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1 Introduction

The purpose of this note is to correct an error in our paper [1] on the existence of ground states
for massless Pauli-Fierz Hamiltonians. We will use the notation of [1]. The key point of [1] was
the following lemma [1, Lemma IV.5]:

Lemma 1.1 Let F € C§°(IR) be a cutoff function with 0 < F < 1, F(s) = 1 for |s| < 3,
F(s) =0 for|s| > 1. Let Fr(z) = F(l%‘) Then
(1.1) lim  (¢o,dD(1 — Fr)thy) = 0.

c—0,R—+o00

This lemma is correct under the hypotheses in [1] but its proof was not. We explain the error
in Sect. 2 and give the correct proof in Sect. 3.

2 The space L*(IR%; B(H))

Let H be a separable Hilbert space. The space F := L?*(IR%; B(H)) is the Banach space of
weakly measurable maps:
T:R%> ki T(k) € B(H),

such that:
1
Tl = ([ 1T g bt < oo.

Note that such a T can be considered as an element of B(H, L?(IR%,'H)) by:
(T)(k) == T(k)y, ¢ €N,

or equivalently:

(10, ) 2 e 30y = /]Rd (u(k), T(k)d)dk, e L*(R%,H), &€ H.



On L?*(R%; B(H)) we have the group U(s) of isometries defined by:
(U(s)T)(k) :== T(k — 5), a.e. k, for s € IR%,

so that:
(1, U(s)TW) 2 et gy = /]Rd(u(k), T(k — 8)ib)pdk.

Note that the function (k,s) — (u(k),T(k — s)1)3 is measurable and L' in k, so the function

— (u, U(s)T) 2 (a 3 is measurable and bounded.

Hence for F € C§°(IR?), one can define:
F(D)T = (27)~¢ / F(s)U(~s)Tds,
R

as a weak integral, and
IF(DR)T || < (2m) 9T /]Rd |[F'|(s)ds.

However the group U (s) is not strongly continuous on L*>(IR%; B(H)) (for the same reason that
the group of translations is not strongly continuous in L>(IR%)), so that if F(0) = 1, it is not
true that for an arbitrary element T € L?(IR%; B(H)) one has:

(2.2) |T — F(R™'Dy)T||# — 0 when R — oc.

We are indebted to I. Sasaki for this remark.
In the proof of Lemma IV.5, we considered the function:

T:RYsk—T(k)=(E—-H—wk) ‘v(k) e B(H)

which is in L?(R%; B(H)) by [1, Hyp. (12)]. We claimed that (2.2) holds for T'.
By the above discussion this does not follow from the fact that 7' € L?(IR%; B(H)).

3 Proof of Lemma 1.1

As explained above, property (2.2) for T'(k) = (E — H — w(k))~'v(k) does not follow from the
fact that T € L?(IR%; B(H)).

Going over the proof of [1, Lemma IV.5], we first see that instead of T'(k) we can consider
T(k) = T(k)(K + 1)_%. We will check by a direct computation that R 3 s — U(s)T € F is
strongly continuous. This is done in the next two lemmas. The corrected proof of [1, LemmalV.5]
is given at the end of this section.

Lemma 3.1 Let K be a separable Hilbert space and H := T'(L*(IR?,dk)) ® K. Let R? > k s
m(k) € B(K) be a weakly measurable map such that:

[ ) 2m(®) oo d < .

and let T € L*>(IR%; B(H)) be the map:
RY5 k— (E—H—wk)) "1 @ m(k).



Assume that for all 0 < C1 < Cs, one has:

(3.3) lim 15 + 1) (m(k — 5) — m(k)) ey dk = 0.
s—UJC1<[EILC,

Then:
i)RY > s U(s)T € L*(IR%; B(H)) is norm continuous.

i) If F € C§°(IR?) satisfies F(0) =1 and

Tr = (2m)7¢ » F(s)U(—R's)Tds,

we have:
|Tr — T||lx — 0 when R — co.

Proof. To simplfy notation, in the proof below we will simply write m(k) for the operator
1 ® m(k). This should not create confusion since it will be clear from the context if m(k) is
considered as an operator on I'(L?(IR%, dk)) ® K or on K.

Set for 0 < C1 < Oy, x>0y = Yyppj<cnys X< = Lp>cu)s

L= x>0 + X<y + X010

and Tec, (k) = X<, (K)T(K), T>c, (k) = x>0 (K)T(K),
T=Tcc, +T>c, + Rcy 0, -

Then:

[US)T =Tlr < |U(S)T<cr — T<crllz + 1U(8)T50y — Tocullz + [|U(s)Rey e — Ryl 7
< 2|Teeyllx + 20T ol 7 + IU(s)Rey o, — Rey ol 7
Since [ ||T'(k )HB(H dk < oo, we have:

(3.4) Jim [Tec,ll = Jim [ Tocy = 0.

