LENS RIGIDITY FOR MANIFOLDS WITH HYPERBOLIC
TRAPPED SETS

COLIN GUILLARMOU

ABSTRACT. For a Riemannian manifold (M,g) with a strictly convex boundary
OM, the lens data consists of the set of lengths of geodesics v with endpoints on
OM, together with their endpoints (z_,zy) € OM x M and tangent exit vectors
(v—,vq) € Ty, M x T, , M. We show deformation lens rigidity for such manifolds
with hyperbolic trapped set and no conjugate points. This class contains all man-
ifolds with negative curvature and strictly convex boundary, including those with
non-trivial topology and trapped geodesics. For the same class of manifolds in di-
mension 2, we prove that the set of endpoints and exit vectors of geodesics (i.e. the
scattering data) determines the Riemann surface up to conformal diffeomorphism.

1. INTRODUCTION

In this work, we study a geometric inverse problem concerning the recovery of a
Riemannian manifold (M, g) with boundary from information about its geodesic flow
that can be read at the boundary. Different aspects of this problem have been ex-
tensively studied by [Mu, Mi, Crl, Ot, Sh, PeUh, StUhl, Bulv, CrHe, SUV], among
others. This study also has applications to applied inverse problems, in geophysics and
tomography. Our results concern the case of negatively curved manifolds with strictly
convex boundaries, and more generally manifolds with hyperbolic trapped sets and no
conjugate points. In these settings we solve the deformation lens rigidity problem in all
dimensions, and in dimension 2 we show that the lens data (and actually the scattering
data) determine the Riemann surface up to conformal diffeomorphism. The important
difference with most of the previous works on the subject is that we allow trapping
and non-trivial topology; in this setting we obtain the first general results. This re-
quires the introduction of new methods based on a systematic use of recent analytic
techniques introduced in hyperbolic dynamical systems [Bulii, FaSj, DyZw, DyGu2].

1.1. Negative curvature. Let (M, g) be a smooth n-dimensional compact Riemann-
ian manifold with strictly convex boundary OM (i.e. the second fundamental form
is positive). In this work, we will always assume that either M is connected or each

connected component of M has a non-empty boundary. The incoming (-) and outgoing
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(+) boundaries of the unit tangent bundle of M are defined and denoted by
0+SM = {(z,v) € TM;x € OM,|v|y, = 1,Fg.(v,v) > 0}

where v is the inward pointing unit normal vector field to M. For all (z,v) € 0_SM,
the geodesic () with initial point z and tangent vector v either has infinite length
or exits M at a boundary point ' € OM with tangent vector v" with (2/,v") € 0, SM.
We call £,(x,v) € [0, 00] the length of this geodesic. If I'_ C 0_SM denotes the set
of (x,v) € 0_SM with {,(z,v) = 0o, we call S,(z,v) := (2/,v") € 0. SM the exit pair
or scattering image of (z,v) when (z,v) ¢ I'_. This defines the length map and the
scattering map

ly:0_SM —[0,00], S,;:0_-SM\T_ — 0.SM. (1.1)

The lens data is the pair (¢,,5,). Notice that such data do not (a priori) contain
information on closed geodesics of M, nor on geodesics not intersecting O M.

If (M, g) and (M, ¢') are two Riemannian manifolds with the same boundary N and
glrn = ¢'|rn, there is a natural identification between 0_SM and 0_SM’. Indeed,
0_SM can be identified with the boundary ball bundle BN := {(z,v) € T'N;|v|, <
1} via the orthogonal projection 0SM — BN with respect to g (and similarly for
(M',g")). The lens rigidity problem consists in showing that, if (M, g) and (M, ¢') are
two Riemannian manifold metrics with strictly convex boundary and OM = dM’, then

Eg = Eg/, Sg == Sgl - EI¢ € lef(M/, M), Qb*g = g/, ¢|8M’ = Id. (12)

When (¢,,S,) = ({y,Sy), we say that (M, g) and (M', ¢') are lens equivalent, while if
Sy = Sy we say that they are scattering equivalent.

Our first result concerns deformation lens rigidity and holds in any dimension.

Theorem 1. For s € (—1,1), let g5 be a smooth 1-parameter family of metrics with
negative curvature on a smooth connected compact n-dimensional manifold M with
strictly convex boundary. Assume that gs is lens equivalent to go for all s. Then there
exists a family of diffeomorphisms ¢ satisfying ¢slopr = Id and ¢%go = gs.

In dimension 2, we show that the scattering data determine the conformal structure.

Theorem 2. Let (M,g) and (M',g') be two oriented negatively curved Riemannian
surfaces with strictly convex boundary, and such that each connected component of M
and M’ has non-empty boundary. Assume also that OM = OM' and g|ron = §'|Tom: -
If (M,g) and (M',q') are scattering equivalent, then there is a diffeomorphism ¢ :
M — M’ such that ¢*g' = €**g for some w € C®(M) and ¢|orr = Id, w|oar = 0.

In the special case of simple manifolds, these results correspond to the much studied
boundary rigidity problem, which consists in determining a metric (up to a diffeo-
morphism which is the identity on dM) on an n-dimensional Riemannian manifold
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(M, g) with boundary OM from the distance function d, : M x M — R restricted
to OM x OM. A simple manifold is a manifold with strictly convex boundary such
that the exponential map exp, : exp, (M) — M is a diffeomorphism at all points
x € M. Such manifolds have no conjugate points, no trapped geodesics (i.e. geodesics
entirely contained in M° := M \ OM), and there is a unique geodesic in M joining
any given pair of boundary points x, 2’ € M. Simple manifolds are diffeomorphic to
a ball. Boundary rigidity for simple metrics was conjectured by Michel [Mi] and has
been proved in some cases:

1) if (M, g) and (M, ¢') are conformal and lens equivalent simple manifolds, they are
isometric; this is shown by Mukhometov-Romanov, Croke [Mu, MuRo, Cr2].

2) If (M, g) and (M’, ¢') are lens equivalent simple surfaces (n = 2), they are isometric.
This was proved by Otal [Ot] in negative curvature and by Croke [Crl] in non-positive
curvature. For general simple metrics, Pestov-Uhlmann [PeUh] proved that the scat-
tering data determine the conformal class and, combined with 1), this shows Michel’s
conjecture in dimension n = 2.

3) If g and ¢’ are simple metrics that are close enough to a given simple analytic metric
go, and are lens equivalent, then they are isometric. This was proved by Stefanov-
Uhlmann [StUh1]. All metrics C?-close to a flat metric gy on a smooth domain of R™
are boundary rigid, as proved by Burago-Ivanov [Bulv].

4) A 1-parameter smooth family of simple non-positive curved metrics with same lens
data are all isometric, this was shown by Pestov-Sharafutdinov [PeSh].

Thus, Theorem 2 is similar to Pestov-Uhlmann result in 2), but for a class of non-
simple surfaces, and Theorem 1 extends 4). We emphasize that in our case, there are
typically infinitely many trapped (and closed) geodesics and this provides the first gen-
eral rigidity result in presence of trapping. In fact, when there are trapped geodesics
or when the flow has conjugate points, there exist lens equivalent metrics which are
not isometric, see Croke [Cr2] and Croke-Kleiner [CrKl]. So far, only results of lens
rigidity in very particular cases were proved in case of trapped geodesics:

5) in dimension n > 3, Stefanov-Uhlmann [StUh2] proved lens rigidity near certain ana-
Iytic metrics with trapped sets (a typical example is the solid torus S' x{z € C, |z| > 1}
with the flat metric).

6) Croke-Herreros [CrHe| proved that a 2-dimensional negatively curved or flat cylinder
with convex boundary is lens rigid. Croke [Cr3] showed that the flat product metric
on B, x S! is scattering rigid if B,, is the unit ball in R".

7) In dimension n > 3, Stefanov-Uhlmann-Vasy [SUV] proved that the lens data near
OM determine the metric near M for metrics in a fixed conformal class. They also
recover the metric outside the convex core of M under convex foliations assumptions.
8) For the flat metric on R™\ O where O is a union of strictly convex domains, Noakes-
Stoyanov [NoSt] show that the lens data for the billiard flow on R™ \ O determine O.
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If SM = {(z,v) € TM;|v|y,} is the unit tangent bundle and SM°® its interior, the
trapped set K C SM° of the geodesic flow is the set of points (z,v) € SM° such
that the geodesic passing through x and tangent to v does not intersect the boundary
OSM; K is a closed flow-invariant subset of SM° which includes all closed geodesics.
In results 5) and 6) above, the trapped set has an explicit simple structure; in 7), it
can be anything but the result allows only to determine the metric near 9M, which is
the region of M with no trapped geodesics. In comparison, in our case the trapped set
is typically a closed set of fractal type. For instance, in constant negative curvature it
has Hausdorff dimension given in terms of the convergence exponent of the Poincaré
series for the fundamental group (see [Sul).

1.2. More general results and the X-ray transform. As we will show, the results
obtained in negative curvature are valid in a more general setting. The only needed
assumptions are that the metric has no conjugate points and the trapped set is a
hyperbolic set (for the geodesic flow). Let us recall the definition of hyperbolicity of
a set. For t € R, we denote by ¢; the geodesic flow at time ¢ on SM, i.e. ¢ (z,v) =
(x(t),v(t)) where z(t) is the point at distance ¢ on the geodesic generated by (x,v)
and v(t) = x(t) the tangent vector. We say that the trapped set K is a hyperbolic set
if there exists C' > 0 and v > 0 so that for all y = (x,v) € K, there is a continuous
flow-invariant splitting

T,(SM) = RX(y) © Eu(y) © Es(y) (1.3)
where E,(y) and F,(y) are vector subspaces satisfying
ldei(y)wll < Ce™||wl], vt >0,Vw € Ei(y),

14
|| dos (y)w]| < Cef'ijwH, Vit < 0,YVw € E,(y) (14)

with respect to any fixed metric on SM. This setting is quite natural and ‘interpolates’
between the simple domain case (open, no trapped set) and the Anosov case (closed
manifolds with hyperbolic geodesic flow). Negative curvature near the trapped set
implies that K is a hyperbolic set, see [K12, §3.9 and Theorem 3.2.17], but although
this is the typical example, negative curvature is not necessary for that to happen.

The central tool to prove Theorem 1 and 2 is the X-ray transform on symmetric
tensors on M. If m € Ny is the order of the tensor, this operator associates to a
symmetric tensor f € C°(M;TT*M) a function I,,,f € C*(0_SM \ I'_) describing
all the possible integrals of f along geodesics of g with endpoints on OM:

Lg(z,v)
L (2, 0) = / Fla(t)(@™o(t))dt

where ¢ (z,v) = (2(t),v(t)) is the geodesic in SM with initial condition (z,v) €
O_SM\T_.
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Theorem 3. Let (M,g) be a smooth compact connected Riemannian manifold with
strictly convexr boundary. Assume that g has a hyperbolic trapped set and no conjugate
points. Then Iy is injective and Iy is injective on divergence-free 1-forms. If in addition
g has non-positive curvature, then I, is injective on divergence-free symmetric m-
tensors for all m > 2.

In Theorem 5, we actually obtain boundedness and injectivity of I,,, on more gen-
eral functional spaces. Similar results were proved for simple metrics in [MuRo, Mu,
AnRo, PeSh, StUh1, PSUI, PSU2] and more recently in [UhVa] for metrics admitting
foliations by convex hypersurfaces. The main new tool to show injectivity of I, in our
case is a Livsic theorem of a new type. Indeed, a Holder Livsic theorem exists on the
trapped set [HaKa, Th. 19.2.4] but this is not very useful for our purpose. The result
we need and prove in Proposition 5.5 is the following: if f € C°°(SM) integrates to
0 along all geodesics relating boundary points of M, then there exists u € C*°(SM)
satisfying Xu = f and u|ssy = 0.

A straightforward consequence of Theorem 3 is the following deformation rigidity
(from which Theorem 1 also follows):

Corollary 1.1. Let M be a smooth connected compact manifold with boundary, equipped
with a smooth 1-parameter family of lens equivalent metrics gs for s € (—1,1) and as-
sume that OM is strictly convex for gs for each s. Suppose that, for all s, gs have
hyperbolic trapped set.

1) If for all s, g5 is conformal to go and has no conjugate points, then gs = go.

2) If gs has non-positive curvature, then there exists a family of diffeomorphisms ¢
that are equal to 1d at OM and with ¢ gy = gs.

Hyperbolicity of K is a stable condition by small perturbations of the metric, and
there is structural stability of hyperbolic sets for flows (see [HalKa, Chapter 18.2] and
[Ro]), which justifies the study of deformation rigidity in that class of metrics.

We also prove in Proposition 5.7 that Il is an elliptic pseudo-differential operator
of order —1, and use this to deduce that I is surjective in Proposition 5.10. These
results are the core to apply the method of Pestov-Uhlmann [PeUh] which relates in
dimension 2 the scattering data to the set of boundary values of holomorphic functions
on M. This set allows to recover the conformal structure by using [Be].

