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Abstract
We study attention mechanisms through the lens of a canonical unsupervised problem: principal

component analysis (PCA). We show that, when trained on Gaussian data, both softmax and linear
attention layers learn parameters that align with the principal eigenvectors of the covariance matrix,
thereby establishing a direct and explicit connection with PCA.

Our analysis covers both finite and infinite prompt regimes. In the infinite-prompt limit, we prove
convergence to globally optimal solutions aligned with the leading spectral direction, while in the finite-
prompt setting we show that the same behavior emerges up to sampling effects. We further extend the
analysis to an in-context setting with spiked Wishart covariances, where attention successfully recovers
the underlying signal direction.

These results demonstrate that attention inherently performs PCA-like computations under unsuper-
vised objectives, providing a theoretical foundation for its representation-learning capabilities.

1 Introduction
Attention-based models (Bahdanau et al., 2015), in particular Transformers (Vaswani et al., 2017), have
become central in modern machine learning, achieving state-of-the-art results in natural language processing
(Devlin et al., 2018; Bubeck et al., 2023; Luong et al., 2015; Bahdanau et al., 2016) and computer vision
(Dosovitskiy et al., 2020; Liu et al., 2021; Ramachandran et al., 2019). The core attention mechanism
computes weighted combinations of token representations based on pairwise interactions, allowing the model
to capture long-range dependencies without necessarily relying on fixed positional locality.

A full theoretical understanding of attention-based mechanisms remains incomplete, due to both the
architectural complexity and the diversity of tasks they successfully address. A promising research direction
toward bridging this gap is to identify key features of real-world problems and study minimal, canonical
tasks that retain their core statistical structure, while remaining amenable to rigorous analysis. Notable
recent efforts in this direction include Ahn et al. (2023); von Oswald et al. (2023); Yang et al. (2025); Zhang
et al. (2024); Li et al. (2024, 2023). However, most existing work focuses on supervised settings, particularly
in-context learning (von Oswald et al., 2023; Zhang et al., 2024; Garg et al., 2023; Li et al., 2023; Furuya
et al., 2024), where the goal is to predict the output corresponding to a new query given a prompt consisting
of input–output pairs. By contrast, only limited attention has been paid to unsupervised settings, with
Maulen-Soto et al. (2025) providing one of the few studies exploring the behavior of attention layers in tasks
such as clustering.

In this paper, we contribute to this line of research by studying attention layers in an unsupervised setting
through the lens of Principal Component Analysis (PCA; Pearson, 1901; Hotelling, 1933; Jolliffe, 2002; Golub
and Van Loan, 1996). PCA underlies many approaches to dimensionality reduction and feature extraction in
statistical learning by relying on the estimation of principal components, i.e., the leading eigenvectors of the
data covariance matrix. Understanding how attention layers can extract these spectral directions sheds light
on the representation-learning capabilities of Transformers under unsupervised objectives.
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Contributions. We consider simplified softmax and linear attention layers with rank-one attention param-
eters. The input tokens are assumed to be i.i.d. samples from a multivariate Gaussian distribution N (0,Σ).
Our main contributions can be then summarized as follows.

- A tractable linear attention model. As a warm-up, we provide an explicit analysis for a linear
attention model. We show that attention parameters can be trained to recover the top eigenvector
of the data covariance, building intuition for the mechanisms at play (full details are provided in the
appendix).

- Softmax attention: from infinite to finite prompts. As for the softmax model, the training
dynamics are more delicate to handle due to the nonlinearity of the softmax. We first analyze the
tractable infinite-prompt limit, characterizing a global minimizer aligned with the top eigenvector,
and then transfer this understanding to the finite-prompt regime. This requires refined concentration
arguments, controlling both the optimization landscape (through concentration of critical points) and
the training dynamics, ultimately showing concentration around the same solution up to sampling
effects.

- In-context learning under structured covariance models. We extend the analysis to a distri-
butional setting where the covariance follows a spiked Wishart model. In this setting, we show that
attention recovers the spike direction both in finite and infinite prompt regimes.

- Attention performs PCA. Taken together, our results show that rank-one attention layers can be
trained in an unsupervised manner to recover the principal component of the input tokens. Under this
Gaussian setting, attention-based architectures are shown to detect the underlying structure of the
data. This provides a clear theoretical connection between attention mechanism and classical spectral
methods, positioning attention as an implicit, optimization-driven analogue of PCA.

Organization. Section 2 introduces the problem and studies the convergence of a simplified softmax
attention layer in both finite and infinite prompt settings. Section 3 characterizes the distribution of the
resulting encodings and their relation across both regimes. In Section 4, we extend the framework to an
in-context PCA learning setting. The appendices gather results for a simplified linear attention model
recovering the principal component, along with proofs of the main results, technical lemmas, and additional
numerical experiments.

2 Training dynamics of a softmax attention layer
2.1 Rank-one softmax attention: model and risk functions
Setting. Let X = (X1, . . . , XL) ∈ Rd×L denote an input prompt made of Gaussian tokens where Xℓ

i.i.d.∼
N (0,Σ), with Σ ∈ Rd×d a symmetric and definite positive matrix. We consider a simplified softmax attention
head acting on such a prompt, defined for 1 ≤ ℓ ≤ L, by

T soft,µ
L (X)ℓ =

L∑
k=1

softmax(λX⊤
ℓ µµ

⊤Xk)Xk, (1)

the softmax function being applied row-wise. In this simplified architecture, the vector µ ∈ Rd denotes the
only attention parameter. This formulation arises from standard architectures where the value matrix is taken
to be the identity, and the key and query matrices reduce to row vectors. This induces the rank-one structure
K⊤Q = µµ⊤, which restricts the interaction mechanism of the attention layer and simplifies the analysis. We
focus in the main text on the softmax attention head, whose theoretical analysis is more delicate due to the
softmax nonlinearity, and provide analogous results for a simplified linear counterpart in the appendices.

In order to measure the quality of embedding performed by an attention layer, we consider the following
theoretical population risk

Rsoft,L(µ) = 1
L

L∑
ℓ=1

E
[
∥Xℓ − T soft,µ

L (X)ℓ∥2
]

= E
[
∥X1 − T soft,µ

L (X)1∥2
]
. (2)
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The objective can be viewed as a reconstruction problem, in which the attention mechanism approximates a
token X1 as a combination of input tokens leveraging information from the entire prompt. In what follows,
we assume for simplicity that training is performed through the population risk minimization. Although
this idealization departs from the practical procedure, it does not affect the nature of our results, and an
empirical counterpart could be handled similarly.

Measure-based formalism. To understand the training dynamics of a softmax attention layer, we lean on
a measure-based formalism, see e.g. Boursier and Boyer (2025). A self-attention rank-one layer with attention
parameter µ ∈ Rd can be seen as an operator acting on measures:

Tλ,µ : P(Rd) × Rd → Rd,

(ν, z) 7→ Tλ,µ[ν](z) =
∫
Rd exp(λz⊤µµ⊤z′)z′ dν(z′)∫
Rd exp(λz⊤µµ⊤z′) dν(z′)

,

so that when the prompt X = (X1, . . . , XL) is encoded by its associated empirical measure

ν̂L = 1
L

L∑
ℓ=1

δXℓ
,

one exactly retrieves the softmax attention formula (1), i.e., Tλ,µ[ν̂L](Xℓ) = T soft,µ
L (X)ℓ.

A key observation is that when the prompt length grows, the empirical attention operator converges to its
infinite-prompt counterpart, i.e.,

Tλ,µ[ν̂L](z) a.s.−−−−→
L→∞

Tλ,µ[ν](z),

with ν̂L still the empirical measure associated with L i.i.d. tokens drawn according to ν. Moreover, when the
token distribution ν is Gaussian, the infinite-prompt softmax attention becomes a linear operator. Specifically,
it was shown in Boursier and Boyer (2025, Lemma 2.1) (see also Castin et al., 2025, Lemma 4.1), that if
ν = N (0,Σ) then,

Tλ,µ[ν](z) = λΣµµ⊤z,

and consequently, the finite-prompt estimator converges almost surely to the linear operator

T soft,µ
L (X)1

a.s.−−−−→
L→∞

T soft,µ
∞ (X1) := λΣµµ⊤X1. (3)

The same almost sure convergence holds for the corresponding gradient (w.r.t. µ) and Hessian of T soft,µ
L

(see Lemma 6). This result shows that in the large-prompt regime, the nonlinear softmax attention layer
behaves effectively as a linear operator acting on the token distribution. This convergence enables transferring
optimization analyses from the linear operator to softmax attention when the prompt length is sufficiently
large. We therefore introduce the theoretical risk of the infinite-prompt layer as

Rsoft,∞(µ) = E[∥X1 − T soft,µ
∞ (X1)∥2],

which admits the closed form

Rsoft,∞(µ) = tr(Σ) − 2λb+ λ2ab. (4)

with a = a(µ) = µ⊤Σµ and b = b(µ) = µ⊤Σ2µ. This reduction will be key to the analysis of the optimization
landscape for infinite-prompt architectures, and in particular for the characterization of the critical points, as
conducted in the next section.

2.2 Optimization analysis for infinite prompts
We characterize in what follows the critical points of the infinite-prompt risk Rsoft,∞.
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Proposition 1 (Landscape of Rsoft,∞). Assume that the p.s.d. covariance matrix Σ ∈ Rd×d has a simple
spectrum, i.e., distinct eigenvalues σ1 > · · · > σd > 0, with uj the associated unit eigenvectors. Then all
critical points of Rsoft,∞ are nondegenerate, and

crit(Rsoft,∞) = {0} ∪

{
± 1√

λσj

uj : j = 1, . . . , d
}

Moreover,

1. the point 0 is a strict local maximum;

2. the points ± 1√
λσj

uj, for j = 2, . . . , d, are strict saddles;

3. the points ± 1√
λσ1

u1 are global minimizers of Rsoft,∞.

Proposition 2 (Global minimization of Rsoft,∞). For almost every initialization µ0 ∈ Rd, the solution of{
µ̇∞(t) = −∇Rsoft,∞(µ∞(t)),
µ∞(0) = µ0.

(GF∞)

converges to ± 1√
λ σ1

u1, with (σ1, u1) the leading eigenpair of Σ.

Proposition 2 shows that training a rank-one softmax attention layer with an infinite-length Gaussian
prompt by minimizing the population risk drives the attention parameter toward the leading principal
component of the covariance matrix (up to a sign). Note that all the results and arguments established for
the gradient flow in this paper extend to the discrete-time setting, provided that gradient descent is used
with a sufficiently small stepsize. We adopt the gradient flow formulation for notational simplicity.
Remark 1 (PCA with k components). With the knowledge of u1, the second principal component u2 can be
obtained via the projected gradient flow{

µ̇∞(t) = −Pu⊥
1

(
∇Rsoft,∞(µ∞(t))

)
,

µ∞(0) = µ0,
(PGF∞)

where Pu⊥
1

= Id − u1u
⊤
1 . By Proposition 1, the only non-degenerate critical points in u⊥

1 that are not
strict saddles are ± 1√

λσ2
u2, and thus, by the Stable Manifold Theorem (Shub, 1987, Theorem III.7), the

flow converges to these points for a generic initialization. This procedure can be iterated: projecting
onto Span(u1, . . . , uk−1)⊥ yields uk, allowing sequential learning of all eigenvectors through the attention
mechanism.

To quantify the convergence rate of the gradient flow, we leverage Łojasiewicz inequalities, which relate
the decay of the objective function to the norm of its gradient near critical points. Since Rsoft,∞ is analytic,
this inequality holds locally around each critical point, which enables us to derive explicit convergence rates
toward the principal component.

Definition 1 (Łojasiewicz inequality). Let f : Rd → R be a differentiable function and let µ⋆ ∈ Rd be a
critical point of f . We say that f satisfies the Łojasiewicz inequality at µ⋆ if there exist constants C > 0,
α ∈ [0, 1), and a neighborhood U of µ⋆ such that

∥∇f(µ)∥ ≥ C |f(µ) − f(µ⋆)|α for all µ ∈ U.

We denote by σmin(A) and σmax(A) the smallest and largest eigenvalues of a matrix A.

Proposition 3 (Local convergence rate on infinite-prompt setting). The risk Rsoft,∞ satisfies Łojasiewicz
inequality with exponent 1/2 at each critical point. Set µ⋆ = ±u1/

√
λσ1, then there exist constants t0 ≥ 0

and s > 0 such that for all t ≥ t0,

Rsoft,∞(µ∞(t)) − Rsoft,∞(µ⋆) ≤ (Rsoft,∞(µ∞(t0)) − Rsoft,∞(µ⋆)) e−s(t−t0).
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Besides, for every ε > 0 small enough, there exists t0 > 0 such that

∥µ∞(t) − µ⋆∥ = O
(
e−(s̃−ε)(t−t0)),

where
s̃ = σmin(∇2Rsoft,∞(µ⋆)) = 2λmin{σ2(σ1 − σ2), σd(σ1 − σd)} > 0. (5)

2.3 Analysis transfer to the finite-prompt case
In this section, we study how properties of the gradient flow (GF∞) with infinite prompts can be transferred
to the finite-prompt flow: {

µ̇L(t) = −∇µRsoft,L(µL(t)),
µL(0) = µ0.

(GFL)

We begin by formalizing the relationship between the finite-prompt and infinite-prompt risks. Intuitively,
as the prompt length L increases, the finite-prompt operator T soft,µ

L should approximate its population
counterpart T soft,µ

∞ , leading to convergence of the corresponding risk functions. The following result makes
this precise by establishing uniform convergence of the risks and their derivatives up to second order on
compact sets.

For k ∈ N, ∇kf denotes the k-th order derivative of f (in particular ∇0f = f), when the codomain is not
R, we also write Dkf . For x ∈ Rd, ρ > 0 B(x, ρ) := {x′ ∈ Rd : ∥x′ − x∥ ≤ ρ} is the closed ball centered at x
of radius ρ. We denote by ∥ · ∥F the Frobenius norm.

Proposition 4. We have that:

1. For k ∈ {0, 1, 2},

sup
µ∈B(0,ρ)

E
[
∥Dk

µT
soft,µ
L (X)1 −Dk

µT
soft,µ
∞ (X1)∥2

F

]
= O(ψk(L)),

where ψk(L) = L−ϵk (1 + lnL)1−ϵk , and ϵk = 1
16(k+3)2λ2(µ⊤Σµ)2+1 ∈ (0, 1).

2. For k ∈ {0, 1, 2}, there exists a constant Ck = Ck(ρ,Σ, λ), such that

sup
µ∈B(0,ρ)

E
[
∥Dk

µT
soft,µ
∞ (X1)∥2

F

]
≤ Ck.

3. Then for k ∈ {0, 1, 2} there exists a constant C = C(ρ,Σ, C0, C1, C2) independent of L such that

sup
µ∈B(0,ρ)

∥∇kRsoft,L(µ) − ∇kRsoft,∞(µ)∥2
F ≤ C

k∑
j=0

ψj(L).

In particular,
∇kRsoft,L −−−−→

L→∞
∇kRsoft,∞ uniformly on B(0, ρ).

Assertion 1 is closely related to the concentration results of Boursier and Boyer (2025), which establish
bounds for the output and its gradient and suggest similar behavior for the Hessian. However, our setting
differs in two key ways. First, derivatives are taken with respect to µ rather than the product K⊤Q of key
and query matrices, which necessitates a specific analysis. Additionally, unlike prior work that treats the
query token independently, we explicitly handle the autocorrelation induced by its inclusion in the prompt
(see Appendix C.3 for more details).

Leveraging Proposition 4, we now turn to the finite-prompt setting. We begin by establishing a basic
stability property of the infinite-prompt dynamics, namely that its trajectories remain bounded. We then
show that this boundedness transfers to the finite-prompt dynamics for sufficiently large prompt lengths,
ensuring that both flows remain confined to a common compact region over an infinite time horizon.
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Lemma 1. Since Rsoft,∞ is coercive, the solution trajectory µ∞ of (GF∞) is bounded for all t ≥ 0. That is,
that there exists ρ ≥ ∥µ0∥ such that

{µ∞(t) : t ≥ 0} ⊂ {µ ∈ Rd : Rsoft,∞(µ) ≤ Rsoft,∞(µ0)} ⊂ B(0, ρ).

Proposition 5. Let µL and µ∞ be the solutions of (GFL) and (GF∞) respectively. Let ρ > 0 be such that
µ∞(t) ∈ B(0, ρ) for all t ≥ 0. Then, for every ρ′ > ρ, there exists L′ such that, for all L ≥ L′, µL(t) ∈ B(0, ρ′)
for every t ≥ 0. In particular, the trajectories µL are uniformly bounded in time for sufficiently large L.

Having established uniform boundedness, we next analyze how closely the finite-prompt dynamics track
their infinite-prompt counterpart. The following results show that, on any finite time horizon, the trajectories
and their associated risk values converge uniformly as the prompt length increases.

