RESONANCES ON SOME GEOMETRICALLY FINITE HYPERBOLIC
MANIFOLDS

COLIN GUILLARMOU

ABSTRACT. We first prove the meromorphic extension to C for the resolvent of the Laplacian
on a class of geometrically finite hyperbolic manifolds with infinite volume and we give a
polynomial bound on the number of resonances. This class notably contains the quotients
T\H**+! with rational non-maximal rank cusps previously studied by Froese-Hislop-Perry.

1. INTRODUCTION

The purpose of this work is to prove the meromorphic extension of the resolvent as well as
a polynomial bound of resonances for the Laplacian on some geometrically finite hyperbolic
manifolds T'\H"*! whose non-maximal rank cusps are ‘rational’. This condition is essentially
equivalent to suppose that the parabolic subgroups are conjugate to lattices of translations act-
ing on R™.

Scattering theory, meromorphic continuation of the resolvent for the Laplacian, Fisenstein
series and distribution of resonances have been deeply studied on geometrically finite hyperbolic
surfaces (see [23, 18, 2, 9, 17, 10, 12, 24]). New geometric difficulties appear in higher dimen-
sion, notably the fact that a geometrically finite quotient I'\H**! is not, in general, a compact
perturbation of explicitly computable models and the method used for surfaces can not be ap-
plied. However, when the manifold has a nice structure near infinity, say when it conformally
compactifies, Mazzeo and Melrose [15] have found a powerful method to prove the meromorphic
continuation of the resolvent and to describe it in details. Roughly, this conformal hypothesis
is equivalent to taking groups without parabolic elements. Perry [20, 21], Joshi-Sa Barreto [13],
Guillopé-Zworski [11], and Patterson-Perry [19] have studied the scattering matrix, Eisenstein
series and distribution of resonances for these classes of manifolds and it is not difficult to see
that parabolic elements with maximal rank can be added to the group without significative
difficulties. Nevertheless, when the group has parabolic elements with non-maximal rank, some
infinite volume cusps appear and most of those cases remain quite mysterious in general, at least
in the point of view of the scattering theory and the meromorphic continuation of the resolvent.
It is worth noting that the analysis of the spectrum of the Laplacian on forms and Hodge theory
has been written down by Mazzeo and Phillips [16] on geometrically finite hyperbolic manifolds
and later, Froese-Hislop-Perry [3, 4] have studied scattering theory and Eisenstein functions on
these manifolds in dimension 3. Perry [22] also proved the meromorphic continuation of the
resolvent in a small strip near the critical line for a class of manifolds with rational non-maximal
rank cusps in all dimensions. Last but not least, Bunke and Olbrich [1] dealt with all cases
of geometrically finite hyperbolic manifold using a very different approach, in particular they
are able to extend the Eisenstein functions and scattering operator but they did not study the
resolvent explicitly and have no result about the distribution of resonances.

In this work, we hope to give a rather simple way to prove the meromorphic continuation of
the resolvent on a class of geometrically finite hyperbolic manifolds which allows to bound the
number of resonances (poles of the resolvent) in a disc of radius R of C. Our method is very
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similar from the approaches of Froese-Hislop-Perry [4], Perry [22] or Guillopé-Zworski [11] in
the sense that it provides a precise analysis of the resolvent. Actually, the pseudo-differential
structure of the resolvent and the scattering operator will be described in more details in [§],
the purpose of the present work being essentially the estimate of the resonances distribution.

We thus consider an infinite volume hyperbolic manifold T'\H**! where I is a discrete group
of isometries of H"*! which admits a fundamental domain with finitely many sides (the manifold
is said geometrically finite) and such that each parabolic subgroup of I is conjugate to a lattice
of translations in R”. This is exactly the class of manifolds studied by Perry [22] and, as noticed
in this work, it covers the case when no parabolic subgroup contains irrational rotations, possibly
by passing to a finite cover. The manifold X := I'\H"*! equipped with the hyperbolic metric is
then complete and the spectrum of the Laplacian Ax splits into continuous spectrum ["Tz, 00)
and a finite number of eigenvalues included in (0, "72) Perry [22] proved that the modified
resolvent

R(\) := (Ax —A(n— )7t

extends from {R(A) > 2} to {R(A) > 51} meromorphically with poles of finite multiplicity
(i.e. the rank of the polar part in the Laurent expansion at each pole is finite) in weighted L?

spaces.
We first show the

Theorem 1.1. Let X = T\H"*! be a geometrically finite hyperbolic manifold with infinite
volume and such that each parabolic subgroup of T is conjugate to a lattice of translations in R™.
Then the modified resolvent for the Laplacian

RO\ = (Ax = Mn = X)) 7" ¢ L, (X) = Hi o (X)

comp

extends from {R(A) > &} to C meromorphically with poles of finite multiplicity.

The poles of the resolvent are called resonances and are spectral data which correspond in a
sense to the eigenvalues of the compact cases. They are closely related to the zeros and poles of
Selberg’s zeta function. Our second result involves the asymptotic distribution of resonances:

Theorem 1.2. With the assumptions of Theorem 1.1, the number of resonances N(R) (counted
with multiplicities) contained in the complex disc D(%, R) or radius R satisfies

N(R) <CR""? 4+ C
for some constant C' > 0.

Notice that in a less general case, the non-optimal power n+2 = dim(X)+1 already appeared
in the work of Guillopé-Zworski [11]. We also emphasize that our method extends to compact
perturbations of the hyperbolic manifolds considered in Theorems 1.1 and 1.2.

