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ABSTRACT

Kernel methods are powerful tools in statistical learning, but their cubic complex-
ity in the sample size n limits their use on large-scale datasets. In this work, we
introduce a scalable framework for kernel regression with O(n logn) complexity,
fully leveraging GPU acceleration. The approach is based on a Fourier representa-
tion of kernels combined with non-uniform fast Fourier transforms (NUFFT), en-
abling exact, fast, and memory-efficient computations. We instantiate our frame-
work in three settings: Sobolev kernel regression, physics-informed regression,
and additive models. The proposed estimators are shown to achieve minimax con-
vergence rates, consistent with classical kernel theory. Empirical results demon-
strate that our methods can process up to tens of billions of samples within min-
utes, providing both statistical accuracy and computational scalability. These con-
tributions establish a flexible approach, paving the way for the routine application
of kernel methods in large-scale learning tasks.

1 INTRODUCTION

Kernel methods. Kernel methods play a central role in statistical learning and nonparametric
regression, providing flexible and theoretically sound tools for modeling complex data structures
(Steinwart & Christmann, 2008)). Despite their appeal, their practical application is often hindered by
severe computational constraints: standard kernel ridge regression has a time complexity of O(n?)
and a memory cost of O(n?), making it unsuitable for large-scale datasets (Bach, [2024, Chapter 7).
Several approximation schemes, such as Nystrom methods and random feature expansions, have
been proposed to reduce this burden, reducing the computational cost to O(n?/?). However, these
approximations introduce additional error terms, complicating theoretical guarantees and often de-
grading empirical performance (Meanti et al.| [2020).

Contributions. We show that a broad class of kernel estimators can be trained exactly at a sub-
stantially reduced computational cost, achieving O(nlogn) complexity in terms of both time and
memory. This improvement is made possible by taking advantage of the structural properties of ker-
nels that can be expanded on a Fourier basis. Furthermore, our approach lends itself well to parallel
computation and can be efficiently implemented on modern GPU architectures. These advances are
a significant step forward in both the theory and practice of kernel methods, with clear potential
for routine application to large-scale datasets. A key component of our approach is the recent im-
plementation of the non-uniform fast Fourier transform on GPU (NUFFT, |Shih et al.| [2021)). The
resulting computational efficiency enables the processing of tens of billions of data points in under
a minute on a standard GPU, whereas conventional kernel approaches typically fail to scale beyond
a few hundred thousand samples (Meanti et al.| 2020; Doumeche et al., [2025al).
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We illustrate our framework through three fundamental kernel learning tasks: Sobolev regression
(Nemirovski, [2000), physics-informed regression (Doumeche et al.,|2025b), and additive model re-
gression (Hastie & Tibshirani, |1986). The ability to process massive datasets allows us to systemat-
ically assess the performance of the estimators, clearly highlighting the benefits of our approach. In
particular, we introduce a kernel- and Fourier-based additive model with a GPU implementation that
combines statistical accuracy, favorable scaling in the input dimension d, and high computational
efficiency into a unified and theoretically sound framework.

Layout. The paper is organized as follows. In Section [2] we introduce the Fourier-based kernel
approximation and the fast optimization strategy. Section [3| develops the Sobolev kernel regres-
sion framework and establishes its statistical guarantees. Section f] extends the method to physics-
informed regression, while Section [5| presents the additive model formulation.

2 COMMON SETTING

2.1 NONPARAMETRIC REGRESSION WITH KERNEL METHODS

General assumptions. Throughout this article, we adopt the standard nonparametric regression
setting, in which the objective is to estimate an unknown function f* from n i.i.d. observations
(X1,Y7),...,(X,,Y,) of arandom pair (X, Y'), under the following assumptions:

(i) The input variable X takes values in an open domain €2 C R< for some d > 1, and the
output Y is real-valued;

(ii) The output is modeled as Y = f*(X) + €, where the noise term ¢ satisfies E(¢ | X) =0
and E(? | X) < o2 for some o > 0.

To guarantee that f* is learnable from data, we impose the following regularity assumptions:

(iii) The target function belongs to a Sobolev space of smoothness s > d /2, thatis, f* € H*(Q)
for some known s;

(iv) The domain €2 is a bounded Lipschitz domain of R4 (see, e.g.,/Agranovich, 2015)), included
in the hypercube [—L, L]? for some L > 0.

Recall that H*(€2) denotes the Sobolev space of functions whose weak derivatives up to order s
belong to L?(2). This space includes, for example, the Holder space C*(2) of continuously dif-
ferentiable functions with bounded derivatives. The Lipschitz assumption allows the boundary of
the domain to be non-differentiable, encompassing a broad class of bounded sets, including smooth
manifolds and common geometries, such as hypercubes.

Kernel methods. In kernel-based methods, this setting naturally leads to the minimization of the
regularized empirical risk functional

R(f) = =D (F(X) =) + A/,
j=1

over a reproducing kernel Hilbert space (RKHS) H C H*(Q), where A > 0 is a regulariza-
tion parameter. The norm || - || serves as a regularizer and reflects the prior assumption that
the true function f* has a bounded RKHS norm, i.e., ||f*|l3z < oo. The resulting estima-
tor f = argminsey R(f) serves as an estimator of the target function f*. A classical re-

sult in kernel theory states that the estimator f can be computed in closed form as f () =
(K(X1,2),...,K(Xn, ) (K, + AI)7'Y, where the function K is the reproducing kernel asso-
ciated with the RKHS #, and KK,, is the n x n kernel matrix with entries (K,,);, j, = K(Xj,, X},)
(Bach| [2024, Chapter 7). The main computational bottleneck of this approach lies in the analytical
computation of the kernel function K and in the inversion of the kernel matrix K,,, which incurs a
cost of O(n?) in time and O(n?) in memory.
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Finite-dimensional approximation. To make the computation of the kernel estimator more
tractable, we consider a finite-dimensional approximation of H through a finite basis ¢1,...,¢p
with D € N* elements. Thus, any function f € # can be approximated by a function fy of the form

fo(z) = 01 ¢1(2) + - +0p dp(z) = (¢(),6), (1)
where ¢ = (¢1,...,¢p) " denotes the truncated feature map, § € CP is the parameter vector, and

the inner product is defined as (z,y) = Zle Zryk- In the present paper, we let ¢ be the truncated
Fourier basis composed of trigonometric functions.

Since the RKHS approximation if finite-dimensional, there is a positive-definite matrix M such that,
for all function fy € H given by Equation (T), we have || f¢||3, = ||M6||3. The empirical risk of fp
then translates into an empirical risk R on the parameter 6:

R(fo) := R(0) = n~"[|®0 — Y3 + A MO]3,

where ® = (¢(X1) |-+ | #(X,,))" is the design matrix (with complex conjugate transpose), and
Y = (Y1,...,Y,)" € R"is the response vector. Minimizing this objective yields the parameter
6 = arg min R(0) = (n”'®*® + AM* M) 'n"'®*Y, 2)
9eC

and the resulting estimator takes the form f,,(z) = (¢(z), ).