Proposition 6. Let µL, µ∞ be the solutions of (GFL) and (GF∞) respectively. Then for every T > 0, µL

converges uniformly to µ∞ on [0, T ] as L → ∞.

As a consequence, we can also control the convergence of the corresponding risk values along the trajectories.

Proposition 7. Let µL, µ∞ be the solutions of (GFL) and (GF∞) respectively. Then Rsoft,L(µL) converges
uniformly to Rsoft,∞(µ∞) on [0, T ] as L → ∞.

Propositions 6 and 7 establish uniform convergence over any finite time horizon as L → ∞. Our primary
objective, however, is to characterize the long-time behavior of the finite-prompt trajectory. To this end,
we can compare it by concentration arguments with the infinite-prompt dynamics, which, by Proposition 2,
converges to a global minimizer aligned with the leading eigenvector.

Beyond this comparison, our setting also allows for a sharper result: a direct characterization of the
landscape of the finite-prompt risk. This is particularly noteworthy, as identifying critical points of objectives
involving a softmax is typically challenging (Dohmatob, 2025; Marion and Berthier, 2023; Duranthon et al.,
2025; Boursier and Boyer, 2025; Maulen-Soto et al., 2025). The result is formalized in the following proposition.

Proposition 8. Assume that the p.s.d. covariance matrix Σ ∈ Rd×d has simple spectrum composed of the
eigenvalues σ1 > . . . > σd > 0 with (uj)d

j=1 the associated unit eigenvectors. Consider a Gaussian finite
prompt X1, . . . , XL

i.i.d.∼ N (0,Σ).
Set ρ > 0 to be large enough so that B(0, ρ) contains all critical points of Rsoft,∞ (see Proposition 1).

Then there exists L0 ∈ N such that for all L ≥ L0, the set of critical points of Rsoft,L contained in B(0, ρ) is
finite, nondegenerate, and

crit(Rsoft,L) ∩B(0, ρ) = {µ⋆
L,0} ∪ {±µ⋆

L,σj
: j = 1, . . . , d},

where

1. The point µ⋆
L,0 is a strict local maximum such that µ⋆

L,0 −−−−→
L→∞

0;

2. The points ±µ⋆
L,σj

, for j = 2, . . . , d, are strict saddles such that µ⋆
L,σj

−−−−→
L→∞

1√
λσj

uj;

3. The points ±µ⋆
L,σ1

are strict local minima such that µ⋆
L,σ1

−−−−→
L→∞

1√
λσ1

u1.

We remark that it suffices to characterize the critical points of Rsoft,L within a sufficiently large bounded set.
Indeed, we will study the dynamics induced by the gradient flow associated with Rsoft,L, which corresponding
trajectories remain bounded for L large enough (Proposition 5). As a consequence, only critical points
contained in this bounded region are relevant for the analysis.

Proposition 9 (Local convergence rate on finite-prompt setting). Let L large enough and µL(t) be a solution
of (GFL) with a generic initialization µ0. Then,

µL(t) −−−→
t→∞

µ⋆
L ∈ {±µ⋆

L,σ1
}.
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Moreover, there exist t0 ≥ 0 and s > 0 such that for all t ≥ t0,

Rsoft,L(µL(t)) − Rsoft,L(µ⋆
L) ≤ (Rsoft,L(µL(t0)) − Rsoft,L(µ⋆

L)) e−s(t−t0).

Besides, for every ε > 0 small enough, there exists t0 > 0 such that

∥µL(t) − µ⋆
L∥ = O

(
e−(s̃L−ε)(t−t0)),

with s̃L = σmin
(
∇2Rsoft,L(µ⋆

L)
)
> 0, and s̃L −−−−→

L→∞
s̃, where s̃ is defined in (5).
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Figure 1: Alignment toward the principal eigenvector
over iterations: SGD on Rsoft,L (L = 100) vs GD on
Rsoft,∞

The finite-prompt dynamics converges to the first
principal component, sharing the same local conver-
gence behavior as the infinite-prompt limit, with an
exponential rate governed by the local Hessian at the
minimizer. Moreover, this rate converges to that of the
infinite-prompt regime as L → ∞. Numerical results
in Figure 1 illustrate the alignment toward the lead-
ing eigenvector for both gradient descent on Rsoft,∞
(assuming direct access to Σ) and stochastic gradient
descent on Rsoft,L, the latter exhibiting slightly slower
and noisier convergence.

2.4 Connection of attention to Oja’s
flow
Interestingly, although our analysis is not motivated
by classical results in online PCA, the infinite-prompt
risk Rsoft,∞ turns out to be closely related to the continuous-time limit of Oja’s rule (Oja, 1982).

This connection emerges a posteriori from the structure of the gradient flow (GF∞), which can be written
explicitly as

µ̇∞ = 4λΣ2µ∞ − 2λ2
[
(µ⊤

∞Σ2µ∞) Σµ∞ + (µ⊤
∞Σµ∞) Σ2µ∞

]
.

To make this link more transparent, we introduce the change of variables w = Σ1/2µ∞. In these coordinates,
the dynamics take the form

ẇ = Σ
[
A(w) Σw −B (w⊤Σw)w

]
, A(w) := 2λ(2 − λw⊤w), B := 2λ2. (6)

This dynamics can be then viewed as a variant of Oja’s flow,

ẇ = Σw − (w⊤Σw)w, (7)

in which the vector field is premultiplied by the invertible matrix Σ and modulated by the coefficients A(w)
and B. In particular, both flows share the same stationary points, namely the eigenvectors of Σ, and they will
have the same nature (local minima, saddles, or maxima). Equation (7) arises in PCA as a continuous-time
model for extracting the principal eigenvector of Σ. Its discrete counterpart, called Oja’s rule, is a stochastic
online approximation of the ODE (7). Overall, this shows that, in the infinite-prompt limit, the dynamics of
the attention mechanism reduces, up to a linear change of variables, to a generalized version of Oja’s flow,
making explicit a connection between the attention mechanism and PCA that, to our knowledge, has not
been discussed in the literature.

3 Distributional properties of the attention-based encoding
The measure-based perspective allows us to interpret an attention layer with an infinite-length prompt as
an operator acting on the input distribution, thereby enabling a characterization of the resulting output
distribution in the Gaussian setting. We begin by characterizing the output distribution when the layer has
been trained, that is, when the attention parameter µ has converged.
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Proposition 10 (Distribution of infinite-prompt attention operator). Let Σ ∈ Rd×d be p.s.d. with (σ1, u1)
its principal eigenpair. For µ ∈ Rd, define Γ(µ) := λ2(µ⊤Σµ) (Σµ)(Σµ)⊤. When X1 ∼ N (0,Σ), then

T soft,µ
∞ (X1) = λΣµµ⊤X1 ∼ N (0,Γ(µ)).

For λ > 0 and µ ≠ 0, the matrix Γ(µ) is p.s.d. of rank one. Moreover, for µ⋆ = 1√
λσ1

u1, which is a global
minimizer of Rsoft,∞ (up to a sign) attained by gradient flow for generic initializations, one has

Γ(µ⋆) = σ1 u1u
⊤
1 and T soft,µ⋆

∞ (X1) ∼ N (0, σ1u1u
⊤
1 ),

that is, the limiting distribution coincides with the law of the projection of X ∼ N (0,Σ) onto the principal
eigenspace, i.e., ⟨X,u1⟩u1.

This result highlights that, in the infinite-prompt limit, the attention mechanism effectively performs a
rank-one projection of the input Gaussian distribution, and at optimality, recovers the principal eigendirection
of Σ, thus aligning with the objective of PCA. This naturally raises the question of how this behavior extends
beyond the idealized infinite-prompt regime, which we now investigate by analyzing the output distribution
for finite-length prompts.

Corollary 1 (Wasserstein distance). Consider Gaussian input tokens X1, . . . , XL
i.i.d.∼ N (0,Σ). Then, the

squared 2-Wasserstein distance between the distributions L(T soft,µ
L (X)1) and L(T soft,µ

∞ (X1)) of the finite- and
infinite-prompt architectures, both parameterized by µ, satisfies

W 2
2
(
L(T soft,µ

L (X)1), L(T soft,µ
∞ (X1))

)
= O

(
L−ϵ(1 + lnL)1−ϵ

)
,

where ϵ = 1
144λ2(µ⊤Σµ)2+1 ∈ (0, 1).

In particular, when µ⋆ = u1√
λσ1

with (σ1, u1) the principal eigenpair of Σ, then

W 2
2
(
L(T soft,µ⋆

L (X)1), N (0, σ1u1u
⊤
1 )
)

= O
(
L− 1

145 (1 + lnL) 144
145

)
.

Proposition 2 shows that minimizing the infinite-prompt risk Rsoft,∞ recovers the principal components.
Combined with the control of the deviation between the law of T soft,µ

L (X)1 and its Gaussian limit N (0,Γ(µ)),
as well as Proposition 9, this establishes that finite-prompt attention effectively performs an approximate
PCA when training is performed through the minimization of Rsoft,L.

We also note that the convergence rate observed in practice is significantly faster than the theoretical
bounds (see, e.g., Figure 5), indicating that these bounds may be conservative.

4 Toward spiked covariance models
In this section, we move beyond the fixed design considered so far and consider a setting in which the data
remain Gaussian, but the (random) covariance structure depends on the prompt. This perspective places our
analysis to some extent within the framework of in-context learning. We now make explicit the dependence
on the covariance structure in the risks R(Σ)

soft,L(µ) = EX1,...,XL∼N (0,Σ)

[
∥X1 − T soft,µ

L (X)1]∥2
]

R(Σ)
soft,∞(µ) = EX∼N (0,Σ)

[
∥X − T soft,µ

∞ (X)∥2
]

where we recall that the latter can be expressed in terms of the covariance matrix Σ:

R(Σ)
soft,∞(µ) = tr(Σ) − 2λµ⊤Σ2µ+ λ2 (µ⊤Σµ)(µ⊤Σ2µ).

This formulation naturally leads to “in-context learning” risks, obtained by averaging over the distribution D
of covariance matrices

RICL
L (µ) = EΣ∼D

[
R(Σ)

soft,L(µ)
]

and RICL
∞ (µ) = EΣ∼D

[
R(Σ)

soft,∞(µ)
]
. (8)
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Choice of D. We consider covariance matrices drawn from a Wishart distribution Wd(V, n) with scale
matrix V and n degrees of freedom. This choice yields random covariance matrices that almost surely have a
simple spectrum (i.e., distinct eigenvalues), while their expectation aligns with a spiked covariance model of
the form

V = ξ2Id + θ vv⊤, for some v such that ∥v∥ = 1.
This mild random setting interpolates between the isotropic case (θ = 0) and a structured anisotropic regime,
providing a natural testbed to assess whether rank-one softmax attention layers can recover the latent direction
v. Training is now modeled via the gradient flow of (8), corresponding to an idealized procedure based on
the population risk rather than its empirical counterpart, with Gaussian prompts and prompt-dependent
Wishart-distributed covariance matrices.

Infinite-prompt analysis. The function RICL
∞ (µ) can be rewritten depending only (see Lemma 13) on the

norm of the attention parameter r = ∥µ∥ and on the angle α = ⟨µ, v⟩, between the attention parameter and
the covariance latent direction, so that

RICL
∞ (µ) = R̃ICL(r2, α2).

This reformulation enables a precise characterization of the critical points of the objective (see Proposi-
tions 18 and 19), and in particular shows that the only local (and thus global) minima are given by

µ⋆ = ±α⋆v, (9)

where the scalar α⋆ is defined in (22), and determines the optimal magnitude of the parameter along the signal
direction v. In addition, µ = 0 is a strict local maximum, and there are 2(d− 1) saddle points corresponding
to directions orthogonal to v.
Proposition 11 (Local convergence rate on ICL infinite-prompt setting). Consider the gradient flow

µ̇(t) = −∇RICL
∞ (µ(t)).

Then, for a generic initialization µ0, the gradient flow satisfies µ(t) −−−→
t→∞

µ⋆, where µ⋆ is defined in (9).
Besides for every ε > 0 small enough, there exists t0 > 0 such that

∥µ(t) − µ⋆∥ = O(e−(ŝ−ε)(t−t0)),

with ŝ = σmin
(
∇2RICL

∞ (µ⋆)
)
. When ξ2 is small enough, we have ŝ ∼ 2λn(n2+5n+2)θ ξ2

n+4 , so the convergence
rate scales proportionally to ξ2 and θ, and quadratically with n.

We observe that a moderate level of isotropic noise ξ2 can facilitate convergence. Moreover, the convergence
rate increases linearly with the signal strength θ and quadratically with the degrees of freedom n.

Finite-prompt analysis. The transfer of the infinite-prompt analysis can be done to the finite-prompt one as
we establish the uniform convergence on bounded sets of ∇kRICL

L (µ) to ∇kRICL
∞ (µ) for k ∈ {0, 1, 2} as L → ∞.
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Figure 2: Alignment toward the signal direction v
over iterations: SGD on RICL

L (L = 100) vs GD on
RICL

∞

Proposition 12. For ρ > 0, k ∈ {0, 1, 2},

lim
L→∞

sup
µ∈B(0,ρ)

∥∇kRICL
L (µ) − ∇kRICL

∞ (µ)∥2
F = 0.

Following the argument of Proposition 8, one proves
that for L large enough, the critical points of RICL

L in
a compact set correspond to perturbations of those of
RICL

∞ . In particular, in this compact set there is one
local maximum near 0, two local minima near ±α⋆v,
denoted ±µ⋆

L,∥, and possible saddle points located near
the 2(d − 1) orthogonal critical points of RICL

∞ (see
Proposition 20 for more details). As a consequence, by
proceeding as before, we obtain the following conver-
gence and rate result for the ICL objective.
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Proposition 13 (ICL finite-prompt convergence and rate). Let ρ > 0 be sufficiently large and L ≥ L0 as in
Proposition 20. Consider the gradient flow

µ̇(t) = −∇RICL
L (µ(t)).

Then, for almost every initialization µ0 ∈ B(0, ρ),

µ(t) −−−→
t→∞

µ⋆
L ∈ {±µ⋆

L,∥},

where µ⋆
L,∥ → α⋆v as L → ∞, with α⋆ defined in (22). Moreover, there exist t0 ≥ 0 and ŝL > 0 such that

for all t ≥ t0,
RICL

L (µ(t)) − RICL
L (µ⋆

L) ≤
(
RICL

L (µ(t0)) − RICL
L (µ⋆

L)
)
e−ŝL(t−t0).

Besides, for every ε > 0 small enough, there exists t0 > 0 such that

∥µ(t) − µ⋆
L∥ = O

(
e−(ŝL−ε)(t−t0)),

with ŝL = σmin
(
∇2RICL

L (µ⋆
L)
)
, and ŝL −−−−→

L→∞
ŝ, where ŝ is defined in (16).

Consequently, minimizing the finite-prompt ICL risk recovers an estimator that asymptotically aligns
with the spike direction v. This provides an attention-based analogue of spiked PCA in which the latent
direction is recovered through training dynamics rather than spectral decomposition. Numerical results in
Figure 2 illustrate the alignment toward the signal direction for both gradient descent on RICL

∞ (assuming
direct access to V = ξ2Id + θvv⊤) and stochastic gradient descent on RICL

L .

Code availability
Our code is available at
https://github.com/rodrigomaulen/Attention_based_PCA.
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Appendix
This appendix gathers additional results and technical details supporting the main text. Section A presents a
linear attention model that similarly recovers the principal component. Sections B and C gather the proofs of
the main results as well as the technical lemmas required throughout the paper. Finally, in Section D we
present numerical experiments that illustrate and support our theoretical findings.

A Linear attention layer
In line with (Maulen-Soto et al., 2025), for µ ∈ Rd and X1, . . . , XL i.i.d. according to N (0,Σ), we introduce
the linear attention operator given by

T lin,µ
L (X)ℓ = λ

L

L∑
k=1

(X⊤
ℓ µµ

⊤Xk)Xk. (10)

We first note that by the strong law of large numbers, for X ∼ N (0,Σ),

1
L

L∑
k=1

µ⊤XkXk
a.s.−−−−→

L→∞
E[µ⊤XX] = Σµ.

Then,

T lin,µ
L (X)1 = λ

L

L∑
k=1

(X⊤
1 µµ

⊤Xk)Xk
a.s.−−−−→

L→∞
λΣµµ⊤X1.

This shows that T lin,µ
L (X)1 and T soft,µ

L (X)1 share the same almost sure limit when L → ∞, i.e.,

lim
L→∞

T lin,µ
L (X)1 = lim

L→∞
T soft,µ

L (X)1 = T soft,µ
∞ (X1) = λΣµµ⊤X1, a.s..
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A.1 Risk
We define the associated population risk as

Rlin,L(µ) = E
[
∥X1 − T lin,µ

L (X)1∥2
]
. (11)

We start by giving an expression of the risk as a function of the covariance matrix Σ of the input sequence.

