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Abstract

We advocatefor thesystematicuseof a symmetrizeddefinitionof time delayin
scatteringtheory. In two-bodyscatteringprocesses,we show that the symmetrized
time delayexists for arbitrarydilatedspatialregionssymmetricwith respectto the
origin. It is equalto theusualtime delayplusa new contribution, which vanishesin
thecaseof sphericalspatialregions.We alsoprove that thesymmetrizedtime delay
is invariant underan appropriatemappingof time reversal.Theseresultsare also
discussedin thecontext of classicalscatteringtheory.

1 Intr oduction

This paperis devotedto the definition of timedelay(in termsof sojourntimes)in two-
bodyscatteringtheory. Its purposeis to advocatefor theuseof a symmetrizeddefinition
of timedelay. Our mainargumentssupportingthispoint of view arethefollowing:

(A) In two-bodyscatteringprocesses,symmetrizedtime delaydoesexist for arbitrary
dilatedspatialregionssymmetricwith respectto theorigin (usualtime delaydoes
exist only for sphericalspatialregions[12]). It is equalto theusualtimedelayplus
a new contribution,whichvanishesin thecaseof sphericalspatialregions.

(B) Symmetrizedtimedelayis invariantunderanappropriatemappingof timereversal.
Usualtimedelayis not.

(C) Symmetrizedtimedelaygeneralizestomultichannel-typescatteringprocesses.Usual
time delaydoesnot.

Let usrecall theusualdefinitionof time delayfor a two-bodyscatteringprocessin
Rd, d ≥ 1. Considera boundedopensetΣ in Rd containingthe origin andthe dilated
spatialregionsΣr := {rx | x ∈ Σ}, r > 0. Let H0 := − 1

2∆ be the kinetic energy
operatorin H := L2(Rd) andlet H beaselfadjointperturbationof H0 suchthatthewave
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operatorsW± := s-limt→±∞ eitH e−itH0 exist andarecomplete(so that thescattering
operatorS := (W+)∗W− is unitary).Thenonedefinesfor somestatesϕ ∈ H andr > 0
two sojourntimes,namely:

T 0
r (ϕ) :=

∫ ∞

−∞
dt

∫
x∈Σr

ddx
∣∣(e−itH0 ϕ)(x)

∣∣2
and

Tr(ϕ) :=
∫ ∞

−∞
dt

∫
x∈Σr

ddx
∣∣(e−itH W−ϕ)(x)

∣∣2 .

If thestateϕ is normalizedthefirst numberis interpretedasthetime spentby thefreely
evolving statee−itH0 ϕ insidethesetΣr, whereasthesecondoneis interpretedasthetime
spentby theassociatedscatteringstatee−itH W−ϕ within thesameregion. The(usual)
timedelayof thescatteringprocesswith incomingstateϕ for Σr is definedas

τ in
r (ϕ) := Tr(ϕ)− T 0

r (ϕ). (1.1)

For a suitableinitial stateϕ, a sufficiently short-rangedinteractionandΣ spherical, the
limit of τ in

r (ϕ) asr →∞ existsandis equalto theexpectationvaluein thestateϕ of the
Eisenbud-Wignertime delayoperator[2, 3].

However it is shown in [12] thatthis limit doesnotexist if Σ is not spherical.There
areothersituationswheretheusualdefinitionof timedelayis inappropriate.Examplesare
multichannel-typescatteringprocessessuchasN -bodyscattering[13, 6, 10], scattering
with dissipative interactions[9], steppotentialscattering[4] and scatteringin waveg-
uides [14]. In suchcasestime delay of the form (1.1) doesnot admit a limit due to
the “non conservation” of the kinetic energy. Thereforeone hasto modify the defini-
tion (1.1) by replacingthe free sojourntime T 0

r (ϕ) with the symmetrizedfree sojourn
time 1

2

[
T 0

r (ϕ) + T 0
r (Sϕ)

]
(seee.g. [10, Sec.V.(a)] or [14, Sec.1]). Theassociatedsym-

metrizedtimedelayfor Σr takestheform:

τr(ϕ) := Tr(ϕ) − 1
2

[
T 0

r (ϕ) + T 0
r (Sϕ)

]
. (1.2)

Our purposein this paperis to show that the limit of τr(ϕ) asr → ∞ exists if Σ
is an arbitraryregion symmetricw.r.t. the origin andto derive an appropriatestationary
formulafor it.

Let us finally give a moreprecisedescriptionof this paper. In section2 we intro-
ducea naturalconditionon the setΣ (seeAssumption2.1) underwhich the existence
of symmetrizedtime delaywill beproved.We alsogive someauxilliary resultson aver-
agedcharacteristicfunctions.Section3 is devotedto symmetrizedtime delayin classical
scattering;its existenceunderAssumption2.1 and its invarianceunderan appropriate
mappingof time reversalis shown. In Section4 we prove the sameresultsin quantum
scatteringandwederivea stationaryformulafor thesymmetrizedtime delay.

2



2 Averagedcharacteristic functions

Let Σ be a boundedopenset in Rd containing0. For eachr > 0 we setΣr := {rx |
x ∈ Σ}. We shallsimply saythatΣ is star-shaped(resp.symmetric) wheneverΣ is star-
shaped(resp.symmetric)with respectto 0. Clearly Σ is star-shapediff Σr1 ⊂ Σr2 for
0 < r1 ≤ r2. Moreoverto eachopenstar-shapedsetΣ wecanassociateastrictly positive
continuousfunction`Σ onSd−1 definedby

`Σ(ω) := sup{µ ≥ 0 | µω ∈ Σ}. (2.3)

Converselyto eachstrictly positive continuousfunction ` on Sd−1 onecanassociatea
uniqueopenstar-shapedsetΣ suchthat` = `Σ.