2.2 FOURIER EXPANSION

Using a Fourier basis makes RKHS approximation errors precisely quantifiable, as shown below.

Fourier expansion on the Sobolev space H*(2). The smoothness of a function in H*(2) (en-
dowed with any of the equivalent Sobolev norms of order s) is reflected in the decay rate of its
Fourier coefficients (see Proposition [A.T] in the appendices). Since the Fourier coefficient vector
0(f) € (CZd is infinite-dimensional, it cannot be stored or manipulated directly. Thus, in line with
the finite-dimensional approximation principle presented above, we truncate the Fourier expansion
to a finite number of frequencies, indexed by a cutoff parameter m € N*. In other words, we
consider the finite-dimensional approximation space

) - - T 2m+1)¢
Hm:{f.;v»—> Z Z ley___7kdexp(zﬁ(k,x>),GE(C( b },
klzfm kdzfm
where k& = (K1, ...,kq) € Z¢ is a multi-index. The dimension of this kernel Hilbert space is thus
D = (2m + 1)%, and the truncated feature map reads

™
= o (k7)) .
o) = (e (—igp )
For any function f € H*({), its truncated approximation f,,, € H,, takes the form

fm(@) = (B(2), (0(F)k) k] oo <m)-

Fourier truncation. The truncation of high-frequency Fourier modes is justified by the following
approximation result. Let Px denote the marginal distribution of the input variable X on the domain
Q. From this point onward, we assume the following regularity condition on Px:

(v) Py is a probability measure on (2 that admits a density with respect to the Lebesgue mea-
sure, bounded above by a constant x > 0, i.e., ‘%‘ < K.

Proposition 2.1 (Approximation of the Fourier expansion). Under assumption (v), there exists a
constant C' > 0, depending only on d and ), such that, for all n € N*, all f € H*(Q), and all
truncation levels m € N*, the following inequality holds:

If - me%?(Px) <Ck ||f||§{(9) m=2,

Under Assumptions (i) to (v), any estimator f of f* has an error E(|| f* — f H%Q(PX)) at least of the
order of n=2%/(2s+4) (¢ g Tsybakov, 2009, Theorem 2.1). This convergence rate of 2s/(2s +d) is
known as the Sobolev minimax rate. Letting m = n'/ 25+ in Proposition [2.1|is thus sufficient to
achieve a precision of n~2%/(25+4) Therefore, since adding extra Fourier modes would not result in
an improved asymptotical precision on fn, in what follows, we consider m = n'/(2s+d)
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2.3 FAST OPTIMIZATION

From naive implementation to fast transforms. Since the total number of Fourier modes is
(2m+1)% = O(n%/ 25+ a naive implementation of () incurs a complexity of O (n!+24/(2s+d)),
mainly due to the matrix product ®*®. While already faster than the standard O(n?) kernel ap-
proach, we show how this can be further reduced to O(n log n)—near-optimal, as even reading the
data takes O(n). This speedup is enabled by using complex exponential bases to discretize the
kernel, which are well-suited to fast Fourier transform (FFT) algorithms. However, since the expo-
nentials are evaluated at non-uniform points, standard FFTs are not applicable. Instead, we use the
non-uniform fast Fourier transform (NUFFT), which extends FFT efficiency to irregular sampling.
These algorithms can be efficiently parallelized on modern GPUs, leveraging recent advances in
hardware-optimized fast summation. In what follows, we rely on the cuFINUFFT library for the
GPU-based implementation of the NUFFT, restricted to dimensions 1, 2, and 3 (Shih et al., 2021).

Covariance vector and NUFFT. A naive computation of the covariance vector v = ®*Y/n via
explicit matrix—vector multiplication leads to a complexity of O(n 14d/ (25+d)) However, each com-
ponent of v can be written explicitly as

1 & ‘ X;
o = ﬁzlyjexp (im(k, 52))
]:

which corresponds to the type-I NUFFT of the weighted signal Y with respect to the non-uniform
spatial locations (X7, ..., X,,), leading to time and memory complexity O(nlogn).

Covariance matrix and NUFFT. A naive computation of the empirical covariance matrix
Y = o0 /n via explicit matrix—matrix multiplication incurs a computational complexity of
O(n'*2d/(2s+d))  However, one can observe that 3 is both Hermitian and d-level block Toephtz
Specifically, it satisfies $* = Y and, forall ky, ks € {-m, m}, the relation Ekl ky = ZO fey—ky
(by elementary properties of the exponential function). ThlS means that the matrix ¥ is fully deter-
mined by its first row, i.e., the (2m + 1)d values (207k)|\k\|m§m' Each entry can be expressed as

. 1 n X,
Yok = - Zexp (im (K, i)),
j=1

which corresponds to the type-I NUFFT of the constant signal (1,...,1) evaluated at the sample
points (X7, ..., X,), leading to a time and memory complexity O(n logn) with GPU acceleration.
Furthermore, for any = € Ccem+))* , the matrix—vector product S can be performed efficiently via
FFT in O(m%logm) = O(n%(s+9) logn) time; see Golub & Loan| (Theorem 4.8.2, 2013) for the
one-dimensional case and the multidimensional construction of |Lee|(1986).

e . . d .
Matrix inversion. We assume that for any z € C(*”+1"  the matrix—vector product M* Mz can
be performed in O(m®logm) = O(n?/(?+4) logn). This condition is satisfied if M is diagonal
or, as shown above, if M*M is a covariance matrix. Then, since the matrix—vector product >.x

can also be performed in (9( d/(2s+d) ]og 1) time via FFT, linear systems involving S+ AM*M
can be solved efficiently using the conjugate gradient method. The total complexity of solving such
systems is reduced to O(n?%/ 25+ Jog n) = o(n), which is sublinear in the number of data points.

3 SOBOLEV REGRESSION

3.1 SOBOLEV KERNEL REGRESSION

In this section, we study the Sobolev kernel regression where H = H*(Q)) and the RKHS norm
is given by || f||5, = Y reza [0(f)x* (1 + ||k]|3®). (Since all Sobolev norms are equivalent, the
choice of the Sobolev norm does not impact the rate of convergence of the kernel estimator.) In
the finite-dimensional approximation using H,,, one has || fo||3, = ||S6||3, where the matrix S €

C@m+D*x@mI1)? g diagonal with entries Sy, g, = \/1 + [[k]|2°1s,—k,. Using tools from kernel
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theory (Mourtada & Rosasco} 2022} [Bach, |2024), we derive the convergence rate of the estimator 0
as a function of the sample size n. This result is encapsulated in the following proposition.

