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ABSTRACT. The classical Stein-Tomas restriction theorem is equivalent to the
statement that the spectral measure dE(\) of the square root of the Laplacian
on R™ is bounded from LP(R™) to LP (R") for 1 < p < 2(n+1)/(n+3), where p/
is the conjugate exponent to p, with operator norm scaling as An(/p=1/p")=1,
‘We prove a geometric generalization in which the Laplacian on R™ is replaced
by the Laplacian, plus suitable potential, on a nontrapping asymptotically
conic manifold, which is the first time such a result has been proven in the
variable coefficient setting. It is closely related to, but stronger than, Sogge’s
discrete L? restriction theorem, which is an O()\”(l/p_l/pl)_l) estimate on
the LP — LP’ operator norm of the spectral projection for a spectral window
of fixed length. From this, we deduce spectral multiplier estimates for these
operators, including Bochner-Riesz summability results, which are sharp for p
in the range above.

The paper is in three parts. In the first part, we show at an abstract level
that restriction estimates imply spectral multiplier estimates, and are implied
by certain pointwise bounds on the Schwartz kernel of A-derivatives of the
spectral measure. In the second part, we prove such pointwise estimates for
the spectral measure of the square root of Laplace-type operators on asymp-
totically conic manifolds. These are valid for all A > 0 if the asymptotically
conic manifold is nontrapping, and for small A in general. In the third part, we
observe that Sogge’s estimate on spectral projections is valid for any complete
manifold with C'*° bounded geometry, and in particular for asymptotically
conic manifolds (trapping or not), while by contrast, the operator norm on
dE(\) may blow up exponentially as A — oo when trapping is present. This
justifies the statement that the estimate on dE(M) is strictly stronger than
Sogge’s estimate.
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1. INTRODUCTION

The aim of this article is to prove some LP multiplier properties for the Laplacian,
and a Stein-Tomas-type restriction theorem for its spectral measure, on a class
of Riemannian manifolds which include metric perturbations of Euclidean space.
One of the first natural questions in harmonic analysis is to understand the LP
boundedness of Fourier multipliers M on R"™, defined by

1 ix.& 7

M(D@) = gz [ e Smi©) e
where m is a measurable function. Notice that for radial multipliers m(§) = F(|£]),
this amounts to study the L? boundedness of F(v/A) where A is the non-negative
Laplacian. Of course, for p = 2, the necessary and sufficient condition on m for M
to be bounded on L? is that m € L°>°(R"), but the case p # 2 is much more difficult.
The first results in this direction were given by Mikhlin [27]: M € L(LP(R™)) for
all 1 < p < ooif

m e C®(R™\ {0}), [¢]F|VFm(€)| € L™, ¥k, 0 <k <n/2+1,

and sharpened by Hormander [19], [20, Th. 7.9.5]: let ¢ € C§°(4,2) such that

e [(27I[E])]? = 1 for € £ 0, then M € L(LP(R™)) for all 1 < p < oo if

sup |27 )| 7 ) < 00, g <seN.
jez

More generally, let L be a self-adjoint operator acting on L? of some measure
space. Using the spectral theorem, ‘spectral multipliers’ F(L) can be defined for
any bounded Borel function F, and act continuously on L?. A question which has
attracted a lot of attention during the last thirty years is to find some necessary
conditions on the function F' to ensure that the operator F'(L) extends as a bounded
operator for some range of LP spaces for p # 2. Probably the most natural and
concrete examples are functions of the Laplacian on complete Riemannian mani-
folds, or functions of Schrédinger operators with real potential A + V| but these
problems are also studied for abstract self-adjoint operators. Some particular fam-
ilies of functions F' are also investigated in the theory of spectral multipliers: some
of the most important examples include oscillatory integrals ¢*(*™™)” (Id +(tL)®)~#
and Bochner-Riesz means (2.18). The subject of Bochner-Riesz means and spectral
multipliers is so broad that it is impossible to provide a comprehensive bibliography
here, so we refer the reader to the following papers where further literature can be
found [1, 7, 8, 9, 25, 28, 33, 31, 34, 39, 40]. Obtaining sharp spectral multiplier
results for the Laplacian and their Schrodinger perturbations on a class of curved
Riemannian manifolds is the initial motivation of the present paper. It is worth
pointing out that despite the huge literature devoted to spectral multipliers, only
a small part of the known results are optimal and, especially, few sharp results of
the type obtained here in Theorems 1.1 and 1.2 are known for p # 1.

The theory of Fourier multipliers and Bochner-Riesz analysis in this setting is
related to the so-called sphere restriction problem for the Fourier transform: find
the pairs (p, q) for which Ry € L(LP(R™), L4(S"~1)) if Ry is defined by

Raf(w):= f(Ow), we S" 1A >0.

See for example [11, 12]. Of course, the dependence in A is trivial here since
Ryaf = A "Ry(f(A™1+)) but this parameter A\ will be important later on. There
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is a long list of results on this problem, but the first ones for general dimensions
are due to Stein [36] and Tomas [41]. The theorem of Tomas [41], improved by
Stein [36] for the endpoint p = 22—1& is the following: Ry € L(LP(R™), L4(S"1))
if p < 2”“‘3 and ¢ < %=1 _P_ (notice that ¢ = 2 when p reaches the endpoint).

— n+1lp-—1
On the other hand, the natural necessary condition for boundedness is only given
by p < 215 1 and this leads to the conjecture that p < 2n+1,q < TJ&L is a

necessary and sufficient condition. In fact, this has been shown by Zygmund [43]
in dimension 2, improving a result of Fefferman [11] (by obtaining the endpoint
estimate), but this the conjecture is still open for n > 2. For more references and
new results in this direction, we refer the interested reader to the survey by Tao
[38] on the subject.

Like the LP multiplier problem, the sphere restriction problem has a correspond-
ing natural generalization to certain types of manifolds (at least if we think of
Fourier transform as a spectral diagonalisation for the Laplacian), and in particu-
lar those which have similar structure at infinity as Euclidean space. On R™, the
Schwartz kernel of the spectral measure dF z(\) of VA is given by

An—l

YA
dE /x(X;z,2") = @)

. ’
/ el(z—z ).Awdw) 2, S e Rn’
gn—1

therefore dE \/Z()‘) = (%)n RARA and the restriction theorem for ¢ = 2 is equivalent
to finding the largest p < 2 such that dE & € L(Lp,Lp ). There is a natural
class of Riemannian manifolds, called scattering manifolds or asymptotically conic
manifolds, for Which the spectral measure of the Laplacian admits a splitting as
dE /x(A) = (27'r)" R/\RA for some operator Ry comparable to the restriction operator
of R™. Such manifolds are by definition the interior of a compact manifold with
boundary M, and the metric g is smooth on M° and has the form
dz?®  h(x)

- 4 2

x €T

in a collar neighbourhood near 0M, where x is a smooth boundary defining func-
tion for M and h(x) a smooth one-parameter family of metrics on OM; the function
r:=1/x near z = 0 can be thought of as a radial coordinate near infinity and the
metric there is asymptotic to the exact metric cone ((0,00), x M, dr? + r2h(0)).
The operator Ry in this setting is a sort of distorted Fourier transform mapping
Cgo(M°) — C*°(0M) and satistying dE /x(A\) = (27r)" R)\RA The corresponding
restriction problem is therefore to study the LP(M) — L9(0M) boundedness of Ry,
and its norm in terms of the frequency A (the dependence of Ry in A is no longer
a scaling as it is for R™).

The aim of the present work is to address these multiplier and restriction prob-
lems in the geometric setting of asymptotically conic manifolds. In fact, we shall
first show, in an abstract setting, that restriction-type estimates on the spectral
measure of an operator imply spectral multiplier results for that operator. Then
we will prove such restriction estimates for a class of operators which are 0-th order
perturbations of the Laplacian on asymptotically conic manifolds. In particular,
our results cover the following settings:

e Schrodinger operators, i.e. A + V on R™, where V smooth and decaying
sufficiently at infinity;

e The Laplacian with respect to metric perturbations of the flat metric on
R™, again decaying sufficiently at infinity;

e The Laplacian on asymptotically conic manifolds.
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Our first main result is that restriction estimates imply spectral multiplier esti-
mates:

Theorem 1.1. Let L be a non-negative self adjoint operator on L?(X,du) where
(X, d, 1) is a metric measure space such that the volume of balls satisfy the uniform
bound Cy > u(B(z,p))/p™ > Cy for some Cy > C; > 0. Suppose that the operator
cos(tv/L) satisfies finite speed propagation property (2.2), that the spectrum of L is
absolutely continuous and that there exists 1 < p < 2 such that the spectral measure

of L satisfies
(1'1) HdE\E()‘)”p—m’ < C)\n(l/pfl/p/)flv
where p' is an exponent conjugate to p. Let s > n(1/p—1/2) be a Sobolev exponent.

Then there exists C depending only on n,p, s, and the constant in (2.3) such that,
for every even F € H*(R) supported in [—1,1], F(v/L) maps LP(X) — LP(X), and

(1.2) sup [|[F(aVL)| < ClIF|w.
a>0
As noted above, the hypothesis (1.1) is valid on Euclidean space R™ and for
1 <p<2n+1)/(n+3). In this case, the range of the Sobolev exponent s is
known to be sharp; see [37, Section IX.2].
In the second part of the paper, we prove (1.1) for the spectral measure of the
Laplacian A, plus a suitable potential, on asymptotically conic manifolds.

Theorem 1.2. Let (M, g) be an asymptotically conic manifold of dimension n > 3,
and let © be a smooth boundary defining function of OM. Let P := A+ V be a
Schrédinger operator with V€ x3C> (M) and assume that P has no L?-eigenvalues
and that O is not a resonance. Then:

(A) For any Ao > 0 there exists a constant C' > 0 such that the spectral measure
dE()\) for /P satisfies

(1.3) 1dE /5N o (ary— 1o’ () < o\r(1/p=1/p")-1
for1<p<2mn+1)/(n+3) and 0 < X < Xo.

(B) If (M, g) is nontrapping, then there exists C > 0 such that (1.3) holds for
all A > 0.

(C) If (M,g) is trapping and has asymptotically Euclidean ends, there exists
X € C§°(M°) and C > 0 such that

(1L4) 10 =X)dE 5N = X0 po(an v (ary < CAMHPTYPIL A >0

for1 <p<2(n+1)/(n+3). However, (1.3) need not hold for all X > 0:
there exist (trapping) asymptotically Fuclidean manifolds (M, g), sequences
An — 00 and C,c > 0 such that

(1.5) HdE\/ﬁ()‘n)HLP(M)—wP/(M) > Cen.
(D) On the other hand, the spectral projection estimate
n(1/p—1/p')—1

(1.6) [ Do) (VA Loy oo (agy < CAPHPTVPOTL v > 1,

holds for 1 <p < 2(n+1)/(n+ 3) for all asymptotically conic manifolds,
trapping or not, and indeed for the much larger class of manifolds with C'*°
bounded geometry.

Since P in the theorem also satisfies the finite speed of propagation, we deduce
from Theorem 1.1 the multiplier estimate (1.2) for functions of P = A + V and

p= 221; on non-trapping asymptotically conic manifolds.
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Remark 1.3. As far as we are aware, the restriction estimates for the spectral
measure in Theorem 1.2 were previously known only for P being the Laplacian in
the Euclidean space R™. As for the sharp multiplier theorem (1.2) for p = 22—1& (the
other p are obtained by interpolation), apart from the Euclidean Laplacian, it was
proved for the Laplacian on any compact manifold by Seeger-Sogge [31]. In fact,
they only needed the integrated estimate (1.6) to obtain the multiplier theorem in
that setting. In the setting of the twisted Laplacian operator A, + A, + i(HxH2 +
lyl?) — i35y (#;0y, — y;0,;) the sharp multiplier theorem (1.2) was proved by
Stempak-Zienkiewicz [35]. However, in this setting the required form of restriction
estimates has a form different form both (1.3) and (1.6), see [23]. The last case of
a sharp multiplier theorem known to the authors, although with a slightly different
range of p, is for the harmonic oscillator and is described in [22, 24, 40].

Notice that the multiplier theorem of the type (1.2) does not hold for manifolds
with exponentially volume growth (like negatively curved complete manifolds); a
necessary condition on the multiplier F' in that case is typically a holomorphic
extension of F' into a strip. See for instance the work of Clerc-Stein or Anker
[8, 1] for the case of non-compact symmetric spaces, or Taylor [39] in the case of
manifolds with bounded geometry, where sufficient conditions are also given.

Remark 1.4. Theorems 1.2 and Theorem 1.1 imply Bochner-Riesz summability for
a range of exponents similar to those proved for the Euclidean Laplacian in [37,
Proposition, p. 390] and [33, Theorem 2.3.1] and for compact manifolds by Christ-
Sogge [7], Sogge [34]. See Corollary 2.10 below.

Remark 1.5. Probably the non-trapping condition is not necessary to obtain the
estimate (1.3) for all A > 0; it seems likely that asymptotically conic manifolds
with a hyperbolic trapped set of sufficiently small dimension will also satisfy (1.3),
by analogy with [3]. However, manifolds with elliptic trapping will typically have
sequences of A for which the norm on the left hand side of (1.3) grows super-
polynomially; see Section 10.

Remark 1.6. The spatially cut-off estimate (1.4) can be compared to the non trap-
ping L? estimate proved by Cardoso-Vodev [4]

1
1@ =)L =X +i0) (1 = W)llrz»z2, = O, VA1, Va> g
where L2 := x*L?(M). As a matter of fact, we use this estimate to prove (1.4).

The heuristics one can extract from Theorem 1.2 and the last two remarks can
be summarized as follows:

e the sharp restriction estimate on dE()) at bounded and low frequencies A
only depends on the geometry near infinity;

e the high frequencies restriction estimate on dE'(\) also depends also strongly
on global dynamical properties (trapping/non-trapping);

e the integrated estimate (1.6) for all frequencies A > 1 only depends on
having uniform local geometry.

The proof of Theorem 1.1 is based on a principle common to the proofs of most
of Fourier and spectral multiplier theorems. The rough idea is that one can control
the L? to LP norm of operators with singular integral kernels by estimating the L?
to L7 norm of the operator for some g > p (usually ¢ = 2) and showing that a large
part of the corresponding kernel is concentrated near the diagonal. See for example
[11, 12, 34, 31]. For calculations starting from L' — L? estimates this principle can
be equivalently stated in terms of weighted L? norms of the kernel, see for example
[19, 25, 9]. Our implementation of this principle in the proof of Theorem 1.1 is
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more geometrical and explicit than in other similar approaches because it is based
on finite speed propagation of the wave equations, see [5, 9, 32] for comparison. In
the proof, we decompose the operator F(ay/L) as a sum over £ € N of multipli-
ers Fg(a\/z) satisfying some finite speed propagation properties with F, Schwartz.
The L? — LP norms for Fy(an/L) are controlled by C(a2f)"(1/P=1/2) times the
LP — L? norms and then the TT* argument reduces the problem to the bound of
the L? — LP norms of |F;|?(av/L), which can be obtained using the restriction
estimate of the spectral measure.

The proof of Theorem 1.2 is based on the complex interpolation idea of Stein
[37] and the L> bound of the Schwartz kernel of dE ,()) in terms of A. In the
free Euclidean setting, this estimate is obvious by using the explicit formula of the
spectral measure, but in our general setting it turns out to be quite involved. We
use some results of Hassell-Vasy [17] on the resolvent of L on the spectrum, the
high-energy (semi-classical) version of this by Hassell-Wunsch [18] and the low en-
ergy estimates of our previous work [15]. These three articles on which we build
our estimates describe the Schwartz kernel of the spectral measure as a Legendrian
distribution (Fourier Integral Operator, in a sense) on a desingularized version of
the compactification of the space M x M, and this was done in a sort of uniform
way with respect to the spectral parameter A. Part (A) of Theorem 1.2 is proved
in Section 6.3, part (B) is proved in Section 7.4, part (C) is proved in Section 9 and
part (D) is proved in Section 8.

Ackowledgements. C.G. was supported by ANR grant ANR-09-JCJC-0099-
01 and is grateful to the math dept of ANU for its hospitality. A.H. was partially
supported by ARC Discovery grants DP0771826 and DP1095448. C.G. and A.H.
thank MSRI for its hospitality during the 2008 workshop ‘Elliptic and Hyperbolic
operators on singular spaces’, where some of this research was carried out. We also
thank S. Zelditch, J. Wunsch and G. Vodev for useful discussions.

Part 1. Abstract self-adjoint operators
2. RESTRICTION ESTIMATES IMPLY SPECTRAL MULTIPLIER ESTIMATES

Let L be an abstract positive self-adjoint operator on L?(X), where X is a metric
measure space with metric d and measure y. We make the following assumptions
about L and (X, d, p):

e The space X is separable and has dimension n in the sense of the volume
growth of balls: that is, there exist constants 0 < ¢; < ¢3 < oo such that

(2.1) ap” < u(B(x,p)) < cap”

for every x € X and p > 0;
) cos(t\/f) satisfies finite speed propagation in the sense that

(2.2) supp cos(t\/f) C Dy :={(21,22) C X x X | d(z1,22) <t}

The meaning of this statement is that (fi,cos(tvL)fs) = 0 whenever
supp f1 € B(z1,p1), supp f2 € B(22,p2) and [t| + p1 + p2 < d(z1, 22).

e L satisfies restriction estimates, which come in a strong and a weak form.
We say that L satisfies LP to LY restriction estimates for all energies if
the spectral measure dE () maps LP(X) to LP (X)) for some p satisfying
1 <p<2andall A >0, with an operator norm estimate

(2.3) 4B £ 1oy 1ot (9 < CAMPTHPI7E for all A > 0.
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We also consider a weaker form of these estimates: we say that L satis-
fies low energy LP to L¥' restriction estimates if dE /5 () maps LP(X) to
L (X) for some p satisfying 1 < p < 2 and all X € (0, A\g], with an operator
norm estimate

(2.4) |dE /& (A < OAn/PmPD=1 g <X < g

HLP (X)—=LP (X)

for some C, together with weaker estimates for A > Ag:

(2.5) 1B 10N Loy ) S CAPCPTYPO X2 0

with a uniform C. (Here E £[0,A] is the same as 1ljg y) (VL).)

