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ABsTRACT. A Transformer is a neural network architecture that plays a cen-
tral role in the inner workings of large language models such as the ChatGPT
chatbot. We set out a mathematical framework for analyzing Transformers
based on their interpretation as interacting particle systems, which reveals
that clusters emerge in long time. Our study explores the underlying theory
and offers new perspectives for mathematicians as well as computer scientists.
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The introduction of Transformers in 2017 by Vaswani et al. [VSP 17| marked
a significant milestone in development of neural network architectures. Central
to this contribution is the self-attention mechanism, a novelty which distinguishes
Transformers from traditional architectures, and which contributes substantially
to their superior practical performance. In fact, this innovation has been a key
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catalyst for the progress of artificial intelligence in areas such as computer vision
and natural language processing, notably with the emergence of large language
models. As a result, understanding the mechanisms by which Transformers, and
especially self-attention, process data is a crucial yet largely uncharted research
area.

A common characteristic of deep neural networks (DNNs) is their compositional
nature: data is processed sequentially, layer by layer, resulting in a discrete-time
dynamical system (we refer the reader to the textbook [GBC16] for a general intro-
duction). This perspective has been successfully employed to model residual neural
networks—see Section 2.1 for more details—as a continuous-time dynamical system
called neural ordinary differential equations (neural ODEs) [CRBD18, E17, HR17].
In this context, an input x(0), say an image, is evolving according to a given time-
varying velocity field as (t) = v(z(t)) over some time interval (0,77). As such,
a DNN can be seen as a flow map x(0) — 2(T) from R? to R?. Even within the
restricted class of velocity fields {v;};>0 imposed by classical DNN architectures,
such flow maps enjoy strong approximation properties as exemplified by a long line
of work on these questions [LJ18, ZGUA20, LLS22, TG22, RBZ23, CLLS23].

In this article we observe that Transformers are in fact flow maps on P(R9),
the space of probability measures over R?. To realize this flow map from measures
to measures, Transformers evolve a mean-field interacting particle system. More
specifically, every particle (called a token in this context) follows the flow of a vector
field which depends on the empirical measure of all particles. In turn, the continuity
equation governs the evolution of the empirical measure of particles, whose long-
time behavior is of crucial interest. In this regard, our main observation is that
particles tend to cluster under these dynamics. This phenomenon is of particular
relevance in learning tasks such as next-token prediction, wherein one seeks to map
a given input sequence (i.e., a sentence) of n tokens (i.e., words) onto a given next
token. In this case, the output measure encodes the probability distribution of the
next token, and its clustering indicates a small number of possible outcomes. Our
results indicate that the limiting distribution is actually a point mass, leaving no
room for diversity or randomness, which is at odds with practical observations.
To explain this phenomenon, we suggest the existence of a long metastable epoch
during which the particles are assembled in a small number of clusters. They stay
in this clustered metastable state for a long time until they relax to a point mass
asymptotically.

The goal of this manuscript is twofold. On the one hand, we aim to provide
a general and accessible framework to study Transformers from a mathematical
perspective. In particular, the structure of these interacting particle systems allows
one to draw concrete connections to established topics in mathematics, including
nonlinear transport equations, Wasserstein gradient flows, opinion formation mod-
els, and optimal configurations of points on spheres, among others. On the other
hand, we describe several promising research directions with a particular focus on
the long-time clustering phenomenon. The main results we present are new, and we
also provide what we believe are interesting open problems throughout the paper.

The rest of the paper is arranged in three parts.

Part 1: Modeling. We define an idealized model of the Transformer architecture
that consists in viewing the discrete layer indices as a continuous time variable. This
abstraction is not new and parallels one employed in classical architectures such as
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ResNets [CRBD18, E17, HR17]. This model focuses exclusively on two key com-
ponents of the Transformers architecture: self-attention and layer-normalization.
Layer-normalization essentially constrains particles to evolve on the unit sphere
S9-1, whereas self-attention is the nonlinear coupling of the particles done through
the empirical measure. (Section 2). In turn, the empirical measure evolves accord-
ing to the continuity partial differential equation (Section 3). We also introduce a
simpler surrogate model for self-attention which has the convenient property of be-
ing a Wasserstein gradient flow [AGS05] for an energy functional that is well-studied
in the context of optimal configurations of points on the sphere.

Part 2: Clustering. In this part we establish new mathematical results that indicate
clustering of tokens in the large time limit. Our main result, Theorem 4.1, indicates
that in high dimension d > n, a set of n particles randomly initialized on S will
cluster to a single point as ¢t — +00. We complement this result with a precise
characterization of the rate of contraction of particles into a cluster. Namely, we
describe the histogram of all inter-particle distances, and the time at which all
particles are already nearly clustered (see Section 4). We also obtain a clustering
result without assuming that the dimension d is large, in another asymptotic regime
motivated by the statistical physics’ nature of the system (Section 5).

Part 3: Further questions. We propose potential avenues for future research, largely
in the form of open questions substantiated by numerical observations. We first
focus on the case d = 2 (Section 7) and elicit a link to Kuramoto oscillators.
In this context, we also propose evoke the BBGKY hierarchy for the two-point
correlation function (Section 8). We briefly show in Section 9.1 how a simple and
natural modification of our model leads to non-trivial questions related to optimal
configurations on the sphere. The remaining sections explore interaction particle
systems that allow for parameter tuning of the Transformers architectures, a key
feature of practical implementations.

Part 1. Modeling

part: modeling

We begin our discussion by presenting the mathematical model for a Transformer
(Section 2). While we focus on a simplified version that includes the self-attention
mechanism as well as layer normalization, but excludes additional feed-forward
layers commonly used in practice; See Section 2.3.2. This leads leading to a highly
nonlinear mean-field interacting particle system. In turn, this system implements
via the continuity equation a flow map from initial to terminal distribution of
particles that we study in Section 3.

2. INTERACTING PARTICLE SYSTEM

Before writing down the Transformer model, we first provide a brief preliminary
discussion to clarify our methodological choice of treating the discrete layer indices
in the model as a continuous time variable in Section 2.1, echoing previous work
on residual neural network. The specifics of the Transformer model are presented
in Section 2.2.
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sec: resnets

2.1. Residual neural networks. One of the standard paradigms in machine
learning is that of supervised learning, where one aims to approximate an unknown
function f : R — R™, from data, @ = {a:(i),f(x(i))}ie[N] say. This is typically
done by choosing one among an arsenal of possible parametric models, whose pa-
rameters are then fit to the data by means of minimizing some user-specified cost.
With the advent of graphical processing units (GPUs) in the realm of computer
vision [KSH12|, large neural networks have become computationally accessible, re-
sulting in their popularity as one such parametric model.

Within the class of neural networks, residual neural networks (ResNets for short)
have become a staple DNN architecture since their introduction in [HZRS16]. In
their most basic form, ResNets approximate a function f at x € R? through a
sequence of affine transformations, a component-wise nonlinearity, and skip con-
nections. Put in formulae,

{eq: resnet}

z(k +1) = z(k) + w(k)o(a(k)x(k) + b(k)) for ke{0,...,L —1}
2.1) z(0) = x.

Here o is a Lipschitz function applied component-wise to the input vector, while
0(-) = (w(-),a(-),b(-)) € R¥*4 x R4 x R? are trainable parameters. We say that
(2.1) has L > 1 hidden layers (or L + 1 layers, or is of depth L). The output
of the ResNet given the i-th input, namely z;(L) € R?, is projected to R™ via a
trained transformation as to match the label f (x(i)) according to the user-specified
objective. One can also devise generalizations of (2.1), for instance in which matrix-
vector multiplications are replaced by discrete convolutions. The key element that
all these models share is that they all have skip-connections, namely, the previous
step z;(k) appears explicitly in the iteration for the next one.

One upside of (2.1), which is the one of interest to our narrative, is that the layer
index k can naturally be interpreted as a time variable, motivating the continuous-
time analogue

#(t) = w(t)o(a(t)z(t) + b(t)) for te (0,T)

eq: neural.ode 2.2

{eq loder| (2.2) {x 0) .
These are dubbed neural ordinary differential equations (neural ODEs). Since their
introduction in [CRBD18, E17, HR17], neural ODEs have emerged as a flexible
mathematical framework to implement and study ResNets.

s:interacting

2.2. The interacting particle system. Unlike ResNets, which operate on a sin-

gle input vector z(0) € R? at a time, Transformers operate on a sequence of vectors

of length n, namely, (2;(0));e[n] € (R4)™. This perspective is rooted in natural lan-
guage processing, where each vector represents a word, and the entire sequence a
sentence or a paragraph. In particular, it allows to process words together with their
context. A sequence element z;(0) € R? is called a token, and the entire sequence
(74(0))ie[n) & prompt. We use the words “token” and “particle” interchangeably.

Practical implementations of Transformers make use of layer normalization [BKH16],

which amounts to an element-wise standardization of every particle at every layer.
This effectively constrains particles to evolve on the unit sphere S¢~!.



{eq: transformerSd.QKV}

{eq:

{eq: SA.QKV}

transformerSd}

{eq:

SA}
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A Transformer is then a flow map on (S%~1)": the input sequence (;(0))e[n] €
(S?=1)" is an initial condition which is evolved through the dynamics

(2.3) ixﬂ'—Pwu>< V" K@ 0. PV () ())

for all ¢ € [n] and ¢ > 0. Here and henceforth

P.y=y—{z,pz

denotes the projection of y € S¥~! onto T,S~t. The partition function Zg ;(t) >0
reads

(2.4) Zg.4( Z PACIOEHORNOLHON
k=1

where (Q(-), K(-),V(-)) (standing for Query, Key, and Value) are parameter matri-
ces learned from data, and 8 > 0 a fixed number intrinsic to the model®, which, in
light of the apparent statistical physics appearance of the system, can be seen as
an inverse temperature. Note that Q(-), K(-) need not be square.

The interacting particle system (2.3)—(2.4), a simplified version of which was
first written down in [LLH 20, DGCC21, SABP22|, importantly contains the true
novelty that Transformers carry with regard to other models: the self-attention
mechanism
QM (1), K (t)x; (£)) . )

g G

which is the nonlinear coupling mechanism in the interacting particle system. The
n x n stochastic matrix A(t) (rows are probability vectors) called the self-attention
matriz. The wording attention stems from the fact that A;;(t) captures the atten-
tion given by particle i to particle j relatively to all particles £ € [n]. In particular,
a particle gives pays attention to its neighbors where neighborhoods are dictated
by the matrices Q(¢) and K (t) in (2.5). It has been observed numerically that the
probability vectors (Ai;(-)) e[n] (¢ € [n]) in a trained self-attention matrix exhibit
behavior related to the syntactic and semantic structure of sentences in natural
language processing tasks (see [VSPT17, Figures 3-5]). While understanding this
geometry is an important practical question, we focus on understanding the self-
attention mechanism in the simplest possible geometry: the Euclidean geometry.
In fact, to illustrate our conclusions as pedagogically as possible, throughout the
paper we focus on a simplified scenario wherein the parameter matrices (Q, K, V)
are constant, and even all equal to the identity, resulting in the dynamics

(2.6) () = Py, (ZB Z Bl (), () . J(t ))

(2.5) Aij(t) =

for i € [n] and ¢ > 0 and, as before

(SA) Zﬂ ; Z EICHOENGNS
k=1

1
n practical implementations the inner products are multiplied by d™ 2, which along with the
typical magnitude of @, K leads to the appearance of .