We shall alsoconsiderthe following classof spatialregionsΣ (1lΣ standsfor the
characteristicfunctionfor Σ):

Assumption2.1. Σ is a boundedopensetin Rd containing0 andsatisfyingthecondition∫ +∞

0

dµ [1lΣ(µx)− 1lΣ(−µx)] = 0, ∀x ∈ Rd.

If p ∈ Rd, thenthe number
∫ +∞
0 dt 1lΣ(tp) is the sojourntime in Σ of a free classical

particlemoving alongthetrajectoryt 7→ x(t) := tp, t ≥ 0. Clearly if Σ = −Σ (i.e. if Σ
is symmetric),thenΣ satisfiesAssumption2.1.Moreover if Σ is star-shapedandsatisfies
Assumption2.1,thenΣ = −Σ.

Lemma 2.2. LetΣ bea boundedopensetin Rd containing0. Then

(a) Thelimit

RΣ(x) := lim
ε↘0

( ∫ +∞

ε

dµ

µ
1lΣ(µx) + ln ε

)
existsfor each x ∈ Rd \ {0}.

(b) The(even)functionGΣ : Rd \ {0} → R givenby

GΣ(x) := 1
2 [RΣ(x) + RΣ(−x)]

satisfies
GΣ(x) = GΣ

(
x
|x|

)− ln |x|.

(c) If Σ is star-shaped,then

GΣ(ω) = 1
2 [ln(`Σ(ω)) + ln(`Σ(−ω))] (2.4)

for each ω ∈ Sd−1.
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Proof. Let x ∈ Rd \ {0}. Thenpoint (a) follows from theequalities

lim
ε↘0

(∫ +∞

ε

dµ

µ
1lΣ(µx) + ln ε

)
=

∫ +∞

1

dµ

µ
1lΣ(µx) + lim

ε↘0

∫ 1

ε

dµ

µ
[1lΣ(µx)− 1]

=
∫ +∞

1

dµ

µ
1lΣ(µx) +

∫ 1

0

dµ

µ
[1lΣ(µx) − 1] .

Furthermorewehave for λ > 0

RΣ(λx) = lim
ε↘0

( ∫ +∞

ε

dµ

µ
1lΣ(µλx) + ln ε

)
= lim

ε↘0

( ∫ +∞

λε

dµ

µ
1lΣ(µx) + ln(λε)− lnλ

)
= RΣ(x) − lnλ,

whichprovespoint (b). Finally point (c) follows from a directcomputation.

Wegivenow somepropertiesof thefunctionsRΣ andGΣ, whichfollow easilyfrom
Lemma2.2.

Remark 2.3. (a) Let us considerR∗+ :=]0, +∞[ endowedwith the multiplication as
a Lie groupwith Haar measure dµ

µ . ThenRΣ is the(renormalized)average of 1lΣ
with respectto theactionof R∗+ onRd.

(b) If Σ is equalto theunit openball B := {x ∈ Rd | |x| < 1}, thenwehave

GB(x) = − ln |x|, x ∈ Rd \ {0}. (2.5)

(c) To each setΣ onecanassociatea uniquesymmetricstar-shapedsetΣ̃ such that

GΣ = GΣ̃.

Indeedit sufficesto takethesymmetricstar-shapedsetΣ̃ definedbytheeven,strictly
positive, continuousfunction` onSd−1 givenby `(ω) := exp(GΣ(ω)).

3 Symmetrizedtime delay in classicalscattering

In this sectionwe study the symmetrizedtime delay in classicalscatteringdefinedin
termsof sojourntimesin thesetsΣr. For simplicity we restrictourselvesto scatteringby
compactlysupportedpotentials.Underanaturalassumptiononthepotentialweshow that
Assumption2.1 is anecessaryconditionfor theexistenceof thesymmetrizedtimedelay.
We also prove the existenceof the symmetrizedtime delay for symmetricstar-shaped
regionswith C2-boundaryandshow that thesymmetrizedtime delayandtheusualtime
delayareequalif thesetsΣr arespherical.
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Let Σ be a boundedopensetcontaining0 and let V be a real C2-potentialwith
compactsupport.A scatteringtrajectoryfor V is a mapΦ : R 3 t 7→ (x(t), p(t)) ∈ R2d

solutionof ẋ(t) = p(t), ṗ(t) = −∇V (x(t)) satisfying|x(t)| → ∞ as t → ±∞ and
E := 1

2p2(t) + V (x(t)) > 0. SinceV hascompactsupportthereexist timest− ≤ t+,
positionsx±, andmomentap± with |p±| =

√
2E suchthat

x(t) = x± + (t− t±)p± if ± t ≥ ±t±.

ThustheincomingandoutgoingfreetrajectoriesΦ± associatedto thescatteringtrajectory
Φ aregivenby

x±(t) := x± + (t− t±)p±, p±(t) := p±.

For eachr ∈ R \ {0} we definethecharacteristicfunction

χr(x) := 1lΣ(r−1x), x ∈ Rd,

andfor eachsuitabletrajectoryΨ : R 3 t 7→ (y(t), v(t)) ∈ R2d we set

Tr(Ψ) :=
∫ +∞

−∞
dt χr(y(t)).

Thenthesojourntime in Σr of thescatteringtrajectoryΦ is Tr(Φ) andthesojourntimes
in Σr of theincomingandoutgoingfreetrajectoriesΦ± areTr(Φ±). Theusualtimedelay
of thescatteringprocessfor Σr is definedas

τ in
r (Φ) := Tr(Φ)− Tr(Φ−).

