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1 Lecture 1: Introduction, motivation and con-
tents

1.1

I've been asked by the organizers to lecture on p-adic Hodge theory with a
view to modular forms. The result is these notes, which have three aims.

The first aim is to provide the basics of classical p-adic Hodge theory
(together with the complementary talks) and to give many examples com-
ing from modular forms. So the listener who is only interested in learning
about this subject will find, I hope, in the contents of this course and of the
complementary talks the main results he might need some day.

The second aim is to provide the audience with several open questions
which, for some of them, are open essentially because nobody made a real
effort to solve them. To give a flavour, here are three examples of such
presumably accessible problems which naturally arise from this course:

1) The problem of determining the filtered modules of p-adic Hodge theory
associated to cuspidal newforms on I'; (V) when p? divides N (the other
cases being known): see Lecture 3.

2) The problem of extending Henniart-Langlands correspondence from GLq
to GL,,. This correspondence arose from the following question: is there a
Langlands correspondence for smooth representations of the inertia group
(instead of classically the Weil-Deligne group)? See Lecture 7.

3) The problem of determining the reduction modulo p of the p-adic rep-
resentations of Gal(Q,/Q,) associated to all newforms of low weight k& on
Ti1(pN) (pt N) (the T'1(N) case is known; for 'y (pN), the case k even and
ptcond(char(f)) is in these notes, some cases where p|cond(char(f)) are in
[40]): see Lecture 9.

Other open questions will be mentionned during the course (in particular
in the last lecture).

The third aim is to go further than p-adic Hodge theory and to suggest
a possible link between p-adic Hodge theory for Gal(Q,/Q,) (or the Weil
group of Q) on the one side and the theory of p-adic and modulo p rep-
resentations of GL2(Q,) on the other side (not to mention GL,, of a p-adic
local field!). In other terms, to suggest hypothetic continuous p-adic and
modulo p Langlands correspondences. In fact, this question is the underly-
ing motivation of this course. It is also quite natural since there are already
archimedean, ¢-adic and modulo ¢ Langlands correspondences for GL,,, and



I do not know any instances of a mathematical theory having archimedean
and ¢-adic shapes and no p-adic one.

I will now describe the results of this course (with their origin) and try
to explain why they can suggest the idea of such correspondences.

1.2

The starting point is the calculations that led to the complete proof of the
full Shimura-Taniyama-Weil conjecture ([9], [17]) following Wiles’method.
In [9], the problem was to find which local residual representations of
Gal(Q,/Q,) (actually Gal(Q;/Qs) led to Barsotti-Tate deformation rings
isomorphic to Z,[[X]] (actually Z3[[X]]). All the previous computations
(e.g. [14] and [15]) suggested the deformation ring was Z,[[X]] precisely
when a certain “multiplicity 1”7 phenomena occured on a certain modulo p
representation of GLy(Z,) (related to the deformation problem) appearing
in spaces of weight 2 modular forms. Using these modular representations
of GL3(Z,), it was possible to guess which of the Barsotti-Tate deformation
rings could be isomorphic to Z,[[X]] and to check in [9] this was indeed true
for some of them when p = 3 (actually it was only proven that they were
non zero and “smaller” than Z3[[X]] since this was enough to get the re-
maining cases of modularity). Then a conjecture was made (][9], Conjecture
1.3.1) putting this mysterious prediction into a precise mathematical asser-
tion and in the same time generalizing and unifying earlier conjectures of
[15] (Conjectures 1.2.2 and 1.2.3). The new feature of [9] in the cases where
this conjecture was (almost) checked was the total disproportion between
the delicate computations of the deformation rings and the straightforward
computations of the modular representations of GLo(Z3). However both
computations were in perfect accord. This suggested something was going
on...

In this course, essentially based on a joint work with A. Mézard ([10]), I
will state a far reaching generalization of Conjecture 1.3.1 of [9] (although
the experienced reader will notice we only consider types and not “extended
types”) and I will explain non trivial cases (the “semi-stable cases of even
weight”) where this generalized conjecture holds. Basically the conjecture
says that the Hilbert-Samuel multiplicities of the reductions modulo p of the
various deformation rings arising from p-adic Hodge theory (in arbitrary
weight smaller than p, not just weight 2) are equal to certain multiplici-
ties computed on some modular representations of GLz(Z,,) whatever their
value is (not just 1). When the multiplicity is 1, this implies the deformation



ring must be Z,[[X]]. To check the conjecture for semi-stable deformations,
we use integral p-adic Hodge theory, which will also be surveyed in this
course. These semi-stable cases have their own interest (independantly of
the conjecture): for instance they give a very precise description of the lo-
cal residual representations at p associated to newforms of low weight on
Lo(pN).

Now I try to explain how this conjecture could be related to some p-adic
or modulo p Langlands correspondences.
First, it is explained in this course (following Fontaine) how to associate an
n-dimensional Weil-Deligne representation, hence a classical smooth irre-
ducible representation of GL,, by the local Langlands correspondence ([27],
[26]), to an n-dimensional potentially semi-stable p-adic Galois representa-
tion. This already gives a step towards the representation theory of GL.,,.
But there are two problems: the first is that the representations you get
are smooth, that is algebraic, and not at all p-adic, the second is that you
have lost a crucial part of the initial p-adic Galois representation, namely
the Hodge-Tate weights and the Hodge filtration. So the very rough idea
is: “Try to incorporate in some way the Hodge-Tate weights and the Hodge
filtration to these algebraic representations of GL, and you might get the
sought-after p-adic representations of GL,.” At the moment, of course, no-
one has the slightest idea how to do such a thing (assuming it is the right
thing to do). In the last lecture however, I will describe non trivial examples
where it seems one can really do something.
Secondly, our computations of the semi-stable deformation rings show that
they heavily depend on the Hodge filtration associated to 2-dimensional
semi-stable p-adic representations of Gal(Q,/Q,). And so does their Hilbert
multiplicity. However, one can still predict these various multiplicities
by taking certain smooth irreducible representations of GL2(Z,), reducing
them modulo p and looking at their decomposition. It suggests there should
be something like the Hodge filtration also somewhere on the GLj side, or, in
other words, a possible “correspondence” between 2-dimensional semi-stable
representations of Gal(Q,/Q,) and something p-adic related to GL2(Q,)
as, may-be, p-adic (infinite dimensional) representations of GL2(Q)).

1.3

Here is the contents of this course.

In Lecture 2, I describe the various rings of p-adic Hodge theory (which
were introduced for most of them by Fontaine): Bygr, Beris, Bst, etc.



In Lecture 3, I define potentially semi-stable p-adic representations, their
associated filtered modules (which carry the Hodge filtration) and their as-
sociated Weil-Deligne representations. I also give many examples of filtered
modules, in particular all the filtered modules coming from newforms on

I'1(N) where either pt N or p || N.

In Lecture 4, I explain integral p-adic Hodge theory, whose aim is to de-
scribe Galois stable lattices (and not just Galois Q,-representations). The
point is the definition of an integral structure also on the filtered module
side called a strongly divisible lattice. This structure will correspond to
Galois lattices. All these lattices (Galois and strongly divisible) have the
virtue of being (compatibly) amenable to reduction modulo p.

In Lecture 5, I give many examples of strongly divisible lattices: ex-
amples coming from the filtered modules of Lecture 3, geometric examples,
examples coming from p-divisible groups. ..

In Lecture 6, I explain the construction of Mazur’s deformation rings
following [37] and I use them to define the relevant deformation rings of
p-adic Hodge theory. I state a few preliminary conjectures on the structure
of the latters. Our main conjecture will deal with these rings.

In Lecture 7, following Henniart, I define what could be called a “Lang-
lands correspondence for Gal(Q,/ Q,™)". More precisely, I associate to
each smooth 2-dimensional representation of Gal(Q,,/Qy™) that extends to
the Weil group of Q, a well defined smooth irreducible representation of
GL2(Z;). This holds for general p-adic local fields (not just Q).

In Lecture 8, I give the heuristic explanations that led to the formula-
tion of the main conjecture (predicting the Hilbert Samuel multiplicities of
deformation rings from the decomposition modulo p of the representations
of GL2(Z,) defined in Lecture 7). Then I precisely formulate this main
conjecture.

In Lecture 9, I give an overview of the proof of non trivial cases of the
previous conjecture. This heavily uses some examples given in Lecture 5
and has applications to modular forms.

Lecture 10 is about very recent results. I first state a modulo p Lang-
lands correspondence between certain infinite dimensional representations



of GL2(Q,) over F, and 2-dimensional semi-simple representations of
Gal(Q,/Q,) over F,,. Then I define simple and natural p-adic representa-
tions of GL2(Q,) and give stricking evidence (using the previous modulo p
correspondence and the computer science help of W. Stein and D. Savitt)
that they may be quite deeply “linked” to irreducible 2-dimensional crys-
talline representations of Gal(Q,/Q,) over Q,.

It was of course impossible to include all the proofs of all the results
stated or used in this text. But I have tried to include as many proofs, or
sketches of proofs, or examples, or references, as my courage enabled me
to. I apologize for the proofs that perhaps should be, and are not, in this
course and I welcome any (constructive) criticism.

1.4

I will use the following notations: ¢ and p are prime numbers (most of the
time different), Q7p an algebraic closure of the field Q,, of p-adic rationals,
Z, the ring of integers in Q,, Oc, the p-adic completion of Z,, C, its
fraction field and F), the residue field of Z,, and Oc,. For [F : Q,] < +o0,
F C Qp, I denote by Gp := Gal(Q,/F), Wr its Weil subgroup and Ip
its inertia subgroup. Recall Wy is the subgroup of elements that map to
a finite power of the Frobenius in Gal(F,/F)). val is the p-adic valuation
normalized by val(p) = 1. T often loosely write “modulo p” where I should
write “modulo the maximal ideal of Tp”.

2 Lecture 2: By, ;1; and the like

In this lecture, I describe the 8 rings B;R, Bir, Acris, BT

cris?

+
Bcrisa B

sty

Bst

and Ay, all due to Fontaine (see [21]) except A,, which was introduced by
Kato in [30] (where it was denoted lim P,!).

2.1 Bj, and Byg
Let R be the projective limit of the diagram:

Oc, /pOc, < Oc,/pOc, < -+ Oc, /pOc,, + ---

where the transition maps are x — zP. This is an integral commutative
perfect ring of characteristic p. It is also endowed with a natural action of
Gq, via its action on Og,. If z = (:c("))nez20 € R and if 2™ ¢ Oc, is
any lifting of (™, the sequence (#(™)P" converges in Oc, and we call &



its limit. As R is perfect, it is tempting to consider its Witt vectors W (R).
Recall any element of W (R) can be uniquely written 720 p"[x,] where
Zn, € R and [z,,] is its multiplicative representative.

Lemma 2.1.1. There is a Gq,-equivariant surjection of rings:

6 WEB - O,
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of kernel a principal ideal generated by p — [p| where p := (p™) € R is such
that p™) is the image in Oc, /p of a compatible system of p™-roots of p.

Proof. (sketch) The map R+ Oc,,  +— 2 is clearly surjective and Gq,-
equivariant (for y € Oc,, choose a compatible system of p"-roots of y
and take its image in Oc,/p). Hence, so is . For n € N, it is well
known that there is a ring homomorphism W,,(Oc¢, /pOc,) — Oc, /p"Oc,,
[wo] + plwr] + -+ 4 p" Lwp_1] — @8 + pd?" + -+ + p" 1P, where
w; € Oc, /p"Oc, is any lifting of w;. This induces a ring homomorphism:

lim W, (Oc, /pOc,) — Oc,

with [wo] + plwn] + -+ + p"fwpa] = [wg] + plug] + -+ " 2wy )
as transition maps on the left hand side. But then, one easily checks that
W(R) = Jim | Wn(Oc,/pOc,) and that the induced ring homomorphism
W(R) — Oc, is exactly 6. It is clear that 6(p — [p]) = 0. Assume 6([zo] +
p(3r [zn]p" ') = 0, then one can deduce o = p - zf, in R (using that
val(#o) > 1). Hence 3 %[ealp” = (p — [p)lwo] + p(X, 2 [yalp") with
G(ZZO%[yn] ™) = 0. Since W(R) is separated and complete for the p-adic
topology, a straightforward induction yields 3% [x,]p" € (p — )W (R).

O

Definition 2.1.2. We define Bjj, to be the completion of W (R )[7] with
respect to the (p — [p])-adic topology and Byr to be its fraction field, i.e.:

W(R)[;]
< (p—=Iph"

Note that BJ, is a complete discrete valuation ring of maximal ideal
(p — [p]) and residue field B;_R (p—[p)) = Cp, ie. B;‘R (resp. Bgr) is non
canonically isomorphic to C,[[T]] (resp. C,((T))). Since 0(p — [p]) = 0,

0 extends to a surjection 6 : B, — C, and the action of Gq, on W(R)

\-/'E\P—‘

Bl = lim ————— Byr := Frac(B}y).



also extends to B, and Byg (as this action preserves Ker(6)). We define
a filtration on Byr by Fil" Bar = (p — [g])mB:[R if m € Z. In particular
Fil°Byr = B;R. Let ¢(™ be the image in Oc,/p of a compatible system
of p™-roots of 1 and let ¢ := (¢™),, € R. Then, [g] — 1 € Ker(f) and
one can check log([e]) is a uniformizer of B}, (i.e. generates Ker()). For
any g € Gq,, g(log([g])) = £(g)log([g]) where € : Gq, — Z is the p-adic
cyclotomic character. In the sequel, we set ¢ := log([g]) (well defined up to
a scalar in Z).

Lemma 2.1.3. For any finite extension F' C @, there is a natural
identification (B;R)GF = ng ~ F such that the diagram:

F — B,
| Lo
F - C,

is commutative and Gq, -equivariant.

Proof. We will prove that, for m € Z<q, (Fil"Bgg)9F ~ F. It wil
be clear from the proof that the above diagram is equivariant and com-
mutative (using that 0(Fil'Byg) = 0). Since ¢ is a uniformizer of By,
we have Fil™Byp/Fil™ "' Byr ~ Cp(m) := C, ®q, ™ for any m € Z,,
this isomorphism being Gq,-equivariant. But it is a result of Tate (see
[38]) that H(Gp,Cp(m)) = 0 if m # 0 and = F if m = 0. Hence
(Fil™ Bar/Fil™ ™ By)¢r = 0 iff m # 0 and = F otherwise. Using the
exact sequences:

Fil" Bar Fil" Byr Fil"™" Byr
— — —
Fﬂ’rn+TBdR Fi1m+T+1BdR Fi1m+T+1 BdR

_>O7

applying the functor “Gp-invariants” and taking the projective limit on r
yield the result. O

2.2 Acrisa Bj;zs and Bcris
We call o the Frobenius automorphism on W(R).

Definition 2.2.1. We define A.is to be the p-adic completion of the
divided power envelope of W (R) with respect to Ker(), i.e.:

+o0o ( _ n
p—Ip)
Acris = { > W= wn € W(R),wp — 0} C By

n=0

We define B .. == Aeris[1/p] and Beris := B . [1/t].

cris cris



Since o(p — [p]) = (p — [p])? (p) in W(R), o extends to a Frobenius en-

domorphism ¢ : Agnis — Aeris (resp. on BZ‘M-S and B.is). Since Gq, pre-

serves the ideal (p—[p])W (R), its action extends to Acyss (vesp. to BT. and

Beris). Note that t = Z:g(—l)"“w € Agpis since w € (n—
1)!“77[2]) W(R) and (n — 1)! — 0. Finally, for m € Z, define Fil"™ A.,;s :=

n!
Aeris NFil" Bggr (resp. FilmB;is and Fil™ B..;s) and note that Gq, pre-

serves Fil™ A.,.;s. Moreover p(Fil™ Aqpis) C
O(Fil™ Acris) C p™ Agris for 0 <m < p—1.

m
E_ A..is. In particular, one has

m!

Before switching to BY;, we mention the cohomological interpretation of
Acris (a fact of high importance in the proofs of the so-called “comparison
theorems”).

Proposition 2.2.2. For m € Zxq, we have:

Z,
FﬂmACTiS = li{_mHng <(pr/Wn(FP)>cm‘s, J[m]>

P
m| « ” . . . z

where JU™ is the “usual” sheaf of ideals on the crystalline site (ﬁ/Wn(FP))crz‘s'

In particular Agpis =~ Jim ngis(%/WH(Fp)). This identification com-

mutes with Gq, and ¢ (=crystalline Frobenius on the right hand side).

2.3 B, and B,

On the contrary to the other rings, B, and B,; (and also Z;, see §2.4), to-
gether with all their structures, depend upon the choice of an element 7 € Z,,
such that val(m) > 0. We choose such an element and let F' := Q,(7) and
Iy C F its maximal unramified subfield.

Let 7 := (7(™),, € R where 7™ is the image in Oc, /p of a compatible
system of p™-roots of m and define:

+ = _ )"
log[;;;] = f(—l)"ﬂ(ﬂ) € B
n=1

(recall % —1 € Ker(9)).
Definition 2.3.1. We define B} () to be the subring of B, generated
by B} .. and log% and By () := Bl (m)[1/1].

cris



Theorem 2.3.2 ([21]). The element log[:;] € Byr is transcendantal over
Bc’ris- In particular Bjt( ) B+ [log%]

cris

Lemma 2.3.3. As subrings of BdR and Byr, BY,(7) and By () do not
depend on the choice of the (™), (but depend on the choice of T ).

