g ntl utl gt
Az Ay—2—— 5 — iy E(Ay zH.JA:I7 ij + Ay i IJA:B U4 Ag zJ—HAy ij
it un."—l ul L — u u? . —ul u . — u
A ij—1 1 A 1417 19 A 1—17 1) A: 1j+1 i
+ Az ~————-——Ay + Ay T An + Ay T Ar + Az ——————~——Ay
um —um u’.".‘*‘l 4 u ntl + fn
+Am—ll:—lA——”~ ) — Az Ay a(—U—Q—U) + Az Ay fi——z—, (3.1)
Y
and, in agreement with the boundary conditions (1.2) :
+1 +1 +1 +1
Z(Ay ﬁ”lJ_ﬁl_J + Ay M) — uAy (‘7?1“] t 9y (“K/IHJ + “M+1J))
2 Az Az 2 ’
v un—Ll unjrl o —yl gn—H + g un—}l 4 u™
g (Bv g v ay ) = eay (B a0,
T T
uttl! n+1 n n untl n
v —u Uin 1 ~ U +9N1 Uint1 + UiNg
Z(Ax YiN+1 iN + Az iN+1 zN) - I/Ay( zN+1 iN+ —,B( iN+ iN+ ))
2 ( Ay Ay 2 ’
n+1l 7.l+1 no__an n+1 n+ 1
g (A’E Yo yuzl + Az uzOAyuzl ) — I/Ay (gzl +gzl _ ,B( 2+ uzl))} (3'2)
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where, fori=1,...,. M, 7=1,..,N,and n=0,...,N; :

1 Titd

g = 9(z,0,nAt) dx
AV P
=3
1 Tyl

giNt1 = Z\—T—/ > g9(z, Lo, nAAt) dz
l‘i_%
1 Y..1

9 = -—"/ gk 9(0,y,nAt) dy
A’y Y._1
I3
1 Yi+d

95\’}1+1j = E/y §g(Ll,y,nAt) dy
VAN . 1
i=3

Remark 3.1. Note that the spatial accuracy order of these boundary conditions is equal to one
and not two like the scheme at the interior of the domain. We will study in a separate work the
choice of second order boundary conditions.

Remark 3.2. Using the boundary conditions (3.2) and a Newton method, we can compute the
values ux}t&u and ufj\ﬂ_l (fori=1,..,M and j=1,...,N ).

To prove that we are able to compute a finite volume approximation of the exact solution u
from this scheme, we have to show the existence of u?j“ fori=1,...,M and j = 1,..., N. This
is the aim of the next subsections where we give the weak formulation of (3.1),(3.2), and then
prove the existence of uﬁ“ € Vy, for each n.

About the finite volume method for different classes of equations, the reader is refered to e.g.
[EGHO00] which contains also the study and description of triangular finite volume methods.
About the nonlinear heat equation, other computational approaches are described in [EEK94],

[Rép92] and [Rou90].
3.2 Discrete weak formulation

We consider V, as defined above and look for u;, € V. We have :

Lemma 3.1 (Weak formulation). With the notations above, equations (3.1), (3.2) can be
reinterpreted in the following way : “ZH € V, and

1 w4 uttl pun
At (IU‘Z+1 _U’Z7 (ph)h+’/ th—’L’ Dy, +v ﬁ(—h——_}k)v Ph
At 2 2
h h,002
un+1 4yl n+1 + g" n+1 4 fn
+ (a(_“h_ 2 h)a Soh) =V (9—2—9—7 ‘Ph) + <‘f__§_f“', (Ph,) , (33)
h h,002 h

for all ¢, € V.
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Proof :

0 obtain the discrete weak formulation, we multiply each side of (3.1) by (v;;)i=1,..,M, j=1,..,N
and sumfor:=1,...M,57=1,...,N :

n+1 n . M N u Jrll' _u(lfrl n+1] un;H
7 1+1) [¥] ~ 1-1j 1J
So> tw oy Mg, 2 Uy (ay Ty M
i=1 j=1 i=1 j=1
u".‘*‘l uﬂf*"l u'.l.+1 — it um
A ij+1 ¥ A ij—1 Y] A i-+17 %] A 1—19 1j
+ Az Ay + Ay + A + Ay ~
+1 n
ult o —u ul_ g —ul w4l
L Az 1J+Ay N % ij )%] LZAI Ay af J)%]
i=1 j=1
fn+1+ n
D7) SINYVL RasL W)
1=1 j=1

This can be rewritten in the following form :

'n+1 n ; +1
< - u; fn+1 + fn u™ 4 Ul
ZLAw Ay-———wu = (——-2—— sOh) - a(—"—§~—h) P
h h

=1 j=1

|y M N nill _ un‘-{"l un'—*_l _ uy.z‘
(2 7 1
- EZZA [ . —+ = J][‘Piﬂl_‘Pij]
i=1 j=1 Yy
M n+1 n+1 s S A n
v u - U Uy — U iN+1 — UiN UiN+1 — uzN
-z A [ 10 il 10 ] A [ i ]
M N n+1 n+1 n n
v Uip1j — Uy Uiy — Ugj ' §
- g [ [

N n+1 n+1 n n N n+1 n+1 n n
v Z Ug;  — Uy ; — Uij v M+1j — Yarj Upr415 — Unry
tog2A [ + ] 5 A [ + ] M 415
2 4 - y Ax Az $1y 2j : y Az Az M1
J: iy iy
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Then, taking into account the boundary conditions (3.2), we can write :
1 a4y w4y
At (u2+1 - u’lli" (ph)h = v (Dh(_h—Q—EL Dh,(Ph - a(_}i_.__.__’}_), Ph
h h

+1
It + 0% g1; + 9%
n ”ZA (Muw +1]+_li_,2 11%_)

n+-1

9 +g B+ gh
" I/ZAT( iN41 MHIQOI'N-I—I @_2*@%_])
“?\?111 T Uy ulf !+ ul
- VZA?! (5( : 5 )‘PMHJ +ﬂ(—]—2”— )901])
M nN_lH +uzN+l n+1 _* u] fn—i—l +fn
1

- v)_As (5( 5 Yoin1 + B iy ) <——§—’ <Ph> :

h

=1

Finally, we obtain the discrete weak formulation (3.3) :

1 , w4y u’f Pl
AN+ (U'Z+1 - u;t’ Qoh)h +v (Dh(—ﬁ_—z'—i% Dh(ﬂh +v IB(L_Q h)7 Ph
h h,00

un—H + un gn»}»l + gn fn+l + fn
+ (ﬂ(l 2 M), o) =v (—-—2 ) <Ph) + ( 5 ) <Ph) .
h h,00 h

The proof of Lemma 3.1 is complete.

Remark 3.3. For the functions f and g of (1.1) and (1.2), we only need thcir time approximate
functions fr and g defined by :

gk(z,y,t) = g"(z,y) if t € [nk, (n + 1)k) and (z,y) € 99,
fe(z,y,t) = f*(z,y) if t € [nk,(n + 1)k) and (z,y) € L.

Indeed, we notice that :

M N

(une Sl = ZZ/ Upg frdQ
=1 j:l ij
M N

< lunkly | fel -

So, we only use the continuous space norms for fi and g.
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3.3 Existence of the discrete solution
n nil

Since in the scheme (3.1), (3.2) and in the wecal formulation (3.3) the term M- Y often

appears, we introduce the notation :

Tp(t) = p(t + At ) (Translation) ,

1 t
Upk(z,y, 1) = unk (2,9, 1) +2Tkuhk(m’y’ ) =4t il ¢ € [nk, (n + 1)k) and (z,y) € Kj,

1j

n n-t1
U + U,
~n41 _ ij ij
where Ui = —

Moreover, before stating the existence theorem, we introduce the discrete forms corresponding
to the forms a(.,.), b(.,.) and < {,. > used for the continuous case in Section 1 :

ap (ﬂZ‘Fl, (Ph) = Vv (D]L'l‘:tz+1, Dh‘Ph)h 3
(it en) = (@), en), +v (@), 1), pn-
n+1 n n+1 n
+g A
< l;LH-l,(ph > = v (g_é___, Q0h> + (Ta Wh) :
h,09 h

Theorem 3.1 (Existence of solution for the approximate problem). We assume that
and 3 satisfy (1.8a), (1.3b) and (1.4). Moreover, we assume that “h|t:0 = up,, fr and g are
given satisfying :

uoh € ‘/’17
’ , 1 1
[k € LP(0,T; L7 (R2))  with — + = =1,
p p
’ , 1 1
gc € LY (O,T5 L7 (0Q)  with  —+ - =1.
q

w4l
Then, for every n = 0,..., Ny — 1, there exists a unique solution &ZH = _ h¢ Vi, such

2
that, for all pp, € V}, :

. - — 2
Kt_ (UZ+17 Soh)h +ah(U2+la(Ph) + bh(“ZL*la(ph) = .A_? (uﬁ, (ph)h+ < lZ+17Lph >

So, for a given uj, we are able to compute UZ'H which verifies the discrete weak formulation

(3.3).
Proof :

To show the existence, we use the following lemma proved in [Lio69], [Tem01] :
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Lemma 3.2. Let X be a finite dimensional Hilbert space with scalar product [.,.] and norm []
and let P be a continuous mapping from X into itself such that :

[P({),f] >0 for [g] —7 >0
Then there exists £ € X, [€] < r, such that :
P(§) =0,

~n+1

Here, we apply this lemma. for proving the existence of @, ™" . We define, for all ¢p, uZH € Vy,

the continuous mapping P from Vj, into itself :

2
o] = & o o) i)
2 .
- E (UZ’ ‘Ph)h < 12+17Q0h >

The continuity of the mapping P is obvious because ap(.,.) is a continuous bilinear form
y ) )
< ZZ"H,. > is a continuous linear form and as «, 8 are continuous, by(.,.) is continuous.

So we just have to show that [P(alt!), a7t > 0 for ‘“”th = r > 0 sufficiently large :

~n+1\ ~n+1 _ ~n-}1 n+1 ~n+1 n+1 ~n-41

a7 1

2 _ ~
= xp (ks B, - < BT ARt >,
2 . ~ T 7
T At n+1‘h +v ,Dhu"“}llh (@™, ap*h), + v (Blay™), “Tl)h,c’m

2 n ~n+l1 (gn—H + g ~nir1) (fn+l + fn ~n+1)
— - (Uh, U’ ) - V| — uh — —_— uh .
At ' h 2 ’ 51,69 2 ’ h

[P(ﬂz+1),ﬂ;:+l:| .>_ At I~n+1|h Yy IDhuh+1|h ( |~n+1|h - C’I)
+ ”(c3 japt! q,Lq(aQ) - Cg) - |Uh|h |~n“|h
gt 4+ g" ~nt1 fnJrl + f" ~n+1
Y 2 L |h,Lq(am T | lh e
L4 (892)
> I+ 11
where :
I = A"‘t a2 4w (D 2+ (e[ e, — )
_ ntl + _
B Af AT M L I l n+1lh,LP7
. gn+1 +g _
11 = {(63 l P |h,L‘1(3Q) - Cg) - D) L7 (8) |u;zl+llh,m(ag)j| .
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1 J 1 1
Now, we usc the Young inequality ab < ea® + ——— -b° w1th + —=1lande>0:

(se)s'/9
2 ) ) 1 ) 5 1 fn+1 + fn pl
I > ay L + v |Dpap |, — = Jubl; - Wl =
AT [+ v | Dai At ik At L pP 2
Cl |ap41|P n+1 4
op L PP ! |, |h r
1 9 _ 2 1y, .
> m e (1 - ;) i,
3 1 frtl 4 o v +d 1 |u? |
p’C?I/p 2 v At hih
_ 1 g"t1 4 gn 7 c3 q
1> v (el ) m g I ’
- l h |h,1ﬂ(6§l) 3 q’cg /q 2 L' (89) q ‘h,[ﬂ(aﬂ)
- 1 1 n+1 n |9
> v 03(1 - —) ~n+1|h ,La(8%) CI3 - q/q : — '
L q g'cs 2 L' (09)
Hence :
3 ~ 1 5 - 1 ~
[P( wh, UZH] Z At nﬂlh +v [Dydy l|h + Cl(l B —) jar™ Z’L”
b
1 ~n+1 v gn-{-l +gn !
+ veg(l— - ' lh La(aQ) q/q 2
q ’ - \d'e L7 (09)
1 fn+l +fn p 1
+ 7 5 + 61 + VC3 + — At I“hlh
p/cll’ Ly

Thus, since ¢ > 1 and p > 1, we have [P( "“) apt'] > 0 for |apt?|, = r large enough. We can
apply the lemma and the existence of uj 1 e Vv is proved.

4 Stability result

Our alm in thls section is to perform the stability analysis of this scheme. As u) € L?(1),
fr € LP'(0,T; L* (Q)) and gx € L7 (0, T; LY (8Q)), we know that :

l“&”i < Kj, (4.1)

Ng—1
At Z

n=0

fn»+l + fn P’

/

Lr
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Ne-ly o pod n |4
b +
ar Y | < Kj. (4.3)
n=0 Lq/(‘?Q)

Theorem 4.1 (Stability). We assume that (4.1)-(4.3) hold. Then there ezits K4 independent
of At and h such that :

2 2
W2 < Ky = Ky + 22 K3 + = Ky + 40T(Ly + La)dy + 2T Ly Loc,
h q P 1
for alln =0, ..., Ny.
Proof :

The first step of this proof consists in proving the following lemma in order to obtain a priori
estimates.

Lemma 4.1. A priori estimates for the discret problem are :

unt [} < ufl + o™, (4.4)
where :
n wAtl |g™t + g7 |” A g e
T =
q Cq "/q 2 La' (3Q) p'Cp "Ip 2 o'
+ 4vAt (L + La)cy + 2At Ly Lac.

Proof :

n+1 4 u?
We replace p, by apt! = 5  in (3.3), we find :

Ju h+llh_| h1h+2’/At thanH'hJ“zVAt (B(az*), ﬂzﬂ)h,an“LZAt (afapth), ﬁﬁ“)h

n+1 n+l1 n
= WAt (—’i—i—g——, a’,”;“) +2At (f——i a;;“) . (4.5)
2 h,0Q 2 h
Assumption (1.3b) gives :
1 ]”"*1 in — Qe < (al@pth), '&ZH), < co ‘u"“ ZU, + |Q|ch, (4.6)
where |Q] = Lj Ly is the area of (2.
Assumption (1.4) then implies :
_ q
C3 Iuh+1lh La(d%) — 09§ < (ﬂ(unJrl) U;ll+1)h’ag < ey IUZ+1|h’Lq(aQ) + 09 cf, (4.7)

where |0§2] = 2L, + 2L is the length of 652
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We can majorize as follows the terms involving g and f :

1
(g'n—(- +gn, ,&;LH-I) <
- ""2‘"_' =
h,00

<

2 PR
h

jay™|

, h,
L7 (8Q))
gn+1 +gn
2

L9(89)

ql

Cc3 |-
4+ = un+l q

; (4.8)
L7 (9) q Ih,LQ(aQ)

!
qlcg /q

fn+1 + fn

IN

|~n+1|h,LP

fn+1 + fn,
2

1

1 ~'n+1 p ¢
T + £ . (4.9)

U P
Ly p v IhL

With (4.6)-(4.9), we arrive at :

1 119
Iuh+1|h |u|? + 2vAt | Dpayt |h + 2vAt (63 |lapt Ih,Lq(aﬂ) - |8Q|cg)

¢ 2UAtL c3

LY (8%) q

2UAL

ch/q

2At61 ~n+1p
+— P | h,LP

2

~n~f 1
|h ,L9(892)

+ 2At (cl |ﬂ"+1 ’I:LP - ]Q|c']) <

2A¢L 4
p'czf’/p

which can be rewritten as :

f’n+1 + fn
2

+

!

Lr

1
w1~ |uply + 2vAt | Dyt |) + 2wAt es(1— =) |apt|] La(os)

q
2vAL 4
qlcg'/q

gn+1 + g" q . IAL fn+1 + fn
2 L) pd P 2 v
+ 20At 99, + 24t Q¢ (4.10)

+ 2Atc (1 - %) A

1 1 1 1 ..
Moreover, since p > 1 and ¢ > 1, 1—77 =1- :; > 0 and ? =1- - > 0, this yields :
q

~nt1 2 2I/At C3 2At Cl . +1|P
2vAt |Dpuptt|, + | Uy |y e 2 0
Finally, we obtain the inequality :
atl " 9 20\t gn+1 +gn q 2At fn+1 +fn P
i Ih luhln < q'/q 2 P Ip 2
q'c3 LY (89) / Cp v

+ 4vAt (L1 —+ Lg)cg + 2At Lngcl.

This last inequality is the same as (4.4). So, the proof of Lemma 4.1 is achicved.
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To complete Proof of Theorem 4.1, we deduce from (4.4) the following inequality :

n
w2 < B S0

where :

2UAL | g™t 4 g™ ¢ 2A1 4
g'c! '/a 2 L7 (09) prcll"/l’

+ 4dvAt (L1 + LQ)C% + 2At Lngcll.

fn+1 + fn
2

n

ﬁ
i

!

Lr

Thanks to (4.1)-(4.3) :
L ri < ———K3 o KQ +4vT (L1 + Ly)cy 4+ 2T Ly Lo,

|uh|h S K].
Hence :

2 2
Ju n+1‘h < Ky=K;+ q—le;; + ;Kg +4vT(Ly + Lo)cy + 2T Ly Loc) .

The stability is proved.

To prove the convergence in the next section, we need some properties which are easy conse-
quences of the stability theorem. We include them in the following corollary :

Corollary 4.1. We assume that the stability theorem hypotheses (4.1) to (4.3) are satisfied.
Then :

u/11v¢ is bounded in L?() independently of h, (4.11)
wpk is bounded in L2(0,T; L?()) independently of h and k, (4.12)
Dpiipg is bounded in L*(0,T; L*(R)) independently of h and k, (4.13)
Yotk is bounded in LI(0,T; LI(0)) independently of h and k, (4.14)
Upi 18 bounded in LP(0,T; LP(Q?)) independently of h and k. (4.15)

Proof :

We recall the inequality (4.10) :

2UAE ¢ 2At ¢

n+1 ~n+1 3 |mn+1 1l |~nt+1|P

|y Ih“l h\h+2”At | Dy |h. p |, 'h,LQ(E)Q)+ o @y h,LP

2wAL n+1 n|qd 2AL n+1 n P’

vel |9 *9 [ I L AUAL (L1 + Lo)dy + 20t (LiLs)e,
gcl /a 2 e pd’? 2 4
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we sum it for n = 0,..., N, — 1, and we find :
N¢-—-1

N¢—1
- 21/At 2vAt c3 _ 2At a
+1 141 +1|P
} ’ +2wAt Z | Dni |h Z |, ‘th(aﬂ) Z h ' Lo
n=0 n=0 n=0
N¢—1 q N¢—1 1 np Ng-—-1
AL mH 4 gn 2A1 "* -
Vq '/a ’ 2+g t L 2+ d +dv Z At (Ln + La)cs
q C3 n=0 LY (692) plch’ n=0 LY n—=0
Ne—1 \ '
5 0
+ 2 At (LiLy)dh + |upl;
n=0
According to (4.1),(4.2) and (4.3), we have :
N¢—1 N¢—1
2uez At 2At ¢
N ~n+1 3 ~n+1 “mt ey ~n+41|P
uy|, +2VAt > |Dnay, Ih q Zl h Ih,L’l(GQ) Z | [ e < Ka.
n=0 n=0
Finally, as p > 1 and ¢ > 1, the terms :
2 Nt“l ]Vf
N ~n-t-1 ~n+1 ~n+1|P
LR IEET YD SIT R IIND ST
n=0

are bounded. Moreover, At ZN t hl » < TKy. The stability corollary is proved.

5 Convergence result

In this section we give a convergence theorem. Let us consider the Banach space W defined
in the introduction, and let upi be the solution of (3.1)-(3.2) . Then upy verifies the following
convergence properties :

Theorem 5.1. When h - 0 and k — 0 :
upk — u in L2(0,T; L2()),
Dy, — Vu in L2(0,T; L2(Q2)),
Yolnk — You in LI(0,T; LI(0N2)), (5.1)
Upk — U N LP(O,T; LP(Q)),
where u is the weak solution of the exac! problem (1.1)-(1.2) (i.e. it verifies (1.5)).
Proof :

First, according to Corollary 4.1, there exist subsequences still denoted wpx such that, when
‘h—0and k —0:

upk — u in L2(0,T; L?(Q)), (5.2)
Dpiipge — Vu in L2(0,T; L2(Q)), (5.3)
Yolnr — You in L9(0,7T; LI(0N2)) (due to Lemma 6.2), (5.4)
Upr — u in LP(0,T; LP(Q2)). (5.5)
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Moreover there exist &, x and 6 such that, when h — 0, k — 0 :

u,]lV‘ — ¢ in L?(Q),
alipg) = x in LP(0,T; L (S2)), (5.7)
Blink) - 0 in L7 (0, T; LY (69)). (5.8)

We also know (see e.g. [EGHO00]) that when h — 0, k — 0 :

u) — ug in L*(Q), (5.9)
fe = f in LP(0,75 L7 (9)), (5.10)
Gr — g in L7 (0,T; LY (6%2)). (5.11)

For ¢ fixed in V, we define ¢ as in (2.1a), (2.1b). More precisely we choose ¢ in a dense
subspace of V made of smooth functions, say ¢ € VNC3(Q). In Section 6, it is easy to simplify
Lemma 6.1 in order to prove that, for such a smooth ¢, we have :

wh — @ in LP(Q) for all p > 1, (5.12)
Yon — Yo in LI(ON) for all ¢ > 1, (5.13)
Dy, — Vo in L2(Q)2 (5.14)

Moreover, we consider a function 9 which is regular and only time dependent, v € C2([0,T)),
and such that ¢(7T") = 0. We define 9 by :

"J}k(t) =y" ifte [tnatn—H)'
Thus, we have the following convergences :

Y — 1 in L3(0,T), (5.15)
O — Oyp in L2(0,T), (5.16)

where 9y (t) = (Y H! — ) /At ift € [tn, tntr)-

The first step of this proof consists in passing to the limit in (3.3). For that purpose, we replace
wn by opy™ in (3.3), we sum for n =0, ..., N;, and we obtain :

Ni—1 Ni—1

3 (Pt —uf, ony™), +vAt S (Da@*?, Dupny™),,
n=0 n=0
Ne—1 Ne—1

+ vAt (ﬂ(~n+l)’ Soh"r/}n)h,aQ_FAt Z( (U’Z_H) (Ph")/)n)h

n=0

2
- n 1 Ni—1 n+1 n
= vAt Z ( il MPh%/)") +At Y (f—i—ﬁ—, <Ph1/)"> . (5.17)
h

h,082 n=0 2

Now, we pass to the limit in the above equation when h -+ 0, k — 0 :
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- For the first term, using the regularity of ¥, we find :

Ny—1
> (=il nyr),
n=0
Ni—1 N¢-1

= Z (u"“, ©n 'lﬁn z (uhs orP™)
Nt Ng—l

- Z (uf, cph'tﬁ"—l)h - Z (uhs @aY™)p 5
n=1 n=0

Ny

= (uh ’ ‘PILQ/)Nt) - (u?w <Ph¢0)h - Z (UZ, SOh)h ("»b" - Z/Jn——l)’

n=1
N¢

d
= (up ,(p,,w)h — (uh, @n9°), = D (ully o) At (9)" + O(AL),
n=1
Nt P
= (uh ) Qoh,d)Nt)}L - ('“'?17 (Ph"l)o)h — At Z (“Za Soh)h (—dtw) + O(At )
n=0
Hence
Ni—1 " p
n+l _ . n n _ . a
nz:% (uh up, o), = (& <P)1/JL=T (uo, <P)h¢'t:0 /0 (u, ©) 2
T d
= - (u07 So)h'l/) _/ (U, (F) ad) dt, (518)
= 0

due to the convergences (5.6), (5.9), (5.12), (5.15) and (5.16).

