IDENTIFICATION OF A CONNECTION FROM CAUCHY DATA ON A
RIEMANN SURFACE WITH BOUNDARY

COLIN GUILLARMOU AND LEO TZOU

ABSTRACT. We consider a connection VX on a complex line bundle over a Riemann surface
with boundary My, with connection 1-form X. We show that the Cauchy data space of the
connection Laplacian (also called magnetic Laplacian) L := VX"V 4 ¢, with ¢ a complex
valued potential, uniquely determines the connection up to gauge isomorphism, and the
potential q.

1. INTRODUCTION

Let My be a smooth Riemann surface with boundary, equipped with a metric g. A complex
line bundle £ on My has a trivialization ¥ ~ My x C, thus there is a non-vanishing smooth
section s : My — FE, and a connection V on F induces a complex valued 1-form iX on M
(where i = /=1 € C) defined by Vs = s ® iX, which means that V(fs) = s® (d+iX)f if d
is the exterior derivative. The associated connection Laplacian (* is the Hodge operator with
respect to g) is the operator

AX = VVY = s (d s 4iX A %) (d+iX)

acting on complex valued functions (sections of F). When X is real valued, this operator is
often called the magnetic Laplacian associated to the magnetic field dX, and the connection
1-form X can be seen as to a connection 1-form on the principal bundle My x S* by identifying
iR C C with the Lie algebra of S!. This also corresponds to a Hermitian connection, in the
sense that it preserves the natural Hermitian product on E. Let ¢ be a complex valued
function on My and assume that the 1-form X is real valued, and consider the magnetic
Schradinger Laplacian associated to the couple (X, q)

(1) L:=VYX'V¥ 4 g=—s(d*+iX A%)(d+iX)+q.

If H*(Mp) denotes the Sobolev space with s derivatives in L%, we define the Cauchy data
space of L to be

(2) €, == {(u, VXu)lorr, € H2 (Mo) x H™2(Mo);u € H'(Mo), Lu = 0}

where v is the outward pointing unit normal vector field to My and VXu := (VXu)(v) .
The first natural inverse problem is to see if the Cauchy data space determines the connection
form X and the potential g uniquely, and one easily sees that it is not the case since there
are gauge invariances in the problem: for instance, conjugating L by e/ with f = 0 on 9My,
one obtains the same Cauchy data space but with a Laplacian associated to the connection
VXFd | therefore it is not possible to identify X but rather one should expect to recover its
relative cohomology class.

In general in inverse problems for magnetic Laplacians, it is shown that if two couples

(X1,q1) and (X2, ¢2) are such that the associated connection Laplacian L; and Ly have same
1
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Cauchy data space, then d(X; — X2) = 0 and ¢1 = ¢2. In geometric terms, this means
here that the curvature of the connections VX! and VX2 agree. If the domain is simply
connected, Xy would then differ from X3 by an exact form, and moreover i} Mo (X7 — X92)=0
by boundary determination . For these types of results in Euclidean domains of dimensions
three and higher, we refer the readers to the works of Henkin-Novikov [11], Sun [21, 22],
Nakamura-Sun-Uhlmann in [19], Kang-Uhlmann in [15], and for partial data Dos Santos
Ferreira-Kenig-Sjostrand-Uhlmann in [5]. For simply connected planar domains, Imanuvilov-
Yamamoto-Uhlmann in [14] deal with the case of general second order elliptic operators for
partial data measurement, and Lai [17] deals with the special case of magnetic Schrédinger
operator for full data measurement.

However, on a general Riemann surface with boundary, the first cohomology space is non-
trivial in general and X; — X9 may not be exact and there is another gauge invariance.
Indeed, if X; are real valued and if there exists a unitary bundle isomorphism F': £ — E
(i.e. preserving the Hermitian product) such that VX1 = F*VX2F with F = Id on E|g,,
then it is clear that the Cauchy data spaces Cr, = Cr, agree. We shall say in this case
that the connections are related by a gauge isomorphism. Such a bundle isomorphism corre-
sponds to the multiplication by a function F' on M) satisfying |F'| = 1 everywhere and F' = 1
on OMy and this is equivalent to have igMO(Xl — X2) = 0 on OMy, d(X; — X2) = 0 and
that fv(Xl — X9) € 2nZ for all closed loop 7 in My. Another way of stating this isomor-
phism is the following: let ~1,...,vy be some non-homotopically equivalent closed loops of
My, non-homotopically equivalent to any boundary component, and let wq,...,wys be closed
1-forms which form a basis of the first relative cohomology group H'(Mjy,dMy), dual to
Y1, --.,7YMm in the sense fw wj = 05, then there is a bundle isomorphism as above if and only

if X1 = Xo 420 M npwm + df with n,, € Z and f |sp,= 0.

For s € N,p € [1, 00|, let us denote by W*P(My) the Sobolev space consisting of functions
with s derivatives in LP. The following theorem provides a characterization of precisely when
two Cauchy data spaces agree:

Theorem 1.1. Let X1, Xo € W2P(My, T* My) be real valued 1-forms and let q1,qa € WP (My)
be complex valued functions, where p > 2. Let L1, Lo be the magnetic Schrodinger Laplacians
defined in (1) for the couples (X1,q1) and (X2,q2). Then the Cauchy data spaces Cr, and
Cr, coincide if and only if 1 = qo, and VX1 is related to VX2 by a gauge isomorphism.

As far as we know, this is the first result with such a characterization in the case of el-
liptic equations at fixed frequency. There are results for time-dependent inverse problems,
or equivalently when one knows the Cauchy data spaces at all frequencies, for instance by
Kurylev-Lassas [16] and Eskin-Isozaki-O’Dell [6] (see the references therein for results about
inverse scattering). The problem of recovering the fluxes fw X (modulo 277Z) of the magnetic
potential along closed loops is related to the so-called Aharonov-Bohm effect [1]. We notice
that for the free case X = 0, the identification of ¢ (or of an isotropic conductivity) on a
Riemann surface with boundary from full data measurement was proved recently in [10, 8],
and in [9] from partial data measurement, it was done in a domain of C in [13].

For a general complex valued connection form X and the associated operator L of (1), we
can define its real and imaginary parts of iX by Xg := 3(iX 4+ iX) and Xjg := 3(iX —iX)
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and by an easy computation we have

with ¢ := d* = — % d* and therefore, comparing to the case where X was real, it changes the
operator L in (1) only through the addition of a potential, namely §(Xg)+|Xg|?. Considering
the Cauchy data space of L to be

€ = {(u. Vo™ w)lons, € H2(Mo) x H™2(Mo);u € H' (Mo), Lu = 0}

we see from Theorem 1.1 that the Cauchy data space C;, determines §(Xg) + | Xg|? + ¢, and
the imaginary part of X up to gauge isomorphism.

To prove the identification of the potential and the curvature of the connection, we shall
reduce the problem to a first order system and we shall actually prove an inverse result for
the following auxiliary problem: let us define the bundle ¥ := A%(My) @ A% (My) over My
where A¥(Mp) denotes the bundle of complex valued k-forms on My (for k£ = 0,1,2) and

AP (Mo) = Ty Mo = kerpi (x — ild), AMY(Mo) = Ty Mo = kerpi1 (x + ild)
and * is the Hodge star operator on A¥(Mjy). Let D := C>®(%) — C*°(X) be the self adjoint

operator defined by ~
0 o*
D= <5 0)

and V be a complex valued diagonal endomorphism, then we set P := D + V. The Cauchy
data space is defined by

Cv = {Ulony; U € WHP(My, %), (D + V)U = 0}.
and we prove

Theorem 1.2. Let V4, Vo € WHP(My, End(X)) be two diagonal endomorphisms of ¥.. Assume
that they have the same Cauchy data spaces, ie. Cy, = Cy,, then Vi = Va.

Such a result was recently proved by Bukhgeim [3] in the case of the disk in C, and we use
a similar approach to solve this problem in this geometric setting, together with some results
on holomorphic Morse functions proved in our previous work [8]. This also provides a recon-
struction procedure of a potential V' at any given point zy of My where there exists a Morse
holomorphic function with a critical point at zg, see Remark 3.4. Constructive methods have
also been obtained by [10, 12] for isotropic conductivity on Riemann surfaces. The result in
Theorem 1.2 is however not sufficient to identify the curvature connection and potential, and
part of our work is to show that the Cauchy data space of L determines the Cauchy data
space of P = D + V for a certain V associated to (X, q).

