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Abstract

Let p be a prime number, n an integer > 2 and p an n-dimensional automorphic
p-adic Galois representation (for a compact unitary group) such that r := p[Gal(@ /Qp)
is crystalline. Under a mild assumption on the Frobenius eigenvalues of D := D ,is(r)
and under the usual Taylor-Wiles conditions, we show that the locally analytic rep-
resentation of GL,(Q,) associated to p in the corresponding Hecke eigenspace of the
completed H® contains an explicit finite length subrepresentation which determines
and only depends on r. This generalizes previous results of the second author which
assumed that the Hodge filtration on D was as generic as possible. Our approach
provides a much more explicit link to this Hodge filtration (in all cases), which allows
to study the internal structure of this finite length locally analytic subrepresentation.
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1 Introduction

We fix a prime number p and an integer n > 2. Let L be a number field, v a finite place
of L and (Syvu,)u,ca(r,) @ tower of Shimura varieties over L with fixed prime-to-v level U?,
where L, is the completion of L at v. Let d be the common dimension of the Sy»ry, and
assume G(L,) = GL,(L,). Let p, be an irreducible Galois representation associated to some
automorphic representation 7w of G(Ay) and assume that U" is small enough so that the
Hecke eigenspace

ling Heys (Svov,, Q)] (1)
Uy

associated to 7 is non-zero. It is expected, and now established in many cases, that is
a direct sum of finitely many copies of m,, the v-factor of the automorphic representation
7, which is a smooth irreducible representation of GL,(L,) corresponding to (the F-semi-
simplification of) the Weil-Deligne representation WD (pr ,) associated to pr == prlgazs/L.)
by a suitable twist of the local Langlands correspondence for GL,(L,). Here, to define
WD(px.) one distinsguishes two cases. If v{p then WD(p,,) was defined by Deligne a long
time ago in [De73]. If v | p, then WD(p,,) was defined by Fontaine a little less time ago
in [Fo94]. One key difference is that, while in the former case WD(p,,) (hence m,) and
prv contain essentially the same data, in the latter case an important piece of data is lost
when going from p,, to WD(p,,) or equivalently m,: the Hodge filtration on Dagr(px») =
(Bar ®q, ) S8 Ee/E0) which, roughly speaking, is the true p-adic part of p,,. Where did
that Hodge filtration go on the GL, (L, )-side?

From now on we assume v | p. In practice, it is convenient to replace @p in 1’ by
a sufficiently large finite extension E of QQ, (depending on 7). To get the missing Hodge
filtration, it is expected that one should replace by the Hecke eigenspace

H(Sy», E)[n] (2)

of the (so-called) completed cohomology group H 4(Syv, E) as defined in [Em01]. This is a
p-adic Banach space over E endowed with a continuous action of GL,(L,). When d = 0 or
d = 1, which are in practice the main cases where the GL, (L, )-representation has been
seriously studied so far, H 4(Syw, E) is just the p-adic completion of hﬂ HE ...(Spey,, E) with
respect to its invariant lattice h_n>q HE ...(Spev,, O). In these cases, the above expectation is

a theorem in various situations and under various assumptions on G, L or p,, notably (the
following list is not exhaustive): G = GLy and L = Q ([Brl0], [Col0], [Em10], [CDP14],



[IDLB17], [Pa25]), G is a quaternion algebra, L is totally real and p,, is semi-stable non-
crystalline ([Dil3]), G is a compact unitary group in 3 variables, L is totally real, L, = Q, and
Pr.v 18 semi-stable non-crystalline with Hodge-Tate weights (2, 1,0) ([BD20]), G is a compact
unitary group, L is totally real, L, = Q, and p,, is crystalline with a very generic Hodge
filtration on Dagr(px») (JDi25]), G is a unitary similitude group in 2 variables, L is CM and
pr.w 18 potentially semi-stable non-crystalline of parallel Hodge-Tate weights (1, 0) (JQS25]).
Except when (G, L) = (GLg, Q) (where a lot is known), the continuous G(L,)-representation
(2) remains a mystery, and the strategy in the above cases is to show that it contains an
explicit finite length locally Q,-analytic G(L, )-subrepresentation which “contains” the Hodge
filtration on Dag(px.v)-

One breakthrough of [Di25] is that it has no restriction on n and it concerns the crystalline
case (which is somehow the first case one wants to treat). However it assumes that the Hodge
filtration on Deyis(prn) = (Beris ®q, pr0) @/ is as generic as possible (precisely: all
refinements are non-critical), which is a quite strong assumption. The aim of the present
work is twofold:

(i) remove this genericity hypothesis on the Hodge filtration;

(ii) give a more explicit construction of the (not so explicit) finite length locally Q,-analytic
subrepresentation in [Di25] which allows a much better understanding of its internal
structure, in particular of its link to the Hodge filtration.

Recall from [BHS19] that allowing non-generic Hodge filtrations causes the appearance of
new constituents in the GL,(L,)-socle of called companion constituents. Hence the
present work can also be seen as a sequel to [BHS19] as we use this socle and go beyond it
(though eventually we only need companion constituents associated to simple reflections).
We now give with more details the results of this work.

We fix G a unitary group in n variables over a totally real number field F'* such that G
splits over an imaginary quadratic extension F of F* and is compact at all infinite places
of F'* (in particular we have d = 0). We assume that all p-adic places of F'* split in F.
We now write o for the above place v |p and do not assume anything on the field F,}. We

choose a place { of F' above g which determines an isomorphism G(F)) = GL,(F) =
GL,,(F5). In that situation H°(Sye, E) is the Banach space S(U®, E) of continous functions
G(F\G(AY,)/U® — E with continuous action of GL,(F) by right translation. For

technical reasons, instead of S (U%, E) for U? sufficiently small, it is more convenient to set
US = UP [, pvsp GLn(Op+) with U? sufficiently small and use the p-adic Banach space

S, (U, E) = (S(U”, E) ®p (Qujpurppo(7,)")) Hewse o)

where o(7,) is a fixed GL,(Op+)-type at v, see (170) (in the paper we also fix distinct
arbitrary Hodge-Tate weights at v | p, v # g, see loc. cit., we ignore this in the introduction).



We fix 7 an automorphic representation of G(Ap+) such that S, (U, E)[x] # 0, p, is
absolutely irreducible and p, 5 is crystalline. We write K := F, g = F5, [ the degree over
I, of the residue field of K, r := p, 5 (= Pw|Gal(T5/F§)) and D := Dg;s(r) which is a filtered
¢-module. For each embedding o : K — E (assuming E large enough), the extension of
scalars ®k ,F gives a filtered ©f-module D, of dimension n over E. We let {©0, -, ¢Yn-1}
(arbitrary numbering) be the eigenvalues in E of the Frobenius ¢/ on D, (increasing F if
necessary), which do not depend on 0. We require the following mild genericity assumption
on the p;: pjport & {1,p'} Vi # k. Let S.(U?, E)[x]% be the locally Qp-analytic vectors
of the continuous representation S, (U, E)[x]. One of the main results of this work is:

Theorem 1.1 (Corollary . Assume the Taylor-Wiles assumptions (see Hypothesis
. The isomorphism class of the locally Q,-analytic representation §T(U@, E)[m]%-an,
hence also the isomorphism class of the continuous representation §T(U", E)[r], determine
the isomorphism classes of all the filtered ©f -modules D, for _all embeddings o. In par-
ticular if K = Q, the representations S,(U®, E)[r|%® and S,(U?, E)[x] determine the
Gal(Q,/Q,)-representation 1 = p, 5.

It is very likely that the locally Q,-analytic representation §T(U ¢ E)[r]%a completely
determines the full filtered ¢-module D (with its filtration on D ®q, K) when K # Q,,
and thus the Gal(K /K)-representation r, but this seems much harder and is currently not
known even for n = 2. The proof of Theorem consists in finding an explicit finite length
subrepresentation of S, (U#, E)[r]% 2" which we can relate to the Hodge filtration on the D,.
We describe this subrepresentation and its properties below when K = Q, (for simplicity).

The locally Q,-algebraic vectors of S.(U?, E)[x]% are of the form (Talg(D) @pen1t)em
where 7o, (D) is the irreducible locally Q,-algebraic representation of GL,, (K') over £ associ-
ated to the p-module D and its Hodge-Tate weights by the local Langlands correspondence
(see (21))), m is an integer > 1, ¢ the p-adic cyclotomic character and ®ge™! is short for
®@pe" lodet (¢ is seen as a character of K* via local class field theory). The representation
(Talg(D) @ e"1)®™ does not see the Hodge filtration on Dygr (D). It is natural to look for
the latter in S, (U#, E)[x]%* which is known to be strictly larger than (Trag(D) @ e~ 1H)®m
(see for instance [BH20, Thm. 1.1} or [BHSI9, Thm. 1.4]). Unfortunately the results of
loc. cit. still do not produce a subrepresentation of §T(U ¢, E)[r]% 3 which determines the
Hodge filtration (except when GL,(K) = GL2(Q,), which is a quite special case).

During many years the first author looked for possible extra constituents
in S.(U?, E)[x]%* likely to determine the missing Hodge filtration, without success. In
[HHS25], the authors made the remarkable discovery that, when n = 3 and r is split reducible,
§T(U ¢ E)[r]% 2 contains a copy of T (D) ®g ™! which is not in its socle. Very recently,
one of us discovered in [Di25] that, at least when all refinements on D are non-critical for
all embeddings K < FE (recall a refinement is an ordering on the set {yq,...,¢,_1}), the
representation S (U?, E)[x]% contains in its third layer a number of copies of Tag (D) ®p



e"~1 which is exponentially growing with n. One may wonder if these new locally algebraic

constituents carry any information on the Hodge filtration. It turns out they do: the resulting
subrepresentation of S, (U, E)[x]% 2" has the form (7(D)®pge™ 1)®™ where m(D) determines
the Hodge filtration on all D, (see loc. cit.). One aim of this work is to extend the definition
of m(D) to any D. We explain this in the case K = Q,, which we assume from now on.

To make more natural the definition of 7(D), we first need some heuristic background,
which already underlies [Di25] and for which we assume m = 1. If one is optimistic, one
could hope for a natural isomorphism of finite dimensional E-vector spaces (as for GL2(Q,))

2

Ext! (r,r) < Extly, g, (S- (U, E)[x]%, 8, (U, E)[x]&=). (3)

Gal(Qp/Qp)

Via we let Extj(r,r) CExtéal(@ Qp)(r,r) be the kernel of the natural map to
Extéy,, (g, (Taig(D) ®p €1, 8,(U?, E)[x]%") and define

méal(@/(@p)(r, r) := BExt} (r,7)/Exty(r,7).

Gal(@/@p)

Then (i3) would induce an embedding

ool ? n—-1 Q@ -an
ExtGal(@/@p)(r, ) —> ExtéLn(@p) (Walg(D) ®pe" !, S (U, E)[r]% ) (4)

With even more optimism, we could expect that is actually an isomorphism. Now assume
we know an explicit subrepresentation mz(D)®pe™ ! C S, (U?, E)[r]% 2 strictly containing
Tag(D) ®p "1 Then the natural morphism given by functoriality (+ twisting by " 1)

Ext(l;Ln(Qp) (Taig(D), 7r(D)) —> ExtéLn(Qp) (Tag(D) ®@p "1, S, (U, E)[x]%?)

would induce a morphism tp, : ExtéLn(@p)(ﬂalg(D), mr(D)) — E_Xtéal(@ /g, (> 1) which itself
would induce a GL,(Q,)-equivariant embedding (for formal reasons)

(WR(D) —— (Tag(D) ®p ker(tD)))®Eg”—1 SN §T(U“, B)[x] % (5)

where m(D) = mr(D) — (ma(D)®gker(tp)) is the tautological extension associated to the
subspace ker(tp) C ExtéLn(Qp)(ﬂalg(D), mr(D)). Note that, if Ext;(r, r) C Extéal(@/(@p)(r, T)
is the subspace of de Rham (equivalently here crystalline) extensions, one could hope that

also induces an isomorphism between Ext;(r, r) and the subspace of extensions such that
their image in ExtéLn(Qp)(Walg(D) ®p "1, S (U, E)[x]%) lies in the subspace of locally
algebraic extensions EXt;lg(ﬂ'alg<D) Qpe" ! Tag(D) ®@pe™t). As taking De;s gives a natural
map Exty (r,7) — Ext (D, D) = Ext}, (Tag(D)®pe" ", Tag(D)®pe" ") where Ext),(D, D)
means extensions as p-modules, we see that Ext(l](r, r) would also be the kernel of this map.
This is how we define Extj(r, ) in the text, see (118]).



In real life, we do not have a priori an isomorphism as in . But for a specific explicit
wr(D), we do construct by hand a morphism tp as above such that ker(tp) is big. The
fact that such a mg(D) with a big ker(tp) exists was discovered by the second author in
[Di25] when D has no critical refinement and was unexpected (for instance ker(tp) = 0 when
n = 2). Moreover, the resulting 7(D) turns out to “contain” the Hodge filtration on D.
We also do not have for free the embedding (again because we do not have (4))), but we
can still prove by ad hoc methods that at least a certain direct summand 7(D)’ ®@p "
of 7(D) ®p "' embeds into S,(U?, E)[x]% " (when the refinements on D are not too
critical we have 7(D)” = 7(D)). Fortunately this direct summand still determines the Hodge
filtration. Moreover, using this direct summand together with results of Z. Wu, we can prove
that we do have an isomorphism a posteriori. Note that in the proofs it is much more
flexible to work with the (¢, I')-module over the Robba ring M(D) := D,;,(r) associated to
r in [CCOg|, [Be0RI] instead of r itself (recall Extéal(@/(@p)(r, r) = Ext(, p(M(D), M(D))).

Let R := {s1,...,5,-1} be the set of simple reflections of GL,, (this is the “R” of mg(D)),
our representation mg(D) is:

mr(D) i= Tug(D) —— (DO s1n)

where I runs through the subsets of {¢q, ..., ¢n_1} of cardinality in {1,...,n—1}, C(1, s/1)
is the socle of an explicit locally analytic principal series (see (22))) and where the subex-
tension mag(D) — C(1,s)y) is split if and only if C(/,s)) is a companion constituent
(since dimpg ExtéLn(@p)(C([, s11), Taig (D)) = 1 this uniquely determines mz(D)). Note that
Tr(D) ®p "t € §,(U%, E)[x]% " by [BH20, Thm. 1.1] with [BHSIO, Thm. 1.4]. We then

prove:

Theorem 1.2 (Theorem [2.4.6). There is a canonical surjection of finite dimensional E-
vector spaces

=1
tp : Extar, (g, (Tate(D), r(D)) — Extgag, /g, (7 7)

such that dimgker(tp) =2" — 1 — @

Note that ker(tp) = 0 if and only if n = 2. Theorem [1.2]is proved in [Di25, Thm. 1.3]
when all refinements on D are non-critical, but its proof heavily uses this non-criticality
assumption. In this work we prove Theorem in two steps which both do not require
non-criticality (and provide a different proof even when D has no critical refinements):

(i) We prove that there is a surjection depending on a choice of log(p) € E (Proposition

with Proposition [2.2.7)
tp : Extly, g, (Tae(D), Tr(D)) —» Extl,(D, D) @ Homgy (D, D) (6)

where Homp; (D, D) is the endomorphisms of E-vector spaces which respect the Hodge

filtration and where the kernel of @ has dimension 2" — 1 — @



(ii) We prove that there is an isomorphism depending on a choice of log(p) € E (Corollary
2.4.5)

Extl(D, D) @ Homgu(D, D) <= Ext{, @0, (> 7) (7)
such that the composition (still denoted) ¢p :=(7)o(6)) does not depend on any choice

(Theorem [2.4.6) and coincides with [Di25] Thm. 1.3] when all refinements on D are
non-critical (Corollary [2.5.6). This is the map tp of Theorem [1.2]

Let us give a few details on the surjection @, which is new and important because this is
where we link the Hodge filtration to the GL,(Q,)-side. For each i € {1,...,n — 1} we fix
an isomorphism of E-vector spaces (in the spirit of [BD23| (1.1)], see Remark [2.2.1]):

ExtgLn(Qp)(@ O(I, 5,), mg(D)) ;> /\’;i D 8)

[|=i

sending ExtéLn(Qp)(C(I, s11); Tag(D)) to N} " of the (n — i)-dimensional subspace of D of
p-eigenvectors with eigenvalue ¢ I (see ) Fori € {0,...,n—1} let Fil®™>*D C A} 'D be
the first (one-dimensional) step of the filtration on A, *D induced by the Hodge filtration on
D, that we see as a subspace of EXt%}Ln(Qp)(@m:i C(1, s)1)), Tag(D)) via (&) when i > 0. Then
mr(D) is isomorphic to the tautological extension of @?:_11(( D - CU, si)) @ Fil"™ D) by
Taig(D). The map @) then factors as follows (writing Ext' for Ext%}Ln(Qp)):

Ext! (maig(D), 7R (D)) = Ext!(maig(D), maig (D)) €D (5”“(#&@(13)7 (B cl.si0) @p Filr™D))
=1

[I|=1

n—1 .

5 ExtL(D,D)EP (@ Homp (/\' D, Fil;“axD)>
=0

—  Extl(D,D) @ Homp;(D,D)

where the first isomorphism depends on a choice of log(p), the second uses and a natural
duality (see (40])) and the last surjection is linear algebra (see the proof of Proposition [2.2.4]
in particular Step 3). Up to isomorphism the map @ does not depend on the choices of the

isomorphisms (see Proposition [2.2.7]).

The proof of is entirely on the Galois side. To prove that (7)o(6] in (ii) does not
depend on the choice of log(p) is a bit subtle and essentially relies on the important Lemma

2.2.9

Though we stick to the crystalline case in this work, we expect the surjection tp to exist
(and to have a description analogous to @) without assuming r crystalline once one has a
suitable mr(D) (remembering r is always de Rham with distinct Hodge-Tate weights).

Recall 7(D) is the tautological extension mg(D) —— (ma.(D)®@pker(tp)). For S a subset
of R, we let w(D)(S) C m(D) be the maximal subrepresentation which does not contain any
C(1,s)y) for 57 ¢ S in its Jordan-Holder constituents. Defining tp as in (@ is very useful
for proving the following theorem:



Theorem 1.3.

(i) The representation w(D) has a central character and an infinitesimal character (Corol-

lary[2.3.9).

(i) The representation w(D)(S) has the form

Taig(D) —( @ (C’(I,su‘))) - (Walg(D)®(E$i€S (’[))+1—dim(rpsc))

I s.t. S‘]‘GS

(with possibly split extensions as subquotients) where rpy. is the full radical of the
standard parabolic subgroup of GL,, associated to the simple roots not in S (see ).

(iii) Let0 = Fil~"1*1(D) C Fil™"~1(D) C --- C Fil™" (D) C Fil™"(D) = D be the Hodge
filtration on D. The isomorphism class of w(D)(S) determines and only depends on
the Hodge-Tate weights {h;,0 < j < n — 1} and the isomorphism class of the filtered
w-module D endowed with the partial filtration (Fil™"(D),i such that s; € S). In
particular w(D) determines (and only depends on) the Gal(Q,/Q,)-representation r

(Theorem .

We refer to (ii) of Remark for an explicit representation theoretic way to “see”
the Hodge filtration of D on m(D). In fact loc. cit. is just a sample, there are other similar
ways to see the Hodge filtration which seems “widespread” in 7(D) and “overdetermined”
by (D). Note that (6]), (an analogue of) and Theorem are proven for arbitrary K
replacing the filtered p-module D by the filtered ¢/-module D, for an arbitrary embedding
o: K —FE.

A refinement R = (¢;j,, ..., ¢j,) is said to be compatible with a subset I C {¢o, ..., ¥n_1}
if I ={@ji,--9j,} ToR one can associate a permutation wy € Sy, and R is non-critical
if and only if wx = wp := the longest permutation in S, (see for instance [BHS19, § 3.6]).
We say that a subset [ is very critical if there exists a refinement SR compatible with I such
that s;; appears with multiplicity at least 2 in all reduced expressions of wpwg. In that
case we can prove that the same actually holds for all refinements compatible with I (see
Definition [2.6.2). We then prove that 7(D) has the form (see Proposition

w0y @ (D (CUsy) — D))

I very critical

12

(D)

(for a certain direct summand 7(D)") where all extensions on the right are non-split. Since
dimp Extgy, g,) (Tag (D), C(I,5111)) = 1, the isomorphism classes of w(D) and 7(D) deter-
mine each other, in particular 7(D)® still determines r by (iii) of Theorem . Note that
7(D) = 7(D)" if there are no very critical I, which always holds when n < 3.

We then conjecture:



Conjecture 1.4. The injection (mae(D) ®p ™1™ — S.(U?, E)[x]% extends to a
GL,,(Qy)-equivariant injection:

(n(D) ®@p " 1™ —s S (U?, E)[x]%™.

See Conjecture for a more precise statement. The following is our main result
towards Conjecture [1.4

Theorem 1.5 (Theorem and Theorem [3.6.3)). Assume the Taylor-Wiles assumptions
(see Hypothesis . There exist integers my > m for I very critical and a possibly split

extension
®(DY)" —— (@ (CUsy) — mae(D) ™) (9)

I very critical

(still with non-split extensions on the right) satisfying the following properties:

(i) the representation (@ contains as a subrepresentation

=D @ (B Csn)™):

I very critical

(i1) there is a GL,(Q),)-equivariant injection

<(7T(D)b)@m . < D (CUsy) — Walg(D))EBmI)) S

I very critical

— S,(U%, B)[x]%*" (10)
extending (Tag(D) @p " 1) — S.(U?, E)[7]%*" and such that
Homar, (g,) (Taig(D) ©p "1, S, (U®, B)[x]%*/Y) =0
where Y denotes the image of (@)

Again, Theorem is proved in the text for any extension K (not just K = Q,).
Although strictly speaking this is not implied by Conjecture|1.4] we expect all m; in Theorem
to be m (see Conjecture . But proving that the middle extension in @ is split and
that all m; = m (which would give (D)%™) seems hard, even for n = 4. We could only
gather indirect evidence via the Bezrukavnikov functor of [HHS25, § 7.2], see the end of § .

Let D' be a filtered ¢-module with distinct Hodge-Tate weights and Frobenius eigenvalues
satisfying the same genericity assumption as D. We expect that, if there is an injection
(D)’ — S.(U?, E)[r]%2", then D' = D, but we cannot prove it. However we can prove it
for certain D’ (Proposition . Theorem then easily follows from this (with [BHS19,
Thm. 1.4]) and from the embedding (7(D)")®™ < S,.(U#, E)[x]%*" induced by (see
Corollary .



We now give some details on the (long) proof of Theorem (in the case K = Q,).
We prove it in two separate steps: first we prove an injection (7(D)’ ®p e 1)®m
S (U®, E)[r]%" then we use it to prove an injection as in .

Let us start with 7(D)’. Here, the strategy is the same as in [Di25] but now we have
to deal with (not too) critical refinements. Let R, be the local complete E-algebra pro-
representing framed deformations of r over artinian E-algebras and mp_ its maximal ideal.
There exists a local Artinian E-subalgebra Ap of R,/ m%r of maximal ideal my4, such that

~ ~ 1
(mRr/m%T)v - EXtéal(@/Qp)(n r) — (ma,)" = EXtGal(@/Qp)(Ta r).

Let Tr(D) be the tautological extension of 7, (D) ®p ExtéLn(Qp)(ﬂalg(D), mr(D)) by mr(D).
Replacing (D) by 7,(D) := nr(D) N 7(D)’ (intersection inside 7(D)), define in a similar
way 7,(D). Then it is easy to check that m,(D) is a direct summand of (D), and using the
map tp of Theorem we can define a natural GL,(Q,)-equivariant action of Ap on Tg(D)

preserving 7, (D), see (214]). It is formal to check that the subrepresentation Tr(D)[m4, ] of

elements cancelled by my4,, is 7(D), and likewise 7,(D)[m4,] = 7(D)’.

Using [CEGGPSIG, § 2] as slightly enhanced in [BHS171, Thm. 3.5], recall one can patch
the localization S-(U¥?, E); into a continuous R..(7)-admissible GL,(Q,)-representation
I (7) (where Ry (7) is the patched deformation ring of type 7, at v|p,v # p) such that

Mo (7)™ ] = S, (U, E)[m] &

where I, (7)%=("-2n is the subspace of IlI.,(7) of locally R (7)-analytic vectors in the
sense of [BHSITIl, § 3.1]. It is not difficult to define an ideal a, of R.(7)[1/p] such that
I (7)Fee(man (7] Tl (7) B (Ma0[q, ] and Ap[1/p] = Reo(7)[1/p]/x, see . In partic-
ular Tl (7)f=("-an[q ] is equipped with a GL,(Q,)-equivariant action of Ap induced from
the action of Ry (7). To prove Conjecture it would be enough to prove that there is a
GL,(Q,) x Ap-equivariant injection

(Fr(D) @p ") s T ()10,

and then take the subspaces killed by m,4,, on both sides. Though we think that such an
injection exists, we do not know how to prove it (essentially because we do not know how to
deal with very critical I). But we do have:

Proposition 1.6 (Proposition|3.5.4). Assume the Taylor- Wiles assumptions (see Hypothesis
. The injection (Tag(D) @p ™ 1)®™ — T (7)F>M20[7] extends to a GL,(Q,) x Ap-
equivariant injection

(7o(D) @p ™ 1)®™ s T (7) B (Man[q ],
hence to a GL,(Q,)-equivariant injection:

(1(D)> ®@p "™ H)®™ e o (1) D20 7] 22 S (UP, B)[m] %,

10



Let us give the steps for the proof of Proposition For I C {¢o,...,¢n_1} (of car-
dinality in {1,...,n — 1}) let 7;(D) = mag(D) — C(I, s7) (unique non-split extension)
if C(1,s|y)) is not a companion constituent, m;(D) = wae(D) ® C(I,s)) if C(I,s)y) is
a companion constituent (see (51), (52)). Define 7;(D) as the tautological extension of
Tag(D) ®p ExtéLn(Qp)(ﬁalg(D),7r1(D)) by m(D). Then 7,(D) is an amalgamated sum of
the 7;(D) for those I which are not very critical (see for a precise description), and
each 7;(D) is preserved by the action of Ap inside m,(D). Hence it is enough to prove that
(Talg(D) ®@p " 1)®™ — T (7)F= (7] extends to a GL,(Q,) x Ap-equivariant injection
for each such [/

(71(D) @ "1™ s T (7) Rl o0, (11)

and then amalgamate.

Showing lies at the heart of the proof of Proposition . Fix I which is not very
critical, ¢ := |I| and R a refinement compatible with I. To R, we first associate a point zgp
(see (201))) on a parabolic eigenvariety £, (7); (see below where it is denoted Ex (&, 7),.i
as in the text we fix arbitrary distinct Hodge-Tate weights at p-adic places not p and do
not assume K = Q,). Here the parabolic subgroup is the maximal standard parabolic P; of
GL,, containing all simple roots except e; — e;11. The advantage of using such a parabolic
eigenvariety is that (i) the point xy is smooth on &, (7); (Corollary and (ii) the
adjunction formulae we use (see (258), (266]) involve much less constituents.

Let us explain ([11)) when C(I,s;) is a companion constituent (the case where C'(I,s;) is
not a companion constituent being somewhat similar to the non-critical case in [Di25] § 4.1]).
Consider the following subspace of the E-vector space of additive characters Hom(7'(Q,), E)
(where T is the diagonal torus of GL,,):

Hom,(7T(Q,), E) := Hom, (T(Q,), E) @ Hom(GL,(Q,), E) € Hom(7'(Q,), F)
Homgm (GLr (Qp),E)

where “sm” means locally constant. We can identify Homy(7(Q,), £') with a subspace of
ExtlT(Qp) (0, 0m) = Hom(T'(Q,), E') where 0w is the locally algebraic character of T'(Q,) asso-

ciated to xx (see ), and define ’59{70 as the tautological extension of dn®pHom(7(Q,), E)
by dx. We then we prove a T'(Q,) x Ap-equivariant injection

o @ 5™ — Jp (Moo ()20, ])

where Jp is Emerton’s locally analytic Jacquet functor with respect to the upper Borel of
GL,. Using the adjunction formula of [Brl5, Thm. 4.3] with the fact I is not very critical
and the description of 7;(D) in that case (see (238))), we then deduce (see (272) which
crucially uses Lemma .

Finally it remains to explain how we prove the injection . We do not know the
multiplicity m; of the companion constituent C(I,s|;)) inside S.(U?, E)[x]%*" when I is

11



very critical, but a close examination of the (delicate) induction in the proof of [BHS19,
Thm. 5.3.3] shows that m; > m. As this is not stated in loc. cit. we prove it in Appendix
(where we also prove that C'(I, s|7) has multiplicity exactly m when C(1, s|7)) is a companion
constituent but I is not very critical, see Proposition . With the last statement of
Proposition , we obtain a GL,(Q,)-equivariant injection

@Dy ere ) @ (P Cs)™™) — S0 B (12)

I very critical

It formally follows from (the proof of) Proposition that we also have
Homgr,, (q,) (Tag (D) @p "1, 5, (U, E)[x]%/(1(D)’ @5 ")) =0

which by dévissage implies an injection

Extéy,, o, (Tag(D) ®p e, (7(D)” @p "))
— EthGLn(Qp) (ﬂ-alg(D) QE En—l7 S'\T(U@’ E) [ﬂ-]@p'an>. (13)

On the one hand the left hand side of is easily checked to have dimension m(n + @)
(Corollary , on the other hand Z. Wu proves in Appendix |B| that the right hand
side has dimension smaller or equal than m(n + W) (Theorem [B.1). Hence is an
isomorphism (and, assuming m = 1, the injection is really an isomorphism!). Using
with the isomorphism and dimpg ExtéLn(Qp)(C(] . 8111)s Talg(D)) = 1, we easily deduce
and the last statement of Theorem (see Theorem [3.6.3)).

Every section and subsection has a few introductory lines explaining its contents, and we
have tried to provide full details in the proofs (which explains the length of this text). We
end up this introduction with the main notation (some of which have already been used).

In the whole text we fix an integer n > 2, a finite extension K of @, with maximal
unramified subextension Ky, and a finite extension £ of Q, such that |X| = [K : Q,] where
Y= {K — E}. Welet f :=[Ky: Q) and Ox C K, O C E the rings of integers
of K, E respectively. For a € E* we let unr(a) : K* — E* be the unique unramified
character which sends any uniformizer of K to o and we write | - |x := unr(p=/). We let
val : K* — Q < E the p-adic valuation normalized by val(p) = 1 and log : Oj — K the
p-adic logarithm. We recall that any choice of log(p) € E allows o olog : O — E to be
extended to the whole K* (for o € ). We normalize the reciprocity map of local class field
theory by sending uniformizers of K to (lifts of) the geometric Frobenius. We denote by
e : Gal(Q/Q) - Gal(Q™/Q) — ZX — E* the p-adic cyclotomic character and still write
e for its restriction to any subgroup of Gal(Q/Q), for instance Gal(K/K). We again write
e: K* — E* for its precomposition with the reciprocity map K* — Gal(K*"/K).

We let Ri be the Robba ring for K (see for instance [BeO81, § 1.2] except that we
prefer the notation Ry to Biig, ). For an artinian E-algebra A, for instance A = E or
A = Ele]/€* = the dual numbers, we let Ry 4 := Rix Qg, A = Ri,p Qp A.

12



If G is a p-adic Lie group over K ([Sclll § 13]) and o € ¥ we denote by Homg,, (G, E) C
Hom, (G, E) C Hom(G, E) the (respectively) locally constant, locally o-analytic and locally
Qp-analytic group homomorphisms from G to E with its additive structure. Note that
they are E-vector spaces. For instance dimp Hom(K*,E) = 1+ [K : Q,] with a basis
given by (val, 7 olog for 7 € ¥) where log is extended to K* by any choice of log(p), and
dimg Hom, (K>, E) = 2 with a basis given by (val, o o log).

We refer to [ST03] for the background on the abelian categories of admissible locally
o-analytic representations and admissible locally Q,-analytic representations of locally K-
analytic groups. We denote by ExtéLn( K)o ExtéLn( k) the respective (Yoneda) extension
groups in these categories, and by ExtéLn( K)o, 2 ExtéLn( ),z the subgroups with a central
character. When the representations are locally Q,-algebraic, we write Ext,ilg for the group
of locally Q,-algebraic extensions. For smooth, locally o-analytic and locally Q,-analytic
parabolic inductions, and their properties, we use without comment the work of Orlik-Strauch
[OS15]. If Ry and Ry are two representations of a topological group which are (topologically)
of finite length, we denote by Ry — R, an arbitrary (possibly split) extension of Ry by R;.

We let T be the diagonal torus of GL,,, B the Borel of upper triangular matrices, N
its unipotent radical and B~ the opposite Borel. For P a standard parabolic subgroup
of GL,, we let Np be its unipotent radical, P~ the opposite parabolic and Lp the Levi
subgroup. For i € {1,...,n — 1} we let P, C GL, be the maximal standard parabolic
subgroup associated to all the simple roots of GL,, except e; —e;;1. For a connected reductive
algebraic group H over K, we let Hy, := (Resg g, H) Xspecq, SPeCE, Hy := H Xgpeck,s SPeCE
for o € ¥, and recall that Hy, & ngz H,. For a lie algebra [ over K we let [z 1= [®q, I/ 5
DB, (®koE) and [, := @k ,E. Welet g := gl,(K), b the subalgebra of upper triangular
matrices, n its nilpotent radical and t the diagonal matrices. We let tp, (resp. np,) be the full
(resp. nilpotent) radical of the Lie algebra of P; over K, [p, := the Lie algebra of Lp, over K
and 3p, the center of [p. We denote by R := {s1,...,5,-1} the set of simple reflections of
GL,, < the Bruhat order on S, relative to R and lg the length on S,, relative to R.

If V is a topological E-vector space we denote by V'V its continuous dual. If V" has no
specified topology, we tacitly endow it with the discrete topology and in that case V'V is its
linear dual. For a left T'(K)-module V', we let ¢t € T'(K) act on V'V by (tf)(—) := f(t(—))
where f € Hompg(V, E) (in particular if dimg V' =1 we have VY 2V as T(K)-modules).

Acknowledgements: We thank Roman Bezrukavnikov, Valentin Hernandez, Benjamin
Schraen and Zhixiang Wu for discussions, and Stefano Morra for his comments. We also
thank R. Bezrukavnikov for his note [Be25|, V. Hernandez and B. Schraen for their com-
putational work on the Bezrukavnikov functor, and Z. Wu for providing Appendix |B| The
second author is partially supported by the National Natural Science Foundation of China
under agreement No. NSFC-12231001 and No. NSFC-12321001, and by the New Cornerstone
Foundation.
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2 The locally analytic representations (D) and 7(D)’

To any filtered p-module D with distinct Hodge-Tate weights for each ¢ € ¥ and with a
mild assumption on the eigenvalues of ¢ we associate a locally Q,-analytic representation
7(D) and a subrepresentation (D)’ C (D), and we show that both determine and only
depend on the collection of filtered ¢/-modules D ® Ko®E, 0|k, ®id FE for 0 € ¥. This section is
purely local.

2.1 Preliminary material

We give important definitions and results that will be used in the next sections.

We fix a regular filtered ¢-module (D, ¢, Fil*(Dg)) with D free of rank n over Ky ®q, E
and Dg := K ®, D. We write D = [[ .. D, where
D, := Dg QK ®q, E,ooid E.
We obviously have for o € X
D ®kyE.0|x,0d E — Dy (14)

so that we can endow D, with the E-linear automorphism ¢/ (which still acts on the left
hand side, contrary to ). The ¢/-module D, does not depend on o up to isomorphism and
we denote by {¢; € £, 0 < j <n—1} its eigenvalues (for an arbitrary but fixed numbering).
We assume that they satisfy

pior (LT} Vi#k (15)
The (decreasing exhaustive) filtration (Fil"(Dg))nez on Dg can also be written
Fil"(Dg) = [ Fil"(D,)
ocEY

where (Fil"(Dgy))nez is a (decreasing exhaustive) filtration on D,. We recall that regular
above means that, for each o € X, (Fil"(D,))nez is a full flag on the n-dimensional E-vector
space D,. We denote by hg, > hy s > -+ > h,_1, the integers in Z such that

Fil ™"t (D,) C Fil ™ ™(D,) Y0 < j <n —1,
so we have
0 = Fil™"»-t=*(D,) C Fil "1 (D,) C --- C Fil "< (D,) C Fil " (D,) = D,  (16)

and

dimg Fil™"7(D,) = n — j. (17)
The minus sign comes from the fact that, when D = Deis(p) 1= (Bewis ®g, p)GAE/E) for
p a crystalline representation of Gal(K/K) over E, the integers hj, are the Hodge-Tate

weights of p “in the o-direction”. Hence for each ¢ € ¥ we have a filtered ¢/-module
(D,, ¢!, Fil*(D,)). Let us recall the following elementary lemma:
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Lemma 2.1.1. The isomorphism class of the filtered p-module (D, p, Fil*(Dyg)) is deter-
mined by the isomorphism classes of all the filtered o/ -modules (D, o', Fil*(D,)) for o € ¥
if and only if K = Q,.

Proof. When K # Q,, the E-vector space Hom, (D, D) (:= endomorphisms which commute
with ) is strictly smaller than the E-vector space [ ], ., Hom,(D,, D,), hence scaling in D
is strictly more restrictive than scaling in each D,. This easily implies the lemma (we leave
the details to the reader). O

For ¢ € ¥ we define an action of the Weil group Weil(K/K) on D, by making w €
Weil(K/K) act by =" where a(w) € fZ is the unique integer such that the image of
w in Gal(F,/F,) is the a(w)-th power of the absolute Frobenius z ~ z?. The resulting
Weil representation does not depend on o € ¥ and we let 7, be the corresponding smooth
representation of GL, (K) over E by the local Langlands correspondence normalized as in
[BSO7, § 4]. Concretely it is the following smooth unramified principal series:

T, e (Indgﬁ’g%) (unr(p0)] - [ R unr(pr)] - [} K-+ K unr<son1>)) (18)

and we recall that, thanks to , the representation is irreducible and does not de-
pend up to canonical isomorphism on the ordering of the eigenvalues of ¢/ (see e.g. [Rel0),
§ VIL.3.4]).

Force Y and je {0,...,n—1} welet \;, := hj, —(n—1—7) (note that Ao, > A1, >
- > Ap—1,5) and we write A\, : T(K) — E* for the character:

tO n—1
e T(K) — [[a(t;) V. (19)
tnfl 7=0

We denote by L(\,) the irreducible o-algebraic finite dimensional representation of GL,, (K)
over F of highest weight A, with respect to the upper Borel B(K). Here o-algebraic means
that K is seen in E via the embedding 0. We then define the (irreducible) locally o-algebraic
representation of GL,(K) over E:

rue(Da) i= 7y @ LO\) (20)
and (for later use) the (irreducible) locally Q,-algebraic representation of GL,(K) over E:
rag(D) = 7, & (85 L (). (21)
Foro e ¥ and i€ {1,...,n — 1} we write s;,-A\y : T(K) — E* for the character:

to

e T(K) 4( I1 a(tj)’\f*”)a(til)’\i*"1U(ti))‘i17f’+1. (22)

tTL— 1 j#l—l,l
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Here {s14,..., 8010} is the set of simple reflections of GL,, X, E and s;,-A, is the dot
action on the weight A\, with respect to B Xk, E. For i € {1,...,n — 1}. Recall that a
refinement is an ordering (¢j,, ..., ®;,) of the set of eigenvalues {¢;, 0 < j <n —1}. For
a fixed refinement (¢;,, ..., p;,) we consider the following locally Q,-analytic representation
of GL,(K) over E:

Qp-an
GLn(K n .
SOCGL, (K) (IndB_é{)) (unr(;)] - [ " Runr(e,)| - %" K- K unr(wjn))sw)\g) . (23)

Proposition 2.1.2. Let 0 € X,

(i) Fori e {1,...,n—1} the representation is irreducible admissible and up to isomor-
phism only depends on the set {@;,,...,p;} (or equivalently on the set {©j;,..,...,¢;.})
and not on the full refinement (¢j,, ..., ¢j.)-

(i) For i,i'" € {1,...,n — 1}, two different sets {¢j,,..., 05}, {@j,--- 95} give two
non-isomorphic representations in .

Proof. (i) is a special case of [BH20|, Lemma 5.5(i)] (with admissibility following from) while

(i) is a special case of [BH20, Lemma 5.5(ii)]. O

ForoeX ie{l,...,n—1} and I C {g;, 0 <j <n— 1} of cardinality ¢ we denote by
C(1, i)

the irreducible locally Q,-analytic representation in . Since is irreducible, C(, s;,)

is also the socle of (Ind?j’zg)(unr(%lﬂ TR R unr(g;,)sie s Ae)7 . In particular

C(I,s;) is locally o-analytic. Note that i is determined by I (as ¢ = |I|), but it is convenient
to keep the simple reflection s;, in the notation. An obvious count gives that (for o fixed)
there are 2" — 2 distinct representations C'(I, s; ).

Definition 2.1.3. Let I C {¢;, 0 < j <n — 1} of cardinality i € {1,...,n — 1}. We say
that a refinement (y,,,..., ;) is compatible with I if I = {¢;,,...,¢;} (as a set).

Remark 2.1.4.

(i) Let I C {p;, 0 <j <n—1} of cardinality ¢ € {1,...,n — 1}. For two different refine-
ments (@, - - -, %5,), (@51, -, ;) compatible with I there is a canonical isomorphism
between the corresponding two representations using [OS15, Prop. 4.9(b)] com-
bined with the canonical intertwining operators between smooth principal series, see
[Rel0), § VII.3.4]. Because this isomorphism is canonical, we need not worry about the
choice of compatible refinements in this work.

(i) It follows from [OS15, Prop. 4.9(b)] that the representation

Qp-an
GLn (K n . »
socar, a0 (I (wnr(,)| - 1 B une(py,)| - 57 B - B unr(;,)) Ao

is the locally o-algebraic representation m,,(D,) in for any refinement
(@irs - Pin)-
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Lemma 2.1.5. Letc e ¥, i€ {1,...,n—1} and I C {p;, 0 < j <n—1} of cardinality i.
We have equalities

dimp Extgy,, ) (Taig (Do), C(1, 8i0)) = dimg Extey, 10y (C(1, 8i0), Taig(Dg)) = 1
and (canonical) isomorphisms
EXt%}Ln(K),(f(Walg(Do)aC([> Si,o)) — EXt%}Ln(K)(Walg<DU)>C(Ivsi,tT))
EXt%}Ln(K),AC([a Si,o)s Talg(Dy)) — EXtéLn(K) (C(1, 8i,0); Targ (D))

Proof. The first statement can be deduced from [BQ24, Prop. 5.1.14] with [BQ24, Lemma
3.2.4(ii)]. For the second it is enough by the first to prove in each case the existence of a non-
split locally o-analytic extension. Let L™ (—\,), L™ (—s;-A,) the simple modules of highest

weights — Ay, —si oA, (respectively) in the category (’)Zf‘_g of [OS15] § 2.5]. Then this follows for
instance from [Or20), Cor. 3.2.11] applied with M the unique non-split extension of L™ (—s; ,-
Ao) by L™(=X,) (resp. of L= (=XAy) by L™ (=Si0-As)), see [BQ24, Lemma 3.2.4(ii)]. O

Lemma 2.1.6. Let o € ¥. To each refinement (p;,, ..., ;) one can associate isomorphisms
of finite-dimensional E-vector spaces

Hom (T(K), ) @i 10,1y Hom(K™, E) - — Extey,, (1) (Mg (Do), Tatg (Do)

N (24)
Homgy, (T'(K), E) @Homsm(KX,E) Hom, (K>, FE) — EXté}Ln(K),a(ﬂ'alg(Do% Tatg(Ds))

which induce an isomorphism Homg, (T(K), E) — Exty, (mag(Do), mag(Do)). Moreover in
the first case of the dimension is n + [K : Q,] and in the second n + 1.

