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Chapitre 1

Introduction

Les statistiques, etymologiquement sciences de l’Etat, peuvent etre vues comme l’art 
de tirer des informations de donnees. Quoiqu’ils puissent prendre des formes tres var- 
iees, tout probleme de statistiques peut se decomposer en trois morceaux : l’objet 
etudie, les operations que nous pouvons effectuer, et la question mathematique pre­
cise. En d’autres termes, ce que nous avons, ce que nous pouvons faire, et ce que 
nous voulons savoir.

Les statistiques quantiques different des statistiques classiques sur le premier point, 
ce que nous avons. Par ricochet, elles en different aussi sur le second, ce que nous 
pouvons faire.

En statistiques classiques, nous partons en general du resultat des mesures physiques, 
qui sont modelisees par des variables aleatoires et leurs lois de probabilite correspon- 
dantes. En effet, si nous pouvons mesurer les quantites A et B, nous pouvons en 
theorie mesurer les deux simultanement. Les experiences mesurent souvent toutes 
les quantites utiles et accessibles. En theorie, «ce que nous pouvons faire» est ap- 
pliquer n’importe quelle transformation mathematique aux donnees, eventuellement 
avec une composante aleatoire supplemental. En pratique, la puissance de calcul 
peut etre un facteur limitant.

Dans certains cas, cependant, nous devons considerer d’ores et deja l’objet etudie, 
et choisir quelle mesure effectuer. Par exemple, si nous voulons comprendre le fonc- 
tionnement d’une boite noire, nous devons la sonder avec differentes entrees, une 
nouvelle entree a chaque fois. Cette thematique releve des «plans d’experience». 
«Ce que nous pouvons faire» depend largement du probleme specifique. Dans le cas 
de la boite noire, nous pouvons choisir notre entree. La description mathematique 
de ce choix peut varier d’une boite noire a une autre, cependant. Toutefois, une fois 
la mesure effectuee, nous avons de nouveau des probabilites, et sommes de retour 
au paragraphe precedent.
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En statistiques quantiques, le plan d’experience est inevitable. En effet, si nous pou- 
vons mesurer A ou B, les lois meme de la physique nous interdisent de mesurer 
simultanement A et B, en general. Nous devons done choisir quelle mesure nous 
apporte les informations les plus utiles. Neanmoins, la mecanique quantique fournit 
un cadre parallele a celui des statistiques classiques, qui nous dit exactement «ce 
que nous pouvons faire». Initialement, «ce que nous avons» est un objet quantique, 
modelise par un etat quantique. «Ce que nous pouvons faire» est mesurer l’etat, 
et obtenir une variable aleatoire classique, ou bien plus generalement transformer 
l’etat quantique. Les ensembles de mesures et transformations possibles sont precise- 
ment definis mathematiquement, ce qui permet un traitement unifie de nombreuses 
questions.

«Ce que nous voulons savoir» ne differe guere en statistiques quantiques et classiques. 
Le plus souvent, nous souhaitons soit resumer les informations contenues dans les 
donnees (inference statistique), soit infirmer une hypothese ou choisir la meilleure 
hypothese dans un ensemble fini (test), soit deviner avec precision le phenomene qui 
a genere les donnees (estimation). Les reponses a ces questions sont toutes decrites 
par un parametre classique. L’exception est quand nous cherchons a obtenir un objet 
intrinsequement quantique, comme par exemple quand nous essayons de cloner le 
plus precisement possible un etat.

La Partie I de cette these est consacree a l’etude d’un certain nombre de systemes 
particuliers. Specifiquement, nous commengons au Chapitre 2.5.3 par un cas ou la 
mesure est deja effectuee, si bien que le probleme devient classique : nous evaluons un 
etat de la lumiere par tomographie homodyne. Au Chapitre 3, nous nous demandons 
comment decider au mieux dans lequel d’un ensemble fini d’etats se trouve notre 
systeme; au Chapitre 4, nous donnons une procedure d’estimation rapide (1/n) 
d’une transformation unitaire boite noire. Les Chapitres 5 et 6 s’attachent davantage 
a la structure generale des experiences quantiques : le premier est consacre a une 
relation d’ordre sur les mesures quantiques, et le second a la recherche de sous- 
systemes “aussi differents que possible d’un meme systeme quantique, dans le cas le 
plus simple.

D’un autre cote, nous pouvons avoir des questions tres differentes sur un systeme 
donne. Pour un tel systeme, «ce que nous avons» et «ce que nous pouvons faire» 
restent fixes. Nous pouvons done nous interroger sur ce que Ton peut dire sur le 
systeme lui-meme, sans reference a une question particuliere. La theorie de la con­
vergence d’experiences en statistiques classiques nous dit avec quelle precision nous 
pouvons approcher une experience par une autre. Ainsi nous pouvons traduire toutes 
les procedures pour une experience en une procedure pour l’autre experience. Si bien 
que nous obtenons une reponse a «ce que nous voulons savoir» dans les deux experi­
ences des que Ton sait repondre pour l’une d’entre elles.

La Partie 1.7, principale contribution de cette these, generalise au monde quantique



1.1 Statistiques 3

le cas le plus basique de convergence d’experiences, a savoir la normalite asymp- 
totique locale. Nous prouvons qu’une experience assez lisse d’etats quantiques in­
dependants identiquement distribues (i.i.d.) converge vers une experience de decalage 
gaussienne quantique. L’important est que cette experience est tres bien connue, et 
tout ce que nous savons a son sujet peut etre traduit pour la classe tres large des 
experiences i.i.d lisses.

Le reste de cette introduction commence par preciser les regies des statistiques clas- 
siques et quantiques, puis introduit chacun des chapitres de la these, et les proble- 
matiques correspondantes dans l’ordre donne ci-dessus.

1.1 Statistiques

Nous presentons une autre introduction aux statistiques quantiques a l’usage du 
statisticien, plus condensee, en Appendice 2 .A du Chapitre 2.5.3.

1.1.1 Statistiques Classiques

On pourra consulter Le Cam (1986) et van der Vaart (1998) comme references 
supplementaires, entre autres nombreux livres de statistiques. Nous resumons dans 
le Tableau 1.1, page 26, les ingredients de base des statistiques classiques. Le Tableau
1.2 adjacent donne les notions quantiques correspondantes.

Ce que nous avons

En statistiques classiques, on nous donne les donnees, qui peuvent etre modelisees 
par une variable aleatoire X  de loi p. On sait par avance que p est dans un ensemble

ε  = {Ρ θ , θ Ε θ } ,  ( l . i )

sans contrainte en general sur l’espace de parametres Θ. Les lois po sont toutes 
definies sur le meme espace de probabilites (Ω,.4). Cet £ est appele experience ou 
modele statistique.

Remarques :
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-  Les donnees proviennent souvent de plusieurs mesures, generant autant de vari­
ables aleatoires X \,. . . ,  X n, de lois pi , . . . ,p n sur des espaces de probabilities poten- 
tiellement differents. Toutefois, nous pouvons toujours considerer toutes ces don­
nees comme une seule variable aleatoire X  =  (X\,. . . ,  X n), de loip =  P\®· ■ -®pn, 
et nous restons dans le cadre ci-dessus.

-  Quoiqu’il n’y ait pas de contrainte sur Θ a ce point de la theorie, cet ensemble est 
souvent soit fini soit un sous-ensemble raisonnable de Wl. Le premier cas mene aux 
statistiques discretes, et a certaines families de tests en particulier, et le second 
aux statistiques parametriques. Quand Θ est de dimension infinie, nous sommes 
dans le complexe royaume des statistiques non parametriques, theme privilegie de 
la recherche ces dernieres annees

Exemples : experience de Bernoulli, experience de decalage gaussienne

L’espace de probability non trivial le plus simple est l’espace a deux elements {0,1}. 
Une experience de pile ou face s’ecrit

εΒβΓ =  {ρθ =  ( θ , ι - θ ) , θ ε [  o,i]}. (1.2)

Une alternative consiste a lancer la piece n fois. Si on note X  =  (X i , ... , X n) le 
resultat, nous obtenons cette experience sur { 0 , 1}®” :

£βίη =  {ρθ '■ {X }  t—*■ θ^ Χ ι {1  — θ)η Θ G [0,1]} . (1.3)

Quant aux fonctions continues, Pexemple type est le gaussienne. Nous nous in- 
teresserons en particulier aux experiences de decalage gaussiennes, ou la variance 
de la gaussienne est fixee et ou le parametre est la moyenne :

£gs= { M ( 9 , I ~ 1) , e e W 1} ,  (1.4)

ou J\f est la loi normale, et X toute matrice definie positive fixee1.

Ce que nous pouvons faire

Une fois acquises nos donnees X,  comment les traitons-nous ?

La procedure la plus generate consiste a tirer une nouvelle variable aleatoire Y  de 
loi ρχ dependant seulement de X,  mesurable en tant que fonction de X.

1Nous utilisons cette etrange notation car cette matrice est l’inverse de la matrice d’information 
de Fisher (1.13).
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Nous pouvons voir ce protocole de deux manieres. La premiere est de considerer Y 
comme la solution a «ce que nous voulons savoir». Alors Y  est un estimateur (ran­
domise), typiquement un estimateur de Θ, auquel cas nous le denoterons egalement 
Θ.

Mais nous pouvons egalement considerer Y  comme une nouvelle variable aleatoire, 
et que nous avons transforme notre experience. Notre nouvelle experience est done 
constitute de Y de loi q dans un ensemble {qe,9 e Θ} sur un espace (Ωχ, 23), de 
densite2

qe(y) =  T(po){y)= !  px (y)dpe(X). (1.5)
Jn

La transformation T est un noyau de Markov.

Dans le cas classique, ces deux notions sont les memes. Toutefois, j ’insiste pour les 
separer des maintenant car elles seront differentes dans le cas quantique.

Exemples

Revenons a notre n-echantillon (1.3) de Bernoulli Notre espace de probabilite 
est {0 ,1}®” . Nous pouvons utiliser un noyau de Markov de cet espace dans [0, η] ΠΝ 
qui envoie X  =  (Χχ,... , X n) sur Y = Σ  X t. Ici, les ρχ  sont simplement des pics 
de Dirac. Nous obtenons alors une loi binomiale pour Y, e’est-a-dire qe — Β(η,θ). 
L’experience correspondante est £ =  {g#, Θ G Θ}.

De meme, nous pourrions souhaiter construire un estimateur Θ. Le plus evident est 
de prendre X  (->· J^Xi/n =  Y. La loi de notre estimateur est alors la binomiale 
ci-dessus, divisee par n.

Pour ce qui est de trouver un estimateur dans Pexperience (1.4) de decalage gaussi- 
enne £gs, la premiere idee est encore plus simple : on garde X. Le noyau de Markov 
correspondant est l’identite.

Ce que nous voulons savoir

Nous souhaitons en general obtenir de l’information sur le processus sous-jacent 
inconnu qui a genere nos donnees. En d’autres termes, nous voulons deviner le

2N ous pourrions aussi bien travailler avec des ensembles non domines de lois, mais cela ne ferait 
qu’alourdir les notations. Nous faisons done l’hypothese que toutes les lois ont une densite, et 
utilisons la m6me lettre pour la loi et la densite.
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parametre3 Θ.

Nous pouvons dormer notre solution soit sous la forme d’un intervalle de confiance, 
soit par une estimation de notre quantite, eventuellement assortie d’estimations 
de la variance de cette estimation. Cette estimation correspond a la donnee d’un 
estimateur Θ de Θ.

Nous voulons construire un bon estimateur. Nous avons done besoin de pouvoir 
jauger les estimateurs. En theorie de la decision, nous considerons une fonction de 
cout ο(θ,θ). C’est le cout que l’on doit payer si notre estimateur renvoie Θ quand 
le vrai parametre est Θ. Ainsi, les fonctions de cout sont en general nulles sur la 
diagonale, et augmentent quand Θ et Θ s’eloignent dans un certain sens.

Une fonction de cout typique quand Θ est discret denombrable serait ο(θ, θ) =  δθ$. 
Quand Θ est un sous-ensemble ouvert de Rd, la fonction de cout la plus facile a 
traiter mathematiquement est le carre de la distance euclidienne c(0 , θ) =  ||0 — θ\\\, 
ou plus generalement toute fonction de cout quadratique (θ — θ)τ Ο(θ — Θ) pour une 
matrice definie positive G, eventuellement dependant de Θ.

Comme Θ est une variable aleatoire, nous voulons minimiser l’esperance du cout, 
appelee le risque au point Θ :

r e 0 )=  [  c(6,9)dqe(§). (1.6)
Jill

Cependant, nous ne pouvons minimiser directement cette expression, comme la 
meilleure strategie depend de Θ, qui est inconnu. Nous devons done trouver le moyen 
de choisir un estimateur efficace pour Θ que nous risquons de rencontrer. II y a essen- 
tiellement deux approches. Les physiciens favorisent le paradigme bayesien, ou nous 
admettons l’existence d’une loi a priori sur le parametre Θ. Les mathematiciens vont 
en general preferer les criteres minimax, ou une strategie est evaluee par son cas le 
pire.

Critere bayesien

Nous avons considere des donnees X  de loi p. Jusqu’ici, nous etions parti du principe 
que notre seule information etait l’experience, l’ensemble dont nous savons qu’il 
contient p.

3Plus generalement, on peut etre interesse seulement par une fonction /  de Θ. Cependant, 
on peut toujours utiliser comme parametre. On choisira des lors les fonctions de cout
introduites ci-dessous pour qu’elles ne dependent que de f(B).
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Supposons maintenant que nous avons davantage d’informations. Plus precisement, 
on nous a dit avant l’experience que Θ est choisi au hasard suivant une loi π. Alors, 
en moyenne, le meilleur estimateur sera celui qui minimise la moyenne du risque 
(1.6), c’est-a-dire :

ϋ π{θ) =  [  7T(dθ)τθ(θ)
Je

=  [  [  ο(θ,θ)άς9 (θ)π(άθ). (1.7)
Je Jai

A partir du risque de Bayes d’un estimateur specifique Θ, nous pouvons ecrire le 
risque de Bayes associe a la loi a priori π comme l’infimum des risques sur tous les 
estimateurs Θ :

Rn =  inf R^O). (1.8)
§

La faiblesse de cette approche vient de ce qu’il n’y aucune raison pour avoir une 
loi de probabilite a priori sur Θ, mis a part la fonction de Dirac sur le vrai Θ... 
qui est exactement ce que nous souhaitons trouver. Nous avons done a choisir une 
loi a priori et a considerer que e’est la vraie. Le risque de l’estimateur final sera 
sous-estime, cependant.

La plus grande force des estimateurs bayesiens est qu’ils utilisent de maniere opti- 
male l’information des mesures, a loi a priori donnee. La loi a priori correspond a 
de l’information a priori en general fausse. De ce fait, les meilleures lois a priori 
sont choisies pour minimiser l’information qu’elles contiennent4. Pour un Θ fini, on 
choisira d’habitude l’equiprobabilite a priori sur chaque Θ possible. Sur un sous- 
ensemble precompact ouvert de Rd, on choisira souvent la loi a priori de Jeffrey 
Jeffreys (1946), proportionnelle a la racine carree de l’information de Fisher (1.13) 
donnee ci-dessous. Une analyse a Θ fixe montrent que ces estimateurs sont tres bons 
en general.

Les estimateurs bayesiens peuvent etre calcules en determinant les lois a posteriori. 
Dans certains cas simples, ces calculs peuvent etre realises explicitement, et l’estima- 
teur sera le barycentre des Θ ponderes par leurs vraisemblances. Dans les situations 
plus complexes, on utilisera les chaines de Markov Monte-Carlo.

Criteres minimax

Soit qu’il est pessimiste ou megalomane, le mathematicien part du principe qu’il 
joue contre le Diable. Aussi, il veut mettre au point une strategie efficace quel que

4 Les bayesiens subjectivistes considerent les lois de probabilite comme des degres de croyance. 
Ils peuvent done utiliser toute loi a priori basee sur les informations d’experts.



8 Introduction

soit le vrai Θ. Un estimateur Θ est done evalue par sa valeur dans le pire des cas :

R m { 0)  = supre(0). (1.9)
θ

Le risque minimax est le risque du meilleur estimateur, dit estimateur minimax :

Rm =  inf Rm (Q) =  inf s\ipre(§). (1-10)
§ § θ

Le defaut de cette methode est qu’elle peut conduire a affaiblir l’estimation sur 
intuitivement beaucoup de valeurs possibles de Θ aim d’etre efficace dans quelques 
cas particuliers. Ce probleme est contourne en reclamant d’etre adaptatif, e’est-a- 
dire d’etre minimax sur toute une classe de sous-ensembles de {pe}· Cette derniere 
technique s’utilise surtout en statistiques non parametriques.

L’interet de ces methodes est qu’elle ne font aucune hypothese. Elies donnent une 
efficacite dont nous savons qu’elle est atteinte, a partir du moment ou le modele (ou 
l’experience) lui-meme est juste.

Liens entre criteres bayesiens et minimax

Le lien principal entre ces deux criteres vient de la remarque suivante. Si une strategie 
Θ est optimale au sens bayesien pour une loi a priori quelconque, et si le risque de 
Θ ne depend pas de Θ, alors Θ est optimale au sens minimax.

En effet, pour tout π, le risque de Bayes est plus faible que le risque minimax :

Rn(0) <  sup Τθφ) =  R m {0), (1-11)
Θ

avec egalite si et seulement si le risque au point Θ est le meme π-presque partout.

Sous certaines conditions, l’enonce inverse est vrai: un estimateur minimax est opti­
mal pour une loi a priori precise, celle pour laquelle le risque bayesien est maximal. 
Nous discuterons de questions similaires au Chapitre 3.

Exemple

Nous calculons le risque de 1’estimateur susmentionne pour la famille de decalage 
gaussienne (1.4). La loi de Θ est la loi des donnees originales, e’est-a-dire la loi
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normale Λί(θ,Τ 1). Done

η φ )  =  Ee [(0 -  §)TG(e -  §) 

=  Tr(GJ_1). (1.12)

Ce risque au point Θ ne depend pas de Θ, si bien que cette meme valeur est aussi les 
risques minimax et bayesiens pour toute loi a priori de cet estimateur. Nous verrons 
plus bas que cet estimateur est aussi minimax pour le modele.

Le reste de cette section resume brievement les risques que l’on peut attendre dans 
les cas suffisamment reguliers, pour des fonctions de cout quadratiques.

Information de Fisher

Les risques que nous donnons ci-dessus dependent de la question (la fonction de 
cout) et de l’experience {ρβ,θ G Θ}, mais pas d’un estimateur particulier. Nous 
pouvons done les lire directement sur l’experience.

La notion la plus importante a cette fin est celle de matrice d1 information de Fisher. 
C’est une notion locale, qui peut etre interpretee comme une mesure de la vitesse a 
laquelle nous pouvons distinguer po des Ρβ+άβ environnants. La borne de Cramer-Rao 
decrite dans la prochaine section explicite cette interpretation. Notons que pour ce 
qui suit, il faut que le modele soit assez regulier. Deux fois differentiable en Θ est 
plus que suffisant.

L’information de Fisher au point θ =  (0α)α=ι...d est donnee partons

^ w - / B a y ))oy ))<fa(;f>· <li3)

La matrice d’information de Fisher est definie positive, et definit une metrique sur 
Θ, qui est invariante par changement de variables lisse. Ce fait peut etre vu comme 
le lien le plus basique entre statistiques et geometrie diiferentielle. La geometrie 
differentielle peut etre utilisee pour etudier les asymptotiques d’ordre superieur, 
comme par exemple dans le livre d’Amari (1985).

En developpant le logarithme des produits, nous constatons facilement qu’avoir n 
echantillons de donnees multiplie l’information de Fisher par n, e’est-a-dire 1 (η)(θ) =  
r i l (Θ) ou T1·'̂  est la matrice d’information de Fisher de l’experience 8 ^  =  {p fn, Θ G
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Borne de Cramer-Rao

Nous pouvons utiliser la matrice d’information de Fisher pour trouver une borne 
inferieure sur la matrice de variance des estimateurs localement non biaises :

f (Θ -  θ){θ -  §)Tdqe(§) > τ-\θ). (1.14)
J Ωι

Cette borne tient5 pour tous les estimateurs localement non biaises Θ, c’est-a-dire 
aussi longtemps que f  §dqe(9) =  Θ et d/d6t f  91dqo(9) =  6hJ.

Comme consequence immediate, pour une fonction de cout quadratique (θ—Θ)Τ0 (θ— 
Θ) et tous les estimateurs localement non biaises, nous obtenons cette borne inferieure 
sur le risque au point Θ :

τθφ)  > Tr(GI-x). (1.15)

Cette borne est asymptotiquement saturee. En effet, une experience de n-echantillon 
ressemble de plus en plus a une experience de decalage gaussienne, pour laquelle 
la borne est saturee. L’explication precise vient de la theorie de la convergence 
d’experiences de Le Cam, que nous esquissons plus avant a la Section 1.7.1.

Exem ples

Calculons l’information de Fisher pour l’experience de Bernoulli, en un point Θ 
different de 0 et de 1. L’expression se simplifie legerement comme nous n’avons 
qu’un parametre.

1 1~θ+ 1-θ
1

De ceci et notre remarque precedente sur les n-echantillons, nous deduisons que 
Τ(θ) =  η/(θ( 1 — θ)) dans l’experience binomiale £&ίη.

Un calcul un peu plus penible montrerait que la matrice d’information de Fisher 
d’une experience de decalage gaussienne est l’inverse de la variance des gaussiennes.

5Les estimateurs superefficaces tel l’estimateur de Stein montrent qu’on ne peut pas simplement 
eliminer la condition d’etre localement non biaise. Cependant, cette condition peut etre supprimee 
au prix de modifications techniques, consistant essentiellement a considerer l’efficacite sur tout un 
voisinage de Θ, soit dans une approche minimax, soit bayesienne.

De ceci et notre remarque precedente sur les n-echantillons, nous deduisons que 
Τ(θ) =  η/(θ( 1 — θ)) dans l’experience binomiale

Un calcul un peu plus penible montrerait que la matrice d’information de Fisher 
d’une experience de decalage gaussienne est l’inverse de la variance des gaussiennes.

5Les estimateurs superefficaces tel l’estimateur de Stein montrent qu’on ne peut pas simplement 
eliminer la condition d’etre localement non biaise. Cependant, cette condition peut etre supprimee 
au prix de modifications techniques, consistant essentiellement a considerer l’efficacite sur tout un 
voisinage de Θ, soit dans une approche minimax, soit bayesienne.

1(θ) =  θ
dln(l - 0 ) \  

άθ )

θ +  1 - θ  
1

0(1 -θ)'
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D’ou notre choix de notation dans Γ equation (1.4). De plus, apres comparaison entre 
la borne (1.15) et le risque (1.12) de l’estimateur consistant a prendre X  lui-meme, 
nous obtenons l’optimalite de ce dernier estimateur dan la classe des estimateurs 
localement non biaises.

Nous allons maintenant nous attacher a donner des equivalents de ces notions dans 
le monde quantique.

1.1.2 Ob jets et Operations Quantiques

Les livres de Helstrom (1976) et Holevo (1982) sont les references habituelles en 
statistiques quantiques. Nous pouvons egalement ajouter l’article de revue plus re­
cent de Barndorff-Nielsen et al. (2003). Comme nous l’avons deja mentionne, nous 
avons resume dans le Tableau 1.2 , page 27, les ingredients de base des statistiques 
quantiques, avec le Tableau classique correspondant 1.1 en regard.

Etats, operateurs densite

L’objet de base des statistiques quantiques est l’etat. L’etat est l’equivalent d’une 
loi de probabilite.

Nous le definissons sur un espace de Hilbert H. Son expression mathematique est 
donnee par l’operateur densite.

Definition 1.1.1. Un operateur densite p sur un espace de Hilbert H est un opera- 
teur a classe de trace dote des proprietes suivantes :
-  Auto-adjonction : p est auto-adjoint.
-  Positivite : p est positif.
-  Normalisation : Tr (p) = 1.

Ces conditions sont les equivalentes de celles qui regissent les mesures de probabilite : 
ces dernieres sont reelles (= auto-adjointes), positives et normalisees a un.

Pour les espaces de Hilbert de dimension finie, les operateurs sont des matrices, et 
les matrices densite satisfont egalement aux conditions ci-dessus. La variete des etats 
est de dimension reelle d2 — 1 si Ή est de dimension complexe d.
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Exemple : Qubits

La situation la plus elementaire correspond a dim(TY) =  2. Physiquement, ce sys- 
teme pourrait etre le spin d’un electron. Ces etats sont appeles etats qubit, et sont 
largement utilises en information quantique.

Nous definissons les matrices de Pauli comme

Γο i l ' 0 i

oτ—
1II

η Ο 1

II

- i  0
IIb -
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

1
τ—

11o
1

Comme une matrice densite est auto-adjointe, elle sera une combinaison lineaire 
reelle de ces trois matrices et de l’identite 1. La positivite et la normalisation im- 
posent de plus :

p= i ( l + #■«?), ||9|| < 1, (1.17)

avec σ =  (σχ, σ,,, σζ) un vecteur de matrices.

Nous voyons que nous avons deja besoin de trois parametres reels pour decrire les 
etats qubit, confer le parametre unique dont nous avons besoin pour decrire une loi 
sur un espace classique a deux elements.

Etats purs

L’ensemble des mesures de probabilite peut etre vue comme l’enveloppe convexe des 
fonctions delta. De meme, les etats sont l’enveloppe convexe des etats purs.

Les etats purs sont caracterises par le fait d’etre des operateurs de rang un, de valeur 
propre un. Nous pouvons les ecrire |V’} {ψ\, ou \ψ) est un vecteur de norme un dans 
Ή. Les etats purs peuvent done etre vus comme des points de l’espace projectif 
associe a H.

Ils sont extremement importants : de nombreuses descriptions de la mecanique quan­
tique traitent uniquement les etats purs. Les etats generaux sont des melanges clas- 
siques d’etats purs. Un etat qui n’est pas pur est dit melange.

Contrairement aux fonctions delta, ou il suffit de tirer une fois la variable aleatoire 
pour identifier la loi inconnue, il n’existe pas de mesure permettant d’identifier sans 
ambigui'te n’importe quel etat pur, quand bien meme nous saurions auparavant que 
l’etat est pur. Cette difference fondamentale avec le cas classique est une marque de 
la non-commutatiivte entre les differents etats. L’etude des etats purs est deja un 
probleme difficile.
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Pour les qubits parametres comme ci-dessus, les etats purs correspondent a ||0|| =  1 
Cette parametrisation par une sphere, appelee sphere de Bloch, nous donne une 
intuition graphique pour les problemes sur les qubits.

La dimension reelle des etats purs est de 2 (d — 1) si dim('W) =  d.

Etats coherents

Les qubits sont l’exemple-type des etats de dimension finie. Les etats coherents6 
forment l’autre famille fondamentale d’etats.

Ces etats vivent dans l’espace de Fock7 F(C), c’est-a-dire l’espace de Hilbert de 
dimension infinie £2(N). Nous notons par { t )̂}fceN la base canonique de £2(N). Les 
physiciens appellent | k) le A>ieme etat de Fock.

Les etats sur l’espace de Fock sont ceux de l’oscillateur harmonique, comme par 
exemple l’etat de la lumiere monochromatique, i.e. l’etat d’un laser. Nos sommes 
done sur le terrain de l’optique quantique. Parmi ces etats, les etats coherents sont 
en un sens les plus classiques : ils saturent les relations d’incertitude de Heisenberg.

Ils sont donnes par un coefficient Θ complexe, soit deux parametres reels. Comme 
ce sont des etats purs, nous pouvons les decrire par un vecteur de ^(C ), plutot que 
par un operateur8 :

n 0 k
|0) =  exp(-|0 |2/ 2) ^ 2  —7=  |&) · (1.18)

k= 0 V /C ·

Etats multipartites, etats intriques

Considerons deux objets quantiques p\ et p2 sur TC\ et TY2· Us peuvent etre vus 
comme un seul objet quantique sur l’espace Ή — Ή\ (8> H2, d’etat p =  pi ® P2-

Tout etat sur pareil espace de Hilbert produit est appele etat multipartite. Main- 
tenant certains etats multipartites ne peuvent pas etre ecrits comme une combi- 
naison convexe Σ°ΐΡ\ ® P2? avec des c\ positifs. Nous pourrions avoir besoin de q

6Plus generalement, tous les etats gaussiens eventuellement compresses jouent un role majeur 
en optique quantique et, comme nous allons le voir, en statistiques quantiques. Dans Texemple, 
nous nous restreignons aux etats coherents par souci de simplicite.

7Les etats coherents de dimension superieure a deux sont des produits tensoriels d’etats co­
herents sur l’espace de Fock produit T(Cd) =  J ’(C)<̂C?.

8Nous utiliserons la notation \θ) au lieu du ket habituel \θ) afin d’eviter la confusion avec les 
etats de Fock, en particulier quand Θ est un entier positif.
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strictement negatifs. En d’autres termes, ces etats ne sont pas un melange statistique 
classique de paires d’etats. Ils contiennent un couplage intrinsequement quantique. 
De tels etats sont appeles etats intriques.

Commengons par prouver leur existence. Nous ecrivons dimTii =  di et dim?·^ =  d2. 
Done dim Ή. =  did2. Les etats multipartites pur sont des etats purs sur H, done 
constituent une variete de dimension 2{d\d2 — 1)· D’un autre cote, un etat pur de la 
forme Σ  Cip\ 0  p\ avec les q  positifs impose que la somme ne contienne qu’un seul 
terme, avec p\ et p2 tous deux purs. La dimension de la variete de ces etats produit 
est 2 (di +  d2 — 2) < 2 {d\d2 — 1). II y a done de nombreux etats purs intriques.

Un exemple typique sont les etats d’intrication maximale, e’est-a-dire les etats de 
la forme |Ψ) (Φ|, avec |Φ) =  4 \Ψι) Θ \Ψι), ou Hi =  Η2 et {\ψ1}}  est une base 
orthonormale de Hi. Com me leur nom l’indique, ces etats sont aussi intriques que 
possible.

L’intrication est peut-etre la ressource la plus basique et la plus essentielle de toute 
l’information quantique. Elle joue un role au coeur de la teleportation quantique, de la 
plupart des protocoles de cryptographie quantique et dans les algorithmes acceleres 
des ordinateurs quantiques. La litterature qui y est consacree est trop immense pour 
etre seulement esquissee. En statistiques quantiques, les etats intriques peuvent etre 
utilises pour accelerer l’estimation de transformations quantiques

Actions sur les etats

Dans le cas classique, nous avons remarque que donner un estimateur ed ou plus 
generalement de n’importe quelle fonction de Θ, etait equivalent a la transformation 
de nos donnees initiales pour obtenir une nouvelle variable aleatoire Y  de loi T(po).

Dans le cas quantique, les deux notions sont bien distinctes. En effet, transformer 
les donnees signifie obtenir un nouvel etat quantique, e’est-a-dire un nouvel opera- 
teur sur un espace de Hilbert. Les etats sont transformes quand ils sont envoyes 
a travers un canal. Un estimateur d’un parametre classique, en revanche, est une 
quantite classique. Nous obtenons done une variable aleatoire classique. Ces donnees 
classiques sont obtenues en effectuant une mesure de l’etat.

Si nous souhaitons simplement considerer les estimateurs, pourquoi s’interesser aux 
canaux? En effet, l’application de canaux successifs suivie d’une mesure peut etre 
resumee a une mesure plus complexe.

La premiere raison est que nous pourrions vouloir transformer nos etats en une 
nouvelle famille pour laquelle nous savons quelle mesure effectuer. En fait, tout le but
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de la normalite asymptotique locale quantique forte, dont l’etude forme l’essentiel 
de cette these, est de transformer des experiences en d’autres experiences quasi- 
equivalentes, et plus simples et mieux connues.

Deuxiemement, les canaux decrivent des transformations quantiques. Nous pourrions 
souhaiter etudier la transformation elle-meme, plutot que Petat. Typiquement, cette 
transformation pourrait etre generee par une force que nous voulons mesurer. Nous 
nous etendrons davantage sur le sujet au Chapitre 4.

Nous appelons instrument une fonction qui retourne a la fois des donnees classiques 
et quantiques en prenant un etat quantique en entree. Les veritables instruments 
de mesure sont en fait des instruments, quand bien meme Petat de sortie peut etre 
oublie. En particulier, les mesures en temps continu sont communes en pratique. 
Typiquement, nous mesurons le champ electromagnetique par son interaction avec la 
matiere, comme au Chapitre 8 . Ces mesures peuvent etre vues comme une suite d’in- 
struments infinitesimaux. Ecrire les equations correspondantes est le but du filtrage 
quantique, cree par Davies et Belavkin (Bouten et al., 2006, for an introduction).

Mesures, POVMs

Si nous voulons effectuer de l’inference statistique classique sur les parametres incon- 
nus, il nous faut traduire notre information quantique en information classique. A 
cette fin, nous effectuons une mesure. Comme les etats melanges sont des melanges 
classiques d’etats purs, nous exigeons que cette transformation soit lineaire. De plus, 
la sortie doit toujours suivre une loi de probabilite classique. De ceci, nous deduisons 
la forme suivante pour les mesures physiquement permises :

Definition 1.1.2. Une mesure a valeur dans les operateurs positifs, ou POVM, 
de I’acronyme anglais, sur un espace mesure (Ω,*4) est une ensemble {M(A)}a£A 
d ’operateurs bornes sur Ή tels que :
-  Μ(Ω) = 1H.
-  M(A) est positif.
-  Pour toute collection denombrable (^4,)^ d’Ai disjoints, nous avons M(\JAi) =  

T,M(Ai).

On remarquera que ce sont exactement les axiomes habituels d’une mesure de prob­
abilite, a ceci pres que nous utilisons des operateurs au lieu de nombres reels. Nous 
appelons chaque M(A)  un element de POVM.

Appliquer une mesure M a u n  etat p genere une loi Pp sur (Ω, A), donnee par la 
regie de Born :

Pp(A) = Tr(pM(A)). (1.19)
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Au Chapitre 5 , nous examinerons une relation d’ordre specifique sur les POVMs.

Quelques remarques s’imposent. Tout d’abord, nous pouvons inclure tout traitement 
classique des donnees dans la POVM. En effet, effectuer la mesure M, puis appliquer 
le noyau de Markov T (defini par (1.5)) a la variable aleatoire de sortie est equivalent 
a effectuer la mesure N sur (Ωχ, B) donnee par N(B) =  fnpLu.(B)M(duj). Si bien 
que travailler avec des POVMs est equivalent a travailler avec des estimateurs.

Deuxiemement, en general, nous ne pouvons pas mesurer simultanement Μχ et M2 

sur (Ωχ,.4χ) et Ω2,.Α2). Contrairement au cas classique, ou l’on peut obtenir si­
multanement les resultats de l’application des noyaux Ί\ et T2. En eifet, mesurer 
a la fois Μχ et M2 signifie mesurer N sur (Ωχ <g> Ω2) avec Ν(Αι x Ω2) =  Μχ(Αχ) 
et N{Qi x A2) =  M2(A2). Un contre-exemple simple illustrant le role de la non- 
commutativite est donne par Μχ et M2 toutes deux definies sur { 0 , 1}, avec

Mx(0 ) 

M 2( 0)

1 0
0 0

1 '1 1'
2 1 1

Mx(l)
0 0 
0 1

1 - 1  
- 1  1

Toutes ces matrices sont de rang un. II faut maintenant N(0,0) +  N(0,1) =  Μχ(0). 
Comme tous les elements de POVM sont positifs, nous obtenons Μχ(0) > N(0,0). 
Comme de plus Μχ(0) est de rang un, nous avons N(0,0) =  ϋχΜχ(Ο) pour un certain
0 < Ci < 1. De meme ΛΖ’(Ο,Ο) -I- N( 1 , 0 ) =  M2(0). Si bien que iV(0,0) =  c2M2(0). 
La seule solution est c\ =  c2 =  0 et iV(0,0) =  0. Le meme raisonnement tient pour 
iV(0,1), N( 1,0) et N(  1, 1). Par ailleurs, il faut que N({0 , l } 2) =  1C2. Contradiction.

Finalement, on croit que toutes ces mesures sont permises par les lois de la physique. 
Mais elles peuvent etre tres dures a implementer en pratique. En particulier si l’etat 
est multipartite, il peut etre raisonnable de se restreindre a des classes de mesure 
plus petites. Notamment, si differentes personnes possedent diiferentes particules en 
des lieux differents, elles ne pourront pas implementer une mesure generale, meme 
s’ils cooperent. Le mieux qu’elles puissent faire est : l’une d’elles mesure sa particule 
(eventuellement avec un etat quantique non trivial en sortie), donne le resultat aux 
autres, qui choisissent quel mesure effectuer sur leurs particules, garde l’etat de 
sortie et donnent le resultat aux autres, et on itere. De telles mesures, qui utilisent 
uniquement des operations quantiques locales et les communications classiques, sont 
appelees LOCC : Local Operations, Classical Communication.

En information quantique, quand le systeme (souvent intrique) est divise entre 
plusieurs personnes, nous nous restreignons naturellement aux operations LOCC. 
En estimation quantique avec n copies de l’etat initial, nous sommes interesses par 
ce que nous pouvons realiser avec des mesures LOCC, beaucoup plus simples a im­
plementer en pratique, que les mesures generales, dites collectives. Nous pouvons
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generalement ameliorer la precision de la mesure par des mesures collectives, ce qui 
peut paraitre surprenant pour des physiciens, puisque les n copies sont totalement 
independantes. Dans certains cas, en particulier quand nous savons que l’etat est pur 
(Matsumoto, 2002), les mesures collectives n’ameliorent guere les mesures LOCC. 
Cela peut surprendre les mathematiciens, comme l’espace des mesures collectives 
est beaucoup plus grand que celui des mesures LOCC.

Exemple : Spin z

Considerons la mesure binaire sur les qubits donnee par

M(T) = 1 0 

0 0 — 2 (■*· +  σ-2) ’ M ( i )  =
0 0 
0 1 =  5 (1 -  °,)·

Cette mesure appliquee a l’etat p =  ^ γ 2- renvoie j  avec probabilite

Tfr(/̂ i(t)) =  i(TV(lM(T))+ Σ »«^(^(t))) = 5(l +  «J.
a=x,y,z

En particulier, si θζ — 1, la sortie est toujours t· A l’inverse, si θζ =  —1, la sortie 
est toujours [. D’autre part, si θχ =  1, si bien que θζ =  0 , la sortie sera ou bien | ou 
bien J, avec probabilite un demi, alors que l’etat p est pur.

Les mesures de ce genre, ou tous les elements de POVM sont des projecteurs, sont 
aussi appelees observables. Elies generent de l’information uniquement sur la base ou 
tous les elements de POVM sont diagonaux. Accessoirement, les axiomes usuels de 
la mecaniques quantiques restreignent les mesures aux observables. Nos recuperons 
l’ensemble des POVMs en appliquant une observable a un etat multipartite dont 
notre etat n’est qu’une partie; c’est le theoreme de Naimark.

Mesure heterodyne

La mesure heterodyne tire son nom de la technique utilisee pour l’implementer 
en laboratoire, avec des lasers dephases. Cette POVM de sortie dans C se decrit 
mathematiquement par :

M(A) =  — [  \z){z\dz, (1-20)
π Ja

ού |̂ ) est un etat coherent (1.18).
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La loi du resultat de la mesure de p a done pour densite {z\p\z) par rapport a la 
mesure de Lebesgue, au point z. En particulier, la loi du resultat de la mesure d’un 
etat coherent est une gaussienne :

qe(dz) =  ~(ζ\θ)(θ\ζ) =  -  exp( - |0  -  z\2). (1.21)
π π

Si nous considerons tous les Θ complexes, nous reconnaissons une experience de 
decalage gaussienne (1.4) sur R2.

Plus generalement, la densite de la loi du resultat de la mesure d’un etat p est 
appelee fonction de Husimi de l’etat :

Hp(dz) =  ~{z\p\z). (1.22)π

Les etats dont la fonction de Husimi est une gaussienne sont appeles etats gaussiens.

Canaux

Nous decrivons maintenant comment obtenir un nouvel etat quantique a partir d’un 
premier. Notez que l’etat original est detruit au cours du processus.

Une transformation physique d’un objet prend un etat et renvoie un aure etat, 
eventuellement sur un espace de Hilbert different. Elle est decrite par un canal, 
Pequivalent d’un noyau de Markov.

Pour rappel, un superoperateur positif S est une application qui associe a chaque 
operateur A positif un resultat S(A) egalement positif.

Definition 1.1.3. Un canal £ est une application de I’ensemble T{Hi) des opera- 
teurs a classe de trace, dans T(Ti,2), dote des propriites suivantes :
-  Linearite : E est liniaire.
-  Positivite complete : pour tout espace auxiliaire Ti3, le superoperateur S <g> Id : 

T(Hi  <S> Ήζ) ’ T(Ti.2 <8> Ήζ) donne par ( 8  <g> Id)(p <8> σ) — S(p) <8> σ est positif.
-  Priservation de la trace : Tv{8 (A)) =  Tr(A).

Notez que les noyaux de Markov satisfont a ces criteres, quand on remplace les 
operateurs par des mesures9.

9Dans le cadre plus general des 6**-algebres, les espaces de fonctions sont des C*-algebres 
commutatives et tous les superoperateurs positifs sur ces espaces sont completement positifs
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La necessite de la linearite peut etre prouvee par l’axiome devolution unitaire10 et 
en incluant l’observateur dans le systeme.

Nous voulons que l’image d’un etat soit un etat, done un operateur positif doit etre 
envoye sur un operateur positif. Pour comprendre d’ou vient l’exigence de positivite 
complete, considerons un etat eventuellement intrique sur H\ ®Τίζ· Si nous trans- 
formons l’etat sur 7i\, nous transformons aussi l’etat sur Hi 0  7Y3, par le canal 
£ 0  Id. Done cette derniere transformation doit aussi etre positive. D’ou la requete 
de complete positivite.

Finalement, la sortie est un etat si l’entree est un etat, et tous deux ont trace un, 
done la trace doit etre conservee.

Nous considererons souvent des canaux du point de vue (pre)dual, e’est-a-dire comme 
agissant sur les elements de B(H). Nous definissons Tr(£(p)A) =  Tr(p£*(A)) pour 
tout etat p et tout operateur borne A. Dans ce cas, £* est aussi une application 
lineaire completement positive, mais nous devons remplacer la preservation de la 
trace par la preservation de I’identiti, e’est-a-dire £*(1 ) =  1 .

Notations : Nous utilisons d’habitude les lettres £ ou J- pour les canaux. Par abus 
de notation, nous ne noterons en general pas l’etoile pour le predual et ecrirons 
egalement £ dans ce cas. Cependant, ces notations standard sont egalement les 
notations standard pour les experiences; Aussi , dans les chapitres ou nous utilisons 
cette derniere notion, nous designerons les canaux de la meme fagon que les noyaux 
de Markov, a savoir par T, Tn, S, Sn.

Representation de Kraus, theoreme de Stinespring

La definition donnee ci-dessus ne permet pas une manipulation simple des canaux. 
Heureusement, nous disposons de deux theoremes de representation qui decrivent les 
applications completement positives de maniere plus pratique. Le livre de Paulsen 
(1987) est une bonne reference sur ces sujets.

La representation de Kraus (1983) est l’outil principal quand l’espace de Hilbert est 
de dimension finie.

Theorem 1.1.4. Une application completement positive £ de M(Cdl) dans M(Cd2) 
peut s ’ecrire

£{Α) =  Σ ε *α Κ ,  (1-23)
a

10La mecanique quantique affirme que revolution d’un systeme est donnee par p(t) =  
U(t)p(0)U*(t), ού U(t) est un operateur unitaire qui peut etre calcule a partir de Poperateur 
auto-adjoint H appele le hamiltonien. Si le hamiltonien ne depend pas du temps, alors U(t) =  eltH.
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ou a να de I a d\d2 au plus, et Ra G C). L ’etoile represente I’adjonction.

De plus, le canal priserve la trace si et seulement si Σ  ~  l c di ·

Cette decomposition n’est pas unique. Le canal dual est donne par j 4 h ^  R^ARa.

En dimension infinie, nous utiliserons de preference le plus puissant theoreme de 
dilatation11 de Stinespring (1955).

Theorem 1.1.5. Soit £ : B(Hi) —>■ B(H2) une application completement positive. 
Alors il existe un espace de Hilbert fC et un *-homomorphisme (ou representation) 
π : B(H 1) —»■ B(H2) tels que

£{A) =  Vn(A)V*, (1.24)

ou V : fC —> H est un operateur borni.

De plus, si £ preserve I’identite, alors V est une isometrie, c ’est-a-dire VV* =  1^.

Si de plus nous imposons que /C soit la fermeture de l’espace vectoriel engendre par 
π { Α ) ν * Ή .alors la dilatation est unique a des transformations unitaires pres.

Instruments

Nous donnons les representations d’instruments en dimension finie12. Pour simplifier 
davantage les notations, nous nous placerons dans le cas ou la mesure a un nombre 
fini d’issues.

Definition 1.1.6. Un instrument est donne par un ensemble {Νω̂ } de matrices de 
Τίι dans TL2, tel que

ω k

La mesure correspondante est donnee par

M(w) = ]riv;,A,t,
k

11En fait le theoreme de Stinespring a ete prouve pour toute C*-algebre unitaire. On peut prouver 
qu’il implique le theoreme de representation de Kraus, ainsi que la representation GNS, une base 
de la theorie des algebres d’operateurs.

12En dimension infinie, il faut se placer dans le cadre des C*-algebres, et un instrument est alors 
simplement un canal entre C*-algebres

^ , Λ λ ' Ι χ,·

La mesure correspondante est donnee par

Μ(ω) =  Σ Νΰ,*Ν^ .
k

11En fait le theoreme de Stinespring a ete prouve pour toute C*-algebre unitaire. On peut prouver 
qu’il implique le theoreme de representation de Kraus, ainsi que la representation GNS, une base 
de la theorie des algebres d’operateurs.

12En dimension infinie, il faut se placer dans le cadre des C*-algebres, et un instrument est alors 
simplement un canal entre C*-algebres
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et Vetat de sortie quand le resultat de la mesure est ω est donne par

ω Tr (ρΜ(ω))

L ’itat de sortie vit dans 7ΐ2·

Nous avons desormais une nouvelle maniere de comprendre pourquoi nous ne pou­
vons pas mesurer deux POVMs simultanement: apres avoir mesure M, 1’objet quan­
tique, done notre donnee, a en general ete perturbe. En fait, si la mesure est suff- 
isamment riche, l’etat de sortie ne depend que du resultat ω de la mesure, et plus 
du tout de l’etat d’entree.

Nous avons desormais tous les outils pour transposer les statistiques classiques au 
monde quantique.

1.1.3 Statistiques quantiques

Nous travaillons d’habitude sur les etats quantiques; a l’occasion, nous voudrons 
obtenir des informations sur un canal. Nous traitons les deux cas separement.

Etats : ce que nous avons, ce que nous pouvons faire, ce que nous voulons 
savoir

De maniere analogue au cas classique, nous disposons d’habitude d’un etat quantique 
p, que nous savons etre dans l’ensemble

ε  = {ρθ, θ £ θ } .  (1.25)

Nous appellerons egalement cet ensemble experience ou modele.

Dans l’exemple des qubits, les modeles usuels seront le modele complet de melange, 
a trois dimensions, £m — {p ,̂ ||6>|| < 1} et le modele a deux dimensions des etats 
purs £p =  {pe, IÎ H =  1}, ou nous avons utilise la parametrisation precedente (1.17) 
de l’etat po- Si nous avons n copies de l’etat, nous remplagons pe par pfn.

Un autre exemple typique est le modele St — {po, Θ G {^1,^2}} , ou la question 
habituelle est de discriminer entre les deux Θ possibles. Nous etudions ce genre de 
problemes dans la Section 1.3 et le Chapitre 3.
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Nous pouvons a priori utiliser n’importe quelle suite d’instruments sur l’etat. Si nous 
voulons simplement obtenir des renseignements sur Θ, nous pouvons nous restreindre 
aux mesures M, les POVMs. Nous associons alors a M  un estimateur, disons Θ, dont 
la loi depend du vrai parametre Θ de la maniere suivante :

Selon les circonstances, nous pourrons permettre toutes les mesures physiques, ou 
nous restreindre a des ensembles plus petits, comme les mesures separees ou les 
mesures LOCC.

Enfin, ce que nous voulons savoir est la meme chose que dans le cas classique. 
Nous voulons connaitre une fonction du parametre Θ. Nous voulons done estimer 
Θ, et evaluer notre estimateur Θ au travers d’une fonction de cout ε(θ,θ). Comme 
auparavant, les fonctions de cout les plus communes sont (1 — δθ $)„ si Γensemble de
parametres est fini, et les fonctions de cout quadratique (Θ — 6)TG(9 — Θ) pour une 
matrice G definie positive, si le parametre vit dans un sous-ensemble ouvert de Wl. 
La matrice de poids G peut dependre de Θ.

Nous pouvons a nouveau ecrire le risque (1.6) d’un estimateur au point Θ. Comme 
nous ne connaissons pas Θ, nous pouvons utiliser soit le risque bayesien (1.7) pour 
une loi a priori adaptee, soit le risque minimax (1.9), et optimiser (1.8, 1.10) sur les 
estimateurs disponibles. Notons que la derniere etape depend de Pensemble d’esti- 
mateurs que nous nous autorisons.

Information de Fisher quantique et bornes de Cramer-Rao

Nous pouvons essayer d’imiter la definition de l’information de Fisher classique et 
obtenir des ornes similaires sur la variance des estimateurs. En fait, nous pouvons 
construire pareil equivalent pour tout choix de derivee logarithmique. Nous choi- 
sissons la derivee logarithmique a droite (RLD), definie pour chaque Θ et chaque 
coordonnee θα comme la matrice Λα>g telle que :

q,(B) =  P , β € Β  =  1r(peM(B)).

(1.26)

sur le support de pe-

Alors l’examen de la definition (1.13) et le rappel du fait que la regie de Born (1.19) 
est l’equivalent de l’esperance classique rendent naturelle la definition suivante de la 
matrice d’information de Fisher quantique :

^ β{θ)=Ύι{ρθ\ββ\*αβ). (1.27)

dpe_δθη hiKxfi
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Helstrom (1976) a prouve que la matrice de covariance de tout estimateur localement 
non biaise Θ etait plus grande que l’inverse de la matrice d’information de Fisher 
quantique. De ce fait, pour toute fonction de cout quadratique (θ — θ)τ Ο(θ — Θ), 
nous avons cette borne sur le risque (1.6) :

τθφ)  > ΊΪ (R e{G1/2J ~ 1{0)G1/2) +  |lm(Gl/2J ~ 1{e)G1/2)\y (1.28)

Remarquons que nous n’ecrivons pas le membre de droite Tr(GJ^1(9)), car notre 
matrice d’information de Fisher est auto-adjointe, mais pas reelle.

Holevo (1982) a ameliore13 cette borne pour un parametre de dimension p et un 
systeme vivant dans un espace de Hilbert de dimension d :

re{0) > inf Tr (re (G 1/2Z (X )G 1/2) + |lm(G1/2Z (X )(?1/2)|), (1.29)

ou Z jj =  Tr(peXiXj), et X  =  (X l5. . . ,  X p) est un vecteur de d x d matrices auto- 
adjointes satisfaisant la contrainte d/d0i(Tr(pXj)) =  Shr

Cette borne s’applique pour tous les estimateurs localement non biaises. Hayashi 
et Matsumoto (2004) ont prouve que cette borne etait asymptotiquement saturee 
pour les modeles de qubits. Comme dans le cas classique, la raison sous-jacente 
est la convergence vers une experience de decalage gaussienne quantique. Dans la 
Partie II, nous construisons une theorie qui montre que toute fonction raisonnable 
d’un modele de qubits converge vers sa valeur dans une experience de decalage 
gaussienne quantique.

Cette borne a l’air horrible, mais elle est souvent calculable. Par exemple, si le 
parametre Θ est de dimension d(d — 1), il n’y a qu’un seul X  admissible. C’est le 
cas quand notre experience est le modele complet de melange. De plus, on peut 
prouver que cette borne est multipliee par n quand nous avons n echantillons. Nous 
retrouvons done la vitesse de convergence en racine carree des modeles classiques 
reguliers.

Ces bornes sont valides pour toutes les mesures permises par la physique. Si nous 
nous restreignons a des classes plus petites, nous pouvons obtenir de meilleures 
bornes (Nagaoka, 1991; Hayashi, 2005a; Gill et Massar, 2000).

13La matrice d’information de Fisher (1.27) est un Z(X)  convenable, ce qui implique a la fois 
l’existence du membre de droite de l’equation (1.29), et que cette borne est meilleure que la borne 
de Helstrom (1.28).
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Exemple : Experience de decalage coherente

Considerons l’experience quantique suivante sur l’espace de Fock :

£qga =  { \e) (9\ , 9eC} .

Alors Yuen et Lax, M. (1973) et Holevo (1982)14 ont calcule la borne de Cramer-Rao 
(1.28) et obtenu Tr(G· ) /2 -I- \Jdet(G). Si G =  1 , cela vaut 2 .

Par une mesure heterodyne (1.20), nous transformons notre experience quantique 
en une experience de decalage gaussienne classique £gs =  {λί(θ, 2 · 1), Θ G C}. Done, 
avec G =  1 , nous lisons sur notre calcul pour le cas classique (1.12) que le risque au 
point Θ vaut 2 .

De ce fait, la mesure heterodyne sature la borne de Cramer-Rao pour la matrice 
de poids identite. De legeres modifications de cette mesure, faisant usage d’etats 
dit coherents compresses au lieu des etats coherents (1.18), atteignent l’optimalite 
pour toute matrice de poids. II faut remarquer, cependant, que contrairement au cas 
quantique, la mesure optimale depend de la matrice de poids.

Exemple 2 : Modele complet de melange pour les qubits

Dans le modele complet de melange pour les qubits £m, la borne de Cramer-Rao15 
pour la fonction de cout (θ — θ)τ (θ — Θ) est connue pour valoir 3 — 2 ||0||.

D’autre part, nous savons aussi (Hayashi et Matsumoto, 2004, pour cette forme 
precise) que, quand seules les mesures locales sont permises, cette borne devient 
{2\Jl — ||0||)2. Nous avons ici un exemple ou l’utilisation des mesures collectives 
ameliore la vitesse d’approche, pour tout ||#|| < 1, e’est-a-dire pour tous les etats 
melanges.

Canaux : Ce que nous avons, ce que nous pouvons faire

Nous avons mis au point notre cadre pour quand des etats quantiques nous sont don- 
nes. Dans d’autres applications, nous voulons etudier des machines qui transforment 
les etats quantiques. En statistiques classiques, ce probleme correspond a essayer de 
comprendre ce que fait une boite noire. Mathematiquement ces machines sont des

14Pour une matrice de poids G arbitraire.
15Hayashi et Matsumoto (2004) l’ont calculee pour une matrice de poids arbitraire, et montre 

qu’elle pouvait etre atteinte dans tous les cas.
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canaux quantiques. Ballester (2005a) a notamment consacre sa these a l’estimation 
de canaux unitaires, correspondant a revolution naturelle d’un systeme quantique. 
Ji et al. (2006) nous fournit une autre ressource recente.

Dans ce cas, on ne nous donne pas une «loi de probability quantique» p, mais plutot 
un canal T : B(Hi) —>■ B(Ti.2) dans un ensemble

ε  =  { τ θ, θ β θ } .

Pour obtenir des informations sur T, nous devons envoyer un etat au travers, et nous 
obtenons une experience quantique plus habituelle. Neanmoins, nous avons plusieurs 
methodes a disposition. La plus evidente est d’envoyer un etat bien choisi p. Nous 
obtenons en sortie l’etat T(p) et nous retrouvons avec le modele

εΐ = {τ„{ρ),θ€θ}.

Cependant, nous pouvons aussi utiliser un systeme auxiliaire : au lieu de sonder T, 
nous sondons de maniere equivalente T 0  Id : Β{Ή\ 0  7i3) —> Β(7Ϊ2 0  H3). Nous 
envoyons un etat p multipartite, intrique et obtenons :

ε 2ρ =  { ( τ θ ® ΐ ά ) ( Ρ ) , θ ε θ } .

Si nous avons le droit de sonder plusieurs fois le canal, le premier reflexe sera d’en­
voyer n copies du meme etat. Nous obtenons :

εΐ = {(2i(p))®".9 € Θ} .

Cependant il pourrait etre plus efficace d’envoyer un grand etat intrique p G B(Hx)®n. 
Nous obtenons alorss l’experience tres generale :

ί; = {(ΐ'.Γω,«€θ}.

Pour finir, on peut decider d’ajouter un systeme auxiliaire a l’entree precedente :

Toutes ces distinctions ne sont pas superflues16. La premiere strategie est plus sim­
ple que la seconde, mais Fujiwara (2001) a prouve qu’envoyer la moitie d’un etat 
d’intrication maximale au travers d’un canal qubit inconnu et garder l’autre moitie

16Des strategies encore plus complexes existent, ού Ton renvoie en entree l’etat de sortie...

Toutes ces distinctions ne sont pas superflues16. La premiere strategie est plus sim­
ple que la seconde, mais Fujiwara (2001) a prouve qu’envoyer la moitie d’un etat 
d’intrication maximale au travers d’un canal qubit inconnu et garder l’autre moitie

16Des strategies encore plus complexes existent, ού Ton renvoie en entree l’etat de sortie.

<g> Id)(p), θ € Θ } .
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Classique Exemple classique simple
Espace de probabilite

{Ω,Α)
{0 ,1 }

Mesure de probabilite

Ρθ
( 5 (1 + « ) .  5 (1 - » ) )

avec — 1 < Θ <  1.

Mesure de Dirac
(1,0) or (0,1) 

donnee par Θ = — 1 ou 1.
Estimateur a valeurs dans l’espace 
mesure (X,A)

X  : Ω <g> Ω2 —> X

ού (Ω2, B, q) est un espace de probabilite 
avec q connu.

X  : i |—► Xi(w2) 
with Xi : Ω2 —>· X  for i =  0 , 1,

ou (Ω2, B , q) est un espace de probabilite 
avec q connu.

Loi de probabilite de l’estimateur

Pe [ X e A ]  =  {pe®q){X-\A)) . P, [X € A] =  |(1 -  D J i f t - 'W )  

+ i ( l  + e)q(X^(A)) .

Noyau de Markov (donne par (1.5)) 

r
Ρθ ^  Ρθ(0)το +  Ρθ(ί)τι

avec T0 et τχ des lois de probabilite sur 
le meme espace.

F ig . 1.1 -  Correspondances entre notions classiques et quantiques de base
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Quantique Exemple quantique simple
Espace de Hilbert

n
c 2

Etat (donne par la Definition 1.1.1)

Ρθ -  ^ iC2 + y :

avec σ, donne par (1.16) et ||0|| =  1.
Etat pur

IV’) {Φ\

avec (V;|V;) =  1·

pe de rang un, equivalant a ||0 =  1 dans 
la formule precedente.

POVM (donnee par la Definition 1.1.2), 
a valeur dans l’espace mesure (X, A)

M = {M (A ) }AeA

Pas de simplification

Loi de probabilite de la mesure 

P, [X e  A] =  Ττ(ρθΜ(Α)).

Pas de simplification

Canal (donne par la Definition 1.1.3) 

£ : T{H)  T(/C).

Si dim(/C) =  d < oo, alors

2d
£{ρθ) =  Σ ϋ αρθΚ

a=l

avec Ra G M(L2 (C) et Σ α R*aRa =  1C2.

F ig . 1.2 -  Correspondances entre notions classiques et quantiques de base
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comme systeme auxiliaire permettait une estimation asymptotiquement trois fois 
plus rapide que toute strategie du premier et du troisieme types.

De maniere encore beaucoup plus impressionnante, l’utilisation de l’intrication (qua- 
trieme et cinquieme strategies) permet d’estimer des operations unitaires avec une 
erreur quadratique au carre en 1/n 2. Par contraste, toutes les premieres strategies 
fourniraient n copies d’un etat, et la borne de Cramer-Rao (1.29) nous assure que 
la vitesse ne peut etre meilleure que 1/n.

En tout cas, choisir ce que nous permettons n’est qu’une partie du probleme. La 
question la plus difficile reste de trouver quel etat envoyer. L’experience quantique 
obtenue en sortie depend beaucoup de ce choix. Quand on utilise seulement un 
systeme auxiliaire, les etats d’intrication maximale sont le choix naturel. Quand 
nous utilisons les immenses etats intriques en entree de la quatrieme experience, 
nous sommes guides par la theorie des groupes.

Nous etudions la discrimination entre deux canaux de Pauli au Chapitre 3.

Au Chapitre 4, nous traitons l’estimation de canaux unitaires sur des espaces de 
dimension finie, et la Section 1.4 correspondante dans l’introduction s’etend plus 
longuement sur l’histoire et les references.

1.2 Tomographie homodyne

1.2.1 Motivation

Pour pouvoir communiquer a un niveau quantique, il faut a la fois pouvoir coder 
l’information dans l’etat d’un systeme, transmettre ce systeme, et recuperer l’infor- 
mation.

La lumiere etant tres facile a transmettre, elle est un candidat naturel a servir 
de vecteur de communication. Toutefois, pour transmettre davantage d’information 
quantique que la polarisation, il faut pouvoir identifier l’etat d’un mode de la lumiere.

La premiere methode permettant de reconstituer completement l’etat d’un oscil- 
lateur harmonique est la tomographie quantique homodyne, proposee par Vogel et 
Risken (1989) et implementee par Smithey et al. (1993).

Sa relative facilite de mise en oeuvre et sa relative rapidite, dans la mesure ou de 
nombreuses copies de l’etat peuvent etre examinees a chaque seconde, en font un 
outil de base de l’information et de l’optique quantique actuelles. Cette technique
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peut tout d’abord etre utilisee au terme d’une experience pour verifier que l’etat 
voulu a bien ete cree (par exemple par Ourjoumtsev, 2007). Elle pourra aussi servir 
a certaines formes d’experiences de Bell (Daffer et Knight, 2005). Et comme evoque 
plus haut, en transmission d’information quantique. Le livre de Leonhardt (1997) 
et Particle de revue de Lvovsky et Raymer (2005) detaillent davantage l’interet de 
cette methode de mesure.

Du point de vue du mathematicien, comme l’instrument de mesure est donne, nous 
recuperons un probleme de statistiques classiques. L’aspect quantique du probleme 
n’est plus present que dans la forme etrange de l’espace des parametres. Ainsi la 
tomographie homodyne peut servir d’introduction en douceur au monde des statis­
tiques quantiques. Quant aux problemes souleves, il nous faut, apres recuperation 
des donnees, determiner l’etat. Nous restons avec une inversion de transformee de 
Radon a effectuer, d’ou le nom de tomographie. C’est un probleme inverse mal pose, 
en dimension infinie, qui n’est done pas sans poser certains defis. Mettre au point 
des methodes d’estimation plus efficaces permet aux physiciens d’acquerir moins de 
donnees, et done de gagner du temps ou augmenter les debits.

1.2.2 Resultats anterieurs

Mathematiquement, nous voulons estimer un etat de l’oscillateur harmonique, sur 
l’espace de Fock, tel que decrit dans la sous-section 1.1.2. Nos donnees sont des 
echantillons de loi pp sur R x [0 , π], qui sont la transformee de Radon d’une autre 
representation usuelle en optique quantique, a savoir la fonction de Wigner. On peut 
notamment voir la fonction de Husimi (1.22) comme la fonction de Wigner convoluee 
avec une gaussienne de variance h/2 .

Les premieres methodes d’estimation utilisaient la fonction de Wigner comme represen­
tation de l’etat. Les donnees etaient collectees en histogrammes et lissees, puis on 
inversait la transformee de Radon. Toutefois, ce lissage introduit un biais difficile a 
controler.

La premiere methode d’estimation sans biais remonte a D’Ariano et al. (1994), qui 
ont introduit les fonctions motif, des bases biduales pour les entrees matricielles de 
l’operateur densite p. (D’Ariano et al., 1995) les ont ensuite generalise pour gerer 
le bruit au niveau des detecteurs. Notons que ce bruit est tres handicapant, car 
extremement lisse. Banaszek et al. (1999) ont egalement applique l’estimateur du 
maximum de vraisemblance, avec une bien plus grande efficacite. Le revers de la 
medaille est le temps de calcul.

Dans chacun de ces cas, neanmoins, il faut fixer a l’avance quelles coordonnees, 
typiquement celles correspondant a un petit nombre de photons, pourront ne pas
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etre nulles, sinon la variance de l’estimateur est infinie. Artiles et al. (2005) ont 
toutefois pu etablir la consistance de ces estimateurs utilises avec un tamis.

Enfin, Butucea et al. (2007), ont mis au point une methode d’estimation par noyaux 
de la fonction de Wigner asymptotiquement optimale au sens L2, sur de larges classes 
d’etats, y compris en tenant compte du bruit de detection.

Par ailleurs, D’Ariano et al. (2004) ont utilise la tomographie homodyne dans une 
procedure de calibration d’un compteur de photons.

Mentionnons pour finir la these de Meziani (2008), qui porte notamment sur des 
procedures de test basees sur la fonction de Wigner.

1.2.3 Contributions de la these

Je me suis attaque au probleme evoque, ci-dessus, a savoir que l’on doit choisir a 
quel niveau on coupe l’estimation des parametres dans les procedures d’estimation 
par fonctions motif ou maximum de vraisemblance. II ne s’agit de rien d’autre que 
d’un choix de modele. J’ai done applique les techniques de selection de modeles et de 
penalisation a la Birge-Massart pour creer un estimateur completement automatique 
de l’etat d’un oscillateur harmonique.

Au passage, j ’ai prouve que nous recuperions une vitesse d’estimation polynomiale 
bien que nous soyions en dimension infinie, du moment que nous avons une borne 
sur l’energie.

J’ai de meme utilise ces methodes pour la calibration du compteur de photons telle 
qu’evoquee par D’Ariano et al. (2004), que j ’ai aussi interpretee comme un probleme 
classique de donnees manquantes.

1.3 Discrimination

1.3.1 Motivation

Alice et Bertrand veulent etablir et partager une cle cryptographique sure. Alice 
envoie alors une suite de particules a Bertrand, ou chaque particule est soit dans 
l’etat \ψι) soit dans l’etat |t/;2). Ces etats ne sont pas orthogonaux. Pourtant Bertrand 
peut mesurer chacun d’entre eux et obtenir Pun des trois resultats suivants : Petat 
est \ψι), |V;2)> ou «je ne connais pas l’etat». Quand il a une reponse explicite, l’etat
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est toujours correctement identifie. Quand il obtient le resultat douteux, Bertrand 
telephone simplement a Alice pour lui dire de jeter ce bit la. Pour une efficacite 
maximale, Bertrand doit realiser une mesure qui donne une solution explicite aussi 
souvent que possible.

Or, Eve les espionne. Si elle ne veut pas etre remarquee, elle doit envoyer un etat 
a Bertrand, quelle que soit la conclusion de sa mesure. Contrairement a Bertrand, 
elle n’a pas le droit de dire «je ne sais pas». Done sa meilleure strategie consiste 
a realiser la mesure qiii lui donnera le plus souvent raison, meme si elle n’est pas 
certaine d’avoir correctement identifie l’etat. Comme les etats ne sont de toute fagon 
pas orthogonaux, elle finira par faire une erreur et sera reperee.

Ce protocole de distribution de cle quantique a ete propose par Bennett et al. (1992).
II contient les deux exemples les plus elementaires de discrimination quantique. Le 
cadre general est le suivant. Nous avons un objet quantique, en general un etat. Nous 
savons qu’il appartient a un ensemble fini. Nous devons deviner duquel il s’agit. Pour 
choisir une strategie optimale, il nous faut une fonction de cout. Les plus naturelles 
sont les deux qui apparaissent dans l’exemple ci-dessus. Le critere de Bertrand est 
appele discrimination optimale sans ambigmte, celui d’Eve discrimination avec er­
reur minimale.

Historiquement, la discrimination avec erreur minimale fut etudiee en premier, des 
Helstrom (1976). En effet, elle correspond aux tests d’hypotheses, un sujet majeur en 
statistiques classiques. Ivanovic (1987) a introduit la discrimination sans ambigu'ite. 
Contrairement a la discrimination avec erreur minimale, le probleme classique cor- 
respondant est trivial. Cependant, il y a de nombreux liens avec d’autres sujets 
d’information quantique, tels le clonage exact (Chefles et Barnett, 1998b) ou la 
distillation d’intrication (Chefles et Barnett, 1997).

1.3.2 Resultats anterieurs

Chefles (2000) et Bergou et al. (2004) ont recemment ecrit deux articles de revue, 
qui sont mes sources principales pour cette partie historique.

En premier point, remarquons que tous les travaux precedents ont ete effectues dans 
un cadre bayesien. On peut alors expliciter le probleme d’Eve ainsi : elle essaie de 
trouver une POVM P =  (Pi, P2) qui minimise la probability moyenne d’erreur, ou 
de maniere equivalente qui maximise la probabilite de succes :

P s  = 7Γ1 Tr(piPi) +  π 2 Tr(p2P2), (1.30)

ou π est la loi a priori et pi — \ij\) (V’-d·
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Bertrand doit quant a lui maximiser la meme expression (1.30), mais avec une POVM 
P  =  (Pi,P2 ,P ?), et la condition supplemental Ττ(ρ2Ρι) =  Tr(piP2) =  0 . Ici P? 
correspond a la reponse ambigiie. Avec notre definition d’un probleme statistique 
en trois points (ce que nous avons, ce que nous pouvons faire, ce que nous voulons 
savoir), la difference se situe sur le second point : ce que nous pouvons faire.

Commengons par suivre Helstrom (1976) sur la discrimination avec erreur minimale. 
Comme Pi =  1 — Pi, en ecrivant px =  | î) ( î| et \ψ2) (V;2|, nous obtenons

ps =  tt2 Tr(p2) +  Ττ(Ρι(πχρι -  π2ρ2))·

Ainsi une POVM optimale est donnee par P\ la projection sur le support de la 
partie positive de τχχρχ — π2ρ2. En particulier, la POVM est observable. Ceci resout 
la discrimination avec erreur minimale pour deux etats, meme s’ils sont melanges 
La meme strategie fonctionnerait si nous ajoutions des poids aux differentes erreurs.

Les difficultes pour l’erreur minimale commencent quand nous avons plus de deux 
etats possibles, disons N. Nous pouvons ecrire la probabilite de succes sur le modele 
de l’equation (1.30), c’est-a-dire Υ ί̂ ττί Ύΐ{Ρίρί). Cependant, nous ne pouvons plus 
utiliser l’astuce du remplacement de Pi par 1 — P2, et il n’y a pas de solution generale 
au probleme de maximisation. Resumons ce que nous savons, neanmoins.

Pour commencer, Eldar (2003) a montre que l’une des POVMs optimales etait tou­
jours une observable, du moment que les Pi sont lineairement independants. Via les 
multiplicateurs de Lagrange, Holevo (1973) et Yuen et al. (1975b) ont donne une so­
lution implicite; les conditions suivantes sont necessaires et suffisantes pour qu’une 
POVM soit optimale :

Pi(FiP% -  KjPj)Pj =  0,
N

Y2(TTkpk)Pk -  TTiPi >  0,
k= 1

pour tout 1 < i, j  < N.

Nous avons des solutions analytiques dans quelques cas particuliers (Barnett, 2001; 
Yuen et al., 1975b; Andersson et al., 2002). Le plus interessant est celui ou le prob­
leme est covariant, c ’est-a-dire quand =  1/N pour tout i, et il y a un operateur 
unitaire V tel que VN = I  et pi =  Vl~lpiVl~l. Nous pouvons alors appliquer Holevo 
(1982) et chercher une solution de la forme Pi =  VlEV~\ ou Ξ est appelee le germe 
de la POVM. Ce point de depart a permis d’abord a Ban et al. (1997) pour les 
etats purs, puis a Eldar et al. (2004) et Chou et Hsu (2003) pour les etats melanges 
generaux, de deriver une solution. Ils ont obtenu la «mesure racine carree», qui pour
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des etats purs \φι) devient :

Pi =  B -W ty iM ilB -1'2 
with B =  Υ^\φί){φί\.

I

Quoique nous avons une solution explicite pour deux etats, il est difficile de dire a 
quelle vitesse nos predictions s’ameliorent qui nous avons n copies du meme etat, 
si bien que nous devons discriminer entre p fn et p fn. Les travaux recents se sont 
concentres sur cette vitesse, et sur quelle classe de mesures peut l’atteindre (Hayashi, 
2002b; Nagaoka et Hayashi, 2007; Nussbaum et Szkola, 2006; Audenaert et al., 2007; 
Kargin, 2005). Ils utilisent essentiellement des bornes de Chernoff quantiques ou le 
theoreme de Sanov, c ’est-a-dire la theorie des grandes deviations quantiques. Ces 
resultats sont egalement exprimes dans le cadre minimax.

Enfin, puisque nous essayons de minimiser une fonctionnelle 
lineaire sous des contraintes lineaires, a savoir que P  doit etre une POVM, la pro- 
grammation lineaire semi-definie permet un traitement numerique efficace (Jezek 
et al., 2002).

Riis et Barnett (2001) ont implemente experimentalement la situation d’Eve, c’est-a- 
dire la discrimination entre deux qubits, tandis que Clarke et al. (2001b) a realise la 
discrimination des etats trines et tetrades, i. e. trois et quatre etats purs qui forment 
les sommets d’un triangle et d’un tetraedre reguliers.

Revenons-en au probleme de Bertrand, la discrimination sans ambigu'ite de deux 
etats |V;i) et |V’2)· Pour la loi a priori equiprobable π\ =  π2 = 1/ 2 , Ivanovic 
(1987); Dieks (1988) et Peres (1988) ont trouve la mesure optimale. La probabilite 
correspondante d’obtenir un resultat explicite est alors appelee la limite IDP :

V s  =  1  -  | ( V ; i | V ; 2 ) | ·  ( 1 - 3 1 )

Comment arrive-t-on a ce resultat ? Tout d’abord, la seule partie pertinente de 
l’espace est celle generee par les deux vecteurs |V’i) et |φ2), et est done de dimension 
deux. Nous pouvons ainsi considerer la base biorthogonale a (V-’i, Φ2), c’est-a-dire 
la base non orthogonale (u>i,u>2) caracterisee par =  Sij pour 1 < i , j  < 2 .
De plus, l’element de POVM P\ doit satisfaire a Tr(Pi/?2) =  0 , ou de maniere 
equivalente, son support doit etre orthogonal a |Φ2). Done Pi =  Ci|o;i)(a;i|. De meme, 
P2 =  c2|u,'2) (^2!- Nous devons done simplement trouver les Ci et c2 qui maximisent 
(1.30) tout en gardant P1 +  P2 < I- Alors P? = I — Pi — P2. Par symetrie, si πχ =  π2, 
nous devons avoir ci =  c2. Nous prenons done le ci le plus grand tel que P1 +  P2 < I- 
Les calculs menent a (1.31).
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La discrimination sans ambigu'ite, contrairement a la discrimination avec erreur 
minimale, se generalise assez bien a plusieurs etats purs. En revanche, discriminer 
meme entre deux etats melanges est difficile.

Jaeger et Shimony (1995) ont generalise au cas ττ\ φ π2. Pour plus de deux etats purs, 
nous pouvons commencer notre raisonnement de la meme maniere : nous ecrivons 
Pi =  Ci|u^i ) , avec {α;ί}ι<ί<Λτ la base biorthogonale de {V;i}i<i<iv· Nous avons 
done a gerer uniquement N coefficients. Mais nous n’avons pas en general de solution 
explicite. Les cas particuliers resolus incluent le cas covariant, ou [V’t) =  ν ι~ι\ψιv), et 
VN =  I  =  VV* (Chefles et Barnett, 1998a). Les principaux resultats pour plusieurs 
etats purs sont des bornes superieures et inferieures sur la probabilite de succes. 
Zhang et al. (2001) ont prouve que :

P s <  i - j j Z T i  Σ
1 <j,k<N

Remarquons que la limite IDP sature cette borne. De l’autre cote, Sun et al. (2002) 
ont montre que ps etait plus grande que la plus petite valeur propre de la matrice 
N x N  dont les elements sont les produits scalaires (V;i|V;j)· Us ont utilise des travaux 
anterieurs de Duan et Guo (1998), portant sur le clonage.

Cependant, l’essentiel de la litterature tourne autour de la discrimination de deux 
etats melanges, ou davantage. Je serai bref comme je n’ai pas aborde ce cas la. 
Rudolph et al. (2003) ont donne des bornes inferieures et superieures sur la proba­
bilite de succes ps, et montre qu’elles correspondent souvent. En resultat annexe, ils 
donnent une solution quand le rang des matrices densite est la dimension de l’espace 
de Hilbert moins un. De plus, Raynal et al. (2003) ont montre qu’ils pouvaient re- 
duire Γ etude de la discrimination a celles de deux matrices densite de meme rang sur 
un espace de Hilbert de dimension deux fois ce rang. De plus, Feng et al. (2005) a 
donne des bornes superieures pour la discrimination entre N etats melanges, et Qiu 
(2007) une borne inferieure. Herzog et Bergou (2005); Raynal et Liitkenhaus (2005); 
Herzog (2007) ont fourni des solutions explicites dans plusieurs cas particuliers.

Comme pour la discrimination avec erreur minimale, Eldar (2003) a montre que nous 
pouvions utiliser les techniques de programmation lineaire semi-definie. Qui plus est, 
Huttner et al. (1996); Clarke et al. (2001a) ont implemente experimentalement la 
situation de Bertrand, c’est-a-dire la discrimination entre deux etats purs. Mohseni 
et al. (2004) a egalement mis en pratique le cas plus complique de la discrimination 
entre un etat pur et un etat melange.

Jusqu’ici, nous avons uniquement evoque la discrimination entre etats. On peut 
souhaiter discriminer entre d’autres objets quantiques, par exemple entre des canaux. 
Nous avons un canal £ dont nous savons qu’il fait partie d’un ensemble fini {£i}i<i<fc.
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Nous devons sonder la boite noire £ avec un etat p. Nous obtenons £(p) en sortie, et 
devons ensuite discriminer entre les etats St{p). Nous sommes de retour a la situation 
precedente, a ceci pres que nous devons choisir l’etat d’entree pour obtenir les sorties 
les plus faciles a distinguer. Le choix de l’entree est le point le plus difficile, et souleve 
ses propres questions, comme de determiner si un systeme auxiliaire peut s’averer 
utile.

Childs et al. (2000b) ont ete les premiers a etudier la discrimination avec erreur 
minimale pour des canaux unitaires, en insistant sur les applications en informa­
tion quantique, telles l’algorithme de Grover (1996) pour les recherches en bases 
de donnees. Sacchi (2005b) ont considere des canaux de Pauli, comme exemple ele- 
mentaire de canaux non unitaires. La discrimination sans ambigu'ite a ete abordee 
plus recemment. Wang et Ying (2006) a trouve sous quelles conditions deux canaux 
peuvent etre distingues sans ambigu'ite, soit avec une entree, soit avec plusieurs. 
Dans ce dernier cas, intriquer les etats en entree ameliore en general les resultats. 
Enfin, Chefles et al. (2007) ont rassemble les resultats connus en discrimination 
sans ambigu’ite, et en ont ajoute d’autres, dans un article clairement motive par 
Pinformatique quantique. Davantage de travail est necessaire sur ces questions.

Quoiqu’ils n’apparaissent pas dans cette these, la discrimination recouvre d’autres 
aspects. Une premiere classe de problemes vient de l’utilisation d’autres criteres 
d’optimalite (par exemple Fiurasek et Jezek, 2003; Touzel et al., 2007; Sasaki et al., 
2002). Herzog et Bergou (2002) ont aussi explore la discrimination entre classes 
d’etats, ou filtrage. Une extension a la mode est la suivante : nous avons jusqu’ici 
suppose que nous pouvions utilise n’importe quelle mesure permise par la physique. 
Mais si nous partons d’un etat produit, nous ne pouvons pas forcement effectuer 
des mesures collectives, et devons nous restreindre aux mesures LOCC. Une ap­
plication possible est le partage du secret : trouver un etat qu’Alice et Bertrand 
pourront identifier s’ils cooperent, mais pas individuellement. Un tel etat devrait 
etre symetrique. Un point de depart pour la bibliographie est Particle de revue de 
Bergou et al. (2004), et ses references, ou le travail plus contemporain d’Owari et 
Hayashi (2008).

1.3.3 Contributions de la these

Comme je l’ai deja mentionne, tous les travaux anterieurs utilisaient le cadre bayesien, 
exigeant une probability a priori. Mon travail, realise en collaboration avec G.M. d’Ar- 
iano et M.F. Sacchi, a consiste en l’etude du cadre minimax, particulierement utile 
s’il n’y a pas de raison physique de choisir une loi a priori.

A partir du lien entre risques minimax et bayesiens, donne dans la Section 1.1.1, 
nous avons exprime la solution quand les etats sont covariants. Cette solution est
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la meme que pour la loi a priori uniforme. Relevons une difference importante avec 
le scenario bayesien : meme pour la discrimination avec erreur minimale entre deux 
etats, la mesure optimale n’est en general pas une observable.

Nous avons aussi prouve qu’il y a toujours une solution minimax a la discrimination 
avec erreur minimale pour tout ensemble fini d’etats eventuellement melanges pi, ou 
tous les etats ont la meme probability d’etre identifiee, autrement dit ou Tr(piPi) ne 
depend pas de i.

La discrimination sans ambigu'ite minimax se revele plus simple que la discrimination 
bayesienne pour plusieurs etats purs : nous avons toujours une solution explicite. De 
maniere similaire a nos explications sous l’equation (1.31), nous pouvons prouver 
que les elements de POVM doivent etre de la forme Pi =  } (ω,;|, ou {u^} est 
une base biorthogonale a {V;i}· Alors les q  sont tous donnes par la valeur propre la 
plus basse d’une matrice dependant des ujt. Quand il y a plusieurs solutions, nous 
pouvons raffiner le critere minimax pour en choisir une unique.

Nous avons egalement etudie la discrimination avec erreur minimale entre deux 
canaux de Pauli. Quand nous pouvons utiliser un systeme auxiliaire, nous avons 
montre que l’efficacite maximale etait obtenue avec un etat d’intrication maximale, 
tout comme dans le cas bayesien. Nous avons aussi caracterise les canaux de Pauli 
pour lesquels l’usage d’un systeme auxiliaire ameliore les chances de succes. Point 
interessant, si dans le cas bayesien nous pouvons toujours choisir un etat propre de 
l’une des matrices de Pauli en entree, ces choix peuvent ne pas etre optimaux au 
sens minimax.

1.4 Estimation Rapide d’Operations Unitaires

1.4.1 Motivation

L’evolution d’un systeme quantique en l’absence de mesure est unitaire. De ce fait, 
considerer cette evolution comme une boite noire a estimer signifie estimer un opera­
teur unitaire. Cela peut nous fournir des informations sur la physique du systeme.

II y a aussi de nombreux cas en information quantique ού nos devons estimer une 
operation unitaire, le plus souvent car cela correspond a l’orientation des vecteurs 
de base, c’est-a-dire la partie purement quantique d’un etat.

Ces deux categories de problemes en tete, nous pouvons donner davantage de details 
sur les diverses applications. Certaines requierent juste l’estimation d’un parametre :
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Horloges quantiques L’evolution d’un systeme est donnee par Ut =  eltH. Une 
horloge quantique consiste a estimer le parametre libre t, c’est-a-dire le temps. 
Nous devons done realiser de l’estimation dans une famille d’unitaires a un 
parametre (Buzek et al., 1999).

Mesures de precision Plus generalement, les petites forces de forme connus et 
d’intensite inconnue vont apparaitre dans l’operateur devolution com me U = 
&%ΦΗ . Determiner φ revient a determiner la force. Un usage notable concerne 
les accelerometres (Yurke, 1986).

D’autres applications exigent de determiner tout Poperateur :
Transmission de reperes de reference Quand Alice et Bertrand veulent com- 

muniquer en echangeant des qubits, ou plus generalement des etats a d di­
mensions, ils doivent se mettre d’accord sur les axes de la mesure, c’est-a-dire 
le repere de reference (Holevo, 1982). Ces axes vont tourner durant la trans­
mission des particules d’Alice a Bertrand. Ce dernier doit done estimer la 
rotation des axes, soit revolution unitaire des objets. Remarquons neanmoins 
l’existence de protocoles bases sur les representations de groupe, ou les reperes 
de reference sont superflus (Bartlett et al., 2003).

Estimation d’etats d’intrication maximale Les etats d’intrication maximale sont 
des ressources fondamentales en teleportation quantique (Bennett et al., 1993) 
ou en information quantique (Ekert, 1991). Pour atteindre a une efficacite max­
imale, neanmoins, Alice et Bob doivent savoir quel etat d’intrication maximale 
ils partagent, soit quel est l’unitaire U tel que \ψ) =  \ Σ  I*) ® U |i).

1.4.2 Resultats anterieurs

A ma connaissance, Yurke (1986) a ete le premier a remarquer qu’un parametre d’une 
evolution quantique pouvait etre estime a un taux 1 / N2 (pour l’erreur au carre), ou 
N  est le nombre d’etats qui subissent revolution. C’est extremement remarquable, 
puisque les parametres ne peuvent en general etre estimes qu’a vitesse 1/N dans les 
situations classiques.

Ce genre d’estimation rapide, qui utilise l’intrication entre les etats en entree, sature 
ce que les physiciens appellent la limite de Heisenberg, la limite fondamentale a la 
precision des mesures quantiques. Giovannetti et al. (2004) ont recemment ecrit un 
article de revue de ce genre d’estimation acceleree, et font mention d’experiences. La 
plupart des methodes pratiques reposent soit sur des photons obtenus par conversion 
parametrique (e.g. Eisenberg et al., 2005), soit sur des pieges a ions (e.g Dalvit et al., 
2006) soit sur des atomes en cavite QED (e.g. Vitali et al., 2006).

Acin et al. (2001) ont les premiers donne la forme generale de l’etat d’entree op­
timal, avec des coefficients non specifies dependant de la fonction de cofit, pour
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tout probleme d’optimisation bayesienne uniforme avec une fonction de cout SU(d)- 
covariante. Quand nous avons le droit d’envoyer N particules a travers l’operateur 
unitaire, elle s’ecrit :

m  V{X)|Φ)= 0  - ψ 2 =  Σ  \ΨΪ) ® IV',Λ), (1-32)
A:|A|=jV γ ^ (λ )  »=1

ou nous utilisons les notations du Chapitre 4 pour les representations de groupe. 
Les coefficients c(A) dependent de la fonction d’optimisation, et les \ψ̂ ) forment 
une base orthonormale de l’espace Hx. Seules les N premieres particules, correspon- 
dant a la droite du produit tensoriel, sont envoyees a travers l’operateur unitaire ? 
Comme notre probleme initial est entierement invariant sous Faction de SU(d), il 
n’est pas surprenant que la solution le soit egalement. Plus tard, Chiribella et al. 
(2005) ont generalise cette equation a d’autres symetries, et specifie les coefficients 
comme coordonnees d’un vecteur propre d’une matrice dependant des coefficients 
de Clebsch-Gordan.

