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Foreword

After the foundational works of Gaspard Monge (1781), Leonid Kantorovich (1942), and
many others, optimal transport has witnessed explosive growth since the 1980s. This owes
much to the universality of the question it addresses: what is the most efficient way of moving
“mass” from one distribution to another, given a cost of moving mass between points? This basic
question lies at the crossroads of numerous mathematical fields nowadays, including analysis,
probability, statistics, geometry and optimization, and optimal transport has led to powerful
applications, notably in machine learning, economics, physics, computer vision and biology.

A fundamental object in optimal transport is the optimal transport map T,_,, connecting
two probability measures p and p. Brenier showed at the turn of the 1990s its existence and
uniqueness under natural assumptions, for instance for the quadratic cost in R%, when p, u have
second moments and p has a density with respect to the Lebesgue measure. Moreover, any
optimal transport map is the gradient of a convex function, called a Kantorovich potential.

For many reasons, not only existence and uniqueness of optimal transport maps, but also
their stability with respect to variations of the marginal distributions p and p is of fundamental
importance: taken together, existence, uniqueness and stability form the three pillars of a well-
posed problem. For instance, in numerical simulations, the source and the target measures are
replaced by discrete approximations and it is desirable to quantify the discrepancy between the
optimal transport map and its numerical approximation. In statistics, where the marginals come
from real data and are only known through samples, one may estimate the optimal transport
map using the samples, but it raises the question of the accuracy of this estimator compared
to the “true” optimal transport map. Fundamentally, this is also a stability problem. In both
numerical and statistical applications, the main question is thus the following one:

for a fixed source density p, does a small modification of the target measure p result in a small
modification of the optimal transport map T, ? If yes, is it possible to quantify the answer?

Qualitative stability results have long been established: already Brenier in his seminal 1991
paper [20] had discovered that under the same assumptions on the source measure p as in his
existence and uniqueness theorem, the map p + T),,, is continuous in the natural topologies.
In other words, a small perturbation of the target measure results in a small perturbation of
the optimal transport map. This continuity statement is however only qualitative and does not
come with effective bounds, whereas for both numerical and theoretical purposes, quantitative
estimates are often needed.

It is only recently that the first quantitative stability bounds have been proved, with key
contributions by Gigli, Berman, Delalande, Mérigot, and others. The interest in the subject has
also been strengthened by applications, notably to statistics, to the geometry of the Wasserstein
space and to the convergence of the Sinkhorn algorithm, which is used to solve a regularized
version of the optimal transport problem, called entropic optimal transport. It is our purpose
in these lecture notes to review the theoretical advances on quantitative stability estimates, to
point out what is not yet understood, and to highlight the applications of this emerging and
flourishing field.

These notes are based on my Cours Peccot delivered at the College de France in May-June
2025. Preparing these lectures has been a great source of pleasure for me, and I would like to



thank all attendees, as well as the College de France for posting online the videos of the lecturesﬂ
I express my deepest thanks to Quentin Mérigot for this very fruitful collaboration, and to Jun
Kitagawa for our successful collaboration on a second paper. I also greatly benefited from nu-
merous discussions on optimal transport with many colleagues, in particular with Yann Brenier,
Guillaume Carlier, Vincent Divol, William Ford, Michael Goldman, Marc Hallin, Antoine Julia,
Tudor Manole, Jonathan Niles-Weed, Pierre Pansu, Gabriel Peyré, Aram Pooladian, Philippe
Rigollet and Frangois-Xavier Vialard. I finally thank my wife Claire for everything (and for
attending one of my lectures!).

The manuscript is organized into five chapters, and Chapters [4] and [§] may be read inde-
pendently of the rest. To lighten the presentation, most references are collected at the end of
each chapter in a bibliographical paragraph. Chapter [1]introduces the problem, and recalls fun-
damental facts of optimal transport theory, in particular Brenier’s theorem. It describes some
of the initial motivations for developing a quantitative theory of stability, notably the so-called
linearized optimal transport framework, which draws upon our knowledge of the geometry of the
Wasserstein space. It also presents two important quantitative stability results, whose proofs
are the main thread of Chapters [2] and Although relatively recent, the tools developed in
Chapter [2| will sound familiar to most people working in optimal transport. The Kantorovich
functional [ v*dp is the main character of this chapter, and its strong convexity, shown using
functional inequalities, is one of the key ingredients to prove quantitative stability estimates.
The mathematics of Chapter [3| might sound more exotic: they find their roots in the proofs of
Sobolev—Poincaré inequalities developed in the 1980s, as well as in spectral graph theory. How-
ever, they provide natural and very efficient tools to extend the stability estimates of Chapter
To go beyond quadratic optimal transport in Euclidean spaces, we add in Chapter {4] yet another
ingredient: entropic optimal transport. This penalized version of the original optimal transport
problem, which is a very efficient computational tool, gives us a regularized analogue of the
Kantorovich functional whose strong concavity makes it possible to handle more general costs.
We conclude by presenting three important applications of optimal transport stability bounds
in Chapter [5} to statistical optimal transport, Wasserstein barycenters, and to the convergence
of the Sinkhorn algorithm. They illustrate the theoretical and the numerical relevance of this
theory.

Although this manuscript is mainly devoted to quantitative stability bounds in optimal trans-
port, it also provides short and self-contained introductions to several topics such as statistical
optimal transport, entropic optimal transport, Wasserstein barycenters, and spectral graph the-
ory, which, we hope, will stimulate the readers’ curiosity and inspire them to delve into these
nice research areas.

All comments, suggestions and bug reports are very welcome and can be sent to my email
address cyril.letrouit@Quniversite-paris-saclay.fr.

Cyril Letrouit
Orsay, September 2025.
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1 Introduction: optimal transport and stability

1.1 The optimal transport problem

The nearly 250 years old Monge transportation problem consists in finding the optimal way
to transport mass from a given source to a given target probability measure, while minimizing
an integrated cost.

Let p be a probability measure on a Polish (i.e., complete, separable metric) space X and p
be a probability measure on a Polish space ). Let ¢ be a non-negative measurable function on
X x Y. An admissible mass transport plan is an element v of the space P(X x ) of probability
measures over X X ) whose marginals coincide with p and p, i.e., for all measurable sets A C X,
BcC),

V(A xY)=p(A) and (X x B) = u(B). (1.1)

These conditions mean that for any = € X', y € V), the amount of mass taken from x coincides
with dp(x), and the amount of mass arriving at y coincides with du(y). The set of all admissible
transport plans is

(p, ) = {7 € P(X x ¥) | (L) holds}.

It is non-empty and convex. The optimal transport problem with cost ¢ is the minimization
problem

[ i) (1.2)
YEIl(p,p) J X x Y

A solution to (1.2)), i.e., an admissible transport plan « which attains the infimum, is called an
optimal transport plan. In the particular case where X, C R? and ¢(z,y) = |x — y|?, one finds

the quadratic optimal transport problem

[ e yPe) (1.3)
yEU(p,1t) JRA xRE

which will be our main focus in the sequel. The case of p-costs ¢(z,y) = |z — y[P with p > 1 is
also of interest, and gives rise to the p-Wasserstein distance defined as

1/p
Wp(p,u)=< inf / \:c—y!pdv(rv,y)> :
YEIl(p,p) JRA xR

Wasserstein distances are indeed distances, and they verify W, < W, for 1 <p <gq.

Optimal transport and Wasserstein distances are used in an incredible number of fields,
among which:

e Engineering. Monge formulated in 1781 the problem of moving a pile of sand from one
place to another while minimizing a total transportation cost.

e Economics. Around 1942, Kantorovich was interested in the optimal allocation of resources
between m production stations and n consumption stations. He used his duality theory
to solve this problem, which is an instance of the optimal transport problem.

e Mathematical physics, modelling and PDEs. Arnold (1966) and then Brenier (1989) stud-
ied the Euler equation of fluid mechanics via a least action principle in the space of dif-
feomorphisms. Otto interpreted in the 1990s the heat equation as a gradient descent of
entropy in the geometry of mass transport. In another direction, Tanaka used Wasserstein
distances in the 1970s to prove relaxation to equilibrium for the spatially homogeneous



Boltzmann equation. And Caffarelli analyzed in the 1990s the Monge-Ampére partial dif-
ferential equation det(D?f) = g, resulting in a regularity theory for optimal transport
maps.

o Geometry and related areas. Optimal transport has also led to the discovery of new
functional inequalities with geometric content, and to new proofs of old ones. Among them,
we can mention the Brunn-Minkowski, Brascamp-Lieb and Prékopa-Leindler inequalities,
which we review in Section . In metric geometry, optimal transport has been used
to give a meaning to Ricci curvature in non-smooth spaces X, relying on displacement
convexity of certain functions on the Wasserstein space Pa(X) (Lott-Sturm-Villani 2004-
2009).

e Image processing. Relevant features of images (colors, contours, orientations, textures)
may be represented as histograms, or densities. Optimal transport is then used as a
powerful tool to compare images, interpolate between them, transfer colors, or segment
images.

e Statistics and machine learning. Wasserstein distances are widely used to measure dis-
tances between probability distributions, since the work of Dudley in 1969 who analyzed
the rate of convergence of empirical probability measures p, to their limit p. More recently,
optimal transport has been used to interpolate multiple data distributions (e.g. samples,
images, domains, etc) using Wasserstein barycenters; to analyze the training dynamics of
neural networks, and sampling algorithms such as the Langevin Monte Carlo algorithm.

Many other fields, applications and names are of course missing: our purpose is only to illustrate
the diversity of fields in which one may encounter optimal transport and Wasserstein distances.
Although the cost function ¢(x,y) = |z — y| might seem more physical at first glance than the
quadratic cost — for instance, in problems like moving materials at minimal cost on a construction
site —, the quadratic cost c¢(x,y) = |z — y|? is actually the one which is most useful in the above
applications. This is partly due to the fact that the Wy distance gives a Riemannian structure
to the space of probability measures (with notions of geodesics, interpolation, etc), but also to
very convenient existence and uniqueness properties.

Existence and uniqueness of optimal transport maps. Recall that Polish spaces are
complete, separable, metric spaces. A solution to (|1.3) (or (|1.2))) exists under mild assumptions:

Proposition 1.1. If X,) are Polish spaces and ¢ : X x Y — Ry U {+oo} is lower semi-
continuous, then there exists a solution to (|1.2)).

We shall not prove this proposition, see [105, Theorem 1.3] for a proof. The solution to (|1.3))
(or (1.2))) is not unique in general. For instance, if A = (1,0), B = (0,1), C = (—1,0), and
D = (0,—1) are the vertices of a square in R? (endowed with the quadratic cost), there is an
infinite number of solutions to (L.3) when p = 3(64+6¢) and p = (65 +0p): for any a € [0,1],

—_

7 =5 (@8a.p) + (1 = @)dap) + (1 = @)d(c.p) + ad(c.p))

is an admissible transport plan which is a solution of (1.3). Notice that in this example, the
mass leaving A is split into one part going to B and one part going to D.
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Let us pause for a moment and ask what would happen if we did not allow mass-splitting,
i.e., if we replace the infimum in by a minimization over the admissible transport plans
v € II(p, ) which are supported on the graph of a univalued map 7' : X — Y: in other words,
all the mass at © € & will be sent into T'(x) € Y. The condition 7 € II(p, 1) then turns into the
set of equalities:

for any measurable U C Y, p(T~1(U)) = w(U)

which may be simply stated in terms of the pushforward operation # as Tz p = p. The associated
admissible transport plan is v = (Id, T') xp. We obtain the so-called Monge problem:

i — S(z)]2dp(x). .
ot [ o= S@Pdn) (1.4)

S:X—=Y

Syp=p
A solution to is called an optimal transport map. Note that the Monge problem does not
necessarily have a solution. If p is a sum of Dirac masses but p is not, then there does not exist
any S : X — Y such that Syp = p.

To avoid this issue, there exists a simple assumption which guarantees that the solution to
is unique: Brenier showed that the absolute continuity of the source measure p together
with moments assumptions on p and p is a sufficient condition for a unique solution to (|1.3))
to exist. And even more: he shows that in this case, the Monge problem has a unique
solution 7', and that these solutions to the two problems are related by v = (Id,T")4p.

In the sequel, P(X') denotes the set of probability measures on X C R?, and P,(X) is the
set of probability measures on X with finite p-th moment:

Pp(X) = {P ePX) | /X |z[Pdp(x) < —i—oo}.

The weak topology on P(X') (or topology of weak convergence, or narrow topology) is induced
by convergence against Cy(X), i.e., bounded continuous functions.

Theorem 1.2 (Existence and uniqueness of optimal transport maps, Brenier). Let p, i € Pa(R%)
and c(x,y) = |x — y|? be the quadratic cost on RY. Assume that p is absolutely continuous with
respect to the Lebesque measure. Then there exists between p and p a p-almost everywhere
unique optimal transport map T and a unique optimal transport plan v, and these solutions
are related by v = (Id,T)xp. Furthermore, the map T is the gradient of a convex function
¢ : RT — RU {+oo}, and if (Vf)yp = u for some other convex function f, then Vf = V¢
p-almost everywhere.

If the support & of p is the closure of a bounded connected open set, ¢ is uniquely determined
on X up to additive constants. As a consequence of Brenier’s theorem, for any convex function
¢ and any absolutely continuous p € Po(R?), the map V¢ is the optimal transport map from p
to (V) xp.

To turn (or ) into a well-posed problem in the sense of Hadamard, there only
remains to show stability of the solution T with respect to perturbations of p and . The question



of stability is fundamental both from the theoretical and the numerical point of view. Soft
(compactness) arguments provide without any difficulty a qualitative stability result presented
in Section [T.2] However, quantitative results are needed in most applications, and for this more
difficult problem, tools have started to emerge only recently. The purpose of these notes is to
review the theoretical advances in this now rapidly developing field, and to discuss applications
to various problems.

1.2 Stability of optimal transport

The following general qualitative stability result holds:

Proposition 1.3 (Qualitative stability of plans). Let (pg)ren converge weakly to p and (px)keN
converge weakly to p. For each k € N, let v be an optimal transport plan between py and g,
and assume that
lim inf |z — yl*dye(z,y) < +oo.
keN XxY
Then the optimal transport cost between p and  is finite and, up to extraction of a subsequence,
Y, converges weakly to some optimal transport plan v between p and L.

We will not give the proof of this proposition, written in detail in [I06, Theorem 5.20].
Proposition [L.3| actually holds in general Polish spaces X and ), with a continuous cost function
c: X x)Y — R such that infc > —oo. The proof relies on the Prokhorov theorem, used to
extract a converging subsequence of plans, and on a characterization of optimal transport plans
as cyclically monotone sets. We provide a taste of the latter argument in the 1 dimensional case
in Proposition 1.6

In these lectures, we will fix the source measure p and consider stability with respect to
the target measure only. We denote by T),_., the optimal transport map from p to u given by
Brenier’s theorem. The problem we are interested in reads:

if i and v are quantitatively close, prove that T,,_.,, and T,_,, are quantitatively close.
There are several reasons for this choice of fixing the source measure:

e first, because the mapping p — 7),—,, may be used to embed the Wasserstein space (or
part of it) into the Hilbert space L?(p) with a controlled distortion. We shall come back
to this important idea in Section [1.4

e Second, because T, and T,_,, are in L?(p) according to Brenier’s Theorem and thus
we may measure their distance simply in L?(p). If we had p and p’ as source measures,
measuring distances between the maps would be less easy: instead, one would probably
measure the Wasserstein distance between optimal transport plans.

e Third, because in some applications, p is a perfectly known probability density, e.g. a
standard Gaussian.

¢ Finally, it is sometimes a first step towards a proof of stability with respect to perturbations
of both marginals.

To summarize, in these lecture notes, some p € Py (]Rd), assumed to be absolutely continuous
with respect to the Lebesgue measure, is fixed. Therefore, we shall drop in the notation the
reference to this source measure. Given p € P2(R?) we call

e the optimal transport map and denote by T, € L*(p) the unique solution to (L.4);



e the Kantorovich potential the unique convex function ¢, € L?(p) such that T, = Vo,
and fX ¢udp = 0. In these lectures, we focus on the case where the support of p is the
closure of a connected open set, and thus the Kantorovich potential is always uniquely
defined since any two functions whose gradients coincide almost everywhere differ by a
constant. Uniqueness may fail, however, if the support of p consists of multiple connected
components. Nevertheless, most of our results can be adapted to this case at the expense of
shifting Kantorovich potentials by an appropriate constant on each connected component.
We shall not pursue this here.

The source measure p being now fixed, we formulate the qualitative stability of optimal
transport maps as follows:

Proposition 1.4 (Qualitative stability of maps). The map u — T, from (P2(R%), Ws) to L?(p)
18 continuous.

This result is already contained in the paper by Brenier [20] where he proves Theorem |1.2
We give here a different (self-contained) proof.

Proof of Proposition[T.4} Let (tin)nen and u be in Py (R%) such that Wa(jun, p) — 0 as n — +oo.
Then Wa(p, pin) — Wa(p, 1) by the triangle inequality, hence

[ =T @Pdsta) [ o= T(e) o) (1.5)
R4 Rd

n—-+o0o

Therefore, (T}, )nen is bounded in L?(p).
Let © = supp(p) and

K.={zcR?||z| <&l p(x) > e, dist(z,d0) > e}.

Here and in the sequel, we identify the absolutely continuous measure p to its density with
respect to the Lebesgue measure A on R%. Let us prove that for any € > 0,

sup || Ty, [l oo () < +00. (1.6)
neN

For this we rely on the fact that for any convex function f over R?, any z € R% and n > 0,

6
OF |l pooBrarn < —— v f|dA 17
10f | oo (B(@m)) o B(x7477)‘ fl (1.7)

where wy denotes the volume of the unit ball in R% and

190f Lo (B@m)) = sup  sup |g].
y€B(z,m) g€ f(y)
The proof of (1.7)) is postponed to the end of the proof of Proposition Let us deduce (|1.6))
from ([1.7)). For any = such that B(x,4e) C K,

wge?

5 1Ty | oo (B(,e)) < /

1 1/2
Toln< ([ imPd) (18)
B(z,4¢) € \J B(x,4¢)

by applying (1.7) to ¢,,, using that p(z) > € on K., and finally applying the Cauchy-Schwarz
inequality. Since (7},,) is bounded in L?(p), the right-hand side in (L.8) for fixed ¢ > 0 is
uniformly bounded in n. Therefore, setting

K. ={r € K. | B(z,4¢) C K.}



we obtain that |7}, ||f~ (k) is uniformly bounded in n. Sending e to 0, this implies that
sup,, | T, || Lo (k) < 400 for any compact set K included in the interior of the support of p. In
particular, this implies .

Let g such that p(zg) > 0. Then ¢,,(z9) < +oo for any n, and we may normalize ¢, in
a way that ¢,, (x¢) = 0. By Arzela-Ascoli, up to extraction of a subsequence omitted in the
notation, (¢, ) converges toward some ¢ uniformly over any K.. Of course, ¢ is convex, and we
denote its gradient by 7. We also denote by (-,-) the Euclidean scalar product. Passing to the
limit n — +o0 in the inequality

¢,un (y) = ¢un () +(y — =z, Vou, (z))

yields that any limit point of (V¢,, (z)) is in d¢(x). This proves that at any point x of differ-
entiability of ¢, (V¢,, (x)) converges to T'(z) = V¢(x). Since ¢ is convex, it is differentiable
almost everywhere, thus

Ty, (x) = T'(x) for p-almost every x. (1.9)

We deduce using ([1.6)) and Lebesgue’s dominated convergence theorem that
(T, )nen converges strongly to T in L?(p, K.) for any & > 0. (1.10)

Also, since (T, )nen is bounded in L?(p), it converges weakly to some 7" € L?(p) (up to
extraction of a subsequence, omitted in the notation), and we deduce from that 7" =T,
p-almost everywhere. Since Id € L?(p), (Id, Ty 12(p) = (Id, T) 2(,y, and plugging into (1.5 we
obtain that ||y, [|r2(5) = [ Tllz2¢p)- By a classical argument, strong convergence follows from
weak convergence together with convergence in norm; this proves that (7},,) converges strongly
to T in L%(p).

Finally, let us observe that Txp = p: indeed, for any open set A, using and Lebesgue’s
dominated convergence theorem,

pn(A) = p(T, 1 (A)) = /Rd Lo, (@)eaydp — /Rd Lir@eaydp = p(T71(A))

n—-+0o

and since the left-hand side converges to p(A), we get the result. Since T is the gradient of a
convex function, Brenier’s theorem implies that 7" = T}, is the optimal transport map from p to
p. We conclude that the full sequence (7),,,) converges strongly to 7" in L?(p).

There remains to prove ([1.7). We follow the proof of [25, Lemma 2.3]. There are two main
steps, the first one being to prove the inequality

1
19f 1l oo (Bam) < HOSCB(xQn)(f) (1.11)

where osca(f) = sup, yea |f(w) — f(v)]. Let y € B(x,m) and g € 0f(y). We assume |g| # 0. For
any z € B(z,2n),
(9,2 —y) < f(2) = f(y) < oscp(z,ay)(f)-
Choosing z = y + 77|%|, we get |g| < %OSCB(m’Qn)(f). This inequality also holds if |g| = 0. Taking
the sup over y € B(x,n) and g € 0f(y) we get .
The second step is to prove

6
0SCR(z f S/ V fldA. 1.12
s < o [ 194 (1.12)

10



Together with (1.11)), this immediately yields ((1.7)). There remains to show (1.12)). We consider
Yo € argming, o,y f, Y1 € argmaxp, o, f, and g1 € df(y1). For any y € R? and g € 0f(y),

l9lly — vol > {9,y —yo) > f(y) — f(yo) = f(y1) + {91,y —v1) — f(%0)
and we deduce

g > oscB(x,zn)(f) + {91,y — yl>‘
\?J - yo’

Let us assume that ¢ # 0. Then for y € By := B(y1 + nﬁ,n) C B(x,4n), there holds

{91,y —y1) > 0. It is also the case if g1 = 0. Therefore

i A(B
/ ]Vf\d)\Z/ M@\Z ( 1)OSCB(x,2n)(f)
B(x,4n) B Y~ ol 67

since |y — yo| < |y — y1| + |y1 — yo| < 6. Using A(B1) = wan?, we get (1.12), which concludes
the proof. O

The main problem under consideration in these notes will (almost) be the following one: for
a given absolutely continuous p € Pa(R?), do there exist constants C,a > 0 such that for all
W, v with finite second moment,

1T — Toll 2y < CWalp,v)° (1.13)

holds? More generally, replacing Wa by W, for some p > 1, we will consider inequalities of the

type
1Ty = Tollz2(p) < CWop(p, )%, (1.14)

the strongest one being for p = 1 (since W, < W, for p < q).
An important observation is that the reverse inequality

1Ty = Tollz2(p) = Walp, v) (1.15)

always holds: indeed, v = (7},, 7T}, )xp is an admissible transport plan between p and v (since its
marginals are p and v), and its cost

(/Rded |z — ylzd’y(x,y)>1/2 = (/Rd | Ty(z) — Ty(:v)Ide(x)>1/2 =T, — Tl z2(p)

is by definition not lower than the cost Wa(u, ) of an optimal transport plan between p and v.

Put together, the inequalities and imply that the mapping u + T, is a bi-Holder
embedding of the Wasserstein space into L?(p). However, as we shall discuss in more details
in Section it is known that if d > 3, then cannot hold uniformly over all probability
measures p and v on R? with finite second moment (the case d = 2 seems open). In fact, it
is not possible to embed the Wasserstein space into any LP space, even in a very coarse sense.
Nevertheless, what we will discuss in depth in these lectures is that a stability bound such as
can hold if one restricts to slightly smaller families of measures p,v. For instance, we will
show that under some assumptions on p, for any compact set J) C R%, there exist C,a > 0 such
that holds for any u,v supported in ). In this case, since ) is assumed compact, one
seeks for « as large as possible. The largest possible « is sometimes called the stability exponent
(associated to p and ) in the sequel.

11



In these notes, we will also be interested in quantitative stability estimates for Kantorovich
potentials, which take the form

b — bullr2(p) < C' Wy (1, )™ (1.16)

Kantorovich potentials are interesting objects on their own, for many reasons. First, many
numerical methods used to solve optimal transport problem, for instance semi-discrete optimal
transport and dual gradient methods, rely on solving first the dual formulation of the problem,
discussed in Section In these methods, one computes the Kantorovich potentials first,
before taking the gradient to obtain the optimal transport map. Also, the Sinkhorn algorithm,
which is one of the best ways to compute solutions to (regularized) optimal transport problems,
computes the entropic version of the Kantorovich potentials (see Section for more details).
Finally, Kantorovich potentials have an economic interpretation which may help understand
their meaning (see [106], beginning of Chapter 5]).

Let us already mention that although the first three chapters are focused on the quadratic
cost in R given by c(z,y) = |2—y|?, most results remain valid for more general costs, for instance
p-costs c(z,y) = |[x — y[P, p > 1 (see Section and the quadratic cost c(x,y) = %dist(:n,y)2
on Riemannian manifolds (see Section [4.4]).

It is clear that inequalities like (1.14)) and (1.16)) are useful to justify the theoretical consis-
tance of “plugin methods” to compute optimal transport: if we want to compute the optimal
transport map or the Kantorovich potential from p to p but do not know exactly p (due to some
noise for instance) and have only access to some approximation v of u, these inequalities tell us
how close we may expect T, to be from T}, (and ¢, from ¢,), depending on some Wasserstein
distance between p and v.

1.3 Stability in 1 dimension

The case where d = 1, i.e., p, u,v are probability measures on R, is particularly simple.
Indeed, as soon as p is absolutely continuous on R, the mapping p +— T}, is an isometric embed-
ding;:

Proposition 1.5. For any absolutely continuous p € P(R), any p,v € P(R), and any p > 1,
there holds
1Ty = Toll e (o) = Wa(p,v) (1.17)

The stability problem is thus completely solvable in this case: the bound ([1.13)) holds with
C=a=1

We turn to the proof of Proposition [I.5] The main ingredient is to show that

Yopt = (T/uTV)#IO (1.18)

is an optimal transport plan between p and v. Indeed, (1.17) then follows immediately:

Weno) = [ o=yl ot = [ 11,60) = T@)Pdpta) = 1T, = Tl

It is clear that 7. is an admissible transport plan between p and v since (7,)xp = p and
(T)#p = v. The difficulty is to show that it is optimal. If p = 1, it is not difficult to check that
any transport plan, and in particular 7,pt, is optimal: all transport plans have the same cost.
Therefore we focus on the case p > 1 in the sequel.

Given p, € P(R), we call monotone transport plan any transport plan vy € II(p, u) such
that

V(z,y), (@',y') € supp(v), z <2’ =y <y

12



Proposition 1.6. Let p > 1. For any p,pu € P(R), there exists a unique optimal transport
plan between p and p, a unique monotone transport plan between p and u, and these two plans
coincide.

Proof. We only need to prove that
(i) any optimal transport plan is monotone, and
(ii) there exists a unique monotone transport plan.

We first show (i). The proof is based on the convexity of the p-cost: for any x < 2’ and y < 3/,
the inequality
[z =yl + 2" =P <o -y [P + o' —ylf

means that it is always less costly to transport mass from x to y and from z’ to ¢/ than to “cross
trajectories” and transport mass from z to 3’ and from 2’ to y. Let - be an optimal transport
plan (which exists, according to Proposition . For the sake of a contradiction, assume that
it is not monotone, and let (x,y), (z/,y') in the support of v such that z < 2/ and y > /. By
the strict convexity of the p-cost, there exists § > 0 such that

|z —ylP + |2 —y|P— |z —9|P — |2’ —y|P + 40 <O. (1.19)

Let r > 0 such that v(B(z,r) x B(y,r)) > 0, v(B(z/,7) x B(y',r)) > 0, small enough so that
B(xz,r)NB(z',r) =0, B(y,r) N B(y',r) =0, and for any ¥ € B(x,r), ¥’ € B(a',r), y € B(y,r),
y € By,r),

|7 —glP — |z —ylP| <6, |7 y!p —y’\p\<5

- 1.20
7P — |z —yP| <56, ||z’ —ylP| <6 (1:20)

Let 1,72 be two couplings, whose marginals have mass € > 0 each, such that ~; is supported
in B(x,r) x B(y,r), 72 is supported in B(z',r) x B(y',r), and v; < v for i = 1,2 (in the sense
that [ fdv; < [ fdvy for any f > 0). Let p; be the first marginal of v;, and p; be the second
marginal of v;. We consider o1 an arbitrary coupling between p; and po, and oo an arbitrary
coupling between po and p;. Then

Y =y—m—"v2+01+o0;

is a transport plan between p and pu: its marginals coincide with those of v by definition, and it
is non-negative since 7; < 7, and the supports of 7; and ~, are disjoint. We observe that 7/ has
strictly lower cost than ~: indeed,

/Cd’/—/Cd’Y:—/Cd’y1—/cd’yg+/cd01+/cdag
<

e(le —ylP +1a’ —y'|P — o — /P = |2' =y +45) <0

due to ([1.20) and (1.19)). This is in contradiction with the optimality of 7. Therefore, v is
monotone.
To prove (ii), we fix a monotone transport plan v and show that

Y((=00,a] x (—00,b]) = min(u((—o0, a}), v((—oc,b])). (1.21)
This implies that the mass of 7 on (—o0,a] X (—00,b] is uniquely determined by p and v, for

any (a,b) € R2. Since v is a transport plan, the mass of v on (—00,a) x (b, +00) and on
(@, +00) X (—00, b] is also uniquely determined by p and v. But these sets generate all Borel sets
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of R?, hence we conclude from (1.21]) that there exists a unique monotone transport plan . There
remains to prove ([1.21]). For this, we set A = (—00,a) x (b, +00) and B = (a,+00) X (—o0,b),
and we observe that since 7 is monotone, either v(A) = 0 or 7(B) = 0. Therefore

'7((_0070’] X (—oo,b]) = min(V((_oova] X (_Oovb] UA)77((_0070’} X (_Oovb] U B))
= min(p((=00, a]), ¥((=00,0]))
ie., holds. O

We finally conclude the proof of . It follows from Proposition that the optimal
transport maps 7), and 7, are non-decreasing, due to the fact that the corresponding optimal
transport plans are concentrated on the graphs of 7T), and 7,. From this, it is immediate to
check that ,p¢ given by is also monotone. Using again Proposition we get that yops
is the unique optimal transport plan between p and v.

