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Abstract

We adwocatefor the systematiauseof a symmetrizedefinition of time delayin
scatteringtheory In two-body scatteringprocesseswe shav that the symmetrized
time delay exists for arbitrary dilated spatialregions symmetricwith respectto the
origin. It is equalto the usualtime delayplusanew contritution, which vanishesn
the caseof sphericalspatialregions.We alsoprove thatthe symmetrizedime delay
is invariant underan appropriatemappingof time reversal. Theseresultsare also
discussedh the context of classicakcatteringheory

1 Intr oduction

This paperis devotedto the definition of time delay (in termsof sojourntimes)in two-
body scatteringheory Its purposeis to adwocatefor the useof a symmetrizediefinition
of time delay Our mainargumentssupportingthis point of view arethefollowing:

(A) In two-bodyscatteringorocessessymmetrizedime delaydoesexist for arbitrary
dilatedspatialregionssymmetricwith respecto the origin (usualtime delaydoes
exist only for sphericakpatialregions[12]). It is equalto theusualtime delayplus
anew contribution, which vanishesn the caseof sphericakpatialregions.

(B) Symmetrizedime delayis invariantunderanappropriatenappingof timereversal.
Usualtime delayis not.

(C) Symmetrizedime delaygeneralizeso multichannel-typecatteringprocessedJsual
time delaydoesnot.

Let usrecallthe usualdefinition of time delayfor a two-bodyscatteringprocessn
R?, d > 1. Considera boundedopenset¥. in R¢ containingthe origin andthe dilated
spatialregions ¥, := {rz | © € X}, r > 0. Let Hy := —%A be the kinetic enegy
operatoiin H := L2(R%) andlet H bea selfadjointperturbatiorof H, suchthatthewave



operatorgV* := s-lim,_ 4, e e~ 1“0 exist andare complete(so thatthe scattering
operatorS := (W*)*WW~ is unitary). Thenonedefinesor somestatesp € H andr > 0
two sojourntimes,namely:
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and s
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If the statey is normalizedthe first numberis interpretedasthe time spentby the freely
evolving statee~*/0 o insidetheset,, whereaghesecondneis interpretedasthetime
spentby the associatedcatteringstatee ~* 11/~ within the sameregion. The (usual)
time delayof the scatteringorocesswith incomingstatey for . is definedas

(@) =Ty (@) — T2 (). (1.1)

For a suitableinitial statep, a sufficiently short-rangednteractionand: spherical the
limit of 71"(¢) asr — oo existsandis equalto the expectatiorvaluein the statep of the
Eisenlud-Wignertime delayoperatof2, 3].

Howeverit is shovn in [12] thatthis limit doesnotexistif 3 is not spherical There
areothersituationsvheretheusualdefinitionof time delayis inappropriateExamplesare
multichannel-typescatteringorocessesuchas N-body scattering13, 6, 10], scattering
with dissipatve interactions[9], step potentialscattering[4] and scatteringin waveg-
uides[14]. In suchcasestime delay of the form (1.1) doesnot admit a limit due to
the “non consenration” of the kinetic enegy. Thereforeone hasto modify the defini-
tion (1.1) by replacingthe free sojourntime 7\ (¢) with the symmetrizedree sojourn
time 3 [T2(¢) + T (S¢)] (seeeg. [10, Sec.V.(a)] or [14, Sec.1]). Theassociatedym-
metrizedtime delayfor ¥,. takesthe form:

() = To(p) — 5 [T () + T, (Sp)] - (1.2)

Our purposein this paperis to shav thatthe limit of 7,.(¢) asr — oo existsif X
is anarbitraryregion symmetricw.r.t. the origin andto derive an appropriatestationary
formulafor it.

Let usfinally give a more precisedescriptionof this paper In section2 we intro-
ducea naturalcondition on the setY (seeAssumption2.1) underwhich the existence
of symmetrizedime delaywill be proved.We alsogive someauxilliary resultson aver-
agedcharacteristidunctions.Section3 is devotedto symmetrizedime delayin classical
scattering;its existenceunder Assumption2.1 and its invarianceunderan appropriate
mappingof time reversalis showvn. In Section4 we prove the sameresultsin quantum
scatteringandwe derive a stationaryformulafor the symmetrizedime delay



2 Averagedcharacteristic functions

Let ¥ be a boundedopensetin R? containing0. For eachr > 0 we sety, := {rz |
x € X}. We shallsimply saythat¥ is starshapedresp.symmetriy whenever X is star
shapedresp.symmetric)with respecto 0. Clearly ¥ is starshapedff >, c %, for
0 < r; < ry. Moreoverto eachopenstarshapedset>: we canassociata strictly positive
continuougfunction /s, on S~ definedby

Uy (w) :=sup{p >0 | pw € X}. (2.3)

Corverselyto eachstrictly positive continuousfunction ¢ on S?~! one canassociatea
uniqueopenstarshapedset: suchthat/ = /5.

