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Abstract

Let p be a prime number and K a finite unramified extension of Qp. For a
smooth representation π of GL2(K) occurring in some Hecke eigenspace of the
mod p cohomology of a Shimura curve, we explore different strategies (inspired
by the case K = Qp) to attack the locality question: does π depend only
on the underlying 2-dimensional representation ρ of Gal(K/K)? In particular
when [K : Qp] = 2, crucially using perfectoid geometry, we associate to ρ an
infinite-dimensional mod p smooth representation of

(
K× K

0 1
)
which we hope is

the restriction to
(
K× K

0 1
)
of the (irreducible) supersingular subquotient of π.
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1 Introduction

Let p be a prime number and K a finite extension of Qp. In the classical formulation
of the (hoped for) mod p Langlands correspondence for GL2(K), one would like to re-
late two-dimensional continuous representations ρ of Gal(K/K) in characteristic p to
certain finite length infinite-dimensional smooth representations π of GL2(K) in char-
acteristic p. The case K = Qp has been known for years ([Col10a], [Eme], [CDP14]),
but the case K 6= Qp has been challenging specialists for a quarter of a century, at
least in part due to a lack of classification of irreducible smooth representations of
GL2(K) in characteristic p (when K 6= Qp).
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Inspired by K = Qp, it is natural to first look for the representations of GL2(K)
in the mod p Betti cohomology H• of towers of Shimura varieties, or more precisely in
the Hecke-isotypic subspaces of Hd, where d is the dimension of the relevant Shimura
varieties and “Hecke-isotypic” means with respect to modular globalizations r of the
Galois representations ρ. When d ∈ {0, 1} it is known in many cases that the iso-
morphism class of such a Hecke-isotypic subspace π determines the one of ρ ([BD14],
[Sch18]). When moreover K is unramified and under several technical hypothesis (on
p, ρ, r), it was recently proven that π has finite length ([BHH+a], [Ber]). In general, π
could depend on more than ρ (for instance because of multiplicities that involve places
outside of p). But under a multiplicity one assumption on π (that can be satisfied
in practice), ρ 7→ π is a good candidate for a mod p Langlands correspondence for
GL2(K), or at least would be if we knew the answer to the following crucial question.
Question 1.1. Does π depend only on ρ?

Question 1.1, which is called the locality issue, is natural because everything that
can be calculated about π up till now (Serre weights, invariants under 1 + pM2(OK),
etc.) depends only on ρ. But over the years it has proved to be extremely difficult:
its answer is yes when K = Qp but so far there is no example of a single π when
K 6= Qp for which the answer is known. In this work, we do not answer Question 1.1
but we present a tentative approach to this locality issue (§ 4), as well as two failed
attempts so far (§ 2, § 3) but whose intermediate results may be of use in the future.

Let us temporarily return to K = Qp and assume that ρ : Gal(Qp/Qp)→ GL2(F)
is irreducible, or equivalently π is supersingular, which is the most interesting case
(in this introduction F is a sufficiently large finite extension of Fp so that all rep-
resentations are over F-vector spaces). Let D(ρ) be Fontaine’s cyclotomic (ϕ,Z×p )-
module over F((Zp)) ∼= F((T )) associated to ρ and recall there is a canonical surjection
ψ : D(ρ) � D(ρ) with ψ ◦ ϕ = id. Colmez found in [Col10a, § IV.4] several ways to
relate D(ρ) to the restriction of π to P :=

(
Q×p Qp
0 1

)
(up to twist, say). One way is

an equivariant injection π∨ ↪→ lim←−ψD(ρ) (where π∨ is the F-linear dual of π) which
induces an isomorphism

π∨|P
∼−→ lim←−

ψ

D(ρ)\, (1)

where D(ρ)\ is the unique minimal nonzero closed FJT K-submodule of D(ρ) which is
Z×p -stable and on which ψ is surjective. In particular π∨|P depends only on ρ and with
[Paš07] it follows that π depends only on ρ. Another way, which can also be deduced
from the injection π∨ ↪→ lim←−ψD(ρ), is an equivariant surjection (again stated here up
to twist):

D∞(ρ) := F((T p−∞))⊗F((T )) D(ρ) � π|P . (2)
A few years ago we began investigating what happens to (1) and (2) when Qp is
replaced by an unramified extension. Unsurprisingly we discovered a situation far
more complicated than for Qp. In this work we present our findings so far.
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Assume from now on thatK is unramified and let f := [K : Qp], q := pf . The Iwa-
sawa algebra FJOKK can be written as FJYσ, σ :Fq ↪→ FK for Yσ := ∑

λ∈F×q σ(λ)−1[λ] ∈
FJOKK, where [λ] ∈ O×K is the multiplicative representative of λ (seen in FJOKK). We
define the ring A as the completion of FJOKK[1/Yσ, σ : Fq ↪→ F] for the (Yσ)σ-adic
topology. Alternatively A is isomorphic to the Tate algebra F((Yσ))〈(Yσ′/Yσ)±1, σ′ 6=
σ〉 for any choice of σ. It is endowed with an F-linear Frobenius ϕ coming from the
multiplication by p onOK and with a commuting continuous action ofO×K also coming
from multiplication on OK . An étale (ϕ,O×K)-module over A is by definition a finite
free A-module D endowed with a semi-linear Frobenius ϕ whose image generates D
and a commuting continuous semi-linear action of O×K . Any étale (ϕ,O×K)-module D
is also endowed with a surjection ψ : D � D such that ψ ◦ ϕ = id.

Let ρ and π be as in Question 1.1 (we always assume ρ sufficiently generic). In
[BHH+25b] we associated to ρ an étale (ϕ,O×K)-module D⊗A(ρ) of rank 2f over A. In
[BHH+25a] we also defined

DA(π) := A⊗̂FJOKK(π∨), (3)

where the completion is for the tensor product topology (with the profinite topology
on π∨). In [BHH+25b] and [Wana] it is shown by explicit computations that DA(π)
and D⊗A(ρ) are isomorphic as étale (ϕ,O×K)-modules (up to twist). Together with
(3) we obtain a morphism π∨ → D⊗A(ρ) and denote by DA(π)\ its image, which is a
nonzero O×K-stable closed FJOKK-submodule of D⊗A(ρ) on which ψ is surjective. In the
rest of this introduction, in order to avoid principal series (which are not at all difficult
to handle but which behave slightly differently from supersingular representations),
we replace π by its maximal subquotient which has only (finitely many) supersingular
constituents (this subquotient exists by the main results of [BHH+a]). There is an
explicit subquotient D⊗A(ρ)ss of D⊗A(ρ) such that DA(π) ∼= D⊗A(ρ)ss (see (17), (18)).

Theorem 1.2. Let ρ, π be as above and recall P =
(
K× K

0 1

)
⊆ GL2(K).

(i) We have an isomorphism π∨|P
∼−→ lim←−ψDA(π)\.

(ii) Assume π is irreducible (which happens when f = 2 or when ρ is irreducible).
Then DA(π)\ is a minimal closed FJOKK-submodule of D⊗A(ρ)ss which is [F×q ]-
stable and on which ψ is surjective. Moreover π depends only on ρ if and only
if DA(π)\, as a ([F×q ], ψ)-module over FJOKK, depends only on ρ.

Part (i) is easy (Corollary 2.2.4) and part (ii) follows from part (i) and a strength-
ening of results of Paškūnas (Theorem 2.1.8 and Remark 2.1.7(ii)); see Corollary
2.2.7 and the paragraph below Remark 2.2.6. In fact, in most cases, using a further
strengthening of [Paš07] (Theorem 2.1.6) one can even forget the [F×q ]-action and
prove that DA(π)\ is a minimal closed FJOKK-submodule of D⊗A(ρ)ss on which ψ is
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surjective (Corollary 2.2.5). Even better, at least when f = 2 and ρ is reducible, we do
not need the surjectivity of ψ, that is, DA(π)\ is a minimal closed FJOKK-submodule
of D⊗A(ρ)ss preserved by ψ (Lemma 2.3.5).

Since D⊗A(ρ)ss is very simple when f = 2 and ρ is reducible (see (20) with (18)),
and ψ is also not very complicated (see (24) with (22)), we were hoping to find ways
to identify DA(π)\ inside D⊗A(ρ)ss in that case, even though we knew that DA(π)\ is
not of finite type over FJOKK (Proposition 2.3.1). However, we could not find one
single nonzero element inDA(π)\ (see Lemma 2.3.8). Also, contrary to the case f = 1,
there can exist several minimal nonzero closed FJOKK-submodules of D⊗A(ρ)ss which
are O×K-stable on which ψ is surjective (we give examples in Remark 2.2.6 but we
suspect this could be a general phenomenon).

As it seemed impossible to directly recognize DA(π)\, we tried a perfectoid ap-
proach (§ 3). When f = 1, D∞(ρ) in (2) is a dense subspace of lim←−ψD(ρ) and the
intersection X := D∞(ρ) ∩ lim←−ψD(ρ)\ is again dense in lim←−ψD(ρ)\ ∼= π∨|P (using
(1)). That is, π∨|P can also be described as the closure of X in lim←−ψD(ρ). When
f > 1, though we do not know what DA(π)\ is, there is a possible geometric interpre-
tation of (the analog of) X in terms of perfectoid geometry which depends only on
ρ as we explain now.

Replacing A by its perfectoid version A∞ := F((Y 1/p∞
σ ))

〈
(Yσ′/Yσ)±1/p∞ , σ′ 6= σ

〉
(a perfectoid Tate algebra over the perfectoid field F((Y 1/p∞

σ )) for any σ) we set
D⊗A∞(ρ) := A∞ ⊗A D⊗A(ρ) and likewise for D⊗A∞(ρ)ss. One easily checks there is a
canonical P -equivariant injection D⊗A∞(ρ)ss ↪→ lim←−ψD

⊗
A(ρ)ss (see Proposition 3.1.4).

Just as for f = 1 we define X := D⊗A∞(ρ)ss ∩ lim←−ψDA(π)\ (see (39)) which is an
FJ( 1 K

0 1 )K ∼= FJY p−∞
σ , σK-submodule of D⊗A∞(ρ)ss preserved by P (Lemma 3.1.7).

Fix an embedding σ0 : Fq ↪→ F (the choice of which does not matter) and set
σi := σ0 ◦ ϕi for i ∈ Z. As in [BHH+25b] we consider the two perfectoid spaces

ZLT := Spa
(
F((T 1/p∞

σ0 )),FJT 1/p∞
σ0 K

)
×Spa(F) · · · ×Spa(F) Spa

(
F((T 1/p∞

σ0 )),FJT 1/p∞
σ0 K

)
︸ ︷︷ ︸

f times

ZOK := Spa
(
FJY 1/p∞

σ0 , . . . , Y 1/p∞
σf−1

K,FJY 1/p∞
σ0 , . . . , Y 1/p∞

σf−1
K
)
\ V (Yσ0 , . . . , Yσf−1),

where Tσ0 is the variable of the Lubin–Tate formal group over OK associated to the
uniformizer p (we use the embedding σ0 to work with F-coefficients). The perfectoid
space ZLT is quasi-Stein (cf. § 3.2), while the perfectoid space ZOK is quasi-compact
(cf. § 3.3). Moreover ZLT is endowed with an action of (K×)f o Sf , ZOK is endowed
with an action of K× and there is a canonical quasiproétale surjection of perfectoid
spaces m : ZLT −→ ZOK such that m ◦ ((a0, . . . , af−1), w) = (∏i ai) ◦ m for ai ∈
K× and w ∈ Sf . (Here Sf is the permutation group in f variables.) Recall also
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that Spa(A∞, A◦∞) is an affinoid open subspace of ZOK and that ZLT = ZOK =
Spa(A∞, A◦∞) if (and only if) f = 1.

The perfectoid Lubin–Tate (ϕq,O×K)-module associated to ρ (and σ0) can be seen
as the space of global sections of a K×-equivariant vector bundle Vρ on
Spa(F((T 1/p∞

σ0 )),FJT 1/p∞
σ0 K). We define the following (K×)f o Sf -equivariant vector

bundle on ZLT:
Fρ := V(0)

ρ ⊗OZLT
V(1)
ρ ⊗OZLT

· · · ⊗OZLT
V(f−1)
ρ ,

where V(i)
ρ := pr∗iVρ for i ∈ {0, . . . , f − 1} with pri : ZLT → Spa(F((T 1/p∞

σ0 )),FJT 1/p∞
σ0 K)

the i-th projection. Let G := {(a0, . . . , af−1) ∈ (K×)f , ∏ ai = 1}oSf , then (m∗Fρ)G
is a K×-equivariant sheaf of OZOK-modules on ZOK and we have by [BHH+25b, § 2.7]
H0(Spa(A∞, A◦∞), (m∗Fρ)G) ∼= D⊗A∞(ρ). We give in Definition 3.3.10 a (K×)f o Sf -
equivariant subquotient F ss

ρ of Fρ such that

H0(Spa(A∞, A◦∞), (m∗F ss
ρ )G) ∼= D⊗A∞(ρ)ss.

The sheaf (m∗F ss
ρ )G is very difficult to study, as the map m is not a G-torsor when

f > 1 (we strongly suspect (m∗F ss
ρ )G is not locally free in general). However, if we

replace the 2-dimensional ρ by a 1-dimensional character χ of Gal(K/K), then Fχ
(defined similarly as Fρ) is isomorphic to OZLT as a G-equivariant vector bundle, and
one can check that (m∗OZLT)G ∼= OZOK (Lemma 3.3.5). Using H0(ZOK ,OZOK ) ∼=
FJY p−∞

σ , σK when f > 1 (Proposition 3.3.4, note that this is wrong when f = 1!), one
easily checks in that case H0(ZOK , (m∗Fχ)G) ∼= X, where X is defined as previously
replacing π by a certain principal series (see § 3.4). In general H0(ZOK , (m∗F ss

ρ )G) is
an FJY p−∞

σ , σK-submodule of D⊗A∞(ρ)ss preserved by P . The above case of dimension 1
makes it a natural candidate for the “possible geometric interpretation ofX depending
only on ρ” alluded to above:

Question 1.3 (Question 3.3.11, Question 3.3.12). Do we have H0(ZOK , (m∗F ss
ρ )G) ∼=

X inside D⊗A∞(ρ)ss? If so, is this submodule dense in lim←−ψDA(π)\ ∼= π∨|P ?

A positive answer to Question 1.3 would be enough to imply that π depends only
on ρ. Unfortunately, despite much effort and energy (including the use of computers),
we are still unable to even decide whether X or H0(ZOK , (m∗F ss

ρ )G) is zero or nonzero
(let alone if they are equal). Note that Fargues conjectures (in a broader context)
that H0(ZOK , (m∗F ss

ρ )G) 6= 0, see Remark 3.3.13.

Not being successful (so far) with the analog of (1) for K, we tried the analog of
(2) (§ 4). Indeed, it is not difficult to show that there is an equivariant surjection (up
to twist) D⊗A∞(ρ)ss � π|P , see § 4 (in particular (58)). But this still does not prove
that π|P depends only on ρ. For that we would again need a geometric interpretation
of the surjection D⊗A∞(ρ)ss � π|P depending only on ρ. We were able to discern a
candidate when f = 2 at least, which we explain now.
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One can rewrite H0(ZOK , (m∗F ss
ρ )G) ∼= H0(G,H0(ZLT,F ss

ρ )), hence it is natural to
consider the continuous group cohomology H1

cts(G,H0(ZLT,F ss
ρ )), where H0(ZLT,F ss

ρ )
is endowed with its natural Fréchet topology. We assume from now on f = 2. In
that case ZOK = U0 ∪ U1, where U0, U1 are affinoid perfectoid open subsets defined
by U0 = {|Yσ1| ≤ |Yσ0| 6= 0}, U1 = {|Yσ0| ≤ |Yσ1 | 6= 0} (see (46) for a more explicit
description). We have U0 ∩ U1 = Spa(A∞, A◦∞) (see the proof of Lemma 3.3.2).
Combining the Mayer–Vietoris sequence for the covering ZOK = U0 ∪ U1 with the
long exact sequence of continuous group cohomology for H0 and H1, we obtain the
following two exact sequences of P -representations (see (61) and (62)):

0 −→ H0(ZOK , (m∗F ss
ρ )G) −→ H0(U0, (m∗F ss

ρ )G)⊕H0(U1, (m∗F ss
ρ )G)

−→ D⊗A∞(ρ)ss δ−→ H1
cts(G,H0(ZLT,F ss

ρ )) (4)

0 −→ H1
cts

(
G/(p, p−1)Z, H0(ZLT,F ss

ρ )(p,p−1)Z
)
−→ H1

cts(G,H0(ZLT,F ss
ρ ))

res−→ H1
(
(p, p−1)Z, H0(ZLT,F ss

ρ )
)G
. (5)

By an explicit calculation we first prove (see § 4.2):

Proposition 1.4. The action of P on H1
(
(p, p−1)Z, H0(ZLT,F ss

ρ )
)G

is smooth.

As we look for a P -smooth quotient of D⊗A∞(ρ)ss, it is therefore natural to consider
the composition

D⊗A∞(ρ)ss δ−→ H1
cts(G,H0(ZLT,F ss

ρ )) res−−→ H1
(
(p, p−1)Z, H0(ZLT,F ss

ρ )
)G
. (6)

The following is our main result, see Theorem 4.3.1 and Corollary 4.3.4:

Theorem 1.5. The image of D⊗A∞(ρ)ss in the composition (6) is an infinite-dimen-
sional smooth representation of P over F which is Yσi-divisible for i ∈ {0, 1}, in
particular which has unbounded (Yσ0 , Yσ1)-torsion.

We hope that the image of D⊗A∞(ρ)ss via (6) is isomorphic to π|P (up to twist),
though we presently do not know how to attack this question. Proposition 1.4 and
Theorem 1.5 in fact hold for any continuous representation ρ : Gal(K/K)→ GL2(F)
with f = 2 without need of any global context, representation π or genericity condi-
tion (other than p > 2). Let us sketch the two main steps in the proof of Theorem 1.5.

The first main step is that the map H0(U0, (m∗F ss
ρ )G) ⊕ H0(U1, (m∗F ss

ρ )G) →
D⊗A∞(ρ)ss in (4) cannot be an isomorphism. This is in fact true with F ss

ρ replaced
by any nonzero G-equivariant vector bundle on ZLT, see Theorem 4.5.1. The proof
goes as follows. Assuming the above map is an isomorphism, one first proves that
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each H0(Ui, (m∗F ss
ρ )G) is a nonzero closed A∞-submodule of D⊗A∞(ρ)ss. For α ∈ Q,

α < 1 sufficiently close to 1 we define Vα := {|Yσ0| = |Yσ1 |α 6= 0} ⊆ U0 and prove
that m−1(Vα)→ Vα is again a G-torsor, so that H0(Vα, (m∗F ss

ρ )G) is a nonzero locally
free H0(Vα,OVα)-module. Then, taking moreover α−1 ∈ Z[1/p], we prove that the
restriction map H0(U0, (m∗F ss

ρ )G) → H0(Vα, (m∗F ss
ρ )G) is both injective and zero,

yielding a contradiction since H0(U0, (m∗F ss
ρ )G) 6= 0 under our assumption. The

injectivity essentially comes from the inclusion Vα ⊆ U0 (though we also use the
injection H0(U0, (m∗F ss

ρ )G) ↪→ H0(U0 ∩ U1, (m∗F ss
ρ )G) ∼= D⊗A∞(ρ)ss). The fact the

map is 0 is more subtle and comes from the A∞-structure on H0(U0, (m∗F ss
ρ )G) and

the definition of Vα which force any element of H0(U0, (m∗F ss
ρ )G) to have image 0 in

H0(Vα, (m∗F ss
ρ )G).

The second main step crucially uses the fact that the H0(ZOK ,OZOK )-modules
H0(ZOK , (m∗F ss

ρ )G) and H1
cts(G/(p, p−1)Z, H0(ZLT,F ss

ρ )(p,p−1)Z) are derived complete
with respect to the ideal I = (Yσ0 , Yσ1) of FJY p−∞

σ0 , Y p−∞
σ1 K ∼= H0(ZOK ,OZOK ), a

property which is well-behaved with respect to exact sequences. Now, assume that the
composition (6) is 0, then from (5) we get an H0(ZOK ,OZOK )-linear map D⊗A∞(ρ)ss →
H1

cts(G/(p, p−1)Z, H0(ZLT,F ss
ρ )(p,p−1)Z). As Yσ0 (or Yσ1) is invertible on the source and

the target is derived complete with respect to I, this map is also 0. Hence by (4) we
have a short exact sequence of H0(ZOK ,OZOK )-modules

0→ H0(ZOK , (m∗F ss
ρ )G)→ H0(U0, (m∗F ss

ρ )G)⊕H0(U1, (m∗F ss
ρ )G)→ D⊗A∞(ρ)ss → 0,

which implies H0(ZOK , (m∗F ss
ρ )G) 6= 0 by the first main step. Since Yσ0 is invert-

ible on D⊗A∞(ρ)ss and since H0(ZOK , (m∗F ss
ρ )G) is derived complete with respect

to I, this exact sequence splits, i.e., there are H0(ZOK ,OZOK )-linear surjections
H0(Ui, (m∗F ss

ρ )G) � H0(ZOK , (m∗F ss
ρ )G) for i = 0, 1. Since H0(ZOK , (m∗F ss

ρ )G) is
derived complete these surjections must again be 0, contradiction. Hence the com-
position (6) is nonzero. The fact D⊗A∞(ρ)ss is Yσi-divisible for i ∈ {0, 1} then implies
Theorem 1.5.

As a byproduct of the proof of Theorem 1.5 we could at least prove (see Corollary
4.3.5 and recall we do not know if H0(ZOK , (m∗F ss

ρ )G) is 0 or not):

Corollary 1.6. Assuming f = 2, at least one of the spaces H0(ZOK , (m∗F ss
ρ )G),

H1
cts(G/(p, p−1)Z, H0(ZLT,F ss

ρ )(p,p−1)Z) is nonzero.

Finally, in §§ 4.4, 4.6 we check what happens to (4), (5) and the image of (6)
when F ss

ρ is replaced by Fχ for a 1-dimensional character χ of Gal(K/K) (recall that
(m∗Fχ)G ∼= OZOK ). In that case everything is (so!) much easier: we have an isomor-
phism H1

cts(G,H0(ZLT,Fχ)) ∼= H1(ZOK ,OZOK ) (Proposition B.1 in the appendix),
from which we deduce that the P -representation H1

cts(G,H0(ZLT,Fχ)) is irreducible
smooth, the map δ in (4) is surjective and H1

cts(G/(p, p−1)Z, H0(ZLT,Fχ)(p,p−1)Z) = 0
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(Corollary 4.4.3, Proposition 4.4.4). In § 4.6 we then check that the image of (6) is a
codimension one P -equivariant subspace of a principal series, just as expected.
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2 Trying to directly prove the locality of π

Let π be a finite length admissible supersingular representation of GL2(K) over F of
global origin with only supersingular constituents. We explain how difficult it is to
determine the image of π∨ in the (ψ,O×K)-module DA(π) defined in (3) as soon as
f ≥ 2, even when f = 2, though DA(π) itself is explicit.

2.1 A strengthening of results of Paškūnas

We assume f ≥ 1 and strengthen some of the results of [Paš07].
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We consider the following subgroup of GL2(K):

Q :=
(
pZ K
0 pZ

)
.

We shall study the restriction to Q of an irreducible admissible supersingular rep-
resentation of GL2(K) over F, generalizing the results of [Paš07] which treat the
restriction to the Borel subgroup B (containing Q).

We let I :=
( O×K OK
pOK O×K

)
the Iwahori subgroup, I1 :=

(
1+pOK OK
pOK 1+pOK

)
⊆ I the pro-

p-Iwahori subgroup and H :=
( [F×q ] 0

0 [F×q ]

)
which is isomorphic to I/I1. We have the

following decomposition
GL2(K) = QI tQ

(
0 1
1 0

)
I. (7)

Using B = QT0, where T0 :=
(O×K 0

0 O×K

)
, this follows from the more familiar formula

GL2(K) = BI tB
(

0 1
1 0

)
I.

Let Z1 be the center of I1 and let mI1 (resp. mI1/Z1 , mN0) be the maximal ideal
of the local Iwasawa algebra FJI1K (resp. FJI1/Z1K, FJN0K ∼= FJOKK). If π is a
smooth representation of GL2(K) over F with a central character, define an increasing
filtration Fnπ := π[mn+1

I1/Z1
] for all n ≥ −1, with the convention that F−1π = {0}. If

v ∈ π, define
deg(v) := min{n ≥ −1 : v ∈ Fnπ} ∈ Z≥−1.

Hence deg(v) = −1 if and only if v = 0 and deg(v) = 0 if and only if v ∈ πI1\{0}.
We can also restrict π to N0 :=

(
1 OK
0 1

)
and define similarly

deg′(v) := min{n ≥ −1 : v ∈ π[mn+1
N0 ]}.

It is clear that deg(v) ≥ deg′(v) and deg(v) = 0⇒ deg′(v) = 0.

We fix an embedding σ0 : Fq ↪→ F and use FJN0K ∼= FJY0, Y1, . . . , Yf−1K, where
Yj := Yσ0◦ϕj with Yσ := ∑

λ∈F×q σ(λ)−1
(

1 [λ]
0 1

)
for σ : Fq ↪→ F. For k ∈ Zf≥0 we write

‖k‖ :=
f−1∑
i=0

ki, Y k :=
f−1∏
i=0

Y ki
i . (8)

For 0 ≤ j ≤ f − 1 we let Zj := ∑
λ∈F×q σ0(λ)−pj

(
1 0
p[λ] 1

)
∈ mI1/Z1 (do not confuse

Z1 here with the center of I1!), and let yj, zj ∈ gr(FJI1/Z1K) denote the reductions
of Yj, Zj in degree −1 in the associated graded ring gr(FJI1/Z1K) with respect to
the filtration (mn

I1/Z1
)n≥0. Incidentally, we recall that gr(FJI1/Z1K) is the universal

enveloping algebra of an F-Lie algebra with basis yj, zj, hj := [yj, zj] (0 ≤ j ≤ f −
1), where hj is central, cf. [BHH+23, § 5.3]. Let J0 denote the (2-sided) ideal of
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gr(FJI1/Z1K) generated by all hj, so that gr(FJI1/Z1K)/J0 is a commutative polynomial
algebra in the yj, zj (0 ≤ j ≤ f − 1). For later reference we also recall the ideal
J := (hj, yjzj : 0 ≤ j ≤ f − 1) of gr(FJI1/Z1K) that contains J0 and such that
gr(FJI1/Z1K)/J is isomorphic to the commutative ring F[yj, zj]/(yjzj; 0 ≤ j ≤ f − 1).
Note also that gr(FJN0K) ∼= F[yj; 0 ≤ j ≤ f − 1] with Yj ∈ mN0 lifting yj.

We let gr(π) denote the graded gr(FJI1/Z1K)-module with respect to the filtration
Fnπ. By one of the main results of [BHH+23], in a global setting and under some
hypotheses, gr(π) factors as a module over gr(FJI1/Z1K)/J ∼= F[yj, zj]/(yjzj; 0 ≤ j ≤
f − 1). The following result is the key lemma for Theorem 2.1.6.

Lemma 2.1.1. Let π be a smooth representation of GL2(K) over F with a central
character such that gr(π) is annihilated by the 2-sided ideal J0. Let v ∈ π\{0} be an
element fixed by

(
1 0

pOK 1

)
. Then there exists k ∈ Zf≥0 with ‖k‖ = deg(v) such that

0 6= Y kv ∈ πI1. Moreover, we have

deg(v) = deg′(v).

Proof. For w ∈ π let gr(w) ∈ gr(π) be the image of w in π[mdeg(w)+1
I1/Z1

]/π[mdeg(w)
I1/Z1

] if
w 6= 0 and gr(w) := 0 if w = 0. The proof is as in [BHH+25b, Prop. 3.5.1]. In
loc. cit. the following fact is proved: if w ∈ π is not fixed by I1 and if gr(w) ∈ gr(π)
is annihilated by all variables zj, then there exists i ∈ {0, . . . , f − 1} such that
yi gr(w) 6= 0 in gr(π). (This does not use that gr(π) is annihilated by the ideal J ,
only that mI1/Z1 is generated by all Yj and Zj.) As a consequence, Yiw 6= 0 in π,
gr(Yiw) = yi gr(w) in gr(π) and

deg(Yiw) = deg(w)− 1.

Now for v as in the statement we first show that there exists k ∈ Zf≥0 with ‖k‖ =
deg(v) such that Y kv ∈ πI1\{0}. If v ∈ πI1 we are done. Otherwise the assumption on
v implies zj gr(v) = 0 for all j, and as above we get Yiv 6= 0 and deg(Yiv) = deg(v)−1
for some i ∈ {0, . . . , f − 1}. If Yiv ∈ πI1 we are done. Otherwise, as gr(v) is killed by
all zj and gr(FJI1/Z1K)/J0 is commutative, yi gr(v) is also killed by all zj, hence we
may repeat the same argument replacing v by Yiv. Inductively we obtain k ∈ Zf≥0 such
that Y kv ∈ πI1\{0} and deg(Y kv) = deg(v) − ‖k‖. Hence deg(v) = ‖k‖. Moreover
we have deg(v) ≥ deg′(v) ≥ ‖k‖ = deg(v), where the first inequality is general and
the second holds since Y kv 6= 0.

Remark 2.1.2. We originally proved Lemma 2.1.1 with gr(π) killed by J instead of
just J0. The fact it holds with J0 was suggested to us by Yitong Wang.

Let Π :=
(

0 1
p 0

)
and for 0 ≤ i ≤ q − 1 define the following operator

Si :=
∑
λ∈Fq

λi
(
p [λ]
0 1

)
=
∑
λ∈Fq

λi
(

[λ] 1
1 0

)
Π ∈ F[Q].
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Recall that Si is nicely compatible with the H-action:(
[a] 0
0 [b]

)
◦ Si = (ba−1)i

(
Si ◦

(
[a] 0
0 [b]

))
∀ a, b ∈ F×q . (9)

For n ≥ 1 we write (Si)n for Si ◦ · · · ◦ Si (n times).