Proof. The first isomorphism in follows from [Di25, Prop. 3.3(1)] (where a refinement
there is a permutation w € S,,). The second isomorphism is then easily deduced from it. Let
us at least define the maps. Recall that the E-vector space Hom (K™, E) (resp. Hom, (K*, E))
has dimension 1+ [K : Q,] (resp. 2), see §[I] We define a canonical injection

Hom(K™, E) < Extey, 5 (Taig (Do), Taig(Dy)), % = Taig (Do) @p (1+ (¢ o det)e)  (25)
where 1 + (¢ o det)e is the character on the dual numbers Ele]/(e?)

GL, (K) 5 K = (B[ /()" = Eld/(&2). g+ 1+ (det(g))e.

Note that the image of Hom, (K™, F) via 1) clearly falls in EX)EIGL”(K)J(TFalg(DU), Tag(Do))-
Recall also that the E-vector space Homgy, (T'(K), F) has dimension n. Let ¢ : T(K) — E*
be the character

6 = wm(p,)| - i Bunr(py,)| 5" B R unr(py,), (26)

we define another canonical injection
Homsm(T(K)a E) — EXt%}Ln(K),a(Walg(Da)v 7Talg(Dcf))
Y o— (Indg iy (¢ @5 (1+ )™ @p LX) (27)
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where 1+ e is seen as an (FE|e]/(€?))*-valued character of B~ (K) via B~ (K) — T(K). The
two injections and are easily checked to coincide on Homg, (K>, E'), which gives
locally Q,-algebraic, or equivalently (here) locally o-algebraic, extensions. O

Remark 2.1.7. One can also easily derive from Lemma and from [Di25, (3.6)] an
isomorphism of (n — 1)-dimensional E-vector spaces which depends on the choice of a refine-
ment:

Homgy, (T'(K), E)o - EXtéLn(K),a,Z(Walg(DU)’ Taig(Do)) - EXtéLn(K),Z(Walg(DU)a Taig(Ds))
where Homg, (K™, E)y := ker(Homg, (T(K), E) — Homg, (K, F)) via K* — T(K), a —
diag(a).

See § for the definition of the maximal parabolic subgroup P; C B, i € {1,...,n—1}.

Proposition 2.1.8. Leto e ¥, i€ {1l,...,n—1}, I C {p;, 0 <j <n—1} of cardinality i
and (@, ..., ;) a refinement compatible with I. Let Vi be a locally o-analytic representa-
tion of GL,,(K) over E which is isomorphic to a non-split extension of C(I,s;y) by Tag(D,)
(see Lemmal[2.1.5) and fiz an injection 1 : mag(D,) < Vi. Then associated to (Vi) and the
above refinement there is a canonical isomorphism of (n + 2)-dimensional E-vector spaces

Homg, (T(K), E) P Hom,(Lp(K),E) =5 Extéy, g0, (Tag(Do), Vi) (28)

Homem (Lp, (K),E)

which extends the second isomorphism in (for the fized refinement) via Hom, (K>, E) &

Hom, (Lp,(K), E) and EXtéLn(K)’U(ﬂ'alg(Dg),Walg(Dg)) < Ext(l;Ln(K)p(walg(Dg),V[). More-
over the restriction of (28) to Hom,(Lp,(K), E) only depends on (Vi,¢)

Proof. To simplify the notation we write 7, instead of m,4(D,). We first define the injection
Homg, (T'(K), E) — ExtéLn(K)p(ﬂalg, V) as the composition

noting that the second map is indeed injective since Homgr,, (k) (Walg, Vi/mag) = 0. For the
rest of the proof, we proceed in three steps.

Step 1: We define locally o-analytic representations R; and m; 4.
Let ¢ as in (26)) and define the (admissible) locally o-analytic parabolic induction

n Lp (K) sm oman
Ry = (Indgj( i ((1 T N Li()\g))> (29)

where L;(),) is the irreducible o-algebraic finite dimensional representation of Lp, (K) over
E of highest weight A\, with respect to Lp, (K) N B(K). Define

. L i(K) sm
Wi,alg = (IndLii(K)ﬁB*(K)gb) ®E Li(/\a>7
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(which is locally o-algebraic) then as in (ii) of Remark

Lp. (K) o-an
T alg = SOCLPZ.(K (IHdLP EK K)¢/\U)

and by loc. cit. and we have m,, = socar, k)£t With the notation of [OS15] we have

Ry & FS¥ (U(a) 91y L (o), 6) )

where L; (—\,) is the simple module of highest weight —\, in the category OZ{’g” of loc. cit.
Note that by considerations analogous to (i) of Remark changing the refinement by
another refinement compatible with I modifies m; 5, and [R; by representations which are
canonically isomorphic to them.

Step 2: We define a canonical injection Hom, (Lp,(K), E) < Ext%;Ln(K)J(Walg, V) asso-
ciated to (V7,¢).
Fix an injection ¢ : ma, < R; (unique up to scalar in E*) with R; as in . Since the
unique extension of L~ (—M\,) by L™(—$;,°As) occurs as a quotient of U(g,) Bz L7 (=)
(see the proof of Lemma and [Hu08, Thm. 9.4(b)(c)]), it easily follows from with
the dimension 1 assertion of Lemma that there is a unique injection ¢y : V; < R; such
that 19 01 = ¢t1. Moreover, we have a canonical injection obtained as the composition of the
following two injections

Hom, (Lp,(K), E) < Ext,,- (K)(m algs Tialg) < ExtGL )0 (R1, Rr)

GL, (K o-an
¥ — wz,alg@)E (1+ve) +——(In nd,,” (ﬁ{))m’ang@E (14 e))

(31)

where 1 + e is the character P (K) — Lp (K) — (E[e]/(€%))* < E[e]/(¢*) on the dual
numbers analogous to . The second map in is induced by the parabolic induction
and is injective by (the proof of) [Em07, Lemma 0.3] applied with P = P;. The composition

HOIHU Lp g Ex tGL R[,R[) — EXtGL (K)o (ﬂ'algaRI) (32)

where the second map is induced by the pull-back ¢; : 7., < Ry is still injective using
[Em06], 0.13] combined with [Em07, Lemma 0.3]. A dévissage using [Di191, Lemma 2.26(2)]
(together with [HuOS Cor. 5.2]) shows that the push-forward ¢y : V7 < R; induces an
isomorphism Extér, x ()0 (Tatg, V1) — Extgy,. (K)o (Talg; Br), hence precomposing its inverse
with (32]) gives an injective map

Hom, (Lp, (K), E) — ExtéLn(K)’a(ﬂalg, Vi). (33)

Replacing ¢ by A¢q for A € E* and changing 1, accordingly, it is an easy exercise left to the
reader to check that the map only depends on the injection ¢ and the fixed refinement.
But in fact modifying the latter by another refinement which is compatible with I and
using the compatibility of intertwinings operators with (smooth) parabolic induction ([Rel0),
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Prop. VIL.3.5(ii)]), we see that does not depend on the fixed refinement (compatible
with 7). Finally, when restricted to Hom, (K™, E) via the determinant Lp, (K) — K*, one
also checks that lands in ExtéLn(K)’U(walg,walg) (it is given by ¢ — Ta, @5 (1 + e)
where 1 + te is seen as an (E[e]/(¢*))*-valued character of GL,(K) via the determinant)
and is compatible with .

Step 3: We prove the statement of the lemma.
When ¢ € Homg,(Lp, (K), E), by an argument similar to the one in the proof of [Di25]
Prop. 3.3(1)] the injection factors through

(Ind g7 5 (I, (- a0y @)™ @ (1+ €)™ @ L(A
=~ (In dGL"(K (6 @5 (14 6))™ @p L(A\,)

where 1+1)¢ on the right hand side is seen as a character of B~ (K) via B~ (K) — P, (K) —»
Lp (K). It follows that the injection induces an injection

Homsm(LPi(K)a E) — EXtéLn(K),a (ﬂ-alga 7Talg)

(via ExtéLn( K)o (Talg, Talg) <y Extg, (1) 0 (Talg, VI)) which is compatible with the injection

Homg, (T'(K), E) — ExtéLn( K)o (Talg; Talg) I (via the mJectlon Homgy, (Lp, (K),E) —

Homg,, (T'(K),E)) for any refinement compatlble with I, see (27). Together with (31), we

deduce a morphism as in which only depends on (V) and (@jrs- - 95,). Now, it

follows from the second isomorphism in with the end of Step 2 ind the fact that
51

Hom, (K>, F) & Hom, (Lp,(K), E) is not surjective) that the image of (31)) is not contained

in ExtéLn( K)J(Walg, Talg). Using Lemma [2.1.5( this implies the surjectivity of |D We also
deduce a short exact sequence

0— EXtéLn(K),cr(ﬂ-alg? Talg) — EXtéLn(K),a(ﬂ-alg?‘/I) — EXtéLn(K),a(WalgyI/Walg) —0

and dimg ExtéL ( 7ra1g, Vi) = n + 2 (using the last assertion of Lemma |2 As the
left hand side of (28) is easﬂy checked to also have dimension n + 2, we ﬁnally obtaln an
isomorphism as in loc cit. O

Remark 2.1.9. It is a consequence of , and the last statement of Proposition m
that to (V7,¢) as in loc. cit. there is associated a canonical isomorphism of 1-dimensional
FE-vector spaces

Hom, (Lp,(Ok), E) /Homg (05, E) — Extqy, (k) o (Taig(Do), Vi/Tag(Ds))  (34)

where Hom, (Oj, E) embeds into Hom, (Lp,(Ok), F) via the determinant Lp,(Ok) — Oj.

The GL,_; in the next statement is the second factor of Lp, = (GOLi GL?H).
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Proposition 2.1.10. For o € ¥, i € {1,...,n—1} and I C {p;, 0 < j < n—1} of
cardinality © we have a perfect pairing of 1-dimensional E-vector spaces:

Extar, (i) o (Tate (Do), C(I, 81.0)) X Extay,, 1) o (CL 8i0), Tatg (Do)
— Hom, (GL,_;(Ok), E).

Proof. To simplify the notation we write m,, instead of m,(D,). Consider the GL, (K)-
representation C(1, s;,) ®p ExtéLn(K)ja(C(], Sio)s Talg) With trivial action of GL,(K) on the
1-dimensional factor Ext¢y, (1),0(C (1, 8i,0), Talg). 1t is formal (and left to the reader) to check
that there is a canonical isomorphism of 1-dimensional F-vector spaces

EXtéLn(K),U(O(L Si,c)s Talg) ®F EXtéLn(K),a(C(L Sisr)s Talg)”
= ExtéLn(K)vg (C(I, Sio) @F EXtéLn(K)’U(C([, Sio)s Talg)s Walg). (35)

We denote by v; the image of the canonical vector of the left hand side. We choose a
representative V7 of vy, which is thus isomorphic to a non-split extension of C'(I, s; ) by Talg.
By definition V7 also comes with an injection ¢ : may < V; and an isomorphism

K2 VT — C(1, 8i0) Qp ExtéLn(K)ﬁg(C(I, Sir), Talg)- (36)

The canonical surjection Lp, — GL,,_; onto the second factor induces a canonical injection
Hom, (GL,_;(Ok), E) — Hom,(Lp,(Ok), E)

which composed with the surjection

Hom, (Lp,(Ok), E) - Hom,(Lp,(Ok), E)/Hom, (O, F)
gives a canonical isomorphism of 1-dimensional E-vector spaces

Hom, (GL,_;(Ok), E) — Hom,(Lp,(Ok), F)/Hom, (O}, E). (37)

Combined with applied to V; as above and using x, we deduce canonical isomorphisms

Hom, (GL, ;(Ok), E) — EXtéLn(K)J (Tratg, C (I, 8:5) ®EEX’C%;L”(K),U(C([, Sixo), Talg))
— EXtéLn(K)p(Walg’ C([> si,o)) ®EEXt%}Ln(K),U(C<Iv Si,a)v Walg) (38)
where the second isomorphism is analogous to and purely formal. It is also formal to

check that the isomorphism does not depend on the chosen representative V; of v;. This
gives the canonical perfect pairing of the statement. O

Remark 2.1.11. A similar proof to that of Proposition [2.1.10)) also gives a perfect pairing
with Hom, (GL;(Ok), E) instead of Hom,(GL,_;(Ok), E), that is, with the first factor of
0

LPi - (GOLZ GLn,Z‘)'
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For o € ¥ we have a canonical isomorphism of 1-dimensional E-vector spaces
FE — Hom,(GL,_;(Ok), E), 1+ o ologodet. (39)

To simplify the notation we simply write log € Hom,(GL,,_;(Ok), E) for the image of 1 in
(39)). For later use, we also write val := val o det € Homg,, (GL,—;(Ok), E). It follows from
Proposition that for each o € ¥, i € {1,...,n — 1} and [ of cardinality i we have a
canonical isomorphism of 1-dimensional E-vector spaces:

Extar, (5,0 (Taig (Do), C(1, 8i0)) — Extar, (5,0 (C(1, Si0), Talg(Do)) " (40)

One can also reformulate in the following way, which will be useful in § the isomor-
phism & in induces an isomorphism

EXté}Ln(K),aOTalg(Da)a Vi/Tag(Do))
= Exter, ()0 (O, 8i0), Taig (Do) @5 Extiy, (1),0(C(1 8i0), Taig(Ds))  (41)

such that the image of log € Hom, (GL,_;(Ok), E) in Ext(lgLn(K)p(walg(DU), Vi/Tag(Ds)) by
and is sent by to the canonical vector of the right hand side of .

2.2 The map tp, and the representations 7(D,), (D)

We define a crucial E-linear map tp, (Proposition and use it to define the locally
c-analytic representation 7(D,) of GL,(K) over E (Definition [2.2.6). We then prove that
7(D,) only depends on the isomorphism class of the filtered ¢/-module D, (Corollary(2.2.13)).
We finally define the locally Q,-analytic representation 7 (D).

We keep all the notation of § 2.1} In this section (except at the very end) we moreover
fix an embedding o € ¥. In order to construct 7(D,,), we first need to fix some choices. We
then prove that, up to isomorphism, 7(D,) does not depend on these choices.

We fix a basis (eq,e1,...,e,-1) of p/-eigenvectors of D, such that ¢/(e;) = g;e; for

0 < j <n —1, the choice of which won’t matter (we should denote e; by e;, but there will

be no ambiguity since o is fixed). For I C {y;, 0 < j <n—1} of cardinality i € {1,...,n—1}
we set )

er = /\ije[@j € /\EDU' (42)

In fact the vector ey is only defined up to sign, but we will only use the vector space Fe; in
the sequel. We then fix for each I C {¢;, 0 < j <n — 1} of cardinality ¢ € {1,...,n — 1}
an isomorphism of 1-dimensional E-vector spaces (using Lemma [2.1.5)

er Exthy, k)0 (CL, Si), Tag(Dy)) — Eepe (43)

where I¢ is the complement of I in {1,...,n — 1}. We define for each i € {1,...,n — 1}:

gi 1= @51 ; ExtéLn(K)’g(@C(I,sip),ﬁalg(DUD = /\E_ D,. (44)

[]=i |I|=i
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Remark 2.2.1. The isomorphisms ¢; and &; do not come out of nowhere since, at least
when K = Q,, they can be made functorial, see [BD23, Thm. 5.16(ii)] with [BD23), (5.32)].
However, we do not need here the (quite delicate) functor of loc. cit. (which anyway remains
to be defined when K # Q,), as it turns out that it is just enough for our purpose to choose
arbitrary isomorphisms of E-vector spaces €; for each I.

Fori € {1,...,n—1} we define the following 1-dimensional E-vector subspace of A% "D,

Fil"™D, := Fil" ' (D,) AFil""27(D,) A--- AFil " (D,)

~ i A 4
5 Ny Fil™e(D,) C N,'D, (45)

where the isomorphism follows from and . The following statement will be used
later (its easy proof is left to the reader).

Lemma 2.2.2. Let I C {p;, 0 < j <n—1} of cardinality i € {1,...,n—1}. The coefficient
of ege in Fil™D, is non-zero if and only if Fil™"*(D,) N (@, ., Ee;) = 0.

pjel

We now define several locally c-analytic representations of GL,(K) over E. For i €

{1,...,n — 1} consider the morphisms of (finite dimensional) E-vector spaces (writing i,
for ma4(Dy))

EXtGL (K)o @C (1, 8i0), Walg) QF EXtGL (K)o GBC (1,5i0) Walg)
[1|=i |I|=i

—) EXtGL (K ( @C ] SZ o—)) ®E EXtGL (K @C _[ S’L O’) Wa]g) Wa]g>
|[I|=1 [|=i

— EXtér, x0 ( @C I,5i,)) @5 Fil™ DU,Walg) (46)

[I|=i

where the first isomorphism is canonical and formal (as in the proof of Proposition [2.1.10),
the action of GL,(K) being trivial on the factor Extg;, (10,0 (B=iC (I, sw) Tag(Dy)) and
where the second morphism is the push-forward induced by the composition (see . 44)) for €;)

Rl D, = N\ ‘D, 5 Extly, K)o (@C (I, i), Tatg(D )) (47)
=i

We denote by 7, (D,) a representative of the image of the canonical vector of the left hand
side of by the composition (46) and by ¢; : mae(D,) — 7s,(D,) the corresponding
injection. For I C {p;, 0 < j <n—1} of cardinality ¢ € {1,...,n—1} we denote by 7;(D,)
the pull-back of 7y, (D,) along the canonical injection

C(1, 51.0) @5 Fill™ Dy — (@ CU, 51,) ) @ FIl™ D,
\T|=i
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The representation m;(D,) also comes with an injection ¢; : mae(D,) — 71(D,) (and a
surjection 7;(Dy) — C(I, s;0)®pFiL** D, ), the composition ma.(Dy) — m1(D,) — 75, (Dy)
being ¢;, and we have a canonical isomorphism

&P =(D,) = 7, (D,) (48)

|I|:i77ralg(D0)
where m,,(D,) embeds into m;(D,) via ¢;.

Let us unravel . Denote by Vi(D,) the pullback of the representation V; below (35)
induced by the composition

s1max "
Fil™® D, @ Extiyr, (0.0 (D CI, $10), Taig (Do) = Extéy, 1) o (C(1, 810), Tag (Do) (49)

\I|=i

where the surjection is the canonical projection sending all ExtéLn( 1),0(C(J; 8i0), Talg) to
0 for J # I. Then one easily checks comparing and that there is a canonical
isomorphism

Vi(Ds) — m1(Ds) (50)

which is the identity on mue(D,) and on the quotient C(I,s;,) ®g Filj"*D,. It follows
from the structure of V;(D,) and from that we have a canonical isomorphism when the
coefficient of eje in the line Fil;*™ D, of A} D, is non-zero

Vi — (D) (51)
and a canonical isomorphism when this coefficient is 0
ae(Do) P(C I, 510) @p FilF*D,) — 7/(D,) (52)

(these conditions do not depend on any choice for the vector er). Going back to (48|) we
deduce a canonical isomorphism

<7ra1g<Da> — ( DCU.si) @n Fil?aXDa)) D (P si) epFi=p,)

[|=1 []=i
non—split split

— 7ms,(Dy)  (53)

where the subsets I in the first (resp. second) direct summand are those such that the
coefficient of eje in Fil;"™ D, is non-zero (resp. is 0). Note that, although the second direct
summand in can be 0 (for instance when the filtration Fil*(D,) is in a generic position),
the first is always strictly larger than m,.(D,) (because Fil"*D, is non-zero) and each
extension in subobject there is non-split. Finally for any non-empty subset S C R of the set
R of simple reflections of GL,, we define the amalgamated sum

ms(De) = €  7.(D) (54)

Siesvﬂ'alg(Do)
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where the sum is over i € {1,...,n — 1} and m,(D,) embeds into 7, (D,) via ¢; (thus
75 (Do) = 751y (Do))-

Remark 2.2.3. When K = Q, the representation 7, (D,) is the representation denoted
(Fo 0 E)THFIP™) with a = e; — e;41 in [BD23, Thm. 5.16].

Whereas all ExtGL (K)o I . . could be replaced by ExtGL k) by Lemma
2.1.5}, in the following crucial proposition we do need ExtGL (K)o

Proposition 2.2.4. There is a surjection of finite dimensional E-vector spaces which only
depends on the (g;); in and on a choice of log(p) € E:

tp, 1 Extdy, ()0 (Tag (Do), 7r(Dy)) — Extl;(Dy, Do) @) Hompa(Dy, Dy)

where Ext;f means the extensions as ©f-modules and Hompy means the endomorphisms of
E-vector spaces which respect the filtration Fil*(D,).

Proof. To simplify the notation we write mag, 77, 7s,, Tg instead of mae(Dy), T1(Dy), 75, (Dy),
7r(Dy) respectively, and Ext. instead of ExtéLn( K)o Note that the maps induced by the
injections ma, < 7 <= 7, — 7w (when ¢ = |I]):

70-.

Ext] (Tag, Talg) — Ext} (Mg, 71) — Ext] (Tag, Ts,) — Ext} (Mo, 7r) (55)

are all injective (their kernel is 0 since Homgr,, (k) (Taig, C(I, 8i,)) = 0 for all I). Hence it is
enough to define tp, in restriction to each Ext} (g, 7,,) in such a way that its restriction

to EXt}T(ﬂ'a]g, Talg) Via EXt}T(ﬂ'a]g, Talg) N Exti_(ﬂalg, 7s,) does not depend on i.

Step 1: We define some splittings.

Let i € {1,...,n — 1}. The surjection onto the second factor Lp (K) — GL,_;(K) gives a
canonical injection

Hom, (GL,_;(K), F) — Hom,(Lp,(K), E). (56)
The choice of log(p) defines a section Hom,(O%, E) — Hom,(K*, E) to the restriction
map Hom, (K>, E) - Hom, (O, E) by sending o o log : O — E to its unique extension
to K* sending p to log(p). We obtain a corresponding section Hom,(GL,_;(Ok), E) —
Hom, (GL,_;(K), E) to the restriction Hom,(GL,_;(K), E) = Hom,(GL,_;(Ok), E). One
then easily deduces an isomorphism only depending on log(p)

(Homsm (Lp(K),E) €D Hom,(K*,E )) @ Hom,(CL,(Ok), E)

Homgm (K*,E)
— Hom, (Lp.(K),E) (57)
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such that its restriction to the first direct summand is induced by the canonical injection
Homg, (Lp, (K), E) < Hom,(Lp,(K), E) and by the determinant Lp (K) — K*, and its
restriction to the second direct summand is the composition

Hom,(GL,_;(Ok), E) — Hom,(GL,_;(K), E) — Hom,(Lp,(K), E).

Combining (applied to (V7,¢) = (my,¢r) with |I| = 4) and we recall that we have a

canonical isomorphism when 7; is non-split
Hom, (GL,_;(Ok), E) — EXté(?Talg, 1/ Talg)- (58)

Let us now choose a refinement (g;,, ..., ¢, ) compatible with I (Definition[2.1.3]). By Propo-
sition combined with and when 77 is non-split, or by the second isomorphism
in combined with when 7; is split, we deduce an isomorphism

(HomSm @ Hom, (K™, E )) GB Ext! (Tag, 71/ Talg) — Ext) (Tag, 1) (59)

Homgm (K*,E)

such that its restriction to the first direct summand is the second isomorphism in (24))

(composed with Ext! (e, Tag) N Ext} (g, 1)), hence only depends on (¢, ..., ¢;.),
and its restriction to the second direct summand does not depend on (gj,,...,¢;,) (but

depends on ¢; via the definition of 7;) and depends on log(p) via if and only if 77 is
non-split.

In fact, for any refinement (not necessarily compatible with I) we have the composition
(which depends on that refinement):

||z®

Homg, (T(K), E) € Hom,(K* E) ' Ext L (Tratgy Tatg) = Bxth (marg, 1), (60)

Homgm (K*,E)

Hence choosing an arbitrary refinement (¢;,, ..., ¢;,) we (easily) deduce from (59)), and
an isomorphism

(Homsm(T(K),E) @ HomU(KX,E)> @ (@Exti,(walg,m/walg)) —

Homgm (K> ,E) |I|=1t
Ext, (Tag, Ts,)  (61)

such that its restriction to & _, Ext! (7ag, 7r/ma1g) only depends on &; and log(p).
By the discussion before Step 1 and it is enough to define ¢p_ in restriction to

Ext},(walg, Tag) and in restriction to @\H:i Exti_(ﬂalg, T Talg) — EXt}T(ﬂ'a]g, Ts;/Talg), and to
prove that tp_ does not depend on any refinement.
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Step 2: We define tp, in restriction to Ext} (mag, Talg)-
Recall from Step 1 that the choice of log(p) gives an isomorphism

Homgy, (K™, E) @5 Hom, (O, E) —+ Hom, (K*, E)
and hence an isomorphism

Homgy, (T (K), E) @) Hom, (O, E) —~+ Homg(T(K), E) @5 Hom,(K*,E).  (62)

Homgm (K*,E)

By and the second isomorphism in (24) we only need to define ¢p in restriction to
Homgy, (T'(K), E) and to Hom, (O, E).

We start with the second. We have a canonical injection
Ext.s(Dy, Do) @ E — Extl(D,, D,) @ Hompy (D, D)

which is the identity on Extl 7(Dy, Dy) and sends A € E to the multiplication by A on D,,
which is obviously in HomFﬂ(DU, D,). We then define

tDa|Homa(O§,E) : Hom, (O, E) — 09 E — Ext}of(Dg, Dy)® E, Moolog) — 0+ A. (63)
Fixing a refinement (¢;,, ..., y;,) we now define
t Dy [Homam(T(x),5) : Homg (T(K), E) — Ext,; (D, Dy) (64)

by sending 1 = (¢, ..., 1,) € Homg, (T'(K), FE) (with ¢, : K* — E) to
(@E s ¢les) = 9i 1+ Ve(@ic)e)es,) € Bxtly (Do, D) (65)

where wy is any uniformizer of K (remembering that the smoothness of the additive char-
acter 1, implies )| ox = 0). The map p, |Homen(1(k),r) depends on a choice of refinement,

however so does the injection Homg, (T(K), E) — ExtéLn(K) o (Talg, Targ) i (27), and one
readily checks that, via the second isomorphism in (and (62)), (63)), the resulting map

Dy | Ext] (rargmarg) L Ext) (Talg, Talg) — Ext;f (D,, Dy) @ E
(< Ext;(D,, D,) @ Hompy(D,, D)) (66)
only depends on the choice of log(p) and is an isomorphism.

Step 3: We define tp,_ in restriction to ExtéLn( K)VU(Walg, Ts;/ TMalg)-

Recall that the definition of 7, right after comes with an isomorphism 7, /7, —
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(D)1= C(1, si0)) @5 Fil™ D,. We then deduce isomorphisms

EXtclf (ﬂ-alga 7T8i/7ralg) ;) EXt}T (ﬂ-alga ( @ C’(]’ Si,a)) Rp Fﬂ;naxDJ>
|I|=i

Ext, (Tag, @ C(1,s;5)) ®p Fil"™ D,

[T|=i

K

|8

EXtCl’( @ C<]’ Si,a)a 71—alg)v QF Fﬂ?axDU

\I|=i

E

(NS 'D)" exmir,

Homp( N\ D\ Fil " (D,)) (67)

(where the second isomorphism is formal). The restriction map induces a canonical surjection

I

&

Homp( N\ "Dy N\ Fil™(D,))

—» HOmE ((/\nE_i—l Fﬂihi‘o (Do-)) A Do., /\TLE_Z Fﬂfhi,a (Do_)) (68)

where (A} '~ Fil ™" (D,)) A Dy denotes the image of (A%~ Fil ™" (D,))®g Dy in N ' D,.
By (i) of Lemma below we have a canonical isomorphism

{f € Homg(D,, Fil " (D,)), f|Fﬂ_hiyg(Dg) Scalar}
~ n—i—1 —hio n—1 —hio
5 Homy (( /\E Fil~"(D,)) A D,, /\E Fil ™" (D,)). (69)

Composing the isomorphism with the surjection and the inverse of the isomorphism
(69) we obtain a surjection only depending on ¢;

. 1
th |EXtéLn(K),o (Talg:Ts; /Talg) EXtGLn(K),o' (Walgv Ts; /ﬂ-alg>

—» {f € HOIHE(DU, Filihi’(f(Da))v f’Fi]_hi,a‘(Do) Scalar} — HomFil(Daa DO’)' (70)

Finally the surjectivity of ¢p, follows from the surjectivity of and from (ii) of Lemma
below (noting that the scalar endomorphisms of D, can also be described as

{f € Homp(D,, Fil™"*(Dy)), flpy-ro0(p,, scalar}. O
The proof of Proposition [2.2.4] uses the following elementary lemma:
Lemma 2.2.5.
(i) Fori € {1,...,n — 1} we have a canonical isomorphism as in (69) given by f —

(z Ad vz A f(d) for z € N~ Fil ™" (D,) and d € D,.
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(i) Fori € {0,...,n— 1} the inclusions
{f S HOIHE(DU, Fil_hi’a (DU))a f|Fil_h’i,U(Da) Scalar} — HomFil(Dm DO’)

induce a surjection

n—1

@{f € HomE(DU,Fil_hi"’(Da)), f|Fi17hi7g(D0) scalar} — Hompgy(D,, D, ).

1=0

Proof. The proof of (ii) being straightforward, we only prove (i). Note first that the map is
well-defined since, if 2 A d = 0, one easily checks that this implies d € Fil~"(D,), and thus
we also have 2 A f(d) = 0 as f|p-rio (p,y is scalar. A quick calculation with shows that

both sides of have dimension 1 +i(n —1) over E, hence it is enough to prove injectivity.
But if 2 A f(d) = 0 for all 2 € N '~ Fil ™" (D,), d € D,, this implies that f(d) belongs to
all (n—i—1)-dimensional vector subspaces of Fil™"#<(D,,), which obviously implies f(d) = 0
(for all d). O

For later use, we recall that, fixing an arbitrary refinement, by and (for S = R)
we have an isomorphism (depending on this refinement, on the isomorphisms (7); in (43])
via the definitions of the representations (D, ), 7r(D,), and on log(p)):

(Homow(T(K), E) €D Homo(KX,E))@(@Ext},(ﬂalg(DU),WI(DU)/Walg(DU)))

Homem (K% ,E)

— Exty, (mag(Ds), 7r(Dy)). (71)
We can now define 7(D,).

Definition 2.2.6. We define 7(D,) as the representation of GL,(K) over E associated to
the image in EXtéLn(K)J(Tralg(DU) ®@gker(tp,), mTr(D,)) of the canonical vector of the source
by the composition

EXtG, (#6).0 (Talg (Do), Tr(Do)) @5 Xt (50).0 (Tatg( Do ), Tr(Do))
— EthGLn(K),a (Walg(Do) ®p EXtéLn(K),a(ﬂ-iﬂg<DU>7 Tr(Ds)), WR(DU))

— ExtéLn(K)’U (ﬂalg(Da) ®g ker(tp, ), WR(DJ))
where the first isomorphism is formal and the second morphism is the pull-back induced by
ker(tp,) < EXtéLn(K)ya(ﬂ'alg(Dg),7TR<DU)).

In the sequel we also call 7(D,) the tautological extension of mu.(D,) ®p ker(tp,) by
mr(D,).

Though the surjection tp, in Proposition depends on choices, we now prove that the
isomorphism class of the representation (D, ) in Definition does not. We first prove
it does not depend on the isomorphisms .
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Proposition 2.2.7. Up to isomorphism the map tp, does not depend on the (¢r); in
for I C {p;, 0 <j<n-—1}. In particular the representation w(D,) of GL,(K) over E does
not depend on the choice of the €;.

Proof. As in the proof of Proposition we write T, 77, T instead of ma(D,), m1(Dy),
7r(D,) and Ext} instead of ExtGL We fix log(p) € FE and two choices (¢7); and (g7);.

Let 77, mr (resp. 7y, 7} associated to (er); (resp. ( in (48), (54) (for S = R), and
tp, (resp. t, ) the corresponding map associated to {(51)1, log( )} (resp. {(e})1,log(p )}) in

Proposition [2.2.4L We prove that there is a GL, (K )-equivariant isomorphism ¥ : 75 — T
which induces a commutative diagram of E-vector spaces

w
~

Ext,, (Talg, Tr) Excty (Mg, 1)

P )

Ext_s(Dy, D) @ Hompi (D, D)

(this is what we mean by “up to isomorphism the map ¢p, does not depend on the (g/),”).
By the construction of ¢p, in Step 2 and Step 3 of the proof of Proposition and by
[“8), (B4), (71), to construct ¥ (and obtain (72)) it is enough to construct for each I an
isomorphism ¥y : 7; — 77 such that we have commutative diagrams

o ¥y
T ——m} Ext, (Mg, 71/ Talg) Exty (Talg, 77/ Talg)
LIJ/ and ' = (73)
Talg Hompg ( %ﬁiDU, Fil?laXD(,)
where Wy : 7 /Ty — 5/ is induced by Wy (and where i = |I|). There is a unique

c; € E* such that €} = ¢/er in , thus we have a commutative diagram

cr

Filmex ), Filmex ),
74
li = (74)

Ext) (C(I, 8i4), Talg) -

Then induces an isomorphism V;(D,) — V;(D,) which is the identity in restriction
to T, and the multiplication by ¢; on the quotient C'(I,s;,) ®p Fil;"**D, (see above
for V;(D,)). By this gives Uy : 1; — 7} and the first diagram in . Note that U;
is the multiplication by ¢; on C(I, s;,) ®g Fil;**D,,. The second diagram then follows since
the image of the morphism in lies in Hompg(Fese, Fil;"*D,) and since the dual of
€7, which is used in the one but last map in (see also the right part of the diagram ([78))
below), “compensates” the scalar c;. O
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We now prove that the isomorphism class of 7(D,) does not depend on log(p). As this
is more subtle, we need some preparation.

Lemma 2.2.8. Let I C {p;, 0 < j <n—1} of cardinality i € {1,...,n — 1} and let ¢; €
EXtéLn(K),U(ﬂ'alg(DU%W[(Dg)/ﬂ'alg(Do)). Assume my is non-split and write ¢; = A(ey)log
where A\j(c;) € E and log € EXtéLn(K)J(?Talg(Dg),7T[(D0>/7Talg(DU)) is the image of log €
Homp(GL,_;(Ok), E) under (58) (see below (39) for log). Changing log(p) into log(p)’
replaces cy in (@) for any refinement compatible with I by

Ar(cr)(log(p) —log(p))val + ¢;

where val € Homgy, (GL,—;(K), E) — Homg,(Lp, (K), E) — Homg,(T(K), E) (and if 7y is
split then c; does not change).

Proof. This follows from the isomorphism and from the canonical commutative diagram
EXtéLn(K),a(Walg(Do>7 Vi) — EXtéLn(K),a (Walg(Do)7 VI/Walg<Do))

(28) zT
Hom, (GL,_;(K), F) Hom, (GL,_;(Ok), E)

where Hom, (GL,_;(K), E) is seen in Hom, (Lp,(K), E) (in (28))) as in (56). O

We go on with a crucial lemma which will be used several times in the sequel.

For c € B, EXtéLn(K),g(T(alg<Do)a 71(Dy)/Tag(D,)) recall that we have defined tp (c) €
Homgy(D,, D,) in Step 3 of the proof of Propositionm Hence for each j € {0,...,n—1}
there is a unique \;(c) € E such that

tp,(c)(e;) = Aj(c)e; € EP Eeyr.
i#i

Moreover A;(c) obviously does not depend on the choice of the basis (e,...,e,—1) at the
beginning of §[2.2] The following technical but important lemma will be used several times.

Lemma 2.2.9. Let I C {¢;, 0 < j < n— 1} of cardinality i € {1,...,n — 1} and let
¢ = cr € Exty, (100 (Tatg(Do), 71 (D) /Tatg(Ds ).

(1) If j is such that @; € I then tp, (cr)(e;) =0 and thus \;(c;) = 0.

(i1) If the coefficient of eje in Fil"*D, is 0 and if j is such that p; ¢ I then we have
tp,(cr)(e;) € EB%_,E[ Eej . In particular if the coefficient of ere in Fil***D, is 0 then
Nj(er) =0 forall j €{0,...,n—1}.
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(1it) If the coefficient of ere in Fil;"™ D, is non-zero and if j is such that p; ¢ I then
Aj(cr) does not depend on such j and is the unique scalar \;(c;) € E such that ¢; =
Ar(cr) log where log € EXtéLn(K)’U(ﬂ'?ﬂg(Dg),W](DU)/Walg(DU)) is the image of log €
Homp(GL,—;(Ok), E) (see below (39)) under (58). Moreover in that case we have

tp,(cr)(ej) — Ar(cr)e; € @ Eey (for j such that p; & I).

goj/EI

Proof. As usual we write m,,, 7y instead of ma,(Dy), 771(D,) and Ext! instead of ExtéLn( K)o

We prove (i). The image of the restriction of the morphism to Ext) (Tag, 71/ Tale)
lies by construction in the subspace Hompg(Eese, Fil™D,) of Hompg(Ay Dy, Fil™™D,).
In particular, by the definition of the morphism in (i) of Lemma , we have x A
tp, (cr)(d) = 0 in Ny ' Fil ™" (D,) = Fil™*D, for any = € Ny '~ Fil ™" (D,) and d € D,
such that x A d € @Jﬂc Eejin /\TfEfiDU. Since ¢; € I, we see that we always have x Ae; €
D, Ee; and thus

N X n—i __ —hi g n—i—1 —hi g
x ANtp,(cr)(ej) =0 in /\E Fil™"(D,) for any x € /\E Fil™" (D).
This implies that p, (c7)(e;) lies in any (n—i—1)-dimensional vector subspace of Fil "7 (D),
which implies ¢p, (cr)(e;) = 0.

We prove (ii). The last assertion follows from the first and from (i). We prove the first
assertion. Define
Fil " (D)9 := Fil " (D,) N (D Ee;r) (75)
J'#3
which has dimension > dimg Fil "7 (D,) —1 = n —i — 1 (see ) and let x be a non-
zero vector in A T Fil ™" (D)@ (which is a non-zero vector space). If the coefficient
of ere in x Ae; € N 'Dy is 0 then as in the second sentence of the proof of (i) we have
x Atp,(cr)(e;) = 0in N ' Fil™"7(D,) and thus tp_(cr)(e;) € Fil™"(D,)@, which implies
Aj(cr) = 0. If the coefficient of ere in A e; is non-zero, then = A tp,(cr)(e;) is non-zero
in N} Fil "< (D,). But if the coefficient \;(c;) of e; in tp,(cr)(e;) is also non-zero, then
necessarily the coefficient of e;e in x Atp, (cr)(e;) is non-zero, contradicting the assumption
on Fil**D,. Hence we must again have \;(c;) = 0. Thus we have

tDU(CI)<€j) c @E@j/. (76)
J#i

Let j such that ¢; ¢ I and assume there exists j' # j such that ¢; ¢ I and the coefficient
of ejr in is non-zero. As above let 2’ a non-zero vector in %ﬁileil_h“’(Dg)(j/) -

"L Fil M (D,). Since the coefficient of eze in 2’ A e; is 0 (as e; is missing), we have
«' Atp,(cr)(e;) = 0in No'D, (again the second sentence of the proof of (i)). However,
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as ej appears in tp_(cr)(e;) by assumption but ' A e; # 0 (since ej is missing in z’), we
necessarily have 2’ A tp_(cr)(ej) # 0, a contradiction. This finishes the proof of (ii).

We prove (iii). We denote by
r;: Fil™D, — Eeje (77)

the composition Fil;**D, < %_iDC, —» Feje where the surjection is the canonical projection
sending all Eeye € Nio'D, to 0 for J # I. We then have the following commutative
diagram of 1-dimensional E-vector spaces where, for each (non-obvious) arrow, we indicate
the corresponding reference and where we write C'(I) instead of C'(I, s;,), Fil"** instead of
Fil"™* D, and ® instead of ®pg:

58

Hom, (GL,_;(Ok), E 1) Talg)

LZ \

Ext] (Tag, Vi/Talg) —>Ext M (Talg, C(I®@ Eepe) =—— Extl (1,4, C (1) @ Fil™)

(77D
Le lz (78)
Ext. (C(I), Tay)" ® Bege < BExtl (C(I), o)V @Fil™™
(77
([@3)®id zT @3 Veid zT
Hompg(Fere, Feye) — Hompg(Eeje, Fil**).
(77)

Moreover it follows from (the discussion below) that, in the diagram (78)), the image of
log € Hom,(GL,_;(Ok), E) in Homg(FEejc, Fej) is the identity (note that the choices for
er and ) cancel each other). Note also that the right part of is the restriction of
to Ext! (mag, 77 /mag). Denote by

¢t € Homp(Eeje, Fil™D,) C Homy( /\"E_ng, Fill"™D,) (79)
the inverse image of id € Hompg(FEej., Fesc) under . In particular we have

€he(es) = 0for J #I° and €lere) — ere € @) Fey © /\Z’DU. (80)
J£I¢

Also the image of ej. by the composition _10 is tp, (log) € Hompg(D,, Fil " (D,))
where here log € Ext. (mayg, 77/7al) is as in the statement of (iii). Hence we have to prove

tp,(log)(e;) — e; € @D Eej when ; ¢ 1. (81)

wjr el
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We first claim that when ¢; ¢ I we have

dimg Fil ™" (D)) =n —i—1
where Fil ™" (D,)") is as in 1) Indeed, otherwise we would have Fil_hi"f(DU) C D, Eey
and thus the coefficient of eje = te; A (A /EIC\{SO }ej/) in Fil™D, = Ny ' Fil " (D,) would
be 0, contradicting the assumption. Let Fllmax Dy = %ﬁi*l Fil™"(D,)") which is a line
in A% "' Fil ™" (D,). Since the coefficient of eze in A% ' Fil ™" (D,) is non-zero, it follows

that the coefficient of eje\ g3 in Fil?lax’(j )D(7 is also non-zero and hence that for any non-zero
x € Fil;

max,()p) we have inside 5w D,

rNe; ¢ @Eej. (82)

J£Ie

By the definition of ¢p, (log) in (i) of Lemma [2.2.5] for any x € Fil]™ UD, we have ee(z A
e;) = x Ntp, (log)(e;) in Fil;***D,. By 1@} for any r € Fﬂmax( )Da we also have

ere(x Nej) —xNej € @Eej,
JAIe

hence we obtain for any = € F1lmX D,

A (tp, (log)(e;) — e;) € €D Ee,.

JAI
By (and since z A ey € @Jﬂc Eey for any j' # j), this already forces
tp,(log)(e;) —e; € EB Fej when ¢; ¢ 1. (83)

J'#i

Let j such that ¢; ¢ I and assume there exists j' # j such that ¢; ¢ I and the coefficient
of ej in (83)) is non-zero. By we have for j” such that p;» ¢ I

dimy (Fil ™ (Dy) 1 (Eejr P (€D Eer) ) ) = 1

prel

and by Lemma we have Fil ™" (D,) N (.., Eey) = 0. Hence for each j” such that

@, ¢ I there exists a non-zero f;» such that

fj" = Gj// + Z arer € Fﬂ_hi’a (Do—) (84)

prel

prel

and the elements {f;», @ ¢ I} form a basis Fil ™" (D,) (as they are obviously linearly
independent). As j # j' (and ¢, ¢ I), we see that the coefficient of e;e must be 0 in

n—i—1 n—i
(Aoper fi) Nes€ (N Fi o (D)) AD, ¢ N D,

3"#5
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By the second sentence in the proof of (i) it follows that

(At fye) Ao, (loB)(e;) = 0in A''D,.
3"#5’

But, as ej never occurs in (84) when j” # j', by and the assumption on j’ the coefficient
of ese in (/\ij,,¢1 fj») Atp,(log)(e;) must be non-zero, a contradiction. This proves . O

J"#5

Remark 2.2.10.