— Due to the convergences (5.3), (5.14) and (5.15), we have :

N¢—-1

T
vAt Z (Dpaptt, Dyony™), - u/ (Vu, V) dt. (5.19)
n=0 0

- Due to the convergences (5.8), (5.13) and (5.15), we have :

N¢—1

T
vt Z (B, ) PnY") ) 00 ¥ /O (0, ©)oq . (5.20)

- Due to the convergences (5.7), (5.12) and (5.15), we have :

N¢—-1

At S (ol o), - [ Go vt (5.21)

n=0



5 Convergence result 39

- Due to the convergences (5.11), (5.13) and (5.15), we have :

Ntz_l <gn}»1 _}vgn

At

T
T o) v [ oai (5.22)

o, h,d02

— Due to the convergences (5.10), (5.12) and (5.15), we have :

N¢—1 <ﬁ+1+fn

Ay, 5

n=0

e

o) = [ (e (5.23)
h 0

According to (5.18)-(5.23), we obtain :

T d T T
~wo o ¥],,— [ o) Gedry [ (u Vo vy [0 v
T

T T
+ /0 (x, @) 9 dt = v /O (0 ©)pa ¥ di+ /O (f, o) ¥ dt. (5.24)

Now, writing in particular (5.24) with ¢ € D(0,7T), we find the following equality which is valid
in the distribution sense on (0,7) :

(4, 9) + v (Vu, Vo) 41 (0, o + (6 ) = v (9, Do + (£ 9),  (5.29)

forall p € V.

Therefore, as f is in L' (0,T; L? (R)), |t and |~ make sense. Multiplying (5.25) by 9 (the
same 9 as before), integrating with respect to ¢t and integrating by parts, we find :

T q T d
| G = [ ) G s o, 0) v, (5.26)
and thus :
T d T T
(| _, ) 9|, - /0 (0 9) Ghdtrv [ (T Vo) pderv [0 v
T T T
v [ova=y /0 (@ oo dt+ [ (f0) i (5.27)

By comparison with (5.24), we see that :

(-0 )

for each ¢ € V, and for each function 4 of the type considered. We can choose 1) such that
P o +# 0, and therefore

=0 5.28
=0, (5.28)

(uL:O — ug, 90) =0, forallpeV. (5.29)
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This equality implies that

u’t:o = 1. (5.30)

Considering then arbitrary functions ¢ € C2([0,T]) (i.e. zﬁ‘th is not necessary equal to 0), using
the same method and (5.30), we find that h

£ = u[t:T. (5.31)
Thus, we have shown that :
upt = uf,_, in L*(9Q), (5.32)
and that, u is the solution of the problem :
?; vAu+x=f in{,
—gﬁ +0=g on 0,

1.e. u verifies :

/OT(atu,w)dt+u/0T(Vu,Vso)+u/oT(9,cp)ag+/0T(X,<p):,,/0 (9, ©) a0 /(f,

(5.33)
for all p € W.
Now, in order to show that x = a(u) and 8 = 3(u), we consider the following expression :
1 Ne—1 )
N, 1
Xonow) = 5[t = elt], +v00 30 DR - o)l
Ne—1
+ At Y (a(@t) - aleh), @ - oh),
n=0
Ne—1
+ vAt Y (BERT) = B T = ) (5.34)
n=0

for ppr € Wpi. We refer to [Lio69] for the motivation for considering this expression. An
important property of Xy, due to the monotony of the nonlinear terms « and g, is :

Xk > 0 for all ppr € Wi (5.35)

We want to pass to the limit in X, when h — 0 and k — 0. So, for a fixed function ¢ in W,
we define the function @p as in (2.6a)(2.6b). As in the first part of this proof, we choose ¢ in
a dense subspace of W made of smooth functions, say ¢ € C3(Q x [0,7]). For such a smooth ¢,
Lemma 6.1 gives us :

Dyonk = Vo in L*(0,T; L*(R)), (5.36)
op — @ in LP(0,T; LP(Q)) for all p > 1, (5.37)
Yown — Yo in L4(0,T; LI(0N)) for all ¢ > 1. (5.38)
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We rewrite X, as :
Xk (onk) = I+ 1+ 111,

where
Ni—1 Ng—1
o b e S e,
n=0

/t—1

+ vAt Z (ﬂ(ﬂ_ﬁ“)a ﬂzﬂ)h,aﬂ’
n=0

L a2 Ni—1 \ N¢—1 Ne—1
1= el + vt ST IDuhl+ ALY (aleh), ¢ +vAt D (BeR), PRlnons
n=0 n=>0 n=>0
and
Ni—1 Ni—1
= - <u’]lvt,<ph ) —2wAt Y (Dpiptt, Dugh), — At Y (al@ptt), of),
n=0 n=0
Ni—1 Ni--1 N¢—1
- At Z (celen), ﬂZH)h'”At Z (B(ay*), (pZ)IL,E)Q_VAt Z (B(eh), @ ~n“)h,39'
n=0 n=0 n=0

nil n
U +u
Then, we replace ¢y, by a3t = bk

n=20,..., Ny —1; we obtain :

in the discrete weak formulation (3.3) and sum for

) ) Ne—1 Ne—1
§'u’lyt‘h__luh‘h+”At Z ID ~n+1‘h+”At Z (8 (“n+l) ~Z+l)h,BQ
n=0
Ng—1 Ne-1 n+1 n
+ At Z (a(uzﬂ) '&Z“)h = VAt Z (g___;—g ,112“)
n=0 n=0 h,0Q
Ne-1 n+l n
+ At Y (f—fl—,ag“) : (5.39)
h

n=0

Due to the above equation, we can rewrite I as :

N¢—1 N¢—1
1 n+1+(n . n+1_+_ n
I = 5|u2[i+uAt > (g 2 : ’“Z{Ll) +AL Y <f 2 ! ﬂﬁ“) :
h,002 h

n=0 n=0

Now, we study the convergence of each term in Xz; when h - 0 and & — 0 :

— For the first term in Xy :

Ni—1 n+1 n Ni—1 n+1 n
+ e + -
I = luh|h+ VAt E (g—-——~2 g ,uﬂ“) + At E (_f 5 f ,uﬁ“) ,
h,002 h

n=0
— luol +u/ / gudth+/ /fudet
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For this, we have used the convergences (5.9) for the first term, (5.11) and (5.4) for the
sccond term, (5.10) and (5.5) for the third term.

~ For the second term in Xy :

N¢—1 N¢--1 N¢-1
2
H VAL D DGR+ ALY (algh), o)+ vAt D (B(eR), eR)na0

n=0

1 N
" i

n=0 n=0
1 2 .T, 2 T T
- = l(p[t_T| + 1// / |V<p] dSddt +/ / a(p)p dQdt + v/ B(p)p dl'dt.
2 0 Ja ‘ 0o Ja o Jan

This convergence follows from (5.36)-(5.38) and we note that « is continuous from L (U, T'; LP(£2))
into L¥ (0, T; L (Q)) and B is continuous from L4(0,T; LI(dN)) into LI (0, T; LY (852)).

- For the third term in X :

N¢—1 N;-1
mr = = (uf, op) —2wAL Y (Daitt, Dagh), — At Y (a(@™), of),
n=0 n==0
N¢—1 N¢—1 N¢—1
= ALY (alen), aptt), —vAr Y (BET), 0h) e — VAL D (Ble), 1Y), 50
n=>0 n=0 n=—0

T T
-+ - / ul,_ptp|,p A2 — 2v / / Vu.Vy dQdi - / / xp dQdi
Q 0 JQ 0 JQ

T T T
——/ / a(p)u dQddt — 1// O dU'dt — 1// B(p)u dl'dt
0 Q 0 N 0 o0

For this, we have used the convergences (5.2)-(5.8), ( 5.36)-(5.38), and the same arguments
than for the second term IT in Xj.

Finally, we have shown that :
Xpe = X, when h - 0 and k — 0, (5.40)

where

1 T T 1
X(p) = 5|u0|2+u/ / gudI‘dH-/ /fudet+§|<p]t:T|2
0 o 0 Q
T T T )
+- 1// B(e)p dth+/ /a(go)go det-{-u/ /[Vga| dQdt
0 N 0 Q 0 Q
T T
- / |, |, A — 20 / / Vu. Ve dQdt — / / xp dQdt
Q h 0 Ja 0 Ja

— /OT/Qa(ga)u det—u/OT/aQ&dedt—y/OT aﬂﬂ((p)u dl'dt.
(5.41)
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Note that, using a continuity argument, the equation (5.41) is satisfied for all ¢ ¢ W.

Of course, X () > 0 is true for all ¢ € W, since X (ppr) > 0 for all ppr € Wy,
To achieve the proof of the convergence, let ¢ = u + Aw with w € W, XA > 0, then we have :

0<X(u+rw) = A lwlt;j,le(Q)+1//\ / /[Vw! dSddt
0 Ja

T T ,
- /\/0 /Q(x—a(u'#)\w))wdﬂdt——)\/o /aQ (0 — B(u + Iw))wdldt.

After dividing by A > 0 and letting A — 0, we obtain :

T T
/ / (x — a(u))wdQdt + / / (0 — B(u))wdl'dt > 0, Vwe W. (5.42)
0o Ja o Jon

Replacing w by —w we obtain the opposite inequality, and hence :

T T
/ / (x — a(u)) wdQdt +/ / (6 — B(u))wdl'dt = 0, Vw e W. (5.43)
0 Q 0 N :

Finally, considering the functions w € W such that yow = 0, we obtain that x = «(u). Consi-
dering then the functions w € W such that yow is arbitrary, we find 6 = §(u).

It means that u verify (1.1) and (1.2). Hence the convergence results (5.1) are proved, with weak
convergences only. To prove the strong convergences, we observe that Xhk(upg) converges to
X (u) = 0; hence Dpupg — Vu in L2(0,7T; L?(Q2)) strongly, and then, by the Poincare inequality,
upk — w in L2(0,T; L?(9)) strongly.

6 Technical lemmas

In this last section, we prove the technical lemmas used in Section 5 where we have shown the
convergence.

Lemma 6.1. For a function ¢ in W which is supposed enough reqular, say ¢ € C3(Q x [0,7)),
we define its approzimate function @i in Wy as in (2.6a), (2.6b). Moreover, the discrete
operators used are defined in (2.2)-(2.5).

Then, for such a function ¢ and for all v > 1, we have the following convergences :

@nk = ¢ in L7(0,T; L7 (12)),

York = Yo in LT(0,T; L7(09)),

Droni — Ve in L7(0,T; L7 (Q)?), (6.1)
Appne — Dy in L7(0,T; L7 (2)),

8¢h 8¢ .
T2y T T ; LT (092)).
O = 5y in L7(0,T; L7 (092))
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Proof :

In this proof, we denote by C' all the constants which arc independent of A, & and by C, the
constants which are independent of h, k but dependent on r. We also write t,, = nAt .

First, we have to show that the L"(0,T’; L" (§2))-norm of ¢ — @y converges to 0 when h — 0 and

k — 0. We set
T
=/ /lSO‘SOhkrdet’
0o Ja

and we bound I as follows :

Ne-1 M N tnt1
1= Y [T e oul o

n=0 i=1 j=1"tn ij
Ni¢—1 M N tnt1

= ZZZ/ / o — o] ddt,
n=0 i=1 j=1"1n ij
Ne=1 M N 4o ) r

= o(z,y,1) - / o',y ty)dz'dy’| dzdydt,
Z_—:o E:L;l/tn /Kij Az Ay ( "
Ne-1 M N /tn+1 1 / o o r

= P, Y, t) - SD(IL‘ Yt )dl‘ dy dldydt,
nz:;) ;; tn ‘/Kij Az Ay Kij( ( )
Ne=1 M N g0 1 r

< / / / o(z,y,t) — (2’ Y, tn)| d'dy’| dzdydt.
n=0 zz_—.:l; tn Kij Az Ay Kij l ) ( " I

Since ¢ is in C}(Q x [0,T), we have :
Ng 1 M N tna1 T
I < CVAz 2+ Ay 2+ At 2| da'dy’| dzdydt.
Y
n= 0 i= 1 j= 1 tn Ki; Az Ay Kij
Hence :

T
/ /|cp—-<phk|rdﬂdt < CIMUT(Az 2+ Ay 2 + At 2)3.
0 Q

This implies that ppx — ¢ in L7(0,T7; L7 (2)) for all » > 1.

Then, for the second convergence, we show that the L"(0,7T;L"(02))-norm of vo¢ — Yo@nk
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converges to 0 when /o — 0 and & — 0. We have :

T
/ / lv0 — Yoprk|” dl'dt =
0 o0 n= 0 1= 1

>
VRS
>,

Nt LM g

tn

/
/)
SRR /yf

(2,0,t) — | dzdt

" (@, Loy t) = @iy gy | dedt

lo(0,4,t) — ;| dydt

1+
i+ )
|(10(L17]a t) - (le+lj|r dIEdt,
1
-2

(6.2)

where ppr415 and ;41 are defined by a second order extrapolation :

o 2 /yj+§
M+15 — A
y Jy,_,
o _ 2 /zi+§
iN+1  —
Az [,

T3

0(L1,y:tn) dy — ;)

o(z, Lo, tn) do — @i

Now, let us sec how we can majorize the two first terms of the right hand side of (6.2) ; the same

arguments can be used for the two other terms :

Nt 1 M tnil
/ / (2,0,t) — ¢i|" dzdt,
n= 0 i=1"tn
Nt 1 M /t 4l / 1 -
= (z,0,t) — —/ o(z',y' ty) do'dy’| dzdt,
n—= O 1= 1 tn A$ Ay Ki
Nt 1 M /tn+1 / 1 / r
= ©(z,0,t) — (z', ¥, tn) dz'dy'| dzdt,
n= 0 i= 1 tn A$ Ay Ki
Nt ' M tnta 1 I 1o | il
< / / . / 50($101 t) - (p((E 'Y ,tn) dz dy dedt,
n= 0 i=1"tn A:L Ay Ki)
< TLh|C| (Az? —I—Ay + At )3,



46 A finite volume scheme for the nonlinear heat equation

Nt]l\'l

1
’ I(P("EaLZ’t) - (p?N+1|T d’l?dt,
n= 0 i=1

[

1

Ty
r

tht T, 1 2 T, 1

/ T2 go(z,Lg,t)———/ 2 o(z', Ly, ty,) dx’ + | dzdt,

r. 1 Al x 1

T2 .

/

Nt 1 M

n

nOzl

/t .
i-3
Nt M tnt+1 1 1 Zi+l T
= \/; 2 2<¢($1L2)t) - Z;-/ 2 (p(m”LQ’tn) (l.’L'I) _ (80($,L2’t) B w?}\) det’
n= 0 =1 n 5
Nt g tnt1 1 2 i
< / b _A_;/ i+% ‘(,O(SL‘ Lg,t)—— (;1; L2,tn) dz’
n= 0 =1 tn ,i—% 131. '2'
1 r
Ly,t) — (7', ¢, tn) | da'dy’| dudt
+ Az Ay /KW ’QO(Z’, 2,) <,0(SC,y, n)| dz'dy cdt,
< TLiBCI(Ac® + Ay ® + At ?)3.
This yields :

T
/ / how — qoenel” dTdt < (37 + 1)|C10QUT(Az ® + Ay + AL ?)5,
0 N

and this implies that yoppr — Yo in L7(0,T; L™ (9R2)) for r fixed, » > 1, arbitrary.

About the third convergence in (6.1), we show that the L7 (0,7; L™ (Q)?)-norm of Vo — Dok
converges to 0 when h - 0 and &k — 0 :

T Ng—l M N tn+1
| |19 Dugnrazayae = 3255 [ [ 190 - Dol dodya
0 Jo n=0 i=1 j=1"tn Kij
Ne-1 N M tnt1 (p?+1j _ SOZ r
= XY [T (o B
n=0 j=14=1"tn  JKy
n _.n

Considering for example the first term of the above equation, using the Taylor formula and the
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C2-regularity of ¢, we have :

/tn+1 /
tn K;j

tn+1
/ |0z — Oz0i|” + |CAz |

tht1 1
[ et - sy [ awtatd o aetay
Vi

+ CyAz T“Ay At

tn+1 1
/1\1] Az Ay /Kt Ia:c(P x,Yy, ) - ax(p( 7y tn)l da’ d’{/

+ CrAx Ay AL
< CAz Ayt (Az?+ Ay?+At2)E 4 C Az Ay At

T

dzdydt

Y1

(pH»l] (pzj
Az

dzdydt

IA

T

dzdydt

IN

T

dxdydt

VAN

We can write similar inequalities for each term of the L™(0,T; L™ (£2)?)-norm of Vi — Dy ppr ; it
is then casy to conclude that the norm converges to 0 when -+ 0 and k£ — 0.

For the fourth convergence in (6.1), we show that the L™(0,7; L"(Q2))-norm of Ay — Apppk
converges to 0 when h — 0 and k — 0 :

Ne-1 M N

T tn+1
/ /QIASO — Dl dzdydt = Y ZZ/ /K |Dp — Dppnil|” dzdydt
0 tn ij

n=0 =1 5=1
Ni:—1 M N

- X[ e

n=0 i=1 j=1

[A Pir1j — P
Az

Az Ay

n noo T
+ Ay Pii1j — $ij + Az MQ+A M] dzdydt

Azx Ay Ay

Ny-1 M N

C, Z ZZ/ IA(,O A(pzjl dzdydt

n=0 =1 j=1
+ CTIQIT(Ax2r+Ay2T),

IA

due to the Taylor formula.
Now, according to the C3 regularity of ¢, we can write that :

T :
/ / D = Dupnal” dedydt < GQIT [(Aa?+ Ay? + AL%)P 1+ Az ™ + Ay ™).
0 Q

So, the L™(0,T; L™ (§2))-norm of A¢ — Apppr converges to 0 when h — 0 and £ — 0.
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dp  Oppx
For the last convergence in (6.1), we show that the L™ (0, 7"; L (692))-norm of »82— ac'om” converges
n  Ony
to 0 when h -+ 0 and k — 0 :
Ne-1 M
a a T t X tnia T, .1 n|r
/ / —f - ZPRE L grdt = / / | 9,0(2,0,1) — L0 =] gy
o0 ony, ==, 7,y Ay
T, 1 7 — ot T
T / o o(n, Lo t) — TN N G g
z, ) Ay
i-3
Ne—1 N tnt1 Y1 (Pn'_ n T
0j ~ ¥P1j
+ Z/ / ’ ~05p(0,y,t) ~ —1—"| dy
n=0 j=1"tn Y1
Y..1 n
+ /”§ Ozp(Ly,y,t) — Ph1; ‘PM]_ dx | dt.
v, 1 Az
If we consider one of the above terms and use the Taylor formula, we obtain :
Nt 1 N tnt1 no__ ,n T
/ / —029(0,y,t) - —iA———ll dydt
t xz
n= 0 ] 1 n _7
Nt 1 N 1 Yisd , ,T )
< / / —02(0,y,1) + ZS"/ 9z¢(0,9',tn) dy'| dydt + CTLoAz
n= 0 j=171tn Yy Yi-1

< CTILy(Az?+ Ay +At2)? + C T LAz Y.
We proceed similarly for all the terms and we deduce that the L"(0,T’; L™ (9€2))-norm of 8¢ /n —
Opnk /Ony, converges to 0 when A — 0 and k — 0.
Lemma 6.2. For g > 1 fized and for uyy in Wy such that :

upr — u in L2(0,T; L3(Q)),
Dpupy, — Vu in L2(0,T; L3(Q)),
Younk s bounded in L(0,T; LI(0N)),

we have :
Younk — You in LY(0,T; LI(0R)).

Proof :
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For a function ¢ in W supposed regular enough, say ¢ € C*(Q2x[0,7]), we deline its approximate
function px in Wy as in (2.6a), (2.6b). We have :

T
/ / Upk Ah‘Phk d:l?(lydt
0 Q

Ny«—-1 M N tni1
SN[ unetsn o dudya,
n=0 i=1 j=1"in Kij
Ne—1 M N n 7 n
Pij+1 — 5 (pi'—l — ¥y
At Az (u" J J +u J ——J)
901.-}-1 (pz 801 17 (701
A ( j J n Pi-1j — J)
y Az + Az ’
Ne-1 M [ N n n N-1 n n
Pij+1 — i Pij — Pij+1
At Az u? Y J 4 Az u? J Y
Ne~1 N [ M M-1 n no ]
"Pz-i—l] (IDzJ (101] - SO’H—I]
a0 Y SIS A £ Ay, B |
n=0 j=1 Li=1 1=0 J
Ni—1 M N n n ,.n n
U, —u..gpi.+1~—(pi.
-at 32503 aray | e e e
n=0 i=1 j—l Ay Ay
Ne—=1 M n
— U i1~ Piy
At ZZZAzA [ i+~ Yy Pt _J]
n=0 i=1 j=1 Az
Ne—=1 M r n n n n
PiNt1 — YiN Yio — Pi1
t Az [ul ! + oyt 2 C
g ; -uzN+1 Ay Uy Ay
Nt"‘l N B n
Ohri1j ~ Phrj n P0; — Pl
At A n J J Ty ] J ,
; ; Y | Upt1;— Az ___Az
dI'dt.