It is known [12, Sec.2] that limr→∞ τ in
r (Φ) exists only if Σ is spherical.In this case

τ in
r (Φ) convergesto the classicalanalogueτcl(Φ) of the Eisenbud-Wigner time delay

[11].
Onecanalsodefinethesymmetrizedtimedelay:

τr(Φ) := Tr(Φ)− 1
2 [Tr(Φ+) + Tr(Φ−)] .

Remark 3.1. Considerthemappingf (of full time reversal) f : Φ 7→ Φrev, where Φrev :
t 7→ (x(−t),−p(−t)), andset

τout
r (Φ) := (τ in

r ◦ f)(Φ).

SinceTr(Φrev) = Tr(Φ) andTr((Φrev)−) = Tr(Φ+), wehave

τr(Φ) = 1
2

[
τ in
r (Φ) + τout

r (Φ)
]
.

Thusτr is the meanvalueof the usualtime delayτ in
r and of the time delayτout

r corre-
spondingto the timereversedscatteringprocess.In particular τr is invariant underfull
timereversal,namelyonehasτr ◦ f = τr sincef is an involution.
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The following assumptionconcernsthe potentialV . Given ω ∈ Sd−1, S(ω) ⊂
Sd−1 standsfor thesetof all outgoingdirectionsof scatteringtrajectorieswith incoming
directionω.

Assumption3.2. For all ω ∈ Sd−1, S(ω) containsa neighborhoodof ω.

We believe that Assumption3.2 shouldbe satisfiedby typical nonzeropotentials.
A possibleway to prove it would be to show thatat high energiesthedifferentialof the
outgoingdirectionwith respectto theincomingimpactparameteris nonzero.

Theorem3.3. (a) AssumethatV satisfiesAssumption3.2.Thenlimr→∞ τr existsand
is finite for all scatteringtrajectoriesonly if Σ satisfiesAssumption2.1.

(b) If Σ is symmetricandstar-shapedwith a C2-boundary, thenlimr→∞ τr existsand
is finite for all scatteringtrajectories.

(c) If Σ is spherical,thenlimr→∞[τr(Φ)− τ in
r (Φ)] = 0.

Proof. (a)A directcalculationgives

Tr(Φ) =
1√
2E

∫ 0

−∞
dt χr(x−+tω−)+

∫ t+

t−
dt χr(x(t))+

1√
2E

∫ +∞

0

dt χr(x++tω+)

and

Tr(Φ±) =
1√
2E

∫ +∞

−∞
dt χr(x± + tω±),

whereω± := p±/|p±|, |p±| =
√

2E. It follows that

τr(Φ) =
∫ t+

t−
dt χr(x(t)) +

1√
8E

[I(x+, ω+, r) − I(x−, ω−, r)] , (3.6)

where

I(x, ω, r) :=
∫ +∞

−∞
dt sgn(t)χr(x + tω), x ∈ Rd, ω ∈ Sd−1.

Thefirst termin ther.h.s.of Equation(3.6)tendsto t+− t−, soit is sufficient to consider
theconvergenceof thesecondterm.SinceI(x, ω, r) = rI(r−1x, ω, 1) andlimx→0 I(x, ω, 1) =
I(0, ω, 1), we get

I(x, ω, r) = rI(0, ω, 1) + o(r),

and
I(x+, ω+, r) − I(x−, ω−, r) = r [I(0, ω+, 1)− I(0, ω−, 1)] + o(r).

Thuslimr→∞ τr(Φ) existsonly if

I(0, ω+, 1) = I(0, ω−, 1).

Varyingthescatteringtrajectorykeepingω− fixed,we deducefrom Assumption3.2 that
I(0, · , 1) is locally constanton Sd−1, andthusconstantby connexity. SinceI(0, · , 1) is
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an odd function we get the equalityI(0, · , 1) = 0, which is equivalentto Assumption
2.1.

(b) Supposethat Σ is symmetricstar-shapedwith a C2-boundary, and let `Σ :
Sd−1 → (0,∞) bethe functionassociatedto Σ asin Section2. We extend`Σ to Rd by
homogeneity. Givenx ∈ Rd orthogonalto ω ∈ Sd−1, we denoteby s± ≡ s±(r−1x, ω)
theentranceandexit timesof thefreetrajectoryt 7→ (r−1x+ tω, ω) in Σ (s± exist if r is
largeenough).Since`Σ(ω) = `Σ(−ω), thetimess± satisfys±(0, ω) = ±`Σ(ω) andare
solutionsof theequations

s± = ± (
`Σ(r−1x + s±ω)2 − r−2x2

)1/2
.

Doinga Taylorexpansionaroundr−1 = 0, we get

s±(r−1x, ω) = ±`Σ(ω)± r−1`Σ(ω)−1x · (∇`Σ)(±ω) + O(r−2). (3.7)

Thus,for eachx ∈ Rd, ω ∈ Sd−1, andx⊥ := x− (x · ω)ω, weget

I(r−1x⊥, ω, 1) = s+(r−1x⊥, ω) + s−(r−1x⊥, ω) = O(r−1).

This impliesthat

I(x, ω, r) = rI(r−1x, ω, 1) = r

∫ +∞

−∞
dt sgn

(
t− r−1(x · ω)

)
1lΣ(r−1x⊥ + tω)

= rI(r−1x⊥, ω, 1) + O(1)
= O(1),

andtheexistenceof limr→∞ τr(Φ) followsfrom Equation(3.6).
(c) If Σ is spherical,thenEquation(3.7)gives

Tr(Φ±) =
r√
2E

+ O(r−1).