(i) With the notation of Lemmalet U be the image of ¢; in Homg (A ' Dy, Fil™*D,)
by (67). If the coefficient of ese in Fil**D, is 0 we have F,, (Fil***D,) = 0. If the
coefficient of eye in Fil;"™ D, is non-zero, by the paragraph below (78)) (and the sentence
below (39)) we have Fy, = Af(cr)e}e with efe as in (79), i.e. Fyy, is the unique morphism
N5 Dy — Fil™D, sending ey to 0 if J # I¢ and eje to Ar(cr) A\ v; where v; is any
non-zero vector in Fil;"*D, and Aje € E* is the coefficient of e;c in v;. In particular
we have Fy, (v;) = Are(Ar(cr)A\lvy) = Ar(cp)v; for any v; € Fil™D,.

(ii)) Arguing as in the proof of (i) of Lemma we see that we have
tDU(ExtéLn(K)ﬂ(walg(Da), 71(Dy)/Taig(D,))) = 0 if and only if the coefficient of ese is
0 in any vector of (A% 'Fil ™" (D,)) A D, if and only if for any ¢; ¢ I the coefficient
of ere\fyp;) 18 0 in any vector of N IR e (D).

We are now ready to prove that 7(D,) does not depend on log(p).

Proposition 2.2.11. Up to isomorphism the representation m(D,) of GL,(K) over E does
not depend on the choice of log(p) € E.

Proof. We write again m,,, 77, mg instead of (D, ), 71(Dy), mr(D,) and Ext! instead
of ExtéLn( K)o+ We fix isomorphisms (g7); as in and prove the stronger result that the
E-vector subspace ker(tp,) of Ext] (., mr) does not depend on the choice of log(p).

We fix the refinement (o, 1, ..., ¢n-1). By (for this fixed refinement) and by an
element ¢ € Exti_(walg, mr) can be written ¢ = cgy + ¢z + cpyy Where g, € Homg, (T(K), E),
Cz € HOHIU(OIX{,E) and cp; € @I EXt}T(Walg,’/T[/’/Ta]g). If tDJ(C) =0 in EXt;f(DU,DU) D
Homgy(D,, D, ), it follows from Step 2 and Step 3 of the proof of Proposition that
we must have tp_(csm) = tp,(cz + cpn) = 0. But tp, (cz) is a scalar endomorphism of D,
by while it follows from that tp, (cpy) € Homgy(D,, D) can never be a non-zero
scalar endomorphism. Hence we must have ¢p, (cz) = 0, which implies ¢z = 0 by (63)), and
tp,(crn) = 0. Note that tp,(cem) = 0 also implies ¢y, = 0 by the isomorphism before .
Hence we have ¢ = cpy.

Write ¢ = > ;¢; with ¢ € EXt},(ﬂ'a]g,ﬂ']/ﬂ'alg), we thus have tp, (cri)(e;) =
> rto,(cr)(ej) =0for j € {0,...,n—1}. From (i), (ii), (iii) of Lemma we deduce that
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we have in particular for each j € {0,...,n —1}:

Z Ar(er) =0 (85)
wi¢l
I non—split

where [ non-split means that 7; is non-split (equivalently that the coefficient of e;c in
Fil"* D, is non-zero). Now we apply Lemma , noting that when our fixed refine-
ment (@, ..., @,—1) is not compatible with a subset I, one needs to permute the (diagonal)
coordinates to,...,t,_1 of T(K) to apply loc. cit. In the end, we see that replacing log(p)
by log(p)’ replaces ¢ by ¢ + ¢ on the left hand side of (for the refinement (o, ..., ¥n_1))
where 0 € Homg, (T(K), E) is the character

t() n—1
ET(K)— > (( > Mc[)) (log(p) — log(p)')val(tj)> (86)
b =0 I nfrjfﬁpht

(note that the condition ¢; ¢ I comes here from the second factor GL,_;(K) of Lp (K) in
Lemma [2.2.8)). By we have 0 = 0, which shows that the subspace ker(tp,) of does
not depend on log(p). O

Remark 2.2.12. Note that, contrary to the first statement of Proposition [2.2.7, the map
tp, does depend on the choice of log(p).

Corollary 2.2.13. The isomorphism class of the locally o-analytic representation w(D,) of
GL,(K) over E of Deﬁmtion does not depend on any choice.

Proof. Let m(D,) associated to {(er)r,log(p)} and m(D,)" associated to {(g})s,log(p)’'}. Let
also m(D,)" associated to {(g})s,1log(p)}. By Proposition 7(D,) is isomorphic to
7(D,)", and by Proposition [2.2.11| 7(D,,)" is isomorphic to 7(D,)". O

Finally we end up this section with the definition of the following locally Q,-analytic
representation of GL, (K) over E:

(D)= P (Do) ®p (@rzsL(Ar))) (87)

0, Talg(D)

where the amalgamated sum is over o € ¥ and where m,4(D) (see (21))) embeds into m(Dy) Qg
(®r20L(A;)) via the composition mae(D,) — 7r(Dy) — 7(D,) (deduced from for
S = R and Definition [2.2.6)) tensored by ®,.,L(\;).

2.3 Some properties of 7(D,) and 7(D)

We prove several properties of the representations 7(D,) and 7(D), in particular we prove
that m(D,) determines the isomorphism class of the filtered ¢/-module D, (Theorem [2.3.10)).
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We keep the notation of §§ and denote by ¢ € X an arbitrary embedding.
By Lemma |2.1.5{ and we have dimpg EXtéLn(K)?U(’ﬂ'alg(Do),7TR<DU)) =2"+n— 1. Since
dimpg Ext}of(Da, D,) = n, dimg Hompy(D,, D,) = n(n+1)/2 and the map ¢p, in Proposition
is surjective, we deduce

1
dimpker(tp,) =2"—1— @
Hence, from Definition [2.2.6, we see that the representation 7(D,) has the following form:
:ymax n_1_nndl)
Tag(Do) —— (@D (CULsin0) @5 FilF*D,) ) ——— (mag(Do)** 7757 (88)
T

from which one deduces an analogous form for 7(D) by (87).

From now on S denotes a (possibly empty) subset of the set R of simple reflections of GL,,.
When S # ) recall mg(D,) is defined in and when S = 0 we set my(D,) := Tag(D,).
We let Ps C GL, be the parabolic subgroup (over K) containing B with corresponding
simple roots {a, s, € S} and rp, the full radical subgroup of Pg (hence to compare with
the notation P, before Proposition we have P; = Pp\(s,3). Recall that the injection
75(Dy) = mr(Dy) deduced from (54) induces an injection Extgr, K)o (Tatg (Do), T5(Dy)) =
ExtéLn( K).0(Tag (Do), Tr(D,)) analogous to the injections in (55)), hence we can consider

the restriction of the map tp, to ExtéLn(K o(Talg(Dy), ms(D,)). In particular, replacing
everywhere mr(D,) by ms(D,) in Definition we denote by

(Do) (5)

the representation of GL, (K) over E associated to the image in

Extér, k)0 <7Ta1g(Da) ®g ker (tp, |ExtéLn(K)’U(walg(Dg),ws(Da)))7 WS(DU)>

of the canonical vector of EXté}Ln(K),g(ﬂ_alg<Do’)7 7s(Dy)) ®p ExtéLn(K)ja(ﬂalg(Dg), 75(Dy))Y.

So we have 7(D,)(R) = m(D,) and (by Step 2 in the proof of Proposition 2.2.4)) w(D,)(0) =
Tag(Dy). We also denote by mg(D,) the representation of GL,,(K) over E associated to the
image of the canonical vector of the source by the map

EXt%;Ln(K),a(ﬂalg(Da)v WS(DU)) Y EXt%}Ln(K),a(Walg(Da)a WS(DJ))V
— EXtéLn(K),a (Walg<Da) 5] EXt%}Ln(K),J(Walg(DU)’ 75(Ds)), WS(DU))-

By construction (D, )(S) is the pull-back of 7s(D,) along the canonical injection

Tag (Do) @p ker(tp, gt

GLp (K),o

(ﬂalg(DU),ﬂg(Dg))> — 7Talg(Do) 295 EXtéLn(K),g(Walg(Do)a ms(Dy)).

Lemma 2.3.1. The representation m(D,)(S) is isomorphic to the mazimal subrepresentation
of (D) which does not contain any C(I,s;,) for s; ¢ S in its Jordan-Hélder constituents.
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Proof. One can check that there is a commutative diagram of short exact sequences

0——7m5(Dy) — Ts(Dy) — Talg(Ds) @k EXtéLn(K),a(ﬂ—alg(DU)7 7s(Dy)) —=0

0 ——7r(Dy) —= Tr(Dy) — Tag(Dy) ®p EXté}Ln(K),a(ﬂ'alg(Da)a mr(Dy)) —=0
where the vertical injection on the right is id®(injection induced by 7s(D,) < 7r(Dy)).

The pull-back of the top (resp. bottom) line induced by ker(tp, |gxis, o (marg (Do)s (D))

EXt%}Ln(K),a(Walg(Do)v WS(DJ)) (reSp- ker(tDa) — EXt%}Ln(K),a(Walg(DU)v 7TR(DU))) 18 7T<DJ)(S)
(resp. m(D,)(R) = 7(D,)). In particular we have:

m(D,)(S) — 7s(Dy) N 7(Dy)

where the intersection on the right hand side is inside 7g(D,;). This is precisely the maximal
subrepresentation of 7(D,) which does not contain the C(1,s;,) for i ¢ S. O

Note that Lemma [2.3.1] and Corollary [2.2.13| imply that the isomorphism class of the
representation m(D,)(S) does not depend on any choice (this can also be checked directly
as for w(D,)).

Lemma 2.3.2. We have
. n .
dimpg ker(tDa|EXtéLn<K)’U(ﬂalg(Da)aﬂ'S(Da))) = (Z (z)> + 1 — dim(rpg, ).
$; €S

Proof. When S = () the statement holds since both sides give 0, so we can assume S # ().
By Lemma and the analogue of for ms(D,) we have

: n
dimp Extay, (50) o (Tag (Do), m5(Do)) = n 41+ Z (Z) (89)

s; €S8

By the analogue of for mg(D,) together with , and we have a surjection
th |Ext1GLn(K)’O_(ﬂ-alg(Do-)77TS(Do')) : EXt(l}Ln(K),o<7Talg(DU)a TrS(Da)) - (EXti;f<Daa Do) SY E) @

Z {f € HomE(DU, Fﬂihi’o (Da))v f’Fj]_hi,a(Do) Scalar} (90)

s$; €S

where the sum on the right hand side is inside Homgy (D, D, ). By the proof of (i) of Lemma
and a straightforward computation we have

dimpg {f € Homp(D,, Fil "7 (D,)), f|Fi1—hi,U(Da) scalar} =1+i(n—i) =dim(rp, ,,) — 1
from which it is easy to deduce

dimp Y { f € Homp(Dy, Fil ™" (D,)), fluy-tew o Scalar} = dim(rp,.) — 1.

S; €S
By and the statement follows. O]
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From Lemma and the definition of 7(D,)(S), just as in (88) we deduce that the
subrepresentation 7(D,)(S) of m(D,) has the following form
Walg(Da) - ( @ (C(I, 8|I|,J) R Fﬂf?‘ang)> - (ﬂ_alg(Dg)@(ZsieS (?))+1—dim(7“PSc))_ (91)
I's.t. s €S

Example 2.3.3.

(i) When S ={s;} (j € {1,...,n—1}) we have (3_, .¢ (7)) + 1 — dim(rp,.) = (7;) —1-
j(n —j) in (91), hence in that case m(D,)(S) has the form
Tatg(Dy) —— (@ (C(I,5;5) @ Fil;-”aXDU)> — (rag(Dy) () 1)
=3

n

) Wsj(Da) _ (ﬂ_alg(DU)EB(j)—l—j(n—j))
where 7, (D,) is in . Note that (?) —1—jn—j)>0ifand only if j ¢ {1,n—1}.

(ii) When S = {s1, 5,1} and n > 3 we have (3, . (7)) +1—dim(rp,.) = 1in , hence
in that case 7(D,)(S) has the form

(751 (Do) D, (04) M1 (D)) —— Taig (Do ).

Together with (i) and Lemma this implies that (3, .g (7)) + 1 — dim(rp,.) =0

i

if and only if S = {s1} or S = {s,_1} (which can also be checked directly).

In the two propositions below we fix a non-empty subset S of R and i € {1,...,n — 1}
such that s; € S. We have the following (surjective) composition

EXt%}Ln(K),a(ﬂalg(Da)v ms(Dy))  —» EXt%;Ln(K),a (Ta1g (Do), T5 (Do) [ Targ (D))
()
— @ EXt%}Ln(K),o(ﬂ—alg(Da% Ts; (Do)/maig(Dy))

SjES
- EXtéLn(K),a(ﬂalg(DU)v s (Do) /Talg (D))
(67 n—i
— HOIIlE( /\E Dy, Fﬂ;naXDU) (92)

where the surjectivity of the first (canonical) map follows from the analogue of for
ms(D,) and where the third map 1is the canonical projection sending all
ExtéLn( K)o (Talg (Do ), Ts; (Do) /Taig (D)) to 0 for j # i. Recall that the last isomorphism in
depends on the choice of isomorphisms (g;); as in , which we tacitly fix all along.

Proposition 2.3.4. With the above notation, the image under (@ of the subspace
EXtéLn(K),o,inf(ﬂ-alg(DJ)7 ms(Dy)) is

Homg ("' Do) /Fil"™ D, Fil?™D,)

(in particular it does not depend on any choice).
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Proof. We write Tayg, T, Ts instead of T, (D, ), Ts,(Dy), ms(D,) and Ext,, Ext, ;. instead
of ExtéLn( K)o ExtéLn( K)omi- Lhe fact that the image of Exty, ;¢ (alg, Ts) under does
not depend on (g7); (and thus does not depend on any choice) directly follows from an
examination of the proof of Proposition , in particular (73)).

Step 1: We give preliminaries.
For i € {1,...,n — 1} denote by 7}*(D,) = m° the direct summand on the left hand side of
(53) (“ns” for ‘non-split”) and deﬁne smnlarly to ((H4)

e (Dy) =7e = @ T (93)

8;€8,Talg

which is a direct summand of mg. We have
Ext] (Tag, Ts) = Ext} (Mo, 78 GB Ext! (7o, 75/78)

and moreover Ext, (g, 7s/7%) (trivially) lies in Ext} ;,¢(Tag, Ts) (recall any extension of
Tag by any C(I, s;,) has an infinitesimal character as the constituents are distinct). By
(for S instead of R) with and we have an isomorphism

Hom,,(T(K), E) @ Hom, (0}, E) € ( D HomU(GLn_m(oK),E))

S|1| es
I non-split

— Ext] (mag, m2°).  (94)

(Recall that the restriction of to the first direct summand depends on the choice of
a refinement, see , and that its restriction to the second direct summand depends on
choices of (e7)r in (43) via the definition of 7%(D,) and of log(p) € E. We tacitly make
such choices, which won’t impact the proof.) Let ¥ = g, + % + > ;91 be an element in
the left hand side of (9 . (with obvious notation) and 7(W¥) a representative of its image in
Ext! (o, T%) by (94). Let Z, the center of the enveloping algebra U(g,) and & : Z, — E
the (common) 1nﬁn1te81mal character of m,, and 7. The image of ¥ in Ext} (., 75) lies
in Bxt) ;¢ (Tayg, 78 if and only if z — £(z) acts by 0 on 7(¥) for all z € Z,.

Step 2: We give necessary and sufficient conditions for an element in Ext} (7., 75) to
lie in Ext} ;¢ (Tayg, Ts).
By Step 1 we can replace Ext}(mag,7s) by Ext! (7, 75%). Recall that the action of Z,
commutes with the action of GL,,(K) ([ST02, Prop. 3.7]) and that we have an embedding
Z, — U(t,) (the Harish-Chandra homomorphism). Write U(t,) = Eftos, ..., th-1,] =
Elty, —&(tos)s - tnm10 — E(ty—1,0)] where t;, € M, (K) has entries 1 in coordlnate (j +
1,7+ 1) and 0 elsewhere. Let z € Z, then z — £(z) can be written

—_

n—

z—¢&(2) = Ni(2) (40 — E(t5)) + (degree > 2 in the ¢, — E(t5))

<.
Il
=)
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for some Aj(z) € E. Write ¥ = A(¢)o o log and ¢y = Ar(¢7)o o logodet (see (B9)) with
AW), A\(¢r) € E, then it follows from the argument at the end of the proof of [Di25
Prop. 3.26] that z — £(z) acts on (V) by

(V) = Talg @) Talg = Tg — (V)

(the left surjection and the two right injections come from Ext] (., 75) and the definition
of %) where (we only consider non-split I)

n—1
()= X (A0 + X ) 1) (99
Jj=0 1<j
S‘I‘ES
Now, there exist elements zy, 21, . .., z,—1 in Z, such that the matrix (A\;(z;));; € M, (E) lies

in GL,(E) (this follows from the isomorphism of tangent spaces X, — X¢ in the proof of
[Di25, Prop. 3.26]). Since z —&(z) acts by 0 on 7(V) if and only if §(z) = 0, we deduce from
and the previous sentence the following necessary (and clearly sufficient) conditions for
the image of W to lie in Ext,, ;¢ (ma, &%) (we again only consider non-split I in the sums)

A1) + Z Ar() =0 for 7=0,...,n—1.
1<j
S‘I‘GS

By an obvious induction this is equivalent to

=0 and Z Ar(¢r) =0 for j such that s; € S. (96)
In|011|1—:s£11t
Step 3: We prove the statement.
Let ¥ € Homg, (T'(K), E) P(P Ext! (7ag, 7r/7alg)) such that its image by (for S

instead of R) lies in Ext,;¢(ayg, Ts), equivalently such that the conditions are satisfied.
Fix i such that s; € S and fix a basis v; of the 1-dimensional E-vector space Fil;***D,
(the choice of which won’t matter). Denote by Fy and Fy, the image of respectively W
and ¢; in Homg(Ay ‘D, Fil"*D,,) by (note that 1y, maps to 0). We obviously have
Fy =Y, Fy, and Fy, = 0if [I] # . By (i) of Remark [2.2.10]if || = ¢ we have Fy, (v;) = 0
when [ is split and Fy, (v;) = A\j(¢r)v; when [ is non-split. It follows that

Fy(v;) = ZFw(%‘) = ( Z >\I(1/}I)>Ui 0,

[I|=i
I non-split

S‘I‘ES

i.e. Fy € Homp((ANy 'Dy)/Fil"™D,, Fil"™D,). The fact that the image of Ext} (g, 7s)
in Homg((AL 'D,), Filj"™D,) is exactly Homg((A} ‘D, )/Filj**D,, Fil**D,) follows again
easily from as there are no other conditions on the ;. O]
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Remark 2.3.5. It follows from the proof of Proposition [2.3.4] in particular Step 3, that the
image by (for S instead of R) of an element

¥ € Hom(T(K), E) D ( D Exthy, i0)0 (Taig(Do), 71(Dy) /Walg(pg)))

S|[|€S
in ExtéLn(K)ﬂ(ﬂalg(Dg), 7s(D,)) lies in the subspace EXJE%;LH(K)J’mf(Walg(Da), ws(Dy)) if and
only if Fy € Homg((N} 'D,)/Fil"™D,, Fil®*D,) for all i such that s; € S, where Fy is

the image of ¥ in Homg (A, ‘D,, Fil"*D,) by .

Recall we assumed S # . The partial filtration (Fil "7 (D,),s; € S) on D, induces a
natural decreasing filtration on A\ *D,. For i such that s; € S we denote by

n n—i
Fil%; ™D, C A, Do

the one but last step of this induced filtration. When S = R (in which case (Fil~"7(D,), s; €
R) is the full filtration Fil*(D,)) we just write Fil?nd'ma"DU. In that case we have

FilZ" ™D, = Fil~1e(D,) AR -2(D,) A - AFiITh40e (D) A Fil"-17(D,)

n—i—1 'y D
= /\E Fil "+ (D,)) AFil "1 (D,) (97)
(and dimg Fil2""™D, = 2). More generally, writing S = {s;,, si,, . .- s Sigg b With dj <iji
and setting i := 0, we have
n n—ig—1 . .
Fily; "D, = (N7 Fil"7(Dy)) AL 17 (D) (98)

(which has dimension 1 + (n — 4|g)(é|5] — 4s)-1)) and for j € {1,...,[S| -1}
1284 max (CC RS R i I (RS St io 1N o
Filg, ™D, = (/\E Fil "+ (DU))/\(/\E Fil "7 (D,)) AFil "5-17(D,) (99)
(which has dimension 1+ (i; —4;_1)(4j+1 — 7;)).
Remark 2.3.6.
(i) When |S| =1, i.e. S = {i1}, note that we have in particular by

—i1—1

Bz, - (.

and hence an isomorphism by and

Fil™"v7(D,)) A D,

Hom,, <(/\r;21 DU)/FHZTZ. maxp) Fﬂ?;aXDU> — ker (HomE ( /\7;11 D,. Fﬂ?;axDJ)
— {f € Hompg(D,, Fil 17 (D,)), f]Fﬂ_hil,(,(D ) scalar}).
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(ii) For s; € S we could also define Filg§*D, C "D, to be the last step of the filtration
on Ny ' D, induced by the partial filtration (Fil~"(D,),s; € S) on D,. However an
exercise analogous to or shows that we have in fact Fil§5* D, = Fil;"*D,.

Proposition 2.3.7. With the above notation, the image under (@) of the subspace
ker(tDa|ExtéLn(K)70(7ralg(Dg),7r5(Dg))) of Extéy, x).0(Taig(Do), ms(Dy)) is

Homp (( /\T;—z D,) /Fﬂgfid-max D, Film Dg)

(in particular it does not depend on any choice).

Proof. As usual we write 7y, 7,,, ms instead of ma.(D,), 7s,(Dy), ms(Dy), Ext! instead of
2nd

Extly, .0 and Fil s, FilP Fil% - instead of Fil "5 (D, ), Fil®*D,, Fil}; ™*D,.

Note first that the last statement can actually be proved directly: the same proof as in
Proposition shows that the subspace ker(¢p, gl (m,,.rs)) Of Ext. (7, Ts) does not
depend on the choice of log(p), and the image of ker(¢p, |gxil (r,,.xg)) Under (92)) does not
depend on (g7);, as follows from the proof of Proposition [2.2.7} in particular ([73]).

We denote by ¢p, s the composition

)
Ext} (Talg, Ts/Malg) — @ Ext, (Talg, s,/ Talg) @, Hompy(D,, D,)

Sj es

and recall from the proof of Proposition 2.2.4] (in particular Step 2 of loc. cit.) that we have
a canonical isomorphism

ker(tDo ‘Ext},(walgﬂrs)) — ker(zDo,S)' (100)

Write S = {8, Sips -+, Sijg } With 75 < 441, by (100) and we need to prove that the
kernel of the surjection

51 - @ o
EBHOHIE(/\E DU’Fﬂ;?ax) —» Z{f € Hompg(D,, Fil™"7), f|Fil_hijyg scalar}
j=1 j=1

| (101)
has image Homp((A} ” DU)/FiIQST:j' IR for j € {1,...,[S]} via the projection to the

direct summand Hompg((Ay “ D,), Fil™®) of the left hand side of (101). For instance this is
clear when |S| = 1 by (i) of Remark hence we can assume S| > 1. Since the kernel
of each HomE(/\gi"DU,Fﬂg?ax) — {f € Hompg(D,, Fil "), flgyni;. scalar} is clearly
contained in the kernel of (101)), using (i) of Lemma together with when j = |5
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and when j < |S|, it is equivalent to prove that the image of the kernel of (101)) in
{f € Homp(D,, Fil "), f|Fﬂ—hij70 scalar} is the subspace

—h; —h; —h; —h; .
f € Hompg Do /Fil 1517 Fil “I1SI7) ) f(Fil ISI=17 /Rl ISP ) = 0} when j = |5
o ) s ) I

f € Hompg (DU/Fifh"'j"’, Fifhia""), f(Fifh"a'flv"/Fifh"j"’) C Fifhij+1"’} when j < |S].

Let
S|

n—i; 1max
Fi+ Fy+--+ Fg € @) Homp( . Do, Fil™)
j=1

which maps to 0 by (101} and denote by f; € {f € Hompg(D,, Fil "), f|Fﬂ—hij,a scalar}
the image of F;. Using that Fil "isi* C Fil ™si-1e ¢ ... C Fil ™" ¢ Fil ™' = D,
a straightforward induction shows that the equality fi +--- + fis; = 0 in Homg(D,, D,)
exactly forces the conditions in ((102)). More precisely the reader may draw the matrix of
each f; € Homg(D,,D,) in an adapted basis of D, for the above filtration Fil "is17 -
... C Fil™" = D, then sum up these matrices to get the matrix of f; + - - - + fis) in this
adapted basis, and check that if this last matrix is 0 then this first implies f|g |F.1—hi‘ s = 0,
f|S|,1|Fﬂ—hi‘S|_1’a =0, ..., filpy-ri.» =0, and then 1} This proves that the image of the

kernel of (101)) in {f € Hompg(D,, Fil "), flgyhi;.o scalar} lands in the subspaces (102).
The surjectivity for each j is then an easy exercise (left to the reader) by choosing suitable

fj’ fOI' ij/ S S \ {Zj} O

Remark 2.3.8. Let S’ C S C R and s; € S’. The natural injection

Extar,, (i) o (Tatg (Do), T (Do) — Extay, (1) o (Taig (Do) 75(Dor)

induces an injection

ker(tp, ‘ExtéLn (K)’o(walg(pg),ws,(Dg))) — ker(tp, ‘ExtéLn(K)’o(ﬂ'alg(Dg),frs(Dg)))' (103)

If 7 is neither the maximal nor the minimal element in S (identifying R with {1,...,n—1}),
let i1, 75 € S be the two elements which are adjacent to ¢ with iy < i < i5. If ¢ is the maximal
(resp. minimal) element in S, let i3 be the element in S adjacent to i. By Proposition
and the discussion above Remark one can check that the images under of the two
vector spaces in (103) are equal if and only if iy,i, € S or i3 € S’ (respectively).

We denote by
EXt%}Ln(K),a,inf,Z(ﬂ-alg(DU)> ms(Dy)) C EXt%}Ln(K),a,inf(ﬂ-alg(DU)’ ms(Ds))

the subspaces of ExtéLn( K),0(Talg(Dy), ms(Dy)) of locally o-analytic extensions with an in-
finitesimal character and a central character (resp. with an infinitesimal character).

44



Corollary 2.3.9. For S C R we have

ker (¢ p, |y (ﬂalg(Dg),ﬂS(Dg))) C EXt%}Ln(K),a,inf,Z(ﬂ-&lg(DU)7 Ts(Ds)),

GLn(K),o

in particular the representation w(D,)(S) has an infinitesimal character and a central char-
acter.

Proof. By Lemma it is enough to prove the statement for S = R. Let 7(D,) as in
(93]) (for S = R), as in Step 1 of the proof of Proposition it is enough to prove the
statement replacing ExtéLn(K)p(Walg(Dg),WR(DU)) by ExtéLn(K)ﬂ(walg(Do),WﬁS(DU)). We
have an isomorphism similar to

(HomSm @ Hom, (K E )) @ ( @ HomU(GLn_m(OK),E))

Homsm(K>< E) I non-split

— Bxtar, (k)0 (Taig (Do), 75 (Do) (104)

Let W := t+(3_; jon_spit 1) an element in the left hand side of (with obvious notation),
c(W) its image in ExtéL"(K)va(ﬂalg(DU), 1% (D,)) under 1' and 7(V) a representative of
c(¥). We assume tp,_(c(V)) = 0 and we want to prove that m(¥) has a central character and
an infinitesimal character. Note that tp, (c¢(¥)) = 0 implies ) = 0 by Step 2 in the proof of

Proposition hence we can assume ¥ =, non_split 1. We write ¢y = A;(1py)oolog odet
where A\;(¢r) € E

Note first that 7(¥) has an infinitesimal character by Proposition and Remark
(both for S = R) since Fil;**D,, C Fil?nd'ma"Da. Let us prove that 7(¥) has a central
character. Let x : K* — E* be the (common) central character of m,,(D,) and 7} (D, ).
Let m(¢r) a representative of c¢(¢r) € ExtGL (5),0(Talg(Do ), T (Ds)), then by Step 2 in the
proof of Proposition [2.1.8] in particular (31]), the action of diag(t) — x(¢) on 7(¢;) for t € K*
is easily checked to be glven by the composmon

7T(¢1) - 7Ta1g L(t; 7ra1g ;) ﬂ—R (DO') — 7T(¢1)

where d7(t) := (n — [I|)\;(¢1)x(t)o(log(t)) (and where the left surjection and the two right
injections come from ExtéLn( K).0(Talg (Do), 7 (D)) and the definition of 7% (D, )). It follows
that diag(t) — x(t) acts on 7(W¥) by

) S0

T(V) = Talg( Dy Tag(Dy) = 75 (Dy) — 7(V).

But an easy computation yields (remember we only consider non-split /):

D2 31(8) = x(1)o(108(1) 3 Z(m = DAs(w1) = x(Bo(log(r) (Y M) B
I J=0  @;¢I

which implies the statement (we can also use for S = R since we know 7 (W) has an
infinitesimal character). O
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We can now finally prove one of the most important results of this section.

Theorem 2.3.10. Let S be a subset of the set R of simple reflections of GL,,. The isomor-
phism class of the locally o-analytic representation w(D,)(S) determines and only depends
on the Hodge-Tate weights h;,,j € {0,...,n — 1} and the isomorphism class of the filtered
@/ -module D, endowed with the partial filtration (Fil™"(D,),s; € S).

Proof. We again write Ty, T, Ts, 75 for ma(Dy), 7s,(Dy), ms(Dy), Ts(Dy), Ext},
Ext}

o,in

Qnd

£ for ExtéLn(K) EXt%;Ln(K),U,inf and Fﬂ;nax7 Fﬂgj-max for Fﬂ;naxDU, FilS7i-maxDa-

70—’

From its definition the isomorphism class of the representation m(D,)(S) only depends on
Talg and ker(¢p, [gxl (ry, ws))» Which by and only depends on the Hodge-Tate weights
and the isomorphism class of the filtered ¢/-module (D, (Fil ™" (D,), s; € S) (which means
no filtration at all when S = )). We now prove that the latter is determined by the iso-
morphism class of 7(D,)(S). Since the Hodge-Tate weights and the eigenvalues of ¢/ are
determined by 7., (D,) (see ), we can assume S # ) and it is enough to prove that one
can recover the filtration (Fil™"(D,), s; € S) from the isomorphism class of 7(D,)(S).

Denote by E_Xt;inf the image of Ext},,inf(ﬂalg, Ts) in Ext) (g, s /Tay). By Corollary [2.3.9
1
o,inf*

and using the notation in the proof of Proposition [2.3.7 we have ker(fp, ) C Ext,

Step 1: We prove that the isomorphism class of m(D,)(S) determines the subspaces
ker(tp,.s) C mi’mf of Ext] (Taig, Ts/Malg)-
First, the isomorphism class of 7(D,)(S) determines the isomorphism class of mg, which
itself (trivially) determines the subspace Ext, ¢(alg, Ts) of Ext, (may, 7s), hence also the

subspace m},,inf of Ext! (7o, Ts/Malg). The isomorphism class of w(D,)(S) also determines
the isomorphism class of 7(D,)(.S)/male, hence it is enough to prove that the latter determines
the subspace ker(fp, s). Recall that by definition of 7(D,)(S) we have a commutative
diagram (see the comment before Lemma [2.3.1)

00— 7TS/7Talg - = %S/%@ Talg KF EXt}T (Walgy TrS/ﬂ-alg) —0

] ]

O—>7Ts/7Talg—>7T(DU)(S)/7Talg 7Ta1g ®E ker(fDmS)—>O

where the right square is cartesian. By Lemma [2.3.11] below applied to the subspace U =
ker(tp, . s) of Ext},(ﬂalg, Ts/Tayg), we have a decomposition of vector spaces U = Uy & --- & Uy
and an isomorphism

7(Do)(S) /7 = (@D CL siny0) @5 Filfi™) €D (m @ -+ 0 70)

1¢Ty

where for j € {1,...,d} each 7; is indecomposable and the image of 7; by the composition

;= T(Dy)(S)/Talg — Ts /Ty = Talg QF Extclr(ﬂalg, s/ Talg)
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is a1 ®p Uj. Since

Endar, (6 (7(De) (S)/Tag) = (6D Endew, (10(C(I, s11.0)) D (€D Ender, ) (7)) (106)

where each End(—) in (106)) is E, it follows that for any injection ¢ : 7(D,)(S)/Tag —
Ts /Ty obtained by composing the canonical injection in with an automorphism of
7(Dy)(S)/mayg, the composition with Tg/Ty — Tae @p Ext) (T, Ts/Tag) still gives the
subspace T @p (U1 @« - - ®U,) = mag @pker(tp, s). This proves that the isomorphism class
of 7(Dy)(S)/ma determines the subspace ker(tp, ).

We write S = {si,,8i,,. .., 8ijg } With i; < 4511, For j € {0,...,[S] — 1} let S; :=
{81y -1 8i5s Sipg } (80 Sjsj1 = S and Sy = {s; 4 }).

Step 2: We prove that the subspaces of Ext} (g, Ts/Tals)

ker(tp, s,) C ker(tp,s,) C -+ Cker(tp, s) C Ex‘comf
determine the filtration
D, = Fil™"<(D,) > Fil "7 (D,) > --- > Fil "si-1°(D,) > Fil 517 (D,).

Recall first that ker(p, |gx (r,, me)) © KeT(En, [Bxtl (myy rs)) for 8" C S and thus ker(fD s) C

ker(tp,.s). By Proposition [2.3.4] applied with i = 4|5y the image of Exta of 1N
Homp(Ay ' D, ,Fil'?*) is the subspace HomE((/\%_Z‘S‘D )/File Fili'eY). By 7
(with (i) of Lemma[2.2.5)), the image of HomE((/\%_l'S‘DU)/FllmaX Fil»*) in Hompgy(D,, D,)

US| 7T s
is the subspace

Homp (D, /Fil "is1*(D,), Fil "7 (D,)),
which clearly determines Fil_hi\sl"’(DU). By Proposition m applied with i = 45| and by
100) the image of ker(fp,s,) in Homp(A\y, Z‘S'DU,FllmaX) for j € {0,...,|S| — 1} is the

Ys|

ond

subspace Hom (A}, D) /FilZ ;™ Fil). By (98) applied with S; and (68), (69), the
image of HomE((/\%_l'S‘DJ)/Fﬂ?gj?{jmax, Fili") in Hompq(Dy, D) for j € {0,...,[S] =1} is
the subspace

Hom (D, /Fil ™7 (D,), Fil 1507 (D,))

(recall iy = 0), which again determines Fil " (D,). Dualizing, this gives all the steps of
the filtration in the statement.

Step 3: We prove the theorem.
By Lemma the isomorphism class of (D, )(S) determines the isomorphism classes of all
7(D,)(S;) for j € {0,...,]|S| — 1}. The statement then follows from Step 1 and Step 2. [
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The proof of Theorem [2.3.10| uses the following formal lemma. For S a non-empty subset
of R define

Zs :={I C{po,--,¢n 1}, |I| =i for some i such that s; € S}.

For U a vector subspace of EXtéLn(K)J(ﬂ'alg(Dg),Ws(Dg)/Walg(Do» define 7y C Zg as the
minimal (for inclusion) subset such that

UC @ ExtéLn(K)’U (Taig (Do), C(1, 8i11,0) @F Fﬂ'n}fXDo»

1€y

(vecall that w5(Dy)/Talg = @ ez, O 8)11,0) ®p Fil7*D, and that each ExtéLn(K) above

has dimension 1 by Lemma [2.1.5). The following lemma is longer to state than to prove
since it is purely formal, we leave its proof to the reader.

Lemma 2.3.11. Let S be a mnon-empty subset of R, U a wvector subspace of
ExtéLn(K)J(walg(Dg),WS(DJ)/Walg(DU)) and denote by w(D,)(U) the pull-back of
7s(Dy)/mo(Dy) in the top exact sequence of along the canonical injection

Talg(Do) @5 U = Tag(Dy) @p EXtéLn(K),a(Walg(DU)’ Ts5(Dy)).

Write U = Uy @ -+ - @ Ugq where each U; 1s non-zero, where Iy = Iy, 1 --- I 1y, and where
each U; cannot be decomposed any further (there exist such d > 1 and U;). Then we have

(D, )(U) = ( @ C(I,5)1,0) @k Fil‘“}fXDU)> @ (m1 @ -+ B my)

I¢Ty
where each m; is indecomposable and the image of m; via the composition
mj = T5(Do) /To(Do) = Taig(Do) @ Exter,, (1) (Tatg (Do), (Do) /Tatg (Do)
is the subspace Ta(Dy) ®p Uj.
Remark 2.3.12.

(i) Let S = {si,,Siy .-, 85} # 0 with 4; < d;4, it follows from the proof of The-
orem [2.3.10| (in particular Step 2) that the isomorphism class of the representation
7(Dy)(S)/mag determines the isomorphism class of the filtered ¢/-module

(DU, D, = Fil™"(D,) D Fil"17(D,) D Fil "27(Dy) D -+ D Fil_hi\ﬂ—lvf’(DU))

(that is, the last step Fil ™57 (D,) is missing), but not conversely in general.
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(ii) We explain more explicitly how to “visualize” the Hodge filtration from the proof of
Theorem [2.3.10, We only consider the case S = R (hence 45y =n —1). For 8’ C R

and s,_; € S we denote by k,_; the natural surjection (see for example (92)))
Kn—1: EXtéLn(K),a (Walg(Dd)a WS’(DU)) - EXt%}Ln(K),a (Walg(Da>vWsn—1<Do)/7ralg(DU))'

In Step 2 of the proof of Theorem , we consider the subspaces #,_1 (ker(tp, s,)) for
jed{l,...,n—2} (with S; = {s1,...,5;,5,-1}). Let 7 | be the tautological extension
of Tag (Do) @ kin—1(ker(tp,.s;)) by s, (Do) /Tag( Do) similarly as in Definition m
By definition, we have

) (Dy) = w(Dy)(S;)/m(D) (S \{sn-1})

and by Remark we have in fact 7 (D,) = 7(Dy)({s, 5n1})/7(Ds)({5;}). We
let Wég)fl(DJ = 75, 1 (Do)/Tag(Dy) and Wg:rll)(Da) = %R<D0)inf/%R\{sn—1}(Do)infv
where for S’ C R we denote by Tg/(D,)ins the tautological extension of m,.(D,) ®p
ExtéLn( K)ot (Talg (Do), Ts1 (D)) by Taig(Ds). We have an increasing sequence of rep-

resentations (writing ) Talg fOr ﬂgf;)_l(Do), Tag(Dy))

Fgg)—l — ﬂ-gi)_1 — = W‘gi)—l e ﬂ-g::f) < ﬂ_g::ll)
l l | | | (107)
0 —— Tayg = -+ — Wﬁé oy ey ﬂgén—z) N Wién_l)

where the kernel of the vertical surjections are all isomorphic to 7r§2),1 (D,) and where

the multiplicities of m,(D,) follow from Proposition with (for j #n —1),
Proposition (for j = n—1). Taking the orthogonal of the image of the subspaces
kin—1(ker(tp,.s,)) of Homg(D,, Fil™"»-12D,) via (67) with respect to the pairing

Hompg(D,, Fil™"1*D,) x D, — Fil™"-1" D, ~ E

(which amounts to the argument in Step 2 of the proof of Theorem [2.3.10)), the top

sequence in 1) corresponds to a sequence of subspaces of D, (with 7rnj_1(D0) corre-
sponding to Fil =" D,)

D, = Fil™™sD, D Fil™"(D,) D --- D Fil "»~1=i7(D,) D --- D Fil "~27(D,)
D Fil™"17(D,)
which is precisely the Hodge filtration on D,.

We end up this section by a description of the cosocle of 7(D,). Recall that the wedge
product induces a perfect pairing of finite dimensional vector spaces

A, Do x N Dy — N\ D,. (108)
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We say that a subset I C {@o,...,¢n-1} of cardinality i € {1,...,n — 1} is split if the

coefficient of e;e in Fil;**D, C A} ‘D, is 0 (equivalently Fil;**D, C @) j=n—; Fey) and is
JAIC

cosplit if the coefficient of e; in any vector of the orthogonal (Fil2""™*D,)+ ¢ NyDy of
Fil2"- ™D under (108) is 0 (equivalently (Fil2"~™>D_)+ c €, s . Eey).

Corollary 2.3.13. We have

socar, (k)T (Ds) 2 Tag(D @ @ C(I, sw

I split

COSOCGLH(K)W(D(;) =~ 7"-alg(-Da>®2n_1_n(n;_n @ ( @ O(I7Sia0))

I cosplit

Moreover, when n > 3, if C(1, s;,) occurs in cosocar, (k)™ (Ds) then C(I¢, 5, ,) occurs in
socar, (k)T (Do), and this is an equivalence when n = 3.

Proof. By definition of 7(D,) (Definition } we have socar, (k)7 (D) :>SOCGL”(K)7TR(DJ).
The first isomorphism then follows from (53) and (54) (for S = R). By definition of 7(D,)
the constituants C(/, s1,) = C(I,5)1,0) ®F FllmaL DU in the cosocle of 7(D,) are exactly
those I such that the composition

ker(tp,) <= Exter, (i) o (Tate(Ds), 7R(Do)) = Bxtey, (1) o (Tate (Do), TR(D) /Tatg( D))
—» EXtéLn(K),cr (Walg(Da)y C(I, S‘[|7U) ®E Fﬂf;‘aXDU)
is 0, or equivalently such that the image of ker(tp,) via (for S=R) in

n—|I| @og) , |1
Hom ( Dy, Fill}i*D,) = /\EDU ®p (Filj™D, @E/\

lands in the subspace (@IJIZ\II Eej) ®p (Fil71*Dy ®& NpDs). By Proposition [2.3.7] (for
TAI

S = R) these are exactly the C'(I ,sﬁ,) such that [ is cosplit. We deduce the second
(1

isomorphism. It easily follows from (45 and that Fil;*>D, C (Fi 12"d "% Dy)t when
n>3and i€ {l,...,n— 1}, and this is an equahty when n = 3. In particular if I is cosplit
then I¢ is split and this is an equivalence when n = 3. This gives the last statement. O

Remark 2.3.14. The last statement of Corollary [2.3.13]is obviously false when n = 2 since
both C({¥0}, 51,6), C({¥1}, 51,0) always occur in cosocar,x)m(D,) but not necessarily in
SOCGLy (k)T (D).

2.4 Another definition of ¢, in terms of (¢, I')-modules

We give another (equivalent) definition of the map ¢p, of Proposition in terms of (¢, I')-
modules over the Robba ring which does not depend on any choice (Theorem [2.4.6)). This
alternative definition will be used later.
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We keep the notation of the previous sections and let I' := Gal(K ((n,n > 1)/ K).