Remark 2.1. The assumptions (with restriction estimates for all energies) are sat-
isfied by taking X = R™ with the standard metric and measure, and L to be the
(positive) Laplacian on R™ (with domain H?(R")). As we shall see, the assumptions
are also satisfied for asymptotically conic manifolds, with the low energy restriction
estimates holding unconditionally, and restriction estimates for all energies satisfied
if the manifold is nontrapping.

Remark 2.2. Clearly, (2.5) follows from (2.3) by integrating over the interval [0, A].
However, in Remark 10.2 we give an example where we have by Proposition 8.1

||E\/f[/\’)\ + 1]||Lp(x)ﬁLp’(x) < CAn(l/pfl/p/)il, A > Ao,

(which implies (2.5)), but the pointwise estimate on the L? — L?" operator norm
of dE()) grows exponentially for a subsequence of A tending to infinity.

Remark 2.3. The spectral projection estimate (2.5) is implied by a heat kernel
bound

/ 1

—tL —n(1l/p—1 2

He HLP—>LP’ < or—/p=1/p)/ .t < /\70.
This follows from short-time Gaussian bounds for the heat kernel, which hold for
the Laplacian on any complete Riemannian manifold with bounded curvature and

injectivity radius bounded below [6, Theorem 4]. This is proved by writing

(2.6)

E[0,A] = E [0, A] e2/X e 2/

= HE\/E[O’A]H;)A)Q HE\fo Ae L/A? |67L//\2H

H2~>2| p—2°

Conversely, (2.5) implies the heat kernel bound (2.6), which can be seen by writing

e~* as in integral over the spectral measure, and then integrating by parts.

2.1. The main result. The following theorem is the main result of this section.

Theorem 2.4. Suppose that (X,d, ) and L satisfy (2.1) and (2.2), and that L
satisfies LP to LY restriction estimates for all energies, (2.3), for some p with
1 <p <2 Lets>n(l/p—1/2) be a Sobolev exponent. Then there exists
C depending only on n,p, s, and the constant in (2.3) such that, for every even
F € H*(R) supported in [~1,1], F(vL) maps LP(X) — LP(X), and

(2.7) SL;I())HF(O“/E)H < C||F| -

—p
If L only satisfies the weaker estimates (2.4), (2.5), i.e. low energy LP to L
restriction estimates, then for all F' as above, we have

(2.8) sup || F( (aVL) L) < C||F|lus

a>4/X p=p

where C' depends on n, p, s, Ao, and the constants in (2.4) and (2.5).
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Remark 2.5. Notice that if p > 2n/(n + 1) then s = 1/2 satisfies s > n(1/p —1/2).
However, H'/? functions need not be bounded, and such functions cannot be L
multipliers even for p = 2, and a fortiori for p # 2. We deduce that, under the
assumptions of Theorem 2.4, (2.3) or even (2.4) is impossible for p > 2n/(n + 1).

In preparation for the proof of Theorem 2.4, we prove

Lemma 2.6. Assume that L satisfies (2.2) and that F is an even bounded Borel
function with Fourier transform F satisfying supp F' C [—p, p]. Then

supp KF(\E) Cc D,.

Proof. If F is an even function, then by the Fourier inversion formula,

1 [ree
F(VL) = by F(t) cos(tVL) dt.
™ — 00
But supp F C [—p, p] and Lemma 2.6 follows from (2.2). O

The next lemma is a crucial tool in using restriction type results, i.e. LP — L9
continuity of spectral projectors, to obtain spectral multiplier type bounds, i.e.
LP — LP estimates.

Lemma 2.7. Suppose that (z,d,u) satisfies (2.1) and S is an bounded linear op-
erator from LP(X) — LY(X) such that

suppS C D,
for some p > 0. Then for any any 1 < p < q < oo there exists a constant C' = Cp, 4
such that
[1Sllp—p < Cpn(l/p_l/Q)HSHqu'

Proof. We fix p > 0. Then first we choose a sequence z,, € M such that d(x;, z;) >
p/10 for ¢ # j and sup,¢ x inf; d(z, z;) < p/10. Such sequence exists because M is

separable. Second we define B; by the formula

B (o)~ (52 )
(2.9) B, = B (=, L) = (Vi<iB (2 45)) -
where B (z,p) = {y € M: d(z,2') < p}. Third we put y; = X5, Where xz is the
characteristic function of set B;. Fourth we define the operator M, by the formula
My, 9 = xig-

Note that for i # j B(xi, 25) N B(xi, 95) = 0. Hence

B(x,2 40"
B2 _ 40"

Bz g)| o«

K = sup#{j; d(z;,x;) < 2p} < sup | < 0.
1 x

It is not difficult to see that
Dp C Utijid(wiey)<20y Bi X Bj C Dap

SO

Sf= Y M,SM,,f.

d(xz;,x;)<2p
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Hence by Hoélder inequality

ISFlz =1 > MuSMflh =" Y. M SMf|!

d(z;,x;)<2p i Jid(zi,xi)<2p

< Z|§i|p(1/p—1/q)H Z MXiSMXijZ

Jid(zi,xi)<2p

< Cpnp(l/p—/Q) Z H Z MXiSMXijZ

o gid(z,xi)<2p

< CKp—lpnp(l/z)—l/q) Z Z HMXiSMXijZ

i gid(wi,ag)<2p

S CKppnP(l/p_l/‘Z) Z ||SMXJfHZ
J
< R/ D)8 e, N My, £
J

= CKPp DS £
This finishes the proof of Lemma 2.7. O

Proof of Theorem 2.4. We first assume that L satisfies LP to L?" restriction esti-
mates for all energies. We take n € C'°(—4,4) even and such that

Zn(%) =1 forallt#0.

neZ
Then we set ¢(t) = >, n(2=4),

Fy(\) ! / +w¢(t)ﬁ‘(t)cos(t)\) dt

-/
and

+oo .
(2.10) R = % /_ n(%)F(t) cos(t) dt.

Note that by virtue of the Fourier inversion formula
F() =Y R
1>0
and by Lemma 2.6
supp Fi(aVL) C Doiy,.
Now by Lemma 2.7,

1) [PV, < SIAEVD),, < @01 | AV

1>0 1>0

p—p p—2°

Unfortunately, F; is no longer compactly supported. To remedy this we choose a
function ¢ € C°(—4,4) such that ¢»(\) =1 for A € (—2,2) and note that

[F(av)| L, < [[WE) @V, + [|(1 = ¢)F)(aVL)]|

To estimate the norm |4/ Fj(av/L)||,—2 we use our restriction estimates (2.3). Using
a T*T argument and the fact that supp vy C [—4, 4], we note that

p—2 p—2 p—2°

4/
[WEVD)|, = APV, < / RN P|dE W], dA

C 4
(2.12) <o [ wRMEIaE L0/, i



10 COLIN GUILLARMOU, ANDREW HASSELL, AND ADAM SIKORA

It follows from the above calculation and (2.3) that
(2.13) a2 |l By (a VL)
for all @ > 0. As a consequence, we obtain

Zzln(l/p 1/2) n(l/p 1/2) ||'¢)F‘l O[\/>) <22ln(l/p 1/2) ||w};1l||2

>0 >0

< ClYFillz,

p—2 —

for all a > 0. Now let us recall that by definition of Besov space
In(1/p—1/2) In(1/p—1/2) —
> 2 leEll2 <32 I1Eill2 = NE W gpizrosr0-
1>0 1>0

See, e.g., [42, Chap. I and II] for more details. We also recall that if s > s’ then
H, C B} o and ||F||Bn(1/p 172) < Cs||F| g for all s > n(1/p — 1/2), see again [42].

Therefore, we have shown that

(2.14) > 22D |y Fi(aVL) |

1>0

< C|IF|ms-

p—2 —

Next we obtain bounds for the part of estimate (2.11) corresponding to the term
(1 — ¥)Fy(avL)||p—2. This only requires the spectral projection estimates (2.5).
We write

(1= APV = [ |1 =) NFEN) B0

0

_ /OOO (dii (1 =) (@N F(ad)|*) B g () A
— [ (0= OWRW) B g/ i

Hence, using (2.5),
(2.15) H( Fl(a\/> psn S / )()\)Fl()\)|2))\n(1/p—1/p/) d.

We write )

— 7/€it()\_>\/)n(%)F()\/) d)\/ dt,

B 2w

use the identity
eit(A—)\’) _ i_N(/\ _ /\/)—N(d/dt)Neit()\—A’)’

and integrate by parts N times. Note that if A € supp1 — ¢ and X € supp F' then
A>2and X <1, and hence A — X > A\/2. Tt follows that

(1 =) )N < A2 V=D R
with C' independent of N. Similarly,
(1w < XN N2,

Using this in (2.15) with N sufficiently large, we obtain
(2'a)" VPN (1 = )R (VD) L, < C27F|l2.
Therefore, we have

(216) 3 ()02 (1 - )R (avE)|
1
Equations (2.11), (2.14) and (2.16) prove (2.7).
The proof in the case that L satisfies low-energy restriction estimates (2.4) and
(2.5) proceeds the same way, except that we require the condition aw < 4/\g at the

p—2

< C|Fll2 < C|IF|a-.

p—2 —
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step (2.12) in order that we can use the pointwise estimate (2.4) on the spectral
measure in this integral. O

Remark 2.8. Note that if we only assume that (2.5) holds for all A > 0 then we still
have

an(l/[’—l/?)”wﬂ(a\/f)“ < an(1/p= 1/2)H¢Fl a\f 2LH2%2H —a2LHZH2

< ClYFilloe,

p—2 —

Now the above estimate is just a version of (2.13) with norm |[¢F;||2 replaced by
n(1/p=1/2) . pn/p-1/2

[ F;]lco. Next if we replace Besov space By then we can

still follow the proof of Theorem 2.4. Recall also that if s > &' then W5 C BllOo
and ||F||Bn<1/p 1/2) < C||Fllws, for all s > n(1/p —1/2), where ||F||Ws = (I -

d?/dx? )5/2F||OO, see again [42]. This implies that (2.14) holds with the norm || F|| g+
replaced by the norm ||F|lws . As the rest of the proof of Theorem 2.4 does not
require (2.3), the above argument proves the following proposition.

Proposition 2.9. Suppose that (X,d, u) and L satisfy (2.1) and (2.2), and that
L satisfies (2.5) for all A\ > 0. Let s > n|1/p — 1/2| be a Sobolev exponent. Then
there exists C' depending only on n,p, s, and the constant in (2.5) such that, for
every even F € W2 (R) supported in [—1,1], F(vVL) maps L?(X) — LP(X), and

(2.17) sup || F(avL)||

< C||F|lws, -
a>0

p—p

Note also that if s > s" then ||F||;,« < C||F| gs+1/2. That is, the multiplier
result with exponent one half bigger then the optimal exponent does not require
(2.3) and holds just under assumption (2.5), which is equivalent with the standard
heat kernel bounds (2.6) (for all t). For p = 1 Proposition 2.9 was proved in [7] and
can be alternatively proved using [7, Theorem 3.5] and interpolation, see also [10,
Theorem 3.1].

From this point of view, the key point about Theorem 2.4 is the gain of half a
derivative over the more elementary (2.17).

2.2. Bochner-Riesz summability. We use Theorem 2.4 to discuss boundedness
of Bochner-Riesz means of the operator L. Bochner-Riesz summability is technically
speaking a slight weakening of Theorem 2.4 but is very close, and it allows us to
compare our results with results described in [37] and [33]. Let us recall that
Bochner-Riesz means of order a are defined by the formula

(2.18) (1-L/A)%, A>0.

For a = 0, this is the spectral projector E ([0, A]), while for a > 0 we think
of (2.18) as a smoothed version of this spectral projector; the larger a, the more
smoothing. Bochner Riesz summability describes the range of a for which the above
operators are bounded on L? uniformly in A.

Corollary 2.10. Suppose that (X,d, u) is as above, and that restriction estimates
(2.3) for1 <p< (nH) and finite speed propagation property (2.2) hold for operator

L. Then for allp € [ , g?igl)}U[%,oo] and all a > n|l/p—1/2|—1/2, we have

(2.19) (1 = L/A*)%|psp < C for all X > 0.

2(n+1) 2(n+1)

For allp € ( i3 nol

) the above estimates hold if a > “51|1/p —1/2|.
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Proof. Note that (1 — A?)% € H* if and only if a > s — 1/2. Now for p < 2ntl)

n+3
Corollary 2.10 follows from Theorem 2.4. For 2(:7++31) < p < 2 Corollary 2.10 follows
from interpolating between (2.19) with p = 2(:131), and the trivial estimate for
p = 2. For p > 2 the results follow by duality. O

Remark 2.11. We noted in the proof above that Corollary 2.10 follows from Theo-
rem 2.4. In fact the Corollary 2.10 is slightly but essentially weaker than The-
orem 2.4. Indeed Corollary 2.10 is equivalent with Theorem 2.4 in which the
H? norm is replaced by the Sobolev Wf+1/2
[(—=d/dx + I)*F||;. To prove it we note that

norm. Let us recall that ||F|w: =

F(VE) = [ (= VD P O)i,

where x is as in Section 3 and F* = F * x;". Now [F*||; < CHFHWlS/ for all

s < s’ and so Bochner-Riesz summability of order a implies Theorem 2.4 with the

Sobolev norm Wf+1 for all s > a. Note that for compactly supported functions

F which we consider here the norm Wy /2 i essentially stronger the H® = W3
norm. Note also vice versa, Theorem 2.4 with the Sobolev norm W;! implies
Bochner-Riesz summability of order a for all a > s.

2.3. Singular integrals. Finally we will discuss a singular integral version of our
spectral multiplier result. The following theorem is just reformulation of [9, Theo-
rem 3.5 |. We write D,; for the scaling operator D, F(x) = F(xkx).

Theorem 2.12. Suppose that operator L satisfies finite speed propagation property

(2.2), that s > n/2 and that
(2.20) 1dE /£ (M) ll1—so00 < A7 for all X > 0.

Next let n be a smooth compactly non-zero function. Then for any Borel bounded
function F' such that sup ||n D F|lwr < 0o the operator F(A) is of weak type (1,1)
x>0

and is bounded on LY(X) for all 1 < g < co. In addition
(221) IEA)zropr < Col sup lly DaFllws + FO)]).

Remark 2.13. It is a standard observation that up to equivalence the norm
sup || D F[wz
k>0

does not depend on the auxiliary function 7 as long as 7 is not identically equal
Zero.

Proof. Using T*T trick we note that by (2.20) one has

IE(VL)I o2 = 1FP(VI) 1500 < /Ooo [FN)PAE £ (V) [1-00dA
< C/O [F(AN)]ZA™ " dA.

Hence if supp F' C [0, R) then
IF(VL)||?,, < CR"||DrF||3;

that is the estimates (3.22) of Theorem 3.5 of [9] hold. Now Theorem 2.12 follows
from [9, Theorem 3.5]. O
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Remark 2.14. Theorem 2.12 is a singular integral version of Theorem 2.4 for p = 1.
We expect that a similar extension to a singular integral version is possible for all
p. That is if one assumes that s > n|1/2—1/p| then one can prove weak-type (p, p)
version of estimates (2.21). However the proof of such results seems to be more
complex and not directly related to the rest of this paper, so we will not pursue
this idea further here.

3. KERNEL ESTIMATES IMPLY RESTRICTION ESTIMATES

In this section, we prove, in the same abstract setting as in the previous sec-
tion, that restriction estimates (2.3) or (2.4) follow from pointwise estimates of
A-derivatives of the kernel of the spectral measure. The main result of this section
is
Proposition 3.1. Let (X, d, n) be a metric measure space and L an abstract posi-
tive self-adjoint operator on L*(X,p). Assume that the spectral measure dE £(N)

for VL has a Schwartz kernel dE_~()\)(z,2') that satisfies, for some nonnegative
VL
function w on X x X, the following estimates:

(3.1) ‘dE\/f(/\)(Z,z’)‘ <ot
and for n = 2k even,

‘(%)kfldE\/f()\)(Zyzl)’ S C)\k(l + )\w(z’z/))*l/Q
(3-2) and p

‘(a)kdE\/f()\)(zaz/)‘ < C)\k_l(l + )\U/(Z,z/))l/2
while for n = 2k + 1 odd,

’(%)kfldE@()‘)(zvzl)‘ < C)\]H_l(]_ + )\’U)(Z, Z/))fl
(3-3) and p

‘(a)ltl*ldE\/f()\)(Z,zl)‘ S C)\k—l (1 + )\’11}(2721))

Then (2.3) holds for all p in the range [1,2(n 4+ 1)/(n + 3)]. Moreover, if the
estimates above hold only for 0 < A < Xg, then (2.4) hold for the same range of p.