Theorem 4. Let (M, g) and (M’ g’) be two smooth oriented Riemannian surfaces with
no conjugate points, and such that each connected component has non-empty strictly
convez boundary. Assume that OM = OM', glrom = §'|rem and that the trapped sets
of g and of ¢ are hyperbolic. If (M,g) and (M’,q') are scattering equivalent, there
is a diffeomorphism ¢ : M — M’ such that ¢*g' = e**g for some w € C*(M) and
blom = 1d, w|oar = 0.
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We emphasize that due to trapping, several important aspects of the proof of [PeUh]
for simple metrics are much more difficult to implement in our setting. To obtain the
desired result, we need to address delicate questions which are absent in the non-
trapping case: we need to solve boundary value problems for the transport equations
in low regularity spaces and understand the wavefront set of solutions, we need to
describe boundary values of invariant distributions in SM with certain regularity only
in terms of the scattering map S,. The hyperbolicity assumption on K is essential. A
novelty here is that we make use of the theory of anisotropic Sobolev spaces adapted
to the dynamic, which appeared recently in the field of hyperbolic dynamical systems
(typically on Anosov flows [Bulii, FaSj, DyZw]). More precisely, our analysis relies on
microlocal tools developed recently in joint work with Dyatlov [DyGu2] for Axiom A
type dynamical systems, in the same spirit as in the closed case [Gu] where we used
the works [FaSj, DyZw]. A remarkable aspect of this setting with hyperbolic trapped
set is that the X-ray transform still fits into a Fredholm type problem like it does for
simple domains.

1.3. Comments. 1) The assumption g = ¢’ on TOM in Theorem 4 is not a serious
one and could be removed by standard arguments since, by [LLSU], the length function
near 0pSM = {(z,v) € 0SM; (v,v) = 0} determines the metric on TOM (we would
then have to change slightly the definition of Sy, as in [StUh2]).

2) A part of this work deals with very general assumptions (no hyperbolicity as-
sumption on K and no assumptions on conjugate point) to describe solutions of the
boundary value problems for transport equations in SM.

3) Contrary to the simple metric setting, the lens equivalence between two general
metrics does not a priori induce a conjugation of their geodesic flows, which makes the
problem more difficult.

4) As pointed out to me by M. Salo, Theorem 3 is sharp in the sense that if there
exists a flat cylinder C = ((—¢,¢), x (R/aZ)y,dr? + db*) (with a > 0) embedded in
a surface with strictly convex boundary, then it is easy to check that ker I is infinite
dimensional and contains all functions f compactly supported in C, depending only on
T with f_: f(r)dT = 0. In this case the trapped set is not hyperbolic.

5) A byproduct of Theorem 3 (using [DKLS, Th. 1.1]) is the existence of many new
examples with non-trivial topology and complicated trapped set where the Calderén
problem can be solved in a conformal class.

6) We are not yet able to prove that the lens data determine the conformal factor w
in Theorem 4. It likely does but this seems to be a difficult problem.

Ackowledgements. We thank S. Dyatlov for the work [DyGu2| which is funda-
mentally used here, and the referees for useful comments. Thanks also to V. Baladi,
S. Gouézel, M. Mazzucchelli, F. Monard, V. Millot, F. Naud, G. Paternain, M. Salo,
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S. Tapie, G. Uhlmann, M. Zworski for useful discussions. The research is partially
supported by grants ANR-13-BS01-0007-01 and ANR-13-JS01-0006.

2. GEOMETRIC SETTING AND DYNAMICAL PROPERTIES

2.1. Geometry of SM and extensions. We recall basic facts about the geometry
of the unit tangent bundle and refer the reader to [Pa, Chapter 1] for details. Let

o : SM — M, m(z,v)=2x

be the natural bundle projection on the base. The tangent space of SM has a natural
splitting into vertical and horizontal smooth subbundles

T(SM)=V&H (2.1)

where V = ker dmy and H is defined using the Levi-Civita connection (see [Pa, Chapter
1.3.1]). The connection induces in particular a map K : T(SM) — T'M which can be
used to define the Sasaki metric on SM by

<§7 €/>S = g(dﬂ'o.f, dﬂ-()-fl) + g(lcgv Kgl)

There is a natural contact 1-form o on SM called the Liouville form, satisfying a(X) =
1 and ixda = 0 if X is the geodesic vector field on SM. This induces an associated
volume form and thus a measure du called the Liouville measure given by

1
(n—1)!

du = a A (da)" ! (2.2)

which is also exactly the Sasaki volume form (here dim M = n).

[t is convenient to view (M, g) as a strictly convex region of a larger smooth manifold
(M, §) with strictly convex boundary, and to extend the geodesic vector field X on
SM into a vector field X on SM which has complete flow, for instance by making X
vanish at SM. Let us describe this construction. Near the boundary dM, let (p, 2)
be normal coordinates to the boundary, i.e. p is the distance function to OM satisfying
|dp|, = 1 near M and z are coordinates on M. The metric then becomes g = dp?+h,,
in a collar neighborhood [0, 6], x OM of M for some smooth 1-parameter family h, of
metrics on OM and the strict convexity condition means that the second fundamental
form —0,h,|,=o is a positive definite symmetric tensor. We extend smoothly h, from
p € [0,0] to p € [-1,6] as a family of metrics on OM satisfying —d,h, > 0 for all
p € [—1,0]. We can then view M as a strictly convex region inside a larger manifold
M. with strictly convex boundary as follows. First, let £ = 0M x [—1,0], be the
closed cylindrical manifold, and consider the connected sum M := M U E where we
glue the boundary {p = 0} ~ M of E to the boundary OM of M; then we put a
smooth structure of manifold with boundary on M extending the smooth structure of
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M, we extend the metric g smoothly from M to M by setting § = dp?+ h, in E. Each
hypersurface {p = ¢} with ¢ € [—1,0] is strictly convex. We now set the extension

M. :=MU{y € E; p(y) € [—¢,0]}

of M for e > 0 fixed small, so that (M., g) is a manifold with strictly convex boundary
containing M and contained in M. Tt is easily checked that the longest connected
geodesic ray in SM, \ SM° has length bounded by some L < co. When (M, g) has
no conjugate point and hyperbolic trapped set, it is possible to choose € small enough
so that (M., g) has no conjugate point either (see Section 2.3), and we will do so each
time we shall assume that (M, g) has no conjugate point. We denote by X the geodesic
vector field on the unit tangent bundle S M of M with respect to the extended metric
g. Let us define py € C°(M) so that near E, po = F(p) is a smooth nondecreasing
function of p satisfying F'(p) = p+1 near p = —1, and so that {py = 1} = M,. Denote
by m : S M — M the projection on the base, then the rescaled vector field

Xo = my(po) X

on SM has the same integral curves as X, it is complete and Xy = X in the neigh-
borhood SM, of SM. The flow at time t of X is denoted ¢, and by strict convexity
of M (resp. M,) in M, ¢, is also the flow of X in the sense that for all y in SM
(resp. in SM.) one has 0y (y) = X (p:(y)) for t € [0,1y] as long as ¢4, (y) € SM (resp.
Pio(y) € SMe).

We shall denote M° and M for the interior of M and M..

2.2. Incoming/outgoing tails and trapped set. We define the incoming (-), out-
going (+) and tangent (0) boundaries of SM and SM,

0+:SM = {(z,v) € 0SM;xdp(X) > 0}, 0xSM, :={(z,v) € 0SM.; +dp(X) > 0},
0oSM = {(z,v) € 0SM;dp(X) =0}, 0SM, = {(z,v) € 90SM;dp(X) = 0}.
For each point (z,v) € SM, define the time of escape of SM in positive (+) and
negative (-) time:
i (x,v) :==sup {t > 0;¢¢(z,v) € SM} € [0, +00],

0_(z,v) :=1inf {t < 0; ¢ (z,v) € SM} € [—00,0]. (2:3)

Definition 2.1. The incoming (-) and outgoing (+) tail in SM are defined by
Iy = {(z,v) € SM;ly(z,v) = 200} = [ px(SM)

>0
and the trapped set for the flow on SM is the set
K:=T,NnT_=()e(SM). (2.4)

teR
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We note that I'+ and K are closed sets and that K is globally invariant by the flow.
By the strict convexity of M, the set K is a compact subset of SM®° since for all
(z,v) € SM, @, (z,v) € SM\ SM for either all ¢ > 0 or all t < 0. In general it has
Hausdorff dimension dimy(K) € [1,2n — 1) if n = dim M.

Moreover, it is easy to check ([DyGu2, Lemma 2.3]) that 'y are characterized by
yel'y < d(ei(y), K) — 0ast— Foo (2.5)

where d(-,-) is the distance induced by the Sasaki metric. We then extend I'y to
SM by using the characterization (2.5); the sets 'y are closed flow-invariant subsets
of the interior SM° of SM. By strict convexity of the hypersurfaces {p = ¢} with
¢ € (—1,0], each point y € SM with p(y) € (—1,0] is such that d(gpt(y),OSM) — 0
either as t — +o00 or t — —o0, and thus for all ¢ € (0,1)

K =(el{po > c}) =) ee(SM.).

We also remark that the strict convexity of OM and OM, implies

Using the flow invariance of Liouville measure in SM,, it is direct to check that (see
the proof of Theorem 1 in [DyGul, Section 5.1])

Vol(K) =0 <= Vol(SM,N(I'_UT,)) =0. (2.7)

where the volume is taken with respect to the Liouville measure.

The hyperbolicity of the trapped set K is defined in the Introduction, and there is
a flow-invariant continuous splitting of 75 (SM) dual to (1.3), defined as follows: for
ally € K, T;(SM) = Ej(y) ® E;(y) © E;(y) where

E(E,®RX)=0, E(E,®RX)=0, E(E,®E,) =0.

We note that £j = Ra where « is the Liouville 1-form.

2.3. Stable and unstable manifolds. Let us recall a few properties of flows with
hyperbolic invariant sets, we refer to Hirsch-Palis-Pugh-Shub [HPPS, Sections 5 and 6],
Bowen-Ruelle [BoRu] and Katok-Hasselblatt [Hal{a, Chapters 17.4, 18.4] for details.
For each point y € K, there exist global stable and unstable manifolds Wy(y) and W, (y)
defined by

Wi(y) == {y € SM°;d(¢:(y), ei(y)) = 0, — +oo},
Wa(y) = {y € SM°d(¢u(y), p:(y)) — 0, — —o0}

which are smooth injectively immersed connected manifolds. There are local sta-
ble/unstable manifolds W¢(y) C Ws(y), Wi(y) C Wu(y) which are properly embedded
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SM

+ 1

SMe.

FIGURE 1. The manifold SM and SM,

disks containing y, defined by
Wi(y) ={y" € Wily); V¢ = 0, d(w:(y), p:(y)) < €},
Waly) =={y" € Wau(y); V& = 0, d(o—(y), p-+(y)) < €}
for some small € > 0,
Pe(Wi(y)) € Wileuy)) and o_(Wi(y)) € Wilo-i(y)),
T,Wi(y) = Edly), and T,Wi(y) = Eu(y),
The regularity of W, (y) and Wy(y) with respect to y is Holder. We also define
W(K) = UyerWi(y), Wu(K) = UyerWau(y),
WEK) = UyexWely), We(K) i= Uyer W),
The incoming/outgoing tails are exactly the global stable/unstable manifolds of K:

Lemma 2.2. If the trapped set K is hyperbolic, then the following equalities hold
I =WyK), TI'y=W.(K).

Proof. By (2.5), Wy(K) C I'_ and W, (K) C I'y. Then WE(K)NWS(K) C K, and
thus K has a local product structure in the sense of [Hala, Definition p.272]. Now
from this local product structure, [HPPS, Lemma 3.2 and Theorem 5.2] show that for
any € > 0 small, there is an open neighbourhood Vx of K such that

{y € SM.; oi(y) € Vi,Vt >0} C WE(K) (2.8)

which means that any trajectory which stays close enough to K is on the local stable
manifold. The same hold for negative time and unstable manifold. A point y € I'_
satisfies d(p(y), K) — 0 as t — 400, thus for ¢ large enough the orbit reaches Vi
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and thus ¢;(y) € WE(K) for t > 1 large. We conclude that y € W (K). Similarly
I'y € W,(K) and this achieves the proof. O

For each yy € K, we extend the notion of stable susbpace, resp. unstable subspace,
to points on the W¢(yo) submanifold, resp. W¢(yy) submanifold, by

E_(y) :==T,W;(w) ify € W), E+(y):=T,Wilyo) if y € Wi (yo).
These subbundles can be extended to subbundles £y C Tt SM, over I'y in a flow-
invariant way and we can define the subbundles F3 C Ty SM, by
Ej:(Ei D RX) = (0 over F:t. (29)
By [DyGu2, Lemma 2.10], these subbundles are continuous, invariant by the flow and
satisfy the following properties (we use Sasaki metric on SM):

1) there exists C' > 0, > 0 such that for all y € 'y and £ € Ef(y), then

lde ()Tl < CeMlell,  Ft >0, (2.10)
2) for (y,&) € Ty, SM, such that £ ¢ E and £(X) = 0, then
dey " (y)'€

||dcpt_1(y)T§|| — 00 and — E;‘F|K as t — Foo, (2.11)

I, ()€l
3) the bundles £ extend E? and E; in the sense that E*|x = EY and E |k = E.

The dependance of EZ (y) with respect to y is only Holder continuous. The bundles
E* can be thought of as conormal bundles to Iy (this set is a union of smooth leaves
parametrized by the set K'). The differential of the flow dy; is exponentially contracting
on each fiber E_(y), the proof of Klingenberg [KI, Proposition p.6] shows

¢¢ has no conjugate points = E_ NV = {0} (2.12)

where we recall that V = ker 7y is the vertical bundle. Similarly, £y NV = {0} in that
case. These properties imply the

Lemma 2.3. If (M, g) has hyperbolic trapped set, strictly conver boundary, and no
conjugate points, we can choose € > 0 small enough in Section 2.1 so that the extension
(M., g) has not conjugate points.

