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Cette thèse a pour objet le comportement asymptotique de solutions d’équations aux 
dérivées partielles dispersives non-linéaires surcritiques. À travers deux exemples-type de telles 
équations, l’équation de Korteweg-de Vries généralisée (gKdV) et l’équation de Schrôdinger 
non-linéaire (NLS), on traite de la convergence en temps grand des solutions vers des solitons 
(solutions particulières globales de l’équation), ou des sommes de solitons.

Dans un premier temps, par une méthode de compacité, on obtient pour l’équation (gKdV) 
l’existence d’une solution convergeant vers un soliton mais n’étant pas un soliton, ce qui est une 
différence notable avec les cas sous-critique et critique. Puis, en utilisant une description du 
spectre de l’opérateur linéarisé autour d’un soliton et une méthode de point fixe, nous obtenons 
l’existence d’une famille à un paramètre caractérisant complètement de telles solutions.

En revenant à une méthode de compacité, nous arrivons dans un deuxième temps à obtenir 
un résultat similaire pour les multi-solitons de (gKdV), c’est-à-dire des solutions qui convergent 
vers une somme de solitons. Nous montrons que, étant donnés N  solitons, il existe d’une part 
une famille à N  paramètres de AT-solitons, et que d’autre part cette famille caractérise tous 
les multi-solitons de (gKdV) surcritique. Ce résultat est à nouveau original par rapport aux 
cas sous-critique et critique, pour lesquels il y a existence et unicité des multi-solitons.

Enfin, en adaptant les techniques précédentes^ l’équation (NLS) surcritique, nous sommes 
en mesure de prouver un résultat similaire de multi-existence des multi-solitons, mais sans pour 
autant obtenir de classification. On rappelle cependant que, même pour les cas sous-critique 
et critique, aucun résultat général de classification n’a encore été obtenu pour (NLS).

Mots-clefs : Multi-solitons, gKdV, NLS, surcritique, stabilité, comportement asymptotique.

R ésu m é

M u lti- so l it o n s  f o r  so m e  s u p e r c r it ic a l  n o n l in e a r  d is p e r s iv e  e q u a t io n s

Abstract

This thesis deals with the asymptotic behavior of solutions of supercritical nonlinear dis­
persive partial differential equations. Through two typical examples of such equations, the gen­
eralized Korteweg-de Vries equation (gKdV) and the nonlinear Schrödinger equation (NLS), 
we study the convergence of solutions, when time goes to infinity, towards solitons (particular 
global solutions of the equation), or sums of solitons.

First, by a compactness method, we obtain for the (gKdV) equation the existence of a 
solution converging to a soliton but not being a soliton, which is a notable difference with 
the subcritical and critical cases. Then, using a description of the spectrum of the linearized 
operator around a soliton and a fixed point method, we obtain the existence of a one-parameter 
family which completely characterizes all such solutions.

Second, returning to a compactness method, we can obtain a similar result for the multi- 
solitons of (gKdV), i.e. solutions which converge towards a sum of solitons. We show that, N  
solitons being given, there exists on the one hand an AT-parameter family of iV-solitons, and on 
the other hand that this family characterizes all multi-solitons of supercritical (gKdV). This 
result is also a new feature by comparison with the subcritical and critical cases, for which 
multi-solitons exist and are unique.

Finally, adapting previous techniques to supercritical (NLS), we prove a similar result of 
multi-existence of multi-solitons, but without classification. Nevertheless, we recall that, even 
for the subcritical and critical cases, no general result of classification has been proved for 
(NLS) yet.

Keywords : Multi-solitons, gKdV, NLS, supercritical, stability, asymptotic behavior.
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Cette thèse a pour objet les multi-solitons de quelques équations dispersives non- 
linéaires surcritiques. Dans une première section de ce chapitre introductif, nous nous 
proposons de détailler le contexte de cette étude dans le cas de l’équation de Korteweg- 
de Vries généralisée (gKdV) -  exemple important d’équation dispersive non-linéaire -  
pour laquelle les résultats les plus complets ont été obtenus.

Ces résultats, ainsi que leur cheminement à partir de la problématique de départ, 
sont exposés dans une seconde section, à la fin de laquelle nous nous intéresserons plus 
en détail à une autre équation dispersive non-linéaire, abondamment étudiée pour ses 
applications physiques, afin d’illustrer la souplesse des méthodes employées : l’équation 
de Schrödinger non-linéaire (NLS).

On notera que cette seconde section est divisée en trois parties, faisant écho aux 
parties II, III et IV de la thèse, chacune de celles-ci étant un article à l’origine. Voici 
leurs références respectives :

II. Construction and characterization of solutions converging to solitons for supercritical
gKdV equations. Differential and Integral Equations, 23(5-6) : 513-568.

III. Multi-soliton solutions for the supercritical gKdV equations. Accepté pour publi­
cation dans Communications in Partial Differential Equations.

IV. Multi-existence of multi-solitons for the supercritical nonlinear Schrödinger equa­
tion in one dimension. Arxiv preprint arXiv.l00S.4613.

1 Contexte

1.1 L’équation de Korteweg-de Vries généralisée

1 4 ____________________________________________________________________________ _______________ C o n t e x t e

Dans cette première section, on considère l’équation aux dérivées partielles suivante, 
appelée équation de Korteweg-de Vries généralisée :

i dtu  +  d%u + dx(up) = 0, 
\u (0) = uo€ H'iW),

(gKdV)

où p ^  2 est un entier, (t, x) € R2 et u(t, x ) € R.

Avant toute chose, il convient de s’assurer que cette équation admet des solutions, au 
moins locales (on parle de caractère localement bien posé de l’équation). Si le problème 
de Cauchy a été abondamment étudié pour cette équation, ce sont Kenig, Ponce et 
Vega [11] qui ont apporté la contribution la plus fondamentale et la plus définitive à 
cette question, en donnant les espaces de Sobolev optimaux dans lesquels l’équation 
est bien posée, pour chaque valeur de p. En particulier, ils prouvent que (gKdV) est 
localement bien posée dans H i(R) : pour tto € H 1(R), il existe T  > 0 et une solution 
u € C°([0,T’) , i i 1(R)) de (gKdV) vérifiant u(0) =  tto, unique dans une certaine classe 
Yt C  (7°([0 ,r),ii1(R)). De plus, si T* ^  T  est le temps maximal d’existence pour u, 
alors soit T* =  +oo et la solution u(t) est dite globale en temps ; soit T* < -t-oo, et alors 
||ôxu(i)||L2 —* +oo quand t —» T* (on dit que la solution explose en temps fini). Cette



dichotomie est appelée critère d’explosion. Ils montrent enfin qu’il y a propagation de 
la régularité : si uq G H S(R) avec s ^  1, alors u(t) € Hs(R) pour tout t € [0,T*).

À partir de la forme même de l’équation, on peut ensuite noter les invariances sui­
vantes :

• Invariance par translation : si u(t, x) est solution de (gKdV), alors ivit,x) =  u{t — 
to, x — xq) est aussi solution, pour tous to, Xo G R.

• Invariance par scaling : si u(t,x ) est solution de (gKdV), alors w(t,x) =
2

Apr îu(A3i, Xx) est aussi solution, pour tout À > 0.

• Symétrie en temps : si u(t,x) est solution de (gKdV), alors w (t,x) =  u(—t , —x ) 
est aussi solution.

Une autre propriété fondamentale de cette équation est la conservation pour des 
solutions H 1 des deux quantités suivantes : pour tout temps t G [0,T*),

1.2 - La famille des solitons_______________________________________________________________15

M(u(t)) =  J  u2(t) = M(uq) (masse),

E(u{t)) = u2x(t) -  J  up+1(t) = E(uq) (énergie).

Au vu de ces définitions, il apparaît clairement que le choix de i î 1(R) = {u G 
L2(R) | \\ufHl =  ||u ||^2 +  ||ârti||^2 < + 00} comme espace fonctionnel est justifié par 
le fait que ce soit l’espace d’énergie associé à (gKdV).

Enfin, une dernière propriété générale de l’équation (gKdV) intéressante pour notre 
étude est la possibilité de globalisation des solutions a priori locales obtenues par [11]. 
Celle-Gi peut être obtenue, dans le cas où 2 < p < 5, par l’inégalité de Gagliardo- 
Nirenberg suivante :

p-1 p+3

Vt; € H \ R), j | „ r l ^  Cgm ( J 4 )  4 ( / ^2) 4 > <1-1)

où Cqn(p) > 0 est la constante optimale. En effet, pour de telles valeurs de p et par 
conservation de la masse et de l’énergie, il est clair que \\dxu{t)\\L2 est bornée pour 
t G [0, T*), ce qui impose T* = +00 d’après le critère d’explosion énoncé plus haut.

À l’inverse, pour p — 5, Merle [20] et Martel et Merle [15] ont prouvé qu’il existe 
une grande classe de solutions de (gKdV) qui explosent en temps fini. Ainsi, on peut 
affirmer que p =  5 est l’exposant critique pour le comportement en temps long des 
solutions de (gKdV). On appellera donc cas sous-critique le cas où p < 5, cas critique 
lorsque p =  5, et enfin cas surcritique lorsque p > 5. Comme l’indique le titre de la thèse, 
c’est uniquement ce dernier cas qui nous intéressera pour notre étude, pour lequel aucun 
résultat d’explosion en temps fini n’a pour le moment été obtenu (même si l’explosion 
en temps fini est probable pour une large classe de solutions aussi).

1.2 La famille des solitons

Comme rappelé dans la section précédente, on considère dans cette thèse l’équation 
(gKdV) surcritique, pour laquelle il peut y avoir explosion de ses solutions. Ainsi, pour



étudier le comportement asymptotique de solutions, qui nous intéresse ici, il ne paraît 
guère possible d’étudier des solutions autres que près d’un voisinage de solutions dont 
on sait qu’elles sont définies pour tout temps. Il se trouve que de telles solutions existent 
pour (gKdV), et possèdent en outre d’autres propriétés remarquables : on les appelle 
ondes solitaires ou solitons. Elles ont la particularité de garder un profil constant pour 
tout temps, et doivent leur existence à un équilibre subtil entre la dispersion induite par 
le terme dérivatif de l’équation (d%u) et la non-linéarité (dx(up)).

Plus précisément, notons Q l’unique solution, aux translations près, de
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< ?> 0, Q € H \K ) ,  <3" + <3* = <3, i-e. Q(x) = '• (l-2)

On rappelle que Q est l’unique minimiseur de l’inégalité de Gagliardo-Nirenberg (1.1). 
Autrement dit, pour v € H1{R),

•$=>- 3(Ao, ùq, bo) E R+ x R x R : v{x) = ooQ(Xqx + &o)- (1-3)

Alors, pour tout cq > 0 et tout xq E R,

Re*j*(t, *) =  Qcn(x -  cnt -  x0)

est une onde solitaire de (gKdV), où on a noté

Qcof«) = Pff l Q{sfcx).

Ôn peut remarquer que les ondes solitaires de (gKdV) se déplacent toujours vers la 
droite, à la vitesse co > 0, et que Qc n’est que la version « rescalée » de Q.

Une fois acquise l’existence de la famille à deux paramètres (-Rco.xo) des solitons 
de (gKdV), une question naturelle est de s’interroger sur la stabilité -  dans un sens à 
préciser -  d’une telle famille. La définition naturelle venant à l’esprit est la suivante : 
si uo est une donnée initiale assez proche d’un profil Q^, la solution u(t) associée à uo 
sera-t-elle proche de ce même profil pour tout temps? Étant donnée l’invariance par 
translation que vérifie (gKdV), on est amené à définir le « tube », pour e > 0,

Ue =  {u E H 1 | inf ||u -  Qco(- -  y)\\m  < e}.

On dit alors que Qco est orbitalement stable si, pour tout e > 0, il existe 6 > 0 tel que, 
si Uo G Us, alors la solution associée u(t) E U£ pour tout t € R. On dira que est 
instable si Q^ n’est pas stable. La réponse à la question précédente est donnée par le 
théorème suivant.

Théorèm e. Le profil est stable si et seulement si p < 5 .

Ce théorème est le fruit de plusieurs travaux, parmi lesquels on peut citer Cazenave 
et Lions [2], Weinstein [23], ou Grillakis, Shatah et Strauss [10] pour le cas p < 5; 
Martel et Merle [14] pour le cas p = 5 ; et Bona, Souganidis et Strauss [1] pour le cas 
p > 5. Cependant, on trouvera aussi une preuve de l’instabilité de pour p > 5

p + 1
2ch 2 *

(1.2)

V
< n X lIl P i-1  
rj>+i Cgn(p M

,E = 1
U ' I M

P+3

1,1



dans la partie II, car elle sera utile pour exhiber une solution limite qui répondra à la 
problématique posée dans cette partie.

Un autre aspect de la stabilité est le concept de stabilité asymptotique, qui tend à 
décrire qualitativement le comportement d’une solution qui reste proche d’un profil 
pour tout temps. Martel et Merle [17] ont démontré le résultat suivant, fruit de plusieurs 
travaux antérieurs sur le même thème.

Théorème. Soient p ^  2 et cq > 0. Il existe ao > 0 tel que, si u(t) est une solution 
globale vérifiant u(t) € Uao pour tout t ^ O ,  alors il existe t h* p(t) € R e tt c(t) € R 
telles aue
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u(t) — Qc{t){■ ~ p(t)) 0 dans H l {x > fgi) lorsque t —»■ + 00.

De plus, si p ^  5, alors il existe c+ > 0 tel que c(t) —>■ c+ lorsque t —>■ + 00.

Deux remarques s’imposent à la lecture de ce théorème. Tout d’abord, il faut noter 
que, contrairement à la stabilité orbitale, ce résultat de stabilité asymptotique est vrai 
pour toute valeur de p. D’autre part, il énonce une convergence dans l’espace H l{x > f*t) 
avec t ^  0, et non dans tout l’espace Ü’1(R).

C’est tout de même un résultat optimal dans le sens où, dans le cas sous-critique 
p < 5, une convergence dans tout l’espace i / 1(R) impliquerait que u est un soliton 
(voir Section 2.1), ce qui n’est bien sûr pas forcément le cas en toute généralité. Mais, 
pour p > 5, une telle convergence dans tout l’espace i f 1(R) vers un ou plusieurs solitons 
n’implique pas une conclusion similaire a priori. Cette problématique des multi-solitons, 
centrale dans cette thèse, est exposée dans la section suivante.

1.3 Les multi-solitons 
XJ

On considère maintenant N  ^  1 solitons de vitesses différentes, définis par 2N para­
mètres

0 < ci < • • • < cjv, x i , ... ,xn e R.

On définit le j ième soliton par Rj(t) — et on appelle R  la somme de ces N
solitons, i.e. on pose R(t) = Rj(t). Il faut noter qu’à cause de la non-linéarité dans 
l’équation, R  n’est jamais une solution de (gKdV) dès que N-^2 .

Par contre, comme les solitons ont des vitesses différentes, ils ont des interactions 
exponentiellement décroissantes en temps. Une définition possible de iV-soliton (qu’on 
appellera multi-soliton lorsque N  ^  2)-est de considérer que c’est une solution-de (gKdV) 
qui se comporte asymptotiquement comme R. Plus précisément, on appellera un N- 
soliton une solution u de (gKdV) telle que

Plusieurs résultats d’existence et d’unicité de multi-solitons ont été prouvés, suivant 
les valeurs de p. Tout d’abord, dans les cas complètement intégrables p = 2 (équation 
originelle de Korteweg-de Vries) et p =  3 (équation dite de Korteweg-de Vries modifiée), 
on sait qu’il existe des multi-solitons pour (gKdV), dans un sens plus fort, comme 
conséquence de la méthode de scattering inverse (voir par exemple Miura [21]).

-  Rcj¿¡
= E j '= i  .

M t)

i v u

-R 011Ww(R ->0 lorsque t —y (1.4)



Plus généralement, pour tous les cas sous-critique et critique p ^  5, Martel [13] a 
prouvé qu’étant donnés N  solitons, il existe une unique solution <p de (gKdV) satisfai­
sant (1.4). De plus, <p converge vers R  uniformément exponentiellement en temps dans 
toutes les normes iP(R ), pour tout s ^  0.

Un résultat similaire a été plus récemment obtenu par Côte, Martel et Merle [6] pour 
le cas surcritique p > 5. En effet, ils obtiennent aussi l’existence d’un JV-soliton <p pour 
tout choix de N  solitons, convergeant exponentiellement vers R  en temps dans toutes les 
normes H a(R), en utilisant un argument topologique pour contrôler la nature instable 
des solitons dans le régime surcritique. En revanche, ils n’obtiennent pas l’unicité de la 
solution ip ainsi construite, et pour cause : on montrera dans cette thèse qu’une telle 
solution n’est en fait pas unique.

Pour comprendre cette différence qualitative, il convient tout d’abord d’appréhender 
le cas du 1-soliton, ce qui a été le point de départ de cette thèse.

2 Principaux résultats

2.1 Cas du 1-soliton pour (gKdV)

Comme suggéré en fin de section précédente, on s’intéresse au cas du 1-soliton pour 
l’équation de (gKdV) surcritique, c’est-à-dire aux solutions convergeant asymptotique- 
ment dans tout i ï 1(R) vers un soliton. En effet, si la situation est claire pour les cas 
sous-critique et critique comme nous allons le voir, puisque les 1-solitons sont exactement 
les solitons, il n’en est pas de même pour le cas surcritique.

Pour comprendre le cas sous-critique p < 5 (le cas critique se traitant similairement), 
il suffit de se baser sur la caractérisation variationnelle suivante de Qc, que l’on peut 
trouver par exemple dans [1] sous forme locale.

Théorèm e. Soient p < 5 et c > 0. Alors la fonctionnelle v £ H 1 (R) E(v) g R 
admet un minimum global Em\„ = E(QC) sous, la contrainte M(v) = M(QC). De plus, 
{w G /^(R ) ] E(v) — Eraia} =  {<2C(- -  £o) ; x0 G R}.

En particulier, si une solution converge vers- un soliton, alors par conservation de 
la masse et de l’énergie au cours du temps, elle possède la même masse et la même 
énergie que ce soüton, et est donc un soliton d’après le théorème précédent. Concernant 
la démonstration de ce théorème, elle s’obtient facilement à partir de l’inégalité de 
Gagliardo-Nirenberg (1.1), son cas d’égalité (1.3) appliqué a Qc(x) = CPr î Q(-v/cx), et 
des identités de Pohozaev. En effet, pour v G H l(R) tel que M(v) =  M(QC), on a

1 8 _____________________ ______________________________________________________ P r in c ip a u x  r é s u l ta t s

d’après (1.1). De plus, en posant 9 ^  0 tel que d4 =  on obtient, par (1.3),

E(») =
h

1

P + l
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Enfin, d’après l’identité / Q® = 2̂ +i) / Q?+1) on a E(QC) = / Q?+1vet donc aussi
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- E«•> > w n rfl^ 1 ~ -w k l® "
> [< p -x>^ -  4^ _ 1 + <5 -p>] •

Or une simple étude sur R+ de la fonction /  définie par f(9) =  (p— l)#4—40p~1 + (5—p) 
indique qu’elle est décroissante sur [0,1] et croissante sur [l,+oo[, et donc, puisque 
/(0) =  5 — p > 0 et / (  1) =  0, on en déduit que f(0) ^  0 pour tout 0 ^ 0 .  Ainsi, 
E(QC) est bien un minimum de l’énergie. De plus, si E(v) = E(QC), alors il y a égalité 
dans l’inégalité de Gagliardo-Nirenberg, et il existe donc xo € R tel que v = Qc{- — x q )  

d’après (1.3).

Par contre, lorsque p > 5, la caractérisation variationnelle précédente n’est plus 
valable. Pour le constater simplement, il suffit de calculer, pour a > 0 donné et la 
fonction f a{x) = y/âQc(ax),

M (fa) =  M(QC), E (fa) = a2 J  Q l  -  j  Q ? 1-

Comme ^  > 2 dans ce cas, on en déduit que E (fa) —> —oo lorsque a —» -t-oo, et donc 
que inf-fü^u) | M{v) =  M(QC)} = —oo. Cette remarque faite, une question peut donc 
venir naturellement à l’esprit : existe-t-il des solutions de (gKdV) qui convergent vers 
des solitons, mais qui ne sont pas pour autant des solitons?

La réponse, positive, a été apportée dans la  première partie de la thèse, sous la forme 
du résultat suivant (voir Corollary 3.14 dans la partie II).

Théorèm e 1 ([3]). Soit p > 5. Il existe une solution w(t) de (gKdV) définie pour tout 
t ^  0 et une fonction t p(t) telles que :

(i) ||tu(£) — Q(• — p(i))||ffi(R) 0 lorsque t -» -t-oo,

(ii) Vc > 0, Vxo € R, w(0) t± Qc(• -f x0).

La démonstration de ce théorème a été l’occasion de se familiariser avec les tech­
niques et résultats standards de l’étude du comportement asymptotique des solitons :
modulation, stabilité orbitale et asymptotique, propriétés de « presque monotonie » de 
la masse et de l’énergie, méthode de compacité, ou encore continuité faible du flot.

L’idée-clé de la démonstration, pour construire une solution w proche du profil Q 
pour tout temps, a été assez paradoxalement d’utiliser l’instabilité de Q, ce qui a permis 
de construire une suite de données initiales convergeant (faiblement) vers une donnée ini­
tiale limite répondant à notre problème. Plus précisément, à partir d’une suite explicite
(« o ,n )  vérifiant | | « o in — Q l l ^ i  0  Pour 71 +°°> n o u s  avons (re)démontré l’instabilité 
de Q, ce qui nous a permis d’exhiber l’existence d’un 5 > 0 tel que

Vn ^  1,3Tn € R+ tel que
infyeR ||un(Tn) -  Q(■ -  y)||fil =  6,

V£ e  [0,T„], infj,eR ||un(i) -  Q(- -  y)\\H1 <  S,

où un est la solution associée à uq̂ .

Q\ip+i

" 4 (p +  1)

I

p +
-dp-1 )P+1 _IQ

1
----- r u
V 4-1
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2 for1



Ensuite, de la suite (ttn(Tn)), bornée dans H l {R) et contenant un défaut persistant 
ô > 0 en plus du profil Q, on a pu extraire une sous-suite convergeant vers un certain 
ü0 dans i / 1(R), et on a pu montrer qu’effectivement v0 ne pouvait pas être un profil Qc. 
Une fois cette donnée limite construite, nous l’avons « transformée » en donnée initiale, 
en utilisant la symétrie en temps-espace de l’équation de (gKdV), en posant wq(x) =  
vq(—x). Puis, par un théorème de continuité faible du flot (dont la démonstration a été 
complètement rédigée en annexe la partie III, la partie II étant suffisamment longue), 
nous avons pu en déduire que la solution w(t) associée à la donnée initiale wq était définie 
pour tout temps t ^  0 , et que Un(Tn — t) convergeait vers w(t) faiblement dans H 1 (à 
une translation en espace près, due à la modulation). Enfin, étant données les estimées 
de ||itn(f) — Q\\Hi pour t G [0,Tn], nous avons pu conclure que w(t) convergeait dans 
tout H 1 (R) vers un profil Q ^,  en utilisant conjointement la stabilité asymptotique de Q 
pour estimer la décroissance « à droite » de w(t)—Qc+, et les propriétés de monotonie de 
la masse et de l’énergie pour estimer la décroissance « à gauche » de la solution w(t). Il 
est à noter que la décroissance « à gauche » de w(t) a d’abord été obtenue classiquement 
« à droite » de un(Tn — t), ce qui s’est traduit par une décroissance « à gauche » après 
le renversement en temps et en espace utilisé plus haut.

Ainsi, il a été construit ce que l’on a appelé une solution spéciale pour (gKdV) surcri­
tique, c’est-à-dire un 1-soliton n’étant pas un soliton. Cependant, pendant la finalisation 
du théorème précédent, un article de Duyckaerts et Roudenko [8] concernant la même 
problématique, mais à propos de l’équation de Schrödinger cubique focalisante tridimen­
sionnelle (cNLS-3d), est paru. Entre autres résultats, en adaptant un travail précédent 
de Duyckaerts et Merle [7], ils apportaient une réponse plus complète à la problématique 
des 1-solitons, en utilisant une information supplémentaire sur le spectre de l’opérateur 
linéarisé autour d’un soliton. En effet, ils ont obtenu toute une famille à un paramètre 
de solutions spéciales, qui en outre les caractérise toutes, sous hypothèse de convergence 
exponentielle (voir [8, Proposition 7.1] pour plus de précisions).

Or, il est apparu que le résultat spectral utilisé dans [8] pour (cNLS-3d) était encore 
vrai pour (gKdV) surcritique, d’après un papier de Pego et Weinstein [22] : le spectre 
de l’opérateur C linéarisé autour de Q, défini par C f =  d?f — dxf  + pdx(Qp~1f) ,  vérifie 
cr(C) n R = {—eo,0, eo} (avec eo > 0), et —eo et eo sont des valeùrs propres simples, 
associées à des fonctions propres notées et respectivement. En s'affranchissant 
de l’hypothèse de convergence exponentielle, le théorème suivant d’existence et de ca­
ractérisation des solutions spéciales a pu être prouvé pour (gKdV), ce qui constitue le 
résultat principal de la partie II (voir Theorem 1.1).

Théorèm e 2 ([3]). Soitp  > 5 .

1. Il existe une famille à un paramètre {UA)AeU de solutions de (gKdV) telle que, 
pour tout A € R,
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Jlirn^ ||UA(t, - + t)~  Q||ffl =  0.

De plus, pour tout A G R, il existe to — to(-A) G R tel que, pour tout s € M., il 
existe C > 0 telle que

Vi ^  i0, IlU \ t ,  • + t ) - Q  -  Ae-«*y+\\H. < C e-2eot.

2. Si u est une solution de (gKdV) telle que limt_>.+00 infyeR ||u(i) — Q(- — y)||Hi =  0, 
alors il existe A G R, to G R et xq G R tels que u(t) =  UA(t, • — xo) pour t ^  to-



La démonstration de la première partie de ce théorème a suivi le schéma de la 
démonstration de [8], en construisant le reliquat hA défini par hA(t, x ) =  UA(t, x + t) — 
Q(x) par une méthode de point fixe, autour d’une famille de solutions approchées de 
l’équation linéarisée autour de Q, approchant cette équation à tout ordre exponentiel 
dans toutes les normes Hs(R). La principale difficulté de cette construction par rapport 
à [8] est venue du fait qu’il fallait utiliser des normes adaptées à (gKdV) pour boucler 
le point fixe, c’est-à-dire a priori les normes utilisées dans [11] pour le problème de 
Cauchy. En effet, par rapport à l’équation de Schrödinger, l’apparition d’une dérivée 
supplémentaire dans l’équation (gKdV) oblige à utiliser l’effet régularisant de Kato, et 
donc l’utilisation de normes espace-temps pour le point fixe (contrairement à des normes 
temps-espace pour l’équation de Schrödinger). Puisque nous n’étions pas à un niveau 
de régularité critique en s pour l’espace Hs, nous avons pu simplifier le point fixe en ne 
considérant que deux normes : la norme L%°H* et la norme L^L]0, cette dernière étant 
issue du problème dé Cauchy pour (gKdV) critique [12].

Concernant la démonstration de la caractérisation des solutions spéciales, nous nous 
sommes aussi inspiré de la démarche de [8], avec quelques différences cependant. Tout 
d’abord, pour remplacer le théorème de coercivité de l’énergie linéarisée autour d’un 
soliton prouvé dans [8], nous avons pu nous appuyer sur un théorème équivalent prouvé 
dans [6], qui se base sur les fonctions propres de l’adjoint de l’opérateur linéarisé C, celui- 
ci étant plus simple à appréhender que l’opérateur linéarisé lui-même pour (gKdV). À 
partir de ce résultat fondamental, nous avons pu transformer l’hypothèse de départ de 
convergence de u vers Q en une convergence exponentielle, grâce à un argument de 
systèmes dynamiques qui n’était pas présent dans [8]. Nous avons ensuite démontré 
que cette convergence pouvait être rendue exponentiellement décroissante à tout ordre, 
pourvu que Ton considère la différence u — UA et non u — Q, où A G R est apparu 
naturellement à l’étape-précédente. Si cette amélioration de la décroissance exponentielle 
est similaire à celle de [8], elle a été cependant obtenue d’une manière plus intrinsèque. 
Enfin, l’argument final d’unicité a aussi été obtenu par contraction, en utilisant les 
normes adéquates qui avaient servi à la construction des solutions spéciales.

Enfin, comme conséquence du théorème précédent, nous avons d’abord remarqué 
qu’à translations en espace et en temps près, il n’y avait « que » deux solutions spéciales, 
à savoir U~l et U1. Nous avons de plus établi que, suivant les normalisations des fonctions 
propres choisies, U~l(t) était globale en temps. Il pourrait être intéressant de s’intéresser 
à son comportement lorsque t —> — oo. On pourrait aussi remarquer que le Théorème 2 
est plus complet que le Théorème 1, mais il faut bien noter que la construction de la 
solution spéciale w(t) du Théorème 1 n’a nécessité aucune information sur le spectre de 
l’opérateur linéarisé, et pourrait donc être adaptée à des équations dont le spectre de 
l’opérateùr linéarisé est mal connu. En conclusion de la partie II, nous avons d’ailleurs 
établi un lien entre les deux théorèmes de cette partie, en identifiant w(t) parmi la famille 
de solutions spéciales (UA) : à translations en espace et en temps près, et à changement 
de scaling près, on a prouvé que w = U~l .

Après avoir compris le cas du 1-soliton pour (gKdV) surcritique, qui présentait donc 
des différences qualitatives importantes avec les cas sous-critique et critique, il nous a 
semblé intéressant de s’attaquer au problème général des multi-solitons, c’est-à-dire au 
cas des TV-solitons avec N  ^  2.
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2.2 Cas des multi-solitons pour (gKdV)

Comme annoncé à la fin de la section précédente, on s’est ensuite intéressé au cas des 
multi-solitons pour (gKdV) surcritique. On rappelle que le contexte et les résultats déjà 
existants ont été présentés dans la Section 1.3. En adaptant les résultats et les techniques 
du cas du 1-soliton (partie II), de la construction d’un multi-soliton par Côte, Martel et 
Merle [6], et de la construction et l’unicité des multi-solitons pour les cas sous-critique 
et critique par Martel [13], nous avons pu obtenir le résultat optimal suivant. Il s’agit 
bien sûr du résultat central de cette thèse (voir Theorem 1.3 de la partie III).

Théorèm e 3 ([4]). Soient p > 5, N  ^  2, 0 < Ci < • • • < cjv et x i , . . . ,  € R. On note 
R  =  E jli  Rj avec Rj =  RChXj.

1. Il existe une famille à N  paramètres (<Pai,...,An){Ai an)&ln solutions de (gKdV) 
telle que, pour tout (Ai, . . . , A x)  G RN,
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et si (Ai,. . . ,  A'n ) ± (Au .. . , AN), alors <Pa 'v ...,a 'n ^  (Pa 1,...,a n -

2. Réciproquement, si u est une solution de (gKdV) vérifiant

t i ÿ o o  H * )  ~  =  ° >

alors il-existe (A i, . . . ,  A^) G tel que u = <Pai,...,An -

Ce résultat est optimal dans le sens où il clôt les problèmes d’existence et d’unicité des 
multi-solitons pour (gKdV) surcritique, pour N  solitons donnés absolument quelconques 
(sachant qu’ü ne peut exister de multi-soliton contenant deux solitons ayant la même 
vitesse), comme [13] l’avait fait pour les cas sous-critique et critique.

On peut aussi remarquer qu’il s’inscrit dans la continuité logique du cas des 
1-solitons, puisque pour ceux-ci une famille à 1 paramètre les caractérisait tous, et 
que pour les 7V-solitons, une famille à N  paramètres les caractérise tous similairement. 
La cohérence entre les deux théorèmes ne s’arrête pas ici, puisque la première partie du 
Théorème 3 est en fait basée sur la proposition cruciale suivante (voir Proposition 3.1 de 
la partie III). Par un simple argument de scaling, on note tout d’abord que l’opérateur 
CCi linéarisé autour de (X , défini par

admet ±e,- =  ± c^2eo comme valeurs propres réelles, associées à des fonctions propres 
Y*  (qui suivent cette fois le soliton Rj, puisqu’on ne peut plus recentrer le problème à 
vitesse nulle comme dans le cas du 1-soliton).

P roposition. Soient ç  un multi-soliton (donné par [6] par exemple), j  G [1,7VJ et 
Aj G R. Alors il existe to > 0 et u G C([io, + 00), H 1) solution de (gKdV) tels que

Vi ÿ io, IWi) -  Î»(i) -  W « e-f'»«»1,

où 7 > 0 ¿ t  un petit paramètre ne dépendant que des vitesses c*.

lim
t— hoc IÎ Aj ■An(t) m Ilm 0,

C * f - Cid,'J od, Qp- 7 )

Ají - e j t y

R(t] Hw



Quelques remarques s’imposent à la lecture de cette proposition. Tout d’abord, il 
faut noter que, lorsque Aj ^  0, on perturbe effectivement le multi-soliton <p en obtenant 
un nouveau multi-soliton différent. Cela permet la construction de la famille 
pourvu que celle-ci soit faite dans l’ordre adéquat, c’est-à-dire de j  =  1 à j  = N, 
puisqu’il ne serait pas significatif de perturber le multi-soliton à l’ordre ej avant l’ordre 
ej-1, sachant que e,- > e,-_ 1 + 7 . D’autre part, on peut aussi remarquer que le membre de 
droite est en e_^ +7^ et non e~2ejt comme pour le 1-soliton : cela s’explique simplement 
par les interactions entre les différents solitons, que mesure ce paramètre 7 . Enfin, il faut 
noter que, puisque la perturbation se fait à un ordre élevé ej, il était capital de pouvoir 
disposer d’un multi-soliton y? déjà construit au départ. En effet, si on remplaçait v? par 
la somme des solitons R, des termes source d’ordre 7  d’interactions entre les solitons 
apparaîtraient dans les estimations, rendant vaines celles à l’ordre e, »  7 .

Par contre, si les résultats sont similaires, les idées des démonstrations du Théo­
rème 2 et de la proposition précédente diffèrent sensiblement. En effet, comme expliqué 
dans la section précédente, l’idée-clé de la démonstration du Théorème 2 était un ar­
gument de point fixe, réalisé autour d’une famille de solutions approchées de l’équation 
linéarisée autour d’un soliton. Cependant, du fait des interactions entre solitons, il ne 
nous est pas apparu clair que la construction d’une famille de solutions approchées de 
l’équation linéarisée autour d’un multi-soliton était possible. Ainsi a été privilégiée une 
démonstration se basant uniquement sur des arguments de compacité et d’énergie, dans 
la lignée de [13, 6], l’utilisation d’un théorème de continuité faible du flot (démontré en 
annexe de la partie III) permettant de conclure facilement.

Suivant la stratégie de [6], on a donc considéré une suite croissant vers l’infini de 
temps Sn, une suite de paramètres bn =  {bnyn)j<k^N € M.N~j à déterminer, et un solution 
de
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'dtun -I- dx[dlun + < ] = 0,

< Un(Sn) = <p(Sn) + Aje~ê Y ^ S n) +  £  bnJeY+(Sn). t2-1)
k>j

Cependant, on peut constater que, à la différence de [6], les paramètres bn^ destinés à 
contrôler la nature instable des solitons par un argument topologique ne sont choisis que 
pour k > j,  les directions instables étant régies par l’équation elle-même pour k ^  j , 
puisque l’on se place à l’ordre ej. Nous avons alors pu montrer la proposition suivante 
d’estimations uniformes, en utilisant certains arguments de la partie II, ainsi que des 
arguments de monotonie de l’énergie développés dans [13] afin de pouvoir appliquer le 
théorème de coercivité de l’énergie autour de chaque soliton, qui était déjà l’argument-clé 
dans la partie II.

Proposition. Il existe no ^  0 et to > 0 (indépendant de n) tels que ce qui suit soit 
vérifié. Pour chaque n ^  tiq, il existe bn € vérifiant ||bn|| < 2e_^ +2'r̂ ‘Sn, tel que
la solution un de (2.1) soit définie sur l’intervalle [io,5„], et satisfasse

Vfc G [<o, Sn], ||un(t) -  tp(t) -  A j e  eii^ +(i) ||H1 ^  e (e’+7)i.

Il est à noter que la propriété de monotonie de l’énergie utilisée pour la construction 
n’était pas absolument nécessaire. En effet, une estimation « brute » en valeur abso­
lue d’une fonctionnelle légèrement différente pouvait aussi donner le résultat souhaité, 
comme cela a été fait dans la partie IV (puisque les propriétés de monotonie ne sont plus 
vérifiées pour (NLS)). Elle a par contre été nécessaire dans la partie de classification des



multi-solitons, notamment pour montrer qu’une simple convergence comme (1.4) pou­
vait s’améliorer en convergence exponentielle à un petit ordre 7  > 0.

Justement, concernant la preuve de la classification des multi-solitons, celle-ci s’est 
basée sur le fait d’essayer d’améliorer à tout ordre exponentiel la convergence de dé­
part (1.4). Comme dans le cas du 1-soliton, on constate qu’une fois atteint l’ordre ej, on 
ne peut pas améliorer la convergence si on ne raffine pas le comportement asymptotique 
de u. En procédant étape par étape, de j  =  1 à j  =  N  comme pour la construction, on 
arrive finalement à identifier (.Ai,. . . , -Ajv) G M.N et à démontrer que ||it — <Pai,...,An\\h1 
converge vers 0 à tout ordre exponentiel. Finalement, un argument de bootstrap comme 
celui utilisé dans [13] pour prouver l’unicité permet de conclure que u =  <pAlt...,AN-

Enfin, une fois le Théorème 3 établi, nous nous sommes intéressé à l’équation de 
Schrödinger non-linéaire surcritique, afin de constater si la méthode employée dans la 
partie III était suffisamment souple pour être adaptée à une autre équation importante, 
tout en sachant qu’il était pour le moment vain d’essayer d’obtenir aussi la caractéri­
sation des multi-solitons pour (NLS) surcritique, à cause de l’absence de propriété de 
monotonie de l’énergie mentionnée plus haut.

2.3 Cas des multi-solitons pour (NLS)

Comme annoncé en fin de section précédente, nous nous sommes intéressé dans la der­
nière partie de la thèse à la construction (et seulement à la construction) d’une famille 
à N  paramètres de iV-solitons pour (NLS) surcritique, le cas du 1-soliton ayant déjà 
été traité dans [8]. On rappelle que, même pour les cas sous-critique et critique, aucun 
résultat général de classification n’a été obtenu pour le moment. Enfin, comme des pro- 
blèmes-techniques sont survenus pour les dimensions supérieures à 2 (à cause du manque 
de régularité de l’équation à l’origine), nous avons décidé de traiter uniquement le cas 
unidimensionnel, les calculs étant déjà suffisamment techniques dans ce cas. Ainsi, nous 
avons considéré l’équation

2 4 _____________ _________________________________________________________________ P r in c ip a u x  r é su l ta ts

(idtu +  d%u + |u|p xu — 0, 
\ti(0) =  uo € i / x(R),

(NLS)

où p > 5 est réel, (t, x) G R2, et u(t, x) € C.

Depuis les travaux de Ginibre et Vélo [9], on sait que (NLS) est bien posée dans 
iï’1(R). Autrement dit, pour tout «o G i^1(R), il existe T  > 0 et une unique solution 
maximale u € C([0,T), i î 1(R)) de (NLS). De plus, soit T  =  +oo, soit T < +00 et alors 
liint-fT \\dxu(t)\\L2 = + 00. En outre, comme pour (gKdV), la masse et l’énergie d’une 
solution H 1 de (NLS) sont conservées, ainsi qu'une troisième quantité, appelée moment. 
Plus précisément, pour tout t G [0,T), on a

M (u(t)) = f  |tt(i) |2 =  M(t*o) (masse),

E(u(t)) = ^ J  \dxu(t)\2 -  —j-y J  K i )!**1 =  E (u q)  (énergie),

P(u(t)) = Im J  dxu(t)ü(t) — P(uq) (moment).



Enfin, on remarque que (NLS) admet les mêmes invariances que (gKdV), ainsi que 
deux autres additionnelles. En effet, si u(t, x) est solution de (NLS), alors, pour tous 
to,x0, j 0,vo £ R et À > 0, sont aussi solutions de (NLS) :

• par invariance par translation, w(t, x) =  u(t — to, x — Xo) ;
2

• par invariance par scaling, w(t,x) = Xp=ïu(X2t,Xx) ;

• par invariance par rotation, w(t, x) = u(t, x)el~10 ;

• par symétrie en temps, w(t, x) = u(—t, x) ;

v2

« par invariance galiléenne, w(t, x) =  u(t, x — vq
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Au vu de ces multiples invariances, il est clair que les solitons de (NLS) pourront 
dépendre de plus de paramètres que ceux de (gKdV). Cependant, ils sont construits à 
partir du même profil Q déjà défini en (1.2), puisqu’avec cette définition ettQ(x) est 
solution (stationnaire) de (NLS). Ainsi, si on se donne des paramètres Co > 0 de scaling, 
7o G R de phase, v0 G R de vitesse, et Xq G R dé translation en espace, alors

RcoM ,xo{t,x) = Q^{x - v 01 -  £o)ei(^ æ- ^ t+cot+7o),

avec toujours

Qco(x) =  Co l Q{y/côx),

est un soliton de (NLS), se déplaçant sur la droite x = v0t + x0- On peut noter que, 
contrairement à (gKdV), vitesse et scaling sont décorrélés, ce qui induira une légère 
différence dans la construction de la famille (<Pau...,An)- Enfin on rappelle que, comme 
pour (gKdV) surcritique, les solitons de (NLS) surcritique sont instables (voir [10]).

On peut maintenant définir les multi-solitons de (NLS). On considère pour cela 
TV > 1 solitons ayant des vitesses différentes, définis par 4N  paramètres

vi < ■ ■ ■ < vN, d , . . . , c N G R + ,  7 i , . . . , 7 j v  G R ,  X i , . . . , x n  G R ,

et on pose Rj(t) = RCj,-/j,vj,xj ('t)- Comme pour (gKdV), on définit R  comme la somme- 
des solitons Rj, et on appelle iV-soliton une solution u de (NLS) qui satisfait (1.4).

La question de l’existence des multi-solitons a fait l’objet de plusieurs travaux pour 
(NLS) sous-critique et critique. Tout d’abord, Merle [19] a établi un résultat d’existence 
pour le cas critique, comme conséquence d ’un résultat d’explosion et de l’invariance 
conforme. Ce résultat a été étendu par Martel «t Merle [16] au cas sous-critique, en 
utilisant des arguments déjà développés par Martel, Merle et Tsai [18] pour montrer la 
stabilité des multi-solitons dans H 1.

Concernant (NLS) surcritique, qui nous intéresse ici, on rappelle que le cas des 
1-solitons a été complètement traité dans [8], pour une équation similaire à (NLS) (car 
aussi Zr-surcrïtique et ii^sous-critique). Pour les multi-solitons, il se trouve que le 
résultat de Côte, Martel et Merle [6], établissant l’existence d’au moins un N -soliton et 
utilisé dans la partie III, est aussi valable pour (NLS) d’après ce même papier. Ainsi, 
puisque ce point de départ fondamental était encore valable pour (NLS), nous avons pu 
montrer le dernier résultat suivant (Theorem 1.3 de la partie IV).



