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ABSTRACT. For a class of even dimensional asymptotically hyperbolic (AH) manifolds, we
develop a generalized Birman-Krein theory to study scattering asymptotics and, when the
curvature is constant, to analyze Selberg zeta function. The main objects we construct for
an AH manifold (X, g) are, on the first hand, a natural spectral function £ for the Laplacian
Ay, which replaces the counting function of the eigenvalues in this infinite volume case, and
on the other hand the determinant of the scattering operator Sx(A) of Ay on X. Both
need to be defined through regularized functional: renormalized trace on the bulk X and
regularized determinant on the conformal infinity (80X, [ho]). We show that det Sx()\) is
meromorphic in A € C, with divisors given by resonance multiplicities and dimensions of
kernels of GIJMS conformal Laplacians (Py)gen of (90X, [ho]), moreover £(z) is proved to be
the phase of det Sx (% + iz) on the essential spectrum {z € R*}. Applying this theory to
convex co-compact quotients X = I'\H"*! of hyperbolic space H"*!, we obtain the functional
equation Z(\)/Z(n — A) = (det Sgn+1 (A\))XX) / det Sx () for Selberg zeta function Z()\) of
X, where x(X) is the Euler characteristic of X. This describes the poles and zeros of Z(\),
computes det Py, in term of Z(5 —k)/Z(% + k) and implies a sharp Weyl asymptotic for {(2).

1. INTRODUCTION

The study of Selberg’s zeta function Z(X) for hyperbolic manifolds has lead to many fasci-
nating results relating dynamic and spectral-scattering theory of the Laplacian. The function
Z(A) (for A € C,R(A) > 0) is defined as a convergent infinite product over the closed geodesics
of the hyperbolic manifold X := I'\H"™!, in other words it is a purely dynamical function. For
compact or finite volume hyperbolic manifolds, it has been proved that it extends meromorphi-
cally to C and, more interestingly, its zeros and poles are given by topological data on the one
hand and by spectral/scattering data of the Laplacian Ax on the other hand (see for instance
[45, 14, 15, 26, 27, 34, 7]). This may be considered as a direct relation between classical dynamics
and its quantization.

It is worth emphasizing that, unlike for the compact case, scattering theory plays a funda-
mental role in the analysis of Z(\) and trace formulae when X is not compact but has finite
volume, this can be understood by the fact that the Laplacian Ax has continuous spectrum.
The scattering operator S()\) is a one-parameter family of linear operators parametrizing the
continuous spectrum, this is a matrix when Vol(X) < oo and its determinant is a meromorphic
function on C with a Hadamard factorization over its poles and zeros that appears to be of
primary importance in the study of Z()\). Indeed, for instance if dim X = 2, the zeros of Z(\)
in R(A) < 1/2 are given by the poles of det S(A) with multiplicity and some zeros at —Ny of
topological order. Moreover, it can be shown! that on the critical line ®(\) = 1/2 one can write
det S(3 +it) = e>™¢®) for some winding number £(t) € R which, added to the counting function
of the L? eigenvalues of Ay, satisfies a Weyl asymptotic formula.

When X has finite geometry and infinite volume, the continuous spectrum of A x has infinite
multiplicity and the scattering operator is not a finite rank operator anymore, making the anal-
ysis much more complicated. Nevertheless, Guillopé and Zworski [25] did a full and thorough
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study of that case when dim X = 2, using Birman-Krein theory and the fact that very explicit
model operators exist outside a compact set of the hyperbolic surfaces. Similar technics have
been used later by Borthwick-Judge-Perry [4] to describe the poles and zeros of Z(\) in that
case. The higher dimensional case can not be considered directly by this method, for the simple
reason that there are no good (and natural) model operators near infinity. However, when X has
no cusps (X is called convex co-compact), Patterson-Perry [41] and Bunke-Olbrich [8] analyzed
the divisors of Z(A) in C, while the meromorphic extension of Z(\) follows from dynamical tech-
nics of Bowen [6] and Fried [11]. In that case, X conformally compactifies in a smooth manifold
with boundary, the scattering operator S(A) is a pseudo-differential operator on the conformal
boundary X, and it turns out that the divisors of Z(\) are given by the poles of S(\) and
the points in —Nj with topological order. In particular, [41] show that a zero Ao of Z()\) in
{R(A\) <n/2,\ ¢ —Np} has order given by Tr(Resy,dxS(A)S71())), where the residue is shown
to have finite rank, although 9,.5()\)S~1()) is definitely not trace class in this case. Considering
the result in the finite volume case, one would thus expect Z(A) to be related to a determinant
of S(A), the meaning of which has to be defined.

One purpose of this work is to carry out such a construction, for even-dimensional convex
co-compact quotients of H"*!, by developing natural regularization processes that allow one
to understand Selberg trace formula, functional equation and analysis of the divisors for Z(\)
in a unified way. The regularization we need are of two types and are dual in some sense:
first we regularize integrals of functions in X admitting asymptotic expansions at the conformal
boundary 90X of X, then we regularize trace and determinant of pseudo-differential operators
on OX by methods of Kontsevich-Vishik [29]. Interesting facts coming from conformal theory at
infinity 0X naturally arise in this analysis, and we believe that our approach gives new insights
about relations between conformal geometry, scattering theory and Selberg zeta function analy-
sis. Our method actually allows to deal with much more general geometric settings than convex
co-compact hyperbolic manifolds, for instance we can consider even asymptotically hyperbolic
manifolds which are subject of recent extensive interest in view of their relations with confor-
mal theory and AdS/CFT correspondence. As a byproduct, we develop a kind of Krein theory
through the construction of a “counting function of the continuous spectrum” which we call gen-
eralized Krein function. It is more intrinsic than the usual spectral shift function as we do not
need model operators near infinity. This function can be compared to the winding number £(t)
described above for finite volume manifold, it will be shown to be the phase of the regularized
determinant of S(\) on the continuous spectrum, and satisfies Weyl type asymptotics. Notice
that even in the case of Riemann surfaces, our approach is complementary, and probably more
intrinsic, than that of Guillopé-Zworski [25] and Borthwick-Judge-Perry [4], at least providing
another point of view.

Let us now give a few definitions before stating the full results. Throughout this paper, n
will be an odd integer. An asymptotically hyperbolic manifold (AH in short) is defined to be
an (n + 1)-dimensional Riemannian non-compact manifold (X, g) such that X compactifies to a
smooth manifold with boundary X = X UM (here M = 9X) and there exists a diffeomorphism
Y :[0,€)s x M — ([0,€), x M) C X such that 1|,—o = Idys and

2
(11) Vg = dx +2h(x)
T

for some family of metrics h(z) on M depending smoothly on z € [0,¢). We will say that g is
even modulo O(z*+1) if the Taylor expansion of h(z) at = 0 contains only even power of = up
to the 2251 term, this condition is proved in [21] to be invariant with respect to diffeomorphism
1 and is satisfied if the curvature of ¢ is constant outside a compact set of X. A choice of 9 is
actually equivalent to finding a boundary defining function 2 of M in X such that |d|p2g = 1
near M (see [18, 21]), these boundary defining functions will be called geodesic defining func-
tions. A first interesting property of such manifolds is that they induce a conformal class on
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the boundary M, the conformal class [x%g|ras] of 22g|ras called the conformal infinity, arising
from the non-uniqueness of the boundary defining function x. Moreover, for any conformal rep-
resentative ho € [2?g|ras], there exists a unique (near M) geodesic boundary defining function
x of M such that 22g|ras = ho. Finally, a particularly interesting case of AH manifolds is given
by those AH metrics which satisfy the approximate Einstein equation Ric(g) + ng = O(z*°),
they are nammed Poincaré-Einstein and are the main tools of Fefferman-Graham [12] theory for
studying conformal theory of M. The main idea is that for a Poincaré-Einstein manifold which
is even modulo O(z>), all terms (92h(0)),en are locally determined by h(0) and one can extract
natural conformal invariants of the conformal infinity [ho] of ¢ from the studies of Riemannian
invariants and natural operators of g.

The Laplacian on an AH manifold has absolutely continuous spectrum oc,.(Ay) = [%2, 00)

and a finite number of eigenvalues forming o, (A) C (0, ”72) Mimicking the definition of the
counting function of eigenvalues of A, for compact manifolds, one want to define £(¢) as a trace
of the spectral projector

“f(t) = Tr(]l[%7’ﬂ72+t2] (Ag))”?
but this need to be given a precise sense since I1(t?) := Wpnz w2 g (Ay) is far from being trace
4 0 4

class. In Birman-Krein theory [3, 47], if one has 2 positive operators Py, P;, the resolvent of
which differ by a trace-class operator, they induce a distribution & defined by

T(F(P) — F(Py)) = / TP NN f e CRRY)

and called Krein’s spectral shift function, roughly speaking £(t) = Tr(I4(P1) — Ljo,q(Fo))-
Birman-Krein [3] show that —27i¢ is the phase of the Fredholm determinant of a relative scat-
tering operator of the form 1 + K(¢) with K (t) of trace class on some Hilbert space. It turns
out that Weyl-type asymptotics hold in several standard situations for £. This theory has been
shown to be useful when we want to understand perturbations P, of a model operator Py, for
instance Guillopé and Zworski [25] used this theory in an essential way to obtain a full scattering
analysis of Riemann surfaces of infinite volume, essentially since the geometric decomposition
of such manifolds provides model operators near infinity. In our geometric setting, there is def-
initely a lack of global model near infinity, which is the main difficulty to deduce interesting
results from Birman-Krein theory.

To avoid the problem above, the method we use is to modify the trace functional, or more
precisely to extend it to operators whose integral kernel have certain regularity near infinity. To
that end, one first needs to extend the notion of integral: if u is a smooth function on X which
has an asymptotic expansion at the boundary

N
u(z,y) = Zx”iui(y) + O@@RDIN+L -y e 0°(M), TeC, RUI)+N>n
=0

in a collar neighbourhood (0, €), x M of M induced by a geodesic boundary defining function x
of M, then we define its O-integral by the following finite part

0
/ u = FPS:O/JcSudg7

where the meromorphic extension of [ z%ud, to {R(s) > —1} is insured by the expansion of
u at the boundary. In a fairly natural way, we thus define the 0-Trace of an operator K with
continuous Schwartz kernel x by setting

0
O—TI“(K) ::/ K/‘diag
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where diag is the diagonal of X x X, at least when the O-integral exists. Note that 0-integral
and O-trace a priori depend on the choice of .

Instead of working with the projector II(#?), we consider its derivative 2tdI1(¢?) with respect
to ¢, which is essentially the spectral measure of A, on the continuous spectrum, and can be
expressed in terms of the resolvent by Stone formula. The resolvent R(\) := (A, — A(n — \)) ™!
is bounded on L2(X) if R(\) > n/2, A(n — A) ¢ opp(4,), and Mazzeo-Melrose [35] analyzed
fully its integral kernel: in particular they also proved? its meromorphic continuation to A € C
if g is even modulo O(x°), with finite rank polar part at poles, the poles are called resonances
and their multplicities are defined by

(Ao) = rank Resy, ((2A —n)R(N))  if Ao #
A= rank Resy, R(A) if Ao =

The continuous spectrum is the line {R(A) = 5} in this spectral parameter, and the spectral
measure dII is given by Stone formula

[SISTNI

2) _ L( LA A )
dIl1(t*) 5 R(2 +it) R(2 it)), te(0,00).
The precise analysis of R(A) by [35] and a refinement to the case of even metrics allows us to

prove?

Theorem 1.1. If (X, g) is asymptotically hyperbolic, even modulo O(z™ 1), and n = dim X — 1
is odd, then the 0-Trace of the spectral measure 2tdIL(t?) is well-defined for t > 0, extends to
t € R analytically, tot € C\ (~NUn + N) meromorphically and is independent of the choice of
geodesic boundary defining function x.

We can thus formally compute 0-Tr(f(A,)) for f € C§°(R) by pairing f with the function
t — 0-Tr(2tdI1(t?)), and we naturally call

£(t) == /0 0-Tr(2udIl(u?))du

the generalized Krein function of Ag.

We want to see its relation with the scattering operator S(A), in particular we expect, by
comparing with Birman-Krein theory?, that ¢ is the phase of a determinant of S()\) on the
continuous spectrum. In our setting, the scattering operator can be understood as a Dirichlet-
to-Neumann map at infinity, let us recall its definition following [31, 20]. For R(\) = 5 and f €
C> (M), there exists a unique solution of (Ay — A(n— A))u = 0 that satisfies u = 2 ug + 2" uy
with u; € C°°(X) and ua|pyr = f. The scattering operator (actually modified by the Gamma

factors) is the map

(1.2) S\ : feC>®(M) — 2”“11:22__%1“1\4 € C™®(M),

it is an elliptic pseudo-differential operator (in short YDO) on M of order 2\ — n, the distribu-
tional kernel of which is obtained as weighted restriction of the resolvent kernel to 0.X x 0X and
extends meromorphically in .

Since for A € (§,00), the scattering operator S()) is an elliptic self-adjoint classical ¥DO
of positive order, with positive principal symbol, one can use the method of Kontsevich-Vishik

2The condition on evenness has been worked out by [21]

3Note that Albin [2] proved independently that the 0-Trace of the heat operator on forms renormalizes with
same conditions on the metric.

4Another reason is also given in the paper of Carron [9], where it is proved that the spectral shift function for
the comparison of the Laplacian on X with the Laplacian on X \ {x = ¢} with Dirichlet condition is essentially
given by the generalized determinant of the Dirichlet-to-Neumann map on {z = €}.
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[29, 30], inspired by Ray-Singer’s determinant of Laplacian (in [43]), to define a zeta-regularized
determinant of S(\) by
det S(\) := e 952X 8)ls=0

where Z(,s) is the meromorphic extension to C of the analytic map s — Tr(S(A)~*) defined
for R(s) > 0. We show the

Theorem 1.2. Let (X, g) be an (n + 1)-dimensional asymptotically hyperbolic manifold with g
even modulo O(z*°) and n odd, then
(i) the function det S()\) extends meromorphically to C with divisor® at any Ao € C

—m(Xo) + m(n — Xo) — ﬂg—N()\o) dimker S(n — Ag) + H%+N(Ao) dim ker S(Ag),

(ii) det S(X) is a conformal invariant of the conformal infinity (M, [ho]),
(iii) the function e=2"¢() has a meromorphic extension to C and

(1.3) det S(g + zz) = (—1)m(B)2imE),

() If %2 —k* ¢ 0pp(A,), one has
det P, = (—1)"™(3) e 2ime(=ik)

where P, = S(n/2+k) is a conformally covariant differential operator on OX, which is the k-th
GJIMS conformal Laplacian of [16] when g is Poincaré-Einstein.

Here the Krein function £ is expressed as a scattering phase, a phase of det S()), or a winding
number. In the proof, we are actually able to deal with the more general case of even metrics
modulo O(z"*1), the only difference being the domain of meromorphy given by C\ (—~NUn +N)
instead of C.

The main part of the proof is to get a meromorphic identity between the logarithmic derivative
of both sides of (1.3). At least formally, the logarithmic derivative of det S(\) with respect to
A should be 9y logdet S(A) = Tr(d,S(A)S71(A)) but it turns out that 9,S(A)S~(\) is not
trace class, it is a WDO of order €, Ve > 0, which is not classical but with log-polyhomogeneous
terms in the local total symbol expansion. To give a sense to the trace of xS(\)S~1()\), we
use the generalized trace functional TR, developped by Kontsevich-Vishik [29, 30] on classical
UDO’s on an n-th dimensional compact manifold M, actually much its extension by Lesch
[33] to log-polyhomogeneous ¥DO’s, we call TR the KV-Trace. For a log-polyhomogeneous
pseudodifferential operator A on M we set f(A,s) := Tr(AP~°) where £(s) > 0 and P is any
positive self-adjoint elliptic differential operator of order p € N, one can then show that f(A,s)
has a meromorphic extension in s € C and we set

TR(A) = FPs:Of(A7 8)7

which is a priori dependent of P and is the usual trace if A is trace class. We actually prove
that TR(9xS(A\)S~1())) is independent of P, meromorphic in A € C if g is even modulo O(z*),
it is the log-derivative of det S(\) when A > n/2, and satisfies the meromorphic identity

—QWazf(Z”Z:i(%_)\) = TR(@,\S(A)S*I(A)),

with only simple poles, the residue of which are integers.