Proposition 14. Let a(µ) = µT Σµ and b(µ) = µT Σ2µ. We have that

Rlin,L(µ) = tr(Σ) − 2λ
L

tr(Σ)a− 2λ(L+ 1)
L

b+ λ2(L+ 2)tr(Σ)a2 + λ2(L+ 2)(L+ 3)
L2 ab. (12)

Proof. The computation starts as follows

Rlin,L(µ) = E

[
∥X1 − λ

L

L∑
k=1

X⊤
1 µµ

⊤XkXk∥2

]

= E

[
∥X1 − λ

L

L∑
k=2

X⊤
1 µµ

⊤XkXk − λ

L
(X⊤

1 µ)2X1∥2

]

= E

[
∥X1 − λ

L

L∑
k=2

X⊤
1 µµ

⊤XkXk∥2

]
+ λ2

L2E
[
(X⊤

1 µ)4∥X1∥2]− 2λ
L
E
[
(X⊤

1 µ)2∥X1∥2]
+ 2λ

2

L2

L∑
k=2

E
[
(X⊤

1 µ)3µ⊤XkX
⊤
1 Xk

]

And using Proposition 17, we obtain that

E

[
∥X1 − λ

L

L∑
k=2

X⊤
1 µµ

⊤XkXk∥2

]

= E
[
∥X1∥2]− 2λ

L

L∑
k=2

E
[
X⊤

1 µµ
⊤XkX

⊤
1 Xk

]
+ λ2

L2

L∑
k=2

E[(X⊤
1 µ)2]E[(X⊤

k µ)2∥Xk∥2]

+ 2λ
2

L2

∑
2≤k<j≤L

E[(X⊤
1 µ)2]E[X⊤

k µX
⊤
j µX

⊤
k Xj ]

= tr[Σ] − 2λ(L− 1)b+ λ2

L2 (L− 1)[tr(Σ)a2 + 2ab] + λ2

L2 (L− 1)(L− 2)ab,

where we used

E
[
(X⊤

1 µ)4∥X1∥2] = 3tr(Σ)a2 + 12ab,

E
[
(X⊤

1 µ)2∥X1∥2] = tr(Σ)a+ 2b,

E
[
(X⊤

1 µ)3µ⊤X2X
⊤
1 X2

]
= 3ab.

Finally,

Rlin,L(µ) = tr[Σ] − 2λ
L

(L− 1)b+ λ2

L2 (L− 1)[tr(Σ)a2 + 2ab] + λ2

L2 (L− 1)(L− 2)ab

+ λ2

L2 (3tr(Σ)a2 + 12ab) − 2λ
L

(tr(Σ)a+ 2b) + 6λ
2

L2 (L− 1)ab

= tr(Σ) − 2λ
L

tr(Σ)a− 2λ
L

(L+ 1)b+ λ2

L2 (L+ 2)tr(Σ)a2 + λ2

L2 (L+ 2)(L+ 3)ab.
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A.2 Optimization landscape analysis
We first express the gradient of ∇Rlin,L with respect to µ, (using ∇a = 2Σµ and ∇b = 2Σ2µ) as

∇Rlin,L(µ) = −4λ
L

tr(Σ)Σµ− 4λ
L

(L+ 1)Σ2µ+ 4λ
2

L2 (L+ 2)tr(Σ)aΣµ

+ 2λ
2

L2 (L+ 2)(L+ 3)
(
bΣµ+ aΣ2µ

)
,

= α(µ)Σµ+ β(µ)Σ2µ,

where α(µ) = −4 λ
L tr(Σ) + 4 λ2

L2 (L+ 2)tr(Σ)a(µ) + 2 λ2

L2 (L+ 2)(L+ 3)b(µ), and β(µ) = −4 λ
L (L+ 1) + 2 λ2

L2 (L+
2)(L+ 3)a(µ). Setting ∇Rlin,L(µ) = 0 leads to

α(µ)Σµ+ β(µ)Σ2µ = 0.

We first note that µ = 0 is a critical point. Now consider the case µ ̸= 0, multiplying by Σ−1 (since Σ is
invertible) gives

α(µ)µ+ β(µ)Σµ = 0. (13)

This equation implies that Σµ is aligned with the direction of µ, i.e., Σµ = − α(µ)
β(µ)µ, whenever β(µ) ̸= 0.

Assume by contradiction that β(µ) = 0, then α(µ) would be fixed accordingly, and the critical point condition
would further impose α(µ) = 0, which would in turn fix b(µ) to a negative value, which is contradictory with
its definition. Hence, for any non-zero critical point, one must have β(µ) ̸= 0. It follows that µ must be an
eigenvector of Σ with eigenvalue − α(µ)

β(µ) .
It follows that the critical points are given by µ = 0 and points of the form γiui for i = 1, . . . , d with ui

are unit eigenvectors of Σ with associated eigenvalue σi > 0, and γi ̸= 0. Plugging µ = γiui into the equation
(13) and simplifying we get the condition

−tr(Σ) − (L+ 1)σi + λ

L
(L+ 2)tr(Σ)γ2

i σi + λ

L
(L+ 2)(L+ 3)γ2

i σ
2
i = 0.

Solving for γi, we obtain

γi = ±

√
tr(Σ) + (L+ 1)σi

λ
Lσi(L+ 2)(tr(Σ) + (L+ 3)σi)

.

Proposition 15 (Characterization of critical points). Let Σ ∈ Rd×d be symmetric positive definite with
simple spectrum, and let (σi, ui)d

i=1 be its eigenpairs, where ui are unit eigenvectors and σ1 > . . . > σd. For
i ∈ {1, . . . , d}, define

µ±
i = ±γ⋆

i ui, γ⋆
i =

√
tr(Σ) + (L+ 1)σi

λ
Lσi(L+ 2)(tr(Σ) + (L+ 3)σi)

.

Then crit(Rlin,L) = {0} ∪ {µ±
i : i = 1, . . . , d}. We have that ∇2Rlin,L(0) is negative definite, thus 0 is a

local maxima. Moreover, the Hessian ∇2Rlin,L(µ±
i ) is diagonal in the eigenbasis of Σ. The eigenvalue of

∇2Rlin,L(µ±
i ) associated with the eigenvector uj is given by{

8 λ
Lσi(tr(Σ) + (L+ 1)σi), if j = i,

2 λ
Lσj(σi − σj) (L−1)tr(Σ)+(L+1)(L+3)σi

tr(Σ)+(L+3)σi
, if j ̸= i.

In particular, if i = 1, the Hessian ∇2Rlin,L(µ±
1 ) is positive definite. If i > 1, the Hessian ∇2Rlin,L(µi)

has both positive and negative eigenvalues. Consequently, µ±
1 = ±α⋆

1u1 are global minimizers of Rlin,L,
whereas µ±

i = ±γ⋆
i ui is a strict saddle point for every i > 1.
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Proof. We compute the Hessian of Rlin,L at a generic µ,

∇2Rlin,L(µ) =
(

− 4λ
L

tr(Σ) + 4λ
2

L2 (L+ 2)tr(Σ)a(µ) + 2λ
2

L2 (L+ 2)(L+ 3)b(µ)
)

Σ

+
(

− 4λ
L

(L+ 1) + 2λ
2

L2 (L+ 2)(L+ 3)a(µ)
)

Σ2 + 8λ
2

L2 (L+ 2)tr(Σ)Σµ(Σµ)⊤

+ 4λ
2

L2 (L+ 2)(L+ 3)
(

Σµ(Σ2µ)⊤ + Σ2µ(Σµ)⊤
)
.

Then
∇2Rlin,L(0) = −4λ

L
Σ(tr(Σ) + (L+ 1)Σ).

And evaluating at µ±
i = ±γ⋆

i ui we obtain

∇2Rlin,L(µ±
i ) =

(
− 4λ

L
tr(Σ) + 4λ

2

L2 (L+ 2)tr(Σ)(γ⋆
i )2σi + 2λ

2

L2 (L+ 2)(L+ 3)(γ⋆
i )2σ2

i

)
Σ

+
(

− 4λ
L

(L+ 1) + 2λ
2

L2 (L+ 2)(L+ 3)(γ⋆
i )2σi

)
Σ2

+ 8λ
2

L2 (L+ 2)(γ⋆
i )2σ2

i

(
tr(Σ) + (L+ 3)σi

)
uiu

⊤
i .

Consequently,

∇2Rlin,L(µ±
i )ui =

(
− 4λ

L
tr(Σ) + 4λ

2

L2 (L+ 2)tr(Σ)(γ⋆
i )2σi + 2λ

2

L2 (L+ 2)(L+ 3)(γ⋆
i )2σ2

i

)
σiui

+
(

− 4λ
L

(L+ 1) + 2λ
2

L2 (L+ 2)(L+ 3)(γ⋆
i )2σi

)
σ2

i ui

+ 8λ
2

L2 (L+ 2)(γ⋆
i )2σ2

i

(
tr(Σ) + (L+ 3)σi

)
ui.

= 8λ
L
σi(tr(Σ) + (L+ 1)σi)ui,

where the last equality comes from replacing (γ⋆
i )2 into the expression. Besides, for j ̸= i

∇2Rlin,L(µ±
i )uj =

(
− 4λ

L
tr(Σ) + 4λ

2

L2 (L+ 2)tr(Σ)(γ⋆
i )2σi + 2λ

2

L2 (L+ 2)(L+ 3)(γ⋆
i )2σ2

i

)
σjuj

+
(

− 4λ
L

(L+ 1) + 2λ
2

L2 (L+ 2)(L+ 3)(γ⋆
i )2σi

)
σ2

juj

= 2λ
L
σj(σi − σj) (L− 1)tr(Σ) + (L+ 1)(L+ 3)σi

tr(Σ) + (L+ 3)σi
uj ,

Proposition 16. The function Rlin,L is coercive and locally Lipschitz. Hence, the gradient flow dynamic

µ̇(t) = −∇Rlin,L(µ(t)),

converges to a critical point of Rlin,L. Furthermore, for almost every initialization, the sequence converges to
one of the two global minimizers, µ⋆ = ±α⋆

1u1, where u1 is the normalized principal eigenvector of Σ, and

α⋆
1 =

√
tr(Σ) + (L+ 1)σ1

λ
Lσ1(L+ 2)(tr(Σ) + (L+ 3)σ1)

.

Normalizing the limit point µ⋆ recovers the principal eigenvector u1 up to a sign. Besides,

σ1 = − α(µ⋆)
β(µ⋆) = −

−2tr(Σ) + 2 λ
L (L+ 2)tr(Σ)µ⋆Σµ⋆ + λ

L (L+ 2)(L+ 3)µ⋆Σ2µ⋆

−2(L+ 1) + λ
L (L+ 2)(L+ 3)µ⋆Σµ⋆

.
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Proof. Since Rlin,L is a polynomial in µ, it is C∞ and locally Lipschitz. Moreover, Rlin,L is coercive, this
implies that the sublevel set S = {µ : Rlin,L(µ) ≤ Rlin,L(µ0)} is compact for any initialization µ0. The
gradient flow trajectory Rlin,L(µ(t)) is non-increasing and ∥∇Rlin,L(µ(t))∥ → 0. Furthermore, since Rlin,L is
polynomial, it satisfies the Łojasiewicz inequality at every critical point, thus µ(t) converges to the set of
critical points given by Proposition 15, namely crit(Rlin,L) = {0} ∪ {µ±

i : i = 1, . . . , d}.

Using the classification from Proposition 15, the Stable Manifold Theorem (Shub, 1987, Theorem III.7)
states that the set of initial conditions converging to an unstable fixed point of a C2 diffeomorphism has
Lebesgue measure zero. Consequently, for almost all initializations, the sequence cannot converge to 0 or any
µi with i > 1. Since the sequence is bounded and must converge to a critical point, it converges to the stable
minimizer µ±

1 = ±α⋆
1u1.

Remark 2. As in Remark 1, once the leading eigenvector u1 has been recovered, the second principal
component u2 can be obtained by constraining the dynamics to the orthogonal subspace u⊥

1 . To this end, we
consider the projected gradient flow {

µ̇(t) = −Pu⊥
1

(
∇Rlin,L(µ(t))

)
,

µ(0) = µ0,
(14)

where Pu⊥
1

= Id − u1u
⊤
1 denotes the orthogonal projection onto u⊥

1 . This projection removes the component
along u1, allowing the dynamics to generically recover u2.

B Proofs
In the following section, we present the proofs of the propositions and lemmas stated in the main text.

B.1 Proof of Lemma 1
Proof. Along the gradient flow (GF∞), the map t 7→ Rsoft,∞(µ∞(t)) is non-increasing. Hence, for all t ≥ 0,

Rsoft,∞(µ∞(t)) ≤ Rsoft,∞(µ0).

By coercivity of Rsoft,∞, the sublevel set [Rsoft,∞ ≤ Rsoft,∞(µ0)] is bounded. Therefore, there exists ρ ≥ ∥µ0∥
such that µ∞(t) ∈ B(0, ρ) for all t ≥ 0, which proves the claim.

B.2 Proof of Proposition 1
Proof. Compute gradients using ∇µa = 2Σµ and ∇µb = 2Σ2µ:

∇µRsoft,∞(µ) = −4λΣ2µ+ 2λ2(bΣµ+ aΣ2µ
)
.

At a nonzero critical point, divide by 2 and rearrange to get

(λa− 2)Σ2µ+ λbΣµ = 0.

Multiplying by Σ−1 yields
(λa− 2)Σµ+ λbµ = 0

Assuming λa− 2 ̸= 0, we can rearrange the previous equation into the following one

Σµ = c(µ)µ,

for c(µ) = − λb

λa− 2 . If λa− 2 = 0, we would have

λbµ = 0 ⇐⇒ b

a
µ = 0,
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which has no solution for µ ≠ 0 (since Σ is positive definite). Thus any nonzero critical µ is an eigenvector of
Σ. Writing Σv = σv and µ = αv we obtain

a = α2σ, b = α2σ2,

and stationarity reduces to
λσα2 = 1 =⇒ α = ± 1√

λσ
.

Hence the nonzero critical points are precisely ± 1√
λσ
v for eigenpairs (σ, v), together with the trivial critical

point µ = 0.
Now let us compute the Hessian,

∇2
µRsoft,∞(µ) = −4λΣ2 + 4λ2(Σ2µµ⊤Σ + Σµµ⊤Σ2)+ 2λ2(bΣ + aΣ2).

Evaluate ∇2
µRsoft,∞ at a critical µ±

⋆ = ±αv with Σv = σv and α2 = 1
λσ . For any eigenvector w of Σ with

Σw = τw one obtains

∇2
µRsoft,∞(µ±

⋆ )w =
{

2λτ(σ − τ)w, w ⊥ v,

8λσ2w, w = v,

which follows from substituting a = 1/λ, b = σ/λ and simplifying. From this:

- At µ = 0 we have a = b = 0 and ∇2
µRsoft,∞(0) = −4λΣ2, which is negative definite; hence µ = 0 is a

strict local maximum.

- If there exists τ > σ (in particular if σ < σ1) then for that τ the curvature 2λτ(σ − τ) is negative, so
the critical point is a strict saddle.

- If σ = σ1, then for every eigenvalue τ < σ1 we have τ(σ1 − τ) > 0, so the Hessian at µ±
⋆ = ± 1√

λσ1
u1 is

positive definite. Moreover, evaluating the objective yields

Rsoft,∞(µ±
⋆ ) = tr(Σ) − σ1,

and by Lemma 2, these local minimizers are, in fact, global minimizers.

B.3 Proof of Proposition 2
Proof. The claim follows from the fact that this function is algebraic, and for such a function, gradient flow
(and gradient descent with a proper stepsize) avoids strict saddle points for almost every initialization. By the
Stable Manifold Theorem (Shub, 1987, Theorem III.7), the set of initial conditions whose trajectories converge
to such a point is contained in its stable manifold, which has Lebesgue measure zero. Hence almost every
initialization converges to a local minimum (see, e.g., (Lee et al., 2016; Panageas and Piliouras, 2017)).

B.4 Proof of Proposition 3
Proof. Since Rsoft,∞ is a polynomial, it is real analytic. Moreover, by Proposition 1 its critical points are
finite and nondegenerate. Therefore, by Corollary 2 it satisfies the Łojasiewicz inequality with exponent
θ = 1

2 in a neighborhood of each critical point. Let

E(t) = Rsoft,∞(µ∞(t)) − Rsoft,∞(µ⋆).

Along the flow,
Ė(t) = −∥∇Rsoft,∞(µ∞(t))∥2.

By the Łojasiewicz inequality, there exists t0 > 0 and c > 0 such that for every t ≥ t0

∥∇Rsoft,∞(µ∞(t))∥ ≥ cE(t)1/2.
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Thus
Ė(t) ≤ −c2E(t),

and Grönwall’s inequality yields
E(t) ≤ E(0)e−c2t.