If π is a smooth representation of GL2(K) over F and v ∈ πI1 , the set {Πv, Siv :
0 ≤ i ≤ q− 1} spans the finite-dimensional GL2(OK)-representation 〈GL2(OK) ·Πv〉.
Assuming that v is an I-eigenvector with eigencharacter χ, note that the latter is just
the image of the induced morphism IndGL2(OK)

I χs → π|GL2(OK), where FΠv ∼= χs ↪→
π|I (the statement follows from [BP12, Lemma 2.5(ii)]). More precisely, the elements
fj, φ of [BP12, § 2] are sent to Sjv, Πv, respectively. We observe that if χ 6= χs then
any proper quotient Q of IndGL2(OK)

I χs is multiplicity free as an H-representation, so
QI1 is spanned by {Sjv, j ∈ T} for some subset T ⊆ {0, . . . , q − 1}.

Lemma 2.1.3. Keep the above notation. Then the GL2(OK)-representation τ :=
〈GL2(OK) · Πv〉 is irreducible if and only if τ I1 has dimension 1.

Proof. The condition is clearly necessary. Conversely, assume dimF τ
I1 = 1. As

(IndGL2(OK)
I χs)I1 has dimension 2, τ is a proper quotient of IndGL2(OK)

I χs. If χ = χs,
the statement follows from [BP12, Lemma 2.6]. If χ 6= χs, then by [BP12, Thm. 2.4]
the cosocle of IndGL2(OK)

I χs, hence of τ , is irreducible; we denote it by σ. Using
[BP12, Lemma 2.7], we see that the natural morphism τ I1 → σI1 is always surjective,
so that the following sequence

0→ rad(τ)I1 → τ I1 → σI1 → 0

is exact. Since dimF τ
I1 = 1 by assumption, we must have rad(τ)I1 = 0, hence

rad(τ) = 0 and τ ∼= σ.

We recall [Hu12, Lemme 2.9]:

Lemma 2.1.4. Let π be an irreducible supersingular representation of GL2(K) over
F with a central character. Then for any v ∈ πI1 there exists an integer n � 0 such
that (S0)nv = 0.

For 0 ≤ r ≤ q − 1, we write r = ∑f−1
j=0 p

iri for its p-adic expansion. If 0 ≤ r, r′ ≤
q− 1, we write r � r′ if rj ≤ rj for all j. We need to introduce the following (subtle)
condition:

(C) πI1 does not contain any pair of characters {χ1, χ2} such that χ2 = χ1det(q−1)/2.

Condition (C) will be satisfied in most applications.
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Lemma 2.1.5. Let π be an irreducible admissible supersingular representation of
GL2(K) over F satisfying (C). Let v, v′ ∈ πI1\{0} on which I acts via characters
χ, χ′ respectively. Assume χ 6= χ′. Then there exist k ≥ 1 and a sequence of integers
i1, . . . , ik ∈ {0, 1, . . . , q − 1} such that precisely one of the vectors (Sik ◦ · · · ◦ Si1)(v),
(Sik ◦ · · · ◦ Si1)(v′) is nonzero.

Proof. First note that if there exists i ∈ {0, . . . , q− 1} such that Siv = 0 but Siv′ 6= 0
(resp. Siv 6= 0 but Siv′ = 0), then we are done. Thus we can assume

∀ 0 ≤ i ≤ q − 1, Siv = 0⇐⇒ Siv
′ = 0. (10)

Note also that Siv ∈ πI1 if and only if Si′v = 0 for any i′ � i, i′ 6= i; this follows from
the explicit formula for Si (where µ ∈ F×q ):

(
1 −[µ]
0 1

)
Siv =

∑
i′�i

(
i

i′

)
µi−i

′
Si′v.

Step 1. By Lemma 2.1.4, there exists n ≥ 0 such that (S0)n+1v = 0 and
(S0)n+1v′ = 0. Choosing n to be the smallest non-negative integer such
that (S0)n+1v = 0 or (S0)n+1v′ = 0, and replacing v by (S0)nv and v′ by (S0)nv′, we
may assume S0v = 0 or S0v

′ = 0. By (10) we have S0v = S0v
′ = 0.

Step 2. We choose 0 ≤ i1 ≤ q − 1 such that Si1v ∈ πI1 and 〈GL2(OK) · Si1v〉
is an irreducible representation of GL2(OK): this is possible by [Paš07, Lemma 4.1].
By (10) and the comment that follows we also have Si1v′ ∈ πI1\{0}. Replacing v
(resp. v′) by Si1v (resp. Si1v′), we may assume 〈GL2(OK) · v〉 irreducible. If S0v 6= 0
then it again generates an irreducible representation of GL2(OK) by [BP12, Lemma
2.6], [BP12, Lemma 2.7]. Replacing v, v′ by (S0)nv, (S0)nv′ respectively (as in Step
1), we can furthermore assume S0v = S0v

′ = 0.

Step 3. We prove that χ 6= χs and χ′ 6= χ′s. Assume by contradiction χ = χs.
Since S0v = 0, [BP12, Lemma 2.6] implies Siv = 0 except for i = q − 1. By (10), we
also have Siv′ = 0 except for i = q − 1, which implies χ′ = χ′s (using [BP12, Lemma
2.7]). Using condition (C) and the fact π has a central character, we get χ = χ′,
contradiction.

Step 4. Let r ∈ {1, . . . , q− 2} be the unique integer such that χ(
( [a] 0

0 [a]−1

)
) = ar

for a ∈ F×q . Let τ := 〈GL2(OK) · Πv〉 6= 0. Since S0v = 0, [BP12, Lemma 2.7(i)]
implies 0 6= Srv ∈ FΠv ⊆ τ I1 ⊆ πI1 . Hence Π(Srv) ∈ Fv\{0} as π has a central
character. Since we have 〈GL2(OK) · v〉 irreducible by Step 2, 〈GL2(OK) ·Π(Srv)〉 is
irreducible. By (10) and the comment that follows we also have Srv′ ∈ πI1\{0}.

Step 5. Set v1 := Srv, v′1 := Srv
′ in πI1 \ {0}, and let χ1, χ

′
1 be the corresponding

characters of H. Then χ1 6= χ′1 by (9), as χ 6= χ′. By Step 4, τ1 := 〈GL2(OK) ·Πv1〉 is
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an irreducible representation of GL2(OK) (and hence is the cosocle of IndGL2(OK)
I χs1),

in particular τ I1
1 is 1-dimensional. Thus the set {j : Sjv1 6= 0} has a unique minimal

element with respect to �. Assuming (10) for v1 and v′1 (otherwise we are done), we
see from [BP12, Lemma 2.7] together with (10) and the comment that follows that
dimF τ

′I1
1 = 1, where τ ′1 := 〈GL2(OK) ·Πv′1〉. Hence τ ′1 is irreducible by Lemma 2.1.3.

Using [BP12, Lemma 2.7] and (10) again we see that τ1 and τ ′1 are isomorphic up
to twist; indeed the set {j : Sjv1 6= 0} determines τ1 up to twist. Using condition
(C) (and the fact π has a central character) it is easy to check that all this implies
χ1 = χ′1, contradiction. This finishes the proof.

Since |H| is prime to p, for any v ∈ π we can write

v =
∑

χ:H→F×
vχ, (11)

where the sum runs over all characters χ : H → F× and H acts on vχ via χ. Such an
expression is unique, and vχ ∈ πI1 if v ∈ πI1 . Define the length of v ∈ π as

`(v) := |{χ : vχ 6= 0}| ∈ Z≥0.

Note that `(v) = 0 if and only if v = 0 and `(v) = 1 if and only if v is a nonzero
eigenvector of H.

The following result is a strengthening of [Paš07, Thm. 4.3] for certain supersin-
gular representations of GL2(K).

Theorem 2.1.6. Let π be an irreducible admissible supersingular representation of
GL2(K) over F satisfying (C) and such that gr(π) is annihilated by the ideal J0, then
π|Q is irreducible.

Proof. We modify the proof of [Paš07, Thm. 4.3]. Let w ∈ π\{0}. Since π is smooth,
there exists an integer n ≥ 0 such that w is fixed by

(
1 0

pn+1OK 1

)
. Write t :=

(
p 0
0 1

)
.

Using the equality (
1 0

pnOK 1

)
t = t

(
1 0

pn+1OK 1

)
, (12)

we see that tnw is fixed by
(

1 0
pOK 1

)
. Thus by Lemma 2.1.1 and the assumption on

gr(π), we obtain a nonzero element v ∈ 〈Q · w〉 ∩ πI1 . Since the maps w 7→ tw and
w 7→ Yiw send H-eigenvectors to H-eigenvectors (maybe zero), we have `(v) ≤ `(w).

Next we show that there exists a nonzero element in 〈Q ·w〉 ∩ πI1 which is an H-
eigenvector. Writing v = ∑

χ vχ as in (11), it follows that vχ ∈ πI1 . If vχ = 0 except
for one χ, we are done. Otherwise, there exist χ1 6= χ2 such that vχ1 6= 0 and vχ2 6= 0.
By Lemma 2.1.5 there exists a sequence of integers i1, . . . , ik ∈ {0, 1, . . . , q − 1} such
that either (Sik ◦· · ·◦Si1)vχ1 = 0 or (Sik ◦· · ·◦Si1)vχ2 = 0 (but not both). In particular
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(Sik ◦ · · ·◦Si1)v is nonzero and has length strictly less than `(v) (recall (9)). Applying
the argument in the first paragraph of this proof to (Sik ◦ · · · ◦Si1)v ∈ 〈Q ·w〉 instead
of w (note that (Sik ◦ · · · ◦ Si1)v need not be fixed by I1) and noting that the length
can only decrease, we finally obtain after finitely many iterations

0 6= v′ ∈ 〈Q · v〉 ∩ πI1 ⊆ 〈Q · w〉 ∩ πI1

with `(v′) = 1, equivalently v′ is an H-eigenvector. By Lemma 2.1.4 (and again (9)),
replacing v′ by (S0)nv′ for a suitable n ≥ 0 we can moreover assume that v′ ∈
〈Q · v〉 ∩ πI1 ⊆ 〈Q · w〉 ∩ πI1 is a nonzero eigenvector of H such that S0v

′ = 0.

By [Paš07, Lemma 3.4] we have(
0 1
1 0

)
v′ = −

∑
λ∈F×q

(
−p[λ−1] 1

0 p−1[λ]

)
v′

= −
∑
λ∈F×q

(
p [λ−1]
0 p−1

)(
−[λ−1] 0

0 [λ]

)
v′. (13)

Since v′ is an H-eigenvector, we deduce
(

0 1
1 0

)
v′ ∈ 〈Q · v′〉. Since π is an irreducible

GL2(K)-representation and I acts on v′ via a character, we obtain using (7):

π = 〈GL2(K) · v′〉 = 〈Q · v′〉 ⊆ 〈Q · w〉.

Hence π = 〈Q · w〉 for any nonzero w ∈ π and so π|Q is irreducible.

Remark 2.1.7.

(i) Since any irreducible admissible representation of GL2(K) over F has a central
character, we can even replace Q by

(
pZ K
0 1

)
in Theorem 2.1.6.

(ii) It is likely that the statement of Theorem 2.1.6 does not hold without assuming
(C). But if one replaces Q by the larger subgroup QH (or by

(
pZ[F×q ] K

0 1

)
in

view of (i)) then one can prove the statement holds without assuming that π
satisfies (C). The proof is similar but much simpler as we do not need Lemma
2.1.5 anymore and can directly use the H-action to get an H-eigenvector in
〈QH · w〉 ∩ πI1 .

We also have the following partial strengthening of [Paš07, Thm. 4.4].

Theorem 2.1.8. Let π and π′ be smooth representations of GL2(K) over F admitting
a central character. Assume

(i) π is irreducible admissible supersingular;
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(ii) both gr(π) and gr(π′) are annihilated by the ideal J0.

Then the restriction map induces an isomorphism

HomGL2(K)(π, π′) ∼−→ HomQH(π, π′).

Proof. We follow the proof of [Paš07, Thm. 4.4]. Clearly the restriction map is
injective. We need to show that any f ∈ HomQH(π, π′) is automatically GL2(K)-
equivariant. We may assume f is nonzero, so f is injective since π|QH is irreducible
by Remark 2.1.7(ii) with assumption (i). As a consequence, we deduce the following
fact: if v ∈ π\{0}, then f(v) ∈ π′\{0} and f induces an N0-equivariant isomorphism
〈N0 · v〉

∼−→ 〈N0 · f(v)〉. This implies in particular

deg′(v) = deg′(f(v)). (14)

Choose v ∈ πI1\{0}. A priori, f(v) need not be fixed by
(

1 0
pOK 1

)
. But since π′ is

smooth, there exists an integer n ≥ 1 such that f(v) is fixed by
(

1 0
pn+1OK 1

)
. As in the

proof of Theorem 2.1.6, we know that tnf(v) is fixed by
(

1 0
pOK 1

)
(and tnv is also fixed

by
(

1 0
pOK 1

)
by (12) since v ∈ πI1). Thus by Lemma 2.1.1 (which uses assumption

(ii)), we have

deg(tnv) = deg′(tnv) = deg′(tnf(v)) = deg(tnf(v)), (15)

where the middle equality holds by (14). Moreover, still by Lemma 2.1.1 there exists
k ∈ Zf≥0 such that ‖k‖ = deg(tnv) and Y ktnv ∈ πI1\{0}. Then we have

deg(Y ktnf(v)) ≤ deg(tnf(v))− ‖k‖ (15)= 0,

where the first inequality is a (trivial) general fact and the second follows from (15).
Since Y ktnf(v) 6= 0 as Y ktnv 6= 0 and f is injective, we deduce deg(Y ktnf(v)) = 0
hence Y ktnf(v) ∈ (π′)I1 . Now we put

v′ := Y ktnv,

so that v′ ∈ πI1\{0} and f(v′) ∈ (π′)I1\{0}. Using Lemma 2.1.4 (applied to v′)
together with the injectivity and Q-equivariance of f , we can replace v′ by (S0)nv′
for a suitable integer n ≥ 0 and assume moreover S0v

′ = 0 and S0f(v′) = 0. Using
GL2(K) = QHI1 ∪QH

(
0 1
1 0

)
I1 with formula (13) and the QH-equivariance of f , we

can then conclude as in the end of the proof of [Paš07, Thm. 4.4].

Remark 2.1.9. Theorem 2.1.8 is wrong with Q instead of QH, even assuming that
π and π′ satisfy (C). Indeed consider θ : K× → F× such that θ(pZ(1 + pOK)) = 1
and θ(x) = xr for x ∈ [F×q ] and r ∈ {1, . . . , q − 2}. Then for any π we have π|Q ∼=
(π ⊗ (θ ◦ det))|Q but π and π ⊗ (θ ◦ det) are not isomorphic as QH-representations
(assuming π satisfies (C) if r = (q − 1)/2).
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2.2 The mysterious compact module DA(π)\

For a smooth representation π of GL2(K) that is contained in category C of [BHH+25a,
§ 3.1.2] we study the relations between π and the image of π∨ in DA(π).

Let π be an admissible smooth representation of GL2(K) over F on which Z1 acts
trivially. We define as in (3)

DA(π) := A⊗̂FJN0K(π∨),

where π∨ carries its mI1/Z1-adic filtration. We will assume from now on that π lies
in category C defined in [BHH+25a, § 3.1.2]1, which we recall means that gr(DA(π))
is a finitely generated gr(A)-module. Note that if some power of J kills gr(DA(π)),
then π ∈ C, and if π ∈ C, then DA(π) is a finite free A-module.

As π ∈ C, we have that DA(π) is a (possibly 0) finite free (ϕ,O×K)-module over A
endowed with a continuous surjection

ψ : DA(π) � DA(π)

commuting with O×K and such that ψ(ϕ(a)d) = aψ(d) for all (a, d) ∈ A×DA(π) (see
[BHH+25a, Rk. 3.26]).

Recall that the (ψ,O×K)-module DA(π) has a maximal étale quotient DA(π)ét,
which is also a finite free A-module. It has the property that there is a canonical
continuous ϕ-semilinear ϕ : DA(π)ét → DA(π)ét that commutes with the action of
O×K and such that ψ(aϕ(d)) = ψ(a)d for all a ∈ A, d ∈ DA(π) [BHH+25a, § 3.1.3].

Remark 2.2.1. We choose to define the action of FJN0K on π∨ and hence DA(π) by
λf = f ◦ λ for λ ∈ FJN0K, cf. [BHH+25a, Rk. 3.22].

We define the subgroup (called mirabolic)

P :=
(
K× K

0 1

)
⊆ GL2(K).

For a (ψ,O×K)-module D over FJN0K, as in [Col10b, Prop. III.1.1] we endow

lim←−
ψ

D := {(dn)n≥0, dn ∈ D, ψ(dn) = dn−1 for n ≥ 1}

1We remark that the definition in [BHH+25a, § 3.1.2] is slightly incorrect, since there it was
assumed that objects admit a central character, and this condition is not stable under direct sums.
We thank Changjiang Du for pointing this out.

17



with a left P -action as follows, where a ∈ O×K and b ∈ K:(
p 0
0 1

)
: (d0, d1, . . . ) 7→ (d1, d2, . . . ),(

p−1 0
0 1

)
: (d0, d1, . . . ) 7→ (ψ(d0), d0, d1, . . . ),(

a 0
0 1

)
: (d0, d1, . . . ) 7→ (a(d0), a(d1), . . . ),(

1 b
0 1

)
: (d0, d1, . . . ) 7→ (

(
1 b
0 1

)
d0,

(
1 pb
0 1

)
d1,

(
1 p2b
0 1

)
d2, . . . ).

We are abusing notation in the last row: we have pnb ∈ OK and so
(

1 pnb
0 1

)
∈ FJN0K ⊆

A for large n only, but by cofinality we can ignore the first n coordinates. It is easy
to check that this is well-defined.

From the definition of DA(π) we have a canonical continuous morphism of FJN0K-
modules π∨ → DA(π) which commutes with ψ and O×K and whose image generates
DA(π) as A-module (the N0-action on π∨ differs from the usual one by the automor-
phism

(
1 y
0 1

)
7→
(

1 −y
0 1

)
, cf. Remark 2.2.1 and the reference there). Here a ∈ O×K acts

on π∨ as f 7→ f ◦
(
a−1 0

0 1

)
and ψ on π∨ is f 7→ f ◦

(
p 0
0 1

)
. We define

DA(π)\ := im(π∨ → DA(π)), (16)

which is a compact (even profinite) linear topological FJN0K-submodule of DA(π)
preserved by ψ and O×K . Moreover ψ : DA(π)\ � DA(π)\ is again surjective as follows
from the bijectivity of ψ on π∨.
Proposition 2.2.2. Let π be an admissible smooth representation of GL2(K) over F
in the category C. Then the surjection π∨ � DA(π)\ induces a canonical continuous
P -equivariant surjection

π∨ � lim←−
ψ

DA(π)\

for the projective limit topology on the right hand side (where the P -action on π∨

differs from the usual one by the automorphism
(
x y
0 1

)
7→
(
x −y
0 1

)
, cf. Remark 2.2.1).

Proof. The case f = 1 is due to Colmez [Col10a]. The proof for f > 1 is essentially
the same, but we give the details. As π∨ and DA(π)\ are both linearly compact FJN0K-
modules, the surjection π∨ � DA(π)\ induces a surjection lim←−ψ π

∨ � lim←−ψDA(π)\ by
Mittag-Leffler for linearly compact modules ([Jen72, Thm. 7.1], applied over the ring
F here). As π∨ ∼−→ lim←−ψ π

∨ (since
(
p 0
0 1

)
is bijective on π) we deduce a surjection

π∨ � lim←−ψDA(π)\. Its P -equivariance is formal (alternatively, it follows from the
definitions).
Remark 2.2.3. We could alternatively consider DA(π)ét,\ := im(π∨ → DA(π)ét).
However, in the cases of global interest we have DA(π) = DA(π)ét, and moreover the
natural map lim←−ψDA(π)\ → lim←−ψDA(π)ét,\ is always an isomorphism, as ψ is nilpotent
on ker(DA(π)→ DA(π)ét) (see [BHH+25a, § 3.1.2] and [BHH+25a, Rk. 3.26]).
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The map in Proposition 2.2.2 is not injective for principal series, see § 2.4 below.
However it is so in the supersingular case.

Corollary 2.2.4. Let π be an admissible smooth representation of GL2(K) over F in
the category C. Assume that π has finite length and that all its irreducible constituents
π′ are supersingular with DA(π′) 6= 0. Then the surjection π∨ � DA(π)\ induces a
canonical continuous P -equivariant isomorphism

π∨
∼−→ lim←−

ψ

DA(π)\.

Proof. By Proposition 2.2.2 it is enough to prove that the composition
π∨ � lim←−ψDA(π)\ ↪→ lim←−ψDA(π) is injective. By dévissage using the exactness of
π′ 7→ lim←−ψDA(π′) for π′ in C (which follows from the exactness of π′ 7→ DA(π′) in
[BHH+25a, Prop. 3.12] and the surjectivity of ψ on DA(π′)), we can assume that π is
(irreducible) supersingular. The case f = 1 can be deduced from [Vie12, Thm. 4.2].
By [Paš07, Thm. 1.1(i)] (and the fact π has a central character), π|P is an irreducible
smooth representation of P over F. As DA(π) 6= 0, the map π∨ → DA(π) is nonzero
(since it is nonzero on graded modules or since the A-submodule generated by the
image equalsDA(π); note that A is a Zariski ring as in [LvO96, § II.2] and it suffices to
check this on graded modules). Hence also the (continuous) map π∨ → lim←−ψDA(π) is
nonzero. Since lim←−ψDA(π) is Hausdorff (for the projective limit topology), its kernel
is a proper closed P -invariant subspace of π∨, hence must be 0.

Corollary 2.2.5. Let π be an irreducible admissible supersingular representation of
GL2(K) over F. Assume that gr(π) is killed by the ideal J (§ 2.1) (hence π is in C)
and that π satisfies condition (C) of § 2.1. Then DA(π)\ does not contain any proper
nonzero closed FJN0K-submodule preserved by ψ on which ψ is surjective.

Proof. This follows from Theorem 2.1.6 with Remark 2.1.7(i) since such a submodule
would give a proper nonzero subrepresentation of π|(

pZ K
0 1

) by Corollary 2.2.4.

Remark 2.2.6.

(i) We remark that in general, unlike f = 1 [Col10b, Cor. II.5.12], DA(π)\ is
not unique as minimal nonzero closed FJN0K-submodule of DA(π) which is
O×K-stable and on which ψ is surjective. To see this we can take f = 2 and
take ρ1 6∼= ρ2 both irreducible and sufficiently generic such that D⊗A(ρ1(1)) ∼=
D⊗A(ρ2(1)) as (ϕ,O×K)-modules over A, see [BHH+25b, Rk. 2.8.5(ii)]. In a suit-
able global context for i = 1, 2 let ri be an automorphic globalization of ρi satis-
fying the assumptions of [BHH+25b, Thm. 1.2], so that DA(π(ri)) ∼= D⊗A(ρi(1))
and π(ri) is irreducible and supersingular [BHH+25a, Thm. 3.105(i)]. If we
had DA(π(r1))\ ∼= DA(π(r2))\ as (ψ,O×K)-modules over FJN0K, then we would
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deduce that π(r1) ∼= π(r2) as GL2(K)-representations by Corollary 2.2.4 and
[Paš07, Thm. 4.4]. This implies that ρ1

∼= ρ2 (the determinant of ρi is deter-
mined by the central character of π(ri) and the restriction to inertia by the
GL2(OK)-socle), contradiction.

(ii) Even if ρ is irreducible the (ϕ,O×K)-module DA(π) may be reducible, where
π = π(r) and r a suitable globalization of ρ. For example, when f = 3 using
[BHH+25b, Thm. 1.2] one can find examples such that DA(π) = D

(1)
A ⊕D

(2)
A is

a direct sum of two nonzero (ϕ,O×K)-modules over A. We remark that DA(π)\
cannot be of the form D

(1),\
A ⊕D(2),\

A (where ψ is surjective on each D(i),\
A ⊆ D

(i)
A ),

as this would contradict Corollary 2.2.4. (Note thatD(i),\
A 6= 0 for all i, asDA(π)\

generates DA(π) as A-module.)

Corollary 2.2.5 is quite a strong “irreducibility” statement for DA(π)\ as we do
not even need the action of O×K . Note that we have an analogous statement without
assuming (C) if we require that the FJN0K-submodule preserved by ψ is also preserved
by [F×q ] (see Remark 2.1.7(ii)).

Now let π be a subquotient of π(r) with r a global Galois representation such that
its restriction rv to a decomposition group at a fixed place v|p is sufficiently generic
(see § 1 for r and π(r); recall π(r) has finite length by [BHH+a, Thm. 1.1.1]). From
[BHH+23], [Wan23], [Wanc, Thm. 1.2], and [BHH+b, Cor. 1.1.3] we know that gr(π)
is killed by the ideal J (§ 2.1) and that all its constituents π′ satisfy DA(π′) 6= 0. From
the proof of [BHH+a, Lemma 3.2.6] (when rv is split reducible, the case rv irreducible
was known earlier) and [BHH+b, Thm. 1.1.2(i)] (when rv is nonsplit reducible) we
also know that in most cases π satisfies condition (C) in § 2.1 (for instance when f = 2
and rv is reducible we need to avoid a few cases like when the restriction to inertia
of the semisimplification of rv is ω(q−1)/2

2 ⊕ 1 up to twist). If π only has supersingular
constituents (which only means that one has to “avoid” the two principal series in
π(r) when rv is reducible, see [BHH+a]), we can apply Corollary 2.2.4 to π, and if π
is moreover irreducible, DA(π)\ satisfies the conclusion of Corollary 2.2.5.

By [BHH+25b] and [Wana] we have DA(π(r)) ∼= D⊗A(rv(1)). Let π be the maximal
subquotient of π(r) with only supersingular constituents. If rv is irreducible we have
π ∼= π(r) and hence DA(π) ∼= D⊗A(rv(1)). If rv is reducible, writing rv(1) ∼=

(
χ1 ∗
0 χ2

)
we have

D⊗A(rv(1)) ∼=
(
D⊗A(χ1) D⊗A(rv(1))ss D⊗A(χ2)

)
, (17)

where the superscript “ss” is for “supersingular”. If rv is irreducible we also write
D⊗A(rv(1))ss := D⊗A(rv(1)). From the exactness of π′ 7→ DA(π′) (see [BHH+25a,
Prop. 3.12]) and the calculations in [BHH+25b] and [Wana], we deduce

DA(π) ∼= D⊗A(rv(1))ss (18)

20



which has rank 2f over A in the irreducible case and rank 2f − 2 in the reducible
case (see § 2.3 below for an explicit description of D⊗A(rv(1))ss in the reducible case
when f = 2 and note we have in particular DA(π) = DA(π)ét). Thus DA(π) is not a
mystery but we need to understand DA(π)\. This question is crucial:

Corollary 2.2.7. Let π be the maximal subquotient of π(r) with only supersingu-
lar constituents. If the GL2(K)-representation π is local, then DA(π)\ is local as a
(ψ, [F×q ])-module over FJN0K. The converse holds if π is irreducible.

We recall that “local” means “depending only on rv and not on the global context”.
Also, by a (ψ, [F×q ])-module over FJN0K we mean any FJN0K-module D endowed with
an additive map ψ : D → D such that ψ(ϕ(a)d) = aψ(d) ∀ (a, d) ∈ FJN0K×D and a
semilinear action of [F×q ] that commutes with ψ. We note that π is indeed irreducible
in the important special cases where either rv is irreducible or when f = 2.

Proof. The direction⇒ is obvious. The direction⇐ follows from Corollary 2.2.4 with
Theorem 2.1.8 (since we assume that π is irreducible).

Remark 2.2.8. When rv is semisimple, the locality of π implies the one of π(r).
When rv is non-semisimple, there is also the problem of the nonsplit extensions be-
tween π and the two principal series in π(r). Since for principal series the map in
Proposition 2.2.2 is not injective (see Lemma 2.4.2), and since we cannot prove the
locality of π anyway, we do not address this case in this text.

Unfortunately, even in the simplest case f = 2 and rv reducible (where π is
irreducible, see [BHH+25a, Thm. 3.105]), it seems impossible to describe explicitly
the FJN0K-submodule DA(π)\ inside D⊗A(rv(1))ss. We explain this next.

2.3 Trying to describe the ψ-module DA(π)\ “by hand”

We explain how difficult it is to explicitly describe the ψ-module DA(π)\.

When f = 1, we have FJN0K ∼= FJXK, A = F((X)), and the compact FJXK-
submodules of a finite-dimensional F((X))-vector space are just the finitely generated
FJXK-submodules (an easy exercise). However, as soon as f > 1, this completely
breaks down (one trivial example for f = 2: FJY0,

Y 2
1
Y0

K is a compact FJY0, Y1K-
submodule of A which is not finitely generated).

Unfortunately this also happens for the FJN0K-submodules DA(π)\ of Corollary
2.2.4. We let P+ :=

(
OK\{0} OK

0 1

)
, which is a submonoid of P =

(
K× K

0 1

)
.

Proposition 2.3.1. Assume f > 1 and let π be an irreducible admissible supersin-
gular representation of GL2(K) over F which is in the category C (§ 2.2) and such

21



that DA(π) 6= 0. Then the compact FJN0K-submodule DA(π)\ of DA(π) is not finitely
generated over FJN0K.