These theorems are proved by using a parametrix construction of the resolvent. The main
difficulty of the construction is that X can not be splitted into one compact set and one neigh-
bourhood of infinity where a model resolvent is explicitly known. As for convex co-compact
hyperbolic manifolds [20, 21, 11, 19], we use a finite covering of a neighbourhood of the infinity
X (00) of X by several model neighbourhoods with some exlicit formula for the resolvent of the
laplacian on these models. Following the method of Perry [22], these model resolvents, cut-off
by functions forming a partition of unity near infinity, give a first approximation of R(\) but it
is not sufficient to obtain a compact error. The important property we then use is that the error
terms resemble those which appear in the convex co-compact manifolds (and more generally on
asymptotically hyperbolic ones), in the sense that their Schwartz kernels are smooth in X x X
and have a polyhomogeneous asymptotic expansion at X (co) x X with support on the left factor
which does not intersect the cusp points. Consequently the indicial equation used in [15, 11]
allows to refine the parametrix of R()\) to get a residual term which is compact on all p™¥ L2(X)
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(N > 0) with p a weight function converging to 0 at infinity.

We will use the following notations: (z) := (1+ |z|2)%; if A is a compact operator on a Hilbert
space, |A| := (A*A)Z and (1 (A)); are the eigenvalues of |A| (called the singular values of A);
C will denote a large constant, not necessarily always the same. We shall also often identify
operators with their Schwartz kernels.

Acknowledgement. This work has been begun at Nantes University and finished at Purdue
University. I would like to thank Peter Perry, Rafe Mazzeo and Martin Olbrich for pointing out
to me some references about the subject.

2. GEOMETRY OF THE MANIFOLD

This section is strongly inspired by Perry’s paper [22], the reader can refer to it for more
details (see also [16, 3, 4]). We consider a hyperbolic quotient X = T\H"*! where I is a
geometrically finite discrete group of hyperbolic isometries with no elliptic elements, and such
that all parabolic subgroups are conjugate to lattices of translations acting on R™. In this
case there exists a compact K of X such that X \ K is covered by a finite number of charts
isometric to either a regular neighbourhood (M, g,) or a rank-k cusp neighbourhood (My, gi)
(with 1 < k < n), where

M, ={(z,y) € (0,00) x R";2* + |y|* < 1}, g, =2 *(dz” + dy°),

My = {(2,y,2) € (0,00) x R*™% x Th; 22 + |y|> > 1}, g = 27 2(d2” + dy® + d2?)
for k < n with (T*,dz?) a k-dimensional flat torus and
My, = {(z,2) € (0,00) x Tz > 1}, gn =z *(da® + d2°)

with (T™,dz?) a n-dimensional flat torus. For notational simplicity, we will make as if there
was one neighbourhood of each type. There exist some smooth functions x%,x",x!,...,x™ on
respectively X, M,., My, ..., M, which, through the isometric charts I,., I, ..., I,, satisfy

n
(2.1) DX+ I +x' =1
k=1

with x! having compact support in X.
We will also use cutoff functions in what follows, thus we define

(2.2) o, 01 € C5°([0,2)), ér=10n]0,1], ¢ =1 on supp(¢r).

2.1. The non-maximal rank cusps neighbourhoods. Let X; = I';\H"*! be the quotient
of H**! by a rank-k parabolic subgroup I';, of I which fixes a single point at infinity of H**!.
Modulo conjugation by a hyperbolic isometry, one can suppose that the fixed point is the point
at infinity of H™*! in the half-space model (0,00) x R™. T}, can then be considered as a rank-k
lattice of translations acting on R” (actually on a subspace of R isomorphic to R¥), therefore
it is the image of the lattice Z* by a map A} € GLi(R) and the flat torus T* := ', \RF is well
defined. X, is isometric to R} x Ry~* x T equipped with the metric

dz? + dy? + d2?

Gp=—75——
x
dz? being the flat metric on a k-dimensional torus T*. M} is the subset of X} with 22 + |y|2 > 1
and we will often consider Rt x R"* as the n — k + 1-dimensional hyperbolic space H*~*+1,
Hence,
z

2.3 VY, 2) = ,y) i = —————— = (2 cosh(dyn- ,y;1,0)) 71
( ) pk(-’L' Yy Z) pk(-’L' y) |y|2 +$2 +1 ( co8 ( Hr—k+1 (CE ) )))

will be a natural weight function on M.
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FI1GURE 1. The compactified neighbourhood of the cusp point ¢; in dimension 3

Following Perry [22], we remark that the change of coordinates
T -y
24 t:= 5> U= —
24 TR R
is an isometry from My to
{(t,u,2) € (0,00) x R*F x T*: 2 4 |u* < 1}
equipped with the metric
dt? + du? + (£ + |ul*)?d2?
$2

and pg(t,u) = pr(z,y). These coordinates compactify My and the infinity of X in this neigh-
bourhood is then given by {pr = 0} or equivalently {¢ = 0}. The ‘cusp point’ here becomes a
torus ¢ := {t =u =0} ~ TF.

Without loss of generality and possibly by adding regular charts in the covering of a neighbour-
hood of the infinity of X, we can choose the cut-off function for the rank-k cusp neighbourhood

such that x*(2,y) := 1 — ¢(z)9* (y) with ¢*(y) € C5°(|ylrn-+ < 2) and 9*(y) =1 on {Jy| < 1}.
We also set % € C§°(Jy| < 2) such that ¢* = 1 on supp(¢)¥), ¥% =1 on {|y| < 1} and we define

X% (z,y) := 1 — ¢r(z)yk (y), which satisfies x¥ =1 on supp(x*).