We first need a few reminders on (g, I')-modules over the Robba ring R . We denote
by M(D) the (¢, I')-module over R g associated to the filtered gp-module (D, ¢, Fil*(Dg))
(cf. [BeO8T, Thm. A]). For any (¢, I')-module M over Ry g, we let Wi (M) be the associated
Bji-representation of Gal(K/K) (see [Be082, Prop. 2.2.6(2)]), War(M) := Wi, (M)[1/t]
where ¢t € Bl is Fontaine’s “2in” and Dar (M) := War (M)E/K) which is a free K ®q, E-
module (see for instance the proof of [BHS19, Lemma 3.1.4] with [BHS19, Lemma 3.3.5]).
We recall that by definition M is de Rham if Dqr(M) has rank rankg, , M. For instance
M(D) is de Rham and Dgr(M (D)) = Dk (see [Be082, Prop. 2.3.4)).

Following [Fo04) § 4.3] we define Bpgr := Bagr[log t] and recall that (see loc. cit. for details):

i) the action of Gal(K/K) on Bgr naturally extends to Bygr via g(logt) = logt +
p
log(£(9));

(ii) Bpar is equipped with a nilpotent Bgr-linear operator vyqr such that vpqr((logt)’) =
—i(logt)"=! for i > 1;

(iii) the filtration Fil'(Bqr) = ‘B on Bar induces a filtration on Byer given by
Fil'(Byar) := t' Bl [logt] for i € Z;

(iv) vpar commutes with Gal(K /K) and both preserve each Fil'(Byqr) for i € Z.

We say that a (¢, [')-module M over Rk g is almost de Rham (cf. [Fo04, § 3.7]) if
Dypar(M) = (Bpar @5, War(M)) 5/ = (Bpag @ g1 Wi (M) SE - (109)

is free over K ®q, F of rankg,. .M. The nilpotent operator vp,qr on Bpgr induces a nilpotent
K ®q, E-linear endomorphism vy on Dpgr(M) and an almost de Rham M is de Rham
if and only if vys = 0. Note also that War(M), Dar(M), Dpar(M) in fact only depend
on MJ1/t] and can be defined for any (¢,I')-module over Rx g[1/t], see for instance the
discussion before [BHS19, Lemma 3.3.5]. In particular we can define in the obvious way de
Rham and almost de Rham (¢, I')-modules over Ry g[1/t].

Recall that we can view any extension M € Exté%p)(/\/l(D),M(D)) (where Ext%%m
means extensions as (¢, [')-modules over R ) as a deformation of M(D) over Ry gjqe2,
in particular M is a free Rk gl e-module of rank n. As M(D) is de Rham, we know M
is almost de Rham (cf. [Fo04, § 3.7]), equivalently (using the above references in [BHS19])
Dde(Mv) is free of rank n over K ®q, Ele]/e*. The filtration Fil*(Bpqr) induces a filtration
on Dde(M)

Fil'(Dpar(M)) := (Fil'(Bpar) gt W;R(ﬂ))Gal(K/K)
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by K ®q, Ele]/€e*-submodules and there are exact sequences of K ®q, E-modules for i € Z
(using Dpar(M(D)) = Dar(M(D)) = D)

0 — Fil' (D) = Fil'(Dpar(M(D))) == Fil’(Dpar(M))
— Fil'(Dpar(M(D))) 2 Fil'(Dg) — 0.

As above the operator ,qr on Byqr induces a nilpotent K ®q, Ele]/ e2-linear endomorphism

—~ —~

valv : Dde(M) — Dde(M) (110)

which preserves each Fili(Dde(/T/l/)). Since V| p,arm(p)) = 0 (as M(D) is de Rham) we
deduce that vi; factors as follows

V./\A/T . Dde(//—\;l/) —» Dde(M<D)) & DK — DK = Dde(M(D)) ‘—€> Dde(M)
where the endomorphism Dy — Dy respects Fil*(Dy).

We now use the canonical isomorphism

K @q, Ele]/e® — @D Eld/e, A@ x> (0(N)z)sey (111)

which induces canonical decompositions Fili(Dde(M)) =P Fili(Dde(M)U) fori € Z

SV

where each Fili(Dde(Mv)g) is a free Ele]/e*-module, with D,qr(M), of rank n. Likewise

vz induces a nilpotent E[e]/€*~linear endomorphism vg;  on Dpar(M), which factors as:

ot Doar(M)s = Dpar(M(D))y = Dy — Dy = Dpagr(M(D))5 <> Dypgr(M),.

v

We still denote by v, the induced nilpotent endomorphism in Homgy(D,, Dy). We have
thus obtained a canonical E-linear morphism

Ext{, 1y (M(D), M(D)) — @ Hompu(Dy, Dy), M — (Vi1 )oes. (112)

ceY

Lemma 2.4.1. The map 1s  surjective and its kernel is the subspace
Ext,(M(D), M(D)) of de Rham extensions.

Proof. By definition, M is de Rham if and only if v = 0 if and only if vg; = 0 for all
o € 3. The second part of the statement follows. By [Li07, Thm. 0.2(a)] and using the fact
that (D, ¢, Fil*(Dg)) is regular and satisfies we have

dimp Ext(, r(M(D), M(D)) = dimg Hom,r)(M(D), M(D)) + n’[K : Q).
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By [Di192 Cor. A.4] applied to J = ¥ and W the B-pair associated to the (p,I")-module
M(D) @, , M(D)¥ where M(D)" is the dual of M(D) we have

n(n —1)

dimp Exty (M(D), M(D)) = dimg Hom,,r)(M(D), M(D)) + 5 [

K :Q,.

Since dimg (6P, .y, Hompi(D,, Dy)) = n( "H J[K : Q,] (which is obvious as Fil*(D,) is a full
flag on D, ), the first part of the statement follows by comparing dimensions. O]

Recall that a (¢,I')-module M over Rgpg is crystalline if the Ky ®q, £-module
Deyis(M) == (M[1/t])" has dimension [K, : QyJrankg, ,M over E, see [Belll § 1.2.3].
Equivalently, using Dar(M) = Deis(M) @k, K (see loc. cit.) and the above freeness of
Dyr (M) over K®q, E, M is crystalline if Deis(M) is free over K(®gq, E of rank rankg . , M.

Lemma 2.4.2. Any extension in Ext;(M(D),M(D)) is automatically crystalline.

Proof. The statement is well known but we include a proof for the reader’s convenience and
to introduce several maps that will be used in the sequel. By inverting ¢, we have a natural
morphism

EXt%ﬁ.DI) (M(D),M(D)) — Exté%r) (M(D)[1/t], M(D)[1/t]) (113)

where the second EXtaa,r) means extensions of (¢, I')-modules over Ry g[1/t] as defined at
the beginning of [BHS19, § 3.3] and where the map in comes by functoriality from the
inclusion M(D) < M(D)[1/t]. As M(D) is crystalline and D satisfies (15]), by [BHSIO,
Lemma 3.4.7] there is an isomorphism of (¢, I')-modules over Ry g[1/t]

n—1

M(D)[1/t] = @) R g (unr(;))[1/1]

=0

where Rk p(unr(y;)) is the rank one (¢, I')-module associated to the character unr(y;) :
K* — E* ([KPX14, Cons. 6.2.4]). Hence we have

Ext(,.r)(M(D)[1/1], M(D)[1/1])
= P Bxt{, r) (Ric.p(unr(@:)[1/1), Ricp(unr(;))[1/]). (114)

Y]

Using [Belll, Cor. 1.4.6] together with (which implies that all H® in loc. cit. are 0), by
dévissage we sce that the image of Exty(M(D), M(D)) in

Exti, ) (R,p(unr(e:))[1/t], R p(unr(;)) [1/1])
via and (114 . ) coincides with the image of Ext, (R, g(unr(s;)), RK E(unr(goj))). Using
Ext! (RK E(unr(goz)) Rk p(unr(p;))) = 0 when ¢ 7& J (which uses we obtain that
the image of Ext,(M(D), M(D)) in Ext%%r)(M(D)[l/t],M(D)[l/t]) via (113) lands into
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the direct summand @]~ Ext(, (R z(unr(e;))[1/t], Rk g(unr(p;))[1/t]). Using the last
isomorphism in [BHS19, (3 12)] there are canonical isomorphisms

Hom(K*, E) — Ext%@r) (R, p(unr(p;), R,z (unr(e;)))
4 Bt ) (Ric s (unr(90)) (18], R s(une(ge))[1/4])  (115)

given by sending ¢ € Hom(K ™, E) to R gje/e2 (unr(p;)(141€))[1/t]. And one easily checks
(for example see [Dil72, § 1.3.1]) that (115]) induces isomorphisms

Homgy, (K*, E) = Ext, (R, p(unr(¢;)), Rk g (unr(e;)))
— Exty (R p(unr(:)[1/¢), Ricp(unr(:))[1/1])

(the latter being the subspace of de Rham extensions). It follows that, for M in
Ext,(M(D), M(D)), we can write

n—1

M/ = @M [1/1) 2 @D Ricpreyee (anx(pe) (1 -+ 36)[1/1 (116)

i=0
for some v¢; € Homg, (K, E). However, as v is trivial on Oj, one directly computes
. r
dimp (R pl/e (unr(p:) (1 + ) [1/t]) = 2[Ko : Qp),

which implies that Rk g /e (unr(g;) (1+1€)) is crystalline (see [Belll § 1.2.3]). Using (|116)),
we finally obtain that M is also crystalline. m

Let M € Ext,(M(D), M(D)) by Lemma 2.4.2{and the freeness of Dde(.//\/lv) over K ®q,
Ele]/e?*, we have that Dcris(./\/l) is a free Ko ®q, & [ ]/e2-module of rank n. It is also endowed
with the Frobenius ¢ coming from the one on M. Using the isomorphism of p-module
Deis(M(D)) = D (which follows for instance from [Be081), Thm. A]) with and (14)), we
obtain again a canonical decomposition Dcris(,/q) Qr, K =@, s Dcris(/\/z)o of p/-modules
over Ele]/e* where the ¢/-module Dcris(ﬂ)a = Dcris(ﬁ/{) QKowE.ox,eid £ for o € X is
a deformation over El[e]/e? of the p/-module D,. For ¢ € X, we have thus obtained a
canonical E-linear morphism

—~

Ext!(M(D), M(D)) — Ext(D,,D,), M — Deyis(M),. (117)

Note that the ¢/-module Dcris(/\A/l/)(7 only depends on the restriction o|g, of 0 : K — E, and
using the isomorphism of ¢/-modules

¢ ®1id : Deris(M) @1y 8.0(x,0id £ — Deris(M) R Ko B 000~ |k, @id £

in fact does not depend on ¢ at all (like the ©/-module D,).
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Lemma 2.4.3. The map 1S surjective.

Proof. By (the Ele]/e?-version of) [Be0S81, Thm. A], it suffices to show that for any deforma-
tion D, € Ext;f(DU,DJ) of ¢/-modules, there exists a filtered p-module (ﬁ,(p,Fil'(ﬁK))
(with EK ‘= K @, D) over E[e]/e? deforming (D, ¢, Fil*(Dg)). For i = 0,. — 1, let
€io € D be a lift of e; , that is a generahzed p;-eigenvector, then D =P, ! E [ /2 € 0.

For 7 =co¢™: Ky — E, define D, to be the same ¢/-module as D, with basis labelled
by €;,. Define the Kj-semi-linear and E-linear endomorphism

@ : D := H D, = H
7:Ko—F 7:Ko—FE

by sending €;, to €;,o,-1. Then D is a deformation of the @-module D over Ele]/e?.

In particular, there is a @-equivariant surjection D —» D sending Civop—i t0 ¢I(e;,) for
j =0,....,f —1. Choose a filtration Fil*(Ds) of DK =D ®K, K by K ®q, Ele ]/62—

submodules which agrees with Fil*(Dx) modulo € (via Dx — Dg). Then (D, ¢, Fil*(Dg))
is a deformation of (D, p, Fil*(Dg)) over Ele]/e? and the lemma follows. O

We denote by Extg(M(D), M(D)) the kernel of (117)), which does not depend on o €
%), and for any subspace Extl(M(D), M(D)) of Exté%F)(M(D),M(D)) which contains
Extg(M(D), M(D)) we define
Ext,(M(D), M(D)) = Ext}(M(D), M(D)) / Extj(M(D), M(D)).  (118)
Hence, by Lemma [2.4.3) (117)) induces an isomorphism for any 7 € %)
Ext,(M(D), M(D)) = Ext!,(D,, D) (119)

and together with Lemma [2.4.1| we obtain an exact sequence of E-vector spaces

0 — ExtL,(D,, D;) — Ext(,r)(M(D), M(D)) — @ Homgu(D,, Dy) — 0. (120)

oceY

The exact sequence ([120]) is part of a commutative dlagram that we explain now. Using that

Dde(/\/l) and vg7 in ([110)) in fact only depend on M(1/1] (see the discussion below (109)),
the map ((112)) factors through a map

Ext%%r) (M(D), M(D)) Extao,r) (M(D)[1/t], M(D)[1/t]) — @ Hompg(D,, Dy).  (121)

oceEY

As in § , for o0 € ¥ we fix a basis eyy,...,€n-1, Of @/ -eigenvectors of D, such that
ol (ei) = pieiy. If i # j, it easily follows from the last isomorphism in [BHS19, (3.12)] that
the second map in (121)) with (114]) induce an isomorphism

Ext (RKE(unr(@Z))[l/t] Ri.e(unr(p;))[1/t]) — @HomE FEe;,, Eej,).
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If ¢ = j, it follows from the proof of Lemma that the inclusion Homgy, (K>, E) <
Hom (K™, E) induces a short exact sequence

0 — Homg, (K™, E) — Extz%r) (Ri,z(unr(y;))[1/t], Rk, (unr(p;))[1/t])
— P Homp(Ee;,, Ee;p) — 0. (122)

Using
n—1 n—1
Extl;(D-, D.) & @D Extl,(Ee;., Ee;;) = @) Homg (K>, E)
1=0 =0

where the last isomorphism is (for the refinement (¢j,,...,9;.) = (@o,.-.,Pn-1)) We
obtain a short exact sequence

0 — Ext; (D, D;) — Ext(, py(M(D)[1/t], M(D)[1/t]) — €D Homp(D,, Dy) — 0. (123)
oceY

We deduce from (119), (120 and (123) that (113) factors through the quotient

E_mz%p)(./\/l(D), M(D)) and that we have a canonical commutative diagram of short exact
sequences (for any 7 € X)

0— Ext', (D,,D,) Ext(, ) (M(D),M(D)) PHomg(Dy,Dy) — 0

oeY
(113

0 —= Ext); (D;,D;) — Ext{, r (M(D)[1/t] M(D)[1/t]) — EPHom(D,,D,) —= 0.

D>

Proposition 2.4.4. There is a splitting of the exact sequence @ which only depends on
a choice of log(p) € E.

Proof. By the above commutative diagram it is enough to construct a splitting of the second
exact sequence. From ([114)) we have a surjection

n—1

Ext{,,r) (M(D)[1/t], M(D)[1/t]) - @D Ext{,, ) (Ric.p(unr(:))[1/1], R (unr (1) [1/1])

n—1

— P Hom(K*, E) (124)

777777777

The choice of log(p) gives a projection Hom(K*,E) = Eval@ (P, 5, 7 0 log) — Eval =

26



Homyg,, (K*, E) sending all 7 o log to 0 where 7 o log is the branch of the logarithm in
Hom, (K*, E) associated to log(p). This projection induces a surjection

Ext(,.r) (M(D)[1/1], M(D)[L/1]) @Homsm (K*, )g Extl;(Dy, D,)

which gives the sought after splitting. m
For o € ¥ denote by Ext}(M(D), M(D)) the kernel of the composition

Ext(, (M(D), M(D)) = @5 Hompu(D-, D-) - € Hompa(D,, D,),
TEL T#0
or equivalently the preimage of Hompi(D,, D) via (112)). The subspace Ext! (M(D), M(D))
consists of those M € Ext( )(M(D),M(D)) such that Dgr(M), is free of rank n over
Ele]/€* (hence equal to Dde(M) ) for all 7 € ¥\ {0} (such extensions are called X\ {o}-

de Rham). It obviously contains Ext,(M(D), M(D)) hence Extj(M(D), M(D)), and by
(120)) with Proposition we deduce

Corollary 2.4.5. Fix o € X. There is an isomorphism which only depends on a choice of
log(p) € E

Ext,(M(D), M(D)) =+ ExtL;(D,, D,) €D Hompa(D,, Dy) (125)

and which is (119) in restriction to m;(M(D),M(D)).

We can now state the main result of this section.

Theorem 2.4.6. Fix o € X. The composition
125) "' o tp, : Exthr, ()0 (Taig( Do), Tr(Dy)) — Exty(M(D), M(D)) (126)

(for the same choice of log(p) in and tp, ) does not depend on any choice up to iso-
morphism.

Proof. First, the “up to isomorphism” in the statement means that there is a commutative
diagram as with mi(M(D), M(D)) instead of Extslpf(DU, D,) @ Homgy(D,, D,).

Since EXtéLn(K),g(Walg(Da), 7r(Dy)) is spanned by the Extéy o(Tag(Dy), (D)) for
I C{vo,...,pn_1} of cardinality in {1,...,n — 1} (see and ), it is enough to prove
Theorem with 7;(D,) instead of mr(D,).

We fix I of cardinality i € {1,...,n — 1}. Fix a choice of log(p) € E, from the definition
of (125)), it is enough to prove that the composition

t 0,
Ext{y, (16).0 (Tate(Do), 71(Dy)) =% Extl(D-, D) @ Hompy (D, D)
— Extl(D., D.) @ (€ Homp(D,, D,))

ceY

— Extg, ) (M(D)[1/t], M(D)[1/t])  (127)

27



does not depend on log(p), where tp,_ is defined using log(p) and the last isomorphism is the
splitting of the bottom exact sequence of the diagram above Proposition [2.4.4] associated to
log(p) (see the proof of loc. cit.). Indeed, using we see that does not depend on
the choice of an isomorphism ¢; as in (43]).

Let c € ExtéLn(K),U(ﬂalg(Dg), 71(Ds)) and write tp, (¢) = e(c)iog(p)+.f(c) where e(c)iog() €

Ext;f(DT,DT) and f(c) € Hompy(D,, D,) (as the notation suggests e(c)iog(p) may depend
on log(p) while f(c) does not). By Lemma there is A(c) € E such that

{ fe)ejo) € Mc)ejo+Djs; Fejro  if m1(D,) is non-split and p; & I

fe)(ejo) € Dy Eejo otherwise. (128)

Assume first that 7;(D,) is split. Then using we see from the proof of Proposition
that tp, (c) does not depend on log(p). Let Homg(D,, D,)o C Homg(D,, D,) be the
(canonical) subspace of endomorphisms f such that f(e;,) € ;. Fej o for j € {0,...,n—
1}, from we have f(c) € Homp(D,, Dy)o. Let Ext{, r (M(D)[1/t], M(D)[1/t])o be the
inverse image of @ ., Homg(D,, D)o via the bottom exact sequence of the diagram above
Proposition [2.4.4] It readily follows from the proof of loc. cit. that there is a canonical
splitting

Extl;(Dr, D;) @ (@ Hompg(Dy, D)) — Ext(, p (M(D)[1/t], M(D)[1/t])o.

oeY

Since tp,(c) € Ext}pf(DT,DT) @ Homg(D,, D,)o, we see that the image of ¢p_ (c) by the
composition does not depend on log(p). Assume now that 7;(D,) is non-split. It follows
from the proof of Proposition E that the splitting of Ext, p)(M(D)[1/t], M(D)[1/t])
associated to log(p) constructed there induces a splitting

n—1

Bxtl (Dr, D) @D (D @D Homp(Be; o, Beso))

j=0 osex

n—1
2 @ Ext oy (Rucs(unr()[1/1], Ric.s(ane(i,))[1/6]) (129)
=0
and that it is enough to check that the projection of the image of tp_(c) under (129)) does
not depend on log(p). By with (64), (65]), we have
e(c)log(p)’ = e(C)log(p) + )\(C> (log(p) - 10g<p)/)EI (130>

where E; € Ext;f(DT,DT) = GB;.:(} Homyg, (K, E) has entry val for j such that ¢; ¢
I and 0 elsewhere. For j € {0,...,n — 1} denote by e(C)iog(p),; (resp. e(c)igpy,;) the j-
th entry of e(c)iogp) (resp. €(¢)iogpy) in Homgy, (K™, E) by the above isomorphism. Let
o olog (resp. o olog’) be the branch of the logarithm in Hom, (K>, E) associated to log(p)
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(resp. log(p)’). By ([128)) with (122)) and the discussion that follows ([124)), the image of ¢p,_ (c)
by (129) for the choice of log(p) is

n—1
> e(Oogryit > (e(Qiog(m+A(c)oolog ) @Hom (K*,E) C @ Hom(K*,E) (131)
wi€l o5l =0

and similarly with e(c)ig(py,; for the choice of log(p)’. Using (130)), we can rewrite (131]) as

Z Cog(py,j T Z og(py,j + A(c)(log(p) —log(p))val + A(c)o o log)

wi€l v ¢l
= Z Cog(py,j T Z Cog(py,j + Alc)o o 10g/)
wi€l i ¢l
which shows that the image of tp_(c) under (129)) does not depend on log(p). This finishes
the proof. O

2.5 Trianguline deformations and comparison with [Di25]

We prove that the map in Theorem m gives back the map trqpy,, of [Di25, (3.39)] and
[Di25, Cor. 3.29(1)] when all the refinements on D,, for all o € ¥ are non-critical (Corollary
2.5.6). We also prove several results (not necessarily in the non-critical case) which will be
used later.

We keep the notation of §2.4land we fix I C {¢q, ..., p,_1} of cardinality in {1,...,n—1}.
As they are heavily used in [Di25], we need PR-trianguline deformations for R a refine-
ment, and we also fix a refinement YR compatible with the fixed subset I. In order to
simplify notation, up to renumbering the ¢; we can and do assume R = (¢, ..., p,—1) (and
I ={vo,...,9i-1}). Correspondingly, we have a filtration of M(D)[1/t] by free R g[1/t]-
submodules:

Ricp(unr(o))[1/1] € Ry p(unr(po))[1/t] @D R,z (unr(p1))[1/4]

. C @RK,E(W(%))H /t] = M(D)[1/t].

An extension N & Ext%%p) (M(D)[1/t], M(D)[1/t]) is called an R-trianguline deforma-
tion of M(D)[1/t] over Ry pise(1/t] if N admits an increasing filtration 0 = Fil_; C
Fily ¢ Fil ¢ --- C Fil,_; = N by (¢,I')-submodules over R giq/e2[1/t] which are di-
rect summands as Ry gjq/e2[1/t]-modules and such that Fil;/Fil;_;, i € {0,...,n — 1}
is isomorphic to Ry g e (unr(p;)(1 4 1€))[1/t] for some ¢; € Hom(K™*, E). We call
(unr(o) (1 + oe), - .., unr(@n_1)(1 + thn_1€)) a trianguline parameter of A'. We define

Exty (M(D)[1/1], M(D)[1/t]) € Ext(, p(M(D)[1/t], M(D)[1/1])
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the subspace of R-trianguline deformations of M(D)[1/t] over Ry gjq/e2[1/t]. We denote by
Extg(M(D), M(D)) the preimage of Extg(M(D)[1/t], M(D)[1/t]) via . So M lies in
Extg(M(D), M(D)) if and only if M(1/1] is R-trianguline. Tt follows from the discussion
below that we have Ext}(M(D), M(D)) C Exty(M(D), M(D)). For o € ¥ we define
the subspaces

J
Homyn(D,, D,) = {f € Homg(D,, D,), f(ejs) € GBEGIW,V 0<j<n-— 1}

k=0
and Homgy w(D,, Do) := Hompy(D,, Dy) N Homy(D,, D,). Then the second map in (121

induces a map

Exty(M(D)[1/t], M(D)[1/t]) — @D Homp(D,, D) (132)

oeY

and one easily checks using (114]) that the commutative diagram above Proposition m
induces another commutative diagram

Exty (M(D),M(D))

0——s Exti)f (D,,D,) @HomFﬂ,m(Da,Da) —0

oEY

(113) [

0 —= Extl; (D;,D;) — Exty,(M(D)[1/t], M(D)[1/t]) —— @5 Homu (D, Dy) — 0.

oeY

There is also a canonical map

Exth(M(D)[1/t], M(D)[1/1]) — Hom(T(K), E) (133)

.....

.....

defines a canonical surjection
Homgy(D,, D,) —» Hom, (T (Ok), E) (134)

and one readily checks that there is a commutative diagram of surjective maps

Exct}, (M(D)[1/t], M(D)[1/4]) Hom(T(K), E)
(132)) res (135>
PHomn(D,. D) ——= m(T(Ok), E) = EDHom, (T(Ok), E).
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For i € {1,...,n — 1} we also define Homiy y(Ds, Dy) € Hompym(Dy, Dy) by

Homiy 51(Dy, Dy) := {f € Hompy(D,, D,) such that 3 a,b € E with
1—1
flejo) =aejoVO0<j<i—1, f(ejo) —bejo € P Fero Vi<j<n—1}, (136)
k=0

and we note that (134]) restricts to a canonical map

res

fio : Homiy 52(Dy, Dy) — Hom, (Lp,(Ok), E) (= Hom,(T'(Ok), E)). (137)

Using the basis (e;,); we identify Hompg(D,, D,) with g,, hence Homw(D,, D, ) is identified
with b,. For o € ¥ we choose g, € G(F) such that g,B, € G,/B, gives the “coordi-
nate” of the Hodge flag in the basis (e;,);, where the flag Eey, C Feo, P Fei, C

- C @?;01 Fe;, = D, has coordinate 1B, € G,/B,. The following descriptions of
Homi{ihm(Da, D,) € Hompy»(D,, Dy) C Hompy(D,, D) will be convenient:

Adg(, (bg> —N—> HOHIFH(DU, Dg)
bo’ N Adga (ba’) ;> Hompﬂ,m(DU, DU) (138)
tp,o NAdy, (b,) — Homiy n(Ds, Dy). (139)

For instance on (139) the map f;, in (137) is immediately checked to be surjective.

We let wy == (wno)o € S> such that g,B, C Bywn B, for ¢ € ¥. More intrinsically
the permutation wy, measures the relative position of the Hodge flag on D, with respect
to the flag determined by the refinement R. We write wy, the longest element of the Weyl
group of GL,, X, E.

Proposition 2.5.1. Let 0 € X, the map f;, in 1s an isomorphism if and only if
the simple reflection s;, does not appear in some (equivalently any) reduced expression of
Wk o Wo,o -

Proof. Let b, € B(E) such that g,B = b,wx B, we have

by N Ady, (b,) = Ady, (b, N Ad,, , (b,)) = Ady, <to B, n Adwm’g(ng))>

and hence
th0 1 Ady, (67) = Ady, (37,0 D (p, 11 Adu (1)) ).

We easily check that

dlmE (Ilpha N Adwm,a (T‘la))
= H(]a k) 6{07 s 7i - 1} X {Za cee, = 1}>wiﬁ,aw0,a<k) < wi)’\,aw(),a(j)H' (140)
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Assume that s; , does not appear in some (equivalently any) reduced expression of wg ,w .-
From we deduce np,, N Ady, , (n;) = 0. Since dimg 3p,, = 2, using and the
surjectivity of f;,, comparing dimensions we deduce that f;, is an isomorphism. Assume
that s; , appears in some (equivalently any) reduced expression of wgy ,wg . Then from
we get dimg(np, o N Ady,y,, (1)) > 1, hence dimg HomiFim(Dg, D,) > dimgp,, + 1 = 3,
which implies dimpg ker(f; ,) > 1. In particular f;, is not an isomorphism. ]

Remark 2.5.2.

(i) If s;, does not appear in wgy ;W 4, it follows Proposition [2.5.1] and (136)) that there is
a unique element hyg; € Homypy (Dgy, Dy) such that higi(ejo) =0 for 0 < j <i—1
and hiogi(€j0) — €0 € @2:5 Fep, fori <j<n-—1.

(ii) If s;, appears with multiplicity 1 in some reduced expression of wy ,wp », using
we have dimp(np, o N Adyy,, (ns)) = 1, and it follows that there is, up to multiplication
by an element of £*, a unique non-zero element h; € Hom{;ﬂ,m(DU,Da) such that
hi(ejo) =0forall 0 < j <i—1and h(ej,) € EBZ_:IO Fey, for all i < j <mn —1 (such
an element generates ker(fi,)).

Till the end of this section we fix 0 € ¥ and write e; for e;, (as in § The following
lemma will be useful.

Lemma 2.5.3. Leti € {1,....,n—1}, I C {g;, 0 <j <n—1} of cardinality i and R’ a
refinement compatible with I (Definition m The following statements are equivalent:

(1) sio does not appear in some (equivalently any) reduced expression of Wy oWo. »;
(27’) Fﬂ_hi,v (DCT) ﬂ (@cpjel Ee]) = 07'

(iii) the coefficient of ee in Fil" D, = Ni' Fil ™" (D,) is non-zero (see foreje).

Proof. The last two statements are equivalent by Lemma [2.2.2] hence it is enough to prove
that (i) is equivalent to (ii). Since R’ is compatible with I, renumbering the ¢, and the e;
we can assume [ = {¢g,...,@;—1} and R = (o, ..., p,_1). Multiplying g, by an element of
B(E) on the right, we can assume g, = b,wg , for some b, € B(E). Define a new basis of
Dy by (eg, ... €,_1) := (€o,---,en1)bs, hence € —aje; € @, Eey for j € {0,...,n -1}

» “n—1 i<y
and some a; € £*. By definition of g,
(fn—b ey f[)) = (607 cee 7€n—1)ga = (667 cee 7621—1)21}9’\’,0'
is such that Fil ™" (D,) = Ef; ® Efjs1 @ ---® Ef,_y for j € {0,...,n — 1}. Equivalently
(for -y fae1) = (€by - - - €1 )Wt o Wo 0 (141)

Assume that s;, does not appear in wg ,wp,, then from 1) one has Fil_hi’”(D(,) =
Ee; © Eej,, @ --- @ Fe,,_,. By the form of ¢’ above, it is straightforward that (ii) holds.

Assume that s; , appears in wy ,wo . By (141]) there exist j > ¢ and k <i—1 such that f; =
e, € @,;<;_1 Eej, which gives a non-zero element in Fil ™" (Dy) N (Eeg® - ® Feg_y). [
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We now assume that s;, does not appear in some (equivalently any) reduced expres-
sion of wgy ,wy,. By Proposition [2.5.1] f;, is an isomorphism, hence we can consider the
isomorphism

s, ,
Homgy, (T (K), E) @) Hom, (Lp,(Ok), E) >+ Extl;(D,, D,) @ Homiy (Do, D). (142)

Recall that the length 2 locally o-analytic representation 7;(D,) of GL,(K) over E defined

above (48)) is non-split by (iii) of Lemma (see and the definition of V; below (35)).
As for (62)), the choice of log(p) gives an isomorphism

Homgy, (T (K), E) @) Hom, (Lp,(Ok), E)
— Homy,(T(K), E) @)  Hom,(Lp(K),E). (143)

Homgm (Lp, (K),E)

Hence by (applied with the fixed refinement R) we deduce an isomorphism which
depends on a choice of log(p)

Homg,, (T'(K), E) @ Hom, (Lp,(Ok),E) — ExtéLn(K)’U(ﬂalg(Dg), 71(Dy)). (144)

Proposition 2.5.4. Assume that s;, does not appear in some (equivalently any) reduced
expression of We ,Wo . Fizing the same choice of log(p) in and in the definition of
the map tp, of Pmposition the isomorphism coincides with the composition (via
Homfvil’m(Da, D,) € Homgiy(Dy, Dy) and for arbitrary isomorphisms () as in )

(144]

Homg (T(K), E) @D Hom, (L, (Ok), E) == Extéy, (x).0 (Tatg (Do), 71(Ds))
t
~% Extl (D, Dy) @ Homp (D, Dy).  (145)

(In particular the composition does not depend on the choice of log(p).)

Proof. We first check that both compositions coincide when restricted to the subspace
Homg, (T'(K), E) @ Hom, (GL,(Ok), E). By its very definition, the composition
sends Homgy, (T'(K), E) (resp. Hom,(Lp,(Ok), E)) to the subspace Ext;f(Da,DU)
(resp. to Hompy »(Dy, Dy)). The analogous statement holds for the composition ([145) by
and (63)). By Step 2 in the proof of Proposition [2.2.4] the restriction to Homg, (T'(K), E)
of and coincide. An examination of the map f;, and of show that
fis(id) = o ologodet € Hom,(GL,(Ok), E), in particular the restriction of to
Hom, (GL,(Ok), E) sends o olog o det to id € Homgy(D,, D,), which coincides with that of

(45) by ©3)-

It remains to show that the images of

log € Homo(GLn_i((’)K), E) — HOIHU(LPZ.(OK), E)
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in Hom’}}ﬂ’m(Do, D,) are the same under the two compositions (where we use the notation
log for o ologodet as below (39)). By (i) of Remark and (134), sends log €
Hom,(GL,—;(Ok), E) to the unique element hy,g; € Hompy(D,, Dy) such that hiegi(e;) = 0
for all 0 < j < i —1 and higi(ej) — € € @2;10 Eey for i < j < n — 1 (using that,
by , such an element is automatically in Homjy x(Dy, Dy)). It suffices to show that
tp,(log) satisfies the same properties, where here we also use log to denote the image of
log € Homy(GL, ;(Ox), E) in Extgy, k)0 (Tag(Ds), 71(Ds) /Tae(Ds)) by (B8). But this

O

follows from (iii) of Lemma [2.2.9

Until the rest of this section we assume that all refinements on D, are non-critical
for all 0 € ¥, which is the running assumption of [Di25]. In loc. cit. the locally Q,-
algebraic representation 7, (D) in is denoted (¢, h)®@pe'~". The locally Q,-analytic
representation @0, ratg (D) (mr(Dy) ®p ®rx,L(A\;)) is isomorphic to the representation de-
noted (¢, h) ®g '~ in [Di28, § 3.1.2]. We fix an isomorphism P, mg(D)(ﬂR(DJ) QF
Rr20L(A;)) = m1(¢,h)) ®@p ', which is defined up to multiplication by a scalar in E*
since, by the non-criticality hypothesis, these representations are easily checked to have scalar

endomorphisms. We then deduce an isomorphism (see [Di25, § 3.1.4] for the Ext} on the
right hand side)

Extar,, (i) o (Tate (Do), Tr(Ds)) — Excty (mag(¢, h), m1(¢, h)). (146)

Recall also from [Di25 Cor. 3.29(1)] and [Di25, (3.39)] that there is a canonical E-linear
surjection tay(p)y @ Exty(Tag(@, h), m1(¢, h)) — mi(M(D),M(D)) (see Corollary [2.4.5
for the right hand side).

Proposition 2.5.5. Assume that all refinements on D, are non-critical for all o € ¥ and let

o € Y. Then for any choice of isomorphism € in the map tDo‘ExtéL (6.0 (Tag (Do) 71 (D))

coincides, up to multiplication by a scalar in E*, with the composition

Extar, (i) o (Tate (Do), 71(Dg)) = Exto(mag(6, B), m1(¢, h))

tM(D),o 1 (125)

—" Ext, (M(D), M(D)) = Extl;(D,, Do) @ Hompy(D,, D,)

for the same choice of log(p) in and in tp, .

Proof. Since D, is non-critical we have wgn ,wo , = 1. In particular, using the notation in the
proof of Proposition [2.5.1] we have b, N Ad,, (b,) = Ad,, (t,). We then easily deduce from
that the map (134) induces an isomorphism Hompjn(Dy, Dy) — Hom,(T(Ok), E).
Using the commutative diagram we deduce that the composition

Exth(M(D), M(D)) 1 Ext}(M(D), M(D)) B3 Homgyn(D,,, D,)
Hom, (T (Ok), E) (147)
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coincides with the composition

Ext}, (M(D), M(D)) N Extl (M(D), M(D)) &2 Ext,(M(D)[1/t], M(D)[1/1])
Hom(T(K), E) =, Hom(T(OK), E) = @ Hom, (T(O), E)

— Hom, (T(Ok), E). (148)

It follows that the kernel of (1 1.} is Ext o(M(D), M(D)) which is the kernel of (Lemma
- Moreover the first map in is surjective using the surjectivity in the first exact
sequence of the commutative dlagram below (132). Also induces an isomorphism
Ext. y(M(D), M(D)) = Homsm(T(K),E) (see (119) with the discussion after (122))). We
deduce from all this that ((133) induces a canonical isomorphism

Exty(M(D), M(D)) N Ext.(M(D), M(D)) =5 Hom, (T(K), E) (149)

(the intersection being inside E_thpvr(/\/l( ), M(D ))) which fits into a commutative diagram
(writing Exty, N Ext,. for Exty(M(D), M(D)) N Ext.(M(D), M(D)))

E_Xt;{ N E_Xti. Hompﬂ,m(Dg, DU) —0

Lz lz Lz
0 — Homg,(T(K), E) — Hom, (T(K), F) — Hom, (T(Ok), E) — 0.

0 — Ext_,(D-, D)

Moreover the splitting of the top exact sequence associated to log(p) induced by Corollary
corresponds to the splitting Hom, (T'(K), F) = Homg,(T(K), E) @ Hom, (T (Ok), E)
(associated to log(p)).

Using the notation of [Di25] § 2.3.1], let Ext, (M(D), M(D)) be the extension group of
(genuine) trianguline deformations of M(D) with respect to the refinement R (in loc. cit. w
is a permutation related to ). As Ext!(M(D), M(D)) is obviously sent to

Extay (M (D)[1/t], M(D)[1/t]) via (113)), we have the inclusion
Ext,,(M(D), M(D)) € Exty(M(D), M(D)).

Moreover the map Ext. (M(D), M(D)) — Hom(T(K), E) defined in [Di25, (2.12)] is sur-
jective by [Di25, Prop. 2.10(2)] and coincides with the composition

Ext,, (M(D), M(D)) = Exty(M(D), M(D)) = Exty(M(D)[1/t], M(D)[1/1])

Hom(T(K), E).

A proof analogous to the proof of (149]) shows that the kernel of the composition
Exth(M(D), M(D)) = Exth(M(D)[1/t], M(D)[1/t]) B2 Hom(T (k). E)
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is Exty(M(D), M(D)) C Ext,(M(D), M(D)). Since we have Ext (M(D), M(D)) C
Ext( (D), M(D)) by [Di25, Prop. 2.10(3)], we deduce Ext,(M(D), M(D)) =
Exty(M(D), M(D)).

Set (for alli e {1,...,n—1})

Hom,,(T(K), E) := Hom(T(K), E) € Hom,(Lp,(K), E) (150)

Homsm (L p, (K),E)

and consider now the composition

Exth, (s6)0 (Tag (Do), 71(Dy)) — Homy,(T(K), E) — Hom, (T(K), E)
1

5 Exty(M(D), M(D)) N Ext,(M(D), M(D))
— Ext;(Dy, D) @ Hompa(D,, D,) (151)

where is applied with the refinement 9 and the last injection is induced by Corol-
lary (and depends on a choice of log(p)). By the discussion around (149), the com-
position Hom, ;(T'(K), E) — Ext1 1(Dy, Dy) @ Hompy (D,, D,) in (151)) precomposed with
(143) coincides with the composmon (145). Hence by Proposmon “ the map
tDO,‘EXtGL 16,0 (ot (D)1 (D) coincides with ([151)) (for the same choice of log(p)). But it fol-

lows from [Di25, Cor. 3.29(1)] (and its proof) that the map t D)U|EXtGL 16r.0 (Tt (D)1 (Do)

of loc. cit. lands in
Ext,, (M(D), M(D)) NExt,(M(D), M(D)) = Exty(M(D), M(D)) NExt, (M(D), M(D))

and coincides with the composition ExtéLn(K)p_(walg(Da), 71(Dy)) — E_thIR(M(D), M(D))N

E_Xt(lf(/\/l(D),/\/l(D)) in (151) up to multiplication by a scalar in E*. In particular its
composition with the map (125 coincides with (151)) (up to a scalar). O

We finally obtain the main result of that section.

Corollary 2.5.6. Assume that all refinements on D, are non-critical for all o € ¥ and let
o € X. The canonical composition of Theorem [2.4.0 coincides with the composition

(146)) tAM(D),o

Exter, () o (Tag (Do), Tr(Do)) = Exto (Tag (¢, h), m (¢, b)) — Ext, (M(D), M(D))

up to multiplication by a scalar in E*.

Proof. As the E-vector space EXtéLn(K)ﬂ(Wa]g(Dg),WR(DU)) is spanned by the subspaces
ExtéLn( K),0(Taig(Dy), m1(Dy)), the result follows from Proposition noting that, since
ExtéLn( 5),0(Talg(Dy ), Talg (D)) canonically embeds into ExtéLn( K)o (Taig(Dy), m1(Dy)) for all
I, the scalar in Proposition [2.5.5| won’t depend on I. O
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2.6 The direct summands 7(D,)’ and (D)

We define a canonical direct summand 7(D,)’ of 7(D,) (as a representation of GL,(K))
which still determines the isomorphism class of the filtered ¢/-module D, and which coincides
with 7(D,) when D, is not too critical. We use it to define a direct summand 7(D)” of 7 (D).

We keep the notation of the previous sections and fix an embedding o € Y. Recall that,
in Step 3 of the proof of Proposition [2.2.4] for a subset I C {¢y,...,@,_1} of cardinality in
{1,...,n — 1} we defined a canonical map (still denoted)

0, Bxtly, i) o (R Do), 71(D,) e Do)) — Hompn(Dy, Dy).

Recall also that if R is any refinement we defined the permutation wg, € 5, just above
Proposition [2.5.1}

Proposition 2.6.1. Let I C {¢o,...,pn_1} of cardinality i € {1,...,n — 1} and R a
refinement compatible with I. The simple reflection s; , appears with multiplicity > 2 in all
reduced expressions of wx Wo - if and only if we have

tp, (Extar, (5.0 (Tag(Do), m1(Do) /Tag(Dy))) = 0. (152)

Proof. Note that we require s; , to appear with multiplicity > 2 in any reduced expression of
Wy »Wo,», Which is stronger than to appear with multiplicity > 2 in some reduced expression
(think about $;,8i+1.0Si0 = Sit1.05i05i+1,0)- L0 simplify notation we write w := wg ywo,, in
this proof. Recall from the proof of Proposition and from (ii) of Remark that
si s appears with multiplicity < 1 in some reduced expression of w if and only if [{(j,k) €
{0,...,i—1} x {i,...,n—1},w(k) < w(j)}| < 1. Hence s;, appears with multiplicity > 2
in any reduced expression of w if and only if [{(j,k)€{0,...,i —1} x {i,...,n—1},w(k) <
w(j)}| > 2, or equivalently

lw{i,....n—1})Nn{i,....n—1}| <n—i—2. (153)
Hence we need to prove ((153)<=({152).