Proof. (See also [BHH+25a, Rk. 3.21].) Since π has a central character, twisting by
an unramified character (and enlarging F) if necessary we can assume that

(
p 0
0 p

)
acts

trivially on π (this enables us to apply results of [Paš07]). Let us first prove that
any nonzero vector subspace V of π preserved by P+ contains a Serre weight (i.e., an
irreducible GL2(OK)-subrepresentation of π). Let v ∈ V be nonzero. As GL2(K) acts
smoothly, there exists an integer n ≥ 0 such that v is fixed by

(
1+pn+1OK pn+1OK
pn+1OK 1+pn+1OK

)
so

that tnv is fixed by Hn :=
(

1+pn+1OK p2n+1OK
pOK 1+pn+1OK

)
. The decomposition I1 = (I1 ∩B)Hn

shows that F[I1]tnv = F[I1 ∩ B]tnv ⊆ V . Therefore 0 6= (F[I1]tnv)I1 ⊆ V ∩ πI1 . We
may therefore assume v ∈ (V ∩ πI1) \ {0}. By Lemma 2.1.4 we can replace v by
(S0)mv ∈ V for some m ≥ 0 to guarantee that v ∈ (V ∩ πI1) \ {0} and S0v = 0.
Hence we can apply [Paš07, Lemma 3.4] which implies

(
0 1
1 0

)
v ∈ 〈P+ · v〉, and thus

〈GL2(OK) · v〉 ⊆ 〈P+ · v〉 ⊆ V (using GL2(OK) ⊆ P+I1 ∪ P+
(

0 1
1 0

)
I1). This proves

the statement.

Now let V be the continuous dual of DA(π)\ (under the discrete-compact duality),
which is a nonzero vector subspace of π preserved by P+, and let σ be a Serre weight
such that 〈P+ · σ〉 ⊆ V . Note that 〈P+ · σ〉 is denoted I+(σ, π) in [Hu12, § 3.1.1]
(and does not depend on σ by [Hu12, Cor. 3.17]). If DA(π)\ is finitely generated over
FJN0K, then V N0 , and hence I+(σ, π)N0 , are finite-dimensional over F. But by [Sch15,
Cor. 2.10] this contradicts [Sch15, Thm. 2.24] (when f = 2) and [Wu21, Thm. 1.1]
(when f ≥ 2).

Remark 2.3.2. If π is (a constituent of) a principal series of GL2(K) over F, then
DA(π)\ is finitely generated over FJN0K. See Lemma 2.4.3 below.

Let us spend some time on the simplest example:

f = 2 and rv =
(
ωh2 ∗
0 1

)
⊗ ω−1, (19)

where h = h0 + ph1 with 0 ≤ hi ≤ p − 1 and (h0, h1) /∈ {(0, 0), (p − 1, p − 1)}, and
where ω2 : Gal(Qp/K) → F is Serre’s niveau 2 fundamental character that we take
F-valued via the fixed embedding σ0 : Fq ↪→ F (see § 2.1).

By (17) D⊗A(rv(1)) has the form D⊗A(ωh2 ) D⊗A(rv(1))ss D⊗A(1). Using
[BHH+25b, Lemma 2.2.2] and [BHH+25b, (51)] we can check that

D⊗A(rv(1))ss = Ae0 ⊕ Ae1 with

 ϕ(e0) = e1

ϕ(e1) =
(

Y0
ϕ(Y0)

)h
e0 =

(
Y0
Y p1

)h
e0

(20)
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and [F×q ] acting trivially on e0, e1 (we won’t need the full O×K-action and recall that
the F-algebra homomorphism ϕ : A → A satisfies ϕ(Yi) = Y p

i−1.) From [BHH+a,
Thm. 1.1.1] π(r) has the form

PS1 π PS2, (21)

where PSi are two principal series and π is irreducible supersingular with gr(π) killed
by the ideal J (§ 2.1). By [BHH+25b, Thm. 3.1.3] and [Wana, Thm. 1.1], at least
under genericity assumptions on the integers h0, h1 (which must be “far” from 0
and p − 1, see loc. cit. for details), we have that π satisfies condition (C) in § 2.1
and that DA(π(r)) ∼= D⊗A(rv(1)) with DA(PS2) ∼= D⊗A(ωh2 ), DA(PS1) ∼= D⊗A(1) (see
Lemma 2.4.1 below for DA(principal series)) and DA(π) ∼= D⊗A(rv(1))ss, cf. (18). We
are interested in DA(π)\.

It is convenient to make the following base change in DA(π): f0 := Y
h1

1
Y0
e0,

f1 := Y h0
Y

1+h1
1

e1.
(22)

Then [F×q ] acts on each fi by a (non-trivial) character and a computation yields ϕ(f0) = 1
Y
h0

0 Y
p−1−h1

1
f1,

ϕ(f1) = 1
Y
p−1−h0

0 Y
h1

1
f0.

(23)

In particular, using that ψ(aϕ(x)) = ψ(a)x for a ∈ A, x ∈ DA(π), we have{
ψ(f0) = ψ(Y p−1−h0

0 Y h1
1 )f1,

ψ(f1) = ψ(Y h0
0 Y p−1−h1

1 )f0.
(24)

We will use the following lemma (available for any f ≥ 1).

Lemma 2.3.3. Let a ∈ A and n ≥ 1. Then inside A we have

ψn(FJN0Ka) =
∑

k∈{0,...,pn−1}f
FJN0Kak, (25)

where ak ∈ A are the unique elements such that

a =
∑

k∈{0,...,pn−1}f
ϕn(ak)Y k.

Proof. We take n = 1, the general case following by induction. For f ∈ FJN0K we
have

ψ(fa) =
∑
k

ψ(fY k)ak. (26)
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From the definitions we have ψ(FJN0K) ⊆ FJN0K, hence from (26) we deduce that
“⊆” holds in (25). For the other inclusion “⊇”, note from (26) that

ψ(Y p−1−`a) =
∑
k

akλk,`,

where λk,` := ψ(Y k+p−1−`) ∈ FJN0K (0 ≤ k, ` ≤ p− 1). It suffices to prove that for
all k ∈ Zf≥0 we have

ψ(Y k) ∈ FJN0K× ⇐⇒ k ∈ {0, p− 1}, (27)

because this implies that the pf×pf matrix (λk,`)k,` is invertible (even upper-triangular
mod mN0).

To prove (27), note that the cases where k = 0 or kj ≥ p for some j are trivial.
We may thus suppose that 0 ≤ k ≤ p− 1 and k 6= 0. We only give the proof for
f = 2, the interested reader can work out the general case. Write k = (i, j). If
(i, j) /∈ {(0, 0), (p− 1, p− 1)}, we may and will assume i > 0. Then we have

Y i
0Y

j
1 =

∑
λs,µs∈F×q

λ−1
1 · · ·λ−1

i µ−p1 · · ·µ
−p
j

(
1 [λ1]+···+[µj ]
0 1

)
,

so by definition of ψ,

ψ(Y i
0Y

j
1 ) =

∑
λs,µs∈F×q∑
λs+
∑

µs=0

λ−1
1 · · ·λ−1

i µ−p1 · · ·µ
−p
j

(
1 1
p

([λ1]+···+[µj ])
0 1

)

≡
∑

λs,µs∈F×q∑
λs+
∑

µs=0

λ−1
1 · · ·λ−1

i µ−p1 · · ·µ
−p
j (mod mN0).

Write λs = λ1αs and µs = λ1βs, with αs, βs ∈ F×q (so α1 = 1). The above sum
becomes

≡
∑

λ1,αs,βs∈F×q ,α1=1∑
αs+

∑
βs=0

λ−i−pj1 α−1
2 · · ·α−1

i β−p1 · · · β
−p
j (mod mN0),

which is 0 (mod mN0) by summing first over λ1, as 0 < i+ pj < q− 1 by assumption.

It remains to prove that ψ(Y p−1
0 Y p−1

1 ) /∈ mN0 . Recall the elements T0, T1 and Z0, Z1
of FJN0K from [BHH+25b, § 3.3] (each of those pairs generate mN0). By definition,
Yi ≡ Zi (mod mN0), so Y p−1

0 Y p−1
1 ≡ Zp−1

0 Zp−1
1 (mod m2p−1

N0 ). As ψ(Y p
i ) ∈ mN0 for

each i, we deduce that ψ(m2p−1
N0 ) ⊆ mN0 , so

ψ(Y p−1
0 Y p−1

1 ) ≡ ψ(Zp−1
0 Zp−1

1 ) (mod mN0). (28)

From the definitions, Z0 = αT0 + βT1, Z1 = γT0 + δT1, with
(
α β
γ δ

)
∈ GL2(F), and

ψ(T i0T
j
1 ) = (−1)i+j for 0 ≤ i, j ≤ p−1. Therefore ψ(Zp−1

0 Zp−1
1 ) ≡ Cψ(T p−1

0 T p−1
1 ) ≡ C
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(mod mN0), where C ∈ F is the coefficient of T p−1
0 T p−1

1 in (αT0+βT1)p−1(γT0+δT1)p−1,
and by (28) it suffices to show that C 6= 0. A short computation shows that C =
(αδ − βγ)p−1 6= 0.

In particular if f = 2 and 0 ≤ k0, k1 ≤ p− 1, we have by Lemma 2.3.3 that

ψ(FJN0KY k0
0 Y k1

1 ) = FJN0K. (29)

By (23) and (24) we see that ψ(Y kfi) = ψ(Y k+`(i))f1−i for i = 0, 1, where `(0) =
(p− 1−h0, h1) and `(1) = (h0, p− 1−h1). Using moreover (27) and (29), we see that
FJN0Kf0 ⊕ FJN0Kf1 ⊆ DA(π) is a compact FJN0K-submodule preserved by (ψ, [F×q ])
such that ψ is surjective. However, it is finitely generated over FJN0K, and hence
cannot be DA(π)\ by Proposition 2.3.1. One can also argue that it is not stable by
1 + pOK .

One could then consider the closure in DA(π) of the FJN0K-submodule 〈O×K ·
(FJN0Kf0 ⊕ FJN0Kf1)〉, which we denote by M .

Lemma 2.3.4. The closure M of the FJN0K-submodule 〈O×K · (FJN0Kf0 ⊕ FJN0Kf1)〉
of DA(π) is compact.

Proof. Define the subring B := FJN0KJY p
0 Y
−1

1 , Y p
1 Y
−1

0 K = FJY0, Y1, Y
p

0 Y
−1

1 , Y p
1 Y
−1

0 K of
A, which is compact, local, and ϕ-stable. It suffices to show that O×K · fi ⊆ Bfi for
i = 0, 1.

We claim that fa,i ∈ 1 + mB for a ∈ O×K and i = 0, 1, where we recall that
fa,i = ap

i
Yi

a(Yi) ∈ 1 + F1−pA [BHH+25b, (21)]. From the definitions, a(Yi) − ap
i
Yi is

contained in the kernel of FJN0K � F[N0/N
p
0 ], which is the ideal (Y p

0 , Y
p

1 ) [BHH+25a,
Lemma 3.37(i)]. Hence a(Yi)

ap
i
Yi
∈ 1 + (Y p−1

i ,
Y p1−i
Yi

)FJN0K ⊆ 1 + mB, proving the claim.

From Lemma 2.2.2 and [BHH+25b, (51)] we know a(ei) = ϕi(fa,i)h(1−ϕ)/(1−q)ei for
a ∈ O×K and i = 0, 1. It follows that a(fi) ∈ FfZ

a,0f
Z
a,1ϕ

i(fa,i)h(1−ϕ)/(1−q)fi, which is
contained in Bfi by the claim, as desired.

As moreover ψ commutes with O×K we see that M is a compact FJN0K-submodule
of DA(π) that is preserved by (ψ,O×K) and on which ψ is still surjective. More-
over, it is likely that M is not finitely generated over FJN0K. For some time, we
thought that M was a good candidate for DA(π)\. However, it properly contains the
ψ-submodule FJN0Kf0⊕FJN0Kf1, and hence cannot be DA(π)\ by Corollary 2.2.5 (as-
suming π satisfies condition (C)). In fact we have the following result which strength-
ens loc. cit. in this case:

Lemma 2.3.5. The ψ-module DA(π)\ does not contain any proper nonzero closed
FJN0K-submodule preserved by ψ.
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The point is that we can drop the surjectivity assumption for ψ in Corollary 2.2.5.

Proof. Let M be an FJN0K-submodule as in the statement of the lemma, and define
M∞ := ⋂

n≥0 ψ
n(M). This is also a compact proper FJN0K-submodule of DA(π)\

which is preserved by ψ.

Let us first prove M∞ 6= 0. We assume M∞ = 0 and seek a contradiction. Then
we claim that for any C ≥ 0 we have ψn(M) ⊆ F−CDA(π) for n� 0. Indeed, if there
is a sequence xm ∈ ψnm(M)\F−CDA(π) with nm+1 > nm, we can extract a converging
subsequence as M is compact in the ultrametric (hence metric) space DA(π). Then
its limit x∞ satisfies x∞ ∈ DA(π)\F−CDA(π) (as the latter in closed in DA(π))
hence x∞ 6= 0. But we also have x∞ ∈ M∞ which contradicts M∞ = 0. Now let
0 6= v ∈M ⊆ Af0⊕Af1, then for any C ≥ 0 we have ψ2n(v) ∈ (F−CA)f0⊕ (F−CA)f1
for n � 0, using that the filtration on DA(π) is good ([LvO96, Def. I.5.1]). Writing
v = a0f0 + a1f1 with ai ∈ A, by an iteration using (23) we can express fi in terms of
ϕ2n(fi) for i = 0, 1. This enables us to compute ψ2n(FJN0Kv), and an easy calculation
shows that ψ2n(FJN0KaiY p2n) ⊆ F−CA, i.e., ψ2n(FJN0Kai) ⊆ F−C+fA for all i ∈ {0, 1}
and n � 0. By Lemma 2.3.6 below this implies ai = 0 hence v = 0, contradiction.
Thus M∞ 6= 0.

Now let us prove that ψ is surjective on M∞. Let 0 6= v ∈M∞ and for any n ≥ 0
let Mn := {x ∈ ψn(M) : ψ(x) = v}. Then the Mn are nonempty closed subsets of M
such thatMn+1 ⊆Mn. If

⋂
n≥0Mn = ∅, then asM is compact we have a finite number

ofMn such that ⋂nMn = ∅, which is impossible. SoM∞ is a nonzero compact proper
FJN0K-submodule of DA(π) preserved by ψ on which ψ is surjective. This contradicts
Corollary 2.2.5 and finishes the proof.

Lemma 2.3.6. Let a ∈ A and assume there is C ≥ 1 such that for all n � 0 we
have ψnf (FJN0Ka) ⊆ F−CA. Then a = 0.

Proof. Let n � 0 such that ψnf (FJN0Ka) ⊆ F−CA and write as in Lemma 2.3.3
a = ∑

k∈{0,...,qn−1}f ϕ
nf (ak)Y k. Then loc. cit. and the assumption imply ak ∈ F−CA

for all k, hence ϕnf (ak) ∈ F−qnCA, hence a ∈ F−qnCA. Since this holds for all n� 0
and the filtration on A is separated, we deduce a = 0.

Remark 2.3.7. It is likely that Lemma 2.3.5 extends to more general cases.

Lemma 2.3.5 has the following consequence, which implies that it is not straight-
forward to find explicit elements in DA(π)\:

Lemma 2.3.8. Let S be the multiplicative subset of FJN0K generated by Y0, Y1, then

DA(π)\ ∩ (FJN0KSe0 ⊕ FJN0KSe1) = 0.
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Proof. Assume that the intersection in the statement is nonzero and set

M := DA(π)\ ∩ (FJN0Kf0 ⊕ FJN0Kf1).

ThenM is also nonzero: take any nonzero element inDA(π)\∩(FJN0KSe0⊕FJN0KSe1),
multiply it by suitable powers of Y0 and Y1 and use (22). Thus M is a proper
nonzero closed FJN0K-submodule of DA(π)\ preserved by ψ (we cannot have DA(π)\ ⊆
FJN0Kf0 ⊕ FJN0Kf1 by Proposition 2.3.1). By Lemma 2.3.5 it cannot exist.

To this day, we have no explicit description of the FJN0K-submodule DA(π)\ in
DA(π), though DA(π) itself is very simple (20). In particular we do not know if
DA(π)\ is local as a (ψ, [F×q ])-module over FJN0K (see Corollary 2.2.7).

2.4 The map π∨ → lim←−ψDA(π)\ is not always injective

We take a small digression in our quest for the “Locality” by proving that the surjec-
tion π∨ � lim←−ψDA(π)\ in Proposition 2.2.2 is not injective for principal series. We
again suppose that f is arbitrary.

We denote by T the torus of diagonal matrices in GL2(K). Recall from [BHH+25a,
Prop. 3.78]:

Lemma 2.4.1. Suppose that π is a (smooth) principal series IndGL2(K)
B (χ) for some

smooth character χ = χ1 ⊗ χ2 : T → F×. Then π lies in the category C (§ 2.2) and
DA(π) is étale and free of rank 1 over A. More precisely, let κ ∈ π∨ be the element
sending f ∈ IndGL2(K)

B (χ) to f(
(

0 1
1 0

)
) ∈ F. Then the image κ of κ in DA(π) by

π∨ → DA(π) is a basis of DA(π), and we have

ϕ(κ) = χ2(p)−1κ, (30)
a(κ) = χ2(a)−1κ ∀ a ∈ O×K. (31)

We still suppose π = IndGL2(K)
B (χ) as in Lemma 2.4.1. Then recall we have an

exact sequence of B-representations (see for instance [Vig08, Thm. 1])

0→ σ → π|B → χ→ 0, (32)

where the surjection is evaluation at 1 and where σ is irreducible. The sequence is
nonsplit if and only if χ1 6= χ2. We call Θ the P -equivariant composition

Θ : π∨ � lim←−
ψ

DA(π)\ ↪→ lim←−
ψ

DA(π).

Lemma 2.4.2. With the above notation, the kernel of Θ is precisely χ∨ = χ−1.
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Proof. The map Θ is P -equivariant, continuous and nonzero (as π∨ → DA(π) is
nonzero). By (32) (and using that σ|P is still irreducible as π has a central character),
it suffices to show that Θ kills χ−1. Let κ′ ∈ π∨ be defined by κ′(f) := f(1) for
f ∈ IndGL2(K)

B (χ), so that κ′ spans the 1-dimensional P -subrepresentation χ−1. Since
ψ(κ′) = χ1(p)κ′, it suffices to show that κ′ is killed by the canonical map π∨ → DA(π).
But κ′ belongs to the dual of the first direct summand π1 of [BHH+25a, (3.68)] (which
is the I-equivariant subspace of f ∈ IndGL2(K)

B (χ) with support in BI). Since π1 is
an admissible I-representation, one can consider DA(π1) and an examination of the
proof of [BHH+25a, Prop. 3.76(ii)] shows that grDA(π1) = 0. Since the filtration on
DA(π1) is exhaustive and separated, we have DA(π1) = 0 ([LvO96, Prop. I.4.2.2(1)]).
By functoriality of DA it follows that κ′ is sent to 0 by π∨ → DA(π).

Suppose now π = π(r) with rv generic and reducible. Then the surjection π∨ �
lim←−ψDA(π)\, or equivalently the map Θ, is not an injection. But their kernel is at
least finite-dimensional over F: π is of finite length ([BHH+a]) and this follows by a
dévissage as in the proof of Corollary 2.2.4 (using the injectivity of Θ for supersingular
constituents of π by loc. cit.).

We can now provide the argument for Remark 2.3.2:

Lemma 2.4.3. Suppose that π is a subquotient of a principal series IndGL2(K)
B (χ) for

some smooth character χ = χ1 ⊗ χ2 : T → F×. Then DA(π)\ is a free FJN0K-module
of rank at most 1. It is of rank 0 if and only if π is 1-dimensional.

Proof. Suppose first that π = IndGL2(K)
B (χ). We write π = π1 ⊕ π2 as in [BHH+25a,

(3.68)], i.e., π1 (resp. π2) consists of functions supported on BI (resp. B
(

0 1
1 0

)
I).

From the proof of Lemma 2.4.2 we know DA(π1) = 0, so that DA(π)\ is isomorphic
to the image of θ : π∨2 → DA(π2). Noting π2|N0

∼= IndN0
1 1, we see that π∨2 is a free

FJN0K-module of rank 1, and it remains to show that θ is injective. The induced map
gr(θ) : gr(π∨2 )→ gr(DA(π2)) = gr(π∨2 )S on associated graded modules is an injection
by [BHH+25a, Prop. 3.76(ii)]. Then θ is injective, as π∨2 is complete and DA(π2) is
separated (using [LvO96, Thm. I.4.2.4(5)]).

Let us consider the general case. Let πχ := IndGL2(K)
B (χ) and let π be a sub-

quotient. If π 6= πχ, then χ1 = χ2, so χ extends uniquely to a smooth character of
GL2(K), still denoted by χ, and we have an exact sequence (with obvious notation)

0→ χ→ πχ → St⊗χ→ 0.

If π = χ is 1-dimensional, then DA(π) = 0 from the definitions, cf. [BHH+25a, Prop.
3.76(i)]. If π = St⊗χ, by exactness of DA the injection DA(π) ↪→ DA(πχ) is an
isomorphism. It is not difficult to check from the explicit description in the previous
paragraph that the kernel of π∨χ → DA(πχ) surjects onto χ∨, and hence the map
DA(π)\ → DA(πχ)\ is an isomorphism.
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3 Towards the locality of π via perfectoids I

For π of global origin having only supersingular constituents as in (18), we define
two P -equivariant subspaces of lim←−ψDA(π): DA∞(π) ∩ lim←−ψDA(π)\ in § 3.1 and
H0(ZLT,F)G in § 3.3, the latter being purely local. We hope, but cannot prove,
that they are equal and dense in lim←−ψDA(π)\, which would imply the locality of
lim←−ψDA(π)\.

3.1 The embedding DA∞(π) ↪→ lim←−ψDA(π)

Since we could not prove “by hand” the locality of DA(π)\ as ψ-module over FJN0K
in the simplest case (see § 2.3), we called on the perfectoid theory for help. As some
preliminary, we construct here a canonical P -equivariant embedding A∞⊗ADA(π) ↪→
lim←−ψDA(π) that motivates the geometric perfectoid approach.

Recall that A∞ is the perfectoid version of A ([BHH+25b, Lemma 2.4.2] and also
§ 1). For n ≥ 0 let A1/pn := ϕ−n(A) ⊆ A∞ and

A(∞) := lim−→
ϕ

A ∼=
⋃
n≥0

A1/pn ⊆ A∞,

where the isomorphism in the middle comes from the following obvious commutative
diagram in the category of F-algebras, where the maps on the bottom are inclusions:

A �
� ϕ // A �

� ϕ // A �
� ϕ // · · ·

A �
� // A1/p � � //

∼= ϕ

OO

A1/p2 � � //

∼= ϕ2

OO

· · ·

(33)

The ring A(∞) is the perfection of A, and the ring A∞ the completion of A(∞) for
the “(Y0, Y1, . . . , Yf−1)-adic” topology, see [BHH+25a, Rk. 3.3(iii)] and [BHH+25b,
Lemma 2.4.2] with [BHH+25b, (50)] (we use quotation marks as all the Yi are units,
see above (8)).

Let D be a finite free étale (ϕ,O×K)-module over A, i.e., 1⊗ ϕ induces an isomor-
phism A⊗ϕ,A D

∼−→ D. We have a commutative diagram analogous to (33):

D �
� ϕ // D �

� ϕ // D �
� ϕ // · · ·

D �
� // A1/p ⊗A D �

� //

∼= ϕ⊗ϕ

OO

A1/p2 ⊗A D �
� //

∼= ϕ2⊗ϕ2

OO

· · ·

(34)

which gives an isomorphism

D(∞) := A(∞) ⊗A D ∼=
⋃
n≥0

(A1/pn ⊗A D) ∼−→ lim−→
ϕ

D
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and endows lim−→ϕ
D with a canonical structure of A(∞)-module. Note that ϕ := ϕ⊗ϕ is

now a bijection on D(∞). It will be convenient to note that ϕ−n(D) = ϕ−n(A)⊗AD =
A1/pn ⊗A D (inside D(∞)) for all n ≥ 0 and that we have a commutative diagram

A1/pn ⊗A D ∼
ϕn⊗ϕn

// D.

ϕ−n(D)

∼
ϕn

66

(35)

Recall that ψ : D → D is a canonical left inverse of ϕ defined in [BHH+25b, § 3.2].
We define a canonical injection

θ0 : D(∞) ∼= lim−→
ϕ

D ↪→ lim←−
ψ

D

(where the indexing set is Z≥0 in both limits) as follows: the composition with the
n-th projection (n ≥ 0) on the right is defined by the commutative diagram

D

D ϕ
//

ϕn
33

D ϕ
//

ϕn−1

44

· · · D ϕ
//

ϕ

>>

D ϕ
// D ϕ

//

ψ
``

· · ·
(36)

In general, them-th copy of D in lim−→ϕ
D is mapped to the n-th copy of D in lim←−ψD by

ϕn−m if n ≥ m and by ψm−n if n ≤ m. Everything is well defined as ψ ◦ ϕ = 1 on D.

Note that lim←−ψD is also an A(∞)-module by making a ∈ A1/pm act on (xn)n≥0 ∈
lim←−ψD by (ψm−n(ϕm(a)xm) if n < m, ϕn(a)xn if n ≥ m). The following formal
lemma is left to the reader.

Lemma 3.1.1. The injection θ0 is A(∞)-linear.

One also checks that the image of θ0 consists of all (xn)n≥0 ∈ lim←−ψD such that the
sequence ϕ−n(xn) is eventually constant in D(∞) (take m � 0 such that ϕ−n(xn) =
ϕ−n−1(xn+1) for n ≥ m, then its preimage is xm seen in the the m-th copy of D in
lim−→ϕ

D, or equivalently ϕ−m(xm) ∈ D(∞)).

Let D∞ := A∞ ⊗A D, an étale (ϕ,O×K)-module over A∞ for which ϕ := ϕ⊗ ϕ is
again bijective. It is a straightforward exercise to check that the following formula
defines a semilinear action of the monoid P+ =

(
OK\{0} OK

0 1

)
on D∞ which preserves

D and D(∞) and which uniquely extends to an action of P =
(
K× K

0 1

)
which preserves

D(∞): (
pna b
0 1

)
x = bϕn(ax) for all n ≥ 0, a ∈ O×K , b ∈ OK , x ∈ D∞, (37)
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where we see b in FJN0K ∼= FJOKK.

Recall that lim←−ψD also has a natural P -action, see the beginning of § 2.2.

Lemma 3.1.2. The injection θ0 is P -equivariant.

Proof. Since P acts on both sides and the monoid P+ generates the group P , it is
enough to prove the P+-equivariance, i.e., that θ0 commutes with

(
p 0
0 1

)
,
(
a 0
0 1

)
for

a ∈ O×K and
(

1 b
0 1

)
for b ∈ OK . This is a straightforward exercise keeping track of all

the previous actions.

Remark 3.1.3. Note that ψ is not defined on D∞ and the canonical injection D ↪→
D∞ does not intertwine ψ on D with ϕ−1 on D∞ as ψ is not injective.

Recall that D, D(∞), D∞ have canonical topologies as finite free modules over A,
A(∞), A∞ (the topology on all these rings being the “(Y0, Y1, . . . , Yf−1)-adic” topol-
ogy). We endow lim←−ψD with the projective limit topology. The above P -actions are
easily checked to be continuous for these topologies.

Proposition 3.1.4.

(i) By continuity, θ0 extends to a P -equivariant A(∞)-linear morphism θ : D∞ −→
lim←−ψD.

(ii) If x ∈ D∞ and θ(x) = (xn)n≥0, then limn→∞ ϕ
−n(xn) = x in D∞.

(iii) The map θ is injective with image{
(xn)n≥0 ∈ lim←−

ψ

D : the sequence ϕ−n(xn) converges in D∞ as n→∞
}
,

which is dense in lim←−ψD.

Proof. (i) By Lemma 3.1.1 and Lemma 3.1.2, and asD∞ is the completion ofD(∞) and
D is complete, it suffices to check that the m-th projection D(∞) → D is continuous
for any fixed m ≥ 0. Via the identification in (34), this map becomes

A(∞) ⊗A D −→ D, ϕ−n(a)⊗ x 7−→ ψn−m(a)ϕm(x)

for any a ∈ A, x ∈ D and n ≥ m (using that ψ(aϕ(x)) = ψ(a)x). Picking any basis
(ej)j of D over A and using that (ϕm(ej))j is another basis of D over A, we reduce
to showing continuity in the case D = A, i.e., to showing that the map for n ≥ m

πm : A(∞) −→ A, ϕ−n(a) 7−→ ψn−m(a)
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is continuous. For this we use the total degree in the variables Yj, deg : A∞ →
Z[1/p] ∪ {∞}. By Lemma 3.1.5 below we deduce that deg(πm(a)) ≥ pm deg(a) − f
for all a ∈ A(∞), and we are done.

(ii) We first write x ∈ D∞ as x = ∑∞
n=0 yn with yn ∈ ϕ−n(D) = A1/pn ⊗A D and

yn → 0 as n → ∞. By continuity, θ(x) = ∑∞
n=0 θ(yn). By (34) and (35), one easily

checks that the m-th projection of θ(x) in D equals

xm = ϕm
( m∑
n=0

yn

)
+
∑
n>m

ψn−m(ϕn(yn)),

or equivalently ϕ−m(xm) = ∑m
n=0 yn + ∑

n>m ϕ
−m(ψn−m(ϕn(yn))) in ϕ−m(D). It

suffices to show that the tail ∑n>m ϕ
−m(ψn−m(ϕn(yn))) tends to 0 in ϕ−m(D) as

m→∞. By choosing a basis (ej)j of D and using ψn−m(aϕn(ej)) = ψn−m(a)ϕm(ej)
for a ∈ A, as in (i) we reduce to the case D = A. Then Lemma 3.1.5 below implies
deg(ϕ−m(ψn−m(ϕn(yn)))) ≥ deg(yn) − p−mf (now yn ∈ ϕ−n(A)), which finishes the
proof of (ii) since deg(yn)→∞.