Proposition 3.1 (Sobolev kernel regression). Let 0 be the Sobolev kernel estimator @) with M = S,
Le.,

6= argming ¢ (zm+1)d n~ @0 — Y||3 + A S6||3
= (n'®*® + AS?) " InT oMY,
Under Assumptions (i)-(v),

N 12 . f Of2 2 * 2 a2 2 2
E(fu— ) < inf {@460+ )NE(F — follapy) + ML+ ) 503}

gecm+n?

o2

An
_ 1 . . . . -1

where o =3 ) o4 THIRZ < 0. Thus, choosing the regularization parameter in the range n=" <

1/(2s+d)

+o*n 1+ —)(@2m+ 1),

A\ < n=28/@s+4d) gnd setting the truncation level as m = n

E(Hfé - f*”%Z(Px)) — O(n_zs/(QsJ,-d)).

yields the convergence rate

This convergence rate of 2s/(2s + d) matches the Sobolev minimax rate, meaning that it is the
fastest rate achievable under Assumptions (i) to (v). The existence of minimax Sobolev estimators
is well-known in the statistical learning literature (e.g., Nemirovski, 2000, Chapter 2). However,
Proposition [3.1] establishes a clear connection between kernel methods and Fourier analysis. More
importantly, since S is diagonal, this estimator can be computed exactly on a GPU with complexity
O(nlogn), as shown in Section[2.3] This enables kernel methods to scale to large datasets.

One dimensional example. The goal of this experiment is

to demonstrate the ability of our method to efficiently han- 100
dle datasets containing tens of billions of samples, while ex- 10
perimentally recovering the theoretical convergence rate. We 102
consider a simple one-dimensional regression setting where 107

the input variable X is uniformly distributed over the inter- £,
val Q =]0,1[ and the output is given by ¥ = exp(X) + ¢, 105
with a noise ¢ ~ AN(0,1) independent of X. We run the ;o
Sobolev kernel estimator with smoothness parameter s = 1, 10-7
regularization A\ = n~2/3, and truncation level m = n'/3.

The algorithm successfully processes n = 10'° data points in
approximately one minute on a standard GPU (NVIDIA T4),

using complex-128 precision. Figure [T] reports the test error Figure I: One-(.iimensional
E(|[f; — f* H%Q(PX)), estimated over a separate test set of 10* Sobolev kernel regression
samples, and averaged over 20 resamples. The observed performance matches the Sobolev minimax
rate of n~2/3, providing empirical evidence of the method’s numerical stability and scalability.

10? 10* 10° 108 10%°
Number of points

3.2 L2?-FOURIER KERNEL REGRESSION

Dependency on the smoothness s. If the target function f* is known to have smoothness s, then
it also belongs to all Sobolev spaces H*®2((2) for any so < s. As a result, Proposition guarantees
that all Sobolev kernel estimators with smoothness parameter sy < s are well-defined and provably
converge to f*. From a theoretical point of view, higher values of s yield faster convergence rates.
However, the non-asymptotic bound in Proposition also reveals a bias term involving || S6]|3 >
A f* 37 - Overall, this term scales as n=2s/(2s+d) 1/* 113+ (2)» highlighting the classical trade-
off inherent in the choice of s: larger values improve the convergence rate but come at the cost of
increased dependence on the Sobolev norm of the target function.

For example, consider the function f(x) = z* on the interval | — 1,1[. One can com-

1 2
pute ||fH%I1(]71,1D = f_l f(x)Q + f/(.’lf)Qd.’If = 2k:2+1 + 2?4:1671’ whereas ||f||?{k(]*1:1[) 2
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MSE

107 N=10
107
N=10 10-¢
N=10°
N=10*
N=10°
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Figure 2: Sobolev regression (Left), and L?-Fourier regression (Right) in dimension d = 1

1 2 . -
J2, (fP () d:v = 2(k!)?, showing that ||f||§{k(]71)1[) > ||f||%{1(]_1,1[.) for large 'k. 'ThIS .11-
lustrates how higher-order Sobolev norms can grow rapidly and lead to high regularization bias
despite improved asymptotic rates.

To mitigate the increasing regularization bias associated with large values of s, we propose an alter-
native estimator that penalizes the unweighted £ norm of the parameter vector, i.e., A||0]|3, instead
of the Sobolev-weighted norm \|S6||3. As before, this estimator can be computed exactly on a
GPU with complexity O(nlogn).

Proposition 3.2 (L2-Fourier kernel regression). Let 0 be the L-Fourier kernel estimator given by
Equation @) with M = I, where I is the identity matrix. Then,

0 = argmingonnan (|90 — Y3+ A0]3
= (n710*® + AI)"In"lo*Y.

Under Assumptions (i)-(v),

E(lfo — P Bagny) < it {2601+ 0)?)E( — follfaen) + ML+ 2003}
peCzm+1)

+ Ao?r(1 +7),

d
where r = % Therefore, choosing the regularization parameter as X = n~2%/(2s+d) gpgd

setting the truncation level as m = n'/?5%4) yields the convergence rate

Elllfy — [ Z2@y)) = On=2/Cs+D),

Dependency in s in the one-dimensional case. The goal of this experiment is to compare the
performance of the Sobolev kernel estimator with that of its L2-Fourier (L2F) variant. We consider
a one-dimensional regression setting where the input variable X is uniformly distributed over the
interval 2 =]0, 1] and the response is given by Y = 25|X — 0.5| + ¢, with a noise ¢ ~ N(0, 1) in-
dependent of X. We implement both kernel estimators across multiple sample sizes n, and evaluate
their MSE on a fixed test set of 10* points. To ensure a meaningful comparison, we use the same reg-
ularization and truncation schedules for both methods, setting A, = n~2%/(s+t1) and m = n'/(s+1)
for each smoothness parameter s. We consider 40 values of s uniformly spaced between the minimal
admissible value s = d/2 = 1/2 and s = 10. Figurereports the MSE of the two kernel estimators,
averaged over 10 independent resamples for each value of s. This large-scale experiment involves
training 400 kernel estimators at sample size n = 10%, and completes in approximately 5 minutes
on a standard GPU, illustrating the computational efficiency of both kernel methods.