By (ii) of Remark we need to prove that is equivalent to the following fact:
for any ¢; ¢ I the coefficient of eje\(,,,} is 0 in any vector of Ay " "'Fil ™" (D, ), where we fix
a basis ey, ..., e,_1 of ¢/-eigenvectors of D, such that ¢ (e;) = ¢,e; as in § . Changing
this numbering if necessary, we assume R = (¢, ..., pn_1) and I = {pg,...,p;—1}. Thus
we need to prove

(153) <=V j € {i,...,n — 1} the coefficient of efe\(y,3 is 0
in any vector of A% FilTMe(D,). (154)

It follows from (|141) that there exists a basis fy,..., fn_1 of D, such that, for j €
{0,...,n—1}, f; € Fil ™ (D,) and

fuo-1) — €5 € D Eejr. (155)

J'<j
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We can simplify when R is critical (i.e. wx, # wo,). For j = 0 loc. cit. gives
e € Fil "0 (D,). If w (0) > w™'(1), then a fortiori e, € Fil ™'.(D,) and we
can forget ey on the rlght hand side of (155 . ) for fi,-11). Let us look at . ) for j = 2. If

~1(1) > w™1(2), using ((155) for j = 1 we see that we can forget e; on the rlght hand side of
. 155) for fu,-1(2) p0831bly modlfylng the coefficient of eg). If w™!(0) > w™!(2) we can forget
e (as prev1ously in f,-11)), and so on. Hence we see that on the right hand side of

we can furthermore assume w™'(j') < w™!(j), or equivalently for j € {0,...,n — 1}
fi—ewn € D Eewy). (156)
J'<i
w(j’)<w(j)

The E-vector space /\’}E_i_lFilfh“’(Dg) is generated by the following n — 7 vectors

JiN figr N AN frez N o,
fi/\"'/\fk_l/\fk+1/\"'/\fn_1, ke{z+1,,n—2} (157)
fisi A fixa Ao N faca A fra.

Assume |w({i, ... ,n—l})ﬂ{z’, ...,n—1}| >n—i—landlet ji,...,jni—1 € {4,...,n—1} such
that w(jx) € {i,...,n — 1} for all k. Then {w(j1),...,w(jn-1-4)} = {i,...,n — 1} \ {j} for
some 7, and by (156) ere\(,,} has a non-zero coefﬁment in the vector A;_ i 1ka (which is in the
list ([L57))). Assume lw{i,...,n=1})N{i,...,n—1} <n—i—2and let 51,52 € {i,...,n—1}
such that j; # j2, w(j1) < z' and w(js) < 2'. Then by the vector f; only “contains”
vectors e; with j' < w(j;) < i (hence ¢j € I), and similarly with the vector f;,. If follows
that if a vector Ay fr in is such that fj, = fj, or fx = f;, for some k, then all ere\(, 3
for j € {i,...,n — 1} have coefficient 0 in Ay f;,. But clearly any vector in is like this.

This proves (154)). [

Definition 2.6.2. Let I C {p;, 0 < j < n — 1} of cardinality ¢ € {1,...,n — 1}. We say
that [ is very critical for o if, for one (equivalently any by Proposition [2.6.1]) refinement R
compatible with I, s; , appears with multiplicity > 2 in all reduced expressions of wx ,wo, -

Recall that when s;, appears with multiplicity > 1 in some (equivalently any) reduced
expressions of wy ;W , We say that I is critical for o (this does not depend on the refinement
compatible with [ for o). When o is fixed (as in this section) we just say that [ is very
critical, resp. [ is critical. We define

W(Da)b - W(DU)

as the maximal subrepresentation of 7(D,) which does not contain any C(I, s, ,) with I very
critical in its Jordan-Holder constituents.

Proposition 2.6.3.
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(i) We have an isomorphism (with non-split extensions on the right)

7(Ds) = 7(D,) €D D ((C’(I,smp) @p Fill™ U)—mg(D(,))

I very critical
In particular ©(Dy)° is a direct summand of ©(D,).

(i) The isomorphism class of the locally o-analytic representation m(Dy)* determines the
one of m(Dy). In particular the isomorphism class of m(D,)" determines and only
depends on the isomorphism class of the filtered o/ -module D, .

Proof. Similarly to or we define

m(D,) = @ (D) (158)

I not v. c., ma15(Dys)

where v. c. means very critical and m,,(D,) embeds into 7;(D,) via ¢; (see above for
tr). Similarly to we have a canonical isomorphism

<7ralg(p(,) —( D C(1.51,) ©p FillF™ U)) D ( D . s.) @5 Fﬂf;fXDU)

I non-split I split
and not v. c.

;) Wb(DU).

Similarly to (55) the canonical injection m,(D,) — 7wgr(D,) induces an injec-
tion ExtéLn(K)’U (Talg(Dy ), m(Dy)) — Ext(lgLn(K)p(walg(DU), mr(D,)) and similarly to Lemma
2.3.1| the representation 7(D, )" is isomorphic to the representation of GL,(K) over E asso-
ciated to the image in

Extéy, k)0 (Walg(D ) @ ker(tp, ety o (walg(Da),wb(Da)))7ﬂ-b(Da)>

of the canonical vector of EXt%;Ln(K),U(Walg(Da), m(D,)) ®p ExtéLn(K)’U(ﬁalg(Da), m(D,))V.
Using the equivalence (i)<(iii) in Lemma we have moreover

mr(Do) = m(Dy) D B (C(1,5)11.0) @ FillF*D,) (159)

Iv.c.

and from Proposition we deduce

ker(tp,) = ker(tDa|ExtGL e (Targ (Do )iy (Do)

P P Extin, k)0 (Tas(Do), CI, 51110) @5 Fili*D,). (160)

Iv.c.

Using (159)), (160]) with Lemma and Definition [2.2.6} it is formal to check that the image
of the canonical vector of ExtéLn(K)’U(ﬂalg(Dg), mr(Dy)) ExtéLn(K)ﬂ(walg(Dg), mr(Dy))Y
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in EXté}Ln(K),a—(ﬂ-alg<Do> ®@gker(tp,), mr(D,)) has a representative given as in (i) (use that, if
V, W are finite dimensional E-vector spaces, then the canonical vector in (VAW )@g(VeW )Y
lies in (V®@gVY)® (W ®@g WY) and is the sum of the two respective canonical vectors).

Finally (ii) follows readily from (i) by Lemma and Theorem [2.3.10} O

Remark 2.6.4. Though the set of irreducible constituents of w(D,) (with the multiplicity
of mae(D,)) only depends on the Frobenius eigenvalues and the Hodge-Tate weights, this
is not the case of 7(D,)*. Let D! be a of filtered module as in §2.1] with same Frobenius
eigenvalues and same Hodge-Tate weights as D, but distinct from D,. If we cannot have
7(D!)* = 7(D,)’ by (ii) of Proposition , we could still possibly have a proper GL,,(K)-
equivariant injection 7(D’)” < 7(D,), or even w(D")" < 7m(D,)’. We do not expect the
latter (at least) to occur, but this would require a closer examination of the map tp, than
what is done in Proposition [2.6.1

Corollary 2.6.5.

(i) The map Extiy, (k) o (Tag(Do), Tr(Dy)) — Extéy, k.0 (Tag(Do), (D)) induced by
the injection mr(D,) < m(D,) factors as an isomorphism

Ext!;(Dg, Do) @ Homp(Dy, Dy) — Exctiyy, x5 (Tatg (Do), (Do)

(ii) The injection 7(D,)" < 7(D,) induces an isomorphism
EXtéLn(K),a (Walg(Do)a W(Do)b) — EXtéLn(K),a (Walg(Da)a W(DJ))~

Proof. Let us first prove that, for any I C {p;, 0 < j <n—1} of cardinality € {1,...,n—1},
we have:

ExtgLn(K)p (Tratg (Do), (C(L, 8)11,0) @k Filﬁf"Dg)) — Tag(Ds)) =0 (161)

where the representation on the right hand side is the unique non-split extension (Lemma
2.1.5). If (161]) is wrong, this means there exists an indecomposable locally o-analytic rep-
resentation of the form

(C(I7 5\I|,o—) QF Fllfr[l‘aXDU)) - 7Talg,‘<1)a) - 71'alg(l)o') .
But if such a representation exists, this implies
dimp EthGLn(K),a<7Talg(DU) — Taig(Dy), (C’(I, S|11,0) @ Fil[i™ J))) > 2

and thus a fortiori dimg ExtéLn( x)(same) > 2 which contradicts [Di25, Lemma 3.5(2)] with
Lemma [2.1.5 (note that [Di25, Lemma 3.5(2)] is applied with m,(D) in instead of
Tag (Do) and C(I,5)15) ®p (@r£.L(A;)) instead of C(I,s),,), but one can always take
L(A;) =1for 7 € £\ {o} to apply loc. cit.).
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We now prove the corollary. (ii) immediately follows from (161)) and (i) of Proposition
2.6.3. We prove (i). It formally follows from Definition that the kernel of the map
EXtéLn(K),U(Walg(Da%WR(DU)) — EXtéLn(K)J(ﬂ-alg(Da)yW(DU)) is isomorphic to ker(tp,)
(we leave this to the reader). Hence it is enough to prove that this map is surjective. We
have a commutative diagram of exact sequences (writing Ext} for ExtéLn( K)o ad Taig, TR, T

for Walg(Dg), WR(Da)a 7T<D¢T))

Ext},(ﬂalg, TR) —> Ext}, (Talg, ™) — Ext}, (Walg, T/TR)

| |

Ext. (Taig, TR/ Talg) — Ext} (Mo, 7/ Matg) — Extl (mag, 7/7R).

(162)

Define the locally o-analytic representation (using Lemma [2.1.5))
7= @ ((CU.sp10) 6 Fill*Dy)) — mag(Ds) ).
I

We have an injection m(Dy)/mae(Dy) « T which induces another commutative diagram of
exact sequences

Ext},(ﬂalg, TR/ Talg) — Ext},(ﬂ'alg, T/ Talg) EXt}T(Wa] , T/ TR)
| l | 63)

Ethlr (Tralgs TR/ Talg) —— Ethlr (Tralg, ) EXti— (Tralg, T/ (TR/Talg))

n(n+1)
2

where the right vertical map is injective as 7(D,)/7Tr(Dy) = mag(Dy) ¥ 71~ is a direct

summand of T/(7r(D,)/Taig(Dy)) = Tag(Dy)®? 2. Tt then follows from and an
obvious diagram chase that the map Ext} (g, Tr/mag) — Ext} (T, 7/Tag) in (163) is
surjective. Hence so is the map Ext! (7, 1) — Extl(mug, 7) in by another obvious
diagram chase. O

For any subset S of the set R of simple reflections of GL,, we also define
7(Dy)(S) :=7m(D,) Nw(D,)(S) (164)

where m(D,)(S) is defined in § and the intersection is in 7(D,). By Lemma
7(D,)(S)’ is the maximal subrepresentation of 7(D,) which does not contain any C(I, s7,,)
which is either very critical or such that s;; ¢ S in its Jordan-Holder constituents. We
have a decomposition for w(D,)(S) analogous to (i) of Proposition (adding the con-
dition sj;; ¢ S on the right hand side), hence 7(D,)(S)’ is a direct summand of 7(D,)(S).
As in (i) of Proposition , the isomorphism class of 7(D,)(S)” determines the one of
7m(D,)(S) and thus determines (and only depends on) the Hodge-Tate weights h;,,j €
{0,...,n — 1} and the isomorphism class of the filtered ¢/-module D, endowed with the
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~

)
(S) induces an isomorphism ExtéLn( K)o (Tatg (Do), m(D,)(S)) =
(

S)).

Similarly to (87)) we define the locally Q,-analytic representation of GL,,(K) over E:

partial filtration (Fil™"(D,),s; € S) by Theorem [2.3.10, And as in Corollary [2.6.5| the in-
jection 7(D,)(S)” < 7(D,)
EXt%}Ln(K),a(ﬂ'alg(Do)’W(DU)

(D) = P (7(Ds) @5 (RrzeL(Ar))) (165)

0, Talg (D)

where the amalgamated sum is over o € ¥ and where T,,(D) embeds into 7(D,)” ®p
(®740L(\;)) via the composition mae(Dy) < m(Dy) < m(D,)" tensored by ®,.,L(\,) (see
for m,(D,)). It is obviously a direct summand of (D) and its isomorphism class still
determines the isomorphism classes of all of the filtered ¢/-module D, for o € ¥ by (ii) of
Proposition [2.6.3] For later use we also define

(D)= P (WD) ®r (®rs0L(\r))) — 7(D)’. (166)
o, Talg(D)

We end up this section with an application of Proposition which will be used later.

We fix a refinement R, and renumbering the Frobenius eigenvalues if necessary we assume
R = (o, ..., ¢n-1). Recall from §[2.5 that for any i € {1,...,n — 1} we have a surjection

Ethlof (DU7 DU) @ HomZ‘Fil,ER(DOW DO‘)
49 D fi.o
B7e Homgy, (T (K), E) @) Hom, (Lp,(Ok), E)  (167)

where Homiy (D, Dy) is defined in (136) and f;, is defined in (137). We let I :=
{¢o, ..., vi_1} and note that by (136) and Lemma [2.2.9) we have

tp, (Bxto, k.0 (Tag (Do), 71 (Dg ) /Tag(Dy)) € Homiy 5i(Dy, Dy) € Homps (D, Dy). (168)

Proposition 2.6.6. Assume that s;, appears with multiplicity 1 in some reduced expres-
sion of wy ,Wo . Then the kernel of 1s equal to the 1-dimensional E-vector space

lp, (EXtéLn(K),U (Walg<DJ)a 7TI(DU)/7Talg<Dt7))'

Proof. Let 0 # ¢y € Ex‘céLn(K)ﬂ(7ra1g(DU)7 71(Dy)/Tag(D,)) (recall the latter has dimension
1 by Lemma2.1.5). As s;, appears in wg ,wo, with multiplicity 1, ¢p, (cr) is non-zero by
Proposition 2.6.1 By (168)) and the uniqueness in (ii) of Remark it suffices to show
that tp, (c;) also satisfies tp,(cr)(e;) = 0 for 0 < j <i—1 and tp,(c)(e;) € @iy, Eey for
i < j <mn—1. The first property is satisfied by (i) of Lemma and the second by (ii) of
Lemma (which can be applied by the equivalence (i)<(iii) in Lemma [2.5.3]). O
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3 Local-global compatibility

For a filtered p-module D as in § [2| coming from an automorphic Galois representation for
a compact unitary group, we prove that the representation 7r(D)b in occurs in the
associated Hecke-eigenspace of the completed H°. Using Appendix [B| of Z. Wu we give
evidence that the larger 7(D) in should be there too.

3.1 The global setting

We introduce the global setting, which is (almost) the same as in [BHS19, § 5.1], [HHS25,
§ 5], and many other references.

We let F'* be a totally real number fields, F'/F* a CM extension and G/F* a unitary
group attached to the quadratic extension F'/F™ such that G xp+ F = GL, (n > 2) and
G(F' ®qg R) is compact. For a finite place v of F'* which is split in F, we have natural
isomorphisms 5 : G(F,}) = G(F;) = GL,(F5) where v is a place of F above v. We denote
by S, the set of places of F'* dividing p and we assume that each place in S, is split in F.

We let U? =[], Uy be a sufficiently small (cf. [CHTO08, § 3.3]) compact open subgroup
of G(A%) where A7” means the finite adeles of F'* outside p. We let S? be the set of

places such that U, is not hyperspecial and S := S, U SP. For each v € S, we fix a place v
of F above v. For x € {Op, E'}, we define

S(UP, %) == {f : G(FH\G(A®)/UP —» *, [ is continuous},

which is a Banach space over I equipped with a continuous left action of G(F,") := G(F" ®q
Q,) by right translation on functions. We let T(U®) be the polynomial Og-algebra generated

by the Hecke operators Téj) = [lefgl (1”_'7 0 ) Uv} for v ¢ S which splits as v0¢ in F' and

0 wzly
= 1,...,n, where w; is a uniformizer of F;. Then S (UP, %) is equipped with an action of
T(U®) (by double coset operators) with commutes with G(F"). Recall that for any finite
extension E of Q, in Q, we have a G(F,f)-equivariant isomorphism (e.g. see [Br15, Prop. 5.1])

S(U?, B)% s @ Q, = P (77)” ©g (Sves, (1, 05 Wa))) T (169)

™

where “Q,-alg” means locally Q,-algebraic vectors, 7 = 7o ®¢ (C g 7™) = Moo Qg TP Qg
(®vesp7%) runs through automorphic representations of G(Ap+) and where ®,cg, W, is the
algebraic representation of G(F;") (seen over Q,) “associated” to T (with respect to a fixed

isomorphism C = Q,, see the discussion in [Br15 § 5]).

We fix a place p of F* lying above p. For each v € S,, v # p, we fix a dominant
weight &, of Resp+ /QPGLn with respect to the upper Borel Resp+ /QpB and an inertial type

7o Ip+ — GL,(E) where I+ is the inertia subgroup of Gal(Ff/F;). Recall that to
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7, one can associate a smooth irreducible representation o(7,) of GL,(Op+) over E as in
[CEGGPS16, Thm. 3.7] where E is a sufficiently large finite extension of Q, in Q,. We
let L(&,) be the algebraic representation of Respy g GL, over E of highest weight &, €
(ZMF =B} and W, ., a GL,(Opy )-invariant Op-lattice of the finite dimensional locally
algebraic representation o(7,)" ®g L(§,)". We let U%? = [Toes,\ (o) GLn(Opy ), U? := UPUY
and We; = ®pes,\{p}.05We ., (We use the notation of [CEGGPSI6, § 2.3]). For x €
{Og, E}, we define

B (U%, %) = (B, %) 90, We) (170)

‘G

which is a representation of G(F,[) = GL,(Fp) equipped with an action of T(U®) commuting
with GL,(F5).

We let m be an automorphic representation of G(Ap+) satisfying the conditions

: p Uy
(i) (m°P)" £0 and ( ®pes\(p} (Mo @p 0(12))) " #0;
(ii) the representation ®,ecs, W, of G(F]) in {) satisfies W, = L(£,) ®g Q, for v # p.

Let m, be the maximal ideal of T(U®)[1/p] such that the T(U®)-action on (7°P)U" via
double coset operators coincides with w, : T(U%) — T(U®)/m, = Q, (using that 7" is
1-dimensional for v ¢ S totally split in F'). By the work of many people (see for instance
[EGHT3, Thm. 7.2.1]), at least for F'* # Q! one can associate to 7 a continuous semi-simple
representation p, : Gal(F/F) — GL,(E) (enlarging E if necessary), whose isomorphism
class is uniquely determined by the conditions

(i) p¢ = pY @p '™ where p°(g) := p(cgc) for g € Gal(F®/F) with ¢ being the complex
conjugation;

(i) for v ¢ S and v = V0%, pr5 := pr|gaF,r,) 15 unramified and the characteristic polyno-
mial of p,(Frobg) for a geometric Frobenius Frobg at v is X" 4+ wW(Tg(l) )X+
wr (T8N X + we (T

v

(iii) for v € S, \ {p}, prw is potentially crystalline of inertial type 7, and of Hodge-Tate
weights &, — (0,...,n — 1){f"=F} (with obvious notation).

Note that (ii) implies w, is E-valued.

We now assume p, absolutely irreducible and p, 5 crystalline such that the filtered -
module D := Dyys(pr) is regular and satisfies . We use the notation of the previous
sections to this specific D: K := F = Fg with f := [Ko : Qp], {;,0 < j < n—1} is the set
of ¢/ -eigenvalues, {h;,,j € {0,...,n—1}} is the set of Hodge-Tate weights of D, for o € 3,

L As is well-known this assumption F'* # Q comes from [Lal7, Cor. 3.11]. Maybe it is useless by now but
it is not clear to the authors which reference(s) to quote.
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Ao = (Njo) = (hjo — (n—1—=17)), mp, Tatg(Dy), Talg(D) are the GL,, (K )-representations in
(18, (20), etc. It easily follows from ([169)), (170) and the local-global compatibility

in the classical local Langlands correspondence (see again [EGH13, Thm. 7.2.1]) that there
exists m > 1 such that

(Tag(D) @5 ™)™ = (1, @5 (R,L(A\,)) @5 " 1) " =5 S (U®, E)[m %2 (171)

Let §57T(U © E)[m,]%2 be the locally Q,-analytic vectors of the continuous representa-
tion Se - (U¥, E')[m,|. Here is our main conjecture:

Conjecture 3.1.1. With the above notation, the isomorphism extends to an injection
of locally Qp,-analytic representations of GL,,(K):

(w(D) @p " )" b S (U, E)[my] .

Moreover, for any rank n reqular filtered p-module D' satisfying as in § we have a
GL, (K)-equivariant injection

m(D) ®@p et s Se (UP, E)[my] %™
if and only if D! = D, for all 0 € .

R Conjecture in particular implies that the locally Q,-analytic representation
Se.+(U?, E)[m,]%a" determines the collection of ¢/-filtered modules { D, }yex:. (It is of course

o~

expected that S¢,(U?, E)[m,]% 2 actually determines the full ¢-filtered module D, which
is much stronger statement when K = F J # Qp.)

We will prove non-trivial results towards Conjecture under the so-called Taylor-
Wiles assumptions (as in [BHS19] or [HHS25]), which we recall now. We denote by p the
mod p semi-simplification of p, (we should write p,, but p will lighten notation). We let
m; be the maximal ideal of T(U®) such that the characteristic polynomial of p(Frobg) for

véSand v="7o0°is X"+ wﬁ(Tél))X”_l Fowp(TX wp(Tén)), where w5 denotes

the natural map T(U®) — T(U®)/m; = kg. For a %T(US)—module M, we denote by M;
its localization at m;. By the proof of [BD20, Lemma 6.5] (and the discussion that follows
loc. cit.), §57T(U@, E)5 (resp. SU», E);) is a GL,(K) x T(U®)-equivariant direct summand
of §5,T(U © FE) (resp. of S (UP, E)). We assume the following (Taylor-Wiles) assumptions:

Hypothesis 3.1.2.
(i) p>2;
(ii) the field F is unramified over F* and F does not contain a non trivial root ¥/1 of 1;

(iii) G is quasi-split at all finite places of F';
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(iv) U, is hyperspecial when the finite place v of F'* is inert in F;

v) p is absolutely irreducible and p(Gal is adequate ([Th17, Def. 2.20]).
F(V1)

Under Hypothesis [3.1.2 the action of T(US )5 on S(ue, E); factors through a faithful
action of a certain noetherian local complete Og-algebra T(U®);, and there is a natural

surjection R;s — 'Tf(U 9)5, where R;s denotes the universal Galois deformation ring of
deformations associated to the deformation problem (cf. [CHTO0S8, § 2.3])

§= (F/F+a Sa §7 OEaﬁa El_nég’/F'H {Rﬁa}UES)

where S := {7 | v € S}, dr/p+ is the quadratic character of Gal(F/F*) associated to F/FT,
and R, denotes the maximal p-torsion free reduced quotient of the framed deformation ring
of D5 := Dlgam/ry) over Op. We let R;s(E,7) be the universal Galois deformation ring of
deformations associated to the deformation problem

(F/FJra Sa Sa OE7 12 <C:17715?“/F+7 {Rﬁa}ﬂespu{p}a {Rﬁa (Tvv fv)}vesp\{@})?

where Rj_(7,,&) denotes the universal potentially crystalline framed deformation ring of p;
of inertial type 7, and of Hodge-Tate weights &, — (0,...,n — 1)¥%=F} ([Ki08]). Then
R;s(&,7) is a quotient of R;s and the action of R;s on Se.(U¥, E); factors through
Rﬁ,S (67 7-)’

Let g € Zs1, R := ®,esRp. and Ro := R°[[zy, ..., 7,]]. Let ¢ := g+ [F*: Q]@ +
|S|n? and Sy := Ogl[[y1, - - -, y,]]. By [BHSI7TI, Thm. 3.5] (which is a slight generalization of
[CEGGPSISE, § 2]), there exist g > 1, a unitary R..-admissible representation Il of G(F")
over £ ([BHS171, Déf. 3.1]) and morphisms of Og-algebras Sy, — R and Rs — R5.s such
that:

(i) There exists an Op-lattice TI2, of Il stable by G(F}) and Ry such that M, :=
Home,, (112, OF) is a finite type projective S [[K,]]-module (via Sy, — Ro) where K,
is a compact open subgroup of G(FF).

(ii) There exist an ideal a of R together with a surjection R, /aR, — R;s, and an

~

Ro/a-equivariant isomorphism of G/(F,f)-representations Ilc[a] = S(U?, E)j.

We define

RS = (Boesroto) ) Bop (Buesy (o1 B (60:7)) and Ro(6,7) 1= B[, o,

(note that R?ﬁ is a quotient of R'°° and the surjection Ry, — R;s — Rjs(&,7) factors
through Ro, - R(€,7) - R;5(£,7)). We also define

Hoo(€,7) = (oo @ We,r)™ and 1% (€,7) = (1% @0, Wer)™. (172)
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Then I (&, 7) is an Ry-admissible continuous unitary representation of GL, (K) over E
and by an argument similar to the one in the beginning of the proof of [CEGGPS16, Lemma
4.18.1], it is not difficult to check that

Mo (€,7) := Homp, (1% (&, 7), OF) (173)

is a finite type projective So[[GL, (Of)]]-module (see also the proof of [BD20, Lemma 6.1]).
Moreover, we have by ({170

oo (€, 7)[a] 2 Se - (U?, E). (174)

Finally, we note that the action of R, on Il (§,7) factors through its quotient R..(&,T)
since its action on the dense subspace Il (&, 7)% 8 of locally algebraic vectors for G(F;)
factors through R (&, 7) by (the proof of) [CEGGPS16, Lemma 4.17.1].

Remark 3.1.3. The present global setting slightly varies from the global setting of [BHS19,
§ 5]. In loc. cit. one treats all p-adic places together (there is no fixed place ) and conse-
quently p, is assumed crystalline regular satisfying at all p-adic places. But the proofs
of [BHSI9, § 5] essentially remain unchanged (and are even simpler) in the present setting
replacing I, of [BHSI9, § 5.1] by I1(&, ), Reo of loc. cit. by Roo(&,7) and recalling that
the rigid analytic variety associated to ®v€Sp\{p}Rﬁg (&, Ty) is smooth by [Ki08, Thm. 3.3.8].

3.2 Patched eigenvarieties

We briefly recall the construction of the patched eigenvariety from [BHSI71], along with
some of its (partially classical) closed subspaces as described in [Wu24]. A minor difference
with loc. cit. is that we fix a locally algebraic type at the p-adic places other than p (see
Remark [3.1.3). But all the results of [BHS171] and [Wu24| carry over to our case with only

minor adjustments.

We keep all previous notation. For a local complete noetherian Og-algebra or E-algebra
R we denote by SpfR the associated formal scheme over Op or E respectively. For a lo-
cal complete noetherian Og-algebra R we denote by (SpfR)"® Raynaud’s associated rigid
analytic space over F.

We consider the T'( K )-representation Jg (Hoo(ﬁ , 7 ) fteo (577)‘”) where 1. (&, 7) is as in 1}
“Roo(&,7)-an” denotes the locally R (&, 7)-analytic vectors for GL,(K) in the sense of
[BHSI171, Déf. 3.2] and Jp is Emerton’s locally Q,-analytic Jacquet functor with respect

to B(K) ([Em06]). We let T be the rigid analytic space (taken over E) parametrizing locally
Qp-analytic characters of T'(K'). There exists a coherent sheaf M (&, 7) over the quasi-Stein

rigid analytic space (SpfR. (&, 7))"® x T uniquely determined by

\

L ((SpfRao (&, 7)) X T, Moo (€, 7)) = Jip (Tl (&, 7) =670m)
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(where Jp(—)" is the continuous dual of Jg(—)), see [BHSITI, Prop. 3.4]. We let E(&, 7)
be the scheme theoretic support of M (&, 7) (see the discussion above [BHS171), Déf. 3.6)),
which we call the patched eigenvariety for 11, (£, 7). By similar arguments as in [BHS171),
Cor. 3.12], [BHS171], Cor. 3.20] and [BHS172, Lemma 3.8], we have

Proposition 3.2.1.

(i) The rigid analytic space E(&,7) is reduced and equidimensional of dimension g +
|S[n? + [F* : Q2% 4 [K : Qln.

(i) The coherent sheaf My (€,7) is Cohen-Macaulay over Ex (&, T).
We let 7 := ps and Xy(T) < (SpfRy)"™® x T be the (framed) trianguline variety of
[BHS171, § 2.2] (see §[3.1]for Ry and recall that X(7) is by definition reduced, see [BHSI71]

Déf. 2.4]). We let ¢, be the following automorphism where 65 = K7 |-|% 7" is the modulus

character of B(K):
Lt (SPERR)™ x T 5 (SpfR:)" x T, (r,8) = (r, 005" (RP=1eh) ™). (175)

Let Rl{?:m = (@)UESPRﬁa)@OE (@)Uesp\{@}Rﬁa(gva 7-1))) and Rg)o(ga T) = ngi,p[[xl, e ,ZL‘gH. Si-
milarly as in [BHSI71, Thm. 3.21], we then have

Proposition 3.2.2. The natural closed embedding
Eocl7) > (SPIRw (€, 7)™ x T == (SpER,(€,7))"™ x (SptRy)"™ x T
factors through a closed embedding
Exo(€,7) — (SPERE,(E, 7)™ x ¢! (Xuwi(7)) (176)

which identifies E(&,7) with a union of irreducible components of (SpfRL (&, 7))"8 x
by (X (7).

We now introduce some closed subspaces €5 (&, 7)o of Exo(§, 7).

We fix 0 € ¥ and i € {1,...,n — 1}. We consider the following locally Q,-analytic
representation of GL,,(K)

Hoo(f; T)A"-alg — (Hoo(§7 T)Roo(ﬁ,’r)—an Q% <®T¢0L()\7)v))a—an 5 (®7—7£GL(>\7—)) (177)

(recall A, is as above and L(),) as below (19)) where “o-an” means the locally o-analytic
vectors. It follows from [Dil71, Prop. 6.1.3] that I, (£, 7)) is a closed subrepresentation
of the locally Q,-analytic vectors I, (€, 7)@ and by similar arguments as in [Dil71, Lemma
7.2.12], we have

Ip, (Moo (&, 7)) = Jp, ((Hoo(s, )&y g (®T¢(,L(AT)V))“‘”) ®5 (@r20Li(A))  (178)
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where L;(A;) is the algebraic representation of (Lp, ), = Lp, Xspeck.r SpecE over E of highest
weight A\, with respect to the upper Borel. Let L), = SL; x SL,,_; be the derived subgroup
of Lp, (seen over K) and [}, be its Lie algebra over K. We have an injection of locally
o-analytic representations of Lp (K) over E (see [Em1T7, Prop. 4.2.10] for the injectivity)

o-an g O
(I (Mol D) @ (@4, L (A1) ™) @ LiA)Y) @ LilAr)
— Jp, ((Hoo(f,T)RW“”‘a“ R (®T¢UL(>\T)V))”'3”>. (179)
Applying Jpnr,, (—) we finally obtain the following injections of T'(K')-representations
((in (Moo (e, M E=ED 0 @ (@46 L)) ™) @ Li(/\g)v)llpi> op T LN
TEX

T2, (Moo (€, 1) E0 1 (@12, L)) ™) @1 Li30)") ™ @1 Li(ho) @ (®T¢0Liw)>)

Voi == JBﬂLpi

< Jnnrp, (Jp, (Moo (€, M= ED @ (@2 L)) ™) @5 (D720 Li(Ar))

& JpnLp, (Jp, (Moo (&, T))x"-alg))

£,7)Roe (€:)-an) (180)

where the injections follow from [Em06, Lemme 3.4.7(ii)] and (L79), the first isomorphism
follows from [Em0G6, Prop. 4.3.6], the second from and the third from [HLIO0, Thm. 5.3.2]
(note that the T'(K)-representation L(\,)V5) is the highest weight of L()\,)). All the above
representations inherit from I (&, 7) a left action of R (&, 7), and all the above morphisms
are (clearly) Ry (&, T)-equivariant.

We then denote by M (€, 7),,; the unique coherent sheaf on the quasi-Stein rigid analytic
space (SpfRy (&, 7))"8 x T such that

T((SpfRoo (€, 7)) X T, Moo (€,7)0i) = (Vi @5 ™), (181)

and we let £(&,7),; be the scheme theoretic support of My (&, 7),; (the twist by the
character " o det of T'(K) comes from the same twist in (171])). Then M (£, 7)y; is a
quotient of M. (§,7) and (&, 7),; is a closed rigid analytic subspace of £ (&, 7). (Note
that both M (&, 7),; and Ex(§, 7)o, also depend on (A;),, but this weight will be fixed
later and we drop it from the notation.)

Proposition 3.2.3.

(i) The rigid space Exo (&, )y is Teduced and equidimensional of dimension g+|S|n*+[F*:
Q)rel) 4+ 2,

(i) The coherent sheaf Moo(€,T)si is Cohen-Macaulay over Exo(&,T)gs-
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Proof. The equidimensional part in (i) follows from [Wu24, Prop. 5.9]. The reducedness in
(i) follows by the same argument as in the proof of [BHS171l, Cor. 3.20], with Theorem 3.19
of loc. cit. replaced by (an easy variation of) [Wu24, Prop. 5.11]. Part (ii) follows by the
same argument as in [BHS172, Lemma 3.8] with [BHSI7Il, Prop. 3.11] replaced by [Wu24l,
Prop. 5.9]. Finally, the dimension of £ (§, 7). is the same as the dimension of W), above
[Wu24l, Prop. 5.9], which can be checked in our case to be dim &, (&, 7) — [K : Qpn + 2,
whence the formula in (i) by (i) of Proposition [3.2.1] O

3.3 Local model of trianguline varieties

We apply the local model theory of trianguline varieties developed in [BHSI9] (see also
[Wu24]) to establish a smoothness result for £,(§,7),; (Corollary [3.3.6) which will play a

role in the proof of our main local-global compatibility result.

We fix a crystalline E-valued point 7 of (SpfRy)" such that the filtered ¢-module D :=
D,is(r) is regular and satisfies (we use the notation of § for D). We also fix a

refinement R of D. By reordering the eigenvalues of ¢/, we assume R = (©g, ..., ¢n 1)
With notation as in (18, we define the following E-valued characters of T'(K):

unr(p) = unr(pg) Xunr(e;) X---Kunr(p,1)
mo= 1 (H a(ti)h"*">. (182)

By [BHS19, Thm. 4.2.3], the “dominant” point
yo == (r,unr(p)t") € (SpfRy)"8 x T (183)
lies in the closed trianguline subspace X,;(T).

We briefly recall the local model of [BHS19] and refer the reader to [BHS19, § 3] for
more details and references. We let G := GL,, (seen over K) and define the algebraic variety
gy := Gy, xP= by, over E, where By, acts on the left on by, via the adjoint action. We have
Ox = [ 5 G xP b, as E-schemes and we set g, := G X7 b,. Recall that gx, (resp. g,) is
isomorphic to the closed reduced subscheme of Gy/By. X gs (resp. G,/B, X g,) consisting
of those (¢By, ) with Ad,-1(¢) € by (resp. those (9B, ) with Ad,-1(v) € b,). We let

X5 :=gs Xgy, 9z and X, 1= g, X4, 0, for o € ¥, then X5 =[] _ X, and there are natural
closed embeddings

XE — GE/BE X GE/BE X g%, Xg — GU/BO- X GO-/BJ X @o-
We denote by k : X5, — Gy /Bys, x G/ Bs, the induced morphism. For w = (w,) € S> = the
Weyl group of Gy, we let U, =[], Uw, C Gs/Bs X Gx/Bs, be the Gx-orbit of (1By, wBy)

for the diagonal action, where we also denote by w € Gy, the permutation matrix associated
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to w. We let V,, := /<L_1<Uw) C Xy and denote by X, the Zariski-closure of V,, in Xy. Then
{Xw}wesy is exactly the set of irreducible components of Xy (cf. [BHS19, Prop. 2.2.5]). For
o € ¥ we define in a similar way X,,, C X, for w, € S, and likewise {X,,, } ., cs, i the set

of irreducible components of X,,. For w € S2 we have X, =[] s Xu, -

We let Cr be the category of local artinian F-algebras. We recall that K ®g, D =
Dar(r) = Dpar(r) := (Bpar ®q, )% F/%) " As below for o € ¥ we fix a basis
€001 -+ 3€En—1,0 Of of-eigenvectors of D, such that gpf(ei,U) = ;€. With respect to this
basis, we have a bijection

a: @E@” — Dgr(r).

oeEX

If A € Cp with maximal ideal my, recall that Rk 4 is the Robba ring over K with A-
coefficients (see [KPX14, Def. 6.2.1]). We let X be the groupoid over Cp (denoted X,
in [BHS19, § 3.6]) of deformations (74, F3,a4) such that

(i) 74 is a framed deformation of r over A € Cg;

(ii) F3 is an increasing filtration by projective (¢, I")-submodules of Dyig(ra)[1/t] over
Rri.a[1/t] such that Fi/Fy' = Ry a(0;4)[1/t] with F§ = 0 and §; 4 = unr(ip;)
(mod my) fori =1,...,n;

(iii) cn is an A-linear isomorphism € 5. A®" = Dpar(r4) such that as = a (mod my).

Similarly as below (136]) we let g, € G(FE) such that g,B, € G,/B, gives the coordinates of
the Hodge flag in the basis (e;,); and gs := (¢,) € Gx. We then define the point

DR = (132792327 0) S XE(E)

and let )?Z,Zm be the groupoid over Cg pro-represented by the noetherian local complete
FE-algebra given by the completion of the E-scheme Xy, at zx.

By [BHS19, Cor. 3.5.8(ii), (3.28)] with [BHS19, (3.28)] we have a natural formally smooth
morphism of groupoids over Cg:

XE% — )?E,zgw (TAJ‘F:{7 QA) — (gl,ABE(A)7g2,ABE<A)7 VA) (184>
where, under the isomorphism a4 : @rexs AP = Dyar(r4):
(1) g1,4Bx(A) gives the coordinates of the flag Dyar(F3);

(ii) g2.4Bx(A)) gives the coordinates of the Hodge flag

Fﬂ_hj’UDde(TA)U = ((t_hj"’B;R[log t] ®Qp ’I"A)Gal(?/K))

(e

where for a K®g, A-module D we define D, for 0 € ¥ as in ([111]) replacing Ele]/€* by A;
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(ili) va € gn(A) is the matrix of Fontaine’s nilpotent operator on Dpqr(A) induced by the
nilpotent operator vpqr on Bpar (see the beginning of § .

For w € S we define the groupoid X E s = X X j )A(w,zf,%. Note that we have a formally
) ) JZR

smooth morphism XE R — )?w,Zm
define the groupoid X, i as we defined X Eﬁﬁ but forgetting the framing a. We have a forgetful
morphism of groupoids XEm — X, and we define the groupoid X"z C X, x as the image

and that XrD 5 1s empty if z does not lie in X,,. We

of XE s 10 X, ,. Then as in [BHSI9, (3.26)] we have an equivalence of groupoids over Cg
Xogt = X% Xx, X (185)

We refer the reader to [Ki09, Def. (A.5.1)] and [Ki09, Def. (A.7.1)(1)] for the definition
of pro-representable groupoids over Cg and recall that, if G is a pro-representable groupoid
over Cp, then the natural morphism of groupoids G — |G| is an equivalence, where |G|
denotes the associated functor of isomorphism classes. In that case we won’t distinguish G
and |G|. By [BHS19, Thm. 3.6.2(1)] X, x, X}z are pro-representable, hence are equivalent to
their associated deformation functors | X, n|, |X}is|. Let R,,, Ry be the noetherian local
complete E-algebras pro-representing the functors | X, m|, | X%/, which are quotients of R, :=
the noetherian local complete E-algebra pro-representing framed deformations of r over
artinian F-algebras (see for instance [BHS19, (3.33)]). Denote by Xiyi(7),, the completion
of Xi,i(7) at the point ys, we have a morphism of affine formal E-schemes )A(m (T)yy — SPER,
(see above [BHS19, Prop. 3.7.2]). By [BHS19, Cor. 3.7.8] together with (182)) and the
definition of the permutation w above [BHS19, Lemma 3.7.4], the morphism Xi;(7),, —
Spf R, factors through an isomorphism of affine formal E-schemes

Xini(F)yyy — Spf RS, (186)

The study of the tangent spaces of the previous groupoids over Cg, that is, of their values
at A = Ele]/€%, is very important for our arguments. As in § denote by M(D) the
(p,I')-module over Ry g associated to the filtered ¢p-module D. We have a commutative
diagram of finite dimensional F-vector spaces

Xom(Ele]/e?) —2s BxtL(M(D), M(D)) 22, Hom(T(K), E)

D
- i e

XOu(Ble/e) —B s 7, Xy, ——— @,exHompan(D,, D,) 225 @, cxHom, (T(Ok), E)

where the first bottom horizontal map is surjective by formal smoothness of (184)), the second
bottom horizontal map is the composition

e
T X5 — @, (b, N Ady, (b)) — BrexHompyn(Dy, D) (188)

(noting that the map of tangent spaces T, X5 — gy induced by Xy, < Gx/Bs. X Gx/Byx X
gx — gx has image equal to by N Ady(by) = P, 5 bs N Ady, (b,)), and where the map fin
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is induced by the composition

X, w(Ele]/e?) — X, (E[e]/€*) —» Bxtg, &5y (T 7) = Ext(, r(M(D), M(D))

where X, is the groupoid over Cg of framed deformations of r (pro-represented by R,).
Moreover it is not difficult to check that X, n(E[e]/€®) — X,.(FEle]/e*) is the preimage
of Extg(M(D), M(D)) C Ext%%r)(/\/l(D),/\/l(D)) from which one deduces dimg ker fz =
n? — dimg Hom, (M (D), M(D)). The left part of (187) is easily checked to commute and
the right part commutes by - Note that the SUI‘JeCtIVlty of the middle vertical map in
- follows by an obvious diagram chase. We deduce by Lemma n and its proof

dimp ker( o fw) = dimgExt,(M(D), M(D)) + dimp ker fx
= (dimgHom,ry(M(D), M(D)) + @[K : Q)
+(n® — dimp Homy,r) (M(D), M(D)))
= n’+ n(n . [ : Q).

(189)

The image of XEE’);U()(E[G]/EQ) in @,exHompyn(Dy, D,) via coincides with the image
of T, Xy = ®oesT(1B,,9, By,0) Xwp,, Vid , hence has the form @,exHompim w, (Do, Do)
for some subspaces Hompy sz w, (Do, Do) € Hompy (Dy, D). By this is also the image
of Exty ,, (M(D), M(D)) := fa(X5%(Ele]/€)) by the map . Note that one can again
check that X' (E[e]/e*) C X, n(E[e]/€®) is the preimage of Exty, , (M(D), M(D)) via fx.

Lemma 3.3.1. We have Exty(M(D), M(D)) C Exty_,,, (M(D), M(D)).

Proof. As Gx,(1Bs,woBs)) x {0} C Vi, = £ (Uy,) and Gx(1Bs, woBs,) is Zariski-dense in
Gy /By, X Gy, / By, we have Z,,, := Gy /By, x Gy /By, x {0} C X,,. In particular, z € Z,,, C
Xy,- Using (and Lemma , we see that the preimage of Ext,(M(D), M(D))
in X5 (Eld/e?) by XCn(Eld/e?) — Xom(E[e]/€?) - Exty(M(D), M(D)) is exactly the
preimage of 1.y Zy, C 1oy Xz by X n(Ee]/€®) - T.,, Xx. The lemma then follows from
Zy, C Xu, and the definition of XE%UO. O

By Lemma3.3.1{and (187)) (with Lemma 2.4.1)), Exty, ,, (M(D), M(D)) is also the preim-
age of ®,exHompi ; w, (Do, D,) via (112)). Then (187)) induces a commutative “subdiagram”

XI(Ble]/€) 2 Ty X(F) — Bxtyy,(M(D), M(D)) ———— Hom(T(K), E)

/ i i (190)

Dw”( [(/e?) ——————— T Xy ——————— PoesHompimwy (Do, Dy) — BpesHom, (T(Ok), E)

where the isomorphism X8 (Ele]/€*) = T, Xui(7) follows from and the discussion
before it. Note that the composition of the top horizontal maps 001n01des with the tangent
map of the composition Xu:(F) < (SpfR:)"8 x T — T at the points yx unr(p)t".