6 GESHKOVSKI, LETROUIT, POLYANSKIY, AND RIGOLLET

The dynamics (2.6) have a strong resemblance to the vast literature on nonlinear
systems arising in the modeling of opinion dynamics and flocking phenomena. In
addition to the connection to the classical Kuramoto model describing synchroniza-
tion of oscillators [Kur75, ABV'05] (made evident in Section 7.2), Transformers
are perhaps most similar to the Krause model [Kra00]

Ei(t) = 3 aisa (1) — (1)), as; ¢(lzi — ;)

YT (R

which is non-symmetric in general (a;; # aj;), much like (2.3). When ¢ is com-
pactly supported, it has been shown in [JM14] that the particles x;(t) assemble
in several clusters as t — +00. Other related dynamics include those of Vicsek
[VCBJ 95|, Hegselmann-Krause [HK02| and Cucker-Smale [CS07]. All these mod-
els exhibit a clustering behavior under various assumptions (see [MT14, Tad23| and
the references therein). Yet, none of the opinion dynamics models discussed above
contain parameters appearing nonlinearly as in (2.6).

The appearance of clusters in Transformers is actually corroborated by numer-
ical experiments with pre-trained models (see Figure 1 for instance). While we
focus on a much simplified model, numerical evidence shows that the clustering
phenomenon looks qualitatively the same in the cases Q = K = V = [I; and generic
random (Q, K, V) (see Figures 2 and 4 for instance). We defer the interested reader
directly to Section 4; here, we continue the presentation on the modeling of different
mechanisms appearing in the Transformer architecture.

Remark 2.1 (Positional encoding). An important aspect of Transformers is that
they are not hard-wired to take into account the order of the input sequence, contrary
to other architectures used for natural language processing such as recurrent neural
networks. In these applications, each token x;(0) € R? is not simply equal to a word
embedding w; € R%, but contains an additional positional encoding, which allows
tokens to also carry their position the input prompt.

There are various ways to perform positional encoding. The original one, pro-
posed in [VSP'17], proceeds as follows. Consider a sequence (w;)ic[n] € (RHY™ of
word embeddings. Then the positional encoding p; € R% of the i-th word embedding

is defined as
. k k
(pi)2k = sin (m) ) (pi)2k+1 = cos <]\42f>

for ke [d/2 — 1], and M > 0 is a user-defined scalar, equal to 10* in [VSPT17].
The i-th token is then defined as the addition of both encodings: x;(0) = w; + p;.
Subsequent studies simply use either a random positional encoding® (i.e., p; is just
some random vector) or a trained transformation. The addition of both codes can
also be replaced by concatenation. (See [LWLQ22, X7Z23] for details.) We do not
cover the specifics of the positional encoding in this paper.

Remark 2.2 (Permutation equivariance). A function f : (ST~1)" — (S¥=1)" is
permutation equivariant if f(1X) = 7(f1(X),..., fo(X)) for any X € (RH™ and
for any permutation m € S, of n elements. Otherwise put, if we permute the
input X, then the output f(X) is permuted in the same way. Given t > 0, the

2This rationale supports the assumption that initial tokens are drawn at random, which we
will make use of later on.
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Layer 0 Layer 1 Layer 21

Layer 22 Layer 23 Layer 24

Figure 1. Histogram of {{(z:(t),z;(t))} j)e[n)2,ix; at different layers t
in the context of the pre-trained ALBERT XLarge v2 model ([LCG™20]
and https://huggingface.co/albert-xlarge-v2), which has constant
parameter matrices. Here we randomly selected a single prompt, which
in this context is a paragraph from a random Wikipedia entry, and
then generate the histogram of the pairwise inner products. We see
the progressive emergence of clusters all the way to the 24th (and last)
hidden layer (top). If the number of layers is increased, up to 48 say,
the clustering is further enhanced (bottom).

Layer 25 Layer 26 Layer 27
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Transformer (2.6), mapping (x;(0))ie(n) € (STH)™ to (zi(t))icpay € (ST7H)", is a
permutation-equivariant function. It is unclear whether this feature is useful in
common natural language processing applications, as the Transformer output yields
a probability distribution from which samples are drawn. It has however found
applications in the sciences (see [BVE23]).

2.3. Toward the complete Transformer. There are a couple of additional mech-
anisms used in practical implementations that we do not cover in this study. The
mathematical analysis of these mechanisms remains open.


https://huggingface.co/albert-xlarge-v2

{eq: multihead}
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2.3.1. Multi-headed attention. Practical implementations spread out the computa-
tion of the self-attention mechanism at every ¢ through a sequence of heads, leading
to the so-called multi-headed self attention. This consists in considering the follow-
ing modification to (2.6):

B Qnzi(t),Knx;(t))
2.7 Vi, (t
(2.7) zi(t) = Py (th 321 Zoin® i ( ))
where Zg ; ,(t) is defined as in (2.4) for the matrices Qp, and K. The integer H > 1
is called the number of heads?®.

The introduction of multiple heads also allows for drawing some interesting par-
allels with the literature on feed-forward neural networks, such as ResNets (2.1).
Considerable effort has been expended to understand 2-layer neural networks with
width tending to +00; more precisely, consider (2.1) with L = 1, w € R¥** q € Rf¥4,
and ¢ — 0. The infinite-width limit for Transformers is in fact very natural, as it
is realized by stacking an arbitrary large number of heads: H+ — oo. Hence, the
same questions as for 1-hidden layer neural networks may be asked: for instance,
in the vein of [Cyb89, Bar93],

Problem 1 (Approximation). Fiz d,n > 2 and consider the 1-hidden layer spher-
ical Transformer with multi-headed self attention fH : (S¥=1)" — (ST=1)" defined

as
H BQrzi Knxj)
[ J
(. )i = Py, (Z D [thj> :

h=1j=1 Bish

where H = 1 and 0 = (Qn, Kn, Vi) herm are as for (2.7). Can one approvimate,
in some appropriate topology, any continuous and permutation-equivariant function
(S — (ST1)™ by means of some f as H — +00? The same question for
the multi-headed Transformer without layer normalization: fi1 : (R4)" — (RY)"
defined as
H n  pQnzi,Knz;)
I e
fG (mla"'a gg Z,@zh Vh‘xjv

is also open.

A universal approximation property of the above kind would then motivate
studying the training dynamics of infinite-width (i.e., infinite number of heads)
1-hidden layer spherical Transformers, similar to what has been done for the neural
network analog in recent years [CB18, MMN18, RVE22]. None of these questions
has received a definitive answer for Transformers; see [YBR719] for related work
when the depth is taken to infinity.

2.3.2. Feed-forward layers. The complete Transformer dynamics combines all of the
above mechanisms with a feed-forward layer. This amounts to considering dynamics
of the form

H 1 pQnzi(t),Knz;(t))

. e

1‘1(t) = Pxi(t) (w(t)a (2 Z Vh{L‘j(t) + b(t))) s
h=1j=1

Z8,i,h(t)

3n practlcal implementations, H is a divisor of d, and the query and key matrices @ and
Yy Yy

K}, are ﬁ x d rectangular. This allows for further parallelization of computations and increased

expressiveness. For mathematical purposes, we focus on working with arbitrary integers H, and

square weight matrices Qp and Kj,.
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where w(t), b(t) and o are as in (2.2). These layers are critical and drive the existing
results on approximation properties of transformers [YBR19]. Nevertheless, the
analysis of this model is beyond the scope of our current methods, and we leave it
open to further investigation.

3. MEASURE TO MEASURE FLOW MAP

The vector field driving the evolution of a single particle in (2.6)—(SA) clearly
depends on all n particles. In fact, one can equivalently rewrite the dynamics as

(3.1) i(t) = X[p(®)](2i(t))
for all ¢ € [n] and ¢ > 0, where

1 n
p(t, ) = = > 6aue)
nia
is the empirical measure of the particles, while the vector field X[y] : S~ — TS4~!

reads

(3.2) Xilta) = P (o [y autn )

Zgu(x

with
(3.3) Zoula) = [ 259 duty).

In other words, (2.6) is a mean-field interacting particle system. And due to the
equivalence of the dynamics (3.1) satisfied by the particles, and the continuity
equation*

(3.4) Orp + div(X[p]pu) =0 on Ry x ST1
' fje—o = 11(0) on %

satisfied (in the sense of distributions) by the empirical measure, we naturally see
Transformers as flow maps between probability measures.

Remark 3.1. Global existence of weak, measure-valued solutions to (3.4) for arbi-
trary initial conditions 1(0) € P(S?~1) follows by arguing identically as in [GLPR23,
Lemma A.3]. Here and henceforth, P(S?~1) stands for the set of Borel probability
measures on STL.

Although the analysis in this paper is focused on the flow of the empirical
measure, one can also consider (3.4) for arbitrary initial probability measures
1(0) € P(S%1). Both views can be linked through a mean-field limit-type result,
which can be shown by making use of the Lipschitz nature of the vector field X[u].
The argument is classical and dates back at least to the works of Dobrushin in the
late 1970s [Dob79]. Consider an initial empirical measure i, (0) = L 37" | 8,0y,
and suppose that the points z;(0) are such that® lim,, , o, W1 (4, (0), (0)) = 0 for
some probability measure 1(0) € P(S?~1). Consider the solutions p,(t) and u(t) to

4Unless stated otherwise, V and div henceforth stand for the spherical gradient and divergence
respectively, and all integrals are taken over S—1,
5Here W, denotes the Wasserstein distance of order p—see [Vil09] for definitions.
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(3.4) with initial data p,(0) and p(0) respectively. Dobrushin’s argument is then
centered around the estimate

Wi (i (8), (1)) < PP W1 (1(0), 2(0))

for any t € R, which in the case of (3.4) can be shown without much difficulty
(see [Vil01l, Chapitre 4, Section 1] or [Goll6, Section 1.4.2]). This elementary
mean-field limit result has a couple of caveats. First of all, the time-dependence
is exponential. Second of all, if one assumes that the points x;(0) are sampled
ii.d. according to pg, then the convergence of the empirical measure to pg suffers
from the curse of dimensionality [BLG14, WB19]. There may be hope that a
dimension-free limit can be obtained, for instance by a more careful choice of metric
([HHL23], see also [Lac23| for recent work in the diffusive case). Similarly, the
exponential-time dependence might also be improved, as recent works in the context
of flows governed by Riesz/Coulomb singular kernels, with diffusion, can attest
[RS23, GBM21]. We do not address this question in further detail here. For a non-
exhaustive list of references on this well-established topic, the reader is referred to
[Vil01, Goll6, Ser20] and the references therein.