Applied to even dimensional convex co-compact hyperbolic manifolds, this gives another proof
of Theorem 1.5 of Patterson-Perry [41] relating the divisors of Selberg zeta function to resonances,
essentially by showing that det S(A) has an explicit relation with Selberg zeta function. This
relation is through the following functional equation which can be compared to the finite volume
hyperbolic case [27, p. 499).

5By convention, positive divisors are zeros
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Theorem 1.3. Let X = T\H"™! be a convex co-compact quotient of even dimension of H" 1,
Sx(A) and Sgn+1 () be the respective scattering operators of X and H" ', let Py, be the GJMS
k-th conformal Laplacian of the conformal infinity of X, x(X) be the Euler characteristic of X
and Z(s) be the Selberg zeta function of the group T'. Then
Z(2 —iz) detSX(%Jriz)
Z(% +iz)
( 2 + ZZ) (det SH7L+1 (ﬂ + 'LZ)
n+1

, iT > PG+ )5 —at)
—l—zz):exp( - (( 1)) /0 - I‘J(rzt;}; it) tdt)

x(X)’

n
2
and if n?/4 — k? ¢ opp(Ax) with Py invertible
Z(2 — k) oam(—1)"2 . [FT(2+6)0(% -1t
P. = 2 X 2 2
der =z oo (Tt ® [ ey )

2
where the integrals are contour integrals avoiding singularities, the final result being independent
of the contour.

with det SH7L+1 (

Remark 1.4. The term (det Sgn+1(A))"X(X) is also the topological contribution in the usual
functional equation for Z(\) on compact manifolds (see [7, 3.3.2]), it did not seem to be remarked
in the literature that this term is a regularized determinant of the intertwining Knapp-Stein
operator.

We conclude with Weyl asymptotic: considering that Weyl type asymptotics are true for
spectral shift functions (e.g. [36]), one can conjecture
n+1l

(4m)”
F(n+3)
where 0-vol(X) is the renormalized volume defined by the O-integral of 1 (see [18]). We actually

show in this paper that this holds true (and is even better) in the hyperbolic case,

() = 0-vol(X)t" ™! 4+ o(t™1), ¢ — 400

Proposition 1.5. For a convex co-compact quotient X = T\H" "1 with dimension of the limit
set of I' denoted §, then we have the Weyl asymptotic as t — oo

_ntl n—1
Cn) 0—vol(X)(t”+1 +30.5 Citzl) +0(t), ifs<2
2

nf1
L 0-vol(X )"+ + O(t"), otherwise

i n—1
where C; is the t?* coefficient of the polynomial fot ull;2, (5 -7+ u?)du.

It is worth noticing that a group with a small limit set (thus a quotient with a small trapped
set) implies a much better Weyl asymptotic, we are not aware of such other examples in scat-
tering theory.

Other natural questions would be to deduce an exact trace formula for the wave operator as
in [25, 24] (for hyperbolic manifolds) or [10] (for asymptotically cylinder manifold), which would
require estimates on the counting function for resonances. Another important step would be to
understand the delicate case of n + 1 odd where things do not renormalize correctly.

The paper is organized as follows: we first describe the Kontsevich-Vishik trace for odd log-
polyhomogeneous YDO’s in odd dimension. Then, we recall results of scattering theory, we show
the renormalizability of the trace of the spectral measure and compute this 0-Trace in function
of the scattering operator S(\). We finally define the regularized determinant of S(\), show its
relation with Krein’s function and give applications to hyperbolic manifolds.
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Notations: We use 3 traces and 2 determinants in this work, the usual trace (on trace class
operators) is denoted Tr, the 0-Trace is written 0-Tr, the Kontsevich-Vishik trace is denoted
TR, whereas the Fredholm determinant for operators of the form “Id+ trace class” is denoted
detr, and the Kontsevich-Vishik determinant is simply written det.

2. THE KV-TRACE AND ODD LOG-POLYHOMOGENEOUS PSEUDO-DIFFERENTIAL OPERATORS

2.1. Log-homogeneous distributions. A tempered distribution u on R”™ is said to be log-
homogeneous of order (m, k) € C x Ny if for all £ > 0 (§(R™) below is the Schwartz space)

k
(u0fp) =t Y _(logt)’(u;,9), Vi € 8(R")
§=0
for some distributions u; on R™ and where of¢(y) := t~™(y/t). Similarly, a smooth func-

tion u on R™ \ {0} is said log-homogeneous of order (m,k) if for all ¢ > 0 we have u(ty) =
t Z?ZO(log t)7v;(y) for some smooth v; on R™ \ {0}, this in turn is equivalent to say that

u(y) = Zfzo(log ly|)?w;(y) for some w;(y) which are smooth on R™\ {0} and homogeneous of
degree m. Notice that Fourier transform maps log-homogeneous distributions of order (m, k)
to log-homogeneous distributions of order (—n — m, k). We say that a log-homogeneous distri-
bution u has negative parity if (u,¥(—y)) = —(u, ) for all ¢ € §(R™) and positive parity if
(u, Y(—y)) = (u, ). We use a similar notion for a log-homogeneous function on R™\ {0}: u has
negative parity if u(—y) = —u(y), etc... We first show the following Lemma which extends a
classical result in distribution (cf. [28, Th. 3.2.3]).

Lemma 2.1. A log-homogeneous function u on R™\ {0} of order (m, k) has a unique extension
as a tempered log-homogeneous distribution of order (m,k) on R™ if either m & —n — Ny, or if
m € —n — 2Ny and u has negative parity, or if m € —n — 1 — 2Ny and u has positive parity.

Proof: it is similar to Lemma 1.2.5 of [40]. If u.(y) := |y|*u(y) and ¢ € §(R™), we extend
(uz(y), ¥) from R(z) > —n —m to R(z) > —1 using Taylor expansion of ¢ at 0: ¥(y) =
2 lal<n Oy ¥(0)y* /ol + ¢n(y) for N > —n —m + 1, and computing for R(z) > 1:

(s, ) = /| lyFu() () dy + / vl u(y)en (v)dy

lyl<1

7j1924(0) N
+ Z Z z+m+n+|a| )i+ /Gl_luj(e)'g df

la|<N j=0

where u(y) := |y|™ ijo(log ly[)7u;(y/|y|). The first two terms are holomorphic at z = 0 and
the last term has a pole at z = 0 only if m € —n — Ny, but then the whole polar part at z =0
actually vanishes when m € —n — Ny under our assumptions since, by parity of u, u;(0)§* is
odd in 6 for |a] = —m —n and for all j = 0,...,k, so their integral on the sphere vanishes.
This proves the holomorphic extension of u since the obtained distribution is log-homogeneous
by construction. As for uniqueness, it suffices to observe that two such distributions would differ
from a distribution supported at 0, thus a differential operator applied to the delta function
at 0, which would have parity (—1)~™~™, thus would be 0 since u has converse parity by our
assumption. O

2.2. Log-polyhomogeneous pseudo-differential operators. Let M be a compact manifold
of dimension n. The set ¥ (M) (m € R) of pseudo-differential operators on M is defined as
follows (see for instance [46]): a continuous operator A : C°(M) — C>° (M) belongs to ¥™ (M)
if its Schwartz kernel A(y,y’) is a distribution on M x M, smooth outside the diagonal diag,,
and which can be expressed in coordinates (y,y’) near any point (p,p) € diag,,; of the diagonal
by the oscillating integral

(2.1) Ay,y) = / S0 Eg (4 €)de
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where o 4(y, &) € S™(U) is a symbol of order m in a neighbourhood U of p, and the class S'(U)
consists of the set of o(y,&) € C°(U x R™) satisfying

(2.2) Vo, € N",3Cap >0, [05070(y,€)| < Cap(1+ €)' 17.

An operator A € W!(M) is said to be in the class W™ (M) of log-polyhomogeneous YDO'’s of
order (m, k) € C x Ny if ®(m) < [ and if its local symbol o4 (y, &) has an asymptotic expansion
(in the usual sense for symbols) of the form

oo k
(23) TA(,) ~elmoo | D @m—ia(y: )08 €)', @m—i1(y, 1) = 1" ams1(y, €),VE > 0.
i=0 1=0
In [33], Lesch proves that this condition does not depend on choice of coordinates, satisfies the
composition law W™k (M) W™ F (M) ¢ wmtm k+k (M) and also remark that k = 0 correspond
to the classical YDO’s. For notational convenience, we will set

k
amfi(yag) = Zamfi,l(yvg)(log ‘€|)l

=0

2.3. Regular parity, odd operators. We define the class \Il;’gggk (M) of log-polyhomogeneous
¥DO'’s of order (m, k) € C x Ny with regular parity at order N € Ny by the condition that their
local total symbol (2.3) satisfies as functions of (y, &)

(2.4)

Vi < NSk, ameig(y, =€) = (1) am-i1(y,§) <= Vi <N, ami(y, =§) = (1) am—i(y, ).

It is straightforward to check that this condition is independent of the choice of coordinates,
indeed the change of symbol under diffeomorphism 1) is given (see Shubin [46]) by

T aAW(@) ) ~ Y (0 0)a, D)) P ,n)

aeNy

where, setting ¢, (z) := ¢(z) — ¥(zx) — DY(x)(z — x), Pu(z,n) = ageiw;f(Z)-ﬂZ:m which is a
polynomial in #n of degree less or equal to |a|/2. Then writing oy, 4 ~ ZjeN bpm—; with by, of
order m — j (i.e. including the log-term) and ®o(z,1) = }_ 5/<|a)/2 ca(x)n® we get

b (@), )= Y ep(@)n’ O am—i(e, Di().n)
—1B|+i+|al=j
1BI<|al/2
thus for j < n, by_j(z,—n) = (=172, _;(x,1m) = (=1)?bym_;(x,n) where we used that
—|8| + i+ |a| > i. The space \I!;Z;gk (M) is stable by multiplication by functions in C*°(M) and
composition with operators \Ill'glg’k'(M) gives operators in \Il?g;m"kJrk/(M), indeed it suffices to

consider the symbol of the composition of two ¥DO’s, given by (see again [46])
ad j— e
(2:5) oAU~ Y D O am (5,05 by (4,€)
=0 |a|+i+1'=j
and remark that differential operators of even degree have regular parity, thus in particular mul-
tiplication by smooth functions too.

Remark 2.2. : For what follows, we shall only need regular parity at order N = n, thus from
now on we assume N = n.

A notion of odd classical ¥DO’s of integer orders (> —n) has been introduced by Kontsevich-
Vishik [29] if M has odd dimensional n. It corresponds to our definition of regular parity when
k=0, N =00 and m € —n + 1 + 2Ny. Generalizing somehow this notion, we will then say that
an operator A € ¥ (M) with m € —n + 1+ 2Ny is odd if it has regular parity at order n +m
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and n is odd, this defines the odd class \I/Zg(]f(M) Note that \I/g’dkd(M) = U95(M) and that

differential operators of even degree in odd dimension are odd. We will use later the fact that if

Ae ‘I’ZE!;(M) and if B € \IJZE/(QO(M) has regular parity at all order, then AB € \I/Zgzm/’k(M).
Let us now state a useful fact for later

Lemma 2.3. If P € WO (M) with d > 0, self-adjoint invertible with positive principal symbol,

reg

then P* and log(P) can be defined and are respectively in WINO(M) and \I/g’dld(M).

Teg

Proof: we proceed exactly as in [29, Sec. 2] and [29, Prop 4.2], one can define the power on
acut Ly = {re?®,r € (0,00)} for any § # 0(x) by the method introduced by Seeley (see e.g.
Shubin [46]), it suffices to write P* for R(\) < 0 as

P = i/ AP —2)"tdz
2T A
where A = {re?? 0o > r > p} U {re’®=2m p <r < 00)}U{pe’?,0 > ¢ > 6 — 21} for some p > 0
such that the negative eigenvalues of P are of modulus larger than p, the power z* taken with
respect to this cut. The polyhomogeneous expansion of P? is given (see [29, Sec. 2]) by

Opx Zafii)_Jw agi\)_](y7£) = —(27ri)_1/Az’\b,d,j(y,@z)dz
7=0

where b_4_;(y, €, #) are homogeneous in (£, |z|*/?) of degree —d — j and form a complete symbol
> jb—a—j for (P—2z)~1. Tt is straightforward (for exemple mimicking [29, Prop. 4.2]) to see from
the construction of b_q_; that b_q_;(y, —&, 2) = (—1)7b_4_;(y,&, 2) for j < n if P has regular

parity. Then the homogeneous term b_,_; is transformed into the homogeneous term af{f\)_ ; (y,€)

with homogeneity d\— j satisfying the regular parity a((i)/‘\)_j (y,=¢) = (—1)ja((i§\)_j (y,&). The same
holds for R(\) > 0 by mutiplying by some P* for k € N, which has regular parity by assumption

on P. The part with log P is deduced by differentiating P* at A = 0, it clearly has regular parity
by considering equation (2.11) of [29]. O

Remark in this Lemma that we can clearly replace “regular parity (at order n)” by “regular
parity at order N” for any N > 0, the proof works as well.

2.4. Kernels of log-polyhomogeneous operators. If A € U*(M) with m ¢ —n — N or if
Ae \I/ZS(Q“(M) with m € —n+ 1 — 2Ny, the Schwartz kernel® A(y,y’) of A can be decomposed in
a neighbourhood U x U of any point (y,y) of the diagonal into

N
(2.6) Alyy) =>_ Ailwy—y)+ Ay —vy), N>0

i=0
where A;(y,u) € C~°(U x R™) are log-homogeneous distributions of order (—n —m + i, k) and
Ani1(y,u) € C%(U x R™). Indeed, if A has a symbol o4 with an expansion (as |£| — oo) in log-

homogeneous functions given by (2.3), we can write in the distribution sense 04 = > ;" am—i +

(04 — Zi]\io am—;) for some large N > 0 such that (c4(y,§) — Zio am—i(y,€)) is integrable in

{|¢| > 1}, and the a,,_; are uniquely determined log-homogeneous distributions by Lemma 2.1.
We thus define, using Fourier transform,

Az(yv’u’) = /elu-fam_i(y,f)d§7 AN+1(y7u) = /ezu.f (UA(yaf) - Zam—l(yvg))d§7
=0

the first terms A; are log-homogeneous distributions in u variable since a,,_; are in the £ variable,

the Ayt is continuous if N > n + R(m) since (1 — x(&))(ca(y,§) — Zilio am—i(y,€)) is in

Shere we use the notation y:=miy,y = mhy if mp,mr : M X M — M are the left and right projections, this
notation will be often used along the paper
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LY(R™, d€) if x € C°(R™) equal 1 near £ = 0 and x(€) Zij\io am—i(y, &) has Fourier transform
given by convolutions of log-homogeneous distributions with the Schwartz function x, thus is
smooth. It is also important to notice that, when A has regular parity, A;(y,z) satisfies the
parity rule

which follows directly from that of the log-homogeneous symbols a,,—;(y, £).