Théorèm e 4 ([5]). Soient p > 5, N  >  2, V\ < • • • < vN, (ci, . . . , cn) e (R+)n , 
(7i, • • •, 7n ) E RN et (xi , . . . ,  xN) E RN. On note R  =  J2?=i R c j^ v ^  ■

Alors il existe 7 > 0 et une famille à N  paramètres (<Pai,...,An)(Ai a n )çrn de solu­
tions de (NLS) tels que, pour tout (Ax, . .. ,An) E RN, ü existe C > 0 et t0 > 0 tels 
que
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et si CA'x, . . . ,  A'n ) ^  (Ai , .. . ,A n ), alors ¥= <Pau...,an ■

Ce résultat est bien sûr l’équivalent pour (NLS) de la première partie du Théorème 3 
concernant (gKdV). Sa démonstration est aussi très semblable, la première principale 
différence étant la technicité des calculs, bien plus importante pour (NLS) en raison 
de la plus grande complexité de l’équation linéarisée, et donc aussi de la fonctionnelle 
d’énergie à considérer. La seconde différence, plus profonde, vient du fait qu’on ait 
pu obtenir une estimée de la dérivée de la fonctionnelle d’énergie en valeur absolue, 
contrairement à (gKdV) où on utilisait une propriété de monotonie de celle-ci, qui est 
fausse pour (NLS). On s’est pour cela inspiré des techniques de localisation utilisées 
dans [6], ce qui nous a permis d’estimer la fonctionnelle d’énergie, et donc d’achever la 
démonstration du Théorème 4 de manière similaire à celle du Théorème 3.
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A bstract

We consider the generalized Korteweg-de Vries equation

3 0 _______________________________________________________________________________________ In t r o d u c t io n

dtu +  d^u +  dx(up) =  0, (t , x) e  R2,

in the supercritical case p > 5, and we are interested in solutions which converge to a 
soliton in large time in H 1. In the subcritical case (p < 5), such solutions axe forced to 
be exactly solitons by variational characterization. [3, 22], but no such result exists in 
the supercritical case. In this paper, we first construct a “special solution” in this case 
by a compactness argument, i.e. a solution which converges to a soliton without being a 
soliton. Secondly, using a description of the spectrum of the linearized operator around a 
soliton [20], we construct a one parameter family of special solutions which characterizes 
all such special solutions. In the case of the nonlinear Schrödinger equation, a similar 
result was proved in [7, 8].

1 Introduction

1.1 The generalized Korteweg-de Vries equation

We consider the generalized Korteweg-de Vries equation:

where (£, x) € R2 and p ^  2 is an integer. The following quantities are formally conserved 
for solutions of (gKdV):

J  u2(t) = j  u2(0) (mass), (1.1)

E(u{t)) = i  J  u2x(t) -  J  up+1(i) =  E(u{0)) (energy). (1.2)

Kenig, Ponce and Vega [12] have shown that the local Cauchy problem for (gKdV) 
is well-posed in H 1(R): for uq € H 1(R), there exist T  > 0 and a solution u € 
C °([0,T],ii1(R)) of (gKdV) satisfying u(0) =  uq which is unique in some class 
Yt C  C°([0,T],H1(R)). Moreover, if T* ^  T  is the maximal time of existence of u, 
then either T* =  +oo which means that u(t) is a global solution, or T* < +oo and then 
|M i)||H1 —>■ +oo as t t  T* (u(t) is a finite time blow up solution). Throughout this 
paper, when referring to an H 1 solution of (gKdV), we mean a solution in the above 
sense. Finally, if ito € Hs(R) for some s ^  1, then u(t) 6 H s(R) for all t € [0, T*).

In the case where 2 ^  p < 5, it is standard that all solutions in H 1 are global and 
uniformly bounded by the energy and mass conservations and the following Gagliardo- 
Nirenberg inequality:

p-1 p+3

Vu g tf^ R ) , J  M**1  ̂Cgn(p ) ( f  vlj  4 ^ I  v2') 4 (1.3)

idtu dìu

Uo H1:r)
d jiuP) = 0

(gKdV)

1
p + l



with optimal constant Cgn(p) > 0. In the case p = 5, the existence of finite time blow 
up solutions was proved by Merle [19] and Martel and Merle [16]. Therefore p = 5 is 
the critical exponent for the long time behavior of solutions of (gKdV). For p > 5, the 
existence of blow up solutions is an open problem.

We recall that a fundamental property of (gKdV) equations is the existence of a 
family of explicit traveling wave solutions. Let Q be the only solution (up to translations) 
of
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Q >  0, Q e H \ R), <r + Q* = Q, i-e. Q(x) = ( 2co^ 2+( L ia;) )  ”

Note that Q is the unique minimizer of the Gagliardo-Nirenberg inequality (1.3) (see [4] 
for the case p =  5 for example), i.e. for v e i f a(R):

\\vC I = C M p)\\vx\ & M J
<*=*► 3(Ao-,ao,6o) € R+ x R x R : v(x) = oqQ(Xqx + bo). (1.4)

For all cq  > 0 and x q  6  R, i ? c i I 0 ( i , x )  = Qco(x — <k)t — x q ) is a solution of (gKdV), where

We call solitons these solutions though they are known to be solitons only for p — 2,3 
(in the sense that they are stable by interaction).

It is well-known that solitons are orbitally stable (see Definition 2.7) for p < 5 
and unstable for p ^  5. An important fact used by Weinstein [22] to prove their orbital 
stability when p < 5 is the following variational characterization of Q^ '. if u is a solution 
of (gKdV) such that E(u) =  E(QC0) and /  u2 =  /  for some Co > 0, then there exists 
x q  €  R such that u =  Q c q {• — x q ) .  A s a direct consequence, if now u(t) is a solution-such 
that

inf |\u(t) -  <?<*(• -  y) ||*1(R) = 0 (1.5)

(i.e. u converges to Qcq in the suitable sense), then u = Rco,x0- For p =  5, the same is 
true for similar reasons (see [23]).

In the present paper, we focus on the supercritical case p > 5. Some asymptotic 
results around solitons have been proved: orbital instability of solitons by Bona et 
al. [3] (see also [10]) and asymptotic stability (in some sense) by Martel and Merle [18] 
for example. But available variational arguments do not allow to classify all solutions 
of (gKdV) satisfying (1.5). In fact, in Section 3, we construct a solution of (gKdV) 
satisfying (1.5) which is not a soliton (we call special solution such a solution). In 
Section 4, by another method, we construct a whole family of such solutions, and we 
completely characterize solutions satisfying (1.5). This method is strongly inspired of 
arguments developed by Duyckaerts and Roudenko [8], themselves an adaptation of 
arguments developed by Duyckaerts and Merle [7]. For reader’s convenience, we recall 
in the next section the results in [8] related to our paper.

1
p-1

QcOx) ■■
1

c ' CqX )

lim
t —y-roo y



1.2 The nonlinear Schrödinger equation case

We recall Duyckaerts and Roudenko’s results for the nonlinear Schrödinger equation. 
They consider in [8] the 3d focusing cubic nonlinear Schrödinger equation:
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{ idtu + Au  4- \u\2u = 0, (t, x) € R x R3, 

U|t=0 =  « o € i i1(R3).
(cNLS-3d)

This equation is i ï 1//2-critical, and so L2-supercritical like (gKdV) for p > 5, while
[7] is devoted to the //^-critical equation. Similarly to (gKdV), (cNLS-3d) is locally 
well-posed in H 1, and solutions of (cNLS-3d) satisfy the following conservation laws:

■EnlsMW = l f  \Vu(t,x)\2dx - j j  \u(t,x)\4dx =  £ NLS[u](0),

MNLsM (t) =  J  \u(t,x)\2 dx =  MnlsM(O).

Moreover, if Q is- the unique (in a suitable sense) solution of the nonlinear elliptic 
equation — Q + AQ + \Q\2Q =  0, then eltQ(x) is a soliton solution of (cNLS-3d).

Theorem 2 in [8} states the existence of two radial solutions Q+{t) and Q~(t) 
of (cNLS-3d) such that M n ls  [Q+\ — Mnls[Q_] — Mnls[Q], £'NLs[<5+] = ^nlsIQ- ] =:: 
•E'NLslQ]) [0> +°°) is in the time domain of definition of Q±{t), and there exists eo > 0 
such that J|Q±{t) — e%tQ \\Hi < Ge~eot for all t ^  0. Moreover, Q~(t) is globally defined 
and scatters for negative time, and the negative time-of existence of Q+(t) is finite.

They also prove the following classification theorem [8, Theorem 3].

Theorem  ([8]). Let u be a solution of (cNLS-3d) satisfying

-ËnlsM-MnlsM = -Enls[Q]-Wnls[<3]-

(a) /f  ||VitoII¿21| I I¿2 < ||VQ|[i 2||Q||L2, then either u scatters or u = Q~ up to the 
symmetries.

(b) If  HVuoir^lKHii =  llVQU^IIQIliz, then u — eltQ up to the symmetries.

(c) If  ||Vito||x,a||ito||i,2 > ||V<3 ||l 2||Q ||£2 and uq is radial or of finite variance, then either 
the interval of existence of u is of finite length or u — Q+ up to the symmetries.

In particular, if limt_*+00 ||u(<) — eltQ\\Hi =  0, then u =  e%tQ, Q+ or Q up to the
symmetries.

Among the various ingredients used to prove the results above, one of the most 
important is a sharp analysis of the spectrum <t(£n ls) o f the linearized Schrodinger 
operator around the ground state solution eltQ, due to Grillakis [9] and Weinstein [21]. 
They prove that <t(£nls) f l l  =  {—e0,0 ,+eo} with eo > 0, and moreover that eo and 
—eo are simple eigenvalues of £ n ls  with eigenfunctions 3̂ +LS and ^ LS =  iV+LS- This 
structure, which is similar for (gKdV) according to Pego and Weinstein [20], will also 
be crucial to prove our main result (exposed in the next section).
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1.3 Main result and outline of the paper

In this paper, we consider similar questions for the (gKdV) equation in the supercritical 
case p > 5. Recall that, similarly to the (cNLS-3d) case, Pego and Weinstein [20] 
have determined the spectrum of the linearized operator £  around the soliton Q(x — t): 
<r(jC)nR = {—eo, 0, +eo} with eo > 0, and moreover eo and —eo are simple eigenvalues of 
C with eigenfunctions 3>+ and y~  which are exponentially decaying (see Proposition 4.2 
and Corollary 4.4). We now state precisely our main result.

Theorem  1.1. Let p > 5.

1. (Existence of a family of special solutions). There exists a one-parameter family 
(UA)AeU of solutions of (gKdV) such that

||UA(t, • +  i) -  Q\\h1 =  0.

Moreover, for all A £ R, there exists to = to{A) 6 R such that, for all s € R, there 
exists C > 0 such that

Vi ^  i0, ||UA{t, - + t) — Q -  Ae~«*y+ II** ^  C e ~ 2eot.

2. (Classification of special solutions). If u is a solution of (gKdV) such that

then there exist A  € R, to € R and xq € R such that u(t) =  UA(t, • — xq) for t ^  io-

R em ark 1.2. From Theorem 1.1, there are actually only three different special solutions 
UA up to translations in time and in space: U1, U~l and Q(- — t ) (see Proposition 4.12). 
This is of course related to the three solutions of (cNLS-3d) constructed in [8]: Q+(t), 
Q~(t) and eltQ.

R em ark 1.3. From Section 4.5, we can choose a normalization of y± so that, for 
A < 0, ll^ r^ ll^  < || O'|| ¿2. Then f7-1(i) is global, i.e. defined for all t e l .  It would 
be interesting to investigate in more details its behavior as £ —̂ — oo. On the other 
hand, the behavior of f/1 (i) is not known for i < io-

R em ark 1.4. By scaling, Theorem 1.1 extends to Qc for all c > 0 (see Corollary 4.11 
at the end of the paper).

The paper is organized as follows. In the next section, we recall some properties 
of the solitons, and in particular we recall the proof of their orbital instability when 
p > 5. This result is well-known [3], but our proof with an explicit initial data is useful 
to introduce some suitable tools to the study of solitons of (gKdV) (as modulation, 
Weinstein’s functional, monotonicity, linearized equation, etc.). Moreover, it is the first 
step to construct one special solution in Section 3 by compactness, similarly as Martel 
and Merle [18]. This proof does not use the precise analysis of the spectrum of C due 
to Pego and Weinstein [20], and so can be hopefully adapted to equations for which 
the spectrum of the linearized operator is not well-known. To fully prove Theorem 1.1 
(existence and uniqueness of a family of special solutions, Section 4), we rely on the 
method introduced in [7] and [8].

Acknowledgements. The author would like to thank Nikolay Tsvetkov for suggesting 
the problem studied in this work, and for pointing out to him reference [20]. He would 
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2 Preliminary results

We recall here some well-known properties of the solitons and some results of stability 
around the solitons. We begin by recalling notation and simple facts on the functions 
Q(x) and Qc(x) = cp1̂ Q(^/cx) defined in Section 1.1.

N otation. They are available in the whole paper.

(a) (•, •) denotes the L2(R) scalar product, and -L the orthogonality with respect to (•, •).

(b) The Sobolev space H 8 is defined by H 8(R) = { u e  TXR) | (1 +  £2)i/2u(£) e  L2(R)}, 
and in particular H 1(R) =  { u e  L2(R) | ||w||^i =  j|,u ||j&2 +  IMI^a < + 00} L°°(R).

(c) We denote =  dxv — vx the partial derivative of v with respect to x, and d%. = d* 
the s-order partial derivative with respect to x when no confusion is possible.

(d) All numbers C, K  appearing in inequalities are real constants (with respect to the 
context) strictly positive, which may change in each step of an inequality..

Claim  2.1. For all c>  0, one has:

(i) Qc > 0, Qc is even, Qc is C°°, and Q'c(x) < 0 for all x > 0.

(ii) There exist K \,K 2 > 0 such that: Vx € R, K ie ~ ^ ^  < Qc(x) ^

(Hi) For all j  ^  0, there exists Cj > 0 such that Q ^ \x )  ~  C je~ ^x\ as |x| —> + 00.

For all j  ^  1, there exists Cj > 0 such that: Vx € R, \Q c \x )\ ^  C 'e ~ ^ xt.

(iv) The following identities hold:

3 4 ____________________________________________________________________________ P r e l im in a r y  r e s u l t s

J q I = cW% ¡ q 2 , I  (Q 'f  =  c $ %  IQ * .  (2.1)

2.1 Weinstein’s functional linearized around Q

We introduce here the Weinstein’s functional F  and give an expression of F(Q +  a) for 
a small which will be very useful in the rest of the paper. We recall first that the energy 
of a function <p € H 1 is defined by E(tp) =  |  f(dx<p)2 — -—y f  ipp+1.

D efinition 2.2. Weinstein’s functional is defined for <p € H l by F(<p) =  E(ip) + ^ f i p2.

Claim  2.3. 7/uq € H 1 and u(t) solves (gKdV) with u(0) = uo, then for alt t € [0,T*), 
F(u(t)) =  F(uo). It is an immediate consequence of (1.1) and (1.2).

Lemma 2.4 (Weinstein’s functional linearized around Q). For all C > 0, there exists 
C  > 0 such that, for all a € H 1 satisfying ||a||Hi ^  C,

F(Q +  a) = F(Q) + |(L a , a) +  K(a) (2.2)

where La =  — c%.a + a — pQp la, and K  : H 1 R satisfies |if(a)| ^

K2e Vc|x|

o a im-



Proof. Let a € H 1 be such that ||a||Hi ^  C. Then we have
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E(Q + a) = U ( Q '  + 9 ,a)2 -  I  (Q + a f* 1

= E(Q) + \ j ( d , a f  + j  Q' ■ d,a

~  F T î  /  f ( p + 1 ) Q e a + + * ( “ ) ]

since Q" + QP = Q, and where R(a) =  EkH  (p£1)<3p+1~feafe- Since ||a||Loo ^  CIMI^ < 
C, then |i?(a)| < C |a|3 < C,||o||LOo|a|2, and so K(a) = — ̂  / R(a) satisfies |i^(a)| ^  
C"||a ||^i. Moreover, we have more simply: f  (Q + a)2 = /  Q2 + /  a2 +  2 /  Qa. Finally 
we have

F(Q + a) =  F(Q) + \ j ° 2 + \ f  ( M 2 -  \  j  QP~ ^ 2 + K (a \  □

Claim 2.5 (Properties of L). The operator L defined in Lemma 2.4 is self-adjoint and 
satisfies the following properties.

(i) First eigenfunction: L Q =  —AoQ2̂  where A0 = \{p — l)(p +  3) > 0.

(ii) Second eigenfunction: LQ1 = 0, and ker L = {\Q ' ; A 6 f } .

(Hi) Scaling: If we denote S  =  , then S(x) = ^ -Q(x) + ^xQ'(x) and LS  = —Q.

(iv) Coercivity: There exists cr0 > 0 such that, for all u € H l{M) satisfying (u,Q ') = 
(u, Q2*1) = 0, one has (Lu,u) ^  ^olMliL2-

Proof. The first three properties follow from straightforward computation, except for 
kerL which can be determined by ODE techniques, see [21, Proposition 2.8]. The 
property of coercivity follows easily from (i), (ii) and classical results on self-adjoint 
operators and Sturm-Liouville theory. □

Lemma 2.6. There exist Ki, Ki > 0  such that, for all e € H 1 satisfying eA-Q1,

(Le, e) = J  e2 + /  e2 -  p J  Qp V  ^  K x |[e||# i -  K 2 (^J •

Proof. By Claim 2.5, we already know that there exists oo > 0 such that, for all e 
satisfying el-Q^  and £-LQ', we have (Le, e) ^  cr0||ej|^2. The first step is to replace the 
L2 norm by the H 1 one in this last inequality, which is easy if we choose cr0 small enough. 
If we do not suppose eLQ* ^ , we write e = £i + aQ2̂  with a = ( f  sQ^ 1)(/ (5P+1)_1 
such that £i±QEi 1 for the L2 scalar product, but also for the bilinear form (L-, •) since 

is an eigenvector for L. Since A.Q', we obtain easily the desired inequality 
from the previous step. □

1

» + 1

= £ « ) i (dxa)2 Qa P 

" 2
ÍQT'a

1
p + l  JI R(a)

1 eQ
£±l'
2

V 2

Q 1
e±i .

2 IS



2.2 Orbital stability and decomposition of a solution around Q

In this paper, we consider only solutions which stay close to a soliton. So it is important 
to define properly this notion, and the invariance by translation leads us to consider for 
e > 0 the “tube”
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Ue =  {u € H 1 | inf ||u -  Qc(- -  y) ||H1 ^  e}.

Definition 2.7. The solitary wave Qc is (orbitally) stable if and only if for every e > 0, 
there exists 8 > 0 such that, if tto E Us, then the associated solution u(t) E Ue for all 
t E K. The solitary wave Qc is unstable if Qc is not stable.

Theorem  2 .8 . Qc is stable if and only ifp  < 5.

Rem ark 2.9. 1. The stability part of this theorem is due to Benjamin [1], Bona [2], 
Cazenave and Lions [5], and Weinstein [21, 23]. Recall also that in general, the 
stability theory in H 1 requires the H 1 Cauchy theory due to Kenig, Ponce and 
Vega [12] for the (gKdV) equation.

2. The instability part of the theorem has been proved by Bona et al. [3] (see also
[10]) for p > 5 and by Martel and Merle [15] for p =  5. Nevertheless, we give 
an explicit proof of the instability of Q when p > 5 (i.e. we exhibit an explicit 
sequence of initial data which contradicts the stability) which will be useful to 
construct the special solution by the compactness method (Section 3).

3. An important ingredient to prove this theorem is the following lemma of mod­
ulation close to Q. Its proof is based on the implicit function theorem (see for 
example [3, Lemma 4.1] for details). The orthogonality to Q' obtained by this 
lemma will be of course useful to exploit the coercivity of the bilinear form (L-, •). 
Finally, we conclude this section by a simple but useful lemma which describes 
the effect of small translations on Q.

Lemma 2.10  (Modulation close to Q). There exist e0 > 0, C > 0 and a unique C1 
map a : Ueo — > R such that, for every u € Ueo, e =  u(- + a(u)) — Q satisfies

(e, Q') = 0 and ||e ||H1 < C inf ||u -  Q(■ -  y)||H1 < Ce0.

Lemma 2 .11 . There exist ho > 0, Aq > 0 and 0 > 0 such that:

(i) if H  ^  ho then ph2 ^  ||Q -  Q(• + fc)||^ < 4ph2,

(ii) if |h| > ho then ||Q -  Q(• +  /i)||^i > Aq.

Proof. It is a simple application of Taylor’s theorem to /  defined by f(a) =

I I Q - Q ( * +  « ) ! & » ■ * * □

2.3 Instability of Q  for p >  5

In this section, we construct an explicit sequence (tto.nWi of initial data which contra­
dicts the stability of Q.



Proposition 2.12. Let uo,n(x) =  AnQ(A^x) twi/i An =  1 +   ̂ for n > 1. Then
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J  u0,n ~  J  Q 2 > ^(^0,n) < E(Q) and 11^0,n Qll#i (2-3)

Pnx?/. The first and the last facts are obvious thanks to substitutions and the dominated 
convergence theorem. For the energy inequality, we compute E(uo>n) — ^  f  Qa — 

^Vr f Qi>+1. But 2 f Q'2 — ^ tt f Qp+1 by Pohozaev identities, and so

% , )  -  e(q) = - 1) -  (K-1 -  i)] ■ - i j  Jcr1

To conclude, it is enough to show that (pfc1j > ^ ( ¡ t )  for k € {2,3,4}, which is

equivalent to show that =  ¿ z jf c 1) > f  (£) =  (k-i)’ which is right since p > 5 
and fe > 1. □

R em ark 2.13. We do not really need to know the explicit expression of tto,n to prove 
the instability of Q: initial data satisfying conditions (2.3) and decay in space would iit. 
For example, we could have chosen A„ = 1 — so that conditions (2.3) hold for n large 

(in fact E(uo,n) -  E(Q) ~  f  <̂ P+1' < ® 35 n +0° in this-case).

Theorem  2.14. Let un be the solution associated to uo,n defined in Proposition 2.12. 
Then

38 > 0, Vn ^  1,3Tn € R+ such that inf ||̂ un(Tn) — Q(■ — j/)||Hi > 8. (2.4)

• We prove this theorem by contradiction, i.e. we suppose:

Ve > 0,3no ^  l,Vt € R+, inf ||u^j(i) -  Q{- ~ ^  e,
ycK.

and we apply this assumption to £o given by Lemma 2.10. Dropping no for a while, the 
situation amounts in

J u l  =  J  Q2 , E(uo) < E(Q) and Vi € R+, inf ||it(i) -  Q(■ -  y)||Hi ^  e0-

The last fact implies that u(t) €  USo for all t € R+, so Lemma 2.10 applies and we can 
define x(t) =  a(u(t)} which is C1 by standard arguments (see [15] for example), and 
e{t,x) = u{t,x + x(t)) — Q(x) which satisfies (e(i), Q7) = 0 and ||e(i)|fffi ^  Ceo for all 
t € R+. Note that x(t) is usually called the center of mass of u(t). Before continuing 
the proof, we give the equation satisfied by e and an interesting consequence on x'.

Proposition 2.15. There exists C > 0 such that

et — (Le)x — (x'(t) — 1 )(Q + e)x +  R(e),

where ||ii(e(t)) Ĥ i ^  C||e(£)||^i. As a consequence, one has |a:'(i) — 1| < C'||e(i)||ifi

\ p - ì
K4

’ 4

E
fc=2

P -  1
4

/4>
U

( P ~  1'

k nk

p - i

E
fc=5

P -  1
k ! nk

1
v +  1 -

2(p+l)



Proof. Since u(t, x) =  Q(x — x(t)) +  e(t, x  — x(t)) by definition of e and —dtu =  d^u + 
dx(up), we obtain
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x ' ( t ) ( Q  +  e )x — £t =  Qxxx +  £xxx +  (i? p)z +  p(<3p 1e)x  +  R ( s )

where

m  -  5  ( è  ( j ) < r v )  =  £  (J ) [(p -  tw -fl'* -* « * + u r* ^ } ■
As l l e l l r o o  ^  C l l e l l r , !  ^  Ceo, we have \R(e)\ ^  C\e\2 - I -  C'le^el, and so R(e) is such as
expected. Moreover, since La = —axx + a — pQp xa and Q" +  Qp = Q, we get

-e *  -  £xxx ~  p iQ ?  =  Qxxx + (<2*% -  x'(t)(Q +  e)x + R{e)

and so — et +  (Le);,, = QX-  x'(t)(Q +  e)x + ex + R(e).

To obtain the estimate on x', we multiply the equation previously found by Q  and 
integrate. Since (et,Q') = (e, Q')t =  0, it gives, with an integration by parts,

J  (u y r  = ( i ' - 1) / « y 2+ e ,q o  + j  *(£)<?.

Since L is self-adjoint, we can write (x' — 1) f(Q a -\-exQ') — / (LQ")e — /  R(e)Q'. Now, 
from | / exQ'\ ^  < IN iiiWQ'Wl* ^  CeoWQ'Wv, we choose e0 small enough
so that the last quantity is smaller than \  f  O'2; and so we have

I*' -  1| « -À s  (1 /(K » | + 1/ H(£)«'|) .

As LQ" € L2(R) and Qf 6 L°°(R), then following the estimate on R(e), we obtain the 
desired inequality by the Cauchy-Schwarz inequaUty. □

• Return to the proof of Theorem 2.14 and now consider

for x  € R, where S  is defined in Claim 2.5 and ß will be chosen later. We recall that 
S(x ) — £TiQix) +  \ XQ{X) satisfies LS  =  —Q, and in particular S(x) =  o(e~\x\/2) 
when |x| —> +oo, since Q(x), Q'(x) ~  Ce~1*1 (see Claim 2.1). By integration, we have 
C(x) = o(ex/2) when x -» —oo, and £ is bounded on R.

Now, the main idea of the proof is to consider the functional, defined for t € R+,

A t ) =  f  e ( t , x ) C { x ) d x .

The first step is to show that J  is defined and bounded in time thanks to the following 
proposition of decay properties of the solutions, and the second one is to show that | J'\ 
has a strictly positive lower bound, which will reach the desired contradiction. Firstly, 
choosing £q small enough, we obtain the following proposition.

C(z)-= (S(y) ÔQ 'y\ dy

k-». w



Proposition 2.16. There exists C > 0 such that, for a l l t ^ O  and all Xq > 0,
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f  (u2+ ul)(t,x +x(t))dx ^  Ce x°/4. (2.5)
Jx>x  0

Rem ark 2.17. Inequality (2.5) holds for all solution un of (gKdV) associated to the 
initial data uo,n defined in Proposition 2.12, with C > 0 independent of n. Indeed, we 
have u = for some no ^  1, but the following proof shows that the final constant C 
does not depend of no-

Proof. It is based on the exponential decay of the initial data, and on monotonicity 
results that the reader can find in [17, Lemma 3]. We recall here their notation and 
their lemma of monotonicity.

o Let tp(x) = |  arctan(exp(x/4)), so that tp is increasing, lim_00V’ = 0, V'(O) =  §, 
lim+oo x}) =  1, ip(—x) =  1 — ip(x) for all x e R, and ^(x) ~  Cex/4 when x —*■ —oo. 
Now let xq > 0, to > 0, and define ipo(t,x) = tp(x — x(to) + \{to — t) — xo) for 
0 ^  t ^  to, and

J x o ,t0(i) =  J  [ u 2x  +T i2 ------T Y uP+1)  ( t , x ) M t , x ) d x .

Then, if we choose £o small enough, there exists K  > 0 such that, for all t € [0, io] > 
we have

W i o )  -  W t )  < tfexp ( - ^ )

J x o M ito )  ~  Jx0,t0 ( t )  ^ K e x p  •

o Now, let us prove how this result can preserve the decay of the initial data to the 
solution for all time, on the right (which means for x > x0 for all x0 > 0). If we 
apply it to t = 0 and replace to by t, we obtain, for all t > 0,

f  (u2x + u2)(t, x + x(t))ip(x — x0) dx

^ C '  f  (ulx + ul)(x)tp(x -  x(t) + - t  — xo) dx +  K'e x°̂ 4.

But by Proposition 2.15, we have \x' — 1| ^  ^  Ceo, thus if we choose
Eo small enough, we have \x' — 1| ^  and so we obtain by the mean value 
inequality (notice that x(0) = a(tto)no) = 0) that |a;(i) — i| ^  \t. We deduce that 
—x(t) +  \ t  ^  0, and since ip is increasing, we obtain

f  (u2 + u2)(t, x +  x(t))tp(x — xo) dx ^ C  I{uox + «o)(x)ip(x — xq) dx + Ke Xo/4.

o Now we explicit exponential decay of uq. In fact, we have clearly (uqx + Uq)(x) ~  
Ce- 2A-ixi ^  Ce~2̂ I when x —> ±oo. Moreover, since ip(x) < Ce1/4 for all i £ l ,  
we have

/  (uL + v^)(x)ip(x — xq) dx 4l C /  (wL + uZ)(x)e~T* dx

^  Ce~Xo/4 j ( u 20x + u2)(x)ex/4 dx < C'e~x°/4.

ho í¿0 IAt uhi t , x) t,x) dx,

£o'
4 .



o Finally, we have more simply
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f (u2 + u2)(t,x + x(t))ÿ(x — X o)dx^ \-  f  (ul + u2)(t,x + x (i))dx, 
J  2  J x>xq

and so the desired inequality.

• Now that this proposition is proved, we can easily show the first step of the proof of 
Theorem 2.14.

1st step. We bound \J{t)\ independently of time by writing

J(t) = [  e(t,x)Ç(x) dx = f  e(t,x)Ç(x)dx + f  e(t,x)Ç(x)dx, 
J Jx> 0 Jx< 0

so that

\J (t)\ <  IKIIx,» f  (Q(x) + \u(t,x + x(t))\)dx + J  f  e2( t ,x )d x J  f  C2(x)dx 
J x > 0 V J x < 0  V J x < 0

where:

ii) V2 =  fx<0 C2(x) dx < +oo since Ç2(x) = o(e*) when x —> —oo,

iii) thanks to (2.5), we finally conclude the first step with

r ¿2? /‘n+1
U = \u(t,x +  x(t))\dx =  /  \u(t, x + x(t))\ dx 

Jx>0 n = 0 Jn

+ o o , .  \ 1/2

<  5Z ( /  u2(t, x +  x(t)) dx ) 
„=0 \Jx>n '

+ 00 / t \ 1/2
<  ||u(t, • +  x(i))||x2 +  X +  *(*))dx )

r>=1 \J*> n  /

+00
^  Ce o +  IIQÛ ï +  C ^2 e n 8̂ < +oo.

n=l

2nd step. We evaluate J' by using Proposition 2.15 and by integrating by parts:

J' =  / e*C = f  (L e U  +  (*' ~  1) / +  (*' - 1 )  f u +  f  R(eK

=  -  J sL(C)- ( x' - l ) Î Q C - ( x ' - l ) f e C  + J  R(s) C

= -  J e(LS +  W E4-) -  ( * '  -  l)y <3(S + « V )  _  (x' -  i ) y e C ' + j

Now we take fi = — ( f  QS) ( /  j , so that the second integral is null. But, by (iv) 
of Claim 2.1,

since p > 5, and so by taking c = 1, we remark that /3 > 0.

nei L ° ° 311 K r^ooU IkW

i) Hm T. 2 IklUh1 <  +0C

R i i )C-

d_ 
de .

l o 2 :2 ' o„-dQc
° de

5 — p

V 2(p — 1) c ^ " 1 0



Moreover, since is an eigenvector for L  for an eigenvalue — Ao with Ao > 0 (see 
Claim 2.5), we deduce
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J' = - (  e(-Q -  0\oQ*?) -  (x ' -  1) f e C  + f  *(e)C

= p\0JeQBP +  j Q e - ( x ' - l ) j e C  + j  R(e) Ç.

But for the last three terms, we remark that:

a) the mass conservation /  u2(t) =  fug  implies that /  Q2 + 2 /  eQ + J e2 =  /  Q2 and so 
|/Q e | < | / e 2 <

b) thanks to Proposition 2.15, we have |—(a/ — 1) / eÇ'l ^  IIINIi ÎIC Îl2 ^  C1|e||#i,

c) still thanks to this proposition, we have |/i?(e)C| ^  ||Cllz,“ ll- (̂e)lli,i ^

We have finally

J’ = /3\o J  eQ*¥ + K(e) (2.6)

where K(e) satisfies \K(e)\ ^  ClJelJ^. We now use identity (2.2) which claims

F(u(t)) =  F(uo) =  F(Q) + \(Le,e) + K'(e)

with l-K^e)] <  C ||e||^i. In other words, we have (Le, e) +  2K'(e) =  2[F(uq) — F(Q)] = 
W ^ n o )  -  ^ (Q )]  = -7no  w ith  7no > 0, since IK,no Hi* = IIQIIl2 and E(uo>no) < E(Q) 
by construction of uo)no. To estimate the term (Le, e), we use Lemma 2.6, so that if we
denote a(t) =  /  e Q ^ , we obtain

»2(t) ? # 1 1 *  -  = £  + If1 M il + -ê-KXe).
A o  A o xV o A o A o

But |K'(e)\ ^  CHell^i and UeĤ i ^  Ceo) so if we take eo small enough, we have

with K, > 0. In particular, a*(t) ^  > 0, thus a keeps a constant sign, say 
positive. Then we have

But from (2.6), we also have J r(i) =  3Xoa(t) -I- K(e) with |/i(e)| ^  C||£||^x, and so

if we choose as previously £o small enough. But it implies that J(t) '¡Z 6^1 + J (0)— ► 
+00 as t —> + 00, whidi contradicts the first step and concludes the proof of the theorem. 
Note that if a(t) < 0, it is easy to show by the same arguments that J'(t) ^  0'^ < 0, so 
limt_̂ +00 J(t) =  —oo and then the same conclusion.

k lfc .

a2(:*)* K\ 1*11Wm H «no

K I I 2
/«no

2
ru ellif C

n t ) ■ ß^oi K'W • -3Ao C M1 fm ß ; «no Ö„0 0,m
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3 Construction of a special solution by compactness

In this section, we prove the existence of a special solution by a compactness method. 
This result is of course weaker than Theorem 1.1, but it does not require the existence 
of y± proved in [20].

3.1 Construction of the initial data

Now Theorem 2.14 is proved, we can change Tn obtained in (2.4) in the first time which 
realizes this. In other words:

finfyeR ||«n(rB) -  Q(■ -  y)||Hi =  <5,
[Vi e [0,T„], infygR ||u„(t) -  Q(- -  y)\\H1 ^  S.

3<5 > O.Vn ^  1,3Tn € R+ such that

Rem ark 3.1. We have Tn — > +oo. Indeed, we would have Tn < To for all n otherwise 
(after passing to a subsequence). But by Lipschitz continuous dependence on the initial 
data (see [12, Corollary 2.18]), we would Tiave for n large enough

sup ||un(t) -  Q(- -  i) ||Hi ^  Jf ||tio,«- -  311*1. 
te[o,r0]

But since ||ti0,^ -  Q\\hi 0 by (2.3), we would have infyeR \\un(t) -  Q{- -  y)||Hi < |  
for n large enough and for all t € [0, To], which is wrong for t =  Tn €. [0, T0\.

Now we can take 6 smaller than e0, so that un(t) £ U£o for all t € [0,Tn] and 
so Lemma 2.10 applies. Thus, we can define xn(t) = a(un(t)) (notice that xn(0) = 
a(uo}Tl) = 0) such that en(t) = un(t, • +  xn(t)) —Q satisfies

Vi e [o,rn], (en(t),Q') =  0,
lkn(i)||Hi < CinfygRllunii) -Q (-  -  y)||Hi ^  CS.

Moreover, for t = Tn, we have more precisely

S< \\en(Tn)\\m ^C 5 . (3.1)

In particular, {£„(2^)} is bounded in H 1, and so by passing to a subsequence, we can 
define e«, such that

e„(Tn) £<» in H 1 (weakly) and v0 = eoo + Q.

R em ark 3 .2 . 1. As announced in the introduction, one of the most important points 
in this section is to prove that we have constructed a non trivial object, i.e. vq 
is not a soliton (Proposition 3.4). This fact is quite natural since t>o is the weak 
limit of un(Tn, ■ + xn(Tn)) which contains a persisting defect en(Tn).

2 . Since the proof of Proposition 3.4 is mainly based on evaluating L2 norms, the 
following lemma will be useful.

Lemma 3.3. There exists Cq > 0 such that, for n large enough, ||£n(Tn)||L2 ^  Cq6 .



Proof. It comes from the conservation of the Weinstein’s functional F  in time. In 
fact, we can write F(Q +  en(Tn)) = F(Q +  e„(0)) where e„(0) =  tto,n — Q satisfies 
M ° ) I I h .  0 by (2-3). Then, by (2 .2),
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HQ) + j(i£n(r„),£n(rn)) + K(e„(Tn)) = F{Q) + i(Le„(0),e„(0)) + tf(t„(0)),

J  [(¿W (r„))! +  el(T.) -  p C r 'e l m ]  < C ||e„(0)fe, + K(e*(0)) -  K(e„(T„))

and so

< C f  e^(rn) +  C ||£n(0 )||^  +C '1||en(0 )||^  +  C1||en(rn)||^1.

Since ||en(0)|U  — ► 0, then by (3.1) we have, for n large enough,

l k n ( î n ) l l / f i  « cft*(T.) +  C,C4||en(T„)fH1 +  Ç .

But if we choose S small enough so that C\C8 ^  we obtain

and finally /  e2(Tn) ^

Proposition 3.4. For all c > 0, vq ^  Qc.

Proof. We proceed by contradiction. In other words, we suppose that vn := Un(Tn, ■ + 
xn(Tn)) —»■ vq =  eoo + Q = Qc weakly in H 1 for some c > 0. We recall that it implies in 
particular that vn — y Qc strongly in L2 on compacts as n - y  +oo.

• Decomposition ofvn. Let <p G C°°(R,R) equals to 0 on (—oo, — 1] and 1 on [0, + 00). 
Now let A ^  1 to fix later and define <pa(x ) =  + -A), so that <¿>a (%) =  0 if 
x ^  —A — 1 and 1 if x ^  —A. We also define hn =  (1 — <pA)vn, Qc = QéPA and 
z n  =  <PAVn -  V a Q c  =  <Pa(Vti ~  Q c ) ,  SO that

Vn  =  (1 -  ipA ) v n  + (fiA V n  =  K  +  * n  +  Qc ■

• Estimate o/ ||z„||£2-

f  Zl = f  (vn -  Qc)2‘Pa < Í iVn -  Qcf + /  (Vn ~ Qcf
J  ̂  J J - A - l  Jx> A ~ l

^  f A+1 (vn - Q c)2 + 2 í  v2n + 2 Í  Q* = I  + J  + K. 
J - A - l  Jx> A + \ Jx>A+l

Notice that I ----- > 0 since vn ----- y Qc in L2 on compacts. Moreover, thanks to
n->oo n-400

the exponential decay of Qc, we have K  ^  Ce~2'^A. Finalfy, we have J  ^  Ce~A^  
with C independent of n by Remark 2.17. In summary, there exists p > 0 such 
that /  z2 < Ce~pA if n ^  n(A).

where \K(a)\ C'ill II* It comes

IleJ T„)

2
£nATn)fm \C (Tn) 51

4



• Mass balance. On one hand, we have by (2.3) and by the mass conservation 
f  vn =  f  uo,n =  f  Q2- On the other hand, we can develop

4 4 _______________________________________ C o n s t r u c t io n  o f  a  s p e c ia l  s o l u t io n  b y  c o m p a c t n e s s

/  «n = /  hl  + j  (Qc+ Znf +  2 ~ <Pa)-

But note that 2/_,f_1 ~ <Pa ) — —► 2 L a- i 0%<Pa(1 -  <pA) ^  Ce pA, since
f t —rOO

vn — > Qc on compacts. Consequently,

J  Q2 — J  + J  (Qc) + 2 J  QcZn + J  zn + an
where aA ^  0 satisfies aA ^  Ce pA for n ^  n(A). Thanks to the previous estimate 
of ||2»||ra and the Cauchy-Schwarz inequality, we deduce that

where a'A satisfies \a'A\ < Ce pA for n ^  n(A). But

and f  Ql = c & f  Q2 with 0 > 0 since p > 5 (see Claim 2.1). In conclusion, we 
have  ̂the mass balance

(1 -  c->) llO lli. = IW li» + <C* (3.2)-

where a"-4 still satisfies |a"^| ^  Ce pA for n ^  n(A).

• Upper bound of ||/in||£2. We remark that, ibr n > n(A), ||/in||L2 < CiS. Indeed, 
thanks to (3.1), we have

I I M l »  <  11(1  -  <Pa)Q\ \ L 2 +  \\en(Tn ) \ ] L 2 <  C e -pA +  C S <  Cx5,

if we permanently fix A large enough so that e pA ^  <53 (the power 3 will be useful 
later in the proof).

• Upper bound of \c — 1|. Thanks to the previous point and the mass balance (3.2), 
we have |1 — c“^| ^  CS2. We deduce that c is close to 1, and so by Taylor’s 
theorem that |c — 1| < K \1 — c~&\ < CS2.

• Lower bound of H^nll.̂ - We now prove that, for n ^  n(A), ||/in|lx,2 ^  C26. Firstly, 
we have, by Lemma 3.3,

C06 ^  ||e„(rn)||i2 =  K  -  Q \\L2 = ||/in + Q c + zn -  Q \\L2

^  ll^n||£,2 +  | | | | ¿2 + IIQ  ̂— Qc|li2 +  IIQc — Q^l2 = IÎ >*IIl2 IIQc ~ Q\\l2 + bA,

where bA = \\zn \\L2 +  \\QA -  Qc\\l* ^  0 satisfies bA ^  Ce~pA for n ^  n(A). 
Moreover, if we denote f(c) =  \\QC — Q\\l2 for c > 0, then /  is C°° and /(c) ^
0 =  /( l) , hence 1 is a minimum of / ,  / '( l )  =  0 and so, by Taylor’s theorem, 
/(c) ^  C(c — l)2. i.e. II(X — OIL-> ^  C\c — 11. Thanks to the Drevious Doint. we 
deduce that

C08 ^  \\K \\L2 + KS2 + bA ^  \\hn \\L2 + C62.

Finally, if we choose S small enough so that CS ^  we reach the desired in­
equality.

