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Abstract

We prove a generalized central limit theorem for dynamical systems with an infinite ergodic
measure which induce a Gibbs-Markov map on some subset, provided the return time to this
subset has regularly varying tails. We adapt a method designed by E. Cséki and A. Foldes for
observables of random walks to show that the partial sums of some functions of the system - the
return time and the observable - are asymptotically independent. Some applications to random
walks and Pomeau-Manneville maps are discussed.

Although there is no simple equivalent of Birkhoff’s ergodic theorem for dynamical systems en-
dowed with an infinite ergodic measure, with stronger hypotheses on the system, and after some nice
renormalization, it is well-known that the Birkhoff sums of any given integrable function converge
weakly to a Mittag-Leffler distribution [1]. One of the nicer settings for ergodic theory with infinite
measure is the theory of Gibbs-Markov systems, which encompasses recurrent random walks and hy-
perbolic maps with a neutral fixed point (at least in one dimension). This theory is well-developed,
and recent works include [15] and [11], which give precise asymptotics on the speed of decay of cor-
relations for Gibbs-Markov systems by using operator algebra versions of the renewal equations used
in probability theory.

A problem arises when one works with functions with zero average: with the usual renormaliza-
tion, the distributional limit is then trivial, which means that such a result fails to give an accurate
picture of the asymptotic behavior of the Birkhoff sums. When working with probability measures,
one typically switches from a law of large numbers to a central limit theorem. Much less is known
for systems with infinite measures. Even in this setting of Gibbs-Markov systems, the known bounds
for the sums of observables with zero average are of the same order that the bounds for functions of
non-zero average. One exception to this claim is Theorem 1.3 in [15], but the nature of this result is
outside the scope of our paper, which deal with distributional and almost sure limits.

An equivalent of the central limit theorem for the observables of a simple random walk was found
by R.L. Dobushin in 1955 [6]. Up to our knowledge, the most advanced work on this subject was
written by E. Cséki and A. Foldes in 1998 and 2000 ([4], [5]) and deals with more general one and
two-dimensional random walks. In this paper we extend the method of the latter to study the more
general setting of transformations which induce a mixing Gibbs-Markov map on some part of the
system.

How to approach the subject: One does not work easily with infinite measures. A standard
tactic is to fix some nice part of the system, with finite measure, and to study the induced transfor-
mation on this subset. Then, one can hope to get a central limit theorem for the induced system. If
(S,) is a simple random walk on Z and f: Z — R is an observable, this means for instance that we
look at the excursions from 0, and we get roughly:

N-1 EN-1
F(S) ~ Y > f(Se),
k=0 k=0 £ in the kth excursion



where {y = Card{k < N : Sj = 0} is the local time in 0. Using the central limit theorem, we
know that this sum behaves like /€y times a Gaussian random variable. Moreover, £y behaves like
VN times the absolute value of a Gaussian random variable (this is a special case of Mittag-Leffler
distribution). It was shown by Dobrushin [6] that the whole sum behaves like N times NJA|2,
where N and N’ are independent Gaussian random variables.

The most surprising feature here is the independence of N and N’. One of those random variable
corresponds to the limit of the sum of f along the excursions, while the other corresponds to the limit
of the local time in 0. In general, the sum along the excursions and the length of the excursions are
correlated. However, it was shown that they are asymptotically independent under mild assumptions
on the return time in 0 [5], and for mere distributional reasons.

The argument used by E. Cséki and A. Foldes to prove this asymptotic independence relies
heavily on the Markov property of the random walks (i.e., on the independence of the excursions). A
good part of this paper is devoted to adapting the Gibbs-Markov maps into this setting. To this end,
we use explicitly the structure of Gibbs-Markov maps; the problem of the extension of our results to
more general classes of dynamical systems, such as AFN maps, is open.

Structure of the article: this paper is divided into four sections. In Section 1, we explain the
setting we choose and present our main results, Theorem 1.7, Theorem 1.11 and Theorem 1.12. The
choice of Gibbs-Markov maps is motivated by their generality (they appear naturally when one works
with random walks or non-uniformly expanding maps) and their structure (one can express some
kind of decorrelation for the return times, which are usually very non-integrable and do not belong
to any good function space). Section 2 presents two examples to which we can apply our results: we
first get back and slightly generalize the results of [4] and [5] for random walks, and then move on
to study the Pomeau-Manneville maps, a standard example of transformations with an indifferent
fixed point.

In Section 3 we prove Theorem 1.7, and in Section 4.1 we prove Theorem 1.11, as well as an
almost everywhere bound in Subsection 4.2 and Theorem 1.12 in Section 4.3.

1 Setting and results

We use the first subsection of this section to recall some basic definitions and properties of Gibbs-
Markov dynamical systems. The two next subsections will present the two main results of our article,
respectively Theorem 1.7 and Theorem 1.11.

1.1 Gibbs-Markov maps

The main limit theorems of this paper shall be established for Gibbs-Markov maps, or for transfor-
mations which induce a Gibbs-Markov map. We recall here some basic definitions and properties; a
more in-depth introduction can be found for instance in [1, Chapter 4.7].

Definition 1.1 (Gibbs-Markov maps).

Let (2, d, B, i) be a measured, metric, bounded Polish space, where 1 is a probability measure. A
non-singular, measurable map T : Q — Q is said to be a Markov map if v is T-invariant and if there
exists a partition m of ) in sets of positive measure such that:

e for all a in , the image of a by T is a union of elements of w (up to a set of null measure);
e for all a in m, the map T is an isomorphism from a onto its image;
T "m is B.

o the completion for ji of the o-algebra \/, o



Furthermore, such a map is said to be Gibbs-Markov if it also has the following properties:
o inf,c, u(Ta) > 0;

o it is locally uniformly expanding: there exists A > 1 such that, for all a in ™ and z, y in a, we

have d(Tx,Ty) > Ad(z,y);

e it has a Lipschitz distortion: there exists a constant C' such that, for all a in mw, for almost
every x and y in a:

dp du dp
- < . :
ToT ) = qrorW)| = AT, Ty) = (@) (1.1)

A Gibbs-Markov map is said to be mixing if, for any Borel sets A and B,

lim p(ANT"B) = u(A)u(B).

n—-+o0o

A function f on € is said to be a coboundary if there exists a measurable function g such that
f=9g—goT.

For any points x and y, let us denote by s(z,y) the smallest time n > 0 at which the points 7"«
and T"y do not belong to the same element of the partition 7. Then, for any x > 1, one can define
a metric d, on Q by d.(z,y) := k~*@¥) . The dynamical system (€, d,., B, u, T) is also Gibbs-Markov
if k belongs to (1, \].

We shall denote by g(x) := ngT(x) the inverse of the Jacobian of T at point z, and by ¢(™ (z) :=
g(z) -+ g(T" 'z) the inverse of the Jacobian of T". Thus, the bounded distortion property reads
lg(x) — g(y)| < Cd(Tz, Ty)g(z) for all @ in 7 and almost every = and y in a.

Naturally, we introduce the transfer operator for this dynamics: for every function f in LY(Q, p),
we put Lf(x) =3 7, , 9(y)f(y). Its iterates can be written in terms of g™ in the following way:
L) = rnys g™ (y)f(y). A cylinder is a set @ = [ag, - - - , a,_1] such that a; belongs to 7 for all
0<i<n-landa={reQ: V0<i<n-—1, T'z € a;}. A Gibbs-Markov map then satisfies a
stronger distortion property.

Lemma 1.2 (Distortion Lemma).
Let (2,d,pu, T) be a Gibbs-Markov map. Then, there exists a constant C such that, for almost
every x and y in §, for alln < s(z,y),

9" () — g™ ()| < Cd(T"z, T"y)g"™ (), (1.2)
and, for all cylinder of @ of length n and all x in a:
¢ (@) < Cu(a). (13)

For any subset w of 2, we denote by ]-\Lip(w) the Lipschitz semi-norm on w: for any function from
w to a metric space (', d'), it is defined by:

| fliipgey = nf{C >0: Vz €w, Vy € w, d(f(z), fly) < Cd(z,y)}.

We shall denote by Lip™ the set of functions f from Q to R such that || f[l e = [[fllL~ +
SUDycr | flpip(a) 15 finite. Let A be in (0,1). If £ is chosen close enough to 1, then any h-Holder
function (for the initial metric d) is Lipschitz for the metric d,,. Hence, any result stated for Lipschitz
functions actually holds for Holder functions.