Proof. Replacing w by 7 - £ where ¢ is as in §2.1 changes log% into log% +

log[g]. But logle] € B}, O

cris”

We write for short B, (resp. Bs;) instead of BJ, () (resp. By (m)) and
endow now these rings with more structures.
We define Fil”Bf, := BJ, N Fil"Byr (resp. Fil" By = By N Fil™Byg).
We have logu € Fil' B, but the ﬁltration on B, is NOT the convolution
filtration, i.e. > (Fil™ B}, )(log ) ¢ Fil"BY, if m > 2.

Example 2.3.4. Assume 72 = p, then (1 + log[%]) [J € FllzB;Q, but
# Sio(FiPT' B, (log)"
For any g € Gp, g(logZl) = logZl +10g[e(g)] where (g) == (") (g)), €

R is such that £ (g) is the image in Oc, /p of g(:(n) . Hence, B, and By; as
subrings of Byr are preserved by Gp. We state without proof the following
lemma (see [21]):

Lemma 2.3.5. Let F' C Q, be a finite extension of F and F}, its mazimal
unramified subfield.

(i) (B)Gr = BGF' = Fy,

(i) the map F’ ®py Bst — Bar is injective.

We define BstF =F QF, Bst (resp. Bst,F = ) and FﬂmB:;S,F =
B, w NFi" Byg (vesp. Fil" By p = ---). Beware that F ©p, Fil" B}, C
Fil"Bf, it m > 1.

Example 2.3.6. [1] —7 € FillB:;)F, but ¢ F ®p, FillB;;.

We finally endow B, and B,; with a Frobenius go which is the already
defined ¢ on B,.;s and satisfies w(log%) = plog , and with a Beps-
derivation N such that N(log%) = 1. Note that Ny = ppN but that
N(Fil™B},) ¢ Fil™ ' B}, if m > 2 (look at Example 2.3.4).

Proposition 2.3.7. (i) The package (B}, Fil B}, 0, N,GF) doesn’t de-
pend up to isomorphism on the choice of the (m\™), (resp. with Bs;).

(ii) Furthermore, the package (BY,, o, N,GF) doesn’t depend up to isomor-
phism on the choice of ™ in F (resp. with Bg).

10



Proof. (i) See the proof of Lemma 2.3.3. The B
log*= [z, log% + log[e] is compatible with all the structures.

(i) Replace 7 by mw with w € OF and let w := (w™),, € R where w™)
is the image in Oc, /p of a compatible system of p"-roots of w. Let [w] €
OF, C C BY, be the Teichmiiller representative of the image of w in ﬁ. Then

T slinear map such that

the BT . -linear map such that log—~ [M — log— [z —|— log F"} is compatible with

cris

all the structures except the ﬁltratlon since 1og[ ¢ Fil' BY, in general (note

that log [w% is well defined in B . by the usual expans1on). O

cris

Note however that BJ;(7w) and Bf,(7) do not coincide in general as
subrings of B;{R.

2.4 A,

The ring Z; came out of trying to give a cohomological definition of B,
analogous to the one of Proposition 2.2.2. Quite surprisingly, Kato found
in [30] that it was necessary for that to “enlarge” B, (see Lemma 2.4.2).
It is also the ring Z; that one has to use in order to produce lattices in
semi-stable p-adic representations (see Lecture 4). We give here its brute
definition, its link with B, and mention its cohomological definition. This

ring Zs\t will be of high importance in the sequel. We keep the notations of
§2.3.

As a ring, Z; is isomorphic to the p-adic completion of the divided
powers polynomial ring in one variable X over A.., i.e.:

_ I xn
Ast = § Gnp ) an € Acris;an —0
0 n.
n=

—>n —
(recall A..;s is p-adically complete). For n € N, let Ay, C Ag be the
subring of elements such that ag,...,a,—1 = 0. We define:

Z » i ——>mtl
o Fil™ Ay 1= 7 Fil™ Ay - +A5t

eforg e Gr, g(Y aniy) = S g(an) 2

([e(g)] as in §2.3 using the choice of the (7(™),)

» 9(X an ) = X plan) 2= where o(X) 1= 1+ X} 1
e N(XanXr) =3 a, X where N(X) :=1+ X.

n! n!

(X) = (@)X +[e(g)] -1

The following straightforward lemma sums up the relations between
these structures:

11



Lemma 2.4.1. (i) Gp preserves the filtration and commutes with ¢, N
(i) N(Fil"A,) C Fil™ 4,

(i) No = ppN -

(i) p(Fil"Ag) Cp™Ag if m<p—1.

The link with B, is provided by the following lemma, essentially due to
Kato:

Lemma 2.4.2. (i) We have B, [log(1+ X)] ~ {z € Ag[1/p] | N"(z) =
0 for some n € N} where log(1 + X) is the usual expansion of log in X.

(u) The map Ast[l/p] — Bip X — [%] — 1 induces an isomorphism

B}, llog(1+ X)] = B, which is compatible with ¢, N and Gp (but only
induces inclusions Fllm(B‘L llog(1 + X)) C Fil"BY,).

cris

Proof. (i) One easily checks that N((log(1+ X))") = n(log(1+ X))"~! and
that Ker(N) = B} .. By induction, assume Ker(N") = B}, + B . log(1+
X)+---+BF, (log(1+X))" ! and let x € Zs\t[l/p] such that N"*1(z) = 0.
Then N"(z) = b € B}, and N"(z — £ (log(1 + X))") = 0 which implies

r€ B, +-+ B!, (log(l1+ X))" by induction.
(ii) is obv1ou5 if one carefully compares the definitions of ¢, N, Gr and Fil

on Z; and BY,. See Example 2.3.4 for the last statement. O

As a summary, B, is the part of Z;[l /p] where N is nilpotent, except
that its filtration is finer than the induced filtration. Before we state (for the

sake of completeness) the cohomological interpretation of Z;, we mention
without proof the following lemma (due to the author, see [7]):

Lemma 2.4.3. Let e :=[F: Fo] [n/e] the euclidian quotient of n by e
(n € N) and S := {Zn Own[n/e" wy, € OF,, W, —>O}. The continuous

Op,-linear map S — Ay, such that u — [7](1 4+ X)~! induces an isomor-
~ —GF
phism S — Ay
Of course, it is easily checked that [r](1 + X)~! is Galois invariant.
Hence, we see that A, is naturally an S-algebra. This will somewhat moti-
vate the following result (due to Kato), that we only state in a vague form
(see [30] or [5]):

Proposition 2.4.4. Let S, := S/p™S. We have an identification Z; ~

lim Hloog Cms( %/Sn) which is compatible with all the structures.
Here, Hlog oris 18 log-crystalline cohomology, pi

. Z, .
Sy, with log-structures and we see pzi as an Sp,-algebra via u — m. See
P

12



Lecture 5 for a little bit more (but not much) on log-schemes and log-
structures.

3 Lecture 3: Potentially semi-stable repre-
sentations

I define potentially semi-stable representations and give their main proper-
ties.

3.1 Definition

Let F' be a finite extension of Q,, inside CTP, Op its ring of integers, F C Fp
its residue field, Fy C F' its maximal unramified subfield, o the (arithmetic)
Frobenius on Fy, F"™ the unramified closure of F inside Q, and f :=
[F : F,]. To define By, we need to fix a uniformizer 7 € F. If ¢ is any
prime number, an /-adic representation of G g is, by definition, a continuous
linear representation of G on a finite dimensional Qg-vector space V. For
¢ # p, recall that a semi-stable ¢-adic representation of G is an f-adic
representation such that the inertia acts unipotently.

Lemma 3.1.1. Assume £ # p. To give a semi-stable £-adic representation
of G is equivalent to give a finite dimensional Qg-vector space endowed
with a continuous linear action of Gal(F"™ /F') (which plays the role of the
Frobenius) and with a nilpotent endomorphism N (the monodromy) such
that N = pf N where ¢ is the geometric Frobenius of Gal(F"™ /F).

Proof. Let V' be a semi-stable ¢-adic representation of G, (7, )nen a com-
patible system of ¢"-roots of w and ty : Ip — Zy(1) ~ Z, the character

defined by t¢(g) := (M)%N. Since Ker(t,) has pro-order prime to ¢ and

acts unipotently on Vjit must act trivially. Hence, I acts through Z,(1)
and we set N := %log(g) for g € I'r (this is independant of g). Since:

Gal(F™ (1, n € N)/F) ~ Gal(F"™ (r,,,n € N)/F"™) . Gal(F"™ / F)

(semi-direct product), we get the action of Gal(F"™/F) with the desired
commutativity. O

Lemma 3.1.2. (i) Let V be a p-adic representation of G, then:
dimp, (Bs ®q, V)" < dimq, (V).
(ii) If dimp, (Bs ®q, V)9F = dimq, (V), then:

By ®r, (Bst ®q, V)" —> By ®q, V.
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Proof. (i) Let Dg (V') := (Bst ®q, V9P and aq (V) : By ®p, Dat(V) —
Bsi ®q, V, b®@ x — bz. Since Bg; is a domain, it is enough to prove that
as(V) is injective after extending scalars to Frac(Bs:). Assume not and
let n be the smallest integer such that there exists by, ..., b, € Frac(Bs;)™
and z1,...,2, € Dy (V) satisfying >, b; @ z; — 0 and Y ;| b; @ z; # 0.
We can assume by = 1 and n > 2. Then z1 + Y ., g(b;) ® x; — 0, which
implies g(b;) = b;, Vi by the minimality of n. But one can prove that
(Frac(B,t))“F = Fy (this is a consequence of Frac(Bs;) C Byr, Bg}g =F
and F®p, Bst — Bgg), thus b; € Fy which implies > b;®z; = 1) bjz; =0
and is impossible by assumption.

(ii) By (i), as(V) is injective. Let eq,...,eq be a basis of Dg(V) and
v1,...,0q & basis of V. We have e; A ... Neg = det ® v1 A ... Avg in
By ® /\de V with det € By Since g(det) € Qpdet for any g € G (as

Gr acts trivially on Dy (V)), we have det € B2 (see Example 3.1.4). Thus
as (V) is also surjective. O

Definition 3.1.3. (i) A p-adic representation V' of GF is called semi-
stable if dimp, (By ®q, V)Gr = dimqg, V.

(i) A p-adic representation of G is called potentially semi-stable if it be-
comes semi-stable when restricted to an open subgroup of Gp.

If V is (potentially) semi-stable, then so is any Qp-subquotient of V' (see
[22]). Note that Definition 3.1.3 only uses the structure of Q,[G r]-module
of Byt and thus doesn’t depend on the choice of m (see Lecture 2).

Example 3.1.4. We will give several examples later. But let us give at
once the one dimensional case. Let V' be a semi-stable representation of G
of dimension 1, then I claim that V|;,~ &|, for some i € Z where ¢ is the p-
adic cyclotomic character. Since the action of Gg on V is just a character n,
we have to find under which condition {\ € By | g(\) = n71(g)\,Vg € Gr}
is non zero (it is of dimension < 1 by Lemma 3.1.2). But we have the
following result on By (see [21]): any Q,-subvector space of dimension
1 in B that is preserved by Galois is contained in W(Fp)[%]tz where
t € Beris C Bgt is the element defined in Lecture 2. Since g(t) = e(g)t

and since the action of Gg on W(F),) is unramified, we are done.

3.2 Filtered (¢, N)-modules

Definition 3.1.3 is not very explicit. Fortunately, a recent result of Colmez
and Fontaine (see [13]) gives an alternative description of semi-stable p-adic
representations which is very explicit and gives a striking analogy with the
¢-adic case. Define a filtered (¢, N)-module to be a finite dimensional Fp-
vector space D endowed with:
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e a o-linear injective map ¢ : D — D (the “Frobenius”)

e a linear map N : D — D such that Ny = ppN (the “monodromy”)

e a decreasing filtration (Fil'Dp)iez on Dp := F ®p, D by F-vector sub-
spaces such that Fil'Dr = D for 1 < 0 and Fil'Dyr = 0 for 7 > 0.

The conditions on ¢ and N imply that NV is nilpotent. If D is a filtered
(¢, N)-module of dimension d, so is ®%0D by setting ¢ = ®@%p, N =
N©l®...@1+1@N®l...©l+..., Fil'(®4Dp) ==Y, . L Fil"Dp®
... ® Fil"“Dp, and so is /\dF0 D by taking the image structures. Since
dimpo(/\'fmo D) = 1, there is a unique iy € Z such that Fili(/\?, Dp) =
/\(} Dy for i < ip and Fili(/\z Dp) = 0 for i > ig, and there is a unique
ap € Z such that, if e; € /\j,l,0 D\ {0}, ¢(e1) = Aoer with val(Xg) = ap. We
define (following Fontaine):

tu (D) =g tn(D) := «ap.

By definition a filtered (¢, N)-submodule of D is a filtered (¢, N)-module
D’ equipped with an injection D" < D that commutes with ¢ and N and
for which Fil’ D}, = D, N Fil' Dy

Definition 3.2.1. A filtered (¢, N)-module D is called weakly admissible

iftg(D) =tn(D) and if tg (D) < tn(D') for any filtered (o, N)-submodule
D' of D.

Lemma 3.2.2. Let V be a semi-stable p-adic representation of Gg. Let
Dyu(V) == (By ®q, V)" and define (on Dy(V)) ¢ := pp, ®1d, N :=
Np., ®1d and Fil' D (V) g := (Fil'Byy r @ V) N Dyt (V). Then Dy (V) is
a weakly admissible filtered (o, N')-module.

Before giving the proof of this lemma, we give the 1-dimensional exam-
ple:

Example 3.2.3. Assume dimqg,V = 1. By Example 3.1.4, the action of
Gp onV is a character ne’ where i € Z and 7 is unramified. Hence Dy (V) =
Fo(M™" ® vy) where v; € V \ {0} and X € W(F,) \ {0} satisfies g(\) =
1~ (g)\ for g € G (one easily finds such a A). This implies Dy (V) = Fyey
with p(er) = ZMpie;, N(e1) =0, e; € Fil "Dy (V) and 2 € W (F)*
(since a“@) = UT)‘)) In particular, D (V) is clearly weakly admissible.
Proof. (sketch of proof of Lemma 3.2.2)

Let d := dimq,V. If d = 1, this is OK by Example 3.2.3. The map
Bt ®r, /\}i;0 Dy (V) — By ®q, /\de V is an isomorphism (since as (V) is

an isomorphism by Lemma 3.1.2). Thus A\, Dyt (V) 2 Dyt(AG, V) which
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implies tg (Ds (V) = tn(Ds(V)) by the case d = 1. Let D' C Dg (V) be a
filtered (¢, N)-submodule of dimension d’. Then /\'JZF/0 D' C /\?;O Dy (V) is a
filtered (y, N)-submodule of dimension 1. Assume tgy (D) > tn(D’) and let
A be the same (p, N)-module as /\dF/0 D’ but with ¢ (A) = tx(D’). Then,
by the case d = 1, A = Dy (V') for some V' of dimension 1 and the mor-

phism of filtered (¢, N)-modules A — /\dFjO D4 (V) induces a commutative
diagram:
Bst ®F0 A - Bst ®Qp Vv’
1

Bst ®FO /\(fi’—b Dst(V) ;) Bst ®Qp /\gp V

From this diagram, we can deduce first that V' C /\dQ/p V (taking Fil0%—},
on the right hand side) and second that tz(A) = ¢x(D’) must be the

induced filtration by /\;i,’ D (V)r (looking again on the right hand side).
But this filtration is greater or equal than tg(D’) (> tg(A)), thus ty(A) =
ty (D) =tn(D"). Finally, we always have tg (D) < ty(D’). O

The aforementioned result of Colmez and Fontaine is:

Theorem 3.2.4. ([10]) The functor Dy : V — (By ®q, V)°* estab-
lishes an equivalence of categories between the category of semi-stable p-adic
representations of Gp and the category of weakly admissible filtered (¢, N)-
modules.

The functor Dy; does depend on the choice of 7 but the (¢, N)-module
Dg(V) (forgetting the filtration) doesn’t by Proposition 2.3.7 (ii). When
N = 0on Dg (V) (this doesn’t depend on 7), V' is said to be crystalline and
in that case Dy (V') with its full structure doesn’t depend on 7. In the se-
quel, we will often use the contravariant functor D%, (V') := Dg(V*), where
V* is the dual representation of V' (semi-stable/crystalline if and only if V'
is). If V has positive Hodge-Tate weights (i.e. if Fil’D*,(V)p = D, (V) ),
then we have D}, (V) ~ Homg,. (V, B;) and V ~ Hom,, y i1 (D%(V), BY,).
In this last isomorphism, we mean Fj-linear maps that commute with ¢, N
and send Fil' D%, (V)p to Fil'Bf; .

In the rest of this course, we often consider p-adic representations of Gg
which are finite dimensional E-vector spaces with E C Q,, and [E : Q,] <
o0, i.e. which are endowed with an injection £ — Endq,(g.)(V). Their
corresponding filtered modules are free Fy®q, E-modules with all structures
being E-linear. If Fy = Q,,, we again get E-vector spaces. However, if Fj #
Q,, the filtered Fy ®q, E-module (with ¢ and N) can be quite complicated.
In this course, we only deal with the case Fy = Q,.
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3.3 Potentially semi-stable representations and Weil-
Deligne representations

Recall that a representation of the Weil-Deligne group is a continuous rep-
resentation of Wr on a finite dimensional vector space W (over an alge-
braically closed field of characteristic 0 with the discrete topology) together
with a nilpotent endomorphism N : V — V such that Ng = p~*@gN
where g € Wp and g — Frob®) ¢ Gal(F,/F,) (a(g) € Z>o). Here Frob
denotes the absolute arithmetic Frobenius on F,. Let V be a potentially
semi-stable ¢-adic representation of G with ¢ = or # p. If £ # p, using
Lemma 3.1.1, it is easy to associate to V' a representation of the Weil-Deligne
group. We show here (following Fontaine) that a similar construction also
exists for £ = p.