(2.5)

2.2. The maximal rank cusps. Let X, = [, \H"™! be the quotient of H**! by a rank-n
parabolic group subgroup T',, of T, it is then isometric to RY x T equipped with the metric

dz? + dz>
gn = B}
T

dz? being the flat metric on the n-dimensional torus 7" = I',,\R®. As before M,, is the subset
of X,, with z > 1 and the weight function we choose on M, is p, = ~!. Taking u = z~1, M,
is also isometric to

Mn = {(uaz) € (O:OO) X Tn;u < 1}
with the metric

w2 (du® 4+ u'dz?)
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and p, = u. The infinity of X in this neighbourhood is given by the ‘cusp point’ ¢, := {pn =
0} ~ T™ which is a torus.
Here x" can be taken depending only on z, for example x™(z,2) = 1 — ¢(z) and we set

X7 :=1— ¢r(x), hence x7 =1 on supp(x™).

2.3. The regular neighbourhoods. The regular neighbourhoods are those treated in [11] and
will not be discussed in details. We just recall that the weight function here is p, := z and that
the infinity of X in this neighbourhood is given by p, = 0.

The function x” can be chosen so that x" = ¢r(£)y¥"(y) with " € C§°(ly| < 1) and € > 0
small. Let 97 € C§°(|ly| < 1) with 47 =1 on supp(¥") and x7(z,y) = ¢r(52)¥L(y), we thus
have x7 =1 on supp(x").

2.4. Weight function, compactification. We can then define as weight function the following

n
(2.6) pi=X LX) + ) T (xF r)-
k=1
X can be compactified in a compact manifold with boundary X such that p is a boundary
defining function of X. The boundary can be decomposed in the form X = B U T™ with B
a smooth compact manifold and T the torus coming from the maximal rank cusp. From the
discussion above, we see that the metric on X can be expressed by

H

9=—=

2
with H a smooth non-negative symmetric 2-tensor on X which degenerates at cusps points
(¢k)k=1,...n- Let B := B\ {c1,...,cp}, the restriction H|p is then a smooth metric on the

non-compact manifold B. In a sense B will be the geometric infinity where the scattering can
occur.

FIGURE 2. A fundamental domain in S™ for the infinity B of X = ['\H**!

We need to construct a new weight function depending on a small paramater 6 > 0, which is
equal to 1 on a big compact (depending on ) and to p near infinity.

For a« = 1,...,n,7, we have py(w) = I,,.p(w) when x*(w) = 1 and there exists C > 1 such
that
(2.7) C™'pa < Inup < Cpq on supp(x®).

Let 1 > § > 0 be small, we define the new weight function on X
ps(w) := (1 = ¢r.(4p(w)6™")) + p(w)r. (4p(w)d ™)
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and using that p < 1 we can check that ps = pon {p < ¢}, ps = 1on {p > £} and ps > p
everywhere, hence

(4

(2.8) 1<

< |
Sl

<

We also define the function

X§ (w) = ¢r(p(w)d)x* (w).
Thus x¢ =1 on the support of x§ and
(2.9) Io.p < 26 on supp(x5)-
In view of (2.1), we deduce

n .
XY LixE+xi=1
k=1
with
X5(w) :=1=¢r(pw)d™") + x*(w)dr (p(w)6 ™)

having a compact support included in {p > 0} for ¢ sufficiently small. Finally let

X 5(w) = 1= 1, (2p(w)s™)
which is a smooth function with support in {p > $} and X% s =1 on supp(xj), thus ps = 1 on
supp(X{,,5)-

FI1GURE 3. The support of cut-off functions in My,

Later, this parameter § will be chosen small enough to insure that our residual terms in the
parametrix construction have a small norm for () > %. This is, in a sense, the idea used in
[11]. For what follows and for simplicity, we will often write ps instead of Ij,ps.

3. PARAMETRIX AND ESTIMATES

3.1. The non-maximal rank cusps. We recall that X = [';\HI**! with T'), the image of the
lattice Z* by a map Ay, € GLi(R). By using a Fourier decomposition on the torus 7% = I';\RF
and conjugating by z%, the operator Ax, — A(n — A) acts on

LX) = @@ Hm, Hon = LR xRE o~V dyde) = L2 (HF)

mezZ*
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as a family of operators
Pn(\) i= —2202 + (n — k — )20, + 2%(Ay + |wm|?) — s(n — k — 5)
where w,, = 27rt(A,;1)m for m € ZF are the eigenvalues of the Laplacian on T}, (with eigenfunction

eim-2) and s := /\—g is a shifted spectral parameter. The resolvent Rx, (\) = (Ax, —A(n—2\))~!
for the Laplacian on X} is computed by Perry [22] for R()) > &

(3.1) Rx,(\) = @ Rm()) on L*(X}) = @ Hnm
meL* meZk
with
(3.2) R\ z,y,2',y") = |Ak| %/ Runs1 (N 2,9, 2; 2y, 0)eim 2 dz

where Rgn+1(\) = (Agn+1 — A(n — X))~ is the resolvent for the Laplacian on H't! and |A| :=
| det(Ag)|- We set

zz' zz' |2)?

_ 2 2 2,1 _ _ _ -1

(3-3) r=(y-yPHat+ay, d="5 r= s =di+ Ty)
and recall (see e.g. [11], [22]) that the resolvent on H**! can be written for all J € NU oo

J-1
(34) RH"+1 (Aa z,Y,z; 'Z'IJ yla 0) = 7—)\ Z Qjn ()‘)TQj + TA+2JGJ,TL(A7 T)

7=0

“1r=3T(A +2§)

a;n(A) =
)= F g T r T

with Gn(A,7) a smooth function in 7 € [0,3) with a conormal singularity at 7 = 1 and

Goon(A,7) = 0. Note that the sum (3.4) converges locally uniformly in 7 € [0, 5) if J = oo.
From (3.2) and (3.4) it is easy to see, by the change of variable w = z/r, that for m # 0 and
setting s := A — %