(iii) The injectivity follows from (ii). The image of θ is dense because, by con-
struction, all projections of θ0 on D are surjective. Finally by (ii) it suffices to show
that if (xn)n≥0 ∈ lim←−ψD is such that ϕ−n(xn) converges to x ∈ D∞ as n → ∞, then
we have θ(x) = (xn)n≥0. From the definition of θ0 and the discussion below (36), the
coordinate of θ(ϕ−n(xn)) = θ0(ϕ−n(xn)) ∈ lim←−ψD in the m-th copy of D in lim←−ψD
equals ψn−m(xn) = xm for any n ≥ m ≥ 0. As θ is continuous, we deduce that
θ(x) = (xn)n≥0.

Lemma 3.1.5.

(i) For a ∈ A∞ and n ∈ Z we have deg(ϕn(a)) = pn deg(a).

(ii) For a ∈ A and n ≥ 0 we have deg(ψn(a)) ≥ p−n deg(a)− f .

Proof. Part (i) is obvious. For part (ii), by induction it is enough to show that
deg(ψ(a)) ≥ p−1 deg(a) − f p−1

p
. To prove this, it is convenient to use the (non-

canonical) variables Z0, Z1, . . . , Zf−1 of FJN0K (instead of the variables Yj) as defined
in the beginning of [BHH+25b, § 3.3] (note that A is defined similarly using these
variables). Defining Zk as in (8), the result follows from the fact that ψ(Zk) for
k ∈ {0, . . . , p − 1}f is of the form Zj for some j ∈ Zf≥0 with ‖j‖ ≤ p−1‖k‖ (see the
uniqueness part of the proof of [BHH+25b, Prop. 3.3.1]).

Remark 3.1.6.

(i) One can check that there is no natural action of A∞ on lim←−ψD extending the
action of A(∞) (see below (36)) and the action of A∞ on the image of θ.
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To see this, it suffices to show that there exist sequences (am)m≥1, (bm)m≥1 ∈
A such that ψ(bm) = bm−1 for all m, val(am)/pm → 0 as m → ∞, and
ψm(ambm) 6→ 0 as m → ∞. We define T0, . . . , Tf−1 as at the beginning of the
proof of [BHH+25b, Prop. 3.3.1], so that in particular FJN0K = FJT0, . . . , Tf−1K
and ψ((1 + T0)i) = 0 for 1 ≤ i ≤ p − 1. Pick any sequence (xm)m≥1 in A
such that xm 6→ 0 as m → ∞, and let km := (1 + T0)pm−1ϕm(xm). Setting
am := T

pm(1+m)
0 (1 +T0) and bm := ϕm−1(k1) + · · ·+ km, it is easily checked that

all conditions are verified.

(ii) We can also view lim←−ψD as lim←−n≥0 ϕ
−n(D) via the commutative diagram

D D
ψ

oo D
ψ

oo · · ·
ψ

oo

D ϕ−1(D)

ϕ ∼=

OO

oo ϕ−2(D)
ϕ2 ∼=

OO

oo · · ·oo

where the transition map ϕ−n(D) → ϕ−(n−1)(D) is ϕ−(n−1)ψϕn (it is A1/pn−1-
linear for n ≥ 1 via the inclusion A1/pn−1

↪→ A1/pn and restricts to the identity
on ϕ−(n−1)(D)). From ψ ◦ ϕ = 1 we deduce inductively that ϕ−n(D) = D ⊕⊕n
m=1 ϕ

−m(kerψ) (n ≥ 0), and hence that

lim←−
ψ

D ∼= lim←−
n≥0

ϕ−n(D) ∼= D ⊕
∞∏
m=1

ϕ−m(kerψ).

Let now π be an admissible smooth representation of GL2(K) over F in the cat-
egory C (§ 2.2) such that DA(π) is étale. We thus have a canonical P -equivariant
A(∞)-linear embedding with dense image

θ : A∞ ⊗A DA(π) ↪→ lim←−
ψ

DA(π). (38)

Assume moreover that π has finite length and that all its constituents π′ are supersin-
gular with DA(π′) 6= 0. Then from Corollary 2.2.4 we have a P -equivariant cartesian
diagram

DA∞(π) := A∞ ⊗A DA(π) � � θ //

�

lim←−
ψ

DA(π)

X � � //
?�

OO

lim←−
ψ

DA(π)\
?�

OO

π∨∼
oo

(39)

where by definitionX is the intersection ofDA∞(π) and lim←−ψDA(π)\. The main reason
to consider the diagram (39) is that, when π is the maximal subquotient of π(r) with
only supersingular constituents as in Corollary 2.2.7, the (ϕ,O×K)-module DA∞(π)
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has a natural geometric perfectoid interpretation, see [BHH+25b]. And there is also
a possible geometric candidate for X that we will define (and try to study) below.

We denote by FJNp−∞

0 K the completed perfection of FJN0K. We have FJNp−∞

0 K ∼=
FJY p−∞

0 , . . . , Y p−∞

f−1 K ↪→ A∞. When working with lim←−ψDA(π)\ we at least have an
action of the subring FJNp−∞

0 K of A∞ (compare with Remark 3.1.6(i)):

Lemma 3.1.7. The action of ⋃n≥0 ϕ
−n(FJN0K) ⊆ A(∞) on lim←−ψDA(π)\ extends by

continuity to an action of FJNp−∞

0 K ∼= FJY p−∞

0 , . . . , Y p−∞

f−1 K.

Proof. Write a ∈ FJY p−∞

0 , . . . , Y p−∞

f−1 K as a = ∑∞
n=0 an with an ∈ ϕ−n(FJN0K) and

an → 0 as n→∞. Let x = (xn)n≥0 ∈ lim←−ψDA(π)\, from the action of A(∞) on x (see
before Lemma 3.1.1) it suffices to check that for any m ≥ 0,

ψn−m(ϕn(an)xn)→ 0 in DA(π)\ as n→∞. (40)

Write an = ∑
i Y

i/pnan,i with an,i ∈ FJN0K, and where the sum runs through i ∈
{0, 1, . . . , pn− 1}f . As an → 0 as n→∞ we still have an,i → 0 as n→∞ (uniformly
in i). We can write ψn−m(ϕn(an)xn) = ∑

i ϕ
m(an,i)ψn−m(Y ixn). As ϕm(an,i) → 0

uniformly in i and as ψn−m(Y ixn) are contained in the (linearly) compact FJN0K-
module DA(π)\, we deduce that (40) holds.

Since, evidently, the action of ⋃n≥0 ϕ
−n(FJN0K) extends by continuity to an action

of FJNp−∞

0 K also on DA∞(π), we deduce that X in (39) is an FJNp−∞

0 K-module.

Ideally, we would like the bottom injection in (39) to have dense image, at least for
π the maximal subquotient of π(r) with supersingular constituents. This is the case
when f = 1 as follows from [Col10b, Lemma IV.2.2] (with [Col10a]). This density
combined with Proposition 2.3.1 would have the following consequence:

Lemma 3.1.8. Assume f > 1. Let π as in (39) and assume that X is dense in
lim←−ψDA(π)\. Then X is not finitely generated as an FJNp−∞

0 K-module.

Proof. The density assumption implies that the composition X ↪→ lim←−ψDA(π)\ with
the projection to the first factor DA(π)\ has dense image. Assume X is finitely
generated over FJNp−∞

0 K, then by Proposition 2.3.1 it is enough to prove that the
image of this composition in DA(π)\ is finitely generated over FJN0K (as it will be
closed and hence equal to the whole DA(π)\). Let m be the maximal ideal of the
local ring FJNp−∞

0 K and d := dimFX/mX. Since ϕ is bijective on X (as X is a P -
representation), it is bijective on X/mX. Let (ei)1≤i≤d ∈ Xd lifting a basis of X/mX,
by Nakayama’s lemma we have∑d

i=1 FJNp−∞

0 Kei = X and the action of ϕ onX is given
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on the vectors ei by a (possibly non-unique) matrix in GLd(FJNp−∞

0 K). Choosing such
a matrix gives a ϕ-equivariant surjection of étale ϕ-modules Y := ⊕d

i=1 FJNp−∞

0 Kei �
X. By an F-linear variant of [KL15, Prop. 3.2.7] (see also [BHH+25b, Prop. 2.6.3]),
there is a d-dimensional étale ϕ-vector subspace V of Y such that FJNp−∞

0 K⊗FV
∼−→ Y .

Moreover the composition Y � X ⊆ DA∞(π) induces a ϕ-equivariant morphism
A∞ ⊗F V → DA∞(π), which by (the ϕ-version of) [BHH+25b, Thm. 2.6.4] maps V
to DA(π) ⊆ DA∞(π). It follows that X is generated over FJNp−∞

0 K by finitely many
vectors of DA(π). Hence it is enough to prove that, if x ∈ DA(π), then the image of
the composition of θ with the projection on the first factor:

FJNp−∞

0 Kx θ
↪→ lim←−

ψ

DA(π) � DA(π)

is a finitely generated FJN0K-submodule of DA(π). But since x ∈ DA(π), argu-
ing as in the proof of Proposition 3.1.4(i), we see that this image consists of all∑
n≥0 ψ

n(ϕn(an))x, where an ∈ FJNp−n

0 K and an → 0 as n → ∞. Hence the image
equals FJN0Kx (noting that ψ(FJN0K) = FJN0K by Lemma 2.3.3).

When π is irreducible (supersingular), to have X dense it would be enough to
prove X 6= 0 by Corollary 2.2.4 as π∨|P is then (topologically) irreducible. However,
even in the simplest case f = 2 and π as in (21), we do not know if X is 0 or not for
lack of a better understanding of DA(π)\. Likewise we do not know if the geometric
candidate for X in § 3.3 below is 0 or not (let alone if it is isomorphic to X).

Remark 3.1.9. If f = 1 and we suppose for simplicity that π is irreducible, then
X is still not finitely generated as FJNp−∞

0 K-module, as we now briefly explain. In
this case π corresponds to an irreducible Galois representation ρ : GQp → GL2(F),
and we have DA(π) ∼= D(ρ) (at least up to twist that we can forget here) with
D(ρ) = F((T ))e1 ⊕ F((T ))e2 and ϕ(e1) = e2, ϕ(e2) = λT−h(p−1)e1 for some λ ∈ F×
and some h ∈ Z, p + 1 - h. By [Col10b, Cor. II.5.12] our DA(π)\ contains Colmez’s
(DA(π))\ as a closed FJT K-submodule that is preserved by ψ, Z×p , and on which ψ
is surjective. Hence by Corollary 2.2.4 (and [BHH+25a, Prop. 3.76(iv)]) we deduce
that DA(π)\ = (DA(π))\ (noting that π|P is irreducible). (Alternatively one can
deduce this from [Col10a, Prop. IV.4.16].) Thus by [Col10b, Lemme IV.2.2(ii), (iii)]
we deduce that

X =
{
z ∈ DA∞(π) : the sequence {ϕn(z)}n≥0 is bounded

}
(41)

and that X is dense in lim←−ψDA(π)\. An explicit calculation using (41) shows that

X =
{
xe1 + ye2 : x, y ∈ F ((T p−∞)), val(x) ≥ h

p+ 1 , val(y) ≥ hp

p+ 1

}
,

where val is the T -adic valuation. As p+ 1 - h, it follows easily that X is not finitely
generated as FJT p−∞K-module. On the other hand, it is almost finitely generated
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as an FJT p−∞K-module with respect to its maximal ideal. Namely, if we let Xn (for
n ≥ 0) denote the FJT p−∞K-submodule of X that is generated by ϕ−n(X ∩ DA(π)),
then eachXn is finitely generated, and for any c ∈ Z[1/p]>0 there exists an n such that
T cX ⊆ Xn. For f > 1 it is natural to ask if X (assumed to be dense in lim←−ψDA(π)\) is
an almost finitely generated FJNp−∞

0 K-module, though this might be quite optimistic.

3.2 The perfectoid space ZLT

We explicitly describe the global sections H0(ZLT,OZLT) and its subspace
H0(ZLT,OZLT)G∩(pZ)f . These results will be crucially used in the sequel.

We consider the perfectoid space ZLT of [BHH+25b, § 2.3] defined as the open
subset of SpaFJT q

−∞

0 , T q
−∞

1 , . . . , T q
−∞

f−1 K obtained by removing the vanishing locus
of T0T1 · · ·Tf−1 (so ZLT can be seen as a perfectoid space over the perfectoid field
F((T q

−∞

i )) for each i). Here each Ti for i ∈ {0, . . . , f − 1} is the formal variable of
the Lubin–Tate formal group over OK associated to the uniformizer p such that the
logarithm is ∑n≥0

T q
n

i

pn
, where we use the fixed embedding σ0 : Fq ↪→ F of § 2.1 to

work with F-coefficients. Equivalently we have

ZLT = Spa
(
F((T q

−∞

0 )),FJT q
−∞

0 K
)
×Spa(F) · · · ×Spa(F) Spa

(
F((T q

−∞

f−1 )),FJT q
−∞

f−1 K
)
,

where the fiber product is taken in the category of adic spaces. We refer to Corollary
3.2.4 below for a concrete description of its global sections

H0(ZLT,OZLT) = F((T q
−∞

0 ))⊗̂F · · · ⊗̂FF((T q
−∞

f−1 )) (42)

in the case f = 2, (where ⊗̂F is a certain Fréchet completion, see the corollary for a
precise statement), the general case being similar, see Remark 3.2.9.

It follows that ZLT is naturally endowed with an action of the semidirect product
(K×)f o Sf , where Sf acts on the left on (K×)f by permuting the factors. Here the
i-th factor K× acts trivially on Tj for j 6= i and acts F-linearly on the variable Ti by
the Lubin–Tate action for O×K and by ϕq(Ti) = T qi for p, and Sf permutes the Ti,
see the beginning of [BHH+25b, § 2.4]. Moreover ZLT is a quasi-Stein adic space (see
Lemma 3.2.7 below for the case f = 2, the general case is similar). Hence a locally
finite free OZLT-module F on ZLT is determined by its global sections H0(ZLT,F)
(which follows for instance from [KL, Thm. 2.5.5] and [KL, Cor. 2.6.4]).

We now determine explicitly the global sections H0(ZLT) = H0(ZLT,OZLT). For
simplicity we assume in the remainder of this subsection that f = 2. For N ≥ 1 we
define

ZN := {|TN0 | ≤ |T1| 6= 0, |TN1 | ≤ |T0| 6= 0},

a rational open subset of Z := SpaFJT q
−∞

0 , T q
−∞

1 K that is contained in ZLT.
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Lemma 3.2.1. We have H0(ZLT) = lim←−N≥1H
0(ZN) (as complete topological rings).

Proof. By [SW20, Def. 3.1.6] we have H0(ZLT) = OZ(ZLT) = lim←−OZ(U), where the
limit runs over rational subsets U ⊆ Z contained in ZLT. If U is such a subset, then
U is quasi-compact and |T0T1| 6= 0 on U , so by [Wed, Lemma 7.31] we deduce that
there exists N ≥ 0 such that |a| < |T0T1| on U for all a ∈ (T0, T1)N+1FJT q

−∞

0 , T q
−∞

1 K.
Thus U ⊆ ZN , so we established cofinality and are done.

The proof shows that we have ⋃
N≥1

ZN = ZLT (43)

because rational subsets form a basis of the topology of Z.

Lemma 3.2.2. We have

H0(ZN) =
{ ∞∑
n=0

λnT
d0,n
0 T

d1,n
1 : λn ∈ F, d0,n, d1,n ∈ Z[1/p];

Nd0,n + d1,n, d0,n +Nd1,n →∞
}
.

This is a Banach ring, with topology given by the norm∣∣∣∣∣
∞∑
n=0

λnT
d0,n
0 T

d1,n
1

∣∣∣∣∣
N

:= 2−min{Nd0,n+d1,n,d0,n+Nd1,n : n≥0}.

(Here we implicitly assume that all λn are nonzero and that the (d0,n, d1,n) are pairwise
distinct.)

Proof. As in [SW20, § 3.1] we obtain H0(ZN) = OZ(ZN) by taking

A0 := FJT q
−∞

0 , T q
−∞

1 K
[
TN0
T1

,
TN1
T0

]
,

completing for the (T0, T1)-adic topology and inverting T0T1. (Incidentally, note that
the (T0, T1)-adic topology equals the Ti-adic topology for any i.) The ring A0 is given
explicitly by the series ∑∞n=0 λnT

d0,n
0 T

d1,n
1 such that

• d0,n, d1,n ∈ Z[1/p],

• the subset {d0,n, d1,n : n ≥ 0} ⊆ R is bounded below,

• d0,n + d1,n →∞ as n→∞,
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• for all i ∈ Z≥0 we have d0,n < −i ⇒ d1,n ≥ (i + 1)N and d1,n < −i ⇒ d0,n ≥
(i+ 1)N .

Note (by the second item) that the third item can be replaced by the condition

• Nd0,n + d1,n →∞ and d0,n +Nd1,n →∞ as n→∞.

Moreover, the fourth item implies that Nd0,n + d1,n ≥ 0, d0,n + Nd1,n ≥ 0 for all n.
In particular, the (T0, T1)-adic topology is separated. It is then straightforward to
see that the (T0, T1)-adic completion Â0 of A0 is given by the series ∑∞n=0 λnT

d0,n
0 T

d1,n
1

such that

• d0,n, d1,n ∈ Z[1/p],

• Nd0,n + d1,n →∞ and d0,n +Nd1,n →∞ as n→∞,

• for all i ∈ Z≥0 we have d0,n < −i ⇒ d1,n ≥ (i + 1)N and d1,n < −i ⇒ d0,n ≥
(i+ 1)N .

Another short calculation shows that Â0[(T0T1)−1] is precisely the ring in the state-
ment of this lemma. (To see that we obtain all series in the statement, by symmetry
it is enough to consider series with d0,n < 0 for all n and then write T d0,n

0 T
d1,n
1 =

(T−1
0 T1)−bd0,ncT

d0,n−bd0,nc
0 T

d1,n+bd0,nc
1 .)

For the claim on the topology, it is not hard to verify that for f ∈ Â0 and i ≥ N ,

f ∈ (T0, T1)iÂ0 =⇒ |f |N ≤ 2−i =⇒ f ∈ (T0, T1)i−N Â0.

(Also, |·|N is not multiplicative, only sub-multiplicative.)

Remark 3.2.3. Alternatively we get the Banach topology on H0(ZN) from the fact
that H0(ZN) is Tate with pseudo-uniformizer T0 (or T1).

From Lemma 3.2.1 and Lemma 3.2.2 we obtain the following description of the
Fréchet ring H0(ZLT).

Corollary 3.2.4. We have

H0(ZLT) =
{ ∞∑
n=0

λnT
d0,n
0 T

d1,n
1 : λn ∈ F, d0,n, d1,n ∈ Z[1/p];

xd0,n + yd1,n →∞ ∀ x, y > 0
}
.
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Example 3.2.5. For example, ∑i≥0 T
−i
0 T i

2
1 ∈ H0(ZLT).

Remark 3.2.6. By Lemma 3.2.1 it follows that the topology of H0(ZLT) is given by
the family of norms |·|N for N ≥ 1 (restricted to H0(ZLT)). It is then easy to see that
the induced topology on FJT q

−∞

0 , T q
−∞

1 K is the (T0, T1)-adic topology. In particular,
FJT q

−∞

0 , T q
−∞

1 K is a closed subring of H0(ZLT) (as it is complete).

Lemma 3.2.7. The adic space ZLT is quasi-Stein [KL, Def. 2.6.2].

Proof. This follows from the more general statement that X, Y quasi-Stein in PerfFq
implies X×Fq Y quasi-Stein (using the proof of [SW20, Lemma 8.3.5]), but we provide
an explicit argument here. By (43) we have an increasing union ZLT = ⋃

N≥1 ZN , and
T0 is a topologically nilpotent unit in H0(ZLT). It thus suffices to show the (injective)
map H0(ZN+1)→ H0(ZN) has dense image. Take F := ∑∞

n=0 λnT
d0,n
0 T

d1,n
1 ∈ H0(ZN),

with λn ∈ F, d0,n, d1,n ∈ Z[1/p];Nd0,n+d1,n, d0,n+Nd1,n → +∞. Then for each k ≥ 0
the partial series Fk := ∑k

n=0 λnT
d0,n
0 T

d1,n
1 lies in (the image of)H0(ZN+1) and Fk → F

as k → +∞.

The following lemma about invariants will be very useful.

Lemma 3.2.8. We have H0(ZLT)(p,p−1)Z = FJT q
−∞

0 , T q
−∞

1 K(p,p−1)Z.

Proof. Let F ∈ H0(ZLT) such that (p, p−1)(F ) = F . This implies that if a mono-
mial T a0 T b1 appears in the expansion of F (see Corollary 3.2.4), then all monomials
T q

na
0 T q

−nb
1 for n ∈ Z must also appear. If a < 0, then qna + q−nb→ −∞ as n→∞,

which contradicts the condition in Corollary 3.2.4. The same holds by symmetry if
b < 0. Hence all monomials T a0 T b1 appearing in F must be such that a ≥ 0 and
b ≥ 0.

Remark 3.2.9. For f ≥ 1 it is not difficult to show that

H0(ZLT) =
{ ∞∑
n=0

λnT
d0,n
0 T

d1,n
1 · · ·T df−1,n

f−1 : λn ∈ F, di,n ∈ Z[1/p];

f−1∑
i=0

xidi,n →∞ ∀ x0, . . . , xf−1 > 0
}

by using the covering (43) with

ZN := {|TN0 | ≤ |Ti| 6= 0 ∀ i, |TNi | ≤ |T0| 6= 0 ∀ i}.

Then the same proof as for Lemma 3.2.8 (using elements of the form
(1, . . . , 1, p, 1, . . . , 1, p−1, 1, . . . , 1) ∈ G ∩ (pZ)f for various positions of p, p−1) shows
that H0(ZLT)G∩(pZ)f = FJT q

−∞

0 , . . . , T q
−∞

f−1 KG∩(pZ)f (cf. Lemma 3.3.1).
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3.3 A geometric candidate for DA∞(π) ∩ lim←−ψDA(π)\

We recall the geometric interpretation of DA∞(π(r)) and give a possible (local) can-
didate for DA∞(π) ∩ lim←−ψDA(π)\, where π is the maximal subquotient of π(r) with
only supersingular constituents. We assume f > 1.

Recall from § 3.2 that the perfectoid space ZLT is endowed with an action of
(K×)f o Sf . We define G := ker((K×)f o Sf � K×, (k0, . . . , kf−1, w) 7→ ∏f−1

i=0 ki).
For any (K×)f o Sf -equivariant locally finite free OZLT-module F the F-vector space

H0(ZLT,F)G (44)

is endowed with the residual action of K×. Unfortunately, we do not understand the
spaces (44) except in the case where F = OZLT (cf. (45) and also § 4.4). Recall the
following result from Lemma 3.2.8 and Remark 3.2.9.

Lemma 3.3.1. We have FJT q
−∞

0 , T q
−∞

1 , . . . , T q
−∞

f−1 KG∩(pZ)f ∼−→ H0(ZLT,OZLT)G∩(pZ)f .

From Lemma 3.3.1 we have in particular

FJT q
−∞

0 , T q
−∞

1 , . . . , T q
−∞

f−1 KG ∼−→ H0(ZLT,OZLT)G. (45)

This is a topological isomorphism by Remark 3.2.6.

We consider the perfectoid space ZOK of [BHH+25b, § 2.3] defined as the open
subset of SpaFJNp−∞

0 K = SpaFJY p−∞

0 , Y p−∞

1 , . . . , Y p−∞

f−1 K obtained by removing the
unique non-analytic point (equivalently the simultaneous vanishing locus of all Yi).
The perfectoid space ZOK is not quasi-Stein anymore, but it is quasi-compact because
of the following finite covering of ZOK by rational subsets of SpaFJNp−∞

0 K:

Ui := Spa
(
F((Y p−∞

i ))
〈(Yj
Yi

)p−∞
, j 6= i

〉
,FJY p−∞

i K
〈(Yj
Yi

)p−∞
, j 6= i

〉)
, (46)

where i ∈ {0, . . . , f − 1}. (This covering is analogous to the covering in the proof
of [BHH+25b, Lemma 2.4.2(iv)].) The perfectoid space ZOK is also quasi-separated,
since it is open in the affinoid SpaFJNp−∞

0 K.

Lemma 3.3.2. We have a topological isomorphism

FJNp−∞

0 K = FJY p−∞

0 , . . . , Y p−∞

f−1 K ∼−→ H0(ZOK ,OZOK ).

Proof. There is a description of Ui ∩Uj for i 6= j analogous to (46). Moreover all the
perfectoid Tate algebras H0(Ui,OUi) and H0(Ui ∩ Uj,OUi∩Uj) embed into

H0
(⋂

i

Ui,O⋂
i
Ui

)
= F((Y p−∞

0 ))
〈(Yj
Y0

)p−∞
,
(Y0

Yj

)p−∞
, j 6= 0

〉
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and F((Y p−∞

i ))〈(Yj
Yi

)p−∞ , j 6= i〉 coincides with the subring of elements which only
have denominators in the variable Yi. It is then clear that any element in the
kernel of the map ⊕

iH
0(Ui,OUi) →

⊕
i 6=jH

0(Ui ∩ Uj,OUi∩Uj) is an element of
F((Y p−∞

0 ))〈(Yj
Y0

)p−∞, (Y0
Yj

)p−∞, j 6= 0〉 which has no denominator in any variable Yi for
i ∈ {0, . . . , f − 1}, hence which lies in FJY p−∞

0 , . . . , Y p−∞

f−1 K. As OZOK is a sheaf of
topological rings, H0(ZOK ,OZOK ) carries the subspace topology in ⊕

iH
0(Ui,OUi),

and one checks that it is the (Y0, . . . , Yf−1)-adic topology.

Remark 3.3.3. Note that Lemma 3.3.2 does not hold when f = 1; in that case, we
have H0(ZOK ,OZOK ) = F((Y p−∞

0 )). See also equation (42).

We let PerfF be the category of perfectoid spaces over Spa(F,F) and PerfF∼ the
category of sheaves of sets on the big pro-étale site of PerfF ([SW20, § 8.2]). Recall
that, if W is any adic space over Spa(F,F), the functor hW (−) := HomF(−,W ) lies
in PerfF∼.

It turns out that there is a morphism of perfectoid spaces

m : ZLT −→ ZOK (47)

which induces an isomorphism of sheaves in PerfF∼

hZLT/G
∼−→ hZOK , (48)

where hZLT/G means the sheaf associated to the presheafW 7→ HomF(W,ZLT)/G(W )
with G(W ) := C0(|W |, G) acting through its action G×ZLT → ZLT on ZLT, see [Far20,
Lemma 7.6] or [BHH+25b, § 2.4].

Proposition 3.3.4. We have a commutative diagram in which all arrows are iso-
morphisms:

H0
(
ZLT,OZLT

)G
H0
(
ZOK ,OZOK

)
∼

oo

FJT q
−∞

0 , . . . , T q
−∞

f−1 KG

o

OO

FJY p−∞

0 , . . . , Y p−∞

f−1 K ∼= FJNp−∞

0 K.∼
oo

o

OO
(49)

The vertical maps are homeomorphisms and the horizontal maps continuous.

Proof. Let W := Spa(F[T ],F). As ZLT, ZOK are in PerfF and using Yoneda’s lemma,
we deduce:

H0(ZOK ,OZOK ) = HomF(ZOK ,W ) = HomPerfF∼(hZOK , hW ) ∼−→ HomPerfF∼(hZLT/G, hW )

= HomPerfF∼(hZLT , hW )G,
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where the isomorphism follows from (48). In other words, H0(ZOK ,OZOK ) is the co-
equalizer of the maps G× ZLT ⇒ ZLT → W , where the first two arrows are given by
projection, respectively the action map. Equivalently, it is the equalizer of the maps
H0(ZLT) ⇒ H0(G×ZLT) ∼= C0(G,H0(ZLT)), which equals H0(ZLT)G. We deduce (49)
by noting that the vertical maps are homeomorphisms by (45) and Lemma 3.3.2.

Below we show that the horizontal isomorphisms in (49) are also homeomorphisms.

Corollary 3.3.5. Let F be a (K×)f oSf -equivariant locally finite free OZLT-module.
Then the F-vector space H0(ZLT,F)G is naturally an FJNp−∞

0 K-module.

Proof. It is obviously an H0(ZLT,OZLT)G-module, whence the result by (49).

Since H0(ZLT,F)G is also endowed with a residual K×-action, by Corollary 3.3.5
and the formula (37) it becomes a P -representation. We also note the following
lemma.

Lemma 3.3.6. We have (m∗OZLT)G ∼= OZOK .

Proof. Let U ⊆ ZOK be an open subset and V := U ×ZOK ZLT. Then G acts on the
perfectoid space V and there is a G-equivariant isomorphism hV ∼= hU ×hZOK hZLT

in PerfF∼, where G acts on hU ×hZOK hZLT through its action on hZLT . We deduce
hV /G ∼= hU ×hZOK (hZLT/G) ∼= hU in PerfF∼, where the last isomorphism follows from
(48). The same proof as in Proposition 3.3.4 then givesH0(U,OU) ∼= H0(V,OV )G.

