CENTRAL LIMIT THEOREMS FOR THE Z2-PERIODIC LORENTZ GAS

FRANCOISE PENE AND DAMIEN THOMINE

ABSTRACT. This paper is devoted to the study of the stochastic properties of dynamical systems preserving
an infinite measure. More precisely we prove central limit theorems for Birkhoff sums of observables of Z2-
extensions of dynamical systems (satisfying some nice spectral properties). The motivation of our paper is the
Z2-periodic Lorentz process for which we establish a functional central limit theorem for Hélder continuous
observables (in discrete time as well as in continuous time).

1. INTRODUCTION

A measure preserving dynamical system is given by a transformation 7" or a flow (Y;);>0 preserving a
measure. When the measure is a probability, the study of the stochastic properties of such a dynamical
system consists in studying the probabilistic properties of families of stationary random variables of the form
(po Tk) k>0 or (¢ oY:)i>o for reasonnable observables, with a particular interest in the study of the Birkhoff
sums, which are given by

’VL—I t
Sngb:ZgboTk or S’tgb:/qﬁosts.
k=0 0

When the measure is a probability, the study of these quantities have been intensively studied in the last
half a century, with an always increasing interest. A first question is the law of large number (LLN), that is
the almost sure convergence of (S;¢/t),- to the integral I(¢) of ¢ as t — +o00, which happens to be true for
any integrable function f as soon as the system is ergodic (due to the Birkhoff-Khinchin theorem). A second
natural question is the establishment of central limit theorems (CLT), i.e. of the convergence in distribution
of (Stqﬁ/ \/1?) . (as t — 400) to a Gaussian random variable for centered square integrable observables ¢, or,

even more, the functional CLT (FCLT) that is the convergence of the family of processes ((Sstqb/\/f)s)t to
a Brownian motion (Bs)s, as t — +oo. In practice, CLT and FCLT hold true for smooth observables when
the system is chaotic enough (satisfying nice mixing properties, see [23, [13], [14], etc.).

When the measure is infinite, it is natural to adress analogous questions, but the results are of different
nature (we refer to [I] for a general reference on dynamical systems preserving an infinite measure). The
first analogue of the LLN is given by the Hopf theorem, which states the almost everywhere convergence
of (Sip/Spp),, to the ratio I(¢)/I(1)) of the integrals of ¢ and 1, for all couples of integrable functions
(¢,7) with ¥ # 0, as soon as the system is conservative ergodic. A second analogue of the LLN is the
convergence in distribution in the strong sense of (S;¢/a;), to a random variable (convergence in distribution
in the strong sense means convergence in distribution with respect to any probability measure absolutely
continuous with respect to the invariant measure). Note that, due to the Hopf theorem, it is enough to
prove this result for a specific function ¢ #Z 0 to extend it to any integrable function. This second kind of
analogue of LLN requires additional assumptions on the dynamical system. Analogues of CLT for dynamical
systems preserving an infinite invariant measure are non-degenerate limit theorems for (S;¢); for null integral
observables f. A classical analogue to the CLT in this context consists in establishing the convergence in

1
distribution of <Stq§/ af) to some random variable, with a; as in the above second analogue of the LLN.
t

The case of dynamical systems that can be represented by a Z%-extension over a probability preserving
dynamical system is of particular interest. As mentionned in [27) 28] 29, 22], in this specific context, the
question of the behaviour of Birkhoff sums is related to the study of occupation times of d-dimensional random
walks or Markov chains (see [LT}, [16, 17, [19]). Indeed, in the case of a transformation 7', when the observable
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¢ depends only on the Z%label in the Z%extension, the ergodic sum S, ¢ is the exact analogue of additive
functionals of d-dimensional random walks or Markov chains. Outside the cases of random walks or Markov
chains, first results have been obtained by the second-named author [27, 28], 29] for Pomeau-Manneville maps,
for Z%-extensions of Gibbs-Markov maps, for geodesic flows on a Z%cover of a compact Riemannian variety
with negative curvature. In [22], we established CLT in a general context of Z%extensions of a dynamical
system with nice spectral properties, including the Z2-periodic billiard model, but for observables depending
only on the Z%label.

The aim of the present paper is to study ergodic sums of Holder observables of the Z2-periodic Sinai
billiard and of the Z?-periodic Lorentz process, both with finite horizon. A first step in this direction is the
property of conservativity and ergodicity which comes from [7, 26] (thanks to [24, 5] [4]) and which, combined
with the Hopf theorem, ensures the above mentioned first analogue to the LLN. A second step is the proof by
Dolgopyat, Szasz and Varju in [10] of the above mentioned second analogue to the LLN, that in this context

is
S,
V¢ € LY, %:I(qﬁ)é‘, as t — +o0, (1.1)
n
where £ is an exponential random variable and where = means the convergence in distribution in the
strong sense. A third step in this direction is the CLT with a normalization in vInt obtained in [22] for the
billiard map and for observables depending only on the Z%level. In the present paper, our main result is a
CLT and even a FCLT for Hélder observables ¢ (with null expectation) of the Z2-periodic Sinai billiard and

of the Z2-periodic Lorentz process of the following form

Si
In(t)

— G4VEN, ast— +oo,

with € as in (1.1)) and with NV a standard gaussian random variable independent of £, where 74 is given by a
Green-Kubo formula. The above convergence result holds true providing ¢ satisfies some decay property at
infinity. So it holds true at least for compactly supported Holder functions with null integral. More precisely,
under the same assumptions and for any integrable function 1, we prove the following joint FCLT

Stsw Sts¢ ~
(ln(t)7 \/M) §>0 - <I(w) & U¢\/EN)S>0 ’

with the same notations as above. Roughly speaking, this means that, in distribution,

Sip =Int ()€ +VIntEG4_1g)4, N +o(VInt), as t— 4o,

for ¢, ¢o two Holder observables decaying quickly enough at infinity, with I(¢g) = 1. Note that, contrarily
to the case of the classical FCLT, the limit we obtain is a process constant in time. To prove our results, we
use two methods producing different formulas for the "asymptotic variance" 8’; appearing in the CLT.

First, using the method of [22], we establish a general FCLT for Z2-extensions over a dynamical system

satisfying general nice spectral properties (namely such that the step function satisfies a spectral local limit
theorem). The fact that we restrict our study to Z2-extension with square integrable step functions (satisfying
a classical limit theorem) simplifies greatly the proof, makes its ideas appear much clearer than in [22] and
allows the generalization to Hoélder functions, without adding technical complications.

Second, applying the method of [27] 28] 29], we obtain another way, based on induction, to prove the CLT

for Holder observables of the Z2-periodic billiard, under a slightly weaker assumption.

The article is organized as follows. In Section[2] we present our context and results. We start by introducing
in Section our general context of Z2?-extensions of dynamical systems (in discrete time as well as in
continuous time). In Section we introduce the Z2-periodic Lorentz gas (in discrete time as well as in
continuous time). The rest of Section [2| is devoted to the exposure of our main results, with a discussion
on our technical assumptions. In Sections [3] and [, we prove our FCLT by the first method for dynamical
systems (first in the case of transformations in Section |3| and then in the case of flows in Section . In
Section |5, we prove the CLT via the second method (using induction).
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2. CONTEXT AND MAIN RESULTS

2.1. General context. Given a probability preserving dynamical system (A, u,T") and a function F': A —
72, we consider the infinite measure preserving dynamical system (A, i, T) given by the Z2-extension of
(A, u, T) with step function F, i.e. A := A x Z? [i = p ® m, where m is the counting measure on Z? and
T(x,a) = (T'(z),a+ F(x)). Then, for all (z,a) in A and n > 0,

T"(2,0) = (T"(x),a + S F(2)),

where S, F' is the ergodic sum:

n—1
SnF — Z Fo Tk
k=0
We are interested in the asymptotic behaviour of the ergodic sums
_ n—1
Snf = Jo Tka
k=0

for observables f : A — R in the particular case when [ i fdp=0.

In the context of this article, the system (A, u,T) shall be chaotic in a strong sense. More precisely, we
shall assume that (S, F), satisfies a standard central limit theorem and, even more, a spectral local limit
theorem (see Assumption (2.2)) below), which is a strengthening of the more classical local limit theorem:

w(SpF =a) ~ @(an\/ﬁ)

for all @ € Z%, where ® is the density of the Gaussian that is the limit distribution of (S,F/\/n),. By
Lemma , Assumption holds when the transfer operator P of T', dual to the Koopman operator,
acts nicely on a Banach space B of integrable functions or distributions. This assumption is, in particular,
satisfied by the collision map for Sinai billiards.

We shall also consider continuous-time versions of this problem, in two ways. The first way consists in
defining the ergodic sums S;f for real ¢ > 0 by linearization:

Sef = ([t +1 =) f + (t = [t])Sps a1 f
=S| f+(t—[t])foTH,
which can be used to state functional limit theorems.