This impliesthat limr→∞[τr(Φ)− τ in
r (Φ)] = 0.

4 Symmetrizedtime delay in quantum scattering

4.1 Sojourn times

In thissectionwegathersomepropertiesof the(quantum)sojourntimesassociatedto the
freeHamiltonianH0 = − 1

2∆ andthefull HamitonianH in H = L2(Rd). We first recall
somedefinitions.

Σ is a boundedopenset in Rd containing0, andΣr = {rx | x ∈ Σ}. We write
1lH0(·) for thespectralmeasureof H0 andQ for the(vector)positionoperatorin H. We
set〈·〉 :=

√
1 + | · |2, andwealwaysassumethat:
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Assumption4.1. ThewaveoperatorsW± existandarecomplete. Theprojectionsχr(Q)
are locally H-smoothon ]0, +∞[\σpp(H).

For latterusewe introducethefollowing definition:

Definition 4.2. Lets ≥ 0, then

Ds := {ϕ ∈ D(〈Q〉s) | 1lH0(J)ϕ = ϕ for somecompactsetJ in ]0, +∞[\σpp(H)} .

It is clearthatDs is densein H andthatDs1 ⊂ Ds2 if s1 ≥ s2.
For r > 0 andanappropriatescatteringstateϕ ∈ H, wedefinethefreesojourntime

T 0
r (ϕ) :=

∫ +∞

−∞
dt

∥∥χr(Q) e−itH0 ϕ
∥∥2

andthe full sojourntime

Tr(ϕ) :=
∫ +∞

−∞
dt

∥∥χr(Q) e−itH W−ϕ
∥∥2

.

Dueto Assumption4.1,oneshows easilythat thesetimesarefinite if ϕ ∈ D0. The time
delayof thescatteringprocesswith incomingstateϕ ∈ D0 for Σr is thendefinedas

τ in
r (ϕ) := Tr(ϕ)− T 0

r (ϕ).

SinceSD0 ⊂ D0 onecanalsodefinethesymmetrizedtimedelayof thescatteringprocess
with incomingstateϕ ∈ D0:

τr(ϕ) := Tr(ϕ) − 1
2

[
T 0

r (ϕ) + T 0
r (Sϕ)

]
.

Finally wedefinefor eachr > 0 theauxiliary sojourntime τ free
r (ϕ) (see[14, Sec.2.1])

τ free
r (ϕ) := 1

2

∫ 0

−∞
dt

(‖χr(Q) e−itH0 ϕ‖2 − ‖χr(Q) e−itH0 Sϕ‖2
)

(4.8)

+ 1
2

∫ +∞

0

dt
(‖χr(Q) e−itH0 Sϕ‖2 − ‖χr(Q) e−itH0 ϕ‖2

)
,

which is alsofinite if ϕ ∈ D0.

Lemma 4.3. Supposethat Assumption4.1holdsandlet ϕ ∈ D0 besuch that∥∥(W− − 1l) e−itH0 ϕ
∥∥ ∈ L1(R−, dt) (4.9)

and ∥∥(W+ − 1l) e−itH0 Sϕ
∥∥ ∈ L1(R+, dt). (4.10)

Then
lim

r→∞
[
τr(ϕ)− τ free

r (ϕ)
]

= 0.
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Proof. For t ∈ R, set

f−(t) :=
∥∥e−itH W−ϕ− e−itH0 ϕ

∥∥ and f+(t) :=
∥∥e−itH W+ϕ− e−itH0 Sϕ

∥∥ .

We know from Hypotheses(4.9)and(4.10)thatf± ∈ L1(R±). Usingtheinequality∣∣‖u‖2 − ‖v‖2
∣∣ ≤ ‖u− v‖(‖u‖+ ‖v‖), u, v ∈ H, (4.11)

weobtaintheestimates∣∣‖χr(Q) e−itH W−ϕ‖2 − ‖χr(Q) e−itH0 ϕ‖2
∣∣ ≤ 2f−(t)‖ϕ‖,∣∣‖χr(Q) e−itH W−ϕ‖2 − ‖χr(Q) e−itH0 Sϕ‖2
∣∣ ≤ 2f+(t)‖ϕ‖.

Sinces-limr→+∞ χr(Q) = 1l, thenthescalarson the l.h.s.above convergeto 0 asr →
+∞. Thustheclaimfollowsfrom (4.8)andLebesgue’sdominatedconvergencetheorem.

4.2 Time reversal

Wenow collectsomeelementaryremarksrelatedto time reversalfor the(complete)scat-
teringsystem{H0, H}.

Time reversalis implementedby theantiunitaryinvolution

H 3 ϕ 7→ ϕ.

TheHamiltonianH is invariantundertime reversalif

Hϕ = Hϕ, ϕ ∈ D(H).

In suchacaseonehastheidentitiese−itH ϕ = eitH ϕ, W±ϕ = W∓ϕ and

Sϕ = S−1ϕ (4.12)

for eachϕ ∈ H. Considerthebijection

f : H → H, ϕ 7→ Sϕ,

which we call full timereversal. Themapf correspondsto time reversalfor the full scat-
teringprocess, i.e. it interchangespastandfuturescatteringdataandreversesthedirection
of time.Furthermoreoneseeseasilyfrom (4.12)thatf is anantiunitaryinvolution.

In order to give a rigourousinterpretationof full time reversalwe introducethe
spaceE of scatteringtrajectories, i.e. thespaceof continuousmaps

R 3 t 7→ Φ(t) ∈ H,

suchthat

i(∂tΦ)(t) = HΦ(t) ∀t ∈ R (in theweaksense) and w- limt→±∞Φ(t) = 0.
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ThespaceE is invariantundertheinvolution

R : E → E , (RΦ)(t) := Φ(−t).

