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Abstract.We survey a number of recent results regarding the geometry and spectra of
finite and infinite groups. In particular we discuss the uniform Tits alternative for infinite
linear groups highlighting the inputs from diophantine geometry and the consequences
for finite groups.
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1. Uniform growth for infinite groups and Lehmer’s
conjecture
Let Γ be a finitely generated group and S a finite symmetric (i.e. S = S −1 )
generating set containing the identity. The study of the growth of Γ is the study
of the number of elements in the n-th fold product set S n = S · · · · · S ⊂ Γ as a
function of n. The set S n is also the ball of radius n in the Cayley graph Cay(Γ, S)
of Γ relative to the generating set S, namely the graph with vertex set Γ in which
two group elements x, y are linked by an (undirected) edge if x = ys for some
s ∈ S \ {1}. A simple way to quantify the growth of Γ with respect to S is to
introduce the exponential growth rate
ρS := lim |S n |1/n
n→+∞

(1.1)

The limit exists by sub-multiplicativity |S n+m | 6 |S n | · |S m |. Note that ρS 6
|S |
for each n > 1. The group Γ is said to be of exponential growth if ρS > 1.
While ρS typically depends on S, the property that it is strictly bigger than 1 is
easily seen to be independent of the choice of generating set S. Similarly one says
that Γ has polynomial growth if there are constants C, d > 0 independent of n
such that |S n | 6 Cnd for all n > 1.
The growth of groups has been widely studied since the 1950’s and the initial
works of Svarc [92] and Milnor [77] who noticed that fundamental groups of negn 1/n
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atively curved compact manifolds have exponential growth. See [49, 50] and [75]
for thorough recent expository texts. We begin with a quick historical review of
some important developments regarding group growth:
• Milnor and Wolf [78] proved that nilpotent groups have polynomial growth
and that solvable groups have either exponential growth or are virtually
nilpotent (i.e. contain a nilpotent subgroup of finite index). See §5.1 below.
• Tits showed that linear groups, i.e. subgroups of GLn (K) over a (commutative) field K have exponential growth unless they are virtually nilpotent,
a consequence of his famous alternative: any linear group either contains a
non-abelian free group, or is virtually solvable [96].
• Gromov [52] famously proved that every finitely generated group with polynomial growth is virtually nilpotent.
• Grigorchuk [46], answering by the negative a question of Milnor, gave the
first example of a group with intermediate growth, i.e. whose growth is
neither polynomial nor exponential: the so-called Girgorchuk group (see [47]).
Recently Bartholdi and Erschler [5], using ingenious variants of Grigorchuk’s
α
α
construction, built for each α ∈ (.77, 1) groups for which ec1 n 6 |S n | 6 ec2 n
for some constants c1 , c2 > 0. Interesting groups with oscillating behaviors
also exist (see [59, 5, 29]).
• Kleiner [65] gave a new proof of Gromov’s theorem using harmonic functions
and arguments closely related to the work of Colding and Minicozzi [31] in
differential geometry. These arguments were pushed further by Shalom and
ε
Tao [91] to show that if |S n | 6 nε(log log n) for some small absolute constant
ε > 0, then the group is virtually nilpotent.
α

• The Grigorchuk gap conjecture asserts that if |S n | 6 en for some α < 21 , then
the group has polynomial growth and hence is virtually nilpotent ([49, 48]).
A finitely generated group is said to have uniform exponential growth if
inf ρS > 1,
S

where S varies among all (finite symmetric) generating subsets of the group. Gromov [53, Remark 5.2.] asked in the early eighties whether every group with exponential growth has uniform exponential growth. The answer is no. The first
example was given more than a decade later by J.S. Wilson [101]. He built a group
Γ containing a non-abelian free subgroup, and hence having exponential growth,
±1
and subsets Sn := {1, a±1
n , bn } generating Γ such that ρSn → 1 as n → +∞.
Wilson’s group is a subgroup of the group of automorphisms of a rooted tree (as is
Grigorchuk’s group by the way). It is known however that hyperbolic groups [60],
solvable groups [83], linear groups in characteristic zero [39] or positive characteristic [15] have uniform exponential growth when they have exponential growth.
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Although non virtually nilpotent linear groups have uniform exponential growth,
the exponential growth rate ρS can be arbitrarily close to 1 when S and the
group are allowed to vary. This fact, observed by Grigorchuk and de la Harpe
in [51], can be seen as a consequence of the existence of the Grigorchuk group
of intermediate growth. Indeed consider the Grigorchuk group G, generated by
the usual four generators a, b, c, d (see e.g. [49, p 21]) and list the relations
of G as reduced words in four letters of non-decreasing length (wn )n>1 . Then
G = ha, b, c, d|w1 , w2 , . . . , wn , . . . i is a presentation of G. Truncate this presentation after the n-th relator: we get this way a finitely presented group Gn . Clearly
Gn surjects onto G and converges to G in the topology of marked groups: this
means in particular that a ball BG (1, R) of radius R centered at the identity in G
will be in bijection with the same ball BGn (1, R) in Gn provided n is large enough
and R is fixed. Consequently:
ρS,Gn 6 |BGn (1, R)|1/R = |BG (1, R)|1/R = eε(R) ,
where ε(R) tends to 0 as R tends to infinity, because G has sub-exponential growth.
Grigorchuk and de la Harpe [51, 7] establish that each Gn has a quotient Γn
containing the direct product of a finite number (increasing with n) of copies of a
non-abelian free group as a subgroup of finite index. In particular ρS,Gn > ρS,Γn >
1. Moreover the Γn are clearly linear, since they contain a linear group of finite
index. In conclusion:
Fact 1: There are linear groups of exponential growth Γn 6 GLdn (Z) each generated by a set Sn of 4 matrices and their inverses such that ρSn tends to 1 as n
tends to infinity.
As far as we know it is an open problem to show that such a phenomenon of
slow exponential growth arises as well in the class of all Gromov hyperbolic groups.
However we conjecture that this cannot happen for linear groups of bounded dimension:
Conjecture 1.1 (Growth conjecture). Given d ∈ N, there is ε(d) > 0 such that
for every field K and every finite subset S ⊂ GLd (K), either ρS = 1 and hSi is
virtually nilpotent, or
ρS > 1 + ε(d).
The examples of Grigorchuk and de la Harpe described above imply that ε(d)
must tend to 0 as d tends to infinity. Besides, their examples contain a direct
product of a large number of copies of the free group, hence cannot be linear in
bounded dimension, i.e. dn → +∞.
In [13] we observed the following:
Fact 2: The Growth conjecture implies the Lehmer conjecture.
Let us recall the Lehmer conjecture. Given an algebraic numberQx with minimal
d
polynomial πx = ad X d + · · · + a1 X + a0 ∈ Z[X], write πx = ad 1 (X − xi ) and
define the Mahler measure of πx as
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M (πx ) := |ad |

Y

|xi |

|xi |>1

Lehmer’s conjecture (initially stated as a problem) asserts that M (πx ) ought to
be bounded away from 1 unless it is equal to 1. Kronecker’s theorem tells us that
M (πx ) = 1 if and only if x is a root of unity (i.e. πx is a cyclotomic polynomial).
Hence Lehmer’s conjecture is the statement that there is some absolute ε > 0 such
that
M (πx ) > 1 + ε,
for every algebraic number x ∈ Q, which is not a root of unity. The smallest
known Mahler measure is the Mahler measure of the so-called Lehmer polynomial
X 10 + X 9 − X 7 − X 6 − X 5 − X 4 − X 3 + X + 1, which is approximately 1.17628.
Somewhat surprisingly this number coincides with the growth rate of the (2, 3, 7)
triangle group hs, t, u|s2 = t2 = u2 = 1, (st)2 = (tu)3 = (us)7 = 1i which is also
the discrete subgroup of isometries of the hyperbolic plane of smallest possible
co-volume (see [41]).
Fact 2 above can be easily seen by considering the following set of matrices:

x
Sx := {
0

0
1

±1 
1
,
0

1
1

±1 
1
,
0

0
1


}.