The second way consists in working directly with a continuous-time system. Given a measurable function
7 : A — (0,4+00), the suspension flow (M,v,(Y;):) of (A, i, T) with roof function (z,a) — 7(x) is the
system:

M = {(z,a,s) € AxZ?x (0,+00) : s € (0,7(x))},
v o= (ﬁ®Leb)|M’
Yi(z,a,s) = (fnz+s(r) (x,a),s+t— San(x)T(x)) ,

where Leb is the Lebesgue measure on (0, +00) and n,(z) := max{n >0 : S,7(z) < u} for every u > 0. In
this case, we define:

~ t ~
St f ::/ foYsds.
0

2.2. Z*-periodic Lorentz gas. We consider the displacement of a particle moving at unit speed in R? with
elastic reflection on a Z2-periodic configuration of dispersing obstacles, in finite horizon.

More precisely the billiard domain is given by R? \ J,cz2 UL,(0i + a), with obstacles {O; + a; i =
1,...,I, a € Z?} for some I > 2. We assume that (O;)1<;<; is a finite family of precompact open convex
sets in R?, whose boundaries are C? with non vanishing curvature. We assume that the closure of the sets
O; + a are pairwise disjoint. We assume moreover that () contains no line (finite horizon assumption).

We are interested in the behaviour of a point particle moving in @ at unit speed, going straight inside @
and obeying the Descartes reflection law at reflection times off 0Q = J,cz2 Ule(aOi +a).
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A configuration is a couple position-speed (g, 7) € @xS'. To avoid ambiguity, we allow only post-collisional
vectors at reflection times, so that the configuration space is

M:={(¢,9) €Q xS': ¢€0Q = (i1, v) >0},
where 77, denotes the unit vector normal to 9@ at ¢ oriented into Q.

The Lorentz process is the flow (Y;); on M such that Yi(q,¥) = (g, ) is the configuration at time ¢
of a point particle that has configuration (g, ¥) at time 0. This flow preserves the restriction 7 on M of the

Lebesgue measure Leb on R? x S', normalized so that:
Leb([0, 1[*xS!) =

.~
S, 1004]

This normalization will allow us to identify canonically this flow with a Z2-periodic suspension flow over a
Z2-extension of a chaotic probability preserving dynamical system, as described in Subsection (2.1).

The dynamics at reflection times is the Z2-periodic billiard system (,Zf, 1, T), that is the first return

map of the flow Y to the Poincaré section Q x S'. Let A := {(¢,0) € M: qe€ 0Q} be the set of
configurations of post-collisional vectors off 9Q). The map T': A — A is the billiard transformation mapping
a post-collisional configuration to the next post-collisional configuration. The measure p is given by:

~ Cos ¢
di(q,7) = ——F  dr dop, 2.1
(g, v) 25T (001 ® (2.1)

—
—

where r is the curvilinear absciss of ¢ on 9Q), and ¢ is the angular measure in [—7/2, 7/2] of the angle (7iy, ¥)

This Z2-periodic billiard system (g, 1t T) is a Z?-extension of the corresponding Sinai billiard system
(A, p, T). This Sinai billiard is the quotient of (g, 1t T) modulo the action of Z? on the position.

r'O;:;;’\O
£3589
Sots!

More explicitely, the configuration set A is the image of A by p : RZ xS! — T2 x S! given by p(q, ) = (q,7)
where ¢ = q+7% € T? := R?/Z%. By Z*-periodicity of @, there exists amap T : A — A such that Top = pof,
which is the billiard map in the domain @ C T? image of @ by the canonical projection R? — T2. The
measure g has the same expression as in Equation (2.1)).

The function F : A — Z? giving the size of the jumps is defined by F(q, %) = b — a whenever T(q, v,a) €
|_|{:1(80i +b) x S!; the Z2-periodicity of the billiard table ensures that this function is well-defined.

Let 7: A — R% be the free path length of a particle on Q:
7(g,7) = min{s > 0: ¢+ s € 9Q} .



CENTRAL LIMIT THEOREMS FOR THE Z2-PERIODIC LORENTZ GAS 5

By Z2-periodicity of @, the function 7 : (q,¥,a) — 7(q, ) defined on A is the free path length of a particle
on (. The Lorentz gas (Mv U, (Y})t> is then canonically identified with the suspension flow over <X, i, T)

with roof function 7.

2.3. Results for transformations. We state our main limit theorem under abstract conditions; our other
results — applications to billiards or to continuous-time systems — will follow from that.

Theorem 2.1. Assume that (g, 1L, T) is conservative and ergodic. Let n > 0 and p, p* € [1,00] such that
pt+ (p*)~' = 1. Let (B,||||z) be a Banach space (of functions or distributions) containing 1 := 14 and
such that

e cither p=1 (so p* = 00) and E,[] is continuously extended from BN L*(A, n) to B;

o orp>1and B— LP(A, ) (where — is a continous injection).

Assume moreover the following spectral local limit condition:

(-
sup P! (1s,p—ay ) %amw = o, (2.2)
a€Z?, heB:||h||g<1 5

where ® is a two-dimensional non-degenerate Gaussian density function.
Let f, g: A R be such that:
® > ucr2(L+1al?) [F(a) X [ g5y < +00 for some > 0;
o ez (@)l (< +00;
o [xfdin=0;
o g LN(A ).
Then the following sum over k is absolutely convergent:
&2(f) ::/Ndeﬁ+2Z/~f-fofkdﬁ. (2.3)
A i>1/A

Moreover, for every 0 < Ty < Ts, as n — 400,

gntg §nt‘f ~ ~
(e ),y ([ 0002 70 v50) 24

ln(n) te[Th,T3]

in distribution in C([Th,T5]), with respect to any probability measure absolutely contz’nuousﬂ with respect to
i, and where € and N are two independent random wvariables, with respectively standard exponential and
standard Gaussian distributions.

Note that, since 1 € B, the condition }_,c72(1 + [a[*) |f(-, a)x[| g5 5) < 400 implies that > .72 (1 +
a|*) |f(-,a)|lz < +oo. Note also that the random variable vEA in Equation (2.4) follows a standard

(centered with variance 1) Laplace distribution.
The condition Y,z [|f (- )|l (4, < too in Theorem is only used in the proof of the functional

. . C . Sng  Suf
convergence, and is not necessary for the convergence in distribution of (ln(n), m) zo.

We shall prove Theorem [2.1] using the method of moments. The same strategy was used in [22]. However,
our setting provides some welcome simplifications, allowing us to apply our method to more general observ-
ables f than the ones considered in [22]. These simplifications come namely from the summability in ¢ in
Equation (2.2)), as well as the summability of other error terms.

As proved in Lemma the hypothesis (2.2)) is satisfied under quite general spectral assumptions, which
are stated in Hypothesis In particular, Hypothesis holds for the collision map associated with Sinai
billiards [8], from which we deduce:

IThe property of convergence in distribution with respect to any absolutely continuous probability measure is sometimes
called strong convergence in distribution [I].
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Corollary 2.2. Let (g, s 15’) be the Z2-periodic billiard system presented in Subsection . Let f, g: AR
be such that:

e [ is n-Hélder on the continuity domain off for some n > 0;
o > uezzlal” | f(- a)ll,, < +oo for some 3 > 0;
° fgf dﬁ~: 0;
o g €LY (A ),
where H”n s the maximal n-Holder norm with respect to the euclidean metric on M on the continuity domains
of T
Then

Sug Suf N JagdE o 50D )

In(n)” \/In(n) 2m/det(22) " /27 (det 22))
in distribution with respect to any probability measure absolutely continuous with respect to i, and where £
and N are two independent random variables, with respectively standard exponential and standard Gaussian
distributions, with 5%(f) given by Equation and with ¥ the invertible symmetric positive matriz such
that X2 =3, ., E[F @ (F o T")].

Proof. This corollary is a direct consequence of Theorem [2.1]and Lemma[2.7 thanks to [8, Theorem 3.17] (en-
suring Hypothesis 2.6/ with p = 1) and to [9, Lemma 5.3] or [8, Lemma 4.5] (ensuring that || f(-, a) x|z g 5 <

ClfGal,)-

While the results above are proved using the method of moments, we shall also show how to prove similar
propositions using induced systems. The strategy follows closely that of [29, Proposition 6.12], which was in
the setting of geodesic flows in negative curvature, with some improvements from [22]. The main difference
in the present article is that, in the context of Sinai billiards, we use Young tower in order to introduce a
symbolic coding of the trajectories.

Proposition 2.3. Let (Z, 1, f) be the Z2-periodic billiard system presented in Subsection . Let f: AR
be such that:

e f is n-Hdolder on the continuity domains of f, with a uniformly bounded n-Hdélder norm, for some

n>0;
® > peze(l+1Iny |a|)%+” |f(-;a)]l, < 400 for some s > 0;
o [;fdr=0.
Then

S f o
Vi) van(det(32))}

wn distribution with respect to any probabzlzty measure absolutely continuous with respect to ji, where L follows
a centered Laplace distribution of variance 1, with o(f) given by Equation (5.2)) and with ¥ the invertible
symmetric positive matriz such that $* =Y, ., E[F ® (F o T*)].

In addition, o(f) =0 if and only if f is a coboundary.