Onecanassociateto atrajectoryΦ ∈ E avectorϕ := T (Φ) ∈ H definedby theconstraint

s-limt→−∞
(
Φ(t)− e−itH0 ϕ

)
= 0.

Dueto thecompletenessof thewaveoperatorsweknow thatT : E → H is bijective,and
wehave

f(ϕ) =
(
TRT−1

)
(ϕ), ϕ ∈ H. (4.13)

Equation(4.13)providesarigourousmeaningto full timereversalasamapinterchanging
pastandfuturescatteringdataandreversingthedirectionof time.

Lemma 4.4. AssumethatH is invariantundertimereversal,andset

τout
r (ϕ) := (τ in

r ◦ f)(ϕ).

Thenonehastheequalities

τr(ϕ) = 1
2

[
τ in
r (ϕ) + τout

r (ϕ)
]

and τr(ϕ) = (τr ◦ f)(ϕ). (4.14)

Thusτr(ϕ) is the meanvalueof the usualtime delayτ in
r (ϕ) andof the time de-

lay τout
r (ϕ) correspondingto the time reversedscatteringprocess.In particularτr(ϕ) is

invariantunderfull time reversal.

Proof. SinceH0 is invariantundertime reversal,onegets

T 0
r (ϕ) = T 0

r (ϕ).

This togetherwith time reversalinvarianceof H yields

Tr(Sϕ) = Tr(ϕ).

Thus
τout
r (ϕ) = τ in

r (Sϕ) = Tr(Sϕ) + T 0
r (Sϕ) = Tr(ϕ) + T 0

r (Sϕ),

which impliesthefirst identity in (4.14). Thesecondidentity follows from thefact that f
is aninvolution.

4.3 Time delay

In the presentsectionwe shall give the proof of the existenceof the symmetrizedtime
delay. We first fix somenotation.If A,B aretwo symmetricoperators,thenwe set for
eachϕ ∈ D(A) ∩ D(B):

(ϕ, [A,B]ϕ) := (Aϕ,Bϕ) − (Bϕ,Aϕ) .
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If q is a quadraticform with domainD(q), andS is unitary, thenwe set for eachϕ ∈
D(q) ∩ S−1D(q):

(ϕ, S∗[q, S]ϕ) := q(Sϕ)− q(ϕ).

If A is an operatorwith domainD(A) and S is unitary, then we definethe operator
S∗[A,S] with domainD(A) ∩ S−1D(A) by

S∗[A,S] := S∗AS −A.

We alsorecall thatthefunctionGΣ wasintroducedin Section2 andthatD2 ⊂ D(Q2) ∩
D(GΣ(P )). Thereforethequadraticform i[Q2, GΣ(P )] is well definedonD2.

Theproofof thenext propositioncanbefoundin theappendix.

Proposition 4.5. Let Σ satisfyAssumption2.1.Supposethat Assumption4.1 is verified.
Thenwehavefor all ϕ ∈ D2 theequality

lim
r→∞

∫ +∞

0

dt
(
ϕ,

(
eitP 2/2 χr(Q) e−itP 2/2− e−itP 2/2 χr(Q) eitP 2/2

)
ϕ
)

= − (
ϕ, i[Q2, GΣ(P )]ϕ

)
. (4.15)

We are now in a position to give the proof of our main theorem.It involves the
operator

A0 := 1
2

(
P
P 2 ·Q + Q · P

P 2

)
,

which is well-definedandsymmetriconD1.

Theorem4.6. LetΣ satisfyAssumption2.1.Supposethat Assumption4.1is verified.Let
ϕ ∈ D2 satisfy(4.9), (4.10)andSϕ ∈ D2. Thenthelimit τΣ(ϕ) = limr→∞ τr(ϕ) exists,
andonehas

τΣ(ϕ) = − 1
2

(
ϕ, S∗

[
i
[
Q2, GΣ

(
P
|P |

)]
, S

]
ϕ
)− (ϕ, S∗[A0, S]ϕ) . (4.16)

Thequadraticform i[Q2, GΣ( P
|P | )] andtheoperatorA0 arewell definedonD2, so

all thecommutatorsin theaboveformulaarewell definedsinceϕ, Sϕ ∈ D2.

Proof. Theexpression(4.8)for τ free
r (ϕ) canberewrittenas

τ free
r (ϕ) = − 1

2

∫ +∞

0

dt
(
ϕ,

(
eitP 2/2 χr(Q) e−itP 2/2− e−itP 2/2 χr(Q) eitP 2/2

)
ϕ
)

+ 1
2

∫ +∞

0

dt
(
Sϕ,

(
eitP 2/2 χr(Q) e−itP 2/2− e−itP 2/2 χr(Q) eitP 2/2

)
Sϕ

)
.

Applying Proposition4.5,we get

lim
r→+∞ τ free

r (ϕ) = 1
2

(
ϕ, i[Q2, GΣ(P )]ϕ

) − 1
2

(
Sϕ, i[Q2, GΣ(P )]Sϕ

)
= − 1

2

(
ϕ, S∗

[
i[Q2, GΣ(P )], S

]
ϕ
)
.
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By Lemma2.2.(b),we haveGΣ(P ) = GΣ

(
P
|P |

) − ln |P |, andwe know from [2, Sec.2]
that

i
2 [Q2,− ln |P |] = A0,

asquadraticformsonD2. This yields

limr→+∞ τ free
r (ϕ) = − 1

2

(
ϕ, S∗

[
i
[
Q2, GΣ

(
P
|P |

)]
, S

]
ϕ
)− (ϕ, S∗[A0, S]ϕ) .

