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Summary. The relativistic KMS condition introduced by Bros and Buchholz pro-
vides a link between quantum statistical mechanics and quantum field theory. We
show that for the P(¢)2 model at positive temperature, the two point function for
fields satisfies the relativistic KMS condition.

1 Introduction

The operator algebraic framework allows to characterize the equilibrium states of a
quantum system by first principles: when the dynamical law is changed by a local
perturbation, which is slowly switched on and slowly switched off again, an equilib-
rium state returns to its original form at the end of this procedure. In a pioniering
work Haag, Kastler and Trych-Pohlmeyer [15] showed that this characterization of
an equilibrium state leads to a sharp mathematical criterion, the so-called KMS con-
dition, first encountered by Haag, Hugenholtz and Winnink [14] and more implicitly
by Kubo [23], Martin and Schwinger [24].

On the other hand, the vacuum states of a relativistic QFT are characterized by
Poincaré invariance and the spectrum condition [27]. Both the KMS and the spec-
trum condition can be formulated in terms of analyticity properties of the correlation
functions, but for almost 40 years the connection between these two conditions was
not investigated in depth, and algebraic quantum statistical mechanics and algebraic
quantum field theory were treated in this respect as disjoint subjects. But finally
increased interest in cosmology and heavy-ion collisions led to a need to combine
QFT and quantum statistical mechanics.

It was first recognized by Bros and Buchholz [6] that the thermal equilibrium
states of a relativistic QFT should have stronger analyticity properties in configu-
ration space than those imposed by the traditional KMS condition. The result of
their careful analysis is a relativistic KMS condition which can be understood as
a remnant of (and, in applications, as a substitute for) the relativistic spectrum
condition in the vacuum sector.
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1.1 Content of the Paper

The content of this short paper is as follows. In Section 2 we recall the construction
of the P(¢)2 model at positive temperature presented in [12]. In Section 3 we review
the main ingredients of the Euclidean approach to thermal field theory. In Section 4
we show that the Wightman two-point function for fields satisfies the relativistic
KMS condition. Section 5 is devoted to a brief discussion of the implications of the
relativistic KMS condition.

2 The spatially-cutoff P(¢)2 model at positive
temperature

The construction of interacting thermal quantum fields in [12] includes several of
the original ideas of Hpegh-Krohn [17], but instead of starting from the interacting
system in a box the authors started from the Araki-Woods representation for the
free thermal system in infinite volume. We briefly recall the main steps of this
construction.

2.1 Preliminary Material
The KMS condition

A state wg over a C*-algebra 2 equipped with a C*—dynamics 7 is called a (7, 8)-
KMS state for some 8 € RU{+oo}, if for all A, B € U there exists a function Fa g
which is continuous in the strip {z € €| 0 < Sz < §} and analytic and bounded in
the open strip {z € C | 0 < Sz < 8}, with boundary values given by

FA,B(t) = (.dﬁ(ATt(B))7 FA’B(t-i-’Lﬂ) = W5(Tt(B)A)7 VtelR.

Thus KMS states are characterized by a real parameter 3, which has the meaning
of inverse temperature.

The relativistic KMS condition

Lorentz invariance is always broken by a KMS state. A KMS state might also break
spatial translation or rotation invariance, but the maximal propagation velocity of
signals is not affected by such a lack of symmetry.

Definition 1. A state wg over a C*-algebra A satisfies the relativistic KMS condi-
tion at inverse temperature B > 0 if there exists some positive timelike vector e € V.,
e? =1, such that for every pair of elements A, B of A there exists a function Fa p
which is analytic in the tube domain

T3 := {,ZG(D2|%z€V+ﬂ(ﬂe-|-Vf)}7

and continuous at the boundary sets IR? and IR? + iBe with boundary values given
by

Fap(t,z) =ws (Aat,x(B)) and Fap(t+ife,z) =wg (oet,x(B))
for all (t,z) € R?. Here Vo = {(t,z) € R? | |t| < |z|, £t > 0} denote the for-
ward/backward light-cones.
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Remark 1. Note that in the limit 5 — oo the tube 73 tends toward the forward tube
R2 +iV,.