Comparing the conclusions of Corollary and Proposition one has o(f) = o(f) whenever f satisfies
the assumptions of Corollary This equality has a deep dynamical consequences [22].

The assumptions of Proposition are slightly weaker than those of Corollary 2.2l The conclusions of
the former are also weaker, dealing with the limit distribution of S, f and not the limit joint distribution
of (Spg,Snf). The stronger result should hold under the assumptions of Proposition but one would
start from [27, Theorem 1.7|, which is beyond the scope of this article. On the other hand, it should also
be possible to weaken the assumptions of Corollary (dynamically Holder observables satisfying a weaker
decay condition expressed only in terms of supremum norm), with a less direct and more technical proof
(using approximations).
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2.4. Results for flows. Theorem [2.1] admits a version for semiflows:

Theorem 2.4. Assume that (ﬁ, 1L, T) is conservative and ergodic. Let n > 0 and p, p* € [1,00] such that
pt+ ()"t =1. Let (B,|-||5) be a Banach space satisfying the assumptions of Theorem
Let ¢, ¢ : M — R be such that:
* D uer2(L+1a) G(@) (-, a) X |l £ 3y < +00 for some > 0;
o > ez IGUBN (- a)llLos a0y < +005
° ffjd) dp = 0;
o e LY (M, 7).
Then, for every 0 < s1 < S, ast — 00,

@ §t5¢
(ln(t)’) s (/ W dv®(0)E, a(G(9))/ P J\/) , (2.5)

In(t) s€[s1,82]

in distribution in C([s1, s2|, R) with respect to any probability measure absolutely continuous with respect to
v. In Equation (2.5)), & and N are two independent random variables with respectively standard exponential
and standard Gaussian distributions.

As Theorem [2.1] was applied to the collision map for Sinai billiards, so does Theorem [2.4] to the flow
on Sinai billiards (i.e. to the two-dimensional Lorentz gas model). In order for the Lorentz gas to fit our

setting, we see it as a suspension flow of height 7 over its collision map (A 1, ), which was the object of

Corollary 2.2

Corollary 2.5. Let (.7\/7, v, (2)0 be the Z2-periodic Lorentz gaz described above. Let n, » > 0, and denote
by [||l,, the n-Hélder norm on M.
Let ¢, ¢ : M = R be such that:
hd Za:(ahaQ)eZQ ‘(I|% H¢|[a1,a1+1}x[a2,a2+1} Hn < +OO7'
o ¥ e LI(M,D);
Then, for every 0 < s1 < s9, ast — 400,

Sist Sist Jm ¥ dv oGO) sz 2.6
(hl(t)’ hl(t)>se[sl,52] - <27T\/m V2r(det(52)1 s€ls1,52] | Y

Z/G ofkdﬁ.

keZ

2.5. Spectral hypotheses. All the results above hold whenever Assumption ([2.2)) is satisfied. To finish this
introduction, we now relate this assumption to more classical spectral conditions on the transfert operator
associated with (A, u,T).

The transfer operator P is defined, for f € L'(A4, i), by:
/AP(f) -gdu:/Af-gonu Vg € L>(A, ).

Recall that F : A — Z2. Let T? := R?/(27Z)%. We define a family of twisted transfer operators (P,),c12
by:

with

P,(h) := P(e"™p)
for all h € IL'(A, ). Note that:
P(n) = P (ei<“75kF>h> . (2.7)
The idea to study the spectral properties of P, to establish limit theorems goes back to the seminal works
by Nagaev |20} 2I] and Guivarc’h [I3] and has been deeply generalized by Keller and Liverani in [I8]. We

refer to the book by Hennion and Hervé [14] for an overview of the important results that can be proved by
this method.
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The more usual spectral conditions are:

Hypothesis 2.6 (Spectral hypotheses). There exists a complex Banach space (B, ||-||z) of functions or of
distributions defined on A, on which P acts continuously, and such that:

e 1€ B and E,[] extends continuously from BN LY (A, p) to B;

e for every a € Z2, the multiplication by f(-,a) belongs to L(B,B);

e There exist an open ball U C T? containing 0, two constants C > 0 and r € (0,1), continuous
functions A. : U — C and I1., R. : U — L(B, B) such that

P} = N1, + Ry (2.8)
with:
|TL,, — EM[']HL(B,B) < Clu| Yuel, (2.9)
sup HRE + sup ‘ Pk < ork, (2.10)
ueU 5(873) UET2\U E(BrB)

e there exists an invertible positive symmetric matrix 3 and € > 0 such that, as u — 0,

_ 2w

Ao=e 2z +0([u*). (2.11)

(272;5,@

Al _ e 2 -
Lemma 2.7. Assume that the Hypotheses hold. Let ®(x) = oot ) and n € (0,¢/2]. Then Equa
tion (2.2)) holds:

(oY
l 11—
sup Pe (1{SgF=a} h) - <£\[> Eu[h] = O(f ! 77) .
a€Z?, heB
[hllp<1 B

Proof. Let Qg be the operator acting on any h € L1(A4, u) by:
Qea(h)(x) == P" (11g,p=ayh) (z) .
Due to Equation (2.7)),

1 .
Qualh) = Gz [, PLH) du, (212)

and in particular @, acts on B. From Hypothesis @ and up to taking a smaller neighborhood U, there
exist constants Co, co > 0 such that [|Py[| ;5 ) < Co and
} < eeolul?

<22u,u>
e 2

max{|)\u|,

for all u € U. Due to Equations (2.12)) and (2.10)),

1 ‘
sup |[Qea — 2/ e~ Hwa) /\ﬁHu du = O(rg). (2.13)
a€z? (2m)? Ju L£(B,B)
In addition, there exists C7 > 0 such that, for every u € U,
¢ P ¢ ‘ =)
AuIly —e™" 2 g . < Al My = Holl gy + |Aw — €2 | ol 25,5
L(B,B

c |u\2
< Cu(ful + fu[*9)e= 2,
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due to the asymptotic expansion of u — A, and to Equation (2.9). Hence, using the change of variable

u=v/Vl,

1 . 1 , (=%uu)
/Ue_’<“’“>)\ﬁﬂu du —/Ue_l<“’a>e_£ = 11y du

sup
acz2 || (27)? (2m)? L(B,B)
C, u2
< Cl/(\u|+€|u]2+5)e_e 2
U
Cl ‘U| |’U|2+‘E _cglvl? 1
< - g = d = =z . 2].4
- ¥ R2 (\/z + €1+§ € g v O £1+§ ( )

Finally, using the same change of variable,

1 . (2%u,u) 1 a
77’<u7a> —£ - P
e e 2 du )
(2m)? /U ¢ < Vi >

sup
a€Z?
1 / _ilva)  (sPuw) 1 / i) (52w
= Sup |7o—35, e Vte 2 dv— —— e Vie 2 dv
acz2 | (2m)% J iy (2m)2L Jge
1 <22’U,’U>
< | e 2 dv|=0(?). (2.15)
(27T)2£ RQ\\/ZU ( )
The lemma follows from Equations (2.13)), (2.14) and (2.15). O

3. PROOF OF THEOREM [2.1]

This section is devoted to the proof of Theorem [2.I We proceed in two steps. First, we prove the
convergence in distribution for ¢ = 1 and then we shall extend the convergence in distribution to a functional
convergence. The method we use here is close to the one used in [22]. In [22], we considered a wide family of
dynamical systems (Z%-extensions with d € {1,2} and (S, F), satisfying a standard or nonstandard central
limit theorem involving a stable distribution), but we considered also a specific family of observables f
(which were assumed to be constant on each cell, i.e. satisfying f(z,a) = f(y,a) for every x,y € A). In the
present paper, we focus on more specific dynamical systems (with d = 2 and (S, F),, satisfying a standard
central limit theorem), which includes the Lorentz process. This more strigent context allows significative
simplifications (due to summable error terms) which make much clearer the understanding of our argument
and allow us to generalize the method used in [22] to more general observables.

3.1. Convergence in distribution for ¢ = 1. This section is devoted to the proof of Theorem [2.1] for
t = 1. In other words, under the hypotheses of Theorem [2.I] we shall show that:

gng gnf ~ ~ .
(m(@’m) — (/Agd;ub(o)g, U(f)\/WN>, asn — 400, (3.1)

where the convergence is in distribution as n — +oo, with respect to any absolutely continuous probability
measure.