A natural way to consider these kernels is to use polar coordinates y,r = |y—y'|,w = (y—v¢') /7
around the diagonal diag,, of M x M, this can be formalized globally on M x M by blowing-up
the diagonal. Let us recall the blow-up process: if S is a submanifold of a compact manifold Y,
then consider the disjoint union [Y,S] := (Y \ S) U SN(S,Y) where SN(S,Y) C TM]|g is the
spherical normal bundle. The blow-down map 3 : [Y,S] — Y is defined to be the identity outside
SN(S,Y) and the projection on the basis on SN(S,Y’). The space [Y,S] can be equipped with
a structure of smooth manifold with boundary, namely the minimal smooth structure for which
smooth functions on Y and polar coordinates in Y around S all lift to be smooth [37, Chap. 5].
For instance, a smooth function on M x¢o M = [M x M;diag,,] near the boundary is the lift
by 3 of a smooth function on M x M \ diag,, which near (y,y) € M x M can be written as
f(y,r,w) with f smooth and r = |y — ¢/|,w = (y — ¢')/r; this condition is independent of the
choice of coordinates. Since smooth function f € C°°(M x M) lifts under ( to a smooth function
B*f € C(M x¢ M), this induces a push-forward 8, : C~°(M xo M) — C~>°(M x M) for
distributions defined by duality (6. K, f) := (K, 5* f) where the pairings are done with respect
to a fixed volume density on M x M and its lift by § (or considering in a more invariant way half-
densities). Then it is clear that an expansion (2.6) for all N means that the lift 3 (A| sy a1\ diag,, )

as a function, extends to the sum of a function F € r—™™" Zfzo(log ) C>®(M xq M) and a
function K € p*(C*°(M x M)) where r denotes a global boundary defining function of the
boundary SN (diag,;, M x M) in M xo M. If R(m) > —n, this gives an L] . distribution on
M x¢ M, the push forward of which is clearly A. When R(m) < —n, it is defined as distribution
by holomorphic extension at z = 0 of the well-defined (in L ) distribution r*3*A for R(z) > 1,
like in Lemma 2.1; the extension has no pole at 0 if m ¢ —n — Ny, and it has no pole at z = 0
either if considered acting on 8*(C°°(M x M)) when A is an odd operator, this is easy to check
by passing in polar coordinates in the proof of Lemma 2.1. Moreover the push-forward of the
obtained distribution under 3 is A. This is nothing much more than reformulating what we said

before but set a better ground for our analysis in following chapters.

2.5. Kontsevich-Vishik trace functional. For classical operators A € W™%(M) with m ¢
—n — Ny, Kontsevitch and Vishik [29] introduced a trace functional, that we denote TR, which
extends the usual trace for trace class operators. They also showed that it keeps a sense when
m € n — Ny if n is odd and A is in the odd class, as defined above. This was generalized later
by Lesch [33] for operators in W% (M) (k > 0) when m ¢ —n + Ny. There are two equivalent
ways of defining TR(A) for A € ¥™*(M) when m ¢ —n — Ny [33, Th. 5.6]:

e The first one is to take any P € WP9(M) (p € N) positive self-adjoint operator with posi-
tive principal symbol, then extend the function f(A,s) : s — Tr(AP~*) meromorphically
from R(s) > 1 to s € C, it turns out to be holomorphic at s = 0 when m ¢ —n — Ny
and f(A,0) does not depend on P, this defines the KV-Trace of A by setting

(2.8) TR(A) := f(A4,0).

o The second way is to define the “density” (using notations (2.3) for o4)

(2.9) wicv(A)(y) = (21)™" (FPe_,o /

[§l<e?

0a(y, €)d€ ) |dy.
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which turns out to be a true density, i.e. independent on choice of coordinates, and to
set

TR(A) = [ wnv(4)

Note that in both case TR is the usual trace if $(m) < —n. When m € —n + Ny, Lesch shows,
extending [29] when k > 0, that f(A, s) extends meromorphically with a possible pole of order
< k + 1 whose (k + 1)-th coefficient in the polar part of Laurent expansion at 0 is the k-th
Wodzicki residue [33, Cor. 4.8, Th. 5.6]

k+1)!
((2—;>n) /S*Ma—n,k(yagﬂdydg‘

with notations of (2.3) where S*M is the unit bundle of T*M, this number is proved to be
globally well-defined.

(2.10) WResi(A) =

Lemma 2.4. Suppose that A € W' (M) with m € —n + 1+ 2Ny or A € U™F(M) with
m & —n + No. Then wkv(A) defined by (2.9) is a density and the function s — TR(AP~?®) is
holomorphic at 0 if P € WPO(M) has regular parity at order n+m. The KV-Trace of A can then
be defined equivalently by TR(AP™%)|s—o or by TR(A) = [,, wkv(A), the result is independent
of P, linear in A. It is a trace in the sense that

(2.11) TR(AB) = TR(BA), AB,BA € (Upnec\_nine ¥ (M) U (Unme—nt142n, U5 (M)).

and is the usual trace on trace class operators, i.e on W™F(M) if m < —n. Finally, if A =
AN € \I/Z;Zf(M) depends analytically on a parameter A € C in the sense of [42, Def. 1.9], with
order (m, k) constant in X, then TR(A(N)) is analytic in A.

Proof: we use notation (2.3) and set m € —n + 1 + 2Ny since the other cases are proved in
[33, Th. 5.6]. Actually the proof is also along the lines of the paper of Lesch [33]. The term
wiv (A) is independent of coordinates, this is obtained exactly like 4) of Lemma 5.3 in [33] using
the linear change of coordinates computed in Proposition 5.2 of [33]: indeed the defect (to be a
density) in the change of coordinates vanishes when A has regular parity to the right order since
it involves only the integrals of a_, ;(x, &) times even functions of £ on {£ = 1}, which are thus
odd functions for all I < k. We have for R(s) > 0

(2.12) TR(AP=*) = Tr(AP~*) = / iy (AP,

M
the last identity holds obviously (see [33, Eq. 5.19]) since the operator is trace class. We have to
prove that wkv(AP~*) extends holomorphically to s = 0, this is actually quite straightforward
using the proof of [33, Lem. 5.4] and the vanishing of the integral a_, ;(z, ) on {|¢{| = 1}, and
TR(A) = [, lims—o wkv(AP~*). Indeed, [33, Lem. 5.4] shows that the density wiy(AP~%) is
equal to
(2.13)

/ ad( §)d£+2N:Zk: / BN’ (g€ + —— L / 0 (g, €)de
- N \Y lel<1 z(s)—7,l Ys (z(s)+nfj)l+1 I€=1 z(s)—7,l Y

j=01=0

times (27) " "|dy| if AP~* has the symbol expansion Zé\’:o Zf:o a’(z‘?s)fj (Y, &) (log [€])! —l—ag{‘;) (y,&)

with ag\s[) = 0(|¢|™™ 1) as |¢] — oo, 2(s) := —ps + m with all terms holomophic in s near 0
and ¢ a cutoff with support in [1/2,00] which equals 1 in [1,00). In (2.13), the terms with
j = n+ m in the integral on {|¢| = 1} turn out to be 0, this is a consequence of the fact that

AP~ € U*().0(M) has regular parity at order n + m near s = 0 (thus ais(?g)_n_ml is odd in &,
n + m being odd) by assumption on P, the remark following Lemma 2.3 and the multiplicative
property of regular parity at order n + m. This proves the holomorphic extension at s = 0 of

wiy (AP~*) and the independence with respect to P since the value of (2.13) at s = 0 depends
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58) and afglj’l. This also gives lims—g wky (AP ™) = wkv(A). The fact about the cyclic-
ity of TR is proved in [29, Prop. 3.2] for classical operators such that the order of AB is not
integer, their proof applies word by word in our case too, using the expression of the KV-density
given in the next Lemma 2.5. As for the last statement about analyticity, we can introduce
an analytic dependence of A (in the YDO topology, see e.g. [42, Def. 1.9] for definition) with
respect to some paramater A € C so that the order of A remains constant with respect to A and
that A is an operator for all A, then the expression (2.13) taken at s = 0 is clearly analytic in A\. O

only on a

To compute the KV-Trace of A € W_ 15" (M) with m € 1+ 2Ny, it suffices by linearity to
compute the KV-Trace of operators supported in charts of the manifold, or in other words to
consider operators A € \I/;d’i;”m’l(U ) in a bounded open set U C R", with compactly supported
kernel in U x U. We search to express the KV-Trace in term of the Schwartz kernel, in a way

similar to [40, Lem. 2.2.1].

Lemma 2.5. Let U C R" be an open set, let A € \IJZZJ(U) with Schwartz kernel A(y,y’)
compactly supported in U x U. Set A; € C~°(U x R") fori=0,1,...,n4+m and Apims1 €
C°(U x R™) defined by (2.6), then the KV density of A is given by

(2.14) wrv(A)(Y) = Antms1(y,0)|dyl

Proof: let us consider m = 0 for simplicity and since it will be the case of interest later,
the other cases are obviously similar. Let ¢ € C§°([0,€)) which equals 1 near 0 and so that
Y(y—y' DAy, v') = A(y,y'), then (v.¥") — (|ly — ¥'|) Antm+1(y,y — y') is the kernel of a trace
class ¥DO, thus its KV density is the restriction on the diagonal A, 1,,+1(y,0). Now it suffices
then to prove that the distribution

n
,y) =y =y Y Aily,y =)
i=0
has vanishing KV density. The symbol of this operator is, up to constant, given by the Fourier
transform o (y, &) = F.._¢(¥(|2]) >oio Ai(y, 2)). We decompose this distribution into

o(5) = S Fe e Aily,2) + Fooe(12]) — DAy, ).
1=0

Let us denote by a_;(y, &) the first term in the sum and by S_;(y, £) the second. Since o(y, £) is
smooth, the density wkv(4)(y) = FPr_ f|£|<R o(y,&)d¢ can also be defined by

wrv(A)(y) = FPp_nc / o (y,€)dE.

1/R<|¢I<R
The a_;(y, &) is log-homogeneous in ¢ of degree (—i, k), thus LL

e if © < n, and can be written

under the form a_;(y, &) = Zf:o a—i 1 (y,€)(log|€])! for some a_; ;(y, &) homogeneous of degree
—i in €. A straightforward computation yields for i < n

k- . .
Rsf7,+n _ Rfs+zfn
a_i(y,€)dé =) 0, ( . ) 5= / a—ii(y,0)do,
[ S (o) e [ an)

which clearly has vanishing finite part as R — 0. As for b_;(y,&) when i < n, it is the
Fourier transform of a log-polyhomogeneous symbol of order (—n + i,k), so it is in L' in &
and fl/R<|§|<R b_i(y,&)d¢ has a limit (its integral on R™) as R — oo, which in turn is the value
of (¥(|z]) — 1)A;(y, z) at z =0, that is 0.

Let us finally consider the case i = n. We have A,(y,—z) = (=1)"4,(y,2) by (2.7), so
P(|2])An(y, —2) = (=1)"¥(|2]) An(y, z) and its Fourier transform z — £ has the same parity law
in £. Then

R
/ (@n +b-n)(y,£))dE = / / (@—n +b_p)(y,r0)dor""dr
1/R<|§|<R 1/R Jsn
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and a change of variable § — —6 in the integral together with the parity law of of a_, +b_,,
shows that this integral vanishes for all R > 1. This ends the proof. O

We apply this result to the following

Corollary 2.6. Let U C R™ an open set, let A € \I!g;ikd(U) with compactly supported ker-
nel A(y,y') in U x U. Assume that there exists some functions W € C*(U) and some log-
homogeneous B; € C*(U,R™\ {0}), ¢ = 0,...,n, of order (—n + i, k) satisfying B;(y,—z) =
(—1)!B;(y, 2) and such that

Aly,y+2) = Wiy) = > Bily,2)| = 0(zl}) |zl —o.
1=0

Then wiy(A) = W|dy|.

Proof: If A; are defined by (2.6), then asymptotic considerations near z = 0 show that, as
functions on U x (R™\ 0), A; = B, for i < n, and finally

(An0(y, 2) — Bno(y, 2))|dy| = W(y)|dy| — wkv(A)(y), Vz near 0,

where A, (y,z) = Zf:o Ana(y, 2)(log |2|)! for some A, ;(y, 2) homogeneous in z of degree 0, and
the obvious similar decomposition for B,,. In particular, since A, (y, z), B, (y, z) are odd in z, it
is immediate to see that Wldy| = wkv(A). O

2.6. KV-Trace of a product. In this subsection, we express the KV trace of a product of 2
pseudodifferential operators. We state the result and postpone the proof, which is a bit technical,
to the Appendix.

We consider a case which will be of special interest later, that is the composition of 2 poly-
homogeneous pseudo-differential operators F' € W~ (M ) and L € U 2M0(M) for A & 1Z,
then the composition FL € \Ilgald(M ) has a well-defined KV-Trace. In our application, F' will
be the derivative 9,S(\) of the scattering operator while L will be its inverse S~™!()\), keeping
in mind that we wish to study TR(9xS(A)S™1())), see next section.

Let us first introduce a notation to simplify statements.

Definition 2.7. If U C R" is a bounded open set and u € C®(U x (0,1) x S"~1) has an
asymptotic expansion as r — 0

ok
(y T, W) Zr n—141 ]ogr)lui7l(y/,w)7 uig € C=(U x Snfl)’
i=0 1=0
we define
n—1 k -
(2.15) [ulsing = Zr_n_lﬂ(log?”)lui,l, [U]reg == ZZT i (log ) ug .
i=0 1=0 P

For smoothing pseudodifferential operators F, L € ¥~>°(M), it is well known that the usual
trace is the integral of the kernel of F'L on the diagonal

Te(FL) = / PG L ) () 1),

For our case, this is singularly different and the whole problem comes from the diagonal singu-
larities of the kernels. One way to approach it is too work in local coordinates near the diagonal
and to blow it up, i.e. to use polar coordinate around the diagonal.

Proposition 2.8. Let (M, hg) be a compact Riemannian manifold , F € W2X=™1(M) and

reg

L € Un2MO0(M) with symmetric Schwartz kernel F(y,y') = F(y',y) and L(y,y') = L(y,y)

reg

outside the diagonal {y = y'}. Let U be an atlas and (x;);cs an associated partition of unity
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of M such that if 1,7 satisfy suppx; N suppx; # 0, there exists a chart U;; that contains both
supports. Then using Definition 2.15, there exists A > 0 such that the KV-Trace of FL is, for
any A’ > A,

A/
TR(FL) = 3 ( / / / {ﬂ*(xi|detho|%®Xj)5*F5*L} (y, r, w)dwdrdy, (y)
i€ Uiy /O J5nt "

suppxiNsuppx; 70D

f/ /Oo/ [6*(Xi|detho\% ®Xj)5*Fﬂ*L} j (y’r’w)dwdrdh()(y))
Uiy J A Jsn=1 o

+ > / Xi(W)X5 (U ) F (Y 4" ) LY, 9) iy (9) dno ()
1,j€J Uij
SuUppX; ﬂjsuppx =0
where B the blow-down map 3 : (y,r,w) — (y,y') = (y,y + rw) mapping U;j x [0,00) x S~
mnto Uij x R™ .

3. KREIN’S FORMULA

3.1. Renormalized integral. Let us recall a result of Graham-Lee [19] which says that for any
ho in the conformal infinity [22g|7as], there exists a unique (in a neighbourhood of M) smooth
boundary defining function x of M = 0X in X such that the metric has the form, in a collar
neighbourhood (0, ¢€), x M of M,

dx? + h(x
. (x)

(3.1) 2 ;. h(0) = ho

for h(z) a smooth l-parameter family of metrics on M. Then z will be called the geodesic
boundary defining function correponding to hg.

We now recall a couple of things on renormalized integrals. Let x be a geodesic boundary
defining function of X. As written in the introduction, if u € C*°(X) has an expansion in a
collar neighbourhood (0, €), x M, of M

N
u(e,y) = 3 aHui(y) + 0PN Tec
1=0

for some N > —R(I), we define the 0-integral of u by

0
/ ui= FPtHO/ u(x,y)dgy
>t

where FP;_ o means “finite part at ¢ = 07, this is the constant term in the expansion, after
noticing that there is always an expansion in powers of ¢ and logt with a remaining term being
O(t) by assumption on u. The O-integral depends a priori on the function 2. Albin [1, Sec. 2.2]

proved that if I = 0 then
0
/ u = FPZZO/ z*udy, ze€C,
X

here the finite part is the regular part at z = 0 in the Laurent expansion at z = 0, a straightfor-
ward computation shows that it also holds if T € C. Actually, if I ¢ n — Ny, then the 0-integral
of u is independent of the choice of boundary defining function z. Indeed, following [1, Prop.
2.2.], if # = e¥r is another geodesic boundary defining function in X then

1 — ew?
/ (2 —2%)udg = z/ e udy
X X z

and the integral on the right is holomorphic at z = 0, this is easily checked by using an expansion
of the integrand in (non-integer) powers of x, thus the right hand side vanishes at z = 0. If
I € n— Ny the 0-integral depends on x but it is proved in [1, Th. 2.5] that for n odd and I = 0,
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if h(z) in (3.1) has an even expansion in  modulo O(z™) with Try, (92h(0)) = 0 and if « has an
even expansion in x modulo O(x™*1), then the O-integral of u is independent of the choice of x.