Finally, what can be said about stability of Kantorovich potentials in 1 dimension? If p
satisfies the Poincaré inequality, i.e., if there exists C' > 0 such that

/dePZO:/XdePSC/XVﬂde,

then it follows from (with p = 2) that [|¢, — ¢ullz2() < CWa(p,v). As we shall see in
Section [3.7.3] in particular in Remark this stability inequality for Kantorovich potentials
is no longer guaranteed if p does not satisfy the Poincaré inequality, even if the support of p is
an interval (in which case Kantorovich potentials are unique): there exists p supported on an
interval such that any inequality of the form ||, — ¢u|12(,) < CWa(u,v)® for a € (0,1) fails.

1.4 Embeddings of the Wasserstein space and linearized optimal transport

The geometry of the Wasserstein space (P2 (R%), W5) is known to be curved, and complicated.
Using optimal transport maps, one may hope to embed the Wasserstein space into simpler spaces
(e.g., Hilbert or Banach spaces), at the cost of introducing a small distortion which one needs to
quantify. As we will see, this boils down to proving quantitative stability estimates for optimal
transport maps, and actually this observation was one of the initial motivations for developing
this theory.

The Wasserstein space as a (pseudo) Riemannian manifold. The Wasserstein space
(Po(R?), W3) being a metric space, it is natural to look for its (constant-speed) geodesics, i.e.,
the curves (ut)iepo,1) for which there exists ¢ > 0 such that for any 0 < s,¢ <1,

Waps, ue) = c|s — t|.
In (Py(RY), W3), any geodesic is of the following form (see for instance [96, Theorem 5.27]):
there exists an optimal transport plan ~ for the quadratic cost between pg and g such that
pe = my for any t € [0, 1], where 7, : (z,y) — (1 —t)x +ty. Conversely, any curve of this form

is a geodesic. In particular, if p € Po(R?) is absolutely continuous and pu € Po(R?), then there
exists a unique geodesic between p and pu, and it is given by

t= (1= )Id+1T,) , p € Pa(RY) (1.22)

where T}, denotes the optimal transport map from p to p. Differentiating with respect to
t, we obtain that T, — Id can be regarded as an element of the tangent space at p, namely the
initial tangent vector of the Wasserstein geodesic from p to pu. This is part of a more general
interpretation of (Py(RY), W5) as a (pseudo) Riemannian manifold, a viewpoint initiated by Otto
[87] and systematically investigated notably by Ambrosio, Gigli and Savaré [2].
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Embeddings of the Wasserstein space. On this (pseudo) Riemannian manifold, the expo-
nential map with base-point p is nothing else than

exp,, : Tan, Py (R?) — Pa(R?), T Typ
and the inverse mapping
log, : Po(R?) = L*(p),  p—T,—1d

is the analog of the Riemannian logarithm. The map log, is injective, and it provides an
embedding of the Wasserstein space into the Hilbert space L?(p). One may ask whether it is
a “good” embedding, i.e., whether the geometry of the Wasserstein space is preserved, at least
coarsely, under this embedding. Working with this embedding is equivalent to endow Py(R%)
with the “p-based” distance

Wap(pv) = Ty = Tl 12, (1.23)

Then our question may be reformulated as: how do the distances W5 and W» , compare to each
other?

If the stability inequality holds for any y,v € Pa(R?), this means that u — T), is a
bi-Hélder embedding from (P2 (R%), W5) to the Hilbert space L2(p) (using the reverse inequality
(1.15)), and the two distances would be comparable: Wy < Wy, < W5'. For instance, the
previous section showed that for d = 1, u + T}, is an isometric embedding, and Wy = W ,.
However, in dimension d > 2, it is known that Wasserstein spaces do not embed into large
families of Banach spaces (including Hilbert spaces), even for much coarser notions of embedding.
Therefore, we will aim at establishing for strict subsets of Po(R?), for instance for target
probability measures pu, v supported in a fixed compact set, or with bounds on some moments.
In other words, we embed only some strict subset of the Wasserstein space with a bi-Holder
embedding into L?(RY).

We will only state one result to illustrate the impossibility to embed Wasserstein spaces into
Banach spaces. First, recall that a Banach space Y is said to have type p € [1,2] if there exists
a constant C' < +oo such that for every finite sequence (y;)? ; C Y,

n p n
D em| <Py lwillP,
=1 =1

where (¢;)?" ; are independent Rademacher random variables (P(e; = £1) = 1/2). Every Banach
space has type 1 trivially. A space has type 2 if it behaves, in some sense, like a Hilbert space
regarding averages of random sums; in particular, Hilbert spaces have type 2. The space LP has
type p for 1 < p < 2, type 2 for 2 < p < 400, and type 1 for p = 4o0.

To state the result, we also need the following definition:

E

Definition 1.7 (Coarse embedding). Given two metric spaces X and Y, a coarse embedding is
amap f: X =Y such that there exist two non-decreasing functions p—, p+ : [0,4+00) — [0, 4+00)
with limy_, 4 oo p—(t) = +00 and such that for all z,y € X,

p—(dx(x,y)) < dy(f(z), f(y)) < py(dx(z,y)).

Any bi-Lipschitz or bi-Holder embedding is coarse, but this notion is actually much weaker,
since it allows for instance for non-continuous f. However, the following result, due to Andoni,
Naor and Neiman in [5], and which we do not prove, shows the impossibility to embed coarsely
Wasserstein spaces.
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Theorem 1.8. [5] For every p > 1 and d > 3, the space (Pp(R%),W,) does not admit a coarse
embedding into any Banach space of type > 1 (in particular, into Hilbert spaces and LY spaces,
1<q<+00).

This result is not known in dimension d = 2, but other non-embeddability results valid also
in dimension 2 have been proved, see [93] for an account on such results.

Linearized optimal transport. Due to the linear structure of the Hilbert space L?(p), the
logarithm map p — T}, is also used as a way to “linearize” optimal transport. For instance,
to compute an “average” between two measures p and v in the Wasserstein space, one usually
resorts to the notion of Wasserstein barycenter (or McCann interpolation), defined as a minimizer
of

inf (1 —t)Walp, x)* + tWa(v, x)* (1.24)

X€EP2(R?)

for some t € [0, 1]. Solving this optimization problem is often complicated. One may get another
notion of average by first fixing an absolutely continuous p € Po(R?), then computing T,,T,
and their average (1 —t)T), +t7T},), and finally considering

L= ((1- 0T, +T) , p. (1.25)

Notice that (1—1¢)T),+tT, is simply the weighted average of the initial tangent vectors giving rise
to the geodesics from p to p and p to v. The measure Y, which is the endpoint of the geodesic
with this tangent vector, is in general different from the solution to (|1.24]). It is actually located
on the generalized Wasserstein geodesic (in the terminology of Ambrosio-Gigli-Savaré) between
w1 and v, defined as the curve

[0,1] 3t = (1 = )T, +tT,) . p € P2(R?).

In case . = p, the generalized geodesic between p and v coincides with the Wasserstein geodesic
between p and v. The advantage of over is that once T, and T, are known, X can
be computed quickly for any ¢ (at least, if it is possible to compute quickly the pushforward
under an optimal transport map, a question addressed in [25]), whereas requires to solve
a new minimization problem every time ¢ is changed.

More generally, since it is often difficult to perform computations in Wasserstein spaces,
which are curved (and infinite dimensional), it is a current practice in applications to first make
computations in the Hilbert space L?(p), i.e., on the side of T, before pushing forward p by the
result of the computations in L?(p).

1.5 Stability around regular optimal transport maps

The earliest quantitative stability result for optimal transport maps, due to Gigli around
2010, addressed stability in the vicinity of a sufficiently regular map.

Theorem 1.9 (Stability near regular optimal transport maps). Let p be a probability measure
on R?, absolutely continuous with respect to the Lebesque measure, and with compact support.
Let Y € R? be compact, and K > 0. Let p,v € P(Y). If the optimal transport map T, from p
to u is K-Lipschitz, then

1T = Tl L2y < CWa (1, )"/

where C' = (2K diam(supp(p)))'/2.

We provide a complete proof of Theorem due to Chazal, Delalande and Mérigot, in
Section [2.2] It is not the original proof of Gigli, it is closer in spirit to the other proofs presented
in these notes.

16



Comments on the regularity assumption in Theorem [1.9] The important weakness of
Theorem is that the assumption that 7}, is K-Lipschitz is very strong. First, it implies that
the support of u is connected. Second, to prove that 7}, is Lipschitz one has to invoke the regu-
larity theory for optimal transport maps, which requires strong assumptions on p (stronger than
having a connected support). The Lipschitz regularity of the optimal transport map, studied by
many authors starting with Caffarelli, has been established only under restrictive assumptions:
Calffarelli proved this property under the assumption that the source and target measure have
bounded support, are bounded above and below by positive constants on their support, and that
the support of the target is convex. Since this seminal result, some improvements and extensions
have been obtained, but the spirit remains the same. And it is also known that continuity of
the optimal transport map fails in some cases, even when the target has connected support:
Caffarelli gave the example of a source measure p supported on a two-dimensional domain X
obtained by connecting two half disks by a thin corridor, and for which the optimal transport
map is not continuous.

There is a whole line of research, notably in the statistical optimal transport community,
working under this kind of Lipschitz regularity assumptions on 7),. Strong stability results
(in terms of exponents) have been established: for instance, under the assumption that 7}, is
bi-Lipschitz, Theorem shows that ||T), — T,|[z2¢,) S Wa(p,v), where the hidden constant
depends on the Lipschitz constants of 7, and T}, 1. We shall prove this result in Section

1.6 Main results

The discussion of the previous paragraph motivates us to look for results in which much
weaker assumptions are made on the measures, than those ensuring regularity of the optimal
transport map. The results presented below state various assumptions on p under which we
are able to prove quantitative stability inequalities of the form —, with nearly no
assumption on the target measures p and v. The discussion about the sharpness of these
assumptions and about the resulting stability inequalities is postponed Section[3.7] In a nutshell,
let us already mention that

the results presented in this manuscript are (almost) sharp for Kantorovich potentials, whereas
our understanding of the stability of optimal transport maps is still incomplete.

The field is progressing fast. Our understanding so far is that stability of Kantorovich potentials
is related to some Poincaré inequality on p, while stability of optimal transport maps should
hold under weaker (but still mysterious) assumptions. If the Poincaré inequality holds for p,
then

Pn — Pull2(o) < CllTw — Tullp2(p)s (1.26)

hence any stability inequality on optimal transport maps immediately implies a stability inequal-
ity for Kantorovich potentials! However, with our current knowledge, we are not able to prove
stability inequalities on optimal transport maps directly, except under regularity assumptions
as in Theorem [1.9 The proofs are indirect: first we prove the stability of Kantorovich poten-
tials, then we deduce the stability of optimal transport maps thanks to some “reverse Poincaré
inequality”. We shall come back to this several times.

In the sequel, absolutely continuous measures (with respect to the Lebesgue measure in R%)
are identified to their density. The first main result is the following:

Theorem 1.10 (Quantitative stability — Log-concave source densities). Let p = e U= be a
probability density on R, with F € L®(R%) and D*U > kId for some k > 0. Then for any
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compact set Y, there exists C > 0 such that for any u,v supported in Y,
I = i) < CWi () /(1 + [log Wi (n, )| /?). (1.27)

If moreover D?U < x'Id, then for any e > 0 there exists C > 0 such that for any p,v supported
m )y,
1
1Ty = TollL2(py < CWa(p, v)s7e. (1.28)

We show in Section that the inequality is sharp, up to the logarithmic loss. The
additional assumption D?U < x'Id made to prove ((1.28)) is probably only technical, but we have
not been able to avoid it.

The second main result handles the case of source measures p with bounded support. To
state it, we introduce John domains, a vast family of domains introduced by Fritz John in the
1960s, containing in particular all bounded connected Lipschitz domains, but also some fractal
domains like the Koch snowflake.

Definition 1.11. A bounded open subset X of a metric space is called a John domain if there
exist xg € X and a constant n > 0 such that, for every x € X, there is T > 0 and a rectifiable
curve 7y : [0, T] — X parametrized by the arclength (and whose length T' depends on x) such that
v(0) =z, yY(T) = x9, and for any t € [0,T],

dist(v(t), X°) > nt (1.29)
where X¢ denotes the complement of X.

Theorem 1.12 (Quantitative stability — Non-degenerate source densities on bounded domains).
Let p be a probability density on a John domain X C R?, and assume that p is bounded above
and below on X by positive constants. Then for any compact set Y C R%, there exists C > 0
such that for any u,v € P(Y),

b — dwll L2y < CWi(p,v)V/2. (1.30)

If moreover OX has a finite (d — 1)-dimensional Hausdorff measure, then there exists C' > 0
such that for any p,v € P(Y),

1T = Tull 2y < CWa (1, )0, (1.31)

Theorem also holds when R? is replaced by an arbitrary smooth connected Riemannian
manifold M, and optimal transport is considered with respect to the quadratic cost ¢(x,y) =
%dist(x, y)? where dist denotes the Riemannian distance on M. In case M is compact without
boundary (e.g., the sphere), then we may choose X =) = M. We shall present in detail this
generalization to Riemannian manifolds in Section [4.4]

1.7 Comments

Many comments can be made about Theorems and First, regarding the fact that
the targets are assumed to be compactly supported in both results, we do not believe that this is
a fundamental assumption. In [42], the assumption that was used is that target measures have
p-th moment for some p > d (for p < d, there exist unbounded Brenier potentials). We guess
that our proof techniques may also cover this case, but shall not pursue this here.

We do not know whether the assumption that X has finite (d — 1)-dimensional Hausdorff
measure in Theorem [I.12] is technical or not.
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As we explain in Section the strategy we use to prove Theorem [1.10} Theorem [1.12| and
point (i) below allows us to recover the known fact that for any p satisfying the assumptions of
one of these results, the Poincaré inequality holds:

/ <f / fdp)2dp§0 IR (1.32)

(for p as in Theorem X has to be replaced by R%). The examples and counterexamples
in Section show an analogy, but not an equivalence, between the fact that the Poincaré
inequality holds for p and the fact that a stability inequality for Kantorovich potentials holds.

Finally, there are two important directions to improve and generalize Theorems and
.12

— proving stability inequalities for a wider range of probability densities p;

— improving the stability exponents (1/8 + ¢ in ([1.28), 1/6 in (1.31))) for the source measures
p considered in our main results.

Progress on the second direction is currently stalled, and new ideas are required to move it
forward. Therefore, we comment only on the first direction. Indeed, our proof strategy is robust
enough to handle other cases of interest. In all the following cases the methods presented in the
next chapters are sufficient to prove stability inequalities for Kantorovich potentials and optimal
transport maps (we do not discuss stability exponents here, they are all dimension-free except

for (L.33)):

(i) Degenerate densities p in bounded domains. The assumption in Theorem that p is
bounded above and below on X is not always necessary. We illustrate this on two examples
which we find particularly relevant in applications. The first example is given by source
probability densities satisfying

cdist(z, 0X)° < p(x) < cpdist(z, DX)°

for some § > —1 and ¢1,co > 0, when X is a bounded Lipschitz domain. These densities
blow-up (6 < 0) or decay (6 > 0) near OX. The second example is the source probability

Cd

on R?, with ¢4 a normalising constant and 14 the characteristic function of a set A. This

probability density is sometimes called the spherical uniform distribution, and has been
used in the literature to define multivariate quantiles.

(ii) Source measures p on R? which decay polynomially at infinity:

plx) = f(a)(1+[a])~7 (1.34)

with f bounded above and below by positive constants uniformly over z € R%, and 8 > d+2
so that p has finite second moment. We shall see later that this family of source probability
measures is interesting because one cannot use the same proof strategy as for the families

of probability measures covered by Theorems and see Section (3.5

(iii) Source measures with disconnected support. If we replace the beginning of the statement
of Theorem by “Let p be a probability density on a finite union of John domains”,
then still holds. Some modified version of also holds, but one needs to be
careful since Kantorovich potentials are not unique when the support of p is not connected.
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1.8 An elementary example

In this paragraph, we show on an example that one cannot hope in general to have an
exponent strictly larger than 1/2 in (I.3I). Let p = p(z)dz = Zlp(z)dx be the uniform
probability on the unit disk D C R2 For § € R/27Z, we set xg = (cos(f),sin(d)) € R? and
define the probability measure

1
Ko = 5(5939 +0zp)- (1.35)
The p-a.e. unique optimal transport map 7, from p to ug for the quadratic cost is explicit:
T if (x,z9) >0
Tg (z) = )
Toyrn if (x,29) <O

for x € D. In other words, each point z € D is sent to the closest point among zy and zg .
This cuts the disk into two (equal) halves, see Figure

Figure 1: The optimal transport 7}, from p to py.
Fix 0 € R/27Z, close to 0. Then, D may be written as D = AU (D \ A) where

A= {(rcos(8),rsin(0)) | 0<r <1, 0 ¢ (—g +0, g U (g +9,—g —9)
is the set of points whose images under 7),, and T),, are xg, Tg, Or Zr, Tr4g, i.e., the images are
at angular distance §. Of course, D\ A is the set of points whose images under T),, and T},
are xg, Tyig, O Ty, Xy, i.e., far apart, at angular distance 7 — 6. We find p(A) = 1 — % and
p(D\ A) = %, hence as 8 — 0,

4101
. 1.
us (1.36)

Ty = Thal32(s) = 250n(0/2) P p(4) + [25in((x — 0)/2)Pp(D\ 4) ~

On the other hand, for 6 close enough to 0 and p > 1 arbitrary, the W, distance between 1
and g is obviously achieved by the map which sends xg to x9 and z to zg4,. Its p-cost is

Wa(ko, ) = [2sin(0/2)] ~ 10]. (1.37)

Putting together (1.36) and (|1.37)) for p = 2, we see that we cannot hope in this case to have an

exponent strictly larger than 1/2 in (1.31)).
In this example, it is also possible to compute the difference in L?-norm between Kantorovich

potentials. For this, we denote by Dy C R? the line through the origin which is perpendicular
to the segment [xg, xg1,| (the dashed line on Figure (1)) and observe that

Gpy (z) = dist(z, Dg) — C
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for some constant C' independent of  (simply equal to the integral of the function x +— dist(z, Dyp)
on D, which does not depend on ). Then

|y — Qbuo”%?(p) = /D(|$1 cos(f) + xysin(0)| — |z1])?dz = OQ/D:U%dm +0(6%)

where © = (x1,x2). Therefore, one cannot hope in this case to have a better exponent than 1 in
(11.30)).

The computations presented above can easily be generalized to any dimension and more
general sources than the uniform probability on the disk. Actually, Gigli derived in [53, Theorem
5.1]E| more general conditions under which the maps p + T}, is not better than %—Hélder.

1.9 Bibliographical notes

1.1 There are many great books about optimal transport. We refer for instance to the two
books by Villani [105] and [106], the one by Santambrogio for “applied mathematicians” [96],
the book by Peyré-Cuturi about computational aspects of optimal transport [89], and the very
recent book by Chewi-Niles Weed-Rigollet about statistical optimal transport [32]. To write
the present text, we also took inspiration from the lecture notes by Quentin Mérigot at Institut
Henri Poincaré, available on his webpage, and from the PhD thesis of Delalande [40]. Brenier
presented his theorem in a short note [19] and gave details in an extended paper [20].

The proof of Proposition can be found in [I06, Theorem 5.20]. Proposition is
a consequence of |20, Theorem 1.3] together with [106, Theorem 6.9]. The idea of the proof we
provide was kindly communicated to us by Guillaume Carlier.

For a more complete treatment of the one-dimensional case, see Chapter 2 in Santam-
brogio’s book [96].

Wasserstein geodesics are the main subject of the book by Ambrosio-Gigli-Savaré [2].
For a quick view on the subject, see [96, Chapter 5.4]. The interpretation of Wy as a (pseudo)
Riemannian manifold is due to Otto [87], who used it to study the long-time behavior of the
porous medium equation. McCann introduced the concept of displacement interpolation in [77].

The paper [107] introduced the linearized optimal transport distance W , defined in
and used it for pattern recognition in images. Since then, this distance has been used for
instance to perform super-resolution of highly corrupted images [67] and to detect and visualize
phenotypic differences between classes of cells [9].

Wasserstein barycenters have been introduced in [1], generalizing the concept of displacement
interpolation of McCann. This notion of barycenter has found many successful applications, for
instance in image processing [94], geometry processing [101], statistics [L00] or machine learning
[39]. Section of this manuscript contains a brief introduction to the topic, see the book
chapters [89, Chapter 9.2], [32, Chapter 8] for more detailed treatments.

1.5 Theoremwas first proven by [53]. The statement and the proof we give are borrowed
from [79]. In [73], these ideas were used to prove error estimates for semi-discrete and fully-
discrete algorithms to compute optimal transport plans and maps. The regularity theory of the
Monge-Ampere equation and its link to regularity of optimal transport maps is explained in
the survey [44]. The counterexample to the continuity of the optimal transport map is due to
Caffarelli, see [23].

2be careful, a preliminary version of the paper, available online, contained a mistake, which has been corrected
in the published version.

21



J1.6f Motivated by semi-discrete optimal transport, in which the target measure is discrete
(or discretized) but not the source measure, Berman [I1] was the first to obtain quantita-
tive stability estimates without assuming regularity of the optimal transport map. He derived
dimension-dependent stability exponents for p bounded above and below on a compact, con-
vex domain, using complex geometry. Delalande and Mérigot [42] then improved his stability
exponent, making it dimension-free under the same assumptions on p. But more importantly,
they introduced a robust proof technique based on the study of the Kantorovich functional, see
Chapter [2

John domains were named in honor of Fritz John who introduced them in his work on
elasticity [60]; Martio and Sarvas [76] introduced this terminology. They appear also in the
theory of quasi-conformal mappings and in geometric measure theory.

§1.8f The example in this section is due to [79].
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2 The Kantorovich functional

In this chapter, we begin by carefully introducing the Kantorovich relaxation of the Monge
problem, together with its dual formulation in terms of Kantorovich potentials. These are
very classical results, presented with great precision in several textbooks (see the references in
Section . Rather than stating them in their most general and technical form, we choose
to present the results and the underlying ideas at a more intuitive level. This naturally leads
us to the definition and study of the so-called Kantorovich functional. We then establish the
Brascamp—Lieb inequality, which allows us to prove its strong convexity, and from this we deduce
the stability of Kantorovich potentials when p is log-concave.

2.1 The dual formulation of optimal transport

Monge formulated in 1781 the optimal transport problem as

ot [ la = S(@lanta) (2.1)
Sup=p

where X, C RY, p is a probability measure on X, and x a probability measure on ). For many
reasons already explained, it is natural to put a square on the |x — S(x)| term, thus yielding
. It is only in 1942 that Kantorovich introduced what is now known as the Kantorovich
relaxation already mentioned in and which we recall:

[ e yPare) (2:2)
YEll(p,) S xy
We show in this paragraph how to solve (2.2)), and introduce along the way the primal and dual
Kantorovich potentials, which play a prominent role in these notes.

First we notice that for v € II(p, u),

Q/ |z — yPdy(z,y) = /ﬂdp U/WP@L —2/ (z,y) dy(z,y).
XxY xYy

Since the first two terms in the right-hand side do not depend on «, the quadratic optimal
transport problem ((1.3)) is equivalent to

swp [ o) iyl (2.3)
vEll(p,p) J XXY

We denote this supremum by Z(p, ).

2.1.1 The dual problem

It is possible to remove the constraint v € II(p, ) in by introducing appropriate
Lagrange multipliers. This leads to what is called the dual problem, which turns out to be
equivalent to the primal problem . To derive the dual problem, it is not a problem to work
at a formal level; once derived formally however one needs to show its equivalence with the
primal problem.

The formal derivation of the dual problem goes as follows. For any measure v on X x ),

0 ifyel(p,p)
f =
in /(Z) dp(x /w du(y /)(xy¢@¢ dv(z,y) { .

$eCo(x —o00 otherwise
YeC( 37)
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where ¢ @1 : (z,y) — ¢(x)+1(y). This may be seen as follows: if for instance the first marginal
of 7 is not equal to p, we consider a set A # () such that p(A) # v(A xY), take for ¢ a continuous
approximation of A14 and ¢ =0, and let A go to +oo. This proves that (2.3) is equivalent to

sw_ it [ (w00 9) diea) + [ 60 dota /w e
v ¢eC(X) Jxxy
PeC®(Y)

where the supremum is taken over all measures 7, not only those in II(p, ). The duality principle
consists in exchanging the sup and the inf; we get

inf [/ o(x) dp(x /w dp( )+sup/XXy(<:r:,y>—¢>@w) dv(:v,y)] (2.4)

$eC(X) 0
peC?(Y)

(after rearranging the terms). As we will see, this new optimization problem is equivalent to
, which may seem surprising at first sight. But let us first simplify a bit. The supremum
inside the brackets can itself be seen as a constraint: it is equal to 0 if ¢ ® ¢ > (x,y) for any
x € X,y €Y, and equal to 400 otherwise. Therefore we end-up with the dual problem

wt { [ 6(a) dota )+ [ vt ) du) | € CA D e CWo0u> o) | (25)

We denote this infimum by J(p, ).
It is immediate to check that J(p, ) > Z(p, ). Indeed, for any ¢, 1) such that ¢®p > (x,y),
and any v € II(p, u) we have

/ (z,y) dy(z,y) < ¢ @ dy(z,y) = /¢ dp(x /w du(y
XxY XxY

What is more surprising is that the reverse inequality J(p,p) < Z(p,p) is also true. The
resulting equality
Z(p, ) = T (p, 1) (2.6)

is often referred to as the Kantorovich duality, or strong duality. It holds in great generality,
in Polish spaces and for any lower semi-continuous cost. This is a very classical result, but we
shall not cover it here. We refer instead for instance to [105, Chapter 1].

The problem admits a solution (i.e., a maximizer) for any p,u € Po(RY) (see [106,
Theorem 5.10]). Similarly, the problem admits a minimizer for any p, u € Po(RY), and a
pair (¢,%) which minimizes is called a pair of Kantorovich potentials. But for both
and , the optimizers are not necessarily unique.

2.1.2 Support of optimizers
Let us prove that if v is a maximizer in (2.3 and (¢, ) is a minimizer in (2.5)), then
supp(7) C {(z,y) € X x YV | ¢(x) + ¥(y) = (z,9)}. (2.7)
For this we use (2.6 which yields
| (e vy - o) ey =0
XxY

Since ¢p@1) > (z,y), this gives (2.7)). The converse is true: if (2.7) holds for some v € II(p, 1) and
(¢, 1) such that ¢ @ > (x,y), then v and (¢, 1)) are solutions of their respective optimization
problems, as a consequence of the definitions of Z(p, 1), J(p, pt), and of the equality (2.6)).
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2.1.3 Semi-dual formulation

It is possible to give an equivalent unconstrained formulation of (2.5)). Recall the definition
of the Legendre transform:

¢"(y) = sup (y, z) — ¢(). (2.8)

rER4

If a function ¢ is defined only over a subset of RY, we first extend ¢ by 400 outside this subset
to define its Legendre transform. As a consequence, ¢*(y) = sup,cx(y, ) — ¢(x).

For a given ¢, the smallest possible 1 that one may choose to satisfy the constraint ¢ &y >
(x,y) in is 1 = ¢*. Similarly, for a given 1, the smallest possible ¢ that one may choose
is ¢ = ¢*. Therefore, one has

J(ﬂ,u):inf{/X¢dp+/y¢* duweCO(X)}:inf{/Xw* dp+/ywdu\weco<y>}-

This leads us to the semi-dual formulation of ﬂ
f d d 2.9
ek / P dp+ / ¥ dp. (2.9)

If we want to solve (2.9, it seems natural to write the first and second-order optimality
conditions with respect to . This will be done in Section the second integral is linear in
1, hence easy to differentiate, but the first part is non-linear in .

2.1.4 Convex functions and proof of Brenier’s theorem

For any ¢, such that ¢ ® ¢ > (z,y), we have ¢ > ¢* and ¢ > ¢**, hence

/¢dp+/wdu>/¢**dp+/¢ dp.

Recall that a convex function is called proper if it has a non-empty domain, it never takes on
the value —oo and also it is not identically equal to +00. The Fenchel-Moreau theorem ensures
that if ¢ is a proper lower semi-continuous convex function, then ¢** = ¢. Therefore, in (2.5 we
may restrict the infimum to the set of pairs (¢, ¢*) of proper lower semi-continuous conjugate
functions on R%.

We recall that if ¢ : R — R U {+o0} is a convex function, then its subdifferential at z € R?
is defined as

06(z) = {v € R? | V2 € R, ¢(2) = ¢(@) + (= — z,v)}.
The graph of the subdifferential is
09 = |J {=} x 0¢(x).
z€R4

If ¢ : RY - RU {400} is a proper lower semi-continuous convex function, then for all
z,y € RY,
P(x) + 0™ (y) = (z,y) & y € 0p(x) & x € 06" (y). (2.10)
Indeed,
o(@) + 6" (y) = (z,y) & (2,9) = ¢(z) + ¢°
e VzeRY  (x,y)
eVzeRY, ¢(z) >
&y € 0p(x).

(y
>

)
¢(x) + (y,2) — 6(2)
¢(x) +(y,z — )
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By symmetry, the other equivalence follows, since ¢** = ¢ by the Fenchel-Moreau theorem
(which uses the assumptions on ¢).

