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Résumé

Cette thése a pour objet le comportement asymptotique de solutions d’équations aux
dérivées partielles dispersives non-linéaires surcritiques. A travers deux exemples-type de telles
équations, 1’équation de Korteweg-de Vries généralisée (gKdV) et I’équation de Schrodinger
non-linéaire (NLS), on traite de la convergence en temps grand des solutions vers des solitons
(solutions particuliéres globales de 1’équation), ou des sommes de solitons.

Dans un premier temps, par une méthode de compacité, on obtient pour I’équation (gKdV)
Pexistence d’une solution convergeant vers un soliton mais n’étant pas un soliton, ce qui est une
différence notable avec les cas sous-critique et critique. Puis, en utilisant une description du
spectre de I'opérateur linéarisé autour d’un soliton et une méthode de point fixe, nous obtenons
Pexistence d’une famille & un parameétre caractérisant complétement de telles solutions.

En revenant & une méthode de compacité, nous arrivons dans un deuxiéme temps & obtenir
un résultat similaire pour les multi-solitons de (gKdV), c’est-a~dire des solutions qui convergent
vers une somme de solitons. Nous montrons que, étant donnés N solitons, il existe d’une part
une famille & N paramétres de N-solitons, et que d’autre part cette famille caractérise tous
les multi-solitons de (gKdV) surcritique. Ce résultat est & nouveau original par rapport aux
cas sous-critique et critique, pour lesquels il y a existence et unicité des multi-solitons.

Enfin, en adaptant les techniques précédentes-a ’équation (NLS) surcritique, nous sommes
en mesure de prouver un résultat similaire de multi-existence des multi-solitons, mais sans pour
autant obtenir de classification. On rappelle cependant que, méme pour les cas sous-critique
et critique, aucun résultat général de classification n’a encore été obtenu pour (NLS).

Mots-clefs : Multi-solitons, gKdV, NLS, surcritique, stabilité, comportement asymptotique.

MULTI-SOLITONS FOR SOME SUPERCRITICAL NONLINEAR DISPERSIVE EQUATIONS
Abstract

This thesis deals with the asymptotic behavior of solutions of supercritical nonlinear dis-
persive partial differential equations. Through two typical examples of such equations, the gen-
eralized Korteweg-de Vries equation (gKdV) and the nonlinear Schrodinger equation (NLS),
we study the convergence of solutions, when time goes to infinity, towards solitons (pa.rticula.r
global solutions of the equation), or sums of solitons.

First, by a compactness method, we obtain for the (ngV) equation ‘the exxstence of a
solution converging to a soliton but not being a soliton, which is a notable difference with
the subcritical and critical cases. Then, using a description of the spectrum of the linearized
operator around a soliton and a fixed point method, we obtain the existence of a one-parameter
family which completely characterizes all such solutions.

Second, returning to a compactness method, we can obtain a similar result for the multi-
solitons of (gKdV), i.e. solutions which converge towards a sum of solitons. We show that, N
solitons being given, there exists on the one hand an N-parameter family of N-solitons, and on
the other hand that this family characterizes all multi-solitons of supercritical (gKdV). This
result is also a new feature by comparison with the subcritical and critical cases, for which
multi-solitons exist and are unique.

Finally, adapting previous techniques to supercritical (NLS), we prove a similar result of
multi-existence of multi-solitons, but without classification. Nevertheless, we recall that, even
for the subcritical and critical cases, no general result of classification has been proved for
(NLS) yet.

Keywords : Multi-solitons, gKdV, NLS, supercritical, stability, asymptotic behavior.
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14 CONTEXTE

Cette theése a pour objet les multi-solitons de quelques équations dispersives non-
linéaires surcritiques. Dans une premieére section de ce chapitre introductif, nous nous
proposons de détailler le contexte de cette étude dans le cas de I’équation de Korteweg-
de Vries généralisée (gKdV) — exemple important d’équation dispersive non-linéaire —
pour laquelle les résultats les plus complets ont été obtenus.

Ces résultats, ainsi que leur cheminement & partir de la problématique de départ,
sont exposés dans une seconde section, a la fin de laquelle nous nous intéresserons plus
en détail & une autre équation dispersive non-linéaire, abondamment étudiée pour ses
applications physiques, afin d’illustrer la souplesse des méthodes employées : ’équation
de Schrodinger non-linéaire (NLS).

On notera que cette seconde section est divisée en trois parties, faisant écho aux
parties II, III et IV de la these, chacune de celles-ci étant un article & ’origine. Voici
leurs références respectives :

II. Construction and characterization of solutions converging to solitons for supercritical
gKdV equations. Differential and Integral Equations, 23(5-6) : 513-568.

ITI. Multi-soliton solutions for the supercritical gKdV equations. Accepté pour publi-
cation dans Communications in Partial Differential Equations.

IV. Multi-existence of multi-solitons for the supercritical nonlinear Schrodinger equa-
tion in one dimension. Arziv preprint arXiv:1008.4613.

1 Contexte

1.1 L’équation de Korteweg-de Vries généralisée

Dans cette premiére section, on considére 1’équation aux dérivées partielles suivante,
appelée équation de Korteweg-de Vries généralisée :

{&u + Bu + G- (uP) = 0, (gKdV)

u(0) = uo € H'(R),

ol p > 2 est un entier, (t,z) € R? et u(t,z) € R.

Avant toute chose, il convient de s’assurer que cette équation admet des solutions, au
moins locales (on parle de caractére localement bien posé de I’équation). Si le probléme
de Cauchy a été abondamment étudié pour cette équation, ce sont Kenig, Ponce et
Vega [11] qui ont apporté la contribution la plus fondamentale et la plus définitive &
cette question, en donnant les espaces de Sobolev optimaux dans lesquels I’équation
est bien posée, pour chaque valeur de p. En particulier, ils prouvent que (gKdV) est
localement bien posée dans H*(R) : pour uy € H!(R), il existe T > 0 et une solution
u € C%[0,T), H'(R)) de (gKdV) vérifiant u(0) = uo, unique dans une certaine classe
Yr c C°([0,T), H*(R)). De plus, si T* > T est le temps maximal d’existence pour u,
alors soit T* = +00 et la solution u(t) est dite globale en temps ; soit T* < +00, et alors
||0zu(t)|| 2 = +o0 quand t — T™* (on dit que la solution ezplose en temps fini). Cette
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dichotomie est appelée critére d’explosion. Ils montrent enfin qu’il y a propagation de
la régularité : si up € H*(R) avec s > 1, alors u(t) € H*(R) pour tout t € [0,T*).

A partir de la forme méme de ’équation, on peut ensuite noter les invariances sui-
vantes :

o Invariance par translation : si u(t, z) est solution de (gKdV), alors w(t, z) = u(t —
to, Z — Zo) est aussi solution, pour tous ¢y, Zo € R.

o Invariance par scaling : si u(t,z) est solution de (gKdV), alors w(t,z) =
2
A7-1u (A3, A\z) est aussi solution, pour tout A > 0.

o Symétrie en temps : si u(t,z) est solution de (gKdV), alors w(t,z) = u(—t,—z)
est aussi solution.

Une autre propriété fondamentale de cette équation est la conservation pour des
solutions H' des deux quantités suivantes : pour tout temps t € [0, T*),

M(u(t) = [2(t) = M(uo) (masse),

Bu(t) = 3 [ u(0) — = [ w¥() = Blu) (énergic)

2
Au vu de ces définitions, il apparait clairement que le choix de HY(R) = {u €
LAR) | lul?: = llull32 + ||0zul32 < 400} comme espace fonctionnel est justifié par

le fait que ce soit I’espace d’énergie associé a (gKdV).

Enfin, une derniére propriété générale de I’équation (gKdV) intéressante pour notre
étude est la possibilité de globalisation des solutions a priori locales obtenues par [11].
Celle-ci peut étre obtenue, dans le cas ou 2 < p < 5, par l'inégalité de Gagliardo-
Nirenberg suivante :

p—1 p+3

voe H'(R), [ fo" <cGN(p)( / vg) : ( / v2) ‘< 1)

ou Cgn(p) > 0 est la constante optimale. En effet, pour de telles valeurs de p et par
conservation de la masse et de l'énergie, il est clair que |0 u(t)||,. est bornée pour
t € [0,T*), ce qui impose T* = +o0o d’apres le critére d’explosion énoncé plus haut.

A Tinverse, pour p = 5, Merle [20] et Martel et Merle [15] ont prouvé qu'il existe
une grande classe de solutions de (gKdV) qui explosent en temps fini. Ainsi, on peut
affirmer que p = 5 est ’exposant critique pour le comportement en temps long des
solutions de (gKdV). On appellera donc cas sous-critique le cas ou p < 5, cas critique
lorsque p = 5, et enfin cas surcritique lorsque p > 5. Comme l'indique le titre de la theése,
c’est uniquement ce dernier cas qui nous intéressera pour notre étude, pour lequel aucun
résultat d’explosion en temps fini n’a pour le moment été obtenu (méme si ’explosion
en temps fini est probable pour une large classe de solutions aussi).

1.2 La famille des solitons

Comme rappelé dans la section précédente, on considére dans cette these 1’équation
(gKdV) surcritique, pour laquelle il peut y avoir explosion de ses solutions. Ainsi, pour
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étudier le comportement asymptotique de solutions, qui nous intéresse ici, il ne parait
gueére possible d’étudier des solutions autres que pres d’un voisinage de solutions dont
on sait qu’elles sont définies pour tout temps. Il se trouve que de telles solutions existent
pour (gKdV), et possédent en outre d’autres propriétés remarquables : on les appelle
ondes solitaires ou solitons. Elles ont la particularité de garder un profil constant pour
tout temps, et doivent leur existence a un équilibre subtil entre la dispersion induite par
le terme dérivatif de I’équation (82u) et la non-linéarité (8, (uP)).

Plus précisément, notons @ 'unique solution, aux translations prés, de

1

Q>0, Qemmxcw+w=Q,nu%w=(Jﬁij)_- (12)

2ch? (%lx

On rappelle que @ est I'unique minimiseur de I'inégalité de Gagliardo-Nirenberg (1.1).
Autrement dit, pour v € H(R),

ezl pis
ol = Con(®)llvall Z vl 3
<= 3(Xo,a0,b0) € R} xR X R : v(z) = agQ(Aoz + bo). (1.3)

Alors, pour tout ¢y > 0 et tout o € R,

Repzo(t, ) = Qoo (T — cot — 20)

est une onde solitaire de (gKdV), ol on a noté

Quolz) = &7 Q(v/x).

On peut remarquer que les ondes solitaires de (gKdV) se déplacent toujours vers la
droite, a la vitesse ¢y > 0, et que Q,, n’est que la version « rescalée » de Q.

-Une fois acquise l’existence de la famille & deux parameétres (R, ,,) des solitons
de (gKdV), une question naturelle est de s’interroger sur la stabilité — dans un sens &
préciser — d’une telle famille. La définition naturelle venant a ’esprit est la suivante :
si ug est une donnée initiale assez proche d’un profil Q,,, la solution u(t) associée & g
sera-t-elle proche de ce méme profil pour tout temps? Etant donnée l'invariance par
translation que vérifie (gKdV), on est amené a définir le « tube », pour € > 0,

Ue={ue B | inf s — Qul — 1)l < <}

On dit alors que Q, est orbitalement stable si, pour tout € > 0, il existe § > 0 tel que,
si up € Uy, alors la solution associée u(t) € U, pour tout t € R. On dira que Q., est
instable si Q,, n’est pas stable. La réponse a la question précédente est donnée par le
théoréme suivant.

Théoréme. Le profil Q. est stable si et seulement si p < 5.

Ce théoréme est le fruit de plusieurs travaux, parmi lesquels on peut citer Cazenave
et Lions [2], Weinstein [23], ou Grillakis, Shatah et Strauss [10] pour le cas p < 5;
Martel et Merle [14] pour le cas p = 5; et Bona, Souganidis et Strauss [1] pour le cas
p > 5. Cependant, on trouvera aussi une preuve de l’instabilité de Q. pour p > 5
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dans la partie II, car elle sera utile pour exhiber une solution limite qui répondra a la
problématique posée dans cette partie.

Un autre aspect de la stabilité est le concept de stabilité asymptotique, qui tend a
décrire qualitativement le comportement d’une solution qui reste proche d’un profil Q,,
pour tout temps. Martel et Merle [17] ont démontré le résultat suivant, fruit de plusieurs
travaux antérieurs sur le méme théme.

Théoréme. Soient p > 2 et co > 0. Il existe ap > 0 tel que, st u(t) est une solution
globale vérifiant u(t) € U,, pour tout t > 0, alors il existe t — p(t) ER et t — c(t) €R
telles que

u(t) — Qer)(- — p(t)) = 0 dans H'(z > &t) lorsque t — +oo0.

De plus, si p # 5, alors il existe ¢y > 0 tel que c(t) = c; lorsque t — +o00.

Deux remarques s’imposent a la lecture de ce théoréme. Tout d’abord, il faut noter
que, contrairement a la stabilité orbitale, ce résultat de stabilité asymptotique est vrai
pour toute valeur de p. D’autre part, il énonce une convergence dans ’espace H'(z > {t)
avec t > 0, et non dans tout 'espace H'(R).

C’est tout de méme un résultat optimal dans le sens ou, dans le cas sous-critique
p < 5, une convergence dans tout ’espace H!(R) impliquerait que u est un soliton
(voir Section 2.1), ce qui n’est bien siir pas forcément le cas en toute généralité. Mais,
pour p > 5, une telle convergence dans tout U'espace H!(R) vers un ou plusieurs solitons
n’implique pas une conclusion similaire a priori. Cette problématique des multi-solitons,
centrale dans cette thése, est exposée dans la section suivante.

1.3 Les multi-solitons

On considére maintenant N > 1 solitons de vitesses différentes, définis par 2N para-
meétres
O0<c<---<ecen, Z1,...,Zn €R.

On définit le j*™ soliton par R;(t) = Re,,(t), et on appelle R la somme de ces N
solitons, i.e. on pose R(t) = E;V:I R;(t). Il faut noter qu’a cause de la non-linéarité dans
P’équation, R n’est jamais une solution de (gKdV) dés que N > 2.

Par contre, comme les solitons ont des vitesses différentes, ils ont des interactions
exponentiellement décroissantes en temps. Une définition possible de N-soliton (qu’on
appellera multi-soliton lorsque N > 2)-est de considérer que c’est une solution-de (gKdV)
qui se comporte asymptotiguement comme R. Plus précisément, on appellera un N-
soliton une solution u de (gKdV) telle que

lu(t) — R(t)| g1 gy — 0 lorsque ¢ — +oo. (1.4)

Plusieurs résultats d’existence et d’unicité de multi-solitons ont été prouves. suivant
les valeurs de p. Tout d’abord, dans les cas complétement intégrables p = 2 (équation
originelle de Korteweg-de Vries) et p = 3 (équation dite de Korteweg-de Vries modifiée),
on sait qu'il existe des multi-solitons pour (gKdV), dans un sens plus fort, comme
conséquence de la méthode de scattering inverse (voir par exemple Miura [21]).
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Plus généralement,; pour tous les cas sous-critique et critique p < 5, Martel [13] a
prouvé qu’étant donnés N solitons, il existe une unique solution ¢ de (gKdV) satisfai-
sant (1.4). De plus, ¢ converge vers R uniformément exponentiellement en temps dans
toutes les normes H*(R), pour tout s > 0.

Un résultat similaire a été plus récemment obtenu par Céte, Martel et Merle [6] pour
le cas surcritique p > 5. En effet, ils obtiennent aussi 1’existence d’un N-soliton ¢ pour
tout choix de N solitons, convergeant exponentiellement vers R en temps dans toutes les
normes H*(R), en utilisant un argument topologique pour contréler la nature instable
des solitons dans le régime surcritique. En revanche, ils n’obtiennent pas I'unicité de la
solution ¢ ainsi construite, et pour cause : on montrera dans cette thése qu’une telle
solution n’est en fait pas unique.

Pour comprendre cette différence qualitative, il convient tout d’abord d’appréhender
le cas du 1-soliton, ce qui a été le point de départ de cette these.

2 Principaux résultats

2.1 Cas du l-soliton pour (gKdV)

Comme suggéré en fin de section précédente, on s’intéresse au cas du l-soliton pour
1’équation de (gKdV) surcritique, c’est-a-dire aux solutions convergeant asymptotique-
ment dans tout H*(R) vers un soliton. En effet, si la situation est claire pour les cas
sous-critique-et critique comme nous allons le voir, puisque les 1-solitons sont ezactement-
les solitons, il n’en est pas de méme pour le cas surcritique.

Pour comprendre le cas sous-critique p < 5 (le cas critique se traitant similairement),
il suffit de se baser sur la caractérisation variationnelle suivante de Q., que 1’on peut
trouver par exemple dans [1] sous forme locale.

Théoréme. Soient p < 5 et ¢ > 0. Alors la fonctionnelle v € H'(R) = E(v) € R
admet un minimum global Epin = E(Q.) sous la contrainte M(v) = M(Q.). De plus,
{ve H'R) | E(v) = Epin} = {Qc(- — 20) ; o € R}. -

En particulier, si une solution converge vers un soliton, alors par conservation de
la masse et de ’énergie au cours du temps, elle posséde la méme masse et la méme
énergie que ce soliton, et est donc un soliton d’apres le théoréme précédent. Concernant
la démonstration de ce théoréme, elle s’obtient facilement a partir de l'inégalité de
Gagliardo-Nirenberg (1.1), son cas d’égalité (1.3) appliqué a Q.(z) = c'ri_lQ(\/—cx), et
des identités de Pohozaev. En effet, pour v € H'(R) tel que M(v) = M(Q.), on a

”)zé/”: p+1/p+l 2/ C;Gil(/”z)%(/m)%

d’aprés (1.1). De plus, en posant 8 > 0 tel que 6* = , on obtient, par (1.3),
QIZ

923/ p+1(/) (/QO)%/Q?l:%e“/Qf—;‘i—lG”‘l/Q’éﬂ.
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Enfin, d’aprés I'identité [ Q’f = 5(1’;11—1) fQrtt ona E(Q,) = 154_5—1) [ @QPt1, et donc aussi

EW) - BQ) > oyt [ @ - 5o [ @ - 2 [ e

_ Jor
4(p+1)
Or une simple étude sur R, de la fonction f définie par f(6) = (p—1)6*—467~1+(5—p)
indique qu’elle est décroissante sur [0,1] et croissante sur [1,+oo[, et donc, puisque
f(0) =5—p > 0et f(1) = 0, on en déduit que f(f) > 0 pour tout § > 0. Ainsi,
E(Q.) est bien un minimum de ’énergie. De plus, si E(v) = E(Q.), alors il y a égalité
dans l'inégalité de Gagliardo-Nirenberg, et il existe donc zo € R tel que v = Q (- — zo)
d’apres (1.3).

Par contre, lorsque p > 5, la caractérisation variationnelle précédente n’est plus
valable. Pour le constater simplement, il suffit de calculer, pour a > 0 donné et la

fonction f,(z) = /aQ.(az),
M(fa) =M(Qc)7 E(fa) =a2/Q;2

[(p—1)6* — 46" + (5-p)].

L__/Qp.,.l

Comme %1 > 2 dans ce cas, on en déduit que E(f,) = —oo lersque a — +o00, et donc
que inf{E(v) | M(v) = M(Q.)} = —o0. Cette remarque faite, une question peut donc
venir naturellement & l’esprit : existe-t-il des solutions de (gKdV) qui convergent vers
des solitons, mais qui ne sont pas pour autant des solitons ?

p+1

La réponse, positive, a été apportée dans la premiére partie de la thése, sous la forme
du résultat suivant (voir Corollary 3.14 dans la partie II).

Théoréme 1 ([3]). Soit p > 5. Il existe une solution w(t) de (gKdAV) définie pour tout
t > 0 et une fonction t — p(t) telles que :

(i) llw(t) — Q(: — p(t))ll g ) — 0 lorsque t — +o0,
(i) Ve > 0,Yzo € R, w(0) # Qc(- + o).

La démonstration de ce théoreme a été 'occasion de se familiariser avec les tech-
niques et résultats standards de 1’étude du comportement asymptotique des solitons :
modulation, stabilité orbitale et asymptotique, propriétés de « presque monotonie » de
la masse et de I’énergie, méthode de compacité, ou encore continuité faible du flot.

L’idée-clé de la démonstration, pour construire une solution w proche du profil Q
pour tout temps, a été assez paradoxalement d’utiliser I'instabilité de @, ce qui a permis
de construire une suite de données initiales convergeant (faiblement) vers une dennée ini-
tiale limite répondant & notre probléme. Plus précisément, a partir d’une suite explicite
(uo,n) vérifiant ||ugn — Q|| ;» — 0 pour n — +o00, nous avons (re)démontré I'instabilité
de @, ce qui nous a permis d’exhiber ’existence d’'un § > 0 tel que

inf cr lun(Tn) — Q(- — y)HHl =4,
Vi e [Oa Tn]a innyR ”uﬂ(t) - Q( - y)”Hl < 5a

ol u, est la solution associée a ug .

VYn 2 1,3T, € R, tel que {
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Ensuite, de la suite (u,(T},)), bornée dans H!(R) et contenant un défaut persistant
4 > 0 en plus du profil Q, on a pu extraire une sous-suite convergeant vers un certain
vp dans H'(R), et on a pu montrer qu’effectivement vy ne pouvait pas étre un profil Q..
Une fois cette donnée limite construite, nous I’avons « transformée » en donnée initiale,
en utilisant la symétrie en temps-espace de ’équation de (gKdV), en posant wy(z) =
vo(—z). Puis, par un théoréme de continuité faible du flot (dont la démonstration a été
completement rédigée en annexe la partie III, la partie II étant suffisamment longue),
nous avons pu en déduire que la solution w(t) associée & la donnée initiale wp était définie
pour tout temps t > 0, et que u, (T, — t) convergeait vers w(t) faiblement dans H! (4
une translation en espace prés, due & la modulation). Enfin, étant données les estimées
de |lun(t) — Q|| pour t € [0,T,], nous avons pu conclure que w(t) convergeait dans
tout H'(R) vers un profil Q., , en utilisant conjointement la stabilité asymptotique de Q
pour estimer la décroissance « & droite » de w(t) — Q.. , et les propriétés de monotonie de
la masse et de I’énergie pour estimer la décroissance « & gauche » de la solution w(t). Il
est & noter que la décroissance « a gauche » de w(t) a d’abord été obtenue classiquement
« & droite » de u,(T;, — t), ce qui s’est traduit par une décroissance « & gauche » apres
le renversement en temps et en espace utilisé plus haut.

Ainsi, il a été construit ce que ’on a appelé une solution spéciale pour (gKdV) surcri-
tique, c’est-a-dire un 1-soliton n’étant pas un soliton. Cependant, pendant la finalisation
du théoréme précédent, un article de Duyckaerts et Roudenko [8] concernant la méme
problématique, mais & propos de 'équation de Schrodinger cubique focalisante tridimen-
sionnelle (¢cNLS-3d), est paru. Entre autres résultats, en adaptant un travail préeédent
de Duyckaerts et Merle [7], ils apportaient une réponse plus compléte  la problématique
des 1-solitens, en utilisant une information supplémentaire sur le spectre de I'opérateur
linéarisé autour d’un soliton. En effet, ils ont obtenu toute une famille & un parameétre
de solutions spéciales, qui en outre les caractérise toutes, sous hypothése de convergence
exponentielle (voir [8, Proposition 7.1] pour plus de précisions).

Or, il 'est apparu que le résultat spectral utilisé dans [8] pour (cNLS-3d) était encore
vrai pour (gKdV) surcritique, d’aprés un papier de Pego et Weinstein [22] : le spectre
de 'opérateur £ linéarisé autour de Q, défini par Lf = 83 f — 8, f + pd.(QP~ f), vérifie
a(L)YNR = {—ep,0,e0} (avec eg > 0), et —eg et e sont des valeurs propres simples;
associées & des fonctions propres notées Y_ et ), respectivement. En s’affranchissant
de I’hypotheése de convergence exponentielle, le théoréme suivant d’existence et de ca-
ractérisation des solutions spéciales a pu étre prouvé pour (gKdV), ce qui constitue le
résultat principal de la partie II (voir Theorem 1.1).

Théoréme 2 ([3]). Soit p > 5.
1. Il existe une famille & un paramétre (U4) g de solutions de (gKdV) telle que,

pour tout A € R,
1 . — -_—
thm “U“(t, +t) - Q| =0.

De plus, pour tout A € R, il existe tg = to(A) € R tel que, pour tout s € R, il
existe C > 0 telle que

VE>ty, [UAR, +t)—Q— Ae™®* Y, ||, < Cem 20t

2. Siu est une solution de (gKdV) telle que lim;_, oo infyer ||u(t) — Q(- — y)|l;n =0,
alors il eriste A € R, tg € R et 79 € R tels que u(t) = UA(t,- — zo) pourt > to.
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La démonstration de la premiére partie de ce théoréme a suivi- le schéma de la
démonstration de [8], en construisant le reliquat A4 défini par h*(¢,z) = UA(t,z +t) —
Q(z) par une méthode de point fixe, autour d’une famille de solutions approchées de
I’équation linéarisée autour de @, approchant cette équation & tout ordre exponentiel
dans toutes les normes H*(R). La principale difficulté de cette construction par rapport
a [8] est venue du fait qu’il fallait utiliser des normes adaptées a (gKdV) pour boucler
le point fixe, c’est-a-dire a priori les normes utilisées dans [11] pour le probléme de
Cauchy. En effet, par rapport a I’équation de Schrédinger, I’apparition d’une dérivée
supplémentaire dans I’équation (gKdV) oblige & utiliser 1'effet régularisant de Kato, et
donc I'utilisation de normes espace-temps pour le point fixe (contrairement & des normes
temps-espace pour 1’équation de Schrodinger). Puisque nous n’étions pas & un niveau
de régularité critique en s pour ’espace H*, nous avons pu simplifier le point fixe en ne
considérant que deux normes : la norme L°H? et la norme L3L1°, cette derniére étant
issue du probléme de Cauchy pour (gKdV) critique [12].

Concernant la démonstration de la caractérisation des solutions spéciales, nous nous
sommes aussi inspiré de la démarche de [8], avec quelques différences cependant. Tout
d’abord, pour remplacer le théoréme de coercivité de 1’énergie linéarisée autour d’un
soliton prouvé dans (8], nous avons pu nous appuyer sur un théoréme équivalent prouvé
dans [6], qui se base sur les fonctions propres de l’adjoint de 'opérateur linéarisé L, celui-
ci étant plus simple & appréhender que 'opérateur linéarisé lui-méme pour (gKdV). A
partir de ce résultat fondamental, nous avons pu transformer ’hypothése de départ de
convergence de u vers () en une convergence exponentielle, grace & un argument de
systémes dynamiques qui n’était pas présent dans [8]. Nous avons ensuite démontré
que cette convergence pouvait étre rendue exponentiellement décroissante a tout ordre,
pourvu que I'on considére la différence u — U4 et non u — Q, o A € R est apparu
naturellement & I’étape-précédente. Si cette amélioration de la décroissance exponentielle
est similaire & celle de [8], elle a été cependant obtenue d’une maniére plus intrinséque.
Enfin, Pargument final d’unicité a aussi été obtenu par contraction, en utilisant les
normes adéquates qui avaient servi a la construction des solutions spéciales.

Enfin, comme conséquence du théoréme précédent, nous avons d’abord remarqué
qu’a translations en espace et en temps pres, il n’y avait « que » deux solutions spéciales,
a savoir U~ et U'. Nous avons de plus établi que, suivant les normalisations des fonctions
propres choisies, U~(t) était globale en temps. Il pourrait étre intéressant de s’intéresser
4 son comportement lorsque ¢ — —oo. On pourrait aussi remarquer que le Théoréeme 2
est plus complet que le Théoréeme 1, mais il faut bien noter que la construction de la
solution spéciale w(t) du Théoréme 1 n’a nécessité aucune information sur le spectre de
Popérateur linéarisé, et pourrait donc étre adaptée a des équations dont le spectre de
l’opérateur linéarisé est mal connu. En conclusion de la partie II, nous avons d’ailleurs
établi un lien entre les deux théorémes de cette partie, en identifiant w(t) parmi la famille
de solutions spéciales (U#) : a translations en espace et en temps pres, et & changement
de scaling prés, on a prouvé que w = UL

Aprés avoir compris le cas du 1-soliton pour (gKdV) surcritique, qui présentait donc
des différences qualitatives importantes avec les cas sous-critique et critique, il nous a
semblé intéressant de s’attaquer au probléme général des multi-solitons, c’est-a-dire au
cas des N-solitons avec N > 2.
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2.2 Cas des multi-solitons pour (gKdV)

Comme annoncé a la fin de la section précédente, on s’est ensuite intéressé au cas des
multi-solitons pour (gKdV) surcritique. On rappelle que le contexte et les résultats déja
existants ont été présentés dans la Section 1.3. En adaptant les résultats et les techniques
du cas du 1-soliton (partie II), de la construction d’un multi-soliton par Cdte, Martel et
Merle [6], et de la construction et I'unicité des multi-solitons pour les cas sous-critique
et critique par Martel [13], nous avons pu obtenir le résultat optimal suivant. Il s’agit
bien sfir du résultat central de cette thése (voir Theorem 1.3 de la partie III).

Théoréme 3 ([4]). Soientp >5, N >2,0<¢; <---<cp et zy,...,zy € R. On note
R= Zﬁ__l R; avec R; = R, 2,

1. Il eziste une famille d N paramétres (0 a,,...An)(a,, .. ay)crn @€ Solutions de (gKdV)
telle que, pour tout (A;,...,Ax) €RY,
lim ”(pAh ,AN(t) R(t)”Hl =0,

t—+400

et si (Ay,...,Ay) # (A1,...,AN), alors pa;, 4y # Pay,..Ax-

2. Réciproquement, si u est une solution de (gKdV) vérifiant
im |lu(t) — R(t)llg =0,

t—+o00

alors il eziste (A;,...,An) €ERY tel que u = @4, _ay-

Ce résultat est optimal dans le sens o1 il cl6t les problémes d’existence et d’unicité des
multi-solitons pour (gKdV) surcritique, pour N solitons donnés absolument quelconques
(sachant qu’il ne peut exister de multi-soliton contenant deux solitons ayant la méme
vitesse), comme [13] P’avait fait pour les cas sous-critique et critique.

On peut aussi remarquer qu’il s’inscrit dans la continuité logique du cas des
1-solitons, puisque pour ceux-ci une. famille & 1 paramétre les caractérisait tous, et
que pour les N-solitons, une famille & N parameétres les caractérise tous similairement.
La cohérence entre les deux théorémes ne s’arréte pas ici, puisque la premiére partie du
Théoréme 3 est en fait basée sur la proposition cruciale suivante (voir Proposition 3.1 de
la partie III). Par un simple argument de scaling, on note tout d’abord que ’opérateur
L,; linéarisé autour de Q.;, défini par

Lij=a:f_cjazf+pa$( cj-lf)’

admet *e; = :l: /2es comme valeurs propres réelles, associées a des fonctions propres
Yi (qui suivent cette fois le soliton R;, puisqu’on ne peut plus recentrer le probléme a
v1tesse nulle comme dans le cas du 1-soliton).

Proposition. Soient  un multi-soliton (donné par [6] par ezemple), j € [1,N] et
A; € R. Alors il existe tg > 0 et u € C([to, +00), H') solution de (gKdV) tels que

VE> o, [u(t) — plt) — Aje Y (B)]]yy < e,

ouy>0 egt un petit paramétre ne dépendant que des vitesses cy.
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Quelques remarques s’imposent a la lecture de cette proposition. Tout d’abord, il
faut noter que, lorsque A; # 0, on perturbe effectivement le multi-soliton ¢ en obtenant
un nouveau multi-soliton différent. Cela permet la construction de la famille (p4,,.,4y),
pourvu que celle-ci soit faite dans l'ordre adéquat, c’est-a-dire de j = 1 a j = N,
puisqu’il ne serait pas significatif de perturber le multi-soliton & l’ordre e; avant I'ordre
ej-1, sachant que e; > e;_; ++. D’autre part, on peut aussi remarquer que le membre de
droite est en e~ et non e~2¢t comme pour le 1-soliton : cela s’explique simplement
par les interactions entre les différents solitons, que mesure ce parameétre -y. Enfin, il faut
noter que, puisque la perturbation se fait & un ordre élevé e;, il était capital de pouvoir
disposer d’un multi-soliton ¢ déja construit au départ. En effet, si on remplacait ¢ par
la somme des solitons R, des termes source d’ordre v d’interactions entre les solitons
apparaitraient dans les estimations, rendant vaines celles a I’ordre e; > 1.

Par contre, si les résultats sont similaires, les idées des démonstrations du Théo-
réme 2 et de la proposition précédente différent sensiblement. En effet, comme expliqué
dans la section précédente, 1'idée-clé de la démonstration du Théoréeme 2 était un ar-
gument de point fixe, réalisé autour d’une famille de solutions approchées de I’équation
linéarisée autour d’un soliton. Cependant, du fait des interactions entre solitons, il ne
nous est pas apparu clair que la construction d’une famille de solutions approchées de
I’équation linéarisée autour d’un multi-soliton était possible. Ainsi a été privilégiée une
démonstration se basant uniquement sur des arguments de compacité et d’énergie, dans
la lignée de [13, 6], I'utilisation d’un théoréme de continuité faible du flot (démontré en
annexe de la partie IIT) permettant de conclure facilement.

Suivant la stratégie de [6], on a donc considéré une suite croissant vers I’infini de
temps Sy, une suite de paramétres b, = (b, x);j<k<n € RV~ & déterminer, et u,, solution
de

Oy, + 0;[0%u, + uB] =0,

_ p—CiSny+ + (21)
un(Sn) = ¢(Sp) + Aje Y5 (8n) + Y briYit (Sa).
k>j

Cependant, on peut constater que, & la différence de [6], les paramétres by, ; destinés a
contrdler la nature instable des solitons par un argument topologique ne sont choisis que
pour k > j, les directions instables étant régies par I’équation elle-méme pour k£ < j,
puisque I’on se place a ’ordre e;. Nous avons alors pu montrer la proposition suivante
d’estimations uniformes, en utilisant certains arguments de la partie II, ainsi que des
arguments de monotonie de I’énergie développés dans [13] afin de pouvoir appliquer le
théoréme de coercivité de ’énergie autour de chaque soliton, qui était déja I’argument-clé
dans la partie II.

Proposition. Il eriste ng > 0 et to > 0 (indépendant de n) tels que ce qui suit soit
vérifié. Pour chaque n > ng, il eziste b, € RN~7, vérifiant ||b,|| < 2e~€+2M5  tel que
la solution u,, de (2.1) soit définie sur l’intervalle [ty, S,), et satisfasse

Vt € [to, Sals  [[un(t) — p(t) — A€ Y (Bl < 7R

Il est a noter que la propriété de monotonie de I’énergie utilisée pour la construction
n’était pas absolument nécessaire. En effet, une estimation « brute » en valeur abso-
lue d’une fonctionnelle légérement différente pouvait aussi donner le résultat souhaité,
comme cela a été fait dans la partie IV (puisque les propriétés de monotonie ne sont plus
vérifiées pour (NLS)). Elle a par contre été nécessaire dans la partie de classification des
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multi-solitons, notamment pour montrer qu’une simple convergence comme (1.4) pou-
vait s’améliorer en convergence exponentielle & un petit ordre v > 0.

Justement, concernant la preuve de la classification des multi-solitons, celle-ci s’est
basée sur le fait d’essayer d’améliorer & tout ordre exponentiel la convergence de dé-
part (1.4). Comme dans le cas du 1-soliton, on constate qu’une fois atteint ’ordre e;, on
ne peut pas améliorer la convergence si on ne raffine pas le comportement asymptotique
de u. En procédant étape par étape, de j =1 a4 5 = N comme pour la construction, on
arrive finalement & identifier (A4;,...,An) € R" et & démontrer que ||u — @4, _axll H1
converge vers 0 a tout ordre exponentiel. Finalement, un argument de bootstrap comme
celui utilisé dans [13] pour prouver 'unicité permet de conclure que u = @4, . a,-

Enfin, une fois le Théoréme 3 établi, nous nous sommes intéressé a ’équation de
Schrodinger non-linéaire surcritique, afin de constater si la méthode employée dans la
partie III était suffisamment souple pour étre adaptée a une autre équation importante,
tout en sachant qu’il était pour le moment vain d’essayer d’obtenir aussi la caractéri-
sation des multi-solitons pour (NLS) surcritique, a cause de I’absence de propriété de
monotonie de I’énergie mentionnée plus haut.

2.3 Cas des multi-solitons pour (NLS)

Comme annoncé en fin de section précédente, nous nous sommes intéressé dans la der-
niére partie de la theése & la construction (et seutement & la construction) d’une famille
a N paramétres de N-solitons pour (NLS) surcritique, le cas du 1l-soliton ayant déja
été traité dans [8]. On rappelle que, méme pour les cas sous-critique et critique, aucun
résultat général de classification n’a été obtenu pour le moment. Enfin, comme des pro-
blémes-techniques sont survenus pour les dimensions supérieures & 2 (& cause du manque
de régularité de ’équation a ’origine), nous avons décidé de traiter uniquement le cas
unidimensionnel, les calculs étant déja suffisamment techniques dans ce cas. Ainsi, nous
avons considéré I’équation

(NLS)

iOpu + 82u + |u|P~lu = 0,
u(0) = uo € H'(R),

ol p > 5 est réel, (t,z) € R?, et u(t,z) € C.