As we will discuss in Section 5, the relativistic KMS condition has numerous
applications. For instance, the famous Reeh-Schlieder property (in the thermal rep-
resentation) is a direct consequence of the relativistic KMS condition (and weak
additivity), no matter if the spatial translation or rotation invariance is broken by
the KMS state or not [19].

2.2 The free neutral scalar field at temperature 371

Let h = Hié(IR) be the complex Sobolev space of order —% equipped with the
norm

||h||2 = (h, (QV)ilh)Lz(lR,dx)
for v := (D2 + mQ)%.
Let 20(h) be the abstract Weyl C*-algebra over fj. On 20(h) we define the free

time evolution {7{ }+cwr by

™ (W(h) =W(™h), heb teR.
For m > 0 the unique (7°, 3)-KMS state on the Weyl algebra 20(h) is given by

Wy (W (h)) = e s 2N e, (1)
where p:= (e —1)71, 8> 0.

The Araki- Woods representation

A realization of the GNS representation associated to the pair (Qﬂ(h),wg) is pro-
vided by the Araki-Woods representation. We set:

Haw = F(b @E):
Quw = QF7
Taw (W (h)) = Waw (h) .= We (1 +p)2h @ 5%h), hebh.

Here E is the conjugate Hilbert space to b, We(.) den_otes the Fock Weyl operator
on the bosonic Fock space I'(h @ §) and 2 € I'(h @ b) is the Fock vacuum.

The generator of the time evolution

Since wj is 7°-invariant, the time evolution can be unitarily implemented in the
representation maw :

eitLAWWAW(A)QAW = Taw (TtO(A)).QAW, A € 20(h). (2)

The generator Law of the free time evolution, uniquely fixed by (2) and the request
Law Qaw =0, is called the (free) Liouvillean. It is equal to dI'(v @ —7).
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Thermal fields

The Araki-Woods representation 74w is a regular representation, i.e., the map IR >
A +— Wi (Ah) is strongly continuous for any h € f. Thus one can define field operators

. d
paw(h) = —i=Waw(Ah)| , heb,
dA A=0
which satisfy in the sense of quadratic forms on D(¢paw (h1)) N D(Paw (h2)) the
commutation relations

[paw (h1), paw (h2)] = iS(ha, h2), hi, h2 €D,
The net of local von Neumann algebras

The von Neumann algebra generated by {maw (W (h)) | h € b} is denoted by Raw.
To define the net of local von Neumann algebras, we introduce the IR—linear
map .
U: h=H 2(R) — S'(R)
h = Rh+iv " Sh.
For I C IR a bounded open interval, we define the following real vector subspace
of h
hr:=4{heb|suppUh C I}. (3)

We denote by Raw (I) the von Neumann algebra generated by {Waw (h) | h € br}.
The algebra

*

—0—(C")
A= Raw (D)

is called the algebra of local observables. The union is over all open bounded inter-

—_— C*
vals I C IR and the symbol UIC]R D‘{AW(I)(
e.g. [20, Proposition 11.4.1.]).

) denotes the C*-inductive limit (see

Remark 2. We note that the Araki-Woods representation is locally normal w.r.t. the
vacuum representation of the free field. Consequently, the C*-algebra 2l is identical
(up to x-isomorphisms) to the algebra

— ()
e o= | me (WHD)"

ICR
where 7r is the Fock representation.
2.3 The spatially-cutoff P(¢)2 model at temperature 3~

Let P(\) = ijo a;N be a real valued polynomial, which is bounded from below,

and let I € R™ be a spatial cutoff parameter. The spatially cutoff P(¢)2 model on
the real line IR at temperature 37! is then defined by the formal interaction term

l
Vi :/ :P(paw(x)):dz, 1>0.
—1



On the relativistic KMS condition for the P(¢)2 model 5

Here : : denotes the Wick ordering (see e.g. [13]) with respect to the temperature 57!
covariance on IR:

(14+e") )
21/(17675'/) 2 L2(IR)7

Using a sequence of functions {dx} approximating the delta-function, the limit

Co(hhhz) = (h17 h17h2 S S(IR) (4)

V= lim/ :P(paw (0k(. — x)): dx

k—oo

exists on a dense set of vectors in I'(h@h). An approximation of the Dirac § function
can be fixed by setting dx(x) := kx(kz), where x is a function in C$5% (IR?) with
f x(z)dx = 1.