3.1. The interaction energy. One can naturally ask whether the evolution in
(3.4) admits some quantities which are monotonic when evaluated along the flow.
As it turns out, the interaction (or free) energy

(3.5) =55 | [ dnte) duta)

is one such quantity. Indeed,

Bl = [ [ 571 ddute, ) e,
= [t [ (571K dutt.o’) dutez)
(36) ~ [|*t@n@] Za 0@ aute. )

for any ¢t > 0 by using integration by parts. Recalling the definition of Z3 ,(z)
n (3.3), we see that e ? < Zg ,(z) < €” for all z € S¥~1. The identity (3.6)
therefore indicates that Eg increases along trajectories of (3.4). (Similarly, should
V = —1,, the energy Eg would decrease along trajectories.) This begs the question
of characterizing the global minima and maxima of Eg, which is the goal of the
following result.

Proposition 3.2. Let 5 > 0 and d = 2. The unique global minimizer of Eg over
P(S41Y) is the uniform measure® o4. Any global mazimizer of Eg over P(S41) is
a Dirac mass d,x centered at some point z* € S41.

This result lends credence to our nomenclature of the case V = I; as attractive,
and V = —1; as repulsive. The reader should be wary however that in this result
we are minimizing or maximizing Eg among all probability measures on Sé-1.
Should one focus solely on discrete measures, many global minima appear—these
are discussed in Section 9.1. This is one point where the particle dynamics and
the mean-field flow deviate. We now provide a brief proof of Proposition 3.2 (see
[Tan17] for a different approach).

6That is, the Lebesgue measure on S?~1, normalized to be a probability measure.



{eq: 1logder}

A MATHEMATICAL PERSPECTIVE ON TRANSFORMERS 11

Proof of Proposition 3.2. Let f(t) = ¢®*. The free energy then reads

Eslu] = 5 | [ £ duto) du(e).

The proof relies on an ultraspherical (or Gegenbauer) polynomial expansion of f(¢):

k+ A
Ftaa

+00 R
HOE WP 2(t)
k=0

for t € [—1,1], where A = %, C} are Gegenbauer polynomials, and

o D(A+1) 1t T
Fos ) = s Tirm e |, SO 00

where C(1) > 0 (see [DX13, Section 1.2]). According to [BD19, Proposition 2.2],
a necessary and sufficient condition for Proposition 3.2 to hold is to ensure that

~

f(k;A) > 0 for all k > 1. To show this, we use the Rodrigues formula [Sze39, 4.1.72]

_1)\kok ) & 1
o) - S e A= b () ame,

and the fact that C(—t) = (—1)¥C(t) for ¢ € [—1,1], which in combination with
integration by parts yield

Jl téC;g\(t)(l—tQ))‘_%dt >0 ifﬂzk:'andf—k‘iseven
1 =0 otherwise .

We conclude by using the power series expansion of f. O

3.2. A Wasserstein gradient flow proxy. In view of (3.6), one could hope to
see the continuity equation (3.4) as the Wasserstein gradient flow of Eg, or possibly
some other functional (see the seminal papers [Ott01, JKO98], and [AGS05, Vil09]
for a complete treatment). The long time asymptotics of the PDE can then be
analyzed by studying convexity properties of the underlying functional, by analogy
with gradient descent in the Euclidean context.

For (3.4) to be the Wasserstein gradient flow of Eg, the vector field X'[p] defined
in (3.2) should be the gradient of the first variation dEg of Eg. However, notice
that X[u] is a logarithmic derivative:

(3.7) X[ul(z) = Vlog j 5P du(y).

(This observation goes beyond Q = K = Iy and V = +1; as long as Q'K = V)
And because of the lack of symmetry, it has been shown in [SABP22] that (3.7) is
not the gradient of the first variation of a functional.

One is then naturally led to look for ways to "symmetrize" (3.4). A first at-
tempt would be to remove the logarithm in (3.7), which amounts to removing the
denominator in (3.2). This is one point where working on the unit sphere is use-
ful: should one work on R?, without layer normalization, the resulting vector field
would grow exponentially with the size of the support of the measure, rendering
a Cauchy-Lipschitz argument inapplicable. On the contrary, on S~! the resulting
equation is perfectly well-posed.
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Remark 3.3. Considering the Transformer dynamics on R?, thus without layer
normalization, the authors in [SABP22] propose an alternative symmetric yet non-
trivial model: they replace the self-attention (stochastic) matriz by a doubly sto-
chastic one, generated from the Sinkhorn iteration. This leads to a Wasserstein
gradient flow (see [SABP22, Proposition 2]), but since the resulting kernel is a
limit of iterations and is not explicit, it appears difficult to analyze at a first glance.

In view of the above discussion, we are inclined to propose the surrogate model
. 1 ¢ o (1) s
j=1

which is obtained by replacing the partition function Zs;(t) by n. As a matter of
fact, (USA) will present a remarkably similar qualitative behavior. The continuity
equation corresponding to (USA), namely

Oupu(t, ) + div <Pz U @yt du(t,x’)) u(t,x)) =0

Hit=0 = Ho

(3.8)

for (t,r) € Rxg x S¥~!, can now be seen as a Wasserstein gradient flow for the
interaction energy Eg defined in (3.5).

Lemma 3.4. Consider the interaction energy Eg : Pac(ST™1) — Rsq defined in
(3.5). Then the vector field

xX[ul(x) = P, ( [eremsnat du(x’))
satisfies

(3.9) (4] (@) = VOEs[u](x)
for any p1 € Pac(ST1) and x € ST1, where 6Eg[u] denotes the first variation of Eg.

We omit the proof. Here P,.(S?"!) denotes the set of probability measures
which are absolutely continuous with respect to the Lebesgue measure o4 on S 1.
A derivation of the gradient flow formulation for discrete measures is provided in
Remark 3.6, for which all of the conclusions discussed in this sectionalso hold.

We can actually write (3.9) more succinctly by recalling the definition of the
convolution of two functions on S¢~1 [DX13, Chapter 2]: for any g € L*(S?~!) and

f:[-1,1] — R such that t — (1 — tQ)%f(t) is integrable,

(f * 9)(x) = j £ w)a(y) doa(y).

This definition has a natural extension to the convolution of a function f (with the
above integrability) and a measure p € P(S?'). We can hence rewrite

1

Eslil = 5 [ (65 # (@) du(o)

where [—1,1] 3 Gg(t) = 371, and so
Xlpl(x) = V(Gg * p) ().
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Thus, (3.8) takes the equivalent form

(3.10) Oppu(t, ) + div (V (Gg = p(t, ))(x),u(t,x)) =0 for (t,z) € Ryg x S471
. Hit=0 = Ho for z e ST

The considerations above lead us to the following Lyapunov identity.

Lemma 3.5. The solution j € C°(Rxg; Pac(S?1)) to (3.8) satisfies

el = [[V(Gax ) @) autt.o)

fort=0.

Interestingly, (3.10) is an aggregation equation, versions of which have been
studied in great depth in the literature. For instance, clustering in the spirit of
an asymptotic collapse to a single Dirac measure located at the center of mass of
the initial density 1(0,-) has been shown for aggregation equations with singular
kernels in [BCMO08, BLR11, CDEF*11], motivated by the Patlak-Keller-Segel model
of chemotaxis. Here, one caveat (and subsequently, novelty) is that (3.10) is set on
S%! which makes the analysis developed in these references difficult to adapt or
replicate.

Remark 3.6. Let us briefly sketch the particle version of the Wasserstein gradient
flow (3.8). When pu(t) = 1 DIV (t), the interaction energy (3.5) takes the form

~n i

1 n n
£5(X) = 30 3 37 5

i=1j=1

where X = (z1,...,2,) € (ST™1)". Denoting by Vx the gradient associated to the
standard Riemannian metric on (SP=1)", we get the dynamics

(3.11) X(t) = nVxEg(X(t)).

Indeed, the gradient on (S4=1)" is simply V = (01, ..., 0,) where 0; is the gradient
in ST acting on the i-th copy in (ST"1)". Therefore

RS . 1.
j=1
which yields (3.11).

Part 2. Clustering

As alluded to in the introductory discussion, clustering is of particular rele-
vance in tasks such as next-token prediction. Therein, the output measure encodes
the probability distribution of the next token, and its clustering indicates a small
number of possible outcomes. In Sections 4 and 5, we prove several results which in-
dicate that the limiting distribution is a point mass. While it may appear that this
leaves no room for diversity or randomness, which is at odds with practical observa-
tions, these results hold in particular asymptotic regimes and for the specific choice
of parameter matrices, and apply in possibly very long time horizons. Numeri-
cal experiments indicate a more complicated picture for different parameters—for
instance, there is an appearance of a long metastable phase during which the parti-
cles coalesce in a small number of clusters, which appears consistent with behavior
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in pre-trained models (Figure 1). We are not able to theoretically explain this
behavior as of now.

Ultimately, the appearance of clusters is somewhat natural, since the Trans-
former dynamics is a weighted average of all particles, with the weights being
hard-wired to perform a fast selection of particles most similar to the i-th par-
ticle being queried. This causes the emergence of leaders which attract all particles
in their vicinity. In the natural language processing interpretation, where particles
represent tokens, this further elucidates the wording attention as the mechanism of
inter-token attraction, and the amplitude of the inner product between tokens can
be seen as a measure of their semantic similarity.

4. A SINGLE CLUSTER IN HIGH DIMENSION

The clustering results we present in this section are restricted to the high-
dimensional regime. We cover the case of arbitrary dimension d, when § ~ 0,
in Section 5. Further avenues for tackling the low-dimensional case are given in
Section 7 and Section 8, whereas the repulsive case V = —I; is commented in
Section 9.1.

4.1. Clustering when d > n. Our first result shows the emergence of a single
cluster in high dimension and reads as follows.

Theorem 4.1. Letn > 1 and 8 > 0. Suppose d > n. Consider the unique solution
(zi("))iern) € CO(Rs0; (S91)™) to the Cauchy problem” for (2.6)~(SA) or (USA),
corresponding to an initial sequence of points (1;(0))ie[n] € (S¥=1" distributed wni-
formly at random. Then with probability equal to one, there exists some z* € S¥1
such that
lim z;(t) = z*
t—-+o0

for all i € [n].