As expected, for any fixed value of s, the error of both kernel estimators decreases as the number
of observations n increases. In addition, we clearly observe the trade-off discussed earlier regarding
the choice of the smoothness parameter s. Indeed, the target function f*(z) = 25 |z — 0.5|2 belongs
to the Sobolev space H3([0, 1]) but not to H*([0, 1]), which implies that s = 3 is the largest integer
smoothness level for which the minimax convergence rate remains theoretically valid. However, in
practice, the value s = 3 does not correspond to the hyperparameter that yields the lowest MSE.
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Interestingly, in both kernel estimators, the optimal choice of s increases gradually with the sample
size n. This empirical behavior is consistent with the theoretical results of Propositions [3.1]and [3.2]
which indicate that the optimal s should asymptotically converge to 3 as n becomes large.

In practice, the L2F kernel consistently outperforms the Sobolev kernel. For example, at n = 108,
its minimum MSE, achieved at s = 2, is approximately ten times lower than that of the Sobolev
kernel, whose minimum occurs at s = 1. For the L2F kernel, the shift toward higher values of s
occurs more rapidly. This is due to its reduced sensitivity to the explosion of the Sobolev norm as
s increases, allowing it to benefit from the improved theoretical convergence rates associated with
higher regularity at smaller sample sizes. Additional experiments can be found in Appendix

4  PHYSICS-INFORMED REGRESSION

Interestingly, our approach, which combines Fourier analysis with kernel methods, applies naturally
to the framework of physics-informed machine learning (PIML). PIML incorporates prior physical
knowledge—typically expressed as a partial differential equation (PDE)—into regression problems in
order to regularize the empirical risk (Karniadakis et al.l 2021). In this context, we assume that

(vi) There is a known linear differential operator D with constant coefficients such that Va €
Q, D(f*,x) = 0.

Recall that D is linear with constant coefficients if D(f,x) = }_ /<, @a 0% f(z), withaq € R.
It turns out that this regression setting can be formulated as a kernel method on H = H*(Q2) by
minimizing the empirical risk n=" 3°7_, (fo(X;) — Y;)? + A foll 3. ) + 1 Jo D(fo, x)?d, as
studied in |Doumeche et al.| (2024)); IDoumeche et al.| (2025a). In what follows, we show that this
PDE-based penalty can be efficiently integrated into our Fourier kernel framework, where it naturally
benefits from NUFFT-based acceleration.

Tractable domains. When the domain (2 is regular enough to allow for the analytical computa-
tion of its Fourier transform, the regression problem can be formulated equivalently on the finite-
dimensional space H.,, as a kernel estimator, of the form:

6= argminee(c(z,nﬂ)dn*l Z(fG(Xj) - YJ)2 + Al foll7 + ,u/QD(fg,w)2dx
j=1

— argming g o on | @6 — Y3+ A|S6]3 + u|CV/2D6)3

= (n7'®*® + \S% + uD*CD) 'n"to*Y,
where S is the Sobolev matrix of Section the matrix C' is such that, for all k1, ko € (C(Qm“)d,

Cry by = (4L)—d/ exp(i(k; — ko, z)m/(2L))dz,
Q
N e

and D € CmH1"*@m+D)? 3 diagonal matrix such that Dy, j, = Plal<s o (_Q—T) TT0_, (ko).

Since D is a diagonal matrix and C'is a d-level block Toeplitz and Hermitian matrix, the matrix-
vector product involving D*CD can be performed in O(m?logm) operations. As a result, the
conjugate gradient inversion of the full system matrix (n~'®*® + \S? + uD*CD) can be carried
out with overall complexity O(nlogn).

Untractable domains. When the Fourier decomposition of the domain {2 is not available in closed
form, a common strategy in physics-informed machine learning consists in sampling a set of n,, €

N* collocation points (Xl(r)7 .. ,X,(fr)) from a known distribution Py~ over {). Based on these
points, we then define the following kernel estimator:

n

0= argmineecamﬂ)dn*l Z(f9(Xj) - YJ)2 + Al foll e + pn, ! Z D(fo, XJ(‘T))z
j=1 =1

= argming ¢ nan” || @0 — Y3 + N[ SO|[3 + pn; | @DO||3
= (n71*® 4+ AS? 4 pun 1 D* (@) x @ D)l lory,
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Figure 3: Physics-informed kernel regression (averaged over 20 samples)

where &) = (¢(X\") | ... | ¢(X{7))*. Since D is a diagonal matrix and (®()*®() is a d-level
block Toeplitz and Hermitian matrix, the associated matrix—vector products can be computed in
O(m4log m) operations. Consequently, the conjugate gradient inversion of the system (n~1®*® +
AS? + pun 7t D*(®())*®(") D) can be performed with overall complexity O(n logn).

One dimensional example. We consider a regression setting where the input variable X is uni-
formly distributed over the interval Q =]0,1[C [—7/2,7/2], so that L = 7/2. The response is
given by Y = exp(X) + ¢, with a noise € ~ N(0, 1) independent of X. The prior knowledge takes
the form of the linear differential constraint (f*)" — f* = 0. We set the parameters as s = d = 1,
m = nl/(25+d) — n1/37 A= n—2s/(2s+d) — n—2/3, and = 1.

All the kernel methods process n = 10% samples in under only one second on a standard GPU
(NVIDIA L4). Figurereports the test error E(|| f; — f*||2L2([o 17))» evaluated on a test set of 10*

samples, and then averaged over 20 resamples. We see that adding physics improves the perfor-
mance of the estimator, while taking approximately the same running time.

5 ADDITIVE MODELS

In this section, we show how our Fourier—-NUFFT framework can incorporate linear constraints
on the shape of the regression function such as additivity constraints, yielding a GPU-compatible
algorithm with an overall complexity of O(nlogn).

Additive model. A well-known limitation of many machine learning methods is the curse of di-
mensionality, reflected for instance in the minimax rate O(n~2%/(2574)) of the Sobolev kernel esti-

mator of Section (achieving accuracy of § requires at least n. = 6~ 1~%/(2%) samples). To mitigate
this phenomenon, a common approach is to exclude interaction effects between input variables,
resulting in the following additive model:

(vii) Onehas f*(z1,...,2zq) = g7 (z1)+ - -+gj(xq), where g7, . . ., g} are univariate functions.

The smoothness assumption on f* naturally transfers to the functions g;. In particular f* lies in a
Sobolev space of order s, if and only if each function g; belongs in a Sobolev space of order s.

(iii)’ There exists a known smoothness parameter s > 1/2 such that each component function
g7, - .., g, belongs to the univariate Sobolev space of order s.