Proof of Theorem[2.1] for t = 1. Since T is ergodic, due to Hopf’s ergodic theorem [15, §14, Individueller
Ergodensatz fiir Abbildungen|, we assume without any loss of generality that g(z,a) = 1g(a), which shall

significantly simplify the computations in the proof of Lemma [3.2
Set a,, = In(n), so that a, ~ > p_; k~* as n — +oo. Due to [31, Theorem 1], it is enough to prove the
convergence in distribution with respect to Ty (u ® dp), i.e. the convergence in distribution of (i—*;g, %Tf)n

with respect to u, where:

Zuh(z) := (S,h) o T(x,0) = zn: h (Tkg:, SkF(x)> :
k=1

The convergence in distribution of (%, %)" is equivalent to the convergence in distribution of a% +p i’;l

for every a, 8 € R. Let us fix a, 8 € R for the remainder of the proof.
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We use the method of moments. Setting h,(z,a) := %g(z, a)—}—%f(x, a), due to Carleman’s criterion [12,
Chap. XV 4], it is enough to prove that, for all m > 0,

lim E, [(Z.he)™] = E [(a@(O)E + BV/B0)E 5 ( f)/\f)m] . (3.2)

n—-+0oo
Let us fix an integer m > 0 for the remainder of the proof. Then, for all n:

(Z(hn@’“(-), SkF(-»)

k=1

:Zn: >, Eu

ki,....km=1dy,...,dm €22

Eu [(Znhn)m] = EM

H hn(Tks ()’ ds)l{SkSF(')ds}] .

s=1

Gathering the terms for which the ks (with their multiplicities) are the same, we obtain

E [(Znhn)m] = Z Z CNAn;q,N, (33)

=1  N;>1
Ni+-+Ng=m

where N = (N;)1<j<q, where en is the cardinal of the set of maps ¢ : {1,...,m} — {1,...,¢q} such that
1071 ({j})| = N; for all j € {1,...,q}, and where

q
Apgn = Y > E, H(hn(T”j(-),aj)Nfl{snch):aj})

1§n1<...<nq§nae(z2)q 7=1
q

_ Z Z E, H (hn(TnJ(.)’aj) J1{Sn]-F(~)—Sn]-_1F(')=“j—aj—l})

1<n1<...<ng<n ag(Z2)4 Jj=1
q

= > | > E ]I ( (T (), %‘)le{sejF<->=arajfl}> oThtHh ()

ac(Z2)1 | L€y n j=1
with the notations a = (a1, ..., aq), no := 0, ag := 0 and

q
Egn=4L=(l,....0) €{L,...,n}" : Y 4;<mp;

¢; corresponds to n; —n;j_1. As in the proof of Lemma for all ¢ € N and a € Z?, we define operators
Qo and Qpqp Ny acting on B by:

Qe.a(G)(2) = P'(1g5,p(@)=a}G) (2),
QZ,a,b,N,n(G) (1’) = hn(xv a>NQZ,a7b(G) (CL') .
Using E,[-] = ]Eu[Pél‘*'"'M‘Z(-)] and using repeatedly P*(G oT* - H) = G - P*(H), we obtain
n N Z Z [quvaqyaq—lqu,n T @f1,a1,O,N1,n(]—)i| . (34)

ac(Z2)1L€Eqn

We further split the operators Qg q:

: Eul
Qra = Q) + Q) with Q") := 2(0) FEH . (3.5)
We assume without loss of generality that n = /4 < 1. Note that
(1) —0((1 2myp—1-n 3.6
[t 5.5, = O+ laPDE) (36)
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by Hypothesis (2.2) and using the fact that |®(x) — ®(0)| < cmin(22,1) < ¢z?" for some ¢ > 0. Thus, for all
N>1,

We introduce these operators Qéoi and Qélg into (3.4]), creating new data we need to track: the index of the
operator we use at each point in the weighted path. Fix n, ¢ and N. Given € = (£1,...,¢4) € {0,1}9 and
s € 72, write:

C ANHD 1+‘a_b| () ' N
e )V QUL <€ vl e abd LCRARECRIE

BEon(G)i= Y halnag™MQEn el a)™ Q)L (G,

ao,..‘,aqez2
ag=s

Ben(@) = Y B, [h( a) QN ) Q) (G)] =By [BEen (@)

ac(Z2)q
Aiq,N' Z bOEN
LeEG n
so that:

THJN Z Anq, = Z Z bS,Z,N(]-)

e€{0,1}9 e€{0,1}9 L€Ey

The goal is now to understand which combinatorial data (N, &) is negligible as n — +oo, and which
represent the majority of the m-th moment. The following properties are directly implied by the definitions.
Properties 3.1. Consider a single linear form bi,l,N' For oll 1 < i < q, the terms on the right side of

Qgiz—a depend only on a1, ...,a;—1, and the terms on its left side only depend on aj, . ..,aq. Hence:

mee oes not depend on a, the value o oes not depend on s. 1thout loss o
1) Si Qead d d h [ fb E)(NN)d d d With l f
generality, we shall choose s to be O when g1 = 0.

(1) b7y 30y () = E2 S e Bl (-, @)NEL[] for all €, N > 1, so:

0) _ ®(0)
37(@7(1)(’) - W NH )
1
b0 ()= E,| []+o< )
5,(0),(2) gan gzzg Van
(1) b9 = E,[B%) (D)E.[BS, & ()], ive.
,(£,£0,£"),(N,No,N') 0,(£0,£"),(No,N") plPs e NI
(e,0,6") _ 1(0,")
bs,(e,fo,t’),(N,No,N’)(') - bO,(fo,i'),(No,N’)(1)b§vevN(.) :

. ,0 a
(IV) In particular, bf(l?ﬁg),(N,l) = %bi’&N(-), and:
(£,0,0,e”) (0,") (0)
ot )., = P05, 0 (100,20, 1) (D)5 )

Q(O)Od (0,6/)
N boay, 0’(%75/)7(N6,N’)(1)b§,£,N(')-

(V)
(0,1,...,1) _ ®(0) (1,...,1) N
bs,(zl,...,zq),(Nl,Ng,...,Nq)(1)_ A Z ba1,(éz,-~~7€q)7(N2,--.,Nq)(h”<"al) Y-

a1€7Z2

In particular, we can estimate the coefficients corresponding to € = (0,1) and N = (1, 1), which will play
an important role later on.
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Lemma 3.2. Under the hypotheses of Theorem[2.1] and with the notations of its proof,

SOF [ 1
b(o’l), 1) = / T . fd — . .
sl an == [foT" - fdi+O - (3.7)
Proof of Lemma[3.3. Applying Point (V') of Properties
0,1 2(0) 1
b0 (1) = ¢ > B [hn('ab)Qé',)b—a(h”("a»] '

a,beZ?

Recall that h, = g + \/%f with g(z,a) = 1p(a). By Equation (3.6),

= O((1+ [a)e11),

ball(8,8)
therefore
®(0) o 1) 1 9
7 E, [ang( b)Qg/b a(h (a))| =0 m Z(l + |al*") th(',a)HB
a,beZ? a€Z?

1 1p(a 5 a
=0 00+ g, Z(l + |Cb|2n) < (;(n) + Hf(\/CTn)HB>

€72

1
=0\ —= |, (3:8)
Letnap

since Y ,cz2(1+ |al?*") || f(-,a)|| 5 < co. In the same way,

‘P;O) 3 EM[ 7 y(.b) %mn(wa))]

By R RVCH)
®(0)5?
- (a)f Z By [f('7b)Qé}7)1)_a(f(-,a } aﬁ ZE { (1)b( )}
" a,beZ? ECL,% bz
2 "
B (I)EIO)f Z Bu [SC:0)Qep-alf (1 0) P aﬁ Z £, 0) % Nl 2, O <1;1’+7|7>
" abez? an =

2 ~ - 1
PO [ ot -fdu+0<3> ,
anl A 001+ 2

where we used the fact that >, 72 E, [f(-,b)Qg?},_a(f(-,a))} = 200 (fxrf dﬁ)2 = 0. The claim follows
from this, combined with Equation (J3.8]). O

Given a sequence € € {0,1}9, we can iterate Point (I1I) of Properties (3.1 to cut b5 , n into smaller pieces,
for which 0 may only appear at the beginning of the associated sequences of indices, and then use Point (V)
to transform the heading ¢; = 0. Let m; < mg < --- < my be the indices i € {1,..., ¢} such that ¢; = 0.
We use the conventions that mgy1 := ¢+ 1 and €441 := 0, that 0%, = 1 if ¢ = 0, and that an empty
product is also equal to 1. Then: ”

K
1)

(L. (0,1,...,1)
§7£7N( ) bs (Zh .y ’m1 1) (Nl lefl)( )H b (ém ----- 7£ 7;+1*1)7(Nmi7---7Nm7;+1*1)(1)
=1

_ Ki(1,...,1)
= (@O0, (00" (Nt Nomy 1) (1)

K
1 1,..,1) N,
X H m ba (gm 1l i+1*1)’(Nmi+1""’Nm' _ (hn(, a) 1) .

i+1 1)
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We sum over £ € E, ,,, and get:

’A qN’ < Z |b8,£,N(1)‘

Le{l,...,n}4e

K
< (2(0)) S e v () (3.9)
(L1, lmy—1)
e{l,..,n}m1-1

K

1 (1, Non,
xH > ™ Zb} (it 12 1N 1N - ()N L (3.10)

(fmi,...,me_l_l) i aczZd
€{1,....n} i1

Now, let us bound the terms (3.9) and (3.10)); our goal is to find conditions on the combinatorial data
ensuring that these terms are negligible. Starting with (3.9)),

b(17
O7(£17 7m1 1) (N17 7Nm1 l) B*
—1
(fl ol ,1)_1_77 " N
=0 [ S T a+1a = a0 (Tolay) + 1) % I 3s )
an 2 al,...,am1_1€Z2 j:l
(4 )7 T ! N
s |
=0 | Ftimm 11 201 (@ +176.0) % lgfe )
an Jj=1 acZ?