Let V be a potentially semi-stable p-adic representation of Gp with
coefficient in E C Q. Let F' D F be a Galois extension such that Via,.
is semi-stable and D := Dy(Vlc,,) = (Bst ®q, V)" which is endowed
with the residual action of Gal(F’/F'). Thus, D is a free Fj ®q, E-module
of rank dimgV endowed with a nilpotent Fj ®q, E-endomorphism N :
D — D. Let Wg act Fj ®q, E-linearly on D via g — go o) (g =
image of g in Gal(F'/F)). Since Wr and N act linearly, if we write D ®
Q, = HE%QP] D;, each D; is naturally a representation of (Wg, N) (the

X2
commutativity condition is easily verified).

Lemma 3.3.1. The isomorphism class of D; as a representation of
(Wpg, N) doesn’t depend on the choice of F' or on i.

Proof. By a result of Deligne, there exists a Q,[Wp]-automorphism f; :
D; — D; such that Nof; = %fl-ON. Then one checks that pof; : D; = D,y
is a Qp-automorphism that commutes with both W and N. To prove it
doesn’t depend on F”, it is enough to show one can replace F’ by F" D F’.
But then Dy (Vlg,.,) ~ Fy @g; Dst(Vlg,., ), hence Dy (Vla,.,) ®F5’®Edp ~
Ds(Vl]G,,) ®rjor Qp and the D;’s are the same. O

The isomorphism class of Lemma 3.3.1 is by definition the Weil-Deligne
representation associated to V.

Example 3.3.2. Here is the filtered module corresponding under D7,
to a potentially crystalline representation of Gq, with Hodge-Tate weights

(0, k—1) that becomes crystalline over F' := Q,(7) = Q, (/1) where 77~! =
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—p:

D = E61 D E62
w(er) = vey
plea) = —

Fllk_l(DF) = F®Qp E(61 —|—ﬁ'i€2)

N = 0
g(e1) = €1
g(e2) = w(g)~"e2
val(v) € [0,k — 1]

o € Of

i € {1,....p—2}

g € Ga(F/q,).

Here, & is the Teichmiiller lift of the cyclotomic character modulo p. The
Weil-Deligne representation associated to this potentially crystalline repre-
sentation is:

W = Qipel @@62
N = 0
g(el) = l/a(g)el
. k—1
glez) = @(g)'(B—p)*@ey

(we have to dualize since we have used D).

3.4 Examples and relation to modular forms

Here are some other important explicit examples of weakly admissible fil-
tered modules for F' = Q,. The corresponding representations are two
dimensional over some finite extension E of Q, inside Q,. Since I do not
want to make precise this extension, I loosely write Q.

Example 3.4.1. (i) V crystalline and decomposable:

p(e1) = p" e
plea) = paer
Fil*='D = Q,e:
X

pi,p2 € Z,

(ii) V crystalline and indecomposable:

pler) = p(mer +e2)
plea) = Haes
Filk-1D = Que1
—X
p1,pe € Z,
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(iii) V crystalline and irreductible:

p(e1) P* e
plea) = —eitver
Filk'D =  Qpe
p e Z,
14 € ITLZ
(iv) V semi-stable non crystalline:
p(e1) = PF/?pey
plea) = PP lpes
FilkilD = Qp(el — Eeg)
N(el) = €9
N(eg) = 0
X
H € Z,
L € Qp.

We will see geometric examples of semi-stable representations in Lecture
5. Let us just say here that the cohomology of any “reasonnable” scheme
over F' should be (is?) a potentially semi-stable representation.

To conclude this lecture, let us describe the filtered modules coming from
modular forms on I'y (N) with either (p, N) =1 or (p | N and (p, %) =1).

Fix embeddings Q — C and Q — Q,, and let f be a normalized cuspidal
newform of weight ¥ > 2 on I'1/(N), N being any integer > 1. Deligne,
using Grothendieck’s étale cohomology, constructed continuous irreducible
representations:

prp: Gal(Q/Q) — GL2(Qp)

satisfying the following properties (some of them were proven much later):
o detpy, =1y

® pfplGq, is unramified if (¢, Np) =1

e if ({, Np) = 1, then the characteristic polynomial of an arithmetic Frobe-
nius at £ is X2 — ay X + ¥~y (¢) where Ty(f) = aof

® pfplGq, is potentially semi-stable.

The following theorem will be studied in the other course:

Theorem 3.4.2 (Langlands, Deligne, Carayol, Saito). Up to F'-
semi-simplification, WD(pf’p|GQe) doesn’t depend on p.
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Recall that the semi-simplification of a Weil-Deligne representation is
the semi-simplification of the underlying Weil representation together with
the operator N (N still acts on the semi-simplification because N = 0 on
any irreducible subspace for the action of the Weil group). It is a conse-
quence of the p-adic Eichler-Shimura isomorphism (a very special case of
Faltings’ comparison theorems with coefficients, see [19]) that the Hodge-
Tate weights of pf,p|GQp are (0,k — 1), but in some cases, one can easily
draw this from 3.4.2 (see the last remark of this lecture). Together with
3.4.2 and, e.g., Lemma 4.2.2 of [15], we deduce the complete description of
PfplGq, when (p, N) =1orp| N:

(i) If (p, N) = 1, then pyy|cq, is crystalline and its filtered module (under
Dz,) is as in Example 3.4.1 (i) or (ii) with g0 = x(p) and p* 1 py +p2 = a,
if val(ap) = 0, or as in Example 3.4.1 (ili) with ¢ = x(p) and v = a, if
val(ap) > 0 (T,(f) = apf).

(ii) If p || NV, then there are two cases:

e if p is prime to the conductor of X, then py;|cq, is semi-stable (non
crystalline) and its filtered module (for the choice m = p) is as in Example
3.4.1 (iv) with £ = £,(f) and p = —*— (this implies val(a,) = £ —1).

2
e if p divides the conductor of x, then pf,p|GQp becomes crystalline over
Q,({/1) and its filtered module is as in Example 3.3.2 with v = a, and p, i
such that p = x/(p) and x = &'y’ with (p,cond(x’)) = 1.

As far as I know, it is an open question to determine explicitly all the
filtered modules coming from modular forms when an arbitrary power of p
divides the level.

Remark 3.4.3. Because of the determinant, the Hodge-Tate weights are

necessarily (a,b) with a,b > 0 and a +b =k — 1. When (p,N) = 1 and
val(ap) = 0, one checks the weak admissibility condition implies (a,b) =
0,k —1).

4 Lecture 4: Integral p-adic Hodge theory

We keep the same notations as for Lecture 3. We have seen how to build
semi-stable representations of Gg from filtered modules. Since G is com-
pact, these representations always admit Galois stable Z,-lattices. So one
can ask if there exists corresponding integral structures on the filtered mod-
ules. This lecture gives a conjectural answer to this question as soon as the
filtration (on the filtered module) doesn’t “spread” too much. The general
problem is still open, even conjecturally.
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4.1 Where S enters

We call o the Frobenius automorphism on W (F). Let E(u) € W(F)[u] be
the minimal polynomial of 7 (an Eisenstein polynomial of degree e := [F :
Fy]) and S the p-adic completion of W (F)[u, uTT]iGN where v is an indeter-
minate. This ring is noting else than the ring S already introduced at the
end of Lecture 2. Thinking about Lemma 2.4.3 of Lecture 2, we endow S
with the following structures:

e a continuous o-linear Frobenius still denoted o : § — S such that
o(u) =uP

e a continuous linear derivation N : S — S such that N(u) = —u

e a decreasing filtration (Fil'S);en where Fil'S is the p-adic completion of
ZS% (one checks % €9).

j>i

Note that No = poN, N(Fil'™'S) c Fil'S for i € N and o(Fil'S) C p'S for
i €{0,...,p—1}. In fact, these structures are exactly the structures induced
on S by Ay, (see Lecture 2).

Let D be a weakly admissible filtered (¢, N)-module and assume Fil’ Dp =
Dy (this is harmless since, up to twist, one can always assume Galois rep-
resentations have positive Hodge-Tate weights). Let:

D=5 Qw () D

and define :

e p:=0®¢p:D—D

e N:=N®Id+Id® N :D —D
e Fil’D := D and, by induction:

Fil'™'D := {x € D | N(z) € Fil'D and f.(z) € Fil'*' Dr}
where fr : D — Dp is defined by s(u) ® z — s(m)z.

The filtered module D has the advantage over the filtered module D
that all of its data are defined at the same level (no need to extend scalars
to F).

Example 4.1.1. In the following examples, we have F' = Fy = Q, and
we choose m = p (hence F(u) = u — p).

(i) Assume D is as in Example 3.4.1 (i) or (ii) (with trivial coefficients for
simplicity), then one finds Fil'D = S -e; + Fil'S @ D if i < k — 1 and
Fil'D = Fil' **15 ¢, + Fil'S@ D if i > k — 1.
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(i) Assume D is as in Example 3.4.1 (iv) (with trivial coefficients), then
the Fil'D are more involved. For instance, if &k — 1 > 3, one finds:

Fil'D = S.-(ey — Ley) +Fil'S® D
Fi’D = S-(e1— Les+ —Ley) + Fil'S - (e — Leo) + Fil2S ® D
. — 1 (u —p)?
Fi’D = S - €1—£€2+u peg—*(u p) €2
p 2 p?

u —

+FilLS - (61 — Les+ pez) +Fil%S - (e1 — Les) + Fil’S ® D

etc.

4.2 Strongly divisible lattices
Now, we define integral structures inside the D’s:

Definition 4.2.1. Let D be a weakly admissible filtered (¢, N)-module
such that FiI"™ 1 Dy = 0 with m < p. A strongly divisible lattice (or module)
in D is an S-submodule M of D such that:

(1) M is free of finite rank over S and M[%} =D
(2) M is stable under ¢ and N
(3) o(Fil™" M) C p™ M where FiI"" M := M NFil"D.

One can show this definition doesn’t depend on m (provided of course
Fil""' D = 0 and m < p). In fact, one can prove the following (see [2] and

[8]):

Theorem 4.2.2. The condition (Fil" M) C p™M in Definition 4.2.1
is equivalent to the condition p(Fil™ M) spans p™ M.

The point is that once you have p(Fil" M) C p™M, the weak admissi-
bility of D forces ¢(Fil" M) to actually span p™ M.

We will spend the next lecture giving non trivial examples of such mod-
ules. So, here is a trivial example:

Example 4.2.3. Let D be the trivial filtered module (i.e. D = Fy with
Fil' Dy = 0, N = 0 and obvious ©). Then S is a strongly divisible lattice
in D= S[1].

P
Let M be a strongly divisible module in some S @y gy D with D weakly
admissible as in Definition 4.2.1. Then one can associate to M the Z,[G |-
module:

—

T3 (M) := Homg o, N Firm (M, Agt)
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where one considers S-linear maps from M to Zs\t that commute with ¢
and N and preserve Fil™. The action of Gr is (¢ - f)(x) := g(f(x)). Note
that this is well defined since Gr commutes with all the other structures.

Proposition 4.2.4. Let V' be a semi-stable p-adic representation of Gp
and D := D, (V). Assume Fil’Dp = Dg and FiI""' Dp = 0 with m < p.
Let M be a strongly divisible lattice in D := S® D, then T, (M) is a Galois
stable Z,-lattice in V.

Proof. First, T;,(M) is clearly a Galois stable Z,-lattice in V(D) :=
Homg , N pilm (D,Z;[l/p]). By lemma 2.4.2 (Lecture 2) and using that
D ={z € D| N"(x) =0 for some n € N} (easy), we get that any f €
V(D) sends D to Bf,. Also f(Fil"D) C FilmZS\t[l/p] implies f(Fil'D)
Fili@[l/p] for any i € N (easy again). For f € Vi(D), let f: Dp — B,
be the unique F-linear map such that the diagram:

p L A /)
fxl !

S
DF — B;R

commutes, where the map Z;[l/p] — B, is that of Lemma 2.4.2 (ii).
Then, f(Fil'Dr) C Fil'Bf, (one can check f, : Fil'D — Fil'Dp is surjec-
tive). We finally get a Q,[G p|-linear map:

Ve (D) — V(D) := Homy, v pi- (D, B) =V

sending f to f|p which is clearly injective. It is also surjective because one
can check that for any f € V;(D), themap Id®f : D = S®D — S® B}, —
71;[1 /p] automatically respects the filtration (and it clearly respects the
rest). Hence, T5, (M) C Vi(D) ~ V is a Galois stable Z,-lattice. O

Definition 4.2.5. Let D be a weakly admissible filtered module such that

Fil’Dp = Dp, Fil"Dp # 0 and Fil™™'Dp = 0 (m € N). We call D
unipotent if D has no non trivial quotient D (in the category of weakly
admissible filtered (p, N)-modules; D has the quotient filtration) such that
Fil"Dr = Dp.

Conjecture 4.2.6. Let V be a semi-stable p-adic representation of Gg
and D := D*,(V). Assume Fil’Dy = D and Fil"*' Dp = 0.

(i) If m < p— 1, the functor M — T3 (M) induces an anti-equivalence of
categories between strongly divisible lattices of D = S ® D and G g-stable
lattices of V.

(i) If m = p — 1 and D is unipotent, the same holds.
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The following theorem sums up what is essentially known about this
conjecture:

Theorem 4.2.7. Conjecture 4.2.6 is true in the following two cases:
(i)m<p—1and F = F,
(ii) m<p—1andm < 1.

Case (i) is proven in [8] using the torsion theory of the next §. Case (ii)
is proven in [6] and [3] using the theory of p-divisible groups (see Lecture
5).

4.3 Reducing modulo p

As with Galois lattices, it is tempting to reduce strongly divisible lattices
modulo p. To do this, we first give an alternative definition of strongly
divisible lattices (Theorem 4.3.2) from which we derive the definition of a
category of “torsion strongly divisible modules”.

For m < p, let C™ be the category of quadruples (M, Fil" M, ¢, N)
where:
e M is an S-module
e Fil" M C M is an S-submodule containing (Fil™S) M
® o, : FiI" M — M is an additive map such that ¢, (sz) = 0(s)pm(x)
(s € S, x € FiI" M) and ¢, (sz) = %%U(E(u)mx) (s € Fil™S,
xeM)
e N : M — M is an additive map such that N(sz) = N(s)z + sN(x),
(Fil' )N (Fil"™ M) C Fil"" M and ¢y, o (E(u)Nlpim) = Z(E(u))N o op,.
Of course, morphisms in C™ are S-linear maps preserving all these struc-
tures. For simplicity, we will just denote by M an object of C™. For any
M in C™, define ¢ : M — M by ¢(z) := ngm(E(u)mx) If M has
no p-torsion, the knowledge of ¢, : Fil”" M — M is equivalent to that of ¢
(via om = p%|pﬂm). For instance, Ay, Asi/p"Asi and Ay @z, Qp/Z, are

objects of C™ for any m < p (recall @(Film@) C P A, ifm < D).

Definition 4.3.1. A sequence 0 - M’ — M — M"” — 0 in C,, is
exact if the two sequences of S-modules 0 — M’ — M — M" — 0 and
0 — Fil" M’ — Fil" M — Fil" M"” — 0 are exact.

Define the category of strongly divisible modules of weight < m as the
full subcategory of C™ of objects that are isomorphic to a strongly divisible
lattice in some S ® D with D weakly admissible as in Definition 4.2.1. One
can describe directly this category:
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Theorem 4.3.2. The category of strongly divisible modules of weight < m
(m < p) is the full subcategory of C™ of objects M such that:
(i) M is free of finite rank over S
(i) Fil" M N pM = pFil" M
(ii3) M is spanned by o, (Fil" M).

The point is to prove that (1) M[1/p] ~ S® D with D a filtered (¢, N)-
module (see [7]) and (2) D is weakly admissible (see [8]).

We introduce now the torsion analogue of strongly divisible modules,
which is motivated by Theorem 4.3.2.

Let M™ be the full subcategory of C™ of objects M such that:
o M~ @1 (S/p™S)™ (I finite)
e M is spanned by ¢, (Fil" M).
One can then prove in that case that Fil™" M N p" M = p"Fil"™ M for any
n € N. Define a functor to Galois representations by:

T}, (M) := Homen (M, Ay ©2, Qu/Zy).

Note that if M is a strongly divisible module of weight < m, then M /p" M
is naturally an object of M™ for any n € N.

Theorem 4.3.3. Assume F'=Fy and m <p — 1.

(i) The category M™ is abelian.

(ii) The functor T2 is exact and fully faithful.

(i5i) If M is a strongly divisible module of weight < m, then:

TG (M) /p" T (M) = TG (M/p" M).