We shall also considerthe following classof spatialregions > (1, standsfor the
characteristiédunctionfor X):

Assumption2.1. ¥ is aboundedpensetin R¢ containingd andsatisfyingthe condition
+oo
| dults(ue) - ts(-p) =0, Vo R,
0

If p € RY, thenthe numberfo+c>o dt Ix (tp) is the sojourntime in X of a free classical
particlemoving alongthetrajectoryt — xz(t) := tp, t > 0. Clearlyif ¥ = —X (i.e.if &
is symmetric) thenX satisfiesAssumption2.1. Moreoverif X is starshapedndsatisfies
Assumption2.1,thenY = —X..

Lemma 2.2. LetY bea boundedpensetin R containing0. Then
(a) Thelimit
Rs(z) := lim (/m () + 1n5)
N0 e K
existsfor each = € R? \ {0}.
(b) The(even)functionGy : R?\ {0} — R givenby
Gs(x) == 4 [Re(z) + Re(~2))

satisfies
Gg(x) = Gz(lf—l) —In |a:|

(c) If X is starshapedthen
Gx(w) = % n(ls(w)) + In(ls(—w))] (2.4)

foreahw € S%-1.



Proof. Letz € R¢\ {0}. Thenpoint(a) follows from the equalities

teod oo dp 'd
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Furthermorenve havefor A > 0

—il\%(/ —]12 u)\x)—l—lnE)
= gI{I(l) ( / — ]12 (ux) +In(Ae) —In )\)
= Rx(z) —In )\,
which provespoint (b). Finally point(c) follows from adirectcomputation. O

We give now somepropertieof thefunctionsRy, andG's;, whichfollow easilyfrom
Lemma2.2.

Remark 2.3. (a) LetusconsiderR?. :=|0, +oo[ endowedwith the multiplication as
a Lie groupwith Haar measue dT“. ThenRy is the (renormalizedpverage of 1y
with respecto theactionof R*. on R,

(b) If ¥ is equalto theunit openball B := {z € R? | || < 1}, thenwehave

Gp(z) = —In|z|, = eR%\{0}. (2.5)

(c) To eath setX onecanassociatea uniquesymmetricstar—shapedseti sud that
Gy = Gs.

Indeedt suficesto takethesym metricstar—shapedseti definedoytheeven strictly
positive continuousfunction? onS?~! givenby /(w) := exp(Gx(w)).

3 Symmetrizedtime delayin classicalscattering

In this sectionwe study the symmetrizedtime delay in classicalscatteringdefinedin
termsof sojourntimesin the setsy,.. For simplicity we restrictourselesto scatteringoy
compactlysupportegotentialsUnderanaturalassumptioron the potentialwe show that
Assumptiorn2.1lis anecessargonditionfor the existenceof the symmetrizedime delay
We also prove the existenceof the symmetrizediime delay for symmetricstarshaped
regionswith C2-boundaryandshaw thatthe symmetrizedime delayandthe usualtime
delayareequalif the setsY.,. arespherical.



Let ¥ be a boundedopensetcontainingd andlet V' be a real C2-potentialwith
compacisupportA scatteringtrajectoryfor Visamap® : R > ¢ — (z(t),p(t)) € R*?
solutionof z(t) = p(t), p(t) = —VV(z(t)) satisfying|x(t)] — oo ast — +oo and
E = 3p*(t) + V(x(t)) > 0. SinceV hascompactsupportthereexist timest_ < ¢,
positionsz, andmomentap.. with [p.| = v2F suchthat

x(t)=xg + (t—teo)ps if £t > +ty.