Les travaux ulterieurs se sont concentres sur SU(2). Peres et Scudo (2001) ont 
ete les premiers a donner une strategie convergeant a vitesse 1/N2 avec la fidelite 
comme fonction devaluation, bien que l’etat d’entree n’ait pas ete covariant. Bagan 
et al. (2004a) a alors trouve les bons coefficients dans l’equation (1.32) et atteint 
la meme vitesse, avec la constante optimale π2/Ν2. Puis Bagan et al. (2004b) ont 
Chiribella et al. (2004) note que l’on pouvait se passer de systeme auxiliaire. On 
a alors moitie moins de particules a preparer. Ils remplacent l’intrication avec des 
particules exterieures par une «auto-intrication», basee sur le fait que la multiplicity 
Λ4 (\) de la plupart des representations irreductibles est suffisamment elevee dans 
la representation iV-tensorielle.

Hayashi (2004) ont etabli des resultats similaires avec des criteres minimax. En ce 
qui concerne SU(d), Ballester (2005b) a juste donne une indication que cette vitesse 
de 1/N2 pouvait etre atteinte. II a trouve un etat d’entree telle que la matrice 
d’information de Fisher quantique (1.27) se comporte en 1/N2. II n’a pas trouve de 
procedure d’estimation complete, cependant.

Notons que ces hautes vitesses ne peuvent pas etre generalisees a des canaux arbi­
trages. En effet, de nombreuses families continues de canaux peuvent etre program- 
mees par une famille continue d’etats pe, c’est-a-dire que nous pouvons choisir une 
operation unitaire agissant sur σ (g> pe, et observer uniquement l’effet sur σ. Alors, 
estimer Θ pour les canaux revient a l’estimer pour les etats ρθ. A cause de la borne 
de Cramer-Rao classique (1.15), cette derniere estimation est toujours plus lente que 
1/N (Ji et al., 2006). Fujiwara et Imai (2003) ont explicitement derive de taux max­
imum de 1/iV pour les canaux de Pauli generalises, et mentionnent une remarque 
equivalente de Hayashi (2006).
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1.4.3 Contributions de la these

Acin et al. (2001) et Chiribella et al. (2005) ont fourni une forme generale pour 
estimer de maniere optimale une operation unitaire. Cependant, on ne peut y lire 
la vitesse. Mon travail a consiste a trouver des coefficients c(A) dans l’etat (1.32) 
pour lesquels les calculs sont possibles, et prouver que nous atteignions encore la 
vitesse 1 /N2, a la fois dans les cadres bayesiens et minimax. Imai et Fujiwara (2007) 
ont depuis independamment donne une interpretation de geometrie differentielle a 
ce taux.

L’idee est la suivante : les calculs montrent que c(A) doit etre presque egal a c(A)' 
pour A et A' correspondent a des tableaux de Young qui ne different que d’une boite. 
Quand A, =  Aj+X pour un i donne, nous devons aussi prendre un petit c(A). Nous 
choisissons alors nos coefficients proportionnels a

d

c(A) =  Y [(\  -  Ai+1),
i= 1

et verifions que nous avons la bonne vitesse.

1.5 Mesures a Valeurs dans les Operateurs Positifs 
Propres

Nous avons un appareil de mesure P. Nous pourrions vouloir reutiliser ce coiiteux 
appareil pour des effectuer des mesures differentes. A cette fin, nous pouvons trans­
former p avant d’utiliser notre appareil. Cette combinaison d’une transformation et 
d’une mesure correspond a un nouvel instrument de mesure Q.

Ce scenario, illustre par la Figure 1.5, souleve quelques questions naturelles. Math- 
ematiquement, nous partons d’une POVM P et obtenons une nouvelle POVM 
Q = £(P) par l’application prealable d’un canal S a l’etat p. Nous disons alors 
que P est plus propre que Q. C’est un pre-ordre, note P > Q. On peut se deman- 
der, cependant, a P et Q fixes, s’il y a un canal £ tel que Q = S(P). A P fixe, 
quelles sont les POVMs Q equivalente en proprete a P, i.e. telles qu’on ait a la 
fois P ^ Q e t Q ^ = P ?  Neanmoins, la premiere etape pour la comprehension de 
cette relation d’ordre est la connaissance de ses points maximaux : quelles sont les 
POVMs propres, i.e. les POVMs P telles que Q P implique P Q?
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Q

F ig . 1.3 -  Nous appliquons le canal £ a p avant de le mesurer avec la POVM P. 
L’operation globale, qui renvoie des donnees classiques i a partir de Petat p, peut 
etre vue comme la mesure de p avec une POVM Q. Nous disons que P est plus 
propre que Q.

1.5.1 Resultats anterieurs

Le pre-ordre «plus propre que» a ete introduit par Buscemi et al. (2005), pour 
formaliser le traitement a priori des POVMs, par opposition a leur traitement a 
posteriori, c’est-a-dire le traitement classique des donnees classiques de sortie.

Pour nous donner une certaine perspective, , mentionnons quelques autres ordres 
habituels sur les POVMs (Heinonen, 2005) :
-  Une POVM P donne plus d’information qu’une POVM Q si elle permet de dis- 

tinguer toutes les paires d’etats que Q permet de distinguer. Une POVM permet de 
distinguer deux etats si les distributions de probabilite des sorties sont differentes. 
Les POVMs maximales pour dette relation sont dites infocompletes (Prugorevcki, 
1977).

-  La relation d’ordre plus faible «avoir une plus grande force de determination d’itat 
que» a egalement les POVMs infocompletes comme elements maximaux. Une 
POVM ditermine un etat si la loi de la sortie ne peut etre obtenue qu’avec cet 
etat en entree (Busch et Lahti, 1989; Davies, 1970).

-  Une POVM Q est une version floue (Martens et de Muynck, 1990) de P si elle 
peut etre obtenue par un traitement a posteriori de la sortie de P. Les POVMs 
maximales sont alors les POVMs de rang un Buscemi et al. (2005), i.e. dont tous 
les elements sur les singletons sont de rang un au plus.

Remarquons que si Q est une version floue de P, alors P donne plus d’information 
que Q. Cependant, il n’y a pas de relations entre les elements maximaux. Remar­
quons aussi que les POVMs de rang un sont les points extremaux de Pensemble 
convexe des POVMs. Si la fonction d’optimisation est convexe, ce qui est souvent le 
cas, les solutions correspondantes sont de rang un (Helstrom, 1976).

La relation «plus propre que» se revele assez denuee de liens avec les relations prece- 
dentes. La caracterisation de ses points maximaux est aussi un probleme difficile.
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Nous connaissons deja certains resultats partiels, neanmoins. Buscemi et al. (2005) 
ont prouve que les POVMs de rang un sont propres, de meme que les POVMs ou la 
valeur propre maximale de chaque element est un. Ce dernier cas part du principe 
que P doit avoir le meme nombre de valeurs possibles en sortie que Q. Si nous ad- 
mettons que P puisse en avoir plus, alors ces dernieres POVMs ne sont pas propres, 
a moins d’etre de rang un. En effet, aucun traitement a priori ne pourra augmenter 
le nombre de valeurs possibles en sortie, tandis qu’une observable de rang un traitee 
a priori peut generer toute POVM a d sorties : il suffit de mesurer Q et preparer 
l’etat propre i comme entree de l’observable.

Buscemi et al. (2005) ont egalement prouve que si Q est infocomplete et P > Q, 
alors P est aussi infocomplete, et qu’un effet, c’est-a-dire une POVM a deux sorties, 
P =  {Pi, 1 — Pi} est plus propre qu’un effet Q =  {Q i ,  1 — Qi} si et seulement 
si [Am(Pi), Am(Pl)] D [Am(<2i), λΛί(<3ι)], ού Am et Am sont les plus petites et plus 
grandes valeurs propres.

Le reste de leur travail s’appuie sur les notions de relations d’ordre et d’equivalence 
liees.

La plus elementaire est l’equivalence unitaire. Les POVMs P et Q sont unitairement 
equivalentes si on peut obtenir Q a partir de P en utilisant un canal unitaire, 
i.e. UPiU* =  Qi pour tous les elements de POVM. Nous pouvons alors revenir a 
P par application du canal unitaire inverse. Ainsi, l’equivalence unitaire implique 
l’equivalence en proprete. L’inverse n’est pas vrai : prenons par exemple deux effets 
en dimension trois, avec Pi =  \φ) (φ\ =  1 — Qχ. Alors nous n’avons pas equivalence 
unitaire, mais Am(Pi) =  0 =  \m(Qi) et Am(Pi) =  1 =  ^m (Qi), done P et Q sont 
equivalentes en proprete. Neanmoins les equivalences unitaires et en proprete sont les 
memes dans un certain nombre de cas particuliers : pour les POVMs infocompletes, 
pour les qubits, i.e. quand l’espace de Hilbert est de dimension 2 , et pour POVMs 
de rang un.

Pour donner une idee des methodes, prouvons la derniere assertion sur les POVMs 
de rang un. Nous pouvons ecrire Qi =  Am (Qx) |V;i) (4h\ avec |V̂ ) normalise. Nous 
pouvons ecrire Xm (Qz) =  Tr(Qi \4h) (4h\) =  Tr(P£(|V’i) (Ψί\))· Comme £(|V̂ ) (4k\) 
est un etat, cette derniere expression vaut moins que λμ (Ρ%) < Tr(Pj). Comme les 
POVMs sont normalisees, nous savons que Y^,i^M(Qi) =  d =  X^Tr(Pj), °u d est 
la dimension de l’espace de Hilbert. Done Tr(Pj) =  Xm (Q%) =  Aj\/(Pj), si bien que 
Pi =  AM(Qi) |φί) (φι\ pour un certain \φι) de norme un. Done £(|V>») (4’i\) =  \Φί) (Φί|· 
Done £(Id) =  Σ ι  ^M(Qi)£(\4k) (V;i|) =  Σ ι  ^  — Id, autrement dit £ preserve a 
la fois la trace et l’identite. Done son dual aussi, qui envoie \φτ) sur |V̂ )· Nous 
terminons la preuve en rappelant qu’il existe deux canaux envoyant un ensemble 
d’etats purs sur un autre, et reciproquement, si et seulement si ces deux ensembles 
sont unitairement equivalents (Chefles et al., 2003).
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L’autre relation d’ordre qu’ils utilisent est «avoir une plus grande portee», notee 
P Dr Q, ou la portee est l’ensemble des distributions de probabilite possibles a 
obtenir en sortie, i.e. {(Tr(pPl))l : p etat}. Comme nous pouvons fournir S(p) en 
entree de P et obtenir le meme resultat que si nous avions fourni p en entree de 
Q, la relation «plus propre que» est plus forte que «avoir une plus grande portee». 
L’inverse n’est pas vrai. Toutefois, s’il existe une POVM infocomplete M sur le 
meme espace de Hilbert, telle que P ® M D r Q® M, alors P Q. La presence de 
M assure que l’application definie sur l’espace engendre par les elements de POVM 
{Pi} par S(P{) =  Qi est completement positive, et done peut etre etendue a tout 
l’espace, par le theoreme d’extension d’Arveson (1969).

Enfin, Buscemi et al. (2005) ont aussi prouve que l’ensemble CP q des canaux £ qui 
verifient £(P) = Q est un ensemble convexe. Nous avons peu de resultats generaux 
qui concernent egalement les POVMs non propres.

1.5.2 Contributions de la these

Nous avons vu que nous n’avions pas, a l’heure actuelle, de caracterisation des 
POVMs propres. Cette these donne une condition suffisante, et prouve que cette 
condition est aussi necessaire pour une certaine categorie de POVMs, qui inclut 
notamment toutes les POVMs sur les qubits. Nous avons done caracterise les POVMs 
pour les qubits.

Nous utilisons deux idees principales. Commengons par nous donner une POVM P. 
Nous voulons prouver qu’elle est propre. En d’autres termes, etant donnee Q telle 
que Q I>= P, nous voulons prouver que l’inverse P > Q est aussi vrai. Le cas le plus 
simple est celui ou P =  £(Q) avec £ unitaire. Nous essayons done de trouver une 
condition sur P sous laquelle £ est unitaire pour tout Q.

Maintenant, par la representation de Kraus (1.23), nous savons que Pi =  Σ α ^aQi^a- 
Tous les elements de la somme sont positifs, done Pi > R*aQiRa pour tout i et a. 
En particulier, le support de R*aQiRa doit etre inclus dans le support de Pi, en tant 
qu’operateurs sur l’espace de Hilbert Ή. Ceci nous fournit d — dim(Supp(Pj)) equa­
tions lineaires homogenes sur les elements matriciels de Ra, pour chaque vecteur 
dans le support de Qi. Si nous obtenons par ce biais cP — 1 equations independantes, 
les matrices Ra sont determinees a constante pres, et la contrainte R*aRa =  Id 
suffira a prouver que £ est unitaire.

La difficulty dans ce scenario reside dans la dependance de ces equations en Q. 
J’introduis done la definition suivante : un ensemble de sous-espaces de Ή determine 
totalement Ή s’ils fournissent suffisamment d’equations pour tout {Qi}  quand ils 
sont les supports des Pi. II se revele qu’un ensemble de vecteurs (|V;i)}? soit un
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ensemble de supports de dimension un, determine totalement Ή si et seulement si, 
pour toute paire de sous-espaces propres supplemental V et W, il existe un % tel 
que |ψί) g V et | < g  W.

Ceci fournit une condition suifisante pour qu’une POVM soit propre, et elle peut 
etre verifiee algorithmiquement. J’ai egalement prouve qu’etre de rang un ou verifier 
cette condition etait necessaire si tous les elements de POVM sont soit de rang un, 
soit de rang plein. J’appelle pareilles POVMs des POVMs quasi-qubit, comme toutes 
les POVMs qubit sont quasi-qubit.

La necessite est prouvee en considerant des canaux £ qui sont proches de l’identite, 
et dont l’inverse est une application positive. On peut alors considerer Q =  £ - 1(P) 
et il nous faut prouver que Q est une POVM. Un choix precis de V et W tels que 
donnes dans le paragraphe precedent permet de s’en assurer.

Pour les qubits, les POVMs propres sont done les POVMs de rang un d’une part, et 
les POVMs ayant au moins trois elements de rang un non colineaires deux a deux. 
Cette derniere condition est une traduction plus intuitive de «determine totalement 
» dans le cas des qubits.

1.6 Sous-algebres complementaires

1.6.1 Motivation

Nous avons deux qubits intriques. Nous les laissons evoluer comme nous le souhaitons, 
puis mesurons l’un d’entre eux. Comment les laisser evoluer si nous voulons recon- 
struire l’etat de ces deux qubits avec aussi peu devolutions, et aussi efficacement 
que possible?

Formellement, ce probleme se traduit comme celui d’estimer un etat sur C2 <8 C2. 
Nous avons quinze parametres reels a estimer. Nous avons le droit de mesurer les 
etats reduits sur un sous-espace de dimension 2, c ’est-a-dire sur les deux premieres 
coordonnees de W C4, ού W  est unitaire, correspondant a revolution. Chaque W  
genere un etat reduit, correspondant a trois parametres. Nous voulons utiliser aussi 
peu de transformations W  que nous le pouvons.

Nous avons a l’evidence besoin d’au moins cinq W  differents. Nous pouvons dans 
un premier temps nous demander si ce nombre est suffisant. Nous pouvons aussi 
essayer de trouver un ensemble optimal de W. Nous repondons a ces deux questions 
en remarquant que connaitre un etat, e’est connaitre ses valeurs moyennes sur toute
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Palgebre des observables M2(C) ® M2(C). Connaitre l’etat reduit sur differents sous- 
espaces, c’est connaitre Petat original sur les sous-algebres A% =  ΘId)W *,
pour differents W*. Done les etats reduits determinent l’etat d’origine si et seulement 
si les sous-algebres A  generent lineairement, en tant qu’espace vectoriel, l’algebre 
initiale M2(C) <S> M2(C).

Intuitivement, nous obtenons autant d’informations que possible si les sous-algebres 
Ai different autant que possible Pune de l’autre. Mathematiquement, nous traduisons 
cela en demandant que les sous-algebres soient complementaires, e’est-a-dire que 
(Ai — C l) soit orthogonale a (Aj — C l) pour i φ j  et le produit scalaire {A\B) =  
Tr(A*B) sur M4(C).

En resume, nous cherchons cinq sous-algebres de M±(C) chacune isomorphe a M2(C), 
et complementaires deux a deux.

1.6.2 Resultats anterieurs

Petz, Hangos, Szanto, et Sz511osi (2006) ont introduit les notions et probleme prece­
dents. Ils etaient egalement motives par Panalogie avec les observables complemen­
taires, telles la position et Pimpulsion. Schwinger (1960) ont peut-etre ete les pre­
miers a en donner une approche rigoureuse dans les espaces de dimension finie. 
Deux observables d’un espace de Hilbert de dimension d sont complementaires si 
leurs bases propres verifient (Φ\ί/.>) = 1/d pour tout φ dans la premiere base et Φ 
dans la seconde. Ces bases sont frequemment utilisees en information quantique, 
que ce soit pour la discrimination d’etats (Ivanovic, 1981), pour le «probleme du 
Mechant Roi» (Kimura et al., 2006) ou en cryptographie quantique (Bruss, 1998). 
Maintenant, nous pouvons associer a une observable Palgebre commutative des ele­
ments diagonaux dans leur base propre. Deux observables sont complementaires si 
et seulement si les algebres commutatives correspondantes sont complementaires. 
L’importance des observables complementaires peut donner quelque espoir d’utilite 
pour les sous-algebres M2(C) complementaires.

Revenons au probleme initial. Petz et al. (2006) ont prouve que cinq sous-algebres 
suffisaient effectivement pour generer M2(C) ® M2(C). Ils ont exhibe quatre sous- 
algebres M2(C) complementaires. Mais ils n’ont pas pu en trouver cinq. Ils ont egale­
ment considere n qubits, avec M2(C)®'" comme algebre correspondante. On a alors 
besoin d’au moins (22n — l) /3  sous-algebres isomorphes a M2(C) pour generer Pal­
gebre de depart. Ils ont prouve que, si l’on se restreignait aux sous-algebres generees 
par des elements de la forme σ\ <g) σ2 <g> · · · (g> ση, ού chaque σ  est une matrice de Pauli 
(1.16), alors cette borne n’est pas saturee, et il nous faut au moins une sous-algebre 
supplementaire.
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Comme choisir des sous-algebres avec pareils generateurs est la maniere la plus 
simple d’obtenir des sous-algebres complementaires, ceci suggere l’impossibilite de 
generer tout M2(C)®n avec des sous-algebres complementaires isomorphes a M2(C).

1.6.3 Contributions de la these

Ce travail est commun avec Denes Petz. Nous avons prouve que le nombre maximal 
de sous-algebres complementaires isomorphes a M2(C) dans M2(C) <g> M2(C) etait 
de quatre.

L’idee est la suivante : nous considerons une base orthonormale d’une sous-algebre 
A  isomorphe a M2(C) de la forme 1 ,A i,A 2 ,A 3. Comme cette base est orthonormale, 
les Ai sont de trace nulle. Prenons egalement 1 , £>i, B2, B:i comme base orthonormale 
de 1 <g> M2(C). Si Λ  est complementaire a M2(C) Θ 1, alors ^,ij I Tr(A*£?j)| > 1. 
D’autre part, pour {Ci},<i6 base orthonormale de M2(C) ® M2(C), nous avons 

\Tr{C*Bj)\ =  3. Done, il y a au plus trois sous-algebres complementaires iso­
morphes a M2(C), qui sont aussi complementaires a M2(C) ® 1 .

Pour etre complet, je precise que depuis la publication de ce travail, Petz (2006) a 
prouve que l’espace orthogonal aux quatre sous-algebres, plus l’identite, etait encore 
une sous-algebre, mais commutative.

1.7 Normalite asymptotique locale quantique

1.7.1 Normalite asymptotique locale classique

Comme point de reference et motivation, nous passons rapidement en revue le theorie 
de la distance entre experiences et de la convergence d’experiences de Le Cam (1986), 
en insistant sur la normalite asymptotique locale.

Wald (1943) a ete le premier a avoir l’idee d’approcher une suite d’experiences par 
des experiences gaussiennes. Le Cam (1960,1964) ont alors donne un ensemble precis 
de conditions sous lesquelles ces approximations peuvent etre faites, defini une notion 
de distance entre experiences, et explore les consequences de cette approximation.

Commengons avec deux experiences £ =  {po : Θ G Θ} et T  — {qg : Θ G Θ} ayant le 
meme ensemble de parametres Θ. Nous pouvons definir le defaut de £ par rapport a 
T  a partir d’idees de theorie de la decision. Considerons des fonctions de cout ο(θ, Θ') 
bornees entre 0 et 1. Le defaut est defini comme l’infimum des e tels que pour toute
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semblable fonction de cout, pour tout estimateur 0?  dans la seconde experience T, 
il y a un estimateur θε dans la premiere experience qui verifie :

τβφε) < τθΦτ ) + e € Θ,

ou nous avons utilise les notations precedentes (1.6) pour le risque d’un estimateur 
au point Θ.

En d’autres termes, a e pres, nous pouvons faire aussi bien dans l’experience S que 
dans l’experience T  pour toute question que l’on pourrait poser, quelle que soit la 
vraie valeur du parametre. Le defaut est note <5(£, T).

Considerons maintenant un noyau de Markov T (donne par l’equation (1.5)) tel que 
IIΤ(ρθ) — qeHi =  2e pour tout ^ θ .  Cela signifie approcher les lois de T  par celles 
de £. Alors pour toute fonction de cout c comme ci-dessus, et tout estimateur Θ?, 
nous pouvons considerer l’estimateur θε defini par l’application de a la variable 
aleatoire de loi T(pg). Nous obtenons :

τβΦε) ~ re0 jr) =  J  ο(θ,θ(χ))Τ(ρθ)(άχ) -  J  c(0 , 0 (x))qe(dx)

<  (sup ο(θ, Θ')) J (T(pe) -q o )+{dx)

< i x \\τ (ρθ) — qe\\i /2

< e.

Si bien que le defaut est inferieur a e. En fait, l’inverse est aussi vrai17 Nous pouvons 
trouver un noyau de Markov qui transforme tout pe en q& a deux fois le defaut pres. 
Nous pouvons done ecrire :

=  ^infsup||T(pe) -qeW^.
2 Τ θ

Quand nous symetrisons le defaut, nous obtenons une distance, appelee distance de 
Le Cam Δ (£ , J-). Nous pouvons alors considerer une suite d’experiences 8 n =  {pn,e} 
qui converge vers l’experience limite T  pour cette distance. En d’autres termes, il 
y a deux families de noyaux de Markov Tn et Sn tels que \\Τη(ρη>θ) — qe\\l —> 0 et 
||Pn,0 — ||χ —* 0 uniformement en Θ.

Cette convergence avec noyaux est appelee convergence forte. II existe une autre 
convergence, dite convergence faible, basee sur les rapports de vraisemblances.

17A strictement parler, sans hypothese de domination, il faut utiliser des objets legerement plus 
generaux que les noyaux de Markov, appeles transitions. Les idees restent les memes.
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Considerons Pexperience £ =  {p<?}, sur un ensemble de parametres fini Θ. Alors les
rapports de vraisemblance sont les processus stochastiques A©(£) =  i \

I J
Avec des ensembles de parametres Θ infinis, nous disons que £n converge faiblement 
vers T  si la loi des processus Λ χ (£η) converge faiblement en loi vers Ai(jT) pour 
tout sous-ensemble fini X de θ .

La convergence faible se revele equivalente a la convergence forte sur les ensembles de 
parametres finis. Done pour les ensembles denombrables. Avec quelques conditions de 
regularity, cette equivalence peut etre etendue aux ensembles θ  non denombrables.

Pourquoi tant de definitions ? La definition basee sur les fonctions de cout exprime 
la vraie motivation : si £ converge vers F, nous pouvons asymptotiquement repon- 
dre aux questions concernant £n de la meme maniere qu’a celles concernant T . La 
convergence forte, avec les noyaux de Markov, donne un moyen direct de traduire les 
estimateurs d’une experience a l’autre : nous transformons la premiere experience, 
et appliquons l’estimateur de la seconde experience. Cela nous assure d’obtenir les 
memes risques. D’un autre cote, exhiber ces noyaux de Markov pour des experiences 
reelles n’est pas forcement evident. La convergence des rapports de vraisemblance, 
par contre, est assez simple a etablir. Et elle suffit a prouver l’existence des noyaux 
de Markov. Meme si nous ne connaissons pas ces noyaux, et ne pouvons done pas 
traduire directement les methodes d’une experience a l’autre, nous savons que les 
risques optimaux sont les memes pour tous les problemes, que nous soyons dans un 
cadre bayesien ou minimax.

Les benefices pratiques de cette theorie sont au plus haut quand Pexperience limite 
est simple et bien comprise. Par exemple, les donnees independantes identiquement 
distributes (i.i.d.) sont extremement frequentes en statistiques, et peuvent etre vues 
comme des variables aleatoires de loi p fn. Sous certaines conditions de regularite, 
elles convergent vers une experience de decalage gaussienne, qui est en effet tres bien 
connue.

Theorem 1.7.1. Normalite asymptotique locale(Le Cam, 1960)

Soit θ  un sous-ensemble ouvert de Rfc. Soit

= K W  : Λ s K‘ } .

Alors si une famille {pe} est suffisamment reguliere18 autour de 0 , la suite d’experi- 
ences £n converge faiblement vers une experience de decalage gaussienne

F = {A f ( h ,I e ol) : h e R k} ,

18 La bonne condition est la differentiabilite en moyenne quadratique. Deux fois differentiable en 
Θ est plus que suffisant.
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ou M(h,Tê ) la loi normale sur Rk, de moyenne h et matrice de covariance Ή  
I’information de Fisher (1.13) au point <V

II y a deux differences avec un theoreme de la limite centrale. Tout d’abord, la 
convergence vers la limite est uniforme19 sur les ensembles qui ne croissent pas trop 
vite. Deuxiemement, la matrice de covariance est la meme pour toutes les gaussiennes 
de l’experience limite. Le nom «experience de decalage» vient de cette observation : 
le parametre est simplement la moyenne de la gaussienne.

Pourquoi est-ce appreciable? Parce que nous connaissons la reponse a la plupart 
des questions statistiques habituelles pour les experiences de decalage gaussiennes. 
En particulier, nous connaissons un estimateur minimax optimal pour les fonctions 
de cout quadratiques, et nous pouvons traduire cet estimateur pour les experiences 
i.i.d. Cette observation constitue la maniere habituelle de prouver l’optimalite de 
l’estimateur du maximum de vraisemblance dans ces conditions, par exemple. C’est 
la le theoreme que nous aimerions generaliselser au cas quantique.

Le lecteur attentif aura note que la fonction de cout quadratique n’est pas bornee en 
general, et que nous changeons l’echelle du parametre h dans nos definitions de £n. 
Le theoreme precedent est essentiellement local par nature. C’est deja suffisant pour 
demontrer que les bornes de Cramer-Rao (1.15) ne peuvent pas etre meilleures que 
dans Pexperience limite. Cependant, nous ne pouvons pas directement traduire la 
strategie utilisee dans P experience de decalage gaussienne pour l’experience initiale.

En pratique, nous contournons ces difficultes en utilisant une strategie en deux 
temps : nous utilisons une proportion negligeable de notre n-echantillon pour ef- 
fectuer une estimation preliminaire grossiere, puis utilisons l’estimateur optimal 
fourni par la normalite asymptotique locale au point estime. Nous devons pour 
finir verifier que la partie non bornee de la fonction de cout contribue de maniere 
negligeable a Perreur globale.

Le Cam a bien davantage developpe sa theorie de la convergence d’experiences, pour 
d’autres conditions de regularity, ce qui fournit des approximations differentes, et 
dans des cadres tres generaux, bases sur les treillis de Banach. La largeur et la 
profondeur de cette theorie est suggeree par le volume de son livre de 1986.

1.7.2 Motivation

Dans une experience physique, nous obtenons souvent en sortie n copies d’un etat 
preparees de la meme maniere, et voulons apprendre certaines caracteristiques de 
cet etat, typiquement l’identifier.

19Pour que ce point ait du sens, il faut employer une version exprimant la convergence forte.
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Une normalite asymptotique locale quantique nous permettrait de repondre a toutes 
ces questions sur les experiences repetees en etudiant juste une experience, que 
nous esperons plus simple. Par analogie avec le cas classique, nous nous attendons 
a obtenir une expirience de decalage gaussienne quantique, qui est en effet bien 
comprise.

Comme pour la convergence forte avec les noyaux de Markov, nous voudrions trouver 
des canaux qui transforment approximativement les etats qui nous sont donnes en 
etats gaussiens, et reciproquement.

Un inconvenient de cette strategie est que l’equivalence tient quand nous avons le 
droit d’utiliser tout ce que permet la physique, c’est-a-dire les mesures et procedures 
collectives. Celles-ci peuvent etre difficile a implementer en pratique. De plus, nous 
ne pourrons pas etudier les mesures LOCC ou separees directement par la normalite 
asymptotique locale quantique.

Un avantage d’exhiber les canaux est de permettre, pour peu que ceux-ci puissent 
etre implementes en laboratoire, d’appliquer en pratique les methodes des experi­
ences gaussiennes a l’experience initiale.

1.7.3 Resultats anterieurs et lies

Le premier pas vers des resultats similaires au cas classique en quantique remonte 
a Dyson (1956), qui a remarque que les fluctuations des composantes du spin total 
orthogonales a l’axe z de n spins | purs se comportaient comme l’etat fondamental 
d’un oscillateur harmonique quantique. De maniere generale, les physiciens traitent 
les itats spin coherents (Holtz et Hanus, 1974) comme des gaussiennes. Kitagawa et 
Ueda (1993); Geremia et al. (2004) etendent cette situation aux types d’intrication 
qui ressemblent a des etats compresses.

Ce genre de resultats peut etre vu comme autant de theoremes de la limite cen- 
trale quantique, dont la premiere preuve rigoureuse nous vient de Cushen et Hudson 
(1971). Hayashi (2003); Hayashi et Matsumoto (2004) ont prouve une certaine regu­
larity locale de ces limites et les ont utilise pour donner la premiere methode d’es- 
timation optimale pour des pour un qubit totalement inconnu, ou des sous-modeles 
parametriques, quand les mesures collectives sont autorisees.

Trouver et expliquer pareilles procedures optimales pour des problemes varies est une 
grande motivation de la normalite asymptotique locale quantique. Le probleme de 
l’estimation d’un qubit a partir de plusieurs copies a genere une immense bibliogra- 
phie, comme il est elementaire. Les etudes vont des mesures separees aux mesures 
adaptatives et aux mesures collectives. Les references bayesiennes pour les etats purs
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comptent (Jones, 1994; Massar et Popescu, 1995; Latorre et al., 1998; Fisher et al., 
2000; Hannemann et al., 2002b; Bagan et al., 2002; Embacher et Narnhofer, 2004; 
Bagan et al., 2005), et pour les etats melanges (Cirac et al., 1999; Vidal et al., 1999; 
Mack et al., 2000; Keyl et Werner, 2001; Bagan et al., 2004c; Zyczkowski et Som­
mers, 2005; Bagan et al., 2006). L’approche a point fixe est illustree dans (Hayashi, 
2002a; Gill et Massar, 2000; Barndorff-Nielsen et Gill, R., 2000; Matsumoto, 2002; 
Barndorff-Nielsen et al., 2003; Hayashi et Matsumoto, 2004). Les principaux points 
a retenir sont les suivants : pour les etats purs et pas specifiquement pour les qubits, 
les mesures separees, qui sont faciles a implementer, sont asymptotiquement aussi 
efficaces que les mesures collectives (Matsumoto, 2002); en revanche, pour des etats 
melanges generaux, nous pouvons obtenir une reelle acceleration par des mesures 
collectives (Gill et Massar, 2000); les methodes bayesiennes font en general usage de 
la theorie des groupes, et ne sont done valides que pour les lois a priori uniformes; 
Bagan et al. (2006) donnent une mesure optimale avec la fidelite comme fonction de 
cout, et prouvent que cette methode est aussi asymptotiquement optimale au sens 
minimax.

Cependant cette derniere mesure covariante pourrait bien etre tres difficile a imple­
menter en pratique.

A un niveau plus fondamental, Petz et Jencova (2006) ont caracterise VexhaustivitS 
quantique. Dans le monde classique, une experience E est exhaustive par rapport a 
une autre T  si son defaut ό(£, J-) est nul. Petz et Jencova ont caracterise l’exhaus- 
tivite notamment par des canaux, equivalents des noyaux de Markov, et par l’usage 
de cocycles de Connes, qui peuvent etre vus comme equivalents aux rapports de 
vraisemblance.

Sur la base de ce travail, Gut-a et Jencova (2007) ont prouve la normalite asymp­
totique locale au sens de la convergence des cocycles de Connes, correspondant 
a la normalite asymptotique locale classique faible. Pour etre precis, une experi­
ence d’etats definis sur un espace de dimension finie, dependant de maniere lisse 
du parametre Θ dans un ouvert Θ G Cd converge vers une experience de decalage 
gaussienne quantique20 de dimension d. Cette derniere experience est une experience 
ou l’etat est gaussien21 sur l’espace de Fock Τ(Ο'), dont la fonction de Husimi (1.22) 
a Θ pour moyenne et une matrice de covariance fixee.

Nous avons vu a la Section 1.1.3 que la mesure heterodyne saturait la borne de 
Holevo (1.29) pour les experiences de decalage gaussiennes quantiques. Cependant, il 
n’y a pour l’heure aucun lien etabli entre la normalite asymptotique locale quantique

20Pour etre parfaitement exact, une partie de l’experience quantique peut degenerer en experience 
de decalage gaussienne classique, ce qui correspond a determiner des valeurs propres a vecteurs 
propres fixes

21 Les etats gaussiens peuvent etre vus comme des melanges gaussiens d’etats coherents.
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faible et la theorie de la decision, aussi nous ne pouvons pas immediatement utiliser 
ces bornes pour les experiences en dimension finie.

1.7.4 Contributions de la these

Avec Madalin Gu^a, j ’ai etabli la normalite asymptotique locale forte pour les 
qubits (2006). Specifiquement, nous avons exhibe des families de canaux Tn et Sn 
de M2(C)®n dans T (F (C)) <S> et reciproquement, qui envoient les matrices
densite i.i.d. p®™+h/ ^  Pres du produit d’une gaussienne classique a une dimension, 
correspondant aux valeurs propres, avec une gaussienne quantique a une dimen­
sion, correspondant aux vecteurs propres. La derivation de ces canaux, qui repose 
sur la theorie des groupes, est lourdement inspiree par les travaux de Hayashi et 
Matsumoto (2004).

Nous avons prouve que la convergence en norme d’operateurs L1 etait uniforme 
pour \\h\\ < n1//4-€. Ce grand domaine de validite nous assure de pouvoir utiliser les 
strategies en deux temps pour traduire les procedures de l’experience limite pour 
l’experience initiale.

Nous avons explicite cette strategie en deux temps, avec Guta et Bas Janssens 
(2008), en considerant une interaction en temps continu des qubits avec le champ 
electromagnetique. En utilisant les equations differentielles stochastiques quantiques 
(Hudson et Parthasarathy, 1984), nous avons prouve que l’etat du champ, ou lumiere 
monochromatique, etait la partie quantique de Tn(p®n) pour des temps plus longs 
que In n.

Nous pouvons des lors utiliser la mesure heterodyne sur cette lumiere et obtenir une 
estimation optimale de la partie quantique. La partie classique reste dans les qubits, 
et peut etre recuperee via une mesure du spin total. En pratique, cela sera realise 
par un autre couplage au champ et une mesure heterodyne.

Cette strategie d’estimation est asymptotiquement globalement optimale, a la fois 
dans un sens minimax et bayesien pour des lois a priori covariantes, aussi longtemps 
que nous sommes eloignes de l’etat totalement melange. Nous pensons qu’elle doit 
etre possible a implementer en pratique.

Enfin Madalin Guta et moi avons generalise cette construction des canaux aux qu- 
dits, pour toute dimension (2009). La encore, le parametre local h a le droit de 
grandir comme une faible fonction puissance, permettant la traduction des resultats 
de l’experience limite pour l’experience initiale, notamment en matiere d’estima­
tion de parametres. Pour montrer que l’optimalite asymptotique de la methode et 
calculer les risques explicites pour des pertes localement quadratiques, nous avons
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egalement etabli des theoremes de representation asymptotique et asymptotique 
minimax quantiques tres generaux.

1.7.5 Perspectives

Des recherches supplementaires pourraient suivre plusieurs voies :
Equivalence entre convergences d’experiences faibles et fortes

Les experiences limite sont les memes pour les convergences faibles et fortes. 
Le fragment de la normalite asymptotique locale classique le plus important a 
manquer encore a son equivalent quantique est la quasi equivalence de ces deux 
notions. Comme la convergence faible est relativement plus simple a prouver, 
nous en tirerions les memes benefices que dans le cas classique.

Eliminer les singularites de la normalite asymptotique locale 
quantique forte

Nos preuves reposent sur les representations de groupe. Elies introduisent une 
singularite pour les valeurs propres egales, qui n’est pas importante au niveau 
des algebres, utilisees pour la convergence faible. C’est pourquoi nous exigeons 
pour la convergence forte que les valeurs propres soient deux a deux differentes, 
bien que ce soit tres probablement un artefact de la preuve.
Obtenir une preuve de la convergence forte en utilisant uniquement les C*- 
algebres semble difficile. Neanmoins, cela nous donnerait automatiquement un 
equivalent de la condition classique de «differentiabilite en moyenne quadra- 
tique».
Par contre, la singularite generee par les valeurs propres egales a une sig­
nification physique dans notre «implementation pratique». Elle correspond a 
l’egalite des niveaux d’energie pour les qubits. Comme la lumiere monochroma- 
tique est donnee par les transitions entre deux niveaux d’energie, ce couplage 
degenere.

Traiter d’autres cas
D’autres directions de recherche recouvrent l’explicitation de la convergence 
d’experiences pour d’autres cas, non i.i.d., tels les etats spin coherents, ou les 
chaines de Markov quantiques.

Convergence d’experiences quantiques avec operations locales
Un but plus ambitieux serait de definir une distance LOCC entre experiences, 
et la convergence correspondante. En d’autres termes definir une equivalence 
entre modeles quand nous n’avons le droit qu’aux methodes LOCC, e pas 
a toutes les mesures collectives. La proliferation des scenarios utilisant les 
operations LOCC, en information quantique en particulier, et le fait que ces 
methodes sont plus faciles a implementer en pratique, feraient tout le prix de 
cette theorie.
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Implementation pratique
Pour finir sur une idee plus realisable, il devrait etre assez simple de convertir 
«l’implementation pratique» de la normalite asymptotique locale quantique 
du cas des qubits a celui des qudits.
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Chapitre 2

Model selection for quantum 
homodyne tomography

Ce chapitre derive de l’article (Kahn).

Resume : Nous nous interessons a un probleme de statistique non- 
parametrique issu de la physique, et plus precisement a la tomographie 
quantique, c’est-a-dire la determination de l’etat quantique d’un mode de 
la lumiere via une mesure homodyne. Nous appliquons plusieurs proce­
dures de selection de modeles : des estimateurs par projection penalises, 
ού on peut utiliser soit des fonctions motif, soit des ondelettes, et l’esti- 
mateur du maximum de vraisemblance penalise. Dans chaque cas, nous 
obtenons une inegalite oracle. Nous prouvons egalement une vitesse de 
convergence polynomiale pour ce probleme non-parametrique, pour les 
estimateurs par projection. Nous appliquons ensuite des idees a la cal­
ibration d’un photocompteur, l’appareil denombrant le nombre de pho­
tons dans un rayon lumineux. Le probleme mathematique se reduit dans 
ce cas a un probleme non-parametrique a donnees manquantes. Nous 
obtenons a nouveau des inegalites oracle, qui nous assurent des vitesses 
de convergence d’autant meilleures que le photocompteur est bon.

2.1 Introduction

Quantum mechanics introduces intrinsic randomness in physics: the result of a mea­
surement, or any macroscopic interaction, on a physical system is not deterministic.
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Therefore, a host of statistical problems can stem from it. Some are (almost) specifi­
cally quantum, notably any question about which measurement yields the maximum 
information, or whether simultaneously measuring n samples is more efficient than 
measuring them sequentially (Gill, 2001). However, once we have chosen the mea­
surement we carry out on our physical system, we are left with an entirely classical 
statistical problem. This chapter aims at applying model selection methods a la 
Birge-Massart to one such instance, which is of interest both practical, as physicists 
use this measurement quite often (the underlying physical system is elementary; it 
is the particle with one degree of freedom), and mathematical, as it yields a non- 
parametric inverse problem with uncommon features.

Moreover, as this classical problem stemming from quantum mechanics could be seen 
as an easy introduction to the subject to classical statisticians, we have added more 
general notions on quantum statistics at the beginning of the appendix. The inter­
ested reader can get further acquaintance with these concepts through the textbooks 
by Helstrom (1976) and Holevo (1982) or the review article by Barndorff-Nielsen 
et al. (2003).

More precisely, the problem we are interested in is quantum homodyne tomogra­
phy. As an aside, we apply the results we get to the calibration of a photocounter, 
using a quantum tomographer as a tool. The word “Homodyne” refers to the exper­
imental technique used for this measurement, first implemented by Smithey et al. 
(1993), where the state of one mode of electromagnetic radiation, that is a pulse of 
laser light at a given frequency, is probed using a reference laser beam at the same 
(“homo”) frequency. Respectively, “Tomography” is used because one of the physi­
cists’ favourite representations of the state, the Wigner function, can be recovered 
from the data by inverting a Radon transform.

Mathematically, our data are samples from a probability distribution pp on Μ x [0 , π]. 
From this data, we want to recover the “density operator” p of the system. This is 
the most common representation of the state, that is a mathematical object which 
encodes all the information about the system. Perfect knowledge of the state means 
knowing how the system will evolve and the probability distribution of the result 
of any measurement we might carry out on the system. These laws of evolution 
and measurement can be expressed naturally enough within the density operator 
framework (see Appendix). The density operator is a non-negative trace-one self- 
adjoint operator p on L2(R) (in our particular case). We know the linear transform 
T  which takes p to pp and can make it explicit in particular bases such as the Fock 
basis. We may also settle for the Wigner function W, another representation of the 
state. That is a two-dimensional real function with integral one, and pp is the Radon 
transform of W.

The first reconstruction methods used the Wigner function as an intermediate rep­
resentation: after collecting the data in histograms and smoothing, one inverted the
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Radon transform to get an estimate of W. This smoothing, however, introduces 
hard-to-control bias. Pattern functions (bidual bases) for the entries of the density 
operator p were introduced by D’Ariano et al. (1994), yielding an unbiased estimator 
of those individual entries. They were later extended to allow for low noise in the 
measurement. Maximum likelihood procedures are used since the work of Banaszek 
et al. (1999). For both these estimators, we need an arbitrary cut-off of the density 
operator, so that the model is finite-dimensional. Artiles et al. (2005) have estab­
lished consistency of these two estimators used with a sieve. Then, a sharp adaptive 
kernel estimator for the Wigner function was devised by Butucea et al. (2007), and 
this even if there is noise in the measurement (see subsection 2 .3 .6).

In this chapter, we devise penalized estimators that fulfill oracle-type inequalities 
among the L2-projections on submodels, analyze the penalized maximum likelihood 
estimator and apply these estimators to the calibration of a photocounter. Hence, 
we provide automatic cut-offs for the estimators formerly mentioned. We can also 
cast in the L2 projection framework wavelets estimators used for inverting the Radon 
transform on classical probability densities, to whom the Wigner function does not 
belong. We also have finer granularity for pattern functions, since we threshold them 
one by one, instead of keeping a whole submatrix. We get an explicit polynomial 
rate of convergence for this estimator. Notice that all our results are derived for 
finite samples (all the previous works considered only the asymptotic regime). We 
have mainly worked under the idealized hypothesis where there is no noise, however.

The appendix is not logically necessary for the chapter. We have inserted it for 
background and as an invitation to this field. It first features a general introduction 
to quantum statistics with a public of classical statisticians in mind. We then 
describe what quantum homodyne tomography precisely is. This latter subsection 
is largely based on the article by Butucea et al. (2007).

Section 2.2 formalizes the statistical problem at hand, with no need of the appendix, 
except the equations explicitly referred to therein.

Section 2.3 aims at devising a model selection procedure to choose between L2- 
projection estimators. We first give general theorems (2.3.2 and 2.3.4) leading to 
oracle-type inequalities for hard-thresholding estimators. We then apply them to 
two bases. One is the Fock basis and the corresponding pattern functions physicists 
have used for a while. For it we also prove a polynomial convergence rate for any 
state with finite energy. The other is a wavelet basis for the Wigner function. We 
finish with a short subsection describing what changes are entailed by the presence 
of noise. Especially, we do not need to adapt our theorems if the noise is low enough, 
as long as we change the dual basis.

Section 2.4 similarly applies a classical theorem (2.4.2) to solve the question of which 
(size of) model is best to use a maximum likelihood estimator on.
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Section 2.5 switches to the determination of a kind of measurement apparatus (and 
not any more on the state that is sent in) using a known state and this same 
tomographer that was studied in the previous sections. The law of our samples are 
then very similar and we apply the same type of techniques (penalized projection and 
maximum likelihood estimators). The fact that the POVM (mathematical modelling 
of a measurement) is a projective measurement (see Appendix) enables us to work 
with /^-operator norm, however.

2.2 The mathematical problem

We now describe the mathematical problem at hand.

We are given n independent identically distributed random variables Yt =  (X n Φ.() 
with density pp on [0 , π) x K.

This data is the result of a measurement on a physical system. Now the “state” of 
a system is described by a mathematical object, and there are two favourites for 
physical reasons: one is the density operator p, the other is the Wigner function 
Wp. We describe them below.

Therefore we are not actually interested in pp, but rather in Wp or (maybe preferably) 
p. The probability distribution pp of our samples can be retrieved if we know either 
p or Wp.

In other words we aim at estimating as precisely as possible p or Wp from the data 
{Yi}. By “ as precisely as possible”, we mean that with a suitable notion of distance, 
we shall minimize E [d(p,p)}. Our choice of distance will be partly dictated by 
mathematical tractability.

We now briefly explain what Wp and p stand for.

The Wigner function Wp : R2 —► K. is the inverse Radon transform of pp. In fact we 
would rather say that pp is the Radon transform of Wp. Explicitly:

/ OO

W (x  cos φ +  y sin φ, x sin φ — y cos φ)dy.
-OO

Figure 2.1 might be of some help. An important remark is that the Wigner function 
is not a probability density, but only a quasi-probability density: a function with 
integral 1, but that may be negative at places. However its Radon transform is a 
true probability density, as it is pp.
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Figure 2.1: The value of pp at (x, φ) is the integral of the Wigner function over the 
bold line

Retrieving Wp from Pp then amounts to inverting the Radon transform, hence the 
name of tomography: that is the same mathematical problem as with the brain 
imagery technique called Positron Emission Tomography.

As for p, this is a density operator on the Hilbert space L2(R), that is a self-adjoint 
positive operator with trace 1. We denote the set of such operators by S(L2(M)). 
There is a linear transform T that takes p to pp. We give it explicitly using a basis 
of L2(E) known as the Fock basis. This orthonormal basis, which has many nice 
physical properties, is defined by:

where Hk is the kth Hermite polynomial normalized such that ||V;fe||2 =  1· The 
matrix entries of p in this basis are =  (?pj,p4’k). Then T  can be written:

Notice that as we have defined precisely the set of possible p, this mapping yields 
the set of possible pp and Wp.

The relations between p, Wp and pp are further detailed in subsection 2.A.2.

Anyhow we may now state our problem as consisting in inverting either the Radon 
transform or T  from empirical data.

This is a classical problem of non-parametric statistics, that we want to treat non- 
asymptotically. We then take estimators based on a model, that is a subset of the 
operators on L2(R), or equivalently of the two-dimensional real functions. These

tl>k(x) =  Hk(x)e χ2/2 (2.1)

T  : S(L2(R)) — > Ll {R x [0, π])

Pp ■ (a
i,k—0

[x)i/>k(x)e ζ)φ
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models are usually vector spaces, which may not be the domain of the object to be 
estimated. To choose a candidate within a given model, there are different methods, 
two of which we study, projection estimators and maximum likelihood estimators. 
Once we have a candidate within each model, we then use model selection methods 
to choose (almost) the best.

We first study projection estimators, for which the most convenient distance comes 
from the I?  norm

H . - ^ I W P = | E W
V i.fc

where the \% are the eigenvalues of r, and the second equality holds for r written in 
any orthonormal basis. Notice that there is an isometry (up to a constant) between 
the space of density operators with L2-operator norm and the space of Wigner 
functions with L2-Lebesgue norm, that is:

W p - W T\\22 =  J j \ W p(q,p) - W T(q,p) \ 2 dpdq =  -^\\p ~ r\\\.

For maximum likelihood estimators, we have to make do with the weaker Hellinger 
distance (see later (2.24)) on LX(R x [0, π]), to which pp belongs.

2.3 Projection estimators

In this section, which owes much to Massart’s book (2006), we apply penalization 
procedures to projection estimators. The first subsection explains that we want to 
obtain oracle-type inequalities. In the second we obtain a general inequality where 
the left-hand side corresponds to an oracle inequality, and where the remainder 
term in the right-hand side depends on the penalty and on the large deviations of 
empirical coefficients. The two following subsections give two ways to choose the 
penalty term large enough for this remainder term to be small enough. In section
2.3.3 this penalty is deterministic. We design it and prove that it is a “good choice” 
by keeping Hoeffding’s inequality in mind. In section 2.3.4, the penalty is random, 
and designed by taking Bernstein’s inequality into account.

We next express these theorems in terms of two specific bases. For the Fock basis, 
we obtain polynomial worst-case convergence rates, using the structure of states. 
For a wavelet basis, we notice we obtain a usual estimator in classical tomography. 
We finish by saying what can be done if there is noise, that is (mainly) convolution of 
the law of the sample by a Gaussian. We multiply the Fourier transform of the dual 
basis with the inverse of the Fourier transform of the Gaussian, and as long as we 
still have well-defined functions, and we can re-use our theorems without changes.
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2.3.1 Aim of model selection

Let’s assume we are given a (countable) L2-basis (et)iex of a space in which S(L2 (M)) 
is included (typically T(L2(R)), the trace-class operators on L2(R)). We may then 
try and find the coefficients of p in this basis. The natural way to do so is to 
find a dual basis {fi)iei such that (Τ(εί) , / ?) =  δ^ for all i and j. Then, if p =  
Σ *  Piei we get (pp, fi) =  pi for all i. And if the fo are well enough behaved, then 
η Σ λ = i fi(Xk, Φ*:) =  Pi tends to pi by the law of large numbers.

Now if we took Σ ι  Pie% as an estimator of p, we would have an infinite risk as the 
variance would be infinite. We must therefore restrict ourselves to models m e M , 
that is Vect (e^i G m), where m is a finite set, and Λ4 is a set of models (we might 
take Λ4 smaller than the set of all finite sets of N).

We may then write the loss as

||Pm -  p ||2 =  Σ  IaI2 + 5 1  \pi -  Pi\2

where the first term is a bias (modelling error) and the second term is an estimation 
error. The risk would have this expression:

E [\\pm -  p||2] =  Σ  Η 2 + Σ Ε [I Pi ~ Pi I2]
igm i£m

where the expectation is taken with respect to pp, since pi depends on the (Xk, Φk)·

If we use an arbitrary model m, we probably do not strike a good balance between 
the bias term and the variance term. The whole point of penalisation is to have 
a data-driven procedure to choose the “best” model. We are aiming at choosing a 
model with (almost) the lowest error. We would dream of obtaining:

m =  arg inf ||pm -  p \\2 .

That is of course too ambitious. Instead, we shall obtain the following kind of bound, 
called an oracle inequality:

E \\pm ~ p f  ~ i C (d2(p, m) + pen(m)) j  I VO < (2.2)

where d2(p,m) is the bias of the model m, C is some constant, independent of p, 
pen(m) is a penalty associated to the model m (the bigger the model, the bigger the 
penalty) and en depends only on n the number of observations, and goes to 0 when
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n is going to infinity. We shall try to take the penalty of the order of the variance 
of the model.

Notice that we have given in (2.2) an unusual form of oracle inequality. These 
inequalities are more often written as

E [||Prn -  p f ]  <  (^ (A  m) +  E [Pen(m)]) j  +  en-

Our form implies the latter.

The strategy is the following:

First, rewrite the projection estimators as minimum contrast estimators, that is 
minimizers of a function (called the empirical contrast function, and written 7„), 
which is the same for all models. We also demand that, for any m, this empirical 
contrast function converges to a contrast function 7 , the minimizer in m of which is 
the projection of p on m.

Second, find a penalty function that overestimates with high enough probability 
(7 — 7n)(Pm) for all m simultaneously. Use of concentration inequalities is pivotal 
at this point.

Next section makes all this more explicit.

2 .3.2 Risk bounds and choice of the penalty function

First we notice that the minimum of

τ(τ) = IMI2 - 2 (t , p)

=  \ \ρ~ τ \\2 -  IM I2

over a model m is attained at the projection of p on m. Moreover

7 n ( r )  =  | | t | | 2 -  2 ^ i ^ T i / i ( X fc,<5fc)

i k=l

converges in probability to 7  for any m (and all r such that ||r|| =  1 simultaneously), 
as there is only a finite set of i such that rt φ 0 for r <E m.

Now the minimum of 7„ over m is attained by

Ζ —/ η
iEm =ι

i ( X k  i ^ k ) & i  ·
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So we have succeeded in writing projection estimators as minimum contrast estima­
tors. We then define our final estimator by:

with

P(n) =  ft,

m =  arg min 7n(pm) + penn(m)
meM

where penn is a suitably chosen function depending on n, m and possibly the data. 

We then get, for any m, for any rm €E m,

Ίn(p{n)) +  pen„(m) < 7„(pm) + penn(m) < 7n(rm) +  penn(m). (2.3)

What’s more, for any m, for any rm G m,

7n{Tm) =  ||p-Tm||2 -||p||2 - 2 i /n(Tm) (2.4)

with
n

«.(T) = Μ - Σ Σ  Τί/ί(Χ*,Φ*)
i k= 1

=  Σ  n(A -  A) +  Σ  Tî ·
zEra ẑ ra

Putting together (2.3) and (2.4), we get, for all m and rm e m:

IIP(n) -  p ||2 < ||rm -  p \\2 +  2un(p(n) -  Tm) +  pen„(m) -  penn(m).

We then want to take penalties big enough to dominate the fluctuations vn. Some 
manipulations will make this expression more tractable. First we bound vn(p^  ~ Tm) 
by ||p(n) -  Tm|| x n(m U m), with

Xn(m) =  sup vn(r).
rGm

IIt||=1

Now the triangle inequality gives ||p̂  — Tm || < ||p̂  — p|| 4- ||p — rm||, so that:

||p(re) — p||2 < \\p-Tm \\2 +  2 χ η { π ι Ι ) π ι ) \ \ ρ - p(n)\\

+ 2χη(πι U rh) ||p -  rm\\ -  pen„(m) +  pen„(m).
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For all a > 0, the following holds:

2 ab < aa2 + a~lb2 (2.5)

Using this twice, we get, for all e > 0:

J^Te\\p ~ P{n)t  ^ ( 1 + l )  l ^ _rml|2 + 1̂ + e)x^ mU"1) -Penn(m) + penn(m).

Noticing that Xnim U m) < x«(m) + Xn{m) and putting our estimate of the error in 
the left-hand side:

I\p ~ p{n) if -  {  (1 + ~) IIp ~ r^ll2 + 2 Pen(m)}

< (! + e)(x2n(m) + xl(m)) -  penn(m) -  pen„(m).

Now what we want to avoid is that our penalty is less than the fluctuations, so we 
separate this event and take its expectation:

E ̂ 2~Te Hp-/5(n)||2 ~ ((1 + l) Hp-rml|2 + 2pen™(m))} V0
< E [{(1 + e)(x2n(m) + xl(™)) -  pen(m) -  pen(m)} V 0]

< 2E sup {(1 + e)Xn(m) ~ pen(m)} V 0 .  ̂ ^
_ m  _

Thus stated, our problem is to take a penalty large enough to make the right-hand 
side negligible, that is vanishing like 1/n.

We shall use this form of Xnim)'-

X n ( m )  = sup ' T̂,Ti{pi -  fa) = J ^ 2 \pi-pi\2
{ T \ ) i e m  ¿gTO y  i € m

so that

1 n 2
X n ( m ) 2 = ^T\p i-p i\2 = ^2 pi~ -  ̂ 2 fi(Xk,^k) . (2.7)

77/

z E ra  ¿Era k = 1

6

2 +  б
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2.3.3 Deterministic penalty

First we may try to craft a deterministic penalty.

We plan to use Hoeffding’s inequality, recalling that pi is a sum of independent 
variables:

Lemma 2.3.1. : Hoeffding’s inequality (1964) Let X \,. . . ,  X n be independent 
random variables, such that X i takes his values in [a*, &*] almost surely for all i < n. 
Then for any positive x,

p

We may also apply this inequality to — Xi so as to get a very probable lower bound 
on the sum of X^.

This is enough to prove:

Theorem  2.3.2. Let p be a density operator. Assume that each fa is bounded, 
where ( f i ) te i  is the dual basis of as defined at the beginning of this section.
Let Mi =  sup(Xj0)eRx[O)W] fi(x,4>) -  in f(x,0)eRx[o,*] f i{^A )-  Let (Xi)i€l be a family of 
positive real numbers such that y\-cTexp(—Xi) = £  < oo. Let

(1 + e) (ln(M,) + f )  Ï 2 . .  (2.8)

Then the penalized projection estimator satisfies:

E o T ~  11̂{П) _ р \\2 -  inL Í1 + + 2Penn(m) +2 +  е ' тем \ б /

Remark: Here the penalty depends only on the subspace spanned by the model 
m. So it is the same whether M. is small or large. The best we can do is then 
to take M. =  V ( l) ,  that is to choose for every vector et whether to keep the esti­
mated coordinate pi or to put it to zero. In other words we get a hard-thresholding 
estimator:

p

with

Oii (2.10)

n

E
1=1

( < exp (
2x2

ElLi (bi-oi)2 ■

E [ )> XX г}

{ei ) ìex,

penn(m) E

(1 +  е)£
п

(2.9)

E
iex

Pi
(n) 1IÂI e¡,

( 1 + 0 (ln(M.) + 1 )
M,
\Jn

d2(p, га)

>a¡
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Proof. Considering (2.6), we have only to bound appropriately

E sup ((1 +  e)x2 (m) — pen(m)) V 0

Now, by (2.7) and (2.8), both x\(m) and penTO are a sum of terms over m. As the 
positive part of a sum is smaller than the sum of the positive parts, we obtain:

E sup {(1 +  t)Xn (m) — pen(m)} V 0
n

< E sup £  ((1 +  e) (pi -  pi) 2 - a ,2}V O

= Σ Ε
iex

(1 +  e) ^  f i (X k ,  $ k )  — Pi ĵ -  (1 +  e) ( l n ( M i )  +  — - VO

Each of the expectations is evaluated using the following formula, valid for any 
positive function / :

E
poo

[/] = / p [/(*) > y]d?/·
JO

(2.11)

Remembering (2.10) we notice that the inequality

(1 +  e) fi(Xki Φα) — Pi  ̂ — (1 +  e) l̂n(-Wj) +  ^ V 0 >

is equivalent to

1 "
— Φλ) — Piη Δ 'k= 1

> '®i +  y
l +  e '

We may then conclude, using Hoeffding’s inequality on the second line and the value
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(2 .10) of ctj on the fourth line:

E sup {(1 +  e)x^(m) — pen(m)} V 0

< P — f i { X k ,  $ k )  — Pi71 *— -«
k= 1

> 'a -t+y  
1 +  6

dy

*e x 0
(1 + e)Mf

^  V1 + C)M·
^  P I, (1 + f)JM? )  Iniei 
1 + 6

n
i e i

( l+ e )S
n

^ e x p ( - x i )

□

2.3.4 Random penalty

The most obvious way to improve on Theorem 2.3.2 is to use sharper inequalities 
than Hoeffding’s. Indeed the range of /* might be much larger than its standard 
deviation, so that we gain much by using Bernstein’s inequality:

Lemma 2.3.3. : Bernstein’s inequality (1964) Let X i , . . .  ,X n be independent, 
bounded, random variables. Then with

Af =  sup||Xi||00,
i

for any positive x

=  Σ Ε Κ 2] .
i= 1

p
M

Y /(Xl - E [ X i] ) > V 2^ + —  x
i=l

< exp(—x).

With this tool, we may devise a hard-thresholding estimator where the thresholds 
are data-dependent:
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Theorem 2.3.4. Let (t/i)igx be positive numbers such that e Vi =  Σ < oo. Let 
then

Xi =  2 lndl/illoo) +  Vi-

Let the penalty be a sum of penalties over the vectors we admit in the model. That 
is, for any δ G (0,1), for any i G T, define

pe< -  n (y ! _ δ*  (P« W + n H/illL (3 + *)*<) + "3J ^  1 (2·12)

and the penalty of the model m:

Pen n(m) =  ^ p e < .
i£m

Then there is a constant C such that: 
eE

2 + c

where Λ4η is the set of models m for which % G m —»· Xi < n.

Remark: As with the deterministic penalty, we end up with a hard-thresholding 
estimator. Morally, that is, forgetting all the small δ whose origin is technical, the 
threshold is

2Fn [/?] In ||/i||
n

2
oo

Proof. Once again we have to dominate the right-hand side of (2.6). We first sub­
tract and add, inside that expression, what could be seen as a target for the penalty. 
Writing

Mi Vi /9-----^  M*on =  \ f 2 v iX i  +  —  Xi (2.13)

we have

E

< E

sup ((1 +  e)x2(m) -  pen(m)) V 0
m

sup(l + e ) ( x 2n(m) -  ^  -^ o f ) V 0
zEra

+  E Σ
1 + 6
n2 ai pen(ra) I V 0

(2.14)

"> - Η Γ - Λ Ι+ d2(p, m) + 2 penn(m) VO < ΟΣ
n
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Using (2.7), we bound the first term as a sum of expectations.

E su
mp(l + e) ( xl(m) - Σ I v 0

< (1+ ί)Σ Ε
i£m

zEra 

n

A - - Σ / · ( * » ·φ*)
k=1

> ? | v °

We now bound each of these expectations using (2.11).

E

POO

= /  P
Jo

1 n
P i ------^  $ k )

k=1

1 n
Pi ^   ̂f i(Xhy  Φ/c)ΊΊ *

~ n * a' I V 0

fc=l
> \/?/ +

<x2 dy.

(2.15)

(2.16)

We change variables in x,he integral, choosing ξ defined by:

iy +
a2 ν^ξ + ̂ ζ
nr n*

(2.17)

Using Bernstein’s inequality, the integrand in (2.16) is upper bounded by 2exp(—ξ). 
Given the value of (2.13), the range of the integral is now from x t to oo. Finally, 
taking the square on both sides of (2.17), then using (2.5), we get:

*  -

Hence

E
1 "
-Y,fi(Xk,*k)
n k=1

-  Λα.· I V 0n
<

n*

ΛΟΟ
/  βχρ(-ξ)

J  X i

( 11M2 \

4 /  HM? \ , λ
= ^2 (2V i +  18 (l +  x O J e x p ^ ) .

(2-18)

2 (  M ? M i π τ -  r - \
- 2 (* + — f + de

d y *i§)«

<
n 2
—  I - f

2
18 £ di.
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Let us now look over the second term of (2.14). We notice, through (2.12) and 
(2.13), that this term is of the form:

1 + 6 

n2

with

aì ~ bì = 2vixi -  (nPn И  Xi + Mi Q 4
Using again (2.11), we end up with:

E ( ~  Pen(m ) ) V 0
_ \ i e m  J _

We can again make use of Bernstein’s inequality:

P v , - J 2  fi(Xt,  St) > slirM  [//] f  +  < exp(-i).
_ k= 1 _

Noticing that f f  is non-negative everywhere, so that E [ff] <  E [ff] and
using (2.5), we get:

P (1 -  S ) v ,  >  nP„ [/?] + M f  ( i  + i )  J < exp(-i).

Recalling (2.19), we get

P (1 -  S)vi -  ^nPn [/?] + M ^ Q  + ^  x^j > y dy

=  f  exp(—  WTfTI))dB

=  e x p (-* ,)M ?  ( 5  +  j )  exP ( - M ? ( . ' + l ) )

< exp(-K) ( i  + i )  .

i £ m ¿Era
Z E < V E [ 2 ( a ^ í > ? ) V 0 ] ,

l  +  б
n 2

0-1 +
MiXi

3 )
2

(bi +
M iX i

3 )')
v o

«

- S T Z H Xi [  ? (1 - s )v< -  ("p» [ f i ] + A/’ (J + j) -':'j 2 y */
(2.19)

1
ö

4) •

1 + 6

Wf i ì LC

11/Л1оо>

1 - 6

2

1 + 6
n2

)

n 2
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With that and (2.18), we are left with:

E sup {(1 +  e)x^(m) — pen(m)} V 0 C
<  —  Xi ( v j  +  M ? ( l  +  X j ) )  +  X j e  n .

iex
n2

Replacing x* with its value, and overestimating by nM 2 we obtain (under the 
condition that 2 In Mi +  yi < n):

E sup {(1 +  e)x2 (m) — pen(m)} V 0
η ηΔ

□

Remark: The logarithmic factor in the penalty (that would not be here if we 
took only the variance) comes from the multitude of models allowed by a hard- 
thresholding estimator. By selecting fewer models (for example the square matrices 
obtained by truncating the density operator) and using a random penalty, we can 
get rid of this term. However, crafting the penalty requires much more work and 
more powerful inequalities (Talagrand’s). An interested reader may have a look at 
the section 3.4 of the author’s master thesis (2004).

2.3.5 Applications with two bases

We now give two bases that are reasonable when applying these theorems. As can 
be seen from (2 .2), a good basis should approximate well any density operator (so 
that the bias term gets low fast when m is big), with dual vectors having a low 
variance. With the first of the two bases, we have this interesting phenomenon that 
we obtain a polynomial convergence rate under the mere physical hypothesis that 
the state has finite energy.

Photon basis

Here we shall take as our (ej)iei  a slight variation of the matrix entries of our density 
operator with respect to the Fock basis (2 .1).

More precisely, we worked in the previous subsections with real coefficients. To apply 
Theorems 2.3.4 and 2 .3 .2, we then need to parametrize p with real coefficients. The 
matrix entries are a priori complex. However, using the fact that p is self-adjoint, 
we may separate the real and imaginary parts.
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We use a double index for i and define the orthonormal basis, denoting by Ehk the 
null matrix except for a 1 in case (j , k):

Then, using a tilde to distinguish it from the matrix entries, with pjtk =  (p, e?ifc),we 
have

The associated f j^  are well-known. They are a slight variation of the usual “pattern 
functions” (see Appendix 2.A.2, and (2.38) therein), the behaviour of which may be 
found in (Artiles et al., 2005). Notably, we know that:

As the upper bounds on the supremum of f j tk may not be sharp, the best way 
to apply the above theorems (especially Theorem (2.3.2)) would probably be to 
tabulate these maxima for the (j, k) we plan to use.

The interest of this basis is that it is a priori adapted to the structure of our problem: 
if we have a bound on the energy (let’s say it is lower than H  +  |) ,  we get worst- 
case estimates on the convergence speed with the deterministic penalty: indeed, the 
energy of a state p may be written |  jPjj·, so that

N

(2.20)
j , k = 0

j > N

Moreover, by positivity of the operator,

P j , k  P k , j  — P j , j P k , k ·

ej,k —

/̂2,{βί,-k ” 1”  Ek,j) 
— Ej,k)

Ej,j

i f  j  < k 
ιϊ k < j  . 
i f j  =  k

(
T f f e  +  ipkj)  i f  3 < k  
7 5  (pk,j ~  ipj,k)  i f  j  > k 
Pj,j i f  j  =  k-

\f: I2loc C N 1'3.

H
h i  <  ft-
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If we look at the models N such that TN = {(j, k) : j  < N,k  < iV}, we can get:

where we have used that the density operator has trace one. 

We substitute in (2.9) and get:

E \p(n)-p\\2} < C ^  +  penJiV) +  i Y

Now, using the bounds on infinite norms (2.20), the penalty is less than:

,iV7/3 ln(iV)
penn(iV) =  C- 

Optimizing in N (N =  C(Hn)^10), we get

n

E pin)~p\\2} < CH7/10 \n(H)n~^10 ln(n). (2.21)

This estimate holds true for any state and is non-asymptotic. It is generally rather 
pessimistic, though. For many classical states, such as squeezed states or thermal 
states, pjj =  Aexp(—B/n), the same calculation yields a rate for the square of 
the L2-distance as η-1 1 n(n)^ for some β. In such a case, the penalized estimator 
automatically converges at this latter rate.

W avelets

Another try could be to use functions known for their good approximations proper­
ties. To this end we look at the Wigner function and write it in a wavelet basis.

Recall that wavelets on M are an orthonormal basis such that all functions are 
scaled translations of a same function, the mother wavelet. In multiscale analysis,

d2(p, N )
OO iV

 ̂ Σ ph - Σ ph
3>k= 0 j , k = 0

s <Σ̂ )2-(Σ̂ )2
j > 0  J= 0

c 1 - ( 1 - | ) 2

2 £
/̂V~
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we use a countable basis ipjtk : x ι-> 2://2V>o,o(2-7x + k), for j  and k integers. Let 
Vj =  : j  < *}· There is a φ, called father wavelet, such that the Φη{χ) — φζχ+k) 
for k € Z are a basis of the vector space generated by all the wavelets of larger or 
equal scale, that is Vo- We may choose them with compact support, or localized 
both in frequency and position. So they harvest local information and can fetch this 
whatever the regularity of the function to be approximated, as they exist at several 
scales.

From a one-dimensional wavelet basis : x ^  2^2^o)o(2'7x+/c), C3 and zero mean, 
with a father wavelet φ^, also C3, we shall make a tensor product basis on L2(R2): 
let I =  (j,h,e) be indices, with j  integer (scale), k =  (kx,ky) G Z2 (position), and 
ε £ 0,1,2,3. Let

ί ΦϊΜχ)Φ ί,Μ  if e =  0 

Φ ί Α Φ ΐ Μ  if e =  l 
Ψ ί Α χ ) Φ ί , Μ  if e =  2

V;i,fc( )̂V;j,fc(2/) if e =  3

We may then define a multiscale analysis from the one-dimensional one (written 
V, W): Vo =  Vo <8> Vo and for all j  € Z, Vj+1 =  Vj Θ Wj, so that Wj+\ =  Vj ® W.

Wi ® Vi θ  Vj <8> Wr

j

For any j ,  V7 UlJfc>? is then an orthonormal basis of L2(R2). We hereafter choose 
our models as subspaces spanned by finite subsets of the basis vectors for well-chosen 
j-

It can be shown that:
1 f°° .

7ι(χ,φ) =  —  / |ii| ^/(rtcos^, usm(f))eixudu 4π J

fulfills this property:

h i , K f ]  =

Noticing that

7 /(x, φ) =  2·77ο,ο,ε(2·7χ -  kx cos 0  -  ky sin φ, φ),

we see that these functions have the same dilation properties as wavelets, and they 
are “translated” in a way that depends on φ, through sinusoids. Their normaliza­
tions, though, explode with j ; this derives from inverting the Radon transform being 
an ill-posed problem.

We can now apply Theorem 2.3.4. Before doing so, though, we restrict ourselves to 
a finite subdomain of 1R2, which we denote T>, and put the Wigner function to zero
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outside this domain, that we should choose big enough to ensure this does not cost 
too much.

Then, Λ4 is the set of all models characterized by

m = : 2jlk e V }
U {(j, k, e) : (j , k, e) £ T'm C {(j, k, e) : e =  1; 2; 3, j x < j  < j 0, 23k G V } }  .

To have good approximating properties, we choose 2·71 ξ  nl/7 and 2J0 ξ  (]̂ 2. The 
projection estimator within a model is then:

/  =
l£m

with

1 n
Φ^.

i=1

Denoting B, =  1170,0,(11̂ , the translation of Theorem 2.3.4 gives (notice that applying 
(2.3.2) would be awkward, as the variance of 7 / is like 2] whereas its maximum is 
like 22jl):

Theorem  2.3.5. Let yj be such that Σ / βχΡ(—Vi) =  Σ < 00 . For example yi =  j. 
Let then:

xj =  2(j +  ln(Pe)) +y! .

We choose an a € (0,1) and the penalty (and restraining ourselves to the m such 
that I  G m —► xj < n ) :

Then there is a constant C such that: 

E {2T 7 Wp _ (̂η)ΐΓ -  (leM (* + 7) +  2pen„(m)^ |  V 0 < —  + C - 2 2n. 
η n

(2.22)

Proof. First it’s easily checked that xi =  2 In(11η//11 )̂ +yj .  Second X^exp(—j )  =  
C ex p (-j) < 00 implies that yj =  j  does indeed the work, as there are at 
most C2] wavelets at scale j  whose support meet V.

pen(m) = l +  <
n Σ 2

i eM

- x 7 Pn [7|] + 
a  V
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The last term is the variance of a,j1;kto, corresponding to the vectors that are in every 
model.:

iv
n izhkev

< -E
n L2hkev

< - V ] [  Ί2ήχο{χ, φ)άχ^-ρρ(χ, φ)
n 2h keV Εχ[°>π]

=  -  V  /  /  P p ( x  -  kx cos φ - ky sin φ,φ)άχ—
2nkeV

=  C - 2 2jl 
n

where we have used that for all x and k, f*  pp(x — kx cos φ — kySinφ, φ)^· is less 
than a constant about 1.086. Indeed, the translation of a Wigner function is still 
the Wigner function of a state, so that we may take k =  0. Then

/ 'Jo
pp(x — kx cos φ — ky sin φ,φ)—  < sup \4h{x)\

π ι,χ

and the upper bound on this supremum is due to Cramer (Erdelyi, 1953, 10.18.19).
□

Remarks: As the variance of 7 / goes like 2J the threshold might be seen as C2 :̂ 2 y
This yields the wavelets estimator studied by Cavalier et Koo (2002), for a general 
Radon transform on usual (non-negative) probability densities (i.e. not on Wigner 
functions).

The role of the approximation speed is apparent in (2 .22). Articles like that by 
Cavalier et Koo show that this strategy is asymptotically (quasi)-optimal for ap­
proximating a function in a Besov ball. However, this is no proof of the efficiency in 
our case, as the set of Wigner functions is not a Besov ball. There is still some work 
in approximation theory needed there. In particular, we do not know if a statement 
similar to (2 .21) can be proven.

Finally, notice that we may combine projection estimators: as the contrast function 
is the same for any basis we are working with, keeping the same penalizations, we 
could find an estimator that is almost the best among those built with the photon 
basis and those with the wavelet basis simultaneously (just add a ln(2) to Σ). In 
other words, we do not have to choose beforehand which basis we use. Moreover an 
estimator allowing for the two bases would satisfy (2 .21).
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2.3.6 Noisy observations

The situation we have studied was very idealized: we did not take any noise into 
account. In practice, a number of photons fail to be detected. These losses may be 
quantified by one single coefficient η between 0 (no detection) and 1 (ideal case). 
We suppose it to be known.

There are several methods to recover the state from noisy observations. One con­
sists in calculating the density matrix as if there was no noise, and then apply the 
Bernoulli transformation with factor η-1. We can also use modified pattern func­
tions (D’Ariano et al., 1995). Or we can approximate the Wigner function with a 
kernel estimator that performs both the inverse Radon transform and the deconvo­
lution (Butucea et al., 2007). The former two methods fail if the observations are 
too noisy (η <  |), but the latter is asymptotically optimal for all η over wide classes 
of Wigner functions.

This noise can be seen as a convolution of the result (X, Φ) with a Gaussian of 
variance depending on η:

pTp(y’ ^  =  ~Ύ Ί Τ ' ~\ f  Pp(x ' ^  exp ( ~ T ^ ~  -  η 1 β V) 2)  dx y/n(l -  η) J-oo \ L - V  J

or equivalently in terms of generating functions

j  pnp(x,(f))eirxdx — e~~**r J  pp(x, φ)ε"χάχ.

We can use the methods described above and then use the Bernoulli transform. For 
free, we may also use the modified pattern functions f ? k knowing f jtk. Explicitly we 
see that the dual basis of the matrix entry pjik becomes:

^  J  dre^ r2 j  dyfj)k{y,<j))eirv.

The reason why one needs η > \ is for this Fourier transform to be well defined.

And we can again apply Theorems 2 .3.2 and 2.3.4 with the dual basis f j k.

Obtaining results with high noise η < \ is harder. We would need to introduce 
a cut-off h within the inverse Fourier transform (and therefore a bias). Using the 
same h as in (Butucea et al., 2007) would ensure this bias b(p, h) is asymptotically 
reasonable. We could then reuse Theorems 2 .3.2 and 2.3.4 to have an “almost best” 
approximation of p +  b(p, h) within a set of models, for finite samples. Careful 
examination would then be required to check the variance (or the penalties) go to
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0 as n and h(n) go to infinity. Moreover, we would need to translate conditions on 
the Wigner function into conditions on the density operator to see whether we can 
reproduce the asymptotic optimality results of Butucea et al. with model selection 
in the Fock basis (or any other basis chosen and studied a priori).

2.4 Maximum likelihood estimator

Projection estimators are not devoid of defects. Notably, the variance of empirical 
coefficients might be high, the convergence therefore rather slow, and the estimator 
is not a true density matrix. Especially, the trace is probably not one, though this 
could be fixed easily enough. We can diagonalize the estimated density matrix, 
replace the negative eigenvalues with 0 , and divide by the trace.

Anyhow, there are other types of estimator that automatically yield density matrices. 
One such estimator is the maximum likelihood estimator, which selects the nearest 
point of the empirical probability measure in a given model for the Kullback-Leibler 
distance (which is not a true distance as it is not symmetric). Recall that the 
Kullback-Leibler distance between two probability measures is:

K { p , q )  =  J l n { ^ j ^ p ^ d x -

In other words, the maximum likelihood estimator is
n

argmin V ]  -  In pT{Xt, Φi)
T€S 1=1

where Q is any set of density operators (such that the minimum exists). This way, 
it is automatically a true density operator. A practical drawback is that calculating 
it is very power-consuming.

As 7n(·) —> — / \n(p.)dP/i, we have defined a minimum contrast estimator in the 
sense of section 2.3.1. Much like for projection estimators, the Kullback distance 
thus estimated might be overly optimistic, and all the more when Q is big. Indeed, if 
Q is the set of all density operators, then there is no minimizer of the distance with 
the empirical distribution; however when we take only finite-dimensional models, 
such as

Q(N) =  { r e  <S(L2(R)) : =  0 for allj > N ovk > iV} , (2.23)

then the minimum is attained by compactness. Here the matrix entries are taken 
in the Fock basis (2.1).



2.4 Maximum likelihood estimator 81

We then have to define a penalty for choosing (almost) the best model. To do so, we 
make use of a (slightly simplified but sufficient for our needs) version of a theorem 
by Massart (2006), but we need a few definitions before stating it.

First we need a distance with which to express our results, and it is not the Kullback- 
Leibler, but the Hellinger distance. The Hellinger distance between two probability 
densities is defined in relation with the L2-distance of the square roots of these 
densities:

h 2 ( p , q )  =  ^ J ( V p - V q ) 2 · (2·24)

This distance does not depend on the underlying measure. The following relations 
are well-known:

^||p-g||? < h2 (p,q) < ^\\p-q\\i

h2 {p,q) < i K(p,q ). (2.25)

The penalty to be defined shall depend on the size of the model, that we have to 
estimate. The right tool is the metric entropy, and more precisely the metric entropy 
with bracketing of the model.

Definition 2.4.1. Let Q a function class. Let NB}2{$,G) be the smallest p such that 
there are couples of functions [//\ f f )  for i from 1 to p that fulfill ||//' — ^ \ \ 2 < S 
for every j , and for any f  £ Q, there is an i e [1 ,p] such that:

/ / · < / <  Si ■

Then Hb,2{5 ,G) — ΙηΝΒ2{δ,@) is called the δ-bracketing entropy of Q 

Remarks:

• Notice that the f^  and //" need not be in Q.

• The 2 in Ηβ 2 stands for L2 distance.

Looking closely at definition 2.4.1, we see that the concept of entropy depends 
only on those of positivity and norms. We may then define a similar bracketing 
entropy for any space with a norm and a partial order, such as the L1 5-bracketing 
entropy of Q(N ): we must find couples of Hermitian operators [τ/',τ/7] such that 
|| — rfWi ^  ̂and such that for any τ  G Q(N),  there is an i such that 7f  < r < 7f .
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We are chiefly interested in the L2 entropy of square roots of density (denoted by

Now the Theorem by Massart (2006):

Theorem  2.4.2. Let X i , . . . , X n be independent, identically distributed variables 
with unknown density s with respect to some measure μ. Let (Sm)meM be an at 
most countable collection of models, where for each m 6 M., the elements of Sm are 
assumed to be densities with respect to μ. We consider the corresponding collection 
of maximum likelihood estimators sm. Let pen : ΛΛ — > ffi. and consider the random 
variable m such that:

For each m, we consider a function φπι of M+*; nondecreasing, and such that x i—>

Hb, 2(δ,ν*)):

V l/2{N) = { j p ; : p p e V ( N ) } .

Pn [ -  ln(sA)] +  pen(m) inf Pn [ -  ln(sm)] +  pen(m).

Let (Xm)meM a collection of numbers such that

Σ < oo.

ΦηΛχ) nonincreasing) and:

We then define each am as the one positive solution of

Φ π ι { σ )  =  V n o 2 .

Then there are absolute constants κ and C such that if for all m G ΑΛ,

pen(m) > κ (a 2m +  ^  ,

then

where, for every m e  M , K(s, Sm) =  infte5m K(s, t).

Σ
ίύιΕ Λ Λ

- X m  —

Φ τ η ( σ )  > ι , Sm)de.

Ε [h2(s, §. < C ( K(s, Sm) + pen(m) +

W 
I e
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We notice that what is bounded in fine is the Hellinger distance and not the Kull- 
back. Indeed our evaluation of the estimation error, which depends upon the size 
of the model (its bracketing entropy), dominates the Hellinger distance but maybe 
not the Kullback-Leibler distance.

In our case, we have parametrized the models m by N, through definition (2.23).

To apply Theorem 2.4.2, we need to find suitable (f>m, and this calls for dominating 
the entropy integral. We reproduce here the article by Artiles et al. (2005).

By (2.25), it is sufficient to control ΗΒ 1(δ, V(N)).  Moreover, the linear extension of 
the morphism T  sends a positive matrix to a positive function, and is contractive. 
So any covering of Q(N)  by «5-brackets is sent upon a covering of V(N)  by L1 

5-brackets, that is \pj,pj] =  \prL,pTu], Thus

HbM V ( N ) )  < HBl(S,Q(N)),

so that

Hb,2(S,vHn))  < CHBtl(6 2 ,Q(N)).

Moreover:

Lemma 2.4.3.

H b M Q W )  < CN2 \nô

where C is a constant not depending on δ or N, and can be put to 1 +  ln(5).

Proof. Let {pj : j  =  1, . . . ,  c(0, AQ} a maximal set of density matrices in Q(N)  such 
that for all j  Φ k, \\pj — pk\\i > 7̂7. Define the brackets \ρ ,̂ρ }̂ as

S 6

^  = ft +  2iV1·

Then \\pj—pV||i =  δ. Moreover for any p in the ball Bi(pj, ^ ) ,  as ||/o-/5j||i < ^ 1 ,  
we have

p f < p < p ^

and as {pj}  was a maximal set, this set of brackets cover Q(N).

So ΗΒΛ(δ, Q ( N ) ) < c & N ) .
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Notice that -^ ) are disjoint and included in the shell -Si(0, 1 +  477

■fa), so that

concluding the demonstration.

From this, we can obtain:

Corollary 2.4.4. There is a constant C such that:

HB,2(S,vHN))<CN2ln^ .
oz

Writing

φΝ{σ) =  Γ J HB>2(e,Vt(N))de
Jo

and σ]ν(η) the only σ such that

φΝ(σ) =  y/ϊτσ2

we get

Indeed

Μ η) < ^ N  ( l  +  ^ 0  V In ~ )  .

(2.26)

□

(2.27)

ο(δ,Ν) < 

<

(¥)'((■ ·ά)'-("άΓ)

( · * τ ) '
/5Ν\ν2

δ
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Φν{°) < CN J  J  In ^jpjde

POO

C N 2 / xe~^dx

( r
V\/la %

,2
= CiV2 / e~~dx - xe 2

\/ln5 .

< ΟΝσ I 1 +  J in  N
a2

where we have made use of, in each line in turn,

• Corollary 2.4.4

the change of variables x =  y /ln(iVe_2)2, with ^  =  —\J~Nxe X2

-s iintegration by parts, with x seen as a primitive and xe 2 as a derivative

• the upper bound Ce *2 of J°° e x !2dx for x positive when evaluating the first 
term.

We are looking for an upper bound on σ^, solution of the equation

\fna2N =  CNa j 1 +  . /in
σ Ν

We lower bound the second term by 0, and get
N _

&N  ^  C y=. =  Gm . 
y/n

Hence the upper bound

σΝ = CNn 2 ( 1 + 4/ln^-

°7ϋ(1+ '1 η
η

C 2N

< Ch 1 + a / In
V
2m
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We may absorb the C2 in the first multiplicative constant to find (2.27). Of course we
take only the positive part of the logarithm. This will always be the case hereafter.

Applying Theorem 2.4.2 we get:

Theorem  2.4.5. Consider the collection of maximum likelihood estimators (p n ) n €N>

that is for any integer N,

Pn [-ln (p ^ )] =  [ -  ln(pp)]

Let pen : N i—> IR+ and consider a random variable N such that

Pn [ -  ln(p^)] +  pen(iV) =  hrf (Pn [ -  ln(p^)] +  pen(iV))

Let (xN)N£n a family of positive numbers such that

e~XN = Σ < oo 
Ne  N

Then there are absolute constants κ and C such that if

pen(N) > κ(— { 1 + (0 V In-^-)) +  — )
n J\ n

then

E[A2f c ,P i s )] <  c ( m f N(E[A-(p,fi(A0)]+pen(iV)) +  5 )

with K(p, Q(N)) =  infTeQ(Jv) K(pp,pT).

Remarks:

• When designing the penalty, what stands out in this theorem is the general 
form of the penalty. Now the constant κ that can be explicitly computed 
would be very pessimistic. The best thing to do is therefore to keep the 
general formula for the penalty and calibrate κ using cross-validation, the 
slope heuristic (Massart, 2006) or any other appropriate method.