The perturbed KMS system

It can be shown (see [12]) that the operator sum Law + V; is essentially selfadjoint
on D(Law)ND(V;) and if we set H; := Law + Vi, then the perturbed time-evolution
on 2 is given by ' .

THA) = M de M A e
The perturbed KMS state w; on 2 is normal w.r.t. the Araki-Woods representa-

= 8
tion maw. In fact, the GNS vector Qaw € I'(h ® ) belongs to D(efle) and the
perturbed KMS state w; is the vector state induced by the state vector

engl QAW
.Ql = - R —
lem 2 124w

These results are in complete analogy to the analytic perturbation theory for
bounded perturbations due to Araki (see e.g. [5]). Identical formulas, valid for a
certain class of unbounded perturbations, have recently been derived in [8].

2.4 The translation invariant P(¢)2 model at temperature 31!
Ezistence of the dynamics
Let I C IR a bounded open interval. For ¢ € IR fixed, the norm limit
llim THA) =: 7 (A)

exists for all A € Raw (I). In fact, for A and ¢ fixed, 7{(A) is independent of [ for [
sufficiently large.

By construction the elements of the local von Neumann algebras Raw (I), I open
and bounded, are norm dense in 2. Thus the map 7:t — 7 extends to a group of x-

automorphisms of 2. Moreover, if {as}zer denotes the group of space translations
over 2, defined by

oz (Waw(h)) == Waw(e""h), = € R,
where k is the momentum operator acting on b, then
TiOOy =z O Ty

for all ¢, x € IR. Consequently the time evolution is translation invariant.
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Ezistence of the thermodynamic limit

Let {w; }1>0 be the family of (7%, 8)-KMS states for the spatially cutoff P(¢)2> models
constructed in Subsection 2.3. Then it has been shown in [12] that

w— lim w; =: wg exists over 2. (5)
l——+oo

Moreover, the state wg has the following properties:

(i)  wgis a (7, 3)-KMS state over ;

(ii) wg is locally normal, i.e., if I C IR is an open and bounded interval,
then wgn ,,, (1) 18 normal w.r.t. the Araki-Woods representation;

(iii) wg is invariant under spatial translations, i.e.,

wg(az(4)) =ws(A), z€R, Ae;

(iv) wg has the spatial clustering property, i.e.,

lim wg(Aaz(B)) = wg(A)ws(B) VA,B e 2.

r—00

The rate of the spatial clustering is related to the infrared properties of the
Liouvillean [18].

3 Euclidean approach

As far as the formulation of the spatially cut-off thermal P(¢)2 model is concerned,
the Euclidean approach is only used to show that the sum of the operators Law
and V; (which are both unbounded from below) is essentially selfadjoint on the
intersection of their domains.

However, for the existence of the thermodynamic limit (5) the Euclidean ap-
proach is used in a more sophisticated manner. The key argument in the proof
of (5), Nelson symmetry, will be crucial for the proof of the relativistic KMS con-
dition too. In order to formulate it, we briefly recall the Euclidean approach, in a
framework adapted to the thermal P(¢)2 model (see [11], [21] for a more general
abstract framework).

3.1 Euclidean reconstruction theorem

Euclidean measures on the cylinder

Let Sg = [—/2, 3/2] be the circle of length 3. The points in the cylinder Sg x IR
are denoted by (¢, ). Let Q := Sir(Ss x IR) be the space of real valued, S—periodic
Schwartz distributions on Sg X IR and let X" be the Borel o-algebra on ). Let i be
a Borel probability measure on (Q, X).