The last part of Theorem 1.1 consist in showing that the integrals of X7 — X5 along closed
loops are in 27Z if Cr,, = Cr,. This is done using parallel transport and unique continuation.

The organisation of the paper is the following: in the first section, we construct some right
inverses for the operators 0 and 0* on a manifold with boundary My. Then in the next section
we prove identification results for first order systems D+ V as explained above. The following
section is focused on boundary determination in the inverse problem for the operator L, and
then we use this to reduce the problem on the magnetic Laplacian to the problem for a first
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order system D + V. The last section deals with the holonomy identification and we end up
with an appendix containing technical results.

Acknowledgement. C.G. is partially supported by grant ANR-09-JCJC-0099-01. L.T
is partially supported by NSF Grant No. DMS-0807502 and thanks the Ecole Normale
Supérieure for its hospitality. We both thank Gunther Uhlmann for helpful discussions.

2. THE CAUCHY-RIEMANN OPERATOR ON M

Let M be the interior of a compact Riemann surface with boundary M. The surface
is equipped with a complex structure. The Hodge star operator % acts on the cotangent
bundle T*M, its eigenvalues are +i and the respective eigenspace T7 (M := ker(x 4 4Id)
and T M := ker(x — ild) are sub-bundle of the complexified cotangent bundle CT*M and
the splitting CT*M = T7,M & T5, M holds as complex vector spaces. In local complex
coordinate z induced by the complex structure, T79M is spanned by dz while 77, M is
spanned by dz. If 7 g, m 1 are the respective projections from 7™M onto T1*70M and T(ilM,
the Cauchy-Riemann operators 0,0 mapping functions to 1-forms are defined by 0 := mo,1d
and 0 := 7 od so that d = 0 + 0. The operators 0, 0 mapping 1-forms to 2-forms are defined
by 0 := dmo and 0 := dm 1, and again d = d + 9. Our main goal in this subsection is to
construct some right inverses of the Cauchy-Riemann operators.

Proposition 2.1. There exists an operator 0~! : C§°(M, T M) — C°°(M) which satisfies
the following

(i) 00w = w for all w € C§°(M, T M),

(i1) if x; € C3°(M) are supported in some complex charts U; bi-holomorphic to a bounded
open set Q C C with complex coordinate z, and such that x := Zj X; equal 1 on My, then as
operators

0= Ty +K
J
where X; € C§°(U;) are such that Xjx; = Xj, K has a smooth kernel on M x M and T is
given in the complex coordinate z € U; ~ ) by
1 [ f(Z)

T(de):; cCR— R

/ /
Sdzydzy

where dvg(z) = o?(2)dz1dzo is the volume form of g in the chart.
(iii) 01 is bounded from LP(Tg, M) to W'P(M) for any p € (1,00).

Proof. The existence of a right inverse ! is proven in [18, Th. C1.10] : by taking a totally
real subbundle F C M x C over the boundary M with a large boundary Maslov index
(see [9, Cor 2.2.]) for an explicit F having large Maslov index, the operator 9 = W}Q(M ) —
L(T, 0.1 M) is Fredholm if W}Q(M ) denotes the space of L? functions with one derivative in
L? and boundary value in the bundle F, and moreover 0 is surjective if the Maslov index is
chosen larger than —2x (M) where (M) is the Euler characteristic of M. Moreover, 9~ maps
WHk2(M) to WFL2(M, 151 M) for all k € N by elliptic regularity. Observe that 0~'0—1 maps
W}Q(M ) into ker 9 N W}z(M ) which is a finite dimensional space spanned by some smooth
functions 91,...1, (by elliptic regularity) on M. Assuming that (¢;); is an orthonormal
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- D 12
basis in L?, this implies that, on Wg(M)

5_15 =1—1II where II = Z¢k<7wk>L2(M)
k=1

Now we also have
0> %iTx;=x+ > _10,x1Tx;
J J

and the last operator on the right has a smooth kernel in view of x;Vy; = 0 and the fact
that 7" has a smooth kernel outside the diagonal z = 2’. Now since x; € C§°(M) C W}Q(M),
we can multiply by 07! on the left of the last identity and obtain

O ' =) %Tx; —I) X Tx;— 0 ") [0.x]Tx;.
J J J

The last two operator on the right have a smooth kernel on M x M, in view of the smoothness
of ¢y, and the kernel of [0, x;|Tx;, and since d~! maps C§°(M) to C°°(M, T M). O

Lemma 2.1. Let 0" = —ix 0 : Wl’p(Té'ilM) — LP(M), then there exists an operator 9*~!
mapping C§°(M) to C°°(T ;M) which satisfies the following:

(i) 070" 'w = w for allw € C§(M),

(i) if x; € C3°(M) are supported in some complex charts U; bi-holomorphic to a bounded
open set Q) C C with complex coordinate z, and such that x := Zj X; equal 1 on My, then as
operators

I = %Tx;+ K
j

where x; € C§°(Uj) are such that x;x; = Xj, K has a smooth kernel on M x M and T is
given in the complex coordinate z € U; ~ ) by

1) = (- [ L2

T CZ-E’

dvg(z’)>d2

where dvg(z) = o®(2)dz1dzy is the volume form of g in the chart.
(iii) 0*~' is bounded from LP(M) to Wl’p(TO*’lM) for any p € (1,00).

Proof. Let G be the Green’s kernel with Dirichlet condition on M. Then one has 200G = 1
and G maps LP(M) to W?P(M) by elliptic regularity. Thus we shall set 0*~! := 20G which
maps LP(M) to Wl’p(TEf’lM). This proves (i) and (iii). In local complex coordinate z in
each U;, the metric has the local form g = a?(z)|dz|? for some positive function a(z), thus
Ay = a~2(2)A, where A, = —40,0; is the Euclidean Laplacian. Therefore

Ag > %iGoa’x; =X+ > A, X;]Goa’x;
J J
if Go(z,2') := —(2m)'log|z — 2/| is the Green’s function on R?. Since x; € C5°(M), we can
multpliply this identity on the right by (0*)~! = 20G and we deduce
(5*)71)( =2 Z )2]-82Gga2xj + 2 Z[é, )A(j]Goa2Xj -2 Z 5G[A, )Zj]G()CﬂXj.
A r .

J J
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Since x;Vx; = 0 and Gy is smooth outside the diagonal 2z = 2/, we deduce that the last
two terms have smooth kernel in view of the fact that OG preserves C°°. Now the operator
20:Goa? is equal to T and we have proved (ii). O

Let My be a surface with boundary included strictly in M (for instance a deformation rec-
tract of M) and for ¢, p € [1,00] let € be a linear extension operator from My to M which maps

continuously W*»(My, T, 0.1 Mop) to the set Wk (M, T, M) of compactly supported functions
in Wy, ,(M, T, M), for k = 0,1, with a range made of functions with support inside the region
My := {m € M;d(m, My) < 0} for some small 6 > 0. Finally, let R : LY(M) — L%(Mj) be
the restriction map from M to M.

Lemma 2.2. Let o be a real valued smooth Morse function on M and let 51;1 = RO e 2W/he
where 071 is the right inverse of 0 : W1P(M) — LP(T§1 M) constucted in Proposition 2.1.

Let ¢ € (1,00) and p > 2, then there exists C > 0 independent of h such that for all
w € WP (Mo, Tg, Mo)

(3) 195wl zaatn) < CR2|[wllwmany g a0y 1< g <2

(4) 110, "l La(ay) < Chl/q‘|WHW1»P(M0,T6*‘1M0) if2<q<p.