Thustheincomingandoutgoingfreetrajectoriesd . associatetb thescatteringrajectory
® aregivenby

ri(t) =z4+ (¢t —te)pe, px(t) :=ps.
Foreachr € R\ {0} we definethecharacteristidunction

xr(z) =g (r~tz), zeRY,

andfor eachsuitabletrajectory¥ : R > ¢t — (y(t),v(t)) € R2¢ we set

+oo
7,0) = [ den(olo)
Thenthesojourntimein X, of thescatteringrajectory® is 7;.(®) andthe sojourntimes
in ,. of theincomingandoutgoingfreetrajectoriesb .. areT,.(®4 ). Theusualtime delay
of thescatteringprocesdor ¥, is definedas

(D) := T(D) — T(D_).

T

It is known [12, Sec.2] thatlim, ., 7.*(®) exists only if ¥ is spherical.In this case
7in(®) corvergesto the classicalanaloguer<!(®) of the Eisenlud-Wigner time delay
[11].

Onecanalsodefinethe symmetrizedimedelay.
7(@) 1= To(®) — 5 [T(04) + To(@)].
Remark 3.1. Considerthe mappingf (of full timereversa) f : & — &V, where d™V .

t — (xz(-t),—p(—t)), andset

TOU(D) 1= (Ti“ o f)(®).

SinceT,. (') = T,.(®) andT,.((®*V)_) = T,.(P ), wehave

7(®) = § [h(®) + (@)
Thusr, is the meanvalue of the usualtime delay 7* and of the time delay 7°u* corre-
spondingto thetime reversedscatteringprocesslin particular 7. is invariant underfull
timereversal, namelyonehasr,. o f = 7,. sincef is aninvolution.



The following assumptionconcernsthe potential V. Givenw € S, S(w) C
S4-1 standgfor the setof all outgoingdirectionsof scatteringrajectorieswith incoming
directionw.

Assumption3.2. For all w € S¢71, S(w) containsa neighborhoodf w.

We believe that Assumption3.2 shouldbe satisfiedby typical nonzeropotentials.
A possibleway to prove it would beto shav thatat high enegiesthe differentialof the
outgoingdirectionwith respecto theincomingimpactparameteis nonzero.

Theorem3.3. (a) AssumeéhatV satisfiesAssumptior8.2. Thenlim,._, . 7,- existsand
is finite for all scatteringtrajectoriesonlyif > satisfiesAssumptior®.1.

(b) If ¥ is symmetricandstarshapedwith a C?-boundarythenlim,_, . 7 existsand
is finite for all scatteringtrajectories.

(c) If X is sphericalthenlim,._, o [7,.(®) — 7i%(®)] = 0.

Proof. (a) A directcalculationgives

T, (D) \/ﬁ /0 dt xr(v—+tw_ )Jr/tt+ thr(Z(t))+\/%—E/O+OO dt xr (T4 +twy)
and
T, (®y) = \/_/ dt xr (24 + twy),
wherewy = py/|p+], [px| = V2E. It follows that
ty 1
7(®) = /t, de x,(z(t)) + B I(zy,we,r) —I(x_,w_,7)], (3.6)

where N
I(z,w,r) = / dt sgn(t)x,(z + tw), xR weS

— 00
Thefirsttermin ther.h.s.of Equation(3.6)tendsto ¢, —¢_, soit is sufficientto consider
theconvergenceof theseconderm.Sincel (z, w,r) = r1(r~tz,w, 1) andlim, o I (z,w, 1) =
I(0,w, 1), we get

I(z,w,r) =7I(0,w,1) + o(r),
and
Hay,wi,r) —I(z—,w_,r) =7 [I(0,ws,1) — I(0,w_, 1)] + o(r).

Thuslim,_,« 7-(®) existsonly if
I(0,wy, 1) =1(0,w_,1).

Varyingthe scatteringrajectorykeepingw_ fixed,we deducerom Assumption3.2 that
1(0, -, 1) is locally constanbn S¢~1, andthusconstanby conneity. Sincel(0, -,1) is



an odd function we getthe equality 7(0, -, 1) = 0, which is equivalentto Assumption
2.1.