This proposition is proved via complex interpolation, embedding the derivatives
of the spectral measure in an analytic family of operators. To do this we use the
distributions x4, defined by

where I' is the Gamma function and
zy =2 if >0 and z¢ =0 if z<O0.
The z9 are clearly distributions for Rea > —1, and we have for Rea > 0,

d a— d a a—
(3.4) %xi:ax+1=>%x+zx+l
which we use to extend the family of functions x4 to a family of distributions on
R defined for all a € C; see [20] for details. Since XY (z) = H(z) is the Heaviside

function, it follows that
(3.5) =Y k=12,

and therefore

XL\ — VL) = E £((0,1]), and XiF = (%)kildE\/f()\), k>1.
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A standard computation shows that for all w,z € C

(3.6) X4 *G = x4t

where X% * x7 is the convolution of the distributions x!{ and x% see [20, (3.4.10)].
We can use this relation to define the operators x7 (A — \/f) for Re z < 0, provided
that the spectral measure of /L satisfies estimates of the type in Proposition 3.1:

Definition 3.2. Suppose that X, L and w are as in Proposition 3.1, and that L
satisfies the kernel estimate

(3.7) ‘(%)kdE\/f(/\)(z,z’)

for some k > 0,1 > 0 and 8. Then, for —(k+ 1) < Rea < 0 we define the operator
x% (A — VL) to be that operator with kernel

< CN(1+ Mw(z, z'))B

A o_k:+a
Xt - VL) (2, ) = /O m(%)kd@/ﬂ)‘ —0)(z, %) do.

Notice that the integral converges, since Re(k+a) > —1 and [ > 0 in (3.7). It is
also independent of the choice of integer k > —Rea — 1 (provided (3.7) holds), as
we check by integrating by parts in o in the integral above, and using (3.4). Note
that the kernel x4 (A — \/f)(z, ') is analytic in a, and as an integral operator maps
Liomp(X) to Lis.(X). Therefore, for each fixed A > 0, the family x4 (A — VL) is
an analytic family of operators in the sense of Stein [36] in the parameter a, for

Rea > —k.
In the proof of Proposition 3.1 we will need the following

Lemma 3.3. Suppose that k € N, that —k < a < b < ¢ and that b = 0a + (1 — 6)c.
Then there exists a constant C such that for any C*~1 function f: R — C with
compact support, one has

X5 % flloo < OO+ [sDe™ 12 xS % FISIING * flIss®
for all s € R.

Remark 3.4. The convolution x% * f, for a > —k and f € C¥~!(R), may be defined
to be x{TF 1 % f(*=1); this is independent of the choice of k.

Proof. Set

sz = Xi— * f
and consider the operator Iy ;s(ol.+1,)~!, where number o € C such that |o| = 1
will be specified later. By (3.6)

IbJris(UIc + Ia)_l = Iﬁ+is(alfl + Ia)_l = IB+is(UI+ Ia)_la

where f = b—c—1and « = a —c— 1. Note that « < 8 < —1. A standard
calculation [20, Example 7.1.17, p. 167 and (3.2.9) p. 72| shows that for Rez < —1

ﬁ(é—) — e—iﬂ'(z-&-l)/?(g _ 7;0)_2_1.
It follows that Igyis(cl+1,)"' f = f*ns, where 7 is the locally integrable function

o _ie—iﬂ(ﬂ—&-is)/zf;(BJriS)*l +iei7r(l3+is)/2€:(ﬂ+is)*1
773(5) - O'—Z'e_iﬂa/2£;a_1 _'_,L'eiﬂ'oz/Qé-:a—l
Here {4 = max(0,¢) and £~ = —min(0,£). Note that if |o| = 1 and o ¢

{ie—iﬂ'a/Q7 _,L'e—iﬂ'oe/2} then
‘ d —_—

dgns(ﬁ)' <C(l1+ |5|)67T\5|/2 min (|§|fﬂ727 |§|7ﬁ+a—1)
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and —f+a—1 < —1 < —f3—2. It follows from the above estimates that the function
d%ﬁs is in LP(R) space for some 1 < p < 2 and is also in some weighted space

L'((1+|z|)¢dz, R). By the Sobolev embedding and Hausdorff-Young theorems, the
function & — any(x) is in LP' (R) for the conjugate exponent p’ < oo and in C¢ (R)
for some ¢ > 0. Hence 7, is in L' and we have

Inslly < C(1+ |s])em s>,
Hence the operator Iy s(0l.+1,) "' = Igyis(cI +1,) " is bounded on L*°(R) and
Mosis flloe < CL+ [sDe™ 2o ef + Iafl
<O+ Is)e™ 2 (et oo + [ Haf lloo) -
Now if we set D, f(x) = f(kx) then for all z € C
LDyf = k""" 'Dul.f

so
K70 Epris flloo = K70 Didbsis flloo = Kl Iotis D f oo
Hence
K70 oris flloe = KlHb+is Dioflloo
< C(1+[s))e™2 (k| La(Drf)loo + Kl Le(Dif)lloo)
= C(1+[s))e™ V2 (k™| Laf oo + 5N Leflloo)
Putting k%7€ = ||I, f|loo || I |l in the above estimate yields Lemma 3.3. O

Proof of Proposition 3.1. To Prove (2.3) in the range 1 < p < 2(n + 1)/(n + 3),
it suffices by interpolation to establish the result for the endpoints p = 1 and
p = 2(n+1)/(n + 3). The endpoint p = 1 is precisely (3.1), so it remains to
obtain the endpoint p = 2(n + 1)/(n + 3). This we will obtain through complex
interpolation, applied to the analytic (in the parameter a) family x% (A — \/f) in
the strip —(n+1)/2 < Rea < 0.

On the line Rea = 0, we have the estimate

On the line Rea = —(n 4 1)/2, we will prove an estimate of the form

sinh s

1
< = < Cemlsl/2,
L2512 )I‘(l —H’s)‘ s = ¢

(A= VD)

(3.8) HX‘("“)/Q“S(A - \/E)HLI SO [s)em NI for all 5 € R
S
Then, since we can write
dE (V) = x7'(A - V)

and
1= (D0 + () (),
= D)+ (D)),

we obtain (2.3) at p = 2(n + 1)/(n + 3) by complex interpolation.
It remains to prove (3.8). Let n € C°(R) be such a function that 0 < n(z) <1
for all z € R and n(z) =1 for |z| < 2 and n(x) = 0 for |z| > 4. Set

FIh(N) = Xo (n(-/A)xl’% —VL)(z, z’))(A), n = 2k
F2O() = X777« (n(-/A)xl’“(- —~ \/E)(z,z’)>(A), n=2k+1.
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Note that suppx? C [0,00) for all z, and L > 0. It follows that for A < A and
n = 2k,

—3—is - ntl_is
FEOO) =x 2 " i A = VL)(2,2) = x5 7 (= VI)(2,2)
and for A\ <A, n=2k+1

+1

FES0N) = x5 x PP - VL) (2 2) = x5 ¢ C(A = VI)(2,2),

i.e. the cutoff function 7 has no effect for A < A. Hence

I - \f)HHoo<sup|FSA( i

We consider first the odd dimensional case n = 2k 4+ 1. By Lemma 3.3 and (3.5)
[Fm = 1722

z,z!

<C(1+ |S|)e’r|s|/2 sup ’)@rl % (n(/A)Xjrk( — \/f)(z,z')) ‘1/2

oo X sup )XJ_F?) . (U('/A)Xlk(' —VL)(z, z’)) ‘1/2

1/2
< C(1L+ [s])e™ /2 sup [/ A TE (A = V) (2, 2)
A>0

1/2

< sup [ TS0/ ANGH A = VE) 2. 2)

where the presence of the 1 cutoff is now crucial. It follows from (3.3) that

sup In(A/MXT A = VL) (2, 2)| < A1+ Aw(z,2')

(Here we used the fact that the function A\*(1+ A\w)? is an increasing function of
provided A >0, w >0, k > 0 and k+ S > 0.) Similarly,

sup | dci2n(/\/A)xlk(A = VL)(z )| < sup [n(/ANGH (A = V) (2|

5 sup [ VVAXTET A = VE) (=, )] +

A sup|n (A/A)x5 FOA—VL)(z, z)|
A>0

Az S
< CAR1(1 + Aw(z, ).

Our estimate (3.8) for n = 2k + 1 follows now from these two estimates and (3.9).
If n = 2k is even, then by Lemma 3.3 and (3.5)

[P < P22

< O+ e 2 sup [x7 x (n(/ANGEC ~ VD))

(3.10) < sup x5 (/A V) )|
O+ [N sup [n /A = VE)G )|

X sup’d)\n /\/A)sz()\ — \/f)(z,z’)‘l/2

and we follow the same argument as in the odd dimensional case to establish (3.8)
for n = 2k. O

In some situations, including the case of Laplace-type operators on asymp-
totically conic manifolds discussed later in this paper, we can express the spec-
tral measure dE(A) in the form P(A)P(A\)*, where the initial space of P()\) is
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an auxiliary Hilbert space H. More precisely, we consider the situation where
there is a bounded operator B : L?(X) — L*(X) (e.g. a bounded self-adjoint
multiplication operator) such that BR(A + i0)B is bounded on L?(X) for every
A >0, and P()) is such that BP()) is a bounded operator from H to L?(X), and
BdE(M\)B = (BP()\))(BP()\))*, as bounded operators on L?(X), for each A > 0.
In this case, the boundedness of dE()) from LP(X) to L* (X) with an operator
norm bound CA"(1/P=1/P)=1 ig equivalent to the boundedness of P()\) from H to
L' (X)) with an operator norm bound CA™(1/2=1/p")=1/2,

Now let Id = EN()‘) Q;()) be an operator partition of unity, which may depend
on A, but such that N(X) is uniformly bounded. To prove such a boundedness
property for P(\), it obviously suffices to prove that Q;P(\) maps H to LPI(X)
with a bound C\™(1/2=1/p)=1/2 , where C' is independent of i and A. This in turn
is equivalent to bounding

QiP(NP(N)QF = QidE(NQ;

from LP(X) to )i (X) — the point! being that we only need to estimate terms
Q:dE(N)Q; when i = j. We can then repeat the argument of Theorem 3.1 to
obtain:

Corollary 3.5. Let (X,d, ) and L be as in Theorem 3.1, and assume in addition
that dE(X) = P(A)P(A)* as described above. Also assume that for each A\ we have
an operator partition of unity on L?(X),

N(N)

Id_ZQ

where the Q; are uniformly bounded as operators on L?(X) and N()) is uniformly
bounded. Instead of (3.1) and (3.2), (3.3), we assume that for 1 < i < N(\), and
some nonnegative function w(z,z") on X x X,

(3.11) QB £(NQ: () (2. 2)

and for n = 2k even,
(@B D (NQi) (2 2)
(QNAESL(NQi(N) (2, 7)
while for n =2k + 1 odd,

QB D (NQiN) (2, )
(@B (@) (2 2)

Here dEfj)f()\) means (d/d\)!dE g (X), and C is independent of X and i. Then

(2.3) holds for all p in the range [1,2(n + 1)/(n + 3)]. Moreover, if the estimates
above hold only for 0 < X\ < Xg, then (2.4) hold for the same range of p.

< CAn_l,

< ON*(1+ dw(z, z/))fl/2

(3.12) and 12
< CNTH1+ Aw(z, 7))

< O (1 4+ (2, z'))f1

(3.13) and

< CNH1 4 Aw(z, 2)).

Remark 3.6. Here we assume that Ql()\)dE%()\)QZ()\) can be defined somehow and
has a Schwartz kernel; for example, we might know that there is some weight func-
tion w on X such that dE\(;)f()\) is a bounded map from w/ T L?(X) to w1 L?(X),
and that Q;(A\) maps w?L?(X) boundedly to itself for any a. This is the case in
our application to asymptotically conic manifolds, with w = z.

Iwe acknowledge and thank Jared Wunsch for suggesting this idea to us
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Proof. We apply the argument in the proof of Theorem 3.1 to Q;(\)x% (A=VL)Qi())
instead of x% (A — VL). O

Part 2. Schrodinger operators on asymptotically conic manifolds

In this second part of the paper, we specialize to the case that (X,d,u) is an
asymptotically conic manifold (M°, g) with the Riemannian distance function d and
Riemannian measure p1, and L is a Schrodinger operator P on L?(M?°, g), that is, an
operator of the form P = A, +V, where A, is the positive Laplacian associated to
gand V € C*°(M) is a potential function vanishing to third order at the boundary
of the compactification M of M°. We assume that P has no L2-eigenvalues (which
implies that it is nonnegative as an operator) and that zero is not a resonance.

The goal in this part of the paper is to show that P satisfies the low energy spec-
tral measure estimates (2.4), and the full spectral measure estimates (2.3) provided
that (M?°,g) is nontrapping. To do this, we will establish the estimates (3.11),
(3.12) and (3.13) for a suitable partition of unity Q;(A). In the case of low energy
estimates, i.e. A € (0, \g] for A\g < oo, these @; will be pseudodifferential operators,
lying in the calculus of operators introduced in [13]. Thus our first task is to de-
termine the nature of the operator Q;dE(X\)Q; for such @;, which is the subject of
Section 5. Before this, however, we recall some of the geometric preliminaries from
[15] and [18].

4. GEOMETRIC PRELIMINARIES

The Schwartz kernel of the spectral measure was constructed in [15] for low
energies and in [18] for high energies on a compactification of the space [0, \g] x
(M°)2, resp. [0,hg] x (M°)?%, where we use h = A~! in place of \ for high energies.
We use the definitions and machinery from these papers extensively, and we do not
review this material comprehensively here, since that would double the length of
this paper. Nevertheless, we shall describe these compactifications, review some of
their geometric properties, and define some coordinate systems that we shall use in
the following sections.

Recall from the introduction that (M?°, g) is asymptotically conic if M° is the in-
terior of a compact manifold M with boundary, such that in a collar neighbourhood
of the boundary, the metric g takes the form g = da?/z* + h(x)/x?, where x is a
boundary defining function and h(z) is a smooth family of metrics on the boundary
OM. We use y = (y1,--.,yn—1) for local coordinates on OM, so that (z,y) furnish
local coordinates on M near M. Away from OM, we use z = (z1,. .., z,) to denote
local coordinates.

4.1. The low energy space M §7b. In [13] and [15], following unpublished work of
Melrose-Sé Barreto the low energy space M,f’b is defined as follows: starting with
[0, A\g] X M?, we define submanifolds C3 := {0} x M x M and

Cor:={0} xOM x M, Copr:={0}xMx0M, Cic:=][0,1] x IM x OM.
The space M ,371) is then defined as [0, A\g] x M? with the codimension 3 corner Cs
blown up, followed by the three codimension 2 corners C ,:

Ml?,b = [[0, 1] X M x M; 03,02,R7027L,02,C}

The new boundary hypersurfaces created by these blowups are labelled bf, rbg, Ibg
and bf, respectively, and the original boundary hypersurfaces {0} x M?2, [0, \] x
M x OM and [0,\] x OM x M are labelled zf, rb,1b respectively. We remark that
zf is canonically diffeomorphic to the b-double space

M = [M?;0M x OM].
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Also, each section M 1376 N{A = A}, for fixed 0 < Ay < Ag is canonically diffeomor-
phic to MZ.

We define functions x and y on M, ,f’b by lifting from the left copy of M (near
OM), and ',y by lifting from the right copy of M; similarly z, 2’ (away from OM).
We also define p = a/X, p) = 2//), and 0 = p/p’ = z/a’. Near bf and away
from rb, we use coordinates y,y’, o, p’, A, while near bf and away from lb, we use
coordinates y,%’, 07!, p, . We also use the notation p,, where ® = bfy, by, etc, to
denote a generic boundary defining function for the boundary hypersurface e.

This space has a compressed cotangent bundle *°T* M ,f)b, defined in [15, Section
2]. A basis of sections of this space is given, in the region p, p’ < C (which includes
a neighbourhood of bf), by
dp dp)  dy; dyl  dA
Ea F? P ’ p, ) 7
Therefore, any point in **T* M ,f,b lying over this region can be written

dp dp’ dy; dy; dA
4.2 — = —— P T
( ) Vp2+yp/2+ulp +/'L1,p/ + )\
This defines local coordinates (y,y', o, p’, A, p, ', v, v/, T) in F0T* M,ib, near bf and
away from rb, where (u, u/,v, ', T) are linear coordinates on each fibre.

The compressed density bundle Qy, (M ,? ») is defined to be that line bundle whose
smooth nonzero sections are given by the wedge product of a basis of sections for
ko (M 13,b>' Using the coordinates above, we can write a smooth nonzero section
w as follows:
= dpdp' dydy’d\ o y2n

pn+1pln+1)\

For p,p’ > C, we can take w = (xa’)"|dgdg’d\/A|. Here dg, resp. dg’ denotes
the Riemannian density with respect to g, lifted to M,f)b by the left, resp. right
projection.

The boundary of ¥:*T™* M, ,3 » lying over boundary hypersurface o is denoted kT M ,f b

(4.1)

(4.3)

dgdg’d\
&’ in the region p, p’ < C.