—A

- A - l
vl Va(1- <Pa )

Q2- K - (Qc) a-n

(Qc) Ql p \  = Q U Qc( - i ) Q l
J x < - A

1Ql C e -pA



• Energy balance. We now use the conservation of Weinstein’s functional and (2.2) 
to write

F ( u o )  =  F ( v n ) =  F ( Q  +  e n ( T n ) )  =  F ( Q ) +  \ ( L e n ( T n ) ,  e n ( T n ) )  +  K ( e n ( T n ) )

where |ii(£n(rn))| ^  C||en(Tn)||^i < C53 by (3.1). Now we decompose e„(Tn) in 

£n(Tn) =  Vn — Q  =  hn +  Zn +  Q A — Q  =  ( Q c  — Q )  +  ( Q c  ~  Q c )  +  (*n  +  ^n) 

in order to expand
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(Len(Tn), £n(Tn)) = (L(QC -  Q), QC~Q ) + (L(zn +  hn), zn + hn)

+ (L(QA -  Qc), QA ~ Qc) +  2(L(QC - Q ) ,z n + hn)

+ 2(L(QC -  Q), QA -  Qc) + 2(L(QA -  Qc), zn + K ).

We recall that (La, b) =  — /  a”b+ f ab—p /  Qp~lab, and so, by the Cauchy-Schwarz 
inequality, \(La,b)\ < (||a" ||L2 +  C|Ml£2)||6||L2. Since we have \\zn + h n \\L2 ^  
llzn||/,2 + ||^n|lx,2 ^  Ce~pA +  C\S < CS, we can estimate

\(L(Q r- Q), Zn +  K ) \  <  (IIQ"c -  Q"\\l2 +  C\\Qc -  Q\\L3)\\Zn +  h n ||x2

^ C \ c - l \ - C 8 ^ C S 3.

Similarly, we have

I(L(QA -  Qc), zn + hn)\ < (W'AQ c\\v  + 2W aQ'c\\l> + II(V>A -  1)<KIIi>
+ C\\QA - Q c\\L,)\\zn + hn\ y  

^  Ce~pA • CS < CS3.

Moreover r we have by integrating by parts (La, b) = /  a'b' + f  ab — p f  Qp 1ab, and 
so |(La,6)| ^  C '||a||m ||6||iri. It implies that

( |(L(QC -  Q),QC -  Q)| <  CtiQc- QHm < C(c -  I )2 < Ctf3,

|  I(L(Qa -  Qc), Q ? ~ Q C)\ < C\\Qa -  Qc¿ 1  < Ce~2pA ^  CS3,

{ |(L(Qc -  Q),Qa - Q c) \ ^  C\)Qc -Q \\m \\QA -  Q c \\h i ^  C \c - l\e ~ pA <  C i3,

thanks to the estimate on |c — 1| previously found. For the last term, we have

(L(hn +  Zn), hn + Z„) = ||7ln + Z„||^1 ~ P J  QP 1(K  + Zn)2

and

f  0 “- \ K  + znf  < 2 [  q r xK  + 2 /  Qp- 1z2n

< 2 / ( 1 - <pA)2Q»-'vl + 2\\Q\& J  z l  

< 2 /  i Qp~lvl + 2 \ \ Q W ^ f z l
J x < - A  J

But \\vn\\Lx ^  C\\vn\\Hl < C(\\en(Tn)\\H1 + ||(5||h1) ^  C(K6 + \\Q\\Hl) =  K>, and 
so f x < - A  Q P ' v n < C f x < - A  Q P 1 pA- A s f z n <  C e  pA, we have

F ( u q ) = F(Q) + — \\hn +  + dA ^  F(Q) + 2 ll̂ n +  2n|li2 + dA 

where |d^| ^  CS3 for n ^  n(A).



Moreover, we have -

lift» +  *»!& -  \\hnfL2 < IW &  +  2 IW U IM * , ^  Ce~2pA + 2Ce~pA ■ Cr5< CS3. 

Finally, energy balance provides us, for some N  large enough,
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with \d'\ ^  CS3.

• Conclusion. Since F(uo) < F(Q) by hypothesis, we obtain ||/i^||^2 ^  CS3. But 
we also have, by the lower bound of ||/in|lz,2, ||W ||l2 ^  C fi2. Gathering both 
information, we obtain -g- ^  S, which is clearly a contradiction if we choose S 
small enough, and so concludes the proof of Proposition 3.4. □

3.2 Weak continuity of the flow

The main idea to-obtain_the special solution is to reverse the weak convergence of vn to 
wo in time and in space, using the fact that u(t, x) is a solution of (gKdV) if and only 
if u(—t, —x) is also a.solution. More precisely, we define wq =  #o € i/^ R ), i.e. for all 
x € R, wq(x) =  uo(—x).

Rem ark 3.5. For all c > 0 and all Xo € R, one has

WO  ^  Q c( • +  X q ) .

In fact, otherwise and since Qc is even, we would have t>o(x) = Qc{x—Xq). But vri — Q = 
en(T„) and (en(Tn), Q') =  (vn, Q') =  0, so by weak convergence in H l , (v0, Q') =  0. 
Thus, we would have /  Qc(x — x0)Q'(x)dx = 0, and if we show that xo =  0, we shall 
reach the desired contradiction since we have vq ^  Q c for all c >  0 by Proposition 3.4. 
To show this, consider f(a) =  /  Qc(x — a)Q'(x) dx for a € R, which is odd since Qc is 
even and Q  odd. In particular, /(0) = 0, and it is enough to show that /(a ) < 0 for 
a > 0 to conclude (because we shall have /(a ) > 0 for a < 0 by parity). But using again 
the parity of Qc and Q', we have

ra r+oo
f(a) =  Jo [<5c(o -  x) -  Qc(a + x)]Q'(x) dx + J  [Qc(x  -  a) -  Qc(x + a)]Q/(x) dx.

Since O' is negative and Qc is strictly decreasing on R+, both integrals are negative, 
and so /(a) < 0 for a > 0, as we desired.

Rem ark 3.6. 1. Now, xu q  being constructed, we show that the associated solution 
w(t) is defined for all t positive, and can be seen as a weak limit (Proposition 3.8) 
in order to prove the convergence of w(t) to a soliton.

2. The main ingredient of the proof of Proposition 3.8 is the following lemma of weak 
continuity of the flow, whose proof is inspired by [11, Theorem 5]. This proof is 
long and technical, and thus is not completely written in this paper.

Lemma 3.7. Suppose that zo,n —1 ¿o H 1, and that there exist T  > 0 and K  > 0 
such that the solution zn(t) corresponding to initial data zo,n exists for t € [0,T] and 
suPt€[o,r] ||-2n(i) ((¿fi ^  K. Then, for all t € [0, T), the solution z(t) such that z(0) =  zq 
exists, and zn(T) z(T) in H 1.

F(uo) F(Q) '■b li»



Sketch of the proof Let T* = T*(||zb||Ji§)- > 0 be the maximum time of existence of 
the solution z(t), well defined by [12, Corollary 2.18] since s = f  > = sc(p)- We 
distinguish two cases, whether T < T* or not, and we show that this last case is in fact 
impossible.

1st case. Suppose that T  < T*. As z(t) exists for t € [0,T] by hypothesis, it is 
enough to show that zn(T) z(T) in H 1. But since C£° is dense in H~l and 
\\zn(T) -  z(T)\\h1 ^  H-ZnCOIItfi +  \\z{T)\\hi < K', it is enough to show that 
zn(T) — > z(T) in X)'(R). It is the end of this case, very similar to the proof 
in [11] (but using an H3 regularization and so using some arguments like in [14, 
Section 3.4]), which is technical and not written in this paper consequently.

2nd case. Suppose that T* < T and let us show that it implies a contradiction. Indeed, 
there would exist T' < T* such that ||2(2V)|| |  ^  2K (where K  is the same 
constant as in the hypothesis of the lemma). But we can apply the first case 
with T' instead of T, so that zn(T') —1 z(T') in H 1, and since ||2n(T')||Jii ^  K, 
we obtain by weak convergence ||^(T'/)||ii|  ^  ^  an(i s° the desired
contradiction. □

Proposition 3.8. The solution w(t) of (gKdV) such that w(0) = wq is defined for all 
t ^ O ,  and un(Tn -  t ,x n(Tn) -•)->■ w(t) in H 1.

Proof. As the assumption is clear for t — 0, we fix T  > 0 and we show it for this T. As 
limn_>.+00 Tn = +oo by Remark 3.1, we have Tn ^  T  for n ^  no- As a consequence, for 
n ^  no and for t € [0, T], zn(t) = un(Tn — t ,x n(Tn) — •) is well defined, solves (gKdV), 
and has for initial data
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zn(0) =  un(Tn, xn(Tn) -  •) =  vn v0 =  Wo in H 1.

Moreover, we have

ll/f1 ||u n ( i n  t , X n (T n ) O i l# 1

^  ||^n(2n  — t ,  Xn (T n ) Xn (T n — t )  Ollffi "t” %n{Tn — *)

^  |k n (3 n  — +  IIQIIffl ^  C8 + I IQ IIm  =  K.

By Lemma 3.7, we deduce that w exists on [0, T], and zn(T) — w(T) in H 1. □

3.3 Exponential decay on the left of w

The goal of this section is to prove an exponential decay on the “left” of w, using the 
exponential decay of un on the right. Since en(Tn — t) = un(Tn — t, • + xn(Tn — t)) — Q 
satisfies (e„(Tn —t), Q') =  0 and ||e„(Tn -  t)\\Hl ^  C8 for all t G [0,Tn], un(Tn — t ) is in 
the same situation as the situation of u summed up just before Proposition 2.15, with 
8 instead of eo for the small parameter. In particular, by Remark 2,17, inequality (2.5) 
holds for un(Tn — t ) with C independent of n if we choose 8 small enough. In other 
words, we have, for all t ^  0 and xn > 0 fand n laree enoueh).

[  ( < 4  +  * 4 ) (T n  - t , x  + xn(Tn - 1)) dx <  Ce-x° /\  (3.3)
Jx>x  0

But before passing to the limit, we have to define the “left” of w, i.e. the center of mass 
xw(t) of w(t).

IMmiII*
noi • ) l l jm



Lemma 3.9. There exists C > 0 such that, for all t  ^  0,

“ f IK*) -  Q (• -  y)\\m <  c s -
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Proof. Fix t ^  0 and no ^  0 such that, for n ^  no, Tn ^  t. Since Q is even, we have

sn(Tn - 1, xn(Tn) -  xn(Tn - 1) -  •) =  Un(Tn - 1, xn(Tn) - ■ ) -  Q(- -  xn(Tn) +  xn(Tn - 1)).

Now, if we denote wn(t) =  Un(Tn -  t ,x n(Tn) -  •) and yn(t) = xn(Tn) -  xn(Tn -  t), we 
have

But following the remark done at the beginning of this section, Proposition 2.15 is still 
valid, and so |x'n(t) — 1| < CS for t € [0, Tn]. We deduce that yn(t) — fj^-t x'n(s)ds = 
frn-t(xn(s) — l)ds + t satisfies |yn(i)| < CSt + t = Ct. By passing to a subsequence, we 
can suppose that limn_fooy„(i) =  y(t). But now, we can write

IM *) -  Q(- -  vWJIIiri < C S+  IIQ -  0 (. +  (yn(t) -  y(i)))||Hl < C'S

for n ^  N(t, S) by Lemma 2.11. Finally, since wn(t) -A w(t) in H 1 by Proposition 3.8, we 
obtain by weak convergence ||to(i) — Q(- — y(t))\[Hi ^  C'S, and the result follows. □

We can now choose S small enough so that CS < Eq, and so define xw(t) = a(w(t)) 
by Lemma 2.10, with notably ||w(i, • + xw(t)) —Q\\hi < CS. But to exploit (3.3), we 
have to show first that yn(t) =  xn(Tn) — Xn(Tn — t) is close to xw(t) for all t.

Lemma 3.10. There exists C > 0 such that

Vi ^  0 ,3no ^  0, Vn ^  no, Ix^i) -  y„(t)| < CS.

Proof. Let t ^  0 and n be large enough such that Tn ^  t. We keep notation wn(t) 
and yn(t) of the previous proof, where we have already remarked that |yn(t)| ^  Ct. 
For the same reason, we have \xw(t) — yn(i)| ^  Qt. Now choose A(t) S> 1 such that

l l ^ l l L a ( M > A ( t ) - n t )  <  S- S in c e  *>*(!) w ( * )  i n  w e  h a v e  I K M  -  w W l l t f a i f c A W )  ^  S 
for n ^  no- Moreover,

||w(f) -  Q(• -  ®«(t))||Hi < CS and ||w„(t) -  Q(• -  yn(t))\\Hi < CS,

and so, by the triangle inequality, ||Q(- -  xw(t)) -  Q(- -  ^ (t))!!^*^^*)) < CS. We 
deduce that, for n ^  no,

IIQ  — Q('  +  xw(t) ~  y n ( i ) ) l l L 2 <  V ^ I I Q  — Q ( ‘ +  xw(t ) — y n ( i ) ) | |x ,2 ( |J; |^ J4(t))

+  V2\\Q — Q(• +  xw(t) — llx ,2 (|a r|» l(t)}  

^  CS +

+ V2||Q(- +  x„(t) -  yn(t))ll^d ^^ t))

^  CS +  2 \ /2 | |Q ||£ 2 ( |a!|^i4(t)-nt) <  CS.

We conclude by choosing 8 small enough so that CS ^  Aq, where Ao is defined in 
Lemma 2.11, and we apply this lemma to reach the desired inequality (note that the 
lemma holds of course with the L2 norm instead of the H 1 one). □

IK.(*) -O í Vnm 'il* Ikn(Tn t) m : cs.

I o l u \x\>Ait))
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If we choose <5 small enough so that CS ^  1 (for example) in Lemma 3.10, we can 
now prove the following proposition.

Proposition 3.11. There exists C > 0 such that, for all t ^  0 and all xq > 0,

f  (wl + w2)(t, x -(- xw(t)) dx ^  Ce xo/4.
— r.n —  1

Proof. Let t ^  0, xq > 0 and n ^  no where no is defined in Lemma 3.10. From (3.3) 
and the substitution y =  xn(Tn) — xn(Tn — t) — x = yn(t) — x, we obtain

f  0& + Un)(Tn - 1, xn(Tn) - x ) d x ^  Ce~x° '4.
Jx<yn(t)-xo

If we still denote wn(t) =  un(Tn — t, x„(T„) — •), we deduce by Lemma 3.10 that

/ .. («4 + wl) (*>x)dx <  Ce xo/4- J xK.—xq—1-HCtu \t)

But wn(t) uAt) in H 1, so wn(t) —L w(t) and uw(i) wx(t) in Lz. Moreover, 
^  = l ( - oo-x0-i-t-xu,(t)) € L°° implies wn(t)xp ->■ w(t)ip and wM(i)^ ->• iu*(i)^ in L2, thus 
by weak convergence /;c<_a.0_1+Xw(t) w2(i, x) dx < Ce- *0/4 and the same inequality for 
wx, so the result follows by sum. □

3.4 Asymptotic stability and conclusion

The final ingredient to prove that w(t) is a special solution is the theorem of asymptotic 
stability proved by Martel and Merle [18]. Indeed, thanks to  Lemma 3.9, we can apply 
this theorem with co =  1 if we choose S small enough such that CS < a 0. We obtain 
c+ > 0 and t p(t) 6 K such that

||w(i) Qc+(• PW)llffi(x>i/io) T++ôo

Rem ark 3.12. As usual, p(t) and c+ are defined in [18] by a lemma of modulation close 
to Q, which gives the estimates ||w{i) — Qc+{- — p(t))\\Hi ^  CS, \p'(t) — 1| < CS and 
|c+ — 1| ^  CS. We deduce that

HQ -  Q{‘ +  P(t) ~  *w(î))IIhi =  HQ(- “  ?(*)) ~  Q(" ~  æu.(i))Hi/i 

^ IIQ — Qc+ IIjji +  II^W — Qc+{- ~  p(t))ll^i

+  IK*) - Q ( -  -®»(î))Hhi 
^  K\c+ -  Il + CÔ + CS ^  C"S.

Now, choosing S small enough, C"S ^  Aq and Lemma 2.11 gives |x,„(f) —p(t) | ^  CS < 1. 
Finally, Proposition 3.11 becomes

Vi ^  0, Vxo > 2 , f  (tu2 H- w2)(t, x + p(t)) dx ^  C'e X0̂ 4. (3.5)
Jx<-x 0

We are now able to prove the main result of this section.

(3•4)



Theorem  3.13 (Existence of one special solution). There exist w(t) solution of (gKdV) 
defined for all t ^  0, c+ > 0 and t p(t) such that:
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(i) |H i)  Qc+ (• p{t)) ||jyi(g) t_y+0J

(ii) Vc > 0, Vrc0 € R,io(0) ^  Qc(• + x0).

Proof. By Remark 3.5, it is enough to prove (i). We have by the triangle inequality

\\w ( t )  — Q c + ( '  ~  P ( * ) ) l l j j i ( R )  ^  I I ^ W  — Q c + ( '  ~  p ( £ ) ) l l / f 1(ir> t/10) IIjFT1 (at<t/10)

+ 2||Qe+(--  ^ t ) ) £ 1(„ , . 10) =  i + i i + m .

Since |p'(t) — 1| < CS < ^  if we choose 5 small enough, |p(f) — t — p(0)| ^  -^t and so, 
if we denote po = p(0) € R, we have ^  — p(t) ^  —| i  — p0- We can now estimate:

• I ------ >-0 by (3.4).
t-H-oo V ’

• For t large enough, we have y  +  po > 2, and so (3.5) gives

^ 11= f  (wl + w2)(t,x )dx=  j  (w l+ w 2)(t,x + p{t))dx
2  J x < t / 10 J x < t / 1 0 —p{t)

^  f  (w x + w*){t> x +  pit)) dx < Ce_t//5-------> 0.
Jx<-4t/5~po t-*+.oe>

• Finally, since (Q? + Ql+)ix ) ^  Ce2̂ + X for all ar€ M (see Claim 2.1), we have

i m  = /  J Q Z  + Q l ) ( x - m d x =  (  (QZ + Q D W d x
I  J x < t / 10 ^  + J x < t / l 0 - p ( t )  + ^

^  /  (<?£ +  0L )(*) dx ^  C [  e2V°+x dx ^  C e~rV ^
J x< -4 t/5 -po  ^  ^  Jx< -4 t/5 -po

which also tends to 0 when t —y +oo. This achieves the proof of Theorem 3.13. □

Corollary 3.14. For all c > 0, there exist wc(t) solution of (gKdV) defined for all 
t ^  0 and 11—̂ pc(t) such that:

(i) ||wc(i, • +  pc(t)) Qclljfi(R) t_¥+0J

(ii) Vd > 0, Vx0 G R, wc(0, ■ + pc(0)) t± Q(j(- + x0).

Proof. It is based on the scaling invariance of the (gKdV) equation: if u(t,x) is a
solution, then for aH A > 0, X ^u iX H , Xx) is also a solution. For c > 0 given, we thus

2

define wc by tt>c(i) =  Xc~lw{X^t. Xcz) with Ac =  where w and c+ are defined above. 
2

Since Qc(x) = Xi-1 Qc+(Xcx), we haw by substitution

lk (i) -  Qc+(- -  />(<)) |&i = A r1 ^||wc(i/Ac, • +  P(t)/Xc) -  Qc fL2 

+  - ^ d x[wc(t/Xzc, ■ + p(t)/Xc) -QcJIIra^-



We deduce that
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M t) ■
Ac 1 ||u;c(i/A3, • + p(t)/Xc) — Qc||#i if Ac ^  1,
_£±3 2

Ac p- 1 \\wc( t / \ 3c, • + p(t)/Xc) -  Qc\\2m  if Ac ^  1,

and so limt_,.+00 \\wc( t / \ 3c, • + p(t)j\c) — Qc\ =  0 in both cases by Theorem 3.13. We 
finally obtain (i) if we take pc(t) = . For (ii), if we suppose that there exist d > 0 
and i 0 6 K  such that u;c(0, • +  pc(0)) = Q^(- + x0), then we get

w0 = Q c^  ~  A))) »

which is a contradiction with Remark 3.5.

4 Construction and uniqueness of a family of special 
solutions-via the contraction principle

In this section, we prove Theorem 1.1. The proof is an extension to (gKdV) of the 
method by fixed point developed in [7, 8] for the nonlinear Schrödinger equation. To 
adapt the method to (gKdV), we use first information on the spectrum of the linearized 
operator around Q(-—t) due to [20] (see Proposition 4.2 in the present paper). Secondly, 
we rely on the Cauchy theory for (gKdV) developed in [12, 13]. Indeed, one of the 
main difficulties is the lack of a derivative due to the equation, but compensated by a 
smoothing effect already used in [12, 13].

4.1 Preliminary estimates for the Cauchy problem

Theorem 3.5 of [12] and Proposition 2.3 of [13] are summed up and adapted to our 
situation in Proposition 4.1 below. We note W(t) the semigroup associated, to the 
linear equation dtu + 8%u = 0.

N otation. Let I  C  R be an interval, 1 ^  p, q ^  oo and g : I  x R —»■ R. Then define

and I?xLqj =  {g \ \\g\lLpL<> < + 00} and LfL? = {g | \\g\\L<>Lp < + 00}. Finally, denote 
D>XL\ = and L\IPX = L%U>X.

Proposition 4.1. There exists C > 0 such that, for all g € L].L2 and all T  £ R,

d r+°°
■s- W ( t - t ' )g ( f ,x )d t '  «  C W Iy o  , (4.1)
OX Jt TOO T 2 x  [T,+ oo)

[T,-foo) *

d r+°°«-/ « C||s|Ut . (4.2)
\OX Jt r 5 r 10 1

æ [X,+oo)

Q c+ ■p it) I*

I t .

c+

110 LZL]

r+oo

m X) qdt
p / q

d x

i / p

lidiW j ¡ Á

r+oc 

— OO
W >.*)f Ix

q/p
at

i /q

W{ t'W d£X



Proof, (i) Inequality (4.1) comes from the dual inequality of (3.6) in [12], i.e.
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d r+°°
t w , * ) # '  < C ||s ||t ! i j.

Let t ^ T .  We get, for g(H,x) =  l [t)+00)(if)g(if,x),

and so the desired inequality since W  is unitary on L2.

(ii) Inequality (4.2) comes from the inequalities (2.6) and (2.8) of [13] with the ad­
missible triples (pi,ii,a!i) =  (5,10,0) and (#2, 92, os) =  (°° ,2 ,1). In fact, if we 
combine (2.6) cut in time with [0, +00) and (2.8), we get

d r+°°
IT- W { t-e )g ( f ,x )d t '  < C ||J ||W .
OX Jt  £ 5  £ 1 0

If we apply it to g(tf, x) =  1 [Tt+00)(1/)g(1f, x), we reach the desired inequality since

I d t+°° I d r+°° I
U -7  W { t - t ,)g(t,,x )d tf < 0 - /  W (t-t* )g (t',x )d t' . □
O x J t  m - f r . + 00) L * L l 0

4.2 Preliminary results on the linearized equation

4.2.1 Linearized equation

The linearized equation appears if one considers a solution of (gKdV) close to the soliton 
Q(x — t). More precisely, if u(t, x) =  Q(x — t) +  h(t, x — t) satisfies (gKdV), then h 
satisfies

dth +  Cfo =  R(h) (4.3)

where La =  —(La)x, La = —dfca +  a — pQp la is defined in Section 2.1, and

R(h) =  - d x •

The spectrum-of L  has been calculated by Pego-and Weinstein [20], and their results 
are summed up here for reader’s convenience.

Proposition 4.2 ([20]). Let a(C) be the spectrum of the operator L defined on L2(R) 
and let cress(£) be its essential spectrum. Then

<7ess(£) =  *R and cr(£) flR  = {—eo,0,eo} with eo > 0.

Moreover, eo and —eo are simple eigenvalues of C with eigenfunctions 3̂ + and 3>- =  CP+ 
which have an exponential decay at infinity, and the null space of C is spanned by Q'.

ft

o x .
W( -O íg{t',x) dt'

lì

II—
I \dx rl—oo

wr(-n)g{t',x )dt'
lì

C\
Lx L [T,+oo)

dx 1—00

(P
\ U Œ ~kh!
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4.2.2 Exponential decay

Exponential decay of 3>+ has been proved in [20], but a generalization of this fact to a 
larger family of functions will be necessary in the proof of Proposition 4.6. For A > 0, 
consider the operator A \ defined on L2 by A\u — v!" — u' — A it, and the characteristic 
equation of A\u  =  0,

fx(x) := x3 -  x -  A = 0.

Note of, ctj , erg the roots of f \ ,  eventually complex, and sorted by their real part. A 
simple study of f \  shows that <7% is always real, and (03)A>O is increasing.
Moreover, we have the three cases:

(a) If A > then cr\ and a\ are two conjugate roots such that Re of =  Re a\ =  —

(b) If A = 3J 3>then = a2 =  and

(c) If A < then cr*, g\  are real and cr* € (—\/S, — ̂ ) ,  € (—̂ =,0). Moreover, 
(<T2 )a is decreasing, and in particular /* 0 when A \  0.

This analysis allows us to define

/¿=  — Re<?2,eQ, 1) > 0
4 A>eo

and
H = { f E  /T°(R) I 0,3a  > 0,Vx e R, | / w (x)| ^  a e ~ ^ } .

Lemma 4.3. If u € L2 and f  € % satisfy u'" — u' — An = /  with A ^  eo, then u € H.

Proof First notice that u € by a simple bootstrap argument. Moreover, the
method of variation of constants gives us

tt(x) =  Aea*x i +0° e~azsf(s) ds +  B e ^ x f  e~ ^sf(s) ds +  C e ^x f * e~ ^sf(s) ds 
Jx J—OO J—oo

with A ,B ,C  € C, if we suppose that A ^  We can also notice that u' has the 
same form as u, except for three terms in /(x ) which appear, and which have the 
expected decay "by hypothesis, and so on for for j  ^  2. Hence, we only have to 
check exponential decay for u, and we write

|tt(x)| ^  A!e°*x f +°° e~ ^s\f(s)\ds + B'e**a*x T  e ~ ^ 3\f(s)\ds
J x  J —OO

+ C ' e ^ x [  e-**°is\f{s)\ds.
J —OO

By changing x in —x and by the definition of /x, it is enough to show that, if

v(x) = e a x f  ease ^  ds
J —OO

with a ^  2n, then v(x) ^  e- ^ .  Notice that one half could also have replaced one 
quarter in the definition of //, but this gain of 2 allows us to treat the case A = ^  (not 
written here for brevity), which makes appear a polynomial in front of the exponential 
in the last two terms of the expression of u. Finally, we conclude in both cases, since 
a — u ^  u > 0:
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• If x < 0, then v(x) e°8eMS ds = Ce • ê aJr̂ x — Ce*** =  Ce

• If x ^  0, then v(x) < e"“  / f ^  ds =  Ce““  • ê a~^x =  C e"^  =  C e ~ ^ .

The case A = is treated similarly. □

Corollary 4.4. ^+,3^- € H.

Proof. Since 3 -̂ =  5*+, it is enough to show that y+ £ H. But by definition of y + 
in [20], we have Cy+ =  eô y+ with y+ £ L2, i.e.

y + - y + -  eo y+ = - p W 1:^  ) = - P(P -  iw o r 'y *  -  porly+.

By a bootstrap argument, we have [V+ £ H°°(R), and in particular y+^ £ L°°(R) for all 
j  ^  0. If we denote fix )  =  —pip — l)Q'Qp~2y+ — pQp~ly'+, then by exponential decay 
of Qti) for all j  ^  0 and by definition of fi, we have |/^ (x ) | ^  < Ce- ^  and
so f  £ H. It is enough to apply Lemma 4.3 with A = eo to conclude. □

4.3 Existence of special solutions

We now prove the following result, which is the first part of Theorem 1.1.

Proposition 4.5. Let A £ R. If to =  to(A) is large enough, then there exists a solution 
UA £ C°° ([i0, +oo), H°°) of (gKdV) such that

Vs € R, BC > 0, Vi ItVA(t, • + t) — Q -  Ae-^y+W  « 7 e " 2**. (4.4)

4.3.1 A family of approxim ate solutions

The following proposition is similar to [8, Proposition 3.4], except for the functional 
space, which is not the Schwartz space but the space H described above.

Proposition 4.6. Let A € R. There exists a sequence {ZA).>1 of functions ofH  such 

that Z A =  Ay+, and if 1 and VA = X^Li e~ieotZ A, then

dtVÛ +  CVA =  R(v£) + e£(t), where e£(t) = Y ,  e jeotgAk, gAk £ H, (4.5)
j=k+1

and R is defined in (4.3).

Proof. The proof is very similar to the one in {8], and we write it there for reader’s 
convenience. We prove this proposition by induction, and for brevity, we omit the 
superscript A.

Define Z\ := Ay+ and Vx := e~eotZ 1. Then, by the explicit definition of R  in (4.3),

dtVi +  £Vi -  R(Vi) =  -R(V i) =  -R(Ae~e°ty+) ( ^ W o ^ X ]  
£2 V /

which yields (4.5) for k = 1, since y+,Q £ H by Corollary 4.4 and Claim 2.1.

; e~a: ex
J—<x

; Ce -(p-Dla

r.e-*>tAj (



Let k > 1 and assume that Z i , , Z k are known with the corresponding 14 satisfy­
ing (4.5). Now let ¿4+1 := 9k+i,k € H, so that
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dtVk + CVk = R(Vk) + e -(k+1)eotUk+1+ £  e - ^ % k,
j=fc+2

and define Zk+\ := — ( £ — (k + l)eo)_1£4+i- Remark that Zk+i is well defined since 
(k + l)eo is not in the spectrum of C by Proposition 4.2, and moreover Zk+i € H. 
Indeed, we have

Zk+1 "  ¿¿+1 -  (* + l)eo2fe+i =  -Uk+i ~ P(P ~ l)Q fÇT%ZM  -  pQp- 12'k+1 € H

by exponential decay of for all j  ^  0 and since Z jf^  € H°°(R) by a bootstrap 
argument. Hence, Zk+i € % by Lemma 4.3 applied with A = (k + l)eo ^  e0-

Then, we have

dt (V* + e -(fc+1)eotZfc+1) + £  (Vfc + e - ^ eotZk+l) = R(Vk) + £
j=k+2

Denote V*+1 := Vfc + _e- ^ +1)eo<Zfc+1. Thus, we have

m + i  + CVk+i -  R(Vk+l) = Æ(Pfc) -  R(Vk+1) + £  e~jeot9j,k- 
j=k+2

We conclude the proof by evaluating

Æ(Vfc) -  R(Vk+1) = R(Vk) -  R(Vk +  e ~ ^ eotZk+1)

' P / n\ / • \1 P(fe+1)
= dx E  [ )Qp~j ( (Vfc + -  Vi) = £  e - ^ v t ,

_j=2 V / V '  J j=k+2

which yields (4.5) for fc + 1, and so completes the proof.

4.3.2 Construction of special solutions

We now prove Proposition 4.5, following the same three steps as in [8]. The main 
difference comes from step 2, because of the derivative in the error term which forces us 
to use the sharp smoothing effect developed in [12]. Let A  € R and s ^  1 be an integer. 
Write

UA(t, x + t) = Q(x) +  hA(t. x).

First, by a fixed point argument, we construct a solution hA € C°([tk, + 00), Hs) of (4.3) 
for k and tk large and such that

VT ^  ife, H(hA -  Vk){T)\\a . ^  e~(k+fr°T. (4.6)

Next, the same arguments as in [8] show that hA does not depend on s and k. For 
brevity, we omit the superscript A.

-¿eo i
9j,k-

+ e~^k+l)ent
Zk+1)



Step 1. Reduction to a fixed point problem. If we set h(t, x) =  h(t, x — t), equa­
tion (4.3) can be written as
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dt'h +  %h =  -S (h ), S(h) =  p  -  t)hk . (4.7)

Moreover, we have, by (4.5), ek(t) =  dtVk +  d%Vk -  dxVk +  dx [E*=i (^)Qp~j^{\- Now 
let v(t, x) =  (h — Vfc)(i,x — t) and subtract the previous equation from (4.7), so that

dtv + d%v= -S[v  +  Vfe(£, x - t)] +  S[Vk(t, x -  i)] -  efe(i, x - t ) .

For notation simplicity, we drop the space argument (x — t) for the moment. Then, by 
DuhamePs formula, the equation can be written as

v(t) = M (v)(t) := f +0° W (t -  f )  [5(Vfc( 0  +  v{t')) -  S(Vk(t')) + efe(i')] dt'. (4.8)

Note that (4.6) is equivalent to ||v(T’)||ii, ^  e (k+^ e°T for T  > tk. In other words, 
defining

Ni(v) =  supe(fc+2)eoT||u(r)||Hi,
TZtk

N2(v) =  £  sup ,
P^jT>tk 1 tr.+eo)

A(u) =  AtktklS(v) = max(Ni(v),Ni(v)),

it is enough to show-that M. is a contraction on B  defined by

B  =  B(tk,k ,s)  =  [v e Cu{[tk,+  | A(v) ^  1) .

Rem ark 4.7. The choice of the two norms Nx and N2 is related to the fact that global 
well-posedness ofsupercritical (gKdV) with initial data small in H 1 can be proved with 
the two norms Nr(v) =  sup^g ||v(i) ||H1 and N2(v) = IM I^io + IIdxv\\LsLio, follow­
ing [13]. We could also have used other norms from [12].

Step 2. Contraction argument. We show that M. is a contraction on B  for s ^  1 and 
k, tk sufficiently large. Throughout this proof, we denote by C a constant depending only 
on s, and Ck a constant depending on s and k. To estimate Ni(M.(v)} and N2{M(v)), 
we have to explicit

S(V* +  v) -  S(V*) =  ^  E  (j)«"-* (M, + f)‘ -  Vi)

~ p8x Ay dx ’OX a,̂,7 OX

where I =  Qp 1v and II«, = QaVkv'r, with: 7  ^  1, /? +  7 ^  2, a  +  /? + 7 =  p ^ 6.W
ppm now writ.p

/ +°° 8  r+oo f)

|9,(I)I i<+ £  CoA-r/  P‘(IW 1
r + 0 0

+ J W i t - ^ d ’EkWdt'.

d_
ìx l )

*-k(x

) c (*+j »T\\ir '‘

_  ö_ 
dx (pQ 1V

d_ 
 ̂dx :íí S'(;)H ' V -i

& M(v] W{(t-i
dx



By (4.1) and (4.2), we obtain
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We treat the terms ek, I, II«,0,7 for a =  p — 2, /3 — 7  = 1, and for a  = /? =  0,7  = p. All 
other terms can be treated similarly: for example, can be treated like IIp_2,i,i,
etc.

For I, since 0  and its derivatives have the same decay, it is enough to estimate the
tern || Q f - ' & v l^fr.+co) : C lle'

-\x-t\Qsv
* [1, + 00)

r 1 t2 “t
( —oo,T} [T,-j-oo)

• C||e*- •«•«IIj r 2r.+ocOnT,*! 'fr.+ooj-^fi.+oo)

ILL ■-*(dsv f  dtdx + C T V * * a  e2t(dav)2 dtdx

F T
OO 0

eix-2t^Qsvy  dtdx

by the Cauchy-Schwarz inequality. Now, by Fubini’s theorem, and since 4s — 21 ^  21 in 
the last integral, we get

e -(2fc+l)eot-2t fa  _j_ 2Ce~TN1(v)< r +00
e-(2fe+l>eot+2t

e-(k+±)e0T -T

f(2k + l)eo + 2
+ 2Ce~TNi(v) £ CNx{v)~

-(fc+i)e0T

Vk

Note that, since k will be chosen large at the end of the argument, we can suppose 
(2k + l)eo > 2.

For IIp_2,i,i, we treat similarly the term IIp_2,i,i = ||<3p_2Vfcasu||LiL2 , since V*
’ ’ *  [7\+oo)

and its derivatives have the same decay. In fact, we have by Holder’s inequality

; c \ \ d ° v  I
L z L [T,+

livfe||I LV*L-5/2  
J[T,+o

(fe+i)eor|
I t ÿ ‘l f 5 /2  

V,+00)

By the definition of 14 in Proposition 4.6, we have, noting e’0 =  |e 0 and ¡j! =  |/x,

IIHI
5/4
r  5 /4 t 'L>x L>\r 5 /2  

•J[T,+oo)
CfcHc -e°te - c-t| l|5/4

Il4/4̂ /2
r,+oo)

p’t —/z'tg/Lt'x (1 dtdi + Ck
r+oo

/ t i ï
o-e'Qten'te dtdx

a r r -/i'tg/Za'* dt (h

o+M')t fit Cf di

+ C*
r+oo
I e 
T

XD

e- (eo+/ ltdx

_ ei: "2 r since n < eo by definition of //.

max i l* * l(v)( 01 i,;' i|ÔVM(v)0IIl|£¡TIO
b [T,+ oo

i/)«-1£k

2^
a,j9/Y

Ca,̂ ,7l113*1'(H ., llt'Lr2
"[T,+oc

(4.9)

fell L\1V2■'(r.+oo)
+c■liasm f̂r.+o

1 =

ï  ;£ Cile*"' d 8i c\IIe*'

J—oc
e2x dx

í ; Ce Ni (V)

% Ce7i'VilVI
k+i))eoT+T

1(2~k 1-1)«en — 2

* c n 2{v)éEL.

sc*.e&
I
-T

3Cjfei

+ C\ C
e~2x dx
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We finally deduce that /4,5/2
[T,+oc

, and so U p —2,1,1 : ; c kN2(v e ■-f)eoT

For IIo,o,P = i f ,  first remark that

8s (if) =  pd*-_1(8V • i f  X) =: pa’v ■ i f
8-2
E
fc=0

5 — ]
k )

*+1v •

where eadh term of the sum is a product of p terms like d*jv with Sj ^  s — 1. Since 
//’1( R ) f  L°°(R), we can estimate the first term thanks to Holder’s inequality, by

\d*v • •i f 11|
Hoo)

Ce"p(i +*)<W N i  i iV 2\V)

■ l l ^ | L10[T,+oo)
\v\iiU .+oo)

The other terms in the sum can be treated in the same way, and more simply since we 
can choose any (p — 5) terms to take out in jLjr+00)Z£° norm, and any 5 others left in 
LlL #  , ^  norm.

For ek, we deduce, by a similar calculation like above and by the expression of ek 
in (4.5), that

IKT^.Il 2
'[T,+oo)

s c * . r
>—2(fe+l)e( e-5-2/i|x—1| dtdx £ »eo T

Summarizing from (4.9), we have shown

ma: ; /g(fc+|)eo7 <)(T) . , E f./_n
:+5)e°r ||( 10

IT .+ » ;

+ c y \ (u)e * -Ce~(Cp —i ) 0 )eo TTn {vy Yoii 0 •

Since t; G B(tk,k,s), i.e. k{v) < 1, we have

'_C_
.y /kX

Cifi--eo t*I A(V
C_

V«

First, choose k so that ^  then take tk such that Cke ^ tk ^  Then M. maps 
B  =  jB(it, A:, s) into itself.

It remains to show that M  is a contraction on B. But for v,w £ B, we have

M (v) - \4(w)
- r

r+oo
= f  W(t ?(H(* (*')) - S(Vk ) + u-(0)1

and

S(Vk + v )~  S(Vk + w) =
8_

dx |(0'\ o r :f [(H + v UU)-(Vfc-

d_

d x £< ! or* tv -
j -1

■E
¿=1

rvt + 1. (vfc- wy-*

a jp -i
?  1( v  — tw )l

V--

d_
dx

( v -— w )  • E 0,n, sQ ° >£v w6

lC ki -eoiI|V; lliï

05-11-fc

Ci
[k+l)e

-Qt CNil
Vk

c 'ktA M(v) XlCke-%tk



Under this form, a similar calculation like above allows us to conclude: the first term is 
treated like I, and each QaV^v'yws can be treated like IIQi/3i7 if we systematically take 
out the term A(v — w) by Holder’s inequality. Hence we get, as there is no term in £*,
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A(M(v) — M(w)) < + Cfce eotfĉ  A(v — w).

Choosing if necessary a larger k , then a larger tk, we may assume that -j- < \  and 
C'fce-60*'1 ^  | ,  showing that M. is a contraction on B. Hence, step 2 is complete.

Step S. End of the proof By the previous step with s = 1, there exist ko and io such 
that there exists a unique solution UA of (gKdV) satisfying UA € C°([io, +oo),H1) and

K to ,i  ( UA(t, x ) -  Q(x - 1) -  V£(t, x -  t)) < 1. (4.10)

Note that the fixed point argument still holds taking a larger to, and so the uniqueness 
remains valid, for any fQ ^  to, in the class of solutions of (gKdV)_ in C°([t'0, +oo), H 1) 
satisfying (4.10).

Finally, we can show Proposition 4.5. Since UA is a solution of (gKdV), it is sufficient 
to show that UA € C°([to, +oo), H*) for any s, since the smoothness in time will follow 
from the equation. Let s ^  1. By step 2, if ks is large enough, there exist ts and 
UA € C°([is, +oo), H a) such that

A t„ks,s ( p Afo x ) -  Q(x - 1) -  V& (*> x - t ) ) K  i.

Of course, we may choose ks ^  k&+l. But by construction of in Proposition 4.6, 
we have VAs(t, x — t) — VA0(t, x — t) =  YljLko+i e~jeotZ A(x — t) where Z A e %, and so, 
by similar calculation like in step 2,

for ts large enough. Moreover, we have, by definition of A (and since ko ^  ks — 1),

Thus, if we choose ts large enough such that e eots ^  | ,  we get by triangle inequality

Atj,jfeo,i (  ÜA{t, x) -  Q(x- 1) -  Vj£ (i, x -  i)) ^  Ats>feo,s (  UA(t, x ) - Q ( x - t ) - V k 0( t ,x - t ) ]

< AtsM<s( u A{ t ,x ) - Q ( x - t ) - V £ ( t , x - t ) ' j+ A tsMtil(y£s( t ,x - t ) - V £ 0( t , x - t ) ) < 1.

In particular, UA sa tires (4.10) for large ta. By the uniqueness in the fixed point argu­
ment, we have UA =  UA, which shows that UA € C°([ts, +oo), H s). By the persistence 
of regularity of the (gKdV) equation, UA € C°([to, +oo), H s), with s ^  1. In particular, 
by compactness on [io, ta], there exists C = C(s) such that

Vt > i0, II UA(t,x) -  Q(x - t ) -  VuAt.x — i)|L , ^  Ce (feo+a)eot

and so (4.4) follows, which achieves the proof of Proposition 4.5.

c
. re.

At,î,fco,s k (:(t,x ,(*»*■ o a

Atä t(u) -eo ti ,kSli (u).



4.4 Uniqueness

Now, the special solution UA being constructed, we prove its uniqueness, in the sense 
of the following proposition, which implies the second part of Theorem 1.1.

Proposition 4.8. Let u be a solution of (gKdV) such that
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Then there exist A  € R, io € R and x0 € R such that u(t) =  UA(t, ■ — xo) for all t ^  to, 
where UA is the solution of (gKdV) defined in Proposition 4-5.

The proof of Proposition 4.8 proceeds in four steps. First, we improve condi­
tion (4.11) into an exponential convergence and we control the translation parameter, 
then we improve the exponential convergence up to any order, and finally we adapt 
step 3 of [8] to (gKdV) to conclude the proof. A crucial argument for the first and third 
steps is the coercivity of (L-, •) under orthogonality to eigenfunctions of the adjoint of £, 
proved in [6|.