. . n 1 2\—1
(35)  Rn(N) =d° Y ajn(Nd Fja(rwm) +d*+> / irums Gl dE 27 ),

R* (1 + |z[2)r+27
(3.6)

1 3 12 A— 2]—}—1(27{.)%
Fja(u)=|Ax| % [ e ™1+ N2 gy = | Ay
) = 4 [ e ) e = | A S

when R(X) > § (see e.g. [5] for the last formula), K;(z) being the Bessel function defined by

Jul ™" K _s—2;(|ul)

(3.7) K,(2) ::/ cosh(st)e 2 gt 2> 0.
0

It is easy to see (and will be studied later) that the sum (3.5) with J = oo converges uniformly
for r > 0 and d € [0,5). When m = 0, Ro(]) is the shifted Green kernel of the Laplacian on
H—*+1 | that is

J—1

. k

(3.8) Ro(N) =d* > ajnr(s)d” + d* " Gypi(N,d), s=X— 5
j=0

For simplicity, we will write (3.8) under the form (3.5) by defining
ok (8)
F; A\ (0) := 22—,
]aA( ) aj,n()\)
The representations (3.5) and (3.8) give a meromorphic extension of R,,(A) to C, with poles
on % — Ny of finite rank which only come from the case m = 0 when n — k + 1 is even. The
continuity property of the extented operators on weighted L? spaces will be checked later.
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We are now going to find a parametrix for Ax — A(n — \) on the neighbourhood I, *(My,) of
our manifold X, by using the explicit formulae given before for the cusp Xj. The constructions
are very similar to those of Guillopé-Zworski [11] for the conformally compact ends. After the
Fourier decomposition, the construction of a parametrix will be obtained on each H,, from the
model resolvent and an iterative process as in [11] but for a n — k + 1 dimensional hyperbolic
Laplacian with the potential z2|w,,|?.

Proposition 3.1. For N € N large, there exist some bounded operators
EN(N) = py L2 (My) = p5 N L* (M)

K (V) = o3 L2 (M) = p5 L*(My)
meromorphic in {R(A) > —2FL} with simple poles at £ — j (with j € No) of ranks uniformly
bounded by C(j + 1)"**+! such that
(Ang, = Mn = N)ER(N) = x5 + Kx (),

KK (N) is trace class on plY L?(My) and for || < &, dist(A\, £ — Ny) > L and g > 0 there eists
Cs,q > 0 such that

(3.9) det(1 + g KK (V)]) < e,
the determinant being on p) L?(My). Moreover for Ax = &,
(3.10) 1R W) e oy L2 (anyy < (C8) 7.

Proof: we first set
EO(’\) = XIIE/RXk (/\)Xga KO(’\) = ¢r [AXk > ¢IIC,]RX1¢ (’\)X(I;a Lﬁ()‘) = wf [AXk ) ¢L]RXk (’\)X§
and, since Ay, = Ay, as a differential operator on M}, we clearly have
(Ang, = AMn = N)Eo(N) = x5 + Ko(A) + LF(N).

Since the functions in the range of Lf(\) have compact support, L#(\) is compact on our weighted
spaces but Ko()) is not. However, it is important to note that the range of K¢()) is composed
of functions whose support does not intersect the cusp point, thus they can be included in a
regular neighbourhood of infinity and the iterative method of Mazzeo-Melrose [15] (or [11]) can
then be used to remove all the Taylor expansion of Ko(\; w,w') at the boundary {p(w) = 0}.
To achieve it, one can decompose Ey(\) = ®p,ezrEo,m(\) and Ko()), LF()\) similarly on the
Fourier modes of T* and using the new variables v := z2 and v’ := 2'> as in [11] we can write

2N
KO,m()‘) = d’L Z Ké,m()‘) + KgN,m()‘)
j=0

where for j =0,...,2N, w = (v,y), w' = (V,¢'), r = r(w,w’) and d = d(w,w’)
K} s w,w') = w3t A, FIr2 Y a0 (V) By (rwm ) x4 (w')o' 37

o0

K§N,m(x\;w,w’)=v¢L[Ay,¢f'i]ds Z .0 (N Fj \(rwm) x5 (w')
j=2N+1

At last we complete the construction by mimicking [11, Prop. 3.1]

(3.11) EiN) = P Eim(\), KN =@ Kjm(N), LiN) = P Lim)
mezZk mezZk mezZ*

with the induction formulae for j =1,...,2N

LO,m()\) = 0,

Ejm(\) = Ej_1m(\) + 242X+ 2§ —n)] ' KIT] (N,
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Kjm(\) = K] n(\) + K00 + -+ KG0,
KJ (N = KI_y (N + 2§ (20 + 2 = n)] 7' Qum(s/2+ HKI L, V),
KL (N =Kl (N forl=j+1,...,2N
KJZ1m),
ji—1,m

Ljm) = Lj—1,m(N) + [2j(2X + 2j — n)] "' [Ax, , ¢r]

where @, ({) is defined by
Qm(Q) =2(n—k—2—40)0, + 40, + Ay + |wp|*

Using the crucial ’indicial relation’ (see [11, Eq. 3.12])
(Agn-rt1 + vlwm[*)v¢ f(v,) = 20(n — k = 2000 f(v,9) + v Qm(O) f (v, y)

we then obtain from the previous construction that
Pr(N)Ean,m(N) = X5 + ¢ Kon,m(N) + Lan,m(X) + K§N mA) + LE (N
and a straightforward calculus shows that for w = (v,y),w’ = (v, ')
aN-1 aN—j
Konm(Awiw') = o8 284 3™ g5, 50() H Qu(5 +3 + BuHjm(Nw,0'),
7=0
L2N,m(/\;w7wl) = [AqusL] Z ﬂj,p( U2+pHQm +J+k) ]m()‘ w w)
0<j<p<2N
with
7 3T (A +25)271
ip(A) =
Bin(N) FA—24+1+pT(p+1)
XA W),