3.2. Resolvent. We first recall definitions of blow-ups X x¢ X, X xo M, M x¢ M, as defined
for instance in [35, 31] and the class of pseudo-differential operators on X which contains the
resolvent of the Laplacian. We will generally denote by [Y;.S] the blow-up of Y around a
submanifold S, the spherical normal interior pointing bundle of S in Y is called front face of
the blow-up and the canonical map S : [Y;S] — Y which is the identity outside the front face
and the projection on the base on the front face is called blow-down map. In first section we
introduced briefly this concept for a submanifold S embedded in a compact manifold M, it can
be actually generalized when S is a submanifold with corners of a manifold with corners. For
our case, the blow-up X x( X is defined as a set

X xo X :=[X x X;diag,,] = (X x X \ diag,,;) U SN, (diag,;, X x X)

where diag), is the diagonal in M x M C X x X, SNy (diagy,, X_x X) is the spherical normal
interior pointing bundle of diag,, in X x X, the front face of X x(X is denoted JF, the blow-down
map is denoted by

(32) ﬂIXXOXHXXX.

A topological and smooth structure of manifold with corners can be given on X xq X through
normal fibrations of diag,, in X x X and polar coordinates: for instance if (x,%) (here y =
(y1,--.,Yn)) are coordinates on a neighbourhood of yo € M, then defining (z,y) := 7} (z,y) and
(@', y) == m}(z,y) with
(3.3) 70, mr: X x X = X, 7wr(m,m)=m', ap(m,m')=m
gives coordinates (x,y,’,y’) near (yo,%0) € diag,,; and a function f on X xy X supported near
the fibre J, of F where p = (yo,v0) € diag,, is said smooth if 3, f, defined outside diag,,, can
be expressed as a smooth function of the polar variables

!/ /
(3.4) R=@+a"+ly—-yP)?, p:= % p= %, w:="? Ry oy
This manifold with corners has three kind of boundary hypersurfaces, the front face ¥ defined
in these coordinates by R = 0, it is a bundle in quarter of sphere, the two other boundary faces
are called top and bottom faces, in these coordinates T := {p = 0}, B := {p’ = 0}. The diagonal
of X x X lifts under § to a submanifold, denoted diag, whose closure is denoted ddiag and
meets only the topological boundary of X xo X at F. Coordinates (3.4) are actually not really
coordinates in the usual sense, one actually has to consider three systems of coordinates induced
by (z,y,2’,y’) that cover F near F,. The first two ones are projective coordinates

s=p (D), 2=p (), @ =6 v =)

T

1,/

* «(Y — y/ * *
b= (2), 2= (Bh) a=p =gy
covering (near J,) respectively a neighbourhood of ¥ N T, FN B and valid on the whole interior
of the front face F (near ¥F,). Note that F is repectively {#' = 0}, {z = 0} in these coordinates
and diag = {s =1,z = 0}, {t = 1,2’ = 0}. The last system is

w= g (U) pm g (B) d=a (D). r=glu-vD v =80,

covers a neighbourhood of TN B N JF but is not defined at ddiag. If R is a global defining
function of F in X xy X, we have canonically associated global boundary defining functions
p:=x/R,p' = 2'/R of respectively T,B. The blow-up X xo M = [X x M;diag,,] is defined
similarly and it is direct to see that it is canonically diffeomorphic to the bottom face B of
X xoX. Tts front face is denoted ¥’ ~ FNB and the blow-down map 3’. Then the final blow-up
M xo M = [M x M;diag,,] is canonically diffeomorphic to TN B, its front face is denoted
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F5 ~FNTNB and the blow-down map (5.

The space of smooth functions vanishing at all order on a manifold with corners Y is denoted
by C"’O(Y), its topological dual with respect to a pairing induced by a given volume density is
the space of extendible distributions C~>°(Y). Since 8* : C®°(X x X) — C®(X x¢ X) is an
isomorphism, there is an induced isomorphism [3* between their duals, the push-forward (3, is its
inverse isomorphism between C~>°(X x¢ X) and C~*°(X x X). Schwartz Theorem [38] asserts
in this setting that the set of continuous operators from C> (Y) to C~>°(Y") is in one to one
correspondence with C~°(Y x Y') if Y, Y’ are smooth manifolds with corners and assuming
volume densities are given (otherwise introduce half-densities).

We define, following [35], a natural class of differential operators on X degenerating uniformly
at M: the set Diffg'(X) for m € Ny is the set of smooth differential operators on X of order m
such that P € Difff’(X) if it can be written as

P= Z Pjo(2,y)(20,) (20,)°, Pjo € C®(X)
J+IBI<m

locally near the boundary M = {# = 0}. The Laplacian on an asymptoticaly hyperbolic manifold
(X, g) is an operator in Diﬁ%(X ), it can be expressed in a collar neighbourhood arising from a
geodesic boundary defining function x by

(3.5) Ag = —(20;)” + nady + 2°Ap(y) — %xTrh(m)(axh(z))zﬁx.

Let R, p, p’ be boundary defining functions of the three boundary hypersurfaces F, 7T, B. We
define Rj\I/ZJ""k’l(X) for m,k,l € C,j € Ny to be the set of continuous linear operators A from
C>(X) to its dual C~°°(X) (pairing through the volume density of g) such that the lift of the
Schwartz kernel k4 of A by [ satisfies

B ka € pkp'leC‘X’()_( xo X) + RIT™(X xo X, diag)
where 1™ (X x X, diag) stands for the set of distributions classically conormal of order m to
the interior diagonal, i.e. those which can be written locally as Fourier transform of symbols

of order m in the fibres of the normal bundle N(diag, X xq X) of diag through a normal fibra-
tion. We will also denote by W#!(X) the operators having a Schwartz kernel in 22"/ C> (X x X).

We know from [35, 21] that the modified resolvent R(\) = (A, — A(n — X\))~! is a bounded
operator on L?(X) for R(\) > 2 and A(n — \) ¢ 0,,(A,) which extends to A € C\ {(n —1)/2 —
k — N} meromorphically with poles of finite multiplicity (the rank of the polar part in Laurent
expansion at a pole is finite) if the metric is even modulo O(z2**1), this results holds for any
k € N. The resonances are the poles of R()\) with finite multiplicity, the multiplicity is defined
by

rank Res)((2s —n)R(s)) if A #

m(\) = { rank Resy R(s) if A=

It will also be useful later to know that (n — 2A\)R()A) is holomorphic on {R(\) = §}, this is a

direct consequence of [25, Lem. 4.1], the fact that n?/4 is not an L? eigenvalue of A, and [41,

Lem. 4.9]. Moreover from [35], R(\) € Wy > *(X) 4+ U A(X) thus its Schwartz kernel splits
into R(A;m,m') = Ry (A;m,m') + Ra(X;m,m') with (using coordinates (3.4))

Rl()‘v m, m/) = "EAI'/)\K)\(’ITL7 m/)7 /B*RQ()‘v P p/a va7 y/) = P/\P//\F)\(P7 plv R,CU, y/)

0[3)3

(3.6) Ky €C®(X x X), F\€C®(X xoX )\ diag)

and F) having a conormal singularity of order —2 at the interior diagonal diag. We will call
B* Ry the normal part of the resolvent. The boundary defining function R and the coordinate
w actually depend on the choice of local coordinates we are using for the blow-up X x¢ X, we
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can actually show a parity regularity, in some sense, for the Taylor expansion of the normal part
of the resolvent at the front face F, that is not depending on choice of coordinates. To define
regular parity, we use the special class of boundary defining function = of X, which induces
x:=njx and 2’ := nj2 as geodesic boundary defining functions of X x X. The fibre ), of the
front face F (with p = (v/,y') € M x M) being

(3.7) T, = ((No(dingar. M x M) x (R 9;) x (B¥0,)) \ {0}) /{(w,t.0) ~ s(w', ¢ e/). s > 0}
there is an involution ¢ : (w,t,u) — (—w,t,u) that passes to the quotient F,. Since T,y M is

canonically isomorphic to N,(diagy,, M x M) by z € Ty M — (z,—z) € T,(M x M), ho(y')
induces a metric on Ny (diagy,;, M x M). Then F, is clearly identified with the quarter of sphere

Stp = {u) + 10y +udy € Np(diagMaM X M) X (R+az) X (R+az’)vt2 +u2 + |w‘i2lo(y’) = ]‘}

this is actually trivial to check that the involution ¢ is just the symmetry w — —w in that
model. In projective coordinates (s = t/u,z = w/u), the interior of the face F, is a half-
space diffeomophic to H™t! and the involution becomes z — —z. Recall that 3*z’ is a smooth
function that defines globally the interior of F in the sense that it vanishes and has non-degenerate
differential there.

Definition 3.1. One says that o function L on F, has even parity (resp. odd parity) if
L([—w,t,u]) = L([w,t,u]) (resp. L([—w,t,u]) = —L([w,t,u])) in the model (3.7) where brackets
denote equivalence classes. A function L € p%p ’bCOO(X xg X) with a,b € C is said to have

regular parity if for x geodesic boundary defining function of M, then setting «' := B*njx with
notations (3.2)-(3.3), L has the Taylor expansion at the interior of the front face F

L= Z 'L+ 0™, L€ pptT O (F)
i=0
with Lo; having even parity and Lojy1 odd parity on each F,.

Note that one can define similarly regular parity for a conormal distribution to the interior
diagonal diag, the L; will then be conormal distributions to ddiag := diagNF on F.

Lemma 3.2. The regular parity is invariant with respect of choice of geodesic boundary defining
function x of X as long as the metric g on X is even modulo O(x"*1). Moreover, setting

x := 0*n}x with notations (8.2)-(3.3), the regular parity of L € p“p’bC"X’()_( xo X) is equivalent
to having the expansion

L= inLi + 0™, LiepipC™(F)
i=0
with Lo; having even parity and Lojy1 odd parity on each F,.

Proof: we consider a neighbourhood of J, for some p = (yo,y0) € M x M. Let us take
another geodesic boundary defining function & in X, then from [18] one has that

r=% Y @ fu+0@E"™"), faue€C®(M).
2i<n—1
Thus we obtain, using notations ' = 3*rxz and &' = f*7k%,

o =a Y (@) + O((@)H)

2i<n—1

and it clearly proves the first part of the Lemma since 3*7}; f2; are constant on the fibres of F
and only even powers of 2’ appear up to order (£')"*!. The second part can be checked through
the change of projective coordinates near J),

@y s=a/r’, 2= (y=y)/2) = (@ =a"s;y =y +2'2,0 =1/s,2" = 2/s),
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where x defines F and (¢, 2’) parametrize the fibers of F and ¢ is 2/ — —z’; we have

Zm’iLi(y’, 5,2) = Z oLy —x2 1/t Jt) = Z ' Li(y,t,2") + O(z™)

i=0 i=0 i=0
with AL;(y,th’) = Ditjaj=y (@) T (=2)*.05 Li(y, 1/t, 2 /t), this easily gives L(y,t,—2') =
(—1) L; (y,t,2") by asumption on L;. The equivalence holds by symmetry of the blow-up. O

Remark 3.3. : taking a geodesic boundary defining function  and any coordinates y near yy € M
we have coordinates (x,y,2’,y’) with (z,y) = 7} (z,y), (2/,vy') = 7)(z,y) near p = (yo,%0) €
diag,, and induced coordinates in a neighbourhood of J,
z ! y—y'
R=(+a +ly—y/ P}, p=p F=p w=1—n

R R ly =l
and since ¥’ = Rp,s = p/p',z = w(l — p* — p'*)2 /o' are the projective coordinates on F, it is
clear that the regular parity property of a function L € p®p/ boee (X x0X) in this neighbourhood
can be rephrased by L = Y. | R'L; + O(R™™!) with L; € p*p/*C>(F) and

CLi(p, ol w,y') = Lilp, ' —w,¢) = (=1)"Li(p, p', w0, ¢/).
Clearly, the vector field 3*(x0,) acting on a function with regular parity on X xo X preserves
its regular parity, whereas 5*(x0y) changes the parity.

Since a function on F with odd parity restricts to 0 at ddiag = FNdiag (the interior diagonal
intersects F, at a fixed point of the involution ¢ of F,), we get the straightforward

a b

Lemma 3.4. Let L € p2p"C>®(X xq X) with a,b € C and suppose that L has regular parity.
Then the restriction of F at the diagonal diag is a smooth function even modulo O(z"+') on X
in the sense that m € X — (,L(m,m) extends smoothly to X with an even expansion in powers
of x(m) modulo O(x"*1) if x is a geodesic boundary defining function.

A particularly interesting example of regular parity operator is the resolvent lifted kernel, as
we next prove in the

Proposition 3.5. Let (X,g) be an asymptotically hyperbolic metric which is even modulo
O(z™*1), then the normal part of the resolvent R(\) (see (3.6)) has regular parity in the sense
of Definition 3.1, when R(X) is well-defined.