Next, since µ⋆ is a nondegenerate minimizer, ∇2Rsoft,∞(µ⋆) is positive definite. By continuity of the
Hessian, for any ε > 0 there exists a neighborhood of µ⋆ such that for all µ in this neighborhood,

∥∇2Rsoft,∞(µ) − ∇2Rsoft,∞(µ⋆)∥ ≤ ε.

Using the integral form of Taylor’s theorem,

∇Rsoft,∞(µ) = ∇2Rsoft,∞(µ⋆)(µ− µ⋆) + r(µ),

where ∥r(µ)∥ ≤ ε∥µ− µ⋆∥. Therefore,

⟨∇Rsoft,∞(µ), µ− µ⋆⟩ ≥ ⟨∇2Rsoft,∞(µ⋆)(µ− µ⋆), µ− µ⋆⟩ − ε∥µ− µ⋆∥2.

Since the smallest eigenvalue of ∇2Rsoft,∞(µ⋆) is

s̃ = 2λmin{σ2(σ1 − σ2), σd(σ1 − σd)},

it follows that
⟨∇Rsoft,∞(µ), µ− µ⋆⟩ ≥ (s̃− ε)∥µ− µ⋆∥2.

By Proposition 2, we have µ∞(t) → µ⋆, then there exists t0 > 0 such that this inequality holds for all t ≥ t0.
Then

d

dt
∥µ∞(t) − µ⋆∥2 = −2⟨∇Rsoft,∞(µ∞(t)), µ∞(t) − µ⋆⟩ ≤ −2(s̃− ε)∥µ∞(t) − µ⋆∥2.

Applying Grönwall’s inequality,

∥µ∞(t) − µ⋆∥2 ≤ ∥µ∞(t0) − µ⋆∥2e−2(s̃−ε)(t−t0),

we conclude that
∥µ∞(t) − µ⋆∥ ≤ Ce−(s̃−ε)(t−t0).

B.5 Proof of Proposition 4
Proof. For simplicity, we will use the following shortcut notation

TL := T soft,µ
L (X)1, T∞ := T soft,µ

∞ (X1).

We first note that Assertion 1 is a direct consequence of Lemma 7. Besides, Assertion 2 directly follows
from

sup
µ∈B(0,ρ)

∥Dk
µT∞∥F ≤ C ′

k∥X1∥,

for C ′
0 = λ∥Σ∥ρ2, C ′

1 = 2λ∥Σ∥ρ,C ′
2 = 2λ∥Σ∥. Defining

Ck = (C ′
k)2tr(Σ), k ∈ {0, 1, 2},

we get the required.
Now we prove Assertion 3, from Assertion 1 with k = 0 and Assertion 2,

E[∥TL∥2] ≤ 2E[∥TL − T∞∥2] + 2E[∥T∞∥2] ≤ 2ψ0(L) + 2C0.

Hence supL,µ E[∥TL∥2] < ∞. The same argument using k = 1, 2 gives uniform L2-bounds for DµTL and
D2

µTL.
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Case k = 0. Using
∥a∥2 − ∥b∥2 = 2⟨b, a− b⟩ + ∥a− b∥2,

we obtain
Rsoft,L − Rsoft,∞ = 2E[⟨X1 − T∞, T∞ − TL⟩] + E[∥TL − T∞∥2].

By Cauchy–Schwarz and the uniform L2-bounds,

|Rsoft,L − Rsoft,∞| ≤ CE[∥TL − T∞∥2]1/2.

Taking the supremum over µ and squaring gives

sup
µ∈B(0,ρ)

|Rsoft,L − Rsoft,∞|2 ≤ Cψ0(L).

Case k = 1. Differentiating under the expectation gives

∇Rsoft,L = −2E[(X1 − TL)⊤DµTL].

Hence
∇Rsoft,L − ∇Rsoft,∞ = −2E[(X1 − TL)⊤(DµTL −DµT∞)] − 2E[(T∞ − TL)⊤DµT∞].

Each term is bounded using Cauchy–Schwarz and the uniform L2 bounds:

∥∇Rsoft,L − ∇Rsoft,∞∥2
F ≤ C

(
E[∥DµTL −DµT∞∥2

F ] + E[∥TL − T∞∥2]
)
.

Taking the supremum over µ yields

sup
µ∈B(0,ρ)

∥∇Rsoft,L − ∇Rsoft,∞∥2
F ≤ C

(
ψ1(L) + ψ0(L)

)
.

Case k = 2. We compute

∇2Rsoft,L = 2E[(DµTL)⊤(DµTL)] − 2E[(X1 − TL)⊤D2
µTL].

and the analogous formula for Rsoft,∞. Set

∆T := TL − T∞, ∆DT := DµTL −DµT∞, ∆D2T := D2
µTL −D2

µT∞.

Regarding the first term of the Hessian, we rewrite it as

(DµTL)⊤(DµTL) − (DµT∞)⊤(DµT∞) = (∆DT )⊤(∆DT ) + (DµT∞)⊤(∆DT ) + (∆DT )⊤(DµT∞).

Therefore,

E
[
(DµTL)⊤(DµTL)

]
− E
[
(DµT∞)⊤(DµT∞)

]
= E
[
(∆DT )⊤(∆DT )

]
+ E
[
(DµT∞)⊤(∆DT )

]
+ E
[
(∆DT )⊤(DµT∞)

]
.

With respect to the second term, we have

(X1 − TL)⊤D2
µTL − (X1 − T∞)⊤D2

µT∞ = A1 +A2,

where
A1 := (X1 − TL)⊤(D2

µTL −D2
µT∞),

A2 :=
[
(X1 − TL) − (X1 − T∞)

]⊤
D2

µT∞.
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Since (X1 − TL) − (X1 − T∞) = T∞ − TL = −∆T , we obtain

A2 = −(∆T )⊤D2
µT∞.

Hence,

E
[
(X1 − TL)⊤D2

µTL

]
− E
[
(X1 − T∞)⊤D2

µT∞
]

= E
[
(X1 − TL)⊤∆D2T

]
− E
[
(∆T )⊤D2

µT∞
]
.

Combining the previous expansions,

∇2Rsoft,L − ∇2Rsoft,∞ = 2E[(∆DT )⊤(∆DT )]
+ 2E[(DµT∞)⊤(∆DT )] + 2E[(∆DT )⊤(DµT∞)]
− 2E[(X1 − TL)⊤∆D2T ]
+ 2E[(∆T )⊤D2

µT∞].

Using ∥E[Z]∥2
F ≤ E[∥Z∥2

F ] and Cauchy–Schwarz:

∥E[(∆DT )⊤(∆DT )]∥F ≤ E[∥∆DT∥2
F ],

∥E[(DµT∞)⊤(∆DT )]∥F ≤ E[∥DµT∞∥2
F ]1/2E[∥∆DT∥2

F ]1/2,

∥E[(X1 − TL)⊤∆D2T ]∥F ≤ E[∥X1 − TL∥2]1/2E[∥∆D2T∥2
F ]1/2,

∥E[(∆T )⊤D2
µT∞]∥F ≤ E[∥∆T∥2]1/2E[∥D2

µT∞∥2
F ]1/2.

By Assertion 2, for µ ∈ B(0, ρ) there exists C > 0 such that

∥∇2Rsoft,L − ∇2Rsoft,∞∥2
F ≤ C

(
E[∥TL − T∞∥2] + E[∥DµTL −DµT∞∥2

F ] + E[∥D2
µTL −D2

µT∞∥2
F ]
)
.

Taking the supremum over µ concludes the proof.

B.6 Proof of Proposition 5
Proof. By Lemma 1, if ∥µ∥ ≥ ρ, then Rsoft,∞(µ) > Rsoft,∞(µ0). Thus, for every ρ′ > ρ we have that if
∥µ∥ = ρ′ > ρ then

Rsoft,∞(µ) > Rsoft,∞(µ0),

by compactness of {µ ∈ Rd : ∥µ∥ = ρ′} and continuity of Rsoft,∞, thus

min
∥µ∥=ρ′

Rsoft,∞(µ) > Rsoft,∞(µ0),

so there exists ε > 0 such that
min

∥µ∥=ρ′
Rsoft,∞(µ) > Rsoft,∞(µ0) + 2ε,

and then
∥µ∥ = ρ′ =⇒ Rsoft,∞(µ) > Rsoft,∞(µ0) + 2ε. (15)

Fix any ρ′ > ρ, then there exists ε > 0 that satisfies (15). By Proposition 4, we have uniform convergence of
Rsoft,L to Rsoft,∞ on B(0, ρ′), there exists L′ ∈ N such that for all L ≥ L′,

sup
∥µ∥≤ρ′

∣∣Rsoft,L(µ) − Rsoft,∞(µ)
∣∣ ≤ ε.
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We argue by contradiction. Assume that for some L ≥ L′, the trajectory µL does not remain in B(0, ρ′) for
every t ≥ 0. Then, there exists a first exit time t∗ > 0 such that

∥µL(t∗)∥ = ρ′, ∥µL(t)∥ < ρ′ for all t < t∗.

Since Rsoft,L decreases along the flow,

Rsoft,L(µL(t∗)) ≤ Rsoft,L(µ0).

Using uniform convergence of the risk on B(0, ρ′) at µL(t∗) and at µ0 gives

Rsoft,∞(µL(t∗)) ≤ Rsoft,L(µL(t∗)) + ε ≤ Rsoft,L(µ0) + ε ≤ Rsoft,∞(µ0) + 2ε.

This is a contradiction with (15). Hence, for all L ≥ L′, the trajectory µL remains in B(0, ρ′) for all t ≥ 0,
proving the lemma.

B.7 Proof of Proposition 6
Proof. Fix T > 0, by Proposition Lemma 5, there exists ρ > 0 and L′ ∈ N, such that for every L ≥ L′ the
trajectories µL(t) and µ∞(t) of (GFL) and (GF∞) satisfy µL(t), µ∞(t) ∈ B(0, ρ) for all t ∈ [0, T ]. Besides, in
Proposition 4 we have shown that for k ∈ {0, 1, 2}

∇kRsoft,L →
L→∞

∇kRsoft,∞

uniformly on B(0, ρ), and ∇2Rsoft,L are uniformly bounded on B(0, ρ) (since it converges uniformly). Hence,
there exists a constant K > 0 such that for all L ≥ L′ and all x, y ∈ B(0, ρ)

∥∇Rsoft,L(x) − ∇Rsoft,L(y)∥ ≤ K∥x− y∥, ∥∇Rsoft,∞(x) − ∇Rsoft,∞(y)∥ ≤ K∥x− y∥.

Set
ζ(L) := sup

x∈B(0,ρ)
∥∇Rsoft,L(x) − ∇Rsoft,∞(x)∥.

By uniform convergence ζ(L) → 0 as L → ∞. Consider the difference eL(t) := µL(t) − µ∞(t). Differentiating
and using the definitions (GFL), (GF∞) we obtain

e′
L(t) = −∇Rsoft,L(µL(t)) + ∇Rsoft,∞(µ∞(t)).

Using the triangle inequality and the Lipschitz bound,

d
dt∥eL(t)∥ ≤ ∥e′

L(t)∥

≤ ∥∇Rsoft,L(µL(t)) − ∇Rsoft,L(µ∞(t))∥ + ∥∇Rsoft,L(µ∞(t)) − ∇Rsoft,∞(µ∞(t))∥
≤ K∥eL(t)∥ + ζ(L).

This differential inequality together with eL(0) = 0, let us integrate to obtain

∥eL(t)∥ ≤ ζ(L)
∫ t

0
eK(t−s) ds = ζ(L)e

Kt − 1
K

.

Therefore, for every t ∈ [0, T ],

sup
0≤s≤T

∥µL(s) − µ∞(s)∥ ≤ ζ(L)e
KT − 1
K

−−−−→
L→∞

0,

which proves that µL → µ∞ uniformly on [0, T ].
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B.8 Proof of Proposition 7
Proof. We use the following bound

∥Rsoft,L(µL) − Rsoft,∞(µ∞)∥ ≤ ∥Rsoft,L(µL) − Rsoft,∞(µL)∥ + ∥Rsoft,∞(µL) − Rsoft,∞(µ∞)∥.

The first term goes to 0 uniformly on [0, T ] as µL is bounded by Proposition Lemma 5 and Proposition 4 for
k = 0. The second term goes to 0 uniformly on [0, T ] as Rsoft,∞ is C2, combined with Proposition 6.

B.9 Proof of Proposition 8
Proof. We use the characterization of critical points for Rsoft,∞ given in Proposition 1, this gives us
crit(Rsoft,∞) = {µ(1), . . . , µ(2d+1)}. Let fL = Rsoft,L and f = Rsoft,∞, Proposition 4 shows convergence in
C2

loc of fL towards f as L → ∞. Then we use Lemma 5 with fL and f , this gives us rk > 0 such that
B(µ(k), rk) are pairwise disjoint and that for every ρ > 0 big enough such that ∪2d+1

k=1 B(µ(k), rk) ⊂ B(0, ρ).
Then for big enough L,

crit(fL) ∩B(0, ρ) = {µ(1)
L , . . . , µ

(Λ)
L },

with µ
(k)
L → µ(k) as L → ∞ for every k ∈ {1, . . . , 2d + 1}, and if µ(k) is a strict saddle point (resp. local

minimum) for f , then µ
(k)
L is a strict saddle point (resp. local minimum) for fL.

B.10 Proof of Proposition 9
Proof. For L large enough, Proposition 8 ensures that the critical points of Rsoft,L are finite and nondegenerate,
with two local minimizers ±µ⋆

L,σ1
. Hence, for a generic initialization, the gradient flow converges to one of

them.
The exponential decay of the objective follows from the Łojasiewicz inequality, while the convergence rate

of the iterates is given by linearization around µ⋆
L, yielding s̃L = σmin(∇2Rsoft,L(µ⋆

L)) > 0. The limit s̃L → s̃
follows from C2

loc convergence of the risks.

B.11 Proof of Proposition 10
Proof. The result follows from classical properties of linear transformations of Gaussian vectors, yielding

T soft,µ
∞ (X1) ∼ N (0,Γ(µ)).

The rank-one structure is immediate. Evaluating at µ⋆ and using Σu1 = σ1u1 gives Γ(µ⋆) = σ1u1u
⊤
1 , which

corresponds to the law of ⟨X,u1⟩u1.

B.12 Proof of Proposition 11
Proof. The convergence rate is analogous to the proof of Proposition 3. From algebraic manipulation we can
check that for ai, bi defined in (18), we have

(a1 + a2)(a3 + b3)
a1 + 2a2 + b2

− a3 < 2(a3 + b3),

thus

ŝ = 2 (a1 + a2)b3 − a3(a2 + b2)
a1 + 2a2 + b2

=
2λnθξ2 (dnξ2 − dξ2 + n2θ + n2ξ2 + 5nθ + 4nξ2 + 2θ + 3ξ2)

dξ2 + nθ + nξ2 + 4θ + 3ξ2

=
2λnθξ2 [θ(n2 + 5n+ 2) + ξ2(n2 + dn+ 4n− d+ 3)

]
(n+ 4)θ + (d+ n+ 3)ξ2 .

(16)
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For ξ2 small enough, this reduces to

ŝ ∼ 2λn(n2 + 5n+ 2)θ ξ2

n+ 4 .

Hence the gradient flow converges locally with an exponential rate arbitrarily close to ŝ.

B.13 Proof of Proposition 12
Proof. Since we have proven in Proposition 4 that ∇kR(Σ)

soft,L converges uniformly (as L → ∞) on compact
sets ∇kR(Σ)

soft,∞ for k ∈ {0, 1, 2}, i.e., there exists C(Σ) > 0,

ψ(L,Σ) = L
− 1

c2∥Σ∥2
2+1 (1 + lnL)

c2∥Σ∥2
2

c2∥Σ∥2
2+1

with c = 20λρ2 > 0, and limL→∞ ψ(L,Σ) = 0, such that

sup
µ∈B(0,ρ)

∥∇kRsoft,L(µ) − ∇kRsoft,∞(µ)∥2
F ≤ C(Σ)ψ(L,Σ).

Thus for k ∈ {0, 1, 2}, since R(Σ)
soft,L and R(Σ)

soft,∞ are C2(Rd) functions and

EΣ

[
sup

µ∈B(0,ρ)
∇kR(Σ)

soft,L(µ)
]
< ∞, EΣ

[
sup

µ∈B(0,ρ)
∇kR(Σ)

soft,∞(µ)
]
< ∞.