• If we wanted an explicit convergence rate for a given state, as for the photon 
basis in section 2.3.5, we would first need to know how the Kullback-Leibler 
distance K (p, Q(N)) is decreasing with N. One thing that is obvious, however, 
is that if we add noise we convolve with the same function pp and ρσ for all 
σ in Q(N),  so the Kullback-Leibler distance is decreasing with the noise, so
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convergence is faster when there is noise... The reason for this is that we are 
looking at convergence in Hellinger distance, that is a distance between the 
law of the result of the measurement pp and ρσ. This does not tell us directly 
anything about what we are really interested in, that is the distance between 
p and σ (as operators). Indeed we may bound the L2 or L1 norm between 
elements of Q(N) by the Hellinger distance, times something depending on 
the sum of the L2 or L°° norms of the fj k. And these norms are going (very 
fast) to infinity when there is noise, so that low Hellinger distance gives no 
indication on the operator norms.

2.5 Quantum calibration of a photocounter

This section features a scheme to calibrate an apparatus M  measuring the number 
of photons in a beam with the help of a photocounter.

The physical motivation is given in Appendix 2.A.3.

The first subsection states the mathematical problem. In the two others, projection 
estimators and maximum likelihood estimators are respectively studied.

2.5.1 Statistical problem

The practical problem of calibration of a photocounter turns out to be mathemat­
ically speaking an entirely classical missing data problem. However, to the best 
of our knowledge, it has never been studied. We now describe this missing data 
problem.

We are given samples (I, X )  in N x R from a probability density of the form

In this expression, the real numbers b\ satisfy b\ =  1. The are the Fock basis 
functions given in Equation (2.1). For any k, the Pf  are a probability measure, that 
is they are non-negative and Pf =  1.

We know the b\, and we want to retrieve the Pf, which we do not know. We write

(2.28)

P  =  (*?)«·

OO

Σ Ρ Ν Φ ) 2·
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To make clearer that this is a missing data problem, we give the following way to 
obtain this experiment. First we choose K  G N with probability given by b\. We 
forget K, which is the missing data. Our data consists in (I ,X ),  with % having law 
given by P k and x with law 'ij’k(x)·

Notice that the experimentalist has some control on the 6|, but usual techniques 
will yield bk proportional to This means that the low k are probed faster.

We propose below two types of estimators P  for P. To get results on their efficiency, 
we must first find meaningful distance d(P,P). Since -Ff =  1 for all k G N, 
distances like d%(P,Q) =  Ŷ ,ik{Pi — Q\)2 are bound to yield infinite errors on our 
estimators. We then must weight them, using (ak)ken of our choice. We shall use, 
depending on the estimator, either d\(P, Q) =  ]T\ k α\{Ρ* — Qk)2 with Σ  a£ =  1, or 
di(P, Q) =  k ak\Pk — <5*|, with Y^kak =  1. Then these distances are bounded by
2 on the set of all P such that { P f } ^  is a probability measure for every k.

Varying the choice of ak corresponds to putting the emphasis on different k, that is 
deciding which P* we demand to know with the more precision. If we take the ak 
decreasing, it means physically that we are more interested in the behaviour of our 
photocounter for a low number of photons. This is usually the case for a physicist. 
A possible choice is to take ak or ak equal to b\.

In the next subsection, we use projection estimators, and in the following, maximum 
likelihood estimators.

2.5.2 Using projection estimators

As in the tomography problem, the parameter space is contained in an infinite­
dimensional vector space, and a natural type of estimators are projections of the 
empirical law on finite-dimensional subspaces. The problem we are left with is then 
again finding the best subspace.

Concretely, we consider the distance d%(P,Q) =  k aKPf — Q\)2 and write E\ =  
akPtk. Similarly we shall write Ek =  akP k for our estimator. Then

4 ( P , P )  =
i,k

and the law of our samples can be rewritten as

(2.29)p(i,x) = Σ 0 , 1,

{ x f .
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We may then consider {(tf:/ak)i’kh=i}k,i as a basis of our functions on N x R. We 
want to use the general constructions of section 2.3. We first need a dual basis 
{fl'i.fc}· Now, the dual basis of {ψΐ} as functions on E is well-known. Those are the 
“pattern functions” fk,k introduced by D’Ariano et al. (1994) (see (2.38)). From this, 
we deduce:

9i,k(J"i %) =  ~ r o f k , k { % )lj=Z· 
b k

With these dual functions, we can define the minimum contrast function:

where the (La,X a) are our data, that is n independent samples with law p.

The penalized estimator is as always the projection estimator of the model rh such 
that:

We then obtain from the general theorems of section 2.3:

Theorem 2.5.1. Let P be a photocounter and (a )̂ and (bk) with J2k al ~  Σ ϋ  K =  
1. Let (xitk)(i,fe)eN2 such that ke~Xi'k = Σ < oo. We define a penalty as

7„(Q) =  4(Q, 0) - 2 (Σ 9̂ ζ Χα) j alQ^j ,

Our models m € M. consist in the subsets of N2. If (*, k) m, then Pf =  0. In a 
model m, the estimator P (m̂ given by minimizing the contrast function is then

Dfc ■*■ 9i,k(La , X a )  t  (■ i \  r  P. =  — > —-------------- for (i, k) G m.
n i aktt=l

m =  arg min ηη(P i'rn)) + penn(m).

We also use the usual notation for the distance to a model:

d2(P,m) =  inf d2{P,Q).

with

=  I? (SUP f k , k  ( x )  -  inf f k ,k { % ) )  ■
b t  x x’k x

Then the penalized estimator fulfills

E τΑ~άΙ{ρ  ̂P) < inf i 1 +  -  ) m) +  2 Pen« M  +  -Z +  6 m£A4 \  t J  n

penn(m) Σ  α- (ln  {Mlr M i,k 

2 )  η
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Theorem 2 .5 .2 . Let P be a photocounter and (a*) and (bk) with al ~  Ylk t̂ =  
1. Let (i/i,fc)(i,fc)6N2 such ^at JZi,me~yi,m = Σ < oo. Let then

x i,k = 2 In 11/fc.fcll^ +Vi,k·

For any δ € (0,1), with 

penn(m) =  pen£’fc),

npenn’fc) _
2(1 +  e)

there is a constant C such that:

Y ^ Xi,k ( pn[&2,fc] +  --fit  \\fk,k\\lo ^3 +  Xi,kj +
| | / fc , f c | | c 

3 b\^n •Ei.k

E
2 T i 4 { p · p) ~ ( ( ! + i )  ^ (p -m ) + 2 pen" (m)) ) VO

ν2 + £ ^ ν ' £ J m€M

where A4n is the set of models m for which («, k) e m implies x^k < n.

< ΟΣ
n

Remarks:

• As with the estimation of states with tomography in section 2.3, we choose 
with high efficiency the best subspace. It should be noticed that convergence 
is fast if the photocounter is good, and could be slower if it is bad. In the latter 
case, we know it is bad, though. Indeed, the dependence of the convergence 
rate on the photocounter P  lies in the approximation properties of the models
-  subspaces -  m, that is on how fast d\(P, m) decrease when m gets bigger. 
Now for an ideal photocounter, we need only the (z, i) to be in m. The penalty 
would be as low as possible when neglecting what happens to beams with more 
than a given number k of photons. For a worse photocounter, to have a good 
approximation of how a /e-photons beam is read, we might need many i, and 
the penalty would include all the penl,fc.

• The estimator depends only weakly on (a^) (unlike the distance), which is good 
news as it is somewhat arbitrary. Indeed, the empirical Pf does not depend 
of this sequence at all, nor do the main terms in the threshold on Pf of both 
theorems. For Theorem 2.5.1, this main term is ak1y /( 1 +  e) \xi(Bi )̂Bi^/\/n. 
Now Blk depends linearly on ak, so the only â  left in this expression is in 
the logarithm which can be developed as hi(Blk/ak) +  Ιη(α^). In this way, 
we see that we only get another term in the penalty. For Theorem 2.5.2,
the threshold is essentially α^1·γ/δ( 1 +  e)Pn ln(||^>fc||00)/((l — S)n)·, and 
as gijk is proportional to â , the situation is the same.
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• The process by which we get our data includes a tomographer and the laws 
p(i, x ) were given in the ideal case when there is no noise. If there is noise, 
as briefly sketched in section 2.3.6, these laws are different. However we may 
characterize the noise with a single 0 < η < 1. We then have for free the same 
theorems for η > we only need to replace f kjk with f kk.

2.5.3 Maximum likelihood procedure

In this case, our results are easier expressed with the distance

Α ί Ρ , Ρ )  = J2at \pr-P?
i,k

=
i,k

with E* =  akPtk and ak =  1. We denote Wi =  Ŷ k · Notice that Wi =  1.

Recall that our data consists in n independent samples (La, X a) with law p given 
by Eq. (2.28).

The main difficulty with applying here Theorem 2.4.2 lies in that the Kullback 
distance to the models is usually infinite (if we have Ef =  0 for all k for some i, then 
p(i, R) =  0 and this is generally not the case for p(i, R)). The easiest way around is 
to keep independence and restrict attention to some set of i.

Explicitly, we take an ordering on the possible results i of the photocounter (typi­
cally, if we expect that one result corresponds roughly to a given number of photons, 
we can order them in increasing order. The idea is that the results that interest us 
most should come first). We then choose, still beforehand, I+ £ N, and we restrict 
our attention to the first i £ [0, /+]. We just throw away the part of the data where 
the photocounter gave a result more than I+. We are left with data size rij+, with 
law pi+ on [0 , /+] x R:

P|[0,/+]xR 
Pi+ =  j ------------ ·

J[0,I+]x r P

This law is the probability measure associated to the apparatus P  for which Pf =  
'— p* h<u.
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The models m jχ we work with are indexed by K  <Ξ N and I  < /+. They are given 
by the constraints:

=  0 if i > 1+

Ef =  0 if i > 1+ and k < K

Σ Ε *  =  ak for k < K
i<I

Ef =  for k > K  and i < /+. (2.30)
1 I+ + 1  ~

Any such element gives a probability measure on ([0 , /+] x R). Similarly to equation
(2.29), the corresponding probability law reads p{l,x) =  b\akl Ε ^ φ ^ ) 2 -̂ί=ι· 
The fourth condition (2.30) does not increase the complexity of the model and 
ensures that the Kullback distance remains finite.

We can now use an empirical maximum likelihood procedure to select within each 
model an estimator. It minimizes on each the contrast function

n

'Yni.Q') 5  > In (^(.ί'α»-Χ"α)·
a= 1

where Q is an element of the model ηι^χ and q the associated probability law.

We then use Theorem 2.4.2 to select the model of which we keep the estimator, 
through a penalization procedure. We obtain the following theorem.

Theorem  2.5.3. Consider the collection (Pltk )i<i+,Ken of maximum likelihood es­
timators , defined as minimizers of

7η{Ρι,κ) =  inf 7n(P)P&miiK

Let pen : [0, /+] x N —> R be a penalty function and define (I, K) by

7n(£(/,*)) + pen(/, K) =  ΙΚ}^κ&{Ίη{Ρι,κ) +  pen(/, K).

Let (χι,κ) be a family of numbers such that

e~Xl’K =  Σ < oo.
i<i+,Ken

Then there are absolute constants κ and C such that if

pen( Ι ,Κ)  > k ( ( I  +  1 ) {K +  1 ) 1̂ ^  +  ^ - )  ,
\ n1+ nI+ J
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then

< K(pj mItK)+pen(I ,  K) Λ-------
ni+

where K(pj+,m/tx)  =  infgem/ K K(pj+, q), intended as the Kullback distance on

Remarks:

• As with projection estimators, we can expect fairly quick approximation if the 
photocounter is good. Indeed, for K  =  I+ and the ideal photocounter, the 
distance K(pi+,mi+tK) =  0.

• Like projection estimators, the maximum likelihood strategy can also be used 
with noise. If η > |, we get the same theorem changing f k)k in f%k. Just 
notice that the infinite norm ||/fc,fc||oo is exploding.

• As in section 2.4, an explicit computation of κ would be over-pessimistic and 
it is best to estimate it with a data-driven procedure.

Proof. First we rewrite and bound the distance d\ in a way that suits our purpose. 
We separate the entries corresponding to measurement results bigger than /+, and 
we recall at the third line that =  ak. Then

[0, /+] x R.

di(P,P)

Σ Σ ^ + Σ Σ Ι ^ - #
%>!+ k k «</+

<ΣΣΒ*+Σ 2<“ Λ Σ
i>/+ k k \ \i<I+

ε :  -
Σ<

-ε :
ΐ<1+ W i

Σ

=Σ
2>/+

+ Σ
ΐ < Ι Λ

Ηζ > / + Wi

i<I+ Wi ε ? + ς  2 ■ *Σ
i<I+

Ef - ■Ε
</_ W i

2Σ
ΐ>/+

Σ
<j+

Ε* ■Ε

- 1 £·

ε : Ef

ε  μ λ Ρ(/,ΛΓ))
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Let us now work a little on the last term:

--- E i =2_n</+ Wi J °k

ΕΪ = J  jpfk,k{x)h=idp(l,x).
So that

E t</+ w,
■E\ -  Ef = J  fk,k(x)h=id(pi+ ~ p)(l, x)

<  p r  l l / f c , f c l l o o  J  ̂ =ιά\ρι+ -  p I (*>x)

Summing over i, we get:

Σ
i<I+

1
= ---------B? -  Ef
Σ ίς /+ wi

We may then bound the distance between the POVM we calibrate and our estimator 
by

di(P,P) =  2 ^  Wi+  Σ  ( 2ak A (·& \\fk,kiln [  d\pI+-p \ ( l ,x )\ ) .
i>I+ *€ρΛ  J / /

Finishing the proof of our theorem amounts to controlling J d\pi+ — p\(l,x). We 
first apply Theorem 2.4.2 (assuming that our penalty is big enough, which we check 
below). We get:

E h2 (pi+,P(j tK)) < C in f # ( P / +> rn/,x) +  pen(/, K) + ----  .
J yi<i+,K€N Tlj, J

We then use the bound (2.25) of the square of the L1-distance in the Hellinger 
distance, and finish with Jensen, using the concavity of both the function x i—»· (C Ax)
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and the square root.

ΐ ψ ι  {Ρ>Ρο,*))\

— ^ W j + ^2afc λ n/fc,fciioo /" ^ip^+_  Ρ(/,λγ)Κ^ x )Nj Nj
i> /+  fceN '  \ k J /  /

— ^2afc Λ ^ ^ 2  11/fc.fclloo \ j h 2 ( p i + ~  Ρ ϊ ,κ ^ ^

^ Σ ro‘ + Σ  ( 2o‘ Λ ( c | ii/^ iio o \/e  (w. - w ,* )] ))

<  +  Σ  2 « t  Λ  c S | | /i ,t | |  , , i n f  K ( p I+, m hK) +  p m ( r , K )  +  —  I I

\ V \ iSs n,+11

V 1/2(I ,K )  =  { V q , Q e m IiK}.

With the same reasoning as in section 2.4, it is sufficient to dominate ΗΒ,ι(δ2, rnI K). 
We then mimic lemma 2.4.3. All the elements of are on the L1-sphere of radius 
Yhk<Kak °f a vector space of dimension (K +  1 )(/ +  1). We can then associate a 
maximal collection of brackets to a maximal collection (Pj) of P  G m lK  separated 
by δ2/(2(Κ +  1)(/ +  1)). The balls Bi(Pj, (K+i^J+1j) are disjoint and in the shell

#i (0 , H k < K a k +  (jk + w + 1 )) -  B' -  (/c+iKz+i))· And as with e<luation 
(2.26), we obtain

Hb,ι(δ2, mljK) < C(K  +  1)(/ +  1) In

Imitating the calculation in the proof of corollary 2.4.4, we find that the solution 
σ! Κ of the equation

s/zrrfx = Γ Κ ^ΗΒ,2(δ,ν^(Ι,Κ))

The only thing we still have to check is our penalty. We must dominate
He, 2 (A where
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admits this upper bound:

°,,k < C ]j {K +  1̂ + 1 ) (l +

We may absorb the latter 1 in the constant, as long as n/+ > 2...

This ends the proof.

□

2.A Background in quantum mechanics

Subsection 2.A.1 gives parallel developments of classical statistics and quantum 
statistics, so that any quantum notion is linked with a classical equivalent.

Subsection 2.A.2 describes both the experimental setup of quantum homodyne to­
mography and some basic mathematics playing a role in it. More precisely, it high­
lights several different representations of the state to be recovered (our unknown) 
and the links between them.

Subsection 2 .A.3 is background for section 2.5. Notably, it explains where the for­
mulas such as (2.29) come from.

2.A.1 Statistics: classical and quantum

We have here three different parts. The aim is to highlight the equivalences in 
classical and quantum formalism. The first part lies then upon the classical world, 
the second part recast this construction as a special case of what will be our quantum 
formalism, and the third part describes these quantum statistics. Bold numbers refer 
to the same number in the other sections. They might be repeated inside a section 
if the same object is introduced under different forms.

In this short introduction to the subject, we shall restrict ourselves more or less to 
describing what physical measurements can be done and how they can be encoded 
mathematically. In other words, we characterize what information can be retrieved 
from a system.
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Classical

In the classical setting of statistics, we are working with probability measures p {  1 }  
on a probability space (X ,A)  {  2 }. For comparison, we recall that probability 
measures are normalized {  3 }  real {  4 }  non-negative {  5 }  measures. Similarly 
measures are elements of M.{X,A)  {  6 }, the dual of L°°(X,A ) {  7 }.

Notice that the probability measures form a convex set, the extremal points of which 
are the Dirac measures {  8 }  on x for x G (X, A). They may then be described by 
x {  9 }. If we want to draw on the analogy with physics (X, A)  may be viewed as 
a phase space, and the x would be the pure states. A general probability measure 
would describe a mixed state. These are systems that have a probability to be in 
this or that pure state. Any mixed state (probability measure) can be decomposed 
in a unique way over pure states (Dirac).

A statistical model {  10 }  consists in a set of probability measures pe on a probability 
space (X ,A)  indexed by a parameter Θ, for Θ G Θ {  11 }  the parameter space. A 
statistical problem consists in determining as precisely as possible, with a meaning 
depending on the instance, a function of Θ.

Now we must gain access at information on these Θ in some way. What we have 
access at are random variables.

The aforementioned space L°°(X, A)  is the space of real bounded random variables 
/  {  12 }. By analogy with the quantum case, we call these f  observables. They 
correspond to the set of physical measurements that can be carried out on the 
system, to what can be “observed”.

“Measuring” an observable /  yields a result f (x)  {  13 } , with law:

Pp [ / G B] =  f  1 f (x)eBdp(x) for B G B { 14 } (2.31)
Jx

where B is the Borelian σ -algebra of E. Notice that this result is not random for a 
pure state.

Notice also that the way we could see the probability measures p as elements of the 
dual of L°°(X,A ) was by writing p(f)  =  f x  f(x)dp(x)  {  15 }.

The most general type of statistic or estimator we can extract from data, including 
random strategies, is obtained by associating to each x a probability measure on an 
auxiliary space (Xa, A, a) {  16 }  and draw a final result according to this proba­
bility measure. This is equivalent (at the price of changing the auxiliary space) to 
measuring a function /  {  17 }  on a space (X ® Xa, A  <8> A a)  {  18 }  according to a 
probability measure pe <g> s {  19 }  with s independent of Θ.
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If we write (2.31) in this case, we get

p* [ f e B ]  = 1 f(x,xa)eBdpe(x )ds (x „ ) for B e  B.

If we integrate out Xa, this yields

F e [ f e B } =  f  f B{x)dpe(x) for £? £ β  {  20 }

where

h  = 1 { 21 }
• o < f B <  1 {  22 }

• For countable disjoint Bu Σ ι  fa, =  f\Jt {  23 }.

As a remark, the result f (x )  is essentially a label. We could write the same formula 
for functions with values in other measure spaces (3̂ , B) than R. Just let B be the 
σ -algebra on this space. In this way, we retrieve in particular estimators in Rd.

Another very important remark is that if we have access to two statistics /  and 
g, we have access to both {  24 }. Indeed suppose that /  was taking its values in 
(,y , B ) and g in (Z,C). Then take a new statistic with values in the product space 
(y  <g) Z, B <g> C), characterized by hB®c ~  Ib * gc as real functions on (Af, A). We 
see that the three conditions are satisfied, and that the marginals of h are /  and g.

From classical to quantum

The above description was already somewhat non-conventional, with the parallel 
with quantum formalism in mind. In this subsection, we take one further step, by 
setting classical probability as a special case of what will be our quantum probability 
theory.

To have something easy to understand, we start from a finite probability space 
(X, A) =  {1 , . . . ,  d} {  2 }. We associate to it the Hilbert space of complex valued 
functions on this space, that is Ή =  Cd {  2 }. We are here endowed with a 
distinguished orthonormal basis {|ej)}i<i<(/ with \et) the function whose value is one 
on i and zero elsewhere.

Notice by the way the notation |V;): this is a physicist’s notation for vectors, elements 
of Ή. They call this a “ket”. The associated linear form, that is, the adjoint of the
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vector, is called a “bra” and denoted (ψ\. Thus {φ\ψ) is the scalar product of \φ) 
and |V;) (a “bracket”) .

Now to the probability measure p =  (pi, . . .  ,pd) {  1 }  on {1 , . . . ,  d}, we associate 
the matrix p {  1 }  diagonal in our special orthonormal basis {  6 }, with diagonal 
entries (p\,... ,pa)· As this is a diagonal matrix in an orthonormal basis, with non­
negative elements, this is a self-adjoint {  4 }  non-negative {  5 }  matrix. Moreover, 
as ΣίΡί  =  1 {  3 } , it has trace 1 {  3 }.

We see that the extremal points of our set are of matrices are the orthogonal pro­
jectors on the lines spanned by our special eigenvectors, that is |ej){e,| {  8 }. They 
correspond to the Dirac measures on i. We may represent any of these pure states 
by the eigenvector |e*) {  9 } . We may also rewrite p =  Σ ι Ρ ί \ ε %){ei\-

A statistical model {  10 }  consists in a set of non-negative matrices pe with trace 
1, on a Hilbert space H, diagonal in the {|ej)}j basis, indexed by a parameter Θ, for 
Θ G Θ {  11 }  the parameter space. A statistical problem consists in determining as 
precisely as possible, with a meaning depending on the instance, a function of Θ.

As we have done for probability measures, we identify /  G L°°({1,... ,d}) {  12,7 }  
with the diagonal matrix O G M(Cd) {  12,7 }  whose diagonal elements are the 
Oiti =  f(i). This is still the dual of the set of matrices diagonal on our special 
basis. We view the action of p by taking the trace of the product with p. That 
is p ( f ) =  Tr(pO) {  15 }. One can see that we have only rewritten the classical 
formula for the expectation.

Equivalently, measuring an observable O yields as a result an eigenvalue of O {  13 }. 
The law of the result is given by:

Pp [ O e B ] =  Tr(pPo,B) for B G B {  14 }

where P o , b  is the projection upon the space spanned by the eigenspaces of O  corre­
sponding to those eigenvalues Λ of O such that A G B. In other words, in our case,
0  = E i/(* )h > (e*l· Then Po,B =  Ei|/(i)eB |ej)(e;|. This P o , b  is playing the role of
1 f(x)eB in the classical setting. And we take note that Tt(joPo,b) =  J2i\f(i)ee Ρί·> as 
we should obtain from the classical formula.

We can encode in the same framework the general strategies for estimators, provided 
that Xa is also finite {  16 }. The auxiliary space is then identified to 7ia =  Cda. 
We have matrices ρθ 0  σ {  19 }, with σ  independent of Θ. We are allowed to use 
as observable O {  17 }  any matrix diagonal in the same basis as these po ® σ. The 
procedure equivalent to the partial integration on Xa is then taking partial trace on 
Ha in Ρ#[0 G B] =  Tr((ρθ <g> σ)Ρο,β)· And this yields Tr(peM(B)) {  20 }  with
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• M(R) =  l n {  21 }

• M(B ) is non-negative and diagonal in the (le*)} basis {  22 }

• For countable disjoint Bi, Y2i M(Bi) = M(\J. Bi) { 23 }.

Here again, we see that if we have access to Oi and 0 2 characterized by the families 
Mi(B)  and M2 (C), we have access to both {  24 }. Our new measurement would be 
characterized by N(B  <g> C) =  Mi(B)M2 (C) as multiplication of matrices. Notice 
that this set of matrices still satisfies the three above conditions. Especially, the 
fact that they are still non-negative stems from that they are diagonal in the same 
eigenbasis.

Going from classical to quantum now means throwing away our special eigenbasis 
(|ej)}. The immediate consequence will be that we shall deal with objects that do 
not commute. And of course, we did not restrain to finite probability spaces in 
the classical case. Likewise, we do not restrain to finite-dimensional Hilbert spaces 
in the quantum case. We shall therefore deal with operators rather than matrices. 
Keeping the finite-dimensional example firmly in mind should be a guide to the 
intuition of those less proficient in operator theory.

Quantum

A quantum system is described by a density operator p {  1 }  over a Hilbert space 
Ή. {  2 } , that is:

Definition 2.A .I. : Density operator

A density operator, usually denoted by p, is a trace-class linear operator on a (com­
plex, separable) Hilbert space Ή that satisfies:

• p is self-adjoint {  4 } .

• p is non-negative (notice that this implies self-adjointness) {  5 }.

• Tr p =  1 {  3 }.

If Ή is finite-dimensional, those are just the (self-adjoint) non-negative matrices 
with trace 1.

We denote by S (H )  the set of density operators on 7i.



2.A Background in quantum mechanics 101

Density operators are a convex set, too. The extremal points are called “pure states”. 
They are the orthogonal projectors on 1-dimensional spaces {  8 }. Thus we can 
represent them by a norm 1 element of H , denoted by \ψ) {  9 }. The corresponding 
density matrix is then p =  \ψ)(ψ\. Notice that it would be more precise to speak of 
|V;) as an element of the projective space V7i, but we conform here to the usage of 
physicists. Notice also that there are infinitely many pure states even in the finite­
dimensional case, unlike in the classical framework. Let us finally signal that the 
decomposition of a mixed state on pure states is not unique. It is essentially unique 
if we further impose that the pure states of the decomposition are all orthogonal, 
though.

A quantum statistical model {  10 }  consists in a set of density operators po on a 
Hilbert space Ή indexed by a parameter Θ, for 0 G Θ {  11 }  the parameter space. A 
statistical problem consists in determining as precisely as possible, with a meaning 
depending on the instance, a function of Θ.

Now the role of random variables is played by observables. Those are the elements
O {  12 }  of Bsa(H ) {  7 } , the bounded self-adjoint operators upon H. If we are 
dealing with finite-dimensional H, those are the self-adjoint matrices.

As a remark, the dual of Bsa(H) is the set of self-adjoint trace-class operators, which 
p is in. This duality is given by the formula of the expectation of measuring O on 
p, also called Born’s rule:

Ep[0] =  Tr(pO) {  15 }  (2.32)

When measuring O, the result is an element of the spectrum of O {  13 }, that is 
in the finite-dimensional picture, an eigenvalue of O. The law of the result when 
measuring O on p is:

Pp [0€B\  =  Tr(pPo,B) for B G B {  14 }  (2.33)

where P o , b  is coming from the spectral measure of O .  This is an object associated 
to self-adjoint operators through the spectral theorem, whose main property is that 
the expectation of the law above is given by the Born’s rule for any density operator 
p. We only give the derivation for finite-dimensional Ή. Then, as O is self-adjoint, 
we can diagonalize it in an orthonormal basis, and write Ο =  ^  Κ\Φί)(Φί\· Then 
Ρ ο ,β  = Σί|λίεβ lV;i)(V;t|· We see that in this case the law of the measurement is 
coherent with the expectation given by Born’s rule (2.32).

Generally { P o , b } b  is a projector valued measure, the definition of which we give 
below. To each projector valued measure corresponds an observable, and to each 
observable corresponds a projector valued measure. We may then consider that this 
concept is also a definition of an observable.
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Definition 2.A .2. : Projector valued measure { 12 }

A projector operator valued measure {Ρ(Β)}β&β is a set °f operators on 7i such 

that:

• P (B ) is an orthogonal projector.

• P( K) = l n .

• For disjoint countable Bi} '̂ 2i P{Bi) =  P(Uj Bi).

Notice that these are the axioms of a probability measure, except that we do not 
deal with real numbers but with projection operators.

Combining this definition with the definition of a density operator, we can check 
that formula (2.33) yields a true probability measure. Indeed, as both p  and P o , b  

are non-negative, the probability of any event is non-negative. With the countable 
additivity property of projector valued measure and linearity of product and trace, 
we get the countable additivity of a probability measure. Finally, the probability of 
the universe is Ττ(ρΡο,κ) =  Tr(pl^) =  1.

Remark: - even for a pure state, the result of the measurement is random, unless 
the pure state is an eigenvector of O.

Now what is the most general estimation strategy, or measurement? The right 
analogy is that of the auxiliary space. We measure observables O {  17 }  on a 
Hilbert space Ή ® Ha {  18 }  under the density operator pe <S> σ {  19 } , with 
σ  independent of Θ. Now we may take partial trace in (2.33) along Ήα, and we 
obtain equivalence of this scheme with measuring a positive operator valued measure 

(POVM).

Definition 2.A .3. : Measurement (POVM) { 17 }

A measurement M on a quantum system, taking values x in a measurable space 

(X,A) is specified by a positive operator valued probability measure or POVM for 

short, that is a collection of self-adjoint matrices M(A) : A G A  such that:

• M{X)  =  1 ,  the identity matrix {  21 }

• Each M(A) is non-negative {  22 }

• For disjoint countable Ai} ^  M(Ai) =  M(\JAi) {  23 }.

The M(A ) are called the POVM elements.
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The law of measuring M  on p is given by

Pp [O e  A] =  Tr(pM(A)) for Λ e .4 {  20 }. (2.34)

With the same reasoning as for projector valued measure (which are a special case 
of these POVMs), this is a genuine probability measure.

A special case of POVM is that of a POVM dominated by σ-finite measure v on 
(X, A),  that is

M (A ) =  /  m(x)du(x) for all A e A  (2.35)
J A

where m(x) is positive for all x and f x m(x)άν(χ) =  l n . The POVM associated to 
homodyne tomography is dominated by the Lebesgue measure.

The very important difference with the classical world is that if we can have access 
to M\ or M2, in general, we cannot have access to both simultaneously {  24 }. 
We cannot copy what we have done in the former paragraph, since Mi(A)M2 (B) +  
M2 (B)Mi(A)  might not be non-negative if Mi(A) and M2 (B) do not commute. 
More generally, there is usually no way to create a new POVM N with values in 
(X<g>y, A<%B) such that the marginals are M\ and M2. Notably, two observables that 
do not commute can never be measured simultaneously. As an example, consider 
that Mi and M2 are two projector valued measures on C2, each with values in {0,1}, 
corresponding to observables diagonal in different bases {e0,e i} and { /o , / i } ·  Then 
N (0,0) should be proportional both to |eo)(eo| and |/o)(/o|· So that it is null. Same 
remark for the other Thus N ( { 0 , 1}®2) =  0 ^ 1 . So that it is null.

The truly quantum feature of quantum statistics lies in that we should decide which 
measurement is to be carried out. Once we have chosen our measurement, we are 
left through (2.34) with a classical statistical experiment. This is the case in this 
chapter.

As a last remark on the subject, we could have developed a slightly more general for­
malism, based on C*-algebras, that would have been parallel to Le Cam formulation 
of statistics. In practical applications, the formalism above is usually sufficient.

2.A.2 Quantum homodyne tomography

The system we work with is the harmonic oscillator. Both in classical or quantum 
mechanics, the harmonic oscillator is a basic and pervading system. It describes,
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notably, a particle on a line, or a mode of the electromagnetic field (that is monochro­
matic light), as in our case.

The state of a quantum harmonic oscillator is described by an operator on L2(M) 
(this is the Hilbert space {  1 }). There are two important observables corresponding 
to the canonical coordinates of the particle. If we know the expectation of measuring 
on a state p any operator in the algebra they generate, then we know p. Those 
observables are P,the magnetic field, and Q, the electric field. They satisfy the 
(canonical) commutation relations:

[Q,P] =  Q P - P Q  
= il.

They are realized as:

(Q^i)(x) =  χφ\{χ)

( P * ) ( . )  -  - 4 * m .  (2.36)

As they do not commute, they cannot be measured simultaneously. However, any 
linear combination can theoretically be measured. These =  sin(0)Q +  cos(0)P 
are called quadratures.

Using an experimental setup proposed by Vogel et Risken (1989), each of these 
quadratures could be experimentally measured on a laser beam (Smithey et al., 
1993). The technique is called quantum homodyne tomography.

The optical set-up sketched in figure 2.2 consists of an additional laser of high 
intensity \z\ 1 called the local oscillator, a beam splitter through which the 
cavity pulse prepared in state p is mixed with the laser, and two photodetectors 
each measuring one of the two beams and producing currents / i j2 proportional to 
the number of photons. An electronic device produces the result of the measurement 
by taking the difference of the two currents and rescaling it by the intensity \z\. A 
simple quantum optics computation by Leonhardt (1997) shows that if the relative 
phase between the laser and the cavity pulse is chosen to be φ then (/i — h)/\z\ has 
density ρρ(χ\φ) corresponding to measuring X^ .

Knowledge of Ρρ(χ\φ), the law of the result of the measurement X^ on p, for all 
φ, is enough to reconstruct the state p. As we have seen, the experimentalist may 
choose φ when measuring. We assume that the measurement carried out on each of 
the n systems in state p is the following: first choose φ uniformly at random, then
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Figure 2.2: Quantum Homodyne Tomography measurement set-up

measure X^. We get a random variable Y  =  (X ,Φ) with values i n i  x [0,π) whose 
density with respect to the Lebesgue measure is pp(x, φ) =  ^ρρ(χ\φ).

Now we make explicit the links between p, pp(x, φ) and the Wigner function Wp. 
First we write p in a particular basis, physically very meaningful, the Fock basis, 
already given in Sec. 2.2:

1. The projector on V;fc is the pure state with precisely k photons. We also denote 
this state by the ket |A;}.

The matrix entries of pp in this basis are pj^ =  {i ’j, pi’k)· We can then derive from
(2.32) and (2.36) the formula we gave in Sec. 2.2:

The mapping T  associating Pp to p is invertible, so we may hope to find p from the 
independent identically distributed results Υχ, Y2, . . . ,  Yn of the measurements of the

i>k{x) =  Hk(x)e x 12,

where Hk is the k-th Hermite polynomial, normalized so that the L2-norm of if>k is

T  :S(L2{R)) — ► LJ(R x [0,π])

P ^  ( p P - {χ ,Φ) Σ lb k)A  ■

\  j , k = o /
(2.37)
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n systems in state p. This implies notably that pp is another representation of the 
state.

More explicitly, there are pattern functions f jtk (D’Ariano et al., 1994) against which 
to integrate pp to find any matrix entry of p in the Fock basis, that is:

pjik =  [  dx [  — pp{x, 4>)fjtk{x)elb~k)(i).
J —oo J  0 ^

These f j jk are bounded real functions. That inverting the Radon transform is an 
ill-posed problem can be seen in the behaviour of f j tk when j  and k go to infinity. 
Several formulas were found for these functions (Leonhardt et al., 1995), among 
which:

fj,k(x ) =  Xj(x)<Pk{x)) (2.38)

for k > j, where Xj and (pt are respectively the square-integrable and the unbounded 
solutions of the Schrodinger equation:

I d 2 1 2
_______ I---- r
2 dx2 2

φ — ωψ, ω G

Another one, maybe more practical when it comes to theoretical calculations, or 
when we add noise (see section 2.3.6) is:

Π ϊ  r°° 2 

ί^ { χ ,φ )  =  ψ - J  \r\e-r- +2̂ v k^ L ) - \ r 2)dr

where the Uj are the Laguerre polynomials, that is the orthogonal polynomials with 
respect to the measure e~xxd on R+.

Let’s now have a look at the Wigner function. This is a real function of two variables, 
with integral 1, but that may be negative in places. It can be interpreted as a 
generalized joint probability density of the electric and magnetic fields q and p. As 
both cannot be measured simultaneously, the negative patches are not nonsense. 
On the other hand, any projection on a line of the Wigner function must be a true 
probability density, as it is the law of Χψ, which is an observable. In fact, the 
Wigner function may be seen as the probability density on R2 resulting from (2.34) 
when measuring on p a “POVM” whose elements are not non-negative, but whose 
marginals on each line R are the Χψ.

As we have already said in the introduction, pp is the Radon transform of the 
Wigner function. The Wigner function can be defined by its Fourier transform.
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This definition tells how to find the Wigner function W  of the state from its density 
matrix p:

P 2W(u, v) =  Ίν(ρε-ίυ€>-ίυΡ). (2.39)

On the other hand, the generating function of ρρ(·\φ) is

Ε[βηχφ] =  Tr (peltX*).

In other words, F 2W(t  cos</>, t sin^) =  Τ\ρρ(·,φ)\(ί). These relations are known to 
imply that pp =  R (W ) (Deans, 1983) where R  is the Radon transform. Explicitly:

/ OO

W (x cos φ +  y sin φ, x sin φ — y cos φ)dy.
OO

The Radon transform is illustrated by Fig. 2.1, given in Sec. 2.2.

Finding the Wigner function from the data means then inverting the Radon trans­
form, hence the name of tomography: that is the same mathematical problem as 
with the brain imagery technique called Positron Emission Tomography.

2.A.3 Physical origin of the photocounter calibration prob­
lem

An experiment usually ends with a measurement. We need, however, an apparatus 
to measure. And we first have to know what is the meaning of the result the 
apparatus is giving us: it is not at all obvious a priori that if our new thermometer 
says “31° C”, the temperature cannot be “32° C”. That is why we must calibrate our 
measurement apparatus. In quantum mechanics, this means associating with each 
result i of our measurement the positive operator P(i), such that P  is the POVM 
(see definition 2.A.3) corresponding to our measurement.

D’Ariano et al. (2004) have introduced a general calibration procedure. The pro­
cedure relies on comparing with an already calibrated apparatus, using entangled 
states. Let us describe this more precisely in the special case of the photocounter.

A photocounter is an apparatus that aims at counting the photons in a beam. The 
ideal detector D has therefore POVM elements given by D(i) =  |i)(i| in the Fock 
basis. Recall we use the physicists’ notation, where |·) is a vector and (·| is the 
associated linear form. Moreover |i) is the vector corresponding to the pure state 
with i photons, that is the function V;i on L2(R), that we had defined in (2.1).

Models of the noise (non-unit efficiency and dark current) leave the POVM diagonal 
in this basis. Thus, we are only interested in the diagonal elements of Pi in the
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Figure 2.3: Experimental set-up to determine the POVM associated to an unknown 
photocounter P. We use it to measure a known bipartite state |s), jointly with a 
tomographer T. The photocounter gives a result i and the tomographer a result x. 
From these samples, we construct an estimator { /* }  of the self-adjoint operators 
associated to the results {*} by the photocounter P.

Fock basis. To obtain those we send a twin beam state, one of the beams in the 
photocounter, the other in a homodyne tomographer. We get a result I  from the 
photo-counter, and X  from the tomographer (figure 2.3; as we are only interested 
in the diagonal elements, we shall see that we do not need the phase φ, as long as 
the experimentalist chooses it randomly). We then have to process these outcomes 
(/, X)  to find P.

Mathematically, the twin beam is a system in a state |s) — Y ^=0 bk\k) <g> |fc). This 
notation (where we may choose the bk non-negative) means that the underlying 
Hilbert space is L2(R) ® L2 (R), and that p is the pure state that projects on the 
line spanned by this vector. Here again, |λ;) is the vector corresponding to the pure 
state with k photons. Finally b\ =  1, so that the vector state |s) is normalized 
and the density operator is p =  |s)(s|.

Now, what is the law p(i, x) of the samples we get? By (2.37) we see that the 
POVM associated to the tomographer is dominated by the Lebesgue measure on 
R x [0,7r), as in (2.35). That is (j\tx^\k) =  '4’j{x)^k(x)e~%̂~k̂ , where we have 
denoted ίχ>ψ the self-adjoint operator associated to the result (x, φ) for the POVM 
of the tomographer. If we forget about φ after having chosen it randomly, we then 
get (j\tx\k) = 'il>k(x)2l j=k. We have now all the ingredients for calculating our law, 
given the notation (k\Mi\k) =  Mf.
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p(i,x) =  Tr(p(Pi <g> tx))
= (s\(Pi <g> tx)\s)

=  Σ  bkibk2({h\ ® { h m  <g> tx)(\k2) ® |fc2))
ki,k2

= V ,  h^ jh lPi lk^ jh lt x lkz)
k\,/C2
oo

k=0

(As a remark, the fourth line shows that the use of the phase would be to retrieve 
the non-diagonal elements, in which we are not interested.)

We have thus recovered (2.28), and explained how we got the data with which we 
want to estimate the M"\





Chapitre 3

Discrimination

Ce chapitre est la fusion de (D’Ariano et al., 2005a) et (D’Ariano et al., 2005b).

Resume : Nous derivons la mesure optimale pour la discrimination des 
etats quantiques, ainsi que pour la discrimination entre des canaux de 
Pauli, dans un cadre minimax. Pour les etats, nous considerons a la fois 
les problemes de discrimination avec erreur minimale, et de discrimi­
nation sans ambigu'ite. Nous presentons les relations entre les mesures 
optimales resultant de ces deux criteres. Nous montrons qu’il y a des cas 
ou le risque minimal ne peut etre atteint par une observable, et que ce 
trait est frequent dans l’estimation minimax.
Pour les canaux de Pauli, nous considerons uniquement le probleme de 
discrimination avec erreur minimale, c’est-a-dire que nous maximisons la 
plus faible des probabilites d’identifier correctement le canal. Nous trou- 
vons l’etat d’entree optimal et montrons sous quelles conditions l’usage 
de l’intrication ameliore strictement les resultats. Enfin, nous comparons 
les strategies minimax et bayesiennes.

3.1 Introduction

The concept of distinguishability applies to quantum states (Wootters, 1981; Braun- 
stein et Caves C. M., 1994) and quantum processes (Gilchrist et al., 2004; Belavkin 
et al., 2005), and is strictly related to quantum nonorthogonality, a basic feature of 
quantum mechanics. The problem of discriminating nonorthogonal quantum states 
has been extensively addressed (Bergou et al., 2004, and references therein), also
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with experimental demonstrations. Typically, two discrimination schemes are con­
sidered: the minimal-error probability discrimination (Helstrom, 1976), where each 
measurement outcome selects one of the possible states and the error probability 
is minimized, and the optimal unambiguous discrimination (Ivanovic, 1987), where 
unambiguity is paid by the possibility of getting inconclusive results from the mea­
surement. The problem has been analyzed also in the presence of multiple copies 
(Acin et al., 2005), and for bipartite quantum states, and global joint measurements 
have been compared to LOCC measurements, i.e. local measurements with classical 
communication (Walgate et al., 2000; Virmani et al., 2001; Ji et al., 2005).

The problem of discrimination can be addressed also for quantum operations (Sac- 
chi, 2005a). This may be of interest in quantum error correction (Knill et al., 2002, 
and references therein), since knowing which error model is the proper one influ­
ences the choice of the coding strategy as well as the error estimation employed. 
Clearly, when a repeated use of the quantum operation is allowed, a full tomogra­
phy can identify it. On the other hand, a discrimination approach can be useful 
when a restricted number of uses of the quantum operation is available. Differently 
from the case of discrimination of unitary transformations (Childs et al., 2000b), 
for quantum operations there is the possibility of improving the discrimination by 
means of ancillary-assisted schemes such that quantum entanglement can be ex­
ploited (Sacchi, 2005a). Notably, entanglement can enhance the distinguishability 
even for entanglement-breaking channels (Sacchi, 2005c). The use of an arbitrary 
maximally entangled state turns out to be always an optimal input when we are 
asked to discriminate two quantum operations that generalize the Pauli channel in 
any dimension. Moreover, in the case of Pauli channels for qubits, a simple condition 
reveals if entanglement is needed to achieve the ultimate minimal error probability 
(Sacchi, 2005a,b). All the previous statements refer to a Bayesian approach.

We address here the problem of optimal discrimination of quantum states, and of 
two Pauli channels, in the minimax game-theoretical scenario. In this strategy no 
prior probabilities are given. The relevance of this approach is both conceptual, 
since for a frequentist statistician the a priori probabilities have no meaning, and 
practical, because the prior probabilities may be actually unknown, as in a non 
cooperative cryptographic scenario. We shall derive the optimal measurement for 
minimax state discrimination both for minimal-error and unambiguous discrimina­
tion problems. We shall also provide the relation between the optimal measurements 
according to the minimax and the Bayesian strategies. We shall show that, quite 
unexpectedly, there are instances in which the minimum risk can be achieved only 
by non orthogonal POVM measurement, and this is a common feature of the min­
imax estimation strategy. Similarly, for channels discrimination, we shall give the 
optimal input states and measurements whether or not we allow using an ancilla, 
and show that in the latter case, the optimal input state might differ from the usual 
Bayesian ones.
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In more detail, in Section 3.2, we pose the problem of discrimination of two quan­
tum states in the minimax scenario. Such an approach is equivalent to a minimax 
problem, where one should maximise the smallest of the two probabilities of cor­
rect detection over all measurement schemes. For simplicity we will consider equal 
weights (i.e. equal prices of misidentifying the states), and we will provide the op­
timal measurement for the minimax discrimination, along with the connection with 
the optimal Bayesian solution. As mentioned, a striking result of this section is the 
existence of couples of mixed states for which the optimal minimax measurement is 
unique and non orthogonal.

In Section 3.3 we generalize the results for two-state discrimination to the case of 
N > 2  states and arbitrary weights. First, we consider the simplest situation of 
covariant state discrimination problem. Then, we address the problem in generality, 
resorting to the related convex programming method.

In Section 3.4 we provide the solution of the minimax discrimination problem in 
the scenario of unambiguous discrimination. We refine, if need be, the minimax 
criterion, so that the solution becomes unique.

From Section 3.5, we turn our attention from states to Pauli channels. We first 
briefly review the problem of discrimination of two Pauli channels in the Bayesian 
framework, where the channels are supposed to be given with assigned a priori 
probabilities. We report the result for the optimal discrimination, along with the 
condition for which entanglement with an ancillary system at the input of the chan­
nel strictly enhances the distinguishability.

In Section 3.6 we study the problem of discrimination of two Pauli channels in the 
minimax approach. We show that when an entangled-input strategy is adopted, the 
optimal discrimination can always be achieved by sending a maximally entangled 
state into the channel, as it happens in the Bayesian approach. On the contrary, the 
optimal input state for a strategy where no ancillary system is used can be different 
in the minimax approach with respect to the Bayesian one. In the latter the optimal 
input can always be chosen as an eigenstate of one of the Pauli matrices, whereas 
in the former this may not be the case.

3.2 Optimal minimax discrimination of two quan­
tum states

We are given two states pi and P2 , generally mixed, and we want to find the optimal 
measurement to discriminate between them in a minimax strategy. The measure­
ment is described by a positive operator-valued measurement (POVM) with two
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outcomes, namely P  =  (Pi, P2 ), where Pt for i =  1,2 are non-negative operators 
satisfying Ρχ +  P2 =  /.

In the usually considered Bayesian approach to the discrimination problem, the 
states are given with a priori probability distribution π =  (πι, π2), respectively, and 
one looks for the POVM that minimizes the average error probability

Pe  =  TTiTrfpi^] +  π2Ττ[ρ2Ρι]. (3-1)

The solution can then be achieved by taking the orthogonal POVM made by the 
projectors on the support of the positive and negative part of the Hermitian operator 
7Γ1Ρ1 — π2ρ2, and hence one has (Helstrom, 1976)

p (Bayes) =  I  (1 _  ||7 ΓχΡα -  TT2p2 ||i) , (3.2)

where ||̂4||ι denotes the trace norm of A.

In the minimax problem, one does not have a priori probabilities. However, one 
defines the error probability ε*(Ρ) =  Tr[/).,(/ — PJ] of failing to identify ρτ. The 
optimal minimax solution consists in finding the POVM that achieves the minimax

ε — minmax£i(P), (3.3)
p  i= 1,2

or equivalently, that maximizes the worst probability of correct detection

1 — ε =  maxmin[l — ε^(Ρ)] =  maxmin Tr[pjP*]. (3.4)
p 2=1,2 p 2=1,2

The minimax and Bayesian strategies of discrimination are connected by the follow­
ing theorem.

Theorem 3.2.1. If there is an a priori probability π =  (πχ, π2) for the states p\ and 
P2, and a measurement P that achieves the optimal Bayesian average error for π, 
with equal probabilities of correct detection, i.e.

Tr \p1P1} =  Tr[p2P2\, (3.5)

then P is also the solution of the minimax discrimination problem.

Proof. In fact, suppose on the contrary that there exists a POVM P  such that 
inini=1)2 TrfpjPj] > mini=1)2 Tr^Pj]. Due to assumption (3.5) one has Tr[pjPj] > 
Tr[piBi\ for both « =  1, 2, whence

J^TTjTr(piPj) >  y ^ ^ T r (pjBj)
2 2

(3.6)
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which contradicts the fact that P  is optimal for a. □

The existence of an optimal P as in Theorem 3.2.1 will be shown in the following.

First, by labeling with P ^  an optimal POVM for the Bayesian problem with prior 
probability distribution π =  (π, 1 — π), and defining

χ(π, P) =  πΎϊ(ριΡι) +  (1 -  π) Ύτ(ρ2Ρ2), (3.7)

we have the lemma:

Lemma 3.2.2. The function /(π ) =  T r^ iP ^ ) — Ύΐ(ρ2Ρ ^ )  is monotonically non­
decreasing, with minimum value /(0 ) < 0, and maximum value / ( l )  > 0.

In fact, consider P ^  and P ^  for two values π and w  with π < w and define 
D = P («) -  PW Then

χ ( π , Ρ (®}) =  χ (π ,Ρ Μ ) + χ { π , β )  

χ(π, Ρ (π)) =  x(w, P {w)) -  x(w, D).

Now, since χ(π, P ^ )  is the optimal probability of correct detection for prior π, and 
analogously x(w, P ^ )  for prior w, then χ(π, D) < 0 and x(w, D) > 0, and hence

0 < χ(τσ, D) -  χ(π, D) =  (w -  π)[Ύΐ(ρ1Ό1) -  Tr(p2D2)\.

It follows that Tr(piDi) >  Tr(p2D2), namely

Tr(PlPlw)) -  Tr(ΡιΡίπ]) >  Tr(p2P2M ) -  Tr(ρ2Ρ2(π)) (3.9)

or, equivalently

Tr(PlPlw)) -  Tr(p2P t ]) > T V ^ P ^ ) -  ΊΪ(ρ2Ρ2(π)). (3.10)

Equation (3.10) states that the function /(π ) is monotonically nondecreasing. More­
over, for π =  0 the POVM detects only the state p2, whence Tr(/92P20̂ ) =  1, and 
one has /(0 ) =  —1 +  Tr[piPf^] < 0. Similarly one can see that / ( l )  > 0 . □

We can now prove the theorem:

Theorem 3.2.3. An optimal P as in Theorem 3.2.1 always exists.

Proof. Consider the value 7To of π where f(n)  changes its sign from negative to 
positive, and there take the left and right limits

P w  = lim Ρ (π). (3.11)
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For / ( 710") =  / ( π 0 ) =  0 just define P  — ρ (π° \  

For / ( ttq) >  f (^o)  define the POVM P

3 /W ) P (-> -/(7 r0-)P (+)

/ W )  -  / ( λ )

In fact, one has

(3.12)

-  ΊV fcft] =  [ / ( < )  -  /(ir0- ) ] - ‘ x 

{TV[piP,W  -  PiP2(_l] / W ) -

'η[ριΡ,<+)- ρ 2ίϊ2(+Ι]/(π0 )} = 0,

(3.13)

namely Eq. (3.5) holds. □
Notice that the value 7r0 is generally not unique, since the function /(π )  can be 
locally constant. However, on the Hilbert space Supp(pi) U Supp(p2), the optimal 
POVM for the minimax problem is unique, apart from the very degenerate case in 
which D =  ·κϋρι — (1 — 7r0 )p2 has at least two-dimensional kernel. In fact, upon 
denoting by Π+ and K  the projector on the strictly positive part and the kernel of 
D, respectively, any Bayes optimal POVM writes {P\ =  Π+ +  K', P2 =  I — Pi), with 
K' <  K .  Since for the optimal minimax POVM we need Tr^jPj] =  Tr[p2 P2], one 
obtains Tr[(pi +  P2)K'] =  1 — Ί^[(Ρι +  Ρ2 )Π+], which has a unique solution K ' =  a K  
if K  is a one-dimensional projector.

C orollary 3 .2 .4 . There are couples of mixed states for which the optimal minimax 
POVM is unique and non orthogonal.

For example, consider the following states in dimension two

Then an optimal minimax POVM is given by

In fact, clearly there is an optimal POVM of the diagonal form. We need to maximize 
minj=i)2 Tr[pjPj], whence, according to Theorem 3.2.3, we need to maximize TrfpiPi] 
with the constraints Tr[p\P\] =  Tr[p2 P2] and P2 =  I  — P\. Such an optimal POVM 
is unique, otherwise there would exists a convex combination π0ρι — ( 1  — π0)ρ2 with 
kernel at least two-dimensional, which is impossible in the present example (see 
comments after the proof of Theorem 3.2.3). □

_  \ l  0
p2 0  -  y  2 .

(3.14)

O 
co 

I t
o

0

0
p2 5 0 

0 1
(3.15)
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Notice that when the optimal POVM for the minimax strategy is unique and non- 
orthogonal, then there is a prior probability distribution π for which the optimal 
POVM for the Bayes problem is not unique, and the non-orthogonal POVM which 
optimizes the minimax problem is also optimal for the Bayes’ one. In the example 
of remark 3.2.4 the optimal POVM (3.15) is also optimal for the Bayes problem 
with π =  (|, |) as one can easily check. However, in the Bayes case one can always 
choose an optimal orthogonal POVM, whereas in the minimax case you may have 
to choose a non-orthogonal POVM.

Finally, notice that, unlike in the Bayesian case, the optimal POVM for the minimax 
strategy may be also not extremal.

3.3 Optimal minimax discrimination 
of N  > 2 quantum states

We now consider the easiest case of discrimination with more than two states, namely 
the discrimination among a covariant set. In a fully covariant state discrimination, 
one has a set of states {pi} with pi =  UiPoUj Vi, for fixed po and {Ut} a (projective) 
unitary representation of a group. In the Bayesian case full covariance requires that 
the prior probability distribution {π, } is uniform. Then, one can easily prove (see, 
for example, Ref. (Holevo, 1982)) that also the optimal POVM is covariant, namely 
it is of the form Pt =  UiKUj, for suitable fixed operator K  >  0.

Theorem 3.3.1. For a fully covariant state discrimination problem, there is an 
optimal measurement for the minimax strategy that is covariant, and coincides with 
an optimal Bayesian measurement.

Proof A covariant POVM {Pi} gives a probability p =  Tr[ptPi] independent of 
i. Moreover, there always exists an optimal Bayesian POVM that is covariant and 
maximizes p, which then is also the maximum over all POVM’s of the average 
probability of correct estimation Tr[piPi\ for uniform prior distribution (Holevo, 
1982). Now, suppose by contradiction that there exists an optimal minimax POVM 
{P(}  maximizing p' =  min* Tr[p,/-*'], for which p' > p. Then, one has p < p' < 
Tr[piP(], contradicting the assertion that an optimal Bayesian POVM maximizes 
Tr[piPi] over all POVM’s. Therefore, p =  p', and the covariant Bayesian POVM 
also solves the minimax problem. DNotice that in the covariant case
also for any optimal minimax POVM {Pi} one has Tr [piPi] independent of i, since 
the average probability of correct estimation is equal to the minimum one.

As an immediate consequence of Theorem 3.3.1 we derive the case of optimal dis­
crimination of two pure states:
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Corollary 3.3.2. For two pure states the optimal POVM for the minimax discrim­
ination is orthogonal and unique (up to trivial completion of Span{|V;t)}i=i,2 to the 
full Hilbert space of the quantum system).

Proof. Any set of two pure states {|V;i)}i=i,2 is trivially covariant under the group 
{I , U} with \ψ2) =  υ\ψι). Then, there exists an optimal POVM for the minimax 
discrimination which coincides with the optimal Bayesian POVM, which is orthog­
onal. Uniqueness of the minimax optimal POVM follows from the assertion after 
Theorem 3.2.3 when restricting to the subspace spanned by the two states.

In the following we generalize Theorem 3.2.1 for two states to the case of N >  2 
states and arbitrary weights. We have

Theorem 3.3.3. For any set of states {p%)2<i<N and any set of weights Wij (price 
of misidentifying % with j ) the solution of the minimax problem

Rm =  inf sup Y ]  Tr[piPj] (3.16)
P i

J

is equivalent to the solution of the problem

Rm =  maxi?B(7r), (3.17)
7?

where Rb {k) is the Bayesian risk

Rb (π) =  max Wii · (3.18)
p i j

Proof. The minimax problem in Eq. (3.16) is equivalent to look for the minimum 
of the real function δ =  f ( P ) over P, with the constraints

Σ ,  w ij Tr[ftP7] < δ, Vi
P3 >  0, Vj

E j Pj = L (3-19)

Upon introducing the Lagrange multipliers:

μ* € R+ , Vz
0  < Zi £ Vz
Y f =  Y e  Md(C),

(3.20)
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M(i(C) denoting the d x d matrices on the complex field, the problem is equivalent 
to

Rm =  inf sup' l(P, δ, μ, Z, F),
β , Ζ , Υ

l(P, δ, β ,Ζ ,Υ )  =  δ +  WiJ Tr^ ^ ]  “  )̂1
i j

- £ T V [ Z i,P ,]+1V [y ( /- £ > , ) ] ,  (3.21)
i i

where sup' denotes the supremum over the set defined in Eqs. (3.20). The problem 
is convex (namely both the function <5 and the constraints (3.19) are convex) and 
meets Slater’s conditions (Boyd et Vandenberghe, 2004) (namely one can find values 
of P  and <5 such that the constraints are satisfied with strict inequalities), and hence 
in Eq. (3.21) one has

inf sup' l(P, δ, μ, Z, Y) =  max'inf l(P, δ, μ, Z, Y). (3.22)
P,s μ,ζ,γ β,ζ,Υ Ρ,*

It follows that
Rm =  max'TrF (3.23)

β , Ζ , Υ

under the additional constraints

Σ  μί =  1 >
i

Y  Ίν^μίΡί - Z j - Y  =  0 , Vj. (3.24)
i

The constraints can be rewritten as

βί ^ 0 1 ^  ̂βί =  1 )
i

Y < ^Γιυ^μίΡτ , Vj. (3.25)
I

Now, notice that for the Bayesian problem with prior π, along the same reasoning, 
one writes the equivalent problem

R b (k ) = max' Tr Y, (3.26)

with the constraint

^ 2  wijniPi -  Z j - Y  =  0 , Vj (3.27)
i

TTi > ο , =  1 ,
i

Υ < Σ  wijniPi ’ V·?’ (3·28)
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which is the same as the minimax problem, with the role of the Lagrange multipliers 
{μ*} now played by the prior probability distribution {π,}. DClearly, a POVM 
that attains Rm in the minimax problem (3.16) actually exists, being the infimum 
over a (weakly) compact set—the POVMs’ convex set—of the (weakly) continuous 
function sup̂  ^  Wij Tx[plPj\.

3.4 Optimal minimax unambiguous discrimination

In this section we consider the so-called unambiguous discrimination of states (Ivanovic, 
1987), namely with no error, but possibly with an inconclusive outcome of the 
measurement. We focus attention on a set of N pure states {V’t},;es· In such a 
case, it is possible to have unambiguous discrimination only if the states of the 
set S are linearly independent, whence there exists a biorthogonal set of vectors 
{|u>i)}ies, with =  diji V?, j  G S. We shall conveniently restrict our attention
to Span{|V'i)}ies = H (otherwise one can trivially complete the optimal POVM for 
the subspace to a POVM for the full Hilbert space of the quantum system). While 
in the Bayes problem the probability of inconclusive outcome is minimized, in the 
minimax unambiguous discrimination we need to maximize minj(y;j|Pj|V>i) over the 
set of POVM’s with (φί\Ρ^ψί) =  0 for i φ j  G S, and the POVM element that 
pertains to the inconclusive outcome will be given by Pn+i = I — Y îes Pi· We have 
the following theorem.

Theorem 3.4.1. The optimal minimax unambiguous discrimination of N pure 
states {V;i}ies is achieved by the POVM

Proof. We need to maximize minj( î|Pt|V;t) over the set of POVM’s with 
{i’i\Pj\iH) =  0 for i φ j  G S, whence clearly Pj =  Kj\ u > j ) (u j j \ .  Then the prob­
lem is to maximize mintes «*· This can be obtained by taking Kj =  κ independent 
of i and then maximizing κ. In fact, if there is a κ* > Kj for some i, j, then we can 
replace with Kj, and iteratively we get κ..( =  κ independently of i. Finally, the 
maximum κ giving F̂ v+i > 0 is the one given in the statement of the theorem. □

(3.29)

where κ is given by

κ 1 =  max eigenvalue of |ω,) (oj.t|.
iGS

(3.30)

As regards the uniqueness of the optimal POVM, we can show the following.

Pn + i —I Σ *
zGS

Pi /‘v|u^) |j i (Ξ S ,
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Theorem 3.4.2. The optimal POVM of Theorem 3.4-1 is non-unique if and only 
if |u>i) € Supp(Pjv+i) for some i G S.

Proof. In fact, if there exists an i e S such that |ολ) e Supp(P/v+i), this means that 
there exists ε > 0 such that ε\ω^{ω^ < P n + i - Then the following is a POVM

and is optimal as well. Conversely, if there exists another equivalently optimal 
POVM {Qj},  then there exists an i e S such that QL > Pi (since both are 
proportional to |ωί){α̂ |, and minj(V̂ |<5i|V;i) has to be maximized). Then |u>j) £

When the optimal POVM according to Theorem 3.4.2 is not unique, one can refine 
the optimality criterion in the following way. Define the set Si C  S for which one 
has |u;,) E Supp(Pjv+i). Denote by φι the set of POVM’s which are equivalently 
optimal to those of Theorem 3.4.1. Then define the set of POVM’s φ 2 C φ ι which 
maximizes miniesi{ ι̂\Ρι\ ι̂) ■ In this way one iteratively reach a unique optimal 
POVM, which is just the one given in Eqs. (3.29) and (3.30).

3.5 Bayesian discrimination of two Pauli channels

The problem of optimally discriminating two quantum operations Si and S2 can 
be reformulated into the problem of finding the state p in the input Hilbert space 
H , such that the error probability in the discrimination of the output states Si(p) 
and £2{p) is minimal. The possibility of exploiting entanglement with an ancillary 
system can increase the distinguishability of the output states (Sacchi, 2005a). In 
this case the output states to be discriminated will be of the form (£i ®l)c)p and 
{S2 ® J/c)p, where the input p is generally a bipartite state of Ji <S> /C, and the 
quantum operations act just on the first party whereas the identity map acts on 
the second.

We now make use of the expression for the Bayesian risk of discrimination between 
states (3.2). Upon denoting with 1Ζ'Β(π) the minimal error probability when a 
strategy without ancilla is adopted, one has

Qj = Pj, for j  φ i
Qi = Pi + ε\ωί){ωί\, 

Qn +i =  Pn+i — ε\ωϊ){ωϊ\,

(3.31)

Supp(Pjv+i)· □

= \ i 1 -  “ ax Ikî i(p) -  ^ ( p j l l i j  ·
(3.32)
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On the other hand, by allowing the use an ancillary system, we have

'R'b (k) = \ (  1 -  max ||πι(£ι 0 1)ξ  -  π2(£2 ®ϊ)ξ||ι) . (3.33)
ζ  \ £eH®/c J

The maximum of the trace norm in Eq. (3.33) with the supremum over the dimension 
of JC is equivalent to the norm of complete boundedness (Paulsen, 1987) of the 
map t\\S\ — 7t2£2, and in fact for finite-dimensional Hilbert space the supremum 
is achieved for dim(/C) =  dim(7i) (Paulsen, 1987), and in the following we shall 
drop the subindex K, from the identity map. Moreover, due to linearity of quantum 
operations and convexity of the trace norm, the maximum in both Eqs. (3.32) and
(3.33) is achieved on pure states.

Clearly, 7Ζβ(π) < ΤΖ'Β(π). In the case of discrimination between two unitary trans­
formations U and V (Childs et al., 2000b), one has ΤΖΒ(π) =  1Ζ'Β(π), namely there is 
no need of entanglement with an ancillary system to achieve the ultimate minimum 
error probability, which is given by

ΤΖΒ(π) =  min ^ ( l  -  y/l -  4 ^ 2|(V’ |£/tVr|'i/’}|2)
|ψ)βΗ  I  \  /

= \ ( l  -  yj\ -  4τγ17γ2Ζ)2) , (3.34)

where D is the distance between 0 and the polygon in the complex plane whose 
vertices are the eigenvalues of WV.

In the case of discrimination of two Pauli channels for qubits, namely
3

£(p) =  5 3  <la)(JaPa<* * =  1.2 , (3.35)

where =  1, σ0 =  /,  and {σχ ,σ 2,σ 3} =  {σχ ,σν ,σ z} denote the custom­
ary spin Pauli matrices, the minimal error probability can be achieved by using a 
maximally entangled input state, and one obtains (Sacchi, 2005a)

^β(τΓ) =  ^ ι - 5 3 ΐ Γα^  ’ (3·36)

with

ra =  TTi -  p2q{a ] =  n(q^ +  q%]) -  q{2) , (3.37)

where we fixed the prior π =  πι and 7r2 =  1 — πι. For a strategy with no ancillary 
assistance one has (Sacchi, 2005a)

K'bM = \  (1 -  C) , (3.38)
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where

C = max {|r0 +  r3| + |ri + r2|, |r0 + ri| + |r2 + r3|, |r0 + r2| + |ra + r3|} , (3.39)

and the three cases inside the brackets corresponds to using an eigenstate of σζ, 
σχ, and σ1η respectively, as the input state of the channel. More generally, for pure 
input state p =  | (/ +  σ · n), with n =  (sin#cos0 ,sin#sin0 ,cos#), the Bayes risk 
for discriminating the outputs will be (Sacchi, 2005a,b)

1Ζ'Β(π, σ ■ η) =
^ ̂ 1 — max ||α + 6|, yjcos2 θ(α -  b)2 +  sin2 #(c2 + d2 + 2cdcos(20))|^3,4O)

with a =  r0 +  r3, b =  + r2, c = r0 — r3, and d = rx — r2. Notice that the term 
\a +  b\ =  |2π — 1| corresponds to the trivial guessing {£χ if ττχ =  π > 1/2 , £2 if π < 
1/2}.

We can also rewrite Eq. (3.38) as

7^β(π) =  min 1Ζ'Β(π, at) . (3-41)
i=l,2,3

From Eqs. (3.36-3.39) one can see that entanglement is not needed to achieve 
the minimal error probability as long as C =  Y^ =0 |r*j|, which is equivalent to the 
condition nf=0rj > 0. On the other hand, we can find instances where the channels 
can be perfectly discriminated only by means of entanglement, for example in the 
case of two channels of the form

£i(p) =  , ε 2{ρ) =  σβρσβ , (3.42)
α , φ β

with qa φ  0, and arbitrary a priori probability.

3.6 Minimax discrimination of Pauli channels

As in the Bayesian approach, the minimax discrimination of two channels consists 
in finding the optimal input state such that the two possible output states are 
discriminated with minimum risk. Again, we will consider the two cases with and 
without ancilla, upon defining

K m =  min RM([£i ®T)(£), (£2 <g> J)(£)) ,
£eH(g>/C

K'M =  m m R M (£l (p ) , £ 2(p)) , (3.43)
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where Rm {pi·, p2) is given in Eq. (3.17). Since for all M, p, and π, one has

max{Tr[(£i <g) J)(p)M 2],Tr[(£2 <S>X)(/o)Afi]}
>~πTr[(£i 0 1){p)M2\ +  (1 -  τγ) Tr[(£2 <8> J  ){ρ)Μλ] , (3.44)

then ΊΖμ  > ΤΖυ(π) for all π. Analogously, 7?/  ̂ > 1Ζ'Β(π) for all π.

Theorems 3.2.3 and 3.3.3 can be immediately applied to state that the minimax 
discrimination of two unitaries is equivalent to the Bayesian one. In fact, the optimal 
input state in the Bayesian problem which achieves the minimum error probability 
of Eq. (3.34) does not depend on the a priori probabilities. Therefore it is also 
optimal for the minimax problem and there is no need of entanglement [and the 
minimax risk 7Zm will be equivalent to the Bayes risk 7£#(l/2)].

Let us now consider the problem of discriminating the Pauli channels of Eq. (3.35) 
in the minimax framework. In the following theorem, we show that an (arbitrary) 
maximally entangled state always allows to achieve the optimal minimax discrimi­
nation as in the Bayesian problem.

Theorem  3.6.1. The minimax risklZM for the discrimination of two Pauli channels 
can be achieved by using an arbitrary maximally entangled input state. Moreover, 
the minimax risk is then the Bayes risk for the worst a priori probability:

7Zm =  m&x1ZB(n) . (3.45)
π

Proof. Let us discriminate between the states pi =  (Si 0 Χ )(ξρ), where is a maxi­
mally entangled state. By Theorem 3.2.1 there are a priori probabilities (rr*, 1 — π*) 
whose optimal Bayes measurement fulfills

Τϊ[ΡιΡι] =  Tr[p2P2] . (3.46)

Since the input state ξβ is always optimal in the Bayes problem we infer 7£β(π*) =  
Tr[piP2], and moreover Rm(Pi,P2) =  TZb(k*)· N o w ,  one has also 1ZM =  Rm{p\,P2)i 
since if it would not be true, then there would be an input state p and a measure­
ment M  for which max{Tr[(£i ® l ) (p)M2], Tr[(£2 0ΐ)(ρ )Μ χ]} < Ρβ(π*), and hence 
π* Tr[(£1® J)(/o)M2] + (1 — π*) Tr[(£2<g> J)(p)M 1] < Rb(k*), which is a contradiction. 
Equation (3.45) simply comes from the relation 7Zm > 7Ζβ(π) for all π, along with 
TZm =  1ΖΒ(π*)· □

Notice the nice correspondence between Eqs. (3.17) and (3.45). Theorem 3.6.1 
holds true also in the case of generalized Pauli channels in higher dimension, since 
entangled states again achieve the optimal Bayesian discrimination, whatever the 
a priori probability (Sacchi, 2005a). More generally, Eq. (3.45) will hold in the
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Figure 3.1: The optimal Bayes risk 7Zb (tt) in the discrimination of two Pauli channels 
versus the a priori probability π will usually look like this. Notice that the rightmost 
and leftmost segments have slope 1 and (—1), respectively. The minimal risk for the 
minimax discrimination corresponds to TZAi — χά&^ΤΖβ ^)·, and is achieved at one 
of the breakpoints ττ̂ α\

discrimination of any couple of quantum operations for which the minimal Bayes 
risk ΊΖϋ(π) can be achieved by the same input state for any π.

Now we establish some visual images on which to read the minimax risks. We must 
look at the function ΤΖΒ(π) given in Eq. (3.36) drawn on [0,1]. By Eq. (3.45), we 
know that its maximum is TlM. As the ra defined in (3.37) are increasing affine 
functions of π, their absolute value is a convex piecewise affine function, and hence 
7ΖΒ(π) is a concave piecewise affine function (see Fig. 3.1). The four breakpoints 
correspond to the four values of π for which each rQ vanishes. We define ta =  
qa '1 +  qiP as the slopes of the functions ra and / ta as the value of π for
which ra =  0. We denote by π* the point at which ΊΖΒ(π) reaches its maximum 
(the maximum will be attained at one of the breakpoints π ^ ). We also reorder the 
index a such that < π^  < 7r̂ 3̂ . In this way, ΤΖβ(π) rewrites

^ β (τγ) =  ^ 1 - ζ ί Ω|π-ττ(α)|̂  . (3.47)

Let us now look at the discrimination strategy without any ancillary system. An­
other picture, that should be superimposed on Fig. 3.6, is the Bayes risk 7Ζ'Β(π) 
of Eq. (3.38) versus π for the strategy with no ancillary system. One can see that 
ΤΖ'Β(π) is the minimum of the three piecewise affine functions ΤΖ'Β(π, σχ), 1Ζ'Β(π, συ), 
ΤΖ'Β(π, σζ), corresponding to the Bayes risks when sending an eigenstate of the Pauli 
matrices. Here again ΤΖ'Β(π) is the minimum of concave functions, so it is concave 
as well, and the maximum will be attained at a breakpoint π =  π' (see Fig. 3.6).
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Figure 3.2: An example for the Bayes risks TZ'B(n,Oi) with i =  x ,y , z  versus the a 
priori probability π, for discrimination without ancilla. Each of the three different 
dotted lines correspond to the Bayes risk ΐνΒ{π, σ*) when sending an eigenstate of 
the Pauli matrix σ* through the channel. The solid line is the optimal Bayes risk 
TZ'b (tt) without ancillary assistance, and corresponds at any π to the minimum of the 
three 7£'β (π,σ;). The minimal risk for the minimax discrimination with no ancilla 
corresponds to TZ'M =  ϊηΆχπ ΊΖ'Β(π), and is achieved at one of the breakpoints of 
π'β (π).

To “read” more on these pictures, once again we prove that the optimal minimax 
risk 1Z'M for discrimination without ancilla corresponds to the optimal Bayes risk 
without ancilla for the worst a priori probability π ':

Theorem 3.6.2. The optimal minimax discrimination with no ancilla is equivalent 
to the solution of the problem

Proof. Notice again the similarity between equations (3.17), (3.45) and (3.48). For 
any p one has

WM =  max TZ'B (π) =  ^ « )  .
π

(3.48)

R m(£i(p),£2(p)) > ΤΙM > maxft^Tr) .
π

If we find an input state pn =  \{I +  σ ■ n) such that

maxT?.D(7r) =  maxT^^ff, σ · n)

(3.49)

(3.50)
π π

from Eq. (3.17) of Theorem 3.3.3 it follows that

# m ( £ i ( P h ) ,  £2(pa)) =  maxTZ'B(n, σ ■ n) , (3.51)
π
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which, along with Eqs. (3.49) and (3.50), provides the proof. Moreover, will be 
the optimal input state for the minimax discrimination without ancilla.

Now we have just to find a state such that condition (3.50) holds. We already noticed 
that 7r' is a breaking point of ΤΖ'Β(π). Either this breakpoint is also a breakpoint 
(and the maximum) of ^ ( π ,σ , )  for some % e x,y,z,  or else at least two of the 

are crossing in π', one increasing and the other decreasing (Fig. 3.6). In 
the first case Eq. (3.50) is immediately satisfied, and an eigenstate of σ* will be 
the optimal input state. In the second case, we show that when two ΤΖ'Β(π, at) are 
crossing at π' we can find a state pu such that

Κ'β(Κ, σ · η ) =  K'B{K,  ,

θπΚ'Β(π,σ·  η)|π=π/ =  0 , (3.52)

and therefore has the maximum at π' by concavity. In fact, the crossing, and 
therefore non-equality of the VJB(n,ai) in a neighborhood of π*, implies that for 
each of the two 7ZB(n,ai), the maximum in (3.40) for π' is attained by the square 
root term (since the term |a +  6| is just a function of π). Let us assume that the cr, 
that give such a crossing are σχ and σν. Then looking at (3.40), we have at point π*

|c +  d\ =  \c — d\ ,
3π\ο +  ά\3π\ ο - ά \ < 0  (3.53)

(notice that all functions are linear, i.e. differentiable in π'). Indeed, the first of 
Eqs. (3.53) implies that any linear combination of eigenstate of σχ and ay satisfies 
the first of Eqs. (3.52). By taking an input state with θ =  π/ 2  and φ such that

2 δ·π\θ-\-ά\tan φ =
dw\c — d\ (3.54)

the second equation in (3.52) is satisfied as well. Similarly, if the o.L are σζ,σχ one 
can take the input state with φ — 0 or π and Θ such that

dn\c +  d\

Finally, for σζ, σν one has φ =  ±π /2  and

d%\c — d\

(3.55)

(3.56)

As a remark, no eigenstate of for i =  x ,y ,z  can be an optimal input in the minimax 
sense in this situation. This is a typical result of the minimax discrimination. As in
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the case of discrimination of states, when the correspondent Bayes problem presents 
a kind of degeneracy and have multiple solutions, in the minimax problem the 
degeneracy is partially or totally removed. In the present situation, if we have the 
maxim um of ΤΖ'Β(π) at the crossing point of exactly two ΤΖ!Β(π, σ2), one increasing 
and the other decreasing, we find just four optimal input states: two non-orthogonal 
states and their respective orthogonal states. We shall give an explicit example at 
the end of the section. □

If we want to find in which case entanglement is not necessary for optimal minimax 
discrimination, then we have just to characterize when TZ'B(nl) =  ΤΖΒ(π»). We 
already noticed that we can choose π* to be one of the π̂ α\ The corresponding ra 
is zero, and hence C =  Σ α lr<*l> namely ΊΖ'Β(π*) =  1Zb {tt*). Since one has

7£'Β(π') =  WM > K M =  TZB{π*) =  ^ (π * )  , (3.57)

we only have to check that π* is a maximum of 1ΖΒ(π), recalling that the function 
is concave (see Fig. 3.6).

Figure 3.3: Optimal Bayes risks versus the a priori probability π for the discrim­
ination of the Pauli channels with parameters given in Eq. (3.64). The solid line 
gives ΤΖΒ(π) for an entanglement-assisted strategy; the dotted lines gives TZ'B{π) for 
strategy without ancilla. The minimal risk in the optimal minimax discrimination 
corresponds in both strategies to 7Z'M =  ιηαχπ 1Ζ'Β(π) =  maxw ΤΖΒ(ττ) =  7Zm , namely 
there is no need of an ancillary system.

Ultimately, we shall have to list down cases. Reading them might be clearer with 
the quantities appearing in Eqs. (3.36-3.39) explicitly written as a function of π. 
The most useful segmentation of [0,1] is based on the that is the points where 
the ra vanish, and 7ΖΒ(π) breaks. Recall that ra =  ta(n — n ^ ) ,  and ra > 0 for
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π > . As we have four a, we have five segments (they may get degenerated). 
Remember that knowing C in Eq. (3.39) and Σ α lr<*l tantamount to knowing 
ΊΖ'Β(π) or ΤΖΒ(π). Here is a list of the signs of the ra and the value of C on each 
open segment (so that all ra φ  0):

• (0, π ^ ): Σ α lr<*l =  — = C . Notice that ΤΖ'Β(π) =  ΤΖΒ(π) and that their 
common slope is 1.

•  (τγ(°),7γ(1)): Σ α  |ra | =  r0 -  n  -  r2 -  r3, so that C = r0 -  n  -  r2 -  r3 -  
2infa=1)2)3 |rQ|. On this segment, ΤΙ'Β(π) > ΊΖΒ(π).

• (n-W, π(2)) : Σ α  Μ  =  r0 +  n  -  r2 -  r3 =  C, so that Έ/Β(π) =  ΊΙΒ{π).

• (π(2),π (3)): \ra\ =  r0+ r1+ r2- r 3, so that C =  r0+ r 1+ r 2 - r 3 - 2  infa=0,i,2 ra 
and ΤΙ'Β(π) > ΤΖΒ(π).

• (π̂ 3\ 1): Σ α lr«l =  Σ α Γα =  C and ^·β(π) =  ^ β (π). Their common slope is 
(-1 )·

A close look at these expressions, as we shall show in the following, proves that 
ΤΖ'Β(π) is derivable at π^  unless there is β φ a such that π^  With this in
mind, we see that π* cannot be a maximum of π^  unless several ra are null at the 
same point (with supplementary conditions) or π* =  and the segment 
is flat. Here is the full-fledged study, using repeatedly the list above. It is complete 
as any other case can be handled by symmetry (switching channels, that is mapping 
π to 1 — π).

• 7Γ* =  At π(°\ we have ro =  0 and ra < 0 for a φ 0. So that 
infa |rQ| =  |r0| on a neighborhood of On that neighborhood, we deduce 
C =  — Σ α τ<*’ an<̂  hence θπΤΖ'Β(π)\π=π(ο) =  1, so that is not a maximum 
of ΤΖ'Β(π). Entanglement is then necessary for optimal discrimination.

• π* =  7τ(°) =  < π On (Ο,π^) U (ττ^,π^),  equality ΤΖ'Β(π) =  ΤΖΒ(π) 
holds. Thus, the two functions are equal on a neighborhood of π*, and since 
7r* is a (local) maximum of 7ΖΒ(π), it is also a local maximum of ΤΖ'Β(π). In 
this case an unentangled strategy is then as efficient as any entangled one.

• π* =  7r(°) =  < π The risk ΤΖ'Β(π) is nondecreasing on the left of 
π* (slope 1), we then want it to be non-increasing on a right neighborhood of 
π*. Now this is part of the segment (π(2\ π̂ 3̂ ), where C =  ro +  r\ + r2 — r3 —
2 infa=o,ii2 ra. Recall that ra =  ta(n — π ^ ) .  Since ra — 0 for a ψ 3 at π*, and 
they are all nondecreasing, infa=0,i,2 ra is the one with the smallest slope ta. It
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follows that the slope of Έ!Β{π) on the right of π* is t3 - t 0 —t i - t 2+ 2  infa=0,i,2 ta, 
and so entanglement is not needed if and only if

t3 +  2 inf ta < ta (3.58)a=0,l,2 ^ Ja=0,l,2

• 7Γ* =  =  7Γ̂2̂ =  π®: This is the trivial case where both channels are 
the same. Of course, entanglement is useless.

• 7r(°) < π* =  < π ^ : In this case ΤΖ'Β(π) is derivable at π*. Indeed, on 
(π^\ π ^ ), we have C =  r0 +  r\ — r2 — r3 whereas on (π(°\ π ^ ), C =  r0 — n  —

— 2infa=i;2)3 |ra|. In a neighborhood of π*, one has infa=i ;2,3 |ra| =  Γι, 
as it is the only one which is 0 at π*; hence C =  r0 +  r\ — r2 — r3 also on a left 
neighborhood of π* and the slope of ΤΖ'Β(π) at π* is t3 + 12 — t\ — t0. Since π* 
is a maximum if and only if this slope is null, we get the condition

to +  ti =  t2 +  t3 . (3.59)

• 7r(°) < π* =  On the left of π*, we are on the segment 
(π(°\ π ^ ), so that C =  r0 — r\ — r2 — r3 — 2infa=i)2,3 |ra|. On the right, we 
are on the segment (π̂ 2\ π ^ ) and C =  r0 +  r\ +  r2 — r3 — 2 infQ=0,i,2 ra. In a 
neighborhood of π*, the ra with the smallest absolute value will be either 
or r2 (more precisely, the one with the smallest slope ta), so that we can write 
in a neighborhood of π* for both sides C =  r0 — r3 +  |r2 — r\\. The slope of 
1Z'B(π) is then t3 —10 +  \t2 — ti| and t3 —10 — \ t2 — ti\ on the left and on the right 
of 7Γ*, respectively. Entanglement is not necessary when π* is a maximum of 
η ’Β{π), and hence we get the necessary and sufficient condition

I ίο -  h\ < \ti -  t21 . (3.60)

We can summarize the above discussion as follows

Theorem  3.6.3. The minimax risk without using ancilla is strictly greater than the 
minimax risk using entanglement, except in the following cases:

• the trivial situation where both channels are the same, so that π* =  π^  | 
for all a.

• if π* =  7r(°) <

• if π* =  π(°) =  7Γ  ̂ =  π ^  and

t3 +  2 inf ta < ta (3.61)a=0,1,2 t—' '
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• if π(°) < π* =  and

+  =  £2 +  3̂ (3.62)

• if π(°) < π* =  and

\to -t3\ < \ h - t 2\ (3.63)

• The symmetric cases (obtained by exchanging channels 1 and 2, i.e. exchang­
ing indexes 0 and 1 with 3 and 2, respectively, both in π^  and ta.

Differently from the Bayesian result, we notice that when entanglement is not nec­
essary to achieve the optimal minimax discrimination, the optimal input state may 
not be an eigenstate of the Pauli matrices. Consider, for example, the two Pauli 
channels featured in Fig. 3.6 that correspond to the parameters

ί } = 0.3 ^  =  0.4 <7̂  = 0.2 qW =  0.1

= 0.1 q f ] =  0.3 q f ] =  0.15 q f ] =  0.45 (3.64)

We can compute =  q^/iqa^ +  qa )̂ and get π^  =  (1/4,3/7,3/7,9/11). Here 
π* =  3/7, and we are in the situation of Eq. (3.63), since ta = (q^ + qa )̂ =  
(0.4,0.7,0.35,0.55). Hence, entanglement is not necessary to achieve the optimal 
minimax risk, but the state to be used is not an eigenstate of the Pauli matrices. In 
fact, we are in the case of the proof of Theorem 3.6.2, where ΤΖ'Β(π, σχ) and 1Ζ'Β(π, συ) 
are crossing in π*. The optimal input state for the minimax discrimination will be 
given by θ — π/2 and φ as in Eq. (3.54), which gives tan2φ =  2/5. Then, we 
have four optimal input states that lie on the equator of the Bloch sphere, with 
n =  ( ± x/5 /7 ,± v^77,0).





Chapitre 4 

Fast estimation of unitary operations

Ce chapitre derive de Particle (Kahn, 2007b).

Resume : NOus donnons une procedure explicite, basee sur un etat in- 
trique en entree, pour estimer une operation U dans SU(d), dont le taux 
de convergence est de 1/7V2 quand on envoie N particules dans l’appareil. 
Nous prouvons l’optimalite de ce taux. Nous evaluons egalement la con- 
stante C telle que le taux asymptotique soit C/N2. Toutefois, d’autres 
strategies pourraient permettre d’obtenir une meilleure constante C .

4.1 Introduction

The question that we are investigating in this chapter is: “What is the best way of 
estimating a unitary operation £/?”

By “unitary operation”, we mean a device (or a channel) that sends a density oper­
ator po on Cd to another density operator p — UpoU*, where U G SU(d), a special 
unitary matrix.

We immediately stress that the solution to this estimation problem can be divided 
into two parts: what is the input state, and which measurement (POVM) to apply 
on the output state? Indeed, in order to estimate the channel U, we have to let it 
act on a state (the input state). And once we have the output state, the problem 
consists in discriminating states in the family of possible output states.

This estimation of unitary operation has been extensively studied over the last few 
years.
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The first invitation was (Childs et al., 2000a), featuring numerous special cases. In 
most of those, the unitary U is known to belong to some subset of SU(2 ).