We show that the horizontal isomorphisms in Lemma 3.3.4 are homeomorphisms.
Consider the diagram

1⊕
i=0

H0
(
m−1(Ui),OZLT

)G 1⊕
i=0

H0
(
Ui,OZOK

)
∼
oo

H0
(
ZLT,OZLT

)G?�

OO

H0
(
ZOK ,OZOK

)
∼

oo
?�

OO

for the open cover U0, U1 of ZOK in (46). The vertical maps are closed embeddings
by the sheaf axiom, and the horizontal maps are isomorphisms by Lemma 3.3.6. It
then suffices to show that the top horizontal map is a homeomorphism. Moreover,
by Lemma 3.3.8 below we can write m−1(Ui) = ⋃∞

n=0Wn with Wn affinoid so that
H0(m−1(Ui),OZLT) = lim←−nH

0(Wn,OZLT) is a Fréchet space over F((Y p−∞

i )) (each
H0(Wn,OZLT) being Banach). Hence its closed subspace H0(m−1(Ui),OZLT)G is also
Fréchet, and H0(Ui,OZOK ) is even Banach. By the open mapping theorem (applied
separately to each direct factor), the top horizontal map is a homeomorphism.
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Remark 3.3.7. An analogous proof using Lemma 3.3.8 below shows that Lemma
3.3.6 is an isomorphism of sheaves of topological rings.

Lemma 3.3.8. Suppose that U is any quasi-compact open subset of ZOK . Then
m−1(U) can be covered by countably many affinoid open subsets of ZLT.

Proof. Write m : ZLT � ZOK as the composition ZLT
m1
� ZLT/(p, p−1)Z

m2
� ZOK . Then

m1 is a (p, p−1)Z-torsor between perfectoid spaces, with (p, p−1)Z acting properly
discontinuously on ZLT (using the map κ12 in the proof of [BHH+25b, Prop. 2.4.4])
and we claim that m2 a quasi-compact morphism of perfectoid spaces. Assuming the
claim, m−1

2 (U) is a quasi-compact perfectoid space, and this implies that m−1(U) =
m−1

1 (m−1
2 (U)) can be covered by countably many quasi-compact open subsets, or

equivalently countably many affinoid open subsets.

To prove the claim, we first show that the rational open subset W := {|T0|q
2 ≤

|T1| ≤ |T0|} of ZLT surjects onto ZLT/(p, p−1)Z, or equivalently that every (p, p−1)Z-
orbit in ZLT intersects W . Suppose that x ∈ ZLT with maximal generization x̃.
Using the action of (p, p−1)Z we may assume that x̃ ∈ W . If x /∈ W , then |T1|x >
|T0|x or |T1|x < |T0|q

2
x . By [SW20, Lemma 4.2.2] with [SW20, Prop. 4.2.5] we have

(respectively) |T1|x̃ ≥ |T0|x̃ or |T1|x̃ ≤ |T0|q
2

x̃
, which forces (respectively) |T1|x̃ = |T0|x̃

or |T1|x̃ = |T0|q
2

x̃
since x̃ ∈ W . This implies |T1|x̃ < |T0|1/q

2

x̃
hence also |T1|x < |T0|1/q

2
x

by loc. cit., or |T0|q
4

x̃
< |T1|x̃ hence also |T0|q

4
x < |T1|x. Thus we obtain |T0|x < |T1|x <

|T0|1/q
2

x which is equivalent to |T0|qx < |T1|qx < |T0|1/qx and thus (p, p−1)−1(x) ∈ W ,
or |T0|q

4
x < |T1|x < |T0|q

2
x which is equivalent to |T0|q

3
x < |T1|1/qx < |T0|qx and thus

(p, p−1)(x) ∈ W .

Consider the composition f : W � ZLT/(p, p−1)Z → ZOK ⊆ SpaFJY p−∞

0 , Y p−∞

1 K
which sends analytic points to analytic points. By [SW20, Prop. 5.1.3] the map f is
adic and by [SW20, Prop. 5.1.5] the preimage of any rational subset is rational, hence
quasi-compact, in W . By surjectivity of the first map (and since the continuous
image of a quasi-compact subset is quasi-compact), the preimage of any rational
subset of SpaFJY p−∞

0 , Y p−∞

1 K is quasi-compact in ZLT/(p, p−1)Z, and hencem2 is quasi-
compact.

Remark 3.3.9. We see the bottom isomorphism in (49) as some sort of “miracle”.

(i) For any d > 1 and any compact open subgroup H of ker((K×)d � K×),
one has FJT0, . . . , Td−1KH = F. As a consequence the embedding FJN0K ↪→
FJT q

−∞

0 , . . . , T q
−∞

f−1 K does not factor through FJT q
−n

0 , . . . , T q
−n

f−1K for any n ≥ 0!
Indeed, we may assume that H ⊆ (1 + pOK)d and n = 0. Suppose F ∈
FJT0, . . . , Td−1KH is non-constant. Write F = ∑∞

i=0(λi + gi(T0, . . . , Td−2))T id−1
with λi ∈ F and gi ∈ FJT0, . . . , Td−2K with gi(0) = 0. Assume first that gi 6= 0 for
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some i, and let i0 ≥ 0 be minimal such that gi0 6= 0. It follows from a(T ) ≡ T
(mod T 2) for a ∈ 1 + pOK that gi0 is invariant under an open subgroup of
(O×K)d−1. An easy induction on d ≥ 2 shows that FJT0, . . . , Td−2KH

′ = F for
any open subgroup H ′ of (O×K)d−1, using the field of norms when d = 2. Hence
gi0 ∈ F, a contradiction. Otherwise, F ∈ FJTd−1KH

′ for some open subgroup H ′
of O×K , so F ∈ F, contradiction.

(ii) For any d > 1 one can also define FJTcyc,0, . . . , Tcyc,d−1K with the cyclotomic
variables Tcyc,i instead of the Lubin–Tate variables Ti. But in that case we have
FJT p

−∞

cyc,0 , . . . , T
p−∞

cyc,d−1KH = F for any compact open subgroup H of ker((Q×p )d �
Q×p ). Indeed, by an argument similar to the one in the proof of Proposition
3.1.4, we have a (Q×p )d-equivariant embedding

FJT p
−∞

cyc,0 , . . . , T
p−∞

cyc,d−1K ↪→ lim←−
ψ0,...,ψd−1

FJTcyc,0, . . . , Tcyc,d−1K,

where the projective limit on the right is induced by the usual operators ψi :
FJTcyc,iK � FJTcyc,iK of the cyclotomic theory (which do not exist for the Lubin–
Tate theory). It follows that, for any compact open subgroup H of ker((Q×p )d �
Q×p ), FJT p

−∞

cyc,0 , . . . , T
p−∞

cyc,d−1KH embeds into lim←−ψ0,...,ψd−1
FJTcyc,0, . . . , Tcyc,d−1KH

which is F by (i).

Since Sf obviously does not act freely on ZLT, the morphism m is (unfortunately)
not a G-torsor. It is also not pro-étale, though it is quasiproétale ([SW20, § 9.2]) by
[Far20, Lemma 7.6]. But Zgen

OK := Spa(A∞, A◦∞) (A◦∞ are the power-bounded elements)
is an affinoid open subspace of ZOK (the subspace of valuations such that |Y0| = |Y1| =
· · · = |Yf−1| 6= 0, see [BHH+25b, § 2.4], in fact from the proof of Lemma 3.3.2 one has
Zgen
OK = U0 ∩ · · · ∩ Uf−1), and the map m restricts to m : Zgen

LT := m−1(Zgen
OK ) → Zgen

OK
where it is now a G-torsor ([BHH+25b, Prop. 2.4.4]).

Let n ≥ 1 and recall that to any ρ : Gal(Qp/K) → GLn(F) one can associate
a perfectoid étale Lubin–Tate (ϕq,O×K)-module DLT,∞(ρ) over F((T q

−∞

0 )) (see for in-
stance [BHH+25b, Rk. 2.1.3]). Note that ϕq is bijective on DLT,∞(ρ), so that ϕq
and O×K combine into an action of K×, where p acts by ϕq. One can then define the
(K×)foSf -equivariant locally free OZLT-module Fρ on the quasi-Stein ZLT associated
to its global sections DLT,∞(ρ)⊗̂F · · · ⊗̂FDLT,∞(ρ) (where the latter is loosely defined
as in (42) remembering that DLT,∞(ρ) is an n-dimensional F((T q

−∞

0 ))-vector space).
And one has (see [BHH+25b, § 2.7]):

D⊗A∞(ρ) := A∞ ⊗A D⊗A(ρ) = H0(Zgen
LT ,Fρ)G = H0(Zgen

OK , (m∗Fρ)
G). (50)

Going back to ρ = rv(1), where r is a 2-dimensional global Galois representation such
that its restriction rv to a decomposition group at a fixed place v|p is sufficiently
generic, we thus have DA∞(π(r)) ∼= H0(Zgen

LT ,Frv(1))G.
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If rv(1) ∼=
(
χ1 ∗
0 χ2

)
is reducible, similarly to (17) we have extensions of (K×)foSf -

equivariant locally free OZLT-modules

Frv(1) ∼=
(
Fχ1 F ss

rv(1) Fχ2

)
. (51)

Definition 3.3.10. If rv is irreducible we define F := Frv(1) and if rv is reducible we
define F := F ss

rv(1).

Denoting by π the maximal subquotient of π(r) with only supersingular con-
stituents, we see that we have

DA∞(π) ∼= H0(Zgen
LT ,F)G ∼= H0(Zgen

OK , (m∗F)G) ∼= D⊗A∞(rv(1))ss. (52)

The P -equivariant injective restriction map

H0(ZLT,F)G res
↪→ H0(Zgen

LT ,F)G (53)

shows that H0(ZLT,F)G can be seen as an “integral structure” in DA∞(π) preserved
by P . (Note that this map is injective since F is free of finite rank and the map
H0(ZLT,OZLT) → H0(Zgen

LT ,OZLT) is injective (in fact, even the restriction to the
open subset denoted Un0

⊆ Zgen
LT in [BHH+25b, § 2.4] is injective by combining Corol-

lary 3.2.4 and [BHH+25b, Lemma 2.4.7]).) But we have seen in (39) another “integral
structure” in DA∞(π) preserved by P : X = DA∞(π) ∩ lim←−ψDA(π)\. It is therefore
natural to ask the following question:

Question 3.3.11. Do we have H0(ZLT,F)G ∼= DA∞(π)∩lim←−ψDA(π)\ inside DA∞(π)?

A related (more important) question is:

Question 3.3.12. If H0(ZLT,F)G ⊆ lim←−ψDA(π)\, is H0(ZLT,F)G dense in
lim←−ψDA(π)\?

Note first that, if H0(ZLT,F)G is dense in lim←−ψDA(π)\, the proof of Lemma
3.1.8 shows that H0(ZLT,F)G is not finitely generated as FJNp−∞

0 K-module. More
importantly, if H0(ZLT,F)G is dense in lim←−ψDA(π)\, then lim←−ψDA(π)\ coincides

with the closure of H0(ZLT,F)G in lim←−ψDA(π) via the composition H0(ZLT,F)G
(53)
↪→

DA∞(π)
(38)
↪→ lim←−ψDA(π) (note that lim←−ψDA(π)\ is closed in lim←−ψDA(π)). It follows

that lim←−ψDA(π)\ is local, hence π∨|P is local by Corollary 2.2.4, hence π|P is local,
hence π is local as GL2(K)-representation ([Paš07, Thm. 4.4]).

Unfortunately, just likeDA∞(π)∩lim←−ψDA(π)\, we do not even know ifH0(ZLT,F)G
is 0 or not, even when f = 2.
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Remark 3.3.13. Fargues conjectures that, for any (K×)f o Sf -equivariant locally
finite free OZLT-module G on ZLT, the sheaf (m∗G)G is generated by its global sections
H0(ZLT,G)G (and in particular that we have H0(ZLT,G)G 6= 0 if G 6= 0), see [Far,
Conj. 10.1, Thm. 10.2].

3.4 The principal series case I

We briefly discuss the analogs of Questions 3.3.11 and 3.3.12 in the much simpler
principal series case. Namely, we assume that rv is reducible and consider the rank 1
subsheaf Fχ1 of Frv(1) in (51), resp. the principal series quotient of π(r).

Concretely, we write again rv(1) ∼=
(
χ1 ∗
0 χ2

)
, so that we have a quotient map

π(r) � J := IndGB(χ−1
2 ω ⊗ χ−1

1 ),

which gives rise to the following commutative diagram, where the left isomorphism
comes from Lemma 2.4.1 and [BHH+25b, Lemma 2.9.6]:

DA(J) � � //

o

DA(π(r))
o

D⊗A(χ1) � � // D⊗A(rv(1))

(54)

Recall from (39) that we have (by definition) a cartesian diagram

DA∞(J) � � θ //

�

lim←−
ψ

DA(J)

X � � //
?�

OO

lim←−
ψ

DA(J)\
?�

OO

J∨Θoooo

with the one difference that in our situation the map Θ : J∨ � lim←−ψDA(J)\ has a
1-dimensional kernel by Lemma 2.4.2. We know that X is a P -representation and an
FJNp−∞

0 K-module (by Lemma 3.1.7). We also know that lim←−ψDA(J)\ is topologically
irreducible as P -representation, cf. § 2.4.

Recall the element κ ∈ J∨ from Lemma 2.4.1, and let κ 6= 0 denote its image in
DA(J)\. As ψ(κ) = χ1(p)−1κ in J∨ (from the definitions) we deduce that

Θ(κ) = (κ, χ1(p)κ, χ1(p)2κ, . . . )
= (κ, ϕ(κ), ϕ2(κ), . . . )
= θ(κ),
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by the definition of θ in § 3.1, so κ ∈ X.

We claim that X = FJNp−∞

0 Kκ (inside DA∞(J)). Note that the containment
“⊇” is clear, as X is an FJNp−∞

0 K-module. For the containment “⊆”, first note that
DA(J)\ = FJN0Kκ, cf. the proof of Lemma 2.4.3. It follows from Proposition 3.1.4(ii)
that if x ∈ X, then x is a limit of a sequence in FJN1/pn

0 Kκ and hence that x ∈
FJNp−∞

0 Kκ.

On the other hand, we compute the image of

H0(ZOK , (m∗Fχ1)G) ↪→ H0(Zgen
OK , (m∗Fχ1)G) = D⊗A∞(χ1).

Let f0, f1 be a basis of the Lubin–Tate (ϕq,O×K)-moduleDLT(rv(1)) over F((T )) of rv(1)
such that f0 = T he0 is a basis of DLT(χ1) ⊆ DLT(rv(1)) with h, e0 as in [BHH+25b,
Lemma 2.1.5] (applied with d = 1 and ρ = χ1). Then DLT,∞(χ1)⊗̂FDLT,∞(χ1) is a
direct summand of DLT,∞(rv(1))⊗̂FDLT,∞(rv(1)) which is free of rank 1, generated by
the vector f0⊗f0. One checks that the vector f0⊗f0 isG-invariant, so thatD⊗A∞(χ1) =
A∞(f0 ⊗ f0) by (50). By Lemmas 3.3.6 and 3.3.2 we deduce H0(ZOK , (m∗Fχ1)G) =
FJNp−∞

0 K(f0 ⊗ f0).

The left vertical isomorphism in (54) is not canonical, but K× acts via the same
character (namely χ1) on κ and f0⊗f0, so by [BHH+25a, Cor. 3.9] we deduce that κ ∈
F(f0⊗ f0). It follows that H0(ZOK , (m∗Fχ1)G) = X via the left vertical isomorphism
in (54). Overall we obtain a positive answer to the analogs of Questions 3.3.11,
3.3.12 in this case (using that lim←−ψDA(J)\ is topologically irreducible for the second
question).

Since we were not successful with H0(ZOK , (m∗F ss
rv(1))G) = H0(ZLT,F ss

rv(1))G =
H0(G,F ss

rv(1)(ZLT)) we next pass to H1
cts(G,F ss

rv(1)(ZLT)) (i.e., H1
cts(G,F(ZLT)) with F

as in Definition 3.3.10).

4 Towards the locality of π via perfectoids II

For π of global origin having only supersingular constituents as in (18), we construct
a P -equivariant surjection DA∞(π) ∼= D⊗A∞(rv(1))ss � π⊗ η (for a certain local twist
η). When f = 2 we construct a local quotient of D⊗A∞(rv(1))ss by using the geometric
interpretation of D⊗A∞(rv(1))ss in (52) and prove that it is an infinite-dimensional
smooth P -representation. We hope that this quotient equals π ⊗ η.
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4.1 The morphism A∞ ⊗A HomA(DA(π), A)→ π ⊗ χ

For a smooth representation π of GL2(K) that is contained in category C (§ 2.2) we
construct a P -equivariant morphism A∞ ⊗A HomA(DA(π), A)→ π (up to twist).

We make no assumption on f and let π be an admissible smooth representation
of GL2(K) over F in the category C (§ 2.2) such that DA(π) is étale. By [BHH+25b,
Lemma 3.2.2] HomA(DA(π), A) is also naturally a finite free étale (ϕ,O×K)-module
over A. Recall that P+ =

(
OK\{0} OK

0 1

)
acts on any étale (ϕ,O×K)-module over A, for

instance on HomA(DA(π), A), by the formulas in (37).

Remark 4.1.1. One can avoid the assumption thatDA(π) is étale by replacingDA(π)
by its quotient DA(π)ét (see the beginning of § 2.2) in all the results of this section.
Recall that in the cases of global interest we have DA(π) = DA(π)ét, see Remark 2.2.3.

By duality the natural map π∨ → DA(π) gives rise to a map Homcont
F (DA(π),F)→

Homcont
F (π∨,F) = π, which we can further compose to obtain

ε : HomA(DA(π), A) µ◦−→ Homcont
F (DA(π),F)→ Homcont

F (π∨,F) = π,

where the continuous morphism µ : A→ F was defined in [BHH+25b, § 3.3]. However
the actions of ϕ and O×K become twisted. More precisely, we let χ : P =

(
K× K

0 1

)
−→

F× denote the smooth character

χ(
(
pna b

0 1

)
) = (−1)(f−1)nNFq/Fp(a)−1

for n ∈ Z, a ∈ O×K , b ∈ K, where NFq/Fp is the norm Fq → Fp(↪→ F).

Lemma 4.1.2. The above morphism

ε : HomA(DA(π), A) −→ π ⊗ χ

is FJN0K-linear, P+-equivariant, and continuous, where π carries the discrete topol-
ogy.

Proof. By [BHH+25b, Lemma 3.3.5(ii),(iii)] and the definition of χ we have ε(ϕ(h)) =(
p 0
0 1

)
ε(h) and ε(ah) =

(
a 0
0 1

)
ε(h) for a ∈ O×K , hence ε is P+-equivariant. By construc-

tion and Remark 2.2.1, ε is FJN0K-linear (as χ is trivial on N0).

To justify continuity: as the source is a finite free A-module, it suffices to show
that A → π ⊗ χ, a 7→ ε(ah) is continuous for any h ∈ HomA(DA(π), A). As the
natural filtration on DA(π) is good ([LvO96, § I.5]), we have

HomA(DA(π), A)=HOMA(DA(π), A)=HOMFJN0KS((π∨)S, A)=HOMFJN0K(π∨, A),
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where HOM is as in [LvO96, § I.2.5] and S is the multiplicative subset of FJN0K
generated by Y0 · · ·Yf−1 (see [BHH+25a, § 3.1.1]). See [LvO96, Prop. I.6.6] for the
first equality, the second equality follows by completion and the last by localization
and checking compatibility with filtrations by unraveling definitions. In particular,
h(DA(π)\) ⊆ FdA for some d ∈ Z (recall A is a filtered ring with ascending filtration
(FdA)d∈Z) with DA(π)\ as in (16). As µ is continuous, µ(FeA) = 0 for some e ∈ Z.
We deduce from the definitions that ε(Fe−dA · h) = 0, i.e., ε is continuous.

Recall that π∨ has dense image in DA(π). Hence if DA(π) is nonzero then the
morphism ε is also nonzero (as ε(h) 6= 0 for any h ∈ HomA(DA(π), A) such that
h(DA(π)) = A). As in the proof of Lemma 3.1.2, we deduce from Lemma 4.1.2 and
the formulas in (37) a P -equivariant morphism

lim−→
ϕ

ε : A(∞) ⊗A HomA(DA(π), A) −→ π ⊗ χ (55)

which is nonzero if DA(π) 6= 0.

Lemma 4.1.3. The P -equivariant morphism (55) induces a continuous FJNp−∞

0 K-
linear and P -equivariant morphism

A∞ ⊗A HomA(DA(π), A) −→ π ⊗ χ. (56)

Proof. From (34), the restriction of (55) to A1/pn⊗A HomA(DA(π), A) is given by the
map εn in the following diagram:

HomA(DA(π), A) ε // π ⊗ χ

A1/pn ⊗A HomA(DA(π), A)

o ϕn⊗ϕn
OO

εn // π ⊗ χ.

o ϕn=
(
pn 0
0 1

)OO

(57)

We show that lim−→ϕ
ε : A(∞) ⊗A HomA(DA(π), A) → π ⊗ χ is continuous, where π

carries the discrete topology, so that it extends to (56) by completion. Note that the
topology of A(∞) is still given by the total degree, i.e., by the filtration FdA(∞) =
lim−→n≥0(FpndA)1/pn (d ∈ Z). As in the proof of Lemma 4.1.2 it suffices to show that
for any fixed h ∈ HomA(DA(π), A) the map A(∞) → π ⊗ χ, a 7→ (lim−→ϕ

ε)(ah) is
continuous.

By picking a basis (ei)mi=1 of D := HomA(DA(π), A) and corresponding filtration
FdD := ∑m

i=1 FdA ·ei we see that there exists some c ∈ Z such that ϕ(FdD) ⊆ Fpd+cD
for all d ∈ Z. Choose d(h) ∈ Z such that h ∈ Fd(h)D. Choose e ∈ Z such that
ε(FeD) = 0 (by Lemma 4.1.2) and δ ∈ Z so that pn(d(h) + δ) + (pn−1)c

p−1 ≤ e for
all n ≥ 0. We claim that (lim−→ϕ

ε)(FδA(∞) ⊗ h) = 0, which will complete the proof.
It suffices to show that εn((FpnδA)1/pn ⊗ h) = 0 for all n ≥ 0, or equivalently that
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ε(FpnδA · ϕn(h)) = 0, cf. (57). By induction we have ϕn(h) ∈ F
pnd(h)+ (pn−1)c

p−1
D, thus

by our choice of δ the map (56) is continuous.

By continuity, the map (56) is P -equivariant. Also, from (57) the map εn is
FJN1/pn

0 K-linear and (56) is lim−→n
FJN1/pn

0 K-linear. Recall FJNp−∞

0 K ⊆ A∞, consisting
of series in the Yi with non-negative coefficients and total degree going to ∞. By
smoothness, any element of π is killed by terms of large enough degree, so π becomes
a FJNp−∞

0 K-module. By continuity, (56) is FJNp−∞

0 K-linear.

Assume now moreover that π has finite length and that all its irreducible con-
stituents π′ are supersingular with DA(π′) 6= 0. Note that using the exactness of the
functor π′′ 7→ DA(π′′) ([BHH+25a, Prop. 3.12]), all DA(π′) are automatically étale
as DA(π) is. Then since each π′|P is irreducible by [Paš07, Thm. 1.1(i)] (with the
fact that π, hence π′, has a central character), we deduce that the morphism (56) is
surjective in that case.

Finally, let π as in (18). Since HomA(D⊗A(rv(1)), A) ∼= D⊗A(r∨v (−1)) (see [Wanb,
end of § 5]) and r∨v

∼= rv ⊗ det(rv)−1, it easily follows from [BHH+25b, Lemma
2.9.6] that the (ϕ,O×K)-module HomA(D⊗A(rv(1))ss, A) is isomorphic to D⊗A(rv(1))ss

up to a twist. Therefore, from the above results with (18), we obtain a continuous
P -equivariant surjection

D⊗A∞(rv(1))ss � π ⊗ η (58)
for some explicit (local) character η : P → F×.
Remark 4.1.4. The morphism (56) is not surjective when π is a principal series, see
§ 4.6.

In the next sections we assume f = 2 and our aim is to find a local smooth
P -representation occurring as a quotient of the P -representation D⊗A∞(rv(1))ss.

4.2 A smoothness result

For a continuous representation ρ : Gal(Qp/K)→ GL2(F), recall Fρ is the (K×)foSf -
equivariant locally free sheaf on ZLT defined in § 3.3. We define D⊗A(ρ)ss as in (17) and
F as in Definition 3.3.10, replacing rv(1) by ρ in loc. cit. In this section we assume
f = 2 and prove that the natural action of P =

(
K× K

0 1

)
on H1(pZ,a, H0(ZLT,F))G is

smooth (the “a” stands for “antidiagonal”). We will use the latter space to construct
a local smooth quotient of D⊗A∞(ρ)ss = A∞ ⊗A D⊗A(ρ)ss.

Lemma 4.2.1. Let λ ∈ F×, t ∈ Z≥1, r, s ∈ Z[1/p], and F = ∑∞
n=0 λnT

d0,n
0 T

d1,n
1 ∈

H0(ZLT) such that for all n we have either d0,n > 0 or d1,n > 0. Then

F ∈ ((pt)a − λ−1T−r0 T−s1 )H0(ZLT).
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Here (and in what follows), given x ∈ K×, we write xa for the antidiagonal element
(x, x−1) ∈ G.

Proof. Let I := {n ≥ 0 : d0,n ≥ d1,n}. For n ∈ I we let

gn := −
+∞∑
i=0

(λT r0T s1 )i+1(pit)a(T d0,n
0 T

d1,n
1 ) = −

+∞∑
i=0

λi+1T
qitd0,n+(i+1)r
0 T

q−itd1,n+(i+1)s
1 .

(59)
Then gn converges in H0(ZLT) as d0,n > 0 (by assumption). Similarly for n /∈ I put

gn :=
∑
i<0

(λT r0T s1 )i+1(pit)a(T d0,n
0 T

d1,n
1 ) =

+∞∑
i=1

(λT r0T s1 )1−iT
q−itd0,n
0 T

qitd1,n
1 .

Again this converges in H0(ZLT), and in either case we have ((pt)a−λ−1T−r0 T−s1 )gn =
T
d0,n
0 T

d1,n
1 .

It remains to check that g := ∑∞
n=0 λngn ∈ FJT q

−∞

0 , T q
−∞

1 K converges in H0(ZLT)
because this implies that ((pt)a − λ−1T−r0 T−s1 )g = F . Without loss of generality we
assume that I = Z≥0 – as the argument for indices n /∈ I is analogous (by symmetry)
– so that in particular d0,n(≥ 1

2(d0,n + d1,n))→∞ as n→∞.

For x, y ∈ R>0 we let vx,y denote the valuation on H0(ZLT) given by vx,y(F ) :=
min{xd0,n+yd1,n : n ≥ 0} (here we implicitly assume that all λn are nonzero and that
the (d0,n, d1,n) are pairwise distinct). From (59) we obtain, with i running through
Z≥0:

vx,y(gn) = min{x[qitd0,n + (i+ 1)r] + y[q−itd1,n + (i+ 1)s]}
≥ min{x[(1 + (q − 1)it)d0,n + (i+ 1)r] + y[q−itd1,n + (i+ 1)s]}
= min{[xd0,n + yq−itd1,n + xr + ys] + i[x(q − 1)td0,n + xr + ys]}.

Choosing n large enough such that x(q − 1)td0,n + xr + ys ≥ 0, we get

vx,y(gn) ≥ xd0,n + min{yq−itd1,n}+ xr + ys.

Hence if d1,n ≥ 0, then vx,y(gn) ≥ xd0,n + xr+ ys, whereas if d1,n < 0 then vx,y(gn) ≥
xd0,n + yd1,n + xr + ys. In either case we see that vx,y(gn)→∞ as n→∞.

Corollary 4.2.2. For λ ∈ F×, t ∈ Z≥1, r, s ∈ Z[1/p] the action of H0(Z) =
FJT q

−∞

0 , T q
−∞

1 K on H0(ZLT)/((pt)a−λ−1T−r0 T−s1 )H0(ZLT) is smooth, in the sense that
for each element F ∈ H0(ZLT)/((pt)a − λ−1T−r0 T−s1 )H0(ZLT) there exists N ∈ Z≥0
such that the ideal (T0, T1)N kills F .

Proof. Take any F = ∑∞
n=0 λnT

d0,n
0 T

d1,n
1 ∈ H0(ZLT). In particular, d0,n + d1,n → ∞

as n → ∞. Choosing N ≥ 0 such that d0,n + d1,n > −N for all n, we see that hF
satisfies the conditions of Lemma 4.2.1 for any element h ∈ (T0, T1)N .
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Lemma 4.2.3. For λ ∈ F×, t ∈ Z≥1, r, s ∈ Z[1/p] the action of O×K × O×K on
H0(ZLT)/((pt)a − λ−1T−r0 T−s1 )H0(ZLT) is smooth.

Proof. For any N ≥ 1, the Lubin–Tate action of O×K on FJT K/TN is smooth (T is
the Lubin–Tate variable as in § 3.3). Indeed, by induction, note that if [a](T ) ∈
T + T dFJT K for a ∈ 1 + pOK and d > 1, then [ap](T ) ∈ T + T d+1FJT K. Choose then
i(N) ∈ Z>0 such that for a ∈ 1 + pi(N)OK we have a(T ) ∈ T (1 + TN−1FJT K). By
Lemma 4.2.1 any element of H0(ZLT)/((pt)a−λ−1T−r0 T−s1 )H0(ZLT) is represented by
a polynomial in T−q

−n

0 , T−q
−n

1 (for some n). It thus suffices to check that the action of
(O×K)2 on T−r/q

n

0 T
−s/qn
1 + ((pt)a− λ−1T−r0 T−s1 )H0(ZLT) is smooth, for any fixed r, s ∈

Z≥0 and n ≥ 0. By Lemma 4.2.1 this is true, because (1+pi(r+2)OK)×(1+pi(s+2)OK)
acts trivially on this coset.

4.2.1 The case of reducible ρ

Recall that ωnf for n ≥ 1 denotes Serre’s niveau n character of order qn− 1 (which is
F-valued via any embedding Fqn ↪→ F that extends σ0 : Fq ↪→ F, the choice of which
does not matter).

Lemma 4.2.4.