This is referred to as convergence toward consensus in collective behavior models.

When d > n and the points (z;(0));e[,) € (S*!)™ are distributed uniformly at
random, with probability one there exists® w € S¥~! such that (w,z;(0)) > 0 for
any ¢ € [n]. In other words, all of the initial points must lie in an open hemisphere.
The proof of Theorem 4.1 thus follows as a direct corollary of

Lemma 4.2. Let 3 > 0. Let (2;(0))e[n) € (ST1)™ be such that there exists w €
S with (x;(0),w) > 0 for any i € [n]. Let (zi(-))iefn) € C°(Rxo; (S*1)™) denote
the unique solution to the corresponding Cauchy problem for (2.6)—(SA) or (USA).
Then there exists * € S4=1 such that

lim z;(t) = z*
i) =@

for all i € [n].

"We refer to the initial value problem for the ODE as Cauchy problem (terminology typically
reserved for PDESs) due to the equivalence with the PDE satisfied by the empirical measure.

8This instance of Wendel’s theorem (Theorem 4.5) is easy to prove. Let us denote by o
the event on which the points z1(0),...,2,(0) are linearly independent. When d > n, o has
probability 1. Assuming that o is realized, we denote by X € R™"*¢ the matrix whose i-th row is
given by z;(0)T. There exists a subset of indices J < [d] of size n such that the n x n submatrix of
X, formed by the columns of X with indices in J, is invertible. Pick v € R*\{0} with coordinates
vj =0 for j ¢ J such that Xv = (1,...,1)T € R". Then w = v/|v| satisfies the claim.
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Remark 4.3. Lemma 4.2 implies that {(a‘:i)ie[n] e(S )iz =... = a_:n} s Lya-
punov asymptotically stable as a set (and actually, exponentially stable).

Results like Lemma 4.2 are commonplace in the literature on interacting particle
systems on the sphere—see for instance the literature on synchronization for the
Kuramoto model on the circle ([ABK"22, Lemma 2.8|, [HR20, Theorem 3.1] and
Section 7.2). We often make use of the following elementary lemma.

Lemma 4.4. Let f: R5o — R be a differentiable function such that

+o0
f |f(®)|dt + sup

0 tER;O

f(t)‘ < +00.

Then limy—, 4o f(t) = 0.

Since the proof of Lemma 4.2, which is an adaptation of [CLP15, Theorem 1], is
rather succinct, we present it here.

Proof of Lemma 4.2. We focus on the case (USA) and set a;;(t) := %@ (t),
(The proof for (2.6)—(SA) is identical, and one only needs to change the coefficients
aij(t) by Zg;(t)~1eH ="z (1) throughout.) For ¢ > 0, consider

i(t) € arg min{x; (), w).

1€IN

Fix ty = 0. We have
d n
(dt<xi(to>,w>> ‘t:t0= 2 e (t0) (25D = (itrg)» 25X Tigag), w)) 2 0,
j=1

with equality only if z1(tg) = ... = x,(to). Therefore the map
t—r(t) = Hl[lIﬁ<xl(t), w)
€[N

is non-decreasing on R>q. It is also bounded from above by 1. We may thus define
Too := limy, 4o 7(t). Note that ro, = r(0) > 0 by assumption. By compactness,
there exist a sequence of times {t}; %, with t;, — 400, and some (Z;);e[n) € (ST1)"
such that limy_, o z;(tx) = T; for all ¢ € [n]. Using the definition of r(t), we also
find that
<fj7 w> Z Too

for all j € [n], and by continuity, there exists i € [n] such that (Z;, w) = ro. Then
(4.1)

Jm <Ei(te), w) = D5 ((w,Ty) — @i, BTy w)) 2 1o Y i (1= (T, Tj)),
j=1 j=1

where we set @;; := ¢*7%i) > 0. Notice that

+00
kEToo . (&4(8),wyds = rop — kEIilw<mi(tk),w> =0,

and by using the equation (USA) we also find that |(#;(t),w)| = O(e?#) for any
t > 0. Therefore by Lemma 4.4, the left-hand side term in (4.1) is equal to 0, and
consequently the right-hand side term as well. This implies that 71 = ... =T, :=
x*. Repeating the argument by replacing w with x*, we see that the extraction of
a sequence {{1}; % as above is not necessary. The result follows. O
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If we cease to assume that d > n in Theorem 4.1, we can still apply Wendel’s
theorem (recalled below) together with Lemma 4.2 to obtain clustering to a single
point with probability at least py for some explicit pg € (0, 1).

Theorem 4.5 (Wendel, [Wen62]). Let d,n > 1. Let z1,...,x, be n i.id. uni-
formly distributed points on S1. The probability that these points all lie in the
same hemisphere is:

d—1
—1
P(Elw e STz, w) >0 forall ie [n]) —9~(n—1) Z (n & )
k=0

4.2. Precise convergence in high dimension. In the regime where n is fixed
and d — +o0, in addition to showing the formation of a cluster as in Theorem
4.1, it is possible to quantitatively describe the evolution of the particles with high
probability. To motivate this, on one hand we note that since the dynamics evolve
on S% ! inner products are representative of the distance between points, and
clustering occurs if (z;(t), z;(t)) — 1 for any (i, j) € [n]? as t — +0c0. On the other
hand, if d » n, n points in a generic initial sequence are almost orthogonal (due to
concentration of measure), and we are thus able to compare their evolution with
that of an initial sequence of truly orthogonal ones. For orthogonal initial particles,
the dynamics is particularly simple, as described in Theorem 4.6 below.

Theorem 4.6. Let 3 >0, d,n > 2 be arbitrary. Consider a sequence (x;(0));e[n] €
(ST=H)" of n pairwise orthogonal points: {x;(0),z;(0)y = 0 for i # j, and let
(zi("))ien] € C°(Rx0; (S*1)") denote the unique solution to the corresponding
Cauchy problem for (2.6)—(SA) (resp. for (USA)). Then the angle Z(x;(t),z;(t))
is the same for all distinct i,j € [n]:

Z(wi(t), z;(t)) = Op(t)

fort >0 and some 05 € C°(R>(; T). Furthermore, v5(t) := cos(05(t)) satisfies

ZeB'Yﬁ(t)(l — ’yg(t))((n - 1)’75(0 +1)

(4.2) () = B+ (n— 1)ePr® Jort€Rxo
75(0) =0

(resp.

wy 0= OO ) £ 1) for e Bay
75(0) =0

for (USA).)

Here and henceforth, T = R/27Z denotes for the one-dimensional torus. We
provide a brief proof of Theorem 4.6 just below. The following result then shows
that when d » n, t — v3(¢) is a valid approximation for ¢ — {(z;(t), z;(t)) for any
distinct ¢, j € [n].

Theorem 4.7. Fix 8 > 0 and n = 2. Then there exists some d*(n,3) = n such
that for all d = d*(n, ), the following holds. Consider a sequence (x;(0))ien]) of 1
i.i.d. uniformly distributed points on S, and let (x;(-))ie[n) € C*(Rxo; (S1)™)
denote the unique solution to the corresponding Cauchy problem for (2.6)—(SA).
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Then there exist k = k(n, ) > 0 and A = \(n, 8) > 0, such that with probability at
least 1 — 2n2d—1/64,

(4.4) (xi(t), x;(t)) — ’yg(t)‘ < min {2 -C(B)™ %, me_)‘t}

holds for any i # j and t = 0, where C(B) = e'0™>{L8} " and 5 is the unique
solution to (4.2).

Since the proof is rather lengthy, we defer the reader to Section 6.1. It essentially
relies on combining the stability of the flow with respect to the initial data (entailed
by the Lipschitz nature of the vector field) with concentration of measure. An
analogous statement also holds for (USA), and more details can be found in Remark
6.1, whereas the explicit values of k and A can be found in (6.16). The upper bound
in (4.4) is of interest in regimes where d and/or ¢ are sufficiently large—one can
otherwise consider the trivial bound equal to 2.

Proof of Theorem 4.6. We split the proof in two parts. We focus on proving the
result for the dynamics (2.6)—(SA), since the arguments adapt straightforwardly to
the dynamics (USA).

Part 1. The angle 05(t). We first show there exists § € C°(Rxo;T) such that
0(t) = Z(xi(t),z;(t)) for any distinct (4,5) € [n]? and ¢ > 0. Since the initial tokens
are orthogonal (and thus d > n), we may consider an orthonormal basis (e1, ..., eq)
of RY such that z;(0) = e; for i € [n]. Let 7 : [d] — [d] be a permutation. By
decomposing any z € S¥~! in this basis, we define P, : S~1 — S9! as

P, (i aiei> = Zn] Ai€r(i)-
i=1 i=1

Setting y;(t) = Pr(zi(t)) for i € [n], we see that y;(t) solves (2.6) with initial
condition y;(0) = Pr(z;(0)). But (zx1)(t), .., Txn)(t)) is a solution of (2.6) by
permutation equivariance, and it has the same initial condition since Py (z;(0)) =
T(;y(0). Consequently, we deduce that Pr(x;(t)) = 2.(;)(t) for any ¢t > 0 and any
i € [d]. Hence

(xi(t), 2 (t)) = (Pr(2i (1)), Pr((1))) = (i) (1), 25 (1))

which concludes the proof.

Part 2. The curve vg(t). By virtue of the orthogonality assumption we have
v8(0) = cos(05(0)) = 0. To prove that ys(t) satisfies (4.2) for the (2.6)-(SA)
dynamics, we note that

Po.y(zj(t) = xj(t) — (wi(t), 2 (t))xi(t).
Then for k # 1,
Ya(t) = 2{a4(t), x(t))

B (0.5 (1))
= Z (Zn Bz (), xe(£)) ) (<Z‘] (t)a Tk (t)> - <x’i (t)a €Lj (t)><$z (t)7 T (t>>) .

0=1¢
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Since the denominator in the above expression is equal to (n — 1)e73(®) + €8 we
end up with

eﬁ“/ﬁ n
Jp(t) = (n— 12e/3wa Z <<IJ k(1)) — (xi(t), Ij(t»@i(t),:ck(t»)
2e878(t)
= ey ep L 0" + (= 2((0) ~15(1)),
as desired. .