Proof. Indeed if it were not the case, there would be (by compactness) a sequence of
points (z,,v,) € SM,\ SM converging to (z,v) € 0_-SM UJySM and (x,v],) € SM,

converging to (z/,v") € SM, and geodesics 7, passing through (z,,v,) and (z/,,v]),
with z,, and z!, being conjugate points for the flow of the extension of g. Note that
(x,v) = (a',0") is prevented by strict convexity of OM. By compactness, if the length
of v, is bounded, we deduce that z, z" are conjugate points on M, which is not possible

by assumption. There remains the case where the length of ~, is not bounded, we can
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take a subsequence so that the length ¢, — 4o00. Then (z,v) € I'_, and there is
w, €V = kerdmy of unit norm for Sasaki metric such that dy,, (x,,v,).w, € V. We
can argue as in the proof of [DyGu2, Lemma 2.11]: by hyperbolicity of the flow on K,
for n large enough, dy;, (z,,v,).w, will be in an arbitrarily small conic neighborhood
of E., thus it cannot be in the vertical bundle V. This completes the argument. [J

Finally, let us denote by
tg : 0+SM — SM,, 1:95M — SM, (2.13)
the inclusion map, and define

Ej s = (duy)"EL C T*(0:5M). (2.14)

2.4. Escape rate. An important quantity in the study of open dynamical systems
is the escape rate, which measures the amount of mass not escaping for long time.
This quantity was studied for hyperbolic dynamical systems by Bowen-Ruelle, Young
[BoRu, Yo]. First we define the non-escaping mass function V(t) as follows

V(t) :== Vol(T,(t)), with

Te(t) == {y € SM; pui(y) € SM for s € [0,1]}. (2.15)

and Vol being the volume with respect to the Liouville measure du defined in (2.2).
The escape rate @ < 0 measures the exponential rate of decay of V()

1
Q = limsupglog V(t). (2.16)

t—4o00

Notice that, since ; preserves the Liouville measure in SM, we have
Vol (T (1)) = Vol(T_(¢))

since the second set is the image of the first set by ;. Consequently, we also have
Q = limsup,_, , , +log Vol(7_(t)). We define J, the unstable Jacobian of the flow

Ju(y) = —0i(det doy(y)| . (y)) =0

where the determinant is defined using the Sasaki metric (to choose orthonormal bases
in F,). The topological pressure of a continuous function f : K — R with respect
to ¢, can be defined by the variational formula P(f) := sup, ey, x) (b (@1) + [ fdv)
where Inv(K) is the set of ¢-invariant Borel probability measures and h,(¢1) is the
measure theoretic entropy of the flow at time 1 with respect to v (e.g. P(0) is just the
topological entropy of the flow).

We gather two results of Young [Yo, Theorem 4] and Bowen-Ruelle [BoRu, Theo-
rem 5] on the escape rate in our setting.
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Proposition 2.4. If M has strictly convex boundary, each connected component of M
has non-empty boundary and the trapped set K is hyperbolic, then the escape rate Q) is
negative and given by the topological pressure of the unstable Jacobian

Q= P(Ju). (2.17)

Proof. Formula (2.17) is proved by Young [Yo, Theorem 4] and follows directly from the
volume lemma of Bowen-Ruelle [BoRu]. The pressure P(.J,) of the unstable Jacobian
Jy, for 1 on K is equal to the pressure P(J,|q) of J, for ¢; on the non-wandering set
Q) C K of ¢q, see [Wa, Corollary 9.10.1]. By the spectral decomposition of hyperbolic
flows [Hal{a, Theorem 18.3.1 and Exercise 18.3.7], the non-wandering set 2 decom-
poses into finitely many disjoint invariant topologically transitive sets Q = UN,Q; for
¢1. By [HaKa, Corollary 6.4.20], the periodic orbits of the flow are dense in 2. By
[HPPS, Proposition 7.2, each component €2; of Q has local product structure, and
thus, according to [HaKa, Theorem 18.4.1], it is locally maximal; each €; is a basic set
in the sense of Bowen-Ruelle [BoRu].

Then we can use the result of Bowen-Ruelle [BoRu, Theorem 5] which gives the
following equivalence

P(Julg,) <0 <= €, is not an attractor for p; <= Vol(W,(£%;)) =0  (2.18)

where W(€;) := Uyeq,Ws(y) is the stable manifold of €;. Suppose that one of the
sets ; is an attractor, then W(£2;) has positive Liouville measure, implying that
Vol(I'_) > 0, thus Vol(K) > 0 by (2.7). Since Liouville measure is flow invariant on
K, we have Vol(K) = Vol(2) by [Wa, Theorem 6.15] and thus there is ; with positive
Liouville measure. Now we can conclude with the argument of [BoRu, Corollary 5.7]:
Vol(W,(€2;)) > 0 and Vol(W,(€2,)) > 0 so that €2; is an attractor for both ¢; and ¢_;
by (2.18), and this implies that W, (€2;) = Q; (as an attractor of ¢;) and W, (§2;) is
open (as an attractor of ¢_;), thus €; is a whole connected component of SM. But
this connected component has a strictly convex boundary which does not intersect K,
and thus we obtain a contradiction. We conclude that Q) = P(J%|q) < 0. O

This of course implies that Vol(I'_ UT'y) = 0. Near 0.SM, we have {p(y) €
SM;t € [0,¢),y € 0SM NT1} C T'y and since for U a small open neighborhood of
0+SM N T4 the map

(t,y) €10,6) x U pxi(y) € SM

is a smooth diffeomorphism onto its image (the vector field X is transverse to 0+.SM
near 'y by (2.6)), we get

VOlaSM(Fi N 8iSM) = 0; (2.19)

where the measure on 9SM is the Riemannian measure induced by the Sasaki metric.
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The flow on SM, shares the same properties as on SM and the trapped set on SM
and on SM, are the same, the discussion above holds as well for SM,, and in particular

1
Q@ = limsup i log Vol({y € SM,; ¢1s(y) € SM, for s € [0,t]}) < 0. (2.20)

t—+o00

2.5. Santalo formula. There is a measure on dSM which comes naturally when
considering geodesic flow in SM, we denote it du, and it is given by

dp, (z,v) == |g(v,v) Fdu(x, v)| (2.21)

where v is the inward unit normal vector field to OM in M, ¢ is defined in (2.13)
and dy is Liouville measure (2.2). This measures is also equal to |[¢*(ixdu)|. When
Vol(I'_UTI'}) = 0, then (2.19) holds and we can apply Santalo formula [Sa] to integrate
functions in SM, this gives us: for all f € L'(SM)

by (z0)
[ fin - / . / F (e, v))dt dpy (2, v) (2.22)

with ¢, defined in (2.3). Extending f to SM by 0 in SM \ SM, (2.22) can also be
rewritten

[ fin - /a . [ feda.v)dt o). (2.23)

3. THE SCATTERING MAP AND LENS EQUIVALENCE

In the setting of a compact Riemannian manifold (M, g) with strictly convex bound-
ary OM, we define the scattering map by

Sg: O_SM\T_ = 0, SM\T;, Sy(z,v):= ¢, (@w(x,v) (3.1)
where ¢, (z,v) is the length of the geodesic mo(Uierpr(z,v))) N M, as defined in (2.3).

Definition 3.1. Let (M, g1) and (Ms, g2) be two Riemannian manifolds with the same
boundary and such that g1 = go on TOM; = TOMs and the boundary is strictly convex
for both metrics. Let v; be the inward pointing unit normal vector field on OM; and let
' C SM; the incoming tail of the flow for g;. Let o : OSM; — dS My be given by

alz,v+tny) = (x,v +try), VY(v,t) € T,0M; xR, |v|§1 + 12 =1. (3.2)
Then (M, g1) and (Ms, g2) are said scattering equivalent if
(Tt NOSM,) =T2 NISM,, and a oSy = S, 0 on OSM; \TL.

Finally g1 and go are said lens equivalent if they are scattering equivalent and for any
(z,v) € O_SM; \TL, the length (' (x,v) of the geodesic generated by (x,v) in M, for
g1 1s equal to the length (% (a(x,v)) of the geodesic generated by a(x,v) in My for g.
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Let us show that for the case of surfaces, if K is hyperbolic and ¢ has no conjugate
points then S, determines the set £j ., this will be useful in Theorem 6.

Lemma 3.2. Let (M, g) be a surface with strictly conver boundary. Assume that K
is hyperbolic and that the metric has no conjugate points. Then the scattering map S,
determines Ep .

Proof. All points in I'y N 9SM are in some unstable leaf W, (p) for some p € K. The
unstable leaves are one-dimensional manifolds injectively immersed in SM, and they
intersect OSM in a set of measure 0 in dSM. Above a point y € W,(p) N 0_SM,
the fiber E7 5(y) is exactly one-dimensional since one has T,SM = RX &V & £, (y)
where V = ker dm is the vertical bundle which is also tangent to dSM and E* (V) # 0
if there are no conjugate points (we refer the reader to the proof of Proposition 5.7
below for the discussion about that fact). Take a point y € W,(p) N 9.SM and a
sequence ¥y, — y in 0, SM with y,, ¢ I'; | then by compactness (by possibly passing to
a subsequence) z, := S, (y,) is converging to z in I'_NISM with t,, := {;(z,) — oco.
We can write Sy(2,) = ¢r,(z,)(2n). By Lemma 2.11 in [DyGu2] (in particular its
proof), if &, € T SM satisfies &,(X) = 0 and dist(&,/|[&n|], £) > € for some fixed
e > 0, then (dipy, (2,)™)7E/ |y, (20) 1T E]| tends to By (y)* N S*(SM). Then we
compute for w,, € T, (0SM)

dS;l(yn).wn = X (2n)dl—(yn)-wy + dp—i, (Yn)-wn

and if §,, € T} (0SM), we can define uniquely & e T; SM by E(X)=0and & odL =
&, (v is defined in 2.13) so that (dS,(z,) ™17, = (dpy, (2,)71)TEE. We conclude that

(dSy(2a) ™) €n/11(dSy(2a) ™) &ull = EX(y), n — +o0

if &, is such that dist(¢%/||&¢]], E*) > €. We can for instance take &, to be of norm 1
and in the annihilator of V in T*0SM, then the desired condition is satisfied and this
shows that we can recover £ (y) from S;. The same argument with Sg_1 instead of S,
shows that S; determines E*. This ends the proof. O

We can define the scattering operator as the pull-back by the inverse scattering map
Sy CX(0-SM\T_) = CX(0,SM\T), Sw_=w_oS5, " (3.3)

Lemma 3.3. For any wy € CX(0:SM \ I'y), there exists a unique function w €
Ce(SM\ (I'-uUTy)) satisfying

Xw=0, wlo,sm=ws (3.4)

and this solution satisfies wla, sy = Sgw_ (resp. wlo_sy = S;'wy). The function w
extends smoothly to SM, in a way that Xw = 0, this defines two bounded operators

E+ : CF(0xSM\T3) » C®(SM.), Ex(wz):=w (3.5)
which satisfy the identity £,.S, = E_.
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Proof. The function w = €4 (w<) is simply given by

w(x, U) = W:F(Wﬂr,v) (33’ U)) (3-6)

in SM, and is clearly unique in SM since constant on the flow lines. It is smooth
in SM since (- is smooth when restricted to 0LSM \ I'x, by the strict convexity of
0SM. Then E¢(w) can be extended in SM, in a way that it is constant on the flow
lines of X (i.e. X&+(ws) = 0). The continuity and linearity of £, is obvious, and
the identity £, S, = £_ comes from uniqueness of w. Notice that supp(€x(ws)) is at
positive distance from I"'_ U T} since w4 has support not intersecting I'x NOSM. 0O

Denoting wy := wlg, sp if w € C(OSM \ (I';y UT')), we now define the space
C5(0SM) :={w e CZ(OSM \ ('L UT.)); Spw- =wy }. (3.7)
Using the strict convexity and fold theory, Pestov-Uhlmann [PeUh, Lemma 1.1.] prove'
we CEASM) <= Fw e CF(SM\ (T_UT,)), Xw=0, wlpsy =w.  (3.8)
Similarly to (3.7), we define the space
L?gg(E)SM) = {w € L*(0SM;du,); Syw_ = wy}. (3.9)
We finally show

Lemma 3.4. If ('L UT_) N OSM has measure 0 in OSM, the map S, extends as a
unitary map

L*(0_SM,du,) — L*(0,SM,dpu,)
where dp,, is the measure of (2.21).

Proof. Consider w',w? € C*(0_SM \T_) and w1, wy their invariant extension as in
(3.4). Then we have

0= Xwy Wy + wy. Xwy dp = X (wy.w3)dp
SM SM

=— / wh w? (X, N)s| dussar + / S,wh . Syw? (X, N)s| duosar
d_SM 84 SM

where (-, -)s is Sasaki metric and N is the unit inward pointing normal vector field to
0SM for S. But N is the horizontal lift of v, and so (X, N)s = (v,v),. This shows
that S, extends as an isometry by a density argument and reversing the role of 0_SM
with 0;SM we see that S, is invertible. O

ITheir result is stated for simple manifold, but the proof applies as well in our case since the analysis
happens near JySM where the scattering map has the same properties as on a simple manifold by
the strict convexity of OM.
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4. RESOLVENT AND BOUNDARY VALUE PROBLEM

Most of this Section is used to prove the results stated in the Introduction, except
Section 4.3 which is only necessary for Theorem 2 and 4.