For f € Sr(Ss X IR), we denote by ¢(f) the function

o(f): @ - R
qg — (g f)
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For T' > 0, we denote by Yo 7], the sub o-algebra of X generated by the functions
) for supp f C [0,T[xIR. Let r:@Q — @ be the time-reflection around ¢t = 0
defined by r¢(t,z) = ¢(—t,x) and let 7: Q — Q be the group of euclidean time
translations defined by 77 ¢(s, z) = ¢(s—t,z). The map r lifts to a *—automorphism
R of L=(Q, X)) defined by RF(q) := F(rq), and the group 7 lifts to a group U (t) of
x-automorphisms of L>°(Q, ). This group is unitary on L*(Q, X, ) if u is invariant
under 7.

Reconstruction theorem

Let Hos := LZ(Q,E[Oﬂ/ghdu). We assume that the measure p satisfies the
Osterwalder-Schrader positivity

(F,F):= / R(F)Fdu >0 YF € Hos.
Q

Let N' C Hos be the kernel of (.,.). We set
thys = HOS/N7

where the completion of Hos/N is done w.r.t. the norm (., )% The canonical pro-
jection Hos to Hpnys is denoted by V.
In Hpnys we have the distinguished vector

_Qphys = V(1)7

where 1 is the constant function equal to 1 on Q.

The unitary group U(t) for t > 0 does not preserve Hogs (contrary to O-tempera-
ture theories), because distributions supported in the ‘future’ [0, 3/2[xIR come back
in the ‘past’ ] — 3/2,0] x IR by time translations. Nevertheless U(s) for 0 < s < ¢
sends L*(Q, X0,8/2—t[» dp) into Hos.

Using the theory of local symmetric semigroups (see [10], [22]), it is possible to
define a selfadjoint operator Lpnys on Hpnys such that for F € L*(Q, Xjo,5/2—, d)
and 0 < s <t one has

V(U (s)F) = e *FemvsP(F).

Finally if A € L*°(Q, X{0}), then multiplication by A preserves Hos and NV, and
one obtains a representation mppys of the algebra of time-zero fields L= (Q, X0y ):

Tphys (A)V(F) :== V(AF), F € Hos.
From this reconstruction procedure one obtains a -KMS system defined as follows:

(i) the C*-algebra 2,nys is the von Neumann algebra generated by the
operators e'"rrhvs o (A)e ehvs 1 € IR, A € L™(Q, Z(o});

(ii) the dynamics 74 on 2A,nys is the dynamics generated by the unitary

group e ith

(i) the B-KMS state on pnys is the state generated by the vector 2pnys.

phys -
)
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3.2 Euclidean measure for the translation invariant P(¢)2 model

The spatially-cutoff P(¢)2 model at positive temperature allows an Euclidean for-
mulation: the measure dyu; for the spatially cutoff P(¢)2 model is given by

B/2

L
dlul — Zi67 f,3/2 fil:P(d)(t,z)):cdtdz
1

déc, (6)
where d¢c denotes the Gaussian measure on (Q, X)) with covariance

C(u,u) = (u, (Di + D2 +m?) u)
(with B-periodic b.c.) defined by

/ e?Ddpe =e “HD2 1 fe Sp(Ss x R). (7)
Q

The partition function Z; is chosen such that fQ du = 1.
Existence of limiting measure

In order to show that one can remove the spatial cutoff one has to show that

lim QF (q)dp =: /Q F(q)dpoo (8)

l—+o0
exists and defines a Borel probability measure on S (S5 x IR).
Nelson Symmetry

Formally exchanging the role of ¢t and z in (6) one notices that due is the Euclidean
measure of the P(¢)2 model on the circle at temperature zero. This formal argument
can be made rigorous (see [12], [17]). In particular one has:

B8/2
—B/2

82

! l
e *B/Q(f,l:P(¢(taz))icodz)dt e f,l(

:P(d)(t,z)):cﬁdt)d:v

(9)

Note that on the r.h.s. Wick ordering is done w.r.t. the covariance

1
Cslg1,92) == (917 502 , 91,92 € S(Sp).

2v )Lz(SB,dt)

The analog of (9) in the zero temperature case is called Nelson symmetry (see
e.g. [26]).