Therefore, (3.9)) is bounded, and converges to 0 as n — 400 if m; # 1. Focusing now on (3.10)),

(1,...,1) N,
Zba,(emi+1a---7€mi+171)7(Nmi+17'"7Nm‘ -~ (hn(7a) 2)

41 1)
aEZd B*

—1— Mir17m;—1
(£m¢+1--~£m1'+1*1) T Z Z+1—[Z (L4 laj — a; |277)
Nmite A Nmiy, -1 o

an 2 ao,...,ami+17mi71€z2 7j=1

=0

mip1—m;—1

< 1 (1o<ak>+uf< a) %25

k=0
i 1
(gmi+1."€mi+l 1 —n M 4n N
—o [ et T S L) (Lo(@) + 1) %l s )
an 2 j=m; a€Z?

Therefore the i-th term appearing in (3.10)) is in

N+t

N+t N g1 Nppi -1
0 3 6; a, 2 =0 (a}l z ) : (3.11)
lm;€{1,...,n}

If m;y+1 = m; + 1, then the i-th term in is bounded by Point (I7) of Properties If mjy1 > m;+2,
then Np,, + ...+ Np, ., —1 > 2, so the i-th term in is still bounded by Equation (3.11]). Furthermore,
if Ny, + ...+ Nm,,,—1 > 3 for some ¢, then the i-th term converges to 0, and thus A7 = converges to 0 as
n — 400 by Equation . Hence, Afm,N may not converge to 0 only if m; = 1 and Np,,+.. .+ Ny, 1 <2
for all . To sum up, if:

mi+1 = m;+1 and Nmi = 1
m1 = 1 and for all 1 <3 < K, either miy1 = mi+1 and N, = 2 , (3.12)
mi+1 = m;+2 and Nmi = Nmi+1 =1
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then (A7 | N)n>0 is bounded; otherwise, (A7 | n)n>0 converges to 0. In particular, E, [Z;,(h,)™] is bounded,
and we only need to take into account the data (N, ) satisfying Condition (3.12)), which can be rewritten:
o N, € {1, 2};
° Ni =2 = g = O;
e, =1 = iZQ, Ni:Nz;lzl, gi_1=0.

We shall call such couples (N, &) admissible. Given 1 < ¢ < m, let G(q) be the set of admissible (N, &) =

((N1,...,Ng), (€1,...,q)) € {1,2}9 x {0,1}9. For (N ) G(q), we set:

o Nh:={ie{l,..,q} : & =0,N; =2};

o Ji={1€{l,....q} : (gi,&i+1) = (0,0),N; = 1};

b jl,l = {/L € {17 e — 1} : (517514-1) ( ) (NuNi-i—l) = (]—7 1)} )
recalling the convention €441 = 0.

For instance, the data N = (1,1,1,2,1,1,2,2,1,1), € = (0,0,1,0,0,1,0,0,0,0) is admissible, as it can be
decomposed in blocs as follows:

1 112
e 010 110

[\)

21111
0[0]0f

O =
==
o

For this example, J> = {4,7,8}, J1 = {1,9,10} and Ji1 = {2,5}.
Then:

_ (0) (0) (0,1)
bg;LN(l) = H b(éi),(Q)(l) H b(&),(l)(l) H b(€i7£i+1)7(171)(1)
1€Jo €1 1€J1,1

Note that m = 2|J2| + 2|J11| + |J1| while ¢ = |T2| + 2|J1,1| + |J1]; in particular, |J2| = m — g. Due to
Point (1) in Properties and Lemma we obtain:

€ (I)OBQ ag2Euf‘aa2 d(0)
_ZH()Zz[()]H()

A N =
;N ) .
LEE,, \i€T2 Litn ieq [ifn
®(0)52 ~ _
11 éuzﬂﬁfoTé’-fdu +o(1)
1€J1,1 L A
m+|J1 |

2 2 - a)?
- (<1><0>> gretaigint 3 [ BeezEalf 0

a /.
n LEEn \i€T !

X le H /foT‘) fdu | +o(1)
€N 1€J1,1

- @(0) m+|Jq| m_|J1| ‘Jl‘ 2d~ |J2|
= (%)l ([ an)
q—|J1,1]

<y I1 /fon fdn > 11 g | to)  (313)

fl,m,f\jl’ﬂzl 1€J1,1 E’eEq - lell‘ i=1 i
—1abnT 2 4

Due to [22] Lemma 3.7|, for all £,...,£,7 | > 1, as n — o0,

q—|J1,1] 7 m+| T |
_1 — —_—
Z H E; Nﬂ%' lﬁl‘zan 2
ek il

-1 1lm=2,27" 4



CENTRAL LIMIT THEOREMS FOR THE Z2-PERIODIC LORENTZ GAS 15
Hence, by the dominated convergence theorem,

[J1,1]

m+17; | |72
A un = B(0) 7 gl (/ngdﬁ> Z/foTé Fdi) o).

>1

If (N, e) is admissible, then en = 2-1%2lm!. Applying Equation (3.3]), we obtain

Eu[Zn(h)™ =D ) enAS nto(l)=m!D 27 )" An N +o(l).

9=1 (N,e)€G(q) g=1 (N,e)eG(q

Let r := 2|J11| + 2|J2] and s := |J2|. Note that r is even, s < /2 and r < m. We split the later sum
depending on the value of r, and then depending on the value of s = m — ¢. Note that, once r and s are

fixed, the number of admissible (N, g) | and s = | Jo| is (mr_/z/Z) : (Téz). We get:

lim E,[Z,(hn)™]

n—-+o00

r/2 r/2—s

> e > sorisen ([ ) (X[ rer

0<r<m s=0 (N,€)eG(m—s) >1
re2z

=ml > <m7«_/§/2)<1><o>m—"/2ﬁ7"am ’"T/Q (m) 2 (/ f*d > 2 / JoT'-fdi

0<r<m £>1
re2Z

Y (M) eoy e <522(f)>7"/2

0<r<m
re27

= O;m <T> Q™" [(m — r/2)!<I>(0)m—r/2} 2”22"71/2)‘ (B5())"
re2z

=3 (M) e Bl
r=0
—E [(a(I)(O)S + B\/@(o)sg(f)f\f)m] :

where € has a standard exponential distribution, N a standard Gaussian distribution, and £, A are inde-
pendent. This finishes the proof of Theorem [2.1] for ¢t = 1. O

r/2—s

3.2. Functional convergence. We finish the proof of Theorem by extending the distributional limit
theorem (for ¢ = 1) to a functional limit theorem. This is made easier by the fact that, in dimension 2, the
local time at step n is of the order of In(n), which has slow variation.

End of the proof of Theorem 2.1, A crucial observation is given by the next lemma:

Lemma 3.3. Under Hypothesz’s there exists C > 0 such that for every f : A R, for every 0 < Ty < 15
and every n > Tfl,

S f — §nT1f‘

sup
te(T1,12)

<C Y @)l (ap log W] (3.14)
LY(T, (u®50)) a€z? !
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Proof. Assume first that p = 1. Let ¢q := ||f(:,a)||,, and set ho(x,a) := cq. Using Hypothesis there
exists a constant C' > 0 such that:

k
HS’“ho - tho‘ LT, (usd)) G;ZQ o mzzj;l“(smF =a)
k kg
< Z Ca Z Eu [Qm,a(l)] <C Ca Z E
acz? m=j+1 acz?  m=j+l1
Since |f| < ho, for every n > T; !
te(STl?,)Tz) Sntf = Spry f } S < Hsfm]ho Sty Jho‘ILl .

<cC Z calog

acz?
When p > 1, using again Hypothesis 2.2 we get:
_ _ [nTy]
sup Sntf - SnTlf‘ Z Z Hf Pe ]-SgF a) Li(A
te(T,12) LT, (u®80))  a€Z? t=|nTi | (An)
[nT3]
<Y NGOl Do 1Qea(D)ls
a€Z? {=|nT]
[nTy] 1
<C | Il | X 7 0
a€Z? £=|nT ]
Lemma, [3.3] implies that
§nt90 - §nT1 g0 gntf - §nT1f
sup |—————|, sup |———
te[Ty,Ty] ln(n) te[Ty,Ts] ln(n)
converges in probability to (0,0) with respect to pu ® dg. Hence, as n goes to 400,
S Sy ~
o Snil — (2. 3(NHVEOEN) (3.15)
In(n) In(n) T te[T1,Th]

where the convergence is in distribution in C([T7,T»], R) with respect to p ® dp.