The L2-Fourier kernel can thus be naturally extended to the additive model setting. In this case, the
regression function is parametrized by a concatenated vector § = (61, ..., 6,) € C2m+1);

fo(zr, .. xa) = (d(21),01) + -+ + (d(xa), ba)-
Proposition 5.1 (Additive kernel regression). Let 0 be the truncated Fourier estimator defined by
0 = argmingc ca@ninn | ®16) + - 4+ Baby — Y||2 + A||0]|2
= (4N Ttery, .. nTteny) T
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Figure 4: Grid search with 300 hyperparameters for the additive model withd = 5

where &y = (¢(X1,0) | -+ | ¢(Xn )", and 3 € CIEmH)XACmIY) g the plock-matrix such that
the (¢1,{2)-block is n’ltﬁzl ®y, € C*?, Then, under Assumptions (i), (ii), (iii)’, (iv), (v), and (vii),
choosing A = n=2%/ (st andm = nl/(23+1)/d vields the convergence rate

E(llf; — f*122(p,)) = O(n~2/@s+D),

Notice that the additive assumption allows us to recover the more favorable univariate minimax rate
of n=2%/(25+1) a5 in the case d = 1. The scaling m = n'/(?*t1) /d is consistent with existing
results on generalized additive models (GAMs) in high dimensions (Wood et al., 2014, Section 3.3).
We provide in Appendix an explicit error bound for the additive kernel regression.

Complexity. Key components of the matrix $—both diagonal and off-diagonal blocks—can be
efficiently computed using NUFFT in O(d?nlogn) time, enabling the full system to be solved in
nearly linear time when s > 1 (see Appendix [A.2] for details) with GPU acceleration. This is
significantly more efficient than GAMs, which require O(d?nm?) operations and cannot benefit
from NUFFT acceleration due to their reliance on spline bases rather than Fourier representations
(Wood et al.,2014). In addition, the memory footprint of our kernel method is O(n log n+m?2d?) =
O(nlogn), while GAMs require O(ndm) memory to store the design matrix.

Grid search for \. Interestingly, the most computationally demanding step in the kernel esti-
mation pipeline is the NUFFT computation, which has a complexity of O(d?nlogn). In con-
trast, the subsequent matrix inversion step is significantly faster, with a complexity of O(d*m?)
O(d?’n’B/ ) when s = 2. This observation is particularly relevant because it implies that mul-
tiple values of the regularization parameter A can be tested efficiently, making grid search highly
tractable. Figure 4| compares the gam.gridsearch function from PyGAM to our kernel method
implemented on both CPU and GPU, using a grid of 300 candidate values for A\. While the runtime
of the PyGAM grid search becomes prohibitive at n = 10°, our GPU-based kernel implementation
completes the entire grid search in under 30 seconds even for n = 10%. Additional experiments
without the grid search step can be found in Appendix

CONCLUSION

In this work, we have introduced a scalable framework for kernel methods with O(n log n) complex-
ity, designed to fully exploit GPU acceleration. The approach combines a Fourier representation of
the kernel with the non-uniform fast Fourier transform (NUFFT), yielding fast and memory-efficient
computations. We instantiate the framework for Sobolev, physics-informed, and additive kernel
models, thereby demonstrating its flexibility and broad applicability. From a theoretical perspective,
we establish that the proposed Sobolev and additive kernels achieve optimal minimax convergence
rates, in line with classical results from kernel theory.



Under review.

REFERENCES

Mikhail S. Agranovich. Sobolev Spaces, Their Generalizations and Elliptic Problems in Smooth
and Lipschitz Domains. Springer, Cham, 2015.

Francis Bach. Learning Theory from First Principles. MIT Press, Cambridge, Massachusetts, 2024.

Nathan Doumeche, Francis Bach, Gérard Biau, and Claire Boyer. Physics-informed machine learn-
ing as a kernel method. In Shipra Agrawal and Aaron Roth (eds.), Proceedings of Thirty Seventh
Conference on Learning Theory, volume 247 of Proceedings of Machine Learning Research, pp.
1399-1450. PMLR, 2024.

Nathan Doumeche, Francis Bach, Gérard Biau, and Claire Boyer. Physics-informed kernel learning.
Journal of Machine Learning Research, 26(124):1-39, 2025a.

Nathan Doumeche, Francis Bach, Eloi Bedek, Gérard Biau, Claire Boyer, and Yannig Goude.
Forecasting time series with constraints, 2025b. URL https://arxiv.org/abs/2502.
10485.

Gene H. Golub and Charles F. Van Loan. Matrix Computations. The Johns Hopkins University
Press, Philadelphia, 2013.

Trevor Hastie and Robert Tibshirani. Generalized additive models. Statistical Science, 1:297-310,
1986.

George Em Karniadakis, Ioannis G. Kevrekidis, Lu Lu, Sifan Wang, Paris Perdikaris, and Liu Yang.
Physics-informed machine learning. Nature Reviews Physics, 3:422—440, 2021.

David Lee. Fast multiplication of a recursive block Toeplitz matrix by a vector and its application.
Journal of Complexity, 2:295-305, 1986.

Giacomo Meanti, Luigi Carratino, Lorenzo Rosasco, and Alessandro Rudi. Kernel methods through
the roof: Handling billions of points efficiently. In H. Larochelle, M. Ranzato, R. Hadsell, M.F.
Balcan, and H. Lin (eds.), Advances in Neural Information Processing Systems, volume 33, pp.
14410-14422. Curran Associates, Inc., 2020.

Jaouad Mourtada and Lorenzo Rosasco. An elementary analysis of ridge regression with random
design. Comptes Rendus. Mathématique, 360:1055-1063, 2022.

Arkadi Nemirovski. Estimating signals satisfying differential inequalities, pp. 155-182. Springer,
Berlin, 2000.

Daniel Servén and Charlie Brummitt. pyGAM: Generalized additive models in Python, March 2018.
URL https://doi.org/10.5281/zenodo.1208723.

Yu-hsuan Shih, Garrett Wright, Joakim Anden, Johannes Blaschke, and Alex H. Barnett. cuFIN-
UFFT: A load-balanced GPU library for general-purpose nonuniform FFTs . In 2021 IEEE In-
ternational Parallel and Distributed Processing Symposium Workshops (IPDPSW), pp. 688—697,
Los Alamitos, CA, USA, 2021. IEEE Computer Society.

Ingo Steinwart and Andreas Christmann. Support Vector Machines. Information Science and Statis-
tics (ISS). Springer, New York, 2008.

Alexandre B. Tsybakov. Introduction to Nonparametric Estimation. Springer, New York, 2009.
Simon N. Wood, Yannig Goude, and Simon Shaw. Generalized additive models for large data sets.

Journal of the Royal Statistical Society Series C: Applied Statistics, 64:139-155, 2014.

10


https://arxiv.org/abs/2502.10485
https://arxiv.org/abs/2502.10485
https://doi.org/10.5281/zenodo.1208723

Under review.

A ADDITIONAL RESULTS

A.1 PROPERTIES OF FOURIER EXPANSION FOR SOBOLEV FUNCTIONS

The smoothness of a function in H*(2) (endowed with any of the equivalent Sobolev norms of order
s) is reflected in the decay rate of its Fourier coefficients, as formally stated in the next result.