Opnk
/ /Dh’uthth dBdU</t+/ / YoUhk a(ph
a0

Then, we pass to the limit when h — 0 and £ — 0 in the above equation. To do so, we use the
following strong convergences (see Lemma 6.1) :

Dhpnk = Ve in L2(0,T; L*(Q)?),

Angpnk = Dy in L*(0,T; L*(2)),

3<Phlc 390 q .rq /]
By — - n L9(0,T; LY (892)), (¢ > 1),

and we have the following weak convergences :
up, — u in L(0,T; L*(9)),
Dpuy — Yu in L2(0,T; L2(Q)?),
Youp, — 7 in LY(0,T; LI(0R)).
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This yields :

T T T A
/ / ulNp drdydt = / / VuV dzdydt + / / T— dI'dt,
0o Ja o Ja o Joo On

Thanks to the Stokes formula, we find :

T o

0

/ (7 — 'y()u)—;—(E dli'dt = 0. (6.3)
0 0N on

Finally, the functions —gf over 012, for ¢ € W regular, are dense in L9(0,T; L9(9R2)). Then (6.3)
n
implies that 7 is equal to you in L7(0,T; LI(2)).
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Abstract : The aim of this article is to describe a collocated finite volume approximation
of the incompressible Navier-Stokes equation and study its stability. One of the advantages of
collocated finite volume schemes over staggered schemes is that all variables share the same
location, hence, the possibility to use more easily complex geometries and hierarchical space
discretizations. The time discretization used in the scheme studied here is a projection method
[Tem69].

First, we give the full discretization of the incompressible Navier-Stokes equations, then, we
state the stability result and prove it following the methods of [MT98].

1 Introduction

In this article, we consider the Navier-Stokes equations in their velocity-pressure formulation and
the continuity equation written for an incompressible viscous fluid; € is an open and bounded
domain in R?. For a given volume force f, we look for the velocity vector u and the pressure p
such that :

%?—u&u—k(u-V)u-l—Vp:fian[O,T], (1.1)
div u =0, (1.2)

where v is the viscosity and, in space dimension two, u = (u(m,y,t), v(z,y, t)), t>0.
On 09, we use here boundary conditions of the Dirichlet type which we assume homogeneous,
although the nonhomogencous case can be treated in a very similar way :

= 0. 1.3
u.aﬂ 0 ( )
We define the function spaces W = {p € H}()?}, V = {¢ € Hj(Q)%div ¢ = 0} and
H = {p € L?*(Q)?%; div ¢ =0, ¢ -n =0 on d0}. We note (-, -), || the dot-product and norm
of L2(R)?, and ((-, -)), ||-|| the dot-product and norm of H{ (). The weak formulation of the
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problem (1.1)-(1.3) is (see [Ler33] [Ler34a], [Ler34b] and [TemO1]) : for £ € L?(0,7;V’) and
ug € H given, we look for u satisfying u € L?(0,T; V) and

(0, ¢) +v((w, 9) + blu,u,g) = (£ ) Vo € V, (1.4)
u(0) = uo, (1.5)

where, the definition of the trilinear form b is :

uso,ﬁ)—Z/uz

1,j=1

i(z)dz. (1.6)

It is well-known that in the two-dimensional case, this problem possesses a unique solution (see
e.g. [TemO1]).

The aim of this paper is to introduce a finite volume scheme adapted to this problem and prove
its stability. Our scheme is a collocated scheme, this means that the space unknowns are only
located at the centers of the control volumes. Our motivation for collocated schemes comes from
the fact that it is easier to then develop a multilevel method with them than with staggered
schemes. Indeed, as the unknowns share the same location, we can make a simple hierarchical
space discretization, see e.g. Chapter 4. Moreover, the extension to the three dimensional case
do not add new conceptual difficulties.

Other finite volume schemes for the Navier-Stokes equations exist in the literature : see e.g.
[BH96a], [BH96b], [LL94a] and [LL94b)]. Here, the results are presented for a rectangular do-
main Q = (0, L;) x (0, Ly) discretized by a rectangular finite volumes for the sake of simplicity.
In view of extending these results to more general situations, we use convenient notations and
concepts of [EGHO00]. It is also important to note that more general domains are also handled
by finite volumes adapted to curvilinear coordinates, see e.g. in meteorology [RT03].

In Section 2, we describe the projection method used for the time discretization and the finite
volume scheme used for the space discretization. Then, in Section 3, we introduce the notations,
we give the weak formulation and we state the main stability result for our scheme. Section 4
contains the technical lemmas used in Section 3, and Section 5 contains the a priori estimates.
In Section 6, we give the proof of stability.

2  Full discretization : finite volumes in space and the projection
method in time

In this section, we give the time and space discretizations used in order to solve the Navier-Stokes
equations.

The time discretization is a projection method. For the sake of simplicity in the presentation,
we will describe here the original projection method of Chorin and Temam [Cho68], [Tem69] ;
however in actual computations we used the improved form of the projection method of Van
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Kan [VK86], see Chapter 3. The first step consists in computing the intermediate velocity vector

L1
u”t2 with :

n+l . ) 71.—-}—l n 1

N e gcn + %C"‘l + 5 (1), (2.1)
ntzl =

wh| ’ (2.2)

where :

At = T/N; is the time step, V; being an integer,
u™(z,y) ~ u(z,y,nAt) if t € [nAt, (n + 1)At],
C™ = (u"™ - V)u" is the nonlinear term.

Then, in a second step, we compute the pressure from :

un+1__un+%

At ==V (2.3)
div u™t! =0, (2.4)
u"t!.n g =0 (2.5)

where p"(z,y) =~ p(z,y,nAt) if t € [nAt, (n + 1)At[, and n is the unit outward normal on 052.

Equations (2.3) and (2.4) imply the projection equation :

Ap™tl = idiv un+%, (2.6)
Due to (2.2), (2.3) and (2.5), we have a Neumann boundary condition for p"*! :
8p"+1
= 0. 2.7
o =0 (2.7)

Consequently, we are able to compute p"*+! from (2.6) and (2.7), up to an additive constant.
Note that the necessary compatibility condition is satisfied :

8pn+1
/ (o)) = / Apttl dQ,
an On Q

1

= ——/div unts dQ,
Q

At

1 nal
= —A—Z/aQu 2 -n d(09),
= 0.

Finally, we compute the new velocity vector u™*! from (2.3).
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Now, we describe the space discretization. In order to discretize the domain © = (0,L;) x
(0, Ls), we use rectangular finite volumes. More general domains are handled by curvilinear
finite volumes based on orthogonal coordinates [RT03]. We assume that all the volumes have
the same dimensions AzAy with MAz = L; and NAy = Ly where M, N are given integers.
Hence, we have M N volumes defined by :

(Kij = [mi—%’$i+§] X [yj_g,yj+%])i:1,mM’jzl’m’N,

where

Tiy1 =iAz fori=0,...,M,
Yj+l =jAy for j=0,...,N.
As the scheme studied uses a collocated grid, all the unknowns are located at the center of the

volume. So, for : = 1,..., M and j = 1, ..., N, the unknowns are meant to be approximations of
the cell averages :

L / o / “*4 (e, , f)dedy for the velocit (2.8)
R X T r Vi ? :
u‘LJ A:I}Ay s 1 v 7y7 y y
-3 =3y
1 z; Y., 1
pij =~ / H’/H2 p(z,y,t)dzdy for the pressure. (2.9)
AzAy ) Jyy

Moreover, we will use the normal fluxes for the velocity, for example in the discrete nonlinear
term. They are not considered like independent unknowns because they are obtained by inter-
polation, see Remark 2.1. The horizontal fluxes are defined for ¢ = 0,..., M by :

1 y]"’r'%
FuH%j(t) ~ A_y , u(:z:i_l_%,y,t)dy, (2.10)
i-3

and the vertical fluxes are defined for j = 0,..., N by :

1 [%+d
FvijJr%(t) ~ A - v(z,yj_*_%,t)d:c. (2.11)

To still improve the notations, we introduce the velocities at the edges obtained by linear inter-
polation :

u;415(t) + uy5(t)
u () = — 5 ,
Wij41(1) + wy;(t)

u; () = 5 : (2.12)

The integration of equation (2.1) over a control volume Kjj, for ¢ = 1,..,M and j = 1,..., N,
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suggests to consider the following scheme (first half step) :
n+i n+1 n+i n+ n+i n+i n+i
AzAy—i T ;; i > [ay—e Axuij " Ayt o AL TLZIA—yuj ’
1 1
+ Az“_ﬂt;y_“f + Ayu?“i; 5y Ay“ﬁg usj
n A:z:u%H - ujj n AI“Z—l - “Z]
Ay Ay
_ %[Ay(FShL 1 1+2] —-F %jui_% ) +A:z:( “J+1ul]+1 _F;lu—luz %)]
+ %[Ay(F:lea 7+%lj —F:Zj_]. i—%ly) +AI(FJI:J:1 Zé "FS;I-%“I}‘—E
+ %(fﬁ“ +£7). (2.13)

Because of (2.2), we propose the following Dirichlet boundary condition at step n + % :

1 1 1
77-+§ TL+§

n+§ n+2
u, *=u =u, ’=u = .
13 M+1j il iN+1 0, (2 14)
which also means, in accordance with the definition (2.12), that :
n«i—2 _ n+% n+2 . n—t—2 n+—é— _ n+% n+2 'n—i—2
Up; © = —Uy; 5, Upp s = —Up™y Uy © =~ 5y Uiy = Ty T (2.15)

Notice that wheni =0o0r¢= M+1or j =0or j = N +1, the control volume Kj; is a fictitious
control volume outside of the domain 2.

Similarly, we integrate equation (2.4) over a control volume K;;, fori =1,...,M and j = 1,...,N,
which suggests the following discrete equation :

Ay(F"“ _ pntl ) +A:n<F"+1 _ prH! 1) ~0. (2.16)

+53 u1—§ V1 +2 vi)—3

To proceed, we need to define the fluxes F:;‘:}l and F’"+1 . Based on (2.10) and (2.11), it is
2

2
natural to define these fluxes by linear interpolation of the velocities (see however Remark 2.1),
that is, at any point :
n+1 n+1 n+1 n+1 (2_17)

. =u. .. =0
uz-}—%j +2] vzg+1 z]+2

Hence, with (2.5), we choose at the boundary points :

n+l _ pn+l _ gn+l _ gm+1 _
Frl = o = I =T, =0 (2.18)

Consequently, the incompressibility condition (2.16) becomes, for i = 1,..., M and j = 1,...,N :

Ay Ax
SV (il -t ) + S (opth - ofth) =0, (2.19)
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with :

n+1l __ n+1 n+1 — __,n+1 n+l _ _  n+l n+l _ _ . n+l
Upj T U, Uppp T TUhG s Yo T TV s Uingr T T Un - (2.20)

Furthermore, we integrate equation (2.3) over a control volume Kjj;, for i = 1,...,M and j =
1,..., N, which leads us to propose the following discrete equations for the second half step :

1 n+l _  n+l
AxAyT - n+1 n+1 ) (2:21)
Aw[pij+% _pij—%]
n+1 n+1

To proceed with (2.21), we must interpolate the pressures p at the edges. By analogy

i+ 15 Piji
with the fluxes, we define these pressures by linear interpolation :

n+1 n+1
prHL + p
n+l _ Fitlj 17 .
pi+%j = 5 for i=0,...,M, (2.22)
1 n+1
pt‘.’" +p.
n+1 _ g+l 1] .
it = 5 for j=0,...,N, (2.23)
n+1 n+1 n+1

where the pressure on the fictitious control volumes is defined by : pj /., i = Pyj> Py =

p?f 1 pm'il = pitt, pistl = pI*1. These definitions are consistent with the pressure Neumann

boundary condition (2.7) and allow us to rewritte the equation (2.21) like, for i = 1,..., M and
7=1,...,N:

Ay
1 +1 +1
wtl — e 7[p?+lj - p?—lj]
AzAy—2L———F = — , (2.24)
At Az n+1]
o [pij+1 —Pij—1
1 1 1 1 1 1 1 1
where piil s =i 0o = P pin = PN Pl = P

Now, to obtain the pressure equation, we take the discrete divergence (defined as for (2.19)) of
equation (2.24). First, inside the domain i.e. for it =2,...,. M —1 and j = 2,..., N — 1, we have :

At i—17 — Yi-1j

1 |AzAy 1 n+l Ay 1 +1 AzAy . il
2Azx [ At ( ?:1.7 - i+]_2;) + T(p::_z] ‘—p:lj ) == d(,ntl _ 2)

Ay 1 1 1 |AzAy, 41 ntdy | Az +1
- "2—(1’?3'+ — i) | s Az (vitd — vijed) +‘§—(P%+2_P?j )

AzAy 1 n+i Az 1 1
At (U?jt1 - ij-%) - T(PZ+ _P?jtz) =0.
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Hence, using the incompressibility condition (2.19) :
+1 +1 +1 +1 1 1 1
Ayp?wj — Pij LA Pi"2; ~ Pij 4 Amp?ﬁz - Py n Azp?fig -
207 Y oAz 24y 2Ay
4 n+l n+i n+l nt+l
= a3 I:Ay(ui+1§ - ui_l';'-) + Am(vijﬁ - vij_ﬁ)} . (2.25)
Then, near the boundary, for example when ¢ = 1, (2.19) becomes in accordance with the
boundary conditions (2.20) :
Ay +1 +1 Az 1 1
7 (g ) + (0t - o) =0 (2:26)

So, when we apply this discrete divergence to the equation (2.24), we find, for 7« = 1 and
71=2,.,N—1:

+1 +1 +1 +1 +1 1 1 1
Aypé‘j -y, Ay:ﬂé‘j P NP P APz =P
2Az 2Azx 2Ay 2Ay
4 n+ 3 n+3 ntl n+i
- At [Ay(uzj 2 + 2) + A:z:(vlj+21 - "’1]‘—21) : (2.27)
The pressure equation can be finally written like, for: =1,..,M and j =1,..., M :
+1 +1 +1 +1 +1 +1 +1 1
A p————?”j _ p% + Ayp———?“% _ p% + A:r,p————?j+2 _ p?j + A:np———————%_z _ p?f
YN 20z 2Ay 20y
4 n+-1— n+l n+l n+l
= Az {Ai‘/(uiﬂi - ui_lj.) + Az (vij+§ . vij_ﬁ) , (2.28)
with the following definitions for the pressure on the fictitious control volumes :
g
41 _.ntl on+l _  ont+l  ontl _ ndl on+l _ 1
Pifi; = Pay Po; = PU PN =Pin sPio =P,

Piiva; = a1 PY) = P Pinde = PiNo P =Pl (2:29)
Remark 2.1 (Decoupling). Considering the pressure equation (2.27), we see that, when the
velocity fluxes and the pressure are computed using linear interpolations, the pressure obtained
may not be physical due to the odd/even decoupling of the modes of checkerboard type. For
this reason, it is recommended in practice not to use linear interpolations for the intermediate
velocity fluxes Fy’ 1/ 2, Fy +1/2 4}, a numerical simulation with a large Reynolds number in order
to improve the coupling between the velocities and the pressure. A specific interpolation not
given here (see [RC83], Chapter 3) has been used for the intermediate fluxes otz g2

and then, the velocity fluxes F?+!, F**1 are derived from the following equations :

ot pte
AzAy u z+§JAt ut+3] Ay [p:ljllg _ p%-H]
L = - . (2.30)
n+l _ T2 n+l _  n+tl
AszFv ij+d E ij+1 Azlpith -]

At
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For more details about the implementation of such a collocated scheme and for numerical results,
see e.g. Chapter 3.

3 The main result : stability of the scheme

3.1 Notations

The mesh considered here is clearly an admissible finite mesh in the sense of [EGH00]. For a
function ¢ € L%(Q)?, we can define its approximate function ¢, which is constant over each
control volume K;; of the mesh :

en(z,y) =i if (z,v) € Kij,

where (i,7) € {(5,4), (3,5), (M +%,4), (5,3), GGLN+3);i=1,.,M and j =1,..,N}. In the
following, we write h for (Az, Ay).

We define an approximation W, of W = H}(Q)? :
W, = {‘Ph ) ‘P%] = (PM+%] = 901,.;_ = Soz'N.g_% =0,7=1,..,.M, j= 17"'1N}7 (3.1)
= {@n; Poj = —P1j» Pri1j = —Puj» Pio = —Pil> Pint1 = —Pin> 1= 1,.., M, j=1,...,N}.

and an approximation V, of V = {¢ € H}(2)?;div ¢ =0} :

Ay Az ) .
Vi, = {Soh € Wy ; Ty (‘Pi+1j - ‘Pi—lj) + 5 (‘Pij+1 - S%'~1) vt=1,.,M, 7= ’--*’N} .

Then, for ¢, and ¥, in W}, we introduce the discrete dot-products and norms of the function
spaces used :
— Discrete dot-product and norm corresponding to the dot-product (-, -) and norm |-| of the
space L?(Q2) are written :

M N

(en, Yp)p = Z Z AzAy @;; - ;j, (3.3)
=1 j=1

lenls = (en> Prln - (34)

— Discrete dot-product and norm corresponding to the dot-product ((-, -)) and norm ||-|| of
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the space H{](§2) are written :

B Pit1j ~ Pij Viv1; — Yij
((ens ®p))y = ; ; AzAy s o
M N-1
Pijr1 — Pij Vij+1 — VYij
AzA J J . J J
b A T (33

N
1 Prm+1j — Pmj Pars1; — VM P~ Po; Y1 — Yo;
2N AZA [ J j . J j j j ¥y 9]
+ 22 oY Az Az + Az Az

M

1 PiN+1 — PiN Yint1 — Vi | P — Pio Y — i

_ E AzA [ [ Wy e 2 2 10 ¥l 20
+ 2 oY Ay Ay + Ay Ay ]’

lenlls = ((en on)- (3.6)

Finally, the discrete operator Gj, which will be use for the pressure gradient is defined for
i=1,..,M and 5 =1,...,N by :
Pi+1j — Pi—1j
2Azx

Gron(@:9) = | po 1 —py | @Y €Ky, (3.7)

2Ay
with pary1; = Py, Poj = P1j, PiN+1 = pin and pijp = pi1.
3.2 Weak formulation

First, we must introduce the discrete form corresponding to the nonlinear term b(u, ¢, &) :

M N
by (un, o, €n) = DD [AyUH%j‘PH%j i — Ayu_ 150, 15 &y
i=1 j=1
t Azvgy ey & — AT 10y '51‘3‘]- (3.8)

Then, we write the weak formulation :

Lemma 3.1 (Weak formulation). With the previous notations, equations (2.13) and (2.21)
can be reinterpreted in the following way, for all ¢, in W, :

n+

1

+1 1 nt+d u, 2+ u} 3

'U,Z 2 e Wh, ol B3 2 - U;LL7 Ph = v _—h————h’ Ph o —bh(uZ,UZ,CPh)
At n 2 2

h

1 B 3 fn+1 +fn
+ "bh(uz 1: ’U.Z I,Soh) + (_—T—a Ph ’ (39)
h
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and

1 +1
uptt € Vi, o= (uZ“ u, 2, m) = — (Gwpi™, on), - (3.10)
h

Proof :

In order to find the weak formulation (3.9), we multiply by ¢;; our finite volume scheme (2.13)
and sum for s =1,..., M and 7 = 1,..., N. Regarding each term, we have :
— For the time derivative :

M N 7t
ui Uy L (s
ZZ At P = At U, ° — U, Pp

=1 j=1 h

— For the diffusive term :

Uil — Ui Uj_1; — Wis WUjir1 — Ujj Ui — Ujj
[Ay t+17 2_1+Ay 1—17 1]+Ax 17+ U+A:17 (¥} z]]. i

M
M-

== Az Az Ay Ay
N M-1 M N-1
Uit — Uij ‘Pz+1] Pij Ujj+1 — Uij  Pij+1 — Pij
= - AzAy — AzAy .
> D A o~ 2.0 Az Ay A3
71=1 i=1 i=1 j=1
N
up 415 — UM Ug; — uyy
+ Ay [BEE oy + Sy
i=1
M
+ ZAz[uiN+l — N Pin + ;0 — uj ]
Nl T N oy + 2,
g Ay 1 Ay 1|
N M-1 M N-1
- _ Z AzA 'U'H—IJA_ U;j ) ‘Pz-H] Pij Z Z AzAy z]-H U4 (pij+1A; Pij
T

Il
—
-,
I
—

i=1 j=1

M= .

AxAyl:uM+1j —UMj PMly T PMy o Uoj — U $Poj — ‘Plj}

Az 2Ax Az 2Az

<.
—

Z

+

[uiN+1 “WN PiNt1 T PiN | W0 — Wil Py — <Pi1]
Ay 2Ay Ay 2Ay

|
™
>
8
>

.a
Il
—

= ( due to the boundary conditions (2.14) written for ¢, ),

= — ((an, ©n)p -

— For the nonlinear term :
§ : E : [Ay“i+§j“i+§j “Pij T Ayui~%jui—%j TPt Amz‘j+%“ij+§ " Pij
i=1 j=1

- szij_%uij_% : ‘Pij] = by, (uha Up, ‘Ph)-
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— For the right-hand side :

f?+1+f
ZZ gy =

i=1 j=1

(fn+1+fn ‘Ph)

l\Dl»—l

Finally, we obtain the following weak formulation (3.9) :
+_
1 +1 2 +u} 3 1 _ _
( i ugv ‘Ph) = v 2 ha Ph - é'bh(u;zlaqu‘Ph) + §bh(uf7: 17“2 1)‘Ph)
h

At
h
fn-}—l + f"
< 2 ) Soh)h .