The transfer operator of a Gibbs-Markov system acting on Lip™ has a spectral gap, which entails
many important results. We need to use three of them. The first is the exponential decay of
correlations for observables in Lip™:



Proposition 1.3 (Exponential decay of correlations).
If (2, d, 1, T) is a mizing Gibbs-Markov map, then there exist two real numbers C' and p > 1 such
that, for all f € Lip™ and g € L' and for every integer n:

‘/f“goT"Mr—/fdul/gm4§CM”Hﬂmwwmh» (1.4)

The second proposition is a Central Limit Theorem for smooth observables, which can be proved
either by spectral perturbation of the transfer operator (Theorem 3.7 in [9]) or martingale methods:

Proposition 1.4 (Central Limit Theorem).
Let (Q,d,pu,T) be a mizing Gibbs-Markov map. Let f € L*(Q) be such that [, f dp = 0 and

ZGEW H’(a>|f|Lip(a) < +00. Then:
1 n—1
=D foT = a(fIN,

where the convergence is in distribution, N is a standard Gaussian random variable, and:

+o0o
0(f)2:/gf2du+2;/ﬂf-foT”d,u.

The third proposition is a consequence of Rosenthal inequality. We have not been able to locate
this version of Rosenthal inequality in the literature, but it is folklore. Proposition 4.1 in [10] states
an inequality which is almost as strong (and actually strong enough for our purposes), and our version
can be recovered from the martingale and weakly dependent cases, for which there is an abundant
literature.

Proposition 1.5 (Rosenthal inequality).
Let (2, d, i, T) be an ergodic Gibbs-Markov map. Let p > 2. Let f € 1LP(Q) be such that [, f du =
0 and Y . ()| flrip@ < +oo. Then there exists a constant C, depending only on p and f, such

that for all n:
n—1
/ Z fo T
Q

k=0
The last inequality can be used in conjunction with a result by R.J. Serfling (Theorem B in [18])
to get estimates on the supremum of the partial sums of the process (f o T").

p
P
2

dp < Cna2.

1.2 Regular variation

A common assumption in infinite ergodic theory is that, the return time to some subset of the
whole space has regularly varying tails. It is not surprising that the theory of functions with regular
variation appears in this setting. We present in this subsection a few definitions and technical results.

A function v : R, — R, is said to have regular variation of index # € R at infinity if, for all

positive x:
lim ¥(zy) = P,
y—too 1h(y)

In addition, if 3 is nonnegative and 1 is nondecreasing, unbounded and caglad (left-continuous
with right limits) function with regular variation of index (3, we define its generalized inverse 1* by:

W (2) =sup {t >0 () <} (L5)
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With the assumption that v is caglad and with this definition of its generalized inverse, one gets
P*((x)) > x for all x > 0, and Y(¢Y*(y)) <y for all y > 0.

Moreover, for any y > ¢*(x), one has ¥ (y) > z. If we assume that 5 > 0, if follows that ¥* is
regularly varying with index 1/ (see e.g. Theorem 1.5.12 in [2]), and hence for all C' > 1, for all
large enough x, one has ¢*(Cx) > CY®9y*(x) > p*(x) so that ¢ (¢p*(Cx)) > x. The case 3 = 0 can
be dealt with in a similar fashion. This is a way to simplify the bounds involving expressions such
as 1 o ¢* or ¥* o1, which will appear in many of our proofs.

We shall also use the following technical lemma:

Lemma 1.6.
Let 1) be a positive, caglad, unbounded and nondecreasing function with reqular variation of index
B € [0,1) at infinity. Let v* >~ > 0 and k > 0. Then there exists a constant C' such that, for all
positive x,
zrp* (27) < Cop* (278, (1.6)

Proof.
Let v < o' < ~*. Let us put ¢ := 'Y/TJ’ Then, as a consequence of Potter’s theorem (see e.g.
Theorem 1.5.6 in [2]), there exists a constant C' such that:

Y(x"p* (7)) < Ca:”(ﬁ“)w(w*(x”)) < O +r8.
Taking the inverse ¢*, we obtain:
2" (a7) < @ (Ca"HP) < Oy (a7H). O

In this article we will work with random variables with regularly varying tails. Let ¢ be a
real-valued, nonnegative random variable. We will routinely use the following conditions:

Vo >0, Plp > ) < 1/u(2), (L.7)

where the function 1 is nondecreasing, unbounded, caglad, and has regular variation of index [ €
[0,1] at infinity.
We will sometimes need a stronger assumption on the tail of ¢, such as:

Ve >0, P(e>az)=1/9(x), (1.8)

where the function ¢ has regular variation of index 5 € [0, 1] at infinity (by construction, such a
function ¢ is automatically nondecreasing, unbounded, and caglad).

1.3 An independence result

Our first result will be expressed in terms of coupling. Let us recall the definition of a coupling, and
a few useful facts. Let X and Y be two random variables taking their values respectively in some
Polish spaces & and ). We call a coupling between X and Y a random variable taking its value
in X x ) whose first marginal (its projection onto X’) has the same law as X, and whose second
marginal (its projection onto ) has the same law as Y. Given three random variables X, Y and Z,
a coupling between X and Y, and a coupling between Y and Z, one can canonically couple X and
Z by first choosing Y, and then choosing simultaneously X and Z conditionally to the value of Y.
Let us stress the fact that the existence of a specific coupling between two random variables depends
only on their distribution, not on the probability space on which they are defined (as long as it is
Polish).



Let us detail the different assumptions we shall use on the observables, i.e., on the functions on 2
we study. Let (X, @) be a pair of functions on €, taking their values in R and R, respectively. We shall
think of X as a random variable with nice tails, while ¢ shall be heavy-tailed (in our applications, ¢
will be the return time for a null recurrent random walk). More precisely, we assume that X belongs
to LP(Q, ) for some p > 2, and that ¢ satisfies either condition (1.7) or condition (1.8).

Moreover, we assume that both X and ¢ have some smoothness. We shall use in this article the
following standard assumption, already used in Propositions 1.4 and 1.5:

D (@) X Lipay + > (@) | lLipa) < +00, (1.9)

acm acm

which implies some kind of exponential decay of correlations. This condition can however be relaxed,
as our machinery works well with (fast enough) polynomial decay of correlations. This shall be the
bject of a future publication. Given these assumptions, we can state the first of our main results.
We stress the fact that it is only valid for 5 in [0, 1).

Theorem 1.7.

Using the terminology of Section 1.3, let (0, d, u, T) be a mizing Gibbs-Markov map. Let X and
¢ be measurable functions from Q to R and to R, respectively, fulfilling the condition (1.9). We put
(Xi 1) = (X oT  poT?). Let ()@-)ieN and (@;)ien be copies of the processes (X;)ien and (;)ien
respectively, such that (Xi)ieN and (;)ien are mutually independent.

Assume that X belongs to ILP(S), 1) for some p > 2. Assume that ¢ satisfies the condition (1.7)
for some B € [0,1). Then there exist r € (0,1) and a coupling between (X;,¢;)ien and (Xi, @;)ien
such that, almost surely, for all large enough integer N,

N— N-1
SET SETPRY
=0 1=0
N-1 —1
Vi — @i| < YH(NT).
=0 =0

Assume that ¢ satisfies the stronger condition (1.8), and that X is not a coboundary. Then, the
typical size of Zévz_ol X; is VN (since, by Proposition 1.4, there is a central limit theorem for this

sequence under our assumptions), and the sum Zl']\:ol ¢; is roughly of magnitude *(N). Thus, this
theorem states that for some coupling, the distance between the original process (X, ;) and the
process (X;, ¢;) is small in comparison with the typical size of both these processes.

Remark 1.8.

The best situation occurs when X is in ILP for all finite p. This is gquaranteed if X is induced by
a Lipschitz function with compact support for Pomeau-Manneuville or Boole transformation, or by a
function with finite support for the random walks on Z or Z? (see Section 2.1). Then, the parameter
r wn Theorem 1.7 can be taken such that:

3-8

753 + e

for any € > 0. With our method, the best error bound one can hope for is roughly 3/7 for 6 =0. Of
course, one can choose to split the control of ’Z "X - X and ‘Zz PR i cﬁi‘, and

to manage them with two different parameters. Then, one can sacrifice one of the bounds to improve
the other.
This shows, by the way, that our argument breaks down if 3 = 1.

r <




1.4 Two limit theorems

Theorem 1.7 allows us to derive explicit distributional limits for the partial sums of observables for
a class of dynamical systems. We shall now use the return time and the induced transformation on
a Borel subset A of .