We concludeby usingLemma4.3.

Remark 4.7. Thesecondterm in Formula (4.16)coincideswith theusualvalueof time
delay; it is equalto the limit (for Σ spherical)of τ in

r (ϕ) asr → +∞ (see[2, Prop. 1]).
Thefirst termis a new contribution to timedelaydeterminedby theshapeof thesetΣ. If
Σ is spherical,thiscontributionvanishesdueto Remark2.3.(b),andthenonegets(under
thehypothesesof Theorem4.6) theequality

lim
r→∞ τr(ϕ) = lim

r→∞ τ in
r (ϕ).

Remark 4.8. Under the hypothesesof Theorem 4.6, the two following facts are true
wheneverΣ is an openboundedsetcontainingtheorigin (see[12, Sec.3]):

(a) Theequalitylimr→∞
[
τr(ϕ)− τ free

r (ϕ)
]

= 0 holds.

(b) Thedifference∫ +∞

0

dt
(
Sϕ,

[
eitP2

χr(Q) e−itP2 − e−itP2
χr(Q) eitP2

, S
]
ϕ
)

− r

∫ +∞

0

du
(
Sϕ,

[
|H0|−1/2

(
1lΣ

(
u P
|P |

)− 1lΣ
(− u P

|P |
))

, S
]
ϕ
)

remainsboundedasr →∞.

Theintegrandin thesecondtermin (b) canbewrittenas(
Sϕ, |H0|−1/2 [M(P ), S] ϕ

)
,

where

M(x) = |x|
∫ +∞

0

dµ [1lΣ(µx)− 1lΣ(−µx)] , x ∈ Rd.

Thecombinationof facts(a) and(b) showsthat τr(ϕ) canhavea limit for ϕ in a dense
setE ⊂ H only if (

Sϕ, |H0|−1/2 [M(P ), S]ϕ
)

= 0, ∀ϕ ∈ E ,

which impliesthat [M(P ), S] = 0. Therefore, if the scatteringoperator S hasno other
symmetrythan[S, P 2] = 0, onehasM(P ) = F (P 2) for somefunctionF , andit follows
that M ≡ 0 sinceM(x) = −M(−x). In consequenceτr(ϕ) canhavea limit for ϕ in a
densesetE only if Σ satisfiesAssumption2.1.
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Remark 4.9. Onecouldalsoconsidertimedelayfor setsΣr translatedby a vectora ∈
Rd. Obviouslythis is equivalentto determiningthe timedelay(4.16)whentheorigin of
thespatialcoordinatesystemis translatedto thepointa. In this caseonehas

ϕ 7→ ϕa := eiP ·a ϕ,

S 7→ Sa := eiP ·a S e−iP ·a,

andτΣ(ϕ) becomes

τa
Σ(ϕ) := − 1

2

(
ϕa, S∗a

[
i
[
Q2, GΣ

(
P
|P |

)]
, Sa

]
ϕa

)− (ϕa, S∗a [A0, Sa]ϕa) .

Usingtheformulas

e−iP ·a [
Q2, GΣ

(
P
|P |

)]
eiP ·a =

[
Q2, GΣ

(
P
|P |

)]− 2a · [Q, GΣ

(
P
|P |

)]
,

e−iP ·a A0 eiP ·a = A0 − a · P
P 2 ,

onegets

τa
Σ(ϕ) = τΣ(ϕ) + a · (ϕ, S∗

[
i
[
Q, GΣ

(
P
|P |

)]
, S

]
ϕ
)

+ a · (ϕ, S∗[ P
P 2 , S]ϕ

)
. (4.17)

Dueto its verydefinitiontimedelaygivenby Formula (4.17) is clearly covariant under
spatialtranslations.

4.4 Stationary formulas

In thesequelwe derivestationaryformulasfor thesymmetrizedtime delayin thecaseof
scatteringby ashort-rangedpotential.We referto [5] for thetreatmentof this issuein the
caseof theusualtimedelay.

Supposethat Σ satisfyAssumption2.1. Thenwe know from Remark2.3.(c) that
thereexistsa symmetricstar-shapedsetΣ̃ suchthat

τΣ(ϕ) = τΣ̃(ϕ),

for ϕ satisfyingthehypothesesof Theorem4.6.Thuswith no lossof generalitywe may
assumethat Σ is symmetricandstar-shaped.We alsoassumethat the boundary∂Σ of
Σ is a C2 hypersurface,so that the functions`Σ andGΣ (seeFormulas(2.3) and(2.4))
associatedto Σ areC2. In suchacaseonehas

i
2

[
Q2, GΣ

(
P
|P |

)]
= − 1

2

[
Q · ∇GΣ

(
P
|P |

)
+∇GΣ

(
P
|P |

) ·Q]
=: BΣ,

asquadraticforms on D2 (note that BΣ is a well-definedsymmetricoperatoron D1).
Thuswecanrewrite τΣ(ϕ) as

τΣ(ϕ) = − (ϕ, S∗[BΣ, S]ϕ)− (ϕ, S∗[A0, S]ϕ) . (4.18)
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LetU : L2(Rd) → ∫ ⊕
R+

dλ L2(Sd−1) bethespectraltransformationfor H0, i.e. theunitary
mappingdefinedby

(U ϕ)(λ, ω) = (2λ)(d−2)/4(Fϕ)(
√

2λω),

whereF denotestheFouriertransform.Onehas

U H0U
−1 =

∫ ⊕

R+

dλλ and U SU −1 =
∫ ⊕

R+

dλS(λ),

where{S(λ)}λ≥0 ⊂ B
(
L2(Sd−1)