4.3. Metastability and a phase transition. An interesting byproduct of The-
orem 4.6 and Theorem 4.7 is the fact that they provide an accurate approximation
of the exact phase transition curve delimiting the clustering and non-clustering
regimes, in terms of ¢ and 5. To be more precise, given an initial sequence
(2i(0))icrn € (S*71)™ of random points distributed independently according to
the uniform distribution on S%~1, and for any fixed 0 < § « 1, we define the phase
transition curve as the boundary

Tas =0 {(t,ﬂ) € (Rso)?: ¢ = arginf (P(<z1(s),x2(s)> >1-0)=1— 2n2d614)}
seR=>g

where (‘ri('))ie[n] denotes the solution to the corresponding Cauchy problem for

(2.6)—(SA). (Here the choice of the first two particles instead of a random distinct

pair is justified due to permutation equivariance.) Theorem 4.7 then gives the

intuition that over compact subsets of (Rs¢)?, I'qs should be well-approximated

by

(4.5) Toos = {(18) € (Rs0)*: () =1 - 6.

This is clearly seen in Figure 2°, along with the fact that the resolution of this
approximation increases with d — +o0.

Figure 2 appears to contain more information than what we may gather from
Theorem 4.1, Theorem 4.6 and Theorem 4.7. In particular, we see the appearance
of a zone (light shade of blue in Figure 2) of (¢,) for which the probability of
particles being clustered is positive, but not close to one. This zone appears to
shrink as d — 400, and in low-dimension entails a sort of metastability (see Figure
3), which leads us to formulate the following question.

Problem 2. Do the dynamics enter a transient metastable state, in the sense that
for B > 1, all particles stay in the vicinity of m < n clusters for long periods of
time, before they all collapse to the final cluster x*?

Finally, one may naturally ask whether the clustering and phase diagram conclu-
sions persist when the parameter matrices (Q, K, V) are significantly more general:
some illustrations are given in Figure 4.

Problem 3. Can the conclusions of Theorem 4.6—-Theorem 4.7 be generalized to
the case of random matrices (Q, K,V)?

9Figures 2-4 contain phase diagrams which in this context are heatmaps of the function
(t:B8) = Ey(0),....00 (0))~oy [1{<x1(t),x2(t)>21—6)]' By permutation equivariance, this is equal to
the function (t,8) = E(x,(0),...,2n (0))~og,i#j fixed [1{@1(,5)@2(,5»;1,5}]. We compute this func-
tion by generating the average of the histogram of {(z;(t),x;(t)) = 1—4: (4,5) € [n]?,i # j} over
210 different realizations of initial sequences. We take § = 103 throughout.
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d =128 d =512 d = 1024

Figure 2. Plots of the probability that randomly initialized parti-
cles following (2.6)—(SA) cluster to a single point, in the sense that
(o (t), z2(t)) = 0.999 (thus § = 107%) as a function of ¢ and 8. Here,
n = 32, while d varies. We see that the curve I'y, s defined in (4.5)
approximates the actual phase transition with increasing accuracy as d
grows, as implied by Theorem 4.7.

Figure 3. We zoom in on the phase diagram for the dynamics on the
circle: d = 2. For § = 4,9, we also display a trajectory of (2.6)—(SA)
for a randomly drawn initial condition at times ¢ = 2.5,18,30. We see
that the particles settle at 2 clusters when § = 4 (bottom right) and 3
clusters when 8 = 9 (top right), for a duration of time. This reflects our
metastability claim for large § in the low-dimensional case. The regime
B « 1 (a single cluster emerges) is covered in Section 5.
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A similar metastable zone can also be seen when (@, K, V) are random in Figure
4. There have been important steps towards a systematic theory of metastabil-
ity for gradient flows, with applications to nonlinear parabolic equations—typically
reaction-diffusion equations such as the Allen-Cahn or Cahn-Hilliard equations
[OR07, KOO02]. At
github.com/borjanG/2023-revenge-of-the-fallen

the reader can find additional figures illustrating that our conclusions appear to
hold in even more generality.

1.0

0.0

Q, K,V in real Ginibre ensemble Q7K Wigner, V > 0 GOE

9 1.0

8

«Q «Q
4
0.4
3
2 0.2
1 r_.—#
0.0
5 10 15 20 25 30
t
Q, K in real Ginibre ensemble, V = QT K QTK Wigner, V=QTK

Figure 4. Phase diagrams for some choices of random matrices
(Q,K,V); here d = 128, n = 32. Sharp phase transitions as well as
metastable regions appear in all cases. In the "gradient flow" case
QTK = V, there is a remarkable resemblance to the well-understood

PrpT———— case QT K =V = I, which we are not able to explain for the moment.

5. A SINGLE CLUSTER FOR SMALL [

sec: temperature

Our first attempt to remove the assumption d » 1 consists in looking at extreme
choices of 8. The case f§ = 40 is of little interest since all particles are fixed by
the evolution. Therefore, we first focus on the case § = 0, before moving to the
case 8 « 1 by a perturbation argument.
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5.1. The case 8 = 0. For § =0, both (2.6) and (USA) read as

(5.1) zi(t) = Py, <71] 2 ffj(ﬂ) ; t=0.
i=1

The following result shows that generically over the initial points, a single clus-
ter emerges. Since the proof is rather lengthy, we refer the interested reader to
Section 6.2.

Theorem 5.1. Fizd,n > 2. For Lebesgue almost any initial sequence (;(0));e[n] €
(SN, there exists some point x* € S4=1 such that the unique solution (%4 (+))ien] €
CO(Rx; (S¥=1)™) to the corresponding Cauchy problem for (5.1) satisfies

. PR
tEinoon(t) .

for all i € [n].

5.2. The case 5 « 1. Theorem 5.1 has some implications for small but positive 3,
something which is already seen in Figure 2 and Figure 3. This is essentially due
to the fact that, formally,

&i(t) = Py, (Tll > xj(t)> +0(8)
j=1

for B « 1. So, during a time « B!, the particles do not feel the influence of the
remainder O(8) and behave as in the regime 8 = 0. This motivates

Theorem 5.2. Fiz d,n > 2. For 8 >0, let Sg = (ST"1)" be the subset consisting
of all initial sequences for which the associated solutions to (2.6)—(SA) (or (USA))
converge to one cluster as t — +0o0. Then

lim P(S3) = 1.
Loy (Ss)

Proof. We focus on the dynamics (2.6)—(SA), but the proof is in fact identical in
the case of (USA).

For a > 0, we say that a set formed from n points z1,..., 2, € (S )" is a—
clustered if for any i, j € [n], there holds (z;, z;) > a. Observe that if {z1,...,2,} is
a—clustered for some « > 0, then the solution to the Cauchy problem for (2.6)—(SA)
(for arbitrary 8 > 0) with this sequence as initial condition converges to a single
cluster, since w = z; satisfies the assumption in Lemma 4.2.

Now, for any integer n > 1, we denote by 8§ < 8§y the set of initial sequences
21(0),...,2,(0) in (S"1)" for which the solution (20(-));e[n] to the associated
Cauchy problem for (5.1) is %fclustered at time ¢t = n, namely

(52) @), ) >

holds for all 4,5 € [n]. We see that S8} is an open set for any integer n > 1.
n+1

Moreover, 8§ < 8" according to the proof of Lemma 4.2, and U:fl Sy = So.
This implies that
(5.3) lim P(SF) = 1.

n—+00
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We now show that the solution to (2.6)—(SA) is near that of (5.1), starting from
the same initial condition, when S is small. Using the Duhamel formula, we find

—— P s, (2] (s)d
. \S S
n_ Bl (e | TN

where we used that all particles lie on S?! for all times. Employing Gronwall, we
deduce

(5.4) 27(t) - a0(t)| < 0B
forallt >0, 8 > 0 and i € [n]. Due to (5.4), there exists some 3, > 0 such that

for any S € [0, 8],

B 0

(5.5) o) — 9] < 3.

For this to hold, we clearly need 8, — 0 as n — +o0o0. Combining (5.2) and
(5.5), we gather that for any initial condition in 8}, the solution (x?())ze[n] to the

corresponding Cauchy problem for (2.6)—(SA) is 3—clustered at time ¢ = n, namely
satisfies

@), 2 ) > 5

for all i,j € [n] and 8 € [0,8,]. Thus 8§} < 8z for any 8 € [0, 5,] by virtue of
Lemma 4.2, which together with (5.3) concludes the proof. O

One can naturally ask

Problem 4. Does P(Sg) = 1 hold for any 5 > 0%

6. PROOFS

6.1. Proof of Theorem 4.7. We focus on the dynamics (2.6)—(SA), since the
proof for (USA) follows from very similar computations.

Step 1. The flow map is Lipschitz. We begin by showing that spherical transformer
trajectories satisfy a Lipschitz property with respect to the initial data. To this end,
let (2i())iepn] € CO(Rx05 (S*71)") and (4i(-))iefn) € C°(Rx0; (S*1)™) be two solu-
tions to the Cauchy problem for (2.6) associated to data (z;(0));e[n] and (3(0))ie[n]



{eq: 1lip.1}
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respectively. For any i € [n] and ¢ = 0, we have

]
zi(t) — yi(t) = (0 ) %i(0)
eBwi(s),z;5(s))
<Zk L eB@i( s)7wk(s)>> (‘Tj (s) = (xi(s), z; (S)>IZ(S)) ds

+
M

t o P55 (5))
(6.1) 2 o 166@1(3)%(8»)( 3(5) = Cwils), w3 (5)i(s)) ds

We see that

t

sl < | macles(s) = yy(s)] ds.
0 J€ln]

t n ePxi(s),z;(s))
( ST eﬁ<m<s>,xk<s>>> (23(s) ~9(s))d
=1

On another hand, since the softmax function with a parameter g is f—Lipschitz
(with respect to the Euclidean norm), we also get

LR Bi()es () B <wi(5).5 ()
f (zg_leﬂm(s),xk(s» ST e yk<s>>> () ds
3
; 2 2
<3 j (Z |@ils),25(5)) = Cwials), i (s >]> ds
G
(6.3) < 20n | maxla;(s) - y;(s)] ds.

0 Jj€ln]

Using (6.2), (6.3) and arguing similarly for the remaining terms in (6.1), we deduce
that

t
[2:(t) — v (£)] < |2:(0) — v:(0)] + 10 max{1, 6}nL ?elfﬁ |z;(s) — y;(s)] ds.
Maximizing over i € [n] and applying the Gronwall inequality yields
(6.4) max [z (t) — y;(t)] < C(8)"" max|z;(0) —y; (0)],
Jje[n] je[n]
for any ¢ € [n] and ¢t > 0.

Step 2. Almost orthogonality. Let x1(0),...,2,(0) € S¥! be the random i.i.d.
initial points. We prove that with high probability, there exist n pairwise orthogonal
points 41 (0), . ..,4,(0) € S¥~1, such that for any i € [n],

(6:5) Jo:(0) — ()] < 4[5 2.

