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Chapter 1

Interpolation in parametric learning
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This chapter heavily relies on the articles Hastie et al. (2019), Bartlett et al. (2021) and the lec-
ture notes of our spiritual father Francis Bach (from which I have shamelessly extracted parts). The
reader may also find interesting developments in the lecture of Matus Telgarsky https://mjt.cs.
illinois.edu/dlt/.

The performance of deep learning is remarkable and surprising, especially since it seems to con-
tradict the statistical theory that has guarded against overfitting for decades: while being complex
models, NN seem to still provide excellent predictive accuracy.

The training of NN is usually performed via stochastic gradient strategies (SGD). The conjecture
is therefore that overparametrization allows gradient methods to find “good" interpolating solutions:
the overfitting would be then “benign" as not harmful for the optimization of NN nor for the general-
ization abilities of the found solution.

1.1 Implicit bias of (S)GD in interpolation regimes

Statistical wisdom suggests that a method that takes advantage of too many degrees of freedom by
perfectly interpolating noisy training data will be poor at predicting new outcomes. In deep learning,
training algorithms appear to induce a bias that breaks the equivalence among all the models that
interpolate the observed data.


https://mjt.cs.illinois.edu/dlt/
https://mjt.cs.illinois.edu/dlt/
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1.1.1 Preliminary on optimization

The goal of an optimization problem is generally to minimize a function F over some parameter space
©. If the global minimizer 6* is unique, even if the initial goal is to minimize F, one should expect that
that the ¢-th iterate 6, given by some optimization algorithm converges to that 6*. When there are
multiple minimizers (preventing the function to minimize to be strongly convex), one can only expect
that F(0;) — infgep F(0) is converging to zero (and only if a minimizer exists). Note that when F is a
convex function, the set of minimizers is a convex set.

With some extra assumptions, one can show that the algorithm is converging to one of the multiple
minimizers of F. But which one? This is what is referred to as the implicit regularization properties of
optimization algorithms, and here gradient descent and its variants.

Imagine now that, for a learning purpose, F stands for an empirical loss associated to n observa-
tions with ® c R and p much larger than n. No regularization being used, there are multiple minimiz-
ers achieving a zero training error (usually referred as the overfitting regime). Therefore, an arbitrary
empirical risk minimizer is not expected to work well on unseen data. To reduce the complexity of the
model (embodied by p here), a classical way to prevent overfitting is to use explicit regularization (e.g.
¢%-norms - Ridge/Tikhonov penalties- or #!-norms -Lasso penalties).

In this section, we show that optimization algorithms have a similar regularizing effect, without
appealing to explicit penalties. In a nutshell, gradient descent usually leads to particular solutions of
minimum ¢2-norm, meaning that the chosen empirical risk minimizer is not arbitrary.

1.1.2 Quadratic loss and linear models

Setting. To better understand this phenomenon, we restrict ourselves in a first time to the case of
linear models. Choosing a quadratic loss for the empirical risk minimization boils down in building a
least-square estimator:

L Sy xTer= [y xo|?
FO =52 =X 0% =50 |y-x0]; D

where XX = (X1|X3[...|X,) | € R"P with n < p. The (kernel) matrix XX is assumed to be invertible.
Therefore there is an infinity of minimizers of F corresponding to the solutions of the system y = X0:
the set of minimizers is actually an affine space (given a solution 6y to y = X8, 6y + null(X) is also
solution).

Running GD. Let’s do the thought experiment that you are not able to write a particular solution of
¥ = X0, one can use a gradient descent strategy instead to minimize F. F being convex, the GD is going
to converge to a global minimizer (and we know there exists since there is an infinity of solutions).

The gradient algorithm (GD) used to minimize F can be written as follows: for some initial param-
eter 69, the iterates of GD are

041 — 0, —nVF(0,).

When the function F is assumed to be L-smooth (meaning that its gradient is assumed to be L-
Lipschitz), the gradient algorithm is a descent method provided that the step 7 is chosen such that
n<1/L.

Therefore applying GD with 6y = 0 (zero initialization) and 1 < 1/ Amax (X" X/7) and considering a
solution 6 of y = X0 leads to

0,-0= (1—%xTx)t(Ho—6) = (1- %xTx)te
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and

0,= —%xTx)t

-1

0 (1.2)

Note that it is not entirely obvious that the formula above is independent of the choice of 6 (but it is).

Proposition 1.1

The solution of y = X0 with the minimal #?-norm is
XTy = Vdiag(s HuTy
where
o Xtisthe pseudo-inverse of X, and
e X = Udiag(s) VT is the SVD decomposition of X, so that

- UeR™"and V e RP*P are orthonormal (UTU = I, and VIV = 1),

- diag(s) e R"*P A with the singular values (s;)1<;j<n of X.
NB: diag(s™!) € RP*"

Proof. Leftin exercise. O

Proposition 1.2

Considering the gradient descent initialized at 0 (1.2), one gets

t
| vdiag(s HU" y,. (1.3)

min; s?

2
isl'

|6 - Vdiag(s HU" y|, < (1 -

Proof. Choosing 8 = Vdiag(s")U”y in (1.2) leads to
ns?\’
0, = Vdiag((l - (1— 7’) )sl-_l) U'y. (1.4)

Since each s; >0 for i =1,...,n (X is assumed of full rank) and i < 1/ Amax(XTX/ 1) = n/ max; s?, one
gets
ns?\’ nmin; s2 )
05(1—(1——’) )si_lSsi_l(l—(l——l) )
n n

. ¢
nmin; s?

This shows that

|6 - Vdiag(s™HUy|, < (1 - |vdiag(s™HU"y],. (1.5)

Fixing 7 to be the largest step size allowed, i.e. n = n/ max; s? gives the result. O
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5 2

min; s; . o .

max" — can be seen as the inverse of the conditioning number of X.
L

Note that

In the case of overparameterized linear regression, the gradient descent (with constant
step size, initialized at 0) linearly converges towards the solution of y = X of minimal ¢2-
norm.

= Question: how important is the initialization at zero?

# Exercise: http://fa.bianp.net/blog/2022/implicit-bias-regression/

Consider the optimization problem where the objective function is a generalized linear model with
a data matrix X = (Xj]...|X,;) T € R”*” and a target vector y € R":

n
min f(6) = izzlz(xj 0,yi) (1.6)
where ¢(z, y) is a differentiable real-valued function verifying the "unique finite root condition", which
is that it has a unique minimizer at z = y. These losses are usually used for regression and includes the
quadratic loss or Huber functions. Assume that p > n and that X is of full-rank.

Problems of this form verify two key properties that make it easy to characterize the bias of gradient-
based methods. By gradient-based methods I mean any method in which the updates are given by a
linear combination of current and past gradients. This includes gradient descent, gradient descent
with momentum, stochastic gradient descent (SGD), SGD with momentum, Nesterov’s accelerated
gradient method. It does not include however quasi-Newton methods or diagonally preconditioned
methods such as Adagrad or Adam.

1. Show that iterates remain in the span of X. The gradient of the i-th sample f(Xl.TF), vi) has the
same direction as its data sample X;:

Vo [0(X]0,y1)] = X X 0,y)
—_—

vector scalar

This implies that any gradient-based method generates updates that stay in the span of the
vectors {X1,..., X,;}.

It’s no surprise then that the vector space generated by the samples Xj,..., X, plays a crucial
role here. For convenience we'll denote this subspace by

% :=span(Xy,..., X,) =Im(X")
and its orthogonal complement 2.

2. What can you say about minimizers of f? Minimizers solve the linear system X6 = y. By the
unique root condition of ¢, the global minimizer is achieved when XZ.TH = y; for all i. In other
words, the global minimizers are the solutions to the linear system X6 = y, a set that is non-
empty by the under-specification assumption.

3. Starting from 6y, characterize the limit iterate of a gradient-based method. The main argument
here is to show that the limit iterate belongs to the intersection of two affine spaces and then
compute their intersection.

By Property 2, the limit iterate must solve the linear system X0 = y. A classical linear algebra
result states that all solutions of this problem are of the form 6 + ¢, with 8 any solution of X0 = y
and ce Z'T =Ker(X). Let’s take 6 = X'y so that

0o =X'y+c, forsomece 27


http://fa.bianp.net/blog/2022/implicit-bias-regression/

CHAPTER 1. INTERPOLATION IN PARAMETRIC LEARNING 6

Let P denote the orthogonal projection onto & . Then we can decompose the initialization as
0o = POy + (I — P)0y. By the first property all updates are in &, so the limit iterate can be written
as

O =U—-P)Oy+x for some x € &X'.