There exists € > 0 and C > 0 such that for all w € Wcl’p(Mo,Tg’lMo)

— 1 €
(5) ’|8¢1W’|L2(Mo) < Chz* ||WHW17P(MO,T&1M0)~

Proof. Observe that the estimate (5) is a direct corollary of (4) and (3) by using interpolation.
We recall the Sobolev embedding W1P(M) c C%(M) for a <1 —2/p if p > 2, and we shall
denote by 7' the Cauchy-Riemann inverse of 9z in C:

Tf(z):= i/{cj(_{)fd&dfg

where £ = & +i&. If 2,9 C C are bounded open sets, then the operator 1o T maps LP ()
to LP(Q). Clearly, since &, R are continuous operators, it suffices to prove the estimates for
compactly supported forms w € WP (T&IM ) on M. Thus by partition of unity, it suffices to
assume that w is compactly supported in a chart biholomorphic to a bounded domain 2 € C,
and since the estimates will be localized, we can assume with no loss of generality that 1 has
only one critical point, say zp € Q (in the chart). The expression of 57; Y(fdz) in complex
local coordinates in the chart €2 satisfies

0, (f(2)d2) = x()T (e 2/ f) + K (e7*/" fdz)

where K is an operator with smooth kernel and x € C§°(C).

Let us first prove (3). Let ¢ € C5°(C) be a function which is equal to 1 for |z — 29| > 26
and to 0 in |z — 29| < 0, where § > 0 is a parameter that will be chosen later (it will depend
on h). Using Minkowski inequality, one can write when ¢ < 2

IXT((1 = ©)e 2 )| Lacc) S/Q H|X(_>g\‘

(©) o (L= PO de

<O/ fll~ /Q (1 — (&) |derdes < CF2| ]|
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On the support of ¢, we observe that since ¢ = 0 near zg, we can use

T(C_ziw/h@f) — lih[e—%l/)/hﬂ _ T( —QZw/ha(@f))]

2 oY oY
and the boundedness of T' on L? to deduce that for any ¢ < 2
9 foyp w0 f
(M) INT e/ f) o <0h(|r oo + 155 e+ 15l + 1155 )Hm>

The first term is clearly bounded by 5_1|| £l e due to the fact that 1 is Morse. For the last
term, observe that since 1 is Morse, Ile\ < near zp, therefore

fo
(0¢)?

The second term can be bounded by Hfa@HLq < HfHLO“HgiHLq Observe that while ||§—$HLO<>

IZZ\

1
| llza < Ol fllz= /6 12041 < 57| £ oo

grows like 672, ¢ is only supported in a neighbourhood of radius 26. Therefore we obtain
Hf@so

The third term can be estimated by
157 pOf

Combining these four estimates with (7) we obtain

) | paey < Bl lwre (671 + 87972,

2o < 82072 £ .
Sl < CIOSN 15 e < €510 1sr.

IXT (e
Combining this and (6) and optimizing by taking 6 = h/3, we deduce that

(8) IXT (e 2" )| Laccy < B22) fllww

if ¢ < 2. We now move on to the smoothing part given by K(e*%w/hf). Take x to be a
compactly supported function in €2 such that it is equal to 1 on the support of f, we see that
K (2 f)y = K (e 2W/M(f — xf(20)) + f(20) K (e=2%/"). By applying stationary phase, we
easily see that ||f(z0)K (e=2%/"x)|lLa < Ch||f|lco for any ¢ € [1,00]. For the first term, we
write f:: f — xf(z0) and we integrate by parts to get, for some smoothing operator K’

K(e2%/0 F) = pE!(e=2%/h F) 4 %K( ~2ib/hy. ( fw»

By the fact that K and K’ are smoothing, we see that for all k € N

(505
Using the fact that ¢ is Morse, the Sobolev embedding WP c C for « = 1 — 2/p and
f(20) =0, we can estimate the last term by C||f|lw1.» if p > 2. Therefore,

(9) 1K (2" )l < Chll fllwe
for any ¢ € [1,00] and p > 2. Combining (9) and (8) we see that (3) is established.

IE (@ Pl < hC (I F -
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Let us now turn our attention to the case when oo > ¢ > 2, one can use the boundedness
of T on LY and thus

. , 2
(10) IXT (1 = @)e 2/ )| Lagey < 11— @)e ™/ f| paay < OF|f]] .
Now since ¢ = 0 near zp, we can use
e | f iy f
2ip/h, £y = = 2ip/h P 2ip/hg_( LI
T(€ Sof) 2Zh[€ 8§w T(e 82(8§¢))]

and the boundedness of 7" on LY to deduce that for any ¢ < p, (7) holds again with all the
terms satisfying the same estimates as before so that

1T (2% o P)llza < Chlfllws (82772 +671) < ChOY4=2| s
since now ¢ > 2. Now combine the above estimate with (10) and take 6 = h? we get
1T (2" f)La < WY1 f s

for 2 < ¢ < p. The smoothing operator K is controlled by (9) for all ¢ € [1, 0c0] and therefore
we obtain (4). O

Observe that the adjoint R* : L?(My) — L*(M) of R : L*(M) — L?(My) is simply
given by R*f = 1), f where 1)y, is the characteristic function of My in M. In particular
R*V € WHP(M) for p > 2 if V]spg, = 0 and V € WP (Mjy). By Proposition 2.1, the operator
(0~1)* satisfies
XO ) =Y xTx; + K

J
where K* has a smooth integral kernel on M x M and T* = T. The proof of Lemma 2.2 can

then be applied in the same way to deduce that for v € W1P(My) with v]|gpg, = 0
— . 1
(11) 1701 R (71" 0)| 2y aao) < CPZ [0l lwroany)
where we used that x& = € if x = 1 on Ms. The same following estimate also holds if
w e WhP(Mo, Ty Mo) with wlanz, = 0
(12) ||€* (0" 1)*R*(e2lw/hw)HL2(MO) < Ch2+6|’w|’leP(MO,T(iIMO)'
Similarly, let R also denotes the restriction of section of Ty, M to My and if € is an extension

map from My to M which is continuous from W*?(My) to WEP(M) for k = 0,1 and with
range some functions having support in Ms. One has

Lemma 2.3. Let ) be a smooth real valued Morse function on M and let 5;271 = RO Le2W/he
where 0* ' is the right inverse constucted in Proposition 2.1 for 0* : W1P(M, 151 M) —

LP(M). Let q € (1,00) and p > 2, then there exists C > 0 independent of h such that for all
w e Wl’p(M())

(13) 195l a5, ) < OB ||wllwrnqar 1< q <2

(14) 105wl Lo (o 1, o) < ChY 9wl (nr) 12 < g < p.
There exists € > 0 and C > 0 such that for all w € W2P(My)

S 1
(15) 119y, IWHLQ(MO,TSJMO) < Ch2 |wlwr(asp)-
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Proof. The proof is exactly the same as the proof of Lemma 2.2. We do not repeat it. 0

3. SOLUTIONS TO FIRST ORDER SYSTEMS

Let My be a surface with boundary included strictly in M (for instance a deformation
retract of M) and let ® = ¢ + i1) be a Morse holomorphic function on M. Such ® exist by
Corollary 2.2. in [8]. We shall denote respectively by

v 0 0 o*
Vz(o U,) andDz(a 0>

the matrix potential where v,v’ € WP(My) (with p > 2) are complex valued and the Dirac
type operator, acting on sections of the bundle ¥ := A%(My) & A% (My) over My. In this
section, we will construct geometric optic solutions F' € WP(X) (also called Faddeev type
solutions) which solve the equation

(D+V)F =0

e~ ®/h 0 e®h 0
= (7 )e(%e )
e—i)/h 0 €<I>/h 0

e2iz/)/hv 0
Vy = < 0 o200 /hyt ) :

We will then construct solutions Fj, of (D + Vi) F}, = 0 which have the form

. a—+ry .
Fh— < b-l—Sh ) —A+Zh

on Mj. It is clear that

and thus

where a is some holomorphic functions on M, b some anti-holomorphic 1-form and (rp, sp,) €
WP (%) which decays appropriately as h — 0. In particular, we need to solve the system

e2/hyq
(D+Vy)Zp = -VyA=— < o2it/hy 1y, ) .