By the dominated convergence theorem we have that

∇kRICL
L (µ) = EΣ[∇kR(Σ)

soft,L(µ)], ∇kRICL
∞ (µ) = EΣ[∇kR(Σ)

soft,∞(µ)],

and then get

sup
µ∈B(0,ρ)

∥∇kRICL
L (µ) − ∇kRICL

∞ (µ)∥2
F = sup

µ∈B(0,ρ)
∥∇kEΣ[R(Σ)

soft,L(µ)] − ∇kEΣ[R(Σ)
soft,∞(µ)]∥2

F

≤ sup
µ∈B(0,ρ)

∥EΣ[∇kR(Σ)
soft,L(µ) − ∇kR(Σ)

soft,∞(µ)]∥2
F

≤ EΣ

[
sup

µ∈B(0,ρ)
∥∇kR(Σ)

soft,L(µ) − ∇kR(Σ)
soft,∞(µ)∥2

F

]
≤ EΣ∼Wd(V,n)[C(Σ)ψ(L,Σ)].

Now, we define ζ(Σ) = C(Σ) supL>1 ψ(L,Σ), it is direct to show that

sup
L>1

ψ(L,Σ) ≤ 1 + c2∥Σ∥2
2,

and then
EΣ∼Wd(V,n)[ζ(Σ)] ≤ EΣ∼Wd(V,n)[C(Σ)(1 + c2∥Σ∥2

2)].

Since C(Σ) depends polynomially on ∥Σ∥2 and that for the Wishart distribution every finite moment is
bounded, we get that EΣ∼Wd(V,n)[ζ(Σ)] < ∞, by dominated convergence theorem we get that limL→∞ EΣ∼Wd(V,n)[C(Σ)ψ(L,Σ)] =
EΣ∼Wd(V,n)[C(Σ) limL→∞ ψ(L,Σ)] = 0, and then for k ∈ {0, 1, 2},

lim
L→∞

sup
µ∈B(0,ρ)

∥∇kRICL
L (µ) − ∇kRICL

∞ (µ)∥2
F = 0
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B.14 Proof of Proposition 13
Proof. Without loss of generality, by the arguments of Proposition 5, we can assume that the trajectory
remains bounded and contained in B(0, ρ). In particular, all critical points in B(0, ρ) are those identified in
Proposition 20, and the only stable ones are the two local minimizers ±µ⋆

L,∥. Applying the Stable Manifold
Theorem (Shub, 1987, Theorem III.7), we conclude that, for almost every initialization in B(0, ρ), the
trajectory converges to one of these two minimizers. The convergence rates come from the same reasoning as
for Proposition 9.

C Technical results
In this section, we present the technical results required for our analysis.

C.1 Gaussian computations
We compute specific higher-order moments required for the construction of the objective function.

Proposition 17. Let X1, X2
iid∼ N (0,Σ) in Rd and let µ ∈ Rd. We have

1. E[∥X1∥2] = tr(Σ).

2. E
[
(X⊤

1 µ)2] = µT Σµ.

3. E [⟨X1, X2⟩⟨X1, µ⟩⟨X2, µ⟩] = µT Σ2µ.

4. E
[
⟨X1, X2⟩⟨X1, µ⟩3⟨X2, µ⟩

]
= 3(µT Σµ)(µT Σ2µ).

5. E
[
⟨X1, µ⟩2 ∥X1∥2

]
= tr(Σ)(µT Σµ) + 2µT Σ2µ.

6. E
[
⟨X1, µ⟩4 ∥X1∥2

]
= 3tr(Σ)(µT Σµ)2 + 12(µT Σµ)(µT Σ2µ).

Proof. All identities follow from linearity of expectation, independence of X1 and X2, and Isserlis’ theorem
(Isserlis, 1918) for centered Gaussian vectors.

1. Since ∥X1∥2 =
∑d

i=1 X
2
1,i and E[X2

1,i] = Σii,

E[∥X1∥2] =
d∑

i=1
Σii = tr(Σ).

2. Expanding (X⊤
1 µ)2 and using E[X1,iX1,j ] = Σij gives

E[(X⊤
1 µ)2] =

∑
i,j

µiµjΣij = µ⊤Σµ.

3. Conditioning on X1 and using independence,

E[⟨X1, X2⟩⟨X2, µ⟩ | X1] = X⊤
1 E[X2X

⊤
2 ]µ = X⊤

1 Σµ.

Therefore,
E[⟨X1, X2⟩⟨X1, µ⟩⟨X2, µ⟩] = E[(X⊤

1 µ)(X⊤
1 Σµ)] = µ⊤Σ2µ.

4. Conditioning again on X1,

E[⟨X1, X2⟩⟨X1, µ⟩3⟨X2, µ⟩] = E[(X⊤
1 µ)3(µ⊤ΣX1)].

For a centered Gaussian vector X and vectors µ0, µ1, Isserlis’ theorem yields

E[(µ⊤
0 X)3(µ⊤

1 X)] = 3(µ⊤
0 Σµ0)(µ⊤

0 Σµ1).

Applying this with a = µ0 and µ1 = Σµ gives the claim.
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5. Expanding
⟨X1, µ⟩2 ∥X1∥2 =

∑
i,j,k

µiµjX1,iX1,jX
2
1,k

and applying Isserlis’ theorem to the fourth-order moment yields two types of pairings, leading to

E[⟨X1, µ⟩2 ∥X1∥2] = tr(Σ)(µ⊤Σµ) + 2µ⊤Σ2µ.

6. Similarly,
⟨X1, µ⟩4 ∥X1∥2 =

∑
i,j,ℓ,m,k

µiµjµℓµmX1,iX1,jX1,ℓX1,mX
2
1,k.

Applying Isserlis’ theorem to the sixth-order moment, pairings where the two copies of k are paired
together contribute 3tr(Σ)(µ⊤Σµ)2, while the remaining 12 pairings contribute 12(µ⊤Σµ)(µ⊤Σ2µ).
Summing both terms gives the result.

C.2 Optimization preliminaries
In this subsection, we gather several optimization results that will be used throughout this work.

Lemma 2. Let f : Rd → R be a C1(Rd) coercive function. Assume that the set of critical points of f
is completely characterized and every critical point is either a strict saddle or a local minimum. Assume
moreover that all local minima attain the same value m. Then every local minimum of f is a global minimum,
and

min
x∈Rd

f(x) = m.

Proof. Since f is coercive and continuous, it attains its global minimum at some point x⋆ ∈ Rd. Since f is
C1, any global minimizer satisfies ∇f(x⋆) = 0, hence x⋆ is a critical point. By assumption, every critical
point is either a strict saddle or a local minimum. A strict saddle cannot be a minimizer, therefore x⋆ must
be a local minimum. Since all local minima have value m, we obtain

f(x⋆) = m.

Thus m = min f , and every local minimum is a global minimum.

Lemma 3. Let f : Rd → R be C2 and let x⋆ be a nondegenerate critical point, i.e.,

∇f(x⋆) = 0 and ∇2f(x⋆) is invertible.

Then there exist constants C > 0 and a neighborhood U of x⋆ such that

∥∇f(x)∥ ≥ C |f(x) − f(x⋆)|1/2 for all x ∈ U.

Proof. Since ∇2f(x⋆) is invertible, there exists c1 > 0 such that

∥∇2f(x⋆)v∥ ≥ c1∥v∥ for all v ∈ Rd.

By Taylor’s theorem with integral remainder,

∇f(x) = ∇2f(x⋆)(x− x⋆) + r(x),

where
r(x) =

∫ 1

0

(
∇2f(x⋆ + t(x− x⋆)) − ∇2f(x⋆)

)
(x− x⋆) dt.

Since ∇2f is continuous, for any ε > 0 there exists δ > 0 such that for all ∥x− x⋆∥ ≤ δ,

∥∇2f(x) − ∇2f(x⋆)∥ ≤ ε.
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Hence
∥r(x)∥ ≤ ε∥x− x⋆∥.

Thus
∥∇f(x)∥ ≥ ∥∇2f(x⋆)(x− x⋆)∥ − ∥r(x)∥ ≥ (c1 − ε)∥x− x⋆∥.

Choosing ε = c1/2, we obtain
∥∇f(x)∥ ≥ c2∥x− x⋆∥

for c2 = c1
2 > 0 and all ∥x− x⋆∥ ≤ δ.

Next, by Taylor expansion of f ,

f(x) − f(x⋆) = 1
2(x− x⋆)T ∇2f(x⋆)(x− x⋆) + r̃(x),

where |r̃(x)| ≤ ε∥x− x⋆∥2 for ∥x− x⋆∥ small enough.
Since ∇2f(x⋆) is bounded, there exists c3 > 0 such that

|(x− x⋆)T ∇2f(x⋆)(x− x⋆)| ≤ c3∥x− x⋆∥2.

Thus
|f(x) − f(x⋆)| ≤ c4∥x− x⋆∥2

for some c4 > 0.
Combining both estimates yields

∥∇f(x)∥ ≥ c2∥x− x⋆∥ ≥ c2√
c4

|f(x) − f(x⋆)|1/2.

Corollary 2. Let f : Rd → R be real analytic and assume that all its critical points are nondegenerate and
finite. Then for each critical point x⋆, there exist C > 0 and a neighborhood U of x⋆ such that

∥∇f(x)∥ ≥ C|f(x) − f(x⋆)|1/2 for all x ∈ B(x⋆, ε).

Lemma 4. Let α, β > 0 and L ≥ 1. Define, for Ψ ≥ 0,

φL(Ψ) := eαΨ2

L
+ (1 + lnL)e−βΨ2

.

Then φL admits a unique minimizer Ψ(L) ≥ 0, given by

Ψ2(L) = 1
α+ β

(
lnL+ ln(1 + lnL) + ln(β/α)

)
.

Moreover, the optimal value satisfies

inf
Ψ≥0

φL(Ψ) = Θ(ψα,β(L)) ,

where ψα,β(L) = L− β
α+β (1 + lnL)

α
α+β .

Proof. Set x = Ψ2 ≥ 0 and define
fL(x) = eαx

L
+ (1 + lnL)e−βx.

The function fL is strictly convex on R+ Therefore, any critical point is the unique global minimizer.
Differentiating,

f ′
L(x) = αeαx

L
− β(1 + lnL)e−βx.
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Solving f ′
L(x) = 0 yields

e(α+β)x = β

α
L(1 + lnL),

which gives the stated expression for Ψ2(L). Substituting this value into either term of fL,

eαΨ2(L)

L
= L− β

α+β (1 + lnL)
α

α+β

(
β

α

) α
α+β

,

and the term (1 + lnL)e−βΨ2(L) has the same order. The claim follows.

Lemma 5 (Persistence of nondegenerate critical points). Let f ∈ C2(Rd) and let x⋆ be a nondegenerate
critical point of f , i.e.

∇f(x⋆) = 0, ∇2f(x⋆) is invertible.

Assume fn → f in C2
loc(Rd). Then there exist r > 0 and n0 ∈ N such that for all n ≥ n0:

1. fn has a unique critical point x⋆
n in B(x⋆, r),

2. x⋆
n is nondegenerate and moreover x⋆

n → x⋆ as n → ∞,

3. If the set of critical points of f is finite, i.e.,

crit(f) = {x(1), . . . , x(Λ)},

and each x(k), k ∈ {1, . . . ,Λ}, is nondegenerate, let rk > 0 be such that B(x(k), rk) are pairwise disjoint.
Let ρ > 0 such that

Λ⋃
k=1

B(x(k), rk) ⊂ B(0, ρ).

Then for n large enough,
crit(fn) ∩B(0, ρ) = {x(1)

n , . . . , x(Λ)
n }.

Moreover, if for some k ∈ {1, . . . ,Λ}, x(k) is a strict saddle (resp. a strict local minimum), then x
(k)
n is

also a strict saddle (resp. a strict local minimum) for n large enough.

Proof. 1. Uniform invertibility of the Hessian. Since ∇2f(x⋆) is invertible and ∇2f is continuous,
there exist r > 0 and m > 0 such that

∥∇2f(x)−1∥ ≤ m for all x ∈ B(x⋆, r).

Because fn → f in C2
loc, for n sufficiently large,

sup
x∈B(x⋆,r)

∥∇2fn(x) − ∇2f(x)∥ ≤ 1
2m.

Hence for x ∈ B(x⋆, r), we define En(x) = ∇2fn(x) − ∇2f(x)

∇2fn(x) = ∇2f(x) + En(x), ∥En(x)∥ ≤ 1
2m.

Then, for n sufficiently large ∇2fn(x) is invertible and let A(x) = ∇2f(x), then

∇2fn(x) = A(x) + En(x)

And we have the identity

∇2fn(x)−1 = (Id +A(x)−1En(x))−1A(x)−1,
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where
∥A(x)−1En(x)∥ ≤ ∥A(x)−1∥∥En(x)∥ ≤ m

1
2m = 1

2 .

By the Neumann Series Theorem we get that

∥(Id +A(x)−1En(x))−1∥ ≤ 1
1 − 1

2
= 2.

Thus, for n sufficiently large, we get

∥∇2fn(x)−1∥ = ∥(Id +A(x)−1En(x))−1∥∥A(x)−1∥ ≤ 2m.

Definition of the homotopy. Define

Hn(t, x) = (1 − t)∇f(x) + t∇fn(x), t ∈ [0, 1].

Then
DxHn(t, x) = (1 − t)∇2f(x) + t∇2fn(x),

DtHn(t, x) = ∇fn(x) − ∇f(x).

By the uniform invertibility of the Hessian, DxHn(t, x) is invertible on [0, 1] ×B(x⋆, r) for n sufficiently
large.
Technical condition. Let

M := sup
(t,x)∈[0,1]×B(x⋆,r)

∥(DxHn(t, x))−1∥.

From the uniform invertibility of ∇2f and ∇2fn, M < ∞ uniformly for n large.
Since fn → f in C1

loc,
sup

x∈B(x⋆,r)
∥∇fn(x) − ∇f(x)∥ −→ 0.

Therefore, for n sufficiently large,

sup
(t,x)∈[0,1]×B(x⋆,r)

∥(DxHn(t, x))−1DtHn(t, x)∥ ≤ M sup
x∈B(x⋆,r)

∥∇fn(x) − ∇f(x)∥ < r.

Conclusion. Since
Hn(0, x⋆) = ∇f(x⋆) = 0,

Then by (Krantz and Parks, 2013, Theorem 4.2.1) yields a continuous curve xn(t) with

Hn(t, xn(t)) = 0, xn(0) = x⋆, xn(t) ∈ B(x⋆, r).

Define x⋆
n := xn(1). Then

∇fn(x⋆
n) = 0, x⋆

n ∈ B(x⋆, r).

Uniqueness follows from the local invertibility of DxHn.

2. Since ∇2fn(x⋆
n) → ∇2f(x⋆) and the limit is invertible, x⋆

n is nondegenerate for n large. Let Γ :=
1

∥[∇2f(x⋆)]−1∥ , by continuity of ∇2f , shrinking r if necessary, we have for every x ∈ B(x⋆, r),

∥∇2f(x) − ∇2f(x⋆)∥ ≤ Γ
2 ,
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and since ∥∇2f(x⋆)v∥ ≥ Γ∥v∥, using Taylor we get

∇f(x) = ∇2f(x⋆)(x− x⋆) +
∫ 1

0
(∇2f(x⋆ + t(x− x⋆)) − ∇2f(x⋆))(x− x⋆)dt.

We take norms and after bounding we obtain

∥x− x⋆∥ ≤ 2
Γ∥∇f(x)∥,

choosing x = x⋆
n, in order to conclude that x⋆

n → x⋆ as n → ∞ we need to obtain that limn→∞ ∥∇f(x⋆
n)∥ =

0, but since
∇f(x⋆

n) = ∇f(x⋆
n) − ∇fn(x⋆

n),

then we conclude since fn → f in C1
loc.

3. Assume now that

crit(f) = {x(1), . . . , x(Λ)}, ∇2f(x(k)) is invertible for all k.

Since the set is finite, define
δ := 1

2 min
k ̸=ℓ

∥x(k) − x(ℓ)∥ > 0.

Applying items (1)–(2) to each x(k), there exist rk ∈ (0, δ) and nk ∈ N such that for all n ≥ nk:

(a) fn has a unique critical point x(k)
n in B(x(k), rk),

(b) x
(k)
n → x(k),

(c) x
(k)
n is nondegenerate.

Let
n0 := max

k∈{1,...,Λ}
nk.

For n ≥ n0 the balls B(x(k), rk) are disjoint and

{x(1)
n , . . . , x(Λ)

n } ⊂ crit(fn).

It remains to show that there are no other critical points in B(0, ρ).
Let

K :=
Λ⋃

k=1
B(x(k), rk) ⊂ B(0, ρ),

then
{x(1)

n , . . . , x(Λ)
n } ⊆ crit(fn) ∩B(0, ρ). (17)

Since f has no critical point in Kc ∩ B(0, ρ) and ∇f is continuous, the compactness of Kc ∩ B(0, ρ)
implies

ηρ := inf
x∈Kc∩B(0,ρ)

∥∇f(x)∥ > 0.