Combining the previous two equations, we have that ¢ = (I — P)fy and x = X' y. Hence we have
arrived at the characterization

Oso = X'y + (I - P)0,. (1.7)

4. Show that the limit iterate is actually the projection of 8, on the set of solutions of X0 = y. Let
0* denote the solution to

0™ = argmin [|0 — g |l» such that X0 = y.
feRd

0* is unique by strong convexity. We want to show that 6, = 6,. For any solution 8 of X6 = y,
one has 0 -0, € Z+ and

10 —=00ll2 =110 = O + O — Opll2
=110 - 000 + X'y = POyl

= /10— 00l3 + IXTy — POy 2

where the last identity follows by orthogonality. Since 6* minimizes the distance [0 —0g|l> on
the set of solutions of X6 = y, we must have 6* — 0,,=0, and so 0* = 0,,. We have actually
shown the following result.

Theorem 1.1. Gradient-based methods started from 0y converge to the solution with smallest
distance to 0y. More precisely, assume that the iterates of a gradient-based method converge to a
solution of (1.6), and let 0, :=lim;_ o, 0; denote this limit. Then 6, solves

000 = argmin ||6 — 6|, such that X0 =y.
R

5. Conclude on the role of the initialization to converge towards the solution of minimal #?-norm.
An immediate consequence of this Theorem is that when the initialization 6 is in &, then its
projection onto 2+ is zero, and so from Eq. (1.7) we have 6., = X'y which corresponds to the
minimal norm solution.

Corollary 1.2. If0y € &, then the limit iterate O, solves the minimal norm problem

Ooo = argmin [|0] such that X0 = y.
0

Alternative proof for convergence (in short). Ifstarted aty = 0, gradient descent techniques (stochas-
tic or not) will always have iterates 6; which are linear combinations of rows of X, that is, of the form
0, = X" a, for some a, € R". This is an alternative algorithmic version of the representer theorem.

If the method is converging, then we must have X8; converging to y (because the standard squared
Euclidean norm is strongly-convex, and X@ is unique while # may not be), and thus XX a; is con-
verging to y. If K = XX is invertible, this means that a, is converging to K=y, and thus 8, = X "a, is
converging to X' K~1y.
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For the story to be complete, one should check that X" K~y is indeed the solution to y = X8 of
minimal #2-norm. By standard Lagrangian duality one gets

1
inf sup - 1615 +a' (y—X0)

1
inf — ||9||§ such that y=X6
OeRd 2 OeR? geR” 4

_

Lagrangian function L(0,a)

1 2 . .
= suﬂg aly- > [XTa|, (with6=X"a atthe optimum)
aeR”

1
= sup a'Ty——aTKa.
aeR” 2

The last problem is exactly solved for & = K™ 1y.

What about SGD? Note that in the overparameterized regime, SGD will also converge to the minimum-
norm interpolator, even with a fixed learning rate. In constrast, under-parameterized SGD with a fixed
learning rate does not converge at all (indeed the stochastic noise at the optimum is 0 only in the over-
parameterized setting).

1.1.3 Interpolation in logistic regression

Context. Consider now the setting of binary classification (for the output Y living in {-1,1}), based
on the model of logistic regression, i.e. the prior on the distribution of Y| X is

P(Y=+1X=x) =0(px)f)

where o is the sigmoid function, ¢ is an encoding of the input variables X with ¢(x) € RP, and the
model parameters are § € R”. Given a dataset 9, = {(X1, 1),...,(Xy, Yp)} i.i.d. copies of (X, Y), the
estimation of f is usually performed via MLE, resulting in solving the following problem:

1 T
g;ﬁr;;;log(lﬂxp(—l@(p(xl) B)) = F(B).

Define the design matrix as @ := (<P(X1)| . |<,0(Xn))T € R™P and consider the case where d > n, as-
suming in addition that ®® " is invertible.

Rewriting an SVM Since ®® ' is invertible, there exists 7 € R” of unit-norm such that for all i €
1,...,n}, l/i(p(Xi)Tn > 0, meaning that the data is linearly separablel. The distance of any point
¢(x) € RP to a hyperplane defined by {x' : nT @(x') + b = 0} is given by

[{n, x) + bl
[l

Therefore, the distance of a separating hyperplane to the closest points in the dataset, which is called
the margin is given by
InTx+ b ) T
min —————— = min Yip(X;) 'n,
x€{X1,..,Xn} ||n|| 1<i<n
when no intercept is considered. One can thus search for a direction 1 of unit #2-norm that maximizes

the margin:

n* € argmax min Y;p(X;) 7.
Inllz<1 1<i<n
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.)"::4-4_
®Y=--1

Figure 1.1: The maximum-margin classifier (in black) vs. a classifier based on an arbitrary separating
hyperplane (in orange)
n* corresponds to the max-margin classifier (SVM). By Lagrange duality,

sup _ inf lfi(p(Xi)Tn: sup ¢ such that Vie{l,...,n},Yi(p(Xi)Tnz t,
Iplp<1i€{l,...n} lInlla=<1

n
= inf sup t+) a;(Yip(X) ' n-1)

aeRi <1 i31
n n
= inf |} a;Yip(X)) suchthat ) a;=1.
aeRy |21 2 i=1

where in the last step we used:
1. (Lagrangian for the constrained sup) L(¢t,n, 4, @) = t+); ai(lfi(p(Xi)Tn -+ ,u(lInII% -1

2. (KKT1)V,L=0,ie.¥;a;i=1

3. (KKT2)V,L=0,i.e3;a;Yio(X;)+2un=0
4. (KKT 3: complementary slackness 1)z = 0 or ||17||§ =1

5. (KKT 4: complementary slackness 2) Vi, a; =0or t = lfl-(p(Xi)Tn

so that n oc X | @;Y;(X;) at the optimum. Besides, by complementary slackness, non-negative
a; is non-zero only for i such that at the optimum ¢ = Y;p(X;) 'n, i.e. for i attaining the minimum

minj<j<sn Yi(p(X,')Tn, corresponding to the so-called support vectors, see Figure 1.2.

Link with the traditional SVM Because of homogeneity, we want min;<;<, Yi(p(X,-)Tn to be large
and |nl2 to be small. We can therefore constrain the former, and minimize the latter. In other words,

Lthe invertibility of ® prevents F to admit a critical point and then a minimum (only an infimum).
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-(x , 7T(P(x):0}

o
[
o YL =+4
®Y=-1
o SUPPORT
“MARGIN VECTOR.
Figure 1.2: Support vectors.
we can see * as the direction of §*, solution of
1 1
inf —|B5  suchthat  diag((Y)))®f=1, = inf sup -85 +a’ (1, diag((¥;),)®p)
PERP 2 ~ . €R? e 2

perfect classifier
interpolating training data

1
= swpa'l,— |o" diag((vD el

n
a€eR}

with g = ®"diag((Y;);)a at the optimum.
Note that above, diag((Y;);)® = 1, is the compact formulation of: for all i € {1,...,n},

YipX)Tp=1.

This amounts to take the following convention: the margin hyperplanes are shifted by 1 and -1,
see Figure 1.3.

: LA e}
[
o YL =+4
®Y=--1
o SUPPORT
“MARGIN VECTOR

i

Figure 1.3: A traditional SVM with the margin hyperplanes shifted by 1 and —1.
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Overall, the optimal §* above is the solution of the separable SVM with vanishing regularization
parameter, that is, of % I1Bll2 + CZ?zl 1- Yi<p(X,~)T,3)+ for C large enough.

Divergence for the logistic regression with hands. The function F has an infimum equal to zero,
which is not attained. However, for any sequence 8, such that all Y;¢(X;) " 8; tend to infinity, we have
F(By) — infgepa F(B) =0

In such a situation, gradient descent cannot converge to a point, and, to achieve small values of F,
it has to diverge. It turns out that it diverges along a direction, that is, || B/l — +oo, with B;/[|B:ll2 — 7
for some 1 € R? of unit £-norm. See Soudry et al. (2018) for a proof. Here, we just show what the
vector 7 is.

The gradient VF(f) is given by

i exp(-Y;p(X)) T B)

1
VR = T e Vi (X0 T B

l(P(Xi)-

Asymptotically, B; behaves as |82 with ||8¢]l> tending to infinity. By the structure of the sum of
exponentials, the dominant term in VF(;) corresponds to the indices i for which — Y,-(p(X,-)Tn is the
largest. Moreover, all of these values have to be negative (indeed we can only attain zero loss for well-
classified training data). We denote by I this set. Thus,

1
VFE(B) ~——= Yiexp (—lB:l2Yro(X) 'n) p(Xy).
iel

Moreover, we must have F(f;) along —u to diverge in the direction u, thus u has to be proportional
toavector ) ;c; @; Yi(X;), where @ = 0 and a; = 0 as soon as i is not among the minimizers l/i(p(Xi)Tn.
This is exactly the optimality condition for n* above. Thus = n*. Overall, we obtain a classifier
corresponding to a minimum ¢2-norm.