Ay, ¢f]r_23_4ij,>\(rwm)v

Hjn(w,w') =
The distributional kernels of Ean,m(N), Kan,m(A), Lan,m(A) and Kg ~N.m(A) are holomorphic in
i E—j (j € Ng) when

C when m # 0 and meromorphic with simple poles of finite rank at each
wm = 0, the ranks being bounded by C(1 + j)" **1 (see again [11, Prop. 3.1] for details)

At this stage we can set
ek = @ Eanm)
mezZk
K @ S Kan,m(A) + Lan,m(A) + K (A) + L ( ) @ e,
mEZ

mez*
Notice that the sums (3.11) are just formal so far, but we will show their convergence in the

m(A) is compact on pYH,, and we will bound its singular
o K& m(A) con-

following lemmas.
We will first show that K%
values uniformly with respect to m. These estimates will prove that 69
verges to an operator X% (\) compact on pY L%(X;) when M — oo, whose singular values
k N
~N.m(A) on pg' Hp,.

are (L (K¥ . (M)))ienmezr if (tu (JCN,m()\)))leN are the singular values of X
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Lemma 3.2. The operators ¢r,Kaon,m(\) and Lon,m()\) are trace class on p) H,, for [N < &,
dist(A, g —No) > % and their singular values satisfy

L (¢LK2N,m(A) + LQN,m(A)) < e~ 25 5R(s) (crn—+e+1N) N nax (1, (“;V—’”))”"(s)“m(s)')
there for some €9 > 0. Moreover, for Ax = %, we have
(3.12) ¢ Kan ) + Lan Om)le o p2(aayy) < (CO)F

Proof: to begin, we give for € > 0 an estimate on the Bessel function in R(z) > 2e

. <§R(S)) [R(s)|
(3.13) emz)|Ks(z)| <C. sup[e_m(z)_e)(e _1)+|§R(s)‘t)] < C.max | 1, <7) .
t>0 [R(2) — €l

To see that ¢pKanm(\) is trace class on p,IcVi}Cm o~ pévﬂ{m, we use a standard trick. Let
Q C R* **! be an open ball containing {z% + |y|? < 4} and Ag the Dirichlet realization of the
Laplacian on Q. Since (Aq + 1)~M is trace class for M > "‘Tk“ on L?(Q), it suffices to show
that (Aq + 1)V pr N érKan,m(A\)pl can be extended as a bounded operator on L?(1), and a
uniform bound on its norm together with a comparison with the singular values of (Ag + 1)~
will give an estimate for the singular values (u(¢rKon,m(N)))ien,mezr on pp Hm. The same
method can be applied for Lan,m(N).
By Stirling’s formula and the complement formula, we check that for p > 0 and |A| < &

27 A2+l (21) %
T\ +2j5)
A straightforward estimate for |\| < X, |a| < 2N shows that
2
|03 (03N py(v,9) )| < CN(Ja| + N) @

for w = (v,y) € {0 < v < 2,|y| < 2}. We now choose the cut-off functions ¥, ¢1, quasi-analytic
of order 5N, that is

(3.15) 18545 W)lloo < (CN)®, (18561 (2)]loo < (CN)' for |a| < 5N,1 < 5N.

(3.14)  |B0N < ONHPY P (p 4 ) PRO) < ONEP N RO,

Therefore, for all smooth function f(v,y) with support in {v € [0,2],|y] < 2}, we have for
M < N and p < 2N

2N—j
(3.16) (Aw + D)Mo (w)pe(w) N2 TN T Qm(g +j+k)f(v,y)
k=1 oo
<cN > (wm) 210 (CN )21 Hlial |92t £ ()|
lo+l+|l2|+|ls|=2N+M—j
and
p—J
(3.17) ‘(Aw + )M [Ax,, prlpr(w) Vo2t ] Qm(% +7+k)wf(v,y)
k=1 oo

S CN Z (wm>210 (CN)2l1+“3||63)l2+l3f(w)|oo
lo+l1+|l2|+|l3|=p+M—j

(recall that [Ax,,¢r] has compact support). For w' fixed, we want to extend r(.,w') in a
complex neighbourhood of R*~#+1 in C*—*+1 to obtain bounds on its derivatives by Cauchy
formula. Using the fact that r(w,w') > € for some €y > 0 when w € suppVx¥, w' € supp(x¥)
we argue that for (vg,yo) € R x R™ such that |vg| + |yo| < € < %60 then

r*> =r(v +ivo,y + iyo,w')> = (v + 0" + |y — ¥'|* — |yo|*) +i(vo + 2(y — ¥')-10)
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satisfies in w = (v,y) € suppVxh, w' = (v',y') € supp(x¥)

(3.18) R(r?) > %eg, arg(r?) < Ce.

This implies, with (3.13), that for |A| < %, dist(\, % -No) > l , the function
0,7, (W, W) = B (V=24 F 5 (rwom o' 37 Y (w' )

is analytic for p > 2N in w in some complex neighbourhood U, = {w € C*~*+1; dist(w,U) < €}
of U = suppVx% and can be bounded there, for m # 0 and some C' > 0 independent of w', by

_2<M)

(3.19) 65,3,p,m (W, w")| < CNH)HW%( wYNHRE2I (N 4 9)R()+2d
if R(s) +2j > 0 and by
(3.20)
|6, (w,w")| < CN+p+J$ (w )N+§R(s)+2j max | (w >§R(s)+2j M R(s)+2j
P N2p+R(n) PR m "\ N +2j

if R(s) + 25 < 0. Indeed, we have from (3.18)
O 2 p(w') T S R(P) < Jrf? < OR() < Cv'2 pr(w') ™

.