Proof. (very rough sketch) For (i), we just refer the reader to [2]. For the
exactness in (ii), it is enough to prove that Extg. (M,Zs\t ®z, Qp/Zy) =0
for simple objects M of M™. But simple objects of M™ admit a simple
description which was already given by Fontaine and Laffaille in [23] twenty
years ago. Using this description (together with properties of Z;), one
explicitly builds a section M — & in C™ to any extension 0 — Z; ®z,
Qy/Z, — £ — M — 0in C™. For the full faithfulness, one is reduced (by
exactness and a standard devissage) to prove that:

(1) Hompgm (M', M") = Homg, |G ,.) (T3, (M"), T3, (M"))

(2) Extjym (M, M") = Bxtyg, g, (To(M"), T5 (M)

for M’ and M"” simple objects of M™. (1) is done in [23] by explicit
computation (as already mentionned, simple objects of M™ were already
known). (2) is more delicate. One must prove that any extension 0 — M’ —
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M — M" — 0in M™ that splits on the Galois side already splits in M™.
This is done in three steps (and follows an idea of Faltings [20]). First, one
checks that pT};(M) = 0 implies pM = 0 (one uses for this the exactness
of T, and a direct computation of dimg,T3; (M) when pM = 0 which gives
dimg, T3 (M) = rkg/p,sM). Second, one proves by explicit computations
on TH(M) that any f € T5 (M) is such that f(N(pn(Fi™M))) = 0.
This implies N (¢, (FiI™M)) = 0. Using the relation ¢, o (E(u)N|pym) =
Z(E(u))N o ¢, we get N(FiI"" M) C Fil"" M. This implies that M has a
simple description, and is in fact one of the objects introduced in [23] (as
are M’ and M"). But we are done since full faithfulness of T}, is known
when restricted to such objects (this was first proved by tedious explicit
computations in [23], then a more conceptual proof was given recently in
[41]). (iii) is an easy corollary from (ii). O

A first corollary of the above theorem is that if M ~ &, (S/p™S)™,
then T3 (M) ~ @®ner(Z,/p™"Z,)™ with the same r,. A second is the full
faithfulness in Theorem 4.2.7 (i) (we won’t really need the essential surjec-
tivity in the sequel, since we will only treat examples where explicit compu-
tations will directly furnish as many (isomorphism classes of) strongly di-
visible lattices as there are (isomorphism classes of) Galois stable lattices).
T’ll give several examples of applications of Theorem 4.3.3 in Lectures 8 and
9. In these applications, one has Fy = Q, and one works with additional
non trivial coefficients Og acting on objects of M™ (O being the ring
of integers of a finite extension E of Q). In particular, strongly divisible
modules are free S ®z, Og-modules of finite rank.

Let me finally mention that Theorem 4.3.3 should remain true more
generally for [F: Folm < p — 1 (one lacks the full faithfulness).

5 Lecture 5: Various examples of strongly di-
visible modules

In this lecture, I will give various examples of strongly divisible modules.
In §5.1, T will describe concrete and explicit examples, in §5.2, T will give
examples coming from algebraic varieties and in §5.3, I will give examples
coming from p-divisible groups. Only §5.1 will be used in the sequel.

5.1 Explicit examples

In this §, S:={> .~ an%,an €Zy,an — 0,[Qp(an)nen : Qp) < oo} and
m = p. I give examples of some strongly divisible lattices in D := S ® D for
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D as in Example 3.4.1 (Lecture 3).

Proposition 5.1.1. (i) Let D be as in Example 3.4.1 (i), (ii) or (iii)
with k < p, then M := Sey @ Seq is a strongly divisible lattice in S ® D.
(i) Let D be as in Example 3.4.1 (iv) with k = 2:

o if val(L) < 1, then M := SZe; @ Sey is a strongly divisible lattice in
S®D

o if val(L) > 1, then M := Se; ® Sey is a strongly divisible lattice in S® D.
Proof. (i) is obvious. For (ii), in the first case, one easily checks that Fil*Dn
M =Fil'S - M + S(ZLe1 + pe2). Since p(es) = pes and 2(ZFer +pez) =
p(—7e1 +e2), it is clear M is strongly divisible. In the second case, one has
Fil'DNM = Fil'S- M+ S(e; — Ley). Since p(ey) = pes and Zler—Lez) =
uler — %62), M is strongly divisible. O

It is much more delicate to find strongly divisible lattices in S® D for D
as in Example 3.4.1 with & > 4 (and k < p). We give below strongly divisible
lattices in the case kK = 4 and, at least for one of them, the complete proof
that it is really strongly divisible. Recall from Lecture 4 that the filtration
on D :=S® D (or just the Fil*) is this time more involved:

Fi*D = Fi’S-D+ {co(e1 — Les) + %(cl(e1 — Les) + Coes)+

(u—p)* Co —
T(CZ(el — £€2) + (Cl — ?)62), C; e Qp .
In the sequel, we set v := % € Fil”’S and we note that s +~v € % if
s€S*.

Theorem 5.1.2. Let D be as in Example 3.4.1 (iv) with k = 4 (and
p=5)

(i) If val(L +3/2) = 0 and val(L + 2) < 1, then:

o v 2-L L£42
M1 = 5(61 + 71 T ~ 62) D S €9
L+3—2y+ 32
M2 = S(el — 2 p’Y 27 62) D S€2

are non isomorphic strongly divisible lattices in S ® D.
(ii) If val(L +3/2) = 0 and val(L + 2) > 1, then:

o v 2—L
M1 = 5(61—’_71—}—’)/ D 62)@562
L+32—27+ 12
Moy = S(el— 2 p’y 27 62)@562
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are non isomorphic strongly divisible lattices in S ® D.
(i1) If val(L + 3/2) > 0, then:

o v 2—-L
M._S(el+71+’y »

62) 652 = Se; 052
p p

is a strongly divisible lattice in S ®@ D.
() If val(£L 4+ 3/2) < 0 i.e. val(L) <0, then:

L4323 —2v+142
p

M= 5(61 — 62) @® SLesy

is a strongly divisible lattice in S ® D.

Proof. (sketch) For reasons of time, length and boredom of the audience,
I only give a complete proof for M; (the other cases proceed in the same
way, and the brave reader can find them in much greater generality in
[10]). We have to prove that @(Fil>M;) C p3M; (see Lecture 4). Let

E ==e; + ﬁ%eg, Ey = %62 and note that M, is stable under ¢

and N, that e; — E;, € Fil’S - D and that v = %D(p). By the previous
description of Fil3D, any element of Fil*D can be written z + y where
y € Fil’S - D and © = 29 + (u — p)z1 + (u — p)®xy with:

p£00

= CyB; — E

o Cobr — 7o b
o £Cy — Cy

= dp =1
e p VT T Ly 2
v o Gy LC-Cit R
" p(L+2) -

Let o := val(£L +2) (0 < a < 1). Since (E1, Es) is a basis of D, any
element of Fil*D N My can be written = + y where y € Fil>S - M; and
r is as above with Cy € Z,, C1 € pZ,, Cy € p*Z,, val(LC; — Cp) >
a and val(LCy — C1 + %) > « + 1. This easily implies Cy € pZ, and
val(Cy — 2C1) > o + 1. Moreover, since o(y) € pP~1S, one checks that

_ . uP 2— 2
w(Ey) + u7(12+,y£)peg € p? My, or equivalently p(E7) + ps 13_@ kb €

p? M, (which implies ¢(E;) € pM;). Using val(LCy — Cy + %) >a+1
and Cy € p27p, one finds:

P2
L+2

() = [Co+<u7f*1)01}<,0(E1)+,u[(%771)(C’OfECl)fECO] Ey+p®z
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where z € Mj. Since C; € pZ,, up to an element of p>M; one can re-

place p(E1) by —u% 12;& L”—;Eg and £ by —2 in the above expression. A
P

straightforward computation then yields:

(@) = p[Co—201 + -~ (-3Co+6C + % 201))] P gyt
x) = - — (= —(Co— z
¥ H1Co 1 w +p 0 1 P 0 1 L12 2 TP

for some z € M;. But since C"E_fzcl € pZ,, we finally have p(z) € p>M;
and we are done. O

5.2 Geometric examples

One can also realize strongly divisible modules as some cohomology groups.
This section and the next are purely expository.

We keep the notations of Lectures 3,4 (so S is now as in Lecture 4) and
we let X be a proper smooth scheme over Spec(F') admitting a proper semi-
stable model X over Op (i.e. X has an étale covering which is smooth over
Or[X1, ..., X;]/(X1--- X, —7) for some r). Let Y := X Xgpec(0,) Spec(F)
and X 1= X Xgpec(o,) Spec(Op/pOr). In this situation, one can endow
X, Y and X; with an extra data called a log-structure. We won’t need the
precise definition here (see [29]). Let us just say that, although the schemes
X, Y, X1 are not smooth, the log-schemes X, Y, X; (i.e. endowed with
their log-structure) behave as “smooth objects”. This allows to apply the
techniques that worked in the smooth case, correctly modified. For m € N
denote by:

HZ (X xrQ,,Zy) = lmH™((X xp Q,)a,Z/p"Z)
H;?(X XF quQp) = H;?(X XF Qp7zp) ®Zp Qp

Grothendieck’s usual p-adic étale cohomology groups of X. By [39], H} (X x
Qp, Q,) is a semi-stable p-adic representation of Gr with Hodge-Tate weights
in {-m,...,0}. Moreover, if V™ := H}(X xr Q,,Qp)* (Qp-dual) and
D™ := D% (V™) is the associated filtered (¢, N)-module (as in Lecture 3),
then:

D™ ~ lzlgfcris(y/W(F)) ® FO (1)
where:
Hglg—cris(y/W(F)) = (h_mnglg—cris (y/speC(Wn(F)))
is the log-crystalline cohomology of the log-scheme ) with respect to the
base scheme Spec(W,, (F)) endowed with the log-structure (N — W,,(F), 1 —
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O). More precisely, it is proven in [28] that this cohomology is naturally en-
dowed with operators ¢, N and that one has:

F ®W(F) H{gg—cris(y/W(F)) = H(%(X)

where Hjg(X) is the usual de Rham cohomology of X endowed with its
Hodge filtration, and it is proven in [39] that (1) is then an isomorphism of
filtered (v, N)-modules.

Now we come to S. Define:
D™ =8 @ww) D™

and endow it with the same structures as in Lecture 4, §4.1. It is shown in
[28] that there is an isomorphism of S[1/p]-modules:

D" ~ legg—cris(Xl/S) ® Fo

where:
nglgfcris(xl/s) = (h_mHlyggfcris (Xl/Spec(S’/p"S))

is the log-crystalline cohomology of the log-scheme & with respect to the
base scheme Spec(S/p™S) endowed with the log-structure (N — S/p"S,1+—
u) Here the log-scheme X} is viewed over Spec(S/p™S) via the embedding
Spec(Op /pOF) — Spec(S/p™S), u — . Assume m < p and consider:

T™ := Z,—dual of (H{ (X xr Q,,Z,)/torsion)
which is a Galois lattice in V™. Consider:
M™ = HyJy_is(X1/S) /torsion.

One can prove that M™ C D™ and that it is stable under ¢ and N ([28]).
But what is more interesting is that M., is really a strongly divisible lattice
(at least in some cases) when m < p — 1:

Theorem 5.2.1. Assume either that F' is unramified (and m+1 < p) or
that m =1 (and 2 < p), then M™ is a strongly divisible lattice in D™ and
its associated Galois lattice is isomorphic to T™.

The first case is proven in [5] and the second in [18]. One can ask whether
this result doesn’t hold assuming only m < p — 1, or even m < p.
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5.3 Examples coming from p-divisible groups

Let F', Op, F, 7 be as in the previous section and let G be a p-divisible group
over Op. Recall that, by definition, G = (G[n], in)nen where G[n] is a finite
flat commutative Op-group scheme killed by p™ and i, : G[n] — G[n + 1]

in

is a group scheme homomorphism such that the sequence 0 — Gln] =
Gn+1]% G[n + 1] is exact.

Let G1 := G Xgpec(0y) Spec(Or/p). Berthelot, Breen and Messing, gener-
alizing ideas of Grothendieck, have associated to Gy a crystal D(G1) (see
[1]) whose evaluation on the thickening Spec(Op/p) < Spec(S), u+— m we
denote by M(G). This is a free S-module of finite rank equipped with a
o-linear endomorphism ¢ : M(G) — M(G) (the crystalline Frobenius) and
the data (M(G), ) only depends on G;. Now, let G’ be a deformation of
G over Spec(S) (S as in Lecture 4), i.e. a p-divisible group over S such that
the diagram:

G — G’

1 !
Spec(Of) < Spec(S)

is cartesian (such a G’ always exists in our situation). Associated to G', we

have the Hodge filtration M!(G’) € M(G) which is a direct summand as
an S-module. Define:

Fil' M(G) := M*(G') + Fil'S - M(G) € M(G),

one can prove that Fil' M(G) only depends on G and not on the deformation
G’ and that, at least for p > 2, o(Fil' M(G)) € pM(G) and %(FillM(G))
generates M(G) over S (see e.g. [6] or [18]). This gives a contravariant func-
tor from p-divisible groups over O to the category of triples (M, Fil' M, )
satisfying the above properties. It is proven in [6] that this functor is an
equivalence of categories. Moreover, one has the easy lemma:

Lemma 5.3.1 ([6]). Every (M,Fil' M, ) as above can be endowed with
a unique additive map N : M — M such that:
(i) N(sx) = N(s)x + sN(z), Vs € S,z € M
(i) No = ppN A
(iii) N(M) CuM + 3, L M.

All this finally gives a way (in theory) to obtain examples of strongly
divisible modules:

Corollary 5.3.2. Assume p # 2. There is an anti-equivalence of cate-
gories between p-divisible groups over O and strongly divisible modules M

of weight <1 such that N(M) CuM + 37, LEM.
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6 Lecture 6: Mazur’s deformation theory and
local deformation rings

For simplicity, we now write G, instead of Gq,, W), for the Weil subgroup
and I, for the inertia subgroup. We give the main statement of deformation
theory for representations of a profinite group G, namely the existence of a
“universal” deformation, together with a sketch of the proof. Then we define
the deformation rings that are relevant in p-adic Hodge theory (for G = G,)
as suitable quotients of the coefficient ring of the universal deformation. For
§6.1 and §6.2, we have heavily used [37].

6.1 The main statement

Let G be a profinite group, F C Fp a finite field and T a finite dimensional
F-vector space endowed with the discrete topology and with a continuous
action of G. We assume H'(G,Endg(T)) to be finite dimensional over F
(where G acts on Endg(T) by g f := go fog™!). This holds for instance
when G is the Galois group of a local field with finite residue field. Let O be
a complete discrete valuation ring with residue field F and C the category
of local topological O-algebras A such that the natural map O — A/my
is surjective and the map A — (h_ma A/a from A to its discrete artinian
quotients is a topological isomorphism. If A is noetherian, this is equivalent
to having a topological isomorphism A ~ lim A /i

Definition 6.1.1. Let A €C.

(i) A representation of G over A, or a A-representation, is a finitely gener-
ated free A-module T with a continuous A-linear action of G (for the product
topology on T ~ A™).

(ii) A deformation of T over A, or a A-deformation, is an isomorphism
class of A-representations T of G for which T @ Ajmy ~T.

We denote by Def(T, A) the set of A-deformations of T'.

Theorem 6.1.2. (Mazur) Assume Endp(g)(T) = F.

(i) There are a ring R € C and a deformation D € Def(T, R) such that for
any A € C, we have a bijection Home (R, A) = Def(T, A), f — D ®p s A.
(i) The pair (R, D) is unique up to unique isomorphism.

(iii) The ring R is noetherian, mg-adically complete and for any A € C, we
have a bijection Home (R, A) = Homp_a15(R, A).
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6.2 Idea of the proof

Note that (ii) of Theorem 6.1.2 follows from (i) by uniqueness of universal
objects.

Fix once and for all a basis T1,...,7, of T so that one can write the
action of G on T as a continuous group homomorphism 5 : G — GL,(F).
For any A € C, let Homz(G, GL,,(A)) be the set of continuous group homo-
morphisms G — GL, (A) such that G — GL,(A) — GL,(F) is p.

Proposition 6.2.1. There are a ring ReC and a map pE
Hom;(G, GLy,(R)) such that for any A € C, we have a bijection:

Home (R, A) = Homy(G, GL,(A)), f — (G — GL,(R) & GL,(4)).
Moreover, the pair (]:3, p) is determined up to unique isomorphism.

Proof. (sketch) The uniqueness property follows again from the universal
property. Assume first that G is finite and denote by e its identity element.
Let O[G,n] be the commutative O-algebra whose generators are Xigj for
g € G and 1 <4,j <n and whose relations are X, :=1ifi=j, X7 :=0if
i # 7 and ijh =3 XZ%XZ- for g,h € G and 1 < i,j < n (for instance
0[G, 1] is the group algebra of G*"). For every O-algebra A, one has a bi-
jection Home _a1¢(O[G, n], A) ~ Hom(G, GL,,(A4)), f = (g (f(X];))ij)-
In particular, p gives rise to a morphism O[G,n] — F whose kernel is a
maximal ideal m; of O[G,n]. Let R be the completion of O[G,n] at m5,
then R € C, is noetherian and the canonical map O[G,n] — R gives a
morphism 5 € Homy(G, GL,(R)). Let A € C and p € Homy(G, GL,(A)), p
corresponds to a unique O-algebra homomorphism f : O[G,n] — A and we
have f(mjz) C my4. Since any m4-Cauchy sequence in A converges (because
any ideal a such that A/a is artinian contains some m’; ), it extends uniquely
to a (continuous) O-algebra homomorphism f : R — A and the diagram:

G % GL.(R)

| Lf

G % GL,(4)

commutes. This gives the isomorphism Home (R, A) ~ Homy(G, GL,(A))
in the case G is finite. For the general case, write G = lim H, H ranging over
those finite quotients of G for which p factors through 5, : H — GL,(F).
The above construction produces a projective system (Rpy)g in C and a
compatible system of group homomorphisms py : H — GL,(Rg). We
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then define R := limRy € C and p := limpy. For the last details, see
[37]. O

Note that the condition Endgig)(T) = F is not needed in the proof
of Proposition 6.2.1 and that if O is replaced by O’ with O C O’ (and
F C F' := O'/mo/), then R is replaced by R ®p O'.

