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GOAL: A unique tool for describing curves, surfaces and their various
approximations (point cloud, triangulations, volumetric approximations), with the
purpose of:

» defining (approximate) mean curvature in any situation,

» providing quantitative conditions ensuring that a limit of given discretizations is
(weakly) regular.

(a) Point cloud (b) Regular curve (c) Volumetric approximation

A varifold is a measure containing both spatial information and tangential
information. As a mathematical object, a d—varifold is a Radon measure in
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» A FIRST EXAMPLE:

A varifold canonically associated to M is the measure:
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vM(ac, S) — Z’Hls(a:) ® 5Pz(S) In Rz X G1,2
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» RECTIFIABLE d—VARIFOLDS:
A rectifiable d—varifold is a measure of the form

vpme(x, S) = 0(x) ’HTZM(:B) ® o1 (S) with M rectifiable set.
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» Let M C R"™ be a C? d-sub-manifold. Then for every X &€ Ci(Rn, R™),
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This is actually a way to define the mean curvature vector H :

» The first variation of a d—-varifold V' is the distribution of order 1
oV : Ci(Rn,R“) — R
X — dive X (x) dV (x, S) .
R*" X Ggn

» When 0V is actually a distribution of order O, it can be represented as a vector Radon

measure in R™ and V' has locally bounded first variation.
> Example: If V' is a junction of straight lines with directions u; and multiplicities 6;:

5V - O, (SV — (u1 —|— Uu- —|— ’U,3)5w0, 5V — (01’11,1 —|— 92’11,2 —I— 03’&3)5330

Variation of multiplicity affects generalized curvature.

» VOLUMETRIC APPROXIMATION VARIFOLDS AND POINT CLOUD VARIFOLDS:
JC mesh of R™. Given | Given a weighted

{mg, Pk} C R, X (weights (m;);) and
Ggn.  We can asso- 1AV oriented (directions
ciate the volumetric d— (P;);) point cloud
varifold:
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» F'IRST VARIATION OF A VOLUMETRIC VARIFOLD: .

> curvature concentrated
on the faces &,

> contribution of boundary
faces strongly depends on
the mesh.
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» VOLUMETRIC APPROXIMATION of a straight line in a cartesian grid:

) !D ) :
| |6Vic|| = [6Vk|(2) > ;;;'ength(v)

IC
tends to +00 when the size of the mesh

hi tends to O.

» FIRST VARIATION OF POINT CLOUD VARIFOLDS:
The first variation of a Point cloud varifold V' = Z mM;0,, Q Op, is not even a Radon
i

MeEasure.

We propose a notion of approximate curvature for such varifolds, based on a
regularization of the first variation.

» EXPRESSION OF THE REGULARIZED FIRST VARIATION:

Pe

Let V' be a d—varifold R™ and denote Ilg the orthogonal projection on

IIs(y — x)
/ dv (y, S)
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well-defined even if V' does not have bounded variation !

> QUANTITATIVE CONDITIONS OF RECTIFIABILITY:
For any d—varifold V', we define

W.(V) = |6V * pe|lr -

Let V; i V' then
1.Forany V, =V, ||6V|| < liminf, W!(V,). So that if there exists €; such that

sup / 10V % pe.(x)| dx < +o00 then V' has bounded first variation.

Moreover,

2. For any d-varifold of bounded first variation V., W.(V') — ||[6V||.

3. For any rectifiable d—varifold with bounded first variation, there exists a sequence of
volumetric varifolds (V;); such that

WL(Vi) = 16V -

So that W T'—converges to |6V || (the total variation of 8V ) in the space of volumetric
varifolds .

» APPROXIMATE WILLMORE ENERGIES:
We(V)

OV * pe(x) |7

V|| * pe(z)

H(z)|" dpe(z) -

V]| % pe(x) dL” ()

WP I'—converges to the classical Willmore energy

W? in the space of varifolds but what about the
I'-lim sup in the set of volumetric varifolds? ’

» NUMERICAL EXPERIMENTS:
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(a) Pixellized cross (b) Curvature modulus

(a) Curvature vector at the center (b) Curvature vector at cross end points