Proof: to prove this result, one needs to return to the construction of the resolvent parametrix,
in particular the part involving the resolution on the front face, that is the normal operator. The
regular property is global in the sense that a fibre &, of the front face is a manifold (with corners)
but local in X xo X since defined on each fibre, thus it suffices to work near an arbitrary fibre
Jp. Note that for () > 7, (3.6) shows that the n first asymptotic terms of the lifted kernel of
the resolvent at the front face F are given by those of its normal part. If p = (yo,y0) € M x M,
we have local coordinates y near gy that induce projective coordinates
(3.8) @'y, s =a/a', 2= (y—y)/2)
near the interior {y’ = yo, 2’ = 0)} of F, where again z’ := f*n}x, x := f*n} z, and similarly for
y,1y’. Let us recall a couple of definitions and results about the normal operator, the reader could
also read [35, 31] or [22, Sec. 2.3] for more details. If p = (yo,40) € diag,, with yo € M, the
normal operator at p of an operator A € W{"*!(X) with Schwartz kernel 4 is the distribution
Np(A) := B*kalg, on F, classically conormal to the point d,diag := diagNJF,, of order m and in
ok’ Lo (Fp\Opdiag), this distribution can be interpreted as a left convolution distribution kernel
on the Lie group X, := R xR? with law (s, 2).(s', 2’) := (ss’, z+s2z") and with the right invariant
measure | det ho(yo)| 2 s~ dsdz, thus as an operator on X, ~ H"*!. Note that the definition of
N,(A) extends to the case A € R*UF"*!(X) for R(a) > 0 by setting N,(A) = 0 (since the
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restriction on front face would vanish). If A € Diff?(X) c W& (X), its normal operator is
supported at dpdiag and N,(Id) = g, diag is the Dirac mass there. If now A € Diffg()_() and
B € UJ""(X), then AB € Wyt **(X) and from [35] we have N,(AB) = N,(A)N,(B) in
the sense of composition of the associated operators on X,. Thus if R(\) is the resolvent for
R(A) > 5, we get

(3.9) Nyl = An = N)Np(RON) = Ny(1d) = b, a1 = I,

where again we identifies convolution kernel on ¥, and operator on X,,. From [35], the normal
operator N,(A,) is the Laplacian on the hyperbolic space X,, ~ H"*!, which is easily seen from
using projective coordinates (3.8) in (3.5) with 8*(x0,) = s0s, B*(20y,) = s0.,

1
(3.10) B*A, = —(505)% + nsds + szAh(w/&y/ﬂ,Z) — §x’sTrh($/s7y/+$/Z)((azh)(xls, Yy +12'2))s0s,

and freezing at @’ = 0,y = yo, that is Ny(Ay) = —(505)* + nsds + s* 3, ; héj(yo)aziazj. If
one wants the solution of (3.9) which is L? for R(\) > %, N,(R()\)) is necessarily given by the
resolvent of the Laplacian at energy A(n — A) on X,. In term of convolution kernel, thus of
distribution on JF,, we have in projective coordinates (see [35, 31] or [22, App. B])

(3.11) Ny(R(V) (s, 2) = G (HSQ th ( ))

where G (x) = 2 Fy\(x) for some F) € C*°([0,1)) which can be expressed in term of hyper-
geometric function. Note that the factor in G is nothing more than the inverse of the cosh
of the hyperbolic distance of (s,z) to dpdiag = {s = 1,z = 0} in X,. The result (3.11)
holds for any p = (¢/,4’) if ¥’ is near gy, with smooth dependence on y’ then. The first term
Qxro(y',s,2) == B*R(N)|5,, ,, of the (normal part of the) resolvent expansion at F clearly sat-
isfies the regular parity property since it is even in z. Locally Q¢ can be considered as a kernel
near F,, constant with respect to boundary defining function z’ of the interior of ¥, it is the
(local) lifted kernel of an operator in W5 2**(X). One has locally near Fp

B (Ay — A(n — X))Qx,0 = dadiag + Th,0

where T ¢ is the (local) lifted kernel of an operator in R\Ilg”\’)‘()_() and actually in R\Ilg”\"'l’)‘()_(),
see [35] for this fact. Then we proceed by induction. Writing the lifted kernel of the normal part
of the resolvent 8*Ry(\) near ¥, as

B Ray(N) =Y 2" Quily s, 2) + 0",

k=0
with Qax € p/\p'AflCCYoo (5\ 0diag), we assume that for k < j < n —1 we have the regular parity

(3.12) k(Y 8,2) = Qar(y, s, —2) = (=D FQa (Y, 5, 2)

and we show that it also holds at order j + 1. Let us denote by Py the lift of A; — A(n — A)
under 8%, we then have

J
1k 17+1 o
P,\ZJU Qxk = Oadiag + 2" Thj(2',y',s,2)
k=0

where T} ; is the lifted kernel of an operator in \118”\’>‘_j (X). Since from (3.10), Py commutes

with 2/, then it is clear that Py|y=0@x,j+1 = T) jlo=0 and, like for the first step, this equation
can be solved since Py |y/=0 = Ny ) (Ag—A(n—2X)) is the hyperbolic Laplacian. We solve it first
near Odiag = {s = 1,z = 0} by symbolic parametrix up to continuous terms on F, supported
near Odiag, this is standard and can be done by quantizing 0, d., the key being ellipticity of
Ny ) (Ag). The distribution T} ;(0,9', s, 2) is conormal of order 0 at ddiag then by cutting it
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off near ddiag by x(2s/(1 + s + \z|}2m(y,))) where x € C§°((1/2,2)) equal 1 near 1, we have the
oscillating integral

_n 28 i((s— .
s 2X<W)T&j(ovy’7svz)=/e“ D186, 5 (y'sn, €)dndg
ho(y’)

for some o ; which is a symbol of order 0 in (7, §). We will show later that

(3.13) Ty,;(0,y' s, —2) = (17T (0,1, 5, 2),
but let us assume it for now, then oy ;(y';n,—¢) = (=1)7To, ;(v';n, &) by inverse Fourier
(N)

transform. We construct o

ox,;(y';n,€) and for N € N

(v, s;m,€) by induction in N by setting Ug\o)» ', s;n,8) =

A g+l J+1

N-—1
Ug\,j+1)(yla5;77>€) )

(N) . — L 9 (
U)\,]+1(y 3577775) . (83777 s) 82’[72 +52|£‘;2L0(y/) I ()\ —TL/2)2

where L(s,n,0s) := (s05)? + 2ins(s0s) + ins and R(A) > n/2. It is clear that UE\{\;)H is a symbol
of order —N in (7,£), thus we can consider the oscillating integral

(3.14)
N (k) ’
2s n ; _ 0—)\ '+1(y 35;77,5)
Q(N) (y s Z) ( )S u /ez(n(s 1)+€.2) )J dndf
A 1452+ 2[5 (0 2 207 + 82, ) + (A = /2)?

which is supported in a compact neighbourhood of ddiag in view of the cut-off. Since

SigN(y“y/)(Ag)S% = —$2th 3213 +n2/4

we get by construction that for N large enough
N
(N(y/’y,)(Ag) - ( ))Q)\ j+1(y S Z) TA,j (07 y/7 S, Z) - T)SJ)(Z//’ S, Z)

with T(N) continuous on F near J, (classically conormal of order —N at ddiag) and equal to T} ;
outside a nelghbourhood of ddiag. But we check that Q)\ Jﬂ(y s,—z) = (—1) ‘HQ)\ jJrl(y 8, %)

using that O')\ +1 has the parity of oy ; in § (for any k) and the change of variable { — —¢ in
(3.14). Then we correct the error by setting

(c0) 2u T(N) (O / ﬁ _f )dUdv det A, 3
rin W s2) /R+/n <1+u+|’0|h > xg Yt | detho(y')]?

which is certainly convergent for R(A) > 5. We clearly have Qy j41 = Q&]\;Ll + Qf\ojll and

by a change of variable v — —v in the last integral, the regular parity of QE\O?ZH holds if
T(N)(y s, ) = (—1)j+1T)(\f¥) (y',s,z). This is actually straightforward in view of (3.13), the
parity of Q N +1 and the fact that N, . (Agy) preserves parity in z (it involves two differentia-
tions in z).

It remains to prove (3.13), we first make an expansion of Py at the front face ' = 0. To that
aim, we use the fact that h(z) is even modulo O(z"*!) and (3.5) to get

Ay —An—X) = Z 2% Poi \(y; 20, 20y) + Z ¥ Py i1 (y; 20,) + O(a™ 1)
2i<n 2i+1<n

for some differential operators Pa;y1, Po; x smooth in y, such that Z — Py; z(y';Y, Z) is a poly-
nomial even in Z € R™ (of degree 2) and Z — Py;11(y’; Z) is a polynomial odd in Z (of degree
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1). Since y =y’ + 2’2, f*(20,) = s0s, B*(x0y) = 50, the lift under § gives (using multiindex
a € N")

2+ ; 20414 ;
Py = E ' |a‘s2’z°‘3y°‘/P2,-7>\(y';533,s@z) + g ' ‘angleaﬁszng(y';saz)
2i+|a|<n 2i+1+]a|<n

1
modulo O(z/"™"). As a consequence,

Th;(y,s,2) = Do 50 Paia(ys 505, 50:)Qa (Y 5, 2)
k4-2i4|al=j+1

n Z 52i+lzaa;é/p2i+1(y/; $0:)Qx (Y, 8, 2)-
k+2i+|a|=j

It is then easy to check the regular parity property from (3.12) combined with the parity prop-
erties of Z — PoiA(y';Y, Z), Pair1(y'; Z) and the fact that (—1)F*lel = (—1)k+lal+2i,

This achieves the proof by induction for $(\) > % and by meromorphic continuation in A,
the result extends as long as A is not a pole of R(A). O

Remark 3.6. : Independently, Pierre Albin proved in [2] a similar result on the renormalization
of the resolvent on forms in order to analyze the finite time O-Trace of the heat operator.

3.3. Eisenstein functions. The Eisenstein functions are defined in this context by Joshi-Sa
Barreto [31] as boundary value of the resolvent, or alternatively by Graham-Zworski [20] as
solutions to a generalized Poisson problem. More precisely E(\) € C%°(X x M)NC~>®(X x M)
is the function, depending meromophically in A € C\ —N if the metric is even modulo O(z"+1),
defined by

rA-%)

E(\) = 2”*”7“2 N

%/ 1—A
BB (" "R\))|s)
2
where we identified once again operator and Schwartz kernel. Since the kernel R(\;m,m’) is
symmetric in (m,m’), we have as a consequence of Proposition 3.5 (and the remark following
Lemma 3.2) and the definition of F(\) a regular parity for E()) in the following sense
Corollary 3.7. If x a geodesic boundary defining function of X and y any coordinates near

Yo € M, then setting (z,y) = mp(z,y), ¥ =gy, R:== (22 + |y —y'|)7, p:= &, w = L,

(3.15) E(Xa,y,y') = p*R™AFa(p, R, w,y) + 2 K (2,9,9)

with Ky € C®(X x M) and F) € C®(X xq M) such that Fy =Y ;" R'Fy; + O(R"1) with
F\; € C>®(3") and

(316) F)\,i(pv _wvy/) = (_1)iF/\,i(pvway/)'

Let us recall the Green formula relating resolvent kernel and Eisenstein functions (see for
instance [21])

(3.17) R(A\;m,m’) — R(n — A\;m,m') = (n — 2)) E\;m,y ) E(n— X;m/ v )dy, (¥)

X
for A such that R()A), R(n — A) are defined. Observe that this formula implies the smoothness of
the kernel of R(A\) — R(n — A) in X x X.

3.4. Scattering operator. The scattering operator in (1.2) is the same as usual, defined and
studied in this context in [31, 20] but renormalized with the I" factors to remove the infinite rank
poles that it contains at § +N. From its definition in (1.2), we remark that S(\) depends on the
geodesic boundary defining functions of X used to write the Poisson problem, we get trivially
that for another choice of geodesic boundary defining functions # with & = ze® for w € C*(X),
the scattering operator obtained in (1.2) is related to S(A) by the covariant rule

(3.18) S(A) = e 08 (N)em Vw0 g = w|y.
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It is also true [20, Prop. 3.3] that S(}) is self-adjoint for A € R. Since z, & are model defining
functions correponding to respective conformal representative hg = z2g|7y and hg = e*0hg of

the conformal infinity, S()) is a conformally covariant operator on (M, [hg]). It does depend on
the whole manifold X but it is proved by Graham-Zworski [20] that

Py = S(% + k) e Diff2* (M)

is a differential operator of order 2k depending only on the 2k first derivatives (82h(0)),<ax of
the metric at the boundary, it is then local. In the case of an even Poincaré-Einstein manifold,
Py, is a natural conformal operator on (M, [hg]), called k-th GJMS conformal Laplacian, defined
by Graham-Jenne-Manson-Sparling [16] that generalizes Yamabe operator (which is P;) and
Paneitz operator (which is Py).

It is proved in [31, 20] that the kernel of S(A) is obtained by
(3.19)

S0 = (@A~ m) (3 (e E() ) = 2R EED

DY

Bo. (5" (z 2" R(ON) ).

Following [21], when the metric is even modulo O(z"*1!) (resp. modulo O(x*°)), it is a mero-
morphic family of Fredholm operators on M in A € C\ =N (resp. A € C) if n is odd. In addition,
S(A) € UPA=m0( M) with principal symbol

(3.20) o (S(N) = €[22

where hg = x2g|rar is the representative of the conformal infinity associated to x. On the
n

essential spectrum of Ay, represented by {R(\) = 5}, S()) is a unitary operator satisfying

(3.21) S*(A\) =S\ = S(n—\),

the second identity extends meromorphically in A € C\ —N if n is odd. A straightforward
consequence of Corollary 3.7 and (3.19) is

Proposition 3.8. If X is not a singularity of S(X), then S(\) € WZ™0(M). If X is not a
singularity of dS(\)S™H(A) then A\S(A\)S~1(\) € 0L (M).

Of course, using Proposition 2.8, this proves that TR(9xS(A)S™(\)) is well defined.

3.5. The main proof. To obtain Krein’s formula, it suffices actually to compute the 0-Trace
of the spectral measure dII of A4, and by Stone’s theorem, its Schwartz kernel satisfies

—2imdlI(t*;m, m’) = R(g +it;m,m’) — R(g —it;m,m’), te (0,00)
which is a smooth function in X x X by Green’s formula (3.17). First we check that

Theorem 3.9. Let (X,g) be an asymptotically hyperbolic manifold of even dimension n + 1
whose metric is even modulo O(z" ). If X ¢ 37 is not a singularity of R(X), R(n — X) and if

€ (0,00), the values 0-Tr((n — 2\)(R(\) — R(n — X)) and 0-Tr(2tdI1(t?)) are well defined and
do not depend on x.

Proof: by smoothness of the Schwartz kernel of (n —2)\)(R(\) — R(n — \)) at the diagonal of
X x X in view of (3.17) we get that its lifted kernel by 8* is in
(0P ) O (X 0 X) +(pp)" 2O (X %0 X) + F* ((22) O (X x X))+ f((22')" "2 C%(X x X))
and is holomorphic on the critical line R(\) = n/2 since (n — 2A)R(A) is holomorphic on this
line. Restricting the last two terms (their push-forward) at the diagonal of X x X gives the sum
of a function in #2*C>(X) and one in x2"~2*C°°(X) which renormalize independently of z if
2)\ ¢ Z according to Subsection 3.1. The two first terms restricted to diag are smooth, thus give
a function H € C*°(X), this function H is the difference of the normal part of the resolvents

(n —2X)R(N) and (n — 2X\)R(n — A), but Proposition 3.5 shows that these normal parts have
regular parity and Lemma 3.4 then gives us that H has an even expansion in 2 modulo O(z"+1).
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We finally use result of Albin [1, Th. 2.5] to conclude independence with respect to x. The
Stone formula gives the desired result for 2tdII(¢?) if ¢ > 0. O

Theorem 3.9 also shows that 0-Tr(2tdII(¢?)) extends analytically to ¢t € R* := R\ {0} as an
even function on R*.

Next we compute this 0-Trace in function of the scattering operator. The essential ingredients
are the Mass-Selberg relation (consequence of Green’s formula (3.17)), the regular parity of the
resolvent, Eisenstein function and scattering operator and the Proposition 2.8.

Theorem 3.10. For A,n— A€ C\ %Z not resonance, we have
0-Tr ((n ~9\)(R(\) — R(n — /\))) — TR(O\S(N)S~L(\)).

Proof: let us first change the notation and set F(\) for (2A —n)E()) so that from (3.19), its
restricted kernel is the kernel of S()\). We fix a geodesic boundary defining function = and use
Mass-Selberg (following from (3.17)) identity like in Guillopé-Zworski [25] or Patterson-Perry
[41] to obtain

(2A —n) /( - [RO;m,m’) = R(n = Xym,m)m—mrdg(m) = (n = 20) 71 (11 (A, €) = I2(X, €))

Il()‘7x) =a" / _ / _ xawaAE(/\vx7y7yl)E(n - )‘;xay7y/)dh(z)(y)dho(y/)
0X JoxX

L\ z) = m*"/ | OENz,y,y )x0.E(n — Xz, y,y ) i) (y)da, (¥)-
0X JoX

Let us compute the finite part of I3(A,x) as x — 0, the one with I; (), z) being similar. Let (x;);
be a partition of unity of M = 90X as in Proposition 2.8 which we include in the integral I to
work in charts

L(\z) = > 2" / Xi @ XjONE(N)20, E(n — A)dp(z) ® dp,
i, M x M

= ) I(\a).
i,

This integral splits into two parts, one supported near the diagonal of M x M (when x;x; # 0)
and the other supported far from the diagonal (when x;x; = 0). First suppose that x;x; = 0,
then

X (W) EXa,y,y) = 2™ Xa(y)xs (v ) K@, 9. 9)
with K\ smooth and the integrand of I3’ (\, x) is
log(m)((n — )\)K)\an)\ + K70, Kpn—x) + (n— N)OAK\K,— ) + zONK )0, Kp— .

Since the boundary value of Ky (z,y,y)|z=0 is S(A;y,y’) and K smooth, one obtains directly
that

(3.22) FP,—oI7 (N, x) = (n— \) / Xi @ X;ONS(N)S(n — N)dp, @ dp,
MxM
and we are done for the off-diagonal part.