Assume first that T is absolutely irreducible, i.e. T®rF, is irreducible.
This implies in particular ¥, = Endg (T ®@F Fp) ~ Endp(q)(T) ©F F)
hence Endpig)(T) = F. We omit the proof of the following lemma (see [37]):

Lemma 6.2.2. (Serre, Carayol) Assume T is absolutely irreducible. Let

A" C A be an inclusion in C and T € Def(T,A). Suppose A’ contains
the traces of all endomorphisms of T coming from G, then there is T' €
Def(T, A’) such that T ~T' @/ A.

This lemma says one can realize any residually irreducible representation
(or deformation) over the ring generated by the traces.

Corollary 6.2.3. Assume T is absolutely irreducible, then statement (i)
of Theorem 6.1.2 holds.

Proof. Denote by R the smallest closed sub-O-algebra of R that contains
the traces of all matrices p(g) for ¢ € G. Then R € C and by 6.2.2, we
can realize p over R. Let D be the corresponding deformation of T over
R, we have to show the map Hom¢(R, A) = Def(T, A) is surjective and
injective. Surjectivity comes from Proposition 6.2.1 since by Nakayama’s
lemma, one can always find a basis of any element of Def(T, A) lifting the
previous fixed basis of T. Let f, f’ € Hom¢(R, A) giving rise to isomorphic
representations. Then their traces are the same. This means f and f’ agrees
on the dense subring of R generated by traces, hence on R by continuity.
This proves injectivity. O

I explain now the general case Endg(g(T) = F. The point is Lemma
6.2.2 which is not true anymore. One has to pass to a different subring of R
since it’s not sufficient to consider the traces. We keep our fixed basis of T
Thanks to the assumption Endgg (T) = F, we can choose g1,...,9, € G
such that the only matrices of M,,(F) commuting with 5(¢g1),...,p(g-) are
the scalars and we fix Mi,..., M, € GL,(O) lifting 5(¢g1),...,p(gr). For
any A € C, let M2(A) := M, (A)/A. We have M2(A) = M2(O) ®0 A. One
easily checks there is a split injection of O-modules:

io: M2(O) — M, (O)"
M — (MMZ — MiM)1§i§7'
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and we fix a splitting 7o : M, (O)" — M2(O) of ip. Tensoring by A, we get
injections i4 : MY(A) — M, (A)" and surjections w4 : M, (A)" — MO (A)
such that m4 0ia = Idpso(a).

Definition 6.2.4. (Faltings) We say p € Homz(G, GL,,(A)) is well placed
I 7a(p(gr). . plgr) = ma(Mr,. ., M,).

The following lemma plays the role of Lemma 6.2.2:

Lemma 6.2.5. (Fultings) For every p € Homyz(G, GL,,(A)) there is M €
GL,,(A) reducing to 1 € GL,,(F) such that MpM ~! is well placed. Moreover
M is determined uniquely modulo scalars in 1 4+ my4.

Proof. Since any m4-Cauchy sequence converges in A, we can build M

modulo m’, mﬁ”l, etc. For m = 1, it’s clear that M = Id works. Assume

we have M € GL,(A) such that ma((Mp(g:)M~1);) = ma((M;);) (m).
Changing p into MpM~!, we see we have to find § € M, (m’}) such that
ma(((1+ 8)p(g)(1+0)1)5) = ma((M)s) () e

7a((0p(g:) — p(9:)6)i) = 7a((M;)i) — wa((p(g:)s) (m%+).

Since p(g;) = M; (m4), we have:
7a((6p(9:) = p(9:)0)i) = ma (M — M;8);) (wy™).

But WA((éMi - Mlé)l) = mai4(0) = § (still denoting ¢ the image of § in
MY (A)). Hence, up to scalars in 1 + my4, we have only one possibility,
namely 6 = 74 ((M;);) —7a((p(g:))i) € Mp(m7y). O

Corollary 6.2.6. Statement (i) of Theorem 6.1.2 holds.

Proof. By Lemma 6.2.5, let p be the well-placed conjugate of p (see the proof
of 6.2.1). Denote by R the smallest closed sub-O-algebra of R that contains
all entries of matrices p(g) for ¢ € G. Then R € C and we can clearly
realize p over R. Let D be the corresponding deformation of T over R, we
have to show the map Home(R, A) = Def(T, A) is surjective and injective.
Surjectivity comes again from Proposition 6.2.1. Let fi, fo € Home (R, A)
giving rise to isomorphic representations. Then:

p1,p2: G -5 GL,(R) Ltz GL,(A)
are both well placed and conjugate. By the unicity of M in Lemma 6.2.5

(modulo scalars), we must have p; = pg hence f; = fo by the definition of
R. This proves injectivity. O
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If O is replaced by O’ with O C O’ (and F C ¥’ := O’ /mp/), then R is
replaced by R ®o O'. Finally, we have:

Proposition 6.2.7. Assume statement (i) of Theorem 6.1.2 holds, then
statement (i) of Theorem 6.1.2 holds.

Proof. (sketch) Once R is noetherian, some standard commutative algebra
yields the other statements (see [37] for details). One can check that the
F-vector space Home (R, F[X]/X?) is finite dimensional if and only if R is
noetherian. But by part (i) of Theorem 6.1.2, we have Home (R, F[X]/X?) ~
Def (T, F[X]/X?), hence it’s enough to prove the latter is finite dimen-
sional. From Endg(x|/x2(T ®r F[X]/X?) ~ Endg(T)® XEndg (T) one gets
Autp(x)/x2(T @ F[X]/X?) ~ Autp(T) ® XEndg(T). Thus, any element
of Def(T,F[X]/X?) can be written as a map G — Autg(T) ® XEndg(T),
g — (14 ¢(g9)X)p(g) where ¢ : G — Endg(T) is a continuous 1-cocycle.
Moreover, one easily checks using Endg(g (T) = F that two such maps de-
fine the same deformation if and only if the corresponding 1-cocycles differ
by a coboundary. Since H'(G,Endg(T)) is finite dimensional by assump-
tion, this proves our statement. O

6.3 Some local deformation rings

Assume from now on G = G, = Gal(Q,,/Q,) and n = 2.

Definition 6.3.1. A Galois type of degree 2 for I, (or just a Galois type)
is an isomorphism class of smooth representations 7 : I, — GLQ(QP) that
extend to the Weil group W,

Since I, is compact, the smoothness implies 7(I,,) is a finite group. We
will determine the structure of all Galois types of degree 2 for p # 2 in the
next lecture. We consider the following data:

e k is a positive integer (hence non zero)

o 7: I, — GLy(Q,) is a Galois type

*p: Gp — GLa(F)) is a continuous representation such that Endg |(p) =

=

I’z

We fix O C Z, as in §6.1 such that both 7 and p are defined over O
(i.e. P is defined over F := O/mp). We denote by R(p) the universal O-
algebra of Theorem 6.1.2 associated to p and by p"™V : G, — GLa(R(p))
the corresponding universal deformation. Recall R(p) is a local noetherian
complete O-algebra with residue field F'.
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Definition 6.3.2. A prime ideal p of R(p) is of type (k,T) if there exists a
O-algebra homomorphism ¢ : R(p) — Z, of kernel p such that the composite
map: _

p: Gy "— GLa(R(p)) — GLa(Z,)
satysfies the following properties:
(i) p® Q, is potentially semi-stable with Hodge-Tate weights (0,k — 1)
(i) WD(p @ Qp)|1r,~ 7.

By a O-algebra homomorphism R(p) — Z,, I really mean a O-algebra
homomorphism R(p) — O’ C Z, where O’ is a complete discrete valua-
tion ring. Such a homomorphism is automatically continuous since R(p) is
noetherian. If p is of type (k, 7), then properties (i) and (ii) are satisfied for
any deformation p coming from an O-algebra homomorphism R(p) — Z,, of
kernel p. Thinking in terms of representations coming from modular forms,
condition (i) of Definition 6.3.2 amounts to fixing the weight whereas condi-
tion (ii) amounts roughly speaking to fixing the level (in fact the type which
is more precise than the level). As one usually subdivides modular forms
into subspaces indexed by the weight and the level, it is quite natural to
subdivide potentially semi-stable deformations (which are usually numer-
ous) into subsets indexed by the Hodge-Tate weights and the type.

The main deformation rings we are interested in are the following;:
Definition 6.3.3. Let (k,7,p) be as above.
(i) If there are no p of type (k,7,p), R(k,7,p) :=0.
(ii) Otherwise, R(k,T,p) := Fi(f)p where the intersection is over all p of type
(k,7).

The ring R(k, 7, p) is quite natural to introduce: it is the biggest quotient
of R(p) through which all potentially semi-stable deformations of p satisfy-
ing properties (i) and (ii) of 6.3.2 factor. It is a local complete noetherian
flat O-algebra with residue field F.

Remark 6.3.4. The experienced reader will notice that these rings are
not exactly the rings considered in [9] or [10] since no condition is required
on the determinant of the deformations. But this is harmless and sim-
pler: if R(k,T,7)det denote the rings defined in loc.cit., one can show that
R(k,7,p) ~ R(k,T,p)det[[D]] if det(7) is tame (this condition also appeared
in [10]). So this doesn’t change the Hilbert-Samuel multiplicity (see Lecture
8) when det(7) is tame and makes this assumption useless.

Lemma 6.3.5. If O is replaced by O’ C Z, such that O C O, then
R(k,7,p) is replaced by R(k,T,p) @0 O'.
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Proof. Since R(p) is replaced by R(p) ®o ', it is enough to prove that if
p C R(p) is of type (k, 7), then p® O’ = Nq where the intersection is over all
prime ideals of R(p) ®» O’ containing p (these q are automatically of type
(k,7)). It follows from the following general result: if A — B is a morphism
of rings and p a ideal of A such that B/pB has no nilpotent elements, then
pB = Nycqq where the q are the prime ideals of B containing p. O

We now state two conjectures on R(k,7,p). The first conjecture gives
the Krull dimension it should have:

Conjecture 6.3.6. If non zero then R(k,7,p) is equidimensional of Krull
dimension 3.

Recall that a noetherian local ring A is equidimensional if dim(A) =
dim(A/p) for any minimal prime ideal p of A.

Example 6.3.7. Typically, one find rings such as O[[X,D]],
Ol[X,Y,D O[[X,Y,D O[[X,Y,D
IX.Y.D] OIX.Y.D] oy~ OIX,Y. D)
(XY —p) " (X2 —p(Y +1)) (XY —p)
last example, I mean the subring of the product ring of elements (a, b) that
map to the same element in O/mp under O[[X, D]] - O/mp, X,D — 0

and % — O/mp, X,Y,D — 0.

, etc. In the

The second conjecture states that Sp(R(k,7,p)) should ezactly be the
parameter space inside Sp(R(p)) of potentially semi-stable deformations of
p satisfying (i) and (ii) of 6.3.2.

Conjecture 6.3.8. Let p be the kernel of an O-algebra homomorphism
R(p) — Z, that factors through R(k,T,p), then p is of type (k,T).

These conjectures are essentially only known when 7 is scalar and 1 <
k < p with k even (see Lecture 9).

After the Krull dimension, the next integer one can may-be associate
to a noetherian local ring A is its Hilbert-Samuel multiplicity u(A). Recall
this is defined as follows: by a standard result of commutative algebra,
length 4 (A/m",) is a polynomial in n when n > 0 of degree dim(A4). By
definition, u(A) is dim(A)! times the leading coefficient of this polynomial.

We define: R(k.7.9)
- ) T’ p
a. k) 9 = Y2 =N
voatior?) = (e
which is easily seen using Lemma 6.3.5 to be independant of O as chosen

before. We call piga1(k, 7,0) the “Galois multiplicity”. The main conjecture
of this course will predict the value of pga1(k,7,7) (at least) for 1 < k <p
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(although I have no counter-example it shouldn’t be true for just 1 < k and,
say, p > 2): see Conjecture 8.3.1 of Lecture 8. The interesting feature is
that this prediction involves a variant of the local Langlands correspondence
for GL2(Qp). That’s why in the next lecture, I switch to local Langlands
and show how to associate a smooth representation of GLz(Z,) to a Galois
type of degree 2.

7 Lecture 7: Local Langlands and Henniart’s
theorem on the unicity of GLy(Z,)-types

In this section, we give an overview of the proof of a theorem of Henniart on
GL2(Z,)-types in GL2(Q,)-representations (we actually work in a broader
context than Q,,). We take advantage to catch a glimpse on local Langlands
correspondence for GLo. All representations in this lecture are over C and
we assume p # 2.

7.1 The main statement

Recall that a smooth representation (m, V') of a topological group G on a C-
vector space is by definition a map 7 : G — Autc (V') such that the stabilizer
of any x € V is open in G (and necessarily non empty). For instance, if G
is compact and 7 is irreducible, then 7 factors through a finite quotient of G.

Let F' be a complete discrete valuation field of finite residue field of char-
acteristic p > 2 and denote by Op its ring of integers, pp its maximal ideal,
wr a generator of pp, W its Weil group and Iy the inertia subgroup. We
normalize the reciprocity maps of local class field theory so that geometric
Frobeniuses map to uniformizers. We let G := GLy(F), K := GL2(OF),
I C K the Iwahori subgroup (i.e. upper triangular matrices modulo pr),
K(0) := K and K(N) := 1+ My(p¥) (N > 1). The local Langlands cor-
respondence for G is a “natural” bijection between the isomorphism classes
of smooth irreducible representations of G and the isomorphism classes of
smooth 2-dimensional representations of the Weil-Deligne group of F' such
that their restriction to Wy is semi-simple. If 7 is a smooth irreducible
representation of G, we denote by WD(x) the corresponding representation
of (WF, N)

Theorem 7.1.1 (Henniart). Let 7 be a Galois type of degree 2 for
Ir (same definition as for I, = Iq,). There exists (up to isomorphism) a
unique smooth irreducible representation o(1) of K such that for any infinite
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dimensional smooth irreducible representation m of G:
7|k contains (1) <= WD(7)|;,~ T.

Remark 7.1.2. The only finite dimensional smooth representations of G
are the 1-dimensional characters.

In other words, this theorem gives a way to select the 7 giving rise to
those WD(7r) such that WD(7)|;.~ 7. It can also be seen as defining a
Langlands correspondence for smooth 2-dimensional representations of Ix
that extend to Wg.

Remark 7.1.3. One can prove that any 7 contains o(7) with multiplicity
0 or 1.

Let us start by describing Galois types of degree 2:

Lemma 7.1.4. Let 7 be a Galois type of degree 2 for Irp. Then:

(i) Fither 7 is reducible and sum of two characters of Ir that extend to Wg.
(i) Either 7 is reducible and sum of two characters of Ir that don’t extend
to Wg, in which case 7 ~ 6 @ 6°™ where § : Ip — C* doesn’t extend to
Wr but extends to Wg where [E : F| = 2, E unramified.

(iii) Either T is irreducible, in which case T ~ Inde where [E: F] =2, E
is ramified and 0 : [z — C* doesn’t extend to Ir but extends to Wg.

Proof. We prove only (iii), the rest being obvious. Let Pr C Iz be the wild
inertia and recall 7(Pr) is hypersolvable since it is a p-group. If 7|p, is
irreducible, then it is the induction of a character (see e.g. [35]) which is
impossible since dim(7) = 2 and p # 2. Hence 7|p,~ x1Dx2. If x1 = X2, let
e1 be an eigenvector of 7(i) where i € Ir generates the tame inertia of the
finite group 7(IF), then e; is preserved both by Pr and i hence by I'r which
is impossible by assumption. Thus x1 # x2. Denote by p an extension of 7
to Wy and by (e1, ez) a basis of eigenvectors for p|p,= 7|p,. Since p(Pp)
is normal in p(Wpg), one has either p(w)e; € Ce; or p(w)e; € Cey for any
w € Wg. It is easy to deduce the result from this. O

Let us now give a few useful definitions.

Definition 7.1.5. We say two smooth irreducible representations m, 7'
of G are in the same component if WD(r)|r,~ WD(7')|1,.

We will describe all the components in the sequel.
Definition 7.1.6. Let o be a smooth irreducible representation of K and

s a component as in Definition 7.1.5.
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(i) We say o is typical for s if the only smooth irreducible m such that |k
contains o are in S.

(i) We say o is a type for s if o is typical for s and if any w € s contains
o (when restricted to K ).

The following proposition is straightforward:

Proposition 7.1.7. Let n be a character of F*, m a smooth irreducible
representation of G and o a smooth irreducible representation of K. Then o
is typical (resp. a type) for the component of 7 if and only if o ® (nodet)|x
is typical (resp. a type) for the component of m ® (o det).

Finally, recall that the (exponent of the) conductor of a 2-dimensional
representation of the Weil-Deligne group of F is the (exponent of the) Artin
conductor of the underlying representation of Ir plus € wheree =0if N =0
and e = 1if N #0.