Hence, the conclusion of Theorem holds for f and gg, and where the convergence in distribution is with
respect to u ® dp. By [31, Theorem 1], the convergence in distribution actually holds with respect to any
absolutely continuous probability measure. Finally, let us take any g € L' (A, ji). Since the system (A, 1, T)

is conservative and ergodic, Hopf’s ergodic theorem ensures that, f-almost everywhere, Sig ~ [ 79 di-(Si90),
so the convergence in distribution of Equation (3.15]) also holds for g. O

4. LIMIT THEOREM FOR FLOWS

We now focus on the results for suspension flows over maps with good spectral properties.

4.1. General theorem for suspension semiflows. We begin by deducing Theorem [2.4] from Theorem [2.1]

Proof of Theorem[2.4] Let ¢ be as in the hypotheses of Theorem Take ¥(x,a,u) := 7(z) '1p(a) and
po =7 Hz) du(r) ® do(a) ® du € P(M). Let 0 < s1 < so.

From the transformation to the flow
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Let 0 : M — R. Recall that we defined G(6)(z,a) = [ 6(x,a,t) dt. Assume that:

> IGUN G, @)l (a0 < +00,
a€Z?

a condition satisfied by both the functions ¢ and .
=3t Lok ()

B Recall that we set ni(z) = maxﬁz >0 : Spr(x) <t} let Ny(x) := ny(x) + @y SO that
Sy, T =t. Then, for all (z,a,u) € M,
15:0(2,0,0) = S, GO, 0)| < GUON(@:0) + Sy 0)ni(@ 1 GullODT™ (@) . (A1)

It is straightforward that G(|0])(x,a)/y/In(t) — 0 as t — +oo. We need to control the last term in
Equation (4.1)).
Since (fT, i, f) is ergodic, so is (A, u,T), and thus, by Birkhoff’s ergodic theorem, lim, 1o n " 1S,7 =

J4 7™ dp almost surely for pu. Since S, 7 < t < Sp,417, we conclude that, p-almost surely, ny ~ ﬁ as t
A

goes to +00. Therefore, for v-almost every (z,a,u) € MV, there exists tg = to(z,u) > 0 such that

t 2t
< nt(x) S nt+u( ) + 1<

2 [, mdp ~ _fATdM
for every t > ty. Then, on {to < s1t},
SUP Sy () =nea (@)1 GO (T (2, 0)) < sup SmG(16])(T" (, a)).
5€[s1,52] 2];:? e <n<n+m< fjt_:QdM
By Lemma [3.3]

1{t0<31t} sSup Snts+u(z)—nts(a:)+1G(’9|)(fnts(x)(x7a))

5€[s1,52]

482
= TGl | 1 (22).

LY (M ,p0) acz?
Hence, the random variable

SUP,efs, o) GO (T (2, a))
In(t)

1{t0§81t}

converges to 0 in probability on (]\7 , o), while the random variable
1 SUD e[y 5] GO (T4 () (2, a))
{to>s1t} \/m

converges to 0 almost surely on (]\7 y 1O)-

Applying the above discussion to the functions 1 and ¢ respectively, the convergence in distribution in
C([s1,s2],R), with respect to g, of
(Stsw Sts¢ )
In(t)’
n( ) ln(t) s€[s1,52]

is equivalent to the convergence in distribution in C([s1, s2], R), with respect to p, of

SNes(@)GW) (2, a) Sy, G()(z,a)
(z,a,v) — ( (1) , ) )86[81 . .

Since this last process depends only on z (recall that a = 0 almost surely under pg), this is equivalent to the
convergence in distribution of the process

N SNts G(¢Y)(x,0) §Nts(x)G(¢>)(x,O)
(t) | ln(t) S€[s1,52]

with respect to u ® do.

A time change



CENTRAL LIMIT THEOREMS FOR THE Z2-PERIODIC LORENTZ GAS 18

It remains to prove the convergence in distribution of <5Nts('fncng )00 , SNtsi}%("o)> inC([s1, s2],R)
s€[s1,52]

with respect to p. The main idea is that this process is a time change (by N¢) of a discrete-time process, for
which we can apply Theorem

We set T := % and 75 := fAQ?du' By Theorem as t goes to +o00,

Sy GW) 8),9C(9) B R
< () >s/e[TO,T1]_></ﬁng¢(0)g’a(f)\/WN> , (4.2)

ln(t) s'€[To,T1)

where the convergence is in distribution in C([T7, T3], R) with respect to p ® do.
Since Ny(-) ~ f# as t — 400 almost surely for p,

AT du
lim sup Nis() — i —| =0
t—+0o0 s€[s1,82] Ltj fA T dv
p-almost surely. Thus, still y-almost surely:
s
lim sup |hes(-) — +—=| =0, (4.3)
t=+00 e g1 5] Sy dv
with:
o i e e
hi,s(x) = Ntfiﬁz) if Ty < Ltftjx) <T

. Nis(z)
T2 if T1 S t\_t]

Observe that hy s takes its values in [T, 73] and is continuous in s. Therefore, by composition of Equa-

tions and ,

SnuG(®) Sni,G(0) [ Sine GW) Sjn, G(9)
() @ ) W) V)

converges in distribution in C([s1, s2], R), as ¢ goes to 00, to (fg G(Y) dp®(0)€, a(G(9))/P(0)E N)

s€[s1,82]

Moreover [7G(0) dii = [0 dv for 6 = ¢, ) by definition of 7 and of G(6), and

(G0 = [ 6P di+2y [ G6)-6lo)o T dn
A s1/A
This finishes the proof of Theoremfor Yz, a,u) :=7(x)1g(a) and po := 771 (z) dp(z)@60(a)® du €
P(M ). The general case follows from the same ideas as in the proof of Theorem [31, Theorem 1] extends
the result to any probability measure absolutely continuous with respect to v, while Hopf’s ergodic theorem
extends it to any ¥ € LI(M, V).
O

4.2. Proof for finite horizon Lorentz gases. We now derive an application to Lorentz gases, that is
Corollary [2.5] from Theorem [2:4]

Proof of Corollary[2-5 There exists ¢ > 0 such that (Mv, cv, (}715),5) can be represented as a flow as in The-
orem , with (A, pu,T) the corresponding Sinai billiard and 7 the length of the free flight until the next

collision. Let us write C, for the set of configurations in M whose last reflection is on an obstacle corre-
sponding to A x {a}. Since 7 is uniformly bounded, the condition on ¢ ensures that

> l19e.

a€Z?

< +00.
n
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Again here f is the billiard transformation in the Z2-periodic billiard domain. Let z, v in the same continuity
domain of T'. Then there exists K such that

T(x) T(y)
\Gwmw—awxw——A M%@mmd&—A " oVl 0)) ds

min{r(z), ()} | _ B
SA y?W%@ﬂﬁ—wnwﬂwdyﬂﬂm—ﬂwwwwm

< Illes 191, 1, o, e dVa(@, @), Yaly, @))"
1
+ H7’||% loic. o Az, y)2

since 7 is %—Hélder continuous on each continuity component of T'. Since (z, s) — 175(1:, 0) is differentiable on
{(z,s) € Ax[0,400) : s < 7(z)}, we conclude that f: (z,a) — fDT(m) ¢(z,a,s) ds satisfies the assumptions
of Corollary [2.2| with 7 replaced by min{n, 1/2}.

The assumption on the system can be checked as in the proof of Corollary : [8, Theorem 3.17] en-
sures that Hypothesis is satisfied with p = 1, and [, Lemma 5.3] ensures that [|G(&)(,a)X||z55 <

C||G(o)(-;a)ll,. Allis left is to apply Theorem [2.4 .

5. LIMIT THEOREMS VIA INDUCTION

We now prove Proposition using induced systems as in [27, 29]. The strategy, in a nutshell, is as
follows. In the present article, up to now, we worked with suspensions flows over an ergodic Z?-extension of
a dynamical system (A, u, T), where the extension was given by a jump function F : A — Z? and the roof
function 7 : (z,a) — 7(x). The system (A, pu,T) was a billiard map, and the suspension flow the Lorentz
gas.

In |27, 29], the setting is very similar, with the difference that (A, u,T') has to be a Gibbs-Markov map
(see e.g. [Il 4.6] for an introduction to these systems, which are Markov maps with a big image property).
Using the symbolic coding of Axiom A flows by Bowen [2], a statement very close to that of Theorem
was obtained for geodesic flows in negative curvature [29, Proposition 6.12|. The case of Sinai billiards is
more complex, as one has to use Young towers [30] to make them fit the setting of Gibbs-Markov maps.

5.1. Young towers and Lorentz gas. To simplify our argument, we shall work with the discrete-time
Lorentz gas (i.e. Z2-periodic billiard system). In order to emphasize the parallel constructions, we keep
using the notations (A, u,T") and 7 in this section, although we stress that they do not correspond to the
billiard map and the free path length respectively, but to an underlying Gibbs-Markov map and to the height
of the Young tower. Using a Young tower, there exist:

a Gibbs-Markov map (A, u, T') with Markov partition I,

a functiorﬂ 7: A — Ny constant on each element of I', with u(7 > n) < C.e " for some ¢, C. > 0,

and a tower (A;, ur, Tr) over (A, u, T) with roof function T,

e a hyperbolic map (Ay, uy, Ty ), where each point in Ay has two coordinates (x,, zs) (the base of the
Young tower, which has a box structure indexed by I', the coordinate x,, is the coordinate along the
unstable manifold, and =4 along the stable manifold; we write I'y for the corresponding partition of
AY)v

e a function 7y : Ay — N, depending only on z,, and a tower (Ay.,,uyr, Ty ) over (Ay,py,Ty)
with roof function 7y,

e a factor map my : Ay — A such that 7y = 7oy, which lifts to a factor map on the towers: abusing
notations, my (xy, s, k) = (1y (2, zs), k) € A, for all (x,,xs, k) € Ay 7,

e a factor map 7 from Ay, to the Sinai billiard table.