To this end, we take y1(0) = 21(0) and then construct the other points y;(0) by
induction. Assume that y;(0),...,y;(0) are constructed for some i € [n], using only
knowledge about the points z1(0),...,z;(0). Then by Lévy’s concentration of mea-
sure, since x;41(0) is independent from z;(0), ..., z;(0) and uniformly distributed
on S4-1,

1
P ({dist (2i+1(0),span{y: (0),...,y;(0)}') < ogd}) >1— 4id /%%,
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for some universal constants ¢, C > 0. Using the union bound, we gather that the
event
sy = {(6.5) is satisfied for any i € [n]}

1/64

has probability at least pg = 1 — 2n2d~1/54. We now consider the event

o = g N {Theorem 4.1 is satisfied}
which, since d > n and thus the second event has probability 1, also holds with

probability at least pg = 1 — 2n2d~'/6%. For the remainder of the proof, we assume
that of is satisfied.

Step 3. Proof of (4.4). Let (yi(-))ie[n] € C°(R=0; (S*!)™) denote the unique solu-
tion to the Cauchy problem for (2.6) corresponding to the initial datum (y;(0))ie[n]-
A combination of (6.4) and (6.5) yields

nt |logd
(6.6) i (8) = 9: (D] < C(B)""y | —
for any ¢ € [n] and ¢ > 0, under . Combining (6.6) with Theorem 4.6 we obtain
e |logd
(6.7) @it). (1) = ()| < 20(8)" | =2

for any ¢ # j and ¢ > 0, under .

We turn to the proof of the second part of (4.4). For this, we prove that for
large times ¢, both vg(t) and {x;(t), z;(t)) are necessarily close to 1. We first show
that

n2ef nt

2(n+e§> n+e

1
(6.8) 1—s(t) < 5 exp

B
2

for any t > 0. To this end, we notice that t — ~yg(t) is increasing and thus y3(t) = 0,

as well as 3(t) > —L5 as long as v5(t) < 3. Therefore,
neB 1
B\ )z
We deduce that for ¢t > ”;B,
: n(1l —s(t))
T5(t) > 5t
n+e:

Integrating this inequality fro
such that

(6.8). We now set d*(n,5) = n

d__16C(B)
logd ~ (L2
holds for any d > d*(n,3). According to Lemma 4.2, since o is satisfied, there
exists 2* € S?7! such that x;(t) — z* for any i € [n] as t — +00. We set

at) = g[%@z(t)w*%

(6.9)

and prove that

(6.10) 1— a(t) < exp (W(i‘)t> .

2ne2p
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To this end, let us first prove that
1 1 1
6.11 al =) =2 — .
(6.11) (3)=3(3)
We saw in the proof of Lemma 4.2 that z* lies in the convex cone generated by the

points 1 (t),...,x,(t) for any ¢ > 0. Thus, there exists some 1 € (0, 1] such that
nz* is a convex combination of the points x1(¢),. .., z,(t), which implies that

(6.12) z* Z Or () (t for some Z Op(t) =1, 6k(t)=0 Vke|n].

Taking the inner product of z;(1) with the decomposition (6.12) at time ¢ = 1, we

get
! i (5 L (L 1\ log(d)
o (n> = (i et <xz (n> s T (n)> = p (n> 2C(B) ;]
L (L
=5\

where the second inequality comes from (6.6) evaluated at time ¢t = =, and the last
inequality comes from (6.9). This is precisely (6.11). Using the notatlon a;;(t) =
Zg i (t)Lefi®):2(1) ag in the proof of Lemma 4.2, we now find

(6.13) a(t) = (i (1) Z i1 (1) (1 = {ziq) (B), 25 (1)) ex(t)

for one of the indices i(t) € [n] achieving the minimum in the definition of «(t).
Combining this with (6.11), we gather that a(t) > a(L) for t > 1. But

(6.14) jIn[ln<$z t) Z Gk <l‘2 k(t» = <xi(t) (t), a:*} = Oé(t).
Plugging (6.14) into (6.13) and using a;;(t) = n~te=2% we get

(6.15) i(t) > —gza (1> (1— a(t)

n

for t >

1. Integrating (6.15) from L to ¢, we get (6.10). We therefore deduce from
(6.10) that

— 1
i), 5() > 1~ exp (MM>

2ne2s

holds for any distinct ¢, j € [n]. Together with (6.8), we then get
(6.16)

(), ;1)) w<>\<exp(1;§;§”)+;exp<2(”2eﬁ - ”t)

n—&—eg) n+e

Finally, combining (6.7) and (6.16) we obtain (4.4). O

Remark 6.1. An analogous statement to Theorem 4.7 holds for (USA), where g
would rather be the unique solution to (4.3). More concretely, Step 1 in the proof
is only slightly changed—the constant one obtains in the analogue of (4.4) is rather



app: proof.2

{eq: mtfi}

{eq: f_i.L1}

{eq: f_i.Wlinfty}

26 GESHKOVSKI, LETROUIT, POLYANSKIY, AND RIGOLLET

C(B)™ with C(B) = €108¢*”  Step 2 remains unchanged. In Step 3, (6.8) is replaced
by 15(%) > 5 and
1
1—s(t) < 5 exp (—eg (t — g)) .
The rest of the proof then remains essentially unchanged.

6.2. Proof of Theorem 5.1. We split the proof in four steps.

Step 1. A gradient flow. We first notice that the evolution (5.1) is a (continuous-
time) gradient ascent for the energy Eq : (S¥~1)" — R defined as

Eo(z1,...,2,) = %Z Z(ml,xj>

im1j=1
Let
1 n
mit) i= = 3 a;(0)
n 4
j=1
In the sequel, we assume that m(0) # 0 and that x1(0),...,z,(0) are pairwise

distinct, since this is true for Lebesgue almost any initial configuration. We notice
that

(O = Eof (1), .-, 7a(0)

and therefore the map t — |m(t)|? is non-decreasing. Indeed, one can check that

1d 1 ¢
(6.17) 5@\\?”(0\\2 = ﬁ;fi(t)a

where
2 2
fi(@®) := [m(O)]" = {m(t), 2i(t))" = 0.
From (6.17) and the fact that |m(¢)| < 1 for any ¢ > 0, we also gather that

+00

(6.18) fi(t)dt < +o0
0

for all i € [n]. Furthermore,

fi(t)) = 2[(m(t), m(t)) — (m(t), zi (1)) (i (t), 2i(t)) + (m(t), &:(1)))| < €

for some C' > 0 independent of ¢ > 0 by virtue of the uniform boundedness of all of
the involved quantities. Using (6.18) and (6.19) along with Lemma 4.4 we deduce
that

(6.19)

tEIJPoo fi(t) =0 for any i € [n].
Consequently,
Im(8)|* — (m(t), zi(t))* —— 0 for any i € [n].

t—+00
Since |[{m(t), z;(t))] < |m(t)||, with equality only when m(t) and z;(t) are aligned
(using the fact that |m(t)| is bounded from below), we deduce that x;(t) gets
progressively aligned with m(¢) as t — +oo for any ¢ € [n]. In other words, for any
i € [n] there exists ¢; € {£1} such that

{e:convepsi} (620) I'Z(t) S e — 0
[corcomvepenr ] @] e
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Step 2. All but one particles point in the same direction. We now show that e; = —1
for at most one index ¢ € [n]. To this end we argue by contradiction, and consider
i,j € [n] with i # j such that ¢; = ¢; = —1. Using the fact that

i(t) = m(t) — a;(t)w;(t)
where a;(t) := (m(t), z;(t)), we get
= (&i(t) = @5(t), zi(t) — 2;(t))
= —(i(t)zi(t) — a;(H)a; (1), zit) — x;(1))
—(ai(t) + o () (1 = (wi(t), z;(1)))

where we used that z;(t),z;(t) € S¢~1. Consequently,

(6.21) %Hxi(t) =z (07 = = (u(t) + a; (1)) i () — 25 (1)

Since both z;(t) and x;(t) approach

?
k5
A
=
\
8
<.
=
=
=
S
|

HTégH as t goes to infinity, we gather that
a;(t) and «;(t) are both bounded above by a fixed negative number for sufficiently
large ¢. Using this in (6.21) we deduce that x;(t) and z;(¢) must move apart when
t grows large (recalling that x;(t) and x;(t) are distinct at any time due to Cauchy
uniqueness and the fact that z;(0) # z;(0)). This is a contradiction with (6.20)
whence ¢; = —1 for at most one i € [n]. (We will show in Step 5 that generically,

g; =1 for all i € [n].)

Step 8. The mean converges. From now on, we assume that n > 3 (for n = 2, the
system is solved easily). Let us begin by considering the case in which ¢; = 1 for
any i € [n]. Define the convex cone generated by the particles:

t) := {iaﬂi(t)5 a; =0forallie [n]}

The cone F(t) is polyhedral for any ¢ > 0. We will show that ¢t — F(¢) is decreasing
for large enough times ¢, unless F(t) is a point. If x;(¢) lies on the boundary of
H(t), then

(622) () = m(t) — (m(t) %Z — (a0 () (6)

Assume that F(t) is not reduced to a point. If the z;(t) are close to each other,
each of the n vectors in the right-hand side of (6.22) points inward ¥ (¢), therefore
z;(t) points inward too. As a consequence, t — F(t) is decreasing for large enough
t. The only possible limit of F(¢) is therefore a single point, which implies that
x1(t), ..., z,(t) converge to the same limit as t — +oo.

Now assume that there exists a single 7 € [n] such that ¢; = —1. Without loss
of generality, assume ¢ = n. Consider the convex cone generated by the first n — 1

particles
n—1
= {Z a;x;i(t): a; = 0 for all i e [nl]}
i=1

Let us prove that m(t) € H;(¢) for ¢t large enough. We fix tg > 0 large enough

so that x1(t),...,zp—1(t) and —x,(t) are close to %

possible according to (6.20). Fix t > tg. For any v € S4=! for which (v, z;(t)) > 0

for any t > tg, which is
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for any ¢ € [n — 1], we have that (v,z,(t)) < 0 according to Lemma 4.2 and the
fact that €, = —1. This implies that —x,,(t) € F1(¢). We now write

3

1
—zn(t) = D, oj(t)z;(t)
j=1
with a;(t) = 0. We notice that since 1 > (—x,,(t),z;(t)) for any j € [n — 1], we
have a;(t) < 1. Consequently,

%2 (1 — o (t))a;(t) € Ha(t).

The inequality o;(t) < 1 is strict if —z,(t) # x;(t). As a consequence, unless
H1(t) is a point for t large enough, we gather using the first equality in (6.22)
that ¢ — F;(t) is decreasing for large enough ¢. The only possible limit of F;(t)
is a point, which shows that x1(t),...,2z,—1(t) converge to the same limit z* as
t — +o0, and that % also converges to x*. As a consequence, x,(t) converges
to —x* as t — +oo.