(1.2)

A simple calculation (see [13, §7]), involving estimating the number of points
of height at most n in the ring Z[x], x ∈ C, shows that
M (πx ) > ρSx

(1.3)

where ρSx is the rate of exponential growth of Sx . There is no equality in general in
(1.3) because M (πx ) can be large, while ρSx 6 3 since there are only two generators
and their inverses. But there is equality in some cases, for example when x is a
Salem number in the interval [1, 2]. It can easily be shown that hSx i is virtually
nilpotent if and only if x is a root of unity. If x is transcendental then hSx i is
isomorphic to the wreath product Zwr.Z and thus ρSx is bounded away from 1. If
x is not an algebraic unit or has a Galois conjugate σ(x) such that |σ(x)| > 1 + η,
then it is straightforward to establish a lower bound on ρSx of the form 1 + ε(η),
where ε > 0 depends only on η (see [13]). However there are algebraic numbers all
of whose conjugates are close to the unit circle.
Note that for every possible choice of x, the group hSx i in this example is
solvable of derived length 2. Somewhat surprisingly, it turns out that the solvable
case is the most difficult one. Indeed we have shown the following:
Theorem 1.2 (Growth gap [18, 17]). There is ε = ε(d) > 0 such that given any
field K and any finite symmetric set S containing 1 in GLd (K) and generating a
non virtually solvable subgroup,
ρS > 1 + ε.
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Again we see that ε(d) must tend to 0 as d tends to infinity, because the
examples given above of Grigorchuk and de la Harpe contain a free subgroup,
hence are not virtually solvable.
Theorem 1.2 is deduced from a more general statement, the uniform Tits alternative, which we discuss further below. At the heart of its proof lies some
diophantine geometry and the behavior of large Galois orbits of algebraic numbers
of small height. Earlier results in this direction, in particular Eskin-Mozes-Oh [39]
and its strengthening by Gelander and the author [15], were focusing on proving a
uniform lower bound on ρS where the matrix entries of S were constrained within
a certain fixed finitely generating ring (this is in particular the situation when S
varies among the generating sets of a fixed finitely generated subgroup). The main
novelty of Theorem 1.2 is the uniformity in the field of definition of the subgroup
hSi. Of course, this is where the interplay with number theory comes in.
It is not the first time that a connection between the exponential growth
rate of groups and some properties of algebraic numbers is made. For example Cannon [30] observed that the exponential growth rate ρS of the fundamental group of a closedQsurface of genus g > 2 in its standard presentation as
g
ha1 , . . . , ag , b1 , . . . , bg | i=1 [ai , bi ] = 1i is a Salem number, i.e. an algebraic number
having only one conjugate outside of the closed unit disc and at least one on the
unit circle. More generally it is known [42, Chp 9.] that Gromov hyperbolic groups
such as fundamental groups of closed hyperbolic manifolds admit a rational growth
series, and thus the associated growth rates are algebraic numbers. See also the
nice survey [41].
We end this section with some suggestions for further research. It can be
easily seen, thanks to Theorem 1.2 that the growth conjecture reduces to the case
of GL2 (C) and even to the subgroups hSx i considered above. In light of this it
would be interesting to determine whether the converse to Fact 2 above holds, i.e.
whether the Growth and the Lehmer conjecture are equivalent. This seems highly
plausible and very likely related to Bernoulli convolutions. Another interesting
problem would be to verify that Theorem 1.2 extends to sub-semi-groups.

2. Uniform Tits alternative and uniform spectral
gap estimates
The growth gap theorem (Theorem 1.2) above is a direct consequence of the following uniform Tits alternative:
Theorem 2.1 (Uniform Tits alternative [18, 17]). Given d ∈ N, there is N =
N (d) ∈ N such that if K is a field and S is a finite subset of GLd (K) with S = S −1
and 1 ∈ S, then
• either hSi is virtually solvable,
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• or S N contains two generators of a non-abelian free subgroup.
1/N

That Theorem 1.2 follows from this is clear, because ρS > ρS N > 31/N , where
we have the last inequality, because S N contains a pair {a, b} generating a free
subgroup.
Recall that the Tits alternative ([96, 62] first conjectured by Bass and Serre)
asserts that every finitely generated linear group admits a non-abelian free subgroup unless it is virtually solvable. It is an alternative, because the two cases are
mutually exclusive: non-abelian free subgroups do not contain solvable subgroups
of finite index.
The proof of J. Tits uses the dynamics of powers of linear transformations
on projective space and the so-called ping-pong lemma, well-known to hyperbolic
geometers since Fricke and Klein. See [14, 62] for expositions. Theorem 2.1 is thus
a strengthening of the Tits alternative, in which the generating pair for the free
subgroup is shown to arise already in a ball of universally bounded radius in the
Cayley graph of the linear group hSi.
Theorem 2.1 improves on an earlier result of Gelander and the author [15] in
which the bound N was proven to be uniform as S varies among the generating
sets of a fixed linear group. That was the same kind of uniformity as was obtained
by Eskin-Mozes-Oh [39] for the rate of growth (as remarked in the situation of
Theorem 1.2 above): it assumes that the matrix entries of S lie in a fixed finitely
generated ring. The key point in Theorem 2.1 is the uniformity of N in the field
K. This new uniformity is intimately linked to number theory and as we will see
below to properties of a certain height (in the sense of Diophantine geometry) on
the representation variety of the free group in GLd over Q. It is also key to proving
uniform spectral gap and diameter estimates for finite quotients such as SLd (Fp )
as shown in work of Gamburd and the author [19].
The Tits alternative [96] implies that finitely generated non virtually solvable
linear groups are non-amenable, because they contain a free subgroup. In a similar
way, Theorem 2.1 shows that this non-amenability is uniform when the generating
set varies. The non-amenability of a group can be quantified in terms of so-called
Kazhdan constants
κ(S, π) :=

inf

max{||π(s)f − f ||}

f ∈Hπ ,||f ||=1 s∈S

(2.1)