4.4.1 A djoint of £

We recall that L is defined by La =  —d%.a+a—pQp~la and £  by £  =  —dxL. In particular, 
the adjoint of £  is Ldx. Moreover, £  has two eigenfunctions y±, with Cy± = ±eo34 
where eo > 0.

Lemma 4.9. Let Z± =  Ly±. Then the following properties hold.

(i) Z± are two eigenfunctions of Ldx: L(dxZ±) = =FeoZ±.

(ii) (y +,Z +) =  (y„ ,Z . )  =  0 and (Z+,Qf) =  (Z .,Q ') =  0.

(in) There exists o\ > 0 such that, for all v € H 1 such that (v,Z+) = (v, Z_) = 
(v,QI) =  0, (Lvrv) >  ai\\v\\2Hi.

(iv) One has (y+,Z-) ^  0 and (Qr, y+) ^ 0 . Hence, one can normalize y± and Z± to 
have

(y+,Z .) = (y . ,Z +) = l, (Q ',y+)>  0 and still Ly± = z ±.

(v) There exist <72 > 0 and C > 0 such that, for all v € H 1,

{Lv ,v )>a2\\vtfm - C ( v , Z + f - C { v , Z - ) 2 -C{v,Q>)2. (4.12)

Proof, (i) It suffices to apply L to the equality —dx(Ly±) =  ±eo3^t-

(ii) We have (y±,Z±) =  T±(dx(Ly±),Ly±) = 0 and (Z^Q1) =  (Ly±,Ql) = 
(34, LQ') =  0 since L is self-adjoint and LQ  =  0.

(iii) This fact is assertion (7) proved in [6].

inf
« C U

Hit)  ■ -Q( y) \mi  1 f  t—»-foo
(4.11)
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(iv) If we had (y+yZJ) =  (Z+,yJ) =  0, then by (ii) we would have in fact 
(3>+ + y~)-LZ+, Z-,Q ' since Qf is odd and 3V + y~ is even, and so, by (iii),
(L(y+ + y_ ) ,y+ + y .)  ^  y + + y . \ \2m . But (L(y+ + y . ) , y + +  y _) = 
(Ly+,y +) + (L y . , y _) +  2 (Ly+,y_) = (z +,y +) +  (z . , y _) +  2 ( z +,y . )  = 0,
and so we would get ||y+ + ^ - 11*1 =  0, i.e. 3V = —3;-, which is a contradiction 
with the independence of the family (^+,3^-).

Similarly, if we had (Q', y'+) = 0, we would have (Q", y+) = 0. Moreover, we have 
(Q, 3>+) =  -¿ (Q , (L y+)') = —(LQ', 3>+) = 0, and so we would have

(Q, Z+) =  (Q, Ly+) = (LQ, y +) =  (-Q" + Q -p Q p,y+) = -p(Q -  Q", y +) =  0.

But we would also have (Q, Z_) = 0 as Q is even and Z_ = Z+. Since (Q, Q ) = 0, 
we would finally have (LQ,Q) ^  0 i||Q ||#i by (iii). But a straightforward calcula­
tion gives (LQ , Q) = ( l -  p) f  QP+1 < 0, and so a contradiction.

Finally, if we note r) =  (y+,Z -)  ^  0, then the normalization = f t - ,  Z -  =

= L y -  satisfies the required properties if (Q\ 3+) > 0. Otherwise, it suffices 
to change 34 and Z± in ~y± and —Z± respectively.

(v) Let v € H \  and decompose it as

v = a.y+ +  ßy~  +  7 Q' +  v±_

with a  =  (v,Z_), ß = (v,Z+), 7  =  IIQ'IIZ*^, V )  ~*(y+,Q ') - ß(y~,Q')] and vx 
orthogonal to Z+,Z~,Qf by the previous normalization. We have, by straightfor­
ward calculation, (Lv,v) =  (Lv±,v±) + 2aß, and (Lv±,v±) ^  cri\\v±\\2Hi by (iii), 
so we have (Lv, v) ^  <7i ||wx If# i — a2 — ß2. Finally, we have by the previous decom­
position of v that

IMIhi ^  C(a2 + ß2 + 7* + Ikxlljji) ^  C'(a2 + ß2 + (v^Q1)2 + ||ü l||# i)

and so (Lv, v) ^  a\ -¿f* — a2 — ß2 — (v, Q')2 — a2 — ß2, as desired.

4.4.2 Step 1: Improvement of the decay at infinity

We begin the proof of Proposition 4.8 here: let « be a solution of (gKdV) satisfy­
ing (4.11).

• By Lemma 2.10, we can write e(t,x) =  u(t,x+x(t)) — Q(x) for t ^  t0 with t0 large 
enough, where e satisfies ||e(£)||ffi — ► 0 and e(t)±.Q' for all t ^  i0. We recall that 
we have, by Proposition 2.15,

~ (Le)x = (x' -  1 )(Q + e)x + R(e) (4.13)

where ||i?(e)||Li < CHerĤ i and \x? -  1| ^  C\\e\\H1. 

• Now consider
a+(t) = / Z+e(t), a-(t)  =  / Z_e(t)

where Z± are defined in Lemma 4.9. Since ||£(i)||Hi — > 0, we have of course 
a±(t) — y 0. The two remaining points will be to show that a±(t) control ||e(i) ||ffi , 
and have exponential decay at infinity.



• First, we recall that, by linearization of Weinstein’s functional (Lemma 2.4),
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F(Q + e) = F{Q) + -(Le,e) + K{e)

where |jF£T(er)| < CUeH^i. But F(Q +  e) — F(Q) is a constant which tends to
0 at infinity in time, and so is null, hence we get |(£re,e)| ^  C'||e||^ri. We now 
use (4.12), which gives, since (e^Q1) =  0,

(Le,e) ^  cr2||e(i)llwi -  Ca2,(t) -  Ca2J t )

and so <T2||e(t)||^i — Ca+(t) — Ca2_(t) — C"||e(i)||#i ^  0. For to chosen possibly 
larger, we conclude that

lk W llix < C (a2 (i) +  a 2_(i)).

• We have now to obtain exponential decay of a± to conclude the first step. If we 
multiply (4.13) by Z+ and integrate, we obtain

a'+(t)-eo a+(t) =  ( x '- l )  J  (Q + e)t Z++J R(e)Z+ =  ( x '- l )  J  exZ++ J R(e)Z+

by integrating by parts and using (i) and (ii) of Lemma 4.9. By the controls of 
\x' — 1| and R(e), we get |a+ — eoa+\ ^  ^  C(ac2+ +  a2_). Doing similarly
with Z_, we have finally the differential system

j  \a'+ -  eoa+\ < C(a+ +  a2_), (4.14)

^ |orl_ + eoû!-| < + û£). (4-15)

• Now define h(t) = a+(t) — Mo?_(t) where M  is a large constant to define later. 
Multiplying (4.15) by |a_| (which can of course be taken less than 1), we get

h'(t) =  a'+(t) — 2 Ma-(t)a'_(t)

^  e0a + — C(ot2+ + a i)  +  2Me0a2_ — 2C,M|c*_|(a+ + a2_)

>eoh + ZMeoal -  2Ch2 -  2CM2a i  -  C*a2_

-  ACMh2 -  4CM3|a_ |5 -  2CM |a_|3

since = (h + M a?.)2 < 2(h2 + M 2aA_). We now fix M  =  so that

h '^ e o h -  2Ch2 -  4CMh2 + a2_ (2Meo -  2CM 2a2_ -  4CM3|a_ |3 -  2CM |a_|) .

Then, for t large enough, the expression in parenthesis is positive, and so

h' ^  e o h  — C M h ■

Now take to large enough such that, for t ^  to, we have CMh2 ^  and
suppose for the sake of contradiction that there exists t\ ^  t0 such that h(t\) > 0. 
Define T — sup{f ^  t\ | h(t) > 0} and suppose that T  < + 00. As we have 
h'(t) ^  eo [h(t) — for all t ^  to and of course h(T) =  0, we would have in 
particular h'(T) ^  0, so h increasing near T, and so h(t) ^  0 for t G [T — e,T], 
which would be in contradiction with the definition of T. Hence we have T  — + 00, 
and so h(t) > 0 for all t ^  tx- Consequently, we would have h'(t) ^  ^h(t)  for all 
t ^  ¿i, and so h(t) ^  C e ^ ,  which would be a contradiction with limt_>.+00 h(t) = 0. 
Therefore, we have h(t) ^  0 for all t >  to- Since —a+ satisfies the same difierential 
system, we obtain by the same technique, for all t ^  to, |or+ (¿)| ^  M a2_(t).



• Reporting this estimate in (4.15), we obtain
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for t large enough. In other words, we have | (ee°ta;_(t))/| ^  |g|eeoia:_(i)|, and 
so, by integration, |or_(i) | ^  Ce~&eot. Using a bootstrap argument, we obtain 
|<*'_(t) +  eoa_(i)| < Ce~ a n d  so, we get |e ^ a ^ t ) ]  < C for all t ^  i0, 
still by integration, i.e. |a_(i)| ^  Ce-eot. By the previous point, we also obtain

\a+(t)| ^  Ce~2eot (4.16)

and finally, ||e(i)||#i ^  C(a\(t) + ccl(i)) ^  Ce 2eot.

For clarity, we summarize the results obtained so far. 

Lemma 4.10. If u is a solution of (gKdV) which satisfies

tof M i)  - Q (  - y ) II*. - ^ o ,

then there exist a C1 map x : t € R x(t) € R, io G R and C > 0 such that

Vi >  to, ||u(i, • + x(t)) -  Q\\hi ^  Ce eot.

4.4.3 Step 2: Removing m odulation

• From the previous point, we have in fact {(e^a^it))^ ^  Ce~eot € Lx([i0,+oo)), 
and so there exists

lim e ^ a J t )  - .  A € R
t-f+ oo  ' '

with |eeota_(i) —A\ ^  Ce 604 for t ^  io by integration. Similarly, since \x'(t) —1| ^  
C\\e(t)\\* ^  Ce-60*, then 3 limt->+00x(t)—t =: xo G R with |x(i)—i —x0| ^  Ce~eot.

• Now consider the special solution UA constructed in Proposition 4.5, defined for 
a to chosen possibly larger, and still write UA(t, x + 1) = Q(x) +  hA(t, x). Let

v(t, x) = u(t, x + 1 + xo) — Q(x) — hA(t, x) — u(t, x + t + xo) — UA(t, x + t).

So we want to prove that v =  0 to complete the proof of Proposition 4.8. We first 
give estimates on v using the previous estimates on e.

• Since u(i, x) =  e(i, x — (x(i) — i — xo)) — hA(t, x) +  Q(x — (x(i) — t — xo)) — Q(x), 
we simply obtain exponential decay for v for i0 large enough, by Lemma 2.11 and 
exponential decay of hA, if we write

IkWII/ii ^  IKOIIjii + iM OIIiri + ll<? -  Q(■ -  (x(t) - 1 -  x0))||H1
< Ce~eot + C\x(t) - t - x 0| ^  Ce~e°t.

K-.(*) h 60 C ■Wl C a î(i)
6q

10 M



• Moreover, we can write
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u(t,x) =  Q(x—x(t))+e(t, x —x(t)) = Q(x—t —x0)+hA(t,x—t —xo)+v(t,x—t —xo).

If we denote oj(t,x) = Q(x — (x(tj — t — xo)) — Q(x) — (x(t) — t — xo)Q'(x), we 
have ^  C(x(t) — t — xo) < Ce'~2e°t by Taylor-Lagrange inequality, and

v(t,x) — (x(t) — t — xo)Q'(x) — hA(t, x) +  e(t, x — (x(t) — t — Xo)) +  u>(i, x).

Moreover, we have, for all x £ R and to,

\e(t,x -  (x(t) — t — xq)) -  s(t,x)| = dxe(t, s) ds

Ax(t) - t - x o u r n * <  Ce -§eo t

by the Cauchy-Schwarz inequality We have finally

v(t, x) = (x(t) — t — xq)Q'(x) — h^it, x) + e(t, x) + oj(t, x) (4.17)

where u> satisfies ||w(t)H£oo ^  Ce ^eot.

• Following the proof of (v) in Lemma 4.9, we now decompose

v(t,x) =  <*+(£)}>_ (x) + a^(i)y+(x) +  f3(t)Q:(x) + vs.{t,x) (4.18)

with
aA(t) =  f -Z+v(t), aA(t) =  f Z-v(t)

and

m  = lie'll« ! Um - aim. -  oimy+W-
Hence, we have (v ±, Q1) =  (u_i, Z+) =  (v ±, Z_) =  0, and so, by (iii) of Lemma 4.9,

(Lv±,vx) > ( T i \ \v ± \\2h 1 .  (4.19)

• Multiplying (4.17) by Z±, we obtain estimates on a±. Indeed, since (Z±, Q1) =  0, 
we have

aA = - ( h A,Z ±) + a± + (u ,Z±).

But ¡(/i^, Z+)| ^  Ce_2cot since (iV+, Z+) =  0, and |a+| < Ce~2eot by (4.16), and so 
|a+| ^  Ce~^eot. Similarly, (y+,Z-) =  1 implies that \{hA, ZJ)—Ae-eot| ^  Ce-2eot, 
and since |a_ — Ae~e°t\ ^  Ce-2eot. we also get |a^ | < Ce~^e°t. To sum up this 
step, we have (4.18) with the following estimates, for f ^  to,

In (4.20), it is essential to have obtained estimates better than Ce 604 for (see 
next, stenV

r*-0x(t ) - t ~ x  o

H tu : C e - feot
1

-feo* ll«(t> \m Cee_eot. (4.20)
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4.4.4 Step 3: Exponential decay at any order

• We want to prove in this section that v decays exponentially at any order to 0. In 
other words, we prove that

V7  > 0 ,3C7 > 0, Vi ^  to, ^  c ^ r * .

It has been proved for 7  =  eo, so that it is enough to prove it by induction 
on 7  ^  eo- Suppose that ||u(i)||Hi ^  Ce-7*, and let us prove that it implies

IKOIIjri < C 'e - i^ y .

• Since u and UA are solutions of (gKdV), v satisfies

dtv -  dxv + (%v +  dx [(<3 + hA +  v)P -  (Q + fr4)*] = 0- (4-21)

But

(Q +  hA +  t;)P -  (Q+-hAy  = p (Q + hAy  'v + ]T) ijjji (Q + hA)P

=  p Q p v [t,x)v- [t,x)v2

where

u i(trx) -- X.
fc=l

'v -  1N
k

Q P -1 - ,
M *

and

u}2(t,x) = s (33 [Q + hJ
r>—1c

k- 2

Since ||/iA(i)||ioo ^  C^hA{t)\\Hl ^  Ce eot and IM t)^«, ^  C'II^WIIhi ^  c , we 
have the estimates

and (4.21) can be rewritten

dtv + Cv + dx[ui (t, x)v] + dx[u)2 (t, x)v2] =  0. (4-23)

If we multiply (4.23) by Z+ and integrate, we get aA'—eoaA = J uj\vZ'++ j uj2v2Z'+, 
and so

V4 -  e„ai\ < h M IU M O M IZ ilk , + IW*)IIÌ-ll^ i 11̂
Ce,-(7+eo)t>* + Ce~ Ce

Consequently, we have |(e eota+)'| ^  Ce 7̂+2e°^, and since e ^a+ it)  — | 0 

by (4.20), we get by integration |a+(i)| ^  Ce~^+eô .

Multiplying (4.23) by Z_, we obtain similarly \a ^  + eoaA\ < Ce- 7̂+c°)t, and so 
\cxA(i)| ^  Ce- 7̂+e°^, since |eeota^(i)| ^  Ce~^eot > 0 still by (4.20).

\ \u jvm Il L°° [ C e eoi
r,oo C, (4.22)

112̂ (,Oll f.« IN



• We want now to estimate \(Lv,v)\. To do this, we rewrite (4.21) as

dtV +  dx [d%v — v ■+• (Q +  hA +  vj — ((^ 4- hA ĵ J = 0,

multiply this equality by the expression in the brackets and integrate, to obtain 
/  dtv • \c%v — v + (Q  + hA + v}P — (Q + hAy \  — 0- other words, if we define
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m-1 1 v2x AfÎU S '
1

J p + l ' 'rr (0 + '>/1‘ +  U)1
\p+l

+ f  v(hA - q Y
i

p + i
- r (h A + Q

we have F'(t) =  -  J  dthA • n Q + hA + u)P -  (Q +  hAy  -p v (Q  + hAy  *1.

fNP+i

But hA satisfies (4.3) by definition, so dthA =  —c%hA+dxhA—pdx(Qp~lhA)+R(hA). 
Moreover, by Proposition 4.5, there exists C > 0 such that, for all t ^  to, we have 
||/iA(i)||H4 < Ce~e°t. We deduce that

\\dthA\\TX < CWdthH^ < C\\hA(t)\\a< £  Ce-**.

Therefore, \F’(t)| < C\\dthA\\Loo\\v(t)\\2L2 ^  C e ~ ^ +̂ \  and so |F(i)| < C e ~ ^ +ê

by integration, since limt-v+oo F(t) = 0. Moreover, by developing (Q + hA + 
in the expression of F , we get

= ^(Xu, v) -  i  f  Ux(t,x)v2 -  IU)2(t,x)v3

where uii defined above and u;2(t, x) =  ^  £ ^ 3  (Pfc1) {Q +  vk~3 satisfy
the estimates ||wi(i)|jLOO < Ce_eot and l|t^(t) < C. Hence, we have

€-Ce (2-y+en) Ce s Ce (2 7 +eo)t

Thus, we finally obtain \(Lv, w)| < Ce~(-2'r+e°̂ t.

• The previous points allow us to estimate ||t>j.||Hi. Indeed, we have, by straightfor­
ward calculation from (4.18), the identity

(Lv,v) =■ ( L v ± , v j ) + 2aAaA,

and so |(I/Vl,vx)| < \(Lv,v)\ + 2\a+\ * |cc | C Ce w+co;* +  Qe-[27+2eo)t ^  
(7e-(27+e°)i But from (4.19), we deduce that <Tx||t;x||̂ -i < C e~ ^ +e°^, and so 

IMhi < C e -< r+ i« *
• To conclude this step, it is now enough to estimate |/3(f)|. since the conclusion will 

immediately follow from decomposition (4.18). To do this, we first multiply (4.23) 
bv O' and integrate, so that

K ^ Q O  + 0Cv,Q')\ ^  |M 0 I U K i ) ||ioo| |Q l£l + IM iJIM tM flk o fflQ l,,

< Ce_(7+eo)t +  Ce~2lt ^  C'e_(7+eo)i.

F(t) ■5. í - t,2) P
2  J

p -1
1V

1
P + l

P+l
E
fc=3

P +  l '

k

\p+ l-k
V*

F(t)
- ' I

Lv,v] ¡i' Iwifi Loc Ui(t}III?, Wo( ) Il ro Ht) fm



Moreover, by applying C to (4.18), we get Cv == — e0a+y^ + eoot^y+ + Cv±, and 
so
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m î t P V )  =  (dtv -  <4'y- -  aA'y+) qf) 
=  (dtv +  Cv, Q ')  -  ( - e o o t+ y ~  +  eoo â .y +  +  a + 'iK -  +  a i ' y + , Q ')  -  (Cv±, Q ' )

= (3ti> + £v, (?') -  (af -  eoai)(y., Q') -  (a? + eoo£)(y+, Q') + (v±, LQ").

Finally, we obtain, thanks to all previous estimates,

|/3'(i)| < C\(dtv + Cv,Qf)| +  C \a*  -  e o ^ | + C \o£  +  eoaf | +  C |K ||i2

<  Ce_(7+eo)t +  C'e_(7+eo)t +  Ce_(7+eo)t +  C e_ (rf*eo)t ^  C e"(7+5eo)t,

and so |/3(i)| ^  Ce ('i'+2e°)t by integration.

4.4.5 Step 4: Conclusion of uniqueness argument by contraction

• The final argument, which corresponds to step 3 in [8], is an argument of contrac­
tion in short time. In other words, we want to reproduce the contraction argument 
developed in Section 4.3.2 on a short interval of time, with suitable norms.

Define wit, x) = v(t, x — t), so that (4.21) can be rewritten

dtw +  d%w =  - d x [(Q(x - 1) + hA(t, x -  i) + w^P -  (Q(x - t )  + hA(t, x  -  i))P] .

If we denote Q,w(t,x) = 2X=i (*) (Q{x ~ t)  + hA(t, x — i))P kwk(t,x), then the 
equation of w can be rewritten

dtw -I- d%w =  - d x (fi«,).

Moreover, we have, by previous steps,

V7 > 0,3C1 > 0, Vi- > to, ||w(t)tlHi < C7e-7i.

• Now let ii ^  i0, t > 0 to fix later, and I  — (ii, ii + r). Moreover, consider the 
nonlinear equation in w

I UtUJ ~T UXW — Ux\*l>w)<)
\  w(ti +  r) =  w(ti + r).

(4.24)

Note that w is of course a solution of (4.24), associated to a solution u of (gKdV) 
in the sense of [12].

• Then, for i € / , we have the Duhamel’s formula

r h + T

w(t) = M  := W (t — t \ — r)w(ti +  T) +  yt W (t — t')dx[Qû(t')] dt'.

Similarly as in Section 4.3.2. we consider

f N[(w) = su p |m t) ||H1, N{(w) = ||tS||L| £io +  \\dxw\\L%L)0,
I tel x 1 x 1
y AJ(w) = max(N((w), N ^w )),



and we prove that for t\ large enough, r  small enough independently of iy, and 
K  > 1 to determine, w M I(w) is a contraction on
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B = { w e  C°(I, H 1) | AJ(Û5) ^  ZK\\w(ti +  r ) ||Hi}.

In other words, we want to estimate AI(M I(w)) in terms of AJ(w), and as ii 
Section 4.3.2, we estimate only the term

a ni+T
dxM  (w)(t) =  W(t - h -  r)dxxv(ti +  t ) +  —  W ( t -  t')ô!E[iîl5(i/)] dt'

OX Jt

in V fL \  and LXL}° norms. The term w)(t) is treated similarly.

• Firstly, for the linear term, we have

||W(t -  ti -  r)dxw(ti +  t)||L2 = ||d*w(*i + r )||i2 ^ ||w(ti + r)||ffl,
||W(i -  ii -  t)dxw(t\ +  T)j|i5Lio < C\\dxw(ti + r )||i2 < C||ty(ii + r)||H1,* /

since W  is unitary on £2 and || W (i)ito ^  C'||rtotli,2 j which is the linear
estimate (2.3) of [13].

• For the nonlinear term, we have to use estimates similar to (4.1) and (4.2). We 
obtain easily by a similar proof that, for all q € Lilft,

I S -  f 1+ w{t- t')g{t',x) d£ + 1 S -  f 1+ w(t- t')g(t', x) dt! ^  C\\g\\LlI? 
I I Jt LfLl I ¿lij0

Hence, we get

£ X'-* w(t - t'RliW*')] & LfIi < cna,(a»)iitil.,
i J , ‘" Tw ( t -  w w t '> ] < # '|  ' '  < C ||4 (n « ) ||„ « .

We deduce that we only have to estimate ||<9:E(f2,z,)||LiL2. There are many
x J

terms to estimate, so as in Section 4.3.2, we only treat three typical terms: 
A = \\dxw ■ w4 ■ wp_5||i ii,2, B =  \\9xw • (hA)p~1(t,x — t)\\LiL2, and the term 
D = || dxw -Q p- 1( x - t ) \ \LhL2.

For A, we have, by Holder’s inequality,

Indeed, we have

for t\ large enough, by exponential decay of w in H 1. In particular, we have 
Nl(w) ^  1 and ll^ll^x,«, ^  CN((w)p~5 ^  Ce-eotl since p — 5 > 1.

For B, we write similarly

A llwl l w >\\dxw NU 7-,-eoti N¡ (w f £ C'e-eo t ■N¡ (w

A'( ZK IM ' T) ffi Ce -eoti

B \hM
p -5
L fL °° Il dxi LîlY \hAl(t,û t ) Hi.¡4°.



Moreover, we have, by construction of hA (see Section 4.3.2), ll^llx,»5̂ « < Ce~eotl 
since ||/^ (i) ||wi ^  Ce_eot ^  Ce~eotl for t ^  t\ and p — 5 ^ 1 ,  and
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| |hA{ t ,x -  i ) | | i | £ io <  | |hA( t , x -  i ) | | L| i i o  +oo)

<  l l ( ^  — V j^ ) ( t ,a :  — 1)|| 5 f0 +\\V£(t,x-t)\\L5L}0
x [ti ,+oo)

< C'e"(fco+ êo*1 + Ce~eotl < Ce-eotl.

Note that the estimate ||V^(i, x — i)||L5Lio < Ce eotl follows from the para-
* [tjj+oo)

graph on IIp_2,i,i in Section 4.3.2.

For D, we use exponential decay of Q to write

D < c j J l e - ^ ù U t d x  iC C p  ex Ĵ J^e~2t(dxw)2dtdx

+ C jf e~X]jJj e2t(d*™)2 dtdx 4- C jf ^ /  (dxw)2 dtdx =  D i + D2 + D3.

But by the Cauchy-Schwarz inequality, we get

Dx ^ Ce^^/jÌe- 24 J^(dxw)2dxdt < di ^ CVfN*(w),

D2 < Ce-(tl+T)Nl(w)^lJ^e^dt ^  Cs/ïN*(w),

Ds < C y / r J  f  [  (dx w fd x d t  ^  C tN((w).

Hence, we obtain D ^  Cy/rN((w).

In conclusion, we have shown that there exist K, C\ , C2 > i) such that

AI(MI(w)) ^  K  ||tü(ii -I- r)!!^  +  Cxe e<>tlAJ(ti;) +  C2y/tA^w) .

Now fix r  =  «Ats'i and ti such that C\e 60(1 ^  so we get

Ar(Mr(w)) < KWwfa +  r)||H1 -I- ^A7(w).

We conclude that M 1 maps B  into itself for this choice of ¿1, t, K. We prove 
similarly that M 1 is a contraction on B, and so there exists a unique solution 
w € B  of (4.24).

• Now we identify w and w. It is well-known for (gKdV) that for regular solu­
tions (H2), uniqueness holds by energy method. Since w and w are both obtained 
by fixed point, we get w = u5 by continuous dependence, persistence of regularity 
and density. In particular, w € B, and so

C e lN l{w. f  e~2ti

Ni ti) \m vi (tu) A' (w 3 K |w(t - T W'



To conclude the proof, we fix i >  ii, and we remark that a simple iteration 
argument and the exponential decay at any order of w show that, for all n € N, 
we have
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IM*)llm < (3*TIM * +  n r) |U  ^  CJ3K )ne - ^ e - ^ T = C ^ i Z K e ^ T .

We finally choose 7 large enough so that 3Ke 7T ^  Thus,

< 2n °»

i.e. ||tt)(i)||Hi =  0. This finishes the proof of Proposition 4.8.

4.5 Corollaries and remarks 

Corollary 4.11. Let c > 0.

1. There exists a one-parameter family (UA)AeR of solutions of (gKdV) such that

VA e R, 3i0 € R, Vs- € R, 3C > 0 , Vi ^  to, ||UA(t, • +  ct) -  QC\\H, ^

2. If uc is a solution of (gKdV) such that hmt^.+00infy€n ||uc(£) — Qc(- — y)\\Hi = 0, 
then there exist A € R, io € R and xq G R such that uc(t) =  UA(t, ■ — x0) for 
all t ^  io.

Proof. The proof, based on the scaling invariance, is very similar to the proof of-Corol-
2

lary 3.14. We recall that if u(t,x) is a solution of (gKdV), then Xp̂ u(XH,Xx) with
A > 0 is also a solution.

1. We define UA by UA(t,x) =  cp=TUA(c3̂ 2t, y/cx), where UA is defined in Theo­
rem 1.1. Since UA(c3/2t, -</cx+<?/2t) = Q(-^/cx)+Ae~eoC?/2ty +(^/cx)+0(e~2eô /2t) 
and Qc(x)^= c^Q i-^cx), UA satisfies

UA(t,x + ct) = Qc(x) +  A c ^ e - e o ^ 'y + i^ x )  +  0(e~2ê /2t).

2. Let u be the solution of (gKdV) defined by u(t,x) = c f~luc Then, we
have

u(t, x) — Q(x — y) = c A  uc ( ^ 2, -^=j -  c p-» Qc

for all y € R, and so, as in the proof of Corollary 3.14,

inf ||u(f) -  Q(. -  y)||H, S  K{c)  taf |«« ( ^ )  ^  0.

Therefore, by Theorem 1.1, there exist A € R and xo € R such that u(t,x) = 
UA(t,x — xq), and so finally uc(t,x) =  UA (t,x— □

Ilwít I«. ---------- J
1 n—f+oo

>o,

Ce~eoe'/* t

{"à
x - y \

Ve

Qc y_
yfc



Proposition 4.12. Up to translations in time and in space, there are only three special 
solutions: U1, U~l and Q. More precisely, one has (fort large enough):

(a) If A > 0, then UA(t) =  U*(f +  tA, • +  tA) for some tA € R.

(b) If A = 0, then U°(t) = Q(- — t).

(c) If A  < 0, then UA(t) = t/_1(£ + tA,- + tA) for some tA € R.

Proof, (a) Let A > 0 and denote tA =  — Then,  by Proposition 4.5,

U1(t + tA,x  + t + tA) =  Q(x) +  e-e°(t+tAty+(x) + O(e~2eot)
= Q (x )  +  A e~ eoty + (x ) + O(e-2eo<).

In particular, we have limt^+ooinfv€r  WU1̂  +  fx) — Q(- — y)||fii = 0, and so by 
Proposition 4,8, there exist A € R and xq € R such that Ul(t +  tA) — UA(t, ■ — xo). 
But still by Proposition 4.5, we have ^ ( t  + t ^ x  + t+tj^) = UA(t,x + t+ tA — xo) = 
Q(x + tA -  x0) + Ae~eoty+(x + tA -  xo) + 0 (e-2eot), and so

Q(x+tA -xo)+Ae~eoty+(x+tA - x 0)+0(e~2eot) = Q(x)+Ae~e°ty +(x)+O(e~2e0t)\

The first order imposes xo =  ¿a , since \\Q — Q(- + tA — Xo)||Hi ^  Ce~eot and so 
Lemma 2.11 applies for t large. Similarly, the second order imposes A  =  A, as 
expected.

(b) Since i n f y 6 R  [|Q(- — t) — Q(- — y)||#i =  0, Proposition 4.8 applies, so there exist 
A  € R and xo € R such that Q(x — t) =  UA(trx — xo). Hence, we have, by 
Proposition 4:5,

UA(t, x + t) = Q(x — x0) = Q(x) + Aeeoty+(x) +  O(e-2eoi).

As in the previous case, it follows first that xo =  0, then A = 0, and so the result.

(c) For A < 0, the proof is exactly the same as A > 0, with —A instead of A. □

We conclude this paper by two remarks, based on the following claim. The first one 
is the fact that U~x(t) is defined for all t 6 R, and the second one is the identification 
of the special solution w(t) constructed in Section 3 among the family (UA) constructed 
in Section 4.

Claim  4.13. For all c > 0, ||dxUA(t)\\2L2 -  \\Q'c\\2l2 has the sign of A as long as UA(t) 
exists.

Proof. • From Corollary 4.11, we have

dxU?(t, x + ct) = Q'c(x) + A c ^ e - eoc3/2ty +(v^x) +  0(e

and so

\ m e\t)\\%  -  \ m \ ,  =  2 A c ^ e - ^ ' H jC?c(x)y+(Scx)dx + 0( e ~ ^ n‘).

But /  Q'c(x)y'+(^/cx) dx =  c ^ t /  Q'(y)y'+{y) dy > 0 by the substitution y =  y/cx 
and the normalization chosen in Lemma 4.9, and so \\dxUA(t)\\L2 — HQ^H  ̂has the 
sign of A for t large enough.
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• It remains to show that this fact holds as long as UA(t) exists. For example, 
suppose that A > 0 and so \\dxUA(t)\fL2 — HQ'J^ > 0 for t ^  ti, and suppose 
for the sake of contradiction that there exists T  < t \  such that UA(T) is defined 
and || dxUA(T)fL2 = IIQ'J^- Since \\UA{t, • +  ct) -  Qc\\Hi — >• 0, we also have, 
by (1.1) and (1.2), ||i^ (T ) ||i2 =  ||QC||£2 and E(UA(T)) =  E(QC). In other words, 
we would get by scaling
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H o m ily  = |M I£!, H4Px(r)lli»  = IIO 'lu and E(Ua(T)) = E(Q).

But the two last identities give in particular /  UA(T)P+1 = f  Q ^ 1, and so, by (1.4),

lltfACOIlK. > IIQIKJ, = CON(p)||<3'||31||(3||3î

> cON(P)||ôIyJl(T)||5i

But |j[/A(r ) ||t a = ||<3||tl and \\dxUA{T)\\L, = (|C/||t , impose Ao =  1 and Oo € 
{—1,1}. Thus, by uniqueness in (gKdV), UA(t,x) = ±Q(x — t + T  + bo) for all 
t ^  T. In particular, \\dxUA{t)\\2L2 = ||Q^||^2 for t ^ t i ,  which is a contradiction. 
The cases A  =  0 and A  < 0 are treated similarly. □

Rem ark 4.14. Let us now notice that U~l is globally defined, i.e. U~l (t) exists for all 
t € R. By the blow up criterion and the mass conservation, it is enough to remark that 
PxU-'MW#  is bounded uniformly on its interval of existence, which is an immediate 
consequence of Claim 4.13, since j|dxî7-1(i)||X2 < for all t.

Rem ark 4.15. As noticed in Remark 2.13, we can chose A„ = 1 — -  in the definitionTl
of UQ>n in Section 3. We still call- w(t) the special solution obtained by this method 
for this new initial data. In this remark, we prove that w = U~' up to translations in 
time and in space. We do not know if U1 can be obtained similarly by a compactness 
method. Ws recall that Uq̂ ^x) — ^nQ (^^), ^n(-^n, * “f" ^ (^n ))  ̂ Qc+ and
|(tü(i, • +  p{t)) — Qc+ IIjyi  ̂0-

• First note that /  Uqu =  A* /  Qn < J Q® for n- > 2, and let us prove that 
R M rn ) ) ! ! ^  < ||Q/ ||i ,2 for n large enough. Otherwise, there would exist n 
large and T  G [0, Tn] such that ||<9x(ttn(T))||L2 = ||Q/||Z/2 and E(uo,n) < E(Q). But 
we have, by (1.2),

E K .)  = E M T )) = i  J

= 5 /«*■- î t t /W '<m )  = i /e*- ^  ¡ o r ' .

Hence, as |K (T )||l2 =  ||uo,n||£2 =  ||Q ||L2 by (1.1),

p— 1 p-j-3

IK ( r ) |lS , > / < \ T )  > j c r '  = C o n (p )(/c ") 4 ( / <?!)  4
p— 1 p-f 3

= C0N(p )(/(a i (un(T)))J)  4 ( / « î ( T > ) 4 ,

which would be a contradiction with the Gagliardo-Nirenberg inequality (1.3).

Still by (1.4), we get (Ao, ao, bo) 6 l + x R x R  such that UA(T, x) = aoQ(Xox+bo).

m Un(T)))
1

P +  1 J
(T)



• Since Un(Tn, ■ + xn(Tn)) w0 in H 1, we obtain ||dxio0||L2 WQ'Wl* and I I I I £2 < 
||Q ||l2 by weak convergence. But ||w(i, • +  p(t)) — Qc+ ||Hl — > 0 implies, by (1.1) 
and (2.1), that
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IK fe = M f)fe = ll« X  = c f^ N fe  < Nfe,

thus c+ > 1, and so ll&wofe < HQ'fe =  c+ ’ í  by (2.1).

• Finally, since ||w(t, • +  p{t)) — Qc+ll^i — y 0> Corollary 4.11 applies, and so there 
exists A g R  such that w =  UA+ up to a translation in space. But the conclusion of 
the previous point and Claim 4.13 impose A < 0 (note that A ^  0 since wq 7̂  Qc+),
i.e. w = up to translations in time and in space by Proposition 4.12.
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Abstract

For the L2 subcritical and critical (gKdV) equations, Martel [11] proved the existence 
and uniqueness of multi-solitons. Recall that for any N  given solitons, we call multi- 
soliton a solution of (gKdV) which behaves as the sum of these N  solitons asymptotically 
as t - f  + 00. More recently, for the L2 supercritical case, Cote, Martel and Merle [4] 
proved the existence of at least one multi-soliton. In the present paper, as suggested by 
a previous work concerning the one soliton case [3], we first construct an JV-parameter 
family of multi-solitons for the supercritical (gKdV) equation, for N  arbitrarily given 
solitons, and then prove that any multi-soliton belongs to this family. In other words, 
we obtain a complete classification of multi-solitons for (gKdV).
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1 Introduction

1.1 The generalized Korteweg-de Vries equation

We consider the generalized Korteweg-de Vries equation:

j  dtu + &xu + dx{v?) =  0 (aKA\r\
i « ( 0 ) - « o  € « ■ ( « )  (g K d V )

where (t , x) € R2 and p ^  2 is an integer. The following quantities are formally conserved 
for solutions of (gKdV):

J  u2(t) =  J  u2{0) (mass),

E(u(t)) =  ^ J u 2(t) -  JvF+'it) =  £(u(Q)) (energy).

Kenig, Ponce and Vega [10] have shown that the local Cauchy problem for 
(gKdV) is well-posed in i i 1(R): for uq € i?a(R), there exist T  > 0 and a solution 
u 6  C ([0,T ],ii1(R)) of (gKdV) satisfying u(0) =  uo which is unique in some class 
Yt C C([0, T], R)). Moreover, if T* ^  T  is the maximal time of existence of it, then 
either T* = + 00, which means that u(t) is a global solution, or T* < +00 and then 
||tt(i)||Hi —»■ +00 as t t  T* (u(t) is a finite time blow up solution). Throughout this 
paper, when referring to an H 1 solution of (gKdV), we mean a solution in the above 
sense. Finally, if tto € H s(R) for some s ^  1, then u(t) € H s(R) for all t 6 [0, T*).

In the case where 2 <  p < 5, it is standard that all solutions in H 1 are global and 
uniformly bounded by the energy and mass conservations and the Gagliardo-Nirenberg 
inequality. In the case p =  5, the existence of finite time blow up solutions was proved 
by Merle [17] and Martel and Merle [12]. Therefore, p =  5 is the critical exponent for 
the long time behavior of solutions of (gKdV). For p > 5, the existence of blow up 
solutions is an open problem.

We recall that a fundamental property of (gKdV) equations is the existence of a 
family of explicit traveling wave solutions. Let Q be the only solution (up to translations)
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of

<3 > 0, Q e P O t ) ,  Q" + Q> = Q,

For all Co > 0 and xo € R,

Rco,xo^i x ) =  Q co (x  Xo)

l
is a solution of (gKdV), where Qco(x) = Co~1Q(y/cQx). We call these solutions by 
solitons though they are known to be solitons only for p = 2,3 (in the sense that they 
are stable by interaction).

It is well-known that the stability properties of a soliton solution depend on the sign
5—p

o i£ S Q l]c=co. Since f Q 2 = c ^  f  Q2, we distinguish the following three cases.

• For p < 5 (L2 subcritical case), solitons are stable and asymptotically stable in 
H 1 in some suitable sense: see Cazenave and Lions [2], Weinstein [23], Grillakis, 
Shatah and Strauss [7] for orbital stability; and Pego and Weinstein [20], Martel 
and Merle [13] for asymptotic stability.

• For p = 5 (L2 critical case), solitons are unstable, and blow up occurs for 
a large class of solutions initially arbitrarily close to a soliton, see [12, 17]. 
Moreover, for both critical and subcritical case&, previous works imply the fol­
lowing asymptotic classification result: if u is a solution of (gKdV) such that 
limt_j.+00 ||u(i) — Q(■ — t)\\Hi = 0, then u(t) = Q(• — t) for t large enough.

• For p > 5 (L2 supercritical case), solitons are unstable (see Grillakis, Shatah and 
Strauss [7] and Bona, Souganidis and Strauss [1]). In particular, the previous 
asymptotic classification result does not hold in this case. More precisely, we have 
the following theorem.

Theorem  1.1 ([3]). Letp>  5.

(i) There exists a one-parameter family (UA)AeR of solutions of (gKdV) such that, 
for all A  € R,

JffSo \\uA& ' + *)- QWm = °>
and if A' e R satisfies A' ^  A, then UA' /  UA.

(ii) Conversely, if u is a solution of (gKdV) suck that

lim inf ||u(i) -  Q(- -  y)\\Hi =  0,
t—H -ooy€R M

then there exist A  € R, to € R and xo € R such that u(t) = UA(t, • — xo) for t to-

We recall that this result was an adaptation to (gKdV) of previous works, concerning 
the nonlinear Schrödinger equation, of Duyckaerts and Merle [5] and Duyckaerts and 
Roudenko [6]. The purpose of this paper is to extend Theorem 1.1 to multi-solitons.

i.e. Q ( x )
Ü+1

1
V p- 1

\ 2 cosh:



1.2 Multi-solitons

Now, we focus on multi-soliton solutions. Given 2N  parameters defining N  ^  2 solitons 
with different speeds,

0 < Ci < — < Cff, x \ , . . .  ,Xff € R, (1-1)

we set
N

Rj (i) =  Rcj (t) and R(t) =  £  Rj (*),
3- 1

and we call multi-soliton a solution u(t) of (gKdV) such that

||u(t) — R(t)\\Hi — y 0 as t —► +oo. (1.2)

Let us recall known results on multi-solitons.

• For p =  2 and 3 (KdV and mKdV), multi-solitons (in a .stronger sense) are well- 
known to exist for any set of parameters (1.1), as a consequence of the inverse 
scattering method (see for example Miura [18]).

• In the L2 subcritical and critical cases,, i.e. for (gKdV) with p ^  5, Martel [11} 
constructed multi-solitons for any set of parameters (1.1). The proof in [11] follows 
the strategy of Merle [16} {compactness argument) and relies on monotonicity 
properties-developed in [13] (see also [15j). Recall that Martel, Merle and Tsai [15] 
proved stability and asymptotic stability of a sum of N  solitons for large time for 
the subcritical case. A refined version of the stability result of [15] shows that, for a 
given set of parameters, there exists a unique multi-soliton solution satisfying (1.2), 
see Theorem 1 in [11].

• In the L2 supercritical case, i.e. in a situation where solitons are known to be 
unstable, Cote, Martel and Merle [4] have recently proved the existence of at least 
one multi-soliton solution for (gKdV):

Theorem  1.2 ([4]). Let p > 5 and N  > 2. Let 0 < C\ < • ■ • < Cff and x i , . . . , xn € R. 
There exist T0 € R, C,<ro > 0, and a solution <p € C([r0,+ o o ),ii1) of (gKdV) such 
that

3 /2

Vi € [T0, +oo), M t)  -  m W m  < *•

Recall that, with respect to [11,15], the proof of Theorem 1.2 relies on an additional 
topological argument to control the unstable nature of the solitons. Moreover, note 
that no uniqueness result is proved in [4], contrary to the subcritical and critical cases 
in [11]. In fact, the objective of this paper is to prove uniqueness up to AT parameters, 
as suggested by Theorem 1.1.