4.1. Sobolev spaces and microlocal material. For a closed manifold Y, the L2-
based Sobolev space of order s € R is denoted H*(Y). If Z is a manifold with a
smooth boundary, it can be extended smoothly across its boundary as a subset of
a closed manifold Y of the same dimension; we denote by H*(Z) for s > 0 the L?
functions on Z which admit an H*® extension to Y. The space H§(Z) is the closure of
C(Z°) for the H®* norm on Y and we denote by H*(Y") the dual of H§(Y"). We refer
to [Ta, Chapter 3 to 5] for details and precise definitions. If Z is an open manifold
or a manifold with boundary, we set C~>°(Z) to be the set of distributions, defined
as the dual of C2°(Z°). For a > 0, the Banach space C*(Z) is the space of a-Holder
functions. We will use the notion of wavefront set of a distribution (see [H6, Chap.
8]), the calculus of pseudo-differential operators (VDO in short), we refer the reader to
the textbooks [GrSj, Zw]. We will also use the notion of support, singular support and
wavefront sets for a bounded operator A : C°(Z°) — C~°°(Z) which are by definition
the support, singular support and wavefront set of its Schwartz distributional kernel. In
the particular case of a pseudo-differential operator A, we just say that A is supported
in U if its Schwartz kernel has support in U x U, and since the wavefront set of A is
a subset of the conormal bundle N*A(Z x Z) of the diagonal A(Z x Z) of Z x Z, it
is more convenient to reduce it to a subset of 7*Z \ {0} by using the identification
(2,8) e T*Z — (2,&,2,—§) € N*A(Z x Z). This amounts to say that WF(A) is the
complement in 7*Z \ {0} to the set of points (yo,&) € T*Z \ {0} such that there is
a small neighborhood U,, of yo and a cutoff function x € C°(U,,) equal to 1 near y,
such that A, := xAx can be written under the form (U,, is identified to an open set
of R™ using a chart)

Afly) = /U / ) eV (y, &) fy')dédy'

for some smooth symbol o satisfying the estimate in a conic neighborhood V¢, of §
VN > O,VO&, 5 € Nn7 E|CYC|£,5,N > O,Vf € ‘/507 |agaga(y7£)| < Ca,ﬁ,N<§>7N'
4.2. Resolvent. We first define the resolvent of the flow in the physical spectral region.

We will use the convention that when f is a function supported in SM,, we freely view
it as a function on SM by extending it by 0 outside SM..
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Lemma 4.1. For Re()\) > 0, the resolvents Ryi(\) : L*(SM,) — L*(SM.) defined by

the following formula

RN f(y) = /Owe—”f«ot(y»dt, ROW = [ &S (@41

—0o0

are bounded. They satisfy in the distribution sense in SM;
Vf € L*(SM.), (~X £NR:(N)f =,

) (4.2)
Vf e Hy(SMe), Re(A)(=X £A)f = f,
and we have the adjointness property
R_(A)* = —R,()\) on L*(SM,). (4.3)

The expression (4.1) gives an analytic continuation of Ry (\) to A € C as operators

Ry(A) : CF(SMZ\Ty) — CF(SM,) (4.4)
satisfying (=X £ \)RL(N\)f = f in SM. and, for xo € C*(SM.\I's), one has an
analytic continuation of Ry(AN)xx and xRy (\) as operators

Ri(N)xs : L*(SM,) — L*(SM.), x+R:(\): L*(SM,) — L*(SM,). (4.5)

Proof. The proof of (4.2) is straightforward. The boundedness on L? follows from the
inequality (using Cauchy-Schwarz)

+o0 2 +o0
L] eiseteoifduzen [ [ e O o) P,
SMe 0 SMe J0

for some C) > 0 depending on Re()\), and a change of variable y = ¢;(x,v) with the
fact that the flow ¢, preserves the measure du in SM, gives the result. The adjoint
property (4.3) is also a consequence of the invariance of du by the flow in SM,. The
identity (=X £ A)Ry(\)f = f holds for any f € C>°(SMY?), thus for f € L?(SM,) and
any ¢ € C°(SMZ) ((-,-) is the distribution pairing)

(X ENRLN)F,6) = (RS, (XEN) = Tim (Re(N) fo, (X£N)Y) = Tim (£, 0)

if f, = fin L? with f, € C°(SM.,), thus (=X £ \)RL(\)f = f in C~>°(SM?). The
other identity in (4.2) is proved similarly. The analytic continuation of Ry () in (4.4)
is direct to check by using that if f € C°(SM \ T'y), then supp(f o ;) NSM = () for
all t > T for some T > 0. This is the same argument for (4.5). O

We next show that the resolvent at the parameter A = 0 can be defined if the non-
escaping mass function V'(¢) in (2.15) is decaying enough as t — oo. Let us first define
the maximal Lyapunov exponent of the flow near I'_ UT',:

1
Vmax = max(vy,v_), if vy :=limsup—log sup ||doi(x,v)]. (4.6)
totoo b (@u)eTe(t)
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where T is defined in (2.15).

Proposition 4.2. Let o € (0,1), Q@ < 0 and let vyay be the maximal Lyapunov
exponent defined in (4.6).

1) The family of operators Ri(\) of Lemma 4.1 extends as a continuous family in
Re(\) > 0 of operators bounded on the spaces

Ro(N\) : L°(SM,) — LP(SM.), if / TVt < 0o withp € [1,00), (A7)
1

Ri(\) : LP(SM,) — LN(SM,), if /1 T Vttdt < 0o withp e (1,00),  (4.8)

—Q

Vmax

Ra(\): C2(SM?) — H(SM,), if V(t) = O(e?) with s < min (a, ) (4.9)
where V (t) is the function of (2.15). This operator satisfies (—X £ \)RL(N)f = f in
the distribution sense in SM when f € LP and [;* V(t)tp%ldt < oo forp e (1,00).
2) If v : OSM — SM, is the inclusion map, then the operator *Ri(\) is a bounded
operator on the spaces

L>®(SM,) — LF(OSM), LP(SM,) — L'(OSM), C*(SM?)— H*(0SM) (4.10)

under the respective conditions (4.7), (4.8) and (4.9) on V', p and s; the measure used
on OSM is the measure du, defined in (2.21).

3) If the condition (4.8) is satisfied and f € LP(SM.) has supp(f) C SM°, then
Ri(N\)f =0 in a neighborhood of 0LSM U JySM in SM,.

Proof. Let us denote ui(\) = R+()\)f the L? function given by (4.1) for Re(\) > 0,
when f € L®(SM,). When [ V(t)tP~'dt < oo, the measure of I'y UT_ is 0 and
thus for f € L*(SM.) and )\ € iR, the function u (Ao; x,v) = [~ e ! f(py(z, v))dt
is finite outside a set of measure 0 since (% (z,v), defined as the length of the ge-
odesic {pi(x,v);t > 0} N SM,, is finite on SM, \ I'_. If )\, is any sequence with
Re(\,) > 0 converging to Ag, we have uy(\,) — uy(Xg) almost everywhere in SM..
Moreover |uy (M) < [57]f © @i|dt almost everywhere in SM, for all n > 1, and using
Lebesgue theorem, we just need to prove that ||Ry (0)(|f])||zr < C||f]|L to get that
[|us(Ao)||ze < C||f||Le and ui(A,) = uy(Ao) in LP. We have for almost every (z,v)

us00)| = | [ o oit] < [l € a.0) (111)

Notice that, in view of our assumption on the metric in SM,\SM we have {, (x,v)+L >
0% (x,v) > (i (z,v) for some L > 0 uniform in (z,v) € SM\I'_. Using the definition of
V(t) in (2.15), the volume of the set Sy of points (z,v) € SM, such that ¢ (x,v) > T'is
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smaller or equal to 2V (T'— L) with L as above (independent of 7). We apply Cavalieri
principle for the function ¢ (z,v) in SM, \ T'_, this gives

/ (< (@, 0)Pdp < 0(1 + / tp—1V(t)dt> (4.12)
SM\I'— 1

which shows (4.7) using (4.11). Notice that the same argument gives the same bound
for the LP norms of ¢¢ in SM, \ T'y. The boundedness L? — L' of (4.8) is a direct
consequence of (4.12) (with ¢_ instead of ¢, ) and the inequality

[ [ iratonidn < [ [ s o o)) o o)ldedn < 11 o1
SMe J0 SMe J0

for all f € CX(SM?)if 1/p'+ 1/p = 1. The fact that t*RL(\)f defines a measurable
function in L'(OSM,du,) when f € L'(SM,) comes directly from Santalo formula
(2.23) and Fubini theorem (note that 9pSM has zero measure in dSM). This shows
the boundedness property of t* Ry (M) : LP(SM,) — L'(0SM,du,). Let us now prove
the boundedness of the restriction :*R.(0)f in L? when f € L. Since (% (¢¢(x,v)) =
(05 (x,v) — t)4 for t > 0, Santalo formula gives

Ki(;t,v)
/ / N7, 00y (€5 (2, v) — t)dt| (v, v)|dpasn, = Vol(St),
a_smAr_ Jo

é+($7’u)
/ / Il[TvOO) (€+(w7 U) - t)dtd,u,/ S VOI(ST)
O_SM\T'_ JO

for T large. From this, we get for large T’
[ Bt o), <2V(T - L 1), (413
8_SM\T'_

and using Cavalieri principle, for any oo > p > 1 there exists C' > 0 so that
/ 04 (2, 0)Pdpy < C<1 +/ tp‘lX/'(t)dt), (4.14)
& SM\I'_ 1

which shows, from (4.11) that uy|ssapr. € LP for any 1 < p < oo with a bound

O(I[f 1] zo)-
To prove that (=X £ A\)Ry(N\)f = fin C~°(SM?) when f € LP for p € (1,00) and
the condition [;° V/(¢)t"/®=Ydt < co is satisfied, we take ¢ € CZ°(SMZ\I's) and write

(Re(Nf, (X X)) = Tim (Re(N) fo, (X % M) = Tim (f,0) = (f, )

where f, € C°(SM2\T'sx) converges in L” to f; to obtain the second identity, we used
(4.4) and the fact that (=X £ A\)Ry(\)f, = fo in SM2\ I's.

Finally, we describe the case where the escape rate @ is negative (i.e. when V()
decays exponentially fast). We need to prove that u, is in H*(SM,) for some s > 0 if
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f e Cy(SM2). To prove that uy is H*(SM,), it suffices to prove ([Ho, Chap. 7.9])

|U+(?/) - U+(y/)’2 '
dydy’ < oo
/SMe /SMe d(y,y' )2

if n = dim(SM) and d(y,y’) denote the distance for the Sasaki metric on SM,. Using
that f € C*(SM,), we have that for all &« > > 0 small, there exists C' > 0 such that
for all y,yy’ € SM,, v > vy and all t € R

(@) = Fouy))] < Cllflleae”™d(y. o)

thus for 5 (y) < oo and (5 (y') < o0

uy () — uy ()] < Ol flles ey, v )e P @8 d(y, 4)°.

where (< (y,y') := max (¢ (y), ¢5.(y')). We then evaluate for § —s >0 and 8 < «

U\y) —u y/ 2 v / —s)—n
e by <culislen [ e 0ty gy

<2C5]| |/ / W (y, of PO dydy

L1 (y)>04(y')

<Coll fllos / 23 gy

and from Cavalieri principle the last integral is finite if we choose 5 > 0 small enough so
that 0 < s < f < —Q/2v. Taking v arbitrarily close to vpax gives that u, € H*(SM,)
if s < —Q/2Vpax. The same argument works for u_ and also for the boundary values
Ust|osn-

The proof of part 3) is a direct consequence of the expression (4.1) for Ry (\)f since
the positive (resp. negative) flowout of supp(f) C SM°® intersect dSM in a compact
region of . SM (resp. 0_SM). O

Remark. Reasoning like in the proof Proposition 4.2, it is straightforward by using
Cauchy-Schwarz to check that if Vol(K) = 0, then Ry () (restricted to functions on
SM) extend continuously to Re(A) > 0 as a family of bounded operators

()T L2 (S M) — (0 )2+ LS M)

for all € > 0 where ¢4 is the escape time function of (2.3). This is comparable to
the limiting absorption principle in scattering theory. The boundedness in Proposition
4.2 has the advantage that the resolvents map into Lebesgue spaces while functions in
(0)V/?+€[2(SM) do not a priori have extensions as distributions in SM.

The resolvents R4 (0) have been defined under decay property of the non-escaping
mass function. In the case where K is hyperbolic, we can actually say more about this
operator.
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Proposition 4.3 (Dyatlov-Guillarmou [DyGu2]). Assume that the trapped set K is
hyperbolic. There exists ¢ > 0 such that for all s >0 :
1) the resolvents R+(\) extend meromorphically to the region Re(A) > —cs as a
bounded operator

R:F()‘) : HS(SMe) - H_S<SM6)
with poles of finite multiplicity.
2) There is a neighborhood Uz of EZ such that for all pseudo-differential operator A+
of order 0 with WF(Az) C Uz and support in SM?, AzR-(\) maps continuously
HE(SM,) to H*(SM,), when A is not a pole.
3) Assume that Ao is not a pole of Rz(\), then the Schwartz kernel of Rx()\o) is a
distribution on SMZ x SM? with wavefront set

WE(R+(Xo)) € N*A(SMZ x SMZ)U Qs U (EL x EZ). (4.15)
where N*A(SM? x SM?) is the conormal bundle to the diagonal A(SM? x SM?) of
SM?S x SM? and

Qp = {(p2(y), (dpsa(y) )" &y, =) € T7(SMZ x SM); =0, §(X(y)) = 0}

Proof. 1) and 2) are stated in [DyGu2, Proposition 6.1], (they actually follow from
Lemma 4.3 and 4.4 of that paper), while 3) is proved in [DyGu2, Lemma 4.5]. O

We notice that a similar result in the closed Anosov setting was first proved in
[DyZw] and was used for X-ray tomography in the work [Gu].