Then Acin et al. (2001) provided the form of an optimal state to be sent in with 
non-specified coefficients depending on the cost function (we give the formula of this 
state in equation (4.2)). In that paper the authors consider the situation where the 
unitary operation is performed independently on N systems. That study applied 
to any SU(d), and any covariant loss function, in particular fidelity, in a Bayesian 
framework. The proposed input state uses an ancilla, that is an auxiliary system 
that is not sent through the unitary channel with Hilbert space (Cd)®N. The state is 
prepared as a superposition of maximally entangled states, one for each irreducible 
representation of SU(d) appearing in (Cd)@n. We emphasize that the state is an 
entangled state of (Cd)®N <g> (Cd)®N: we do not send N copies of an entangled state 
through the device, but all the N  systems that are sent through the channel together 
with the N particles of the ancilla are part of the same entangled state, yielding the 
most general possible strategy. There was no evaluation of the rate of convergence, 
though.

Subsequent works mainly focused on SU(2 ), as the case is simpler and yields many 
applications, e.g. transmission of reference frames in quantum communication. In­
deed, the latter is equivalent to the estimation of a SU(2) operation. The first 
strategy to be proved to converge (in fidelity) at 1/N2 rate was not covariant (Peres, 
1993). It made no use of an ancilla. Later, Bagan et al. (2004a) achieved the same 
rate for a covariant measurement with an ancilla through a judicious choice of the 
coefficients left free in the state proposed by Acin et al. (2001). The optimal constant 
(■π2/Ν2 for the fidelity) was also computed. It was almost simultaneously noticed 
(Bagan et al., 2004b; Chiribella et al., 2004) that asymptotically the ancilla is unnec­
essary. Indeed what we need is entangling different copies of the same irreducible 
representation. Now each irreducible representation appears with multiplicity in 
(Cd)<s>N, most of them with higher multiplicity than dimension, which is the condi­
tion we need. This method was dubbed “self-entanglement”. The advantage is that 
we need to prepare half the number of particles, as we do not need an ancilla. In all 
these articles, the Bayesian paradigm with uniform prior was used. The same 1 /N2 

rate was shown to hold true in a minimax sense, in pointwise estimation (Hayashi, 
2004). We stress the importance of this 1/N2 rate, proving how useful entangle­
ment can be. Indeed, in classical data analysis, we cannot expect a better rate than 
1 /N. Similarly the 1/N bound holds for any strategy where the N  particles we send 
through the device are not entangled “among themselves” (that is, even if there is 
an ancilla for each of these N particles).

Another popular theme has been the determination of the phase φ for unitaries of 
the form ΙΙψ =  ειφΗ. This very special case already has many applications, especially 
in interferometry or measurement of small forces, as featured in the review article
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by Giovannetti et al. (2004) and references therein. A common feature of the most 
efficient techniques is the need for entangled states of many particles, and much ex­
perimental work has aimed at generating such states. These methods essentially in­
volve either manipulation of photons obtained through parametric down-conversion 
(for example (Eisenberg et al., 2005)), ions in ion traps (for example (Dalvit et al., 
2006)) or atoms in cavity QED (for example (Vitali et al., 2006)).

In recent years, there has been renewed interest in the SU(d) case. Notably, Chiri- 
bella et al. (2005) takes off from (Acin et al., 2001), allowing for more general 
symmetries and making explicit for natural cost functions both the free coefficients
-  as the coordinates of the eigenvector of a matrix -  and the POVM (see Theo­
rem 4.2.1 below). With a completely different strategy, aiming rather at pointwise 
estimation (and therefore minimax theorems), an input state for U®n was found 
(Ballester, 2005b,a) such that the Quantum Fisher Information matrix is scaling 
like 1/iV2, yielding hopes of getting as fast an estimator for SU(d). No associated 
measurement was found in that paper.

Given the state of the art, a natural question is whether we can obtain, as for SU(2), 
this dramatic increase in performance when using entanglement for general SU(d). 
That is, do we have an estimation procedure whose rate is 1/iV2, instead of 1/iV? 
Neither Chiribella et al. (2005), who do not study the asymptotics for SU(d), nor 
Ballester (2005b), who does not give any measurement, answer this question.

In this chapter, we first prove that we cannot expect a better rate than 1/iV2. 
This kind of bound based on the laws of quantum physics, without any a priori on 
the experimental device, is traditionally called the Heisenberg limit of the problem. 
Then we choose a completely explicit input state of the form (4.2) (as in (Acin et al., 
2001)), by specifying the coefficients. By using the associated POVM, the estimator 
of a unitary quantum operation U £ SU(d) converges at rate 1/iV2. The constant 
is not optimal, but is briefly studied at the end of the chapter. We obtain these 
results with fidelity as a cost function, both in a Bayesian setting, with a uniform 
prior, and in a minimax setting. Notice that we shall not need an ancilla.

The next section consists in formulating the problem and restating Theorem 2 of 
(Chiribella et al., 2005) within our framework. Section 4.3 then shows that it is 
impossible to converge at rate faster than 0(N~2). In section 4.4, we write a general 
formula for the risk of a strategy as described in Theorem 4.2.1, and in section 4.5 
we specify our estimators by choosing our coefficients in (4.2). We then prove that 
the risk of this estimator is 0(N~2). The last section (4.6) consists in finding the 
precise asymptotic speed of our procedure, that is the constant C in CN~2. We 
finish by stating in Theorem 4.6.1 the results of the chapter.



136 Fast estimation of unitary operations

4.2 Description of the problem

We are given an unknown unitary operation U € SU(d) and must estimate it “as 
precisely as possible”. We are allowed to let it act on N  particles, so that we 
are discriminating between the possible U®N. We shall work both with pointwise 
estimation (as preferred by mathematicians) and with a Bayes uniform prior (a 
favorite of physicists).

Any estimation procedure can be described as follows (see Figure 4.1): the unitary 
channel U®N acts as

U®N <8> 1 : (Cd)®N (Cd)®N <g> JC,

on the space of the N  systems together with a possible ancilla. The input state 
pn e  M((Cd)®n 0  ICn) is mapped into an output state on which we perform a 
measurement M  whose result is the estimator U <E SU(d).

| u u u u u

Measurement Apparatus

 ̂ I
U

Figure 4.1: Most general estimation scheme of U when n copies are available at the 
same time, and using entanglement.

In order to evaluate the quality of an estimator U, we fix a cost function A (U,V). 
The global pointwise risk of the estimator is

R p (U)  =  sup Eu[A(U,U)}.
U£SU(d)

The probability distribution of U depends on U, and we take expectation with 
respect to this probability distribution.

<8>К,
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On the other hand, the Bayes risk with uniform prior is:

Rb(U)= [  Ευ[Α(υ,ϋ)]άμ{υ).
JSU(d)' SU (d)

where μ  is the Haar measure on SU(d).

As cost function, we choose the fidelity F  (or rather 1 — F), which for an element 
of S U (d) is defined as:

αΔ

\Xa(U~'0)\2
iP

where χ π is the character of the defining representation of SU(d),  whose Young 
tableau consists in only one box. In other words, Xa{U) =  Tr(U).

Before really addressing the problem, we make a few remarks on why this choice of 
distance is suitable for mathematical analysis.

Firstly, this cost function is covariant, i.e. A(U, U) = A ( lCd, U~llJ).

Secondly, a useful feature within the Bayesian framework is that Δ  is of the form 
(4.1), as required in Theorem 4.2.1. Indeed we can rewrite:

A(U, U) =  l -  Χ ο  {υ-λϋ)χ*Ώ{υ-ιύ)/ά2.

Now the conjugate of a character is the character of the adjoint representation, the 
product of two characters is again the character of a possibly reducible represen­
tation π. This character is equal to the sum of the characters of the irreducible 
representations appearing in the Clebsch-Gordan development of π, in which all co-—̂
efficients are non-negative. Therefore Δ  = 1 — ( Σ χ  α\Χ*χ) where αχ > 0 and λ runs 
over all irreducible representations of SU(d). That is the condition (4.1) that we 
shall need for applying Theorem 4.2.1, given at the end of the section.

On the other hand, the theory of pointwise estimation deals usually with the variance 
of the estimated parameters when we use a smooth parameterization of SU(d).  As 
we want to use the Quantum Cramer-Rao Bound (4.9), we need Δ  to be quadratic 
in the parameters to the first order, and positive lower bounded for U outside a 
neighborhood of U. As Δ  is covariant, it is sufficient to check this with U =  l Cd. 
Now an example of a smooth parameterization in a neighborhood of the identity is 
U(Θ) =  ex p (^ a θαΤα) where Θ £ R 2̂' 1 and the Ta are generators of the Lie algebra, 
so that Tr (Ta) =  0. Now Τ ψ χ ρ (Σ α θαΤα)\ = ά  + Σ α θα Tr (Ta) +  O(||0||2), so that 
the trace minus d, and consequently Δ, is quadratic in Θ to the first order.

A(U,U) = 1 -  

=  1 -

I TriU-'UW
I2

IXajU^U)]2

where χ π is the character of the defining representation of SU(d), whose Young 
tableau consists in only one box. In other words, Xa{U) =  Tr(i7).

Before really addressing the problem, we make a few remarks on why this choice of 
distance is suitable for mathematical analysis.

Firstly, this cost function is covariant, i.e. A(U, U) = A ( lCd,

Secondly, a useful feature within the Bayesian framework is that Δ  is of the form 
(4.1), as required in Theorem 4.2.1. Indeed we can rewrite:

A(U, U) =  l -  Χ ο  {υ-λϋ)χ*Ώ{υ-ιύ)/ά2.

Now the conjugate of a character is the character of the adjoint representation, the 
product of two characters is again the character of a possibly reducible represen­
tation π. This character is equal to the sum of the characters of the irreducible 
representations appearing in the Clebsch-Gordan development of π, in which all co-—̂
efficients are non-negative. Therefore Δ  = 1 — ( Σ χ  α\Χ*χ) where a\  > 0 and λ runs 
over all irreducible representations of SU(d). That is the condition (4.1) that we 
shall need for applying Theorem 4.2.1, given at the end of the section.

On the other hand, the theory of pointwise estimation deals usually with the variance 
of the estimated parameters when we use a smooth parameterization of SU(d).  As 
we want to use the Quantum Cramer-Rao Bound (4.9), we need Δ  to be quadratic 
in the parameters to the first order, and positive lower bounded for U outside a 
neighborhood of U. As Δ  is covariant, it is sufficient to check this with U =  l Cd. 
Now an example of a smooth parameterization in a neighborhood of the identity is 
U(Θ) =  ex p (^ a θαΤα) where Θ £ R 2̂' 1 and the Ta are generators of the Lie algebra, 
so that Tr (Ta) =  0. Now Τ ψ χ ρ (Σ α θαΤα)\ = ά  + Σ α θα Tr(Ta) +  O(||0||2), so that 
the trace minus d, and consequently Δ, is quadratic in Θ to the first order.
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As stated at the beginning of this section, we are working with U®N. The Clebsch- 
Gordan decomposition of the n-th tensor product representation is

US N =  0  I/J® w
X:|A|=7V

acting on ®χ.\χ\=ΝΤ~( ® where Τίλ =  Cv^  is the representation space of λ,
Λ4(λ) is the multiplicity of A in the n-th tensor product representation, and T>(\) 
the dimension of A. We refer to CMt'X) as the multiplicity space of A. We have 
indexed the irreducible representations of SU(d) by A =  (Ai,. . . ,  Af/), and written 
|A| =  Σί=ι Aj- Notice that this labelling of irreducible representations is redundant, 
but that if | A11 =  |A2|, then A1 and A2 are equivalent (denoted A1 =  A2) if and only 
if A1 =  A2.

The starting point of our argument will be the following reformulation of the results 
of (Chiribella et al., 2005), with less generality, and without the formula for the risk 
whose form is not adapted to our subsequent analysis:
Theorem  4.2.1. (Chiribella et al., 2005) Let U G SU(d) be a unitary operation to 
be estimated, through its action on N particles. We may use entanglement and/or 
an ancilla.

Then, for a uniform prior and any cost function of the form

c(U, U) =  a0 -  Σ  * χ Χ ψ ~ 1ϋ) ’ (4·1)
X

we can find as optimal input state a pure state of the form

(\\ V{X)|Φ)= 0  - ^ L  (4.2)
A:|A|=JV γ Ρ ( Α )  t=l  

with c(A) > 0, and the normalization condition,

ξ > ( Λ ) 2 =  1. (4.3)
Λ

Moreover \ΦΧ) is an orthonormal basis o fHx and |φ£) are orthonormal vectors of the 
multiplicity space, which may be augmented by an ancilla if necessary (see remark 
below on the dimensions).

The corresponding measurement is the covariant POVM with seed Ξ =  \η)(η\ given 
by:

\r>) =  Θ
A|c(A)^0

τ>(\) Σ ,  \i'<
i=l

'· >
1

*·■ r,>, (4.4)
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that is a POVM whose density with respect to the Haar measure is given by m(U) =
υ\η)(η\υ* with

,------------ v { i )

ν\η)= 0  \Λ>(*) Σ  ® 1̂)'
A|c(A)^0 i=1

Remark: We use T>(X) orthonormal vectors in the multiplicity space of A. This 
requires ΛΛ(\) > X>(A). If this is not the case, we must increase the dimension of 
the multiplicity space by using an ancilla in C 5. Then the action of U is U®N <S> lc« 
whose Clebsch-Gordan decomposition is ®xp|=iV Ux <8> 1csm(\)· With big enough δ,
we have (5.M(A) > V (A). Notice that an ancilla is not necessary if c(A) =  0 for all A 
such that T>(A) > M.(A).

Another remark is that, as defined, our POVM is not properly normalized: 
M(SU(d)) φ 1, but is equal to the projection on the space spanned by the £/|Φ). 
As this is the only subspace of importance, we can complete the POVM (through 
the seed, for example) ad libitum.

Our estimator U is the result of the measurement with POVM defined by (4.4) and 
input state of the form (4.2), with specific c(A). Such an estimator is covariant, 
that is pu(U) =  pxcd(U~lU), where pu is the probability distribution of U when we
are estimating U. The cost function is also covariant, so that Ε[/[Δ({7, U)] does not 
depend on U. This implies that the Bayesian risk and the pointwise risk coincide. 
With the second equality true for all U € SU(d), we have:

Rb (U) =  RP(U) =  Eu[A(U, LI)}. (4.5)

Theorem 4.2.1 states that there exists an optimal (Bayes uniform) estimator Ua of 
this form (corresponding to the optimal choice of c(A)), so that it obeys (4.5). From 
this we first prove that no estimator whatsoever can have a better rate than 1 / N2.

4.3 Why we cannot expect better rate than l / N 2

For proving this result, we need the Bayesian risk for priors π other than the uniform 
prior:

R-πΦ) =  Επ[Ε[/[Δ([/, ϋ)}\.

As U0 is Bayesian optimal for the uniform prior, we only have to prove that Rb{U0) =  
0(N~2). This is also sufficient for pointwise risk as, for any estimator U, we have
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R b ( U ) <  R p ( 0 ) .  Moreover, as Ε[/[Δ(ί/, IJ0)] does not depend on U ,  R n { U o )  — 

R b { U 0 ) .  It is then sufficient to prove, for a π of our choice, that:

R *$o) =  0(N~2). (4.6)

The idea is to find a Cramer-Rao bound that we can apply to some π. We shall 
combine the Braunstein and Caves information inequality (4.8) and the Van Trees 
inequality (4.7) to obtain the desired Quantum Cramer-Rao Bound, much in the 
spirit of Gill (2005b). This bound will yield an explicit rate through a result of 
Ballester (2005b).

Van Trees’ inequality states that given a classical statistical model smoothly param­
eterized by Θ G Θ C Rp, and a smooth prior with compact support θ 0 C Θ, then 
for any estimator Θ, we have:

« ■r a w * » ]  -  E ,[T r(/O T )]-X ,· <4'7)

where Ι(θ) is the Fisher information matrix of the model at point θ, Χπ is a finite 
(for reasonable π) constant depending on π (quantifying in some way the prior 
information), and Ve(6 ) G MP(M) is the mean square error (MSE) of the estimator 
Θ at point Θ given by:

ν θ{θ)αβ =  Ε[{θα - θ α)(θβ - θ β)].

This form of Van Trees inequality is obtained by setting N =  1, G =  C =  Id and 
ψ = θΐη  (12) of (Gill, 2005b).

Now the Braunstein et Caves C. M. (1994) information inequality yields an upper 
bound on the information matrix Ιμ(Θ) of any classical statistical model obtained 
by applying the measurement M  to a quantum statistical model. For any family of 
quantum states parameterized by a p-dimensional parameter Θ G Θ G 1RP, for any 
measurement M  on these states, the following holds:

Ιμ {Θ) < Η{θ), (4.8)

where Η(θ) is the quantum Fisher information information matrix at point Θ.

Now it was proved by Ballester (2005b) that for a smooth parameterization of an 
open set of SU(d), and for any input state, the quantum Fisher information of the 
output states fulfils:

Η(θ) =  0 ( N 2).

Inserting in (4.7) together with (4.8) we get as quantum Cramer-Rao bound

Ε , [ Τ ν Μ ( » ) ) ]  =  θ ( ]ί ) .  (4.9)
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We now want to apply this bound to obtain (4.6). There are a few small technical 
difficulties. First of all, we cannot use the uniform prior for n as SU(d) is not 
homeomorphic to an open set of We then have to define two neighborhoods of 
the identity 0o C 0 , allowing to use the Van Trees inequality. Now our estimator U0 
need not be in 0 , so that we shall in fact apply Van Trees inequality to a modified 
estimator U. Finally, this bound is on the variance, and we must relate it to A.

Our first task consists in restricting our attention to a neighborhood 0  of l Cd. It 
corresponds to a neighborhood 0  (we use the same notation) of 0 G Rp through 
U = expi^2a 0aTa). This holds if the neighborhood is small enough, so we define 
it by U € 0  if and only if A ( lCd, U) < e for a fixed small enough e. We define 0 O 
through U G 0o for A ( lCd, U) < e/3, and take a smooth fixed prior n with support 
in 0 O, such that < oo.

Now we modify our estimator U0 into an estimator U given by U =  Ua for U0 G 0  
and U =  1 Cd for U0 $ 0 . Then, by the triangle inequality, for any U G 0o, we have 
A(U, U0) > A(U, U).

The fundamental point of the reasoning (used at (4.10)) is that, as A is quadratic 
at the first-order, there is a positive constant c such that, for any C/1, t/2 G 0 , 
corresponding to 01,62, we have A{U\, Û ) > — 0^)2.

Finally we get

R^Ûo) = E4Eu[A(U,Û0)}}

>K\E.u[A(U,Ü)]]

> cEw[Vë) (4.10)
=  0(N ~2).

We have thus proved (4.6), and hence our bound on the efficiency of any estimator.

We now write formulas for the risk of any estimator of the form given in Theorem 
4.2.1.

4.4 Formulas for the risk

By (4.5), our risk Rp(U) is equal to the pointwise risk at 1 Cd,  with which we shall 
work:

/
J s U{ d )

(4.11)

ir.

т
~ *-"К

C£ a

Picd(Û) 1 -

\xn(û)\*
d2
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Now we compute the probability distribution of U for a given |Ψ) of the form (4.2), 
that is

27(A)

A:|A|=iV©(A) i=l
2

Σ  ο(Χ)Χχ(ϋ) ,
λ":|λ|=Αί

where we have used that the character of Λ is the trace of U in the representation.

Then, using (4.11), recalling that pl£d is a probability density for Haar measure μ 
on SU(d), and that ΧχιΧχι =  Χ^θα2 (̂ or t îe second term), we get:

2

1
RP(U) =  1 d2 ' SU (d)

Σ cW*j0Q(i/)
A:|A|=iV

ά μ ( υ ) . (4.12)

In order to evaluate the second term, we use the following orthogonality relations 
for characters:

(4.13)f  ά μ ( υ ) χ ^ ( υ ) χ φ γ  =  6
J SU (d)

Al=A2'

To do so we need the Clebsch-Gordan series of Λ ® □:

Λ <S> □ =  ®{l<i<f/|Ai>Ai+i}^ +  6i, (4.14)

where conventionally Xd+i — 0. Here we see A as a c?-dimensional vector and e* as 
the ϊ-th basis vector.

We then reorganize the sum of characters as:

Σ = Σ Σ c<x' - ε>)Χχ·Φ)·
A:|A|=7V A':|A'|=JV+1 ieS(A')

where <S(A') is the set of i between 1 and d such that \' — el is still a representation, 
that is λ' > A'+1. We shall write #<S(A') for its cardinality.

Inserting in (4.12) and remembering (4.13), we are left with

R p ( U )
Σλ':|λ '|=./ν+1 I ^2 ie S (X ' )  c ( ^ '  e i ) Y  

_  d2
(4.15)

To go any further, we must work with specific c(A).

P iJ U ) (Φ|ΰΞί/·|Φ)
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4.5 Choice of the coefficients c(Λ) and proof of their 
efficiency

—>
We now have to choose the coefficients c(A) so that the right-hand side of (4.15) is 
small.

It appears useful to introduce subsets of the set of all irreducible representations. 
Let V n  = {A| |λ| =  N; Xi > ■ ■ ■ > Xd > 0}. Obviously, if A' G V n + i, then 
#<S(A') =  d, and the converse is true. We can see them intuitively as points on a 
(d — l)-dimensional surface, and with this picture in mind, we shall speak of the 
border of Vn (when A j =  Aj+i +  1 for some i), or of being far from the border 
(without precise mathematical meaning).

We are ready to give heuristic arguments on how good coefficients should behave. 

We must try to get the fraction in (4.15) close to one. Now

Σλ':|λ'|=Τν+1 I Σί65(λ') C(^  _  e*)P 
I 2

^ #<S(A') Σί65(λ') lc(^ ~ ei) I
-  ^  d d 

λ':|λ'|=ΑΓ+1

^ Σίε5(λ') \C(^' ~  e0|2
-  ^  d A':|A'|=W+1
<  Σ  |c (A )|2 =  1.

λ:|Α|=ΑΓ

The first inequality was obtained using Cauchy-Schwarz inequality for 
sum. There is equality if c(A' — e*) does not depend on i. From this,

—̂ >

that for most A', the c(A' — e,;) must be approximately equal, especially 
large. The second inequality follows from #S(X') < d. From this we deduce that for 
A ^  V n + i , the coefficients c(A — ε ΐ )  must be small. Remark that about 1 / N  of the 
A' such that |A'| =  N  +  l  are not in V n + i , so that if all c(A) were equal, these border 
terms would cause our rate to be 1/iV. The key of the third inequality is to notice 

—*

that each c(A) is appearing in the sum once for each term in its Clebsch-Gordan 
series (4.14), and that there are at most d terms. Please note that there are d terms 
if A G Vn , and if A' is in Vn+i , far from the border, then A' — es is in Vn , far from 
the border.

each inner 
we deduce 
if they are
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The conclusion of these heuristics is that we must choose coefficients “locally” ap­
proximately equal (at most 1/N variation in ratio), and that the coefficients must 
go to 0 when we are approaching the border of Vn-

One weight satisfying these heuristics is the following.

d
c(A ) = Λ ί 1 [ [ ρ ΰ  (4.16)

i=1

where Λ/’ is a normalization constant to ensure that (4.3) is satisfied and pi =  
Ai — Aj+i. We shall use it below, and prove that it delivers the 1 /N2 rate.

A first remark about these weights is that c(A) =  0 if A £ Vn- Now, for any A € Vn·, 
—̂ ^

we have X>(A) > M(X),  so that we do not need an ancilla.

Indeed, using hook formulas (see (Schensted, 1976)), we get

M ( x ) i v (x) = m ^ ± ^ .

Now for A G Vn , we know that λ; Φ 0. Under this constraint and Σ  A* =  N, the 
maximum is attained by Αχ =  N — d +  1 and A* =  1 for i Φ 1. We end up with 
exactly 1.

We shall now use (4.16) and express the numerator of (4.15) with our choice of p,. 
Notice first that if pj characterize A' then those which characterize A' — et are given 
by p f  =  pj +  Sjti-1 -  ij,i. So

cl

N ~ lc(X' -  a)  =  f j p j  +  rx,(i),
j =i

with

rv w = - Y I p j+ (  Π  Pj - Π  pj

ίφί \7#i-1 1
Introducing another notation will make this slightly more compact. For a vector x 
with d components and £ a subset of {1 , . . . ,  d}, define:

xs =  Y [ x j  (4.17)

Then
~  ~P{i} ^j> 1 (.P{i-1} — P { i j - 1}) ·
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Notice now that for Λ G Vn , there are exactly d irreducible representations appearing 
in the Clebsch-Gordan decomposition of A(g>D (4.14). So that c(A)2 appears exactly
d times in Σλ'·|λ'|=ΛΓ+ι ^ies(X') c( '̂ ~ ei)2· We may then rewrite the renormalization 
constant Af as

<*" Σ  Σ Π « Γ
A':|A'|=JV+1 ieS(X') J=1

Therefore, rewriting the second term in (4.15) with our values of c(A), we aim at 
proving:

Γ ™  ^ Pl + ! + 0(JV- 2). (4.1.8)

^Σλ':|λ'|=./ν+1 Σί€5(λ') { U 3=1Pj +  rA'(*

Let us expand the numerator:

with

( Σ  n ^ +rx'(*)) — C t i i + t i + t i ) ,
A':|A'|=/V+1 \ieS(A ') J=1

α  =  ^ ( # 5 ( Α ') ) 2Π ρ ,2, 
λ' ί=ι

2 Σχ> Σ ϊ £5(λ') #£(λ')τχ, (i) n i=i Pj 
h — -----------------

Ct

Σ *  (Y^ies(X’) rA'00)

t
2

t2~  C,

Similarly the denominator can be read as:

" Σ  Σ
λ/:|λ'|=7ν+1 ieS( λ

j~ \^ P j +  ΓΛ'(*) I —  C u { 1 +  Ml +  «2) >
vj=l
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with
d

q , = 53< i# ,s(A ')Ilp?.

ux =

u2 =

v i=1
2< ^ Σα' Σ ί ε 5(λ') rv(*) Π^ = ι  Pj

C~u '
Σ λ ' ^  Σ ί € 5 ( Λ ' )  ΓΛ' (^ )2

a,.
With these notations, we aim at proving the set of estimates given in Lemma 4.5.1. 
Indeed they imply:

Σλ':|λ'|= ΛΓ+ 1  ( Σί€ 5 ( λ')  W.j=\Pi +  Γ λ'(*))

Σ ^ , * ,  ( n t . f t  + ^ ( i ) ) 2 <4'19)

= 1 +  t2 — u2 +  0 ( N  3)

with (i2 — ^2) of order N~2. By (4.18), the risk of the estimator is then u2 — t2 +  
0(N~3). Thus proving Lemma 4.5.1 amounts at proving 1/N2 rate.

We shall make use of the notation θ ( / ) ,  meaning that there are universal positive 
constants m and M  such that:

m f < Q ( f ) < Mf.

Lemma 4.5.1. With the above notations,

Cn — Ct = d2 J 2  ( l i f t
A':|A'|=iV+l Vj=l

= ©(iV3̂ 1) 
tl =  ul =  OiN -1) 
t2 =  0 ( N ~2) 
u2 =  0 (N~2).

Proof. We first prove the first line.

Indeed for A' £ Vn+1, all i are in <S(A'), and

Σ lift Σ ΓΝ = <<2Πρ!
\ i e s { V) i =1 /  ieS(X') i=1 i = l
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But if A' ^ ^ N+i 5 there is legist one pj eQu&l to ζθγο̂  so they do rioij contribute to 

the sum. So that Cu =  Ct =  d2 Ea':|a'|=jv+i (Πί=ι Pj) ■

We have then equality of the denominators of tx and υΛ. The same argument gives 
equality of the numerators. On Vn+i, #<S(A') =  d so that

d d 

Σ  #5(^)γ α'(* ) Π^  = d Σ  Γ ν ( * ) Π^ ’
ieS(A') J=1 i€S(\') i =1

and outside Vn+i, EljLiPj =  0 so that the equality still holds. Therefore t\ =  u\.

Now pj < N  +  1 so that Π^=ι Pi ^ (N  +  l )d and lrX'(*)l — 2(N +  l )d_1. Moreover, 
as 1 < Ai < N +  1 and Af/ is known if the other A.t are known, the number of 
elements A' in "Pjv+i satisfies #Vn+i < (N + l )d_1. Thus the numerator of ii and 
ui is 0 ( N 3d~2) and that of t2 and u2 is 0(iV3d' 3). To end the proof of the lemma, 
it is then sufficient to show that Cu =  S(N3d~1).

Let us write N +  1 =  a( 1 +  d(d +  l))/2  +  b with a and b natural integers and 
b < (1 +  d(d +  1)). We then select hi for i =  1 to d such that ^2 hi =  a/2. The 
number of ways of partitioning a/ 2  in d parts is (0^ -ι_1)> and this is 0 (ad_1) =
Q(Nd_1). To each of these partitions, we associate a different A' in Vn+\ through 
Xi =  (d — i +  1 )a +  Si=ib + hi. For each of these A', we have pj =  A j — Xj+i > a/2, 
so that UUiPj = Q(N2d). We may lower bound Cu by the sum over these A' of 
Πί=ιΡ?> so we have proved Cu =  θ (N :id~1). □

4.6 Evaluation of the constant in the speed of con­
vergence and final result

The strategy we study is asymptotically optimal up to a constant, but a better con­
stant can probably be obtained. Anything like c(A) =  (Π Pj)a with a >  1/2 should 
yield the same rate, though it would be more cumbersome to prove. Polynomials 
in the Pj could also bring some improvement. All the same we give in this section 
a quick evaluation of the constant, that may serve as a benchmark for more precise 
strategies.
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Write pj = (N +  l )xv Then, recalling our notation 4.17,

Π ρ ’  =  ( /ν + 1 )ΜΠ *>
j = 1 j = l

rx,(i) =  (N +  1 )d~l (-X{i> +  5 i > + OiiV-1)) . 

Similarly, the set of allowed x =  (xi , . . . ,  xn) may be described as

< W  = j x  I Xj ( N +  1) G N; J2(d -  J +  1 )Xj =  l | . 

We may then rewrite:

=  Σ ? « „ Η < *Σ ίι ( * »  -  'W n - i } ) 2

-P(Jv + i )2E ^ +inJ=1^

=  ( * »  -  0(yv- 3) 
i 2(Jv +  i ) 2E ,-£i„ t, n i =14

Subtracting, we obtain (the first sums being on iSjv+i) 

u 2 ~~ 2̂ +  0 (N  3) =

Σί'2<* (Eii(z{i})2 -  Σ?=2χ{<}χ{ί-1}) -  (rf+ !)(χ{<ί})2
_9 J9 ΊΓΤ d 9
------ ----------------- i------------------- — . (4.21)
^ 2Σ ,Π ·= ι * 2n

Now <Sjv+1 is the intersection S of the lattice in [0, l]d with mesh size 1/ ( N + 1) with 
the hyperplane given by the equation Σ ( ά  — j  +  l)xj =  1. Therefore the points 
of <Sjv+1 are a regular paving of a flat (d — l)-dimensional volume, with more and 
more points (we know that #<Sjv+1 =  0 ( N d~1)). Therefore both denominator and 
numerator of (4.20) are Riemannian sums with respect to the Lebesgue measure, 
with a multiplicative constant that is the same for both. Therefore we have proved:

Theorem  4.6.1. The estimator U corresponding to (4.16) has the following risk: 

R b (U )  = RP(U) =  Elcd [A (lcd, 0)] =  C N ~ 2 +  0 ( N ~3) 

where C is the fraction

Is 2,1 (Σίι(*{.))2 -  Σ'/-2-ΓΜ·,:ί· u j -  (d + l)(Z{,i))2dE
‘P f s n U x i df '

Up to a multiplicative constant, this risk is asymptotically optimal, both for a Bayes 
uniform prior and for global pointwise estimation.
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Numerical estimation, up to two digits, for the low dimensions yields:

10 for d =  2 
75 for d =  3 

2.7 x 102 for d =  4.

4.7 Conclusion

We have given a strategy for estimating an unknown unitary channel U £ SU(d), 
and proved that the convergence rate of this strategy is 1/iV2. We have further 
proved that this rate is optimal, even if the constant may be improved.

The interest of this result lies in that such rates are much faster than the 1/N 
achieved in classical estimation and, though they had already been obtained for 
SU(2), they were never before shown to hold for general SU(d).





Chapitre 5 

Clean positive operator valued 
measures

This chapter is derived from the article (Kahn, 2007a).

Resume : Dans un article recent Buscemi et al. (2005) ont defini une 
notion de proprete des mesures a valeurs dans les operateurs positifs 
(POVMs). Nous caracterisons les POVMs propres dans une classe que 
nous appelons quasi-qubit, c’est-a-dire les POVMs dont les elements 
sont tous de rang un ou de rang plein. Nous donnons un algorithme 
qui verifie si une POVM quasi-qubit satisfait a la condition de proprete. 
Nous decrivons explicitement toutes les POVMs propres pour les qubits. 
Au passage, nous donnons une condition suffisante pour qu’une POVM 
generale soit propre.

5.1 Introduction

The laws of quantum mechanics impose restrictions on what measurements can be 
carried out on a quantum system. All the possible measurements can be described 
mathematically by “positive operator-valued measures”, POVMs for short. Apart 
from measuring a state, we can also transform it via a quantum channel. Now 
suppose we have at our disposal a POVM P and a channel £. We may first send our 
state through £ and then feed the transformed state in our measurement apparatus 
P. This procedure is a new measurement procedure, and can therefore be encoded 
by a POVM Q. Now transforming the state with £ can be seen as a kind of noise
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on the POVM P. We may then view Q as a disturbed version of P, and we say that 
P is cleaner than Q. Now, what are the maximal elements for this order relation?

The order relation “cleaner than” has been introduced in a recent article of Buscemi 
et al. (2005). Herein they look at which POVMs can be obtained from another, 
either by pre-processing (the situation we just described, where we first send our 
state through a channel) or by classical post-processing of the data. Especially, they 
try to find which POVMs are biggest for these order relations (in the former case, 
the POVM is said to be clean; there is no “extrinsic” noise). For pre-processing they 
get a number of partial answers. One of those is that a POVM on a (/-dimensional 
space with n outcomes, with n < d, is clean if and only if it is an observable. They 
do not get a complete classification, though.

The object of the present chapter is to characterize which POVMs are clean in a 
special class of measurements. Namely, we are interested in POVMs such that all 
their elements (see definition below) are either full-rank or rank-one. We call these 
POVMs quasi-qubit POVMs. Notice that all the POVMs for qubits satisfy to this 
condition.

On the way we prove a sufficient condition for a POVM to be clean, that is usable 
also for POVMs that are not quasi-qubit.

It turns out that cleanness for quasi-qubit POVMs can be read on the span of the 
rank-one elements. Moreover,if a (non necessarily quasi-qubit) POVM is cleaner 
than a clean quasi-qubit POVM, the latter was in fact obtained by a channel that is 
a unitary transform. In other words, for quasi-qubit POVMs, cleanness-equivalence 
is unitary equivalence.

We give an algorithm to check whether a quasi-qubit POVM is clean or not. This 
algorithm may be the main contribution of the chapter, as almost all the following 
theorems can be summed up by saying the algorithm is valid.

In the end we apply these results to the qubit, for which all POVMs are quasi-qubit. 
We are then left with a very explicit characterization of clean POVMs for qubits.

Section 5.2 gives precise definitions of all the objects we cited in this introduction.

We define the algorithm, give heuristically the main ideas and define the important 
notion “totally determined” (Definition 5 .3 .2) in Section 5.3.

Section 5.4 gives a sufficient condition for a POVM to be clean, namely that the 
supports of the elements of the POVM “totally determine” the space (see Definition 
5 .3 .2). We use this condition to show that when the algorithm exits with a positive 
result, the quasi-qubit POVM is really clean.
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Section 5.5 proves that the above sufficient condition is in fact necessary for quasi­
qubit POVMs. It checks that when the algorithm exits with a negative result, the 
POVM is truly not clean.

Section 5.6 gathers the results relative to quasi-qubit POVMs in Theorem 5.6.1 and 
deals with the qubit case in Corollary 5 .6 .2 .

Ultimately section 5.7 gives a very rough idea for making explicit more explicit the 
sufficient condition for a POVM to be clean we have given in section 5.4.

If one wishes to look for the results of this chapter without bothering with the 
technical proofs, the best would be to read the algorithm of section 5.3 and then 
to read Theorem 5.6.1 and Corollary 5 .6 .2 . You would also need Lemma 5 .5.3 that 
you could use as a definition of “totally determined” if you are only interested in 
quasi-qubit POVMs.

If you also want the supplementary results that apply to other POVMs, further read 
Definitions 5.3.1 and 5 .3 .2 , and Theorem 5.4.1.

5.2 Definitions and notations

We consider POVMs on a Hilbert space Ή of dimension d > 2 . Dimension 2 is the 
qubit case. The set {|ej)}i<j<d will be an orthonormal basis of Ή. If V is a subspace 
of Ή then V1· is the subspace orthogonal to V in Ή. If we are given vectors {υ ,}ί6/, 
we denote by Span(fi,i £ I) the space they generate. The set of operators on H is 
denoted by B(H).

A POVM P (with finite outcomes, case to which we restrict) is a set {Pi}iej of non­
negative operators on 7i, with I  finite, such that ^  =  P  are called 
POVM elements. We write Supp(Pj) for the support of this element. This support 
is defined by its orthogonal. The set of |φ) € Supp(Pj)1· is exactly the set of |φ) 
such that (φ\Ρί\φ) =  0. The rank of a POVM element is its rank as an operator. In 
particular, rank-one elements are of the form \\φί)(4’ί\ and full-rank POVMs are 
invertible. Special cases of POVMs are rank-one POVMs, that is POVMs whose 
elements are all rank-one, and full-rank POVMs, that is POVMs whose elements are 
all full-rank. We are especially interested in a class of POVMs that includes both:

Definition 5.2.1. Quasi-qubits POVMs

A POVM P is a quasi-qubit POVM if all its elements Pi are either full-rank or 
rank-one.
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Similarly, we shall speak of strict quasi-qubit POVMs for quasi-qubit POVMs which 
are neither rank-one nor full-rank.

A channel £ is a completely positive identity-preserving map on B(H) the set of 
bounded operators on H (in this chapter, channels are always intended as going 
from B(H) to the same B{H)). As a remark, this implies that the subspace of 
self-adjoint operators Bsa(H) is stable by £. We know we can write it using Kraus 
(1983) decomposition, that is we can find a finite number of operators Ra G B(H) 
such that

£(A) =  Y^R*aARa, with ^ Ζ ^ β α = 1. (5.1)
a  a

Here the star is the adjoint.

We shall write £ =  {Rn} a· This decomposition is not unique.

Using the channel £ before the measurement P is the same as using the POVM 
Q = £(P) defined by its POVM elements Qi =  £(Pi).

Definition 5 .2 .2 . A POVM P is cleaner than a POVM Q if and only if there exists 
a channel £ such that £(P) =  Q. We shall also write P >- Q.

Definition 5.2.3. Clean POVM

A POVM P is clean if and only if, for any Q such that Q v P ,  then P >- Q also 
holds.

We shall further say that two POVMs are cleanness-equivalent if both Q >- P and 
P >- Q hold. A special case of this (but not the general case, as proved in (Buscemi 
et al., 2005)) is unitary equivalence, when there is a unitary operator U such that 
for any i G I, we have UPiU* =  Qi.

5.3 Algorithm and Ideas

5.3.1 Algorithm

We propose the following algorithm to check whether a quasi-qubit POVM P is 
clean or not.

(i) We check whether P is rank-one. If it is, exit with result “P is clean". Other­
wise:
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(ii) Write the rank-one elements Pi =  \ί\ψί)(ψί\ for 1 < i < n. Check whether 
these \ψί) generate Ή. If not, exit with result “P is not clean". Else:

(iii) We can find a basis of H as a subset of those | ■?/;,). We assume that this basis 
consists of \φί) for 1 < i < d. We define a variable C =  {Vj}j€ j, consisting 
in a collection of subspaces whose direct sum is the Hilbert space Η =  φ . Vj. 
We initialize C with Vi =  SpandV;,)) for 1 < i < d.

(iv) For i from d +  1 to n, do:

(v) Write \ψί) =  J2jvj with Vj G Vj. Call J(i) =  {j\vj ^  0}.

(vi) Update {V j} :  Suppress all Vj for j  G J(i). Add Vi =  φ ^ ^  Vj.

(vii) Check whether C =  {H }. If so, exit with result “P is clean". Otherwise:

(viii) End of the “For” loop.

(ix) Exit with result “P is not clean".

Notice that the algorithm terminates: every stage is finite and we enter the loop a 
finite number of times.

5.3.2 Heuristics: what the algorithm really tests

In the Kraus decomposition (5.1), each of the terms R*aARa is non-negative if A is 
non-negative, so that £(^4) > R*aARa for any a. Hence if £(Q) = P, then R^QiRa 
must have support included in Supp(P;) for all a and e G E.

The central idea of the chapter is the following: the condition Supp(R ^ Q iR a) C 

Supp(Pi) yields d — dim(Supp(Pj)) homogeneous linear equations on the matrix 
entries of Ra, where you should remember that d =  dim(7Y). Now Ra is determined 
up to a constant by d2 — 1 homogeneous independent linear equations. In such a 
case, the additional condition ^  R*aRa =  1 yields all Ra are proportional to the 
same unitary U, so that the channel 8  is unitary, and P y  Q.

There is still one difficulty: the equations mentioned above depend not only on P, 
but also on Q. We would then like conditions on the supports of P, such that the 
system of equations mentioned above is at least of rank d2 — 1 for all Q. We formalize 
this requirement with the following definitions.
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Definition 5.3.1. Corresponding

Let V be a Hilbert space and {F i}iei a collection of subspaces of V. Let {vi}ieI be 
a collection of vectors ofV . This set of vectors corresponds to {F i } iel if for any 
i G I, there is a linear transform Ri such that Ri(vi)  φ 0 and, for all j  G I, the 
transform is taking Vj within Fj, that is Ri(v j)  G Fr

In the text, we usually drop the reference to {F j}ie/ and write that the {vi}iej are a 
corresponding collection of vectors.

Definition 5.3.2. Totally determined

Let V be a Hilbert space and {Fi}ie] a collection of subspaces ofV.

If for all corresponding collections of vectors {vi}iej there is only one (up to a com­
plex multiplicative constant) linear transform R  such that R(vi)  G Fi for all i G I, 
we say that V is totally determined by {F i } iej, or alternatively that {F i } ieI totally 
determines V.

If Fi is one-dimensional with support vector Wi, this means there is only one R  such 
that R(vi)  is colinear to for all i G I.

What the algorithm does is checking that a quasi-qubit POVM P is rank-one (stage 
(i)), or that P  totally determines Ή.

More precisely, Proposition 5.4.9 states that each of the Vj belonging to C  (appearing 
at stage (iii) and updated at stage (vi)) is totally determined by the |V̂ ) such that 
\ψί) G Vj. When the algorithm exits at stage (vii), then C — {H }, so Ή is totally 
determined. If the algorithm does not exit at stage (vii), on the other hand, then C 
has at least two elements at the last stage, and each \ψί) is included in one of those 
two elements, which entails, from Lemma 5.5.3, that (Supp(Pj)} does not totally 
determine Ή.

The equivalence with cleanness for quasi-qubit POVMs is still needed to get validity 
of the algorithm. This equivalence stems from Theorem 5.4.1 and Theorem 5.5.1. 
The former is the sufficient condition, for any POVM, not necessarily quasi-qubit. 
We have given the intuition for this theorem at the beginning of the section. Com- 
plementarily, Theorem 5.5.1 states that a strict quasi-qubit POVM is not clean if 
its supports do not totally determine Ή.

The proof of Theorem 5.5.1 features the last important idea of the chapter. A 
channel S which is near enough the identity may be inverted as a positive map on 
B(H), even though £~l is not a channel. Now if we denote Q = £ - 1(P), we have 
£(Q) = P. We are then left with two questions: is Q a POVM, and can we find a 
channel T  such that ^ (P ) =  Q?
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The main possible obstacle to Q being a POVM is the need for each of the Qi to be 
non-negative. Now, i f  £ is near enough the identity, i f  Pt was fu ll-rank, then Qi is 
s till fu ll-rank non-negative. The remaining case is Qi =  £~1(Pi) =  X (|V;i)(V;j|)- 
Now, we shall see tha t we may use the set of subspaces C =  {Vj} given by the 
algorithm  to build channels ensuring tha t these Qi are s till rank-one non-negative 
matrices. Furthermore, these Qi w ill have a bigger firs t eigenvalue than so that 
we are sure Q is s tric tly  cleaner than P , as channels are spectrum-width decreasing 
(see Lemma 5.5.2).

We now tu rn  to the fu lly  rigorous treatment.

5.4 Sufficient condition

We start by proving the follow ing theorem, announced in the previous section.

T h eo rem  5.4.1. If the supports ( S u p p ^ ) } ^ /  of the elements Pi of a POVM  P 
totally determine 7i , then P  is clean and any cleanness-equivalent POVM  Q is in 
fact unitarily equivalent to P .

Proof I t  is enough to  prove tha t i f  Q >- P, then Q is un ita rily  equivalent to  P.

Let Q be a POVM and £  =  {i? Q} a a channel such tha t £ (Q ) =  P.

For all i £ I, we may w rite  Qi =  Ŷ k ViA&i) I- Then we have

Now fJ,i,kP*a I-Rq >  0 for a ll k and a, and consequently Pi,kR*a 1$ ) <  Pi- 
Hence R*a\4>ki) G Supp(Pj).

Moreover Pi is nonzero. So tha t there is at least one k(i) and one a(i) for each i 
such tha t R*a\(f>̂ l)) is nonzero. Thus {< /> ^}ie/ corresponds to {Supp(P j)}ie /- As 
{Supp (Pi)}ieI to ta lly  determines H, there is only one R, up to a constant, such that 

R\4>1 )̂ G Supp(Fi) for a ll i. So tha t Ra =  c(a)R for all a. Since J2aRaRa =  
there is a constant such tha t XRi is unitary, and £ =  { } .  So that P  and Q are 
un ita rily  equivalent.

p\

Pi,

= EE
OL к

l¿i,kR*

a IФ к
i X Фк
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Before proving in Theorem 5.4.9 that “when the algorithm exits at stage (vii), then 
the supports of the POVM P totally determine TC\ we need a few more tools.

We first need the notion of projective frame. Indeed, in the algorithm, we are dealing 
with supports of rank-one POVMs, that is essentially projective lines. And we want 
them to totally determine the space, that is essentially fix it. Projective frames are 
the most basic mathematical object meeting these requirements. We redefine them 
here, and reprove what basic properties we need; further information on projective 
frames may be found in most geometry or algebra textbooks, e.g. (Audin, 2002).

Definition 5.4.2. A projective frame {υί}ι<ί<^+ι of a vector space V is a set of 
(dim(V) +  1) vectors in general position, that is, such that any subset of dim(V) 
vectors is a basis ofV.

Remark 5.4.3. Equivalently we may say that {vi}i<i<n is a basis o fV  and v^+1 =
ΣΓ= l civi aΜ °ίΦ^·

Proposition 5.4.4. A projective frame Φ  = {ej}i<j<(n+1)o/ V totally determines V.

Proof. First we prove that if Φ = {'ϋϊ}ι<ί<(η+ΐ) is not a projective frame, the set 
of vectors {t>i}i<i<(n+i) does not correspond to Ψ. Indeed, as Φ is not a projective 
frame, we may find n vectors, say the n first, such that Ύ^=ι a%vi =  0 with at least 
one a* non-zero, say a\. Then for any R such that R(vi) is colinear to e* for all i, 
we still have ^ " =1 a{R(vi) =  0 . As {ej}i<j<n is a basis, aiR(vi) =  0 for all z, so that 
R(vi) =  0. Hence {i>i}i<i<„+i does not correspond to {ej}i<j<„+i.

Let now Φ = {wj}i<i<(n+i) be corresponding to Φ. Notably, this implies that Φ is 
a projective frame. Furthermore, there is a nonzero linear transform R  such that 
R(vj) is colinear to ("■, for all i. We must show that R  is unique up to a constant.

We know that {ej}i<j<n and {vi}i<i<n are both bases of V. Hence there is a unique 
transfer matrix X  from the latter basis to the former. Since R(vi) = for some 
Di, we know that R  is of the form D X  where D  is a diagonal matrix with diagonal 
values Dl.

We still have not used our (n +  l)th condition. We are dealing with projective 
frames, so that en+1 =  Σ?=ι and vn+i =  ΣΓ=ι civi ^ an<̂  non-zero.
Now R(vn+1) =  ciR(vi) =  Y î=\ciDieii so that CiDi/bi must be independent 
on i and D  and hence R is fixed up to a complex multiplicative constant.

□

We now turn to a few observations about totally determined spaces.
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Remark 5.4.5. If {F j}iej totally determines Ή, and if {vi}iej corresponds to {Fi}, 
then the up to a constant unique nonzero R such that Rvi G Fi for all i G I is 
invertible.

Proof. Let us define Il(kerK)x the projector on the orthogonal of the kernel of R  

along its kernel, and n kerft the projector on the kernel of R  along (keri?)± . We have 
R  =  i?n(kerR)±, so that R U {kerR)±Vi = Rv^  Thus {Π ^ ^ χ ^ }^ /  is corresponding 
to { F i } i e l . On the other hand, n ker/?n(keri?)x =  0, so that (R  +  U keiR) (U {kerR)±Vi) =

G Fi. As {Il(kerK)x} is corresponding to {Fi}, the latter equality 
implies that R is proportional to (R +  Π^γ/ϊ)· This is only possible if IIker̂  =  0. 
Hence R is invertible. □

Remark 5.4.6. If{vi}ieluJ is corresponding to {Fi}ieluJ, then{vi}ieI (resp. {v j}jej )  
is corresponding to {F j}j6/ (resp. {F j} jej.

Proof. The set I is a subset of I U J, thus, for all % G / ,  there is an Ri such that 
RiVi Φ 0 and RiVi G F\ for alii G I U J. A fortiori R.tVk G Fk for all k G I. Hence 
{vi}i(z] is corresponding to {F i}ieI. The same proof yields the result for J. □

Remark 5.4.7. If {vi}iei is corresponding to {Ft} iej, then there exists R such that 
Rvi G Fi and Rv̂  Φ 0 for all i simultaneously.

Proof. By the definition of “corresponding to”, we have a set {R i}ieJ of transforms 
such that RiVi φ 0 and RiVj G Fj for all j  G I. Now, for any set of coefficients {at} iej 
the matrix R =  Σ ί αίΚ·ί fulfils Rvi G Fi for all i. If we choose appropriately {at} 
we also have Rvi Φ 0. For example, we may write all the Rlvl in the same basis, 
take note of all coordinates, and choose the at as any real numbers algebraically 
independent of those coordinates. □

Lemma 5.4.8. IfV  and W  are both totally determined by sets of subspaces {Fi}iel 
and { Fj}jej  and ifV  and W  intersect (apart from the null vector), then their sum 
U =  V +  W is totally determined by

Proof. Let {« /j/e /u j vectors of U correspond to {Fi}i€iuj. In other words, there is 
an R* such that R*ui G Fi for all I G /  U J. By Remark 5.4.7, we may assume that 
R*ui φ 0 for all I. We must show that R* is unique up to a constant. Notice that 
the restriction R*ui Φ 0 does not play a role: if we find another R non proportional 
to R*, such that Rui G Fi for all /, then R* +  aR for appropriate a also fulfils
0 φ (R* +  aR)ui G Fi for all I, and is not proportional to R*.

We need a few notations. First, we consider the space X  =  Vfi W. We also define y  
by V =  y ® X  and Z  by W =  Ζ φ Χ .  We write /y and Ιγ\> for the natural inclusions
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of V and W  in U. We also denote by Ily for the projector on V along Z, by Ilyy; the 
projector on W  along y ,  and by Π* the projector on X  along y  +  Z.

Please be aware that we do not define Πν and flyy; as endomorphisms of U, but as 
applications from U to V and W, respectively. The corresponding endomorphisms 
are /ylly and />νΠνν·

As a first step, we show that IyUyR* is unique up to a constant.

The rank of IyUyR* is at most dim(V), so we can factorize it by V: there exists two 
linear applications Ly from U to V and Ly from V to U , such that IyUyR* L^Ly =  
IyUyR*.

Now for all % G I, we have R*Ui G Fj C V, so that R*Ui =  IyIlyR*Ui =  IyUyR* L^LyUi, 
so that for all? G I we have the inclusion 0 φ (Π yR* L^)(LyUi) G Fj, where we 
have used R*ut Φ 0.. Thus {LyUi}ieI is corresponding to {F j}ie/. On the other 
hand, we know that {Fi}ieI totally determine V. Hence there is a nonzero constant 
Ay, and a Ry depending only on {F j}ie/, such that ΠyR*!^ =  AyRy. Moreover, 
by Remark 5.4.5, Ry is invertible. So that finally IyUyR* =  XylyRylfy, with 
image im(Xy ly Ry Ly) =  V. Replacing V with W, we get similarly /yyllyyi?* — 
XWIWRWL%.

The last step consists in proving that the two constants Ay and Aw are proportional, 
independently of R*.

We notice that UxIyUy = U% = UxIyyUyy. Hence XyUxIyRylfy =  
XwIlxIwRwLw· As X  C V and im(AylyRylfy) =  V, we know that 
XyllxIyRyLy Φ 0. The equality XyUx IyRyL^ =  Awn^/w-Rw-i'w then yields 
the proportionality of Aw and Ay.

We conclude by recalling that V +  W =  U, so that knowing both IyUyR* and 
/yyTIw-R* is equivalent to knowing R*. As our only free parameter is the multiplica­
tive constant Ay, we have proved uniqueness of R*, up to a constant.

□

Lemma 5.4.8 and Proposition 5.4.4 are the two ingredients for proving the following 
proposition, central for the validity of the algorithm.

Proposition 5.4.9. In the algorithm, the spaces in the set C =  {Vj}jej are always 
totally determined by the supports K (j)  =  {Span(|V^)) : \ih) £ Vj} of the one­
dimensional POVM elements they contain.
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Proof. We prove the proposition by induction on the stronger property Prop =  “ 
all Vj are totally determined by K {j), and they are spanned by vectors of the initial 
basis, that is, they are of the form Span(|y;j} : i G I(j)), where I(j)  is a subset of 
{ l , . . . , d } ”.

Initialization: We initialize C at step (iii). At this stage Vj is defined for j  G 
{ 1 , . . . , 4  by Vj =  Span(|V^)). So that on the one hand Vj is of the form Span(|V;,) : 
i € I{j)), where I (j)  is a subset of { 1, . . . ,  d}, and on the other hand Vj is totally 
determined by K (j),  as it is one-dimensional and \tpj) is nonzero.

Update: We update C at stage (vi). We must prove that Vt =  φ jej(i) V?' fulfils 
Prop.

For one thing, the space Vi is a sum of spaces of the form Span(|V;,;) : i 6  /( j ) ) ,  where 
I(j)  is a subset of { 1, . . .  ,d}, hence V  is also of this form with I(i) =  UjeJ(i)  ̂(·?')·

Now let us consider the set Iint =  { j  : j  € { 1 .. .d}, (V;i|V;i) ^  0}) and the space 
Vint =  Span(|V )̂ : j  € I mi)· Since the |V;j) for j  G Iint are part of the initial 
basis {\i’j)}i<j<d}·, they are independent. The definition of Iint also ensures = 
^jehnt cM ’3) j  nonzero, hence, by Remark (5.4.3), the set ( | V ;fc) : k =  k G 
lint U {? }} is a projective frame of VmL. So that, by Proposition 5.4.4, the space Vint 
is totally determined by {\i’j) }je iintu{i}· We initialize Kint =  Iint U {i}.

Finally, by definition of J(i), we know that Vint Π Vj φ  0 for all j  G J(i). Both are 
totally determined, by K ( j ) and Kint. Hence by Lemma 5.4.8, Vint U Vj is totally 
determined by K (j)  U Kint. We update Vint =  Vint U Vj and Kint =  Kint U K(j). 
We iterate the latter step for all j  G J(i) and we end up with Vint =  Vi totally 
determined by \Jjej({) K (j)  U lint u « c  m .

□
Corollary 5.4.10. When the algorithm ends at stage (vii), the POVMP is clean.

Proof. The algorithm ends at stage (vii) only if C =  {Ή }. By the above proposition, 
this condition implies that Ή is totally determined by (Spand^j)) : |V;j) € Ή}. 
This amounts at saying that Ή is totally determined by the supports of the POVM 
elements Pi, and we conclude by Theorem 5.4.1. □

This section aims at giving sufficient conditions for a POVM to be clean, and at 
proving that one of these conditions is fulfilled if the algorithm exits with result “P 
is clean”. We thus conclude the section with the case when the algorithm exits at 
stage (i). In other words, we must show that a rank-one POVM is clean. Now, this 
has already been proved as Theorem 11.2 of (Buscemi et al., 2005):
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Theorem 5.4.11. (Buscemi et al., 2005) If P is rank-one, then Q>-P if and only 
if P and Q are unitarily equivalent. Thus, rank-one POVMs are clean.

For a quasi-qubit POVM P, we prove in the following section that P is clean only 
if it fulfils the conditions either of Theorem 5.4.11 or of Theorem 5.4.1.

5.5 Necessary condition for quasi-qubit POVMs

This section proves that a clean quasi-qubit POVM either is rank-one, or the sup­
ports of its elements totally determine the space:

Theorem 5.5.1. A non-rank-one quasi-qubit POVM where {Supp(Pj)ie/} does not 
determine Ή is not clean.

We need a few more tools to prove the theorem.

To begin with, we need a way to prove in specific situations that a POVM is not 
cleaner than another. Using the fact that channels are spectrum-width decreasing is 
the easiest method. This is Lemma 3.1 of (Buscemi et al., 2005):

Lemma 5.5.2. If the minimal (resp. maximal) eigenvalue of X  is denoted Xm(X) 
(resp. \M{X)), then \m{X) < Am(£(X )) < AM(£(X)) < Xm(X) for any channel
ε .

This lemma implies that existence of Q >- P such that for some i £ I, either 
Am(Qi) < Am(Pi) or Am {Qi) > Am {P%) entails that Q is strictly cleaner than P, so 
that P is not clean.

We now give a characterization of the fact that TL is totally determined by 
when all the Fj are one-dimensional, that is of when the F} can be seen as vectors. 
This characterization applies to {Supp(Pj)}i6/ for quasi-qubit POVMs, and may be 
more intuitive than Definition 5 .3 .2. Moreover it is more adapted to our strategy of 
proof.

Lemma 5.5.3. A set of vectors {|V;j)}jeJ totally determine the space H, if and only 
if, for any two supplementary proper subspaces V and W, there is a j  £ J such that 
|V;j) ^ V and l^j) W.

Moreover, when the algorithm exits with result “P is not clean”, the supports of P 
do not totally determine Ή.
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Proof. The proof is made of four steps:

(a) For any finite set of vectors {\i’j) }je j,  there is a POVM whose supports of the 
rank-one elements are these vectors.

(b) if we feed into the algorithm a non-rank-one quasi-qubit POVM whose sup­
ports of rank-one elements are the \i(>j) and if { |ψ:ι)} does not totally determine 
Ή, then the algorithm exits with result “P is not clean”.

(c) if the algorithm exits with result “P is not clean”, then we can find two sup­
plementary proper subspaces such that \'ψ3) G V or \'Φ3) G W for all supports 
of rank-one elements.

(d) finding two supplementary proper subspaces such that |ipj) G V or 1^) G W 
for all j  € J implies that {\i’j ) } je j  does not totally determine Ή.

The equivalence in the lemma is then proved by contraposition, and the last state­
ment by combining (c) and (d).

Step (a): A valid example is given by Pj =  ■^j\i>j)(i,j\ f°r JG  J and P#j+i — 
1 — Y2j Pj- Indeed the latter element is positive since Pj <  =  |l.

Step (b): Since the quasi-qubit POVM is assumed not to be rank-one, we do not exit 
at stage (i). The only other possible exit with result “P is clean” is at stage (vii). 
Now the proof of Corollary 5.4.10 states that the algorithm exits at stage (vii) only 
if the supports of the rank-one elements totally determine Ή. Hence, the algorithm 
exits with result “P is not clean”.

Step (c): Exiting at stage (ii) means that the |ipj) do not generate Ή. Then, if 
J =  0 , we may choose any two supplementary proper subspaces V and W. Anyhow 
| € V for all j  G J. If J φ  0 , then V =  Span(lV-’i), i G I) is a proper subspace of 
Ή. Since |if’j } € V for all j  € J, any supplementary subspace W of V will turn the 
trick.

If the algorithm does not exit at stage (ii), then there is a basis included in {|V;j)}jeJ· 
We assume that it corresponds to 1 < j  < d.

Since the algorithm exits with result, “P is not clean”, it exits at stage (ix). We end 
the algorithm with a collection C =  {14} of subspaces such that 0 fc V* = H. Since 
we have not exited at stage (vii), we know that C φ {%}■ Hence C counts at least 
two non-trivial elements. We take V =  V\ and W  =  Θ * /ι  Vk-

The Vk are direct sums of the original Vj =  Span(|V )̂) for 1 < j  < d. Hence, for 
1 < J < d ,  either |V̂ ) G V or |ipj) G W. On the other hand if \ψ̂ ) is not one of the
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original basis vectors, it was used in the “For” loop. At the end of this loop, C was 
then containing a space V  = 14. And \φ̂ ) was included in this space. This
V  is then included in one of the final Vj and a fortiori either in V or in W. We have 
thus proved that when the algorithm exits with a negative value we may find two 
supplementary proper subspaces V and W such that for all i G I, either \ψι) G V or
Ηη) e w .

Step (d): Since l|V;j) =  |V;j) f°r all j, by Definition 5.3.1 the set of vectors {\i>j)}jeJ 
is corresponding to the subspaces {\4>j)}jej· On the other hand, denoting by Πν the 
projection on V parallel to W, we get that Ilv|V;i) is colinear to | ) for all j  G J. 
Moreover Ily is not proportional to 1, so that, by definition 5.3.2, the set of vectors 
(IV-’j ) }  does not totally determine Ή.

□

Finally, as explained in Section 5.3, we want to build our cleaner POVMs as £ - 1(P) 
where the channel is inverted as a positive map. We need to know some conditions 
under which a channel can be inverted. This is the purpose of Lemma 5.5.4, for 
which we need the following norms.

The Hilbert-Schmidt norm on B(7i) is defined as ||Μ| |# 5 =  Tr (MM*). Notably, in 
any orthogonal basis,

iw „ s =  Σ  iMy i2·
1 <i,j<d

Moreover \\M\\HS =  \\M*\\HS.

We also define a norm on B(B(7i)), space to which the channels belong:

11011!= sup WO(M)\\hs.
{m \\\m \\hs= i }

Lemma 5.5.4. If in the Kraus representation of a channels =  {R a} one of the Ra 
fulfils

II1 — Ra 11 h s  <

then
|| 1 — £||i ^ 2(1 +  \fd)e -|- 2c2 =  f(e) — > 0 . (̂ ·2)

e—>0

As a consequence, if / ( e )  < 1, then 8  is invertible (as a map on B(H)) and ||E~x — 
1 1|i <  f(e)/( 1 — / ( e ) ) .  This inverse lets Bsa(H) stable.

This in turn shows that for any X  G Bsa(H) such that Xm(X) >  0, the spectrum of 
the image by the inverse is bounded through

Kn(X) -  \M{X)f{e)y/d/{\ -  / ( e ) )  < Xm(E~1(X)). (5.3)
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So that for all X  > 0 , when e small enough, £ - 1(X ) > 0.

Remark: The bound 5.2 is probably far from sharp, but sufficient for our needs.

Proof Without loss of generality, we assume that

II1 — -Ri||hs < e.

We write S =  R\ — In  and O = £ — le(n)·

Then
0 : M ^  S*MS +  S*M +  MS + R*aMRa.

α φ ί

And

||£>||i =  sup
{M|||A/||h s=1}

S*MS +  S*M +  MS +  Y ] R*aMRa
α φ ί

< sup ||5·||||Μ||||5|| +  ||5*||||Μ|| 
{Λ/|||Μ||«3=1}

+ ΜΙ|5|| + ΣΐΚΙΙΙ|Μ||||Λβ|
α φ ί

-  n^iif/s+ 2 ii^iUg+ y i  p a i
α φ ί

2
H S ·

H S

Now, for one thing, by hypothesis, HS'Hz/s < e. Furthermore

Σ » Λ «ι
α φ ί

2
H S Σ  Ί\{R*aRa) =  Tr(l -  RIRi) =  -  Tr(S*S +  S + S*).

αφ\

We finish our proof of 5.2 with the observation that — Tr(,S +  S*) < 2\/d||5 ||j/5 =
2 Vde.

If HOIK < 1, we know that £ =  1 +  O is invertible and £ 1 =  'Σ,η>0 {—Ο)η. By 
taking the norm, H·? "1 -  l||i < E „> i ll^ll? =  / ( e ) / ( l  -  /(e))·

Channels stabilize Bsa(Ti); as £ is furthermore invertible, equality of dimension 
shows that £{Bsa(H)) =  Bsa(H) and £~1(Bsa(H)) =  Bsa(H).

Now, X  is positive, so that ||X||//5 < V cLXm {X)· This implies | |(£ _1 — l)(X)||//s < 
VdXM(X)f(e)/(l -  /(e)), and in turn £~\X) > X -  VdXAi(X )f(e)/(l -  /(e )) 1 . 
Taking the bottom of the spectrum ends the proof.

□
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We are now ready to prove Theorem 5.5.1.

Proof of Theorem 5 .5 .1 . We aim at exhibiting a channel £ and a POVM Q such 
that £(Q) =  P and Qi has a wider spectrum than Pi for some e G E. Then Lemma 
5 .5.2 proves that Q is strictly cleaner than P, and in turn that P is not clean.

The building blocks are the subspaces supplied by Lemma 5.5.3. Since H is not 
determined by {Supp(P2) } ie;, there are two supplementary proper subspaces V and 
W such that each rank-one element has support included either in V or in W.

We shall write explicitly several matrices in the forthcoming proof. All of them shall 
be written on an orthonormal basis {ej}i<j<d of H, chosen so that 
( ei}i<i<dim(v) is a basis of V. We shall express the matrices as two-by-two block 
matrices, the blocks corresponding to the subspaces V and V-1-.

We study separately the following cases:

(a) All POVM elements Pi are proportional to the identity, that is Ρτ =  μτ1 .

(b) The POVM is not full-rank, each rank-one element has support either in V or 
in V-1, and all POVM elements are block-diagonal in V and V1 .

(c) Each rank-one element has support either in V or V-1, and at least one POVM 
element is not block-diagonal.

(d) At least one rank-one element has support neither in V nor in V-1.

As a sanity check, let us prove we did not forget any case. Either our POVM is 
full-rank, or it is not. In the latter situation, either there is a rank-one element 
whose support is not included in V nor in V1- -  and we are in case (d) -, or all 
rank-one elements are included in V or V-1. Then either there is a POVM element 
that is not block-diagonal -  and we are in case (c) -  or all POVM elements are 
block-diagonal -  and we are in case (b). On the other hand, if P is full-rank, we 
may choose the subspaces V and W  any way we like. Notably, if one POVM element 
Pi is not proportional to the identity, so that it has non-trivial eigenspaces, we may 
choose V such that Pi is not block-diagonal in V and V-1- -  and we are in case (c). 
Finally, if on the contrary, all POVM elements are proportional to the identity, we 
are in case (a).

Case (a): If all POVM elements are of the form Pi =  μ,Ι, then, for any £ =  {R a}, 
we have £(Ρτ) — =  βί =  /^1 =  P%· No channel can change
the wholly uninformative measurement P.
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On the other hand, many POVMs can be degraded to P . Consider for example the 
POVM given by Qi =  Hi\e\){e\\ +  X ^ = 2 \ej ) ( ei\ and Qi =  /¿¿|ei)(ei| for i >  1. Then 
Q 7  ̂ P , so that P  ^  Q. Yet, with Ra =  |ei)(eQ| for 1 <  a <  d, we have £ (Q ) =  P , 
and Q >~ P. Hence P  is not clean.

Case (b): Since all rank-one elements are included either in V or in Vx , we take 
W  =  V"1. We further choose V to be the smaller of the two subspaces, that is 
dim(V) <  d/2 <  dim (W ). Then there is a matrix A  : V —> W  such that AA* =  ly. 
If all rank-one elements have support in W , we further impose that at least one of 
these supports is not included in the kernel of A.

We then define i?y and R^v as:

D* / ̂ \ _ C-A
« v W  -  —  '

Rw (‘ ) =  [ 4 | t -  'u lyy _

Their images are respectively V and W.

From /?v(e) and i?w(e), we define the channel £, =  {/? i(e ), i?2(e)> ^ 3 (e) } :

Since AA* — ly, we have ^2a R*aRa =  1, hence these matrices {-Ra}  define a genuine 
channel. A few calculations show that the effect of this channel is:

- \ B  C ]  r r ^ { B  +  e{AC* +  CA*) +  e2ADA*) 0 1 ,c
^ : [i^w l "  [ ------------ ----------------p J ' (

Now, for any w € W , we have

—eAw —eAw * e2Aww*A* —eAww* 
w w —eww*A* ww* ’

щ и )  =

Щ(е)  =

щи) =

e2 + v

V
l-с2

V б2

- V e2

1 - е 2
1 + e 2 R

1 + í 2
R

1 + e 2 R

1+б2 r î>(£) 1+<е2Ävv(0

= ' l
e2 iv1 + e2 V e4

1 + e 2 A
7

W0 1—e2
1 + e 2V

о_0________

~ ~  .~°Tv е2
1 + е 2 1W

= _sl
1 — е2lv1 + £2

о “ V

б2— е4
1 + е 2

w£2
1 + е 2

ly
О О
О О

*

W (e)

*
W(О

*
V (e)

1

A

1
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so that for any sequence of Wj G W, the matrix Ŷ j,k 

non-negative. As any non-negative endomorphism D o: 

for appropriate Wj, we get that for any non-negative D, the matrix 

is non-negative. Moreover applying equation (5.4) yields that i

' e2Awjw*kA* —eAwjwl
—eWjWlA* WjWl

: W  can be written J2 jk wi

is

' e2ADA* -eA D  '
-eDA* D
image by £t is

‘ 0 0 '
0 D

Similarly, if B 6  B(V) is non-negative, then 

its image by Et is

' (1 + e2)B 0 '

1

o 0
is non-negative and

' B 0 '
0 0

We use these observations to define a map (not a channel) T( on the block-diagonal 
matrices:

' B 0 ‘ ' (1 +  e2)B +  e2ADA* -eA D
0 D -eDA* D (5.5)

We get that £,{T({M ))  =  M  for all block-diagonal M  and that if furthermore M > 0 
then ^ (M ) > 0 .

We now isolate one full-rank element of P, say P\. For alH φ 1, we define Q%{t) =  
T t{Pi). They are non-negative and fulfil Et (Qi(e)) =  Pj. Define now Q i(e) =  
1 — The closure relation ensures that Et (Qi(e)) =  Ρχ. What’s more,
recalling that J2i B* =  lv  and Σ* A  =  we obtain:

Qi(e) —
ly - (1 + e2) Σϊ/ι A  ~  ^ (Σ * ι  D { )A * A  1

- ί Σ ¥ ι d xa * i w -  Σ)ί# i A  .
‘ (1 +  e2)B 1 +  e2AD1A* -  2e2l v €^4(lyy — D\)

e(l w — D\)A*) D i  J
Pi 0

U 0 A  J
=  Pi-

Since P\ is positive, this convergence entails the non-negativity of Q\ (e) for c small 
enough. As Q i(e) has been chosen so that ]TV Qi(e) =  1? we have defined a genuine 
POVM Q(e) =  {Qi(e)}iei such that £e(Q(e)) =  P, hence Q >- P.

We end the study of this case by considering a rank-one element P( =  ιμ\Φι){'Φι\ 
whose support is not in the kernel of A. Using formula (5.5), if \ψί) G V, we x  
get Tr(<5t(e)) =  (1 +  e2)Tr(Pj) > Tr(Pj), else \ψί) G >V and we get Tr(Qi(e)) =  
Tr(P) + e2 Ύΐ(Α\ψί)(ψί\Α*) > Tr(Pj). In both cases, bigger trace implies that the
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spectrum of Qi(e) is wider than that of Pi and Lemma 5.5.2 yields P ^ Q. So that 
P is not clean.

Case (c): Since all rank-one elements are included either in V or in Vx , we take 
W  =  Vx .

We now define the channel through:

Ri(e) =  elly, # 2(e) =  ellw =  εΠν±, Rs(e) =  V l  — e2 l, 

where Π denotes here orthogonal projection.

For e small enough, by Lemma 5 .2 , the channel is invertible as a positive map. We 
then define Qi =  S~1(Pi).

Through the formula £((Qt) =  Pn we check:

If Pi =
B
C*

c

D , then Qi(e) =
B (1 — e2)~lC '

*01CMvu1

I D (5.6)

The first remark is that the closure relation ensures J2Qi(e) ~  1

We also notice that, since rank-one elements have support either in V or in W =  V1, 
the rank-one elements are block-diagonal and Qi(e) = Pi .

We know that at least one POVM element is not block-diagonal. So that there is 
an i G I  such that F, is full-rank and C is non-zero (say [C]jtk φ 0). Then, writing 
n = dim(V), there is an e+ G (0,1) such that

[Qi ( e + ) ] j j  [Qi ( ^+) ] n+f c , n+f c  =  [ b L - P I m

I ~  [Qi(^+)]j,n+k[Qi{^+)]n+k,j  

so that we cannot have positivity of Qi(e+).

We define the bottom of the spectrum of the images Qi of the full-rank elements of 
P:

Am( )̂ Ifrf Am(Qi(^))·
i Pi ful l -rank

Equation (5.6) implies that the matrix Qi(e) is a continuous function of t for 
e G [0,1). Hence its spectrum is also a continuous function of e. Accordingly, 
the function Am(e) is the minimum of a finite number of continuous function of e, 
therefore Am(e) is continuous. Its value in 0 is the bottom of the spectrum of the 
full-rank elements of P, that is Am(0) =  inf.^ fuii-rank Am(Fi(e)) > 0. Moreover we
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have just proved that Am(e+) < 0. Thus, by the intermediate value Theorem, there 
is an e+ > e > 0 such that 0 < Am(e) < Am(0).

As Am(e) > 0, the Qi(e) = £t(Pj) for Pt full-rank are non-negative, and valid POVM 
elements. Likewise, we already know that Qi(e) =  Pi is a valid POVM element if Pl 
is rank-one. Since we have also shown that J2Qi(e) — 1 , we have proved that Q(e) 
is a POVM. Furthermore £e(Q(e)) =  P, thus Q(e) >- P.

As Am(e) < Am(0), there is a full-rank element Pi such that Am(Qi(e)) < Am(P,). 
Hence, using Lemma 5 .5 .2 , we get P ^ Q(e) and P is not clean.

Hence Am(e+) < 0 < Am. By the intermediate value Theorem, we can find an 
e0 £ (0, e+) such that Am(e0) =  0. As 0 < Am(e0) < Am we have proved that 
Q(e0) >- P and that P is not clean.

Case (d): As V and W  are supplementary we may choose a matrix 
dim(v) (<̂-') such that the non-zero columns of the following block matrix 

form an orthogonal (though not orthonormal) basis of W:

' 0 A '
0 1

r>* _
w  —

We know that the image of a matrix is spanned by its columns, so the image of R^  
is W.

We then define
e4 e2

+
1 — e2 (1 — e2y

AA*. (5.7)

This definition is valid if the matrix under the square root is positive. Now 
is going to 0 with e, so that

I™ 1 1 1 - e 2 +  (1 - e 2)2
AA* =  1 .

From this we conclude that 1 — +  (ϊ~ ψ  j  AA* is positive for e small enough. 

Accordingly, we can define

Λν(*) =
B(e) A Il - e2

0 0

Notice that the image of Rp is included in V.
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We may now define our channel 6f by

Rl(e) =  eR^{e) (5.8)0 0
0 €A ' (5.9)

Notice that Σα=ι -^a(e)-^a(e) =  1 so that S(e) is indeed a channel.

Moreover lim£_̂ 0 i?3(e) =  1H. Hence, for e small enough, \\R3 — l||//s is as small as 
we want. So Lemma 5.5.4 allows us to invert the channel £( as a map on Bsa(H). We 
define Q(e) by its elements Qi(e) = 8^1(Pi). Let us check that for e small enough, 
Q(e) is still a bona fide POVM.

First the closure relation still holds, as Y\icTQi =  Σ , -cr8~1(Pi) =  £ - 1(l). Now 
8(1) =  Σ α  KRcc =  1 and taking the inverse 8~l (l)  =  1 .

Remains then to be shown that all Qi(e) are non-negative.

If Pi is full-rank, then its spectrum is included in [Am, 1], with Xm > 0. If R3 is near 
enough of the identity, that is, if e is small enough, the inequality (5.3) then ensures 
that Qi(e) is still positive.

If Pi is rank-one Pi =  Χι\ψί)(Φι\, then by hypothesis |V;-t) G V or G W. As Rs is 
invertible for e small enough, we may consider | φ^ non-zero colinear to (i?3 (e))—1IV7*)- 
Then Rl(e)^i) is colinear to \4k), and non-zero. Notice that |φι) depends on e, even 
if we drop it in the notation. Now

Since V and W  are supplementary, the latter equality implies that i?y(e)|<p) =  0 

when Rl(e)\ip) G W  and Ry^(e)\ψ) =  0 when -R3(e)|v7) £ V. Definitions (5.8, 
5.9, 5.10) then yield 8^\φί){φί\) =  Rw(^i)^i\)Rw  if \4h) e W and 8ί(\φί)(φί\) =  
Rv(e)(^i)^i\)Rv(e) if \Ψί) <= V- In both cases, the output matrix is of the form 
£ε(\Φί){Φί\) =  Ci\4>i){i’i\· So that Qi(e) =  (Χί/Οί)\φί){φί\ and is non-negative.

Thus, for e small enough, all Qi(e) are non-negative. We have proved that Q(e) is a 
POVM. Furthermore, since ££(Q(e)) =  P, we know Q(e) >- P.

# 3 ( e ) * k )  =  V l  -  e2 ( i^ ( e ) lv ? )  +  RwW))
with Ry(e)\φ) G V and R ^ lf)  € W·

We must still show that Q(e) is strictly cleaner P.

R*(e) =  eR^

= ~ e2 W(e)  +
V I^ B ( e )

0
*A

- e2l
. (5.10)
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By hypothesis, there is a rank-one element Pi =  Aj| î)(V;i| such that \Φ,) G W and 
\ψί) & ν χ . As above, we write |φ^ such that Qi(e) =  {K/Ci)\4>i){4>i\. We start by 
proving that Ci is less than one.

We write \φί) =  Vi +  v^ with vj G V and vf- G V-1. Since \ψί) G W, we get: 

ε ΐ(\φί){φί\) =  Ηλ(\φί)(φί\)ΐΐνν =
Avl Avl  "

As the latter expression is also equal to Οί\ψί){ψί\, we obtain that Ct is the square
Avj~of the norm of 7Γ" . Therefore Ci =  HAû H2 +  H^H2· Notice that the squared

norm of \φ,) is 1 =  | | ^ | 2 +  H^H2· On the other hand, the image of \φ{) by -Ry(e) is
0, so that B(e)vi — 1/(1 — e2)Avj- =  0. From this we get:

Avl  =  (1 -  e2)B(e)vi.

Since | il\) V1, this equality shows that vt φ 0. Now, as A A* is non-negative we 
see by (5.7) that B(e) < 1 . A fortiori, for any e > 0 , we have (1 — e2)B(e) < 1 . So 
that:

IKII> 11(1 - 62)B(e)vt\\ =  H VII·

Thus, we finally obtain

α  = Ι ΐ ν ΐ Ι2 + ΙΙ^ ΙΙ2< Ν Ι2 + ΙΙ^ΐΓ = ΐ·

Hence the biggest eigenvalue of Qi(e) =  (Aj/Cj)|0j)((/>j|, that is Ai/Ci, is strictly 
bigger than the biggest eigenvalue of Pi, that is Xl. Lemma 5 .5.2 then gives P )/- 
Q(e), and consequently P is not clean.

□

5.6 Summary for quasi-qubit POVMs and a special 
case

We now gather all our results specific to quasi-qubit POVMs.

Theorem  5.6.1. A quasi-qubit POVM P is clean if and only if it is rank-one or 
the supports of its rank-one elements totally determine Ή. The algorithm of section
5.3 figures out if this is the case. Moreover if Q is cleanness-equivalent to P, the 
two POVMs are even unitarily equivalent.
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Proof. Rank-one POVMs are known to be clean (Theorem 5.4.11). If the support 
of the rank-one elements of P totally determine H, we also know that P is clean 
by Theorem 5.4.1. In both cases the theorems state that for these clean POVMs, 
cleanness-equivalence is the same as unitary equivalence.

Conversely, if P is neither rank-one nor have rank-one elements that totally deter­
mine Ή, then Theorem 5.5.1 applies and P is not clean.

Stage (i) of the algorithm checks whether P is rank-one, in which case it does say 
that P is clean. If P is not rank-one, the fact that it is clean or not depends on the 
support of its rank-one elements. The only remaining positive exit of the algorithm 
is at stage (vii) and Lemma 5.4.9 proves that in this case the rank-one elements of 
P totally determine Ή.

Conversely, if the algorithm exits with a negative value, Lemma 5.5.3 ensures that 
Ή is not totally determined.

□

To get further feeling of these conditions we finish by making more explicit the qubit 
case, where the nice thing is that all POVMs are quasi-qubit.

Corollary 5 .6 .2 . A POVM P for a qubit is clean if and only if it is rank-one or 
if one can find three rank-one elements whose supports are two-by-two non-colinear 
(that is if they make a projective frame). For these POVMs cleanness-equivalence is 
the same as unitary equivalence.

Proof A POVM P for a qubit has non-zero elements which can be either of rank 
one, or of rank two, as d =  2. In the latter case, they are full-rank, so we may apply 
Theorem 5.6.1 to P.

The only question is when do the supports of the rank-one elements totally determine 
ΉΊ They do by Proposition 5.4.4 if they include a projective frame, that is a basis 
and a vector with all coefficients non-zero in this basis. As the space is of dimension 
2 , this amounts to saying a basis and a vector non-colinear to any basis vector, that 
is three vectors two-by-two non-colinear.

Conversely, if we cannot find a projective frame, then we can find two vectors v and 
w such that the support of any rank-one element is v or w, and we can apply Lemma
5.5.3 to obtain that H is not totally determined by the supports of the rank-one 
elements of P. Thus P is not clean.

□
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5.7 Outlook

We have solved the problem of cleanness for quasi-qubit POVMs. The obvious 
continuation would be to solve it in the general case. However we do not think that 
the condition of Theorem 5.4.1 is then necessary. Moreover it must be made explicit.

The heuristics in Section 5.3.2 suggest that, if the support of Pi are in “general 
position” then it is sufficient for P to be clean that — dim[Supp(Pj)] >
d2 — 1. Yet, we still need to appropriately define the “general position” for general 
subspaces.



Chapitre 6 

Complementary subalgebras

Ce chapitre derive de Particle (Kahn et Petz, 2007).

Resume : La reduction d’un systeme quantique a un sous-systeme donne 
une information partielle sur l’etat du systeme total. En lien avec la 
determination optimale de l’etat de deux qubits, la question a ete posee 
de savoir quel etait le nombre maximum de reductions complementaires 
deux a deux. Le principal resultat de ce chapitre est de montrer que ce 
nombre est de 4, c’est-a-dire que si A 1, A 2, . . . ,  A k sont des sous-algebres 
deux a deux complementaires de M4(C), et qu’elles sont isomorphes a 
M2(C), alors k < 4. La preuve est basee sur la decomposition de Cartan 
de SU(4). Au passage, nous apportons quelques contributions sur la 
structure des reductions complementaires.

6.1 Introduction

There is an obvious correspondence between bases of an m-dimensional Hilbert 
space Ή and maximal Abelian subalgebras of the algebra A  ξ  B{Ή) ~  Mm(C). 
Given a basis, the linear operators diagonal in this basis form a maximal Abelian 
(or commutative) subalgebra. Conversely if |e*) (e*| are minimal projections in a 
maximal Abelian subalgebra, then (|ej))j is a basis. From the points of view of 
quantum mechanics, a basis can be regarded as a measurement. Wootters et Fields 
(1989) argued that two measurements corresponding to the bases £i, £2, · · ·, £m and 
?7i , 772,. .  ·, r]m yield the largest amount of information about the true state of the 
system in the average if

\(&iVj)\2 =  —  (1 < i , j < m ) .m
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Two bases satisfying this condition are called mutually unbiased. Mutually unbi­
ased bases are interesting from many point of view, for example in quantum infor­
mation theory, tomography and cryptography (Kraus, 1987; Bandyopadhyay et al., 
2002; Kimura et al., 2006). The maximal number of such bases is not known for 
arbitrary m. Nevertheless, (m2 — 1 )/(m — 1) =  m +  1 is a bound being checked 
easily (Parthasarathy, 2004; Pittenger et Rubin, 2004).

The concept of mutually unbiased (or complementary) maximal Abelian subalge­
bras can be extended to more general subalgebras. In particular, a 4-level quan­
tum system can be regarded as the composite system of two qubits, M4(C) — 
M2(C) ® M2(C). A density matrix p G M4(C) describes a state of the compos­
ite system and p determines the “marginal” or reduced states on both tensor factors. 
Since the decomposition M2(C)<8>M2(C) is not unique, there are many reductions to 
different subalgebras, they provide partial quantum information about the compos­
ite system. It seems that the reductions provide the largest amount of information if 
the corresponding subalgebras are quasi-orthogonal or complementary in a different 
terminology. In (Petz et al., 2006) the state p was to be determined by its reduc­
tions. 4 pairwise complementary subalgebras were given explicitly, but the question 
remained open to know if 5 such subalgebras exist. The main result of this paper is 
to prove that at most 4 pairwise complementary subalgebras exist.

6.2 Preliminaries

In this paper an algebraic approach and language is used. A /c-level quantum system 
is described by operators of the algebra Mk{C) of k x k matrices. Although the 
essential part of the paper focuses on a 4-level quantum system, certain concepts 
can be presented slightly more generally. Let A  be an algebra corresponding to a 
quantum system. The normalized trace r gives the Hilbert-Schmidt inner product 
{A, B )  := t (B * A ) on A  and we can speak about orthogonality with respect to this 
inner product.

The projections in A  may be defined by the algebraic properties P =  P 2 =  P* and 
the partial ordering P < Q means PQ =  QP =  P. We consider subalgebras of 
A  such that their minimal projections have the same trace. (A maximal Abelian 
subalgebra and a subalgebra isomorphic to a full matrix algebra have this property.) 
Let A 1 and A 2 be two such subalgebras of A. Then the following conditions are 
equivalent:

(i) If P  G A 1 and Q G A 2 are minimal projections, then Tr PQ =  TrPTr Q.
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(ii) The traceless subspaces of A 1 and A 2 are orthogonal with respect to the 
Hilbert-Schmidt inner product on A.