Let us define the operators D~1 and D;l acting on A°(Mp) ® A% (M) by

1 0 RI'e o4 ( 0o a9t
b '_<R8*—18 o ) Pe=la

which satisfy DD~! = Id on L%(My) for all ¢ € (1,00) and DD;lV = V. To construct Zj,
solving (D + Vy)Z, = =V, A in My, it then suffices to solve

(I+D,'V)Zy=—-D,'VA.

o

Writing the components of this system explicitly we get

{ rh + 51;1(1/3;1) = fglzl(v’b)

(16) sp+ 52_1(1)%) = —5;2_1(1)60
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Observe that since we are allowed to choose any holomorphic function a and anti-holomorphic
1-form b, we may set a = 0 in (16) and solve for rj, to get

(17) (I —Sp)rp, = —éil(v'b) with Sy, 1= 51;11/5;‘)711).
where v,v" are viewed as multiplication operators. We have the following lemma:

Lemma 3.1. Let p > 2 and assume that v € L®(My) and v' € WIP(My), then Sy is
bounded on L"(My) for any 1 < r < p and satisfies ||Sy||pr—rr = OWY") if r > 2 and
1Shll 22 = O(WY?7€) for any 0 < € < 1/2 small.

Proof. First, notice that 5;271 maps L"(Mg) to W (M, 11 Mp) with norm O(1) as h — 0 by
(iii) in Lemma 2.1 and the properties of €, R. Therefore, if v" € WLP(My) and v € L>®(My),
the operator v’ﬁzz_lv maps L" to W“(MO,TO*JMO) with norm O(1) for r < p and Lemma
2.2 can be used to deduce that S, maps L" to L" with norm OMYryif r > 2. If r < 2,
v’@i’zfl maps L" (M) to L" (T, Mo) with norm O(1), and 61;1 maps L" (T, Mo) to L" (M)
with norm O(1), and thus S}, is bounded on L"(Mp) with norm O(1). For all € > 0 small,
interpolating between r = 1 + € and r = 2 + ¢, gives the desired result for r = 2. ([l

In view of Lemma 3.1, equation (17) can be solved by using Neumann series by setting (for
small h > 0)

(18) Th = — Z Si@;lv'b
j=0

as an element of any L9(My) for ¢ > 2. Substituting this expression for r into equation (16)
when a = 0, we get that

19 s, = —0" oy,
P
We now derive the asymptotics in h for sy and 7.

Lemma 3.2. Ifv € L*®(My) and v' € WYP(My) for some p > 2, then there exists e > 0 such
that

l €
Isull L2(ate) + Irall L2(ig) = O(R2T)

Proof. The statement for r}, is an easy consequence of Lemma 2.2 and 3.1: indeed | |E§; YWb||p2 =

O(h%JrE) by Lemma 2.2 and |[Sp|[z2_r2 = O(h%_g) thus ||rp||2 = O(h%+€). The estimate
for sj, comes from the fact that H@;Z_lHLa_,Lg = 0(1) and (19). O

The same method can clearly be used by setting b = 0 and solving for sp first. We
summarize the results of this section into the following proposition

Proposition 3.1. Let ® = ¢ + i) be a Morse holomorphic function on M, and b an anti-
holomorphic 1-form on M. If v € L>®(My) and v' € WHP(My) for some p > 2, then there
exist solutions to (D +V)F =0 on My of the form

e®/hyy,
2 F = -
2 = (s )
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where ||spl|r2(ny) + 7ol L2(010) = O(h%“) for some € > 0. If conversely v' € L*°(My) and
v € WHP(My) for some p > 2, then there exist solutions to (D + V)G =0 on My of the form

<I>/h(
e a+rp)
21 G = A\
( ) h ( 6(1>/h$h >
where ||spll2(any) + I7allL2(are) = O(h%“) for some € > 0.

As a corollary we obtain the
Theorem 3.3. Let p > 2 and V; € L®(My,End(X)) be some complex diagonal endomor-
phisms of ¥ for j = 1,2 with diagonal entries v; € L (M), v;- € L*>®(My). Denote by

Cy, == {isa, F € H2(0My; X); F € H'(My, ), (D + V;)F = 0}

the Cauchy data space of D +V;, where ign, : OMoy — My denotes the natural inclusion map.
(i) If v; € WP (My) and Cy, = Cy, then v] = v}.
(ii) if v; € WHP(My) and Cy, = Cy, then vi = vs.
As a consequence, if V; € W1P(My, End(Y)), and Cy, = Cy,, then Vi = Va.
Proof. Let ® be a Morse holormophic function with a critical point at z5. The existence of

such a function for a dense set of points zy of My is insured by Proposition 2.1 of [8]. We
start by defining the respective solutions

Fl.— _ 6®/hrl11 F2.— _e_¢/hr121
e Mo+ s1)) 0 T e (b + 57)

of (D+ Vi)F! = 0 and (D + V§)F? = 0 where ri,si are constructed in Proposition 3.1.
Since €1 = @q, there exists Fj, solution of (D + V3)F, = 0 such that 51, Fh = ’L'BMOF&. In
particular, (D + Va)(Fy, — Fp,) = (Vo — V1)F}! and i), (F, — Fj) = 0. Then using Green’s
formula and the vanishing of F} — F}, on the boundary

(2 0= [ (D+VE - F)F) = [ (- WELE.
MQ MO
where (-,-) denotes the natural Hermitian scalar product on ¥ induced by g. This gives
@) 0= [ (@) () + (5, + (02 = o) .
My
First, notice that by Proposition 3.1,
(24) [ tor =il — o)
0

for some ¢ > 0. Then we choose b to be an anti-holomorphic 1-form which vanishes at all
critical points of ® in My except at the critical point zg € My of ®. This can be done by
using Riemann-Roch theorem (see Lemma 4.1 in [8]). We observe by using stationary phase
that

(25) /M (v] = wp)e® MBI = Che® M (W] (20) — vh(20))[b(=0)|* + o)
0

for some constant C, # 0. More precisely, to show this, it suffices to decompose v" := v] — ),
as (v' — xv'(20)) + xv'(20) where x € C§°(My) is supported near p, then we apply stationary
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phase to the term xv(z9) and use integration by parts for the other term: if Zj xj=1isa
partition of unity on My associated to charts U; with complex coordinate z

~ hof (' —xv'(z0) b
2/ (o 2 _ " 2ith/h Xj XV (20
R e A G

since v'|gp, = 0 by the boundary identification of Lemma 7.3, and we finally conclude us-
ing Riemann-Lebesgue to deduce that the right hand side term is o(h) since 0.(x;(v' —
xV'(20))[b|?/0.) € L' (My) if o' € WP for p > 2. Let us now consider the term with (b, s7)
in (23): using (19)

/ (ez“/’/hv'b, s,%) = / (8*(5*_1)*R*62iw/hvlb, Ugr%>.
Mo Mo

Since v'|gnr, = 0, we may use (12) to deduce that [|€*(0*~1)*R*e?¥/h/b|| 2 = O(h'/?+€) and
thus combining with Proposition 3.1, we deduce that

/M (/1. 57) = O(h).
0

the same argument gives that the term involving (s},b) in (23) is O(h'*¢). These last two
estimates combined with (25) and (24) imply that v](z0) = v4(20) by letting o — 0. The same
proof using the complex geometric optics G, of Proposition 3.1 gives v1 = vg if v; € WP (M)
and v; € L*(My). O

Remark 3.4. As noted in section 4 of [3], this methods allows to get an inversion (or recon-
struction) procedure to recover the value of a matrix potential V' at a given zy € My, provided
we know a Morse holomorphic function ® with a critical point at zo and ®(z9) = 0. We do
not give details since it is essentially the same idea as [3], but essentially the method is to
compare to case Vi =V to the free case Vo = 0 and use complex geometric optic (or Fad-
deev type) solutions F,},Fﬁ for h — 0, together with the Green formula as we did above for
identification: the boundary term is not zero anymore but is the information we measure and
therefore multiplying by h=" and letting h — 0, the boundary term converges to V(zg) times
an explicit non-zero constant .

4. BOUNDARY DETERMINATION

For smooth (X, ¢q), it was shown by Nakamura-Sun-Uhlmann in [19] that the Cauchy data
space determines the boundary values of X; up to an exact form. This is relaxed to regularity
X € Ct,q € L™ by Brown-Salo [2]. We summarize it in

Proposition 4.1. Let X1, Xs € W?P(My, T*My) and q1,q2 € WYP(My) for some p > 2,
then if Cr, = Cr, then iy, X1 = i5y, X2 and q1lom, = q2lonm,, where ig, is the inclusion
map of OMy into M.