It was first noticed by Hgegh-Krohn [17] that the existence of the limit (8) is
equivalent to the uniqueness of the vacuum state for the P(¢)2 model on the circle.

Using Nelson symmetry, the existence of the limit (8) is proved in [12]. Moreover
it is shown in [12] that pe is OS positive, invariant under space-time translations,
and that sharp-time fields are well defined: this means that if §; € C§°(Sg) is a
sequence of functions tending to the Dirac distribution dg, then the limits

ot,h) = lim G(3k(.— 1) 0 h)

exist in (), LP(Q, X, dpss) for any h € C5°(IR).
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4 The relativistic KMS condition

In this section we show that two point functions for fields in the thermal P(¢)2
model satisfy the relativistic KMS condition.

Identification of physical objects

Let (Hp, s, 23) be the GNS triple associated to the KMS state wg over the C*-
algebra 2A. Let also Ps, Lg be the unique generators of space-time translations such
that Lg{2s = Pgf(23 = 0.

As we saw in Subsect. 3.1, the Euclidean reconstruction theorem provides a
Hilbert space Hphys, a unit vector {2pnys, a representation mpnys of the abelian von
Neumann algebra Uaw generated by {Waw(h) | h € b, h real valued }, and a self-
adjoint operator Lpnys. Since the Euclidean measure pioo is invariant under space
translations, we obtain also a selfadjoint operator Pphys implementing the space
translations.

Let us briefly check that these two families of objects are identical (up to unitary
equivalence). In the sequel we will freely identify them.

Let 4(I) be the abelian von Neumann algebra generated by {Waw(h) | h €
b, h real valued, supp h C I'}. It was shown in [12] that for A; € Y(I), 1 <j <mn,

(2phys, H;L:1 el's Lphysﬂ'phyS(Aj)eiitj Lphys 2phys)
= w1, 7,(A7)) | (10)
= (25, ][, "o ma(As)e 10 25).

Thus we can define a map U: Hpnys — Hg by
Uebotvsr o (A)Q2phys == € 0m3(A) 25, teR, AecU), I C R. (11)

From (10) we see that U preserves the scalar product, hence it can be uniquely
extended by linearity to

£ = Vect{e v 1 ((A)2pnys | t € R, A € U(I), I C R}

as an isometry. It follows from the Euclidean reconstruction theorem, that £ is dense
in Hphys. Moreover it is clear from (11) that U intertwines mpnys and g restricted to
Y and also intertwines Lphys and Lg. Finally U also intertwines Pphys and Pg (note
that the algebra of time-zero fields is clearly invariant under space translations).

To check that U is unitary, we use a result in [12]: let B4 (I) be the von Neumann
algebra generated by {m(A) | A € Y(I),|t| < a}. Then it was shown in [12, Prop.
6.5] that

Raw (1) = ﬂ Ba(I).
a>0

Since by construction {23 is cyclic for mg(2l), this implies that the range of U is
dense in Hg. Therefore U is unitary.
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4.1 Wightman two point function for the thermal P(¢)2 model

Let I C IR be a bounded open interval and f; the real subspace of ) defined in (3).
By restriction to the local algebra Raw(I), s defines a CCR representation of
the real symplectic space h;.

Lemma 1. i) The representation g restricted to Raw (I) is quasi-equivalent to the
concrete representation of Raw (I);
it) the CCR representation h 3 h — mg(Waw (h)) € B(Hp) is regular.