Depuis les travaux de Ginibre et Velo [9], on sait que (NLS) est bien posée dans
H(R). Autrement dit, pour tout up € H*(R), il existe T > 0 et une unique solution
maximale u € C([0,T), H*(R)) de (NLS). De plus, soit T' = +o00, soit T < 400 et alors
lim,,7 ||Gzu(t)|| ;2 = +00. En outre, comme pour (gKdV), la masse et I’énergie d’une
solution H! de (NLS) sont conservées, ainsi qu une troisiéme quantité, appelée moment.
Plus précisément, pour tout t € [0,T), on a

M(u(t) = [ [u@)f = M) (masse),

B(u(t) = 5 [ 18:u()P - ;1?1 [ e+ = B(uo)  (énerie),

P(u(t)) = Im / B,u(t)a(t) = P(uo) (moment).
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Enfin, on remarque que (NLS) admet les mémes invariances que (gKdV), ainsi que
deux autres additionnelles. En effet, si u(t,z) est solution de (NLS), alors, pour tous
to, To,%0, o € R et A > 0, sont aussi solutions de (NLS) :

e par invariance par translation, w(t,z) = u(t — to,z — o) ;

« par invariance par scaling, w(t,z) = /\F%Tu()\zt,/\x) ;

par invariance par rotation, w(t, z) = u(t, z)e"™;

par symétrie en temps, w(t, z) = u(—t,z);

v2
par invariance galiléenne, w(t, z) = u(t, z — wot)e{ T2~ 41,

Au vu de ces multiples invariances, il est clair que les solitons de (NLS) pourront
dépendre de plus de parameétres que ceux de (gKdV). Cependant, ils sont construits &
partir du méme profil Q déja défini en (1.2), puisqu’avec cette définition e*Q(z) est
solution (stationnaire) de (NLS). Ainsi, si on se donne des parameétres co > 0 de scaling,
7o € R de phase, vy € R de vitesse, et o € R de translation en espace, alors

2
(g %
RCO7701170,30(t7 .',C) = Qco (z - 'U(}t - xo)ez( 2T t+00t+70),

avec toujours

1
Qeo(7) = 5" Q(Vooz),
est un soliton de (NLS), se déplagant sur la droite z = vt + zo. On peut noter que,
contrairement a (gKdV), vitesse et scaling sont décorrélés, ce qui induira une légeére
différence dans la construction de la famille (p4,, . 4,)- Enfin on rappelle que, comme
pour (gKdV) surcritique, les solitons de (NLS) surcritique sont instables (voir [10]).

On peut maintenant définir les multi-solitons de (NLS). On considére pour cela
N > 1 solitons ayant des vitesses différentes, définis par 4N parameétres

v < -+ <N, C1,...,CN€R:_, 71’-'-77N€R7 .’L‘1,...,$N€R,

et on pose R;(t) = R, ~;;,z;(t). Comme pour (gKdV), on définit R comme la somme-
des solitons R;, et on appelle N-soliton une solution u de (NLS) qui satisfait (1.4).

La question de I’existence des multi-solitons a fait I’objet de plusieurs travaux pour
(NLS) sous-critique et critique. Tout d’abord, Merle [19] a établi un résultat d’existence
pour le cas critique, comme conséquence d’un résultat d’explosion et de l’invariance
conforme. Ce résultat a été étendu par Martel et Merle [16] au cas sous-critique, en
utilisant des arguments déja développés par Martel, Merle et Tsai [18] pour montrer la
stabilité des multi-solitons dans H*.

Concernant (NLS) surcritique, qui nous intéresse ici, on rappelle que le cas des
1-solitons a été complétement traité dans [8], pour une équation similaire & (NLS) (car
aussi L2-surcritique et H!-sous-critique). Pour les multi-solitons, il se trouve que le
résultat de Cote, Martel et Merle [6], établissant 1’existence d’au moins un N-soliton et
utilisé dans la partie III, est aussi valable pour (NLS) d’aprés ce méme papier. Ainsi,
puisque ce point de départ fondamental était encore valable pour (NLS), nous avons pu
montrer le dernier résultat suivant (Theorem 1.3 de la partie IV).
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Théoréme 4 ([5]). Soient p > 5, N > 2, v; < --- < vy, (c1,...,cn) € (RYY,
(71,---,n) ERYN et (z1,...,2n) €RYN. On note R = Zf’:l Re; ;.35

,,,,,

tions de (NLS) tels que, pour tout (Ai,...,An) € R, il eriste C > 0 et to > 0 tels
que
Vt > to, ||0as,...an(t) = R(E)]l g < Ce™,

et si (Ay,...,AN) # (A1,..., AN), alors par . a1 7# Pay,..Ax-
N

Ce résultat est bien siir I’équivalent pour (NLS) de la premiére partie du Théoréme 3
concernant (gKdV). Sa démonstration est aussi trés semblable, la premiére principale
différence étant la technicité des calculs, bien plus importante pour (NLS) en raison
de la plus grande complexité de ’équation linéarisée, et donc aussi de la fonctionnelle
d’énergie & considérer. La seconde différence, plus profonde, vient du fait qu’on ait
pu obtenir une estimée de la dérivée de la fonctionnelle d’énergie en valeur absolue,
contrairement & (gKdV) ot on utilisait une propriété de monotonie de celle-ci, qui est
fausse pour (NLS). On s’est pour cela inspiré des techniques de localisation utilisées
dans [6], ce qui nous a permis d’estimer la fonctionnelle d’énergie, et donc d’achever la
démonstration du Théoréme 4 de maniére similaire a celle du Théoréme 3.
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Abstract

We consider the generalized Korteweg-de Vries equation
O+ 03u+08,(u?) =0, (t,z) € R?

in the supercritical case p > 5, and we are interested in solutions which converge to a
soliton in large time in H'. In the subcritical case (p < 5), such solutions are forced to
be exactly solitons by variational characterization [3, 22], but no such result exists in
the supercritical case. In this paper, we first construct a “special solution” in this case
by a compactness argument, i.e. a solution which converges to a soliton without being a
soliton. Secondly, using a description of the spectrum of the linearized operator around a
soliton [20], we construct a one parameter family of special solutions which characterizes
all such special solutions. In the case of the nonlinear Schrédinger equation, a similar
result was proved in [7, 8].

1 Introduction

1.1 The generalized Korteweg-de Vries equation

We consider the generalized Korteweg-de Vries equation:

{atu +83u+6,(uP) =0 (£KdV)

u(0) = up € H'(R)

where (t, x) € R?and p > 2is an integer. The following quantities are formally conserved
for solutions of (gKdV):

/ w2 (t) = / w*(0) (mass), (1.1)

Bu(t) = 3 ui(t)—p—i—l-' uP*(t) = E(u(0)) (energy). (1.2)

Kenig, Ponce and Vega [12] have shown that the local Cauchy problem for (gKdV)
is well-posed in H'(R): for up € H'(R), there exist T > 0 and a solution u €
C°([0,T), H (R)) of (gKdV) satisfying u(0) = wuo which is unique in some class
Yr € C°([0,T], H}(R)). Moreover, if T* > T is the maximal time of existence of u,
then either T* = +o0o0 which means that u(t) is a global solution, or T* < +o0c and then
lu(t)|g2 = +oo as t + T (u(t) is a finite time blow up solution). Throughout this
paper, when referring to an H! solution of (gKdV), we mean a solution in the above
sense. Finally, if ug € H*(R) for some s > 1, then u(t) € H*(R) for all ¢t € [0, T™).

In the case where 2 < p < 5, it is standard that all solutions in H! are global and
uniformly bounded by the energy and mass conservations and the following Gagliardo-
Nirenberg inequality:

21 p+3

v ( / v2> ‘ (1.3)

Vv € H'(R), _/|U|p+1 < Con(p) (/”ﬁ)
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with optimal constant Cgn(p) > 0. In the case p = 5, the existence of finite time blow
up solutions was proved by Merle [19] and Martel and Merle [16]. Therefore p = 5 is
the critical exponent for the long time behavior of solutions of (gKdV). For p > 5, the
existence of blow up solutions is an open problem.

We recall that a fundamental property of (gKdV) equations is the existence of a
family of explicit traveling wave solutions. Let Q be the only solution (up to translations)
of

1

Q>0, QEH'(R), Q"+Q*=Q, i-e-Q("’)=<——pj-1—5)P_

2 cosh? (%lx

Note that Q is the unique minimizer of the Gagliardo—Nirenberg inequality (1.3) (see [4]
for the case p = 5 for example), i.e. for v € H(R):

lolEEh = Con(®)lleell 2 lvllsE
<= 3(Xo,a0,b0) ERL X R X R: v(z) = aogQ(Aoz + bo). (1.4)

For all ¢g > 0 and zg € R, Re, z,(t, ) = Qg (T — cot — o) is a solution of (gKdV), where

1

Qo () = 5™ Q(Voz)-

We call-solitons these solutions though they are known to be solitons only for p = 2,3
(in the sense that they are stable by interaction).

It is well-known that solitons are orbitally stable (see Definition 2.7) for p < 5
and unstable for p > 5. An important fact used by Weinstein [22] to prove their orbital
stability when p < 5 is the following variational characterization of Q.,: if u is a solution
of (gKdV) such that E(u) = E(Q.,) and [u? = [ Q2 for some ¢y > 0, then there exists
o € R such that u = Q. (- — Zo). As a direct consequence, if now u(t) is a solution-such
that

lim_inf [lu(t) — Qeol- — )l gy = 0 (L5)

t—+o00 yeR

(i.e. u converges to @, in the suitable sense), then u = R, z,. For p = 5, the same is
true for similar reasons (see [23]).

In the present paper, we focus on the supercritical case p > 5. Some asymptotic
results around solitons have been proved: orbital instability of solitons by Bona et
al. [3] (see also [10]) and asymptotic stability (in some sense) by Martel and Merle [18]
for example. But available variational arguments do not allow to classify all solitions
of (gKdV) satisfying (1.5). In fact, in Section 3, we construct a solution of (gKdV:
satisfying (1.5) which is not a soliton (we call special solution such a solution). In
Section 4, by another method, we construct a whole family of such solutions, and we
completely characterize solutions satisfying (1.5). This method is strongly inspired of
arguments developed by Duyckaerts and Roudenko (8], themselves an adaptation of
arguments developed by Duyckaerts and Merle [7]. For reader’s convenience, we recall
in the next section the results in [8] related to our paper.
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1.2 The nonlinear Schrédinger equation case

We recall Duyckaerts and Roudenko’s results for the nonlinear Schrodinger equation.
They consider in [8] the 3d focusing cubic nonlinear Schrédinger equation:

NLS-3d
up=o = Up € H'(R3). (e )

{i@tu +Au+ |uffu=0, (t,z)€RxR?,
This equation is HY/ 2-_critical, and so L2-supercritical like (gKdV) for p > 5, while
[7] is devoted to the H'-critical equation. Similarly to (gKdV), (cNLS-3d) is locally
well-posed in H!, and solutions of (cNLS-3d) satisfy the following conservation laws:

Enisful(®) = % [ 19u(t, z) do - % [ u(t,2)[* dz = Exasful(0),
Mus[u](t) = / lu(t, z)|” dz = Myis[u](0).

Moreover, if @ is the umque (in a suitable sense) solution of the nonlinear elliptic
equation —Q + AQ + |Q|?Q = 0, then *Q(z) is a soliton solution of (cNLS-3d).

Theorem 2 in [8] states the existence of two radial solutions Q*(t) and Q~(t)
of (CNLS-?)d) such that MNLs[Q+] = MNLs{Q_] = MNLS[Q], ENLS[Q-F] = ENLS[Q—] =
Enps[@), [0,+00) is in the time domain of definition of Q*(¢), and there exists g > 0
such that [|Q*(t) — e*Q||;n < Ce™** for all ¢ > 0. Moreover, Q(t) is globally defined
and scatters for negative time, and the negative time-of existence of Q*(t) is finite.

They also prove the following classification theorem [8, Theorem 3].

Theorem ([8]). Let u be a solution of (cNLS-3d) satisfying

Enus[u] Mnws{u] = Enus[Q]Mnws[@Q)]-

(a) If |[Vuollp2lluoll: < IVQIL21IQIlL2, then either u scatters or u = Q™ up to the
symmetries.

() 1f | Vuoll alluoll s = VQll2l|QUl s, then u = €*Q up to the symmetries.

(c) If ||Vuo r2]luoll 2 > I VRl 2l|Qll L2 and uo is radial or of finite variance, then either
the interval of eristence of u is of finite length or u = Q% up to the symmetries.

In particular, if lim; e [|u(t) — €¥Q|l;: = 0, then u = €*Q, Q* or Q= up to the
symmetries.

Among the various ingredients used to prove the results above, one of the most
important is a sharp analysis of the spectrum o(Lnys) of the linearized Schrodinger
operator around the ground state solution €@, due to Grillakis [9] and Weinstein [21].
They prove that o(Lnps) NR = {—ep,0,+€p} with ey > 0, and moreover that e, and
—eo are simple eigenvalues of Lyps with eigenfunctions YN and YNLS = YNLS. This
structure, which is similar for (gKdV) according to Pego and Weinstein [20] will also
be crucial to prove our main result (exposed in the next section).
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1.3 Main result and outline of the paper

In this paper, we consider similar questions for the (gKdV) equation in the supercritical
case p > 5. Recall that, similarly to the (cNLS-3d) case, Pego and Weinstein [20]
have determined the spectrum of the linearized operator £ around the soliton Q(z — t):
a(L)NR = {—ep, 0, +eo} with eg > 0, and moreover ey and —ey are simple eigenvalues of
L with eigenfunctions ), and Y_ which are exponentially decaying (see Proposition 4.2
and Corollary 4.4). We now state precisely our main result.

Theorem 1.1. Let p > 5.

1. (Existence of a family of special solutions). There exists a one-parameter family
(UA) 4er of solutions of (gKdV) such that

. A . _ -
Jim_ [[UA(t, -+ ) ~ Qll = 0.

Moreover, for all A € R, there exists to = to(A) € R such that, for all s € R, there
ezists C > 0 such that

Vi to, UA® 1)~ Q— ATV, < CeT
2. (Classification of special solutions). If u is a solution of (gKdV) such that
Jim_ i u(t) = Q¢ ~ 9)lm =0,

then there erist A € R, ty € R and xo € R such that u(t) = UA(t, - —xo) fort > to.

Remark 1.2. From Theorem 1.1, there are actually only three different special solutions
U4 up to translations in time and-in space: U, U~! and Q(- —t) (see Proposition 4.12).
This is of course related to the three solutions of (cNLS-3d) constructed in [8]: @*(¢),
Q@ (t) and Q.

Remark 1.3. From Section 4.5, we can choose a normalization of Y so that, for
A <0, [|6,U4] 2 < [|@]lz2- Then U~1(2) is global, i.e. defined for all t € R. It would
be interesting to investigate in more details its behavior as ¢ — —o0o. On the other
hand, the behavior of U(t) is not known for t < t,.

Remark 1.4. By scaling, Theorem 1.1 extends to Q. for all ¢ > 0 (see Corollary 4.11
at the end of the paper).

The paper is organized as follows. In the next section, we recall some properties
of the solitons, and in particular we recall the proof of their orbital instability when
p > 5. This result is well-known [3], but our proof with an explicit initial data is useful
to introduce some suitable tools to the study of solitons of (gKdV) (as modulation,
Weinstein’s functional, monotonicity, linearized equation, etc.). Moreover, it is the first
step to construct one special solution in Section 3 by compactness, similarly as Martel
and Merle [18]. This proof does not use the precise analysis of the spectrum of £ due
to Pego and Weinstein [20], and so can be hopefully adapted to equations for which
the spectrum of the linearized operator is not well-known. To fully prove Theorem 1.1
(existence and uniqueness of a family of special solutions, Section 4), we rely on the
method introduced in [7] and (8].

Acknowledgements. The author would like to thank Nikolay Tzvetkov for suggesting
the problem studied in this work, and for pointing out to him reference [20]. He would
also like to thank Luc Robbiano and Yvan Martel for their constructive remarks.
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2 Preliminary results

We recall here some well-known properties of the solitons and some results of stability
around the solitons. We begin by recalling notation and simple facts on the functions

Q(z) and Q.(z) = chTQ(\/'cz) defined in Section 1.1.

Notation. They are available in the whole paper.

(a) (+,-) denotes the L?(R) scalar product, and L the orthogonality with respect to (-, -).

(b) The Sobolev space H* is defined by H*(R) = {u € D’gR )| (1 + £2) s/2“(5) € L*(R)},
and in particular H'(R) = {u € L*(R) | lull?x = [lull32+ [w/]3: < +00} < L®(R).

(c) We denote -(.,—a_,c—v = 0,v = v, the partial derivative of v with respect to z, and 95 = 8*
the s-order partial derivative with respect to £ when no confusion is possible.

(d) All numbers C, K appearing in inequalities are real constants (with respect to the
context) strictly positive, which may change in each step of an inequality..

Claim 2.1. For all ¢ > 0, one has:

(1) Qc> 0, Q. is even, Q. is C*, and Q. (z) < 0 for all z > 0.
(i) There exist K1, Ko > 0 such that: Vz € R, K e~V < Q.(z) < Kpe Vol

(i) For all j > 0, there erists C; > 0 such that Q¥ (z) ~ CjeVo*! as |z| = +o0.
For all j > 1, there exists Cj > 0 such that: Vz € R, |QY)(z)| < Cle~vehl.

(iv) The following identities hold:
fa@=at [, [@r=cb [on (2.)

2.1 Weinstein’s functional linearized around Q

We introduce here the Weinstein’s functional F' and give an expression of F(Q + a) for
a small which will be very useful in the rest of the paper. We recall first that the energy
of a function ¢ € H' is defined by E(p) = 3 [(0z)? - ;;13 [ pPtL

Definition 2.2. Weinstein’s functional is defined for ¢ € H' by F(p) = E(p) + 3 [ ¢

Claim 2.3. If ug € H! and u(t) solves (gKdV) with u(0) = uo, then for allt € [0,T*),
F(u(t)) = F(ug). It is an immediate consequence of (1.1) and (1.2).

Lemma 2.4 (Weinstein’s functional linearized around Q). For all C > 0, there ezists
C > 0 such that, for all a € H' satisfying ||a|l; < C,

F(Q+a)= F(Q)+ %(La, o) + K(a) (2.2)

where La = —82a+ a — pQ~'a, and K : H' = R satisfies |K(a)| < C'||a|3-
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Proof. Let a € H* be such that ||a||;: < C. Then we have

E(Q+a)=%/(Q’+6xa ——-/(Q+a”+1

+3 [ @GP+ [ @80

o1 [(P+1)Qpa+(p+ L Port 2+R(a)]

= E@+ [ (8P - [Qa-2 [@ria- +1/R(a)

since Q" + Q° = Q, and where R(a) = Y01} (”ZI)QP‘”"‘a". Since |lal|z < Cllallg <
C, then |R(a)| < Claf* < Cllal|=|al?, and so K(a) = —;37 J R(a) satisfies |K (a)| <
C'|la|l%;:. Moreover, we have more simply: [ (Q + a)’ = [Q*+ [a® + 2 [ Qa. Finally
we have

FQ+a)=F@+3 [a+3 [(@a) L [@a+ O

Claim 2.5 (Properties of L). The operator L defined in Lemma 2.4 is self-adjoint and
satisfies the following properties.

(i) First eigenfunction: LQH = —2Q™F where Xg = io-1)(p+3)>0.
(ii) Second eigenfunction: LQ' =0, andker L = {A\Q’' ; A € R}.
(iii) Scaling: If we denote S = %Io:ﬁ then S(z) = ;15Q(z) +32Q'(z) and LS = —Q.

(iv) Coercivity: There ezists ag > 0 such that, for all u € H'(R) satisfying (u,Q’) =
(u,QPer_l) =0, one has (Lu,u) > aollulliz.

Proof. The first three properties follow from straightforward computation, except for
ker L which can be determined by ODE techniques, see [21, Proposition 2.8]. The
property of coercivity follows easily from (i), (ii) and classical results on self-adjoint
operators and Sturm-Liouville theory. d

Lemma 2.6. There exist K1, K; > 0 such that, for all ¢ € H* satisfying e LQ,

(Le,e) /e +/e —p/QP- >K1|la||§,1—-K2(/sz2r‘l)2.

Proof. By Clalm 2.5, we already know that there exists g > 0 such that, for all €
satisfying e LQ"%" and e LQ’, we have (Le,€) > oolle])? 72- The first step is to replace the
L? norm by the H' one in thls last inequality, which is easy if we choose cro small enough
If we do not suppose eLQ™F, we write € = & + aQ" witha = (feQ®T )(fQ’”’l)

such that £,1Q"% for the L2 scalar product but also for the bilinear form (L-,-) since
Q 5 is an eigenvector for L. Since Q% 3 LQ’ we obtain easily the desired 1nequahty
from the previous step. O
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2.2 Orbital stability and decomposition of a solution around @

In this paper, we consider only solutions which stay close to a soliton. So it is important
to define properly this notion, and the invariance by translation leads us to consider for
€ > 0 the “tube”

Ue={ue H'| inf Ju—Qu- ~ )l <e},

Definition 2.7. The solitary wave Q. is (orbitally) stable if and only if for every € > 0,
there exists § > 0 such that, if ug € Uy, then the associated solution u(t) € U, for all
t € R. The solitary wave Q. is unstable if Q. is not stable.

Theorem 2.8. Q. is stable if and only if p < 5.

Remark 2.9. 1. The stability part of this theorem is due to Benjamin [1], Bona [2],
Cazenave and Lions [5], and Weinstein [21, 23]. Recall also that in general, the
stability theory in H! requires the H! Cauchy theory due to Kenig, Ponce and
Vega [12] for the (gKdV) equation.

2. The instability part of the theorem has been proved by Bona et al. [3] (see also
[10]) for p > 5 and by Martel and Merle [15] for p = 5. Nevertheless, we give
an explicit proof of the instability of @ when p > 5 (i.e. we exhibit an explicit
sequence of initial data which contradicts the stability) which will be useful to
construct the special solution by the compactness method (Section 3).

3. An important ingredient to prove this theorem is the following lemma of mod-
ulation close to Q. Its proof is based on the implicit function theorem (see for
example [3, Lemma 4.1] for details). The orthogonality to Q' obtained by this
lemma will be of course useful to exploit the coercivity of the bilinear form (L-,-).
Finally, we conclude this section by a simple but useful lemma which describes
the effect of small translations on €.

Lemma 2.10 (Modulation close to Q). There ezist & > 0, C > 0 and a unique C!
map a : U, — R such that, for every u € U, € = u(- + a(u)) — Q satisfies

(e,@) =0 and [lellyn < Cinf [lu — Q — Y)llg < Ceo.
Lemma 2.11. There exist hg > 0, Ag > 0 and S > 0 such that:
(4) if |h] < ho then BR* < [|Q — Q(- + R) |7 < 46K,

(4) if |h] > ho then [|Q — Q(- + B[ > Ao.

Proof. It is a simple application of Taylor's theorem to f defined by f(a) =
1Q - Q(- + a)lI3- O

2.3 Instability of Q) for p > 5

In this section, we construct an explicit sequence (ug,)n>1 of initial data which contra-
dicts the stability of Q.
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Proposition 2.12. Let ugn(z) = A\Q(A2z) with A, =1+ X forn > 1. Then
[a=[@ . Ewon)<BEQ and luon—Qlm 20  (23)
Proof. The first and the last facts are obvious thanks to substitutions and the dominated

convergence theorem. For the energy inequality, we compute E(uon) = 51 Q7 -
’\p ’ 2 [QP. But 2/ Q% = P—— 1 [ Q%! by Pohozaev identities, and so

Bluan) — B@Q = [F- (4 - ) - 087 - )] - — @

- 20 -COPRECD)N 7

Jeor

p+1

To conclude, it is enough to show that ( 1) > %l(i) for k € {2,3,4}, which is
equivalent to show that (k—l) = ( ) ( ) (kil), which is right since p > 5
and k > 1. O

Remark 2.13. We do not really need to know the explicit expression of ug to prove
the instability of Q: initial data satisfying conditions (2.3) and decay in space would fit.
For example, we could have chosen A, = 1 — %, so that conditions (2.3) hold for 7 large

(in fact E(uon) — E(Q) ~ %}@%ﬂ J QP - % <0 asn — +oo in this case).

Theorem 2.14. Let u, be the solution associated to ug, defined in Proposition 2.12.
Then
36 > 0,Vn > 1,3T,, € R, such that mf lun(Tn) — Q(- — Y|l g2 > 6. (2.4)

e We prove this theorem by contradiction, i.e. we suppose:

Ve > 0,3ng > 1,Vt € Ry, inf [lung(t) — Q- — 9)llm <,

and we apply this assumption to &y given by Lemma 2.10. Dropping n, for a while, the
situation amounts in

/u —/Q"’ u) < E(Q) and Vt € Ry, inf [lu(t) — Q( —9)llm <

The last fact implies that u(t) € Ug, for all t € R, so Lemma 2.10 applies and we can
define z(t) = a(u(t)) which is C! by standard arguments (see [15] for example), and
e(t,z) = u{t,z + z(t)) — Q(z) which satisfies (e(t), Q") = 0 and ||e(t)[| 51 < Ceg for all
t € R,. Note that z(t) is usually called the center of mass of u(t). Before continuing
the proof, we give the equation satisfied by € and an interesting consequence on z'.

Proposition 2.15. There exists C > 0 such that
— (Le)e = (#'(t) = 1)(Q + €)= + R(e),
where |R(e(t))|| 1 < Clle(®)||3:- As a consequence, one has |2'(t) — 1| < C’||s(t)||H1
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Proof. Since u(t, z) = Q(z — z(t))+ €(t,z — z(t)) by definition of £ and —G,u = Pu +
9:z(u?), we obtain

xl(t)(Q + E)z — €t = Quzz + Ezoz + (Qp)z +p(Qp_1€)z + R(E)
where
—k _k p _ —k—1_k —k_ k-1
(;( )Q” ) ’Z:z( ) [(p— )@@ ek 4 kQP e e

As |le]lz0 < Cllellzn < Ceo, we have |R(e)| < Clel? + C'|es£|, and so R(g) is such as
expected. Moreover, since La = —a,; + a — pQP la and Q" + QP = Q, we get

—&t — Ezzz — p(Qp—le):c = szz + (Qp)z - xl(t)(Q + E)z + R(E)
and so —¢; + (Le), = Q, — '(t)(Q + €)z + &2 + R(e).

To obtain the estimate on z’, we multiply the equation previously found by @’ and
integrate. Since (g;, Q') = (¢,Q’'): = 0, it gives, with an integration by parts,

[@a@ =@ -1 [@* +e@) + [ REOQ.
Since L is self-adjoint, we can write (z' — 1) [(Q? +¢£.Q') = [(LQ")e — [ R(e)Q'. Now,

from |[&,Q) < lleal 0@ 122 < el h@ N2 < CeollQ'l 2, we choose € small enough
so that the last quantity is smaller than -% J@?; and so we have

'~ 1] < T%E (|f@ere|+|[ ree])-

As LQ" € L*(R) and @ € L*®(R), then following the estimate on R(e), we obtain the
desired inequality by the Cauchy-Schwarz inequality. 0O

e Return to the proof of Theorem 2.14 and now consider-
(@)= _(Sw)+5QFW)dy

for z € R, where S is defined in Claim 2.5 and B will be chosen later. We recall that
S(z) = ;5Q(z) + 32Q' () satisfies LS = —Q, and in particular S(z) = o(e~1*I/2)
when |z| — 400, since Q(z), Q'(z) ~ Ce~!*! (see Claim 2.1). By integration, we have
¢(z) = o(€*/?) when £ — —00, and ( is bounded on R.

Now, the main idea of the proof is to consider the functional, defined for ¢t € R,

J(t) = / £(t, 2)((z) dr

The first step is to show that J is defined and bounded in time thanks to the following
proposition of decay properties of the solutions, and the second one is to show that |J'|
has a strictly positive lower bound, which will reach the desired contradiction. Firstly,
choosing &y small enough, we obtain the following proposition.
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Proposition 2.16. There exists C > 0 such that, for allt > 0 and all z¢o > 0,
/ (u? +u2)(t, 2 + z(t)) dz < Ce~®0/4, (2.5)
>0

Remark 2.17. Inequality (2.5) holds for all solution u, of (gKdV) associated to the
initial data ug, defined in Proposition 2.12, with C' > 0 independent of n. Indeed, we
have u = uy,, for some ng > 1, but the following proof shows that the final constant C
does not depend of ny.

Proof. 1t is based on the exponential decay of the initial data, and on monotonicity
results that the reader can find in [17, Lemma 3]. We recall here their notation and
their lemma of monotonicity.

o Let 9(z) = 2 arctan(exp(z/4)), so that ¢ is increasing, im_o % = 0, %(0) = 3,
lim;o ¥ = 1, ¥(—2z) = 1 — 9(z) for all z € R, and ¥(z) ~ Ce*/* when z — —oo.
Now let zo > 0, to > 0, and define o(t,z) = ¥(z — z(to) + 3(to — t) — zo) for
0<t<ty,and

Lrosa(®) = [, 2)n(t,2) da,
Jzoto(t) = / (ui +u? - I%u"“) (t,z)vo(t, z) dz.

Then, if we choose £¢ small enough, there exists K > 0 such that, for all ¢ € [0, %],

we have )
Izoyto(tO) - Izo,to(t) < Kexp (—IO) ,

eotolto) = Jeno(t) < Kexp (= 22).

o Now, let us prove how this result can preserve the decay of the initial data to the
solution for all time, on the right (which means for £ > z, for all o > 0). If we
apply it to t = 0 and replace to by t, we obtain, for all ¢t > 0,

/ (42 + u?)(t, 2 + 2(t) ) (z — z0) dz
<C /(ugz +ud)(z)¢(z — z(t) + %t — zo) dz + K'e™0/4,

But by Proposition 2.15, we have |z’ — 1| < C|le||;: < Ceo, thus if we choose
g0 small enough, we have |2/ — 1| < %, and so we obtain by the mean value
inequality (notice that £(0) = a(ugn,) = 0) that |z(t) — t| < 3t. We deduce that
—z(t) + 1t < 0, and sinee ¥ is increasing, we obtain

/(ui +u?)(t,z + z(t))Y(z — 7o) dz < C’/(ug,c + u2)(z)(z — xo).dx + Ke—0/4.

o Now we explicit exponential decay of uo. In fact, we have clearly (u3, + uj)(z) ~
Ce ¥l £ Ce~2*l when z — Fo00. Moreover, since 1(z) < Ce®/* for all z € R,
we have

[0+ @) @iz - z0) dz < C [, +ud)(2)e™ T do

< Ce20/4 /(ugz + ud)(z)e*/* dz < Cle™™/4,
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o Finally, we have more simply

Je2+w)te+ e —so)ds > 5 [ 2+t e +a(t)de

and so the desired inequality. O

Nll—‘

e Now that this proposition is proved, we can easily show the first step of the proof of
Theorem 2.14.

Ist step. We bound |J(t)| independently of time by writing
J(t) = / e(t,2)¢(z) dz = / et 2@ do+ / £(t,2)¢(z) dz
so that
0 < Kl [ (@) + luttz + 2@ do+ | [ ¥e.0) o[ H)ao
< Kl 1@lzs + G0 + IOV,

where:

i) lle@®llzz < llel g < Ceo < +o0,
ii) V2 = [,_,¢*(z)dz < +oo since (}(z) = o(e®) when z — —o0,

iii) thanks to (2.5), we finally conclude the first step with

U= / ult, z + z(t))| dz = Z/ lu(t, z + 2(2))| dz
<\-Z( / >nu2(t,x+x(t))d:c)_l/2

n=0

< Jlult, -+ z(8)) |2 + Z (/ 2(t,z + z(t)) dz) 2

n=1

< Ce + ”Q"Lz +C Z €_n/8 < +o00.

n=1

2nd step. We evaluate J' by using Proposition 2.15 and by integrating by parts:
7= [eg= [Tt + @ -1) [Quc+(@ - 1) [eut+ [ REeX

= —/eL((’) - (- 1)/Qc’— (2’ - 1)/€C’+fR(6)€

= - [elLS+BLQF) - (' 1) [Q(S+8QF) - (¢ - 1) [ «¢'+ [ Ree)c.
Now we take 8 = — (fQS) ( J Qz?)~1, so that the second integral is null. But. by (iv),

of Claim 2.1,
d 2 dQc _ [ 5—p \ =21 [
EE/Qc_zchdc —(Z(p—1)>6(_15 /Q <0

since p > 5, and so by taking ¢ = 1, we remark that 8 > 0.




2.3 - Instability of Q forp > 5 41

Moreover,.sincerr""jz2 is an eigenvector for L for-an eigenvalue —)\g with X\g > 0 (see
Claim 2.5), we deduce

7= [e(-Q-rQF) — @~ 1) [e¢'+ [ ReeX
=ﬁ)\0/sQ‘# +/Qe—(:c’—-1)/e('+/R(e)(
But for the last three terms, we remark that:

a) the mass conservation fu (t) = [ ud implies that [Q?>+2 [eQ + [€? = [Q? and so
UQ€| < 2f52 < 2"5”1111
b) thanks to Proposition 2.15, we have |—(z’ — 1) fe¢’'| < |2’ =1|lle|l 2lI¢ | 2 < Cllel|3,
c) still thanks to this proposition, we have |f R(e)¢| < [I¢]l s | R(E) |l 12 < Cllells-
We have finally '
= B [eQF + K(e) (2.6)
where K (¢) satisfies | K (€)| < C|le||3;:. We now use identity (2.2) which claims

F(u(9) = F(uo) = F(Q) + 3(Le,e) + K'(0)

with |K’(€)] < C|lel|3:- In other words, we have (Le,€) + 2K'() = 2[F(uo) — F(Q)] =

2[F(uone) — F(Q)] = —Yno With g > 0, since ||ugnoll 2 = [|Qll 2 and E(uon0) < E(Q)
by construction ef ugn,. To estimate the term (Le,€), we use Lemma 2.6, so that if we

denote a(t) = [ eQ%, we obtain

(t) > el = 7 (Lee) = 22 + el +

e+ ellelln + K.

But |K"(e)| < Clle||3: and ||e|| 2 < Ceo, so if we take ey small enough, we have -

a*(t) > Kllelzn + Kno

with K, kp, > 0. In particular, a®(t) > kn, > 0, thus a keeps a constant sign, say
positive. Then we have

K K
a(t) = VKlelhn + fing > \/—‘;”5”111 + \/—2’2 = K'|lell gn + King-

But from (2.6), we also have J'(t) = 3)a(t) + K() with |K(e)| < C|le||3:, and so
J'(t) = BroK'||ell g1 + 3Xor, — Clleln > Botip, = bny > 0,

if we choose as previously g9 small enough. But it implies that J(t) > 0,,t + J(0) —
+o00 as t — +00, which contradicts the first step and concludes the proof of the theorem.
Note that if a(t) < 0, it is easy to show by the same arguments that J'(¢) < 8, <0, so
lim;_, 4+ J(t) = —o0 and then the same conclusion.
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3 Construction of a special solution by compactness

In this section, we prove the existence of a special solution by a compactness method.
This result is of course weaker than Theorem 1.1, but it does not require the existence
of Y4 proved in [20].

3.1 Construction of the initial data

Now Theorem 2.14 is proved, we can change T, obtained in (2.4) in the first time which
realizes this. In other words:

infyGR ”un(Tn) - Q( - y)”}-h = 5,
Vi e [0’ Tn]’ infyGR ”un(t) - Q( - y)"Hl <.

Remark 3.1. We have T,, — +00. Indeed, we would have T,, < Tj for all n otherwise
(after passing to a subsequence). But by Lipschitz continuous dependence on the initial
data (see [12, Corollary 2.18]), we would have for n large enough

sup [lun(t) —Q(- — t)”Hl < Kllugn — Q”HI-
t€[0,To)

36 > 0,Vn > 1,3T,, € R, such that {

But since ||ugn — Qll 1 ——— 0 by (2.3), we would have infyer [lun(t) — Q( — y)l| g < g
for n large enough and for all ¢ € [0, Tp], which is wrong for t = T, € [0, Tp).

Now we can take § smaller than &g, so that u,(t) € U, for all t € [0,T,] and
so Lemma 2.10 applies. Thus, we can define z,(t) = a(u,(t)) (notice that z,(0) =
a(ugn) = 0) such that €,(t) = u,(t,- + z,(t)) —Q satisfies

(en(t),Q) = 0,
llen®)llg: < Cinfyer llun(t) — Q( = )l < C4.

Moreover, for ¢t = T,,, we have more precisely

Vt € [0, T,], {

§ < llen(To)ll g < C6. (3.1)

In particular, {e,(7)} is bounded in H!, and so by passing to a subsequence, we can
define e, such that

en(Ty) = €o in H' (weakly) and vp = €0 + Q.

Remark 3.2. 1. Asannounced in the introduction, one of the most important points
in this section is to prove that we have constructed a non trivial object, i.e. v
is not a soliton (Proposition 3.4). This fact is quite natural since v, is the weak
limit of uy,(T,, - + z,(T)) which contains a persisting defect &,(7},).

2. Since the proof of Proposition 3.4 is mainly based on evaluating L? norms, the
following lemma will be useful.

Lemma 3.3. There ezists Cyp > 0 such that, for n large enough, ||en(Th)| 2 = Cod.
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Proof. It comes from the conservation of the Weinstein’s functional F' in time. In
fact, we can write F(Q + €,(T3)) = F(Q + €,(0)) where £,(0) = up, — Q satisfies
llen(O)ll g2 —==> 0 by (2.3). Then, by (2.2),

F(Q) + 5{LenlTa), ealTo) + K(en(Tn)) = F(@Q) + 3 (Len(0),£a(0)) + K (en(0),
where |K (a)| < Cylal|3:. It comes

/[(6z5n(Tn))2 + 5?;(T ) —p@* 2( )] C||€n(0)”H1 + K(€4(0)) — K(ea(Tn))

and so
len(Ta)llin < C [ €2(Tn) + Clleal)s + Callen(0)l3s + Cillen(To) -

Since ||, (0)||gz — 0, then by (3.1) we have, for n large enough,

62
len(T) % < C / w) + CiC8len(T)lin + -

But if we choose § small enough so that C;Cé < %, we obtain

2 1 62

5 <Glea@lln <€ [2T) + 7
and finally f€2(T;) > &. | O
Proposition 3.4. For all c > 0, vy # Q..

Proof. We proceed by contradiction. In other words, we suppose that v, := up (T, +
To(Th)) = vo = € + @ = Q. weakly in H? for some ¢ > 0. We recall that it implies in
particular that v, — @, strongly in L? on compacts as n — +oo.

o Decoinposition of v,. Let ¢ € C°(R,R) equals to 0 on (—oo, —1] and 1 on [0, +00).
Now let A > 1 to fix later and define p4(z) = @(z + A), so that p(z) = 0 if
z<—-A—-1land1lifz > —A. We also define h, = (1 — p4)vp, Q2 = Qcp4 and
Zn = P aUn — P4Qc = Y a(Un — Qc), s0 that

= (1= @a)Un + Qavn = by + 2, + Q2.

o Estimate of ||za]| -

[#=[(n-Qi< /_ Q[ (- Q)

A+1
</ )2 +2 v2+2 R=I+J+K.

z>A+1 >A+1

Notice that I — 0 since v, —— Q. in L? on compacts. Moreover, thanks to
n—o00 n—oo

the exponential decay of Q., we have K < Ce™2VeA. Finally, we have J < Ce#/4
with C independent of n by Remark 2.17. In summary, there exists p > 0 such
that [ 22 < Ce=?4 if n > n(A).
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e Mass balance. On one hand, we have by (2.3) and by the mass conservation
Jv2=[u}, = [Q* On the other hand, we can develop

/vﬁ=/h?,+/(622‘+zn)2+2/__f v2pa(l = pa).