The space #PTj; M, fibres over the space * N*Zy, x [0, Ag], which? is canonically
isomorphic to 5T, M x [0, \] (5°T*,,M is defined in [16], [17]). This fibration
is given in local coordinates by

(4.4) (v, 0\ s p s v,V T) = (y, v, N).
Similarly there is a natural fibration from k’bTrﬁ)M,ib to SPN*Zy, x [0, \o], which
takes the form

(4.5) (v, 9 s o, A\ p s, VT — (Y 1! V' N).
We also note that there are natural maps 7, g mapping ® N*Zy; x [0, Ag], which
is naturally isomorphic to ST, ;M x [0, Ao] (see [16] or [17]), to T, M x [0, Ao
which are induced by the projections T*M? — T*M onto the left, respectively
right factor. In local coordinates, these are given by
(4.6)

Ty s o i v VN = (Y, v, A), R Y ol vV A) = (i VN,
We use these maps in Section 5.

The space k’ngfM,ab is canonically diffeomorphic to 5T* . M? x [0,)o]. The
space S°T* . M? has a natural contact structure, and Legendre submanifolds with
respect to this structure play an important role in encoding the oscillations of
the spectral measure at the boundary of M lib' We shall not review this material

2The spaces Ze and S® N*Z, are defined in [15, Section 2].



20 COLIN GUILLARMOU, ANDREW HASSELL, AND ADAM SIKORA

here, but refer instead to [15, Section 3]. One important example of a Legendre
submanifold is ¢ N*0diag,, which in coordinates used in (4.2) is given by

(47) SCN*adiagb = {(yvy/707u7:u/a v, V/) | Y= y/aa =lu= _Mlvl/ = _V/};

it is a sort of conormal bundle to the boundary of the diagonal ddiag,

(4.8) ddiagy, = {(y,y',0) |ly=19',0 =1},

in M7, and carries the ‘operator wavefront set’ or ‘microlocal support’ of scattering
pseudodifferential operators. Similarly, s*N*0ddiag, x [0, \¢] carries the microlo-
cal support of pseudodifferential operators in the calculus described in [13], with
Schwartz kernels defined on M ,? b

4.2. The high energy space X. The high energy space X is defined by X =
[0, ho] x MZ. The boundary hypersurfaces [0, ho] x M x OM, [0, hg] x OM x M and
{0} x M? are denoted rb,1b and mf (‘main face’), respectively, and the boundary
hypersurface arising from [0, ho] x OM x OM is denoted bf. Notice that this space
fits together with the low energy space: in the range A € (C~1,C) (where A =
1/h), the spaces both have the form (C~!,C) x M?, and the labelling of boundary
hypersurfaces is consistent. As before, we write 0 = x/2’. We use coordinates
(y,y',0,2', h) near bf and away from rb, and coordinates (y,y’,0~1,z,h) near bf
and away from lb. Away from bf,1b,rb we use coordinates (z, z’, h).

The compressed cotangent bundle ?7*X is described in [18]. A basis of sections
of this bundle is given in the region x,z’ < € by

dy; dy; 1 1 1
a0 o ) Adgg) 4.

In terms of this basis, any point in S®7*X lying over this region can be written

dy dy'
4.9 !
(4.9) po—p T

This defines local coordinates (y,y', 0,2, h, u, ', v, V', 7), where (u, ', v,v',7) are
local coordinates on each fibre. In the region z,z’ > ¢, a basis of sections is

dz;  dz] d 1 )
h'’ h’ h’’

Fud(—) + () + ().

and in terms of this basis, any point in S<I>T*X lying over this region can be written

(4.10) ¢ @Jr( —+ d(h)
This defines local coordinates (z,2', h,(,(’,7) on **T*X over this region.

This compressed density bundle $*(X) is defined to be that line bundle whose
smooth nonzero sections are given by a wedge product of a basis of sections for
s®T*X. We find that |dgdg’dh/h?| = |dgdg'd)| is a smooth nonzero section of this
bundle.

We also note that there are natural maps from S*T7* . X — 5¢T* M, which (abusing
notation) we will also denote 71, mr, which are induced by the projections onto the
left, respectively right factor T*M? — T*M. In local coordinates, these are given
by

(4]‘1) WL(272/7<7C/7T) = (Z7<)7 ﬂ—R(zv'ZIvaCIvT) = (2/74-1)
away from the boundary hypersurface bf, or near bf by
(4.12)

mo(@,y 2y i vV ) = (@ y ), Ty, Y v ) = (@Y il V).
The space ?T* X has a natural contact structure, as described in [18]. Legendre
submanifolds with respect to this contact structure are important in describing the
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singularities of the spectral measure at high frequencies. An example of a Legendre
submanifold is ® N*diag,, associated to the diagonal submanifold diag, C {0}x M, bQ,
defined using the coordinates above by

(4.13) P N*diag, = {(2,2/,h, ¢, 1) | 2 =2/, = =, h = 0,7 = 0}

away from bf, and

(4.14) **N*diag, = {(y,y, 0.2 h,p, /s v, V', 7) |y =y/,0 =1,h =0,
n= _:u/al/: _V/aT:O}

near bf. Of course it also has a more intrinsic characterisation as described in [18].

5. MICROLOCAL SUPPORT

Recall that it was shown in [15] that the spectral measure dE(\), for A € (0, Ao,
is a conormal-Legendre distribution on the space M 137117 associated to the conic pair
of Legendre submanifolds (L, L*) determined in [16], specifying the oscillatory
behaviour at the boundary hypersurfaces bf, Ib and rb, and to an index family
€ = (Evty, lbgs Exby s Caut) specifying the expansions that can occur at the remaining
boundary hypersurfaces of M ,f’b.

We now consider what happens when a general conormal-Legendre distribution
FemmrmB(A, Qi/ b2 ) is pre- and post-multiplied by pseudodifferential operators
Q and @' lying in the calculus of pseudodifferential operators introduced in [13,

Definition 2.7]. We shall use the notation 7" (M, Q,lc/ bz ) to denote what in [13] was

written W€ (M, Q;/ 2) where the index family £ assigns the C*° index family at
sc,bfy and zf and the empty index family at all other boundary hypersurfaces.
Such operators have kernels defined on the space M,isc, defined in [13], that are
conormal of order m to the diagonal, uniformly to the boundary, smooth away from
the diagonal, and rapidly vanishing at all boundary hypersurfaces not meeting the
diagonal. As shown in [13, Proposition 2.10], ¥°(M, 9116’/172) is an algebra. It follows,
using Hormander’s “square root” trick [21, Section 18.1] that such kernels act as
uniformly bounded (in \) operators on L?(M).
In this section, we consider operators @, Q' such that

Q, Q' are of order —o0, i.e. Q,Q" € U< (M, Qi/f),

5.1
(5.1) with compactly supported symbols;

Q@ and @’ have kernels supported close to the diagonal,
(5.2) in particular in the region {0 := z /2’ € [1/2,2]}.

With these assumptions, the kernels of @, Q' are smooth (across the diagonal) on
the space M ,fysc. Viewed as distributions on M, ,ib (which has one fewer blowup than
M ,f,sc) the kernels have a conic singularity at the boundary of the diagonal, ddiag,.
As shown in [17, Section 5.1, this means that they are Legendre distributions
in IO’OO’OO‘(O’O"B’@)(MiwSCN*adiagb;Qllc{bz), i.e. Legendre distributions of order 0
associated to °N*0diag, (see (4.7)), with the C*° index set 0 at bfy and zf, and
vanishing in a neighbourhood of 1b, rb, Iby and rbg (which is of course an trivial
consequence of (5.2)).

Remark 5.1. The composition QF or FQ' is always well-defined when F is a
Legendre distribution on M,f)b and @, Q' are as above, since F' can be regarded
as a map from z*L?(M) to x=%L?(M) for sufficiently large a € R, depending
smoothly on A € (0, \p), while pseudodifferential operators of order 0 are bounded
on x*L?(M) (uniformly in \) for any a.
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To state our results, we need to introduce some notation and define the notion
of the microlocal support of F. Let A C S*N*Zys = 5°T* . M? be the Legendre
submanifold associated to F. We always assume that A is compact. Recall from
[18, Section 4] that A determines two associated Legendre submanifolds Ay, and
A, which are the bases of the fibrations on O, A and 0,1, A, respectively. These may
be canonically identified with Legendre submanifolds of *¢T* M. We also define A’
by negating the fibre coordinates corresponding to the right copy of M, i.e.

(5:3) ¢ =@y x/r" pp' v, V) N = q=(y,y 2/, p,—p/, v, —V) € A
Similarly we define AJ; by negating the fibre coordinates:
¢ = v)eN, = q= -1 V)€ An.
We also define A/, Ay, Ail/rb by
(5.4) A=A x[0,X], A=A} x[0,], A=Al x[0,X].

To define the microlocal support, WF'(F), of F we first recall from [15] that
F e Im’”b’”b*g(A,Qllc/bQ) means that F' can be decomposed F = F| + F5 + F3 +
F4 + F5 + F67 Where

F} is supported near bf and away from lb, rb;
F3 is supported near bf N 1b;

F3 is supported near bf Nrb;

F, is supported near Ib and away from bf;
F5 is supported near rb and away from bf;
Fg vanishes rapidly at the boundary of M?;

and each F;, 1 <14 <5 has an oscillatory representation as follows:
e F is a finite sum of terms of the form (up to rapidly vanishing terms which
may be included in Fg)

(5.5) pm"“/“"”/ WY 2/ (X by o,v) du w
Rk

where ® locally parametrizes A, w is a nonzero section of the half-density bundle

Q,lc/bz, compactly supported in v, and

(5.6) a is polyhomogeneous conormal in A with index set B¢, and

smooth in all other variables.

e F5 is a finite sum of terms of the form (up to rapidly vanishing terms which
may be included in Fg)

(57) O_hb—k/2plm—(k+k’)/2+n/2 / ei<1>1(y,v)/pei¢1>2(y,y',a’,v,w)/p/
Rk+k’
xa(\ 0y, v, 0,0,w) dvdww

where ® = ®; + 0P locally parametrizes A (in particular, ®; locally parametrizes
Ap), and a satisfies (5.6) .

e Fj5 is a finite sum of terms of the form (up to rapidly vanishing terms which
may be included in Fg)
(5.8)
pm (RHR)[24n /2 5 —k/2 / W /P iRy ) g (N by o G0, w) dv dw w

Rk+k’

where 6 = p//p = 071 and ® = &} + 5P} locally parametrizes A (in particular, ®}
locally parametrizes A1), and a satisfies (5.6).
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e [} is a finite sum of terms of the form
(5.9) p”b*kﬂ/ 21w Pa (X, py, 2 v) dvw
]Rk‘

where ® parametrizes A, and a satisfies (5.6).
e Fy is a finite sum of terms

(5.10) (p)rok/2 / W (N Yz 0) dow
Rk

where ®' parametrizes A, and a satisfies (5.6).

Then we define the microlocal support WF’'(F) of F to be a closed subset of
N UAp UA, as follows: we say that (¢/,\) € A is not in WF'(F) iff there
is a neighbourhood of (¢,\) € A x [0,)¢] in which F has order co. In terms
of the oscillatory integral representation (5.5), say, the condition that F has or-
der infinity at (g, ) is equivalent to a vanishing rapidly in a neighbourhood of
the point (\,0,y,y’, o, v) which corresponds under (5.3) to (¢, ) in the sense that
dyy op(@(y, Yy z/2',v)/p) = qand d,®(y,y’, x/2’,v) = 0 (by nondegeneracy there
is only one v with this property). Similarly, in (5.7) and (5.8). Likewise, we say
that (¢,\) € Ay, is not in WEF'(F) iff there is a neighbourhood of the fibre (see
(4.4)) of (¢, \) € A, x [0, Ag] in which F' has order oo, and (¢’,\) € A/, is not in
WF'(F) iff there is a neighbourhood of the fibre of (g, \) € Ay, x [0, Ag] in which F
has order co. The fibre here is a copy of M. In terms of the oscillatory integral rep-
resentation (5.7), the condition that F' has order infinity in a neighbourhood of the
fibre of (¢, \) = (y, i, v, A) € Ay, is equivalent to a vanishing rapidly in a neighbour-
hood of the point (A, p’,y,v,0,v,w) for all (p',y’,v, w) such that d, ,(®1/p) = q
and d,®; = 0. Similarly, in (5.9) the condition is that a vanishes rapidly in a
neighbourhood of the point (X,0,y,2",v) for all (2/,v) such that d, ,(®1/p) = ¢
and dvq)l =0.

These components of WF'(F) will be denoted WF}¢(F), WF}, (F) and WF,, (F),
respectively.

Note that, if ' € I™">"B(A) then F is rapidly decreasing at bf, Ib and rb iff
WF'(F) is empty. Also note that if WF}, (F) is empty, then 9, A x [0, \g] is disjoint
from WF{;(F), but the converse need not hold: if the kernel of F is supported
away from bf then certainly WF;;(F) will be empty, but WF], (F) need not be.

This definition makes sense also for pseudodifferential operators @ of order —oo
with compact operator wavefront set. In the case of a pseudodifferential operator,
the Legendre submanifold is ° N*0diag; defined in (4.7), and the components Ay, U
Al are empty. Since **N*0diag,, is canonically diffeomorphic to 5T, M, we will
always consider the microlocal support WF’(Q) of a pseudodifferential operator Q
of differential order —oo to be a subset of T, M x [0, Ao].

Lemma 5.2. Assume that F € Im*lb’“b?B(MbQ,A;Q) is associated to a compact

Legendre submanifold A and that Q € ¥, > (M; Q,lc/bz) is of differential order —oo,
with compact operator wavefront set. Then QF is also a Legendre distribution in
the space I™"o>TiB (V2 A; Q) and we have

WF,(QF) € WF'(Q) N WE},(F)
(5.11) WEFL(QF) C " WF'(Q) N WF(F)
WE,, (QF) C WEy,(F)
where 7p,,wr are as in (4.6). Moreover, if Q is microlocally equal to the identity

on 7, (WE(F)) and WF},(F), then QF — F € I°°" (M2), i.e. vanishes to
infinite order at 1b and bf.
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There is of course a corresponding theorem for composition in the other order,
which is obtained by taking the adjoint of the lemma above. Combining the two
we obtain
Corollary 5.3. Suppose that F and Q,Q’ are as above. Then
WFL(QFQ') € WF(Q) N WF},(F)

(5.12) WFL(QFQ') € mp ' WF'(Q) Ny WF'(Q) N WF¢(F)
WEF,(QFQ') € WF'(Q) N WEF [, (F).

Proof of lemma. We decompose as above F' = Fy + Fy + F3 + Fy + F5 + Fg, and

consider each piece F; separately.
e I term. Using the notation in (5.5), the composition QF; takes the form

(5.13) (2#)’”/O /61'((”*‘1’”)'“*(1*”””)”)/pQ(A,p7y,u,V)

1 /!

x (p! )RR I (O " v) do dpdy ffmfi w

Here the measure \"dg” which arises from the combination of half-densities in Q
and F is equal to dy”dp” /p”""" times a smooth nonzero factor, which has been
absorbed into the a term. Writing o’/ = p/p”, this can be expressed

(5.14) (QW)—npm—k/Q—n—o—n/Q / ei((y_y”)'/‘+(1—‘7”)V+0”<D(y”,y’,a”/n,v))/p

X q(\, p,y, ) (0" )RR g (N ol gy 0" o v) dv dpdy dy” do” w.

For p > € > 0 the phase is not oscillating and this is polyhomogeneous conormal
at bfy with the same index set By, as for a. For p small, we perform stationary
phase in the (y”,¢”, u, v) variables. The phase has a nondegenerate stationary point
where vy’ = y,0” = 1,u = d,®,v = ® + 0 'd, P, and we obtain an asymptotic
expansion at p of the form

(5.15) pm*k/2+”/2/ WY TG (N pry,y o, v) dow,
Rk

8y B+ 0500,))

M
(A p,y,y' o,0) = A2 Zﬂ’(

il a(X pys 1, v)
§=0
~ (U//)mfk/2+n/27n71a()\7 p/’ y//7 y/7 O'N/O', 1))) +O(pM+1).
y=y" ,0""=1,up=d,®,v=+0d, P

In particular, this is a Legendre distribution associated to A of the same order, and
with the same index family, as F. Moreover, we see from the formula (5.15) that
the microlocal support WFi;(QF}) is contained in WF{;(F), as well as contained
in 7, WF'(Q).

If g = 14 O(p™) on 7 (WF;(F)), then in the sum over j in (5.15), only the
j = 0 term is nonzero, because in all other terms, either a = 0 or ¢ = 1 4+ O(p™)
(implying that any derivative of ¢ is O(p>)) when evaluated at y = y”, 0" =1,u =
dy®,v = ® + 0d,®. Therefore, in this case, QF; = F; mod O(p™).

e Iy term. In the notation (5.7), the composition QF; takes the form

(2m) ™" / e vV as =0 W) g\ gy 1, ) o IR 22

dy” dp”
p//n+1

7

wei®1y)/p" oi®a(y" Y ,ff”/U,vﬂv)//fa()\7 oy oo v, w) dvdw dp dy
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This can be written
rlb—k:/2—np/m*'flb*k,/2+n/2
(2m)™

X q(\, p,y, p,v) (o) TR/ 2T g

p

/ o (=)t (10"t @1 (4 0) +o@a(y 0 /0 0,0)) /o

N oLy o /o v w) dv dw dp dv dy'’ do”’ w.

Now we perform stationary phase in the (y”, 0", u,v) variables. The phase has a
nondegenerate stationary point where v’ = y,0” =1, u = dy®1,v = &, —d, P, and
the rest of the argument to bound WF};(QF) is the same as for F;. We also see
from the stationary phase expansion that WF}, (QF) is contained in both WF'(Q)
and WF}, (F).

e Iy term. This works just as for the F; term.

e I3 term. In the notation (5.8), the composition QF5 takes the form

(QW)—n/ei((yfy”)-'uﬁk(lfa”)u)/pq()\7p7y’lu/, V)(pll)mf(k:+k:')/2+2n/4(5_0//)rrb7k/2

1 /!
x/e@l(y W GO "5 w6 (A ) o o w) do dw dpdv 7(3,,)71{21 w.