Now we have to deal with the part where x;x; # 0, that is near the diagonal of M x M.
Following (3.15) the kernel of E()) is decomposed on supp(x;) N supp(x;) into two parts

E(\a,y.y) = PR Fa(p, R,w,y) + 2 Kx(2,9,9)
with Ky € O®(X x M) and Fy € C®(X xq M) in local coordinates on the blow-up X xq M
near the front face
y—y

1
(3.23) R=(a*+r%)2, r=ly-y|, p= ;

) w =

=&
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An easy computation yields
(3.24) 20, = (1 — p*)pd, + p*ROR,
therefore we get on supp(x;) Nsupp(x;)
2 EWN20, E(n— A) = Qun(A) + Quing (V) + Quuix (V)
with
Qun(A) = 10g(@) (1 = VKK x + 2KxDe Ky ) + (0 = NONKAK - + 200K0y Ko
the smooth term on the diagonal,

Qsing(A) == R ((n — N)(1=20°)(OrFx —1og(R*)F\)Fp—x + (OxFx — IOg(RQ)F)\)xaan—A)

+R " log(z) ((n N1 = 20%) FyFpyy + F,\ataan,)\)
the singular term at the diagonal and

Qumix(\) = log(z) ((n — NE\R™2AE, 4 Kzzd, (R E,_\) + (n — VR FyK,_y
YR 2 F20,K, A) F (= NOWKAR 2P, 4 03K ad, (R-2AE, )

+(n— NON(R™PEN) Koy + O\(R™2AF\) 20, K-

is the mixed term involving products of two types. Taking (z7*E()))|,—0 in (3.15) the lifted
kernel of S(\) can be decomposed under the form

B55(A) = Ssing(A) + Ssm(A)

(3.25)  Suing\) 1= 1P )| pmo € 17AO(M xg M), Sem(N\) := K (\)|amo € C°(M x M)

The finite part of the integral of Qsm () in each chart is obtained directly like (3.22), that is,

Setting Qbm()\) =X ® Xijm()\)dh(x) & dh07

(326) FPz:()/ @sm()\) = (n — )\) / Xi @ Xj(aASsm(A)Ssm(n - >\))|1’:0dh0 ® dho
MxM MxM

Let us now consider the singular term Qging(A) in the chart and on supp(x; ® x;), it is clear that
for < 1, Qsing(A) is supported in R € [0, A] for some A > 0. Let ¢ be a smooth cut-off function
equal to 1 in [0, A] and 0 in [A + 1,00). We use a Taylor expansion at R = 0 to decompose

Qsing(A) == (Xi ® X;j)Qsing(A)dn(z) ® dp, into
ésing()\) = log(x) ( Z R72n+inog,i()\)"‘RinleQlog,nJrl (/\)) +Z R72n+iQi()\)_’_an+l Qn+1 ()\)
=0 i=0

where, after identifying densities with functions via the local trivialisation |dydp,(y’)|, one has
(recall " = {R = 0} is the front face of X x¢ M)

(327) Qlog,i()\; P, W, y/) € Coo(:;/)’ t<n+ 1a Qlog,n+1()\; P, vaayl) € COO(X X0 M)

(3.28)  Qi(\ip, Row,y') = log(R)QIE(\) + Q(\) € log(R)C™(F) + C=(F"), i<n-+1

(3.29) Qni1(N\p, Ryw,y) € log(R)C™(X xo M) + C™(X x¢ M).

It is important to remark that the critical terms @y, Qiog,» are odd in the sense that

(330) Qlog,n(AQPa _Way/) = _Qlog,n()\§paway/)a Qn()‘§pa R, —w,y’) = —Qn()\;/L R,w7y/),
this is a consequence of (3.16), n is odd and the second remark following Lemma 3.2. Observe

that for ¢ < n, a polar change of variable (y,y") — (u = |y —¥¢'|/z,w = (y—v')/ly—¥'|,y’) gives,
using (3.23),

Qo K A —nti —n4 i 1 wu n—
Rliggn,(i) =g "t /(1 +u?) "2 Qlog i (/\; 0T u2)%7 i UQ)% ,y’)u Ydudwgn—1dp, (v')
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Qi(N) - +'/ +4i t 1 wu / -1 /
- = n-1 1 n 3 CS n d d e d
R2n—i z ( +u ) Q ( (1 _’_uz)%’ (1 +u2)% ’y>u UGWgn—1 ho(y)

—ni n o 1 wu e
H logz/(l +u?)” +2Ql g( a Tl U a)l ,y’)u Ydudwgn-—1dp, (y')
1 WU

1 . i
+f:c_”+z/ 1+ u?)"" 2 log(1 + u? 4°g()\; , -, ) " dudwgn-1dp, (y'
5 ( ) 8( )Q; Ared? 1rat)s? sn-1dn, (y')

all integrands are integrable and of the form (C1(\)+Ca(\) log z)z "1 for constants Cy (), Ca(N)
if i < m in view of (3.27) and (3.28). This also implies

(3.31) FP,—olog(z) /¢(R)R_2"+iQ10g,i()\) =0

(3.32) FPI:0/¢(R)R—2”+iQi(A) :/(w(r) —1D)Q:i(X; 0,7, w,y )r " T drdwgn-1dp, (1)

The case i = n is quite similar, we have forxz >0

w( P((z? +1?) T rw A no1 ,
o n ogn | A T T "~ drdwd 0
T Qs (22 +7r2)2 Ql ® ( (x? +7r2)2 (22 +72)2 y)r rddn ()
Y(R) /¢ 2+ )5) 5 oyl rw 1 ,
n A = - T n 5 1 + 2, 19 " d d d 0
Rn Q ( ) $2+7‘2)§ ( ((,E2—|—’I’2)§ (x T') ( +T2) y) rawdp, (y)

and since we have proved in Subsection 3.2 that Qiogn(p, —w,y") = —Qiog,n(p,w,y’) and the
similar relation for @,, then

(3.33) / B(R)R ™ Qrog.n (A / RIR-On(\) = 0, Va >0

thus the finite part is 0. To deal with the remaining terms Qiog,n+1,@n+1, it suffices to use
(3.27) and Lebesgue theorem to see that

log(x) / BRIR™ Quogmsr () = log(x) / D) Quogs s (30,7, w, ' Yrdwgn-s g () + O (%)

whose finite part is 0 and similarly from (3.29) we get

(3.34) FP, , / VR R0 1 (\) = / D) Q1 (30,7, w, ' )drdwsn—dn, (1),

The important fact deduced from (3.31)-(3.34) is that the finite part of the integral of ésing()\) in-
volves only the (Q;(\)|p=0)i=o,....n+1. But the Q; are defined by the polyhomogeneous expansion
at R=0

(3.35) AR™2n ((n N1 = 20?) (O Fy — log(R2)F\) Fp_» + (OxFx — log(R2)F))ad, Fy_ A) -

2 BTN + QunWET ZR‘?"*’ log(R)QI*(N) + Q5 (V) + Quia (VR

where A = 3" (x| det h(z,y)| 3@ X;) € COO(X X M). Then the coefficients (Q;|p=0)i=o0,....n+1
in log(r)C*®(Fg) + C=°(Fp) (recall Fy = {r = 0} is the front face of M x¢ M), are the coefficients
in the expansion at r = 0 of the restriction of (3.35) at p = 0, which is

(336) (Tl — A)A|p:0r’2”(8,\F,\|p=0 — 1Og(T2)F)\|p:0)Fn_)\|p=0.
Returning to the definition (3.25) of Seing()), we deduce that the polyhomogeneous expansion
of
* 1
(n = X)B5(xil det ho(y)|? @ X;)OxSsing (A) Ssing(n — A)
at r =0 is (3.36). Then combining (3.31)-(3.34) we deduce
(3.37)

PP [ Guans) = (0= %) [ {(0) = 1[5 (xildethol? © ;)02 SN Sanglrn — )

sing
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() [ﬂg (xi| det ho|* @ x;) Ox Saing(A) Seing (n — )\)} }drdwsn-ldho(y’)

with notations (2.15). To conclude, it remains to study the mixed terms, and actually this
can be done by analytic continuation in A\ & %Z. Indeed for half of the terms (those with
R™2*), one can take the limit in the integral (Lebesgue theorem) if R®(\) > %, this gives the
limit as x = 0 thus a finite part which admits a meromorphic continuation in A, the other
terms (those with R2"~2}) are dealt with similarly. As a consequence, we finally get, setting

@mix()\) = Xi & Xijix()\)dh(z) & dhoa

(3.38) FP,_g / Quix(\) = (n—X) / Xi®@X; [N KA R 22 E 3405 (R F)) K- p=odne @da,

reg

—(n—2) / i © 3 (93Sumn () S (n — X) + D1 Suing (V) Sern(m — X)) dny © i,

where we used (3.24) again. Note that since the result holds for any cut-off function ¥ and is
independent of the choice one can take the limit case ¢ = 1ljg 4j. Using Proposition 2.8 with
F = 0\S(\) and L := S(n — \) = S~1()\) which expresses the KV-Trace of FL in term of
lifted Schwartz kernels (note that we need ‘S(n — \) = S(n — \), which is a consequence of
R(n —\) ='R(n — ) and (3.19)) we see that
FP_ol()\ €) = (n— A) TR(\S(N\)S™1(N)).

The part I(z,€) is not really more complicated and can be analyzed similarly. Using same

notation as before, Qsm (), Qsing(A); @mix(A) become now

Qum(N) = (KA F ALK + 29,00 + 1og(:f)acc')mlrg)Kn,A

Qsing()‘) = RiQn ((1 - 2p2)((1 - /\log(RQ))F)\ + AaAF)\ - log(R2)xawF)\)Fn—)\

YR logx()\(l 2V Fy + x@zFA)Fn,A

Quix(\) = R (KA FANK + 20, K + log(x)zamK)\)Fn_A
+R* ((1 —2p°)Fx + A(1 = p*)(OrFx — log(R?)Fy) — IOg(R2)$8$F)\>Kn—>\
+R? logm()\(l —2p?)F) + x@xF,\)Kn,A.

Applying exactly the same method, it is straightforward to see that A TR(9\S(A)S(n — A))
contributes to the finite part of I1(\, €) as € — 0 but it turns out that another term appears, this
is the KV-Trace on M of the composition of operators with respective lifted Schwartz kernel

(r7Fy + K)\)|pmo,  (r7 "2 F,_\ + Kysy)|p=o

these operators are clearly S(A) and S(n — A) thus using S(A)S(n — A\) = Id and the fact that
the KV-density of Id is 0 (the full symbol is constant), we see that this term does not contribute
to the finite part of I (A, €) as € — 0. The proof of the Theorem is complete. O

Since 9xS(\)S™1()) is meromorphic in A € C\ (-NUn + N) (resp. C) and holomorphic
on {R(\) = 5} with values in %! (M) according to Proposition 3.8 when g is even modulo
O(x™*1) (resp. even modulo O(z*)), then the formula of Lemma 2.5 clearly implies that
TR(9xS(N\)S~1(N)) is meromorphic in C\ (=N U n + N) (resp. C) and holomorphic on the
line {R(X) = %}. Thus 0-Tr(2tdIL(t?)) extends analytically to ¢ € R and meromorphically to
C\ (i(n/2 + N)Ui(—n/2 — N)) (resp. to C) if g is even modulo O(z"*!) (resp. even modulo
O(z*)). We can then define the generalized Krein function by

(3.39) £(t) = /O 0-Tr(2udIl(u?))du
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analytic in ¢ € R, and odd on R. Formally, £(t) is the 0-Trace of I1(t?). We have the identity
(3.40) TR(\S(N)S™H(N) = —270,€(2)|2=i(2 )
Let us now study the singularities of TR(9,S(X)S™1(N)).
Proposition 3.11. The function s(\) := TR(9xS(A\)S™Y(N)) has only first order poles in the
set C\ (=N Un + N) with residues

—Resy,s(A) = m(Ng) —m(n — Ao) + Uz _n(Ao) dimker S(n — Ag) — Lz 1n(Ao) dim ker S(Ag)
the result holds in C if g is even modulo O(z>).

Proof: we define as in [23] the operator
(3.41) S(\) =P 2tES\)PITE, Pi=A, 41
where hg = 22g|ra if S()\) has been deﬁne(Ni using geodesic boun(iary defining function zx.
Then using Lemma 2.3 and (3.20) we have S(\) € W¥9,,(M) and S(A\) —1 € V"}(M) is a

family of compact operators. We have from Gohberg-Sigal theory (see [17] or [23, Eq. 2.2]) the
factorization near Ag

(3.42) S(N) = Ui(\) <P0 + Em:()\ - Ao)klpl)%()\)
=1

where Uy, U, are holomorphically invertible bounded operators on L?(M), P; some orthogonal
projectors with rank P, = 1if 1 > 0, >, P, = 1, P,P; = 6;;P; = 6;;P;, and k; € Z\ {0}. The
inverse has to be .
ST = Us(A) ! (Po +3 (- Ao)"“lPl)Ul()\)_l.
1=1
Moreover, combining [23, Eq 2.4]7 with [23, Th. 1.1], completed by [24, Prop. 2.1] for points of
opp(Ayg)), We get

(3.43) = ki =m(Xo) — m(n — Ag) + 1z _n(Xo) dimker S(n — Xg) — 1 n(Ao) dimker S(Xo).
=1

and it remains to show that Resy,s(A) = Y., k. Let us first compute
(3.44)

1 noo o~ no 1 ~ ~ n
rS(N)SI(A) = 5 log(P) + P25, S(\)S (NP2t 4 §P%—ZS(A) log(P)S~ (AP~ 2t%
Using Lemma 2.3 with P (which has regular parity since differential of order 2), all the terms

that appear have regular parity, this means from (2.11) that we can use cyclicity of the KV-Trace
and deduce

(3.45) TR(0xS(A\)S™1 (X)) = TR(log(P)) + TR(9xS(A)S~H(N)).
Now from (3.42) we get

NSNS = (A= 20) ™Y kU (N PUTH(N) + U1 (MU ()
=1

+ 30 (A= 20BN RN () PUT ()
1,j=0
where we have set kg = 0. The polar part has finite rank (the term [ = j = 0 is holomorphic at
Ao) thus of trace class, this implies that the KV-Trace (viewed as TR(A) := Tr(AP?®)|s—0 and
not necessarily on ¥DO’s)

(3.46) TR (Ul(A)PoaAUQ(A)UQ(A)*Pon HA) + (MU 1(A))

Tthere is a sign typo for the definition of Ny, (M ~1(A))!
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is well-defined and analytic, at least for A # X¢. Using cyclicity of the trace Tr(AB) = Tr(BA)
if A is bounded and B trace class, we get that the trace, or KV-Trace, of the polar part is the
sum of the following two terms

(3.47) TR (A= 20) ™ Y kUI)RUTI V) = (A= Ao)” Z ki
1=1
(3.48) TR( D (=20 BB T RUT (V) =0,
1+5>0
k‘lfk‘<0
the last identity coming also from P, P; = 6;; P;. Thus the term (3.46) is meromorphic, it remains

to prove that its polar part at Ao 18 0 This can be done easily by setting Z(\) the polar part
(with finite rank) of 9S(A)S~1(\) and checking that for R(s) < 0 and i € Ny

/ (A—)\o)iTr((a,\g()\)g_l()\)—Z()\))Ps)dA:Tr/ (A=X0) (OAS(N)SH(A) = Z(\) P*dA
C(Xo) C(Xo)

is 0 by holomorphy of 8yS(A)S™1(A) — Z()), here C()o) is a little circle around Ag. As a con-
clusion (3.46) is holomorphic at Ay and combining this fact with (3.45), (3.47), (3.48), (3.43),
the proof is achieved. O

For g even Poincaré-Einstein manifold, if n?/4 — k? ¢ o,,(4A,) then dimker S(n/2 + k) are
conformal invariants depending only on the conformal infinity since S(n/2+ k) = Py is the k-th
GJMS conformal Laplacian of (M, [ho]).