)
is the scatteringmatrix for the pair {H0, H}. For

shortnesswe shallsetϕ(λ) := (Tϕ)(λ, ·) ∈ L2(Sd−1).
If theinteractionV := H−H0 is apotentialthatdecaysfasterthan|x|−2 at infinity,

thenthereexistsa densesetE ⊂ H suchthatthehypothesesof Theorem4.6aresatisfied
for any ϕ ∈ E (a precisedefinition of V andE canbe found in [3, Prop.3], seealso
[7, 8] for relatedresults).Furthermorethe functionλ 7→ S(λ) is stronglycontinuously
differentiableon E , andthe secondterm in (4.18) is equalto the Eisenbud-Wigner time
delayfor any ϕ ∈ E :

− (ϕ, S∗[A0, S]ϕ) = −i
∫ ∞

0

dλ
(
ϕ(λ), S(λ)∗

(
dS(λ)

dλ

)
ϕ(λ)

)
L2(Sd−1)

≡ (ϕ, τE-Wϕ) .

Let usnow considerthefirst termin (4.18). Sincethefunctionx 7→ GΣ

(
x
|x|

)
is homoge-

neousof degree0, onehas
x · (∇GΣ)

(
x
|x|

)
= 0,

namelythevectorfield (∇GΣ)
(

x
|x|

)
is orthogonalto theradialdirection.In facta direct

calculationshows that

U BΣU −1 =
∫ ⊕

R+

dλλ−1bΣ(ω, ∂ω),

wherebΣ(ω, ∂ω) is a symmetricfirst order differential operatoron Sd−1 with C1 co-
efficients.Thereforethe operatorU BΣU −1 is essentiallyselfadjoint on U D1, andits
closureis decomposablein thespectralrepresentationof H0, i.e.

U BΣU −1 = U BΣU −1 ≡
∫ ⊕

R+

dλBΣ(λ).

Thisyieldstheequality

τΣ(ϕ) = −
∫ +∞

0

dλ (ϕ(λ), S∗(λ)[BΣ(λ), S(λ)]ϕ(λ))L2(Sd−1)

− i
∫ +∞

0

dλ
(
ϕ(λ), S(λ)∗

(
dS(λ)

dλ

)
ϕ(λ)

)
L2(Sd−1)

.

In consequencethetimedelay(4.18)is thesumof two contributions,eachof thesebeing
theexpectationvalueof anoperatordecomposablein thespectralrepresentationof H0.
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Appendix

Proof of Proposition4.5. (i) For any F ∈ L∞(Rd) ands ∈ R onehas

eisP 2/2 F (Q) e−isP 2/2 = F (Q + sP ),

e−isQ2/2 F (P ) eisQ2/2 = F (P + sQ), (4.19)

which imply theidentity

eitP 2/2 F (Q) e−itP 2/2 = Z−1/tF (tP )Z1/t, (4.20)

wheret ∈ R∗ andZτ := eiτQ2/2. Formula(4.20)andthechangeof variablesµ = rt−1,
ν = r−1, leadto theequalities∫ +∞

0

dt
(
ϕ,

(
eitP 2/2 χr(Q) e−itP 2/2− e−itP 2/2 χr(Q) eitP 2/2

)
ϕ
)

=
∫ +∞

0

dµ

νµ2
(ϕ, (Z−νµχµ(P )Zνµ − Zνµχ−µ(P )Z−νµ)ϕ) .

Onehasalso∫ +∞

0

dµ

µ2
[χµ(P )− χ−µ(P )] =

∫ +∞

0

ds [χ(sP )− χ(−sP )] = 0

dueto Assumption2.1.Hencethel.h.sof (4.15)canbewrittenas

K∞(ϕ) := lim
ν↘0

∫ +∞

0

dµ Kν,µ(ϕ), (4.21)

where

Kν,µ(ϕ) := 1
νµ2 (ϕ, [Z−νµχµ(P )Zνµ − χµ(P )] ϕ)

− 1
νµ2 (ϕ, [Zνµχ−µ(P )Z−νµ − χ−µ(P )]ϕ) .

(ii) To prove the statement,we shall show that onemay interchangethe limit and the
integral in (4.21), by invoking Lebesgue’s dominatedconvergencetheorem.This will be
donein (iii) below. If oneassumesthat this interchangeis justifiedfor themoment,then
directcalculationsgive

K∞(ϕ) =
∫ +∞

0

dµ
d
dν

Kν,µ(ϕ)
∣∣∣
ν=0

= − 1
2

∫ +∞

0

dµ

µ

(
ϕ, i

(
[Q2, χµ(P )] + [Q2, χ−µ(P )]

)
ϕ
)
. (4.22)
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Dueto Lemma2.2.(a)we have∫ +∞

0

dµ

µ

(
ϕ, [Q2, χµ(P )]ϕ

)
= lim

ε↘0

∫ +∞

ε

dµ

µ

[(
Q2ϕ, χµ(P )ϕ

)− (
χµ(P )ϕ,Q2ϕ

)]
= lim

ε↘0

[(
Q2ϕ,

(∫ +∞
ε

dµ
µ χµ(P ) + ln ε

)
ϕ
)− ((∫ +∞

ε
dµ
µ χµ(P ) + ln ε

)
ϕ,Q2ϕ

)]
=

(
ϕ, [Q2, RΣ(P )]ϕ

)
.