The subalgebras A 1 and A 2 are called complementary (or quasi-orthogonal) if 
these conditions hold. This terminology was used in the maximal Abelian case 
(Accardi, 1984; Kraus, 1987; Ohya et Petz, D., 2004; Parthasarathy, 2004) and the 
case of noncommutative subalgebras appeared in (Petz et al., 2006). More details 
about complementarity are presented in (Petz, 2006).

Given a density matrix p 6  A, its reduction p\ £ A\ to the subalgebra A\ C A  is 
determined by the formula

ΎτρΑ =  ΎτριΑ (A e Ai).

In most cases p\ is given by the partial trace but an equivalent way is based on the 
conditional expectation (P. Busch et Mittelstaedt, 1991). The orthogonal projection 
E : A  —> Ai is called conditional expectation. p\ =  E(p) and

E(AB) =  AE(B) ( A e A u B e A )

is an important property.

The situation we are interested in is the algebra M4(C). In the paper M4(C) is 
regarded as a Hilbert space with respect to the inner product

{A,B) =  ^TrA*B =  r(A*B). (6 .1)

M4(C) has a natural orthonormal basis:

Oi ® aj (0 < i , j <  3), 

where σ\,σ2, σ3 are the Pauli matrices and <t0 is the identity I:

' 1 0 ' ' 0 1 ' ' 0 - i  ' ' 1 o '
0 1

, σχ  : =
1 0

, σ2 := i 0

IICOb

0 - !

6.3 Complementary subalgebras

Any subalgebra A 1 of M4(C) isomorphic to M2(C) can be written C l <S> M2 (C) in 
some basis, hence there is a unitary operator W  such that A 1 =  W (C l 0 M2(C))W*.
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This section is organized as follows: we first give a characterization of the W  such 
that A 1 is complementary to A 0 =  W (Cl ® M2(C))W* (Theorem 6.3.1 for a general 
form and Theorem 6.3.2 for a form specific to our problem). The second stage 
consists in proving, using the form of W, that any such A 1 has “a large component” 
along B =  M2(C) ® Cl. Theorem 6.3.4 gives the precise formulation. It entails that 
no more than four complementary subalgebras con be found (Theorem 6.3.5), which 
was our initial aim, and hence is our conclusion.

Although our main interest is M4(C), our first theorem is more general. Eij stand 
for the matrix units.

Theorem 6.3.1. Let W  =  Σ ^ = ι  Eij ® (Ξ Mn(C) <g> Mn(C) be a unitary. The 
subalgebra W (CI  (g> Mn(C))W* is complementary to C l  <S> Mn(C) if and only if 
{W „ : 1 < i , j  < n} is an orthonormal basis in Mn(C) (with respect to the inner 
product (A, B) =  Tr A*B).

Proof. Assume that Tr B =  0. Then the condition

W ( I ®  A*)W* ±  (Id) B)

is equivalently written as
n

Tr W( I  ® A)W*(I ® B ) = J 2  Tr WijAW^B =  0.
i,j=1

This implies
n

Σ  Tr WijAW*B =  (TrA)(TrB) . (6.2)
i,j=1

We can transform this into another equivalent condition in terms of the left mul­
tiplication and right multiplication operators. For Α , Β ζ .  Mn(C), the opera­
tor Ra is the right multiplication by A and Lb is the left multiplication by B: 
Ra ,Lb : Mn(C) —> Mn(C), RbX  =  XB,  LaX  =  AX.  Equivalently, L^|e)(/| = 
|v4e)(/| and RB\e)(f\ =  \e)(B*f\. From the latter definition one can deduce that 
Tr Ra Lb =  TrA Tri?. Let |ê ) be a basis. Then |ej)(ej| form a basis in M„(C) and

TvR a Lb =  ^ ( l e . X e ^ . ^ t B l e . X e . ^ ^ d e . X ^ U B e i X / l - e , ! )
ij ij 

^ Bej) (gj, Aej) . 
υ

The equivalent form of (6.2) is the equation
n

^ 2 (W lJ,R ALBWtJ) = T v A  ΎτΒ =  TrRALB
h j=i
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for every Α , Β ζ  Mn(C). Since the operators RaLb linearly span the space of all 
linear operators on M„(C), we can conclude that form an orthonormal basis. □

We shall call any unitary satisfying the condition in the previous theorem a useful 
unitary and we shall denote the set of all n2 x n2 useful unitaries by i(n2).

We try to find a useful 4 x 4  unitary W, that is we require that the subalgebra

is complementary to A° ξ  C I  <8> M 2(C). We shall use the Cartan decom position 
of W  given by

W = ( L 1 ® L2)N (L 3 ® L4) , 

where L \ ,L 2, L3 and LA are 2 x 2  unitaries and

N  =  exp(m σ\® σΐ)  exp(/?i σ2 <g> σ2) exp(7 i σ3 <g> σ3) (6.3)

is a 4 x 4 unitary in a special form, see equation (11) in (Zhang et al., 2003) or 
(D’Alessandro et Albertini, 2005). The subalgebra

W (C I  <S> M 2(C))W* = (Li <g> L2)N (C I  ® M2(C))N*(Ll <g> L*2)

does not depend on L3 and L4, therefore we may assume that L3 =  L4 =  I.

The orthogonality of CI  <g> M2{C) and W (C I  <g> M2(C))W* does not depend on Li 
and L2. Therefore, the equations

T r N ( I  ®σί)Ν*(I ®aj) =  0

should be satisfied, 1 < i, j  < 3. We know from Theorem 6.3.1 that these conditions 
are equivalent to the property that the matrix elements of N  form a basis.

A simple computation gives that

3

N  = Ci Oj &> Uj, 
i= 0

where

Co =  cos a cos β cos 7  +  i sin a sin β  sin 7 , 
ci =  cos a sin β  sin 7  + i sin a cos β  cos 7 , 
c2 =  sin a cos β sin 7 +  i cos a sin β cos 7 , 
c3 =  sin a sin β cos 7  +  i cos a cos β  sin 7 .

(A <= M2(C))
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Therefore, we have

N =

Co +  C3 
0 

0

ci -  c2

0

0

0
Co — C3 Cl +  C2 

Cl +  C2 Co — C3

0

Cl -  C2 

0 
0

Co +  C3

e17cos(a — β) 0
_  0 e~17 cos(a + β)

0 ie_17sin(o; +  β)
ie17 sin (α — β) 0

Since the 2 x 2 blocks form a basis (see Theorem 6.3.1), we have

(co +  C3) (co —  C3) +  (co —  C3) (Co +  C3) =  0 ,

(ci — C2) (ci +  C2 ) +  (ci +  C2) (ci — c2) =  0,
I Co + C312 -(-1 cq — C312 =  1,

I Cl +  C212 +  I Cl c 212 =  1 *

These equations give

Μ 2 = Μ 2 = Μ 2 =  M 2 =  \

and we arrive at the following solution. Two of the values of cos2 a , cos2 β and cos2 7 
equal 1/2  and the third one may be arbitrary. Let M  be the set of all matrices such 
that the parameters α, β and 7 satisfy the above condition, in other words two of 
the three values are of the form π/4 +  kn/2. (k is an integer.)

The conclusion of the above argument can be formulated as follows.
Theorem  6.3.2. W  6  M (4) if and only if W  =  {L\ <g> L2)N{L^ <8> L4), where Li 
are 2 x 2  unitaries (1 < i < A) and N G ΛΛ

0
ie-17 sin(a +  β) 
e-17 cos(a + β) 

0

ie17 sin(o; — β) 
0 

0
e17 cos (α — β)

. (6.4)

We now turn to the “second stage”, that is proving that any such W  (C/  ® M2 (C) is 
far from being complementary to M2(C)(g>C/. To get a quantitative result (Theorem 
6.3.4), recall that we consider M4(C) as a Hilbert space with Hilbert-Schmidt inner 
product (see (6.1)). For the proof of Theorem 6.3.4, we shall need the following 
obvious lemma:

Lemma 6.3.3. Let /Ci and K.2 be subspaces of a Hilbert space K. and denote by 
Pj : K, —► Ki the orthogonal projection onto /Cj (i =  l , 2j. / / £ 1, £2, · · ·, Cr is an 
orthonormal basis in /Ci and 771, η2, . . . ,  % is such a basis in K2, then

T rPIP 2 = £ | t e , ’)J)|2.
hj
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□
Theorem  6.3.4. Let AP ξ  <CI <S> M2(C) and B =  M2(C) <S> C /. Assume that the 
subalgebra A 1 C M2(C) <8> M2(C) is isomorphic to M2(C) and complementary to 
A 0. 7 /P  zs ί/ie orthogonal projection onto the traceless subspace of A 1 and Q is the 
orthogonal projection onto the traceless subspace of B, then

T rP Q  > 1.

Proof. There is a unitary W  =  (Li tg> L2)N  such that A 1 =  WA°W*, L\,L2 are 
2 x 2 unitaries and N  G M{A). In the traceless subspace of B,

{L ^ L D  ® /  (1 < i < 3)

form a basis, while

(Li <g> L2)N (I ® ai)N*(Ll <g> L*2) (1 < i < 3) 

is a basis in the traceless part of A 1. Therefore, we have to show

Σ \{(Ll ®L2)N (I® ai)N*(L*1®L*),L*aJL1® I ) \ 2 =  > 1.
ϋ

In the computation we can use the conditional expectation E : M4(C) —> B. Recall 
that it is defined as the linear operator which sends στ 0  σ3 to at <S> /,  for all 0 <
i , j  <  3.

Two of its main properties are that it preserves r, and that E(AB) =  E(A)B  when 
B E B. Hence

τ [ Ν { Ι ® σ τ) Ν * { σ ^ Ι ) )  =  r ( e ( n (I ® <g>/ ) )  .

Elementary computation in the basis σ, <8> gives the following formulas:

E(N (I <S> σι)Ν*) =  sin 2/3 sin 27 (<Ti <g> /),
E(N(I <S> σ2)Ν ) =  sin2a sin2 7 (a2 <S>/),
Ε (Ν (Ι® σ 3)Ν*) =  sin 2α sin2/3 (σ2 <g> /),

where and 7  are from (6.3) and (6.4). Therefore,

Tr PQ =  sin2 2β sin2 27 +  sin2 2a sin2 2η +  sin2 2a sin2 2/3.

Recall that two of the parameters a, β  and 7  have rather concrete values, hence one 
of the three terms equals 1, and the proof is complete. □

Our main results says that there are at most four pairwise complementary subalge­
bras of M4(C) if they are assumed to be isomorphic to M2(C). Given such a family 
of subalgebras, we may assume that the above defined A° belongs to the family.
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Theorem 6.3.5. Assume that .A0 =  C /®  M2(C), A 1, . . . ,  A r are pairwise comple­
mentary subalgebras of C) and they are isomorphic to M2(C). Then r < 3.

Proof. Let Pj be the orthogonal projection onto the traceless subspace of A  from 
M4(C), 1 < i < r. Under these conditions Σ^Ρ* < I. As in Theorem 6.3.4, let 
Q the orthogonal projection on the traceless subspace of B =  M2(C) <S> C/. The 
estimate r

3 =  Tr Q > Tr(Pi +  P 2 +  · · · +  P r)Q ~ ^  ̂TrP iQ ^ τ
2 = 1

yields the proof. □
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Chapitre 7

Quantum local asymptotic normality 
for qubits

Ce chapitre derive de l’article (Gu^a et Kahn, 2006).

Resume : Nous considerons n qubits identiquement prepares et etu- 
dions les proprietes asymptotiques de l’etat joint p0n. Nous montrons 
que pour chaque etat p situe dans un voisinage de rayon 1 /  y/n autour 
d’un etat fixe p°, l’etat joint converge vers un etat thermique deplace 
d’un oscillateur harmonique. La signification precise de cette conver­
gence est l’existence de transformations physiques Tn (canaux presrvant 
la trace) qui envoient les etats des qubits pres des etats correspondants 
de l’oscillateur, uniformement sur tous les etats d’un voisinage.
Nous derivons quelques consequences de ce resultat. Nous montrons que 
la mesure optimale dans le cadre bayesien est egalement optimale dans 
une approche minimax. De plus, cette mesure converge la mesure hetero­
dyne qui est la mesure jointe optimale de la position et de l’impulsion 
d’un oscillateur harmonique quantique. Le probleme de la discrimination 
locale est aussi resolu a travers la normalite asymptotique locale.

7.1 Introduction

Quantum measurement theory brings together the quantum world of wave func­
tions and incompatible observables with the classical world of random phenomena 
studied in probability and statistics. These fields have come ever closer due to the



186 Quantum local asymptotic normality for qubits

technological advances making it possible to perform measurements on individual 
quantum systems. Indeed, the engineering of a novel quantum state is typically 
accompanied by a verification procedure through which the state, or some aspect of 
it, is reconstructed from measurement data (Schiller et al., 1996).

An important example of such a technique is that of quantum homodyne tomography 
in quantum optics (Vogel et Risken, H., 1989). This allows the estimation with 
arbitrary precision of the whole density matrix (D’Ariano et al., 1995; Leonhardt 
et al., 1995,1996; Artiles et al., 2005) of a monochromatic beam of light by repeatedly 
measuring a sufficiently large number of identically prepared beams (Smithey et al., 
1993; Schiller et al., 1996; Zavatta et al., 2004).

In contrast to this “semi-classical” situation in which one fixed measurement is per­
formed repeatedly on independent systems, the state estimation problem becomes 
more “quantum” if one is allowed to consider joint measurements on n identically 
prepared systems with joint state p0n. It is known (Gill et Massar, 2000) that in 
the case of unknown mixed states p, joint measurements perform strictly better than 
separate measurements in the sense that the asymptotic convergence rate of the op­
timal estimator pn to p goes in both case as C /yjn  with a strictly smaller constant 
C in the case of joint measurements.

Let us look at this problem in more detail: we dispose of a number of n copies of 
an unknown state p and the task is to estimate p as well as possible. The first step 
is to specify a cost function d(pn,p) which quantifies the deviation of the estimator 
pn from the true state. Then one tries to devise a measurement and an estimator 
which minimizes the mean cost or risk in statistics jargon:

with the average taken over the measurement results X.  Since this quantity still 
depends on the unknown state one may choose a Bayesian approach and try to 
optimize the average risk with respect to some prior distribution π  over the states

Results of this type have been obtained in both the pure state case (Jones, 1994; 
Massar et Popescu, 1995; Latorre et al., 1998; Fisher et al., 2000; Hannemann et al., 
2002b; Bagan et al., 2002; Embacher et Narnhofer, 2004; Bagan et al., 2005) and 
the mixed state case (Cirac et al., 1999; Vidal et al., 1999; Mack et al., 2000; Keyl 
et Werner, 2001; Bagan et al., 2004c; Zyczkowski et Sommers, 2005; Bagan et al., 
2006). However most of these papers use methods of group theory that depend on 
the symmetry of the prior distribution and the form of the cost function, and thus 
cannot be extended to arbitrary priors.

R(p,Pn) := (d(pn{X),p)},

R ( p , p n ) ^ { d p ) .
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In the pointwise approach (Hayashi, 2002a; Gill et Massar, 2000; Barndorff-Nielsen 
et Gill, R., 2000; Matsumoto, 2002; Barndorff-Nielsen et al., 2003; Hayashi et Mat- 
sumoto, 2004) one tries to minimize R(p, pn) for each fixed p. We can argue that 
even for a completely unknown state, as n becomes large the problem ceases to be 
global and becomes a local one as the error in estimating the state parameters is of 
the order For this reason it makes sense to parametrize the state as p := ρ(θ)
with Θ belonging to some set in M.k and to replace the original cost with its quadratic 
approximation at Θ:

ά(θ,θη) =  ( θ - θ η)τ Ο (θ ) (θ -θ η), 
where G is a k x k positive, real symmetric weight matrix.

Although seemingly different, the two approaches can be compared (Gill, 2005a), 
and in fact for large n the prior distribution π of the Bayesian approach should 
become increasingly irrelevant and the optimal Bayesian estimator should be close 
to the maximum likelihood estimator. An instance of this asymptotic equivalence 
is proven in Subsection 7.7 .2.

In this chapter we change the perspective and instead of trying to devise optimal 
measurements and estimators for a particular statistical problem, we concentrate 
our attention on the family of joint states ρ(θ)®η which is the primary “carrier” 
of statistical information about Θ. As suggested by the locality argument sketched 
above, we consider a neighborhood of size ^  around a fixed but arbitrary parameter 
#0) whose points can be written as θ =  θ0 +  u / y/n with u £ lRfc the “local parameter” 
obtained by zooming into the smaller and smaller balls by a factor of y/n. Very 
shortly, the principle of local asymptotic normality says that for large n the local 
family

Pn ■■= P (θο +  u/Vn)®n , llu|| < C, 
converges to a family of displaced Gaussian states </>u of a of a quantum system 
consisting of a number of coupled quantum and classical harmonic oscillators.

The term local asymptotic normality comes from mathematical statistics (van der 
Vaart, 1998) where the following result holds. We are given independent variables 
Χ ι , . . . , Χ η £ X  drawn from the same probability distribution p^+^/Vn over χ  
depending smoothly on the unknown parameter u £ lRfc. Then the statistical infor­
mation contained in our data is asymptotically identical with the information con­
tained in a single normally distributed Y  £ M.k with mean u and variance /(0O)~\ 
the inverse Fisher information matrix. This means that for any statistical problem 
we can replace the original data X i , ... ,X n £ X  by the simpler Gaussian one Y 
with the same asymptotic results!

For the sake of clarity let us consider the case of qubits with states parametrized 
by their Bloch vectors ρ (Ϋ )  =  |(1 +  ~τ~σ) where ~σ =  (σχ,σ ν,σ ζ) are the Pauli
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matrices. Define now the two-dimensional family of identical spin states obtained 
by rotating the Bloch vector =  (0 ,0,2μ — 1) around an axis in the x-y plane

P n  = u € R , (7.1)

with unitary U(v) := exp(i(vxax +  vyay)) and | < μ < 1.

Consider now a quantum harmonic oscillator with position and momentum oper­
ators Q and P  on L2(R) satisfying the commutation relations [Q,P] =  H- We 
denote by {|n), n >  0} the eigenbasis of the number operator and define the thermal 
equilibrium state

OO

φ ° = (
k=0

where p =  ^f·. We translate the state φ° by using the displacement operators 
D(z) =  exp(za* — za) with z G C which map the ground state |0) into the coherent 
state |z):

φ'“ := D ( ^ / 2 ^ l a ^ ° D ( ^ 2 ^ 1 a uY, (7.2)

where au := — uy +  iux.

Theorem 7.1.1. Let be the family of states (7.1) on the Hilbert space (C2)®” and 
φη the family (7.2) of displaced thermal equilibrium states of a quantum oscillator. 
Then for each n there exist quantum channels (trace preserving CP maps)

(7.3)
T„ : M  ((C 2) 0” )  -> T (L  

S„ : T (L2(R)) M ((C 2)®” )  , 

with T (L2(1R)) the trace-class operators, such that

lim sup ||0U -  Tn (p") ||α =  0,
n ^ ° °  U eP

lim sup ||p" -  Sn (φα) ||i =  0.
n ^ ° °  u € / 2

(7.4)

for an arbitrary bounded interval I  C

Let us make a few comments on the significance of the above result.

i) The “convergence” (7.4) of the qubit states holds in a strong way (uniformly in u) 
with direct statistical and physical interpretation. Indeed the channels Tn and Sn 
represent physical transformations which are analogues of randomizations of classical 
data (van der Vaart, 1998). The meaning of (7.4) is that the two quantum models 
are asymptotically equivalent from a statistical point of view.

7(^)
μ Ο 
Ο 1 - μ υ

u
\/η .
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ii) Indeed for any measurement M on L2(R) we can construct the measurement 
Μ o Tn on the spin states by first mapping them to the oscillator space and then 
performing M. Then the optimal solution of any statistical problem concerning the 
states p" can be obtained by solving the same problem for <pu and pulling back 
the optimal measurement M  as above. We illustrate this in Section 7.7 for the 
estimation problem and for hypothesis testing.

iii) The proposed technique may be useful for applications in the domain of coher­
ent spin states (Holtz et Hanus, 1974) and squeezed spin states (Kitagawa et Ueda, 
1993). Indeed, it has been known since Dyson (1956) that n spin-| particles pre­
pared in the spin up state | |)®η behave asymptotically as the ground state of a 
quantum oscillator when considering the fluctuations of properly normalized total 
spin components in the directions orthogonal to z. Our Theorem extends this to 
spin directions making an “angle” u/y/n with the z axis, as well as to mixed states, 
and gives a quantitative expression to heuristic pictures common in the physics lit­
erature (see Section 7.3). We believe that a similar approach can be followed in 
the case of spin squeezed states and continuous time measurements with feedback 
control (Geremia et al., 2004).

Next Section gives an introduction to the statistical ideas motivating our work. In 
Section 7.3 we give a heuristic picture of our main result based on the total spin 
vector representation of spin coherent states familiar in the physics literature.

The proof of Theorem 7.1.1 extends over the Sections 7.4,7.5,7.6 and uses methods 
of group theory and some ideas from (Hayashi et Matsumoto, 2004; Ohya et Petz, 
D., 2004; Accardi et Bach, A., 1987, 1985).

Section 7.7 describes a few applications of our main result. In Subsection 7.7.2 
we compute the local asymptotic minimax risk for the statistical problem of qubit 
state estimation. An estimation scheme which achieves this risk asymptotically is 
optimal in the pointwise approach. We show that this figure of merit coincides 
with the risk of the heterodyne measurement and that it is achieved by the optimal 
Bayesian measurement for the SU(2 )-invariant prior (Bagan et al., 2006; Hayashi 
et Matsumoto, 2004). This proves the asymptotic equivalence of the Bayesian and 
pointwise approaches.

In Subsection 7.7.1 we continue the investigation of the optimal Bayesian measure­
ment and show that it converges locally to the heterodyne measurement on the os­
cillator, which is an optimal joint measurement of position and momentum (Holevo, 
1982).

Another application is the problem discriminating between two states p^u which 
asymptotically converge to each other at rate 1 /  y/n. In this case the optimal mea­
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surement for the parameter u is not optimal for the testing problem, showing in 
particular that the quantum Fisher information in general does not encode all sta­
tistical information.

7.2 Local asymptotic normality in statistics and its 
extension to quantum mechanics

In this Section we introduce some statistical ideas which provide the motivation for 
deriving the main result.

Quantum statistical problems can be seen as a game between a statistician or physi­
cist in our case, and Nature. The latter tries to codify some information by preparing 
a quantum system in a state which depends on some parameter u unknown to the 
former. The physicist tries to guess the value of the parameter by devising measure­
ments and estimators which work well for all choices of parameters that Nature may 
make. In a Bayesian set-up Nature may build her strategy by randomly choosing a 
state with some prior distribution. In order to solve the problem the physicist is al­
lowed to use the laws of quantum physics as well as those of classical stochastics and 
statistical inference. In particular he may transform the quantum state by applying 
an arbitrary quantum channel T and obtain a new family T(pu). In general such 
transformation goes with a loss of information so one should have a good reason to 
do it but there are non trivial situations when no such loss occurs (Petz et Jencova, 
2006), that is when there exists a channel S which reverses the effect of T restricted 
to the states of interest S(T(pu)) =  pu. If this is the case the we consider the two 
families of states pu and T(pu) as statistically equivalent.

In statistics such transformations are called randomizations and a useful particular 
example is a statistic, which is just a function of the data which we want to analyze. 
When this statistic contains all information about the unknown parameter we say 
that it is sufficient, because knowing the value of this statistic alone suffices and given 
this information, the rest of the data is useless. For example if X\,...  X n e {0 ,1 } are 
results of independent coin tosses with a biased coin, then X  =   ̂ Xi is sufficient 
statistic and may be used for any statistical decision without loss of efficiency.

Quantum randomizations through quantum channels allows us to compare seemingly 
different families of states and thus opens the possibility of solving a particular 
problem by casting it in a more familiar setting. The example of this chapter is that 
of state estimation for n identical copies of a state which can be cast asymptotically 
into the problem of estimating the center of a quantum Gaussian which has a rather 
simple solution (Holevo, 1982). The term “asymptotically” means that for large n
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we can find quantum channels Tn, Sn which almost map the families of states into 
each other as in equation (7.4).

The second main idea that we want to introduce is that of local asymptotic normality. 
Back in the coin toss example we have that X  is a good estimator of the probability μ 
of obtaining a 1 and by the Central Limit Theorem the error Χ —μ has asymptotically 
a Gaussian distribution

Vn(X  -  μ) N(0 ,1 /μ(1 -  μ)),

in particular the mean error is ((X  — μ)2) =  1/(ημ(1 — μ)). Now, if for each n 
the unknown parameter μ is restricted to a local neighborhood of a fixed μ0 of size
1 /  y/K, one might expect an improvement in the error because we know more about 
the parameter and we can use that information to built better estimators. However 
this is not entirely true. Indeed if we write μ =  μο +  u/y/n then the estimator of 
the local parameter u is

un =  Vn(X  -  μο) ~»· N(u, 1/μ0(1 -  μο))

which says that the problem of estimating μ in the local parameter model is as 
difficult as the original problem, i.e. the variance of the estimator is the same. 
The reason for this is that the additional information about the location of the 
parameter is nothing new as we could guess that directly form the data with very 
high probability. Thus without changing the difficulty of the original problem we 
can look at it locally and then we see that it transforms into that of estimating 
the center of a Gaussian with fixed variance N(u, 1/μο(1 — μο)), which is a classical 
statistical problem.

In general we can formulate the following principle: given Χχ,.. .  ,X n G X  inde­
pendent with distribution Ρ θ0+u/v« depending smoothly on the unknown parameter 
u G Rk, then asymptotically this model is statistically equivalent (there exist ex­
plicit randomizations in both directions) with that of a single draw Y e  Rk from 
the Gaussian distribution N (u ,/(#o)_1) with fixed variance equal to the inverse of 
the Fisher information matrix (van der Vaart, 1998).

In the quantum case we replace the randomizations by quantum channels and the 
Gaussian limit model by its quantum equivalent which in the simplest case is a 
family of displaced thermal states of a quantum oscillator (see Theorem 7.1.1), 
but in general is a Gaussian state on a number of coupled quantum and classical 
oscillators, with canonical variables satisfying general commutation relations (Petz, 
1990).

A simple extension of Theorem 7.1.1 is obtained by adding an additional local pa­
rameter t G R for the density matrix eigenvalues such that μ =  μο+t/y/n. This leads
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to a Gaussian limit model in which we are given a quantum oscillator is in state φη 
and additionally, a classical Gaussian variable with distribution N(t, 1/μ0(1 — μο))· 
The meaning of this quantum-classical coupling is the following: asymptotically the 
problem of estimating the eigenvalues decouples from that of estimating the direction 
of the Bloch vector and becomes a classical statistical problem (identical with the 
coin toss discussed above), while that of estimating the direction remains quantum 
and converges to the estimation of a Gaussian state of a quantum oscillator. Bagan 
et al. (2006); Hayashi et Matsumoto (2004) have also observed this decoupling.

7.3 The big ball picture of coherent spin states

In this section we give a heuristic argument for why Theorem 7.1.1 holds which will 
guide our intuition in later computations.

It is customary to represent the state of two dimensional quantum system by a 
vector ~r in the Bloch sphere such that the corresponding density matrix is

P =  ~(1  +  ~τ~σ) =  7̂ (1 +  rxax +  ryay +  τζσζ),

where σι represent the Pauli matrices and satisfy the commutation relations [σ,, σ3] = 
2ieijkOk. In particular if ~r =  (0,0, ±1) then the state is given by the spin up | j) 
and respectively spin down | j) basis vectors of C2, and the 2-component of the spin 
σζ takes value ±1. As for the x and y spin components, each one may take the 
values ±1 with equal probabilities such that on average (σχ) =  (συ) =  0 but the 
variances are (σI) =  (σ2) — 1. Moreover σχ and συ do not commute and thus cannot 
be measured simultaneously.

What happens with the Bloch sphere picture when we have more spins? Consider 
for the beginning n identical spins prepared in a coherent spin up state | T}®” » then 
we can think of the whole as a single spin system and define the global observables 

=  E L i  o f  f”  i e x, y, z, where σ^  is the spin component in the direction i 
of the A:’s spin. Intuitively, we can represent the joint state by a vector of length n 
pointing to the north pole of a large sphere as in Figure 7.1. However due to the 
quantum character of the spin observables, the x and y components cannot be equal 
to zero and it is more instructive to think in terms of a vector whose tip lies on a 
small blob of the size of the uncertainties in x and y, sitting on the top of the sphere. 
Exactly how large is this blob? By using the Central Limit Theorem we conclude 
that in the limit n —> oo the distribution of the “fluctuation operator”

q(n) ·=  _ J_ rO )  _____
*  ■ V^i x V^i

I I

Σ
k=1

σ,(k)
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Figure 7.1: (Color online) Quasiclassical representation of n spin up qubits

converges to a N (0,1/2) Gaussian, that is (Sx) = 0 and (SI) ~  1/2, and similarly 
for the component Syl>. The width of the blob is thus of the order yfn in both x 
and y directions.

Now, the two fluctuations do not commute with each other

lim ®” (T I Π  4 ” ’ I T)0" =  (Ω , Π  x ■» Ω >’ V !‘  e (χ · Vh
k—1 k=1

where X x := Q and X y := P satisfy [Q,P] =  i l  and Ω  is the ground state of the 
oscillator.

The above description is not new in physics and goes back to Dyson’s (1956) theory of 
spin-wave interaction. More recently squeezed spin states (Kitagawa et Ueda, 1993) 
for which the variances (S 2) and (S 2) of spin variables are different have been found 
to have important applications various fields such as magnetometry (Geremia et al., 
2004), entanglement between many particles (Stockton et al., 2003) The connection 
with such applications will be discussed in more detail in Section 7.7.

We now rotate all spins by the same small angle for each particle as in Figure 7.2. 
As we will see, it makes sense to scale the angle by the factor i.e. to consider

rn exp (u.x&x “I" u y ) I T) u e M2.

n
(7.5)

which is the well know commutation relation for canonical variables of the quantum 
oscillator. In fact the quantum extension of the Central Limit Theorem (Ohya et 
Petz, D., 2004) makes this more precise

o(n) «
. X  ’ ^

n) j
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Figure 7.2: (Color online) Rotated coherent state of n qubits

Indeed for such angles the 2 component of the vector will change by a small quantity 
of the order yjn <  n so the commutation relations (7.5) remain the same, while 
the uncertainty blob will just shift its center such that the new averages of the 
renormalized spin components are (S ^ )  ~  —y/2uy and (Sy^) rj \/2ux. All in all, 
the spins state converges to the coherent state |au) of the oscillator where au =  
(—uy +  iux) G C and in general

with |j) representing the f  s energy level.

We consider now the case of qubits in individual mixed state μ\ ΐ)(| | +  (1—μ)| j ) ( j  | 
with < 1/2μ < 1. Then the “length” of Lz is n(2μ — 1) but the size of the blob is 
the same (see Figure 7.3). However the commutation relations of Sx and Sy do not

Figure 7.3: (Color online) Quasiclassical representation of n qubit mixed states 

reproduce those of the harmonic oscillator and we need to renormalize the spin as

OO

(2μ -  1 )n

w  I

Ια) :=exp(-H2/ 2 ) E ^ f lΛ

ο (η) —  
. —

\ν/2(2μ —  1 )η
ςΜ ·- y

λ/ 2 (2Μ-  1)η
Jy.
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The limit state will be a Gaussian state of the quantum oscillator with variance 
(Q2) = (p 2) 2(2μ—1) < i  that is a thermal equilibrium state

OO 1
Φ° =  (1 - p ) y 2 p k\k)(k\, p = -----

Finally the rotation by exp ^-^(uxax +  uyay)̂ j produces a displacement of the ther­
mal state such that (Q) =  —\/2(2μ — 1 )^  and (P) =  yj2(2μ — 1 )ux.

7.4 Local asymptotic normality for mixed qubit states

We give now a rigorous formulation of the heuristics presented in the previous Sec­
tion. Let

M o  1- / *)  < 7 '6 )

be a density matrix on C2 with μ > 1/2, representing a mixture of spin up and spin 
down states, and for every u =  (ux, uy) £ R2 consider the state

pu =  U{u)p°U(u)*

where
TTt  ̂ c /  , \\ (  cos |u| —ε~ ιφ sin |u| \
U(u) := expn(uxax +  ηνσυ)) = . , . . ,V ’  v\ \ x x y y j j   ̂ 6ιφ sm |u| cos |u| J ’

with φ =  Arg(—uy +  iux). We are interested in the asymptotic behavior as n —> oo 
of the family

=  (7.7)

where I =  [—a, a] is a fixed finite interval.

The main result is that Tn is asymptotically normal, meaning that it converges as 
n —► oo to a limit family Qn {0 U, u 6 I2} of Gaussian states of a quantum 
oscillator with creation and annihilation operators satisfying [a, a*] =  1. Let

Φ ° ~ {  1 - ρ ) Σ Λ ( * Ι ·  (7·8)
fc=0

be a thermal equilibrium state with |fc) denoting the fc’s energy level of the oscillator 
and p =  < 1. For every u G I2 define

0U := D (^ / 2 ir^ a u) t t ° \ D ( - y / 2 ^ l a u), (7.9)

Γη ■= \ Λ =  (Ρ"^) , u £ f (7.7)

where I =  [—α, α] is a fixed finite interval.

The main result is that Tn is asymptotically normal, meaning that it converges as 
n —»· oo to a limit family Qn {0 U, u G I2} of Gaussian states of a quantum 
oscillator with creation and annihilation operators satisfying [a, a*] =  1. Let

Φ ° ~ {  ι - ρ ) Σ Λ ( * Ι ·  <7·8)
fc=0

be a thermal equilibrium state with |fc) denoting the fc’s energy level of the oscillator 
and p =  < 1. For every u G I2 define

:= D ( y / 2 i ^ a M ° ] D ( - ^ / 2 i ^ l a u), (7.9)
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where D(z) := exp(za* — z*a) is the displacement operator, mapping the vacuum 
vector |0) to the coherent vector |z) and au =  (—uy +  iux) .

The exact formulation of the convergence is given in Theorem 7.1.1. Thus the state 
p“ of the n qubits which depends on the unknown parameter u can be manipulated 
by applying a quantum channel Tn such that its image converges to the Gaussian 
state 0U, uniformly in u E l 2. Conversely by using the channel Sn, the state φα can 
be mapped to a joint state of n qubits which is converges to p" uniformly in u G I2. 
By Stinespring’s theorem we know that the channels are of the form

T(p) =  Tr*; (VpV* ),
S(0 ) =  TrK' (\νψ\¥*),

where the partial traces are taken over some ancillary Hilbert spaces JC, JC' and

v . ( C 2) ® n - + L 2( 1 R ) ® / C ,

W  : L2 (R) -> (C2)®” ®/C',

are isometries (V*V =  1 and W*W  =  1).

Our task is now to identify the isometries Vn and Wn implementing the channels Tn 
and respectively Sn satisfying (7.4). The first step towards identifying these Vn is 
to use group representations methods so as to partially (block) diagonalize all the 
p" simultaneously.

7.4.1 Block decomposition

In this Subsection we show that the states p“ have a block-diagonal form given by 
the decomposition of the space (C2)0n into irreducible representations of the relevant 
symmetry groups. The main point is that for large n the weights of the different 
blocks concentrate around the representation with total spin j n =  η(μ — 1/ 2) .

The space (C2)0n carries a unitary representation πη of the one spin symmetry group 
SU(2) with 7rn(u) =  u®n for any u G SU(2), and a unitary representation of the 
symmetric group S (n) given by the permutation of factors

π η ( τ )  : Vi <8> · · · ®  v n ^  wT-i( i)  <8> · · · <8> v T- i (n), r  G S(n).

As \πη(υ), 7rn(r)] =  0 for all u G SU(2),t G S(n) we have the decomposition

(C2)®” =  ®  H , » H l  
> = 0, 1/2

(7.10)
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where the direct sum runs over all positive (half)-integers j  up to n /2 , and for 
each fixed j, Hj =  C2j+1 is a irreducible representation of SU(2) with total angular 
momentum J2 =  j ( j  + 1), and Wn =  Crtj is the irreducible representation of the 
symmetric group S(n) with rij =  -  (n/2- j- i ) ·  particular the density
matrix is invariant under permutations and can be decomposed as a mixture of 
“block” density matrices

n/2

P“ =  0  Pn(])pln ® - ·  (7-Π)
i=0,1/2 j

with probability distribution pn(j) given by (Bagan et al., 2006):

Pn{j) :=  ^  ^  ̂ +j+1 O' “  P2j+1) ’ (7·12)

where p := ^f·. A key observation is that for large n and in the relevant range of 
f  s, pn( j ) is essentially a binomial distribution

BnA k) '■= k = 0 , . . .  ,n.

Indeed we can rewrite pn(j) as

Pn(j) :=  Bn̂ (n/2 + j) x Κ^,η,μ) (7.13)

where the factor /<(j , η, μ) is given by

/ f  (j, <*, μ) :=  (1 -  P2;+1) "  +  7 -'M  ~ ^n +  (j -  +  1)/μ

and j n := η(μ — 1/ 2). As Βημ̂ is the distribution of the sum of n independent 
Bernoulli variables with individual distribution (1 — μ, μ) over { 0 , 1}, we can use the 
central limit Theorem to conclude that its mass concentrates around the average μη 
with a width of order y/n, in other words of any 0 < e < 1/2  we have

nl/2+e

lim V ]  Βη>μ(μη +  ρ) =  1. (7.14)
r—>on *n—>oo

p = —n1/ 2+t

Let us denote by Jn  ̂ the set of values j  of the total angular momentum of n qubits 
which lie in the interval [jn — nl 2̂+t, jn + n1//2+£]. Then for large n, the factor 
Κ ^ ,η ,μ )  is close to 1 uniformly over j  G Jn t and from formulas (7.13), (7.14) we 
conclude that pn(j) concentrates asymptotically in an interval of order n1/<2+f around
jn·

lim Pn(Jn,e) =  1. (7.15)n—>00

This justifies the big ball picture used in the previous section.
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7.4.2 Irreducible representations of S U ( 2 )

Here we remind the reader some details about the representation nj of SU(2) on 
Hj. Let σχ, ay, σζ be the Pauli matrices and denote 7Γ,·(σ*) =  for I =  x ,y ,z  then 
there exists an orthonormal basis {|j, m ),m =  —j , . . . ,  j }  of Hj such that

Jj,z\j,m) =  m\j, m).

Moreover, with := JhX ±  i,Jhy we have

Jj,+ \j, m) =  \J] -  rns/j + rn +  1 1j, m +  1),
Jj-\j, m) =  y/j -  m +  ly/j +  m \j, m -  1).

With these notations and p =  - as before, the state p°] n can be written as (Hayashi 
et Matsumoto, 2004)

pln =  cj(p) 53 Pi~m\hm)(j,ml
m=-j

where the normalizing factor is C j{p )  — (1 — p) / ( l  ~ p2j+1). The rotated block states 
can be obtained by applying the unitary transformation

p“n =  C/J(u /Vi ) p “ „ l,>(u/v /S)·.

with Uj(u) =  exp (i(uxj j :x +  uyJĵ y)). Finally, we define the vectors

|j,w) := Uj(w)\j,j) (7.16)

which will be used in later computations, and notice that their coordinates with 
respect to the \j,m) basis are given by (Hayashi et Matsumoto, 2004):

(j,mU,w) = ^ (^  ^ m) c ’ - ” (l -  Kl2) ^ ·  (7.17)

where ζ =  extpw sin |w| with φυ, =  Arg(—wy +  iwx).

7.5 Construction of the channels T n

For each irreducible representation space Hj  we define the isometry Vj : Hj  —> L2 (R) 
by

Vj : \j, m)  |j  -  m)  (7.18)
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where {\n),n > 0 } represents the energy eigenbasis of the quantum oscillator with 
eigenfunctions ψη(χ) =  Ηη(χ)β~ χ 2 /2/ ν/π2ηη! E L2 (M). Using the decomposition
(7.10) we put together the different blocks we construct for each η Ε N the “global” 
isometry

n/2 n/2

vn :=  Vj <S) 1 : 'Hj <8> Cnj —> L2(R) <8> /C„,
.7=0,1/2 j==0,l/2

where JCn := =0,1/2 · By tracing over we obtain the channel Tn(p) := 
Tricn(VnpV*) mapping a joint state of n spins into a state of the quantum oscillator. 
This channel satisfies the convergence condition (7.4) as shown by the estimate

IITn(pun) -  ΦΊ! =
n/2

Σ .  PbU W pIIj V; - </r

3 = 0 ,1 / 2

n/2

< Σ  ρ~ϋ)\\ν1Ρΐί ν ; - Φ %
3 = 0,1/2

< 2  ^  PnU) +  sup max WVjP^V* -  0u||i,
3tJn,< U€/2

where the first term on the right side converges to 0 by (7.15), and for the second one 
we apply the following Proposition 7.5.1 which is the major technical contribution 
of this chapter.

Proposition 7.5.1. The following uniform convergence holds

lim sup max ||Vjp“nV* -  </>u||i =  0 .
n_>° °  U e /2 3^Jn,e

where JHit is the set defined above equation (7.15).

The proof of the Proposition requires a few ingredients which in our opinion are 
important on their own for which reason we formulate them apart and refer to 
relevant papers for the proofs.
Theorem  7.5.2. (Ohya et Petz, D., 2004) Let a,b E M(Cd), satisfying Tr(a) = 
Tr (b) =  0 and define

L(a, b) =  exp(ia) exp (ib) — exp(za + ib) exp ^ [ a> ^  ·

On (C2f n we define the fluctuation operator

Ρη(^) =  ^ ] O'ii \Jn '
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where a,i =  with a acting on the i ’s position of the tensor product.
Notice that exp(iFn(a)) =  exp(ia/y/n)®n and y/n[Fn(a), Fn(b)] =  Fn([a,b]). Then

lim  \\L (Fn(a), Fn(b)) || =  0.
n —>00

The convergence is uniform over ||a||, ||6|| < C for some constant C.

This Theorem is a key ingredient of the quantum central limit Theorem (Ohya 
et Petz, D., 2004) and it is not surprising that it plays an important role in our 
quantum local asymptotic normality result which is an extension of the latter. We 
apply the Theorem to two unitaries of the form U(u) =  exp(i(uxax +  uyay)). We 
thus get information on the effect of the Uj(u) on the highest weight vectors |j , j )  
of an irreducible representation.

Corollary 7.5.3. For any unitary U and state t let Ad[f/](r) := UtU* and consider 
the rotated states

Then the following uniform convergence holds

lim sup sup v, j, n) — r(u +  v, j, n)\\i — 0.
n ^ ° °  U,V€/2 jG Jn,e

Proof First notice that

\VjX(Jx ILyCyi Vx (Jx VyCy] 2 ( u x Vy UyVx )(Jz.

Applying Theorem 7.5.2 to £/(u), we get

r(u,v,j,n) := Ad Uj

r(u + v, j , n) := Ad Uj

( I  j j )

mm)-
( »n

л/ñ
ö

( )iU +  V

\fñ

)](V

\fÜ

Now

□

The following Lemma is a slight strengthening of a theorem by Hayashi et Mat- 
sumoto (2004).

и {U )y/ñ

<8>n
и (V

л/ñ)
<8>n

- и (U +  V\¡ñ )
®n

exp ( y /ñ
Fn{az))||n —>oo

------ » n

1®- • -g) a (g)- • -<8)1

j (л I)

VjyVx
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Lemma 7.5.4. The uniform convergence holds

lim sup sup 
n̂ °° uer2 jeJn,c

VjVj ( -2 = )  Ij j )  - \ ^ 2 ^ l a u) =  0 ,

where \z) denotes a coherent state of the oscillator, andau := (—uy+iux) . Moreover 
for any sequence j n —> oo we have

lim \\Vjnp" V* -
nrt — /-ν-Ί II J Jn Jn

P T / *  ^ 0 || _  Q (7.19)

The convergence holds uniformly over all sequences j n such that j n/n > c for some 
fixed constant c > 0, so in particular for j n G JH)t.

Proof. We first prove the easier relation (7.19). As both density matrices are diag­
onal we get

\\vi~ptvj, -  * 1 ,  = (1r _ p„C t .+‘ Σ Χ

( l - p )  E ^ i
f c = 2 j „ + l

P

p* 
|2jn + 1

P

k = 0

+ p2jn+1 —> 0,

a sn ->  oo.

As for the first relation, let us denote |u, j, n) ■= v3ui(-jn)\hi) , then by (7·17) and
(7.18) we have

(k\u,j,n) =  xl ( (sin(|u|/\/n)e^)fc(cos(|u|/v/n))2·7 k. 

Now, the following asymptotic relations hold uniformly over j  G Jni :

(S)‘- ( » ‘ii+^ - ) ) ·
(2μ — l)|u|2

sm

f  I I \  2  j —k

c o s , - | J  = e x p ( -  2

/2 Λ  =  ( ( 2 / x - l  )n)k 
[ k  k\

■) (l +  0(\u\2n e)) ,

(1 +  0(n  e)),

and thus the coefficients converge uniformly to those of the corresponding coherent 
states as n —> oo

<fc|u,j,n) - ►  exp ( -
(2μ — l)|u|2\ (e»\u\y/7iT=r)'

V E
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□
Proof of Proposition 7.5.1. The main idea is to notice that φ° is a thermal equi­
librium state of the oscillator and can be generated as a mixture of coherent states 
with centered Gaussian distribution over the displacements:

Φ° =  ^ = =  J  e" W V2‘ 2 |z) (z| Λ .  (7.20)

The easiest way to see this is to think of the oscillator states in terms of their Wigner 
functions. Indeed, the Wigner function of a coherent state is

W,;(q,p) =  exp ^-(q -  V2Rez)2 -  (p -  \/2Imz)2̂  ,

and thus the state given by (7.20) has Wigner function which is the convolution 
of two centered Gaussians which is again a centered Gaussian with variance equal 
to the sum of their variances 2s2 +  1/2 which is equal to the variance of φ° for 
s2 := p /(2(1 —p))· Similarly,

0U =  J L  f  e-|z—V2^«u|2/2s2 (|z\ (z |) d2z. (7.21)
2ns2 J

Let us first remark that

\Κι>ΙΚ-Φ“1< IK-̂ >"̂ 11,+
w - p ^ p . A ,

where Pjn =  V]nV*n is the projection onto the image of V]n, and

lim sup sup ||0U -  P ^ P j A i  =  0,
U€l2

because j n —* oo uniformly and Pln converges to the identity in strong operator 
topology (a tightness property). Thus it is enough to show that

lim sup sup || p"
n ^ ° ° j n € j n , e l i e l 2

V* IJn = 0.

Now

K , - v ; j av u l  =

|Ad [<4, ( ^ ) ]  (pi) - <
I K - ^ ° ^ n | | , +

|A d  [u* ( ^ ) ]  (ν;ηΦ°ν„) - v;j-vA .
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The first term on the right side of the inequality converges to zero by Lemma 7.5.4, 
uniformly for any sequence (jn) such that j n G Jn,c and does not depend on u. 
Using (7.20) and (7.21) we bound the second term by

Μ ·/ 2π J
HzI2/2s2

sy/2 π

where the operator A (u ,z ,jn) is given by

||A(u, z, j„)||1oi2z

Δ(ιι,ζ , jn) := Ad

v *
Jn

+ \/2 μ — la u\ /z  +  \J2 μ — 1 av

We analyze the expression under the integral. Let z e I 2 be such that az =  
ζ/^/2 μ — 1, then

Ad

Ad

Ujn
u
n .

(vj*n\z)(z \v3n) -  H- λ/2/x — l a u)(z + λ/ 2 μ -  la u\Vj„ <

u \ rr (  z

V)„AdJ n

K AdJ n

( \ j n j n )  { j n j n  |) A d

( I JnJn){ j n j n |) ^  — |z ) ( z

U..Jn (\jnjn){jn jn|) +

+

u +  z
, y/n

i\jnjn) {jnjn\) |z “I” λ/2μ lQiu)(z +  λ/2μ lftu|

By Corollary 7.5.3, the first term on the right side converges to zero uniformly in 
(u,j„)  G I 2 x Jn̂ . By Lemma 7.5.4 we have that the last two terms converge to 
zero uniformly in (u, jn) e P  x Jn)t. Thus if we denote

Fn(z) := sup sup ||A(u,z, jn)^
jn£±7n,e U

then 0 < Fn(z) < 2, lim^oo Fn(z) =  0 for all z G 1R2, and by the Lebesgue 
dominated convergence theorem we get

lim - 4 =  /V |z|2/2s2Fn(z)d2z =  0. 
n~*°° s v 2 π J

This implies the statement of the Proposition 7.5.1.

□
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7.6 Construction of the inverse channel S n

To complete our proof of asymptotic equivalence as defined by (7.4), we must now 
exhibit the inverse channel Sn which maps the displaced thermal states <pu of the 
oscillator into approximations of the rotated spin states. As the latter are block 
diagonal with weights pn( j ) as defined in equation (7.12) , it is natural to look for 
Sn of the form

n/2

S n{</>) =  φ  P n ( j ) S 3M  <g> — ,

3= 0,1/2 1

where S3n are channels with outputs in Hj. Moreover because Vj : Hj —> L2(R) is 
an isometry we can choose S{ such that

Si (V,pV;) =  A (7.22)

for all density matrices p on Hr  This property does not fix the channel completely 
but it is sufficient for our purposes.

Theorem  7.6.1. The following holds

lim sup ||Sn(</>u) -  Pn Hi =  °-
n~^°°uei2

Proof. As both p" and φη are block-diagonal we may decompose their distance as

n/2

iiw)-,>;:ii,= Σ  ρ„(λιιw u) - ρ”„ιΐι
3 =  0,1/2

< Σ  + Σ  ρ-ωιι w )  - si (v>“„v7) ii,
e jEj7n,e

+ Σ  pMWsi(v,f>lnv;) - pin\\i
je Jn .c

< 2  Σ  Pn{j)+ Σ  P^U)UU -VjplnVj\\i,
j$-<3Tn,e

where we have used at the last line that S3n is a contraction and property (7.22) of 
S]n. Now the first sum is going to 0 by (7.15) and the second sum is also uniformly 
going to 0 by use of Proposition 7.5.1.

□
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7.7 Applications

7.7.1 Local asymptotic equivalence of the optimal Bayesian 
measurement and the heterodyne measurement

In this subsection we begin a comparison of the pointwise (local) point of view with 
the global one used in the Bayesian approach. The result is that the optimal SU(2) 
covariant measurement (Bagan et al., 2006; Hayashi et Matsumoto, 2004) converges 
locally to the optimal measurement for the family of displaced Gaussian states which 
is a heterodyne measurement (Holevo, 1982). Together with the results on the 
asymptotic local minimax optimality of this measurement, this closes a circle of 
ideas relating the different optimality notions and the relations between the optimal 
measurements.

Let us recall what are the ingredients of the state estimation problem in the Bayesian 
framework (Bagan et al., 2006). We choose as cost function the fidelity squared 
F(p, σ )2 =  Tr(y/\[ρσ^fp)2 and fix a prior prior distribution π over all states in C2 
which is invariant under the SU(2) symmetry group. Given n identical systems p®n 
we would like to find a measurement Mn - whose outcome is the estimator pn - which 
maximizes

By the SU(2) invariance of π, the optimal measurement can be chosen to be SU(2) 
covariant i.e.

and can be described as follows. First we use the decomposition (7.10) to make a 
“which block” measurement and obtain a result j  and the conditional state phn as in
(7.11). This part will provide us the eigenvalues of the estimator. Next we perform 
block-wise the covariant measurement Mjtn(d~s ) =  rriĵ n(~s)d~s with

I"?) to | t)· The complete estimator is then pn =  |(l +  ^ ’i >"a).

We pass now to the description of the heterodyne measurement for the quantum 
harmonic oscillator. This measurement has outcomes u G R2 and is covariant with

Rn,n ■= j {F(pn,p)2)n(dp).

UMn(da)U* =  Mn(U*doU),

m j , n ( s )  : =  ( 2 J +  l ) Uj ( s ) * \ j ) ( j \ Uj ( s )  ® l j  

whose result is a unit vector ~s where U(~s ) is a unitary rotating the vector state

respect to the translations induced by the displacement operators D(z) such that 
H(du) =  /i(u)du with

h{u) := (2μ -  1)ϋ(-^/2μ -  lau)\0)(0\D(^/2p -  la u).
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Using Theorem 7.1.1 we can map H into a measurement on the n-spin system as 
follows: first we perform the which block step as in the case of the SU(2)-covariant 
measurements. Then we map p^n into an oscillator state using the isometry Vj (see 
(7.18)), and subsequently we perform H. The result u will define our estimator for 
the local state, i.e.

U :*) 1 _  L
2 n

u
u
n .

(7.23)

We denote by Hn the resulting measurement with values in the states on C2.

The next Theorem shows that in a local neighborhood of a fixed state p°, the SU(2)- 
covariant measurement Mn and the heterodyne type measurement Hn are asymptoti­
cally equivalent in the sense that the probability distributions P(M n, p) and P(Hn, p) 
are close to each other uniformly over all local states p such that ||p — p°||i < -̂ = 
for a fixed but arbitrary constant C < oo.
Theorem  7.7.1. Let p° be as in (7.6), and let

Bn(l) =  { p ^ : v e l 2) ,  , |/| < oo

be a local family of states around p°. Then

lim sup \\P(Mn,p) — P(Hn,p)\\i =  0
n - * ° °  PeBn(i)

Proof. Note first that both P(Mn,p) and P(Hn,p) are distributions over the Bloch 
sphere and the marginals over the length of the Bloch vectors are identical because 
by construction the first step of both measurements is the same. Then

|| P(Mn, p ) - P ( H n,p)\\1 =

'y ' p n ( j )  J  | T r {Pj ,n(m j ,n(  s ) ~  hj ,n{  s ) ) ) |  d S .

According to (7.15) we can restrict the summation to the interval Jnyi around j  =  
η(μ — |). By Theorem 7.1.1 we can replace (whenever needed) the local states
Pj!rf™ by their limits in the oscillator space φν with an asymptotically vanishing 
error, uniformly over v G I2.

We make now the change of variable ~s —> u where u G R2 belongs to the ball 
|u| < 2 ^ π ,  and is the smallest vector such that U =  U(~s).

The density of the SU(2) estimator with respect to the measure du is

2j +  l
n

\j W \ u ,
u

\fn
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where J is the determinant of a Jacobian related with the change of variables such 
that J(0) =  1.

Similarly the density of the homodyne-type estimator becomes

hj,n( u) := Σ  V*h fu  +  2 k ^ n -^ ~ ) Vj |Jfc,n(u)|,
fceN '  lU' '

because displacements in the same direction which differ by multiples of 2ι/ηπ lead 
to the same unitary on the qubits. Here Jfciil(u) is again the determinant of the 
Jacobian of the map from the k-th ring to the disk, in particular Jo,n(u) =  1.

The integral becomes then

[  ^  (Pjirf1 K > ( U) -  ^ > (U)))J\\i\<2Tty/n
du.

We bound this integral by the sum of two terms, the first one being

u\<2ny/n
Tr -  hj(u du,

where hj(u) is just the term with k =  0 in hjjTl(u). By Lemma 7.5.4, for any fixed 
u we have rrijtn(u) —»· h(u) uniformly over j  £ Jn (. Using similar estimates as in 
Lemma 7.5.4 it can be shown that the function under the integral is bounded by a 
fixed integrable function <7(11) uniformly over v € / 2, and then we can use dominated 
convergence to conclude that the integral converges to 0 uniformly over v G I 2 and 
j  £ Jn,c

The second integral is

I u|<2 ny/n
Tr du,

/
J  lu

which is smaller than
Tr ( p j i f 1 h (u)) du,

r|u|>2 ny/ri

which converges uniformly to 0. This can be seen by replacing the states with φν 
which are “confined” to a fixed region of the size I 2 in the phase space, while the 
terms h(u) are Gaussians located at distance at least 2πν/η from the origin.

Putting these two estimates together we obtain the desired result.

□
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R em ark . The result in the above theorem holds more generally for all states in a 
local neighborhood of p° but for the proof we need a slightly more general version 
of Theorem 7.1.1 where the eigenvalues of the density matrices are not fixed but 
allowed to vary in a local neighborhood of (μ, 1 — μ). This result will be presented 
in a future work concerning the general case of (/-dimensional states.

7.7.2 The optimal Bayes measurement is also locally 
asymptotic minimax

In this subsection we will introduce some ideas from the pointwise approach to state 
estimation. We show that the measurement which is known to be optimal for a 
uniform prior in the Bayesian set-up, is also asymptotically optimal in the pointwise 
sense.

Using the jargon of mathematical statistics, we will call quantum statistical exper­
iment (model) (Petz et Jencova, 2006) a family {ρθ G M(Cd) : Θ G Θ} of density 
matrices indexed by a parameter belonging to a set Θ. The main examples of quan­
tum statistical experiments considered so far are that of n identical qubits

the local model

and its “limit” model
g‘ := W “, u e / 2},

where I  =  [—a, a], and and φα are defined by (7.1) and (7.2). More generally 
we can replace the square I2 by an arbitrary region K  in the parameter space and 
obtain:

g K ;= { f , u G  K  C R2}.

We shall also make use of
g -  {0 U, u G R 2}.

A natural choice of distance between density matrices is the fidelity square

F(p,<r)2 = Tr ( r f a j p ) 1 /2  2

which is locally quadratic in first order approximation, i.e.

j r . -  [p®n : p e M { C2)},

h ■.={?"=(p^y , U e i 2

F(pn,pl) ~  - I l u -  v l l  ·
77



7.7 Applications 209

As we expect that reasonable estimators are in a local neighborhood of the true 
state we will replace the fidelity square by the local distance

d(u, η) — | | ύ  — u ||2.

and define the risk of a measurement-estimator pair as RM(u, ύ) =  (d(u, u)}, keeping 
in mind the factor 1/n  relating the risks expressed in local and global parameters.

Similarly to the Bayesian approach, we are interested in estimators which have small 
risk everywhere in the parameter space and we define a worst case figure of merit 
called minimax risk.

Definition 7.7.2. The minimax risk of a quantum statistical experiment £ over the 
parameter space Θ is defined as

C (£) =  inf sup (u, ύ). (7-24)
ύ ιι£θ

where the infimum is taken over all measurements and estimators ( Μ ,  ύ ) .

The minimax risk tells us how difficult is the model and thus we expect that if two 
models are “close” to each other then their minimax risks are almost equal. The 
“statistical distance” between quantum experiments is defined in a natural way with 
direct physical interpretation and such a problem has been already addressed by 
Chefles et al. (2003) for the case of a quantum statistical experiment consisting of a 
finite family of pure states.

Definition 7.7.3. Let £ =  {ρθ 6  M(Cd) : Θ e  Θ} and T  =  { τ θ e  M(0>) : Θ e  Θ} 
be two quantum statistical experiments (models) with the same parameter space Θ. 
We define the discrepancies

δ(ε, F )  =  inf sup ||T(//) -  re||i,
T θ βθ

<5(JF, £) =  inf sup \\ρθ -  S (re)||i,
5 θ β θ

where the infimum is taken over all trace preserving channels T : M(Cd) —> M(CP) 
and S : M(C^) M(Cd).

With this terminology, our main result states that for any bounded interval /:

lim max (<5(J ,̂ Gr), 5(QI, J7̂ )) =  0. (7.25)
n—»oo

As suggested above, the discrepancy has a direct statistical interpretation: if we want 
to estimate Θ in both statistical experiments £ and T  and we choose a bounded loss 
function ά(θ,θ) < K  then for any measurement and estimator Θ for T  with risk
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Rm {9,0) =  {ά{θ,θ)) we can find a measurement N on ε  whose risk is at most 
Rm (0, θ) + Κδ(£, J7). Indeed if we choose T such that the infimum in the definition 
of δ (ε ,Τ )  is achieved, we can map the state ρθ through the channel T and then 
perform M  to obtain an estimator Θ for which

Λλγ(Μ) =  WJ)) = J  ά{θ,θ)Ίτ (Τ(ρθ)Μ(άθ))

J  ά(θ,θ)Τν ( τ βΜ(άθή  +  P IU IΤ{ρθ)

κ Μ{θ,θ) +  κ δ {ε ,Γ ) .

<

7-ΊΙΐ <

This means that asymptotically the difficulty of estimating the parameter Θ in the 
two models is the same. With the above definition of the minimax risk and using 
the convergence (7.25) we obtain the following lemma.
Lemma 7.7.4. Let I =  [—a, a] with 0 < a < oo, then

lim C(Fl)  =  C (e ')

The minimax risk for the local family is a figure of merit for the “local difficulty” 
of the global model Tn. It asymptotically converges to the minimax risk of a family 
of thermal states. However this quantity depends on the arbitrary parameter I =  
[—a, a] which we would like to remove as our last step in defining the local asymptotic 
minimax risk:

Ci.a.m.^n : n G N) := lim lim C(T„) =  lim C (0r).
a—*oo τι—»·oo a—>oo

As one might expect, the minimax risks for the restricted families of thermal states 
will converge to that of the experiment with no restrictions on the paramaters. The 
proof of this fact is however non-trivial.
Lemma 7.7.5. Let I =  [—a, a], then we have

lim C g 1) =  c ( g )
a —* oo

Moreover the heterodyne measurement saturates C(Q), and thus C(Q) is equal to the 
Holevo bound.

Proof. The inequality in one direction is easy. For any estimator, 
supue/ 2 R m (u, u) < supu6M2 -Rm(u, u), so that C(QI) <  C(Q) and the same holds for 
the limit. By the same reasoning, for any K\ C K 2 C M2 we have C(QKl) < C(QK2).

When calculating minimax bounds we are interested in the worst risk of estimators 
within some parameter region K , and this worst risk is obviously higher than the
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Bayes risk with respect to the probability distribution with constant density on K. 
We shall work on B(0,c +  b) the ball of center 0 and radius (c +  b), with b >  c, and 
denote our measurement M  with density m(ii)dii. In general M  need not have a 
density, but this will ease notations. Then

sup Rm (u, u) >
u EJE?(0,c+ 6 )

ί  τ /~ 7 μ 2 Hu- ύΙΙ2T r · (7·26)
J B(0,c+6)xR2 +  O)

We fix the following notations

f { V ) =  I  d u d v | |x -y | |2Tr(0um(v)), 
Jv

g(V) =  f  dudv Tr (</>um (v)) ,
Jv

and define the domains

T>i =  {(u, ύ)|ιι-€ B(Q,c +  b), u G M2} 
V 2 =  {(u  +  k, k)|u G B(0 , c ) ,k  G B(0 , b)}
V z =  {(u ,u  +  h)|u G B(0,b -  c),h  € B(0,c)}
V 4 =  {(u, u +  h)|u e  B(0, b -  c), h G R2\i?(0, c)}.

Notice the following relations:

P 3 C X>2 C P i, £>4 C Τ>ι\Τ>2· (7.27)

Then (7.26) can be rewritten as

sup (u, u) > - ■ — ■ /(P i).
u E £?(0 ,c+ 6) 7 r ( 6  -)- Cj

The following inequalities follow directly from the definitions:

f m  < c2g(V2) 
f ( V 4) > c2g(Vt )

f(T>3 )  <  c 2S ( V 3 ) 

g(V,) + g(Dz) = n(b -  c)2.
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Using these and (7.27), we may write:

1 r/(®i) > , 1 (/(®2) + / (» 4))

mu(l) := D {-yJ2μ -  1αυ)ίη(1)£>(ν/2μ -  la u)·

Then

g(V2) =  [  dudkTr [0u+km(k)] = T rJ B(0,c)xB(0,b)I B(0,c)xB(0,b)

where we have written

III ii

4>c= 0udu, rhh = I mk(k)dk.
JB(0, c)  JB(0,b)

Upon writing vc := / B(0c) ||u||20udu, we get similarly f ( V 2) =  Tr [vcfhb]. Note that
by rotational symmetry vc and φ(. are diagonal in the number operator eigenbasis, 
so without restricting the generality we may assume that rhb is also diagonal in that 
basis: πι̂  =  We have then

/ ( ^ )  _  Σ . €ν Pk(k\vc\k) ^ {k\vc\k)
YlkeNPkikl&dk} ~ keN {k\(f>c\k}

The infimum on the right side is achieved by the vacuum vector. By Lemma 7.7.6, 
this fact follows from the inequality

(< #uw  > (0|<r|Q) Ni, > lhi ,,
W »| t>  -  (ο|ψ"=|ο)’ 11 11 _  11

which can be checked by explicit calculations.

>
7r(c + ϊ  ( m + c29m )

10 -  C) /  J \ u 2) 9 { V 2) 2 _  2 

(b + c)2 \g{T>2) π(6 -  c)2
> (6 - c)2 ^ 2 |  9 m  j m )  c2

9 \ u  3j

π(6 — c)s

>

(6 + c)2 \ π(6 — c)2

(ft -  )̂2 m )
(b +  c)2 #(£>2) '

A ® *)

(7.28)

We analyze now the expression f ( V 2)/g(V2). By using the definition (7.2) of the 
displaced thermal states </>u we get that Tr [0u+km(l)] =  Tr [</>kmu(l)], where
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Letting now c and b go to infinity with c =  o(b) and using (7.28), we obtain that

/r 2<0 |<T|0> M\2dulim C(Qa) >
/R2(0|</>u|0) du

which is exactly the pointwise risk of the heterodyne measurement H(du) =  h(u)du 
whose density is

h(u) =  (2 μ -  l )D (-y / 2^ 1au)\0 ){0 \D(-y/2 i ^ T a u).

By symmetry this pointwise risk does not depend on the point, so that C(Q) < 
Rh {u, u). And we have our second inequality: lim^oo C(Qa) > C(Q).

Moreover, the heterodyne measurement is known to saturate the Holevo bound for 
G =  Id and the Cramer-Rao bound for locally unbiased estimators (Holevo, 1982; 
Hayashi et Matsumoto, 2004). We conclude that the local minimax risk for qubits 
is equal to the minimax risk for the limit Gaussian quantum experiment which is 
achieved by the heterodyne measurement.

□
Lemma 7.7.6. Let p and q be two probability densities on [0,1] and assume that

Xl > Xo/ \ _  / \ ? J-'l _  3̂2*p(x2) q(x2)

Then f  x2p(x)dx > f  x2q(x)dx.

Proof. It is enough to show that there exists a point x0 € [0,1] such that p(x) < q(x) 
for x < xo and p(x) > q{x) for x > χϋ. Now, if p(x) < q(x) then by using the 
assumption we get that p(y) < q(y) for all y < x. Similarly, if p(x) > q(x) then 
p(y) ^ q(v) f°r V ^ x - This implies the existence of the crossing point x0-

□
We end this section with the conclusion that the optimal measurement from the 
Bayesian point of view is also asymptotically optimal from the pointwise point of 
view. Let us denote by (M„, u) the measurement-estimator pair from (Bagan et al., 
2006; Hayashi et Matsumoto, 2004).

Proposition 7.7.7. The optimal measurement-estimator pair (M „,u) is a local 
asymptotic minimax estimation scheme. That is

lim RMc0v(υ,ύ) =  C\.&.m(Fn : n G N).
n — ► OO
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Proof. The pointwise risk of Mcov is known to converge to that of the heterodyne 
measurement (Bagan et al., 2006). The rest follows from Lemma 7.7.4 and Lemma 
7.7.5.

□

7.7.3 Discrimination of states

Another illustration of the local asymptotic normality Theorem is the problem of 
discriminating between two states p+ and p~. When the two states are fixed, this 
problem has been solved by Helstrom (1976), and if we are given n systems in state 

then the probability of error converge to 0 exponentially. Here we consider 
the problem of distinguishing between two states p* which approach each other as 
n —> oo with rate ||p+ — [ji m ^=. In this case the probability of error does not 
go to 0 because the problem becomes more difficult as we have more systems, and 
converges to the limit problem of distinguishing between two fixed Gaussian states 
of a quantum oscillator.

This problem is interesting for several reasons. Firstly it shows that the conver­
gence in Theorem 7.1.1 can be used for finding asymptotically optimal procedures 
for various statistical problems such as that of parameter estimation and hypothe­
sis testing. Secondly, for any fixed n the optimal discrimination is performed by a 
rather complicated joint measurement and the hope is that the asymptotic problem 
of discriminating between two Gaussian states may provide a more realistic mea­
surement which can be implemented in the lab. Thirdly, this example shows that a 
non-commuting one-parameter families of states is not “classical” as it is sometimes 
argued, but should be considered as a quantum “resource” which cannot be trans­
formed into a classical one without loss of information. More explicitly, the optimal 
measurement for estimating the parameter is not optimal for other statistical prob­
lems such as the one considered here, and thus different statistical decision problems 
are accompanied by mutually incompatible optimal measurements.

Let is recall the framework of quantum hypothesis testing for two states p±\ we 
consider two-outcomes POVM’s Μ  =  (M_, M+) with 0 < M+ < 1 and M_ =  1 — 
M+ such that the probability of error when the state is p~ is given by Tr(M+p_),and 
similarly for p+. As we do not know the state, we want to minimize our worst-case 
probability error. Our figure of merit (the lower, the better) is therefore:

R(p+, p~) =  inf max {Tr(p+M_), Tr(p+M _)}
M

Now we are interested in the case when p± =  p^u as defined in (7.1), and in the 
limit p± =  φ±η (recall that both and φη depend on μ). We then have:
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Theorem  7.7.8. The following limit holds

lim =
71— > OO

Moreover for pure states this limit is equal to ^1 — (1 — e_4^2)1//2̂  /2  which is
strictly smaller than 1/2  — er/((u|) which is the limit if we do not use collective 
measurements on the qubits. Here we have used this convention for the error func­
tion: erf(x )  =  f*  e~t2/y/nd t.

Proof. Let M  be the optimal discrimination procedure <fi±u. Then we use the channel 
Tn to send pftu to states of the oscillator and then perform the measurement M. 
By Theorem 7.1.1, ||0±u -  Τη{ρ^)\\λ -  0 so that Tr (Tn(p±u)MT) -> Tr (0±UMT). 
Thus Μ  o Tn is asymptotically optimal for p^u.

Now for pure states \fi+) and 10 _) the optimal measurement is well-known (Gu^a 
et Kahn, 2009; Chefles, 2000). It is unique on the span of these pure states and 
arbitrary on the orthogonal. If we choose the phase such that (-0— |V;+) > O'? then 
M+ is the projector on the vector

k/>+) +  ^ - >  +  \Ρ+) -  IV’ - )
2\/l +  (V’-l</’+}

and the associated risk is

I d  _  y i  -  i(v.+iv>-)i2).

Now in our case, in the limit experiment, φη is the coherent state

|V;u) =  e _ 'u 2̂^2 ^  |u\n/ V n \  |n ) .

n

So that

« -„ ]^ u ) =  e ^ ^ L n e :  =  ^ 2W2·Z ' n!
n

and i?(0 u, φ~α) =  \ ^1 — V l — .

We would like to insist here that the best measurement for discrimination is not 
measuring the positive part of the position observable Q (we assume by symmetry 
that ± u  is on the first coordinate), as one might expect from the analogy with 
the classical problem. Indeed if we measure Q then we obtain a classical Gaussian 
variable with density p(x) — fy/ττ and the best guess at the sign ±  has in
this case the risk 1/2  -  er/(|u|).
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This may be a bit surprising considering that measuring Q preserves the quantum 
Fisher information. The conclusion is simply that the quantum Fisher information 
is not an exhaustive indicator of the statistical information in a family of states, as 
it may remain unchanged even when there is a clear degradation in the inference 
power. This example fits in a more general framework of a theory of quantum 
statistical experiments and quantum decisions (Gu^a).

□

7.7.4 Spin squeezed states and continuous time measurements

In an emblematic experiment for the field of quantum filtering and control, Geremia 
et al. (2004) have shown how spin squeezed states can be prepared deterministically 
by using continuous time measurements performed in the environment and real time 
feedback on the spins. Without going in the details, the basic idea is to describe 
the evolution of identically prepared spins by passing first to the coherent state 
picture. There one can easily solve the stochastic Schrodinger equation describing 
the evolution (quantum trajectory) of the quantum oscillator conditioned on the 
continuous signal of the measurement device. The solution is a Gaussian state 
whose center evolves stochastically while one of the quadratures gets more and 
more squeezed as one obtains more information through the measurement. Using 
feedback one can then stabilize the center of the state around a fixed point.

This description is of course approximative and holds as long as the errors in iden­
tifying the spins with Gaussian states are not significant. The framework developed 
in the proof of Theorem 7.1.1 can then be used to make more precise statements 
about the validity of the results, including the squeezing process.

Perhaps more interesting for quantum estimation, such measurements may be used 
to perform optimal estimation of spin states. The idea would be to first localize the 
state in a small region by performing a weak measurement and then in a second 
stage one performs a heterodyne type measurement after rotating the spins so that 
they point approximately in the 2 direction. We believe that this type of procedure 
has better chances of being implemented in practice compared with the abstract 
covariant measurement of Bagan et al. (2006); Hayashi et Matsumoto (2004).



Chapitre 8

Optimal estimation of qubit states 
with continuous time measurements

Ce chapitre derive de l’article (Gu^a et al., 2008).

Resume : Nous proposons une strategie adaptative, en deux temps, 
pour estimer l’etat melange d’un qubit. Nous montrons l’optimalite de 
cette strategie dans un sens minimax local, pour la distance de la trace 
ainsi que pour d’autres fonctions de cout quadratiques. L’optimalite min­
imax locale signifie qu’etant donnes n qubits identiques, il n’existe au- 
cun estimateur qui fasse mieux que celui propose sur un voisinage de 
taille n-1/2 autour d’un etat quelconque. En particulier, l’estimateur est 
asymptotiquement optimal au sens bayesien pour une grande classe de 
distributions a priori.
Nous proposons une implementation physique de cette strategie d’es­
timation optimale, basee sur les mesures en temps continu de champs 
couples aux qubits.
L’ingredient fondamental de ce resultat est le concept de normalite asymp- 
totique locale (ou LAN) pour les qubits. Elle signifie que, pour de grands 
n, le modele statistique qui decrit n qubits prepares de maniere identique 
est localement equivalent a un modele qui decrit une distribution gaussi- 
enne classique couplee a un etat gaussien sur un oscillateur harmonique 
quantique.
Le terme «local» fait reference au voisinage qui retrecit autour d’un etat 
fixe po· Un resultat essentiel est que le rayon de ce voisinage peut etre 
choisi aussi proche que l’on veut de n-1//4. Ceci nous permet d’utiliser 
une procedure en deux temps, ou nous commengons par localiser l’etat
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dans un petit voisinage de rayon nx/2+e, puis utilisons LAN pour effectuer 
l’estimation optimale.

8.1 Introduction

State estimation is a central topic in quantum statistical inference (Holevo, 1982; 
Helstrom, 1976; Barndorff-Nielsen et al., 2003; Hayashi, 2005b). In broad terms the 
problem can be formulated as follows : given a quantum system prepared in an un­
known state p, one would like to reconstruct the state by performing a measurement 
M  whose random result X  will be used to build an estimator p(X) of p. The quality 
of the measurement-estimator pair is given by the risk

Rp(M,p) =  E(d(p(X),p)2) ,  (8.1)

where d is a distance on the space of states, for instance the fidelity distance or the 
trace norm, and the expectation is taken with respect to the probability distribution 

of X, when the measured system is in state p. Since the risk depends on the 
unknown state p, one considers a global figure of merit by either averaging with 
respect to a prior distribution π (Bayesian setup)

Rn(M,p) =  j  n(dp)Rp(M,p), (8.2)

or by considering a maximum risk (pointwise or minimax setup)

Rma.x(M, p) =  sup Rp(M, p). (8.3)
P

An optimal procedure in either setup is one which achieves the minimum risk.

Typically, one measurement result does not provide enough information in order 
to significantly narrow down on the true state p. Moreover, if the measurement is 
“informative” then the state of the system after the measurement will contain little 
or no information about the initial state (Janssens, 2006) and one needs to repeat 
the preparation and measurement procedure in order to estimate the state with the 
desired accuracy.

It is then natural to consider a framework in which we are given a number n of 
identically prepared systems and look for estimators pn which are optimal, or be­
come optimal in the limit of large n. This problem is the quantum analogue of the 
classical statistical problem (van der Vaart, 1998) of estimating a parameter Θ from 
independent identically distributed random variables X i , ... ,X n with distribution
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P<9, and some of the methods developed in this chapter are inspired by the classical 
theory.

Various state estimation problems have been investigated in the literature and the 
techniques may be quite different depending on a number of factors : the dimension 
of the density matrix, the number of unknown parameters, the purity of the states, 
and the complexity of measurements over which one optimizes. A short discussion 
on these issues can be found in section 8 .2 .

In this chapter we give an asymptotically optimal measurement strategy for qubit 
states that is based on the technique of local asymptotic normality introduced by 
Gut;a et Kahn (2006); Gu^a et Jencova (2007). The technique is a quantum gener­
alisation of Le Cam’s (1986) classical statistical result, and builds on previous work 
of Hayashi et Matsumoto (2004). We use an adaptive two stage procedure involving 
continuous time measurements, which could in principle be implemented in practice. 
The idea of adaptive estimation methods, which has a long history in classical statis­
tics, was introduced in the quantum set-up by Barndorff-Nielsen et Gill, R. (2000), 
and was subsequently used by Gill et Massar (2000); Hayashi (2002a); Hayashi et 
Matsumoto (2005). The aim there is similar : one wants to first localize the state and 
then to perform a suitably tailored measurement which performs optimally around a 
given state. A different adaptive technique was proposed independently by Nagaoka 
(2005) and further developed by Fujiwara (2006).

F i g . 8.1 -  After the first measurement stage the state p lies in a small ball centered
at Pn.

In the first stage, the spin components σχ, συ and σζ are measured separately on 
a small portion η <  n of the systems, and a rough estimator pn is constructed. 
By standard statistical arguments (see Lemma 8 .2 .1) we deduce that with high 
probability, the true state p lies within a ball of radius slightly larger than n-1/2, say 
n- i /2+e e > o, centered at pn. The purpose of the first stage is thus to localize 
the state within a small neighborhood as illustrated in Figure 8.1 (up to a unitary 
rotation) using the Bloch sphere representation of qubit states.
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This information is then used in the second stage, which is a joint measurement on 
the remaining η — n systems. This second measurement is implemented physically 
by two consecutive couplings, each to a bosonic field. The qubits are first coupled to 
the field via a spontaneous emission interaction and a continuous time heterodyne 
detection measurement is performed in the field. This yields information on the 
eigenvectors of p. Then the interaction is changed, and a continuous time homodyne 
detection is performed in the field. This yields information on the eigenvalues of p.

We prove that the second stage of the measurement is asymptotically optimal for all 
states in a ball of radius η~ι/2+η around pn. Here η can be chosen to be bigger that 
e > 0 implying that the two stage procedure as a whole is asymptotically optimal 
for any state as depicted in Figure 8.2.

Fig. 8.2 -  The smaller domain is the localization region of the first step. The second 
stage estimator is optimal for all states in the bigger domain.

The optimality of the second stage relies heavily on the principle of local asymptotic 
normality or LAN, see (van der Vaart, 1998), which we will briefly explain below, 
and in particular on the fact that it holds in a ball of radius η~ι/2+η around pn 
rather than just n-1//2 as it was the case in Gu^a et Kahn’s 2006 article.

Let po be a fixed state. We parametrize the neighboring states as pu/^, where 
u =  (ux,uy,uz) e 1R3 is a certain set of local parameters around po. Then LAN 
entails that the joint state p" := of n identical qubits converges for n —> oo
to a Gaussian state of the form Nu <g> 0U, in a sense explained in Theorem 8.3.1. 
By Nu we denote a classical one-dimensional normal distribution centered at uz. 
The second term φη is a Gaussian state of a harmonic oscillator, i.e. a displaced 
thermal equilibrium state with displacement proportional to (ux,uy). We thus have 
the convergence

to a much simpler family of classical -  quantum states for which we know how to 
optimally estimate the parameter u (Holevo, 1982; Yuen et Lax, M., 1973).

The idea of approximating a sequence of statistical experiments by a Gaussian one 
goes back to Wald (1943), and was subsequently developed by Le Cam (1986) who

to a much simpler family of classical -  quantum states for which we know how to 
optimally estimate the parameter u (Holevo, 1982; Yuen et Lax, M., 1973).

The idea of approximating a sequence of statistical experiments by a Gaussian one 
goes back to Wald (1943), and was subsequently developed by Le Cam (1986) who

P ~rn <8> <T,
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coined the term local asymptotic normality. In quantum statistics the first ideas in 
the direction of local asymptotic normality for d-dimensional states appeared in a 
Japanese paper (Hayashi, 2003), as well as in Hayashi’s conferences and were subse­
quently developed by Hayashi et Matsumoto (2004). In Theorem 8.3.1 we strengthen 
these results for the case of qubits, by proving a strong version of LAN in the spirit 
of Le Cam’s pioneering work. We then exploit this result to prove optimality of the 
second stage. A different approach to local asymptotic normality has been developed 
by Guta et Jencova (2007) to which we refer for a more general exposition on the 
theory of quantum statistical models. A short discussion on the relation between 
the two approaches is given in the remark following Theorem 8.3.1.

From the physics perspective, our results put on a more rigorous basis the treatment 
of collective states of many identical spins, the keyword here being coherent spin 
states (Holtz et Hanus, 1974). Indeed, it has been known since Dyson (1956) that 
n spin-1 particles prepared in the spin up state | j } 181” behave asymptotically as the 
ground state of a quantum oscillator, when considering the fluctuations of properly 
normalized total spin components in the directions orthogonal to z. We extend this 
to spin directions making an “angle” of order n_1/2+7? with the z axis, as illustrated 
in Figure 8.3, as well as to mixed states. We believe that a similar approach can be 
followed in the case of spin squeezed states and continuous time measurements with 
feedback control (Geremia et al., 2004).

Fig. 8.3 -  Total spin representation of the state of η 1 spins : the quantum 
fluctuations of the x and y spin directions coincide with those of a coherent state of 
a harmonic oscillator.

In Theorem 8.4.1 we prove a dynamical version of LAN. The trajectory in time 
of the joint state of the qubits together with the field converges for large n to the 
corresponding trajectory of the joint state of the oscillator and field. In other words, 
time evolution preserves local asymptotic normality. This insures that for large n 
the state of the qubits “leaks” into a Gaussian state of the field, providing a concrete 
implementation of the convergence to the limit Gaussian experiment.



222 Optimal estimation of qubit states with continuous time measurements

The punch line of the chapter is Theorem 8.6.1 which says that the estimator pn 
is optimal in local minimax sense, which is the modern statistical formulation of 
optimality in the frequentist setup (van der Vaart, 1998). Also, its asymptotic risk 
is calculated explicitly.

The chapter is structured as follows : in section 8.2, we show that the first stage of 
the measurement sufficiently localizes the state. In section 8.3, we prove that LAN 
holds with radius of validity n~1//2+?', and we bound its rate of convergence, sections
8.4 and 8.5 are concerned with the second stage of the measurement, i.e. with the 
coupling to the bosonic field and the continuous time field-measurements. Finally, 
in section 8 .6 , asymptotic optimality of the estimation scheme is proven.

The technical details of the proofs are relegated to the appendices in order to give 
the reader a more direct access to the ideas and results.

8.2 State estimation

In this section we introduce the reader to a few general aspects of quantum state 
estimation after which we concentrate on the qubit case.

State estimation is a generic name for a variety of results which may be classified 
according to the dimension of the parameter space, the kind or family of states to 
be estimated and the preferred estimation method. For an introduction to quantum 
statistical inference we refer to the books by Helstrom (1976) and Holevo (1982) 
and the more recent review paper by Barndorff-Nielsen et al. (2003). The collection 
(Hayashi, 2005b) is a good reference on quantum statistical problems, with many 
important contributions by the Japanese school.

For the purpose of this chapter, any quantum state representing a particular prepa­
ration of a quantum system, is described by a density matrix (positive selfadjoint 
operator of trace one) on the Hilbert space TL associated to the system. The algebra 
of observables is Β(Τί), and the expectation of an observable a G B(Ti) with respect 
to the state p is Tv (pa). A measurement M  with outcomes in a measure space (X, Σ) 
is completely determined by a σ-additive collection of positive selfadjoint operators 
M(A) on Ή, where A is an event in Σ. This collection is called a positive operator 
valued measure. The distribution of the results X  when the system is in state p is 
given by Pp(A) =  Tr(pM(A)).

We are given n systems identically prepared in state p and we are allowed to per­
form a measurement Mn whose outcome is the estimator pn as discussed in the 
Introduction.
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The dimension of the density matrix may be finite, such as in the case of qubits or d- 
levels atoms, or infinite as in the case of the state of a monochromatic beam of light. 
In the finite or parametric case one expects that the risk converges to zero as n-1 
and the optimal measurement-estimator sequence (Mn, pn) achieves the best constant 
in front of the n-1 factor. In the non-parametric case the rates of convergence are 
in general slower that n-1 because one has to simultaneously estimate an infinite 
number of matrix elements, each with rate n~l . An important example of such an 
estimation technique is that of quantum homodyne tomography in quantum optics 
(Vogel et Risken, H., 1989). This allows the estimation with arbitrary precision 
(D’Ariano et al., 1995; Leonhardt et al., 1995, 1996) of the whole density matrix of 
a monochromatic beam of light by repeatedly measuring a sufficiently large number 
of identically prepared beams (Smithey et al., 1993; Schiller et al., 1996; Zavatta 
et al., 2004). Artiles et al. (2005); Butucea et al. (2007) have shown how to formulate 
the problem of estimating infinite dimensional states without the need for choosing 
a cut-off in the dimension of the density matrix, and how to construct optimal 
minimax estimators of the Wigner function for a class of “smooth” states.

If we have some prior knowledge about the preparation procedure, we may encode 
this by parametrizing the possible states as p — ρθ with θ € Θ some unknown 
parameter. The problem is then to estimate Θ optimally with respect to a distance 
function on Θ.

Indeed, one of the main problems in the finite dimensional case is to find optimal 
estimation procedures for a given family of states. It is known that if the state p 
is pure or belongs to a one parameter family, then separate measurements achieve 
the optimal rate of the class of joint measurements (Matsumoto, 2002). However 
for multi-dimensional families of mixed states this is no longer the case and joint 
measurements perform strictly better than separate ones (Gill et Massar, 2000).

In the Bayesian setup, one optimizes R7!{Mn, pn) for some prior distribution π. We 
refer to (Jones, 1994; Massar et Popescu, 1995; Latorre et al., 1998; Fisher et al., 
2000; Hannemann et al., 2002b; Bagan et al., 2002; Embacher et Narnhofer, 2004; 
Bagan et al., 2005) for the pure state case, and to (Cirac et al., 1999; Vidal et al., 
1999; Mack et al., 2000; Keyl et Werner, 2001; Bagan et al., 2004c; Zyczkowski et 
Sommers, 2005; Bagan et al., 2006) for the mixed state case. The methods used here 
are based on group theory and can be applied only to invariant prior distributions 
and certain distance functions. In particular, the optimal covariant measurement in 
the case of completely unknown qubit states was found by Bagan et al. (2006) and 
Hayashi et Matsumoto (2004), but it has the drawback that it does not give any 
clue as to how it can be implemented in a real experiment.