Combining (2.10) and (2.7]), we have obtained:

Proposition 2.1. Any optimal transport plan (i.e., any solution of (2.3))) has its support con-
tained in the graph of the subdifferential of a convex function.

The proof of Brenier’s Theorem is now straightforward.

Proof of Brenier’s theorem. Let v be an optimal transport plan, and take 1 a proper lower
semi-continuous function on R? that solves . For any (z¢, o) in the support of v such that
¢* is differentiable at xp, one has yo = V¢ *(z¢) according to Proposition Since ¥* is a
proper lower semi-continuous convex function on R? it is differentiable p-almost everywhere.
This implies that v = (Id, Vi*)4p. But ¢ and v have been chosen independently, so for any
other optimal transport plan 7 there also holds ¥ = (Id, V4)*)4p. In other words, there is a
unique optimal transport plan . If f is another proper lower semi-continuous convex function
such that u = (Vf)xp, then 7 = (Id, Vf) satisfies

/Rded@,y) dy(z,y) < /Rd f(z) dp(x) + /Rd (y) du(y) = /Rd(f(x) + V) dp(a)

= / (z,y) dy(z,y)
R4 x R4

where the last equality comes from the Fenchel-Young equality case (2.10)). Since + is the unique
maximizer of (2.3)), we get ¥ = 7, and thus Vf = V¢* p-a.e. O

2.1.5 Kantorovich-Rubinstein formula

We conclude this section with the following important formula, which we will use several
times.

Theorem 2.2 (Kantorovich-Rubinstein duality formula). For any p,v probability measures on
a compact set' ) C Rd,

W) =sup { [ an= [ g tinis) < 1] (2.11)

More generally, for any u, v probability measures on a Polish space Y (i.e., a complete, separable,
metric space, with distance denoted by dist(-,-)),

inf / dist(z, y)dvy(x,y) = sup {/ fdp — / fdv | Lip(f) < 1} : (2.12)
vEl(pv) Jyxy hY Yy

In these notes, we will only need the inequality >, which is easy to prove. For any v € II(u, v)
and any 1-Lipschitz function f,

/ fdu —/ fdv= / (f(z) = f(y) dy(z,y) < / dist(z,y) dv(z,y).

y Y YxY yxYy

Taking the infimum over v € II(u, v) in the right-hand side, and the supremum over 1-Lipschitz
functions f in the left-hand side, we get that in the left-hand side is larger than the
right-hand side. For the converse inequality, which is another instance of Kantorovich duality,
we provide references at the end of this chapter. The version of the Kantorovich-Rubinstein
duality formula in Polish spaces will be useful for us when dealing with Wasserstein barycenters,
in Section [5.2]
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2.2 Proof of Theorem [1.9|

With the Kantorovich potentials at hand, we will be able to give in this section a short proof
of Gigli’s Theorem [I.9] which we recall here for convenience.

Theorem (Stability near regular optimal transport maps). Let p be a probability measure on
R?, absolutely continuous with respect to the Lebesque measure, and with compact support. Let
Y C R? be compact, and K > 0. Let pu,v € P(Y). If the optimal transport map T,, from p to
1s K -Lipschitz, then

T = Tl L2y < CWi (s, )"/

where C' = (2K diam(supp(p)))'/2.

We start with a classical result which turns the Lipschitzness assumption on 7}, into strong
convexity of 1,,. For this we need the following definitions.

Definition 2.3. For K > 0, a function ¢ : R* — R is K -smooth if %MQ — ¢(x) is conver, i.e.,

Kt(1—t)

5 wo — 21> > (1 — t)¢(w0) + tp(z1),

d((1 —t)zo +tay) +

for any xg,z1 € R and t € [0,1]. For A\ > 0, a function ¢ : R — R is \-strongly convez if
¥(y) — 5|y|? is convex, i.e., for any yo,y1 € RY and t € [0, 1],

At(1

AL 00— < (1= (o) + (). (2.13)

B~ By + 1) + 20

When ¢, € C2, the first condition is simply D?¢ < K, and the second condition is D%y > .
Now, if ¢ and ¢* are C? convex functions, differentiating the identity V¢(V¢*) = Id (which
comes from (2.10)) we get (V2¢*)™! = V2¢(V¢*), and thus |[VZ¢|z~ < K if and only if
V2¢* > %, i.e., ¢ is K-smooth if and only if ¢* is K~ !-strongly convex. This result is actually
true without assuming that ¢, ¢* are C? (see [73, Lemma 2.2] for a proof):

Lemma 2.4. Let ¢ : R = R be a convex function. Then ¢ is K-smooth if and only if ¢* is
\-strongly convex for A = K.

In the sequel, if f € C°()) and p is a real-valued Radon measure on ), then we set
| ) = /y fdu. (2.14)

The (distinct) notation (-,-) denotes the Euclidean scalar product in RY.
The proof of Theorem mainly relies on the following inequality:

Lemma 2.5. Under the assumptions of Theorem[I1.9, there holds

1
W=t | v = 1) 2 5 IT = TullZag (215)

where (¢, V) (resp. (¢u,1y)) is a pair of Kantorovich potentials associated to the transport
from p to pu (resp. p tov).
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Proof of Lemma[2.5 Since p = (T),)xp and v = (T,)xp we have

W lv =) = [ (@(Tula) = (T, )0

Since T}, is K-Lipschitz, ¢,, is K-smooth and therefore v, = ¢, is K ~Lstrongly convex by
Lemma Hence, letting ¢t — 0 in (2.13]), we get that

Yul) — 0u(2) > (= 20) + grly — 2P

for any v € 91, (z). Now we fix  in the support of p and choose y = T,,(z) and z = T),(z).
Therefore z € 0¢,(x) (see Proposition and ([2.10) yields x € 0v,(2). We deduce

Wulv=n) = [

[ (@) = Tu(w).2) + 5T @) = @) dn(o).

Since 1, is also convex (but not necessarily strongly convex), choosing y = T),(z) and z = T,,(x)
we obtain similarly

Woln=2) [ (T(o) = To@).) dofo).
Adding the two previous inequalities we get (2.15)). O

End of the proof of Theorem[I.9. Using the Kantorovich-Rubinstein duality formula , we
get that the left-hand side of is bounded above by Lip(v, — ¥,)Wi(u,v). Finally, to
conclude the proof, it remains to observe that v, — v, is diam(X)-Lipschitz. Essentially this is
due to the fact that 0v,, and 0v, are subsets of the support of p. Here is a formal proof: if y,y' €
Y, let x, 2" in the support of p such that ¢,(y) = (y,x) — ¢u(z) and ¢, (y') = (v, 2') — ¢u(2).
These points exist due to and . Then

(b = V) (W) = (Y = V)W) = Uuly) = Vu(y') + o (y') — Yuly)
<(y—v,z)+ ¢ —y,2') <ly—y|diam(X).

Exchanging the roles of y and 3’ we get the Lipschitz bound and Theorem follows. O

2.3 The Kantorovich functional: definition and derivatives

The Kantorovich functional is defined as
Kot / Prdp (2.16)
x

for ¢p € CO(Y). This functional is one part of the quantity appearing in the semidual formulation
. We prove here (some kind of) strong convexity of this functional under some assumptions
on p, and explain how it implies stability properties for Kantorovich potentials. The other term
[ dp which appears in is linear in v and thus does not affect the convexity properties of
K,. Also, it is immediate to see that IC, is convex, since it is a convex combination of the convex
functions ¢ — *(x).

Let us explain on a basic example how one can deduce stability from strong convexity. Let
f:R? = R with D?f > ¢Id for some ¢ > 0, where D?f denotes the Hessian of f. Then for any
T1,T2 € Rd,

cllzy —z2]|* < (Vf(21) = Vf(x2), 01 — @) < |21 — 2|V f(21) = V f(22)] (2.17)
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Figure 2: For a strongly convex function f, if Vf(x1) and V f(z3) are close to each other, then
x1 and 9 are close to each other.

hence |x1 — z2| < ¢V f(z1) — Vf(z2)|. In particular, if Vf(z1) and V f(z2) are close to each
other, then x; and xo are close to each other. In other words, strong convexity of f implies that
the map V f(z) — x is well-defined and stable.

To prove our main results, we shall develop an analogous computation for f = K, the
Kantorovich functional, defined on C°()) instead of R%. We will see that if K, is taken as
below, then for ¢ € C°(Y) the gradient VK ,(1) is a measure, and

V() = (V) 4. (2.18)

In particular, VK,(¢,) = —p for ¢, the dual Kantorovich potential from p to . The above
computations show (heuristically) that if one is able to prove that IC, is strongly convex in some
sense, then one gets a stability inequality of the form

i, v close to each other = v,,1, close to each other.

If we consider again Lemma under this new light, we see that it plays the role of the
left-hand side inequality in (2.17). And the Kantorovich-Rubinstein duality formula replaces
the Cauchy-Schwarz inequality used in (2.17)), and yields an upper bound on

<1/},u_wu’V_,U>

since v, and 1), are Lipschitz by the following observation, which we will use many times:

Lemma 2.6. If X C R? is a compact set and f € C°(X), then the Legendre transform f* is
Lipschitz, with Lipschitz constant at most sup,cy |z|.

Proof of Lemma[2.6. Let y,y' € R%. Let x such that f*(y) = (z,y) — f(x). Then
W) =) =y - fl@) = ) < (wy =) < l2lly -y
Reversing the roles of y and 3/, we get the result. O

To study the (strong) convexity of K,, we compute its first two derivatives. The equality

(2.19) below is a formal writing of ([2.18]).
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Lemma 2.7. Let ¢g,¢1 € C3(R?) be strongly convex functions. Define 1o = &, 11 = ¢%, and
v =1 — . Fort € [0,1], define 1y = 1o + tv, and finally ¢ = f. Then, ¢ is a strongly
convex function, belongs to C*(RY), and

ot == [ o(Teu)apta) (2.19)
2
G = [ (Fo(V61(a), D2en(a) - Vel anla)))dola). (2:20)

Proof. A perfectly rigorous proof may be found in [42] Proposition 2.2]. Here, we shall remain
at a formal level, assuming that all objects are well-defined. The maximum in

r§€a§<<$, Y) — Ui(y)

is attained at y, € ) for which # = V;(y,), which is equivalent to y, = Vi;(z) according to
(2.10). Therefore, by the envelope theorem,

Vite(r) = max(z, y) —(y) — ev(y) = ¥7(z) — ev(Vj (z)) + o(e) (2.21)

as € — 0. In other words 317 () = —v(V4}(x)), and integrating against p we get (2.19).
For (4.24), applying (2.19)) to 1, we see that we need to evaluate

d
T . v(Vy(z))dp(x).

Using the chain rule and the fact that
C Vo) = V Saule) = VUi (@) = ~Dou(a) - Vo(Vau()
dt t\ L) = dtt.’E— dtt{L’— t\ T v t\ T
due to ([2:21), we get (4.24)). O

2.4 Brascamp-Lieb and Prékopa-Leindler inequalities

In this section, we make a small detour in the world of functional inequalities: indeed, to
show the strong convexity of the functional IC,,, the Brascamp-Lieb inequality (due to Herm Jan
Brascamp and Eliott Lieb in 1976) will play a key role. Therefore, in this section, we state and
prove this inequality, which is a kind of Poincaré inequality with respect to log-concave densities.
It can be proved as a consequence of the following inequality due to Prékopa and Leindler.

Theorem 2.8 (Prékopa-Leindler inequality). Let f,g,h : R? — [0,00) be integrable functions
and 0 < \ < 1. Assume that for any x,y € R?,

h(hz + (1= Ny) > fA2)g' (). (2.22)

for= (L) (L)

Before showing Theorem let us explain its relation to the classical Brunn-Minkowsk:
inequality, which asserts that for any two compact subsets A, B of RY,

Then,

|A+ B|V/ > AV 4 | BV (2.23)

30



where | - | denotes the d-dimensional volume. The Prékopa-Leindler inequality is actually a
functional version of the Brunn-Minkowski inequality: for instance, Theorem implies (2.23)),

|A|1/d

as shown by the following elementary argument. Let m = [A|Y/¢ + |B|/¢ and let A = 2

B|/d . .
that 1 — X\ = % Applying Theorem Ewmh =15, 9g=1gand h =1

A= WA and B = WB (both A and B have volume 1) we get

, SO

Mt (1-))F Where

- ~ |A+B
1<+ (1= N5 = | + |

from which ([2.23) follows.

Proof of Theorem [2.8 We first show that it is sufficient to prove the result in dimension d = 1.
Assume that Theorem holds in dimensions d; and do, and let us show that it also holds in
dimension d = dy + do. Let f, g, h satisfy the assumptions in dimension d = d; + do, and notice
that the functions f(z1,-), g(y1,-) and h(Az1 + (1 — A)y1, ) satisfy (in dimension ds).
Therefore,

1O+ (1= Ny, sy > 1) gy 19 )

Defining H(z1) = |[h(z1, ) 11(rdz) and similarly F, G, we have
H(Az1 + (1= Ny1) > F(z1)*G(y)' ™
Applying Theorem (in dimension d;) we get
1E gy = P e |G -

But [[H| p1gar)y = ||hllp1 a1+ according to Tonelli’s theorem, and similarly for F, G, which
concludes the proof in dimension d = dqi + ds.

There remains to show that Theorem [2.8 holds for d = 1. By homogeneity we may assume
fR f= fR g = 1. We may also assume by an approximation argument that f, g are continuous
and positive. We consider the probability measures du(z) = f(z)dz and dv(z) = g(z)dx, and
denote by F,(t) = ffoo f(x)dz and F,(t) = ffoo g(z)dx their cumulant functions. Consider
T=Fto F,, the optimal transport map from p to v, which is monotone according to Section
(even strictly monotone, since we assumed f,g > 0). The change of variables formula
yields f(z) = ¢g(T(x))T"(x). Applying with y = T'(z) and using the change of variables
z=Ax+ (1 = \N)T(z), we get

/ h(2)dz = / hOw + (1= V(@) + (1= VT (@)de > / Pa)gNT ()T () de
R R R

where we used the arithmetic-geometric inequality Aa + (1 — A\)b > a?*b! =, O

It is also possible to prove the Prékopa-Leindler inequality directly in dimension d using a
generalization of the above one-dimensional argument, see [105] Section 6.1.4].

We now state the Brascamp-Lieb inequality and provide a proof extracted from Bobkov-
Ledoux [12] (see also [65, Exercise 2.2.11]). Recall that a probability density o on a convex
set Q@ C R? is called logarithmically concave, or log-concave, if there exists a convex function
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V : @Q — R such that ¢ = e™V. Also, recall that the variance of a function f with respect to a
probability measure p on a set X is defined as

Var,() = [ <f / fdp>2dp

and that it may be characterized as

AER

Var,(f) = min /X(f —\)2dp. (2.24)

Theorem 2.9 (Brascamp-Lieb variance inequality). Let pg = e~V dx be a probability measure
on RY, where V€ C*(RY) is assumed to be strictly convex. Then every smooth function f on
R? verifies

Var,,(f) < /Rd(Vf, (D2V)~'V f)dpo.

As we said already, the Brascamp-Lieb inequality is a kind of Poincaré inequality with respect
to log-concave densities. Its strength is that for an arbitrary strictly convex V € C?(R9), the
Poincaré constant is 1.

Proof of Theorem[2.9. For u : RY — R U {+00}, let

Z(u) = log/ e V.
Rd
It follows from the definition of the Legendre transform that
A+ (1= Xo)* Az + (1= Ny) < du'(2) + (1= A)o*(y).

Hence applying Theorem to f=ev, g=e" and h = e~ MH1=NV)" we get that

A 1-x
ZOut(1-A)0) :/ e~ Out(1-N)0)" </ e—u*) </ e—v*) _ M) +(1-NI(v)
Rd Rd R4

which means that Z is concave. Let us compute the second derivative of Z. First, letting

ur = u + tw,
d T(us) _ d —uf _/ *\ o —uy
7€ =4 /}Rde = Rdw(Vut)e

gI(ut) =T [ y(Vul)e .
dt Rd

thus

Then

d2 d . .
= —(_= —Z(ut) *\ _—U —Z(ut)
dtQI(ut) < dtI(ut)> e /Rd w(Vug)e ™ +e /R

2
_ <eZ(ut)/ w(VU:)eu:> —|—6I(Ut)/ w(Vu:)Qe*uf
Rd R4
— ¢7Z) / (D) Ve(Vui), Va(Vay))e

R4

, % (w(VuZ‘)e*“'?)

= Var, (f) = [ (D)7 VY i
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Z(ut) p—uf — e~ut

where py = e~ et = Fue and f = w o Vu;. Hence for any f (since Vuy is a diffeomor-
ae 't

phism) :
Var, (1) < [ (D*)7'VE. 9 g

Taking t = 0 and u = V*, i.e., uy = u* =V, this concludes the proof. ]

For the application we have in mind, we need the following version of the Brascamp-Lieb
inequality in compact convex sets (instead of RY), which can be deduced from Theorem by
an elementary approximation argument:

Theorem 2.10 (Brascamp-Lieb inequality in compact convex sets). Let X C R? be a compact,
convex set and let pg = e~V dx be a probability measure on X, where V€ C?(X) is assumed to
be strictly convex. Then every smooth function f on X wverifies

Varg, (f) < / (V1. (D*V)"19 f)dpg

X

2.5 Variance inequality in compact convex sets

In this section, we prove a “variance inequality”, i.e., an upper bound on the variance of
the difference of two Kantorovich potentials corresponding to two different target measures. It
reflects a form of strong convexity of K,. The estimate below, proved thanks to the
Brascamp-Lieb inequality, will be of fundamental importance in the sequel.

Theorem 2.11 (Variance inequality for Kantorovich potentials). Let Q@ C R? be a compact
convex set with non-empty interior, let o be a log-concave probability density over Q) and let p be
another probability density over Q satisfying m,o < p < Myo for some constants M, > m, > 0.
Let Y C R? be a compact set, and let Ry = maxycy ||ly||. Then, for all vy, € CO(Y),

mp 1

ﬁpm‘@%(ﬁ —15) < (U1 — o | Vibgup — Vibiup). (2.25)

An example to keep in mind is when o is the characteristic function of @), normalized to be
a probability density. Another important example is when p itself is log-concave, in which case
we may take o = p and m,/M, = 1.

The inequality is not exactly a strong convexity estimate on IC, since primal (and not
dual) Kantorovich potentials appear in the left-hand side. In the original proof of [42], a true
strong convexity estimate with dual potentials was obtained. However it was not strong enough
to imply Theorem contrarily to . Moreover, the constant in is dimension-free,

whereas the estimate in [42] was not.

Proof of Theorem [2.11]. Fix 1,11 € C°(Y). Let v = b1 — b and 9 = b +tv = (1 — )3y + 1y
for ¢t € [0,1]. Set also ¢ = v¥f. In the sequel, we assume that ¢; has all the nice properties
which make the involved objects well-defined, in particular we assume that Lemma applies
and that v, 11 are C2. The reduction to this case relies on approximation arguments written
in detail in [72], which we do not reproduce here. Readers might wonder how it is possible to
reduce to a case where so much regularity is assumed: at first sight, this puts us in the setting of
Theorem where the Lipschitzness of T}, yields a CY! bound on ,,. However, the key point
here is that the final estimate does not involve any bound on the regularity of primal and
dual potentials, whereas the Lipschitz constant of 7, appears explicitly in the constant C' in
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Theorem (1.5 Therefore, is amenable to regularization arguments, whereas Theorem
is not.
We have

(1 — %o | Vbgup — Vihiyp) = (¢t)

dt ”(wt)‘_l e C)
d2
:/o @’Cp(lﬁt)dt

1
_ /O /Q (Vo(Vey), D2y - Vo(Vey))dpdt

according to Lemma We introduce wi(x) = v(Véi(r)), then Vw; = D3¢y - Vu(Vy), and
we get

/<vu(v¢t),D2¢t-vv(wt))dp:/(m,(p%t)—l-th>dp (2.26)
Q Q

(D%¢, is invertible thanks to Lemma because we assumed that g, are C2).

There is a first approach to lower bound the last expression by directly applying the Brascamp-
Lieb inequality (with pg = e~?, properly normalized). This approach has the drawback that it
yields a constant in much worse than the one stated, in particular not good enough to
prove Theorem [I.10}

To circumvent this, we write 0 = e~ and set p; = Z, le=V=9¢ where Z; is a normalizing
constant, so that p; is a probability measure. The idea is to apply the Brascamp-Lieb inequality
with p;. For this, we need to replace p by p; in the right-hand side of . We denote by my
and M; the minimum and the maximum of ¢(x) over z € @, and let r = supqepo,1) Mt —me. We
get

-V

pi(x) > Z7 e Mg > Zt_lefMtMpflp,
pi(z) < Z;7 e Mo < Zt_le*mtm;lp.

In particular, using ,
Vary, (f) = /X |f = FPPdpe > oz/X |f = F1?dp > aVar,(f) (2:27)

where o = Zt_le*MtMp*1 and f = [, fdp;. Then
/ (Vwy, (D?¢) ™Y - Vwy)dp > / (Vwy, (D*¢y + D*V) ™1 Vwy)dp
Q Q

> Zie™m, / (Vwy, (D?¢y + D*V) ™ - V) dpy
Q

> Zie™m,Var,, (wy) (due to Theorem [2.10))

> gmu—Me Mp Var,(w;) (due to ([2.27))
p

m
e " —L2Var,(w;).
M, *

v

Integrating this inequality over ¢ € [0, 1], there remains to lower bound fol Var,(w;)dt. We notice

that & 59t(x) = —v(Vey(x)) = —wi(x) due to the same computation as in (2.21). Therefore we
deduce from Minkowski’s inequality

1 1 Lq
/0 Var,(w;)dt > Var, (/0 wy dt> = Var, (/0 gdt) = Var,(¢1 — ¢o).
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All in all,
* * —rm
(W1 — %o | Viboyp — Vbigp) > € ﬁpvarp(cbl — ¢o). (2.28)
P

A scaling argument will allow us to replace e™” by 1/er. Given A > 0, we notice that
(M))* = M*(-/N). Applying the previous inequality to the functions 1} = A; and to the
dilated probability density py = (z — A_lx)#p, and remarking that both M; and m; are
multiplied by A under this scaling, we get

* * m — * *
A1 — Yol Viboup — Vipigp) = ﬁpe MNP Var, (¢F — ¢5).
P
Choosing A = 7~1, we see that we can replace the constant e~" in (2.28) by 1/er.
Finally, there remains to control r. Let z,2’ € @), and y € Y such that ¢;(z) = (z,y) — ¢; (v).
Then

Pe(2') > (2, y) — di(y) = (2" =z, y) + e(2) > —diam(Q) Ry + ¢4 (). (2.29)
Therefore My — m; < diam(Q)Ry, and taking the supremum over ¢ € [0, 1] we get that r has
the same upper bound, which concludes. ]

Remark 2.12. At this point, it is possible to conclude the proof of the stability of Kantorovich
potentials when p is supported on a compact, convex set, and bounded above and below on its
support (i.e., when X is assumed to be convex). This recovers, with an improved constant,
a result due to Delalande and Mérigot [42] (after anterior work by Berman, see the bibliographical
notes in Section @ . For this, one just needs to take 1o = v, Y1 = 1, and upper bound the
right-hand side in @ thanks to the Kantorovich-Rubinstein duality formula. This is very
similar to the argument at the end of the proof of Theorem[1.9 in Section [2.3

2.6 Stability of Kantorovich potentials for log-concave sources

In this section, we prove the first part of Theorem namely . The key steps for
this are to truncate the primal Kantorovich potentials in large balls, apply Theorem and
show that we do not lose too much by this truncation argument.

Let ¢,, ¢, be the Kantorovich potentials in the quadratic optimal transport problems from
p to p and p to v respectively. For r > 0 we set B, = B(0,7) and we denote by ¢, ,, ¢, the
restriction of ¢, and ¢, to B,, extended by +oco outside B,. Then we set

P\|B.
r = ) r= (Vo T rs vy = VCZ)Z/,T -
Pr= "B pr = (Vo) pp ( )#p

We also consider the dual Kantorovich potentials ¢, = ¢}, ., ¥uvr = ¢;, and recall that

v,r
w;,r = ¢p,r and @,r = Qv
We apply Theorem to pr, taking for o the unique probability density over B, whose
density is proportional to e~V (recall that p = e"V=F). This gives

Varpr(¢u,r - ¢u,r) < Cp,y74<'¢u,r - w,u,r ‘ Hr — Vr>'

Since 1, »—yr is r-Lipschitz (by a similar computation to ([2.29)), we obtain by the Kantorovich-
Rubinstein duality formula (2.11)) that

Varpr(@w — ¢ur) < Cp,yrzwl (prs vr).

Using various truncation estimates which we do not detail here (but which are detailed in [72]),
we get
Varp(fb,u —¢y) < Coy (rzwl (s v) + 7427710(7“) +my (T)2 +ma (T))
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where
mal(r) = / 2ldp(2).
R\ B,

Observe that my(r) < Cp7grd+z_2efé’“"2 since D?U > kId. Now, we notice that the quantity
|¢ullz2(p) is uniformly bounded over u € P(Y), since ¢, is Ry-Lipschitz (due to Lemma [2.6)),
has vanishing mean, and p has a finite second moment. Hence, |¢, — ¢ul[12(,) is uniformly

bounded over pu,v € P()), and we may assume Wi (u,v) < 1 since otherwise the inequality
(1.27)) is trivial. Finally, we optimize over r, by taking

r = (4x""|log Wi (p,v)])"/2.

This yields (1.27)).

2.7 Bibliographical notes

Monge’s original paper is [80]. The dual formulation of the Monge problem was in-
troduced by Kantorovich, the founding father of linear programming, in [6I]. His goal was to
solve concrete problems for the Russian industry. The foreword to the English translation of
his paper [61], written by an American scientist in the journal Management Science in 1958, is
an historical gem: “[...] It is to be noted, however, that the problem of determining an effective
method of actually acquiring the solution of a specific problem is not solved in this paper. In
the category of development of such methods we seem to be currently, ahead of the Russians.”

For a smooth introduction to duality in optimal transport, we refer to [105, Chapter 1].
Brenier’s theorem was proved in [20], after several works by many authors, among which Knott
and Smith, and Rachev and Riischendorf. The strong duality theorem can be formulated
for general costs, see [106, Theorem 5.10]. The Kantorovich-Rubinstein formula is a particular
case of this strong duality, when the cost is the distance function: ¢(z,y) = |z — y|.

The first result similar to Theorem is due to Gigli [53], and in the form stated in
Section it is due to Mérigot-Delalande-Chazal [79]. Similar ideas have been developed later
for numerical purposes (see for instance [73]) and in statistical optimal transport (see Section
51).

For a rigorous proof of Lemma see [42, Proposition 2.2].

The Prékopa-Leindler inequality dates back to [92], [69], and the Brascamp-Lieb in-
equality to [I8]. We refer to [I05, Chapter 6] for a nice presentation of these inequalities, and
related ones. The Brascamp-Lieb inequality in compact convex sets (Theorem [2.10)) is a par-

ticular case of [71]], [66], but in the simple Euclidean setting considered here, it follows directly
from Theorem [2.91

§2.5f Berman [I1] was the first to prove an inequality of the form , using complex geom-
etry. In his result corresponding to the variance inequality , the right-hand side is raised to
the power 1/291, which makes it non-optimal. Inspired by his paper, Mérigot-Delalande-Chazal
proved in [79] the inequality |7}, —T, || r2(,) < CWp(, v)?/15 using a very instructive proof tech-
nique. Their arguments are a sort of “discrete version” of the arguments later developed in [42].
They first rely on an approximation argument allowing them to assume that u,v are discrete,
and then they leverage specific features of semi-discrete optimal transport, notably the geometry
of Laguerre cells. In their paper, the Brunn-Minkowski inequality plays the same role as
the Brascamp-Lieb inequality in [42] and in the proof of Theorem m presented above. In the
paper [42], Delalande and Mérigot prove the same inequality as in Theorem except with a
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dimension-dependent constant which is worse constant than ours (notably because they do not
compare p to a log-concave measure o). Inspired by the paper [81] by Mischler and Trevisan,
which proves a variance inequality with a good constant for log-concave source measures, we
found with Mérigot in [72] the simple proof of Theorem m presented in Section which
shortcuts several arguments of [42]. The approximation arguments which are not presented in
the proof of Theorem above are written in detail in [72].

Another approach to variance inequalities is possible, using entropic optimal transport and
the Prékopa-Leindler inequality. This approach is presented in Chapter [4]
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3 Gluing methods

In this chapter, we pursue a broad generalization of the results from the previous chapter.
To this end, we introduce what we call gluing methods (not to be confused with the ‘gluing
lemma’ in optimal transport). These methods combine two key ingredients: on the one hand,
decompositions of domains and measures into local pieces, to which the techniques of Chapter
2] apply; on the other hand, arguments that assemble these local estimates into global ones.
The approach is inspired by proofs of Sobolev—Poincaré inequalities developed in the 1980s.
We then present in Section [3.7] a series of examples and counterexamples, providing explicit
source and target measures for which optimal transport maps can be computed. These cases
serve both to test the optimality of the main results and to illustrate the sharpness of their
assumptions. They also demonstrate how optimal transport maps can be computed explicitly
in concrete situations, thereby making the stability theory more tangible. We finally explain
in Section how quantitative stability estimates on optimal transport maps can be derived
from the quantitative stability of Kantorovich potentials. These estimates are likely not optimal,
and this part of the theory remains therefore not entirely satisfactory. However, at the time of
writing, the results presented here represent the current state of the art.