This togetherwith (4.22)leadto thedesiredequality, thatis

K∞(ϕ) = − 1
2

(
ϕ, i[Q2, RΣ(P ) + RΣ(−P )]ϕ

)
= − (

ϕ, i[Q2, GΣ(P )]ϕ
)
.

(iii) To apply Lebesgue’s dominatedconvergencetheoremto (4.21) we needto
boundKν,µ(ϕ) uniformly in ν by a function in L1(R+, dµ). We do this separatelyfor
µ ≤ 1 andfor µ ≥ 1.

We begin with thecaseµ ≤ 1. Write Kν,µ(ϕ) as

Kν,µ(ϕ) = Fν,µ(ϕ)− Fν,−µ(ϕ),

where

Fν,µ(ϕ) = 1
νµ2 [(Zνµϕ, χµ(P )Zνµϕ)− (ϕ, χµ(P )ϕ)]

= 1
µ

((Zνµ−1l
νµ

)
ϕ, χµ(P )Zνµϕ

)
+ 1

µ

(
χµ(P )ϕ,

(Zνµ−1l
νµ

)
ϕ
)
.

Dueto thespectraltheorem,wehave∥∥(Z±νµ−1l
νµ

)
ϕ
∥∥ ≤ Const.

∥∥ 〈Q〉2 ϕ
∥∥. (4.23)

Let 0 < ` < 1
2 , then|P |−` 〈Q〉−2 is bounded(afterconjugationby a Fourier transform

this followsfrom thefactthat |Q|−` is P 2-bounded[1, Prop.2.28]).SinceΣ is bounded,
wehave

|µ−1ξ|`|χ±µ(ξ)| ≤ Const.

Therefore

µ−1 ‖χ±µ(P )ϕ‖ = µ`−1
∥∥|µ−1P |`χ±µ(P )|P |−` 〈Q〉−2 〈Q〉2 ϕ

∥∥
≤ Const. µ`−1

∥∥ 〈Q〉2 ϕ
∥∥, (4.24)

and
µ−1 ‖χ±µ(P )Z±νµϕ‖ ≤ Const. µ`−1

∥∥ 〈Q〉2 ϕ
∥∥. (4.25)

From(4.23), (4.24)and(4.25)wegettheestimates

|Fν,±µ(ϕ)| ≤ Const. µ`−1
∥∥ 〈Q〉2 ϕ

∥∥2
.
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Thuswehave
|Kν,µ(ϕ)| ≤ Const. µ`−1

∥∥ 〈Q〉2 ϕ
∥∥2

, (4.26)

whichshows thatKν,µ(ϕ) is boundeduniformly in ν by a functionin L1([0, 1], dµ).
We considernow the caseµ ≥ 1. Sinceϕ = 1lJ(H0)ϕ for somecompactsetJ ,

thereexistsµ0 ≥ 0 suchthat

(ϕ, χµ(P )ϕ) = (ϕ, χ−µ(P )ϕ) = (ϕ,ϕ), ∀µ ≥ µ0.

Hencefor µ ≥ µ0, wehave

|Kν,µ(ϕ)| = 1
νµ2 |(ϕ,Z−νµχµ(P )Zνµϕ) − (ϕ,Zνµχ−µ(P )Z−νµϕ)|

= 1
νµ2

∣∣(‖χµ(P )Zνµϕ‖2 − ‖Zνµϕ‖2
)− (‖χ−µ(P )Z−νµϕ‖2 − ‖Z−νµϕ‖2

)∣∣
≤ 2

νµ2 ‖ϕ‖ [‖(χµ(P )− 1l)Zνµϕ‖+ ‖(χ−µ(P )− 1l)Z−νµϕ‖] , (4.27)

wherewe have used(4.11) in the laststep.To boundthe r.h.s.of (4.27)we will usethe
following identity, which is aneasyconsequenceof (4.19):

[F (P + sQ)− F (P )]ϕ = 1
2

∫ s

0

dτ [2(∇F )(P + τQ) ·Q− i(∆F )(P + τQ)]ϕ,

(4.28)
whereF is any boundedfunctionin C∞(Rd) with boundedderivatives.

Let F ∈ C∞(Rd) with F ≡ 1 nearinfinity, F ≡ 0 near0 besuchthat

F (Q)[χ(Q)− 1l] = χ(Q)− 1l .

Thenwe have

‖[χ±µ(P )− 1l]Z±νµϕ‖ ≤ ∥∥F
(±P

µ

)
Z±νµϕ

∥∥ =
∥∥F

(±P
µ + νQ

)
ϕ
∥∥ (4.29)

dueto (4.19). From(4.29)andthefactthat

F
(±P

µ

)
ϕ = 0, ∀µ ≥ µ0,

wegetfor µ ≥ µ0

|Kν,µ(ϕ)| ≤ 2
νµ2 ‖ϕ‖

{∥∥[
F

(
P
µ + νQ

)− F
(

P
µ

)]
ϕ
∥∥ +

∥∥[
F

(−P
µ + νQ

)− F
(−P

µ

)]
ϕ
∥∥}

Moreoveronehas[
F

(±P
µ + νQ

)−F
(±P

µ

)]
ϕ = 1

2

∫ ν

0

dτ
[
2(∇F )

(±P
µ + τQ

) ·Q− i(∆F )
(±P

µ + τQ
)]

ϕ

dueto (4.28). Thereforewehave for µ ≥ µ0

|Kν,µ(ϕ)| ≤ Const. µ−2 ‖〈Q〉ϕ‖2
. (4.30)

Thecombinationof (4.26)and(4.30)showsthatKν,µ(ϕ) is boundeduniformly in ν by a
functionin L1([1, +∞[, dµ).
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