7.2 Proof of the theorem for types of case (i)

Principal and special series 7 are such that WD(7)|;, belongs to case (i)
of Lemma 7.1.4. Special series are the twists of the special or Steinberg
representation Stg. Let B C G be the subgroup of upper triangular matri-
ces, ¢ the cardinality of Op/pr and |-| the character |z|:= ¢~V2F(*) where
valp(wp) = 1. Principal series are defined as (61, 605) := Ind§ (6, | - |*/2
®02|-|~1/?) where 0; are two characters of F'* such that 0,05 ¢ {|-|,|-| 7'}
and w(0]-V/2,0]-|71/2) = x(0]-|7'/2,0]-|'/?) := 6 o det. Here, Ind$ means
“parabolic induction”, i.e. locally constant functions f : G — C such that
f(bg) =| by /by |V261(b1)B2(b2) f(g) (Where b = <%1 ;;) € B,g € G), the
group G acting by (gf)(¢’) := f(¢'g) and note that 7(61,603) ~ 7(62,6;)
for all ;. We have WD(7(61,603)) = 61 @ 02 (as characters of Wr) and
WD(Stg ® (6 o det)) is the unique non trivial extension between 6 | - /2
and # |-|~'/2. The components are:

{Ste ® (10 o det), w(n2,n3) ® (6 o det), n; unramified}
{m(e0,1) ® (n6 o det), n unramified }

where 0 (resp. €g) is a character (resp. a ramified character) of F*. Note
that s(1) := {Stg ® (n1 o det), m(n2,n3), n; unramified} is the component of
the trivial representation of Ig.

For N € N, let K¢(N) be the group of matrices <CCL b> with ¢ € p¥

d
(so Ko(0) := K). For any character g of O and any integer N > cond(eo)
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define un(gp) to be the complement of Indﬁo(N71)50 in Indﬁo(mso where
€0 (CCL Z) = go(a). The representations uy(go) are irreducible represen-
tations of K. Recall that the (exponent of the) conductor of a smooth irre-
ducible representation 7 is the smallest integer ¢(m) such that w%1(¢(m) =£

a b
where K1 (N) := {(c d

of WD(7). We will use the following result of Casselman:

e Ko(N)|d-1¢€e pg} It is also the conductor

Theorem 7.2.1 ([12]). (i) Any m € s(1) of infinite dimension is such
that 7| xk= ®n>oun(1l) except Stg for which Stg|lk= &n>1un(1).

(ii) Let e : O — C* non trivial and s(gg) := {m(61,62), 91\(9;: €0, 02|o;:
1} (the component of eg @ 1), then any m € s(eg) is such that 7 |x=
@NZCond(eo)uN (50)-

(i) Let ™ be any smooth irreducible representation of G of conductor ¢(m) >
1 and let g be the restriction to O of its central character, then:

7T|K: ﬂ-K(C(ﬂ)il) ® ( @NZc(ﬂ) uN(€O))'

We will also admit that u; (1) is typical for s(1) and, if eg # 1, Ucond(eo) (€0)
is typical for s(gp): see [11].

Corollary 7.2.2. (i) If g = 1, then uy1(1) is the only smooth irreducible
representation of K which is typical for s(1) and which is contained in all
the infinite dimensional m € s(1) .

(ii) If €0 # 1, then Ucond(e,)(€0) is a type for s(eo) and is the only one.

Proof. (i) Taking 7 supercuspidal such that 7%®) = 0 and with central
character trivial on O3 (this implies ¢(m) = 2, such representations exist),
by Theorem 7.2.1 (iii), 7|k contains un (1) for N > 2. Thus u;(1) is the
only possibility and it is contained in all infinite dimensional = € s(1) by
Theorem 7.2.1 (i). (ii) By Theorem 7.2.1 (ii), Ucond(ey)(€0) is a type for
s(eo). If cond(eg) = 1, one can again take a supercuspidal 7= with central
character isomorphic to ¢ (after restriction to O ) and such that 7% (1) £ 0.
By Theorem 7.2.1 (iii), 7| contains un(gg) for N > 2 which implies u;(g¢)
is the only type. If cond(eg) > 2, let  be a tamely ramified non trivial
character of O (which exists since ¢ # 2) and 61,60y : F* — C* such
that 91|o; = neo and 02|0; = n~!. Then 7 := 7(01,6) ¢ s(e0) and
¢(m) = cond(gg) + 1. By Theorem 7.2.1 (iii), w(61, 62)|x contains up(gq) for
N > cond(gg) + 1. This proves that teond(zy)(€0) is the only type. O

Using Proposition 7.1.7, we get that the result holds for any component
such that the corresponding Galois type is as in Lemma 7.1.4 (i).
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7.3 Proof of the theorem for types of case (ii) and (iii)

Supercuspidals 7 are such that WD(7)|;,. belongs to cases (ii) or (iii) of
Lemma 7.1.4. This implies WD(7) is an irreducible representation of Wg.
An application of the classification lemma 7.1.4 gives that any irreducible
representations p, p’ of Wg such that p|r.~ p/|;, must differ by an unram-
ified character. Thus all supercuspidal 7 in the same component differ by
an unramified character.

The supercuspidal representations of G are all defined as c—Ind?)\ where
J C G is a certain open subgroup which is compact modulo the center
F*, X a certain smooth irreducible representation of J and C—Indg)\ means
“compact induction”, i.e. functions f : G — V) (space of \) with compact
support modulo F* such that f(j9) = A(j)f(g) (j € J,9 € G), the group G
acting by (¢f)(¢') :== f(g’g). The pair (J, A) is defined up to conjugation in
G, hence we can assume the maximal compact subgroup J° of .J is contained
in K, i.e J'=JNK. The existence (but not the unicity!) of types in that
case is also well known:

Proposition 7.3.1. The representation o := Ind?mK)\LmK 15 1rreducible
and is a type for the component of ™ := c-IndG\.

Proof. (rough sketch) First, in all cases, A|jnx turns out to be still irre-
ducible (one can check this case by case). If ¢ € G, denote by A(-) :=
AMg~! - g) defined on gJg~!. Since c-IndG )\ is irreducible, the Mackey cri-
terion (see e.g. [35]) tells us that any g € G such that A |;;,-14; and
A gg-1ns have commun subrepresentations (we say g intertwins \) is in J.
By a case by case check (see below for more about the representations \),
one can see the same result holds for \° := \|;nk, i.e. the set of g € G
that intertwins \° is still J. Hence, the set of g € K that intertwins \° is
J N K which implies o is irreducible (again by the Mackey criterion). Let
i C—Ind§, N be another supercuspidal representation of G in a different
component. By Frobenius reciprocity, 7’ contains o iff 7’ is a quotient of c-
IndG ¢ Alsnx. But it turns out any irreducible quotient of c-Ind$ ;A sk
is a twist of 7 by an unramified character, and hence cannot be isomorphic
to w’. Thus o is a type for the component of 7. O

We now prove it’s the only type. For this, we need more about the pairs

(J, ).

First, let 7 ~ Indge be a type as in Lemma 7.1.4 (iii) with 6 : Wg — C*
and s(7) := {m | WD(r)|;,~ 7} the corresponding component (which only
depends on 0|7,). We denote by 6°°™ the conjugate of § under the non
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trivial element of Gal(E/F'). We say 6 is minimal if its Artin conductor
is the smallest one among the conductors of all its twists by characters of
Wg (restricted to Wg). By an application of Hilbert 90, this turns out to
be equivalent to cond(§°°®9~1) = cond () which is, in that case, a positive
even integer (see e.g. [25]). Assume 6 is minimal and denote by c its (even)
conductor. Choose a F-basis of E so that E* — G and denote by ¢ the
matrix corresponding to the non trivial element of Gal(E/F') acting on E.
Let J:= EX(1+ pE/QL) which is a compact open subgroup of G modulo F'*
and define a character A : J — C* by A|gx:= 6 and /\|1+pj3/2ﬁ: 1. Itis a

character because if z,y € 1 + ch/zL, we have zy € (1+p%)(1+ p%%) and
Az)A(y) = 1= A@y) (0]14pe,= 1 by definition of c).

Proposition 7.3.2. Let 7 := c-Ind§\ € s(7). Any constituant of |
other than o is also a constituant of 7’|k for some 7' ¢ s(7).

Proof. Assume first ¢ > 4 and let p : E* — C* be a character of conductor
2 (hence ramified) which is trivial on F*. Then 6’ := 0y is still minimal
of conductor ¢, and one can define X', 7’ and o’ as previously by replac-
ing everywhere 6 by 6'. As pu|r,2% 007, (compare the conductors),
07,2 6°°™|;, and Indg 0" Indge. Hence 7 and 7’ are not in the same
component. We are going to compare 7|k and 7'|g. Let K’ := E*T and

write G = J[, KgK' where g € {(wOF ?), n e Z21} (the class KK’

wOF (1)) € EXK). Let v := IndJK/)\ and

Vo= Indg/X (one checks that J C K'), then 7 = c-Ind%, v and by the
Mackey decomposition:

corresponding to n = 1 since (

k= BgIndingrrg—1 (V¥ kngirg1)
(resp. with 7’|x) where the sum is for g as above and v9(-) := v(g~! - g).
For g = (wOF (1]), one gets o (resp. o’). For g = <w0% (1)> and n > 2,
I claim that IndgmgK,g_l(yg) ~ IndgmgK,g_l(z/g). It is enough to prove
VI|KngKrg—1~ l/g|KﬂgK’g*1 or, since V9| xngrrg-12 (Vg-1xgnre)?:

(Ind? )\)‘g—lKnglz (Indf]( )\/)|g—1Kng/ .

Note that g 7' KgNK’ = K(n). Writing K’ =[], (¢"* KgNK')hJ for some
h € I, we are led by the Mackey formula to compare ®p\"| ;-1 x g i/ Ansn-1
and @h)\/h|gflKng,mhjh71. Let I(c/2) := 1+ P> C J where P is the
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group of matrices € M3(Op) with a,¢,d € pr and note that J =

b
d
E*I(c/2) and that I(c/2) is a normal subgroup of I. Hence:

g ' KgnNK'nhJh™' = Ko(n) N (h(1 +pr)h 1 1(c/2)OF).

Let 1+2 € h(1+pg)h P \h(1 4+ p3)h "t and 1 +y € I(c/2). If z :=
(1+2)(1+4+y) € g'Kgn K', then z = (1 —;?fa 1+€EF5)’ hence
valp(det(z — 1)) > 2 which is impossible. Thus ¢ 'KgnN K’ N hJh™! C
h(1 + p%)h~1I(c/2)OF. But on this group, one easily checks that \* and
M coincide (using the assumption on p) which finishes the proof for ¢ > 4.
For ¢ = 2, note that by a result of Casselman (see the proof of th.3 of
[12]) the K (2)-invariant vectors in 7 are an irreducible representation of K.
Since K(2) C JNK and A|g(2)= 1, Homg ) (1, o) is non zero by Frobenius
reciprocity. As o is irreducible, one has exactly o = 7%, By Theorem
7.2.1, the complement of ¢ in 7|x is Sn>3un(eg) Where g¢ := /\|o; is the
restriction of the central character. We have seen in §7.2 that none of these
constituants can be typical for s(7). O

This proves that o is the unique possible type of s(7). Using Proposition
7.1.7, it is clear the same result holds without assuming # minimal.

Now, let 7 ~ 6|, ®0°°¥|;, be a type as in Lemma 7.1.4 (ii) with 6 :
Wg — C* and s(7) := {n | WD(n)|;-~ 7} the corresponding component
(which only depends on 6];,). Assume 6 is minimal and denote by c its
(positive) conductor. Choose a F-basis of E so that E* — G and denote by
¢ the matrix corresponding to the non trivial element of Gal(E/F) acting
on E. We will only consider here the case when c¢ is even, the odd case
being slightly more involved, although the argument below is essentially the
same: see the appendix of [10] for the general case. Let J := E*(1 + p%ﬂb)
which is a compact open subgroup of G modulo F'* and define a character

A J — CX by )\|E><Z: 6 and )\|1+ch/2L: 1.

Proposition 7.3.3. Let 7 := c-Ind§\ € s(7). Any constituant of |
other than o is also a constituant of ©'|k for some 7' ¢ s(7).

Proof. let p : E* — C* be a character of conductor 1 (hence tamely
ramified) which is trivial on F'* (it is easy to see that such characters
exist). Then ¢ := Oy is still minimal of conductor ¢, and one can de-
fine J', N, 7’ and ¢’ as previously by replacing everywhere 6 by 6. As
previously, m and ' are not in the same component and we are going to
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compare 7|k and 7'|x. Writing G = [[, KgE* K = [[, KgF* K where

g€ {(wOF (1)> y € ZZO} and T = c—InngK(Indng)\), we get as pre-

viously 7 |x= @glndifgngKg_l(ag |kngrg-1) and the analogue formula for
' |k. For g = <w0F (1)) with n > 1, T claim that IndgmgKgfﬂUg) o~

Ind% gig-1(0"?). As previously, it is enough to compare the restrictions of
AP and M to (' KgnK)Nh(JNK)h™ = (g7 KgnNK)N(hOsh™ K (c/2))
for h € K such that K = [[,(¢7'Kg N K)h(J N K). But any matrix in
g 'Kg N K is upper triangular modulo pz, hence (g1 Kg N K) N h(J N
K)h™t C h(1 +pr)h ' K(c/2)O}. On this group, one easily checks using
the assumption on p that A" and X " coincide. O

This proves that o is the unique possible type of s(7). Using Proposition
7.1.7, the same result holds without assuming 6 minimal.

One can actually prove the assumption p # 2 is not necessary in the case
of supercuspidal representations (i.e. there is still unicity of types for the
corresponding components even if p = 2). Following Henniart, one can con-
jecture that the same result holds for supercuspidal representations on GL,,
for any n € N (and no assumption on p). That is, to each n-dimensional
smooth representation of Ir that extends to an irreducible representation
of Wr, one should be able to associate a well defined smooth irreducible
representation of GL, (Op) by the same trick as in Theorem 7.1.1. ..

8 Lecture 8: The Deligne-Fontaine-Serre the-
orem and statement of the main conjecture

In Lecture 6, I have defined a Galois multiplicity and said it should be pre-
dicted by an “automorphic” recipe. In Lecture 7, I have given a fine idea of
the proof of Henniart’s theorem, namely that there existed a unique smooth
irreducible representation o (7) of GL2(Z,) that could “select” those smooth
irreducible representations of GL2(Q,) giving rise to the Weil-Deligne rep-
resentations with restriction to inertia ~ 7. Now, I will use o(7) to define an
“automorphic multiplicity” and state the main conjecture. But first, I need
a key result due to Deligne, Fontaine and Serre, and also some heuristic
considerations.
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8.1 The Deligne-Fontaine-Serre theorem

Denote by w the cyclotomic character modulo p and by ws Serre’s funda-
1

_ g((—p)P*I)

=7/

mental character of order 2. Recall that w(g) —
(—p)71

if g € Gy,

1
R~y
wa(g) = % if g € I, and that we have assumed p # 2.

(—p)r*-1

Lemma 8.1.1. dimeHl(Gp,w) =2.

Proof. (well known) The exact sequence of Gp-modules: 1 — 1,(Q,) —
(;Tp>< 1z QipX — 1 yields an exact sequence (since Hl(Gp,@X) = 0 by
Hilbert 90): 1 — QX 2 QX — HY(G,, Fy(1)) — 0. Hence H'(Gy,w) =~
Q,/(Q))? which is an F-vector space of dimension 2 when p > 2 (gener-
ated for instance by p and 1 — p). O

Note that the map QX /(Q¥)? — HY(G),w) ~ Ext%;p[Gp](l,w) is given
explicitely by the 1-cocycle u — (g — g({)%ﬂ) € up(@)) which, up to

coboundary, is independant of any choice. Hence, the Galois action on the
corresponding extension factors through Gal(Qp[{ﬁ, Yul/ Qp). There is a
distinghished line in H'(G),w) given by the image of ZX/(Z))? and called
the “peu ramifiée” line ([34]). Since H(Gp,w ® F,) ~ HY(G,,w) ® Fp,
we can (and will) consider extensions over F,. We call an extension in
HY(G,,w) ® F, “peu ramifiée” if it is 0 or if it is coming from the peu ram-
ifiée line (thus, there is just one up to scalar in F,, and it factors through
Gal(Qp[x’ﬁ , Y1 —pl|/ Qp)) Following Serre, we call all the other extensions
in H'(G,,w) @ F,, “trés ramifées”.

Denote by NMF* the category of fivefolds (M, Fil' M, o, ¢1, N) where
M is a finite dimensional F,-vector space, Fil' M a F,-subvector space and
@, p1, N three linear maps ¢ : M — M, ¢ : Fil'M — M, N : M —
M such that o(M) + @1 (Fil'M) = M, No = 0 and No; = @N. One
has an obvious functor “extension of scalars” M +— S ® M from NMF*
to M' (with F = Qp, m = pand S as in §5.1) and one can check it
induces an equivalence of categories between NMF' and the subcategory
of M' of objects killed by p (this would be false in higher “weights”). By
Lecture 4 there is an exact fully faithful contravariant functor 77, from
NMF" to continuous representations of G, over F,. Recall that the object
F,(1) := (Fpe1,Fper, p(e1) = 0,1(e1) = €1,0) is sent to w (this is derived
from Example 3.2.3 and from Theorem 4.3.3 (iii)). This can be directly
seen by noticing that the corresponding Galois character factors through
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Gal(Qp[z]/Qp) where z # 0 and 2P = —paz: this is just the alternative
definition of w. Let F,(0) := (Fpeq,0, p(eq) = eo,0,0) which is clearly sent
to the trivial character.