To find the weak formulation (3.10), we multiply by ¢;; = (5, %i;) our finite volume scheme
(2.21) and sum for 2 = 1,..., M and j = 1,..., N. Regarding each term, we have :
— For the left-hand side :

ut! u"“*‘% 1 L
1 nta
Sy aa i o o L wh )
i=1 j=1 h
- For the right-hand side :
Ay nt1 +1
M N 9 [p?-i—l] p? 1]] M N At
D oy = =05 (Bl o)
Az Pij = 2 Piv1j — Pi-151Pi5
i=1 j=1 n+l n+l i=1 j=1

—2_[pij+1 Dij—1

Az 1 1 1
+ 7[1’?3‘1—:1 pZ+1]¢n+ )’

= (th'n.—l—l, ‘Ph)h

So, we have obtained the second weak formulation (3.10).

3.3 Stability result

Our aim in this section is to perform the stability analysis of this scheme. We know [EGHO00]
that there exist four constants K;, K>, K3 and K3, which are independent of A and k, such
that :

lup|, < Ki, (3.11)
Ne—1
At Y Iffl, < Ko, (3.12)
n=
{u}t|h+VAt||u}1]|i < Kij, (3.13)
112
a2 puadllultl < K (3.14)
h h
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Theorem 3.1 (Stability). We assume that (3.11)-(3.14) hold. Then there exist K4 and K;
independent of h and k such that, if :

At < 2L (3.15)

where ¢y is the constant of the Poincaré inequality (Lemma 4.1), and,

1 v
AtS? < min(—— .
tSh__mm((MV, 5120K4)’ (3.16)

where Sy, is the constant of the inverse inequality (Lemma 4.2), then

| P} <Ky forn=0,..,N, (3.17)
N¢—1
3wt~} < K, | (3.18)
n=0
Ni—1
vAL Y ||uB |2 < K. (3.19)
n=0

Proof :

As the results of Sections 4 and 5 are needed to show this stability result, we have postponed
the proof of Theorem 3.1 to Section 6.

4 Technical lemmas

This section contains the proofs of lemmas used to show the stability theorem. We start by the
Poincaré inequality and an inverse inequality. Then, we prove an usual lemma for the Navier-
Stokes equations : the discrete nonlinear term properties. At last, we provide an estimate for
the discrete nonlinear term and we prove a specific lemma required for the proof of the discrete
nonlinear term estimation.

4.1 The Poincaré inequality and an inverse inequality

Lemma 4.1 (Poincaré inequality). For u, € Wy, there ezists a constant ¢; = diam((),
such that :

lunly < e llwally, -
Proof :
As these discrete norms are usual in a finite volume context, the reader could find the proof of

this Poincaré inequality in [EGHO00]. Here, due to our discretization, the constant c; is equal to
maz(N Az, M Ay) = maz(Ly, Ls).
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Lemma 4.2 (Inverse inequality). For u, € Wy, there ezists a constant Sy, depending on h,
such that :

Hunlly < Shlunly -
Proof :

We recall the definition of the discrete norm corresponding to the continuous norm H} ()2 :

N M-1

2 M N-1 2
2 _ Uity — Wy Wij4+1 — Wiy
= AzAy | ——2— AzAy
unll; § E z y( o ) +> ) Az ( - )

i=1 j=1
1 N [ Up+1j — UMj 2 u3; — gy 2

+ 52Asz (———Am ) + (—Az ) }
1 M [ W;N+1 — WN 2 ;1 — U0 2

+ §ZAmAy (—————Ay ) + <—_Ay ) ] .

Then we use the boundary conditions (2.14) and the inequality (a — b)? < 2a% + 2b2, we find :
7=1

9 N M-1 9 M
2
Huh”h < Amz Z Z A:IIAy z+1] + uz]) Ayg Z

]lz—l 1=1

N-1
Z AzAy(uf, + “t])

2
+ A Z AzAy(uj,; +uij) + A ~3 Z AzAy(uiy +ud),
7j=1 1=1

< 4(—[}1:5 + Kly—z) |l .

. N 1 1
So, the inequality is proved and S = \/4(A—a:2 + —A-y—Q)

4.2 Standard lemma

Lemma 4.3 (Properties of the discrete nonlinear term). For all approzimate functions
u, € Vi, and ¢y, €, € Wy, the discrete nonlinear term satisfies the properties :

bh(uhasohasoh) = 0, (41)
bh(uha‘thgh) = —bh(uhiéh’<ph)' (42)

Proof :

We recall the definition of the discrete nonlinear term :
M N
bn(un, n,€n) = DY [Ayui+%j‘pi+%j & — Ayu_1;0, 150 &G
i=1 j=1



68 Stability of a collocated finite volume scheme for the Navier-Stokes equations

If we set &;, = ¢}, then :
M N

bn(Un, on, Pn) = Z Z [Ayui+%j¢i-+§j CPi T AYU_ L 15 i
i=1 j—1

+ A:z:vij+%<pij+% “Pi— A:z:vij_%cpij*% -Lpij].

The fluxes being linearly interpolated, it follows :

N M-1 @ Yo M @ Yo
M "y . L g
br(an, pnsn) = L [ Z Ayui+%j_l—15'—‘i]— "Pij — ZAyui—-%j—z_Jz’——y‘ : ‘Pij]
Jj=1 =1 1=2
M _N-1 N
Pij+1 T Pij Pij—1 1 Pyj
+ Z [ Z A”z‘j+%"_2—— “Pij ZA’”’U-%J‘“T& ' ‘Pz‘j]a
which can be rewritten as :
N M Ay M-1 Ay
2
br(Un, PhyPr) = Z [2 "é—(ui+-;-j - “z‘-%j)‘Pij + Z T“H%j‘»"iﬂj " Pij
7j=1 =1 =1
M M _ N
Ay Az 2
- > 9 %i-1Pi-15° ‘Pz‘j] +2 [Z 5 (“ij+% - “ij—%)‘f’ij
=2 =1 j=1
N Az N Az
+ o Vij+3Pij+1 " Pij o Vij—4¥ij-1 '%‘j]-
In each square brackets, the two last terms cancel out and we obtain :
M N
1 Uiply —%i-li Vil T V51N
bu(un; pripn) = 5 ;;Au&y( AL + Ay )‘Pija

M N
1 Uitlj — Ui—15 | Vij41 — Vij—1) 2
= 7 E E Asz( N + Ay )‘Pij-

Finally, according to the incompressibility condition (2.19), the right-hand side is equal to zero,

SO :
br(up, @p,p5) = 0.

Moreover,considering that by (up, @y, + &1, @5 + &), we see that (4.1) classically implies (4.2).
The lemma is proved.
4.3 Specific lemmas for the Navier-Stokes equations

Lemma 4.4 (Estimates on the discrete nonlinear term). For all functions u, = (up,vp)
in Vi, @p = (pn,¥n) and &, = (&n,mn) in Wh,

1 11 1
br(uns ns€n)| < 2V2|unl [lwnllZ ol llenllZ 11€nlln

1 1 1 1
< 2V2|unl? |lunll €412 11€l17 llenlly -
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Proof :

Remark 4.1 (Notation). In this proof, we will use the samc notation for the discrete norms
of L?(Q) and of L?(2)2. So, we will write for u, = (up,vs), |unl, for the discrete L2(Q)-norm
ofuy, and |uy|, for the discrete L?(§2)%-norm of up.

We want to bound properly the discrete nonlinear term :

M N
D0 (Bvmissieis; &~ Dy 14y

i=1 j=1

|bh(uh) Phs gh)l

+ Amviﬂ%%ﬂ% '§ij - Amvij—%‘pij——% ’fij) :

We simplify it using the Dirichlet boundary conditions u:; = uN+;j =W = Uy = 0:

2

N M—1
(Z Ayuﬂ” J‘pH"QJ gl] ZAyuz——]‘pz—-—J glj)

j=1 1=1 =2

27

Ibh(uha Phy £h)| =

M [(N-1 N
E : E :Amvij+§‘Pij+§ “&ij — § :A‘wij—%‘Pij-% “&ij | |
i=1 \ j=1 =2

and we arrange this expression and write :

N M-1 g—*ﬁ g
1 1+
lbr(an, e €n)l = D D AsAyu 1, —
7j=1 i=1
T

M N-1
ZA A .gij —gij-{»l
v D Aehyuey TR
i=1 j=1

. 4

11

Then, the method used to bound these two terms I and I being very similar, we explain how to
bound the first term I and we will briefly do the same for the second term II. For I, we have :

Al &ij — &1 — Nit1j
’Z 3" AcAyu,, J(so,+1 Am’* L fapi1 J—————Az” J)|

=1 i=1

which can be bounded as

15 |05 (VBB ) (VAR )
j=1 i=1
N )f:M_l (\/—AWUH%J‘ i+%j) (,/Az‘A ij — 772+11)’.

=1

<
I
—
o
Il
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Using the Cauchy-Schwarz inequality, we obtain :

N M-1 1. N M-1 6 é 1
s [373 sty [505 sem(E 80y
7=1 =1 7j=1 =1
N M-1 , ! N M-1 Mi1s — Ths L
[0 anawyy ][0 30 Awsy(MR )T
j=1 i=1 j=11=1
using again the Cauchy-Schwarz inequality, we find
N M-1 1 N M-1 1. N M-1 § é 2,1
1= (53 mnmnt (1335 avanet, ) [355 av (B 00y
7j=1 1=1 j=1 =1 7=1 =1
N M-1 ) 1 N M-1 Mirlj — i \2 !
o[ a5 aem (e
Jj=1 i= J=1 i=

Moreover, due to the inequality (a + b)* < 8a* + 8b* and the definition of the fluxes by linear
interpolation, we obtain the following upper bound :

M-1

N
(Z AmAyuH ]) =

j=1 =1

Ll

N M-1 L2
Aabdyzul+ 3 Y Acayzut)”,

M
7j=11=2 ] =1 =1
M

INA
Y /N e
=1
P>
>
~—
£
+
o &
_|._
S
LY
N—
N—"
E L

1
Aszufj) Y

IN
—~

So, from this inequality, we can majorize the first term as follows :

s Il (X s (20
l S |Up|y Phip e Ay Az
213 = Mit1j — Mij \ 2\ 2
+ il (30 32 asay(TH) ).

=1 =1
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71

Proceeding similarly for the second term I, we find :

M N-1

1) < lvﬁ|}lf[lwilf(z;;may(&ﬁ;z 519) )%
(S gy ]

1=1 j=1
Thus, the nonlinear term b, can be bounded as follows :

1 1 N M-1 ; — & 2\ 1
lon(un, o, €1 < |ud|? [I@ili > AmAy(—“—”§+lim 61) )

j=1 i=1
1 N M-1 . o2\ L
+|,¢)’2-L‘EL ( ATAy(nZ+1]A 772]) )2:|
£ T
7=1 =1
M N-1 1
2 1 2 1 §ZJ+1 éz] 2
ol {1421 (3 3 aman(S=0)’)
i=1 j=1
M N-1 Miin — M\ 2\ &
+1 — )y 2
ol (3 3% asta(255 %))} |
i=1 j=1
2 % 2 % Al §z+1_7 &z] %
< Jadl} |1l (303 anay (S5 52))
3j=112=1
1 N M Nid1i — Nij 2 %
2|3 it+1j ij
ol (23 asay(T))
7j=11=1
1 1 M N .. S N
Il (23 asan(£255752)’)’
i=1 j=1
L (o Mij+1 = M5\ 2\ 2
2|3 ij ij
ikl (2 asay(PH)) |
=1 j=1
It is convenient to introduce the following notation :
Dy pon(z,y) = f”l%@iif(z,y)emj,
T
Dynen(@,y) = P (2,9) € Kij.

Considering the above notations, the discrete nonlinear term satisfies :

1 1 1
on(any )| < [k [|9R17 1Den€nls + [¥217 1Dahnl, ]

1 1 1
EAk [l‘P%IZ |Dy sl + [217 1Dy pmnly) -
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Due to the Cauchy-Schwarz inequality :

aiby + azbs + azbs + asby < 4/a? + a% + a2 + a3(/b? + b3 + b3 + b3,

we have :

|6 (an, @r, &)

IA
—
e
>N

Sk SRS
S
b= V]
S o

N—r’

8

>

&)
Sl
>

+
—
e

>N
ol

<
=N
NI

N—

8

>

=
=
&>

N+

[N

(1D2n&hl2 + 1Dapnl? + 1Dy péal? + 1Dyamnl?]”
Thanks to Lemma 4.5 :

1 1
lbr(an, ps €n)l < 2{lunly |lunlly + |vnln llvalln)? enln llonlln + | ¥als |1¥alln)2

1
: [ID:c,hfh'i + |Dgpnl; + | Dypéals + |Dy,h"7h|;21] ’,

and due to the Cauchy-Schwarz inequality a1b; + agbs < \/ a% + a% \/ b% + b% :

1
1

1 1 1
on(an, ns €] < 2 [Junll + lonl?] " [llual} + 1oall2]  [lonlh + lonlz] * [lenllh + 1nll?]

—

2

: [IDac,héh|;21 + | Dz pinls + | Dynénls + IDy,hnthl]
Therefore, we note that :
(D2 h&nl2 +1Dapmnl? + 1Dy pnls + IDyumaly] < 211Enl1E-
Finally :

1 11 1
|br.(un, @n, €5) < 2V21unlE [lunllZ [nlZ lenllZ 1€nlls -

Also, Lemma 4.3 implies :

bh(uh7‘ph’€h)l = ‘~bh(uh>£h’¢h)|7
= |bh(uh’€h’¢h)l,

1 1 1 1
< 2V2 |l [unlly 1€nl7 11€l1E 1l -

Lemma 4.5.
luzl, < 2lunly luall, -
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Proof :
First, we note that :
i1
wfy = uli+ ) (uhy — uky),
k=1
i-1
= u%j + Z (ukt1j — wks) (uk+15 + ukj),
k=1
i—1
< ulj+ ) fukrg]ukens — veg] A fukg)[ure = ug),
k=1
1 i—1
< ufy Z ks [rs — wemrs| + D foaks ||k — ).
k=2 k=1
Then, using the boundary conditions (2.14), we find :
1
uf; = 5 U1 (u1j — uoj), (4.5)

this yields :

M
< > [lukj]lu/cj — up-15| + ks |15 — “kjl]-
k=1

Hence :

M
Ayul; < Ay [|ukj|lukj — up_1j| + Jug|[urs1s — u/cj”-
k=1

Proceeding similarly in the other direction, we get :

N
Awugj < Aivz [|Uillluil — ui—| + |ua]|uas — Uzl|]
=1
So:
M
AzAyuj; < (Ayz [IuijUkj — wg1j] + |uks] w1y — ukjl])
k=1
N
(Al‘z [|Uillluil — wi—1| + || |wigr — Uill])-
=1
Now, summing for s =1,...,M and j = 1,..., N, we obtain :
M N N M
S ety < (535 aofJuslhs - vl + sl - )
i=1 j=1 j=11i=1

M N
(Z > A“”U“z’j”“ij = tij| o+ Juig | [uigs u””)'

=1 j=1
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Using the Cauchy-Schwarz inequality for cach term, like for example :

5°3- Ayt ol

=1 j=1

we find :

<

M N ) M N
Z Z AmAy|u,~j| Z Z AzAy
=1 j=1 =1 j=1

M N

i=1 j=1

Then, we majorize each term as follows :

2
<uz] Uj— 1_1)

ZZA:EA

i=1 j=1

hence the inequality :

M N

Z Z A:BAyuU < 4 luhlh

[2

=1 j=1

(M N

Z Z AzAy

i=1 j=1

ZZA:::A

_11]1

> Z AzAy

i=1 j=0

1
2

M N
S Avayul; < [ZZAwAyruiﬂ

i=1 j=1

=

2
Uiy — Uj—1j
(&)
(uz] Uqj—- 1)2
Ay

-
N

i

A
M=
M=
P>
8
>

Due to the well-known inequality ab < (a? + b%)/2, we have :

M N
Z Z AxAyu?j

i=1 j=1

IN

IA

2|Uh|h [

j=11=0

4 un|p [lunll3 .

The above inequality implies that :

The proof is achieved.

2
Z Z AzAy <uz+1j Yij ) +

u3], < 2unly |lunlly -

(57

(NI

(U'L] Uj— 1])
)

Wi

ol
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5 A priori estimates

In this section, we prove the a priori estimates required for the proof of the stability theorem.
We start by a lemma which contains the properties deduced from the scheme equation (2.21).
Then, we will use the scheme equation (2.13) and this lemma in order to obtain two a priori esti-

. . .- ntl ..
mates : one for the intermediate velocities u, * € W, and one for the new velocities uZH € V.

Lemma 5.1. The second step (2.21) of our finite volume scheme implies :

2

2
+1 n+3 2

T I A R [/ o (5.1)

n+i
Jup ™, < w7 (5.2)

2 n+l
i - (uh ’, uZ“) = 0. (5.3)

h

Proof :

We note that (5.1) is obtained from (5.3) :

1
(5.3) = (u;l1+1 —uZ+2, uZH) =0,
h

n+1l n‘*‘% 2 n+1 =0
:":> uh - uh 9 uh - b)
h

1 1 1 1
n+1 nty  ntl nt3 nts ntl "3 ntl)

n+%
h

112
n+1 n+j

up -y + |uz+l|i =0.

—

Morcover, we also note that (5.2) is obtained from (5.3) :

2 1
53 = o= (G w) |
h

2 i . .
= |upt!|, < uz+2 |ujitt|, due to the Cauchy-Schwarz inequality,
h
1
n+1 n+3
= |up, < |u, .

Finally, we just need to show (5.3). To do so, we replace ¢, by uZ“ in (3.10) :

1 n n4i

“+1 n-+1 _ n+1 n+1

E(uh —u, %, u, = _(thh » Uy )h’
h
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and we reorganize the right-hand side as follows :

M N Ay M N A,
n+1 n+1 _ n+l _  n+l n+1 n+l _  n+l
(Grpp™, wpth), = D> 5 (Pi+1j Pz‘—lj)“ij +>. D 9 (pz‘j+1 Pz‘j~1)'”z'j
i=1 j=1 =1 j=1
N Ay M+1 M-1
- n+1, n+1 n+l, n+1
= 2 D Py = D Pl
j=1 i=2 i=0
N Ap [NA N-1
n+1l, n+1 n+1, n+1
+ 2'2_ Do et = 3Pt |
j=1 =2 j=0
N M
_ ZZ nt1 [ Ay n+l _, nitl +A$ n+l _  ntl
= Dy 5 |%i-17 T %t T o (Vi1 T Vi
j=1l1:i=1
N Ay
_ntl, ntl n+1 n+l _  n+l, ntl n+1, n+1
+ Y 2 ( Pyj o  tPyMi1UMm; ~Poj %15 TP “M+1j)
i=1
M Az
_nt+l, ntl ntl n+l __  nt+l, n+tl n+1, n+1
+ 2_2‘“( Pt + pi L vin T — Pl ot o i) -
i1
Now, using the incompressibility condition (2.19), we find :
g P Y ’
N Ay
n+1 n+1 __ a1l ntl n+1 n+l _ ., n+l, n+l n+1, n+1
(Gappth, up™t), = Z 9 (pu Uo;  tParp1jU%M; —Poj Y15t P uM+1j)
5=1
! Azx
n+1, n+1 n+1l _n+l n+1l, n+1 n+l, n+l
+ Z‘z“"(_pn vl + Pl v = ple ot + PN vl 1)
i=1
and using the boundary conditions (2.20) and (2.29), we have :
N Ay
n-+1 n+1 — _nt+l, ntl n+l, n+l _  n+l, n+l n+l, n+l
(Gupp ™, up™), = Z7< 1j %o; TPum;Um; TP Uiy Yt Pu; “M+1j)
Jj=1
M Az
n+1, n+1 n+1, n+1 n+1, n+1 n+1l, n+l
+ 2_2" (=it ot + pin iy — i ol + PN ol )
1=1
N Ay
_ _ nji—l n+1 n+‘1 n+1
= 2—2 ( 2p1; Fu%j+2pM] FuM+%j>
J:
M Azx
_o,n+1 pn+1 n+1 pn+1
+ D5 ( 2 FyGL 2Py FviN+%>’
1=1
= 0.
Finally, (Gpp?t!, u?*!), =0 and (5.3) is proved.
Y DPp Uy )y p

n+1
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Now, we show the a priori estimates used in the stability section.

Lemma 5.2 (A priori estimates). We have two a priori estimates, one for the intermediate

velocities :
+3 2 2 2
3|, 2 -l 1 14
i Rlo4 w2+ 20At "*2 (1 — (4vAtSE + —5AtSh[l uply + |up llh])
b h h
cAt _1)? 1un_%—u"12
1 I-ﬂ;+1|h+'f1|h o T2 5 5 b,
h
(5.4)
and one for the new velocities :
2
3| Ut — 412 VAt nl 640 112
=12 [t e+ 5 | (1 - (160ALSE + = AtSHluRl: + 4 ])
h
2¢2 At 9 lu——u"12 VAt || n+l
< = (|f+1|h+|ﬁz|h + |y + 5 | w,
4 2 . 2 h
(5.5)
Proof :
We recall the discrete weak formulation (Lemma 3.1) :
n+5
1 n+ u, ?>+u? 3 1 _ _
ouf, o) = v ||, e — =bp(uf, uf, p) + =ba(uf L upt 0p)
At h 2 2 2
h
f'n+1 + £n
( 2 ) ‘Ph)h .
To find the first a priori estimate, for the intermediate velocity, we replace in the above formu-
1
lation ¢, by 2Atuz+2
n+% n 1 1
(u;th2 - u}, 2un+2) = —v ULET—EE, 2Atu2+5 — 3Atbh(u2,u2,uz+5)
h

h

1 fn+1 fTL 1
+ Atbh(u;l“l,uz_l,uzh) + (_ZL_’ 2Atuz+2> )
h

Moreover, we can modify each term as follows :

n+l n+ n+31 n+i nti n+i
(uh ? —up, 2u, 2) = (uh > —up, u, ? —uZ—!—uZ) + (uh P —up,u,
h h
2
_ ”‘*‘% n n|2 n+%
= | —uhh—luhlh Uy .