with respect to a set S and a unitary representation π with Hilbert space Hπ . A
discrete group Γ is said to be non-amenable if
κ(S, λΓ ) > 0
for some (hence all) finite subset S of Γ, where λΓ is the left regular representation
of Γ, i.e. the unitary representation with Hilbert space `2 (Γ) defined by
λΓ (g)f (x) = f (g −1 x).
We can now state some spectral corollaries of Theorem 2.1.
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Corollary 2.2. (uniform non-amenability) There is ε = ε(d) > 0 such that if
K is a field and S ⊂ GLd (K) a finite subset, either hSi is virtually solvable, or
κ(S, λhSi ) > ε.
That a uniform Tits alternative would imply such a spectral bound was observed by Shalom in [90, Theorem 8.4] in the context of hyperbolic groups. We
now discuss further similar spectral bounds, all inspired by [90] and [80]. A discrete group Γ is said to have Kazhdan property (T ) if there is a finite subset S
and a uniform ε = εS > 0 such that κ(S, π) > ε for every unitary representation
π of Γ without invariant vectors. Usually there is no uniform lower bound on εS
independent of the choice of S among generating subsets of a fixed group with
property (T ) (although that remains an open problem from SL3 (Z)). Gelander
and Zuk [40] showed that no such lower bound exists in the case when Γ has a
non-discrete image in a connected topological group.
However if we restrict the set of representations to those coming from the
ambient group, one can sometimes obtain a uniform lower bound. Indeed Theorem
2.1 implies, via the well-known tensor power trick (see [79, 33]):
Corollary 2.3. (Uniform Kazhdan constant) Given d ∈ N there is ε = ε(d) > 0
such that the following holds. If G is a real Lie group with dim(G) 6 d and π
is a unitary representation of G which is strongly Lp , then for every finite subset
S ⊂ G generating a non-virtually solvable discrete subgroup
ε
κ(S, π) > √ .
p
Recall that a unitary representation π is called strongly Lp if there is a dense
subspace of vectors ξ ∈ Hπ whose matrix coefficients g 7→ hπ(g)ξ, ξi belong to
Lp (G) for each ξ. M. Cowling [32] proved that for every simple Lie group with
property (T ) (e.g. G = SLn (R), n > 3) there is some p0 > 0 such that every
unitary representation of G without non zero invariant vectors is strongly Lp0 . See
[70, 82] for the value of p0 (G). Hence in this case κ(S, π) can be bounded from
below independently of π.
We conclude this section with a natural suggestion for further research. That
is to give good bounds on ε(d) and N (d) from Theorems 1.2 and 2.1. The proof of
the uniform Tits alternative given in [16, 18, 17] is effective, except at one point
(the constant in [16, Lemma 2.1(b)] and Lemma 3.7 below). However even this
constant can be made effective although with a relatively poor bound. At any case
it would be interesting to work out an explicit lower bound on ε(d) in terms of d
only and compare it to the upper bound given by the examples of Grigorchuk and
de la Harpe described in the previous section.

3. Heights on character varieties of semi-simple groups
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3.1. A reformulation in terms of first order logic. The uniform
Tits alternative (Theorem 2.1 above) for subgroups of GLd is uniform over all
fields: the length of the two words giving rise to generators of a free subgroup is
universally bounded in terms of d only. Fields of different characteristic have to
be dealt with independently, but it turns out that if the field has characteristic
p > 0, then the uniformity in Theorem 2.1 is much easier to establish, is uniform
in p, and requires no significantly new ingredient than what was already known
from the previous uniformity result by Gelander and the author [15]. So in what
follows we will focus on the zero characteristic case. It turns out that proving that
the bound N (d) holds uniformly over all fields of characteristic zero is equivalent
to proving it for the field of algebraic numbers Q. This can be seen in a number
of ways. For example by specialization. One other way is to view the statement
of Theorem 2.1 as a countable union of statements expressible in first order logic.
Let us be more precise.
To begin with, the condition on the set S viewed as a k-tuple of elements in GLd
for hSi to be virtually solvable is an algebraic condition: it defines a certain closed
algebraic subvariety of (GLd )k , which we denote by Vsol . In fact virtually solvable
subgroups of GLd in characteristic zero admit a subgroup of bounded index (i.e.
< c(d)) which is conjugate to a subgroup of the upper-triangular matrices. Hence
hSi is virtually solvable if and only if a certain number of words with letters in S
and bounded length have a common fixed point in the flag variety.
On the other hand, to say that no two words w1 , w2 of length at most N (d)
can ever generate a free subgroup is equivalent to say that there is an integer n,
such that for all possible choices of w1 , w2 among words of length at most N (d)
with letters in S, one can always find a non-trivial word of length at most n in the
free group, such that w(w1 (S), w2 (S)) = 1. Clearly this is a finite set of algebraic
conditions on S viewed as a k-tuple in (GLd )k . Call this subvariety Wn .
Theorem 2.1 is the statement that for each integer n, Wn is contained in Vsol .
This implication is in itself a statement of first order logic, because the algebraic
varieties involved are defined over Q. In particular if it holds for some algebraically
closed field of characteristic zero, it holds for all of them, because any two algebraically closed field with the same characteristic have the same first order theory.
The discussion regarding Vsol shows that there is an integer n0 depending on
d only such that Vsol (C) ⊂ Wn0 (C). Now Theorem 2.1 tells us that this is an
equality. So finally Theorem 2.1 can be reformulated as the statement that
Vsol = Wn
for each integer n > n0 (d).
Note in passing that Theorem 2.1 cannot be deduced automatically by logical
compactness from the original Tits alternative. The reason is that the condition
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that two matrices generate a free subgroup is not expressible in first order logic:
it is a countable union of first order logic statements. Indeed it is very hard in
general to understand the locus of tuples, say in (GLd )k , which generate a free
subgroup. Not much can be said on this set even in the case of GL2 .
Anyways, reducing (the characteristic zero case of) Theorem 2.1 to the field of
algebraic numbers Q allows to introduce the theory of heights and take advantage
of known results in Diophantine geometry, in particular regarding the action of
the Galois group. For this purpose, we introduced in [16] a certain conjugation
invariant normalized height b
h on (GLd )k , to be discussed below.
As we saw in Section 1, the uniform growth of linear groups is closely related to
the properties of algebraic numbers of high degree and small height, in particular
to the Lehmer conjecture. There the Lehmer conjecture was the obstacle to prove
uniform growth. This situation can be reversed in the non solvable case, by first
establishing a strong analogue of the Lehmer conjecture for this normalized height
b
h. Let us first set up some notation.