3.1 Gluing arguments in a nutshell

This section remains at a panoramic level, while complete arguments are provided in the
next sections. We start with a toy example. Let Qq,Q2 be two open sets in R? such that
Q1N Q2 # 0, and let p be a probability density over @1 U Q2, bounded above and below on
Q1UQs. Fori=1,2, let

PlQ:
PQ; = 3.1
9 p(Qi) (3.1)
be the restriction of p to ();, normalized to be a probability measure. We show that
Var,(f) < C(Vary, (f) + Varyg, (f)) (32)

for some explicit constant C', roughly proportional to the quotient max(p(Q1), p(Q2))/p(Q1NQ2).
This is a quantitative version of the fact that if f is constant on ()1 and constant on ()2, then
it is constant on Q1 U @2, since Q1 N Q2 # 0. The less Q1 and Q2 overlap, the larger C has to
be; and if Q1 N Q2 = (), then becomes false.

We will prove a general version of for a finite or infinite collection F of well-chosen
sets @; (often chosen to be cubes) whose union is equal to the whole domain X

Var,(f) < C Y p(Qi)Vary,, (f) (3.3)
Q,eF

for some C' < 400 (and any f). For this inequality to be true, one has to make some assumptions
on p; and to carefully design the family F.

3.1.1 From (3.3) to the stability of Kantorovich potentials.

Once (3.3) is shown, it takes only a few lines to complete the proof of the stability of
Kantorovich potentials. For instance, if the @Q; are cubes covering X C R? what we need to
assume is:

(1) the variation of p on each cube is uniformly bounded over F:

supo.
sup M <E <400 (3.4)



(2) there exists A > 0 such that any Q); € F intersects at most A other cubes ; € F (including
itself).

So let us show how to deduce stability of Kantorovich potentials from (3.3]).
Claim. There exists C’ > 0 such that 19,1 € C°()), there holds

Var, (] — 45) < C'(vo — 1 | (V1) gp — (V5) ) (3.5)

Proof of the claim. For this we apply Theorem in each cube Q;, to pg, defined by (3.1
(with o the normalized Lebesgue measure on Q;). We get

Var,, (Y1 — 1) < eERydiam(X) (o — ¥1 | (V1) #pq, — (Vg)4pQ)) (3.6)

Combining with (3.3]) we get

Var,(f) < CeERydiam(X) > (o — 1 | (V1) wpiq, — (VU3 4010,) (3.7)
Q;eF

(recall that p|o, is simply the restriction of p to @Q;, not renormalized). The right-hand side in
is a sum of positive terms (due to (3.6)) and ) P, < Ap (when absolutely continuous
measures and densities are identified), so is almost proved.

Here is a formal proof. We define a partition F’ of X into convex sets as follows: z,2’ € X
belong to the same element P € F’ if and only if they belong exactly to the same elements in
F. Each P € F' is an intersection of np < A cubes according to (2), thus it is convex. The sum
in may be written equivalently as

> nelo — ¢ | (V) gop — (V5)40p)

PeF’

Moreover, each term in this sum is non-negative due to Theorem (or more directly due to
the convexity of K, - we do not need strong convexity here). Recalling that the elements of F’
form a partition of X', we obtai

> np(o — o1 | (VD) gpp — (VU5 woip) <A D (o — v1 | (VYD) gpip — (VE5)#01p)

PeF PeF
= Ao — Y1 | (VT)xp — (Vibg)xp)-

Therefore (3.5)) holds with C' = ACeFE Rydiam(X). O

Finally, we apply the claim (3.5) to ¢y = ¢, and ¢1 = ¢;,, where the Legendre transform is
computed as a supremum over X, and ¢,, ¢, are the Kantorovich potentials from p to p and p
to v. We get

Var, (V] —5) < Cu — dy | v — p) < C'diam(Y)Wi (g, v)
where the last inequality comes from the Kantorovich-Rubinstein duality formula and the fact
that ¢, and ¢, are diam())-Lipschitz due to Proposition This concludes the proof.

3.1.2 Two strategies to prove (3.3).

All in all, to establish the stability of Kantorovich potentials (or stability of Kan-
torovich potentials in other situations, like those described in Section we only need to show
that holds for some well-chosen family F. To prove (3.3 we designed two strategies, which
are complementary in terms of the families of probability measures p that they allow to handle:
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e Strategy 1: an approach inspired by the proofs of Sobolev-Poincaré inequalities in the
1980’s, where the elements of F are cubes, and we consider chains of cubes, called Boman
chains, in which the variances are controlled. When applicable, this approach yields the
results in their sharpest forms, and is exactly tailored to handle delicate cases like John
domains in Theorem [L.12] and degenerate densities in bounded domains as in Section [L.7]

e Strategy 2: an approach through spectral graph theory. In this case, the constant C' in
is related to the spectral gap of the Laplacian on a natural graph constructed from
the family F. This strategy is sufficient to prove most of our results, but sometimes in
slightly weaker forms - for example with this approach we are able to prove Theorem [1.12
only for bounded, connected Lipschitz domains. In some specific cases, this strategy works
whereas the first one fails (explaining why we care about it!), for instance for measures p
on R?% which decay polynomially at infinity.

We describe these two strategies in more details in Sections and In the first strategy,
the construction of the family F is based on a classical decomposition of any open set as a union
of cubes, called the Whitney decomposition. In Section [3.2] we recall this decomposition and
construct the family F when X is assumed to be a John domain.

3.2 Whitney decomposition and Boman chain condition

In this section, we first discuss the Whitney decomposition of open sets. Recall that a dyadic
cube in R is a cube of the form

{(xl, coxg) €RY | my27t < ay < (mj +1)27F for any j € [d]} (3.8)

for some ¢ € Z and m = (my,...,mg) € Z%. The Whitney decomposition is a decomposition of
any open set X into dyadic cubes in a way that each of these cubes has a sidelength which is
comparable to its distance from the boundary of X. Discovered in 1934 by Hassler Whitney to
prove its extension theorem, it has been used since then in many areas to localize arguments: in
harmonic analysis to localize singular integrals, in PDEs to localize estimates near boundaries
of irregular domains, etc. An illustration is provided in Figure

Proposition 3.1 (Whitney decomposition). Let X' be an open, proper and non-empty subset of
R?. Then there exists a family of closed dyadic cubes (Pj)jen such that

(a) The Pj’s have disjoint interiors and

Uﬁ:x

jeN
(b) If £(P) denotes the sidelength of a cube P and X¢ = R4\ X, then for any j € N,
Vdi(P;y) < dist(Pj, X¢) < 4Vd((P). (3.9)

(¢) If the boundaries of two cubes P; and Py, touch then

=y

(5)
(P

< <4 (3.10)

=
~
N~—

(d) For a given P; there exist at most 129 — 4% cubes Py ’s that touch it.
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(e) Let 1 < o < 5/4 and, for j € N, denote by Q; the cube with same center as P; and
U(Qj) = al(Pj). Then
S 1q, <12

JEN
where 1¢; is the characteristic function of Q;.

Proof of Proposition[3.1. Observe that if A, B are dyadic cubes, then either AN B = 0, or
A C B,or B C A. Thus for any « € X, it makes sense to consider the largest dyadic cube P
that contains = and such that v/d¢(P) < dist(P, X¢). Denoting this cube by P®) we see that
the family {P("”)}, once removed the redundancies, is a family of disjoint dyadic cubes. Let us
check that this family has all desired properties.

First, each = € X belongs to one of these cubes, and P®) c X for any = € X, therefore (a)
holds. The left-hand side inequality in is satisfied by definition. For the other inequality,
we assume for the sake of a contradiction that dist(P;, X¢) > 4\/&€(Pj) for some j € N, and we
consider P]’ any dyadic cube with same center as P;, and doubled sidelength. Then, since the

diameter of P; is equal to v/d¢(P;), we have

dist(P}, X¢) > dist(P;, X°) — diam(P}) > 4V/d((P;) — diam(P}) = diam(P})
which contradicts the definition of P; and concludes the proof of (b). Assume now that P; and

Py, touch. Then
Vdi(P;) < dist(Pj, X¢) < dist(P;, Py,) 4 dist(Py, X¢) < 0 + 4V d((Py,)

which proves (c). To prove (d), note that any cube P; is touched by exactly 3¢ —1 dyadic cubes
of the same sidelength. But each of them can contain at most 4? cubes P, of length at least
one-quarter of the length of P;. This fact combined with (c) yields (d). Finally, to prove (e),
we first observe that each Q; is contained in X by (b). If z € X, then = € P}, for some jo € N.
If P; does not touch Pj,, then @); does not touch Pj, by the definition of dyadic cubes.
Therefore, x may belong only to the cubes @); for which P; touches Pj;, and there are at most
124 — 49 4 1 such cubes (including Pj,) according to (d). O

Jan Boman discovered in 1982 that under some regularity assumptions on an open set X C
R?, its Whitney decomposition could be used to construct chains of cubes with certain useful
properties, going from one “central cube” to cubes near the boundary. He used it to show LP
estimates for some overdetermined elliptic systems of PDEs, and it was discovered a few years
later by Bogdan Bojarski that these same “Boman chains” could be leveraged to prove Sobolev-
Poincaré inequalities in Euclidean open sets (in a rather sharp form). We will extract from
Bojarski’s arguments an inequality of the form , which is exactly what is needed to prove
the stability of Kantorovich potentials as we explained in Section (3.1} But let us first introduce
the Boman chain condition, and show that it is satisfied in John domains.

Definition 3.2 (Boman chain condition). A probability measure p on an open set X C R is
said to satisfy the Boman chain condition with parameters A, B,C > 0 if there exists a covering
F of X by open cubes Q € F such that

o Any point cannot belong to more than A cubes Q € F: for any x € R,

> 1) < Alx(x). (3.11)

QeF
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e For some fized cube Qg in F, called the central cube, and for every Q € F, there exists a
sequence Qo,Q1,...,Qn = Q of distinct cubes from F (a “Boman chain”) such that for
any j €40,...,N},

Q C BQ; (3.12)
where BQ); is the cube with same center as (); and sidelength multiplied by B.
e Consecutive cubes of the above chain overlap quantitatively: for any j € {0,...,N — 1},
p(Qj N Qj11) = C™ max(p(Q)), p(Qj41))- (3.13)

We notice that consecutive cubes of a Boman chain are comparable in size: for any j €
{0,..., N — 1},

o< 29 (3.14)
p(Qj+1)
Indeed,
P(Qj) o p(QjNQj+1)
p(Qj+1) —  p(Qj41)
as a consequence of , and the reverse bound in follows by the same argument.
The main case where Bomain chains exist is the following:

>Ct

Proposition 3.3 (John implies Boman). If p is a probability measure on a John domain X C RY,
with a density bounded above and below on X, then p satisfies the Boman chain condition (for
some A, B,C).

The cubes @ of the Boman chain condition are obtained by dilating the cubes of the Whitney
decomposition of X' by a factor slightly greater than 1. We refer to Figure [4] for an illustration
of the cubes of the Boman chain condition. This picture should be compared with Figure [3|in
which the Whitney decomposition of the same domain is drawn.

Proof of Proposition[3.3. Fix an arbitrary o € (1,5/4) and denote by F the family of cubes Q; =
o P; obtained from the Whitney decomposition (Proposition . Without loss of generality, we
may assume that (Jy contains the central point xg highlighted in the definition of John domains.
Consider an arbitrary @ € F, and denote by x be the center of Q. Let v : [0,7] — X be a curve
from z to xg satisfying , and enumerate the cubes Q@ = Qu, ..., Qo intersecting -y, ordered
in such a way that Q; N Q41 is non-empty for all j. We may also remove redundancies and
assume that in this chain of cubes, any two cubes are distinct.

First, is a consequence of property (e) of Proposition Moreover, since Q;NQj4+1 #
(), as we already saw in the proof of property (e) in Proposition necessarily the boundaries
of the Whitney cubes P; and Pj;q touch, and thus holds. From this, follows
immediately.

There only remains to check . Let y; denote the center of @; (in particular yy = z,
and y; is also the center of P;). By the triangle inequality, the distance from y; to any point
in Qy is at most |z — y;| + Vdl(Qy), hence boils down to showing the existence of B
depending only on X such that

T —Yj al
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Figure 3: The Whitney decomposition of an H-shape in 2 dimensions. Each cube has a sidelength
comparable to its distance to the boundary of the H. Courtesy of Quentin Mérigot.
Let us show that there exists k > 0 depending only on X such that

|z — y;| < rdist(y;, X€), U(Qn) < rdist(y;, X). (3.16)

Since d(y;, X¢) < Vdl(P;) < Vdl(Q;), [3:15) follows immediately from (3.16). We turn to the
proof of (3.16). Pick ¢ € [0,7] such that v(t) € ;. Then

n+1

L. o L s 1. c :
[z =yl < fp=a @1+ () —yl < L dist(y(#), A7) + diam(Q;) < T dist(y;, &) + diam(Q;)

thanks to the triangle inequality and (1.29)). Since the diameter of @); is bounded above by
odist(y;, X°) according to (3.9)), we obtain the first inequality in (3.16). Without loss of gener-
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Figure 4: A Boman family for the uniform probability density on the H-shape, obtained by
enlarging the sidelength of each cube of the Whitney decomposition by the same factor. This
induces some overlap between the cubes. Courtesy of Quentin Mérigot.

ality, we assume from now on that n < 1, and we prove that for any ¢ € [0, 77,

dist(~(t), X°)

>
dist(x, X¢) —

NS

. (3.17)
By contradiction, if this does not hold, then
dist(z, X°) < |z — v(1)] + dist(v(t), X°) < |z — 7(£)| + gdist(x, x°).

Since n < 1, we deduce dist(z, X¢) < 2|z — v(t)| < %dist(*y(t),?(c) where the last inequality
comes from ([1.29)). Therefore (3.17) holds. To show the second inequality in (3.16]), we finally
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write

{(@Qn) = ol(Pn) < ﬁdlst(a: ,X6) <

where t € [0,77] is chosen to satisfy v(t) € Q;. Since

n\fdlst( ~(t), X°)

dist(y(¢), X°) < dist(y;, X€) + diam(Q;) < (1 + o)dist(y;, X°),
this concludes the proof of (3.16)). O

Let us mention that some partial converse to Proposition holds: if the characteristic
function p of some bounded open set X satisfies the Boman chain condition, then X is a John
domain.

3.3 Strategy 1: Gluing variances with Boman chains

In this section we explain the first gluing technique. This technique applies only to measures
with bounded support in R%. Roughly, for a measure p satisfying the Boman chain condition
(for some A, B, C), it consists in estimating the variance in any cube @ € F to the variance in
the central cube Qq, via the construction of a Boman chain of overlapping cubes going from Qg
to @. The proof of the first part of Theorem namely the stability of Kantorovich potentials
, follows almost directly from the following proposition:

Proposition 3.4 (Gluing variances with Boman chains). Let p be a probability measure satisfy-
ing the Boman chain condition, with covering family F. Assume also that p is doubling on the
family F: there exists D > 0 such that

vQ eF,  p(2Q) < Dp(Q) (3.18)

where 2Q) denotes the cube with same center as ), and doubled sidelength. Then there exists
C > 0 such that for any f,

Var,(f) < C Y p(Qi)Vary, (). (3.19)
QieF

Proof of the stability of Kantorovich potentials (|1 in John domains. Let p be a probability
density on a John domain X C R? and assume that p is bounded above and below on X by
positive constants. According to Proposition [3.3] it satisfies the Boman chain condition for
some A, B,C > 0. Therefore, the condition holds, and moreover each cube of the family
F appearing in the Definition [3.2] of the Boman chain condition intersects at most A + 1 other

cubes. Therefore, we can apply Section and it follows that (1.30]) holds. O
Proof of Proposition[3.4 We set fo = fQ fdp and ag = (Var,, (f))'/2. Then

Var,(F) < [ 1f(@) = fauPapta) / (@) — fou Pdp(a)
Qe]:

<2y / 160) = foPanta) + [ Vo = fouPanta) (320

QEF
=23 p(Q)\Vary, (f)+2 > p(Q)lfg — fool*-
QEF QEF
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The first sum is bounded above by the right-hand side in (3.19)), therefore we only need to upper
bound the second sum. The triangle inequality yields

N-1

|fQ - fQo’ < Z |fQj - fQj+1‘ (3.21)

=0
We estimate each term in the sum separately:

1
fa; — fa |2=/ [fo, = fanl®
Qj Qj+1 p(Qijj+1) QNQyir Qj Qj+1

2 ) )
DA L d R d
< 0,005 </Qijj+1 \fo, — f(@)["dp(x) + /Qijj+1 |fQ;01 — f(2)] p(x))

2 o iy
< p(Q; NQjt1) (/;] |fQj f(z)|*dp(z) + /Q]-+1 |fQj+1 f(z)] dp(x))
< 2C(ag, + ag,,,).

Taking the square root and plugging into (3.21]), we obtain

N-1
|fo — fqol < (26)1/2 Z aQ; +aQ;, < (80)1/2 Z aq
=0 QCBQ

where the sum ZQ cpo means that we sum over all cubes @ € F such that QQ C B@. By the
Boman chain condition, ¢); and Q1 have this property, and notice that we use here the fact
that the elements of the Boman chain in Definition B.2] are distinct.

Therefore,
p(Qlfa ~ faol* <3CoQ)( X ag) =3¢ [ (X ag) doo)
QCBQ 9 cna
2
:80/@(@26;%513@(33)) dp(z)

since for any x € (), the sum in the first line is equal to the sum in the second line.
Then we use an important lemma which says that

|3 4166, <25 aa14]

QeF QeF

(3.22)

L2(p)’

Its proof is postponed slightly below.

All in all,
eI k (@%aélB@(”)de : /X(C%am(x)fdp(x)
S /X Z aélé(x)dp(x) = /X Z p(@)a%

QeF QeF

where in the third inequality we used the Cauchy-Schwarz inequality and the first condition in
Definition Plugging into (3.20)) we get the result. O
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Proof of (3.22). Without loss of generality, we assume in the sequel that B > 1 (where B
appears in ) For x € X, denote by F, the set of @ € F for which x € (. For any
g€ Lp), set
Mg(x) = / g(y)|dp(y).
(z) = Sup (BQ) l9(y)|dp(y)
We first prove that
[Mgllr2(p) < D'llgllr2(p) (3.23)

for some D’ > 0. To this end it is sufficient to prove that there exists D > 0 such that
Va >0, p(Sa) < Da gl (3.24)

where S = {z € X | Mg(z) > a}. Indeed, follows directly from (3.24), together with
the L*°(p)-boundedness of M and the Marcinkiewicz interpolation theorem [45, Theorem 9.1 in
Chapter VIIIL.9].

Let us prove . For any = € S,, let ), € F, such that

/ 9 ldply) > ap(BQy).
BQy

From the standard Vitali covering argument, we get a countable subset S/, C S, such that

Sa € | 5BVdQu,

xS,

and BQ, N BQ, = () for any distinct x,2’ € S!,. Using that p is doubling (3.18)), that B > 1
and the disjointness of the sets BQ,, we obtain (with D changing from one inequality to the
other)

Sa) <D Y pQ)<D Y p BQx<a1DZ/ y)|dp(y)

v€8), ves!, €8,
<a "' Dllgllz(y)

which concludes the proof of (3.24]) and (3.23).

We turn to the proof of (3.22)). Recall that ag > 0 for any ) € F (this is the only property
of the sequence (ag)ger that we use below). Also, there holds Mg(y) > m fBQ lg(x)|dp(x)
for any y € ). Hence,

| /RdQ;aQXBQ(fC)g )| < 3 aan(BQ) / l9(x)ldp(2)

QeF
/ Mg(y)dp(y

<3 "2
<CZaQ/Mg )dp(y

QeF
QeF

=C [ > agxe)Mg(y)dp(y),

RY OcF
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where we used again (3.18) to get the last inequality. Combining with (3.23)), we get
(/ > aQXBQ(x)g(x)dp(fv)) < CH > aQXQ’
RY QeF QeF

< CD'H > QQXQ‘
QEF

LQ(p)HMgHm(p)

L2(p)Hg”L2(p)

which concludes the proof, by duality. O

3.4 The Cheeger inequality in spectral graph theory

Coming back to our initial goal of proving inequalities of the form

Var,(f) < C Z p(Qz‘)Val"in(f)

QiEF

we develop in this section and the next one a second strategy. It is based on spectral graph
theory, and notably on the Cheeger inequality which is an inequality between the spectral gap
of a graph, i.e., the lowest eigenvalue of the associated Laplacian, and a geometric constant
called the isoperimetric constant. We gather in this section general facts regarding Laplacians
in infinite weighted graphs, and establish the appropriate version of the Cheeger inequality.

3.4.1 Weighted graphs

Let V be a countable set equipped with the discrete topology, and endowed with a function
0 :V — (0,00). We denote by d; the value of ¢ at i« € V. The function § can be turned into
a Radon measure on V' of full support by the formula §(U) = > .., d; for U C V. Next, let
w:V xV —[0,00), and denote by w;; = w(4,j) its values. We assume that it is symmetric
(w;ij = wj;), vanishing on the diagonal (w;; = 0), and that it satisfies

VieV, Zwij < +00.
JEV

We denote by E its set of edges, i.e., the set of all (¢, j) € V' x V such that w;; > 0. If (4, j) € E,
we say that ¢ and j are neighbors. When each vertex has only finitely many neighbors, we say
that the weighted graph (V, E, 0, w) is locally finite.

3.4.2 Graph Laplacians

We denote by C.(V') the space of real valued functions on V' with finite support and consider
the weighted ¢?-space on vertices

*(V,5) = {u VSRS su(i)? < +oo}.
eV
We endow (*(V,§) with the scalar product (u,v)s = Y,y 6iu(i)v(i) and denote by [ulls =
V/ {u,u)s the corresponding norm. Let Q = Q,, be the quadratic form with domain D given by

1

Qu) =5 > wij(u(i) —u(i)?, D= {ue(V,8)]Qu) < oo}
1,j€V
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This is a Dirichlet form, playing the role of an energy. The corresponding Laplacian is the
positive selfadjoint operator L acting as

Lui) = + 3 wis ui) — u(j). (3.25)

tjev

Notice that Q(u) = 2(Lu,u)s. In the case that will be considered in the next section, there
exists C' < 400 such that

jev
In particular, L is a bounded operator. The function 1 € D equal to 1 on all V is in the kernel
of L, therefore we define the spectral gap of L by

Ao(L) = inf{Q(u) | [Julls = 1, (u, 1)s = 0}.

It is non-negative, but not necessarily strictly positive, even if the graph is connected. The
Cheeger inequality is a lower bound on A2(L) in terms of a constant measuring how well the
graph is connected, called the isoperimetric constant of G.

3.4.3 Isoperimetric constant and Cheeger inequality

For U C V we denote its volume by

vol(U) = > 6,

€U

and size of its boundary by

U= Y wi. (3.27)

iU, jgU
The isoperimetric constant of G is defined as
oUu
h = inf 7| |

vcv  vol(U)’
0<vol(U)< 2

(3.28)

Equivalently, we may take the infimum over all sets U (without the restriction on the volume),
but in this case we need to replace the denominator vol(U) by min(vol(U),vol(V \ U)). In
other words, the isoperimetric constant is large if for any set U C V, the size of its boundary
is non-negligible compared either to vol(U) or to vol(V \ U) (the latter case arises typically if
vol(U) is too large).

In this context, the Cheeger inequality reads:

Proposition 3.5 (Cheeger inequality in weighted graphs). If (3.26]) holds, then

h2
> -
Mo(L) 2 55

where C' is the constant in (3.26)).

The Cheeger inequality originates from the work of Cheeger [28], who proved an analogous
inequality on manifolds.
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Proof of Proposition[3.5. We provide an elementary proof assuming that V is finite. A proof
ition [3.5

of Proposition [3.5 for infinite graphs may be found in [82, Theorem 3.5]. Let n = |V/|. For
u € £2(V, ), we consider the Rayleigh quotient

R(u) = Q“Q. (3.29)
[[ull§

Let ¢ > 0 and u : V — R such that R(u) < Ao(L) 4+ € and (u,1)5 = 0. Up to relabelling the
vertices, we may assume that

u(l) > ... > u(n).
Let S, ={1,...,k} for k € [n], and

G = min 105
keln] min(vol(Sk), vol(V '\ Sk))

Let 7 € [n] denote the largest integer such that vol(S,) < 2vol(G). Since Y,

Z(Su —mln di(u(i) —c) <25 (r))?

i€n] i€[n]

16[ ]
The positive part and the negative part of u(i) —

u(r), denoted by u4 (i) and u_(i) respectively,
are defined as follows:

o (@) —u(r) if w(i) > u(r) L) u(@) = u(r)] if u(i) < u(r)
ue (i) = {O otherwise u-(i) = {

0 otherwise.
Then

245 wig(u(i) — u(j))?
= S iy
Z”ww( u(i) — u(4))?
223 0i(u(i) — u(r))?
> Zi,jww ((u+()—u+( ))? + (u- (i) —
- 223 0wy (1) + u—(i)?)
Without loss of generality we have R(us) < R(u_) and therefore A\o(L) + ¢ > R(uy) since
ZT+§ > min(%, g). If we assume A2(L) +¢ > R(u_) instead, the subsequent computations can be

u- (1))

carried out in the same way. Then we have

()2
ML) +& > R{uy) = 2 sl l) — v 5))

> Oiuy (i)
| Bl - w0 Syl OrnG?
> Oy (7)? > i Wij(ug (i) + us (5))? '
(Zi,j wijluy (1) — U+(j)2|>2 Imations bel 531
20 (5 S ()7 (see explanations below) (3.31)
_ (S i — s (i + 1D2)105:)° (3:32)
2C (3, i+ (1))
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where in the last line [0S| = >, s0¢s Wke- To go from (3.30)) to (3.31)) we apply the Cauchy-
Schwarz inequality for the numerator; for the denominator we use (3.26]). To go from (3.31)) to

we observe that in the numerator of (3.31]) each edge i ~ j contributes wjj|u (i) —u(j)[?
to the sum, while in the numerator of -, each edge i ~ j (w1th for instance j > i) is in the
boundary of Sy for i/ =4,...,j — 1, and thus contributes w;; >_7,_; u4(i)® — u4 (i + 1)? which
is exactly equal to wij|u+(i) - u+( )|2

We finish our computations: we set vol’(S) = min(vol(S), vol(G) — vol(S)), we have

(44 (0)2 = us (i + 1)*)agvol (Si))”

)= 20 (%, b (1) .
_ad (S ur () (vol (S;) — vol'(Si-1)))”
20 (5 0o (1))
_%
2C

where (3.33)) follows from ([3.32) and the definition of a¢, and in the last hne we used the fact

that vol(S,) < vol(G). This being true for any € > 0, we obtain Ay(L) > 207 which concludes
the proof since ag > h. OJ

3.5 Strategy 2: Gluing variances with spectral graph theory

Armed with these elements of spectral theory, we will explain in this section the second
strategy for proving an inequality of the type

Var,(f) < C Z (Qi)Vary, (f). (3.34)
QiEF

Assume that p is a probability measure on a metric space X, and that F = {Q;}icv is a
countable family of subsets of X such that

|J @i = supp(p).

1%

We do not assume that the @;’s are cubes (and actually, neither that X C R?). However, as in
Section [3-I] we assume:

(2) there exists A > 0 such that any (); € F intersects at most A other subsets Q; € F
(including itself).

We construct the following graph: its vertices are given by the set V', and there is an edge
between 7,5 € V if and only if p(Q; N Q;) > 0, in which case we write i ~ j. Each vertex i € V
is endowed with a weight 6; = p(Q;), and each edge (7,7) with a weigth w;; = p(Q; N Q;). We
do not repeat the definitions of Section in the sequel we consider the weighted ¢2-space
?2(V, ), the scalar product (u,v)s, the corresponding norm || - ||5, the quadratic form Q with
domain D, and the Laplacian

=5 - (i) - u(i).

grvi

Due to (2), we know that for any i € V,

> wij < AS;. (3.35)

i~vg
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We also have ),y §; < 400 since p(X’) = 1; hence the constant function 1 : V' — R belongs to
(V. 6).

The next lemma, which does not assume anything on p, is the sought inequality of the form
(3.34). Notice that it is useless if A\o(L) = 0, e.g., if the graph is not connected.
Lemma 3.6 (Gluing variances with spectral graph theory). Let pg, = ﬁp@i foranyi e V.
Then, for any continuous function f : R4 — R, there holds

Var,(f) < A (1 ; Aj{;) > AQVarso (1)

Proof of Lemma[3.6. Let m; = fQi fdpg, be the mean of f over Q;, and let S =3, 6; < A.
Developing the variance Var,(f) thanks to the identity f(z) — f(y) = f(x) — m; + m; — m; +
mj — f(y), we get

1
Var,(f) <8 diVarag, (f) + 5 D (mi = m;)*5id;. (3.36)
eV i,jEV

We only need to find an upper bound on the second term in the right-hand side. We observe
that (m—m,1)s = 0 where m = S~1 3", .\, 6;m; is “the mean of the means”. Hence by definition
of the spectral gap,

S ~ _
- Z —m;)%6;0; = S|lm — m|3 < 5 (L)<m—m,L(m—m)>5
,]GV 2
S
= 3\ (L) Z wij(mi — mj)Q. (3.37)
2 jev

For any i # j such that w;; > 0, consider the mean m;n; = w%] meQj fdp of f over Q; NQ;.
There holds
5 (mi = mj)? < (minj —mi)? + (minj — m;)%.
For any such i,5 € V,
1 2 1
ming=m = (oo [ G-md) <ot [ (- mip
v P(QiNQj) Jgina, P(QiNQj) Jgina,
1 P(Qi
[ (= miran =22y, (),

< -
T p(QiNQy) Jg ij

and similarly for (m;n; —m;)?. We deduce

§(mi —mj)° < wTjVarin (f) + w—ZjVarij (f)-

Plugging into (3.37) we get
= Z —m;)%6,;
JEV lEVJIQmQﬂé@

2A
5 Z 0; VarpQ

| /\

(6;Varp, (f) + 5jVarij ()

Together with (3.36) and recalling S < A, this concludes the proof of Lemma O
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In applications of Lemma to concrete cases, with explicit p and F, one needs to prove
A2(L) > 0 (otherwise the bound is trivial!). In general, proving a spectral gap for an operator
can be a hard task. Here, it seems natural to rely on the Cheeger inequality (Proposition [3.5):

h2

Xo(L) > —.
Depending on p, on the construction of the family F, and thus on the corresponding graph,
we need to check in concrete applications whether h > 0 or not. If h > 0, then \o(L) > 0
and Lemma [3.6] together with Section [3.1.1] can be used to prove the stability of Kantorovich
potentials. If h = 0, we cannot draw any conclusion from Cheeger’s inequality.