But note that 2 [~ | v2pa(1 — p4) — 274, Q%pa(1 — pa) < Ce™P4, since

n—o00
v, — Q. on compacts. Consequently,

/622=‘/h,z,-i-/(QcA)z+2/Q;“zn+/z,";+a,‘;1

where a# > 0 satisfies a2 < Ce™?4 for n > n(A). Thanks to the previous estimate
of ||z, ;2 and the Cauchy-Schwarz inequality, we deduce that

J@= [+ [@) +a

where a/4 satisfies |a/| < Ce™?4 for n > n(A). But

A2 2 202 _ 2 2 —pA
J@=[ei=[@+ [Qi-n< [@+ [ @< [ai+ce
and [Q? = ¢c? [Q? with 8 > 0 since p > 5 (see Claim 2.1). In conclusion, we
have-the mass balance

(1= P QIZ = Inllzz +ar? (3:2)
where a4 still satisfies |a/4| < Ce 4 for n > n(A).

» Upper bound of ||hy|| 2. We remark that, for n > n(A), ||ha]l;2 < Cid. Indeed,
thanks to (3.1), we have

lhall2 < (1 = @)@z + llen(Tn) 2 < Ce™4 + C8 < Cu§,
<0

if we permanently fix A large enough so that e™#4 < §3 (the power 3 will be useful

later in the proof).

o Upper bound of |c — 1|. Thanks to the previous point and the mass balance (3.2),
we have |1 —c™?| < C§2. We deduce that c is close to 1, and so by Taylor’s
theorem that |c — 1| K|1-cP| < Cs8.

o Lower bound of ||h,|| .. We now prove that, for n > n(A), ||h.|| 2 = C26. Firstly,
we have, by Lemma 3.3,

Co6 < llea(Tu)llzz = llva = Qllz2 = llhn + QZ + 20 — QI 2
< Mhallze + llznllz + 1QF = Qcllzz + 1Qc = Qllz2 = llhall 2 + 1Qc — QU2 + b7,

where b2 = ||zn|l2 + ||Q2 — Qcll2 > O satisfies b2 < Ce ™4 for n > n(A).
Moreover, if we denote f(c) = ||Q. — Q||3, for ¢ > 0 then fis C® and f(c) 2
0 = f(1), hence 1 is a minimum of f, f/(1) = 0 and so, by Taylor’s theorem,
fle) < Cle—1)% ie ||Q.— Qllz2 < Clc — 1]. Thanks to the previous point, we
deduce that

< Nlhnllgz + K6 + b < |lholl 2 + C6°.

Finally, if we choose d small enough so that C§ < —Q, we reach the desired in-
equality.
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o Energy balance. We now use the conservation of Weinstein’s functional and (2.2)
to write

F(ug) = F(vn) = F(Q + &n(T)) = F(Q) + ‘;’(Lan(Tnv)a en(T7)) + K(a(T7))

where |K (€,(T3))| < Cllea(T) |35 < C82 by (3.1). Now we decompose e,,(T5,) in
é:n(Tn) ='Un_Q=hn+zn+Q?—Q= (Qc_Q)+(Q;4_’Qc)+(zn+hn)
in order to expand

(LE,,(Tn), En(Tn)) = (L(Qc - Q)a Qc - Q) + (L(zn + hn); 2n + hn)
+(L(QF - Qc), Q2 — Q) + 2(L(Qc = Q) 20 + hn)
+ 2(L(Qc - Q)a Qf - Qc) + ‘?‘(L(Qé4 - Qc)a Zn + hn)-

We recall that (La,b) = — [ a"b+ [ ab—p [ QP 1ab, and so, by the Cauchy-Schwarz
inequality, |(La,b)| < (lla”llz2 + Cliallz2)|[bll 2 Since we have ||zn + hall2 <
llznllz2 + Anll 2 < Ce™P2 + C16 < C8, we can estimate

[(L(Qe— Q), 2n + hn)| < (1Q2 = Q"ll 2 + CllQc — QlI2) 120 + hnllz
< Clc-1]-Cs < C&.

Similarly, we have

[(L(Q2 — Qc), 2n + hn)| < (104Qcll 12 + 224 QlI 2 + (04 — 1)QLI 12
+ ClIQ2 - Qcllz2)llzn + nll 2
< Ce?.C5 < C.

Moreover, we have by integrating by parts (La,b) = [a'b'+ [ ab—p f QP 'ab, and
so |(La,b)| < Cllal| g1 [|bll g1 Tt implies that

I(L(Qe — Q),Qc — Q)] < ClQe — QI3 < Clc—1)* < C&®,
(L(QA - Q.), Q% — Qo) < ClIQA — Qcllin < Ce™¥4 < C8°,
I(L(Qq _ Q), Q:" Qc)l < CﬂQc _QHHIHQCA - Qc”HI < Clc - 1|€_pA < 053,

thanks to the estimate on |c — 1| previously found. For the last term, we have
(Ll + 20), i+ 20) = e + 20l = 2 [ @ (o + 20)?
and
[@ tm+z)y <2 [@ 2 +2 [tz
<2[(-par@ R +20QIR [ 2
<2 @rldeoans [

But [onllz < Cllonllzs < Cllen(To) s + 1@l ) < CUS + Q) = K7, and
80 [, 4 QP WL C [ ,Q 1 <Ce P2 As [ 22 < Ce™P4, we have

1 1
F(uo) = F(Q) + 5llhn + Zull +dn > F(Q) + 5 l1n + Zull3s + d7

where |d2| < C&2 for n > n(A).
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Moreover, we have -
o + zallzz = Nhnllz2 < lznlZ2 + 2llznll2llhall 2 < Ce™4 +2Ce™#4 - C16 < C6°.
Finally, energy balance provides us, for some N large enough,
1
F(uo) > F(Q) + 5 llhwlza +
with |d'| < C8°.

e Conclusion. Since F(uo) < F(Q) by hypothesis, we obtain ||hn||3. < Cé°. But
we also have, by the lower bound of ||ha||z2, [|hn|l7: > C26%. Gathering both

information, we obtain %i < 4, which is clearly a contradiction if we choose §
small enough, and so concludes the proof of Proposition 3.4. : O

3.2 Weak continuity of the flow

The main idea to-obtain the special solution is to reverse the weak convergence of v,, to
vp in time and in space, using the fact that u(t,z) is a solution of (gKdV) if and only
if u(—t, —z) is also a solution. More precisely, we define wy = ¥y € H*(R), i.e. for all
z € R, we(z) = vo(—x).

Remark 3.5. For all ¢ > 0 and all zo € R, one has
wo F Qc( + 30)'

In fact, otherwise and since Q. is even, we would have vo(z) = Q.(z—1zo). But v,—Q =
en(Tn) and (64(T7), Q") = (v, Q") = 0, so by weak convergence in H*, (v,Q') = 0.
Thus, we would have [ Q.(z — z0)Q'(z) dz = 0, and if we show that zo = 0, we shall
reach the desired contradiction since we have vy # Q. for all ¢ > 0 by Proposition 3.4.
To show this, eonsider f(a) = [ Q.(z — a)Q’'(z)dz for a € R, which is odd since Q. is
even and @’ odd. In particular, f(0) = 0, and it is enough to show that f(a) < 0 for
a > 0 to conclude (because we shall have f(a) > 0 for a < 0 by parity). But using again
the parity of Q. and @', we have

f(a) = /Oa[Qc(a - z) — Qc(a + 2)]Q(z) dz + /a+°°[Qc(x —a) — Qc(z + a)]Q'(z) dz.

Since @’ is negative and Q. is strictly decreasing on R, both integrals are negative,
and so f(a) < 0 for a > 0, as we desired.

Remark 3.6. 1. Now, wp being constructed, we show that the associated solution
w(t) is defined for all ¢ positive, and can be seen as a weak limit (Proposition 3.8)
in order to prove the convergence of w(t) to a soliton.

2. The main ingredient of the proof of Proposition 3.8 is the following lemma of weak
continuity of the flow, whose proof is inspired by [11, Theorem 5]. This proof is
long and technical, and thus is not completely written in this paper.

Lemma 3.7. Suppose that zpp, — 29 in H 1 and that there ezist T > 0 and K > 0
such that the solution z,(t) corresponding to initial data z, ezists for t € [0,T] and
suPsepo.r) 12n ()|l z: < K. Then, for all t € [0,T], the solution z(t) such that 2(0) = 2z
erists, and z,(T) — z(T) in H.
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Sketch of the proof. Let T* = T*(||20l| ,3) >-0-be the maximum time of existence of
the solution z(t), well defined by [12, Corollary 2.18] since s = 3 > 5(;%51) = s.(p). We
distinguish two cases, whether T' < T* or not, and we show that this last case is in fact
impossible.

1st case. Suppose that T < T*. As z(t) exists for ¢ € [0,T] by hypothesis, it is
enough to show that z,(T") — 2(T) in H!. But since CJ is dense in H~! and
|22(T) = 2(T)|lgn < N2a(D)llgn + 12(T)||;n < K, it is enough to show that
zn(T) — 2(T) in D'(R). It is the end of this case, very similar to the proof
in [11] (but using an H?3 regularization and so using some arguments like in [14,
Section 3.4]), which is technical and not written in this paper consequently.

2nd case. Suppose that T* < T and let us show that it implies a contradiction. Indeed,
there would exist 79 < T* such that ||z(T”)]| ui = 2K (where K is the same

constant as in the hypothesis of the lemma). But we can apply the first case
with 7" instead of T, so that z,(T") — 2(T”) in H?, and since ||2,(T")||;n < K,
we obtain by weak convergence ||z(T”)|| a3 S Z(T")lg: < K, and so the desired
contradiction. O

Proposition 3.8. The solution w(t) of (gKdV) such that w(0) = wy is defined for all
t >0, and u, (T, — t,7,(T3) — -) = w(t) in H.

Proof. As the assumption is clear for ¢t = 0, we fix T > 0 and we show it for this 7. As
lim,,_, 00 T, = +00 by Remark 3.1, we have T,, > T for n > ny. As a consequence, for
n 2 ng and for t € [0,T], 2,(t) = un(Tn — t,2,(Ty) — -) is well defined, solves (gKdV),
and has for initial data

20(0) = Un (T, 2n(Ty) —-) = U = o = wp in H.
Moreover, we have

lza@llgr: = llua(Tn = t,2a(Tn) — M
< llea(Tn = £, 2n(Tn) = Zn(Tn — t) = )z +1Q(@n(Tn) — 2a(Tn — 1) — )| i
< len(Tn = g + QN g S Co+ 1Rl = K.

Bvaemma 3.7, we deduce that w exists on [0,77], and z,(T) — w(T) in H'. O

3.3 Exponential decay on the left of w

The goal of this section is to prove an exponential decay on the “left” of w, using the
exponential decay of u,, on the right. Since e,(T;, — t) = un (T, — t,- + zo(T, — t)) — Q
satisfies (£,(Tn, —1), Q") = 0 and |le4(Tn — t){|;n < Cé for all ¢ € [0, T,], un(Tn —t) is in
the same situation as the situation of u summed up just before Proposition 2.15, with
d instead of ¢¢ for the small parameter. In particular, by Remark 2.17, inequality (2.5)
holds for u,(T,, — t) with C independent of n if we choose § small enough. In other
words, we have, for all ¢t > 0 and zo > 0 (and n large enough),

[ W+ a2)(To = b0+ 2a(T — 1)) do < Ce™/% (3.3)
T>T0

But before passing to the limit, we have to define the “left” of w, 7.e. the center of mass
Zy(t) of w(t). '
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Lemma 3.9. There exists C > 0 such that, for allt > 0,
inf [[w(t) - Q- = )l ;2 < C6.

Proof. Fix t > 0 and ng > 0 such that, for n > ng, T,, > t. Since Q is even, we have
En(Tn —t,Zn(T0) = Zpn(Tn —t) =) = un(Tn — t, 2, (Tn) — ) — Q(- — 20(Ty) + 2o (T, — £))-
Now, if we denote wy(t) = up(Ty, — t,2p(Ty) — ) and yn(t) = 2,(Th) — zo(Th — t), we

have
lwa(t) = Q(- = Ya(t)) | g2 = lln(Tn = )|l g2 < C6.

But following the remark done at the beginning of this section, Proposition 2.15 is still
valid, and so |z/,(t) — 1| < C§ for t € [0,T,]. We deduce that y,(t) = f}:‘_t z,(s)ds =
Ji_(h(s) — 1) ds + t satisfies |y,(t)| < C6t +t = Ct. By passing to a subsequence, we
can suppose that lim, . yn(t) = y(t). But now, we can write

lwn(t) = Q( = ¥l < Co+[1Q — Q( + (¥a(t) — y()) |l in < C'8

forn > N(t,6) by Lemma 2.11. Finally, since w,(t) — w(t) in H* by Proposition 3.8, we
obtain by weak convergence ||w(t) — Q(- — y(t))||;» < C'4, and the result follows. O

We can now choose 6 small enough so that Cé < €, and so define z,,(t) = a(w(t))
by Lemma 2.10, with notably ||w(t,- + Zw(t)) —Q|l;x < Cé. But to exploit (3.3), we
have to show first that y,(t) = £,(T,,) — (T, — t) is close to z,,(t) for all t.

Lemma 3.10. There exists C > 0 such that

Vt = 0,3ne 2= 0,Vn = ny, '|xw(t) - yn(t)l < 0.

Proof. Let t > 0 and n be large enough such that T, > t. We keep notation wy(t)
and y,(t) of the previous proof, where we have already remarked that |y,(¢)| < Ct.
For the same reason, we have |z,(t) — y,(t)] < Qt. Now choose A(t) > 1 such that
QM L2(jej> acty—cey < O- Since wy(t) — w(t) in H', we have |lwa(t) — w(t)ll f2zicaey <8
for n > ng. Moreover, -

lw(®) — Q( = zw(@)llgs SC& and  |lwn(t) = Q- = va(®))ll 2 < C8,

and so, by the triangle inequality, ||Q(- — Zw(t)) — Q(: — Yn(t))l L2(ejcay < C6. We
deduce that, for n > ny,

1Q — Q(- + zw(t) — va )l 2 < V2IIQ — Q- + Zu(t) — ()l L2(zi<cae)
| +V201Q - Q( + 2u(®) = a ()| 2(era00)
< Cé+2]Q | 2(zi> 400
+ V2||Q( + Tw(t) — yalt D L2(iep> acey)
<Cé+ 2\/_”Q"L2(l:c|>A(t) —ar S CO.

We conclude by choosing § small enough so that Céd < Ay, where Ag is defined in
Lemma 2.11, and we apply this lemma to reach the desired inequality (note that the
lemma holds of course with the L? norm instead of the H ! one). O
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If we choose § small enough so that C§ < 1 (for example) in Lemma 3.10, we can
now prove the following proposition.

Proposition 3.11. There ezists C > 0 such that, for allt > 0 and all zo > 0,

/ (w2 + w?)(t,z + z,(t)) dz < Ce™=0/4,
z<—z0—1

Proof. Let t > 0, zo > 0 and n > ny where ny is defined in Lemma 3.10. From (3.3)
and the substitution y = z,(T},) — z,(T, — t) — £ = yn(t) — z, we obtain

/ (’U,?w + un)(Tﬂ —t, xn(Tn) - 15) dzx < Ce"zo/‘l.
z<yn(t)—zo
If we still denote wy(t) = un(Ty — t, za(T,) — -), we deduce by Lemma 3.10 that

/ (w2, + w2)(t, z) dz < Ce~/,

r<—z0—1+Zy(t)

But wy(t) = w(t) in H', so w,(t) = w(t) and wy,(t) — w,(t) in L2 Moreover,
Y = L(—o0,—zo-1+zwu(t)) € L implies wy ()Y — w(t)y and wn ()Y — we(t)y in L?, thus
by weak convergence [,«_;—14zu(t) w*(t,z) dz < Ce /4 and the same inequality for
wy, so the result follows by sum. O

- 3.4 Asymptotic stability and conclusion

The final ingredient to prove that w(t) is a special solution is the theorem of asymptotic
stability proved by Martel and Merle [18]. Indeed, thanksto Lemma 3.9, we can apply
this theorem with ¢y = 1 if we choose § small enough such that Cd < ag. We obtain
c+ > 0 and t — p(t) € R such that

leo(#) = Qe, (- = P g eseyaey T O (3.4)

Remark 3.12. As usual, p(t) and c, are defined in [18] by a lemma of modulation close
to Q, which gives the estimates ||w(t) — Qc, (- — p(t))ll ;n < C6, |p'(t) — 1| < C6 and
|ey — 1] < Cé. We deduce that A

1Q — Q( + p(t) = zuw ()l = 1Q( — p(£)) — Q(- — 2w (8)) | 2
<NQ — Qe ll g + llw(t) = Qey (- — ()l g2
+ llw(t) — Q( — 2w ()l i
< Klep — 1]+ C8+C'§ < C"s.

Now, choosing § small enough, C"§ < Ay and Lemma 2.11 gives |z,,(t) — p(t)| < C8 < 1.
Finally, Proposition 3.11 becomes

Vt > 0,V > 2, / (w? + w?)(t,z + p(t)) dz < C'e™=/*, (3.5)
x<—x0

We are now able to prove the main result of this section.
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Theorem 3.13 (Existence of one special solution). There exist w(t) solution of (gKdV)
defined for allt > 0, cy > 0 and t — p(t) such that:

(i) llw(®) = Qe, (- = PO gy =2 O,

t—+00

(i) Ye > 0,Vzo € R, w(0) # Q.(- + zo)-

Proof. By Remark 3.5, it is enough to prove (i). We have by the triangle inequality

lw(t) = Qe, (- — PO 3y < Nw(8) = Qey (- = PO ane/20) + 20O i1 <t/r0y
+2[1Qe, (- — P31 (gaer0) = T+ T+ IIL

Since |¢(t) — 1| < Cé < 3 if we choose 4 small enough lp(t) —t — p(0)| < 55t and so,
if we denote pp = p(O) G R we have £ — p(t) < —4t — pop. We can now estimate:

« For ¢ large enough, we have £ + po > 2, and so (3.5) gives
e (2 4 o2 _ 2,2 8
2II = /z<t/10<wz +w®)(t,z)dz = (wi +w*)(t,z + p(t)) dz

< \t, t))dz < Ce > —— 0.
z<_4t/5_m(w + w*N{t,z + p(t)) dz < Ce rarerem

/:;<t/10-p(t)

« Finally, since (Q2 + Q2 )(z) < Ce?>V&* for all z € R (see Claim 2.1), we have

l _ 72 2 _ _ 2 2
=/ (Q+QL)a mma-mep@q+cm@a
< 2 g 2\/_‘1: <
= z<—4t/5—po(Q,c2+ + Qc"’)(z) dz ¢ z<—4t/5—po dz Ce 5

which also tends to 0 when t — +o00. This achieves the proof of Theorem 3.13. O

Corollary 3.14. Forall ¢ > 0, there erist w.(t) solution of (gKdV) defined for all
t >0 and t — p.(t) such that: '

(3) Twelt, + pe(t)) = Qellaney == 0
(i) ¥ > 0,VYzo € R, we(0,- + pc(0)) # Qe (- + To)-

Proof. 1t is based on the scaling invariance of the (gKdV) equation: if u(t,z) is a
2
solution, then for all A > 0, A?=Tu()3, Az) is also a solution. For ¢ > 0 given, we thus

2
define w, by wc(t) = A2 w(A\3t. Az} with A, = \/—é_, where w and ¢, are defined above.
_2_
Since Q.(z) = A27' Q¢, (Acx), we have by substitution
2 = 2
Jo(8) = Qe ¢ = POV = A (It 3+ ple)/A) — el
1
+ 3allOcfunt/3 -+ p)/30) — Qala )

(4
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We.deduce that

=5 3 9
)\é’“ lwe(t/A2, - + p(t)/A) — Qellin i A < 1,
A (¢33, + p(6)/Ae) — QellZn i Ao > 1,

and so lim; o0 [[we(t/A2, - + p(t)/Ae) = Qcll 2 = 0 in both cases by Theorem 3.13. We
finally obtain (i) if we take p.(t) = —%EQ For (ii), if we suppose that there exist ¢ > 0
and z¢ € R such that w.(0, - + pc(0)) = Q« (- + zo), then we get

wy = ch_Zt ( + (\/g-’b‘o —P0)> )

which is a contradiction with Remark 3.5. O

lw(®) = Qe (- = PNz > {

4 Construction and uniqueness of a family of special
solutions. via the contraction principle

In this section, we prove Theorem 1.1. The proof is an extension to (gKdV) of the
method by fixed point developed in [7, 8] for the nonlinear Schrédinger equation. To
adapt the method to (gKdV), we use first information on the spectrum of the linearized
operator around Q(-—t) due to [20] (see Proposition 4.2 in the present paper). Secondly,
we rely on the Cauchy theory for (gKdV) developed in [12, 13]. Indeed, one of the
main difficulties is the lack of a derivative due to the equation, but compensated by a
smoothing effect already used in [12, 13].

4.1 Preliminary estimates for the Cauchy problem

Theorem 3.5 of [12] and Proposition 2.3 of [13] are summed up and adapted to our
situation in Proposition 41 below. We note W(t) the semigroup associated:to the
linear equation Btu + &u=

Notation. Let I C R be an 1nterval 1<p,g<ooandg:I xR — R. Then define

Iollizss = </—:° (/I lo(t x)lth)p/qu) " lgllere = (/z (/_:o l9(t, )PP d:c)q/pdt)

and LZL] = {g | llgllzprs < +oo} and LILE = {g | |lgll s;z < +oc}. Finally, denote
IPLY=[PL% and LILP = L&LP.

1/q

Proposition 4.1. There ezists C > 0 such that, for all g € LLL? and all T € R,

[T we- eyt 2t < Cllgl (4.1)

Oz Jt g,z Leo Ilraez. | '
[T,+°°)

a +oo / / !

= [ W(t-t)e(t ) dt o, SClolzzy (42)

[T,+0)
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Proof. (i) Inequality (4.1) comes from the dual inequality of (3.6) in [12], i.e.

a +o0 / / '}
o / W(-t)g(t',z)dt

—00

< Cligllzyza-

Lz
Let t > T. We get, for §(t',z) = 1,400 (t)9(t', z),

a +oo ’ / /
= [ W(=t)g(t,o)at

t

a +oo N\~ /
ax/_m W(=t)§(t, z) dt

- <Clolyus,
LZ

and so the desired inequality since W is unitary on L2.

L

(ii) Inequality (4.2) comes from the inequalities (2.6) and (2.8) of [13] with the ad-
missible triples (p1,q1,1) = (5,10,0) and (p2, g2, @2) = (00,2,1). In fact, if we
combine (2.6) cut in time with [0, +o00) and (2.8), we get

a +oo / / /
o J[ W(t—¢)g(t,z)dt

< C”Q"L},Lf‘
L3LO

If we apply it to §(t', ) = Lir,4+00)(t')g(t', ), we reach the desired inequality since

.0

0 [+
-— ] Wit —tg(t,z)dt
|2 [ wee-tate.a) »

0 [too
< — _ I\ ~ (4! /
§ \Naz/t Wt —t)§(t, 7) dt

LgLIT,+°°)

4.2 Preliminary results on the linearized equation
4.2.1 Linearized equation

The linearized equation appears if one considers a solution of (gKdV) close to the soliton
Q(z — t). More precisely, if u(t,z) = Q(z — t) + h(t,z — t) satisfies (gKdV), then h
satisfies

8:h + Lh = R(h) (4.3)

where La = —(La),, La = —82a + a — pQP~'a is defined in Section 2.1, and
(P
R(h) = -8, (Z ( )Q”"-‘h") :
k=2 \K :

The spectrum of £ has been calculated by Pego-and Weinstein [20], and their results
are summed up here for reader’s convenience.

Proposition 4.2 ([20]). Let o(L) be the spectrum of the operator L defined on L*(R)
and let 0ess(L) be its essential spectrum. Then

Oess(L) =R and o(L)NR = {—ep,0,e0} with ey > 0.

Moreover, ey and —eq are simple eigenvalues of L with eigenfunctions YV, and Y_ = YA
which have an exponential decay at infinity, and the null space of L is spanned by @Q'.
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4.2.2 Exponential decay

Exponential decay of ), has been proved in [20], but a generalization of this fact to a
larger family of functions will be necessary in the proof of Proposition 4.6. For A > 0,
consider the operator Ay defined on L? by Ayu = v — u’ — \u, and the characteristic
equation of Ayu = 0,
Al)=2-z-21=0.
Note o7, 03, 0 the roots of fy, eventually complex, and sorted by their real part. A
simple study of f shows that o3 is always real, 03 > =, and (03),, is increasing.
Moreover, we have the three cases:
0)‘

a) If A\ > -2, then o> and o7 are two conjugate roots such that Reo} = Reo) = —32.
3V3 1 2 1 2 2

(b) A= #, then a%=a§=—71§ and 0} = 72§

(c) If A < 32, then o, 03 are real and o7 € (—\/3,—715), o} € (—715,0). Moreover,
(03), is decreasing, and in particular 03 0 when A \, 0.
This analysis allows us to define
1
p =7 min(03, — Reoz, e, 1) >0

and ‘
H={f € H®(R) | Vi>0,3C; > 0,Yz € R, |f9)(z)| < Cje I}

Lemma 4.3. Ifu € L? and f € H satisfy u" —u' — = f with A > ey, then u € H.

Proof. First notice that u € H*(R) by a simple bootstrap argument. Moreover, the
method of variation of constants gives us "

+00
u(z) = Ae3? /

T

with A, B,C € C, if we suppose that \ # 3——\2/5 We can also notice that «’ has the

same form as u, except for three terms in f(z) which appear, and which have the
expected decay by hypothesis, and so on for u for j > 2. Hence, we only have to
check exponential decay for u, and we write

€™8°f(s) ds + Be?? /z e~ f(s) ds + Ce* /z &1 f(s) ds

—00

-+ T
ju(e)] < s [T e\ f(s) ds + BreRect= [ emReed|f(s)|ds
T —00

+ C'Rete /x e~ Reols| £(s)| ds.
By changing z in —z and by the definition of p, it is enough to show that, if
T
viz) =e™* / e®e el ds
—00

with @ > 2pu, then v(z) < e ¥l Notice that one half could also have replaced one
quarter in the definition of u, but this gain of 2 allows us to treat the case A = 3—\275 (not
written here for brevity), which makes appear a polynomial in front of the exponential
in the last two terms of the expression of u. Finally, we conclude in both cases, since
a—p=p>0:
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o If £ <0, then v(z) < e [%_ e¥et* ds = Ce% - e®+H)2 = Cet* = CeHl.

o If > 0, then v(z) < e [%_e*e # ds = Ce™ - e®~H)2 = Ce~#= = Ce M2,
The case A = 32 is treated similarly. A m]
Corollary 4.4. Y, ,V_€H.

Proof. Since Y_ = Y., it is enough to show that J, € H. But by definition of Y,
in [20], we have LY, = ey, with Y, € L?, i.e.

VY =V, — ey = —p3(Q°'Vs) = —p(p — DVQ'QP2Yy — pQFY,.

By a bootstrap argument, we have J, € H*(R), and in particular yf )e L*(R) for all
j 2 0. If we denote f(z) = —p(p — 1)Q'QP~2Y, — pQP~1),, then by exponential decay
of QY for all j > 0 and by definition of y, we have |f)(z)| < Ce~®Vl=l < Ce~#2l and
so f € H. It is enough to apply Lemma 4.3 with A = ey to conclude. O

4.3 Existence of special solutions

We now prove the following result, which is the first part of Theorem 1.1.

Proposition 4.5. Let A € R. Ifty = to(A) is large enough, then there exists a solution
U4 € C* ([to, +00), H®) of (gKdV) such that

Vs €R,3C > 0,Vt >, |UA(L,- +1t) — Q — Ae™®*Y, ||, < Ce . (4.4)

4.3.1 A family of approximate solutions

The following proposition is similar to [8, Proposition 3.4], except for the functional
space, which is not the Schwartz space but the space H described above.
Proposition 4.6. Let A € R. There ezists. a sequence (ZA) of functions of H such
that ZA = AY,, and ifk > 1 and VA = rr, e’thA then

pk

OVE + LVE = RVE) +ef(t), where ef(t)= Y. e‘j""tg;-‘}k, g;}k EH, (4.5)
j=k+1

and R is defined in (4.3).

Proof. The proof is very similar to the one in {8], and we write it there for reader’s
convenience. We prove this proposition by induction, and for brevity, we omit the
superscript A.

Define Z; := AY, and V, := e~®'Z,. Then, by the explicit definition of R in (4.3),
atvl + £V1 (Vl) = —R(Vl) =-—R Ae‘e"‘y E e-JeotAJ ( ) BZ[Q”‘jyi]
j=2

which yields (4.5) for k = 1, since Y, @ € H by Corollary 4.4 and Claim 2.1.
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Let k£ > 1 and assume that Z,,..., Z; are known with the corresponding V. satisfy-
ing (4.5). Now let U41 := gr+1,k € H, so that

pk )
OiVi + LV, = R(Vy) + e~ ooty 4+ S edotgy,
j=k+2

and define Z;,) := —(L - (k+ 1)60)"‘uk+1. Remark that Z;,; is well defined since
(k + 1)eo is not in the spectrum of £ by Proposition 4.2, and moreover Zx; € H.
Indeed, we have

lec’f;-l - Zl’c+1 - (k + 1)€OZk+1 = U1 —p(p — I)Q,Qp-zzk-»l - pr—IZI,H-l €H

by exponential decay of QW) for all j > 0 and since Z9), € H®(R) by a bootstrap
argument. Hence, Z;,; € H by Lemma 4.3 applied with A = (k + 1)ey = eo.

Then, we have

pk o
O (Vk + 6_(k+1)e°tzk+1) +L (Vk + e_(k+1)e°tzk+1) = R(Vk) + Z e—Jeotgj,k.
i=k+2
Denote Vi1 := Vi +e~ (et Z, . Thus, we have
pk )
8Ver1 + LVk41 — RVis1) = R(V) — RVisr) + D €775
i=k+2
We conclude the proof by evaluating
R(Vk) — R(Ves1) = R(Vi) — R(Vi + e~ *tD0 2z, 1))
P (p , . , p(k+1)
=0 (> (')QLJ ((V" +e etz ) Vi) = D G,
j=2 \J j=k+2
which yields (4.5) for k + 1, and so completes the proof. : O

4.3.2 Construction of special solutions

We now prove Proposition 4.5, following the same three steps as in [8]. The main
difference comes from step 2, because of the derivative in the error term which forces us
to use the sharp smoothing effect developed in [12]. Let A € R and s > 1 be an integer.
Write

UA(t,z +1) = Q(z) + h(t, z).

First, by a fixed point argument, we construct a solution A* € CO([tx, +00), H®) of (4.3)
for k and ¢ large and such that

VT > th, [|(R* = V()| o < e™E+DT, (4.6)

Next, the same arguments as in [8] show that h* does not depend on s and k. For
brevity, we omit the superscript A.

@5\1
£.%

BJH. g.
Ors
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Step 1. Reduction to a fized point problem. If we set h(t,z) = h(t,z — t), equa-
tion (4.3) can be written as

8k + 8%h = —S(R), S(h) = — Z ( )Q"”‘(z t)iz"] . (4.7)

Moreover, we have, by (4.5), ex(t) = O;Vi + BVi — 0 Vi + O, [ - @)QP‘jVi]. Now
let v(t,z) = (h — Vi)(t,z — t) and subtract the previous equation from (4.7), so that
O + v = =S[v+ Vi(t,z — t)] + S[Vi(t,z — t)] — ex(t, z — t).

For notation simplicity, we drop the space argument (z — t) for the moment. Then, by
Duhamel’s formula, the equation can be written as

v(t) = M(v)(t) := /t e Wt —t)[SWVe() +v(t)) — S(Vi(t)) + ex(t)] dt’.  (4.8)

Note that (4.6) is equivalent to [[v(T)| gz, < e~**2eT for T > ;. In other words,
defining )
Ni(v) = sup e+ T |o(T) | .,

1 N2(v) sup e(k+2)eoT | 55"y,
2(v) SIX_:OT/E 16" vll gz, 5

L A(’l)) = Atk,k,s(v) = max(Nl(v)’N2(v))’
it is enough to show-that M is a contraction on B defined by
B = B(ts, k,s) = {v € C°({tx, +00), H*) | A(v) < 1}.

Remark 4.7. The choice of the two norms N; and N, is related to the fact that global
well-posedness of supercritical (gKdV) with initial data small in H' can be proved with
the two norms Nj(v) = sup;cg [[v(t)||g: and Np(v) = vl s o + 1020l s 20, follow-
ing [13]. We could also have used other norms from [12].

Step 2. Contraction argument. We show that M is a contraction on B for s > 1 and
k, ty sufficiently large. Throughout this proof, we denote by C a constant depending only
on s, and Cj a constant depending on s and k. To estimate N;(M(v)) and Np(M(v)),
we have to explicit

S0e+) = 500 = 22 |3 (7) @ (h+ ' - W)

i=1

i dE e e

i=2 =1
oI oL, 5.

— C 2
p3z+§7 B 5z

where I = QP v and IL, 5., = Q*VPv", with: v > 1, B+7> 2, a+B8+7=p> 6. We
can now write

B M(v) = p /t " wie- t')% [°(D)] dt’ + gﬁ; Capir /t Wi t’)—a% [0° (s p,,)] d¢

+o00
+ / W (t — t')0%x(t') dt
A



4.3 - Existence of special solutions 57

By (4.1) and (4.2), we obtain

max (0 M()(T) 2, 1MWl zggg ) < IO eullyzy, . +CNO Dy

[T,+00)

+ Z C ,,3’.,”5"(11 ,B,'r)”LlLZ (4~9)
By
We treat the terms ex, I, Il 5, fora=p—2,f=v=1,andfora= =0,y =p. All
other terms can be treated similarly: for example, Iy ,_11 can be treated like II, 5 1,
etc.

For I, since Q and its derivatives have the same decay, it is enough to estimate the
term I = |lQp—lasvllL;L[2T < C“e—'x_ﬂasU”LlL[?N )

i Cllex'ta’vHLl + Clle*" 0% 1.,

I, +00) e 400)

L2 + C'Het_xa"v”Ll L2

,T] [T, +00) 00)“[T,z]

\/ / ez""d:c\/7 / e-2t(9ev) dtd:r:-i—C\/ -hdx\/ / / e2(35v)? dt dz
+C\/ —dex\F’ ~ / eto-2t(3o)? dt dz

by the Cauchy-Schwarz inequality. Now, by Fubini’s theorem, and since 4z — 2t < 2t in
the last integral, we get

~ +o00 +00
I<CeTNy(v) \/ / e—(Zk+1)eot=2t gt 4+ 2Ce™T N, (v)\/ [ e—(2k+1)eot+2t ¢
T T
e~(k+3)eoT-T e~ (k+3)eoT+T e—(k+3)eoT

. -T
J@k+ e +2 + 207 () @+ 1)eo — 2 SeMl—7

Note that, since k will be chosen large at the end of the argument, we can suppose
(2k + 1)eg > 2.

For II, ,;,, we treat similarly the term ﬁp_z,l,l = || QP 2V Loy since Vi
T 400

< Ce'Ny(v)

and its derivatives have the same decay. In fact, we have by Hoélder’s inequality
Ty-as1 < C10ligng _ Millgsgs, | < ONalw)e DT Vel e
By the definition of V; in Proposition 4.6, we have, noting e} = geo and p' = 2 SH,

—ept -—u|z—t| 5/4
"Vk”Ls/«aL[sn - < Clle Iz L2

< Gk / \/ / ecote~w'ter'z dt dz + Cy, / \/ / e~coter'te=H'z dt dx
+00 ,
+ Ck / / e~cte~H'tew'z dt dz
T T
/ <+ -+
< Cke%T\// % e—(ebtut gt + Cke-%T\// > el —eo)t gt
T

+C,c et \/ f ~(htt gt dp

7

< 3Cke':2QT since u < ey by definition of u.
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We finally deduce that || V|| s/« Pl < Cre~T, and so IT,_3, ; < CpNy(v)e~(k+3)eoT,
* T,+00)
For Il o, = vP, first remark that

s—2

8°(v*) = p0°~1(0v - v*71) = pd°v - VP~ +pz( )5"“0 1k (P Y,

where each term of the sum is a product of p terms like 8%v with s; < s — 1. Since
H'(R) — L*(R), we can estimate the first term thanks to Hélder’s inequality, by
- -5
|6°v - v° IIIL;L[’T, ”v”p o l® "asU"LgL[lg’ v “L5L
< Ce? (k+’)e°TN1(U)p-5N2(”)5-

lT+ )

The other terms in the sum can be treated in the same way, and more simply since we
can choose any (p — 5) terms to take out in L{F +o)Lz° norm, and any 5 others left in
LIL{P 1 o) DOIM.

For ¢, we deduce, by a similar calculation like above and by the expression of &,
in (4.5), that

+
s, <0 [ G
Summarizing from (4.9), we have shown

N 8
max (e<‘=+z>°°TnM<v)(T) les 3 e** DT N0 vl g0, >)
s'=0

CNl (’U)
vk

Since v € B(tk, k, s), i.e. A{v) <1, we have

< Cre 3T 4+ + CiNy(v)e =T + Ce~-DE+3)e0T N, ()75 N, (v)°.

C C .
AM(v)) < Cre™ 4 + (ﬁ"' Ck_e—e"t") Av) < (ﬁ + Cie™ ‘2“"‘_) .

First, choose k so that % < 1, then take t; such that Cre~ 3% < 1. Then M maps
B = B(t, k, s) into itself.