) .
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1 1 1|2 1 1
(<u2+2 + uj, Atuz+2)) = 2At u7,:+2 — At <(uz+2 — uj, uZ+2)) ,
h h h
n+l
1 1 u, 2 -—-u? 1
—3Atbh(u2,u2,uz+2)+Atbh(u,’l‘_1,ug“1,u;:+2) = 4Atbh(uﬁ,—ﬁ2—ﬁ,uz+2)
n+i
— At[by(uf,uf,u, ?)
— — n+i
= ba(uy w7,
1 1
according to by, (uf, uZ+2 ) “Z+2) = 0 (Lemma 4.3).

So, we have the equality :

2 2
n+i 2 n+3 n+3 n+l n+3i
u, 2 —up| —|uplp+|u, | +2vAL|w, | =vAt{(u, *—uy, u, ?
h h b h,
1
n+l
n Uy g “UZ n+ A n _.n n+% n—-1 _n-1 ”"'%
+ 4Atbh(uh,———2——,uh )-— t[bh(uh,uh,uh )—bh(uh Uy, uy )] (5.6)

-~

Il 111

1 n+3l
+ At (f"+ + £, u, l)h

[\

-~

v
(5.7)

To find the a priori estimate, we need to bound the terms which are in the right handside :
— For the first term :

n+3 n
u —-u 1
I = 2vAt —h—2—h, u:+2 ,
h
un+% —u? +
< WAtk 5 h u;: 2 with Cauchy-Schwarz,
h
’ﬂ+% n 1
h —u, n+3 . . . .
< 2UAtS, 5 h with the inverse inequality (Lemma 4.2),
h
2
n+l 2
1{u, * —u} 1
< 3 h 5 hi 4+ 82AL2S} u:+2 with Young.
h




5 A priori estimates

79

— For the second term :

'n.+§

u —u} n+i
II = 4Atbh(u;§,—h—2—h,uh 2),
1 3 1 3
P TR u'tz _yrl||” 1
< 8fAt|uh|h||uh||g S 5 L ot ‘u2+2 with Lemma 4.4,
h h "
nti
a2 —uf nti . . . .
< 8V2ALS) [u}l, 5 u, ?|| with the inverse inequality (Lemma 4.2),
. h
2
n+3 2
1|u, *>—u} 1 .
< = |- bl 4+ 256At%S? uZ+2 Iu;l‘|,21 with Young,
8 2 i h
2
n+i 2
1|u, *—u} 1 192
< 5|y t| +osearsy e (juk - Jup -
h
— For the third term :
+1 . _ +1
1 = —At[bh(uz,uz,uZ P) — by (up L up w7,
u? —u 1 ntl u? u"_l n+l
- —2At[bh( by ) — b (T, 9],
1
n—1|2 n n—1
< avaar| SN IR AR N R H
h h
with Lemma 4.4,
n+ —
< 2V2AtS, [uf —up 7!, ||u h[|u2|h+|“2 5]
with the inverse inequality (Lemma 4.2),
1 1 +1 _
< QfAtSh[ ~uh + uZ 2 —up” ! } UZ 2 ‘ [|‘12|hﬁ"|“;z1 1|h]’
h h h
n n—% 2 1 "'_% n—1 2 2 @2 "‘*’% [1..n2 n-1|2
< juy —uy, +T6, —uy + 34At°S; ||, |uh|h+|uh ‘h]
h h -
with Young,
n-1|? 2 n—3% 1 ? 2 n+ 2 2 112
< u, — Iu2|h+ 1_6 u, 2 —uz + 34At Sh 2 [lumh-*- Iu;:_ lh]
h h

with (5.1).
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— For the fourth term :

1
IV = At (f"+1+f", u}f*z) ,
h

1
< AL([EH, + IE7) uZ+2 with Cauchy-Schwarz,
h
< aAt([E, +IE7,) n+2 with Poincaré (Lemma 4.1),
h
At || a4l SA
< Eé— u;:+2 + 2 t(|f"+1|h+|f"lh) with Young.

So, due to these previous inequalities we obtain the first a priori estimate :
2

3 un _ 1 2 1 145A¢
o h 5 hi 4 uz+2 + 2UAL uz+2 (1 — (4yAtSh + Sh[IUZIi + IuZ_llfJ)
h " "
At 2 2 n-1? 1 un_% —up! 2
1 +1 T2 b .
< oy (BT I8h) + Jun | +3|1 7
h

To get the second a priori estimate about the new velocities ;:‘H, we apply the same method

except that we replace in the discrete weak formulation (Lemma 3.1) ¢, by 2Atu”le and not

by 2.Z}.tun+2 :

+3 n

'"‘+2 n n+l - u, + u; n+1 n n+1

(uh - up, 2u; . = —v T 2Atuy ——3Atbh(uh,uh,uh )
h

fn+1 + fn
O e

Moreover, if we follow the same way that for the previous estimate, we rewrite each term :

+1 n+tl
(uh 2 —up, 2u"+1)h = 2 (uh 2, uZ“)h (uf, 2up™),
= 2 (upt!, uZ“)h - (uft, Zu;:“)h with (5.3),
= (u;:-’_l — uh, 2u;:+1)h,

laptt = ap? — g2+ w2

2 » “h

L
u +u n+;
bk ouptt = ((uh 2—upt a4 uf ZH)) ;

h
_ n+l n+l _ m_ntl nty . ntl
= ||u} ”h ((uh up, up )+ wy, ug )
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—3Atby, (u}, u}, uZ’H) + Atby (uz_l, uz_l, u’,:H)
n+l __ _.n

— 4Atby, (ug,uh—22ﬂ.,uz+l) — At[by (af, uf, ul ) — by (up L ul L )],

according to by (ul, u}t!, u}t!) =0 (Lemma 4.3).
Hence, the equality obtained from the weak formulation becomes :

! n+1l
o i o+ o v = v (0 ) )

1

=

1 u?tl —u?
—vAt ((u;;“, u2+2)) +4Atby, (uff, A Rt

N / b g 2 »h
11 1
_At[bh(llZallZ,uZ“’”l) _ bh(ux’l’uz—l’u2+l)] + At (fn+l 4 £ u2+1)h,
IT/ 7 o

and we have to bound the terms /-V which are in the right handside.
-- For the first term :

un+1_ n
I = 21/At((—————h 5 uh,uzﬂ)) ,
h

u?t! — u?
< 2uAt hTh ||uZ+IHh with Cauchy-Schwarz,
h
u™t! —un
< WALS, |-h—" HuZ“Hh with the inverse inequality (Lemma 4.2),
h
nt1 nl?
< % h 2_ SRl 4 8 2ARSE ||t |? with Young.
h

- For the second term

1
I = ——uAt((uZ“, uz+z)) ,
h

< vAt ||uz+1||h uz+% with Cauchy-Schwarz,
2
< l/% ||uz+1||i + V—2A—t i uz+% with Young.

(5.8)



82 Stability of a collocated finite volume scheme for the Navier-Stokes equations

- For the third term :

u?tt — un
I11 = 4Atbh(uﬁ,-i-—2—h,ug+1),
1 1
un+1 un 2 un+1 _ un 2
< 8\/_At|uh|h||uh||h b 5 h h 5 Il hHHh with Lemma 4.4,
h h
upt! —u?
< 8V2AtLS, |u?|, |[-B———| [lu?*!||, with the inverse inequality (Lemma 4.2),
hlh. |~ 2 h h
h
1 n+1 _— un 2 2 2
< 3 ——h——z——h +256At25%||uz+1||h|u2|h with Young,
h
2
1|upt! —up 2 @2 +1(12 2 -1)2
< |7 +256A2257 [Jup [ (lwplz + [ui =" [1)
h

— For the fourth term :

IV = —At|ba(u},uf,uit?) - by (uf” L)),

n—1 n—1

u u u —u
_ h h +1 -1 h h +1
- —2At[bh(——§~.--,uh,u;; )+ by (L, TR )]
1 1
2 a® — ut! 2
h h

2

n_ .n-1
42Nt | 2 2uh

with Lemma 4.4,
2\/§At5h |UZ llh ||uh+1||h |uh|h + luhullh]

with the inverse mequahty (Lemma 4.2),

= (o= g7+ 64AESE [[un 7 [1ukfE + [up 7] with Young,

~ For the fifth term :
Vo= At(ft 4, upth),,
At (|, +1£7],) |upt!|, with Cauchy-Schwarz,
alt (lanlh + 1£1,) Huﬁ““h with Poincaré (Lemma 4.1),

2
VAt H Z-{»—].Hh 2C]I'/At (|fn+1|}21 + |fn|i) Wlth Y0ung.

INA

-
|

1 1 1 1
g, [ o+ o 1l

h h

IN

<

IN A

IA

So, due to these previous inequalities we obtain the second a priori estimate :

3|upt! —up uAt 640At
4 2 ’ +|“Z+1|;21 — ||u 2+1”h (1"(16VAtSh+ Shlluhl; + Jup~ l|h>
h
2
2c2 At 1|{u? —up? VAt 1]|?
< 2R (g i) + puplh o+ MR 2|
h
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6 Stability proof

In this last section, we present the proof of the Stability Theorem 3.1 which is stated in Section 3.

First, we show the inequality (3.17) step by step. We know that the inequality is true for n = 0
and n = 1. We suppose that lumi < K4 for all p=0,...,n and we show that 'u,’frllz < K.
The sketch of the proof consists in using the a priori estimate (5.4) in order to show that

1
n+—2‘

u, < Ky, and then, due to (5.2), we have luﬁ“li < Kj4. The hypothesis (3.16) and the

h
recurrence hypothesis imply that

145A¢
1— (4vAtS} + —%mSZ[IUZIi e ) 2

290At

v

(4vAtS? +

1- SiKy)
> L
= 2

Indeed :

1 v
. 2 < mij —
(3.16) = AtS; < min (641/’ 512OK4) ,

290K.
= 4vAtS: < % and %0 4AtS§ <
290K4) < _;_’

1
4)

= AtS} (4u +

14

2 1
= 1-— AtS? <4u+ 90K“> >

14

So, the a priori estimate (5.4) can be rewrite as :
2

n+i 112 1 ]]2 2 1|2
—-u 1 1 cs At 2 1
?. ot h| 4 uz+2 + UAt uZ‘U < 1 (lf;+llh+lfml21) + uz 2
4 2 A 2v A
h ‘
"_% n—1 2
- , 6.1
bt (6.)
h
and then, due to the Poincaré inequality (Lemma 4.1) :
2
n+i 2 2 2
3ju, *—up VALY | n+l AL [ mi12 2 n—
S|l TR — < £ £y u, *
4 D) + |1+ C% uh —= 2w (Ih |h+|h|h)+ h
""% n—1 2
- 6.2
t 3 5 (6.2)
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Using the hypothesis (3.15), the above inequality can be rewritten as follows :

(1+U%§§mﬁ < I, (6.3)
C1
where :
2
nti
1 ntl 1{u, > —up
§n+2 = |u, 2| 4|2 A
n 4 2 ’
h
2
itz = (&, + 1Rlk)-

2v

Now, we can use the following lemma which is proved in [MT98] :

Lemma 6.1. Consider two sequences of number ¥, r* > 0 such that

Q—-a)*<Q+8e 478 VE>1, a <1 and > -1,

then :
k
1+6\* (1+B)k1
k 0
< J
fk 1+,B k {0_{_ 'LfT‘7<'I'V
- \l-a B+ ="
At
Here, we take f =0 and a = —ch , SO
1
At (D At (D 2
€n+§ < (1+ 5_2__) €1+§ + (1 + _V_T) Z.,.]-F%
€1 51 j=2
that means :
n+3 2 143 P oo e
n+l 1ju, *—uj 1+1 1ju, > —u, ci At 2
w3 5 <|w?| +3 5 =D I (6.4)
h h J=2
Then, due to the hypotheses (3.11)-(3.14) :
n+l 1 uZ % - uz ’ 141 1 1+1 1 1+1 2 c%
h
. 1 2
< §K3 + gKg + El—KQ
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Finally, using (5.2), we have shown that luh“]h < K4 for all n =0, ..., N;.

We have proved that (3.17) is satisfied, and now, we want to prove (3.18) and (3.19). In order
to do it, in a first time, we sum for n = 2, ..., Ny the inequality (6.1) obtained due to the a priori
estimate (5.4) and due to the stability theorem hypotheses :

3 e n+ n+i n+ 2 AL N 2 2
3 1
35 ]+ o[ < GBS (g 4 )
16 h 2v
n= n=2
Nt n 2 1 .Nt n 1 2
-3 L -3 n—1
+ Z Uy + 16 z Uy u, i
n=2 n=2

We simplify the above inequality and use the stability theorem hypotheses (3.11)-(3.14), we
write :
1 Nl

e 1 2 1 1
§ O | AR I A RSO (e
n=2
2
< ! fp u, 2 — L T
—= 2w n;('h |h+|hih)+ h 16 h hh
2 2 2
ci At 1+ 1] 142
< 1—Ky+|u,? +I€ u 2 -uy
h
< Ky
At last, we obtain the following inequality :
'n,+2 o
< K;i+ Kj;. (65)

Now, we are able to prove (3.18) and (3.19). The hypothesis (3.16) and the stability theorem
inequality (3.17) imply that

640At 1280At¢

SEIR? + [up ) > 1 (16vAtSE +
1

5"

1 - (16vALSE + SiK4),

Vv

Indeed :

1 v
. <
(3.16) AtS}? < min (64u 5120K4)

1280K. 1
161/AtS,21§211—and 83 LAtS? < <7

1280K4) < l’
v - 2
1280K4) > %

v

AtS; (161/ +

bl

1 — AtS? (161/ +
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So, the a priori estimate (5.5) can be rewrite as :

, At 2¢2 At
s = w2 < 2L )+ o
VAt 1]|?
HERT: iuz up s + 2 u, (6.6)

We sum the above inequality for n =1, ..., Ny and use the hypotheses (3.11)-(3.14), (6.5) :

3 At
_Zlun+1_uh|h+16 Nt+1 ull:rth-*_‘ Nt+1'h g ZH ;Ll+th’

22 At 2 2 2 1 2 vAt & nt1l]?
< L (|m+llh+lfz,h)+}u}z'h+ﬁiu}z_u2‘h+7 u, : )
n=1
4¢? 9 1 .
< %K2+§K3+§K3+K4+K3.

We can conclude that there exists a constant K5 such that :

Ni—1 )

n+1 n
Dot - uify < K,
n=0

INA

N,
vty ||upt],

n=0

Ks.

So, the stability theorem inequalities (3.18) and (3.19) are shown and the proof is completed.
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Abstract : Our aim in this article is to build a collocated finite volume scheme for the in-
compressible Navier-Stokes equations. The main advantage of collocated schemes over staggered
schemes is that all variables share the same location, hence, the possibility to use complex geo-
metries and hierarchical space discretizations more easily. We plan, in the future, to usc this
collocated scheme and the multilevel method of Chapter 4 initially applied to the two dimen-
sional Burgers problem, in order to solve the incompressible Navier-Stokes equations.

An important issue when the velocities and the pressure are computed at the same place, i.e.
at the centers of the control volumes, is that these unknowns must be properly coupled. Conse-
quently, the choice of the time discretization and the method used to interpolate the fluxes at
the edges of the control volumes are essentials. Traditionally, the time discretization used is often
a projection method, see Temam [Tem69] and Chorin [Cho68], so, in a first part, we describe a
collocated scheme using such a projection method. Then, in a second part, we describe a collo-
cated scheme using the new splitting method of Guermond and Shen [GS03a]. Finally, after the
description of these collocated schemes, we compare the numerical results obtained in the case
of a driven cavity.

1 Introduction

We consider the Navier-Stokes equations in their velocity-pressure formulation and the continuity
equation written for an incompressible viscous fluid; € is an open bounded domain in R?, for
our simulations we use a rectangular domain Q = (0, L;) x (0, Ls).

For a given force f = (fy, fv), and we look for the velocity vector u and the pressure p such
that :

%—uAu—i-(u-V)u-i—Vp.—_f in Q x [0, T, (1.1)

div u =0, (1.2)
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where v is the kinematic viscosity and, in space dimension two, u = (u(z,y,t),v(z,y,t)), ¢t > 0.
On the boundary 992 of €2, we impose a Dirichlet no-slip boundary condition :

u o0 =g, (1.3)

where g = (gu, gv) is a given function defined on 9.

Usually, a staggered variable arrangement is prefered to a collocated variable arrangement. In-
deed, the collocated arrangement has long been considered impraticable as collocated schemes
are known to generate a decoupling between the velocities and the pressure. The first successful
collocated finite volume schemes were introduced in 1981 by Hsu [Hsu81], Prakash [Pra81] and
Rhie [Rhi81]. One reason to still study collocated schemes is that staggered schemes become
very complicated for complex geometries [ZSK94]. Moreover, multigrid techniques, which result
in a significant reduction of computing time on fine grids, are also much easier applied to the
collocated arrangement. See [PKS88] for a more detailed comparison between staggered and
collocated schemes. For theoretical aspects of the finite volume methods, see [EGH00].

The purpose of the present paper is to describe two collocated schemes which have different time
discretizations. For each scheme, we will study if there exists a decoupling problem between the
velocities and the pressure. Then, we will comment the numerical results obtained in the case
of a driven cavity.

In the following, the domain 2 is discretized by rectangular finite volumes of same dimensions
AzAy with MAz = Ly and NAy = Ly (M, N are given integers). Hence, we have M N volumes
which are defined (see Figure 1.1) by :

(Kij = [ﬂ?i—%aa?w%] X [yj—%’yﬂ%])i:l M,j=1,..,N’

where

=1Az for1=0,...,M,
=jAyfor j=0,...,N.

Titd

Yj+l

The edges of the control volumes are defined by :

Tip1;= {(:v,y) T =1,y € [yj_%,yﬂ%]} fori=0,...,M,
Fij+% = {(‘Tay) ; T € [zi—%axi-}.%]ay = yj+é7} forj=0,...,N.
When a collocated method is used, all the unknowns, i.e. the velocities and the pressure, are

defined at the center of the cells. Hence, for 1 = 1,..., M and 7 = 1,...,; N, the unknowns are
meant to be approximations of the cell averages :
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F1G. 1.1 — Collocated mesh.

® 1 /I"*% /y’*% (z,,t) dzdy  for the velocit (1.4)
u;; ~ u or .
y rcdy ), . ), z,y,t) dzdy e velocity,
i3 -3
1 T4 1 Y., 1
pij(t) =~ / w/ﬁ7 p(z,y,t) dzdy for the pressure. (1.5)
AzAy z_y Ju

Furthermore, as they occur in the schemes, in the nonlinear term for example, we also define
the velocity fluxes :

1 (Y41l

F, i+%j(t) ~ ZZ/y e u(a:i+%,y,t) dy for the horizontal fluxes, ¢ =0,...,M, (1.6)
i-%

. 1 Tivd

“j+%(t) =~ AT L v(z, yj+%,t) dz for the vertical fluxes, j =0, ..., V. (1.7)

However, the velocity fluxes are not considered as independant unknowns : they will be compu-
ted either directly or by interpolation from the above cell centered unknowns (1.4), (1.5).

Finally, concerning the time discretization of the problem (1.1)-(1.3), let 7" > 0 be fixed, and
let the time step be At = T /N; where N; is an integer. For £ = 0, ..., N;, we define u® as the
approximate value of u at the time ¢, = kAt. In the following we will use a time finite diffe-
rence schemes to approximate the time derivative; we will not use a space-time finite volume
discretization but a space finite volume discretization with a time finite difference scheme. A
consequence of this choice is that implicit time discretizations for the diffusive terms can be
considered.
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In the next section, we describe the collocated scheme using the projection method of Van Kan
[VK86]. In the third section, we present the scheme using the new splitting method of Guermond
and Shen [GS03a]. Then, in the last section we present the numerical results obtained with these
schemes and give some comments.

2 A collocated finite volume scheme with a projection method
for the time discretization

2.1 Time discretization

The concept of projection methods was introduced by [Cho68] and [Tem69] in the late 60s. Then,
several projection methods have been elaborated, see [KM85], [MT98], [She96] and [GSO03b)]
producing in general schemes of order two in time. In this section, we consider for simplicity the
projection method of Van Kan [VK86]; we will study later on the improvements resulting from
more recent projection methods.

We start from a Crank-Nicholson scheme for the linear part and an Adams-Bashforth scheme
for the nonlinear part, that is :

( un+1 —u® un+1 +un
L ,,A(___
At 2

< un—{—l

n+1+pn) B fn+1 +f°

)+B(u”,u”"1)+V(p 5 5

aQ_g’

| div unt! =0,

where B (u*,u""1) = §(u”.V)u” - -;—(u”_l.V)u”‘l.

Combining this with the projection scheme we obtain :

A

[ u™ts — ut <un+.%+un
2 7 22

2 ) + B (u”,u"‘l) + Vp" =

1
| 7 = —-EVép"‘H where fp"t1 = pntl — pn,

| div u"t! = 0,

(2.3)

where u™ % is called the intermediate velocity.
Moreover, from (2.2) and (2.3), we deduce the following system used to compute the pressure :

2
Asp™H! = 2 diy unt3,
At
(2.4)

85p"’+1
on 0.
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The algorithm starts by computing the intermediate velocities with (2.2). Then, in a second step,
the projection step, we compute the pressure with (2.4). The new velocities are derived from
(2.3). Conscquently, the computations of the velocity and the pressure are decoupled. As the
nonlinear terms are made explicit, at each time step, we only have to solve a set of Helmholtz-
type equations for the velocity and a scalar Poisson equation with Neumann boundary condition
for the pressure. Another advantage of this method is that the incompressibility condition is sa-
tisfied with the computer accuracy.