In the pointwise approach (Hayashi, 2002a; Hayashi et Matsumoto, 2005; Gill et 
Massar, 2000; Barndorff-Nielsen et Gill, R., 2000; Fujiwara et Nagaoka, H., 1995;
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Matsumoto, 2002; Barndorff-Nielsen et al., 2003; Hayashi et Matsumoto, 2004) one 
tries to minimize the risk for each unknown state p. As the optimal measurement- 
estimator pair cannot depend on the state itself, one optimizes the maximum risk 
Rmax(Mn, pn), (see (8.3)), or a local version of this which will be defined shortly. The 
advantage of the pointwise approach is that it can be applied to arbitrary families of 
states and a large class of loss functions provided that they are locally quadratic in 
the chosen parameters. The underlying philosophy is that as the number n of states 
is sufficiently large, the problem ceases to be global and becomes a local one as the 
error in estimating the state parameters is of the order n-1/2.

The Bayesian and pointwise approaches can be compared (Gill, 2005a), and in fact 
for large n the prior distribution π of the Bayesian approach becomes increasingly 
irrelevant and the optimal Bayesian estimator becomes asymptotically optimal in 
the minimax sense and vice versa.

8.2.1 Qubit state estimation : the localization principle

Let us now pass to the quantum statistical model which will be the object of our 
investigations. Let p G M2(C) be an arbitrary density matrix describing the state of 
a qubit. Given n identically prepared qubits with joint state p®n, we would like to 
optimally estimate p based on the result of a properly chosen joint measurement Mn. 
For simplicity of the exposition we assume that the outcome of the measurement 
is an estimator pn G M2(C). In practice however, the result X  may belong to a 
complicated measure space (in our case the space of continuous time paths) and the 
estimator is a function of the “raw” data pn := pn(X). The quality of the estimator 
at the state p is quantified by the risk

RP(Mn, pn) := E P(d(p,pn)2),

where d is a distance between states. The above expectation is taken with respect 
to the distribution Pp(dx) := Tr(pM(dx)) of the measurement results, where M(dx) 
represents the associated positive operator valued measure of the measurement M. 
In our exposition d will be the trace norm

\\pi - P 2II1 :=Tr(|p! - p 2|),

but similar results can be obtained using the fidelity distance. The aim is to find a 
sequence of measurements and estimators (Mn,pn) which is asymptotically optimal 
in the local minimax sense : for any given p0

limsup sup nRp(Mn, pn) < lim sup sup nRp(Nn,pn),
n->  oo ||p-po||i<ii“ 1/2+£ n - ^ 0 0  ||p—po ||i<n—1/ 2+e
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for any other sequence of measurement-estimator pairs (Nn, pn). The factor n is 
inserted because typically Rp(Mn,pn) is of the order 1/n and the optimization is 
about obtaining the smallest constant factor possible. The inequality says that one 
cannot find an estimator which performs better that pn over a ball of size n-1/2+e 
centered at p0, even if one has the knowledge that the state p belongs to that ball!

Here, and elsewhere in the chapter e will appear in different contexts, as a generic 
strictly positive number and will be chosen to be sufficiently small for each specific 
use. At places where such notation may be confusing we will use additional symbols 
to denote small constants.

As set forth in the Introduction, our measurement procedure consists of two steps. 
The first one is to perform separate measurements of σχ, σν and σζ on a fraction 
ϊί =  n{n) of the systems. In this way we obtain a rough estimate pn of the true state 
p which lies in a local neighborhood around p with high probability. The second step 
uses the information obtained in the first step to perform a measurement which is 
optimal precisely for the states in this local neighborhood. The second step ensures 
optimality and requires more sophisticated techniques inspired by the theory of local 
asymptotic normality for qubit states (Gut̂ a et Kahn, 2006). We begin by showing 
that the first step amounts to the fact that, without loss of generality, we may assume 
that the unknown state is in a local neighborhood of a known state. This may serve 
also as an a posteriori justification of the definition of local minimax optimality.

Lemma 8 .2 .1 . Let Mi denote the measurement of the σ* spin component of a qubit 
with i =  x,y, z. We perform each of the measurements Mi separately on n/3 identi­
cally prepared qubits and define

1 / - x , i ,pn =  - ( l  +  ra), if \r\ < 1,

where r =  (rx,ry, f z) is the vector average of the measured components. If |f| > 1 
then we define pn as the state which has the smallest trace distance to the right hand 
side expression. Then for all e 6  [0, 2], we have

F (IIPn ~ p\\\ > 3n2e_1) < 6 exp(—|nn2e_1), Vp.

Furthermore, for any 0 < κ < e/2, if n =  n1̂ K, the contribution to the risk E(||pn -  
p||2) brought by the event E =  [ ||pn — p||i > \/3n-1/2+e] satisfies

E {\\pn ~ pWIx e ) < 24exp(—±η2£~*) =  o(l).

Proof For each spin component στ we obtain i.i.d coin tosses X t with distribution 
P(Xj =  ± 1) =  (1 ±  ri) / 2 and average
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Hoeffding’s inequality (van der Vaart et Wellner, J.A., 1996) then states that for 
all c > 0, we have P(|Xi -  X \2 > c) < 2 exp(—\nc). By using this inequality three 
times with c =  n2e_1, once for each component, we get

P Σ r,: -  r, > 3n2e 1 ) < 6 exp(—\nn2i *) Vp,

which implies the statement for the norm distance since \\pn — p\\\ =  |fj — rj|2. 
The bound on conditional risk follows from the previous bound and the fact that 
\\p ~~ pn\\\ < 4.

□

In the second step of the measurement procedure we rotate the remaining n — h 
qubits such that after rotation the vector r is parallel to the 2-axis. Afterwards, we 
couple the systems to the field and perform certain measurements in the field which 
will determine the final estimator pn. The details of this second step are given in 
sections 8.4 and 8.5, but at this moment we can already prove that the effect of errors 
in the the first stage of the measurement is asymptotically negligible compared to 
the risk of the second estimator. Indeed by Lemma 8 .2.1 we get that if n =  nl~K, 
then the probability that the first stage gives a “wrong” estimator (one which lies 
outside the local neighborhood of the true state) is of the order exp(—̂ n2e~K) and 
so is the risk contribution. As the typical risk of estimation is of the order 1/n, we 
see that the first step is practically “always” placing the estimator in a neighborhood 
of order n_1/2+e of the true state p, as shown in Figure 8.2. In the next section we 
will show that for such neighborhoods, the state of the remaining η — n systems 
behaves asymptotically as a Gaussian state. This will allow us to devise an optimal 
measurement scheme for qubits based on the optimal measurement for Gaussian 
states.

8.3 Local asymptotic normality

The optimality of the second stage of the measurement relies on the concept of 
local asymptotic normality (van der Vaart, 1998; Gu^a et Kahn, 2006). After a 
short introduction, we will prove that LAN holds for the qubit case, with radius of 
validity n-1//2+?? for all η G [0,1/4). We will also show that its rate of convergence is 
0 (n-1/4+?,+e) for arbitrarily small e.
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8.3.1 Introduction to LAN and some definitions

Let po be a fixed state, which by rotational symmetry can be chosen of the form

Po = (  0 1 -  μ )  ’ (8·4)

for a given \ < μ < 1. We parametrize the neighboring states as pu/ ^  where u = 
(ux,uy,uz) E R3 such that the first two components account for unitary rotations 
around p0, while the third one describes the change in eigenvalues

Pv : = U ( v )  (  μ  (8.5)

with unitary U(v) := exp(i(vxax+vyay)). The “local parameter” u should be thought 
of, as having a bounded range in R3 or may even “grow slowly” as ||u|| < ηη.

Then, for large n, the joint state := of n identical qubits approaches a
Gaussian state of the form N u <8> φα with the parameter u appearing solely in the 
average of the two Gaussians. By Nu we denote a classical one-dimensional normal 
distribution centered at uz which relays information about the eigenvalues of pu/^. 
The second term φα is a Gaussian state of a harmonic oscillator which is a displaced 
thermal equilibrium state with displacement proportional to (ux,uy). It contains 
information on the eigenvectors of ρη/^· We thus have the convergence

ρ Ι ^ Ν ' ^ φ " ,

to a much simpler family of classical - quantum states for which we know how 
to optimally estimate the parameter u. The asymptotic splitting into a classical 
estimation problem for eigenvalues and a quantum one for the eigenbasis has been 
also noticed by Bagan et al. (2006) and by Hayashi et Matsumoto (2004), the latter 
coming pretty close to our formulation of local asymptotic normality.

The precise meaning of the convergence is given in Theorem 8.3.1 below. In short, 
there exist quantum channels Tn which map the states p®J^ into Nu ® φ° with 
vanishing error in trace norm distance, and uniformly over the local parameters u. 
From the statistical point of view the convergence implies that a statistical decision 
problem concerning the model can be mapped into a similar problem for the 
model Nu ® φα such that the optimal solution for the latter can be translated 
into an asymptotically optimal solution for the former. In our case the problem of 
estimating the state p turns into that of estimating the local parameter u around the 
first stage estimator pn playing the role of p0- For the family of displaced Gaussian 
states it is well known that the optimal estimation of the displacement is achieved 
by the heterodyne detection (Holevo, 1982; Yuen et Lax, M., 1973), while for the 
classical part it sufficient to take the observation as best estimator. Hence the second 
step will give an optimal estimator ύ of u and an optimal estimator of the initial 
state pn := ρ^/φΐ- The precise result is formulated in Theorem 8.6.1
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8.3.2 Convergence to the Gaussian model

We describe the state jVu <g> φχχ in more detail. N u is simply the classical Gaussian 
distribution

Ν * := Ν {η ζ,μ (1 -μ ) ) ,  (8 .6)

with mean uz and variance μ (1 — μ).

The state </>u is a density matrix on Ή =  ^(C ), the representation space of the 
harmonic oscillator. In general, for any Hilbert space I), the Fock space over f) is 
defined as

OO

• ^ ( 1 ) ) : = ® ^ · · · ^  (8-7)
n =0

with <8 >s denoting the symmetric tensor product. Thus ^ (C ) is the simplest example 
of a Fock space. Let

Φ ■= (1 - p ) ^ 2 p k\k){k\, (8 .8)
k=0

be a thermal equilibrium state with | k) denoting the fc-th energy level of the oscillator 
and p =  < 1. For every a e C  define the displaced thermal state

φ(α) := D (a ) φ D (—a),

where D (a ) := exp(aa* — aa) is the displacement operator, mapping the vacuum 
vector |0) to the coherent vector

OO L·
I \ , 5,λ^  aa)k) = e x p ( -a 2/ 2)J ]-^ = | fc) 

k=0

Here a* and a are the creation and annihilation operators on .F(C), satisfying 
[a, a*] =  1. The family φα of states in which we are interested is given by

:= φ(^/2μ-1 au), u e K3, (8.9)

with au := — uy +  iux. Note that 0U does not depend on uz.

We claim that the “statistical information” contained in the joint state of n qubits

P an : =  (8 · 1 0 )

is asymptotically identical to that contained in the couple (Nu, φ'1). More precisely :

Theorem  8.3.1. Let p„ be the family of states (8.5) on the Hilbert space (C2)®” , let 
N u be the family (8 .6) of Gaussian distributions, and let φη be the family (8.9) of
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displaced thermal equilibrium states of a quantum oscillator. Then for each n there 
exist quantum channels (trace preserving CP maps)

Tn : T((C2)®n) -> LX(R) ®T(.F(C)),
Sn : Ll (R) 0  T (F (C)) T ((C 2)®n)

with T{H) the trace-class operators on H, such that, for any 0 < η < 1/4 and any 
e > 0 ,

sup \\NU ® Ψ» -  Tn GO ||j =  0 ( η - ^ +ΐ), (8.11)
llull<™r'
sup ||p" -  Sn (Nu <g> φα) llx =  0 ( η ^ 4+η+ί). (8.12)

Moreover, for each > 0 there exists a function f(n) of order 0 (η -1/4+7ϊ+<:) such 
that the above convergence rates are bounded by f(n), with f  independent of p° as 
long as \\ — μ\ > e2.

Remark. Note that the equations (8.11) and (8 .12) imply that the expressions 
on the left side converge to zero as n —> oo. Following the classical terminology 
of Le Cam (1986), we will call this type of result strong convergence of quantum 
statistical models (experiments). Another local asymptotic normality result has been 
derived by Gu^a et Jencova (2007) based on a different concept of convergence, 
which is an extension of the weak convergence of classical (commutative) statistical 
experiments. In the classical set-up it is known that strong convergence implies weak 
convergence for arbitrary statistical models, and the two are equivalent for statistical 
models consisting of a finite number of distributions.

These two approaches to local asymptotic normality in quantum statistics are based 
on completely different methods and the results are complementary in the sense that 
the weak convergence of Guta et Jencova (2007) holds for the larger class of finite 
dimensional states while the strong convergence has more direct consequences as it 
is shown in this chapter for the case of qubits. Both results are part of a larger effort 
to develop a general theory of local asymptotic normality in quantum statistics. 
Several extensions are in order : from qubits to arbitrary finite dimensional systems 
(strong convergence), from finite dimensional to continuous variables systems, from 
identical system to correlated ones, and asymptotic normality in continuous time 
dynamical set-up.

Finally, let us note that the development of a general theory of convergence of 
quantum statistical models will set a framework for dealing with other important 
statistical decision problems such as quantum cloning (Werner, 1998) and quantum 
amplification (Caves, 1982), which do not necessarily involve measurements.
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Remark. The construction of the channels Tn, ,Sn in the case of fixed eigenvalues 
(uz — 0) is given in Theorem 1.1 of Gut;a et Kahn (2006). It is also shown that a 
similar result holds uniformly over ||u|| < C for any fixed finite constant C. Gut;a 
et Jencova (2007) have shown that weak convergence also holds in the general case, 
with unknown eigenvalues. A classical component then appears in the limit sta­
tistical experiment. In the above result we extend the domain of validity of these 
Theorems from “local” parameters ||u|| < C to “slowly growing” local neighborhoods 
||u|| < η η  with η  < 1/4. Although this may be seen as merely a technical improve­
ment, it is in fact essential in order to insure that the result of the first step of the 
estimation will, with high probability, fall inside a neighborhood ||u|| < π η  for which 
local asymptotic normality still holds (see Figure 8.2).

Proof. Following (Gu^a et Kahn, 2006) we will first indicate how the channels Tn 
are constructed. The technical details of the proof can be found in Appendix 8. A.

The space (C2)0" carries two unitary representations. The representation π η  of 
SU(2) is given by nn(u) =  um  for any u G SU (2), and the representation π η  of 
the symmetric group S(n) is given by the permutation of factors

As [nn(u), π„ (τ)]  =  0 for all u G SU(2),t G S(n), we have the decomposition

The direct sum runs over all positive (half)-integers j  up to n/2. For each fixed j , 
=  C2;;+1 is an irreducible representation Uj of SU (2) with total angular momen­

tum J 2 =  j ( j  + 1), and Ή?η  =  Cnj is the irreducible representation of the symmetric 
group S(n ) with r i j  =  — C / 2 - . 7 - 1 ) ·  density matrix p" is invariant under
permutations and can be decomposed as a mixture of “block” density matrices

n/2

(C2)®" = 0 (8.13)
J—0,1/2

Pn -  φ  P n , u U )  P j , n ®  ■
■ Λ 1 /Ο η 3

n/2

(8.14)
3 = 0,1/2

The probability distribution p„)U(j) is given by (Bagan et al., 2006) :

P n , u ( j )  :== 2 _  1 ί 1 ~  A*u) ’  J ^ u +-?+1 (1 -  PuJ + 1) , (8.15)

with //u := μ  +  uz/y/n, pu We can rewrite pn,u(j) as

P n , u ( j ) ·=  Β η ,μ α (ϊΤ·/2 -)- j )  X K ( j , Tl, fA, l l ) , (8.16)

ττη ( τ)  : vi • · Θ υ η ^  t»r- l(l) <8> · · · Θ  νη— 1(η)ι Τ £  ^ ( ϊ ΐ ) .
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where
BUil/(k) := )uk(l-u)nk, k =  0 ,. . .  ,n

is a binomial distribution, and the factor K(j, η ,  μ ,  u) is given by

K ( j , η,μ,u) := (1 -pj'+1) "+  ~ ~ l \
n + [j — Jn ~  y/nuz +  1 )/ μ α

for j n := η ( μ  -  1/ 2).

Now K(j,n, μ , Λ \ )  =  1 +  0 (n -1//2+£) on the relevant values of j , i.e. the ones in 
an interval of order nl/2+f around j n, as long as μ η  is bounded away from 1/ 2 , 
which is automatically so for big n. As Bn^u(k) is the distribution of a sum of i.i.d. 
Bernoulli random variables, we can now use standard local asymptotic normality 
results (van der Vaart, 1998) to conclude that if j  is distributed according to pn,u, 
then the centered and rescaled variable

9n := - 7= -  χ / η ( μ  -  1/ 2),\Jn

converges in distribution to a normal Nu, after an additional randomization has been 
performed. The latter is necessary in order to “smooth” the discrete distribution into 
a distribution which is continuous with respect to the Lebesgue measure, and will 
convergence to the Gaussian distribution in total variation norm.

The measurement “which block”, corresponding to the decomposition (8.14), pro­
vides us with a result j  and a posterior state p"n. The function gn =  gn(j) (with an 
additional randomization) is the classical part of the channel Tn. The randomiza­
tion consists of ’’smoothening” with a Gaussian kernel of mean gn(j) and variance 
1/(2y/n), i.e. with Tn J  := (n1/4/y/n) exp (~y/n(x -  gn(j))2)·

Note that this measurement is not disturbing the state in the sense that the 
average state after the measurement is the same as before.

The quantum part of Tn is the same as in (G up et Kahn, 2006) and consists of 
embedding each block state p“n into the state space of the oscillator by means of an 
isometry Vj : Hj —> .F(C),

Vj : I j, m) ^  I j  -  m),

where {|j, m) : m =  — j , . . . ,  j }  is the eigenbasis of the total spin component Lz := 
cf. equation (5.1) of (Gu^a et Kahn, 2006). Then the action of the channel

Tn IS

Tn ■ ® P r t,u(j>jUn ® ^  Σ Ρ η Μ  Tn,j ® VjPj,nVj* ·
Uj
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The inverse channel Sn performs the inverse operation with respect to Tn. First the 
oscillator state is “cut-off” to the dimension of an irreducible representation and 
then a block obtained in this way is placed into the decomposition (8.13) (with 
an additional normalization from the remaining infinite dimensional block which is 
negligible for the states in which we are interested).

The rest of the proof is given in Appendix 8 .A.

□

8.4 Time evolution of the interacting system

In the previous section, we have investigated the asymptotic equivalence between 
the states and Nu <g> φα by means of the channel Tn. We now seek to implement 
this in a physical situation. The iVu-part will follow in section 8.5.2, the 0u-part will 
be treated in this section.

We couple the n qubits to a Bosonic field; this is the physical implementation of 
LAN. Subsequently, we perform a measurement in the field which will provide the 
information about the state of the qubits; this is the utilization of LAN in order to 
solve the asymptotic state estimation problem.

In this section we will limit ourselves to analyzing the joint evolution of the qubits 
and field. The measurement on the field is described in section 8.5.

8.4.1 Quantum stochastic differential equations

In the weak coupling limit (Gardiner et Zoller, 2004) the joint evolution of the 
qubits and field can be described mathematically by quantum stochastic differential 
equations (QSDE) (Hudson et Parthasarathy, 1984). The basic notions here are the 
Fock space, the creation and annihilation operators and the quantum stochastic 
differential equation of the unitary evolution. The Hilbert space of the field is the 
Fock space Jr(L2(R)) as defined in (8.7). An important linearly complete set in 
^r(L2(R)) is that of the exponential vectors

- j = l /}» , /  e I 2(K), (8.17)vn!

with inner product (e (f) ,e (g )) =  exp ((/,g)). The normalized exponential states 
\f) := e~('f,ft/2e(f)  are called coherent states. The vacuum vector is |Ω) := e(0) and

n= 0 n= 0
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we will denote the corresponding density matrix |Ω)(Ω| by Φ. The quantum noises 
are described by the creation and annihilation martingale operators A*t := α*(χ[0)ί]) 
and At := α(χ[ο,«]) respectively, where χ[0)ί] is the indicator function for [0, t] and

The increments dAt := a(%[o,t+dt]) — α(Χ[ο,ί]) and dA*t play the role of non-commuting 
integrators in quantum stochastic differential equations, in the same way as the one 
can integrate against the Brownian motion in classical stochastic calculus.

We now consider the joint unitary evolution for qubits and field defined by the 
quantum stochastic differential equation (Hudson et Parthasarathy, 1984; Bouten 
et al., 2004) :

in order to obtain convergence to the unitary evolution of the quantum harmonic 
oscillator and the field.

We remind the reader that the n-qubit space can be decomposed into irreducible 
representations as in (8.13), and the interaction between the qubits and field respects 
this decomposition

dUn(t) (andAt andAt â,ncindt)Un(t), 

where Un(t) is a unitary operator on (C2)®n <g> JF(L2(R)), and

As we will see later, the “coupling factor” l/\/jn of the order n 1//2, is necessary

n/2

Un(t) =  φ  Ujtn(t) <g> 1,
3=0,1/2

where 1 is the identity operator on the multiplicity space 7 and

is the restricted cocycle

(8.18)

with a,j acting on the basis | j, m) of Hj as

aj |j, m) = y j j -  m\J( j  +  m +  l)/2j n \j, m + 1),

a*j\j, m)  = \ / j  -  m  + 1 y / j  +  m / 2 j n \j, m -  1).

a(f )  ■ e(d)

CLr). ·

n

\/2jn 2 ^ a+
(* ' + +  iay) / 2 ® ·  · ·®1, j n := ( μ -  l/2)n.

Uj:Tl(t) : Tij <S> F(1 Hj  < 8 >  J ^ ( L 2

dUjtTl(t) = (ajdA* a*dAt -  -a*ajd t)Ujin{t),
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Remark. We point out that the lowering operator for Lz acts as creator for our 
cut-off oscillator since the highest vector \j,j) corresponds by Vj to the vacuum of 
the oscillator. This choice does not have any physical meaning but is only related 
with our convention μ > 1/ 2 . Had we chosen μ < 1/2, then the raising operator on 
the qubits would correspond to creation operator on the oscillator.

By (8.14) the initial state p®n decomposes in the same way as the unitary cocycle, 
and thus the whole evolution decouples into separate “blocks” for each value of j. 
We do not have explicit solutions to these equations but based on the conclusions 
drawn from LAN we expect that as n —»· oo, the solutions will be well approximated 
by similar ones for a coupling between an oscillator and the field, at least for the 
states in which we are interested. As a warm up exercise we will start with this 
simpler limit case where the states can be calculated explicitly.

8.4.2 Solving the QSDE for the oscillator

Let a* and a be the creation and annihilation operators of a quantum oscillator 
acting on ^(C ). We couple the oscillator with the Bosonic field and the joint unitary 
evolution is described by the family of unitary operators U(t) satisfying the quantum 
stochastic differential equation

dU{t) =  (adA*t -  a*dAt -  adt)U(t).Δί

We choose the initial (un-normalized) state V;(0) := e(z) <S> |Ω), where z is any 
complex number, and we shall find the explicit form of the vector state of the 
system and field at time t : ψ(ί) := υ(ί)ψ(0).

We make the following ansatz : ψ(ί) — e(at) <8> e (/(), where f t(s) := /(s )x [0,t](-s) for 
some /  G L 2 (R ). For each β  G C, g G L2(E ), define I(t) := (ε(β) <S> e(g), φ ’(ί)). We 
then have I(t) =  exp(βα(ί) +  (g, f t)), so that it satisfies

dl{t) =  (β£α(ί) + g(t)f(t)) I(t)dt. (8.19)

We now calculate ^ I(t) with the help of the QSDE. Since Ate(f)  =  (χ[ο,φ /)e ( /) ,  
we have, for continuous g, dAte(g) =  g(t)e(g)dt. However, since Ase(ft) is constant 
for s > t, we have dAte(ft) =  0 . Thus

dl(t) =  (β(β) (g> e(g), (adA* — a*dAt — \a*adt)i}>(t)) = (g(t)a(t) — \fia{t))I{t)dt.
(8.20)

Equating (8.19) with (8.20) for all ί, β  and continuous g, we find f(s )  =  a(s), 
f ta(t) =  -\a{t).  Thus a(t) =  a(0)e- ^, f t(s) =  a(0)x[0,t](s)e"^s with a(0) =  z.
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In conclusion ψ(ί) =  e(ze 24) <g> e(ze 2s^[0 (](s)). For later use we denote the nor­
malized solution by i/’z(t) := U(t)|z) 0 |Ω) =  e~ ^ 2/2U (t)e(z) 0 |Ω).

8.4.3 QSDE for large spin

We consider now the unitary evolution for qubits and field :

dUn{t) =  (andA*t -  a*ndAt -  â*nandt)Un(t) .

It is no longer possible to obtain an explicit expression for the joint vector state 
φη(ί) at time t. However we will show that for the states in which we are interested, 
a satisfactory explicit approximate solution exists.

The trick works for an arbitrary family of unitary solutions of a quantum stochastic 
differential equation dU(t) =  GdtU{t), and the general idea is the following: if if>(t) is 
the true state ψ(ί) =  U(ί)ψ and ξ(ί) is a vector describing an approximate evolution 
(-0 (0) =  ξ(0)) then with U*+dt := U(t +  dt)U{t)~l we get

i>(t +  dt) -  ξ(ί +  dt) =  +  dt) -  υΙ+άίξ{ή  +  Ul+dti{t)
- m + m - t i t + d t )

=  u U &  m )  - £(*)] + [u(t + dt) -  u(t)}u(t)~^(t)

+ [ & ) - £ ( *  +  &)]
=  -£ (* ) ]+  σ * £ (ί ) -# (* )■

By taking norms we get

d\\i’ {t) -  ξ(ή\\ < \\Gd£(t) -  ο!ξ(ί)||. (8 .21)

The idea is now to devise a family £(i) such that the right side is as small as possible.

We apply this technique block-wise, that is to each unitary Uj<n{t) acting on Hj 0  
JF(L2(]R)) (see equation (8.18)) for a “typical” j  G Jn (see equation (8.39)). By 
means of the isometry Vj we can embed the space Hj into the first 2j  + 1 levels 
of the oscillator and for simplicity we will keep the same notions as before for the 
operators acting on ^ (C ). As initial states for the qubits we choose the block states
Pin-
Theorem  8.4.1. Let PjtTl(t) =  Ujjn(t) [p“ „ 0  Φ] U*n(t) be the j-th block of the state 
of qubits and field at time t. Let 0u(i) := U(t) [0U 0  Φ] [/(f)* be the joint state of 
the oscillator and field at time t. For any η < 1/6, for any e >  0,

sup sup sup||p"n( i ) - 0 u(Olli = 0 (η -^ 4+η+ί,η~^2+3η+ί). (8 .22)
jeJn  ||u||<ni t
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Proof. From the proof of the local asymptotic normality Theorem 8.3.1 we know 
that the initial states of the two unitary evolutions are asymptotically close to each 
other

sup sup ||p“ „ ~ Ψ“ ||ι = 0 (n -1/4+"+·). (8.23)
jeJn IHÎ n7?

The proof consists of two estimation steps. In the first one, we will devise another 
initial state p“n which is an approximation of </>u and thus also of p“n :

sup sup ||p“re -  0u||i =  0(e~"£). (8.24)
j £ J n  ||u||<n̂

In the second estimate we show that the evolved states p“n(i) and 0u(i) are asymp­
totically close to each other

sup sup sup ||p“re(i) -  111 =  0 (n "1/4+’'+£, n ^ 2̂ ) .  (8.25)
j e J n  Hullin’? t

This estimate is important because, the two trajectories are driven by different 
Hamiltonians, and in principle there is no reason why they should stay close to each 
other.

From (8.23), (8.24) and (8.25), and using triangle inequality we get

sup sup sup IIp*n(t) -  0 u(t) 111 =  0 (n~1/4+ri+e, n~1/2+3r,+e).
j £ J n  ||u||<n̂  t

The following diagram illustrates the above estimates. The upper line concerns the 
time evolution of the block state p?„ and the field. The lower line describes the time' J·)11
evolution of the oscillator and the field. The estimates show that the diagram is 
“asymptotically commutative” for large n.

S(7ij) S(Hj  ® T )

yr y; [  |

S(JF(C )) S { F ( € )  <8> T )  S(T(C) ® T )

For the rest of the proof, we refer to Appendix 8 .B.

□
We have shown how the mathematical statement of LAN (the joint state of qubits 
converges to a Gaussian state of a quantum oscillator plus a classical Gaussian 
random variable) can in fact be physically implemented by coupling the spins to the 
environment and letting them “leak” into the field. In the next section, we will use 
this for the specific purpose of estimating u by performing a measurement in the 
field.
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8.5 The second stage measurement

We now describe the second stage of our measurement procedure. Recall that in the 
first stage a relatively small part h =  n1_/t, 1 > κ > 0 , of the qubits is measured 
and a rough estimator pn is obtained. The purpose of this estimator is to localize 
the state within a small neighborhood such that the machinery of local asymptotic 
normality of Theorem 8.3.1 can be applied.

In Theorem 8.4.1 the local asymptotic normality was extended to the level of time 
evolution of the qubits interacting with a bosonic field. We have proven that at time 
t the joint state of the qubits and field is

n/2 I r
P«(t) := φ  p(-|z|2) x

j= 0 ,1/2  ?rS

H ze~t/2)j)(e(ze~t/2)jI ® |e(ze"u/2x [0it](u)))(e(ze-u/2xm  (u))\ 

+ 0 (n7?- 1/4+e,n3i?- 1/2+e),

for ||u|| < ηη. The index j  serves to remind the reader that the first exponential 
states live in different copies ^r(C)J of the oscillator space, corresponding to Hj via 
the isometry Vj. We will continue to identify Ti3 with its image in J-(C)j.

We can now approximate the above state by its limit for large t, since

exp(-|z|2)(e(ze“ t/2)j| j, j)(e (ze“ ”/2x [0)t](u)) | e(ze~u/2)) =  exp(-|z|2e_i). (8.26)

As we are always working with ||u|| < ηη, the only relevant z are bounded by ηη+ό 
for small δ. (The remainder of the Gaussian integral has an exponentially decreasing 
norm, as discussed before). Thus, for large enough time (i.e. for t > ln(n)), we can 
write Pn(t) =  p™(oo) +  0 (n'?-1/4+e, n3??_1/,2+£) with

n/2

Pn(°°) '■= φ  
3 =  0 ,1/2

——-r f  rfze-|z- ' /3iirTa"|2/2s2|e(ze-“/2))(e(ze-M/2)lexp(-|z|2)
2 7TS j £

(8.27)

Thus, the field is approximately in the state φη depending on (ux, uy), which is 
carried by the mode (u > e~“/2X[o)00)(u)) € L2 (R) denoted for simplicity by e~û . 
The atoms end up in a mixture of | j , j )  states with coefficients pn,u(j), which depend 
only on uz, and are well approximated by the Gaussian random variable Nu as shown
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in Theorem 8.3.1. Moreover since there is no correlation between atoms and field, the 
statistical problem decouples into one concerning the estimation of the displacement 
in a family of Gaussian states φα, and one for estimating the center of N u.

For the former problem, the optimal estimation procedure is known to be the hetero­
dyne measurement (Holevo, 1982; Yuen et Lax, M., 1973); for the latter, we perform 
a “which block” measurement. These measurements are described in the next two 
subsections.

8.5.1 The heterodyne measurement

A heterodyne measurement is a “joint measurement” of the quadratures Q := 
(a +  a*)/\/2 and P := — i(a — a*)/'/2 of a quantum harmonic oscillator which 
in our case represents a mode of light. Since the two operators do not commute, the 
price to pay is the addition of some “noise” which will allow for an approximate mea­
surement of both operators. The light beam passes through a beamsplitter having a 
vacuum mode as the second input, and then one performs a homodyne (quadrature) 
measurement on each of the two emerging beams. If Q„ and P„ are the vacuum 
quadratures then we measure the following output quadratures Qi := (Q + Qt,)/\/2 
and P 2 := (P — ~Pv)/V%, with [QX,P 2] =  0. Since the two input beams are inde­
pendent, the distribution of \/2Qi is the convolution between the distribution of Q 
and the distribution of Q„, and similarly for \/2P 2.

In our case we are interested in the mode e~u!2 which is in the state φα, up to a factor 
of order 0(n '?_1/,4+e, n3,,_1/2+e). From (8.9) we obtain that the 
distribution of Q is Ν(^/2{2μ — l)ux, 1/(2(2μ -  1))), that of P is 
Ν(χ/2(2μ — 1 )uy, 1/(2(2μ — 1))), and the joint distribution of the rescaled output

((Q  +  Q j / v/2 ( 2 ^ - l ) ,  (P -  P v)/\/2(2μ — 1)  ̂ ,

is
N(ux, μ/{2(2μ -  l )2)) x N(uy, μ/(2(2μ -  l )2)). (8.28)

We will denote by (ux, uy) the result of the heterodyne measurement rescaled by the 
factor \/2μ — 1 such that with good approximation (ux, uy) has the above distribu­
tion and is an unbiased estimators of the parameters (ux,uy).

Since we know in advance that the parameters (ux,utJ) must be within the radius 
of validity of LAN we modify the estimators (ux, uy) to account for this information 
and obtain the final estimator (ux, uy) :

f Ui if \ui\ < 3ηη 
[ 0  if \ΰ·\ > 3ηη (8 .29)
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Notice that if the true state p is in the radius of validity of LAN around p, then 
||u|| <  ηη, so that \xii — Ui\ < \iii — Ui\. We shall use this when proving optimality of 
the estimator.

l / t T "  <8> Φ U* =  Σ  Pn,u(j)\j■> j ) ( j ■> j\ <8) \ j/VnX[o,t})(j/VnX[o,t}  
j= 0,1/2

+  0 ( η η~1/4+\ η 3η- 1/2+ί).

P u A j U  J ) U , J \  + 0 (» rl/4+£,n3rl/2+£) ·

8.5.2 Energy measurement

Having seen the 0u-part, we now move to the iVu-part of the equivalence between 
and iVu <g>0u. This too is a coupling to a bosonic field, albeit a different coupling. 

We also describe the measurement in the field which will provide the information 
on the qubit states.

The final state of the previous measurement, restricted to the atoms alone (without 
the field), is obtained by a partial trace of equation (8.27) (for large time) over the 
field

We will take this as the initial state of the second measurement, which will determine j.

A direct coupling to the J 2 does not appear to be physically available, but a coupling 
to the energy Jz is realizable. This suffices, because the above state satisfies j  =  m  
(up to order 0 (n 'i-1/4+c, n3,?_1/2+e)). We couple the atoms to a new field (in the 
vacuum state |Ω}) by means of the interaction

dUt =  { J z{dA*t -  dAt) -  \ J 2z dt}Ut ,

with Jz := Y^k=l σζ· Since this QSDE is ‘essentially commutative’, i.e. driven by 
a single classical noise Bt =  (A* — At)/i ,  the solution is easily seen to be

Ut =  exp[Jz ® (A*t -  A t) ) .

Indeed, we have df(Bt) =  f ' (B t)dBt +  | f"(Bt)dt by the classical Ito rule, so that

dexp(iJz <8> Bt) =  { iJzdBt — \  Jz dt} exp(iJz ® Bt) .

For an initial state \j, m) ® |Ω), this evolution gives rise to the final state

Ut\ j ,m)®Q,  =  \j, m) ® exp((m /y/n){A*t — A t))fl
= \j,m)®\(m/y/n)x[ojt]),

where |/ )  € ^ (L 2(E)) denotes the normalized vector exp(—(/, f ) /2 ) e ( f ) .  Applying 
this to the states \j, j ) ( j ,  j \  in r" yields
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The final state of the field results from a partial trace over the atoms; it is given by
n/2

Σ  P»,°w  I0 '/V S )x m )< 0 7 V " )x m I +  0 ( n ^ 4+‘,n ^ - ' ^ ) . (8.30)
3 =  0,1/2

We now perform a homodyne measurement on the field, which amounts to a direct 
measurement of (At +  A*)/2t. In the state \(j / VnX[o,t]), this yields the value of j  
with certainty for large time (i.e. t y/n). Indeed, for this state, ~E((At +  Al)/2t) =  
j/y/n, whereas Var(At +  A*t )/2 i) =  1/(4i). Thus the probability distribution p„;U is 
reproduced up to order 0 (ni?-1//4+£, n3r,~1̂ 2+e) in L1-distance.

The following is a reminder from the proof of Theorem 8.3.1. If we start with j  
distributed according to pn(j) and we smoothen ^  — \/η(μ — 1/2) with a Gaussian 
kernel, then we obtain a random variable gn which is continuously distributed on 
IR. and converges in distribution to N(uz,p(l — μ)), the error term being of order 
0(n '7-1/2) +  0 (n e-1/2). For j  distributed according to the actual distribution, as 
measured by the homodyne detection experiment, we can therefore state that gn is 
distributed according to

Ν{ηζ,μ{1 -  μ)) +  0 (ηη~1/4+ΐ, n3r,~1/2+e) +  0 (ηη~1/2) +  0(η<~1/2). (8.31)

As in the case of (ux,uy), we take into account the range of validity of LAN by 
defining the final estimator

ύζ =  \ ή \9n\ ~ 3n] (8.32)\ 0 if \gn\ >3n" .  v 7

Similarly, we note that if the true state p is in the radius of validity of LAN around 
p, then ||u|| < ηη, so that \uz — uz\ < \uz — uz\.

8.6 Asymptotic optimality of the estimator

In order to estimate the qubit state, we have proposed a strategy consisting of the 
following steps. First, we use ή := nl~K copies of the state p to get a rough estimate 
pn. Then we couple the remaining qubits with a field, and perform a heterodyne mea­
surement. Finally, we couple to a different field, followed by homodyne measurement. 
From the measurement outcomes, we construct an estimator pn := p^n/y/E-

This strategy is asymptotically optimal in a global sense : for any true state p even if 
we knew beforehand that the true state p is in a small ball around a known state po, 
it would be impossible to devise an estimator that could do better asymptotically, 
than our estimator pn on a small ball around p. More precisely :
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Theorem  8 .6 .1 . Let pn be the estimator defined above. For any qubit state po dif­
ferent from the totally mixed state, for any sequence of estimators ρη, the following 
local asymptotic minimax result holds for any 0 < e < 1/12 :

limsup sup nR(p, pn) < lim sup sup nR(p,gn). (8.33)
n_>°° l|p-pol|i<n~1/2+£ n_>0° ||p-po||i<n-1/2+£

Let (μο, 1 — βο) be the eigenvalues of po with μο > 1/ 2 . Then the local asymptotic 
minimax risk is

limsup sup nR{p,pn) =  Rminim̂ (pQ) =  8μ0 -  4μΙ. (8.34)
n—>0° ||p-pol|i<n_1/2+£

Demonstration. We write the risk as the sum of two terms corresponding to the 
events E and Ec that pn is inside or outside the ball of radius n~1//2+r around p. 
Recall that LAN is valid inside the ball. Thus

R(p,pn) =Έ.{\\ρ - ρη\\\χΕ°) +  Έ,(\\ρ - ρη\\\χΕ),

where the expectation comes from pn being random. The distribution of the result 
pn of our measurement procedure applied to the true unknown state p depends on 
p. We bound the first part by Ri and the second part by R2 as shown below.

Ri equals F(EC) times the maximum error, which is 4 since for any pair of density 
matrices p and σ, we have \\p — σ ||2 < 4. Thus

R i =  4P(||p -  pn||! > n~1/2+e).

According to Lemma 8 .2.1 this probability goes to zero exponentially fast, therefore 
the contribution brought by this term can be neglected.

We can now assume that pn is in the range of validity of local asymptotic normality 
and we can write p®n =  p" with u the local parameter around pn. We get the 
following inequalities for the second term in the risk.

H\\p- Ρη\\2ΐΧε)  < E \\pn-p\\\ IIpn

<  sup E
||p-po||<ra-1/2+e

< sup Epu(oo)
||p-p0||<̂_1/2+e

p||i < n_1 2̂+e 

Pn ~  Po

-p\\\

HI?

Pn =  Po]

+ SUP ||p“ (i) -  Pn(°°)||l sup ||pn -  p\\\
\\p-po\\<n-V2+‘ ΰη

< sup Epu(oo)
||p-po||<n-1/2+e -P\\l Pn — Po

+ an- 1+2/y sup IIPn(t) -  Pn(°°) 111 =  R2- (8-35)
||p-po||<™-1/2+e
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The first two inequalities are trivial. In the third inequality we change the expecta­
tion from the one with respect to the probability distribution of our data Ppu(t) to 
the probability distribution Ppu(oo)· In doing so, an additional term | | Ρ ρ «(ί) — PP“(oo)||i 
appears which is bounded from above by ||p“ (i) — p“ (oo)||i. In the last inequality we 
can bound \\pn — p ||2 by cn~1+2v for some constant c. Indeed from definitions (8.29) 
and (8.32) we know that \\pn — Po 111 < c'n_1/2+,? and additionally we are under the 
assumption \\p — Po)|i < n_1/2+e with e < η.

For the following, recall that all our LAN estimates are valid uniformly around any 
state p° =  p as long as μ — 1/2  > e2 > 0 . As we are working with p different 
from the totally mixed state and \\p — p\\ < n“ 1/2+e, we know that for big enough 
η, μ — 1/2  > e2 for any possible p. We can then apply the uniform results of the 
previous sections.

The second term in i?2 is 0 (n _5/4+3,?+d, tt,-3/2+5Ti_l"d) where δ > 0 can be chosen 
arbitrarily small. Indeed in the end of section 8.4 we have proven that after time 
t > Inn, the following holds : ||p“ (t) — p“ (oo)||i =  0 (η _1/,4+?ϊ+ί, n_1/2+3iJ+d). The 
contribution to nR(p, pn) brought by this term will not count in the limit, as long 
as η and e are chose such that 1/12  > η > e.

We now deal with the first term in R2. We write p in local parametrization around 
Po =  p as Pun/0 i· We have

IIP n  -  pill =  llp u /v ^  -  A W v d l i

_^ (̂ z ẑ) (2p 1) ((ux ux) +  (Uy tiy) )

n
+ 0(||u -  un||3n_3/2). (8.36)

The remainder term 0(||u —u„||3n-3/2) is negligible. It is 0 (η 3η~3/2) which does not 
contribute to nR(p, pn) for η < 1/6. This is because on the one hand we have asked 
for ||pn — p|| < n-1/,2+e, and on the other hand, we have bounded our estimator u„ 
by using (8.29) and (8.32).

We now evaluate Epu(00) [d(u, un)2] with the notation

d(u, v )2 := 4 [(uz -  vz)2 +  (2μ -  1 )2 {{ux -  vxf  +  (uy -  v„)2)] . (8.37)

Note that the risk of ύη is smaller than that of Hn (see discussion below (8.29) 
and (8.32)). Under the law Ρ ρ «(οο) the estimator ΰη has a Gaussian distribution as 
shown in (8.28) and (8.31) with fixed and known variance and unknown expectation. 
In statistics this type of model is known as a Gaussian shift experiment (van der 
Vaart, 1998). Using (8.28) and (8.31), we get Epu(00) [{uz — ύ ζ)2] < μ (1 — μ) and 
EpX(oo) [(ui — Wj)2] < μ/(2(2μ — l )2) for i =  x,y. Substituting these bounds in (8.36), 
we obtain (8.34).
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We will now show that the sequence pn is optimal in the local minimax sense : for 
any p0 and any other sequence of estimators ρη we have

R0 =  limsup sup nR(p, ρη) > 8μο — 4/Xq.
n->°° | | ρ - ρ 0 | | ι < η - 1/ 2+ε

We will first prove that the right hand side is the minimax risk -Rminimax(Mo) for the 
family of states Nu 0 φα which is the limit of the local families of qubit states 
centered around po- We then extend the result to our sequence of quantum statistical 
models p".

The minimax optimality for N u 0 φη can be checked separately for the classical 
and the quantum part of the experiment. For the quantum part e/>u, the optimal 
measurement is known to be the heterodyne measurement. A proof of this fact 
can be found in Lemma 7.4 of (Gu^a et Kahn, 2006). For the classical part, which 
corresponds to the measurement of Lz, the optimal estimator is simply the random 
variable X  ~  N u itself (van der Vaart, 1998).

We now end the proof by using the other direction of LAN. Suppose that there exists 
a better sequence of estimators gn such that

R0 ^ Pminimax (^0) 8^o 4/Xq.

We will show that this leads to an estimator ύ of u for the family Nu 0 0 U whose 
maximum risk is smaller than the minimax risk -Rminimax̂ o)? which is impossible.

By means of a beamsplitter one can divide the state </>u into two independent Gaus­
sian modes, using a thermal state φ φ° as the second input. If r and t are the 
reflectivity and respective transmitivity of the beamsplitter (r2 + t2 =  1), then the 
transmitted beam has state 0“ =  φίη and the reflected one =  ψΓΧ1. By perform­
ing a heterodyne measurement on the latter, and observing the classical part Nu, 
we can localize u within a big ball around the result ύ with high probability, in the 
spirit of Lemma 8 .2 .1. More precisely, for any small e > 0 we can find a > 0 big 
enough such that the risk contribution from unlikely u ’s is small

E (IIU -  u||2X||u-u||>a) <  €.

Summarizing the localization step, we may assume that the parameter u satisfies 
||u|| < a with an e loss of risk, where a =  a(r,e).

Now let n be large enough such that rf > a, then the parameter u falls within the 
domain of convergence of the inverse map Sn of Theorem 8.3.1 and by (8 .12) (with 
e replacing η and <5 replacing e) we have

IIp f  -  S(Ntu 0 0iu) II! < Cn- 1/4+e+s,
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for some constant C.

Next we perform the measurement leading to the estimator ρη and equivalently to 
an estimator un of u. Without loss of risk we can implement the condition ||u|| < a 
into the estimator u„ in a similar fashion as in (8.29) and (8.32). The risk of this 
estimation procedure for 0 U is then bounded from above by the sum of three terms : 
the risk nRp(gn)/t2 coming from the qubit estimation, the error contribution from 
the map Sn which is a2n_1//4+e+<5, and the localization risk contribution e. This 
risk bound uses the same technique as the third inequality of (8.35). The second 
contribution can be made arbitrarily small by choosing n large enough, for e < 1/4. 
From our assumption we have Ro < Rminimax{po) and we can choose t close to 
one such that Ro/t2 < Rminimax(po) and further choose e such that R.o/t2 + e <
Rminimax (pO ) ·

In conclusion, we get that the risk for estimating u is asymptotically smaller that 
the risk of the heterodyne measurement combined with observing the classical part 
which is known to be minimax (GutjS et Kahn, 2006). Hence no such sequence ρη 
exists, and pn is optimal.

□

Remark. In Theorem 8.33, we have used the risk function R(p,p) =  E (d2(p,p)), 
with d the Li-distance d(p,p) =  ||p — ρ\\χ. However, the obtained results can easily 
be adapted to any distance measure d2 (p^,pu) which is locally quadratic in ύ — u, 
i.e.

d  (Pu> Pu) ^   ̂ Ί α β {^ α  ^ α ) ( ^ 3  ^ β )  ^ (1 1 ^  1̂1 ) ·
α,β=χ,ν,ζ

For instance, one may choose d2 (p,p) — I — F 2 (p,p) with the fidelity F(p,p) := 
Tr(y/y/ppy/p)· For non-pure states, this is easily seen to be locally quadratic with

(2μ0 -  l )2 0 0

7 = |  0 (2μ0 -  I)2 0
0 0

1 —(2μ0 —l )2

For the corresponding risk function Rp(p,pn) := E(1 — F 2 (p,pn)), this yields

lim sup sup nRF(p, pn) =  μ0 + 1/4, (8.38)
n_>°° l|p-po||l<n-1/2+e

with the same asymptotically optimal p. The asymptotic rate Rp ~  was found 
earlier by Bagan et al. (2006), using different methods.
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8.7 Conclusions

In this chapter, we have shown two properties of quantum local asymptotic normality 
(LAN) for qubits. First of all, we have seen that its radius of validity is arbitrarily 
close to n-1/4 rather than n-1//2. And secondly, we have seen how LAN can be 
implemented physically, in a quantum optical setup.

We use these properties to construct an asymptotically optimal estimator pn of the 
qubit state p, provided that we are given n identical copies of p. Compared with other 
optimal estimation methods (Bagan et al., 2006; Hayashi et Matsumoto, 2004), our 
measurement technique makes a significant step in the direction of an experimental 
implementation.

The construction and optimality of pn are shown in three steps.
I In the preliminary stage, we perform measurements of σχ, συ and σζ on a fraction 

n =  nl~K of the n atoms. As shown in section 8 .2, this yields a rough estimate pn 
which lies within a distance η_1//2+ε of the true state p with high probability.

II In section 8.3, it is shown that local asymptotic normality holds within a ball 
of radius η~1/2+η around p (η > e). This means that locally, for n —> oo, all 
statistical problems concerning the n identically prepared qubits are equivalent 
to statistical problems concerning a Gaussian distribution Nu and its quantum 
analogue, a displaced thermal state φη of the harmonic oscillator.

Together, I and II imply that the principle of LAN has been extended to a global 
setting. It can now be used for a wide range of asymptotic statistical problems, 
including the global problem of state estimation. Note that this hinges on the rather 
subtle extension of the range of validity of LAN to neighborhoods of radius larger 
than n-1/2.

III LAN provides an abstract equivalence between the n-qubit states p®"^ on the 
one hand, and on the other hand the Gaussian states Να ®φ'1. In sections 8.4 and 
8.5 it is shown that this abstract equivalence can be implemented physically by 
two consecutive couplings to the electromagnetic field. For the particular problem 
of state estimation, homodyne and heterodyne detection on the electromagnetic 
field then yield the data from which the optimal estimator pn is computed.

Finally, in section 8 .6 , it is shown that the estimator pn, constructed above, is optimal 
in a local minimax sense. Local here means that optimality holds in a ball of radius 
slightly bigger than n-1/ 2 around any state p0 except the tracial state. That is, even 
if we had known beforehand that the true state lies within this ball around po, we 
would not have been able to construct a better estimator than pn, which is of course 
independent of p0.

For this asymptotically optimal estimator, we have shown that the risk R converges
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to zero at rate R(p, pn) ~  -8·—~4μ° , with /x0 > 1/2  an eigenvalue of p. More precisely, 
we have

lim sup sup nR(p,pn) =  8 μο — Αμ̂ .
η—>oo ||p-po||l<«_1/2+E

The risk is defined as R(p,p) =  E(d2 (p,p)), where we have chosen d(p,p) to be 
the Li-distance \\p — p\\i := Tr(|/3 — p\). This seems to be a rather natural choice 
because of its direct physical significance as the worst case difference between the 
probabilities induced by p and p on a single event.

Even still, we emphasize that the same procedure can be applied to a wide range of 
other risk functions. Due to the local nature of the estimator pn for large n, its rate 
of convergence in a risk R is only sensitive to the lowest order Taylor expansion of 
R in local parameters ύ — u. The procedure can therefore easily be adapted to other 
risk functions, provided that the distance measure d2 (pn,pu) is locally quadratic in 
ύ — u.

Remark. The totally mixed state (μ =  1/2) is a singular point in the parameter 
space, and Theorem 8.3.1 does not apply in this case. The effect of the singularity is 
that the family of states (8.9) collapses to a single degenerate state of infinite tem­
perature. However this phenomenon is only due to our particular parametrisation, 
which was chosen for its convenience in describing the local neighborhoods around 
arbitrary states, with the exception of the totally mixed state. Had we chosen a dif­
ferent parametrisation, e.g. in terms of the Bloch vector, we would have found that 
local asymptotic normality holds for the totally mixed state as well, but the limit ex­
periment is different: it consists of a three dimensional classical Gaussian shift, each 
independent component corresponding to the local change in the Bloch vector along 
the three possible directions. Mathematically, the optimal measurement strategy in 
this case is just to observe the classical variables. However this strategy cannot be 
implemented by coupling with the field since this coupling becomes singular (see 
equation (8.18)).

These issues become more important for higher dimensional systems where the eigen­
values may exhibit more complicated multiplicities, and will be dealt with in that 
context.

8.A Appendix : Proof of Theorem 8.3.1

Here we give the technical details of the proof of local asymptotic normality with 
“slowly growing” local neighborhoods ||u|| < nv, with η < 1/4. We start with the 
map Tn.
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8.A .1 Proof of Theorem 8 .3 .1 ; the map Tn

Let us define, for 0 < e < ( l / 4  — η) the interval

Jn =  { j  ■ (β — 1/2)n — n^2+e < j  < (μ — 1/2)n +  η1//2+ε} . (8.39)

Notice that j  G Jn satisfies 2j  > e2n for all μ — 1/2 > e2 and n big enough, 
independently of μ.

Then Jn contains the relevant values of j , uniformly for μ — 1/2 > e2 :

This is a consequence of Hoeffding’s inequality applied to the binomial distribution, 
and recalling that pn,u(j) =  B(n/2 +  j) (  1 +  0 (n ~1/f2+€)) for j  € Jn.

We upper-bound ||Tn(p“ ) — Nu <8> φα\\ by the sum

The first two terms are “classical” and converge to zero uniformly over ||u|| < nv : for 
the first term, this is (8.40), while the second term converges uniformly on μ —1/2 > 
e2 at rate η*7-1/2 (Gu^a et Kahn, 2009). The third term can be analyzed as in 
Proposition 5.1 of (Gu^a et Kahn, 2006) :

where Pj := VjV* is the projection onto the image of Vr  We will show that both 
terms on the right side go to zero uniformly at rate n~1//4+r,"K over j  G Jn and 
||u|| < πη. The trick is to note that displaced thermal equilibrium states are Gaussian 
mixtures of coherent states

lim pniu{Jn) =  1 -  0(n  1/2+c). (8.40)

(8.43)

where s2 := (1 — μ)/(4μ — 2).

The second term on the left side of (8.42) is bounded from above by

+  sup II
j  GvTn

(8.41)

W - Iu V 'n,j j φ“ \ < W it Φ " ν ί \\ι +  \\φ" -  P ^ P j W ,  (8.42)

v 27rs2

— |z— \/2μ— la, ,2 (Ιζ Χζ Ν 2ζ,

1

\/2ns2
6 ~ \ζ - ^ /2 μ - 1  a, ls2|||z)(z| - P?·|ζ)(ζ|Ρ-ί||1 d2z,

Q \ Λ ΛΓ
Τ ηj& iJ n
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which after some simple computations can be reduced (up to a constant) to

/ ■
,-N2/2 s211-Pi11 z + \ /2 μ - 1cku) || d2z. (8.44)

We now split the integral. The first part is integrating over |z| > ηη+ό with 0 < S < 
1/4 —77/2. The integral is dominated by the Gaussian and its value is 0(e~n2(r,+6)̂ 2s2̂ ). 
The other part is bounded by the supremum over |z| < 2ηη+δ (as ||u|| < ηη) of 
||P/|z>||. Now ||P/|z)|| < \z\j/y/]\ =  0 (e_n 1̂/2_??_2î ) uniformly on j  G Jn, for any 
μ — 1/2 > e2 since then 2j  >  e2n.

The same type of estimates apply to the first term
/  u \

n,j v^ uyA l = Ad

Ad

U‘  K T n )

*  ( Ά

( „ l , )  -  ν ;< ρ ν , 

(ν;φ°ν,) - ν-φ"v,

<

(8.45)

The first term on the right side does not depend on u. From the proof of Lemma
5.4 of (Gu^a et Kahn, 2006), we know that

!Κ ί - ΐ7 Λ Ι Ι ,<  ( τ ^ π  + ρ2)+1)
with p =  (1 — μ)/μ. Now the left side is of the order p2j+1 which converges expo­
nentially fast to zero uniformly on μ — 1/2 > e2 and j  G Jn.

The second term of (8.45) can be bounded again by a Gaussian integral
1 f  ..l_l2/o.2,-|z |2/ 2 s2 ||A(u,z,j)!!!^ z, (8.46)

y/27rs2 J
where the operator A(u,z , j )  is given by

Δ (ιι ,ζ , j )  := Ad [Uj(u /v ^ )] (K /|z)(z|^ )-K /| z+ v/2 ^ a u } ( z + V /2^ : r l«u|^.

Again, we split the integral along ||z|| > ηη+δ. The outer part converges to zero 
faster than any power of n, as we have already seen. The inner integral, on the other 
hand, can be bounded uniformly over ||u|| < ηη, μ — 1/2 > e 2 and j  G Jn by the 
supremum of ||Δ(ιι,z, j ) 11! over |z| < 2ηη+δ, μ — 1/2 > e2, j  G Jn and ||u|| < ηη.

Let z G I 2 be such that a± =  z / /̂2μ — 1, and denote ^(n, j ,v)  =  VjUj(v/y/n)\j, j ) . 
Then, up to a \/2 factor, ||Δ(ια, z, j ) 11! is bounded from above by the

n j ,  z) -  jz) || +

ψ(η, j, u +  z) -  |z +  γ/2/χ -  lctu) +

(8.47)-£/,·
u +  z
\/n /

\jj)

u

3\\frJ \V̂ J
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This is obtained by adding and subtracting \ψ(η, j, ζ))(ψ(η, j, z)| and u +
z))(0(n, j ,u  +  z)| and using the fact that ||[V;)(V;| ~ |0)(</>|||i =  V̂ \\4’ ~ Φ\\ for 
normalized vectors ψ, φ.

The two first terms are similar, we want to dominate them uniformly : we replace 
u +  z by z with |z| < 2ηη+δ. We then write :

i,j, z) -  |z}||2 =  ^| (fc|^(n ,j,z)) -  (k\z)\2
k = 0

r  — 1 (X)

< 1>{n,j,z)) -  (k\z)\2 +  2 ^ 2  (\(k\^(n,j,z))\2 +  |(£;|z)|2) . (8.48)
k —0 k = r

If z =  |ζ|β*θ then we have (Hayashi et Matsumoto, 2004)

z)) =  J  ( 2Λ  (sm(\z\/y/n)ei0) k (cos(|z|>/n))2j *■

Vki

In (8.48) we choose r =  η2η+ΐ3 with e3 satisfying the conditions 2δ +  2η +  e < 
2η +  e3 +  e <  1/2  and 77 +  63 < 1/4. Then the tail sums are of the order

2 r (2  η (ί?+<5))2η2,?+ε3

Σ  |<Φ) |2 < —  < (n2,+e3)! =  0 (exp(-n2"+£3) ) ,
k=r

Σ  I j , z ) ) |2 < Σ  ( v )  W~k)\k\  -  nT T  =  ° (exP ( -n2"+e3)) ·

For the finite sums we use the following estimates which are uniform over all |z| < 
2n7?+<5, k < r, j  £ Jn :

=  +  0 ( n - 1/2+(+2we))i

(sin(|z|/v/n))fc =  ( |z |/v/n)fc(l + 0 (n4i?+£3+26 *)),

(cos(|z|/y/n))21 k =  exp (1 +  £>(n2 7 7— 1 j  2+e+2<5
)),

where we have used on the last line that (1 +  x/n)n =  exp(x)(l +  0(n~l!2x)) for 
x < n1//2_e4 (cf. (Gu^a et Kahn, 2009)). This is enough to show that the finite 
sum converges uniformly to zero at rate 0(n2v~1/2+e+e3) (the worst if e3 is small 
enough) and thus the first second terms in (8.47) as the square root of this, that is

l/4+e/2+e3/2)̂

(k |z) =  exp
( 2 μ -  l)|z (Λ ίν ^ Τ Γ ^ Τ )'
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Notice that the errors terms depend on μ only through j, and that 2j  > en for 
μ — 1/2 > e2. Hence they are uniform in μ.

We pass now to the third term of (8.47). By direct computation it can be shown

where the O(-) contains only third order terms in X i ,X 2. If X\, X 2 are in the linear 
span of σχ and συ then all third order monomials are such linear combinations as 
well.

In particular we get that for z, u < ηη+ΐ3 :

Finally,using the fact that |j , j )  is an eigenvector of Lz, the third term in (8.47) can 
be written as

wujxjji-uiwvjxj.mm'w
and both states are pure, so it suffices to show that the scalar product converges 
to to one uniformly. Using (8.50) and the expression of (j\Uj(P)\j) (Hayashi et 
Matsumoto, 2004) we get, as j  < n,

and e small enough, we obtain that all terms used in bounding (8.46) are uniformly
0 (n -1/4+T?+e) for any e > 0.

This ends the proof of convergence (8.11) from the n qubit state to the oscillator. 

8. A.2 Proof of Theorem 8.3.1; the map S n

The opposite direction (8.12) does not require much additional estimation, so will 
only give an outline of the argument.

that if we consider two general elements exp(zXi) and exp(2X 2) of SU(2) with X t 
selfadjoint elements of M (C2) then

e x p (-z (X i+  X 2))exp(«Xi)exp(iX2)exp([X i,X 2]/2) =  1 + 0 (X ilX i2X i3), (8.49)

exp{i(uxvy -  uyvx)az/n)

1 + 0(n~2+4r,+4es) (9(n-3/2+377+3€3)
0 ( 7 1 - 3 / 2 + 3 ^ 3 )  1 +  0 ( n ~ 2+4i?+4£3) ·

(8.50)

U J W U j ) =  W(0h,iY =  1 +  0 ( η -1+4’1+4·>),

which implies that the third term in (8.47) is of order 0(n~1+iri+4e3). By choosing e3

Given the state iVu <g> </>u, we would like to map it into p" or close to this state, by 
means of a completely positive map Sn.
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Let X  be the classical random variable with probability distribution Na. With X  
we generate a random j  e Z as follows

j ( X)  =  [V^X +  n (p -l/ 2 )} .

This choice is evident from the scaling properties of the probability distribution p“ 
which we want to reconstruct. Let be the probability distribution of j (X) .  By 
classical local asymptotic normality results we have the convergence

sup ||g" -  p i||i =  0 (η η~1/2). (8.51)
IMI<nT'

Now, if the integer j  is in the interval Jn then we prepare the n qubits in block 
diagonal state with the only non-zero block corresponding to the j ’th irreducible 
representation of SU(2) :

<4 - + T V (i?«l) 0  i .
fij

The transformation 0U i—> is trace preserving and completely positive (Gu|a et 
Kahn, 2006).

If j  £ Jn then we may prepare the qubits in an arbitrary state which we also denote 
by t “j .  The total channel Sn then acts as follows

n/2

τ “ := φ
j= 0 ,1/2

We estimate the error jjp" — r “ ||i as

||p“ -  r “ ||i < ||g" -  p“ ||i +  2Ppu(j £ Jn) +  sup ||r“ · -  p“ -||i
jeJn

The first term on the r.h.s. is 0 (η η~1/2) (see (8.51)), the second term is 0 (n e" 1/2) 
(see (8.40)). As for the third term, we use the triangle inequality to write, for j  e Jn,

\ K j -  P l j 111 < IK, - ν*φ "ν*\\ 1 + IIν * φ * ν ;  -  l.

The first term is 0(ε~ηΙ'1̂ 2~η~2̂ ), according to the discussion following equation 
(8.44). The second term on the right is 0 (n -1/4+,?+e) according to equations (8.45) 
through (8.50).

Summarizing, we have ||5*̂ (Â u <g) 0U) — p“ ||i =  0 (η _1/4+??+ε), which establishes the 
proof in the inverse direction.

□
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8.B Appendix : Proof of Theorem 8.4.1

First estimate. We build up the state pjn by taking linear combinations of number 
states | ra) to obtain an approximate coherent state |z), and finally mixing such 
states with a Gaussian distribution to get an approximate displaced thermal state. 
Consider the approximate coherent vector Ρ™|ζ), for some fixed z G C and ra =  n7, 
with 7  to be fixed later. Define the normalized vector

1 _ m , \ 7 \ m

K i )  ~  lip-r-TTr Σ  -7 =  W , (8-52)\\Frh z) “  v ml" 1 ' 11 m=0 v
We mix the above states to obtain

1:= - J =  J  /2> (IVijXVfjl) Λ-

Recall that s2 = (1 — μ)(4μ — 2), and

= } .__  / , e-|«-V3M=TeulW (|z)(z|) ^2z_
v 2πθ2 7

From the definition of |V;zj) we have

_ z
|z ) | | < x/ 2 ^ L = A 2 ,  (8.53)

ym\

\p1 «

which implies

φΊ ι  < _ ^ L  +  Λ ν^\
v  7rs2 J  \  v r a !  /

for any e > 0, for any 7  > 2 (η +  e). Indeed we can split the integral into two parts. 
The integral over the domain |z| > nn+r is dominated by the Gaussian factor and is 
0(e~n2(v+e)). The integral over the disk |z| < nn+t is bounded by supremum of (8.53) 
since the Gaussian integrates to one, and is 0(ε~^Ί 2̂~η~^ηΊ). In the last step we use
Stirling’s formula to obtain log (n,,+e)”7/  Vn7! ~  (η +  e — η/2 )πΊ logn. Note that
the estimate is uniform with respect to μ — 1/2  > e2 for any fixed e2 > 0 .

Second estimate. We now compare the evolved qubits state p“ „(i) and the evolved 
oscillator state φα{ί). Let |V;m,j(0) =  Uj,n{t) \m) ® |Ω) be the joint state at time t 
when the initial state of the system is | ra) corresponding to | j, j  — ra) in the Lz basis 
notation. We choose the following approximation of |V;m j(0)

m
IC jW ) := ^c„(ra ,i)a j(i)|ra -  i) <8> |e~1/2ux m (u))i, (8.54)

z=0
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where ctj(i) =  exp((-m  +  i)t/2), cn(m,i) := cn(m,i -  1)yj 2j \j™~*+-  with 
cn(m, 0) := 1, and |/)n := f®n as defined in (8.17). In particular for μ -  1/2 > e2 
and j  e  Jn we have cn(m, i) < J ( '" ) ( l  +

We apply now the estimate (8.21). By direct computations we get

m
d\C j ( 0 >  =  - 2  5 Z c« ( m >i )Q!i ( i ) ( m - * ) l ^ - * ) « >le “ 1/2“ X[o>i](w))io!i

i=0
m

+  ^ c n(m,i)ai_i(i)|m -  i) ® |e“ 1/2“x [0,f](u))i-i |x[t)t+(/t])(,8.55)
2=1

where
2 + 1

/®‘ ® S  g  := Ύ  f  ® ® ® 9  ® ® / ·  
fc=l

From the quantum stochastic differential equation we get

G,„ IC jW ) =
1 v-^\ / \ / \ / \ —  ra z -|- 1. ι -i /9„

“  9 --------o '--------- |rn-i) 0  |e 7 X[o,i]
z=0 3n

m (ra — i)(2j — m +  i +  1)—  Ira — z —Σ / .v , v m - z  U 7  -  rri

|e_1/2MX[o,t](w))i |X[t,i+dt])· (8.56)

In the second term of the right side of (8.56) we can replace cn(m, i) y  (m
by cn(m, i +  1) and thus we obtain the same sum as in the second term of the left 
side of (8.55). Thus

σ,,ια,,ω)- « , , « >  =
j  ^2c„(m,i)ai(t)(m -  — J-·^  — -— -\m -  i) ® |β_1/2“χΜ  (<*))(<*<■

z=0 Jn

Then using cn(m,i) < ^(™)(1 +  (2/e2)n -1/2+£)i we get that ||G ^ ^ t )  -  άξ^(ί)\\ 
is bounded from above by

1

2

" m - 1 /  \

Σ Ι ((1 + η - 1/2 + 0) ( l - e  *))‘ / (2(jn -  j )  + m  -  i -  l ) ( m  -  %)'
1/2

2 Jn
dt.
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We have
(2(jn — j) +  m — % — l)(m — i) . , /0,f , ..v KJ J> A = 0(m(n~1/2+i+  n~1m))

2jn
Inside the sum we recognize the binomial terms with the m’th term missing. Thus 
the sum is

(1 +  n -i/2+e _  e - t n -1//2+e) m -  ((1 -  e _t) ( l  +  n~ll2+i))m

< (1 +  n“ 1/2+e)m( 1 -  (1 -  e- i )m) < (1 + n~1/2+t)m me'*.

Then there exists a constant C (independent of μ if μ — 1/2  > e2) such that

IIG a C J t)  -  dC,„(t)II < + mn->) ( l  + - n - 1/2+<)

By integrating over t we finally obtain

/  O \ m/2
IIC jW  -  Cj-WII < <?™3/2(η -1/2+ε +  rnn"1) ^1 +  ~ n ~ 1/2+tJ . (8.57)

Note that under the assumption 7  < 1/3 — 2e/3, the right side converges to zero at 
rate n37,/2-1/2+€ for all m < in = n1. Summarizing, the assumptions which we have 
made so far over 7  are

2η + 2e < 7  < 1/3 -  2e/3.

Now consider the vector |V;z,j) as defined in (8.52) and let us denote |V;zj(i)) =  
^i,n(0lV;zj) ® |Ω). Then based on (8.54) we choose the approximate solution

' \y\m
ICjW) = eHz|2/2 Y  —= Y c n(m,i)ai{t)\

—' v  ml ~m=0 z=0
m — i )  <g> \e l l 2 u X [ o , t ) { u ) ) i .

+
\z \2m

ml
"»/2 |„ |2 m

< <7 ?η3/2(η~1/2+ε +  mn_1) ^1 +  ^-n“ 1/2+ê  +  (8.58)
m!

Note that the vectors |V;fcj(0) and |£fc,j(0) ^ve i*1 ^̂ e “ /c-particle” subspace of Tij <8> 
JF(L2(IR)) and thus are orthogonal to all vectors |V;p j(0 ) and l£p,j(0) w^h p φ k. 
Bv (8.57). the error is

II€Jt) -

< Ce~

CjWII
1/2

V'm=0 mi
m3(n—1/2+£ + mn ) I 1 + -n— 1 / 2 + e
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We now compare the approximate solution £% j(t) with the “limit” solution V;z(i) for 
the oscillator coupled with the field as described in section 8.4.2. We can write

0 0  \ „ \ m  m  
. 12/0 Z* (i) =  e- N > / » £ J i L £

~ vm ! rr:m =0 z=0

Then

H zl
m \„\2m  m

2 | z | __

771=0 2=0

-(m—z)£ m
(1 -  e - y  + e-W2 ] T2 A  |z |2m

m!

Now

c n ( m , i )
m <

<

Cn(m, i f
m

m 1-Π(ι +
p =  1 '

2O' ~  j n )  - m  +  p " 

2 jn

< c 2(:)mn— 1/2+e

where C2 does not depend on μ as long as μ — 1/2  > e2 (recall that the dependence 
in μ is hidden in j n — (2μ — l)n). Thus

W G M  -  t m ?  <  c 2

2 v-̂  m |z|2m |z |2m 12m

m = 0

+ ^ L _ < C ' 2n -1/2+£|z|2 +  
ml m\ ml

(8.59)

From (8.58) and (8.59) we get 

IICjO ) -  V;z(i)|| <  2 a (7ίη3/2(η“ 1/2+£ + mn *) ^1 +  — n 1/2+ê
ά/2

12m
+ mi + C2n ^  |z |2 +

12m
m!

1/ 2

:= i?(m, n, z)

We now integrate the coherent states over the displacements z as we did in the case 
of local asymptotic normality in order to obtain the thermal states in which we are 
interested

p“n := — =  y V lz - v ^ c , | W  ( IC jX C J )  Λ .
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We define the evolved states

Pl„W  :=  Vhn(t)^ inU,_n(t)\ and ψ"(ί) := U(i)4?U(t)",

Then

sup sup \\Pln{t) -  0u(i)l|i < sup _ L  f  E{rh,n,z) d2z.
ĵ Jn\\u\\<n̂  ||ιι||<η̂ V 7TS J

Here again we cut the integral in two parts. On |z| > ηη+€, the Gaussian domi­
nates, and this outer part is less than e~nV+e. Now the inner part is dominated by 
sup|z|<nr,+e E(m,n, z). Now we want m to be not too big for (8.58) to be small, on 
the other hand, we want z2m/rh\ to go to zero. A choice which satisfies the condition 
is 7  =  2η +  3e. By renaming e we then get

E(m, n, z) =  0 (ηη- 1/4+ε,η3η~1/2+η,

for any small enough e > 0. Hence we obtain (8 .22).

□



Chapitre 9

Quantum local asymptotic normality 
for c?-dimensional states

Ce chapitre derive de Particle (Gu^a et Kahn, 2009).

Resume : Nous etendons la normalite asymptotique locale quantique 
forte a tous les systemes de dimension finie. Comme au Chapitre 7, 
nous considerons les etats de la forme et exigeons que p0 ait
des valeurs propres differentes deux a deux. Nous construisons ensuite 
des canaux depuis et vers la famille limite. Cette famille limite est un 
produit d ’une experience de decalage gaussienne classique et d’une ex­
perience de decalage gaussienne quantique, les etats de cette derniere 
etant plus precisement le produit d’etats thermiques deplaces dont la 
temperature ne depend pas du parametre Θ. De plus, nous autorisons 
Pespace de parametres a croitre, et obtenons des vitesses de convergence 
polynomiales.
La preuve exige un travail tres technique sur les tableaux de Young, et 
utilise un resultat intermediate interessant en lui-meme : la base generee 
par les tableaux de Young semi-standards d’une representation de SU(d) 
est «presque» orthonormale.
En application, nous mentionnons une methode d’estimation asympto- 
tiquement optimale. Nous etablissons au cours de la preuve un theoreme 
de representation asymptotique quantique et un theoreme minimax asymp­
totique quantique.



258 Quantum local asymptotic normality for d-dimensional states

9.1 Introduction

Quantum statistics deals with problems of statistical inference arising in quantum 
mechanics. The first significant results in this area appeared in the seventies and 
tackled issues such as quantum Cramer-Rao bounds for unbiased estimators, op­
timal estimation for families of states possessing a group symmetry, estimation of 
Gaussian states, optimal discrimination between non-commuting states. It is im­
possible to list all contributions but the following references may give the flavour 
of these developments (Helstrom, 1969; Yuen et Lax, M., 1973; Yuen et al., 1975a; 
Belavkin, 1975,1976; Holevo, 1982). The more recent theoretical advances (Hayashi, 
2005b, 2006; Paris et Rehacek, 2004; Barndorff-Nielsen et al., 2003; Artiles, L et al., 
2005; Audenaert et al.) are closely related to the rapid development of quantum 
information and quantum engineering, and are often accompanied by practical im­
plementations (Armen et al., 2002; Hannemann et al., 2002a; Smith et al., 2006; 
Schiller et al., 1996).

An important topic in quantum statistics is that of optimal estimation of an un­
known state using the results of measurements performed on n identically prepared 
quantum systems (Massar et Popescu, 1995; Cirac et al., 1999; Vidal et al., 1999; 
Gill et Massar, 2000; Keyl et Werner, 2001; Bagan et al., 2002; Hayashi et Mat- 
sumoto, 2004, 2005; Bagan et al., 2006; Gill, 2005a). In the case of two dimensional 
systems, or qubits, the problem has been solved explicitly in the Bayesian set-up, in 
the particular case of an invariant prior and figure of merit based on the fidelity dis­
tance between states (Bagan et al., 2006). However the method used there does not 
work for more general priors, loss functions, or higher dimensions. In the pointwise 
approach, Hayashi et Matsumoto (2004) have shown that the Holevo (1982) bound 
for the variance of locally unbiased estimators can be achieved asymptotically, and 
provided a sequence of measurements with this property. Their results, building on 
earlier work (Hayashi, 2003; Hayashi), indicate for the first time the emergence of a 
Gaussian limit in the problem of optimal state estimation for qubits. The extension 
to d-dimensional case is analysed by Matsumoto.

We (Gu^a et Kahn, 2006; Gu^a et al., 2008) performed a detailed analysis of this 
phenomenon (again for qubits), and showed that we deal with the quantum gener­
alization of an important concept in mathematical statistics called local asymptotic 
normality. As a corollary, we devised a two steps adaptive measurement strategy for 
state estimation which is asymptotically optimal for a large class of loss functions 
and priors, and could be practically implemented using continuous-time measure­
ments. In ‘classical statistics’, the idea of approximating a sequence of statistical 
models by a family of Gaussian distributions was first formulated by Wald (1950), 
and was fully developed by Le Cam (1986) who coined the term “local asymptotic 
normality”. Among the many applications we mention its role in asymptotic opti­
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mality theory and in proving the asymptotic normality of certain estimators such as 
the maximum likelihood estimator. The aim of this chapter is to extend our previous 
results (Gu^a et Kahn, 2006; Gu^a et al., 2008) to systems of arbitrary dimension 
d < oo, and solve the open problem of optimal state estimation for d-dimensional 
quantum systems.

Before stating the main result of the chapter we shall explain briefly the meaning 
of local asymptotic normality for two dimensional systems (Gut-a et Kahn, 2006; 
Gu^a et al., 2008). We are given n qubits identically prepared in an unknown 
state p. Asymptotic normality means that for large n we can encode the statistical 
information contained in the state p®n into a Gaussian model consisting of a classical 
random variable with distribution N(u,I~l), and a quantum harmonic oscillator 
prepared in a (Gaussian) displaced thermal state φζ. The term local refers to how p 
is related to the parameters Θ =  (u, (), as explained below.

For a more precise formulation let us parametrise the qubit states by their Bloch 
vectors pi^r) =  |(1 + ~τ>~σ ) where ~σ =  (σχ,συ,σ ζ) are the Pauli matrices. The 
neighbourhood of the state po with — (0 , 0 , 2μ — 1) and 1/2  < μ < 1, is a three- 
dimensional ball parametrised by the deviation ii € R of diagonal elements and 
ζ G C of the off-diagonal ones

» - ( T  i | , ) '  i  = («,C)eRxC.

Note that p0 is to be considered fixed and known but otherwise arbitrary, and can 
be taken to be diagonal without any loss of generality. Consider now n identically 
prepared qubits whose individual states are in a neighbourhood of p0 of size 1 /  y/ri, 
so that their joint state is pg := [pe/^i]^ f°r some unknown Θ. We would like to 
understand the structure of the family (statistical experiment)

On ■■= M  : ||« || < c ] , (9.1)

as a whole, more precisely what is its asymptotic behavior as n —> oo ?

For this we consider a quantum harmonic oscillator with position and momentum 
operators satisfying the commutation relations [Q, P] = il. We denote by {\k), k > 
0 }  the eigenbasis of the number operator and define the thermal equilibrium state

OO -j

φ  =  ( e-K =  ^ L · ,
Δ ' il
k= 0

which has centered Gaussian distributions for both Q and P with variance 1 /  (4μ — 
2) > 1/ 2 . We define a family of displaced thermal equilibrium states

φ< :=  ΕΧ(φ) := W ((/ \/2μ — 1) φ \ Υ ( ζ /\/2μ — 1)*, (9.2)
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where W(C) := exp(£a* — ζα) is the unitary displacement operator with ζ £ C. 
Additionally we consider a classical Gaussian shift model consisting of the family 
of normal distributions Ν(ιι,μ( 1 — μ)) with unknown center u and fixed known 
variance. The classical-quantum statistical experiment to which we alluded above 
is defined by the family of densities

TZ := {φθ := Af(u, μ(1 -  μ)) <g) φζ : ||0|| < C}  (9.3)

where the unknown parameters 0 = ( i i , ( ) e E x  C are the same as those of Qn.

Theorem 9.1.1. (Gu^a et Kahn, 2006; Gu$a et al, 2008j Let Qn be the quantum 
statistical experiment (9.1) and let 7Z be the classical-quantum experiment (9.3). 
Then for each n there exist quantum channels (normalized completely positive maps)

Tn : M ((C 2)®n) ^ ( R ) ® ^ 2^ ) ) ,
Sn : L1(R) ® T(L2(R)) M  ((C2)®n) ,

with T (L 2(R)) the trace-class operators, such that

lim sup ||φθ -  Tn (p%) ||i =  0, 
n^°° ¥\\<c

lim sup ||pe -  Sn (φθ) ||χ =  0, 
n̂ °° ||β||<σ

for an arbitrary constant C > 0. The norm on trace class operators is ||r||i := 
Tr(|r|).

The theorem shows that from a statistical point of view the joint qubits states are 
asymptotically indistinguishable from the limit Gaussian system. At the first sight 
one might object that the local nature of the result prevents us from drawing any 
conclusions for the original model of a completely unknown state p. However this 
is not a limitation, but reflects the correct normalisation of the parameters with 
n —»· oo. Indeed as n grows we have more information about the state which can 
be pinned down to a region of size slightly larger that 1 /  y/n by performing rough 
measurements on a small proportion of the systems. After this ‘localisation’ step, 
we can use more sophisticated techniques to better estimate the state within the 
local neighbourhood of the first step estimator, and it is here where we use the local 
asymptotic normality result. Indeed, since locally the states are uniformly close to 
displaced Gaussian states we can pull back the optimal (heterodyne) measurement 
for estimating the latter to get an asymptotically optimal measurement for the 
former. Based on this insight we have proposed a realistic measurement set-up for 
this purpose using an atom-field interaction and continuous measurements in the 
field (Gu^a et al., 2008).
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This chapter deals with the extension of the previous result to d-dimensional sys­
tems. Like in the two-dimensional case we parametrise the neighbourhood of a fixed 
(diagonal) state po by a vector u 6  of diagonal parameters and d(d — l ) /2  

complex parameters ζ =  ((jyk : j  < k), one for each off-diagonal matrix element (cf. 
(9.15) and (9.17)). We consider the same 1/y/n—scaling and look at the family

Ο* =  {  [Ρ θ/ ^ Γ  ’·θ =  (η, C) € θ η C Md_1 <8> Cd̂ /2}  , 

where θ η is a ball of local parameters whose size is allowed to grow slowly with n. 

As in the 2-dimensional case, the limit model is the product of a classical statistical
—>

model depending on the parameters u and a quantum model depending on ζ. More­
over the quantum part splits into a tensor product of displaced thermal states of 
quantum oscillators, one for each off-diagonal matrix element with j  < k. Thus

^ = ^ ( 3 , # ) ® ® $ * ,  0 =  (u,C).
j < k

Here, IPo is the Fisher information matrix of the multinomial model with param­
eters (μι, . , . ,μύ)  described in Example 9.3.1, and is the displaced thermal 
equilibrium state defined in (9 .2) with inverse temperature β =  \ΐΐ(μΊ/μ̂ ')·

Theorem 9.4.3 is the main result of the chapter and shows the convergence of Qn to 
the Gaussian model

Tln =  {Φθ : Θ G θ η C W1- 1 ® Cd(d~1)/2} ,

in the spirit of Theorem 9.1.1. On the technical side, the uniform convergence holds 
over local neighbourhoods θ η which are allowed to grow with n rather that being 
fixed balls. This is essential for constructing the two stage optimal measurement: 
first localise within a neighbourhood θ „, and then apply the optimal Gaussian 
measurement. The details of this construction are similar to the two dimensional 
case and are given in section 9.4.5.

Despite the similarity to the two dimensional case, the proof of the d-dimensional 
result has additional features which may be responsible for the fact that the optimal 
estimation problem has remained unsolved until now. The proof is based on the 
following observations:

• the n systems space (Cd)®n decomposes into a direct sum of irreducible rep­
resentations of SU(d), each representation being labelled by a Young diagram 
A (cf. Theorem 9.4.1);
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• the joint state pfj1̂  has the block diagonal form (9 .21), the block weights
Λ —> ρ(>χ 1 depend only on the diagonal parameters u and are closely related to 
the multinomial distribution of Example 9.3.1. This classical statistical model 
converges to the (d — l)-dimensional Gaussian shift model N(u, Z^1);

• there exists an isometry V\ mapping basis vectors |m, A) of the irreducible 
representation 7i\ almost into number vectors |m) of the multimode Fock 
space, where m =  {m] k : j  < k} is the collection of eigenvalues of the number 
operators for all oscillators.

Θ  71• given a typical A, the conditional block-state ρχ can be mapped with V\ into 
a multimode state which is close (in trace norm) to the Gaussian product 
state 0j<fc0j*.fc. This can be done uniformly over the typical diagrams whose 
normalised shapes have l/y/n fluctuations around (μι, μ2, · · · > μ<ι), and over 
parameters Θ 6  θ η.

The first item is the well known Weyl duality which is extensively used in quantum 
statistics for i.i.d. states. The probability distribution of the second point has 
also been analysed the context of large deviations (Keyl et Werner, 2001) for the 
estimation of the state eigenvalues. The third point shows that the basis |m, A) is 
almost orthogonal for indices m which are not too big. This basis is obtained by 
projecting tensors of the form / a := f a(i)<8>- · -<8>fa(n) ont° a subspace of (<Cd)®n which 
is isomorphic to H\ (cf. Theorem 9.5.2). Let us place the indices (a(i) : i =  1. . .  n} 
in the boxes of the diagram A along rows, starting from the left end of the first row, 
to obtain a tableau ta. It turns out that we only need to consider / a for which ta is a 
semistandard tableau (nondecreasing along rows, increasing along columns). Then 
the label m := {m M· : j  > i} is the collection of integers equal to the number 
of j's  on the row i, and is in one to one correspondence with a. The following is an 
example of such semistandard tableau

f Til
1 1 1 1 1 1 1 1 2 2 2 3 3
2 2 2 2 2 3
3 3 3

with m1}2 =  3, m1)3 =  2 , m2)3 = 1.

The relatively large number of i ’s in the row i is intentional, since it turns out that 
the ‘relevant’ vectors, i.e. those carrying the states ρθ̂η, have indices mn] small 
compared with the length of the rows (λ* ~  ημ, for typical representations A). 
More precisely, in section 9.7.3 we prove the following quasi-orthogonality result 
which allows us to carry the block states over to the oscillator space: if m φ 1 and 
111 < |m| < ηη then

|(m, A|l, A)| =  o(n (9,»-2>lm- 1l/12) ------ > o for η < 2/9.
n—»oo
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The proof of the fourth point involves a detailed analysis of the state ρθχη through 
its coefficients in the basis |m, A) of H\. When Θ =  0 the state is diagonal and its 
coefficients approach uniformly those of the multidimensional thermal state φ° =  
®j<k4>j,k as shown in Lemma 9.6.3. The next step is to apply SU(d) rotations 
and obtain the states ρθχη. In Lemmas 9.6.4 and 9.6.5 it is shown that the unitary 
operations Ad[U\((/y/n)} act on p°’n in the same way as the displacement operator 
Dζ acts on the thermal state φ°. A remarkable fact is that in the limit the different 
off-diagonal parameters ‘separate’ into a product of shift experiments for quantum 
oscillators, one for each off-diagonal index (j < k). This could be guessed from 
the Quantum Central Limit Theorem 9.4.6 which is related to the restriction of our 
result to Θ =  0.

Due to the apparent intricacy of the main result, the chapter is organised according 
to the ‘onion peeling’ principle. We start in section 9.2 with general classical statis­
tical notions which motivate our investigation in quantum statistics. In particular 
we explain the relevance of the Le Cam distance between statistical models as a sta­
tistically meaningful way to describe convergence. Section 9.3 presents the classical 
version of local asymptotic normality with the multinomial model as example.