[N

It remains to show that M is a contraction on B. But for v,w € B, we have
+00 -
M) = M(w) = [ W(t=t)[SOUE) +v(t)) - SOAE) + wit )]

and

T

SV +v) — SV + w) g— [i ( )Q”‘J [(Vk +v) — (Ve + w)j]]

23 (7)o S 0 o+

=1
p-(%[ ~1(y —»w)] + 5%[(1; —w)- Y c,,,ﬂm&czav,fmw&}.

a,B,7,0
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Under this form, a similar calculation like above allows us to conclude: the first term is
treated like I, and each Q"Vf v"w’ can be treated like IL, 5., if we systematically take
out the term A(v — w) by Holder’s inequality. Hence we get, as there is no term in &,

C
AM(v) = M(w)) < [ —= + Cre % | A(v — w).
(M) - M(w) < (24 G ) A - )
Choosing if necessary a larger k, then a larger t;, we may assume that % < % and
Cre et %, showing that M is a contraction on B. Hence, step 2 is complete.

Step 8. End of the proof. By the previous step with s = 1, there exist ko and ¢, such
that there exists a unique solution U of (gKdV) satisfying U4 € C°([to, +00), H') and

Aty ko1 (UA(t, ) - Q(z —t) - Vi(t,z - t)) <L (4.10)

Note that the fixed point argument still holds taking a larger t,, and so the uniqueness
remains valid, for any tj > to, in the class of solutions of (gKdV) in C°([tg,+o0), H?)
satisfying (4.10).

Finally, we can show Proposition 4.5. Since U4 is a solution of (gKdV), it is sufficient
to show that U4 € C°([to, +00), H®) for any s, since the smoothness in time will follow
from the equation. Let s > 1. By step 2, if k, is large enough, there exist ¢, and
U4 € C°([t,, +00), H®) such that

Aty koo (UA(t, z) - Q(z —t) - Vii(t,z - t)) <1
Of course, we may choose k, > ko + 1. But by construction of V# in Proposition 4.6,

we have VA(t,z — t) — Vi (t,z — t) = T, 1 e ZA(z — t) where Z{* € H, and so,
by similar calculation like in step 2,

—

Ausos (VA2 =) = VAo - 1) <Ce P < 5

for t, large enough. Moreover, we have, by definition of A (and since ko < ks — 1),

At!kay's(u) g e—eOtsAtSJcsys(u)'

Thus, if we choose t, large enough such that et %, we get by triangle inequality

Repton (T4(t,2)~QE@—1) ~VA(6,5-1)) < Ao (T4(t,7) - Qa—1) = VA t,5-1))
< Aty kos (t?"‘(t,z)—Q(z—t)—v,g (t,z—t))+At3,ko,,(v,g (t,x—t)—v,g(t,z—t)) < 1.

In particular, U4 satisfies (4.10) for large t,. By the uniqueness in the fixed point argu-
ment, we have U4 = U4, which shows that U4 € C°([t,, +00), H*). By the persistence
of regularity of the (gKdV) equation, U4 € C%([ty, +00), H®), with s > 1. In particular,
by compactness on [to, ], there exists C = C(s) such that

Vi by, [|UAt2) — Qz —t) — VAt 2 — 1) 5, < Ce™ kot oot

and so (4.4) follows, which achieves the proof of Proposition 4.5.
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4.4 Uniqueness

Now, the special solution U4 being constructed, we prove its uniqueness, in the sense
of the following proposition, which implies the second part of Theorem 1.1.

Proposition 4.8. Let u be a solution of (gKdV) such that

Inf |lu(t) = Q( — W)llm 52 O (4.11)

t—+00

Then there exist A € R, ty € R and zo € R such that u(t) = UA(t,- — o) for allt > t,,
where U4 is the solution of (gKdV) defined in Proposition 4.5.

The proof of Proposition 4.8 proceeds in four steps. First, we improve condi-
tion (4.11) into an exponential convergence and we control the translation parameter,
then we improve the exponential convergence up to any order, and finally we adapt
step 3 of [8] to (gKdV) to conclude the proof. A crucial argument for the first and third
steps is the coercivity of (L-,-) under orthogonality to eigenfunctions of the adjoint of L,
proved in [6].

4.4.1 Adjoint of £

We recall that L is defined by La = —82a+a—pQPla and L by L = —8, L. In particular,
the adjoint of £ is Ld,. Moreover, £ has two eigenfunctions V., with £LY; = *eg)s+
where ey > 0.

Lemma 4.9. Let Zy = LY. Then the following properties hold.

(i) Z+ are two eigenfunctions of LO,: L(8:Z+) = FeoZx+.
(i) Vi, 24)=(-,Z2-)=0and (Z,,Q)=(Z-,Q)=0.

(i5i) There exists o1 > 0 such that, for all v € H! such that (v,2,) = (v,2_.) =
(v,Q) =0, (Lv,v) > ou]lv]| 7.

(v) One has (V4+,Z_-) # 0 and (Q',V,) # 0. Hence, one can normalize Yy and Z, to
have

Vi, 2)= (Y-, Z:) =1, (Q,V,)>0 andstill LYs=Z;.

(v) There ezist o, > 0 and C > 0 such that, for allv € H?,

(Lv,v) > o3| = C(v, Z4)* = C(v, 2_)* — C(v, Q). (4.12)

Proof. (i) It suffices to apply L to the equality —0,(LYz) = *eoVz.

(ii) We have (Vi,Z:) = F(0:(LVs),LYs) = 0 and (Z4,Q') = (LVs,Q) =
(Vi, LQ') = 0 since L is self-adjoint and LQ' = 0.

(iii) This fact is assertion (7) proved in [6].
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(i)

If we had (V4,Z-) = (Z4+,Y-) = 0, then by (ii) we would have in fact
Vs +Y)LZ,,Z_,@Q since Q' is odd and Y, + Y- is even, and so, by (iii),
(LVs + V),V + V) 2 ol Ve + V-3 But (L4 + V),V + V) =
(LY4, Vi) + (LY, V=) + 2LV, V) = (Z4,V4) + (2-,Y-) + 2(Z4,V-) = 0,
and so we would get || Vy + V_||;n = 0, t.e. Y4 = =), which is a contradiction
with the independence of the family (Y, Y-).

Similarly, if we had (Q’,),) = 0, we would have (Q”,);) = 0. Moreover, we have
(@, V4) = —(Q, (LY4)) = £(LQ', ¥4+) = 0, and so we would have

(Q7Z+) = (Q’Ly+) = (LQ7y+) = (_Q”"'Q _pr7y+) = —p(Q - Q”’y'l') = 0

But we would also have (Q,Z_) =0asQisevenand Z_ = Z,. Since (Q,Q') =0,
we would finally have (LQ, Q) > 01|Q||%: by (iii). But a straightforward calcula-
tion gives (LQ, Q) = (1 — p) f @**! < 0, and so a contradiction.

Finally, if we note = (Y4, 2-) # 0, then the normalization y. = ;1737_, Z_ =
}’Z_ = LY_ satisfies the required properties if (¢, ) > 0. Otherwise, it suffices
to change Y. and Z. in —),; and —Z, respectively.

Let v € H', and decompose it as

v=aY, +BY-+7Q + vy

with @ = (v, Z_), 8= (v, 24), 7= |Q 7 (v, @) — (4, Q) = B(V-, Q)] and v,
orthogonal to Z,, Z_,Q by the previous normalization. We have, by straightfor-
ward calculation, (Lv,v) = (Lvy,v,) + 208, and (Lvy,v)) > ayllvy |3 by (iii),
so we have (Lv,v) > o1 ||v. || — o® — 2. Finally, we have by the previous decom-
position of v that

o2 < C@+ B2+ 72 + lurllin) < C(@® + B+ (v, Q) + |lurllan)

2
and so (Lv,v) = 03 ["—"(I;ll,?—‘— —a? - B%— (v,Q)?| — a? — B2, as desired. 0

4.4.2 Step 1: Improvement of the decay at infinity

We begin the proof of Proposition 4.8 here: let u be a solution of (gKdV) satisfy-
ing (4.11).

o By Lemma 2.10, we can write (¢, z) = u(t,z+z(t)) — Q(z) for t > t, with ¢, large

enough, where € satisfies ||e(t)||;; — 0 and (¢) LQ’ for all ¢ > ¢;. We recall that
we have, by Proposition 2.15,

er — (Le), = (2' = 1)(Q +¢), + R(e) (4.13)
where ||R(e)llx < Cllellys and |&/ — 1] < Clell .

Now ider
o R @y (t) = / Z.e(t), a_(t)= / Z_e(t)

where Z, are defined in Lemma 4.9. Since ||e(t)||zjz — 0, we have of course
a4(t) — 0. The two remaining points will be to show that o () control ||e(t)|| g1,
and have exponential decay at infinity.
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o First, we recall that, by linearization of Weinstein’s functional (Lemma 2.4),

FQ+¢) = F(@) +5(Le,e) + K(e)

where |K(¢)| < Clell}:- But F(Q + €) — F(Q) is a constant which tends to
0 at infinity in time, and so is null, hence we get |(Le,€)| < Cle]3:. We now
use (4.12), which gives, since (¢,Q’) =0,

(Le,€) > aalle(®)ln — Cl(t) - Cal (1)

and 50 o||e(t)||3 — Ca?(t) — Ca? (t) — C'|le(t)|13: < 0. For to chosen possibly
larger, we conclude that

le(®)lF < C(ei(8) + 2 (2)).

We have now to obtain exponential decay of oy to conclude the first step. If we
multiply (4.13) by Z, and integrate, we obtain

o/, (t) — e (t) = (z'—1) / (Q+¢),Z,+ / R(e)Z, = (z'—1) / €aZy+ / R(e)Zs

by integrating by parts and using (i) and (ii) of Lemma 4.9. By the controls of
|z’ — 1| and R(e), we get |, — egat| < Clle||3: < C(@2 + a2). Doing similarly
with Z_, we have finally the differential system

oy — eos | < C( +a2), (4.14)
lo” + ega_| < C{e? + a?). (4.15)

Now define h(t) = a(t) — Ma?(t) where M is a large constant to define later.
Multiplying (4.15) by |a_| (which can of course be taken less than 1), we get

K (t) = o, (t) — 2Ma_(t)a’_(t)
> egay — C(a% + a2) + 2Mego? — 2CM|a_|(@® +o?)
> eoh + 3Mega?® — 2Ch? — 2CM?at — C*o?
— 4CMB? — ACM3|a_|® — 2CM|a_|}
since a2 = (h + Moﬁl)2 < 2(h? + M?at). We now fix M = £, so that
K > ech — 2Ch? — ACMR? + o (2Mey — 2CM*a? — 4CMP|o_|* — 2CM|a_]).
Then, for ¢ large enough, the expression in parenthesis is positive, and so
R > eoh — cpch?.

Now take to large enough such that, for ¢ > o, we have cph® < 2|h|, and
suppose for the sake of contradiction that there exists ¢; > ¢y such that h(¢;) > 0.
Define T = sup{t > t; | h(t) > 0} and suppose that T < +0o. As we have
K(t) > e (h(t) - -‘%)—') for all ¢ > to and of course h(T") = 0, we would have in
particular h'(T) > 0, so h increasing near T, and so h(t) < 0 for t € [T — ¢,T],
which would be in contradiction with the definition of 7. Hence we have T' = +00,
and so h(t) > 0 for all ¢ > t;. Consequently, we would have h'(t) > %h(t) for all
t > t;, and so h(t) > Ce?'t, which would be a contradiction with lim; o h(t) = 0.
Therefore, we have h(t) < 0 for all t > 5. Since —a satisfies the same differential
system, we obtain by the same technique, for all t > to, |a(t)| < Ma2(t).
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» Reporting this estimate in(4.15), we obtain
ol (8) + eoar-(t)] < Co (t) < TZla-(®)

for t large enough. In other words, we have |(e*'a_(t))'| < %@|e®*a_(t)|, and
so, by integration, |a_(t)] < Ce~1%*. Using a bootstrap argument, we obtain
lo_(t) + eoar_(t)| < Ce15%0a_(t)|, and so, we get |e®*a_(t)| < C for all t > to,
still by integration, i.e. |a_(t)| < Ce™®*. By the previous point, we also obtain

oy (t)] < Ce™2e0t (4.16)

and finally, ||e(t)||§{1 < C(Z(t) + a2 (t)) < Ce2et,

For clarity, we summarize the results obtained so far.

Lemma 4.10. If u is a solution of (gKdV) which satisfies

inf lu(t) = Q( = Yl —= 0,

t—+o00
then there exist a C* mapz :t € R z(t) € R, ty € R and C > 0 such that

Vt2to, Ilult,- +2(t) — Qllg: < Ce™™.

4.4.3 Step 2: Removing modulation

o From the previous point, we have in fact |[(e®ta_(t))'| < Ce™®* € L!([ty, +0)),
and so there exists
lim e®fa_(t)=:A€R

t—+o00
with |e®*a_(t) — A| < Ce™®* for t > t; by integration. Similarly, since |z'(t)—1| <
Clle()||zn < Ce™*%, then Ilimy_, o z(t)—t =: 2o € R with |2(t)—t—zo| < Ce™*".

o Now consider the special solution U# constructed in Proposition 4.5, defined for
a to chosen possibly larger, and still write U4(¢,z + t) = Q(z) + hA(¢, z). Let

v(t, ) = u(t, z + t+ 20) — Q(z) — hA(t,z) = u(t,z + t + zo) — UA(t,z +1).

So we want to prove that v = 0 to complete the proof of Proposition 4.8. We first
give estimates on v using the previous estimates on €.

o Since v(t, ) = &(t,z — (z(t) —t — z0)) — hA(t,z) + Q(z — (z(t) — t — z0)) — Q(z),
we simply obtain exponential decay for v for t, large enough, by Lemma 2.11 and
exponential decay of h4, if we write

lo®lan < le@®llg + 14Ol + 1Q — QC = (2(t) = t — z0))l|

S
< Ce™® + C|z(t) — t — zo| < Ce™®".
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e Moreover, we can write
u(t, z) = Q(z—z(t))+e(t, z—z(t)) = Q(x—t—zo)+hA(t, z—t—1z0)+v(t, T—t—10).

If we denote w(t,z) = Q(z — (:c(} —t— 1)) — Q(z) — (z(t) — t — 20)Q'(z), we
have |lw(t)|| 0 < C'(:c(t — t — 1) < Ce~%0t by Taylor-Lagrange inequality, and

v(t,z) = (z(t) — t — 20)Q () — RA(t, 2) + e(t, = — (z(t) — t — 7o) + w(t, z).

Moreover, we have, for all z € R and ¢t > ¢,

z—(z(t)—t—=z0)
/ ’ 0:e(t, s)ds
T
3

|2(t) = t — zo| - le()l| gn < Ce™2*"

le(t,z — (2(t) — t — 20)) — &(t, z)| =

by the Cauchy-Schwarz inequality. We have finally
v(t,z) = (z(t) — t — 20)Q'(z) — KA(t, z) + (£, 2) + w(t, 2) (4.17)
where w satisfies |Jw(t)|| 0 < Ce~3%t,

« Following the proof of (v) in Lemma 4.9, we now decompose

v(t, z) = o} (t)V-(z) + a2 (t) V4 (2) + BH)Q (2) + vo(t,2) (4.18)
with
of(t) = / Z,v(t), o(t) = / Z_v(t)
and
B = 1Q1Z [ (v(6) - 4®Y- - 201 ) Q.
Hence, we have (v,,Q') = (v1,Z;) = (v1,Z-) =0, and so, by (iii) of Lemma 4.9,

(Lvy,v1) 2 arflup|zn- (4.19)

o Multiplying (4.17) by Z., we obtain estimates on of. Indeed, since (Z,Q’) = 0,
we have
of = —(h*, Z1) + ax + (w, Z1).

But |(h4, Z+)| < Ce %t gince (Y4, Z4) = 0, and |a,| < Ce™2®t by (4.16), and so
lad| < Ce~2e*. Simiilarly, (Y, Z_) = 1 implies that I(h“‘ Z.) —Ae™®t| < Ce 20t
and since |a_ — Ae~*t| < Ce~2%', we also get |a?| < Ce~3%!. To sum up this
step, we have (4.18) with the following estimates, for ¢ 2 to,

lad(t)] < Cem3t,  |oA(t)] < Ce 3, ||u(t)]|;n < Ce™™". (4.20)

In (4.20), it is essential to have obtained estimates better than Ce~** for af (see
next step).
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4.4.4 Step 3: Exponential decay at any order

o We want to prove in this section that v decays exponentially at any order to 0. In
other words, we prove that

Vy >0,3C, > 0,Vt > to, |Jv(t)|l; < Cre™ ™.

It has been proved for v = ep, so that it is enough to prove it by induction
on vy > eo. Suppose that ||[v(t)||;; < Ce™, and let us prove that it implies

lo(®)ll g < G~
o Since u and U# are solutions of (gKdV), v satisfies
0w — 8pv+ v+ 0, [(Q+ kA +0)" — (Q+ 1) =0. (4.21)
But
(Q+r4+0)" — (Q+44) =p(Q+h4) v+ zp: (z) (@+ hA)p_kvk
= pQP v + wi(t, :z:)tf:-2 wa(t, z)v?
where
wi(t,z) = pilp(?; 1) Qr-1-* (hA)k
k=1
and

wa(t, z) = i (i) @+ h")p’kuk-i’.

k=2

Since [[FA(t)ll = < CIFA®) | < Ce*ot and o(®)le < Cllo(®)lm < C, we
have the estimates

lwr(®)ll e < Ce™,  Jlwao(t)ll e < C, (4.22)
and (4.21) can be rewritten

O + Lv + 8z [wi (¢, T)v] + Bz fwa(t, z)v?] = 0. (4.23)

o If we multiply (4.23) by Z, and integrate, we get o’ —epat = [w v 2’ + [ wav?Z},,
and so , '

Hwr () oo ()| oo I 2411 1 + Nw ()] oo 0 ()20 1 2211 .2
Ce(rteolt 4 Ce—21t < Ce~(1+eolt,

lad’ — egad] <
<

Consequently, we have |(e~*¢ta?)'| < Ce~0+%0)t and since e~*ta’(t) —— 0

t—+00
by (4.20), we get by integration |a4 (t)| < Ce—(r+eolt.

Multiplying (4.23) by Z_, we obtain similarly |a4’ 4+ ega| < Ce~(r+0)t  and so
laA(t)] < Ce=(r+e0)t since |e*otah(t)| < Ce 3%t T 0 still by (4.20).
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o We want now to estimate |(Lv,v)|. To do this, we rewrite (4.21) as

O +08; [Bv—v+ (Q+h +v) = (Q+14)] =0,

multiply this equality by the expression in the brackets and integrate, to obtain
Jow- [6;‘;1) —-v+ (Q +hi + v)‘D - (Q + hA)p] = 0. In other words, if we define

F(t) = 'u+2/v —/ +1 Q+h"+v)
+/ (r*+Q) +/ h"+Q

we have F'(t) = —/6th‘4- [(Q+h‘4+'v) - (Q+hA) —p'v(Q+hA) P ]

But h4 satisfies (4.3) by definition, so 8;h4 = —33hA+0,h*—pd,(QP*h*4)+R(h*A).
Moreover, by Proposition 4.5, there exists C > 0 such that, for all ¢ > t,, we have
|A4(t)|| g« < Ce™**t. We deduce that

184 o0 < ClBRA g < CIRAD) e < O

Therefore, |F/(t)] < G0k [(8) 2 < Ce~(1+%, and so |F(t)] < Ce~er+eon

by integration, since lim; o, F'(t) = 0. Moreover, by-developing (Q +hA + v)p+1
in the expression of F', we get

where w; defined above and Wy (t,z) = L= Ek-—s (p','; 1) (Q + h“‘)p-'bl_kv"‘3 satisfy
the estimates |lw;(t)||0 < Ce®* and ||w2(t)|| Lo < C. Hence, we have

[F) — 2(00,0) < Sler Ol oI + IOl o)
< Ce-<27+°°>‘ + Ce™*™  Cem@reo,
Thus, we finally obtain |(Lv,v)| < Ce~(*r+eolt, |

The previous points allow us to estimate ||v_|| ;. Indeed, we have, by straightfor-
ward calculation from (4.18), the identity

(Lv,v) = (Lvy,v1) + 2a%0?

and so |(Lvi,vi)| < |(Lv,v)| + 2|af| - |@f] < Ce~(Prteo)t 4 Ce=(2r+2e0)t
Ce~(r+e)t. But from (4.19), we deduce that ayfv.|%: < Ce~@r+eo)t and so
sl < Cemtrtaent

To conclude this step, it is now enough to estimate |3(t)|, since the conclusion will
immediately follow from decomposition (4.18). To do this, we first multiply (4.23)
by @' and integrate, so that

|0, Q) + (Lo, @) < lwn ()| oo ()] oo 1Q” N 2 + N2 () g 0 (E) I o0 Q" 1
<

Ce—(rt+eo)t + Ce 2t < Ce~(r+eo)t
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Moreover, by applying L to (4.18), we get Lv = —epafV_ + @Y, + Ly, and
SO

IQN7:8'®) = B — af V- - a?'¥4,Q)
= (O + Lv,Q) — (—eoaiV_ + e0a Yy + o' V_ + 02 V;, Q) - (L, Q)
= O+ Ly, Q) - (0 — eea)(V-,Q) — (22" + e0a?)(Vs, Q') + (v, LQ").
Finally, we obtain, thanks to all previous estimates,
18'()] < C|(Bw + Lv, Q)| + Cla?’ — ega| + Cla? + ega?| + Cllv |12

< Ce~(1ten)t 4 Ce—(r+en)t Ce—(rt+eo)t + Ce—('r+%eo)t < Ce‘('”‘%e*‘)‘,

and so |B(t)| < Ce~(r+2%)t by integration.

4.4.5 Step 4: Conclusion of uniqueness argument by contraction

« The final argument, which corresponds to step 3 in (8], is an argument of contrac-
tion in short time. In other words, we want to reproduce the contraction argument
developed in Section 4.3.2 on a short interval of time, with suitable norms.

Define w(t,z) = v(t,z — t), so that (4.21) can be rewritten
dw+ 8w = -0, [(Qz — t) + B4 (t,z — t) + w)* — (Qz —t) + kA (t,z - 1))"] .

If we denote Q,(t,z) = Sh_; (Z) (Q(x —t)+ hi(t,z -—t))p-kw"(t,:c), then the
equation of w can be rewritten
Ow + 02w = —8,(Q).-

Moreover, we have, by previous steps,

Vy > 0,3C, > 0,Vt > to, |lw(t)||; < Cre™

o Now let t; > to, 7 > 0 to fix later, and I = (t;,t; + 7). Moreover, consider the
nonlinear equation in w

{ Ou + O3 = —0,(Qg), (4.24)

'f[)(t1+7')=w(t1+7').

Note that w is of course a solution of (4.24), associated to a solution u of (gKdV)
in the sense of [12].

o Then, for t € I, we have the Duhamel’s formula
t1+7
W(t) = MU T){t) =Wt —t; — T)w(ty +7) + / 1 W(t—t')0:[s(t)] dt'.
t

Similarly as in Section 4.3.2, we consider

{ N{(@) = sup N1 s N3 (@) = 0]l 5 3o + 102Dl s 110,

A (@) = max(Ny{ (@), N3 (@),
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and we prove that for ¢; large enough, 7 small enough independently of ¢, and
K > 1 to determine, @ — MZ(@) is a contraction on

B ={w € C°(I,H") | A'(@) < 3K |[w(ts + 7)[| ;n}-

In other words, we want to estimate A’(M’(@)) in terms of A/(@), and as in
Section 4.3.2, we estimate only the term

BMI(E)(t) = W(t — s — )osults + 1)+ [ Wt~ )3,[0u(t)]

oz Ji
in LPL2 and L3LY® norms. The term M (w)(t) is treated similarly.
Firstly, for the linear term, we have

IW(t —t1 — 7)Bw(ts + )l 12 = [Bew(ts + 7)1z < flw(ts + 7)ll g,
IW(t —t1 — 7)8w(ts + 7)ll g go < CllGzw(ts + 7)1z < Cllw(ts + 1)l

since W is unitary on E? and ||W(t)uoll sri0 < Clluoli,z, which is the linear
estimate (2.3) of [13].

For the nonlinear term, we have to use estimates similar to (4.1) and (4.2). We
obtain easily by a similar proof that, for all g € LLL?

0

"a—x' +

LpL2

t1+7 a rti+r _
/t W(t—t)g(t,z)dt’ / W(t—t)g(t',z)dt

8z Ji

< C”QHL},L}-
L3L1O

Hence, we get

2 (MW (t - )8, [Qu(t))] auf||L?‘,L3 < Cl0:(Qa) a2z,
[& 5+ Wit = )ou0a(t)] 8t 1y o < CUO(Ra)lI gz

We deduce that we only have to estimate [0,(2s)l|L; L2 There are many

terms to estimate, so as in Section 4.3.2, we o;lly treat three typical terms:
A = ||8zﬁ-tb4-ﬂ'z"‘5||L£L¥, B = ||6.@- (h4)" (t7$—t)|lL;L§’ and the term
D = 8, - Q" (z — t)l 13 13-

For A, we have, by Holder’s inequality,
A< “’E"i}?Lgouazw”LgL}"”wnsz}o < Ce™u Ni(@)° < C'e™*" N (@).
Indeed, we have
A (@) < 3K |lw(ty + 7)|lzn < Ce™® < 1

for t; large enough, by exponential decay of w in H!. In particular, we have
Ni (%) <1 and ||ﬁ||’,;?Lg° < CNI(@)P™° < Ce~*" since p— 5 > 1.

For B, we write similarly

-5 _ 4
B < ||hA"11),<;°Lgo ”azw"LgL}“"hA(t’z — )l L5 L1o-
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Moreover, we have, by construction of h* (see Section 4.3.2), ||h"‘|l‘};fLgc < Ce™®t
since [|AA(t)||;: < Ce™®t < Ce ™" fort > t; and p—5 > 1, and

”hA(t’ T t)“LgL}O |hA(t7 T - t)"L;';Lm

[t1,+00)

(R = Vi)t 2 — Wogpro , + Vg (¢, 2 — )l g o

<|
< ‘ [t1,400)

t1,+00
Ce—(ko+%)eot1 + Ce™®t < Ce®ot1,

N

Note that the estimate ||[ViA(t, z —t)
graph on IL, 5, in Section 4.3.2.

lspe < Cem% follows from the para-
7 [t1,+00)

For D, we use exponential decay of Q) to write

t1
—2|z—t| ~\2 z —2t ~\2
Dgcfk\//le (8, @) dtdxéC/_we\//Ie (8,@)? dtdz

—+00
-z 2t ~\2 ~\2 —
+C e e /Ie (8,w)* dtdzr + C/I /I(axw) dtdz = D; + D, + Ds.

But by the Cauchy-Schwarz inequality, we get

L D, < Cey/ [ e 2 | (8,@)* dzdt < Ce* NI(w),/ [ e~ dt < Cv/TNi(w),
I R 1 !

{ Dy < Cem@INI(@), | [ €2t dt < C/TNI(@),
1 I 1

Ds < C\/F\/ /1 /I (8,@)? dz dt < CTN! ().

Hence, we obtain D < C/7N{ (®).

e In conclusion, we have shown that there exist K,C;,Cy > 0 such that
A (M (@) < K[llw(tl + )| g + Cie~® Al(@) + 02\/'7:1\1(@)].

Now fix 7 = W and t; such that Cie™*" < 33, so we get

N(M (@) < Klfu(ts + 7)1 + A1 (D).

We conclude that M! maps B into itself for this choice of t;,7, K. We prove
similarly that M! is a contraction on B, and so there exists a unique solution
W € B of (4.24).

o Now we identify w and w. It is well-known for (gKdV) that for regular solu-
tions (H?), uniqueness holds by energy method. Since w and @ are both obtained
by fixed point, we get w = W by continuous dependence, persistence of regularity
and density. In particular, w € B, and so

lw(t) g < N{(w) < A'(w) < 3K Jw(ts + 7).
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To conclude the proof, we fix t > t;, and we remark that a simple iteration
argument and the exponential decay at any order of w show that, for all n € N,
we have

lw®)llm < GK) lw(t+n)lm < Cy(3K)"e e = Cye ™ (3Ke™)".
We finally choose 7 large enough so that 3Ke™"" < 1. Thus,

@)l < &

2" n—a+o00

0,

i.e. ||w(t)||g: = 0. This finishes the proof of Proposition 4.8.

4.5 Corollaries and remarks

Corollary 4.11. Let ¢ > 0.

1. There ezists a one-parameter family (U2) g of solutions of (gKAV) such that
VAER,3 €R,Vs€R,3C >0,Vt 2 by, |UA®R,- +ct) — Qcllgs < Ce—0c?t

2. If u. is a solution of (gKdV) such that lim,_, o infyeg ||uc(t) — Qc(- — ¥)l;mn =0,
then there erist A € R, to € R and 1o € R such that u.(t) = UA(t,- — zo) for
all't 2 to-

Proof. The proof, based on the scaling invariance, is very similar to tl;e proof of Corol-
lary 3.14. We recall that if u(t,z) is a solution of (gKdV), then A»Tu(A\3t, Ar) with
A > 0 is also a solution.

1. We define UA by UA(t,z) = cFi—lUA(c:*/zt, Vcz), where U4 is defined in Theo-
rem 1.1. Since U4(c?/t, \/ex +c3/2t) = Q(/cx) + Ae~*0¢"*tY, (\/ex) + O(e2e0"t)
and Q.(z)-= c71Q(/cx), U2 satisfies

UA(t, 2+ ct) = Qulc) + AcF1e0" Y, (\/az) + O(e~20°"™),
2. Let u be the solution of (gKdV) defined by u(t, z) = ¢, (575’ 725) Then, we

have
1 t =z 1 T—y
for all y € R, and so, as in the proof of Corollary 3.14,

“(3m) (-]

H1

inf Jlu(®) ~ Q- — )l < K () inf

t—+o00

Therefore, by Theorem 1.1, there exist A € R and zo € R such that u(t,z) =
UA(t,z — z4), and so finally u(¢,z) = UA (t, T— 3%) O
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Proposition 4.12. Up-to translations in time and in space, there are only three special
solutions: U, U™! and Q. More precisely, one has (for t large enough):

(a) If A> 0, then UA(t) = U(t + ta,- +ta) for somety € R.

(b) If A= 0, then U°(t) = Q(- — t).

(c) If A< 0, then UA(t) = U (t + ta,- + ta) for somets € R.

Proof. (a) Let A > 0 and denote t4 = —-127". Then, by Proposition 4.5,

Ut +ta,z+t+t4) = Qz) + e~y (1) + O(e~20)
= Q(z) + ATV, (z) + O(e™™).
In particular, we have lim; o0 infyer [U(t +t4) — Q(- — 9)llzn = 0, and so by
Proposition 4.8, there exist A € R and zo € R such that U(t +ta) = UA(L,- — x0).
But still by Proposition 4.5, we have U (t+t4, 2+t +1t4) = UA(t, x4+t +ta— 20) =
Q(z +ta — 3o) + Ae™®Y, (z + ta — o) + O(e~2%), and so
Q(z+ta—To)+ Ae™ Y, (x+t4—T0) +O(e~20) = Q(z) + Ae™*tY, (z) + O(e~20).

The first order imposes 2o = ta, since ||Q — Q(- +ta — Zo)||;n < Ce™** and so
Lemma 2.11 applies for ¢ large. Similarly, the second order imposes A = A, as
expected.

(b) Since infyer ||Q(- —t) — Q(- — y)||;» = 0, Proposition 4.8 applies, so there exist
A € R and 7o € R such that Q(z — t) = UA(t,z — o). Hence, we have, by
Proposition 4:5,

UA(t,z +t) = Q(z — 7o) = Q(z) + Ae** Y, (z) + O(e™>*).
As in the previous case, it follows first that zo = 0, then A = 0, and so the result.

(c¢) For A < 0, the proof is exactly the same as A > 0, with —A instead of A. O

We conclude this paper by two remarks, based on the following claim. The first one
is the fact that U~'(¢) is defined for all t € R, and the second one is the identification
of the special solution w(t) constructed in Section 3 among the family (U4) constructed
in Section 4.

Claim 4.13. For all ¢ > 0, |8, UA®)||32 — |QLI12. has the sign of A as long as UA(2)
erists.

Proef.  « From Corollary 4.11, we have
5,,U;4(t,z +ct) = Q(z) + Ac? = e‘eocs/zty;(\/‘cz) + O(e_zeocs,-'zt)’
and so

18:U2(0)12 ~ QU3 = 2407~ [ Qi(a) ¥, (vew) da + O(e™"™).

But [Q.(z)V,(Vex)dz = cr1 T Q)Y (y)dy > 0 by the substitution y = \/cz
and the normalization chosen in Lemma 4.9, and so |,UA(t)]|3. — [|Q.]12, has the
sign of A for t large enough. '
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+ It remains to show that this fact holds as long as UA(t) exists. For example,
suppose that A > 0 and so ||0, UA(t)lle — Q.32 > 0 for t > ¢, and suppose
for the sake of contradiction that there exists T' < t; such that U4(T') is defined
and 8, UA(T)|72 = Q.lI72- Since |UA(,- + ct) — Qcllzn — 0, we also have,
by (1.1) and (1.2), [UAT)]z = |Qll = and E(UA(T)) = E(Q.). In other words,
we would get by scaling

AT 2 = QN2> 10:UAT)NIp2 = Q|2 and EUAT)) = E(Q).

But the two last identities give in particular [ UA(T)"* 1= J QP*1, and so, by (1.4),

AT > [QIEH: = Can@IQIT QI
> Cax()10:UAM) 5T VAT |15 .

Still by (1.4), we get (Ao, ao, bo) € R X R x R such that UA(T, z) = agQ (Mo + bo).
But [UA(T)l2 = Q2 and ,UA(T) ;2 = ]l » impose Ao = 1 and ao €
{~1,1}. Thus, by uniqueness in (gKdV), UA(t,z) = £Q(z — t + T + by) for all
t > T. In particular, ||8,Uf(t)||iz = ||Q.|13, for t > t,, which is a contradiction.
The cases A = 0 and A < 0 are treated similarly. « O

Remark 4.14. Let us now notice that U~ is globally defined, i.e. U~}(t) exists for all
t € R. By the blow up criterion and the mass conservation, it is enough to remark that
§8zU~2(t)|| ;2 is bounded uniformly on its interval of existence, which is an immediate
consequence of Claim 4.13, since {|0,U~(t)||2 < |@'||;2 for all t.

Remark 4.15. As noticed in Remark 2.13, we can chose )\, =1 — % in the definition
of ugp in Section 3. We still call w(t) the special solution obtained by this method
for this new initial data. In this remark, we prove that w = U ~! up to translations in
time and in space. We do not know if U! can be obtained s1m11arly by a compactness
method. We recall that ug,(z) = MQ(A2z), un(Th,- + zn(Th)) — Wo # Q., and

”w(ta -+ p(t)) - Qc+ “Hl — 0.
o First note that [ug, = X /Q? < [Q? for n > 2, and let us prove that
10z (un(To))ll2 < |Q|l2 for n large enough. Otherwise, there would exist n

large and T € [0, T;,] such that ||0z(un(T))|l;2 = |@'|l ;2 and E(uos) < E(Q). But
we have, by (1.2),

Blvan) = EunlT)) = 5 [ @l = = [ 127(D)
3/ [ <E@ =3 [@*-
Hence, 85 [[un(T)l|z2 = luonllz2 = Q12 by (L1),
2=l 23
(DI > [29T) > @ = Cantp)([@*) T ([ @) °

= Gont) ([ unm?) * ([2cm) ™

which would be a contradiction with the Gagliardo-Nirenberg inequality (1.3).

Al

p+1

p+3
4
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o Since up(Ty, - + zn(Ty)) — W in H!, we obtain |G, wol 2 < ||@'|| 2 and |lwoll 2 <
|Ql| - by weak convergence. But |[w(t,- + p(t)) — Qc, ||;; — 0 implies, by (1.1)
and (2.1), that

lwollZ = w12 = Qe 2 = 7 QI < IQI2,

thus ¢, > 1, and so [B,wol% < Q1% = ;72 12, < QL 12, by (2.1).

o Finally, since ||w(t,- + p(t)) — Qc, || jz — 0, Corollary 4.11 applies, and so there
exists A € R such that w = Uﬁ up to a translation in space. But the conclusion of
the previous point and Claim 4.13 impose A < 0 (note that A # 0 since wp # Q., ),
e w= U;L1 up to translations in time and in space by Proposition 4.12.
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Abstract

For the L? subcritical and critical (gKdV) equations, Martel [11] proved the existence
and uniqueness of multi-solitons. Recall that for any N given solitons, we call multi-
soliton a solution of (gKdV) which behaves as the sum of these N solitons asymptotically
as t — +o00. More recently, for the L? supercritical case, Céte, Martel and Merle [4]
proved the existence of at least one multi-soliton. In the present paper, as suggested by
a previous work concerning the one soliton case [3], we first construct an N-parameter
family of multi-solitons for the supercritical (gKdV) equation, for N arbitrarily given
solitons, and then prove that any multi-soliton belongs to this family. In other words,
we obtain a complete classification of multi-solitons for (gKdV).

1 Introduction

1.1 The generalized Korteweg-de Vries equation

We consider the generalized Korteweg-de Vries equation:

{Btu + Bu+0,(uP) =0 (gKdV)

u(0) = up € H'(R)

where (t,z) € R? and p > 2 is an integer. The following quantities are formally conserved
for solutions of (gKdV):

[w@) = [4(0) (mass),

Blu(t) = 5 [ 43(t) - # uP*(t) = E(u(0)) (energy).

Kenig, Ponce and Vega [10] have shown that the local Cauchy problem for
(gKdV) is well-posed in H}(R): for up € H'(R), there exist 7' > 0 and a solution
u € C([0,T], H'(R)) of (gKdV) satisfying u(0) = uo which is unique in some class
Yr € C([0,T], H*(R)). Moreover, if T* > T is the maximal time of existence of u, then
either T* = +o00, which means that u(t) is a global solution, or T* < +o0o and then
lu(t)|| g = +oo as t + T* (u(t) is a finite time blow up solution). Throughout this
paper, when referring to an H' solution of (gKdV), we mean a solution in the above
sense. Finally, if ug € H*(R) for some s > 1, then u(t) € H*(R) for all t € [0,T*).

In the case where 2 < p < 5, it is standard that all solutions in H! are global and
uniformly bounded by the energy and mass conservations and the Gagliardo-Nirenberg
inequality. In the case p = 5, the existence of finite time blow up solutions was proved
by Merle [17] and Martel and Merle [12]. Therefore, p = 5 is the critical exponent for
the long time behavior of solutions of (gKdV). For p > 5, the existence of blow up
solutions is an open problem.