A particular case of interest is when the curvature is constant, that is essentially when X =
['\H"*! is a quotient of the hyperbolic space by a convex co-compact group. There is in this
case a dynamical zeta function introduced by Selberg

o0 —Aml(y)
(3.49) Z(\) = exp < Z Z )

'yml

where v runs over the primitive closed geodesics of X, I(y) is the length of v and G,(m) :=
e 3™ | det(1 — P;”)|% if P, is the Poincaré linear map associated to the primitive periodic
orbit v of the geodesic flow on the unit tangent bundle. It is well-known that the infinite sum
converges for $8(A) > § if § is the dimension the limit set of the group I', or equivalently the
exponent of convergence of the Poincaré series of the group.

We then clearly deduce for this case, using Patterson formula (see e.g. the proof of Theorem
1.1 of [24]),

Corollary 3.12. If (X, g) is a convex co-compact hyperbolic quotient X = D\H"*1 with n odd,
we then have

0.6(2) = %TR(@ s( —Hz)S <g+zz))
L L(ZGri0 ZG o) TG NG i
2r\ Z(5 +iz)  Z(§ —iz) I'(n)  T(iz)I(—iz)

—_n
2

0—V01(X)>

where Z(\) the Selberg zeta function of T, 0-vol(X) is the 0-volume of X -i.e. the 0-integral of
1- which is equal by [41, Appendix] to 0-vol(X) = (—1)"217r%+1x()2)/1"(% +1) with x(X) the

Euler characteristic of X.

This corollary together with Proposition 3.11 (and the computation by [41, Appendix] of the
0-volume of X = I'\H"*! in term of the Euler characteristic) gives another proof of Theorem
1.5 of [41] when n is odd.
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Corollary 3.13. The Selberg zeta function Z()\) for a convex co-compact quotient X = I'\H"+1
in odd dimension has for divisors the resonances, some conformal invariants at n/2 — N and
some topological invariants at —Ng as written in [41, Th. 1.5

4. APPLICATIONS TO DETERMINANTS

4.1. Regularized determinant of S()\). In this part we define the determinant of S(\) for
n odd and for even modulo O(z*°) asymptotically hyperbolic metrics. Since S(\) is an elliptic
self-adjoint classical ¥DO of order 2\ —n for A € (§,+00), one can define its regularized
determinant using the method of Kontsevich-Vishik [29, Sec. 2], itself inspired from the zeta
regularized determinant of Laplacians introduced by Ray-Singer [43]. Let us first take A ¢ & +N.
If S(A) is invertible (which is the case for almost any A € (%, 400)) the logarithm of S()\) and
the complex power S(A)® for s € C can be constructed using a spectral cut of S(\), here for
instance any Ly := {re,r € (0,00))} works as long as  # 0(n). It then allows to define the
spectral zeta function of S(\) by

G (s) == TR(S(A)™")

where the trace is the KV-Trace. In view of [29, Prop. 3.4] this function is meromorphic in
s € C with at most simple poles at (2\ —n)~!(—n + N), the residue at a pole s is given by the
Wodzicki residue of S(A)7%. It is actually holomorphic at s = 0 since Wodzicki residue of Id
vanishes and one can set

(4.1) det S(A) := =902 (0),
Note now that for 2\ —n = 2k € 2N, S()) is a differential operator which is in the odd class
W2k (M), then these definitions go through as well.

Proposition 4.1. The function A — det S(A\) is analytic for A € (n/2,00) and extends mero-
morphically to X € C. It can be expressed under the form

det S(\) = exp(TRlog S(N))
and its derivative is Oy det S(A\) = det S(A) TR(OrS(N)S™L(N)).
Proof: Let A\g > n/2 such that S(\g) is invertible and choose A > 0 in a small neighbourhood

of Ao, so that S()\) is invertible. We now apply Corollary 2.4 of [42] with @ := S()A) and A :=1d
in their notation. The local residue of log @ is defined by

resy (log Q) =/ ~o_no(logQ)(y,&)dE, yeoX
5+ (0X)

where S*(0X) is the cosphere bundle of 90X, o(log Q)(y, ) is the local symbol of log @ with
polyhomogeneous expansion (i.e. o_; x(log Q)(y, &) below is homogeneous of degree —j in &)

(e’ 1
o(logQ)(y,&) ~ Y > o_;r(logQ)(y, &) (log <))

§=0 k=0

This local residue vanishes since log S(A) € \Ilghld(a)z ) by Lemma 2.3 and the integral becomes
the integral of an odd density on the sphere, so Corollary 2.4 of [42] reads

—05Cx(8)]s=0 = TR(log S(A)).

By construction, log S(\) € \Ilgald(aX') depends analytically on A in the sense of [42, Def. 1.9]
for A in a small real neighborhood of Ay (so that S()) is self-adjoint, invertible, with positive
principal symbol), then Lemma 2.3 shows that 95, (0) is analytic in A near \g. Differentiating
with respect to A\ gives

(4.2) Oxlogdet S(A) = TR(OAS(N)S(N)™Y).
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The right hand side extends to C meromorphically by Proposition 3.11, with first order poles
only and whose residues are integers, this implies that one can integrate (4.2) and take the
exponential, to get a meromorphic continuation of det S(A)

A

det S(\) = (det S(Ao)) exp ( /

Ao
where A € (%,00) is chosen such that S(Xg), S(Ao) ™! exists. O

TR(@ZS(Z)S_l(z))dz)

From (3.40) one also obtains for any Ao = § + 1429 > § which is not singularity of S(\)
detS(% iz ) = e 2HED ) gey S(g +iz0).

It is also quite easy to see that det S(\) is a conformal invariant of the conformal infinity
(M, [ho]). Indeed if hg = e?“°hq is another conformal representative of [ho], one has another

geodesic boundary defining function # in X which induces a scattering operator S (A\) related
to S(\) by (3.18), but the same works by taking hf := e**ohg for ¢ € [0,1], that is we have a
smooth one parameter family of associated scattering operators

Si(A) = e oS (N)em Vo 5 (X)) = S(N).

all invertible if S(X) is. For A > % fixed such that S()) is invertible, let us compute the
logarithmic derivative with respect to ¢ using method previsously detailed (cyclicity of TR for
operator with regular parity, recalling that a multiplication operator has regular parity)

Ot logdet S;(A) = —2TR(wp) =0
the fact that it vanishes is an easy consequence of Lemma 2.5 with the fact that wg has a symbol
a(y, &) = wo(y) constant in &, thus its Schwartz kernel is supported on the diagonal. We conclude
that Oy det S¢(A) = 0 since det S¢(A\) # 0 by assumption (it is defined as an exponential), then
det S(\) = det S()).
Combining this discussion and Proposition 3.11 we obtain

Proposition 4.2. On an asymptotically hyperbolic manifold even modulo O(xz*>) in even di-
mension, the function det S(X) has a meromorphic continuation to C with divisor at A\g € C
given by

—m()\o) + m(n - )\0) - ﬂ%_N(/\()) dim ker S(n — /\0) + 11%+N(/\0) dim ker S()\O)

Moreover det S(X) is a conformal invariant of the conformal infinity and satisfies
det S(g + zz) = Qe 2mit(2)

where & is the extension in C, defined modulo Z, of Krein’s function introduced in (3.39) and
C € C constant.

Remark that this allows to consider { as a scattering phase, i.e a phase of the scattering
operator. We now want to consider det S(\) where S(\) was defined in (3.41), in order to
compute the contant C' of last Theorem. Before defining this determinant, recall that the
construction of det A for an elliptic self-adjoint operator with positive principal symbol A €
U*(M) with a € Ry can be defined as we did for S(\) (see again [29]) by

det A = = s TR(AT )[s=0

If the order a is negative it is still possible to define the complex powers, thus the spectral zeta
function, by A~% := (A~1)* where now A~! has order —a > 0. Since S(\) € W0, (M) with
principal symbol equal to 1, one can use the trick of Kontsevich-Vishik [29, Cor. 4.1] to define
its determinant, namely for any A such that S()) is invertible, set

(4.3) det S(A) := %
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here P := (14 A},) is clearly odd since it is differential and the dimension of M is odd, thus
S(A)P too. It is proved in [29, Cor. 4.1] that the obtained determinant does not depend on P,
is also equal to

~ det(PS(N)) ~ det(S(\) P
4.4 det S(\) = —————=, detS(\) = ——=—=
(44) et S detp ¢ SO det P!
for any power [ € N. We wish to relate det S()) to det S()), to that aim we need a multiplication

result for determinant due to Kontsevich-Vishik [29, Th. 4.1], or actually a generalization.

Lemma 4.3. Let o, (3 be two non-zero real numbers with o + 3 # 0. If A € $&9(M),B €

reg

\Iffég (M) are elliptic self-adjoint invertible with positive principal symbol, then

det(AB) = det(A) det(B).

Proof: we follow the proof of Theorem 4.1 in [29]. First set for ¢ € [0, 1]

n:=AB™ %, A, :=n'B%
then Ag = B*/# and A; = A have same order . The powers of B can be defined as in Lemma
2.3 using any cut Ly = {re?’,r € (0,00)} with @ # 0(r) since B is invertible self-adjoint with
positive principal symbol, moreover we have from Lemma 2.3 that n € WO (M) = U0y, (M)
using assumptions on A, B. The power n* and logn are constructed in the proof of Corollary
2.1 in [29]: since 7 is invertible with positive principal symbol and conjugate to the self-adjoint
operator B~28 AB™ 25 its spectrum is then included in [~ R, —e] U [e, R] for some 0 < € < R, one
can thus take a cut Lg for 6 # 0(m) to define the log and set

(4.5) n' = —(27ri)_1/A 24 (n — 2) "tz

where AE7R,9 = U;L:lAi
Al {reia,R >r > e}, A? = {rei(9_2”)7e <r <R}, A3 = {eei“’,H >p>0-2r}

and A* is the circle of radius R oriented opposite to the clockwise (§ — 27 < ¢ < 6). The term
logn is the derivative at ¢ = 0 of n* and this amounts to replace 2! by logz in (4.5). Using
Corollary 2.1 in [29] the multiplicative anomaly is

! R log(' B*%")  log(4y)
(4.6) log F(A, B) = /0 WReso [(log n)( Pz " )} dt
if F(A, B) = det(AB)(det Adet B)~! and WResy is the first Wodzicki residue defined in (2.10).
From [29, Prop. 4.2], we know that n* and logn are in \Ilgfd (M) thus A; € W&2(M) since Be/B
has regular parity by Lemma 2.3. It remains to observe that the proofs of [29, Prop. 4.3] and
[29, Cor. 4.3] go through as well if we deal with non-integer ¥DO’s with regular parity (as long
as their order and sum of orders are non-zero), which is quite direct and essentially done using

the same arguments than in Lemma 2.3; this proves that
log(i'B*5")  log(Ay)
a+f «@

and after multiplying by n € \Ilgaod(M ) the Wodzicki residue in (4.6) vanishes. The proof is
achieved. (]

€ \Ilgfd(M)

As a consequence we get the formulae
det(P~2T5S(\)P 2T = det(P™
det(P~

+ES(A)P2TE) det P
+5) det(S(N)) det(P~ 2T,

[S

Using again Lemma 4.3, we have

det(P~21%) det(P~2t111)(det P)~! = det(P %)
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if A # {5, 5 +2}. We thus conclude, in view of definition (4.3) that

(4.7) det S(A) = det(P~*%) det S(A)
Remark that it is straightforward to see that

(4.8) det(P?®) = @TRU8 P) = ¢ R*
using exactly same arguments than those we explained for S()\).

Now the interesting fact is that S(n—\)S(A\) = 1, and det(1) = det(P)/ det(P) = 1 as defined
by the method of [29, Cor. 4.1], thus
Y det(S(A)S(n — \) P?
1 = det(l) =det(S(N)S(n—A)) = ( (dzat((P2) )

_ det(S(\)P)det(S(n— NP) | =~ .
= dot P qot P = det S(A) det S(n — A)

where we used (4.4) and Lemma 4.3 for det(P?) = (det P)2. This equation can be rephrased, in
view of (4.7) and (4.8), into

det S(A\)det S(n — ) = 1.
Combining this identity with Proposition 4.2 and the fact that £ is odd, we finally deduce

(4.9) det S (g + zz) — e 2imE(2)

where + means that one can not decide if it is plus or minus at the moment. As a matter of
fact, it is proved in [41, Lem. 4.16] or [25, Lem. 4.3] that S(5) = 1 — 2Px for some finite
dimensional projector Px with rank equal to the multiplicity m(n/2) of n/2 as resonance of A,.
Using Proposition 6.4 of [29] we obtain
n ~n det(S (ﬁ)P) n
det S(=) =det S(=) = ——2-~ = detp,. S(=
et §(3) = det S(3) det P etrrS(3)
where detg, is the Fredholm determinant defined for operators of the form “Identity plus trace
class”. But here it is trivial to see, from properties of S(n/2) that detg, S(n/2) = (—=1)™(3). Asa,
conclusion, the sign in (4.9) is (—1)™(3) since £(0) = 0. We bring together all these informations
in the

Theorem 4.4. If (X, g) is an even dimensional asymptotically hyperbolic manifold even modulo
O(z™) and x a geodesic boundary defining function, then the generalized determinant of S()\) is

det S(g + zz) = (—1)m(B)2imE),
&(2z) being the extension, defined modulo Z, of the generalized Krein function. In particular if
n?/4 —k* ¢ o,,(A,), we have
det Pk: — (_1>m(%)e—217r£(—ik)
if Py is invertible whereas det P, = 0 if ker P, # 0.

Notice that the determinant det Py, is a conformal invariant of the conformal infinity (M, [ho])
of (X, g) which depends only on the first 2k derivatives (8722g|ar);j<2x. In the case of an even
Poincaré-Einstein manifold, this is the determinant of the k-th GJMS conformal Laplacian of
(Mv [hO])

It is clear that det P, = 0 if ker P, = ker S(n/2+ k) # 0 and n?/4 — k? ¢ opp(4,), indeed we
can use Proposition 4.2 to see that the divisor of det S()) is positive at n/2 + k.
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4.2. Application to Selberg zeta function. We conclude this discussion by an application
to convex co-compact hyperbolic manifolds. Let us first define the function

(2 +i)D(2 —it) /1 noo\2
4.10 Lt)= —2 2 :(f tz)...(ffl t2)tt h(nmt
(4.10) ®) TGO (—if) i (5 = 1)+ 1)t tanh(xt)
then we obtain by integrating 9.£(z) and using Theorem 4.4, Corollary 3.12

Theorem 4.5. Let X = I'\H"*! be a convex co-compact quotient of even dimension of H" 1,
let Sx (N), Spn+1(X) be the respective scattering operator of X and H" 1. Then
(4.11)

n n+1

Z(5 —iz) — det 5x (% - zz) det Sx (g + zz) exp (721'77(—1) -

Z(5 +iz) (det S (§ +iz))X(X) -

where x(X) is the Euler characteristic of X, Z(s) the Selberg zeta function of the group T' and
L(t) is defined in (4.10). If Py is the GIMS k-th conformal Laplacian of its conformal infinity,
if n?/4 — k* ¢ 0,,(Ax) and if Py is invertible we have

Z(2 — k) or(-1)" = P
Z(;—i—k) exp( Tt 1) x(X)/O L(fzt)dt)

X(X) /0 ’ L(t)dt)

(4.12) det Py, =

The integrals are understood as contour integrals avoiding the singularities, the final result re-
maining independent as proved before.