3.2. A normalized height on reductive groups. In this paragraph
we discuss the Height gap theorem (Theorem 3.4 below), which is the key ingredient
for the uniformity in the field in the proof of the uniform Tits alternative.
Let G be a connected reductive algebraic group defined over a number field K
(such as G = GLd ). Let (ρ, W ) be a faithful linear representation of G. Let VK be
the set of places of K, i.e. equivalence classes of absolute values on K. Associated
to each v ∈ VK is a local field Kv , the completion of K with respect to v, and an
absolute value | · |v defined on an algebraic closure Qv of Kv . Picking a basis of
W , we can define a norm || · ||v on WKv := W ⊗ Kv for each v ∈ VK to be equal to
pP
2
• the Euclidean norm
i |xi |v if v is archimedean (i.e. Kv = R or C),
• the sup norm max |xi |v if v is non archimedean.
Let S denote as before a finite subset of G(K). Set
hρ (S) :=

X
1
nv log+ ||ρ(S)||v ,
[K : Q]
v∈VK

where nv is the degree of the local extension [Kv : Qv ], log+ is short for max{0, log},
and
||ρ(S)||v := max{||ρ(s)||v , s ∈ S},
where ||ρ(s)||v is the operator norm of the endomorphism ρ(s) of WKv associated
to the norm || · ||v .
Definition 3.3 (Normalized height). We set
1
b
hρ (S n ),
hρ (S) := lim
n→+∞ n
where S n = S · · · · · S is the n-fold product set.
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While hρ (S) depends on the particular choice of basis used to defined the
Euclidean and sup-norm on WKv , the normalized height b
h(S) does not depend on
this choice.
The definition of the normalized height is modeled on the definition of the
Néron-Tate height in the theory of abelian varieties. Here the normalization encodes the way the powers S n grow in each valuation. In particular this height
carries some important information on the subgroup hSi generated by S. Heights
on subgroups of matrices generated by one element have been studied by Talamanca in [100]. Our height is a natural extension of Talamanca’s height to the
case when S has more than one element.
The limit in the definition of b
hρ exists because of sub-additivity. Indeed it
is straightforward to check that hρ (S n+m ) 6 hρ (S n ) + hρ (S m ) for all integers
n, m > 1.
Moreover the height hρ and normalized height b
hρ do not depend on the choice
of the number field K. Namely if we replace K by any finite extension K 0 of K,
so that S is again defined over K 0 , then the value of the heights for K and for K 0
are the same.
×

Example. Consider the set S = Sx , for x ∈ Q , from (1.2) in Section 1 and let ρ
be the natural 2-dimensional representation of GL2 . Then
b
hρ (Sx ) = h(x),
where h(x) is the classical absolute Weil height (see [12] for background) of the
algebraic number x, namely
h(x) :=

X
1
1
nv log+ |x|v = (log |aD | +
[Q(x) : Q]
D
v∈VQ(x)

X

log+ |y|) =

1
log M (πx ),
D

y∈Gal(Q|Q)·x

where M (πx ) is as before the Mahler measure of the minimal polynomial πx :=
aD X D + · · · + a1 X + a0 ∈ Z[X] of x.
Example. Let S = {g} ∈ G(K) a singleton in G = GLd with the natural ddimensional representation ρ. Let λ1 , . . . , λd the eigenvalues of g. Then
b
hρ (S) =

X
1
nv log+ max{|λi |v }.
i
[K : Q]
v∈VK

In particular
1b
hρ (S) 6 max{h(λi )} 6 b
hρ (S).
i
d
To get a better understanding of this height, let us record now its main properties. Below S is a finite subset of G(Q).
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Properties of b
hρ (S):
(i) (linearity in powers) ∀n ∈ N, b
hρ (S n ) = nb
hρ (S),
(ii) (conjugation invariance) ∀g ∈ G(Q), b
hρ (gSg −1 ) = b
hρ (S),
(iii) (height zero points) b
hρ (S) = 0 if and only if hSi is virtually unipotent.
(iv) (change of representation) given two faithful linear representations ρ1 , ρ2 of
G there are constants C1 , C2 > 0 such that
C1 b
hρ2 (S) 6 b
hρ1 (S) 6 C2 b
hρ2 (S)
for all finite subsets S ⊂ G(Q),
(v) (comparison between h and b
h) There is C = C(G, ρ) > 0 such that for every
finite subset S ⊂ G(Q) generating a Zariski-dense subgroup of G assumed
semisimple, one can find g ∈ G(Q) such that
b
hρ (S) 6 hρ (gSg −1 ) 6 C b
hρ (S).
By virtually unipotent in item (iii) we mean that hSi has a subgroup of finite
index, which can be conjugated inside a unipotent subgroup of G (i.e. there is
a basis of W where all matrices in this subgroup are upper-triangular with all
eigenvalues equal to 1).
Item (v) suggests that the other natural way to build a conjugation invariant
height on G leads in fact to a comparable quantity, at least if S is not degenerate.
There is at least one more natural way to define a conjugation invariant height
function on k-tuples of G. One may consider the stable quotient Gk G in the sense
of Geometric Invariant Theory, where the quotient is via the diagonal action of G
on Gk by coordinate-wise conjugation. This algebraic variety, whose coordinate
ring is the ring of invariants C[Gk ]G , is also called the variety of G-characters of
the free group Fk on k letters. Then one may simply consider a height on this
variety defined using the usual Weil height machine [67, 56]. This height will be
comparable, up to additive and multiplicative constants, to our height b
h(S).
One particularly nice way to parametrize Gk G is to consider the traces of
short words in the k-tuple. Fricke and Klein showed in the 19th century that
tr(a), tr(b) and tr(ab) are coordinates on the character variety of the free group
F2 on SL2 (C), namely away from some singular locus, these 3 values determine
the conjugacy class of the pair (a, b). More recently Procesi [85] extended this
to GLd (C), showing that the coordinate ring of Gk G, when G = GLd (C) is
generated by the traces tr(w(g1 , . . . , gk )), where w ranges through all (positive)
words in k letters whose length is bounded by a bound depending only on d.
Given an embedding ρ : G → GLd , traces of words are no longer enough to
tell apart non G-conjugate tuples, but the induced natural morphism Gk G →
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GLkd GLd , is a finite morphism: indeed if two generic k-tuples in G are conjugate in
GLd , they must be conjugate by an element of the normalizer of G in GLd , because
they generate a Zariski-dense subgroup of G. This normalizer, when acting on G,
contains the inner automorphisms as a subgroup of finite index, see [98].
A consequence of Corollary 3.6 below is that there is N ∈ N and C > 0
depending only on the embedding ρ, such that for every finite subset S ⊂ G(Q),
1 b
hρ (S) − C 6 max h(tr(ρ(w(S))) 6 C b
hρ (S)
C|S|C
|w|6N
So with this parametrization of Gk G, k = |S|, we obtain a height function, which
is comparable to our normalized height b
hρ (S).
Our main theorem regarding b
hρ is the following. It can be seen as an analogue
for reductive groups of the Lehmer conjecture:
Theorem 3.4 (Height gap [16]). There is ε = ε(G, ρ) > 0 such that
b
hρ (S) > ε
for every finite subset S ⊂ G(Q) such that the subgroup hSi generated by S is not
virtually solvable.
By way of contrast, one can see that the Lehmer conjecture itself is equivalent
to the existence of some ερ > 0 such that
b
hρ (S) >

ερ
[K : Q]