Let (€2, 1, T) be a conservative and ergodic dynamical system, where 2 is a Polish space and p is
an infinite, nonnegative T-invariant measure. For any Borel set A such that u(A) > 0, we denote by
¢4 the return time in A, i.e., pa(z) :=inf{i >0 : T’z € A} for all x in Q, and we put T4 := T%A.
Since the transformation 7' is conservative and ergodic, the return time is finite almost everywhere
in A (see e.g. Proposition 1.2.2 in [1]), and (A, y114,T4) is an ergodic dynamical system.

Definition 1.9.

We say that a dynamical system (Q, u,T) induces a Gibbs-Markov map on a Borel set A if
0 < u(A) < +oo and (A, d, pa/p(A), Ta), for some metric d on A and with respect to some partition
7, 18 a Gibbs-Markov map, and if @4 is constant on each set of the partition .

Notice that, if the set A is given, we can rescale p so that p4 is a probability measure. From
now on, when we restrict such a system to its induced system on some Borel set A, we shall always
assume that p(A) = 1. We denote by 1) the inverse of the tail of the random variable ¢4 under g4,
that is, for all z > 0:

1
a(pa =)

Let A be a Borel subset of €2 with positive and finite measure. For any measurable real-valued
function f on (2, we denote by Xy the function on A defined by:

() =

pa(z)-1

f(T'x

=0

Since f is integrable, X is well-defined p4-almost everywhere and is also integrable.
If f is a coboundary for 7', then one can check that Xy is a coboundary for T'4. Conversely, if X
is a coboundary for T4, then f is a coboundary for 7. This is because if we have Xy = g —go Ty

and we put:
pa(r)—1

f(T ) + (774 D),
k=0
then one can check that f =g —goT.

Before stating our main result, let us introduce the Mittag-Leffler distributions, which naturally
appear when one deals with the distributional limit of local times.

Definition 1.10 (Mittag-Leffler distribution).
Let 3 be in [0,1]. A real-valued, nonnegative random wvariable Yz is said to have a standard
Mittag-Leffler distribution of order (3 if, for all z in C (or all z in the open unit disc of C if 3 =0):

o 1+ﬁ
Ys) Zr (1.10)

We will also denote by sinc(z) := sin(z)/x the cardinal sine. We may now state our second main
result:



Theorem 1.11.
Using the terminology of Sections 1.3 and 1.4, let (2, pu, T) be a dynamical system which induces
a mizing Gibbs-Markov map on a Borel set A. Assume that the function v associated with ¢4 is
reqularly varying with index 3 € [0,1).
Let f be in LN (Q, ). Assume that [, f dp =0, that the random variable Xy belongs to LP(A, juja)
for some p > 2 and that:
D @) | Xl 0 < Foo. (1.11)
acm

Then, for any probability measure v < ji:

\/sz o T — a(f)\/YaN, (1.12)

where the convergence is in distribution when the left-hand side is seen as a random wvariable from
(Q,v) to R, where Yz and N are independent, Y5 is a standard Mittag-Leffler distribution of order
B and N is a standard Gaussian random variable, and where:

+oo
:/AX]%duJFQZ/AXf-XfngdM. (1.13)
i=1

Moreover, o(f) =0 if and only if f is a coboundary.

We will also prove a version of this theorem for the case § = 1, which is somewhat degenerated. Its
statement is slightly different, and its proof relies on a very different mechanism (since Theorem 1.7
only holds for 5 < 1). However, as it does not involve Theorem 1.7, we never use the Gibbs-Markov
structure, but only spectral properties of the transfer operator. The conclusion stays true in a wider
setting, including non-markovian nonuniformly expanding interval maps (or AFN maps) [16], but for
simplicity we will only formulate the result for Gibbs-Markov maps.

Theorem 1.12.
Assume that the hypotheses on the system and on the observables f of Theorem 1.11 hold, except
that the function i associated with ¢4 is reqularly varying with index 1. Then, for any probability

measure Vv < [W:
ZfoT’—wf N (1.14)
\/NZk 0 wk) =0

where the convergence is in distribution when the left-hand side is seen as a random variable from

Q. v) to R, where N is a standard Gaussian random variable, and where the variance o(f)? is given
( ) J p g

by Equation (1.13). Moreover, o(f) =0 if and only if [ is a coboundary.

2 Applications

The two main examples we work with are random walks (Subsection 2.1) and Pomeau-Manneville
maps (Subsection 2.2). Random walks are interesting for themselves, and we shall prove general-
izations of some results from [4] and [5]. The Pomeau-Manneville maps are archetypal expanding
interval maps with an indifferent fixed point; the integrability and smoothness conditions of our
main theorems will play an explicit role (as opposed to random walks, for which the smoothness
condition is somewhat hidden). We only give applications of Theorem 1.11; the corresponding state-
ment derived from Theorem 1.12 are irrelevant for random walks, and are left to the reader for the
Pomeau-Manneville maps.



2.1 Random walks

With this first example we shall show a way to get some of the results of [5] for random walks. Let
Qg = (Zd)N, with d < 2, be the space of trajectories of a random walk on Z?. We endow it with the
product topology and the distance d(o,7) := Z;\r,fg 27V, 455 We define on 0, the one-sided shift
T by putting (To)y := ony1 for all N. Let (pg)geze be a probability measure on Z<.

Let p be the sigma-finite measure on {24 such that, for any finite sequence (7o, -+ ,@y) of points

in Z?, we have:
N-1

M({U €Qy: o9 =00, " ,0N :EN}) = Hpﬁmfa-
=0
Then, T preserves the measure .
Let A be the set {0} x (Zd)N , or in other words the space of trajectories which start from 0. We
now define the truncated Green function.

Definition 2.1.
The truncated Green function g is defined, for all nonnegative integer N, by:

g(N) = p(ANTA).

If (on) is a random walk on Z2, starting from 0 and with transition kernel (py) which is not supported
on any strict subgroup of Z2, then one has the equality:

N-1

g(N) = S P (0 =0).

1=0

It is well-known (see e.g. Proposition 1.17 in [20]) that the random walk on Z¢ is recurrent if
and only if g converges to +o0o at infinity. Under this condition, the transformation 7' is measure-
preserving, conservative and ergodic, and the dynamical system ({24, 1, T') induces a mixing Gibbs-
Markov map on A. Moreover, the asymptotics of g can be deduced from the asymptotics of the first
return time (and conversely). Hence, we can apply Theorem 1.11.

Proposition 2.2.

Let (on)nen be a random walk on Z2. Assume that the truncated Green function g is reqularly
varying with index § € [0,1) and converges to +00 at infinity, and that the transition kernel is not
supported on any strict subgroup of Z°.

Let f in (*(Z%) be such that >, 54 f(k) =0 and, for some p > 2:

pa(0)-1 P

J X 1) duto) <. (2.)

i=0
Then, for any starting distribution on Z¢, one has:

1
2

N-1 pa(o)-1 2
Ste)={ [ | X se)] )] v, 22)

1

V9(N)

where the convergence is in distribution, where Yz and N are independent, Yj is a standard Mittag-
Leffler distribution of order 3 and N is a standard Gaussian random variable.
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This proposition is a slightly generalized version of Theorem 2 in [5]. Actually, since the state
space of the underlying dynamical system is Z~, the observable f and the starting distribution may
depend on the following steps of the random walk, and not only on the current step. One only need
to be careful that the starting distribution is still absolutely continuous, and that the observables
are regular enough.

Here are some sufficient conditions on the random walk under which the truncated Green function
has regular variation of order . If d = 2 and the transition kernel (py) has finite variance, then
the hypotheses of this proposition hold with = 0 (cf. the proof of Theorem 1.1 in [12]). If d =1
and (pg) has finite variance, then the hypotheses of this proposition hold with 5 = 1/2. We recall
that Yj is an exponential random variable, and that Y}/ is the absolute value of a Gaussian random
variable. More generally, if d = 1 and (pg) is in the domain of attraction of a stable law of index
a € (1,2], then the hypotheses of this proposition hold with § =1 — 1/« (Proposition 6.1 in [12]).

Here is a sufficient conditions on the observable f € ¢(Z¢) under which the corresponding
hypotheses of Proposition 2.2 are satisfied. Condition (2.1) is fulfilled for all p < +oc when the
random walk is recurrent and f has finite support. In such a case, the random walk (ox)nen
starting from 0 induces a transitive Markov chain on {0} U Supp(f). Since there are only finitely
many points in {0} USupp(f), the return time in 0 for the induced Markov chain has an exponentially

decreasing tail. Thus, the number of time | f(0;)| is non-zero in an excursion also has an exponentially

walo)—1

decreasing tail, and so has » /4 f(o;). The square of this random variable has therefore finite

p-moment for all p < 4o00.