We can now combine Propositions 4.2 and 4.3 and obtain

Proposition 4.4. Assume that the trapped set K is hyperbolic. Then we get for all
p < 00!

1) The resolvent Ry(\) has no pole at A = 0, and it defines for all s € (0,1/2) a
bounded operator R.(0) on the following spaces

Ry (0) : Hy(SMe) = H™(SM), R:(0): L*(SM,) — LP(SM,)

that satisfies —X Ry (0)f = f in the distribution sense, and for f € C°(SM,) one has
+oo

vy e SMA\Ty, (R(0)f)(y) = i f(e(y))dt. (4.16)

which is continuous in SM \ 'z and satisfies Ry (0)f|o.sm = 0 if supp(f) C SM.
2) As a map HS(SM,.) — H™*(SM,) for s € (0,1/2), we have

R, (0)=—R_(0)". (4.17)
3) If f € C(SM?), the function uy := Ry(0)f has wavefront set
WF(uy) C EZ, (4.18)
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the restriction u|gsny := t*ugx makes sense as a distribution satisfying
ui|35M € L”(@SM), WF(ui|aSM) C E;a. (419)

4) If f € C¥SM) for a > 0, then RL(0)f € H*(SM.) and us|ospy € H*(0+SM)
for s < min(a, —Q/2Vmax), where Vyay is the mazimal Lyapunov exponent (4.6) and
@ < 0 s the escape rate.

Proof. Recall that for Re(\) > 0 we have for f € C°(SM?) and ¢ € C°(SMY),

(Re (V. 0) = /0 TN (o o) d

By Proposition 4.2, then as A — 0 along any complex half-line contained in Re(A) > 0,
we get Ry (A)f — Ry(0)f in LP (thus in the distribution sense). This implies that the
extended resolvent R (\) of Proposition 4.3 can not have poles at A = 0 by density of
C*(SM?) in any H§(SM,.). The same argument shows that R (A) is holomorphic in
{Re(\) > @}. The expression (4.16) comes from Proposition 4.2, which also implies
the continuity of Ry (0)f outside 'z and its vanishing at 045 M when supp(f) C SM.

Part 2) and (4.17) follows by continuity by taking A — 0 in (4.3) (and applying on
H(SM,) functions instead of L*(SM.,)).

For part 3), the wavefront set property of uy = Ry(0)f if f € C(SM?) follows
from the wavefront set description (4.15) of the Schwartz kernel of Ry(0) and the
composition rule of [HO, Theorem 8.2.13]. The fact that uy restricts to 0SM as a
distribution which satisfies (4.19) comes from [HO, Theorem 8.2.4] and the fact that
N*(OSM)NEL =0if N*(0SM) C T*(SM,) is the conormal bundle to dSM (indeed
a non-zero £ € N*(0SM) satisfies £(X) # 0 on OSM \ 0pSM but E%(X) = 0). The
L'(9SM) boundedness of the restriction follows from (4.10).

Part 4) follows from Proposition 4.2. U

Remark: Since they will be useful for later purposes, we also want to make the
following observations about the resolvents:
1) If f e C*(SM?) has support in SM, then

R.(0)f vanishes to all order at 0L SM. (4.20)

2) The involution A : (z,v) — (z,—v) on SM, is a diffeomorphism and thus acts by
pullback on distributions, it allows to decompose distributions v on SM; into even
and odd parts u = ey + Uoa Where uoq := 3(Id — A*)u. If f € C(SMY) is even, it is
direct from the expression (4.16) that

(R (0)f)ev = £3(R1(0) = R_(0)) f,  (R+(0)f)oa = 3(R4(0) + R-(0))f  (4.21)
and this extends by continuity to distributions. Similarly if f is odd, (R+(0)f)ey =
3(B+(0) + R_(0))f and (R4(0)f)oa = £5(R+(0) — R-(0)) .
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4.3. Boundary value problem. In this Section, we extend the boundary value prob-
lem of Lemma 3.3 to the case of L*(0+SM) boundary data. This analysis is only
necessary to prove Theorem 2, 4, but not Theorems 1, 3 and Corollary 1.1.

We remark that each w € C~*°(SM?) satisfying Xw = 0 has wavefront set WF(w) C
{£ € T*(SM,);£(X) = 0} by ellipticity and therefore the restriction w|g, sy makes
sense as a distribution by [HO, Theorem 8.2.4] since N*(0.SM) N WF(w) = 0.

Lemma 4.5. Assume that [tV (t)dt < oo if V is the function (2.15). The map
E+ of (3.5) can be extended as a bounded operator L*(0+SM,du,) — L'(SM,), and
Ex(ws) satisfies XEx(wx) = 0 in the distribution sense and wlo, sy = wx for ws €
L*(0+:SM, du,).

Proof. Using the expression (3.6), Santalo formula and Cauchy-Schwarz inequality, we
see that there is C' > 0 such that for all wy € C°(0:5M)

€ (W) |y < Clllwsllr2o-sardu) + L 220 sardpn) | W] 20 s0,ds))

where we used that there is C" > 0 such that (% (2,v)| < C" on 0zSM. Using (4.14),
we deduce the announced boundedness. The fact that X& = 0 on L? follows from
the same identity on C2°(0£SM). O

Next, we provide an alternative expression of the operators £+. Let U be defined by
U = U_ooctespi(0-SM) N SM? for some small § > 0 so that UNT, = . Then U is
diffeomorphic to an open subset V' of (—o00,d) x 0_SM by the map 0 : (t,y) — ¢©(y).
Let x € C*°(R x 0_SM) be constant in the 0_SM variable with x(¢,y) = x(t) =1
near t € R™, x(t) = 0in (§/2,4+00). Let ) = x 00~ and extend it by 0 in SM, \ U,
then we claim that

Vw_ € L*(0_SM), & (w.)=v_E (w_)+ R_(0)(E_(w_)Xv_). (4.22)

The right-hand side defines a bounded operator from L?(0_SM) — L'(SM.,) : indeed
E_(w_)Xv_ € L*(SM.) by using the explicit formula £_(w_)(z,v) = w_(Yr_ (@ (z,v))
valid in U (since U N Ty = (), and R_(0)(£_(w_)Xv_) € L'(SM,) by (4.8) if
[tV (E)dt < oo. It then suffices to check (4.22) for w_ € C*(9-SM) and use a
density argument. But if w_ € C°(0-SM), the right hand side w of (4.22) satisfies
Xw =0 and w|y_gsy = w_, thus (4.22) holds true by using Lemma 3.3. Switching the
role of _SM with 0, SM and using the flow in backward time, we also have

Vwy € L*(04SM),  Ei(wi) = ¢4 &4 (w) + Ry (0)(E(wi) Xey). (4.23)
where 1) is defined similarly to ¢_ but has support in U_s— oot (0L SM) N SM?.

In the case of a hyperbolic trapped set, using the resolvents R (0), we are able to
construct invariant distributions in SM with prescribed value on 0_SM and we can
describe (partly) its singularities.
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Proposition 4.6. Assume that K is hyperbolic, then:
1) let w_ € L*(0_SM) with compact support in O_SM, satisfying

WF(w_) C B, WF(S,w_) C Ej ., (4.24)
then the function & (w_) € L'(SM,) has wavefront set which satisfies
WF(E_(w_))NT*(SM.\ K) C E* UEY, (4.25)

the restriction E_(w_)|s_sy makes sense as a distribution in L*(0_SM) and is equal
to E_(w_)|o_spm = w_.

2) For s > 0, let w_ € H*(0_SM) with compact support in O_SM, then E_(w_) €
HE (SMZ2). If mo : SM, — M, is the projection on the base and my, the pushforward
defined in (5.9) then

mo.(E-(w-)) € Hit (M), (4.26)
Proof. Assume that w_ € H*(0_SM) for some s > 0, and w_ has compact sup-
port. Using the diffeomorphism 6 : V' — U introduced before the Proposition, we see
that (Y_&_(w_))(0(t,y)) = w_(y)x(t), which is in H*(U) and therefore ¢)_E_(w_) €
H{ .(SM?). Moreover (X¢_)E_(w_) is supported in SM*° and belongs to H§(SM,).

We start by proving 1) by using (4.22), (4.23) and propagation of singularities.
First we claim that WF(¢_€_(w_)) C E*. In the decomposition V' C (—o0,d) X
0_SM of U induced by the flow, the wavefront set of ¢_€_(w_) is included in {0} x
Ej5_ € T*V. The map df(0,y)" maps the annihilator of RX, to {0} x T*(0_SM)
and since df(0,y).(u,v) = uX(y) + di(y).v where ¢ is the inclusion map, we have
(d9(0,y)")"E5 _(y) = E*(y). And since the bundle E* is invariant by the flow,
do(t,y)"E* = {0} x Ej_ thus we deduce that WF(¢_£_(w_)) C E* and that
T(WF(¢_E_(w_))) is at positive distance from I'y if 7 : T*(SM,.) — SM, is the canon-
ical projection. Similarly WF(E_(w_)X1_) C E* and n(WF(E_(w-)Xvy_)) C SM°
is at positive distance from I',. We recall the propagation of singularities for real
principal type operator (see [DyZw, Proposition 2.5)): let @, : T*(SM) — T*(SM) be
the symplectic lift of ¢y, if Xu = f then for each T' > 0

Oor(y,§) ¢ WE(u), | ®xuly, ) NWF(f) =0 = (y,6) ¢ WF(u).  (4.27)

t=0

Putting v = R_(0)(€-(w-)Xv_), we have v = 0 near 0_SM and thus all point
(y,€) ¢ E* with y ¢ I'y is not in WF(u) by (4.27). This implies by (4.22) that

WF(E_(w_)) N T*(SM.\T,) C E*. (4.28)

Since £, S, = &_ on L*(0_SM, du,) by Lemma 3.3 and Lemma 4.5, we have £_(w_) =
E4(wy) with wy = Sw_. By assumption (4.24) and doing the same reasoning as we



26 COLIN GUILLARMOU

did but using the flow in the reverse direction and (4.23), we obtain directly that
WFE(E_(w_))NT*(SM.\T'_) C EY,

which combined with (4.28) proves (4.25).

Next we show 2). Let w_ € H*(0_SM) be compactly supported, with s > 0
and assume that wy = S,w_ € H*(0_SM). By 2) in Proposition 4.3 applied to
R (0)(Ex(ws)X1)y), we obtain that ALEL(wy) € H(SM,) if Ay is any O-th order
UDO with WF(AL) contained in a small enough conic neighborhood Vi of E¥. We
write w = €_(w_) = £, (w,), then using (4.22) and (4.23), we deduce that if B; is
any 0-th order YDO with WF(B;) contained in a small open conic neighborhood V; of
EY UE*, then Byw € H*(SM.). By ellipticity, we also have Bow € C*(SM?) if By is
any 0-th order ¥DO compactly supported in SM? with WF(By) contained outside a
small open conic neighborhood V; of the characteristic set {{ € T*(SM,);&(X) = 0}.
Therefore, it remains to prove that Bow € H*(SM,) if By is any 0-th order YDO
supported in SM? with wavefront set contained in the region V5 := Wy \ W; where W)
is a conic open neighborhood of V4 in T*(SM.) \ {0} and W} is a conic neighborhood
of EX U L7 so that W, C Vi. But this property will follow from propagation of
singularities applied to w. Indeed, let (y, &) € V4, then the following alternative holds:
1) if y ¢ K, there is T > 0 such that either ¢, (Pr(y,&)) =1 or Y_(P_7(y,&)) =1,
2)ify € K, by (2.11) there is T' > 0 such that either ®_r(y,&) € V_ or ®r(y, &) € V..
In both case we can apply [DyZw, Proposition 2.5]: since we know that ¢-w € H®
and Byw € H?®, then Bow € H*(SM,). This concludes the proof that w € H*(SM.).

To conclude, the 1/2 gain in Sobolev regularity in (4.26) follows from the averaging
lemma of Gérard-Golse [GeGo, Theorem 2.1]: indeed, the geodesic flow vector field,
viewed as a first order differential operator satisfies the transversality assumption of
Theorem 2.1 in [GeGo] and thus, after extending slightly w in an open neighborhood
W of SM, so that Xw = 0 in W and w € H*(W), the averaging lemma implies that

its average in the fibers my,w restricts to M, as an Hf;l/ ? function. ]

Combining Proposition 4.6 with (3.8), we obtain (using notation (3.9)) the following
existence result for invariant distributions on SM with prescribed boundary values.
This will be fundamental for the resolution of the lens rigidity for surfaces.

Corollary 4.7. Assume that the trapped set K is hyperbolic. For any w € L%g(@SM)
satisfying WF(w) C Ej _ U Ej ,, there exists w € L'(SM.) such that the restriction
wlosy makes sense as a distribution and
Xw=0in SM;, wlosy = w,
WF(w) N T*(SM, \ K) C E* U E-.