(3.1)

for every number field K and all finite subsets S ⊂ G(K) generating a non-virtually
unipotent subgroup, that is a subgroup whose elements have only roots of unity
as eigenvalues (for those subsets b
hρ (S) = 0 by property (iii) above).
For example, if G is the multiplicative group Gm , and S := {x} a singleton,
then b
h(S) = h(x), the Weil height of x. Theorem 3.4 does not apply to this
situation, because all subgroups of Gm are abelian, hence solvable.
Similarly the first example given above with Sx ⊂ GL2 also shows that no such
uniform lower bound can be expected when hSi is virtually solvable. There b
hρ (Sx )
was exactly the Weil height h(x) of the algebraic number x, and hence could be
very small (e.g. take x = 21/n ). So the theorem claims in fact a uniform lower
bound on the height, rather than on the height times the degree as the Lehmer
conjecture asks. Uniform lower bounds on heights are related to the so-called
Bogomolov property in Diophantine geometry. An algebraic extension F of Q of
infinite degree is said to have the Bogomolov property if there is a uniform ε > 0
such that all elements of F with Weil height at most ε are in fact roots of unity
(hence have zero Weil height). See [12, 1] for recent results about this property.
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The proof of Theorem 3.4 makes use of some important facts borrowed from
Diophantine geometry. Most importantly, Zhang’s theorem [103], [12, Thm 4.2.]
and Bilu’s theorem [9], [12, Thm 4.3.1]. Zhang’s theorem says that the points of
very small height that lie on a proper algebraic subvariety of an algebraic torus
×
(Q )r , must in fact lie in a finite union of even smaller dimensional subsets, unless
the subvariety itself is a translate of a subtorus. In particular torsion points (and
even points of small height!) cannot be Zariski-dense in a subvariety unless this
subvariety is very special... For example, there are only finitely many points of
height < 1/100 on the line x + y = 1, see [102] for optimal bounds. These lines
of thought form by now a well-established branch of Diophantine geometry, encompassing such far-reaching statements as the Manin-Mumford conjecture, the
Andre-Oort conjecture, etc.
This idea carries the key to the proof of the Height gap of Theorem 3.4, because
too small a b
hρ (S) would yield too many points of small height and contradict the
Zariski-density of the group generated by S (after reduction to the case with the
Zariski-closure of hSi is semisimple).
Zhang’s theorem, as well as many other results in Diophantine geometry (starting with Szpiro-Ullmo-Zhang [93]) can be established via equidistribution methods.
The prototype of these results is Bilu’s theorem, according to which the Galois orbit of any algebraic number whose height is close to zero but non zero is almost
equidistributed on the unit circle with its Lebesgue measure. In fact Zhang’s theorem can be deduced from Bilu’s, see [9]. Although we make use of Bilu’s theorem
in the proof of Theorem 3.4, it would be interesting to come up with a more direct argument proving an equidistribution result for the Galois orbit of S in the
character variety Gk G, before reaching a contradiction:
Problem. Give a proof of Theorem 3.4 via equidistribution.

3.5. Large eigenvalues. As the reader would have guessed by now, there
is a relationship between our normalized height b
hρ (S) and the Weil height of the
eigenvalues of subgroup elements in hSi. For example it is clear that if λ is an
eigenvalue of ρ(g) for some g ∈ S n , then |λ|v 6 ||ρ(g)||v 6 n||ρ(S)||v for all v ∈ VK
and so h(λ) 6 nb
hρ (S). An important consequence of Theorem 3.4 and the analysis
done in its proof is the following converse:
Corollary 3.6 (finding large eigenvalues). There is a constant C > 0 depending
only on G and ρ such that if S ⊂ G(Q) is a finite set, then there is a positive
integer k 6 C and an element g ∈ S k such that for some eigenvalue λ of ρ(g).
h(λ) >

1 b
hρ (S)
|S|C

In particular, there is a uniform N1 = N1 (d) > 0 such that if two elements
a, b ∈ GLd (Q) generate a non-virtually solvable subgroup, then there is an element
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g expressible as a word of length at most N1 with letters in a and b and an
eigenvalue λ of g with Weil height h(λ) > 1.
In the proof of the uniform Tits alternative, a crucial step consists in finding in
S N , for some bounded N , an element with a large eigenvalue. The above corollary
does just that. The largeness of the eigenvalue is measured in terms of its height.
An important fact regarding the joint spectral radius of a bounded set of matrices is encapsulated in Lemma 3.7 below. It is used many times in order to produce
a large eigenvalue, both in the proof of Theorem 3.4 and of Theorem 2.1.
Let K be a local field, that is either R, C, or a finite extension of the p-adic
numbers, or (in characteristic p) of the field of Laurent series Fp ((t)). We choose
an absolute value | · | on K and extend it (such an extension is unique) to an
algebraic closure of K. Let S be a bounded subset of d × d matrices in Md (K),
endowed with the operator norm || · || induced by the choice of some norm on K d .
Define the spectral radius of S to be
R(S) = lim ||S n ||1/n ,
n→+∞

where ||S n || denotes the maximum of the (operator) norms of the elements in S n .
We also let Λ(S) be the maximal eigenvalue:
Λ(S) := max{|λ|; λ ∈ Spec{s}},
s∈S

where Spec(s) is the set of eigenvalues of s. If S = {s} is a singleton, the wellknown spectral radius formula tells us that
R({s}) = Λ({s}).
Obviously Λ(S) 6 R(S), for all S, but general Λ(S) < R(S) if there are two
or more matrices in S. However, somewhat surprisingly, we have the following
converse inequality:
Lemma 3.7 (Spectral radius formula for several matrices). There is c = c(d) > 0
such that for every bounded subset S ⊂ Md (K), there is an integer k 6 d2 such
that
Λ(S k )1/k > c(d) · R(S),
moreover c(d) = 1 if K is non-archimedean (i.e. K not R or C).
In particular, if K is non-archimedean (for example a p-adic field), then R(S) =
maxk6d2 Λ(S k )1/k . This information is crucial, because it says that in order to find
an element in a small power of S with a large eigenvalue, it is enough to have a
good lower bound on R(S). And since
b
hρ (S) =

X
1
nv log+ RKv (S),
[K : Q]
v∈VK
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with the obvious notation, we understand now why the Height gap theorem 3.4
above is precisely what is needed in order to find an element with large eigenvalue.
We note in passing that this lemma produces an element in S k , k 6 d2 , whose
individual powers are already responsible for most of the growth of the full power
set S n . This feature is reminiscent of one of the key claims in the Gleason-Yamabe
solution to Hilbert’s fifth problem on the structure of locally compact groups. See
the so-called Gleason-Yamabe lemmas [58, Thm II.13], [44, Lemma 5.4].
Problem. Find a good lower bound on c(d) in terms of d.

3.8. A group theoretic consequence. The Grigorchuk group is one
of the simplest example of a finitely generated infinite periodic group. Periodic
means that every element has finite order. According to a classical theorem of
Schur (see e.g. [89, 34]) every finitely generated periodic linear group is finite. A
simple consequence of the Height gap theorem is that one can always quickly get
out of torsion elements unless one belongs to a finite subgroup, namely we have a
quantitative version of Schur’s theorem ([18, Cor 3.6]):
Corollary 3.9 (Escaping torsion elements). Let K be a field and S a finite subset
of GLd (K). If the subgroup generated by S is infinite, then one can find a word of
length at most N1 (d) with letters in S ∪ S −1 , which has infinite order. Here N1 (d)
is independent of S and K.
To see the connection with the Height gap theorem, note that (in characteristic
zero) unless hSi is virtually unipotent, b
hρ (S) > 0 and hence there is g ∈ S k and
an eigenvalue λ of g such that h(λ) > 0 by Corollary 3.6, where k is bounded in
terms of d only. In particular this g has infinite order. We also remark proving
escape from elements of bounded torsion is easier. It follows from the EskinMozes-Oh escape from subvarieties lemma, see [39, Lemma 3.2], or [24, Lemma
3.11], according to which for any proper subvariety V of the Zariski closure of hSi,
one can find a word of bounded length with letters in S lying outside the subvariety.
However the length of the word can only be bounded by a function of the degree
of V, and in the case of V = {g; g e = 1}, this degree increases with e.
It is also worth pointing out that, as in the Growth gap theorem (Theorem
1.2), the constant N1 (d) from the above statement must tend to infinity. The
same examples of Grigorchuk and de la Harpe can be used to show, and this was
done by Bartholdi and de Cornulier in [4], that for each n, there is a 3-generated
infinite linear group all of whose elements lying in the word ball of radius n are of
finite order.