(b) Supposethat ¥ is symmetricstarshapedwith a C%-boundary andlet /s, :
S?=1 — (0, 0) bethefunctionassociatedo ¥ asin Section2. We extend /s, to R? by
homogeneityGivenz € R¢ orthogonalto w € S?~1, we denoteby s+ = s+ (r~lz,w)
theentrancaandexit timesof thefreetrajectoryt — (r~1z + tw,w) in ¥ (s existif ris
largeenough) Sincels, (w) = s (—w), thetimess. satisfysy (0,w) = £¢x(w) andare
solutionsof theequations

sy ==x (le(r 'z +siw)? — r_2:52)1/2 :

Doing a Taylor expansiomaroundr—! = 0, we get
se(rla,w) = Hs(w) £ s (w) te - (Vi) (£w) + O(r~2). (3.7)
Thus,for eachz € R, w € S~ 1 andzt =z — (z - w)w, we get
I et w, 1) = sy (r et w) +s_(rlat,w) =00 h).
Thisimpliesthat
+o0

I(z,w,r) =rI(rtz,w,1) = r/ dt sgn (t —r !z - w)) In(r ot + tw)

= rl(;_la:L,w, 1)+ 0(1)
= 0(1),

andthe existenceof lim, ., -, 7,-(®) follows from Equation(3.6).
(c) If X is sphericalthenEquation(3.7) gives

T, (®x) = \/% +0(r ).

Thisimpliesthatlim, . [7.(®) — 7*(®)] = 0. O

T

4 Symmetrizedtime delayin quantum scattering

4.1 Sojourn times

In this sectionwe gathersomepropertieof the (quantum)sojourntimesassociatedo the
freeHamiltonianH, = —1 A andthefull HamitonianH in H = L?(R%). We first recall
somedefinitions.

¥ is a boundedopensetin R¢ containing0, andy, = {rz | = € ¥}. We write
1y, (-) for thespectraimeasuref H, and@ for the (vector)positionoperatorin . We
set(:) := /14| - |2, andwe alwaysassumehat:



Assumption4.1. Thewaveopemtors W+ existandare completeTheprojectionsy.,.(Q)
arelocally H-smoothon |0, +oo[\opp (H).

For latterusewe introducethe following definition:
Definition 4.2. Lets > 0, then
Ds = {p € D{Q)’) | 1, (J)p = ¢ for somecompactset.J in |0, +oo[\opp(H)} .

Itis clearthatD, is densen H andthatD;, C Dy, if s1 > s,.
Forr > 0 andanappropriatescatteringstateyp € H, we definethefreesojourntime

0 oo it H 2
1%0)i= [t (@e g
andthefull sojourntime
+o00 GH 9
T () ::/ dt |xr (@) e Wg|"

Dueto Assumptiord.1,oneshows easilythatthesetimesarefinite if o € Dy. Thetime
delayof the scatteringorocesswith incomingstatep € D, for ¥, is thendefinedas

M) = Tr(p) — T().

SinceSDy C Dy onecanalsodefinethe symmetrizetimedelayof thescatteringprocess
with incomingstatey € Dy:

() = To(p) — 3 [T7 () + T7(S9)] -
Finally we definefor eachr > 0 theauxiliary sojourntime 77°¢ () (see[14, Sec.2.1])

0
() o= %/ dt ([[xr(Q) e o of|* — [Ix(Q) e "o S¢|?) (4.8)

o0 : ~
+ %/O dt (|Ix-(Q) e Spl* — [[x (Q) e %) ,

whichis alsofinite if p € Dy.

Lemma 4.3. Supposehat Assumptiort.1 holdsandlet ¢ € Dy besud that
|(W™ = D) e o || € L'(R_,dt) (4.9)

and .
(W —1)e o Sp|| € L' (R4, dt). (4.10)

Then

lim [7() — 77 (p)] = 0.

T—00



Proof. Fort € R, set
fo@) = |leT™ W p—eoy| and fi(t) = | Wt —e oSy
We know from Hypothese¢4.9)and(4.10)that /1 € L'(R.). Usingtheinequality
[l = ol1?] < llu = vll(lull + [0, u,v e, (4.11)
we obtaintheestimates

[Ixr (@) e W™ 0|2 — [Ixr(Q) e 7 2] < 2f- (1)l
(@) e W ol|* — x (@) ™0 S| < 2f1. (1) oll.

Sinces-lim,_ 1+ x(Q) = 1, thenthe scalarson thel.h.s.above corvergeto 0 asr —
~+00. Thustheclaimfollows from (4.8) andLebesgues dominatectorvergenceheorem.