This can be written
(2 [ Lo s L e ) g3y ) ) O

dy/l do_//

% (6_0//)rrb—k/26i<1>/1(y/,v)/p/a()\’ ,0/0'”, y" ' 5o v, w) dv dw dp dv =

To investigate the behaviour of this integral locally near a point (x = 0,6 =
0,y,y") € bf Nrb, we perform stationary phase in the (y”,0”, u,v) variables. The
phase has a nondegenerate stationary point where ¥’ = y,0” = 1,4 = d,®5,v =
@), + 5d;5 P}, and we get an asymptotic expansion as p — 0 of the form

pm*(’”’“')/%zn/‘*&“b*’“/?/e“)'l(y'*”)/f"e@%(y*y"&’””")/ﬂ&(x/Ly,y',&,v,w)dvdww,
where

(=i(By - O + 05 0y))?

M
(5.16) a(X, p,y,y/,6,v,w) = Zp]( i a(\ p,y, 1, v)
=0 '
x (") TR AR 2 (N "y 5o v, w)) +O(pM*).
y=y",0"'=1,u=dy @} ,v=25+5ds P},

This is a Legendre distribution associated to A of the same order as F', and with the
same index family. Moreover, we see from the formula (5.16) that the microlocal
support WFL:(QF3) is contained in WF(F), as well as contained in ;' WF'(Q).
Finally, if ¢ = 1 + O(p*>°) on 71, (WF;;(F)), then in the sum over j in (5.15), only
the 7 = 0 term is nonzero, because in all other terms, either a = 0 or ¢ = 14+0O(p*°)
(implying that any derivative of ¢ is O(p*°)) when evaluated at y = y"”, 0" = 1,u =
dy®,, v = Oy + 0d,Ph. Therefore, in this case, QF3 = F3 mod O(z*).

e Fy term. Writing F5 in the form (5.10), we investigate QF5 near a point
(z,p',y') where z € M°. In this case, we can find a neighbourhood W of z with
W C M°, and then the set

{(2,2") e suppQ | = € W}

is contained in W x W’ for some W’ with W’/ C M°, since the support of Q is
contained in the set where o € [1/2,2]. But in W x W', the kernel of @Q is smooth
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since () has differential order —oo. Therefore, in this region the composition is
given by an integral

J @y [ a0, i
with Q(z,2"”) smooth, and this has the form

for some a depending polyhomogeneously on A and smoothly in its other arguments.
Moreover, if for a fixed (A, y’,v), a is O((p’)*°) in a neighbourhood of

{(A7 Z’y/’O’ U) | Z G M}?

then the same is true of a. Therefore, WF., (QF5) is contained in WF,, (F5) but is
(in general) no smaller.

e Since WF'(Fs) = WF'(QF;) = (), the Fg term makes no contribution to the
wavefront set.

This completes the proof. O

A similar result holds if F' is associated to a Legendre conic pair rather than
a single Legendre submanifold. However, rather than give a full analogue of the
result above, we give the following special cases which suffice for our needs.

Lemma 5.4. (i) Suppose that F € Im’p”'lb”'fb;B(M,ib, (A,Aﬁ);Qi{f) is a Legendre
distribution on M,f’b associated to a conic Legendrian pair (A,A"), and suppose

that Q € \IJ;‘X’(M7Q]1€,/Z)2) is a scattering pseudodifferential operator such that Q
is microlocally equal to the identity operator near wr,(A U A*). Then QF — F €
Jo°00500 i B (A A¥) 50 wanishes to infinite order at 1b and bf. Similarly, if FQ —
F € [0 B (A AR wanishes to infinite order at bf and rb.

(i) Suppose that F is as above, and suppose that Q, Q' are scattering pseudo-

differential operators as above. If
(5.17) P WF'(Q) Nt WE'(Q) N A* = 0,

then QFQ' € Im’T(M,?’b,A;Q}C)/f); in particular, WF(QFQ’) is disjoint from
(a%y.

Proof. The proof of (i) is similar to above. To prove (ii), decompose F = F) + Fj,
where F) € I"”(M,f,b, A; Q,le/bz) is a Legendre distribution associated only to A and
F} is localized sufficiently close to A*. Here, sufficiently close means that when we
write down QFyQ’ as an (sum of) integral(s), using a phase function that local
parametrizes of (A, A?), then (5.17) implies that the total phase is non-stationary
on the support of the integrand. The usual integration-by-parts argument then
shows that this kernel is rapidly decreasing at bf,1b, rb and hence trivially satisfies
the conclusion of the lemma. On the other hand, Lemma 5.2 applies to F and
completes the proof. O

6. LOW ENERGY ESTIMATES ON THE SPECTRAL MEASURE

6.1. Pointwise bounds on Legendre distributions. Now we give a pointwise
estimate on Legendre distributions of a particular type. First we begin with a
trivial estimate.
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Proposition 6.1. Let A C SCT*bf(sz) be a Legendre submanifold that projects
diffeomorphically to® bf. Suppose that u € I‘”/Q_O‘*_o“_a?g(M,f’b, A). Let

(6.1) b = min(min By, + n, min By, + n/2, min By, + n/2, min B¢).
Then, as a multiple of the half-density |dgdg’ d\/\|Y/?, we have a pointwise estimate
lul < X°(p~t + (0") )™

This is trivial since in this case, u may be written as an oscillatory function
with no integration, and the order of vanishing/growth at the boundary may be
determined by inspection from (5.5) — (5.10). (The discrepancies of n and n/2
in (6.1) come about from comparing the nonvanishing half-density w on M gyb with
the metric half-density |dgdg'd\/A|"/? = py" 2"/ prit w.)

Now consider a situation in which the Legendre submanifold does not project
diffeomorphically to bf. Let ddiag;, denote the boundary of the diagonal in M7, as in
(4.8). Recall that we have coordinates (y,y’, o) on bf near Z. Let w = (y—y',0—1),
and let x be the corresponding scattering coordinates dual to w. Then Odiag, is
given by {w = 0} as a submanifold of bf and the contact form on 5T M2 takes
the form

(6.2) dv —p-dy — Kk - dw.

In these coordinates, the Legendre submanifold ¢ N*ddiag, is given by {w =0, u =
0,v = 0}. Let AP be a Legendre submanifold contained in SCT*bef, denote by 7w
the natural projection from 5¢T*, . M? — bf, and for any ¢ € AP denote by dr the
induced map from T, A — T, bf. We consider the following situation in which
the rank of dr is allowed to change.

Proposition 6.2. Let AP be as above. Suppose that APf intersects ° N*Odiag, at
GP = AP NS N*Odiag, which is codimension 1 in A, and suppose that w|gue is
a fibration, with (n — 1)-dimensional fibres, to ddiag,. Assume further that dm has
full rank on APt\ GPf, while

(6.3) det dr vanishes to order exactly n — 1 at G,

Suppose u € I‘"/Q_av_av_O‘;B(M,f’b,Abf; Q,lc/bz), and suppose that the (full) sym-
bol of u vanishes to order (n —1)/2 + o on GP' x [0, \o], where (n —1)/2 4+ a €
{0,1,2,...}. Then as a multiple of the scattering half-density |dgdg’ d\/\|Y/?, we
have a pointwise estimate

(6.4) lul < CXP(1+ ““p')‘“ ~ OXP(1+ Nd(z,2))*

with b as in (6.1). Here d(z,2") is the Riemannian distance between z,z' € M°.

Remark 6.3. Notice that the condition on 7 at GPf implies that dr has corank at
least n — 1 on GPf, hence that detdr must vanish to order at least n — 1 there.
Condition (6.3) is therefore that the order of vanishing at G is the least possible,
which is a nondegeneracy assumption concerning the manner in which the rank
of the projection changes at GPf. It implies, in particular, that AP intersects
S¢N*0diagy, cleanly.

Proof. Let g be an arbitrary point in Gf. By rotating in the w variables, we can
ensure that dri|gee vanishes at ¢ (since ki,...,k, are coordinates on the fibres
of **N*ddiag, — Odiag,, and since 7|gve : GPf — ddiagy has (n — 1)-dimensional
fibres). We claim that (y,w:, ko, ..., ky) furnish coordinates on AP locally near
g. To see this, first note that dks|gvr,...,dkn|gee are linearly independent at

3Tn this subsection, bf denotes the boundary hypersurface of Mf (as opposed to M,? b)'
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g, and furnish coordinates on the fibres of GP' — Odiag,. Next, since ddiag, is
(n — 1)-dimensional, G is 2(n — 1)-dimensional, and the fibres of G*' — ddiag,
are (n — 1)-dimensional, it follows that G* — ddiag, is a submersion. Since y; are
local coordinates on the base ddiag,,, we see that (y, kg, ..., Ky, ) furnish coordinates
on GPf locally near ¢. Since w; = 0 on GP!, to prove the claim it suffices to show
that dwq|aee # 0 at g.

To see this, we use (6.3) which implies that dm has corank exactly n — 1 at g,
and hence there is a tangent vector V € T,AP" such that dm(V) is not tangent
to ddiagy,. Therefore, it has a nonzero 9, component, which means that some
dw; does not vanish at ¢ when restricted to AP'. But since AP is Legendrian,
the form (6.2) vanishes when restricted to APf, which implies that its differential
w=du - dy + dr - dw also vanishes on APf. Hence w(0x;,V) =0at q, j > 2, since
Ox; and V are both tangent to AP, But this implies that dw;(V) = 0 for j > 2,
i.e. V has no d,, component for j > 2. It follows that dw:(V') # 0, showing that
dwy|ave # 0 at g. Tt follows that (y,wi, ka,...,k,) indeed furnish coordinates on
APf locally near q. We will use the notation w = (ws, ..., w,) and & = (ka, ..., k).
Notice that wy|br is a boundary defining function for GP, as a submanifold of AP,
locally near gq.

Now we write the other coordinates on APf as functions of (y,w;,%) as follows:
(6.5)

W = Wiy, w1, &), wi = M;(y,w1,%), k1 = K(y,w1,%), v = N(y,w;, &) on AP,

Notice that the vanishing of (6.2) on APf implies that

n—1

(6.6) =Y Midy; + Kdw, + Z k;dW; on AP

i=1 j=2

By equating the coefficients of dR, dy and dw; on each side of (6.6), we obtain the
following identities:

iv aW y7w17 ) _ 8N(valvv)
J

= i =2...
Ov; Ov; > * ™
N
(6.7) Z_: Lwl’ v) + Mi(y, wi,v) = ON(y, w1, v) (gyfl’v)7 =1...n—1,
W, (y, w1, v ON (y, w1, v
Uj J(ﬁw : )+K(y7wlav): (8101 )
= 1 1
We claim that the function
(68) CI)(y, wlvwa U) = (wj - Wj (y, wq, U))vj + N(yv wy, U)

=2

parametrizes APf locally near . Notice that W, M and N are all O(wy) at ¢q. Hence,
¢ =w- v+ O(wr), so dy;® = wW; + O(wy), 2 < j < n, have linearly independent
differentials at the point § = (y(¢),w =0,v =0, = 0,k; = 0,%(q)) corresponding
to ¢, i.e. ® is a nondegenerate parametrization of APf near ¢. Next, using the first
equation in (6.7) we find that

(69) dvj P = @j - Wj (y, w1y, ’U).
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So w = W when d,® = 0. The Legendrian submanifold parametrized is then given
by (using (6.7))
oW  ON ow  ON
) ) VVv —Ur T a o Vg a .. Y% N
{(y w1 v y +8y v 8w1+8w1 v )}

= {(y, w1, W, M, K,v,N)} = A"

(6.10)

Notice that the second derivative matrix d2,® vanishes at w; = 0. Therefore
we can write d2,® = w1 A + O(w?), where A is a smooth (n — 1) x (n — 1) matrix
function of (g, v), where we write § = (y,w1,w). We claim that A is invertible at
(and therefore, near) . To see this, we start from the fact that the map

{(ya ’l))} - {(?, dﬂc:[)7 q)vdvq))}

is locally a diffeomorphism onto its image. (This follows directly from the nonde-
generacy condition on @, that the differentials d(0®/0v;) are linearly independent.)
Note that the determinant of the differential of the map

{¥,dy®,@,d,®)} — {(7, du®)}
is equal to the determinant of the differential of the map
{(@,dy®,®,d,®) | d,® =0} — 7,

and this map is 7|pb¢ (in local coordinates). It follows that the order of vanishing of
det dr at ¢ is the same as the order of vanishing of the determinant of the differential
of the map

{mv)} = {@ du®)}
at ¢. But this determinant is simply det d2, ®. It follows from (6.3) that detd?,®
vanishes to order exactly n—1 at g. But this implies that the matrix A is invertible
at ¢, as claimed.

Now we write u as an oscillatory integral. It suffices to prove the proposition
assuming that u has symbol supported close to ¢ and that u itself is supported close
to Odiagy, since away from Odiag;, the result follows from Proposition 6.1. It can
then be written with respect to the phase function ®: modulo a smooth term van-
ishing to order O(x>), u is a multiple of the scattering half-density |dgdg’d\/\|'/?
given by

(6.11) p(nmD/2man / e W )oq(X, p,y,v) dv|dgdg dA/ A2,

Moreover, we may assume that a is a function only of A, p,y, w; and v, polyhomo-
geneous conormal in A with index set Byg,, smooth and compactly supported in
the remaining variables, and vanishing to order (n — 1)/24+ « at p = w; = 0. It
can therefore be written

(n—1)/24a-1
(612) a= Y P Va0 g wr,0) + pTDZB(N, p oy wn,v).
j=0

Note that the estimate is trivial if |wi| < p, since then the integrand is uniformly
bounded, and hence the integral is uniformly bounded in agreement with the es-
timate (6.4) (since |wy| is locally comparable to |w|). From now on, then, we will
assume that |wi| > p. We begin by estimating the a¢ term.

Now, for fixed w; # 0, let us change variable from vq,...,v,-1 to 01,...,0,_1,
where

(6.13) 0; = wy /?d,,®.
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Then

00; —1/2 2 1/2
(6.14) s = dy. UJ<I> =w;’ A
where A;; is nonsingular as we have noted above. Therefore,
0P 00\ —109
— = (= — =A"1.
ol (87}) v
This shows that the 6 coordinates are suitable coordinates in which to perform
stationary phase computations. We proceed with a standard argument, which can
be found in Sogge’s book [33], for example. We use the identity

oi®/p _ ( P i)e@/p,

w9, 00,

17

(6.15)

which can be written

7 p 8 i
619 = (5 )

We also need the following observatlon' by applying (6.14) repeatedly, we obtain

(6.17) | \ < Cluy |72 < cplel/2,

00
In the 6 coordinates, we are trying to prove the estimate

(618) ‘,0 n—1)/2— oc/ w?eié(y,wﬁ)/ﬂao()\,p,y,w1,9)d@‘ SC(%)D‘)\b
Rn—1

Here the wgn_l)/ factor was absorbed as a Jacobian factor, and ag is again smooth.
Clearly this is equivalent to a uniform bound on

(6.19) \p*” R / ei%’wﬂvpao(x,p,y,w1,9>d@\.
Rn—1

We introduce a partition of unity in (p, 8)-space, 1 = xo + Z;:ll X;j, where xo is a
compactly supported function of #/,/p, and x; is supported where 0] > ,/p, and
where 6; > |0]/(n — 1). We can do this with derivatives estimated by

k _
(6.20) IV il < Cp k)

The integral with yo inserted is trivial to estimate since it occurs on a set of
measure p(»~1/2 With X; inserted, we use the identity (6.16) M times, for M a
sufficiently large integer. Thus we consider

~n-n2 [ (ST Py ONM iowwo/eg
P /X] <¥ ’LHJ Ajk(y70) aek) € aO()\7p7y7w179) do

and integrate by parts M times. The result can be estimated by

M
(621) Cp—(n—l)/2+MZp—(M—k)/2/ supp X]9] M- kde
k=0 101=v/p

where M — k derivatives fall on the x; or Aj; terms (via (6.17) and (6.20)), and
at most k fall on a 6’;” term. Note that on the support of x;, we can estimate
9;1 < c|f|~!. The @ integral is absolutely convergent for M > n — 1, and

/ 107k dg = Cpp= (I +R)/2+(n=1)/2
101=v/p

since dimf = n — 1. Substitution of this into (6.21) gives a uniform bound since
a is polyhomogeneous in A with index set By, + n. Moreover, since ® and a are
smooth in wy, the bound is uniform as w; — 0.
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To treat the terms a; for i > 0 and b in (6.12), we perform the same manipulations
as above, and we end up with a uniform bound times Cp‘w;*, which is bounded
for p < w;. This completes the proof. O

6.2. Geometry of LPf. We collect here some facts concerning the geometry of the
Legendre submanifold L. We begin by defining

G* ={q=(y.y,0, 1, —p,v, —v) € **N*ddiagy; v* + h* pip; = 1}.
Clearly, G"f is an S"~!-bundle over ddiag;,.

Lemma 6.4. The Legendre submanifold S N*Z intersects LP® cleanly at G**, and
the projection = LP® — bf satisfies (6.3).