3.10. Does the spectral gap imply a height gap ?. As we already
mentioned, the uniform Tits alternative (Theorem 2.1) can be derived (see [18, 17])
from the Height gap theorem and the ping-pong techniques introduced by Tits in
his original paper [96]. The uniform spectral gap estimate for non-amenable linear
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groups, i.e. Corollary 2.2 is a simple consequence of Theorem 2.1. It is interesting
to wonder whether one can also go backwards and prove the Height gap theorem
assuming the uniform spectral gap for non-amenable linear groups. As it turns
out, the uniform spectral gap is not quite enough to get the Height gap theorem
as stated in Theorem 3.4. But one can recover the weak form of it discussed after
the statement of Theorem 3.4 in (3.1), as follows.
Claim. For a finite (symmetric) subset S of G(K), K any number field,
b
hρ (S) >

1
log(rS−1 ),
C[K : Q]

where C > 0 is a constant depending only of G and ρ, and rS = ||λhSi (µS )|| is the
spectral radius of µS on the regular representation of hSi.
To see the claim, set ΦC (g) := e−C[K:Q]hρ (g) for some C > 0 and view it as
a function defined on the group of adèles G := G(AK ). We may assume that
G = SLd and ρ is the identity embedding. If C is large enough (depending on
d only) a simple volume computation shows that ΦC belongs to L2 (G). Now,
h(xy) 6 h(x) + h(y), so ΦC (xy) > ΦC (x)ΦC (y), from which one obtains ∀g ∈ G,
hλG (g)ΦC , ΦC iL2 (G) > ΦC (g −1 )hΦC , ΦC iL2 (G) ,
(n)

hence integrating over µS , the n-th fold convolution power of the uniform probability measure supported on S,

(n)

||λG (µS )|| > Eµ(n) ΦC (g −1 ) = Eµ(n) ΦC (g)
S

>e

−C[K:Q]E

S

(n) (h(g))
µ
S

n

> e−C[K:Q]h(S ) ,

where we applied the Jensen inequality to go from the first to the second line. The
claim then follows by taking the n-th root and letting n tend to infinity. Note
that ||λG (µS ))|| = rS , because hSi is a discrete subgroup of G ([6, F.1.11]). This
argument is inspired from those in [99] and [80].