This statement was only shown in [19, 2] for M = ©Q C R" but since the proof is only
localized near a neighbourhood of the boundary, it adapts naturally on a general Riemann
surface and we will not provide a proof here. Notice that by adding an exact form d¢ to X;
with ¢ a function vanishing on the boundary, we do not change the Cauchy data space Cr,.
If z is a boundary defining function such that |dz|, = 1 at My, we can set ( = = f(x) for
some C! function f and we have d(|gn, = flon,dz; therefore if v is the unit interior pointing
normal vector field to dMy, we have d((v)|anm, = flom, and choosing f accordingly, we can
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choose ( so that X1 + d{ = Xo at dMy. By the gauge invariance, we can at best identify
X up to exact forms, and therefore we may assume that X; = Xo at 0M; as forms on M,
possibly by modifying X7 through an exact form d(.

For our purpose we will need additional information along the boundary in order to reduce
our problem to a first order system. That is, we will show that the boundary value of
certain primitives of the forms X; agree with that of the boundary value of a holomorphic
function. More precisely, let X; € AY(Mp) and Aj = m01X; and B; := m0X; where
moa : AY(Mp) — A%Y(My), and w10 : AL(My) — AYO(Mp) are the natural projections. The
main result of this section is

Proposition 4.2. Let oy and as be smooth functions such that 5aj = A;. Then eHar—a2) lons
s the boundary value of a holomorphic function.

In order to prove the Proposition, we shall need a few Lemma characterizing boundary
values of holomorphic functions. Let us denote by ignz, : OMy — My the inclusion map.

Lemma 4.1. Let f € Hl/Q(BMO) be a complexr valued function. Then f is the restriction of
a holomorphic function if and only if

/ fignm =10
oM
for all 1-forms n € C°°(Mo; Ty yMy) satisfying on = 0. Similarly, f € HY?(0My) is the

restriction of an anti-holomorphic function if and only if
f %MO?? =0
IMy
for all 1- forms n € C°(Mo; 15, Mo) satisfying On = 0.
Proof. We will only prove the holomorphic statement, the anti-holomorphic statement follows
similarly. Suppose f € H'/2(0My) is such that

oM

and denote by u € H'(My) its harmonic extension to My. We would like to show that u is
actually holomorphic. We will do this by showing that

(Ou,w) =0, Vw € C (Mo, Ti 4 Mo).

By the Hodge-Morrey decomposition given in [20, Th 2.4.2], a 1-form w € L? can be decom-
posed as

w = da + *df + wy
where «, 3 € H'(My) satisfy Dirichlet condition a|gn, = Blon, = 0 and wp is closed and
co-closed dwy = 0,d xwy = 0. If w € C°°(My, T(ilMg), then

W = Tp,1W = 7['()71d0t + 0,1 * dﬂ + 0,1wW0
Since my1d = 0 and mo,1 * d = —i0 on functions, and 7 := 0,10 € COO(MQ,TS(JMO) satisfies

On = 0, we can write w = v + 1 where 7 has Dirichlet boundary condition and dn = 0. We
now compute by Stoke’s Theorem

(B, w) = (Bu, ) + (Bu,n) = (5*Bu, 7) — i /8 Sz
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The first term on the right side vanishes since u is harmonic, the last term vanishes since

n € C°°(Moy, T} (Moy) satisfies 97 = 0 and we have assumed that f is orthogonal to all such

boundary values of sections of 17 ;M. Therefore we conclude that Ou = 0. Since we will not
actually use the converse statement in this paper, it is left as an exercise. ]

Lemma 4.2. Let f € Hl/Q(BMO) be a complex valued function. Then f is the restriction of
a holomorphic function if and only if

fior,00 =0
OMop

for all smooth real valued harmonic functions ¢ which have no critical point on the boundary.
Similary, f € HY2(0My) is the restriction of an anti-holomorphic function if and only if

/ fijng, 00 =0
oMo

for all smooth real valued harmonic functions ¢ which have no critical point on the boundary.

Proof. By applying [18, Th. C1.10] like in [9, Cor. 2.3] with a totally real subbundle
boundary condition having high boundary Maslov index, one obtains that the operator
0 : H*(My) — H3(M0;T1*70M0) is surjective. Using this we see that Lemma 4.1 implies
that f is the restriction of a holomorphic function if and only if

fion,09 =0
OMo
for all harmonic functions ¢. Now it remains to show that this statement is equivalent to
the case where we consider only smooth harmonic functions with no critical points on the
boundary. That is, we want to show that smooth harmonic functions with no critical points
on the boundary form a dense subset of the harmonic functions in C¥(My). Indeed, let ¢
be a harmonic function with smooth boundary value g € C*°(9M). Since Morse functions
are generic on the circle, it suffices to consider the case where g is a Morse function with
isolated critical points {z1,..,zn}. Clearly, the critical points of ¢ forms a subset of the set
{z1,..,xn}. We will make a small perturbation to ¢ so that z; is guaranteed to not be a
critical point. Let ¢; be a smooth harmonic function with boundary value g; € C*(9Mp)
and such that and d¢;(z;) = dv for all j =1,..., N if dv is the unit conormal form to dMy;
the existence of such a function ¢, is insured by applying Lemma 2.6 of [9] on the manifold M
containing strictly Mp: indeed this Lemma says that there exist holomorphic functions with
prescribed Taylor expansion to order 2 at x1,...,xx € int(M) and therefore taking its real
part one obtains the desired harmonic function. For all ¢ > 0 small, the points z1,...,zy
are not critical point of the function ¢’ := ¢ + €¢1. Furthermore, for all € > 0 small enough,
g = ¢'|an is again a Morse function on 9M, with critical points {z1,..,zn}, therefore the
critical points of ¢’ on My are contained in {1, .., zx}, which implies that ¢’ has no critical
points on M. Thus smooth harmonic functions with no critical points on d My form a dense
subset of C* harmonic functions and we are done. O

In view of Lemma 4.2 and the fact that Morse harmonic functions form a dense subset of
harmonic functions (see [8, Lemma 2.2]) in C*(My), we have the following corollary:
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Corollary 4.3. Let f € H1/2(6M0) be a complex valued function. Then f is the restriction
of a holomorphic function if and only if

fidn, 06 =0
OMo
for all smooth real valued harmonic functions ¢ which is Morse up to the boundary and has
no critical point on the boundary. Similary, f € HY2(OMy) is the restriction of an anti-

holomorphic function if and only if
| g0 =0
OMo

for all smooth real valued harmonic functions ¢ which is Morse up to the boundary and has
no critical point on the boundary.

Let ¢ be a smooth real valued harmonic function defined on M. It is easy to see that ¢
has a harmonic conjugate if and only if

M;(¢) ::/ xdp=0 j=1,..,n.
v

where {71, .., 7} is a family of generators of the fundamental group m(My, mg) (with mg € My
fixed). However, if M(¢p) = (M;(o), .., M (¢)) € (27Z)™ then one can construct a multivalued
function v such that F := e?*¥ is a (single-valued) holomorphic function with |F| = ¢® and
OF = (1 —i)F0¢. Indeed, it simply suffices to set (m) = _fv(m) xd¢p where y(m) is a
smooth path joining mg to m.

Lemma 4.4. Let f € H1/2(8M0) be a complex valued function. Then f is the restriction of
a holomorphic function if and only if

(26) Fisp, 06 =0

OMy
for all smooth real valued harmonic functions ¢ which is Morse up to the boundary and
M(¢) € (2nZ)". Similary, f € H'/2(OMy) is the restriction of an anti-holomorphic function
if and only if

/ Fisn 06 =0
OMy

for all smooth real valued harmonic functions ¢ which is Morse up to the boundary and
M(p) € (2r2Z)".