2.2 Pomeau-Manneville maps

As an example of a family of transformations with an ergodic, infinite invariant measure, we study
the Pomeau-Manneville maps. They are maps of (0, 1] onto itself with an indifferent fixed point at
0. They have been around since at least an article of P. Gaspard and X.J. Wang [7], which is a good
reference for the combinatorial results we use here, but we will use the formalism of C. Liverani,
B. Saussol and S. Vaienti [13|. For each a > 0 and z € (0, 1], we define:

z(1+ (22)%), x € (0,1/2];
Tow = { 20— 1, z€(1/21]. (2:3)

The transformation 7Tj is the dyadic map; when one increases the parameter «, the ergodicity
of the transformation remains, but the trajectory of (Lebesgue-) almost every point spends more
and more time in small neighborhoods of 0. Up to a multiplicative constant, there is still a unique,
nonnegative, ergodic, invariant measure absolutely continuous with respect to Lebesgue measure; its
density is locally bounded, and has a pole of order av at 0 [19]. Hence, if o > 1 this measure is no
longer finite. We shall denote by i, the measure with these properties, and such that p,((1/2,1]) = 1.
For any nonnegative a, the transformation 7, induces a mixing Gibbs-Markov map on A := (1/2,1].
Let ||y, (p) denote the h-Hélder semi-norm on a subset B of (0,1]. We apply Theorem 1.11:

Proposition 2.3.
Let o« > 1. Let f be a real function over (0,1] which is locally Hélder-continuous with exponent
h >0, and such that:

o |f|(z) = O(z*2%) at 0 for some e > 0;
® |/l 0.0 = O(z*~*") at 0 for some ' > 0;

° f(071] fdus =0.

10



Then there exists some o > 0 such that, for any probability measure v absolutely continuous with

respect to Lebesgue measure,
N-1

1
1 f f) YlN
Nz 125

where the convergence is in distribution when the left-hand side is seen as a random variable from
((0,1],v) to R, where Y1 and N are independent, Y1 is a standard Mittag-Leffler distribution of
order 1/a and N is a standard Gaussian random variable. Moreover, o(f) =0 if and only if f is a
coboundary.

The hypotheses cover the case of Holder functions with compact support in (0, 1].

Proof.

Let us put A := (1/2,1], and let us define Ay := {z € A: pa(x) = N}. It is well-known that
the Pomeau-Manneville map induces a mixing Gibbs-Markov map on A endowed with the partition
(An)N>1. Moreover, one has (see e.g. [7]):

Leb(AN) < N1+l .

[e3

(2.4)

Let f be a function satisfying the hypotheses of Proposition 2.3. Obviously, the restriction of X
to any Ay is Lipschitz.

First step: Integrability condition

We first check that Xz belongs to L?(A, fi44) for some p > 2; since the density of u, with respect
to the Lebesgue measure is locally bounded (and, as a consequence, bounded on A), it is enough to
prove that X|; belongs to LP(A, Leb).

Due to the combinatorial nature of the Pomeau-Manneville maps and the assumptions on f
(notice that we can take £ < 1/2), we have:

1

SuPXm < Z sup | f| < CZ ( ) T oNEE
k=1 Lok
By Equation (2.4) we get:
+o00
||X|f\H]Lp < ZLeb AN) SupX < CZNQQf%flfl OZN 1-2=p(i=20)
N=1 o]

which shows that X|; belongs to L”(A, Leb) for any p € (2, 1%25)

Second step: Smoothness condition

Now, we have to check the smoothness condition on Xy in order to apply Theorem 1.11. As
explained in Subsection 1.1, we can define for any x > 1 a symbolic metric d,, on A, and if & is close
enough to 1 then (A, d,, jtaja, Ta) is Gibbs-Markov. We denote by HLipn the Lipschitz semi-norm
with respect to the symbolic metric d,. for some well-chosen . Up to taking x even closer to 1, we
can assume that d" < Cd,..

11



The following computations show the same pattern as the estimates on HX If] H]Lp. First, we have
for any = and y in An:

F

1 X(2) = Xp(y)| < ) |F(TF2) = f(T*y))|

k=0
N
< Z ’f’Holh(TaAk) d<TN7k+1$’ TkaJrly)h
k=1
N
< Z |f|Holh(TaAk) d(Tax, TAy)h
k=1
N
S Z |f|Holh(TaAk (ZL‘, y)
k=1
Hence, if we assume that ¢’ < 1/2:
_1 N N a—14¢’ 1—e!
‘Xf‘LipH(AN) < Ck Z‘f‘Holh(TaAk = Z( ) < CgN 7=
k=1 k=1
together with Equation (2.4), this yields:
+00 +oo
2 Hala(A) Xl (ay) < € ) N7H < oo
N=1 -
The smoothness condition in Theorem 1.11 is satisfied. O

The perturbation methods used to get Propositions 1.4 and 1.5 work as well under the weaker

assumption

> ula) |Xf|iip(a) < Fo0,

acm
where 6 > 0 is small. Actually, all of our results can be proved under this hypothesis. The smoothness
condition in Proposition 2.3 can then be replaced by “|f|iq, (1) = O(2") at 0 for some negative
number r”. However, we will prove in a future article that all of our results hold under even weaker
assumptions, so that this condition is still far from optimal.

Remark 4.6 implies that our limit theorem can also be applied to a larger class of functions. For
instance, let us define a function f on (0,1] by f(z) := (—=1)" if z belongs to T, Ay (N > 1), and
tune the value of f on A; such that X; has zero average. Then f satisfies all the assumptions of
Remark 4.6, and as such the conclusions of Theorem 1.11 are valid.

Following Remark 4.8, one can even find examples of functions f on (0, 1] such that lign |f| = o0,

and for which the conclusion of Theorem 4.7 still holds.

3 Asymptotic independence

In this section, T shall be a Gibbs-Markov map. Let X and ¢ be two functions satisfying the
assumptions of Subsection 1.3. We want to prove Theorem 1.7 which states that, under some
condition depending the smoothness (Equation (1.9)) and integrability (the parameter p) of those
functions, the partial sums Z?f;ol X oT% and Zi]\igl ¢ o T* are asymptotically independent. The

12



heuristic behind this claim is that the growth of Y20 '@ o T is due to a very small set (of null
asymptotic density) of events on which ¢ o T" takes large values, while the growth of Zi]i_ol XoT'is
due to the accumulation of a large number of small steps. However, this argument, already formalized
in [5], needs us to work with sequences of independent random variables, so that, for instance, the
event that poT" is large influences only the value of X oT" (and not a large number of X o7, which
would break down our argument).

We work with processes which are in general not sequences of independent random variables.
Thus, we shall get back some independence, and then use the former argument to prove that the
partial sums of our processes are asymptotically independent. More precisely, we shall introduce
processes which are, in some sense, piecewise independent.

Let ¢ and € be in (0,1). For any positive integers n and k with k < 209" let I,,;, ;== {i € N :
2N HR2T < < 2" (k+1)2 27"} and J, = {1 € N 1 2"4(k+1)29" 29" < § < 2"+ (k+1)27"}.
If k> 20-9" we put Iy = Jur = . We then define [ := U I, and J := U In ke

(n,k)EN? (n,k)EN?

Definition 3.1 (Piecewise i.i.d. processes).
Let B be a Banach space. We say that a sequence of B-valued random wvariables (Y;)ien is a
piecewise 1.1.d. process with parameters q and € if:

o the (Y;)ier are identically distributed;
e if i belongs to J, then Y; = 0;

o for all n, the Bl'+l-valued random variables ((Y;)icr, ,)o<peat-an are independent and identi-
cally distributed.

In the first three subsections, we shall couple the initial process (X o T% ¢ o T") with different
processes (for instance, piecewise i.i.d. processes) and check that such a coupling can be done in a
good way, i.e., so that the trajectories are not too far one from another. Each of those steps will
require some conditions on the parameters p, ¢ and . The last part of the proof of Theorem 1.7 will
consist in finding when all those conditions can be simultaneously satisfied.

3.1 Decorrelation for Gibbs-Markov systems

In this subsection, we deal with the random variables X and ¢ in one move. Let us put Y := (X, ¢).
This variable takes its values in B := R?, which we endow with the supremum norm. Then Y pip@) =
max{|X| ;) » [lLipa} for all @ in the partition 7. This implies in particular that if X and ¢ satisfy
the condltlon (1 9), then Y satisfies the same condition.

Lemma 3.2.