1.3 Main result and outline of the paper

The whole paper is devoted to prove the following theorem of existence and uniqueness 
of a family of multi-solitons for the supercritical (gKdV) equation.
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Theorem  1.3. Let p > 5, N  ^  2, 0 < C\ < ••• < and x \ ,..., x n  G R. Denote 
R = Rj with Rj =  RCjtXj.

1. There exists an N-parameter family ((PAi,...,AN)(Au_̂ AN)^SiN of solutions of (gKdV) 
such that, for all (Ai, . . . ,  An) G R^,

tijfoo H ^ i, ~,AN(t) -  R(t)\\Hl = 0,

and if (A\, . . . ,  A'N) ± (Aa,..., AN), then <Pa'v...,a'n i  (Pa1,...,an ■

2. Conversely, if u is a solution of (gKdV) such that limt_>.+00 \\u(t) — Ä(i)||#i =  0, 
then there exists (A \,.. .  ,A n ) G Rn such that u = <Pau-A n -

Rem ark 1.4. The convergence of <4>Au-,An to Ä in Theorem 1.3 is actually exponential 
in time, as in Theorem 1.2. See the proof of Theorem 1.3 at the beginning of Section 3 
for more details.

Rem ark 1.5. For the nonlinear Schrödinger equation, the question of the classification 
of multi-solitons as in Theorem 1.3 is open. In fact, even for subcritlcal and critical 
cases, no general uniqueness result has been proved yet (see general existence results 
in [16, 21, 22, 14, 4]).

The paper is organized as follows. In the next section, we briefly recall some well- 
known results on solitons, multi-solitons, and on the linearized equation. One of the 
most important facts about the linearized equation, also strongly used in [4, 3],'is the 
determination by Pego and Weinstein [19] of the spectrum of the linearized operator 
£  around the soliton-Q(x — t): cr(£) DR = {—eo,0,+eo} with eo > 0, and moreover, 
eo and —eo are simple eigenvalues of £  with eigenfunctions Y + and Y~. Indeed, F* 
allow to control the negative directions of the linearized energy around a soliton (see 
Lemma 2.5). Moreover, by a simple scaling argument, we determine eigenvalues of the 
linearized operator around QCj: ±e3 =  ±c^2eo are eigenvalues with eigenfunctions Y*  
(see Notation 2.6 for precise definitions).

In Section 3, we construct the family (<Pai,...,An) described in Theorem 1.3. To do 
this, we first claim Proposition 3.1, which is the new key point of the proof of the multi­
existence result, and can be summarized as follows. Let <p be a multi-soliton given by 
Theorem 1.2, j  G |1, JVJ and Aj G R. Then there exists a solution u(t) of (gKdV) such 
that

1.3 - Main result and outline of the paper___________________________________________________79

IM«) -  ¥>(<) -  Aie-SVfm* « e'<‘i+,)‘.
for t large and for some small j  > 0. This means that, similarly as in [3] for one 
soliton, we can perturb the multi-soliton ip locally around one given soliton at the order 
e~eil. Since ei < • • • < ejv, <Pau-,An has to be constructed by iteration, from j  — 1 to 
j  =  N. Indeed, it is not significant to perturb <p at order ej before order e^-i, since 
ej > ej-i +  7 . Similarly, it seems that there exists no simple way to compare <pAi,...,An 
to ¡p. Finally, to prove Proposition 3.1, we rely on refinements of arguments developed 
in [4], in particular the topological argument to control the unstable directions.



In Section 4, we classify all multi-solitons in terms of the family which was con­
structed in Section 3. Once again, it appears that the identification of the solution 
has to be done step by step (after an improvement of the convergence rate, as in [3]), 
from order e\ to order e^. In this section, we strongly use special monotonicity prop­
erties of (gKdV), in particular, to prove that any multi-soliton converges exponentially 
(Section 4.1). Such arguments are not known for the nonlinear Schrödinger equations.

Finally, recall that in the one soliton case for (gKdV) [3], a construction of a family 
of approximate solutions of the linearized equation and fixed point arguments were 
used (among other things), as in the one soliton case for the nonlinear Schrödinger 
equation [6]. For multi-solitons, since the construction of approximate solutions is not 
natural (because of the interactions between solitons), we propose in this paper an 
alternate approach based only on compactness and energy methods.

2 Preliminary results

2.1 Notation and first properties of the solitons 

N otation 2.1. They are available in the whole paper.

(a) (•, •) denotes the L2(R) scalar product.

(b) The Sobolev space Ha is defined by H*{R) =  {u e V ( R )  | (1 +  £2)s/2u(£) € L2(R)}, 
and in particular, H 1 (R) =  {it € L2(R) | ||tx||^i =  IMI^+Hu'H^ < + 00} '->• L°°(R).

(c) We denote dxv =  vx the partial derivative of v with respect to x.

(d) All numbers C, K  appearing in inequalities are real constants (with respect to the 
context) strictly positive, which may change in each step of an inequality.

Claim  2 .2 . For all c > 0, one has:

(i) Qc > 0, Qc is even, Qc is C°°, and Q'c(x) < 0 for all x > 0.

(ii) For all j  ^  0, there exists Cj > 0 such that Q ^ \x )  ~  as jx| —>• + 00.
For all j  ^  0, there exists Cj > 0 such that |C?^(X)I ^  Cje-v/^x| for all x e R.

(iii) Q't + Qpc = cQc.

Proof It is an immediate consequence of the formula of Q and the scaling relation 
Qc(x) =  cp^Q(yfcx). □

2.2 Linearized equation

Let c > 0.
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2.2.1 Linearized operator around Qc

The linearized equation appears if one considers a solution of (gKdV) close to the soliton 
Qc(x — ct). More precisely, if uc(t,x) = Qc(x — ct) + hc(t,x — ct) satisfies (gKdV), then 
hc satisfies

dthc +  Cchc — 0(h2c),

where
Cca = —dx(Lca) and Lca = —d2a + ca — pQ£- 1a.

The spectrum of £ c has been calculated by Pego and Weinstein [19] for c =  1. Their 
results are summed up in the following proposition for the reader’s convenience.

Proposition 2.3 ([19]). Let a(C) be the spectrum of the operator £  defined on L2(R) 
and let cress(£) be its essential spectrum. Then

<7ess(£) =  ®  and <r(£) fl R = {—eo, 0, eo} with eo > 0.

Furthermore, eo and —eo are simple eigenvalues of £  with eigenfunctions F + and Y~ 
-which have an exponential decay at infinity, and the null space of £  is spanned by Q1.

This result is extended to £ c in Corollary 2.4 by a simple scaling argument. Indeed, 
we recall that if it is a solution of (gKdV), then for all A > 0, u\{t, x) =  Apr iu(A3i, Ax) 
is also a solution.

Corollary 2.4. Let a (£c) be the spectrum of the operator £ c defined on L2(R) and let 
0ess(£c) be its essential spectrum. Then

&ess(£c) =  and cr(£c) fl R =  {—ec, 0, ec} where ec = c^2eo > 0.

Furthermore, ec and — ec are simple eigenvalues of £ c with eigenfunctions Y+ and Y~ , 
where

YcHx) = C-WY* (y/GX), 

and the null space of £ c is spanned by Q'c.

2.2.2 Adjoint ctf £ c

We recall that Lemma 4.9 in [3], under a suitable normalization of Y ±, shows important 
properties of the adjoint of £. With the same normalization and by Corollary 2.4, we 
obtain the following lemma by a simple scaling argument. Recall that assertion (v) is 
proved in [4] for c = 1.

Lemma 2.5. Let Z f  =  LCY~. Then the following properties hold.

(i) Z f  are two eigenfunctions of Lcdx: L c(dxZ f)  =  ^ e cZ f .

(ii) There exists > 0 such that, for all x e R,

|y*(x)| + \d,Y?(x)\ + \Zf{x)\ + \dxZf{x)\ < Ce-’WSW.

(ni) (Y+,Z+) = (Y ~ ,Z ;)  = 0  and ( Z ^ Q )  =  (Z~,(Z) = 0.
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(to) (Y+, Z~) =  (Y~, Z+) =  1 and (<£, dxY+) > 0.

(v) There exists 3^ > 0 such that, for all vc G H 1 such that (vc, Z+ ) =  (vc,Z~) =
(vc, Qc) ~  (■^'c^o vc) ^  <7c|b c lU i •

(vi) There exist ac > 0 and C > 0 such that, for all vc E H 1,

(Lcvc, vc) > -  C(t,c, 2 * f  -  C{vc, Z - f  -  C(v„ <Z)2.

2.3 Multi-solitons results

A set of parameters (1.1) being given, we adopt the following notation.

N otation 2 .6 . For all j  € [1, 7V|, define:

(i) Rj(t,x) =  QCj(x -  cjt -  Xj), where Qc(x) =  c^Q (y/cx).

(ii) Y^(t,x)  =  Y*(x  — Cjt — Xj), where Y*(x) = c~1/2Y ±(*/cx).

(iii) Z f(t, x) =  Z*(x -  C j t  -  xj), where Z f  — LCY*.

(iv) ej =  e .̂, where ec =  c3/2̂ .

Now, to estimate interactions between solitons, we denote the small parameters

3/2

o0 = min{noy/c[, (%3cu cu c2 -  cu . .. ,cN -  Cjv-i} and 7 =  (2.1)

From [11], it appears that 7  is a suitable parameter to quantify interactions between 
solitons in large time. For instance, we have, for j  ^  k and all i ^  0,

¡ R j( t)R k(t)+ \(R j)x(t)\\(RkU t ) \ ^ C e - 10̂ . (2.2)

From the definition of <Jo and Lemma 2.5, such an inequality is also true for Y f  and 

Z f -
Moreover, since cr0 has the same definition as in [4], then from their Remark 1, 

Theorem 1.2 can be rewritten as follows. There exist T0 € R and ip € C([T0, +00), H l) 
such that, for all s ^  1, there exists As > 0 such that, for all t ^  To,

IM«) -  a (f)llH. « A * - 4* -  (2.3)

3 Construction of a family of multi-solitons

In this section, we prove the first point of Theorem 1.3 as a consequence of the following 
crucial Proposition 3.1. Let p > 5, N  > 2, 0 < Ci < • • • < c# and X\, . . . ,  xn € R. We 
still denote R  =  £fcli Rk.
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Proposition 3.1. Let (p be a multi-soliton solution satisfying (2.3). Let j  G [1, 7VJ and 
Aj € R. Then there exist to > 0 and a solution u € C([io, +oo), H 1) of (gKdV) such 
that

||u(()-» > (()-  V - ' V W I I « .  (3.1)

Before proving this proposition, let us show how this proposition implies the first 
point of Theorem 1.3.

Proof of 1. of Theorem 1.3. Let (A\ , . . . ,  An ) € R^.

(i) Consider (pAx the solution of (gKdV) given by Proposition 3.1 applied with <p given 
by Theorem 1.2. Thus, there exists io > 0 such that

Vi ^  to, y Al(t) -  <p(t) -  A\e~eitYi (t)\\Hi ^  e-<*rr*

Now remark that ipAl is also a multi-soliton, which satisfies (2.3) by the definition 
of 7  and the same techniques used in [11, Section 3.4] to improve the estimate in 
higher order Sobolev norms. Hence, we can apply Proposition 3.1 with <pAl instead 
of <p, so that we obtain <pA 1>Ai such that

Vi > (J, ||*M,,to(t) -  VaM  -  ||H1 «  e-<«+iX.

Similarly, for all j  € [2, iVj, we construct by induction a solution ipA lt...,A} such 
that

Vi >  io, 1 1 ^ ,,..^  («) -  ¥U,... -4M  W -  ¿ ¡ e - ' X H t )lljp «  (3.2)

Observe finally that (pAu...tAff constructed by this way satisfies (2:3).

(ii) Let (A \,. . .  ,Aln ) € RN be such that ( A ^ A ' N) (A\ , . . . ,  An ), and suppose 
in the sake of contradiction that ipA'1,...,A'N ~  (Pai,...,An ■ Denote io = min{* G 
[1, N j | A!f Ai}. Hence, we have A[ =  Ai for i € [1, io — 1], A'io ^  Aio and, from 
the construction of <pAij...,An,

VA! ,...,^(t) =  VAr^AN-ii*) + ANe~eiftY£(t) + zN(t)
= <PAu...,AN-2(t) +  A.jv_ie-ew_ltyjlj_1(t) + Apte~eNtYx (i) +  zn_i(î) + z^(t)

= • • • =  ^ „ . . ^ ( i )  +  A ^ e - ^ i t )  + £  Ake~ ^Y k+(t) + £  zk(t),
k > io  k ^ io

where zk satisfies ||^fe(i)||jji ^  e“ êfc+7̂  for t ^  io and each k ^  io- Similarly, we 
get

(PA'1,...,A'N ( t)  =  {PA'1,...yA'io_-i (t) +  i4j0e -Ciotl^ ' ( i )  +  ^T, -A*e-Cfcty fc+ (i) +  2fe(*))
k > io  k ^ io

and so using <Pa'v...,a'n =  ,-,An and ^[„ .„A '^ = <PA1,...,Aio- 1, we obtain

-  A 'J ^  C e~^o+7>‘

for t ^  to, thus, |Aj0 — A ’î  ^  C e -7 *, and so A '̂  =  .4^ by letting t -¥  + 00, which 
is a contradiction and concludes the proof. □

Now, the only purpose of the rest of this section is to prove Proposition 3.1. Let 
j  € [1, NJ and Aj € R. We want to construct a solution u of (gKdV) such that

z(t,x) =  u(t,x) — <p(t,x) — Aje~eitYj~(t,x) 

satisfies ||z(i)||Hi ^  e-(ei+'i)t for i ^  t0 with i0 large enough.
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3.1 Equation of z

Since u is a solution of (gKdV) and also v? is (and this fact is crucial for the whole 
proof), we get

dtz + %Z + ds[(<p + A ^ Y ;  + z f  -  + A j e - ^ Y ?  -  CjdxY f  -  ejYf] = 0. 

But from Corollary 2.4, we have

C^Y* =  ejY*  =  -  ctd .Y *  +  pdA O ^'Y^)

and so, following Notation 2.6, we can rewrite the equation for z as

dtz + d%z + dx [(</> + Aje~eitY f  + z)p -  f  -  pAje~eitR^~lY^) = 0. (3.3) 

This can also be written

dtz + dx [¿£z + p f ~ lz\ + pdx [((y> + A jtrV 'Y f f ~ X -  </_1) • z]

+ dx [(<£ + Aje~ejtYj+ + z f  -  (<p + Aje~ejtY +)p -  p(<p + Aje~ejtY f  )p_1z]

= -d x [fo> + A je -^ Y + f  - < f -  p A je ^ Y + R ^ 1].

Finally, if we denote

i u1=p[(v + Aie-*tYj+r - 1-< f'-1],

I o;(z) = (<p + A je - ^ Y f  + z)p -(<p + A j e ^ Y f  )p -  p(<p + A j e '^ Y f  f ~ xz,

{ SI = (*> + Aje~ ^ X +)p - < f -  pAje-^Y+R»-1,
we obtain the shorter form of the equation of z:

dtz + dx[djjz + pv^-1-2] + dx\u\ • z] + dx\uj(z)) = -d xQ. (3.4)

Note tliat the term a;(z) is the nonlinear term in z, and that u)\ satisfies, for all 
s ^  0, |M t) ||H. < Cse~ejt for all t ^  To- Moreover, the source term Q satisfies

Vs ^  1,3CS > 0, Vt ^  T0, ||fi(t)||H. < a e - ^ +4̂ .  (3.5)

Indeed, if we write Q under the form

n = \(<p + A je - ^ Y + f - < / - p f - 1Aje-ê tYJ+]

+ p A je - ^ Y + if -1 -  Rp~l) +pAje~eitY+(Rp- 1 -  R ^ 1),

we deduce from (2.3), (2.2) and the definition of 7 (2.1) that

\W)\ \H. <  Ce~2ejt + C e - ^ M t)  -  R(t)\\HS + Ce~ê  ■ e~47t ^
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3.2 Compactness argument assuming uniform estimates

To prove Proposition 3.1, we follow the strategy of [11, 4]. Let Sn -» +00 be an 
increasing sequence of time, bn =  (bn,k)j<k̂ N € M.N~j be a sequence of parameters to 
be determined, and let un be the solution of

( dt u„, +  dx[dlun +  < ]  =  0,
\ un(Sn) = <p(Sn) + Aje~ê Y ; (S n) + ¿2 bn,kYk+(Sn). (3-6)
I k>j

N otation 3.2. (i) RN is equipped with the t? norm, simply denoted || • ||.

(ii) Bb{P, r) is the closed ball of the Banach space B, centered at P  and of radius 
r ^  0. If P  = 0, we simply write Be(r).

(iii) Srn (r) denotes the sphere of radius r in RN.

Proposition 3.3. There exist no ^  0 and to > 0 (independent of n) such that the 
following holds. For each n ^  no, there exists bn € with ||bn|| ^  2e~^Cj+2̂ Sn, and 
such that the solution un of (3.6) is defined on the interval [to, Sn], and satisfies

Vi G [to, 5„], K ( t )  -  ^ t )  -  Aje~ejtYX(t)\\Hl ^

Assuming this proposition and the following lemma of weak continuity of the flow, 
we can deduce the proof of Proposition 3.1. The proof of Proposition 3.3 is postponed 
to the next section, whereas the proof of Lemma 3.4 is postponed to Appendix A.

Lemma 3.4. Suppose that zo,n zq in Hl , and that there exists T  > 0 such 
that the solution Zn(t) corresponding to initial data zo,n exists for t € [0,T] and 
suPte[o,r] ^  K- Then, for all t €- [0,T], the solution z(t) corresponding to
initial data zq exists, and zn(T) —1 z(T) in H1.

Rem ark 3.5. Note that the proof of Lemma 3.4 strongly relies on the Cauchy theory in 
H s with s < 1, developed in [10]. Thus, this argument is quite similar to the compactness 
argument developed in [4] or [11].

Proof of Proposition 3.1 assuming Proposition 3.3. We may assume no = 0 in Propo­
sition 3.3 without loss of generality. It follows from this proposition that there exists 
a sequence un(f) of solutions of (gKdV), defined on [t0, <S'n], such that the following 
uniform estimates hold:

Vn ^  0, Vi € [i0, Sn], IK (i) -  <p(t) -  A je - ^ Y f  (t) [|H1 < e_(e’+7)t.

In particular, there exists Co > 0 such that ||tin(io)lljfi ^  Co for all n ^  0. Thus, there 
exists uo € i i 1(R) such that un(to) uo in H 1 weak (after passing to a subsequence). 
Now, consider u solution of

( dtu + dx[dlu + up] = 0,
\u ( t0) = Uq.

e *C¿+■7)t
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Let T  ^  t0- For n such that Sn > T, Un(t) is well defined for a lii € [¿o, T], and moreover, 
ll^nWlljf1 < C. By Lemma 3.4, we have un(T) u(T) in H 1. As

IM T ) -  <p{T) -  A j e - ^ Y ^ T )  ||Hl $  e -l 'i« )3-,

we finally obtain, by weak convergence, ||tt(T) — <p(T) — Aje~^TY^(T)\\Hl ^  e ~ ^ +̂ T. 
Thus, it is a solution of (gKdV) which satisfies (3.1). □

3.3 Proof of Proposition 3.3

The proof proceeds in several steps. For the sake of simplicity, we will drop the index n 
for the rest of this section (except for Sn). As Proposition 3.3 is proved for given n, this 
should not be a source of confusion. Hence, we will write u for un, z for z„, b for bn, 
etc. We possibly drop the first terms of the sequence Sn, so that, for all n, Sn is large 
enough for our purposes.

From (3.4), the equation satisfied by z is

[d,z + dx[d‘z + pfT-'z) + d.lui ■ z\ + dx{u(z)} = - d xn,

Moreover, for all k € [1,A^J, we denote
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ak (t) =  J  4*) • z£(t).

In- particular, we have

Finally, we denote a  (i) =  (ak (t))j<k<N.

3.3.1 M odulated final d a ta

Lemma 3.6. For n ^  no large enough, the following holds. For all a~ € RN~*, there 
exists a unique b € RAr-J such that ||b|| ^  2||a“ || and a~(Sn) — or.

Proof. Consider the linear application

& =  ( bl ) j < K N  ^  (ak (,5n))j<fc^^-

From the normalization of Lemma 2.5, its matrix in the canonical basis is

Mat $  =

SY&Z^iS*) /^Z7+1(s„)

(3.7)
4¿>n) J 0fcJ*n+(«.)•

Moreover, for all k € [1, TV], we denote

ûfl ßn) = £ &
l>i

[Sn) ■zi[Sn)

1

uz. + 2 Sn) 1

m t i Ki+N

$ : R
hA

N - j R
(n

Y—i



But from (2.2), we have, for k ^  I,

\ j  < C0e - ^

with Co independent of n, and so by taking no large enough, we have = Id+ where 
||j4n|| < i. Thus, $  is invertible and ||$ -1 || ^  2. Finally, for a given a~ € RJV-J, it is 
enough to define b by b =  $ -1(cr) to conclude the proof of Lemma 3.6. □

Claim  3.7. The following estimates at Sn hold:

. \at(Sn)\ < Ce“***|M  for all k e  [1, N},

• \ak (S„)| < Ce~275n||b|| for all k e  [ l ,j] ,

• ll-̂ i'S'n.)jliyi ^ C||&|l-

3.3.2 Equations on ak

Let io > 0 independent of n to be determined later in the proof, a-  € Brn-j (e~^i+2l'>Sn) 
to be chosen, b be given by Lemma 3.6 and tt be the corresponding solution of (3.6). 
We now define the maximal time interval [T(cr), 5n] on which suitable exponential 
estimates hold.

Definition 3.8;Let T(a~) be the infimum of T  ^  io such that, for a llí € [T, Sn], both 
following properties hold:

e^ i+ ^ z { t) e B Hi(l) and e(e*+27)ta "(i)  G Br *-*(1). (3.8)

Observe that Proposition 3.3 is proved if we can find o-  such that T(a~) = to, for 
all n. The rest of the proof is devoted to prove the existence of such a value of a- .

First, we prove the following estimate on a^.

Claim 3.9. For all k G [1, N} and all t € [T(a“ ),Sn],

t( t)  T ekc t (i)| «  Coe-^IW i)»*, +  C.IM iJfe, +  C#-'-«**#. (3.9) 

Proof Using the equation of z (3.7), we first compute

j t <*k (*) =  /  ztZ% +  /  zZkt 

=  J (zxx+p<f?~1z)Z£x + J  uxzZ^ + J cj(z)Z£x + J  nZfc. - c kj  zZfx 

= J  (zxx -  Ckz +  pRpk~1z)Z^c + p j  {<f~l -  R l^ z Z fx  +  J  (wi z +  a>(z) +  tyZfc.. 

But from (i) of Lemma 2.5, we have

J (Zxx ~ ckz +  pRpk~1z)Z£x =  (~LCkz{t, • + ckt + xk), dxZfk)

= (z(t, • + Cfci + xk), - Lck{dxz fk)) =  ±ek(z(t, • + ckt + xk), Zfk) = ±eka%.

3.3 - Proof of Proposition S. 3_____________________________________________________________ 87

'*?hz¡Hs



Finally, from (2.3) and (3.5), we have the following estimates:

• I Jiff' -  flT 'izZ fa l s  cy -  + C e -^ llí lly  Í

• IM zZfal Í  IKIlL-ll^lli-IIZfallii < < Ce-*^||i||H„

• \ S u { z ) Z ¡ ! ^ \  í  C \ z l „  í  CII2II//1 >

which conclude the proof of the claim. □

3.3.3 Control of the stable directions

We estimate here ak (t) for all A; € [1, NJ and t € [T(a- ), Sn]. From (3.9) and (3.8), we 
have

¿<*£(í) -  ekat(t) ^  C0e-(̂ +57)t + CiC-2^ ^  + C2e - ^ +̂ ]t < .
at

Thus, |(e_e'cSQ;fc(s))/| < i^2e_(ei+efc+4T')8, and so by integration on [t, 5„], we get 
\e~ek̂ nock (Sn)- — e~ektak (t)\ < /f2e“^ +Cfc+47̂ , and so

R ( i ) | < eê - 5">|a+(Sn)| + K2e~ ^+4̂ .

But from Claim 3.7 and Lemma 3.6, we have

é*<t-«.)|a+(fy  | ^ {at{Sn){ ^ Ce-**M

< C'e_27Sne~(ei+27)5n < K2e~iej+4ri)Sn ^  K2e~^i+4'l)t,

and so finally

V k e l l ,N } y te [ T (a - ) ,S n], \a t ( t ) \ ^ K 2e~ ^+4̂ .  (3.10)

3.3.4 Control o f the unstable directions for k < j

We estimate here ak (t) for all k € |1, j j  and t € [T(a~), S',»]. Note first that, as in the 
previous paragraph, we get, for all k € |1, N} and t € [T(a~), S'«],

io ,; ( t)  + ekal(t) H K 2e - ^ > ‘. (3.11)

Now suppose k ^  j , which implies ek ^  ej. Since |(eefc*o:¿’(s)),| ^  K2ê ek~ê ~4̂ s, we 
obtain, by integration on [t, Sn}7

\ak (t)\ < eek{s"-t)\ak (Sn)\+

But again from Claim 3.7 and Lemma 3.6, we have

eek{sn-^\ak (Sn)\ < K2eek(sn-t)e- ^ s ne-(ej+27)s„ = K^ k(Sn-t)e-{ej+47)s»

^  ^ 2e(Sn-t)(efc- eí)e-eáte-4T,Sn ^  ,

and so finally

V fc e Il,j] ,V t€ [T (0 ,S n], \ak (t)\ ^ K 2e - ^ +4̂ .  (3.12)
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3.3.5 M onotonicity property  of the  energy

We follow here the same strategy as in [11, Section 4] to estimate the energy backwards. 
Since calculations are long and technical, we refer to [11] for more details.

We define the function

2
ip(x) = — arctan(exp(—y/âôx/2)),

7T

so that lim^+oo xp(x) =  0, lim ^-oo ip(x) = 1, and for all x € R, ip(—x) =  1 — ip(x). 
Note that, by a direct calculation, we have \ÿ"'(x)\ ^  stW (x)\ .  Moreover, we set
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l  /j. \  1 | (  1 1 ^  i (  Cj. +  Cfc+i X k +  Xfc+i ^ 
h(t,x) =  — +2_, [ - - - --) ^ [ X ----- 9---t-----Ô---)•

Cn  k=i \Ck Ck+lJ \ 2 i J

Observe that the function h takes values close to ^  for x close to ckt +  xki and has 
large variations only in regions far away from the solitons (for instance we have, for all 
k € [1, NJ and t ^  0, ||-Rfc(i)^x(i)||£oo < Ce~4jt). We also define a quantity related to 
the energy for z:

H(t) = J  j ( z 2(i,x) — F(i,z(i,x ))^ /i(i,x ) +  z2( i,x ) j  dx,

F{ti z) - 2 [i2±2t±îî  - - („ + ,
and Vj(t,x) = Aje êŶ (t,x).

Lemma 3.10. For all t £ [T(o- ),5n],

^ ( i )  >  -q ,H z(t) |li, -  0 -* > * ||z (i)] |i, -  C2e-<'*^><|lz(i)||fll.

Proof. Since =  2\(ip +  Vj + zf — (<p + Vjf\, we can first compute

-^T =  J ( z l  ~  F(z))ht -  2 J  zt [(<£> +  Vj +  zf ~ { i p  +  Vjf]h +  2 J  z^zjt +  2 J  ztz

- 2  f  {<P + vj)t (<p +  vj +  zf ~(<p + vjf -  p(<p + Uj)p_1z] h.

Moreover, 2 / z^h = - 2 /  zt{zxxh + zxhx), thus

= J(zl~ F(z))ht ~2 Jzt[zxx +(ip + Vj + zf ~(<p + Vjf]h + 2 Jzt{z -  zxhx) 

- 2  f{<P + vj)t (<p + Vj + zf ~(<p + Vj f  -  p(<p + vjf^z h.

Now we replace zt by the equation that it satisfies, which can be written, from (3.3),

zt+ Zxx + {<p + Vj + zf -  {ip + Vjf = -Clx.
J X

(w + 1 \p+
■V j f z



Using multiple integrations by parts, we finally obtain
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— J (zx ~ F(z))ht + J  zlhxxx (3.13)

+ 2 J  zxhx ĵ (v? + Vj + z)p -  (tp + Vj)p (3.14) 

- 2  Jz^(ip + Vj + z)p -  (ip + Vjf ^

- 2  J  ipth ̂ (ip + Vj + z f  -(¡p + Vjf  -  p(ip + ui )p_1zj (3.15) 

- 2  j  zQx + 2 J  zhClxxx + 2 J  zhxQxx

+ 2 J  h£lx (<p + Vj + z f  -  (ip + V jf  (3.16)

- 2  J  hvjt (ip + Vj + z f  — (tp + V j f  -  p(ip + Vj)p~1z  (3.17)

-  J  \zxx + (<P + Vj + z f  ~(<p + V j f  hx - 2 j  zxxhx. (3.18)

To conclude, we estimate each term of this equality.

• First note that (3.18) ^  Q since hx < 0.

• (3.13): By the expression of h and \ip"'\ ^  we see after direct calculation 
that ht ^  (r0\hx\ ^  4|/iZiEZ|,"thus

(3.13) F(z)fh > -  f\F(z)\ht.

Moreover, since < Ce~47t, and

[F(z)| ^  C lz r 1 + Cz2]<p + Vj\p~l ^  CWzl&z2 + Cz\\<p\p- 1 + IVj\p~l)

< C\\z\\Looz2 + Cz2\<p -  R r 1 + C z ^ R f- '  + C z 'W v j ^

we have /  \F(z)\ht ^  C0||z||^i + C-ie-^W z^.

• For (3.17), first note that ||% ||£oo < Ce~ê , and so

|(3.17)| < =5 C ,e -^ ||2fe t .

• |(3.16)| ^  1̂1̂ 11̂ 311̂ 11̂ 2 ^  C2& {ei+iri)t\\z\\Hi by (3.5).

• To estimate (3.14), we develop it as

¿(3.14) = J z xhx Y  Q [(¥> + »i)p"fc«*]je = £ (fc) fc/ **** 1̂  + V̂ P kfl* 

+ Y1 Q (p -  k) / (v + vi)x^  + Vjf~k~lhxzxzk +pj  z2xzp~lhx.

Since \<pxhx\ + \<phx\ < Ce 27i and |t>JX| + |vj| ^  Ce e}t, we find

|(3.14)K C1e - ^ ||2fe 1 + Co|k|||(,.

3 
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• We finally estimate (3.15) to conclude. The key point to control it is that, locally 
around x  =  ckt +  xk, <p behaves as a solitary wave of speed c*. More precisely, we 
strongly use the estimate \\<fith -I- ¥>x\\l°° ^  C'e-2'rt, proved in [11]. Note that the 
proof uses the H4 norm of the difference <p — R, i.e. (2.3). Now, we compute
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~ ^(3-15) =  J  z [(y? +  Vj + z f  -  (v? +  V jf  -  p(ip + Vj)p~xz  ^

+ J  (pth^jp +  Vj + z)p -  (ip +  Vj)p -  p(ip + V j T ' z  -  — -  l \ tp + V j f ^ z 2 

-p j (< p  + Vj)p~l zxz  + I ipth{ip + Vj)p~2z 2 = I +  II +  III  +  IV.

First notice that |I| +  |II| ^  ColMI/fi- Moreover, an integration by parts gives

m + I V  =  |  /  z*(p -  l)(v>, +  + V j y ~ *  +  + V i)r ^ z2

-  ^  J  *2(<P + %)p"2(»>. + Vth) + ^ J  z \ , ( t p  + t i j f 2,

thus

IHI+IVI « C\\vx + vML~l4l>+C\\vix\\LM \%  « Ce-**\\zfHl+Ce-“'MH,.

and so finally |(3.15)| < Co||z||y, + C ic-27t||z||^l . □

We can now prove that, for all t G [T(o ), SU,

J  (z2(i) - p R ^ i ^ i t ^ h i t )  + z?(t) ^  K ie~2̂ +2̂ .  (3.19)

Indeed, from Lemma 3.10 and estimates (3.8), we deduce that, for all t G [T(a ), Sn],

— it) ^  -C 0e_3(e' +7)i -  C'ie_27te_2(e>+7)t -  C2e_(ej+37)te_(̂ +7)i > - Jft:1e_2(ê +27)t. 
dt

Thus, by integration on [t, Sn], we obtain H(Sn) — H(t) ^  —/f1e_2^ +27̂ , and so

H(t) ^  H(Sn) +  iG e-2̂ * 27)4.

But from Claim 3.7 and Lemma 3.6, we have

H(Sn) ^  |tf(Sn)| < C M S »)Ifc < C'UNÌ2 < C'Ha-!2
^  C e -2 fe + 2 7 )5 n  ^  £ ^ - 2 ^ + 2 7 ) ^

and so
Vi G [T(o-), Sn], H(t) ^  K ie- 2̂ +2̂ .

Finally, since

|F(z)  -  pRP~'z2\ <  |F(z)  -  p(<p +  Vj)p~l z2\ +  p\((<p +  Vj)p- 1 -  y?-l )z2\ 

+  p\(<f?~1 -  R T l )z21 ^  C0|z|3 +  Cie~2yt\z\2,

we easily obtain (3.19) from the definition of H.

p(p -  K
2

vip- 1
2

Vjx) ’P-

vip -  1
2



3.3.6 Control of the Rkx directions
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N
Define z(t) =  z(t) +  ¿afc(i).Rfcr(i), where ak(t) =  - ^ , so that, by (2.2),

|y* zRk^ <  Ce-^WzWjj!, (3.20)

and there exist C\, C2 > 0 such that

^ IIz IIh i S  la*l ^  (3-21)
fc=l

As in [11, Section 4], we find

[  [ ( z l - p R T ^ h  + z2] < f  [{¿i-pRP-lz2)h + z2) + C e - 2̂ \\ztm .

Using (3.19), we deduce that

Vie[r(o-),5n], f  ( z l ( t ) - p R * - \ t ) A t ) ) h ( t )  + z2( t ) ^ K ie- 2̂ +2̂ .  (3.22)

Now, from the property of coercivity (vi) in Lemma 2.5, and since h takes values 
close to ^  for x close to ckt + xk, we obtain, by simple localization arguments (see 
[15, Lemma 4] for details), that there exists A2 > 0 such that

J (z2 -  pW  1z2)h +  z2 > X2\\z\\2h i -  ^  S  [ ( /  z Z t ) + {J  zZk ) .

Moreover, gathering all previous estimates, we have for all i € [T(a ), Sn]:

(a) For all A: € [1, Nj, ( j z R kx)2 < Ce~2̂ \ \ 4 2ffl ^  Ce~2̂ +2̂  by (3.20),

(b) For all k € [1, ATJ, ( f z Z + f  ^  2(a+f + Ce~2̂ \\z fm  < Ce~2̂ 2̂  by (iii) of 
Lemma 2.5, (3.10) and (2.2).

(c) For all k e  [ l , i j ,  ( f z Z k ) 2 ^  2(a*)2 + Ce-2̂ \\z\\2Hl < Ce~2̂ +2̂  by (iii) of 
Lemma 2.5, (3.12) and (2.2).

(d) For all fc € [i + 1, NJ, ( f  zZk f  < 2(a* )2 +  Ce-^\\z\\2m  ^  Ce~2̂ +2̂  by (3.8).

Finally, we have proved that there exists K  > 0 such that, for all t £ [T(a- ), 5n],

||z(i)||H, <  Ke
We want now to prove the same estimate for 2.

Lemma 3.11. There exists Kq > 0 such that, for all t € [T(a~), S'»],

||z(i))|s , «  «* -< •< « * .

S i t)Rkx(

C¡dl III»Cl 1*1m

zRkx
o

-(ciHh2-r)í



Proof. By (3.21), it is enough to prove this estimate for |afc(i)| with k £ Jl, iV] fixed. 
To do this, write first the equation of z from the equation of z (3.4):
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Zt + (Z xx+ P f 1Z)X
N N N N

=  Zt +  Y  aiRixt +  Y  a'lRix  +  z xxx +  Y a iR ixxx +  p Y  a > i(R ix f~ l )x  +  p ( f ~ l z ) x 
i - i  i=i i=i 1=1

N N  r I

=  (^ 1  ' z ) x  ( k ) ( z ) ) x £ lx  +  ^  ] tyR - lx  "I* R lx x x  p f  R l x
i= l  Z=1 L J *

Then multiply this equation by Rkx and integrate, so that we obtain

f  Z fR k x  f  ( z x x  +  p f  z ) R lc x x  — 0>k f  R kx  ^  [  R lx R k x  
J J J J

^  ] O-j J  Cl R l x  ■+■ p f  -R iiJ R k x  "t“ J  ^ i z R k x x  +  J  R k x x  4" J  C lR k x x .

But from (2.3) and (iii) of Claim 2.2, we have

I\ ( R i x x x ~  c i R i r  +  p f  1R i x ) x \\Lao <  p \ \ R i x ( f  1 ~ R 1i 1 ) l | jff2 

^  C\\<p -  R \ \H 2 + p \ \ R i x ( R r 1 -  B T ^ W b *  <  C e " 27*,

and consequently

\a'k\ ^  C I f  ZtRkx +  C\\z \\l2 +  Ce~* Y  Kl  +  Ce~2*  Y  M  
,J l^k 1=1

+ C'e-e,i|!z||i2 + CHzIIl2 + CIÎ ILi-

Moreover, from /  zRkX = Jli^k ai S RixRkx, we deduce that

^  J  z R k x  — ^  , ftt J  R k x R i x  ~l~ 0>l J ( C lR lx x R kx C k R l x R k x x ) 
l^k

=  J  Z tR k x  "f* J  z (  C k R k x x ) i

and so

I f  ZtRkx <  C\\z\\m  +  C e ~ * Y \ ai\ +  Ce~2* Y \ ai\- 
'J l^k 1=1

Gathering previous estimates, we have, from (3.21) and (3.5),

141 < cm *  + C&-+Y Kl + + CM* + c m »
Ijik

^  Ke~{ê 2l)t +  C4e_7i Y \ a'i\ +  C'e"27ie_(^ +7)t +  Ce~2{ei+l)t 4- Ce"(ĉ +47)t.
l^k

Finally, if we choose to large enough so that C^e 740 ^  jj, we obtain for all s €
\T(a-).SJ.

14' * ) \
K t -(e3 +f2'y)s

- Ce I l i . T



By integration on [t, Sn] with t G [!T(a- ),Sn], we get |afe(i)| ^  latían)| + K e~ ^+2ŷ . 
But from Claim 3.7 and Lemma 3.6, we have
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M S„)| < CHzOSJH^ ^  C||b|| < C\\aT\\ <  Ce~^+2̂  < C e~^+2̂ ,

and so finally,
Vt € [r(o -),5n], |afc(t)| ^  K e~ ^+2̂ .  □

3.3.7 Control of the unstable directions for k > j  by a topological argum ent

Lemma 3.11 being proved, we choose to large enough so that K0e~'rio < Therefore, 
we have

Vt € [T(0-), S„], ||z(t)||H, «

We can now prove the following final lemma, which concludes the proof of Proposi­
tion 3.3.

Lemma 3.12. For to large enough, títere exists a~ € BjiN-j(e~^e}+2'r̂Sn) such that 
T(a~) = io-

Proof. For the sake of contradiction, suppose that, for all a~ G BSiH-j{e~<fii+2'1'>Sn), 
T(a~) > to- As e ^ +7̂ 0_̂ z(T(a“)) G B#i(l/2), then by definition of T(a~) and 
continuity of the flow, we have

e ^ +2̂ a")«—(T(a-)) € Srn-^I). (3.23)

Now, let T  G [io, T(a )] be close enough to T(a~) such that z is defined on {T, 5n], and 
by continuity,

Vi G [ r ,s n], lk(i)||H l< e - (ei+7)i.

We can now consider, for t G [T, S'«],

N {t)= tf(a -{ t))  = \\e(* +2̂ ta-(t)\\2.

To calculate A/7, we start from estimate (3.11):

Vfc G ¡j + 1, AT], Vi G [T, Sn], j f ak (t) + ekak (t) < AT'e"^*4̂ .

Multiplying by |afc (i)|, we obtain

ak (*) + ek<*k(t)2 < Ke (̂+47)i|o;fc (i)|,

and thus

2<** (*) +  2ej+iafe (t)2 ̂  2ak (i)^afc (i) +  2eka k (i)2 <  K 2e (ê 4j)t\ak (i)|.

By summing on k G \j + 1, ATJ, we get

( | |a - ( i) ||2)' +  2ei+1| |a - ( ( ) f  <  Ar2e-<'>-^>*||«-(t)|l.

4 e'
(e ,-1'7)í_

d_
dt1



Therefore, we can estimate

W(t )  =  ( e ^ +« ‘ ||a -( i) ||2)' =  [2(e, +  27) ||a -( i) | |2 +  ( ||« -(t )l|2)']

< [2fe + 27)||a-(i)||2 -  2e,+I||o - ( i) f  + tf2e-<«<+*>‘||a -(i)||].

Hence, we have, for all £ 6 [T, 5„],

M \t)  ^  - 6  ■ M(t) +  K 2e ^ \ \a - ( t ) l

where 6 =  2(e¿+i — e¿ — 2*y) > 0 by definition of 7 (2.1). In particular, for all r  € [T, Sn] 
satisfying W (r) =  1, we have

AT'(r) < - e + K 2ee*T\\a-(T)\\ = -Q + K 2é*T<r^+2̂ T = -9 + K 2e~2rr < -0 + K 2e~2'*>.

Now, we fix £0 large enough so that K2e~2'lto < f , and so, for all r  e [T, 5„] such that 
M(t) =  1, we have

A i(t) < (3.24)

In particular, by (3.23), we have J\T'(T(a~)) ^

F irs t consequence: or i-> T(a~) is continuous. Indeed, let e > 0. Then there exists
5 > 0 such that Af(T(a~) — e) > 1 + Ó and Af(T(a~) +  e) < 1 — S. Moreover, by 
definition of T(a~) and (3.24), there can not exist r  € [T(a- ) +  e,Sn] such that 
M ( t ) = 1, and so by choosing 6 small enough, we have, for all £ € [T(a_) +  e, Sn], 

< 1 — 6. But from continuity of the flow, there exists 77 > 0 such that, for 
all o-  satisfying ||a~ — a~[| < 77, we have

V£ e [T(ft-) -  e, Sn], W (o-(£)) -  ^ (a -(£ ))| <  6/ 2.

We finally deduce that T(a~) — e ^  T(o") < T(o- ) +  e, as expected.

Second consequence: We can define the map

M  : BJiN-j ( e - ^ +2̂ Sn) SRN -i(e-^+2̂ )
a ~  >-> e - ( ei + 2 7 ) ( S n - n « - ) ) a - ( r { a - ) ) .

Note that M. is continuous by the previous point. Moreover, let a-  e " “ 
SRw-3(e- ^ +27̂ Sn). As M'(Sn) < — I by (3.24), we deduce by definition of 
T(a~) that T(a~) =  Sn, and so M(a~) = a~. In other words, M  restricted to 
SnN-i(e~^+2̂ Sn) is the identity. But the existence of such a map M. contradicts 
Brouwer’s fixed point theorem.