In section 9.4 we introduce the quantum statistical model consisting of n identical 
quantum systems with joint state ρθ,η described by diagonal and rotation param­
eters. We also introduce the multimode Gaussian states appearing in the limit. 
With this we can formulate the main result, Theorem 9.4.3. With the theorem, 
we immediately make explicit a two stage adaptive measurement strategy which is 
asymptotically optimal for both Bayesian and pointwise viewpoints, and for a large 
range of ‘distances’ on the state space, in 9.4.4 and below.

In section 9.5 we introduce the basis |m, A) and the isometry V\ allowing us to define 
the channels Tn and Sn connecting the two statistical models.

In section 9.6 we break the proof of the main theorem into manageable lemmas, 
essentially by using triangle inequalities. Each lemma deals with a different aspect 
of the convergence and has an interest in its own.

Finally, the technical proofs are collected in section 9.7. Notably, subsection 9 .7.2 
and Lemma 9.7.11 contain the combinatorial substance of the chapter. Moreover, in 
the course of proving Theorem 9.4.4, subsection 9.7.1 contains important equivalents 
of the classical asymptotic representation and asymptotic minimax theorems.

Our investigation relies on the theory of representations of SU(d). We refer to 
the books by Fulton (1997); Goodman R. et Wallach N.R. (1998); Fulton et Harris 
(1991) for proofs of standard results and more details.

Throughout, we will use the following symbols: ψ ,  ip for states, φ, p for density
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matrices, T, S, M  for channels (randomisations), £, V, Q for statistical models, θ, ζ, u 
for parameters, α, β, 7 , (5, e for positive constants, A for Young diagrams.

9.2 Classical and quantum statistical experiments

In this section we introduce some basic notions from classical statistics with the aim 
of defining the Le Cam distance between statistical models and local asymptotic 
normality. In parallel, we shall define the quantum analogues and point out their 
relevance in quantum statistics. The reader may find the conceptual framework 
helpful in understanding the quantum version of the result, but otherwise the section 
can be skipped at the first reading.

Let X  be a random variable with values in the measure space (Χ,Έχ),  and let us 
assume that its probability distribution P  belongs to some family {Pg : θ € Θ} 
where the parameter Θ is unknown. Statistical inference deals with the question of 
how to use the available data X  in order to draw conclusions about some property 
of Θ. We shall call the family

£ := {Ρθ '■ θ G Θ}, (9.4)

a statistical experiment or statistical model over (Λ\ Σ*) (Le Cam, 1986).

In quantum statistics the data is replaced by a quantum system prepared in a state 
φ which belongs to a family {ψβ : Θ G Θ} of states over an algebra of observables. 
In order to make a statistical inference about Θ one first has to measure the system, 
and then apply statistical techniques to draw conclusions from the data consisting 
of the measurement outcomes. An important difference with the classical case is 
that the experimenter has the possibility to choose the measurement set-up M, and 
each set-up will lead to a different classical model { P qM  ̂ : θ G Θ}, where PgM  ̂ is 
the distribution of outcomes when performing the measurement M  on the system 
prepared in state ψβ·

The guiding idea of this chapter is to investigate the structure of the family of 
quantum states

Q  : =  {ψ β  : Θ G Θ } ,

which will be called a quantum statistical experiment. We shall show that in an 
important asymptotic set-up, namely that of a large number of identically prepared 
systems, the joint state can be approximated by a multidimensional quantum Gaus­
sian state, for all possible preparations of the individual systems. This will bring a 
drastic simplification in the problem of optimal estimation for d-dimensional quan­
tum systems, which can then be solved in the asymptotic framework, in section 
9.4.5.
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9.2.1 Classical and quantum randomisations

Any statistical decision (e.g. estimator, test) can be seen as data processing using a 
Markov kernel. Suppose we are given a random variable X  taking values in (X, Σχ) 
and we want to produce a ‘decision’ y G y  based on the data X. The space y  
may be for example the parameter space Θ in the case of estimation, or just the 
set {0,1} in the case of testing between two hypotheses. For every value x G X  we 
choose y randomly with probability distribution given by Kx(dy). Assuming that 
K  : X  x Ej; —> [0,1] is measurable with respect to x for all fixed A G T,y, we 
can regard K  as a map from probability distributions over (Χ,Έχ)  to probability 
distributions over (̂ V, Sy) with

K(P)(A)  =  J  Kx(A)P(dx), A G Σγ . (9.5)

A statistic S : X  —> [V is a particular example of such a procedure, where Kx is 
simply the delta measure at S(x).

Besides statistical decisions, there is another important reason why one would like to 
apply such treatment to the data, namely to summarize it in a more convenient and 
informative way for future purposes as illustrated in the following simple example. 
Consider n independent identically distributed random variables X i , . . . , X n with 
values in {0,1} and distribution Ρθ := (1 — θ, Θ) with Θ G θ  := (0,1). The associated 
statistical experiment is

Sn := {Ρρ : Θ G θ } .

It is easy to see that X n =  ̂X ]”=1 X% is an unbiased estimator of Θ and moreover 
it is a sufficient statistic for Sn, i.e. the conditional distribution Ρρ(·\Xn = x) 
does not depend on ΘΙ In other words the dependence on Θ of the total sample 
(Xt, X 2, . ■ ■, Xn) is completely captured by the statistic X n which can be used as 
such for any statistical decision problem concerning £n. If we denote by Pg the 
distribution of X n then the experiment

Bn =  {P% ·. Θ G Θ } ,

is statistically equivalent to £n. To convince ourselves that X n does contain the 
same statistical information as (Χχ,. . . ,  X n), we show that we can obtain the latter 
from the former by means of a randomised statistic. Indeed for every fixed value x 
of X n there exists a measurable function

/ * : [ 0 , 1] - { 0 , 1}",

such that the distribution of fx(U) is Pg(-\Xn =  x). In other words

-Μ/άΓ1^ ! ,  · · · , X n ) )  =  / ? ( * ! ,  ■ ■ ■ , X n \ X n =  x ) ,
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where Λ is the Lebesgue measure on [0,1]. Then F (X n,U) := f x n(U), has distri­
bution Pg. To summarize, statistics, randomised statistics and Markov kernels, are 
ways to transform the available data for a specific purpose. The Markov kernel K  
defined in (9.5) maps the experiment £ of equation (9.4) into the experiment

T  :=  { Q e : Θ G Θ } ,

over (y , Ey) with Qo =  K(Pq). For mathematical convenience it is useful to repre­
sent such transformations in terms of linear maps between linear spaces.

Definition 9.2.1. A positive linear map

T , : L \ X ^ x , P ) ^ L 1( y ^ y ,Q)

is called a stochastic operator or transition if ||Γ*(ρ)||! = ||i for every g G L\{X).  

Definition 9 .2 .2 . A positive linear map

T L°°{y,Y,y,Q) ^  L*>{X,T.x ,P)

is called a Markov operator if T 1 =  1, and if for any f n | 0 in L°°(y) we have
Tfn 1 0 .

A pair (Τ*, T) as above is called a dual pair if

J  fT(g)dP  =  J  T*(f)gdQ,

for all /  G Ll (X, E*, P) and g G L°°(y, Ey, Q). It is a theorem that for any 
stochastic operator T* there exists a unique dual Markov operator T and vice versa.

What is the relation between Markov operators and Markov kernels ? Roughly 
speaking, any Markov kernel defines a Markov operator when we restrict to families 
of dominated probability measures. Let us assume that all distributions Pe of the 
experiment £ defined in (9.4) are absolutely continuous with respect to a fixed 
probability distribution P, such that there exist densities pe := dPg/dP : X  —»· R+. 
Such an experiment is called dominated and in concrete situations this condition is 
usually satisfied. Let Kx(dy) be a Markov kernel (9.5) such that Qe =  Κ(ΡΘ), then 
we define associated Markov operator (T(f))(x)  := f  f (y)kx(dy) and have

Qe =  P ooT , V0. (9.6)

When the probability distributions of two experiments are related to each other 
as in (9.6), we say that J7 is a randomisation of £. From the duality between T



9.2 Classical and quantum statistical experiments 267

and T* we obtain an equivalent characterization in terms of the stochastic operator 
Γ* : L\X, Σχ , P) L \ y, Q) such that

T*(dPe/dP) =  dQe/dQ, V0.

The concept of randomisation is weaker than that of Markov kernel transforma­
tion, but under the additional condition that (^, 'Ey) is locally compact space with 
countable base and Borel σ-field, it can be shown that any randomisation can be 
implemented by a Markov kernel (Strasser, 1985).

What is the analogue of randomisations in the quantum case ? In the language 
of operator algebras L°°(X, Έχ, P) is a commutative von Neumann algebra and 
Ll (X, Έχ, P) is the space of (densities of) normal linear functionals on it. The 
stochastic operator T* is the classical version of quantum channel, i. e. a completely 
positive normalized (trace-preserving) map

T* : A  B*

where A*, B* are the spaces of normal states on the von Neumann algebra A  and 
respectively B. Any normal state φ on A  has a density p with respect to the trace 
such that φ(Α) =  Tr(pA) for all A £ A. The dual of T* is

T : B A,

which is a unital completely positive map and has the property that T*(<̂ )(&) =  
φ(Τφ))  for all b G B and φ G A*. We interpret such quantum channels as possible 
physical transformations from input to output states.

A particular class of channels is that of measurements. In this case the input is the 
state of a quantum system described by an algebra A, and the output is a probability 
distribution over the space of outcomes {X, Σ*). Any measurement is described by 
a positive linear map

M : L ° ° ( X , E x , P ) ^ A ,

which is completely specified by the image of characteristic functions of measurable 
sets, also called positive operator valued measure (POVM). This map Μ : Σ,χ —> A  
has following properties

1. Positive: M(A)  > 0 , V A G Σ *  ;

2 . Countably additive: M(Ai) =  M(\JiA{), Ai Π Aj =  0, i Φ j ;

3. Normalized: M(X)  =  1.
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The corresponding channel acting on states is a positive map M* : A* —► L1 (X, Σ χ ,  P ) 
given by

Μ*{φ){Α) =  φ(Μ{Α))  =  Tr(pM(A)),

where p is the density matrix of φ. By applying the channel M  to the quantum 
statistical experiment consisting of the family of states Q =  {y?<? : θ G Θ} on A  we 
obtain a classical statistical experiment

Qm  := { Μ * ( ψ β )  ■ Θ  G Θ } ,

over the outcomes space (X , Σ*).

As in the classical case, quantum channels can be seen as ways to compare quan­
tum experiments. The first steps in this direction were made by Petz (1986); Petz 
et Jencova (2006); Ohya et Petz, D. (2004) who developed the theory of quan­
tum sufficiency dealing with the problem of characterizing when a sub-algebra of 
observables contains the same statistical information about a family of states, as 
the original algebra. More generally, two experiments Q := {A , ψβ : θ £ Θ} and 
TZ := {Β, ψβ : Θ G Θ} are called statistically equivalent if there exist channels 
T : A  —»· B and S : B —> A  such that

ψθ°Τ  =  ψβ and φ θ ο  S — ψβ V0.

As consequence, for any measurement M : L°°(X, Σ χ,  P) —>· A  there exists a mea­
surement T ο  Μ  : Ε ° ° ( Χ , Σ χ ,  P ) —► B such that the resulting classical experiments 
coincide QM =  ΊΖΤομ· Thus for any statistical problem, and any procedure con­
cerning the experiment Q there exists a procedure for TZ with the same risk (average 
error), and vice versa.

9.2.2 The Le Cam distance and its statistical meaning

We have seen that two experiments are statistically equivalent when they can be 
transformed into each other be means of quantum channels. When this cannot be 
done exactly, we would like to have a measure of how close the two experiments 
are when we allow any channel transformation. We define the deficiency of TZ with 
respect to Q as

S(TZ,Q) =  inisup\\(pe -  ψθ οΤ\\ (9.7)
r  θ

where the infimum is taken over all channels T \ A —> B. The norm distance between 
two states on A  is defined as

\ \ ψ ι  -  ¥>2 1| :=  s u p d v ^ a ) - φ 2 ( α ) \  : a  G A, ||a|| < 1},
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and for A  = B(Tt) it is equal to ||pi — p21| 1 := Tr(|pi — 1), where pi is the density 
matrix of the state </?,. When δ{1Ζ, Q) =  0 we say that 7Z is more informative than 
Q. Note that δ(1Ζ, Q) is not symmetric but satisfies a triangle inequality of the form 
δ{ΊΖ, Q) +  6(Q,T)  > 5(1Z,T). By symmetrizing we obtain a proper distance over 
the space of equivalence classes of experiments, called Le Cam’s distance (Le Cam, 
1986)

A(Q, TZ) := max (S(Q, TZ) , δ(ΤΖ, Q ) ) . (9.8)

What is the statistical meaning of the Le Cam distance ? We shall show that if 
S(TZ, Q) < e then for any statistical decision problem with loss function between 
0 and 1, any measurement procedure for Q can be matched by a measurement 
procedure for TZ whose risk will be at most e larger than the previous one.

A decision problem is specified by a decision space (X, Σχ) and a loss function 
We : X  —> [0,1] for each Θ G Θ. We are given a quantum system prepared in 
the state ψο G A* with unknown parameter Θ G Θ and would like to perform a 
measurement with outcomes in X  such that the expected value of the loss function 
Wg is small. Let

M : L ° ° ( X , E x , P ) ^ A ,  

be such a measurement, and PgM = ψβ ° M, then the risk at Θ is

R(M, Θ) := [  We{x)PlM\dx).
Jx

Since the point Θ is unknown one would like to obtain a small risk over all possible 
realizations

Rmax(M) =  SUp R(M, Θ).
<?€©

The minimax risk is then

Rminmax ·=  inf R m a x ( M ) .  (9.9)
M

In the Bayesian framework one considers a prior distribution π  over Θ and then 
averages the risk with respect to π

R-n(M) =  f  R(M, θ)π(άθ).
Je

The optimal risk in this case is Rn := inf^f Rn(M).

Coming back to the experiments Q and TZ we shall compare their achievable risks for 
a given decision problem as above. Consider the measurement N  : L°°(X, Σχ, P) —>
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B given by N = T ο M  where T : Λ  —> B is the channel which achieves the infimum 
in (9.7). Then

R(N,0) =  J  W9[x )P f\ d x )  =  ^e{T oM {W e))

< \\φθ ο Τ - ψ θ\\+ Ψθ(Μ(\¥θ)) < δ(π, Q) +  R(M, θ), 

where we have used the fact that 0 < Wo < 1.
Lemma 9.2.3. For every achievable risk R(M , Θ) for Q there exists a measurement 
N : L°°(X, Σχ, P ) —> B for 1Z such that

R(N, Θ) < R(M,e) +  5 (n , Q).

In consequence
Rrninmax ( K )  — Fiminmax {-Q )  +  6 ( n , Q ) .

9.3 Local asymptotic normality in statistics

In this section we describe the notion of local asymptotic normality and its signif­
icance in statistics (Le Cam, 1986; Torgersen, 1991; Strasser, 1985; van der Vaart, 
1998). Suppose that we observe X \ , . . . ,X n where X l take values in a measurable 
space (X, Σ*) and are are independent, identically distributed with distribution Ρθ 
indexed by a parameter Θ belonging to an open subset Θ C  Mm. The full sample 
is a single observation from the product Pg of n copies of Pe on the sample space 
(iln, Σ ” ). Local asymptotic normality means that for large n such statistical exper­
iments can be approximated by Gaussian experiments after a suitable reparametri- 
sation. Let θ0 be a fixed point and define a local parameter u — y/n{0 — θ0) char­
acterizing points in a small neighbourhood of θ0, and rewrite P$ as Pq0+u/^  seen 
as a distribution depending on the parameter u. Local asymptotic normality means 
that for large n the experiments

have the same statistical properties when the models θ > Ρθ are sufficiently ‘smooth’ . 
The point of this result is that while the original experiment may be difficult to anal­
yse, the limit one is a tractable Gaussian shift experiment in which we observe a 
single sample from the normal distribution with unknown mean u and fixed variance 
matrix Iq \ Here

[Iso li j = [ ie0, d e 0,j\ ,

is the Fisher information matrix at θ0, with lo;i := <9 log Pe/dOi the score function 
and ρθ is the density of Pg with respect to a reference probability distribution P.

have the same statistical properties when the models θ i—> Ρθ are sufficiently ‘smooth’ . 
The point of this result is that while the original experiment may be difficult to anal­
yse, the limit one is a tractable Gaussian shift experiment in which we observe a 
single sample from the normal distribution with unknown mean u and fixed variance 
matrix Iq \ Here

[ I s o l i j  =  [ i e 0 , d e 0, j \  ,

is the Fisher information matrix at θ0, with lo;i := 9 log ρβ/0θτ the score function 
and ρθ is the density of Pg with respect to a reference probability distribution P.

p n
Oq -\-u / u G and {N(u, Ιθ̂ :uG Em},
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There exist two formulations of the result depending on the notion of convergence 
which one uses. In this chapter we only discuss the strong version based on conver­
gence with respect to the Le Cam distance, and we refer to the book by (van der 
Vaart, 1998) for another formulation using the so called weak convergence (conver­
gence in distribution of finite dimensional marginals of the likelihood ratio process), 
and to (Gu^a et Jencova, 2007) for its generalization to quantum statistical experi­
ments.

Before formulating the theorem, we explain what sufficiently smooth means. The 
least restrictive condition is that pe is differentiable in quadratic mean, i.e. there 
exists a measurable function £θ : X  —> R such that as u —> 0

Theorem 9.3.1. Let £ := {Pg : Θ G Θ }  be a statistical experiment with 0 c R d 
and Pe <C P such that the map Θ —> pe is differentiable in quadratic mean. Define

with Ig0 the Fisher information matrix of £ at point θ0, and C a positive constant. 
Then Α(£η,Τ)  —>· 0. In other words, there exist sequences of randomisations Tn and 
Sn such that:

Remark 9.3.2. Note that the statement of the Theorem is not of Central Limit 
type which typically involves convergence in distribution to a Gaussian distribution 
at a single point θ0. Local asymptotic normality states that the convergence is 
uniform around the point θο, and moreover the variance of the limit Gaussian is 
fixed whereas the variance obtained from the Central Limit Theorem depends on 
the point Θ. Additionally, the randomisation transforming the data (X i , ... , X n) 
into the Gaussian variable is the same for all θ =  θο +  u/y/n and thus does not 
require a priori the knowledge of Θ.

Remark 9.3.3. Local asymptotic normality is the basis of many important results 
in asymptotic optimality theory and explains the asymptotic normality of certain 
estimators such as the maximum likelihood estimator. The quantum version intro­
duced in the next section plays a similar role for the case of quantum statistical 
model. An asymptotically optimal estimation strategy based on local asymptotic 
normality was derived by Gu^a et al. (2008) for two-dimensional systems.

Note that t<? must still be interpreted as score function since under some regularity 
conditions we have dp1/ 2/d0i =  \(dlogp0/c)6l)p){2.

/
1/2

Ρθ+η }θ 2 U ν / 2 dP-> 0.

θο+u/y/n * | < C } ,  .F = {J V (u ,  ||u|| < C ] ,

lim sup
n^°° Ml<c

lim sup
n ^ ° °  llu l\<C

UP£,+Wsd-W u,i£)

P l +„ I S i - S n ( N ( u J ^ ) )

=  0, 

=  0.
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Remark 9.3.4. Let us define the real Hilbert space L2(0q) =  <«m, (·. ·)«.) with 
inner product

(u, ν)θο =  ηιΙθον.

By multiplying with In0 we see that limit experiment can be equivalently chosen to 
be N(Ig0u, I()0). The characteristic function of X  ~  Ν(Ιθοη, Ιθο) is

Fu(w) := E flJ exp ^ X )] =  exp 2θο +  i(w,u)e0̂ J . (9.10)

A similar expression will be encountered in section 9.4 for the case of quantum 
Gaussian shift experiment.
Example 9.3.1. Let Ρμ =  (μι, . . . , μ,ι) be a probability distribution with unknown 
parameters ( μ ι , ,  μ(ι-ι) G M+-1 satisfying μ̂  > 0 and Σ ί<ά~ι μί < 1- The Fisher 
information at a point μ is

d-1  d-1 d-1

H v h  =  ■ « W ” 1) +  (i -  X ^ ) -1 =  +  C1 -  (9-n )
k=l 1=1 /=1

and its inverse is
V ·=  [I(μ) \%j δ^μί (9.12)

Thus the limit experiment in this case is T  := (N(u, ν(μ))  : u G Rd_1, ||w|| < C).

This experiment will appear again in Theorem 9.4.3, as the classical part of the limit 
Gaussian shift experiment.

9.4 Local asymptotic normality in quantum statis­
tics

In this section we present the main result of the chapter. Local asymptotic normality 
for d-dimensional quantum systems means roughly the following: the sequence Qn of 
experiments consisting of joint states p®n of n identical quantum systems prepared 
independently in the same state p, converges to a limit experiment 7Z which is a 
quantum-classical Gaussian model involving displaced thermal equilibrium states of 
d(d—1)/2  oscillators and a (d— 1)·-dimensional classical Gaussian shift model. As in 
the classical case, the result has a local nature reflecting the 1/y/n rate of convergence 
of state estimation. A neighbourhood of a fixed diagonal state po =  D iag^1;. . . , μ(1) 
is parametrised by (changes in the) diagonal parameters u G Ed_1 and off-diagonal 
parameters ζ G Cd̂d~1̂ 2. The latter can be implemented by small unitary rotations. 
The limit Gaussian model has a classical part N(u, V (μ)) with fixed known variance
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V (μ), and a quantum part with each being a thermal equilibrium state
with Pjtk =  In(pj/pk), displaced in phase space by an amount proportional to ( hk-

The reason for choosing the above parametrisation is twofold. Firstly, it unveils the 
important separation between ’classical’ and ’quantum’ parameters, and the further 
separation among the different off-diagonal parameters. Secondly, it is very conve­
nient for the proof. However as we shall see in section 9.4.6, the limit experiment 
can be formulated in a ‘coordinate-free’ way in terms of quasifree states on a CCR- 
algebra. Although it is not needed in the main theorem, we include this formulation 
linking our result to the Quantum Central Limit Theorem. We stress again that 
local asymptotic normality is not a consequence of the Central Limit Theorem, in­
deed the latter is not even an ingredient in the proof but gives an indication as to 
what is the limit state when all parameters are zero.

9.4.1 The n-tuple of d-dimensional systems

As explained in section 9.3 for the classical case, our theory will be local in nature, 
so we shall be interested in a (shrinking) neighbourhood of an arbitrary but fixed 
faithful state

which for technical reasons is chosen to have different eigenvalues. A sufficiently 
small neighbourhood of po in the state space can be parametrised by 0 ·.= (it. ζ) as 
follows

Po —

μι 0 

0 μ2 with μι > μ2 > · · · > μ(ι > 0, (9.13)

0
·· 0

0 μ α .

μ ι  +  Ui Ci,2
~ Cl,2 β2 + u2 
Ρθ ■= Ui G R, Cj,k G C. (9.14)

Cm
Q-l,d 1

Cd-M P'd — Σ ί =1 ui

Indeed, note that if Θ is small enough then pe is a density matrix.

Later on, because of the limit experiments, the following normalisation will be easier,
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and that’s the one we shall use throughout the chapter:

Ρ θ

μι +  Ui

Ci,2\ f p i ~ μ2

Cl,2vPlP2  
p 2  +  u 2

a w  pi -  Vd

-Cl , d V  p i  — P d ( d - l , d A / p d - l P d

Cd - l , d \ / p d - l  ~  P d
Σ ά—1

1=1 Ui -
(9.15)

Let 5 := infi<j<d μτ — μι+\, with μ,ι+ι — 0, be the separation between the eigenvalues. 
In the first order in θ/\/δ, the family ρθ is obtained by first perturbing the diagonal 
elements of p0 with u and then performing a small unitary transformation with

U(C) := exp
Re(Cj,k)Tjtk + Im(Cj,fc)Tfc;. 

\ / P'j P k
(9.16)

where Tj^ are generators of the Lie algebra of SU(d) defined in (9.84). The ad­
vantage of the latter parametrisation is that we can fully exploit the machinery of 
irreducible group representations. For this reason, in all subsequent computations 
we shall work with the ‘unitary’ family

pe ■= U(0

Pi +  Ui 0

0 μ2 U2

0

0

0 .. .  0 μα -  Ui_

but we keep in mind the relationship with (9.15).

U*(C), m e R ,  Q,k e C .

(9.17)

As in the classical case, the parameter Θ will be scaled by the factor 1 /  y/n meaning 
that we zoom in around po with the rate equal to the typical estimation rate based 
on n samples. Let ρθ,η := pfj1̂  and let Qn be the sequence of statistical experiments

On := {ρθ’η : Θ G θ „ }  , (9.18)

consisting of n systems, each one prepared in a state pe/^i situated in a local neigh­
bourhood of po. The local parameter Θ =  (~u , ζ ) belongs to a neighbourhood (~)n of 
the origin of Rd_1 x which is allowed to grow slowly with n in a way that
will be made precise later.

One of the principal tools in our result is the representation theory of the special 
unitary group SU(d). Due to lack of space we shall not include any proofs and 
refer to the books by Fulton (1997); Goodman R. et Wallach N.R. (1998); Fulton 
et Harris (1991) for details. In particular we shall be working with the well known
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tensor representation which will be analysed in increasing depth across the following 
sections.

The space (Cd)®n carries two commuting group representations: that of SU(d) given 
by

Kn(U) : f\ <8> · · · <S> / „  Ufi ® · · · <g> U f n, UeSU(d) ,  (9.19) 

and that of the permutation group S(n) given by

Kd(r) : h  ® ® fn ^  /r-i(l) ® τ  E S(n). (9.20)

Since the two group representations commute with each other, the representation 
space decomposes into a direct sum of tensor products of irreducible representations. 
It turns out that the irreducible representations of SU(d) and S(n) are indexed by 
Young diagrams with d rows for the former and n boxes for the latter. A Young 
diagram is defined by a tuple of ordered integers Λ =  (Λι > λ2 · ■ · > Afc) with Aj 
the number of boxes on row % (see Figure 9.1). As we shall see later this pictorial

Figure 9.1: Young diagram with A =  (5,3,3, 2).

representation will be very useful in understanding the structure of the irreducible 
representations (Ήχ,ηχ) of SU(d).

The following theorem called Schur- Weyl duality shows that the only tensor products 
appearing in the above mentioned direct sum are those of irreducible representations 
indexed by the same A, and in particular the algebras generated by πη(ιι) and 
respectively #f/(r) are each other’s commutant!
Theorem  9.4.1. Let πη and π a be the representations of SU id) and respectively 
S(n) on (Cf/)®n. Then the representation space decomposes into a direct sum of 
tensor products of irreducible representations of SU(d) and S(n) indexed by Young 
diagrams with d lines and n boxes:

( C T n =  ® ^ a 8 >/Ca,
Λ

πη =  φ π λ  ® 1κλ, 
λ

TTd =  φ  1ΗΧ <8> ΤΤχ. 
λ
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In particular ρθ,η =  pfj1̂  and π,/(τ) commute for all r. Hence we have the block 
diagonal form for the joint states

/ ’” =  0 P aV a” ®  (9-21)

Λ

where Mn(A) is the dimension of Κ·χ, ρθχη is a probability distribution over the Young 
diagrams, and Ρχ1 is a density matrix on H\. >From (9.17) and the Schur-Weyl 
duality, we get the expression of the block states

pT  =  Ux((/V^) ΡΪ°’η Ux(C/y/n)\ (9.22)

We interpret the decomposition (9 .21) as follows: by doing a ‘which block’ mea­
surement we obtain information about Θ through the probability density ρ°χη. In 
fact it is easy to see that ρθχΗ does not depend on (, so it only gives information 
about the diagonal parameters u. Later on we shall see that the model ρθ,η has the 
same limit as the classical multinomial model described in Example 9.3.1. Once this 
information has been obtained, one still possesses a conditional quantum state ρθχη. 
It turns out that this state carries information about the rotation parameters ζ , and 
we shall show that the statistical model described by the conditional state converges 
to a ‘purely quantum’ Gaussian shift experiment.

9.4.2 Displaced thermal equilibrium states of a harmonic os­
cillator

The ground state of a quantum harmonic oscillator or the laser state of a monochro­
matic light pulse are well known examples of quantum Gaussian states. Both phys­
ical systems are described by the same algebra of observables generated by the 
canonical ‘position’ and ‘momentum’ observables Q and P satisfying the Heisen­
berg commutation relation

QP -  PQ =  il. (9.23)

These observables can be represented on the Hilbert space L2(R) as

(Qf)(x)  =  xf(x),  (P f ) {x )  =  e £ 2W · (9.24)

The space L2(R) has a special orthonormal basis { |0), 11) , . . . }  with the vector |m) 
given by

Hm(x)e~x2/2 / (v/7r2mm!)1//2,
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where Hm are the Hermite polynomials (Erdelyi, 1953). These are the eigenvectors 
of the number operator N := |(Q2 +  P 2 — 1) counting the number of ‘excitations’ 
of the oscillator or the number of photons in the case of the light beam, such that 
N \m) =  m |m).

The creation and annihilation operators

a* =  (Q -  *P)/\/2, a =  (Q +  iP)/V2, 

satisfy [a, a*] =  1 and act as ‘ladder’ operators on the number basis: 

a |m) =  yfra \m — 1), a* |m) =  y/m+l  \m +  1).

In particular the following identity holds: N =  a*a.

It can be easily checked that both Q and P have Gaussian distribution with respect 
to the vacuum state |0). In fact they are ‘jointly Gaussian’

(0| exp(mQ +  ivP)| |0) =  exp ^(u2 +  v2)^ .

We shall often use the complex form of the unitary Weyl operators

W (z ) := exp(za* -  za) =  exp(ip0Q -  iqoP), z =  (q0 +  ip0)/V2 e  C,

which satisfy the Weyl relations

W(z)*W(z')W(z) =  exp (2ilm(z'z)) W(z').

The coherent (vector) states | z) are obtained by displacing the vacuum state with 
Weyl operators

o° „ 
Zr‘

|z) := W (z )  |0) =  exp(—|z|2/ 2) ~ψ=. \m) ■ (9·25)
—1 V m!m=0 v

They are Gaussian states with the same variance as the vacuum, and means {z\ Q \z) = 
v^2Re(z) and (z\ P |z) =  y/2lm{z):

{z \  W(z') |z) — exp ^ \ z  — z f  +  2zlm(z/z)^ .

Besides, coherent states, an important role in our discussion will be played by the 
thermal equilibrium states. For every β > 0 we define the Gaussian state

MW*)) = exp ( - 2tJhW2)) · (9'26)
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Its density matrix consisting of a mixture of fc-photon states with geometrical weights
OO

φβ =  ( l - e ^ ) J 2 ^ \ k)(k\- (9-27)
k= 0

and can also be obtained by ’smearing’ the coherent states with a Gaussian kernel: 

φβ =  ------ - f  exp (—(e13 — l)\z\2) \z) {z\ dz. (9.28)π Jc
The thermal equilibrium states can be shifted in ‘phase space’ by means of displace­
ment operations Dz which act by adjoining with unitaries W(z),  i.e.

Dz{·) := Ad[W(z)](·) =  W(z)* ■ W(z).

The result is a Gaussian state φβ with the same variance as ψβ and the same means 
as |2)(z|:

:=  exp ( - 2tallhG3/2) +  2iIm(J'z>) ' := D ’ ( Μ  := Μ ( ζ ) ' φ β Ψ ( ζ ) .

(9.29)

9.4.3 The multimode Fock space and the limit Gaussian shift 
experiment

We now consider d(d — l ) /2  commuting harmonic oscillators, with a joint state 
consisting of independent Gaussian states. Let us define the multimode Fock space

J=-.= (g )  L 2(R),
1<j<k<d

in which we identify the number basis

lm) =  (g ) |mj>k) , m =  {rrij k G N : j  < k} . (9.30)
j< k

For each of the oscillators we define the thermal equilibrium state

Φj,k ·=  Φβjtk̂> @j,k =  (9.31)

where {μ ι , . . . , μ,/} are the eigenvalues of the density matrix p0 (cf. (9.13)). We now 
use the Weyl operators to displace these states by an amount proportional to the 
off-diagonal elements of ρθ (cf. (9.15) and (9.17))

- = w ( Q , k)’  ^ w '(C m )·
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Next we define the joint state φ** of the oscillators with density matrix

/ = 0 $ *  e M F ) .  (9-32)
j<k

where Τ{{Τ) is the space of trace-class operators on T.

The states φζ form the quantum part of the limit Gaussian experiment. The classical 
part is identical to the (d — l)-dimensional Gaussian shift model N(u, V (μ)) of 
Example 9.3.1, where μ =  {μι , . . . , μ(ι}.

Definition 9.4.2. On the algebra L°°(Rd_1) we define normal state ψθ with
density

φθ := Λi(u, ν (μ) )  <S> φζ G L'iW1- 1) 0  TX{JF), (9.33)
where λί (η , ν (μ) )  is the Gaussian density of Example 9.3.1. The quantum-classical 
Gaussian experiment 7Z is defined by

ΤΖ =  {φθ :θ  =  (u, 0  € Rd_1 x C ^ ” 1̂ 2}.

9.4.4 The main theorem

We are now ready to formulate the main result of the chapter. In view of subsequent 
application to optimal state estimation, it is essential to consider (slowly) growing 
domains of the local parameters. For given /?, 7  > 0 we define

Οη,β,ι =  { ( C , u )  : I I C I I 0 0  <  ηβ, M L  <  ηΊ }  .

Recall that <5 is the separation between the eigenvalues of p0 given by equation (9.13). 
Though we use parametrisation (9.17) for density matrices p<?, recall that in the first 
order this is approximated by fig defined in (9.15). In fact it can be shown that the 
same theorem holds for the latter parametrisation.
Theorem  9.4.3. Let δ > 0, let β < 1/9 and 7 < 1/4. Let the quantum experiments

Qn =  {ρθ,η '■ Θ G θ η;ι3)Ύ} , 7Zn — {φθ : Θ G Θ„)(3)Ύ} ,

where ρθ,η =  p®]1̂  is the state on M  ((Cd)®n) given by equation (9.17), and φθ is 
given by (9.33).

Then, there exist channels (completely positive, normalised maps)

Tn : M(<Cd)®n -> L 1(Rd- 1) 0 T1(.F) (9.34)
Sn : L1(Rd~1) ®T\{F) M(Cd)®n (9.35)
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with Ti(F) is the space of trace-class operators on T , such that

sup | | / - Τ „ ( / ’’>)||1 =  0 (η -- ) ,  (9.36)
3,7

sup ||5„(0β) -  Ρθ'ηII =  0(η~κ), (9.37)
,7

where κ > 0 depends only on δ, β and 7 . It is decreasing in each of them. In 
particular we have

lim A(Qn,Tln) =  0,
n— > 0 0

where Δ(·, ·) the Le Cam distance defined in (9.8).

In other words, we get polynomial speed of convergence of the approximation, which 
is enough to build two-step evaluation strategies, as shown in the next subsection. 
The main steps of the proof are given in a sequence of Lemmas in section 9.6 
assembled into Theorem 9.6.7. The bound (9.37) follows easily from (9.36) as shown 
in section 9.6.2.

9.4.5 Application: Asymptotically optimal estimation proce­
dure

This theorem allows us to pull back what we know from Gaussian shift experiments 
to i.i.d. experiments1. A first application is devising an optimal estimation procedure 
in the latter case.

We shall work with well-behaved loss functions Ι(ρ,β), the typical example being 
the squared L2 operator norm lp(p) =  \\p — p||\. Usual squared distances will also 
satisfy the conditions. The requirements are the following:

• Boundedness: l(p, p) is bounded, by L.

• Lower semicontinuity: l(p,p) is lower semicontinuous as a two-variable func­
tion.

• Estimation-fostering: / > 0 and is zero if and only if p = p.

• Local quadraticity: If we use parametrisation (9.17) around any p0 with posi­
tive distinct eigenvalues, and viewing Θ as a d2-dimensional real vector through

xThe converse, too, but that’s less often useful.
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separating the real and imaginary parts of C, we have the approximation2

ln (pe+h) =  h'GKh + 0 (||/>||3 , ||0||3), (9.38)

where GPo is a positive definite c?2-dimensional matrix possibly depending on 
Po-

We shall work with i.i.d. experiments, that is with p®n. To take the scale into 
account, we shall rescale the risk, so that the risk of an estimator Mn in the 71-  

sample experiment, with values in the states on Cd, would have risk at point p given 
by:

R(Mn, p) =  n f l(p,p)P%Z(dp),
Jt +( cd)

where Pj'®" is the law of the result of the measurement Mn on p®n. An estimator of 
Θ in some parametrisation can naturally be seen as an estimator of p.

We then define the minimax risk on a subset Θ of the states as

K u r n m a J V )  =  SUP R (M n, P ) ■Mn pee

We may now state:

Theorem  9.4.4. Let e > 0. For any measurement procedures Mn on the experiments

Qn =  {ρθ’η : Θ e  S n,e,e} ,

the asymptotic maximum risk for a well-behaved loss function is at least the same 
as the minimax risk in the limit experiment

TZ= { /  : 0 € i r /2}  (9.39)

with loss function r(6, θ) =  (Θ — 9)*GPo(0 — Θ). That is:

lim inf iCimmaz (€>»,<,0 < in/ SUp R(M, φθ) := R mimmax (9.40)
n M e

There are measurement sequences that saturate this bound. Moreover, we do not 
need to know po beforehand, that is, we do not need to know that p is in the small

2 As a remark, we can allow bigger remainder terms ||/i||2+e, by taking a smaller neighbourhood 
around p in the proof below. If the remainder term is too big, though, the first term in the risk
(9.81) will get too big.



282 Quantum local asymptotic normality for d-dimensional states

ball around po permitted by θ η)£>£. We may search among all states on Cd without 
any loss in performance, asymptotically*.

This bound is the Holevo (1982) bound. Since its expression is very complicated, 
we do not reproduce it here, and instead give it in the special case when G is block- 
diagonal in the classical and each of the one-dimensional quantum Gaussian shift 
experiments parts:

d-l
e*G0 =  J2u*G cu +  Σ  ζ; kGjkCjk (9.41)

i=l l<j<k<d

for a nonnegative (d — 1)-dimensional matrix Gc and nonnegative two-dimensional 
Gjk, the ζjk being seen as two-dimensional real vectors. In that case,

Rminimax =  Tr[V^Gc] +  V '' --------— Tr(Gjk) +  —yf  det G jk.
* -- '  4  L Lj — fJLu Δ1<j<k<d ^3 ^

If CjkGjkCjk = ajk\Cjk\2 for all j  and k, this further simplifies as:

OijkPj

We shall postpone almost all the proof to Section 9.7.1, and concentrate on making 
explicit the asymptotically optimal measurements.

The fact that is the minimax risk in the limit experiment is indeed a lower bound 
on the minimax risk of the finite-dimensional experiments is almost directly implied 
by the very general asymptotic minimax theorem 9.7.74. We fill in some details in 
Section 9.7.1.

We thus only have to find measurement procedures that asymptotically attain the 
minimax risk of the limit experiment Rminimax·

We first use any rough procedure on n =  n1~t copies of p, and get an estimate p.

We may then parametrise the states around p, that is use p =  p0 as in equation 
(9.13), and pe and ρθ’η~η defined accordingly. QLAN then yields a channel Tn-n to 
approximately map the remaining states p®n~n to a Gaussian state. We now apply 
on Tn-nkf>*n~n) an optimal measurement for the limit experiment (9.39). This yields 
a result Θ.

3We give a global measurement strategy below.
4In the course of proving this theorem, I also establish other important results such as an 

asymptotic representation theorem.

Rπιιηιπιαχ ε
j<k<d
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If Θ is more than 3Γη£, where Γ is the ratio of the extreme eigenvalues of Gp, we 
estimate that we were outside the validity domain of QLAN. In other words, we had 
taken β  =  η — e for a small e > 0 in Theorem 9.4.3. We then take Θ =  0. Else we 
take θ =  Θ.

Our final estimator p will be the state corresponding to φθ in the limit experiment, 
that is p =  peN n~n in the parametrisation around p.

The risk of this procedure may be divided in five parts. The first is what happens 
in the event that the rough estimation is really very bad, so that p is not in the 
validity domain of QLAN around p. The second is approximating the loss function 
rn by the quadratic r. The third comes from QLAN, that is from the fact Tn(p9,®n) 
is not exactly φθ in general. The fourth comes from modifying the optimal limit 
estimator. All these will be shown to be negligible in the proof section. The final 
term is the risk of the minimax estimator in the limit experiment, that is Rminimax-

Let us now find an optimal measurement in the limit experiment. By the quantum 
Hunt-Stein theorem 9.7.9, we know that there is a minimax equivariant measurement 
for the action by translation of Rf/(d+1)/2 on the combined classical-quantum model. 
Such an equivariant measurement has constant bias, so we may subtract it if nonzero, 
and get better L2 risk. Hence the measurement is unbiased.

Now, the optimal locally unbiased measurement is known (Holevo, 1982) to be a 
kind of heterodyne measurement. Its exact description for a general weight matrix 
G is hard to give, so we shall make it explicit only in the simpler case when the 
matrix is of the form 9.41.

An optimal equivariant estimator of a product experiment for a block-diagonal 
weight matrix is the product of the corresponding estimators. Indeed, the mea­
surement for one of the subexperiments when the others are seen as an ancilla must 
still be equivariant, so its contribution cannot be better then that of the best equiv­
ariant estimator for that subexperiment.

So that the minimax risk is the sum of the minimax risk in the classical experiment 
and in each of the one-dimensional quantum Gaussian shift experiments.

For the classical experiment {Af(u, ν μ), u G Md_1}, the best unbiased estimator is 
known (van der Vaart, 1998, for example) to be the random variable itself, with law 

ν μ ). So that the minimax risk on the classical experiment is TrfV^Gj.

For a one-dimensional quantum Gaussian shift experiment with quadratic loss
function, the best unbiased estimator is known to be a squeezed heterodyne measure­
ment. Hayashi et Matsumoto (2004) give it a clear expression. The corresponding 
risk is Tr(G';fc) +  etUJk- In the frequent case when Gjk =  ctjkld, this
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expression reduces to and the measurement to the usual heterodyne measure­
ment.
Remark 9.4.5. ·  Most usual quadratic loss functions are products of the form 

9.41■ Notably, we deduce from that for rescaled L2 operator loss, that is
Θ -Θ 2 . . . . .  d with our parametrisation, the asymptotic minimax risk is 1—

2

We may also use as loss function η \\pn — ρ·η\\χ· The corresponding weight 
matrix G is only easy in two dimensions, and we find again 8μι — Αμ2, as in 
Chapter 8.

We may use the square of the Bures distance, that is quadratic to the first order. 
Hiibner (1992) has given a local development d2B(p0, po+dp) =  5 Σ  
So that we get an asymptotic minimax risk of d — 1 +  X],

2

2 Z->l<i,j<d pi+pj ' 
JH

j<k /t j  + / j fc ’

Another remark is that since there are many dimensions, we can get second order 
improvement by using a Stein (1956) estimator to shrink the equivariant estimator.

9.4.6 The relation between LAN and CLT

One way to think of local asymptotic normality is the following: we would like 
to understand the asymptotic behaviour of the collective (fluctuation) observables
(9.44) with respect to a whole neighbourhood of the state p, how the limit distribution 
changes as we change the reference state p®n.

The quantum Central Limit Theorem describes the asymptotic behaviour of the 
same observables with respect to a fixed state, and is one of the ingredients in the 
proof of a different version of LAN based on weak convergence (Gu^a et Jencova, 
2007). However, in the case of strong convergence, which is the object of this chapter, 
CLT does not play any role since we are interested in convergence in norm rather 
than in distribution, and uniformly over a range of parameters.

The purpose of the section is to derive a ‘coordinate free’ version of the limit Gaus­
sian experiment using the Central Limit Theorem and the notion of symmetric 
logarithmic derivative. The reader interested in the proof of main theorem may skip 
the following pages and continue with section 9.5.

Quantum Central Limit Theorem

Let p be the density matrix of a fixed faithful state on M(Cd). To p we associate 
an algebra of canonical commutation relations carrying a Gaussian state φ. The

1 <j<d [a J)Hj ·
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Quantum Central Limit Theorem (Petz, 1990) says that φ is the limit distribution 
of certain multi-particle observables with respect to of product states p®n.

Let
AB 4- BA

(A, B)p := Tr(pA  ο B ), where A ο B : = ------------- ,
Δι

be a positive inner product on the real linear space of selfadjoint operators M(Cd)sa. 
We define the Hilbert space with inner product (·, -)p.

L2(p) =  { A e  M (Cd)sa : Tr(Ap) =  0 }.

Let σ  be the symplectic form on L2(p)

σ ( Α , Β ) = 1-Ύτ(ρ[Α,Β}).

The (7*-algebra of canonical commutation relations CCR(L2(p),a) is generated by 
the Weyl operators W  (A) satisfying the relations

W{A)* =  W { -A ) ,  W(A)W(B) =  W(A +  B)exp{- ia(A,B)) ,  A , B e L 2(p). 

On CCR(L2(p),a) we define the Gaussian (quasifree) state

V(W ^ 4 )):= e x p (^ ip | | 2) ,  \\A\\l=(A,A)„. (9.42)

The state φ is regular, i.e. there exists a representation (π, Ή) of the algebra 
CCR(L2(p),a) such that the one parameter family t h-> -n{W(tA)) is weakly con­
tinuous and φ is extends to a normal state on the von Neumann algebra generated 
by n(CCR(L2(p),a)). This means that there exist selfadjoint ’field operators’ B(A) 
such that n(W(tA)) =-exp(itB(A)), and there exists a density matrix φπ € Τ\{Ή) 
such that

ip(W(A)) =  Tr (βχρ(ϋ?(Λ))0π) , A <= L2(p).

The representation (π,Τί) can be obtained through the GNS construction, or by 
‘diagonalising’ the CCR algebra as we shall see in a moment. From (9.42) we deduce 
that the distribution of B(A) with respect to φ is a centred normal distribution with 
variance \\A\\2. From the Weyl relations it follows that the fields satisfy the following 
canonical commutation relations

[B(A), B(C )] =  2ia(A, <7)1, A, C e L2(p).

Consider now the tensor product M(Cd) which is generated by elements of
the form

Â k) =  10· · ·<8>Λ<8>· · ·®1,  (9.43)
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with A acting on the k-th position of the Hilbert space tensor product (Cd) m . We
are interested in the asymptotics as n —> oo of the joint distribution under the state 
p®n, of ‘fluctuation’ elements of the form

Theorem 9.4.6. [Quantum CLT] Let Αχ,... ,A S G L2(p). Then the following 
holds

Although the algebra CCR(L2(p),a) may look rather abstract, its structure can 
be easily understood by ‘diagonalising’ it. Let us assume that p is a diagonal ma­
trix po =  Diag(pi,. . .  ,μ(ι)· The Hilbert space L2(p0) decomposes as direct sum of 
orthogonal subspaces Ήρο 0 7ipo where

HP0 := Lin{,4 : [A, p0] =  0, Tr(Ap0) =  0}, and =  Lin{Tjtk, j  φ k}, (9.45)

with Tjtk the generators of the su(d) algebra defined in (9.84).

The elements W(A)  with A G Hpo generate the center of the algebra which is 
isomorphic to the algebra of bounded continuous functions Explicitly, we
identify the coordinates in Rd_1 with the basis {di =  —μΐ  +  : i =  1,. . .  d — 1} of 
HPo, (see (9.84) for the definition of Eti). Then the covariance matrix for the basis 
vectors is

{diidj)p 0 Tr (po dL djj) Pif ĵ [V̂ >
where Υμ is the covariance matrix (9.12).

form an orthogonal and symplectic basis of Hp0, i.e.

3 ^ and <j(tjj~,tim) 0 for { j , k}  φ { l , τη}.

which means that {tj,k,tk,j} generate isomorphic algebras of quantum harmonic 
oscillator which we denote by CCR(C). From

(9.44)

Moreover
(9.46)

Fn(A) := y #

Um Tr ̂  (Π ^)] J = ̂  (l](S(4 ))j ,
Jim Tr ( P®re ( PJ exp(iFn(Ai)) J J =<p( JJ W  (At)

J=1 d=l

tj,k := T,,j,k ~ Pk), j  i  k,

Tt{potlk)ik'j,k
|2
Ipo

β] + μ>ο 
2 (ftj Pk)
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and (9.26) we conclude that each of the oscillators is prepared independently in the 
thermal equilibrium state = ψβ3 k with =  1η(μ?·/μ*.).

Based on the discussion of sections 9.4.2 and 9.4.3 we can choose H := L2(lRd_1) <g> 
T  and define the regular representation π of CCR(L2(p0),a)  on this space in a 
straightforward way and its von Neumann completion is L°°(Rd_1) 0  Β(Τ). The 
state ψ decomposes as

φ =  Ν(0,νμ) ® ( £ ) φ ^ .  (9.47)
j < k

which is precisely the state φθ for Θ = (u, ζ) =  (0,0), defined in (9.33).

The quantum Gaussian shift experim ent through Fisher information

We complete the family of states φθ of the experiment TZ by shifting φ° with the 
help of symmetric logarithmic derivatives. As in the classical case, this will be a 
family of Gaussian states with the same covariance, and mean proportional to the 
local parameter Θ. The covariance is related to the Fisher information matrix as 
described in Remark 9.3.4. Thus we shall start by defining the quantum analogues 
of the score functions and the Fisher information matrix for the full quantum model 
Pe-

Let us define the symmetric logarithmic derivatives (Helstrom, 1976; Holevo, 1982) 
as the solutions in L2(po) of

r*(re)
c ),k 0 Po

dpe
dReCj,

a (im)

9=0
p0 =

dpe
dlmCj,k

dpe
?=o dm 0=0

Then with 7}^, E î defined in (9.84)

^t,k  = Tk,j/iPj  + Pk), -C j ?  =  Ti’k! (to +  μ ^  =  ~  E d,d/pd,

and the quantum Fisher information matrix consists of a ‘classical block’ that coin­
cides with that of the classical multinomial model in (9.11)

[Ipo\ij := =  l < i j < d - l ,

and a ‘purely quantum’ block given by the diagonal matrix

Hpo =  Diag (||4*e)Co’ I I ^ C o  · 3 < * ) =  Diag ({μ3 +  Pk)~\ (Pj +  μ*)-1 ■ j  < k) . 

Lemma 9.4.7. Let

£{θ) := Σ  (Re(0,fc)4? + + Σ  u θ = & &
j<k i
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Consider the representation (ττ,Τί) of CCR(L2(po), σ) and the normal state φ on 
Z/°°(M.̂ - 1) 0  B{J-) as defined in the previous section (cf. 9.47). Let φθ be the state 
defined by

, Λ ^ ( Λ ) ) : = ( ^ ^ Κ Λ | | „ + * ( Α Α 0 ) ) « , ) .  A € L 2(Po). (9.48)

Then φθ is normal with respect to the representation (π, TL) and coincides with ψ° 
(cf (9.33);.

Remark 9.4.8. The expression (9.48) is clearly the quantum analogue of the charac­
teristic function of the classical Gaussian shift experiment (9.10). Note in particular 
that the distribution of B{A) with respect to φθ is the normal with variance ||A||2o 
centred at (A, C(9))Po.

Proof. From (9.45) - (9.48), and by expressing A in the symplectic basis (9.46)

A ^ ' i.'̂ 'jyktj,k +  Vjtktk,j) “I” ^ ^
j<k  i

we get

P t  =  wTImw +  +  υ^ 2(μί w ) ’ ( 9 '4 9 )

(A  m ) K =  wTIKu +  Σ  u^ Re( ^ )  + 1 (9.50)
j<k Pk)

which implies that the following decomposition holds

ψθ ^  N(Ipou, Ipo) ® (g ) \= N(Ipou, Ipo) <g> φζ (9.51)
j<k

where we have used the following expression for the displaced thermal equilibrium 
states φ'·^ — ψβ defined in (9.29), with β =  \ημ]/pk, z =  ( ]tk

(^ q + .p ) )  =  ( _ ( u 2 + „ 2) + ,«R efe .t) + rfm fc,t)\
h ’  V ν 2(μ, - » )  J

□
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Let { / ι , . . . ,  fa} be the eigenvectors of p0, i.e. the standard basis vectors of Cd. Then 
the eigenvectors of p f n =  p0,n are tensor products

f a  ■ f a ( 1) ® f a ( 2) ®  ®  fa {n ) i

and the eigenvalues Xa{k) do not depend on the order of the vectors in the product.

Projecting onto a copy of Ή\.

Our aim is to ‘project’ to an irreducible representation H \  and obtain an explicit 
expression for the eigenvectors of the block components ρθχη. Such a projection is 
not unique, in fact for any rank one operator |t>)(u| € with (u\v) =  1 we can
define a (not necessarily orthogonal) projection y = y2 on a copy of H \

yx(u ,v ) := l Hx <S> |i>)(u| : (Crf)®n |u).

However the action of y \ (u ,v ) on basis vectors / a depends on a particular identifi­
cation between (Cd)®n and the direct sum in Theorem 9.4.1. Therefore we need a 
direct way of defining such a projection and the key observation is that yx(u,v)  is 
a minimal projection in the algebra A lg^ ^ r) : r € S(n )), i.e. it cannot be decom­
posed into a sum of non-zero projections, and vice-versa any minimal projection is 
of this form. The following recipe (given without proof) shows how to construct 
minimal projections in the Sin)  group algebra. We recall that the group "-algebra 
A(S(n))  is the linear space spanned by the group elements endowed with a product 
stemming from the group product, that is

a =  ^ 2  a (T )T ’ b = Σ
r^S(n) g£S(n)

9.5 Explicit form of the channels and first steps of 
the proof

9.5.1 Second look at the irreducible representations of S U ( d )

Before explaining the steps involved in the proof, let us take a closer look at the 
block states (9.22). Recall that we have the decomposition of Theorem 9.4.1 over 
Young diagrams with n boxes and

P
θ,η

0 /λ ·"
LiC\

M n( \ y
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implies

ab= γ  α{τ)ϋ(ρ)τρ = Σ  ( Σ  a(as ) σ ’
r,gES(n) a £ S (n )  \ s £ S ( n )

and with adjoint a* =  ]CTeS(n) a(T)T 1-

Let A be a Young diagram with n boxes consider the (standard) Young tableau t in 
which the boxes are filled with the numbers { 1, . . . ,  n} in increasing order from left 
to right along rows, starting with the top row and ending with the bottom row, as 
shown in the left-side tableau of Figure 9 .2 .

1 CO 4 6 1 1 2 2 CO

2 5 2 CO

CO

7 CO
Figure 9.2: Left: a standard Young tableaux. Right: a semi-standard Young tableau 
for d =  3

Define the group algebra elements

P\ =  Σ  σ ’ =  Σ  sSn(r)r>
σ € Κ χ  t € C x

where 71χ is the ,S'(n)-subgroup of permutation leaving the rows of t invariant, and 
C\ is the subgroup of permutations leaving the columns of t invariant. Note that P\ 
and Q\ are self-adjoint elements of the S(n) group algebra satisfying

(l d 

ΡλΡλ =  |^λ|Ρλ =  ( Π Λ<!)Ρλ’ QxQx =  \C(\)\Qx =  ( Y [ i Xi~Xi+1)Qx. (9.53)
i= 1 i=l

The Young symmetriser is defined as

Yx ■■= Q\P\-

Theorem  9.5.1. Up to a scalar normalising factor, the Young symmetriser Υχ is 
minimal projection in A(S(n)) and y\ := q\p\ =  ifd(Q\)^d(Px) projects onto a copy 
ofUx  C (Cd)®n.

The action of the Young symmetriser yx on basis vectors / a G (Cd)®n follows easily 
from the definition of Υχ. For each / a we fill the boxes of A with the indices a(k) 
going along rows from left to right, starting with the top row and finishing with the 
bottom one. For example, if A = and / a =  / 2 f 2 ® fi <8> h  <8> / i  then t3
S (n) has an obvious action on the set of tableaux by permuting the content of the
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boxes which are numbered from 1 to n in the standard way as in Figure 9 .2 . The 
action of the Young symmetriser y\ =  q\p\ on / a is deduced from the action on the 
tableau ta : one first symmetrises with respect to components which are in the same 
row, and then antisymmetrises with respect to components in the same column. For 
example if Λ =  [jp then

Vxifa ® fi ® fz) =  fa ® fi ® fz +  Λ ® fa <8> fz -  fz ® / i  ® fa -  fz ® fa ® fi-

Finding a basis in Ή\

By the previous Theorem the vectors yxf a span H\, but are not linearly independent. 
We show now how to select a basis ( subset of linearly independent vectors spanning 
H\). A semistandard Young tableau is a diagram filled with numbers in {1 , . . . ,  d) 
such that the entries are non-decreasing along rows from left to right and increasing 
along columns from top to bottom, as in the right-side of Figure 9 .2.
Theorem  9.5.2. The vectors y\f& for which ta is a semistandard Young tableau 
form a (non-orthogonal) basis of the irreducible representation (π\, Ή\).

Since the values in the rows are nondecreasing, there is a one-to-one correspondence 
between Young tableaux ta and vectors m =  ('mttl)i<l<:j<d where m^j is the number 
of f  s appearing in line i of the Young tableau ta. Note that we need only consider 

ij for j  > i, as there is no j  in line % if j  < i (the columns are increasing), and
the number of i in line i is A, — Y^Cj=i+imi,j· For example, if ta =  
m =  {m i,2 =  1, mis =  2 , m2)3 =  1}·

1 1 2 13 13 1
2 3
3

then

By a slight abuse of notation we shall denote the corresponding vectors by y\fm and 
the normalised vectors

|m, A) := A/”(m, \)yxf m, (9.54)
where A/"(m, A) = 1 / ΙΙϊ/λ/m || · This constant is in general not easy to compute but 
we shall describe its asymptotic properties in section 9.7.4.

Using (9.53) we have
d

(y\fa\yxfb) =  (qxPxfa\Q\P\fb) =  (pxfa\glpxfb) =  ( Y [ i Xi~Xi+1){pxfa\yxfh)· (9.55)
i=l

In order to get further simplifications, we examine some special vector states, that 
we shall call by analogy with the Fock spaces finite-dimensional coherent states.

The first is the special vector |0 , A), the highest weight vector of the representation 
(πχ,Ή,χ), which later on will play the role of the finite-dimensional vacuum. This
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vector, as we have seen, corresponds to the semi-standard Young tableau where all 
the entries in row i are i. An immediate consequence is that

d
Pxlfo) =  i[[K'.)\fo). (9.56)

i—1

Moreover (fo\qxfo ) — 1 since any column permutation produces a vector orthogonal 
to / 0. Thus the normalised vector is:

1°. λ) =  - j — ί = = ! / Λ | / ο ) .  (9.57)
n i l  Aj!v* A i - A i + 1

The finite-dimensional coherent states are defined as 7Γλ ( ί / ) | 0 λ )  for U G SU(d). 
From \ρλ,πχ(υ)} =  0 and (9.56), we get ρχπχ(υ)\0χ) =  (Π?=1 Ai!)[/|0A), thus

( y x f m M U ) \ O A )  = \ U iXi Xi+1{P^fm\qx^x(U)fo) (9.58)
i=l

The latter expression holds for any linear combination of / m on the left-hand side, 
in particular n\(V)f0 for another unitary operator V. In Lemma 9.7.11, we shall 
examine asymptotics of (9.58) for specific sequences of unitaries U when n —> oo. 
One of the main tools will be formula (9.88).

The following expressions of the dimensions of JC\ and H\ are given without proof.

Let gitTn be the hook length of the box (I, m), defined as one plus the number of boxes 
under plus the number of boxes to the right. For example the diagram (5,3,3) has
the hook lengths :

7 6 5 2 |l|
4 3 2
3 2 1

The dimension Mn{A) of Κ,χ is

n!
M { \ )  =

Π 1=1·--d 9l,mm=l...\i

and can be rewritten in the following form which is more adapted to our needs:

i i / 7\ (  ̂ \  TT A; — At -\- k — I■Mw = U. J  Π  >.Λ_, · <»·»)
1 = 1 . . . d

k=l+l...d
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The dimension T>{\) of Ή\ is:

* (A) =  Π  ^

To summarise, we have defined a non-orthonormal basis {|m, A)} of Τί\ such that 
|m, A) are eigenvectors of p°’u>n for all A, with eigenvalues:

cl cl /  u,n \

(m, λ) = Π  ( " Η *1 Π  ΐ  ' <9·60)
i=l .7=1+1 \ ^ i  J

where μ“’η =  μί +  û /φ ι  for 1 < % < (d -  1) and μ%η =  μα -  (£V u ,)/sfn.

The next step is to take into account the. action of the unitary U((). We define the 
automorphism

Δ^,η : Af((Cd)m ) -»■ M((Cd)®n),

by
r ^  Δ ί,η(τ) =  Αά[υ(ζ, η)](τ) := U ( ( / ^ ) ® n τ  ϋ*{ξ/^/η)®η. (9.61)

Then we have p̂ ’u’n =  A^,n(p0,u,n). By Theorem 9.4.1 and using the decomposition 
(9 .21), we get the blockwise action on irreducible components

Δ <.»(^«) =  0 A j" (ftO ® u , ,
Λ

where Δ^’η =  Ad[[/\(£,n)]· In particular we have

An = δ {.»(ρ; α »). (9.62)

With these notations, we can set about building the channels Tn.

9.5.2 Description of T n

We look for channels

Tn : M ((Cdf n) -*· L'iW1- 1) ® TX{T)

of the form:
Tn : ρθ’η —  £  p j"  Τχ ® (■ν χ ρ ^ ν ή  · (9.63)

λ
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Here, V\ is an isometry from Ή\ to J-, i.e. V£V\ =  1 ηχ· On the classical side, r" is 
a probability law on We may view τ η as a Markov kernel (9.5) from the set
of diagrams A to Rd_1.

The channel Tn can be described by the following sequence of operations. We first 
performs a ‘which block’ measurement over the irreducible representations and get 
a result A. Then, on the one hand, we apply a classical randomisation to A, and 
on the other hand we apply a channel depending on our result A to the conditional 
state p\.

The underlying ideas are the following.

1). The probability distribution ρθχη is essentially a multinomial depending only on u, 
as it can be deduced from (9.60) and (9.59). As we have seen in Example 9.3.1, this 
converges (in Le Cam sense) to a classical Gaussian shift experiment. Here, in order 
to obtain the strong norm convergence we need to smooth the discrete distribution 
into a continuous one with respect to the Lebesgue measure. We choose a particular 
smoothing distribution that will ensure the uniform L1 convergence to the Gaussian 
model (Lemma 9.6.1).
Definition 9.5.3. Let r" be the probability density on ]Rd_1 defined for all A such 
that X] Ai =  n, by:

τχ(άχ) =  Τχ(χ)άχ =  d χ η {(1~1)/2χ(Αχ,η), (9.64)

where A\tH =  {x  6 Rd_1 : |nl/2Xi +  ημ* — Aj| < 1/2,1 < i < d — 1}. We further 
denote

ff>n _  r f  >η τ η 
° \  —  P  A T X  >

depending on Θ only through u.

2). For the quantum part, we map the ‘finite-dimensional vacuum’ |0, Λ) to the Fock 
space vacuum |0), and the basis vectors |m, Λ) of H\ ‘near’ the basis vectors |m) of 
the Fock space T  (cf. definitions (9.54) and respectively (9.30)). Here we need to 
tackle the problem that {|m, Λ)} is not an orthonormal basis but only becomes so 
asymptotically. The following lemma provides the isometry Va appearing in (9.63).
Lemma 9.5.4. Let η < 2/9. Suppose that A, — Ai+i > δη for all 1 < i < d, with the 
convention Af/+i =  0. Then for η > η$(η, δ, d) there exists an isometry V\ : Ή\ —> T  
such that, V|0, A) =  |0) and for 0 < |m| < ηη,

(m| Va =  , (m, A|
y/l +  (Cn)^~2)/12/δ1/3

where C =  0(η, d) is a constant. More precisely, ng can be taken of the form 
(0(ά)/δψ^1
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Proof. See section 9.7.3. The main tool is Lemma 9.7.13.

□
For Young diagrams which do not satisfy the assumption of the previous Lemma, 
the isometry V\ can be defined arbitrarily. The reason is that those blocks have 
vanishing collective weight and can be neglected altogether (cf. Lemma 9.6.2).

From this operational description we conclude that Tn is a proper channel since r n is 
a Markov kernel and V\ is an isometry. We then want to prove that T\(p^u’n) is close

to φ °  and that the finite-dimensional operations Δ ^ ’η  have almost the same action 
as the displacement operators of the Fock space, cf. (9.29). Finite-dimensional 
coherent states and formula 9.28 will be the stepping stone to those results.

9.6 Main steps of the proof

9.6.1 Why T n does the work

We shall break (9.36) in small manageable pieces. The result and brief explanatory 
remarks, repeating those in the derivation, are given from (9.67) on.

We introduce first a few shorthand notations: the restriction of Tn to the block A is

ΤΙ θ,η Τ Τ θ,Τί T / ' *

λ · P\ ^  VxPx Vx ,

so that

T„ : / ■ "
λ  λ  

We also define Τ χ  : φ  y-* V ^ V \.  and note that Τ χ Τ χ  = Id-^A.

We expand (9.63) as

θ,η
Λ

= Ν{η,νμ)®φζ- \Μ{η,νμ)- Σ  6λη) ® Φζ - Σ  6λη ® (φξ - φ Τ ) · 
λ /  λ

Proving (9.36) then amounts to proving

sup
θβίΐη,ε

< Cn~t/S.

Τη (ρθ'η) Σ

ν(ΰ,νμ)- > λ
θ , η

/ + Σ 6"'
±θ7η \
φχ )
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We now use the triangle inequality to upper bound this norm by a sum of “elemen­
tary” terms to be treated separately in the following sections.

Since \ \φ%  =  ||./V(w, V ^)||i =  ||0 j’n|| =  1, we have (ψ< -  φ θ̂ < 2. Similarly

Σ α  ΙΙ6λ" ΙΙι =  I because ||&>’n||i  =  Ρ χ η · We split the sum over Λ  in two parts, one for 

which it is expected that Λθ’η\
Φ \  J is small, and the other on which the sum

of all H&Jli is small. Specifically, define the set of typical Young diagrams

Λ- η,α '·= { λ : |Aj — η μ ί \ < na, 1 < i < d}, for a > 1/2, (9.65)

then

The first term corresponds to the convergence of the classical experiment in the 
Le Cam sense. If the second term is small, then on An a, the (purely quantum) 

family ρ θχ η  is near the family φ ζ . The last term is small due to the concentration 
of ρ θχ η  around the representations withshape At = η μ^ .  In other words, the only 
representations that matter are those in Λ η>α.

The hardest term to dominate (notice that the two others are classical) is the second.

jvK ν κ )  -  Σ  η) θ / + Σ 6'ι 0 , η
Λ

ι θ , η \
Φ χ  ) <

ma,v,)-Yb'θ,η
'λ

Φ ζ N ( u ,  ν μ ) -  Σ  6'θ,η
λ

+ Σ Κ ”®(̂
Λ

+ Σ Ι Κ "

<

)

Τ η ( ρ θ ’η ) -

A/\u, ν μ )

- λ ί (η ,  ν μ ) ® /

- Σ *

<

+  sup i(f

 ̂ λεΑη,α
(9.66)

Α0Λη,α
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We transform it until we reach tractable fragments.

Φζ -  ΦΤ . =  Φξ - Τ χ(ρχη) 

ϋ<(φδ) -  [ΤχΑ^ηΤΙ](Τχ(ρ°χΰ,η))

ζ/(0°) - η ϊ ( τ λ(ρδ/ · ’η)) +  D < (T x ( p f a’n)) -  [TAAc/ r ; ] ( T A( p f ’"))

< υ?(φ δ) -  D ^ i p ^ ) ) ^  +  I[D< -  TAA f"T A*](TA( p f ’n) -  / )

+  Ι ^ - Τ λ Δ ^ τ ; ] ^ ) ^

< 3  ΤΧ(ρδ/ 'η) -  φδ +  [ ί /  -  ΤΧΑ^ηΤ*](φδ)

where in the last inequality we have used the fact that the displacement operators 
are isometries.

Note that the first term does not depend on ζ and the second term is small if the 
displacement operators Δ^’η and have ‘similar action’ on an appropriate domain. 
Using the integral formula (9.28) for gaussian states φβ and the fact that φ°, is a 
tensor product of such states (cf. (9.51)) we bound the second term by

[ £ K  —  Τ λ Δ Ϊ ’ ” Τ λ * Κ / )  <  f f(z)  [D< -  TxA^T{](\z) {z\)
1 J C d(d-l)/2

dz

where

m  = Π
i< j

l̂ i l̂ j 
πμ3

exp - μ ι -  μ 31 
μ3

I

and \z) (z\ =  Dz(\0) (0|) is the multimode coherent state, so

[D< _  ΓαΔ<·»Γα·](||) (z-|) = [D<D- _  ΓλΔ<’”ΤΛ·£>η(|0) <0|).

Now, /  is a probability density, and the norm in the integrand is dominated by two. 
By splitting the integral we obtain

[D< -  ΤΧΑ^ηΤ*}(φδ) < 2  [
1 JII;

f (z)dz+  sup
||2 ||>n^ \\ζ\\<ηβ

[D^DS -  TxA^nT*xDs]{|0 ) (0|)

By adding and subtracting additional terms

D^D? -  TxA^nT*Ds =D^+S -  TxA [+s'nTx

+  Ταδ ( +2> Τ; -  ΤχΑΫ' ΑΫ'Ύ* 

+ ΤΧΑ γ ιΑ γ ιΤ*χ -  TxA^nTx Ds.
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we deduce that
|[£)( _ ΤαΔ6.γ .](|2-) (ζ1)||ι < ||[0 i+? _  τΑΔ^+ϊ·”Τλ·](|0> <0|)

+  | ( Δ Ρ · " - Δ Ϊ · " Δ ' · ” ](|0,λ)(0,λ|)

+ | [A fT ;-T A-D*K|0> (o|)

where the last two terms on the right side have been simplified using properties of 
Τχ,Τχ, Α ζχη. Notice that the first and third norms are essentially the same and the 
three terms are small if the action of is mapped into that of the displacement 
operators D<'.

Putting all this together, our ‘expanded’ form for (9.36) is

sup
,7

< sup

τ η (Ρ θ’η ) - φ ϊ ® Χ ( ύ , ν μ ) 

Λ ί { α , ν μ ) - Σ % ·

+ 2 sup Ύ  ΙΙί’ΊΙι
ΘΖΩη,Ρη λ£Λ„,α

+  3 sup sup
$ΕΩτχ,/3,7

Φ0 — Τ\(Ρχ’η)

+  sup sup sup
||ζ||<η  ̂θ€·Ω·η,β,Ί λ€ΑηιΛ

+  sup sup sup
||z||<nfl θ ζί ΐη  β -y λ<ΕΛη>α 

+ sup sup sup
||z||<n̂ θ£Ωη,β,~ι AeAη,α

[0<+ ί-Τ λΔ«+ί·"Τλ·](|0) (0|) 

Ρ Γ-Γ λΔ ί”ϊ̂ ](|0) (0|) 

[Δ<«>_Δ<."Δ'·"](|Ω,λ) <0, λ|)

+ 2 [  f(z)dz.
J ||ζ||>ηβ

(9.67)

(9.68)

(9.69)

(9.70)

(9.71)

(9.72)

(9.73)

(9.74)

The last Gaussian tail term is less than (7exp(—δη2/3) where C depends only on 
the dimension d. Under the hypothesis n2/? > 2/δ, this can be bounded again by
0(n~2/3).

The following lemmas provide upper bounds for each of the terms. Before each 
lemma we remind the reader what is the significance of the bound. The proofs are 
gathered in section 9.7.

The classical part of the channel is a Markov kernel r (see definition 9.5.3) mapping 
the ‘which block’ distribution p0/ 1 into the density b0/ 1 on Erf_1 which is approaches
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uniformly the gaussian shift experiment (9.68). Recall that b°̂ n depends only on u 
and not on ζ, so that we have the same parameter set for the two classical experi­
ments.

Lemma 9.6.1. With the above definitions, for any e, we have

sup v y  -
θ,η
X =  0 ( n - l/4+e/S,n~1/2+yS )

The next lemma deals with (9.69) by showing concentration around Young diagrams 
A in the ‘typical subset’ (9.65). This allows we to restrict to this set of diagrams in 
further estimates.
Lemma 9.6.2. Let a — 7  — 1/2  > 0. Then, with the above definitions we have

SUP Σ  K ’l i  =  0  ( η*  exp(-n 2a_1/2 )) ,
*enn>/,,7 XgAn a

with the O(-) term converging to zero.

The term (9.70) shows that when the rotation parameter is zero, the block states 
ρΟ,υ,,η are essentiaiiy thermal equilibrium states, as one would expect from the quan­
tum Central Limit Theorem 9.4.6. However the convergence here is in norm rather 
than in distribution, and uniform over the various parameters.

Lemma 9.6.3. Let 0 < η < 2/9. With the above definitions, we have

sup sup
λΕΛη,α

φδ -  TA(pJ“’n) =  0{η~1/2+Ί+η/δ, n ^ ~ 2̂ 24/<51/6, expM n77)).

The terms (9.71) and (9.72) show that the ‘finite dimensional coherent states’ ob­
tained by performing small rotations on the ‘finite-dimensional vacuum’ are uni­
formly close to their infinite dimensional counterparts, thus justifying the coherent 
state terminology.
Lemma 9.6.4. Let e > 0 be such that 2β +  e < η < 2/9.

Then,

sup sup sup sup
||ζ||<ηΰ ||ξ||<η-ι/2+2/7<$ θ€ύη,β,Ί λ€Αη,α

[ Φ 2 -  ΤλΔ ^ ηΤλ*](|0) (0|) =  R(n)

with

R{n)2 =  Ο ( η ^ - 2ν ί2δ -1/3,η -1+2β+* δ -\ η -ν 2+3β+2ίδ - ν 2,η - 1+α+2βδ-\
η- 1+α+ηδ -\ η- 1+3ηδ -\ η- β) (9.75)
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For estimating the terms (9.71, 9.72), the case when £ =  0 is sufficient. This more 
general form is useful for the proof of Lemma 9.6.5. The unitary operation is defined
as A ^ ’n := Ad[{/\(C>^)] with υ ( ζ , ξ , η ) )  the general SU(d) element of (9.83).

Finally (9.73) shows that the ‘finite-dimensional’ displacement operators multiply 
as the corresponding displacement operators when acting on the vacuum.

Lemma 9.6.5. With the above definitions, under the same hypotheses as in Lemma
9.6.4, we have

sup sup sup
||z||<n̂ θ ζΩ η ,β ,- γ  λζζΛ-η,οί

[Δί+* . _  AfAfKIO.A XO.A I)^  =  Λ(η)

with R(n) given by equation (9.75).

>From the last three lemmas, together with the bound on the remainder integral 
(9.74) we obtain the following lemma which can be plugged into the bound (9.66):

Lemma 9.6.6. With the above notations under the same hypotheses as in Lemma
9.6.4, we have

sup sup \\φϊ - φ θχη\\ =  R(n) +  0(η~1/2+Ί+η/δ)
θζζΩ-η,13,*y λ̂ Λ-η,οί

with R(n) given by equation (9.75).

Gathering all these results and using the inequalities a — 7  — 1/2  > 0 , 2β +  e < 
η < 2/9 we get the following relations between the error terms: n_1/2+/?+,?/2/<51/ 2 =  
o(n_1/2+3??/2/(51/2) and ^ -1/2+Q/2+/J/ '5 1 / 2  _  1 / 2 + 0 / 2 + 77/ 2 ^ 1 / 2 ^

This yields the next theorem which provides the bound (9.36).

Theorem 9.6.7. For any δ > 0, 0 < η < 1/4, e > 0, 1/2  +  7  < a < 1, η < 2/9,
0 < β < (η — e)/2, the sequence of channels Tn satisfies

sup IIΤη(ρθ'η) - φ \ \ =  0(η~1/4+3β/2+εδ~3/2 +  n-V 2W 2+I)/2r i/2+

n - l /2 + 3 „ /2 r l /2  +  η - β / 2  +  n - l / 2 + y+ y S  +  η (9 ,-2 ) /2 4 /(51/6 +  e x p ( _ ^ ) )  ( 9 .7 6 )

For any given § < δ < 1, β < 1/9 and 7  < 1/4, we can choose a, η, e satisfying the 
above conditions, such that the right side is of order 0 (n ~K), with κ > 0 depending 
on β , 7 , δ.
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9.6.2 Definition of S n and proof of its efficiency

The channel Sn is essentially the inverse of Tn and as we shall see, (9.37) can be 
deduced from (9.36).

On the classical side we need a Markov kernel completing the equivalence between 
the family ρ'χ' and Af(u, Vlt). Let ση be defined by

on : x e  W1- 1 <5̂  (9.77)

where A* is the Young diagram such that 5 ^  A* =  n, and |n ^ 2Xi + npi — A*| < 1/2, 
for 2 < i < d. No such diagram exists, we set Ax to any admissible value, for example 
(n, 0, . . . ,  0). Notice that with (9.64), ση ο r n ο ση = ση. Moreover any probability 
on the A such that Aj =  n is in the image of σ”, so that ση ο τ η(ρθ,η) = ρθ,η.

Lemma 9.6.8. With the above definitions, for any e, we have

sup \\σηλί{ΐί, νμ) -  Ρΰ’ηII =  O (n -1/2+e/5, η~1/4+Ί/δ ) .
M \ < m

Proof. See end of section 9.7.6.

□
The channel Sn is given by the following sequence of operations acting on the two 
spaces of the product L1(E<i_1) <g> Ti(F). Given a sample from the probability dis­
tribution N (η,νμ), we use the Markov kernel ση to produce a Young diagram A. 
Conditional on A we send the quantum part through the channel

S \ : φι-* §χ{φ) <g> l !Cx

Mn( A)

with
5\:φ^ τ;φ + (1 -  Tr(TA*(0)))|O, Λ){0, λ|.

The second term is rather arbitrary and ensures that S\  is trace preserving map. 
What is important is that for any density operator p\ on the block A, the operator 
S \  reverts the action of T\.

S\T\(px) =  ΤχΤχ(ρχ) +  (1 -  ΊΪ(Γλ*Τλ(ρλ)))|0, Λ)(0, Λ| 
=  Ρλ +  (1 —  Τ γ( /?λ ) ) |0 ,  Λ) (Ο, Λ|

=  Ρ \ .

s„ma, ν„) ®  /)  = 0[<Λ/ν(* ν„)](λ)5λ(/) β
Now
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and with the notation σ”Λ/"“ := [σηλί(η, V .̂))](A) and q^n := min(σηΝ χ ,ρ Χχ η) 
have

we

/ ο  \  Λ w,n ,
^  2 +  sup

λ £Λ „ ,α  λεΛ η,α

ο \  Λ ύ,η .
<  2 2 ^  ^  +  sup

λ0Λη,α λ€Λ" ' “

Taking L1 norms, and using that all φ 's and p’s have trace 1 and that channels (such 
as S\) are trace preserving, we get the bound:

Ι Ι δ ^ / β Λ / χ κ , ν ; ) ) - / · ” ^

< Σ  !*”(&(/) - rf”)!,+Σ  |σ Λ? - pf”
Λ

Sa( / )  -  P? I  + |\ σ η Μ ( ΰ ,  V„) -  p3·"!!,

+  |KJV(S, Vi) —/ ’“Hj .

Now the first term is smaller than the remainder term of the gaussian outside a ball 
whose radius is na. Hence this term is going to zero faster than any polynomial, 
independently on δ  and u for ||'u || < n1. The second term is treated in Lemma 9.6.6 
(recalling that φ θχ η  =  T\(p^’n)), and the third term is treated in Lemma 9.6.8.

This ends the proof of (9.37).

□

9.7 Technical proofs

9.7.1 Proof of Theorem 9.4.4

General needed theorems

We shall work in the algebraic setting of quantum mechanics. The main inspiration 
here is van der Vaart, for providing classical analogues, and Paulsen (1987) for 
technical results on C'*-algebras.

A general quantum-classical system can be characterized by a unital 6'*-algebra A, 
the algebra of observables. States are then positive norm-one functionals. They live

8 η(φζ ® Λ ί ( η , ν μ))

=  0  {?r ( S x ( / )  -  f>T ) +  -  < / ? " ) & ( / )  -  « "  -  ϊ ί > ί ” } M J X Y
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in the topological dual space A*, that is notably a Banach space. General channels 
are identity-preserving completely positive maps from A  to another algebra A 2.

This setting is slightly more general than the one in Section 9 .2 .1, since the bidual 
of a C* algebra is a von Neumann algebra.

In this setting, we may define measurements with values in a Polish space (D, B) in 
the following way, that reduces to the usual definition if A  = B(H), and to Markov 
kernels in the classical case, where the algebra consists in continuous bounded func­
tions A  =  Cb(X):

Definition 9.7.1. A measurement from A  on (D, B) is a set { M ( B ) } BeB of ele­
ments in A**, such that:

• M(B) is non-negative for all B.

• M(D) is the identity, that is Μ(Β)φ =  φ( 1A) for all φ G A*.

• For all pairwise disjoint we have ^  M(BL) =  M (\J £>,).

The measurement M acts on φ £ A* by yielding a probability measure on D defined 
through:

Μφ(Β) =  Μ(Β)φ for all B e B .  (9.78)

As a technical tool, we shall also consider generalized measurements, that correspond 
to generalized procedures in classical Le Cam theory. A generalized measurement 
M o n a  Polish space is an identity-preserving completely positive map from Cb(D) 
to A. Alternatively, in the dual picture, it is a positive map from A* to 0^(3)* such 
that Μ φ(lp) =  Φ ( 1 α ) for all φ. The latter condition will be called trace-preserving.

The reason why we consider generalized measurements is that we get compactness.

Lemma 9.7.2. Every net {Ma} a€Ai of generalized measurements admits a converg­
ing subnet {Ma} aeA2 with limit M, such that for any φ G A* and every f  G C&(ID>)7 
we have:

Μαφ{ί)  — > Μφ{/). 
a2

Moreover, M is a generalized measurement.

Proof. This lemma essentially amounts to applying the following remark, a refor­
mulation of Lemmas 7.1 and 7.2 in the book by Paulsen (1987).
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Lemma 9.7.3. For any two Banach spaces X  and Y , with Y* the dual ofY,  the set 
of linear operators L(X, Y*) is compact for the bounded weak topology. A bounded 
net {La} converges to L in bounded weak topology if and only if

La(x)(y) -»■ L(x)(y), Vx e  X, y e Y .

We take as X  the space A* and as Y  the bounded continuous functions C;,(D). All 
generalized measurements have norm one, so the net is bounded. We therefore have 
a limit M  in L(A*, (^(D))* satisfying the pointwise convergence.

We still need to establish positivity and preservation of trace. Since they are satisfied 
by all Ma, both follow immediately from the pointwise convergence. □

Any Polish space admits a Polish compactification D. Now, any continuous bounded 
function on D can be restricted to a continuous bounded function on D. The restric­
tion is linear positive and unit-preserving, so that any generalized measurement M  
on D yields a generalized measurement A% on P. By compactness, Cb(D) =  C'c(D) 
the continuous functions with compact support. So that, by the Riesz representa­
tion theorem, Μ-̂ φ can be seen as a Radon signed measure on ED, positive if φ is 
positive, and with the same norm as φ. In particular, if φ is a state, then Μ^φ is a 
Radon probability measure.

Hence, for any Borelian B , and any φ, we may define Μ·^(Β)φ =  Μ^φ( 1B). This 
M-^(B) is clearly linear, bounded, and non-negative. Moreover, since Μ^φ is a bona 
fide measure, we have the σ-additivity. Finally Μ·^(Β)φ =  φ{1 j )  by definition. So 
that Mp is always a bona fide measurement on ED, satisfying Definition 9.7.1.

We may now define M^D the restriction of Α%· to ID, by Μ^Βφ =  Μ̂ Φ\ώ>, that is 
restricting the output Radon measures to D.

We can now characterise when M  is a measurement satisfying Definition 9.7.1. The 
obstruction is having mass at infinity, or equivalently being additive but not σ- 
additive.

Lemma 9.7.4. With the above definitions, the following statements are equivalent:

(i) The generalized measurement M is a measurement.

(ii) For all φ E A*, the result Μφ is a signed Radon measure.

(Hi) -Mjjijj =  M .

(iv) There is no mass at infinity, that is Mp(D\D) =  0.
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Proof.

(i) =>· (ii): Immediate consequence of Definition 9.7.1.

(ii) =>· (Hi): Since Μφ is a Radon measure, we may define M(B)  as we have defined 
M%$(B). We immediately get M =  M^p.

(in) => (iv): For any φ, for any /  G Cc(D), we know that 

Λ%(Β)ψ(/) =  MB|d̂ ( /|d) =  M0(/|„) =  A % 0(/) =  A%(H»)^(/) +  Me (D\D)0(/). 

So that Mj}(D\D) =  0 .

(iv) =>· (i): Since M^(B) =  M^(D) — A%(0\D), taking M'(B) =  M^(B) for all 
B £ B defines a measurement. We must prove it is the original measurement.

Equality on positive φ suffices, since any continuous linear functional may be de­
composed in positive and negative parts. Now Μ'φ($) =  Μφ($) for all /  =  g\®, g G 
Cc(D). Let us consider /  G C'b(D). Since it is a lower semicontinuous function on a 
dense subspace of D, it can be extended to a lower semicontinuous function on D. 
Ditto upper semicontinuous. So that there are sequences of functions g~ and g+ in 
C'c(D) such that

• g~ is non-decreasing and g+ non-increasing in n.

• g~ is bounded from below by info /  and <?+ is bounded from above by supB / .

• g~ and g+ converge pointwise to /  on ED.

We write f~  and /+  for the restrictions to D. Since Μφ is nonnegative, we have

lim Μφ(/~) < Μφ(ί)  <  lim M 0(/+ ).
η n

By monotone convergence for Radon measures, we also have

lim Μ'φ(ί-) =  Μ'φ(ί) = H m M V (/+).
η n

Since Μ 'φ ( ί ~ )  =  M < ^ (/), we have Μ φ ( $ )  =  M ' </>(/) for all /  G <7&(0).

For any experiment S =  {φθ,θ G θ } ,  for any finite subset I  of Θ, we write £ ! for 
the restricted experiment {φθ,θ G / } .
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Theorem  9.7.5 (Asymptotic representation theorem). Let us consider a net of 
experiments £a =  {φθα,θ G Θ }, and an experiment S =  {φθ G Α*,θ G Θ }, such 
that for any finite subset I of the parameters set Θ, the deficiency of the restricted 
experiment £ T goes to zero, that is δ(ε! ,8^) —> 0 .

a

Suppose that we have generalized measurements Ma to a Borel decision space (D, B), 
such that for any Θ G Θ, the results converge:

Μαφθα =  Qe e  a(©)*.

Then there is a generalized measurement M on A* such that Μφθ =  Qe for all Θ.

Moreover, if all Qe are Radon measures, then we may take M as a measurement, 
in the sense of Definition 9.7.1.