Proposition A.1 (Fourier series representation, [Doumeche et al., 2025a). Let s € N*. There exists a
constant Cq > 0 such that, for any function f € H*(XY), there is a sequence of Fourier coefficients

0(f) € CZ* such that:

(i) f(x) = (boo (@), 0(f)), where ¢oo () = (exp (=i (k. 2))) . oy

(ii) The following norm equivalence holds:

1 170y < D 160 L+ IEIZ") < Call 7o

kezd

A.2 ADDITIONAL ELEMENTS FOR ADDITIVE MODELS

In this section, we provide an explicit upper bound on the error of an additive kernel regressor
depending on the regularization strength and the truncation level.

Proposition A.2 (Additive kernel regression). Let 0 be the truncated Fourier estimator defined by

6= gmillgecd<zm+1>n71\@191 + o+ @afa — Y5+ A6]13

= (4N nTtery, .. nTteny) T
where By = (p(X10) | -+ | (X)), I is the d(2m + 1) x d(2m + 1) identity matrix, and 3 is
the block-matrix such that the ({1, {3)-block is n_1(1>;1 Dy, ie.,
n~loid; ... nTldidy,
S=lor
nTl1®i®, ... nTlond,
Then, under Assumptions (i), (ii), (iii)’, (iv), (v), and (vii), one has
B(fo — /W) <, nt | ((2+6(0+0PE(S = folltacen) + A1+ ) 013)
+ Ao?r(1 +7),
where 1 = W' Therefore, choosing the regularization parameter as \ = n~2%/25t1) and

setting the truncation level as m = n'/(2s+1) /d yields the convergence rate

E(f5 — f*122p,)) = O(n~2/Z+D),

Complexity. In this part, we discuss an efficient way to implement 6. As explained in Sec-
tion the terms n~'®}Y and the diagonal blocks n~'®;®, of the matrix ¥ can be effi-
ciently computed using the NUFFT. As a result, the vector n=1(®1Y, ..., @;Y)T and the diag-

onal of ¥ can be computed with overall complexity O(dn logn). Moreover, the off-diagonal block
n‘ltb}fl ®,, corresponds to the 2d-NUFFT of the constant function equal to 1, evaluated at the points

(X100, —X1,65)5- -+ (Xn 6y, —Xn.e,)- The matrix n‘lézl ®y, can thus be computed in O(n logn).
Consequently, the full matrix 32 can be assembled in O(d?nlogn) operations (since there are d>

blocks of ®*®-type). The linear system involving (3 + AI) can then be solved in O(d*m3) = O(n)
operations, provided that s > 1.

11
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2-dimensional case
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Figure 5: Sobolev regression (Left), and L2-Fourier regression (Right) in dimension d = 2

B ADDITIONAL EXPERIMENTS

B.1 DEPENDENCY IN s IN THE TWO-DIMENSIONAL CASE FOR THE SOBOLEV REGRESSION.

In this experiment, we aim to compare the performance of the Sobolev kernels in dimension 2, for
the task of approximating smooth functions. The regression setting is defined as follows:

(i) The input X = (XM X)) is uniformly distributed over the square domain Q =]0, 1[?;

(ii) The response is given by Y = exp(X ™) cos(X (?)) + ¢, where the noise term ¢ ~ N(0, 1)
is independent of X.

We implement both kernel estimators for several sample sizes n, and evaluate their MSE on a test set
of 10* points. To ensure a meaningful comparison, we adopt the same regularization and truncation
schedules for both methods, setting \,, = n~2%/(25%2) and m = n'/(25+2) We consider 40 values
of the smoothness parameter s, uniformly spaced between s = d/2 = 1 and s = 10. Figure
reports the MSEs of both techniques, averaged over 10 independent resamples for each value of s.
This large-scale experiment, which involves training 400 kernel estimators at n = 108, completes in
approximately 21 minutes on a standard GPU (NVIDIA L4).

Once again, the L2?-Fourier kernel consistently outperforms the Sobolev kernel. In this example, the
target function satisfies f* € NyenH*(£2), meaning that it is infinitely smooth and the theoretically
optimal regularity parameter is s* = oco. As in the one-dimensional case, the optimal value of s
for the Sobolev kernel increases more slowly toward s* than for the L2-Fourier estimator, which
benefits more rapidly from the higher smoothness of f*.

B.2 SIMPLE ADDITIVE MODEL WITHOUT GRID SEARCH
In this example, we consider the following additive regression setting in dimension d = 5:

(i) The input variable X is uniformly distributed over the hypercube Q =|0, 1[°;
(i) The response is given by

Y:Z(exp(;fl) —1) +¢,

(=1

where € ~ N(0, 1) is independent of X.

We implement the L2-Fourier additive kernel regression estimator with smoothness parameter s =
2, and evaluate its performance over 16 different values of n ranging from 1 to 102,

In Figure @ we compare our L2-Fourier additive kernel estimator implemented on CPU (CPU ker-
nel) and on a NVIDIA T4 GPU (GPU kernel) with the PyGAM package, which runs on CPU only
(Servén & Brummitt, [2018). For a fair comparison, the PyGAM estimator is given 2m + 1 splines

12
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Figure 6: Additive model with d = 5

for each of the five univariate components, where m = 1 + |n~%/(2**1) /d| with s = 2. This en-
sures that both the kernel and spline-based estimators use the same number of parameters. In both
methods, the regularization parameter is set to \,, = n—25/(2s+1),

Figure [6](Left) shows that both estimators achieve comparable predictive performance, with our ker-
nel estimators performing slightly better than PyGAM. Figure[6| (Right) highlights the computational
advantages of our method. The kernel estimators exhibit significantly faster runtimes compared to
PyGAM, especially as n increases. In particular, PyGAM exceeds the available CPU memory (15 GB)
atn = 107, making it infeasible to evaluate for larger datasets. In contrast, our GPU implementation
remains scalable and efficient. For instance, at n = 108, the GPU kernel estimator is approximately
14 times faster than its CPU counterpart.