Proof. By Corollary 4.3, we need to check that (26) is equivalent to the condition stated in
Corollary 4.3. Observe that if M(¢) € (2nQ)", then M (k¢) € (2nZ)" for some integer k,
thus the condition (26) is satisfied for all smooth harmonic Morse ¢ with M(¢) = (27Q)"
and no boundary critical point if and only if it is satisfied for all smooth harmonic Morse ¢
with M (¢) € (2rZ)™ and no boundary critical points. Therefore, by taking limits, it suffices
to show that any Morse harmonic function ¢ with no critical point on the boundary can be
approximated by a sequence of Morse harmonic functions with periods in 27Q in the C3(M)
topology. Indeed, let {¢1, .., &, } be a set of real valued C® harmonic functions in My such that
M;(é1) = 65 Such harmonic functions exist due to equation (3.1) of [4] which states that the
period matrix is invertible. Then given a real valued harmonic function ¢, we consider small
perturbations ¢ := ¢ + 2?21 €;¢; of ¢. Since Q is dense in R, ¢; can be chosen arbitrarily
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small such that M(¢') € (27rQ)™. If ¢ is Morse with no critical points on the boundary and
being Morse is an open condition, ¢’ is also Morse with no critical points on the boundary if
€; are taken small enough. O

Lemma 4.5. Let ¢ be a harmonic Morse function such that M(¢) € (2nZ)" and a1, az are
functions such that 0oy = Ay and Oas = As. Then for all k € Z large enough, there exists a
solution uy € H'(My) to
L1U1 =0
such that
uy = FE(e @ 4 r) with VE|ri 2 + ||rill g < C
where F is holomorphic, OF = (1 —i)F0¢ and |F| = e®. Similarly, there exists a solution
U € Hl(Mo) to
L;'UQ =0
such that
up = F7*(e792 4 ro) with VE|ra||z2 + ||r2llm < C.
Proof. Since M () € (2nZ)"™ we can construct a multivalued complex conjugate 1) such that
F := et is a well defined holomorphic function satisfying 0F = (1 —i)F0¢ and |F| = e?.
Since for any «a; satisfying da; = A1, L1 can be written as
L1 =—2i%(0+iA1N)(0+iA1) + Q1 = —2i * e M1 Peid eI getar 4 ()
for some Q1 € L>®(My), we have that Ly F*e®t = Fkeie1Q;. By Corollary 7.2, for all |k|
large enough there exists a 7, solving
e_k¢Llek¢f1 = ‘F_k‘Ll‘Fk’fl = Ql

such that
VE[# g2 + 171 i < ClQ1 I g2

Setting r; = I?—Zlﬁ we have that

LiFF(e* +7r1) =0
and that r; satisfies the desired estimates. The construction for us follows similarly after
factorizing
Ly = —2i % e 71019l 7i029¢1%2 4 (),

for some Qy € L>®(Mp) and using that L — Ly is a zeroth order differential operator. O

f_’roof of Proposition 4.2: We need to show that if a; and «g are functions such that
Oaj = Aj, then e ila1—az) lant, is the boundary value of a holomorphic function. By Lemma
4.4 this is equivalent to showing that

figr, 00 =0
oMo
for all smooth real valued harmonic functions ¢ which is Morse up to the boundary and
M(p) € 2nZ)". ‘ B ‘
Let ¢ be such a harmonic function and let u; = F¥(e™™ 4 1) and ug = F~%(e7%2 4 ry) be
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the solutions constructed in Lemma 4.5. Plugging these solutions into the boundary integral
identity

/M 1[2(2(141 — AQ) A 8’LL1 + Q(Al — Ag) A\ 5U1 + (Ql — Qg)ul) =0

we have that

2k(1 — i) / e~ a2 (4] — Ay) A Do+ O(VE) = 0.
Mp

Using the fact that —ie=(®1722)(4; — Ay) = de~H*1792) we can integrate by parts and take
k — o0 to get that

[ oot 00
OMy

Since this is true for any real valued harmonic Morse function ¢ with M(¢) € (27Z)",
e*i(m*o‘?)\@Mo is the boundary value of a holomorphic function by Lemma 4.4. ([l

In view of this proposition we will denote by F_;, _q,) to be the unique holomorphic
function with boundary value e~#®1—a2) loamr,- Observe that one can reverse the indices 1
and 2 in the proof above, and this shows that ei(al_O‘Z)’aMo is also the boundary value of a
holomorphic function Fj,, _q,). Therefore, writing o = a1 — ag, it is clear after remarking

that the product F;,F_;, has boundary value 1, that
(27) Fio F_;o = 1.

5. REDUCTION TO FIRST ORDER SYSTEMS

In this section we use the boundary identity result we obtained in Proposition 4.2 to reduce
the inverse problem for the second order equation to an inverse problem for the first order
system of Dirac type on sections of the bundle ¥ = A @ A%! introduced in Section 3. We
will do this by factoring the operators L and Ly the appropriate way.

Let o satisfy 50zj = A; (this exists by Proposition 2.1), then we also have da; = [Ij. We
set o := a1 — ag, then by Proposition 4.2 and (27),'We see that there exists a nonvanishing
holomorphic function F_;, such that F_;o|an, = € "“|an,- In particular, if

(28) Fa, :=¢"? and Fy, = F_jne'™
then
(29) 5FA]. =iAjFs, and Falonm, = Faslonm,-

Similarly, there is a unique nonvanishing anti-holomorphic function Fj, such that Fj L=
Fipe’® and Fg, = e'@2 satisfy
(30) 8F—j :Z’FAJ_AJ’ and FA1|3M0 :FA2|8M0'
We can then write
. - q a . —153 15
L; = —2ix (0+ ZAj/\)(a + ZAj) +Q; = QFAj 8*FA],FA], 8FAj +Q;.

where Q; = *dX; + g;. Let u; € H?(Mp) and set w; := FXJ_IEFAJ.U]' € Hl(MO,T&lMO),

o 0 0* FAj 0 Uj FAij/2 0 uj\
== (5 5) (00 ) (5) (07 k) () =0
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Observe that (27) implies ng = ngl, therefore, if we set (4;,w;) = (Fa,uj, Fgw;) =

(FAjuj,FZ;wj), then (uj,w;) solves the above system of equations if and only if (@;,@;)
solves

0 0\ (1, 3Q;|Fa, |72 0 @\
2 (5 0) @) (20 0 (8) -

Denoting the Cauchy data space for L; to be

Cp, = {(u, Viu)|ons, € H2(0Mo) x H™2(0Mg);u € H'(Mp), Lyu = 0}

i
where V; iy = du(v)+iX;(v)u and v the unit normal interior vector field to d My, we deduce

from this discussion the

Proposition 5.1. Assume that X1, Xy € W?2P(My, T*My) are real valued and q1,q2 €
WP (My) complex valued for some p > 2. If L1 and Ly have the same Cauchy data space
Cr, = Cr,, then the first order system (31) with diagonal endomorphism (3Q1|Fa,|™2, |Fa,[?)
of © has the same Cauchy data space as the one with endomorphism (3Q2|Fa,| ™2, |Fa,|*) for
Qj = —dX; + q; and Fa; defined as above.

Proof. By the boundary determination and the remark following Proposition 4.1, we can
suppose that X; = X5 on dMj as forms, and therefore A = As as well on M. Combining
the discussion above with equalities (29), (30), we have that 2 solutions w; of Lju; = 0
satisfying (u; — u2)|an, = 0 are such that (u; — u2)|gn, = 0 and

iy @1 = B2) = itag, (FAL 10+ iAr)us — (8 + iAa)us] ) = ifag, (2B — u2))
where (1j,@;) := (Fa,uj, |[Fa;| 20F4,u;). Now,
X; .
Vi ujlom, = (duj(v) +iX;5(v)ug)lomg
and since X1 = Xy on My, Cr, = Cr, implies that d(u; — u2)(v)|ang, = 0, which together
with (u1 — u2)|an, = 0 gives W1 = wy on OMy. This achieves the proof. O
We deduce from Proposition 5.1 and Theorem 3.3 the following

Corollary 5.1. Let X; € W2P(My, T*My) be real valued and q; € WP (My) complex valued,
and p > 2. If the Cauchy data spaces for L1, Ly satisfy Cr, = Cr,, then d(X1 — X2) =0 and
qa = q2.