Proof. 1t is well known (see e.g. [12, Lemma 6.2]) that Raw () is a factor. Now it is
shown in [20, Prop. 10.3.14] that if R is a C*-algebra and = is a factor representation
of R, then 7 is quasi-equivalent to the GNS representation of any m-normal state w.
Applying this fact to Raw(I) (with its concrete representation) and to wg, we
obtain that mg is quasi-equivalent to the concrete representation of Raw (). This
proves i). We know then that there exists a x-isomorphism v from Raw () into
7m3(Raw(I))” extending mg. This isomorphism is automatically weakly continuous.
Since the Araki-Woods representation is regular, the same holds true for the GNS
representation mg restricted to h;. O

Since g is a regular CCR representation, we can define for h € b the Segal
field operators

.d
¢p(h) = —i-ms(Waw(sh))
s s=0
In the sequel we will consider only the time-zero fields ¢g:

wp(h) := ¢g(h), for h € by, h real.

Remark 3. If we restrict ourselves to time-zero fields, it is possible to give a direct
proof that the CCR representation is locally regular, avoiding the use of the local
normality of the state wg. In fact, let us show that

the map IR 3 s — 7g (WAw(sh)) is strongly continuous for h € by, h real, (12)

using the Euclidean approach.
It suffices to prove the weak continuity on a dense subspace of Hg. From the
reconstruction theorem, we see that we may take as a dense subspace of Hg the

linear span of the vectors V(Hi e ®(tihi)y for by € CgR(R), 0 < t; < 3/2.
We see that it suffices to prove the continuity of the map

masH/ i 4(t3) ) gisRO) g,
(o)

for h; € CSR(IR), t; € Ss. But this follows from the fact that ¢(0, k) € L' (Q, djtco),
shown in [12].

Lemma 2. 23 € D(pg(h)), Yh € b1, h real valued.
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Proof. Clearly it suffices to prove that
2 — (025,60 M Q) — (25,07 Mgy < C|s>, 0<s<1. (13)

By the reconstruction theorem, the r.h.s. is equal to

/ (2 _ ois®(0h) efis¢>(0,h))duoo
Q

Since ¢(0,h) € L*(Q,dpuc), we obtain (13). O

We now define Wightman two point functions. For a function h € C§°(IR) we
denote by A~ the function h™ (x) = h(—x).

Proposition 1. There exists a unique Ws(t,.) € C°(IRy, D'(IR)) such that for
hi,he € Cer(IR):

((pﬁ(hl)gﬁveitLﬁwﬁ(O‘xh?)Qﬁ) =hixhy *Ws(t,z), (t,z)€ R?. (14)

Proof. For fixed t the 1.h.s. is a bilinear form Q); w.r.t. h1 and h2. Moreover it is shown
in [12] that || (h)25]| < C||h||s, where ||.||s is a Schwartz seminorm. Therefore Q;
is continuous for the topology of C§°(IR), which by translation invariance, implies
the existence of Ws(t,.). The continuity w.r.t. the variable ¢ of W(¢, .) follows from
the obvious continuity in ¢ of the Lh.s. of (14). O

4.2 Relativistic KMS condition

The rest of this section is devoted to the proof of the following theorem:

Theorem 1. The distribution Ws(t, ) extends holomorphically to IR? 4 iVy, where
Vs = {(t,y) | |y| < inf(t,8 —t)}. Therefore for A; = pg(hi), hi € Cogr(IR) the
two-point function Fa, a,(t,x) is holomorphic in R* +iV;.

4.3 Proof of Thm. 1

Let us briefly recall a few facts concerning the 0—temperature P(¢)2 model on the

circle Sg. The Hilbert space is the Fock space F(Hﬁé (S3)), where H 2 (Sg) is the

Sobolev space of order —% on Sg with norm

H9H2 = (g, (2b)7lg)L2(SB,dt)