See Lyu and Li (2019) for an extension beyond the linear classification case.

1.1.4 Implicit bias in neural network training

In this section we consider one-hidden-layer neural networks of the form

K
flx) = Z ao (x" by) = Z (x" by,

with o the ReLU activation function, K the number of neurons in the hidden layer, (ax)s the weights
between the hidden layer and the output layer, (b) the weights between the input layer and the
hidden layer.

Lifting the problem to the space of measures Setting w;. = (ax, by) and ®(w) = ao (- b), the NN can
be rewritten,

Ly
=2 Y dwp).
K

Therefore the neural network parameterized by (R p“)K can be represented by the discrete measure
u= % Z 5wk 4 Zk 1 8 (az,by)» SO that we embed (Rp“) into the space of Radon measures, so that

=1 =fd>(w)du(w).
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What do we gain by doing so? Note that the mapping (a, b) — f4 p) is not linear, whereas yu — f, is
linear.

Therefore training a one-hidden-layer NN entails to find the best parameters (ay, br), and there-
fore to find the best measure . The key benefit is that the set of measures is convex and p— f;, =
J ®(w)dp(w) is linear in the measure g, so that the risk minimization problem has become convex:

muin(%(f@(w)dp(w)).

Gradient descent on such a space? Now we weed to define what a gradient descent is on the space
of measure. To do so, we need a metrics: the Wasserstein metrics given by

2 _ _v2
W; (w,v) = inf E [(IX-YI7].
X~pY~v
Usually a gradient descent with a discretization step h can be written as follows:
Xl =xl v ) (explicit)

Xl = x| — v (implicit)
The last version is equivalent in the smooth case to find

1
X € argmin R(x) + —|x— x| 2.
. 2h

In our case,

h - L2 ok
ule argftmn R (W) + ﬁwz (1, 1),

and let & go to 0 to obtain the Wasserstein gradient flow.

The squared 2-Wasserstein distance between two discrete measures with the same number of
atoms is obtained by minimizing the pairwise distance between Dirac masses over the set of all per-
mutations.

This can be extended to any pair of probability measures, and used within gradient flows, it has
a very natural decoupling property: if u is fixed, and v is within a small distance of p in Wasserstein
distance, then the optimal permutation above will always be the same, that is, locally, the Wasserstein
distance is a sum of squared Euclidean distances. Then, the Wasserstein gradient flow will lead to K
independent local regular Euclidean gradient flows, which interact through the gradient term as:

wi=-VO(wp) VR (ftbdy)

where
V@ is a linear operator from & to RP*!

» VZ is a the gradient operator of 2 from RP*! to .

Main result Here we state the result of Chizat and Bach (2020) in a very informal way, and one can
refer to a related blog post of Francis Bach.
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Theorem 1.3. Assume that for some r > 0, the hidden weights (by)y are initialized uniformly on the
sphere of radius r and the output weights (ay)y uniformly in {r,—r}. Let u, be the Wasserstein gradient
flow u; for the unregularized exponential loss and f; = [ ®(w)dp,(w) be the corresponding dynamics in

predictor space. Under some technical assumptions, the normalized predictor ”ﬁ% converges to
1

max minY; f(X;),
1flz <1 i i (X

where )
I fllg, = mﬂinifllwllgdy(w) such that f:[CD(w)du(w).

1.2 Interpolation is no longer synonym of bad generalization

The aim of this section is to present recent developments on the generalisation capabilities of neural
networks, which in practice seem fantastic and which classical generalisation error bounds struggle
to explain.

1.2.1 Preliminaries

A first lecture on machine/statistical learning traditionally warns the reader to the evils of overfitting,
see Figure 1.4.

under-fitting over-fitting

. Test risk

~

~ ‘Training risk
sweet spot T~

Sa = =
Capacity of H

Figure 1.4: A typical learning curve about the bias-variance trade-off in the prediction when increasing
the predictor complexity.

Typically the “capacity” of the space of learners # is controlled either by the number of parame-
ters, or by some norms of its parameters. In particular, at the extreme right of the curve, when there is
zero training error, the testing error may be arbitrarily large (bad), and the classical theoretical bound,
such as Rademacher averages for /# controlled by the £2%-norm of some parameters (with a bound D),
grows as D/+/n, which can be typically quite large.

Proposition 1.4 (Estimation error). Assume a G-Lipschitz-continuous loss function ¢, linear prediction
functions with F = {fy(x) =07 p(x), 012 < D}, whereE [|¢p(x)|3] < R. Let F = f; € F be the minimizer
of the empirical risk, then
2GRD
E|Z2(f3)| < inf R(fy)+ .
()] oion o NG
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Model Year | Nboflayers | Nb of param | Error
Shallow <2012 - - > 25%
AlexNet 2012 8 61M 16.4%
VGG19 2014 19 144M 7.3%
GoogleNet | 2014 22 ™ 6.7%
ResNet-152 | 2015 152 60M 3.6%

13

Table 1.1: Performances of different architectures on the ImageNet dataset (n = 500000) in regard of
the learning complexity captured here through the number of parameters or layers.

Here is a table summarizing the performances of different learners on the ImageNet dataset (n =

500000).
When the model is over-parameterized (in other words, the capacity gets very large), that is, when

the number of parameters is large or the norm constraint allows for exact fitting, a new phenomenon
occurs, where after the test error explodes as the capacity grows, it goes down again: this is the so-

called double descent curve.

over-parameterized

under-parameterized

Test risk

“classical”
regime

“modern”
interpolating regime

~ Training risk:
=~ . _interpolation threshold
“~ P

Capacity of H

—

Figure 1.5: From Belkin et al. (2019) The learning story: to be continued.

1.2.2 Linear model

This paradox has been resolved in the case of linear models by Hastie et al. (2019), relying on non-

asymptotic results for random matrices.
Consider a Gaussian random variable with mean 0 and covariance matrix identity, with n obser-

vations Xi,..., Xp, and responses Y; = Xl.TH* + ¢;, with £; normal with zero mean and variance o?1.

We know the exact expression of the empirical risk minimizer (for which we know that gradient
descent will converge to under proper initialization). Denote the design matrix X € R"*P, the non-
centered covariance matrix 3 = X7 X/n, and the kernel matrix K = XX .

The excess risk is
RO) =Ex[(XT0-XT0%)?] =Ex(@-0"XXT(0-0%)=(0-0")Z0-0%)
=16-06*13.

Underparameterized regime. In the underparameterized regime, then the minimum norm empiri-
cal risk minimizer is simply the ordinary least-squares estimator, which is unbiased, that is E [0] = 6%,
and we have an expected excess risk equal to

Eg,[R©@)] = U—:[E [tr(Z27Y)]
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Indeed,

Eg, e[RO)] =Eg,c[16-0%13 5]
=Eg, [IXTX) XY —0%13 5] =Eg, [I0CTX)7IXT (X0% +£) - 071 ]
=Eg,,e (10X XTel3 5] = Eg, e[ XXX ' ZXT0 X Te]
=Eg,e[ tr(eTXXTTZXTX) X Te)]

2
=0%Eg, [tr(2XTX)1)] = %[E[tr (z71)].
In our case, X = I, so that the expected risk boils down to
Eg,:[RO)] = 0%Eg, [ tr(X X)!]

The matrix X € R™*? is Gaussian, so that the matrix X7 X € RP*? has a Wishart distribution, with n
degrees of freedom:

e itis almost surely invertible if n > p,

* Eg,[tr((XTX)7")] = ;=5 if n.= p +2. The expectation is infinitefor n=porn=p+1.

Proof. Here is a simple way to derive the expectation of an inverse Wishart matrix W~! where W =

Y 2Y2g;g's12 for a covariance X € RP*P and i.i.d. standard vectors g; ~ N(0,I,). The covariance £

isassumed invertible. The point follows jlewk (https://math.stackexchange.com/users/484640/jlewk).
The first observation is that

E[Wﬁl]:zille 271/2

n - -1
(Z g8/ )
i=1

so that it is enough to treat the case Z = I,. Assume X = I, here after.