2.2 Finite volume discretization

Now, we describe the collocated finite volume implementation of the previous time discretization.
As usual in a finite volume context, we integrate the equations on each control volume K;; for
1=1,..M,5=1,..,N, and we find :

— For the time derivative term in (2.2) :

un+% —u" un‘*»é —u
— dzdy ~ AzAy—2 Y
/mj At Y N

— For the Laplacian operator used with the velocities in (2.2) and with the pressure variation
in (2.4) :

/ Audzdy = / ?EdF,
K;j K on

Wit1s — Wis W17 — Uj W41 — Uj5 Ui — U
A i+17 1 +Ay 1—1j 17 + Az 17+ 1J + Az i ]

- Az Az Ay Ay ’
0pi+1j — ODij dpi—1; — Opi; 0pij 1 — 6pij
dy ~ A j iy A j iy AgoPi j
/Kij A bp dzdy e VA + VT As + :c—-—————Ay
dpij—1 — Opij
+ Arp—F———z
Ay

— For the pressure gradient used in (2.2) and (2.3) :

Phg
Vpdxdy = / ( ) dr,
Kij oK;; \ Py

Ay
9 (Pi+1j - pi—lj)
Az
9 (pij+1 - pij—l)

R

using a linear interpolation for the pressure at the edges.
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— For the nonlinear term in

Js

(u.V)u dzdy

ij

R

(2.2) :

Jo

]

0z (u?) + 8y (vu)

(
9z (uv) + 8,(v?) ) dzdy,

/ ( (u?)ng + (vu)ny ) T
ok, \ (W)ng + (v¥)ny ’
Uit1j + Uiy Uij + Ui-1j
AyF, i+35 9 AYF, ;1 9
Vit1j + Vij Vij + Vi-1j
AyF, 15 g - AyF,; 1; _.2_.’__~
Uij+1 + Uij Uij + Uij—1
+AZF, 501 —e— — AzF, ;1 ————
Vij+1 + Uiy Vi; + Vi1 ’

using again a linear interpolation for the velocities at the edges.
— For the divergence term in (2.4) :

div u dzdy
K;j

/ u-ndl,
BK,-J-

Ay (F F

witzi ui—%j) + A‘”(Fu ij+1

— 5 if—%)] '

In the above equations, the boundary conditions are not taken into account. The Dirichlet
boundary condition for the intermediate velocity u®*2 in (2.2) means that fori =1,..., M and

j=1,...,N, we have :

1 1 1 1
nty n+3 e nty | mt; —utt?
Upr 15— Upgj Bm+il; — Unmj Ui © —Uy; Bl; — Wy

Ay————" = Dy—x—— Dy——% = Ay,
T T
2 2
1 1
n+3 nty . _y"t2 n+l  ntl Tt
A Uni1 — Wn - A Bin+) ~ Win Agpio ~ T Ui A il — U
z Ay = Az Ay ) z Ay = Az x , (2.5)
2 2

BMm+ij

BiN+1j

and g, 1; are given by :

1 [Y%+

K‘/J %Q(Lhy) dy,
vy,

1 Tivd

—_ Ly) d

as ) ot de

1 [Y+}
= 0,9) dy,
g1, Ay/y,,g( y) dy

2

1 Ziv}
8ilj = -A—I/x 1 9(z,0) dz.
7

It is well known that when we use finite volumes with Dirichlet boundary conditions, we consider
the edges which determine the frontier of the domain as control volumes.
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Moreover, the Neumann boundary condition for the pressure variation dp™*! in (2.4) means
that :

Ayap’;ﬁu—ép"“ Y Ayap"“ i
Ax o Az o
(sp’nﬁ—il 5pn+1 (SpTH-l 6pn+1
2 — —_
Az Ay = 0, Az Y = 0. (2.6)

When Neumann boundary conditions are required in a finite volume context, we introduce vir-
tual control volumes outside the domain.

Remark 2.1. In (2.2), the terms P p’,@ﬂj, pio and piy . ; occur in the gradient of the pressure,
but they are not given by the boundary conditions. Indeed, the Neumann boundary condition
is for §p and not for p. Consequently, we use a second order compact scheme [Lel92] to compute
them :

5 1 5 1
Po; = 57’713' — 2p3; + §p§j, P41 = §P7X4j — 2phy_qj t+ ip%_zj,
5 1 5 1
Pio = 51’?1 — 2pis + 51’?3; PiNy1 = EP?N —2piny_q1 + 510?1\/—2- (2.7)

Finally, the three steps of the method are the following :

. . . o\ 1 1 1
(i) We compute the intermediate velocities u"*2 = (u"*2,9"*2) from :

S e BT SR S Ve SR e
j Wy v +15 ~ Uiy i—15 ~ Wiy ij+1 ~ Yij
AxAy—”——-—U - = [Ayi———-————- + Ay + Az
At 2 Az Az Ay
n+3 nt3 n
+ Aot Y% ya Y Yy Ayui_lJA L4 Ag—H—Y 4 Ag “”}
y T Y
3 n i+l + Uij n ;nJ + u?‘lJ n u%‘H + U'Z?
+ 5 AyF'u. 1.+;] ) AyFui—%] 2 +A$Fv 1,]—{»1 5
1 n—1 n—1 n—1
— AzF™. Uij + Uij—1 1 n—1 u?+11 + U Fn-l1 Uyg Uiy
vij—3 2 2 uitd; 2 Yy io1; 2
u® 1 + un—l n—1 + un—l
1 ij+1 ij n-1 ij ij—1 Y(. n
+ Aa;Fnz i+l 5 Ava ij—1 9 + B (Pz‘+1] p; 1_7)
+1
= Aa:Ayfg” +f31]

(2.8)
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n+i . n+2 n+i n+l  n+l n+l n+i
j 0 T Ui v 15 — Yij Vi—1j — Yij YVii+1 — Yy
AzA ij A Yit1j J A J I 4 AgY J
TRV > [ VAT TV A T Ay
Tl+é TL+%‘ n n n
-, - ™ — vk v v
Az 17—1 17 A 2+1j ] + A 1—1j 1] + A 17+1 1] A 1j—1 1]
+ Ay TVTA A Ay T Ay
3 no Uikt no VG tUly no Va1t
+ AyF witls ———Z———AyFui_%j ———7———+Aszij+; 5
. " 1 n—1 -1 -1
— AzF™ ';’; + ’U%""l —Z]1A Fn— H‘l.? + ’Uz] — A n-1 U;:r.; + 'U?‘ 1y
vij—% 9 4 uitij 2 Y i3] 2

+'v" ! D Az
1 +1 -1 -1 .
v aarml SR e TR B )

fort 4 1

= AoAy=ti Y, (2.9)
using the boundary conditions (2.5) and Remark 2.1.
(i4) We compute the pressure variation ép™*! from :
+1 +1 +1 +1 +1 +1 +1 1
Ay Opiv; — 0Py + Ay Opi"1; — 0Pl + Az OPi1 — 0P + Az Op 1 = omly
Az Az Ay Ay
2 n+3 n+2 n+2 n+i
_ E[Ay(FuH%] ~F )+Az( o —Fvij_%) , (2.10)
using the boundary conditions (2.6).
(1)) We compute the new velocities u"*! and the new fluxes F?*! and F"*+! from :
+1 Ay 1 +1
S A sl oo R oA
Aa:Ay—r = -3 Az: (2.11)
1 1
(51”?111 - ‘Sp?jt1)
n+l n+é—
witlj F i+1j 1 5P?:111 — op;!

At ) Az ’ (2.12)

n+l n+t3g
Fv ij+a Fv ij+1 1 5p%—:.11 dpn—H
At - T2 Ay ’ (2.13)

using the boundary conditions (2.6).
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In the above algorithm, using the first step we know the intermediate velocities u"t: at the
center of the cells. However, in the second and third steps, we need to know the intermediate

1 1
velocity fluxes F5'+2 and F, +2, hence, these fluxes must be interpolated from the values of the
intermediate velocities at the center of the cells. As this interpolation is crucial, we devote the
next subsection to explain how we compute the fluxes.

2.3 Computation of the intermediate fluxes

The way used to interpolate the intermediate fluxes is essential because it determines the cou-
pling between the velocity and the pressure. The simplest method to compute the intermediate
fluxes is to use a linear interpolation :

n+1 —;-
ntl o Uipry Tty (2.14)
witsj 2 ’ )
ntz | nt;
n+y _ Vijy1 T (2.15)
vij+y 2 ' '

Unfortunately, this simple interpolation does not work when we reduce the viscosity v because
the pressure and the veloc1t1es are not sufficiently coupled. Let us explain what does this mean.
First, if we consider that u™ts is known, then, from (2.8), we obtain :

Az n+2
Ay 1.]+1

..',.

-1
nt} (Amy Ay Am) [Amy n [Ay niy By ned
1] 2

i - = \TAar YAz TVhy Ar Wit g | aglen T A M-

Az nil Uiy T U U g U Ui — Uy U~ U
—u,; A I B A I Wy Ap-9tL W AL Y
tORGUL AT A TRV A H AT T AT

B g[Ayﬁﬁﬂéj‘ﬁi%tg_ AyF:%%jE—jéi*ﬂ-FAszyw.jlﬂétgﬁ
+ A‘DF” 1+2 J%E—AzF:;jl_% n_l-;il}_] _}_AmAysz;;l;'"f;lu
- (A B) A o) o

Now, considering only the last term in the right hand side of the above equation, the contribution
of the pressure in the horizontal fluxes computed with the linear interpolation (2.14) is :

B (Aa:Ay Ay A:c) Ay

n
At TVAz VA 4(“+%*“%HJ P~ pls).

l+2 _Fn+2 )
uz——]

This implies that in the right hand side of (2.10), the pressure contribution to (F

is iy — 2pj; + pi_oj- This contribution shows that the pressure terms p7',,; and pz_lj do not
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play any role in the divergence of the intermediate velocity i.e. the velocity and the pressure
are decoupled. Such an interpolation leads to incorrect numerical results when we increase the
Reynolds number.

We have by passed this difficulty using an approach proposed in [Pat80], [PKS88]. We have
modified the interpolation method for the intermediate fluxes. Let us now describe how we
compute the horizontal fluxes (and the same method is used for the vertical fluxes) :

na 1 AzAy Ay Az A:cAy vIAy nt+i Ay nil Az n+1
= (e ge) [ Bav Rt gt S04

n — noo no— n —
n Azufz;{b%+Ayui+1j ul] +Ayuz-—13 uz] +A$uz]+1 U'L] +A$u1]—l uzg
Y

Ay -1 Az Az Ay A
E S <tk BN S Rk o N S 2 ke
- E Y ui+%j 2 y uz——] 2 z vz]+ 2
ul + ug 1 +ul ! w4l
_ n ¥ 17—1 2+ n—1 1+1] _ n—1 3] 1i—1y
Ava 1’]__% 2 J + 2 [AyFu ‘l—f—é—_’) - 2 - AyPu 1__] _2
n—1 n—1 n—1 n—1 n+1
N e - R Ny S i B 2 BN\ Juwg ¥ fuss
URYEL 2 vij—5 2 2
+37
-1
AzAy Ay Az
- < Ar TVAL TV Ay Ay(P?Hj—p?j), (2.17)
Q415 + 0

where the angle brackets stand for a linear interpolation : {(as;); +15 =

As for the linear interpolation (2.14), we study the pressure contribution in the horizontal fluxes
computed with this new interpolation (2.17), and we find :

AzAy Ay Az\ !
“( At +”A—x+"&;) Ay (pi; =75

1
n+s )
] ui-—%j

This implies that in the right hand side of (2.10), the pressure contribution in (F +
is pi'y1; — 2pf; + pi; i.e. the pressure and the velocity are well-coupled.

It is also important to note that the above interpolation does not increase the cost of the si-
mulation as we do not have to solve a new linear system in order to obtain the intermediate fluxes.

3 Collocated finite volumes scheme with a splitting method for
the time discretization

In their article [GS03a], Guermond and Shen introduce a new class of splitting schemes for
incompressible flows, called consistent splitting schemes. Like for the projection scheme described
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in the previous section, these new schemes only require to solve a set of Helmholtz-type equations
for the velocity and a Poisson equation for the pressure. Moreover, the preliminary analysis
and the numerical experiments realized by the authors have shown that the consistent splitting
schemes are unconditionally stable and yield full order accuracy for the velocity and the pressure
in both the L2- and H'-norms. For all these reasons, it seems interesting to study if it is possible
to use their scheme with a collocated space discretization.

The scheme used here is the second-order consistent splitting scheme tested in [GS03a].

3.1 Time discretization

First, let us quickly recall how this second-order consistent splitting scheme is built.

We start by choosing a time discretization for (1.1) :

3un+1 —4q" + un—l

2AL —vAutt 4 B(ut u ) + 2Vp" - vpt Tt = £ (3.)

where B(u",u""1) = ([2u" — Y. V) [2u” — u"~1]. From this scheme, we will be able to

compute the new velocity u™*1.

Then, to obtain the pressure, we take the divergence of (1.1) and use the incompressibility

condition ; we find :
Ap = div (f+ vAu — (u.V)u). (3.2)

The time discretization for the above equation is :
Ap™tt = div (f"+1 +vAu™t! — E(u",u“"l)) . (3.3)

Following [GS03a], we replace in (3.3) A by —V x Vx. In this way, the accuracy of our splitting
scheme will be improved [GS03a}, and we obtain :

AP = div (fn+1 UV XV x utt! — B(un,un—l)) . (3.4)

Using the following identity in (3.1) :
Au"t! = Vdiv u™! -V x V x u™t (3.5)

we obtain :

PV x V x u™t - ﬁ(u",u“"l)
n+1l _ n n—1
= 3u 24:t tu — vVdiv u™t! 4 2vp" — vp' L. (3.6)

Inserting the previous equation in (3.4), we obtain :

3un+1 — 4u" + un~—1
2At

Aptt = dw( — UV div un+1+2w"—v”"—1)’

(3.7)
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Hence :

—4u™ +u!
2At ’

n+l __ n n—1 : n+1 _ : Junt!
A (p 2p" 4+ p" ! +vdivu™tt) = div
(3.8)

In summary, the time discretization obtained by following the method of Guermond and Shen
[GS03a], consists in computing the velocity u™*! with the following equation corresponding to

(3.1) :
( 3un+1 — 4" +~un—1

2At —vAutt 4 B(ut,utt) +2Vp" - Vpil = fr
{  where B(u", u" ) = ([211" —u"l. V) [2u™ — u"Y], (3.9)
n+1 —
(" |an &

and then to compute the pressure p™*! from :

3u™*t! — 4u™ + u"!
n+l _ .
DY div < SAZ ) )
(3.10)
awn-}—l
On 0
pn+1 — ¢n+1 + 2pn — p"‘l — vdiv u"+1. (311)

The main advantage of this splitting scheme is that it is no longer plagued by the artificial
Neumann boundary condition of p"*+! (see (2.4)).

3.2 Finite volume discretization

To derive the collocated finite volume discretization associated with this time discretization, we
integrate the equations (3.9),(3.10) and (3.11) on each control volume Kj;;. In doing so, we keep
the notations used in the previous section and also the method used to integrate each term.
Concerning the boundary conditions, we have a Dirichlet boundary condition for u™*! :

+1 +1
A u%—:lg - uTI\L/}{;l - A gM+;J uX/IJ A ug]+l u1111+1 —A gl - u7llJ
2 2
u?;+1 — W . gzN+ 1 ;N " —u . gzl 11
Az Ay = Az % , A:v——Ay—-— = ACE——A_—Q_—’ (3.12)
. 2 2
and a Neumann boundary condition for 4™+ :
wx/ﬁ:lj ,l/)TH-l _ o A ,l/)n+l ¢n+1 o
Az ’ y Az ’
n+l n+1 n+1 n+1
Aa;d”N“ Yiv 0, Agt —Val (3.13)

Ay Ay
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Finally, the two steps of the algorithm are the following ones :

(i) We compute the new velocities u™*! = (u™*1,9"*1) from :

3u™t! — qun + u™ ! urtl — gntl "_*'1‘ — unt!
Aohy— it —v| Ay s “——Az YAy e
Ay
n+l _ _ n+l n+l _ . n+l __.( oo _pt )
n Axuij+1 u;; +A$uij~l u;; } 49 9 \Pi+1; = Pi-1j
A A Az
Y Y n
2 (pij+1 pz] 1)

- A +B (u", u“_l)ij = AxAy fi?+_1v (3.14)

where :
L n—1
/A 2F™ __Fnl Z-HJ—*_'UJ Tu \
R 1 Y u1,+2] uz+2] 2 2
B(u®,u" )., = - ot
( )1_) A 2Fn e 1+1_7+U ~ 111‘17_’_,071 1
\ Yy uz+2j ui+%] 2 2 ]
- L
/ I 11 +u +ug )
n n—1 i—1j U;— 1]
Ay 12E By 1P 2 ]
N i [ +v L4 ont
n _ m~—1 i—1j _ 1 1]
- - T n—1 n—1
( Az |2Fn _ gn—1 u?j+1 +“% Uijpr + Ui \
. ] vij+y vijts | 2 2
r - i v + v _+_ ,Un 1
n _ n—1 ij+1 1 zJ+l
\ Az -2Fv zj+% Fv ij+%J 2 2 :l )
- T n n 1 n 1
( Az |2Fn  —Frol | 22 R T i )
vij—3 vij—3 | 2 2
B [ 1 o +on +v
n _ n-1 1j—1 1j 1
K Az -2Fv i Fv st 2 5 5 } )

Near the boundary, we use (3.12) and Remark 2.1.
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(ii) To compute the pressure p"*t!, we first compute 3" *! from :

A Vi v LA Yy -t N Am?ﬁ,’-}iﬁ Pt Az#}?fiﬁ —
YAz Y Az Ay Ay
- 1 n+1 n n—1 n+1 n n—1
s [Ay[(3Fui SAED L EIL ) - GRS - aFr L E )
+1 1 +1 -1
+ Am[( BFIL —AFy + FIEL ) - BFIEL, — 4T Ffij*%)]}, (3.15)

using the boundary conditions (3.13).
Then, we easily obtain the pressure :

ntl _ n+l n_.n-1_ _V n+l  _ pntl n+l  _ pm+l
Py = Y+ Py AmAy[Ay(Fﬂi""%j Fui )+A$(F i+ sz’j—%)}'

By contrast with the projection method described in Section 2, it is not necessary to modify
the fluxes, and it is enough to linearly interpolate the fluxes F?*! and F*! needed when we
compute the pressure and the nonlinear term.

Consequently, this method seems simpler than the previous projection method. However, we will
see in the next section that there are some small spatial oscillations for the pressure appearing
in our calculations. Though these oscillations do not lead to incorrect numerical results, it is
desirable to remove them disappear; we intend to solve this problem in a future work.

4 Numerical results

This section presents the numerical results obtained in the standard case of the driven cavity
problem, in which the fluid is enclosed in a unit square box, with an imposed constant velocity in
the horizontal direction on the top (driven) boundary, and a no-slip condition on the remaining
walls. At the end of the section, we give some concluding remarks.

The driven cavity problem

In the following, we call the scheme using the projection method “PMFV” and the scheme using
the splitting method of Guermond and Shen “GSFV”. The driven boundary conditions are given
by :

(1,00 fori=1,.,M, gy =(0,0) fori=1,.,M,
= (0,0) forj=1,..,N, B1; = (0,0) forj=1,..,N.

Bin+1

BMm+1j
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First, in order to validate our schemes, we compare the velocity profiles of “PMFV” and “GSFV”
with the velocity profiles of Ghia [GGS82]. Figure 4.1 shows the u-velocity along the vertical
line passing through the center and the v-velocity along the horizontal line passing through the
center. The computations have been done for several Reynolds numbers, Re = 100, 1000, 3200
and 5000, with 128 x 128 control volumes. The velocity profiles of the schemes “PMFV” and
“GSFV” are similar to the results of Ghia.

Horizontal velocity profiles

Horizontal velocity profiles

09 =) 09t .
08} - o8} m
[ 04 3 - (R4 o
08 ~ osH <
>051 - >05 .
04} ~ 04 -
wal e GHIARe-100 s e GHIA Re=100
' PMFV Re=100 — GSFV Re=100
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Then, on the next figures, we have drawn the contours of the vorticity, streamfunction and
pressure for each scheme. Figure 4.2 to Figure 4.5 show these contours for a Reynolds number
respectively equal to 100, 1000, 3200 and 5000. As we can see, the results obtained for the two
schemes are similar than these in [GGS82]. However, it is possible to see some small oscillations
on the pressure when the scheme ” GSFV” is used. They are still present when we decrease the
space step but they do not increase when the Reynolds number increase. These oscillations do
not disturb the numerical results but it would be desirable to avoid them. In a future work we
will see if with some different interpolations of the fluxes could cancel these oscillations. Indeed,
we believe that, these oscillations are due to a small decoupling between the pressure and the
velocity due to the linear interpolation of the fluxes.
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Vorticity of PMFV

Vorticity of GSFV
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F1G. 4.2 — Vorticity,

streamfunction and pressure contours for Re = 100.
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F1G. 4.3 — Vorticity, streamfunction and pressure contours for Re = 1000.
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Vorticity of PMFV Vorticity of GSFV

Fi1G. 4.4 - Vorticity, streamfunction and pressure contours for Re = 3200.
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Vorticity of PMFV Vorticity of GSFV

Pressure

of GSFV

F1G. 4.5 — Vorticity, streamfunction and pressure contours for Re = 5000.
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Finally, Figure 4.6 shows the divergence of the velocities i.e. how the incompressibility condition
is satisfied. The divergence is of the order of 10718 for the scheme “PMFV” and of order 10~1°
for the scheme “GSFV”. We are not surprised by this results as it is well-known that for a
projection method, the divergence is equal to the computer accuracy, but this is not the case
for a splitting method.

We have also observed that this difference between the divergences of the velocity is independent
of the Reynolds number.

Though the divergence of the velocities is not of the order of the computer accuracy for the
scheme “GSFV”, since it is smaller than the scheme error (i.e. O(Az? + Ay?) and O(At?)), it
is therefore acceptable.

Incompressibility of PMFV 10 Incompressibility of GSFV

F1G. 4.6 — Incompressibilty for Re = 5000.

Concluding remarks

We have presented in this paper two collocated finite volume schemes for incompressible flows.
We have seen that the choice of the time discretization is essential and determines the method
used to interpolate the fluxes. The numerical results obtained with the scheme using a projection
method are correct. The numerical results obtained by the splitting method are also correct but
we have noticed some small oscillations on the pressure. We believe that these oscillations are
due to a small decoupling between the pressure and the velocities. Consequently, it should be
interesting to try more elaborate interpolation methods in order to compute the velocity fluxes.
By this way, we hope to obtain a better coupling between the velocities and the pressure for
this scheme, and thus, to fully benefit from the accuracy advantages of the splitting method of
Guermond and Shen.
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Abstract : This article is intended as a preliminary report on the implementation of a finite
volume multilevel scheme for the discretization of the incompressible Navier-Stokes equations.
As is well known the use of staggered grids ( e.g. MAC grids, [PKS88]) is a serious impediment
for the implementation of multilevel schemes in the context of finite differences. This difficulty
is circumvented here by the use of a collocated finite volume discretization ([FT03], [PKS88]),
for which the algebra of multilevel methods is much simpler than in the context of MAC type
finite differences.