C PROOFS

C.1 PROOF OF PROPOSITION[2.1]

For f € H*(Q),let6(f) € CZ " be the Fourier coefficients of f, as in Proposition To simplify
notation, we write 6 = 0(f). Let f,,, be the projection of f on H,,, defined by

fm(z) = > Opexp(im(k,z)/2L).
Parseval’s identity ensures that

E((f(X) — fu(X))?) < & / (f(2) = fm(@))?dz = (ALY S (02 )

_ d
[—2L,2L] 1]l oo >m

Since f € H*(Q), one has Y, ;. [0k|*[|k[|3° < oo. Let k() be a reindexing of Z¢ such that
I(£)]2 is non-decreasing. According to|Doumeche et al.|(2024} Proposition A.7), there is a constant
C, > 0 such that ||k(£)]|3° < C1£2%/?. Moreover, since ||k||oo > m = ||k||2 > m, we deduce that

Dol = >0 (OlIEIENEIZZ < D 0k IR O]

%]l oo >m 1%l oo >m £>(2m+1)4

Now, consider the Abel transform A, = Z?;é(|9k(j)|2\|k(j)||§s) of the sum above. By construc-
tion, A is bounded by Col| f||%. . Note that

> (k@ PIROIE)IROIZ> = Y (Aera — A RO
£>(2m+1)4 £>(2m+1)4
This telescopic series satisfies the Abel property (discrete version of the integration by parts), i.e.,

> (A — A)NRO)F*

£>(2m—+1)4

= ApminaB(@m+ D2+ Y0 Apa (kO — [k + D).
£>(2m+1)4

13
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Moreover, since ||k(¢)||2 is non-decreasing, the right-hand term is bounded by

Yo Aca (IOl — [k + D)

£>(2m+1)4

< Colfli@ Yo (k@I Ik + D7)

£>(2m+1)4
= Callf 1= () Ik((2m + 1)?)[I5>*

Overall, we deduce that

> 16k < 2Call fllre o 1F((2m + 1)4)]|5%

ll%llo0 >m
< 2C1Co|fl| s () (2m + 1)~ 2ed/d
< 20100 fIl57: (ym™?
Combining this result with (E]), we deduce that
E((f(X) = fm(X))?) < Crl| fl[31:ym™™,
where C = 2C,Cq(4L)“.

C.2 PROOF OF PROPOSITIONS B.T]AND

General kernel regression setting. Let § € C™+D" be an arbitrary vector of Fourier coeffi-
cients. We are interested in bounding the quantity

E(1f5 = fi2@x) = BN = fo) + (fo = F)72x))
< 2E(|[f5 = follT2ey)) + 2E(lfo — f* 1 F2(e))- C)
Let us start by bounding the error term E({| f; — ng%Q(PX)).

Generalization error. In both propositions, 6 can be written as
§ = (S + AR)"19*Y/n,

where 3 = n~1®*® is the empirical covariance matrix and R is a regularization matrix: R=S5%in

the Sobolev regression, and R = [ for the L2 Fourler regress1on Let 3 = E(X) be the theoretical
covariance matrix, defined by (61, X63) q X),03)). Since Y can be decomposed
asY = ®0 + 6Y + ¢, where € = (e1,...,6p) and(5Y —f*( i) — fo(X;), we can write

0= (X +AR)"1®*Y/n
= (2 + AR) 1260 + *(5Y + €)/n)
=0+ (X + AR)"H(—ARO + &*(5Y + €)/n).
This leads to the following decomposition of the generalization error:
E(If5 = follF2(ey)) = E(IVE@ - 0)113)
=E(|[VE(E + AR) " (= AR + ®* (e + 5Y) /n)|13)
< BE(|[VE(S + AR) ARG|3) + 3E(|VE(S + AR) ' ®%e/n|3)
+ 3E(|VE(E + AR) 1 @*5Y /n||3),
where we used the fact that (21 + x5 + 23)% < 322 + 322 + 322. The first term E([|[vZ(S +

AR)“'ARA|2) is a bias term depending on the regularization AR. The second term E(||vZ (2 +

AR)~1®*¢/n||2) is a variance term depending on the noise e. The last term E([|vVI(Z +
AR)~1®*§Y /n||3) is another approximation error term, which measures the impact of the inter-
action between the regularization R and the approximation errors JY. In what follows, we will
successively bound these three errors terms.

14
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Bias term. According toBach| (2024, Lemma 7.1), one has
E([VE(S + AR)“IARA|2) = NE(|[VSRYV2(R™V2SR™Y2 + \) "1 RY20)2)

2

S A(l 4 %)2<R1/29,R—I/QER—I/Q(R—I/QER—I/Q +)\)_1R1/29>
n

<A1+ a—2)2uR1/29||2

- An >

where a = max,cga |[R~/2¢(x)||2. Observe that R'/? = S for the Sobolev regression and
RY/2 = T for the L2-Fourier regression. Thus, a? = > kezd W < oo for the Sobolev regres-
2

sion, while a? = (2m + 1)¢ for the L2-Fourier regression. Remark that || R'/26||2 is the kernel
norm.

Variance term. By expanding e = Y7, ;¢; on the canonical basis (e, . .., e, ), we have that
E(|VE(E + AR) ' ®%¢/n)|3)
=n"2 Y E(e}, (X + AR)T'S(E + AR) 1%, B(g .65, | X, X))
Ji,J2=1

Since ¢, and ¢;, are independent when j; # j, and since E(e; | X1,... X)) = 0, we deduce that

E(|VZ(Z + AR) " '®*¢/n|)3)
= E(2)n2tr(E(®(X 4+ AR)IZ(2 + AR)"1d%))
S 0,2n—2tr(E<(bR—l/2(R—l/QiR—l/Q +A)_lR_l/ZER_1/2(R_1/22R_1/2 +)\)—1R—1/2(I)*))
= o?n W(E((RTV2SR™YV2 4+ NI RTVZERTV2(RTVZERTY2 4 X)) T RTY/2ERT/?))
< o*n M(E((R™Y2ER™Y2 £ \)TIRTY2RRTY/2)),
Using Bach| (2024, Lemma 7.1), we conclude that
2
E(|[VE(E + AR) " 10*e/n||2) < o®n (1 + i—)tr(]E((R‘l/QZR_W + \)IRTYV2ERY/2))

n
2

<on 1+ ) em+ 1)L

<ot (14 )@+ 1)
Approximation term. Let (X,41,Y,41) be a new sample, drawn independently from
(leyl)v"'7(X7l7Yn)'Let

n+1
C=> R '2o(X;)p(X;) R/,
j=1

so that C = nR™V2SR™Y/2 4+ RY2¢(X,11)¢(Xny1)* R™1/2. The rationale behind this ap-
proach is that (X,, 41, Y,,11) relates to X by R~V/28R1/2 = E(R™Y2)(X 1) (X pp1)* R™/?).
Moreover, 3 and C' are related by |[Bach| (2024, Equation (7.26)), so that

(C+ ) "RY26(X41)
= (1+ (R7V2¢(Xpn41), nRTVEERTY2 4 nA) T RTV29(X,041))) 7
X (nR7YV2ER™Y2 4 )T RTY20(X 0 40),

where the scaling coefficient is such that

(14 (RT2¢(X 1), (nRTVZERTYZ 4 00) T RTV29(X 1)) 7 2 (14 )7
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Thus,
E(|[VE(E + AR) " ®*5Y /n|3)
=n 2 E((6Y)* (2 4+ AR) 1 d(Xpi1)d(X 1) (X + AR)1D*5Y)
= n?E((®(X + AR) ' ¢(Xn11),6Y)[?)
=n 2E((®R™Y2(R™Y?SR™ Y2 + X\) "' R™V24(X,41), 6Y)?)