O
4.2 Time reversal

We now collectsomeelementaryemarksrelatedto time reversalfor the (complete)scat-
teringsystem{ Hy, H }.
Time reversalis implementedy theantiunitaryinvolution

H>p— .
TheHamiltonianH is invariantundertime reversalif
Hp=Hg, ¢€D(H).
In sucha caseonehastheidentitiese ~i* i = eitH o, W+ = W¥y and
Sp=5"1p (4.12)
for eachy € H. Considerthebijection
f:H—H, ¢~ Sp,

which we call full timereversal. The mapf correspondso time reversalfor thefull scat-
tering processi.e. it interchangepastandfuturescatteringlataandreverseghedirection
of time. Furthermoreoneseesasilyfrom (4.12)thatf is anantiunitaryinvolution.

In orderto give a rigourousinterpretationof full time reversalwe introducethe
spacef of scatteringtrajectories i.e. the spaceof continuousmaps

Rotw— o(t) € H,
suchthat

i(0:®)(t) = HP®(t) Vt € R (intheweaksense) and w-lim;_, 1., ®(¢) = 0.



Thespacef is invariantundertheinvolution

R:E—E&, (RD)(t) :=D(—1).
Onecanassociatéo atrajectory® € £ avectory := T'(®) € H definedby theconstraint
s-limy o (@() —e o) = 0.

Dueto thecompletenessf thewave operatorsve know thatT" : £ — 'H is bijective,and
we have
f(p) = (TRT ") (p), ¢€H. (4.13)

Equation(4.13)providesarigourousmeaningo full time reversalasamapinterchanging
pastandfuture scatteringdataandreversingthe directionof time.

Lemma4.4. Assumehat H is invariantundertimereversal, andset
() = (" o ) ().
Thenonehastheequalities
T(p) =5 ["(9) + 7 (@)]  and 7(@) = (1 0 f)(p). (4.14)

Thus,(p) is the meanvalue of the usualtime delay 7" () andof the time de-
lay 72"*(¢) correspondingo the time reversedscatteringprocesslin particularr, () is
invariantunderfull time reversal.

Proof. SinceH, is invariantundertime reversal,onegets
T () = T; ().

Thistogethemwith time reversalinvarianceof H yields
T,(Se) = Tr ().

Thus
" (0) = " (Sp) = T (Sp) + T)(S¢) = T () + T, (S¢),

whichimpliesthefirst identity in (4.14) The seconddentity follows from thefactthat f
is aninvolution. O

4.3 Time delay

In the presentsectionwe shall give the proof of the existenceof the symmetrizedime
delay We first fix somenotation.If A, B aretwo symmetricoperatorsthenwe setfor
eachp € D(A) N D(B):

(¢, [A, Blp) := (Ap, Bo) — (By, Ap) .

10



If ¢ is a quadraticform with domainD(q), and .S is unitary, thenwe setfor eachp €
D(q) N S~'D(q):
(¢, 5%[q, STp) := a(S¢) — alp).

If A is an operatorwith domainD(A) and S is unitary, then we definethe operator
S*[A, S] with domainD(A) N S~!D(A) by

S*[A, S] == S*AS — A.

We alsorecallthatthe function G, wasintroducedin Section2 andthatD, ¢ D(Q?) N
D(Gx(P)). Thereforethe quadratidform i[Q?, G (P)] is well definedon Ds.
The proof of the next propositioncanbefoundin theappendix.

Proposition 4.5. Let >} satisfyAssumptior?.1. Supposehat Assumptiort.1is verified.
Thenwe havefor all ¢ € D, theequality

+oo 2 : 2 : 2 : 2
Thj){.lo/ dt (507 (eltP /2 X’I”(Q) e itP /2 _ e~ itP /2 X’I“(Q) eltP /2 )90)
0

= — (¢.i[Q%, Gx(P)]g) . (4.15)

We are now in a positionto give the proof of our main theorem.It involvesthe
operator

A= 3($2 Q+Q ),
whichis well-definedandsymmetricon D; .

Theorem4.6. LetY. satisfyAssumptior2.1. Supposehat Assumptior.1is verified.Let
¢ € Dy satisfy(4.9), (4.10)and Sy € D,. Thenthelimit 7s(¢) = lim, ., 7:-(p) exists,
andonehas

ms(p) = —5 (¢, S* [i[QQ,Gz(%)LS]‘P) — (i, S*[Ao, STp) . (4.16)

The quadraticform i[Q?, Gg(%)] andthe operatorA, arewell definedon D,, so
all thecommutatorsn theabove formulaarewell definedsincep, S € D-.