Concerning the non-diagonal terms of E[W '], note that with identity covariance, ¥ ; g,-gl.T and
z,-gl-giT with g; = Dg; have the same distribution where D = diag(l,...,1,—1,1,..1) (only one sign
changes). This implies that

Ew =D 'Ew D!

so that E[W‘l]ij =0 for i # j (outside of the diagonal).
Concerning the diagonal terms, by symmetry,

1
EWw ;= EE[trace[W_l],

The trace is also the sum of the eigenvalues 1; (W= of W1, or the following Frobenius norm:

d
E[tracelWw '] = EY. A;(m) ! = E[IG"12]
i=1
where G € R™*” is the matrix with n rows g, ..., g, and t denotes the pseudo-inverse. At this point,
if ¢1,..., ¢, are the columns of G', the above display is ij.:1 lc; |I§. Furthermore by definition of the
pseudo-inverse, with z, ..., z; the rows of G, we have C.sz =1and ch zr0 for j # k. This implies that c;

belongs to the orthogonal complement of {zy, k € {1, ..., p}\ j}. Since c; belongs to the span of z1, ..., zp,
it must be that ¢; = 0;Q;z; with Q; € R"*" the orthogonal projection onto {z, k € {1, ..., p} \ jit and 0
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a scalar. The condition c}zj =1 then reveals 6; = | Q;z;ll,2. Finally, | Q;z;|3 has )(?HH] distribution
as Q; and z; are independent thanks to G havingi.i.d. N(0,1) entries, hence
p P

d d
Eltrace[W ' =E cil?=E z: 52 = -
[trace[W '] ;H ill5 ;HQ, il PEETR T Al—

provided that we already know that the expectation of an inverse y? distribution has expectation 1/ (v—
2) forv>2.

In conclusion, in the underparameterized regime when n = p + 2, the excess risk is equal to

E[R®)] = 0> —L—
—

Overparameterized regime. In the overparameterized regime, when n < p, then the kernel matrix is
almost surely invertible, and the minimum ¢?-norm interpolator 6 is equal to

0=x"y =xT (xx") 'y =xT (xxT) " (X0* +¢)
The expected excess risk can be decomposed into a variance and a bias term:
(i) The variance term is equal to
Ele” (oxT) 7 xexT (xxT) e = 0% [er (XT) T ocT (xxT) |
=k e (xx7) |
2_ "M
p—-n+1l

when p = n + 2 since we recognize a similar Wishart matrix as before (with the role of n and p
reversed).

(ii) The bias term is equal to

E[@97T(1-xT (xxT) " x]o*| =E = || Projy,, - *)“z]

=E [ [Projercx) (6™ ”2

Indeed, the matrix XT (XXT) ™' X € RP*? is the projection matrix on the rowspace of X, which
is a random subspace of dimension rn corresponding to the linear span of the p-dimensional
vectors {X1, ..., Xp}. By rotational invariance of the Gaussian distribution, this random subspace
is uniformly distributed among all subspaces, and therefore, by rotational invariance, we can
replace 0* by [|6* ||2e i, for any of the canonical basis vector e; in dimension p, that is

E[@0%TXT (XTx) " x0*

= 16* IZE [e] X7 (X7X) " Xej

and thus

16113 -1
E[09TXT (X7X)" x0*| = . —2 Z[E[ IXT(XTX) ™ e

16%13

2 [or (X7 (XTX) 7 X

n
=16*115—.
“p
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Thus the bias term leads to

E[@7(1-xT (x"%) " x]o* :||9*||§Lp”.
Therefore, the overall expected risk is
E[RO)] = 02— +0*22=L.
p—-n+1l p
Wrappingup One gets
ifp<n-2, E[R(Q)]:azﬁw,
ifpzn+2 E[RO)]| =0% 52 +10% 1257,

as illustrated on Figure 1.7. The interpretation of these bounds are taken from Hastie et al. (2019):

¢ The bias increases with p/n in the overparameterized regime, which is intuitive. When p > n,
the min-norm least squares estimate is constrained to lie the row space of X, the training feature
matrix. This is a subspace of dimension 7z lying in a feature space of dimension p. Thus as p
increases, so does the bias, since this row space accounts for less and less of the ambient p-
dimensional feature space. Another way to see it is to note that the bias is nothing else than

E [ | Projgerc) (6) “31

with dim (Ker(X)) = p — n. Therefore

. . )
min || -0%|, = ||Pro 0*)—0*
geKer(X) I Iz =] jkerco) (07) ”2
which \, when p / (the minimum is least on a larger subspace), so that Proji,x, increases with
p.

¢ In the overparameterized regime, the variance decreases with p/n. This may seem counterin-
tuitive at first, because it says, in a sense, that the min-norm least squares estimator becomes
more regularized as p grows. However, this is explained as follows by the authors of Hastie et al.
(2019): as p grows, the minimum £2%-norm least squares solution—i.e., the minimum £2%-norm
solution to the linear system X0 = Y, for a training feature matrix X and response vector Y —will
generally have decreasing #2-norm. Why? Compare two such linear systems: in each, we are
asking for the min-norm solution to a linear system with the same Y, but in one instance we are
given more columns in X, so we can generally decrease the components of 6 (by distributing
them over more columns), and achieve a smaller #2-norm.

* Set the SNR= [|0*||3/0°. Note that the risk of the null estimator (i.e. § = 0) is [|0* |2, which can
be called the null risk. In the overparameterized regime, with an infinite sample size, and with
pln—y,

— when SNR = 1, the min-norm least squares risk is always worse than the null risk. More-
over, it is monotonically decreasing, and approaches the null risk (from above).

— When SNR > 1, the min-norm least squares risk beats the null risk if and only if y > SNR/(SNR—
1). It has alocal minimum at y = vVSNR/(v SNR—1), and approaches the null risk from be-
low when y — +o0.



CHAPTER 1. INTERPOLATION IN PARAMETRIC LEARNING 17

N
De

’
7
1
4
7
4
4
I
4
’
4
’
4
4
4
4

’
’
’
’
e

Figure 1.6: Intuition for the double descent phenomenon in linear models. When p increases, Ker(X)
becomes larger, so there are more solutions to the system Y = X8, so that ||@|], decreases, the bias
increases with p/n and the variance decreases with p/n.

Strikingly, interpolating predictors such as those studied here have been historically overlooked,
at least for noisy data. Indeed, a classical prescription is to regularize the predictor by e.g., adding a
ridge penalty “A|| - ||§ " (which adds AT to XXT), and leads to non-interpolating predictors.

In conclusion, this simple setting misses the approximation/variance trade-off. But the results are
the best for y = 0. Therefore, one can wonder if there exists linear settings for which there is a true
benefit to go in the over-parameterization regime? A partial answer is given in the misspecified case.

excess risks
A

bias

Figure 1.7: From Hastie et al. (2019), the double descent phenomenon in the linear case.
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Based on the previous sections, one can notice there is alignment of optimization and gener-
alization in overparameterized linear (and kernel) models, since (S)GD converge to minimum
norm interpolators having good generalization properties.

Remark 1.5 (No phenomenom when using regularization). When an extra (ridge) regularizer is used,
then the double descent phenomenom is reduced (see Mei and Montanari (2019)). In particular, if the
regularization parameter A is adapted for each number of observations, then the phenomenom totally
disappears (see Mei and Montanari (2019), for more details).

1.2.3 Misspecified linear model

Suppose that the model is now
Vi=X0"+ W' (*+e,

unobserved
iid.
in which (W;);’s are i.i.d. unobserved features that help to explain the outcome Y. In such a case, the
risk is going to compare X "0 to E[Y|X, W] =XT0* + W {*.
. R 2
R@):=E[(XT-E1YIx, W) |X]

- [E[(XTé —E[Y]X] )Z)X ] + [E[([E [YIX]—E[Y]X, W] )2|x ] (by Pythagore)

=:Mx approximation bias

where M+ is complex in general.
When all entries of X and W are i.i.d. and isotropic,

M =E[(XT0" - (XT0* + W) )zjx] =E[(WT¢)*|x] = )
=r*(1-x)
with
e r2=1l6* |5+ I{* |5 corresponds to the signal strength
o x=|0% |I§/r2 is the fraction of the signal explained by the covariates X only.

Theorem 1.6. Assume the misspecified linear model, and assume that (X, W) has i.i.d. entries with zero
mean, unit variance, and a finite moment of order 8 + n, for somen > 0. Also assume that for all n, p,
r2 = 0*13+ 1* 115 and x = |0*113/r*. Then for the min-norm least squares estimator 0, as n, p — oo,
with p/n— v, it holds almost surely that

r2(1—1<)+(r2(1—1<)+02)% for y<1

r2(1—1<)+r21<(1—Jl/)+(r2(1—1<)+(72)L for y>1

E[R©®)] ~{
y-1

In the independence setting, the dimension of the unobserved feature space does not play any
role: we may equally well take it equal to oco for all n, p (i.e., infinitely many unobserved features).
Note that

1. The first term r?(1 — ) is the misspecification bias (irreducible).
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2. The second term equal to 0 when y < 1 or to r?x (1 — %) is the bias.