Let (Q, 1, T) be a mizing Gibbs-Markov map. Let Y be a function from € to a Banach space
(B, |Il..), and let ¢ and € be in (0,1). We put Y; :=Y oT". Let (Y;*) be a piecewise i.i.d. process
with parameters q and e such that, for all integers n and k, the sequences (Yi)ier,, and (Y;*)ir, ,
have the same law.

Assume furthermore that Y fulfills the condition (1.9). Then there exists a coupling between
(Y)ien and (Y;*)ien such that, almost surely,

7

DY = Y|l < 4o

iel
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Proof.

Our proof proceeds in four steps. In the first one, we prove a Lipschitz bound on the iterates of
the function Y. In the second step, we introduce conditional measures, and prove a fast (exponential)
decorrelation for characteristic functions of cylinder sets. Then, in the third and fourth steps, we use
these two ingredients to construct the desired coupling.

First step: Lipschitz control
Let @ := [ag, - - , @1, ,|+20=n—1-1] e a cylinder of length 29" — 29" 4 20en=L = |T, | + 2%~ and
let 2z be a point of @. Then, we have for all z in @ and all integers ¢ < |I,, | + 27"~

|Y o T =Y o T'az|| | < VL@, d(Tw, T'as)
< ONY |pgpay A (#2770,
— 1p(a;

7

As a corollary, we have:

[T k|1 [T 1|1
Yo YoTa—YoTiuas| <O D [V A ImH0A" (3.1)

=0 i=0

Second step: Decorrelation for the measure of cylinders
Let y be a point of ). We define:

/1§2qn) — Z g(24n)(x)5m

729" =y

For any measurable and integrable function f, and for almost any y, the integral of f under the

measure /ZZ(JQW) is the conditional expectation of f(z) knowing that 7%z = y. For any cylinder @,

one computes ﬂfqn)(d) = L 14(y).
Let @ be a non-empty cylinder of length |I,, x| + 27"~!. Let = be a point of k42957 W
write:
L2 1y () = g2 D az) < Cufa),

In,k|+2qsn71 .

where @z is the unique point of @ whose image by 7' is . Thanks to Lemma 1.2, we know

that, for all z and y in T\In,k|+2qanfla7
£‘I7L,k|+2q~€’ﬂ71 1E($) — £‘I7L,k|+2q5’ﬂ711ﬁ(y)’ — ‘g(lln,k“i’Z‘Isnfl)(ax) . g(|1n’k|+2qan—1)<ay)
< Cd(a,y)g 2 @)
< Cd(z,y)u(a).

This implies that the function £7#+2* " 1_ belongs to Lip™® with a norm bounded by p(a). Since
one has £2" 15 = £2" ' £ms+2" 1 an application of Equation (1.4) gives us:

A" (@) = p(@)] = £ 1a(y) — p(@)] < Cu(@)p™"". (3.2)

Third step: Construction of the coupling
Let n and k be in N. For all i € I,,;, we put ¥; := Y o T". Let y be in Q, and let (Y}yy)igﬂ’k be

the process (Y o T"z),es, , when the distribution of T%" "z is /l?(fqn). Roughly speaking, we look
at the process (Y o T"x)icy, , knowing that T +* D23 — ¢ For any y, let (Y},) be distributed as
(Y3).

14



By using the first two steps in this proof, we shall prove in the fourth step that there exists a
constant C', which does not depend on n, such that for almost any choice of y, there exists a coupling
between (Y;,) and (Y;7,) such that:

99en— 2

Pl (Y- > A7 | < Cmin{p, A} (3.3)
lGIn k
First, let us assume that this bound holds. Let us put ( = fQ w(y). This random
variable is naturally coupled with ( fQ Gy) dp(y) on the one hand on the other hand, since

the distribution of (Y;%,) does not depend on y = T D2 the random variable (Y;)ics, , is

independent from the future starting from time 2" 4 (k + 1)29", i.e., is independent from the o-
algebra 72" ~(++12"" 3.

Using the bound (3.3), and thanks to a measurable selection theorem, we can construct a coupling
between (Y;")iez, , and (Y;)ier, , such that:

)

S = ¥ > AT < Cmin{p, A

ielmk

We iterate this operation. Let ((Y;")iez,. . )m<n, 0<k<20-om be a sequence of independent random

variables such that the ((Y;")icr,,,)o<k<o0-om are identically distributed and with the same law as
(Y:)icl,no- We construct a coupling between the random variables ((Y;")ier,. , )m<n, 0<k<20-0m and

((Ya)iep )m<n, 0<k<aa-am such that, for all m < n:

2(l—g)m_q
Pl Y D -y ,>Cc2m| <c2m (3.4)
k=0 i€l

Let (Y;")icr be a process such that the ((Y;")iez,,)mk)en2 are independent and, for all pair of

K3 K3

integers (n, k), the B!'»*-valued random variable (Y")ic1,,, have the same law as (Y;)r, . Then, by
Kolmogorov extension theorem, there exists a coupling between (Y oT");c; and (Y;*);; such that, for

all integer m, the bound (3.4) holds. By Borel-Cantelli lemma, the sum ), ||Y; — Y;*||  is almost
surely finite. This finishes the proof of Lemma 3.2.

Fourth step: A sharp coupling

Now, let us turn to the proof of the bound (3.3). For given n and k < 279" we want to
couple the random variables (Y, )ics, , and (Y%, )ie, , in a sufficiently sharp way. Let & be a random
variable with values in €2 and whose law is ;, and X, be a random variable with values in {2 and whose

law is u@ "), Then we can identify (Y oT'(X,))icir, o|—1 With (Yiy)ier, , and (Y o T*(X))ic|1, -1 With
(Y )ier, .- This translates the fact that (Y;,)ics, , and (Y7, )ier, , are actually the same function on

Z?y
n qn
Q, but when the measure on 72" +2

From the first step of this proof, we can have a good bound on ZLQ}’)’“'& |Y oT'z —Y oT2||
whenever z and z belong to the same cylinder of length, say, |I,, x| + 2"~ 1 = 29" — 29"~1 Now, let
us show that p and u ) give approximately the same weight to each such cylinder.

By Equation (3. 2) for some constants C' and p < 1, for any cylinder @ of length |, ;| + 27",
we have:

x is [L;Qqn) and p respectively.

n . _ _9gen—1
A" (@) — p(@)| < Cp@)p™".
_2(]67171

Thus, there exists a coupling between X and &), such that, with probability at least 1 — Cp )
those two random variable take their values in the same cylinder of length |I,, x| + 27"~!. This
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induces a coupling between (Y;)ier, , and (Y% )ies, - Let us show that such a coupling satisfies the
bound (3.3).
By Equation (3.1), for some constant C(;), whenever X' and X, take their values in the same

cylinder @ of length |I,, x| + 2",

|In,k‘71

Z HY; _ Yz*y”oo < Cpy Z ’Y!Lip@) A\~ (Fnkl =) \ =295
i=0

1€l i

In order to avoid very large indices, for any event A, we use the notation 1(A) (instead of 1,)
for the characteristic function of A. Let 7 be in (A™!, 1), and let 6 > 0. Let  be a random variable
taking its values in 7 such that P(y = a) = p(a). Then, for any § > 0:

(Z Yoo — V2, >5)
zEInk

<Op ¥ 4 0(1) |Y|Lip@_) A P
a67r|1" kl
|Ink| ! T‘In kl_i
_9gen—1 _ _ —i _9gqen—1 ’
<Cp 24 1 Z (@) 1( ) ’Y’Lip(m))‘ (k=) \ =29 N — 5)
aen!in.kl =0
Iln k‘ 1
= Cp_2qsn 1 Z Z <|Y|Llp D C ()\7-)|[n7k|_’)\2q5n715)
aer!nkl
|In,k‘ 1
=Cp P Y P (|Y|Lip(’v) > C<2>(AT)'I””“'_i/\qun_lfS) : (3.5)
=0
Now, we use Markov’s inequality:
(5 vl o)
’LEIn k
IIn,k‘_l
en—1 en—1 ;
<o+ ) ]P)(|Y|Lip(7) > Cg)\” (AT)'I””“'_%)

i=0
\

<C _9gen—1 I el 1 E (‘Y|Lip(7))
==P C(Q)/\Qqsnil()\T)U"”“'_i(s

=0

_9gen—1 Za Trlu(a’) ’Y|Li a , _ —q
< Cp 24 + 60(2))\2%"—151)() Z (A7) (T, —1)
=0

gen—1 + )\7— ZaEﬂ' /L(CL) |Y|Lip(a)

<Cp? 3.6

— p 1 o AT C(z))\Qqen—lé‘ ( )
Let us take, for instance, § = AT Then, we have:

S ¥ = Vil > A | < Cmin o2y :

i€l i
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3.2 Controlling the gaps

In this section, we check that we do not lose too much when we introduce the gaps J. The control
of the gaps from the sequence (¢;) := (p o T*) comes from the fact that a large step has little chance
to happen on a small enough set. The part concerning the sequence (X;) := (X oT") is slightly more
tricky, as we need to introduce some independence. We start with the sequence (¢;).