Proof. According to [17], the Legendre submanifold LPf is given by the flowout
from GPf by the vector field

0 0 0 oh 0 oh 0 y
= — P P P _— = v s
(6.22) V, V(O’aa + ﬂ@,u) + h81/ + O 9y: O Oy’ h ; RY (y) i

(see [15, Section 3.1]). Observe that at least one of the coefficients of 9, or 9, is
nonvanishing, so either & # 0 or v + ¢/ # 0 under the flowout by V;. Since o = 1
and v+ 1/ = 0 at *°N*Z, we see that V} is everywhere transverse to S°N*Z, so GPf
has codimension 1 in LPf, and intersects LPf cleanly.

It remains to show that the projection 7 from LPf to bf satisfies (6.3). First we
choose coordinates on LPf. Near a point on L' at which |u|? := h¥ iy < 1, and
therefore v # 0, we can choose coordinates (u,3’,€) where € is the flowout time
from GPf along the vector field V;. Coordinates on the base are (y,y’,o). With the

dot indicating derivative along the flow of V}, i.e. d/de, we have
o=-v bf
. iy at G™.
7' =2h" p;

It follows that
o=1-ve+O(e?),

y' = (y)" + 20" pje + O(€?)
and we see that near G"f,

do dy’ y 9
go — ehid

which, using the positive-definiteness of A%/, shows that det dm, where 7 is the map

L5 (1) o (w9508 09, )

vanishes to order exactly n — 1 as ¢ — 0.

On the other hand, near a point on L at which |u| = 1, we can choose a
coordinate p; which is nonzero. Without loss of generality we suppose that ¢ = 1.
Then write ¥ = (y2,...,Yn—1) and @ = (ua, ..., tn—1). We can take (v, T,y €) as
coordinates on LPf. Calculating as above, we find that

y'=yi+ 20 pje + O(?),
y'= () + 207 e+ O(?), i>2,
o=1-ve+O(e?)
which shows that
Oy ' do

_ _pid 2y 99 _ 2
e > 0, o eh™” + O(e%), ey e+ O(e%).

J
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Again we find that det dmw, where 7 is the map
L’ s (v,my €) = (y(un v, e,y o(vn, y’,e)),
vanishes to order exactly n — 1 as € — 0. O
Lemma 6.5. There exists 6 > 0 such that, if
q= (g, o, v, v') € LP and v+ 0| < 6,

then either g € G, or dr - Tquf — Tr(g)bf is invertible, and hence m: L — bf is
a diffeomorphism locally near q.

Proof. We use the explicit description of LPf given in [17, Section 5]:

(6.23)
Lbf :{(Jayvylvyv VI?M?/J’/) : El(y()aﬂ()) € S*(aM)v sasl € (0771—)7 s.t.
sin s , ,
O=——"F V= —COSS, IV =COSS,
s s

(y, 1) = sinsexp(sHy,)(yo, i), (4, 1) = —sins" exp(s"Hyp,) (Yo, fio) }
UTL UT-UFLUF_, Ty ={(o,y,9,%£1,F1,0,0): ¢ € (0,00), y € OM},
Fy ={(0,y,9',+1,£1,0,0) | o € (0,00), 3 geodesic of length 7 connecting y,y’.}.
We see that v = —v/ on L"f only on G UT, UT_. A compactness argument shows
that that for any neighbourhood U of G*f UT, UT_, the set
(¢ o', v") € LT | v+ V'] < 6}

is contained in U if ¢ is sufficiently small. So it is enough to show that LP! projects
diffeomorphically to bf in some neighbourhood of GP*UT | UT_, except at G*! itself.
Lemma 6.4 shows that LPf C se*, ¢« MZ projects diffeomorphically to the base bf in
a sufficiently small deleted neighbourhood of GPf. Now consider a neighbourhood
of T N{o < 1— ¢} for some small e. As shown in [17], near this set, (', p/, o) are
smooth coordinates. Also, we have from (6.23)

H%h)(y’,u’)-

Using the expression (6.22) for the Hamilton vector field, we find that near T, we
have

— S

(4, 1) (5=
9 = € .
vl 7exp sin s’

s =54 2 ij C 2 . 2 2
W + O P) = (1 = )4 + O((sins)? + (sins)? + i),

yi=y =
Sin

which shows that at T, where sins = sins’ =y’ = 0, we have
oy’
aﬂ} Yo

=(1—o)h¥.

Since (y’, i/, o) furnish smooth coordinates near T’ , this equation and the positive-
definiteness of h%/ show that also (y,3’,o) furnish smooth coordinates in a neigh-
bourhood of Ty when ¢ < 1 —e. (Of course, we know from Lemma 6.4 that this
cannot hold uniformly up to o = 1). A similar argument holds for ¢ > 1 + € and
for T_. ]

Remark 6.6. These lemmas will be applied to distributions of the form
(6.24) QNAE £ (N)Q(N),

where () is a pseudodifferential operator with small microsupport. Notice that
by taking the microsupport sufficiently small, we can localize the microsupport of
(6.24) to points (y,y’, o, u, ', v, V") such that y is close to y’, p is close to p’ and v
is close to /. However, we cannot localize so that o is close to 1, simply because if
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z,2' € (0,¢€), then o = /2’ can take any value in (0, 00). Therefore, it is important
to understand the properties of 7w on L near the whole of the sets T\, not just close
to *°N*0Odiag,.

6.3. Proof of Theorem 1.2, part (A). By Corollary 3.5, to prove part (A) of
Theorem 1.2 it is sufficient to prove estimates (3.11) — (3.13) for A < A\ for L = P.
In fact, we shall prove the more general estimate

(6.25)

(QiNAE DL (NQiW) (2. 2)

Recall that the main result of [15] is that the spectral measure dF (A) is a
Legendre distribution in the space I"““p”lb*“b?g(M,f’b7 (LD, LEPEY, Q,lc/lf), with m =
-1/2, p = (n—2)/2, rpb = 7 = (n — 1)/2, and with index sets at the faces
bfg, Ibg, by, zf starting at order —1, n/2 — 1, n/2 — 1, n — 1 respectively. As an
_ v
in the space ™ —P=simn—jrm—jiBY (ME,, (LM, LEPY, Q,lc/bQ), where BU) is an index
family with index sets at the faces bfg, Ibg, rbg, zf starting at order —1—3j, n/2—1—j,
n/2 —1—j, n—1— j respectively.

Next we choose a partition of unity. We choose (Qy to be multiplication by the
function 1 — x(p), where x(p) = 1 for p < € and x(p) = 0 for p > 2¢, for some

sufficiently small €. Then, QodE%(/\)Qo is polyhomogeneous on M l?,bv with index

< OAII (14 Md(z, ) TV >0,

immediate consequence, the jth A-derivative dEY(\) is a Legendre distribution

sets as above at bfy, lbg, rbg, zf and supported away from the remaining boundary

hypersurfaces. Now recall that |dgdg’d\/A|*/? is equal to pngpl_bZﬂpr_bz/Q times a

smooth nonvanishing section of the half-density bundle Qi/ b2 . It is then immediate
that QOdE%(/\)QO is bounded, as a multiple of |dgdg’d\/A|'/? by A\»~1=7, which
yields (6.25) for ¢ = 0 since in this region we have Ad(z,z) < C.

Next, we choose @} such that Id —Q is microlocally equal to the identity for
|u|2 + v? < 3/2, and microsupported in |ul? + v < 2. Let Q1 = x(p)Q}. Then,
we claim that QldE%()\)Ql has empty wavefront set, and is therefore polyhomo-
geneous with index sets at the faces bfy,1bg, rbg, zf starting at order —1, n/2 — 1,
n/2 — 1, n — 1 respectively. To see this, we write

(6:26) QuAEYL(NQ1 = dEYL(\) — (Id—Q1)dEYL(\)
— dEYL(O)(1d =Q1) + (1d —Q1)dEYL(\) (1d —Qy).

Since Id —Ql is microlocally equal to the identity on m,(WF;; dE%()\)) and on
WF{b(dE%(A)), Lemma 5.2 shows that the sum of the first two terms on the
right hand side above vanishes to infinite order at lb and bf, and similarly the
sum of the third and fourth terms vanishes to infinite order at 1Ib and bf. Now
consider the multiplication of Id —@; on the right, and group together the first
and third terms, and the second and fourth terms on the RHS. We see, using the
adjoint of Lemma 5.2 (since also Id —@Q; is microlocally equal to the identity on

WF;b(dE%()\))) that the sum of the first and third terms vanishes to infinite order
at rb, and similarly the sum of the second and fourth terms vanishes at rb. Hence
QldE%(/\)Ch vanishes to all orders at bf,lb,rb and has empty wavefront set as
claimed. This piece therefore also satisfies (6.25).

We now further decompose Id —Qp — Q1 = xQ’, which has compact microsup-
port, into a sum of terms. Choosing § as in Lemma 6.5, we partition the interval
[—2,2] into N — 1 intervals B; each of length 6/2, and choose a decomposition
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Id—Q, = Zjvzz Q; where @);, and hence also @, is microsupported in the set
{|lul? +v? < 2,v € 2B;} (where 2B, is the interval with the same centre as B;
and twice the length). It follows that if ¢ = (y,v', 0, u, ', v,v') € (LP') is such
that 77,(¢') € WF'(Q;) and wr(q') € WF'(Q}), then |v — /| < §. Together with
Lemma 5.4, this means that deE%()\)Q;f is associated only to the Legendrian
LPf and not to L¥Pf, since on (L#Pf)" we have |[v —v/| =2 > 4.

Next, by Lemma 6.5, if ¢ = (y,%/,0, u, i’ , v, /') € (LPF)" is such that 71 (¢') €
WEF'(Q;) and 7r(q") € WF'(Q3), then due to our choice of 4, either ¢ € G, or
locally near g, L"f projects diffeomorphically to bf. Therefore, the microsupport of
deE%(/\) %, J = 2, is a subset of (L")’ which satisfies the conditions of either
Proposition 6.1 or Proposition 6.2.

In the case of Proposition 6.1, we have b=n—1—j, a = —(n —1)/2+ j and
estimate (6.25) follows directly. Next consider the case of Proposition 6.2. In this
case, we have to determine the order of vanishing of the symbol of deE%()\)Q;

at GP. Locally near ¢ € G N LPf, LPf can be parametrized by a phase function
® that vanishes at GP' when d,® = 0 — see (6.8). The kernel Q;dE p5(NQ; is
a Legendrian of order —1/2. Each time we apply a A derivative to dE 5()), it
hits either the phase function or the symbol. If it hits the phase, then the order of
the Legendrian is reduced by 1, but it brings down a factor of ® which vanishes at
G x [0, \g]. If it hits the symbol, then the order of the Legendrian is not reduced.

Therefore, as a Legendrian of order —1/2 — j, the full symbol of deE%()\)Q;f

vanishes to order j at GP' x [0, \g]. Therefore, we can apply Proposition 6.2 with
b=n—-1—jand a = —(n—1)/2+ j, and we deduce (6.25) in this case. This
concludes the proof of (6.25) and hence establishes estimates (3.11) — (3.13).

7. HIGH ENERGY ESTIMATES (IN THE NONTRAPPING CASE)

In the previous section we proved estimates on the spectral measure dF \/13()\)
for A € (0, \g]. We now prove high energy estimates, i.e. estimates for A € [Ag, 00).
For convenience, we introduce the semiclassical parameter h = A~!, so that we
are interested in estimates for h € (0, hg|, where hy = )\51. To do this, we use
the description of the high-energy asymptotics of the spectral measure from [18].
The structure of the argument will be the same as in the previous section, and
our main task is to adapt each of the intermediate results — Lemmas 5.2 and 5.4,
Propositions 6.1 and 6.2, Lemma 6.4 and Lemma 6.5 — to the high-energy setting.
Throughout this section we assume that the manifold (M, g) is nontrapping.

We recall from [18] that, for nontrapping (M, g), the spectral measure dF /()
is a Legendre distribution on X, h = A~! associated to an intersecting pair of
Legendre submanifolds with conic points (L, L*) where L C *°T* .X has a conic
singularity at L¥ C ST ot ane X (see paragraph below regarding order conventions):

dE /5(N) @ [dA| 712 € Tropreener (X (L, L#); 5P Q12)

withm=1/2,p=(n—2)/2, rog = —=1/2, rip = rp = (n — 1) /2.

Order conventions. We use different order conventions from [18], to agree with
those used in [15]. In terms of equation (4.15) of [18], the order convention in the
present paper corresponds to taking N = 2n (not 2n + 1 as in [18]), i.e. the total
space dimension, but not including the A dimension, and taking the fibre dimensions
for = 0 and fi, = fip = n, i.e. again not including the A dimension. This has the
effect that the orders in the present paper are 1/4 larger at mf = M? x {h = 0},
and 1/4 smaller at bf,1b and rb, compared to [18], and explains the discrepancies in
the orders above compared to those given in Corollary 1.2 of [18]. (An advantage of



RESTRICTION AND SPECTRAL MULTIPLIER THEOREMS 35

the ordering convention used here is that a semiclassical pseudodifferential operator
of (semiclassical) order m, multiplied by |dh/h?|'/? = |d\|'/? becomes a Legendre
distribution of the same order m at the conormal bundle of the diagonal in mf.)

7.1. Microlocal support. We begin by defining, by analogy with the discussion
in Section 5, the notion of microlocal support of a Legendre distribution on X.

Let A C *¢T™ X be the Legendre submanifold associated to F'. We assume that
A is compact. Recall from [18, Section 3] that A determines associated Legendre
submanifolds Ay¢, Ay, and Ay, which are the bases of the fibrations on dytA, oA
and O, A, respectively. The Legendre submanifold Aps can be canonically identified
with a Legendre submanifold of *T™, .M, b2, while O, A and 9,1, A may be canonically
identified with Legendre submanifolds of T, M. We define A’ by negating the
fibre coordinates corresponding to the right copy of M, i.e.

q/ = (272I7C7CI) € A/ — q= (2’2/747 _C/) S A

Similarly we define Al; and Al as in the previous section.
Then we define the microlocal support WF'(F) of F € I"™(A) to be a closed
subset of

AU ( {)f x [0, ho]) U (A]b x [0, ho]) ) (A;b X [O,ho])

in the same way as before: we say that ¢’ € A’ is not in WF'(F) iff there is a
neighbourhood of ¢ € A in which F' has order —oo, in the sense of Section 5. That
is, in a local oscillatory representation for F' of the form (for simplicity, where ¢ lies
over the interior of M?),

hm*k/%”/ eV @2 0, h) do|dgdg'dh/h?|M?,
Rk

where ¢ = (2.,d.¥(24,vs)) and dy¥(24,v4) = 0 (these conditions determining
(24, vs) locally uniquely provided that 1 is a nondegenerate parametrization of
A), the condition that F' has order —oo in a neighbourhood of ¢ is equivalent to a
being O(h>°) in a neighbourhood of the point (z,,v,,0). Similarly, ¢’ € Af; x [0, ho)
is not in WF'(F) iff there is a neighbourhood of ¢ € Ayt x [0, ko] in which F has
order —oo.

Similarly, (G,h) € A x [0, ho] is not in WF'(F) iff F' can be written modulo
(haa')>*C>°(M{) using local oscillatory integral representations with symbols that
vanish in a neighbourhood of the fibre in their domain corresponding to (g, k), and
(q',h) € ALy x[0, ho] is not in WF'(F) iff F can be written modulo (hzz')>°C(M2)
using local oscillatory integral representations with symbols that vanish in a neigh-
bourhood of the fibre in their domain corresponding to (g, h). These components of
WF'(F) will be denoted WF, ;(F), WF}, (F), WF;(F) and WF,, (F), respectively.

If F € I™(A), then F € (haz')*°C*(M?) iff WF'(F) is empty. Also note that if
WF.,(F) is empty, then 9.’ is disjoint from WF};(F), but the converse need not
hold: if the kernel of F is supported away from mf then certainly WF, ;(F) will be
empty, but WF’,(F) need not be.

Particular examples of Legendre distributions on X are the kernels of semiclassi-
cal scattering pseudodifferential operators @ of differential order —oco with compact
operator wavefront set. In the case of such a pseudodifferential* operator, the Le-
gendre submanifold A is a compact subset of ¥ N*diag;, defined in (4.13), and the
components Ay, U Al are empty. Thus in this case we may (and will) identify the
microlocal support WF, (Q) with a compact subset of S°T* M, and WFL;(Q) may
be identified with a compact subset of *T™*,, M x [0, ho).

4Throughout this section we deal with semiclassical scattering pseudodifferential operators.
The words ‘semiclassical scattering’ will usually be omitted.
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In the next lemma, 7y, and mg denote the maps defined in either (4.6) or (4.12),
as the case may be.

Lemma 7.1. Suppose that F is a Legendre distribution on X and Q is a semiclassi-
cal scattering pseudodifferential operator. Assume that F' € T30 (X A;52Q1/2)
is associated to a compact Legendre submanifold A and that Q is of differential or-
der —oo and semiclassical order 0, with compact operator wavefront set. Then QF
is also a Legendre distribution in the space I™p:Tb: b (X A; Sq)Ql/Q) and we have

WF,+(QF) C ' WF;£(Q) N WF,(F)
WELH(QF) C 't WFLe(Q) N WEF(F)
WF},(QF) C WF:(Q) N WFy,(F)
WF,,(QF) C WF,,(F).

(7.1)

Moreover, if QQ is microlocally equal to the identity on 7w (WF. +(F)), 7 (WFi:(F))
and WF},(F), then QF — F € I (X A;32Q/?) i.e. wanishes to infinite
order at mf, Ib and bf.