(i) Suppose that ρ ∼=
(
ω
h1
2 unr(λ1) 0

0 ω
h2
2 unr(λ2)

)
is split reducible. We have an isomor-

phism H0(ZLT,Fρ) ∼= H0(ZLT)⊕4 as H0(ZLT)-modules such that the antidiag-
onal action of p, equivalently of ϕq, corresponds to (ϕq, λ1λ

−1
2 ϕq, λ2λ

−1
1 ϕq, ϕq)

and the action of (a, 1) ∈ O×K×O×K corresponds to (ah1 [a]⊗1, ah1 [a]⊗1, ah2 [a]⊗
1, ah2 [a]⊗ 1).

(ii) Suppose that ρ ∼=
(
ω
h1
2 unr(λ1) ∗

0 ω
h2
2 unr(λ2)

)
is reducible. We have H0(ZLT,F) ∼=

H0(ZLT)⊕2 as H0(ZLT)-modules with antidiagonal action of p given by
(λ1λ

−1
2 ϕq, λ2λ

−1
1 ϕq) and action of (a, 1) ∈ O×K ×O×K by (ah1 [a]⊗ 1, ah2 [a]⊗ 1).

Proof. (i) Let DLT(ρ) denote the Lubin–Tate (ϕq,O×K)-module over F((T )) associated
to ρ. Then by changing the basis from e0 to T he0 in [BHH+25b, Lemma 2.1.5] (applied
with d = 1), we see that DLT(ρ) ∼= F((T ))⊕2 such that ϕq (resp. a ∈ O×K) on the left
corresponds to (λ1ϕq, λ2ϕq) (resp. (ah1 [a], ah2 [a])) on the right. The result follows.
(ii) also easily follows since, if ρ is nonsplit, one verifies that the sheaf F is the same
as in the split case (for the semisimplification of rv(1)).

Recall from § 3.3 that G ∼= K× o S2. We recall how the group P =
(
K× K

0 1

)
acts

on H1
cts(G,H0(ZLT,Fρ)) and H1(pZ,a, H0(ZLT,Fρ))G. The point is that both have
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actions of the ring H0(ZLT)G and of the group K× = ((K×)2 o S2)/G. From (49) we
have H0(ZLT)G ∼= FJNp−∞

0 K, thus we get an action of the group ⋃n≥0N
1/pn
0 =

(
1 K
0 1

)
.

As K× acts semilinearly, we get an action of the semidirect product P ∼=
(

1 K
0 1

)
oK×.

Corollary 4.2.5.

(i) Suppose that ρ : GK → GL2(F) is split reducible. Then the action of P on
H1(pZ,a, H0(ZLT,Fρ))G = (H0(ZLT,Fρ)/(pa − 1)H0(ZLT,Fρ))G is smooth.

(ii) Suppose that ρ : GK → GL2(F) is reducible. Then the action of P on
H1(pZ,a, H0(ZLT,F))G is smooth.

Proof. (i) It suffices to check separately that N0 and (1 + pOK) × 1 ⊆ K× × 1
act smoothly on H1(pZ,a, H0(ZLT,Fρ)) (hence the same is true on the G-invariant
subspace). By Lemma 4.2.4 it suffices to show the same property for H0(ZLT)/(pa −
λ)H0(ZLT) for any λ ∈ F×.

First we show that the action of N0 is smooth. We have FJN0K = FJY0, Y1K, hence
the Yi (i = 0, 1) are topologically nilpotent. So the image of Yi in FJT q

−∞

0 , T q
−∞

1 K by
(49) lies in the maximal ideal of FJT q

−∞

0 , T q
−∞

1 K. Thus the smoothness follows from
Corollary 4.2.2 (with t = 1 and r = s = 0). Finally, the action of (1 + pOK) × 1 is
smooth by Lemma 4.2.3.

Part (ii) follows from part (i) by arguing as in Lemma 4.2.4(ii).

4.2.2 The case of irreducible ρ

We continue using the notation of § 4.2.1. Recall from [BHH+25b, § 2.1] that ρ ∼=
(indωhdf )⊗unr(λ) for some d ≥ 1, h ∈ Z (not divisible by qd−1

qd′−1 for any proper divisor
d′|d) and λ ∈ F×. Here, indωhdf is determined by having determinant ωhf · unr(−1)d−1

and (indωhdf )|IK ∼= ωhdf ⊕ ω
qh
df ⊕ · · · ⊕ ω

qd−1h
df . For us, d = f = 2, so h is not divisible

by q+ 1. As in [BHH+25b, § 2.1] we let fLT
a,i := σ0(a)Ti

a(Ti) for a ∈ O×K and 0 ≤ i ≤ f − 1.

Lemma 4.2.6. Suppose that ρ ∼= (indωh4 )⊗unr(λ) is irreducible of dimension 2. We
have an isomorphism H0(ZLT,Fρ) ∼= H0(ZLT)⊕4 as H0(ZLT)-modules such that the
antidiagonal action of p2, equivalently of ϕ2

q, corresponds to

((T0T
1/q2

1 )−h(q−1)ϕ2
q, (T0T

1/q
1 )−h(q−1)ϕ2

q, (T
q
0T

1/q2

1 )−h(q−1)ϕ2
q, (T

q
0T

1/q
1 )−h(q−1)ϕ2

q)

and the action of (a, 1) ∈ O×K ×O×K corresponds to

((fLT
a,0 )h/(q+1)[a]⊗ 1, (fLT

a,0 )h/(q+1)[a]⊗ 1, (fLT
a,0 )hq/(q+1)ah2 [a]⊗ 1, (fLT

a,0 )hq/(q+1)[a]⊗ 1).
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Proof. From [BHH+25b, Lemma 2.1.5] we see that DLT(ρ) ∼= F((T ))⊕2 such that
ϕ2
q (resp. a ∈ O×K) on the left corresponds to (λ2T−h(q−1)ϕ2

q, λ
2T−hq(q−1)ϕ2

q) (resp.
((fLT

a )h/(q+1)[a], (fLT
a )hq/(q+1)[a])) on the right. The result follows.

Corollary 4.2.7. Suppose that ρ : GK → GL2(F) is irreducible. Then the action of
P on H1(pZ,a, H0(ZLT,Fρ))G = (H0(ZLT,Fρ)/(pa − 1)H0(ZLT,Fρ))G is smooth.

Proof. As in the proof of Lemma 4.2.5(i), it suffices to check separately that N0
and O×K × 1 act smoothly on H1(pZ,a, H0(ZLT,Fρ)). As H1(p2Z,a, H0(ZLT,Fρ)) sur-
jects onto H1(pZ,a, H0(ZLT,Fρ)), it suffices to show the same property for
H1(p2Z,a, H0(ZLT,Fρ)) = H0(ZLT,Fρ)/((p2)a − 1)H0(ZLT,Fρ).

For the smoothness of N0, it again suffices to show that FJT q
−∞

0 , T q
−∞

1 K acts
smoothly on H0(ZLT,Fρ)/((p2)a − 1)H0(ZLT,Fρ), and by Lemma 4.2.6 this follows
from Corollary 4.2.2 (with t = 2, λ = 1 and suitable choices of r, s).

Finally we show that O×K × 1 acts smoothly. Let e0, e1 denote the basis of DLT(ρ)
used in the proof of Lemma 4.2.6. By Lemmas 4.2.6 and 4.2.4 we can represent
an element f of H1(p2Z,a, H0(ZLT,Fρ)) by f = ∑1

i,j=0 fi,j(T
−q−n
0 , T−q

−n

1 )ei ⊗ ej for
some n ≥ 0 and some polynomials fi,j. Choose r, s ∈ Z≥0 such that all expo-
nents of T r/q

n

0 T
s/qn

1 fi,j(T−q
−n

0 , T−q
−n

1 ) are nonnegative for all i, j. As in the proof
of Lemma 4.2.3 we see that (1 + pi(r+2)OK) × 1 acts smoothly on f , where the no-
tation i(N) is as in that proof. (Note that a ∈ 1 + pi(r+2)OK implies that fLT

a,0 ≡ 1
(mod T r+1

0 ).)

4.3 A geometric candidate for A∞⊗A HomA(DA(π), A) � π⊗ χ

For f = 2 and ρ, F as in the very beginning of § 4.2, using the geometric interpretation
of D⊗A∞(ρ)ss as in the last two isomorphisms of (52) we construct a P -equivariant map
D⊗A∞(ρ)ss → H1(pZ,a, H0(ZLT,F))G. By using the main result of § 4.5 we prove that
for p > 2 its image is infinite-dimensional. In the global context of Definition 3.3.10
with ρ = rv(1) and π as in (18) we hope that this image equals π ⊗ η (see (58)).

We suppose f = 2 and consider the rational open subsets U0 = {|Y1| ≤ |Y0| 6= 0},
U1 = {|Y0| ≤ |Y1| 6= 0} of SpaFJY p−∞

0 , Y p−∞

1 K in (46). Recall U0 ∪ U1 = ZOK and
U0∩U1 = Zgen

OK (see the proof of Lemma 3.3.2 and the paragraph below Remark 3.3.9).

As ZLT is quasi-Stein, for any locally finite free OZLT-module F we have
H1(ZLT,F) = 0 [KL, Thm. 2.6.5(c)], so by the (five-term exact sequence associated
to the) Leray spectral sequence for the morphism m : ZLT → ZOK in (47) we have in
particular H1(ZOK ,m∗F) = 0. It follows that for any (K×)f o S2-equivariant locally
finite free OZLT-module F as in § 3.3, the Mayer–Vietoris sequence for the open cover
ZOK = U0 ∪ U1 gives a short exact sequence of H0(ZOK )-modules with semilinear
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actions of (K×)2 o S2:

0 −→ H0(ZOK ,m∗F) −→ H0(U0,m∗F)⊕H0(U1,m∗F) −→ H0(Zgen
OK ,m∗F) −→ 0. (60)

(Note that the (K×)2oS2-action permutes the two direct summands, while the group
G= {(a, a−1) : a ∈ K×} o S2 preserves each summand.) Taking G-invariants gives a
long exact cohomology sequence by (87),

0 −→ H0(ZOK , (m∗F)G) −→ H0(U0, (m∗F)G)⊕H0(U1, (m∗F)G)

−→ H0(Zgen
OK , (m∗F)G) δ−→ H1

cts(G,H0(ZLT,F)) (61)

which is H0(ZOK )-linear (as G acts trivially on H0(ZOK )) andK×-equivariant, in par-
ticular P -equivariant. (As F is free of finite rank over ZLT, note that the injection in
(60) is identified with (several copies of) 0→ H0(ZLT,OZLT)→ H0(m−1(U0),OZLT)⊕
H0(m−1(U1),OZLT), which is strict as OZLT is a sheaf of topological rings.) Finally,
recall the P -equivariant inflation-restriction sequence for continuous H1

0−→H1
cts(G/pZ, H0(ZLT,F)pZ,a)−→H1

cts(G,H0(ZLT,F)) res−→H1(pZ,a, H0(ZLT,F))G (62)

from (88) (the P -action is similar to the one above Corollary 4.2.5).

Now, let F be as in the beginning of this section. Using the last equality in (52)
we consider the composition (with δ as in (61))

D⊗A∞(ρ)ss δ−→ H1
cts(G,H0(ZLT,F)) res−−→ H1(pZ,a, H0(ZLT,F))G, (63)

which is P -equivariant and H0(ZOK )-linear. Moreover the final term is smooth as a
P -representation by Corollary 4.2.5 and Corollary 4.2.7.

Contrary to § 3, in this setting we at least have a non-trivial result of non-nullity:

Theorem 4.3.1. Assume p > 2. Then the image of D⊗A∞(ρ)ss in the composition
(63) is an infinite-dimensional smooth representation of P .

Question 4.3.2. Is this image isomorphic to π|P ⊗ η for ρ = rv(1), π as in (18) and
η as in (58)?

If the answer to Question 4.3.2 is yes, then π|P ⊗ η is local, hence π is local as
GL2(K)-representation by [Paš07, Thm. 4.4].

We will give the proof of Theorem 4.3.1 assuming Theorem 4.5.1 below. To do
this, we use the following result. Let I := (Y0, Y1), a finitely generated ideal of the
ring FJNp−∞

0 K ∼= H0(ZOK ) ∼= FJY p−∞

0 , Y p−∞

1 K.

Lemma 4.3.3. For λ ∈ F×, t ∈ Z≥1, r, s ∈ Z[1/p] the H0(ZOK )-module

H0(ZLT)(p,p−1)t=λ−1T−r0 T−s1 (64)

is (Y0, Y1)-adically complete.
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Note that H0(ZOK ) acts via H0(ZOK ) ∼−→ H0(ZLT)G = FJT q
−∞

0 , T q
−∞

1 KG.

Proof. The lemma will be a consequence of the following two assertions:

(i) There exists N ∈ Z≥0 such that

H0(ZLT)(p,p−1)t=λ−1T−r0 T−s1 ⊆ (T0T1)−NFJT q
−∞

0 , T q
−∞

1 K. (65)

(ii) The module (T0T1)−NFJT q
−∞

0 , T q
−∞

1 K is I-adically complete and
H0(ZLT)(p,p−1)t=λ−1T−r0 T−s1 is a closed submodule (in the I-adic topology).

For (i), suppose that f is contained in the space of invariants (64). By invariance,
if the monomial T a0 T b1 occurs in f , then so does the monomial T an0 T bn1 for any n ∈ Z,
where an := qnta + qnt−1

qt−1 r, bn := q−ntb + q−nt−1
q−t−1 s. By Corollary 3.2.4 we deduce that

xan + ybn → ∞ (or is constant) as n → ±∞. As an = qnt(a + r
qt−1) − r

qt−1 and
bn = q−nt(b + s

q−t−1) − s
q−t−1 we deduce that a + r

qt−1 ≥ 0 and b + s
q−t−1 ≥ 0. We

obtain the containment (65) for any N ≥ max{ r
qt−1 ,

s
q−t−1}.

For the first part of (ii) we may and will take N = 0. By continuity (Proposi-
tion 3.3.4) we see that Yi (i = 0, 1) is contained in the maximal ideal of FJT q

−∞

0 , T q
−∞

1 K.
Choose n ≥ 0 such that the minimal total degree (in T0, T1) of any monomial in any
Yi is ≥ 2q−n. Hence I = (Y0, Y1) ⊆ (T q

−n

0 , T q
−n

1 ) inside FJT q
−∞

0 , T q
−∞

1 K. Hence
I2qn ⊆ (T0, T1). By [Sta, Tag 090T] we obtain the first part of (ii).

The left side of (65) is closed in H0(ZLT) by continuity of the action, and the right
side carries the (T0, T1)-adic topology by Remark 3.2.6. This implies the final part of
(ii), as the I-adic topology is finer than the (T0, T1)-adic one.

Proof of Theorem 4.3.1. By Corollary 4.2.5(ii) and Corollary 4.2.7 we only need to
prove that the image ofD⊗A∞(ρ)ss is infinite-dimensional. By combining Lemmas 4.2.4,
4.2.6 with Lemma 4.3.3 we obtain that the H0(ZOK )-module H0(ZLT,F)pZ,a is I-
adically complete. (If ρ is irreducible, note that H0(ZLT,F)pZ,a ⊆ H0(ZLT,F)p2Z,a

is a closed submodule.) Then it follows from part (1) of [Sta, Tag 091R] that
H0(ZLT,F)pZ,a is derived complete with respect to I (see [Sta, Tag 091S]). Now,
as p > 2, we have for i ≥ 0 that

H i
cts(G/pZ, H0(ZLT,F)pZ,a) ∼= H i

cts((1 + pOK)a, H0(ZLT,F)pZ,a)[F×q ]aoS2 .

(see for instance from [Laz65, V.3.2.6.4] or [Ked16, Lemma 3.3] noting that G/pZ
is profinite p-analytic in the sense of [Laz65, § III.3.2.2] and 1 + pOK is open in
G/pZ). If g1, g2 are topological generators of 1 + pOK (using again p > 2) and M
a separated complete F-vector space endowed with an H0(ZOK )-module structure
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and an H0(ZOK )-linear continuous action of 1 + pOK , recall from Lemma A.1 that
H i

cts(1 + pOK ,M) for i ≥ 0 can be computed as the cohomology of the complex
of H0(ZOK )-modules [M → M ⊕M → M ], where the first maps sends m ∈ M to
(g1−1)m⊕(g2−1)m and the second sendsm1⊕m2 ∈M⊕M to (g2−1)m1−(g1−1)m2
(we actually only need i = 0, 1 in the sequel). If M is moreover derived complete
with respect to I as H0(ZOK )-module, it follows from part (1) of [Sta, Tag 091U]
that so are the H i

cts(1 + pOK ,M) for i ≥ 0. In particular (using loc. cit. again) we
deduce that the H0(ZOK )-modules H i

cts(G/pZ, H0(ZLT,F)pZ,a) are derived complete
with respect to I for i ≥ 0.

Now, let X := δ(D⊗A∞(ρ)ss) ⊆ H1
cts(G,H0(ZLT,F)) and assume that the image

X of X in H1(pZ,a, H0(ZLT,F))G via (62) is a finite-dimensional F-vector space.
Since H0(ZOK )-modules which are finite-dimensional over F are obviously I-adically
complete, hence derived complete with respect to I (part (1) of [Sta, Tag 091R]), by
the previous paragraph with part (1) of [Sta, Tag 091U] the inverse image of X in
H1

cts(G,H0(ZLT,F)) is also derived complete with respect to I. Since Y0 (or Y1) acts
invertibly on D⊗A∞(ρ)ss and X lies in this inverse image, it follows from part (2) of
[Sta, Tag 091P] that the map δ must be 0, i.e., we have a short exact sequence of
H0(ZOK )-modules

0 −→ H0(ZOK , (m∗F)G) −→ H0(U0, (m∗F)G)⊕H0(U1, (m∗F)G)
−→ D⊗A∞(ρ)ss −→ 0. (66)

But H0(ZOK , (m∗F)G) = H0(ZLT,F)G is a closed H0(ZOK )-submodule of the I-
adically complete H0(ZOK )-module H0(ZLT,F)pZ,a , hence is also I-adically complete,
hence derived complete with respect to I. Since Y0 (or Y1) acts invertibly onD⊗A∞(ρ)ss,
it then follows from part (2) of [Sta, Tag 091P] applied with A := H0(ZOK ), f := Y0
(or Y1), K := H0(ZOK , (m∗F)G) (in degree 0) and E := D⊗A∞(ρ)ss[−1] that (66)
splits as a sequence of H0(ZOK )-modules. In particular there is an H0(ZOK )-linear
surjection H0(U0, (m∗F)G) ⊕ H0(U1, (m∗F)G) � H0(ZOK , (m∗F)G). Since Yj acts
invertibly on H0(Uj, (m∗F)G) (j = 0, 1), by part (2) of [Sta, Tag 091P] again, applied
with f = Yj, the map H0(Uj, (m∗F)G) → H0(ZOK , (m∗F)G) is zero for j = 0, 1.
Hence we must have H0(ZOK , (m∗F)G) = 0. From (66) we deduce that the map
H0(U0, (m∗F)G)⊕H0(U1, (m∗F)G)→ D⊗A∞(ρ)ss is an isomorphism, which contradicts
Theorem 4.5.1 below.

We conclude that X must be infinite-dimensional. As H1
cts(G,H0(ZLT,F)) is a

smooth P -representation and all maps are P -equivariant, this finishes the proof.

We can strengthen Theorem 4.3.1 as follows.

Corollary 4.3.4. Assume p > 2. Then the image of D⊗A∞(ρ)ss in the composition
(63) is Yi-divisible for i ∈ {0, 1}, in particular it has unbounded (Y0, Y1)-torsion.
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Proof. As D⊗A∞(ρ)ss is Yi-divisible for i ∈ {0, 1}, so is its image by any H0(ZOK )-
linear morphism. Since the image of D⊗A∞(ρ)ss in the composition (63) is nonzero by
Theorem 4.3.1, it follows that it has unbounded Yi-torsion for i ∈ {0, 1}.

Though we do not know if H0(ZOK , (m∗F)G) is nonzero, we can at least deduce
from Theorem 4.3.1 the following non-nullity statement:

Corollary 4.3.5. Assume p > 2. Then at least one of H0(ZOK , (m∗F)G),
H1

cts(G/pZ, H0(ZLT,F)pZ,a) is nonzero.

Proof. Assume that both are zero. Then from (61) and (62) we have a P -equivariant
exact sequence

0 −→ H0(U0, (m∗F)G)⊕H0(U1, (m∗F)G) −→ H0(Zgen
OK , (m∗F)G)

−→ H1(pZ,a, H0(ZLT,F))G. (67)

Let H be the image of the last map in H1(pZ,a, H0(ZLT,F))G, which is a nonzero
smooth P -representation by Theorem 4.3.1. Let us first prove that H0(U0, (m∗F)G)
is canonically an F((Y p−∞

1 ))-vector space (note that a priori it is just an F((Y p−∞

0 ))-
vector space and, using FJY p−∞

1 K ↪→ F((Y p−∞

0 ))〈
(
Y1
Y0

)p−∞
〉, an FJY p−∞

1 K-module). It
suffices to show that Y1 : H0(U0, (m∗F)G) → H0(U0, (m∗F)G) is bijective, and
by (66) we already know it is injective. Denote by R the injection in (67). Let
v ∈ H0(U0, (m∗F)G) and note that 1

Y1
R(v) exists in H0(Zgen

OK , (m∗F)G). Since H is a
smooth FJY p−∞

0 , Y p−∞

1 K-module, there exists N > 0 such that Y N0
Y1
R(v) maps to 0 in

H, i.e., Y
N

0
Y1
R(v) = R(v0 + v1) with vi ∈ H0(Ui, (m∗F)G). Multiplying by Y1 we get

Y N
0 R(v) = Y1R(v0 + v1), i.e., R(Y N

0 v) = R(Y1v0 + Y1v1).

Hence Y N
0 v = Y1v0 + Y1v1, since R is injective, and thus Y N

0 v = Y1v0, Y1v1 = 0.
Since Y0 acts invertibly on H0(U0,OU0) we deduce that v = Y −N0 Y1v0 and so Y1 is
indeed surjective on H0(U0, (m∗F)G). Hence R becomes a morphism of F((Y p−∞

1 ))-
vector spaces. It follows that the cokernel H of R is an F((Y p−∞

1 ))-vector space and
at the same time is a smooth FJY p−∞

1 K-module (by (67)). Therefore H = 0, which
contradicts Theorem 4.3.1.

4.4 Aside on the trivial Galois representation

For f ≥ 2 we prove that the P -representationHf−1(ZOK ,OZOK ) is irreducible smooth.
When f = 2 and p > 2 we use this to study the connecting homomorphism
H0(Zgen

OK , (m∗OZLT)G) δ−→ H1
cts(G,H0(ZLT,OZLT)) in (61).
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Recall the affinoid perfectoid open cover (Ui)i∈{0,...,f−1} of ZOK from (46):

Ui := Spa
(
F((Y p−∞

i ))
〈(Yj
Yi

)p−∞
, j 6= i

〉
,FJY p−∞

i K
〈(Yj
Yi

)p−∞
, j 6= i

〉)
.

Analogously to the proof of [BHH+25b, Lemma 2.4.2(i)], for 0 ≤ i0 < i1 < . . . < ik ≤
f − 1, we have

Ui0 ∩ Ui1 ∩ . . . ∩ Uik =

Spa
(
F((Y p−∞

i0 ))
〈( Yj
Yi0

)±p−∞
, j = i1, . . . , ik;

( Yj
Yi0

)p−∞
, j 6= i0, i1, . . . , ik

〉
,

FJY p−∞

i0 K
〈( Yj
Yi0

)±p−∞
, j = i1, . . . , ik;

( Yj
Yi0

)p−∞
, j 6= i0, i1, . . . , ik

〉)

In particular, each intersection Ui0 ∩ . . . ∩ Uik is affinoid perfectoid, and [KL, Thm.
2.6.5(c)] implies that Hj(Ui0 ∩ . . .∩Uik ,OZOK ) = 0 for j > 0. Consequently, by [Sta,
Tag 01ET] (and [Sta, Tag 01FM]), we have for i ≥ 0 an isomorphism

H i(ZOK ,OZOK ) ∼= Ȟ i(ZOK ,OZOK )

where Ȟ i is the Čech cohomology associated to the open cover (Ui)i∈{0,...,f−1}. Taking
i = f − 1 in the above isomorphism gives

Hf−1(ZOK ,OZOK ) ∼= coker
f−1⊕
i=0

H0
( ⋂
j 6=i

Uj,O⋂
j 6=i Uj

)
→ H0(Zgen

OK ,OZgen
OK

)
 (68)

(recalling that ⋂f−1
i=0 Ui = Zgen

OK ). Explicitly,

H0(Zgen
OK ,OZgen

OK
) = A∞

=
{ ∞∑
n=0

λnY
dn : ||dn|| → ∞

}
,

H0
( ⋂
j 6=i

Uj,O⋂
j 6=i Uj

)
= F((Y p−∞

i0 ))
〈( Yj
Yi0

)±p−∞
, j 6= i, i0;

( Yi
Yi0

)p−∞〉

=
{ ∞∑
n=0

λnY
dn : dn,i ≥ 0, ||dn|| → ∞

}
,

where λn ∈ F, dn ∈ Z[1/p]f (recalling the notation (8)), and i0 is a fixed index
different from i. It follows by (68) that

Hf−1(ZOK ,OZOK ) ∼=
⊕

d∈(Z[1/p]<0)f
FY d. (69)
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Lemma 4.4.1. The P -representation Hf−1(ZOK ,OZOK ) is irreducible and smooth.

Proof. Let V := Hf−1(ZOK ,OZOK ). From (69) it is immediate that the action of
N0 on V is smooth. We also deduce from the definition of Yi that a(Yi) ∈ Yi + mpr

N0

for all a ∈ 1 + prOK , 0 ≤ i ≤ f − 1 and integers r ≥ 0, which implies that the
action of

(
O×K 0

0 1

)
on V is smooth. This shows that V is a smooth P -representation.

To prove that V is irreducible, suppose that 0 6= v ∈ V and represent v by a finite
sum ∑N

n=1 λnY
dn ∈ A∞ with dn ∈ (Z[1/p]<0)f and λn ∈ F×. We may assume that

d1 < d2 < · · · < dN in the lexicographic order. If N > 1 we multiply by Y −d2 ∈ FJN0K
and obtain an element of V that is of the same form but with N = 1. Thus we may
assume that v = Y d for some d ∈ (Z[1/p]<0)f . Then

(
pfn 0
0 1

)
v = Y pfnd, and by

taking n large enough and using the N0-action we can obtain any monomial Y c with
c ∈ (Z[1/p]<0)f , proving that V is irreducible.

Remark 4.4.2. We can make Lemma 4.4.1 a bit more precise: we have an isomor-
phism of irreducible smooth P -representations Hf−1(ZOK ,OZOK ) ∼= c-IndPK×(χ|K×),
where χ is as in § 4.1. See § 4.6 for more details for f = 2.

We now assume f = 2 and study the connecting morphism H0(Zgen
OK ,m∗F)G δ−→

H1
cts(G,H0(ZLT,F)) when F = OZLT . From Lemma 3.3.6 we know that (m∗OZLT)G ∼=
OZOK . By (68) for f = 2 the Mayer–Vietoris sequence for the open cover ZOK =
U0 ∪ U1 gives a P -equivariant exact sequence

0→ H0(ZOK ,OZOK )→ H0(U0,OU0)⊕H0(U1,OU1)→ H0(U0 ∩ U1,OU0∩U1)
→ H1(ZOK ,OZOK )→ 0. (70)

From Lemma 4.4.1 and Proposition B.1 we deduce:

Corollary 4.4.3. Assume p > 2. The P -representation H1
cts(G,H0(ZLT,OZLT)) is

irreducible, smooth and we have a P -equivariant exact sequence

0→ H0(ZOK ,OZOK )→ H0(U0,OU0)⊕H0(U1,OU1)→ H0(U0 ∩ U1,OU0∩U1)
δ→ H1

cts(G,H0(ZLT,OZLT))→ 0 (71)

with δ as in (61) (for F = OZLT). In particular δ is surjective in that case.

One can be a bit more specific. Recall from § 4.3 that we have a P -equivariant
inflation-restriction sequence (writing again H0(ZLT) = H0(ZLT,OZLT)):

0 −→ H1
cts(G/pZ,a, H0(ZLT)pZ,a) −→ H1

cts(G,H0(ZLT)) res−→ H1(pZ,a, H0(ZLT))G,

where the last representation is smooth (Corollary 4.2.5 for ρ = 1⊕ 1).
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Proposition 4.4.4. Assume p > 2. The composition

H0(U0 ∩ U1,OU0∩U1) δ−→ H1
cts(G,H0(ZLT)) res−→ H1(pZ,a, H0(ZLT))G

is nonzero. In particular we have H1
cts(G/pZ, H0(ZLT)pZ,a) = 0 and an injection

H1
cts(G,H0(ZLT)) res

↪→ H1(pZ,a, H0(ZLT))G.

Proof. The last sentence follows from the second with the irreducibility in Corollary
4.4.3. Let us prove the first statement. By surjectivity of the last map in (71), if
the composition is zero then there is a nonzero P -equivariant map A∞ ∼= H0(U0 ∩
U1,OU0∩U1)→ H1

cts(G/pZ, H0(ZLT)pZ,a).

Let I := (Y0, Y1) ⊆ H0(ZOK ), as in the first paragraph of the proof of Theorem
4.3.1, we have that the H0(ZOK )-module H1

cts(G/pZ, H0(ZLT)pZ,a) is derived complete
with respect to I. Since Y0 (or Y1) is invertible in A∞, by part (2) of [Sta, Tag 091P]
any H0(ZOK )-linear map A∞ → H1

cts(G/pZ, H0(ZLT)pZ,a) is zero, a contradiction.