Now we fix 0 € ¥ and i € {1,...,n — 1}. We consider the subgroupoid X 5 C X

rR,0,1

of (ra, F4,aa) such that (see below (109) for a de Rham (¢, I')-module over RKE[l/t]);
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(i) F4 and Dyig(r4)[1/t]/FY are de Rham up to twist by a character;
(i) Dyig(ra)[1/t] is 7-de Rham (i.e. dimp Dgr (Dyig(ra)[1/t]) = ndimg A) for 7 # 0.

(“Up to twist by a character” in (i) means that a twist by a rank one (¢, I')-over Rx a[1/t]
is de Rham.) We define the groupoid X' . as the image of XEmf“"gl in X,x. We have
X\%oi C X, and by and since conditions (i) and (ii) above do not concern the
framing a4 we again have an equivalence of groupoids over Cg

XT’Evléqujgl Xri‘ui%az XXTER XEER ( X::Ui%az ><XwO XDwO) (191)
By [Wu24, Lemma 3.11] and the discussion after loc. cit. both XE’ o and X5 are pro-

representable. Consider the closed E-subscheme of X,

Xg =Xy x | [(G-/B; x G./B. x {0}) € [[ X» = Xs.

T#0 TED

Let §p, o := Gy XB7 tp » C 8y, Xoi = 0p.0 Xg, 9o C X, (a closed E-subscheme of X, ), and
define the E-schemes

Xg, =X, x [[(G+/B; x G+/B, x {0})
T#0
Xgs = (Xig Xx, Xug,) x [[(G+/B: x G-/B; x {0}) = Xg, xx, Xuy.

wo,i
T#0

(192)

We have closed immersions Z,,, C X7 . C X2, C X2 C Xy, and in particular 2z € X

wo,t wo,t"
The following lemma easily follows from the above definitions and from ([184]):

Lemma 3.3.2. We have

wo ~ yUwo o _ 4 ~ U ~
X’I’,m,(f,i - Xr,‘ﬁ XXWO’ZER (Xwo 7,) - Xr,i)’\ XXE,Z

(X70)en

wo,i

In particular, ngg’g’i is formally smooth over ()/(\'3)072-)/2m
We will need the following formula:

Lemma 3.3.3. We have dim X , =n(n—1)[K : Q,] + 2

woz

Proof. By (192) it suffices to show dim(X;, x x
that the following diagram is Cartesian

Xuwo,) = 2+ n(n —1). One easily checks

o

aPZwU = GU XBG tpo — Ga/Ba XQog — GU/BU

! ! |

> P,
0p o =Gy xFiovp , —— Go/Piy X 90 — Go/Piy
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where the first top (resp. bottom) horizontal map sends (g,v) with Ad,-1(¢) € tp, to
(9By,1) (resp. to (¢P;,1)). Hence we have

Xi,a = (GU/BU) XGo /Py (agia X o ﬁa) (193)

It follows from [BD24l, Cor. 5.2.2] that X, is equidimensional of dimension =%~ nn=1) 4 dim tp ot
dim(Lp, ,NN,) = 2+n(n—1) and that its irreducible components are 1ndexed by the longest
elements in Wy, \S,. If the (reduced) irreducible component associated to some w, # wp,,
lies in Xy, ,, then by [BD24, Lemma 5.2.6] its image in t, x t, by the map X, — t, X t,

(see the beginning of [BHSIO, § 2.5]) contains a point of the form (Ad(w,')t,t) which is
distinct from (Ad(wg )¢, ). But this contradicts the last equality in [BHSI9, Lemma 2.5.1].

We deduce that (XwO :)red 18 an irreducible component of X; , and the lemma follows. O

The image of ngé”g (Ele]/€*) in @yesHompi gt w, (Do, Dy) via | coincides with the
image of T, Xg, ; via (188) by Lemma [3.3.2 hence has the form Hompy g (Do, D) for

wo,t

some subspace HomFlL%’wo(DU, D,) € Hompii % o (Do, Dy). By 1-) this is also the image

of Extly , »,(M(D), M(D)) := fu(X%, (Elel/é%)) by the map 112 (see . ) for fw). Tn
fact it follows from (1192), (193) and (139)) that we have inside Hompﬂm(D

Hom%il%wo(Da, D) = Hompq sz (Do, Do) N HomiFm(Da, D,).

Moreover one can again check that X5 (Ele]/€*) C X5 (E[e]/¢*) C X, n(Ele]/€®) is the

preimage of Exty ., o Z(./\/l(D), M(D)) via fx. By the proof of Lemma with the inclusion

Zwy C Xy, and Lemma 3.3.2, we have

Exty(M(D), M(D)) C Exty y, ;(M(D), M(D)).
Then (190) induces another commutative “subdiagram” (see (150)) for Hom, ;(7'(K), E)):

X (Eld/e) — Exth 0 0:(M(D), M(D)) B Hom,,(T(K), E)

R,0,i

/ im l (194)

Xoao (Bl /€2) —— T, XG, ; —— Homy g oo (Do, Do) —Z8— Hom,(Lp,(Ox), E)

2R < wo,i

where Ext},"wova,i(/\/l(D),/\/l(D)) is also the preimage of HomFlmwo(Da, D,) via . In
particular Exty . ,;(M(D), M(D)) C Ext}(M(D), M(D)) and Corollary induces a
splitting (depending on a choice of log(p) and see ([118)) for E_m;,wmi(/\/l(D), M(D)))

Extyy o 0s(M(D), M(D)) = ExtL (Dy, D,) @ Homy gy (Do, Dy). (195)
Recall we defined wg , € S, just above Proposition [2.5.1}

Proposition 3.3.4. Assume that the multiplicity of s,, in some reduced expression of
Wy o Wo » 1S al most one.
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(i) We have dimg Homiy g o, (Do, Dy) = 2, X3, ; is smooth at the point zx and the local

complete noetherian E-algebra pro-representing Xﬁf’%m 15 formally smooth.

(ii) If i, does not appear in some (equivalently any) reduced expression of wy ,woq, then
the natural inclusion Hompy g (Do, Do) < Hompy (Do, Dy ) is bijective.

(111) If s, , has multiplicity one in some reduced expression of wy ,wo o, then the composition

Hom%ﬂmwo(Da,Da) — Hom%ﬂ,m(DU,Da) Hom, (Lp,(Ok), E) has image equal to
Hom, (GL,(Ok), E) and kernel equal to ker(137]).

Proof. By the same argument as in the proof of [BHS19, Prop. 2.5.3] using [BHS19, Lemma
2.3.4], the tangent space T, X5, of X7 ; at 2x, as a subspace of the tangent space

wo,i
T.,.(Gx/Bs x Gy /Bs, X 85) = Ty, ¢8s)(Gs/Bs, X Gy /Byx) @gm
is contained in

V' i= Ty g8y) (Gx/ By % Gs/Be) {0 € tpo N Ady, (b,), § € 57777}

where 1) is the image of ¥ via the composition tp, , N Ad,, (b,) < b, NAd,, (b,) = b, — t,.
Let b, € B(F) as in the proof of Proposition [2.5.1] we have

Vi = {¢ € tpoNAdy, (b,), ¥ €t} = Ady, ((t@i’”“’“w‘)"’ﬂapi,a) EB(npi,mAdwm,a(na)))

Assume s;, does not appear in wy wo,. We then check that

tw%,owo,a

o ﬂjpi,a =3P and np o N Adwm,g (ng) =0

(see the proof of Proposition for the second equality). Hence dimg Vi = 2 and dimg V' =
n(n —1)[K : Q)] + 2 = dim X ; by Lemma 3.3.3. We deduce that X7 ; is smooth at the

32

point zg and To, X7 ; — V. Let RS{%”’ 0. (resp. R ) be the local complete noetherian £-
by
O,wo

algebra pro-representing X (resp. X% ). By (191) X Dwo s obtained from X2
adding a framing a4, hence the ring R g ; is a formal power series ring over R:fjg{m. Since

rR,0,1 r,R,0,0 rR,0,0 r,R,0,0

RE,&%U, o.i is formally smooth by Lemma [3.3.2) and the previous result, it follows that Rffjg%m

is also formally smooth. This proves (i) in this case. By definition Homiy g ,, (Do, Do) is
the image of T, X , via (188, hence coincides with the image of V; via ((138)), hence has

wo,t

dimension 2 by the above results. By Proposition with dimg Hom, (Lp,(Ok), E) = 2,
(i) follows.

Assume now s;, appears in wgp,wo, with multiplicity 1. Then we easily check that
to" """ N 3ps = 30 (of dimension 1). Together with dimg(np,, N Ady,  (1,)) = 1,
we still have dimgV; = 2 and by the same arguments as above, (i) follows. Moreover,
as the composition of and coincides with the natural isomorphism tp, , —
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Hom, (Lp,(Ok), E), we see that the image of the composition in (iii), which is the im-
age of V1 by ([139), is the 1-dimensional subspace Hom,(GL,(Ok), E). As the kernel of
(137) in this case is 1-dimensional by (ii) of Remark [2.5.2) comparing dimensions we must
have ker(137) C Homgy g ,,, (Do, Dy) and Homgy g . (Dg, Dy) — Hom, (GL,(Ok), E). This
finishes the proof. O

We denote by Ext, ((M(D), M(D)) the subspace of Ext,(M(D), M(D)) (see above
Corollary [2.4.5)) of M which are o-de Rham up to twist by (the (¢, ')-module over R giq/e2

associated to) a locally c-analytic character of K* over Ele]/e? (equivalently M is de
Rham up to twist by such a locally c-analytic character). We denote by Hom$,(Dy, D,)
the 1-dimensional subspace of Homgy(D,, D,) spanned by the identity map. Obviously
Homyy(D,, D,) C Hompy »(Dy, D,) (for all i € {1,...,n — 1}) and Ext, o(M(D), M(D))
is the preimage of Hom{,(D,, D,) via . By similar argument as in the proof of Lemma
With Zwos Xuwg replaced by (Go /By X Gy /By X 30) X [ 1 ,1,(Gr/ Br x G/ By x{0}),

X3 ., (194), we have Homypy (D, D,) C Hompy g o, (Do, D) and
Exty o (M(D), M(D)) C Exty y, 04(M(D), M(D)).
We define

Hom, o(T(K), E) := Homg, (T'(K), E) DHomgm (CLy (K),E) Hom, (GL,(K), E) (196)

and note that Hom,(T(K), E) C Hom,;(T(K),E) for i € {1,...,n — 1} (see (150))).
Moreover, as in ((195)), we have a splitting (depending on a choice of log(p))

Ext, o (M(D), M(D)) = Extl (Dy, Dy) @ Homfy (D, D,)
from which it follows (with (64) and Hom$%,(D,, Dy) = Hom,(GL,(Ok), E)) that the map
(113) composed with ((133)) induces an isomorphism
Ext, o(M(D), M(D)) = Hom,o(T(K), E). (197)

Corollary 3.3.5. Assume that the multiplicity of s; , in some reduced expression of Wy ;W o
18 at most one.

(1) If s;, does not appear in some (equivalently any) reduced expression of wy W, the
map composed with mduces an isomorphism

Extyy g 04 (M(D), M(D)) =5 Hom, ,(T(K), E). (198)

(11) If s;» appears with multiplicity one in some reduced expression of ww ,wo s, the map
composed with induces a surjection with kernel isomorphic to ker(167)):
Bty 04(M(D), M(D)) — Homio(T(K), E). (199)

Moreover, we have a splitting (only depending on the refinement R)

Ext, o(M(D), M(D)) & ker(199) = Exty, ,, o.:(M(D), M(D)). (200)
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Proof. Part (i) follows from (195) with (64)), (ii) of Proposition and Proposition [2.5.1
(using (150)). The first part of (ii) follows from (195) with (64), (iii) of Proposition [3.3.4]
and noting that, by the second half of (194]), one can identify ker(199)) with ker(137)), which

is also ker({167)). Finally (197)) gives the splitting (200]). O

Recall that 7 is an automorphic representation as in Conjecture [3.1.1} From now on we
set r := pr 5. From the definitions in § the action of Rj;s(&,7)[1/p] on Se - (U®, E)[m,]
factors through a quotient map that we still denote w, : R;s(§,7)[1/p] — E. We let
m® C RY (&, 7)[1/p] (resp. my, C Ry[1/p]) be the maximal ideal defined as the kernel of the
composition

RE.(€,7)[1/p] = Rool&,7)[1/1] —> Rps(€,7)[1/p] —> E

(resp. Ry[1/p] — Roo(&,7)[1/p] —> - -- = E). Applying Emerton’s Jacquet functor Jg to
, via and we obtain a point for all refinements R of D = Dgs(r), 0 € X
and i € {1,...,n— 1}

Tt 1= (M, My, 0) € Ea(&, 7)o (201)

where gy = (unr(g)thég(&?:—gej)) eT (see (182)). Indeed, either by definition or using
[Wu24, Prop. 5.5], it is easy to see that Jg applied to the left hand side of (171]) is contained
in the space V,; of (180]). Note that the image of xy in X,:(7) via (176) (and ¢,) is the point

ys of (183)). The following corollary is the main result of that section.

Corollary 3.3.6. Assume that the multiplicity of s; » in some reduced expression of Wy Wo »
is at most one. The rigid analytic space Ex(&,T)qi is smooth at the point xe and we have

TonEoo(€, 7)o — Extly 0 s(M(D), M(D)) B Hom,,,(T(K), E) (202)

where the first top horizontal map is surjective and is induced by the tangent space at x, of
the composition

Eno(e,7) E2 (SRS, (€, 7)) x 11 (Xo(F)) —> (SpER,)™,

and where the composition in 1s induced by the tangent map at xy of the composition

" ri _ _ -
£t 7) B (SDR(€,7))1 x 1) (Xeu() — T
Proof. By ([176) and (186)), we have natural injections of finite dimensional E-vector spaces
(identifying the maximal ideal m? with the corresponding point on (SpfR£, (&, 7))"#)
TonEool§: )i TomEoo(§,7) — Tg (SPERE, (€, 7)™ D X% (E[/(€1).  (203)

By the same argument as in the proof of [Wu24, Prop. 5.13] but applying [Wu24, Prop. A.10]
to the tangent space of (£, 7)s; at Ty instead of just to points, the composition (203) has
image in

Tug (SPERE, (&, 7)) €D X% ,.4(Elel/(€%).

88



The second part of the statement, except the surjectivity, then follows from and the
discussion below it. It follows from [BLGHTTII, Lemma 1.3.2(1)] (see for instance the argu-
ment in [BHSITIL p. 1633]) and from [Ki08, Thm. 3.3.8] that the maximal ideal m¢ defines a
smooth point on (SpfRE, (&, 7))". Hence the tangent space of (SpfRE (&, 7)) at this point
has dimension dim(SpfR, (&, 7))"¢. From (203), and dimpg Hom{y i o, (Do, D) = 2
(see the first statement in (i) of Proposition [3.3.4)) we deduce

n(n —1)
2

dimE Tzwgoo(£7 T)o‘,i

IN

dim(SpfR, (¢, 7)™ + (n? + K : Q) +2
n(n —1)

2

= (o (8- om? 4 (1@ - ) ") o (w2
dim Soo (57 T)cr,i

[K:Q)) +2

where the first equality is a standard formula for dim(Sprlgjﬁ)rig and the second equality
follows from (i) of Proposition [3.2.3] The first part of the statement follows. Finally the
smoothness and the above calculation imply that (203]) induces an isomorphism

Ton€oo(€: 7)o — Tz (SPERE (€, 7)™ €D X%, 1o (Bl /(7). (204)
Together with (194]) this implies the surjectivity of the first map in (202)). O

Remark 3.3.7. The isomorphism can be upgraded to an isomorphism of groupoids
over Cg between the (groupoids pro-represented by the) completed local ring of £ (€, 7). at
z and the completed local ring of (SpfRE, (£, 7))"® at m§ times SpfR"Y; ;. It is likely that
this isomorphism (but not the smoothness at xg) holds without assumptions on we ,wp 4.

3.4 Universal extensions

Using the maps (¢p, ),ex of Proposition [2.2.4] (or of Theorem [2.4.6)), we equip the universal
extension of m,,(D) by m(D) (see and (166)) with an action of a variant of the local
Galois deformation ring. We then study this action in detail. In the next section, as a crucial
step in our proof of local-global compatibility, we will show that this universal extension

embeds into the representation 11 (&, 7) of (172]).

We keep the notation of the previous sections. Similarly to (166) we define

D)= B (7r(D) @5 (©rpeL(N)) (205)

0EX, Tag(D)

(which contains m,(D)) and similarly to (for S = R) with we have

Tr(D) = o To1(D)

O’GZ,IC{(pO ,,,,, Lpnfl}ﬂralg(D)

where 7, (D) = m(Dy) @p (®;2,L(A;)) (strictly speaking, to define 7;(D,) we tac-
itly choose isomorphisms as in for each o,1). Recall that Ext}y, (mug(D), mag(D)) C
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ExtéLn( 1) (Tag(D), maig (D)) is the subspace of locally Q,-algebraic extensions. We de-
note by Exty(mag(D), m.(D)) for x € {b, R} its image via the natural injective push-forward
map

Extar, i) (Talg (D), Tag (D)) < Extay, i) (Tag (D), 7 (D))

(recall injectivity comes from Homqr,, (k) (Taig(D), ms (D) /mag (D)) = 0), so that we have
Extyy (Tatg (D), Taig(D)) — Excty(mag (D), m.(D)). (206)
For 0 € ¥ and * € {b, R} we denote by Ext. (7.4 (D), T.(D)) the image of the composition
EXt%}Ln(K),a (Wa1g<DU)7 W*(DU)) — EXt%}Ln(K) (Walg(D)v T.(Ds) ®F (®T¢0L()‘T)))
— ExtéLn(K) (Walg(D), W*(D)) (207)

where the first map sends V to V ®g (®,2,L(\;)) and the second is the natural (in-
jective) push-forward map. We denote by Ext) (mag(D), (D)) the image of
ExtéLn( 5.0 (Tag (Do), Taig (Do) via the composition (207). Tensoring with ®,.,L(\;) also
induces an isomorphism (using Lemma [2.1.6) with [Di25[ Prop. 3.3(1)])

Ext! (Tag( Do), Targ (Do) — Extl (g (D), Tag(D)), * € {alg, GL,(K)} (208)

and we denote by Ext} (m.,(D), mag(D)) the image of ExtéLn( K),0(Tatg (Do ), Tatg(Dyy)) when
* = GL,(K). In particular we have inclusions for ¢ € ¥ and * € {b, R}

EXt(l)(ﬂ'a]g(D), (D)) C EXt;O(ﬂ'alg(D),W*(D)) C Exttlf(ﬂalg(D), T«(D)). (209)
Lemma 3.4.1. Let x € {b, R}.

(i) We have a canonical isomorphism

o, Excty (Tag(D), 7. (D)) = Extgy, (1) (Tag (D), m.(D))
<IN Exté(ﬂ'alg(D),ﬂ'* (D))

where the amalgamated sum is via .
(it) The maps (120) for all o € ¥ induce a surjection via (i)

=1
b Exthy o (D). (D)) — BTl 1) (M(D), M(D)).
Proof. We only prove the lemma for m,(D) (the case mg(D) being similar).

(i) Let o € %, by dévissage the composition (207)) sits in a commutative diagram of exact

sequences (writing Extl, Ext' for ExtéLn( K)o ExtéLn(K))

Exty (Tatg (Do), Tatg(Do)) > Excty (g (Dy), m(Dy) —— @ Excty (mag(Ds), C(L, 5:))

1 1 1 e

Ext (Taig (D), Tatg (D)) > Ext’ (taig (D), 1(D)) —— B, B, Ext' (mag(D), C(J, 5;7))
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where the vertical maps are all induced by tensoring with ®,.,L(\;), where C(J, Sjr) =
C(J,sjr) ®p (®r2,L(Ar)) and where I (resp. J) runs through the subsets which are not
very critical for o (resp. for 7), see Definition . Note that the surjectivity of the top
second horizontal map follows for instance from (with the second isomorphism in (24))).
The left vertical map is injective by and . It follows from Lemma and [Di25],
Lemma 3.5(1)] that we have an isomorphism (for any 7)

EXt%}Ln(K),U(Walg(DU)v C([> SZ}U)) _N_> EXt%}Ln(K) (Walg(D% C(L $i70))> (211)

and thus the right vertical map is also injective. By a trivial diagram chase the middle
vertical map in (210]) is again injective, hence (207]) induces an isomorphism

ExtéLn(K)ﬂ(walg(Dg), m(Dy)) — Ext} (mag (D), m(D)). (212)

Using [Di25, Prop. 3.3(1)] with (24)), (208) (and the discussion below it) we have an isomor-
phism

EXté.Ln(K) (Tatg (D), Targ (D)) L @ EXt}y(Walg(D)’ Taig(D)).

o€, Ext), (Taig(D),maig (D))

Taking the direct sum over o € ¥ of the top exact sequence in (210)), it then follows from the
above isomorphism with (206]) and (211)) (and an obvious diagram chase) that the canonical
map in (i) is an isomorphism (and the bottom second map in (210f) is then also surjective).

(ii) By Proposition [2.6.1} the surjection (126)) remains surjective when g (D, ) is replaced
by m,(D,). Moreover by (119 and an examination of Step 2 in the proof of Proposition
the following composition does not depend on o € 3:

Exty(mag(D), my(D)) = Exty, (Taig (D), Taig (D)) — Exty, (Tag (Do), Tag (Do)
(126) —=—1
— Exty, 10, (Ta(Da), (D)) 25 Exi, 1y (M(D), M(D)).
The statement then follows from (i) with Proposition and Corollary [2.4.5] O

By Theorem E, the map is unique but only up to isomorphism. In the sequel, we
fix a choice of @ for each o € ¥, which determines maps tp g and tp, by (ii) of Lemma
. Note that the representation 7(D)* in (165) (resp. 7(D) in (87)) is no other than
the tautological extension of ma, (D) ®g ker(tp,) (resp. of mae(D) g ker(tp r)) by (D) in
(166) (resp. by mr(D) in (205))) defined similarly as in Definition [2.2.6]

Recall from § that R, is the noetherian local complete F-algebra pro-representing
framed deformations of  over artinian F-algebras and let mp, be its maximal ideal. Consider
the natural composition

(g, )Y — Exth e e (r.7) < Extly py (M(D), M(D)) —> Ext(, py(M(D), M(D)).

91



There exists a (unique) local Artinian E-subalgebra Ap of R,/m% of maximal ideal my,
such that .
(mp, /m,)" — (may,)" = Ext, p (M(D), M(D)). (213)

We denote by (D) (resp. mr(D)) the tautological extension of mue(D) ®p
Extay,, (i) (Taig (D), m(D)) (vesp. of may (D) @5 Extay, ) (Mg (D), 7r(D))) by m,(D) (vesp. by
7mr(D)) defined as in (the first map of) Definition or as above Lemma [2.3.1] (it is also
sometimes called the universal extension). As in the proof of loc. cit. we have an injection
(D) — 7r(D). We define a GL,(K)-equivariant left action of Ap on 7g(D) as follows:

reEmy, = Eﬁm (M(D), M(D))" acts on Tg(D) via

Tr(D) — Tag(D) @5 Exter, (1) (Tag (D), mr(D))
id®tp, r

P8 (D) @ Exty, py (M(D), M(D))
2087, rg(D) — Tr(D) — Tr(D). (214)

The subrepresentation m,(D) is preserved by Ap since the Ap-action on it can be described
as in (214) with tp g replaced by tpj. It is then formal to check that the subrepresentation
Tr(D)[my,] of elements cancelled by my,, is exactly the subrepresentation 7(D). Likewise
we have 7,(D)[m4,] = (D).

For 0 € ¥ and I C {yo,...,pn_1} of cardinality i € {1,...,n — 1}, we denote by
W, the unique (up to isomorphism) non-split extension of (D) by C(1,s:,) (Di25,
Lemma 3.5(1)]). We let Ap act on W, ; via Ap - Ap/my, = E (in particular m4, cancels
W,.r). Using Proposition [2.6.1 we casily check that we have a GL,(K) x Ap-equivariant
isomorphism (see Definition for I very critical)

20 @ (B W) S
o€, I very critical for o
which induces a GL,,(K)-equivariant isomorphism (compare with (i) of Proposition [2.6.3)

(D) P ( & Wa,,) = 7(D). (215)

o€X, I very critical for o

We now decompose 7,(D) into Ap-equivariant subrepresentations (see (220) below). Sim-
ilarly as in the discussion before Lemma [3.4.1| for ¢ € ¥ and I C {¢o, ..., pn_1} (of cardi-
nality € {1,...,n — 1}) we denote by Ext} (. (D), 75 ;(D)) the image of

EXt%}Ln(K),a(Walg<DU)vWI(DG)) - EXt%;Ln(K) (Tag(D), mo.1(D)), V==V ®p (®rzeL(Ar)).

For o € ¥ we let a0 (D) be the tautological extension of 7., (D) ® g Ext! (7a4(D), Taie (D))
by Tae(D). Following the notation above Lemma [2.3.1} we could also write 7, 4(D) but the
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former notation is better in the present context. Likewise we let 7, ,(D) be the tautological
extension of Ty (D) ® g Exty, (Tag (D), Taig(D)) by mag(D). Fix I C {o, ..., ¢n_1} such that
I is not very critical for o and denote by 7, /(D) the tautological extension of 7, (D) ®p
Ext] (7ag(D), 751 (D)) by 7, (D). Using the injections

Extyyq (Taig (D), Taig (D)) — Exty (Taig (D), Taig (D)) > Ext} (o (D), 70.1(D))
— Exté(ﬂalg(D), (D))

and arguing as in the proof of Lemma we have natural GL,, (K )-equivariant injections
Tag(D) = Talg,o (D) — Ty (D) — (D). (216)

Note also that induces by restriction an isomorphism
EXteL, (10).0 (Talg (Do), 71(Ds)) — Exty(Tag(D), 7o,1(D)). (217)

Let i := |I| and R a refinement compatible with I (Definition [2.1.3]). Recall that, since I is
not very critical for o, the multiplicity of s;, in some reduced expression of wx ,wo,, is at

most one. By the definition of ¢p p in (ii) of Lemma and unravelling all the definitions,
the following corollary is a consequence of Propositi and (with ) when [
is non-critical for o, of Proposition and (the proof of) (200) when [ is critical for o
(the last statement being a consequence of with ([24)):

Corollary 3.4.2. With the above notation and assumptions the map tp r induces by restric-

tion an isomorphism (see below Jor Exty i (M(D), M(D))):
tpar t Bxth (mug(D), 0. 1(D)) — Bxtyy 5 ,(M(D), M(D)) (218)
which itself induces by restriction an isomorphism
R
tD,5.0 * EXto(Targ (D), Taig (D)) — Ext,o(M(D), M(D)).

Let Ap s s, be the (local) Artinian E-algebra defined as the unique quotient of Ap such
that

Map oo = Exly i (M(D), M(D))” (219)

and Ap .o the (local) Artinian E-algebra defined as the unique quotient of Ap , 0 ; such that

Map o = m;o(M(D), M(D))Y. Similarly as in (214) with ¢p r replaced by the map tp ,

or by the map tp,o of Corollary , we see that the action of Ap on 7,(D) factors as

an action of its quotient Ap , g, ,; on the subrepresentation 7, (D) which itself factors as an

action of its quotient Ap , o on the subrepresentation 7, (D). Finally, it is easy to see that
we have a GL, (K) x Ap-equivariant isomorphism

D - ( D %U,I(D)) — (D) (220)

OEX, Talg Inotv.c.foro, Tag,o (D)
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which induces a GL,,(K)-equivariant isomorphism (compare with (158]))

& To1(D) == m(D).

o€X, I'notv.c.foro, mae(D)

We now prove two lemmas on the structure of 7, ;(D) which will be used in the local-
global compatibility of §3.5] We keep the previous notation, in particular o € ¥, I is not very
critical for o, ¢ = |I| and R is a refinement compatible with /. Renumbering the Frobenius
eigenvalues if necessary we assume R = (¢, . .., p,_1) and we let oy € T as below .

We first assume that s; , does not appear in some (equivalently any) reduced expression

of wy swo ,. As for 7,(D), Tr(D) above, we let dn,.; be the tautological extension of dp ®@p
Homm(T(K) E) by éwx where we identify Hom, ,(T(K), E) (see (150])) with a subspace of
ExtT ) (0, Ogz) using the 1somorphlsm Hom(T'(K), E) = ExtT ) (0, 0t) (similarly as in the
proof of Lemma [2.1.6 - As in ) but replacing tp R by the 1nverse of the isomorphism

(which uses the assumptlon on S;,), we equip 59gm with an action of Ap,,;. For
an adm1881ble locally Q,-analytic representation V' of Lp(K) over E where P C GL, is a
standard parabolic subgroup, we let ISE”(V) be the closed GL, (K)-subrepresentation of

the locally Q,-analytic parabolic induction (IndgLT(L;g)V)QP'an generated by the image of the

natural embedding (cf. [Em07, Lemma 0.3], [Em07, § 2.8] and recall §p is the modulus
character of P(K) seen as a (smooth) character of Lp(K))

V ®pdp < Jp((Indpy ) v) &), (221)

We consider /5" (5%072'5];1) (In dGL”(K 691005 )% which are both equipped with a left

action of Ap,m,; induced by the actlon on (the underlying FE-vector space of) 5947(,716 Bl.
We can check from ([19), and the definition of dy that we have a GL, (K)-equivariant
injection

L Tag(D) @p e e (IndGriS onogh) (222)
Using [EmO07, Rk. 5.1.8] we check that the image of contains the image of dx —
J B((IndgE’E%) 505 )%21) and since Tag(D) is irreducible we deduce that (222]) induces an

isomorphism ,e(D) ®p "t — I3 (51d5"). We fix the injection (222)) in the sequel.

Lemma 3.4.3. Assume that s;, does not appear in some (equivalently any) reduced expres-
sion of wx oWo». There is a GL, (K) X Ap ,mi-equivariant isomorphism

ISV (Og.0405") = Fpt (D) @ €™ (223)
which restricts to the identity map on mae(D) ®p ™ L.

Proof. We first get rid of the factor ®,.,L(\;) on each side of (223). Let 7;(D,) be the
tautological extension of m,.(Dy) @& Ethcan(K)’U(ﬂ'alg(Dg),7T[(D0>> by m;(D,) defined as
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7s(D,) before Lemma [2.3.1) It is a locally o-analytic representation and by (217) we have
a natural GL,(K) X Ap ,n,-equivariant isomorphism

a\T/I(l)cr> ®E (®T¢0L(/\T)) = %U,I(D)
where the Ap ,n -action on 7;(D,) is induced by (217)) composed with (218]). Set

Sy 1= 5%1_[ (HT wﬂ)

=0 T1#0c

which is a locally g-analytic character of T'(K). One easily checks that the locally o-analytic
character

is the tautological extension of oy , @ Hom,;(T(K), E) by 0y, (using Hom,(T(K), E) =
ExtlT( K).0 (O 05 Oz »)) and that there is a natural GL,(K) x Ap ,n -equivariant injection

g-an

GLn (K) 57 - GLn (K Qp-an
(Ind 5 1) 05 0405) ™™ @5 (@rroL(A:)) — (Ind 15 onpa05!) ™ (224)
As g{ﬁm is locally o-analytic, the injection gg’nm — J B((Indg?’gﬁg)ggwiégl)@p'a“) has image in
the subspace J B((IndGL"(K O o0 )7 (recall Jp is left exact). By definition of I Ghn (-,
we deduce that IEE"(5%707i5§ ) is contained in (IndgEﬁg)ggwé 5)7 Moreover, by defini-

tion of [gljn(—) again, one easily sees that 1} induces a GL,(K) x Ap ,mn-equivariant
isomorphism

IS (04 0.:05") @5 (Brza L)) = IS5 (35,4051,

Moreover, as for (222)), one has an injection Ta,(Dy) ®p "' «—— (I dGL”K) O o053 1)aan
which likewise induces an isomorphism

Tag(Dy) ®p "1 = 155 (85 ,65"). (225)

Therefore, tensoring everything by ®,.,L(\;), we are reduced to prove a statement as in
the lemma but replacing dw i, To.1(D), Tag(D) by (5{){(”, 71(Dy), Taig(Dy).

We now claim that we have a commutative diagram (writing GL,,, B~ for GL,(K),
B~(K) in the inductions and Ext} for ExtéLn( K)0)

7TI(DU) (2 el %I(Da) (2955) et — (Walg(Da) QF En_l) Y] EXt}y(ﬂalg(Da)a WI(DJ))

I £ -

(IndGL”5/ 5 )a an (IndGLn(SS/Raz(s )a an (IndGL"(5' 5 )a M QD Hom,”(T(K)aE) (226)

] J ]

154 (8 ,85") s 1§ (G 85") ————— IS (8 ,05") @ Hom,,(T(K), E)
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where the top two sequences are exact, while the bottom sequence is exact on the left
and right but not necessarily in the middle. The exactness statements are clear, as is the
commutativity of the bottom two squares. The existence and commutativity of the top
two squares follow from and a close examination of the proof of Proposition ,
which shows that the isomorphism in loc. cit. is obtained by identifying each extension
of Tae(D,) by m1(D,) as a subrepresentation of (IndgE’Z%)di’R,oégl(l + 1p€)el )7 for the
associated 1 € Hom, ;(T(K), E). Moreover this last observation implies that, similarly as
below (222)) or as for (225), the image of 7;(D,) ®g " in (Indggngga7a7i5§1)”‘a“ contains
and hence that we have an inclusion IEI:" (S{RJJ&;) C 71(Dy) ®@p ™!
by definition of I5“"(—). Since both representations surject onto (mae(D,) ®p ") ®p
ExtéLn( K)o (Taig(Dy), T1(Dy)) using , it formally follows from the definition of 7;(D,)
that this inclusion is an equality (note the similarity here with [Di25, Lemma 3.35]). Finally,
using Proposition and (and unravelling the various definitions), it is easy to check
that is moreover Ap m ,i-equivariant. ]

the image of g{,{

0,1

Remark 3.4.4. An isomorphism as in Lemma [3.4.3] is not unique. Indeed, composing
with the action of any element a € Ap,m; such that a = 1 mod my,_,,, is still a
GL,(K) x Ap »m -equivariant isomorphism which restricts to the identity on m,(D)@pe™ !
In fact the action of Ap ,m; on 7, (D) induces an isomorphism

AD,U,D%,i % EndGLn(K) (%U’[<D)), (227)

in particular Endqr,, k) (7e(D)) is commutative. One can argue as follows. For any f €
Endgr, (k) (To,1(D)), let A € E such that f|., (o) = A(id). As we have

Hom, (1) (T (D) /Tatg(D). s (D)) = 0

(since socqr, (k)To,1(D) = mag(D)), the morphism f — A(id) necessarily factors through
COSOCGL,, (K) T, (D) which by definition of 7, ;(D) is mage(D)-isotypic. Hence f — A(id) must
have image in mue(D) = socar, (k) Te,1(D), equivalently f — A(id) € Endgr, (k) (To,1(D)) lies
in the subspace Homgr, (i) (7s,1(D), Taig(D)). But since

Homar, 1) (o, (D), Matg(D)) = Ext) (maig(D), 701(D))” = Fxtyy 0 (M(D), M(D))"

where the first isomorphism follows from the definition of 7, ;(D) and the second from ([218)),
we deduce (227)) using m;}wo’g’i(M(D), M(D)) Zmay g,

As for gg;m, we let ggqp,o be the tautological extension of dn @ Hom, o(T(K), E) by dn
(see (196))). As for gm,gyi but replacing the inverse of by the inverse of 1' we equip
doo0 With an action of Ap .. As for we can prove a GL,(K) x Ap ,o-equivariant
isomorphism

IS (gt 0.005Y) = Fargo(D) @p " (228)
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(note that we do not need any assumption on s;, here). We have gﬁg,o — gm,ggi and, when
i does not appear in wy ,wo,,, the action of Ap ,,; on dn,; factors through its quotient
Ap oo on Ox o (and any isomorphism as in 1} induces an isomorphism as in )

We now assume that s;, appears with multiplicity one in some reduced expression of
W ,Wo . We denote by Ew,; C E_m;7w0 oi(M(D), M(D)) the 1-dimensional kernel of the
map (or equivalently of the map and by Bp s, the (local) Artinian E-algebra
defined as the unique quotient of Apn ., such that

MBy g o = (E‘ﬁ,mi)v’ (229>

It follows from (200]) and the definition of Ap , ¢ that we have ma, .., — ma, D mp, ..,
from which we deduce an isomorphism of local Artinian E-algebras:

AD,m,a,i - Bpwei XE AD,J,O (230)

where the fiber product on the right is for the two natural maps onto the residue field E.
We let Viz,; be the preimage of Egy,; in Ext},(ﬂa]g(D), 7o 1(D)) via (218). Recall from 1)
that we have 7, (D) = mu,(D) & C(1, Si;) Where C(, Sio) = C(1,8i0) @5 (Rr2sL(A;)).
Then by the analogue of Proposition with the map tp, ; in (218) we see that Vig,; is
the image of EX‘LEL”( k)0 (Tatg(Dy), C(1, 8i,5)) via the isomorphism li or equivalently by
[Di25, Lemma 3.5(1)] is the 1-dimensional E-vector space ExtéLn(K) (mag (D), C(1,si,)). We
let 7, 11(D) be the tautological extension of (D) @p Vi i by 7,1(D), that is, we have

o1 1(D) 2 mag(D) €D (C(I,510) — (Taig(D) @5 Vored)) (231)

where the direct summand on the right is the unique non-split extension (i.e. isomorphic
to W, 1, see above ) We equip 7,7 1(D) with an action of Bp g, as in . As in
(216) we have a natural GL,,(K) X Apmn o i-equivariant injection 7y ;1(D) < 7y (D) such
that the action of Apm ., on T, 11(D) factors through Bpm ;. For later use, we recall that
T €mpy,,, . — Vi, acts on T, 71(D) by

To11(D) == Tae(D) — For1(D) (232)

where k, is the composition
Tora(D) = (C(1, 510) — (Tug(D) Ok Vi) — Taig(D) O Vv =5 Tuig(D).
Recall 6y = unr(p)thdp(X7-je/) € T and denote by wt(dn) = (Wt(dn),)resx the 1-
dimensional U(ty)-module over E which is the derivative of oy, or equivalently of t®(X"~ 7).
We also write Jx = unr(p)t"'C)og(RI—]] - 7)) using the notation of (182). We
let X;;(—wt(dn)) be the unique quotient of U(gs) ®yp-) (—wt(de)) which is a non-split
extension of L(wt(dn))Y = L~ (—wt(dx)) by L (—=Sis-wt(dx)). Here L(wt(dn))
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(resp. L~ (—wt(dy))) is the (finite dimensional) simple U(gy)-module over E of highest
weight wt(dm) (resp. —wt(dgp)) with respect to the upper Borel by (resp. the lower Borel
by ), and L™ (—s; ,wt(dn)) is the unique simple U(gy)-module in the BGG category O for gy,
with respect to by, of highest weight —s; ,-wt(dn) := (—Si 0 Wt(0n)s, (—Wt(0n)r)r-£,)) Where
SioWt(0m), 1s defined as in . We define

W, = mag(D) @p "t @ Form (X, (—wt(ow))”, 65"55") (233)

where X_;(—wt(d%))" is here the dual of X ;(=wt(dx)) in the sense of [Hu08, § 3.2] and
o = unr(p)dp (KI5 |- %) (a smooth character of T(K)). It follows from [Or20, Prop. 4.1.2]

with [Di25, Lemma 3.5(1)] that Fgt= (X, ,(—wt(dn))", 05n65") = W, @p e

To any surjection (unique up to scalar) x : Wy ®@p ™! — me(D) @p ™! and to any
non-zero element x € mp, . . we associate an E-linear action of Bpn,; on W, ; such that

W;’I[mBDmm] o (Walg(D)@é(I, siyg)) ®@pe™ ! by making x act by (recall dimp mp, ., = 1)
(;’I —» WU,I RE 8n_1 —R—> Walg(D> RE €n_1 — Wc,r,l' (234)

This action of Bpn . depends on the choices of x and x. However, we have:

Lemma 3.4.5. Assume that s;, appears with multiplicity one in some reduced expression
of wy swo 5. There is a GL,(K) X Bpn i-equivariant isomorphism

Wc/r,l ;> %U,I,1<-D) RE €n_1 (235)
which restricts to the identity map on mae(D) ®p e L.

Proof. By and the two GL,,(K)-representations in are isomorphic. Fix a
GLy,(K)-equivariant isomorphism f : W) ; = 7, 11(D) ®p "' such that fl.  (pjggen—1 =
id. We need to compare the Bpmngqi-action on each side of f. Let 0 # = € mp,, .,
comparing and , we see there exists A € E* such that the following diagram

commutes

f ~ _
o1 — Tor1(D) @pe" !

~

lx lm (236)

W, —Ls 7o r1(D) @p e L.

~

It is easy to see from that Endar, (k) (To,r.1(D) @p ™ 1) 2 (EE) with z € (35) and
(£ 9) acting on the direct summand (D) @ ™. Composing f with the automorphism
(39) of Tps1(D) ®pe™ ! (which is the identity on (D) ®pe™ ), we get an isomorphism
f' such that holds with f replaced by f’ and Az replaced by x. As mp,,,, , is spanned
by x, f’ satisfies the property in the lemma. O
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From (200)) and (230) with the definitions of 7, ; (D) and Tae (D), it is formal to deduce
a GL,(K) x Apm o -equivariant isomorphism

%U,I,I(D) @ %alg,a(D)- (237)

7ranlg;(D)

I

To,1(D)

With Lemma|3.4.5] (233)) and (228)), we then deduce a GL,,(K) X Ap s »i-equivariant isomor-
phism (which is the analogue of (223) when s;, appears with multiplicity one in weg ,wo )

I§E (0n005") €D Woi @p e =5 7o (D) @p ™. (238)

3.5 Local-global compatibility for 7(D)’ and main results

We state and prove our main results (Theorem and Corollary , which give a weak
form of Conjecture [3.1.1) under the Taylor-Wiles assumptions.

We keep all previous notation, in particular D = Deyis(7) = Deris(pr,5)-

Theorem 3.5.1. Assume the Taylor-Wiles assumptions Hypothesis[3.1.2. The isomorphism
171)) extends to an injection of locally Q,-analytic representations of GL,,(K) over E

(7(D)’ @p " )™ — S (U®, E)[m, | %2 (239)
such that Homgr,, (k) (Walg(D) ®ge™ §5,T(UP, E)[m, % /(7(D)’ ®p 5”_1)@"‘) =0.

For a regular filtered p-module D’ satisfying as in § we define the finite sets

S*(D") = {(o,1) | I is not critical for o}
S"(D") := {(o,1) | I is not very critical for o’}.
Here o € X2, I is a subset of the set of Frobenius eigenvalues of D’ of cardinality € {1,...,n—

1} and criticality is (of course) with respect to D’ (see Definition [2.6.2)).

Proposition 3.5.2. Keep the setting of Theorem [3.5.1. Let D' be a regular filtered -
module satisfying (15 (.) as in §l and assume Sb(D’) S°(D), S*(D") = S"(D). If there
is a GL,,(K)-equivariant injection 7(D')’ @pe" ! — SgT(Up E)[m, %2 then for any o € 2
we have isomorphisms of filtered o/ -modules D!, = D,,.