We recall that a fundamental property of (gKdV) equations is the existence of a
family of explicit traveling wave solutions. Let @) be the only solution (up to translations)
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of
Q >0, Q € HI(R)) Q” + Qp = Q7 Le. Q(:B) = (—_—pj—}——j) ’

2 cosh? (Bg-lz
For all ¢y > 0 and zp € R,

Reo20(t, ) = Qoo(z — cot — T0)

1
is a solution of (gKdV), where Q(z) = ¢ Q(\/coz). We call these solutions by
solitons though they are known to be solitons only for p = 2,3 (in the sense that they
are stable by interaction).

It is well-known that the stability properties of a soliton solution depend on the sign
5—
of L[ lec:co' Since [ Q% = c?#-D [ Q?, we distinguish the following three cases.

o For p < 5 (L? subcritical case), solitons are stable and asymptotically stable in
H! in some suitable sense: see Cazenave and Lions [2], Weinstein [23], Grillakis,
Shatah and Strauss [7] for orbital stability; and Pego and Weinstein [20], Martel
and Merle [13] for asymptotic stability.

e For p = 5 (L? critical case), solitons are unstable, and blow up occurs for
a large class of solutions initially arbitrarily close to a soliton, see [12, 17].
Moreover, for both critical and subcritical cases, previous works imply the fol-
lowing asymptotic classification result: if u is-a- solution of (gKdV) such that
limg o0 Ju(t) — Q(- = t)|| jn = 0, then u(t) = Q(- —t) for ¢ large enough.

 For p > 5 (L? supercritical case), solitons are unstable (see Grillakis, Shatah and
Strauss [7] and Bona, Souganidis and Strauss [1]). In particular, the previous
asymptotic classification result does not hold in this case. More precisely, we have
the following theorem.

Theorem 1.1 ([3]). Let p > 5.

(i) There ezists a one-parameter family (U4) g of solutions of (gKAV) such that,
for all A € R,

. A _
Jim U4t +8) - Qllgn =0,
and if A’ € R satisfies A' # A, then U4 # UA.
(ii) Conversely, if u is a solution of (gKdV) such that
Jlim_inf [u(t) — Q( = )l =0,

then there exist A € R, ty € R and 2o € R such that u(t) = UA(t,- —xo) fort > to.

We recall that this result was an adaptation to (gKdV) of previous works, concerning
the nonlinear Schrédinger equation, of Duyckaerts and Merle [5] and Duyckaerts and
Roudenko [6]. The purpose of this paper is to extend Theorem 1.1 to multi-solitons.
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1.2 Multi-solitons

Now, we focus on multi-soliton solutions. Given 2N parameters defining N > 2 solitons
with different speeds,

0<c¢<---<cnN, T1,.-.,ZN €R, (1.1)

we set N
Rj(t) = ch,-‘b'j (t) and R(t) = Z Rj(t),
Jj=1
and we call multi-soliton a solution u(t) of (gKdV) such that

lu(t) = R®t)||gn — 0 as t— +oo. (1.2)
Let us recall known results on multi-solitons.

e For p =2 and 3 (KdV and mKdV), multi-solitons (in a stronger sense) are well-
known to exist for any set of parameters (1.1), as a consequence of the inverse
scattering method (see for example Miura [18]).

o In the L? subcritical and critical cases, i.e. for (gKdV) with p < 5, Martel [11]
constructed multi-solitons for any set of parameters (1.1). The proof in [11] follows
the strategy of Merle [16] {compactness argument) and relies on monotonicity
properties-developed in [13] (see also [15]). Recall that Martel, Merle and Tsai [15]
proved stability and asymptotic stability of a sum of N solitons for large time for
the subcritical case. A refined version of the stability result of [15] shows that, for a
given set of parameters, there exists a unique multi-soliton solution satisfying (1.2),
see Theorem 1 in [11].

o In the L? supercritical case, i.e. in a situation where solitons are known to be
unstable, Céte, Martel and Merle [4] have recently proved the existence of at least
one multi-soliton solution for (gKdV): :

Theorem 1.2 ([4]). Letp>5and N > 2. Let0<c; <---<cy and T3,...,Zn € R.
There ezist Ty € R, C,00 > 0, and a solution ¢ € C([To, +00), H') of (gKdV) such
that

Vi€ [T, +00), ll(t) — R®)lm < Ce™.

Recall that, with respect to [11, 15], the proof of Theorem 1.2 relies on an additional
topological argument to control the unstable nature of the solitons. Moreover, note
that no uniqueness result is proved in [4], contrary to the subcritical and critical cases
in [11]. In fact, the objective of this paper is to prove uniqueness up to N parameters,
as suggested by Theorem 1.1.

1.3 Main result and outline of the paper

The whole paper is devoted to prove the following theorem of existence and uniqueness
of a family of multi-solitons for the supercritical (gKdV) equation.
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Theorem 1.3. Letp > 5 N 2 2,0< ¢ < ----< cy and z1,...,Zy € R. Denote
R=%,R; withRj=R,.,.

1. There egists an N-parameter family (pa,,.,An)(a;, .. ay)ern Of solutions of (gKdV)
such that, for all (Ay,...,An) € RV,

Hm ||l¢as,..an(t) — Rz =0,

t—+00

and 1’f (Allv ceey A_IN) ?é (Ala o 1AN): then QOA’I,...,ASV 75 PA;,...AN-

2. Conversely, if u is a solution of (gKdV) such that lim; 1 ||u(t) — R(t)|[7 =0,
then there exists (Ai,...,An) € RV such that u= a4, _ay-

Remark 1.4. The convergence of ¢4, . ay to R in Theorem 1.3 is actually exponential
in time, as in Theorem 1.2. See the proof of Theorem 1.3 at the beginning of Section 3
for more details.

Remark 1.5. For the nonlinear Schrédinger equation, the question of the classification
of multi-solitons as in Theorem 1.3 is open. In fact, even for subcritical and critical
cases, no general uniqueness result has been proved yet (see general existence results
in [16, 21, 22, 14, 4]).

The paper is erganized as follows. In the next section, we briefly recall some well-
known results on solitons, multi-solitons, and on the linearized equation. One of the
most important facts about the linearized equation, also strongly used in [4, 3],-is the
determination by Pego and Weinstein [19] of the spectrum of the linearized operator
L around the soliton-Q(z — t): (L) NR = {—ep,0,+€o} with ey > 0, and moreover,
eo and —eg are simple eigenvalues of £ with eigenfunctions Y+ and Y~. Indeed, Y*
allow to control the negative directions of the linearized energy around a soliton (see
Lemma 2.5). Moreover, by a simple scaling argument, we determine eigenvalues of the

linearized operator around Q,: *e; = :k:c?/ 260 are eigenvalues with eigenfunctions in
(see Notation 2.6 for precise definitions).

In Section 3, we construct the family (y4,,.,4,) described in Theorem 1.3. To do
this, we first claim Proposition 3.1, which is the new key point of the proof of the multi-
existence result, and can be summarized as follows. Let ¢ be a multi-soliton given by
Theorem 1.2, j € [1,N] and A; € R. Then there exists a solution u(t) of (gKdV) such
that
< e-(€j+’7)t,

lu(t) — o(t) — Ae™ Y5 ()l

for t large and for some small v > 0. This means that, similarly as in [3] for one
soliton, we can perturb the multi-soliton ¢ locally around one given soliton at the order
e, Since e; < --- < en, Pa,.. ay has to be constructed by iteration, from j =1 to
Jj = N. Indeed, it is not significant to perturb ¢ at order e; before order e;_;, since
ej > ej_; + . Similarly, it seems that there exists no simple way to compare @4, . 4y
to . Finally, to prove Proposition 3.1, we rely on refinements of arguments developed

in [4], in particular the topological argument to control the unstable directions.
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In Section 4, we classify all multi-solitons in terms of the family which was con-
structed in Section 3. Once again, it appears that the identification of the solution
has to be done step by step (after an improvement of the convergence rate, as in (3]),
from order e; to order ey. In this section, we strongly use special monotonicity prop-
erties of (gKdV), in particular, to prove that any multi-soliton converges exponentially
(Section 4.1). Such arguments are not known for the nonlinear Schrodinger equations.

Finally, recall that in the one soliton case for (gKdV) [3], a construction of a family
of approximate solutions of the linearized equation and fixed point arguments were
used (among other things), as in the one soliton case for the nonlinear Schrédinger
equation [6]. For multi-solitons, since the construction of approximate solutions is not
natural (because of the interactions between solitons), we propose in this paper an
alternate approach based only on compactness and energy methods.

2 Preliminary results

2.1 Notation and first properties of the solitons

Notation 2.1. They are available in the whole paper.

(a) (-,-) denotes the L?(R) scalar product.

(b) The Sobolev space H* is defined by H*(R) = {u € D'(R) | (1 + €2)*%a(¢) € L*(R)},
and in particular, H'(R) = {u € L*(R) | ||ull}: = lul}2+w]32 < +00} < L®(R).

(c) We denote 8,v = v, the partial derivative of v with respect to z.

(d) All numbers C, K appearing in inequalities are real constants (with respect to the
context) strictly positive, which may change in each step of an inequality.

Claim 2.2. For all ¢ > 0, one has:

(i) Q. > 0, Q. is even, Q. is C*®, and Q.(z) < 0 for all z > 0.

(i) For all j > 0, there ezists C; > 0 such that Q¥)(z) ~ Cje~V as |z] — +oo.
For all j > 0, there exists C’ > 0 such that |QY)(z)| < C’ —vVelzl for all z € R.

(i) QY+ QP = cQ..

Proof. Tt 1s1 an immediate consequence of the formula of Q and the scaling relation
Qc(z) = c*1Q(V/cx). s

2.2 Linearized equation

Let ¢ > 0.
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2.2.1 Linearized operator around Q.

The linearized equation appears if one considers a solution of (gKdV) close to the soliton
Q.(z — ct). More precisely, if u.(t,z) = Qc(z — ct) + h.(t, z — ct) satisfies (gKdV), then
h. satisfies

Osthe + Lche = O(R2),

where
L.a=—0;(L.a) and L.a=—02a+ca—pQla.

The spectrum of £, has been calculated by Pego and Weinstein [19] for ¢ = 1. Their
results are summed up in the following proposition for the reader’s convenience.

Proposition 2.3 ([19]). Let o(L) be the spectrum of the operator L defined on L*(R)
and let 0es(L) be its essential spectrum. Then

Oes(L) = iR and o(L)NR = {—ep,0,e} with eg > 0.

Furthermore, eg and —ey are simple eigenvalues of L with eigenfunctions Y+ and Y~
which have an exponential decay at infinity, and the null space of L is spanned by Q’.

This result is extended to L, in Corollary 2.4 by a simple scaling a.rgumezznt. Indeed,
we recall that if u is a solution of (gKdV), then for all A > 0, ux(t,z) = ArTu(\3, Az)
is also a solution.

Corollary 2.4. Let o(L,) be the spectrum of the operator L. defined on L*(R) and let
Oess(Lc) be its essential spectrum. Then

Oes(Le) =iR and o(L)NR = {—e,0,e} where e, = c*%e; > 0.

Furthermore, e, and —e. are simple eigenvalues of L, with eigenfunetions Yt and Y,
where .
YiH(z) = VY *(Ve),

and the null space of L. is spanned by Q..

2.2.2 Adjoint of L.

We recall that Lemma 4.9 in [3], under a suitable normalization of Y*, shows important,
properties of the adjoint of £L. With the same normalization and by Corollary 2.4, we
obtain the following lemma by a simple scaling argument. Recall that assertion (v) is
proved in [4] for ¢ = 1.

Lemma 2.5. Let Z* = L.Y=. Then the following properties hold.

(i) Z% are two eigenfunctions of L.0;: L.(0.Z%) = Fe.Z%.
(ii) There exists ng > 0 such that, for all z € R,
[VE(z)| + |0:YE(2)| + | 22 ()| + |8: 22 (x)| < Cemm™ve,

(i) (Y, 22) = (Y7, 27) =0 and (22,Q)) = (25,Q1) = 0.
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(iv) (Y5, Z7) = (Y7, Z4) = 1 and (@, 3,Y;Y) > 0.

(v) There exists o, > 0 such that, for all v. € H' such that (ve, Z}) = (v, Z]) =
(ve, @, ) 0, (Leve, ve) = UC||vC||H!

(vi) There ezist o, > 0 and C > 0 such that, for all v, € H!,

(Leve, e) = ellvellin = Clve, ZF)? = C(ve, Z5)? = Clue, QL)%
H c

2.3 Multi-solitons results

A set of parameters (1.1) being given, we adopt the following notation.

Notation 2.6. For all j € [1, N], define:
(i) R;j(t,z) = Qc,(z — cjt — ;), where Q () = cﬁQ(\/-cx).
(i) Y;*(t, ) = YE(z — ¢jt — z;), where YA (z) =< V/2Y*(y/cz).
(iil) Zj(t,z) = ZZ(z — ¢jt — x;), where Z¥ = LY.
v)

(iv) ej = e, where e, = c*/%¢,
Now, to estimate interactions between solitons, we denote the small parameters
»s o3/
0o = min{ny/c1, eo/ €1,€1,62 — C1,...,CcN —CN—1} and = _IOF' (2.1)

From [11], it appears that v is a suitable parameter to quantify interactions between
solitons in large time. For instance, we have, for j # k and all ¢t > 0,

[ RiOB(®) + I(B)e 0| (R)e()] < Ce". (2.2)

From the definition of oo and Lemma 2.5, such an inequality is also true for Yi and
Z:b

Moreover, since oo has the same definition as in [4], then from their Remark 1,
Theorem 1.2 can be rewritten as follows. There ezist Ty € R and ¢ € C([Ty, +00), H?)
such that, for all s > 1, there exists A; > 0 such that, for allt > Ty,

lo(t) = R(E)ll e < Ape™". (2.3)

3 Construction of a family of multi-solitons

In this section, we prove the first point of Theorem 1.3 as a consequence of the following
crucial Proposition 3.1. Let p > 5, N 22,0<¢; <---<cy and zy,...,zy € R. We
still denote R = Y% | Ry
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Proposition 3.1. Let ¢ be a multi-soliton solution satisfying (2.3). Let j € [1,N] and-
A; € R. Then there ezist to > 0 and a solution u € C([ty, +00), H') of (gKdV) such
that

VE > to, [lu(t) — o(t) — Aje” YO gy < 7@ (3.1)

Before proving this proposition, let us show how this proposition implies the first
point of Theorem 1.3.

Proof of 1. of Theorem 1.3. Let (Ai,...,An) € RY.

(i) Consider @4, the solution of (gKdV) given by Proposition 3.1 applied with ¢ given
by Theorem 1.2. Thus, there exists t; > 0 such that
VE2to, lpa(t) — o(t) — A1e™ Y (t)]| g < e

Now remark that ¢4, is also a multi-soliton, which satisfies (2.3) by the definition
of v and the same techniques used in [11, Section 3.4] to improve the estimate in
higher order Sobolev norms. Hence, we can apply Proposition 3.1 with ¢4, instead
of ¢, so that we obtain ¢4, 4, such that

vt > téb "‘pAhAz (t) —¥Pa (t) - A2e_62tY2+(t)"Hl < e~ (¥t
Similarly, for all j € [2, N], we construct by induction a solution @4, . .4, such
that
vt 2 to, _ "(PAly---ij (t) - (pAlw-:Aj-—l(t) - Aje_ejt}/j+(t)'||g1 < e~ (et (3:2)
Observe finally that @4, . 4, constructed by this way satisfies (2:3).

(ii) Let (45,...,A) € RN be such that (4},...,A4%) # (A1,...,An), and suppose
in the sake of contradiction that ¢y, vrdly = PA,AN- Denote 3 = min{i €
[1,N] | Aj# A;}. Hence, we have A] = A; for i € [1,4, — 1], A}, # Ai, and, from
the construction of p4,,. 4y,

Ps,an(t) = P,y (8) + ANeTNYR (E) + 2 (1)
= Qas,. v (t) + ANo1€7NVTYH_ (8) + Ane™ VYR () + 21 (t) + 2w (1)
== Ay, A1 (B) + Aige™YE(8) + D AveT Y () + ) a(2),

k>tg k>io
where zj satisfies ||2k(t)||;: < e+t for t > to-and each k > io. Similarly, we
get
Py, 4y (1) = Pag,..ap _,(8) + Ape™ 'Y F () + D Ape™™ Y (1) + 3 Z(b),
k>io k>io

and so using @4

! yeeen = (A,,..,Aiy-1» WE Obtain

Ay = Pas,..Ay a0d Qa4
e~e6 iy — 4] < Celeot "
for t > to, thus, |A4;, — A} | < Ce™, and so A} = A;, by letting t — +o00, which
is a contradiction and concludes the proof. O
Now, the only purpose of the rest of this section is to prove Proposition 3.1. Let
j €[1,N] and A; € R. We want to construct a solution u of (gKdV) such that
Z(t, .’B) = U(t,.’l)) - ¢(t, IB) - Aje_ejty_'j-*_(t, .’E)

satisfies ||2(t)|| ;1 < e~ &+t for t > to with t large enough.
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3.1 Equation of z

Since u is a solution of (gKdV) and also ¢ is (and this fact is crucial for the whole
proof), we get

Bz + 83z + 8:[(p + Aje Yt + 2)° — P + AjeHBY;T — ;0, Y} — €;Y;H] = 0.
But from Corollary 2.4, we have
LY} =Y} =8YF — ;0¥ + po.(Q'Y)
and so, following Notation 2.6, we can rewrite the equation for z as
8z + 832 + 8;[(p + Aje 'Y}t + 2)° — P — pA;e I RETIYH] = 0. (3.3)
This can also be written
iz + 8,622+ py™ 2] + PO (9 + Ase™ 'Y} )P — oP71) - 2]
+8:[(p+ Aje™ Y + 2 — (9 + A3V} — pleo + AjemtY; )Pz
= —0:[(p+ AeY;Y — &F — pAse Y RV
Finally, if we denote

wi = pl(p+ Aje VP — P,
w(z) = (¢ + A~} +2) — (p + Ase Y}t — p(p + Aje™*YF Pz,
Q= (p+ Ae ;)P — P — pAje Y RE,

we obtain the shorter form of the equation of z:

Bez + 8:[022 + ppP 12| + Blwn - 2] + Bifw(2)] = —B,. (3.4)

Note that the term w(z) is the nonlinear term in 2, and that w; satisfies, for all
8§20, [|wi(t)|lg. < Cse~e* for all t > Ty. Moreover, the source term 2 satisfies

Vs> 1,3C, >0Vt > Ty, [Qt)]|g < Coe™ @t ~(3.5)

Indeed, if we write Q2 under the form

Q= [(90 + Aje—ejtyj+)ﬂ — P - p(Pp—lAje—ejtY}+]
+ pAe Y (P — BPT) + pAse Sty (RPY — REY),

we deduce from (2.3), (2.2) and the definition of v (2.1) that

[12) |l 7 < Ce%3t + Cet|p(t) — R(E)|| g + Ce™% - 6747 < CemCitent,
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3.2 Compactness argument assuming uniform estimates

To prove Proposition 3.1, we follow the strategy of [11, 4]. Let S, — 400 be an
increasing sequence of time, b, = (bn ) i<k<N € R¥-J be a sequence of parameters to
be determined, and let u,, be the solution of

Un(Sn) = @(Sn) + Aje™55YF(S,) + Y bur Y5 (Sn)- (3.6)

k>j

{atu,, + 0,[0%u, + uB] = 0,

Notation 3.2. (i) RY is equipped with the £2 norm, simply denoted || - ||

(ii) Bg(P,r) is the closed ball of the Banach space B, centered at P and of radius
r 2 0. If P =0, we simply write Bg(r).

(iii) Sgw(r) denotes the sphere of radius r in R¥.

Proposition 3.3. There ezist ng > 0 and ty > 0 (independent of n) such that the
following holds. For each n > ng, there exists b, € RN=7 with ||b,|| < 2¢~(+21)5~  gnd
such that the solution u, of (3.6) is defined on the interval [to, S,), and satisfies

Vt € [to, Snl,  lun(t) — @(t) — Ase Y (t)|| ,, < e+,

Assuming this proposition and the following lemma of weak continuity of the flow,
we can-deduce the proof of Proposition 3.1. The proof of Proposition 3.3 is postponed
to the next section, whereas the proof of Lemma 3.4 is postponed to Appendix A.

Lemma 3.4. Suppose that z, — 2z in H', and that there ezists T > 0 such
that the solution z,(t) corresponding to initial data zo, exists for t € [0,T] and
suPseor) 12n(t)ll s < K. Then, for all t € [0,T], the solution z(t) corresponding to
initial data 2o ezists, and z,{T) — 2(T) in H.

Remark 3.5. Note that the proof of Lemma 3.4 strongly relies on the Cauchy theory in
H* with s < 1, developed in [10]. Thus, this'argument is quite similar to the compactness
argument developed in [4] or [11].

Proof of Proposition 8.1 assuming Proposition 3.3. We may assume ng = 0 in Propo-
sition 3.3 without loss of generality. It follows from this proposition that there exists
a sequence uy,(t) of solutions of (gKdV), defined on [to,S,], such that the following
uniform estimates hold:

Vn > 0,Vt € [to, Snl,  llun(t) — 0(t) — Aje™ 'Y ()|, < e @8

In particular, there exists Cp > 0 such that ||u,(2o)|| ;1 < Co for all n > 0. Thus, there
exists up € H'(R) such that u, () — uo in H' weak (after passing to a subsequence).
Now, consider u solution of

Owu + 0,[0%u + uP] = 0,
u(to) = Ug.
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Let T > to. For n such that S, > T, up(t) is well defined for all ¢ € [to, T, and moreover,
lun(t)|| ;1 < C. By Lemma 3.4, we have u,(T) — u(T) in H. As

lun(T) = o(T) — Aje™TY;H(T)|| py < e &I7,

we finally obtain, by weak convergence, |[u(T) — ¢(T) — Aje”TY;*(T)||,, < e~E*IT.
Thus, u is a solution of (gKdV) which satisfies (3.1). 0

3.3 Proof of Proposition 3.3

The proof proceeds in several steps. For the sake of simplicity, we will drop the index n
for the rest of this section (except for S,). As Proposition 3.3 is proved for given 7, this
should not be a source of confusion. Hence, we will write u for u,, z for z,, b for by,
etc. We possibly drop the first terms of the sequence S,, so that, for all n, S, is large
enough for our purposes.

From (3.4), the equation satisfied by z is

{@z +8,[072 + pP 7 2] + Belwr - 2] + Belw(2)] = —8:Q, (3.7)

| 2(S,) = Ek>j"bkyk+(sn)-

Moreover, for all k € [1, N], we denote

ot (t) = [ 2(t)- ZE().

In particular, we have

0E(Sn) = S by /’ YH(Sn) - ZE(Sn)-

>j

Finally, we denote o™ (t) = (aj () cxen-

3.3.1 Modulated final data

Lemma 3.6. For n > ng large enough, the following holds. For all a= € RN=J, there
exists a unique b € ]RN‘J such that ||b|| < 2||a”|| and @~ (S,) = a~

Proof. Consider the linear application
d RN-i 5 RN-J
b= (bl)j<t<N = (o (Sn))j<k<1v'
From the normalization of Lemma 2.5, its matrix in the canonical basis is
1 JY42Z4(8:) - Y EiNZ:71(5n)

Mat® = Y3 ’*2( n) 1

f}/}:lzj-l-N(Sn) ) 1
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But from (2.2), we have, for k # (,

IREACS

with Cp independent of n, and so by taking ng large enough, we have ® = Id + A, where
|Anll < 3. Thus, ® is invertible and ||®~!|| < 2. Finally, for a given a= € RV, it is
enough to define b by b = ®!(a~) to conclude the proof of Lemma 3.6. O

Claim 3.7. The following estimates at S, hold:

o |af (S,)| < Ce=25||b|| for all k € [1, N],
o |ag (Sn)| < Ce5n||b|| for all k € [1,5],
o ||2(Sn)ll g2 < CJj1|l-

<
<

3.3.2 Equations on o}

Let to > 0 independent of n to be determined later in the proof, a= € Bgn-;(e~(€i+27)5n)
to be chosen, b be given by Lemma 3.6 and u be the corresponding solution of (3.6).
We now define the maximal time interval [T'(a~),S,] on which suitable exponential
estimates hold.

Definition 3.8-Let T'(a~) be the infimum of T > ¢, such that, for all ¢t € [T, S,], both
following properties hold:

el tMty(t) € Byi(1) and e (t) € Bga-5(1). (3.8)

Observe that Proposition 3.3 is proved if we can find a~ such that T(a~) = ¢, for
all n. The rest of the proof is devoted to prove the existence of such a value of a™.

First, we prove the following estimate on o .

Claim 3.9. For all k € [1,N] and all t € [T(a™), Sy,

d-
k(1) F exoi (0)] < Coe™ |2t + Crllz()lln + Coe™@ 7% (3.9)

-CEa

Proof. Using the equation of z (3.7), we first compute

d
aaf(t) = /ZtZ];t'f‘/ZZ;;

= /(zu +p<p"‘lz)Zf;. + /u.)lzZ,fT -I—/w(z)foz-{-/QZ,fz - ck/zZ,fx
= /(zn —cxz+ pRY2)ZE +p/(<,o”’1 — RV Y2ZE + /(wlz +w(z)+Q)ZE.
But from (i) of Lemma 2.5, we have

/(z,,c — cxz + pRY'2)ZE = (—Le2(t, - + cit + 1), 0, 22
= (z(t, -+t + .’L‘k), —L,, (6,ka)) = :i:ek(z(t, -+t + 1:1;), Zcik) = :tekaf.



88 CONSTRUCTION OF A FAMILY OF MULTI-SOLITONS

Finally, from (2.3) and (3.5), we have the following estimates: -

o |J(¢"! = Ry )2Z| < Cllp = Bl poll2ll oo + Ce™*" 2]l 2 < Ce** 2]l g,
o [fonzZi| < llwrllpe |2l | Zicll e < Cem**|lzllgn < Ce™* 2]l g,

2 2
o [Jw(2)Zi5] < Cllzliz2 < Cllzllgn,

o« [/QZ;| < Ol < Cemlatamt,

which conclude the proof of the claim. O

3.3.3 Control of the stable directions

We estimate here a;f (t) for all k € [1,N] and t € [T'(a”), S,]. From (3.9) and (3.8), we
have

;iita;:(t) —eraf (t)| < Coe~ &Mt 4 Cre~HestNt 4 O+t L K, e (esHMNE,

Thus, |(e~®*0;(s))'| < Koe~(estex+4ms  and so by integration on [t,S,], we get
e+ aif (Sn) — e *af (t)| < Koe™Cstox47%, and so

Joi (1)) < e*C=]af (S,)] + Kpe~ertént,
But from Claim 3.7 and Lemma 3.6, we have
e~ |af (8,)] < oif (Sa)| < Ce™®™x|[b]|
< Ce=275n (e +27)Sn < Kze‘(ej+4‘7)sn < ng'(e-"+4")t,
and so finally
Vk € [1,N],Vt € [T(a),S,], laf (B} < Kpe™(eit4mt, -~ (3.10)

3.3.4 Control of the unstable directions for k <j

We estimate here aj (t) for all k € [1,5] and t € [T'(a™), S,]. Note first that, as in the
previous paragraph, we get, for all k € [1,N] and t € [T(a™), Sy,

%a;(t) + exap (1) < KpemterHint (3.11)
Now suppose k < j, which implies e < e;- Since |(e°aj (s))| < Kaele+e4M we
obtain, by integration on [t, S},
lage (0] < e+ ()| + Kpe™Cr+,
But again from Claim 3.7 and Lemma 3.6, we have
(5000 (8,,)] Ko Sn—e=215ng=(e+205n — K, ook (Sn—t) g=(es+41)Sn
< KpelSaten—es)g=este—15n < K, o~(es+amt

and so finally

Vk € [1,7],Vt € [T(a7),S,), o (t)] < Kpe~EiHmt, (3.12)
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3.3.5 Monotonicity property of the energy

We follow here the same strategy as in [11, Section 4] to estimate the energy backwards.
Since calculations are long and technical, we refer to [11] for more details.

We define the function

¥(@) = 2 arctan(exp(~va5z/2))

so that lim, 100 ¥(z) = 0, lim,,_ ¥(z) = 1, and for all z € R, ¢¥(—z) = 1 — ¢(z).
Note that, by a direct calculation, we have |¢/"(z)| < 22|¢'(x)|. Moreover, we set

h(t _+ Z (___)¢(x_ Ck +2Ck+1t_ T +237k+1)-
k=

Ck+1

Observe that the function h takes values close to i for = close to cxt + zx, and has

large variations only in regions far away from the solitons (for instance we have, for all
k € [1,N] and t > 0, ||Rk(t)hz(t)]| 10 < Ce™*1). We also define a quantity related to
the energy for z:

Hi) = [ { (zg(t, z) - F(t, (¢, x))) h(t,z) + (¢, x)} dz

where ) .
(p+v+2"7  (p+v)
p+1 p+1

Flt.o)=2|

and v;(t,z) = A;e” 'Yt (t,z).

—(p+ Uj)pz] )

Lemma 3.10. For allt € [T(a™), Sy],

dH _ »
ﬁ(t) > —Collz(t)lI3n — Cre ™" ||2(t)]|7n — Coe™ ¥ 2(8) | -
Proof. Since 2 = 2[(¢ + v; + 2)* — (¢ + v;)*], we can first compute

% = /(zg ~Fehe =2 [ a[(p+v;+2F ~ (0 + 0T +2 [ zazeh+2 [ 22
| —2/(<P+vj)t[(so+vj+2)"—(<p+vj) —p(¢>+v3)”1]h.
Moreover, 2 [ zz1z:h = —2 [ z;(2zzh + 2:hz), thus
/(z — F(2))h; — 2/zt zu+ (p+vj+2)f - (<p+vj)p]h+2/zt(z—- zzhz)
=2 [(p+up) [0+ v+ 2 = (0 + ) = plip+ 02|
Now we replace z by the equation that it satisfies, which can be written, from (3.3),

2+ [zzz oo +2) = (p+ vj)"] =-Q,.

T
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Using multiple integrations by parts, we finally obtain

W = [~ FeDhe+ [ e (3.13)
+2 [ zh, [((p 42 — (o4 v,-)f']z (3.14)
~2 [2|(p+uv+2P - (o]
=2 [ @uh[(p+ vy + 2P = (p+ ) — plp+ vy 72] (3.15)
- 2/z9, + Z/zhnm + 2/zhzﬂu
+2 [he, [(cp +o+2)° = (o4 v,-)P] (3.16)
=2 [ho[(p+ v+ 2P = (ool —plo+u)fz]  @IY)
- / [zu +(p+vi+2)P—(p+ vj)“] 2h, -2 / 22 hs. (3.18)

To conclude, we estimate each term of this equality.

o First note that (3.18) > Q since h, < 0.

e (3.13): By the expression of h and [¢)"| < 2|¢)'|, we see after direct calculation
that h; > oo|hz| 2 4|hze|, thus

3
(3.13) > £ [ Zhe— [ F(2)he > = [IF ()l
Moreover, since || Rh||;. < Ce™", and

|F(2)| € Clz*! + C2p + v < Cll2llf 22 + C2(|0lP ™ + |vsP )
g C”z”Lmz + Cz2|¢ - Rtp_l + CZ2|RIP_ + szuvj”[,ooa

we have f |F(2)|he < Collzl[%: + Cre™"2]2.
« For (3.17), first note that ||v;| e < Ce %%, and so
|3.17)| < Clvsell o ll2lz2 < Cre™" 2l
+ 1316)] < Cllgsllzla < Cae™ 4 2] by (3.5).
 To estimate (3.14), we develop it as
2(3 14) = /z,h Z( ) (f,o-!-z)j)”_kz"Lc =i’21 (Z)k/ 22510+ v;)P %R,

p—-1

+E()(P k) /(w+vg) (0 + v hyz2* +p/z 27 1h,.

Since |@zhz| + |ph| < Ce " and |v;z| + |vj| < Ce™%*, we find
|(3.14)] < Cre™™||2l|3 + Coll2l|31-
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o We finally estimate (3.15) to conclude. The key point to control it is that, locally
around z = cxt + zx, @ behaves as a solitary wave of speed cx. More precisely, we
strongly use the estimate ||k + @zl < Ce™", proved in [11]. Note that the
proof uses the H* norm of the difference ¢ — R, i.e. (2.3). Now, we compute

_ %(3.15) = / z[(so +vi+2)f — (e +v;) —ple+ ”j)p-lz]

x

+ /%h[(“o +vj+ 2 = (p+ v —plo+v;) 2 - g(—;—l)(so + vj)p_zzz]

- p/ (04 v;)P 2z + I&;_Q / oh(p+v,f 22 =1+ I+ I+ IV.

First notice that |I| + [II| < Co||z||3:. Moreover, an integration by parts gives
OI+1IV = g 2(p = 1)(pz +via) 0+ 1) + g(—’;—l) / ih(p +v;)P %2
_pe—1 / 2o+ ;)" (0= + @ih) + pp—1) / vjz(p + )P,

2 2
thus

[II+IV] < Cllgs + @ehll e ll2l2+ Cloall 12122 < Ce2 122 +Ce* 2|,

and so finally |(3.15)| < Collz|[3: + Cre™2"| 2|3 O
We can now prove that, for all t € [T'(a™), S,),
[ (20 - pR @)22®) ) (1) + (t) < Kyem2es" (3.19)

Indeed, from Lemma 3.10 and estimates (3.8), we deduce that, for all t € [T'(a™), Sy),

an
dt
Thus, by integration on [t, S,], we obtain H(S,) — H(t) > —K;e 2+t and so

(t) > —Coe~3EtMt _ Oy e=21te=2ei Mt _ O e=(ei+3Nte=(ei4mt > _ | o= 2es+20)t,

H(t) < H(S,) + Kye~ 220t
But from Claim 3.7 and Lemma 3.6, we have

H(S,) < |H(Sn)| < Cllz(Sa)l7: < Cll6|I* < Clla™|I*
< Ce—2(ei+27)5n < 06—2(ej+2’7)t,

and so
Vte [T(a™),S,], H(t) < Kje 2+t

Finally, since

|F(2) = pRP712%| < |F(2) = plo +v;) 7 2% + pl((p + v) " = ¢"71)2")
+9l(¢"! = B2 < Colzl® + Cre 2P,

we easily obtain (3.19) from the definition of H.
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3.3.6 Control of the R;, directions

N
Define Z(t) = 2(t) + 3 ax(t) Rk (t), Where ax(t) = — “@’,‘:;,‘", so that, by (2.2),
k=1 ¢ ,

[ #Ree| < Ce Mzl (3:20)

and there exist C;, Cy > 0 such that

Cillzll g < ||z||m+2|akl Collzl| - (3.21)

k=1

As in [11, Section 4], we find
/ (- pR )b+ 2] < / (22 = pRP1 2% + 2] + Ce™™™|| 2|3
Using (3.19), we deduce that

vie [T(@), 5], [ (zg(t) - pR"“l(t)?Zz(t)) h(t) + () < Kye 2@t (3.29)

Now, from the property of coercivity (vi) in Lemma 2.5, and since h takes values
close to 1 for z close to cxt + zx, we obtain, by simple localization arguments (see
f15, Lemma 4] for details), that there exists A, > 0 such that

[@ =R B+ 2 2 N3 - /\lz,,é [( / Esz)z + ( / zz,;*)2 + ( / zz,;)z} .

Moreover, gathering all previous estimates, we have for all ¢ € [T'(a™), Sp}:

(a) For all k € [1,N], (f ZRiz)? < Ce™2||2||3 < Cem2es+27)t by (3.20):

(b) For all k € [1,N], (227)" < 2(a})” + Ce||z|%n < Ce e+t by (iii) of
Lemma 2.5, (3.10) and (2.2).

(C) For all k € IILJ:H: (f EZI:)z S 2(0;)2 + Ce‘z"’t”z”f{l < C’e"z(ej+2‘7)t by (111) of
Lemma 2.5, (3.12) and (2.2).

(d) Forall k€ [i+1,N], (f :z’z,;)2 < 2(a5)? + Ce=| 2|3, < Ce2es+20t by (3.8).

Finally, we have proved that there exists K > 0 such that, for all t € [T'(a™), Sy],
IZ(t) g < K™,

We want now to prove the same estimate for z.

Lemma 3.11. There ezists Ko > 0 such that, for allt € [T(a™), Sp),

”z(t)'"HI S Koe°(ej+2'7‘)t.
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Proof. By (3.21), it is enough to prove this estimate for |ax(t)| with k € [1, N] fixed.
To do this, write first the equation of Z from the equation of z (3.4):

%+ (zm +ppP '),

=z + ZalRl:ct + Zale:c + 2zzz + ZalRl:ca::c + pzal(Rl:c‘Pp ) + P(SOP_IZ)Z

=1 l=1 l=1

= _(wl : Z)z - (LU(Z)) -0, + ZalRlx + Zal [ — Rz + Rizer +p90p Rl:c] .

=1 =1

Then multiply this equation by Ry, and integrate, so that we obtain

[#Ri — [(Fee+ 9" 5 R = @4, [ R+ 0} [ R

I#k

Y [ [Fisee = aac + 97 Bi| Ris+ [wr2Rae+ [ (2) )Ries + [ O

1=1
But from (2.3) and (iii) of Claim 2.2, we have

"(Rlzxz - ClRla:+ p"pp—lRlz)z“Lcc X M'Rlz(wp—l Rlp_l)uﬂz
< C”QD - R”H2 + p”Rlz(Rp-l - Rf—l)llgz < Ce‘z"t,

and consequently

N
64| < C|[ 2Raa| + CUElLa + Ce T ai] + Ce ™S o
1#k =1

+Ce™ |zl 2 + Cll2lIZ2 + Ol -

Moreover, from [ ZRy, = >4 @1 | Riz Rkz, we deduce that
dt / Zsz E a; / szRlz + Z a; / ClRl:cszz - cle:ch:cz)

I#k .k
= /ztsz-{-/E(—Ckszz)a

‘ / Z:Ryx

Gathering previous estimates, we have, from (3.21) and (3.5),

and so

< Cllzlp +Ce™ Y laf] + Ce™ Wz al.
14k

lai] < ClZl gs + Coe™ Y laj] + Ce™|iz]| g + Cll2ll3 + ClI| 2
I#k
< Ke @+t 4 Cye™ Z Ia“ + Ce~Mte—(eitMt | Ce=2ei+Mt | Cp—(ei+4)t,
l#k

Finally, if we choose t, large enough so that Cse™" < %, we obtain for all s €

[T'(a™), Snl,

laj(s)] < Ke~er+2s,
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By integration on [t, S,] with t € [T'(a™),S,), we get |ar(t)] < |ar(Sy)| + Ke (et
But from Claim 3.7 and Lemma 3.6, we have

la(Sa)| < Cllz(Sa)ll g < Cb]l < Clla™|| < Ce™®@ M5 < Cem i+,

and so finally,
Vt € [T(a7),S,], lax(t)| < Ke 2t -

3.3.7 Control of the unstable directions for k > j by a topological argument

Lemma 3.11 being proved, we choose ¢, large enough so that Koe™® < %. Therefore,
we have

Vte [T(a™),Sal, lz®t)llgp < _e-—(e,+'y)t

We can now prove the following final lemma, which conclud@ the proof of Proposi-
tion 3.3.