One example where we have been able to construct F, to check that h > 0, and to con-
clude that Kantorovich potentials are stable, is the family of polynomially decaying probability
densities on R%:

Theorem 3.7 (Stability of Kantorovich potentials for polynomially decaying densities). Assume
that p(x) = c¢(1+ |z|)™" on R, with § > d+2 and ¢ > 0 a normalizing constant. Let ) C R?
be a compact set. Then, there exists C' > 0 such that for any probability measures p,v supported

in Y,

P — dullr2(p) < CWi(p,v)°

1Ty — Tyl g2y < CWa (s, v)"
where § = (1 — ﬁ) >0 and § = sgi% > 0. Moreover, the exponent 0 in the first bound is
sharp.

Due to the radial symmetry of these distributions, we have constructed the family F in a
way that each set ), except a central one, is the intersection of an annulus and an angular sector
(see Figure [5). The associated graph is very simple, it is essentially the union of 27 line graphs
(see Figure[5). The ratios |0U|/vol(U) can be lower bounded “by hand”, but we shall not detail
the computations here, we refer to [72] for details.
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Figure 5: Here, p is radially symmetric, for instance p(z) = ¢(1 + |z|)™?. On the left, a few
examples of sets @) (in red, in blue with a grid and with crosshatches). The central set @ in
blue is different from the other ones, it covers the full unit disk, to make the graph on the right
connected. On the right, the associated graph in a neighborhood of its central point.

3.6 Comments related to Poincaré inequalities

Stability of Kantorovich potentials and Sobolev-Poincaré inequalities. Let us make
a few comments on the relation between the stability of Kantorovich potentials, and Sobolev-
Poincaré inequalities. Maybe the easiest way to see a link between them is to write that if the
stability inequality for Kantorovich potentials (with p = 2) holds, then

16n = Gullr2(p) < CWa(u,v)* < CVéu = Voul7a,

according to ([1.15). Hence some kind of Poincaré inequality with an exponent holds, but only
for differences of convex functions (with uniformly bounded gradient). We are not aware of any
literature on this kind of inequalities.

Also, some part of our proof of Theorem is shared with the proof of Sobolev-Poincaré
inequalities in John domains. Let us recall the result:

Theorem 3.8 (Sobolev-Poincaré inequality in John domains). Let fx = |X|7! [, fdz. When
X C R? is a John domain, the Sobolev-Poincaré inequality

(d—p)/pd 1/p
(/ f - fxlpd/(d‘p)dx> <C (/ |Vf\”dx> (3.38)
X X

holds for 1 < p < d.

Theorem has been shown around 1985 by Bojarski, following ideas that he attributes to
Boman, and our gluing techniques are adapted from this literature. We shall not demonstrate
this theorem, but only the Poincaré inequality

ICp >0, Vf e C1(X),  Var(f) < Cp/ |V f|2dz (3.39)
X
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when X is a John domain. Here the variance is taken with respect to the normalized Lebesgue
measure p = dz on X. The Poincaré inequality is weaker than , since it can be
deduced from (for p =2, and d > 3) using Holder’s inequality.

To prove , we observe that there exists C'5 > 0 such that for any @ € F there holds

Var,, (f) < C}a/@ IV f|?dpg- (3.40)

This is because all @) are cubes, with uniformly bounded diameter, and pg is the normalized
Lebesgue measure on ). Summing (3.40) over Q € F with weights p(Q), and using (3.11) we
get (3.39).

Towards an equivalence in Theorem [1.127 Theorem can be strengthened into an
equivalence, under an additional assumption. If X C R? is a domain of finite volume that
satisfies a separation property, and 1 < p < d, then

X satisfies (3.38) < X' is a John domain. (3.41)

The separation property, which we do not discuss here, is automatically valid for simply con-
nected planar domains. And without an additional assumption on X such as the separation
property, the equivalence is not true. Let us illustrate this on an example: take X = D\ E
where D is the unit disk and E = |J;-; Ex where Ej, consists of k! equally spaced points on
the circle {|z| = 1 — 27¥}. Then X is not a John domain, but since F is of dimension 0, the
Sobolev-Poincaré inequality holds in X (it can be deduced by integration by parts from
the Sobolev-Poincaré inequality in D).

This example may be transposed to the optimal transport setting with source measure p
equal to the uniform density on X. Then optimal transport maps and potentials coincide with
those obtained when the source measure is equal to the uniform probability density on D. And
for the latter, stability follows from Theorem Therefore we have exhibited a non-John
domain for which optimal transport stability inequalities hold. When trying to prove a converse
statement to Theorem [1.12, one should keep this example in mind.

Several families of examples of bounded connected domains which are not John domains
have been considered in the literature. For instance, domains with an outward cusp, and the
so-called room-and-passage domains. In Section [3.7.3| we show that in these examples, stability
of Kantorovich potentials fails, even in a very weak sense. This shows the relevance of the John
domain condition in Theorem [1.12] at least regarding stability of Kantorovich potentials.

3.7 Examples and counterexamples

In the previous sections, we did not discuss the sharpness of our results. The only example we
provided, in Section showed that for optimal transport maps, without further assumptions
on the target measures, the inequality

HTM - TVHLZ(p) S CWl(,U,, I/)a (342)

fails for o > 1/2: there exists no C' > 0 such that for any p,v supported in Y = D?,
holds.

In this section, we discuss the sharpness of our results regarding stability of Kantorovich
potentials, by providing explicit computations on carefully chosen examples. This allows us to
show some kind of sharpness in two respects:
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e we show that the stability exponents o = 1/2 for Kantorovich potentials in (1.27)) is sharp
in the Gaussian case (but the additional log-factor is probably not sharp), and that the
exponent 1/2 in ((1.30]) is asymptotically sharp as the dimension tends to +oo.

e We show that in typical examples of domains X which are not John domains, no bound
of the form (|1.14]) can hold when p has a density bounded above and below on X. This
shows that our “John domain” assumption in Theorem [1.12]is truly meaningful.

The main idea which guides the design of our examples is the following: to test our quantita-
tive stability estimates, it seems much easier to choose convex potentials ¢, ¢2 and to compute
the Wasserstein distance between (V¢1)4p and (V¢a)4p, than to choose two measures i, v and
to try to compute the associated potentials ¢,,¢,. Indeed, solving a given optimal transport
problem is difficult, whereas pushing forward through gradients of convex functions provides us
directly with optimal transport maps and Kantorovich potentials between pairs of probability
measures.

However, we should warn the reader that for the stability of optimal transport maps, we
unfortunately have no good example to test the sharpness of stability exponents beside that of

Section In particular, we do not know the optimal exponents in ((1.28)) and (1.31]).
3.7.1 Asymptotic sharpness of exponent in the ball

When p is the uniform density on the unit ball By(0,1) of R%, Theorem m provides us
with an inequality of the form

Pn — Pull2(p) < CaWi(p, v)* (3.43)
with a = 1/2. We show that the exponent o = 1/2 is asymptotically sharp as d — 4o00:

Proposition 3.9. Let pg be the uniform density on the unit ball By(0,1) of R%. If (3.43) holds
for any p,v supported in the unit ball, then

d+2
2d

a <
(a quantity which tends to 1/2 as d — +00).

Proof. Denote by wy the Euclidean volume of the unit ball B4(0,1) of R? and by 4_; the
Euclidean area of the unit sphere S%~1 ¢ R?. In particular,

1

pa(r) = Jdle(O,l) .

Consider for any € € (0,1) the radial and convex functions

oM (@) =z, ¢ (2) = max(|zl,e).

/ (¢(2) _ ¢(1)) dp = 0d—1 /6 7“(1_1(6 —r)dr = €
Bao) N wa Jo d+1

2€d+2

2 £
@) _ p1) qp = 2L / e —r)ldr = — .
/Bdw,l) (o = 00) dp = 22 |1t He = r = S s

Then

and
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Hence,
Var(¢p?) — ¢N1/2 ~ Cgeld+2)/2 (3.44)

as € — 0, with Cg = (2/(d 4 1)(d + 2))"/2. Finally, denoting by dga—1 the uniform probability
measure on S¢1,

(qugl))#pd = 5Sd—1, (V(ﬁg))#pd = (1 — 5d)(5Sd—1 + €d(50

hence
Wi((Ve)pa, (Vo)) gpa) = €.
We conclude that for any d,

Var(¢®) = ¢0)? ~ CaWi((VOL) gpa, (VO pa) 2/

i.e., it is necessary that a < (d + 2)/2d in order for (3.43) to be true. O

3.7.2 (Almost) sharpness of exponent for Gaussians

It seems natural to test the sharpness of our exponents in the Gaussian case too. Let

d _la?
2

p(x) = (2m)"2e” 2 (3.45)

be the standard Gaussian. In this case, recall that the stability inequality for Kantorovich

potentials is given by :

6 = Sullz2(p) < CWa (1) /2(1+ [log Wi (. v)|/?).
The following proposition shows that this bound is sharp, up to the log factor.
Proposition 3.10. Let p be the standard Gaussian given by . If an inequality of the form

P — bullL2(p) < CaWa(p,v)®
holds for any u,v supported in the unit ball, then o < 1/2.
Actually, we prove something slightly stronger: if

6 = Gull 2y < CaWi (s, )" *(1 + |log Wi (s, v)|%)
holds, then g > —1.
Proof of Proposition[3.10. Consider for any r € (0,400) the radial and convex function

¢r(x) = (2| = 1)y — ¢ (3.46)

with ¢, chosen in a way that [pq ¢r(2)dp(x) = 0. Brenier’s theorem guarantees that V¢, is the
optimal transport map from p to (Vé,)xp. For r and 1’ close enough (and r large enough), we
compare || — ¢ r2(p) to Wi, v) where = (Vo,)yp and v = (V1) yp.

For r large, we set ' = r + % and compute

) e — ) = |

T

—+00 —+00

(s — r)5d716782/2d3 — / (s — T/)8d716782/2d8

+oo r
=(r' - r)/ sd1e=5%/2 (g +/ (s — r)sd_le_s2/2ds

_ O(Td—Se—TQ/Q)
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and

/

+0o0 2 r 2
st 1e=5"/2gg +/ (s —r)?sttes 12qds
T

!

ww|—m+—«wr—wnw$@)=0J—w2A

_ @(rd—46—7~2/2)

where we write f(r) = ©(g(r)) if the quotient f(r)/g(r) remains bounded above and below by
positive constants as r — 4+00. We deduce that

4 2
160 = 61220y = 111 = )1 = (1 | = )22y — ler — enl? = OG41e/2). (3.47)
We then turn to the computation of W1 ((Vé,)up, (Vé,)xp). We observe that
(Vor)yp = p(B(0,7))d0 + (1 = p(B(0,7))ogi-

where oga—1 is the uniform probability measure on S9~!. We have an analogous expression for
(Vo) 4p, and we deduce

Wi((Vér) o, (Vor)gp) = p(B(0,17) = p(B(0,7)) = O~ %~"/?). (3.48)

It follows from (3.47) and (3.48]) that

1/2 _
60 = @rll 2y = OV log 11| ™)
where W is a short notation for Wi (V) 4p, (Vor)xp). O

We also observe that the above example does not prove the sharpness of the exponent of
stability of optimal transport maps (and indeed, we conjecture that the correct exponent
is 1/2 and not 1/6).

The above proof can be adapted to other contexts. For instance, when p(z) = cg 4(1+ |z|)~#
(8 > d+2), it is possible to derive sharp stability exponents for Kantorovich potentials using the
same family of radial Kantorovich potentials . Also, when p blows up at the boundary of
a ball or is the spherical uniform distribution (see “Degenerate densities p in bounded domains”
in Section , this same family may be used to find upper bounds on the stability exponents
for Kantorovich potentials.

3.7.3 Strong instability for room-and-passage domains

We turn to another explicit computation, this time aimed at showing the relevance of the
John domain condition in Theorem For this, we consider domains that are considered in
the literature as typical instances of non-John domains, and show that if p is bounded above
and below on such domain, then stability of Kantorovich potentials cannot hold, even in a very
weak sense.

We could seek for even stronger, and hope that the John domain condition is necessary and
sufficient for Theorem [I.12]to hold. However, this cannot be true, as explained in Section In
analogy, John domains support Sobolev-Poincaré inequalities, but there exist non-John domains
which also support Sobolev-Poincaré inequalities. To remedy this issue, it has been shown that
a domain satisfying a certain separation property supports Sobolev-Poincaré inequalities if and
only if it is a John domain. The proof of this fact is delicate, and it would be interesting to look
for an analogous converse result to Theorem [1.12

In this section we prove:
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Theorem 3.11 (Instability of Kantorovich potentials in room-and-passage domains). There
exists a non-empty, bounded, path-connected domain X C R such that for any probability
density p bounded above and below on X the inequality

Vu,v € P(B(O? 1))a ||¢/L - ¢VHL2(p) < CWP(/L’ V)a (349)

fails for any C,a >0 and p € [1,400) (where ¢, ¢, denote the Kantorovich potentials between
p and p and p and v respectively).

The counterexample X is a so-called “room-and-passage” domain, a typical example of a
non-John domain. It is endowed with a probability density which is bounded above and below
on the support, for instance the uniform density. We consider the case d = 2 for simplicity, but
the computations may be modified to cover any dimension d.

2
-Pp-A- == = H - - > X1

|~
T
gl
I
MV
|~
—
I
I
I+
N
~
<

Figure 6: A room-and-passage domain

Proof of Theorem [3.11] As depicted on Figure @ a room-and-passage domain in R? is a con-
nected and bounded set made of an infinite union of rectangles with variable lengths and widths.
For simplicity, we assume that the axes of these rectangles are parallel to the coordinate axes.
We call length of a rectangle the length of its side parallel to the x; axis, and width that of its
side parallel to the xo axis. The rectangles are of two types, which alternate along the x1-axis:
the rooms R,,, n € N; and the passages P,,, n € N. The key assumption we make is that the
passages have a width h,, which decreases very fast as n tends to 4+o0o0, much faster than the
other typical lengths of R, and P,. To start, we keep h,, free, as well as the other parameters
of the rectangles, but we shall fix them later.
We write P, = [t,t,] X [—hn/2, hy/2], and set

On(7) =21 —tnl,  Gp(x) = |21 — 1] (3.50)

for x = (z1,72) € R% Since ¢, (resp. ¢,) is convex, it differs from the Kantorovich potential
from p to (Ven)xp (resp. (V@) )xp) only by a constant. Now, the idea is that V¢, and V¢!,
coincide on X \ P,, and this set has p-volume almost 1, which makes (V¢,)xp and (V@),)xp
extremely close in Wasserstein distance: their Wasserstein distance is proportional to p(P,)
which is of order hy(t), — t,). The quantity Var(¢, — ¢/,) is much larger (but very small too!)
since |¢, — ¢h| is equal to |t], — t,| in the largest part of X.
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More precisely, both i, = (Vén)xp and p), = (V@) )xp are supported on {A, B} where
A =(-1,0) and B = (1,0), and the subset of points of X such that V¢, # V¢!, is P,. Since
dist(A, B) = 2, we get that for any p > 1,

Wb, 1) = 2p(Po) /7. (3.51)

We turn to the computation of Var,(¢, — ¢/,). For this, we observe that

o —t, ifaz <t
"(z) — ()= ™ " =" 3.52
and
|on(x) — L (2)] < |tn —th| if © € P,. (3.53)
Therefore
I6n — Sala(y = Itn — EL12(1 = p(Pa)). (3.54)
Then, we evaluate the mean of ¢, — ¢/,. We set
vy, =p{z e X |z <tp}) and wy, =p({z € X |21 >t,}).
Then v, — 1 and w, — 0 as n — 400, and for any n € N*,
Up + wp, + p(Pp) = 1.
Therefore, for n large enough, using (3.52)) and (3.53)),
0 < / ((;S;L - ¢n)dp < (tim - tn)vn + (tn - t%)wn + p(Pn)|tn - t;1|
x (3.55)
= (1 — 2wy (t), — tn).
We deduce that
2
V(6 = 1) = o — gy~ ( [ (60— )
> [ty — 2 (1 = p(Pn) = (1 = 2wy)?)
= |tn — t;’2(4wn —p(P) — 4w3z)
> [t — tHQ(P(Rn-H) = p(Pn)) (3.56)

since wy, — 0 and wy, > p(Rp41)-

There remains to choose the parameters of the rooms R, and the passages P,,. We choose
h,, small enough compared to all other lengths, in particular p(Ry11) — p(Pn) > 2p(Rny1) 2
A(Rp+1) where recall that p has density bounded below on X. Then for any a« > 0 and p €
[1, +00),

W (fns b)) < A(Py)o/P < [t — t;|(a—2p)/ph3/7’

Vary(¢n — ¢7) ™ |tn = t3[2PA(Rng1) ™ A(Rn+1)
and we see that choosing h,, small enough compared to all other parameters, this quantity tends
to 0 as n — o0, for any a > 0, p € [1,+00), which concludes the proof. O

Remark 3.12. The above computations being essentially 1-dimensional, one may easily turn
them into an example of a source measure p whose support is a segment of R, and for which
stability does not hold even in a very weak sense.
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To understand the general philosophy of the room-and-passage example, let us recall that
if the support of a probability density p is disconnected, Kantorovich potentials are not unique
in general. Room-and-passage domains, while connected, are “nearly disconnected”: at finer
and finer scales, the passages that keep them connected become extremely narrow compared
to the size of the pieces they connect. We can make a thought experiment: choose one of the
passages, and send its width A to 0. When h = 0, the domain is disconnected and potentials
are not unique; when h goes to 0, the Kantorovich potentials, while unique, become more and
more unstable. This is to be expected: just before losing uniqueness, stability is lost.

Beside room-and-passage domains, domains with an outward cusp are another well-known
category of non-John domains. By outward cusp, we mean that in some local coordinates, the
equation defining the domain is |y| < f(z) for some f : [0,4+00) — R with f’(0) = 0. For
instance f(z) = x® with s > 1, or f(z) = e '/**. The former are called (polynomial) s-cusps,
the latter exponential cusps. It is not difficult to modify the above computations to show that
domains with an exponential cusp could also be used to prove Theorem |[3.11

Regarding polynomial cusps, we need another definition. For s > 1, an s-John domain is a
domain for which the condition is replaced by

dist (y(2), X°) > nt*

i.e., the same condition as John domains except that t is replaced by t* in the right-hand side.
It follows that s-John domains may have polynomial s-cusps.

Open question 3.13. Does a stability inequality ||¢, — ¢ullr2(p) < CWp(p,v)® hold in s-John
domains, for some C,p, o which may depend on the domain (notably on s)?

In s-John domains with large s, the exponent « necessarily has to be less good (i.e., larger)
than 1/2. One can compute as an exercise an upper bound on the stability exponent in a domain
containing an s-cusp, using similar sequences as in (3.50)).

Let us hazard a final speculative comment: it seems to us that there is at least a formal
resemblance between the example detailed in Section and the Kannan-Lovasz-Simonovitz
conjecture. This conjecture asserts that the Poincaré constant of log-concave measures can be
checked on linear test functions. The analogy we see with our example is that we only need
simple test functions (namely, distance functions to hyperplanes) to prove that optimal transport
potentials are unstable. Therefore, it is tempting to formulate the following vague question:

Open question 3.14. Is it true that for more general p’s, some simple family of test functions
is sufficient to guarantee stability/instability of optimal transport potentials?

3.8 Stability for quadratic optimal transport maps in R?

Until now, we have only proved quantitative stability estimates for Kantorovich potentials.
To conclude this chapter, we establish the quantitative stability of optimal transport maps,
under some assumptions. The arguments used here are very different from those used so far.
Actually, the stability of optimal transport maps is deduced from that of Kantorovich potentials,
using an additional final step: the main tool in this section will be an inequality of the form

IVF = Vlliag) < CLRf - gl (3.57)

for f, g convex and L-Lipschitz on the support of p (of course (3.57) cannot hold without some
assumption on f,g). Applying it to f = ¢,, g = ¢, and using the stability of Kantorovich
potentials will immediately yield the stability of optimal transport maps in John domains (1.31)).

61



To get stability of optimal transport maps when the source measure p is log-concave, i.e., ,
one needs additional truncation arguments that we will not detail here.

The surprising inequality crucially relies on the assumption that both ¢, and ¢, are
convex. Its proof relies on two main ingredients:

e first, a one-dimensional version of the inequality (3.57));

e second, integral geometric techniques which allow to extend the one-dimensional inequality
to higher dimensions.

Until now, this strategy has not led to optimal results, in the sense that the exponent 1/6 in
Theorem does not match the upper bound 1/2 on the exponent provided by the explicit
example written in Section[I.8] Perhaps one would need a direct approach to stability of optimal
transport maps, not going through stability of Kantorovich potentials, to get sharper exponents.
This is of the main open questions in the field.

3.8.1 The 1d inequality
We start with a one-dimensional version of (3.57)).

Proposition 3.15. Let I C R be a compact segment. Let u,v : I — R be two convexr functions
whose derivatives (defined a.e. on I) are uniformly bounded over I. Then

2/3

e = o/ ey < 801 looqry + 10l zoe ()3l — 0222 (3.58)

This inequality looks like a Poincaré inequality, but in the wrong sense! It holds only
because we are applying it to a difference of convex functions. Indeed, taking I = [0,1], u =0
and v = sin(nz) shows that cannot hold without assuming something on u,v. One can
get some intuition about by drawing the graphs of v/ and v/, which are non-decreasing
functions. Then u,v are obtained as areas under the curves and it may be seen that |u' — v/|
cannot be large on some quantitative fraction of I without having |u — v| large at some point.
Another remark is that is invariant under affine transformations, hence it is sufficient to
prove the result on I = [0, 1]. Finally, the exponents in are optimal, as may be seen by
taking u(z) = L|z — 3| and v = max(u, €).

Proof of Proposition[3.15 As explained above, we may assume [ = [0, 1] thanks to a scaling
argument. First integrating by parts,

1 1
/0 lu' —v'|)? = [(u—v)(u’—v’)]é—/o (u—v)(u" — ")
1 1
<MW—vmwwwmm+ndmwwwm—vmw(A|MW+A|MQ

But since u is convex,

1 1
/ [ = / u” = /(1) = u/(0) < 2f|u'|| e,
0 0

and similarly for v, thus we conclude that

1
/0 [u = '[* < 4llu = vlloe ([ oo + [V ). (3.59)
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The second step is to bound the L™ norm of f = u — v with its L?-norm using that the
Lipschitz constant of f = u — v is less than L = ||u/|| e + ||v/|| . This second step does not
use the fact that f is the difference of two convex functions: considering the worst case scenario
where f is piecewise affine, equal to 0 except around the maximum of || ||z where it looks like
a “tent” with slope L, we get

= w22y > ~ m1n(2L )52 (3.60)

where & = ||[u — v|| .
We separate two cases. If € > 2L, then we deduce from (3.60) that [[u —v||p2(;) > §. Hence

2 3
811 | o (1) + 10|00 (1)) 2l = 01757,y = BLY3 (/225 > 8L2 > ||/ = o/ |3,
which concludes in this case. If ¢ < 2L, then (3.60]) yields ® < 8L||u — v||? 12(1), hence

lu = vlloeqry < 2012w — 0|75,

and plugging into (3.59) we also get (3.58]). O

3.8.2 Higher dimension: an integral-geometric argument

The second step is to generalize Proposition to higher dimensions:

Proposition 3.16. Let L > 0 and let K be a compact subset of R? whose boundary has finite
(d — 1)-dimensional measure. Then there exists C > 0 such that for any u,v : K — R convex
on any segment included in K and L-Lipschitz,

1/3

[Vu = Vo[ r2xy < Cllu — U”L2(K)'

Proof. To prove Proposition [3.16] one possibility is to rely on integral-geometric techniques,
i.e., expressing a multidimensional integral in terms of integrals over lines (or geodesics, in
Riemannian geometry). We start from the formula

21 _ 2
Rdf(:z:) da:—/el/Rf(y—kte) dtdy.

valid for any e € S~1, where et denotes the hyperplane (through the origin) perpendicular to
the unit vector e. Applymg this to f(x) = (F(z),e), and then integrating over e € S¥1, we get

/ (F(z),e)dzdo(e / / / (y + te), e)2dtdydo(e)
Sd—1 JRd Sd—1 Jel

where ¢ is the uniform probability measure on S~ 1. We observe that the left-hand side is equal
to Cd||FH%2(Rd) for some C; > 0 depending only on d. We apply this to F' given by Vu — Vv
inside K, and extended by 0 outside K. We get

IV = Vol 220 = /S / Ay = vl e dudor(e) (3.61)
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where (¢ denotes the oriented line y+eR and upw = ulwqx, vy = v|wqx. The set €N K may be
decomposed as a finite union of intervals I° e i =1,...,n in which we can apply Proposition

(the 1d inequality, using that ||u’|| e, ||v Lo < L) We get

e A e 9/3
H%g - UégHiz(ZZQK) = Z Hu/eg - véZHi?([éy) <8(2L) /32 ey — WZ”L/z(p'y)

2/3 2/3

< 82L) g llug — v 1750 ey

where the last inequality comes from Jensen’s inequality. Combining this with (3.61)) and then
using Holder’s inequality, we get

2/3
IV — Vol2s i, g/gdl /EL ny[lugy — vgy||L2(£yﬂK)dyda(e)

2/3 13
2
S </Sd_1 /eL negdyda(e)> (/Sd_l /EL gy — UggHLz(zng)dydU(e)> _

The second parenthesis is equal to Cyllu — vl|7. (k) due to the same argument which led to

(3.61). Regarding the first parenthesis, we observe that n,y < #(Z N OK) and then we use the
Cauchy-Crofton formula, which asserts that

/ / #(0Y N OK)dydo(e) = #91(0K) < +o0 (3.62)
Sd—1 Jel

where %1 denotes the (d — 1)-dimensional Hausdorff measure. This concludes the proof of
Proposition [3.16

Here, we should warn the reader that for the Cauchy-Crofton formula to hold, one
actually needs to assume that the boundary 0K is rectifiable. If this is not assumed, then it is
still true that the left-hand side in is finite when J#9"1(0K) < +oo (but the equality in
does not necessarily hold). To prove this and also to extend Theorem to Riemannian
manifolds, we devised a more robust argument based on the definition of the integral-geometric
measure, with the help of Antoine Julia and Federer’s book [49]. This outer measure, defined
following Caratheodory’s construction, compares easily (almost by definition) with the (d — 1)-
dimensional Hausdorff measure and may be shown to count the number of intersections of short
geodesic curves with 0X. O

3.8.3 Conclusion of the proof of Theorem [1.12

To prove the stability of optimal transport maps in the John domain case, i.e., ,
we simply combine the stability of Kantorovich potentials (proved in Section with
Proposition for K = X.

We shall not detail the proof of the stability of optimal transport maps in the log-concave
case (i.e., ) It relies not only on Proposition but also on truncation arguments closely
related to those of Section

To conclude this chapter, we would like to ask the following question: where did we lose
sharpness of the exponents? Indeed, as we already mentioned, there is a gap between the
stability inequality for optimal transport maps , which displays an exponent 1/6, and the
concrete examples, in which the optimal transport maps are always more stable than this and
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the stability exponent is 1/2 (see for instance Section [1.8]). If we summarize our proofs, we have
proved stability of optimal transport maps thanks to a chain of inequalities of the form

1T, — Tv”%(p) S lop — ¢VH%2(p) S (v = Yusp—v) S Wilp,v). (3.63)

Indeed, the right-most inequality is the “Kantorovich-Rubinstein” argument done several times,
the middle inequality has been proven using the strong convexity of the Kantorovich functional
(together with gluing arguments), and the left-most inequality comes from Proposition

As seen in Section the two inequalities on the right become asymptotically sharp as
d — +oo. The inequality on the left is sharp in any dimension: take p =1 ;)a and

oW(z) = |z1],  ¢P(z) = max(eV), ¢)

for x = (x1,...,24) € R% Then HV¢§1) — V¢§2)H%Q(p) = ¢, whereas Var(qﬁgl) — ¢§2>) ~ g3,
showing the sharpness of the exponents in the left hand side inequality.

In other words, each of the three inequalities in is sharp! But their equality cases do
not match, and we have no example where this chain of inequalities is indeed saturated. Thus,
one of the main open problems that remains to be solved is the following:

Open question 3.17. Obtain sharp exponents for the stability of optimal transport maps (in
(1.28) and (L.31) for instance).

3.9 Bibliographical notes

The starting point of our collaboration with Quentin Mérigot [72], in which we worked
out the general gluing methods presented here, was the work [26] in which a basic gluing argu-
ment for finite families F was performed in the slightly different context of stability of Wasser-
stein barycenters. Our methods turned out to be useful to address stability of optimal transport
in Riemannian manifolds too [64] (see Section [4.4). Other methods for decomposing measures
and proving Poincaré inequalities (or other functional inequalities) exist in the literature, for
instance Eldan’s stochastic localization [48].

The Whitney decomposition was discovered in 1934 by Hassler Whitney [108]. Boman
introduced in [I4] the chains now known as Boman chains. His goal was to prove L? estimates for
solutions to some over-determined elliptic systems of PDEs in regions with irregular boundary.
Bojarski discovered in [I3] how to use these chains to prove Sobolev-Poincaré inequalities in
John domains. The proof of Proposition is due to him. The converse fact that any bounded
open subset of R? supporting Boman chains is a John domain was proved in [22].