We omit the proof, as it is essentially identical to that of Lemma 5.2. There
is of course a corresponding theorem for composition in the other order, which is
obtained by taking the adjoint of the lemma above. Combining the two we obtain

Corollary 7.2. Suppose that F' and Q,Q’ are as above. Then
WEL((QFQ) € mpt WFL(Q) N W (Q') N WF(F)
WFL(QFQ') € 7' WFL(Q) N WFL(Q') N WE(F)
WEFL(QFQ') € WF(Q) N WEFY, (F)
WEFL(QFQ') € WF(Q') N WF,,(F).

(7.2)

A similar result holds if F' is associated to a Legendre conic pair rather than a
single Legendre submanifold.

Lemma 7.3. (i) Suppose that F € I™Pimoemw (X (A, AY);52QY/2) is a Legendre
distribution on X associated to a conic Legendrian pair (A, AY), and suppose that
Q 1is a pseudodifferential operator such that Q is microlocally equal to the identity
operator near w7, (AUAY). Then QF —F € [°:°9°%°:m0 (X (A, A¥),5®Q1/2) | 50 van-
ishes to infinite order at mf, Ib and bf. Similarly, if Q' is microlocally equal to the
identity operator near mr(AUAY), then FQ'— F € [°9°%°0mm:20 (X (A, AF), 32 Q1/2)
vanishes to infinite order at mf, bf and rb.

(ii) Suppose that F is as above, a Legendre distribution on Mb2 associated to a
conic Legendrian pair (A, A*) of order (m,p;rue, 1, 711), and suppose that Q, Q'
are pseudodifferential operators. If

(7.3) m WEL(Q) Nt WELH(Q') N AP =0,

then QFQ' € I™moemorn (M2 A Q); in particular, WF(QFQ') is disjoint from
(A%)".

We omit the proof, which is a straightforward modification of the arguments in
Section 5.

7.2. Pointwise estimates on Legendre distributions. Now we give a pointwise
estimate on Legendre distributions of a particular type. First we begin with the
trivial case.
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Proposition 7.4. Let A C °T*_(X) be a Legendre distribution that projects
diffeomorphically to mf. Suppose that u € I 76Te:Tre (XA with

m=n/2—1, rr=-n/2—qa, ©HL="rmH=—-q.
Then, as a multiple of the half-density \dgdg'd)\|1/2, we have a pointwise estimate
lul < CXH (™t + (/)71
Generalizing Proposition 6.2 to the case of X = M? x [0, ho] is straightforward.

Proposition 7.5. Let A be a Legendrian submanifold of S*T* . X. Assume that A
intersects S* N* diag,, defined in (4.13), at G = AN®® N*diag, which is codimension
1 in A and transversal to the boundary at bf, and that dm has full rank on A\ G,
while w|q is a fibration G — diag, with (n — 1)-dimensional fibres, with condition
(6.3) holding at G.

Assume that u € T™ o000 (X A SPQY2) with m, 7o, T, 72 as in Lemma 7.4
and that the full symbol of u vanishes to order (n —1)/2+ « both at G C A and at
OptG % [0, ho] C OpeA x [0, hol. Then, as a multiple of the half-density |dgdg’d\|'/?,
we have a pointwise estimate

(7.4) lul < CX=(1 + Md(z,2))>.

Proof. First consider u on a neighbourhood of X disjoint from diag,. In that case,
the result follows from Proposition 7.4.

Next consider u near diag,, but away from bf. Then if v is microlocally trivial
at *? N*diag,, the result follows from Proposition 7.4. If not, then the geometry
is the same as that considered in Proposition 6.2 (with p replaced by h; also note
that the estimate in Proposition 6.2 is respect to the half-density A"|dgdg’d\|'/?),
and the result follows from that Proposition.

So we are reduced to the case where we are microlocally close to ANy N*diag, =
OptG. Let ¢ € OheG. In a neighbourhood of dy¢diag,, we have coordinates (z,y, w),
where w = (y — y',0 — 1) as before. In terms of these we can write points in
S¢T*me in the form

dw d dx 1
and this defines local coordinates (z,y, w; 7, 1, k,v) on *T* . X. Then, contracting
the canonical one-form with xh29j, and restricting to *T* . X gives the contact form
on S®T* X, which in these coordinates takes the form

(7.5) dv —tdx — p - dy — K - dw.

Using the transversality of A to Sq)Tgmme we see, as in the proof of Proposi-
tion 6.2 that (z,y,w;, k) form coordinates on A. Then as in the proof of Propo-
sition 6.2, we can write the remaining coordinates as functions of (x,y,w;, k) on
A:

w; = Wi(z,y,w1,R), i=2...n,
12 :Mi(l‘aval,g)a
HIZK(x7y7w17E)a on A.

V= N(xayfwlaﬁ)a
T = T(x’yawlvg)

In the same way as before, we find that

n

(i)(xvvaav) = Z (Ej - Wj((E,y7’LU1,’l)))Uj + N(:E,y,w,v), U= (UQ» .. ~avn)v
j=2



38 COLIN GUILLARMOU, ANDREW HASSELL, AND ADAM SIKORA

parametrizes A locally, and has the properties that ® = O(w1) when dy® = 0, and
® = &+ O(x) where ® is precisely as in the proof of Proposition 6.2. We can then
follow the proof given there, where (6.11) is replaced by

(76) x—(n—l)/2—o¢)\(n—1)/2+k / eiﬁi)(ac,y,w,v)/acha/(x7 y, w1, v, h) dv

in which the function @ vanishes to order (n — 1)/2 + o at = 0 and at w; = 0.
In effect we have replaced the large parameter 1/x in the phase of (6.11) by 1/xh,
while x plays the role of a smooth parameter.

The rest of the argument is parallel to the proof of Proposition 6.2. We first note
that the estimate is trivial when |w;| < zh. Assuming then that |wi| > zh, we
make the change of variables (6.13). By continuity, the matrix A in (6.15) remains
nonsingular, and (6.17) remains valid, for small z. Hence, we can integrate by parts

using the identity
¥ h 0 i
i®/x _ ( LA 7) i®/x
¢ zk: 0, % a9, )€

analogous to (6.16).
In the 6 coordinates, we are trying to prove the estimate

xf(nfl)/2fah7(n71)/2fl / w?ei&’@y’w’e)/whéo(x, Y, wi, 0) dG‘ < Chfl (ﬂ)a7
Rn—1 T
since when |w| > zh,
|w]

—_ ! ~ 1 !
oh Ad(z,2") + Ad(z,2)

(and recall that |w| ~ |wy]| locally). As before, the wﬁ”*”/? factor was absorbed as
a Jacobian factor, and a is again smooth. This estimate is equivalent to a uniform
bound on

(7.7) (zh)~(n=1)/2 / @@y 0 /zg0 0 4wy, 0) do|.
Rn—1

We introduce a modified partition of unity in (z,8)-space, 1 = xo + Z;:_ll X
where xo is a compactly supported function of /v zh, and x; is supported where
|6] > Vzh, and where 6; > |0|/(n — 1), with derivatives estimated by

(7.8) IV xi| < C(xh) 2,
Then the rest of the argument proceeds just as before, leading to (7.7). O

7.3. Geometry of the Legendre submanifold L. We prove results analogous
to Lemma 6.4 and Lemma 6.5. First, we define

G = {q € **N*diag, | o(h*A)(q) = 1},
where o is the semiclassical principal symbol. This is an S"~!-bundle over diag,,.

Lemma 7.6. The Legendre submanifold L intersects S®* N*diag, cleanly at G, and
the projection w: L — mf satisfies (6.3).

Proof. This is proved just as for Lemma 6.4. As shown in [18], L can be obtained
as the flowout from G by a vector field V;, which is obtained from the Hamilton
vector field of A — \? by dividing by boundary defining function factors (see [18,
Section 11]), so that it becomes smooth up to the boundary of S*7*X. This vector
field takes the form (6.22) up to O(z) near bf, and repeating the argument below
(6.22) with = as a smooth parameter establishes the lemma in a neighbourhood of
OptG, i.e. for x + 2’ < € for some small € > 0.
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Away from bf, we can use coordinates (z, z’) on mf, and writing points in S*77* ;X
in the form

dz , d? 1
defines fibre coordinates (¢,¢’,7) on *®T*.X. In terms of these coordinates, we
have
p 0 109" (z) 0 y 0
— g () — = o G (N

We recognize the equations for (z,() as equations for geodesic flow. Moreover,
letting [C[, = g"/ (2)¢;¢;, we find that (|¢|) =0 and |¢|, = 1 on G, hence [¢[, = 1
on L; similarly |('|; =1 on L. Finally, 7 =1 and 7 = 0 on G. It follows that near
a point on G where (say) (1 # 0, we can use coordinates (¢, z',7) as coordinates on
L, where ¢ = (C2,...,Cn), Z = (22,...,2,). We then find, from (7.9), that
Zl _ (Z/)l +gijCjT+O(T2),
F =) +g7GTHO), P22,
and we see that near G, _
! ozt
or a¢;
which shows that det dm, where 7 is the map

ij
797,

L3 (@7\7) = (317 7).8C 2 7),7),
vanishes to order exactly n — 1 at G. O

Lemma 7.7. (i) There exists 0 < § < 1 and € > 0 such that the Legendre subman-
ifold L C Sq)T*me projects diffeomorphically to the base mf locally near all points
(x,y, 2" ¢, pu, ', v, v/, 7) € L\ G such that x + 2’ < 2¢ and |v + V| < 6.

(i) For any € > 0 there exists ¢ > 0 such that L projects diffeomorphically to the
base near all points (z,2',(,¢',7) € L\ G such that x + ' > € and |7| < ¢.

Proof. (i) A topological argument shows that for sufficiently small ¢, depending
on ¢, the subset of L where x + 2’ < 2¢ and |v 4+ V| < § is contained in a small
neighbourhood of the set G U T, UT_, where Ty C Oyt = LP! are as in (6.23).
Lemma 7.6 shows that L projects diffeomorphically to mf in a deleted neighbour-
hood of G. Near the sets Ty, we use Lemma 6.5 and the fact, proved in [18], that L
is transverse to the boundary at bf to show that (y,y’, o, ppr) form coordinates lo-
cally near Ty away from G. Here pys is a boundary defining function for bf and can
be taken to be z for ¢ > 1 or 2’ for o < 1. Therefore, L projects diffeomorphically
to mf locally near T4 and away from G.

(ii) The calculation above shows that if 7 is small, then d(z,z’) is small and
|¢ + ¢'| is small, ie. (z,(,2,¢,7) is close to G. So by taking ¢ sufficiently small,
we restrict attention to a small neighbourhood of GN{z+x’ > €}. The result then
follows directly from Lemma 7.6. O

Remark 7.8. In fact, we can take ¢ to be the injectivity radius of M.

Let M’ be the compact subset of M° given by {x > €}, where € is as in
Lemma 7.7, and let ¢ be the injectivity radius of M. For any 2y € M’', let z
denote the Riemannian normal coordinates centred at zp, and ¢ the corresponding
dual coordinates. Define the quantity

n= inf min{|z—2'|+ (=] ]z = 20| < /4,2 — 20| < 0/4,

zoEM'’
7(0) = (2,0, () = (¢, ¢), t =1}
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where the minimum is taken over all geodesics v : R — M®° which are arc-length
parametrized.

Lemma 7.9. The quantity n is strictly positive.

Proof. We use the nontrapping assumption. This means that there is no geodesic
v with v(0) = (z,{) = 7(¢), if ¢ > ¢. Therefore, by compactness, the minimum
for a fixed zy in the expression above is strictly positive. This minimum varies
continuously with 2y and therefore the inf over all zg in the compact set M’ is also
strictly positive. O

7.4. Proof of Theorem 1.2, part (B). We now assemble our results to prove
(6.25) for A > Ao, i.e. h < hg, which by Corollary 3.5 and Section 6.3 is sufficient
to prove part (B) of Theorem 1.2.

‘We now choose a partition of unity. This is done similarly to the previous section:
in particular the @; will be pseudodifferential operators of differential order —oo.
We first choose @) such that Id —@Q; is microlocally equal to the identity where
o(h?A) < 3/2, and microsupported where o(h?A) < 2 (here o denotes the semi-
classical principal symbol). Then, we claim that dE%()\) is in (haz')>®°C>(M?).
To see this, we write

QldE(J) NQ; = dEf%()\) —(Id —Q1)dE%()‘)

— dEVL(N)(Id=Q1) + (1d —Q1)dEYL(A)(Id - Q1)
as use the microlocal support estimates as in the discussion below (6.26) to show
that WF’(dE%()\)) is empty. This piece therefore is in (haxz')*°C*(M?), and
trivially satisfies (6.25).

We now further decompose Id —Q1, which has compact microsupport, into a
sum of terms. We first choose a function m € C°°(M?) that is equal to 1 in a
neighbourhood of 9M? and supported where z+2" < 2¢, where € is as in Lemma 7.7.
Choosing ¢ as in Lemma 7.7, we divide up the interval [—2,2] into N — 1 intervals
B, each of width < §/4, and choose a decomposition (Id —Q1)m = Z;Vﬁ Q; where
Qj, and hence also @}, are supported on the set = + z' < 2¢ and microsupported in
the set {o(h?A) < 2,v € 2B;}. Tt follows that if ¢’ = (z,y,2',y', u, 1/, v,v/,7) € L’
is such that 7,(¢") € WF,+(Q;) and 7r(q') € WF,+(Q}), then |[v — | < §/2.

Together with Lemma 7.3, this means that deE%()\)Q; is associated only to the

Legendrian L and not to L¥, since on (Lf)" we have |v — /| = 2 > §/2. Then
Lemma 7.6 guarantees that on the microsupport of QJdE(] (A )Q the projection
m to mf is either a diffeomorphism or satisfies the CODdlthDb of Proposition 7.5.

We finally decompose (Id —Q1)(1 —m) = E;\SVJ\L Q;, where Q; is microsup-
ported in a sufficiently small set so that WF,¢(Q;) is a subset of

(7.10) {(,0) |1z = 20l + ¢ = Col < n/2}
for some zp € M’ = {x > ¢} C M° and some ¢, (where we use Riemannian normal
coordinates as in Lemma 7.9). By construction, then, if ¢ = (2,2/,¢(,{’,7) €

WFinf(deE%()\)Q;), then we must have |z — 2| + |¢ — {'| < from (7.10), and
also v(0) = (2,¢),v(t) = (¢, ') for some geodesic . From Lemma 7.9 we conclude
t <, thus 7 is the short geodesic between z and z’. Consequently, 7 < ¢ and by
Lemma 7.7 either L locally projects diffeomorphically to mf, or ¢ € *°N*diag,,.

We next consider the symbol of Q]dE(] ) (MQj. As in the previous section,
this symbol vanishes to order j both at G C mf and at G x [0, ho] C bf, due
to the vanishing of the phase function ® at G when d,® = 0. Therefore, in all
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cases, Q]dE(J) (A)@j satisfies the conditions of Proposition 7.5 with [ = j, and the

required estimate (6.25) follows from this proposition. This completes the proof of
(1.3) for A\g < A < 0.

Part 3. Trapping results
8. SPECTRAL PROJECTION ESTIMATES

In this section we study the Laplacian on a manifold N with C°° bounded
geometry, in the sense that the local injectivity radius ¢(p), p € N has a positive
lower bound, say €; the metric g;;, expressed in normal coordinates in the ball of
radius €/2 around any point p is uniformly bounded in C°°(B,.(0)), as p ranges over
N; and the inverse metric g% is uniformly bounded in sup norm. (In fact, we only
need this to be bounded in C* for some k depending on dimension n, but k tends
to infinity as n — oo0.) This implies that the distance function d(q, ¢’) satisfies the
n x n Carleson-Sjolin condition (see [33, Section 2.2]) uniformly over all p € N and
q,q" € B(p,¢/2) with d(q,q") > €/4.

Then the following Sogge-type restriction theorem holds:

Proposition 8.1. Let N be a complete Riemannian manifold of dimension n with
C®> bounded geometry. Then the Laplacian Ay on N satisfies

(8].) H H[A,A-‘,—l]( /AN)HLq(N)_)Lq/(N) < C)\n(l/Q—l/q’)—l’ A > 1.

This result is quite likely well-known to experts, but to our knowledge such a
result has not appeared in the literature, so we provide a sketch proof.

Proof. We adapt Sogge’s argument. Let € be as above. We then choose an nonzero
even Schwartz function y such that its Fourier transform x is nonnegative and
supported in [e¢/4,€/2]. Tt follows that x(0) > 0, and by taking e sufficiently small,
we can arrange that Rey > ¢ > 0 on [0, 1].