Remark 4.4.5. Proposition 4.4.4 is probably still true when p = 2. For p > 2,
even though the P -representation H1

cts(G,H0(ZLT)) ∼= H1(ZOK ,OZOK ) has an ex-
plicit description via (69) and any element of H1(pZ,a, H0(ZLT)) ∼= H0(ZLT)/(pa −
1)H0(ZLT) is represented by a polynomial in T−p

−n

0 , T−p
−n

1 for some n (see the proof
of Lemma 4.2.3), it seems non-trivial to describe explicitly the P -equivariant injection
H1

cts(G,H0(ZLT)) res
↪→ H1(pZ,a, H0(ZLT)).

4.5 The morphism H0(U0, (m∗F)G)⊕H0(U1, (m∗F)G)→ DA∞(π)

For f = 2 we prove that the map H0(U0, (m∗F)G) ⊕ H0(U1, (m∗F)G) → H0(U0 ∩
U1, (m∗F)G) in (61) cannot be an isomorphism.

Theorem 4.5.1. Suppose f = 2 and F any G-equivariant locally free sheaf of finite
rank on ZLT. If F 6= 0, the map

H0(U0, (m∗F)G)⊕H0(U1, (m∗F)G)→ H0(U0 ∩ U1, (m∗F)G)

in (61) cannot be an isomorphism.

We start with a useful basic lemma about Newton polygons. We refer
to [BHH+25b, § 2.3] (and the references therein) for a reminder on B+(C) for C a
perfect(oid) field containing F.

Lemma 4.5.2. Suppose that C is a perfect(oid) field containing F and v a continuous
rank 1 additive valuation on C. If x := ∑

n∈Z[xn]pn converges in B+(C), then the
Newton polygon of x is obtained from the maximal decreasing convex polygon that lies
below the points {(n, v(xn)) : n ∈ Z} in R2 by removing all segments of slopes 0 and
∞.

61

https://stacks.math.columbia.edu/tag/091P


Proof. By [FF18, Ex. 1.6.22], the Newton polygon of x is obtained from the inverse
Legendre transform of the function R>0 → R, λ 7→ vλ(x) by removing all segments of
slopes 0 and∞. (Note that∞ also needs to be removed! Compare with the sentence
preceding Ex. 1.6.22 or Def. 1.6.18, 1.6.21 in loc. cit.) By continuity of vλ we have
vλ(x) = infn∈Z{v(xn) + nλ} for λ > 0. This is precisely the Legendre transform of
the maximal decreasing convex polygon that lies below the points (n, v(xn)) (n ∈ Z),
see [FF18, § 1.5.1]. The lemma follows.

Corollary 4.5.3. Keep the notation of Lemma 4.5.2. Suppose that x0, x1 ∈ mC.
Then the slopes of the Newton polygon of x := ∑

n∈Z[xp
−2n

0 ]p2n +∑
n∈Z[xp

−1−2n

1 ]p1+2n ∈
B+(C)ϕq=p2 are given by the following.

(i) If 2p
p2+1 < v(x0)/v(x1) < p2+1

2p :

· · · > p−2n+1v(x1)− p−2nv(x0) > p−2nv(x0)− p−2n−1v(x1)
> p−2n−1v(x1)− p−2n−2v(x0) > · · · ,

each with multiplicity 1.

(ii) If v(x0)/v(x1) ≤ 2p
p2+1 :

· · · > p−2n+2v(x0)− p−2nv(x0) > p−2nv(x0)− p−2n−2v(x0) > · · · ,

each with multiplicity 2.

(iii) If v(x0)/v(x1) ≥ p2+1
2p :

· · · > p−2n+1v(x1)− p−2n−1v(x1) > p−2n−1v(x1)− p−2n−3v(x1) > · · · ,

each with multiplicity 2.

(We negated slopes, just like in [FF18, § 1.5.1].)

Proof. By Lemma 4.5.2 we consider the points v2n := (2n, p−2nv(x0)) and v2n+1 :=
(2n + 1, p−2n−1v(x1)). The midpoint between v2n and v2n+2 is given by (2n +
1, 1

2p
−2n−2(p2 + 1)v(x0)) which lies strictly above v2n+1 if and only if v(x0)/v(x1) >

2p
p2+1 . Similarly, the midpoint between v2n−1 and v2n+1 lies above v2n if and only if
v(x1)/v(x0) > 2p

p2+1 . The result follows from Lemma 4.5.2.

We now prove Theorem 4.5.1.

Proof. We recall the variables X0, X1 introduced above [BHH+25b, (37)] such that

62



FJN0K = FJX0, X1K. For α ∈ (0, 1] ∩Q we let

Vα := {|X0| = |X1|α 6= 0} ⊆ Wα := {|X1| ≤ |X0| ≤ |X1|α 6= 0}

which are open affinoid perfectoid subspaces of U0 = {|X1| ≤ |X0| 6= 0} (note that
V1 = W1 = U0 ∩ U1). For α ∈ [1,+∞) ∩Q we let

Vα := {|X0| = |X1|α 6= 0} ⊆ Wα := {|X1|α ≤ |X0| ≤ |X1| 6= 0}

which are open affinoid perfectoid subspaces of U1 = {|X0| ≤ |X1| 6= 0}. Note that
U0 ∩ U1 ⊆ Wα for all α. We also remark that all Vα, Wα are rational subsets of
SpaFJXp−∞

0 , Xp−∞

1 K. (We remark that for 1
2 < α < 2, using [BHH+25b, (50)], we still

have Vα = {|Y0| = |Y1|α 6= 0} and likewise for Wα.)

We divide the proof into several steps.

Step 1. We prove that for α ∈ ( 2p
p2+1 , 1]∩Q the map m−1(Vα)→ Vα is a pro-étale

G-torsor between perfectoid spaces.

Let C be a perfectoid field containing F and v a continuous rank 1 additive val-
uation on C (hence valued in R ∪ {+∞}). Let x := F (x0, x1) := ∑

n∈Z[xp
−2n

0 ]p2n +∑
n∈Z[xp

−1−2n

1 ]p1+2n ∈ B+(C)ϕq=p2 (where xi ∈ OC with v(xi) > 0). Let N(x) ⊆
R+ \ {0} denote the set of slopes of the Newton polygon of x. By Corollary 4.5.3 it
follows that either 2p

p2+1 < v(x0)/v(x1) < p2+1
2p and

N(x) = (pv(x1)− v(x0))p2Z t (v(x0)− p−1v(x1))p2Z ⊆ R+ \ {0}, (72)

or N(x) = cp2Z for some c > 0. Fix α ∈ ( 2p
p2+1 , 1]. We consider the following set for

c ∈ R+ \ {0}:

Nc := (pα−1 − 1)cp2Z ∪ (1− (pα)−1)cp2Z ⊆ R+ \ {0}. (73)

Note that the function f : (−∞, p) → R, x 7→ 1−(px)−1

px−1−1 is strictly increasing, with
f( 2p

p2+1) = 1
p2 , f(1) = 1

p
, f(p2+1

2p ) = 1. In particular the two subsets in (73) are disjoint.
Moreover, we obtain

f(x)p2Z = f(y)p2Z for x, y ∈
( 2p
p2 + 1 ,

p2 + 1
2p

)
=⇒ x = y. (74)

If x ∈ Vα(C,OC), then one has N(x) = Nv(x0), and if x ∈ Vα−1(C,OC), one has
N(x) = Np−1v(x1). Conversely, if x = F (x0, x1) ∈ B+(C)ϕq=p2 is such that N(x) = Nc

for some c > 0, then by above we first deduce that β := v(x0)/v(x1) satisfies 2p
p2+1 <

v(x0)/v(x1) < p2+1
2p . By the equality of (72) and (73) we deduce that f(β)p2Z =

f(α)p2Z or f(β−1)p2Z = f(α)p2Z, hence β = α or β = α−1 by (74). Therefore
x ∈ Vα(C,OC) ∪ Vα−1(C,OC) if and only if N(x) is of the form (73) for some c > 0.
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Let (F (t0), F (t1)) ∈ B+(C)ϕq=p ×B+(C)ϕq=p (where F (ti) := ∑
n∈Z[tp

−2n

i ]pn with
ti ∈ OC and v(ti) > 0) and recall (F (t0), F (t1)) ∈ m−1(Vα ∪ Vα−1)(C,OC) if and
only if F (t0)F (t1) ∈ B+(C)ϕq=p2 lies in Vα(C,OC) ∪ Vα−1(C,OC). By the previous
discussion (F (t0), F (t1)) ∈ m−1(Vα ∪ Vα−1)(C,OC) if and only if the Newton polygon
of F (t0)F (t1) has slopes (73) for some c > 0. Since this Newton polygon has slopes

(p2 − 1)v(t0)p2Z ∪ (p2 − 1)v(t1)p2Z (75)

we obtain that (F (t0), F (t1)) ∈ m−1(Vα ∪ Vα−1)(C,OC) if and only if there is c > 0,
σ ∈ S2 and m0,m1 ∈ Z such that

(p2 − 1)v(tσ(0)) = (pα−1 − 1)cp2m0 , (p2 − 1)v(tσ(1)) = (1− (pα)−1)cp2m1 ,

if and only if there is σ ∈ S2 and m ∈ Z such that

v(tσ(1)) = 1− (pα)−1

pα−1 − 1 p2mv(tσ(0))

(and recall 1−(pα)−1

pα−1−1 = f(α) /∈ p2Z for α ∈ ( 2p
p2+1 , 1]).

For σ ∈ S2 and n ∈ Z, let Vα,σ,n be the open affinoid perfectoid subspace of ZLT

defined by |Tσ(1)| = |Tσ(0)|
1−(pα)−1

pα−1−1
pn . We claim that

m−1(Vα ∪ Vα−1) =
⋃
σ∈S2

∐
m∈Z

Vα,σ,2m. (76)

Indeed, it follows from the previous discussion that the two perfectoid open spaces of
ZLT in (76) have the same rank 1 points. Then the equality (76) follows by exactly
the same arguments as in the proof of [BHH+25b, Prop. 2.4.4] (which treats the case
α = 1 for f ≥ 1), replacing the closed Vσ(n0)+fm there by κ−1((1−(pα)−1

pα−1−1 p
2m)−sgn(σ)),

where κ = κ0,1 is defined as in loc. cit. and sgn(σ) ∈ {±1} is the signature of σ ∈ S2.

Let us prove that m−1(Vα ∪ Vα−1) → Vα ∪ Vα−1 is a pro-étale G-torsor. If α = 1
(in which case Vα = Vα−1 = V1), this is [BHH+25b, Cor. 2.4.5], hence we can assume
α ∈ ( 2p

p2+1 , 1). Then Vα and Vα−1 are two disjoint affinoid open subspaces of ZOK ,
and since 1−(pα)−1

pα−1−1 ∈ (p−2, p−1), one checks (since f(α) /∈ pZ for α 6= 1) that the
decomposition (76) is also disjoint, i.e., we have

m−1(Vα t Vα−1) =
∐
σ∈S2

∐
m∈Z

Vα,σ,2m.

Moreover S2 preserves each ∐
σ∈S2 Vα,σ,2m (sending each open to the other one),

O×,aK preserves each Vα,σ,2m (looking at rank 1 points as in the proof of [BHH+25b,
Prop. 2.4.4]) and (p, p−1) sends Vα,σ,2m to Vα,σ,2m−4sgn(σ). Then one can again apply
the same argument as in the last two paragraphs of the proof of loc. cit. to deduce that
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m−1(VαtVα−1)→ VαtVα−1 is a pro-étale G-torsor. Finally, since Vα (resp. m−1(Vα))
is open in VαtVα−1 (resp.m−1(VαtVα−1)), it follows thatm−1(Vα)→ Vα is a pro-étale
G-torsor between perfectoid spaces as well.

We can determine m−1(Vα), at least under slightly stronger conditions on α.
Let (t0, t1) ∈ Vα,id,0(C,OC), i.e., (t0, t1) ∈ OC × OC with v(ti) > 0 and v(t1) =
1−(pα)−1

pα−1−1 v(t0), and let x := F (t0)F (t1) ∈ Vα(C,OC) t Vα−1(C,OC) which we write
as x = ∑

n∈Z[xp
−2n

0 ]p2n + ∑
n∈Z[xp

−1−2n

1 ]p1+2n. Assume that α is such that 1−(pα)−1

pα−1−1 >
1

p2−1 (instead of 1
p2 previously) or equivalently α ∈ (2

p
− 1

p3 , 1). Arguing as in the
proof of [BHH+25b, Lemma 2.9.2] with (C,OC) instead of (A′∞, (A′∞)0) and with

|t0t1| = |t0|
1+ 1−(pα)−1

pα−1−1 instead of p−c (where |·| is defined by v(·) = − log(|·|), note that
|tq

n

i | < |t0t1| for i = 0, 1 and n ≥ 1 by our assumption on α), the same argument gives
in OC :

|x0 − t0t1| < |t0t1| and |xp
−1

1 − (tq
−1

0 t1 + t0t
q−1

1 )| < |t0t1|.

Since |t0t1| < |t0tq
−1

1 | < |t
q−1

0 t1|, we deduce v(x0) = v(t0t1) and v(x1) = v(tp
−1

0 tp1),
equivalently v(x0) = p−p−1

pα−1−1α
−1v(t0) and v(x1) = p−p−1

pα−1−1v(t0), hence v(x1) = αv(x0)
i.e., x ∈ Vα−1(C,OC). We deduce that m(Vα,id,0) ⊆ Vα−1 , and hence by using the G-
action that m(∐σ∈S2

∐
m∈2Z Vα,σ,2m) ⊆ Vα−1 . By applying the action of (p, 1) we then

deduce using [BHH+25b, (38)] that m(∐σ∈S2

∐
m∈1+2Z Vα,σ,2m) ⊆ Vα. In particular,

for α ∈ (2
p
− 1

p3 , 1] it follows that

m−1(Vα) =
∐
σ∈S2

∐
m∈1+2Z

Vα,σ,2m and m−1(Vα−1) =
∐
σ∈S2

∐
m∈2Z

Vα,σ,2m

(note that when α = 1 these spaces are equal).

Step 2. We prove that for α ∈ (2
p
− 1

p3 , 1] ∩ Q the map m−1(Wα) → Wα is a
pro-étale G-torsor between perfectoid spaces.

When α = 1 this is [BHH+25b, Cor. 2.4.5], hence we can assume α < 1. For
σ ∈ S2 and n ∈ Z, let Wα,σ,n be the open affinoid perfectoid subspace of ZLT defined

by |Tσ(0)|p
n−1 ≤ |Tσ(1)| ≤ |Tσ(0)|

1−(pα)−1

pα−1−1
pn . Using 1−(pα)−1

pα−1−1 ∈ (p−2, p−1), one easily
checks that the intervals{[1− (pα)−1

pα−1 − 1 p2m, p2m−1
]
,
[
p1−2m,

pα−1 − 1
1− (pα)−1p

−2m
]
,m ∈ 1 + 2Z

}

are pairwise disjoint in R>0. Hence for σ ∈ S2 andm ∈ 1+2Z theWα,σ,2m are pairwise
disjoint in ZLT (the assumption m ∈ 1+2Z is important as the Wα,σ,2m for m ∈ Z are
not pairwise disjoint, as then each p2m−1 is contained in two of the intervals above).
We claim that

m−1(Wα) =
∐
σ∈S2

∐
m∈1+2Z

Wα,σ,2m. (77)
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Indeed, let C be a perfectoid field containing F and v = − log|·| a continuous rank
1 additive valuation on C (valued in R ∪ {+∞}). Let x = F (x0, x1) ∈ B+(C)ϕq=p2

with xi ∈ OC and v(xi) > 0, and let (t0, t1) ∈ OC × OC with v(ti) > 0 such that
x = F (t0)F (t1). Replacing α by β := v(x0)/v(x1) ∈ R+ \ {0}, exactly the same
arguments as in Step 1 (including its last paragraph) show that β ∈ [α, 1] if and only
if f(α)p2m ≤ v(tσ(1))/v(tσ(0)) ≤ p2m−1 for some σ ∈ S2 and m ∈ 1 + 2Z (recall that
f(x) is strictly increasing for x < p and that f(1) = 1/p). We deduce that the two
perfectoid open subspaces of ZLT in (77) have the same rank 1 points. Then (77)
follows by the same argument as in the proof of [BHH+25b, Prop. 2.4.4] (replacing
the Vσ(n0)+fm there by the κ−1([f(α)p2m, p2m−1]) and κ−1([p1−2m, f(α)−1p−2m]) for
m ∈ 1 + 2Z with κ = κ0,1 as in loc. cit.). Finally, G acts on the Wα,σ,2m similarly as
on the Vα,σ,2m in Step 1, and by the same argument we obtain that m−1(Wα)→ Wα

is a pro-étale G-torsor between perfectoid spaces.

Step 3. We assume that the map in the statement is an isomorphism and
prove that, for α ∈ (2

p
− 1

p3 , 1] ∩ Q and moreover α−1 ∈ Z[1/p], the restriction map
H0(U0, (m∗F)G)→ H0(Vα, (m∗F)G) is injective.

Assume α ∈ (2
p
− 1

p3 , 1] ∩ Q. Then by Step 2 and descent of vector bundles
([SW20, Lemma 17.1.8]) the OWα-module (m∗F)G|Wα is locally free of finite rank.
Since Wα is affinoid, we deduce that ((m∗F)G)(Wα) is a locally free OZOK (Wα)-
module of finite rank. Moreover, since Vα ⊆ Wα is also affinoid, we have
((m∗F)G)(Vα) = ((m∗F)G)(Wα)⊗OZOK (Wα) OZOK (Vα).

As α−1 ∈ Z[1/p], by Lemma 4.5.4 below the restriction map OZOK (Wα) →
OZOK (Vα) is injective. Let M be a free OZOK (Wα)-module of finite rank such that
the OZOK (Wα)-module ((m∗F)G)(Wα) is a direct summand of M . Since the map
M →M ⊗OZOK (Wα) OZOK (Vα) is injective and since the (injective) composition

((m∗F)G)(Wα) ↪→M ↪→M ⊗OZOK (Wα) OZOK (Vα)

factors through the map ((m∗F)G)(Wα)→ ((m∗F)G)(Wα)⊗OZOK (Wα) OZOK (Vα), we
deduce that the latter is also injective, i.e., ((m∗F)G)(Wα) ↪→ ((m∗F)G)(Vα).

Now, the restriction map ((m∗F)G)(U0) → ((m∗F)G)(U0 ∩ U1) is injective as
follows from the assumption in Step 3. Since U0 ∩ U1 ⊆ Wα ⊆ U0, it factors through
the restriction map ((m∗F)G)(U0)→ ((m∗F)G)(Wα) which is therefore also injective.
Using the previous paragraph, we finally deduce that the composition

((m∗F)G)(U0) ↪→ ((m∗F)G)(Wα) ↪→ ((m∗F)G)(Vα)

is injective.

Step 4. We assume that the map in the statement is an isomorphism and
prove that H0(Uj, (m∗F)G) for j = 0, 1 is a topological A∞-module compatibly with
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its H0(Uj,OUj)-module structure such that the restriction map H0(Uj, (m∗F)G) →
H0(U0 ∩ U1, (m∗F)G) is an A∞-linear closed embedding.

By assumption the restriction maps induce an isomorphism

R : H0(U0, (m∗F)G)⊕H0(U1, (m∗F)G) ∼−→ H0(U0 ∩ U1, (m∗F)G) (78)

of FJXp−∞

0 , Xp−∞

1 K-modules. As X0, X1 act invertibly on the right side, the same is
true for each direct summand on the left side (cf. the proof of Corollary 4.3.5), which
means in particular that each H0(Ui, (m∗F)G) is canonically a FJXp−∞

0 , Xp−∞

1 K[ 1
X0X1

]-
module and that R is FJXp−∞

0 , Xp−∞

1 K[ 1
X0X1

]-linear, and moreover the restriction of R

to the first direct summand in (78) is F((Xp−∞

0 ))〈
(
X1
X0

)p−∞
〉[ 1
X1

]-linear. In particular
H0(U0, (m∗F)G) is an F((Xp−∞

1 ))-vector space.

Now we prove that R is a topological isomorphism. Recall first
that H0(m−1(U0),F) ∼= H0(m−1(U0),OZLT)⊕2 (forgetting the group actions) is a
Fréchet space (over F((Xp−∞

0 ))) by the discussion in § 3.3. As H0(U0, (m∗F)G) ∼=
H0(m−1(U0),F)G is a closed subspace of H0(m−1(U0),F), it is also a Fréchet space.
In particular it has a countable fundamental system of neighborhoods of 0. Moreover
H0(U0, (m∗F)G) is a topological F((Xp−∞

1 ))-vector space, i.e., the natural map (from
the previous paragraph)

F((Xp−∞

1 ))×H0(U0, (m∗F)G)→ H0(U0, (m∗F)G)

is continuous. (It suffices to show that each element of F((Xp−∞

1 )) acts continuously
on H0(U0, (m∗F)G). This is clear, as each Xr

1 , r ∈ Z[1/p]≥0 induces a continuous
bijection, hence homeomorphism, between Fréchet spaces.) Hence H0(U0, (m∗F)G)
is a complete topological F((Xp−∞

1 ))-vector space having a countable fundamental
system of neighborhoods of 0. Likewise H0(U1, (m∗F)G) and H0(U0∩U1, (m∗F)G) are
complete topological F((Xp−∞

1 ))-vector spaces, each having a countable fundamental
system of neighborhoods of 0 (though here we directly have the F((Xp−∞

1 ))-action). As
the map R is moreover F((Xp−∞

1 ))-linear we deduce by [Mor, Thm. II.4.1.1] that R is a
topological isomorphism. By the first paragraph of the proof, FJXp−∞

0 , Xp−∞

1 K[ 1
X0X1

]
stabilizes the direct sum decomposition of H0(U0 ∩ U1, (m∗F)G) given by (the image
of)R. Note that FJXp−∞

0 , Xp−∞

1 K[ 1
X0X1

] is dense in A∞, which acts continuously on
H0(U0∩U1, (m∗F)G). As the direct summands are closed by the previous paragraph,
we deduce that A∞ stabilizes the direct sum decomposition of H0(U0 ∩U1, (m∗F)G).
Via restriction, we therefore obtain a topological action of A∞ on H0(Ui, (m∗F)G),
which extends the given action of H0(Uj,OUj).

Step 5. We assume that the map in the statement is an isomorphism and prove
that, for α ∈ ( 2p

p2+1 , 1) ∩ Q, the restriction map H0(U0, (m∗F)G) → H0(Vα, (m∗F)G)
is zero, yielding a contradiction with Step 3 when α−1 ∈ Z[1/p].
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Write res for the restriction map res : H0(U0, (m∗F)G) → H0(Vα, (m∗F)G).
Note that X1 acts invertibly on both sides, using Step 4 for the left side, so res
is H0(U0,OU0)[ 1

X1
]-linear. Let v be a nonzero element of H0(U0, (m∗F)G) and assume

that its image res(v) is nonzero. Let N, n be positive integers. Since

Xn
1

(
X0

X1

)Nn
= Xn

0

(
X1

X0

)n(X0

X1

)Nn
→ 0 in A∞ as n→ +∞,

by Step 4 we deduce that Xn
1 (X0

X1
)Nnv → 0 in H0(U0, (m∗F)G) as n → +∞. By

continuity of the restriction map res, we deduce for any positive integer N that

res
(
Xn

1

(
X0

X1

)Nn
v
)

= Xn
1

(
X0

X1

)Nn
res(v)→ 0 in H0(Vα, (m∗F)G) as n→ +∞. (79)

Let Aα,∞ := Γ(Vα,OZOK ). As in Step 3, H0(Vα, (m∗F)G) is a locally free Aα,∞-
module of finite rank (using Step 1). We fix a free Aα,∞-module M of finite rank
containing H0(Vα, (m∗F)G) as a direct summand. Replacing res(v) by one of its
nonzero coordinates in a basis ofM over Aα,∞, (79) implies there is a nonzero element
a ∈ Aα,∞ such that Xn

1

(
X0
X1

)Nn
a→ 0 in Aα,∞ as n→ +∞.

Recall a point x of Vα corresponds to an equivalence class of continuous multiplica-
tive seminorm |·|x : Aα,∞ → Γ∪{0} where Γ is a totally ordered abelian group (written
multiplicatively). Also recall that Vα is perfectoid, hence uniform and analytic. Since
a 6= 0 there exists x ∈ Vα such that |a|x 6= 0 by [SW20, Thm. 5.2.1]. Replacing x by
its maximal generization x̃ as in [SW20, Prop. 4.2.5] we may assume that x has rank
1 and that |·|x is valued in R≥0. Since |·|x is continuous, from the previous paragraph
we have |Xn

1

(
X0
X1

)Nn
|x|a|x → 0 in R as n→ +∞ for any positive integer N . Moreover,

by definition of Vα and using α < 1, we have |X1|x = |X0|α
−1
x < |X0|x (< 1). Taking

N � 0 such that (|X0
X1
|x)N > |X1|−1

x , which is possible as |X0
X1
|x > 1, since |a|x 6= 0

we cannot have |Xn
1

(
X0
X1

)Nn
|x|a|x → 0 in R. It follows that we must have res(v) = 0,

contradiction. Hence res = 0.

Suppose now moreover that α−1 ∈ Z[1/p]. Then res is injective by Step 3, so
H0(U0, (m∗F)G) = 0 and by symmetry H0(U1, (m∗F)G) = 0. By our assumption
we deduce that H0(U0 ∩ U1, (m∗F)G) = 0, but this is a free A∞-module of the same
(positive) rank as F . This contradiction completes the proof of Theorem 4.5.1.

Lemma 4.5.4. In Step 3, if α−1 ∈ Z[1/p] ∩ R≥1, the restriction map H0(Wα) →
H0(Vα) is injective.

Proof. First note: if (A,A+) is any Huber pair of characteristic p, then the perfection
(Aperf , A+perf) is a Huber pair. (If A0 with I-adic topology is a ring of definition
of A, then Aperf

0 with IAperf
0 -adic topology is a ring of definition of Aperf .) Then

Spa(Aperf , A+perf) → Spa(A,A+) is a homeomorphism that identifies rational open
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subsets (cf. the proof of [Sch12, Prop. 6.11(i)]) and likewise for completions [SW20,
Prop. 2.3.9]. Moreover a rational open subset Spa(B,B+) in Spa(A,A+) has preimage
Spa(B̂perf , B̂+perf) in Spa(Âperf , Â+perf) (cf. the proof of [Sch12, Prop. 6.11(ii)]).

Write α = m/d for some positive integers m ≤ d. If W 0
α (resp. V 0

α ) denotes the ra-
tional subset {|X1| ≤ |X0| ≤ |X1|α 6= 0} (resp. {|X0| = |X1|α 6= 0}) in SpaFJX0, X1K,
then its preimage in SpaFJXp−∞

0 , Xp−∞

1 K is given by Wα (resp. Vα). Hence H0(Wα)
is given by the completed perfection of

H0(W 0
α) ∼= F((X0))

〈
X1

X0
,
Xd

0
Xm

1

〉
∼= F((X0))〈Z,W 〉/(ZmW −Xd−m

0 ) (80)

and H0(Vα) is the completed perfection of

H0(V 0
α ) ∼= F((X0))

〈
X1

X0
,
(
Xd

0
Xm

1

)±1
〉
∼= F((X0))〈Z,W±1〉/(ZmW −Xd−m

0 ). (81)

Using crucially that m = pr one verifies that after perfection we have a sequence
of topological abelian groups

0→ F((X0))perf → {F((X0))〈Z〉}perf ⊕ {F((X0))〈W 〉}perf → H0(W 0
α)perf → 0

where the first map is antidiagonal and the second is addition, and that this sequence
is in fact strict. Hence after completion we obtain

0→ F((Xp−∞

0 ))→ F((Xp−∞

0 ))〈Zp−∞〉 ⊕ F((Xp−∞

0 ))〈W p−∞〉 → H0(Wα)→ 0.

Likewise, but more easily, we obtain that the natural map

F((Xp−∞

0 ))〈W±p−∞〉 → H0(Vα)

is a homeomorphism. The restriction map H0(Wα) → H0(Vα) is then injective be-
cause the F((Xp−∞

0 ))-linear continuous map

F((Xp−∞

0 ))〈Zp−∞〉 ⊕ F((Xp−∞

0 ))〈W p−∞〉 → F((Xp−∞

0 ))〈W±p−∞〉,

sending W 1/pn to W 1/pn and Z1/pn to (Xd−pr
0 W−1)1/pr+n , has kernel F((Xp−∞

0 )).

We finally provide a slight strengthening to Theorem 4.5.1.
Corollary 4.5.5. Suppose f = 2 and F any G-equivariant locally free sheaf of finite
rank on ZLT. If F 6= 0, the map

H0(U0, (m∗F)G)⊕H0(U1, (m∗F)G)→ H0(U0 ∩ U1, (m∗F)G)

in (61) cannot be injective with cokernel that is smooth as H0(ZOK )-module.

Proof. The argument of the proof of Corollary 4.3.5 applies (replacing the last term
in (67) by the cokernel) to show that the cokernel is zero, hence the result follows
from Theorem 4.5.1.
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4.6 The principal series case II

We briefly discuss the analog of Questions 4.3.2 in the much simpler principal series
case. Namely, we assume rv(1) ∼=

(
χ1 ∗
0 χ2

)
, π = IndGB(χ−1

2 ω ⊗ χ−1
1 ) and consider the

rank 1 subsheaf Fχ1 of Frv(1). We keep the same notation as in § 3.4 and write J := π.

We let σ := ker(J � F(χ−1
2 ω⊗χ−1

1 )) denote its unique irreducible P -subrepresen-
tation, cf. (32) (uniqueness follows from the assumption that rv is sufficiently generic,
so that χ2χ

−1
1 6= ω). Recall that we have an isomorphism of (ϕ,O×K)-modulesDA(J) ∼=

D⊗A(χ1) over A, which is unique up to F× by [BHH+25a, Cor. 3.9]. We claim that the
image of the P -equivariant map

ε : D⊗A∞(χ−1
1 ) ∼= HomA∞(DA∞(J), A∞)→ J ⊗ χ (82)

constructed in § 4.1 is isomorphic to the image of the P -equivariant map

ε′ : D⊗A∞(χ−1
1 )→ H1(pZ,a, H0(Fχ−1

1
))G (83)

constructed in § 4.3, and that both are isomorphic to σ ⊗ χ.