Proof. Theexpression(4.8)for 77°¢() canberewritten as
rhee(p) = —1 /(:OO at (i, (eitP2/2 Q) e 2 P2 () 6P/ ) )
+3 / T (S, (2 Q) — e 2 (@) P2 )
0
Applying Propositiord.5,we get
lim7%(p) = 1 (,1[Q%, G (P)lp) — & (Sp.1[Q%, G (P)]Se)
= —3 (», 5" [iQ% G=(P)],S] ) -

11



By Lemma2.2.(b),we have G (P) = Gy (\_11;) — In |P|, andwe know from [2, Sec.2]
that _
%[QQ, —1In |P|] = A(),

asquadratidormson Ds. Thisyields
lim,— oo 777 (0) = =3 (¢, S°[i[Q% G (1) ], S]0) = (0, 57[Ao, S0 -
We concludeby usingLemma4.3. O

Remark 4.7. Thesecondermin Formula(4.16) coincideswith the usualvalueof time
delay; it is equalto thelimit (for X spherical)of 71*(¢) asr — +oo (see[2, Prop. 1]).
Thefirsttermis a new contribution to time delaydetermineddy the shapeof the setX.. If
3} is spherical this contribution vanisheglueto Remark?2.3.(b),andthenonegets(under
thehypothesesf Theoem4.6) the equality

lim 7,.(p) = lim 7%(p).

T—00 T—00

Remark 4.8. Under the hypothese®f Theoem 4.6, the two following facts are true
whene&er X is an openboundedsetcontainingtheorigin (se€[12, Sec.3]):

(a) Theequalitylim, . [7,(¢) — 7°¢(¢)] = 0 holds.
(b) Thedifference

+oo
/ dt (S% [eitP2 Xr(Q) e—itP2 - e—itP2 Xr(Q) emﬂ, S} <p)
0

- 7“/0+oo du (Sgo, [|H0|_1/2 (]lg; (u%) —1s (- u‘—ﬁl)) ,S} go)
remainsboundedasr — oo.
Theintegrandin the secondermin (b) canbewritten as
(S, [Ho| ™2 [M(P), 5] ),
whele oo
M@ = ol [ dultsu) = Is(-po)]. @€ R

Thecombinationof facts(a) and (b) showsthat 7. (¢) canhavea limit for ¢ in a dense
set€ C H onlyif

(Se, [Ho| 72 [M(P),S] @) =0, Vpe&,

which impliesthat [M (P), S] = 0. Theefore, if the scatteringopefator S hasno other
symmetrythan[S, P%] = 0, onehasM (P) = F(P?) for somefunctionF, andit follows
that M/ = 0 sinceM (x) = —M (—=x). In consequence, () canhavea limit for ¢ in a
denseset€ onlyif ¥ satisfiesAssumptior. 1.

12



Remark 4.9. Onecouldalsoconsidertime delayfor setsX,. translatedby a vectora €
R?. Obviouslythis is equivalentto determiningthe time delay (4.16) whenthe origin of
thespatial coominatesystenis translatedo the point a. In this caseonehas

= pa = e,
S Sq = etfragemite
and 7y (¢) becomes
78(0) = — 3 (pa, Si[I[Q% Gx (thy)], Sa] 0a) = (4 SilAos Salea)
Usingtheformulas
T [Q2 Gu(g) | €7 = [Q Gu()] — 20 [Q, G (7)),
e P fgelt = Ay —a- 5,

onegets

m8(p) = 12(p) +a- (v, 87 [i[Q, G (1p7)]. S]w) +a- (0,5 (£, Sl) . (4.17)
Dueto its very definitiontime delay givenby Formula (4.17) is clearly covariant under

spatialtranslations.