The general ideas and the numerical simulations are presented in this article in the simplified
context of a two-dimensional Burgers equations; the two and three dimensional Navier-Stokes
equations introducing new difficulties related to the incompressibility condition and the time
discretization, will be considered elsewhere (see also [FT03]).

1 Introduction

Multilevel numerical methods are necessary to accurately describe and simulate phenomena
involving a large number of scales, such as turbulence phenomena or the equations of nonhomo-
geneous solids. Thanks to the increase of the power of computers in terms of memory capacity
and calculation speed, such methods are becoming accessible and more attention is now devoted
to them. See e.g. the Encyclopedia of Computational Mechanics [SBH], and, in the mathemati-
cal literature, the new journal Multiscale Modeling and Simulation [Hou]. This article is aimed
at exploring the implementation of multilevel methods for finite volume discretizations of the
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Navier-Stokes equations.

Incremental Unknowns (IUs) were introduced in [Tem90] as a mean to approximate inertial
manifolds and define multilevel schemes in a finite difference context. Several articles have been
devoted to finite difference IUs. For elliptic or simple parabolic problems, see e.g. [Che98], [CT91],
[DJT99], [Tem94], [Tem96] and, [CDLI8], [CDGTO1], [LZ03], in the context of finite element
discretizations, pseudo spectral methods and wavelets. .
For the incompressible Navier-Stokes equations, the recommended use of a staggered grid ren-
ders rather involved the algebra of incremental unknowns although this is not out of reach, see
[Gar00]. Indeed, when we want to solve the incompressible Navier-Stokes equations with finite
difference methods, we usually use a MAC scheme [HW65] or another similar scheme using
staggered grids : the pressure is defined at the center and the velocities at the mid-edges of the
cells. This implies that we have to define two kinds of IUs, one for the pressure and one for the
velocities, thus significantly increasing the amount of implementation work.

To circumvent this difficulty a different approach is proposed in this article : classical finite dif-
ferences are replaced by collocated finite volume discretizations which are classically used in the
literature (see e.g. [LL94a], [LL94b], [PKS88], [SCV93] and, [RT03], in the context of geophysical
fluid dynamics). For collocated finite volume discretizations, the pressure variable as well as the
components of the velocity are defined at the center of the cell (called the control volume in
the finite volume literature, see e.g. [EGHO00]), thus simplifying the implementation of multilevel
finite difference methods.

In this preliminary report, we restrict ourselves to the multilevel discretization of the two-
dimensional Burgers equations. For the Navier-Stokes equations, additional difficulties occur
which will be considered elsewhere, namely the handling of the pressure and the time discretiza-
tion. We intend to address this question using the projection method [Cho68], [Tem69], [VK86],
and the tools considered in [FT03].

Note also that a two-level method is described in this article; however the implementation of
a multilevel method by repeating the procedure described here would not raise any major new
problem from the theoretical or implementation points of view.

Let Q be a bounded domain of R?> with boundary 9. We consider, as a model of nonlinear
evolution equation, the two-dimensional Burgers problem. These equations can be interpreted
as a simplified formulation of the incompressible Navier-Stokes equations for which the pressure
gradient is provided. They constitute a model of viscous flows which incorporates the diffusive
viscous terms and the nonlinear convection processes but the pressure gradient terms and the
incompressibility condition are removed. We use these equations as a model for the development
of algorithms for the Navier-Stokes equations. The problem studied is the following :

du—vAu+(u-Vi)u=£f inQx][0,T],
u=g on 0, (1.2)

| — . Q .
ult:O u, inQ, (1.3)

where u = (u(z1,z2,t),v(z1,22,t)) is the (unknown) velocity, and f(z1,z2,t), g(z1,%2,t), and
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ug(z1,z2) are given; we will also denote by x = (z1,x2) a point in .

The concept of Incremental Unknowns consists in decomposing the unknown u in several com-
ponents, that is, for two levels, the large scale component y and the small scale component z,
u = y +z. By comparison with a partial differential equation, the introduction of this decompo-
sition yields a number of new schemes by combining time explicit/implicit discretizations for y
and z. In the following and for the sake of simplicity, the nonlinear term will be always computed
with time explicit schemes ; therefore, we will concentrate our discussion on the choice of explicit
vs implicit discretizations for the y and z components of the linear term.

The basic observation here is that the CFL stability condition leads to a smaller time step being
required on the fine grid than on the coarse grid. Our proposed methods consist in using an
explicit scheme on the coarse grid and an implicit method on the fine grid. More precisely we
will use a time explicit scheme for the large scales y while freezing the small scales z, say for
I time steps. Then, from time to time, we compute the whole solution u on the fine grid, for
say for I time steps; in this case, we use a time implicit scheme which is always stable (in the
nonlinear case), and therefore there is no restriction on the time step for these steps. The general
aim is, as much as possible, to obtain an accuracy close to that of the fine grid, with a com-
putational cost close to that of the coarse grid. In fact, and as indicated above, we choose here
to always compute the nonlinear terms with an explicit scheme, so that the previous comments
only apply to the linear (diffusive) parts. Hence there is here further flexibility in the algorithm,
whose study is left to future work. Also as indicated above, we only develop in this article a
two level scheme ; however the methodology easily extends to a multilevel strategy which would
compound the savings in computing time.

From the theoretical point of view, we discuss the stability condition of our scheme in the linear
case, leaving discussion for the whole equation for future work.

From the implementation point of view, the issue is to properly choose I and I; and the strategy
to alternate integrations on the coarse and fine grids. As we said, a thorough discussion is left for
future work ; see however [DJT99] for various implementations of this approach, and [Tem96]
for a simplified description and numerical analysis. As shown in [Pou98], the error produced
by freezing the small scales can be controlled ; furthermore, it is not necessary to freeze the =
component while advancing the y component, and some simplified advancement procedures for
z can produce a good improvement [Pou98].

In Section 2, we set the notations used for the meshes and the unknowns. Section 3 is devoted
to the definition of the Finite Volume Incremental Unknowns (FVIU). Then, in Section 4, we
describe the multilevel algorithm and the numerical schemes. Finally, in Section 5, we present
the numerical results.

2 Notations

For simplicity, we consider a rectangular domain = (0, L;) x (0, L2) which is discretized by two
levels of rectangular finite volume meshes as shown in Figure 2.1. The control volumes for the
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fine mesh M; have all the same dimension : Az; x Az with 3N, Az, = L, 3N, Azy = Lo,
where Nz, N;, are given integers; there are thus 9N, N, volume controls corresponding to the
fine mesh. The proposed control volumes for the coarse mesh Mg have dimension : 3Az; x 3Az;.
These two meshes are clearly two admissible finite volume meshes in the sense of [EGH00].

%:[;]oooo

ﬁoooooo

ﬁouooocvooo
j@c@oo@oo@]o
ﬁooooooooo
‘#0000 |0|0|e|0]e
j@o@oo@ac@o
B

F1G. 2.1 - Space discretization with two meshes : the e are the centers of the control volumes
of the fine mesh M; and the [J are the centers of the control volumes of the coarse mesh Mj.

Remark 2.1. Traditionally, for example in a finite difference context (e. g. for multigrid me-
thods), the grid coarsening factor is 2. Here, due to the choice of the finite volume construction,
this grid coarsening factor becomes equal to 3 in order to make sure that the fine grid is properly
and simply imbedded in the coarse one.

It is convenient to use the NSW FE stencil as in Figure 2.2 to name the unknowns; we use also
small letters for the fine mesh and capital letters for the coarse mesh. A control volume of the
fine mesh will be denoted by K,, and a control volume of the coarse mesh will be denoted by
Ky, see Figure 2.3.

For a given control volume K, centered at m, which belongs to the fine mesh M;, we define
the velocity unknowns by :

1
~ dzidzs.
tm Az1Azxy /Kmu T10%2

Moreover, we introduce the following notation for the velocities at the interfaces :

1 1
Umps = A_m/ Udl']_, Upe = A_l'z/ l.Id.'L'Q,

u —/ d u o —/ u dz
o~ udary, o~ .

¢

2
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F1G. 2.2 — The NSW E stencil on a coarse and a fine volume.
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FIG. 2.3 - Edges of a control volume K, of the fine mesh, and of a control volume Kjs of the
coarse mesh.

In practice, as explained below, these interface values will be linear interpolations of the values
at the centers of the adjacent volumes.

3 Definition of the Finite Volume Incremental Unknowns (FVIUs)

In this section, we define the Finite Volume Incremental Unknowns (FVIUs) for the first com-
ponent u of the velocity u = (u,v); the second component v of the velocity (and the pressure
for the Navier-Stokes equations) is handled in the same way. The FVIUs are associated with the
fine mesh volume as shown in Figure 3.1.

Definition 3.1 (FVIU). We suppose known the velocity on the fine mesh. For the control
volume Ky, we define the large scale component ypr (which corresponds to the velocity on the
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nw

usw us use ZSW ZS Zse
Unknowns on the fine mesh Finite Volume Incremental Unknowns

Fi1Gc. 3.1 — Finite Volume Incremental Unknowns.

coarse mesh) and the small scale components zs, ze, zn, 2w, Zsws Zse; Znw, Zne, as follows :

YM = Um,

1 1
zs=us-§(ys+2yM), ze=ue—§(yE+2yM),

1 1
zn:un_g(yN+2yM)a Zw:Uw—g(yW+2yM);

1 1
st=usw—§(ys+yM+yw), Zse=use—§(ys+yM+yE),

1 1
znwzunw—g(yN‘*‘yM‘f‘yW)’ znezune—g(yN+yM+yE)'

Remember that ys = ugs, yw = uw, yg = ug and yy = un are the velocities on the adjacent
cells of the coarse mesh as shown on Figure 2.2.

The incremental unknowns z’s are defined as a linear combination of the u’s at the neighboring
cells, and, by Taylor’s formula (see below), the z’s are of order Az? (Az; ~ Ax3).

Remark 3.1. Near the boundary of €2, we have to slightly adapt the definition of the FVIUs.
For example, in the configuration of Figure 3.2, we define zs, 2y, Zsw, 2se, Znw, as follows :

1 1
zs = us—§(2U§+yM), Zuy =uw—§(2uw+yM),
1
Zsw = usw—§(2u§—yM+2uw), Zse = Use_§(2u5+yE)v
1
Znw = unw—g(yN'i"qu)a

where ug, uy, are given by the Dirichlet boundary conditions.

Remark 3.2. Due to Definition 3.1 and Remark 3.1, given a solution u computed on the fine
mesh, we can deduce the small components z and the large component y. Reciprocally, it is clear
that when we know the component y which is defined on the coarse mesh and the components
z, we can compute u on the fine mesh.

After these definitions, we want to verify that the small components z are smaller than the large
component y. We write h = (Az;, Azy) and we show the following lemma :
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F1G. 3.2 - Boundary Finite Volume Incremental Unknowns.

Lemma 3.1. All the small components zs, Ze, Zn, Zw, Zsw, 2se, Znw and zne are of order h?.

Proof :
By Taylor’s formula it is easy to check that the small components z;, ze, 2n, 2w, Zsw, Zse, Znw
and z,. are of order h2. For z; we have :

1
Zs = us_g(y5+2ylw),

1
= us—g(u5+2uM),
1

= us — 2 (us — 28220,us + O(Az3) + 2 (us + Az285,us + O(Az3))),
= O(Az3).
Following the same procedure we easily see that :
zn = O(AZD), 2z, = O(AL?), 2z, = O(Az?).

Then, for zs, we have :

1

Zsw = Usw_g(yS‘[‘yM"'yW),
1

= usw—g(us+uM+uw),

1
Usw — g( sw + A0z Usw — 207207, Usw + O(A:L’%) + O(Am%)

+  Usw + AZ10p, Usy + AT20z, Usy + O(Az?) + O(Az?)
Uy — 20218, Usy + AT2p,us, + O(A2?) + O(AT))),
= O(Az?)+ O(Az)).
Similarly, we have :
zse = O(Az?)+0O(Az),
e = O(Az}) +O(Ag}),
Znw = O(Az) 4+ O(AZ).
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Finally, for a boundary cell as, for example, in the configuration of Figure 3.2, we have for z; :

Zg = Ug— %(Qus'—i-yM),
= ug— %(2U§+UM),
= oy — % (2 (Us - —A%@xzus + O(Am%)) + us + Azo0z,us + C’)(Am%)) ;
= o(azd),

hence also z,, = O(Az?).

For z,, we obtain similarly

1

Zse = Use g (2U5' + yE) ,
1

= Uge — 3 (2uz + uEg),

1

= Use — g (2 (use - Amlazluse -

A

=2 Oayuse + O(Aa) + O(Az%))
4+ Use + AT205,Use + 207105, uge + O(AL?) + O(Azg)) ,
= O(Azd) + O(Az)),

and again z,, = O(Az?) + O(Az13).

For z,,, we obtain as well :

p—

Zsw = Usw — 3 (2'“5' —Yym + 2UW)7

—

= Usw — 3 (2'“5‘ —uym + 2uy),

w

ACL‘Q
2

Wl -

= Ugy — = (2 (usw + Az 0z, Ugy — Or,Usw + O(Axf) + O(Am%))

A.’L‘l

+ 2 (usw + Az90z,Usy — —2—8xlusw + O(Am%) + (’)(Aa:g))

— (usw + AZ105, Usw + AZ20p,usy + O(Az?) + O(Am%)) ) ,
= O(Az?) + O(Az).

In conclusion, all the small components z are of order k2. O
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4 Multilevel algorithm and schemes

Using the results of the previous section and Definition 3.1 for each component of the velocity
u = (u,v), we are now able to decompose u into its large component y = (y,,y,) and its small
components z = (2y, 2y)-

Moreover, for the time discretization of problem (1.1)-(1.2), let T' > 0 be fixed, and let the time
step be At = T/N; where N, is an integer. For k = 0, ..., Ny, we define u* as the approximate
value of u at time t; = kAt. In the following we will use a time finite difference scheme to
approximate the time derivative, i.e. we will not use a space-time finite volume discretization
but rather a space finite volume discretization with a time finite difference scheme. This choice
allows us to use an implicit time discretization scheme for the diffusive terms.

k+1

4.1 Computation of u**! on the fine mesh

To compute u*t!, we choose a second order time discretization which consists of an implicit
Crank-Nicolson scheme for the diffusive terms and an Adams-Bashforth scheme for the nonlinear
convective terms. Consequently, we do not have a diffusive stability condition. The scheme is
the following :

S S (uk+1 L uk

N i
At 2 2 '

3 1
) - §(uk.V)uk + —2-(uk_1.V)u’°_1 5
Then, we integrate the above equation over each control volume K, of the fine mesh. For each
of the terms we obtain the following :

— For the time derivative :

k+1 k k+1 k
u —u u — u
—  — drdzy ~ Az Az, M
/m At 1 AL

— For the diffusive term :

du
Audzxidzy = / — dT’,
Kom oKy OT
= Vu.n dzy + Vu.n dzy + Vu.n dz;
Fme me an
+ Vu.n dz,
Ims
u, —u u, —u u, —u u;, —u
~ Azy = m+A.’L‘2 v m+A.’II1—u+A$1 2 T,

Az Az Azxg Axg
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- For the nonlinear term :

/ ( ) /K [uazlu + vaxzu] dzi1dzo
u.Viudzridzy = m )

m / [u8z,v + v8,,v]|dz1dz,

Km

/ um/ Bxludxldmg-kvm/ Oz, udz1dzo
Km

um/ Bxlvd:c1dx2+vm/ Or,vdz1dxs
Km

( um/ unzldF-f-vm/ ung,dl’
O0Knm OKm

Uy, vng, dl + vy, Vg, dl’
\ 0Knm O0Knm

1R

1R

I

AZoUm | Umne — Umw) + Az, (umn - Ums)

R

AzoUm | Vme — 'Umw) + Azivp, ('Umn - 'Ums)

— For the f term :

dzidzy ~ Az1AT9 -

T2 2

This leads us to propose the following finite volume scheme that we will use to compute the
velocities u**! on the fine mesh :

k+1 k k+1 k+l k+1 /C+1 k+1 k+1
u - u v u u —
Az Azy—2 m o — Amg—e——+Az‘——————~+Az1 m
g At 2 Az, > AL Az,
k+1 k+1 k k k k k k k k
u u u, — u u,, — u u, —u u, — u
b Az Y TUm A U TUm A Bw T Um A, U T Um A, U T Um
! Azxo Azy Az, Az, ! Azo
k k k k k k
Az A f*m+1 + frlﬁl 3 Ax?um Ume — umw) + Axlvm (umn - ums)
== T1AT9 - =
k k k k k k
2 2 Ax?um Ume — vmw) + Azyvy, (vmn - vms)
- -1 _
L[ et (k! = i) Awnoh (k) — i) o
2 k-1(, k-1 _ k-1 k=1 (k=1 _ k-1 ’ :
2 Az?um Ume — Umw ) + A“’l"l'um ( Ums )

with a linear interpolation for the interface velocities :

U + upy, Uy + Uy
Ume = 5 Umw = 2 3
u, + U, u; + uyy,

Wppn = 2 y Ums = 2
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When K, is a boundary cell, we have to adapt the previous scheme in accordance with the
Dirichlet boundary conditions. For the nonlinear term, we do not need to interpolate the interface
velocities, we use :

Unmw = 5y Wme = 8a)

Ums = 85y  Umn = 8-

For the diffusive term, we use :

u. —u 2g; — 2u u, —u 2g. — 2u
A e m — A € m A w m — A w m
72 A:L’l 72 Al‘l ’ 1:2 A:L‘l 2 Ail?l ’
u, —u 2g.; — 2u u; —u 2g; — 2u
A n m — A n m A S m — A S m )
7 A(L‘Q 71 A:EQ ’ 71 A.’Eg 1 A.’Eg

k+1

4.2 Computation of y*"" on the coarse mesh

Now, we describe the scheme for the large scale component y**1. This scheme will be dedu-
ced from a scheme written for u**! on the fine mesh. Here, we choose an Euler explicit time
discretization for its simplicity but an implicit time discretization as in Section 4.1 can also be
envisioned :

=vAu* — (uk.V)uF + £F.
We will see that the stability condition of the multilevel scheme derived from this explicit scheme
is less restrictive than the stability condition obtained if we use the same explicit scheme to com-

pute all the components of u on the fine mesh.

Indeed, as in the previous subsection, we integrate the above equation over each control volume
K, of the fine mesh, and we obtain :

Il

k+1 k k k k k k k k k
u —u u, —u u, —u u, —u u, —u
A(ElACL‘Q—rn-E-—Tn- V(AIL'Q"QA;—WI‘ + AzQ_E}K.’I—,‘_m + Aml—ﬁ?@ + Al‘l_ﬁ)
g 1 1

Ay, (ke — b, ) + Ariofy vk — uhis)

k
+ Az Azof,,
Aw?ufn ’Url'cne - vfnw) + A‘7"17)5;1 (’Ufnn - vfns)

(4.2)

Using a linear interpolation for the interface velocities,

Ue + Uy Uy +uy
Ume = 2 y Umyw = — 9 )
u, +upy _Ust+tupy
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the scheme (4.2) can be rewritten as follows :

k+1 k k k k k k k k k
u —u u, —u u, —u u, —u, u; —u,,
Az Azy—T = = [ Azy—t Ty Ag, -t My A Agy—2_—m
T1Azo A I/( To Az + Az Az, + Az ———— Az, + Az, Az, )
A A
—?—guk (uk - u,ﬁ,) + —m-lv,’il (uﬁ - uf)
- 2 2 + A.’L‘lA.’L'szl:l. (43)

A—;zuk (v - vk) + %x—lvfn (vﬁ - vf)

In a second step, we replace in (4.3) the unknown u by the FVIU y and z as defined in Definition

3.1. For each term, we obtain :
— For the time derivative term :

k1 _ ok k+1
ubtl g —
AzleQL&_m - Awlszy—M——A-—t—y—M-

— For the diffusive term :

k k k k k k k k
u, — u u,, —u u — U, u; —u
V<A$2_ET:L‘—1_TE +A$2'LA:L—_1—m+A£L'1—n[3—x;—+A ——A-?v;ﬂ)

(o (P 2h) + o (s ) )

k __ vk vk k _ vk k
+ E(A$2yE YuMm +A.’l72yw YnMm +A$1yN yM A yS )

3 Az Az Aza Az,

— For the nonlinear term :

A:EQ AiL‘l
5 (uf — b ) + =tk (uh - k)
- Aa; T
ot ot) ¢ S o)
A:I:Q It
_ 2 yﬁM( . _z{iw)+ 2 yzlfM(zzlfn-z:js)
- I I
5vbw (abe = ) + ok (sba - 28.)
Az, Az,

_6_yuM (qu qu
- A.Eg

6 yuM (va va

k k k
+ 6 yvl\/[(yuN“uuS)

Az
T —6‘va(ny —yfs)

SN—"

— For the f term :
AmlAmzf,’% = AxlAzgf,’,“l.