If we H*(0SM) for s >0, then w € H*(SM,) and m,w € HSH/Z(MC).

loc
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Proof. We decompose w = w; + wp where w; € Cg2(9SM) with supp(w;) C SM \
(I UT'y) and ws supported near OSMN(I'_UT'}). We apply (3.8) to wy, this produces
wy € C*°(SM) which is flow invariant in SM and with boundary value w;. Then it is
not difficult to extend w; smoothly in SM, in a way that Xw; = 0. Next, we apply
Proposition 4.6 to wa|s_sa, this produces wy = E_(wals_sn) satisfying Xwy = 0 in
SM, and wa|s_snp = walo_snm. We set w = wy + wsy, and the wavefront set property of
w and the regularity of my,w follows from Proposition 4.6. O

5. X-RAY TRANSFORM AND THE OPERATOR I

Most of this Section is used to proved the results stated in the Introduction, except
Section 5.4 that is used only to prove Theorem 2 and 4. We start by defining the X -ray
transform as the map

I:CX(SM\T_) = CX(0-SM\T_), If(z,v):= /OOO flo(z,v))dt

From the expression (4.16), we observe that

If = (R (0)f)]o_sanr_- (5.1)

Then I can be extended to more general space. For instance, Santalo formula implies
directly that as long as Vol(K) = 0 (and no other assumption on K),

I:LY(SM) — LY(0_SM;du,).

For our purposes, as we shall see later, there is an important condition on the non-
escaping mass function which allows to use TT* type arguments and relate I*I to the
spectral measure at 0 of the flow. This condition is

I € (2, 0], / BV (#)dt < oo, (5.2)
1
if V' is the function defined in (2.15). It is always satisfied if K is hyperbolic. We have

Lemma 5.1. Assume that (5.2) holds for some p > 2, then the X-ray transform I
extends boundedly as an operator

I:LP(SM) — L*(0_SM,du,).

Proof. Let f € LP(SM), then using Holder with ]% + i =1land 5 = p=l>,

[l [ el o < /@ o (/Omy) o))" P d )

4 (y 2!
/8 SM/ |pdtd,ul/( )) ||€+||L2]7)“/p (0 SM,dy,)

2
<1120 san ||e+||Lé’i/p 0 S
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where we have used Santalo formula (2.22) to pass to the integral over SM. Since
(. € LI(O_SM,dp,) when [tV (t)dt by (4.14), we deduce the result. O

Assume that [ ?/P=2V (¢)dt < oo for some p € (2,00). Note that by Sobolev
embedding I : H3(SM) — L*(0_SM,dpu,) is bounded if s = 2 — 2 for the p € (2, 0)

2 p

of Lemma 5.1. Since H~*(SM) is defined as the dual of H3(SM) and L¥ is dual to L?
for p € (2,00) if 1/p+ 1/p’ = 1, the adjoint of I, denoted I*, is bounded as operators
(for s as above)

I LX(0_SM,dw,) — LP (SM), I*: L*(0_SM,du,) — H*(SM). (5.3)
In fact, a short computation gives

Lemma 5.2. If (5.2) holds true, then I* = &_.

Proof. Let w_ € C*(0-SM \T_), then £ (w_) € C*°(SM) and its support does not
intersect I'_ UT';. By Green’s formula, we have for f € C(SM°)

fewidn= [ -X(RAO)E ()= [ Ifwdu,
SM SM o_SM
Using density of C>°(SM°) in LP(SM) and of C°(0_SM\T_) in L*(0_SM,du,), we
get the desired result. ([l

To describe the properties of I and I*, it is convenient to define the operator
:=1"1:LP(SM) — Lp/(SM), when / tpij(t)dt < 0. (5.4)
1

for p € (2,00). We prove the following relation between I and the resolvents:
Lemma 5.3. Assuming (5.2), the operator 11 = I*I of (5.4) is equal on LP(SM) to

II= R (0) = R_(0)
Proof. Since (R (0)f, f) = —(f, R_(0)f) by (4.17), it suffices to prove the identity

<I*[f7 f>L2(8,SM,du,,) = 2<R+(O)f7 f)

for all f € C(SM\ (I'-UT',)) real valued. We write u = R, (0)f and compute, using
Green’s formula,

/ u.fdp = —/ uXudp = —3 X(u?)dp = %/ u?dy,
SM SM

SM 0_SM

and this achieves the proof. U
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With the assumption of Lemma 5.3, the operator II can also be extended as a
bounded operator I1¢ on SM,
I1° := R, (0) — R_(0) : LP(SM,) — L'(SM,), (5.5)

satisfying I1¢ f|sy = I1f for all f € LP(SM) extended by 0 on SM,\ SM. As above,
one directly sees that I1° = I°*I¢ if we call I¢ : LP(SM,) — L*(0_SM.; |{v,v)|duaosas,)
the X-ray transform on SM,, defined just as on SM and satisfying the same properties.
In particular this shows that I1¢ : LP(SM,) — L¥ (SM.) is bounded. We summarize
the discussion by the following:

Proposition 5.4. Assume that (5.2) holds for p € (2,00). Then we obtain
1) the operator 11¢ is bounded and self-adjoint as a map

I : LP(SM,) — LY (SM.), 1/p+1/p =1,
it satisfies for each f € LP(SM,)

XII°f =0 (5.6)
in the distribution sense and 11°f is given, outside a set of measure 0, by the formula
e f(x,v) = / flpi(x,v))dt. (5.7)

2) If the trapped set K is hyperbolic, the operator 11¢ : H§(SM.) — H*(SM.) is
bounded for all s € (0,1/2). For each f € CX(SM?), the expression (5.7) holds
in SM. \ (I'y UT.), we have WF(II°f) € E* U EY and II°f € H*(SM.) for all
§ < —Q/2Vmax With Vyay defined in (4.6) and @ < 0 the escape rate. The restriction
w = (II°f)|asar makes sense as a distribution and belongs to Lg (0SM) N H*(9SM)
for all s < —Q/2Vmax, and wy = wls,. sy has wavefront set

WF(ws) C Ej . (5.8)

Proof. The boundedness and the self-adjoint property have already been proved. The
property (5.6) is clear from the properties of R4 (0) given in 1) of Proposition 4.4.
The expression of II°f follows from (4.16) (and the proof of Proposition 4.2 for the
extension to L? functions). If f € C°(SM?), the wavefront set property of I1¢f follows
from (4.18), and the wavefront set and regularity properties (5.8) of the restrictions w4
are consequences of Proposition 4.4. The fact that w € L%g (0SM) comes from Lemma
5.1, the identity wy = w_ o S " on 0, SM \ 'y (which follows from (5.7)) and Lemma
3.4. The H*® regularity of II¢f and w4 follows from 4) in Proposition 4.4. U

Next, we describe the kernel of 11 restricted to smooth functions supported in SM.

Proposition 5.5. Assume that K is hyperbolic. Let f € C*(SM) extended by 0 in
SM,\ SM, if 1I°f = 0 in SM, there exists u € C*°(SM) vanishing at 0SM such that
Xu = f. If f vanishes to infinite order at OM, then u also does so.
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Proof. First, the extension of f by 0 can be viewed as an element in H§(SM,) for
s < 1/2 with WF(f) € N*(0SM) where N*(0SM) is the conormal bundle of 0SM in
SM,. By the composition law of wavefront set in [H6, Theorem 8.2.13] and (4.15), we
deduce that
WE(R4(0)f) € N*9SM U EX U By
Bi = Upso{(04:(y), (dpsi(y) )T €) € T*SMZ5y € 0SM, € € N*(9SM)}

Clearly, by strict convexity, By projects down to M, \ M°. Now, the function /. is
smooth in SM \ (0pSM UT'_UT',) and from the expression (4.16) and the smoothness
of f, we then get that R+(0)f is smooth in SM\ (0pSM UTI'y) and (R+(0)f)|s.sm = 0.
To analyze the regularity at dyS M, we decompose f = foy + fod, We get by (4.21) that
(Re(0) fev)ev = £31¢f = 0 and similarly (R1(0)foa)oa = 0. Now the argument of
[SaUh, Lemma 2.3] shows that (R+(0) fey)od|sar and (R+(0) fod)ev|sas are both smooth
near JySM, which implies that R4 (0)f is smooth near 9pSM in SM. Since R, (0)f =
R_(0)f if II° f = 0, we deduce that (R4 (0)f)|sap € C*(SM\ K) and (R+(0)f)|osm =
0. From the wavefront set description above and the fact that £} N E* = {0} over
K, we conclude that (R+(0)f)|sym € C*(SM). It just suffices to set u = R, (0)f to
conclude the proof. The fact that f vanishes to all order at 0SM implies that R.(0)f
vanishes to all order at 9. SM by (4.20), and thus u vanishes to all order at 0SM. O

5.1. The operators [y and Il,. Here we deal with the analysis of X-ray transform
acting on functions on M. The projection my : SM, — M, on the base induces a
pull-back map

mo G (ME) = G (SMZ), 7 f == f omo
and a push-forward map 7, defined by duality
Tou : C~(SM?) = C~°(M2),  (mo,u, f) i= (u, m ). (5.9)

Push-forward corresponds to integration in the fibers of SM, when acting on smooth
functions. The pull-back by 7y also makes sense on M and gives a bounded operator
wg s LP(M) — LP(SM) for all p € (1,00). When (5.2) holds for some p € (2,00), we
define the X-ray transform on functions as the bounded operator (see Lemma 5.1)

Iy =17} : LP(M) — L*(0_SM,du,). (5.10)

The adjoint I3 : L*(0_SM,dyu,) — LP (M) is bounded if 1/p’ +1/p = 1 and it is given
by I = my,I*. The operator Il is simply defined as the bounded self-adjoint operator
for p € (2,00) and 1/p' +1/p=1

Iy := I} Iy = mo, I}« LP(M) — LP (M). (5.11)
Similarly, we define the self-adjoint bounded operator

115 = mo e = (Ims)* I°my - LP(M,) — LP (M.). (5.12)
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We first want to mention some boundedness result which holds in a general setting (no
condition on conjugate points are required) and says that I1y is always regularizing if
V (t) decays sufficiently.

Lemma 5.6. Assume that (5.2) holds for p > 2, then I and Iy are bounded as maps
n—1,n n

I LX0-SM,du,) — Ho.® *(M°), To: Heouy * (M®) — L2(0_SM, dpm,).

loc

and the same property holds for I§ with M, replacing M.

Proof. It suffices to prove the boundedness for Ij. By Sobolev embedding, I* :
L*(0_SM,du,) — H_5+5(M°) is bounded, and using Lemma 5.2, we have XI* =0

loc
as operators. Then applying [GeGo, Theorem 2.1] as in the proof of Proposition 4.4,
we gain 1/2 derivative in the Sobolev scale by applying 7., this ends the proof. [
If V(t) = O(t~), the Sobolev exponents are Heomp “(M°) and H110/02+6(MO) for all
e >0, and if K = 0 we get 31y : Heon(M®) — HY?(M°). Following the method of
[Gu], we prove

Proposition 5.7. Assume that the geodesic flow on SM has no conjugate points and
that the trapped set K is hyperbolic. The operator II§ = my, 11°7; is an elliptic pseudo-
differential operator of order —1 in M2, with principal symbol o(I15)(x, &) = Cn|f|;1
for some constant C,, # 0 depending only on n.

Proof. First we choose the extension (M., g) so that the geodesic flow on M, has non-
conjugate points. Once we know the wavefront set of the Schwartz kernels of the
resolvent Ry (0), the proof is very similar to Theorem 3.1 and Theorem 3.4 in [Gu],
therefore we do not write all the details but refer to that paper where this is done
carefully for Anosov flows. It suffices to analyze xII§x" where x,x € C*(M?) are
arbitrary functions. Its Schwartz kernel is given by x(z)x'(2')((mo ® mo).I1¢)(x, 2')
where I1° = R, (0) — R_(0) is identified with its Schwartz kernel. We write for ¢ > 0
small )
Ro(0) = [ edt+ R, (0)

0
where X is the pull-back by the flow at time ¢. Using (4.15) and the computation
of WF(eX) which follows from [H, Theorem 8.2.4], the composition law of wavefront
set [HO, Theorem 8.2.14] can be used like in the proof of [Gu, Theorem 3.1]: we obtain

WE (75 (x)e* Ry (0)m5 (X)) C({(wt(y), (de:(y) ™) n,y, —n); t < —e, n(X(y)) = 0}
U{(p—cW)n.y. —do_c(y) n); (y,n) € T*(SM)\ {0}}
U(E" x Ei)) N {wny'n); (mo(y), mo(y) € U x U'}.
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where U := supp(x) and U’ = supp(x’); here the wavefront set of an operator means
the wavefront set of the Schwartz kernel of the operator. By applying the rule of
pushforward of wavefront sets (given for example in [FrJo, Proposition 11.3.3.]), we
get WF(mg,.e“X Romg) C S; U Sy U S3 where

Sy = {(m(y), & mo(y), &) € To (U x U); (y, dmo(y) &, ¢/, dmo(y')'€') € EX x EY}

Sz = {(mo(e()), & mo(y), &) € T5(U x U); It < —e, 3, (X (y)) =0,
dmo(y)'E' = —n, dmo(ei(y))"€ = (dwi(y) ™) n}

S 1= {(mo(p-c(y)), &, mo(y), ) € T5(U x U); (d(mo 0 p-)(9)"€ = —dmo(y) €'}

if we set Tg(U x U) := T*(U x U) \ {0}. As before, V = kerdmy C T(SM,) is the
vertical bundle, and H be the horizontal bundle, and V*, H* C T*(SM.) their dual
spaces defined by H*(V) = 0 and V*(H) = 0. By (2.12), the absence of conjugate
points for the flow in M, implies that T'(SM,) = RX & V & E. at 'y and thus
E3 NH* = {0}. This implies that S; = 0. Similarly, it is direct to see that Sy = ()
is equivalent to the absence of conjugate points for the flow (see the proof of [Gu,
Theorem 3.1] for details). The last part is S5. The proof is exactly the same as in
[Gu, Theorem 3.1] thus we do not repeat the details: the projection of S3 on M2 x M?
is contained in A (MZ x M?) := {(z,2') € M x M?2;d,(x,x") = €} where d, is the
Riemannian distance. The operator L, = foe Mot modt is explicit for small € > 0 and
given by

L= [ [ | Jlate s,

where dS,(v) is the volume measure on the sphere S,M.. The Schwartz kernel of
L, has singular support included in A (Mo x M) U Ag(M? x M?) and thus, € > 0
being chosen arbitrary but small, the kernel of Iy has singular support on the diagonal
Ag(M2 x M?). Now the kernel ¢(z, 2") L.(x, 2') is that of an elliptic pseudo-differential
operator of order —1 if ¢p € C2°(M? x M?) is supported close enough to the diagonal
{z = 2’} and equal to 1 in a neighborhood of the diagonal: the analysis is purely local
and exactly the same as in [PeUh, Lemma 3.1], which also shows that the symbol of
this ¥DO is C,[¢[,* for some C,, > 0. It is direct to see (from R, (0)* = —R_(0)) that
11§ = 2m, R4 (0)mg, and we have then proved the claim. O

Since the Schwartz kernel of II§ on M° is the restriction of the kernel of II¢ to
M° x M°, we deduce that in the case of hyperbolic trapped set and no conjugate
points, Lemma 5.6 gives that II§ : H&)lm/g(Mo) — Hllo/f(M") and the TT* argument
shows that for any compact domain O C M° with non-empty interior and smooth

boundary, we have
Iy HY2(O) = L*(0_SM;dw,), I;: L*(0_SM;du,) — HY?*(O). (5.13)

We can use Proposition 5.7 to prove the regularity property on elements in ker /.
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Corollary 5.8. Assume that the trapped set K is hyperbolic, the metric has no con-
Jugate points. Let fo € LP(M) + H;)%g(]\/fo) for some p > 2 satisfying Iofo = 0. Then
fo € C®°(M) and fy vanishes to all order at OM.