Step 4. Antipodal configurations are strict saddle points. We call an antipodal con-
figuration any tuple (x1,...,1,) € (S?~1)" for which there exists ¥ € S~! such that
for any i € [n], there exists e; € {£1} such that x; = ¢,Z, and g; = —1 for ezactly
one index i. We show that any antipodal configuration is a strict saddle point, i.e.,
a critical point of Eq at which the Hessian has at least one strictly positive eigen-

value'®. Up to relabelling of the points x1,...,z,, any antipodal configuration is
of the form X° = (z,..., %, —7) for some T € S?~!. We consider a smooth function
[0,1] 3 € — x(€) € S¥1 satisfying x(0) = T and

d

—  z(e) = ye TzS4 L
d6\e=0

We then define X€ = (z(e),...,z(e), —%). We easily check that
20 =D (3 cos(a(e) - 7))

£y (X°) = E(x") + 2
—eo(x) + e s o),

whence dd—:on evaluated at X° has at least one positive eigenvalue, and consequently
this antipodal configuration is a strict saddle point.

To conclude we invoke existing results ([LSJR16, PP17]): it is known that the set
of initial conditions for which gradient ascent (in our case given in Step 1) converges
to points where the Hessian has a positive eigenvalue has zero Lebesgue measure.

The result in [LSJR16, PP17] is stated for functions defined on R™, and in the

context of discrete-time evolution with small positive step-size, but the proof can

be adapted to the continuous-time setting, and for functions defined on (S?-1)".1!

10WWe look at positive eigenvalues because the dynamics is a (continuous-time) gradient ascent,
and not gradient descent for which one would look at negative eigenvalues of the Hessian.

HThe proof of [PP17, Theorem 3| needs the following modification: on the compact set
(S94=1)™, since the derivatives of any order of our energy functional are bounded, the inverse image
of each local stable-center disk W¢ (rs,) through the diffeomorphism induced by the continuous-
time gradient descent at time ¢, that is, J;~0 97 * (WS (rm)), has zero Lebesgue measure due to
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Together with Step 4, this proves that for Lebesgue-almost any initial configuration,
the particles converge to 1 cluster as t — +00. ([

Part 3. Further

We discuss several avenues of research which would lead to a finer understanding
of the clustering phenomenon and generalizations of our results, and which we
believe are of independent mathematical interest.

7. DYNAMICS ON THE CIRCLE

We discuss the dynamics (2.6) and (USA) in the special case d = 2, namely on
the unit circle S' < R2. This model, parametrized by angles and related to the
celebrated Kuramoto model, is of independent interest and deserves a complete
mathematical analysis.

7.1. Angular equations. On the circle S!, all particles x;(t) € S* are completely
characterized by the angle 6;(t) € T for which z;(t) = cos(6;(t))e1 + sin(6;(t))ea
where e; = (1,0) and e; = (0,1) € R%. We focus on the dynamics (USA) for
simplicity. For any ¢ € [n] and ¢ > 0, we may derive the equation satisfied by 6;(t)
from cos(6;(t)) = {x;(t), e1): differentiating this equality with respect to time and
plugging into (USA) we obtain

-1

0(t) = ~ iy (2 OO [ (1), ex) — Cailt), 3 ()i 1), e1>])

where we used the definition of the projection (if 6;(t) = 0 for some ¢, we differ-
entiate the equality sin(;(t)) = {x;(t), e2) instead, which also leads to (7.1) in the
end). Observing that

(wi(t), z;(t)) = cos(6:(t) — 05(t)),
we find

n

) (4) = ——° N B cos(0:(t)—0;(t)) . _ (1) — 0. )

) =~ 50 (j; e [cos(e] (1)) — cos(6:() — 0,(t)) Cos(ﬂz(t))]> .

Using elementary trigonometry, we conclude that

(7.1) 0:(t) = 1 > ePeosOl=051) sin (0, () — 0;(t)).
n o]

The case 8 = 0 is exactly the Kuramoto model recalled in Section 7.2. Assume for
a moment that 8 > 0. Defining the function hg : T — R3¢ as

hg(0) = P cos(9),
we have deduced that the empirical measure of the angles, v(t) = %Z?Zl S, (t)s
which is a measure on the torus T, is a solution to the continuity equation
O (t) + Og(X[v(t)]v(t)) = 0, on Ryg x T,
where

X[v](6) = %(h'ﬂ +1)(0).

the strict saddle-point assumption. Using a finite covering of the set of strict saddle points by
small balls (in particular included in local charts of (S¥~1)"), we deduce the result.
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When the particles x;(t) follow (2.6), one readily checks that the same continuity
equation is satisfied but rather with the field

x0) = 5 () 0

7.2. The Kuramoto model. When 8 = 0, Equation (7.1) is a particular case of
the Kuramoto model [Kur75]:

(7.2) @m:wﬁé§2gm%w—awx

where K > 0 is a prescribed coupling constant, and w; € T are the intrinsic natural
frequencies of the oscillators 6;(t). It is known that for sufficiently small coupling
strength K, the oscillators 6;(¢) in the Kuramoto model (7.2) do not synchro-
nize in long time. It is also known that when K exceeds some critical threshold
value, a phase transition occurs, leading to the synchronization of a fraction of
the oscillators. If K is chosen very large, there is total synchronization of the
oscillators in long time. For more on the mathematical aspects of the Kuramoto
model, we refer the reader to the review papers [Str00, ABV 105, HKPZ16] (see also
[CCHT 14, Chil5, FGVG16, DFGV18, HR20, TSS20, ABK 22| for a non-exhaustive
list of other recent mathematical results on the subject).

When all the frequencies w; are equal to some given frequency, w € R say, after
a change of variable of the form 6;(t) < 6;(t) — wt, the dynamics in (7.2) becomes
a gradient flow

0(t) = nVF(0)

where the energy F : T™ — R reads

K n n
(7.3) FO) = 5 5 D7D cos(6; — 6;).
i=1j=1

The oscillators can be viewed as attempting to maximize this energy. The energy
F is maximized when all the oscillators are synchronized, that is, §; = 0* for some
0* € T and for all ¢ € [n]. As the dynamics follow a gradient system, the equilibrium
states are the critical points of the energy, namely those satisfying VF(6) = 0. The
local maxima of F correspond to equilibrium states 6 that are physically achievable,
since small perturbations thereof return the system back to 6.

Some authors consider a variant of the Kuramoto model where the oscillators are
interacting according to the edges of a graph. In other words, the coefficients A;;
of the graph’s adjacency matrix are inserted in the sum in (7.3) as weights, and the
dynamics is then the corresponding gradient flow. In [ABK™22| for instance, the
authors prove that synchronization occurs with high probability for Erdés—Rényi
graphs with parameter p, for every p right above the connectivity threshold.

Coming back to our dynamics (7.1), we notice that it can also be written as a
gradient flow on T":

0(t) = nVEs(6(1)),
for the interaction energy Eg : T" — Ry defined as

I & o (0,—0,
EB(Q) _ 2/8712 2 Z 66 cos(0; 9])7

i=1j=1
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which is maximized when 6; = 6* for some 6* € T and for all i € [n]. In the spirit
of [LXB19], we suggest the following open problem-we recall that a critical point
is called a strict saddle point of Eg if the Hessian of Eg at these points has at least
one positive eigenvalue.

Problem 5. With the exception of the global mazimum, are all critical points of
Eg strict saddle points?

Extensions of the Kuramoto model of the form
n

(7.4) 0;(t) = w; + % D7 h(0;(t) = 0(t)),
j=1

for a general non-linearity h : T — R, which contains both (7.2) and our model
(7.1) as particular cases, have already been studied in the physics literature. For
instance, we refer the reader to [Dai92] (see also [ABV 105, page 158]), where many
heuristics are proposed to address the behavior of solutions to these dynamics. We
are not aware of mathematical results for (7.1) if 8 is not close to 0. We nevertheless
have some hope that handling the dynamics (7.1) is easier than dealing with (7.4)
for a general h: for instance, the Fourier coefficients of the function hg(8) = e s(?)
in question are completely explicit, and given by the modified Bessel function of
the first kind, whose properties have been extensively studied.

8. BBGKY HIERARCHY

For the sake of simplicity, we again focus on the dynamics on the circle S!,
where recall that all particles are parametrized by angles (which we also refer to
as particles). To carve out an even more complete understanding of the cluster-
ing phenomenon, it is natural to consider initial particles sampled i.i.d. from the
uniform distribution on S! and to study the time-evolution of the r-particle dis-
tribution pg) (t,61,...,0,), defined as the joint law of the particles 6 (t), ..., 0,(t).
Otherwise put, it is the r-point marginal of the joint distribution p(™(t,-) € P(T™)
of all n particles. Note that because of rotational invariance, p(1)(t,-) is just the
uniform distribution equal to i for all ¢ > 0. For r = 2, again by rotational
invariance, there exists some 9 (t,-) : T — R such that

L (1,0, — 0,).

p(2) (ta b1, 92) = %
Proving the clustering/synchronization of all 8;(¢) in long time amounts to proving
that v (¢, -) converges to a Dirac mass centered at 0 as t — +00. Using the fact that
M (t, -) solves the Liouville equation, by following the method used to derive the
BBGKY'? hierarchy [GSRT13, Gol16], it is possible to show that (¢, -) satisfies

Ot x) + 0 (v(t,x)(t,x)) =0 inRyox T
®.1) {w(o,x) = (2m)~! inT,
where ) 2 2

U(t’x) = ﬂinh,lé’(m) - Tg(tax)v
and

glt, ) = E[ — Hs(0s(t)) ‘ 01(t) = 0, Oa(t) = a:]

1 2BogoliubovaornfGreeanirkwoodevon.
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Note that the equation (8.1) is not closed since g(¢,x) depends on the 3-point
correlation function. This is typical in the BBGKY hierarchy, whereupon physical
theory and experimental evidence is typically used to devise an ansatz for closing
the system. For instance, the Boltzmann equation is derived from the BBGKY
hierarchy by assuming the molecular chaos hypothesis (Stosszahlansatz) at the level
of r = 2. We suggest to close (8.1) in a way that reflects the formation of clusters:

Problem 6. Devise a realistic ansatz for g(t,z) which allows to close equation
(8.1), and allows to prove the convergence of ¥(t,-) to a Dirac mass centered at 0
ast — +o0.

The derivation of a BBGKY hierarchy when d > 2, and for the original spherical
Transformer, are also problems which we believe merit further investigation.

9. GENERAL MATRICES

Figure 4 hints at the likelihood of the clustering phenomenon being significantly
more general than just the case Q = K =V = I;. However, extending our proofs
to more general parameter matrices does not appear to be straightforward and is
an open problem. Here we discuss a couple of particular cases (without excluding
other approaches).