1

C  pr(w')E < (R(2)E < R(r) < (R())E + Co' p(w') ™% < Co' pi(w')~

N

for w € Ue,w' € supp(x¥), hence
Pk(w )N|UI§+j,,,—2s—4j| < CN+jpk(wl)N+§)€(s)+2j

vl%+jr—s—2j ] asis -1 2(e) R
) ‘W < O py (w!)NHRCIE (0172 py (') 87 R4

and (3.19),(3.20) are obtained in view of (3.13), (3.14), the bound v’_%pk(w’) < 1 and the
uniform estimate

R(r)|wm|
2

(R(r) |wm ) B+ e~ < (C(R(s) + 25)) RO+2dl,
By Cauchy formula and (2.9), we deduce for |a| < 4N, w € U and R(s) +2j >0

(3.21) 1026, x.p.m (w, w")]| < O 6N+§R(s)+2]: e—M
pr(w)™ N2p—|al—25
whereas for R(s) +25 <0
(3.22)
1820, 5 p.m (w, w')| ON+i+p§N+R(5)+2] —eoem) R(s)42] (wWin)? R(s)+25
pr(w')" S T NzARO) el © max <<wm) ’ (N + 2J) >

For the case m = 0, we obtain the same bound as (3.21) by using

aj,n—k()‘ - %)

/Bj,p( ) ajn()\)

< CN+p+j N 2p+2j

for |\ <
(3.22), (3.

& and dist(\, £ — Ng) > %. Using (3.16), (3.17) with M = N and p < 2N, (3.21),
15) and again the bound

(wme™ 5 < (M)

for all A > 0, we can conclude that

B 692(5)+N CN)2N B o I5(s
(B + 1% e b1 Kon Y 50 1) S reend— ma (1, () N )RR
€

4
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and the same estimate for Lan m(\). We just recall that the singular values of (1 4+ Ag) ™ on
L?(Q) satisfy
m((1+A)™Y) < (Cl)7he
and that
(3.23) m(AB) < m(A)||B]|
if A is trace class and B bounded to show that

1 (¢LK2N,m(,\) + L2N,m(A)) < o= sR()+N (cz—mzv) N nax (1, (%)ms)_m(s”)

on pY¥H,,. In view of (2.7), (2.8) and (3.23) this gives

] (¢LK2N,m()\) + L2N,m()\)) < e_wl;mém(s) (len—;k*-lN) o max (1, (M)mwim(s”)

N
on pg Hy,.
By taking M = 0 in (3.16), the previous estimates also show that for ®(\) > %
€0{wm})
||¢LK2N,m()\) + L2N7m()‘)||L(p§V}Cm) < ON§R(5) =1
and (3.12) is then easily deduced. O

In a second step, we are going to control the singular values of the terms Kg ~N,m(A) and Lt (N)
on pNH,,.

Lemma 3.3. KgN,m(/\) and L!,(X\) are trace class on p) Hy, if § > 0 is chosen small enough
and |A| < &, dist(\, & —No) > %. Moreover, their singular values satisfy

# # —colem) cpis) -1 2N (wm) R(s)—|R(s)|
m (KQN’m()\) n Lm(A)) <e s (Cl o N) max (1, (—N ) )
there for some eg > 0 and if Ay = % we have

SF

(3.24) [KENOW) + 200 | aany < (€0

Proof: we recall that
pr (WK (G w,w' )y (w') = ppvd PN g [Ax ¢F] Y oV T i (w, )
>2N+1
provided the sum converges. Taking advantage of the estimates (3.21), we find for w € U,
N <5, R(s)+2j>0andp>0
(3.25) (070 5 jum (w, w')| < CVHPEREFN =572 (05) py (w')"

which proves that the sum converges if § is chosen small enough and we obtain

eo{wm)

|08 () K g (35w, w0 ) i (w')| < (CE)N SR ™4™ py (w1

Using the arguments of Lemma 3.2, it is straightforward to check that

co{wm)

w(Kin m(N) < (C)Nem 7172,
For L#(\) the method is similar, we recall that

pi N (w)LE (N w,w') o (') = p NPE[A X, pr]vE Y 0905 jm (w, ).
=0
Using (3.25) for R(s) + 25 > 0 and (3.22) for R(s) + 2j < 0, we find that

co{wm)

100 (V78;,,4.m(w, w")| < €777 (ON)PN RN (C6)T max(1, ((wn)N ™ORN oy ()"
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for w in the complex neighbourhood U, of supp(Vx%). One deduces that the sum L¥ ())
converges for small § and the arguments of Lemma 3.2 yield the bound

cp(wm . 2N
(Lh,(V) < e 5 67 (Cl‘n——kHN) max (1,(N*1(wm))%(s)f|%(s)|)

on pYH,. These estimates on the singular values also imply (3.24). |

Lemmas 3.2 and 3.3 clearly prove that
Y D (KN (V) < oo
meZk IeEN

and we have

IT TIC +am(k ) <exp | 30 3 tog (1+ (A=)

meZkleN meZk lEN

€0

with A 1= Cgd—te "5 N max(1, (N(wm)~1)2). Now, we use

;10g (1 + (Al*n—;m)zN) < /000 log (1 + (At*n—}c+1)2N) dt

o0
< A”*k“/ log(L + ¢~ m=k+1)dt
0
> 3
< CONAP k! / t72dt
1
< Cppe W N2 max(1, (N{wm) ™) %),
for some Cy s > 0. Finally, since (wy,) > C|m| for some C > 0 depending on A, € GLi(R) we
have
_ c0{wm) i el ot k
Yo oee < e”dn <C | thleToNdt<CN
mez* J€No j<|m|<j+1 0
|wm‘2N
and

co{wm N j N o0 N +
DR Y P S W Y e C/ th1y | e e dt < ONF.
<m€>Z<kN (W) = R s<imizin (9) 0
Wm S

This proves that we can find Cs,4 > 0 such that
n+2
IT I10 + am(xhnN) < Cges™

meZ*IleEN
for [\ < &, dist(\, & —No) > %, thus (3.9) is obtained.