4.4 Stationary formulas

In the sequele derive stationaryformulasfor the symmetrizedime delayin the caseof
scatteringpy a short-rangegbotential.We referto [5] for thetreatmenbf thisissuein the
caseof theusualtime delay

Supposehat X satisfy Assumption2.1. Thenwe know from Remark2.3.(c)that
thereexistsa symmetricstarshapedsety suchthat

() = 15(%),

for ¢ satisfyingthe hypothese®f Theorem4.6. Thuswith no lossof generalitywe may
assumehat X is symmetricand starshapedWe also assumehat the boundaryd?: of
¥ is a C? hypersuréice,sothatthe functions/s, andGy, (seeFormulas(2.3) and(2.4))
associatedo X areC?. In suchacaseonehas

5[@% G ()] = ~3[@ - VG () + VG (1)) - Q) = By,

as quadraticforms on Dy (notethat By, is a well-definedsymmetricoperatoron Dy).
Thuswe canrewrite 75 (y) as

ms(p) = — (@, 8*[Bs, S]p) — (¢, S*[Ao, Sle) . (4.18)

13



Let# : L*(RY) — fﬂi d\ L2(S?-1) bethespectratransformatiorfor Hy, i.e. theunitary
mappingdefinedby

(% o)A w) = 204 F o) (V2hw),

where.# denoteghe Fouriertransform.Onehas

U HyW = /

Ry

where {S(A\)}x>0 C B(L*(S?')) is the scatteringmatrix for the pair {H,, H}. For
shortnessve shallsetp()\) := (Tp)(), ) € L2(S41).

If theinteractionV := H — H, is apotentialthatdecay<asterthan|z| =2 atinfinity,
thenthereexistsadensesetE C H suchthatthe hypothesesf Theoremd.6 aresatisfied
for ary ¢ € £ (a precisedefinition of V and & canbe foundin [3, Prop.3], seealso
[7, 8] for relatedresults).Furthermorethe function A — S()) is strongly continuously
differentiableon £, andthe secondermin (4.18)is equalto the Eisenlud-Wignertime
delayfor ary ¢ € &:

~ (087 [Aas o) = i [ A (000, SO0 (252) ), = (o).

D 57
dAX and %5%4:/ dAS(N),

R

Let usnow considetthefirst termin (4.18) Sincethefunctionz — Gg(il) is homoge-

|z
neousof degree0, onehas
xZ - (VGz)(li—l) = 0,

namelythe vectorfield (VGE)(laffl) is orthogonalto the radial direction.In facta direct
calculationshows that

57
%BE%_I = / d)\)\_lbz(w;aw)7
R+

wherebs (w, d,,) is a symmetricfirst order differential operatoron S¢=1 with C! co-
efficients. Thereforethe operator Bs% ~' is essentiallyselfadjointon % D;, andits
closureis decomposabla the spectrarepresentationf Hy, i.e.

- _ @
?/Bz%*l = ?/BE%_l E/ d)\Bz(A)

R4

Thisyieldsthe equality
+oo
(e) = - / X (), S* () [Bs V), SO s @)

_ 1/;00 dA (sD(A)aS(A)* (di&A)) SD(A)) L2(sa-1) |

In consequencthetime delay(4.18)is thesumof two contribtutions,eachof thesebeing
the expectatiorvalueof anoperatordecomposablan the spectrakepresentatioof Hy.
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Appendix
Proof of Proposition4.5. (i) Forary F' € L°(R?) ands € R onehas
T FQ) e = F(Q + sP),
e715Q%/2 p(P) sQ7/2 = F(P 4+ 5Q), (4.19)
whichimply theidentity
2 Q) e 2 = 7 [ F(tP) Zy i, (4.20)

wheret € R* andZ, := ¢i7?"/2, Formula(4.20)andthe changeof variablesy = 1,
v = r~1, leadto theequalities

+oo
/ dt ((p, (eitP2/2 v (Q) e—itP?/2 _ o—itP?/2 v (Q) oitP?/2 )(p)
0
+o00 d,LL
= ) — (s (watXu(P)Zuu - Zqufu(P)Zﬂ/u) ©).

Vi

Onehasalso

+o0 oo
/0 i_g [ (P) = X=u(P)] :/0 ds [x(sP) = x(=sP)] =0

dueto Assumption2.1.Hencethel.h.sof (4.15)canbewritten as
+oo
Koo(p) := lim dp K, (@), (4.21)
N0 Jo

where

Ko ulp) = ﬁ (@, [Z—vuxu(P) Zup — xu(P)] ©)
- y_;lﬁ (¢, [ZV;LXfu(P)Z*wL - X*#(P” ®)-
(i) To prove the statementwe shall shov that one may interchangethe limit andthe
integralin (4.21) by invoking Lebesgues dominatedcorvergencetheorem.This will be

donein (iii) below. If oneassumeshatthis interchangas justifiedfor the moment,then
directcalculationggive