Because fn → f in C1
loc, we have

sup
x∈B(0,ρ)

∥∇fn(x) − ∇f(x)∥ → 0.
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Hence for n large enough and every x ∈ Kc ∩B(0, ρ),

∥∇fn(x)∥ ≥ ∥∇f(x)∥ − ∥∇fn(x) − ∇f(x)∥ ≥ ηρ

2 > 0.

Therefore fn has no critical point in Kc ∩ B(0, ρ). Let x ∈ crit(fn) ∩ B(0, ρ), if x ∈ Kc we get a
contradiction with the previous founding. Then x ∈ K, and there exists k ∈ {1, ...,Λ} such that
x ∈ B(x(k), rk), since the only critical point of fn inside this ball is x(k)

n , we conclude that x = x
(k)
n and

crit(fn) ∩B(0, ρ) ⊆ {x(1)
n , . . . , x(Λ)

n },

then by (17) we conclude the equality of sets.

Finally, since x(k)
n → x(k) and fn → f in C2

loc,

∇2fn(x(k)
n ) → ∇2f(x(k)).

Because ∇2f(x(k)) is invertible, its eigenvalues are bounded away from zero. By continuity of the
spectrum, the inertia of ∇2fn(x(k)

n ) coincides with that of ∇2f(x(k)) for n large enough. Hence if x(k)

is a strict local minimum (resp. a strict saddle), then x(k)
n is also a strict local minimum (resp. a strict

saddle) for n large enough.

C.3 Almost sure and L2− convergence of encodings
In the following subsection, we present the lemmas needed to establish almost sure and L2 convergence of
Tµ

soft,L to Tµ
soft,∞.

Lemma 6. Consider X1, . . . , XL i.i.d N (0,Σ), and

TL(X1) =
∑L

k=1 Xkexp(λ⟨X1, µ⟩⟨Xk, µ⟩)∑L
k=1 exp(λ⟨X1, µ⟩⟨Xk, µ⟩)

.

And T∞(X1) = λΣµµ⊤X1, we have that TL → T∞ a.s., and similarly for its Jacobian DµTL(X1) →
DµT∞(X1) a.s., and its Hessian D2

µTL(X1) → D2
µT∞(X1) a.s..

Proof. Consider X ∼ N (0,Σ) and let us fix X1 = z, and define ηk(z) = ηk(µ, z) = exp(λ⟨z, µ⟩⟨Xk, µ⟩), then

TL(z) =
∑L

k=1 ηk(z)Xk∑L
k=1 ηk(z)

=
1
Lη1(z)X1 + L−1

L
1

L−1
∑L

k=2 ηk(z)Xk

1
Lη1(z) + L−1

L
1

L−1
∑L

k=2 ηk(z)
.

By the strong law of large numbers, we have that

lim
L→∞

TL(z) = E[Xexp(λ⟨X,µ⟩⟨z, µ⟩)]
E[exp(λ⟨X,µ⟩⟨z, µ⟩)] = λΣµµ⊤z, a.s..

Therefore
P
(

lim
L→∞

TL(X1) = λΣµµ⊤X1

∣∣∣X1

)
= 1.

Taking expectation w.r.t. X1, we get that P
(
limL→∞ TL(X1) = λΣµµ⊤X1

)
= 1 or limL→∞ TL(X1) =

λΣµµ⊤X1 a.s..
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First order. Let

NL(µ, z) = 1
L− 1

L∑
k=2

ηk(µ, z)Xk, SL(µ, z) = 1
L− 1

L∑
k=2

ηk(µ, z),

then TL(z) = NL(µ,z)
SL(µ,z) +R1,L(z) and

DµTL(z) = 1
SL(µ, z)Dµ(NL(µ, z)) − 1

SL(µ, z)2NL(µ, z)(DµSL(µ, z))⊤ +DµR1,L(z).

Using the strong law of large numbers, we get (since limL→∞ DµR1,L(z) = 0 a.s.)

lim
L→∞

DµTL(z) = E[X(∇µexp(λ⟨X,µ⟩⟨z, µ⟩))⊤]
E[exp(λ⟨X,µ⟩⟨z, µ⟩)]] − E[Xexp(λ⟨X,µ⟩⟨z, µ⟩)](E[∇µexp(λ⟨X,µ⟩⟨z, µ⟩)])⊤

E[exp(λ⟨X,µ⟩⟨z, µ⟩)]]2

= λ(Σµz⊤ + (µ⊤z)Σ) = DµT∞(z).

And we conclude as before that limL→∞ DµTL(X1) = DµT∞(X1) a.s..

Second-order. Condition on X1 = z and recall that

NL(µ, z) = 1
L− 1

L∑
k=2

ηk(µ, z)Xk, SL(µ, z) = 1
L− 1

L∑
k=2

ηk(µ, z),

so that
TL(z) = NL(µ, z)

SL(µ, z) +R1,L(z).

Differentiating twice w.r.t. µ and using the quotient rule,

D2
µTL(z) = D2

µ

(
NL(z)
SL(z)

)
+D2

µR1,L(z),

where
D2

µ

(
NL

SL

)
[h] = 1

SL
D2

µNL[h] − 1
S2

L

(
(DµNL)⟨DµSL, h⟩ + (DµSL)⟨DµNL, h⟩

)
− 1
S2

L

NLD
2
µSL[h] + 2

S3
L

NL⟨DµSL, h⟩DµSL.

By the strong law of large numbers applied componentwise to{
Xkηk(µ, z), Dµ[Xkηk(µ, z)], D2

µ[Xkηk(µ, z)]
}

k≥2,

and to {
ηk(µ, z), Dµηk(µ, z), D2

µηk(µ, z)
}

k≥2,

we obtain almost surely the convergence of NL, DµNL, D2
µNL and of SL, DµSL, D2

µSL toward their respective
expectations. We verify

lim
L→∞

D2
µTL(z) = D2

µT∞(z),

where, using the closed form
T∞(z) = λΣµµ⊤z,

the Hessian satisfies,
D2

µT∞(z)[h] = λ
(
Σhz⊤ + ⟨h, z⟩Σ

)
.

Finally, as before we conclude
lim

L→∞
D2

µTL(X1) = D2
µT∞(X1) a.s.
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Lemma 7. Consider X,X1, . . . , XL i.i.d N (0,Σ), and

Tµ
L (X1) =

∑L
k=1 Xkexp(λ⟨X1, µ⟩⟨Xk, µ⟩)∑L

k=1 exp(λ⟨X1, µ⟩⟨Xk, µ⟩)
, Tµ

∞(X1) = λΣµµ⊤X1,

and we define g : N × R+ × Rd × Rd×d × N → R by

g(L, λ, µ,Σ, P ) = L
− 1

P 2λ2(µ⊤Σµ)2+1 (1 + lnL)
P 2λ2(µ⊤Σµ)2

P 2λ2(µ⊤Σµ)2+1 ,

then we have that
E[∥Tµ

L (X1) − Tµ
∞(X1)∥2] = O(g(L, λ, µ,Σ, 12)) .

Also,
E[∥DµT

µ
L (X1) −DµT

µ
∞(X1)∥2

F ] = O(g(L, λ, µ,Σ, 16)) ,

And
E[∥D2

µT
µ
L (X1) −D2

µT
µ
∞(X1)∥2

F ] = O(g(L, λ, µ,Σ, 20)) .

We note limL→∞ supµ∈B(0,ρ) g(L, λ, µ,Σ, P ) = 0, since the dependency of µ inside the O−term is poly-
nomial, Tµ

L (X1) and DTµ
L (X1) converge in L2 uniformly over compact sets of µ to Tµ

∞(X1) and DTµ
∞(X1),

respectively, as L → ∞.

Proof. Throughout the proof, Cparams > 0 denotes a constant depending only on the indicated parameters.
We condition on X1 = z.

Notation. Define

ηk(z) = exp(λ⟨z, µ⟩⟨Xk, µ⟩), NL(z) = 1
L− 1

L∑
k=2

ηk(z)Xk, SL(z) = 1
L− 1

L∑
k=2

ηk(z),

and
N = E[NL(z)], S = E[SL(z)], Sθ = S + θ(SL − S), Nθ = N + θ(NL −N).

Let
ξ = λ2⟨z, µ⟩2µ⊤Σµ.

General structure. All terms appearing below are finite sums of quantities of the form

Tk = αk E

[∏
i

|Zi,k|pi,k

]
,

where Zi,k belongs to

NL −N, SL − S, DµNL −DµN, DµSL −DµS, S
−1
θ , Nθ, DµNθ, DµSθ.

Using Lemmas 9 and 11,

Tk ≤ Cλ,ΣL
− 1

2

∑
i

pi,k (1 + ∥z∥mk ) exp
(

1
2

(∑
i

pi,k

)2
ξ

)
.

We define
P := max

k

∑
i

pi,k.
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0-th order bound. We write
TL(z) = NL(z)

SL(z) +R1,L(z),

where
R1,L(z) = η1(z)

L

zSL(z) −NL(z)
SL(z)

(
SL(z) + η1(z)

L

) .
Using Lemma 9 with p = 2,

E[∥R1,L(z)∥2] ≤ Cλ,Σ

L2 (1 + ∥z∥2) exp
(

22

2 ξ
)
.

Consider the map
F1 : Rd × R → Rd, F1(x, y) = x

y
.

Its differentials are
DF1(x, y)[h, k] = h

y
− xk

y2 ,

D2F1(x, y)[(h, k), (h, k)] = 2x
y3 k

2 − 2
y2hk.

Applying Taylor’s formula at (N,S), there exists θ ∈ (0, 1) such that

NL

SL
− N

S
= DF1(N,S)[NL −N,SL − S] +R2,L,

where
R2,L = 1

2D
2F1(Nθ, Sθ)[(NL −N,SL − S), (NL −N,SL − S)].

Thus
R2,L = (N + θ(NL −N))(SL − S)2

(S + θ(SL − S))3 − (NL −N)(SL − S)
(S + θ(SL − S))2 ,

and
∥R2,L∥2 ≤ 2∥Nθ∥2(SL − S)4

S6
θ

+ 2∥NL −N∥2(SL − S)2

S4
θ

.

Applying Lemmas 9 and 11, there exists m0 > 0 such that

E[∥R2,L(z)∥2] ≤ Cλ,Σ

L2 (1 + ∥z∥m0) exp
(

122

2 ξ

)
.

Origin of P = 12. The highest order product is

∥Nθ∥2(SL − S)4S−6
θ , ⇒ P = 2 + 4 + 6 = 12.

Moreover,

E

[∥∥∥∥NL −N

S
− N(SL − S)

S2

∥∥∥∥2
]

= Cλ,Σ

L
(1 + ∥z∥m0) exp

(
22

2 ξ
)
.

Thus
E[∥TL − T∞∥2 | X1 = z] ≤ Cλ,Σ

L
(1 + ∥z∥m0) exp

(
122

2 ξ

)
.

Applying Lemma 4,
E[∥TL − T∞∥2] = O

(
g(L, λ, µ,Σ, 12)

)
.
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1-st order bound. We write

DµTL −DµT∞ =
(
DµNL

SL
− DµN

S

)
−
(
NL(DµSL)⊤

S2
L

− N(DµS)⊤

S2

)
+ R̃1,L(z),

where R̃1,L(z) gathers all terms arising from differentiating the contribution of η1(z) in the numerator and
denominator of TL. .

Consider the map
F2 : Rd×d × R → Rd×d, F2(A, y) = A

y
.

Applying Taylor’s formula at (DµN,S) yields an expansion of

DµNL

SL
− DµN

S
.

Similarly, define

F3 : Rd × Rd × R → Rd×d, F3(x, y, w) = xy⊤

w2 ,

and apply Taylor’s formula at (N,DµS, S).
All resulting terms are finite sums of products handled above. Using Lemmas 9 and 11, there exists

m1 > 0 such that

E[∥DµTL −DµT∞∥2 | X1 = z] ≤ Cλ,Σ

L
(1 + ∥z∥m1) exp

(
162

2 ξ

)
.

Origin of P = 16. The highest order term is

∥Nθ∥2∥DµSθ∥2(SL − S)4S−8
θ , ⇒ P = 2 + 2 + 4 + 8 = 16.

Applying Lemma 4,
E[∥DµTL −DµT∞∥2] = O

(
g(L, λ, µ,Σ, 16)

)
.

2-nd order bound. We use the identity

D2
µ

(
NL

SL

)
=
D2

µNL

SL
− 2(DµNL)(DµSL)⊤

S2
L

−
NLD

2
µSL

S2
L

+ 2NL(DµSL)(DµSL)⊤

S3
L

,

and the analogous expression for N/S.
Each difference is expanded using Taylor formulas for maps of the form

(A, y) 7→ A

y
, (x, y, w) 7→ xy⊤

w2 , (x, y, z, w) 7→ xyz⊤

w3 .

Using Lemmas 9 and 11, there exists m2 > 0 such that

E[∥D2
µTL −D2

µT∞∥2 | X1 = z] ≤ Cλ,Σ

L
(1 + ∥z∥m2) exp

(
202

2 ξ

)
.

Origin of P = 20. The highest order term is

∥Nθ∥2∥DµSθ∥2∥DµSθ∥2(SL − S)4S−10
θ , ⇒ P = 2 + 2 + 2 + 4 + 10 = 20.

Applying Lemma 4,
E[∥D2

µTL −D2
µT∞∥2

F ] = O
(
g(L, λ, µ,Σ, 20)

)
.
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Lemma 8. Let f : Rd → Rm1×m2 and X1, . . . , XL be i.i.d. random variables N (0,Σ) , let AL =
1
L

∑L
k=1 f(Xk), then for p ≥ 2, we have

E[∥AL − E[AL]∥p
F ] ≤ CpL

− p
2 E[∥f(X1)∥p

F ],

where Cp is a constant that only depends on p, and ∥ · ∥F is the Frobenius norm on Rm1×m2 .

Proof. Let Yk = f(Xk) − E[f(X1)]. By construction, E[Yk] = 0 and Yk are i.i.d., we have

E[∥AL − E[AL]∥p] = 1
Lp

E

[∥∥∥ L∑
k=1

Yk

∥∥∥p
]
,

Rosenthal’s inequality states that there exists a constant Rp depending only on p such that

E

[∥∥∥ L∑
k=1

Yk

∥∥∥p
]

≤ RpL
p
2 E[∥Y1∥p],

Besides by Jensen’s inequality,
E[∥Y1∥p] ≤ 2pE[∥f(X1)∥p].

We conclude by taking Cp = 2pRp.

Lemma 9. Let λ > 0, z, µ ∈ Rd, θ ∈ [0, 1], X,X1, . . . , XL i.i.d. N (0,Σ),

ηk(z) = exp(λ⟨z, µ⟩⟨Xk, µ⟩),

NL(z) = 1
L− 1

L∑
k=2

ηk(z)Xk,

N = E[NL],

SL(z) = 1
L− 1

L∑
k=2

ηk(z),

S = E[SL],
Sθ = S + θ(SL − S),
Nθ = N + θ(NL −N),

Then for p > 0, there exists Cp,Σ, Cp > 0 (depending only on the constants in the subscripts) such that letting
ξ = λ2⟨z, µ⟩2µ⊤Σµ we have:

E[S−p
θ ] ≤ 2exp

(
p2

2 ξ
)
,

E[∥NL −N∥p] ≤ Cp,ΣL
− p

2 (1 + λp∥µ∥2p∥z∥p)exp
(
p2

2 ξ
)
,

E[|SL − S|p] ≤ CpL
− p

2 exp
(
p2

2 ξ
)
,

E[∥DµNL −DµN∥p] ≤ Cp,ΣL
− p

2 λp∥µ∥p∥z∥p(1 + λ2p∥µ∥4p∥z∥2p)exp
(
p2

2 ξ
)
,

E[∥DµSL −DµS∥p] ≤ Cp,ΣL
− p

2 λp∥µ∥p∥z∥p(1 + λp∥µ∥2p∥z∥p)exp
(
p2

2 ξ
)
.
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Proof. By Jensen’s inequality we have that, for p > 0: S−p
θ ≤ S−p + S−p

L and

S−p
L ≤ 1

L− 1

L∑
k=2

exp(−pλ⟨z, µ⟩⟨Xk, µ⟩),

thus
E[S−p

θ ] ≤ S−p + E[exp(−pλ⟨z, µ⟩⟨X,µ⟩)] ≤ 2exp
(

1
2p

2λ2⟨z, µ⟩2µ⊤Σµ
)
.

Using Lemma 8 with f1(x) = xexp(λ⟨z, µ⟩⟨x, µ⟩) and f2(x) = exp(λ⟨z, µ⟩⟨x, µ⟩) and Lemma 10, we get

E[∥NL −N∥p] ≤ CpL
− p

2 E[∥f1(X)∥p]

≤ Cp,ΣL
− p

2 (1 + ∥µ∥pλp|⟨z, µ⟩|p)exp
(

1
2p

2λ2⟨z, µ⟩2µ⊤Σµ
)

≤ Cp,ΣL
− p

2 (1 + λp∥µ∥2p∥z∥p)exp
(

1
2p

2λ2⟨z, µ⟩2µ⊤Σµ
)
,

and
E[|SL − S|p] ≤ CpL

− p
2 E[∥f2(X)∥p] = CpL

− p
2 exp

(
1
2p

2λ2⟨z, µ⟩2µ⊤Σµ
)
.