Lemma 3.3.
Assume that ¢ satisfies the condition (1.7). Let r € (1 — (1 —¢)q, 1). Almost surely, for all large
enough integer N,
S 0. .1
i<N
ieJ
Proof.
Let ' € (1—(1—¢)gq,r), let C > 1 and let n be a positive integer. In the following computation,
we cut the random variables ; at threshold w*(T/") and then use Markov inequality:

Pl S g>ec2™|<p (32” <i<2™l e g > w*(czr’n))

2" <jcontl
ieJ

+P [ > minfp, ¢(C27)} > ¥ (C27T)
2n§@'<3"+1
1€

LE (min{go, z/;*(CT'”)})
o (07

< 2(1*(1*5)@”]}1) <90 > w*(CQT/n)) + 2(17(1—5)11)

9(1-(1-£)g)n oo E (min{e, v*(C27) 1)
< 2(1 (1—e)g)n
=yl r(C2m

Using Karamata’s theorem (Proposition 1.5.8 in [2]), we get the following bound:

¢*(CQTI") 1 w* (Czr’n)
S PR O Sl VA
L e
) ¢*(02r’n)
= ey

Gluing the last two inequalities together, we obtain for all large enough n:

E (minfp, 6"(C27)}) <

(1-(1-e)a)n
2070790 gt -0-(-2)ap

P ; “(C r'n < Cl—, ’
Z ¥ >¢( 2 ) < ¢(w*(02rn>>

2" <j<ontl
ieJ

which is summable. Thanks to Borel-Cantelli Lemma, we know that almost surely, for all large
enough integer n,

Y. e <Y
2n§i<2n+1
ieJ
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Hence, almost surely, there exists a constant C' such that, for all large enough integer NN, if we
put n := |log, N |, we have:

E w; < E p; <C E (27F) < C(n+ 1w (27).
i<N < ontl k=0
= ieJ

As a consequence of Lemma 1.6, for all large enough N one has:

N i < Cln+ DgH(27") < 4 (27) < P (N). =
i<N
ieJ
We have managed to control the partial sum of the elements of the sequence (¢ oT") which belong
to J. Now, we shall obtain the same kind of bounds for the sequence (X o T").

Lemma 3.4.
Assume that X € LP(Q, u) for some p > 2. Letr € (1 — (1 —¢)g,1). Almost surely, for all large
enough integer N,

> Xi| < NE (3.8)

Proof.

Let n be an integer, let k < 20-9" and let (X7 )icu,, be a sequence of random variables dis-

tributed as (X;)ies, ., so that ((X;)ics,,)o<k<20-on is a sequence of independent and identically

distributed random variables. As in Subsection 3.1, there exists a coupling between (X;) and (X})
such that:

2(1—g)n_q
Pl Y > [xi-X|>c2|<c2m
k=0 ieJmk

The difference ), | X; — X/| is almost surely bounded, so that it is sufficient to prove the lemma

for the sequence (X/);cs. For given ¢ and j such that ¢ < j, we want for now an upper bound on the
p

expectation of |>° se; Xj| . Notice that {¢ € J: i < { < j} can be seen as a sequence of blocks B

i<0<j
such that the (X})sep are all independent: these blocks B are exactly the sets {¢ € J,x: 1 < < j},
where (n, k) span N2. Let B be the set of all blocks in {¢ € J: i < { < j}. By Rosenthal inequality
for sequences of independent random variables (Theorem 3 in [17]), we get for some constant C' which

depends only on p:
P
) . (3.9)

Now, we use again a version of Rosenthal inequality 1.5. There exists a constant C' such that, for
all blocks B, no matter what their length is,

> Xi

teB

p
Ef|> Xi| | <C||D.E

led BeB
1<Ul<j

> X

teB

> Xi

teB

2 Q+ZE<

BeB

2

E <o|B|,
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and:

> Xi

leB

p
) < C|BJ5.

Hence, Equation (3.9) becomes:
p

“

e[|y x| | <o _(ZB)Zsz

LeJ B€B BeB
i<l<j

[SIS]

BeB

<C Z|B\) = CCard{l e J: i<l<j}.

A result by Serfling (Corollary Bl in [18]) allows us to control the moments of the supremum of
the norm of the partial sum if we only have a control on the moments of the norm of the partial sum
(this is, in nature, similar to Kolmogorov’s inequality):

p

E|sup| Y X;| | <CCud{e: r< N} <ONTH
zl<€]{/ led
- 0<t<i

Let ' € (1 — (1 —¢)q,r). By Markov inequality, we get for all integer n:

(A=(1=¢)g)pn

'n 2 2
P | sup E XZ >272 | < CT
i€d ey 272
<2 | 0<r<i

This quantity is summable in n. By Borel-Cantelli Lemma, almost surely, for all large enough
integer N,

% X r'|logy NJ o -
g X< sup g X/ <0272 <CN=2 <N=2. O
<N oed tes
Zz'_GJ i<glloga NJ+1 0<i<i

3.3 (Csaki - Foldes argument

We shall prove in this section the following result:

Proposition 3.5.
Let (X[, ¢} )ien be a piecewise i.i.d. process with parameters q and €. Let (X;)ien and (@;)ien be

two independent processes, such that (X;)ien and (X[ )ien have the same law, and so do (§;)ien and
(7 ien-
Assume that there exist p > 2 and a constant C' such that, for all n,

E < sup
124"

2" 44

> Xi

{=2n

p
) < 2%, (3.10)
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If ¢ satisfies the condition (1.7), then there exist v € (0,1) and a coupling between (X[, ¢ )ien
and (X;,@;)ien such that, almost surely, for all large enough integer N,

N— N-1
Z ~- Y Xi| < NE, (3.11)
et ’:31
> B <UH(NT).
=0 1=0

Let 7 be in (0,1). Let (Xi(l)7 9051)) and (XZ-( ,goz )) be two mutually independent processes, which
have the same law as (X, ¢ );en. We construct a process (X!, ¢%) from the processes (Xi( ), gpg )) and

(XZ.(2), <p§2)) in (almost) the same fashion as E. Csaki and A. Foldes did in their article [5]. We say

that a block (X-(]), gogj))zefnk is large if there exists some integer i € I, such that go(] > p*(2™),
and otherwise we say that the block is small. Let n and k be two integers.

e if either the block (X- ,90,( ))161 . or the block (X( ),goz( ))zeln,k is large, put (Xj, ¢})icr, , ==
(Xi( )7 ‘Pz( ))ieln,k;

e if both the block (X", %(l))iezn,k and the block (X2, 9022))%171,1@ are small, put (X7, ¢})icr, ,
(Xi(2)7 9052))i€1n,k'

The process (X, gpg) is piecewise i.i.d. with parameters ¢ and €. Since a block (X7, ¢})icr, , is large
if and only if (X, " ))ielnyk is large, one checks easily that the process (X],¢}) has the same

distribution as the initial process (X7, ;). Moreover, the process (Xz( ), gog )) is distributed as the
process (X;, @;).
We shall show that, by construction, the processes (X, }) and (X gp( )) satisfy the equa-

tions (3.11). Therefore, the natural coupling between (X;, ;) and (X; @ ( ) yields the desired
coupling between (X[, ¢7) and (X;,%;).

Lemma 3.6.