Proof. Acoording to Proposition 5.1 and Theorem 3.3, we have that
(32) —dX1 4+ q1 = —dXo + g2 and |FA2|2 = |FA1’2

where X; = A; + Aj and A; € A1, A; € AY0. The functions Fy; are defined in (28) and o
satisfies do; = A;. Since |Fa,| = e™™(@2) = |Fy | = e7™@)|F_, | for a = oy — ag and Fj,
is a holomorphic function which does not vanish in M in view of (27) (the log of its modulus
is then harmonic), then setting A = da = A; — Ay we deduce that

0 = 2iAIm(a) = Ala — @) = —2i * 00a — 2i x D& = —2i * (A + 0A) = —2i x d(X] — Xo)

and therefore q; = g2 as well by (32). O
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6. CAUCHY DATA DETERMINE THE HOLONOMY

For each m € Mj and each closed loop = based at mg, the parallel transport for the
connection VX on the bundle My x C defines an isomorphism PWX : C — C of the fiber C at
m, thus P, can be viewed as a non-zero complex number PWX € C\ {0}. The holonomy group
of VX at m is given by

H,, (VX)) = {Pf € C\ {0};~ is a closed loop based at m}.
For the connection VX = d 4 iX, an easy computation shows that
PVX = e_ifv X

where ~ is an oriented closed curve. Notice that if X is real valued, the holonomy group
H,,(VX) is a subgroup of S'. If X is a flat connections 1-forms, ie. with cuvature dX = 0,
then the map v — Pf induces a natural group morphism p:X : 71 (Mg, m) — H,,(VX) where
7m1(Mp, m) is the fundamental group based at m, ie. the set of closed loop up to homotopy
equivalence. The morphism p¥ is called the holonomy representation into GL(C) and it is
trivial if and only if

e "X =1 for all closed loop v based at m,

this condition is also independent of m. If Xi, Xo are two connection 1-forms with same
curvature dX; = dXs, and if the holonomy representation of X := Xy — X is trivial, then
there exist a unitary bundle isomorphism F': E — E (recall that £ = My x C), or equivalently
a function F': My — C of modulus |F| = 1, defined by

F(m') = ' Frommn X

where v(m, m') is any C*! path joining m and m/, this is well defined independently of the path
since dX = 0 and thanks to the triviality of the holonomy representation. The connections
X1 and Xy are related by F*(d +iX;1)F = d + iXy, and if moreover igMOXl = igMng, then
the isomorphism F' is the identity when restricted to dMj.

In view of this discussion, to prove Theorem 1.1, we need to prove

Theorem 6.1. Let X1, Xo € W2P(My) and q1,q2 € WHP(My) for some p > 2. Then the
Cauchy data spaces Cr, and Cr, coincide if and only if ¢ = g2, VX' and VX2 have same

curvature dX, = dXs, and the holonomy representation pix is trivial for each m € My, where
we have set X := X7 — Xo.

Proof. We shall give two different proofs, the first one using directly the Cauchy data space,
the other one using Proposition 5.1.

First Proof. We have already shown that d(X; — X2) = 0 and ¢; = ¢2. Furthermore, by
boundary determination (Proposition 4.1 and the remark that follows), we can conclude that
the tangential components of X; and Xy agree along the boundary, le. i3, (X1—X2) =0, and
that there exist a function ¢ vanishing on the boundary such that X;+d( = X2 on 0Mj. Since
the addition of an exact form as above does not change the Cauchy data space, we may assume
without loss of generality that X; = X9 at dMy. Let [y] € 71 (Mo, p1) be an equivalence class
of loop and ~ be a representative. Since X := X; — X» is closed, f7 X is independent of the
chosen representative. We choose a simple (non self-intersecting) representative - based at py,
made of 2 oriented pieces [p1, p2| and [pa, p1] such that [pe, p1] C dMp. This is possible for each
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primitive class (or generator) of [vy] € m1 (Mo, p1), ie. every class which can not be expressed
as a power of another class. All the other classes in m(My,p1) are obtained by products
of primitive classes (in the group law) and therefore the integrals of X along these classes
are obtained by linear combinations over Z of integrals of X on primitive classes, therefore
it suffices to compute the integrals on X on simple representatives (primitive classes) in
71(Mp, p1). To prove the statement about the trivial holonomy representation, it suffices to
prove that fv X € 2nZ.

Let v : [0,2] — M be a parametrization of this loop in such a way that v(0) = py,
¥(1) = pa2, 11 :=v((0,1)) C int(Mp), and o := v([1,2]) C dMy. Now consider a thin tubular
neighbourhood O := {p € intMjy;dist(p,v1) < €} which is homeomorphic to (0,1) x (—¢,¢€)
and therefore simply connected, in particular we need to take € so that dist(p;, p2) > 2¢. We
define for points p € O the function a(p) := f:zi X, so that da = X in O (since X is closed).
Since X = 0 on dMy, we also have a|y, = 0 where Uy = {p € dMjy;dist(p,p1) < €}. Now let
f be a smooth function defined on the boundary such that f(p1) = f(p2) = 1 and let u; solve
(for j =1,2)

Ljuj =0, ulor, = f-
Let u := e'®u; be defined in the tubular neighbourhood O and we shall now show that
u = ug in O by unique continuation if the Cauchy data spaces €, agree. Indeed, using that
VX2ei® = i@y X1 in 9 by simple calculation, we deduce that u solves Lou = 0 in O since

e VIV 4 gg)eur = (VITVY 4 gr)uy = 0.

Furthermore, since a(p) = 0 for all p € Uy, one has u(p) = ui(p) = f(p) = wua(p) for all
p € U;. Moreover, since the normal components of X; and Xy agree on U; as well, the
normal derivatives satisfy

Auly, = dyurly, = Vitulp, —iX1(v)f = Vi uly, — iXa(v) f = dyusly,

where in the third equality we used the fact that the Cauchy data spaces Cr, and Cr, agree.
So we have that (u — ug) is the solution of a homogenous elliptic equation in O, vanishing on
U, and with normal derivative vanishing on Uy, therefore by standard unique continuation

"y (p) = u(p) = ua(p), Vp € O.

Now letting p converging to p» € O and using the fact that ui|gn, = u2|on, = f, we have
that e(®2) f(py) = f(p2). And since f(p2) = 1 by assumption, we deduce that e*®r2) = 1
and consequently

a(pe) = | X € 2nZ.
71
Now since the tangential component of X vanishes along the boundary and o C My, we
deduce that f“/z X =0 and conclude that

/X:/XGQWZ
Y Y1

Second Proof. Consider the functions Fy4, of (28), then by Proposition 5.1 and using

and the proof is complete.

FA], = ngl, we know that © := Fy,/Fa, = Fj4,/Fj, is a function mapping My to the unit
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circle S' C C, and by (29), (30) we also have
00/0 = i(A; — Ay), 00/0 =i(A; — Aj)

and thus dO©/0 = i(X; — X3). Let «, 0, p1,p2 be like in the First Proof just above, we want
to prove that f7 d®/© € 2irZ. In the tubular neighbourhood O of v, we define G(p) :=

if ]i (X1 —X2) = [ ;1 dO /0, which is well defined in the simply connected domain O since

d(X1—X5) =0, and dG = dO/O in O with G(p;) = 0. The function e takes value in S and
we have then proved that e = © since ©(p;) = 1. Then, to conclude, it suffices to notice
that ©(p2) = 1 and so G(p2) € 2miZ. O

7. APPENDIX

In this appendix, we gather a couple of technical results which are essentially already proved
in the literature. First, we give a Carleman estimate

Lemma 7.1. Let X € W% (Mg, T'My) be real valued and ¢ € W1 (My) complex valued
and set L = VX'VX 4 q. Let ¢ be some harmonic real valued Morse function. Then there
exists C > 0 such that for all large k € N and all u € H?(My)

1
[le=?/" Le?/Mul|s > C5 llullzz + lldul[72).