Besides, with
f3(x) = λexp(λ⟨z, µ⟩⟨x, µ⟩)x(⟨z, µ⟩x+ ⟨x, µ⟩z)⊤,

and
f4(x) = λexp(λ⟨z, µ⟩⟨x, µ⟩)(⟨z, µ⟩x+ ⟨x, µ⟩z),

we derive the bounds

E[∥DµNL −DµN∥p] ≤ CpL
− p

2 E[∥f3(X)∥p
F ]

≤ CpL
− p

2Cp,Σλ
p∥µ∥p∥z∥p(1 + λ2p⟨z, µ⟩2p∥µ∥2p)exp

(
1
2p

2λ2⟨z, µ⟩2µ⊤Σµ
)

≤ Cp,ΣL
− p

2 λp∥µ∥p∥z∥p(1 + λ2p∥µ∥4p∥z∥2p)exp
(

1
2p

2λ2⟨z, µ⟩2µ⊤Σµ
)
,

and

E[∥DµSL −DµS∥p] ≤ CpL
− p

2 E[∥f4(X)∥p]

≤ CpL
− p

2Cp,Σλ
p∥µ∥p∥z∥p(1 + λp∥µ∥2p∥z∥p)exp

(
1
2p

2λ2⟨z, µ⟩2µ⊤Σµ
)

≤ Cp,ΣL
− p

2 λp∥µ∥p∥z∥p(1 + λp∥µ∥2p∥z∥p)exp
(

1
2p

2λ2⟨z, µ⟩2µ⊤Σµ
)
.

Furthermore, using Lemma 8 with

f5(x) = xexp(λ⟨z, µ⟩⟨x, µ⟩)[λ2(⟨z, h⟩⟨x, µ⟩ + ⟨z, µ⟩⟨x, h⟩)2 + 2λ⟨z, h⟩⟨x, h⟩]⊤,

and
f6(x) = exp(λ⟨z, µ⟩⟨x, µ⟩)[λ2(⟨z, h⟩⟨x, µ⟩ + ⟨z, µ⟩⟨x, h⟩)2 + 2λ⟨z, h⟩⟨x, h⟩],

and Lemma 10, we get

E[∥D2
µNL[h] −D2

µN [h]∥p
F ] ≤ CpL

− p
2 E[∥f5(X1)∥p

F ]

≤ Cp,Σλ
2p∥z∥p∥h∥p(1 + λ2p⟨z, µ⟩2p∥µ∥2p)exp

(
p2

2 λ
2⟨z, µ⟩2µ⊤Σµ

)
.
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and

E[∥D2
µSL[h] −D2

µS[h]∥p] ≤ CpL
− p

2 E[∥f6(X1)∥p]

≤ Cp,Σλ
p∥z∥p∥h∥p(1 + λp⟨z, µ⟩p∥µ∥p)exp

(
p2

2 λ
2⟨z, µ⟩2µ⊤Σµ

)
.

Lemma 10. Consider µ ∈ Rd,Σ ∈ Rd×d symmetric and positive definite, p, q > 0 and X ∼ N (0,Σ), then

E[∥X∥pexp(q⟨X,µ⟩)] ≤ Cp,Σ(1 + qp∥µ∥p)exp
(
q2

2 µ
⊤Σµ

)
.

Proof. We have that

E[∥X∥pexp(q⟨X,µ⟩)] = exp
(
q2

2 µ
⊤Σµ

)
E[∥X + qΣµ∥p].

And we bound
∥X + qΣµ∥p ≤ 2p−1(∥X∥p + ∥Σ∥p

opq
p∥µ∥p).

So there exists Cp,Σ
def= 2p−1 max{E[∥X∥p], ∥Σ∥p

op} > 0 such that

E[∥X + qΣµ∥p] ≤ Cp,Σ(1 + qp∥µ∥p).

And we conclude.

Lemma 11. Let Z1, . . . , Zn be non-negative random variables such that for each i ∈ {1, . . . , n} there exists
Ci,p that grows at most exponentially in p such that,

E[|Zi|p] ≤ Ci,p exp
(
p2

2 ξ
)
,

for some ξ > 0. Let p1, . . . , pn > 0. Then there exists C that grows at most exponentially in (p1, . . . , pn) such
that

E

[
n∏

i=1
|Zi|pi

]
≤ Cexp

1
2

(
n∑

i=1
pi

)2

ξ


Proof. We apply the generalized Hölder’s inequality to get that for every q1, . . . , qn > 0 such that

∑n
i=1

1
qi

= 1,

E

[
n∏

i=1
|Zi|pi

]
≤

n∏
i=1

E[|Zi|piqi ]
1

qi

≤
n∏

i=1

[
Ci,piqi

exp
(
p2

i q
2
i

2 ξ

)] 1
qi

=
(

n∏
i=1

(Ci,piqi
)

1
qi

)
exp

(
1
2

n∑
i=1

(
p2

i qi

)
ξ

)
.

Choosing qi =
∑n

j=1
pj

pi
, which minimizes

∑n
i=1 p

2
i qi given

∑n
i=1

1
qi

= 1, we conclude since C

pi∑n

j=1
pj

i,
∑n

j=1
pj

grows

exponentially in pi and C =
∏n

i=1 C

pi∑n

j=1
pj

i,
∑n

j=1
pj

grows exponentially in (p1, . . . , pn).
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C.4 ICL technical propositions
Lemma 12. Let Σ ∼ Wd(V, n), and let µ ∈ Rd be deterministic. Then:

1. E[tr Σ] = n trV.

2. E[µ⊤Σ2µ] = n(n+ 1)µ⊤V 2µ+ n tr(V )µ⊤V µ.

3. E[(µ⊤Σ2µ)(µ⊤Σ2µ)] = n(n+ 2)[(n+ 3)(µ⊤V µ)(µ⊤V 2µ) + (µ⊤V µ)2 tr(V )].

Proof. We use the standard Gaussian representation of the Wishart distribution:

Σ =
n∑

r=1
xrx

⊤
r , xr

iid∼ N (0, V ).

1. Since tr(xrx
⊤
r ) = ∥xr∥2 and E[∥xr∥2] = trV , linearity of expectation gives

E[tr Σ] =
n∑

r=1
E[∥xr∥2] = n trV.

2. Write

µ⊤Σ2µ =
n∑

i,j=1
(µ⊤αi)(α⊤

i xj)(µ⊤xj).

Splitting the sum into the cases i = j and i ̸= j:
(i) Diagonal terms. For i = j,

E
[
(µ⊤x)2(x⊤x)

]
= µ⊤V µ trV + 2µ⊤V 2µ,

by Isserlis’ formula.
(ii) Off-diagonal terms. For i ̸= j, independence yields

E[(µ⊤αi)(α⊤
i xj)(µ⊤xj)] = µ⊤V 2µ.

Counting terms,
E[µ⊤Σ2µ] = n

(
µ⊤V µ trV + 2µ⊤V 2µ

)
+ n(n− 1)µ⊤V 2µ,

which simplifies to
E[µ⊤Σ2µ] = n(n+ 1)µ⊤V 2µ+ n trV µ⊤V µ.

3. Let sr = µ⊤xr. Then
µ⊤Σµ =

∑
k

s2
k, µ⊤Σ2µ =

∑
i,j

si(α⊤
i xj)sj .

Hence
E[(µ⊤Σµ)(µ⊤Σ2µ)] =

∑
i,j,k

E
[
s2

ksi(α⊤
i xj)sj

]
.

The expectation depends on coincidences among the indices (i, j, k). Using Isserlis’ theorem and
independence, one obtains:

- i, j, k all distinct: contribution (µ⊤V µ)(µ⊤V 2µ).
- i = j ̸= k: contribution (µ⊤V µ)

(
µ⊤V µ trV + 2µ⊤V 2µ

)
.

- i = k ̸= j or a = j ̸= i: contribution 3(µ⊤V µ)(µ⊤V 2µ).
- i = j = k: contribution 4(µ⊤V µ)(µ⊤V 2µ) + (µ⊤V µ)2 trV .
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Summing all contributions with their combinatorial counts yields

E[(µ⊤Σµ)(µ⊤Σ2µ)] = n(n+ 2)
[
(n+ 3)(µ⊤V µ)(µ⊤V 2µ) + (µ⊤V µ)2 trV

]
.

This concludes the proof.

Lemma 13. Let Σ ∼ Wd(V, n), then RICL
∞ (µ) = EΣ∼Wd(V,n)[R

(Σ)
soft,∞(µ)], and

RICL
∞ (µ) = n tr(V ) − 2λn[(n+ 1)µ⊤V 2µ+ tr(V )µ⊤V µ]

+ λ2n(n+ 2)[(n+ 3)(µ⊤V µ)(µ⊤V 2µ) + (µ⊤V µ)2 tr(V )].

In particular, if V = ξ2Id + θvvt for ∥v∥ = 1, ξ > 0, θ > 0, and we let α = ⟨µ, v⟩ and r = ∥µ∥, we have that
there exists R̃ICL : R+ × R+ → R such that

RICL
∞ (µ) = R̃ICL(r2, α2),

where

R̃ICL(r2, α2) = n
(
dξ2 + θ

)
− 2λn

[
(n+ 1)

(
ξ4r2 + (2ξ2θ + θ2)α2

)
+
(
dξ2 + θ

)(
ξ2r2 + θα2

)]
+ λ2n(n+ 2)

{
(n+ 3)

(
ξ2r2 + θα2

)(
ξ4r2 + (2ξ2θ + θ2)α2

)
+
(
dξ2 + θ

)(
ξ2r2 + θα2

)2
}
.

Furthermore, for this particular V , the gradient satisfies

∇RICL
∞ (µ) = 2

(
A(r, α)µ+B(r, α)αv

)
,

where
A(r, α) = a1r

2 + a2α
2 − a3, B(r, α) = b1r

2 + b2α
2 − b3,

for constants ai, bi > 0 defined as

a1 = 2λ2n(n+ 2)ξ4[(n+ d+ 3)ξ2 + θ],
a2 = λ2n(n+ 2)ξ2θ[(3n+ 2d+ 9)ξ2 + (n+ 5)θ],
a3 = 2λnξ2[(n+ d+ 1)ξ2 + θ],
b1 = a2,

b2 = 2λ2n(n+ 2)θ2[(2n+ d+ 6)ξ2 + (n+ 4)θ],
b3 = 2λnθ[(2n+ d+ 2)ξ2 + (n+ 2)θ].

(18)

Proof. The expression of RICL
∞ (µ) follows directly from (4) together with Lemma 12.

In the case where V = ξ2Id + θvv⊤, expanding the quadratic forms µ⊤V µ and µ⊤V 2µ in terms of
r2 = ∥µ∥2 and α = ⟨µ, v⟩ yields the representation

RICL
∞ (µ) = R̃ICL(r2, α2).

Differentiating this expression with respect to µ, using ∇r2 = 2µ and ∇α2 = 2αv, gives the stated gradient
form

∇RICL
∞ (µ) = 2

(
A(r, α)µ+B(r, α)αv

)
,

where A = ∇r2R̃ICL and B = ∇α2R̃ICL are polynomials in (r2, α2) whose coefficients are obtained by explicit
identification. The expressions of ai, bi follow from direct computation.
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Lemma 14. Let ξ2, θ, λ > 0 and n ≥ d ≥ 1, and ai, bi defined as in (18), then a1b3 > a2a3 and (a1 +a2)b3 >
(a2 + b2)a3.

Proof. Developing the terms, we have that

a1b3 − a2a3 = 2λ3n2[c1θξ
8 + c2θ

2ξ6 + c3θ
3ξ4],

(a1 + a2)b3 − (a2 + b2)a3 = 2λ3n2(n+ 2)[c4θξ
8 + c5θ

2ξ6 + c6θ
3ξ4 + c7θ

4ξ2],

with

c1 = (n+ 2)(d(n− 1) + n2 + 4n+ 3),
c2 = (n+ 2)(d(n− 1) + n2 + 5n+ 2),
c3 = (n− 1)(n+ 2),
c4 = d(n− 1) + n2 + 4n+ 3,
c5 = (2d(n− 1) + 3n2 + 13 + 8),
c6 = d(n− 1) + 3n2 + 14n+ 7,
c7 = n2 + 5n+ 2.

Since n ≥ d ≥ 1, we have that every constant c1, . . . , c7 is positive, concluding the lemma.

Proposition 18 (Families of stationary points). Under the notation of Lemma 13 and the parametrization
µ = αv + w with w ⊥ v and r = ∥µ∥, all stationary points of RICL

∞ belong to one of the following families:

1. Trivial: µ = 0.

2. Orthogonal: α = 0, w ̸= 0, with A(r, 0) = 0.

3. Aligned: w = 0, α ̸= 0, so that µ = αv, with

A(r, α) +B(r, α) = 0.

4. Off-axis: α ̸= 0, w ̸= 0, with
A(r, α) = 0 and B(r, α) = 0.

Proof. A stationary point satisfies
A(r, α)µ+B(r, α)αv = 0.

Writing µ = αv + w with w ⊥ v and projecting onto span(v) and its orthogonal complement yields

A(r, α)w = 0, α
(
A(r, α) +B(r, α)

)
= 0.

The conclusion follows by considering whether α = 0 or not and whether w = 0 or not.

Proposition 19 (Characterization of families). The function RICL
∞ : Rd → R satisfies:

1. µ = 0 is a local maximum: the Hessian has only negative eigenvalues along all nonzero directions.

2. Any admissible orthogonal point is a strict saddle: the Hessian has exactly one negative eigenvalue along
v, one positive eigenvalue along the vector’s own direction and d− 2 zero eigenvalues.

3. Any admissible aligned point is a strict local minimum. Moreover, the only admissible aligned points are
µ⋆ = ±α⋆v, for α⋆ > 0 defined in (22).

4. There are no admissible off-axis solutions.

Since RICL
∞ is coercive, these two points are the global minimizers of the function. Finally, for almost

every initialization µ0 ∈ Rd, the gradient flow of RICL
∞ converges to one of the two global minimizers ±α⋆v.
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Proof. We recall by Lemma 13 that ∇RICL
∞ (µ) = 2(A(r, α)µ+B(r, α)αv), where

A(r, α) = a1r
2 + a2α

2 − a3, B(r, α) = b1r
2 + b2α

2 − b3,

for ai, bi, i = {1, 2, 3} defined as

a1 = 2λ2n(n+ 2)ξ4[(n+ d+ 3)ξ2 + θ],
a2 = λ2n(n+ 2)ξ2θ[(3n+ 2d+ 9)ξ2 + (n+ 5)θ],
a3 = 2λnξ2[(n+ d+ 1)ξ2 + θ],
b1 = a2,

b2 = 2λ2n(n+ 2)θ2[(2n+ d+ 6)ξ2 + (n+ 4)θ],
b3 = 2λnθ[(2n+ d+ 2)ξ2 + (n+ 2)θ].

(19)

By Lemma 14, we have that

a1b3 > a2a3, (20)
(a1 + a2)b3 > (a2 + b2)a3, (21)

holds for any λ, ξ2, θ > 0 and n ≥ d ≥ 1.

Differentiating the gradient we obtain the following Hessian:

∇2RICL
∞ (µ) = 2AId + 2Bvv⊤ + 4(∂r2A)µµ⊤ + 4α2(∂α2B)vv⊤ + 4α(∂α2A)(µv⊤ + vµ⊤).

= 2AId + 2Bvv⊤ + 4a1µµ
⊤ + 4α2b2vv

⊤ + 4αa2(µv⊤ + vµ⊤).

We check that:

- Origin: We have that ∇2RICL
∞ (0) = 2A(0, 0)Id + 2B(0, 0)vv⊤ = −2a3 − 2b3vv

⊤, since a3, b3 > 0, all
eigenvalues are strictly negative.

- Orthogonal: Here r2 = a3
a1

and the Hessian simplifies to ∇2RICL
∞ (µ) = 4a1µµ

⊤+2B(r, 0)vv⊤. In direction
µ the associated eigenvalue is 4a1r

2 > 0 and in direction v, is 2B(r, 0) = 2(b1
a3
a1

− b3) = 2(a2
a3
a1

− b3),
which is negative due to (20). In any other direction w ∈ {µ, v}⊥, we will have null eigenvalues, in
particular dim({µ, v}⊥) = d− 2.