Proof: we integrate —2mid,£(z) using Corollary 3.12 and the fact that Z()\) is holomorphic
with no zeros on {R(\) = §; X # §} (see [41, Th. 6.2])

o-2im() o) _ Z(5 —12)Z(5 +ie)

Z(2 ¥ i2)2(% — o) exp ( — i 2 T(n) 0-vol(X) /: L(t)dt)

for € > 0 small and z > €. Now we let ¢ — 0 and use the fact that Z(\) has a zero of order m(%)
at A =4 (see [41, Th. 6.2]) to see that
. Z(%+ie)
lim

e—0 Z( — ’LG)

= ()

I3 [o3

and since L(t) is regular at ¢ = 0 and £(0) = 0, Theorem 4.4 gives the result by meromorphic
continuation in z. Note that we used the identity 0-vol(X) = (—1)"z" T2 N (X)/T(% +1) and
that the value det Sgn+1()) is just obtained by taking the trivial group I' = {Id}, and Z(\) =1

in that case in Corollary 3.12. O

Remark 4.6. (i) The first remark is that when the the dimension of the limit set satisfies 6 < n/2,
the right hand side in formula (4.12) is convergent if k¥ < n/2 — §, since Z(X) converges for
R(A) > J. This provides a way to compute numerically, in principle, det Py from the group T,
or equivalently from the closed geodesics of X.

(ii) It is interesting to compare such a result with that of Sarnak [44] for instance, where he proved
for Riemann surfaces the identity between some determinant of Laplacian with the Selberg zeta
function, see also the recent paper of Borthwick-Judge-Perry [5, Th. 5.1] where in this case,
it is the determinant of the Laplacian on the interior (the non-compact hyperbolic manifold)
which is related to Z(\). An approach as in [4] could also be used to define a generalized
determinant d(z) = det(A, —n?/4 — z), our results would be interpreted as an identity relating
d(z 4 i0)/d(z — i0) to det S(n/2 +iz2) for z € (0, 00).
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4.3. The Weyl asymptotic. Finally we remark that a Weyl type asymptotic holds for £ for
hyperbolic convex co-compact quotient.

Proposition 4.7. If X = I'\H"™! is a convexr co-compact quotient with n odd and § is the
dimension of the limit set of I, then ast — oo

_nfl - _
ey | T 0-vol(X) (™1 + 30,2, Cit™ ) +0(t), its < 3
= nf1
(4;()"7%32) 0-vol(X)t"* + O(t"), otherwise

where C; is the t?* coefficient of the polynomial

¢ n;l .
S2
- — du.
/0 I1G =i+ uthdu
Jj=1
Proof: For the case § < 5 we can apply Corollary 3.12 with the estimate on zeta function

Z'(n—X)
Z(n—M\)

Z(\)

B 2

‘SO, ROV = 2

clearly obtained from its definition in (3.49) and the absolute convergence of this sum on the
line R(A\) = n/2 if § < n/2. For the general case, it suffices to apply the same proof as that of
Melrose [36], see also [25] for Riemann surfaces. The only ingredients needed are a representation

of 0.&

0.£(z) = (2n) ! );) ((z — %(2)\?)(2)\1 502 + P,\(z)) + P(2), z€R

for D C C\R a discrete set such that {\ € D;|\| < R} = O(R"*!) (counted with multiplicities)
with Py(z), P(z) polynomials in z of degree < n, and the singularity of its Fourier transform
(i.e. the 0-Trace of the wave kernel) at t = 0 with first coefficient given by 0-vol(X) times
the appropriate constant. The representation of 9,¢ is a trivial consequence of a Hadamard
factorization of det S(\) as a quotient of two entire functions of order n + 1 with symmetric
respective zeros given by the sets D and D = {\; A € D}. This factorization is clearly deduced
from two facts: first the analysis of the zeros and poles of S(\) in Proposition 4.2, with D being
the set of resonances combined with the {n/2 4+ k € n/2 + N; ker S(n/2 + k) # 0} counted with
multiplicities, the symmetry of the poles of S(\) with respect to A — A comes classically from
S(n —AN)* = S\)~! = S(n —A) (see [20]); secondly the fact that det S(\) is meromorphic of
order n + 1, which by (4.11) is a consequence of the Hadamard factorisation of Z(\) proved in
[41, Th. 1.1.] (note that the growth of the functions are obtained by thermodynamic formalism
of [11, 6]) and a Hadamard factorisation of

I'(%)
I(n)

as a quotient of two entire functions of order n + 1, that we need to check. To prove it, it
suffices to remark that its zeros and poles are at z = +i(n/2 + k) (k € Ny) with multiplicity
Ix(X)|hn(k) < Clk|™ where C is a constant and h,,(k) is the dimension of the space of spherical
harmonics of degree k on S™*! (see [41, Rem. 6.10]), we also have a trivial bound |M(z)| <
@ U2HD™ in dist(z, +i(n/2 + N)) > 1/4 for some constant C’ by estimating L(t) in (4.10),
thus by multiplying by a Hadamard product of order n + 1 that has zeros at poles of M(z) and
using the maximum principle, we have our proof.

The singularity of the wave 0-Trace is studied by Joshi-Sa Barreto [32], thus we are done by
applying Melrose’s proof [36]. O

M(z) :=exp ( —in”% 0-vol(X) /OZ L(t)dt)
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5. APPENDIX - PROOF OF PROPOSITION 2.8

The part with suppy; N suppx; = 0 is clear, the other part can be worked out in each
Ui; x U;; using polar coordinates (or blow-up coordinates), and it clearly suffices to assume that
the kernel of F, L are supported in U;; x U;;, by partition of unity arguments. The volume
density on Uj; is trivialized by |det ho\%dy’ , let us include x; ® (x| det h0|%) into F' to simplify
notations: F(y,y’) in U;; x U;; will now mean F(y,y")x:(v)x;(y")| det ho(y))|2. The odd parity
property of F' still holds in view of properties of odd classes discussed before. We denote by
Uij X0 Uij = ﬁ_l(Uij X UZJ) where

B :Ui; x [0,00) x gn—1l Uij xR",  Bly,r,w) = (y,y +rw).

By assumption on F, L, the lifted kernel of F,L under 3 in U;; x U;; can be decomposed as
(using that L is symmetric)

ﬁ*F(y,r,w) = F(y l)

Y Sing(y7 r, w) + Freg(yv T, ’U)),
B*L(y,r,w) = Ly, y

) = Lsing(ya T, 'U}) + Lreg(yv T, ’LU),

Fsing(y7 T U)) = Z(FZ (y’ ’U}) + Fi,log(y, ’U)) IOg T)T_2k+i7 Lsing(y, T, ’U)) = Z Li (y7 w)T_2n+2>\+i
i=0 =0

where r = |y — ¢/|,w = (v —y)/r, and finally F;, F; 1g, L; smooth satisfying

(5.1)

Fz(ya 7’11)) = (71)1Fi(y7 ’LU), Fi,log(ya 7’UJ) = (71)2Fi,10g(y7 U)), Ll(ya 7?1)) = (71)1Lz(ya w)
whereas Freg € WA 20" LYY, Lyeg € U22710(U;;). Note that the distributions 3. Lging and
By Lyreg can be extended in M X M so that (s Lreg + B« Lsing is the kernel of L (the extension is not
relevant for what follows but simplifies statements). Since F' has compact support in U;; x U,
it is possible to take constants B > A > 0 such that

VA’ €[4, B, supp(5*F) < ((Usy x [0, 4] x §"71) Nsupp(5°F) ) € Uy xo U

and define ¢ € C§°([0, B)) equal to 1 on [0, A] then ¢ (r)3*F = *F.

Identifying operators and Schwartz kernels, the 3 composed operators B, (¢ (r) Fsing) B+ (Lreg),
Bi((r) Freg) Bi(Lsing)s Bs(¥(1) Freg)Be(Lreg) are operators in ¥—"~11(M) thus of trace class,
their KV-Trace is the usual trace, that is the integral on the diagonal or equivalently, using
polar cordinates,

TR(ﬁ* ("/)(T)Fsing)ﬁ* (Lreg)) = /U v /0 - w(T)Fsing(yv T, W)Lreg(f% T, u))deTdhO (y)

and the obvious similar formula for both other operators.
Let us now deal with the singular term [, (%)Fying)B«(Lsing), according to corollary 2.6, we
have to study the kernel

y -y / Yy =z,
M Y,z :/1/1 y_yl Fsin (ya yl_y77)LSin (Zv Yy —z| )dy
(:2) = [ 6l =D P (321~ =) B (2 = 2

near y = z, or to consider M (y,y + u) for v € R™ small, make an expansion in homogeneous
functions of w near u = 0 and get rid of the divergent terms.
We begin with the following term for ¢ 4+ j < n and small u

Y(ly —y'|) log(ly" — yl) Yy -y Yy —y—u
, Fuaos(re LV, (LI Yy
[y — g iy —y —uprxa e\ ) R\ g )

= [ Doty DIy |+l g (5 L)y (34 S Yy
T ) |y +ul
uO @

We split the integral in two M; /), M7, by inserting cut-off functions (1 — x)(|y'|/|u[) and
X(y'|/|uf) where x € C5°([0,1)) equals to 1 in [0,1/2]. Since x(|y'|/|ul)¢:(ly'[) = x(|y'/|ul) for

M; jrog(y,u) :=
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small |u|, we obtain through a change of variable y’ — y'|u| that the first integral is, after having
set u = |ul,
Mﬂl) /|—2>\+i / /

o 0
. | —ntitd Noe (/) Y B ( L)L( Y+ )d,
z,],log(yvu) |’LL| /X(|y |) Og(|y |) |y/ + 9|2n—2A—] 1,log Y, |y/| J Y + U, |y/ 4 9| Y

/| —2A+1 / / 0
—ntitj / Y| : ( Yy ) ( y+ ) !
= o) [ AL s P (0 2 ) By (5 w0 Y
Since for |u| > 0 these are the values of the distributions |y/|~2**% and |y/|"2**?log |y/| again

smooth compactly supported functions in g, these well-defined integrals for ®(A) > & can be

classically defined for A ¢ & — %N by holomorphic extension in s at s = 0 after multiplying it

by |y/|® for R(s) > 0 using Taylor expansion of the compactly supported function at y' = 0. By
differentiating under the integral one clearly gets an expansion as |u| — 0 of the form

M o) ~ [l 7S Jul* (a(y, 6) + log [ul B (y, 6)
k=0

with oy, B, smooth. This is trivial if (A\) > F since the integral converges but not much more

complicated if X\ ¢ 5 — %N using the way the analytic extension in s at s = 0 is constructed.
If ®(\) > 5, each oy, By is expressed as an integral and it is easy to see by change of variable
y' — —y/ in that integral and regular parity of F, L that ay(y, —0) = (=1)"7+*a;(y, 0) and the
same for B, but |u| =" +Fq;, and |u| TR 3, are homogeneous of degree —n + i+ j + k

which implies that M W does not contribute to the KV-Trace using Corollary 2.6; the same

i,,log
holds for any A ¢ 5 — %N by holomorphic continuation arguments in s at s = 0 (we let it as an

exercise). We consider the second term

@ I sy loa(y [uDly |~y LAY
Mg (y ) = Ju 7 /(1—X(|y|)) g Fuos (4 1 ) B (v ()

| —2X+1 lo / / / U
+ [ty -0 g (1 ) 2 (0, L Yy
where we used ¥ (|y’|)x([¢'|/|ul) = x(|¢'|/|u]) and a change of variable y' — |u|y’ as before in the
first integral. The first integral can be dealt with like Mi(;-?log
distribution |y’ + 0| ~2*~J again a smooth compactly supported function plus the integral of
an LY(R™, dy’) function (|y/| 72 M|y’ + 01"~ I log|y/| is L' on {y’ € R™;|y’| > 2}). Thus the
first integral does not contribute to the KV-Trace. Now the second integral is a smooth function
of usince i +j < n and 1 —(|y’|) = 0 near ¢y = 0 thus its KV-Trace is the integral of its value

on the diagonal {u = 0}, that is
ombidd y/ y/
TR(M; j10g) = /(¢(|y’|) = DIy 72 log [y | Fiog (y7 m)LJ‘ (?Ja m)dy/dy

where we used an abuse of notation by writing TR(Mi,jﬁlog) to mean its contribution to the
KV-Trace of FL; equivalently

TR(M; j1og) = /U /0 /Snf1 (P(r) — )r 2" log r Fy 10g (y, w) L (y, w)dwdrdy, (y).

The part M; ;10 With 7 4+ j > n gives a trace class operator, thus its KV-Trace is the trace,
the integral of the kernel on the diagonal.

It remains to deal with the critical case where 7 + 7 = n. One can decompose as before with
the function x(|y’|/|u|) and same arguments show that the only term that could contribute is

lul ™t 1 —2A+itn—1
(2) B og(r|u|)r rw + 6
Mz'J,log(y’ u) = ‘/Sn—l A (1 =x(r)) |7‘w + 9‘2n—2)\—j Fi,log(y»w)Lj (y tu, |7,w + 9|>d7"dw

ly'| =22 log |y/| y ytuy,,
[ ) = D P (5 L) L (4w Y
ly'|<1 |y 4 ufPr=2A=d TR | ) ly' + ul

since now this is the value of the
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here r = |¢'| and w = y'/r. The second integral is smooth in u, and its value at u = 0 is 0 by
using a change of variable y’ — —y’ and the oddness properties (5.1), thus it does not contribute
to the KV-Trace. A Taylor expansion of L;(y + u,w) at u = 0 induces an expansion of the first
integral as |u| — 0 of the form

u] =
Sl [ [ bl
- sn-1Jo

for some 7, where each integral is easily seen to be a O(log? [u|) and

log(r{u)r— 471

|rw + 9|2n72kfj

Yo(y, [ul, 8, r,w) = (1= x(|r])) rw+6 ).

Fi,log(:% W)Lj (217 m

Remark by using change of variable w — —w and (5.1) that the integral of 49dw on the sphere (in
variable w) is an odd function of . Making an expansion of the form Y, log(r|u|)r= ' u(y, 6, w)

as r — oo of each v, for some p; with [ € Ny, one gets an asymptotic expansion of Mi(?l og 85

|u| — 0 of the form

Mg () ~ ely,u/lul) +1og [ul > [ul* (Tog [ulau(y, w/ul) + Buy, u/|ul))
k=0

for some ¢, ay, B smooth and actually a small calculation gives

—2a0(y,0) = Bo(y,0) = / ) Fi1og(y,w) Lj(y, w)dw
Sn—
which vanishes since the integrand is an odd function of w by (5.1). This implies that the function
(2)

i i10g (Y, [u[0) has a limit as [u] — 0 which is ¢(y, 6) but also

Jul =
) = tim [ [ ot lul 0wy

|u|—0
It remains to observe that this is an odd function of 6 since it is for any w > 0. Then the
KV-Trace of M%)\,
log terms in the integral defining M (y,y + u) (they are actually simpler).

(y, |u|f) vanishes and the same arguments work as well for the part without

So far we have proved that (recall that we have included x;, x; in F)
TR(FL) = / (d)FsingLreg + '(/)FregLsing + wFregLreg + d)[FsingLsing]reg)

+(¢(T) - 1)[B*Fﬁ*[/]singdwsnfldrdho (y)
To conclude, we observe that

[ﬁ*Fﬁ*L]sing = [FsingLsing]sing

[ﬁ*FB*L]reg = (w - 1)FsingLsing + wFsingLreg + wFregLsing + 1p—FregLreg + [FsingLsing]reg
and since the result holds for arbitrary ¢, this is also true for the limit case ¢ = 1y 4). The
desired formula holds for the chosen A. Now a straightforward computation leads to

(5.2) TR(FL) = /]1[07,4/] (M)[B*FB" L]reg — War,00)(7)[B* F 5" Lisingdrdwgn—1dp, (y)

- / Uja,an(r) ([B*Fﬁ*L}mg + [B*FB*L]Smg>drdwsn_ldho (y)

it A’ > A. Since [*F(*L]reg + [6*F 5" Llsing = 8*F3*L up to the n-th homogeneous (and log-
homogenous) term and since that term has vanishing integral (it is odd in the sphere variable)
on U;; x [A, A'] x S"~1, the second integral in (5.2) is the integral of 3* F3* L whose support is
included in r € [0, A], thus it vanishes and we have proved the desired formula for any A’ > A. O
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