3. The third term is the misspecification variance.

4. The last term is the variance.

By considering a polynomial decay for the approximation bias, i.e.
1-x(Y)=10+y)""

for some a > 0, the global minimum of the risk is achieved in the overparameterized regime.

In such a case, linear over-parameterized predictors are sometimes preferable to any “classi-
cal" under-parameterized model.

1.2.4 A first non-linear model with random features

Consider now a one-hidden-layer neural network, in which we optimize only the output weights, see
Figure 1.8. The model is the following:

Y

Figure 1.8: A first non-linear model, in which we optimize only the output weights (in blue). The input
and the weights between the input layer and the hidden one are assumed to be Gaussian.

¢ assume the input vectors X; € R” with i.i.d. centered Gaussian entries, X; ~ A4 (0, I Pk

 assume that the weights W € R7*P between the input layer and the hidden one are such that
each entry of W is a random .4 (0, 1/d) variable;

e call ¢ the activation function used in the hidden layer, and assume it is purely non-linear, i.e.
[E[(p(G)] - rE[Gq)(G)] =0, for G~.N(01.

The hypothesis if purely non-linear is not common, it is satisfied for instance for ¢(¢) = a(|¢| — b), for

a=vrlvr—2and b=v2/\/7.
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We optimize the weights 0 of the output layer in terms of quadratic risk minimization penalized
by a ridge term:
A 1 &
0, € argmin — ) _ (Y, (p(WX,)TB) +AlOI3.
6, i
This amounts to penalized linear regression with transformed features (the ¢ (W X;)’s instead of the
Xl' ’S).

Theorem 1.7. Assume that |p(x)| < cy(1 + |x]) for a constant ¢y > 0. Also, for G ~ N(0, 1), assume that
the standardization conditions hold: E[p(G)] = 0 and E[¢(G)?] = 1, E[Gp(G)] = 0.
Then fory := p/n > 1, the variance satisfies, almost surely,

lim hm VX (9,1,0) g —_,
A—0* n,p.q v—-1

which is precisely as in the case of linear isotropic features. Also, under a isotropic prior, namelyE(0) = 0,

Cov(0) = rzlq/q, the Bayes bias Bx (0,) := Eg Bx(0,;0) satisfies, almost surely

0 I,
lim hm BX(G;L) =1 fory <
A—0* n,p,d—oco r°(1-1/y) fory>1,

which is again as in the case of linear isotropic features

Note that this result is asymptotic, and heavily relies on the purely non-linear feature of the ac-
tivation function that allows to retrieve standard asymptotics distribution got in the standard linear
case.

When considering standard linear features, the out-of-sample risk can be decomposed in a bias
and a variance terms:

R 0)=E[(270- 270" 12| =E[10-0* 12|

= “[E [é|z] —0* i+tr[Cov[é|Z] ]
Bias Vari:nce

Ideas of proof for the variance. Focus on the variance term, for the regularized parameter:

.
o2 1 777 vl PWXy)
V20,) = —tr[z— (M ) ] for 7= :
PWX,)T
- —p Z . (Nz " /1)2 for (u;); the singular values of Z

(1)

oy [+
pTee V) ase

where M Py denotes the Marchenko-Pastur law of parameter y. This is true by (Péché, 2019, Theorem
1.1), for purely non-linear activation functions (entailing 0, (f) = 0 in Péché (2019)), and by using the

convergence of the spectral measure of £-% m X towards the Marchenko-Pastur law.
We actually know an explicit form for the Stieltjes transform of this distribution, i.e.

1
m(-A) = f S dMPy ()
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so we can deduce

t
M(A) = f T AMPy ()
_if__thp )
ToA) A+t Y

—i fﬂdMP (t)+deMP (1)
Y A+t Y A+t Y

=1

0
=31 (Am(=1))

i(—(1—y+/1)+\/(1—y+l)2+4y)1)

T oA 2y

1 1 -1/2
=——+— L=y + 1) +4y2 1 A
2Y+2Y(( Y+ +4yA) T A +y+A)
1
A—0 Yo-1
Finally, when y > 1,
. 1 o?
Vx(03) = 1o+ YO =——.
xW01) = -0+ ¥ Yor-D y-1

1.2.5 Analysis via Neuberger’s theorem

This section presents the work of Caron and Chrétien (2020), in the case of Ridge functions. Let Z; =
(X;,Y;) e RP*1 be observations drawn from the model

Yi:f*(Xi)+€iy i=1,...,n.

The noise vector € € R” is assumed to be sub-Gaussian with parameter y.2.

The goal is to estimate f*based on the observation Zi, ..., Z,, restricting the search for a candidate
in a subset & of functions in a Banach space 2.

To do so, we construct an empirical risk minimizer:

n
FERM ¢ argmin Ra(f),  with  Ra(f)i=— Y. 0(Yi— F(X0), (1.8)
feF niz

for some cost function ¢ such that ¢'(0) = 0 and ¢” is upper bounded by L, (i.e. its derivative is Ly -
Lipschitz).

Ridge type functions Consider a statistical model of the form
E[Y;IXi] = p(X; 6™).
where

¢ ¢:R— Risassumed to be an increasing function

2

H,_,
IA
<
©

meaning that its ¢2-norm is bounded by e, l€llp, := inf{s >0:E [e—s/s2 _1< 1]
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¢ the X;’s are assumed to be isotropic (i.e. [E(Xl-XiT ) = I), sub-Gaussian with parameter yx, and
of £2-norm equal to /p (think about Rademacher vectors, or random vectors on the sphere).

Note that such assumptions ensure that

is of full rank.
Theorem 1.8. For some « > 0, assume that p and n are such that
2 2
Cyn<d-a)p.
Let

NG
1-a)/p-CixV/n’

where C is a positive absolute constant. Assume, that ¢ and ¢ are such that,

r= 6\/ECWC¢!Y€6_1

10" (Vi — (X[ 2) ¢' (X 2> - 0' (Vi - (X[ 2) " (X 2)| 26 >0 (1.9)
forall z in %B,(0*,r). Then,

1. there exists a first order stationary point 0 to the optimisation problem (1.8) such that, with prob-
ability larger than or equal to

2 n
1-2exp(—ckya”p) —exp(— 5)’
we have

10-6%, <.

2. in terms of generalization error, one has for 0° the solution of minimal ¢%-norm of the system
X60° = X0, foranyy >0,

A 1 + (/P +Vn)? + (/P +vVn)?

[E[Iqo(x;le)—w(x;‘,+le*)|2|x]sc§,,(— Y+ WP EVn 4 TETVTP YU g%y,

VP (1=a)y/p—CiyVn) VP

2./ 6\/EC nCr Kol 2
+VIP L i (1.10)

VP 5((1—a)y/p-Cryvn)

with probability, at least

I—Zexp(—cKXazp)—exp(—g)—(2+n)exp(—cKXp)—Zexp(—yp) (1.11)

Remark that when the number p of features tends to infinity, the radius tends to zero.
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Ideas for the proof. We focus only on the first point of Theorem 1.8 (since the second point is a
consequence of the first one). To establish such results, one should exhibit a stationary point for
Problem (1.8), therefore one should exhibit a zero for the Jacobian associated to the ERM. This can be
given by Neuberger’s theorem.

Theorem 1.9 (Neuberger’s theorem for ERM). Suppose that r > 0, that 0* € RP and that the Jacobian
DR, (+) is a continuous map on B(0*,r) such that for each 0 € B(0*,r), there exists a vector d € B(0,r)

such that

DR, +td)-R,,0 .
lim 2RO D= RO _ 1 g%y,
™N\.0 t

Then, there exists u € B(0*,r) such that DR, (u) = 0.

Neuberger’s theorem assumes that there exists a direction d of norm less than r, such that for any
point 0 in a ball B(6*,r), the directional derivative in 6 w.r.t. d matches the gradient of —DR,(6%)
evaluated in 6*. The question is then to find a radius r which is compatible with all these conditions.

Therefore, in order to use Neuberger’s theorem, one has to show that for a particular d

V2R, (0)d = -VR,60%). (1.12)

1. (Gradient and Hessian) Since the loss is twice differentiable the empirical risk R, is itself twide
differentiable. The gradient is given by

X 1 &
VR, 0) = - Y O - (X! 0)¢ (X 0)X;
i=1
= —%XTdiag(v)é’(e),

where ¢’ (¢) has to be understood componentwise, and v; := (p’(Xl.TO) foralli=1,...,n.