The bound (3.10) is a consequence of Lemmas 3.2 and 3.3.

To conclude the proof of Theorem 3.1, it remains to prove the
Lemma 3.4. The operator X.()\) is continuous from pY L?(My) to p5 ¥ L?(My).

Proof: except pY Eo(\)pY, we have seen that the other terms in the expression of pY¥ €5 (X)p&Y
have Schwartz kernels in L?(Mj x M) and thus are bounded on L?(Mj). To deal with
PN Eq(N\)pY, we take J = 2N in (3.5) and first show that

(3.26) (ps(w)ps (w'))NdS“N/k e (14 [2]?) T 2N Gon (s, d(1 + [2]?)H)dz
R
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are the kernels of bounded operators on H,, with norms uniformly bounded with respect to m
when |s| < &. We know that Gan,,(s,7) is smooth for 7 € [0, ) thus (3.26) is square integrable
in (Mg x M)\ {d > £} with norm bounded by Cy for |s| < &. Now using [22, Prop. A.1], we
deduce that (3.26) is bounded for {d > £} by ¢(dgn-r+1 (w,w")) for a function ¢ > 0 satisfying

1
| oot < o
0

for |s| < &. Therefore, Proposition B.1 of [22] allows to conclude that (3.26) is bounded on H,,
uniformly with respect to m. Now it just remains to show the boundedness of the operator on
H,, whose kernel is pg (w)N pr(w')N d*+2 F} 5 (r|wm|) with a uniform bound with respect to m.
First we use that

pr(w)N pi(w YN dRO+2 < O pr(w) = pr(w') >

if |s| < &, which is straightforward for R(s) + 2j > 0 and comes easily from the estimate

—1 1 1
@ <c (Pk(w)v’ﬁ' - Pk(w')$>

if R(s) +2j < 0. Now to bound F} (r|wnm|) we see that if r|wy,| > 1 then
(7'|wm|)s+2jK—s—2j(r|wm|)| <Cn

in view of the bound (3.13), whereas if r|w,| < 1 we can use that K(2) = 2°¢s(2?) +2"%¢_s(2?)
for some function ¢;(22) smooth on z € [0, 1] and observe that

[Fja(rlwm )| < 16525 (rlwm )] + [(rlwm )7 $uo; (rlwm)|
is bounded by Cy if R(s) + 4j > 0 and by Cyr*RE) 4 < Cnd R 27 (pp (w)pr(w'))~
R(s) + 2j < 0. This proves that in all cases we have
ok (W)™ pr ()N d* 29 Fy 5 (rlwm )] < O (pr(w)pr(w')) 2

and we conclude that p (w)N p(w')N d*F% F} \(r|wy,|) is the kernel of a Hilbert Schmidt operator
on H,, with norm uniformly bounded with respect to m, this achieves the proof of the Lemma. O

N
2

if

The Proposition 3.1 is then proved. O

3.2. The maximal rank cusps. We recall that X,, = I',\H"*! is a quotient by a group of
translations acting on R™. The lattice of translations I',, acting on R™ is the image of the lattice
Z* by a map A,, € GL,(R). By using a Fourier decomposition on the torus 7" = I',,\R” and
conjugating by x %, the operator Ax, — A(n — \) acts on
L(Xp)= @ Hm, Hp~ LP(RY,2 " do)
mEL™
as a family of operators

Pr()) := —(20,)* + :z:2|(,um|2 + 52

where w,, = 2rY(A;')m for m € Z™ and s := X\ — % the shifted spectral parameter. By
elementary Sturm-Liouville theory (see [7, Lem. 3.1]), we find that the resolvent Rx (\) =
(Ax, —A(n —X))~! for the Laplacian on X, is for R(\) > 2

(3.27) Rx,(N) = @ Rm()) on L*(X,) = @ Hm

mezL™ mezZ™
with
Rm(/\;m,az') = _I{fs(|°‘)m|5’5)Is(l"*’mlxl)ff(m - -77,) - K*S(|wm|$I)IS(|wm|$)H(ml —z), m#0

Ro(X; 2,') = (2s) Tl Tos(e/ =)
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where H is the Heaviside function, K is defined in (3.7) and I; is the modified Bessel function.

Now we construct a parametrix for Ax — A(n — ) on the end I *(M,,) of our manifold X.
Notice however that better estimates could be obtained for this part (see e.g. [10]) since the
problem is essentially reduced to the one-dimensional case.