In conclusion, there exists a-  € B^n-, (e~ ^ +2̂ Sn) such that T(a~) = to. □

4 Classification of multi-solitons

This section is devoted to prove the second assertion of Theorem 1.3. Let p > 5, N  ^  2,
0 < Ci < • • • < cjv and X\, . . . ,  x?{ € R. Denote R = 1 Rcj,Xj and y? the multi-soliton 
given by Theorem 1.2. Let it be a solution of (gKdV), defined on [£1, + 00) with £1 > 0 
large, satisfying

IN*) “  #(í)1jíi = 0. (4.1)

The main idea of the proof is to improve (4.1), by giving the asymptotic behavior of 
u(t) at infinity at any exponential rate. This has to be done in several steps.
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4.1 Convergence at exponential rate 7

We first improve condition (4.1) into an exponential convergence, with a small rate
7 > 0, where 7  is defined by (2.1).

Lemma 4.1. Let e =  u — <p. Then there exist C,to > 0 such that, for all t ^  t0,
IK*) II* ^  Ce-*.

Proof. Step 1: Modulation. Denote v — u—R, so that ||v(t)||#i 0 as t +00  by (4.1). 
Therefore, by a standard lemma of modulation (see for example [11, Lemma 2]), for to 
large enough, there exist N  functions yj : [to, + 00) -* R of class C1 such that w = u —R, 
where R = ^2 Rj and Rj(t) =  Rj(t, • — Vj{t)), satisfies
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'V je[i,tfl, fw(t)(Rj)Jt) = o, 

■ + E f.i l»(i)l < C||i>(()||H„
y j  e  [1,-Nl, |ji(i)| S C|Mi)||H, + Ce-*.

Note that the first two facts are a simple consequence of the implicit function theorem, 
while the last estimate comes from the equation satisfied by w,

dtw + = Y v ' M R k ) - d x ({w + R f  - Y ,  i $ ) , 
fc=l \ fc=l /

multiplied by~(Rj)x and integrated. Similarly, if we denote Z f{ t) =  Z f(t, • — yj{t)) and 
a f(t)  = J w{t)Zf{t), the equation of w multiplied by Z f  leads to

Vi ^  t0, j t ä f(t) T  ej5f(t) < C\\w(t)\\2m  + Ce~2*. (4.2)

Step 2: Monotonicity. We use again the function introduced in Section 3.3.5. 
Following [11], we introduce moreover tpx = 1 and, for j  € [1, N  — l j ,

mj{t ) =  °3 2 ^ t +  il>j(t) = tf>{x -  mj(t)),

and
<j>i=i>!, <t>N = l -  ipN- 1, 4>j =  xpj -  ij)j- 1 for j  € 12, N  -  11.

We also define some local quantities rerated to L2 mass and energy:

M,(t) =  J u Ej(t) = /  ( i « ’ (i) -  M t) .

and
Ej(t) = Ej(t) +

Then, by (4.1) and monotonicity results on the quantities t i-> £ jL i Mk{t) and t >-*■ 
Jjk=i Ek(t), we have, for all i ^  t0 and all j  € [1, N}, following Lemmas 1 and 3 of [11],

£  ( /< %  -  M*w ) > (4.3)

(4.4)

IM*; i*

X j *4-

¿

p + l
«H-1!( t) 4>i(t),

<7o
100

■M S).

-K2e -2tt

3

E
fe=l

fa.Qck f i ­
r n Q l ' Ék(tt ) -K2e -27t



and
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(E,(t) + f  M,(t)) -  ( e (QC)) + S /< £ ,)  -  « X-4e - ^ + i f 4||W(i)||H, J w ^ j ,  

(4.5)
where iïj(i) =  /  { w 2 { t )  + C jW 2 ( t )  — pi?? 1( t ) w 2 ( t ) )  <f>j(t). But if we write

and similarly

e |  (m.)+| M )  = E [ g - ¿ )  E (*«w+^ / O

and if we remark that all coefficients in these decompositions are positive, we obtain, 
by (4.3) and (4.4),

e I  ( m + | « i w )  -  Ê I  («(ft,)+ ! / « , ) <  ce-»*.

Therefore, we have, by (4.5),

5E  < Ê I  (*s(‘) + f « i W )  -  E I  ( e (Qc,) + f  fQ % )  

+ K* E  4 e - w  +  £  i  / .oV,
j=i 9  j=i 9

< Cie-2^  +  § ||u ;( i) ||H1 [ w 2Y^ <t>j 
cro  ̂ i=i

since <pj ^  0. Finally, as Y^Li <f>j = 1, we obtain

£  ? W )  « C ,e -^  +C?>||to(t)||i,. (4.6)
j=1 9

Step 3: Coercivity. Now, from the property of coercivity (vi) in Lemma 2.5 and by 
standard localization arguments (as in Section 3), we have

£   ̂K̂ w{t)\\2Hi -  j-52 ( / »(*)(£#)*(*)) - ̂  53 ( / (t)) •
J—1 3  ̂3 1 ^

N

£
3=1

5 ,4 S i
2

MA

JL_
ci,

N

£
fc=1

Êi
N - 1

E
j=l

N - 1

E
j=l k

1 'l

( I

j

E J
i.—i

Êk

Ci+1.

1

2cjv

>_ 2̂. 
50

50cj

¿V

fc=l
M fe

:î c
=1

Mk

N -

E
j=i

i

2 *
_ _1

Cj-L 1

Oo
50

ï_

% Cj+1 Os Ql
1

°N

N

£!(E(Qck 100 K i
2cn

1 erp
50c# f e l

1
2

N

£
j=i êh

Hj(t)

k aM Oil*

Hj O

■ ï
U t )



As J w{t)(Rj)x(t) =  0 and a f( t ) = J w(t)Zf{t), we obtain, by (4.6),

«  Che-** +  C2||w(t)||i, + C3| |a ( i ) f ,
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where a (t)  =  (af(t))j± . For to large enough so that C2||w(t)||Hi < 4f, we obtain

Vt ^  t0, M t)!!^  < C i||a ( t) ||2 +  C2e -2'>*. (4.7)

Step 4: Exponential decay of a .  From (4.2) and (4.7), we have, for all j  € [1, TV] 
and all t  ^  to,

We follow here the strategy of [3, Section 4.4.2]. Define A(t) = J^jLi <*f(t)2 and B(t) =
EjLi 5“ (t)2, and let us prove that A(t) < B(t) +  Le~2yt for L large enough. First, we 
have, by multiplying the previous estimate by |5*(t)| (that we can of course suppose 
less than 1),

and so, by summing,

A \t )  > 2eiA(t) -  <?i||a(t)||3 -  C2e~2*.

Similarly, we obtain

B'(t) s$ —2e\B(t) + Ci ||a (t) ||3 +  C2e~2̂ .  (4.8)

Now, let h{t) — A(t) — B(t) — Le 2yt with L to be determined later. We have of course 
h(t) -¥ 0 as t -*■ +oo, and by the previous estimates, we can calculate

ti(t) = A'(t) -  B'(t) +  2L7e-27t
^  2eiA(t) +  2eaB(t) -  C^cKt)!!3 -  C2e~2̂
> 2eih(t) +  4eiB(f) -  Cx ||a (t) [|3 -  C2e~2̂  + 2Le1e~2'rt.

Since ||a(t)[j2 =  A(t) +  B(t) = h(t) + 2B(t) +  Le~2yt, we get

ti(t) > h(t)(2ei -  C i||a(t)||) +  B(t)(4ex -  2Ca||a(t)||) +  e~2̂ (2Lex -  C2 -  C iL ||a(t)||).

Now, choose to large enough so that Ci j|a(t)|| ^  ^  for t ^  to, and f ix l  =  ^ .  Therefore, 
we have, for all t ^  to such that h(t) ^  0, h'(t) ^  ei h(t). Hence, if there exists T  ^  to 
such that h(T) ^  0, then h(t) ^  0 for all t ^  T, and thus h(t) ^  Ceeit, which would be 
in contradiction with limt_,.+00 h(t) — 0. So we have proved that h(t) < 0 for all t ^  to, 
as expected.

Now, from (4.8) and the choice of to to have C i||a(t)|| ^  ^  for all t  ^  to, it comes

B'(t) + 2eiB(t) < eiB(t) + (^y  + C^j e"2* ,

and so B'(t) + e'iB(t) ^  Ke 27t.

AdIMW I*

É. 0 - ej 5 f (( t ) i(t) II2- C2e' 2-y«

( t )
d t Cm [t) ejOt t ? Cx\|5 t| «)l* ||âi 01 - C ite"2*,



Therefore, (eeiSB(s))' < Ke^ei~2̂ 8 for s > i0, and so by integration on [io>t],

eeitB{t) -  eeitoB(to) < He**-***, 

since ei — 27 > 0. We deduce that

B{t) ^  H e-2*  + K ’e~eit ^  Ke~2'ft.

Finally, we also have by the previous point A(t) < K'e~2'1t, and so

||5(i)l|2 < Ce-2*.

Step 5: Conclusion. By (4.7), we deduce that ||iu(i) H î < Ce_7t, and from the 
estimate on |yj.|, we have, for all j  € |1, iV] and all t ^  to, \yj(t)\ < Ce~'1t, by integration 
and the fact that Vjit) —> 0 as t —>■ + 00. To conclude, write

s = u — ip = w + R — (p = w — (ip — R) + (R — R),

so that 

But we have
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and so fanaliy, tor all t ^  to, ||e(t)j|^i ^  7\  U

4.2 Convergence at exponential rate e\

Now, we further improve the convergence of the previous lemma, with an exponential 
rate e\ 2> 7 . The proof will mainly use arguments developed in [11, Section 4], where the 
starting point is also a convergence of ||e(i) H î at a small exponential rate. Note that it 
is impossible to obtain the improvement of the convergence on w = u — R considered in 
the previous section, because of the source terms Ce~2yt as in (4.2) for example. That 
is why the analysis will be done, in this section, on e (difference between two solutions), 
to obtain the following lemma.

Lemma 4.2. There exist C,t0 > 0 such that, for all t ^  t0, ||£(t)||Hi ^  Ce~eit.

Proof. Step 1: Estimates. We follow the same strategy as in Section 3.3. First, from 
the equation of e,

£t +  (£*x +  (v3 +  s)P ~ y?)x =  0, 

we can estimate eef(t) =  f  e{t)Zf{t) for j  €r [1, TV] and t ^  to-, Indeed, we have

JtafW  = /  e‘Zf  + f  eZ?t= /  («** + ('? + £)” - f r) z% - C j j  tZ%

= /  Z%

= /  [e„  - cit+ptifi-'c) zfx + p -  mr'yzf, + £ Q f ^ z %  

= 1+ 11+ 111.

Vi to,

I(Ä -R ) (*)l
N

El
3=1

W ( t,- -Vjw . - Rj Oll H1
N

' £
¿=i

Ivr t ) Ce 7t

■ / £xx -Cj£ 4
P

-E
fe=i

P\
\ k

<?~ki
■*

But we have

M t II* II«■WII Ite R) (*)llI * I P - R ) w £ Ce -yt -II(ä - R ) \0(*)lII*



But we have I =  ±ejaf(t) (see proof of (3.9)), |II| < C7e ^||e(i) H î and |III| <  
C7||e(t) ll̂ rx, and so, for all t ^  to and all j  € [1,-ATj,
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^ a f ( t ) T e ja j { t )  ^ C e  nr*-||e(t)||jsrl. (4.9)

To control the R jX directions, we proceed exactly as in Section 3.3.6. Define

N
s(t) =  s(t) + cij (t) R jx (t), 

j = i

where a,(t) =  - ,  80 that | / ê'(t)jR îC(i)| < Ce~*\\e(t)^m  and

^llkllir1 ^ M m  "*■ 5Zlail ^ (4-10)
i=i

As \\e(t)\\H1 ^  Ce 7V we have exactly as in [11], for all t ^  t0, by monotonicity argu­
ments,

/  [£*(*) ~P RP + e2(t) < Ce 27tsup ||£(t')||#i,

where h is defined in Section 3.3.5. We also have, from {11],

j t ë - p I P - ^ h  + e1 ^ J  [ t ë - p S r ' ^ h  +  e?] + C e -2* Y a 2j + Ce-2*\\e\\]Ir,

and thus

f  -  pJRï,_1(i)e2(i)j /i(i) +  e*(t) < Ce 2*  sup||e(t') ||*i.

But as in Section 3.3.5, a localization argument of the property of coercivity (vi) in 
Tjfimma 2.5 lpflrls to

+ (/êRi-)2 + (/lz i)2 + (/iz l)2 ■

Since (f iR j x )2 < Ce-27*[|e:(i)||^i and ( / fZ * )2 < 2(af)2 +  C'e_27i|]e(t)||^i, we have

À2||êfei < C e-^sup  IKOI&x + Ce-2*\\e(t)fHl + c £  (a t )2 + C £ ( a ~ ) 2.
f> t  j=1 jml

By denoting oc(t) = (a f( t)) . ,, we thus have

WmWrn ^  C e - ^ s u p i m f ^  + C l l a m 2. (4.11)

I Q eIL1-

/ f*î t)

(el p W -he2 m i À2

N

E
7=1

it)? (t)



Finally, to estimate |aj(i)| for all j  € |1, N\, we follow the strategy and some calcu­
lation from the proof of Lemma 3.11. First, write the equation satisfied by e:

et + (exx+pyP-1e)x
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IS JS JS JS

= £t + Sxxx +  p(<̂ p_1e)2. +  Ys akRkxt + '¿T o!kRkx + akRkxxx + p J 2  ak(Rkx(pp~1)x
k=1 fc=l fc=l fc=l 

N N
= [(v5 ^ \x  Pi.^  ^ ' akRkx -(- y ] ak f ckRkx + Rkxxx PV  ̂ -ßfcxj

fc=l fc=l 1
N N

=  akR kx +  13 °fe [R kxxx ~  CkRkx +  PV? l R kx\x ~  [(<P +  s f  ~  If? ~  P<f? XeJ .
Jfc=l fc=l X

Then multiply by RjX and integrate, so that

J  etRjX -  J (exx + jxpP 1e)RjXX = a'- j  R% +  ^  ak J  RkxRjx

N
+ flfe J  [-Rfcixx — ckRkx 4- ptff^Rkx^R jx  +  J  +  e f  — 0  — p ^ ~ xej RjXX. 

fc=l

As \\(Rkxxx ~ ckRkx + p(pp~1Rkx)x\\L<*> ^  Ce-7*, we obtain

14(t)| <  CI / £ t ( i ) ^ ( i )  +  Ce"7* £  l«*WI +  C e-^ M t) \ \m  +  C ^ W II *  +  C \ m \ \ H>-
M 1 Mi

Moreover, we still have

1/ <  C ||f(t)||a i + C e-*-Z , K (t)\ + Ce->‘\ m \ \ H1,
KtFJ

and so

K(t)| « C>e~* •£  |ai(t)| +C e-^ |k(i)||a , + C||e(i)fe. + C ||f(t)||H,.
kjtj

Finally, choose t0 large enough such that C\e 7to < -¿f, so that we obtain, for all 
j  6 [1, N j and all t ^  io,

laJW K Ce-^H eW lla»+011^)11^. (4.1-2)

Step 2: Induction. With estimates (4.9) to (4.12), we can now improve exponential 
convergence of £ by a bootstrap argument. We recall that we have ||£(i)||#i ^  Ce~7ot 
with 7o = 7 already. Now, we prove that if Ue(i).||ffi ^  Ce~1Qt with 7 ^  70 < e\ — 7 , 
then ^(iJJI^i ^  C'e_ 7̂0+7̂ . So, suppose that ||e(i)||^i < Ce-70* with 7 ^  70 < e\ — 7 .

(a) From (4.9), we get, for all j  € [1, AT], \(e~e’taj'(t))l\ < C,e_ -̂,+70+7̂ , and so by 
integration on [t, + 00), |a^(i)| ^  Ce_ 7̂0+7̂ , since a f(t) —¥ 0 as t —>• + 00.

(b) Still from (4.9), we get, for all j  € [1, NJ, \(eejtaj(t))'\ < C 'e^-7"70̂ . As ej — 7 — 
7o  ^  Ci —  7  — 70 > 0, we obtain, by integration on [io, t], \eejta~ (t) — eeitoa~(i0)| ^  
C 'e^-7-70^, and so

\a~(t)\ ^  C e-(70+7)t + Ce~ejt ^  Ce~(70+7)t.



(c) Therefore, we have ||a (i) ||2 < C'e- 2(7°+7)‘) an(i SO) we obtain j|e(i) ||jyi < 
by (4.11).

(d) From (4.12), we deduce that, for all j  G |1, N \, |a' (i)| < c e-(7°+7)t, ^  by 
integration on [i, + 00), |a -̂(i) | < C,e~('ro+7̂ , since a_,(t) —> 0 as t -* + 00.

(e) Finally, from (4.10), we have ||^(£)||ffi < C e^70-1"7^, as expected.

Step 3: Conclusion. We apply the previous induction until we have e\ — 7  < 70 < e\. 
Note that if 70 =  e\ —7 , then the estimate is still true for 70 =  ei — §7 < ex—7 , and so for 
7o = ex — ^7 > e\ — 7  by the previous step. Now we follow the scheme of step 2. We still 
have, for all j  G ¡1, N}, |a+(t)| < Ce"^70+7̂  < Ce~eit, and |(eê ta j'(t))#| ^  C e ^ -7-70^. 
In particular, for j  = 1, we have

K e -a r W )'!  <  C e(e i-7 -'m)i 6  L '([to ,+=»)),

sinee e\ — 7 — 70 < 0. Hence, there exists Ai G R such that

tSglx>eeitai(t) = Al’ (4-13)

and \eeita i  (£)—A \| ^  Ce(ei-7_70^, and so Jaj"(i)| < Ce~eit. For j  ^  2, since e3- —7 —70 > 
62 — 7 — ei > 0 by definition of 7 , we still obtain, by integration on |a “ (£)| ^
Ce- (7°+7)t < Ce~eit. As in step 2, it follows ||cr(i)j|2 < Ce'~2eii, then ||e(^)lljii ^  Ce~eit 
by (4.11), jo,-(i)| ^  Ce~eit for all j  G [1, ATJ by (4.12), and finally ||e(i)||ffi ^  Ce~eit 
by (4.10), as expected. □

R em ark 4.3. Note that we can not obtain a better rate than e\ for the estimate on 
IkWlltfi if A\ ^  0. Therefore, to continue improving the rate of convergence, we have 
to consider a refined asymptotic expansion of u, which is the object of the next section.

4.3 Identification of the solution

We now prove the following proposition by induction, following the strategy of the 
previous section. We identify u among the family (<Pai,...,An) constructed in Section 3. 
We recall that this family was constructed thanks to the subfamilies (<pAlt...,A}), which 
satisfy (3.2) for all j  G |1, iV|:

V i ^  to, h A u - A i i t )  -  V A ^ .A i - A t )  -  A j e ^ Y f  i t ) | |H1 ^  e - ^ ‘ .

Proposition 4.4. For all j  G [1, N], there exist to, C > 0 and (A\ , . . . ,  A ;) G RJ such 
that, defining Sj(t) = u(t) — <PAi,...,Aj(t), one has

Vi ^  io, \ \ s M \ m  ^  C e ~ejt-

Moreover, defining a^fc(i) =  /  £j(t)Z^(t) for all k G [1,JV], one has

V fcG flJJ ,  J m ^ a ^ i )  =  0.
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R em ark 4.5. As £i =  u — <pai — £ + (<P — <PAi), we h&ve

IkiWllffi < lk(i)||^i + llv(i) -  VaMWbi < Ce~eit

by Lemma 4.2 and (3.2). Moreover, defining z\ by Z i ( t )  — (pA1{t) — <p(t) — Aie~eitYi'(t), 
we have

“wW= / mr(t) = / ewr(t) -  a«-*/n+wzrw -  / *iwzr«
= Qf(t) -  jlie - *1' -  J  zi(t)Zi(t)

by definition of in the previous section and by normalization (iv) of Lemma 2.5. As 
ll2i Wll#i ^  e“(ei+7^, we finally deduce, by (4.13),

|e '" ^ ,( ( ) | «  |e - a r ( t )  -  A | + Ce“ « ^  0 .

Therefore, Proposition 4.4 is proved for j  =  1.

Proof of Proposition 4-4• By Remark 4.5, it is enough to prove the inductive step: we 
suppose the assertion true for j  — 1 with j  ^  2 , and we prove it for j . So, suppose that 
there exist to,C > 0 and (A\ , . . .  ,A j-i) e  RJ-1 such that Ilfj-iWHtfi ^  Ce““*-1* for all 
t ^  io, ancf moreover, for all fc G 11, j  — lj, eekta~_l k(t) —>• 0 as i —» +oo.

Step-1: Another induction. Following the proof of Lemma 4.2, we prove that if 
Uej-iiOlltfi ^  Ce~lot with e,_i ^  70 < ej - 7 , then H^j-i (i) Ĥ i <  C"e_(70+7)t. But, as 
ifAi is a soliton like </?, estimates (4.9) to (4.12) of the previous section hold. In other 
words, we have, with obvious notation, for all t ^  t0,
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'vt £ =Feta* u (()| « Ge-Tfe-, («)»„,
, K - i WIIhi i  supt,)t ||£ j-i(filial + C |a J_,(i)||2,
j VA: € Ih N I  ^  Ce 7t|kj-i(i)|J^i + C\\ej^i(t)\\Hli

llkj-iWIU. « ciit,-,««*. + c e £»
From these estimates, we deduce the following steps as in the previous section.

(a) For all k 6  [1 ,N}, [a+_1)fc(i)| < C e ~ ^+̂ .

(b) For all A: € [1, j  — 1], we have \(eektaj_lk (t))'\ < Ce^k~'1°~^t. As e* — 70 — 7  ^  
ej-i — 70 — 7  < —7  < 0 and eekiaj_lk (t) - f  Oas t —t + 00  by hypothesis, we deduce 
by integration on [i,+ 00) that \eekta~__l k(t)\ ^  C e ^ -70-7^, and so |ckj"_l fc(t)| <

(c) For all A: € [j, A/'], we still have |(eefctorJl_1 fe(t)),| < C'e^*-70-7^. As ek — 70 — 7  ^  
ej — 7o — 7  > 0 , we deduce that |eekta~_l k(t) — eeki°aj_l k(t0)\ < Ce^*-70-7^ by 
integration on [io, i], and so

l<*7-i,fc(i)| < C'è" 6*4 +  C e-(70+7)t < C e-(70+7)t.

(d) Hence, we have ||a j_ i(f) ||2 ^  Ce_2 7̂0+7̂ . It follows ||?j-i(i)||^ i ^  Ce_ 7̂0+7̂ , 
|Oj_i,fc(i)| ^  (7e-(7o+T')t by integration, and finally ||ej_i(i)¡[^i ^  Ce_ 7̂0+7̂ , as 
expected.

1 ,N \ i o -i À i
Ce

ìaj - l fí)l

it.

Cte"<
egra
. I
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Step  2: Identification o f  A j .  W e a p p ly  th e  p re v io u s  in d u c tio n  u n ti l  w e h a v e  70 
su c h  t h a t  ê - — 7  <  70 < ej. M o reo v e r, w ith  th e  sa m e  sc h em e , w e o b ta in  th e  fo llo w in g  

e s tim a te s .

(a )  F o r a ll k  6  [ l , iV ] ,  |a ^ L l fc( i ) | ^  C e~ (rm+'1̂t ^  C e~ e}t, a n d  w e s t i l l  h a v e

(b ) F o r a ll k  €  |1 ,  j  — 1 ], w e s t i l l  h a v e  |a j _ l fc( i ) | <  (7 e -('»+T')t ^  C e~ejt.

(c ) F o r k  — j ,  w e h a v e  |( e e ita j _ 1>i( i ) ) / | ^  C e ^ -7 0 -7 ^  €  L 1([io , + 00))  a s  e7- — 70 — 7  <  0 . 

T h u s , th e r e  e x is ts  A j  €  R  su c h  t h a t

a n d  m o re o v e r |eejta “_ l j ( i ) — <  C e ^ '-7 0 -7 ^ . H en ce , w e h a v e  |c tj_ li?( i ) | ^  C e~ejt.

{d ) JFor a ll k  €  { j  + 1 ,  N } ,  w e h a v e  e* — 70-— 7  >  &j+\ — e j — 7  >  0 , th u s  b y  in te g ra tio n  

o n  [to, ¿], w e g e t |a ~ _ 1)fe( t ) | <  C e~ekt +  Ce~(',0+'r'>t <  C e~e’*.

(e) W e n o w  h a v e  || Q£j_i ( t)  ||2 <  C e~ 2e}t, a n d  so  a s  in  t h e  f irs t s te p , w e c o n c lu d e  t h a t  

lk i- i ( * ) l l t f i  <  C e - ^ .

S tep S: Conclusion. T o  c o n c lu d e  th e  in d u c t-ien , w e w r ite

£j(t) =  u ( t ) -  =  £ j- i ( t )  +  -  V A u . . . ^ ) )

=  ~  A j e~eitY j ’ ( t)  -  Zjit),

w h e re  Zj(t)  =  ipAl,-,Aj (t ) ~  lf A 1,...,Aj- 1(t ) ~  A j e ^ Y f  (t)  sa tis f ie s  ) [ z j( t) ||H i ^  e ~ (e^+7)t 

b y  (3 .2 ). T h u s , w e  f ir s t  h a v e

I k i W H t f i  <  I k i - i W l l f f i  + c , e _ e , t + 11̂ ( 011^1 ^  C e-*’*.

M o reo v e r, w e f in d

a-k{«)= /  = a7_1Jbft) -  v - '• / -  J
T h e re fo re , fo r  a ll A: €  [l,j>  — l j ,  w e h a v e  K k W I  <  |a i - i )fe( t) l +  C e  ei l +  C e  (ej+7)i, a n d

SO

e'“ |o^(i)l < «"Vj-wW I + ^  0.

F in a lly , fo r k  =  j ,  w e h a v e  b y  th e  n o rm a liz a tio n  (iv ) o f  L e m m a  2 .5 , Oi~j(t) =  a ~ _ l j ( i)  — 

A je ~ ejt — f  Z j( t)Z ~ (t) ,  a n d  so

e‘> '\a-j(t)\ $  | e « « > a +  C e " *  ^  0 ,

w h ic h  ach iev es  th e  p ro o f  o f  P ro p o s itio n  4 .4 . □

C o r o l l a r y  4 .6 .  There exist (A \,  . . . , A n ) €  R w a n d  C, to  >  0 su c /i that, defining z ( t ) =

- u ( t )  -  <^Ai,...,AN ( t) ,  we have | |z ( t ) |[ H i ^  C e”2*"* fo r  a l l t ^  to.
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Proof. Applying Proposition 4.4 with j  = N, we obtain (A \,. . . ,  A^)  € M.N and 
C, t0 > 0 such that ||z(f)||Hi ^  Ce~erft for all t ^  t0. Moreover, if we set

at (*) = j  zitfZkit)

for all k e  ¡1, A |̂, we have eekta^ (t) -*■ 0 as t -¥ + 00. But, as in the previous proof, it 
easily follows that if ||z(i)||#i ^  Ce~'rot with 70 ^  e#, theii jj/ji ^  C/e_ 7̂0+7̂ , and 
we apply this induction until we have 70 =  2e;v. □

4.4 Uniqueness
Finally, we prove the following proposition, which achieves the proof of Theorem 1.3. 
Note that its proof is based on the schemes developed above, and on arguments devel­
oped in [11, Section 4].

Proposition 4.7. There exists to > 0 such that, for all t ^  to, z(t) = 0.

Proof. We start from the conclusion of Corollary 4.6, we set

0(i) = supeê t'||z(i')[|Hl, 
o t

well defined and decreasing, and we prove that 0 =  0. Indeed, with obvious notation, 
we still have the following estimates, for all t ^  io,

'Vfc € [1,N], =Fe*a£(t)| ^  Ce ^¿(i)!!#!,

< Vfc e f l ,N j, 4 ( i) | ^  Ce-*\\z(t)\\H1 + C\\z{t)\\m>

Moreover, if we define Hq as in [11] by

Ho(t) =  / { (zl(t,x) -  F0(t,z(t,x))\h(t,x)  + z2(t,x)} dx,

where

Fo{t, z) =  2 [ (y * ...+z)P* '  -  .
p+  1 p+L

and h is defined in Section 3.3.5, we also have t) ^  — Ce 27t ||z(i)||#i- Now, we want 
to prove that 9(t) = 0, for t ^  io with io large enough. Let i ^  to-

First, we have, for all k € fl,iV j, ^ a f( i)  T (i)| ^  C'e- 7te-ewt0(i), and thus, 
for all s ^  i,

(s) T ek<*k(s) <Ce  (e" +7)s0(i).

Hence, we have |(e efcSa^(s))^ ^  Ce (eN+efc+7^0(i), and so, by integration on [i, + 00),

K ( i ) |  ^  C e -^^e t t) .

01!Il* c II* 0 fifi' (7£ Í= LJ ak\m

.(t)
p + l

t)z

An* dt k i)

d
dta



Similarly, we have |{eefc*afc(s))/| ^  Ce~^eN~ek̂ a9(t), and since eN — ek + j  ^  7  > 0 and 
eefcta * (t) —> 0 as t -¥ + 00, we also get, by integration on [i, + 00),

|c£(i)| < C e - ^ +̂ d (t) .

We thus have ||o:(i) ||2 < Ce~2(-eN+n/̂ 92(i). But we also have, for s ^  t,

^ ( s )  > -C e - 2̂ \\z{s)\\2H1 = —C e -^ + ^ V ^ Ik W lltfO 2 ^  -C e~2̂ +̂ s92(t),

and so, by integration on [i, + 00), H0(t) ^  Ce~2(-eN+̂ t92(t). As in the proof of Lem­
ma 4.2, we deduce that

IT O fii < Ce~2(e" +7)t02(i) + C\\a(t)\\2 < Ce~2(e" +7)t02(i),

and so ||?(t)||^i ^  Ce~^eN+̂ t9(t). But, for all k € [1,7VJ and all s ^  t, we have

|«4(«)| « Ce-^ll^s)««, + C||i(S)||H, «  < C e - ^ ’0(t),

and so, by integration on [f, + 00), \dk(t)\ < C'e~(eN+7)t0(t).

Finally, we proved that there exists C* > 0 such that ||z(i)||#i ^  C* e~<fiN+1̂t9{t), 
for all t ><o- Now f ix i^ io .  We have, for all f  ^  t,

eefit>\\z(lf)\\Hi ^  C*e~^9{t!) ^  C*e-*°9{t)y

and thus 9(t) < C*e~'rt°9(t). Choosing i0 large enough so that C*e~‘yt° < | ,  we obtain 
9(t) < |0 (t), so $(t) ^  0, and so finally 8(t) =  0, as expected. □

A Appendix

Proof of Lemma S.4- The scheme of the proof is quite similar to the proof of 
[9, Theorem 5], and uses moreover some arguments developed in [11, section 3.4]. Let 
T* — T*(\\zo\\^) > 0 be the maximum time of existence of the solution z(t) associated 
to zq. We distinguish two cases, whether T  < T* or not, and we show that this last case 
is in fact impossible.

First- case. Suppose that T  < T*, and let us show that Zn(T) —* z(T) in H 1. Since 
Cg° is dense in H~x and | | z „ ( r )  -  z(T)\\ffl < Ĥ n(3r')||Hi +  §z(T)\\H1 < K \  it is enough 
to show that zn(T) -+ z(T) in 2>'(R) as n -* +ocr. So let g € C£°(R) and e > 0, and let 
us show the lemma in three steps, using an H3 regularization.

Step 1. For N  »  1 to fix later, we define z^ n and z$ by
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|  3ofn(0 =  l[-iv,N](C)2b,n(^),

I ZoiO =

In particular, z£n and z$ belong to H 3, and —» z*  in V (R )  as n -> + 00, since 
Fourier transform is continuous in P'(R). Moreover, since (so.n) is uniformly bounded 
in H 1 by Banach-Steinhaus’ theorem, we have ||<Zofn|L 3 ^  CiAQII^nll^i ^  C(N), and

Kn -  = f  (l + i')3/1K.(i)|2<ii < ^  £ |>Mli|3/2 ■ ISRK)!2̂
03/4 t o3/4 p

^  ^  ^  V n -

Ce +7)*i

Zo :ù Ir vyv] :o Zq \

23/4

Tn m>N e \ :oi2<«
23/4

7 Ñ
IK-
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ffl
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Thus, Zqu —¥ zo,n as N  —> +00 in if? uniformly in n. If we call (t ) the solution 
corresponding to initial data z^n, and since ||^n(i)||Hj ^  ||^n(i)tl^ri ^  we deduce 
that

sup | | ^ (t ) -  Zn(£)||H3 < C\\zg -  zo,n\\ $
*€[0,71 H M

for N  large enough, by applying [10, Corollary 2.18] with s = |  > 2̂ i) ^ d  T  = Tk  = 
^’(ll-2nWllff|)- As a consequence, we have
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sup Ik^(i)|| sup IknWII^-J + C'UDII J +C||2o,n|lH|
*€[0,71 H *€[0,71 H H H

< sup H- 2C'||^b)Tl||^1 C7.
*€[0,71

Similarly, as supte[0Tj ||-s(i) lijyi < K' by hypothesis, we also obtain, for N  large enough,

where zN(t) is the solution corresponding to initial data z$ . Notice that C and C" are 
independent of n, and that by propagation of the regularity, we have z£  (£), zN(t) € H3 
for all t € [0,71. Finally, we have, bv the Cauchv-Schwarz inequality,

1 / M T )  -  z ( T ) J a  -  I ( z H m  -  A t ) ) « !  «  1 / ( 2 n( T ) -  zZ(T))g  

+  \ J (z (T )  -  zk (T ) ) , j  $  ( | | z „ ( T )  -  z«(T)\\ l , +  | | z ( T )  -

for N  large enough, and we now fix it to this value.

Step 2. Now N  is fixed, we forget it and the situation amounts to: zn(t), z(t) € H 3 
for all t € [0,T], supt6[0T] ||zn(i)||H§ ^  C, ||-zo,n ||H3 ^  (with C and C' independent 
of n) and zo,n —► zq in ©'(R) as n —> + 00. The aim of this stej> is to show consecutively 
that zn(t) is uniformly bounded in H 1, H 2 and H3, and finally, zn is uniformly bounded 
in iTJ ([0,T] x R).

Since supt€[0 T] ^  C and H*(R) <-* L°°(R) continuously, we have

sup ||2n(*)|lL«> ^  c  and sup ||z„(i)||£2 < C. 
te[o,r] t€[o,r]

But energy conservation gives, for all t € [0, T\,

We deduce that

1/ («U.«)2! « ciMWEJik««*+ c n ^ n i ,+ c n ^ ic 1 « c,

and so supi€[0 7- < C.

To estimate ^ (i) ! ! /^ , we use the “modified energy” as in [11, Section 3.4] (see 
also [8]). If we denote zn by z for a short moment, and if we also define ^ ( i )  = 
/  (4c(*) -  fz*(*)2p_1(*)) for t € [0,7], we have the identity

a'2(t) = ±p(p -  l)(p -  2)(p -  3) f  zl(t)z> -\t) + |p*(p - 1 )  /  ^ ( f ) ^ - 3(f).

Il*
I

»(< \m

SUD
te[o,n

II*"(t) - z(t C ,N
'0 Sol h! ’

T) li.) illI I2 s
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*n(tOll Tf

h
dxzn It))2

1
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But Gagliardo-Nirenberg inequalities give, for all k > 2,
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J Klfe ̂  C(J (J «».) ,
and since supt€[0 T] ||z(i) ||i00 < C, we have

G'2{t) < C\\z(t)\\r~ J +  c%z(t)\?£* j  \zx{t)f

<£(/**(*)) ' (J z2XiE(i)^1 + c ( j 4 ( t ) )  ' ( J 4*(*)) ' 

< C(JzL(t)) ' + <?'(/4r(*)) ' ■
Since a ^  a4/3 + 1 and a < a4 + 1 for a ^  0, we deduce that for some C,D > 0 (still 
independent of n), we have, for all s e  [0, T],

<%(>) < c (J  *L(s)) + D.

Now, for t e [0,T], we integrate between 0 and t, and we obtain

G2( t ) - G 2( 0 ) ^ C  f  \\zxx(s)fL2ds + Dt.
JÙ

Moreover, by definition of G2,

\\zxxm h  < f  I/ * 2 W ^ l(*)| + f | / ^ ( 0) ^ ( 0)

+  l l * « ( 0 ) l k  +  c f *  l l ^ W l l i ,  ds +  DT  
Jo 

« CM*)!©1 + CtkiOJtlSi1 + 112(0)11̂ + DT + C [  «Ì.WIIÌ, is
JO

K B  + C fW z M W ltd s .
JO

Finally, we obtain bv GronwalTs lemma that, for all t € fO.Tl.

We can conclude that supt6|0 r ] ||zn(*)|lH2 ^  C with C > 0 independent of n.

For a uniform bound in if3, we use the same arguments as for if2. In fact, it is 
easier, since we have, by straightforward calculation (we forget again n for a while),

j t J 4r*M = ~Mp - 1) /  zlxx(t)zx(t)zp 2(t)
+ lépip — l ) (p  — 2) J  zlx(t)zx(t)zp~3{t)
+ Upip -  1 )(p - 2)(p - 3) J z2xx{t)zl{t)z*-\t) 
+ 2pip -  l)(p - 2)ip -  3)(p. =- 4) J zxx{t)zl(t)zp-5(t).

11-2x2iti 2 . 
L2 Bec £ BepCT



But we have now supt6|0;T] ||zx(i)|lz,oo <Csnpte[0T] \\zx(t)\\H1 ^ s u p ^ o ^  ||z(i) | | H 2 ^  C, 
and still supter0 ri ||z(i)||LOO < C, so
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|  /  £.M « » / 4-W + e j  m<)I3+cf  z i( t)  + D I  | 2 w ( < ) i W t ) l -

Using a Gagliardo-Nirenberg inequality for the second term and the Cauchy-Schwarz 
one for the last term, we obtain

z2xxx(t) z2xxx{t) +  B '(^ jz2xx(t)) '  ( / ¿ L x ( * ) )  '

+ C\\z(t) \\2Hi + D\\zxx(t) \\l2 || zx(t) ||l2

^  -¿J z%xx(t) + B" J  zlxx(t) +  B" + C' + DWztylfgi 

<A' J  zlxx{t) + D'.

Now, if we integrate this inequality between 0 and t € [0, T\, we get

||3asasx(̂ )j Il 2 ^  II^s«*(0)IIl2 + A f  ||zxxx(s) \ \ £ 2  ds + D t
JO

< 11̂ (0)11̂ 3 +  A' f  \\zxxx(s)|1*2 ds +  D'T 
Jo

< A 'f a z U s ) t„ *  + ir ,
Jo

and we conclude again by Grdnwall’s lemma that \\zxxx(t) \ \ 2L 2 < D"eA>t ^  D"eA'T. 
Finally, we have suptg[0 T] ||zn(i) | | # 3  as excepted.

As Znt(t) = - Znxxxtt) -  p z ^ t )  zp~x {t), then we have, for all t € [0,T],

\\Znt{t) \ \ L 2 < WZnxxxWh* + p M O IIS  [\Znx\\L 2 < ItaWllfP +  C\\zn{t)fm  < C.

We deduce that (zn) is uniformly bounded in i i 1([0,T] x R), thus there exists z such 
that zn —1 z weakly in i i 1([0, T] x R) (after passing to a subsequence), and in particular 
strongly on compacts in L2([0, T] x R). Moreover, since supt ||zn(t)HH3 ^  C, we have 
supt |J^(i) | | H 3 ^  C.

Step S. This step is very similar to the first one of the proof of [9, Theorem 5]. We 
recall that we want to prove f (zn(T) — z(T))g —)■ 0 as n —> +oo. Let wn = zn — z. The 
equation satisfied byw n is wnt + wnxxx + (zp — zp) =  0, and moreover

(Zn ~ ZP)X =  pZnxZ* 1 -  p Z x ZP 1 = p ^ Z ^  -  zx)zp 1 + zx(zp 1 -  ZP *)]

= P «W jJ“1 +  ZX (Z„ -  Z )  ]T  Z*Zp- 2~ k  .

fc=0

If we define S(u, v) =  Y%Jb vkup 2 k, the equation satisfied by wn can be written

{
Wnt "t" ®nira PZn ^Wnx 4" PZXS (Z , Zn )w n — 0,
Wn(0) =  Xpn ' =  -  Zq.

_dt



Now, consider v(t) the solution of

fv t  +  + P(zp~lv)x + P*xS(z, z)V = 0,

IvOT =  9-

First notice that supt ||i»||i2 ^  C by an energy method. Indeed, we have by direct 
calculation

I  /  o2 =  ~ p f  V2 [(p -  1)2*F-2 + 2z,S(z, *)] .

But we have supt H^WIIz,“  ^  suPt PW IIh2 ^  C'> 811(1 similarly supt \\z(t)\\Loa ^  C, 
supt \\zx(t)\\Loo < C and supt ||S(z(i), z(t))\\LOO < C, and so

By integration between t € [0,T] and T, we obtain
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and so ||v(i)||^2 < ||p||^2 +  C /tT ||v(s)||^2 ds. We conclude, by Gronwall’s lemma, that

IMf)l& < l l i f e i° (T- ,) S =  K.

Now, we write

[  wn(T, x)g(x) dx -  [  V>n(x)f(-G, x )d x=  f  1  wntv + f  f  wnvt = 1  +  11

with

(
I =  J  j  Wn [vxxx +  p(vZP *),. -  pzxS(z, Z^u] ,

II = J  J  wn \ -v xxx -  p(vzp' 1)x + pzxS(z, z)i>],
and so

I  +  I I  = pJQ J  Wn\v{z* 1 -  Zp % + P ^  J  Wnzxv\s{z,z) -  S ( z , Z n ) \

= ~PIo I WnxV(*r l  ~ F_1) ~ PIo I  WnZxV%  zP~2~k(z" -  ^

= - p j  J  Wnxv(Zn -  z)S(z,Zn) - p  jf J  WnZxv(Zn -  z)S'(z,ZyZn)

— ~ p j  J [ W n x S i z ,  Zn) +  WnZxS'(z, Z, 2n)]v(Zn -  Z),

where S(z,zn) =  and S'(z ,z ,zn) =  E U  both sat­
isfy

sup 115(5,2 )̂1^00 < C and sup \\S'{z,z,zn)\\LOO ^  C- 
te[o,T] te[o,r]

As ipn —*• 0 in L2 and u(0) £ L2, then, for n large enough, | / tjjn(x)v(0, x) dx\ ^  
Therefore, it is enough to conclude to show that, for n large enough, |I +  II| < But

supt llW n*^^, Zn) +  WnZxS'(z, Z, Z ^ ^ o c  <  C,

V- W V2[»

By integration between t € [0,T] and T, we obtain

Hum 11?, I\v(T II r2 c s: llv(s I-A.2ds.

p HW T

r^P—2 
—'fc=0 an I^p-2

f̂c=]
*2 
=1 1*1

vfc-1
.1=0

kzk - w i both sat-



and supt \\zn -  z\\L2 < C\\zn -  ¿||h i(]o,t[xR) < suPt IMIl* ŝ  C. Hence, there exists 
R  > 0 such that

\-P f  f  [WrucSiz, Zn) + WnZxS'(z, Z, Zn)]v(Zn ~  z) <
I Jo J|a|>H o

And finally, by Cauchy-Schwarz inequahty, we have

- p f  f  [Wnxs(z,zn) + wnzxs '(z ,z ,zn)]v(zn -  z) < C /  f  %  ~ z\\v\
JO J\x\^R JO

i c l f f  w - ^ i f f  <-2) , / 2 < c ( / 7  k - * p Y / , < §
\ J 0 J  \ J  0 J \ x \ ^ R  J  \ J 0 J \ x \ ^ R  J  8

for n large enough, which concludes the first case.