The Hessian matrix is given by

n
V2R (0) = % Y (00— o] 009 (X 0~ €'Y - (X[ 00" (X 0)) X X
i=1

and can be actually rewritten as
N 1
V2R, (0) = —X " diag(u) X (1.13)
n
where diag(u) € R"*" is a diagonal matrix, with diagonal entries
pi = (0" (Y- (X 09’ (X 0)* = ' (Vi — (X 0)g" (X 0))
2. (Solving Neuberger’s equation) One has to solve the Neuberger’s equation
LT, Lot '
—X ' diag()Xd = —X " diag(v)¢ (¢),
n n
which can be solved by finding the least norm solution of the interpolation sub-problem

diag(u)Xd = diag(v)¢' (¢),

ie.
d = X"diag(u) ~'diag(v)¢'(e).
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3. (Bounding | d|l2) Then one should ensure that ||d| < r. Given the SVD of X = UzVT, one gets
d=Vv="'UT diag(u ")diag(v)¢'(e),

$0
|UT diag(u~")diagv) ¢’ (@),
Smin (X)
(@ (Bounding ||U"diag(u ")diag(v)¢'(¢)|,). One can show that U diag(u~")diag(v)¢'(¢) is a
subGaussian vector with variance proxy

ldlz = |VE'U" diag(n ")diagv)¢' ()|, <

) 2
ﬁf’(Ei)
Hi

C max
l<i<n

)

Y2

so that with probability higher than 1 — e~%/2,

2
(Vp+u.

|UT diag(p ") diag)€'(e) ||, S max ”ﬁf'(ei)
I=i=sn|| Wi Vs

We then deduce that %[, (¢;) is a sugGaussian random variable with variance proxy

2
Vi Vi
‘iﬂm) < —leilly, (1.14)
Hi w2 Hi
max; vi
< Cyr K (1.15)
max; g;
Cl
< c,,,§y£ (1.16)

where we used the boundedness of ¢’ in the last inequality.

Overall, e
. 1y qs AT
|UT diag(udiag) €' (e) ||, < —(;p (VP W,

with probability 1 - |exp(—u?/2) +2nexp (— Czt—zyz))
f// £

(b) (Bounding smin(X)). By sub-Gaussianity of the covariates, one has with probability larger
than 1 - 2exp(—cy,a’n),

Smin(X) = /p—(a+ CYX)\/E)\/E.
4. (Finishing) Putting all this together, one gets,

ldll2 > vn (1.17)

(1-a)/p-CryVn

with probability larger than 1 —2exp(—c¢y a’n) —exp(—u?/2) - 2nexp (— Czt—zyz) Choosing t and
g// £
u of the order of y/log(n) completes the proof.
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1.2.6 Overparametrization/interpolation in neural network

Why overparameterizing in neural networks? It is often observed that for neural networks, depth
efficiently helps to extract features in the dataset. Recent studies found that increasing both depth
and width of a shallow model leads to very nice continuous limits, where PDE tools can be put in
work. Besides, on the numerical side, one could argue that increasing the number of parameters
could make harder the optimization/training of such complex architectures. However, networks with
wide layers (larger than the sample size) can be shown to have no spurious minimizers Nguyen et al.
(2018); Nguyen (2019) (i.e. no local optima with bad generalization properties).

Bad consequences of overparametrizartion in neural networks? Beware, when training a NN with
layers not wide enough, overparametrization usually entails existence of many local minimizers with
potentially different statisticial performances. Common practice advises to run stochastic gradient
algorithm with random initialization and converges to parameters with very good practical prediction
accuracy.Why is this simple approach actually often working? The goal of current research is to resolve
these paradoxes.

Some empirical observations are reported in Huang et al. (2020) on the importance of “being flat".
Flat minimizers (with a bad conditioned Hessian, and therefore with a flat attraction basin) are easier
to reach and have better generalisation properties. Flatness seems to be nice for both generalization
properties, and convergence of the used algorithms.

Bibliography

Bartlett, P. L., Montanari, A., and Rakhlin, A. (2021). Deep learning: a statistical viewpoint. arXiv
preprint arXiv:2103.09177.

Belkin, M., Hsu, D., Ma, S., and Mandal, S. (2019). Reconciling modern machine-learning prac-
tice and the classical bias—variance trade-off. Proceedings of the National Academy of Sciences,
116(32):15849-15854.

Caron, E. and Chrétien, S. (2020). A finite sample analysis of the benign overfitting phenomenon for
ridge function estimation. arXiv preprint arXiv:2007.12882.

Chizat, L. and Bach, E (2020). Implicit bias of gradient descent for wide two-layer neural networks
trained with the logistic loss. In Abernethy, J. and Agarwal, S., editors, Proceedings of Thirty Third
Conference on Learning Theory, volume 125 of Proceedings of Machine Learning Research, pages
1305-1338. PMLR.

Hastie, T., Montanari, A., Rosset, S., and Tibshirani, R. J. (2019). Surprises in high-dimensional ridge-
less least squares interpolation. arXiv preprint arXiv:1903.08560.

Huang, W. R., Emam, Z., Goldblum, M., Fowl, L., Terry, J. K., Huang, E, and Goldstein, T. (2020). Un-
derstanding generalization through visualizations.

jlewk (https://math.stackexchange.com/users/484640/jlewk). Simple(r) way to de-
rive the expectation of an inverse wishart? Mathematics Stack Exchange.
URL:https://math.stackexchange.com/q/3994137 (version: 2021-01-21).

Lyu, K. and Li, J. (2019). Gradient descent maximizes the margin of homogeneous neural networks.
arXiv preprint arXiv:1906.05890.



BIBLIOGRAPHY 26

(a) 100% train, 100% test (b) 100% train, 7% test

(c) Minimizer of network in (a) above (d) Minimizer of network in (b) above

Figure 1.9: From Huang et al. (2020). Top: Decision boundaries of two networks with different pa-
rameters. Network (a) generalizes well. Network (b) generalizes poorly (perfect train accuracy, bad
test accuracy). The flatness and large volume of (a) make it likely to be found by SGD, while the
sharpness and tiny volume of (b) make this minimizer unlikely. Red and blue dots correspond to the
training data. See Bottom: A slice through the loss landscapes around these minima reveals sharp-
ness/flatness.
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2.1 The nearest neighbour

The nearest neighbour (1-NN) rule Cover and Hart (1967) is the most simple classifier/regressor that
always interpolates the training data by definition. Its training error is indeed always 0.

Warming: a toy classification setting Let 2, = {(X;,Y;) € [0,1]9 x {0,1},i = 1,..., n} be a training set
and assume that the X; are uniformly distributed on [0, 1]d and that for all x € [0, I]d,

nx) =P =1X=x)=a>1/2.
1. In all generality, the Bayes classifier f* is defined as

w0 ifnx)=1/2
! (")‘{1 if(x) > 1/2

In the particular case described above, give the expression of Bayes classifier.

Answer: In this case, the Bayes classifier is given by f* (x) = 1 for all x € [0,1]¢.

28
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2. Consider any classifier f;, : [0, 119 — {0, 1}. Prove that its error in x satisfies
PlX)#YIX=x]=a—-2a-DE[f,(X)IX = x].

What is the value of the previous quantity for the Bayes classifier f*?

Answer: We have

PlfiiX)£YIX=x]=P[f,(X)=1,Y=0X=x]+P[f,(X)=0,Y =1|X = x]
=P[f,(X) =1|X = x]P[Y = 0|X = x]
+P[f(X) =0|X =x]P[Y =1|X = x]
=Efn(XNX=x]0-a)+ (1 -E[f,(XIX =xDa
=a—-QRa-DE[f,(X)|X = x].
For the Bayes classifier f*, according to the previous question

PIffX)#£Y|X=xl=a-Q2a-1)=1-a.

3. Now consider the 1 nearest neighbor estimate f; ,. Let B;(x) be a Bernoulli variable equal to 1
if the i-th observation is the nearest neighbor of x and 0 otherwise. Write f; ,,(x) as a sum of
random variables. What is the value of ):;’:1 B;(x)?

Answer: By definition, fi ,(x) takes value 1 if the label of the nearest neighbor of x is 1 and zero
otherwise. Thus,

n
fin(x) =) BiY;
i=1

where, in the sum, only one term is nonzero. Note that exactly one B;(x) is nonzero and equal
to one. Therefore Y., B;(x) = 1.

4. Compute E[f; ,(x)] and P[f;,,(x) # Y].

Answer: According to the previous question, we have

E[fi,n(0)] =) E[B;(x)Y;]

E[E[B; (x)Y;| X;]]

i=1
n
)3
i=1
n

Y EIE[B; (x)| X;] E[Y;|X;]]
i:1 %,_/

=a

n
=a ) E[B;(x)]

i=1
n
=aE[) B;i(x)]
—
;,_z
=1
Thus, using question 2, we get

PlinX)£YIX=xl=a-QRa-1a=2a(l-a).
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5. We say that a classifier f;, is consistent if its risk R(f;,) = P[f,(X) # Y] tends to the risk of the
Bayes classifier R(f*) = P[f*(X) # Y. Prove that the nearest neighbor estimate is not consis-
tent.