We first justify this claim assuming the following two assertions:

(i) the image of ε equals σ ⊗ χ;

(ii) the kernel of ε equals A+
∞e, where e is the basis of D⊗A∞(χ−1

1 ) dual to the basis
κ of DA∞(J) and where

A+
∞ :=

{ ∞∑
n=0

λnY
an

0 Y bn
1 ∈ A∞ : an ≥ 0 or bn ≥ 0 ∀n

}
.

For short, let Gχ−1
1

:= (m∗Fχ−1
1

)G. Recall that Fχ−1
1
∼= OZLT if we only remember

the G-action and hence Gχ−1
1
∼= OZOK as sheaves (without K×-actions).

By combining Corollary 4.4.3 and Proposition 4.4.4 (and Proposition B.1) we get
an exact sequence

H0(U0,OU0)⊕H0(U1,OU1)→ H0(U0 ∩ U1,OU0∩U1)→ H1(ZOK ,OZOK )
∼= H1

cts(G,H0(ZLT)) ↪→ H1(pZ,a, H0(ZLT))G.
(84)

and hence, taking into account residual K×-actions, an exact sequence of P -represen-
tations

H0(U0,Gχ−1
1

)⊕H0(U1,Gχ−1
1

)→ H0(U0 ∩ U1,Gχ−1
1

)→ H1(ZOK ,Gχ−1
1

)
∼= H1

cts(G,H0(ZLT,Fχ−1
1

)) ↪→ H1(pZ,a, H0(ZLT,Fχ−1
1

))G.
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Thus the kernel of ε′ equals the image of H0(U0,Gχ−1
1

) ⊕ H0(U1,Gχ−1
1

) → H0(U0 ∩
U1,Gχ−1

1
) = DA∞(χ−1

1 ). By the explicit description of the first map in (84) given
in (68), (69) (and twisting by χ−1

1 ), the kernel of ε′ is given by A+
∞e, i.e., it is equal

to the kernel of ε, which completes the proof of the claim.

It remains to prove assertions (i) and (ii). For (i), by construction the map ε is
obtained from

HomA(DA(J), A)→ Homcont
F (DA(J),F)⊗ χ→ Homcont

F (J∨,F)⊗ χ = J ⊗ χ (85)

by passing to lim−→ϕ
and then completing, where ϕ acts as precomposition by ψ on the

middle term and as
(
p 0
0 1

)
on the right. Passing to lim−→ϕ

gives

A(∞) ⊗ HomA(DA(J), A)→ Homcont
F (lim←−

ψ

DA(J),F)⊗ χ

→ Homcont
F (J∨,F)⊗ χ = J ⊗ χ, (86)

where the second map is obtained by dualizing the map Θ of Lemma 2.4.2, so that the
image of (86) is contained in the unique subrepresentation of J ⊗χ of codimension 1,
namely σ⊗ χ. By continuity, the image of ε is contained in σ⊗ χ and hence is equal
to σ ⊗ χ, as ε is nonzero by (55) and σ is irreducible.

We prove assertion (ii). By (i) it suffices to show that the kernel of ε contains
A+
∞e, as A∞/A+

∞ is an irreducible P -representation by (the proof of) Lemma 4.4.1
and ε is nonzero. Factor (85) as

HomA(DA(J), A)→ Homcont
F (DA(J),F)⊗ χ→ Homcont

F (DA(J)\,F)⊗ χ→ J ⊗ χ.

Using the basis κ of DA(J) we can identify DA(J) ∼= A and DA(J)\ ∼= FJN0K, cf.
§ 3.4. It thus suffices to ignore the final map and show that the composition

A = HomA(A,A)→ Homcont
F (FJN0K,F)

kills A+ := A∩A+
∞. Unwinding definitions, we need to show that µ(A+ ·FJN0K) = 0,

or equivalently µ(A+) = 0, where µ : A → F is the map of [BHH+25b, § 3.3]. Write
FJN0K = FJZ0, Z1K as in loc. cit., so that A is the completed localization of FJN0K
at Z0Z1. By [BHH+25b, (80)] we see that µ kills A′+ := {∑∞n=0 λnZ

an
0 Zbn

1 ∈ A :
an ≥ 0 or bn ≥ 0 for all n} (note that the term ∏

j(1 + Tj)−1 in loc. cit. is contained
in FJN0K). By using that Zi ∈ Yi + m2

FJN0K it easily follows that A′+ = A+.

We have finished proving (i) and (ii) and hence the claim that the maps (82) and
(83) have isomorphic images.
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A Digression on continuous group cohomology

We make a couple of elementary observations about continuous group cohomology,
which can be verified from the definitions and which we use in § 4.

We assume that G is a topological group and consider the category of topological
G-modules, having as objects topological abelian groups endowed with a continuous
action of G and as morphisms continuous group homomorphisms (as in [Tat76]). For
any topological G-module A we have

H0
cts(G,A) = H0(G,A), H1

cts(G,A) ⊆ H1(G,A).
If 0 → A → B → C → 0 is an exact sequence of topological G-modules with the
injection A → B strict (i.e., a closed embedding) it is an easy exercise (left to the
reader) to check that we have a long exact sequence

0→ H0(G,A)→ H0(G,B)→ H0(G,C)→ H1
cts(G,A)→ H1

cts(G,B)
→ H1

cts(G,C). (87)
If N is a closed subgroup of G, then one can again easily check that we have an exact
inflation-restriction sequence

0→ H1
cts(G/N,AN)→ H1

cts(G,A)→ H1
cts(N,A)G/N . (88)

Lemma A.1. Suppose that Γ ∼= Znp and that M is a topological Zp-module equipped
with a continuous action of Γ. If M is separated and complete with respect to a
(Z-)linear topology, then H i

cts(Γ,M) is computed by the Koszul complex defined by
γ1 − 1, . . . , γn − 1 acting on M , where γ1, . . . , γn denote topological generators of Γ.
In particular, H i

cts(Γ,M) = 0 if i > n and Hn
cts(Γ,M) ∼= MΓ (Γ-coinvariants).

Proof. We pass to the condensed world [CS] by using the condensation functor X 7→
X of loc. cit. Then M is a condensed Zp-module equipped with a Γ-action. By
our assumption on the topology of M , M is solid as a condensed abelian group
([BSSW, Lemma 3.2.1]) and hence solid as Zp-module ([RJRC22, Rk. 2.14]). Hence,
by [Bos, Prop. B.3] we deduce that the condensed group cohomology RHomZ[Γ](Z,M)
is quasi-isomorphic to the Koszul complex defined by γ1− 1, . . . , γn− 1 acting on M .
Evaluating at a point ∗ and taking cohomology we obtain the result by [Bos, Prop.
B.2].

B Sheaf cohomology versus continuous group co-
homology

We put ourselves in the setting of §4.4. The goal of this appendix is to prove Propo-
sition B.1 using Proposition B.8 below. As it is going to play a pivotal role, we start
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by recalling in this context what it means for a locally profinite group to act freely
and how we think of the quotient space.

Let Perf be the category of perfectoid spaces of characteristic p (we have Perf =
PerfFp with the notation of § 3.3). Let X be an object of Perf. Let H be a locally
profinite group acting on X. This means that there is a map of perfectoid spaces
α : H × X → X which is a group action. (Recall that H is the sheaf defined by
H(W ) = C0(|W |, H) and H × X is a perfectoid space as a consequence of [Sch,
Ex. 11.12]). We assume that H acts freely on X, i.e., that for any pair (k, k+) where
k is perfectoid and k+ is an open and bounded valuation ring of k, the action of H
on X(k, k+) has trivial stabilizers. It follows from [Sch, Prop. 5.3] that the map of
perfectoid spaces H × X → X × X is an injection. As H × X is an equivalence
relation in X×X and the projection map H×X → X is proétale (it suffices to check
one projection, by symmetry of the equivalence relation), the quotient Y = X/H of
X by the equivalence relation H × X in the category of sheaves over Perf with the
proétale topology is a diamond, the map X → Y is quasiproétale surjective and we
have an isomorphism of perfectoid spaces H×X ∼−→ X×Y X [Sch, Prop. 11.3] so that
the map X → Y is a proétale H-torsor [Sch, Def. 10.12, Lemma 10.13].

Proposition B.1. For all p > f and i ≥ 0 we have a canonical P -equivariant
isomorphism

H i(ZOK ,OZOK ) ∼−→ H i
cts(G,OZLT(ZLT)).

Proof. We recall that we have an action G × ZLT → ZLT and we claim that the
subgroup H := ker((K×)f → K×) = (K×)f ∩ G acts freely on ZLT. It suffices to
show that K× acts freely on SpaF((T q−∞)), namely (e.g., see [BHH+25b, (27)]) that
K× has trivial stabilizers on k◦◦ \ {0} for pairs (k, k+) as above; this is true because
the K×-action is the restriction of a ring action of K on k◦◦. (Here k◦◦ denotes the
topologically nilpotent elements in k.)

Let H ′ := (pZ)f ∩G ⊆ H, so that G/H ′ is profinite and we observe that ZLT/H
′ is

a qcqs perfectoid space. (It is quasi-compact perfectoid by (the proof of) Lemma 3.3.8
and it is quasi-separated, since ZLT is quasi-separated, as it is an increasing union of
affinoid open subsets, and ZLT → ZLT/H

′ is a local isomorphism.) We need to check
that m′ : ZLT/H

′ → ZOK is quasiproétale. Note that the H ′-torsor ZLT → ZLT/H
′

is quasiproétale by [Sch, Lemma 10.13] and the composition m : ZLT → ZOK is
quasiproétale by [Far20, Lemma 7.6]. On the other hand, we note thatm′ is separated.
(It is qs since both domain and target are qs, and then separatedness follows from
[Sch, Prop. 10.9] using that any Spa(k,Ok)-point of ZLT/H

′, where k is any perfectoid
field, lifts to ZLT, and ZLT is partially proper.) Then m′ is quasiproétale by [Sch,
Prop. 11.30]. Therefore the result is a consequence of Proposition B.8 below (where
we need p > f).

Corollary B.2. For p > f and i > f − 1 we have H i
cts(G,OZLT(ZLT)) = 0.
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Proof. Note first that ZOK is a locally spectral topological space that is also quasi-
compact and quasi-separated, cf. § 3.3. Hence it is spectral (e.g. see [Mor,
Prop. I.2.2.9(iii)]). But the cohomology of any spectral topological spaces vanishes in
degree greater than its dimension (see for instance [Sta, Tag 0A3G]). Since ZOK has
dimension f − 1, the statement follows from Proposition B.1.

We will work toward the remaining goal of verifying Proposition B.8. We discussed
free quotients above. Now we consider quotients of perfectoid spaces by (possibly)
non-free actions of locally profinite groups. Let us give some general results.

Lemma B.3. Let X be a perfectoid space of characteristic p and G a locally profinite
group acting on X. Assume that the quotient X/G is representable by a perfectoid
space Z. Then the topological space |Z| is homeomorphic to the quotient space |X|/G.

Proof. Let R := X ×Z X ∈ Perf. Then the quotient v-stack X/R is in fact a v-sheaf,
which is isomorphic to Z. On the other hand, we have a surjection of v-sheaves
R̃ := G × X → R, (g, x) 7→ (x, gx), and hence by [Sch, Prop. 12.7] we deduce that
|X|/|R̃| ∼= |Z| as topological spaces. Finally observe that |R̃| ∼= G × |X|, so that
|X|/|R̃| ∼= |X|/G. (Alternatively we may observe that [Sch, Prop. 11.13] applies with
the equivalence relation R to deduce that |X|/|R| ∼= |Z|. Here we observe that the
proof of loc. cit. applies despite not assuming that the projections R→ X are proétale
since R is of the form X ×Z X for some Z ∈ Perf. Finally we use that |R̃| � |R|,
as any map in Perf that is surjective as v-sheaves is set-theoretically surjective, as
v-covers are set-theoretically surjective.)

Proposition B.4. Let X be a qcqs perfectoid space of characteristic p and G a
profinite group acting on X. Assume that the quotient X/G is representable by a
quasi-separated perfectoid space Z and that the map X → Z is quasiproétale. Let
H ⊆ G be an open normal subgroup acting freely on X and let Y = X/H which is a
diamond. Then, for any totally disconnected perfectoid space Z ′ over Z, the diamond
Y ×Z Z ′ is affinoid perfectoid.

Before initiating the proof of the proposition, we start with a lemma.

Lemma B.5. Suppose that f : Y → Z is a map of diamonds. Then for any open
subdiamond V ⊆ Z, the preimage Y ×Z V is the open subdiamond whose underlying
topological space is |Y ×Z V | = |Y | ×|Z| |V |.

By an open subdiamond of a diamond Y we mean an open subfunctor Y ′ → Y
(i.e., for any T ∈ Perf the base change T ×Y Y ′ → T is an open immersion in Perf).

Proof. It is clear that Y ×Z V is an open subdiamond, so that in particular |Y ×Z V |
is an open subspace of |Y | by [Sch, Prop. 11.15]. It remains to show that the natural
map |Y ×Z V | → |Y | ×|Z| |V | is bijective, which follows from [Sch, Prop. 11.13].
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We also briefly recall connected components of spatial diamonds. If Y is a spatial
diamond [Sch, Def. 11.17], then |Y | is spectral and open subfunctors U ⊆ Y corre-
spond bijectively to open subsets |U | ⊆ |Y |. Such a U can be recovered from the open
subset |U | via U(T ) = {T → Y : |T | → |Y | factors through |U |} [Sch, Prop. 11.15].
Fix now a connected component |Yc| ⊆ |Y |. Then we can define Yc as a subdiamond
of Y as follows: Yc := lim←−U U , where U runs over all open subfunctors of Y such that
|Yc| ⊆ |U | is a clopen subset. Indeed, Yc is a diamond and its underlying topological
space is |Yc| = lim←−U |U | ([Sch, Lemma 11.22]2), which is the subspace |Yc| of |Y | that
we started with, since in any spectral space a connected component is the intersection
of all clopen subsets containing it. Moreover, by construction,

Yc(T ) = {T → Y : |T | → |Y | factors through |Yc|}. (89)

If Y is perfectoid, then Yc is perfectoid by [Sch, Prop. 6.5] (checking over each affi-
noid open of Y , noting also that a clopen subspace of an affinoid perfectoid space
Spa(A,A+) is affinoid perfectoid, since it corresponds to an idempotent of A+).

Proof of Proposition B.4. First, it is easy to check that if W → Z is any map in
Perf with W qcqs, then X ×Z W → W satisfies the assumptions of the lemma, as
(X ×ZW )/G ∼= (X/G)×ZW ∼= W and X ×ZW is qcqs. Hence we may assume that
Z is totally disconnected, so that Z is in particular affinoid [Sch, Lemma 7.5].

We suppose first that Z is moreover connected, i.e., Z = Spa(k, k+) for some
perfectoid field k and some open bounded valuation ring k+ (cf. [Sch, Prop. 1.15]).
As H acts freely on X, the quotient Y = X/H is a diamond and the map X → Y is
quasiproétale (see the discussion before Lemma B.3). Let Z̃ = Spa(C,C+) → Z be
a proétale surjective map with (C,C+) an algebraically closed perfectoid field. Let
X̃ := X×Z Z̃ and Ỹ := Y ×Z Z̃. As the map X → Z is quasiproétale and Z̃ is strictly
totally disconnected ([Sch, Def. 1.14]), the map X̃ → Z̃ is proétale by definition
([Sch, Def. 1.20]). As Z represents the quotient of X by G, the space Z̃ represents
the quotient of X̃ by G. It follows from Lemma B.3 that |Z̃| is the quotient of |X̃|
by the action of G. Let x ∈ X̃ be in the preimage of the closed point of Z̃. There
exists an affinoid perfectoid neighborhood U of x in X̃ such that U → Z̃ is affinoid
proétale. Therefore U is isomorphic to Z̃ × S for some profinite set S so that the
localization of X̃ at x is isomorphic to Spa(C,C+) (cf. for instance [SW20, Rk. 8.2.3]).
Let H ′ ⊆ G be the stabilizer of x, which is a finite group, as H acts freely on X. As
the localization of X̃ at x is a totally ordered set of generizations of x [Mor, Lemma
III.5.1.8], it follows that H ′ is also the stabilizer of any point of X̃x. Therefore we
have a G-equivariant map of perfectoid spaces f : G/H ′ × Spa(C,C+) → X̃. As Z̃
is exactly the quotient of X̃ by G, and by using Lemma B.3, it follows that the map
f is bijective on the underlying topological spaces. It follows from [Sch, Lemma 5.4]
that f is an isomorphism, as all residue fields of X̃ are isomorphic to C.

2The transition maps are qcqs, since each U is qcqs by [Sch, Prop. 11.19(iii)].
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It follows that Ỹ ∼= G/(H ′ ·H) × Z̃ is therefore an affinoid perfectoid space.
Moreover the map Ỹ → Z̃ is clearly finite étale. As Z is totally disconnected and
Z, Z̃, Ỹ are all affinoid perfectoid, it follows from [Sch, Prop. 9.3, Cor. 9.11(iii)] (see
also [SW20, Thm. 9.1.3(1),(4)]) that Ỹ descends to an affinoid perfectoid space finite
étale over Z, i.e., that Y is affinoid perfectoid and that the map Y → Z is finite étale.
Hence Y = Spa(A,A+) with k(z)→ A a finite étale ring homomorphism.

Now suppose that Z is an arbitrary totally disconnected space in Perf. We check
that the diamond Y = X/H is spatial. The map X → Y is surjective, quasiproétale,
and universally open by [Sch, Lemma 10.13]. By [Sch, Prop. 11.24] it is enough to
show that Y is qcqs as v-sheaf (as defined in [Sch, § 8]). As X is qc and X → Y is
surjective, it follows that Y is qc. To check that Y is qs, by the discussion preceding
[Sch, Prop. 8.3] (usingX qcqs andX → Y surjective), it suffices to check thatX×Y X
is qc. But X ×Y X ∼= H ×X, which is qc, as H profinite and X is qc.

To show the result, we will show that Y is affinoid perfectoid by showing that any
connected component of Y is affinoid perfectoid and applying [Sch, Lemma 11.27].
Fix now a connected component Yc of Y and let Zc denote the connected component
of Z that contains the image of Yc, so that Zc = Spa(k, k+) as in the first part of the
proof. Using (89) we obtain a map of diamonds Yc → Zc and hence a commutative
diagram

Yc

�� ''

��

Y ′c //

��

Zc

��
Y // Z

where Y ′c := Y ×Z Zc is affinoid perfectoid by the first part of the proof. Note that
we have subfunctors Yc ⊆ Y ′c ⊆ Y and Zc ⊆ Z. For any clopen subfunctor V ⊆ Z we
have |Y ×Z V | = |Y |×|Z| |V | by Lemma B.5, which is qcqs, as it is open and closed in
|Y | and |Y | is qcqs by above. Moreover, |Y ′c | = | lim←−z∈V (Y ×ZV )| = lim←−z∈V |Y ×ZV | =
lim←−z∈V (|Y | ×|Z| |V |) = |Y | ×|Z| lim←−z∈V |V | = |Y | ×|Z| |Zc| (using [Sch, Lemma 11.22],
noting that the transition maps in lim←−z∈V (Y ×Z V ) are qcqs, as each term is qcqs).
It follows that

Y ′c (T ) = {T → Y : |T | → |Y | factors through |Y ′c |}. (90)

In particular, |Yc| ⊆ |Y ′c | ⊆ |Y | carry subspace topologies, so that |Yc| is also
a connected component of |Y ′c | (as topological spaces). Hence Yc is a connected
component of Y ′c (as diamonds) by comparing (89), (90) and using the discussion
preceding (89). We conclude as any connected component of an affinoid perfectoid
space is affinoid perfectoid [Sch, Prop. 6.5].
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Now we want to make precise what we mean by equivariant vector bundles over
perfectoid spaces.

Let F be a vector bundle over X ∈ Perf, i.e., a locally finite free sheaf of OX-
modules. We keep ourselves in the setting where the locally profinite group H acts
freely on X. An H-equivariant structure on F is the data of OX-linear isomorphisms
ch : F ∼−→ h∗F for all h ∈ H such that, for h, h′ ∈ H, we have chh′ = (h′)∗(ch) ◦ ch′ .
Giving a map ch is equivalent to giving a family of isomorphisms ch,U : F(U) →
F(h(U)) for U open in X such that, for s ∈ F(U) and f ∈ OX(U), we have ch(fs) =
h(f)ch(s), with h(f) = f(h−1·). We require moreover a continuity condition which
is the following: for any quasi-compact open subset U ⊆ X and any compact open
subgroup H ′ ⊆ H such that H ′U = U , the action of H ′ on the Banach space F(U)
is continuous. (Note that such H ′ always exist by continuity of the map |α| : |H ×
X| ∼= H × |X| → |X|.) An H-equivariant structure on a vector bundle over X
is equivalent to an isomorphism θ : pr∗2F

∼−→ α∗F of OH×X-modules over H × X
satisfying β∗(θ) ◦ pr∗2,3(θ) = γ∗(θ) over H × H × X where pr2,3 is the projection
(pr2, pr3) onH×X, β is (pr1, α), γ is (µ, pr3) (where µ is the group law onH). Indeed,
pulling back such an isomorphism θ along the section X → H × X corresponding
to x 7→ (h, x) gives an isomorphism ch and the family (ch) satisfies the properties
of an H-structure on F . The continuity condition comes from the fact that, for
any U ⊆ X quasi-compact open subset and any compact open H ′ ⊆ H subgroup
such that H ′U = U , by taking sections over H ′ × U , the isomorphism θ induces an
endomorphism of (pr∗2F)(H ′ × U) ∼= (α∗F)(H ′ × U) ∼= C0(H ′,F(U)) [Heu22, (2.1)]
which is given by f 7→ (h 7→ h · f(h)). The existence of this isomorphism proves the
continuity of the action. Conversely assume that we have an H-equivariant structure
over F satisfying our continuity condition. For any x ∈ X, there is a quasi-compact
open neighborhood U of x and a compact open subgroup H ′ ⊆ H such that H ′U = U
and such that F is free over U . The group H ′ acts continuously on F(U) which
allows us to construct the isomorphism θ : (pr∗2F)(H ′ × U) ∼−→ (α∗F)(H ′ × U) using
the formula above.

If X ∈ Perf we denote by Xproet its proétale site [Sch, Def. 8.1] and if Y is a
diamond we denote by Yqproet its quasiproétale site [Sch, Def. 14.1]. We let Yqproet′

denote the full subcategory of Yqproet consisting of all perfectoid objects in Yqproet and
covers consisting of all families of maps that are covers in Yqproet, equivalently jointly
surjective maps of v-sheaves, so that we have an equivalence of topoi Y ∼qproet′

∼= Y ∼qproet
by [Sta, Tag 03A0] (applied with u the inclusion Yqproet′ → Yqproet; note that any
object of Yqproet is a diamond [Sch, Prop. 11.7] and hence is covered by an object of
Perf). We may then tacitly work with Yqproet′ instead of Yqproet. In particular, we
let O denote the structure sheaf on either Xproet or Yqproet, sending W in the site to
OW (W ), which is a sheaf by [Sch, Cor. 8.6, Thm. 8.7]. We also note that if X ∈ Perf
the map of sites Xqproet → Xproet induces an equivalence of topoi by [Sta, Tag 03A0].
(This is similar to above, noting first that covers consist of jointly surjective maps of
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v-sheaves on both sides. By [Sch, Lemma 7.14] there exists a proétale cover {Xi → X}
such that each Xi is strictly totally disconnected, hence by [Sch, Def. 10.1] for any
quasiproétale Y → X the pullback cover {Xi ×X Y → Y } is such that Xi ×X Y is
perfectoid and Xi ×X Y → Xi → X is proétale for all i.)

If F is a vector bundle over X we can extend it to a sheaf Fproet of O-modules over
Xproet by pullback, so that Fproet is a vector bundle over Xproet (cf. [KL, Thm. 3.5.8]).
Moreover if F has an H-equivariant structure, then using the isomorphism θ in the
previous paragraph we see that the H-equivariant structure extends automatically to
Fproet (as F 7→ Fproet is compatible with pullbacks).

Now suppose again we are in the setting of Proposition B.4 so that H acts freely
on X. As the map of diamonds f : X → Y = X/H is quasiproétale and surjective, it
follows from [SW20, Lemma 17.1.8] that, if F is an H-equivariant vector bundle over
Xproet (equivalently over Xqproet), then (f∗F)H is a vector bundle over Yqproet. Namely
the isomorphism θ : pr∗2F

∼−→ α∗F provides a descent datum on F along the map
X → Y . Conversely, if G is a vector bundle on Yqproet, then f ∗G is an H-equivariant
vector bundle on Xqproet. (More precisely, f : Xqproet → Yqproet is a morphism of
ringed sites, with (f∗F)(W ) = F(W ×Y X) for W ∈ Yqproet and (f ∗G)(T ) = G(T ) for
T ∈ Xqproet. Then (f∗F)H is the equalizer of the maps f∗F ⇒ g∗pr∗2F ∼= g∗α

∗F of
OY -modules, where g := f ◦ pr2 = f ◦ α : H ×X → Y and the isomorphism is given
by θ.) We obtain in this way an equivalence between the category of locally finite
free sheaves over Yqproet and the category of H-equivariant locally finite free sheaves
over Xproet.

Lemma B.6. Suppose that X is a quasi-Stein perfectoid space. Then we have a
canonical equivalence between vector bundles on Xv, Xproet, Xan. If F is such a
vector bundle, then Hq(Xv,F) = Hq(Xproet,F) = Hq(Xan,F) = 0 for all q > 0.

Here, by a slight abuse of notation, we identify an analytic vector bundle F with
its pullbacks to Xproet and Xv.

Proof. The first part follows from [KL, Thm. 3.5.8], and Hq(Xan,F) = 0 for q > 0
holds by [KL, Thm. 2.6.5(c)]. By applying the proof of [KL, Thm. 2.6.5(c)] with [KL,
Thm. 3.5.6] instead of [KL, Thm. 2.5.1] we deduce that Hq(Xv,F) = 0 for q > 0.
Then Hq(Xproet,F) = 0 for q > 0 follows from [KL, Thm. 3.5.9].

Assuming thatX is quasi-Stein, we deduce from [Heu22, Cor. 2.9] and Lemma B.6
that we have a natural isomorphism, for any n ≥ 0,

Hn(Yqproet, (f∗F)H) ∼= Hn
cts(H,F(X)). (91)

(Note that X ×Hn is quasi-Stein for all n ≥ 0.)
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Note that if F = OX , then (f∗OX)H ∼= OY so that (91) becomes

Hn(Yqproet,OY ) ∼= Hn
cts(H,OX(X)). (92)

Lemma B.7. Let h : Y → Z be a map of diamonds with Z a perfectoid space.
Assume that for any totally disconnected perfectoid space Z ′ over Z, the fiber product
Y ′ := Y ×Z Z ′ is representable by an affinoid perfectoid space. Then, for q > 0,
Rqh∗OY = 0 in the quasiproétale topology.

Proof. Suppose that Z ′ is totally disconnected in Perf. By [SGA72, Exp. V,
Prop. 5.1(3)], we have an isomorphism Rqh′∗OY ′ ∼= (Rqh∗OY )|Z′ , where h′ denotes the
base change Y ′ → Z ′ of h. As Y ′, Z ′ are affinoid perfectoid by assumption, it follows
from Lemma B.6 as well as [SGA72, Exp. V, Prop. 5.1(1)] that (Rqh∗OY )|Z′ = 0 for
any q > 0. By taking a quasiproétale cover of Z by totally disconnected perfectoid
spaces (using [Sch, Lemma 7.18]), we deduce that Rqh∗OY = 0 for q > 0.

In what follows, for Z a perfectoid space, we will denote νZ : Zproet → Zan the
natural morphism of sites, where Zan denotes the analytic site of Z.

Proposition B.8. Let X be a quasi-Stein perfectoid space of characteristic p and G
a locally profinite group acting on X. Assume that the quotient X/G is representable
by a quasi-separated perfectoid space Z. Assume there exist closed normal subgroups
H ′ ⊆ H of G acting freely on X such that X/H ′ is qcqs perfectoid which is quasiproé-
tale over Z, G/H ′ is profinite, and G/H is finite of cardinality prime to p. Then we
have an isomorphism, for every q ≥ 0,

Hq
cts(G,OX(X)) ∼= Hq(Z,OZ).

Proof. Let Γ = G/H and let Y := X/H. Denote g : X → Y and h : Y → Z so that
f = h ◦ g. It follows from (92), that we have Hq(Yqproet,OY ) = Hq

cts(H,OX(X)) for
every q ≥ 0.

By the same proof as for Lemma 3.3.6 we have (f∗OX)G ∼= (h∗OY )Γ ∼= OZ . From
Proposition B.4 and Lemma B.7 applied to G/H ′ acting on Y ′ := X/H ′, we have
Rqh∗OY = 0 for q > 0 so that, for every q ≥ 0,

Hq(Zproet, h∗OY ) ∼= Hq(Yqproet,OY ).

As the group Γ has order prime to p, the sheaf OZ ∼= (h∗OY )Γ is a direct factor of
h∗OY and we have

Hq(Zproet,OZ) ∼= Hq(Yqproet,OY )Γ ∼= Hq
cts(H,OX(X))Γ.

Finally, using again that Γ has order prime to p, we deduce Hq
cts(H,OX(X))Γ ∼=
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Hq
cts(G,OX(X)). Finally as Z is perfectoid, it follows from [Sch, Prop. 8.5(iii)] that

RqνZ,∗OZ = 0 for q > 0 so that

Hq(Zproet,OZ) ∼= Hq(Z,OZ),

which allows us to conclude.
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