1

with b = (D7 + m?)2. For g € Hﬁé(Sg), we denote by ¢c(g) the (Fock) field
operator acting on F(Hié(Sﬁ)).
The operator sum

dr(v) +/ : P(pc(t)) dop dt
Sp

is essentially selfadjoint and bounded below, and the Hamiltonian of the P(¢)2
model on Sg is
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He :=dI(b) +/ : P(g(t)) dep dt — Ec,
Sg

where Ec¢ is an additive constant such that inf o(H¢) = 0. The Hamiltonian He
has a unique (up to a phase) ground state (i.e., vacuum state) induced by the state
vector 2c. Another fact we shall need is the following: if g1, g2 are real elements of
H™ 2 (Ss), then (¢pc(g1)R2c,e ¥ pc(g2)2c) is real for y € RT. This follows from
the representation of e ¥”¢ using the Feynman-Kac-Nelson (FKN) formula.
Finally we note that
Pc :=dIN(Dy)

is the momentum operator on the circle Sg.

The two-point function for the P(¢)a model on the circle

Now consider the two-point function We for the P(¢)2 model on the circle
Welty) = (2c, ¢o(50)e e 0 (50)02c), tE€ Ss, y€R.

Woe is a tempered distribution on Sg x IR rigorously defined by

We, f® g) = (2m)% (dc(60) 2c, §(—He) e (£)2c),

for f € C*(Sg), g € S(R), and g the Fourier transform of g.
To check that Wc¢ is well defined as a tempered distribution, we use the bound

I(Ho + 1)~ % ¢ (h)(Ho +1) %[ < Cllhflg-1¢s,), (15)
which using that 6o € H™'(S5) yields
[We, £ @ g)| < Cll(He + D)a(—=Ho) |1 £l -1(s,) | (Ho + 1)2 26|
The r.h.s. can clearly be estimated in terms of Schwartz seminorms of f and g.
Analytic continuation
We first recall the spectrum condition on the circle [14]:
|Pc| < He.
Set
Vi = {(t,y) € R | [t| < |yl, £y > 0}.

Using |le=“"¢ (Hc 4 1)|| < Ce™! and the bound (15) we conclude that

F(7,2) = (¢, ¢c(80)e* "™ ¢ (80)020)
is holomorphic in Sg x IR + iV4, has a moderate growth when (7, z) — 0 and

[ F(t+iey+ie) f(t)g(y)dtdy

= (2m)2 (dc(60) 20, §(~Ho)e™ "1e+7) g () 12c)

— We, f®g),
when € — 0, i.e.,

lim F(. +ie, . +ie) = We(.,.) in §'(Ss x IR).

e—0
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Locality on the circle

Clearly
We = lim Gy in 8'(Ss x R),

k—+o0

where ) )
Gr(t,y) == (2c, dc(dr)e e g (61)2c),

and d, is a sequence in C*°(Ss) with support in {t € IR | |t| < ™'} and tending
to o when k — oo.

Now using locality (i.e., finite speed of light) on the circle, we see that if (¢,y) €
Va,k;

Ve = {(tay) | |y| < inf(taﬁ - t) - 21{371}7
then
[¢C(6k)7einceitPc¢C(5k)efitPcefinc] _ 07

because no signal can go from supp d to supp (0 + ¢) in time y if (¢,y) € V.
This fact can be shown by exactly the same arguments as those used for the P(¢)2
model on IR. Thus for (¢,y) € Vs x, the function Gy, is real valued.

Edge of the wedge

According to the Schwarz reflection principle, We can now be view as the boundary
value of a function holomorphic in Vg —iV,:

We(t,x) = H(t,x)

where . '
H(r,2) = (¢c(80) R0, e e 7 4 (60) 20).
Thus

Wc(t7 y) = Wc(ﬂ g)v (tv y) €EVs+ Z(V+ ) V*) (16)

We can now apply the edge of the wedge theorem [27]. It implies that there
exists an open ball B(0,d) := {z € C? | |z| < d} such that Wc(t,v) is holomorphic
in Vg 4 ¢I", where

I:=Vv,UV_uUB(0,d).