Now let x{¥(0) = x(6 — A) + x(—o — A). This is an even function, and since x
is rapidly decreasing, for sufficiently large A we have

Rex§' = £ on [\, A+ 1]

That is,

(Rex$¥)? — % = F\, where F) >0 on [\ A+ 1].
Then for f € LP,
nin (VAN = By (VER) (Rexi (VAN — BB £

= (T (VAN RexS (VAN Ip sy (VAN) Re XS (VAN)S)
~(B (VAN Tp) (VAR F I sy (VAN )
< [[Rex§ (VAN F 72 < X8 (VAR 7

So it is enough to estimate the operator norm of the operator x$'(v/Ay) from L4
to L2. To do this we express x5 (v/Ax) in terms of the half-wave group e?VA~:

1 . _—
(3.2) VAN = [ VAT 0

Since Xe" = e MAX(t) + e Y (—t) is even in ¢, we can write this as

63 WA =1 [eostVBx(e O + (1) dt.
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Using the fact that the kernel of costy/Ap is supported in D, for any complete
Riemannian manifold, we see that x§"(v/An) is supported in D, /,. Moreover, the

argument of Sogge shows that x§¥(v/An) maps any f € LP(M) and supported in
a ball of radius €/2 to L?(M) with a bound

XY (VAN £, < Cllf s

where C' is uniform over M due to the bounded geometry. We then choose a se-
quence of balls B(x;, €/2) that cover M, such that B(z;, ¢) have uniformly bounded
overlap, i.e. such that ), (s, ) is uniformly bounded. Then for any f € LP(M),
and using the continuous embedding from 7 — [? for 1 < p < 2,

I VAT < S I AN,

< oA(/pml2) =12 HinP(B(Ii,C))
i

< oA /p=1/2)=1/2 ( > Hinp(B(xi,@))Q/p
%

< Can/PmlD=2) g2

(8.4)

showing that 5" (v/Ax) maps from LP(M) to L?(M) with a bound CA(}/P=1/2)=1/2,
(I

9. SPATIALLY LOCALIZED RESULTS FOR TRAPPING MANIFOLDS

Let us assume now that M° is asymptotically Euclidean and has several ends
Ei,...,Ex. By an end here we mean a connected component F; of {x < 2¢} where
x is a boundary defining function and € > 0 is a small fixed number, so that F;
is diffeomorphic to (r;,00) x S"~! with a metric of the form dr? + r2h(y, dy, 1/r),
with A smooth, and such that the projection of the trapped set to M° is disjoint
from E;.

Proposition 9.1. Assume M° is asymptotically Euclidean, possibly with several
ends. Let x € C°°(M) be supported in {x < €} and let P be as in Theorem 1.2.
Then one has

2(n+1)

n+3
Proof. As in [16], we can write dE /5()\) = (21) "' P(A)P(\)*, where P()) is the
Poisson operator associated to P. Hence one needs to get LP(M) — L2?(OM)
bounds for P(A)*x. The Schwartz kernel of P(A\)* is given by

(9.2) PNy, 2) =z~ "2

(9.1) IXAE /5N X| oy por < CXAP7HEO=L for 1 < p <

= MR 2,95 2')] o

Let x1,Xx2,x3 € C®°(M) be supported in {x < 2¢} and equal to 1 in {& < €},
and x;x; = x;j if j < i. Let (M;, ¢;) be a non-trapping asymptotically Euclidean
manifold with one unique end isometric to F;. The existence of such a manifold
can be easily proved if one takes € small enough. There is a natural identification
v M;Nn{x < 2¢} - M{z < 2¢}, and so functions supported in {z < 2¢} can be
considered as functions on M or U;M;. To simplify notations, we shall implicitly
use this identification in what follows, instead of writing ¢}, ¢;, . Let P;j = Ap, +Vj,
where Vj is equal to V' in the identified region, such that P; satisfies the conditions
of Theorem 1.2 (which can always be achieved by making V; sufficiently positive
in a compact set away from the identified region). For A € {z € C;Im()\) > 0}, we
define R;(\) := (P; — A?)~! the resolvent, and by [17] the Schwartz kernel of this
operator extends continuously to A € R as a Legendre distribution. For A > 0 it
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corresponds to the outgoing resolvent while for A < 0 it is the incoming resolvent.
For what follows, we consider Re(A\) > 0 to deal with the outgoing case. We have
the following identities for Im(A) > 0

P =A%) xeRi(Mxa = x1 + YA x2] Ry (M,
J J
D X2 Ri(A)xs(A = X%) = x2+ > x2R;i(N)[xs, Al
J J
which can be also written as

>R = X1+ZR 1A xRy (M,
ZXsz()\)m:XzR JFZXQR X3, AJR(A).

Multiplying the second identity by x; on the right and combining with the first
one, we deduce that

(93)  x2R(A Z X2 (A)x1 + Z X2 Ri(A)[xs, AJR(A)[A, x2] R (M) xa-

Since R;(\), R(\) extend to A € R as operators mapping C5°(M) to C* (M), (9.3)
also extends to A € R as a map from C§°(M) to C*° (since [A, x;] is a compactly
supported differential operator). Now to obtain the Poisson operator P(\)*, we use
9.2 and deduce from (9.3) that

94) PN = Z Pi(\)"™x1 + Z B (N xs, AJRV[A, x2] B (M)xa

where Pj(\)* is the adjoint of the Poisson operator for P; on (Mj, g;) (mapping
to M by the natural identification of OM; with dM). Since Vxo and Vys are
compactly supported, we can choose n € C§°(M°), supported in {x < 2¢}, such
that 7 = 1 on supp V2 Usupp Vs, and write (9.4) in the form

(95) POV =3 P xl+ZP nlxs, AlRANIA, X2l (\)xa

In [4, equation (1.5)], Cardoso and Vodev prove the following L? estimate: if
n € Cg°(M) (resp. n; € C§°(M;)) is supported in {z < 2¢}, then for e small
enough, there is C' > 0 such that for all A > 1

96)  [InRMnlla-1—m <COX, (vesp. [[niR;(Mnjlla-1 - < CA).

Since the spectral measure dE;()\) for A on (M;, g;) satisfies

AB; () = 25 (R(3) — Ry(-X)) = o

IOV TOVS
we deduce by the TT* argument and (9.6) that
(9.7) [n; Pj (M| L2 on;) 12 (0y) < C

if n; is as above. Now since M, is non-trapping, we also know from Theorem 1.2
and the TT™* argument that for p € [1,2(n + 1)/(n + 3)]

(9.8) 1P (N * X1l Lo (ay) 12 (ong;) < CAMG 275,

We now use the following
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Lemma 9.2. Assume that M; is asymptotically Fuclidean and nontrapping. Let
x € C®(M;) be equal to 1 in {x < €} and supported in {x < 2¢} and let n €
C§° (M) be supported in {x < 2e} such that

(9.9) inf{z | 3 (z,y) € suppn} > ysup{z | 3 (z,y) € supp x}

for somey > 1; in particular, the distance between the support of n and x is positive.
Then the following estimate holds for 1 <p <2(n+1)/(n+3) and A > 1:

C e
|ij()‘)X||LP(]V[]-)—>LP'(M]-) < XHTIdEj(A)XHLp(Mj)—mﬂ(Mj) +O(A™).

Proof. Recall that R;j(£\) is the sum of a pseudodifferential operator and of Le-
gendre distributions associated to the Legendre submanifolds (5® N*diag;, L+) and
to (L, Lgt) Since the distance between the support of i and x is positive, we see
that nR;(£\)x are, like dE(X), both Legendre distributions (conic pairs) associated
to (L, L*) with disjoint microlocal support; indeed, the nontrapping assumption im-
plies that L, and L_ intersect only at G which is contained in ** N*diag,, while
Lﬂ and L' are disjoint. We claim that we can choose a microlocal partition of

unity, vazl Q; = Id, where @Q; are semiclassical scattering pseudodifferential op-
erators, such that for each pair (i, k), either Q;nR;(A\)xQr or QinR;(—\)xQk is
microlocally trivial. This does not quite follow from the disjointness of the mi-
crolocal supports of nR;(£\)x; we must also check that at, there are no points
(v, o o, p it v, V), (y, 9 oy p v, v') € 3*T* X, differing only in the o coor-
dinate, such that the first point is in WFy¢(nR;(\)x) and the second point is in
WEF:(nRj(—A\)x) (cf. Remark 6.6). This follows from (6.23); in fact, the coor-
dinates (v,v') determine o except on the sets Ty. However, on T4, we find that
(y,y,o,up =0,/ =0,v==41, =Fl)isin Ly iff c<landv=10rc>1
and v = —1, while it isin L_ iff o <1 and v = =1, 0or 0 > 1 and v = 1. But
condition (9.9) implies that ¢ > « > 1 on the support of the kernel of nR;(£\)x, so
we see that indeed it is not possible to have (y,y/, 0, u, 1’ v,v") € WFpe(nR;(A\)x)
and (y,y',0%, p, @', v, ") € WEL(nR;(=A)x).

Now let N be the set of pairs (i, k), with 1 <4,k < N, such that Q;nR;(A\)xQx
is not microlocally trivial. This means that if (i, k) € N, then Q;nR;(—\)xQ% is
microlocally trivial. Let us also observe that as the (); are uniformly bounded as
operators L? — L2, and as they are Calderén-Zygmund operators in a uniform sense
as h — 0, then they are uniformly bounded as operators LP — LP for 1 < p < oo.
Therefore we can compute:

N
1R (N o2y < D 1QunRy (NXQkllr (ary) 221y
i,k=1
= iR (A)X Q|| Lr (M;)— L2 (M) _
1QinR; (N)xQx OO
(i,k)EN
(9.10) = Z HQin(Rj()\)_Rj(_)\))XQkHLP(Mj)ﬁLz(Mj)_|_O()\—oo)
(i,k)EN
1 — 00
:ﬁ Z HQindEj(A)XQkHLp(Mj)%Lg(Mj)+O()\ )
(i,k)EN
CN? )
< j<)\)XHLp(Mj)*>L2(]\/[j)+O()\ 00)’

proving the lemma. O
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Since ndE;(A\)x = nP;(A)P;(A)*x, we deduce from Lemma 9.2 and equations
(9.7) and (9.8) that
1 1

(9.11) 1R N vty L2 aryy < CAMG=2 7271 A > 1

Now we can analyze the boundedness of the right-hand term of (9.5) as follows:

maps L?*(M;) to H~*(M) with norm independent of X\; nR(\)n maps H (M)
to H'(M) with norm CX by (9.6); [xs,A] maps H'(M;) to L?(M) with norm
independent of \; and P7(\)n maps L?(M) to L?(M) with uniformly bounded
norm by (9.8). This concludes the proof of Proposition 9.1. O

Remark 9.3. Observe that we missed the endpoint p = 1 due to our use of Calderén-
Zygmund theory. In the case that M is exactly Euclidean for z < 2e we can take M;
to be flat Euclidean space and then it is straightforward to check that nR;(A)x is
bounded L*(M;) — L?(M;) with norm O(A("=3)/2) which gives us Proposition 9.1
for p =1 in this case.

In the paper [31] by Seeger-Sogge, spectral multiplier estimates are proved for
compact manifolds for the same exponents as in Theorem 1.1. This was done using
Sogge’s discrete L? restriction theorem, i.e. Proposition 8.1. One may suspect that,
since spectral multiplier estimates can be proved in the compact case, and since
we have localized restriction estimates outside the trapped sets, that one should
be able to prove spectral multiplier estimates on asymptotically conic manifolds
unconditionally, i.e. without any nontrapping assumption. We have not been able
to prove this, however, but have the following localized results:

Proposition 9.4. Let M° be a manifold with Euclidean ends, and let p € [1,2(n+
1)/(n+3)]. Let P be as in Proposition 1.2, let x be a cutoff function as in Proposi-
tion 9.1, let F' be a multiplier satisfying the assumption of Theorem 1.1, i.e. F € H®

for some s > max(n(% —1),3). Then we have

sup 1@V P)xllp—p < CIIF][1:-

This is proved by following the proof of Theorem 1.1, using (9.1) in place of
(2.3).

Proposition 9.5. Let w € C°(M°) be compactly supported and let P and F be as
above. Then the following estimate holds:

sup |[wF (VP [1rso < |Fll1r-
a>

This is proved by following the method of Seeger-Sogge [31], using the compact
support of w to obtain the embedding from L? to LP as in [31, Equation (3.11)].

10. EXAMPLES WITH ELLIPTIC TRAPPING

Here we show that the restriction estimate at high frequency generically fails
for asymptotically conic manifolds with elliptic closed geodesics. Indeed, it has
been proved by Babich-Lazutkin [2] and Ralston [30] that if there exists a closed
geodesic v in M such that the eigenvalues of the linearized Poincaré map of v are
of modulus 1 and are not roots of unity, then there exists a sequence of quasimodes
u; € C§°(K) with K a fixed compact set containing the geodesic, a sequence of
positive real numbers A; — oo such that for all V > 0 there is Cy > 0 such that

(10.1) lujllze =1, (A = X)uyllze < OnATY.
We show



46 COLIN GUILLARMOU, ANDREW HASSELL, AND ADAM SIKORA

Proposition 10.1. Assume that (M, g) is an asymptotically conic manifold with
an elliptic closed geodesic such that the eigenvalues of the linearized Poincaré map
of v are of modulus 1 and are not roots of unity. Then for allp € [1,2) and M >0
the spectral measure dE(X) does not satisfy the following restriction estimate

3C > 0,3R > 0,Y\A > R,|[dEN)||r—sra < CAM
where 1/p+1/¢ = 1.
Proof. : Let u; be the quasimodes above. Then the inequality
1A = Xj)ugllze < OnATY
implies that
| HR\[ArzCNA;N,,\ﬁch,\;N](Ag)UjHLZ <1/2

since [[(A—X;)v|| > c||v|| if v is in the range of the spectral projector llg\[x, —c,x;4¢](A)-
Therefore

V3

(10.2) I H[Aj_chA;Ng\j.;_ch)\;N](Ag)ujHL? 2 5

and using the fact that 1, _,o -~ \ oo a-n1(Ag) is a projection,
i J

e~ w

(10.3) (uj, H[AJ_QCNA;N,MHCNA;N](Ag)uj> >

Now assume that for p € [1,2) and M there exists C such that ||[dE(A)||rr—re <
CAM for [A—)\;| < 2CN)\;N. Then using the continuous embedding from L?(K) —
LP(K), we see that there is C' > 0 such that

{(uj,dE(\)u;) < C'AM||u;[p2 < 2C°AM.

By integrating this on the interval [A; — ZCN)\J-_N, A+ QC’N)\]-_N]7 we contradict
(10.3) if N is chosen larger than M and j is large enough. O

Remark 10.2. In fact, one can construct examples where the spectral measure blows
up exponentially with respect to the frequency A. Consider a Riemannian manifold
(M, g) which is a connected sum of flat R™ and a sphere S™, so that it contains an
open set S isometric to part of a round sphere S™, namely

S ={r= (21,29, ,2ny1) € R"|2| = 1,27 + 23 > 1/4}

Consider the functions uy (z) := (z1 +iz2)" (as functions on R"1). These restrict
to eigenfunctions on S™ with corresponding eigenvalue N(N + n — 1) and with
norm |[uy||zz ~ eN~4 for some ¢ > 0 as N — oo. Let x € Cg°(S) be equal to
1 on SN{x? + 23 > 1/2} and extend it by 0 on M \ S. The modified function
vn = xun/||xun]||rz satisfies

(Ag = N(N +n—=1)on = [Ag, x]un/[[xun]]|L2-

But since |z +ixa| < 1/2 on the support of [A,, x] and since ||xuy|| > CN~/4 for
some C' > 0 when N is large, we deduce that (A, — N(N+n—1))vy = Or2(e= )
for some o > 0. Applying the argument of Proposition 10.1, we deduce that there
exists C' > 0,8 > 0 and a sequence Ay ~ N(N +n — 1) such that

[[dEAN)||Lr—pa > CePrv

when 1/p+1/q = 1.
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11. CONCLUSION

We conclude by mentioning several ways in which the investigations of this paper
could be extended.

Theorem 1.2 is only stated for dimensions n > 3. This is because the proof
relies on the analysis of [13] and [15], which is only done for n > 3. It would be
interesting to treat also the case n = 2. The main difficulty in doing this is to write
down a suitable inverse for the model operator at the zf face in the construction of
[13, Section 3], which is not invertible as an operator on L?(M) in two dimensions
as it is in all higher dimensions.

One could also extend Theorem 1.2 by allowing potential functions which are
O(2?) instead of only O(z?) at infinity, i.e. inverse-square decay near infinity. This
should be relatively straightforward, because all the analysis has been done in the
two papers cited above. For potentials of the form V = Vyz2? with Vj strictly
negative at M, this would have the effect of changing the ‘numerology’, i.e. the
range of p and the power of A in (1.3), for example. Here we preferred not to treat
this case, in order not to complicate the statement of Theorem 1.2, but rather to
keep the numerology as it is in the familiar setting of the classical Stein-Tomas
theorem, and in Sogge’s discrete L? restriction theorem.

Another way to extend Theorem 1.2 would be to allow operators P with eigen-
values. In this case, we would consider the positive part 1l o) (P) of the operator
P. We expect such a generalization to be straightforward, as the analysis has been
carried out in [13], [15], with the only complication being that 1l . (P) does not
satisfy the finite speed propagation property (2.2).

We close by posing, as open problems, several possible generalizations that seem
to be a little less straightforward:

e Prove (or disprove) the restriction theorem for high energies in the pres-
ence of trapping, in the case that the trapped set is hyperbolic and the
topological pressure assumption of [29] and [3] is satisfied.

e The Hardy-Littlewood-Sobolev theorem tells us that the resolvent of the
Laplacian at zero energy on R™ is bounded from L?(R™) to L¥' (R™) when
n > 3 and p = 2n/(n + 2); this holds true on any asymptotically conic
manifold. Since this value of p is in the range [1,2(n+1)/(n+ 3)], this sug-
gests that the resolvent kernel (A — (A=£40)?)~! on an asymptotically conic
manifold should be bounded from L?(R") to L?' (R™) when p = 2n/(n+2).
Prove (or disprove) this.

e Prove (or disprove) the spectral multiplier result for high energies in the
trapping case, i.e. Propositions 9.4 and 9.5 without the cutoff functions.
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