4. Uniform spectral gap and uniform diameter bounds
for finite groups of Lie type
We now present some applications of the Height gap theorem to diameter bounds
and spectral gaps for finite groups of Lie type.
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4.1. Diameter bounds. Let G be a finite group and S a symmetric generating subset of G. The diameter diamS (G) is the least integer n such that every
element of G can be written as a product of at most n elements from S. There is an
extensive literature on diameter bounds for finite groups, from abelian groups to
simple groups, including the Rubik’s cube group, etc. One of the most celebrated
conjecture is Babai’s conjecture:
Conjecture 4.2 (Babai’s conjecture). For every finite simple group and every
symmetric generating set S
diamS (G) 6 C(log |G|)C ,
where C > 0 is an absolute constant (independent of G and S).
For example this conjecture is widely open in the special case of alternating
groups G = An , the best bounds to date are due to Helfgott and Seress [55] and
are in exp((log log |G|)O(1) ) for these groups.
However Babai’s conjecture was recently shown to hold for finite simple groups
of Lie type and bounded rank. Such simple groups can also be described as those
admitting a non trivial linear representation of bounded degree (over some, possibly
finite, field).
Theorem 4.3 (Case of groups of Lie type). If K is a field and G 6 GLd (K) a
finite simple subgroup generated by a finite subset S, then
diamS (G) 6 C(log |G|)C ,
where C = C(d) > 0 is a constant depending on d but otherwise independent of S,
G and K.
Most approaches towards Babai’s conjecture use the classification of finite simple groups. We will see in the next section a diameter bound, weaker than the one
claimed by Babai’s conjecture, but whose proof is independent of the classification.
The bound in the above theorem is a direct consequence of the following result
applied repeatedly to the powers of a fixed generating set.
Theorem 4.4 (Product theorem). If K is a field and G 6 GLd (K) a finite simple
subgroup generated by a finite subset S, then
|SSS| > min{|S|1+ε , |G|}
where ε = ε(d) > 0 is a constant depending on d but otherwise independent of S,
G and K.
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These results are due to Pyber and Szabó [86, 87] and, independently, to Green,
Tao and the author [24], following work of Helfgott, who first solved Babai’s conjecture for the family of groups SL2 (Fp ) and SL3 (Fp ), p prime. While Helfgott’s
arguments used clever ad hoc matrix computations coupled with techniques from
additive combinatorics (the sum-product theorem), the proof of the general case
is mainly based on algebraic geometry over finite fields. It can largely be seen as a
derivative of the techniques introduced by Larsen and Pink [68] in their classification of finite subgroups of algebraic groups. See [22, 21] and [87] for a discussion
of these arguments.
While this represents a significant advance compared to what was known prior
to these developments, the polylogarithmic bound of Theorem 4.3 is most likely
not optimal. Indeed we conjecture:
Conjecture 4.5 (Logarithmic diameter). If K is a field and G 6 GLd (K) a finite
simple subgroup generated by a finite symmetric set S, then
diamS (G) 6 C log |G|,
where C = C(d) > 0 is a constant depending on d but otherwise independent of S,
G and K.
The product theorem (Theorem 4.4 above) falls short of proving any exponential growth at any early stage, because iterating n times the bound |SSS| > |S|1+ε
gives only subexponential growth in exp(Cnα ) for some α < 1. In particular it is
not optimal for small n and not sufficient to get logarithmic diameter.
As it turns out, the uniform Tits alternative can be used precisely for this purpose of establishing exponential growth at an early stage. Coupled with Theorem
4.4 above, used at a later stage, it can say something towards this conjecture.
Indeed the fact that the uniform Tits alternative holds over Q allows for its reinterpretation in terms of a series of equality between a priori unrelated algebraic
subvarieties as we pointed out in Paragraph 3.1. The equality between two algebraic varieties defined over Z implies their equality modulo p for every large enough
prime. This will mean that unless the group G generated by S has a large solvable
subgroup (of index bounded in terms of d only), one will be able to find two short
words (of length L bounded in terms of d only) with letters in S admitting no
relation of length 6 `(p) for some function `(p) tending to +∞ as p gets large. In
particular this will give at least 2`(p) elements in S L`(p) ⊂ G.
The question is how large can `(p) be. Applying standard bounds on the effective nullstellensatz (e.g. those in [76]) one sees that `(p) can be taken as large as
c(log p)α , where α is some positive exponent strictly less than one. This falls short
of reaching the range where the product theorem can be applied successfully to get
the desired logarithmic bound, as one would need to be able to have α = 1. However one can instead play with several primes in order to turn the nullstellensatz
bounds to one’s advantage and obtain:
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Theorem 4.6 (Uniform growth at almost all primes). There is a constant A =
A(d) > 1 such that, for every ε > 0, except perhaps for a (small yet possibly
infinite) set of primes Pε−bad satisfying |Pε−bad ∩ [1, X]| 6 X ε , for all X > 1,
every symmetric subset S ⊂ GLd (Fp ) satisfies |S log p | > pε/A , unless the subgroup
generated by S has a solvable subgroup of index at most A.
Conjecturally the set of bad primes ought to be empty and uniform growth
should take place at all primes. Recall that according to the prime number theorem,
there are roughly X/ log X primes less than X. So we see that uniform exponential
growth does indeed take place at most primes. However we cannot say for which
primes it does.
The proof of the above statement, already as outlined above, follows the same
lines as the main argument in the paper by Gamburd and the author [19], which
we will discuss in the next paragraph. With this we obtain:
Corollary 4.7 (diameter of perfect subgroups of GLd (Fp )). Given ε > 0, if p is
a prime not in Pε−bad , then for every perfect subgroup G 6 GLd (Fp ) generated by
elements of order p
C
max diamS G 6 log p,
S
ε
Here C = C(d) > 0 is a constant independent of p.
While this improves (at least for good primes) on the polylogarithmic bound
given by Pyber and Szabó in Theorem 8 of [86], the proof uses their analog of
the product theorem above for perfect groups combined with Theorem 4.6. Finite
simple subgroups GLd (Fp ) are perfect and generated by their elements of order
p (unless their order is prime to p, in which case they are bounded in size by
a function of d only). In particular, we can reformulate this consequence in the
following way:
Corollary 4.8 (Logarithmic diameter for almost all primes). Conjecture 4.5 holds
for simple subgroups of GLd (Fp ) for a density one set of primes.
What if G 6 GLd (Fp ) is an arbitrary subgroup, not necessarily perfect or
generated by elements of order p ? Well, in that case we can describe what happens
regarding the diameter by studying the subgroup Gp of G generated of elements
of order p. Clearly this is a characteristic subgroup of G. Moreover G/Gp has
order prime to p, and there is a subgroup H1 whose order is prime to p such that
G = H1 Gp (indeed the Frattini argument shows that G = Gp NG (P ), where P is
the p-Sylow subgroup of G, and since NG (P )/P has prime to p order, it must be
a semi-direct product NG (P ) = H1 P , by the Schur-Zassenhauss theorem). But
since H1 6 GLd (Fp ) is a subgroup whose order is prime to p, Jordan’s theorem
applies1 and says that H1 has an abelian normal subgroup whose index is bounded
in terms of d only.
1 Usually Jordan’s theorem [57] is cited as a theorem about subgroups of GL (C), but Jordan’s
d
original proof, unlike the more often quoted geometric argument due to Frobenius (see [34]),
assumes only that all subgroups elements are semisimple and nothing on the field.
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Now regarding Gp , one can always take the last term of the derived series of Gp ,
i.e. its iterated commutators Dk = [Dk−1 , Dk−1 ]. This sequence must stabilise
since we started with a finite group. The last term is then a perfect group generated
by elements of order p. Denote by PG this characteristic subgroup of G. By the
discussion above, we see that G/PG has a subgroup of bounded index (in terms of
d only), which is solvable, and in fact of bounded derived length (actually Nori’s
theorem [81, Thm B] can be applied to prove that Gp has a subgroup of bounded
index which is an algebraic subgroup over Fp ). We conclude that Corollary 4.7
helps estimating the diameter of an arbitrary subgroup of GLd (Fp ), by essentially
reducing the question to the diameter of the virtually solvable quotient G/PG .
Diameters of abelian and solvable groups are typically much larger than those of
simple or perfect groups. See e.g. [66] for a recent paper on the diameter of abelian
groups.
Problem.(Function field analogues) Theorem 4.6 and its corollaries above say something interesting only when p is large. For a fixed p, it would be interesting to
derive a statement of a similar flavor (from the characteristic p case of the uniform Tits alternative) for the quotient fields Fp [X]/(π), where π varies among the
irreducible polynomials of Fp [X].
We finally note that it is plausible that an even stronger phenomenon than
the logarithmic diameter bounds of Corollary 4.7 holds for finite simple groups of
bounded rank. Namely it is likely that
diamS (G) 6 C

log |G|
log |S|

for every generating subset S. This means that we take into account the size of
the generating set, whereas the previous statement does not distinguish between
|S| large or small. This kind of bound would be optimal.
Related statements occur in the work of Liebeck, Shalev, Nikolov [71] and
others, where one allows to take arbitrary conjugates of S to compute the diameter
(or rather width) of G. For example it is known, thanks to recent work of Gill,
Pyber, Short and Szabó [43], that every element in a finite simple group of Lie
|G|
type of rank at most d can be written as a product of only C(d) log
log |S| conjugates
of elements from any subset S ⊂ G (of size > 2). We refer the reader to the recent
survey by Martin Liebeck [72] for many beautiful recent results in this direction.
We finally quote another result, proved by Green, Guralnick and the author
[27], which provides further evidence towards Conjecture 4.5.
Theorem 4.9 (Logarithmic diameter for almost all generating sets). If K is a
field and G 6 GLd (K) a finite simple subgroup, then
diam{a±1 ,b±1 } (G) 6 C log |G|,
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for all but a proportion 6 1/|G|δ of all pairs {a, b} ⊂ G, where C, δ > 0 are certain
constants depending on d but otherwise independent of S, G and K.