Proposition 3.5. There exist some bounded operators
ER(N) : pcjiVL2(Mn) - pd_NLz(Mn)

KR (N) = p5 L2 (M) = p§' L*(My,)
holomorphic in {R(X\) > —&FL X\ £ 2} with at most a simple pole at 2 and such that
(Am, = An = N))ER(A) = x5 + K& (N),
K% (X) is trace class on pY L2(My,) and for ¢ > O there exists Cs,q > 0 such that for |A| < &
det(1+ g KR (V)]) < e,

the determinant being on pY L*(M,). Moreover, for Ay = &,

1K (AN 2o L2(at,)) < (C6)

N
4

Proof: let us set
ER(N) = X1 Rx, (Mx5, Kx(A) = [Ax,, x7]Rx, (A)x5
and check that this choice satisfies the announced properties. The boundedness of E%(A) is
obtained by Schur’s lemma. To show that K% (}) is trace class on pY L?>(M,,) and to estimate
its singular values, we analyze each [20;, L] Rn(A\)XT on pY H,, and use the same arguments
as for the non-maximal rank cusps. Since we do not need the optimal estimates for the singular
values, it suffices to control the derivatives of R,,(A;x,z') outside the diagonal. This is easily
obtained from the formulae
1 (7 in(k e
Ik(z) — _/ ezcos(u) cos(ku)du _ SIH( ﬂ') / e—zcosh(u)fkudu
0 0

s ™

K_i(2) :/ cosh(ku)e %P gy,
0

the analyticity in z and Cauchy’s formula as for the non-maximal rank cusps. Then a straight-
forward calculus shows that the singular values of [20,, ¢r.]Rm(X)XF on pY H,, satisfy

(202, 611 R (NXF) < =567 (7 N) Y mae (1, (N7 ) B2
for some €y > 0 and the arguments of Proposition 3.1 allow to complete the proof. O

3.3. The regular neighbourhoods. For this part of the parametrix, we use the work of Guil-
lopé-Zworski [11] and deduce the following

Proposition 3.6. There exists some bounded operators

EN(N) : py LP(M,) — p5 N LP(M,)

K (N) < pY LA(My) = pN L2(M,)
meromorphic in R(A) > —FL with simple poles at —j (with j € Ny ) of ranks uniformly bounded
by C(j + 1) such that

(Am, = Aln = N)EN(A) = x5 + K (N),

K (X) is trace class on p)Y L?(M,) and for ¢ > 0 and |\ < & and dist(A, —No) > % there exists
Cs,q > 0 such that

det(1 + q|K%y (V)]) < eCoatM)™
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the determinant being on pY L?(M,). Moreover, for Ax = &,

1IN AN e (v 2 (a,) < (C6)

Proof: we begin by defining a new cut-off function x} ;(z,y) = ¢r(Czd=1)y7 (y) with C cho-
sen so that x7 ; =1 on supp(x7,). It suffices now to use the construction of [11, Prop. 3.1] with

N
4

the cut-off functions x7 5 and xj (i.e. the functions x9,x3 of [11] are x7, 5, x5 here). Note that
in their construction, Guillopé and Zworski used for x$ a function having a product structure
like X7, 5 but it is not difficult to see that our xj suits as well by using that Clz < ps < Cxd™!
in M, for some C' > 0. The end of the proof is given by Proposition 4.1 of [11]. O

4. BOUNDS ON RESONANCES

Combining the Propositions 3.1-3.5-3.6 and the same kind of arguments used by Guillopé-
Zworski [11], we can prove the Theorems.

Proof of Theorem 1.1: the first thing is to construct the final parametrix. We define for
RO > -

En(N) = X5 sROW)XE + DI EX N T + (1) EN (N (I
k=1

K () = Ky (N) + D (L) KR N L)« + (1) Ky (NI «
k=1

Kiv(A) = [Ax, X 6] RON)XG + (A = X) = An(n = AN))XL s ROW) X
and we get by construction
(Ax —An—=X)En(A) =14+ Kn(N).

Moreover we deduce from the Propositions 3.1, 3.5 and 3.6 that K (A)"*? is trace class on
pNL?(X) such that XN AN e (prracxy < L if 8 is chosen small and N large, and En () is
bounded from p’ L?(X) to p; ¥V L?(X). Consequently, (1 + Xn(An)) is invertible on p L?(X)
and Fredholm analytic theory allows to invert (14X (A)) meromorphically with finite rank poles
on the same Hilbert space, which gives the analytic continuation of R(\) to {R(\) > =231} as

a family of operators in L(p™ L*(X), p~" L?(X)), thus to C from L2, (X) to L}, (X) since N
can be chosen arbitrarily large. O

Proof of Theorem 1.2: we define the determinant
Dn()) :=det(1 + KXn(N)"H?)

on pY¥ L?*(X). This is a meromorphic function in R(\) > such that the resonances of Ax
are contained in the set of zeros of Dy with multiplicities and %(n — N) with multiplicity of
3(n — j) bounded by v;(Dn) + C(j + 1)"*" where v;(Dy) is the order of the zero (or pole) j
for Dy (see the appendix of [11] for the multiplicity). Moreover by fixing § small enough, it is
clear that |det(1 + Xn(An)"F?)| >  for N large.

N+1
2

4 is now fixed as before, we then use Lemma 6.1 of [10] and deduce that

Dy <q > det(1+ K V)7 + gdet(l + gl X (V)[™+2)

k=1,...,n,r
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for some g > 0 independant of N. Moreover, it is straightforward to see that there exists C' > 0
such that

(K (V) < CA = An|+ 1)1 =
which combined with the Propositions 3.1, 3.5 and 3.6 shows that
DN < CeON
for |A| < & and dist(), (n — N)) > %. To complete the proof, it suffices to multiply Dx(X) by

the function
P(]2w)"*!
p2ntt A
= E{— 2

w€Uzn+4.5(n—N)

as defined in Section 5 of [11] (U, being the set of m-th root of the unity and E(z,p) :=
(1 — z)exp(z + --- + p~12P) are the elementary Weierstrass functions) and use the Lemmas 5.1
and 5.3 of this article to prove that for P big enough (independant of N), Dn(X)gp () is a holo-

morphic function bounded by Ce®~"™ in the disc [A| < & (note that the maximum principle
is used to control the norms near the points “5< for j € N). In view of the discussion about

the relation between resonance multiplicity and the valuation of determinant, this completes the
proof of the Theorem by applying Jensen’s lemma to g,Dp in the disc centered in Ay = % with

radius % O
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