Second case. Suppose that T* and let us show that it implies a contradiction. 
Indeed, there would exist T’ < T* such that p (T '/)||if3 ^  2K  (where K  is the same 
constant as in the hypothesis of the lemma). But we can apply the first case with T  re­
placed by V , so that zn(T') —*■ z(T') in H 1, and since ||2n{2n,)llii1 ^  K, we would obtain 
by weak convergence H ^ r')!!^  < ^  Ki and so the desired contradiction and
the end of the proof of the lemma. r
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Abstract

For the L2 supercritical generalized Korteweg-de Vries equation, we proved in [2] the 
existence and uniqueness of an AT-parameter family of JV-solitons. Recall that, for any N  
given solitons, we call iV-soliton a solution of the equation which behaves as the sum of 
these N  solitons asymptotically as t -¥ +00. In the present paper, we also construct an 
TV-parameter family of iV-solitons for the supercritical nonlinear Schrödinger equation, 
in dimension 1 for the sake of simplicity. Nevertheless, we do not obtain any classification 
result; but recall that, even in subcritical and critical cases, no general uniqueness result 
has been proved yet.

1 Introduction

1.1 The nonlinear Schrödinger equation

We consider the L2 supercritical focusing nonlinear Schrödinger equation in one dimen- 
sion:

j id tu +  d%u +  |u|p-1u =  0, _

\t*<0) =  «0 € tfHR), ( }

where (t,x) € R2, p > 5 is real, and u is a complex-valued function. Recall first that 
Ginibre and Velo [6] proved that (NLS) is locally well-posed in ijrl(R) for p > 1: for 
any uq € H 1(R), there exist T  > 0 and a unique maximal solution u € C([0, T), H 1(R)) 
of (NLS). Moreover, either T = +00 or T < +00 and then lim*-^ ||öxu(i)||L2 = +00. It 
is also well-known that H1 solutions of (NLS) satisfy the following three conservation 
laws: for all t G [0,T),
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M(u(t)) =  J  |u(t) |2 =  M(tto) (mass),

E{u(t)) =  ^ J  |axu(i) |2 J  K i )!1* 1 =  E(uo) (energy),

P(u(t)) =  Im J  dxu(t)ü(t) =  P(uq) (momentum).

Recall also that (NLS) admits the following symmetries.

• Space-time translation invariance: if u(t, x) satisfies (NLS), then for any to, x0 € R, 
w(t, x) =  u(t — to, x — xo) also satisfies (NLS).

• Scaling invariance: if u(t,x) satisfies (NLS), then for any A > 0, w(t,x) =
2

Ap=Tu(A2i, Ax) also satisfies (NLS).

• Phase invariance: if u(t,x) satisfies (NLS), then for any 70 € R, w(t,x) = 
u(t, x)e’70 also satisfies (NLS).

• Galilean invariance: if u(t,x) satisfies (NLS), then for any v0 G R, w(t,x) =
v 2

u(t,x — vot)et^ x~~* <) also satisfies (NLS).
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We now consider solitary waves of (NLS), in other words solutions of the form 
u(t,x) =  eic°tQCo(x), where Co > 0 and Qc0 is solution of

Q c o > 0 ,  QC0€ H 1m ,  Q'^ +  QpCo =  c0Qco. (1.1)

Recall that such positive solution of (1.1) exists and is unique up to translations, and is 
moreover the solution of a variational problem: we call the solution of (1.1) which 
is even, and we denote Q := Q\. By the symmetries of (NLS), for any 70, Vo, xo €1 R,

= Qcoix - v o t -  x0)et(^ a:“"^t+Cot4"ro)

is a sohtary wave of (NLS), moving on the line x = vot + x0, that we also call soliton.

Finally recall that, in the supercritical case p > 5, solitons are unstable (see [8]). A 
striking illustration of this fact is the following result of Duyckaerts and Roudenko [5] 
(adapted from a previous work of Duyckaerts and Merle [4]), obtained for the 3d focusing 
cubic nonlinear Schrôdinger equation (cNLS-3d), which is also L2 supercritical and H 1 
subcritical as in our case.

Proposition 1.1 ([5]). Let A e l .  If to =  to(A) > 0 is large enough, then there exists 
a radial solution UA e C°°([to, + 00), H°°) of (cNLS-Sd) such that

V6 € R ,3C  > 0,Vt > t0, ||UA(t) -  eilQ -  Ae('i~eo)tY +1|Hb ^  Ce"260*,

where eo > 0 and Y + ^  0 is in the Schwartz space S.

In particular, UA(t) ^  eüQ if A ± 0, whereas limt_H.00 \\UA(t) — euQ\\H 1 =  0. Note 
that, in the subcritical and critical cases p ^  5, no such special solutions UA(t) can exist, 
due to a variational characterization of Q. Indeed, if lim^+oo \\u(t) — e%tQ\\Hi = 0, then 
u(t) =  eltQ in this case. The purpose of this paper is to extend Proposition 1.1 to 
multi-solitons.

1.2 Multi-solitons

Now, we focus on multi-soliton solutions. Given 4N  parameters defining N  ^  2 solitons 
with different speeds,

V\ < • • - < 1̂) • • • ) CN G • • • ) *ÏN £ *̂ 1) • • • » Ĉ *2)

we set
N

R j ( t )  =  and R ( t )  =  Y ,
j=1

and we call iV-soIiton a solution u(t) of (NLS) such that

||tt(i) — -R(t) Hjyi— ^0  as i - » + o o .

Let us recall known results on multi-solitons.

^cn,70,Un .Xc ( t ,

■Re. (t) R¡(

'N : R,m;



• In the L2 subcritical and critical cases, i.e. for (NLS) with p ^  5, there exists a 
large literature on the problem of existence of multi-solitons and on their prop­
erties. Merle [12] first established an existence result in the critical case, as a 
consequence of a blow up result and the conformal invariance. This result was ex­
tended by Martel and Merle [10] to the subcritical case, using arguments developed 
by Martel, Merle and Tsai [11] for the stability in H 1 of solitons. Nevertheless, 
we recall that no general uniqueness result has been proved, contrarily to the 
generalized Korteweg-de Vries (gKdV) equation (see [9]).

For other stability and asymptotic stability results on multi-solitons of some non­
linear Schrödinger equations, see [13, 14, 15].

• In the L2 supercritical case, i.e. in a situation where solitons are known to be 
unstable, Cote, Martel and Merle [3] have recently proved the existence of at least 
one multi-soliton solution for (NLS):

Theorem  1.2 ([3]). Let p > 5 and N  ^  2. Let Vi < ••• < vn, (ci,. . .  ,cjv) € (R+)N, 
(7i> • • •, 1n ) € RN and (xx,. . . ,  Xff) € RN. There exist To € R, C, <Jq > 0, and a solution 
ip € cdT oj+ oo),#1) of (NLS) sueh that

3 / 2 .

Vt € [T0, +oo), \\<p(t) ~ R(t)\\m < Ce'*0 ■

Recall that, with respect to [10,11], the proof of Theorem 1.2 relies on an additional 
topological argument to control the unstable nature of the solitons. Finally, recall that 
Theorem 1.2 was also obtained for the L2 supercritical gKdV equation, and has been 
a crucial starting point in [2] to obtain the multi-existence and the classification of 
multi-solitons. It is a similar multi-existence result that we propose to prove in this 
paper.

1.3 Main result and outline of the paper

The whole paper is devoted to prove the following theorem of existence of a family of 
multi-solitons for the supercritical (NLS) equation.

Theorem  1.3. Let p > 5, N  ^  2, Vi < • • • < vn, ( c1} .. •, cn) € (R+)N, (71, • • •, 7n) € 
RN and (xu . . . ,  xN) G RN. Denote R =

Then there exist 7 > 0 and an N-parameter family (<Pai,.. ,AN)̂ Au_iAff)e^N of solu­
tions of (NLS) such that, for all ( A i , . . . ,  A ^) € R^, there exist C > 0 and to > 0 such 
that

Vt ^  ¿o, ||¥J,4i,...,.AAr(̂ ) — -RW}[#i ^  Ce 

and if {A'v . . . ,  -4'v) ^  (.4j,. . . ,  AN), then <pA<r,...,A<N ^  ¥>a1,...,an •

R em ark 1.4. As underlined above, the question of the classification of multi-solitons 
is open for the (NLS) equation, even in the subcritical case, while it was obtained in [2] 
for the supercritical gKdV equation, and in [9] for the subcritical and critical cases. 
Although we expect that the family constructed in Theorem 1.3 characterizes all multi- 
solitons, the lack of monotonicity properties such as for the gKdV equation does not 
allow to prove it for now.
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The paper is organized as follows. In the next section, we briefly recall some well- 
known results on multi-solitons and on the linearized equation. One of the most im­
portant facts about the linearized equation, also strongly used in [5, 3], is the deter­
mination of the spectrum of the linearized operator C around the soliton eltQ (proved 
in [16] and [7]): <r(£) flR  =  {—eo,0 ,+eo} with eo > 0, and moreover eo and —eo are 
simple eigenvalues of £  with eigenfunctions Y + and Y~. Indeed, Y ± allow to control 
the negative directions of the linearized energy around a soliton (see Proposition 2.4). 
Moreover, by a simple scaling argument, we determine the eigenvalues of the linearized 
operator around eiCjtQCj, and in particular ±e_j =  dbc^2eo are simple eigenvalues with 
eigenfunctions Y ^  (see Notation 2.7 for precise definitions).

In Section 3, we construct the family (ipau...,an ) described in Theorem 1.3. To do 
this, we first claim Proposition 3.1, which is the key point of the proof of the multi­
existence result as in [2], and can be summarized as follows. Let <p be a multi-soliton 
given by Theorem 1.2, j  G fl,iVj and Aj € R. Then there exists a solution u(t) of 
(NLS) such that

||u(i) -  <p(t) -  A ie ^ Y + l t )||H, «

for t large and for some small 7 > 0. This means that, similarly as in [5] for one 
soliton, we can perturb the multi-soliton ip locally around one given soliton at the order 
e~ejt. Sinee it is not significant to perturb <p at order ej before order e* if ej > ek, the 
construction of tpAi,...,AN has to be done following values (possibly equal) of ej.

Finally, to prove Proposition 3.1, we follow the strategy of the proof of the similar 
proposition in [2], except for the monotonicity property of the energy which does not 
hold for the (NLS) equation. If this property of monotonicity was necessary to obtain the 
classification, we prove that a slightly different functional estimated regardless its sign 
is sufficient to reach our purpose. We also rely on refinements of arguments developed 
in [3], in particular the topological argument to control the unstable directions.

2 Preliminary results

N otation 2.1. They are available in the whole paper.

(a) We denote dxv =  vx the partial derivative of v with respect to x.

(b) For h G C, we denote hi =  Re h and h% =  Im h.

(c) For f ,g  E L 2, (f,g) = R e f  fg  denotes the real scalar product.

(d) The Sobolev space Hs is defined by H°(R) = {u £  2X(R) | (1 + Z2)s/2u(0  €  L2(R)}, 
and particularly i i 1(R) =  {it € L2(R) | IMI^i =  IMl£2+||d;Eu||£2 < + 00} jL°°(R).

(e) If a and b are two functions of t and if b is positive, we write a = 0(b) when there 
exists a constant C > 0 independent of t such that |o(i)| < Cb(t) for all t.
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2.1 Linearized operator around a stationary soliton

The linearized equation appears if one considers a solution of (NLS) close to the sta­
tionary soliton eilQ. More precisely, if tt(£,x) — eu(Q(x) +  h(t, x)) satisfies (NLS), then 
h satisfies dth + Ch = 0(h2), where the operator £  is defined for v =  V\ +  iv-i by

Cv =  — L-V2 +  iL+Vi,

and the self-adjoint operators L+ and L_ are defined by

L+vi =  — d%vi +  Vi -  pQp~1Vi, L -v2 =  -d%V2 + v2 — Qp~1v2.

The spectral properties of £  are well-known (see [7, 16] for instance), and summed up 
in the following proposition.

P roposition 2.2  ([7, 16]). Let <x(£) be the spectrum of the operator £  defined on 
L2(R) x L2(R) and let o-ess(£) be Us essential spectrum. Then

0 'ess(£) =  ; £ € R, If I ^  1}, a(£) n  R = {-eo,0, +eo} with eo > 0.

Furthermore, eo and —eo are simple eigenvalues of £  with eigenfunctions Y* and 
Y~ = Y + which have an exponential decay at infinity. Finally, the null space of £  
is spanned by dxQ and iQ, and as a consequence, the null space of L+ is spanned by 
dxQ and the null space of L_ is spanned by Q.

R em ark 2.3. By standard ODE techniques, we can quantify the exponential decay of 
Y± and dxY ± at infinity. In fact, there exist 770 > 0 and C > 0 such that, for all x G R,

^-(aOI + l& l^aO l ^

Moreover, £, L+ and L -  satisfy some properties of positivity or coercivity. The 
following proposition sums up the two properties useful for our purpose. Note that the 
first one is proved in [16], while the second one is proved in [4, 5].

Proposition 2.4 ([16, 5]). (i) For all f  € H 1 \  {XQ ; A 6 R} real-valued, one has 
f { L~ f ) f  > 0

(ii) There exists «o > 0 such that, for all v =  +  W2 € H l,

(L+vi,t>i) + (L-V2,tr2) ^  — 740 UfdxQv̂ j + (/^2)
+ (lm  JY ^ 2 + (im  JY ~ v )2 .

Finally, we extend Proposition 2.2 to the operator £ c linearized around the stationary
soliton e^Q dx), by a simple scaling argument. In fact, we recall that if u is a solution

2
of (NLS), then w(t,x) =  AprTu(A2t, Ax) is also a solution, and moreover, we have 
Qc(x) =  cp̂ 1 Q(y/cx) for all c > 0.
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Corollary 2.5. Let c > 0. For v = Vi+ iv2, Cc is defined by Ccv = —Lc_v2 + iLc+V\, 
where

Lc+v 1 = -d^Vi + cv 1 -  pQP~lv 1 and Lc-v 2 = —c%v2 + cv2 -  Q%~1v2. 

Moreover, the spectrum <x(£c) of Cc satisfies

cr(£c) n R = {—ec, 0, +ec}, where ec =  c3̂ 2e0 > 0.

Finally, ec and —ec are simple eigenvalues of Cc with eigenfunctions Y+ andY~, where

Yc+(x) = cx/4y +(VSx) and Y~ = Y+, 

and the null space of Cc is spanned by dxQc and iQc.

Claim  2.6. One can normalize Y* so that

-  Im J  (Y +f  =  1 and still Y~ =  F+.

Proof. Denote Yi = Re Y+, Y2 =  Im Y +. Thus, we have Y + =  Yx +  iY2, Y~ = Y1-  iY2, 
and

L+Yi =-eoY2, L-Y2 = —eoYi.

Now, suppose that there exists A € R such that Y2 = XQ. Then, we would have 
L-Y2 = —eoYi = XL-Q =  0, and so Yi =  0. But it would imply L+Yi = 0 =  eoY2, and 
so Y2 = 0, whidh would be a contradiction. Therefore, by (i) of Proposition-2.4, we have 
f(L -Y 2)Y2 =  —eofYiY2 > 0. Hence, since Im /  (Y+)2 =  2 f  YiY2, we normalize Y*  by 
taking
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Y+ = . Y+ Y -  =  Y+. 
V - 2 / F 1F2

2.2 Multi-solitons results

A set of parameters (1.2) being given, we adopt the following notation. 

N otation 2.7. For all j  € [1, iV], define:

(i) Aj(t, x) = x — Vjt — Xj and 6j(t, x) = \vjX — \v jt  +  Cjt + 7,.

(ii) R j(t,x ) =  <5c,(Aj(i,x))e^^,a:\  where Qc(x) =  cr^Q(^/cx).

(iii) Y*(t,x) = Y*(\j(t, x))eiej^'x\  where Y*(x) = c1/4Y'±(v/cx).

(iv) ej =  eCj, where ec =  c3/2eo-

Now, to estimate interactions between solitons, we denote c™ = min{cfc ; k € ¡1, iVj}, 
and the small parameters

3/2
ao = min{r)0y /c ^ ,e l /3cmin,cmin,v2 - v 1, . . . ,V N - v N-!}  and 7 = ^ - .  (2.1)



FYom [10], it appears that 7  is a suitable parameter to quantify interactions between 
solitons in large time. For instance, we have, for j  ^  k and all i ^  0,
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/  |B ,(t)||*,(«)| +  |(fl,) .(t) ||(** ).M I « C e-10* . (2.2)

From the definition of 00 and Remark 2.3, such an inequality is also true for Y ^.

Moreover, since oq has the same definition as in [3], Theorem 1.2 can be rewritten as 
follows. There exist Tq G  R, C > 0 and ip G  C([Tq, + 00), H 1) such that, for all t ^  To,

M t ) - i ? ( i ) | |^ C e - 4*. (2.3)

3 Construction of a family of multi-solitons

In this section, we prove Theorem 1.3-as a consequence of the following crucial Propo­
sition 3.1. Let p > 5, N  ^  2, a set of parameters (1.2), and denote R = Ylk=i Rk-

Proposition 3.1. Let (p be a multi-soliton solution satisfying (2.3). Let j  G | 1, iVj and 
Aj G R. Then there exist io > 0 and a solution u G C([io, + 00), H 1) of (NLS) such that

Vi ^  ¿0, H t)  -  tp(t) -  Aje-^Y + (t)\\H1 < e - ^ K  (3.1)

Before proving this proposition, let us show how it implies Theorem 1.3.

Proof of Theorem 1.3. Let (A \ , . .. ,A s)  G  Rw. Denote a the permutation of [1, NJ 
which satisfies

c<r(i) ^  • < ca{N), and a(i) < a(j) if ca{i) =  cCT(i) and i < j.

(i) Consider the solution of (NLS) given by Proposition 3.1 applied with
given by Theorem 1.2. Thus, there exists io > 0 such that

Vi ^  io, | | ^ (1)(i)  -  ¥>(i) -  A ^ e - ^ Y ^ m ^  ^ e~^w+̂ .

Now, remark that <PaoW is also a multi-soliton which satisfies (2.3). Hence, we can 
apply Proposition 3.1 with >̂AaW instead of <p, so that we obtain <pA„(1)<A„(2) sudi 
that

Vi C

Similarly, for all j  G  ¡2, iV], we construct by induction a solution such
that, for all i ^  to,

W -  <PAtrll),...,AfrU_l)(t) ~  Ar0)e-ê )ty+t3.)(i)||iil < e-(ê )+^.

Note finally that ipAlt...,AN '■= VAaW,...,Aa{N) constructed by this way satisfies (2.3).

r( !)*•••*- such

ví ; ► fr " 0^ Vab <t (2) (Í) (̂1),(*> )€
“ca(: tv

(2)1t) m e ” ( c a (î2) + t

IkK{\y



(ii) Let (A\ , . . . ,  A'n ) 6 RN be such that <Pa[,...,a'n =  ‘PAi,...^, and let us show that 
it implies (j4'x, . . . ,  A'N) = (A i, . . .  ,A n ). In fact, we prove by induction on j  that 
Aa(j) = A'c^  for all j  € |1, Â J. For j  =  1, first note that, from the construction 
of the hypothesis means = ¥>AaW,...,Aa(N)’ and moreover
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( t )  — V3A17(1))...,A0.(W_1)(i) +  4r(./V)e a<'N'1 ^o^/V)W "I” Zcr(N)(t)

— • • • =  <?(*) +  E  A<r(k)e~e,r(k)tY ^ ( t )  +  ^  Z<r(k)(t), 
k—1 fc=l

where z ^ )  satisfies ||^(fc)(¿)ll^i ^  e ê<r(A:)+7̂  for t ^  to and each k € |1, A7']. 
Similarly, we get

V K w -^(N)W = r t )  + E  K (k f  e«k)%%)(t) + 53 ^ (fc)(i),
fc=i fc=i

and so, by difference, we have

Now, if we multiply this equality by Y j^(i), integrate, and talee the imaginary 
part of it, we obtain, by Claim 2.6 and (2.2),

14*) -  < (1)|e-MD‘ ^

and so 4r(i) =  -^(l) by taking t —>■ +oo. For the inductive step from j  — 1 to j , 
we write similarly

iv . jv

i--iAcr(N) ( t )  — W  +  5 3  Acr(k)e eaik)tY ^ ( t )  +  ^ 2  Z a(k )( t)
k—j  k = j

=  ^ 1),..^ (J_1)(t) + E  ) + E  £«(*)>
k = j k—j

and we finally obtain 4r0?) = 33 expected, by taking the difference of these 
two expressions, multiplying by Y tjJ t) , integrating and taking the imaginary part 
of it. □

Now, the only purpose of the rest of the paper is to prove Proposition 3.1. Let j  € 
[1, iVj and Aj £ K, and denote rj(t,x) = Aje~£jtYX(t,x) = Aje~ejtY+(\j (i, x) )e%dj ̂ . 
We want to construct a solution u of (NLS) such that

z(t, x ) =  u(t, x) — <p(t, x) — rj{t, x)

satisfies ll^ i)!^! ^  e-(ej+'r)t for t ^  to with io large enough.

iß Af A' =
A a(N)

VA,7(1)V Aa N)

lAr(l) 4'ar(l)))e~C' Æ)1

N

:E |
fc=2

: Ce (ea( 1+7>)t

^<r( 1 = <PM Aa(j-

N

£ -
k=j

U :
> ecr(a(*)tYc*»><*

N

fc=j
M*!î(î

Aff(¡fc))e
-e<7(k

*) t)

ĉr(/ >(*) í).(fc)(



3.1 Equation of z

Since u is a solution of (NLS) and also 9? is (and this fact is crucial for the whole proof), 
we get

idtz+c%z+\v + rj + z\p~1(<p+rj+z)—\(p\p~1(p+Aje~ejtei6i[dPY+—CjY+—iejY*}(\j) = 0 . 

But from Corollary 2.5, we have

= e,Y* = = -L -Y * s  + iL + Y ^

where Y*ti = Rel^" and Y *2 = Iml^", and so

-  CtY* + i<^-'Y*3 + pQ ZlY+, = iejY* . (3.2)

Therefore, we get the following equation for z:

id,z+i%z+\<f> + rj + z\p~, (v+rJ+ z)-\p \p~'ip = A je - '^ C g - 'f^e ^ ’lpY^^+iY+iHX,). 
(3.3)

By developing the nonlinearity, we find

\<P + rj + z|p-1 (v? + rj + z) -  = \<P + r j l^ 'iv  + rj) -  MP_V  + w{z)

+ (p-  l)|v? + rj\p~3(<p + rj) Be{(lp + f])z) Sr\ip + T j ^ z ,

where w(z) satisfies \<jj(z)\ ^ 0 \z f  for \z\ ^ 1 . Hence, we can rewrite (3.3) as

idtz + c%z + (p -  1 )|v? + rJ |p_3 (y5 + Tj) Re((^ + r])z) + \<p + rj|p-1z + cj(z) = -f i,

where

n = \v + r , r \ v  + r,) -  M *-V -  A j e - ^ ^ e ^ l p Y ^  + iY+2](\j). (3.4)

Finally, the equation of z can be written in the shorter form

idtz + c%z + (p — 1)|<̂ |P-V  Re(lpz) + MP-1z + u>x ■ z + u(z) — - f l, (3.5)

where u>i satisfies ||wi(i)||jri2 ^ Ce~€jt for all t ^ To- We finally estimate the source term 
fi in the following lemma, that we prove in Appendix A.

Lemma 3.2. There exists C > 0 such that, for all t ^ To, ||fi(i)||^i ^ C'e- '̂"1"47̂ .

3.2 Compactness argument assuming uniform estimates

To prove Proposition 3.1, we follow the strategy of [10, 3]. We first need some notation 
for our purpose.

Notation 3.3. (i) Denote J = {k € (1 , JV] | ck < c,-}, K  = {k € [1, JVJ | ck > c,-} 
and ko = $K.

(ii) R*50 is equipped with the f2 norm, simply denoted || • ||.

(iii) Spfco (r) denotes the sphere of radius r ^ 0 in R*°.

(iv) Be(r) is the closed ball of the Banach space B, centered at 0 and of radius r.
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Ce y+ = <*■ Ca »= —L .
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Let Sn —f +00 be an increasing sequence of time, bn =  (bn,k)keK € ’R*° be a sequence 
of parameters to be determined, and let un be the solution of

f i&tUn “I" ~

\  un(Sn) = ip(Sn) + A j e - ^ Y ^ S n )  +  £  bn,kY f(S n). (3-6)
I k€K

Proposition 3.4. There exist no ^  0 and to > 0 (independent of n) such that the 
following holds. For each n ^  no, there exists bn € R*0 with ||b„|| < 2e~^+2̂ Sn, and 
such that the solution un of (3.6) is defined on the interval [¿o,Sn], and satisfies

Vi e [to, sn], ||u»(t) -  <p(t) -  Aje-^Y+m si < e"(e#+7)t-

Assuming this key proposition of uniform estimates, we can sketch the proof of 
Proposition 3.1, relying on compactness arguments developed in [10, 3]. The proof of 
Proposition 3.4 is postponed to the next section.

Sketch of the proof of Proposition 3J  assuming Proposition 8.4 . Prom Proposition 3.4, 
there exists a sequence un(t) of solutions to (NLS), defined on [to, S'»»], such that the 
following uniform estimates hold:

Vn ^  no, Vt e [i0, Sn], ||u«(i) -  ip(t) -  Aj e~e’tY^{t)\\Hl < e~(ei+7)t.

In particular, there exists Co > 0 such that ||un(to)1ltfi ^  Co tor all n ^  n©. Thus, there 
exists Uo € H 1(R); such that Un(io) —1 «0 in H 1 weak (after passing to a subsequence). 
Moreover, using the compactness result [10, Lemma 2], we can suppose that un(to) —> Uo 
in L2 strong, and so in HSp strong by interpolation, where 0 < sp < 1 is an exponent 
for which local well-posedness and continuous dependence hold, according to a result of 
Cazenave and Weissler [1]. Now, consider u solution of

f idtu -I- d%.u +  |u|p-1u =  0,

(u(tQ) =  Uo-

Fix i ^  to- For n large enough, we have Sn > t, so un(t) is defined and by continuous 
dependence of the solutions of (NLS) upon the initial data, we have un(t) —> u(t) in 
HSp strong. By the imiform H 1 bound, we also obtain un(t) — u(t) in H 1 weak. As

K ( i )  -  *>(() -  A ie -V Y fm #  <

we finally obtain, by weak convergence, \\u(t) — (p(t) — Aje~ê Y^(t)\\H1 ^  e“^ +7^. 
Thus, u is a solution of (NLS) which satisfies (3.1). □

3.3 Proof of Proposition 3.4
The proof proceeds in several steps. For the sake of simplicity, we will drop the index n 
for the rest of this section (except for Sn). As Proposition 3.4 is proved for given n, this 
should not be a source of confusion. Hence, we will write u for un, z for zn, b for bn, 
etc. We possibly drop the first terms of the sequence Sn, so that, for all n, Sn is large 
enough for our purposes.

%un n\P- = (

e f)t
5



From (3.5). the eauation satisfied bv z is

1 2 4 _________________________________________________ C o n st r u c t io n  o f  a  fa m ily  o f  m ulti- so l it o n s

(idtz + d\z + (p - l)\ip\r VRefjJz) + |ipf 1z + uii -z + u(z) =  —il,

\ z ( S „ )  =  E ^ K h Y ^ S n). , J

Moreover, for all A; € |1,7VJ, we denote

ak(t) = Im J  z{t) • Yf(t).

In particular, we have

<*k(Sn) =  -  £ bt Im fY Z iX k iS n ^ Y j iM S n V e - ^ ^ e » ^ .
leJC J

Finally, we denote a. (t) =  (ak (t))keK.

3.3.1 M odulated final da ta

Lemma 3.5. For n ^  no large enough, the following holds. For all a~ € R*0-, there 
exists a unique b e  R*0 such that ||b|| ^  2||a"|| and a~(Sn) =  a“ .

Proof. Consider the linear application

$ : R*0 —» R*0
&==: (bi)leK (a k (Sn))keK .

If we denote (<Ji, . . .  ,<7^)  the canonical basis of R*0, then, hy the normalization of 
Claim 2.6 and the definition of Yc+ in Corollary 2.5, we have, for all k €  |1, ko},

«<>*))* -  -  Im /  (YZf  =  -  Im /  (y + )2 =  1

Moreover, from (2.2), there exists Cq > 0 independent of n such that, for I ^  k,

Thus, by taking no large enough, we have $  = Id+An where ||An|| < so $  is invertible 
and ||$ -1|| ^  2. Finally, for a given a" € R*0, it is enough to define b by b =  $ _1(a~) 
to conclude the proof of Lemma 3.5. □

Claim  3.6. The following estimates at Sn hold:

• K ( S n)| ^  Ce-2̂ " ||b || for all k € [ ltN], since Im fY ~ Y +  =  Im / |F+ |2 =  0.

• \ak (Sn)\ ^  Ce"275»|li’ll for all k GJ .

-  lk(-SU)lljn <

If*H°k.)). (A,((S n ) K*+(A fc(Sn) C 0 t
0-mSn

C'IIb\\



3.3.2 Equations on a f

Let io > 0 independent of n to be determined later in the proof, o-  G Bitk0{e~^ei+2'ŷSn) 
to be chosen, b be given by Lemma 3.5 and u be the corresponding solution of (3.6). 
We now define the maximal time interval [T(a_),Sn] on which suitable exponential 
estimates hold.

Definition 3.7. Let T(a~) be the infimum of T  ^  io such that, for all i € [T, Sn], both 
following properties hold:

e(*i+-y)tz (t) € J3tfi(l) and e ^ +27)tc r(f)  € £ R*0(1). (3.8)

Observe that Proposition 3.4 is proved if we can find a" such that T(a~) = to, for 
all n. The rest of the proof is devoted to prove the existence of such a value of a- .

First, we prove the following estimate on a f.

Claim 3.8. For all k € |1, NJ and all t £ [T(a- ), Sn],
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Proof. Following Notation 2.7, we compute

j t 4 ( t )  = ~ j t Im f  ÿ f( t)z ( t)  = - -  Im f  Y*{x  -  vkt -  z(t)

= -  Im J  \ - v kdxY£ -  i(ck -  \ v ¡ ) Y ^  (x -  vkt -  z(t)

-  Im J  Y£(x -  vkt -  xk)e~i^ VkX~ ^ t+Ckt+~,k> zt.

Moreover, using the equation of z (3.7) and an integration by parts, we find for the 
second term

-  Im j  Y£(x -  vkt -  xk)e~i^ VkX~*Vkt+CktJnk>zt

= -  Im J  Y*(Xk)e~t6k x i [d2z + (p -  l)|<¿>|p“V Re(^z) + \y \p-1z +  u>i • z +  u(z) + iî] 

= -Im  J i z e -a- \ % Y ; - i v kd ,Y ¿ - ? Í Y 2  ( \k)

-  Im J  iY*(Xk)e~i6k [(p -  1)|v?r_39?Re(^z) +  \ip\p_1z]

-  Im Í  iY*(Xk)e~t0k [wi • z +  oj( z ) + 0].

Using the estimate ||o;i(i)||x2 ^  Ce £jt and Lemma 3.2, we find for the last term

-  Im J  iYcJ(Xk)e~i&k [Ul • z + u(z) + Í2] ^  Ce-^\\z\\m  + C\\zfm  +  C e ^ 4̂ .

From the definition of t Í2.1Í. we deduce that

Jt ak(t) = -  I m j i z e  i6k [d2xY*  -  ckY*] (Xk)

-  Im J  iY£(Xk)e-*k [(p- l)|v?|p_3v?Re(^z) + M P-1z] 

+ Oie- ÎIzH^) + Odlzll )̂ +

ÉldtIa*m e* C0i 4 7 t I
)IIh: - c IkW fin -(e¿+-47)̂ (3.9)

Xk)t >-*( c~ ì P- -ckt '1k)H t)
Xk )e-* >kX ■H +*7fc>z ( i

0(e ■(h -Ar))t)



Now, from (3.2), we find
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-  Im J t*T"* [¿¡X* -  <*i£] (A») 

= -  Im /  t a r *  [*ietYZ -  -  rQ £ 'Y ^ ]  (A*),

and, as in the proof of Lemma 3.2, we also find

-Ira jiY * (X k)e *k [(p -l)ly f’ *<pRe(<pz) + M*-1*]

= -Im  j i Y ^ e - * '  [ ( p - l i l ^ r ^ R e ^  + l ^ r z ]  + 0(e~^\\z\\H1).

Hence, we have

= ± (-Im  J « - '• ‘J^fA,)) +Im j  fee""* ¡ iQ ^ 'Y ^  (A,)

-  Im /¡^(A tJe-«* [(p -  l)(^ -2(At )e"> !!*{<*»(**)«-«>*] + Q ^ ' ^ z  

+  0 (e -^ ||z ||H1) + 0 (||z ||!h ,) +

Finally, if we denote Z\ — Re(ze-iflfc) and z2 = Im(ze-iflfc), we find

ia H t)  = ±ek<4 (() + 0(e-*X|M|H,) + £>(«?,,) + 0(e-<«+**)

+ Re j ( z 1+ iz2) [¡<2C1(A,)V5,2(At ) +pOST, (At )V ,̂l(AJt)]

-  Re J Y H \t )Q £ '(\k)(,zt + 1*) -  R e/(p  -  l ^ A O e S - W *  

= ± W (i) + 0(e-«||z||H1) + 0(11̂ 11̂ ,) + 0 ( e ~ ^ ‘)

+ p j ~  j*2Q£\\lc)YZ2(Xt) - J 

+ / ySA^QZ'(>*)* -  (P -  1) /
= ±eka t (t) + 0(6-^11^11*,,) + 0(||z||i,-) + 0(e-<*<+^ ‘),

since all other terms cancel. □

3.3.3 Control of the stable directions

We estimate here ak (t) for all fc e [1, N] and t € fr(a~), Sn]- From (3.9) and (3.8), we 
have

^ajt(i) -  ekat(t) < C0e~^+5rf)t + C^e'2̂ ^  + C2e~^+A’l)t < tf2e-(e’+47)t

Thus, |(e-efc8o:jf(s))/| ^  K2e~^i+ek+4'r̂a, and so, by integration on [£, Sn], we get 
\e~ekSnak (Sn) — e~ekiak(t)\ < K2e~^+ek+4', t̂, which gives

fafWI < ^ ^ l a f ^ l  + A-ae-^)*.

■Ä E lyT
cfc>2

d_

d t
t ) h p y -F

Cfc.l (A*)

■0 (€;-(eÌ+*r)t\

< • )Z\

*$!<(At) as: )*i



But from Claim 3.6 and Lemma 3.5, we have
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«  K (S „)I < C e -^ " ||b ||

< Ce"2lS"e”('<+2,,s' < K^e~lt,+il>Sn < K 2e^,‘‘+i’’,i,

and so finally

3.3.4 Control of the  unstable directions for k £ J

We estimate here ak (t) for all A; € «7 and t £ [T(o- ),5 n]. Note first that, as in the 
previous paragraph, we get, for all k £ [1, N} and t £ [T(a- ), Sn],

± a k (t) + ekak (t) ^ K 2e ~ ^ +4̂ .  (3.11)

Now suppose k £ J, which implies ek < ej. Since \(eek*ak (s)) | < K2e^k e’ 4'1>s, we 
obtain, by integration on [t, 5n],

!«£<*)I <  ee‘=(5n- t)|afe(5n)| + K2e~^+4̂ .

But again from Claim 3.6 and Lemma 3.5, we have

e e*(Sn—t ) |a - ( S n )j  K 2e*k&n-t)e -*lSne -(fii+*r)S» =  K ^ k iS n - t )  ̂ j + ^ S n  

^  K 2e ('Sn~t){ek~ei)€~eite~4r,Sn <  K 2e ~ ^ +4l)t,

and so finally
Vfc £ j y t £  [T(a-), £„], \ak (i)| ^  K 2e ~ ^ ^ .  (3.12)

3.3.5 Localized W einstein’s functioned

We follow here the same strategy as in [11,10, 3] to estimate the energy backwards. For 
this, we define the function ^  by

1 fX 1
i>(x) =  0 for x ^  —1 , tp(x) = 1 for x ^  1 , xp{x) — — / e -dy for x  € (—1 , 1),

Cq J-1

i i
where Co = /_xe dy. Hence, tp £ C°°(R) is non-decreasing and 0 ^  tp < 1 . 
Moreover, we define, for all k £ |2 ,N}, mk(t) =  |  [(wt +  vk~i)t + xk +  £fc_i], and

4>k{t,x) = ip -j=(x -  mk(t)) , ipx =  1 .

Moreover, we set

hi(t, x) =  ^ci +  ^Cfc +  "4^  “  + ” 4̂ ^ ) x

N
h2(t,x) =  vt +  X!(ufe -  vk-i)ipk(t,x). 

fc=2

ee*< la fe (‘

VA; e II, ATJ Vi e m’(a - ),S J- laílUt) I * K 2 -(e. *7)t (3.K

i 4
N

E



V2Observe that the functions h\ and h2 take values close to ck + and vk respectively, for 
x  close to vkt +  Xfc, and have large variations only in regions far away from the solitons. 
To quantify these facts (see Lemma 3.9), we introduce the functions <f>k, defined for 
fc G [1, iV — 1] by

<t>k = 1pk~ V’fc+l, <t>N = fpN-

Hence, we have 0 * ^ 0  and YliLi and by an Abel’s transform, we also have
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N /  v 2 \  N

-  X) ( C* + "f ) 811(1 2̂ = H Vkfa-
k=  i V 4  /  fc=i

Lemma 3.9. (i) For all k G |1, iV], (|iife| + \Rkz\)\<f>k — 1| ^ Ce~4'rte ~ ^ x~Vkt\.

(ii) For all k,l G [1 ,N] such that I ± k, (|Æfc| + 1^1)^ < Ce-4̂ e ~ ^ x- v̂ .

(in) For d i k e  [1, AT], || t̂e ||£oo + \\<t>kxx\\L~ +

(iv) One has H^IxIIl» +  l i b i l i , »  +  || Alaseli £ 0 0  +  ||^2æt||£,oc +  ll^ltllioo +  l is t i l i ,»  ^  , 

and, for all k G [1, JVJ,

h  -  (cfc + ^  (\Rk\ + |iW ) < Ce~4̂ e - ^ x~Vkt',

\h2 -  vk\(\Rk\ + \Rtel) < Ce~4'rte~'/°°\x~Vkt\.

Proof. -See Appendix A.

Now, we define a quantity related to the energy for z, by

The following estimate of the variation of H  is the main new point of this paper, and 
as its proof is long and technical, it is postponed to Appendix B.

Proposition 3.10. For all t G [r(cr), Sn],

^ ( i ) I  «  + C 1e -'« ^ )* ||z (t) ||fl, + C 2||Z(t)||l,,.

We can now prove that, for all t  G [T(a ), 5n],

H[z](t) := f \dxz\2 -  \R\p~l \z\2 - ( p -  l)(Re(ilz))2| i ? r 3 + /ia|z|2 -  Imh2zdxz

satisfies

^ W ( t ) < T e' 2(e,+7)‘ (3.U)
Vi

Indeed, from Proposition 3.10 and estimates (3.8), we deduce that, for all s G [t, Sn],

— (s) ^  + Cie"37ie‘ 2(6j+7)i +  C2e~z{ei+l)s ^  ^ e “2(e’+7)s.
ds J s  v i

4>ki IL«
C

m . 142
! _

P +

2 
+ 1

Ço
V i

\ W . \\m

e-?(' ?+T> .

+ [  hi]z\2 — I m /  h,2zdxz. (3.13)

/  \<P + rj + zl1* 1 -\tp + rA1* 1 ~(p+l)\<p + rAp 1 îte[(v?+r,)z]



Thus, by integration on [£, Sn], we obtain |H(t)  — H (Sn)\ ^ Kxe 2(eJ+7)t> an(^ SO
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But from Claim 3.6 and Lemma 3.5, we have

\H(Sn)\ ^  C\\z{Sn)\\2Hi ^  C1IMI2 ^  C | la _ i|2 
^  Ce_2(e +̂27)5n ^  Ce_2(^ +27)t,

and so

Vi G [T(a~),Sn], Hit) ^  ^ e- 2(̂ +7)t.

Finally, expanding |tp + rj +  z\p+1 =  +  r j |2 +  2 Re[(ÿ? +  rj)z] +  |z|2j 2 , we find

\<P +  ri +  z \P+l ~  Iv7 +  rjlP+1 “  (P + 1) Re[(^ +  rj)¿]lv? +  rj f  1

-  ( ^ y ^ )  W2|(P + ri\P~l ~ ("P+  ^ — ^ (R e[(^  +  f-)z])2|^  +  r , r 3 sj C\z\3,

and so, from the definition of H  (3.13),

J  \dxzf  — J  I<p + rj\p l \z\2- ( p - l )  J  (Re[(</? +  r,)z])2|</? + rj\p 3

+ J  hi\z\2 — Im J  h,2 zdxz ^  ^ e _2^ '+7 .̂

Using (2.3), we easily obtain (3.14) by similar techniques used in the proof of Lemma 3.2 
in Appendix A to replace (tp +  rj) by R  plus an exponentially small error term.

3.3.6 Control of the directions of null energy

N N

Define z(t) = z(t) +  0k(t)iRk(t) +  7 k(t)dxQCk(\k)eiek, where 
fc=i fc=i

W ll<3cj > IIQcll . I I 9 A I I  ,

First, note that there exist Ci, C2 > 0 such that

Ci\\z\\m  ^  IMI/ / 1  +  ^2(\ftk\ +  |7fc|) ^  C2 \\z\\h i- (3.15)
fc=i

Moreover, by this choice of parameters, we have, for all k € |1, 7V|,

Re J  - iR kZ ^  Ce-*\\z\\H1, Re j  dxQCk( \ k)ei(>kz ^  Ce-*\\z\\m . (3.16)

H{t) H Sn)
K ,

Vi
:e-2(e

ßk( t )
R e f  iRkZ

\ \ Q cA 2,2

Im /  R kz

\ \ QCk\ \ h

and 7  k{t)
( X k ) e i8kz

WdxQcJh



Indeed, by (2.2), we have
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R e/-<^ ?=Im /jfefz(i)  + f;A (t)^W  + i;TiWflSB0«i(Ai)c^
J J L 1=1 i=i

= Im J  ~R~kz +  0k(t) Re J  \Rk\2 + 7k(t) Im J  QCkdxQCk + 0 (e_7t ||z||ffi) 

=  Im f  ~Rkz +  Im f  Rkz +  0 (e- 7t ||z||H1) = 0 (e_7t ||z||H1)»

and similarly,

Re J  a,Qqk(Afc)e"‘5

= R e / ^ ( A f c J e ^ z  + AWIm j  QCkdxQCk+'yle(t)i<e J  |& Q J2 + 0(e-*||z ||H1 

= R e / ^ ( A  k)e"*z -  Re J  dxQCk(Xk) e ^ z  + 0{e-*\\z\\m ) = 0(e-*\\z\\H1).