4.10. Uniform spectral gap bounds, Ellenberg’s property τb.

In what follows, we will say that the Cayley graph of a finite group G with finite
symmetric generating set S is an ε-expander if
κ(S, `20 (G)) > ε,
where `20 (G) is the regular representation of G on functions with zero average,
and κ(S, `20 (G)) is the Kazhdan constant defined in (2.1). We refer the reader to
the books [73], [88] and surveys [63], [61] for the background on expanders. Let
us only mention that expander graphs with N vertices have logarithmic diameter
(i.e. O(log N )) and that the simple random walk on them equidistributes after
logarithmically many steps.
As it turns out, the Height gap theorem and the uniform Tits alternative can
also be used to prove uniform spectral gap estimates for Cayley graphs of finite
simple groups of Lie type. A very general method, due to Bourgain and Gamburd,
allows to establish spectral gaps for Cayley graphs of finite groups. We refer
the reader to [61], [22] and [27] for an exposition of this method. An important
requirement for the method to work is to be able to assert that the probability that
the simple random walk on the Cayley graph of G hits any given subgroup decays
exponentially fast at an initial stage (say for c log |G| steps). When G = SL2 (Fp )
and the Cayley graph has girth > c log p, then this easily achieved as did Bourgain
and Gamburd in their seminal paper [10]. Using the uniform Tits alternative, one
can claim that this happens without any girth condition, at least at almost all
primes p. We have:
Theorem 4.11 (Breuillard-Gamburd [19]). For every δ > 0 there is ε > 0 such
that, given any X > 1, for all but at most X δ primes p 6 X, all Cayley graphs of
SL2 (Fp ) are ε-expanders.
We record here the following folklore conjecture, which implies Conjecture 4.5
above:
Conjecture 4.12. Given d > 1, there is ε > 0 such that all Cayley graphs of all
finite simple subgroups of GLd over some field are ε-expanders.
Although this conjecture seems out of reach at the moment even for SL2 (Fp )’s
and the entire family of primes p, the following looks more approachable:
Problem: Generalize Theorem 4.11 to higher rank finite simple groups of Lie type.
A related question is that of the spectral gap for finite subsets of compact
groups. Following Jordan Ellenberg in [38] we will say that a topologically finitely
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generated compact group G has property τb if for every finite subset S of G generating a dense subgroup
κ(S, L20 (G)) > 0,
where L20 (G) is the regular representation of G on square integrable functions with
zero average on G. The Kazhdan constant κ(S, L20 (G)) was defined above in (2.1).
The terminology echoes Lubotzky’s property (τ ), which is a property of a
finitely generated group: property (τ ) for a finitely generated group Γ means that
for some (hence all) finite generating subsets S of Γ, one has
b > 0,
κ(S, L20 (Γ))
b is the profinite completion of Γ. We refer the reader to the forthcoming
where Γ
book [74] as well as [21] for more on property (τ ).
Note that every finitely generated group with Kazhdan’s property (T ) has
Lubotzky’s property (τ ). And there are also many other examples. However
it surprisingly difficult to even exhibit one example of an infinite compact group
G with Ellenberg’s property
τ ). Using Theorem 4.11 it is possible to prove that
Q∞(b
certain infinite products 1 SL2 (Fpi ) for a sparse increasing sequence of primes
have property τb, thus giving the first examples of infinite compact groups with this
property.
However difficult it appears to produce examples of compact groups with property (b
τ ), it is conjectured that this property is quite common and should hold
in particular for all semisimple compact real Lie groups and the adèles groups
b However it is not even known for SU (2) and SL2 (Zp ) and these cases
SLn (Z).
already appear to be very difficult (see [88, p.58] and [11]). See also Varju’s paper
[97, Corollary 4] for the current state of the art regarding spectral gap bounds for
b and other compact groups. For a connection between property (b
SLn (Z)
τ ) for
certain Galois groups and Bogomolov’s property for field extension, we refer the
reader to Ellenberg’s article [38] and to [37].

5. Approximate groups and polynomial growth
5.1. Polynomial growth. According to Gromov’s theorem [52], a finitely
generated group with polynomial growth is virtually nilpotent (i.e. has a nilpotent
subgroup of finite index). The growth of virtually nilpotent groups is fairly well
understood. In particular the exponent of polynomial growth is an integer given
by the Bass-Guivarc’h formula ([2, 54])
X
d :=
k · rank(G(k) /G(k+1) ),
k>1
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where {G(k) }k is the central descending series of G = hSi. Pansu in his thesis [84]
proved that there is even an asymptotics for the volume growth of the form
|S n | = c(S)nd + εn nd ,
where εn → 0 and c(S) > 0 has a geometric interpretation as the normalized
volume of the unit ball of the asymptotic cone of G. The estimation of the error
term is more tricky:
Problem: Find good error terms for the above asymptotics.
While it is believed that εn = O( n1 ), the best known estimate valid for arbitrary
nilpotent groups is εn = O( n1δ ), where δ > 0 depends only on the nilpotency class
of G. See [28] for this estimate and more on this question.

5.2. Approximate groups. Approximate groups were introduced by Terence Tao in 2005 (see [94] and [95]) as a natural non-commutative generalization
of a well studied object in additive number theory. Their study lies at the heart
of the proofs of the product theorems mentioned above (Theorems 4.3 and 4.4).
Definition 5.3 (Approximate subgroup). Let K > 1. A finite subset A of a group
G is said to be a K-approximate subgroup of G if it is symmetric (i.e. A = A−1 )
contains the identity and is such that
AA ⊂ XA,
for some subset X ⊂ G of cardinality at most K.
When K = 1, we recover the definition of a finite subgroup of G. When
K > 1 however other type of sets arise, such as arithmetic progressions, e.g.
A = {−N, . . . , N } is a 2-approximate subgroup of Z.
Approximate subgroups are interesting for the growth of groups because, if
say |S 5n | 6 K|S n |, then S 2n is a K-approximate subgroup, as a simple argument
shows. For this reason, they already appear in disguise in Gromov’s original proof
of his polynomial growth theorem [52]. In [25] Green, Tao and the author, building
on work of Hrushovski [64] gave a structure theorem for approximate subgroups:
Theorem 5.4 (Structure of approximate groups). If A is a K-approximate subgroup of some group G, then there is a finite subgroup H contained in A4 and a
subgroup L containing H, such that L/H is nilpotent of nilpotency class at most
C1 and A is contained in fewer than C2 left cosets of L. Here C1 , C2 are positive
constants depending on K only and not on G.
From this result, one can easily deduce Gromov’s polynomial growth theorem
as well as several related statements, see [25]. See the surveys [21], [26] as well as
Ben Green’s article in these proceedings [45] for more on this topic.
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5.5. Diameter bounds for arbitrary finite groups. A key feature
of Theorem 5.4 is that it applies to any group, including finite groups. Among its
consequences is a finite group analogue of Gromov’s polynomial growth theorem
(see [23]),
Theorem 5.6 (Diameter bound for a general finite groups). Let ε > 0 and assume
that G is a finite group with a symmetric generating set S such that
diamS (G) > |G|ε ,
Then G has a subgroup of index Cε which admits a nilpotent quotient of size at
least |G|ε/2 and nilpotency class at most Cε . Here Cε > 0 is a constant depending
only on ε, and not on S nor G.
A consequence is that such groups have moderate growth in the sense of Diaconis and Saloff-Coste [36] and mixing time roughly (diamS (G))2 . See also [69] for
a related statement about groups with bounded doubling at all scales and [8] for
an application to the identification of all Gromov-Hausdorff limits of such Cayley
graphs. The following is an easy corollary:
Corollary 5.7 (Diameter bound for finite simple groups). Given ε > 0, for all but
perhaps finitely many finite simple groups G, the diameter of every Cayley graph
of G is at most |G|ε .
A remarkable feature of this result is that its proof does not rely on the classification of finite simple groups! Of course much better bounds are available for
finite simple groups of Lie type of bounded rank as mentioned earlier
p(see Theorem
4.3). For the alternating groups An much better bounds, in exp(O( log |G|), have
been known for a long time, see [3], and improved recently in [55]. It would be
interesting to get non trivial bounds for all finite simple groups of Lie type also
when the rank grows and see if one can improve the crude bound of Corollary 5.7.
Finally let us mention that, according to a well-known general inequality the
spectral gap of a Cayley graph with fixed valency is bounded below by the square
of the diameter (see [20, Prop. III.5] and [35, Cor 1.]). Hence a similar bound in
1/|G|ε on the spectral gap of such Cayley graphs. Such crude bounds can already
be useful in a number of applications, such as in [37].
Acknowledgements. I am very grateful to all my co-authors, present and past,
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Bâtiment 425, Université Paris Sud 11
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