Lemma 3.12. For ty large enough, there ezists a~ € Bgn-;(e~(+2M5n) sych that
T(a~) = to.

Proof. For the sake of contradiction, suppose that, for all a~ € Bgw-j(e(¢121)5n)
T(a™) > to. As e®*NTE (T (a")) € By:(1/2), then by definition of T(a~) and
continuity of the flow, we have

T g~ (T(a™)) € Sgr-i(1). (3.23)
Now, let T' € [to, T'(a™)] be ¢lose enough to T'(a~) such that z is defined on {7, ], and

- by continuity,
Vt € [T, Sn), |l2(t)]l g < e~ @&+t

We can now consider, for t € [T}, S,],
N(t) = N(a~ (1)) = [le® 2 a(t)|2.

To calculate N, we start from estimate (3.11):

Vk € [j +1,N],Vt € [T, Sy,

%a;(t) + eka;(t)l < Kéé‘(ef‘“")t. |
Multiplying by |y (t)|, we obtain
or (O (t>+ekak(t)| Kie et o (1),
and thus
207 (1) 07 (1) + 2eg 205 (17 < 207 (1) 7 (1) + 2escry (47 < Kae™ o (1)

By summing on k € [j + 1, N], we get

(la=@I2) + 2ejslla” @I < Kae™ @+ a (1))
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Therefore, we can estimate
N'(t) = (3 lam @)2) = X2 [a(e; + 27l @O + (o O]
< He2 o(e; 1 29)la” () - 2epuallom (O + Kae e+ - (1)
Hence, we have, for all t € [T, S,],
N'(t) < =0~ N(t) + Ksella (¢)]],

where 6 = 2(ej41 — e — 27) > 0 by definition of y (2.1). In particular, for all 7 € [T, S,]
satisfying N (7) = 1, we have
N'(1) € =0+ Ko ||a™(7)|| = =0+ Ke%Te™ 27 — 94 Kpe™ 2" < —0+ Kye™?
Now, we fix to large enough so that Ke=»% < £, and so, for all 7 € [T Sn) such that
N (1) =1, we have

N(r)< —5 (3.20)
<

First consequence: a- — T(a~) is continuous. Indeed, let € > 0. Then there exists
d > 0 such that N(T(a") —€) > 1+ 6 and N(T(a”) +€) < 1 — 4. Moreover, by
definition of T'(a~) and (3.24), there can not exist 7 € [T'(a~) + €, S,] such that
N(7) = 1, and so by choosing § small enough, we have, for all t € [T'(a™) + €, Sy,
N(t) < 1—4. But from-continuity of the flow, there exists 7 > 0 such that, for
all @~ satisfying ||a~ — a™|| < 7, we have

Vi€ [F(a7) =& S, (@ (1) - N(a™ (1) < /2.
We finally deduce that T(a™) —e < T(a~) < T(a™) + ¢, as expected.

Second consequence: We can define the map
M : Bgn-j(e"@+25n) 5 Spn_;(e~(6+27)5n)
a - e-—(ej+27)(Sn—T(a‘))a-(T(a—))_

Note that M is continuous by the previous point. Moreover, let a~
Sgr-i (e~ +2M8) As N'(S,) < —% by (3.24), we deduce by definition of
T(a~) that T(a~) = S,, and so M(a~) = a~. In other words, M restricted to
Sgn-i(e~(¢5+215n) is the identity. But the existence of such a map M contradicts
Brouwer’s fixed point theorem:.

In conclusion, there exists a~ € Bgn-;(e~(¢+215) such that T'(a~) = t,. |

4 Classification of multi-solitons

This section is devoted to prove the second assertion of Theorem 1.3. Let p > 5, N > 2,
0<c<---<cyandz,...,zx € R. Denote R = Z i=1 Re;z; and ¢ the multi-soliton
given by Theorem 1.2. Let u be a solution of (ngV) defined on [t1,+00) with ¢; > 0

large, satisfying
iz ) — R(t)] = 0. (@)

The main idea of the proof is to improve (4.1), by giving the asymptotic behavior of
u(t) at infinity at any exponential rate. This has to be done in several steps.



96 CLASSIFICATION OF MULTI-SOLITONS

4.1 Convergence at exponential rate y

We first improve condition (4.1) into an exponential convergence, with a small rate
v > 0, where v is defined by (2.1).

Lemma 4.1. Let € = u — . Then there exist C,ty > 0 such that, for all t > tg,
le@)llg < Ce™™.

Proof. Step 1: Modulation. Denote v = u—R, so that ||v(t)|| 5. = 0 ast — +o00 by (4.1).
Therefore, by a standard lemma of modulation (see for example [11, Lemma 2]), for ¢,
large enough, there exist N functions y; : [to, +00) = R of class C" such that w = u— R,
where R = ¥ R; and R;(t) = R;(t, — y;(t)), satisfies

vj € [1,N], fw(t)(R')() 0,
lw@)ll g + iy 1)) < Cllv(@) g,
Vi€ [LNL [y < Cllw@®)ln + Ce™™.

Note that the first two facts are a simple consequence of the implicit function theorem,
while the last estimate comes from the equation satisfied by w,

N ~
ow+ Bw = EyLBx(Rk) (('w +R) Z R”)

multlphed by (R;), and integrated. Similarly, if we denote ZF(t) = ZZ(t, - — y;(t)) and
&r(t) = (t)Z (t), the equation of w multiplied by Z; Z* leads to

d _ _
Vi>to | GEH0 F 6 (0] < ClulOlfn + Ceon (42)

Step 2: Monotonicity. We use again the function v introduced in Section 3.3.5.
Following [11], we introduce moreover ¥y = 1 and, for j € [1, N —1],

m(t) = ST 4 BEE ) = gz - my (1),

and
=, dN=1—9Yna, ¢;=¢; -9 forje2,N-1]

We also define some local quantities related to L? mass and energy:

M) = [ 060, B0 = [ (320 - 757 0) 8,0

and _
E;(t) = E;(t) + IOOM (®)-

Then, by (4.1) and monotonicity results on the quantities ¢ — Y5_, My(t) and ¢

Yi_, Ei(t), we have, for all ¢ > ¢ and all j € [1, N], following Lemmas 1 and 3 of [11],
Z (/ ng - Mk(t)> 2 —K2e-27t, (43)
k=1

i (E(Qck) + 100 /Q — Ey(t) ) > —Kye ™™, (4.4)

k=1
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and

(B0 + 200)) - (B@e) + £ [ @) - 5Hi0)] < Kae ™+ Kallw®)lm [ u(;zas;),
where H;(t) = [ (wﬁ(t) + cjw(t) — pfl;"l(t)wz(t)) #;(t). But if we write .

i%(E + M) b

(% c21 )ZE"}+ 1 (1—50CN)ZMk

i= j=1 i+1/ k=1 2cn
1 X -11(1 1) 00(1 ))
+ = k + | |1- M|,
& kz=:1 =112\g cn 50 Cj+1 ,f‘_:l

and similarly
N

S (B@)+2 @) =If_1 {(’cl?'cgi),;( (@) + 155/ @ )}

=1

EbE-2-5-2)Ee

+ cziNi (E(Q°'° 10/ @ ) %n ( 50cN) Z/Q%’

k=1 k=1

and if we remark that all coefficients in these decompositions are positive, we obtain,
by (4.3) and (4.4),

f:clz(E(tHc’M(t) ij%(E(Qc, +9[@) <o

j=1

Therefore, we have, by (4.5),

1 10 <54 (50 P00) - £4 (0§ /2
N

1
e+ K@l Y [ w76
J

Jj=

7 0@l [ 34,

Jj=1

N
+Ke) 5

Jj=1

IN g,%l'—-‘

< Cle‘z"'t
since ¢; > 0. Finally, as 21—1 ¢; = 1, we obtain

Z aHit) < Gie™™ +Callw(®) - (4.6)

Step 8: Coercivity. Now, from the property of coercivity (vi) in Lemma 2.5 and by
standard localization arguments (as in Section 3), we have

3 50 > Ml - 5 3 ([ w0®.0) - X ([w020)
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As fw(t)(éj)z(t) =0 and &f(t) = fw(t)Z;-':(t), we obtain, by (4.6),
Adllw(®)lzn € Cie™" + Collw(®) |5 + Csll@)ll?,
where a(t) = (&j*(t))j’ 4 For to large enough so that Ca|lw(t)||;n < %, we obtain
VE2to, [w(t)in < Crll@@)|® + Cre™™. (4.7)
Step 4: Ezponential decay of &. From (4.2) and (4.7), we have, for all j € [1, N]
and all t > 2o,
d _ - ~ -
7% (&) F €585 (1)) < Clla()||” + Coe™™".

We follow here the strategy of [3, Section 4.4.2]. Define A(t) = =X, a"’(t) and B(t) =

POl "‘(t) and let us prove that A(t) < B(t) + Le~2" for L large enough. First, we
have, by multiplying the previous estimate by |&; (t)| (that we can of course suppose
less than 1),

@~ ~ ~ ~ -
&} (t) 5,85 (t) > e;6f (1)" =~ Cila ()] - &) ~ Coe™™,

and so, by summing,
A(t) 2 2e,A(t) — C1||a(t)||® — Cae™"
Similarly, we obtain
B'(t) < —2e1B(t) + C1||@(t)||® + Coe™". (4.8)

Now, let h(t) = A(t) — B(t) — Le~?" with L to be determined later. We have of course
h(t) — 0 as t =& +00, and by the previous estimates, we can calculate

K'(t) = A'(t) — B'(t) + 2Lye™ "
> 2€1A(t) + 2elB(t) - C] [|&(t)||3 - C’ge_'”t
> 2e,h(t) + de1B(t) — Cil|@(1)||° — Coe™2" + 2Lee2".

Since ||@(t)l|> = A(t) + B(t) = h(t) + 2B(t) + Le~2™, we get
K(t) > h(t)(2e1 — Crlla(t)]]) + B(t)(4er — 2C1 | &(t)l]) + e (2Les — C2 - CiL||a(?)l])-

Now, choose t; large enough so that Cy [|&(t)|| < & fort > t, and fix L = e . Therefore,
we have, for all t > t, such that A(t) > 0, #'(t) > e;h(t). Hence, if there exists T > to
such that h(T') > 0, then h(t) > 0 for all ¢t > T, and thus h(t) > Ce®?, which would be
in contradiction with lim;_,,, h(t) = 0. So we have proved that h(t) < 0 for all t > ¢,
as expected.

Now, from (4.8) and the choice of ¢ to have C||G(t)|| < % for all ¢ > to, it comes

B'(t) + 2e,B(t) < e B(t) + (_Lz_l +c) —

and so B/(t) + . B(t) < Ke™2".
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Therefore, (e¢**B(s))’ < Kel®*~27s for s > t,, and so by integration on [to, ],
' B(t) — e* B(ty) < Ke®™ 2,
since e; — 2y > 0. We deduce that
B(t) < Ke ™ + K'e™®* L Ke ™",
Finally, we also have by the previous point A(t) < K’e~?", and so
Vt>t, |a)|® < Ce .
Step 5: Conclusion. By (4.7), we deduce that ||w(t)||;: < Ce™, and from the

estimate on |y;j|, we have, for all j € [1, N] and all t > #, |y;(t)| < Ce™, by integration
and the fact that yj(t) = 0 as t =& +o00. To conclude, write

e=u—p=w+R-p=w—(p—R)+ (R-R),
so that
le®)l g < lw@®llm + (e = Bl + I(R = BBl < Ce™ + (R = R)()l -

But we have

N N
IR = ROl < X IRi@,- = 45() = Rilt)llza < C Y lys(t)] < Ce™,
=1 j=1
and so finally, for all t > to, ||le(t)||;n < Ce™. O

4.2 Convergence at exponential rate e;

Now, we further improve the convergence of the previous lemma, with an exponential
rate e; > 7. The proof will mainly use arguments developed in [11, Section 4], where the
starting point is also a convergence of ||e(t)[| ;1 at a small exponential rate. Note that it
is impossible to obtain the improvement of the convergence on w = u — R considered in
the previous section, because of the source terms Ce~2" as in (4.2) for example. That
is why the analysis will be done, in this section, on ¢ (difference between two solutions),
to obtain the following lemma. =

Lemma 4.2. There ezist C,ts > 0 such that, for allt > to, ||e(t)||;: < Ceet.
Proof. Step 1: Estimates. We follow the same strategy as in Section 3.3. First, from
the equation of ¢,
€t + (Ezx + (0 + E)p ) =0,
we can estimate o5 (t) = [e(t)Z;(t) for j € [1,N] and t > to. Indeed, we have

(;it o (t )=/€tZJ:-t+/5Z;.';=/(Em+(QO-I-&:)"’—<,0”)Z;-§,.—cj/e:ijD
= [ [emmae+ 3 () oe] 22
k=1

5 (p
= / [em —cje+ pR?"ls] Vi +p/(<p"‘1 -RNeZE+ Y (k) /so‘”"‘skzjﬁ
k=2
=1+ 11+ III
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But we have I = te;aj(t) (see proof of (3.9)), {HI| < Ce™|e(t)| and |III| <
Clle®)||%;:, and so, for all t > t, and all j € [1, N],

d —
595 () F ejo5(8)| < Ce™le(t) - (4.9)
To control the R;; directions, we proceed exactly as in Section 3.3.6. Define

N ,
E(t) = e(t) + Y _a;(t)Rjz(2),

j=1
where a;(t) = —J5?, so that | [ &(t)Rye(t)] < O™ () s and
Cj )
N
Cillellm < el + X lasl < Callllzn- (4.10)
j=1

As |le(t)|| g < Ce™™, we have exactly as in [11], for all ¢ > t,, by monotonicity argu-
ments,

[ 6200 - pE 0209 + €7(2) < Ce " sup et o,
>t
where h is defined in Section 3.3.5. We also have, from [11],
N
j(é_?, —-pRF'&h+ 2 < / [(ei —pRF'e¥)h + 62] +Ce ™Y a2 + Ce 2" |le |3,
=1
and thus

[ [0 - s 0] 0 + ) < G sup Ie(?) e

But as in Section 3.3.5, a localization argument of the property of coercivity (vi) in
Lemma 2.5 leads to

1 N

[@ = pRriE)h+ 2 > Mol - o [( / 512,.,)2 + ( / ‘s"z;f)2 + ( / gz;)z] .

Jj=1

Since ([ £R;2)? < Ce*|e(t)| and (J23)" < 2(af)’ + Ce ™™ {e(t)|2n, we have

N N
Ao ||Ell3: < Ce™ sup le(®)lzn + Ce™ @z +CY ()’ +CY (a7)”.
> j=1 j=1

By denoting a(t) = (a;t(t))j 4» We thus have

IE@)IE: < Ce™™* sup [le(t Iz + Clla ()|l (4.11)
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Finally, to estimate |a;(t)| for all j € [1, N], we follow the strategy and some calcu-
lation from the proof of Lemma 3.11. First, write the equation satisfied by &:

g:t + (gzz + p(pp—lg)

=€t + Egzz + p((Pp + Z ax Rizt + E aksz + Z ax Rizez + p Z a'k szsop )

k=1 k=1 k=1

= —[(CP + 5)p - ] +p QOP— T Z akRk:c + Z ak[ —CrRiz + Rizez + p‘Pp—lez]z
k=1

N N
=Y a R+ Y ak [szzz — cpRiz + PSOP_Isz]z - [(90 +ef —¢° - P<Pp_1€]x-
k=1

k=1

Then multiply by R;, and integrate, so that

[&Rse =[xt PP e = 0} [ B+ i [ RicRie

k#j
+ Z a_k/ [Rk:m:z cksz + p(pp lex jz + / Sop + E) (pl’ p(pp-l ] JzT:

k=1
As ||(Rkezz — ckRiz + P9" 7 Riz) || poo < Ce™™, we obtain

Ia; ‘/ Et ]:z:

Moreover, we still have

|/ EOR0)] < OO + O™ T lak()]+ e

)|+ 0 2 a0+ Cele(@l + Cle(Ol + IO

and so

|a5(£)| < Cre™ ”; |ak ()] +Ce™ ™ le(®) |2 + Clle(®)lzn + ClIED) -

Finally, choose to large enough such that Cie™" < _%, so that we obtain, for all

j € [1,N] and all t > t,,
|a5(t)] < Ce™™le(®) Iz + ClIE@ g1 (4.12)

Step 2: Induction. With estimates (4.9) to (4.12), we can now improve exponential
convergence of € by a bootstrap argument. We recall that we have ||e(t)|| gz < Ce
with 79 = v already. Now, we prove that if ||e(t)|| ;1 < Ce ™ with v < % < €1 — 7,
then ||e(t)||;: < C'e~ 0+t So, suppose that ||e(t)|| g < Ce ™ with y < % < e — 7.

a) From (4.9), we get, for all j € [1,N], |[(e~%%a}(t))'| < Ce~(+P+Mt and so by
j

integration on [t,+00), |of (t)| < Ce~00+t since off (t) — 0 as t — +o0.

(b) Still from (4.9), we get, for all j € [1, N], |(e%*a; (¢ ))| < Celei=1=m)t As e; —y —
Yo = €1 — Y — 7Y > 0, we obtain, by integration on [to, t], lei*aj (t) — eeﬂt"aj (to)| <
Celei=1=1)t and so

o (¢)] < Ce~ (04Nt 4 Ceest  Ce~ (4},



102 CLASSIFICATION OF MULTI-SOLITONS

(c) Therefore, we have |la(t)||? < Ce~2(0+t and so, we obtain [|&(t)||; < Ce~(o+)t
by (4.11).

(d) From (4.12), we deduce that, for all j € [1,N], |a}(t)] < Ce~(®+7t and so, by
integration on [t,+00), |a;(t)] < Ce~(@+7t since a,(t) — 0 as t — +oo.

(e) Finally, from (4.10), we have ||e(t)]| ;1 < Ce~(tMt as expected.
H

Step 8: Conclusion. We apply the previous induction until we have e1—v <7 <e;.
Note that 1f 7o = e1—7, then the estimate is still true for v = e; — —'7 < e;—*, and so for
Yo =¢€— —7 > e; — 7 by the previous step. Now we follow the scheme of step 2. We still

have, for all j € [1, N], |a} (£)] < Ce-(m*7% < Ce==tt, and |(e*aj (1))] < Cels=1-m".
In particular, for j = 1, we have

|(e=%05 (t))'| < Ce®@ 7™ e L([to, +00)),
sinee e; — v — 70 < 0. Hence, there exists A; € R such that

t_lﬂ:l etay (t) = A, (4.13)
and |e®ta (t)—A;| < Cele1=1=)t and so |og (t)| < Ce*t. For j > 2, since e;—y—"o >
ez — 7 — e1 > 0 by definition of y, we still obtain, by integration on [to,t], |a; (t)| <
Ce~0o+Mt < Ce®t. As in step 2, it follows ||a(t)||2 < Ce~2%%, then ||&(2)||; < Ce™
by (4.11), |a;(t)] < Ce™* for all j € [1, N] by (4.12), and finally ||e(¢)||5: < Ce™?
by (4.10), as expected. O

Remark 4.3. Note that we can not obtain a better rate than e; for the estimate on

[le()|| g i A1 # 0. Therefore, to continue improving the rate of convergence, we have
to consider a refined asymptotic expansion of u, which is the object of the next section.

4.3 Identification of the solution

We now prove the following proposition by induction, following the strategy of the
previous section. We identify u among the family (p4,,. 4,) constructed in Section 3.
We recall that this family was constructed thanks to the subfamlhes (<pA1 4;), which
satisfy (3.2) for all j € [1, N]:

Vit 2 1, ”‘F’Aly--.,Aj (t) - (\OAL,---,Aj—l(t) - Aje-ejt},j+(t)||31 < e-(e,-+7)t.

Proposition 4.4. For all j € [1, N], there ezist t5,C > 0 and (Ay,...,A;) € R’ such
that, defining c;(t) = u(t) — pa,,...4,(t), one has

VE>ty, |lgj(t)lg < Ce ™.
Moreover, defining o, (t) = [ €;(t)Z;i(t) for all k € [1, N], one has

Vk € [1,4], Jm et (t) =0
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Remark 4.5. Ase; =u— @4, =€+ (p — pa,), we have

lex(®llgs < le(®)llgn + llp(t) — oDl < Ce

by Lemma 4.2 and (3.2). Moreover, defining z; by z;(t) = @4, (t) — o(t) — Are~*1tY;H(¢),
we have

o) = [a®)Zr (1) = [e®)Zi (1) - ae [V O)Z0@) - [ 2020 @)
= o7 (t) - e = [ a2 ()

by definition of a7 in the previous section and by normalization (iv) of Lemma 2.5. As
|21(8) || g < €7@+, we finally deduce, by (4.13),

eit . — e1t — —t
et (1) < letaf (t) — Ai] + Ce™ ——0.

Therefore, Proposition 4.4 is proved for j = 1.

Proof of Proposition 4.4. By Remark 4.5, it is enough to prove the inductive step: we
suppose the assertion true for j — 1 with 5 > 2, and we prove it for j. So, suppose that
there exist to, C > 0 and (A, ...,Aj_1) € R~ such that |e;_1(t)|| ;» < Ce™%-1* for all
t > to, and moreover, for all k € [1,5 — 1], e**a;_; ;(t) = 0 as t = +oo.

Step-1: Another induction. Follewing the proof of Lemma 4.2, we prove that if
llej—1(®) |l g2 < Ce~™* with e;_1 < 70 < €j — 7, then ||gj_1(t)||;: < C'e= Mt But, as
@4, is a soliton like ¢, estimates (4.9) to (4.12) of the previous section hold. In other
words, we have, with obvious notation, for all ¢ > t,,

Vk € [1,N], [Sof i) F erod ()| < Ce™lejoa(t) | s
131 (8) 132 < Ce" supys, llej—1 () s + Cllay1 ()%

Vk € [LN], )y ()l < Celesoa ()]l g + ClIEA Bl g,
les—1 @)l < ClE Bl g + C They laj-14(8)]-

From these estimates, we deduce the following steps as in the previous section.

(a) For all k € [1,N], laj_; x(t)| < Ce~ott,

(b) For all k € [1,5 — 1], we have |(e®**aj_ ,(t )| < Celes=1-t As e) — 40 — v <
ej-1—Y%—7 < — <0 and e**a;_ 1,c(t) —+0ast—> +00 by hypothesis, we deduce
by integration on [t,+0c) that |e*a;_, ,(t)] < Cel=0=7% and so |oj_; 4(t)| <
Ce— e+t

(c) For all k € [j, N], we still have |(e®ta;_, (t))'| < Cel® 1Mt As e, —yo— 7y >
: t— 'yot:— v > [2, Ze decclluce that |e®taj_; ,(t) — e*a;_; ,(to)] < Celss=1-7t by
integration on [to, t], and so

'aj_—l,k(t)l < Ceet 4 Ce~ 0Nt < Ce=(ro+ )t
() Hence, we have fla;-1(£)|* < Ce 2. 1t follows [|€-3(t)lln < Ce~0wtX,

laj1(t)] < Ce~ (oMt by integration, and finally |le;—1(t)]|; < Ce~ (oMt a5
expected.
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Step 2: Identification of Aj. We apply-the previous induction until we have 7,
such that e; — vy < 7 < e;. Moreover, with the same scheme, we obtain the following
estimates.

(a) For all k € [1,N], |a}, ,(t)] < Ce~tw+Mt < Ce~*t, and we still have

(a1 1(t))] < Celoxm—7",

(b) For all k € [1,j — 1], we still have |a;_, ()| < Ce~(otMt L Ceest,

(c) For k = j, we have |(e%taj_, ;())'| < Ce®s=0="t € L}([to, +00)) as e;— Y0 —7 < 0.

Thus, there exists A; € R such that

eta;_y ;(t) = A;,

t—+00 -
and moreover |e%a;j_; ;(t)— A;| < Cel®~1=7* Hence, we have |aj_; ;(t)| < Ce™%".

{d) For all k € [j +1, N], we have e — vo.— v > €j+1 — e; — v > 0, thus by integration
on [to, ], we get |aj_; x(t)] < Ce~ekt + Ce~(0Mt L Ceost.

(e) We now have {la;_1(t)]|> < Ce 2%, and so as in the first step, we cenclude that
les(®)ln < Ce-ss.

Step 3: Conclusion. To conclude the inductien, we write

gi(t) = u(t) — @a,,..4;(t) = €51 (t) + [pay,..4;.(t) — Pay,..4;()]
=gj_1(t) — A;e7Y;F(t) — z(t),

where 2(t) = Qa,,..4;(t) = Pas,.. 45 () — A~V (t) satisfies [z;(t)l y: < e+
by (3.2). Thus, we first have

les )l < les—1 @)l + Ce® +12;(t)l| o < Cee4t.

Moreover, we find
a(t) = [ 02 (®) = a1plt) - 47 [V 02 @) - [ 5027 @)

Therefore, for all k € [1,5 — 1], we have |a;,(t)| < |aj_, 4 (t)| + Ce~¢st + Ce~(&5+Mt and
$0

e*]ai(t)] < e**|aj_y 4(t)] + Ce™ @™ —— 0.

Finally, for k = j, we have by the normalization (iv) of Lemma 2.5, a;;(t) = a;_, ;(t) —
Aje~%' — [ 2;(t)Z; (t), and so

) — t - -
e%*laz;(t)| < leta;_, ;(t) — Aj| + Ce™ pwondl

which achieves the proof of Proposition 4.4. a

Corollary 4.6. There ezist (A;,...,An) € RN and C,ty > 0 such that, defining 2(t) =
“u(t) — Qay,...an(t), we have ||2(t)|l . < Ce™2Nt for allt 2 to.
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Proof. Applying Proposition 4.4 with j = N, we obtain (4;,...,Ay) € R" and
C,to > 0 such that ||2(t)||;: < Ce™®N* for all t > to. Moreover, if we set

of(t) = [ 2(8)ZE()

for all k € [1, N], we have e®**o; (t) — 0 as t — +oo. But, as in the previous proof, it
easily follows that if ||2(t)]| ;: < Ce™™t with v > en, then ||z(t)||: < C'e=(0*+Mt and
we apply this induction until we have y9 = 2en. O

4.4 Uniqueness

Finally, we prove the following proposition, which achieves the proof of Theorem 1.3.
Note that its proof is based on the schemes developed above, and on arguments devel-
oped in [11, Section 4].

Proposition 4.7. There ezists ty > 0 such that, for allt > to, 2(t) = 0.

Proof. We start from the conclusion of Corollary 4.6, we set
0(t) = sup e ||2(t')[ g1,
>t

well defined and decreasing, and we prove that § = 0. Indeed, with obvious notation,
we still have the following estimates, for all £ > to,

Vk € [1L,N], |Sof(t) F exa(t)] < Ce||2(t)l|
vk € [1,N], |d(®)] < Ce™ |zl + CIZ®) ] s
@)l < CIE) g + C Ty ax(®)]-

Moreover, if we define Hy as in [11] by

Ho(t) = | { (z:(t, z) — Folt, (¢, z)))h(t, z) + 22(t,z)} dz,

where

(Paran®) + 27 O an(®)
p+1 p+1

Fo(t,z) =2 [

and h is defined in Section 3.3.5, we also have dhot) > —Ce‘z"trllz(t)"_";,l. Now, we want
to prove that 6(t) = 0, for ¢t > to with ¢y large enough. Let ¢t > ¢,.

First, we have, for all k € 1, N], la‘%af(t) :Fekaf(t)l < Ce™eeNtf(t), and thus,
for all s > ¢,

2 o (s) T exait(s)| < Cem v r)og(y)

dt

Hence, we have |(e~%*%a; (s))'| < Ce~(en+ex+159(t), and so, by integration on [t, +00),

e (£)] < Ce™ e *7t(2).
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Similarly, we have |(e**aj (s))'| < Ce~(eN=ek+7%g(t), and since ey —ex+7y > v >0-and
ettay (t) — 0 as t — +o00, we also get, by integration on [t,+00),

| (£)] < Ceen+mig(2).
We thus have ||a(t)||2 < Ce~2en+1t2(t). But we also have, for s > t,
dH,
—_ >
a )2
and so, by integration on [t,+00), Ho(t) < Ce~2(n+)92(t). As in the proof of Lem-
ma 4.2, we deduce that

IZ@)I7n < Ce N *+6%(2) + Clla(t)|* < Ce*ev+g(y),
and so ||Z(t)|| : < Ce~n+7t4(¢). But, for all k € [1, N] and all s > ¢, we have
|ai(s)] < Ce™l|2() | g + ClIZ(s) | < Ce™N*M20(s) < Ce~en+M%g(1),
and so, by integration on [t,+00), |ax(t)| < Ce~(EN+Mtg(¢).

Finally, we proved that there exists C* > 0 such that ||2(t)||;: < C*e~ N +1(3),
for all ¢t >-to. Now fix t > £,. We have, for all ¢* > ¢,

N || 2(t') ]| g2 < C*e P O(t') < Cre™00(t),

and thus 6(t) < C*e™"6(t). Choosing to large enough so that C*e~" < 1, we obtain
6(t) < 16(t), so 8(t) < 0, and so finally 6(t) = 0, as expected. O

—Ce|2(s) 3 = —Ceem+2(e2|(s)| )7 3 —Ce2en+o62(z),

A Appendix

Proof of Lemma 3.4. The scheme of the proof is quite similar to the proof of
[9, Theorem 5], and uses moreover some arguments developed in [11, section 3.4]. Let
T* =T*(||zll ,3) > 0 be the maximum time of existence of the solution z(t) associated
to z. We distinguish two cases, whether T' < T* or not, and we show that this last case
is in fact impaossible.

First case. Suppose that T' < T™, and let us show that 2,(T) — 2(T') in H'. Since
Cg° is dense in H™! and ||z, (T) — 2(T) |l g1 < Hza(D) g2 + 12(T) |2 < K, it is enough
to show that 2,(T) — 2(T) in D'(R) as n — +o0. So let g € C°(R) and € > 0, and let
us show the lemma in three steps, using an H?® regularization.

Step 1. For N > 1 to fix later, we define z{, and 2’ by

{z’oﬁ?.(s) = 1 v m(€) 7o (6),
2 (&) = Y-nm(€)Z0(E)-

In particular, z{, and 2}’ belong to H?, and z}, — 23’ in D'(R) as n — +oo, since
Fourier transform is continuous in D’(R). Moreover, since () is uniformly bounded

in H! by Banach-Steinhaus’ theorem, we have ||z{', | s S C(N)|z00ll g1 < C(N), and

(1+&) imm@Pde <2 [ 1 |mn(e)f &t

I = z0liza = [ .

KIZN
23/4 03/4 C

\/— |€|>N§2 (f)l \/-_”zon”fn X VN’
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Thus, 2, = 2. as N = +oo in H umformly in n. If we call zV (t) the solution
corresponding to initial data z{},, and since lza ()l ;3 < llzn(®)llg < K, we deduce
that

Sup, 128 () = 2 ()l ;3 < Cllzgm — Zomll 13
for N large enough, by applying [10, Corollary 2.18] with s = 3 > ;2= DT 1) and T =Tk =
T(llzn(t)ll ;3)- As a consequence, we have
N N ’
sup ||z (t < sup ||zn(t + C||% +C
02 1 Oll1 < 28 15Ol + ClAllya + Ol

< sup [|zn(®)l| g1 + 2C|zo,nll g < C
te[0,T)

Similarly, as supejo 1 [|2(¢) || z: < K’ by hypothesis, we also obtain, for N large enough,

00 1270) = 203 < Ol = 2l 3,

’

where 27 (t) is the solution corresponding to initial data 2{'. Notice that C and C’ are
independent of n, and that by propagation of the regularity, we have z¥(t), 2" (t) € H?
for all ¢t € [0, T]. Finally, we have, by the Cauchy-Schwarz inequality,

| Ga) = 200g - [ @) =2 @] <| [ (D)~ 2 TNg
C

+| fletm) - 2, \ (hn() = 2 (@)lza + 11T) = 2 Dla)lgle < g <

for N large enough, and we now fix it to this value.

N| ™

Step 2. Now N is fixed, we forget it and the situation amounts to: 2z,(t), 2(t) € H3
for all t € [0, 7], supyejory 2n(t)ll ;3 < C, llzomllgs <C' (With C and €' independent
of n) and 2, — 2o in D'(R) as n — +o00. The aim of this step is to show consecutively
that z,(t) is uniformly bounded in H!, H? and H?, and finally, z, is uniformly bounded
in H'([0,T] x R).

Since supyejo 1y [|2n(t)ll ;3 < C and H #(R) = L*(R) continuously, we have

sup |lzn(t)llze <C and  sup [|z.(t)|lz. < C
te[0,T) t€[0,T]

But energy conservation gives for all ¢t € [0,T,

3 [ @uanl®)? = 5 [P = 5 [ Outon) — — [ 5
We deduce that

TESC

and s0 sup;ejo.7: fizn ()l <

To estimate ||z,(t)ll 2, we use the “modified energy” as in [11, Section 3.4] (see
also [8]). If we denote z, by z for a short moment, and if we also define G(t) =

J (zf:x(t) - é3f3.7,§(t)z1”"1(t)) for t € [0,T], we have the identity

< Cllzu(®)fe lzn ()22 + Cllzonlizn + Cllzoalz: < C,

() = Ssplp— Dp - e - 3) [ £O240) + 372 - 1) [ 20250).
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But Gagliardo-Nirenberg inequalities give, for all k > 2,

i so(f4) (2"

and since supyepo.7) [|2(t)l| ;= < C, we have
Gy(t) < Cll=(t) 5= / (&) + Cllz®E=° [ 1z 0

C(/Zz(t)) (/zu(t)) +C”(/ zﬁ(t)) (/Zf.,(t))l“
<ol 20" ([ 20)"

Since a < a*®*+1 and a < a* + 1 for a > 0, we deduce that for some C, D > 0 (still
independent of n), we have, for all s € [0, T]

Gy(s) < C (/zﬁz(s)) + D.

Now, for t € [0, T], we integrate between 0 and ¢, and we obtain

t
@@—@@scﬁpam@m+m.

Moreover, by definition of G,

2 9P| [ 2/ p-1 ’ op ‘ 2/ p-1 ‘
lewa(®)I3: < 2| [ 20020 + 2 | [ 20271(0)
t
+ 22O +C [ oee(s)I22 ds + DT
< Cllz@IF + CllizOF + 112(0) | + DT + C/ 222(8) 72 ds
g T 22 .
B+C [ zls) s ds
Finally, we obtain by Grénwall’s lemma that, for all ¢ € [0, T},
l|222(t)||3. < Be®t < BeCT.

We can conclude that supsepo.1y || 2n(t)l| g2 < C with C >0 independent of n.

For a uniform bound in H3, we use the same arguments as for H2. In fact, it is
easier, since we have, by straightforward calculation (we forget again n for a while),

2 [ Zalt) = ~Tlp-1) [ ZeO=®)(0)
+14p(p - )(p - 2) [ D=0 )
+14p(p — 1)(p - 9(p - 3) [ Z(0)22(t)7(t)
+20(p = D(p—D(p - 3)(p — 4) [ 2D (D).
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But we have now supycio.ry [|2z() | oo < C suPyepo 1 |22 (8| 2 S C supseio 1y 12(D) | g2 < C,
and still sup,e(q 7y nz(t){l o < C, 50

dt/ Zzza(t) < A/ Zaza( +B/lzu(t ° +C/ 2(t) +D/lzzz(t)|lzz(t)|

Using a Gagliardo-Nirenberg inequality for the second term and the Cauchy-Schwarz
one for the last term, we obtain

4 2.0<af2m+8([20) ([20)"

+ Cll2(t) 3 + Dllzea(®) s ll22 ()]
<A [2,.(t)+ B [ 22.(6)+ B+ C + Dla(t)

<A [2.0)+D.

Now, if we integrate this inequality between 0 and ¢ € [0, T, we get

t
loaze(®)lfa < lzame(OlFz + 4’ [ Nzzza(s)lfa ds + D'
t
<O Wiga + A' [ 2ane(s)l2 ds + D'T

/ t 2 ’
<A [ zeaa(s)lfa ds + D,

and we conclude again by Gronwall’s lemma that ||zzzz(t)|2: < D"eA* < D"eAT.
Finally, we have sup,cio 1 [|2n(t)|| s <°C, as excepted.

As zni(t) = —Znzaz(t) — D2ns(t) 2571 (t), then we have, for all t € [0, T,

Izt ()]l 22 < N2nzze ()2 + Pllzn () l2nzllz2 < lzn ()l gs + Cllza(®)lfn < C

We. deduce that (2,,) is uniformly bounded in H'([0,7] x R), thus there exists Z such
that 2z, — Z weakly in H'([0,7] x R) (after passing to a subsequence), and in particular
strongly on compacts in L2([0,T] x R). Moreover, since sup, ||z,(t)[lys < C, we have

sup, | (t) | > < C.

Step 8. This step is very similar to the first one of the proof of [9, Theorem 5]. We
recall that we want to prove [(z,(T) — 2(T"))g — 0 as n — +o00. Let w, = 2, — z. The
equation satisfied by wy, is Wnt + Wnees + (25 — 2P), = 0, and moreover

(28 — 2P), = pzna2h” D pzPl = [(z:,,z — 2g)2P7 4 2 (27 = 2P7Y))

=p [wmzﬁ‘l + 22(20 — 2) z 2k 2k
k=0

If we define S(u,v) = Y h_ 2 _o vFuP~2k the equation satisfied by wy, can be written

Wyt + wna:m:c + PZ”_ wnz + pZzS(Z Zn)wn =0,
wn(o) - 2.
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Now, consider v(t) the solution of

Vg + Ugaz + P(ZP710), + p2,5(2,2)v = 0,
v(T) =

First notice that sup, ||v]|;2 € C by an energy method. Indeed, we have by direct
calculation

55 [v*=-p / o [(p— 1552 +22,5(2, 7).