Let us now fix 0 < Cy < (. We have:

U(S)Rcl,cz — Rey0, = (U(S>X01,C2 - XC1702)T + U(S)XC1,6'2 (U(S)T - T)a

and )
(3 5) ||(U(5)X01,Cg - Xcl,CQ)TH]-'
Jra Ixcr,ca (k= 8) = xey,0, (R)PIT(E) | B3 dk — 0 when s — 0,

by dominated convergence. Now:
1T (s)xcrco(UES)T = D% = fraXey,c,(k = )Tk = 5) = T (k)| By dk

(3.6)
< Joy joepriac IT(k = 8) = T(R) |30,k



if |s| < C1/4. Next we have:
T(k—s)—T(k) = (E—H —w(k))" (m(k - s) —m(k))
HE = H = w(k) (B — H —w(k — )" 'm(k — s)(w(k — 5) — w(k)),
1T (k = 5) = T(k) | g
< (B —H—w(k) MK + 12| pagll (K +1)72 (m(k — 5) — m(k) | )
o (B = H — w(k) " (K +1)2 5o | (K + 1) 2m(k — )|l 5o ls|
< Copoll (K +1)72 (m(k — s) — m(k))l| sy + Covcols|| (K +1)72m(k — 5)|| pc).

uniformly for C1/2 < |k| < 2C3 and |s| < C} /4.
By (3.3), we obtain:

3.7 lim T(k — s) — T(k)||%ndk = 0.
(3.7) S e < iri<acs 17°( ) (W)

To prove i) we first fix C; < 1 and Cy > 1 and then let s — 0 using (3.5) and (3.7).
Statement i) follows from i), using:

1Tk = TlF < (27T)_d/Iﬁ\(S)IIU(—R_IS)T—THde‘ o

Lemma 3.2 Let R? 5 k — m(k) € B(K) be a weakly measurable map such that for all 0 <
C1 < Cy one has:

m(k)| % e dk < 0.
/C oo, I

Let R > 0 be a compact selfadjoint operator on IC. Then for all 0 < Cy < Cy one has:

lim [R(m(k — s) — m(k))||Bc)dk = 0.
5—0 /01 <|k|<Cso

Proof. Let us fix 0 < C1 < Cp and let x = e, jo<p<acny, M(k) == x(k)m(k). We have:
m(k —s) —m(k) = x(k — s)(m(k — s) —m(k)) + (x(k — 5) — x(k))m(k).
If Cy < |k| < Cy and |s| < C1/2, we have C1/2 < |k — s| < 2C, and hence:
|R(m(k — s) —m(k))]|
(3.8) = |Ix(k = s)R(m(k — s) = m(k))|
IRk — s) — (k)| + [x(k — s) = x(k)[[| Rm(K)]].

IN

By dominated convergence we have:

lim Ix(k = s) = x(k)|*| Rm(k)||*dk = 0,
50/ <|k|<Cy



so using (3.8) it suffices to prove:
(3.9) tim [ 1RO (k = 5) — (k)] By dk = 0.

Since k — m(k) is weakly measurable, so is k — m*(k). So we can consider the map M €
B(K, L*(IR%; K)) defined by:

(M) (k) == m"(k)y, ¢ €K,

and

1002 = [l Ryl < 01 [ 10 ey d
The group U (s) of translations on L2(IR%; K) defined by:
U(s)u(k) == u(k —s), ue L*(IR%K)

is strongly continuous. Hence for each v € IC, we have:

(3.10) lng U () M — My|[* = lim [ 62" (k= ) = " ()} dk = 0.
Let us fix € > 0. Since R is compact, we can write:
N
R=> Aei){eil + Re,
i=1

where \; > 0, {e;}ie is an o.n. basis of K and || R¢| px) < e. This yields:

[R(m(k = s) — (k)| Be)
< X Al (k= s) = m*(k))eillc + | Rell gy (I7lk = )| By + I7(E) | px))-

Fixing first € > 0 and letting then s — 0 using (3.10) we obtain (3.9). This completes the proof
of the lemma. O

Proof of Lemma 1.1 Recall that if B is a bounded operator on h with distribution kernel
b(k, k"), we have
(u,dT'(B // (k, k) ca(k'u)dkdk, u € D(N?).

Using this identity, we obtain

| Dy|

(%o, dU(1 = Fr)vo) = (a(-)¢s, (1 = F(=57))a()%0) 2 (e arsp)-

By [1, Prop. IV.4], we have:
a( Yo = (B — H = w(-))""v()¢s + o(c”) in L*(IR%; H),

hence:

!Dkl

(B~ H = w() o) +0l0”),

(o, dL(1 = FR)tbs) = (B — H — w(-)) "' o()¢e, (1 —



uniformly in R. This yields:
(Yo, dT'(1 = Fr)o)
< (B-H- W(')>71“(')||L2(]Rd7B(H))><
10— FOBED) (B — H — w ()™ 0() (K + 1) 2| o ga gy X K + 12012 + ().
By [1, Lemma IV.1], we have:
(K +1)240 I < (4, Hoths)? < C, uniformly in o > 0,

hence:

(o, AT (1~ Firiy) < €11~ PO 5 — 1 00) 00 (6 4 1) o g+ 00°),

uniformly in o, R. )
We apply now Lemma 3.1 to m(k) = v(k)(K + 1)~ 2, checking its hypotheses: first by [1,
Hyp. (I1)], the map k — m(k) € B(K) is weakly measurable, and by [1, Hyp. (I3)], we have

[ w2 lm@)lBecdk < oc.

Moreover again by [1, Hyp. (I1)], we have:

/ Im(k) B0 dk < 00, Y0 < Cy < Co.
C1<[k|<C2

By [1, Hyp. (HO)], we can hence apply Lemma 3.2 to m(k) for R = (K + 1)*%. It follows
from Lemma 3.2 that hypothesis (3.3) of Lemma 3.1 is satisfied. Applying then Lemma 3.1, we
obtain that:

dim |1 - F(‘D};'))(E —H—w() (K +1)72 22w, B(rey) = 05

which completes the proof of Lemma 1.1. O
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