We do not know if the statement of Proposition still holds without the assumptions
S"(D') = S°(D) or S™(D') = S"°(D): there is the issue mentioned in Remark , but we
also do not know how to rule out (myg(D) — C(I,:,)) Qp "L < §57T(UP,E) [m|Qe-an
when [ is critical for o (with a non-split extension on the left hand side). Fortunately, if we
consider the socle of §5,T(U © E)[m,]% 2 we can still deduce:
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Corollary 3.5.3. Assume the Taylor-Wiles assumptions Hypothesis [3.1.4  The isomor-
phism class of the GL,,(K)-representation Se ,(U?, E)[m,|% ™" determines the isomorphism
classes of all the filtered o/ -modules D, for o € X. In particular if K = Q, the GL,(Q,)-

representation §5,T(Up, E)[m; %2 determines the Gal(Q,/Q,)-representation r = py 5.

Proof. 1t follows from [BHSI9, Thm. 1.4] (with Remark [3.1.3]) that the “finite slope” socle of
Se+(U?, E)[m,]% 3" determines the permutations wy , for all refinements R and all o € X.

In particular the GL, (K )-representation §§7T(U © E)[m;]% 2" determines the sets S°(D) and
S™¢(D). By Theorem and Proposition 3.5.2] it then determines the isomorphism classes
of all the D,. The last assertion follows from Lemma [2.1.1] O

The rest of the section is devoted to the proofs of Theorem and Proposition [3.5.2]

We first prove Theorem [3.5.1] We use the notation of the previous sections. Recall
m., C Ril/p] = Rx(&,7)[1/p] and m& C R (£, 7)[1/p] — Rw(&,7)[1/p] are defined
above (201)). From ((174) we deduce an isomorphism

Ser (U2, B)[my] %" = S (U, B)% " m] = T (€, 7)™ 67 [mg + m,. ]
Using ((171)) we fix an injection
(Walg(D) Y 5n_1)®m = 1o (¢, T)Rw(syT)_an[mf + mmp](@p_alg
oo (&, 7) P& m? fm, ], (240)
Recall there is a surjection
_1 ~
(mp, /mf,)" — Ext(, ) (M(D), M(D)) = (ma,,)".

We let ap be an ideal of R, containing m%r and such that one has an isomorphism of finite
dimensional E-vector spaces

ap/my, EB My, — mp, /mp . (241)

Note that a choice of ap is equivalent to a choice of splitting of the surjection of E-vector
spaces ([213)). It follows from (241]) that the composition

Ap — R,/m3, —» R, /ap (242)

is an isomorphism of local Artinian F-algebras. We also denote ap the associated ideal of
Ry[1/p] with m2 | C ap C my, and we define the ideal

ar = (m¥, ap) C (M, m; ) C R (&, 7)[1/p)]. (243)

The composition (242)) induces Ap[1/p] = Roo(&,7)[1/p]/ax, hence the GL, (K )-representa-
tion I (&, 7)[a,] is equipped with an equivariant action of Ap induced from the action of

R (&, 7).

The following proposition is crucial for Theorem [3.5.1]
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Proposition 3.5.4. Keep the setting of Theorem m The injection (@ extends to a
GL,(K) x Ap-equivariant injection

(T(D) ®p "1™ b I (€, 7) =00, ] (244)

where 7, (D) is defined below (215).

The existence of an injection (239) as in Theorem then immediately follows from
Proposition by taking the subspaces annihilated by m,, on both sides of (244) since
Moo (&, 7) &7 0 ar][ma,, | 22 Moo (€, 7) =670 me +my ] 2 Se (U2, B)%"[m,].

We now start the proof of Proposition [3.5.4l Since it is quite long we divide it into steps.
But the strategy is similar to the proof of many results in this paper (for instance Corollary
: for each (o, I) € S”(D) we will show that extends to a GL,, (K) x Ap-equivariant
injection

(Tor(D) @ " )™ e Moo (€, 7) i 720 q ]
such that its restriction to (Talg, (D) @p " 1)®™ does not depend on the choice of I (both
Tago (D) C Toy(D) are defined above (216))). The existence of will then follow by
amalgamating all these injections for (o, 1) € S°(D) using .

Step 0: Preliminaries.

Let (0,1) € S°(D), i := |I| and R be a refinement compatible with . As before, renumbering
the Frobenius eigenvalues if necessary we assume R = (o, ..., ¢n—1) and we let xy be the
point of £, (&,7),.; associated to R in . Applying the functor Jg(—) to the injection

(240]) we deduce an injection (see the comment below (222]))
05" — Jp (oo (&, 7)o@ M me 4m, ). (245)

Lemma 3.5.5. The coherent sheaf Muo(§, 7). is locally free of rank m at xx, and the map

factors as
O™ 22 (23 Moo (& 7)ei)Y = Tp (oo (&, 7)o E 0 me - m, ) (246)
where T3 Moo(§, 7)o, is the fiber Moo(§, 7)o ®0; (e, E at .

Proof. By (the first statement of) Corollary the rigid variety £,(£, 7),,; is smooth at
Zq, hence by (ii) of Proposition the coherent sheaf M (&, 7),; on Ex (&, 7),. is locally
free at xi. Moreover the map (245) factors as (see (180]) for V; ;)

65" = 0y ®p Homgr, (r0) (Tatg (D) @p "1, oo (€, 7)fee &M= e | o))

— 5g)q RE HOHlT(K)((;m, (Vaz®E5 )[mp—f—mﬁp]) (ZL‘%M ( ,T) )
— F(SOO(§7 T)U,ia MOO(gv T) ) [mp +my @] (Vm ®E € )[ ﬁ +my @] (247)
T (€, 7)== E 2 me + m, )
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where the first injection is induced by taking Jp(—) (see the comment below (201))), and
the two isomorphisms and injections that follow are by definition and from ([180]) (note
that loc. cit. implies V,; @p " — Jp(Iloo(€, 7)VH0OR70l8) s Jo(TT (€, 7) B &7l where
o (&, 7)Vt0)78le is defined as in (177))). Therefore it is enough to show the inequality
dlmE HOHIT(K) ((Sm, Vayi[mf;’ + mﬂ-,p]) <m.

Let %?‘Cr be the refined framed weight h crystalline deformation space of 7 constructed
as in [BHS172l § 2.2] (“weight h” means Hodge-Tate weights hg, > hy1 5 > -+ > h,_1, for
each 0 € ¥ and we drop the [J of the framing in the notation). Recall %‘F“Cr parametrizes
weight h framed crystalline Gal(K /K )-deformations 7’ of 7 together with an ordering o=
(0, - - -, ¢,,_1) of the eigenvalues of ¢/ on Des(r'), for one (or equivalently any) o € . As
in [BHS172, (2.9)], there is a natural closed immersion (with the notation of (182))

o X Xu(7), (r', ') = (', unr(")t").

Let U be an open smooth neighbourhood of zg in €4 (£, 7)s; such that Moo (&, 7)silu 18
free, and V an open neighbourhood of zx in £4(&,7) such that VN Ex(§,7)ss C U. As

(SprW (£,7))"8 is smooth at m® (see the proof of Corollary [3.3.6)), and X4i(7) is normal
(hence irreducible) at yg (cf. [BHb19 Thm. 1.5]), by Proposition and shrinking V if

needed, we can and do assume V has the form V¥ x (V) where Vp (resp. V,) is an open
subset of (SpfRE (&, 7)) (resp. of Xi;(7)). By [BHSI72, Lemma 2.4] (and its proof), there
exists (r’,f’) € Xb-er guch that @3(@%)_1 ¢ {1,p/} for j # k, the refinement " of 7' is non-
critical, (r', ') lies on the same irreducible component of Xheer a5 (7, v), and w,((r', ")) €
V. Let myy C Ry[1/p] be the maximal ideal corresponding to the deformation " and
0" = unr(y )tthB(@"_ J) € T, we then obtain a non-critical point z := (m2,m,.,d) € V.
We have, noting that wt(0') = wt(dm) (see the notation above (233))) and that m® +m, is a
maximal ideal of R (&, 7)[1/p]:

Homy i) (6", Jp (Moo (&, 7) &0 m® 4 m,.]))

s Homer, ) (FE2 ((U(@) @) (b)), (0)™051), oo (€, 7) =67 m 4 m, ]

& Homgr,, (r0) (Fye (L(wt(00)) Y, (818 5"), oo (€, 7) B G [m® 4 my]) - (248)

where the first isomorphism follows from [Brl5, Thm. 4.3] (with (6')*" := unr(¢’)dp(X}-, I |J )

and the second follows from the only if part of [BHS19, Thm. 5.3.3] with the non—crltlcahty of x
(note that FSE" (L(wt (o))", (0")*™55") is locally Qp,-algebraic and see also Remark . Let

R;‘*“ be the quotient of R parametrizing weight h framed crystalline deformations of 7 as in
[BHSI72, § 2.2]. By an easy variation of [CEGGPS16, Prop. 4.34] applied to the points

(m2, m,), (m ) € Spec((RE, (&, 7) @0, Ry~ )[1/p])

(note that m, is denoted my , in and that the right hand side is the analogue in our case of
the ring Spec(Roo(A)'[1/p]) of loc. cit.), we deduce

dimp Homer,, (10) (FHE" (L(wt(6)) ¥, (6)™051), Tl (€, 7) 6722 m® + m,.])
= dimp Homgy,, (i) (F5o" (L(wt(0n))”, 0552051, Moo (€, 7)o &80 m@ 4om T) = m. (249)
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Indeed, these two points are smooth on Spec((R% (€, 7)®0, R2)[1/p]) (sce the argument in the
proof of Corollary [3.3.6)), lie on the same irreducible component (using [BHSI72, Rk. 2.6(i)] and
[Co99, Thm. 2.3.1]), and are automorphic. Here “automorphic” means that these points lie in the
support of the following patched module (which easily follows from and the fact the E-vector

space in ([248) is non-zero):

(HomgS2cr o (Moe (€, 7). (Ewi6)))") )

where My (&, 7) is defined in (173), L(wt(dx))? is a GL, (O )-invariant lattice in L(wt(dx)) and V
denotes the Schikoff dual (see [CEGGPSI16, § 4.28] for details).

We have an isomorphism of non-zero E-vector spaces using (249) and since unramified principal
series have 1-dimensional GL, (O )-invariants (recall ¢, is unramified):

Homax,, (50 (FSL (L(wt(0n))", (5)7705"), Moo (€, 7) =67 g 4 m, ] )
5 Homar,, 050 (L(WH(0)). T (€, 7)< 67 mg - m, | %ls).

This implies © € Ex (&, 7)o, by the definition of V;; in (180), and hence x € U. Moreover we have
(as Moo (&, 7)s, is a quotient of Moo (&, 7))

dimp "Moo (&, 7)si < dimp 2" Moo (&, 7) =m

where the last equality follows from (248) and (249). Since Moo (&, T)silus is free and zw,x € U,
we deduce dimp Homp ) (9, Voi[m¥ +my o)) = dimp 25 Moo (€, 7)o, = dimp 2* Moo (€, 7)o, < m.
This gives the required upper bound. O

Note that, as a consequence of the first assertion of Lemma the first injection in
(247) is an isomorphism.

Let @mm be the completion of £, (&, 7),; at the point ze. The morphism of E-algebras

Roo(fa T)[l/p] — F(goo(ga 7—)7 0500(5,7')) — F<goo(57 T)a,i7 0800(5,7')0,1') — @xm

induces a morphism of local complete E-algebras

R, — Roo(&,7)[1/p]/m® — O, /m?. (250)

Let @x%p = (5xm /m¥_ it follows from (204)) that we have isomorphisms (m@xm’p / m%xm’p)v =

X" (E[e]/€*) and (/O\ggf)w/n‘%%w = R i/ Mow,  (see the proof of Proposition (3.3.4] for

r,R,0,1 r,R,0,1
y " b " "‘,m,O‘,i

R 5.0)- Since R, . is a quotient of R’y which is a quotient of R, (see above ((186)), (250)

rR,0,i

induces a surjection R,/m% —» @x%p /m% , and hence (250)) is surjective (as both local
Tor, 9

rings are complete). Moreover, it follows from the discussion above Proposition that
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X" (Ele]/€?) is the preimage of m;}wo’a’i(M(D), M(D)) C mz%r)(/\/l(D),M(D)) via

rR,o,0

(213)). Using (219)), we deduce that the splitting (241)) induces a splitting:

2 ~
aD/mRT @ mAD,m,a,i mé\zm p/moﬁm o

from which we deduce an isomorphism of local Artinian E-algebras
AD,SR,U,Z’ —N—> @mm’p/a[) (251)
(still denoting ap the image of the ideal ap C R, in (7);%@).

Step 1: Non-critical case.
We first assume that s;, does not appear in some (equivalently any) reduced expression of

wn »Wo . Recall the tangent space of T at the point dy is isomorphic to Hom(T(K), E). We

let a,; D m?y to be the ideal of Oz ;  associated to the subspace
’ T,50 yOR

Hom, ;,(T(K), E) C Hom(T(K), E) = (mOA /m %nm)v7

7,60

that is, we have Hom,;(T(K), E) = (mo_ / a,:)". It follows from Corollary (in
particular the last statement) with - that the natural map_ of noetherian local complete
E-algebras OT5 — Om o/ap factors through OT§ /am — (’)xm o/ap which by (251 and

219)) is an isomorphism. In particular Ozm ofap isa (’)T 5ot /a, ;-module and the natural map
T(K) — OT,dm/aUﬂ then endows xm,@/a[) with a T'(K)-action. As OT5 is the universal

deformation ring of dy, it follows from the definition of gg“m (see above 221 ) that we obtain

a T'(K)-equivariant isomorphism (@xmo/ aD)V 5 gmp,i. Moreover, using the statements
below and a similar discussion as above [Di25, Lemma 4.3], unwinding the actions we
can check that this isomorphism is Ap x ,i-equivariant, where Apn ., acts on the left via
(251)) (and its natural action on A}, , ;) and on the right as in the discussion above .

From the definition of @xw we have a closed immersion of rigid spaces (recall a, = ap+m¥
and O,,, »/ap is finite dimensional)

s Spec(Op o/ap) = Spec(Oyy /0r) — Eno(E, 7)o (252)

and we define Mg ,; = Z3Ms(€,7)s;. By Lemma and the previous paragraph we
deduce a T(K) x Ap-equivariant isomorphism

(Mono) = (Oafar)) " 2 B3,

Moreover we have T'(K) x Ap-equivariant injections

OF™ 2 (Morei)Y > (Vs @ €™)[an] — Jp (I (€, )" O 28 [q ])
— Jp (I (€, 7) B0 ) (253)
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where the first injection follows from ((181f) (compare with [BHS19, (5.17)] for instance) and
the two others follow from ((180]) (and the discussion after (247])).
Consider first the minimal closed Lp, (K )-subrepresentation containing gmﬁ,i (see ([221)))

Lp,

5 -1 Lp;(K) T -1 Qp-an
Iy L, (Ootci0 5L, ) C (Ind ;" ()L (K) 5%71»53%1_) .

From the definitions of S/gq’a-,i above 1) and Hom, ;(T(K), E) in 1) similarly as in

228)) the representation ]gfim Ly (§m707i5§; 1, ) 18 isomorphic to the closed subrepresentation

of (Indg?((g))mpi (K)(Smp,iégrlmpi)(@p‘an of locally Q,-algebraic vectors up to twist. By [Dil8]
Prop. 2.14], which generalizes to the case where the representation m ®g L£1() of loc. cit. is
of finite length and locally Q,-algebraic up to twist, we have an isomorphism (using the first
isomorphism in ((180)))

~ Lp. ~ —
HomT(K) (59170@, (Vo-,i PR En)[aﬂ-D = HomLpi(K) (IB}:ZOLP_ (69%0,7;63;1[4}% )’

7

(77 (Moo (6, ) = ED 0 0] @ (9720 L(A)Y)) 7™ ) @ Li(Ae) ) " op (®rexLi(hn) ®5 5").

Indeed, a key ingredient of [Dil8] Prop. 2.14] is that the Lp,-representation V), of loc. cit. con-
sists of locally algebraic vectors up to twist, which stays true above. In particular the first
injection in (253]) induces an Lp,(K) x Ap-equivariant injection

I5 Booibphe, ) —
BfﬁLPZ. %7‘777’ BﬂLpi

t,
(‘]Pi ((HOO(§7 T)ROO(&T)_an[aﬂ'] ®E (®T¢0L()“r)v))man> ) LiO‘a)v> QF (®rexLi(Ar)) ®pe”

— Jp, (Hoo (&, )0 ar]) - (254)

where the second injection in follows from the injection (179 with the isomorphism
(178)). Note that the first map in (254]) is indeed injective (and not just non-zero) because
taking Jpn LPi(_) one reobtains from it the first injection in , and this easily implies
that the first map in also has to be injective.

Lemma 3.5.6. The composition is balanced in the sense of [Em07, Def. 0.8].

Proof. We use the equivalent definition [Em072, Def. 5.17]. For simplicity we write W :=

Ir

B-NLp. (5%0,1-55% 1y ). As Wiis locally Q,-algebraic up to twist, it is isomorphic to extensions

of the (irreducible) locally Q,-algebraic representation Wy := [gfimLP' (Om0ph., ) by itself.

Moreover one checks Wy = L;(wt(0n)) @ W§™ where W™ = (Indglii((fgﬂ Lo ( K)ég?ég; L)~

(recall 65" = unr(p)dp) and L;(wt(dgn)) is the irreducible algebraic representation of (Lp,)s

over E of highest weight wt(dy) with respect to the upper Borel (see the notation above

105



(233])). We have a natural (gs, P;(K))-equivariant morphism (we refer to [Em072, § 5] for
the actions)

U(gz) QU((pi)s) Cim(NPi(K)v W &g 61_311) — ]SETL (W ®E 51311) (255)

where C™ means as usual locally constant functions with compact support. By similar
arguments as in the proof of [Dil91l Lemma 4.11], one can show that the kernel of (255))
admits a (gx, P;(K))-equivariant filtration with graded pieces of the form

L(w - wt(0w)) @ C" (Np,(K), W5™ @1 05))

such that L(w - wt(dx)) is an irreducible constituent of the generalized Verma module
U(gs:) Qu((p)y) Li(wt(dn)) with w = (w;),es € Si\ {1} (the dot action is as in for
each 7 € ¥). Indeed, to generalize the arguments of loc. cit. (which concerns (g, B(K))-
modules) to our case, we only need to show that any (gs, P;(K))-submodule of

Ulgz) @u(pos) (Wo @5 0p) = (Ulgs) @u(pas) Lilwi(dn))) @5 (V5™ @5 357
admits a (gyx, P;(K))-equivariant filtration whose graded pieces are of the form
L(w - wt(0)) @ (W™ @ 05,).

This is clear for U(gs) Qu(p,)s) (Wo ®E 0p,') itself. Using the easy fact that L(w - wt(dn)) @p
(Wosm®E5]§il) is irreducible as a (gs, P;(K))-module for any w, the filtration on U(gs) @u((p,)s)
(Wo®g d5') then induces a filtration of the same form on any of its (gx, P;(K))-submodules.
By [Em072, Def. 5.17], to prove the lemma it suffices to show

Hom gy, 10y (L (- Wt (090)) @5 C (N, (), Wo™ @051, Tl (€, 7)™ a1 ] ) = 0 (256)
for all such w. By [Brl5l, Prop. 4.2], the Hom on the left hand side of (256 is isomorphic to
Homa, a0 (FEE (L (—w - wi(dm), W3 @ 0"), oo (€, 7)™ % a ] ). (257)

Assume first that there is 7 # ¢ such that w, # 1, then by and comparing the g,-
actions on both sides of the Hom in (256)), we see that each copy of L(w - wt(dx)) maps to
0, hence holds for such w (and is not needed). Assume now w, = 1 for 7 # o,
then we have w, # 1. Since L(w - wt(dn)) is a constituent of U(gs) @u((p,)s) Li(wt(dn)), it
follows from [HuO8, § 5.1] with [HuO8, Thm. 9.4(b)] that we have s;, < w, or equivalently
i < W,. However, as s; , £ wax W, by assumption, this implies w £ wxw, or equivalently
wy £ wwy and by [BHSI9, Thm. 5.3.3] (with Remark we have

Homay,, (k) <ffj_L" (L™ (—w - wt(0w)), We™ @5 0p" ), oo (&, 7) &7 [m + m,r,p]) = 0.

Since the action of my, on I (&, 7)=E7q ] is GL,(K)-equivariant and nilpotent, it
follows that .7-"?1“” (L™ (—w-wt(0n)), W™ ®gdp') also cannot be a subrepresentation of

o (&, 7)< &) [q ] (use that a nilpotent endomorphism on a non-zero vector space always
has a non-zero kernel). We then deduce from (177)) that (257) is zero and thus (256) again
holds. ]
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By [EmO07, Thm. 0.13], the composition (254) induces a GL, (K) x Ap-equivariant mor-
phism

N - m ~ n Lp, N — - m
TG (G0idp )™ = It (155, (5mgidB;LP)) ®p0p')"

Moo (&, 7)™ a ] > Tl (€, 7) &7 ar] - (258)

where the first isomorphism follows by definition and from the transitivity of parabolic
induction (both representations there coincide with the minimal closed subrepresentation of

((In dGLn K)(émmé Bl))@z"an)@m generated by 55‘;’22 via (221])). Note that the composition in
(or equlvalently the first map in) (258)) is moreover injective since its restriction to

socGLy () (I5-" (Ooni05") ™) 2 IG5 (O0005") ™ 2 (maig(D) @1 "1™

(see Lemma with the definition of 7, /(D) above (216])) coincides with (240). Indeed,
the restriction of the composition in to the subspace (25 Moo(&,7)s.4)" (the dual of
the fiber of My (&, 7)., at ze) coincides with ED, and by the above argument applied to
instead of we recover the injection ED Now, by Lemma again we finally

deduce from (258)) a GL, (K) x Ap-equivariant injection extending (240)

tor t (Fo1(D) @p ") 7™ o T (€, 7) 70 a,]. (259)

Step 2: Critical case.

We now assume that s; , appears with multiplicity 1 in some reduced expression of wx ,wo. -
By the same reasoning as in the beginning of Step 1 replacing by composed with
the injection HomUO(T(K) E) — Hom, ;(T(K), E), the natural map @ Foom 6arm o/ap still
factors through OT 6o [0y — Oxm p /ap. However, this morphism now is not an isomorphism.
Indeed, consider the composition (see - ) for Bp s and ( - ) for Apm o)

. N @51)

Ofﬁm/ao,i — Oa:m,p/aD = AD,ER,U,@' — BD,iR,U,i- (260)
The induced map (mp,, )" — (mOA /am)v =~ Hom, ;(T(K), E) is zero by definition of
Bp s 0., hence (260 - ) factors through an 1nJect10n

~

T bon /moﬁém > Bpso-

It follows that the T'(K)-action on Bpm,; induced by the natural map T'(K) — @f 5 and

the (5f 5o-module structure of Bp gy, is just the multiplication by the character dx. Since
dimgmp,, . = dimg Ex.; = 1 (see (229)), we deduce a T'(K)-equivariant isomorphism
(Bpsmoi)' = 5@2 We fix a (T'(K)-equivariant) injection j : dx < (Bpme.)* such that we
have an 1somorphlsm (of T'(K)-representations):

(Bosioi)” = (Bpsioi/Mppg,.)" €D image(y). (261)
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Note that a non-zero element in mg, .. . cancels (Bpmo:/Mp,,.,)" and sends image(y)

onto (Bpmo,i/MBp,.)" (in particular image(y) is not stabilized by Bp g e.i).

The point g : SpecE — €5 (&, 7)., factors as (see (252)) for Ty )

Ty : SpecE = Spec (Bpﬁya,i/mBD’mm) — SpecBp s o,

" ~ T
s SpecApmei = Spec(Ouy o)) b Eno(&,T )0

Let w1 @ SpecBpmoi — Ex(&,7)si be the composition of the last two maps, then

T iMeo(&,T)oi = (Bpsoi)®™ as Moo(§,7)ss s locally free of rank m at e (Lemma

3.5.5). Similarly as in (253) and by the discussion in the previous paragraph, we have
T(K) x Ap-equivariant injections

(25 Moo (€ 7)) (= 03™) — (@1 Moo (&, 7)0i) " (= (Bpgroa) ™)

> (Vo ®p £")[ar] = Jp(Ioo (&, 7)™V a,])

7)

— Jp(Ia (&, 7)1 ar]) - (262)

where the composition has image in Jp(Ilo (&, 7)FEame + m_ ) and coincides with
(246). Now choose a direct summand ¢ : (Bpmei)' < (T Moo(§,7)0i)”  of
Ty 1 Moo(§,7)0i)” = (Bpsoi)®™. Restricting the second injection in to image(t)
and using , we obtain T'(K) x Ap-equivariant injections

(Bpsioi/Mbpo..)” @D image() = (Bpsoi) = (Voy @p "))
— Jp (oo (&, 7)™ O8] 1) s Jp (Il (&, 7) =720 q,]). (263)

Note that the restriction of the composition (263) to (Bpme.i/Ms,x.,,)" factors through
(x5 Moo (&,7)s4)" hence corresponds to an injection (see the comment after the proof of

Lemma [3.5.5))
Tatg(D) @p "1 e T (&, 7)1 me 4, ], (264)
Applying [Wu24l Prop. 5.5] to the injective composition induced by (263))
image()) — (Vo @p €")[ay] — Jp(Ma (&, 7) & 20]q ) (265)
we obtain a non-zero GL,, (K )-equivariant map
Fpt (M (=wt(0ox))”, 05705") — Moo (€, 7)™ 070 a] (266)
where M, ;(—wt(dx))" is the dual in the sense of [Hu08, § 3.2] of
M, (—=wt(0w)) = (U(8s) ®u(r,) Li (—Wt(0n)o)) @5 (®rrzo L™ (—wt(dn)-))

(recall L™ (—wt(dn),) is the finite dimensional simple U(g,)-module over E of highest weight
—wt(dm), with respect to the lower Borel b, and likewise with (Ip,), instead of g, for

108



L; (—wt(dw),)). We give a quick explanation on how we get (266|). By [Dil8, Prop. 2.14],

7

(the first injection of) (265]) induces an Lp, (K )-equivariant map

(IndB}i(K)ﬂLpi () 0% 6Br17Lpi) ®p Li(wt(dn)) —

(JPi ((Hoo(fvT)Rm(g’T)'an[%] ®F (®T¢0L()\7)v))man> ®F Li(Aa)v)[Pi ®F (®rexLi(Ar)) @p e

— JPi (Hoo (57 T)Wt(am)o-alg [aW]) .

(recall (V,; ®@pe™)[az] =V, ila;] ®@ge™ = J BOLp, (second representation above) using the first
isomorphism in ((180))). By [Br15, Thm. 4.3], this corresponds to a non-zero map

Fo () @z L (~wt(n)) ', 65705") =
]:Pf ((U(gz) ®U((pi)£) L; (_Wt((si)%))) ) (IndBIi(K)mLPi(K)(S{SR 5Br17Lpi) QF 6Pi1)

— T (&, T)wt(ém)”—alg[aw]'

However, by definition of Il (&, 7)™t 0728 (see (177)) and comparing the g.-actions for
7 # o, this map has to factor through the representation Fy " (M, (—wt(dw))", o5md5") as

in .

Lemma 3.5.7. The map factors through a GL,(K)-equivariant injection (see above

for X .((—=wt(0m)))
W ®@p "t 2 Fol (X, (—wt(dm))", 056 5") — T (€, )P0 q ], (267)

Proof. An unravelling of [ES87, Thm. 8.4(iii)] applied to the maximal parabolic subgroup
P; in the case of a Hermitian symmetric pair of type HS1 (in the notation of loc. cit.),
which requires a bit of work but which is elementary, shows that, if L~ (—w - wt(dx)) is an
irreducible constituent of the kernel of M_;(—wt(dn)) — X, ;(—wt(dn)), then we must have
Wo > 8igSit1,0Si-1,05i0 (note that M, (—wt(dn)) = X, i(=wt(dw)) if i € {1,n —1}). In
particular s;, has multiplicity at least 2 in any reduced expression of w,. By assumption,
we therefore have w, £ wx,wo,. By [BHSI9, Thm. 5.3.3] (with Remark we have

Homar, (o) (Fg (L™ (—w - wt(0)), 05051, Tao (€, 7) 72 me 4 1) = 0.

By the same argument as at the end of the proof of Lemma|3.5.6] we deduce that
Fbn (L™ (—w - wt(6n)), 65m55") also cannot be a subrepresentation of I, (&, 7)F=Em)an[q ],
It follows that must factor through a non-zero map as in . If this map is not
injective, hence factors through the quotient m,s(D) ®p "', then the image of the com-
position has to be contained in (25 Moo (€, 7)s,)" via (246), a contradiction with the
choice of j: dn — (Bpmoi)" above . O
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With Lemma we see that from the composition (263]) we obtain a GL,,(K)-equiva~

riant injection
(Tue(D) @5 ) @) Was @ 2" s Ty (€, 7)€ 0q, (268)

Now we take the Bp , »;-action into consideration. By [Brl5, Thm. 4.3], we have an isomor-
phism

Hommrg¢) (S T (T (€, 7) B €700, ]))
5 Homa, a0y (G2 (Ulas) @) (—wt(0m)) ", 305", Mo, ) =610 a]) . (269)

and this isomorphism is functorial in Il (¢, 7)R=E7)anq ] ie. if we have a GL,(K)-
equivariant morphism IT., (&, 7)Be&m-anq ] — TI (&, 7)F=&Tran[q ] there is an abvious com-
mutative diagram. Note also that sends the composition to the map (by
Lemma [3.5.7) and the restriction of the composition to (Bpse,i/MBpy.,.)"  to the
map ([264). Now, let 0 # 2 € mp, ., and 7 an arbitrary preimage of  in m,,. Then the
restriction of to image(7) induces a T'(K)-equivariant commutative diagram

. (265) an
image(7) Jp(Ioo (&, 7)foe®r)am g ]

lz lf (270)
1263))
(Bp oo /My o) T (€, 7) €T a0 g ]

where the isomorphism in the left vertical map follows from the sentence below (261f). By
the discussion below , the isomorphism sends T o tox o . However, by
@70), 7o is equal to the restriction of (263) to (Bpmei/Mpp,.,.)" Up to a non-zero
scalar, which hence is sent to (264) by (269)). From the functoriality discussed below
we see that there exists a surjection of GL,, (K ')-representations (only depending on z):

ot Wiy @ € 2 FO0 (X, (—wi(0)) Y, 63005Y) — (D) @p "

such that the following diagram commutes

(1267)
WJ,I QF gnil HOO(&? T)ROO(&T)_an[aW]

lﬁ li (271)

) on
(D) @5 = By T (6 m)e6ronfa )
We let x act on the left hand side of (268) via

(Walg ) ®pe” @ Wor ®pe" s W,y @ S Tag(D) ®p gn !
— (Walg(D) KRE 6”71) @ Wm[ Qg e
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This determines a unique Bp , ;-action (hence an Ap-action via Ap — Bp i) on the left
hand side of (268)), and (271) shows that the map (268)) is Ap-equivariant. Finally using

(234) for k = K, with Lemma and letting ¢ Vary (see below (262))), we ﬁnally deduce a
GL,(K) x Ap-equivariant 1nJect10n extending (240 (see . ) for 7,1 1(

(%O',I,l(‘D) ®E 5n_1)@m — Hoo (57 T)Rm(ﬁ,T)—an[aﬁ]‘ (272)

Step 3: Amalgam of the maps.
We amalgamate the maps in (259)) and in (272). Recall the representation 7, (D) for

o € ¥ is defined above (216])).

Lemma 3.5.8. Let (0,1) € S™(D) and 1,1 as in for a choice of refinement compatible
with I. The subrepresentation t, 1((Tago(D) ®p 1)) of Ty (&, 7)F=EN) 20 q ] does not
depend on I or on the refinement compatible with I.

Proof. By the same argument as in [Di25, Lemma 4.2(2)] we have (using (171) and
Ser (U, B)¥22[my] 2 T (€, 7) =720 mg + my o))

dimp Homgr,, () (Talg (D) ®p €™ o (€, T)R‘”(s”)'an[aﬁ]) =m. (273)

Suppose Lo 1((Talgo (D) @p ™ 1)) # 15 1(Talgo (D) @p ™ 1)®™) for some non-critical I,
J (and choices of compatible refinements), and let W be the closed subrepresentation of
(€, 7)Be&m)an]q | generated by these two subrepresentations. Using the fact ty1, Ly
both extend and that 7., (D) is by construction maximal as an extension of finitely
many (D) by (a single) (D) which is locally algebraic up to twist by locally o-analytic
characters, we must have dimg Homgr,, (i) (Taig(D) ®p "1, W) > m, a contradiction. [

Let (0,1) € S™(D), then the map i, 1|, (D)@gen-1yom 18 Ap go-equivariant (see be-
low (219)) but may depend on I. Fix an arbitrary GL, (K) x Ap ,¢-equivariant injection

extending ([240))
o0+ (Faigo(D) ®p " 1) o T (€, 7) P70 ],

As in the discussion of Remark we have an isomorphism Ap , o — Endgr, (k) (Taig,0 (D))
and thus an isomorphism Ender, (i) (Taig,e (D)¥") =2 My (Ap,so). Using Lemma [3.5.8, we
deduce that there exists a matrix M; € My,(Ap,s0) such that M; =id mod m,, , and

Lo,0 = (LoI| (Fago (D)@ gen—1)8m ) © M. (274)

Let M; be a lift of M; in M,,(Apm i), which corresponds to an automorphism of (7, ®g
e H)®m  (see Remark . Replacing ty; by (550 M;, by 1} we can assume
Lo 1| (Fag.o (D)@ gen—1)m = lgo. We can now amalgamate these (new) ¢, into a GL,(K) x Ap-
equivariant injection extending

( D ﬁnl) - ®p " Mo (&, 7)F= D g ], (275)

I non-critical for o, Ta1g o (D)
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Now, one easily checks that as above the restriction map induces a surjection Ap,o =
Endcr, (k) (Taig,0 (D)) = Endar, (k) (Tag(D)) for o € ¥, and as above one can modify the
1nJeet10nS Lo,0 SO that LUO|(Mg (D)@ gen-1)em does not depend on o. Then one can amalgamate

[277) for o € ¥ into a GL,,(K) x Ap- equlvarlant injection extending (/2

( D | b %U,z))@m O "1 e T (€, 7) P ETan[q ]

0EX,Ta1g(D) I non-critical for o, Taig,o

Finally, amalgamating over 7Ta1g ®E e % with (Ty71(D) ®@p e 1)®™ for (0,1) €
S"(D) \ S*(D) and using , by (237) and . we obtain a GL, (K) x Ap-equivariant
injection as in ([244)) (We use here that for each 0 € ¥ there is at least one I such that
(0,1) € S™(D)). This finishes the proof of Proposition [3.5.4]

We now prove Proposition Note first that, by (171)), the filtered ¢p-module D" must
have same Hodge-Tate weights and same Frobenius eigenvalues as the filtered p-module D
since these data can be read from 7ye(D). We need the following result:

Proposition 3.5.9. Foro € ¥ and I C {po,...,pn_1}, we have

dll’IlE HOIIlGLn(K) (é([, Si,a) ®E 5n717 Hoo (éa T)ROO(&T)_an [mﬁ + mm@])
_ {m i (0.1) €D\ S™(D) o0
0 if (0,1)€ S™(D).

The proof of Proposition [3.5.9 is somewhat independent of the rest of this section and is
given in Appendix [A] Assume we have an injection as in the statement of Proposition [3.5.2

(D) ®@p et e (&, 7)=E me + m, ). (277)
As S"(D) = sb< ) and S"°(D) = S"(D’), from (158) and (166) we have m,(D’) = m,(D )
It follows from and (276) with the dlmensmn 1 assertion of [Di25, Lemma 3.5(1)] th

the composition

(D) @ " s 7 et 8 g € fm ] (278)

must factor through (239 - Indeed, otherwise the socle of the closed subrepresentation of
I (€, 7)Fecl&mranme + m_ ] generated by 7,(D') ®p "' and the image of (239 . contains

either an extra copy of Tue(D) ®g ™! or an extra copy of C’(I Sio) ®@p ™! for some
(o,I) € S°(D), a contradiction. Since 7(D)’ = 7,(D)[m,,], the image of (278) lies in

(T(D) @p e t)om ! oo (&, 7) &) q ] Then we deduce that the injection (277)) also
has to factor through

T(DY @i s (7(D) @p e 1yom ER (¢, r)Reeleriamgg | (279)
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Indeed, otherwise by the universality of 7,(D) (see below (213)) the closed subrepresentation
of Tl (&, 7)F=l&man[q ] generated by 7(D')’ @5 ™! and (7,(D) ®p " 1)®™ contains more
than m copies of me(D) @ ™! in its socle, which contradicts . As the image of the
composition lies in Moo (€, 7)fc@20me 4-m_ ] we deduce it must factor through an
injection

W(D/)b 5 8n71 SN (W(D)b 5 6nfl)@m _ (%b(D> 5 6n71>®m[mAD]
= (T(D) ®p " )" N (&, 7)== ET 0 mf 4+ my ] (280)

where the intersection is taken in Il (¢, 7)%=(&7)-20[q ] (and the equalities follow from the
definitions of m(D)’, Ap and m,). For i =1,...,m, let f; be the composition of with
the projection pr; to the i-th copy 7(D)’ @z "', As is injective, for each irreducible
closed subrepresentation W C 7(D’)’®ze" !, there exists at least one i such that f;(W) # 0.
Therefore the set of (A1,...,\,) € E¥™ = AL (E) such that Y ;" \; fi(W) # 0 is the set of
E-points of a non-empty Zariski-open subset of A%. Since socar, ) (m(D’)’ ®p e"~!) has
finite length and is multiplicity free, there exists (A1,...,A.) € AL (E) such that > 7" A\ f;
(D' ®pe" ! = m(D)’@pe"! is injective on socar, (1) (m(D')’ ®pe™!), hence is injective,
hence is bijective since both representations have the same length. Thus 7(D')’ = 7(D)’
and by (ii) of Proposition we deduce isomorphisms of filtered /-modules D/, = D, for
all o € X.

Note that the above proof of Proposition also shows that all GL, (K)-equivariant
injections (7(D)’ ®p " 1)®™ — S, (U®, E)&®[m,] have same image, and in particular
satisfy the property below (239)).

Remark 3.5.10.

(i) When n =3 and r = p, 5 is split (i.e. is the direct sum of 3 characters), the injection
(239) was first proved in [HHS25, Rk. 7.31] (note that when n = 3 we always have
m(D)* = w(D)). This was the first discovered case of copies of 7, (D) ®p "' in

§§7T(U", E)[m,]% 2 which are not in the socle.

(i) When all refinements are non-critical for all ¢ € 3, Theorem and Proposition
3.5.2| were proved in [Di25, Thm. 4.18] and [Di25, Cor. 4.21]. But even in this non-
critical case, combining Theorem With (the proofs of ) Theorem and Propo-
sition allow to read out finer information on D in the GL, (K )-representation
§§,T(U@,E)[mﬂ](@?‘a“. Fix 0 € ¥ and Hodge-Tate weights as in § 2.1l For a filtered
p-module D’ as in §[2.1]let S2(D') := {I | (¢,1) € S"(D')} and S2¢(D") := {I | (0, ]) €
S"¢(D")}. For S C R denote by D/, s the filtered ¢/-module endowed with the (par-
tial) filtration (Fil™"v(D’),s; € S). Assume S (D') = S%(D) and S2(D’') = S»(D).
By the same argument as in the proof of Proposition [3.5.2] we can show there is an
injection

m(DL)(S) @5 (Rr20L(A,)) @p ™' — S (U?, E)[m,] % (281)
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if and only if D ¢ = D, g (see for m(D,)(S)"). Indeed, assume D, g = Dy,
then we have 7(D’)(S)" = 7(D,)(S)’ by the discussion below and hence
holds by Theorem . Assume , then by the same argument as in the proof of
Proposition the map must factor through an injection

m(D))(S) @ (@r20L(A,)) @5 "t — 7(Dy)’ @5 (@726 L(\)) @ ™

Comparing irreducible constituents, this implies 7(D’)(S)’ = 7(D,)(S)’ (note that
Talg(D) @ ™! has the same multiplicity in both representations using the right hand
side of Lemma with (i) of Proposition . We deduce D) ¢ = D, s by the
discussion below ([164)).

(ili) Let 0 € ¥, I C {wo,...,¢n-1} (of cardinality € {1,...,n — 1}) and R a refinement
compatible with 7. The same argument as in the proof of Proposition |3.5.2|also implies
that if we have an injection W, ;@pe™™! < S, (U®, E)[m,]% " then I is very critical
for o. Indeed, if we had (o,1) € S°(D), then by the equalities in we would get

an injection
W, ®p et e (n(D) ®p e )"

which from the definition of (D)” would contradict Proposition m

3.6 Towards local-global compatibility for 7(D)

Although that we cannot prove that the representation (7(D)®ge™ 1)®™ (see or (215))
embeds into S¢ . (U*, F)[m,]% " when there are very critical I, using a result of Z. Wu (The-

orem [B.1) we prove that Se . (U¢, E)[m,]% = at least contains in that case a representation
strictly larger than (m(D)’ @ e 1)®™ with extra copies of Tue(D) ®pe™ ! (Theorem [3.6.3).

As usual, we keep all previous notation.
Lemma 3.6.1. Let D be a regqular filtered p-module satisfying as in § we have

@[K Q) (282)

Proof. From the definition of (D) below (213) we have ExtéLn(K) (Taig(D), m(D)) = 0.

Since Homgr,, (1) (maig (D), 7(D)") = Homgr,, (k) (Taig(D), 7 (D)) (= E), from the short exact
sequence 0 — 7(D)* — 7,(D) — 7,(D)/n(D)’” — 0 we deduce

Homgt, (i) (Taig (D), (D) /(D)) = Extay,, 1) (maig (D), m(D)). (283)

dimpg EXtéLn(K)(ﬂ'alg(D)a 71-(l))b) =n+

For o € ¥ denote by 7(D,) the tautological extension of 7ue(D,) ®p
ExtéLn( 5),0(Talg (Do), (Do) by m(D,). Then using 1} and the definition of 7, (D)
above it, similarly to (220) we have a GL,,(K)-equivariant isomorphism

S% To1(D) = T(Ds) ®p (®r25L(Ar))

Inotv.c.foro, Talg,q (D)
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(here we leave the details as an easy exercise to the reader). From (220)) we obtain

WDZ @D (B @r (@rsel(M)

ey, %alg(D)

and with (165]) we deduce

(D) /(D) = (7o(Dy) /7(Dy)” @5 (Rr20L(\.))). (284)

oEY, %alg(D)/ﬂ—alg(D)

It follows from (284]) with and that we have

dimp Homgy,, () (maie(D), 7, (D) /(D)) = ( " dimp Homgy, 56) (Mg (D), 7 (Do) /W(Dg)b))
gEY

— ([K : Qp] — 1) dimg Homgy,, (k) (Talg (D), Talg (D) /Taig(D)).  (285)
Now, exactly as in (283]) we have
Homgr, (k) (Taig(Do ) (Do) /7(Dy)) = Exti, (5,0 (Taig(Do) s 7(Dy)’),
hence from Corollary (both parts) we deduce
dimp ( " dim Homa, (1) (aig (Do) 7o (D) /W<Dg)b)) — [K:Q,)(n+ W).