Proof. By definition of the deficiency, since —> 0, there are channels Ŝ
OL

such that sup0€/ ΙΙ*? '̂/’61) — Φθα\\ —> 0 for all finite I.il 11 a

We may then consider the generalized measurements on A* defined by P([ =  MaoS^.

For each I, we thus obtain a have a net of generalized measurements {Ρ^ }α indexed 
by a. By Lemma 9 .7 .2 , it admits a converging subsequence to a generalized mea­
surement P 1. We order the finite subsets by I < J if I  C J, and thus obtain a net of 
measurements { P i } / , so that it also has a converging subsequence to a generalized 
measurement M.

Now, for any Θ, for any /  G C'b(d), we have:

Μφθ(ί) =  l im i> i/( / )

=  lim lim
I a

=  lim lim M '</£(/) + e ( a J , 0 J )
I  a  

=  < ? " < / ) .

where we have used

Η α , Ι , θ , ί ) \  =  \ Μ ^ ( φ >) - φ βΜ ) \

<KI I  ll/ll \ Κ ( Φ " ) - Φ ί  II 
->o,a

since the first two norms are constant and the third vanishes.
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Hence Μφθ =  Qθ and we have established our main statement.

Suppose now that all Qe are Radon measures. Let us consider a Polish compacti- 
fication D of our Polish space D, and define A% from M  as we have above, that is 
restricting Μφ to (70(0) C 6 5 (D). Then Λ%· is a true measurement and Q^M-̂ φ9 is a
Radon measure for all Θ. Now, for any /  G Cc(D), we have Q^(f) =  Qe(f\n>) =  Qe{f)
where Qe is defined as the Radon measure such that Qe\n =  Qe and Q0(D\O) =  0.
By uniqueness in the Riesz representation theorem, we obtain = Q°.

Hence, Μ^(3\Ώ)φ° =  0 for all Θ G Θ, and we may modify A% by choosing any point 
d G D, and define

M'(D\D) =  0 (9.79)
M'{B) =  M (B ) +  M(D\D) for all B G B with d G B,
M'(B) =  M(B)  for all B G B with d £ B.

Then M' restricted to D is still a true measurement and Μ'^φθ =  Μφ° =  Qe 
for all Θ G Θ. □

We shall use this representation theorem to prove a minimax theorem.

We consider loss functions as sets of functions le : ID —>■ [0,00] for all Θ G Θ. We 
shall always require that all le be lower semicontinuous.

A loss function is said to be subcompact if, for all Θ, the sets {y : le(y) < c} are 
either null, compact or the whole decision space D, for all c.

D efin ition  9.7.6. Let I be a loss function and an experiment £  =  { φθ, Θ G Θ} . We 
define the risk of a generalized measurement M  at point Θ as

Re{ M ) =  sup Μφθ(/), 
fec„(D) 

f < k

and consequently the (maximum) risk of M as

Rmax(M) =  sup Re{M). 
θ

This definition agrees with the usual definition of the risk 9.9 for M  a true mea­
surement if Iq is equal to the supremum of the smaller bounded functions, that is, 
if it is lower semicontinuous. In general, it is a lower bound to ^ Ι θΜφθ(db) if it is 
defined.
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T heorem  9 .7 .7  (Asymptotic minimax theorem). Consider a sequence of experi­
ments Sn and an experiment S, such that converges to S1 for all finite subset
I G Θ.

Then, for any sequence of generalized measurements Mn, the supremum of the limit 
risks of the experiments is more than the minimax risk of the limit experiment:

sup lim inf sup Rg(Mn) > inf sup R,0(M), (9.80)
i n eel M θζθ

where the second infimum is over all generalized measurements. This infimum is a 
achieved.

Moreover, if the loss function is subcompact, the infimum on the right-hand side is 
achieved for a true measurement.

Proof. Let us define by induction n? as the smallest n G N such that sup0e/ Rg(Mni) <  
lim inf„ sup^y Rg(Mni) +  1 / # / ,  and nj > nj for all J C I. Then {η / : I  C Θ} is a 
subnet such that

sup lim inf sup Re (Mn) =  lim sup Re (Mni).
I n Θ€Ι 1 θβΐ

Since the finite experiments £  ̂ converge to S1, there are channels such that
| | W ) - < | | - » 0 for a ll0 G /.

We may then build generalized measurements P1 =  Μ£ o . Using Lemma 9.7.2, 
this net admits a converging subsequence to a generalized measurement M.

We may then write:

R » {M )=  sup Μφθ(/)
f€Cb( D) 

f < h

=  sup lim Ρ !φθ{})  
fe  cfc(D) 1

f < k

=  sup limΜηιφθ (f )  +  Mni[ S ^ e) -  φθ }(ί)  
f e c b( D) 1

f < h

=  sup lim Μηιφθ (f)
f€Cb(B) 1 

f < h

<lim sup Μηιφθ (f)
1 fecb( D) 

f < k

< lim sup Rg{Mni).
1 Θ&Ι
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We have thus proved our main statement.

The second statement is a mere application of the following complete class theorem.
□

Theorem  9.7.8 (Complete class theorem). If the loss function is subcompact, then 
the true measurements are a complete class, that is, for any generalized measurement 
N, there is a true measurement N such that Re{N) < Rg(M) for all Θ £ Θ.

Proof. Let us consider a Polish compactification D of O. Then, Ιθ admits a maximal 
lower semicontinuous extension to D, given by

le{y) =  sup_ f(y).
fecc(D)
f |D<̂6>

Since lg is subcompact, we know that le{y) > h{x) f°r all V £ 1D>\D and x £ D.

Since f  £ Cc(D) =>- /i© £ (?&(]□)), we have, with the former notation for the 
corresponding restriction of N:

Re (N )=  sup Ν φ \ί)
f<h fecb( D)

> sup ΝέΦ°(Ι') 
f<h_

/|d£C*c(B))

= ν έφθ(Ίθ),

where we view Ν^φ° as a Radon measure on the last line, and use the monotone 
convergence theorem.

We know that iVp is a true measurement on D. Let us now consider a modification 
A-%· of iVjj, defined like equation (9.79). That is, we transfer the mass on D\D to some 
point in x £ O. Since Ιθ(χ) < le{y) for any y £ D\D, we get Ν^φθ(ϊθ) < Μ^φθ(Ιθ).

Now M ^ = M  is a true measurement on D, and Μφθ is a Radon probability measure 
for all Θ.

As a consequence, we may use the monotone convergence theorem to get to the 
second line, and the fact that M (D\D) =  0 to get to the third line, of the following
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calculation:

Re(M) =  sup Μ φ\!)
f<h fecb( B)

=  sup M /( /| D) 
f<h_

=  sup Μ^φ° (f)
f<ie_

= Mjrf'fh)
< ΝΈφβ(1,)
< rto(N).

This ends the proof. □

We shall now prove a quantum Hunt-Stein theorem. The first version of this theo­
rem, for compact groups in the density operator setting, is due to Holevo (1982). A 
version for non-compact groups was proved by Ozawa (1980). Since Ozawa usually 
works with convex structures, his theorem is probably even more general than what
I need. However, I could not find the article, so I give my own proof below. The 
proof is an adaptation of the arguments by van der Vaart, with some inspiration 
from an article by Bondar et Milnes (1981).

We say that a group acts on a decision problem (£,1D>, I) if:

• G acts on A* and the restriction of the action to £ is a bijection, so that Θ is 
G-homogeneous. We write gφ for the action of g on φ E A*, and g0, for that 
on Θ G Θ, hence gφθ =  φ9θ.

• G acts on Gb(lD>). We write g f  for the action of g on /  G Gb(ID>).

• Both former actions are (weakly) continuous on bounded balls.

• The (nonnegative lower semicontinuous) loss function is G'-superequivariant, 
that is, for all Θ G Θ, for all g G G', for all nonnegative /  G Gf,(D) such that 
/  < Ιθ, we have g f < lge.

In particular, if D is G-homogeneous, there is a natural action gf(x) =  f (g~lx) for 
/  G C{,(B) and x G ID>, and any equivariant loss functions given by l$(x) =  lfJo(g~lx) 
is notably superequivariant.
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We may then define a contravariant action of G on generalized measurements by:

ε , Μ φ ϋ )  =  Μ{9φ)(9ί ) .

That is, Sgig2 =  Sg2Sgi.

We shall call a generalized measurement equivariant if SgM = M.

Since G acts continuously on states and bounded continuous functions, SgM  is 
pointwise continuous, both in M  and G.

A group G is said to have the fixed-point property if every representation g *· Tg of 
(7, with Tg(x) separately continuous in g and x, in a group of affine transformations 
of a compact convex subset of a locally convex topological vector space has a fixed 
point. Rickert (1967) has proved that this is equivalent to G satisfying Stein’s 
condition, that is there is a finite chain of closed subgroups

G =  Gm D Gm-i D ■■■ D Go = e

such that each subgroup is a normal subgroup of the previous one and each Gt/Gt-i 
is either compact or commutative. Commutative groups obviously satisfy Stein’s 
condition.

Theorem  9.7.9 (Quantum Hunt-Stein). Suppose a group G with the fixed-point 
property acts on a decision problem (£, D, I). Consider a G-invariant function R : 
Θ —> R+. Suppose there is a generalized measurement P with lower risk function 
Re(P) < R(0) for all Θ.

Then there is an equivariant measurement M such that Ro(M) < R(6) for all Θ.

Moreover, if I is subcompact, if G is acting on C\,(D) through an action on D, ifB  is 
locally compact and there is a true equivariant measurement, then M may be chosen 
as a true measurement.

Corollary 9.7.10. In the setting of the previous theorem, the minimax risk is at­
tained by an equivariant generalized measurement, and by an equivariant true mea­
surement with the same conditions as above.

Proof of the corollary By the same arguments as in the asymptotic minimax theo­
rem, the minimax risk is achieved by a generalized measurement. We then merely 
take R(0) =  R minimax· A constant is obviously G-invariant.

Let us now prove the quantum Hunt-Stein theorem.
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Proof. Let us consider K  the subset of generalized measurements M  satisfying 
Ro(M) < R(ff) for all Θ.

This is a closed set for pointwise convergence, hence compact. It is non-void, since 
P  € K. Moreover, for any M, we have Re{M) < Re(SgM)  by G'-superequivariance 
of I. Hence K  is stable under Sg.

Since G has the fixed-point property, it admits a fixed point M  in K. This M  is 
the equivariant generalized measurement we were looking for.

If furthermore G was acting on C& (D) through an action on ED and (D , B) is locally 
compact, it admits a one-point (Alexandrov) compactification (ID), B). We may 
extend continuously the group action on D by g(oo) =  oo. We consider MB induced 
by the equivariant M  above. It is a true measurement on ED, characterized by 
{Μβ(Β)}  Βζβ-

If there is also an equivariant true measurement N on C&(D), characterized by 
{ N ( B ) } BeB, we may define the equivariant true measurement Mt through:

Mt(B) =  Μέ(Β) +  M^(oo)N(B) for all B £ B.

This is well-defined since the bidual of a C'*-algebra is still an algebra -  even a Von 
Neumann algebra.

Moreover, since I is subcompact,

Re{Mt) =  Μιφ9(Ιθ)
= Μφθ + Λ % (οο )/ (Νφβ{Ιθ) -  Ιθ{οο))
< Re(M)
< R(0).

□

M issing  parts in th e  p roo f o f  T heorem  9.4 .4

Let us start with proving that the minimax risk in the limit experiment is a lower 
bound. We can almost use the asymptotic minimax theorem. Indeed, the risk on 
a finite subexperiment I  is smaller than the risk on the whole parameter space, 
so equation (9.7.7) appears stronger than (9.40). Notice that since the parameter 
spaces θ ΤΜι, are increasing to infinity, the set I  is a subset of the parameters for n 
big enough, so that bound (9.7.7) has a meaning.
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However, we cannot apply immediately the theorem: the risk function is not the 
same in the different experiments. The theorem would hold if we used the loss 
function r in all experiments.

Let us prove that the limit of the minimax experiments is the same when using r in 
all experiments, or rn =  nl(p, p) as is the case here.

By abuse of notation, we shall write p £ Qn when p®n £ Qn.

For any δ > 0 by local quadraticity, there is a two-variable open neighbourhood Vs 
of (ρο,ρο) in which (1 — δ)ν < rn < (1 — <5)r. We choose Vs =  V"/ <8> Vj in product 
form. Let us now consider a closed neighbourhood F  of p0 included in V̂ 1. Then 
F <S> Τ^(Ο ι)\ ν2 is compact. Since I is lower semicontinuous, it attains a minimum 
m on this compact. Since I is estimation-fostering and there is no diagonal element 
in K, the minimum m is positive. For n big enough, the states of the experiment 
Qn, that satisfy ||po — p|| < nTl^ +<i, are included in F. So that for all element 
P £ Qn·, fc>r any estimate p, either rn(p,p) > m, or (p, p) is in Vs. If n is small 
enough, there will be points p in V$ such that rn(p, p) < m for all p £ Qn. So 
that an optimal measurement will always give an answer in V'£. But in that case 
rn > (1 — δ)τ · So that the asymptotic minimax risk with loss function r cannot be 
worse than (1 — <5)_1 the asymptotic minimax risk with loss function rn. Since this 
is true for any 5, we have proved bound (9.40).

As a remark, local quadraticity and shrinking set Qn imply that we may replace GPo 
with Gp in the cost functions up to negligible variations of the same order as r with 
respect to rn, which we shall do when practical.

We now prove that the strategy suggested in Section 9.4.5 has asymptotic risk
Rminimax ·

Let us start with using shorter notations. Most depend silently on the true state p. 
We write E for the event that ||p — p|| < n~1//2+e, and Ec for its complementary. On 
E , if n is big enough with respect to the eigenvalues separation δ, there is a smallest 
Θ such that p®n~n =  ρθ’η~η when p0 =  p. We write Θ for it. We use this definition 
so as to have the same scale as h as defined in Section 9.4.5. We write rn for the 
loss function at p in the n-sample experiment, that is r„(p) =  nl(p,p). We write r 
for the loss function at Θ in the limit experiment, that is r{6) = (Θ — 9)*GP{6 — Θ). 
We write En for the expectation with respect to the result of our measurement 
procedure, we write Eoo for the expectation with respect to the measurement we 
apply on Τ η - ή { ρ ® η ~ή ), with output Θ ,  but applied to φθ instead. We write E™ for the 
expectation of the same measurement applied on φθ, but without the modification 
Θ =  0 if Θ is too big, that is we always keep Θ. That measurement is nothing else 
than the optimal measurement in the limit experiment.
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■minimax is E™[r] and the risk of our mea-With those notations, he minimax risk R, 
surement at p is En [rnj. Let us develop the latter, making appear the five parts we 
had spoken about in Section 9.4.5.

E„ [r j  =  E„ [r„xE.] + E„ [(r„ -  τ)χε ] + (E„ -  Ε Μ)[ΓχΒ] +  (EM -  Ε ” )[ι-χ£] + E™ [τχΕ\
(9.81)

For bounding the first term, we need to show that E c is a rare event. We give an 
example of rough measurement that turns the trick.

Let us define, with \ψι) any orthonormal basis of Cd, and EtJ =  \ipt)

1
Mj — ^Ejj

Mjk = —  (Ejj + Ekk + Ejk + Ekj)

Mkj (Pjj “I- Ekk + iEjk iE'kj) 
d

Mr = Y ,
j=i

V 1 < k < d,

V 1 < j  < k < d,

V 1 < j  < k < d,

d - 1
2d

k=j+1

We denote by X", X™k, X k ·, X™ the laws of the number of times we get result j, jk ,  kj  
or r when measuring when measuring n copies of p. The laws of these random 
variables are binomials:

We then use the following estimates for the matrix entries of p:

X __ v n
Pn ~  ,h X j >

R^  = ίχ% - ̂(Xf + x̂),n jk 2n K j 
Im pjk =  -Impkj

_ d γη d / y- ii vn\

- a X i ’ ~ 2 t x > + X t ) '

j  < k

X* = B(n,f),
X% = B L ^ £ B ±£^±£»\, 

X% = B (ή, 2Rê j+Ptt + fej
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Through repeated use of Hoeffding’s inequality (9.117) on each of the matrix entries, 
for any e > 0, we get:

P [||p  — p ||2 > 4α!4η 2ε~1] < 2d2 exp(—2n2£). (9.82)

As a remark, if p is not a genuine density matrix, we may project p on the set of 
density matrices, to get a new p. Since the true p naturally belongs to the set of 
density matrices, we merely have to double ||p — p|| for bound (9.82) to remain true.

So that

En VnXE*\ < SUp Tn(p)P [||p  -  p\\ U~1/2+e] 
p,peT+(Cd)

= 0 (nexp(—n2e)).

The second term of the risk (9.81) is bounded thanks to the local quadraticity of 
the loss function I, after noticing that ||p — p|| < n 1̂ 2+e on E, and that anyhow 
||p — p|| < Β Γ η 1̂ 2"1"6, where Γ  is the ratio of the extreme eigenvalues of Gp:

En [(rn -  r)xE] < sup (r -  rn)(p)
\ \ p - p \ \ < n 1/2+i  

||p—ρ||<3Γη1/ 2+£

=  0(n(n~1/2 +  e)3) =  0 (n _1 2̂+3e).

The third term in (9.81) is bounded by noticing that we integrate the same function 
with respect to two probability laws that are very close in L1 norm. In fact, that’s 
there that we use Theorem 9.4.3:

(En -  Eoo) [rXE] < sup Tn_ft(p®"-ft)r(p)
\ \ p - p \ \ < n 1/2+c

Ι|ρ-ρ||<3Γη1/2+ε

= 0(n~Kn2e).

Since κ  depends negatively on e, this exponent is negative on for e small enough.

The fourth term is negative. Indeed, the difference between Eoo and E™ is that the 
mass outside a ball B(0 ,3 Γ η £) in E ^  is displaced to 0 in Ε ^ .  Now, since we are 
on E, we know that Θ  6 B(0, ne). Hence r(0) is smaller than r(9) for all Θ  outside 
B(0,3 Γ η ε). So that:

(Ε„ -  ΈΖ)Ηε\ < 0

We end the proof with:

E£ lrXE} < K, M
Rminimax
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9.7.2 Combinatorial and representation theoretical tools

Here we continue the analysis of the SU(d) irreducible representations (7τχ,Τίχ) 
started in section 9.5.1. The purpose of this section is to provide good estimates 
of quantities of the type (m, Λ | πχ (U) | 1, λ) which will be needed in the proofs of 
Lemmas 9.7.13 and 9.6.4.

We shall use the following form of a general SU(d) element and the shorthand 
notations

U (<f, 0  := exp I Σί*Η<+ Σ,i=l 1 <}<k<d V j l i '

υ(ξ,ξ,η) := (/(C'/VS.e'/VS). U(i):=U(C.O), U((, η) := U(C/Jn$.SZ) 

where Hi and Tiyj are the generators of SU (d) defined by

Hj ^j,j .̂?+i j+i for j  — d 1,
Tjtk =  — iEkj for 1 < j  < k < d\
Tkjj =  Ejjk + Ekij fori < j  < k < d. (9.84)

with Eij the matrix with entry (i , j ) equal to 1, and all others equal to 0 .

We first introduce some new notations and remind the reader about the already 
existing ones.

1) We write 1(c) for the length of the column c in the Young diagram Λ. There are 
then Aj — Λί+ι columns such that 1(c) =  i. An alternative definition is 1(c) =  inf{i : 
Λi > c}.

2) Recall that we denote by / a the basis vectors /„( 1) ® · · · <S> f a(n), and to each 
vector we associate a Young tableau t& where the indices a(i) fill the boxes of a 
diagram A in a particular way. We denote by t£ the column c of ta, i.e. the function 
tca : { 1 , . . . ,  Z(c)} —► {1 , . . . ,  d} that associates to the row number r the value of the
entry of that Young tableau in column c, row r. For example, if ta =  f w e  get 
the values:

Φ )  = 2, «1(2) = 2, fj(l) = 2, i|(2) = 1, <5(1) = 1.

We shall often be interested in the image ia( { l , . . . ,  1(c)}) as unordered set, or com­
pare tca to Idc, the identity function on the integers {1 , . . . ,  1(c)}.

3) Recall also that Ή\ is spanned by the vectors y\fa for which ta is a semistandard 
Young tableau, and y\ =  q\P\ is the Young symmetriser (cf. Theorem 9.5.2). If



9.7 Technical proofs 317

ta is semistandard then we can use the alternative notation / m for f a since a is in 
one-to-one correspondence with m =  {mi,j '■ 1 < * < j  < d}, where mitj is the 
number of j ’s in the row i of ta. The normalised vectors are

1®̂·) λ )  ·=  yxfm/\\yxfm\\·

4) Let (9a (m) be the orbit of / m under the subgroup ΤΖχ of row permutations. This 
consists of vectors /b which have exactly boxes with j  in row i, and the rest are 
i. In particular, row i has no entries smaller than i. Since the action of permutations 
is transitive, we have

Pxfm =  Σ ^ao<T = Σ 4LQ fm)^b' 9̂‘85^
f be o x (m) ^  '

5) Since we antisymmetrize with q\, we are only interested in the ta 
ily semistandard) which do not have two equal entries in the same 
tableaux ta (or vectors f a) shall be called admissible and their set is

6) For any / a 6 Οχ(m) we define

r ( / a) := |m| -  # {1  < c < λϊ : Id"},

and denote by Vr(m) the set of vectors / a E 0 λ( π ι )  P) V with Γ ( / α ) 
have

< M m )f| V =  (J  Vr (m).
reN

Note that T (/a) > 0 and is zero if and only if each column tca is either Id0 or of the 
form ia(r) =  j5r=i +  rbr î for some i < 1(c) < j . A tca of this form will be called an 
(i, j)-substitution.

The following ‘algorithm’ shows how to build all the possible f a E Vr (m), thus 
enabling us to estimate the size of Vr (m).

(not necessar- 
column. Such 
denoted V.

= Γ. Then we

Algorithm

Let (m, A) be fixed but otherwise arbitrary. In order to generate a particular admis­
sible f a E 0a(hi) we need to select the mitj boxes on row i which are filled with j, 
for all i < j. The rest of the boxes are filled automatically with Vs. The constraint 
is that no column should have two boxes filled with the same number.

Generating a diagram can be described intuitively as follows. We start with the 
‘vacuum’ vector (tableau) f 0 :=  f m=0 (row i is filled exclusively with z’s), and with
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a set of |m| bricks containing mitj identical bricks labelled (i , j ), for each pair i < j. 
To change the content of a box from % into j  we place an (?, j)-brick in that box. 
This procedure is repeated until all bricks have been used, each box being modified 
at most once.

At this stage each column c may contain several bricks placed in the appropriate 
boxes, so that its configuration is uniquely defined by the set of bricks κ which shall 
be called a column-modifier. For example if κ =  {( i ,j ) ,  ( /, I)} then the column has 
entries

j  if k =  i; 
fa(k) =  l I if k =  f- 

k otherwise.
Note that a column-modifier is not an arbitrary collection ol bricks but one that 
can be used to produce a column with different entries. In the previous example, 
if i < f  this means either (j  Φ f  and j , l  > 1(c)) or (j  =  /  and I > 1(c)). The 
elementary one-brick column-modifier denoted n(i,j) can only be used in a column 
with i < 1(c) < j , otherwise the entry j  would appear twice.

Now, since the length of a column is at most d and all entries must be different, there 
are less than d\ different types of column-modifiers. Another important remark is 
that a column-modifier always increases the value of the modified cells, so that in 
this case tca({ 1 ,. .. ,  Z(c)}) φ {1 , . . . ,  1(c)}.

Alternatively to the above scenario where the bricks are inserted sequentially, we 
can first cluster them into |m| — Γ column-modifiers, and then apply each column- 
modifier to a particular column. A given collection of column-modifiers is uniquely 
determined by {m K : κ} where mK is the multiplicity of κ. This procedure is detailed 
in the following 3 stages:

I. Choose Γ bricks among our |m|. As we have d(d—1)/2 different types of bricks 
(recall that % > j), and we do not distinguish between identical bricks, there 
are at most [d(d — l)/2 ]r possibilities. For Γ = 0, we have only one choice.

II. Consider the remaining bricks as a set of elementary column-modifiers. Start­
ing from these, we sequentially add each of the Γ bricks selected in the first 
stage, to one of these elementary column-modifiers to form non-elementary 
ones. At each step we have at most ci! different types of column modifiers to 
which we can attach the new brick. Note that we do not distinguish between 
column modifiers of the same type, but rather consider them as an unordered 
set. Hence, we have less that (d\)r possibilities. If Γ = 0 there is only one 
possibility.
Note that at the end of stage II at least max{0, |m| — 2Γ} of the column- 
modifiers are elementary, and that < rnt J.



9.7 Technical proofs 319

III. Apply the column-modifiers to the columns of /o, so that no two modifiers are 
applied to the same column and the resulting / a £ 0\(m) is admissible. By 
construction Γ (/3) = Γ and all admissible tableaux can be generated in this 
way.

For counting the number of possibilities for the third stage we apply the column 
modifiers sequentially, but since some of them may be identical we need to divide 
by the combinatorial factor Y\KfnK\, where mK is the number of column modifiers of 
type κ.

We distinguish between elementary column modifiers of type n(i,j) and composite 
ones. There are less than n possibilities of inserting a composite column-modifier κ. 
An elementary one of type n(i,j) can only be inserted in a column with at least i 
rows, and since the resulting vector has to be admissible, the column cannot contain 
another j , so its length is smaller than j. There are A, — Xj such columns. Hence 
the number of possibilities at stage three of the algorithm is upper bounded by

TT T-r (A; -  A7-)m«<i··»
Π  — 11 ... ■ <9·86)

l<j

When Γ = 0, for each elementary column modifier n(i,j) the number of available 
columns is at least (A* — Xj — |m |)+ := max{0, A* — Xj — |m |}. Thus we have the 
following lower bound

Π
K j

(A, -  A, -  |m |£^ (9 87)
m.hj-

Notice that the upper bound (9.86) depends on the set of multiplicities {m K}.

We now return to our list of notations and definitions.

7) To each column of ta we associated a column modifier which completely deter­
mines its content. If is the number of columns with column-modifer k, we collect 
all multiplicities in E := { m£ : k}. In particular Γ is a function of E

r ( /a) =  |m | -
K,

Vectors for which T (/a) =  0 have the same multiplicity set E° where ms(1;J) =  m.(J 
for all i < j  and the other mK =  0. Similarly to Vr (m), we denote by V£ (m) the 
set of tableaux in Ο λ ( ι η )  P| V with E (fa) = E, in particular

Vr (m) =  (J  V£ (m)
Ε : Τ ( Ε ) = Γ
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8) To each column c of ta we associate two disjoint sets: the added 
entries . .. ,tca(l(c))} \ ( l , . . . , / ( c ) }  and the deleted entries
{1 , . . . , / ( c ) }  \ ( i£( l ) , ... ,i£(Z(c))}. This data is placed into a single set by at­
taching a ±  sign to each entry, indicating if it is added or deleted. It is easy 
to verify that if ta is admissible, the set of added and deleted entries is uniquely 
determined by the column-modifer κ associated to c, and hence shall be denoted 
by 5(k). For example S{n{i,j)) =  { (* , - ) ,  (j, + ) }  and for κ =  { ( i , j ) , ( j ,k ) }  we 
have S(k) =  {(*,—), (&,+)}. We define the multiplicities m% =  Y2K.s(K)=s mK and 
F ( f a )  ■ =  { m s  : -S'} . To summarise, we have defined the maps

/a  — » E ( f a) > F ( / a).

We now state our estimates. The first point of the following lemma is an exact 
formula serving as the main tool to prove some of the bounds below.
Lemma 9.7.11.

1. For any unitary operator U € M(Cd), for any basis vectors / a and /b, we have

where is the 1(c) x 1(c) minor ofU  given by =  ^(i),t=(j)·

Under the assumptions

{fa\qxUm f b) =  Π  det(UtĈ i ) , (9.88)
l<c<Ai

(9.89)

we have the following estimates with remainder terms uniform in the eigenvalues 
μ .:

2. The number of admissible f a € (9a (m) with T(fa) =  0 is

#V°(m) =  J ]  ^ ----- If---- (1 +  0(n-1+2yS)). (9.90)

|m| < ηη,
A £  Λ η>α, 

in f  \μ% -  μ*+ι| >  δ,I
μ<ι >  δ,

IIClli <  C W ,  β  <  1 /2 ,  

Hill. <  η-^+™ /δ,

/ 2 \  ι/(ι_α)
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3. Let E := {m K : k} with T(E) — Γ. The number of admissible /a € 0A(m ) 
with E( fa) = E is bounded by:

# V £(m) < η- Γ+Σϊ<ί(™^-™Φ,3)) ^  ~ K(t’3)
j > i

(9.91)

4- The number of admissible /a G Ολ(ιπ) with Γ(/a) = Γ is bounded by: 

# V r(m) < C rn-rr 2r|m|2r ]\  ~
j>%

(9.92)

for a constant C =  C(d).

5. Let /a G V ra(l), and consider V r6(m) C Ολ(πι) for some fixed Γ6. Then:

/a Q\ Σ  λ )
fbevrb(m) 

with C =  C(d).

6. If f a G V°(m), i/ien

<
(C'lml)1 otherwise (9.93)

/a q\ Σ  λ ) = ι ·
f beOx(m) /

(9.94)

7. ///a € V°(m) 50 that its set of elementary column-modifiers is E° = =
m }, i/ien

( /akA^(C f»w )®n/o) =  exp (ίφ Π c<h3 r(n),

(9.95)

with the phase and error factor
d- 1

μί+ΐ)ζίι
i= 1

r(n) = 1 + 0  (n-1+2/3+i?(5~1, n_1̂ 2+2̂ 5_1, n_1+2/3+a(5_1) .

5- // Λ e V£(m), so that its set of column-modifiers is E =  {m K : «} and 
T(E) = Γ, then

Ci,j____
yfri^ iM  -  fij

with C = C(d) a constant and r(n) as in point 7 above.

< exp giiclf
\ / η δ

j  (rni,j rnK(i,j))

Π

/akxi
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9. Under the further hypotheses that ||£|| < nP, mt] <  2 | +  ζ^\ηβ+£ for some 
e > 0, we have:

Σ  λ
\U€Ox(m)

= exp %φ —

Q\U (C + ζ , ξ , ή ) ^

IIC +  ^llA tt  ((Cy+ .zij)(V V /* i - μ ΛΠKj mn.
-r(n), (9.97)

*j·

with

r(n) =  1+0 (η - ι+2β+ηδ - \ η - ^ 2β+αδ - \ η - ι+2ηδ - \ η - ι+α+ηδ - \ δ - ζΐ2η - 1/2+ζβ+2ί)

10. Under the further hypotheses that |1| < |m| and η1~3η > 20/δ2, where C — 
C{d),

( Σ  /. Qx Σ  f b )
\ / .e o A(i) fbeOx(m) /

< (<7|ιη|)|πιΗ1111
(Aj -  Xj)li'j ( C |l |2|m |

i < j
I 1 ηδ2

(9.98)

with

r “min(l,m) >
(|1 — m| +  3|1| — 3|m|) +

(9.99)

11. We have

Σ  /■
/̂aeOA(m)

qx Σ  / b )  =  nfb€Ox(m) / i<j
(λ, -  λ ,)”**·)

mi j! ( l  +  0 (η 3η~1/δ)). (9.100)

Proof.

Proof of (9.88). We first express (fa\Um fh) as a product of matrix entries of U:

(/.|t/®”/b>= Π  Π  </«Ml̂ /«sw>
1<β<λι 1 <r<l(c)

l<c<Ai 1 <r<l(c)
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Since the subgroup of column permutations C\ is the product of the permutation 
groups of each column, each σ G C\ is σ =  S i.. .  sAl with sc a permutation of column 
c which transforms i£(r) into i£(sc(r)). Then

</.Ιϊλ£/®”Λ> = (f.\UmqM  = Σ  £<σ ) Π  Π
aeCx 1<0<λι l < r < l ( c )

=  Π  Π  ^i£(r)>tb(sc(r))
l<c<Ai Sc€Sc

= Y l  det(i/t“,ib).
l<c<Ai

Proof of (9.90). The number of admissible / a such that F (/a) = 0 is given by the 
products of the possibilities at each stage of the algorithm. For the first two stages, 
there is exactly one possibility when Γ = 0. Hence #V° is the number of possibilities 
at the third stage. Here the upper bound (9.86) reads as Π7>ί(^ί— ^j)mi,j/mi,r· On 
the other hand, we may use (9.87) as a lower bound, recalling that A; — Xj > δη/ 2 
and |m | < ηη (cf. (9.89)). This yields the result (9.90).

Proof of (9.91). The number of / a in VE is given by the third stage of the algorithm 
(the two first stages yield a particular E). We then obtain (9.91) by applying (9.86) 
and neglecting the ra j factors, while noticing that =  |m | — Γ.

Proof of (9.92). The set Vr is the union of all VE with T(E) =  Γ. Now the first two 
stages of the algorithm imply that there are at most Cr different E with the latter 
property, with C =  C(d).

Now we use (9.91) to upper-bound VE as follows. Since > lm l ~ 2Γ,
we may write -  Π,<? m*j· suP «j rnu f -  Moreover A; -  A, > δη/2. By
putting together we obtain

# V E < n~r5-2r|m|2r TT — — -----, ME with Γ(£ι) = Γ.
f>i m

Multiplying by the number of possible E yields the result.

Proof of (9.93). We are applying (9.88) with U =  1. Since both / a and /b are 
product of basis vectors, the scalar product ( /a | q\fh) is equal to —1 or 1 if 
i£([l,Z(c)]) =  i£([l,/(c)]) f°r columns, and 0 otherwise. Here we denote by 
ia([l, (̂C)D set ° f entries (i^ (l) ,. . . ,  £a(/(c))}.



324 Quantum local asymptotic normality for d-dimensional states

Now, since a modified column cannot satisfy i£([l,Z(c)]) =  [l,Z(c)] (and the same 
for b), the vectors / a and /b are orthogonal unless they have the same number of 
modified columns. Finally, that number is |1| — Γ α for / a and |m| — Γ 6 for /b. This 
yields the first line of (9.93).

We now concentrate on the case when Γ 6 =  |m| — |1| + Γ η . Since |( /a | qxfb)\ < 1, 
we can bound the sum of scalar products by the number of non-zero inner products. 
The question is how many diagrams /b have the same content (seen as an unordered 
set) in each column as / a: i£([l,Z(c)]) =  i£([l, Z(c)]), or equivalently S(Ka) = S(k£).

For building the relevant /b, we can follow the algorithm with the further condition 
that, at stage three, all the column-modifiers are applied in such a way that the 
unordered column content is identical to that of / a.

The first two stages of the algorithm are the same so they yield a Crb factor. We 
now have a collection {mK}  of column modifiers which have to be placed so that 
they match the column content of / a. For each S  we identify the column modifiers 
«1 , . . . , κ Γ (5 ) such that S(Ki) = S  for all 1 < i < r(S). The total number of such 
objects is ms  := ^ i< r(s) an(  ̂ the number of ways in which they can be inserted 
to produce distinct diagrams is

Recall that the number of elementary column-modifiers at least |m| —
2 Γ6. Moreover, each elementary column-modifier κ (i,j) corresponds to a different 
S(K(i,j)) = {(*, - ) ,  (j, +)}· Thus

Iml — 2 Γ6 < m K(i j) < max m K.
V  ,J> v  5

i < j  S ’

Since 

we obtain

This implies

Multiplying by

Σ  ms = Σ  mK = lmi _ r&’

I ms — max m K ) < Tb. 
V  V K-.S(K)=S J

Π < |m11 V mK1 . . .  mKr(S) J -

the Crb of the first stages, we get (9.93).

m s 
.. m h-r(S)mK1
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Proof of (9.94). As shown above the only non-zero contributions come from /b  G 
V° C  O x {m ).

Since Γ6 =  0, the constant from the two first stages of the algorithm is 1, ms =  m ,;, =  
mK(i,j) for all S corresponding to an elementary column-modifier, and 0 otherwise. 
So the combinatorial factor is again one: we do not have any choice in our placement 
of column-modifiers. In other words, the only /b such that ( /a | qxfb) φ 0 is / a. 
Finally, ( /a | qxf a) =  1.

Proof of (9.95). From (9.88) we deduce

( fa\qxU(C,Cnfnf 0) =  Π  det(t/i“’IdC), U = U ( ( , ln ) .
l < c < \ i

We shall use the Taylor expansion of the unitary ίΐ(ζ ,ξ ,η )  to estimate the above 
determinants.

Entry-wise, for all 1 < i < d on the first line, and all 1 < i < j  < d on the second 
and third lines:

U u ti . in )  =  l  +  IC«
V "  2n I f t - f t l

+0(||Cl|3ti_3/2r 3/2,||C||||i||ii-1<5-1/2,||i||2n -1);

U,j(U.n) = -4=  ■■ + OdKlpn-M-1, IICIIllHln-'r1̂ );yjn y/μι - μΊ
ui f (ζ,ξ,η ) =  - L  +0(|ic||V1r 1,||c1lllill»-1r 1/2).

γ  Ϊ Ι  y / f l i j l j

If ζ =  0(vP), llUl < n“ 1//2+2/3/<5, and β < 1/2, the remainder terms are 0(η~3/ί2+3βδ~3/2) 
for the first line and 0(n  ι+2βδ x) for the last two lines.

Therefore, when our parameters are in this range, we can give precise enough evalua­
tions of the determinants. The idea is to find the dominating terms in the expansion 
of the determinant

det A =  ^ 2  Φ )Α,σ(ί) ■
σ i

Note that we can use the above Taylor expansions inside the determinant since the 
number of terms in the product is at most d.

Since / a G V°, all ia are either Id0, or an (i, j)-substitution. If tca =  Idc, the summands 
with more than two non-diagonal terms are of the same order as the remainder term,
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so that only the identity and the transpositions count in Χ)σ Πί -̂ ϊ,σ(ί)· Let  ̂=  (̂c)> 
then

v(l) := det(i/Idc,!dc(C, ξ", n)) — 1 + i-H= — — V
Vn 2n IM -  μ3

l+l<j<d

Note that for I =  d, we get the usual determinant of υ (ζ , ξ, n) which is 1.

Consider now the case tca Φ Idc. Since tiir) > r for all r, there exists a whole column 
of Utc&'uc whose entries are smaller in modulus than 0(||e||/\/n<5) =  0(η~ 1̂ 2+βδ~1). 
In particular if tca is an (i, j)-substitution, then the only summand that is of this 
order comes from the identity. So that

v(i ,j)  := d e t ^ - ^ C ^ n ) )  =  _  +  0(η~ι+2βδ~ι). (9.101)
V TlyJfix f̂j

Note that this approximation does not depend on 1(c), but only on i and j.

We now put together the estimated determinants in the product (9.88). For each 
i < j  there are columns of the type (i, j)-substitution. Out of the λι — A/+1 
columns of length I =  1(c) there are A/ — Α;+χ — Ri of the type Idc, with 0 < Ri < |m|.

Hence:
d d 

{ U q x U ( ( , l n r nM  = ] l ( v ( l ) ) ) x' - ^ '  Π  (9.102)
1=1 1 <i<j<d 1=1

Now v(l) =  1 +  0(η~1+2βδ^1) and Ri <  |m| < ηη, so the last product is 1 + 
0(η~ι+2β+ηδ~ι). Similarly, since A 6 we have A{ — Αί+1 =  η(μι — μϊ+χ) +  0 (η α), 
and we can use Lemma 9.7.12 given at the end of this section to estimate the first 
product as follows

(  \
1 i/· 12/4 “  AH+i

d d

Π^(ολί-λ,+ι = Π βχρ 
1 = 1  1 = 1

i<h -  2 Σ  K
1 <i<l l+l<j<d

2 i<i<i 3 μί μί
r(n)

with

= exp I ίφ — llSli J r(n),

r(n) = 1 + 0 (n  1+a+2̂  1>n 1/ 2+ 2 β β

Φι =  δι (̂ι^/η(μι — μι+ι)ξι, 
d-1

Φ  =  ν ^ Ύ ( μ ι  -  μ ι+ ι ) ξ ι ·
1=1
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where we have used that |m| < ηη.

Inserting into (9.102) yields (9.95).
Note that { fa \ Q\ U( C, £ , n )®nfo)  =  0 if there exist i < j  such that =  0 and
rriij Φ 0 .

Proof of (9.96). We may write, much like in (9.102),

u.isxi/K , i, »)®” /o> =  Π  (« (0 ))λ,· λ,+· Π  Μ * )) ”-  Π ( υ( ') ) -Λι
1=1 κ 1=1

where 0 < Ri < |m| — Γ and v ( k )  is the determinant of the minor of U corresponding 
to having applied the column-modifier κ. We can further split the column-modifers 
into elementary ones n(i , j )  and non-elementary ones κ1.

Then (f&\q\U((,£,n)®nfo) can be written as

Π M0))Ai_A*+i π (υ(*’ j ) ) mK { i j ) Π(υ(0)_Κί π ·
1 = 1  i < j  1 = 1  k ’

The first three products on the right side can be treated as above. For the fourth 
product we give a rough upper bound based on the following observation. If the 
entries in the column have been modified in an admissible way, then £(*) = 3 >  Kc) 
for some i, so that |υ(κ)| < (7 ||ζ||/\/η5 for any κ, with some constant C = C(d).

Thus by using the previous point

We obtain (9.96) by noting that the number of non-elementary modifiers is

— r + 'y
k '  i < j

We now turn our attention to the middle product on the right side of (9.102)

<

exP1_ a i V ^  π
V n 5  J i<3

(  lCi,j 
\ \ β ^ /μ ϊ

r(ft.)L03)

ί/a k ^(C, r nf 0)

v(i, i j  = i n n -1+ 2/?-
i - ) ) .
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Proof of (9.97). Note that only admissible vectors in Ολ(ηι) can bring non-zero 
contributions. We shall split the sum into sub-sums using Oa(ih) Π V =  Ue y E(m )> 
and compare each sub-sum against the benchmark V° =  VE°.

From the bounds on ζ and z we obtain ||C +  z\\ =  0 (η β), so we can apply the
—> —  ̂

previous points with ζ +  z instead of ζ.

Using (9.90) and (9.95) and recalling that A G Λ„ α, we get:

Σ  U<lxU(( + z , l n f " f 0
\fa€V°

Λ - i  IlC +  * || l\  π  ( ( C i j  +  ~  P i )  1,3 / \= exp ^  -  — j —  j  I I --------------— --------------  ( )

with error factor

r(n) =  1 +  0  (nrl+2f3+riδ~ι, η_1 2̂+2/3ί _1, η_1+2/3+α£~1, η~ι+2ηδ~ι , η~1+α+ηδ~1) .

For Ε Φ E° we combine (9.96) and (9.91) to obtain

( σ /. qxU(C +  z, ζ, n)f0 \ ( ς λ QxU(C +  ζ, ξ, n)f0 )
\UeVE / \/aev° /

-1

< n Π
K j

τη,hj'
mi

IIC +  *1
c(ij)! \ \/δη

Π y/Sn\ Cij +

< 0{η~τ^ 2+̂ )δ-τ/2 J]
/0

< 0((2δ

z<j \ IlC +  ζΐιν̂ νμ*  -  Pj,

|Ci,j “I- %i,j Iy/AH Pj
mij\\C + *11

r(n)

- 3 / 2 η - 1 / 2 + 3 β + 2 € \ Γ
n

with O(-) uniform in Γ. In the second inequality we used

m i tj \ / m K( i j ) \  <  r r i^ j {,J), — m i, j )  — —2Γ, A G An}0c
i<j

and in the third inequality we used

1 CiJ "I" zi,j I y/Tk J^j

mi,3 IC +  Î
< 1.
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Furthermore, for a given Γ, there are at most Cr different E such that T(E) =  Γ, 
corresponding to the possible choices in the first two stages of the algorithm, where 
C =  C(d). Hence, if n is large enough, so that 20<5_3//2η_1//2+3/3+2ε < 1, we have:

Σ /■
^AeOx(m)

q \ U (C  +  z , £ , n ) / o  ) = Σ( Σ /·
/ r \/aevr 

= ( i  + o ( r 3/2n -1/W 2 e ^  exp L _

Q\U(C + z,£,n)f0j

((C + z)ij
i < j

\rrii
my! r(n)

=  exp ( ,φ -  l £ ± i ! i  j j ]  ((<+ f)M (vS ^ <  μί Τ ' · \ 2(η)
i < j

rmj\

where the sum over Γ was bounded using a geometric series and 

r2(n) =  1 +  0  (η~1+2/3+ηδ~ ,̂ n~1+a+l3δ~ι ,η~1+2ηδ~ι , η~1+α+ί?<5-1, (5_3/2n_1/2+3/?+2c) . 

This is exactly (9.97).

Proof of (9.98). We choose Γα and Γ6 satisfying the condition Tb — Γα =  |m| — |1| 
under which the inner products in (9.93) are non-zero. By multiplying (9.92) and 
(9.93), we see that:

Σ /·
/̂a€Vra(l)

q \ Σ

/ beV ri>(in)

< (C|m|)r* n
(λ, -  f e w ra

i < j
I IH,J' ηδ2

(9.104)

(O H ) '" 11- 11' Y [
(Xi — ( C |l|2|m| r°

i < j
I IH,y ηδ2

It remains to sum up the upper bounds over all relevant pairs (Γ“ ,Γ6). If n1̂ 3'1 > 
2C/δ2, the dominating term in the sum of bounds is that corresponding to the 
smallest possible Γα. The question is, what is the smallest possible value of Γα 
leading to non-zero inner products?

A necessary condition for / a not to be orthogonal to / b is that for each set S of 
suppressed and added values, the two vectors have the same multiplicities =  m|.

The following argument provides a lower bound for P (/a) +  r ( / b). The idea is to 
count the minimum number of ‘horizontal box shuffling’ operations necessary in 
order to transform a Young tableau ta> G Oa(hi) into the tableau ta. Since |m| < n7' 
and Xd > δη +  0 (η α), the tableau ta> can be chosen to have at most one modified 
box per column (thus Γ (/β') =  0), and such that each of the modified columns of ta 
are also modified in ta>. We also choose in a similar fashion.
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Now at each step we horizontally move one elementary column modifier n(i,j) of ta> 
(or tb>) into an already modified column, with the aim of constructing ta (or tb).

Each such operation increases T(fa>) + r (/b ') by one. On the other hand the op­
eration has the following effect on the m| (or mjy): the multiplicities 
and mSo decrease by one, and mSo+{(l^)!(lt+)} increases by one. Here ,S’0 is the 
signature of the column to which the box (i,j) is moved. Hence the distance 
Σ 5 Ims ~ ms'\ decreases by at most three. Since initially this quantity was equal to 
Σ ί< ; I) we need at least Σι<] suc  ̂operations before reaching
our goal raf =  m|. This means that T (/a) + r ( / b) > |1 — m|/3.

Together with Γ6 — Γ" =  |m| — |1|, this result yields Γα > (|1 — m| + 3|1| — 3|m|)/6. 
Moreover Γ“ is non-negative.

Replacing in the above equation yields (9.98).

Proof of (9.100). Since 1 =  m, equations (9.90) and (9.94) prove that the bound
(9.104) is saturated when Γ“ =  0, up to the error factor (1 +  0(η~1+2η/δ)). Hence 
the remainder term due to the other Γ consist in a geometric series with factor 

( ^ )  =

□

The only part of the proof we have still postponed is the following technical lemma: 

L em m a 9 .7 .12 . If xn =  0 (n 1̂ 2_e), then

('l  +  ~ n ) = exP(x«)(1 + °(n_e))·

Proof For simplicity we shall ignore the dependence on n and write x =  xn.

For any y such that |y| < 1, for any n G N , we have the Taylor expansion:

k=1

Now (n — k)k/k\ < (”) < nk/k\ for n > k. If k < n1/2-6/2, then (n — k)k =  
nk{ 1 +  0 ( 0 ) .  If k >  n1/2-^ 2, then nk/k\ =  0 (nW 2+e™k). So that if y =  x/n =

α+,)»=£(:)/·
k = 1

Now (n — k)h/k\ < (”) < nfc/A;! for n > k. 1Ϊ k < n1/2 e/2, then (n — =  
nk{ 1 +  0 ( 0 ) .  If A: >  n1/2”^2, then nk/k\ = 0 (n W 2+e™k). So that if y =  x /n  =
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0 (n -V 2- e),

(1 +  x/n)n =  (1 +  0(n~e)) Σ  + Σ  0 ( n ^ 2+ê k(x/nf
„l /2-e/2

k—0 /c>n1/ 2 e/ 2

k= (1 +  0(n  e))exp(x) +  (0(n^^2+ê 2̂k — nk/ k\)(x/n)
k>n1/ 2~ e/ 2

= (1 +  0(n~e)) exp(x) +  0(e~nl/2 c/2)
= (1 +  0(n~e)) exp(x),

as exp(z) > C exp(—nx/2~e)) for some constant C > 0. □

9.7.3 Proof of Lemma 9.5.4 and non-orthogonality issues

Lemma 9.7.13. Let (m, A) and (1, A) be semistandard Young tableaux with diagram 
A and define |m| := Y îKj and |1 -  m| := |lid -  m^|.

If
mi,j ~ yi mj,i 7̂  

j> i  j< i  j> i  j< i

for some 1 < i < d, then
(m, A|l, A) =  0.

Otherwise, we derive an upper bound under the following conditions. We assume 
that Ai — Aj+i > δη for all 1 < i < d — 1 and Ad > δη, for some δ > 0. Furthermore 
we assume |1| < |m| < nn for some η < 1/3 and that CnZr>~1 /δ2 < 1 where C =  C(d) 
is a constant.

Then:

|(m, A|l, A) I < (C'n)-̂ (l™|-IH)/4 (C"n)(e*i-2)|m-l|/12 5(|«η|-|1|)/2-|ιη-1|/3 (1+0(η~1+Άη/δ)).
(9.105)

where C' =  C'(d, η) and the constant in the remainder term depends only on d. The 
right side is of order less than nf9??_2̂ ni_1̂ 12 and converges to zero for η < 2/9 when 
n —> oo.

Proof. We know that |m, A) is a linear combination of n-tensor product vectors 
in which the basis vector fa appears exactly A* — Σ 3>ι m i,j + Σ ;<1 m j,i times. As 
two tensor basis vectors are orthogonal if they do not have the same number of 
fi in the decomposition, we get that (m, A|l, A) =  0 if Φ
Σ;>* kj  +  E j<i hi for any 1 < i < d .
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In the general case,

(m, λ|1, λ) =  <«?>P>/mk>P>/i) (g 106)
V  (Q\Pxfm\q\Pxfm){q\P\fi\q\Pxfi)

We use the fact that q\ is a projection, up to a constant factor (cf. (9.53),(9.55)), 
and erase the q\ at the left of each scalar product, and we decompose p \ fm and p\f\ 
on orbits as in (9.85). Since the multiplicity of the elements in the orbits are the 
same in numerator and denominator, we end up with:

( m  Λ|Ι λ ) = ___________________ ( E / a€o A(m) U \ Q \  Σ / „ € θ λ(ΐ) h ) ___________________

( Σ / 3£ θ λ(in) /a|<?A Σ / κ,£θλ(m) / a ' )  ( Z ) / beOx(l) /b|<?A ] C / b,eC>A(l) /b ')
(9.107)

We use (9.100) for the denominator:

Σ  /·
V/a€0A(m)

qx Σ  Σ  Σ
f a,e o x(m) /  \ / bec>A(i) /h /e o A(i) /

Π  ( ’ rr— π—r---- (1 +  0 (n3’- ‘/i))),

and the numerator is bounded as in (9.98). Then, under the assumption |m| > |1| 
we have

(m, Λ|1, λ ) | < (C|m|)lml-I
HJ·

where Tmin = ((|1 -  m| + 3|1| -  3|m |)/6) Λ 0. 

The factorials can be bounded as

J Q  . / __hL·  <  _  |m |(|m—l| +  |m| —|l|)/4̂
k,yKj

Since |m| < η η  and Cn3ri 1 /<52 < 1, we have

/ ( 7 | ι η |3\  Fm<n ( CnZr)~l \  (l1_ml+3l1l_3lm^/6 

\  δ 2η  )  ~ \  δ 2 )

Since A j — A > η δ  we have

fi  (Ai -  A < ' ( n < 5 ) (|1Hm|)/2. 
l < i < j < d

(λ*—A + (0(n3"-VJ))) ,
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The constant C = C(d) can be replaced by another constant O  =  C'(d, rj) such that 
all powers of n appear in the form (O n )1. Putting the bounds together we get

|(m, A|l, A)| < (C",n)(9?'- 2)/12r 1/3. (9.108)
| l | < n T>
l^m

Proof. Recall that the bound (9.105) is given for |m| > |1|. If on the contrary 
|1| > |m|, we must change all the |m  — 1| into |1 — m|, so that these terms are 
always positive. Now, they are always in exponents of values less than one. We 
shall therefore neglect all those terms.

Hence the expression on the left side of (9.108) is bounded from above by

2 ^ 2  N{k) [(C"n)(9'?-2)/12<5-1/3]k 
k> 1

where N(k) is the number of l’s for which |m — 1| =  k.

Since there are did — 1)/2 pairs 1 < i < j  < d, there are at most (k +  l) f/(fi_1)/2 
different choices for the values {|/¿j — m,; j | : i < j}  satisfying ^  |/¿j — m,hJ| =  k. 
Moreover, there are 2^d-1^ 2 sign choices which fix 1 =  {/tJ} completely. Thus 
N(k) < (2(k + l))d(d-1)/2 < ck for some constant c which can be incorporated in the 
geometric series starting at k =  1, hence the desired estimate.

□

We use this quasi-orthogonality to build an isometry V\ : H \  —> T  which maps 
the relevant finite-dimensional vectors |m, A) ‘close’ to their Fock counterparts |m). 
This is the aim of Lemma 9.5.4.

A consequence of this lemma is the following.

Corollary 9.7.14. Let r] < 2/9 and let (m, A) be such that |m| < nn. Assume as 
in Lemma 9.7.13 that A* — Ai+i > 8n for all 1 < i < d — 1 and Ad > Sn, for some 
5 > 0, and that Cn3ri~l /52 < 1 where C = C(d) is a constant.

Then there exists a constant O ' =  O'id, rj) such that

|(m, A|l, A)| < л(1т 1—I1!)/2-Im—!|/3(C'n) - n ( C n ) (9?j—2 )|m -l | /1 2 (1 +  0(n -1+3V/ ¿))

□

(lm | —| l | ) / 4
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Lemma 9.7.15. Let A be a contraction (i.e. A*A < 1 )  from a finite space Ή to an 
infinite space Κ.. Then there is an R : Ή —> /C such that A +  R is an isometry and 
Range (A) ±  Range (/ϋ).

As a consequence, for any unit vector f , we have ||-ft/||2 =  1 — ||A/||2.

Proof. As JC is infinite-dimensional, we may consider a subspace Ή! of /C, orthogonal 
to Range(yl), and the same dimension as Ή, so that we can find an isomorphism I 
from Ή to Ή . We then take R =  Iy/1 — A*A.

□

Proof of Lemma 9.5.4· Let A\ : Ήχ ^  ^  be defined by

Ax := 1 V  II) <1, Al.
v/1 + (Cn)(^-W ‘ y S ‘ /3 ^

Then,

ΛχΑχ =  i +  ((7η)(9ί?-2)/ΐ2^ι/3 ^Σ^ I1, λ Ι 

^ !wa·
where the last inequality follows from Corollary 9.7.14 and the following argu­
ment. It is enough to show that all eigenvalues of A*XA\ are smaller than 1. Let 

cm |m, A) be an eigenvector of Α*χΑχ, and a the corresponding eigenvalue. Then 
by the linear independence of |m, A) we get that for each 1

1 -|_ ( c n )(9»?—2)/i2 jfii /3  Σ  ( lA | m ,A )  cm =  ach

If lo is an index for which \c\\ is maximum, then by taking absolute values on both 
sides we obtain

a -  i + (Cn)(9»?-2)/ΐ2/^ι/3  ̂ Σ  l(lA|m,A)| < 1.

Now we may apply Lemma 9.7.15, and find an R\ such that Αχ +  R\ is an isometry, 
and Range(i?A) -L Range(^4), so that (m| Rx =  0. We define V\ := Αχ +  Rx. Then

(m| Vx =  (m| (̂ 4λ + Rx)
=  (m| Αλ

= , — (ml II) (1, Al
y/i +  ( c n ) ^ - v n y s ^

—  . -----  (m, A| ■
λ / I  +  (C 'n )(9j? -2) /12/ £ 1/3
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□
Recall By Lemma 9.7.13 we have (m, Λ|1 , A) =  0 if m* φ for some i, where rrii 
in the total number of * in m (cf. (9.125)). In particular, |0, A) is orthogonal on 
all other basis vectors. This means that we can choose the isometry V* to satisfy 
Va|0, A) =  |0), and such that the relation above holds for all 0 < |m| < ηη.

9.7.4 Proof of Lemma 9.6.4 on mapping rotations into dis­
placements

We first recall a few definitions and notations. We denote by Dz the displacement 
operation (super-operator) acting on observables in the multimode Fock space T  as

Ds(W{y)) := Ad[W(f)] [W{y)) =  e2 i a { W( z  +  y), y ,z £  Cd(d_1)/2.

The operation acts as displacement on coherent states, in particular

D < + , ( |0 ) ( 0 |)  =  1C +  i ) ( C  +  «1·

Similarly, on the finite dimensional space (C4)®” we have the action (cf. (9.83)) 

Δ«>"(Λ) = Αά[υ(ζ,ξ,η)](Α) := U((/V^,i/V^)m AU*((/V^,£/V^fn,

whose restriction to the block A is Δ ^ ’η =  A dfL^C ^ n)].

The isometric embedding Τλ(·) := V\ ■ V£ and its ‘adjoint’ TJJ'(-) := ■ V\ satisfy

ΤλΔ ρ ,ξ ,η τ *(|0) (0|} =  yA|C +  ^i,A )(C  +  ^f,A|VX
—> —* —> —f 

where |£ +  z, ξ, A) := U\(ζ +  z, ξ, n) |0, A) are the ‘finite dimensional coherent states’.

According to Lemma 9.5.4, the coordinates of V\|£ +  ζ,ξ,Χ) in the Fock basis are 
described by:

/ ιτλιΤ* -  ?  w f  (m > L̂ \(C* +  ζ, ξ, n)|0, A)(l +  Ο(η^9η̂ /12δ~1/3)) if |m| < ηη 
(m|VA|C + A) =  <

 ̂ something not important if |m| > ηη.
(9.109)

Using the relation |||/)(/| -  |/')(/ΊΙ|ι =  2^/1 -  \{f\f')\2, which holds for unital 
vectors / ,  / ' ,  the statement of the lemma is equivalent to

sup sup sup sup 1 -  (z +  C|Va|C +  2 ,£, A) = R(n)2, (9.110)
\\z\\<n0 ζ £ θ η,β \\ξ\\<η~1/ 2+2(3/δ λ€Λη,α
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with R(n) the original remainder term.

We shall prove formula (9.110) by decomposing these vectors in the Fock basis, that 

(C + |̂K\|C +  ζ, ζι λ) = 5 3 ^  +  l̂m)(m IK\|C +  ζ, £> λ). (9.111)
IS

The estimates are based on the following observations.

1) The coherent states have significant coefficients (ζ +  z|m) only for ‘small’ m ’s, 
i.e. those in the set

M  := {m  : < |(C + z)i,j\2ne, * < j } ·  (9.112)

In particular, since 2β + e < η we have Λ4 C {m  : |m| < rf1}.

2) The coefficients (m|Vx|C + z, £, λ) are uniformly close to exp(ΐφ){ζ +  2|m) where 
φ is a fixed real phase, in particular uniformly over m G M .

3) If am and bm are the two sets of coefficients, such that |am|2 =  \bm\2 — 15 
then

(9.113)1- 53 ambm< i- 53 a™bm+ 53 ambm<2(1- 53m m (EM. V meM
The precise statement in point 1) is

5 3  KC + l̂m)|2 < ^
m

(9.114)

Indeed, the inner products can be written as a product over the (i,j)  oscillators and 
we have the bound

5 3  l(C +  ^ |m )|2 < 5 3 exP ( - ^ , i )  5 3  "fcf’ Xi’i =  l(C +  z)i,j\2·
m^A4 i< j  k>Xi jne

Each of the terms in the sum is a tail of Poisson distribution and is bounded by
n m0 if xitj > 1 and by n 13 if xitj < 1.

We turn now to point 2). From the third line of (9.109) we get

(y\fm\y\U(C +  z, ξ, n)\f0)
( π ι \ ν χ υ χ ( ζ  + ζ,ξ,η)\0 ,λ) = (1 +  0 { η {9η̂ /12δ~1/3))

\/(Pxfm\q\Pxfn
(1 +  0 ( η ^ - 2» 12δ - ^ ) )
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where we have used (9.55) and (9.58).

We recall that 0 a(m) is the orbit in (Cd)®n of / m under 7ZX and that we have the 
decomposition

f  _  # ^ · λ  r
Pxjm 2 ^  # 0 A(m ) /a '

UeOx(m) ^  M '
Then, by employing formulas (9.97) and (9.100), we can write

{ια\νλυχ{ζ + ζ,ξ,ή)\0,Χ) = \U(C + ζ,ί n) M {1 +  ^ ^ - 2)712^ - 1/3)

y I ] / a,/beC>A(m)(/a|9A/b}
(9.115)

= είΦ-\\ξ+Ά\ν2TT f  n^ i ~ fi^ ) mi’j/2r (n).

The corresponding remainder term is 

r{n) =  1 +  O(n(0,»-2)/12i - 1/3,n -1+2̂ i - 1,n -1/2+̂ +2e(J-3/2,
η-1+α+2βδ- ^ η-1+α+ηδ-^  n_i+3̂ - l )

and the phase is:
ri— 1

Ρΐ+ΐ)ζΐ-
i=l

Since A G An/i and the eigenvalues are separated by δ we have =
1 +  0 (η α~1+η/δ) and the error can be absorbed in r(n).

In conclusion, for m satisfying (9.112), we have:

(m\VxU(( +  ζ, ξ, n)|0, A) =  exp(i</>)(m|<f +  z)r(n).

Inserting this result into (9.111), and using (9.113) and (9.114), we get

1 - + C|W(C + ^f,n)|0,A)| = O l-r (n ) ,^ | (m | ( + 2-)|2) = i? 2(n),
\ m qLM. /

with

R2(n) =  Ο ( η ^ - 2̂ 12δ - ιΙ\η~ι+2β+ηδ - \ η - ιΙ2+Ζβ+2ίδ -3Ι\ η - ι+Ά+,2βδ-\
η- 1+α+ηδ- \ η- 1+3ηδ - ι ,η- β) .

Through expression (9.110), noticing that /^ (^ ) =  R(n)2, we see that we have 
proved the lemma.
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9.7.5 Proof of Lemma 9.6.2 on typical Young diagrams

Recall that the state ρθ,η := pfj1̂  has the decomposition over ‘blocks’ A given by

(9.21). The probability distribution over Young diagrams pxu,n depends only on the 
diagonal parameters u and is given by

d d / w,nx mi

p?’” = c» Σ IM ”)'* Π u,n
meA i=1 j=i+1 \

with
λ _  I n  Πα;=/+ι(^ +  k  I )

1=1

Cn =

The above formula can be understood as follows. By invariance under rotations 
we can take ζ =  0 and the state is diagonal in the standard basis basis ('Cd) 0n 
formed by the vector / a. Each eigenprojector carries a weight Πί=ι(μυ’’η),ηι where 
rrii is the multiplicity of the vector /* in the tensor product / a. Thus, we only 
need to add all multiplicities over vectors that are ‘inside’ the block A. Since the 
irreducible representation has basis / m labelled by semistandard Young tableaux, 
we get a factor

li
.Pi

The additional factor c* is the dimension of K\, on which the state is proportional 
to the identity.

Recall that μ“’η =  μι +  Ui/yfn for 1 < i < (d — 1) and μ '̂η =  μα — (^ .  Ui)/y/n. If 
δ > 2dna~1 > 2dny~1/2 then μ“’” /μ “’η < 1 for all ||«|| < n1. Moreover miyj < n for 
all (i , j ), so the total number of m ’s is smaller than nf/2. Thus

Σ Π ( ^ ”Π ^  - n‘“ ·m  i< j  \ P i  J

On the other hand m =  0 is always in the set of possible m, so that
' u.n \  m i<i
Pi XΣΠ ^ Ι  - 1·

m i<j  \1*ι

One can easily verify that

i > TT Π ^ +ι(λ; Afc +  k — I) 1
~ f =j  (Xi +  d- l )\ - ( n  +  dyp·

> Γ Γ  = > Γ ) λί
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The remaining factor is the multinomial law. We now show that this is the domi­
nating part. Let us write (Yi,. . .  ,Y (i) for the multinomial random variable. Then 
we have

F[\Yi — η μ *’η | > x \ <  2 exp · (9.116)

Indeed each Yi is a sum of independent Bernoulli variables Χ χ , . . . ,  X n with P(Xfc = 
1) =  μ · ’η  and P(Xfc =  0) =  1 — μ “’η , and by Hoeffding’s inequality (van der Vaart 
et Wellner, J.A., 1996)

n (  2x2\
P[| -  E[Xk]\ > x] < 2 exp I J . (9.117)

k=l \  n J

By definition, for any Λ  Ana there exists an % such that \Xt — η μ , ;| > «“, which 
implies |A* — η μ “’η | > na — dn1+1̂ 2. With na~7-1/2 > 2d, the upper bound is simply 
na /  2 and we have

d
Σ  Ill’l l  =  F[A Ϊ  An,a] <  ηά2Σ  Ρ[|^ -  ημ“’η| >  na/2}

λ ^ Λ η , α  i=l

< 2 dnd2 exp (-n2a_1/ 2)·

□

9.7.6 Proof of Lemma 9.6.1 and Lemma 9.6.8

We shall use multinomials as an intermediate step. Recalling that b^n = ρ θχ η Τ χ ,  we 
can write:

λί{η,νμ)-Σν
θ,η
’λ < Ά  / Γ Ύ ΙP -Lvl ύ  n  -u,η

/V ,-,μ*’ +

, (9.118)

where M nSn Un is the d-multinomial with coefficients μ “’η .
Ml’ ,-,/V

For background, what we really prove in this lemma is the equivalence of the fol­
lowing classical experiments, together with an explicit rate:

M n-1 y± u .n  u.n/V (Λ)τ

= {Pu’n, INI < n7}
Λ ί „  =  { m \ „  ff,n, ||u|| < n7)I Mi’ ,-,Md J
£η = {Λ/χ«,νμ),|Η|<η7}.
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Remember that ρ θ,η = pu,n. We shall usually shorthand M n,u = M \ n S n.
Ml’

We first bound the first term in (9.118), planning to obtain:

,n-1/2-1"7 +  na~l
sup

||ΰ||<ητ'
u,n _  M n_

H  1V± u . n  u . n
/ V  , - , / V

< C-

To show this, we rewrite:

u,n _  M n_
H  1 v± u . n  u . n/V

=  X > ? " - M \ n (A) |
|λ|=η

< Σ | ρ Γ - μ ; , „ .. μ .,„(λ)|
ΑΕΛη>α

+ Σ  PAn +  MJ .n r..)MS,n(A).
\^AnjCt

(9.119)

Lemma 9.6.2 and (9.116) imply that for all ||u|| < n7, and n > (4/<5)1 ,

p l’n + M n, n e>„(A) < Cj exp(—(C^n2®-1)),
Â An)Q;

with Ci and C2 depending only on the dimension. We end the proof of (9.119) by 
recalling that

u.n 1 I
Pa = 1 1 Σ Π M r

/V ■u,n (/̂ ) ·
— 1  ̂  ̂ itiGA i<C.j \

Now, for all ||n|| < n7 and all Λ  G An?a, the right hand side without the multinomial 

d d η μ ι  -  npk +  0 (n a)

mGA %<j

IS

Π Π
1=1 k=l+l

/  \ mi j

Σ Π ( ί Γ + 0 ("",/2+7))ημι +  0(ηα) ' ~ V ”  J

On An>a, for η  > ( Α / δ ) ' ί- α , the cube [0, n1̂ 2]d<'d C A, so that

Putting together yields

d \ I T~idπ
1 = 1

A/! IIL i+i A/ ~  Afc +  A: -  I 
(A i +  d — l)\ Σ  Π  %

m G A  % < j  \ ^ i

- 1 < c
n -1 /2 + 7  _|_ n Q- l

π
K j

1 -  ( £  + ο ( η _1//2+7)):ϊ,1/2

£il
μι

+  Oin-Vs+T) ^ Σ Π ( γ +°<’*"/2+7)

<

η ι € λ  i < j

IT 1 _  ί ϋ
ζ<7 Mi
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We have thus proved (9.119).

We now turn our attention to the second term of (9.118). Our main tool hereon will 
be KMT Theorem:

T h eorem  9 .7 .16 . (Komlos et al, 1975; Bretagnolle et Massart, 1989) Let X.t for 
i G N be independent uniform random variables on [0,1]. Let F be the repartition 
function of this law (that is, the function x i—> x on [0,1}), let Fn be the n-th empirical 
repartition function Fn(t) =   ̂Σ ”=1 &Xi<t and let an be the corresponding empirical 
process an(t) =  y/n(Fn(t) -  F(t)).

Let B be a brownian bridge, that is a Gaussian stochastic process such that for
0 < t < u < 1, we have E[Z?(i)] =  0 and E [B(t)B(u)] =  t( 1 — u).

Then we may construct these processes on the same probability space such that:

P sup y/n |an(t) — B(t)\ > x +  clnn
ίΕ  [0,1]

< K  exp(—Xx) (9.120)

for all n and x, where c, K  and X are absolute positive constants.

We shall take x =  clnn below.

Now notice that the distribution of the vector
), + i i f )  -  F .Q if" ) , . . . ,  Fn(\) -  F „(l -  μ“·")] is that of the multi-

nomial with parameters n and μν,η. Now if we substract to this the vector ημ and 
divide by n-1/2, as we do in our transforms rn and ση, we obtain

(9.121)

Γ / u,n\
α η ( μ {  ) Ml

/ u,n , u,n\ ( u,n\αη(μ2’ +  μ {  ) -  αη(μ { )
+

U d - 1

αη( 1) - αη( 1 - μ^η) 1

£ 
“ΰ 

CM

W
1

1

The last part of the effect of rn is keeping all the components of this vector but the 
first, and smear out with a (—n1/2/2, rc1/,2/2 )d_1 box so that instead of a collection 
of peaks we have a histogram without holes between the bars.

Let us also define the Gaussian vector

α—δ

B ( p f  +  μ ι" ) -  Β(μΐ·η, 1 -  μ”’” ) -  β ( £  μ?” )]
ί—1
+ pi) · U>d-1]·
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Its law is Af(u,Vps,n), as can be easily shown with the formulas E[£>(i)] =  0 and 
E [B(t)B(u)] =  t( 1 — u). Recall that νμΰ,η is given by formula (9.12), with μν’η 
instead of μ.

To make use of Theorem 9.7.16, we must still smear out our functions. We are
d- 1

writing Un for the uniform probability on 
choose later the precise /(n ).

/(») /(») 
y/n ’ yjn and shall convolve. We

Then let us write an expression where all the terms of the proof of Lemma 9.6.1 
appear:

X ( u ,  ν μ ) -  r nM \ n e,nMl < \ \ λί(η ,νμ ) - (9.122)

+  \\Bu,n -  Bu,n * Un 1

+

+

Bu'n *U n -  τ ηΜ \ η * Ur

TnM n~ - -kUn -  τ ηΜ η-1 1VJ- u . n  u . n  ^  1 1VJ- u . n  u . nΜι’ ίΐχ

Let us study the first term. We have already seen that ||Λ/”(μ, ν μ ) — Bu,Tl|| = 
||Λ/”(ω, ν μ ) — N ( u ,  ν β̂,η) || Hence we must bound the distance between two Gaussians
with the same mean and different variances. Since μ“’η =  μί+η^η-1 2̂ and ||u||i < n7, 
we have

il v; -  v > .iii < χ ;  |[vyw -  [v>.nJ kd\
k,l

— \uiUj\n~

< 4n " 1̂ 2 \u i\

1+ 2 * \ui\n V 2| i+ \uj-In-1/2

< 4n7_1/2.

On the other hand we can bound from above the smallest eigenvalue of ν μ . Indeed,
for all 1 < k < ( d - 1), we have [V^k-J^i^kl^K i =  μ*(1 - Σ Ϊ =2μι) =  μ*,μι > δ/d. 
Hence νμ > (δ/ά)1.

So that (l — Οη~ι!2+Ί/δ) ν μ < ν μ α,η <  (l +  Cn^1/2*1 / δ) ν μ , where C depends only 
on the dimension d. We end the computation of the bound for the first term of
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(9.122) with:

\\Μ(ϊί,νμ) -  Μ(η,νμ*,η)\\ι
β 2χΤ (̂ μύ,η) 1χ

V W -'d e tT O  ^(2πγι-ι de t(C ”)
dx

<
/

(  xTVu, 1χ \
βΧΡ (v- 2(l+ Cn- V2+V<5) )

y/(2n(l — C'n_1/2+'i'/5))d_1 det(V^)
/  XT V,x_1X \

β Χ Ρ  2 ( l - C n - 1/ 2 + 7 / <5) J

where C depends only on the dimension, and where we have used n7 <8/2.

The third term is the one where we use KMT theorem. Indeed, for all u, for 
any positive x that, for all x , for all u G Ξηβ, using as an intermediate step the 
probability space (Ω, A, q) on which an and B are built, we may write

Βΰ’η*υη - τ ηΜ \ η s,n*Unβι ,-,/V

< /  I I S * »
J Ω

* Un -  τηΜ ηζ,η "«,η(ω) *U n||j άς(ω)

<  Ρ

u.n u,i
/V  , - , μ ά' 

χ +  c 1η η
sup |αη(ί) -  B(t)\ > 

te[o,i] V n
+

sup
^  x + c  In  n«°-- Tn..

[  \U "(z)-U "(z  + y)\d;
jRd-1

< K  exp(—Xx) + ( 1 —
f ( n ) — x — c Inn' 

f ( n )

d-1

We now tackle the last term of (9.122). We break it in two parts, the first being the 
large deviations, and the second coming explicitly from the convolution. For any e,

II Βα’η - Bu’n jjn I]: < Cf(n)
δ\/η

where C2 still depends only on the dimension, as long as Cn 1/2+'>' < <5/2.

The second term of (9.122) corresponds to convolving Gaussians with sharper and 
sharper functions. Now, we may upper bound ||/*#||i by Rsnpx ||Vf ( x )|| for g a 
probability density supported on the ball of radius R. So that

y/ (2π(1 +  Cn-W+i/S))·1- 1 det(V^) 
1 +  C n -l!2+y S  1 -  Cn~x/2+1 /δ
1 -  C n - ^ + y S  1 + Cn~l/2+i /δ 

<  c 2n ~ 1/2+y s ,
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r nMn/
/

- *U n -  τ ηΜ η-u , n  u , n  A ' 1VX u , n  u , n

< 2 y  c,„(a) +μι’ ,-,Md’^Λη,Ι/2+e
sup

| | x | | < n e

l k - ? / ! l o o < / ( n ) / \ / n

Now, the second term can be upper bounded by

(! + /(«)) 53 sup
j — 2 l/2+<

d

< (1 + /(n)) 53 SUP
j=2 λΕλη)ι/2+£

< (1 +  f  (n))Cn~ll2+<L/δ,

M nMi’ >-")Md’
M n-n,n u ,·Ml’

λ w,n 
ipj _ 1

τ ηΜ η-1 Α ν ±  u . n/V V u , n  (^)
" ’V d

τ η M n~1 u , nMl , η Λ ν )•’Md

. , Λ j , . . . , K l)

. , Λ j  —  1, • · · , K l)

A X

where we have recalled the assumption n7 1,/2 < 5/2, and where (7 is a constant 
depending only on the dimension d.

Putting the four losses together and specifying f(n ) =  n1//4 and x =  ne, we end up 
with

<KMi,0n) < C(n-1/4+e +  n~1/,2+7)/5

for n~1//2+7 > C<5/2 and C depending only on the dimension d and the universal 
constants c, K, A from Theorem 9.7.16.

Adding the part (9.119), and noticing that a — 1 > e — 1/2 for small enough e, ends 
the proof of Lemma 9.6.1.

From here, proving Lemma 9.6.8 (that is the inverse direction) is easy enough. 

Indeed, remembering that σητ ηρθ,η =  p°'n and that ση is a contraction, we get

ηλ ί { η , ν μ ) - ρ ^ ’η σηλί(η, ν μ ) -  aVV’“’n
< Af(u, Υμ) -  Τηρξ'α’η

So that we have the same speed and conditions as those of Lemma 9.6.1.

□
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9.7.7 Proof of Lemma 9.6.3 on convergence to the thermal 
equilibrium state

We recall that the state φ  on CCR(L2(p), σ ) was defined in (9.47) and is the product 
of a classical Gaussian distribution and d(d — l) /2  Gaussian states φ ^ Ί of quantum 
harmonic oscillators, one for each pair i < j. φ τ ύ  are thermal equilibrium states 
with inverse temperature β  = 1η(μί/μ_,·) (cf. (9.28)). The joint state φ°  := ®,<< φ »  

is then displaced to obtain φ£  but Lemma 9.6.3 is only concerned with φ° .

It is well known that thermal equilibrium states are diagonal in the number basis 
and in our case

_____  _____ /  \  rri i , j

/ =  Σ  |m >(m |. (9.123)

meNd(d-l)/2 i<j

As shown in (9.60), a similar formula holds for the finite dimensional block states
0 ,w,n

Px :

d /  u,n \

(m, A) =  Cj Π  · (9·124)
i < j  J

where Ο χ  is a normalisation constant, μ “’η  =  μ^ +  ulj  \fri for 1 < i < (d — 1) and

Vd’n =  Vd -  (Σί Ui)/y/n.

However there is a caveat: although |m, A) are eigenvectors of p°xu,n, they are not 
orthogonal to each other so we cannot directly use |m, A) (m, A| as eigenprojectors 
in the spectral decomposition. However, Lemma 9.5.4 gives us an estimate of the 
error that we incur by doing just that.

Note first that the eigenvalues of Ρ χ “'η  are labelled by the total multiplicities rnt of 
the index i in the semistandard Young tableaux :

rrii \= Ai -  m i,j +  Σ  (9.125)
j > i  j < i

By Lemma 9.7.13 we have that (m, A|l, A) =  0 if |m| /  |1|. This allows us to split 
Ή \  into a direct sum of orthogonal subspaces

Η \ <η := Lin{|m, A) : |m| < π η }, and Η χ η  := Lin{|1, A) : |1| > π η }.
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and similarly for the Fock space T  =  Note the hidden dependence on n in
the definition of the subspaces. Asymptotically, the state p^u'n and φ° concentrate on 
the ‘low excitations’ spaces Ή\,η and Tn with corresponding orthogonal projections 
Ρχ η and Ρη, respectively. More precisely,

Ι |Γ α (ρ 0? · ” ) -  / I I .  =  Ι|Τλ ( Ρ λ , , ρ 5α ” Ρ λ , , )  -  - Ρ , / Ρ , Ι Ι ι  +  l |T A (P x> f ' " P i , )  -  O X  IK

< 2||Τ χ(Ρ λ^ ’ ·ηΡ Κη) -  ρ,/ρ,ϋ! + 2||/^/Ρ„-%. (9.126)

From the definition 9.32 of φ° and that of thermal states (9.27) we see that the 
second term on the right side of order maxj<^ k / ^ ) ηη =  0(βχρ(—δηη)). For the 
rest of the proof we shall deal with the first term on the right side.

Let us denote by 'H({mi}) =  Lin{|l : A),£* = ra*} be the eigenspace of and 
P({rrii}) the corresponding eigenprojection . Then

/ > f =  σ ? Σ  n w * r - “ P ({m ,)).
{rrii} i= 1

As in Lemma 9.5.4 we have that for |m| < ηη

W )  = 1 + 0η{9η1-2)/ΐ2δ-ι/3 Σ  lm ’ A) (m , A| +  E({rrii})
m :{rrii}

where the sum runs over those m with total multiplicities {rrii}. The (positive) 
reminder has trace norm

Tr(£?({mj})) =  0(π^η̂ 2̂ 12 δ~ι ζ̂) · dim(7i({mj})).

By summing over all {m ,} satisfying |m| < n’1 we get

P , J f - " P , „  =  r r - r - ώ τ , iw iz r r j r  +  c t  E  i W nr ' - K E ( { m } ) ,1 + Ο π ^ -2)/12δ -1/31 {mi} *=1

where is the approximate state

ή (μ4 „Γ .-Α, γ ·  |m , Λ) (m, Λ|.

{rrii} ^=1

The error term has trace norm of the order
d

0(n(9i?-2)/i25—1/3) - c f  Σ  = 0 { η ^ - 2ν ΐ2δ - 1,ζ),
{mi} i=1
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where we have used the normalisation of the block state 

In conclusion
\\Ρχ,Α“· -  p f ’l i  =  0(r>(9,' - 2)/12r 1/3). (9.127)

The next step is to show that the block states p^u,n are mapped by T\ close to 
Ρηφ°Ρη. Using (9.60), we can write

(
u , n \  m*.j

7\(|m,A)<m,A|). (9.128)

Pi /

If n“ 1 < <5/2 and a > 1/2 > η, we know that all m such that |m| < rf1 ‘fit into’ A. 

Since μ“’η = μ%-\- 0 (n -1//2+7), when |m| < ηη,

?”) = ( S ) (1+o(n‘l/2+i+’/,5))' <9'i29)
For the normalisation constant we can write:

/  u,n \ m ii3 /

( ^ ' = Σ Π &  + Σ  Π ' "—— — —. U i n

|m|<nv i<j \Pi /  meA:|m|>nr> i<j W i

If 2dn1 1//2 < 0/2 then the second part is less than nrf2( 1 — <5/2)” ’’ which is negligible 
compared to the other error terms. Hence:

(C ? r '=  Σ  Π  i 1 + 0(n~1/ny+r'/δ))
|m|<n” i<j  '

Σ  Π ( £ Γ  ' (1 + 0{n~1/2+y+ri/6)
\P"i /l)/2 i<j 

μ=  -  μί — (l +  0(π~1/2+Ί+η/δ)). (9.130)

We then recall that for unit vectors, we have |||/)(/| — |//) ( /7|||ι =  2- /̂1 — \{f\f')\2· 
So that, using Lemma 9.5.4, we get that for |m| < πη

||rA(|m, A>(m, AD-lmXmllU =  ||Vi|m,A)<m,A|l<';H m )<m |||1 =  0 ( r .^ - 2)/24/ i 1/6).
(9.131)
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Putting the estimates (9.129), (9.130), (9.131) back into formula (9.128), we obtain 
Τχ({ΡχΗ,η), so that

T , ( p r n =  Σ  Π f̂ i fJ'j I l̂ j

|m|<n^ i<j

m i,j

μ».
|m)(m| + 0 ( η - 1/2+Ί+η/δ, η{9η~2)/24/δ1/6).

(9.132)

Comparing with (9.123), and using (9.126) and (9.127) we get the desired result.

□

9 .7.8 Proof of Lemma 9.6.5 on local linearity of S U ( d )

The key is to notice that, as we are dealing with a group, there is a r such that

£/_1(<f+ ζ, 0, η)υ(ζ , 0, n)U(z, 0, n) =  U(—C — z, 0, n)U((, 0, n)U(z, 0, n) =  U(f, s, n),

and similarly for the operation Δ. We shall prove below that under the condition 
that both ζ and z are smaller than n13, then ||r|| +  ||s]| =  0 (n _1/2+2/3/<5). Let us call 
this the domination hypothesis for further reference.

Now, as the actions are unitary, we may rewrite the norm in Lemma as 9.6.5:

A =  |[ Δ Ϊ+2> - Δ ί · ”Δ Π ( |0 , λ) { 0 , Λ |)

Δ -« + 2-> [Δ <+·> _  ](|0, λ)(0, λ|) 

[Id -  Δ^·"](|0, λ><0,λ|)

As T\ is an isometry, we may also let it act the left and Τχ on the right and get:

A = ΓΛ(|0, λ) (0, λ|) -  TAA f '"ΓΑ*(|0> (01)

< 1110) (o| -  |f) (fill, +  |r) (f| -  ΤλΔ Γ/·"Τ λ·(|0) <0|) | +  ||Τλ(|0,λ) (0 ,λ|) -  |0) (0|

By the domination hypothesis, the norm of r is smaller than n-1/2+2/3/<5, hence 
(f|0) = 1 -  O fn -'+ V /i2). Using |||/>(/| -  |/')(/'|||, = 2^/1 -  |(/|/')|2 we get that 
the first term on the right side of the inequality is 0(η~^2+2ι3/δ). Notice that this 
is dominated by R(n) given in equation (9.75) since η > 2β.

For the second term, we apply Lemma 9.6.4, with z =  0. By the domination 
hypothesis, ||s|| < n-1/2+2̂ /<5, so we may apply Lemma 9.6.4, and the remainder is 
given by R(n) in equation (9.75).
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The last term is 0 ( η ^ 9η 2)/24/5 1//6) as shown in (9.131) which is dominated by R(n).

We finish the proof of the lemma, and simultaneously that of Theorem 9.4.3, by 
proving the domination hypothesis. Recall that an arbitrary element in SU(d) can 
be written in the exponential form

U(r, s) := exp
d 1 Re(rJifc)T?!fc +  lra(rhk)Tk]

where (r, s) € <Cd(d~1')/2 x Rd_1, and Th], Hi are the generators of SU(d) defined in 
(9.84). A special case of this is U(r) := U(r, 0). In general, the map (r, s) i—»· [ / (f, s) 
is not injective but becomes so if we restrict to a small enough neighbourhood C of 
the origin (0,0) £ Cd̂d_1^2 x Rd_1. On this neighbourhood it makes sense to define 
the inverse as a sort of ‘logarithm’

log U(r,s)  := (r,s),

which is a C°° function.

By continuity of the product, if x,y  <E C'/(fi" 1)/2 are small enough, then U(—x — 
y)U(x)U(y) G C. Since ||(|| +  ||ζ||/\Λϊ < ηβ~ι^/δ, we can apply this to x =  
C/y/n,y =  z/y/n for n > (C/δ)1̂ -0 with the constant C depending only on the 
dimension, and get

(f/y/n,s/y/n) =  f(C/y/n,z/y/ri) := log U(-(C +  z)/y/n)U[ζ/y/n)U[z/y/n)

Since /  is a C°° function we can expand in Taylor series and it is easy to show that 
/ ( 0 ,0) =  (0,0), the first order partial derivatives are zero as well, and the second 
order derivatives are uniformly bounded in a neighbourhood of the origin. Thus we

g e t  2 2
r =  ^ i o (  J I M i L  IKdl A =  ο (η ~ ν 2+2β/δ).

\ η ( μ ί  — μ -j) η { μ τ -  μ ό ) )

□
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