Lemma 8.1.2. dimg Exty e (Fp(1),F(0)) = 2.

Proof. Any extension 0 — F,,(0) — M — F,,(1) — 0 can be written M =
Foeo + Fpe; with Fil' M = Fpe1, p(en) = e, ¢1(e1) = e1 + Aeg, N(eg) = 0,
N(ey) = pey. Hence we see they are parametrized by (A, ) € F?,? O

Lemma 8.1.1 and the full faithfulness of T%; imply:

1 T\ T ~ 1
Extyarm (Fp(1),Fp(0)) = ExtF—p[Gp](l,w).
Lemma 8.1.3. The extensions with N = 0 correspond to the peu ramifiées
ones. The extensions with N # 0 correspond to the trés ramifiées ones.

Proof. (sketch) By the full faithfulness, it is enough to prove the first state-
ment. We can assume the extension is non trivial. Up to isomorphism, we
then have M = Foeq + Fyer, Fil' M = Foe1, ¢(eg) = e, pi(e1) = e + eo
(and N = 0). A careful analysis of T3 (M) shows that the Galois ac-
tion on T7,(M) factors through Gal(F/Q,) where F' is the compositum of
Qy[z0, 1] for all xg,z1 € Q, such that 2} = z¢ and 2} = (—p)(z1 + o).
If 29 = 0, we have seen that Q,[r1] = Q,[{/1]. If z¢ # 0, the equations
imply z € [F] C Z and, replacing x4 by %, (z1 +1)P = (1 — p)w where
w € 1+ priZy[r1] = (1 + 21Z,[z1])P (val(z?) = % > ﬁ since p > 2).
Hence Qp[z1] contains Qp[¢/T —p] if 29 # 0. Since these two extensions
have degree p, they are equal and F' = Q,[{/1, ¢/T — p|: we are in the peu
ramifié case. O

We keep the notations of Lecture 3 §3.4 and we denote by p; , the semi-
simplification modulo p of ps, (as a representation of Gq).

Theorem 8.1.4. (Deligne) Let f be a cuspidal newform of weight k > 2

for T1(N) with (p, N) = 1. Let a, be the eigenvalue of the Hecke operator
k-1

*) with * peu ramifié

T, and assume val(a,) = 0. Then py ,|1,~ < 0 1

if k=2.
Proof. Let x be the character of f. By Lecture 3, we know that the filtered
module giving rise to py y|g, is D = Qpe1 ®Q,eo, Fil*'D = Qper; pler) =

pF 1 (prer +deg), pleg) = poeo and N = 0 where § € {0,1} and p; € Tpx is
such that pk_lul +110 = ap and pipo = x(p). Up to unramified characters, it
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is an extension 0 — Q,(0) — D — Q,(k—1) — 0 (with obvious notations),
thus we get an extension as in the lemma. The only thing that remains
is the peu ramifiée condition for k¥ = 2 (in the non-split case 6 = 1). But
by Proposition 5.1.1, Se; @ Seq is a strongly divisible lattice in S ® D, the
reduction of which is isomorphic to S®@ M with M as in the proof of Lemma
8.1.3 (up to unramified characters). Hence the result follows from Lemma
8.1.3. O

Theorem 8.1.5. (Fontaine, Serre) Let f be a cuspidal newform of
weight k > 2 for T'1(N) with (p, N) = 1. Let a, be the eigenvalue of
the Hecke operator T, and assume val(a,) # 0 and k < p+ 1. Then

w’;_l 0
Prpl1,~ k-1) |-
fip 0 w127( )

Proof. (sketch) We give the proof for k < p+1 (see [16] for k = p+1). By
Lecture 3, we know that the filtered module giving rise to py,|q, is D =
Q,e1dQpep with Fil*"'D = Q,e1, pler) = " 1x(p)eo, leo) = —e1+ayen
and N = 0, and by Lecture 5 we know that Se; & Seq is a strongly divisible
lattice in S ® D, the reduction of which is S @ M with M = Fpe; ® Fpeq,
Fil* ‘M = Foe1, pr_1(e1) = Weo, or_1(u¥"teg) = (=1)Fe; and N = 0.
Since it is an irreducible object in ML (this is readily checked), so is

a+pb
_ . - _ w 0 .
Psplc, by the full faithfulness of Ty;. Thus p; |1~ ( 20 wS‘Hb) with

a,b € {0,...,p—1}. Now, we use a theorem of Fontaine and Laffaille ([23],55)
which says that, in our situation, the digits {a, b} are just the Hodge-Tate
weights, i.e. {a,b} = {0,k —1}. O

8.2 Heuristic considerations

Fix a Galois type 7 (of degree 2) and let o(7) be the associated repre-
sentation of GLo(Z,) (see Lecture 7). Let N € N such that (N,p) = 1,
I :=T1(N), Yr := Y1(N) and assume I' doesn’t contain any element of
finite order (e.g. N > 4). In that case, m1(Yp) =T. Let I act on o(7) (i.e.
on its underlying vector space) via I' < GLg(Z,) and consider H(T, o())
= usual group cohomology. Then, if F. is the corresponding local system
on Yr, one has H'(T',0(7)) = H'(Yr, F;). Denote by H., (T, o (7)) the im-
age of H}(Yr,F;) in HY(T,0(7)). Let T := Zy[Ty, < £ >]gyn, (polynomial
algebra). Then T acts on HJ,,(T',o(7)) by the usual action of the Hecke
and Diamond operators (see e.g. [36], we won’t need the explicit definition
of this action). It is known that the systems of eigenvalues of T acting on

H],.(T,0(r)) are the same as the systems of eigenvalues of eigenforms f
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in Sp(Ty (Np«rd(1)+9)) such that TfplaLy(z,) contains o(7). Here, § = 0
(resp. 6 = 1) if 7 is not scalar (resp. is scalar) and if 7 is not scalar,
such an f is automatically new at p (f can be old at p if 7 is scalar since
we do not know whether the monodromy operator on WD(7 ;) is 0 or not).

Thus, to such an eigensystem (ay, be)gnp, One can associate (via eigen-
forms) a continuous Galois representation:

pp: Gal(Q/Q) — GL2(Z,)

unramified outside Np, such that the trace (resp. determinant) of an arith-
metic Frobenius at £{ Np is a; (resp. £bg) and such that p,|g, is potentially
semi-stable with Hodge-Tate weights (0, 1) and with WD(p,|a, )|z, isomor-

phic to 7 (see Lecture 3). Let 5, be the reduction of p, (over F,).

Question: What are the possible p, |7, associated to the systems of
eigenvalues of T on H], (T',0(7)) ?

(This question was studied for instance in [31]). Fix such a p, and
assume it is irreducible. Let m := Ker(T — F,) (with 7, — @ and < £ >—
b¢). By Cebotarev, the knowledge of p, is equivalent to that of m. Let

Hl (T, 0(7))m == HLp (D, 0(7)) @1 T

par par

and note that the systems of eigenvalues of T acting on H,,, (T, 0(7))m

are those lifting (@7, bg)ynp. By assumption HY, (T, 0(7))m # 0 hence

par

HY(T,0(7))m # 0 (this is actually equivalent since p,, is irreducible).

Denote by @SS the semi-simplification modulo p of o(7) (that is, take
a Z,-lattice stable by the compact group GLa(Z,), reduce it modulo the
maximal ideal of Z, and semi-simplify: by Brauer-Nesbitt the result doesn’t
depend on the choice of the lattice).

Lemma 8.2.1. The irreducible representations of GLa(Z,) over F, are
given by:
Onm i= (Symmnfi) ® det™

with n € {0,...,p— 1} and m € {0, ...,p — 2}.

Proof. One easily checks these p(p — 1) representations are irreducible and
non equivalent. The irreducible representations of GL2(Z,) over F,, are
those of GL2(F,) since the pro-p-group Ker(GL2(Z,) — GL2(F,)) acts
trivially. The number of irreducible representations of GL3(F),) in charac-
teristic p is equal to the number of conjugacy classes of order prime to p,

ie. p(p—1). O
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Thus one has:

o) = Poir

n,m

for some ay, 1, € Z>o (With o’ = 0 if @y m = 0).
Lemma 8.2.2. H'(T,0(7))m # 0 iff @, snja, .0 H' (T, 0nm)m # 0.

Proof. (sketch) Let 0 — ¢’ — 0 — ¢ — 0 be an exact sequence of Z,[I']-
modules, then one has an exact sequence: 0 — H*(T',0')yy — HY(T',0)m —
HYT,0")m — 0 (see e.g. Lemma 6.1.2 of [15]). Applying this to 0 —
o(t) & o(1) — o(1) ® Z,/(n) — 0 for all 7 € Z, such that val(m) > 0
yields HY(T',0(7))m # 0 iff HY(T,0(7))m # 0. Applying it again to the

various Jordan-Holder sequences in o(7) gives the result. O

Lemma 8.2.3. H'(T,0,.m)m # 0 implies m corresponds to p, with:

(et 0 .,
pp|1p_ 0 wg(n-{-l) Q w

. wn—i—l % m
pP|IP_ ( O 1) ®w

with * peu ramifié if n = 0.

or:

Proof. SinceI' C SLy(Z), det(y) = 1Vy € T and H (T, 0,m) ~ H (T, 041.0)
as Fp—vector spaces, the difference being only in the action of T. (ay,by)
is a system of eigenvalues of T on H(T',0,,,) iff ({7™ap, (~2™b,) is a
system of eigenvalues of T on H'(T,0,,0). Hence, H'(I',00m)m # 0 iff
HY(T,0,,0)m # 0 with m’ corresponding to p, ® w™™. Up to twist, we are
thus reduced to the case m = 0 and the same argument as in the proof
of the previous lemma yields H' (T, 0y,0)m # 0 iff HJ, (T, Symm”fpz)m #

0. But the systems of eigenvalues of T on H! (F,Symm"@Q) are just

par

those of weight n + 2 cuspidal eigenforms on I'. Since n + 2 < p + 1, the
Deligne-Fontaine-Serre theorem tells us that p, must be such that p,|r,~

n+1
0 n+1
<w20 wg(n+1)) or Ppl1,~ (w 0 T) with * peu ramifié if n = 0. O

Thus we see that p,|r, must be in the list:

n+1
0 n+1
{(WQO wg’(”“)) Ruw™, (w 0 ;) ® w™ with * peu ramifié if n = 0}
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for (n,m) such that o, ,, occurs in o(r) °. On the other end, it is easy
to see (using the Deligne-Fontaine-Serre theorem and twisting for instance)
that any representation in this list is the restriction to I,, of some irreducible
pyp coming from an eigenform f on 'y (N). Moreover, if m is the maximal
ideal that corresponds to this p;,, H.,.(T',0(7))m # 0 by Lemma 8.2.2
and we see finally that the above list is exactly those p,|;, coming from
the systems of eigenvalues of T acting on H}, (T, o(7)). Equivalently, since
nothing in the list depends on the level, it is also exactly the py |7, com-
ing from weight 2 cuspidal eigenforms f such that p;, is irreducible and
pfpla, satisfies the two conditions: its Hodge-Tate weights are (0,1) and
its associated Weil-Deligne representation restricted to I, is isomorphic to 7.

Changing notations, we switch to our purely local situation. Let p be
a p-adic potentially semi-stable representation of G, of dimension 2 such
that:
(i) the Hodge-Tate weights of p are (0,1)
(it) WD(p)

IPZ T.

Idea 1: the possible p|;, should just be the ones of the above list (that
are dictated by the semi-simplification modulo p of o (7)), i.e. you won’t get
more than what you get from cuspidal eigenforms.

This “idea” implies for instance that R(2,7,p) # 0 if and only if 5|z,
appears in the above list (which is already something mysterious from the

local point of view of p-adic Hodge theory). But one should get much more:

Idea 2: the multiplicities of oy, ,, in the decomposition of 0(7’)58 should

n+1
indicate how “big” R(2,,p) is for p|r,~ <w20 p(n+1)> ®w™ or plr,~
Wy
wtl %
( 0 1> ® w™ (with % peu ramifié if n = 0).

All this was for weight 2. Now, for arbitrary weight k (with, say, k €

{2,...,p—1}), one has to replace o(7) by o(7) ®Symmk_2@2. We are now
in position to state the main conjecture.

8.3 Statement of the main conjecture

For a € EX, we denote by unr(«) the unramified character of G sending
an arithmetic Frobenius to a.
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For p : G, — GL2(F,) and (n,m) € {0,....,p — 1} x {0,....,p — 2}, we
define:
w2

. _ e 0 o e — w ok o
(1) po,m(p) :11fp|1p~<O w§)®w or if p |7, ~ <0 1>®w with

* peu ramifié and g, (p) ;= 0 otherwise

n+1 O
(ii) for 1 <n <p—2, ppm(p) :=1if p|,~ <w20 wp(”+1)> ® w™ or if
2
whtt o«
plr,=~ < 0 1) ®@w™ and piy,m(p) = 0 otherwise
_  (w™unr(a * . —x
(iil) pp—1,m(p) :==1if p~ ( 0 () wmunr(ﬂ)> with o, B € F),, a #
m—+1 —
Borifp~ (w (1)1111‘( @) wmu;r(a) with a € F; and * tres ramifié or if
o fw O w™ lunr(a) *
P|Ip — (0 wg) QW™ s Mp— 17n( ) =2 lfp ~ < 0 wmunr(a)

with o € F: and * peu ramifié, and p,—1,,(p) := 0 otherwise.
Fix 7, o(7) as before and let k € Z~;. Define:
k-2~ 2
o(k,7):=0(7) ®gq, Symm (Qy)
(thus 0(2,7) ~ o(7)) and let U(k:,T)SS be its semi-simplification modulo p.
To each integer k > 1, to each Galois type 7 of degree 2 and to each finite

representation p : G, — GL2(E), we define the “automorphic multiplicity”
taut (K, 7,0) as follows :

taut (K, 7,0) Zunm dlmF Homgr,(z, )(anm,o(k,T)ss)

where (n, m) runs through {0,...,p — 1} x {0, ...,p — 2}.

Conjecture 8.3.1. Assume k € {2,...,p — 1} and Endg ¢ ,(p) = F,,
then :

/J/aut(k7 T, p) = Mgal(kv T, ﬁ)

The assumption Endg— ]( ) = F, is needed so that the rings R(k,7,p)
are defined (see Lecture 6) The assumption k € {2,...,p — 1} is only here
because in the few cases where I've been able to check this conjecture, 1
needed it for the computations to be carried on. It may not be a crucial
assumption.
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9 Lecture 9: Computations of deformation
rings and proof of a special case of the main
conjecture

In this lecture, I will look a little bit at the case 7 = Id for the special values
k =2,4. T will then just state the result for the values k = 2k', 1 < k < p.

9.1 Description of lattices

The case 7 = Id is the case of (indecomposable) semi-stable representa-
tions V' of Hodge-Tate weights (0, k — 1). We recall that under the functor
V — D% (V) = D (with m = p) they correspond to the following weakly
admissible filtered modules D (see Lecture 3):

(i) V crystalline and reducible (non split):

pler) = Pl mer +ea)
pler) = e
Filk-'D = Q,e1
M1, p2 € Tpx
(ii) V crystalline and irreductible:
pler) = P lue
plez) = —e1+ver
Filk=1D = Q€1
1 S
v S mz
(iii) V semi-stable non crystalline:
p(er) = PF/?pey
plea) = PP lpes
Fil*-1D = Qp(el — EGQ)
N(el) = €9
N(eg) = 0
5 X
7 € Z,
L € Q,-

There are no isomorphisms between these modules for different values of
the parameters. We are going to compute all Galois stable Z,-lattices 7" in
those V' such that the reduction modulo p satisfies Endg ¢ , (T) = F,, for
k=2and k=4.
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Lemma 9.1.1. Up to isomorphism, there are 1 or 2 such lattices in each
V.

Proof. If T is irreducible, then T is the only lattice (up to isomorphism). If

T~ (%1 ; ) (with % # 0), one easily checks using x1 # x2 and * # 0 that
2

I
any other lattice giving (after reduction) a non zero extension <X01 ; )
2

must be isomorphic to T' (and thus * = #’). Hence, granting Brauer-Nesbitt,
the only other possibility for the reduction is a (necessarily unique) non zero

X2

0 . This gives at most 2 isomorphism classes. O

extension

Let us firt recall the crystalline cases. Let k, D and V be as in examples
(i), (ii) above and let D := S ® D be as in Lecture 4 (with S as in §5.1).

Proposition 9.1.2. For any crystalline V' as in (i) and (i) (with 1 <
k < p), there is only 1 isomorphism class of lattices T C V' such that
Endg g |(T) = F,.

_ k—1

(i) If V is reducible, T ~ (unr(ul)w

* )
0 unr(;m)) with x # 0 and peu
ramifié if k = 2.

k—1
Wo

(i) If V is irreducible, T|y, ~ ( 0

p(21)> with det(T) = unr(p)w* 1.
Wa

Proof. The existence of T follows from §8.1. The unicity follows from the
proof of the previous Lemma. L]

Now, let k =2 and D, V be as in example (iii) above (with D = S® D):

Proposition 9.1.3. For any semi-stable V as in (iii) with k = 2 (and
p > 3), there is only 1 isomorphism class of lattices T C V' such that
Endg (T) = F,.