< (14 - PE((@RV2(C+ an) T RT20(X,011), %))

2
<(1+ %)QE(HM—W(C +An) TRTV2G(X0 )13 (16 )1?).

Since R~1/20*®R~1/2 = nR~Y/25R~1/2 < C, we deduce that
[@R™2(C 4+ An) 'RV H( X013
< (Xnp1) RTV2(C+ M) 1C(C+ M) ' RTVPH(X 0 10)
< (Xnt1) RT2(C + M) TRV 9(X).

Thus,
E(|[VEE + )\R)_1<I>*6Y/n||2)
< (4 )QE(II(CJr/\n) V2RV (X 1) 13 16Y)
o2
<(1+ E) E(I(C + M)~ 2RT26(Xo )13 (8] + (6Yn41)%).
Since the observations (X1,Y1), ..., (Xp41, Yn41) are assumed i.i.d., the random variables ||(C' +

M) "Y2R26(X)|13 (1Y% + (6Y;,41)?) have the same distribution for all 1 < j < n + 1.
Therefore, they also share the same expectation. Thus,
E(|[(C + M)~ 2R™Y2¢(X10) 13 (I6Y]% + (6Yn41)?))

n+1
B3O+ An) RT3 10V + (5Yin)?))
=1

:n—i—l

1
n+1

n+1
E( 3 t(0(X,) R0+ dn) T RTP6(X)) ([8YIP + (0Yi41)?))

(
]E(tr C+An)~ %R 1/24 X»)*R‘l/Q)(||5Y|\2+(6Yn+1)2))
(

—

1

S
-+

-E(tr((C +2n) 7H0) (19Y* + (6Yn+1>2>)

S
-+

< —E((IOYIP + (0%1)*) = B(@¥) = E(If* = foll o)

where we use the fact x = tr(x) for any real number x, and tr(M; Ms) = tr(MoM;). All in all, we
have

~ o?
E(|VE(E +AR) ' @"6Y/n3) < (1+ ) B = folliaey))-

Conclusion. Putting everything together, we deduce from inequality (@) that
E |2 < inf (@46(1+ SDE(S - foll? AL+ 2| RV 202
(15 = Flaer) < jinf (2460 + DB = fallfaey) + M1+ 502 IR26]3)
2

+ Yyem+ 1),

+o?n71(1 v

where
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ca? =3 g ﬁ < oo for the Sobolev regression, while a? = (2m + 1)? for the
2
L2-Fourier regression;
« ||RY20)13 = ||S6]13 < Callfsl? +(q) for the Sobolev regression, and |RY20|2 = 0))3
for the L2-Fourier regression.

Convergence rates. According to Proposition there is a parameter 6(f*) such that f*(z) =

(op(x),0(f*)). Let 6% € C@m+1" be the truncation of 0(f*), ie., 85 = 6(f*)x. Propo-
sition [2.1 states that the approximation error term E(||fo» — f*||2L2(IP,X)) = O(n~7), where

v = 2s/(2s + d). Moreover, the RKHS norm of 6* is bounded by max(||6*||3, ||S0*|2) <
Y pecz (1 + IEN3)0(F)Rl? < Cg||f*H§IS(Q). Therefore, in the Sobolev regression, setting

A = O(n~2%/(s+d)) guch that X > n~', and taking m = n'/(2*T% Jeads to Sobolev minimax rate.
Moreover, in the L>-Fourier regression, setting A = ©(n~=2%/(2s%d) and taking m = n'/(s+d)
leads to Sobolev minimax rate.

C.3 PROOF OF PROPOSITION[5.1] (AND ITS EXTENDED VERSION PROPOSITION [A.2)

We rely on the same tools as in the proof of Propositions [3.1]and [3.2} The key is to remark that the
empirical risk
R(0) = || @161 + -+ + Pabla — Y||3 + A[|6]|3

can be written as
R(0) = |0 — Y13+ A|6]3

where ® = (&, | --- | ®y) and § = (6,...,04) € CU?m+D By setting p(z) =
((z),...,p(x)) € CH2m+D) we have that fy(z) = (@(z), #). The empirical covariance matrix is
then ¥ = ®*®/n = n~! 2?21 o(X;)p(X;)*.

Risk decomposition. As in the proof of Propositionsand 3.2} we have, for any § € C*2m+1),
E(|lfs - f*H%%PX)) < 2E(|| f5 — faH%%PX)) + 2E(|| fo — f*Hiz(Px)),
and
E(ILfy = follZ2ey)) < 3E(IVEE + ) 71A0)3) + 3E(IVEE + A) '@ ¢/nl13)
+3E(IVE(E + N)1e*sY/n||3),
where ¥ = E(¢(X)¢(X)*). Similarly, the bias term is bounded by

2
E(|VEE +X)7MIB) < A1+ %1613,

where & = max,cga ||¢(x)]|2 = \/d(2m + 1). As for the variance term, it is bounded by
. 2 d(2 1 2
E(IVE(ES + )7 @%e/ml) < o™ (14 (s 1 )7 < 2020 D g )

Finally, the approximation term is bounded by

o

E(|VE(E +AR) 0" 8Y/n}) < (1+ T

P E* — follZ2ey))-

Putting everything together, we obtain

*12 . a® s * 2 a® oo
E(Ifs = S e) € inf (@460 + 5 )E(F = follfaey)) + AL+ )2 6]3)

T peCd(2m+1) n
2 2
o X (67
— 1+ —).
+o n (1+ /\n)
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Under review.

Convergence rate. The convexity of the function = — 22 leads to

d

d
E(If* = follZa)) = U Y 9% = goclI72px) < d Y Elg; = g0.ll72(e)):
=1 =1
where g, () = (¢¢(z), 0;). According to Proposition|A. 1} taking m = n'/(25+1) ensures that
. * 2 —2s/(2s+1 2\ —2s/(2s+1

o8 (BCUg7 = g0 a)) /DB = O/,

Thus, choosing A = n=2%/(2s+1) and m = n!'/(s+1) we are led to
inf (24601 + SPE(S* — folliayy) + AL+ )2 0)) = O 25/
gecd@m+1) An fllL2(Px) An ? .

‘We conclude that 5 25 /(2
]E(”fé o f*HL2(]P’X)) _ O('I‘Li s/( S+1)).
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