+o0 d
- 5 174
Koo () /0 dp - Ko ()

v=0
+oo d,LL

[ TR i@l @B ). @2

15



Dueto Lemma2.2.(a)we have

+oo
A % (0,1Q% xu(P)]e)

+oo

o de o2 - 2
=lm [ [(@%¢. xu(P)e) — (Xu(P)p, Q%)]

= lim [(Q%, () G xu(P) + ) = (77 xu(P) + Ine)p, Q%))
= (¢, [Q* Rx(P)]) .
Thistogethemwith (4.22)leadto thedesiredequality thatis
Koo(p) = =1 (0,1[Q% Rs(P) + Rs(—P)lp) = — (4,i[Q? Gs(P)p) .

(iii) To apply Lebesgues dominatedcornvergencetheoremto (4.21) we needto
bound K, ,,() uniformly in v by a functionin L' (R, du). We do this separatelyfor
w < 1andfor p > 1.

We begin with thecaseu < 1. Write K, ,,(¢) as

Kwt(‘P) = FV,;L(SO) - Fw—u(‘P):
where

Fuu(@) = 57 [(Zopp, Xu(P) Zup) = (0, Xu(P) )]
= 2 ((Z220) 0, xu(P) Zupp) + 2 (xu(P)ep, (222 )p).

Dueto the spectratheoremwe have

1(Z5=2) ¢l < Const. | (@) ¢ (4.23)
Let0 < £ < % then|P|~* <Q>_2 is bounded(after conjugationby a Fouriertransform
this follows from thefactthat|Q|~* is P?-bounded1, Prop.2.28]).SinceY. is bounded,
we have

| LE 0 (€)] < Const.

Therefore
1 (Pl = w1 |l P xsn (P)IPIHQ)2(Q) o
< Const. //_IH Q)? ||, (4.24)
and ,
pt X+ (P)Zsvpep| < Const. /_/_1H (@) ng (4.25)

From(4.23) (4.24)and(4.25)we gettheestimates

|Fy i (i9)] < Comst. 1| (Q)% ||
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Thuswe have )
— 2
| Ky ()| < Const. p 1| (Q) |, (4.26)

whichshavsthat K, ,(¢) is boundeduniformly in v by afunctionin L*([0, 1], du).
We considemow the casep > 1. Sincep = 1;(Hy)p for somecompactset ./,
thereexists yp > 0 suchthat

(@ Xu(P)p) = (0, x—u(P)p) = (p,0), Vi > po.
Hencefor p > g, we have
|KV,M(<)0)| = y_;lﬁ |(SO7Z7V,U.X,U‘(P)ZV,U.SD) - (907ZV,LLX7,U.(P)Zfl/,u.SD)|
= oz [(Ixu(P)Zowo|* = 1 Zuwel?) = (IX=u(P)Z-poll* = | Z-vl?) |
< 52l N (xu(P) = DZuuel + [1(x=u(P) = DZ_spell], (4.27)

wherewe have used(4.11)in the last step.To boundther.h.s.of (4.27)we will usethe
following identity, which is aneasyconsequencef (4.19)

[F(P+5Q) — F(P)) o=} / "dr AVE)P 4 Q) - Q — i(AF)(P +7Q)] ¢,

whereF is ary boundedunctionin C>(R%) with boundederivatives. (4.29)
Let " € C°°(R?) with F* = 1 nearinfinity, F' = 0 near0 besuchthat
FQ)[x(@Q) -1 =x(Q)—1
Thenwe have
Ibceu(P) ~ Wzl < |F(5E) Zuwisl| = [F(EE +0Q)¢]| - 429

dueto (4.19) From(4.29)andthefactthat
+P —
F(T)w_oa VMZ/J’Oa

we getfor u > pg

Ko@) < S2allol {I[F(Z +9Q) — F(E) ol + I[F(52 +v@Q) - F(52)] ]}

Moreoveronehas

[F(£2 +0Q) - F(£2)]p = %/O”dr[z(vp)(ﬂ;—P +7Q) - Q- iI(AF)(E2 +7Q)]p

dueto (4.28) Thereforewe havefor pu > g

Ko u(i0)] < Comst. =2 (@) ] *. (4.30)

Thecombinatiorof (4.26)and(4.30)shavsthat K, ,(¢) is boundeduniformly in v by a
functionin L ([1, +ool, dp). O
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