The multilevel strategy used here (see also Section 4.3) consists in fixing the small components
z during the time steps computing on the coarse mesh. So, for a given solution u*® on the fine
mesh, we consider that the small components z are fixed during the next Iy time-steps to their
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value z*0 deduced from u*, and we compute the solution y**! on the coarse mesh using the
following scheme :

k+1 k k k k k k k
Az1Azy YM_ —YM A M _ 3 (ACL‘2 _—_YEA:B?M + Azs ——-—'—yWAzlyM + Az ———yNAnyM

k A A
b Az vE - YM) . (Az? (zleco i zﬁf’) + Z% (zﬁo +z’;0)) + Az Azof),

Az,
Do (s ofn) + A2, (ot — o)
— Azg i ko A%:l k k k
—‘yuM(zve - z ) + Ty” M (Zv% B zv%)
St (v~ vhw) + S vk (v - k)
6 Jom\Yun T Uus for k = ko, ..., ko + Iy — (4.4)

) %yuM(qu va)+ATxva(yvN_va)

The above scheme is proposed away from the boundary of €. For a boundary cell, the scheme

for y**1 is obtained in a similar way using the modified definition of the FVIUs (see Remark
3.1). For example, in the situation of Figure 3.2 the scheme for yﬁ/}" ! becomes :

k+1 _ _k k _ ok ovk _9yk k _ gk
YmM —Ym VY YE ~YuM Yw —“YMm YN —Ym
Ag Ay XM —IM _ V(AL YEZYM | Ay ZTW " 2IM Ay YN T VM
TLAT2 =AY 3( TR, TR Ay TR AL

2yk — 2y%, A A
+ Az1M> +v (—xﬁ (z’gO + z{j,O) + A—il (zﬁo +z’;°)) + Az Azfl
2

A.’L‘Q Ailil
A(L‘Q A:El
[ B2k (b~ 2tn,) + 50 (o, 283)
- AIEQ A:L'l
| Soowk (ot = at) + ok (a4 - o)
A:L‘g k A.’L‘l
( -6—’95 M (qu + Yy — 29:17[/) + Tyfzw (ySN T 2?/55-) “5)
a Azy Az, .
\ ‘6—‘9 (qu+va 2yfp‘v) +—6—‘ny(yz’fN+y5M —2955)

4.3 Multilevel algorithm

The simple multilevel algorithm used in this article is described for two levels.

At level 1, we work on the fine mesh M; and compute the velocities u¥*! with the scheme (4.1).
At level 0, we work on the coarse mesh Mg and compute the velocities y**! with the scheme
(4.4), z being frozen at its value 2% (k > k).

The multilevel algorithm is the following : from ¢ = 0 and until the final time, we alternate I;
time steps at level 1 and [, time steps at level 0. Figure 4.1 shows an example of multilevel
algorithm where I; = 5 and [y = 10.
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Evolution of the levels

Hierarchical level number

0 50 100 150 200 250 300
Iteration number

F1G. 4.1 - Time evolution of the levels in the multilevel algorithm (I; = 5 and Iy = 10).

4.4 Linear stability analysis of the multilevel algorithm

The stability analysis in the nonlinear case and when the scheme for y**! derives from a Crank-
Nicholson and Adams-Bashforth scheme, will be considered in a future work. Here, we only
study the numerical stability in the linear case of the multilevel algorithm defined in Section
4.3. For the sake of simplicity, we conduct the stability analysis in the space periodic case, using
the von Neumann spectral stability analysis.

Lemma 4.1 (Stability condition). In the linear case, the following is a sufficient stability
condition for the multilevel algorithm :

vAt 1 + 1 <1 (4.6)
3 \Az?  Az2) 2 '

Proof :

To perform the stability analysis, we consider one cycle of the multilevel algorithm i.e. I; time
steps on the fine grid followed by Iy time steps on the coarse grid.

The first step of this proof consists in the stability analysis of the scheme (4.1) which is used
during the first ; time steps in order to compute u**! on the fine mesh. Removing the nonlinear
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term and the source term in (4.1), this yields :

k+1 _ -k k+1 k+1 k+1 k+1 k+1 k+1
u u v utt —u utt —u uftt —u

AziAzy— M Agy—t  _Tm  Ag,mw T Tm A Un T Um
At 2 AIIIl 'Al‘l ! AiEQ

k+1 k+1 k k k k k k k k
urtt —u ur —u u® —u u: —u u® —u
+ Axl_L*L+A$2J_ﬂ+A$ZM+A$1u+Ax1_§___ﬂ =0.

Azo Az Az Azo Azo

(4.7)

Here, the stability analysis for the schemes considered is made using the von Neumann spectral
stability analysis. This analysis is local and it ignores the boundary conditions. Namely we look
for the amplification factor x; for the scheme (4.7). For that purpose, we replace the u terms in
(4.7) by :

wtt=xi,  up=1, ug = exp (~id2),
uf =exp(ith), uf =exp(idy), uf =exp(-ith),

we easily obtain that :

Azy . ,U; Azy . 592

2v-—sin® — + 2v——sin” —~
(91,92) = — YIS Y (4.8)
X1V, V2) = AxlAz2+2yAx2sin2-ﬂ—1+2VAxl .o U2 -9)
~ A, 5 —Amzsm 5

This amplification factor means that ufr! = x; (91,92) u¥,. Now, let us see what this amplifi-

cation factor means for the large scales y and for the small scales z. For a control volume K,
of the fine grid which is also located at the center of a control volume Kjs of the coarse mesh,
we note that, using Definition 3.1 :

k+1 k+1 _ k. _ k
YMv = Un = X1Un = X1Ywm
1
k+1 k+1 k+1 k+1
Zg = U - § (ys + ZYM ) ’
_ E_ Lk ok
= X1 (W3 \Ystaym) ),
— k
- Xl zs7
and following the same way, we have 2531 = y, 25 | 2851 = x, 25, 264! = ¥, 25, 25+1 = ¥, 2F,
k+1 _ k k+1 k ok+1 k
Zn?; = X1 Zpw> zn+ = X1Zp, zn: = X1 Zpe-

Hence, we have shown that, during this first I; time steps, the amplification factor for u, y and
z is the same, that y;. We easily notice that |X1 (91, 92) ‘ < 1 for all (¥1,92) in (—m, 7).

Then, in the second step of this proof, we study the stability of the scheme (4.9) used during
the following I time steps in order to compute the large scales y**! on the coarse grid. For the
stability analysis of this part of the multilevel algorithm, we remove in (4.9) the nonlinear term,
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the source term and the term in z since the small scales z are frozen during these I time steps;
we find :

k+1 ok ko ok k k ko
_ y _ B B
Aa;lAmle_At_y_M -3 (AMYLAE?_M n A$2yWAa;IYM N AxIYNAm}’M

k _ k
Ys —¥Mm | _
+ Az - ) 0. (4.9)

Replacing in (4.9) the y terms by :
yEr = xo, i =1, y% = exp (—3it),
yh =exp(3iv1), yh =exp(3id2), yi = exp(—3iv),

we obtain the following amplification factor for the large component y :

xo (91,92) = 1

VAl ( B2 (2 exp (3i91) — exp (~3ity)

- 3AzT1Azy \ Az

A:c1 . .
+ Az, (2 — exp (3id2) — exp (—31192))) ,

4vAt 30;\2  4vAt . (39,7
d1,93) = 1-— i - : 4.1
xo (91,72) 3AI%sm(2) »3A$%Sln(2 (4.10)
Hence, during the I time steps spent on the coarse grid, we have y**1 = xoy*, and of course
k+1 _ k
z"7 = 2",

Finally, for the whole cycle with Iy + I steps, the stability condition for the small scales z
is IX1|I1 < 1 which is always satisfied, and the stability condition for the large scales y is
| xé"xﬂ < 1. If we neglect the improvement to the stability condition due to | X1| < 1, we obtain
the stability condition ’ X0| < 1. Since we want | Xg[ < 1 for all possible values of ¥; and ¥ in
(—m,m), we are lead to condition (4.6).

O

Remark 4.1. Condition (4.6) allows a time step three times larger than if we were to use an
explicit scheme for u (i.e. for both y and z).
If we take into account the fact that | Xl' < 1, then instead of (4.6), we obtain :

At [ 1 1 1 1 1 S

1%
<414 |wAt | — + — . 4.11
3 (Aw%+Aw§>_4+4( +[V (Ax%+Ax%)J ) (4.11)

1




5 Numerical results and concluding remarks 133

Remark 4.2. The stability analysis above must be reconsidered when the nonlinear terms
are reintroduced and when the boundary conditions are not periodic anymore. The conclusions
should not be significantly different ; see [Tem93], [Tem94] for similar situations.

Remark 4.3. We have to remember also that the proposed algorithm can be easily extended
to several levels (more than two) ; there is then the flexibility offered by the use of time explicit
vs implicit schemes at each level, thus possibly increasing the factor 3 by which the size of At
can be augmented. Note also that even if an implicit scheme is used on the coarse grid(s), there
is no (CFL) stability condition on At, but there is still a gain of computing time, since the
matrices to invert to compute the y’s are smaller than those we need to invert to compute all
of u.

5 Numerical results and concluding remarks

5.1 Numerical results
In this section, we present the numerical results obtained by using the multilevel algorithm pre-

sented in the previous section.

Let the domain  be the square [0,1] x [0,1]. We consider a fine mesh M; with a space step
h = 1/180 (h = Az; = Az, in this section), and the space step of the coarse mesh is 34 = 1/60.
We are interested in the Burgers flow from 7'=0to T = 4.

We solve the Burgers problem with the initial condition :

_( cos(mzy) cos(mzs)
u($1,$2,0) = ( (xl +$2) /4 ) ’ (51)
and with the boundary condition :
¢ = for all ¢ T 5.2
u(er, 2, 0)|, = ule,a2,0)|  forallt € [0,7) (52)

and with the following source term :

sin(37z1) sin(4nzy) + 3sin(167z 1) sin(8mxs) ) (5.3)

sin(4mz,) sin(2nz3) + 2sin(107z; ) sin(167z2)

f(z1,29,t) = (

The Reynolds number used for all the numerical results presented here is Re = 100, the time
step is At = 1073, The stability condition (4.6) is satisfied.

This numerical test has already been studied in [CLT97] and [Pou98]. The time independent
source force is imposed in order to obtain a Burgers flow sufficiently perturbed. This forcing is
a substitute for the energy transfer phenomena, displayed in the energy spectrum, from the low
frequencies towards the high frequencies. These phenomena which are an important feature of
the Navier-Stokes flow, are probably absent in the Burgers flow but are parametrized by this
forcing.



134 Finite volume discretization and multilevel methods in flow problems

Since the source force which generates the “turbulent” behavior of the flow is time independent,
we can stop the simulation at T' = 4. After this time, the flow has almost totally lost its “tur-
bulent” behavior.

As we does not know an exact solution of this problem, we compute a reference solution u,¢y of
this problem which will use in the following to compare different possible multilevel algorithms.
To obtain it, we use the time and space second order scheme (4.1) on a reference mesh M,
with a space step hrey = 1/540 and with a time step At,5 = 1074

In a first time, we want to numerically study the behavior of the small scale components z and
of the large scale components y. Consequently, we compute the solution u on the fine mesh M;
in using the scheme (4.1) and we plot the time evolution of the following discrete £ norms of
the FVIUs : .
2

Z Az Azo ((u"m)2 + (u"m)z)] ,

[u™|, =

I

——
o=

ly"ly = {Z 9Az Az ((u5,,)% + (um,)?)
M

D=

2", = |} AziAz, > (22 )+ (2 )? :
M

me{sw,s,se,w,e,nw,n,ne}

and the time evolution of their variations :

1
3
|du™|, = [Z Az Az ((ul, — u )% + (ull, — u;‘n“l)?‘)} ,
m

|-

|dy™|, = [Z 9Az 1Az (v, — v ) + (Wl — yl‘;l)z)] :
M

=

|dz™|, = Z Az Az Z (7, — 23;1)2 + (2, — 23":1)2 ,
M me{sw,s,se,w,e,nw,n,ne}

where >~ (respectively »_,, ) means the sum on all the control volumes of the fine mesh (res-

pectively of the coarse mesh).

From Figure 5.1, we see that the behavior of the FVIUs is very similar to the behavior of the
finite differences IUs [Pou98]. As expected, the norm of y is greater than the norm of z and the
time variation of the large scales y is similar to the variation of u. Furthermore, we note that
the time variation of the small scales z is always smaller than the time step At = 1073, from
this we can justify our choice to froze this small scales during I time steps in the multilevel
algorithm. Of course, more the time variation of the small scales z is close to A¢, more the error
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commited in freezing this small scales is important.

o |(uV)l, 2 |d(u,v)],
10 . . . 10 .
/——
10°%}
107" 107
0 1 2 3 4 0 1 2 3 4
t t
. Ity ¥ ), . ld(y_.y ),
//
1_0‘3»
10” . 10
0 1 2 3 4 0 1 2 3 4
t t
| (2,2, 3 dz sz,
107 . - 107 — .
102
107
107
107 10°
0 1 2 3 4 0 1 2 3 4
t t

F1G. 5.1 — Time evolution of the discrete L2 norms of the FVIUs and of their variations.
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Then, Figure 5.2 shows the evolution of the velocity field computed with the multilevel method

fort = 1,2,3,4. We notice a steep gradient for the first component of the solution, into the lower
part of the domain.
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F1aG. 5.2 — Velocity fields evolution when the multilevel algorithm is used.

In a third step, we compare the solution u obtained with different parameters Iy, I; in the
multilevel schemes and the solution u,.; obtained with a one level calculation on the reference
mesh. Figure 5.3 shows the time evolution of the L? norm of the difference between the two
solutions |u — ures|,» for each choice of parameters. We notice that this difference is strongly
correlated to the “turbulent” behavior of the flow. Indeed, the difference decreases when the
“turbulent” behavior of the flow decreases i.e. after ¢ = 2. More elaborate multilevel algorithms,
correlated with the turbulence, should reduce the difference [DJT99] but we can nevertheless
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note that the choices of Iy and I; presented here seems reasonable for a first test of the multilevel
algorithm. Indeed, their corresponding graphs are under the graph obtained with a Fully Implicit
Scheme on the Coarse Grid (FISCG) and they are above the graph obtained with a Fully Implicit
Scheme on the Fine Grid (FISFG).

0.02 : : : ; l : .
0.018- i
& %
0.016} S ;o ]
" % ,,i‘ had ] . -
5 § L
¢ o i - A e A SR WE
0.014}F * S aemmTT S
0.012} §
£
: — FISFG
0.01F B N0=5 and N1=5 i
’ e NO=1O and N1=5
N =15and N_=5
0.008} =+ 0 1 i
—— N0=20 and N1=5
0.006 FISCG
0.004 |-}
0.002/#! : ,

F1G. 5.3 - Time evolution of |u — u,cf|,» with different choices of the parameters Iy and I;.
The extreme cases correspond to the Fully Implicit Scheme on the Coarse Grid (FISCG) and
the Fine Grid (FISFG).

More about the choice of the parameters Iy and ;. We have chosen 6 points in the domain : P; =
(0.320,0.394), P, = (0.605,0.375), P = (0.929,0.745), Py = (0.488,0.492), P5 = (0.746,0.488)
and Ps = (0.683,0.242), the same as in [DJT99]. Figure 5.4 and Figure 5.5 show the time
evolution of the velocity at these points. Figure 5.6 and Figure 5.7 show the time evolution of
the difference between the velocities u and u,.s at these points. We also note here that the
choices tested in this article for the parameters Iy and I; are suitable for a first validation of our
multilevel algorithm.
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Fi1G. 5.4 — Time evolution of the velocity at the points P, P, and Pj for different choices of the
parameters Iy and I;. The extreme cases correspond to the Fully Implicit Scheme on the Coarse
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Grid (FISCG) and the Fine Grid (FISFG).
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F1a. 5.5 — Time evolution of the velocity at the points Py, Ps and Ps for different choices of the
parameters Iy and ;. The extreme cases correspond to the Fully Implicit Scheme on the Coarse
Grid (FISCG) and the Fine Grid (FISFG).
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FIG. 5.6 — Time evolution of |u — u,¢| at the points P, P, and P; for different choices of the
parameters Iy and I;. The extreme cases correspond to the Fully Implicit Scheme on the Coarse
Grid (FISCG) and the Fine Grid (FISFG).
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o I0=15 and I1=5
- |O=20 and |1=5

— FISCG

FiG. 5.7 - Time evolution of |u — Uye f| at the points Py, Ps and Py for different choices of the
parameters Iy and ;. The extreme cases correspond to the Fully Implicit Scheme on the Coarse
Grid (FISCG) and the Fine Grid (FISFG).

Finally, for a reasonable choice I = 10, I; = 5, we represent on Figures 5.8 and 5.9 the diffe-
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rences u — Uref and v — vres. These figures show the localization in space of the error on the
computed solution. We notice that the error is more important where the gradient is steep. With
a more elaborate multilevel algorithm which use a test in order to decide if the next calculation
must be made at level 0 or at level 1 (see in a different context [DJT99], [CLT97]), it is possible
to greatly improve these results in controlling these differences.

:1 =2

=3 t=

001

F1G. 5.8 — Difference between the horizontal velocities : v — urer (Iop = 10 and I; = 5).
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t=1 t=2

F1G. 5.9 — Difference between the vertical velocities : v — vref (Ip = 10 and I; = 5).

Finally, Table 5.1 shows in a table the different CPU-times in function of choice of the para-
meters Iy and I;. As expected, the CPU time decrease when the resolution on the coarse grid
increase. For example, if we choose Iy = 10 and I; = 5 the gain in CPU time is equal to 55%.



144 Finite volume discretization and multilevel methods in flow problems

Parameters CPU time
FISFG 2136s
Ip=5and Iy =5 | 1277s

I() =10 and Il =95 | 922s
Ip=15and I; =5 | 709s

Ip =20 and I; =5 | 605s
FISCG 120s

TAB. 4.1 — CPU time in function of the choice of the parameters Iy and I;. The extreme cases
correspond to the Fully Implicit Scheme on the Coarse Grid (FISCG) and the Fine Grid (FISFG).

5.2 Concluding remarks

In this article, we have introduced a new type of incremental unknowns derived from finite volume
resolutions. These unknowns seem to behave in a way similar to the finite difference incremental
unknowns and we believe that they are fully adapted to the simulation of incompressible flows.
In a subsequent article, we will use these unknowns to solve the Navier-Stokes equations; pro-
blems in geophysical fluid mechanics could also be considered [LTW92a],[LTW92b]. As indicated
before, an advantage of the finite volume resolution is that it can be collocated, and therefore, it
is easier to use the incremental unknowns with this kind of discretization than with a staggered
method such as a MAC scheme.
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Conclusion

Nous avons tout d’abord présenté un schéma numérique permettant de résoudre I’équation de
la chaleur non linéaire avec des conditions aux bords de type Robin. Dans ce probléme les termes
non linéaires qui interviennent vérifient des hypotheéses de monotonie. Comme discrétisation
spatiale, nous avons utilisé une méthode volumes finis : on a donc intégré ’équation sur chaque
volume de controle. Concernant maintenant la discrétisation temporelle, nous avons utilisé un
schéma différences finies de type Crank-Nicholson. Notre premier travail fit de démontrer ’exis-
tence de la solution approchée obtenue & l'aide du schéma numérique. Ensuite, nous avons
démontré, grace & une méthode de monotonie, que la solution approchée convergeait vers I'unique
solution du probléme continu.

Dans un deuxiéme temps, nous nous sommes interessés a I’élaboration de schémas volumes
finis & variables colocalisées (les vitesses et la pression sont calculées aux méme endroit, par op-
position aux schémas de type MAC) permettant de résoudre les équations de Navier-Stokes dans
le cas d’un fluide incompressible. La principale difficulté de ce type de schémas est inhérente a
la colocalisation des inconnues qui engendre un découplage des vitesses et de la pression. Il faut
donc, en utilisant par exemple une méthode particuliére pour interpoler les lux aux arétes, trou-
ver un moyen de rétablir un couplage correct entre les vitesses et la pression. L'intérét d’arriver
3 obtenir de tels schémas est grand car ils permettent une hiérarchisation spatiale plus aisée et
ils sont également facilement adaptables & des géométries complexes.

Nous avons testé deux types de discrétisation temporelle : une méthode de projection et une
méthode de ”splitting”. Nous avons ainsi compris 'importance de la discrétisation temporelle
lorsque I'on utilise des méthodes volumes finis & variables colocalisées. En effet, les techniques
nécessaires pour résoudre le probléme de découplage des vitesses et de la pression, sont fortement
dépendantes de la méthode de discrétisation temporelle choisie.

D’un point de vue plus théorique, nous avons étudié la stabilité du schéma dont la discrétisation
temporelle est assurée par une méthode de projection.

Possédant donc deux schémas volumes finis & variables colocalisées permettant de résoudre les
équations de Navier-Stokes incompressible, la derniére partie de ces travaux fiit donc consacrée
au développement d’une méthode multi-niveaux adaptée aux méthodes volumes finis.

Nous avons choisi de nous inspirer d’une décomposition des inconnues en Inconnues Incrémentales
comme cela se fait en différences finies. Cette décomposition est basée sur les propriétés du
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développement de Taylor et est donc mathématique, contrairement aux méthodes spectrales ot
la décomposition se fait par troncature du développement en série de Fourier de la solution.
De plus, afin de ne pas affronter simultanément les difficultés liées & la résolution des équations
de Navier-Stokes et celles liées & la mise au point d’une nouvelle méthode multi-niveaux, nous
avons appliqué notre méthode sur le probleme de Burgers. Ce probléeme servant traditionnel-
lement de probléme modele pour tester de telles méthodes avant de passer aux équations de
Navier-Stokes, nous avons pu voir que nos résultats étaient semblables & ceux existant dans la
littérature.

Du point de vue des perspectives ouvertes par ces travaux, ils nous parait raisonnablement

envisageable de développer un algorithme utilisant les méthodes volumes finis & variables co-
localisées et la méthode multi-niveaux décrites précédemment afin de résoudre les équations
de Navier-Stokes incompressible. En effet, les vitesses et la pression étant calculées au méme
endroit, nous pouvons leur appliquer la méme hiérarchisation spatiale ce qui simplifie significa-
tivement ’écriture des schémas numériques.
Pour le bon fonctionnement d'un tel algorithme multi-niveaux, il faudra également définir des
criteres indiquant sur quels niveaux les calculs doivent étre effectués, le but étant bien entendu
de rester le plus longtemps possible sur le maillage le plus grossier sans que ’erreur commise
ne devienne trop importante. De plus, nous pourrons également étudier si il est possible faire
cela de fagon locale i.e. de travailler sur un maillage grossier 14 ou les vitesses varient peu et
sur un maillage plus fin 14 elles varient beaucoup. Outre cela, nous pouvons envisager une pa-
rallélisation de l'algorithme, 1’ajout d’un terme stochastique afin de simuler des phénoménes
trés turbulents, ou encore de travailler sur des domaines 4 géométrie complexe. Les perspectives
d’une telle méthode sont donc nombreuses et variées.