These objects behave well when one works with Z?-extensions. Let Fy be the function describing the
jumps for the discrete-time Lorentz gas (i.e. F, is the function denoted F' in Subsection and Fy (2, xs) =

2This function 7 is the time of the next Markovian return to the inducing set; it is not the free path length, as it used to be
in Subsection
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Zi(ox")_l Fp o w(xy,xs, k). By the construction of the Young tower, F, o w depends only on x,, and thus

quotients through 7y to yield F : A — 72, which is constant on each element of T".
Let (Zym Ay,rs Tvyf) be the system defined by:
o Ay, = Ay, x 12,
o /ZY,T = ZaGZQ my - ® 5&7 _
o Ty (xy, x5, k,a) = (xy, x5,k + 1,a) if & < 7v(x,) — 1, and otherwise Ty ,(xy, zs, 7(zy) — 1,a) =
(Ty (x4, x5),0,a + Fy (zy,)).
In the same way, define (A, i fir T 7) using the system (A-, yi7,T7) and the function F. Then there exist two
factor maps 7 and 7y from (Ayﬂ—, [y, rs TYJ—) descending to the discrete-time Lorentz gas (i.e. the Z2-periodic
billiard system (Z, 1, f) defined in Subsection and to (g.r,ﬁf,ji) respectively. This construction is

summed up in the following diagram:

(gTv ﬁra TT) T (AVY,W ﬁY,Ty fY,T> 4>% (COHiSion map fOF)

l v l the Lorentz gas
™ collision map for
(Ars o7, Tr) = (Avirs by, Ty ’ (the Sinai billljiard)

In the diagram above, all the downward arrows consist in forgetting the Z2-coordinate, all the horizontal
arrows are measure-preserving, and 7y (but not 7) acts trivially on the Z2-coordinate.
We shall also write, for z € A:

o(x) = inf{n >1: SI'F(z) =0},

o(x)—

Z TOTk

so that ¢ is the first return time to A x {0} for the underlying Z?-extension of a Gibbs-Markov map, and @
the first return time to A x {0} x {0} for Ty. Then the map Tj := T# acts on A x {0} ~ A, and (A, p, Tp) is
a measure-preserving ergodic Gibbs-Markov map for some refined partition I'g. In the same way, we define
Ty70 = T;fﬂ'

Given an observable f defined on the state space of the Lorentz gas (Z2-periodic billiard map), we define
the sum of f along an excursion, either until it comes back to the base of the Young tower or to the basis of
the cell 0 in ZKT. For (z,,zs) € Ay and a € Z2, let:

Ty (Tw)

Gy (f)(zy, zs,a) == Z f(zu, xs, k,a)

k=
q)(x)l

GY,Lp(f)(xm$s) = Z fOT{ZT(CU,O,O)

eo(wu

Z GY’T TY(xua ZES), S;?YFY(CUU)) )

and define in the same way G,(f) : A x Z? — C and G,(f) : A — C for functions f defined on A,

5.2. Proof of Proposition The general strategy, close to that of |29, Proposition 6.12], is as follows:
e Take a function f defined on the state space of the discrete-time Lorentz gas, uniformly n-Hdolder
on the contlnulty components of the billiard map, with integral zero and such that Zaez2(1 +

In, |a])2 3t I f(-,a)||, < oo for some s > 0. Lift it to a function f o7 defined on (AY,T, /LYJ,TY,.,-).
e Add a bounded coboundary uoT —wu to get fiomy = fom+uoT —u (independent from x4 and thus
going to the quotient through 7y, so that we only need to work with the Gibbs-Markov extension).
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e Check that Gy (f o 7) satisfies some integrability conditions, then apply [22, Lemma 4.16] and [22),
Lemma 2.7] to show that G,(f4) is also integrable enough (the precise conditions shall be described
later).

e Apply a version of [29] Corollary 6.10], together with [28, Remark 4.6], which states:

Proposition 5.1 ([29]). Let (A;, [iy,T;) be an ergodic and recurrent Markov Z2-extension of a Gibbs-Markov
map (A, T, 1, T), of roof function T and of step function F : A — 72. Assume that it is aperiodic, that T and
F belong to L?(A, ua), and that > ver I Lip(y) 48 finite. Under these hypotheses, the covariance matriz

Y2(F) is positive definite, where, for all u and v in R2:

N-—1
(u, Z%(F)v) :NEIEOON/ (ZFOTZ ) <§FOT@U> dp.

Let f+ be a real-valued, measurable function from A. to R. Assume that:

o TH(, 0,0)‘ e LY(A, ) for some g > 2,

® SUPp<n<p(z)

b fA (f+) dpu = 0 ' .
hd Z’YEFO ( ) Y) SUPgezd |G7(f+)(7 a)|Lip('y) 15 ﬁnlte-
Then, for any probability measure v absolutely continuous with respect to fi,:

2m+/det(X2(F inl
( ln((n)( ))> ZﬂrOT — o(f4)L,

where the convergence is in distribution when the left-hand side is seen as a random variable from (fTT, v) to
R, where L follows a centered Laplace distribution of variance 1, and:

(1) = [ 6ol du+2Z/G (1) Golfy) o T dp,

where the limit is taken in the Cesdaro sense.

Proof of Proposition[2.3 Let us go through the assumptions of Proposition for the Young towers associ-
ated with Sinai billiards.

General assumptions on the system
The bidimensional Lorentz gas is ergodic and recurrent for the Liouville measure; by construction, so is
(AyT, y,rs TyT) As a factor map, (AT, Lhr TT) is then also ergodic and recurrent.

The theorem stays true if one drops the hypothesis of aperiodicity on the extension; the full reduction can
be found in the proof of Proposition 2.11 in [22].

The roof function 7y has an exponential tail, and as such belongs to L2*¢(A4, u). Since the billiard has
finite horizon, the function F7, is uniformly bounded. Hence, the size of the jumps Fy = S;, (F o7) is in
O(7y), and thus also belongs to L2T(A4, ). By construction of the Young towers, 7y is constant on the
elements of the Markov partition. All these properties goes through the quotient to 7, and in particular
Zyel" :u‘(f)/) ’T‘Lip(’y) =0.

Defining a coboundary

Let f be an observable of the collision section for the Lorentz gas which is uniformly n-Holder on the
continuity sets of the billiard map. The space A,y has a box structure, with, by Young’s construction, a
distinguished piece of unstable manifold on the basis Ay . Let us choose the coordinates (i, xs) so that this
piece of unstable manifold is {x5s = 0}. Then we get a map:

| Ay, — {(zu,0,k,a): 0<k < 7(x,), a€Z?
P @urkia) = (04,0,k,q) |
The space Ay, is also endowed with a distance dy, satisfying the properties (P3) and (P4a) in [30],
namely, there exist constants C' > 0 and « € (0, 1) such that, for all z,,, x5, o, z%:

o dy (T3 (Tu, 25,0), Ty (24, 7, 0)) < Ca™ (contraction along stable leaves),
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o dy (T3 (Tu, 25,0), Ty (27, 75,0)) < Ca @)= for 0 < n < so(y, x),) (backward contraction
along unstable leaves),
where sg is a separation time. In addition, up to working with some power of dy ,, we may assume that
fo7(+, -, a) is Lipschitz for dy,, uniformly in a € Z2.
The function f o7 is defined on Ay, X Z2. To get a function defined on A, x Z2, we use a classical trick

by Bowen [3], also used in the proof of |29, Proposition 6.12]. While we shall not repeat the computations,
let us ouline the main arguments. Define:

“+00

w(xy, s, kya) := Z [f oT OTQT(:qua:S,k:, a)— fomo TQT o py(xy, xs, k,a)
n=0

The function u is zero on {xs = 0}, and the contraction along stable leaves implies that u is bounded. The
function f4 := fom +uoTy, — u also does not depend on the x5 coordinate. Abusing notations, we may

see fi as defined on AVT. Finally, there exists a constant C” such that, for all z,, 2/, in the same element of
T, for all z; and all a € Z?:

30 (:Eu xu)

|u(zy, z5,0,a) — u(z), xs5,0,a)| < C'a . (5.1)

Since S, f = Spfrom4uo fQT —u and u is bounded, it is enough to prove the convergence in distribution

1

<zﬂw>22 Jro T = o(f)VEN.

with respect to the probability distribution p ® dy ® dp € P(AT). The convergence

1

(zﬂwyzfmm — o(f+)VEN,

with respect to py ® dg ® dg € P(KY,T) then follows, and the convergence with respect to any absolutely

continuous probability measure on Ay, follows from [3I, Theorem 1|. In addition, since fy — fo7 is a
bounded coboundary and adding a bounded coboundary does not change the asymptotic variance in the
central limit theorem,

o(f+) / GwaOﬂ') d/iy—i—QZ B Gy(’pfOﬂ') Gyw(fo%)ozt'ﬁo dpy. (5.2)

All is left is to check the integrability and regularity assumptions on f,.