0

. 7 (unr(p)w * . . o
(i) If val(£) > 1, T ~ ( 0 unr(u)) with x # 0 and tres ramifié.

. 7 (unr(p)w * _ .
(i) If val(L) < 1, T ~ ( unr(u)) with * # 0 and peu ramifié.

Proof. Take the strongly divisible lattices of Proposition 5.1.1,(ii), reduce
them modulo p and use Theorem 4.3.3 (iii) and Lemma 8.1.3. O

We now go on with the case k =4 and D, V as in (iii).
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Theorem 9.1.4. Let V be as in (i) with k=4 (and p > 5).
(i) If val(L 4+ 3/2) = 0 and val(L + 2) < 1, there are 2 isomorphism

classes of lattices T1,To C V such that Endﬁ[Gp](Ti) = F,. One has

= unr(3_~f‘2£)w2 * ' o
T ~ ( 0 unr((3 + 20)p)w with x £ 0 and peuw ramifié and
Ty~ nnr((E 2Em) ; with * # 0

2 = 0 unr(gfu)uﬂ )

(i) If val(£ + 3/2) = 0 and val(L + 2) > 1, there are 2 isomorphism
classes of lattices T1,To C V' such that Endg- ](Ti) = F,. One has

p[GP
o (e | o
Ty ~ ( 0 unr(—,u)w) with * # 0 and trés ramifié and Ty ~

unr(—p)w * )

0 unr(—,u)aﬂ) with * # 0.

(i11) If val(£L+3/2) > 0, there is 1 isomorphism class of lattices T C V such
o o . 1+2p o

that Endg i ((T') = Fp. One has T'|,~ <w20 w§0+p> with det(T) =

unr(p?)w3.

() If val(L 4+ 3/2) < 0 i.e. val(L) < 0, there is 1 isomorphism class of

3
lattices T C V' such that Endg— 1(T) = Fy,. One has Ty~ (%2 w?;p)
plGp 5
with det(T) = unr(u?)w3.

Proof. (sketch) For k > 4, V is irreducible. Then, by a general lemma of

X1

with * non
0 X2

Ribet ([33]), if there is a lattice in V reducing to (

X2
0

only has to prove one case of (i) and (ii). For reasons of time, length and
boredom of the audience, I only give a complete proof for (i). Let 77 be the
Z,-lattice corresponding to the strongly divisible module M; of Theorem
5.1.2. Then I claim its reduction T'; is as in (i). For this, we compute the
reduction of M1, keeping the notations of the proof of 5.1.2. Let:

zero, there is also one reducing to with * non zero. Thus one

Uy = (u—p)(L +2) (E1 — Les+ %ez)
Us = p(Br — Les + 222 (L(Br — Les) + e2) ).

One easily checks that Uy, Uy € My NFiD. Moreover, an easy computation
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S) = w%-1)((L+2)E - (1+£ -2+ L0V E,) + i,
£(Us) = g((1+%’)E1—Eg)+L%2W2

where W; are certain elements of M; (which can be computed explicitely)

and recall that val(z5) > 0. By Theorem 4.3.3 (iii), we have to compute

the reduction of M;. Modulo p and Fil’S, we get:

v = (L +2uE1 4+ v’ Ey
Ui = . juEli .

p3(U1) = E((L+1)Es— (L +2)E)

p3(Us) = 5(E1 — E»)

which gives:
2( % 2+L 7o _ — (T 24 L 77
¥3 (u (E2 —23+22E1)) = /.L(3—|—2£)<E2 _23+2Z€1>
pauP) = (P(azP+ (P2 255 7)).

From this, we easily deduce the result on T using Lemma 8.1.3 (note that
we find an object of NMF' “twisted by F,(1)”). One can prove that the
lattice reducing to the other extension corresponds to the strongly divisible
module My of 5.1.2,(i). O

Remark 9.1.5. From the above proof, one can in fact easily deduce that
Fil’D N My = SU; & SU, + Fil’S - M.

From Lecture 3, we obtain the following corollaries:

Corollary 9.1.6. Let f be a cuspidal newform of weight 2 for T'1(pN)
with (p, N) =1 and p > 3. Assume p doesn’t divide the conductor of the
character of f and let L, be the L-invariant attached to f.

i) If val(L,) < 1, then p, |7 >~ WX with peu ramifié.
p fipHp 0 1

(i) If val(Ly,) > 1, then Py |1, =~ (Lg T) with * trés ramifié if non zero.

Corollary 9.1.7. Let f be a cuspidal newform of weight 4 for T'1(pN)
with (p, N) =1 and p > 5. Assume p doesn’t divide the conductor of the
character of f and let L, be the L-invariant attached to f.

2
(i) If val(Ly, + 3) = 0 and val(L,, + 2) < 1, then by, |1,~ <06 :) with *
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L w o
peu ramifié or py |1~ 0 W)

2
(ii) If val(L, + 3) = 0 and val(L, + 2) > 1, then p|;,~ (‘% :) with *

*
trés ramifié or py |1, (cg 2).

3 —_ w§+p 0
(id1) If val(Lp, + 5) > 0, then py |1, ( 0 w21+2p>'

3
() If val(L, + %) <0, then pylr,~ (QE)Q w%p>'

The previous computations allow to determine py; , lg, and not just
Psplr, but the latter is shorter to describe. The reader will find in [10]
the generalization of the above results to the case k even, k < p. In [40],
he will also find the description of p; ,|c, for some newforms f of weight
<ponTy(pN) (pt N) when p divides the conductor of the character of f
(with additional hypothesis). See Lecture 3 for the description of the filtered
modules attached to f in that case. This suggests one more open question:
can the method of [40] be adapted to the “semi-stable” setting and yield an-
other proof of the above two corollaries using congruences between modular
forms?

9.2 Deformation rings

Fix p : G, — GLy(F) such that Endpig,)(p) = F (F C F,). For any
noetherian local complete W (F')-algebra R with residue field F, let:

> n
— U
Sr:=R<u>= {Zrnn!,rn eER,r,— O}

n=0

endowed with the R-linear extensions of ¢, N and Fil*. We explain how to
(almost) compute R(4,1d,p) (for R(2,Id,p) the method is the same and is
much simpler).

The first step in computing the deformation rings R(4,Id, p) is to “select”
those lattices T' computed in §9.1 such that T ~ p. For instance, assume
_ _ {w?unr(a) * . « o
P ( 0 wunr(a)> with a € F*, % # 0 and peu ramifié. Then the
only T giving rise to p are those coming from the lattices M; of Theorem
9.1.4 (i) for 3_?22 =u(3+2L)=aie (L)€ {(-1,a),(—2,—a)}. These
lattices naturally form “families”: consider the lattices M1 = SE; & SE,
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of Theorem 9.1.4 (i) with E; as in the proof of loc.cit. and (L, 1) such that
(L,1) € {(—1,a),(—2,—a)}. These strongly divisible lattices are defined
by ¢, N and Fil® which one can write as matrices (resp. vectors) in the basis
(E1, E2). Replacing formally £ by —1+ X and u by [@]+ D in the expression
of these matrices and vectors, one gets a strongly divisible module “with
coefficients in W (F)[[X, D]]”. Concretly, this gives:

M = Swm)(ix,0) E1 © Sww)(x,0)) E2
o(B1) =  (a]+D) <p2E1 + (2% - 12) &E)
p(Ez) = (lo] + D)pEs;
N(B) = e (1 + M f;,jg)EQ
N(Ey) = 0
Fil’ M Fil* Sy () x, 0 M + Sw m)(1x,0) Ut & Sw() 1,0 Uz
U, = (u—p)((1+ X)E1 + (u—pX)Ey)
Uy = s(u+p) B+ 5 (uB - X) —p(1 + X)) 125 Ea.

In the same way, one can replace formally £ by —2+ X, u by —[a]+ D and

577 by Y (vecall the condition val(2 + £) < 1) in the definition of ¢, N

and Fil®> and obtain a strongly divisible module over %. Thus,

2
for p ~ (w ur(;r(oz) wun*r (a)) with % peu ramifié, one gets two strongly
divisible modules (one over W (F)[[X, D]] and one over W) and

any strongly divisible module over W (F) giving rise to p is a unique spe-
cialization of one of these two. Moreover, by a mild generalization of the
results of Lecture 4, one can extend the functor “strongly divisible mod-
ules — Galois lattices” to the case of coefficients and associate continuous
representations G, — GLg(R) to strongly divisible modules over R (R as

2
above). Thus, for p ~ (w ugr(a) wun*r(a) as above, we obtain two de-
formations G, — GLy(W (F)[[X, D])) and G, — GLyo("EEELLI) of p

from the previous two strongly divisible modules, and any lattice in a semi-
stable representation of G, of Hodge-Tate weights (0,3) deforming 5 comes
from a unique specialization of one (and only one) of these two deforma-
tions.

For any p such that Endg(q,)(p) = F, one can build in a similar way local
complete noetherian W (F)-algebras R;(p) of residue field F and deforma-
tions p; : G, — GL2(R;(p)) of 5 such that any Galois lattice as above
deforming p factors in a unique way through one p;. We give the complete
description of the R;(p) below for each p.
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The second step in computing the R(4,1d,7) is the following theorem:

Theorem 9.2.1. Fizp as above.

(i) For any i, there is a surjection of W (F)-algebras: R(p) — R;(p).

(i) For any i, this surjection factors trough R(4,1d,7).

(iii) These surjections induce an isomorphism: R(4,1d, ﬁ)[}%] = IR, (ﬁ)[}%]
Proof. (sketch) (i) By the universal property of R(p), we know there is a
morphism of W (F)-algebras R(p) — R;(p). To prove it is surjective, it’s
enough to prove that the map R(p) — R;(p)/(p, méi@) is surjective, or
that the deformation G}, — GLa(Ri(p)/(p,m%, 5))) cannot be defined over
a W (F)-subalgebra of R;(p)/(p, m%i(ﬁ)). Equivalently, one has to check

that the corresponding object of M?* over R;(p)/(p, m3, (7)) 1s not coming
by extension of scalars from a subobject defined over a strict F-subalgebra.
This is an explicit computation that is checked for each R;(p) (for instance,
in the above examples, one has to prove that it’s impossible to dispense
with X, Y or D): see [10].

(ii) Let © € Ng1ap C R(p) (see Lecture 6) and z; the image of x in R;(p).
One has to prove x; = 0. But for all W (F)-algebra homomorphisms R;(p)
Z,, one has x € Ker(R(p) — R;(p) — Zy), hence z; — 0 for all R;(p) — Z,.
This easily implies x; = 0.

(iii) From (ii), we thus have a morphism of W (F)-algebras R(4,1d,p) —
IL; R;(p). We first prove it is injective. Let 2 € R(p) such that x; = 0, Vi (x;
asin (ii)). Since every W (F)-algebra morphism R(p) — Z,, of kernel of type
(4,1d) factors through a (unique) R;(p), we see that = € Ny 14p, hence z =0
in R(4,1d,p). Granting R(4,1d,5) — IL;R;(p) and R(4,1d,p) — R;(p),
one can prove that the isomorphism (iii) is equivalent to [[; R:(p)(Z,) =
R(4,1d,p)(Z,) (this is just some commutative algebra). We now prove this
last statement. Injectivity is clear since a Galois lattice cannot come from
two different specializations. For surjectivity, it is enough to prove that
any morphism R(p) — Z, that factors through R(4,1d,p) has a kernel
of type (4,1Id) (this is Conjecture 6.3.8!), since then it will factor through
some R;(p). But one can consider another quotient of R(p), namely the one
that is a universal parameter for deformations of 5 over artinian local W (F)-
algebras that come from objects of M? (this uses the fact M 3 is preserved by
subobjects, quotients and direct sums). Let us call R(p)/I this quotient. We
have I C Ny 14p by definition of being of type (4,1d). Thus, any morphism
R(p) — Z, that factors through R(4,1d,p) also factors through R(p)/I.
This implies the corresponding deformation G, — GL2(Z,) comes modulo
p" for any n from an object of M?, hence comes from a strongly divisible
module. Thus Ker(R(p) — Z,) is of type (4,1d). This finishes the proof. [
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Recall from Lecture 6 that p(R;(p)/p) is the Hilbert-Samuel multiplicity
of Ri(p)/p-

Corollary 9.2.2. For any p as above, jig1(4,1d,p) = >, (Ri(p)/p)-

Proof. This is a general result of commutative algebra. Let R and Ry, ..., R,
be noetherian local complete flat W (F)-algebras of residue field F and of
the same Krull dimension. Assume that for each i there is a surjection (of
W (F)-modules) R — R; that induces an isomorphism R[%] = HiRi[%].
Then I claim that pu(R/(p)) = >, u(Ri/(p)). We prove this result by in-
duction on r. The case r = 1 being trivial, we assume r = 2. Let n € N
be such that p"(R; ®g R2) = 0, from the exact sequence of R-modules
0 —- R — Ry X Ry — Ry ®g Ry — 0, we get an exact sequence of R/p"-
modules of finite type:

0— Ri®r Ry — R/p" — R1/p" x Ry /p" — R1 ®r Ry — 0

from which we deduce u(R/p") = p(Ri/p™) + u(Re/p™) (well-behaviour
of the Hilbert-Samuel multiplicity with respect to exact sequences). Since
w(R/p™) = np(R/p) (resp. with R;), we are done for r = 2. For greater
r, let R := R/(NI_]I;) where I; := Ker(R — R;) and apply the induction
hypothesis to R’ and the case r =2 to Ry = R’ and Ry = R,. O

Since pu(F[[X,D]]) = 1 and u(%) = 2, we get pga1(4,1d,p) =
w?unr(a) *

0 wunr(q)
the result of all the computations in the case 7 = Id, k = 2,4. We write

1+2=3forp~ ) with % peu ramifié. We give now

Theorem 9.2.3. Let p: G — GLo(F) such that Endg(g,)(p) = F.
(i) If pl1, ¢ { (‘g i) , (%2 Op) } then R(2,1d,7) = 0 and piga(2,1d, ) =
W

(i) If Pl € {(lg 1() with * trés ramifié, <u())2 u?g)} or if

b~ (“’unor (2) umﬁ"( 6)) with o # 3, then R(2,1d,p) ~ W (F)[[X, D]] and
Hegal(2,1d,p) = 1.

(i) If p ~ (wung(a) unr*(a) with * peu ramifié, then R(2,1d,p) ~
W(F)[[X, D]] x W(F)[[X,D]] and pga1(2,1d,p) = 2.

61



Theorem 9.2.4. Let p: Gy — GL2(F) such that Endg(g,)(p) = F.

3 & 2 4 * 3 2+p
(’L) Ifﬁ‘1p¢ {(06 1) ) (u:) w) ) ((E)} w2> 9 <"‘(})2 w%p) 9 <WQ0 W%O+2P> }7

then R(4,1d,p) = 0 and pga1(4,1d,p) = 0.

(ii) If Bl CEE) it tre e, (<0 )V R(4,1d,7) ~
i) If pl1, € 0 o) With x tresramifie, (", ) e, then J1d,p) ~
W (E)[LX, DI] and jigai(4,1,7) = 1.

(ii1) If pl1, € {( ) ( W 1+2p>} orif p = (w2ugr(a) wun*r(ﬁ))

with  «a#p, then R(4,1d,p) ~W(F)[X,D]] x W(F)[[X,D]] and
(4,1, 7) = 2

(iv) If pl,~ (‘*’ ) then R(4,1d,5) ~ W(F)[[X, D]] x W (F)|[X, D]] x
W(F)[X, Hamuwﬂidﬂ—3

w?unr(a)

(v) If p ~ ( 0 wunr(a)) with % peu ramifié, then R(4,1d,p) ~

W(F)[[X, D] x "EEEELL and 11, (4,1d,5) = 3.

Corollary 9.2.5. Conjectures 6.3.6, 6.3.8 and 8.3.1 hold for T = 1d,
k=24.

Proof. For 6.3.6, it is clear from 9.2.3 and 9.2.4. We proved 6.3.8 (for k =4
but k& = 2 is similar) in the course of proving Theorem 9. 2 1. By Lecture 7,

Corollary 7.2.2 (i), we have o(Id) = u1(1) = (I dICjLé) )/1 where T'g(p)

is the subgroup of modulo p lower triangular matrices. Moreover, one easily
checks that o(2,1d) = Symm”ilFip2 = 0p—1,0 (see Lecture 8) and that
—_ 12 ——21 s

o(4,1d) = (Symm? 'F,” ® Symm’F," )™ = 02_5, ® 02,0 ® 00,1 B 0p_1,1.
Then the recipe of §8.3 immediately gives paut(2,1d,0) = pga1(2,1d, p) and
Haut (43 Idap) = /Lgal(4a Id, p) for any p- O

We refer the reader to [10] for the generalization of the above results in
the case k even, k < p.

Let me finally mention, as an (accessible) open question, that the com-
putations we made in §9.1 and §9.2 for k even remain to be done for k
odd. Also, thinking about [40], it would be interesting to do the parallel
computations with the filtered modules of Example 3.3.2 (i.e. for the type
T~ot®1,0<i<p—1).

62



10 Lecture 10: Towards modulo p and p-adic

Langlands correspondences for GL»(Q,)?

As mentionned in the introduction of this course, the title of this last Lec-
ture is the true motivation. The conjecture we made (and proved in some
cases) could be some weak by-product and is also some kind of consolation,
waiting for more...

This lecture presents results of a somewhat different flavour that un-

doubtedly go into the direction of such correspondences. We do not provide
notes for this last lecture which is a survey of [4].
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