Proof. First, Iyfo = 0 in L*(0_SM;dp,) implies that I¢f = 0 if I$ = I°7} is the X-ray
transform on functions on M, and fy is extended by 0 in M, \ M. Thus II§f, = 0 in
M¢. This implies, by ellipticity of II§ in M that fy is smooth, and since it is equal to
0in M2\ M, we deduce that f, vanishes to all order at OM. O

5.2. X-ray on symmetric tensors. For any m € N, symmetric cotensors of order
m on M7 can be viewed as functions on SM_ via the map

T 2 O (M, @§TME) = CF(SM), - (m, f)(2,v) = [f(2)(@™v).

m

The dual operator is defined by

s CTC(SM?) — CT°(MJ,@TT* M), (mmau, f) = (u,m f).
To define the distribution pairing, we have used the natural scalar product on the
bundle @71 M_? induced by the metric g. Next, we define the operator D := So V :
C®(M?, @%T*M,) — C(M?, T T*M?) by composing the Levi-Civita connection
V with the symmetrization of tensors S : @ 1T*M? — % T*M?. The divergence
of m-cotensors is the adjoint differential operator, which is given by D*f := =T (Vf)

where T : QET*M — ®’§‘_2T*M denotes the trace map defined by contracting with
the Riemannian metric:

n

T(@) (1, Up2) = Z q(ei, €i, V15 - -, Um—2) (5.14)

i=1
if (e1,...,€,) is a local orthonormal basis of TM,. Each u € L*(SM.) function can
be decomposed using the spectral decomposition of the vertical Laplacian A, in the

fibers of SM, (which are spheres)

u= Zuk, Ayup = k(k+n—2). (5.15)

k=0
where uy, are L? sections of a vector bundle over M,; see [GuKa2, PSU2].

When (5.2) holds for some p € (2,00), we define just as for m = 0 the X-ray
transform on ®¥7T*M as the bounded operator for all p € (2, 00)

Ly =175 LP(M; @FT*M) — L*(0_SM,du,). (5.16)

The adjoint I, : L*(0_SM,dp,) — L (M;®%T*M) is bounded if 1/p/ +1/p = 1
and it is given by I = m,,I*. The operator II,, is simply defined as the bounded
self-adjoint operator for p € (2,00) and 1/p' +1/p=1

I, =11, =mln}, : LP(M;¢T*"M) — Lp/(M; QT M). (5.17)
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*
m?

As for m = 0, we set 1I¢, := m,II°7,, which can also be seen as (If)*I¢, on if
Ic = I°m, is the X-ray transform on m cotensors on M,. Repeating the arguments of
[Gu, Theorem 3.5] but adapted to our case we get directly

Proposition 5.9. Assume that the geodesic flow on M has no conjugate points and
that the trapped K is hyperbolic. For m > 1, the operator 11, is a pseudo-differential

m

operator of order —1 on the bundle @TT* M7, which is elliptic on ker D* in the sense
that for all ¥y € CX(SM?) there exist pseudo-differential operators Q,S, R on M?
with respective order 1, —2, —o00 so that

QuolIS 1o = vg + Db SthyD* + R. (5.18)

The same result as (5.13) also holds for I,,, and I}, since II,, is a YDO of order —1:

if O C M° is any compact domain (with non-empty interior) with smooth boundary,

Ly HY2(O,@0T*M) — L*(0_SM;duw,). (5.19)

5.3. Injectivity of X-ray transform on symmetric tensors. In this section, we
use the Pestov identity and the smoothness property in Corollary 5.8 to prove injec-
tivity of X-ray transform on functions and 1-forms in case of hyperbolic trapping. The
proof is basically the same as in the simple domain setting, once we have proved the
smoothness of elements in ker I,,, N ker D*.

Theorem 5. Let (M, g) be a compact Riemannian manifold with strictly convex bound-
ary. Assume that the geodesic flow has no conjugate points, that the trapped set K is
hyperbolic.

1) Let fo € LP(M) + H;)%rfg(Mo) with p > 2 such that Iyfo = 0, then fo = 0.

2) Let fi € C*(M;T*M) + HC_O%IZ,(MO;T*M) such that I, fi = 0, then there exists
W € C®(M) + Hilmp(M®) vanishing at OM such that f, = di.

3) Assume that the sectional curvatures of g are mon-positive, then if for m > 1,
fm € C®(M;®¥T*M) satisfies I, fm = 0, then f,, = Dpy_1 for some p,—1 €
C*>(M; @ ~YT*M) which vanishes at OM.

Proof. Let us first show 1) and 2). Using Hodge decomposition we write f; = di + f]
with f € C(M,T*M) + Hoodz(M°,T* M) satisfying D*f| = 0 and ¢ € C®(M) +
Hclcﬁp(Mo) satisfying 9|apr = 0. This can be done by taking ¢ := AL 5 f; where Aj}
is the inverse of the Dirichlet Laplacian on (M, g) and § := d* = D* on 1-forms. Notice
that f] is smooth near M since f; is smooth near M (using ellipticity of Ap). Since
Lidip = 0 we get I1; f{ = 0 and II§ f{ = 0. By applying (5.18) to f] with ¢ =1 on M,
we get that f| € C°(M?°) thus f] € C*°(M). Since also Il fy = 0, Corollary 5.8 then
implies that fj is smooth. By Proposition 5.5, we see that there exists u; € C*°(SM)
for j = 0,1 such that Xuy = 7§ fo and Xwu; = 7} f{, with u; vanishing on dSM. Now
since the functions u; are smooth and vanish at the boundary 0SM, Pestov’s identity
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[PSU2, Proposition 2.2. and Remark 2.3] holds here in the same way as it does for
simple manifolds with boundary or for closed manifolds:

IV Xl = [[XV7u[72 = (RV 5, VVuy) + (n = 1] | Xuy[72 (5.20)

where V" is the covariant derivative in the vertical direction of SM, mapping functions
on SM to sections of the bundle £ — SM with fibers

Epy = {w € T, M; g,(w,v) =0},

R is the curvature tensor acting on E by R w := R(w,v)v € Ey,), and X acts
on sections of E by differentiating parallel transport along the geodesic (see Section 2
of [PSU2]). Then the proof of Lemma 11.2 of [PSU2| and Proposition 7.2 of [DKSU]
is based on Santalo formula (2.22) and thus applies as well in our setting (i.e. the
boundary is strictly convex, there is no conjugate points and I'y U T'_ has Liouville
measure 0), then for all Z € C*(SM, E)

IX 2|2 = (RZ, Z) = 0

with equality if and only if Z = 0. In particular, since V' Xug = V" fy = 0, we deduce
from (5.20) that fo = 0, and since |[|[V°Xui[[3. = (n — 1) f1][32, we deduce from
(5.20) that V¥u; = 0 and thus u; = 7§’ for some smooth function ¢’ on M which
vanishes at 0M; this implies that Xu; = 7jdy’. Notice that since D*f] = 0, then
D* fi = Ay’ = 0 and therefore ¢ = 0 since ¢’ vanishes at M. Thus f| = 0.

Finally, the case with m > 1 when the curvature of ¢ is non-positive uses the proof
of [PeSh] and [PSU2, Section 11]. If I,,f = 0, we also have IS, f,, = 0 and thus
1w’ fm = 0. By Proposition 5.5, there exists u = —R,(0)7} frn = —R_(0)7}, fn
smooth in SM such that Xu = 7, f,, and u|gsy = 0. Non-positive curvature implies
that the flow is 1-controlled in the sense of [PSU2] and once we know that Xu = 7%, f,
with u smooth and vanishing at M, the proof of Theorem 11.8 in [PSU2| (that proof
is detailed in Section 9 and 11) based on Pestov identity applies verbatim to our case.
We do not repeat it here as it does not bring anything new. 0

We get Corollary 1.1 and Theorem 1 as a direct corollary:

Proof of Corollary 1.1. We only prove 2) since the conformal case 1) is easier and a
direct consequence of 1) in Theorem 5. If the metrics are lens equivalent, I'y N 0LSM
are the same for all metrics, and for a fixed y := (z,v) € 9_SM \ T'_, the geodesic
vs(y; t) with ¢t € [0, £ (y)] depends smoothly on s (by general ODE arguments) and by
differentiating 9,/ (y)* = 0, we obtain that ¢, := d,gs is a smooth symmetric 2-tensors
satisfying I5gs = 0 if I35 is the X-ray for g, on symmetric 2 cotensors. The argument
is standard and detailed in [Sh, Section 1.1]. Applying Theorem 5 with m = 2 in
non-positive curvature shows that ¢, = Dyps for some smooth 1-form pg vanishing
at OM. The tensor py can be written as p; = (Ap,) ' D¢, if Ap, := DD, with
Dirichlet condition at M (this is invertible, see [Sh]). Then we argue like in the proof
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of [GuKal, Theorem 1]: by ellipticity of Ap, and smoothness in s, p, is smooth in s.
Then one can construct a smooth family of diffeomorphisms ¢ which are the identity
on OM so that 0s¢5 = ps o ¢s and ¢y = Id (here we view pg as a vector field using the
metric). This concludes the proof. O

Proof of Theorem 1. A negatively curved manifold with strictly convex boundary
has hyperbolic trapped set K (see [K12, §3.9 and Theorem 3.2.17]) and no conjugate
points (see [K1]). Thus, Theorem 1 follows from Corollary 1.1 and Proposition 2.4. [

5.4. Invariant distributions with prescribed push-forward. We will show the
existence of invariant distributions on SM with prescribed push-forward. This cor-
responds essentially to surjectivity of I and of I7 on ker D*. This section is only
necessary to prove Theorem 2 and 4.

Proposition 5.10. We make the same assumptions as in Theorem 5.

1) For any fo € H*(M) for s > 1, there exists w € (Nu<oH"“(SM,)) N L*(SM,)
such that Xw = 0 in SM? and mo,w = fo in M. Moreover, if fo € C*(M), then
w € H*(SM,) for some s > 0 and has wavefront set satisfying WF(w) C E5 UE*. In
addition, its boundary value w = w|gsnr satisfies (5.8) and w € L%g(@SM) NH*(0SM)
for some s > 0.

2) Let f, € C®(M;T*M) satisfying D*fi = 0, then there exists w € LY (SM,) such
that Xw = 0 in SM? and m,w = fi in M, with WF(w) C E U E* and w := w|osm
satisfies (5.8) and is in L (OSM).

Proof. Let Y be a closed manifold extending smoothly M, across its boundary, extend
the metric smoothly to Y (and still call the extension g). Let g € C*(Y) with
support in M, which is equal to 1 on a neighborhood of M and write ¢ := 7§ (1)) its
lift to SY. Using Proposition 5.7, define the elliptic ¥DO of order —1 on Y

Py = gollgyo + (1= o) (1+ Ag) 21 = i) - HT*(Y) = H(Y)

bounded for all s > 0; here A, is the Laplacian on (Y, g). Thus there exists C' > 0 and
K :H*(Y)— H*"(Y) a bounded ¥DO (of order —1) such that for all f € H*(Y)

Pl e-svy = Cllflla-scv) = [ K fll-s+1(v)

and thus the range of Fj is closed. Consequently, by Banach closed range theorem,
Py« HY(Y) — H*(Y) has closed range. Note that P; has the same form as Py,
and to prove its surjectivity, it suffices to prove injectivity of Fy. If Fyf = 0, then
f € C®(Y) by ellipticity of Py, and (1 — ) f = 0 since (1 + A,)~'/2 is injective,
and (II5(vo f), Yo f)r2 = 0. This implies that I§(0f) = 0 and by Theorem 5 applied
with M, instead of M, we get 1of = 0, thus f = 0. We deduce that if fo € H*(M),
taking an extension fo € H *(Y') supported in the region where 1)y = 1, there exists a
unique u € H*71(Y) such that Pju = fo. Note that if fy is smooth, u is smooth by
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ellipticity of P;. In particular, we get ¢oIIS(1hou) = fo and taking w := I1°(7% (ou)),
we get Xw = 0in SM,, mo,w = fy in M, and by Proposition 5.4, we obtain the desired
regularity for w and the properties of its restriction w|sgps and (5.8). This proves 1).