Assume that ¢ fulfills the condition (1.7). Let r* € (3 + (1 — B)r,1). Almost surely, for all large
enough integer N,

ng < YP*(N™). (3.12)
Proof.
The random variables ¢} and goz(»l) are different only in the blocks where they are both small.
Thus:

N-1 N-1
’ 1)
E ¥ — § P;
=0 =0
[logy N |+12(1—a)n_1

< nz; kz:; 1{(X2{74P;)ieln’ksmall} Z ‘PQ+1{( D 0, small} Z o)

’L

ie[ﬂ,,k ’LEI k

Now, we will bound the part with the sums ), I @5 the part with the <p§1) can be dealt with
exactly in the same way. Let v € (8 + (1 — B)r,7*). Let n be an integer. Because of Markov
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inequality and Karamata’s theorem (Proposition 1.5.8 in [2]), we have:

e 2(-ang (1 Sier o &
/ N ) {(Xé,gog)ie[n’osmall} i€ln,0 i
d Z 1{(Xl{’<'9;)i€1n,ksmau} Z b=y (2 ) = w*(Qr'n)
k=0 iEIn’k.
Qn( [ (2™)] _1 )

< =0 v
ST e
A A
) )

Since ' > B + (1 — B)r, we can choose k > 1 — r such that 7/ > r + k3. Then, by Lemma 1.6,
we get:

20=a)n_q *(Orn
/ *(or'n (1fr)n77b (2 ) —[k—(1—-7)]n
]P) Z 1{(X£,<p’i)i€1nyksmall} Z 90’ > w (2 ) S 02 *(2r’n> S C2 :
k=0 i€l i

The right hand side is summable, so that we can use Borel-Cantelli Lemma. Almost surely, for
all large enough integer n,

2(l—g)n_q
/ /
Z 1{(X£7<P§)iejn kSmall} § s S @ZJ* (2T n)_
h=0 7 iEIn,k

We sum this inequality for n going from 0 to |log, N| + 1, and finish as in the proof of Lemma 3.3.
Almost surely, for all large enough integer N,

N—-1 N—-1
S g =S M| < Cllogy Ny (N7) < ¥ (N7). O
1=0 1=0

Lemma 3.7.
Assume that there exist p > 2 and a constant C such that, for all n,

p
E <sup ) <027,
i<2an

Let z > 0 such that 1+ (p — 2)q/2 < p(z +r — 1). Almost surely, for all large enough integer N,

N-1 N-1 @
X - x?

2" 44

> Xi

(=2

< N7, (3.13)

Proof.

Heuristically, this lemma means that, for large values of n, most blocks are small; hence, the
large blocks have little influence upon the partial sums of the X;. Naturally, we need a bound on
the number of large blocks. Let n be an integer. We denote by ) the number of large blocks of

the process (Xi(j), ¢Ej)>2ngi<2n+1; this variable has a binomial distribution B(M, P) with parameters
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M = 279" and a probability P which can be bounded by 27"P(p > ¢*(2™)) < 27=9"  Thanks
to Markov inequality, we show an exponential bound on the number of large blocks:

P(y) > 20741y < 2R ()

< e 2N 4 (e — 1)20a "

_2(—m)n+1 6(e—1)2<‘1*”"+(1*‘1)”

IA

IA

e

—(3—e)2(1-7)
_ (320

Let MY = SUPg<o0-on SUDzer, | Zéan%zqn Xéj)). Let us take an integer N, and let n <

[logy N|] 4+ 1. On each block I, 1, the processes X’ and X differ only if both X and X® are
large, and in this case the sums Dy .00 Xy and >y onjom X f) differ at most by MY + M.

Hence:
N-1 N-1 llogy N |+1
Sox =Y xP < Y 0+ )M+ MP).
i=0 i=0 n=0

Let 0 < 2/ < z be such that the inequality 1 + (p — 2)q/2 < p(z’ + r — 1) remains true. We
compute:

/ . ) 22’n2—(1—r)n
P((vV) + )Y (MY + MP)) > 27™) < 2P(pW) > 2=mntly 4 gp (M}g) > —>

8
2(z’+r71)n
>-
8

2744
)

< 2e~ (327" | o o(l—a)np (sul)

129"

3 XY

/=2m
"+i 5 ()
S Xy

—on

E (sup- 2an
~(3—e)201-7m (1-g)n =
S 2e + C2 2p(z’+r71)n
pgn

< 2e~ (=207 L cio(l-—a)ng P o—p(z'+r—1)n.

This quantity is summable in n. Thanks to Borel-Cantelli Lemma, we deduce that almost surely,
for all large enough integer IV,

N—-1 N-1
S-S cone
i=0 i=0
Up to taking even larger values of N, the inequality (3.13) holds. O

In order to finish the proof of Proposition 3.5, we need to choose the parameters r (the threshold
parameters used in the coupling) and z in a suitable way. We recall that r belongs to (0,1) and z to
(0,1/2) (so that Lemma 3.7 be non-trivial). We only need to check that those two parameters can
be chosen such that:

p—2
1+Tq<p(z+r—1).
If we take r = 1 and z = 1/2, and since p is strictly larger than 2, this is true for all ¢ € (0,1). This
inequality holds if we choose r close enough to 1 and z close enough to 1/2.

3.4 End of the proof

Now, we want to end the proof of Theorem 1.7. Let X and ¢ be functions satisfying the hypotheses
of Theorem 1.7. For all i, we write (X;, ;) = (X o T% o o T%). We want to couple (X;, ;) with a
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process (X;, ¢;) such that (X;) and ($;) have the same distribution as (X;) and (p;) respectively, and
such that (X;) and (@;) are independent. Let ¢ and & be in (0,1). Let (X;) and (;) be processes
with the same distribution as (X;) and (p;) respectively. Here are the different steps of the proof,
with the lemmas we use at each step:

e we couple the process (X;, ¢;) with a process (X, ¢F) which is piecewise i.i.d. with parame-
ters ¢ and e, thanks to Lemma 3.2. We use Lemmas 3.3 and 3.4 to check that (X[, ¢]) is
asymptotically close to the original process.

e we use Lemma 3.2 to couple (X;) with a process (X;) which is piecewise i.i.d. with parameters
q and €, and check with Lemma 3.4 that these two processes are asymptotically close.

e we use Lemma 3.2 to couple (¢;) with a process (@;) which is piecewise i.i.d. with parameters
q and ¢, and check with Lemma 3.3 that these two processes are asymptotically close.

e we couple the two random variables (X;, X;) and ($;,%;) in the trivial (independent) way. This
yields a coupling between (X;,@;) and (X;,%;). In addition, (X;) and (@;) are independent,
so are (X;) and (;), the processes (X;) and (X}) have the same distribution, and so do the
processes (@;) and (¢]).

e we couple the process (X, ¢F) and the process (X;, P;) according to Proposition 3.5.

4 Limit theorems

We now prove the convergence in distribution we claimed in the first Section, Theorem 1.11 and
Theorem 1.12, as well as an almost everywhere bound which holds in the setting of Theorem 1.11.

In this section, we consider a dynamical system (€2, , T') which induces a Gibbs-Markov map on
a Borel set A, with ;1(A) = 1. Moreover, we assume that the return times in A satisfy pa(oa >
N) = 1/1(N) for some function ¢ on R with regular variation of index § € [0, 1] at infinity. It will
be clear that Theorem 1.12 does not need the full strength of these assumptions; we will discuss it
in Subsection 4.3.

4.1 Proof of the generalized CLT

Before proving our second main theorem, we must show a few technical lemmas. The first one deals
with the limit of some processes indexed by a random time.

Lemma 4.1.
Let (An, BN)nen be a sequence of random variables such that the Ax are nonnegative integers
and the By belong to some Polish space Q). We assume that:

e for some sequence (ay) such that Nlim ay = +00, the process (An/ay) converges in distribu-
—400

tion to some random variable A on R, ;
e P(A>0)=1;
e the process (By) converges in distribution to some random variable B on );
e the processes (Ay) and (By) are independent.

Then (An/an, Ba,) converges in distribution to a random variable (A*,B*) whose distribution
is the same as (A, B); in particular, the two components of the limit distribution are independent.
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Proof.

Obviously, the sequence of random variables (Ay/ay, Ba,) is tight, and thus has weak limit
points.

Let 0 < m < M; put I := (m, M) and let J be a subset of Q. Assume that P(A € 0I) = P(B €
0J) =0. Let £ > 0. Since (By) converges to B and ay goes to 00, for large enough N, one has for
all k > may :

IP(By € J)—P(BelJ)|<e.

Up to taking larger N, we can also assume that:
|IP(Ay/ay € I) —P(A e )| <e.
Then we deduce that, for large enough N:

|IP(Ay € anI, Ba, € J) —P(A e I)P(B € J)|

IN

> P(Ay =k, ByeJ)-P(Ay € ay)P(B € J)
keanI

+|P(Ay € an)P(Be J)—P(Ae P(B € J)|
> P(Ay=k)|[P(B, e J)—P(BeJ)

keanI

+|P(Axy € anI) —P(A € I)|P(B € J)
<ec ) PAy=k)+eP(BeJ)<2e

IN

keanI

Hence, any limit distribution p of (Anx/an, Ba, ) satisfies pu((m, M) x J) =P(A € (m, M))P(B €
J) for any continuity sets (m, M) and J. Since most balls are continuity sets, such boxes (m, M) x J
generate the Borel sigma-algebra on R, x €2, so that p is a product measure. O

The next result describes the limit behavior of local times for the maps which induce a Gibbs-
Markov map. It is folklore if the parameter § belongs to [0, 1), and all the ingredients can then be
found in Jon Aaronson’s book [1]. The version we present also deals with the case 3 = 1.