(D>

Moreover from the definition of 7,,(D) above (216) with (208) (for * = alg) and Lemma
2.1.6] we have

(286)

dimp Homgr,, (i) (Tag (D), Tatg (D) /Taig(D)) = n. (287)
Then ([282) follows from (283)) and ([285]) with (286 and ([287). O

The following proposition crucially uses the main result of Appendix [B] by Z. Wu.

Proposition 3.6.2. Keep the setting of Theorem|3.5.1. Then any GL, (K)-equivariant injec-
tion (7(D)’ @pe™ 1) < S (U?, E)[m,|% 2" induces an isomorphism of finite dimensional
E-vector spaces

EXtéLn(K) (Walg(D) ®Qp "L, (1(D)’ Qp 5”—1)@7%)
A EXt%}Ln(K) (Walg(D) RE gn_I’ S’}J(U@) E) [mW]Qp—an) ‘

Proof. Any injection gives a short exact sequence

0 — (7(D)’ ®p " )" — S (U, B)[m,] %™ — X — 0
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(denoting by X the cokernel) which induces an exact sequence
0 —s HomGLn(K) (Walg<D) Q5 5n_1, X) — EXt%}Ln(K) (ﬂ-alg(D) Rp 671—1, (ﬂ'(D)b ®E8n—1)@m)
— Extly, () (Taig(D) @5 "1, Se. (U?, B)[m, | &)
where we have used (see ((171)))
HOIIlGLn(K) (ﬂ'alg(D) QF é‘n_l, (71'(1))b KRF e’:‘n_l)@m)
L) HomGLn(K) (Walg(D) ®E En_l, Sg,T(Up, E) [mw]Qp—an)‘

Since Homgr,, (i) (Tag (D) ®@p €"~', X) = 0 by the paragraph just above Remark [3.5.10] it
then follows with Lemma [3.6.1] that we have the lower bound

. 15 an n(n+1
dlmE EXtéLn(K) (ﬂ-alg(D> RSE e’ 1,S§,T(U@,E)[m7r]Qp' ) Z m<n+ (T)[K : Qp])
But Theorem shows this is also an upper bound. Hence this is an equality and the
lemma, follows. O

Foro € Y and I C {¢o, ..., pn_1} of cardinality € {1,...,n—1} which is critical for o, let
Mme ‘= dimg HomGLn(K) (6([7 S\ILJ) Rp gn—I’ §§,T(Up; E) [mﬂ_](@p-an) ‘

It follows from (i) of Corollary with the discussion above Corollary that we have
me 1 > m. We fix an arbitrary GL, (K)-equivariant injection (using Theorem [3.5.1)

I ((”(D)b)%@( D a1, S|1|,a)@m"”)> ®Qp e

o€X, I very critical for o

s Se . (U®, E)[m,]% " (288)

and we note that the image of f does not depend on the choice of such an injection (see
the comment above Remark |3.5.10). Recall that Conjecture predicts that one has

a GL,(K)-equivariant injection (7(D) ®g " 1)%™ — §5,T(U@, E)[m,]% 2 The following
theorem can be seen as evidence towards this prediction (recall W, ; is the unique non-split

extension of (D) by C(1,5:4), see above (215)):

Theorem 3.6.3. Keep the setting of Theorem|3.5.1. There exists a (possibly split) extension
of the form

oyt —( @D W) (289)

o€, I very critical foro

containing the left hand side of and a GL,(K)-equivariant injection

(Gon™— (@ an) e o B (0 B (290

oeX, I very critical foro
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extending the injection and such that
HomGLn(K) (ﬂ'a]g(D) KRE €n_1, §£77—(Up, E)[mW]Qp'an/Y) =0

where Y denotes the image of .
Proof. Denote by X the image of f in §5,T(U@, E)[m, %2 since

Homgr, (k) (Taig (D) ®p "', X) — Homgr,, (i) (Taig (D) @ ™, Se.(U?, E) [m ] %rn)
as in the proof of Proposition we have an exact sequence of finite dimensional FE-vector
spaces

0— HOIHGL”(K) (Walg<D) XRE €n_l 3\5 7-([]p E)[ ]Qp-an/X)

— ExtGL (o) (Tag(D) @ €71, 8¢ - (U?, E)[m,| %),

Since (7(D)* ®@p " 1)®™ is a direct summand of X by (288), it follows from Proposition
that the last map is surjective and that its kernel has dimension

dimp Extly g (ﬂalg( D) @g e, ( D a Sm,g)@mg,,) - En_1> =S

o€y, I very critical for o

where the last equality follows from [Di25, Lemma 3.5(1)]. Hence we obtain
dimE HomGLn(K) (ﬂalg(D) XRE €n_1,§£’T(Up,E)[ Qp- an/X Zmal

(the sum being over those (o, 1) such that I is very critical for o). Using the last equality
in Theorem [3.5.1| together with dimpg ExtéLn(K)(ﬂalg(D),C(I, Sir,0)) = 1 ([Di25, Lemma
3.5(1)]), it is not difficult to deduce the statement. O

Note that we do not know if the representation (289) is local, i.e. only depends on the
filtered ¢p-module D (as its definition is global). The following conjecture implies the first
part of Conjecture under the Taylor-Wiles assumptions (Hypothesis |3.1.2)):

Conjecture 3.6.4. We have m,; = m for every (o,1) such that I is very critical for o,
and the extension in is split (hence equal to w(D)®™).

We finish this article by some indirect evidence towards Conjecture via the Bezru-
kavnikov functor as defined in [HHS25| § 7.2].

Fix an arbitrary refinement R of D = Deis(7) = Deris(pr,5)- Let RE, . be the completed
local ring of the rigid variety (SpfR (£, 7))"¢ at the point associated to the maximal ideal
m® and define the noetherian local complete E-algebra

R rm = RE, ,@pR»
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(see above for R, » which pro-represents the groupoid X, « denoted X, rq, in [BHS19]
§ 3.6]). Let Oyy(sy) be the block in the BGG category O for gy, with respect to the upper
Borel by, containing the finite dimensional simple module L(wt(ds)). In [HHS25] Hellmann,
Hernandez and Schraen define two exact covariant functors M »m and B s, from Oyy(s,)
to the category of finite type R rm-modules (strictly speaking their global setting is the
one of [BHSIY, § 5] but their construction will also work in our setting, see Remark [3.1.3).
The first functor M -, called the patching functor, has a global and highly non-canonical
construction (as it uses the patching), see [HHS25l §§ 6.1,6.2]. The second functor Be rm,
called the Bezrukavnikov functor, is defined as the pull-back via Spf R »w — SpfR, » (and
the local model of SpfR, ») of a canonical functor due to Bezrukavnikov from Oy s, to the
category of coherent sheaves on a completion of the variety Xy defined at the beginning of
§ 3.3 see [HHS2H, Cor. 7.7]. Most importantly in [HHS25, Rk. 1.5] it is conjectured that
Mooz = (Boor,m)®™ with m as in (in particular M »» should essentially be local
and canonical). This is known for GLy and GL3 ([HHS25, Cor. 7.17]).

We only need here the following important property of Mo  ,:

Lemma 3.6.5. For any M in Oy s,) we have
dlmE HomGLn(K) (.Fg%n (M*, 5;?5%1) 5 S\g,T(Up, E)[mﬂ](@p_an> = dimE(Moo77r7m(M)/mRoomm)

where M* is the dual of M defined in [Brld, § 3.
Proof. This follows from [HHS25, Lemma 7.27] with [BHS19, Lemma 5.2.1]. O

For 0 € ¥ and ¢ € {1,...,n — 1} (arbitrary), let L(s;,-wt(dn)) be the simple U(gy)-
module in Oy (s, of highest weight s; o-wt(dn) (see above for s;,-wt(d,)). Since for
any weight A we have (U(gs) ®uey) A)* = (U(gs) Buey) (—A))¥ where the latter is the dual
in the sense of [Hu08| § 3.2] (see the proof of [Br15, Thm. 4.3]), we deduce L(s; - wt(dn))* =
L= (—=s;5-wt(dp)). Thus by Lemma with the discussion below we have for the
unique subset I of cardinality ¢ such that R is compatible with I for o:

dimp (Moo m(L(sic Wt(0n)))/MA, . )
= dimp Homgr, 1) (C(I, 55,0) @p "1, S (U7, E)[m] ™).
The following result was recently proved by Bezrukavnikov:

Theorem 3.6.6 ([Be25|). The Ry »m-module Boo x(L(si0-Wt(0n))) is free of rank 1. In
particular we have dimpg(Boo xm(L(Si0 Wt(dn)))/Mr_ , ») = 1.

Hoping for Mo zm = (Booxm)®™, we can therefore see Theorem as an indirect
piece of evidence for the first statement of Conjecture [3.6.4!

We finally give an indirect piece of evidence for the second statement of Conjecture
in the case of GL4(Q,). We assume K = Q, (so we can forget about o) and r =
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@?zo glunr(p/p;) so that by our conventions (hg, h1, ha, h3) = (3,2,1,0) and the ¢; are the
Frobenius eigenvalues on Des(r) (note that val(p;) = —j). Then mue(D) = m, (see (20))
and one can check that {¢g, ¢1} is the only very critical subset, so that (with the notation

of (i) of Proposition [2.6.3):
7T(Z)) = 7T<D)b @ C({‘:O()? 901}7 32>_7Tp'

Let R := (vo, 1, P2, ¢3) and M the unique non-split extension of L(wt(ds)) by L(s2-wt(dn))
in Oui(sy)- Then M* 2 X, (—wt(dn))" (as defined above (233))) and Fg™* (M=, 05m0,") =
(C({po, ¢1}, s2) —mp) @p 3. Thus by Theorem and dimg Homg, (g,) (7, 7(D)’) = 1
it is easy to see that Conjecture is true in that case if and only if my,, ..} = m and

dimE HOIHGL4(QP) (fg%‘l (M*, 53:15;1), §£’7—(Up, E) [mw](@p—an> = 2m.
If moreover Mooz = (Boor;)®™ is true, then from Lemma we must have

dlmE (BOO%DQ(M)/mROM,m) = 2. (291)

The latter (or rather its variant with Bezrukavnikov’s original functor) was implemented on
a computer by Hernandez and Schraen who could check that we do have (291)).

A On multiplicities of the companion constituents

Building on the proof of [BHSI9, Thm. 5.3.3], we show that the multiplicities of the com-
panion constituents are always at least the multiplicity of the locally algebraic contituent,
which slightly strengthens [BHS19, Thm. 5.3.3]. We use this to prove Proposition [3.5.9]

We first use without comment the setting and notation of [BHS19, § 5] (our setting is
slightly different but this will not affect the proofs, see Remark or below). We do not
recall the notation and assumptions of [BHS19, § 5] as this would be too tedious. Instead
we refer the (motivated) reader to loc. cit. We define

m := dim; Homg, (ng (f(—/\),éﬁsm(%pl), S, L)2s[m,]) € Zsy

(L in loc. cit. is the field denoted E here). As in (171)) this is the multiplicity of the locally
algebraic vectors.

Proposition A.1. We keep the assumptions of [BHS1Y, Thm. 5.3.3]. We let y (= Yu, ), Wy
and yy,, for w, < w as in Step 3 of the proof of [BHS19, Thm. 5.3.3]. We let Ly, be the
coherent sheaf over X,(p) as defined in [BHS19, (5.29)]. Then for all w, < w we have

dimk(yw) £ww0-# ®Oxp<p) k(yw) >m

where k(y.,) is the residue field of the point y,, € X, (p).
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Proof. Let Mo, = Jp, (IT>*")Y be the coherent sheaf over X,(p) as in Step 4 of the proof
of [BHS19, Thm. 5.3.3]. By [BHS19, Remark 5.3.4] there is an integer m, > 1 such that
M is locally free of rank m, in a sufficiently small smooth neighbourhood of ¥, for any
w > w, (eventhough v, itself is not necessarily smooth). Taking w = wy and arguing as
for the proof of above in a neighbourhood of the crystalline dominant point y,,, we
deduce that we must have m, = m.

We now claim that we can add the extra condition dimgy, ) Luww,-u ®0x, ) k(yw) > m to
the induction hypothesis H, in Step 6 of the proof of [BHS19, Thm. 5.3.3]. One has to check
that this condition is satisfied all along the rest of the proof. This is clear in Step 7 of the proof
of [BHS19, Thm. 5.3.3] using the equality of non-zero cycles [L(wywq - p)] = my€,, = m&,,,.
This is also clear for the same reason in Step 10 of the proof of [BHS19, Thm. 5.3.3]. The
only issue is to check that this condition is still satisfied in Step 9 of the proof of [BHS19,
Thm. 5.3.3], more precisely in the end of Ad(i). But it is indeed satisfied at all points of

o HT-cr,XP-aut > Ug (Wlth
the notation of loc. cit.) by the (new) induction hypothesis H, together with the upper
continuity of the rank of a coherent sheaf £ on a rigid analytic space X (which says that the
set of points x € X such that dimy,) £ ®o, k(x) > d is Zariski-closed for any integer d).
And the proof of loc. cit. can proceed. O

the rigid space Z,(p)% . coming from the Zariski-closure 4P x W“

Proposition has the following nice consequence:

Corollary A.2. We use the notation of [BHS19, Conj. 5.3.1] and the assumptions of
[BHS19, Thm. 5.3.3].

(i) For all wy < w we have

dimy, Homg, (Fp" (L(—wwo - A), 0 gu05. ), S(U, L)k [m,]) > m.

By
(i1) If X,(p) is smooth at the (companion) point xw,, defined in [BHS19Y, § 5.3/, we have

dimLHomGP(}"g:(f(—wwo.)\) Oy 05 ), S(UP, L)2s[m,]) = m.

Proof. Part (i) follows from the definition of Ly, in [BHS19, (5.29)] with Proposition
and [BHS19, Prop. 5.2.2] applied with s = 1. We prove (ii). Since zgp,, is a smooth point of
X,(p), the coherent sheaf My, = Jp, (IIE>>*")Y (see the proof of Proposition is locally
free of rank m at xp,, by (the proof of) the induction hypothesis H, in Step 6 of the proof
of [BHS19, Thm. 5.3.3]. Then by [BHS19, Prop. 5.2.3] (applied with s = 1) we deduce

dim;, Homg, (fg:((U(g) @) (—wwo - M)V O sm05 ) S(Up L)ys[m,]) = m.

But since .7-"%’ (L(—wwp-N), Oz 05 ) is a quotient of]—" ((U(g) Ru) (—UJUJO')\))V,ém,sm(S;;),
we obtain

dimy, Homg, (F2 (L(~wwo - A), 8 gm0 ) S(UP, L)25[m,]) < m

which together with (i) gives the equality. O
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We now go back to the notation of the present paper and to the setting of §[3] As men-
tioned in Remark , using that (Spf@ues,\ (o) R, (Eos 7o) is smooth, all the arguments
of [BHS19, § 5], and thus also Corollary @, extend replacing the “prime-to-p part” by
the “prime-to-p part” since the only property used in loc. cit. on the “prime-to-p” factor

of X,(p) is that it is smooth at the points we consider. For instance we have the following
corollary of (ii) of Corollary

Corollary A.3. Let 0 € ¥, I C {p;, 0 < j < n — 1} critical for o of cardinality i €
{1,...,n — 1} and R a refinement compatible with I for o (recall that critical mans that
Sio appears with multiplicity > 1 in some (equivalently any) reduced expression of wx Wo »
where wy, € S, is defined just above Proposition . Assume the rigid analytic space
Exo(&,T) (see the beginning of §[3.9) is smooth at the point

mmysi,o'wo,o' = (m;pxﬁmﬂ',QJ 59%,0,2‘) (292)

where Oy i := (unr(p)t= e OG5 (1] - 7)) € T (see below (239) for the notation and
note that Ty, w,, 5 a companion point of the dominant point e in (201) which lies in
Ex(&, 1) since I is critical). Then we have

dimp Homgy,, (1) (C(I, 850) @5 "1, T (€, 7) &N 1) = 1m.

We now prove Proposition [3.5.91 We first need a combinatorial lemma. For w € S,, we
let Dp(w) € R={s1,...,S,—1} be the subset {s; € R, s;w < w}.

Lemma A.4. Let w € S, such that s; appears with multiplicity 1 in some reduced expression
of w. Then there is w' € S, satisfying the two properties:

(i) s; does not appear in some (equivalently any) reduced expression of w';

(11) w'w is multiplicity free of one of the following 4 forms

ww = s

ww = 8;8;_1-8;_s— for some d~ >0 (293)
wWw = 8Sip1 - Siyst+ for some 0T >0

Ww = 8;Si 1 Si_s-Siy1" " Siys+ for some 0,01 > 0.

Proof. Replacing w by w'w for some w' satisfying (i), we can assume w = s;w; where
s; does not appear in any reduced expression of wy, lg(w;) = lg(w) — 1 and Dy (w;) C
{si—1,sit1} (deleting s; if j ¢ {t —1,i4+1}). Assume s, € D (wq) (the case s;41 € Dp(wn)
is similar), then we have w = s;8; 1wy where w; = s;_jws, s; does not appear in any
reduced expression of wy, lg(ws) = lg(wy) — 1 and Dy (wy) C {s;_2,8i+1}. If 8;_9 € Dp(ws),
then we have w = s;8;_18;_2ws where wy = s;_sws, s; does not appear in any reduced
expression of ws, lg(ws) = lg(wy) — 1 and Dp(ws) C {s;_3, Si—1, Siy1}- But we cannot have
si—1 € Dp(ws) since one easily checks that this implies s;_o € Dy (w;) which contradicts
Dp(wy) C {s;_1,8i+1}. Hence Dp(w3) C {si_3,Siy1}- If six1 € Dp(wsy), then we have
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w = $;8;_15;11w3 Where wy = s, w3, s; does not appear in any reduced expression of ws,
lg(ws) = lg(wy) — 1 and Dp(ws) C {s;_2, Six2}. Iterating this process, we see that we have
W= 8, OF W = 8;8;_1 " 8;_s— for some 6~ > 0, or w = §;8;41 -S4+ for some 6 > 0, or
W= 8;8i_ 1" 8i_s-Sis1" " Sits+ for some §~, 67 > 0. O

Lemma has the direct consequence:

Proposition A.5. Let I C {y;, 0 < j < n—1} of cardinality i € {1,...,n — 1} and R
a refinement compatible with I for o. If s;, appears with multiplicity 1 in some reduced
expression of ww,Wo, then there is a refinement R’ compatible with I for o such that

Wy sWo,» has one of the 4 forms in (with s; , instead of s;).

Proof. One easily checks that, for any w, € S, such that s;, does not appear in some
(equivalently any) reduced expression of w,, there exists a refinement 2R’ compatible with I
such that wy , = wWewn . By Lemma @ applied to w = wn ,wo -, there exists such a w,
with w,ws ;wp » as in , and we take a corresponding R'. O

We then have the following smoothness result in the spirit of Corollary [3.3.6;

Proposition A.6. Let I C {p;, 0 < j <n—1} of cardinality i € {1,...,n — 1} and R a
refinement compatible with I for o such that wx swo, has one of the 4 forms in . Then
the rigid analytic space Ex (&, T) is smooth at the companion point Tg s, ,w,, N .

Proof. Since m¢ defines a smooth point on (SpfRZ (€, 7)) (see the proof of Corollary[3.3.6)),
it is enough to prove that t,(m, o, dn +;) defines a smooth point on Xy, (7) (see (175)). By (ii)
of [BHS19, Prop. 4.1.5] applied with w, = wx and w = s;w, (forgetting the index o in the
notation) it is enough to prove that the Schubert variety Bs;woB/B is smooth at the point
wx B, and that we have dsiwow; = lg(s;wp) —lg(wn) where d,, = n —dimg t* for w € S,,. By
assumption we have wx = wwy where w has one of the 4 forms in (the right hand side of)
, hence this is equivalent to Bs;weB/B smooth at wwyB and n—dimg 5% = Ig(w)—1.
The second equality is a direct explicit check on the 4 forms of w in that we leave to
the reader. For the smoothness assertion, by [LS84, Thm. 1] we need to check that there
is exactly one (not necessarily simple) reflection s, € S, such that s; does not appear in
some (equivalently any) reduced expression of s,w. Using that s; appears only once in some
reduced expression of w, this is an easy exercise (note that here we do not need ) O

Corollary A.7. Proposition[3.5.9 holds.

Proof. The case when [ is non-critical (for o) is clear. Assume that s;, appears with multi-
plicity 1 in some reduced expression of wy ,wp . Changing the refinement R by Proposition
if necessary, we can assume that wgp ,wp, has one of the 4 forms in the right hand side
(recall C(I, i) does not see which refinement compatible with I for ¢ is chosen).
Then the result follows from Proposition and Corollary [A.3] O
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B An estimate for certain extension groups by Zhixi-
ang Wu"

We establish an upper bound for the dimension of certain extension groups between locally
algebraic representations and the Hecke eigenspaces of the completed cohomology (Theorem
[B.1). We work with the patched completed cohomology/homology I1.(&, 7), Mw (&, ) and
the patched Galois deformation ring R (&, 7) introduced in § and follow the notation in
that section.

We fix a maximal ideal m = m, C R;s(&, 7')[110] with the residue field E associated to an

automorphic representation 7. We view m as a maximal ideal of R (&, T) []lp] via the quotient
map R (&, 7) = R5s(€,7). We also write m for its intersection with R (&, 7) by abuse of
notation. Let

Moo (€, 7)[m] &7 = S (U7, B) [m] &
be the subspace of locally Q,-analytic vectors of the corresponding Hecke eigenspace, which
are representations of GL, (K) = G(F,). Let p, be the Galois representation associated to
7 and let pr 5= ,07r|Ga1(F73 /). We assume that pr g is crystalline with regular Hodge-Tate
weights

{hj,a = )\j,a +n—1+ j}jzo n—1,0€%- (294)

.....

We also assume that p, s is generic in the sense that the eigenvalues of ¢/, where ¢ is the
crystalline Frobenius on Deis(pr,g) and f is the degree of the residue field of K = Fj; over
F,, given by

{0, s on-1} (295)

satisfy that gol-gojfl £ 1,pf for all i # j. By 1) [y (&, 7) [m]Trale = WS?;” where we write

Talg -— 71—alg;(D> RSQE 5n_1

for short.

Let D(GL,(K), E) be the locally Q,-analytic distribution algebra of GL,,(K). The strong
duals (I (&, 7)[m] %)Y, 1, of (&, 7)[m]%*" and 7., are coadmissible D(GL,(K), E)-
modules. For two admissible locally analytic representations V;, V3 of GL, (K), we set

EXtELn(K)<V17 Va) = EXtiD(GLn(K),E) (Vo' V)

where the latter is calculated in the derived category of abstract D(GL,(K), E)-modules.
The goal of this appendix is to establish the following upper bound.

*School of Mathematical Sciences, University of Science and Technology of China, 96 Jinzhai Road,
230026 Hefei, China
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Theorem B.1. There is an inequality

n(n+1)

dimpg ExtéLn(K) (Talg, §5,T(Up, E)[m]%) < m(n + 5

(K Qp])-

Moreover, the inequality is an equality if M (&, 7')[%] is flat over R (&, T)[ | at m.
Proof. This follows from Lemma and Proposition below. O

Let Op[|GL,(K)]] := Op|GL,(K)] ®oycL,0x) Orl|GLn(Ok)]] be the Iwasawa algebra
of GL,,(K) and let E[[GL,(K)]] := Og[[GL.(K)]] [l] We consider the derived tensor product

My (€, 7) ®éE[[GLn(K)]] Talg = Moo (&, 7)[= ]®E[[GLH(K)]] Talg

of abstract Og[|GL,(K)]]-modules. Our convention is that the left Og[[GL, (K)]-module
My (&, 7) is viewed as a right Og[[GL,(K)]]-module via the involution of Og[[GL,(K)]]
induced by g+ g ' for g € GL,(K). Since My (&, 7) is an R (&, 7)-module,

My (&,7) ®éE[[GLn(K)” Tag 1S an object in the derived category of R (&, 7)-modules (and

Roo(&, 7)[;]-modules).
Lemma B.2. There is an inequality
dimp Extéy, ) (Talg, Se.- (U7, E)[m]%n)
<dimp H' ((Roo(§, 7) /M) @ ¢,y (Moo (€, T) ®6 161, (1)) Tals))

where H=' denotes the cohomology group in the cohomologz’cal degree —1. Moreover, the
inequality is an equality if Moo(f,T)[}lo] is flat over R (€, 7')[ | at m.

Proof. We first show that
dimp Exty, o) (Talg, oo (€, 7)[m] %) = dimp H ™ (Moo(§,7)/m) ©5, 610 (1)) Tale)-  (296)
By [ST03, Thm. 7.1 (iii)]
-an 1
(Moo (&, 7)[m] %)Y = D(GLn(Ok), E) @(6L.0)]) (MOO(G,T)[Z;]/m)-

Using the flatness of D(GL,(Ok), E) over E[GL,(Ok)]] [ST03, Thm. 4.11] and that
)

D(GL,(K), E) ~ D(GL,(Ox), E) ® (L. El[GL(K)]], we have
(I, D)%™) = DGL(Ox). B) @i o) (Mac 671 /)
= D(GL(Ox). B) @0 EICLa(K)] @p(or, oy (Mae(€ D)),
= DIGL(Ox). B) ®f o) BICLa(K)] @y, oy (Moe(E D]/,

— D(GLa(K), E) @561, ey (Maol€, T)[;]/m)
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(for the last equality, we used the associativity of derived tensor products [We94, Example
10.8.1]). By definition of the extension groups and the above equality, we get

EXtéLn(K) (Walga (5 T) [m] Qp_an)
fEXtD(GLn(K (( (57 )[m]Qp-an)V, ﬂ-z\%/lg)

=H" (RHomp(cL, (x),5) (D(GL(K), B) @, (ky) (Moo &, )[ J/m), ma))

=H" (RHom g, (o)) (Mo (§, 7) [~ ]/mvﬂ-alg)) (297)

The strong dual 7, = Hom%" (7., ) is the space of continuous linear functions on
Talg. OINCE Tylg 1S equipped with the finest locally convex topology (cf. [STO1, § 3, p.119]),
any linear function on m,, is continuous. We see (using that any E-vector space is injective
in the category of E-vector spaces for the last equality)

T e = = Hom %™ (Tralg, F) = Homp (7, E) = RHomp(Tayg, F).

a

Hence by the tensor-Hom adjunction (replacing the E[[GL,,(K)]|]-module M (&, )[ |/m by
a projective resolution to calculate RHompqr, (k) [We94, Thm. 10.7.4] and then applymg
the adjunction between the functors — ® gyiar, (k)] Talg and Hompg(maye, —) [Bo98, 11.4.1]), we
have

RHomE[[GLn(K)”(MOO (5, T)[%]/m, ﬂ-z\x/lg) RHomE[[GLn K] ( <§ T)[ ]/m RHomE(ﬂ-alga E))
=RHomp((Mu(§, T)[ ]/m) ®E[[GLn(K)]] Talg) E).

The equality (296)) follows from taking H' and E-dual of the above and (297).

Next, we show that

dimp H™'(Mso(&,7)/m) 1L, ()] Tale)
<dimp H ' ((Roo(&,7) /M) @ (1) (Moo (&, T) @B 1L 16y Tale)- (298)

Write

M, = ( (5 T)/m) ®1{J200( &) My (577—)’

for short. We have an exact triangle in the derived category of Og|[[GL, (K)]]-modules:

Tg_lMx — Mx — TzoMx —
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where 7<_1, 7> denotes the canonical truncations for the cohomological complexes (see [St25,
Tag 08J.5]). Then 759M, ~ M,,. Applying the functor — ®éEHGLn(K)” Talg, We obtain an
exact triangle

(T<1 M) ®6 (1L (50))) Tals = M @8 (1ar, 50y Tale = Ma0 @6 (iar, (k)] Tals — -

Taking cohomology groups, we get a long exact sequence

- — H (M, ®(L’)E[[GLn(K)]] Talg) = H ™' (Mo ®éE[[GLn(K)}] Talg)
— H'((T<.1My) ©81ar, (k) Talg) =«
Notice that H((T<-1M.) ®§, (L. () Tale) = 0 since T<_1 M, concentrates in degrees < —1
and — ®éE[[GLn(K)]] Talg is I‘lght exact. Hence
dimp H™H(Ma.0 a1, (r0))) Talg) < dimg H™H (M, ©5,1ar,, (k) Tals)

by the above exact sequence. This is exactly the desired (298]).

Finally, the inequality in the lemma follows from combining (296 and (298).
If MOO(E,T)[I%] is flat over Roo(f,T)[%] at m, then (R (& 7)/m) ®§m(€ﬁ) Moo(g,T)[%] =

(Mm(f,f)/m)[]%] and hence lb is an equality.

We will study the (derived) R (&, 7)-module M (&, T) ®OE [GLn (k)] Talg and its derived
specialization

O

Roo(&,7)/m @ (e 1) (Moo(§,T) @, 1610 (1)) Tale)

at m. Recall that Ry (¢, 7) = (®vesruie) Bp, ) @0n(@ves\ (o0} Bas (Cos To))[T1, - - -, 24]]. Let
R%gs’)‘ be the quotient of R;_ constructed by Kisin [Ki08] parametrizing framed crystalline
deforma‘gions of ps with Hodge-Tate weights {h;,} (294). Let pgis’)‘ . Gal(F;/F5) —
GLn(R%;fS’)‘) be the universal framed crystalline deformation. There exists a universal -
module Dcrlb(pgls’\[p]) over RCHS)‘[ | ®q, Q,s attached to pcnSA[E] as in [Ki08, Thm. 2.5.5].

Let T" C GL, be the subgroup “of dlagonal matrices and let W be the Weyl group for GL,,.
After fixing an embedding Ky = Q,s < E, the coefficients of the characteristic polynomial

cris,\

of ¢/ on Des(p Ps

[ ]) ®Eeq,0 ;B induce a map
isarl
Spec(R%ESA[Z_)]) — GL, //GL, (299)

where GL,,//GL, ~ T/W ~ A% x G,, 5 is the GIT quotient for the adjoint action of
GL,, on itself. The coefﬁ(nents of the polynomial J[7_ S (X — ;) (see (295) for ;) define an

E-point ¢ in GL,//GL,. We let Spec(Rcm’\[ =]), be the fiber over ¢ of the map (299), a

closed subscheme of Spec(R%;s ’\[p]).

126


https://stacks.math.columbia.edu/tag/08J5

Lemma B.3. The following statements hold:

(i) There exists an open neighborhood U C GL,, //GL,, of ¢ such that the restriction of the
map to the inverse image of U is flat.

(i) The closed embedding Spee(Rcr1S ’\[ ])p = Spec(R; [%D is a regular immersion of codi-

mension n + ") "H K Q).

Proof. (i) Let Spec(Rms’\[ iHE — Spec(RmS)‘[ |) be the GL,, g-torsor trivializing the uni-
versal rank n bundle Dcm(p;rls ’\[ ]) ®Eq,0 _+ . By the proof of [Ki08, Thm. 3.3.8] (and the

equivalence between the Category of cp—modules over E ®q, Q,r and ©f-modules over E as
in [BSO7, § 4]), the map

©

il
Spec(R%rfS’A[];])D — GL, (300)

induced by the matrix of ¢/ is formally smooth at any closed points of Spec(R%?s”\[%])D.

This means that the maps between the complete local rings at closed points induced by
are formally smooth and, thus, flat by [St25, Tag 07PM]. Since flatness can be checked
after completion [St25, Tag 0C4G], the induced maps between local rings at closed points are
flat. Consequently, the map itself is flat by [St25, Tag O0HT]. The GIT quotient map
GL, — GL,//GL, is flat on the (open [St65, 2.14]) regular semisimple locus of GL, (the
fibers in this locus have constant dimensions, see [St65, Thm. 6.11, Rem. 6.15], and one can
apply the miracle flatness theorem). The composition Spee(RErls )‘[ ]) — GL, —» GL, //GL,

factors through (299). As ¢; # ¢, for i # j, we get that Spec(RmSA[p]) — GL, //GL, is

flat over an open neighborhood of ¢. Since Spec(RmSA[ DE — Spec(RC“S)‘[p]) is flat and
surjective, is also flat over an open nelghborhood of o by [St25, Tag 02J7Z].

(ii) By (i) the map (299) is flat over the inverse image of an open neighborhood U of ¢.
Denote this inverse image by V. Since the closed embedding p < U C A" 1 xG,, is a regular

embedding of codimension n, its flat base change Spec(RSrls A[ e =V C Spec(RErls ’\[p]) is

also regular by [St25] Tag 067P] and of codimension n. Hence it suffices to show that the

closed embedding Spec(R%r;”\[%]) — Spec(Rﬁﬁ[%]) is regular at points in Spec(Z%g;)is’)‘[l%])£

(i.e. for any point = € Spec(RcriS’/\[;]) there exists an open affine neighborhood V, C
Spec(R; [ ]) such that the immersion V,, ﬂSpec(RCHS)‘[ |) < V, is regular) using [St25] Tag

067Q)]. Since Spec(RErls )‘[ ]) is regular of dimension n? + [K : Q,n* — [K Qp]" (D) ([Ki08,
Thm. 3.3.8]), by [Gr67 Prop. 19.1.1], we only need to show that Spec(R%[—]) is regular at

. . p
any point in Spec(R%;S’A[é])f. For any closed point x € Spec(R%ZS“\[%])g, the complete local
ring of Spee(Rpﬁ[%]) at x is the framed deformation ring of the Galois representation p, at
x associated with = over local Artinian E,-algebras where E, denotes the residue field at x

(cf. [Ki09, Prop. 2.3.5]). Since p, is crystalline and generic by our assumption (gpigoj_l £ pf
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for all i # j), we have H?(Gal(F5/F5), End(p,)) ~ H°(Gal(F5/F5), End(p,) ® €) = 0 (using
the local Tate duality). Hence the framed deformation problem for p, is unobstructed and
the complete local ring at z is a formal power series ring of dimension n? + [K : Q,]n?. We
see SpeC(Rp@[%]) is regular along Spec(R%;iS’A[%])g. This concludes the proof. O

Let H = E[T]" be the coordinate ring of GL,//GL, = T/W. Let x, : H — E be the
character associated to the point . Then R%;S’)‘[%] ® Xy Is the coordinate ring of the fiber
Spec(R%;s”\[%])g. Set

RN, T) o= Rl 7) @, R

Ps

We get a map H — R%lgs’)‘[%] — RESME, 7)[5] induced by (299). By our assumption on

pr.5, the maximal ideal m C Roo(g,T)[%] corresponds to a maximal ideal of its quotient
Rggis’)\<€7 T)[;,l;] QO Xeop-

Lemma B.4. The complex Moo(f,‘T) ®éEHGLn(K)H Talg Of ROO(S,T)[%]—modules is quasi-iso-

morphic to a complex of finite Rgng»A(g,r)[%] ®w Xp-modules (seen as Roo(f,T)[%]—modules

via the surjection Roo(€, 7')[%] — RISA(E, 7')[%] ®u X ). Moreover, its localization at m,
(Moo(€,7) ® p1GLo (50)) Tale)m

(RN )] @1 X

=(Mw(&,7) @& 1GLn (K))] Talg) © Rerie g0 1@ Xe P

1
concentrates in degree 0 and is free of rank m over (RES (€, T)[%] Ry Xf)m-

Proof. The representation 7, has the form m,, = T ®p 0y Where 7y, is an irreducible
unramified principal series representation of GL,(K) and o,), is an irreducible algebraic rep-
resentation. The E[GL,(K)]-module E[GL,(K)] ®gar, o) £ coincides with the compact
induction of the trivial representation E of GL,(Ok) as a representation of GL,(K’). Then

H ~ EndGLn(K)<E[GLn(K)] ®E[GLn(0K)] E)

is isomorphic to the usual spherical Hecke algebra via the Satake isomorphism, and x,, :
H — E is the Satake parameter associated with 7,. There is an isomorphism of GL, (K )-
representations (see [Mo21l Thm. 1.2] for the first isomorphism and the flatness of
E[GL,(K)] ®gcL.ox) E over H in loc. cit. for the second isomorphism):

Tem = (E[GL,(K)] @picL, 0x)) E) @1 Xe ~ (E[GLL(K)] @picL, 0x) E) ©F Xe-

Tensoring 0., over E induces an isomorphism H ~ Endqr,, (k) (E[GLy (K)] ®plar, (o)) Talg)
and also an isomorphism (cf. the proof of [BHS171, Prop. 3.16])

Talg =~ (E[GLn<K)] ®E[GL,L((9K)] Ualg) 02 Xf = (E[GLTL<K)] ®E[GLn(OK)} Ualg) ®§-L Xf'
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Hence, we have

Moo (€,7) @b 1aLa ) Talg = Moo(§,T) @6 i1crn(xy) (EIGLn(K)] @B(GL(0x)] Talg) ©F X
= (Mo (&, 7) @010 (0x)]) Tale) B X

Here, H acts on M (&, 7) ®(LOE[[GLn(OK)H oag Dy acting on the the second factor of the right-
hand side of the following isomorphism

Moo (€, 7) @b aLnom)] Tale ~ Moo(€,T) @616,y (BIGLn(K)] ©BaL,(0k)) Talg)-
Since M (&, 7) is finite projective over SOO[[GLn((’)K)]], we see

M (§,7) ®0E (GLn(05)]] Tale = Moo(§,T) ®0p([GL(0k)]) Talg (301)

concentrates in degree 0 and is in fact a variant of the patched module MOO(UO)[%] in
[ICEGGPS16l, Lemma 4.14] if we take 0° a GL, (Ok)-stable Og-lattice in 0 := 0ag|ar, (0k)-
As in [CEGGPS16l p.257], the continuous FE-dual of My(&,7) ®0p[GL.(Ox)] Talg 1S
Homar, (0,)(Talg; s (§, 7)) and the transpose of the previous action of H on the Hom space
coincides with the usual Hecke action via the Frobenius reciprocity:

Homgr, (0y)(Falg, oo (€, 7)) = Homgr, () (E[GLA (K)] ®E(GL,(0k)] Talg: e (€, 7))

By (the same proof of) [CEGGPS16, Lemma 4.17] using the classical local-global compati-
bility at @, the action of R, on Muo(§, T) ®0g(GL,(0x)) Talg factors through Rfm’\[p], and
the Hecke action of H on it factors through the map

cris,\ 1
Mo R (302)

in [CEGGPS16, Thm. 4.1].

We show that the map induces the ring map after taking the spectra. The
map (302) interpolates the classical unramified local Langlands correspondence at @: for
any maximal ideal z € Spec(R%Zs”\[zl—?]) with the residue field E,, the composition H —
R%;S’)‘[%] — E, is the Satake parameter of the smooth representation of GL, (K) associated
with the Weil-Deligne representation attached to the crystalline representation p, associated
with z, cf. [CEGGPSI6], Prop. 4.2]. Since the Satake parameters are exactly given by the
characteristic polynomials of the f-power of the crystalline Frobenius, we see that the map
coincides with the ring map inducing after modulo an arbitrary maximal ideal

of Rfris’k[%]. Since the ring REHS)‘[];] is Jacobson (see for instance [Co09, § 2]), the map
R;rfs ’\[ | =1L Ex, Where x runs through all closed points of Spec(RC:S ’\[ ]), is an injection.

We Conclude that ( is indeed the ring map inducing ({2

Moreover, by the same proof as for [CEGGPSI6, Lemma 4.18], the module
Moo (&, T) ®0u[[GLa(0x)]) Talg is finite over Ry (&, 7')[1], and is Cohen-Macaulay over its sup-

port, which must be a union of components of Spec(RC“S A, 7')[ ]) C Spec(R (&, 7')[ ]). The
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argument on [BHSITI], p.1633] and the fact that the rings REHS )‘[ |, Rp. (&, Tv)[ l,ve S\{p}
are regular [KiO8, Thm. 3.3.8] imply that the ring R ’\(5 7')[]13] is regular at the maximal
ideal m. Hence Moo (&, 7) Q0 ((GLn (0 )] Talg 18 locally free over RESA(E, 1) [1—17] at m by the argu-
ments in the proof of [CEGGPS16, Lemma 4.18]: the difference from loc. cit. is that the rank
of Moo (&, 7) ®0p[[GL, (0x)]) Talg at m is m, the multiplicity of o, in T (€, T)[m]pralgth(oK)_

Hence, using (301)), the flatness of the map H — R%;S’A[é] at ¢ in Lemma [B.3{ (1), the

flatness of RISA(E, 7‘)[%] over R%gs”\[%], and the associativity of the derived tensor product
[We94, Example 10.8.1], the complex

(Moo(§:7) @B (L (0] Tals) O Xeo

cris 1
E(Moo<£7 '7') ®éE[[GLn(0K)” aalg) ®éggis,)\(£77_)[%] <Roo 7)‘<€, T) [5] ®9L_[ Xf)

cris, 1
(Moo (&, T) ®Op[IGLA(Ok)) Talg) ®1L;¢crm(57 )] (REP(E, T)[Z;] ®u Xy)

calculating M (§,T) ®(L?E[[GLn( Ky Talg 1S quasi-isomorphic to a complex of finite
RETSA(E, 7')[1] ®# Xp-modules. (If we take a projective resolution of Myo(§, T) ®op(GL.(0k)]
Talg by ﬁnlte free RTSA(E, T)[ ]-modules, we see M (&, 7) ®OE[[GLn(K)” Tae 1S also quasi-
isomorphic to a complex of ﬁmte free REESA(E, T)[ ] ®# Xxp-modules.) Its localization at
m is free of rank m over (RL™NE 7)[)] ®xu Xgo)m since the RSA(, 7)[1]-module
M (€, 7) @0u[[GLA (0] Talg 18 locally free of rank m at m by the previous dlscusswns. ]

Proposition B.5. We have

n(n+1)

dimp H™ ((Roo(§,7) /M) ®F (¢ ) (Mo (8, 7) @0 101, (1)) Tals)) = m(n + (K Qp))-

Proof. By Lemma [B.4] we have
(Mao(§:7) €8t T = (REHE ] O )"
as Roo(&, T)[%]m—modules. Hence
(Roo(§:7)/m) ®1sz(5,7) (M (&, 7) ®éE[[GLn(K)]] Talg)
/) ey (FENE P @) - (09)

Write for short R = Roo(f,T)[%] and let I be the kernel of the surjection
R — RIA(¢, 7-)[}_17] ®# X By (2) of Lemma and the flat base change along Rﬁﬁ[%] — R,
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the kernel I, of the map Ry, — (R/I)y is generated by a regular sequence fi,..., f; in Ry

of length d := n + 2t ”H K : @,). The sequence fi,..., fq is thus a Koszul regular sequence
in Ry ([St25, Tag 062F]) the Koszul complex [St25 Tag 0623]

0= ARE ... 5 R Ry (304)

is a projective resolution of the Ry-module Ry /I, where, for a basis ey, ...,eq of R%, the
differential A*R? — AP1RY is given by

o N Neg = Y (1) foeq Ao NEg A Ay,

The derived tensor product Ry, /m ®1L%m Ry /I, is calculated by the base change of the complex
(304) from Ry, to Ry/m:

0 = AYRy/m)? — -+ = (Ry/m) = Ry/m (305)

where the differentials still send the generators eg, A -« A ey, of AF(Ry/m)? to the image of
LD e A AE, A Aeg, in AFTH(Ry /m)? Since fi, ..., fa € In C mRBy, act

Bt A

particular, we have
H_l((Rm/m) ®ém R/ 1) =~ Al(Rm/m>d = (Rm/m)d

has dimension d = n+@[K : Q)] over E = Ry,/m. By . we see that

H ' ((R(&, T)/tﬂ)@ﬁoo(&) (M (&, T)®ég[[GLn(K)]]7ralg)) has dimension m(n+ =%~ ”H) (K :Q,))
over E. O
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