The proof of Proposition is inspired by Bojarski’s computations in [13].

§3.4F Spectral graph theory is a classical topic, see for instance the books [34], [99] and
the beautiful expository notes by Luca Trevisan [103]. The Cheeger inequality in finite graphs
is of course covered in these references, and our proof is adapted from [34, Theorem 2.2]. For
infinite graphs, the book chapter [62, Chapter 13.1] is particularly clear. A more general Cheeger
inequality, applying as well to infinite graphs which do not verify has been proved in [62]
Theorem 13.4]. Our presentation follows closely [10].

I did not find any reference for the elementary Lemma but it seems difficult to
believe that no one ever used such arguments.

§3.6f The converse to Bojarski’s result, namely the left-to-right implication in (3.41]), was
proved in the paper [2I]. We borrowed our discussion about the separation property from this
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paper. Since the 1980’s, many authors have been using variants of the Boman chain condition.
It turns out that for many results, a good framework is that of metric spaces endowed with a
doubling measure, see the memoir [55] which develops the theory of Sobolev spaces and proves
Poincaré-type inequalities in this setting.

§3.7t The example in Section comes from from [64], and those of Sections and
come from [72]. Room-and-passage domains date back at least to the 1937 monograph by
Courant and Hilbert [37, pp. 521-523], who used them to show that the embedding of H!(X)
in L2(X) is not necessarily compact (see also [4]). Indeed, consider ¢, a function which is equal
to a constant in the n-th room R,, and which drops linearly to 0 in the adjacent passages P, _1
and P,, reaching the value 0 at the midpoint of each of these passages. Choosing the constant
in a way that [¢nl/z2(xy = 1, we obtain an orthonormal family of functions. If the passages
are narrow enough (i.e., if hy, is small enough), then [[Véy|[z2xy — 0 as n — +oo. Since
no subsequence of (¢,) converges in L?(X), H'(X) is not compactly embedded in L?(X). This
example is fundamentally related to the fact that the Poincaré inequality fails in X', and that 0 is
in the essential spectrum of the Neumann Laplacian on X. In this direction, Hempel-Seco-Simon
[56] used room-and-passage domains to provide examples of domains with prescribed essential
spectrum. Finally, many papers have considered s-John domains, see for instance [54].

§3.8t The one-dimensional inequality given in Proposition was proved in [42]. This is
a refinement of Theorem 3.5 in [27], in which the upper bound involved the uniform distance
|lu — v||pe~. Federer’s book [49] provides a general perspective on integral-geometric techniques,
notably those of Section As already mentioned, there is an alternative path to prove
Proposition which relies on the Caratheodory construction, see for instance [49, Chap-
ter 2.10]. This alternative strategy was used in [64] to extend Theorem to Riemannian
manifolds.
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4 Stability of optimal transport for more general costs

While the previous chapters were focused on quadratic optimal transport in Fuclidean spaces,
we turn in this chapter to more general costs. Our goal is to prove quantitative stability esti-
mates for optimal transport maps and Kantorovich potentials obtained as solutions to optimal
transport problems with more general costs.

We focus on the generalization of Theorem To this end, we make a small detour in
the world of entropic optimal transport (EOT): this penalized version of the optimal transport
problem is both an important theoretical topic and a major computational tool. Section [£:1]is a
brief self-contained introduction to this subject. In Section inspired by EOT, we define the
regularized Kantorovich functional, a variant of the Kantorovich functional. Finally, in Sections
and [£.4) we state the main results of this chapter, namely the quantitative stability bounds
for the p-cost in R? and for the squared distance on Riemannian manifolds. We discuss their
proofs which rely on strong concavity estimates for the regularized Kantorovich functional.

Another possible direction would be to extend the validity of Gigli’s Theorem which
shows stability “around regular transport maps”. The generalization of Gigli’s theorem has
been achieved in the paper [3] for the squared distance on Riemannian manifolds, and in [52]
for more general costs. For instance, the results of [52] apply to the so-called reflector cost

c(x,y) = —log(l—x-y) on S 1

We do not discuss these developments here.

Notation. Recall that the duality pairing between continuous functions and real-valued Radon
measures is denoted by (- | -). For instance, (c | v) stands for the integral [, c(z,y)dvy(z,y).

4.1 Entropic optimal transport

Let X and Y be compact metric spaces. Given € > 0, a cost function ¢ : X x Y — R bounded
from below, and two probability measures p and u on X and Y respectively, the entropic optimal
transport problem reads

inf (c|v)+eH(y|p®p) (4.1)
YEIL(p,p)

where H denotes the entropy

[ f(log(f) —1) dB if a has a density w.r.t. 8, denoted by f

. (4.2)
+00 otherwise.

H(a | p) = {
Usually, the entropy is simply flog f, but subtracting f makes later computations slightly nicer
(and when both « and (8 are probability measures, subtracting f in the integral simply amounts
to subtracting a constant to the entropy). In , for short, we denote by z(logxz — 1) the
function equal to z(logz — 1) where z > 0, equal to 0 where z = 0, and equal to 400 where
x < 0. For € = 0, one recovers the usual quadratic optimal transport problem in its Kantorovich
formulation . For £ > 0, the penalization term eH (v | p ® u) forces the optimal transport
plan to have some density with respect to the transport plan p ® p, which is the most naive
transport plan between p and u since it distributes equally over u any piece of mass of p.

Entropic optimal transport has the big advantage that (4.1) always has a unique solution,
whereas recall that multiple solutions of the Kantorovich problem may exist.

Proposition 4.1. Given € > 0 and two probability measures p and p, the entropic optimal
transport problem (4.1) admits a unique solution.
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Proof. The existence follows from the lower semi-continuity of the functional

Yy el +eH(y | p®p)

over the compact set II(p, ). The uniqueness is a consequence of the strict convexity of H,
which comes from the strict convexity of z(logz — 1). O

The computation of the unique solution to is more tractable from a computational
point of view than that of the unregularized optimal transport problem , thanks to the
Sinkhorn algorithm presented in Section [5.3] which has an exponential convergence rate under
some assumptions on the marginals.

Remark 4.2. Entropic optimal transport plans, i.e., minimizers of , have full support with
respect to p @ w. The proof of this fact is left to the reader: it follows from the infinite negative
slope of flog f which allows to create a transport plan with strictly lower cost from any transport
plan whose support is strictly contained in the support of p @ u. As a consequence, the unique
solution to is not a map in general (but it is a transport plan between p and ).

As for ([1.3]), there is an equivalent dual formulation of (4.1). It is based on the following

formula:

Proposition 4.3. Let 8 be a finite (positive) Radon measure on a compact set Z, and let « be
a real-valued Radon measure on Z. Then,

H(a|p)= sup (f|a)=(e|p). (4.3)

feco(z)

In particular, o — H(a | B) is convex and weakly-* lower semi-continuous. In addition, the
supremum, in ([£.3)) is attained at f € CO(Z) if and only if ef is the density of o with respect to
B.

Remark 4.4. The above formula is quite close to the Donsker-Varadhan variational formula,
which is stated in (5.26)). But to obtain the standard formulation of duality for entropic optimal
transport, (4.3) is the correct identity to use.

Proof of Proposition[{.3. Let h : R — R U {400} defined by h(z) = z(logz — 1) if z > 0,
h(0) = 0 and h(z) = 400 for < 0. Its Legendre transform is

s

h*(s) = supzs — h(z) = €°.
>0

Assume first that o has a density g with respect to 5. Since h is convex and lower semi-
continuous, there holds h = h** by the Fenchel-Moreau theorem, hence

Ha | f) = / hg(x))dB(x) = / W™ (9(x))dB(z) = / sup(sg(z) = (5))d45(a).

In particular, for any bounded measurable function f, we have

H(oo|B) > (f | gB)— (el | B) = (f | ) — (e | B)

with equality if ¢ = e/ almost everywhere. This proves in this case.

Let us now assume that o does not have a density with respect to 3, and let us prove that the
supremum in the right-hand side of is also equal to +o0. Pick A C Z such that S(A4) =0
and a(A) # 0. Let f = Al4 for some A € R. Recall Lusin’s theorem (see [96, Memo 1.6]),
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adapted for signed measures: if f : Z — R is measurable, then for every ¢ > 0, there exists
a compact set K C_Z and a continuous function f : Z — R such that |[a(Z \ K)| < ¢, and
f=fon K, and || f||e(z) is bounded above independently of . Taking for f, the function f
associated to a sequence €, — 0, we get

(fula)=(8) — (fla)y—(e|B). (4.4)

n—-+o0o

Finally, letting A — 400, we get that (4.3) holds also when « is not absolutely continuous with
respect to .

The strict convexity of a — H(« | 8) is an immediate consequence of the strict convexity of
x +— z(log(x) — 1). O

Dual formulation. To establish the dual formulation of we first remove the positivity
constraint on 7 in , which is guaranteed to be satisfied for minimizers due to the definition
of the entropy: in other words, we denote by II'(p, 1) the set of signed measures v on X x )
such that for all measurable sets A C X, B C ),

VA xY)=p(A) and (X x B) = pu(B).

and we consider

[ wgdi(ey) + B pon). (4.5)
Y (o) J X xy

Although the infimum is taken over a larger set in (4.5]) than in (4.1]), these two infima are equal.
Indeed, if 7y is not non-negative, then we can check that H(vy | p® p) = +o0o: taking g such that
(g9 | v) < 0 for some continuous function g > 0, and f = —\g in Proposition there holds

H(y[p@u) 2 My | —g) — (7 | p@p) — +oo.
—+00
Hence, we focus on (4.5)) in the sequel, and we proceed as in Section 2.1.1:f0r the dual formulation

of the Kantorovich problem. Using (4.3)), the minimization problem (4.1) may be equivalently
written as

inf sup(c— @DV [+ (o] p)+ (W | ) +e(f|v)—ele! | p@p)
YEI (p,11) p o, f

where the supremum is taken over continuous functions ¢, %, f. The dual problem is obtained
by inverting the inf and the sup:

sup inf (c—¢@Y+ef ) +(p]p)+ (| p) —ele | pop). (4.6)
b, f YED (o)

In (4.6]), the infimum over 7 is equal to —oo, unless ¢ — ¢ G + ef = 0 in which case f =
(¢ ® 1) — ¢)/e. Therefore (4.6) reads

sup VAICRD) (4.7)
(6:)€CO(X) xCO(Y)

where poe
T (0:0) =(d | p) + (¥ |p)—cle = [ p@p.

The problem (4.7)) is called the dual problem, as opposed to (4.1)), which is the primal problem.
It is a concave maximization problem, due to the convexity of the exponential. To find the
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solution (¢, ) to the dual problem (4.7), we write the first-order optimality conditions. For this

we introduce
. () =c(z.y)
voe(a) = —<1tog [ () (48)

for ¢ € C°(Y), and
¢“°(y) = —elog </ gt dp(x)) (4.9)
X

for ¢ € C°(X). These so-called reqularized c-transforms play the same role as the Legendre
transform in the unregularized optimal transport problem. And the optimality conditions
below are analogues of the relations ¢ = ¥* and ¢ = ¢* for Kantorovich potentials in the
unregularized case (see Section .

Proposition 4.5 (First-order optimality conditions). The optimality conditions V4 J¢ = 0 and
VyJ€ = 0 are respectively equivalent to ¢(z) = ¢Y>°(z) for p-a.e. x € X, and (y) = ¢°<(y) for
p-a.e. y €Y.

Proof. We have for v € C°(X)

STG . 0) - TG ) = (| p) - S (T - pe )
hence
d . b@Y—c
g7 @rivy) =)= (e [p@pu). (4.10)

t=0
The first-order optimality condition is thus for p-a.e. z € X,

d(@)+Y(y)—c(z,y) ¢(z) Y(y)—c(z,y)
1:/ye : du(y) =e - /ye = du(y),

i.e., ¢(r) = 1“°(x). The relation 1) = ¢>° is proved similarly. O

There is another way to formulate the first-order optimality conditions, which derives directly

from (4.10)). Fix (¢,%) and let

DY —c

y=e = pRp.
Let also IIx and IIy denote the projections onto the first and second variables respectively.
Then
Vo T (¢,9) =0 xyy =p (4.11)

and
VT (¢,9) =0 < Ilyyy = p.

Theorem 4.6 (Strong duality). There erists a solution (¢,v) € CO(X) x CO(Y) to the dual
problem (4.7). Moreover, the strong duality relation Primal = Dual holds, i.e., the supremum

(4.7) is equal to the infimum (4.1). Finally, the unique minimizer v in (4.1)) is given by

PP —c
y=e EDE PR W. (412)

We give a complete proof of Theorem [£.6] We first show the following weak duality result,
which is an easy step:
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Lemma 4.7 (Weak duality). For any potentials (¢,1) € CY(X) x C°(Y) and any transport plan
~v € I(p, ), one has

7w < [ Jedrter|po ) (4.13)

wzth equality if v = €¢®1€b p® . In particular the weak dualzty wnequality Dual < Primal holds,
e., the supremum is upper bounded by the infimum (4 .
Proof of Lemmal[{] Let f=1(¢ @1 —c). Then
T 0) = (c| ) +e(f|7) —eled | pop)
<{cly) +eH(y|pop),

with equality according to Proposition 4.3]if and only if the density of « with respect to p ® u
ef O
is e/.

Then, we prove an important fact regarding the modulus of continuity of regularized c-
transforms. A modulus of continuity for the cost ¢ is a function w. : R — R such that

Ve,a' e Xyed,  e(a’,y) —c(x,y)| < we(dx(x,27))

where dy denotes the distance on X'. Moduli of continuity of ¢>¢ and ¢>¢ are defined in the
same way (it is even simpler since there is only one variable).

Lemma 4.8. For any (¢,v) € C%(X) x C%Y), any modulus of continuity for the cost ¢ is a
modulus of continuity of the reqularized c-transforms ¢ and ¢>°.

Proof. We prove this property only for 1/“¢, the proof being similar for ¢“¢. Let w. be a modulus
of continuity for the cost c. For any z,z’ € X, we have

c c c(w) p—c(z’,)
vee () = pes(e) = e (log (e [ ) —log (e | )
c(r ) c(r D—c(@,) $—c@’,)
= & (log((e” ) —eg (e 1))
c(ac D) wc(d,\/(z ') Y—c(@’,")
<e ( g( S ) —log((e T 1))
< we(dx(z, "))
where dy denotes the distance on X. ]

Proof of Theorem[{.6. To prove Theorem we first notice that it is sufficient to prove its

first part. Indeed, if there exists a solution (¢,v) € C°(X) x C°(Y) to the dual problem, then
we let v = ¢““5=° and we observe that for this choice of functions ®,1, 7y, equality holds in

according to Lemma This proves that Primal < Dual, i.e., the infimum is upper
bounded by the supremum in . Together with Lemma this proves the other statements
in Theorem [4.6]

There remains to prove the existence of a solution (¢,v) € C%(X) x C°(Y) to the dual
problem . The idea is to prove that the supremum can be taken over a compact subset of
CY(X) x C°(Y) where the potentials are uniformly continuous. Using repeatedly Proposition

71



which shows that for a fixed 1, the concave function J¢(¢,) is maximal when ¢ = ¢
(and similarly for fixed ¢ it is maximal when ¢ = ¢>), we have

sup J°(¢,¢) = sup J (Y%, ¢) = sup J°(Y°F, (°)°°)
foX ) $heC(Y) PeCO(Y)

= sup JE(((W))°, (9°))
YeCo(Y)

= sup  J(¥*,9)
PeCOwe(Y)

where in the last line C%“<())) denotes the space of continuous functions on ) with modulus of
continuity < w,. Since for any constant C' € R, one has J%(¢ + C,¢p — C) = T*(¢, ), we may
impose without loss of generality that (¢ | u) = 0 in the optimization problem. In particular
takes both non-negative and non-positive values. Together with the fact that

m)&)txq,[) — m)%ni/} < wediam(Y)
we get [|Y]|co < wediam()). We deduce that
{p € CO(V) | (¥ | u) = 0}

is a compact subset of C%(Y). Since ¢ — J(1),1)) is continuous on this set, we conclude
thanks to Arzela-Ascoli’s theorem that the supremum in (4.7)) is attained. O

From Theorem and the uniqueness of the minimizer ~ in (4.1]), we also get the uniqueness

of the maximizer in (4.7) up to a constant: for any two maximizers (¢1, 1) and (¢2,12) of (4.7),
there exists a constant C' such that

$1=¢2+C p—ae, Y1 =Y —C p—ae.

4.2 The regularized Kantorovich functional
4.2.1 Definition of the regularized Kantorovich functional

To obtain quantitative stability results for more general costs than the quadratic cost in R,
it seems natural to seek for an extension of the arguments presented in Section Since they
rely primarily on the Kantorovich functional, let us first reconsider its definition (we replace X
by an open set U for reasons which will become clear only in Section :

K1) = /U dp

where ¢*(z) = sup,(v,y) — ¢ (y) is the Legendre transform of ). The reason why the scalar
product (z,y) appears in the definition of IC, is that the quadratic optimal transport problem
can be reformulated equivalently in terms of the cost (x,y) (see and the dual problem
(2.5)). But for a general cost c(x,y), the scalar product has to be replaced by ¢(x,y) in order
to generalize the Kantorovich duality theory presented in Section [2.1] This gives birth to the
so-called c-transform

V(@) = inf ela,y) = wly). (14

(Note that an inf replaces here the sup of the Legendre transform, this is due to the minus sign
in front of the scalar product in the identity |z —y|? = |2|? — 2(x,y) + |y|?). Therefore a natural
generalization of the Kantorovich functional could be

/U Wedp.
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However, this is not a good choice: actually, it is hopeless to try to prove its strong concavity
E| using the same tools as for the unregularized Kantorovich functional. To see why, we proceed
as in Lemma and compute the Hessian of this functional. Let ¢y = ¢ + tv for some
Yo,v € C°(Y). Then

(@) = ~oly(t,2))

where y(t,x) is the point (assumed in these formal computations to be unique) where y +—
c(x,y) — ¥ (y) reaches its infimum. Therefore, informally,

G [ vido == [ wlatt.ananta)

Taking a second derivative, we get

3 [ vido= - [ (%060 volute. ) (1.15)

Let us compute formally %y(t, x). For this we write

0= S Vaela, ylt,2)) — Viuly(t, )

= Vo Sl y(t,2) — SIVay(t, )

d d
= S (GO Vic(e,y(t @) = 3 (6 2) Vi (y(t,2)) - Voly(t,2))
where Vac(+, -) denotes the gradient in the second variable of the cost function ¢. When c(x,y) =
—(x,y) as in Section the first term vanishes and we get

St x) = ~(Vuly(t, ) Voly(t, 7).
Plugging into (4.15)) we recover the relation of Lemma However, for a general cost ¢, we
obtain an expression for % which involves V3c. This seems to destroy the strategy to prove the
strong convexity of the functional. In other words, the fact that the quadratic optimal transport
problem can be reformulated in terms of the linear cost (z,y) makes the computations quite
specific when computing the Hessian of the Kantorovich functional KC,.

To avoid these issues, one possible idea is to replace ¥¢ by the regularized c-transform

PO x — —clog (/yewy)—:@,y) d;z(y)) (4.16)

introduced in (4.8)) and consider the functional

/ ¢c,8dp.
U

Under the assumption that the support of i coincides with ), we have ¢)“* — ¢ pointwise as
€ — 0. This functional is almost perfect, but it depends on the measure u, since the definition
of ¢%* itself depends on p. This is an important issue: the arguments in the quadratic case
rely crucially on the fact that the definition of IC,(1)) does not depend on a target measure pu.

3and not convexity, signs are changed here since ¢ is defined as an infimum!

73



The argument 1 of the functional £, is “free”, and the target measures are only recovered a
posteriori as (V™) 4p.

Therefore, following an idea of Delalande, we finally introduce the regularized Kantorovich
functional

Ko@) = /U PO dp (4.17)

where, for some probability measure o on ),

(y)—c(z,y)
Yo7 —¢log (/ e da(y)) .
y

In other words, we just replace p by o in . Notice that K7 is concave, whereas K, was
convex. This is due to the fact that c-transforms are defined as an infimum, whereas the Legendre
transform is defined as a supremum. Of course this is just a sign convention, which seems to
be the most natural one. The only property that we need to impose on ¢ is that its support
coincides with Y; the existence of such ¢ for any ) is easily seen by picking a dense and countable
set in ) and constructing o as a sum of weighted Dirac deltas on this set.

4.2.2 Strong convexity of the regularized Kantorovich functional

Following the ideas introduced in Section we would like to prove that ICZ is strongly
concave, in order to deduce later some stability properties of Kantorovich potentials. To prove
strong concavity of K7, one could compute its second derivative and try to use the Brascamp-
Lieb inequality (what we did in the unregularized case, in Section or another functional
inequality. We give below the expression of this second derivative, but it is not clear from there
how to deduce strong concavity. Instead, we take inspiration from the proof of the Brascamp-
Lieb inequality (Theorem given in Section we will deduce the strong concavity of K3

from the concavity of the functional

75 () = lo( /U e dp)

This functional is an analog of
Z(y) = log</ eV dx)
U
which appears in Section

The following statement is given in a general Riemannian manifold M, since we will need
it at this level of generality in Section [£.4] For p-costs in Section [£.3] we only need the easier
Corollary below, stated in M = R¢.

Theorem 4.9 (Concavity ofIZ). Let U be a geodesically convex subset of a Riemannian manifold
M, whose Ricci tensor is denoted by Ric. Let also Y be a compact set, and c: M xY — R. We
assume that there exists A € R and V € C?(U) such that:

o The cost is semi-concave: for all y € YV, all xg, x1 € U, and any minimizing geodesic
(Tt)efo,1) connecting xo to x1, one has

/\(1 — t)tdist(xg, x1)2

c(xe,y) = (1= t)e(zo, y) + te(w1,y) — 5 (4.18)
o The co-Bakry—Emery tensor is lower bounded by A on U:
D?V 4 Ric > A\ (4.19)
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Let pV be the probability measure on U

1
dp¥ = 7 exp(—V')dvol

where Z = fU exp(—V)dvol is a normalizing constant. Then the functional I;V 1§ concave.

Proof of Theorem[{.9 in a simple case. We consider the simpler case where U C RE, X\ =0,
V =0 and x > c(z,y) is concave for any y € Y. For 19,11 € C%(Y), and vy = (1 — t)3o + ¢y,
we have

c(xe,y) — Yie(y) = (1 —t)(c(zo,y) — o(y)) + t(c(w1,y) — P1(y))

where z; = (1—t)xo+tx1. Dividing the above inequality by —e, exponentiating, integrating over
Y against do, and finally using the convexity of the function v € C%(Y) + log( fy e'Wdo(y))
we obtain

U (@) = (1= )95 (o) + ty™ (21).-

Exponentiating and using the Prékopa-Leindler inequality (Theorem we conclude that

1—t t
/U PO @0 (1) > ( /U ew;*ﬁ*(’(z)dpo(x)) < /U ew?e’”mdpo(az)) , (4.20)

which shows the concavity of I;O. O
Instead of proving Theorem we have in fact proved the following particular case:
Corollary 4.10. If z + c(x,y) on R? is concave for any y € Y, then I;O 8 concave.

To prove Theorem [4.9|in full generality (we will not do it! see [64]), one would need to apply
the following weighted Prékopa-Leindler inequality, due to Cordero, McCann and Schmucken-
schldger in 2006 [36]:

Theorem 4.11 (Weighted Prékopa-Leindler inequality). Let m = e~V dvol be a measure on a
geodesically convex subset U of a Riemannian manifold M where

D2V + Ric > A (4.21)

for some A € R. Denote by dist the Riemannian distance. Let s € [0,1] and f,g,h: U — R be
such that for any z,y € U and

z € Zs(x,y) :={z € U | dist(z, z) = sdist(z,y) and dist(z,y) = (1 — s)dist(z,y)}

there holds
h(Z) > 6_>\S(1_S)di8t2(w’y)/Qfl_s(.’E)gs(y)_

Then [, hdm > ([, fdm)lfs (fy gdm)”.

Let us turn to the consequences of Theorem Since some computations are heavy and
could obscure the key ideas, we will only give the final expressions; detailed computations may
be found in [64]. Let us first introduce some notation for quantities which will naturally appear
when we compute the derivatives of K7 and Z7. To each potential ¢ € CY(Y) and any point
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x € U, we associate a probability density aZ[¢)] (with respect to o) and the corresponding
probability measure pZ[¢)] on Y:
e_C(x’y)fw(y)
o ¢ F——

fye

Similarly, given 1) € C%()), we consider the Gibbs density associated to % denoted by p.[v],
and the associated Gibbs measure p.[¢], i.e.

do(z)

A A 557 (@)
pelt] == pe[wldp,  pe[Y](x) = [, et 57 Edp(z)
U

Finally, in the sequel we shall sometimes use the notation E,(v) = [wvda for a measure a and
a function v. This notation is of course redundant with the notation (v | @) which we use most
of the time, but the interpretation in terms of expectation is sometimes insightful (especially
because we shall use the total variance law at some point).

To leverage the concavity of I;V, we compute its second derivative in direction v € C°(Y):

1
(D*T5 (), v) = Varap, (y) (B (v) — ~Eonp. ) (Var ey (v). (4.22)

The regularized Kantorovich functional K¢ is twice differentiable at any ¢ € C°(). We identify
VIS (¢) to a measure, given by

Vo e CUY), (v| VKL (%)) = - /U<v | ne[yhdp(z). (4.23)

and this is also equal, with the above notation, to —E;~,(E, z[y)(v)). The second derivative is
given by

1
<D21Cf)(¢)v,v> = —E/UVarug[w] (v)dp(x) (4.24)
and this can also be written —%EmNP(Varug[w] (v)). We notice a strong resemblance between

(4.24) and the second term in (4.22)), which we can leverage to prove a strong concavity estimate
for K¢:
p

1
—<D2ICZ(¢)U,U> = gEpr(Varﬂg[w](v))

C71
> —Bavp ) (Varep(v)) () (4.25)

> Cy ' Var,. .y (Euz(p)(v)) (since <D2I;(zp)v, v) <0)
= Co_zva‘rﬂCNP(E#? 1 (v))- (%)

The two lines denoted by (x) are obtained by noticing that Cy'p < p.[1)] < Cop for some
constant C independent of € and v, due to Lemma 4.8 Following the same arguments which

led to (2.28]), we obtain:

Theorem 4.12 (Strong concavity of K7). Under the same assumptions as in Theorem there
holds

Var v (777 = ¢g=7) < Cg (v — o | Vv (¢0) — Vv (1))
where VIC;V is given by the formula and (- | -) denotes the duality between continuous
functions and Radon measures, as introduced in .
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Proof of Theorem[{-18. We set 1, = 19 +t(1)1 —1hy) and v = by —1bg. The identity L1y (z) =
—(v | pZ[¢]) and the above inequality yield

1
c,e,0 Cc,e,0 d C,e,0
Var v (757 —pg=7) = Varpv< T ;" dt)
0

1
d
< q ceo
/0 Varpx/(dt . )dt
1
_ /0 Var, v (B (v)dt

1
<-c? /0 (D2, (1), v}t
= Cg <1l)1 — 1/10 | V’CZV (1/)0) - VIC;V (@Zjl»

which the sought inequality. O

In the next two sections, we explain how to leverage this strong concavity of the regularized
Kantorovich functional K to establish quantitative stability estimates for the (unregularized)
optimal transport problem, with more general costs than the quadratic cost which has been our
focus until here. Indeed, the quadratic cost c¢(z,y) = |z — y|? in Euclidean spaces is not the
only cost of interest in the theory and in applications of optimal transport: in Section [£.3] we
consider p-costs c(z,y) = |z — y|? in R?, for p > 1; and in Section the squared distance cost
in Riemannian manifolds.

4.3 Quantitative stability for p-costs in Euclidean spaces

Monge’s initial problem was formulated in his memoir [80] for the distance cost |x — y| in
R?. However, uniqueness of the optimal transport map fails for this cost, as may be easily seen
on R:

On the above picture, if p is supported between A and B, and p is supported between C and
D, then all maps transporting p to u have the same cost, and uniqueness thus fails. Intuitively,
one may understand it as follows. Let z be a point between B and C, which is fixed arbitrarily
(for instance, the midpoint of the segment [BC]). Let T be a map such that Typ = p. If 2 is in
the support of p, and T'(x) denotes its image in the support of u, we may decompose the path
from z to T'(z) into a path from x to z, followed by a path from z to T'(x). Therefore

/\x— 2)ldplz /rx—z|dp /\z— 2)ldp(z /rx—z\dp /\Z—y!du

We see that this quantity does not depend on T, and is thus the same for any transport map 7T’
from p to pu.

To recover existence and uniqueness (a Brenier type theorem) one may prefer to look at the
family of costs c(x,y) = h(x —y) where h : RY — [0, 4+-00) is a strictly convex function.

Theorem 4.13 (Optimal transport map for strictly convex cost). Let p, u € P(R?) with compact
support, and let the cost be c(x,y) = h(z —y) with h : RY — [0, +00) strictly convex. Then the
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Kantorovich problem (1.2|) has a unique solution 7y, and this solution is induced by a Borel map
T : R4 = R? such that v = (Id, T) 4p, and solution to the Monge problem

inf / h(x — S(z))dp(z).
SRR JRd
Syp=p

We have also

T(zx) =z — (0h) " (Vo(x)) for p-a.e. x, (4.26)

for some c-concave ¢, meaning that ¢ is the c-transform of some ¥ : R — R U {400} :

¢(z) = inf c(z,y) —Y(y), (4.27)

yERL
and 1 is itself the c-transform of ¢.

The fact that h is strictly convex is crucial: it ensures that the inverse of the subdifferential
Oh is univalued. One may guarantee that ¢, called a Kantorovich potential (for the cost ¢),
is Lipschitz on the support of p, thus differentiable p-almost everywhere. For given p, u, it is
also unique up to constants as soon as p has a connected support. When p is fixed, as in the
quadratic case, we will simply denote by ¢, the unique Kantorovich potential from p to u that
satisfies [, ¢pdp = 0.