Answer: Since 2a > 1,
PlAin(X)#YIX=x]-P[f*(X)#Y|X =x] =a(l-a)>0.
Taking the expectation of the previous inequality with respect to x leads to
R(fin)—-R(f)=a(l—a)>0.

If 1/2 < @ < 1, the 1 nearest neighbor estimate is not consistent since there is a gap of a(1 — a)
between its risk and the risk of the Bayes classifier. This gap collapses only when a =1, i.e. in
the noiseless case, showing the consistency of the 1-NN neighbour in such a case.

Regression Assume that the model is given by

Y= (X)) +e,
with [E[Yl.zl < oo so that the regression function f*(x) = E[Y|X = x] achieves the minimal quadratic
risk over all Borel measurable functions g : R — R, that is

E[|Y - 0ol =inte [ - ro0 ]
f

The nearest neighbour estimate is defined by

fa N () = Yy (x)

where (Xq)(x), Y1) (x)),..., (X (%), Yy (x)) is a reordering of the data according to the increasing val-
ues of | X; — x|l».

Theorem 2.1 (Biau and Devroye (2015), Theorem 9.1). Assume that E[Y?] < co. Then, the 1-nearest

neighbour f,%NN predictor satisfies

[ [FNN00 - 00| —nmsoo E[ [Y - 00

—_—
residual variance

The proof can be found in Chapter 9 of Biau and Devroye (2015).
This convergence is universal, in the sense that it happens for any distribution of (X,Y) with
E[Y?] <oo.

When considering the nearest neigbour estimate, the mean integrated squared error E

NN - ool

converges to the residual variance

E[|v - o0 | =E[v?]-E

(Fr0)?].
This residual variance is zero if and only if Y = f* (X) with probability one, i.e. in the noiseless case.

Therefore, the 1-NN predictor is inconsistent, apart from the noiseless setting. The 1-NN is
indeed very sensitive to noise.
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2.2 Interpolating kernel estimates

The 1-NN neighbour estimate is a particular local-means estimate, that can be rewritten as
n n
fa) =) WinY;
i=1

given the training data points {(X1, Y1),..., (Xy, Y2)}.
More general local-means (Nadaraya-Watson) estimators can be constructed with the form

K5y
k()

fn(x) =

K is the kernel function (not to be confused with kernel machines),and % > 0 can be called the band-
width. In Devroye et al. (1998), the authors choose the so-called "Hilbert" kernel:

1
llxll?

K(x)

+00 so that f,(x)
lull—0* In X—X;

interpolation of the training data. Note that there is no usual window parameter needed it cancels
out in the numerator and denominator. They show in particular that for almost all point x such that
@x(x) > 0with ¢x the density of the input X and for bounded output Y,

fa(x) *(x)

with p the input dimension. Remark that K(u) Y;, so that there is

n—+oo

so that this predictor is universally consistent, concluding that the interpolation "introduces unnec-
essary noise, but at the same time, except for immediate regions around the data points, the estimate
feels and behaves like a true kernel smoother" (1998).

In Belkin et al. (2019), the authors choose a singular kernel such as

1
K(x) = W]l”x”sl; with @« to be chosen,
X

and manage to obtain convergence rates in this flavour: if 0 < @ < p/2 and h ~ (%) 7 when f* isa
pB-Holder regular function

2p
(-] 5 (5]
By tuning the kernel bandwidth, the influence of the interpolation can be very limited and very local-
ized around the training points. Anywhere else, the estimated function remains “smooth", see Figure
2.1. Indeed, the NW estimator with a singular kernel can be seen as a general smooth estimate that is
given by averaging the data in a neighbourhood of size &, to which we add small “spikes” at the data
points, allowing interpolation. As pointed in Bartlett et al. (2021), any estimator f could be turned into
an interpolating one fim = f+A, where A(X;) = Y; —f(Xi) but [|All ;2@ = o(1). This has been observed
empirically by Wyner et al. (2017), in what they called “spiked-smooth" estimates.

Vx, E

2.3 What about random forests?

In this section, we discuss about recent results in a joint work with Ludovic Arnould (Sorbonne Uni-
versité) and Erwan Scornet (Ecole Polytechnique).
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Figure 2.1: From Belkin et al. (2019), choosing a = 0.49. The influence of interpolation remains very
localized around the training points.

2.3.1 Setting

We assume to be given a training set 9, := (X1, Y1),..., (X5, Yy)), composed of i.i.d. copies of the
generic random variable (X, Y), where X € [0,1]¢ is the input and Y € R is the output. The under-
lying model is assumed to satisfy Y = f*(X) + ¢, where f*(x) = E[Y|X = x] is the regression function
and ¢ is a random centered noise of variance 0> < co. Given an input vector x, the goal is then to
predict the associated square integrable random response by estimating f* (x).

2.3.2 Preliminary on random forests

RF predictor A Random Forest (RF) is a predictor consisting of a collection of M randomized trees
(see Breiman et al., 1984, for details about decision trees) that can be seen weak learners.
Trees are predictors

(a) that are built by partitioning the feature space into hyperrectangles (along the features axes);

(b) which, for a data point x, predict by “averaging" the labels (Y;); of the training points (X;) falling
in the same partition cell as x.

Note that a fully-grown tree is “spiky”, in the sense that there is no smoothing mechanism: every-
where in space, the prediction relies only on one data point.

RF aggregates the prediction of several trees. To improve prediction with aggregation, the con-
structed trees need to be as uncorrelated as possible. To this end, in RE

1. trees are usually trained on different bootstrap samples from the original training sample.
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Figure 2.2: A partition made of hyperrectangles can always be coded by a binary tree. The prediction
of a tree for a new data point is made by a majority vote in a classification setting, or by averaging in a
regression setting, so that here, the prediction will be 85.

2. each time that a tree creates new partition cells, it will only cut over a random subset of features
for splits.

Non-adaptive RF To build a forest, we generate M € IN* independent random variables (61, ...,0),
distributed as a generic random variable ©, independent of &,,. In our setting, 8, actually represents
the successive random splitting directions and the resampling data mechanism in the m-th tree. The
predicted value at the query point x given by the m-th tree is defined as

n Lxen, o) Yi

fn(xrgj) = Z

Iy, x6)>0
-1 Nalx,0;) nte0>

where Ap(x,0;) is the cell containing x and Ny (x,0}) is the number of points falling into A, (x,0;). The
(finite) forest estimate then results from the aggregation of M trees:

1 M
fM,n(er)M)z_ Z fn(xrgm)r
Mm:l

where Oy := (61, ...,05). By making the number M of trees grows towards infinity, we can consider
instead the infinite forest estimate, which has also played an important role in the theoretical under-
standing of forests:

foo,n(x) = EB [fn(x,Q)],

where [Eg denotes the expectation w.r.t. 8, conditional on 2,,.

Centered RF Centered Random Forests (Biau (2012)) are ensemble methods that are said to be non-
adaptive since trees are built independently of the data: at each step of a centered tree construction,
a feature is uniformly chosen among all possible d features and the split along the chosen feature is
made at the center of the current cell. Then trees are aggregated to produce a CRE

Choosing the depth of the order of log, (n) characterizes another type of interpolation regime. To
see this, consider a centered tree of depth k, whose leaves are denoted Lj,...,L,x. The number of
points falling into the leaf L; is denoted N, (L;). If X is uniformly distributed over [0,1]¢, then by
construction, for a given leaf L;,

1 n
P(Xel;)= z_k and E(N,(L) = Z_k (2.1)
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fCRF

Definition 2.2 (Mean interpolation regime). A CRF satisfies the mean interpolation regime when

each tree offCRF has at least n leaves (k = log, (n)).

2.3.3 Centered forests: watch the empty cells out

Proposition 2.3. Suppose thatE [ f* (X)Z] > 0. Then the infinite Centered Random Forest of depth k, =
llog, n] is inconsistent.

The non-consistency of the CRF stems from the fact that the probability for a random point X to
fall in an empty cell does not converge to zero, i.e. for arandom tree 9,

P (N, (X,0) =0|X) m 0.