Now, we compare the functionals H[z\ and H[z] in the following lemma, that we 
prove in Appendix A.

Lemma 3.11. For all t £ [T(a_), Sn], one has

By (3.14) and (3.8), we deduce that

Vi 6 [T(aT), Sn], H i m  < ^ e~2(es+',)t- (3-17)

Now, from the property of coercivity (ii) in Proposition 2.4, and by the definitions of hi 
and h2, we obtain, by simple localization arguments (see [11, Appendix B] for details), 
that there exists Ki > 0 such that

- k, E  [ ( - t o / 2n+) ’ + ( - t o / j y k- ) !

+(R e f  z l-tT k))1 +  ( k * / zdTQck( \ i )e-a^  . (3.18)

To justify heuristkally this inequality, we compute, for k £ |1, Af], the localized version 
T-Lk[z\ of V\z] (it would be the same for z), defined by

«*[*] =  / I M 2- | ^ r 1N 2 - ( p - l ) ( R e ( ^ ) ) 2|i2fer 3+ ic fc +  M  \z\2- v k lmzdxz.

In fact, if we denote [e ,e*z](- -I- vkt + xk) =  z\ +  iz%, i.e. z — e*®fc(zi +  iz2)(Xk), then we 
have dxz =  *2ijLei0k(zi+iz2){Xk)+eiOk(dxzi+idxZ2)(Xk), and so, by (ii) of Proposition 2.4,

H\z Iti H[z\](í)
C

' V i
= J k í

m t) n \m



we find
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'Hk\z\ =  J  ( —^ 2  +  d x Z i j  ( A t)  +  J  ( y  +  9 xZ i j  (A*)

-  / Q Z ' i ^ z ì  + zf)(Afc) -  (p -  1) f  QZHXjzKXk)

+ /  ( c* + "4  )  (Z1 + zi)(*k) ~ vk f  ( y z\ + zidxZ2 + y z f  -  z2dxz^j (Xk)

= J  (dxz { f  + ckz\ -  pQ ^ 'z î + J  (dxz2f  +  ckz\ -  Q ^ 'z l  

= {LCk+zu zi) + (LCk-z2, z2)

> ^HMIHi -  « 0  ( / dxQCkz^j + ( / QCkz ^  + (im ¡ Y k i )  + (im /* * ”*) ] •

Now, we return to (3.18), and we estimate each term of the sum, for all k € [[1,N\ 
and t G [T(a~), Sn]. First, by (3.16), we have

(Re j z ( - i R k)) + ( R e / zdxQCk(Xk)e~ ^) < Ce~**\\z\\2Bl ^  C e ^ e ' 2̂ » .

Second, denoting Yi = Re Y+ and Y2 = Im y+ again, we have

-im_/ n+m t ) = atw  -  a w  r*  j

-Tl ( t ) I m/ -  a&KAt) + 0(e-^||z||H,)

= o£(t) -  Chit) f  QYi + Cit(t) /  d,QY2 + 0(e_7,tl2IUi )■

But by definition of F +, we recall that L+Fi = eoY2 and L-Y2 = —eoFi, and so

-  Im J  Yk+(t)z(t) = « Í (t) +  / Q(L_y2) +  / 3r<3(L+Vi) +  O ^ M * )

= a í(í) + C'hit) J(L-Q)Y2 + C'lk (t) JL+(dxQ)Yi + 0(e-^\\z\\H,) 

= at(t) + 0(e-^\\z\\Hl),

since L± are self-adjoint, and moreover L_Q = 0 and L+(dxQ) = 0 by Proposition 2.2. 
Hence, by (3.10), we find, for all k € [1, Nj,

( -  Im/ zn+) < 2(a¡f f  + Ce-^M IIln

<  C 'e - 2 ( e>+47)t +  C -e - 2 7t e -2 (e i + 7 )t ^  C 'e_2'l'‘ e -2 (e 3+7)t_

Completely similarly, we find, for all k e |1, ATI,

( -  Im J  z¥k~ y  ^ 2(akf  + C e~^\\zfm  < C e-^e~ 2̂ \

vising (3 .1 2 ) for k € J, and (3.8) for k £ K.

Finally, gathering all estimates from (3.17), we have proved that there exists Ko >0  
such that, for all t € [T(a~), Sn]

We want now to prove the same estimate for z, and so we have to control the parameters 
/3k(t) and 7 t(i) introduced above.

Q c k 'M K l
¿V+

Cfc,,2 /*;Afc

y¿ ,

CA(
«o

liaw Itf1
Ko 
iV 4 e

er+ 7 )*



3.3.7 Improvement of the decay of z

Lemma 3.12. There exists Ko > 0 such that, for all t € [T(a- ),<Sn],

iw‘)ii*. « $ h -<e,+,)*'

Proof. By (3.15), it is enough to prove this estimate for |At(i)| + |7k(t)| with k € [1, N} 
fixed. To do this, write first the equation of z, from the equation of z (3.5),
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idtz + d%z+ ip — 1)MP 3(pR£(<pz) +  \y\p 1z

= idtz -  J20lRi -  E  A —vidxQci + i Qc, (Aj)e"‘ +  i^2 '/idxQCl{Xi)ei01

+  * E  7/ -v fâ Q v  + i ^cj — ^  dxQc, (Aj)ei0t + d?z 

+  * E A  Ï ÏQ o + iv iB 'Q c -^ Q c ,  (Ai)e">

+  X >  %Q« +  ivi^Q c ~ j 9 xQCl (A,)c*

+ (p -  lîJÿ ffy R fifa* ) + ip -  l J lv f ^ V E  + M*”"1*

+ (p -  l i l^ r V E ^ R e ^ x Q c iA O e ^ )  +  +  E ^ f ^ c i A , ) ^ ,

and so, since =  qQc,, we find

idtz + d%.z + (j>- 1)MP VRe(<pz) +  |̂ >|p *z

=  - w i  • * -  u(z) -  Ì2 -  E  P'iRi + * E  7Ì3t<?c (Aj)^'

-  * E

-  ( p - i)  E a m ^ V m ^R i) +  (p - 1 )E ' w l v l ^ V i t e i ^ Q c i i A i ) ^ )

+  i E  ^ ( A i ) e ^  +  E  7 i k r  (AOe^

=  -Wx • z -  u>(z) -  ft -  E  A'-Ri +  * E T Î ô* ^ d (^ )c<ft ~  (p “  ! ) E  A k lP“V lm (^ i2 i)

+ i E A ^ M B v » r 1 - « r l (Ai)]

+  E tì [ k r ^ J A O e * '  +  (p -  l i b r V R e ^ Q c i A i i e " ' )  

-p& <3e,(A |)Q r1(Ai)e * ' l .

Then, multiply this equation by Rk, integrate, and take the real part of it, so that we 
obtain, by (2.2), (2.3) and Lemma-3.2,

-  Im J  ikzTZ + 0(11% ,) = CK e-o'M *. ) +  0(11*Bin ) +  0(e-<«<+*>‘) -  Cff„

+ E M  + 1 i)0 (e-* ) +  E  ft 0 (e-* ) +  E  -tiO(e-«). 
¥k

In other words, we have, by (3.15) and (3.8),

ßt Et (iipl
IP -1 Ri-

ÏO . Q i

t u  ,)e" - » y 7/3rÇ (Ai)Qr (Ai)e1

\ß'k IC m dt z.Rk 7e B ßl\ foil
u

re~ ^ +7 )t



Moreover, from
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Im [ zRk = £ > I m  [ iRlRk + J2 'n lm  j d & ^ X ^ R k ,
J Ijik J &k J

we deduce that

¿ Im  / zRk = £ ( #  + 7l)0(e-*) +  £ (/? , +  7i)0 (e~*) 
at J l^k l^k

= Im J  dtzRk + Im J  zdtRk,

and so, as dtRk =  -VkdxRk +  i ( ck +  Rk,

|lm j dtzRk\ < C M m  +  c 'e_7t EdÄI + HD + C f *  £(l AI + N)-

Gathering previous estimates, we find

K l « Ce-^ £(W I + Wl) + «74e"(a,'H),•

Completely similarly, if we multiply the equation on z, by dxQCk(Xk)e ***, integrate and 
take the imaginary part of it, we find

Kl « C e - *  O  Wl + Wl) + ¿ e"(e,+,)‘-
1

Hence, we have proved that there exist C3, C4 > 0 such that, for all t 6 [T(o ), £„},

IÄI + K K  e # -«  B W I  + Wl) +
&k 1

Finally, if we choose to large enough so that C^e 7to ^  jf, we obtain, for all s 6 [t, 5n], 
with t € [T(a~),Sn},

By integration on [t, S“w], we get \ßk(t)\ + hfc(i)| ^  |&(Sn)| +  |7fc(5i»)|.+ (Cj+7)t. But 
from Claim 3.6, Lemma 3.5 and (3.15), we have

\ßk(Sn)\ +  |7fcCS„)| ^  C ||z(5n)||H1 ^  C\\b\\ ^  C ||a-|| ^  C e ~ ^ +2^ Sn ^  Ce~<*+*>*

and so finally,

Vi 6  p r(a -), S„], IÄ W I +  l-ftW I <

Ci_ 
t1/4<

~ ( eJ+7 )t

m [s) M (s)l
C_

+1/4 É
-(e¿ r)s_

c_
;i/4(

-te. H)*.



3.3.8 Control of the unstable directions for k £ K  by a topological argument

Lemma 3.12 being proved, we choose to large enough so that ^  ^ | .  Therefore, we 

have
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We can now prove the following final lemma, which concludes the proof of Proposi­
tion 3.4. Note that its proof is very similar to the one in [2], by the common choice of 
notation, but it is reproduced here for the reader’s convenience.

Lemma 3.13. For to large enough, there exists o" € Bftk0(e~^+2̂ Sn) such that 
T(a~) = to.

Proof. For the sake of contradiction, suppose that, for all a~ € BJtk0(e~^+2‘ŷSn), 
T(a~) > to- As e ^ +1̂ a~^z(T(a~)) e Bgi(l/2), then, by definition of r(o _) and 
continuity of the flow, we have

e(ej+27)r(«-)a -(r(o-))eSRfco(1) (319)

Now, let T  6 [tc^Xa- )] be close enough to T(a~) such that z is defined on [T, 5«], and 
by continuity,

Vi € [7\ £„], ||^(i)||H l< e -(ê .

We can now consider, for t € [T, Sn],

M(t) = M(et~(t)) = ||e<e>+2̂ a - ( i ) ||2.

To calculate M', we start from estimate (3.11):

Vfc e K ,V te  [T, 5m], ja~k {t) + ekak (t) <

Multiplying by |afc (i)|, we obtain

and thus

2% (i) + 2 <  2 a i ( t ) |a ?(<) + 2eta£(î)2 < |a ;(t)(,

where emin = min{ejfe ; k € K}. By summing on k € K, we get

(||a-(t)ll2)' + 2 e „ J a - ( t) ||2 < Jr,e-< ^ > '||a - ( t) ||.

Therefore, we can estimate

W (t) = ( e ^ + ^ l l a - W f  )' = e2<«<+2’»‘ [2fe + 27)||c r(i) ||2 + (||« -(i)||2)'] 

< e*»*** [2fe + 27)||c.-(t)||2 -  2e- Jo T (f)||2 + .

Vi e [T a~ ,Sn] w . I m
, 1 
* — e  ‘ o

-7)t

KU -(e, 47)1

<*fc (*)■
d
dt° k(t) -ekc*k (* K'2 er •47 )t

a) (*)l.

K 2o~(eí +
4 7 )4 1d

'di'*fc(

■KSi II«' '(t) I



Hence, we have, for all t G [T, 5n],

M'(t) ^  -e -M (t)  + K 3e^\\a-(t)\\,

where 6 =  2(em¡11 — e¿ — 27) > 0 by the definitions of 7  (2.1) and of the set K. In
particular, for all r  6  [T, Sn] satisfying M ( t )  = 1, we have

•Af'(r) ^  -d + K 3ee’r \\a-(T)\\ = - 6 + K 3ee*re ~ ^ 2i)r = - e + K 3e~^T ^  -d + K 3e~2'rto.

Now, we finally fix io large enough so that K3e~2'lU> < | ,  and so, for all r  G [T, £„] such
that M { t )  =  1, we have

W (r)  < - j .  (3.20)

In particular, by (3.19), we have J\f'(T(a~)) < —

F irst consequence: a-  t-> T(a~) is continuous. Indeed, let e > 0. Then there exists 
6 > 0 such that N(T(a~) — e) > 1 + <5 and J\f(T(a~) + e) < 1  — 5. Moreover, by 
definition of T(a~) and (3.20), there can not exist r  G [T(a- ) +  e, Sn] such that 
N ( t) =  1, and so by choosing <5 small enough, we have, for all t G [T(a~) + e, Sn], 
M(t) < 1 — 6. But from continuity of the flow, there exists 77 > 0 such that, for 
all o~ satisfying ||o-  — o- 1| < 77, we have

Vi G [T(a-) -  e, 5„], m s r { * ) )  -  *(<*-(i))| < 6/2.

We finally deduce that T(a~) — e < T(a~) ^  T(a~) +  e, as expected.

Second consequence: We can define the map

A p p e n d ix _______________ ________________________ _______________________________ _______ ___________ 1 3 5

(e3+27 )S„) § Rfco(e - ( eJ+2'r)‘5n)

a -  e -^ +2̂ - T^ a - (T (a - ) ) .

Note that M. is continuous by the previous point. Now, let a~ 6  Sg»0( e '« +2l,'SB). 
As J\f'(Sn) ^  |  by (3.20), we deduce by definition of T(a~) that T(a~) = Sn, and 
so M{a~) =  a- . In other words, M  restricted to SRk0(e_te’+27)5n) is the identity. 
But the existence of such a map M. contradicts Brouwer’s fixed point theorem.

In conclusion, there exists o-  G BRfc0(e- ê5"1'27̂5") such that T(a~) = to- □

A Appendix

Proof of Lemma 3.2. First, we calculate

+(p - imr%
=  ^ e - '< ‘Q5-‘(Aí )[y+ 1 +  iY*¿ ( \t )e»i

+  ( p -  l ) e r 2(A¿)e"' R e [^ e-«»‘<?Ci(y+1 +  ,Y¿¿)}(\,) 

=  + ÍY+, + ( p -  lJK+JfAj)

=  A je - S C X - ' lX j^ ' lp Y ^  + tY+3](\j).

M ßRk0 (e

~z R j  f {RjTjIfijl

A je

A

~ejtŒ

% K'
,i9j



Hence, from the expression of Q (3.4), it can be written
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n=\<f+ + D - wrv - 1 Rjrlrs -ip- imr'R, Ret *,.•>)•
We can now estimate ||i2||#i, and we estimate ||5xii ||i2 for example, the term ||Q ||l2 
being similar and easier. To do this, we write

=  (p ~  1) Re[(y>. + rjx )(tp + rj)]\<p + r j \p 3(<p +  r j )  +  \<p + r* \p 1((px +  rjx )

-  (p - 1) ne(<*?%rv- î rv* -  (p_^ i) -  i^rv
- i p -  1 )ip -  3) ReiRjxRj) | Rj \p~bRj R e f e )  - i p -  1)| Rj\p~3RjX R e ( ^ )  

- i p -  D lR jl^R j  BeQ&rj) - i p -  l ^ f 3̂  Re(Efo.)

=  ip - 1) Rfi(p«?) [|y> +  r ^ 3 i f  + rj) -  M p-V  ~ (P ~ S)f'ReiWj)\lP\P~5 ~  M p“8r#] 

+  (p -  1 )(p -  3) [Refa.?) R e ( ^ ) |^ r V  ~ R e ( l ^ R e ( 3 f o ) t o | ^ ]

+ (p -  1)»V ¡Re(v?x?)MP_3 -

+ ip -  1) [R£(vv7)l¥> + ^ |p_3(v? +  r;) -  Rfi(i^'ri ) |jl#|p"3i2#]

+ ip -  1) lite(rjx<p)\<p + rj\p~3i f  +  Tj) -  Ee(rjxRj)\Rj\p~3Rj]

+ ip -  1) Tte(rjxr])\<p + rj\p~3i f  +  rj) + rjx [|v? + r^ f-1 -  |i?,iP_1]

+w. [ \ v +r ,r1 -  i^r1 -  (? - 1) Re(^)kr3)
+ (p -  1) [Re & T j f a lv r *  -  Be(Rjrj)Rjx\ R j r 3] .

To estimate all these terms in L2 norm, we use the facts that f  is equal to R  plus 
a small error term according to (2.3), that R  multiplied by a term moving on the line 
x = Vjt+Xj (like rj) is equal to Rj plus a small error term according to (2.2), and finally 
that rj is at order e~ejl. To illustrate this, we estimate the first two terms I and II, for 
example, as all other terms can be treated similarly. For I, we simply remark that

by the definition of 7 (2.1). For II, we decompose it as

(p _ 1)1(p _3)n  = -  •**)*’] R e f iM ^ r V  + - M R . ®  -  R) M W M l T ' v  

+  R e ( it ,B )  Re[(? -  X)rj)M P_ V  +  R e |(B , -  R,t)R\ R e fJ& v JM '"  V  

+  R e{ /e* (E  -  75")] R e ( 7 & v ) |^ r  V  +  R * P  -  * f > * r V  

+ MRjjQ R e f e )  [i^rv - i^r5̂] •
Since IIip -  i i ||H1 ^  Ce~4yt by (2.3), the first three terms are bounded in L2 norm 
by Ce“to+47)t. Moreover, by (2.2), the next three terms are also bounded in L2 norm 
by Ce_ êj+47̂ . Finally, for the last term, we write

i^rv -1 Rir% = (i»>rv - i«r5J*>+m^R - w 5«*),
so that, since p > 5, we can conclude similarly that ||n||i2 ^  Ce (ei+4'y)t.

1)R (Rß ,R:
11

m

-  R e Rjx-Rj)l Rii
IP-3

lililí c\Vi &
-(e,Ht-47  )t

Reff<Pz

Ä e[J XK DR



Proof of Lemma 3.9. (i) For A: € [1, iVj, we have
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(\Rk\ +  \Rkx\)\<j>k - 1| <  C e - ^ x~v̂ [  1 +  ipk+1 -  4>k)

<  C e ~ ^ x- Vkt{ ■ e - v ^ - ^ l f l  +  -  V’fc].

But, if x < mfe(i) +  ^/t, then

e ~y/crô \x-V kt\ ^  Q e y/^ôxe -y /â ô v kt  ^  C e ± v ^ K + » * - l - 2 t * ) t eV/ W t  ^  C 'e- ï tr0/2 t,

and similarly, if x > m,k+i{t) — y/t, then

e-y/âô\x-vkt\ ^  Qe~V°0xeV°0vkt ^  Çe-ly/âô(vk+l-vk-2t>k)tey/âôVi ^  Ce- **^*.

As ^  =  1 for mjfe(i) +  y/t ^  x < rafc+i(i) — \/i, the conclusion follows from (2.1).

(ii) For I, k € ¡1, ATJ such that I ^  k, we have

and the conclusion follows again from the definition of 7 (2.1).

(iii) For k G \1 ,N ], it suffices to prove ||^fcx||L°° + HV’terlLoc + ||^fct||£oc < The

first two inequalities are obvious since ipkx{t, x) =  ~ mk{t))] and so
II^ILoo ^  tîII^'IIloc, and similarly W^kxxW^ < For the last one, we
write

in \ . \x-l(xk + xk-i) 1, \ n
il)k { t , x) =  i> ----- -j=---------------- ( vk +  V k - \ ) - y t  ,

so that

But supp(i/'/) =  [—1,1], and for x such that |x — mk{t)\ ^  >/*, we have 
1̂.- _  2szt«s=i.| ^ so finally'

{ \R k \  +  \R k x \) (Pl ^  C e  k ^ + l] l{x > m i(t ) - \ / t } l{a ;< m i+i(t)+ \/i}

But, if k > t, then

^  Ce%'/5o(vi+i +«i-2t)fc)te v5ov/t ^  Ce~*c°/2t,

and similarly, if k < I, then

e- ^ - ™ # 1{i>mi(() Vi)1(i<m)+i(t)+v5) <: C e-^-“ e ^ ‘l {, >mtm_ ^

^  Q e -%Vero(vl+vt- i - 2 v k)te y/ooVi ^  C e ~ * ° ° /2 t ,

(t,x)
'_ i

2

/  T —

' i l
l'k +  Vk-1

V i
1¡/

■ 1 

V i
(.X -  mk{t))

liefet f  I £ ,» •

» //M L
7tAx ‘

But, if k > t, then

ee~V°ö\x Vt}1
- y / V Q V k t

{x< m i+

V5ÖI«X-Vfet| •e“' roi®'
mW- ;<mj



(iv) Since hi =  (ck +  -4^  <Pk and h2 =  Ylk=ivk<t>k have a similar form, it is clear

that it suffices to prove the inequalities for h2, for example. Moreover, the first 
inequalities are obvious by (iii). Finally, for the last inequality, we write
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N

|h2 — UfcKI-Rfcl +  |-Rfcr|) =  — Vk (|i*k| +  |-Rfct|)
i=l

^  vk\<t>k ~  l |( |/2fc| +  \Rk*\) +  +  1-Rfc.l) <
l^k

by (i) and (ii), which concludes the proof. □

Proof of Lemma 3.11. To compare W[S] and U[z], we replace z in H[z\ by its definition,

z = z + Y  PkiQcŜ k) "̂ + Y  rrkdxQCk{Xk)ei0k, 
k=l k=1

dropping the argument A* for this proof, which would not be a source of confusion since 
there is no time derivative. Hence, we compute

H\z[ = J  dxz ■ dxz -  lm h2dxz -z  + (hi -  |ii[p-1)z -z — (p— 1) (Re(#5))2|il|p-3

= J  \dxz +  Y  (ykd?QCk -  y  vkQCk + idxQCk (0k + |«k7k) j  e"*

x + Y  (lkd%Qck -  y VkQc, ~ idxQCk(Pk+ e~^k

-  J h 2 Im dxz + Y  (y*%Qck ~  yUfcQck + idxQck(Pk +  ^i>k7fe)^e*fc

x [* + Y W zQc, -  i0kQck)e~*k]

+ / ( ^  -  \ R \ r '  [z + Y M Q Ck + ifik Q c )^ ]

X [ z  +  Y ^ k d x Q Ck -  i ^ k Q c k y ~ Wk]

-  j  ip- !)\R\P~3 [Re(S*) ~ Y  0klm(RkR) + Ylk Re{dxQCkeiBkR)^.

Developing in terms of z , we find

n[z\ = j  \dxz\2 +  2Re J d xz - Y  yr*%Qck -  y^feQcfc -  < flW *(A +  ^ 7 fc )J  e‘ * fc 

+ E /  (*#,<3« -  jVkQa + id.Qotft + ¿wr*)) e*

x yn<%Qci -  jwQc, -  t&iMA + y r» )l

-  Im J  h2dxz z - I m j  h2dxz • Y ^ d xQCk -  iflkQcJe**

+  Im J  h2z ■ Y  (lkdxQCk -  yVfcQc* -  idxQcdPk + ^vk'yk)\ e_ie*

\vi4>i :i* i I Rka $ C e ■4yt( V ô̂

7fe)
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~ Y , lm f h2 (lk<%Qck -  y v*Qck +  idxQck(Pk +  fc)^ei6k

x (iidxQa ~ 0 iQ Cl)e~i6‘

+  J  ( h i -  l ^ n i z l 2 + 2 R eJ (h 1 -  | R\*-l )z • £ ( 7kdxQCk -  

+ E  / ( ^  ~ l^r_1)(7fĉ <5cfc + i/3kQck)ei6k( îdxQCl -  if3iQCl)e~iSl

- i p -  1) / | H r 3(Re(Hz))2 - ( p - l )  / | i ? r 3E M I m ( ^ ) I m ( ^ )

- i p - 1 )  f  |^|P"3 E  7*7; M d xQckei$kR) M d xQCleid‘R)
J k,l

+ 2ip-l)J\Rr3MRz)J2PklmiRkR)

- 2 ( p - l ) J  | i ? r 3 ReCRz) £  7fc M d x Q c ^ 'R )

+ 2 ( p - l )  f  l^r-3 E  &7i Im(RkR) M d xQc<ei6‘R).
J

Now, first remark that Im(RkR) =  Im ( i4 ^ )5 and so, by (2.2), all integrals con- 
taining this term are in 0 (e-7t(|z[|^i). Moreover, still by (2.2), all double sums on k, I 
have their terms in 0(e_7i||z||^i) whenever k ± I. Note finally that-all terms composing 
H\z] appear. Hence, with an integration by parts to make dxz disappear, we have

H[z\ = J  \dxz\2 -  Im h2dxz ■ z + (h! -  \R r')\z \2 - ( p -  1)|R\p~3(Re(i?z))2 

- 2  E 1̂ /  zer* k [(7fc$r<?ck -  favkdxQCk -  ^7kV2kdxQĉ j

+* ^—Vk'fkd̂ Qck ~ k̂ xQck + ~£VkPkQck'j 

+ E /  ( 7^ « . .  -  f '^0 « )  +  ( a  +  + 0 (e~*||2 ||2i,,)

+ E Im/  zdxh2i'YkdxQCk -  iPkQcJe-16*

+ 2 E Im/  hize~i6k (lk&xQCh ~ -  ^xQcfc + ¿ufc7fe)J 

-  E /*a7fc(A  + ^fc7fc)(axQcJ 2 + E /h to Q o W Z Q o  ~ y^fcQcJ 

+ 2 E R f i / ( ^ i -  | i? r 1)^-^(7fc^QCfc -  t& QJ

+ e / ( ^ -  i^ r 1)(7fc2RQcj 2+$<%)

-  0» - 1) E  /  i ^ r 37fe2Q2fc( ^ a j 2- 2( p - i ) E R£ /

We now use notation zi,* =  Re(z i0*) and z^* =  Im(z ***) again. Moreover, recall 
that we have H r̂̂ llx,«» ^  ^  by (iv) of Lemma 3.9, and c^QCfc + =  CfcQCfc by (1.1).

-  ißk■QckJe""*

(a.®*:

. A,
}kQck

'\R\>>-3zer-iûk kQie%Qa



Thus, we find
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H[51=WW + 0(t-‘'2W ^ )

+  £ /  zi,k[-2ck'!kdxQCk + 2pjkdxQCkQ^ 1 + 2PkVkdxQCk

+ )pkV2kdxQCk -  2h2pkdxQCk ~  h2ikVkdxQCk

+  2hi'rkdxQCk -  2 jkdxQCkQp~1 - 2 ( p -  (A.l)

+  £  /  z2,k[~2'ykVkCkQek +  27kVkQ^ -  2PkCkQck +  2/3*0^ +  ^PkVkQck

+  2h2')kckQCk — 2h2/ykQpk — h2pkvkQCk +  2hifikQCk — 2f3kQ^k] (A.2)

+  53  J  ( t̂kckQck — 7feQc* 2~VkQcit  ̂ +  (ĵ k +  2Vklfkj ipxQck)

-  J  folkiPk + 2Vk7k)(dxQCk)2 + ] C / h2PkQck('ykCkQck ~ 7kQ^ ~ yW/iQq)

+ z f  h t f k &QJ 2 + f t QU -  £ / +  t f g y

-  E / ( p - i b ^ l 0 W * > 2- (A.3)

To conclude, we estimate the term (A.l) involving z\>k, the term (A.2) involving z2tk, 
and finally the source term (A.3). For (A.l), we write

2
(A.l). = z j zhklkdxQCk(~2ck +  y  -  h2vk + 2hi} + 2 Y , J z hkf3kdxQCk(vk -  h2),

2 2 

and — 2ck +  ̂  — h2vk +  2hi =  2(/ii — ck — ^ ) + Ufc(wfc — h2), so that, by (iv) of Lemma 3.9,
we have (A.l) =  0 (e-7i||<z|j^i). Similarly, we write 

(A.2) = 2'jjT J z 2,k'ikckQCk(h2 - v k) + 2 ^ 2 j z2,fc7fc^(^ -  h2)
2

+ f  z2.kpkQcl.(—2ck + -y — hjVk + 2hi),

and we also conclude that (A.2) =  0(e  7tllzl|rriV For the last term, we expand it as

(A.3) =  ]T  /  PklkCkQlk{h2 -  vk) +  h l k Q ^ l ivk -  h2) + i3k'rk(dxQCk)2(vk -  h2)

+ £  /  -& ■+  7?«« + ~ 1-ickQZ' + 01(9,Qaf-

+ -  jfciTiMd.Q«,?-\ht0lvtQl
+ hrtl(d,Q 't f  + h f l lQ l  -  P lV » 1 -  r f kQZHd*Q«f-

Note that the first sum is in 0{e 7t||2:||^i) as above. Hence, with several integrations 
by parts and using d%QCk =  CkQck ~ Q£k, we find

(A.3) = £ /  71 4 Q I  + -fan* +  “ «2<£ -  H c k Q Z ' -  -  «$,)

47kvkQckickQck Qc*) + 2 2̂̂ kvkQ°k{ckQck ~ Q!*) 2 P̂kVkQi
-  hrtlQ a,(ct Qa, -  (%) + -  /£<£» + •¿QS.taO« -  % )

• 1)7¡%dxQck* (A.l)

+ r i h4 ({dx■Qck)

■ßlQ+ A Qck

•hißl£
+ 07(e~’yí kl
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=  J2 J  7fcCfeQ^(-2cfc +  y  -  h2vk +  2hi)

+ 2 Y  J  &QI (-2 c fe +  ~2 ~ h&k +  2/ix)

+ \^ J  'rlQE1(~2ck + ^  -  h*v* + 2/li) + ° (e_7*ll2;llfri)»

and so we can conclude as above that (A.3) = 0(e 7t||;z||̂ -i). Finally, we proved that 
%[z] = H[z] + 0 (i_1/,2||-z||tfi), as expected. □

B Appendix

We prove here Proposition 3.10. To do this, we first need a lemma quantifying the fact 
that (p almost satisfies a transport equation similar to those satisfied by the solitons. 
Note finally that, since ipt takes values in H~x, all integrals in this appendix may be 
seen as the dual bracket (•,

Lemma B .l. There exists C > 0 such that, for all t ^ T0,

ll^t +  h2<px ~  <  C e - **.

Remark B.2. To find the transport equation almost satisfied by </?, it suffices to com­
pute an exact relation for Rk with k € |1, NJ. In fact, as

Rk(t, x) = QCk(x -  vkt -

we have R^ = [~vkdxQCk + i(ck -  \vl)QcJ(Afe)ei®'! and Rkx = [ d ^  + \vkQcJ(Afe)ei<’*, 
and so

Rkt ”1“ VkRkx i (ck  ̂ Rk — 0.

Proof of Lemma B.l. Let /  € H1 and compute

J(<Pt +  h2(px -  ihi<p)f =  f(i<pxx +  i\<f\p V  +  h2<px -  ihi<p)f

= * f(<P*x -  Rxx)f +  i j  (MP~V- I R\p~1R )f  +  J  h2(<px -  Rx)f - i f  ¿i(v> -  R )f  

+ if(Rxx +  IR T 'R  ~ ih*Rx ~ hiR)f  

= - i j f r x  -  Rx)fx +  i I  (MP_V -  I R r ' R ) /  + 1  h2((fix -  R x ) f - i j  -  R) f

+ *E J(Rkxx + ¡Rkf-'Rk -  ih2Rkx ~ h  Rk) f  + i f )  j  R m »-1 -  I R k f - ^ f  

= 1 + 11 +  111.

First note that, by (2.3), |I[ ^ ^ Ce Moreover, by (2.2),
we also have |III| ^ Ce_47i||/||i2. For the last term, we first compute

{■Rk = Qck(Afe)eiefc, Rkx = {dxQck + ^VkQCk){h)ei6k,

[Rkxx = (d%Qck + ivkdxQck ~  $Qck)(Afe)ê .

vkx-- bvht+ckt-+7fc)

c\\f



Then, using 8%QCk = ckQCk -  Q%k, we obtain
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11 =  * X j /  ~  "4 “  ^  R* +  ivkRkx +  ^jRk ~ iW kx f

N /  2 \  N

= i p J [ ck + j - h i )  Rkf + £  J(fh -  v^Rtof.

Therefore, by (iv) of Lemma 3.9, we also have |II| < Ce 47t||/ ||£2, which concludes the 
proof of Lemma B.l. □

Proof of Proposition 3.10. First recall that, from Section 3.1, the equation of z can be 
written

izt +  zxx + \tp +  rj + z\p 1((p +  rj +  z) — \<p + ry|p l(tp + rj) =  —ft,

where rj(t,x) = Aje~ê Y}̂ (t,x)  and Q satisfies ||i2||H1 < C e~ ^+A'1')t by Lemma 3.2. 

From the definition of H  (3.13), we now compute, using integrations by parts,

H'(t) =  2 Re j  ztxzx — 2 Re j  (<p + rj + z)t|y? +  rj +  + r]+ z)

+ 2 Re j  (¡p + rj)t\<p +  r/ |p_1(^  + ¥])

+ 2 (p - l)R eJ(< p  + rj)t\<p + rj\p- 3(lp + r])Ite[(lp + rj)z]

+ 2 J  \<P + ^\p~l + Tj)tz) + 2 J\<p + rj|p_1 Re[(̂  + f])zt]
+ J  hu\z\2 +  2 Re j  hiztz -  Im J  h2tzxz -  Im J  h2ztxz -  Im J  h2zxzt

= -2  Re j z t  [zxx +  J<p + ré + z\p~l (ÿ  +  r] + z) -  \tp + ri |p_1(^ +  rj)]

-2 B e J ( ( p  + rj )t [\ip + rj + z\p~1(lp + rJ + z)

~\<P +  ^ r -1^  +  FJ +  z) -  (p -  l)|y> +  ri |p_3(^ +  r])Re[(lp + fj)z]]

+  2 J te /  hiztz+ 2lm J  h2zxzt + hn J  h^ztz-i- J  hit\z\2 -  Im J  hnzxz.

But from (iv) of Lemma 3.9, we have Ĥ ullx,® + Ĥ wllx,» ^  and so

I f  hu \z\2 -  Im [  h2tzxz <  -S f||z ||ii.

Moreover, by expanding \ip + rj +  z|p_1 =  [|ip + rj + z|2]^~, and as ||r,t||ioo < Ce- *’*, 
we have

-  2Re j  rjt [|<? +  r* +  z|p \<p +  FJ +  z) -  \ ip + r ,|p \<p + rj + z)

-{p  -  l)\ip +  ri |p_3(^_+ rj) fte[(ÿ> + rj)z}] < C e ^ W z f ^ .



Hence, replacing zt by its equation, we find
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H'(t) =  -2  Im f  Q, [zxx + I<p + rj +  z\p 1(ip +  rj + z) -  \tp +  r t f  1(ip + r#)]

-  2 Ite J  (f>t [\ip + rs + z|p_1(^ + Yj +  z)

Hv> + rjlp_1(^ + *7 +  *) -  (p -  i ) b  + n r 9®  +  *7) R«[(? +  ?7)«]]

-  2 Im J  hizzxx — 2 Im J  hiz[\<p + rj +  ^|p_1(v? +  O + z) — \<f> +  r,- |p-1(y? + r,-)]

"I- 2 Re h2zxzxx "I- He /  ix2xzzxx

-  2 Re j  h2z[\<p + rj +  z|p_1(v? +  r* + z) -  \<p +  rj |p_1(^ + r#)]^

-  Re j  h2xz [|y> + rj +  z|p-1(<£> + r# +  z) -  \<p +  rj |p_1(v? +  r*)]

-2 1 m  J  hiflz +  Re J(2h2zx + h2xz)ü + 0(t~1/2\\z\\2H1).

We can already estimate several-terms in this expression. For the first term, for example, 
we have, by an integration by parts,

-2  Im J  &zxx =  2 Im J  q x z x < CIIîîUjï-iIMIjîi < Ce (ei+47)<NÎffi-

Similarly, we have

-21m j ü  [\<p + rj + z\p 1(<p + rj + z ) - \ i p  + rj \p 1(<p + rj )] < Ce (ei+47)t|M|Hi, 

1-2Im f  hiQz + Re f (2h2zx +  h2xz)Ü ^

Then, another integration by parts gives

—21m J  hizzxx =  21m J  ^i|^sc|2 +  21m J h i xzzx =  2lm J  hixzzx,

and so, as ||/h*|Ji,oo ^  by Lemma 3.9, |—2 1 m /h\zzxx\ ^  As we also have
lib il i»  < Si, we can estimate

/* I c
-  Re y  h2xz [\<p + rj +  z|p-1(^ +  r, +  z) -\<p + 7v|p_1(y> + r#)] | < -¡¡Wz \\w-

Finally, we can also estimate

2 Re f  h2zxzxx “H Re J" h2xzzxx — J* fôx \ Zx I Re J“ zx (h2xxz 4" h2xzx)

2 f  ̂ '2®|'̂ 'x| Re f  h2xxzxz .

Indeed, since lib il i»  + II/^s iIIloo < ^  by Lemma 3.9, we have

2 Re J  fazxZxx + Re J h%X Z%xx Ir ̂

'  c 
* 75N

2
ff1*

$ Ci -(ejH+47)* IIM41*1

S 'MlIm



Gathering all previous estimates, we have proved that
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- i t f '( t )  = i + I I + r a + 0 (e-i«'+^>'||2 ||H1) + 0 ( r 1/2||z||J,,),

where

I = Re j h 2z[\tp + rj + z ^ { t p  + rs + z) -  \tp + r_7|p-1(^ + r,)]^  

n  = 1 m jh 1z[\<p + r, + z|p-1(v? + r} + z) -  \tp + rjf~x(tp + r^)],

III = Re j  tpt [| tp + Tj +  z|p-1(^ + f j  + z ) - \ tp  + ri |p_1(^ + rj +  z) 

- i p -  l)\(p + rj\p~3(ip + r:)Ee[(Jp + f])z]].

The purpose is now to make appear quadratic terms in z in these expressions. For II 
and III, we simply write

II = -  Re J'ih\Z [|<£> + rj|p *z + (jp- l)(<p + rj)\<p + r t f  3Re[(v? + r^z]] + 0 (||z ||ii)

and

III = Re j ip ,  | ( ^ 2~ )  M!|*> + r t f  S( f  + rj) + (p -  1 )%  + r t f  3 Re[(y) + r,)z] 

+ ( p - i K p - 3)(Re[(?!+^ )z])2|y + + J  + 0(

For I, we have to compute

I = R e / zh2 [ip — 1)|tp + rj + z\p 3Re[(y> + rj + z)x(ip + rj + z)){tp + rj + z)

+ \<p + rj + zr \< p  + rj + z)x - ( p -  1)| tp + rj \p~3 Re[(v? + + rj)]{tp + Tj)

- \< P  + rj \p' 1(tp + rj )x}

= R e / zfi2 {(p -  1) Re[fa + rfijjp + ?7)](y> + r,) [|tp + r0 + z |p_3 -  |tp + ri |p_3]

+ ÌP ~ l)z\<P + ^  + z\p~3 Re[(v? + rs)x(lp + ?7)-+ {tp + rj)xz + zx{ip + 77) + zxz] 

+ {p -  l){tp + rj)\tp + rj + z f -3 Re[(<p + rj)xz + zx{jp + rj) + zxz]

+(<P + ri)x [k  + r* + AV~X ~\<P + ^ |P_1] + \<P + ^  + z f ' z x }

= Re/  zh2 {{p -  l)(p -  3)|y> + rtf~\(p + rj) Re[(^ + + ?7)] Re[(? + rj)z)

+ ip -  l)z\tp + rj\p~3 Re[(v? + rs)j&  + 17)]

+ (P ~ l)fo> + rj)\tp + r ^ 3Be[(<p + rj)xz + zx{tp + 17)]

+{p -  1 ){<p + rj)x\tp + rt?|p_3 Re[(p + rj)z] + \tp + + O^zH^).

In the last expression, we integrate by parts the following two terms. First, we have

Re/ zh2 • ip — 1 ){<p + rj)\tp + rvp’-3  Re[(v? + rj)xz + zx{Jp + rj)]

= 0 — 1) / + + +

= - ( 2̂“) / + rj)zì¥h2x\<P + rj-r3

—l̂ P " ■ /  (R*[(^ +  rj)z\f\tp + ri |p" %  Re((y> +  +  77)].

Re z((¿> rj) Reb [z U - ri M <p + rjP
P - 3

l(£ -J D — 3
2

ÍRe (W -rj)lz]) xVp f  r. ip -5 ((fi. - ri + 0K\\z4 m



Second, we have similarly
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Re J  zh2zx\<p + r j f - 1

= ~ \ j  M2 fateb + r , r  + ̂ (p -  1)|¥> + r . r 3 Rfi[(v? + Tj)J& + fj)]j 

= - \ j  \z?h2xW +  Tj f - 1 -  fteJ  h2(<p + rj)x(lp +  r7)|v? +  r.,|p~3|z|2.

Therefore, as H^zlii,« < we have obtained

= 0 ( e - ^ +4̂ ||z ||H1) + 0 ( r 1/2||z ||^1) +  0 (||z ||^ i)

+  —— — — f  (R«[(^ + rÎ)z]?\<P + r j f - %  Re[(y> + rj)x(ÿ> +  r7)]

+  J  h*\z \2\v  +  ri1p“ 8 + ri)x(v  +  r7)l
+ ( p - l ) ï t e j  zh2(<p + rj)x\ip + r j f~ 3 Re[(ÿ> + r])z]

+ —— — — R* /  ^t(R«L(^ +  rj)z]f\<f + rj\p~5(<p + rj)

+ (“j"“) *** /  ̂ lzlV + rilP_3(̂  + *7)
+ (p - 1) Re J  iptAv +  Ti\p~3 R«[CP+*7)*]

-  (p -  1) Re f  ihxz{ip + rj)\<p + ri |p_3 Re[(^ + rj)z].

Finally, collecting similar terms in a single integral, we get, as H/jH^ ^  Ce ejt,

+ O i r ^ W z f ^  + OiWzfv)

+ —— — ^ R e ^ | y 3  + ri |p-5(Re[(^ +  r7)z])2 <pt + h2(px - i h ^

+  ( j~ 2 ~ ) \z \2jP\V + + hWx ~  ihiip

+ (p -  1) Re J  z\<p + rj\p~3 Re[(^ + fj)z] +  h2px -  

= 0 { e ~ ^ n z \ \ m ) +  O ir^ U z ll^ )  +  O(Hzllia),
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