The above statement applies in particular to the p-cost ¢(x,y) = %|x —y[P for p > 1, in which
case

T(x) =z — (Vo(x)) /1)

(x ’a—l

for p-almost every =, where we use the notation v ) = |v v. For p = 2, we recover Brenier’s
theorem: the potentials ¢ and 1 solutions to the Kantorovich problem are related to the
the c-concave functions ¢ and ¢ in Theorem by ¢ = 1| -|>—¢ and ¢ = 3| - |> — 4. The
reason why the formula is natural is that if x is a minimum in the c-transform relation
Y(y) = inf cpac(z,y) — ¢(z), then Vye(z,y) = Vo(z), ie., Vh(z —y) = Vo(z), which gives
(14.26]).

Theorem 4.14 (Stability of Kantorovich potentials for C? costs). Let p be a log-concave prob-
ability measure with bounded convex support X C R%, and let Y C R? be compact. Let also
c: X x)Y — [0,+00) be a C? cost function. Then there exists C < +oo such that for any
wv e P,

6 = dull 2oy < OWa(p, 1) (4.28)

where ¢, and ¢, are the (unique zero-mean) Kantorovich potentials associated to the optimal
transport problem with cost ¢, from p to u and p to v respectively.

The above theorem, due to Mischler and Trevisan [81], applies in particular to p-costs
c(z,y) = %|x —ylP, p > 2. When p € (1,2], a similar stability estimate as holds, but with
a worse exponent. Also, for any p > 1, the optimal transport maps enjoy quantitative stability
estimates too, but we shall not discuss this here. Notice that p is only assumed log-concave, and
thus it is not necessarily bounded below on X. Also, it could be generalized to non-convex X
using gluing methods, but we shall not pursue this here.

Let us sketch some proof ideas for Theorem The cost ¢ being C? on the bounded set
X x ), there exists A > 0 such that the semi-concavity estimate holds: indeed, for v > 0
large enough, the cost

ay) = cla.y) - Jal’ (4.29)
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is concave in its first variable uniformly in y € Y. Now we notice that this shift of the cost
results in a shift of K7 of 3 fU |z|2dp, which is a quantity independent of 1. Applying Theorem
with A = 0, ¢ which is concave, V' = 0, (in order to satisfy (4.19)), since Ric = 0), we get
that there exists Cy > 0 such that for any g, v1 € CO(Y),

Var, (Y77 —pg™7) < Co(thr — o | pe[t1] — pe[to])

where (v | pc[y]) = f X<U | pZ[])dp(x). Sending € to 0 and applying the above inequality to
Yo = 1, and 1 = 1), we collect

Var,(y, — ¥5,) < Co(tby — ¥y | v — 1)

since one can prove that pc[,] — pu as e — 0, and similarly p.[1,] — v. The left-hand side is
equal to ||¢, — qﬁl,HQLQ(p), and the right-hand side is upper bounded by CWj(u, v) thanks to the
Kantorovich-Rubinstein formula and Lemma [2.6] which concludes the proof of Theorem [4.14]

4.4 Quantitative stability in Riemannian manifolds

It seems natural to investigate the stability of optimal transport maps (and potentials) also
on Riemannian manifolds. Indeed, the extension of optimal transportation theory to probability
densities on general Riemannian manifolds, rather than only on Euclidean spaces, is interesting
both for theory and applications. On the theoretical side, there are many links between optimal
transport and Riemannian geometry, plenty of which are presented in the book [106]. On the
side of applications, it often happens that data distributions are supported on Riemannian
manifolds, for instance in medical imaging, where Riemannian optimal transport is used to
match 3D anatomical structures, among many other applications.

The analogue of Brenier’s theorem in the Riemannian context was proved by McCann in
[78]:

Theorem 4.15 (McCann’s Riemannian theorem). Let M be a connected, complete, smooth
Riemannian manifold. Let p, u be probability measures on M with compact support, and let
the cost function c(x,y) be equal to %dist(:n,y)z, where dist is the Riemannian distance on M.
Further, assume that p is absolutely continuous with respect to the volume measure on M. Then
there is a p-a.e. unique solution of the Monge problem between p and p, and it can be
written as

T(x) = exp, (~Vo(z)) (4.30)
where ¢ = )¢ is the c-transform, in the sense of (4.27)), of some ¢ : M — R U {£oo}. Here,

V is the Riemannian gradient and exp, denotes the exponential map with footpoint x: in other
words, T(x) is the endpoint (at time 1) of the geodesic issued from x, with initial tangent vector
—Vo(x) in the tangent space T, M.

In a recent work with Jun Kitagawa and Quentin Mérigot [64], we proved quantitative
stability estimates for optimal transport maps and Kantorovich potentials when the cost is the
squared distance ¢(z,y) = 1dist(z,y)? in a Riemannian manifold. These estimates are similar
to those obtained in the previous chapters in the Euclidean setting (recall that John domains
in general metric spaces were introduced in Definition [1.11]):

Theorem 4.16 (Quantitative stability in Riemannian manifolds). Let M be a smooth and con-
nected d-dimensional Riemannian manifold, endowed with the quadratic cost ¢(x,y) = dist(z,y)?
where dist denotes the Riemannian distance. Let X C M be a John domain and Y C M be
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compact, and let p be a probability measure absolutely continuous with respect to the Rieman-
nian volume on X, with density bounded from above and below by positive constants. Then there
exists C' > 0 such that for any p,v € P(Y),

[6n = dullre(p) < CWiln, v)!/? (4.31)

where ¢, denotes the (unique zero-mean) Kantorovich potential from p to p, and similarly ¢,
denotes the unique Kantorovich potential from p to v. Moreover, if the boundary 0X of X has
finite (d — 1)-dimensional Hausdorff measure, then

1

</M dist (T, (), T,,(;U))2dp(:v)> § < CWi(p, )"/ (4.32)

where T}, and T,, are the optimal transport maps from p to p and p to v respectively.

We focus here on explaining in broad lines the stability of Kantorovich potentials (4.31]).
We shall not discuss at all the stability of optimal transport maps (4.32]), which follows from
the stability of Kantorovich potentials using integral-geometric techniques generalizing those of

Section For a detailed proof of Theorem we refer to [64].

Proof of (4.31). The proof of (4.31]) consists in applying Theorem in small balls, before
operating a gluing argument. The squared Riemannian distance cost is indeed semiconcave (but

not concave!) in small balls, as we explain below. We proceed in four steps.

Step 1: Variance inequality in small balls. For the first step of the proof we work in a small
enough ball. Let z¢p € X, and consider B(xo,r) C M such that 2r is smaller than the injectivity
radius at xg, in particular any two points in B(xg,r) are joined by a unique geodesic. It follows
for instance from results by Ohta [86, Lemma 3.3] that there exists A > 0 such that for any
xo, 21,y € B(zg,r), and for any ¢ € [0, 1],

dist?(z¢,y) > (1 — t)dist?(xo, y) + tdist?(x1, y) — M(1 — t)dist?(xg, 1) (4.33)

where (:1:3)86[0,1] denotes the unique geodesic from xy to x1, traveled at speed 1. This is a
semiconcavity estimate for z — dist?(z, y).

Besides, in B(zg,r), the potential Vy : 2 — dist(x, z0)? is also strongly convex. Since the
Ricei curvature in the compact set B(xg, ) is bounded below,

D?V + Ric > \

for V(z) = Kdist(z,70)? with K chosen large enough. Therefore we may apply Theorem
in U = B(x,r) and obtain a variance inequality

Var v (0757 — 95=7) < Co(vhr — o | p [11] — pd [o]) (4.34)

where
v exp(_v)lB(acg,r)

- fB(xM) exp(—V)dvol

Step 2: Uniformity. The previous arguments were accomplished in a sufficiently small ball,
and a priori the size r of the ball, the positive number K and the constant Cy depend on the
point zg. But due to the boundedness of X, it is actually possible to take all these parameters
uniform (i.e., independent) in xg.

dvol, (v |pl[]) = /X (v | iZ[¥])dp" (2).
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Step 3: Gluing argument. To obtain a global variance inequality, we use the same gluing
arguments as in Section |3} we cover the set X by a finite number of balls in which the previous
steps may be applied, and then we use a gluing inequality of the form (3.3). We get

Var, (V757 = ¢5=7) < Co(vr — o | pelth1] — pevo])

where (v | pe[t)]) = [ (v | pZ[¥])dp(x) (actually, we skip here a short argument allowing to
replace p¥ by p).

Step 4: Conclusion. Sending € to 0 and applying the above inequality to vy = 1, and
Y1 = 1, we collect

Var, (v, — y) < Co(ty — Y | v —p)

since one can prove that p.[1,] — pase — 0, and similarly p.[+),] — v. Finally, we observe that
the right-hand side is equal to [[¢, — ¢y (|22 ) and that the right-hand side is upper bounded by

CW1(u, v) thanks to the Kantorovich-Rubinstein duality formula, which concludes the proof. [

Open question 4.17. The proof sketched above does not rely on the differentiable structure of
Riemannian manifolds. Therefore, it would be natural to generalize it to more general metric
measure spaces where the Prékopa-Leindler inequality is known to hold. We believe it would be
particularly interesting to develop a theory of stability of optimal transport for two categories of
metric measure spaces: the curvature-dimension spaces CD(K,N) introduced by Sturm [102] and
Lott-Villani [T])] to develop a synthetic theory of Ricci curvature; and sub-Riemannian manifolds,
for which optimal transport has been studied for instance in [50] and [8].

Open question 4.18. Does quantitative stability of Kantorovich potentials and optimal trans-
port maps for the squared distance cost hold when the source measure is p = e~V dvol on a
non-compact Riemannian manifold satisfying the Bakry-Emery condition D*V + Ric > 072 This
would be a natural generalization of Theorem [1.10,

4.5 Bibliographical notes

This section is mostly taken from the lecture notes by Mérigot at the Institut Henri
Poincaré, available on his webpage. Other introductions to entropic optimal transport may
be found in the lecture notes by Nutz [85] and in the book chapters [89, Chapter 4] and [32,
Chapter 3|. Entropic optimal transport is related to a minimal entropy problem considered
by Schrodinger in 1931 (see the survey [70]). It has attracted a lot of interest since Cuturi’s
groundbreaking work [38] which showed how to solve it “at lightspeed” using the Sinkhorn
algorithm. See Section for more references.

The regularized Kantorovich functional was introduced by Delalande in [41] and his
PhD thesis [40] for the quadratic cost. It was then noticed in [81], [33] and [64] that it could be
generalized to any semi-concave cost.

§4.3t Theorem about the existence of an optimal transport for p-costs, p > 1, can be
found in |2, Theorem 6.2.4]. The results of Mischler and Trevisan [81] are more general than
Theorem [£.14} their statements cover the whole range of p-costs, p > 1, and hold for optimal
transport maps (not only Kantorovich potentials).

McCann’s Theoremm proved in [78], was the first general optimal transport theorem
on a Riemannian manifold. This result is an important ingredient in [35] and [36], which develop
a Riemannian version of classical interpolation inequalities such as the Prékopa-Leindler and
the Borell-Brascamp-Lieb inequality. Theorem is proved in [36], which deals with weighted
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Riemannian manifolds. Regarding optimal transport stability, an extension of Gigli’s result
(Theorem to Riemannian manifolds was proved in [3, Section 3]. Riemannian optimal
transport has also found nice applications, see for instance [I0I] and the works of Jean Feydy,
Alain Trouvé, Francois-Xavier Vialard, and many others.
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5 Further applications

In this last chapter, we review several applications of optimal transport stability bounds.
One of the most important applications is to the statistical estimation of optimal transport
maps, detailed in Section [5.1] We then discuss in Section [5.2] an application of the methods
developed in Chapters [2| and [3| to the stability of Wasserstein barycenters, which define in a
natural way weighted averages of probability measures, and are broadly used in applications.
A final key application concerns the convergence of the Sinkhorn algorithm. This algorithm
was invented by Richard Sinkhorn in 1964 to show that a positive matrix, iteratively scaled by
normalizing rows and columns alternately, becomes doubly stochastic. It was discovered in 2013
by Marco Cuturi that the Sinkhorn algorithm could actually be used to solve “at lightspeed”
the entropic optimal transport problem. This observation has led to tremendous progress in the
field of computational optimal transport. We show in Section the exponential convergence
of Sinkhorn’s algorithm in the continuous setting, and we highlight the deep connections with
the quantitative stability of entropic optimal transport. We conclude this chapter with some
perspectives and open problems for future research.

5.1 Statistical optimal transport

Stability of optimal transport has been used as a fundamental tool in statistical optimal
transport. In this field, a key question is to estimate objects which arise from the optimal
transport framework when the two measures are unknown but we have access to (sometimes
random) samples of them. In the sequel, we focus on the following question: given samples
Xi,..., Xy ~pand Yq,...,Y, ~ u, how can we estimate the optimal transport map 7' from
p to u via an estimator T constructed on the basis of the samples? A possible measure of
performance is the squared error

/ () - T(x)Pdp(a).
X

The primary goal is to design estimators that come with strong theoretical statistical guaran-
tees—that is, they achieve a specified level of accuracy with high probability—regardless of their
computational cost. This will be our main focus here. A secondary goal, which has also been
explored in the literature, is to develop estimators that are not only theoretically sound but also
computationally efficient.

Although many types of estimators have been used in the literature, we shall focus here
on two of them, among the most important ones: plug-in estimators and semi-dual estimators.
Both are defined below. These estimators are the only ones known to be minimax optimal over
typical classes of source measures and of smooth optimal transport maps: this means that given
a class M of “nice” source measures p and a class C of smooth optimal transport maps, they
minimize the quantity
sup B [ [T(@) = T(@)Pdp(a)

pEM
TeC

where the expectation is taken with respect to the data X1,..., X, ~pand Y,...,Y,, ~ Tkp.

Despite many advances in this field, some important open questions remain unsolved. One of
them pertains to the assumptions that are made on the optimal transport map to be estimated:
in almost all works on the topic, it is assumed that the optimal transport map is at least
Lipschitz (or bi-Lipschitz, meaning that the inverse map is well-defined and also Lipschitz) to
obtain good statistical guarantees. The tools presented in these notes allow to derive statistical
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non-guarantees for the estimation of non-smooth optimal transport maps, but they are not
optimal, see Remark below.

5.1.1 Plug-in estimators

We start our presentation with plug-in estimators. Their principle is particularly simple:
they are defined as optimal transport maps (or optimal couplings) between measures derived
from the observations, appropriately extended so that they define functions on R¢. They are of
different types.

Perhaps the most natural plug-in estimators are the empirical estimators. For simplicity,
assume that the number of observations X1, ..., X, of the source measure is equal to the number
of observations Y7, ...,Y,, of the target measure, i.e., m = n. Let p, = %2?21 Ox, and p, =
% > i, dy;, and consider the discrete optimal transport problem

min /x —y)*dy(z,y). (5.1)
YEIL(pn,pin)

In favorable cases, there is a unique solution to , induced by a transport map T;,. It may be
computed thanks to the Hungarian algorithm or Bertsekas’ auction algorithm. But in any case,
a solution to is only defined on the samples X1,...,X,. To extend it to the whole source
space X, different possibility have been considered, notably the 1-nearest neighbor extension:
f(:r) is defined as T},(X;), where X; is the closest sample point to x.

Smooth estimators are another category of plug-in estimators. They are also based on
approximations p, and pu,, of p and u, but this time they are constructed in a way that they are
smooth. Such approximations may be constructed using wavelets, kernels, or simply the optimal
transport map from p, to uy,, if it exists and it is smooth. Contrarily to empirical estimators,
smooth estimators may become more accurate when p and p are assumed more regular.

Theoretical guarantees on plug-in estimators are based on quantitative stability bounds.
These bounds require strong assumptions on the optimal transport maps, often verified using
the Caffarelli regularity theory of optimal transport. We give one example of such bounds, due
to Manole and Balakrishnan [6].

Theorem 5.1 (Quantitative stability of maps under regularity assumptions). Let p € Po(X)
with X C R% and p is absolutely continuous. Assume that the Kantorovich potential ¢g : X — R
from p to p € Po(R?) is a-strongly convex (D>¢o > ald) and B-smooth (D*¢g < BId) for some
a, 8> 0. Let Ty = Vo. For any p, i, let 5 denote an optimal coupling of p and ji. Then

1 . 1 ~ ~ ~ ~

5Ly To(@) Ay (. y) < ~WE (i, 1) + BW3 (P, p) + 2Wa(p, p)Wa (i, ).

X
In the so-called 1-sample setting where the absolutely continuous measure p € Po(X) is

known, there is an optimal map T between p and 1, and Theorem |5.1| implies:

Theorem 5.2. Under the same assumptions as Theorem let T denote the optimal transport
map from p to i, and Ty denote the optimal transport map from p to p. Then

5 [ 7@ - T@)lap < ZWh G .
It is worth comparing Theorem [5.2]to Theorem Theorem [5.2] needs stronger assumptions

(bi-Lipschitzness of the optimal transport map instead of Lipschitzness) but yields a W3 bound,
whereas Theorem [1.9] would only yield W5 if applying the inequality Wy < Wh.
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If p and/or [ are obtained by taking n i.i.d. samples from p and p respectively, the bounds
in terms of Wasserstein distances in Theorem and Theorem may be turned into bounds
in expectation, e.g., an upper bound on E(||T — TOH%2 (p)) in Theorem E thanks to classical
estimates (see [51]) such as

n=1/2 ifd <3
E(W3 (i, 1)) < C{ n~Y2log(n) ifd=4 (5.2)
n~2/d if d > 5.

valid for any compactly supported p.
We now prove Theorem (but not the stronger Theorem [5.1], which requires additional
ideas). The proof is quite close to the proof of Theorem in Section

Proof of Theorem[5.9 We consider the dual functional

&d@zﬁ¢@+é&&l

It will be convenient to write this proof with expectations instead of integrals, and more generally
with a probabilistic perspective instead of the more analytic viewpoint of Section Let 7
denote an optimal coupling of p and f, and let (X,Y) ~ 7. We have

~

Spa(00) = S,p7(9) = E(o(X) + 65(Y) — 6(X) — (V).

There holds &ﬁ\(X ) + &5\*(Y) = (X,Y), 7-almost surely. Also, the equality case in the Fenchel-
Young inequality yields ¢o(X) = (X, To(X)) — ¢5(To(X)) (recall that Ty = Vy). Hence,

~

Spi(d0) = Sp (@) = E[pg(Y) — dp(To(X)) — (X, Y = To(X))].

Given any random variable Z with law ji, we can equivalently write

-~

Spii(#0) = Spa(d) = El¢p(2) — ¢p(To(X)) — (X, Z — To(X))] - E(X, Y — Z).

Since (X,Y") is an optimal coupling between p and g, E(X,Y) > E(X, Z), and we obtain

~

Spi(@0) = Spa(d) < E[¢o(2) — ¢o(To(X)) — (X, Z — To(X))].

The X in the scalar product can be replaced by V¢§(To(X)), since Vo§(To(X)) = X almost
surely. Moreover, ¢ is 1/a-smooth according to Lemma hence

Spildo) ~ S,(P) < —ENZ ~ To(X)I3 (53)

This holds for any random variable Z ~ . We choose Z in a way that the right-hand side
is minimal: since Ty(X) ~ p, we pick Z so that (Tp(X), Z) is an optimal coupling between p
and . The right-hand side of (5.3) is equal to $W22 (1, 12) in this case, which concludes the
proof. O

Remark 5.3. Let us observe that the results presented in the first chapters may be used to
derive statistical guarantees on plug-in estimators without assuming that the optimal transport
map is Lipschitz. We only need to make the same assumptions as, for instance, in Theorem
namely that p is supported on a John domain (e.g., a compact connected set with Lipschitz
boundary), has a positive density on this set, and that p is compactly supported. In this case,
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applying Theorem[1.19 to v = [i obtained as the empirical distribution of n i.i.d. samples of p,
we get N
E(| T = T17 () S E(Walu, )'/?) S n=/34 (5-4)

(for the last inequality we assumed d > 5 and used (5.2)) ). Notice that this bound does not reach
the minimax optimal rate discussed below around Theorem [5.5

Open question 5.4. It would be very interesting to develop statistical tools estimating optimal
transport maps with minimazx optimal rates, without assuming (as much) reqularity of the optimal
transport map.

Not assuming any regularity of the optimal transport map, we may expect different minimax
rates of convergence than those for regular optimal transport maps written in Theorem
One reason for this is that optimal transport map estimation is deeply related to the density
estimation problem in Wasserstein distance. Indeed, to estimate a transport map with a plug-
in estimator we need to estimate the target density, as in . And for the latter density
estimation problem, the work [84] shows that for X = [0, 1], the class of densities bounded
from below, which corresponds to regular optimal transport maps since Caffarelli’s regularity
theory applies to such target measures on [0, 1], is strictly easier to estimate than the class of
all densities, for which the optimal transport map is not regular in general.

5.1.2 Semi-dual estimators

We turn to a second type of estimators, the so-called semi-dual estimators. They are based
on the semidual formulation of optimal transport ¢y € argmingecco(x) Sp,u where recall that

Soutd) = [ oo+ /y ¢ dp (5.5)

This semi-dual formulation is trivially equivalent to (2.9). For

1 @ 1 —
pn:n;(sxia Mm:m;(;yj

consider

6 e argmin/ ¢ dpp, +/ o dpm (5.6)
peF Jx hY

where F is some class of differentiable functions, possibly depending on n,m. The semi-dual

estimator of the optimal transport map is defined as T' = V¢. We will focus in the rest of this

section the following important result due to Hiitter and Rigollet [59] whose proof heavily relies

on stability estimates:

Theorem 5.5 (Minimax estimation of smooth optimal transport maps, informal statement).
If the optimal transport map Ty = Vg is bi-Lipschitz and C* for some o > 1 (possibly not
an integer),jhen for an appropriate choice of the family F (depending on «), the semidual
estimator V¢ achieves for m = n the rate

o~ _ 2« 1
E|[Ve — Voo, S n” 227 (logn)® v —. (5.7)

This rate is off the minimaz optimal rate only by the factor (logn)?.
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The rate suffers from the curse of dimensionality: for s fixed, the exponent is equivalent
to —2/d as d — 4o00. The choice of the family F appearing in and in Theorem is of
paramount importance. Since the Kantorovich potential ¢q is assumed to be quite regular, it is
natural to take for F some L? basis where regularity may be read in the decay of the coefficients,
e.g., a wavelet basis. Actually, the basis is often truncated at a certain threshold, depending on
n, m and on the parameter « controlling the regularity of ¢g, in order to reduce the variance of
the estimator. This truncation introduces a small bias, and statisticians choose the tuncation
threshold to minimize the sum of the variance and the bias (this is an example of a bias-variance
tradeoff). Other choices of F exist, depending on the problem under consideration. For instance,
if p and p are Gaussian the optimal transport is known to be linear. In this case, a clever choice
for F is the set of convex quadratic maps, so that the estimated transport map becomes linear.

The above definition fits exactly into the framework of empirical risk minimization
(ERM). In ERM, to approximate the solution to an optimization problem where the function to
be optimized (the “true risk”) is unknown, one solves an optimization problem over an empirical
risk, computed with a known set of training data. The analysis of these estimators is related to
the theory of M-estimators (estimation of a maximum). R R

To study the theoretical guarantees associated to the estimator V¢ with ¢ given by , a
fundamental role is played by the behavior of the semi-dual functional S, ,, near the solution ¢q
of . Under the assumption that Ty is bi-Lipschitz, it is possible to prove the existence of
Cy,C5 > 0 (which depend on the Lipschitz constants of Tj) such that

C1l|V) — Voull2a(,) < Spu(6) — Spu(dn) < Cal| Vo — Vo2, (5.8)

for any differentiable ¢. The demonstration of ([5.8)) is based on the same ingredients as the
proofs of Theorem [1.9 and Theorem therefore we do not detail it here. Combining (5.8))
with the optimality of ¢ for S, ,,., we get

C1lIVE = Voull7z () < Sps(D) = Spogin (9) = (Spu(90) = Sprm (0)).

Since ¢g and QAS are regular, it is possible to upper bound the right-hand side (in expectation)
using empirical process theory, and this allows to conclude that E||V$ — V|3, (p) 18 small.

5.2 Stability of Wasserstein barycenters

Another important application of the methods presented in these notes is to the stability
of Wasserstein barycenters. These objects are defined as means, in the Wasserstein space, of
probability measures. If & is a Polish space, p1,...,pr are k probability measures on X, and
D1, ---,Pr > 0 verify p1 + ...+ pr = 1, a Wasserstein barycenter is a “weighted average” of the
pj, with weights p;. Precisely, it is a probability measure p on X that minimizes the quantity

k

1

LS bRy,
j=1

When k = 2, one recovers the notion of interpolation between two measures in the Wasserstein
space, first studied by McCann. More generally, one may consider averages of an infinite number
of probability measures on X, with weights given by a probability measure P on the set of
probability measures on X: for P € P(P2(X)), a Wasserstein barycenter is a minimizer pp of
the functional

1
Feip g W3 (p, w)dP(p). (5.9)
P(X)
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This definition of a barycenter as a solution to a variational problem involving the squared
distance can be extended to any metric space, replacing the Wasserstein distance by the distance
on the space. Wasserstein barycenters have found applications in shape interpolation [101],
texture synthesis and mixing [94], color harmonization [15], etc.

Wasserstein barycenters exist and are unique under mild assumptions. We provide here an
existence and uniqueness statement in a simple framework, to avoid unnecessary complications:

Theorem 5.6 (Existence and uniqueness of Wasserstein barycenters). Let X' be a compact
subset of a connected d-dimensional Riemannian manifold, and let P be a probability measure
on P(X). Then, the set of Wasserstein barycenters (i.e., minimizers of ) s non-empty.
Moreover, if P(Py.. (X)) > 0 where Py (X) denotes the set of probability measures on X abso-
lutely continuous with respect to the Riemannian volume, then there exists a unique Wasserstein
barycenter.

To be perfectly rigorous, we should justify that the set Py (X) C P(X) is measurable
with respect to the weak-* topology. Since we do not want to obscure the discussion, we will
only refer the reader to [63, Section 2.2]. Let us also mention that without the assumption
P(P,.c.(X)) > 0, Wasserstein barycenters are not necessarily unique: for instance, if X = S?
and N, S denote antipodal points on X, then P = %(551\, + d5,) has multiple barycenters: any
measure supported on the equator associated to N and S is a Wasserstein barycenter for P.

Proof of Theorem[5.0. Since X is compact, the set P(X) is compact by Prokhorov’s theorem.
Besides, the mapping p — W3 (p, p) is Lipschitz, uniformly over p € P(X), hence Fp is Lipschitz.
It follows that it admits a minimizer, which proves the first part of the statement.

We next show that Fp is a convex function with respect to linear interpolation of measures.
Let o, u1, p € P(X). We consider the optimal transport plans 7o from p to pg, and 7; from p to
p1. We set pg = (1 —s)po + spy and 5 = (1 — s)yo + sy1. The transport plan -y, has marginals
p and ps, hence, denoting by dist the Riemannian distance,

W2(p. 1s) < /X dist(z. )74 .1)
X

=(1-ys) /X . dist(x, y)?dvyo(z,y) + s /X . dist(z, y)?dvy1 (z,y) (5.10)
= (1 - S)Wg(pa /’LO) + 8W22(p7 /’Ll)

which shows the convexity of u +— W23 (p, 1), and consequently the convexity of Fp, with respect
to linear interpolation.

Let us show that the convexity of Fp is strict if P(Pg.. (X)) > 0. The uniqueness statement
follows immediately. We first prove that for p € P, (&), the application u — W2(p, ) is
strictly convex. Assume W2(p, us) = (1 — 8)W2(p, o) + sWi(p, 1) for some s € (0,1). Then,
~s has to be the unique optimal transport plan from p to us, according to the above inequality.
By McCann’s theorem (Theorem {4.15)), v = (Id, Fi)4p where F denotes the optimal transport
map from p to ps. In particular, v, is supported on the graph of Fs. But we also have

¥s = (1 = s)(Id, Fo)gp + s(Id, Fi)gp

which means that 7, has mass on the graphs of both Fy and Fj. This is possible only if

Fy = F1 = F; p-almost everywhere, which in turn implies pg = p1. We conclude that p +—
WZ2(p,u) is strictly convex when p is absolutely continuous. Therefore Fp is strictly convex
when P(P,...(X)) > 0, which concludes the proof. O
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Practitioners often do not have access exactly to P and to the measures p € P(X) in the
support of P, but nevertheless they would like to compute an approximate barycenter, as close
as possible to the “true” barycenter. In other words, they would like to know if Wasserstein
barycenters are stable with respect to perturbations of P.

Like for stability of optimal transport maps, it is possible to show the qualitative stability
(also called “consistency”) of Wasserstein barycenters using weak compactness arguments. For
p > 1, we consider the Wasserstein distances on P(P (X))

W0 = min [ Walp, 5)d(p. 7). (5.11)
YEl(P,Q) JP(x)xP(X)

If P € P(P(X)) is the limit of some sequence P,, € P(P(X)), then any limit of Wasserstein

barycenters for P, as n — 400 is a Wasserstein barycenter for P. A precise statement is the

following:

Theorem 5.7 (Qualitative stability of Wasserstein barycenters). Let X' be a compact subset
of a connected d-dimensional Riemannian manifold. Let (Pj);>1 C P(P(X)) be a sequence of
probability measures on P(X) and let p; be a barycenter of P;, for all j € N. Assume that
Wi (P;,P) = 0 as j — 400, for some P € P(P(X)). Then, any limit of the sequence (j;)j>1 1S
a Wasserstein barycenter of P.