Indeed, denoting & the event “N,,(X,0) = 0" (or equivalently, “X falls into a non-empty leaf"), in such
a case the infinite CRF outputs 0. Setting 1,00 (X) = E [my,00 (X)X, X1, ..., Xn],

RS (X)) =E|( ,ff}f(X)—f*(X))z)] 2.2)
" 2
=Exg, || X W30 f*(X,-)+W,<;f;-(X)ei—f*(X)) ] 2.3)
i=1
2
>Ex,2, Z e X (X)) - f* (X)) 2.4)
4 Txca,m.0 . . 2
2Exg, || 2 Ey | === 1N, w00 | [ (X) = f*(X) (2.5)
i=1 Nn( 76)
& Ixea,x,0) ; o " ’ *12
=Exg, || X Eo | ————— (f* (X)) = f*(0) Ly, x.0)>0 +E[(f)*(X) 1y, x,0)50]
i=1 Nn(X,H)
(2.6)
= E[(f)* X)L, x0>0] = Ex [(f)*(X)Pg, 6 (N (X,6) = 01X)] @2.7)

When the tree contains a,n leaves with a,, = 1

1 n
Po, o (Na(X,0) = 0[X) = (1 _ n) —

n

This emphasizes the poor generalisation capacities of the interpolating CRF (under any interpo-
lating regime). Since controlling empty cells seems crucial for the consistency, this motivates the in-
troduction of a modified version of a CRF that does not take into account the empty cells to make the
final prediction:

Wiser CRF: aggregating only non-empty cells A finite CRF aggregating only non-empty cells is given
by

1
wCRF
Op)=—— )1
(x,0p) = A (6, Om) 2 Z Fn(,0) 1N, (x,0,,)>0-
with A, (x,0p) := |{m: N, (x,60,,) > 0}].
An infinite version of a centered CRF that would only aggregate non-empty cells is given by
foo () =Eo [ fu(x,0)I Ny (x,6) > 0] 2.8)

Fu (01N, (x,0)>0
=Fy | ——————1=>77 7 | 2.
91 Py (N, (x,6)>0) @9
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Theorem 2.4. Suppose that f* is bounded and has bounded partial derivatives. Then, the infinite
wiser-CRF of depth k =log, n is consistent in a noiseless setting. More precisely, ifo =0,

d s
E[ (£S5 00 - m00)°| <2a Y- l1om;112,n°%072) + 25" s
j=1

The risk of the wiser-CRF estimator can be decomposed as the sum of bias and variance. In a
noiseless setting, only the bias need to be controlled. To do so, one should control what happens on
the event where the wCRF arbitrarily outputs 0, this corresponds to the case where “Pg [NV, (X, 0) > 0] =
0", i.e. when “Pg [N, (X,0) =0] =1". In such a case, we manage to prove that

P, (Po(Na(X,0)=0)=1) —0

n—oo
ie.

Even though we proved consistency in a noiseless framework, we firmly believe that it holds in a
noisy setting and that we could not demonstrate the result because of difficulties in the proof.

2.3.4 Kernel RF

In order to reach consistency in a noisy scenario, we now focus on the Kernel RE Instead of averaging
the predictions of all centered trees, the construction of a kernel RF (KeRF) is performed by growing
all centered trees and then averaging along all points contained in the leaves in which x falls, i.e.

n v M
KeRF(x Ou) = i=1 lemzlﬂXieAn(x,Bm)
M}n ’ Ll .

n M
Zi:1 Zm=1 ]IXiEAn(x,Bm)

Letting Kjz,, be the connection function of the finite forest with M trees defined by

M
Kyn(x,2):= — Z Lzen,x0m)
M m=1

Scornet (2016) shows that the KeRF can be rewritten as

X1 YKy (x, X;)
Ky (x, X5)

KeRF
KeRE (x, O1) =

’

hence the name of kernel RE In addition, it is shown that

lim Ky, (x,2) := Ky(x, 2),
M—oo

where K, (x,z) = Pg [z € A,(x,0)] which can be seen as the empirical probability for x and z to be in
the same cell w.r.t. a tree built according to 6. Consequently, for all x € [0, 114, the infinite KeRF reads
as

Z:lzl Yan(x, Xl)

KeRF( ) = .
eon L Kn(x, X))

Note that the mean interpolation regime is met for centered trees, and therefore for KeRE as soon
as k, = log, n.
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Theorem 2.5. Assume that f* is Lipschitz continuous and that the additive noise ¢ is a centered Gaus-
sian variable with a finite variance o®. Then, the risk of the infinite centered KeRF of depth k, =
llog, (n)] verifies, foralln =2,

%(fKeRF) < Cd log(n)_(d_m/e,

oo, n
with C4 > 0 a constant depending on o, d, || f* |lo-

If a “mean" overfitting regime is benign for the consistency of KeRE it seems to be nonetheless
malignant for the convergence rate.

2.3.5 RF & exact interpolation

Definition of AdaCRF Since consistency has been analyzed so far in the mean interpolation regime,
we introduce a new adaptive tree which reaches the strict interpolation regime. This so-called adap-
tive centered tree is a modified version of a centered tree, built by taking into account the positions of
the X;’s, and thereby reduces the number of empty leaves. It is recursively grown:

1. (splitting direction) at each node, a feature is uniformly chosen among the set of all separable d
features (a feature is separable if cutting this feature produces two non-empty cells).

Note that if there are more than one point in the current node and none of the feature sepa-
rates them, the splitting direction is uniformly chosen among all the separable features of the
previous cut.

2. (split) the split is made in the middle of the current node along the chosen feature.
3. (stop) The construction stops when all leaves contain 0 or 1 observation.

The Adaptive Centered RF (AdaCRF) results from a specific aggregation of such trees: for a given point
x, the final prediction of the RF is given by averaging along all the trees for which x falls into a non-
empty leaf.

Interpolation

Lemma 2.6 (Depth of an adaptive centered tree). Forall a € [0,1),
kn(X) € llog(n) +log' ™ (m)] —— 1.

Lemma 2.6 states that the asymptotic behavior of k,(X) is equivalent to logn up to a negligible
factor. The log(n) equivalent matches the condition for the mean interpolation regime in the case of
CRE Therefore, while AdaCRF has a depth of the same order as that of a classical CRE its adaptivity
nature ensures its interpolation.

Interpolation volume We start by studying the interpolation area of the RE

Definition 2.7. The interpolation area is the subspace of (0,119 where the prediction of the forest de-
pends on one training point only. For a given forest my (., ®pr), the interpolation area is denoted by

M
d(mM,n(;eM)) = {xe [Oyl]dra'Xl E@ani € m An(xyem)}

m=1
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Note that the partition of the RF consists in the intersection of the tree partitions.

The interpolation zone heavily depends on both the geometry of the training points X;’s and the
construction of the trees. Analyzing the interpolation area for a finite AdaCRF turns out to be quite a
challenging task. Therefore, we focus our study on the core interpolation area <y, written as

dmin: ﬂ d(fM,n(-»G)M))-
ME]N,@M

The area «,,,;, is nothing but the intersection of the interpolation zones of all possible forests, or
equivalently of a forest containing all the possible trees (and therefore all possible cuts). As an example
note that in the case of centered trees, every cut may occur with a positive probability. Therefore, <,
matches the volume of the interpolation area of an infinite centered AdaCRE

Proposition 2.8. For all n =2, for all d = 2, consider an infinite AdaCRF f2%3CRF " Thep,

oo, n

2 )d (1 _2*}’2)(1

[E@n [N(dmm)] = ( A1

log2

This highlights the predominant self-averaging property of such forest architectures, and hence
underpins the idea of good capabilities of AdaCRF in interpolation regimes apart from the empty cells.
Aswe prove in the next section, the exact interpolation regime still produces too many empty cells that
hinder the consistency property of AdaCRE

Non-consistency

Proposition 2.9. WhenE[f*(X)?] >0, the infinite AdaCRF f233°R¥ is inconsistent in an exact interpo-
lation regime (grown til pure leaves).

The adaptiveness of AdaCREF is not sufficient to ensure consistency while reaching exact interpo-
lation: it produces too many empty cells. In order to maintain both interpolation and consistency
properties, it seems necessary to chose the threshold to split over between two points (for instance in
the case of Breiman RF or Median RF) which produces a forest without empty leaves.

2.3.6 Breiman’s forest

The widely-used Breiman RF is composed of several trees, built with CART methodology, each one
trained on bootstrap samples, and for which the successive splitting directions and thresholds are
chosen at each step (among a random subset of directions) in order to minimize the CART criterion
(empirical variance for instance). Breiman forests are among the state-of-the-art ensemble methods
in terms of predictive performance even if their adaptivity to the data remains a real hurdle to their
theoretical analysis.

Proposition 2.10. Consider an infinite Breiman forest constructed without bootstrap. Suppose that for
a given configuration of the training data, all cuts have a probability strictly greater than 0 to appear.
Then, the volume of the minimal interpolation zone verifies

E[utetmin)] < — (1 —2m4,

2.3.7 Conclusion

In particular, we show that simple models such as the vanilla CRF can still reach consistency within the
mean interpolation regime if the aggregation rule does not take the empty cells into account. However,
preserving both exact interpolation and consistency comes at the cost of a greater adaptivity of the RE
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