Moreover, We¢ (t,1y) is real for ¢ € Sg, y > 0 (by using the representation of
e VHC as a Feynman-Kac-Nelson (FKN) kernel). Thus We (t,4y) is real for t € Sg,
y € IR, by (16). Applying the Schwarz reflection principle one more time, we conclude
that

We(t,y) = Wel(t,—y) V(t,y) € Vg +il.

Schwinger two-point function for the thermal P(¢)2 model

Let h € Cgr(IR) and set
I(t,z) := / ¢(0,h)é(t, azh)dpes, t€ Sp,x€R,
S'(SgxIR)

where a,h(y) = h(y — x). By [13, Thm. 7.2], we get:
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I=2f . . . h(x)(2, po(do)e” *27"VHC G (6,) 020 ) h(xz — x)dzrdas
=2 h(z1 — 2) (20, po(8)e™ 275 0 (50) 20 ) h(wz)dzrdas.

—oo<zr]<wry<0oo

But (Qc7 qbc(60)67(”27””1)}15‘(]50(6,5)(20) is real by the FKN formula and hence

(20, pc(do)e™ "2 VHC G0 (5,)20) = (2, pe(8:)e” 27"V g (80) 2c),
which yields:

I(t,x) h(z1)r(t,x2 — x1)h(z2 — T)

=2 f700<11§12<oo(

+h(z1 — z)r(t, z2 — ml)h(xg))dxldx27

for
T(t, ,’.E) = (‘QCvd)C(dO)eizHCd)C(ét)‘Qc) = WC(t,i.’I}), z 2> 0.

We have seen that We (t,y) = We(t, —y) for (t,y) € Vg +1il', which when restricted
to t € Sg, Ry = 0, yields We (¢,1iz) = We (L, —iz).
Therefore exchanging the variables 1 and z2 in the r.h.s. of (17), we obtain:

2I(t,x) = / h(z1)We(t,x2 — z1)h(z2 — z)dzidze = hxh™ * We(t,z), (18)
R2

where h™ (z) := h(—x).
Wightman two-point function for the thermal P(¢$)2 model

Let {23 be the GNS vector for the thermal state wg, and let P3 and Lg be the
generators of space-time translations such that Psf2g = Lgf23 = 0. We recall that
pa(h) for h € CGr (IR) is the field operator in the GNS representation.

Let Wj(t, x) be the two-point function for the thermal P(¢)2 model, defined by

(05(h1) 028,672 ps(anha)25) = hu x hy * Ws(t,z), (19)

for h; € CSk(IR). Since djtes is the Euclidean measure for the thermal P(¢)2 model
on the line, we have

Ws(it,z) = We (t,iz), 0<t<(/2, z € R. (20)

As we have seen, We (¢, y) is holomorphic in V3 4iI". Thus we deduce from (20) that
Ws(t,x) is holomorphic in I' + iV3. Applying (19) with h1 = ho =: h, we deduce
from this fact that

¢s(h) 25 € D(e” T2 (s,y) € Vs

But by the spectral theorem this clearly implies that Wg(t,x) is holomorphic in
R? +iV5. O
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5 Outlook

The condition of locality leads to strong constraints on the general form of the
thermal two-point functions which allow one to apply the techniques of the Jost—
Lehmann-Dyson representation. As has been shown by Bros and Buchholz [6][7],
the interacting two-point function Wg can be represented in the form

Wﬁ(t,l’):/ deg(x,m)W/(;))(t,:c,m).
0

Here Dg(z,m) is a distribution in x, m which is symmetric in z, and

Wéo) (z,m) = (2m) " /dydpes(y)d(y2 —p? —m?)(1 —e ) leitorT)

is the two-point correlation function of the free field of mass m in a thermal equilib-
rium state at inverse temperature (3. In contrast to the vacuum case, the damping
factors Dg(x, m) depend in general in a non-trivial way on the spatial variables x.
They describe the dissipative effects of the thermal background on the propagation
of sharply localized excitations.

If the underlying equilibrium state satisfies the relativistic KMS condition, the

function Dg(xz,m) is regular in x and admits an analytic continuation into the
domain {z € C | |Sz| < 5/2}.
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