But we have sup, |%(t)ll = < sup, ()l < C, and similarly sup, [12(t)]l= < C,
sup, [17:(8)l ;e < C and sup, [|S(2(2), £(t))ll . < C, and so

—%/vz(s) < C’/vz(s).

By integration between t € [0,T] and T, we obtain

T
lo@)lze = lo(T)lz= < C /t llv(s)lIz2 ds,
and so [|v(t)||32 < llgll2 + C ST l|lv(s)||72 ds. We conclude, by Grénwall’s lemma, that

lo()l22 < llgl2aefT < ngﬂizec"
Now, we write

/w,,(T,x)g(x)dx —/d)n(x)v({),z)dx = /Owa,,tv+[0T/wnvt =I+1I

with T
= /0 / Wn [Vzzz + PV, — P2:S(2, 20)]
T
—_ _ _ -1 Y 3
II —/0 /w,. [ Vzzz — P(VEFTY), +pzzS(z,z)v] ,
and so
T T
I+1I --:p/o /w,,[v(zﬁ‘1 -1, +p/ /wnz,,.v[S(z Z) — S(z, zn)]
T p-2
=—p Weev(2272 = 7)) —p Wozzv Y 2P 270k — )
L/ JESD>
T
= —p/o /w,,z'v(z,, —2)S(2, z,) —p/; /w,,zzv(z,, —2)8' (2,2, z,)
T
=-p / / [WnzS(Z, 2n) + Wn22S' (2, Z, 2n)]0(2n — ),
where S(%,2,) = Y0222 2%2k and §'(z, %, z,) = Thoa T} 2p-2-k5k-1-14 both sat-
isfy

sup ||S(2,2zn)llpe < C and  sup ||5(2, 2, 2n)ll 1o < C
te[0,7] tef0.T]

As 9, — 0in L? and v(0) € L?, then, for n large enough, |[v¥n(z)v(0,z)dz| < £.
Therefore, it is enough to conclude to show that, for n large enough, |I +II| < £. But

sup, ”wﬁzs(zv Zn) + wnzzsl(za z, zﬂ)”Loo < C,
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and sup ||z, — Z|| ;2 < Cllzn — Zl| g1 gorixr) < C> sup;||vllf. < C. Hence, there exists
R > 0 such that

T s s .
_P/O /|x'>R[wnz (2, 2n) + wp2:5' (2, Z, 25 )|0(2n — 2)| <

¢
5
And finally, by Cauchy-Schwarz inequality, we have

T T
‘—p/o /IzISR[me(Z’ Zn) + Wn2:8' (2, 2, 2)Jv(2n — Z)| < C/o /|z|<R |zn — Z||v|
1/2

1/2 1/2
< C(/OT [zISR Izn B Zl2> (/()‘T [zlsR '02> < C(-/OT /IzlsR Izn B 212) < %

for n large enough, which concludes the first case.

Second case. Suppose that 7 < T and let us show that it implies a contradiction.
Indeed, there would exist 7" < T* such that ||z(T")|| i 2 2K (where K is the same
constant as in the hypothesis of the lemma). But we can apply the first case with T re-
placed by T", so that z,(T") — 2(T") in H*, and since ||z,(T")|| ;» < K, we would obtain
by weak convergence ||z(T")|| i S |2(T")|| 2 < K, and so the desired contradiction and
the end of the proof of the lemma.
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Abstract

For the L? supercritical generalized Korteweg-de Vries equation, we proved in [2] the
existence and uniqueness of an N-parameter family of N-solitons. Recall that, for any N
given solitons, we call N-soliton a solution of the equation which behaves as the sum of
these N solitons asymptotically as ¢ — +o00. In the present paper, we also construct an
N-parameter family of N-solitons for the supercritical nonlinear Schrodinger equation,
in dimension 1 for the sake of simplicity. Nevertheless, we do not obtain any classification
result; but recall that, even in subcritical and critical cases, no general uniqueness result
has been proved yet.

1 Introduction

1.1 The nonlinear Schrédinger equation

We consider the L? supercritical focusing nonlinear Schrédinger equation in one dimen-
sion:

; 2 -1, —
{zatu+<9,u+!ul u=0, (NLS)

u(0) = uo € H'(R),

where (¢,z) € R?, p > 5 is real, and u is a complex-valued function. Recall first that
Ginibre and Velo [6] proved that (NLS) is locally well-posed in H!(R) for p > 1: for
any ug € H'(R), there exist T > 0 and a unique maximal solution u € C([0,T), H}(R))
of (NLS). Moreover, either T' = +00 or T < 400 and then lim,_,7 ||0;u(t)|| 2 = +o0. It
is also well-known that H? solutions of (NLS) satisfy the following three conservation
laws: for all t € [0,T),

M(u(t) = [Tu(®) = M(uo) (mass),
E(u(t) = 5 [ 10 5 [ 1u)P* = Bluo) (enere)

P(u(t)) = Im / B,u(t)i(t) = P(uo) (momentum).

Recall also that (NLS) admits the following symmetries.

« Space-time translation invariance: if u(t, z) satisfies (NLS), then for any to, z¢ € R,
w(t, z) = u(t — to, T — z¢) also satisfies (NLS).

o Scaling invariance: if u(t,z) satisfies (NLS), then for any A > 0, w(t,z) =
ARTu(A2t, Az) also satisfies (NLS).

o Phase invariance: if u(t,z) satisfies (NLS), then for any v € R, w(t,z) =
u(t, z)e*™ also satisfies (NLS).

o Galilean invariance: if u(t,z) satisfies (NLS), then for any vy € R, w(t,z) =
o2
u(t, T = vot)e¥(F==¢1 also satisfies (NLS).
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We now consider solitary waves of (NLS), in other words solutions of the form
u(t, ) = €°'Q,, (), where co > 0 and Q,, is solution of

Qe >0, Qg € HI(R)a Q,clo + ng = CoQco- (1'1)

Recall that such positive solution of (1.1) exists and is unique up to translations, and is
moreover the solution of a variational problem: we call Q,, the solution of (1.1) which
is even, and we denote @ := @Q;. By the symmetries of (NLS), for any -, v, Zo € R,

(Y0 Y8
RCO,'ro,vo,-'co (t’ x) = Qco (:C — Vot — xO)ez( 2 2= treot+o)

is a solitary wave of (NLS), moving on the line z = vyt + o, that we also call soliton.

Finally recall that, in the supercritical case p > 5, solitons are unstable (see [8]). A
striking illustration of this fact is the following result of Duyckaerts and Roudenko [5]
(adapted from a previous work of Duyckaerts and Merle [4]), obtained for the 3d focusing
cubic nonlinear Schrédinger equation (cNLS-3d), which is also L? supercritical and H*
subcritical as in our case.

Proposition 1.1 ([5]). Let A € R. If to = to(A) > 0 is large enough, then there exists
a radial solution U4 € C™([ty, +o0), H®) of (cNLS-8d) such that

Vb€ R,3C > 0,Vt > ty, ||UA(t) — €*Q — Ael—00Y |, < Cem 20t

where eg > 0 and Y+ # 0 is in the Schwartz space S.

In particular, UA(t) # €*Q if A # 0, whereas lim;_, ., ||[U4(t) — €%Q||;» = 0. Note
that, in the subcritical and critical cases p < 5, no such special solutions U4(t) can exist,
due to a variational characterization of Q. Indeed, if lim;, o [[u(t) — €#Q]| ;1 = 0, then
u(t) = €*Q in this case. The purpose of this paper is to extend Proposition 1.1 to
multi-solitons.

1.2 Multi-solitons

Now, we focus on multi-soliton solutions. Given 4N parameters defining N > 2 solitons
with different speeds,

®n<:---<vN, C,...,cNERY, m,...,WER, z,...,2§8 €R, a.2)

we set
N

i=1
and we call N-soliton a solution u(t) of (NLS) such that

lu(t) — R@t)||jn — 0 as t— +oo.

Let us recall known results on multi-solitons.
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o In the L? subcritical and critical cases, i.e. for (NLS) with p < 5, there exists a
large literature on the problem of existence of multi-solitons and on their prop-
erties. Merle [12] first established an existence result in the critical case, as a
consequence of a blow up result and the conformal invariance. This result was ex-
tended by Martel and Merle [10] to the subcritical case, using arguments developed
by Martel, Merle and Tsai [11] for the stability in H' of solitons. Nevertheless,
we recall that no general uniqueness result has been proved, contrarily to the
generalized Korteweg-de Vries (gKdV) equation (see [9]).

For other stability and asymptotic stability results on multi-solitons of some non-
linear Schrodinger equations, see [13, 14, 15].

o In the L? supercritical case, i.e. in a situation where solitons are known to be
unstable, Céte, Martel and Merle [3] have recently proved the existence of at least
one multi-soliton solution for (NLS):

Theorem 1.2 ([3]). Letp > 5and N > 2. Let v; < --- < vy, (c1,-..,cn) € (RSN,
(1,---,7n) € RN and (z1,...,z5) € RN. There ezist Ty € R, C, 00 > 0, and a solution
@ € C([To, +00), H) of (NLS) such that

Vt € [To,+00), ||o(t) — R()]n < Ce ™ .

Recall that, with respect to [10, 11], the proof of Theorem 1.2 relies on an additional
topological argument to control the unstable nature of the solitons. Finally, recall that
Theorem 1.2 was also obtained for the L? supercritical gKdV equation, and has been
a crucial starting point in [2] to obtain the multi-existence and the classification of
multi-solitons. It is a similar multi-existence result that we propose to prove in this

paper.

1.3 Main result and outline of the paper

The whole paper is devoted to prove the following theorem of existence of a family of
multi-solitons for the supercritical (NLS) equation.

Theorem 1.3. Letp >5, N>2, v, <---<uwp, (c1,...,cn) € RN, (n,---,7n) €
RY and (z1,...,2x) € RY. Denote R=]_, Re; ;055

Then there exist v > 0 and an N-parameter family (99A1,...,AN)( A1, AN)ERN of solu-
tions of (NLS) such that, for all (A;,...,ANn) € RY, there exist C > 0 and ty > 0 such
that

vt > tO’ "SOAl,...,AN(t) - R(t) HHI < Ce—’ﬂa

and Zf (A’1 IRERE f-\’) # (-‘417 ) AN); then ‘pA’l,...,A'N # YA, AN-

Remark 1.4. As underlined above, the question of the classification of multi-solitons
is open for the (NLS) equation, even in the subcritical case, while it was obtained in [2]
for the supercritical gKdV equation, and in [9] for the subcritical and critical cases.
Although we expect that the family constructed in Theorem 1.3 characterizes all multi-
solitons, the lack of monotonicity properties such as for the gKdV equation does not
allow to prove it for now.
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The paper is -organized as follows. In the next section, we briefly recall some well-
known results on multi-solitons and on the linearized equation. One of the most im-
portant facts about the linearized equation, also strongly used in [5, 3], is the deter-
mination of the spectrum of the linearized operator £ around the soliton e®Q (proved
in [16] and [7]): (L) NR = {—ep,0,+eo} with &g > 0, and moreover e, and —eg are
simple eigenvalues of £ with eigenfunctions Y+ and Y~. Indeed, Y allow to control
the negative directions of the linearized energy around a soliton (see Proposition 2.4).
Moreover, by a simple scaling argument, we determine the eigenvalues of the linearized
operator around e"cfthj, and in particular +e; = :I:c?/ %ey are simple eigenvalues with
eigenfunctions Y;* (see Notation 2.7 for precise definitions).

In Section 3, we construct the family (ya,,. 4,) described in Theorem 1.3. To do
this, we first claim Proposition 3.1, which is the key point of the proof of the multi-
existence result as in [2], and can be summarized as follows. Let ¢ be a multi-soliton
given by Theorem 1.2, j € [1,N] and A; € R. Then there exists a solution u(t) of
(NLS) such that

lu(t) — o(t) — Aje™ Yt E)ly < e,

for t large and for some small v > 0. This means that, similarly as in [5] for one
soliton, we can perturb the multi-soliton ¢ locally around one given soliton at the order
e ¢*. Sinee it is not significant to perturb ¢ at order e; before order ey if e; > ex, the

construction of @4, . a, has to be done following values (possibly equal) of e;.

Finally, to prove Proposition 3.1, we follow the strategy of the proof of the similar
proposition in [2], except for the monotonicity property of the energy which does not
hold for the (NLS) equation. If this property of monotonicity was necessary to obtain the
classification, we prove that a slightly different functional estimated regardless its sign
is sufficient to reach our purpose. We also rely on refinements of arguments developed
in [3], in particular the topological argument to control the unstable directions.

2 Preliminary results
Notation 2.1. They are available in the whole paper;
(a) We denote 0,v = v, the partial derivative of v with respect to z.

(b) For h € C, we denote h; = Reh and hy = Imh.

(c) For f,g € L?, (f,9) = Re [ fg denotes the real scalar product.

(d) The Sobolev space H? is defined by H*(R) = {u € D'(R) | (1 + £€2)"*4(¢) € L*(R)},
and particularly H'(R) = {u € L*(R) | ||lull%: = [lull24+18:u]%, <400} < L®(R).

(e) If a and b are two functions of ¢ and if b is positive, we write a = O(b) when there
exists a constant C' > 0 independent of ¢ such that |a(t)| < Cb(t) for all .
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2.1 Linearized operator around a stationary soliton

The linearized equation appears if one considers a solution of (NLS) close to the sta-
tionary soliton e*Q. More precisely, if u(t, z) = e*(Q(z) + h(t, z)) satisfies (NLS), then
h satisfies 8;h + Lh = O(h?), where the operator L is defined for v = v; + ivy by

Lv=—L_vy +iLv,
and the self-adjoint operators L, and L_ are defined by
L+'Ul = —83,1)1 + v — pQ”"lvl, L_vz = -—6:1)2 + vy — Qp—1v2.

The spectral properties of £ are well-known (see [7, 16] for instance), and summed up
in the following proposition.

Proposition 2.2 ([7, 16]). Let o(L) be the spectrum of the operator L defined on
L%(R) x L%(R) and let 0ess(L) be its essential spectrum. Then

Oess(L) ={i€ ; E€R,[§| 21}, o(L)NR={—eo,0,+eo} withey>0.

Furthermore, eq and —eo are simple eigenvalues of L with eigenfunctions Yt and
Y~ =Y+ which have an exponential decay at infinity. Finally, the null space of L
is spanned by 0,Q and iQ, and as a consequence, the null space of L, is spanned by
0:Q and the null space of L_ is spanned by Q.

Remark 2.3. By standard ODE techniques, we can quantify the exponential decay of
Y* and §,Y* at infinity. In fact, there exist 9 > 0 and C > 0 such that, for all z € R,

[Y(z)| + |8, Y *(z)| < Ce ™.

Moreover, £, L, and L_ satisfy some properties of positivity or coercivity. The
following proposition sums up the two properties useful for our purpose. Note that the
first one is proved in [16], while the second one is proved in [4, 5].

Proposition 2.4 ([16, 5]). (i) For all f € H' \ {AQ ; X € R} real-valued, one has
J(L-f)f >0.

(i) There ezists ko > 0 such that, for all v = v, + iv; € H?,

(Lyvi,vn) + (L_UQ,’D})> %Ilvllip — Ko KJ[ aszl)z 4 (/ sz)2
+(Im/Y+5)2 + (Im/Y‘ﬁ)T

Finally, we extend Proposition 2.2 to the operator L linearized around the stationary
soliton €**Q.(z), by a simple scaling argument. In fact, we recall that if u is a solution
of (NLS), then w(t,z) = /\%u()\zt, Az) is also a solution, and moreover, we have
Q.(z) = ci"ith(\/_afc) for all ¢ > 0.
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Corollary 2.5. Let ¢ > 0. For v = v; + iv, L, is defined by L.v = —L,_vy + iLyv1,
where

Leyvy = =020+ cvy —pQ2 vy and Lo_vy = —02v; + cvp — Q2 v,
Moreover, the spectrum o(L.) of L. satisfies
o(L)NR = {—e.,0,+e.}, where e, = c%ey > 0.
Finally, e. and —e, are simple eigenvalues of L. with eigenfunctions Y;* and Y., where

Y (z) = /Yt (Vex) and Yo =YF,

and the null space of L. is spanned by 0:Q. and iQ..

Claim 2.6. One can normalize Y* so that

~Im / (Y*)Y? =1 andstil Y~ =Y+

Proof. Denote Y; = ReY™, Y =ImY™*. Thus, we have Yt =Y, +iY,, Y~ =Y; — Y5,
and
L.Y, =egY2, LY, = —epY.

Now, suppose that there exists A € R such that Yo = AQ. Then, we would have
LY, = —eY, =AL_Q =0, and so-Y; = 0. But it would imply L.Y; =0 = eyY>, and
so Y, = 0, which would be a contradiction. Therefore, by (i) of Proposition-2.4, we have
J(L_Y,)Ys = —eo [ Y1Ys > 0. Hence, since Im [ (Y+)? = 2[Y;Y3, we normalize Y by
taking .
e 7=

NETA

2.2 Multi-solitons results

Bl

O

A set of parameters (1.2) being given, we adopt the following notation.

Notation 2.7. For all j € [1, N], define:

(i) Aj(t,z) =z — v;t — z; and 6;(t, ) = Jv;z — Jvit + cit + ;.

(11) Rj(t7 Z) = ch (Aj(t x))eiﬂj(t,z), where Qc(x) = cp—ifQ(\/_cx)
(iii) Y;*(t,2) = YE(N;(t, 2))e® %), where YE(z) = /Y *(y/cz).

(iv) e; = e.,, where e, = c*/2e,.

Now, to estimate interactions between solitons, we denote cmin = min{cx ; k € [1, N]},
and the small parameters

3/2
. 0.
G0 = in{7o+/Criny €' Ceniny Camins U2 — V15 -+, UN — UN—1} and = f'gg- (2.1)
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From [10}, it appears that ~-is a suitable parameter to quantify interactions between
solitons in large time. For instance, we have, for j # k and all ¢t > 0,

/ |R;IIRe()] + |(By)=(8)]|(Ri)=(t)] < Ce™". (2.2)

From the definition of 0o and Remark 2.3, such an inequality is also true for Y;-*.

Moreover, since oy has the same definition as in [3], Theorem 1.2 can be rewritten as
follows. There erist Tp € R, C > 0 and ¢ € C([Tp, +00), H') such that, for all t > Ty,

le(®) = R()l g < Ce™". (2.3)

3 Construction of a family of multi-solitons

In this section, we prove Theorem 1.3 as a consequence of the following crucial Propo-
sition 3.1. Let p > 5, N > 2, a set of parameters (1.2), and denote R = ¥ | R;.

Proposition 3.1. Let ¢ be a multi-soliton solution satisfying (2.3). Let j € [1,N] and
A; € R. Then there ezxist to > 0 and a solution u € C([ty, +0), H') of (NLS) such that

Vi to, |lu(t) - p(t) — A YO, < e (3.1)
Before proving this proposition, let us show how it implies Theorem 1.3.

Proof of Theorem 1.8. Let (A;,...,An) € RY. Denote o the permutation of [1, N]
which satisfies

Co1) €+ € Co(n), and 0(2) < 0(J) if c4) = Co(j) and 4 < 4.

(i) Consider ¢4, the solution of (NLS) given by Proposition 3.1 applied with ¢
given by Theorem 1.2. Thus, there exists to > 0 such that ~

VE2to, (0,0 t) — @) = Ase @Y (0]l , < e e+t
Now, remark that ¢4, is also a multi-soliton which satisfies (2.3). Hence, we can

apply Proposition 3.1 with @4, ,, instead of ¢, so that we obtain p4,,,4,, such
that

VE2 10, [Pasayonm ) = Pagn (8) = Ao@)e @Y 5 (B, < ™o+,

Similarly, for all j € [2, N], we construct by induction a solution i AgiryrrAagsy SUCh
that, for all ¢ > ¢,

”()DA,(l),...,A,(J-) (t) - ‘PAa(l),-n,Ac(j_n(t) - Ad(j)e—ea(j)tya"(’j) (t)”H1 < e-(e,(,-)+’y)t.

Note finally that pa4,,. 4y = PAgayrAaei) constructed by this way satisfies (2.3).
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(i) Let (A},...,Al) € RN be such that a4, = @a,,. 4y, and let us show that
it implies (A},...,Ay) = (41,...,An). In fact, we prove by induction on j that
Ay = AU(J) for all J € [1,N]. For j = 1, first note that, from the construction

of pa,,..,ay, the hypothesis means @’ ! Ay = Photayreaqy and moreover

PAs1yrrAs(n) (t) = PAs)rAc(N-1) (t) + AU(N)e—ea(VN)t (N)(t) + ZG(N)(t)

N
= () + 3 Asye @Y (1) + Z Zo (k) (2),
k=1

I

where z,() satisfies [|zox)(t)ll ;1 < e®* for t > ¢, and each k € [1,N].
Similarly, we get

(PA;(I),...,A;(N) (t) + kzl Al (k)€~e°(")tY (k) + kzl Zo(k) (t
and so, by difference, we have
N

(Ao() — Apqn)e ™Y 1) (t) = ,§(A;<k>-Aa<k>) TR (2)

N
+ Y Zo(k)(t) — 2o (1)
k=1

Now, if we multiply this equality by Y (t) integrate, and take the imaginary
part of it, we obtain, by Claim 2.6 and (2 2)

|Ap) — A, (l)le-eau)t < Ce~ (et

and so A1) = Ag(;) by taking t — +oo. For the inductive step from j — 1 to j,
we write similarly

N : N
S0AO(1)1~"7AG'(N) (t) = <pAa’(1)7"'v‘4¢7(j—1) (t) + Z Aa(k)e—ea(k)tyo'-’(-k) (t) + Z Zg(k) (t)

k-—j k—j
= PAsa)rrAs(i-1) t) + kZ: A (k)e—ec(k)ty )(t) + kE: Zo(k) (t
=) =)

and we finally obtain A,(;) = Af,(]) as expected, by taking the difference of these

two expressions, multiplying by Y’ (J)(t) integrating and taking the imaginary part
of it. O

Now, the only purpose of the rest of the paper is to prove Proposition 3.1. Let j €
[1,N] and A; € R, and denote r;(t, z) = Aje 'Y (t,z) = Aje™ 'Y (\;(t, z))e®®).
We want to construct a solution u of (NLS) such that

Z(t, .'27) = u(t’ 1,‘) - <p(t’ l‘) - rj(t> (E)

satisfies ||z(t)]| ;1 < e™®** for t > ¢, with ¢, large enough.
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3.1 Equation of z
Since u is a solution of (NLS) and also ¢ is (and this fact is crucial for the whole proof),
we get
10,24-022+ | + 15 + 2|7 (+ri+2)—|olf T p+Aje 0t [02Y} —c;Y F—ie;Y,T1(A) = 0.
But from Corollary 2.5, we have -
LY} =&Y} = eV +ieY = —L Y}, +ilY],

where Y./, = ReY} and Y., = Im Y}, and so

BYS — Y +iQ 'Y, +pQ8T Y = de Y (3.2)

Therefore, we get the following equation for z:

Oz +02z+|p +1; + 2| (p+ri+2) =l o = A,-e‘e"tQﬂj‘l()\j)e“’f [pYor 1 +4Y 5l ()
' (3.3)
By developing the nonlinearity, we find

lo+ 1+ 2P (o +ri+2) = o e =lo+ P (@ +15) — oo+ w(z)
+ (= Dle+ 1l (0+ ) Re((B+75)2) + o + 15/,
where w(z) satisfies |w(z)| < C|z|® for || < I. Hence, we can rewrite (3.3) as
Bz + 8z + (p— Dle + 1570 + ) Re((B +75)2) + lo + 7P 2+ w(z) = -9,
where
Q= lo+rP7 (0 +15) = ol — AemQE (N)e ¥ [pYy +iYTI(N). (34)
Finally, the equation of z can be written in the shorter form '
Bz + 02z + (p— 1" 20 Re(@z) + |oIP 2 + wy - 2+ w(2) = -9Q, (3.5)

where w, satisfies ||wy(t)|| . < Ce™%" for all ¢t > To. We finally estimate the source term
2 in the following lemma, that we prove in Appendix A.

Lemma 3.2. There ezists C > 0 such that, for all t > Tp, ||t)|| g < Ce(es+4t,

3.2 Compactness argument assuming uniform estimates

To prove Proposition 3.1, we follow the strategy of [10, 3]. We first need some notation
for our purpose.

Notation 3.3. (i) Denote J = {k € [1,N] | ek < ¢;}, K = {k € [1,N] | ek > ¢;}
and ko = K.

(ii) R* is equipped with the £> norm, simply denoted || - ||.
(iii) Sgko(r) denotes the sphere of radius r > 0 in R¥e.
(iv) Bg(r) is the closed ball of the Banach space B, centered at 0 and of radius r.
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Let S, — +00 be an increasing sequence of time, b, = (bnk),cx € R* be a sequence
of parameters to be determined, and let u, be the solutlon of

{i@tun + 0Py + |tn " un = 0,

Un(Sn) = P(Sn) + Aje 5"V (Sn) + Y buiYit (Sn). (3.6)
keK

Proposition 3.4. There ezxist ng > 0 and to > 0 (independent of n) such that the
following holds. For each n > ny, there exists b, € R* with ||b,|| < 2e~(&+2M5 gnd
such that the solution u, of (3.6) is defined on the interval [to, Sp], and satisfies

VEE [to,Sul,  llun(t) — (t) — Aje Y ()] < TN

Assuming this key proposition of uniform estimates, we can sketch the proof of
Proposition 3.1, relying on compactness arguments developed in [10, 3]. The proof of
Proposition 3.4 is postponed to the next section.

Sketch of the proof of Proposition 8.1 assuming Proposition 3.4. From Proposition 3.4,
there exists a sequence u,(t) of solutions to (NLS), defined on [to, S,], such that the
following uniform estimates hold:

Vn > no,Vt € [to, Sul,  llun(t) — () — Aje™ Y (O)l y < &7,

In particular, there exists Cp > 0 such that ||u,(to)|| g1 < Co for all n > ng. Thus, there
exists up € H'(R) such that u,(to) — ue in H' weak (after passing to a subsequence).
Moreover, using the compactness result [10, Lemma 2], we can suppose that u,(to) — uo
in L? strong, and so in H® strong by interpolation, where 0 < s, < 1 is an exponent
for which local well-posedness and continuous dependence hold, according to a result of
Cazenave and Weissler [1]. Now, consider u solution of

i0u + 02u + [uff lu =0,
u(to) =

Fix t > to. For n large enough, we have S,, > t, so u,(t) is defined and-by continuous
dependence of the solutions of (NLS) upon the initial data, we have u,(t) — u(t) in
H?*» strong. By the uniform H! bound, we also obtain u,(t) — u(t) in H' weak. As

lun®) = (t) = Ase™ Y (E)l < =+,

we finally obtain, by weak convergence, [[u(t) — @(t) — Aje™'Y;F (t)||,,, < e~ &+,
Thus, u is a solution of (NLS) which satisfies (3.1). O

3.3 Proof of Proposition 3.4

The proof proceeds in several steps. For the sake of simplicity, we will drop the index n
for the rest of this section (except for S,). As Proposition 3.4 is proved for given n, this
should not be a source of confusion. Hence, we will write u for u,, z for z,, b for b,,
etc. We possibly drop the first terms of the sequence Sy, so that, for all n, S, is large
enough for our purposes.
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From (3.5), the equation satisfied by z is

{iatz + 022+ (p— 1)|plP o Re(@z) + |’ 2+ w1 - 2+ w(2z) = -, (3.7)

2(Sn) = Thex Yy (S).

Moreover, for all k € [1, N], we denote

of (t) = Im [ 2(t) - Y£(0).
In particular, we have

af(S,,) = —lsz,Im/Y;’f()‘k(sn))y;(,\I(Sn))e-w,,(s..)ew,(s..)_
€

Finally, we denote o~ (t) = (aj (t))xexk-

3.3.1 Modulated final data

Lemma 3.5. For n > ng large enough, the following holds. For all a— € R*, there
erists a unique b € R* such that ||b|| < 2|ja”|| and @~ (S,) =a".

 Proof. Consider the linear application

P . Rk — Rk A
b= (bl)leK — (a;(sn))kex'

If we denote (oy,...,0k) the canonical basis of R*, then, by the normalization of
Claim 2.6 and the definition of Y in Corollary 2.5, we have, for all k € [1, ko],

(®(ow)), = -mfv (v2) = —Im/ (v*)'=1

Moreover, from (2.2), there exists Cy > 0 independent of n such that, for I # k,
(@) < [ Y ASIIYE Ow(Sn)| < Coe™.

Thus, by taking no large enough, we have ® = Id+ A, where ||A,|| < 1, so @ is invertible
and ||®!|| < 2. Finally, for a given a~ € R*, it is enough to define b by b = ®(a")
to conclude the proof of Lemma 3.5. O

Claim 3.6. The following estimates at S, hold:
o |af (Sa)| < Ce=27S|b|| for all k € [1,N], since Im [ YV} =1Im [ [V} =0.
o |ag (Syp)| < Ce=275»||b|| for allk € J.

* [|2(Sa)l g < CllB]l-
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3.3.2 ..Equations on of

Let to > 0 independent of n to be determined later in the proof, a~ € By, (e~(¢i+21)5n)
to be chosen, b be given by Lemma 3.5 and u be the corresponding solution of (3.6).
We now define the maximal time interval [T'(a~),S,] on which suitable exponential
estimates hold.

Definition 3.7. Let T'(a~) be the infimum of T’ > ¢, such that, for all ¢ € [T}, S,], both
following properties hold:

et 2(t) € Byi(1) and e&+2a(t) € Bgo(1). (38)

Observe that Proposition 3.4 is proved if we can find a~ such that T'(a~) = t,, for
all n. The rest of the proof is devoted to prove the existence of such a value of a™.

First, we prove the following estimate on o} .
Claim 3.8. For all k € [1,N] and all t € [T'(a™), Sy),

\ i (t) Fexaif (t )i < Coe™*™||2(t) | g2 + Cullz(t) |7 + Coe™ 7% (3.9)

Proof. Following Notation 2.7, we compute

ot = —g m [ TE0:0) = -%Im/ Y (o~ oxt — e btrasen) g

1 .
- Im/ (:I: — vkt — xk)e ‘(2vk:c 4vkt+ckt+—7k)

Moreover, using the equation of z (3.7) and an integration by parts, we find for the
second term

—Im / Y (z — vit — i)~ avE—gvittentie) 5,
= - Im/ch()\k)e‘wk X1 [8§z + (p—1)|eP e Re(@z2) + @I 'z 4wy - 2z + w(z) + Q]
=—Im / ize [agyc* — w0, Y — ”Z’%ch} (M)
—Im [ YT (W)™ [(p — DlpP ¢ Re(p2) + [ 2]
- Im/zY:‘:(/\;c —4k [wl z+w(z)+ 9.
Using the estimate ||w;(t)||;> < Ce™%* and Lemma 3.2, we find for the last term
| Im [ iVFOw)e™ or - 2+ w(2) + n]l < CeH|2]| s + Clz|l3 + Ce(e5+ent,

From the definition of v (2.1), we deduce that
d o (t

Zat(t) = —1Im [ize™ [62Y7 - c:cch] ()

T ck

—Im [T (e [(p — 1)l "¢ Re(pz) + [l ~'2]
+0(e -“nznm) + O(Ilzllip) +O(eterm),
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Now, from (3.2), we find

—Im / ize %k [Bﬁch - ck}’;ﬂ (Ak)
= —Im / ize™ [FiesV T —iQE YT, — pQEIYE,| (M),

and, as in the proof of Lemma 3.2, we also find

~Im [ ¥ (OW)e™ [(p — Dl Re(p2) + o]
= —Im [ YT (W)™ [(p — 1)| Rl Re Re(Fiz) + |Rel" 2] + O(e "2l )

Hence, we have

:iit af(t) ==+ ( Im/ze‘“’"ch(/\k)+Im/zze —9k zQ”" a2+ PQEY T ()
~ Im [ YT (w)e™ (0 - 1)QE 2 (Ae)e Rel@a (A)e™2] + Q% ()]
+O(e™*"||2]| i) + O(l2ll7) + O(e™ (s +47%),

Finally, if we denote z; = Re(ze~%*) and 2z, = Im(ze~%*), we find

iak (t) = Lerai (t) + Oe™"||2ll ) + O(lzll3n) + O(e~Cr+4)
+R£/(Z1 +12;) [z c,:l()‘k)Y:Fz(/\k) + 1()\1:) F e )]

—Re / (A)QE " (M) (21 +iz2) — Re / (p— DY (W)@ ()2
= Zesa (t) + O™ 1) + O(llzl3n) + O(e~es+7*)
+p/z1ng—1()‘k) Yo 1 (Ae) — /22sz A)YF2(Ae) — / ()@ ()2

+ [YE00@ M0z - (0 - 1) [ YE,00QE ()2
= Hexaf (t) + O™zl ) + O(llzl) + O(e=5+4%),

since all other terms cancel. O

3.3.3 Control of the stable directions

We estimate here o (t) for all k € [1,N] and ¢ € [T'(a™), S,,]. From (3.9) and (3.8), we
have

d . .
aa:(t) - eka;:(t) < Coe—(ej+5‘1)t + 016-2(ej+'r)t + Cge'(°’+47)' < Kze—(eﬁh)t

Thus, |(e~**%0; (s))'| < Kqe~(Ei+ex+4Ms  and so, by integration on [t, Sp), we get
le™5aif (Sn) — e™**af (t)| < Kpe™ 4%, which gives

laf ()] < e*E50)|af (S,)] + Koe™@r+amt,
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But from Claim 3.6 and Lemma 3.5, we have

eS|t (8,)] < laf (Sa)| < Ce™®7||p||
< Ce25n—(€5+27)Sn < Kze—(ej+4’7)sn < Kze—(€j+4‘1)t,

and so finally
Vk € [1,N],Vt € [T(a7),S,), laf ()] < Kpe~ @4t (3.10)

3.3.4 Control of the unstable directions for k € J

We estimate here o (t) for all k € J and t € [T(a~),S,]. Note first that, as in the
previous paragraph, we get, for all k € [1, N] and t € [T'(a™), S,],

d
% 7 (t) + exag ()| < Kpe™ @+t (3.11)

Now suppose k € J, which implies e; < e;. Since |(e**aj (s))'| < Kae® %41 we
obtain, by integration on [t, S,],

|oi (8)] < €59 aj; (S,)| + Kaem G+,
~ But again from Claim 3.6 and Lemma 3.5, we have
ee“(s"'t)la;(Sn)i < Kzeek (S,.—t)e—273ne—(ej+2'y)sn — K2eek(Sn—t)e—(ej+47)Sn

< Kze(S,.—t)(ek—-ej)e-—ejte-4'75,. < Kze_(ej+47)t,

and so finally
Yk € IVt € [T(a”),S,), |og(t)| < KpemetH4mt, (3.12)

3.3.5 Localized Weinstein’s functional

We follow here the same strategy as in [11, 10, 3] to estimate the energy backwards. For
this, we define the function 1 by -

Y(z)=0forz < -1, ¢Y(z)=1lforz =21, Y(z)= é/zl e_ﬁ"’dy for z € (—1,1),

where c; = [} e " g Hence, 9 € C*®(R) is non-decreasing and 0 < ¢ < 1.
Moreover, we deﬁne for all k € [2,N], m(t) = % [(vk + vg—1)t + Tk + Z—1], and

Veltz) = ¥ [&5( - mkm)] Cw=1

Moreover, we set

hl(t,:c)=(c1+ )+’§ch+ 2) ( _1+-—24—>]'d)k(t z),

ha(t,z) = v+ Z('vk — Up—1)Uk(2, Z).

k=2
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Observe that the functions h; and h, take values close to cx + '—'4: and v, respectively, for
z close to vt + z, and have large variations only in regions far away from the solitons.
To quantify these facts (see Lemma 3.9), we introduce the functions ¢, defined for
k€ [1,N - 1] by

Ok = Yk — Yr+1, SN =YN.

Hence, we have ¢ > 0 and ), ¢x = 1, and by an Abel’s transform, we also have

N

2
h, = E (Ck + ) ¢r and hy = E Vg Pk

k=1
Lemma 3.9. (i) For all k € [1,N], (|Rx| + |Riz|)|dx — 1| < Ce*te=voole—uitl,
(i) For all k,l € [1,N] such that l # k, (|Rk| + |Riz|)r < Ce*rte~voole-uitl,
(i) For all k € [1, N, [dellze + Ikecl o + 1l < G5

(i) One has [|hiz| peo + llh2zll poo + hrzell oo + Nh22ell oo + Brell oo + [12tll 1o < &,
and, for all k € [1,N],

(ot %)

|y — vi| (| Ri| + | Rke|) < Ce*7te Vool

(lel + |szD < Ce™ 47te-\/33|z—vkt|

Proof. See Appendix A. O

Now, we define a quantity related to the energy for z, by

, 2 - S
H) = [18:2 =5 [lo+ 75+ 2 ~lo+riP* ~(p+ Dl + 1 Rel(7+75)7]
+/h1]z|2 - Im/hgic'),z. (3.13)

The following estimate of the variation of H is the main new point of this-paper, and
as its proof is long and technical, it is postponed to Appendix B.

Proposition 3.10. For allt € [T(a™), Sa),
dH —(ej+47)t
— B < \/-Il &)z + Cre™ % 2(8)] g + Callz(8) -

We can now prove that, for all t € [T'(a™), S,),
HZ(®) = / 10222 = |RP |2 = (p — 1) (Re(R2)) |RIP™® + ha2|? — Im hy28,2

satisfies K
H[Z](t) < —\7_126'2(”""’”. (3.14)

Indeed, from Proposition 3.10 and estimates (3.8), we deduce that, for all s € [t, S,],

%e-z(em)a + et dertns 4 0pe-ertns ¢ KL -2(eiams
S

dH
= ()| < i
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Thus, by integration on [t, S,], we obtain |H(t) — H(S,)| < %}e‘“‘i*"’)‘, and so
K1 a(es4me
H(t) < |H(S,)| + \/Ze .