The statement is given with a convergence assumption in YW;-norm for coherence with Propo-
sition below. We could have assumed equivalently Wh(P;,P) — 0 since P(X) is compact.

Proof of Theorem[5.7. Let p be a limit of the sequence (u;);j>1. Up to extraction of a subse-
quence, which we omit in the notation, we may assume that the full sequence converges to u.
Let pi; be a random measure of distribution P;, and let & be a random measure of distribution
P. The Skorokhod representation theorem allows to choose f1; and g on the same probability
space, and in a way that fi; converges almost surely to zi. For v € P(X), there holds

EW3 (v, i) = W3(6,,P)
= lim Wj(6,,P;)  since Wa(P;,P) = 0

Jj—+oo

= lim EW5(v, i
Jdim EWS (v, i)

> lim EWZ(u , i) since pi; is a barycenter for P;
J—+oo

> E liminf W3 (15, ;) using Fatou’s lemma
—+00
> EW; (u, f1).

In the last line we used the lower semi-continuity of Ws, together with the convergence of 1; to

i, and the almost sure convergence of fi; to p. This proves that p is a Wasserstein barycenter
for P. O

To go beyond the qualitative result given by Theorem and prove stability in a quantitative
form, one may first consider the 1-dimensional case. Although R is not compact, our proof below
shows that Wasserstein barycenters on R exist and are unique, without assuming anything on
P.

Proposition 5.8. Let P,Q € P(P2(R)), then there exist unique Wasserstein barycenters up, jig
associated to P and QQ, and

WQ(M]P’) ,LLQ) S Wl (Pv Q)
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Proof. The optimal transport map 7, from the Lebesgue measure A 1 on [0, 1] to any measure
p on R is explicit and verifies Wa(p, ) = ||T,, — Tpul|£2(j0,1]) according to (1.17), where L2([0,1])
is taken with respect to A 1. Hence

1
B = 5 [ 1= Tl () (512)

Thus, existence and uniqueness of the Wasserstein barycenter come from the existence and
uniqueness of barycenters in the Hilbert space L?([0,1]) (which follows from the strict convexity
of the squared norm). The right-hand side in (5.12)) is minimal for T}, = T),, given by

€ 0.1 Tule) = [ Tya)aP(p)

P(R)

and therefore Fp is minimal for u = pp = (T),)4A01]- For any v € II(P,Q) we have, using
Minkowski’s inequality,

Wa(pp, pg) = - MQHLQ ([0,1])

-y / T, dP(p / T, dQ()| 201
PR) PR)

—| / (T, — Ty)dv(o, o)l 20
P(R)xP(R)

< / 1T, — Tyllz2 0.y dv(p, £)
P(R)xP(R)

= / Wa(p, p")dv(p, p').
P(R)xP(R)

Taking the infimum over v € II(P, Q), this concludes the proof. O

To prove the quantitative stability of Wasserstein barycenters in dimension d > 2, we assume
for simplicity that we are in the Euclidean setting and consider X a compact subset of R?. It also
seems natural to require uniqueness of the minimizer (otherwise it is hard to give a meaning to
“quantitative stability”). Therefore, following Theorem we assume P(Pg. (X)) > 0, which
guarantees uniqueness of the Wasserstein barycenter. Actually, we make the following set of
assumptions, which we comment below:

Assumption 5.9. There exist ap, cp, mp, Mp, perp € (0,+00), and a measurable set Sp C P(X)
such that P(Sp) = ap and for all p € Sp,

1. p € Puc(X),
2. the density of p on its support is bounded below by mp, and above by Mp,

3. the (d — 1)-dimensional Hausdorff measure of the boundary of the support of p is bounded
above by perp,

4. for any o, 91 € CO(X),

cpVary (Y1 — 1g) < Kp(vr) = Ky(tho) = (U1 — o | =(Vibg)#p)- (5.13)
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Point 4. is simply a strong convexity estimate on K, (or almost, since again in the left-hand
side we have ¢ and 1], and not 1y and ). It is written in a different form than the ones we
encountered previously. In some sense, instead of |z —y[* < (z —y, Vf(z) — Vf(y)) as in (2.17),
we have here |z —y|? < f(y) — f(z) — (y — x| Vf(x)). In finite dimension, these two forms of
strong convexity are equivalent; but in infinite dimension (here, in the space of measures) it is
less clear, only one implication is obviously true.

It is possible to show that any absolutely continuous p with density bounded above and
below on its support, and whose support is a John domain, satisfies . The case where the
John domain is actually convex is covered in [26, Appendix B.1], and the case of a general John
domain may be shown using in addition the gluing techniques of Chapter [3] However, to avoid
discussions that may not be particularly useful and that would divert us from our main purpose,
we will not pursue this here. Instead, we state the main result of this section, conditionally on
Assumption

Theorem 5.10 (Quantitative stability of Wasserstein barycenters). Let P,Q € P(P(X)) and
assume that P satisfies Assumption . Let up be the Wasserstein barycenter of P, and jug be a
barycenter of Q. Then there exists a constant C' < oo depending only on ap, cp, mp, Mp, perp
and the dimension d such that

W (up, pg) < CWi (P, Q)5 (5.14)

Proof of Theorem[5.10. We rely on a dual formulation of the minimization problem (5.9). By
Kantorovich duality (see Section ,

J _ 1 L2 1 12 _ i
SWE o) = G- 1)+ {51 P ) — min T() (5.15)

/W®+/ww

In the sequel, the subdifferential of a functional A : P(X) — R at u € P(X) is the set 0. A(p) of
functions f € C°(X) such that

where

wePX), Al)-Aw) = (fv—p.

Fixing p, the function WZ(p, ) is convex (see (5.10])) and its subdifferential at ;1 € P(X) is given
by

0 BW22<p7 )] (n) = {;‘ [* = Yposu | Ypsy € argmin T(W}

$heCo(X)

(to see this, use :5.15) and an envelope theorem, particularly easy since each function in the
minimum in 15.151 is linear). Integrating against P, the subdifferential of Fp at p verifies:

{/73()() <;| 2 @Dp%u) dP(p) | ¢y, € argmin T (¢p) for P-a.e. p} C OFp(p) (5.16)

PeCo(X)

(looking for a reverse inclusion is useless here, and not immediate since we are in infinite dimen-
sion). Thus for any u,v, and for any collection (1)) ep(x) of Kantorovich potentials we get
by definition of the subdifferential of Fp

Be)~ )= (| (317 = oo ) aBo) = 20 (5.17)
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This is a convexity inequality for Fp. We will strengthen it into the following strong convexity
estimate:

Fo(v) — Fa(u) — { /

o <;| - ¢p—>u> dP(p),v — p) > CWE (i, v). (5.18)

Let us show ((5.18)). For any p satisfying the four points in Assumption and any ¢ € R, we
have

W26(/'La 1/) < ||Tp%# - TPHVH%Q(p) < C||¢;—>p, - w;—)l/ - CH%Z(p)‘

The first inequality is simply , and the second inequality comes from Lemma since
Y, and ¥5 , are Ry-Lipschitz with Ry = sup,cy |y| (see Lemma . The constant C
depends only on the constants in Assumption [5.9] Taking the infimum over ¢ € R, we recover
Var,(¢;_,, — ¥5_,,) in the right-hand side. From (5.13) we get

WS (1, v) S Kp(Wpsp) — Kp(Upsw) — (pospy — psw | V).

Due to (5.15)), the right-hand side is also equal to
1 1 1
§W22(V»P) - §W22(H,P) - <§| : \2 — Vpop | vV — 1),

and finally integrating against P we obtain (|5.18|).

Let p = pp and v = pg be the Wasserstein barycenters with respect to P and Q. Notice that
for an appropriate choice of Kantorovich potentials (¥,-,,),cp(x), the integral in the left-hand
side of vanishes at 4 = pp. Indeed, pp is a minimizer of the convex functional Fp, thus
0 € OFp(up), given by . Therefore, applying the strong convexity of Fp at up, we get

CWS (up, o) < Fr(pg) — Fplup).

By definition of pug as a minimizer of Fg, we have Fg(up) — Fo(pug) > 0, hence

CWy (up, po) < Fp(ug) — Folu) + Folup) — Fp(up) = <%(W22(‘7NQ) —W3(,pup)) | P— Q).

Since §(W3(-, ug) — W3 (-, up)) is 2diam(X)-Lipschitz, the Kantorovich-Rubinstein duality for-
mula (2.12)) (since P(X) is a Polish space) yields (/5.14]). O

5.3 Stability of entropic optimal transport and convergence of the Sinkhorn
algorithm

Our final application pertains to the numerical resolution of the entropic optimal transport
problem

[ ey +eHO | po ) (5.19)
vEll(p,1) J XY

introduced in Section We showed in Theorem [4.6] that it is equivalent to the following dual
problem:

sup T, 9) (5.20)
(6:)€CO(X) xCO(Y)

where

c

T 0) = (@ p)+ (W | ) —ele”™ = | p@ p).
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Sinkhorn’s algorithm. To solve this dual problem, the Sinkhorn algorithm proceeds by al-
ternate maximization: starting at an arbitrary ¢g € C°())), it replaces alternatively the first and
the second argument of J¢ by the maximizers of ¢ — J¢(¢, ) and ¢ — J¢(¢, 1)) respectively.
In other words, it performs the following sequence of iterations:

G141 € argmax J°(¢, )

peCO(X)

VYip1 € argmax J (i1, ).
YeCO(y)

The maxima in the above equations are actually explicit: it follows from Proposition [£.5] that
the maximizer in the first line of (5.21) is 1;"° where

¢c,a(l,) - ¢ log </ye¢(y);(w,y) d,u(y)) 7

. . . . . C,e
and the maximizer in the second line is ¢y 'r1 where

655 (y) = —elog </X JECEECS) dp(x)> ‘

Therefore, the sequence of iterations (5.21]) is equivalent to

br1 = U, Vi1 = By (5.22)
We saw in Theorem that (5.20) admits a solution. Actually, this solution is (p ® u)-a.e.

unique by the strict concavity of J¢, which is a consequence of the strict convexity of the

exponential. Moreover, it is a fixed point (¢, 1)) of the iterations (5.22)) (due to Proposition
again), and therefore it is of the form (¢)¢,)), for some v satisfying 1) = (1)<,

(5.21)

Relation to the strong concavity of J7¢. Along the sequence of iterations (or equiv-
alently ), the value of J¢ progressively increases. Since [J¢ is concave, it is expected that
these iterations converge to the solution (¢,1) to as t — +o00. The question we will ad-
dress is the speed of convergence of this algorithm as ¢ — +o00. As always, convergence speeds
of optimization algorithms depend on the convexity/concavity properties near the optimizer of
the function which is optimized. Here, it will be related to the strong concavity properties of
Je.

This is in turn directly related to the stability of Kantorovich potentials with respect to
perturbations of the marginals. Let us explain why. Observe that V4 7°(¢41,4¢:) = 0 for any t,
since ¢y is a maximizer of ¢ — J¢(¢, ). We saw in that this implies ILyyv: = p, where

Pt 1D —c
Y =e e p ® w1 is the optimal entropic transport plan associated to the pair of potentials

(¢t+1, ). However, IIyxv; is not equal in general to p since the maximizer of ¢ — J°(pi41,v)
is Y141, and not 1. In other words, v ¢ II(p, ). But the first marginal of +; is nevertheless
equal to p, and this is where we reconnect with our leitmotif: using this observation, some proofs
of convergence of Sinkhorn’s algorithm (for instance in [29]) implement an argument based on
the stability of the optimal entropic plan with respect to the second marginal. This stability is
directly related to the strong concavity of [J¢.

The arguments presented here are slightly different: we will leverage directly the strong
concavity of J¢, and will not need to establish the stability of the optimal entropic plan with
respect to perturbations of the marginals. However, all these phenomena are totally related!

There exists a vast literature on the convergence of Sinkhorn’s algorithm. We chose to
focus only on one recent result, for which the techniques presented in the previous chapters
are particulary well suited; other approaches exist, and we shall mention some of them in the
bibliographical notes of Section [5.5
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Main result. To study the convergence of Sinkhorn’s algorithm, we introduce the following
quantity:
E(y) = max )Jw,w)-

$eCO(X

By definition, E(v;) = J(¢t+1,1¢). The function E admits a p-a.e. unique maximizer denoted
by ®opt, due to the (p ® p)-a.e. uniqueness of the maximizer of J°. The main result of this
section, due to [33], is the following:

Theorem 5.11. Assume that X is convez, and that there exists £ € Ry such that for ally € Y,
x — c(x,y) is £-semi-concave, and

= — inf < .
llcllosc xei(lg)eyc(x’y) IE}YI}yEyC(CC?y) +00

Then for any integer t > 0, the Sinkhorn iterates (1t)¢>0 defined in (5.21) satisfy

E(Yopt) — E(W41) < (1 — ae?)(E(opt) — E(¢r)) (5.23)

for some a > 0 (independent of €) provided either one of the following additional assumptions
holds:

e The domain X is compact, the measure p admits a density f bounded above and below by
positive constants on X.

e There exists a convex function V : X — R such that p = e~V and D2V > ¢Id.

The rest of this section is devoted to the proof of Theorem following [33]. The main
ingredients are Propositions and We denote by

615 = E(¢0pt) - E("M)

the quantity appearing in (5.23[). The first ingredient is a lower bound on §; — d;+1, in terms of
a variance with respect to the target measure p (whereas in the previous chapters the variances
were usually taken with respect to p):

Proposition 5.12. For any t > 0, the Sinkhorn iterates (1s)s>0 defined in (5.21)) satisfy

ldeoe _
e (6 — 6p41). (5.24)

51 < 24/ 1 Var, (Wop — 1)(61 — b141) +

The above lower bound on §; — §;41 can be “closed” thanks to the following upper bound on
the variance in terms of §;, which expresses the strong concavity of F:

Proposition 5.13. Under the assumptions of Theorem foranyt > 0, the Sinkhorn iterates
(¥s)s>0 defined in (5.21)) satisfy

Var, (ops — 1) < Cre™ 16, (5.25)
for some Cy > 0 independent of € (taken < 1).

Before showing Propositions and we explain how to prove Theorem [5.11] using
these two propositions. Depending on which one of the two terms in the right-hand side of
is the largest, we are in one of the two following cases:

Case 1: If §; < 4\/5—1Varu(¢0pt — ) (8¢ — O441), then we plug into this bound, we
square both sides, divide by §; and rearrange the terms. We get d;11 < (1 — ag?)d;.
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Case 2: If §; < 28%5_1(5,5 — 6441), then rearranging the terms yields d;11 < (1 — ag?)d;.
In both cases, we have established Theorem [5.11

We turn to the proof of the above two propositions. Recall that in Section we introduced
the regularized Kantorovich functional K7, which depends on an auxiliary measure o. Here, we
use this same functional, with p in place of . In other words, in this section,

K5 () = /X woedp

where recall that

wc,a(x) — —clog (/yewy);(zyy) d/j,(:l/)) .

The functional IC; is concave. We reintroduce the notation

WE) = A, ARy =

and pie[y] = [y pZ[Yldp(z), ie.,
(0 | pell) = /X | 1 [W)dp(z)

for any v € C°(X). This notation already appeared in Section with ¢ in place of y. Notice
that p[t] is the second marginal of the probability measure

exp <¢C’E(w) +¥(y) — ez, y)

e

>p®u€73()(><y).

In particular, jie[topt] = it (see Theorem|[4.6)). The family (p[1)])zcx is simply the disintegration
of pe[t] with respect to p.
Finally, in the sequel,

da da

KL = —logl—)d

(@18 = [ Gyrou(55)as

denotes the Kullback-Leibler divergence. Compared to H introduced in (4.2), it satisfies
KL(a | ) =1+ H(a|p)

for any probability measures «, 8 on X. Let us recall the Donsker-Varadhan variational repre-
sentation of the Kullback-Leibler divergence: for any probability measures «, 3,

KL(a | B) = :ggﬂh | @) —log(e" | B)} (5.26)

or equivalently by the Fenchel-Moreau theorem since KL is convex:

Vh,  log(e" | B) = sup{(h| @) = KL(a | B)} (5.27)
akp

The strong concavity of K is proved (and used) only in the proof of Proposition
However, we start with the proof of Proposition [5.12
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Proof of Proposition[5.13. One may check that for any 1,

_ du
GEVGE _ ) — £1] ) )
() =9 =clog EPN T (5.28)

As a consequence

KL(e | peld]) = = (65~ | ).

In particular,

6t — 0pr1 = E(rg1) — E(Y) > T (G141, Vev1) — T (Pea1, ) = eKL(p | pelthr]).  (5.29)

Since E is concave, letting v = ¢opt — 9 we have E(vopt) < E () + %E(M + rv) . Since

r=0
d

d
SE+)| = (o p)+ KW )| = | pel)

according to (4.23)), we get

5t < <w0pt - Q;Z)t | n— ME[¢t]>
We deduce that for any n > 0,
b <0 ((0ops — 1) | 1= pelto)) = KL | peli])) + o KL | el

<u' sup (o — 1) | 1 = reltn]) = KLG' | pelii)) + 0~ KL(w | pefwr)) - (5.30)
weP(X)

=0 ' 10g By, (exp(nf)) +n~ "KL | pre[tin])
where f(y) = Yopt — ¥t — Ey_yy,) (Yopt — ¥1). The last line follows from (5.27) and the fact that

(M(bopt — Vi) | 1" — pelthe]) = (nf | 1).

Recall the Bernstein inequality: if Z < b almost surely, then

A2 2
2 E(Z

E(GA(Z*E(Z))) < exp <21(b)\)> for all A € [0,3/b).
-3

Since f is contained in an interval of length at most 2||c[/osc (due to Lemma [4.8), we get that
for any n € (0, QHCP’m),

n2varu5 [1¢] (wopt - @Z}t)
2(1 — o)

log E,,.(y,) (exp(nf)) <

Plugging into (5.30) we find

(St < inf
ne(0

{ Uvafug [1¢] (wopt - ¢t)
)

2(1 — n%) +n 'KL(u | Ms[wt])}

__3
> 2[lellosc

< 2Vt o — VOKL G | pelond) + DKL | el

where the final inequality follows by optimizing over 7. And combining with (5.29) we get

2||cllose -1

5,5 < \/28flvaru€[wt](1/)0pt — ¢t)(6t — 6t+1) + TE,‘ ((St — 6t+1). (531)
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In order to complete the proof, we need to replace the variance with respect to p-[i] by a
variance with respect to p. To make this change, we use the following inequality, which follows
from the variational representation for the Hellinger distance and its comparison to the Kullback-
Leibler divergence (see [33, Appendix A.4] for a proof): for any mutually absolutely continuous
measures vy, vy on X, and for any function f : X — [a, b], there holds

1 .
Var,, (f) > §Var,,2(f) — (b—a)?min(KL(v; | v2), KL(1s | 11)). (5.32)
Since [[Yopt — Yt lose < 2]|¢]losc (again due to Lemma [4.8)), we have

Var, (y,] (Yopt — 1) < 2Vary (Yopt — t) + SHCHcQ)scKL(M | pe[te])
< 2V&ru(¢opt - 1/%) + 8”6”(2)50571(615 - 5t+1)'
Plugging into (5.31) and using va + b < v/a + Vb, we get (5.24). O
Proof of Proposition[5.13 We have, as in (4.23)),

%KZW +rv) = —(v | el + 1))

Choosing v = 9opt — ¥¢ and r = 1, we have p:[t) + 0] = pie[Vopt] = 1, hence

(djopt) - (1/17:)
je(wopt, Yopt) — T (V5% 1)
= (Uose | p) + Wopt | 1) — (7% | p) — (W | 1)

= K5, (opt) — Ko (1) — : ’Cs(l/}t + rv)

(5.33)

r=1

1
= / dglC (¢ + rv)dr — ilC(iﬁt + rv)

//ICE Yy + sv)dsdr.

From second to third line we used the fact that the term (e = | p® p) is equal to 1 both for
(1, 9) = (Ygsts opt) and (p,1) = (7%, 1h¢), due to the first-order optimality condition (&.11)).

We now prove the key concavity estimate

d2
Fl@w + sv) < —=CVar,_ (16 (v) (5.34)

where C' > 0 is some constant independent of € € (0,1). We recall from (4.24)) the identity

2
d—lCE o(U + sv) =

ds2 Exwp (Varug [1)+sv] (1)))

M=M=

(Varug [th+sv] (v) — Var:cwp (Eug [1h+sv] (v))
(in the second line we use the law of total variance). We plug this into the inequality (4.25)):

az .
—03@16,)(1# + 5v) > Vargmp(Epuz 40 (V)

d? c
= e 7KW + sv) + Var, s (v).
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This proves ([5.34]).
In (5.34), the variance is taken with respect to uc:[t) + sv], whereas we are looking for a

variance with respect to u. Again, we rely on ((5.32). Plugging into (5.33)), we get

1 1
0z [ [ GVane) = @l KL | il -+ sul)dsr
0 Jr 2 (5.35)

1 1 1
= V(o) ~ el [ [ KLG | el + s
0 Jr

Next we handle the double integral as follows: using ([5.28), the optimality of .p¢ and the
concavity of F, we get

KL | b+ o) = (G -+ 50)) — (s + 50), 1)
= (I (G + ) (G o+ 50) ) — T (W 50)°, - 50)
< 2 (T W opt) — T (1 + 0)°% G + s0)
= Z(B(Wom) = B(1 = )t + stiop)
< 22 (B(om) — B(3)
_ 1- 851‘,-

Plugging into (5.35)) we get (5.25)). O

Remark 5.14 (Relation to matrix factorization). When p and p are discrete measures, the
algorithm s in fact a reformulation, using a logarithmic change of variables, of the original
Sinkhorn algorithm [98]. Originally, Sinkhorn’s algorithm takes as input a square matriz A with
non-negative entries, and returns a factorization A = D1BDsy, where D1 and Do are diagonal
matrices, and B is doubly stochastic. The algorithm runs by normalizing alternatively the rows
and the columns of A so that after each step, either each row sums to 1, or each column sums
to 1. For this, one simply divides each element by the sum of the elements in its row (and the
step after, one divides each element by the sum of the elements in its column).

Let us explain the relation of the iterations (5.21)) with this algorithm. Let p = Zf\il Pi0;
and p = Zjvzl pjdy; be two mon-negative discrete measures, and let c;j = c(w,y;) be a cost
function. Then the solution to the (primal) entropic optimal transport s given by

Gt —cyj
Yig = € i Piltj

for some ¢, € RN (see Theorem . The iterates (5.22) read

(t+1) P (t+1) A

t+ ’ t+ A

o = —clog [ Y e |, ¥ ——alog(Eje s p)
j=1 i=1

and the associated transport plan is
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t (t)
o) ! o

Performing the change of variables ugt) = eiTpZ-, vj(.t) = e]Tuj and K;j = e =, the iterations
become
u(t+1) _ __pi
7 - (Kv(t))z
O H
7 - (KTu(tJrl))j
A(®) = diag(v®) K diag(u®),

where diag(z) denotes the square diagonal matriz with entries x;. The transport plan &) con-
verges toward a matrix with satisfies Zé\le Yij = pi for any i, and vazl Yij = pj for any j. In
particular, if p; = p; = 1 for any 4,7, then the limits of the diagonal matrices diag(v®) and
diag(u(t)) as t — +oo provide a factorization of the matriz K into a doubly stochastic matriz .

5.4 Perspectives

Beside the open problems already pointed out in this document, we mention two other open
directions of research that we find relevant. Many others exist!

First, it would be interesting to extend qualitative and quantitative stability results to the
many variants of optimal transport which have been studied over the years (and used in appli-
cations!), in particular:

e Multi-marginal optimal transport. It is a generalization of optimal transport to more
than two probability distributions, relevant in some physical applications such as density
functional theory. We refer to the survey [8§].

e Unbalanced optimal transport compares arbitrary positive measures, not restricted to
probability distributions. It allows mass to be created or destroyed at some cost, which
is much more realistic in many scenarios than classical optimal transport. For instance,
it can match biological cell populations with different sample sizes. This generalization of
optimal transport makes it more robust to outliers and missing data, and thus relevant for
applications. We refer to one of the first papers on the topic [30], and to the survey [97].

e Partial optimal transport. It is a generalization of optimal transport where only a fixed
fraction of the mass is transported (and it is thus related to unbalanced optimal trans-
port). More precisely, given non-negative f,g € L', one seeks to transport a fraction
m < min(||f||z1, ||g]|z1) of the mass of f onto g as cheaply as possible. Introduced in the
mathematical community by Caffarelli and McCann in [24], it has found applications in
imaging, for instance in image retrieval [95].

e Sliced optimal transport has been introduced in [94] and is based on the computation of
the Wasserstein distances between all 1-dimensional projections of the two measures under
consideration. The associated distance, called sliced Wasserstein distance, is given by

1/2
SWalp) = (f, W@ (m)prat (o))

where 7, is the orthogonal projection onto the line Re, and .#7%~! denotes the Hausdorff
measure on the sphere S¥~1. Tt is particularly simple to approximate numerically, and it
compares well to the Wasserstein distance:

SWy < Wy < CSWS
for #=1/(2(d+ 1)) and some C' > 0 depending on the dimension and on the radius of a
large ball containing the support of the measures (see [16, Chapter 5]).
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One could also wonder why the transport between two measures would always need to be
optimal in some sense! And indeed, there exist many well-known non-optimal couplings between
pairs of probability measures, whose study even preceded that of optimal transport. To name
only two:

e the Knothe-Rosenblatt rearrangement. For two probability measures in R?, it consists
in rearranging monotonically the marginal distributions of the first coordinate, and then
the conditional distributions, iteratively. We refer for instance to [106, Chapter 1] for
a precise description. One advantage of the Knothe-Rosenblatt rearrangement is its low
computational cost, due to its simple 1-dimensional structure. However, it is unsuitable
for many applications due to its strong dependency on the order in which the dimensions
are handled.

e The Moser coupling. It has been used by Moser in [83] to show that between any two man-
ifolds endowed with normalized volume forms there exists a differentiable homeomorphism
matching the volume forms. Interpreting the normalized volumes as probability densities,
the homeomorphism can be equivalently seen as a transport map. It has the advantage
of being obtained as the solution to an elliptic equation, with the associated regularity
properties. We refer to [105, Chapter 1, Appendix] for a precise description.

The stability of these couplings with respect to perturbations of the marginal measures is an open
problem too. Interest in this problem is motivated by the fact that non-optimal transport maps
between measures are a fundamental tool in many recent developments in machine learning,
sampling and imaging.

5.5 Bibliographical notes

Statistical optimal transport is a very active field, and giving an exhaustive list of
references would be impossible. We prefer to refer to the nice book recently written on the
topic by Sinho Chewi, Jonathan Niles-Weed and Philippe Rigollet [32]. We also recommand
the survey [7]. One of the first papers on the subject, to which we borrowed Theorem is
[59]. The semidual estimation approach was then systematically explored in [47]. An important
reference regarding plug-in estimators is [75]. Theorem and Theorem are proved in [6],
which also discusses the importance of stability bounds in this field. Regarding computationally
tractable estimators of the optimal transport map, a good reference is [I04]. Another family of
estimators which we did not discuss are those derived from the entropic optimal transport map,
see for instance [90]. Such estimators have also been used in [91] which is one of very few works
dealing with the estimation of discontinuous optimal transport maps.

Wasserstein barycenters were introduced in the work of Agueh and Carlier [I], as
a generalization of McCann’s theory of interpolation [77] to more than two measures. They
established in this work foundational results such as existence and duality.

The computational aspects of Wasserstein barycenters were first considered in [94], where
Rabin, Peyré, Delon and Bernot introduced the sliced Wasserstein to compute them fastly, at
least in low dimensions. Slightly later, Cuturi and Doucet [39] applied entropic optimal transport
to barycenters, making them computationally practical. We refer to [89, Chapter 9.2] for an
account on Wasserstein barycenters from the numerical point of view.

More general existence and uniqueness statements than Theorem exist, see for instance
[68, Theorem 2]. Theorem [5.7)is a weak version of Theorem 3 in [68]. Theorem [5.6[is Theorem
3.1 in [63]. The statement of Proposition [5.8| comes from [26] Section 1.2.2].
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The book chapter [32 Chapter 8] is devoted to statistical perspectives on Wasserstein
barycenters and references gathered in [32, Chapter 8.4].

The Sinkhorn algorithm was invented in 1964 [98] in the context of matrix factorization.
In the literature, it bears various names, for instance the iterative proportional fitting procedure
(IPFP), the RAS algorithm in economics, or the matrix scaling algorithm in computer science.
Cuturi discovered in 2013 [38] that it could be used to solve fastly the entropic optimal transport
problem, and thus to infer an approximate solution to the unregularized optimal transport
problem. To address the convergence of Sinkhorn’s algorithm, one possibility is to use the Hilbert
projective metric, see [89, Section 4.2]. Another method relying on couplings and stochastic
control has been recently developed in [29]. The approach presented here, due to [33], relies on
the convexity properties of the (regularized) Kantorovich functional. There is actually a very
large corpus on the convergence of Sinkhorn’s algorithm, see the detailed literature reviews in
[33, Section 1.1] and [29, Section 1.2]. Sinkhorn’s algorithm iterates over entropic Kantorovich
potentials, but there is also some literature (not related to Sinkhorn’s algorithm) on the stability
of entropic optimal transport maps. These maps, which are defined as barycentric projections of
optimal entropic plans, are not necessarily admissible transport maps (they do not transport p to
1) but they are nevertheless natural objects. They converge to the unregularized transport map
when it exists, as the regularization parameter tends to 0 (under mild additional assumptions).
We refer to [46] for interesting results in this direction.

We did not mention in this chapter other interesting applications of optimal transport stabil-
ity theory. For instance, in [58], stability estimates have been used to derive precise asymptotics
for the random matching problem with quadratic cost in dimension d > 3. They have also
been helpful to give a constructive proof of the existence of global-in-time weak solutions of the
3-dimensional incompressible semi-geostrophic equations [17].
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