Integrability of f
We start with the first condition on f; in Proposition which is the hardest. Since

n—1 n—1
sup ZerOTZC(,O,O) = sup Z(fo%—FUOTy’T—U)OT{;T(-,O,O)
0<n<3(z) |1 0<n<e(@) | ’
n—1 _
< sup Y foFoTy.(-0,0)| +2|lul,
0<n<&(z) |1—p

< Gyp(lf o) +2]ull,
it is enough to check that Gy ,(|f o 7|) € LY(Ay, py) for some g > 2. For (z,,a) € A x Z?, let:

?(wu, k,a) :=sup |f o 7|(xy, zs, k, a).

Then Gy (| f o T|)(@y, xs) < Go(f)(z4), so it is enough to check that G, (f) € LI(Ay, uy) for some g > 2.
For all a € Z?\ {0}, let
Na () 1= Go(L(ax{o}x{a})
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be the number of times an excursion from A x {0} x {0} hits the basis of the Young tower at A x {0} x {a}
before going back to A x {0} x {0}. Let A, := {N, # 0} C A, and

Ha = /-L(Aa)_lfAX{O,a}*,u|Aa ® 50)

where TAX{O,a} is the map induced by T on A x {0,a}. In other words, g, € P(A x {a}) ~ P(A) is the
distribution of a point at which a trajectory starting from A x {0} enters A x {a}, conditioned by the fact
that this trajectory enters A x {a} before going back to A x {0}. Then the distribution of N, —1 for u(-|A,)
is the distribution of the first non-negative hitting time ¢_, of A_, for p,.

By [22] Lemma 4.8], the densities du,/du are in L°°(A, u) and uniformly bounded in a. We apply [22]
Lemma 4.16] to the family of measures (i4)qe72\ {0} and the function 14. Note that a(a) = pu(Aa) = p(A-a)
in the cited article. Hence, for all ¢ € (2,00), there exists a constant C' > 0 such that, for all a € Z?:

_ 1 _
HG‘P(f]'ATX{a})H]LQ(A,M) = (Aa)7 HGSO(flA-rX{a})H]Lq(A,u(-|Aa))

p—a(®)

—u(A)i || Y G (D@ @).a)

k=0

< C/L(Aa)%_l HGT(?)('7G)HL¢Z(A,M) ’

By [22], Corollary 2.9] and [22 Proposition 2.6|, with « =d =2 and L = 1,

1(Aa) = © (M) -

Hence, up to taking a larger constant C,

HGs«J(T)HLq(A,u) = Z HGs@(TlATx{a})HLq(A,H) <cC Z (1+1Iny |a|)1_% HGT(?)("G)H]M(A,#)' (5.3)

a€Z? a€Z?

La (A,,LLQ,)

In addition, focusing on a single term HGT(?)(, a)HLq(A Ly e get:

r—1
G+ (F)C |,y < (1D Lirmry DI Ca + SeF) oo grmry
r>1 k=0 Le(A,p)
r—1
e X I | e
r>1 k=0 a’'e€Z? La(A,p)
r—1
< ST LSS wr =, S F = d —a)i. (5.4)
a’ €72 r>1 k=0

Qe

1
Set hg(a) == C(1+ Ing [a]) ™0 and gyla) = ¥,y SiTh ulr = 1. SuF = a)i.
together imply that:

Equations (5.3) and ([5.4)

16D llaary < - (e *90)(@) £ 0)]l (5.5)

a€Z?

If SpF = a with k < r — 1, then r > k > |a|/||F||.,. Since u(r > k) < C.e ¥, there exists a constant
C’(q,¢e) such that:

clal

gqla) < Z ru(r=r) <C'(g,e)e 2l
r>lal /|| Flo

All is left is to estimate hg * g4. Let a € Z2 \ {0}. We split Z? into rings:

Ap(a) ={d € Z*: e"a| < |d'| < " al},
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with n > 1, and a central disk Ag(a). We have Card(4,(a)) = ©(e?*|a|?) and, for all a’ € A, (a),
{ hq(a') < hela) +C(L—q H(n+1),

e(e™—1)|a|

gq(a—a/) < C’(q’g)ef 2q[Flloo |

Summing over all @’ € Z? yields, for some constant C’ > 0:

hq * gq(a Z Z hy(a')gq(a — a’)

n=0a’€Ay(
+oo
<D hgla)ggla—d)+CA1—q ") D gla—d)+CA—g > (n+1) D gyla—a)
o/ €Z? a’€Ap(a) n=1 a'€An(a)
+oo e(e™—1)]a
-1 ! 20 12,7 ToqFl ~
< [hg(@) + €1 = ¢ N llgallp g2y + €' S0+ 1) fafe” 2T (5.6)
n=1

The sum in Equation (j5.6)) is finite for all a. Each term in the sum converges to 0 as a goes to infinity (and
e(e”—1u

thus is bounded). In addition, the function u — u?e 247l is decreasing on [(4¢||F|| . )/(e" — 1), +00),
and thus on [1, +o0o) for all large enough n. Hence, for all large enough n and all a € Z2 \ {0},

)|a e(e"—1)

on (2, Srrrlel 2~ 5o FT
(n+1)e*[a?e” 2Pl < (n+ 1)e2e 2017l |
which is summable in n. Hence the sum is bounded in a. Since hy is bounded from below, we finally get
hq * gq = O(hy).
Let s > 0, and f be such that supaezz(l +Iny |a])2 2t ||f( a)ll,, < +oo. Without loss of generality, we
assume that » < 1/2. Taking ¢ = 1_2%, by Equation (/5.5) , the function G, (f) belongs to LI(A, p).
Remaining conditions on f

Let us focus on the last two conditions for G, (f). Since f is integrable and has integral zero, so does
fom. By Kac’s formula, Gy,,(f) is integrable and:

/Ay Gy,o(f) duy —/ f dpy,- = 0.

Since Gy (f+) — Gy, (f) is a bounded coboundary, G ( f+) also has integral zero.

Finally, let us check the regularity condition on G,(f4). Summing the identity fi := fom+wuo TVYJ —u
on the height of the tower Ay, yields, for all , € A and a € 72,

Gr(f4)(@u,a) = Go(f o T) (24, 0, a) + u(Ty (24,0),0,a + F(z4)) — u(24,0,0,a).
The space A can be endowed with a metric o®, where s is the separation time for the Gibbs-Markov map
(A,u, T) and o € (0,1) is close enough to 1. As s < s, we have a® < of, and a7 < a~1a® if sp > 7 (s0
on each element of the partition I'). Given z, «], in the same element of T,
T(2w)—1
(G (f 0 T)(@u,0,0) = G(f 0 T)(,0,0)| < OIf 0 Fuip(ay,,) p_, a0
k=0
Ca

50(Tu,xh,)—7(T)

< 1— ‘foﬂ-‘Llp dyT)O‘
C

EU © %‘Lip(dyﬂ-)a

so the function x, — G(f o7)(zy,0,a) is Lipschitz for the distance a® on each element of I', uniformly in
a€Z?andinT.

By Equation , the function w is uniformly 1/2-Hoélder for the distance a*° (and thus for the distance
a®) on each unstable leaf in Ay x Z2. Up to increasing the value of o, we may assume that u is actually
Lipschitz. Since applying Ty multiplies o by at most o', the function x, + u(Ty (24,0),0,a + F(z,)) is
also Lipschitz for the distance o® on each element of I', uniformly in @ € Z? and in I. Hence, f; is also

IN

s(zu,zl,)
)
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Lipschitz for the distance o® on each element of T', uniformly in @ € Z? and in I, and thus G, (f+) satisfies
the regularity condition of Proposition by [29, Lemma 6.5]. O

Remark 5.2 (Infinite horizon billiards). Young towers are still available for infinite horizon Lorentz gases [0],
although the height of the tower only has a polynomial tail: (T > n) = O(n=2). In the finite horizon case,
we used the facts that jumps in the billiard are bounded and that the tails of T decay exponentially to control
9q; both fail in the infinite horizon setting.

Moreover it is not known whereas a spectral local limit theorem analogous to Condition holds (with
¢ replaced by Llogl) in the infinite horizon setting. Using Young towers, in [25)], Szdsz and Varji proved
estimates analogous to our Hypothesz's under a weaker form, namely with L(B, B) replaced by L(B, L (u)).
However, Condition with L(B,B) being replaced by L(B, LY (1)) would not be enough to adapt our proof
of Theorem because we use iterations of operators Qe : h — Pt (1{SZF:a} h).
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