The proof of 2) is essentially the same as in [DaUh, Lemma 2.2] once we know
Proposition 5.9 and the kernel of I;. We just recall very briefly the argument and
refer to [DaUh, Lemma 2.2] for details. First, by [KKMPT, Corollary 3.3] (see also
the last remark of that paper for the manifold case) there is a bounded extension op-
erator E : ker D*|L2(M7T*M) — ker D*|L2(M§’T*Me) which restricts continuously to E :
ker D*|coo (a1, 1+ a1y — ket D*|coo(age rena,) then if ryy o L2 (M., T*M,) — L*(M,T*M) is
the restriction to M, we get from Proposition 5.9 that ryII§vY¢Q*E =1d +ry R*E as
a map on ker D*| r2(v,r+m) With R smoothing on M. This implies that the range of
Id+ry R*E is closed with ﬁnite codimension, and the same holds on ker D* |Coo( M,T*M)-
Then 7/ 11§10 Q* E(ker D*|coo(ar,r+ary) has closed range in ker D*|coo(ar, 7+ 0y With finite
codimension and thus ry/ 1§10 Q*(C§° (M2, T*M,)) has closed range with finite codi-
mension in ker D*|cee(ar,r+ar)- The kernel of the adjoint is trivial by using Theorem 5
just as in [DaUh, Lemma 2.2.]. This shows that there is u € C*°(M,, T*M,) such that
ryll§u = f1, and thus setting w := II°7ju we get the result. 0

6. DETERMINATION OF THE CONFORMAL STRUCTURE FOR SURFACES

In this Section, we will study the lens rigidity for surfaces with strictly convex
boundary, no conjugate points and hyperbolic trapped set. To recover the conformal
structure from the scattering map, we shall use most of the results proved above
together with the approach of Pestov-Uhlmann [PeUh] which reduces the scattering
rigidity to the Calderén problem on surfaces.

For the oriented Riemannian surface M, with boundary, the unit tangent bundle
SM, is a principal circle bundle, with an action

S' x SM, — SM,, €“.(x,v) = (z, Ryv)

where Ry is the rotation of angle +6. This induces a vector field V' generating this
action, defined by V f(x,v) = 9p(f(e?.(z,v))|p=0. We then define the vector field
X, :=[X,V] and the basis (X, X, V) is an orthonormal basis of SM, for the Sasaki
metric. The space SM, splits into SM, = V & H where V = RV = kerdn is the
vertical space, and ‘H = span(X, X ) the horizontal space. Following [GuKal], there
is an orthogonal decomposition (Fourier series in the fibers)

2(SM) =@, with Vg = ikwy if wy € Qy (6.1)

kEZ
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where ), is the space of L? sections of a complex line bundle over M?. Similarly, one
has a decomposition on 9SM

L*(0SM) = P, with Vi, = ikwy if wy, € (6.2)
keZ

using Fourier analysis in the fibers of the circle bundle.

6.1. Hilbert transform and Pestov-Uhlmann commutator relation. The Hilbert
transform in the fibers is defined by using the decomposition (6.1):

H: LP(SMg) — L*(SMg), H(> wy)=—i Y sign(k)wy
keZ kEZ

with sign(0) := 0 by convention. It is skew-adjoint and Hu = Hu, thus we can extend
continuously H to C~*°(SM?) — C~*°(SM?) by the expression

<HU’>¢> = —<U7H¢>7 Q/JGCEO(SMS)

where the distribution pairing is (u,v) = [q,, updy when u € L*(SM?). Similarly,
we define the Hilbert transform in the fibers on 0SM
o C*(0SM) — C*(0SM), Hs Zwk = Zsign(k)wk
kEZ keZ
and its extension to distributions as for SM,. For smooth w € C°(SM?) we have that

(Hw)|gsy = Hpw,  with w := w|ssm (6.3)

thus the identity extends by continuity to the space of distributions in SM? with
wavefront set disjoint from N*(OSM) since, by [HO, Theorem 8.2.4], the restriction
map C*®(SM?) — C*(0SM) obtained by pull-back through the inclusion map ¢ of
(2.13) extends continuously to the space of distributions on SM? with wavefront set
not intersecting N*(0SM). By [Gu, Lemma 3.5], we see that WF(Hu) C WF(u) for
all u € C~*°(SM,) and the same holds for Hy and u € C~*°(0SM). The following
commutator relation between Hilbert transform and flow follows easily from the Fourier
decomposition and was proved by Pestov-Uhlmann [PeUh, Theorem 1.5]:

if we COO(SMO) [H, X]w = X wy + (X w)o (6.4)

where wy = %7‘(‘8(71‘0*11)) and 7o, w fs M, (x,v)dS,(v) for smooth w. Notice that
w e C®(SM2) — wy € C’OO(SMO) extends contmuously to C~(SMY?) since m is a
submersion (the pullback 7 extends to distributions), then the relation (6.4) extends
continuously to C~*(SM?). We also have, for any w € C~>°(SM?)

1
XJ_/LUO = %ﬂ'ik<*d<ﬂ'0*lU)) (65)

where x : T*M, — T* M, is the Hodge-star operator on 1-forms. We use the odd/even
decomposition of distributions with respect to the involution A(x,v) = (z,—v) on
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SM,, SM and 0SM, as explained in the end of Section 4.2. The operator X maps
odd distributions to even distributions and conversely. The operator H maps odd
(resp. even) distributions to odd (resp. even) distributions, we set Hoyw := H(Wey)
and Hoqw := H(woq). We write similarly Hy o, and Hpoq for the Hilbert transform on
(open sets of) dSM and the relation (6.3) also holds with Hy e, replacing Hy if w is
even. Taking the odd part of (6.4), we have for any w € C~*°(SM?)

1
HogXw— XHyw = 2—7rf(*d(7r0*w)) = X, | wyp. (6.6)
T

6.2. Determination of the conformal structure from scattering map. For func-
tions w € C*°(0SM), the function my,w is smooth on OM, given by the expression
Tow(z,v) = %meMew(x,v)dSac(v) and thus if w € C*°(SM?) and w = wl|gsn, one
has mo,w = (mo,w)|ans. As above, the restriction map C*°(SM?) — C*®(0SM), ex-
tends continuously to the space of distributions on SM_ with wavefront set included
in £% U E* (since this does not intersect N*(0SM)). Therefore, for w € C~(SM?)
with WF(w) C £ U E*, we have

Tosw = (Mow)|onr,  With w = w|ssm (6.7)

in the distribution sense (in fact, as in the proof of Proposition 5.10, it is easily checked
that mo,w € C®(MY)).

For an oriented Riemannian surface (M, g) with boundary, the space of holomorphic
functions can be described as follows: f = f; + ify is holomorphic if xdf; = dfs where
* is the Hodge star operator. We shall use the notation P(f) € C*°(M) for the unique
solution of AyP(f) =0 with P(f) = f on M.

Theorem 6. Let (M,g) and (M',¢') be two oriented smooth compact Riemannian
surfaces such that each connected component has non-empty strictly convex boundary.
Assume that M and M’ have the same boundary N, and that glrny = ¢'|rn. For both
surfaces, assume that the trapped set are hyperbolic and the metrics have no conjugate
points. If (M,g) and (M',q’) are scattering equivalent, there exists a diffeomorphism
¢ M — M with ¢|onr = Id and such that ¢*g' = €*"g for somen € C°(M) satisfying
nloar = 0.

Proof. We shall follow the method of Pestov-Uhlmann [PeUh] and we will need to
use most of the results from the previous sections. We work on (M, g) but all the
results below apply as well on (M’ ¢’). For f € C*°(N), the harmonic extension P(f)
admits a harmonic conjugate P(f*) if *dP(f) = dP(f*) or equivalently P(f +if*) is
holomorphic. We are going to prove the following statement: let f* € C°°(N), then

270(S;, — 1d)(Hp evw) = (S, — Id) g f* (6.8)
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holds for some w € Lg (9SM)N H*(0SM) with s > 0, satisfying WF(w_) C Ej _ and
WF(wy) C Ej ., if and only if
Ijw_ =P(f) with P(f —if") holomorphic (6.9)
where 7y, £ = I} (see Lemma 5.2) and w4 1= w|s. sum-
Let us prove the first statement. Let f € C°°(N) so that P(f) admits a harmonic
conjugate. Using Proposition 5.10, there exists w € H*(SM,) NC*(SM,. \ (I'x UT'_))

for some s > 0, satisfying Xw = 0 in SM? in the distribution sense with mg,w = P(f)
in M and

w = wlpsn € L (DSM) N H*(OSM), WF(w) C Ej , UE} (6.10)

w_ = wla_sm, where Ej . C T}, (OSM) are the bundles defined by (2.14) for the
manifold M and m, is the pushforward defined by (5.9) on SM. From (6.6) and using
that Heyw is smooth in SM \ (I'_UT'}), we get

1
X Heow = —%n{(*dP(f)) (6.11)
as smooth functions on SM \ (I'_UT,). Now, for any ¢» € C>*(SM \ (I'y UT_)),

IXy = (S, — 1d)(Y]asm\(r_ury))

as a function on 0_SM \ I'_. Applying I to (6.11) and using that P(f — if*) is
holomorphic then gives (1; is the X-ray transform on 1-forms)

2m(Sg=Id)(Hevw)losn) = —L(xdP(f)) = L(dP(f")) = IX75(P(f7)) = (S;—1d)mg f*

as smooth functions on 9_SM \ T'_ which are globally in L*(0_SM,du,). Using (6.3)
we thus obtain the identity (6.8).

Next, we prove the converse. Conversely, let f* € C*°(N), let ¢ € C*>(M) with
qlonr = f* and let x € C°(SM°) which is equal to 1 in {p > €} with € > 0 small
(using p as in Section 2.1), thus on K. We write wy := x&_w_ and wy := (1 — x)E_w_
and by (6.6), we get for j = 1,2

HXw; — XHw; = 7] (xdmp,w;). (6.12)

Since w € L, (0SM) N H*(0SM) for some s > 0 and WF(w+) C Ej | by assumption,
Proposition 4.6 tells us that w; € HY (SM?) and WF(w,) C E} U E* thus mo,ws €
C>(M?) (using (E* UEL)NH* = {0} if H* C T*(SM?) is the annihilator of the vertical
bundle V), and mp,w; € Hcsjrﬁl/)z(M °) with support containing K. We claim that we
can apply I to (6.12) and view the result as a measurable function in 0_SM \ T'_: for
J = 2 we can apply [ since all terms are smooth in SM \ (I'_UI",) and we get a smooth
function on d_SM\T'_ that is in L*(0_SM) (for example using Lemma 5.1 and Sobolev
embedding H*(SM) C LP(SM) for some p > 2), and for j = 1 the only possible trouble
is [ (*dmp,wy) but this makes sense since [ : H&)Ilig(Mo,T*M) — L*(0_SM,du,) is
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bounded just as Iy in (5.13) (see the remark after Proposition 5.9). Therefore, applying
I to (6.12) and summing for j = 1,2, we obtain almost everywhere on 0_SM

1
(S; —1d)(Hpevw) = IXHE (w_) = —%11(*d7r0*w1 + *dmp,ws),

this term is in L2(0_SM, dy,) and equal to 3=(S; —Id)m; f* = 5-11(dg) by our assump-
tion. Since we know that this term is smooth on 0_SM we obtain in L?(0_SM,du,)

I (xdIjw_ +dq) = 0.

By Theorem 5 one has *dIjw_ +dq = di for some 1p € C*°(M) +Hclo/rip(M°) satisfying
¥|ap = 0. Applying first d and then dx to that equation and using ellipticity, we get
v —q e C®°M) and [jw_ € C*(M) and both functions are harmonic conjugate,
which means that (6.9) holds with f := (Ifw-)|ans-

We can finally finish the proof. All that we said above applies also on (M’, ¢’) and we
shall put prime for objects related to ¢’. Let av: SM’ — SM be the map (3.2), so that
aoSy = S,oa by assumption. Remark that for each w € C*(0SM), (woa), = wyo
in the Fourier decomposition (6.2), and thus

o (Hpeyw) = Hy o (0" w). (6.13)

This identity extends to w € L?*(0SM) by continuity. Let f* € C*°(N) and assume
that there exists f € C°°(N) so that P(f + if*) is holomorphic in (M, g), then we
have proved that there is w € Lg (0SM) satistying (6.8), mo,w = f and (6.10). Using
oSy =S,0aand moa = 7, together with (6.13), we get

(S5 — 1d)(H) o) = (S — 1d)mg f*. (6.14)

with w' := a*w. We can use Lemma 3.2 which implies that WF(w') C Eé,:'ﬂr U Eéj;,
and since w' € Lg (SM'), we get by (6.9) applied with (M’, ¢') that Ig"(w') — iP'(f*)
is holomorphic in (M’,¢’). Since I[*(w')|ops = mosw = f, we have shown that all
boundary value of a holomorphic function on (M, g) is also the boundary value of one
on (M’ ¢). Exchanging the role of (M, g) and (M’ g’), we show that the space of
boundary values of holomorphic functions on (M, g) and (M, ¢’) are the same. The
existence of the conformal diffeomorphism ¢ : M — M’ then follows from the work of
Belishev [Be]. O
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