But from Claim 3.6 and Lemma 3.5, we have

Cll=(Sa) |3 < Cllb)1* < Clla|I?

|H(SA)| <
< Ce—z(ej+2-y)S,. < Ce-—2(ej+2'y)t’

and so .
vt e [T(a_)1 Sn], H(t) < 7—:—3_2(3.1*"7)*_

1
Finally, expanding | + rj + 2|"! = [ltp + ;> + 2Re[(P +75)2) + |z|2] %_, we find

lo+ 73+ 2 = lp+ 17 = (o + D Rel(@+ )l + 13

~ (D) e+ rypt - EENP =D et 4 2Pl 4 i

< 3
2 2 Clat’,

and so, from the definition of H (3.13),

[18:2 = [lo+ 5P al = (0= 1) [ (Rel@+ )2l o+ s
K
+ / ha|z|* = Im / ha%8,z < T;e-'*‘(eﬁ’f)‘.

Using (2.3), we easily obtain (3.14) by similar techniques used in the proof of Lemma 3.2
in Appendix A to replace (¢ + r;) by R plus an exponentially small error term.

3.3.6 Control of the directions of null energy

Define Z(t) = 2(t) + i Bi(t)iRk(t) + i Ye(t)82Qc, (k)€ , where
k=1

k=1
Re[iRxZ Im [ RiZz Re [ 0:Q., (M\:)e? 2
Bi(t) = — = and W(t) = — : :
1Qellze  11Qcll 118:Qec lI72
First, note that there exist C;, Ca > 0 such that
N
Cillzll g < 2l g + X_(1Bel + I%el) < Call 2l g (3.15)
k=1

Moreover, by this choice of parameters, we have, for all k£ € [1, N],

iRe / —iﬁ,;z} < Ce™zllm, ’Re [0.Ru(M)e™Z < Ce ™zl (316)
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Indeed, by (2.2), we have

Q— e N N .
Re [-iRez=1m [ R [z(t) + 3 BRI + 3 M(1)0:Q (Az)e”']

=1 =1
= Im/Ez + Bi(t) RG/ |Re|® + 'Yk(t)Im/chachk + O0(e™||2ll 1)
= Im/-}?,;z + Im/RkZ + O(e—"t"Z”;p) = O(e-'ﬂ"z"Hl)’

and similarly,

Re / 8:Qc, (A€ Z
=Re [ 8.Qu (W)E*2 + Bu(®) Im [ Q0,8:Qe + () Re [ 10.Qul* + O™ 21| n)
=Re / 85Qe, (Ae)e® Z — Re / 0:Qe. M) 2 + O(e™ 12l 1) = Oe™ |12l 2 )-

Now, we compare the functionals #[Z] and H[z] in the following lemma, that we
prove in Appendix A.

Lemma 3.11. For allt € [T(a™),Sy], one has
HE(D) < MO + Sl

By (3.14) and (3.8), we deduce that
Vi€ [T ),S], HEAW) < %e-2<ef+v>t. (3.17)

Now, from the property of coercivity (ii) in Proposition 2.4, and by the definitions of hy
and h,, we obtain, by simple localization arguments (see [11, Appendix B] for details),
‘that there exists k; > 0 such that

0> e (1o 7) + (-1m )
+(Re [ 2(-0)) + (Re | zaqu(Ak)e'”*)z] . (318)

To justify heuristically this inequality, we compute, for k € [1, N], the localized version
Hi[2] of H[2] (it would be the same for Z), defined by

N N 2 -
Hule] = [ 10,2 ~ Rl — (p— 1) (Re(Be2)) 1Rl + (ck + %) |2/ — v Im 28,2.

In fact, if we denote [e™**2](- + vet + Zk) = 21 +i2,, i.e. z =€ (2 +iz)(\:), then we
have 8,2 = Zke' (2)+izp)(Ax) + €% (8;21+10,22)(Ax), and so, by (ii) of Proposition 2.4,
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Hi[2] =/(—322+3 21) (Ax) +/( Z1+5z22) (Ax)
= [ @ W@ + D) - (- 1) [ QW20

+/ (ck + ) (22 + 22)( M) — / (%zf + 210,22 + %Zg - Zzazzl) (Ak)

= /(3221) +Ckzl - _1 2+/(6322) +Ck22 Qg“
= (L0k+z17 21) + (Lck_22, 22)

> -,:—Onzu‘*;,l ~ ko [(/a’r,czc,,zl)2 + (/Qckzg)2 + (Im/Y,:fz)2 + (Im/Yk‘E)zJ .

Now, we return to (3.18), and we estimate each term of the sum, for all k € [1, N]
and t € [T(a™),S,]. First, by (3.16), we have

(Re / ;z'(—z'"}'z_k))2 + (Re / sazczc,‘(,\k)e*“’k)2 < Ce™| 2|3 < CeDrte2ertnt,
Second, denoting ¥; = ReY* and Y, = Im Y+ again, we have
—tm [FF@)2() = o (t) - Belt) Re [ Qe (M)(¥eh s — et ) Ne)
— (t) Im [ 8 Qe (M) (¥Yahs = ¥t 2) k) + O(e ™2l 1)
= o (t) - CAt) [ QY1 + Ot / 8:QYz + O(e™ ||zl m).
But by definition of Y+, we recall that L, ¥; = eyY2 and L_ Yg = —eg¥,, and so
~tm [ TF020) = a0+ 20 [ v+ E2Y. [0,.0(2,%7) + 06 aln)
= af(t) + C”ﬂk(t) Je-Qr+ C’7k(t ) [L+(0.Q)%: + O™ 12l )

= a;:(t) + O(e-’ﬂ"z”Hl)’

since L. are self-adjoint, and moreover L_Q = 0 and L, (8,Q) = 0 by Proposition 2.2.
Hence, by (3.10), we find, for all k € [1, N],

| (‘ Im [ 277 )2 < 2af)’ + Ce™™||2||3n
€ CeAestMt | Cemte=2(ei+Mt L Ce=2rte~2ei+t,
Completely similarly, we find, for all k£ € [1, N],
(— Im/i:}—’k:)2 < 2(a,:)2 + Ce2 2|2 < CePrte 2+t
using (3.12) for k£ € J, and (3.8) for k € K.

Finally, gathering all estimates from (3.17), we have proved that there exists Ko > 0
such that, for all t € [T'(a™), Sp),

P—

- K
I z(t)||H1 < t1/4 e~ (et

We want now to prove the same estimate for z, and so we have to control the parameters
Bi(t) and ~x(t) introduced above.
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3.3.7 Improvement of the decay of 2

Lemma 3.12. There ezists Ko > 0 such that, for allt € [T(a™), Sy,
K

0 -(e, +t,
1

=)l < 7%

Proof. By (3.15), it is enough to prove this estimate for |Bk(t)| + |yx(t)| with k € [1, N]
fixed. To do this, write first the equation of Z, from the equation of z (3.5),

8.2+ 822 + (p— 1)|elP o Re(@2) + |02
2
= iat‘z - Z,BIIRI - Z,Bl [‘vlaqu +1 (Cl - gl') Qq] (Al)ewl + iz:%lach,(/\l)ewl

v2

+i2’n [ —002Q, +1 (c; - —-) ;,Qc,} (N)e® + 822
+1 Z B l:ang + ivzaqu - %Qq] ()q)e"o‘

2
+ T [020a + n02Qa - L0.0,] (e

+ (p— D|plP ¢ Re(@2) + (p — V|olP >0 Y BiRe(izR)) + |of” 2
+ (=Dl 20 Y. % Re(@:Q(N)e®) + 3 BrilplP 7 Ri+ 3 mlplP " 8:Qu (M)e®,
and so, since 82Q,, + Q% = c:Q,,, we find

0,2+ 922+ (p — 1)|¢l" 0 Re(®2) + |2
=-w - z2-w(2) - Q=Y BR+1Y_10:Qq(N)e?
-1y BQEN)E* —p> Mm0:Qq(N)QE (M)
~(p=1) Y Blel e Im(BRi) + (p — 1) 3 nlel >0 Re(@0:Qa (N)e™)
+iY BlelP ' Qa(M)e® + 3 mlelP T 8:Qq (M)
= —wr-2-w(z) = Q= T AR+ T %0:Qa(N)e? = (p— 1) Y Al 0 In(PR)
+1Y B Qu (M)l — Q5 (W)
+ 2 [l 0:Qa(M)e® + (p — 1)|¢l 0 Re(@0:Qa (N)e™)
—p3:Qq (N)Q5 (M)e?] .

Then, multiply this equation by Rj, integrate, and take the real part of it, so that we
obtain, by (2.2), (2.3) and Lemma 3.2,

~Im [ 8 + O(122) = O™ 12l ;) + O(lzl3n) + O(e™++4) — OB

+> B+ 0™+ _B0(e™™) + Y_10(e™).
l#k

In other words, we have, by (3.15) and (3.8),

1801 < Ot [ 85 + O™ (180 + bl) + 3¢5+
17k tl/
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‘Moreover, from

m [#R =Y Ailm [iRF+ Y wim [ 0.Qq(M)e" Ry,
£k I£k

we deduce that

Im/ZRk => (B +MO0E™) + D (B +1)O(e™)
17k Ik

= Im/@tZR_k+Im/28tRk,
and so, as O;Ry = — V0, R + 1 (Ck + 2}“) Ry,
m [ 8:2T5] < s + Ce™ (B + o) + O~ (1A + ).

I#k I#k

Gathering previous estimates, we find

1841 < Ce™ (1811 + D) + raoge™ @,
1k tt/

Completely similarly, if we multiply the equation on Z by 8;Q., (Ax)e %, integrate and
take the imaginary part of it, we find

- C -
Il < Ce ﬁ2(151|+|71|)+ 172 (eg ),
I£k t

Hence, we have proved that there exist C3,Cy > 0 such that, for all t € [T'(a™), Sy},

811+ 1) < Cae™™ (180 + ) + e+
I#k

Finally, if we choose to large enough so that Cse™% < &, we obtain, for all s € [t, Sy],
with t € [T'(a™), Sy,

1B(8)| + |7 (s)] <£e-(ea+'7)s

By integration on [t, Sy, we get |Bi(t)| + |e(t)] < |Bk(Sn)|+ |7k(Sn)| + ;7€ +7%. But
from Claim 3.6, Lemma 3.5 and (3.15), we have

186(Sn)l + (Sa ) < Cll2(Sn)llgn < CIb]l < Clla™|| < Ce~i+2MSn < Ce(es+,
and so finally,

_ C
VEE [T(a7), 8] Be()] + Ine(®)] < e O
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3.3.8 Control of the unstable directions for k € K by a topological argument

Lemma 3.12 being proved, we choose ty large enough so that t%k < % Therefore, we
have 1 3
Vt € [T(a7),Sal, N2l < _2_6—(e,-+»,)t_

We can now prove the following final lemma, which concludes the proof of Proposi-
tion 3.4. Note that its proof is very similar to the one in [2], by the common choice of
notation, but it is reproduced here for the reader’s convenience.

Lemma 3.13. For t, large enough, there ezists a~ € Bgk,(e~©+?2M5) such that
T(a~) = to.

Proof. For the sake of contradiction, suppose that, for all a~ € Bgk,(e~(6121)5n),
T(a™) > to. As e&tMTE)(T(a”)) € Byi(1/2), then, by definition of T(a~) and
continuity of the flow, we have

el&+NTE) g~ (T(a™)) € Spro(1). (3.19)
Now, let T € [to, T'(a~)] be close enough to T'(a~) such that z is defined on [T, S,], and

by continuity, .
VEE [T, 8], N2(t)|lgp < e @+,

We can now consider, for t € [T, S,),
N(t) = N(a~(t)) = e a~(t)|.

To calculate N, we start from estimate (3.11):

Vk € K,Vt € [T, S,

%a; (t) + excy; (t)' < Kgem(ertent,
Multiplying by |a (1), we obtain
o (t)%a;(t) + eka;(t)2| < Kgem o (1)),
and thus
2a;(t)§a; (t) + 2emincrc (1)" < 2a;(t)%a;(t) + 2ex0; (t)° < Kge™ @™ (1),
where emin = min{e; ; k£ € K}. By summing on k € K, we get
(la @) + 2emmlla” @) < Kse™ @+ o™ (1))

Therefore, we can estimate

N'(t) = (e la (1)) = 227 [2(e; + 20) e ()12 + (e ()]
< S [2(e; + 27)lla () — 2emulle ) + Kse @ o= (1)]]] -
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Hence, we have, for all ¢t € [T, S,],
N'(t) € —0- N (t) + Kze*|la (t)]),

where 6 = 2(emin — €; — 27) > 0 by the definitions of 7 (2.1) and of the set K. In
particular, for all 7 € [T, S,] satisfying N'(7) = 1, we have

N'(7) € 8+ Kse¥la=(7)|| = =0+ Kses5Te~ @+ = _9 4 Kae™®7 < —0+ Kze ™

Now, we finally fix to large enough so that Kze=2"% < £, and so, for all 7 € [T, S, such
that N(7) = 1, we have

N(1)< =

In particular, by (3.19), we have N'(T'(a”)) < —$.

(3.20)

TN

First consequence: a~ — T'(a~) is continuous. Indeed, let € > 0. Then there exists
d > 0 such that N(T'(a") —€) > 1+ 6 and N(T(a~) +¢) < 1 — é. Moreover, by
definition of T(a~) and (3.20), there can not exist 7 € [T'(a~) + ¢, S,,] such that
N(7) =1, and so by choosing ¢ small enough, we have, for all t € [T'(a~) +¢, Sp),
N(t) < 1-4. But from continuity of the flow, there exists 7 > 0 such that, for
all @~ satisfying ||a~ — a~|| < 7, we have

Vte[T(a")—¢,S,), (@ (t)—=Nia (t)] <éd/2.
We finally deduce that T'(a™) —e < T'(@a~) < T'(a™) + ¢, as expected.
Second consequence: We can define the map |

M : Bguo(e-®+205%) 5 Speg(e-(cr+208n)
a e @TME-TE g (T(a7)).

Note that M is continuous by the previous point. Now, let a~ € Sgk, (e~ (63+27)5n),
AsN'(S,) < ¢ by (3.20), we deduce by definition of T'(a~) that T'(a~) = S,, and
so M(a~) = a~. In other words, M restricted to Sgk,(e~(%727)5) is the identity.
But the emstence of such a map M contradicts Brouwer’s fixed point theorem.

In conclusion, there exists a~ € Bgk,(e~®+25) such that T'(a~) = . O

A Appendix

Proof of Lemma 3.2. First, we calculate

[R;[P~'r; + (p — 1)|R;|"°R; Re(R;;)
=A e_e’tQp— (A )[ 1 +Zy+2]( ;)e®
+ (- 1)Q%; 2(/\1)610’ RB[Aye_e’th,-(ch +14Y,1 o)1)
= A;em QP (V)M [V + iV, + (p— DY)
= Aje 'QE () )e™s [PYor 1 + 4V, 5] (M)
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Hence, from-the expression of {2 (3.4), it can be written
Q= o+ (¢ +15) = el o — |R;P'r; — (p — 1)|R;"°R; Re(Ejr;).

We can now estimate ||Q2||;:, and we estimate ||0,€|,. for example, the term ||2]|,.
being similar and easier. To do this, we write
Q2 = (p— 1) Re[(¢z + 1ia) @ + Tl + "0 +15) + o + 157 (2 + 142)
— (P — 1) Re(¢:8) el *p — 0l" 0z — (p — 1) Re(Rjo By)| Ry [P~ °r; — | Ry[P " rse
— (p— 1)(p — 3) Re(Rsz R;)| R;I"°R; Re(R;r;) — (p — 1)| ;" Rj; Re(R;r)
- (p = 1)IR;"°R; Re(Rjar;) — (p — 1)|R; "R, Re(Rjr2)
= (p— 1) Re(2:) [lo + 57> (0 + 13) — 10”0 — (0 — 3)Re(@r;) |0l — ol r;]
+ (p— 1)(p — 3) [Re(=®) Re(@r) 0l — Re(R;R;) Re(R;ry)| By P~ Ry
+ (p — 1)r; [Re(p:®)|0l~* — Re( Ry R;) R,
+(p— 1) [Re(eaT)le + 157~( + 1) — Re(Ryzry)| Rs P~ Ry
+(p — 1) [Re(rs=®)l¢ + 517> (¢ + r5) — Re(rso By)| R; [P Ry
+ (0 = DRe(rsaT5)lp + 15" (o +15) + 32 [l + 5" — R
+ @z [lo+ P = [Pt = (p— 1) Re(@ry)lefP ]
+ (p— 1) [Re(@r;)¢zlol"~* — Re(Rjr;) Rjo| Ry .
To estimate all these terms in L2 norm, we use the facts that ¢ is equal to R plus
a small error term according to (2.3), that R multiplied by a term moving on the line
z = v;jt+z; (like r;) is equal to R; plus a small error term according to (2.2), and finally

that r; is at order e~%*. To illustrate this, we estimate the first two terms I and II, for
example, as all other terms can be treated similarly. For I, we simply remark that

ITllz2 < Clirsllzs < Ce™4* < Cemter+en

by the definition of v (2.1). For II, we decompose it as

IT = Re[(¢pz — Rz)] Re(Pr;) |l ¢ + Re(Ra(P — E) Re(@r;)|el” "o
+Re(R:R) Re[(@ — B)rll¢l" "¢ + Re[(Rz — R;z)R] Re(Br;)|ol ¢

+ Re[R;-(R — ;)] Re(Rr;)|¢lP°¢ + Re[R;- R;] Re[(R — R))rslol” e
+ Re(R;.R;) Re(Byr;) [P0 — |R;P°R;] .

_r
(p—1)(p-3)

Since || — Rl|l;n < Ce™™ by (2.3), the first three terms are bounded in L? norm
by Ce~(6+4M)t, Moreover, by (2.2), the next three terms are also bounded in L? norm
by Ce~(ei+4Mt Finally, for the last term, we write

1650 ~ IR P~°R; = (o5~ [RP°R) + (IRF°R ~ |R,"°Ry),

so that, since p >5, we can conclude similarly that ||II|| . < Ce~(s+4Mt, O
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Proof of Lemma 38.9. (i) For k € [1, N], we have

(i)

(i)

(|Rk| + | Rial) 6 — 1| < Cem V=1 4 gy ) — 4]
< Cemvaole=utl . g=vasl=utl] 4 oy 1 — gy].

But, if x < my(t) + v/, then

e~ Voolz—vt| < CeVo0%e—Vooukt Ce%\/a—o(vkﬁ-vk_l—%k)te\/c_m/i < Ce_z,g/z
and similarly, if £ > m441(t) — V%, then

3/2

_\/_[z—vktl < Ce—\/'_ze\/_ovkt < Ce™ 2 (vk+1—vk—2vk)t \/—\/' < Ce—zao
As ¢ = 1 for mi(t) + vVt < < meqa(t) — V2, the conclusion follows from (2.1).

For I,k € [1, N] such that [ # k, we have

(IRk| + |Rizl)r < Cem V=g — ahy 1 60—vB Liz<min )49

<
<~C€_‘/a_°|z_vkt' . e—Jlf_oIz—vkt|1{z>ml (t)—\/Z}l{z<mz+1 @)+Vi}:

But, if £ > [, then

e-ﬁlzuvktl1{z>m'(t)—‘/z}'l{z<mz+1(t)+\/i} < eﬁze_ﬁvktl{z<mz+1(t)+\/i}
< Ce%Jo_o(v1+1+v;—2vk)temﬁ < C’e—%oﬁ”t

and similarly, if k < [, then

e~ Voole— Ce~ V02

Ml{z>m¢(t)—\/f}1{z<m¢+1(t)+\/f} e\/a—ev"tl{z>m1(t) \/-}
. 3/2,

Ce_if(v;+vt 1—2Uk)te\/-—‘/- < CC_-%

NN

and the conclusion follows again from the definition of v (2.1).

For k € {1,N], it suffices to prove |[Vkzl 1o + [|¥kezllfoo + |¥ktllzeo < % The
first two inequalities are obvious since ¥i.(t,z) = 71;1/)’ [71;(:1: - mk(t))] and so

Ykl oo < 71;||zp’||L,°, and similarly ||[¥ksz|lpe < 3[|[9)"|| - For the last one, we
write

'l/fk(t, :c) = [z - %(-'B\k/; .'l:k—l) _ %('Uk +’Uk_1)—\/2] ’

so that

Yre(t, T) = [—% (#) - % (L\/?—i)] -y [%(x - mk(t))] :

But supp(¢) = [-1,1], and for z such that |z — mx(t)| < \/i, we have
|o — 2= < O, 5o finally kel oo < G197 oo
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(iv) Since hy = N, (c,c + 3}) éx and hy = YN | vidy have a similar form, it is clear

that it suffices to prove the inequalities for hy, for example. Moreover, the first
inequalities are obvious by (iii). Finally, for the last inequality, we write

N
|h2 — ve|(|Re| + |Rie]) = | vih — vi| (| Rl + | Ri)
P
< vklok — 1|(|Ri| + |Rial) + Y vidi(|Ri| + |Ricz|) < Ce™ 1t V0le—uetl
s

by (i) and (ii), which concludes the proof. O

Proof of Lemma 3.11. To compare H|[z] and #[z], we replace Z in H|[Z] by its definition

z+ Z BriQe, (M) + Z WOz Qe, (Me )€™,

k=1

dropping the argument A, for this proof, which would not be a source of confusion since
there is no time derivative. Hence, we compute

HEl = [0.7- 87 - mM,7 T+ (b — |RF)Z-Z - (v - 1)(Re(B2))'|RP®

= / [azz + Z (7ka:Qck - %kacg + iachk (,Bk + 'lévk'Yk)) ewk]

X |:azz + Z ( kachk - ‘ﬂ"kack iachk (,Bk"+ %'Uk'rk)) e-wk]

- / ha Im [&z +3 ('rkc"chk - %kaq‘ + 19:Qc, (Br + %vm))e“’"]
X [2+ Y (18:Qc, — i8:Qer)e ™

+ [ = 1R o+ D00 +i8:Qe)e ]
X [24 L (10:Qa = 61Qa)e™]

~ [0 = DIRF*[Re(Bz) — 3" AeTm(RR) + 3" e Re(0:Qu, ™ R)] "
Developing in terms of z, we find
H[F] = / |8221” + 2Re / 8z (%635% - %’5«*@% — i0,Qc, (B + %vk'n)) e~

+y f ('71:3:Qck - %'kaq +10:Qc, (Br + %wm)) e

k,l

X (’ﬂach: - %Uqu —10:Qq (B + %‘Ul’)’l)) e~

—Im [ k0,2 2~ Im [ haz - T (N0.Qe, — iBrQu,)e ™
+Im f hyz- ) (’Ykai‘Qck - %kack — 18, Q¢ (B +-%vk7k)) e
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- Im f ha (’YkaiQ;:; - %kack + 10:Qc, (Br + ‘;"Uk')’k)) e
k.
X ('716qu - 'i,Bch;)e_iol
+ [ = 1RP)I +2Re [ (= |RP™)z - 2 (140:Qc, — iB1Qa)e™
+ E/(hl - |R|p-1)(7kachk + i,Bchk)ewk ('716qu - i,BIQq )e-i91
k.

~(-1) [IRF(Re(R2) - (p— 1) [ |RP? 5 fufi Im(BuF) Im(iR)
k,
~ @~ 1) [ IRF™ S %en Re(0.Qu,e ™ B) Re(8, Q0" F)
k,l
~1 / |RP*Re(Rz) Y Bi Im(R,E)

~a(p- 1)/ |RP~* Re(Rz) Y e Re(0 Qe )
+2(p—1) / |RIP*S" By Im(RyR) Re(8,Que™R).
k,l

Now, first remark that Im(RyR) = Yotk Im(RkR_ ), and so, by (2.2), all integrals con-
taining this term are in O(e"’tﬂzll 21)- Moreover, still by (2.2), all double sums on k,
have their terms in O(e™"|}z||%:) whenever k # . Note finally that all terms composing
H[z] appear. Hence, with an integration by parts to make 0,z disappear, we have
H[Z = [ 102 = Imhod,z- 2+ (hs = |RP)Iel — (p — 1IRP (Re(R2))’
) 1
- 2ZRB/ze_wk [('Wcachk - ﬁkvkachk - Z7kv12¢6chk)

+i (—'Uk'Ykachk — Br02Qc, + i—v;fﬂch,,)]

3 [ (00200 — 200 ) + (B Loen) (0.0 ) + Ol 1)
TkOz ey D) W, k 2'Uk7k LA € Zlimn
+ Y 1m [ 28k (18eQe, — iB1Qar)e ™

+2> Im / hyze ™"k [(’nﬂchk - %’Ekac,,) — 10:Qc, (5}: + %'Uk')’k)}

3 [hon(Be+ o) 3 + X [ haiQay (15 Qay — FrQa)

+2 Y Re [ (b1 = |RP)ze ™ (10:Q, — iBiQct)

+ Z [ = 1R (02800 + BQ2)

- (- DY [IRF*1Q(0.Qa)" - 2(p — 1) L Re [ IRF*2e % 1.Q% 8, Q.

We now use notation z;; = Re(27%) and 2, = Im(2~%) again. Moreover, recall
that we have ||0zhe| e < §= by (iv) of Lemma 3.9, and 82Q., + Q2 = cxQ., by (1.1).



140 APPENDIX

Thus, we find
H[Z] = Hlz] + Ot ||2|l3n)
+ 3 [ 214 20m0:Q, + 200000, Q5 " + 2840102 Q,
1
+ §7kv§achg - 2h2/3kachk - hZ'Yk'Ukachk
+ 2~ k02 Qe — 27kachng;l -2(p— 1)7kachgQg:1] (A.1)
1
+> / 2k~ 2m0kekQa, + 210k QG — 2Bk Qe + 264 Q% + SBkvi Qe
+ 2havecrQe, — 2hoMk @, — h2BkviQe, + 201 BkQe, — 26:Q0 ]  (A.2)
2
1 2
+> / ('necch,, - Q% — %kac,,) + (Bk + Evm) (0:Q, )’

=% [ haen(Be + %’vm)(azeck P+ Y [ habiQa(1s@a ~ mQ, ~ 2urQa)
+ 3 [ mb(6:Qa) + AL - T [ @5 10(8.Qa) + BIQE]
-2 / (p— D)@ l(achJ : (A3)

To conclude, we estimate the term (A.1) involving 2, x, the term (A.2) involving 23,
and finally the source term (A.3). For (A.1), we write

2
(A1) =) [ 21k k0eQus (—2ck + % _ hyve + 2h1) + 2 | 21£Bx02Qc, (vi — h2),
2

and —2¢; + Ezi —hovp+2h; = 2(hy —ci — 3}) + vi(vk — h2), so that, by (iv) of Lemma 3.9,
we have (A.1) = O(e™"||2[|%:). Similarly, we write

(A2)=2% / 20k VkCkQey (h2 — Vi) +2) / 20k mQE, (Vi — ha)
vi
+ Z / Zz,kﬂch,,("2Ck + 3" — hove + 2h1),
and we also conclude that (A.2) = O(e™||2||%1)- For the last term, we expand it as
(A3) =) / Bevkcx @2, (ha — vi) + Bine@E (i — ha) + Bive(8:Qc,)* (Ve — ha)

+xf féczck+7kc22"+ﬁ’° V@2, ~ 2k QE + B(0.Q0,)?

vk(a:Qck)z _hZﬁvk(achk - §h2ﬁkkaz,,

+ hl')’k(achk) + hlﬁﬁQi,‘ - 513 Ck te P'Ylf ck 1(a:I:Qc:;)z-

Note that the first sum is in O(e™"||z||3;1) as above. Hence, with several integrations
by parts and using 82Q., = ckQ., — ng, we find

(A3) =Y [ 7AQ +17Q% + Q- 1@t - BQu (6100 ~ @2)

1 1
- Z'rivﬁQck(Cch,, -Qo)+ §h27§kack (cxQe,, — QF,) — ghzﬁikaZ,,

— 117 Qa (4 Qe — @) + MBIQE - QL + 122, (4Qe, — Q2,)
+ 0™ 21%) ‘
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1 2. N2 v
=-3 Z/’YkaQc,,(—2ck +5 - hovk + 2hy)
2

1 v
+ 2 Z/,@:sz(—2ck + ?k — hovk + 2hy)

1 vE
+5 % [ RO (20 + 2 = havi+ 2ha) + O 2l3n),

and so we can conclude as above that (A.3) = O(e™"||z||%:). Finally, we proved that
H[Z] = H[z] + O(t/*||z||31), as expected. O

B Appendix

We prove here Proposition 3.10. To do this, we first need a lemma quantifying the fact
that ¢ almost satisfies a transport equation similar to those satisfied by the solitons.
Note finally that, since ¢; takes values in H~!, all integrals in this appendix may be
seen as the dual bracket (-, ) g1 1.

Lemma B.1. There exists C > 0 such that, for all t > Tj,
"S,Ot + hztpz - ihlcpuH_l < C€_4’7t.

Remark B.2. To find the transport equation almost satisfied by ¢, it suffices to com-
pute an exact relation for R, with k£ € [1, N]. In fact, as

Rk(t, .’13) — Qck (:II — vt — xk)ei(%vkz—%vgt+ckt+n)’

we have Ry = [—v£0:Qc, +i(ck — 3v8)Qc)(Me)e®* and Ry, = [0,Qc;, + $0kQ0, ] (Ae)e™,
and so

2
Ri; + v Ry — 1 (Ck + %)—Rk =0.

Proof of Lemma B.1. Let f € H ! and compute

/ (¢t + hopr —ihip) f = / (iaz + ilolP ¢ + hatpy — ih1) f
=i [(¢ur = Bea)f +i [0 "0 = IR R)f + [ hals = B)f =i [ (o = R)S
+i [(Ruw + |RP R~ ihoRe — MR f
=i [(pe = B)fu+i [P0~ IRFR)f + [ halpe — R)f—i [ (o - B

N
> [RlIRP™ = RS

k=1

N
+1 Z /(szz + lelp_le — thoRye — thk)f +1
k=1
=T+ II+IIL
First note that, by (2.3), [I} < Cll¢ — Rl |l fllgn < Ce ™| f|| 2. Moreover, by (2.2),

we also have |III| < Ce™*"||f|| ... For the last term, we first compute
By = Qe,(W)e™, Rz = (8:Qa, + §1Qa,) )™,
Rise = (82Q0, + 10k0:Qq, — $Qa,) (Ae)e™™.
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Then, using 82Q., = cxQ., — Q. , we obtain

k
N 2
II=z'Z/ [(ck-— % —hl) Re+ itpRes + R, — ihoRec|
k=1 4 2

N 2 N
=i2/(ck+%-h1) ka+2/(h2“vk)szf-
k=1

k=1

Therefore, by (iv) of Lemma 3.9, we also have |II| < Ce™"||f|| ., which concludes the
proof of Lemma B.1. O

Proof of Proposition 8.10. First recall that, from Section 3.1, the equation of z can be
written

iz 4 Zeg 4+ o+ i+ 2P o+ 4+ 2) = o+ 1P e+ 1) = -9,
where r;(t, z) = A;je~Y;*(t,z) and Q satisfies ||| ;: < Ce~+4 by Lemma 3.2.
From the definition of H (3.13), we now compute, using integrations by parts,

H'(t) = 2Re—/zt,2, - 2Re[ (p+r1i+2),|o+ri+ 2P (F+75+2)

+2Re [ (p+ ) o+ (7 +75)

+2(p—1)Re [ (¢+ 7)o+ 1P (@+75) Rel(@+75)4

+2 [ lp+ ;P Rel(@+75),2] + 2 [ o+ 3P Rel(@ + 75)2]

+ / hal2]® + 2Re / hizZ — Im / otz — Im / hoze% — Im / haza%,

= —2Re [ 2 B + o+ 15+ 2P @ +T5+2) = o+ 13 (@ +75)]
—2Re [ (p+13), [lo+ 15+ 2P (@ +75+2)
| —lo+ 1P (@ +75+2) — (p— Do + 5@+ 75) Rel(@ + 757

+233fh1zti+21m/h22,zt +Im/h2,zti+/h1tlz|2 - Im/hztzzi.

But from (iv) of Lemma 3.9, we have ||hy|| 0 + [|h2t]l L0 < %, and so

V hlt‘lzlz - ‘Im/hztzzi

C
< -ﬁilzllin-

-1
Moreover, by expanding |¢ + 15 + 2" = [lp+1;+ 2’7, and as |Irjll . < Ce™4t,
we have

|— 2R)e/r,-¢ lo+r+ 2 @+m5+2) = o+, (@+75+2)

< Ce™|z|2.

—(p = Do+ 51”7+ 75) Re[(p + 75)2]]
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Hence, replacing z; by its equation, we find

H'(t) = —2Im/§ 2z + |+ 15+ 2P + 15+ 2) — [ + 5 (0 +15)
—~2Re [@[lo+r;+47 @ +75+2)
—lo+ P @ +75+2) — (p— Dl + 15> (@ +75) Rel (7 +75)7]
- 2Im/h122u - 2Im/h15[|s0 +ri+ 2P e+ ri+2) — e+l (0 + 1))
+2Re [ haZzen + Re [ hooZs
—2Re [haz[lp+ s+ 2P o+ i+ 2) — o+ 1P 0+ 15)]
—Re [z [lp+r;+ 27 1+ 2) = o + 1P (0 + 1)

~2Im [ m022 + Re [ (2ho% + hau2)2+ O 2]n).

We can already estimate several terms in this expression. For the first term, for example,
we have, by an integration by parts,

|-21m [ e, < ClQ gzl < Cem 2] .

= '2 Im/ﬁzz,,.

Similarly, we have

< CemEt Mg s,

21 [@lptry + 2o+ 13+ D) — o+ P (o4 1)]
|-21m [ m8z+Re [(2hz + hgzz)ﬂl < Ceert || ..
Then, another integration by parts gives

—2Im / h1Z2ss = 2Im / ha|2o|? + 2 Im / hipZz, = 2Im / hieZ2s,

and so, as [|hiz|l 0 < % by Lemma 3.9, |-2Im [ h1Z2,,| < %Hz”fql As we also have
ozl oo < %, we can estimate

. - - C
|- Re [ hacz [l + 75+ 2P o 4y 4 2) = o P (0 4 1)] | < el

Finally, we can also estimate

2Re / hoZ, 7 + Re / hosZ2ey = — / hae|ze|? = Re / 2e(hase? + o Za)
= —2/h23|zz|2 - Rﬁthzzzzz-

Indeed, since [|hoz|| o + [|h2zzll Lo < % by Lemma 3.9, we have

|2Re / PoZozes + Re / hioaZ2ss

C
< el
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Gathering all previous estimates, we have proved that
1

—5H (t) =1+ I+ I+ O(e™C* 72| ) + Ot 12l 7),
where
I=Re [ hozflp+r;+ 2P (e +r5+2) = o+ P o+ 1),
| T=Im [ mz[lo+rs+ 2 (p+rs+2) = o+ (o +r)],

I = Rfe/sot lo+ri+ 2 @+ +2) — o+ (@+75+2)
‘ ~(p— D+ ;@ +75) Re[(p+75)2]| .
The purpose is now to make appear quadratic terms in z in these expressions. For II
and III, we simply write

IL= —Re fil [lo+ P2 + (0= 1)@ + ry)le + rsP~° Rel[(@ + 7)2]] + O(l12l35)

and
I = Re | sot[(p - 1) 2Pl + rs 3@ +75) + (p — 1)l + 5P~ Re( + 75)2]

+ 800 =D Rel(p-4 511+ 5+ 5|+ Ol

For I, we have to compute
I=Re / zhy {(p— 1)l + 15+ 2P Re[(p + 75 + 2),(F+T5 + D) (@ + 15 + 2)
+lp+ri+ 2P e+ 1+ 2), — (p— Dle+ ;P Rel(p + 1), (B + 7)) (0 + 75)
—lo+ P +15),}
=Re [ 2h {(p— ) Rellp +r5), @+ T+ 1) [l + 5 + 2P° = o+ 15~
+ (2= Dale+1;+ 2" Rel(p +15), (B +75)+ (9 + 1), + 2(P +75) + 2:7]
+ (- D(@e+r)lo+ri+ 2P Rel(p+15),2 + 2(P+75) + 2.2]
+Ho+ri), [lo+ri+ 2 — o+ +lo+rs+ 2P 2}
=Re [ 2 {(p = 1)(p = 3)lp + r5"~*( + r3) Rel(p + 1), (@ + T5)] Rel(@ +75)2]
+(p— Dzlo + 5P Rel(p + 15) (@ + 75)]
+(p— V(e +7))le+ 1P Rel(p +15),2 + (7 +75)]
+(p = 1)(p +15), 0 + PP Re[(B +75)2] + | + 757 22} + O(l|2l13).
In the last expression, we integrate by parts the following two terms. First, we have
Re [2hs - (p = V(o +ry)lo+ il Rel(p+1),2 + 2(7 +75)]
= (p—1) [ Relz(@+ T3)IRelz(@ + 75)], hal + P~
-1 _
=~ (55 [ ®el@+m)ahasle+ il

= (L—_ngﬁ / (Re[(@ +75)2])’le + 751" ha Rel(p + 13) (B + T5)].
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Second, we have similarly
Re/ihzzzlgo + 7P
1 ) ] L
=-3 / |2I? [hazleo + 74P~ + ha(p — Dl + 51" Rel(¢ + 15), (7 + 7]

1 -1 o -
= 2 [lefhaclo+ 77 = (252) Re [ halio+73), B+ Tl + 7P el
Therefore, as ||hoz|| 0 < 7— ‘we have obtained

~SH/(t) = O 2] ) + O™ 2ln) + O(l2I:)
+ 27223 [ (Rel( 7))o+ 73 ha Rel(p+ 1), (@ + 75)]
+ (B57) [ alaffle + rsP~* Rel(p+ 1), @+ 75)]
+(p— D Re [ Zha(p+1,), I + 3 Rel(@ + 75)3]
+ &= =D e [ uiRel@+ Tl + i E+7)
+(55= l) Re [ @ulzflle + P27 +75)
+(-1) RB/SOtZISO + 15" Re[(p +75)]
= (o= D) Re [(ihaZ(p + )l + 751" Rel( +75)2].
Finally, collecting similar terms in a single integral, we get, as ||r;|| ;: < Ce™%*,
~SH/(t) = O™zl ) + O *2l3n) + O(l2I:)
£ U0 Re [ o + 5 (Rel(@ + 5121 [ + b = it
+ (B57) Re [ 12Polp + [+ hage —iag]
+(-1) RB/ Zlo + 751" Re[(p + 75)2] [Sot + hapz — ihl‘P]
= Ol ) + O l3n) + O(lelp),

-+

since ||t + howr — shig||g-1 < Ce™™ by Lemma B.1 and the three terms in front
of ¢ + ha, — ihyp are bounded in H! by |z||2 71, which concludes the proof of Propo-
sition 3.10. O
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