- Aligned: Here µ = αv, so r2 = α2 = a3+b3
a1+a2+b1+b2

= a3+b3
a1+2a2+b2

, if

α⋆ =
√

a3 + b3

a1 + 2a2 + b2
, (22)

then µ = ±α⋆v and the Hessian becomes ∇2RICL
∞ (µ) = 2A(I − vv⊤) + 4(a3 + b3)vv⊤, in direction v the

associated eigenvalue is 4(a3 + b3) > 0. In perpendicular directions to v, the associated eigenvalue is

2A(r, α) = 2[(a1 + a2) a3 + b3

a1 + 2a2 + b2
− a3],

which is positive due to (21).

- Off-axis: This solution exists only if a1r
2 + a2α

2 − a3 = 0 and a2r
2 + b2α

2 − b3 = 0, and r2 > α2 > 0,
we solve the system of equations (

a1 a2
a2 b2

)(
r2

α2

)
=
(
a3
b3

)
.

Let ∆ = a1b2 − a2
2, if:

- ∆ = 0, the matrix is singular and due to (20), we have that the system has no solution.
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- ∆ < 0, the solution α2 = a1b3−a2a3
∆ is negative due to (20), and we have a contradiction with the

fact that α2 ≥ 0.
- ∆ > 0, solving the system yields r2 − α2 = (a2+b2)a3−(a1+a2)b3

∆ , and by (21), then r2 − α2 < 0,
which is a contradiction.

Thus, under our two conditions (20)-(21), no off-axis solution exists.

Proposition 20. Let Σ ∼ Wd(V, n) with V = ξ2Id + θvvt and ∥v∥=1. Then, for L large enough, we can
characterize the landscape of critical points of RICL

L within a compact region. More precisely, for sufficiently
large ρ > 0, there exists L0 ∈ N, such that for L ≥ L0, the set of critical points of RICL

L that lies in B(0, ρ) is
contained in the union of the following sets:

crit(RICL
L ) ∩B(0, ρ) ⊆ {µ⋆

L,0} ∪ {±µ⋆
L,∥} ∪ {Uj : j = 1, . . . , 2(d− 1)},

where:

1. The point µ⋆
L,0 satisfies µ⋆

L,0 → 0 as L → ∞. This point is a strict local maximum.

2. The points ±µ⋆
L,∥ satisfy ±µ⋆

L,∥ → ±α⋆v as L → ∞, with α⋆ according to (22). These points are local
minimizers.

3. For each orthogonal critical point µ(j)
⊥ , j = 1, . . . , 2(d− 1) of RICL

∞ , there exists a neighborhood Uj such
that every critical point of RICL

L in Uj is a strict saddle.

Proof. The first two items 1 and 2 follow directly from Proposition 5. It remains to prove 3. Let

crit(RICL
∞ ) = {0,±α⋆v, µ

(1)
⊥ , . . . , µ

(2(d−1))
⊥ },

where µ
(j)
⊥ denote the orthogonal critical points of the limiting objective. The points 0 and ±α⋆v are

nondegenerate, while each µ
(j)
⊥ is degenerate as it has (d− 2) null eigenvalues. Choose r0, r∥ > 0 such that

the balls
B(0, r0), B(±α⋆v, r∥)

contain no other critical point of RICL
∞ . By Proposition 5, for L sufficiently large there exist unique critical

points
µ⋆

L,0 ∈ B(0, r0), µ⋆
L,∥ ∈ B(α⋆v, r∥), −µ⋆

L,∥ ∈ B(−α⋆v, r∥).

Next, for each orthogonal critical point µ(j)
⊥ , choose rj > 0 such that B(µ(j)

⊥ , rj) contains no other critical
point of RICL

∞ . Let ρ > 0 big enough such that

K := B(0, r0) ∪B(α⋆v, r∥) ∪B(−α⋆v, r∥) ∪
2(d−1)⋃

j=1
B(µ(j)

⊥ , rj) ⊂ B(0, ρ).

Since ∇RICL
∞ is continuous and has no zero on Kc, for every ρ > 0 there exists

ηρ := inf
x∈Kc∩B(0,ρ)

∥∇RICL
∞ (x)∥ > 0.

Because RICL
L → RICL

∞ in C1
loc, we have

sup
x∈B(0,ρ)

∥∇RICL
L (x) − ∇RICL

∞ (x)∥ → 0.

Therefore RICL
L has no critical point in Kc ∩B(0, ρ), and then crit(RICL

L ) ∩B(0, ρ) ⊆ K.
Finally, fix one orthogonal critical point µ(j)

⊥ and consider the ball B(µ(j)
⊥ , rj). By Proposition 19, the

Hessian ∇2RICL
∞ (µ(j)

⊥ ) has one positive eigenvalue λ+ > 0 and one negative eigenvalue λ− < 0. Let

γ := min{λ+,−λ−} > 0.

42



Since ∇2RICL
∞ is continuous, there exists rj > 0 (possibly smaller than before) such that for every

µ ∈ B(µ(j)
⊥ , rj) the matrix ∇2RICL

∞ (µ) has an eigenvalue at least γ/2 and another at most −γ/2.
Because RICL

L → RICL
∞ in C2

loc, we have

sup
µ∈B(µ

(j)
⊥ ,rj)

∥∥∇2RICL
L (µ) − ∇2RICL

∞ (µ)
∥∥ → 0.

Hence for L sufficiently large and every µ ∈ B(µ(j)
⊥ , rj),∥∥∇2RICL

L (µ) − ∇2RICL
∞ (µ)

∥∥ ≤ γ

4 .

By continuity of the eigenvalues (Weyl’s inequality), the Hessian ∇2RICL
L (µ) has one eigenvalue at least

γ/4 and another at most −γ/4 for all µ ∈ B(µ(j)
⊥ , rj).

Let µL be a critical point of RICL
L in B(µ(j)

⊥ , rj). Then ∇RICL
L (µL) = 0, and the Hessian at this point has

both a positive and a negative eigenvalue. Therefore µL is a strict saddle.

D Numerical experiments
In this section, we present numerical experiments that illustrate and empirically validate the theoretical
results developed throughout the paper. In particular, we study the convergence behavior of the different
models toward the principal eigenvector of the underlying covariance structure, as well as the effect of key
parameters such as the prompt length and the ambient dimension.

D.1 Experimental Setup
We consider a covariance matrix of the form

Σ = AA⊤ + 0.1Id,

where A ∈ Rd×d has i.i.d. standard Gaussian entries. The target direction is given by the principal eigenvector
u1 associated with the largest eigenvalue of Σ.

All experiments are conducted using stochastic gradient descent (SGD) with constant step size. More
precisely, let R(µ) denote the objective function of interest (either the empirical risk or the population risk,
depending on the setting). The iterates {µk}k≥0 are defined by

µk+1 = µk − γ gk,

where γ > 0 is a constant learning rate and gk is a stochastic gradient estimator of ∇R(µk).
In the finite-prompt setting, gk is computed from a random batch of samples. For instance, in the softmax

model, we draw X
(k)
1 , . . . , X

(k)
L ∼ N (0,Σ) and define

gk = ∇µR̂L(µk;X(k)
1 , . . . , X

(k)
L ),

where R̂L is the empirical risk associated with the sampled prompt. More precisely, at each iteration we draw
a batch of size B, consisting of independent prompts (X(k)

b,1 , . . . , X
(k)
b,L)B

b=1 with X
(k)
b,j ∼ N (0,Σ), and define

R̂L(µ) = 1
B

B∑
b=1

∥∥∥X(k)
b,1 − Tµ

L (X(k)
b,1 , . . . , X

(k)
b,L)

∥∥∥2
,

so that
gk = ∇µR̂L(µk).

In the infinite-prompt setting, we treat Σ as known (or equivalently V = ξ2Id + vv⊤ in the spiked Wishart
model), and we perform deterministic gradient descent, i.e., the gradient is computed directly from the
population objective:

gk = ∇R(µk).
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The initialization µ0 is sampled uniformly from Sd−1. Unless otherwise specified, we use the following
parameters:

- Learning rate: γ = 10−4,

- Batch size: B = 256,

- Number of independent runs: 10.

At each iteration k, we assess performance via the alignment between the normalized iterate and the
target direction. In the standard setting, this is given by∣∣∣∣〈 µk

∥µk∥
, u1

〉∣∣∣∣ ,
where u1 denotes the principal eigenvector of Σ.

In the spiked Wishart setting, where Σ ∼ Wd(ξ2Id + vv⊤), we instead measure alignment with the spike
direction: ∣∣∣∣〈 µk

∥µk∥
, v

〉∣∣∣∣ .
Remark 3. Gradient computations in the numerical experiments were carried out using JAX (Bradbury et al.,
2018).

D.2 Softmax Attention: Finite and Infinite Prompt
We first study the softmax attention model in both finite and infinite prompt regimes.

In the finite prompt setting, at each iteration we sample X1, . . . , XL ∼ N (0,Σ) and perform stochastic
gradient updates using the empirical risk of (2). In the infinite prompt setting, we instead optimize on the
closed from of the population risk (4), which corresponds to the limit as L → ∞.

Figure 3a shows the convergence behavior in the finite prompt case, with L = 100. Figure 3b shows the
corresponding infinite prompt dynamics. Both figures superposed are shown in Figure 1.

We observe that in both regimes the iterates converge toward the principal eigenvector. Moreover,
the infinite prompt setting exhibits smoother and more stable convergence, as it removes sampling noise.
These observations are consistent with the theoretical analysis and illustrate how the finite prompt model
approximates the infinite prompt limit.
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(a) SGD on finite prompt risk, L = 100.
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(b) GD on infinite prompt risk.

Figure 3: Softmax attention: finite vs. infinite prompt regimes.
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D.3 Linear Attention
We next consider the linear attention model introduced in Section A. This model replaces the softmax
weighting with a linear aggregation rule, leading to a simpler objective.

As illustrated in Figure 4, we consider the setting d = 5, L = 6, and λ = 0.01. In Figure 4a, we run SGD
on the empirical risk associated with (11), while in Figure 4b, we perform gradient descent on its analytic
counterpart (12).

In both cases, the iterates converge toward the principal eigenvector of Σ. This demonstrates that the
recovery of the leading principal component is not specific to the softmax mechanism, but rather reflects a
more general phenomenon driven by the structure of the aggregation underlying attention.
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(a) SGD on empirical risk of linear attention.
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(b) GD on analytic risk of linear attention.

Figure 4: Convergence of linear attention toward the principal eigenvector under empirical and analytic risks.

D.4 Scaling with Prompt Length
We now investigate the role of the prompt length L in both the softmax and linear attention settings. In
both cases, we consider prompt lengths L ranging from 3 to 50 using 20 evenly spaced values. We fix the
dimension to d = 5, and run the optimization for T = 5000 iterations. For each value of L, we perform 10
independent runs and measure the final alignment.

The only difference between the two settings lies in the choice of the parameter λ: we use λ = 0.1 for the
softmax model and λ = 0.001 for the linear attention model.

As shown in Figure 5, performance improves with L in both settings, illustrating the transition from
the finite-prompt regime to the population regime. In particular, the alignment increases and stabilizes as
L grows, providing empirical evidence that the finite-prompt model converges toward its infinite-prompt
counterpart. Moreover, the consistency between the softmax and linear cases suggests that this behavior is
not specific to the softmax mechanism, but rather reflects a more general phenomenon tied to the structure
of the aggregation.

D.5 Scaling with Dimension
We also study the effect of the ambient dimension d across both the softmax and linear attention models.
For dimensions d ranging from 3 to 100 in increments of 5, we generate a new covariance matrix Σ for each
dimension and evaluate the final alignment after T = 5000 iterations, averaging over 10 independent runs in
each case.

In all experiments, we scale the hyperparameters with the dimension. In the softmax model, we set the
learning rate γ = 0.5/d2 and λ = 0.1/d, while in the linear attention model we use γ = 1/d2 and λ = 0.01/d.
We also fix the context length to L = d in the linear case.

For the softmax model, we analyze the infinite-prompt regime, which admits an explicit closed-form
expression depending on Σ (see (4)). For the linear attention model, we consider its finite-prompt formulation,
which also admits an explicit closed-form expression (for fixed L) depending on Σ (see (12)).
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Figure 5: Final alignment as a function of the prompt length L for both softmax and linear attention models.

Figure 6 reports the resulting performance as a function of d. In both models, we observe that increasing
the dimension makes recovery more challenging, reflecting the growing difficulty of estimating the principal
component in higher-dimensional spaces. Despite this degradation, both methods consistently retain a strong
alignment with the leading eigenvector, highlighting the robustness of the underlying mechanism.
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(a) Softmax attention
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Figure 6: Final alignment as a function of the dimension d.

D.6 In-Context Learning: Finite and Infinite Prompt
Finally, we consider the in-context learning (ICL) setting, where the covariance matrix is itself random and
follows a spiked Wishart distribution:

Σ ∼ Wd

(
ξ2Id + θvv⊤, n

)
,

with d = 5, ξ = 1, θ = 2, and n = 10.
In the finite-prompt regime, we approximate the risk (8) using Monte Carlo sampling with 100 samples of

Σ and 100 samples of data per covariance matrix. In the infinite-prompt regime, we optimize the population
risk directly using Lemma 13.

Figures 7a and 7b show convergence toward the spike direction v. Both figures superposed are shown in
Figure 2.

D.7 In-context learning: Scaling with Prompt Length
We now study the effect of the prompt length L in the in-context learning (ICL) setting. We consider values
of L ranging from 3 to 100 in increments of 5. For each value of L, we perform 10 independent runs and
report the final alignment after T = 3000 iterations.
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(a) SGD on finite prompt ICL risk, L = 100
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(b) GD on infinite prompt ICL risk

Figure 7: In-context learning: finite vs. infinite prompt regimes.

In the finite-prompt regime, for each iteration we sample covariance matrices from the spiked Wishart
distribution and generate data accordingly, while in the infinite-prompt regime we directly optimize the
corresponding population risk.

Figure 8a shows the final alignment as a function of L. We observe that, similarly to the standard softmax
setting, performance improves as the prompt length increases. This reflects the fact that larger prompts
provide a better approximation of the population objective, reducing the variability induced by sampling
both the data and the covariance matrices.

These results further support the theoretical prediction that the finite-prompt ICL model converges toward
its infinite-prompt counterpart as L grows.

D.8 Scaling with Dimension
In this experiment, we investigate how the ambient dimension d affects the performance of the infinite-prompt
in-context learning (ICL) model. We consider dimensions d ranging from 3 to 100 in increments of 5. For
each value of d, we fix n = d, sample a covariance matrix Σ, and evaluate the alignment of the learned
direction with the spike direction v after T = 2000 iterations, where the hyperparameters are scaled with the
dimension, with learning rate γ = 0.5/d2 and λ = 0.1/d.

Figure 8b reports the resulting alignment as a function of d. As the dimension increases, we observe a
gradual degradation in performance, reflecting the increased difficulty of extracting the principal component
in higher-dimensional settings. Nevertheless, the model maintains a significant alignment with the leading
eigenvector across all dimensions, illustrating the robustness of the ICL mechanism in the infinite-prompt
limit.
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(a) Final alignment as a function of the prompt length L.
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Figure 8: ICL performance as a function of prompt length and dimension.
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D.9 Discussion on the numerical experiments
Overall, the numerical experiments strongly support our theoretical findings. Across all models, we observe
consistent recovery of the principal component or spike direction. The experiments highlight the role of
finite-prompt effects and illustrate the convergence of finite models toward their corresponding population
limits. In this section, we present numerical experiments that illustrate and empirically validate the theoretical
results developed throughout the paper. In particular, we study the convergence behavior of the different
models toward the principal eigenvector of the underlying covariance structure, as well as the effect of key
parameters such as the prompt length and the ambient dimension. The experiments run in a few minutes on
a standard laptop, except for Figure 8a, which may take up to an hour due to Monte Carlo sampling of the
annealed expectations.

48


	Introduction
	Training dynamics of a softmax attention layer
	Rank-one softmax attention: model and risk functions
	Optimization analysis for infinite prompts
	Analysis transfer to the finite-prompt case
	Connection of attention to Oja's flow

	Distributional properties of the attention-based encoding
	Toward spiked covariance models
	Linear attention layer
	Risk
	Optimization landscape analysis

	Proofs
	Proof of Lemma 1
	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Proposition 3
	Proof of Proposition 4
	Proof of Proposition 5
	Proof of Proposition 6
	Proof of Proposition 7
	Proof of Proposition 8
	Proof of Proposition 9
	Proof of Proposition 10
	Proof of Proposition 11
	Proof of Proposition 12
	Proof of Proposition 13

	Technical results
	Gaussian computations
	Optimization preliminaries
	Almost sure and L2 convergence of encodings
	ICL technical propositions

	Numerical experiments
	Experimental Setup
	Softmax Attention: Finite and Infinite Prompt
	Linear Attention
	Scaling with Prompt Length
	Scaling with Dimension
	In-Context Learning: Finite and Infinite Prompt
	In-context learning: Scaling with Prompt Length
	Scaling with Dimension
	Discussion on the numerical experiments