9.1. The repulsive case. Asseen from Lemma 3.5, in the repulsive case V = —1I,
the interaction energy Ez decreases along trajectories. Recall that the unique global
minimum of Ez over P(S%!) is the uniform distribution (Proposition 3.2). In
contrast, we explain in this section that many different configurations of n points
may yield global minima for Eg when minimized over empirical measures with n
atoms.

We thus focus on minimizing Eg over the set P, (S¢"1) of empirical measures,
namely sums of n Dirac masses. Rewriting Eg as

62’8 72
Eslul = 55 | [ anto) au(e)

it turns out that minimizing Es over P,(S"!) is precisely the problem of find-
ing optimal configurations of points on S¢~!, which has direct links to the sphere
packing problem [CK07, CKM™*22] and coding theory [DGS91]. For p e P, (S 1),
we can equivalently rewrite Eg in terms of the set of support points 6 c Sé-1,
#6 =n:

62ﬁ 2
- — —Blz—a']
Epli] = Hol[6] = 5z 3, e
z,x' €6
In [CKO07], Cohn and Kumar characterize the global minima € of Hg. To state
their result, we need the following definition.

Definition 9.1. Let n > 2. A set of points € = {x1,...,2,} < ST is called a
spherical t-design if

[ p@)douta) = & 3 ol
i=1

for all polynomials p of d variables, of total degree at most t. The set of points 6 is
called a sharp configuration if there are m distinct inner products between pairwise
distinct points in €, for some m > 1, and if it is a spherical (2m — 1)-design.
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The following result is a special case of [CK07, Theorem 1.2].

Theorem 9.2 ([CKO07]). Letn = 2. Any global minimum of Hg among € < S71,
#@ = n is either a sharp configuration, or the vertices of a 600-cell*3.

The set of sharp configurations is not known for all regimes of n,d or m (the
largest m such that the configuration is a spherical m-design). A list of known
examples is provided in [CKO07, Table 1]: it consists of vertices of full-dimensional
polytopes (specifically, regular polytopes whose faces are simplices), or particular
derivations of the Eg root lattice in R® and the Leech lattice in R?**. We defer
the reader to [CK07] and the illustrative experimental paper [BBCT09| for further
detail. The long time behavior of Transformers in the repulsive case remains open.

9.2. Pure self-attention. An alternative avenue for conducting such an analysis
which has shown to be particularly fruitful consists in removing the projector P,
leading to

n

Z B8Rz (t),Kx; (t)>ij (t)

9.1 z;(t
CRY -7

for all i € [n] and ¢t € Rsg. In fact, in [GLPR23|, we analyze precisely these
dynamics, and show different clustering results depending on the spectral properties
of the matrix V. We briefly summarize our findings in what follows.

9.2.1. A review of [GLPR23|. For most choices of value matrices V', without rescal-
ing time, most particles diverge to +00 and no particular pattern emerges. To make
a very rough analogy, (9.1) "looks like" &;(t) = V;(¢) (which amounts to having
Pi;(t) = d;; instead of (2.5)), whose solutions are given by z;(t) = e'Vx;(0). To
discern the formation of clusters, we introduce the rescaling

(9.2) zi(t) = e V1),

which are solutions to

(93) Zl(t> = Zﬁlz(t) i e’B<QetVzi(t)7KetVZj (t)>V(ZJ (t) _ Zz(t))

for i € [n] and t € Rx(, where

0 Eemewz KotV (1)

whereas the initial condition remains the same, namely x;(0) = z;(0). It is crucial
to notice that the coefficients A;;(t) (see (2.5)) of the self-attention matrix for the
rescaled particles z;(t) are the same as those for the original particles x;(t). The
weight A;;(t) indicates the strength of the attraction of z;(t) by z;(¢). In [GLPR23]
we show that the rescaled particles z;(t) cluster toward well-characterized geometric
objects as t — +oo for various choices of matrices (@, K,V). Our results are
summarized in Table 1 below, whose first two lines are discussed thereafter.
When V' = I, outside from exceptional situations, all particles cluster to vertices
of some convex polytope. Indeed, since the velocity z;(¢) is a convex combination
of the attractions z;(t) — 2;(t), the convex hull K(¢) of the z;(t) shrinks and thus

13A 600-cell is a particular 4-dimensional convex polytope with n = 120 vertices.
The rescaling (9.2) should be seen as a surrogate for layer normalization.
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14 ‘ K and Q ‘ Limit geometry ‘ Result in [GLPR23]
V=1 QTK >0 vertices of convex polytope Theorem 3.1
A1 (V) > 0, simple | (Qp1,Kp1)y >0 | union of 3 parallel hyperplanes Theorem 4.1
V paranormal QTK >0 polytope x subspaces Theorem 5.1
V=-I4 | QTK=1I; | single cluster at origin* | Theorem C.5

Table 1. Summary of the clustering results of [GLPR23|. * All results
except for the case V' = —I4 hold for the time-scaled dynamics (9.3).

converges to some convex polytope. The vertices of the latter attract all particles
as t — +00. When the eigenvalue with largest real part of V', denoted by A;(V),
is simple and positive, the rescaled particles z;(t) cluster on hyperplanes which are
parallel to the direct sum of the eigenspaces of the remaining eigenvalues. Roughly
speaking, the coordinates of the points z;(¢) along the eigenvector of V' correspond-
ing to Ay (V) quickly dominate the matrix coefficients P;;(t) in (9.3) due to the
factors etvzj (t). For more results and insights regarding clustering on R?, we refer
the reader to [GLPR23]. We nonetheless leave the reader with the following general
question:

Problem 7. Is it possible to extend the clustering results of Table 1 to other cases
of (Q,K,V)? What are the resulting limit shapes?

9.2.2. Singular dynamics. We mention another intriguing question, whose answer
would allow for a transparent geometric understanding of clustering for (9.3). Let
(Q,K,V) be given d x d matrices. For § > 0, we consider the system of coupled
ODEs

(9.4) i(t

- j 2 eI (50) = 5(0),

where once again

Zg.il Z P Qzi (1), Kz (1))
k=1
For any T > 0, and any fixed initial condition (2;(0))e[n] € (R)™, as 8 — +00, we
expect that the solution to (9.4) converges uniformly on [0,77] to a solution of

9.5) 4(t) Z V(z(t) = 2(t)

where
(9.6) Ci(t):{je[n]:<in(t),sz(t)>><in(t),sz(t)> for allke[n]}.

However, defining a notion of solution to (9.5)-(9.6) is not straightforward, as
illustrated by the following example.

Example 9.3. Suppose d =2, n=3. Let Q = K =V = I; and z,(0) = (1,1),
22(0) = (=1,1), 25(0) = (0,0). Consider the evolution of these particles through
(9.5)~(9.6). The points z1(t) and 22(t) do not mowve, because it is easily seen that
C;(t) = {i} forie {1,2}. On the other hand, the point z3(t) can be chosen to solve
either of three equations: Z3(t) = z1(t) — z3(t), or z3(t) = 22(t) — 23(t), or even
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23(t) = 2(21(t) + 22(t)) — 23(t). In any of these cases, both (9.5) and (9.6) remain
satisfied for almost every t = 0.

It is possible to prove the existence of solutions to (9.5)—(9.6) defined in the sense
of Filippov!®: for this, we can either use a time-discretization of (9.5)(9.6), or use a
convergence argument for solutions to (9.4) as 8 — +o0. Uniqueness however does
not hold, as illustrated by Example 9.3. This naturally leads us to the following
question:

Problem 8. Is it possible to establish a selection principle (similar to viscosity or
entropy solutions) for solutions to (9.5)—(9.6) which allows to restore uniqueness?
In the affirmative, is it possible to revisit the clustering results of [GLPR23] and
Problem 7 in the setting of (9.5)~(9.6)?

We believe that (9.5)—(9.6) is also an original model for opinion formation. There
are some similarities in spirit with methods arising in consensus based optimization
(CBO for short), [PTTM17, CJLZ21]. With CBO methods, one wishes to minimize
a smooth and bounded, but otherwise arbitrary function f : R — R by making
use of the Laplace method

1
lim |—=1lo e AI@ dp(x > = inf x),
B*)er( /8 gJ}Rd p( ) zesupp(p) f( )

which holds for any fixed p € P..(RY). This is accomplished by considering a
McKean-Vlasov particle system of the form

dai(t) = =A(i(t) —vg) H(f (@i(1) = f (0[in (8)]) At + V2] (8) — 0] ()] | AW (2)
for fixed f > 0, with drift parameter A > 0 and noise parameter ¢ > 0; H® is a

particular smoothed Heaviside function, and g, (t) is the empirical measure of the
particles. The point v[u] € R? is a weighted average of the particles:

1 J e8I (@), dp(z)
Rd

2B

where Zg , = {4 e Bf@) dp(x). Morally speaking, particles which are near a min-
imum of f have a larger weight. The drift term is a gradient relaxation (for a
quadratic potential) towards the current weighted average position of the batch of
particles. The diffusion term is an exploration term whose strength is proportional
to the distance of the particle from the current weighted average. Results of con-
vergence to a global minimizer do exist, under various smallness assumptions on
the initial distribution of the particles, and assumptions on the relative size of the
coefficients. They rely on the analysis of the associated Fokker-Planck equation,
see [CJLZ21, CD22], and also [FHPS21] for the analog on S9~!. We point out that
similarities are mainly in spirit—these results and analysis are inapplicable to our
setting because there is no analog for f(z). Nonetheless, they do raise the following
interesting question:

v[p]

Problem 9. What can be said about the long time limit of Transformers with a
noise/diffusion term of strength o > 0¢

The question is of interest for any of the Transformers models presented in what
precedes.

15We thank Enrique Zuazua for this suggestion.
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10. APPROXIMATION AND CONTROL

Understanding the ezpressivity, namely the ability of a neural network to repro-
duce any map in a given class (by tuning its parameters), is essential. Two closely re-
lated notions reflect the expressivity of neural networks: interpolation—the property
of exactly matching arbitrarily many input and target samples—, and (universal)
approximation—the property of approximating input-target functional relationships
in an appropriate topology. We refer the reader to [CLLS23| for a primer on the
relationship between these two notions. For discrete-time Transformers, universal
approximation has been shown to hold in [YBR*19], making use of a variant of the
architecture with translate parameters and letting the number of layers go to infin-
ity. See also [ADTK23], and [JLLW23]| for a review. In the context of flow maps
(from R to R?), it is now well understood that interpolation and approximation
reflect the controllability properties of the system. The transfer of control theoreti-
cal techniques to the understanding of expressivity has borne fruit, both in terms of
controllability results [AS22, CLT20, TG22, LLS22, RBZ23, VR23, CLLS23] and
optimal control insights [LCT18, GZ22]. We are however not aware of control-
theoretical results in which arbitrarily many input measures ought to be mapped
to as many output measures, as would be the case for Transformers.
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