Proof. We observe that L is a first order perturbation of the Laplacian A, on My, therefore
the Carleman estimate obtained for A, in Lemma 3.2 of [8] with a convexified weight ¢,
allows to absorb the first order terms by taking e > 0 small and this shows the result for L for
the convexified weight. Then the argument of Proposition 3.1 in [8] shows that the desired
estimate for L holds for the weight ¢. O

As a corollary

Corollary 7.2. With the same assumptions as in Lemma 7.1, there exists hg > 0 and C > 0
such that for all h € (0,hg) and for all f € L?*(My) there exist a solution u € H?(My) of
e~ /" Led/hy = f with norms ||u||p2 < CVR||fl|12 and ||dul| 2 < C||f]|L2.

Proof. The proof is a standard application of Lax-Milgram theorem (or Riesz representation)
with the estimate of Lemma 7.1, in exactly the same way as Lemma 4.4 of [8]. O

The boundary determination is standard, but since there seem to be no proof in the case
of the system D + V studied in section 3, we provide a sketch of proof, based essentially on
the arguments of [9, Appendix].

Lemma 7.3. With the notations of Section 3, let V1, Vo € WP (Mg, End(X)) be two diagonal
complex valued potentials endomorphisms of £. Assume that the Cauchy data spaces Cy, of
D + Vi and Cy, of D + Va agree, then %Movl = iBMOVQ.

Proof. Let H}(Mp,X) be the completion of C§°(int(My)) for the H'(My,X) topology, and
H~Y(My,¥) the dual space. By standard arguments (for instance Carleman estimates and
Lax-Milgram theorem), we have that for all W € L?(My, ), there exists a U € H'(My,X)
such that (D + V;)U = W and ||U||f2 < C||W||g-1. Now let Ay = (ap,0) € C®(My,X)
with aj, a function supported in a chart U, near a boundary point p and defined as follows:
if z = x 4 1y are complex coordinates near p with {y = 0} = My NU,, MyNU, = {y > 0}



22 COLIN GUILLARMOU AND LEO TZOU

and p = {z = 0} in this chart, then we set ay,(z) := n(zh~=®)e**/" with n € C$°(C) supported
in the chart and equal to 1 at z =0, and « € (0,1/2). Notice that ||Ap||2 = O(h%(HQ)) and
DA, = (0, h=%dzm(zh~*)e*/") has L? norm O(h%(l_a)). Let = (f1, fodz) € H}(Mp,X), then
one has (the metric g is of the form e?’|dz|? for some smooth function p)

(DA, F) = —ih—oT! 9. (/M) (9:m(zh~%)dz, f2)e*Pdxdy
Up
and integrating by parts, we loose at most a power h~ when the derivative hits n(zh~®). Us-
ing Cauchy-Schwartz, we deduce |(DAy, F)| < Ch%(l_a)HFpr and therefore | DAp||g-1 =
O(h%(l_o‘)). Adding a potential is harmless and thus |[(D +V)Ap||g-1 = O(h%(l_“)). Taking
o = % for instance, we obtain that there exists Z, € H'(My, ¥), with norm ||Z,[z2 = O(h)
such that (D + V) F, = 0 with Fj, = Ay + Z;,. We get these solutions F}!, F}% for the diagonal

potentials Vi = (%1 1?,) and V| = (%2 3) and plug them into the integral identity (22),
1 2

giving then by elementary computations (and using v;, U;- € WhP(My))
4
3

).

for some C # 0. This proves that v; = v9 at p, the same argument can be used to prove that
v] = v} at p and since p is arbitrarily chosen, we have achieved the proof of the Lemma. [

0= / (v1 — v2)n? (20”8 )e™ /M dudy + o(h3) = C(v1(p) — va(p))hS + ofh
Mo

REFERENCES

[1] Y. Aharonov, D. Bohm, Significance of electromagnetic potentials in the quantum theory. Phys. Rev. (2)
115, (1959) 485-491.

[2] R.M. Brown, M. Salo, Identifiability at the boundary for first-order terms. Appl. Anal. 85 (2006), no. 6-7,
735-749.

[3] A.L. Bukhgeim, Recovering a potential from Cauchy data in the two-dimensional case. J. Inverse Ill-Posed
Probl. 16 (2008), no. 1, 19-33.

[4] M. Cerne, M. Flores, Generalized Ahlfors functions, Trans. Amer. Math. Soc. 359 (2007), no. 2, 671-686

[5] D. Dos Santos Ferreira, J. Sjostrand, C. Kenig, G. Uhlmann, Determining the magnetic field for the
magnetic Schrédinger operator from partial Cauchy data, Comm. Math. Phys. 271 (2007), no. 2, 467-488

[6] G. Eskin, H. Isozaki, S. O’'Dell Gauge Equivalence and Inverse Scattering for Aharonov-Bohm Effect,
arXiv:0809.3291.

[7] G. Eskin, J. Ralston, Inverse Scattering Problem for the Schrédinger Equation with Magnetic Potential
at a Fized Energy, Comm. Math. Phys. 173, Number 1 (1995), 199-224.

[8] C. Guillarmou, L. Tzou, Calderdn inverse problem for Schrodinger operator on Riemann surfaces. Pro-
ceedings of the Centre for Mathematics and its Applications, Vol 44 (2010) - proceedings of the AMSI-ANU
Workshop on Spectral Theory and Harmonic Analysis.

[9] C. Guillarmou, L. Tzou, Calderdn inverse Problem with partial data on Riemann Surfaces, arXiv:0908.141.

[10] G. Henkin, V. Michel, Inverse conductivity problem on Riemann surfaces. J. Geom. Anal. 18 (2008), no.
4, 1033-1052.

[11] R.G. Novikov, G.M. Khenkin, The 9-equation in the multidimensional inverse scattering problem, Russ.
Math. Surv., Vol. 42, (1987), 109180.

[12] G. Henkin, R.G. Novikov, On the reconstruction of conductivity of bordered two-dimensional surface in
R3 from electrical currents measurements on its boundary, arXiv:1003.4897. To appear in J. Geom. Anal.

[13] O.Y. Imanuvilov, G. Uhlmann, M. Yamamoto, Global uniqueness from partial Cauchy data in two dimen-
sions, J. Amer. Math. Soc. 23 (2010), 655-691.

[14] O. Imanuvilov, G. Uhlmann, M. Yamamoto, Partial Cauchy data for general second order operators in
two dimensions., preprint 2010.



IDENTIFICATION OF A CONNECTION FROM CAUCHY DATA 23

[15] H. Kang, G. Uhlmann, Inverse problem for the Pauli Hamiltonian in two dimensions, J. Fourier Anal.
Appl. 10 (2004), no. 2, 201-215

[16] Y. Kurylev, M. Lassas, Inverse problems and index formulae for Dirac operators, Adv. Math. 221 (2009),
no. 1, 170-216.

[17] R-Y. Lai Global uniqueness for an inverse problem for the Pauli Hamiltionian, preprint.

[18] D. Mc Duff, D. Salamon, J-Holomorphic curves and symplectic topology, AMS Colloquium publications
Vol 52.

[19] G. Nakamura, Z.Q. Sun, G. Uhlmann, Global identifiability for an inverse problem for the Schrédinger
equation in a magnetic field., Math. Ann. 303 (1995), no. 3, 377-388

[20] G. Schwarz, Hodge Decomposition - a Method for Solving Boundary Value Problems, Springer-Verlag,
Berlin Heidelberg, (1995)

[21] Z. Sun ,An Inverse Boundary Value Problem for Schrodinger Operators with Vector Potentials, Trans.
Amer. Math. Soc. (1993), 953-969.

[22] Z. Sun, An inverse boundary value problem for the Schrédinger operator with vector potentials in two
dimensions, Comm. Partial Differential Equations 18 (1993), no. 1-2, 83-124.

DMA, U.M.R. 8553 CNRS, ECOLE NORMALE SUPERIEURE,, 45 RUE D’ULM, F 75230 PARIS CEDEX 05,
FRANCE
E-mail address: cguillar@dma.ens.fr

DEPARTMENT OF MATHEMATICS, STANFORD UNIVERSITY, STANFORD, CA 94305, USA, AND DEPARTMENT
OF MATHEMATICS, UNIVERSITY OF HELSINKI, PO Box 68, 00014 HELSINKI, FINLAND
E-mail address: 1tzou@gmail.com