Proposition 4.2.

Let (Q, 1, T) be an ergodic dynamical system which induces a Gibbs-Markov map on a Borel set
A. Let f be in LYQ, p) and v < p be a probability measure.

If the random variable w4 on (A, pya) fulfills the condition (1.8) for some 3 € [0,1), then:

ZfoTZ—>/fd/L Yy, (4.1)

sinc ﬁﬂ

where the convergence is in distribution when the left-hand side is seen as a random variable from
(Q,v) to R.
If the random variable w4 on (A, pya) fulfills the condition (1.8) with 3 =1, then:

ZfoTl—>/fd/L, (4.2)

NZkow(k i=0

where the convergence is in distribution when the left-hand side is seen as a random variable from

(Q,v) to R.
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Proof.

By Lemma 6.5 in [8], the analytic family of renewal operators T'(z)(v) = L(z¥4v) acting on
LL'(A, 1) behave nicely when |z| < 1. Hence, the conditions (H1') and (H2) of [16] are satisfied.
Then, the conclusions of Theorem 3.6 in [16] hold. This gives us the pointwise dual ergodicity of the
system with the normalizing sequences we used. The Corollary 3.7.3 in [1] yields the conclusion. In
the case # = 1, the random variable Y; does not appear because its value is 1 almost surely. n

Then, we define a pair of useful objects: the local time in a Borel subset, and the return times.

Definition 4.3 (Local time and return time).
For any N in N and z in 2, we define the local time in A at time N by:

N
Env(w) =) 1aoT’x =Card{l <i < N: T'z € A}, (4.3)

i=1

In addition, if x belongs to A, then we define for any N in N the return times by:

N-1
tn(z) == Z@AOTAI. (4.4)
i=0

The following lemma allows us to control in a locally uniform way the growth of the local time.
It states, roughly, that under the usual assumption on the return times, the local time &y at time N
is of order ¥(N).

Lemma 4.4.

Let (2,1, T) be a dynamical system which induces an mizing Gibbs-Markov map on a Borel set
A. Assume that the random variable oo on (A, jua) fulfills the condition (1.8). Letr > 0 and r* > r.
Then, jya-almost surely, for all large enough integer N,

baN (Errorwmyr) — &) S V(N)™ (4.5)

Proof.
Most of this proof comes from the proof of Lemma 3.5 in [5]. We use a probabilistic notation, all
the probabilities being taken with respect to the measure y4. For any n in N, we put:

P(n) =P ( sup  (Epypr ) — &) > (n — 1)7"*) .

k<1p*(n)

Since the functions (k) and & are nondecreasing in k, we see that if Supy <« () (Exry(nr) — §k) <
(n —1)"" then, for all *(n — 1) < N < *(n), we have:

SUp (S wvy) — &) < sup  (Errprnr) — k)
k<N k<y*(n)

<(n—1)" < BN

Hence, it is enough to prove that supj<y«(,) (§rsv=nry — &) < (n — 1)"" holds for all large enough
n, and by Borel-Cantelli lemma we only have to ensure that P(n) is summable. In addition, the
MAXIMUM SUP, <+ () (§kgr () — &k) s reached just before a jump of &, when k = ¢, — 1 for some /.
This is due to the fact that as long as & is constant (in other words, for ¢, 1 < k < t, — 1 for some
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?), the function &gy () — &k is non-decreasing. By going one step further (which increases & by 1),
we get:

sup (Spaprnry — &) < sup (prur oy — &) + 1
k<y*(n) k: tp<tp*(n)

Since we can decrease ever so slightly the value of * and take arbitrarily large values of n, we
shall ignore the 41 term. Now, we compute:

P(n) <P ( S (gtww*(n”") - ftk) > (n— 1)T*)

k: t<¢p*(n)

<P ( WD (Enriron =) > (1= 1y o < )

k: t<¢p*(n)

+P (§r () > ),
and, since the measure p 4 is T4-invariant, we get:
P(n) < 0%P (Epeury > (0= 1)) + P (Epeiy > 1) -
Now, notice that:

(n—1)r" -1
Pl >(m—=1")=P| > waoTf <y (n")
k=0

(n—1)a"

Let ¢ in (0,1) be such that (1 —¢)r* > r. We shall consider only the values of @, 0 T% for

k going from 0 to (n — 1)3=9™ — 1, so0 as to gain some independence:

(n=1)r" 1 *
P Y. waoTi<¢'(n)]| <P sup a0 TEOD" <y () ]
k=0 0<k<(n—1)(-0r* _1

The function ¢4 is constant on each set a of the Gibbs-Markov partition of A. Let (¢} )r>0 be a family
of independent, identically distributed random variables with the same law as p4. As we did in the
proof of Lemma 3.2, we can couple the family of random variables (¢4 o Tj(n_l)qr )o<h<(n—1)1-0r* _1
with (¢} )k>0, With a exponential bound on their differences. For some constants p > 1 and C, C’

and for all large enough n,

0<k<(n—1)0-ar*—1

which yields:

P sup Q40 Tj(nfl)qr <P (n")
0<k<(

n—1)0-a)r* 1

=P sup g <O () + O | + Cln — 1)m0r pm
0<k<(

n—1)0-ar* 1
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We can always re-write the argument with a slightly larger value of r to dominate the constant C’,
so we shall forget about the later. We get:

(n—1)"" -1

w/ 7 n—1)t-ar* —g)r* —(n—1)a""
Pl S paoTh<wr(n) | <Ploa< ¢ )V 40— 1)0-0 p=t)
k=0

1 (n—1)=a)r X
=(1- —) +C(n — 1)o7 pm (=)
( P(*(n"))
<e M L Cn— )(l_q)T*p_(n_l)qr*.
The right hand side is summable; by taking r = 1 and r* = 2 we see that n’P () > n?) is
also summable. Hence, P(n) is summable. O

We shall also need the same kind of control on the partial sum of X, where f is an observable

on 2 such that [, f du = 0.

Lemma 4.5.

Let (A,d, pya,Ta) be a mizing Gibbs-Markov map. Let X € LP(A, pja), with p > 2, be such that
J4 X da =0 and the regularity condition (1.9) is satisfied.

For allr € [0,1] and all v* > 2/p+ (1 — 2/p)r, almost surely, for all large enough integer N,

k+i—1

Z:XOT7

j=k

<N2. (4.6)

sup sup
k<N i<NT

Proof.

We begin our proof by cutting the set of integers into pieces of length 2", where n belongs to
N. Each of these pieces shall be cut in 277" segments of length 2™, on which we can control the
variation of the partial sums of X o 7% In other words, we have for all ' > r:

>2m”>

2" k2T 4 —1

Z XoT7| >
j=2n4k2rn
27"’(7;71)
")
i—1

E:Xon>

By Rosenthal inequality 1.5, there exists a constant C' such that, for all NV,

N-—1 p
E( )gCNQ
=0

E:XoTi
p
)<Ci?

k+i—1

ZXOTJ
=k

P ( sup  sup

2n<g<2ntl 4<2rm

< ]P’( sup sup

k<2(1—r)n §<2rn

1—1

E:XOT]

Z<2rn

< oU=mnp (sup

l<2rn

< U=y~ R <Sup

We use again Corollary Bl in [18]:

E | su XoT'
£
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Hence, for some constant C, we have for all integer n:

k+i—1

Z X oTY

Now, assume that r’ belongs to (2/p + (1 — 2/p)r,r*). The right-hand side of this inequality is
summable, and by Borel-Cantelli lemma, almost surely there exists a constant C' such that:

(r' —=r)pn
2

P ( sup  sup

2an<g<2ntl 42

> 2% ) < 0o(t=mng-

keti—1 ,
sup sup XoTI| <CN*=.
k<N i<N7 | %
j=k
Since r’ < r*, the lemma is proved. H

At last, we have all the tools we need to prove Theorem 1.11. For the convenience of our readers,
we recall that this theorem states that, for dynamical systems which induce a mixing Gibbs-Markov
map and for which the inverse of the tail of the return time has regular variation of order g € [0, 1),
the partial sum vaz_ol o T" of a nice function (i.e., smooth enough, and integrable enough) with
zero average is of order (/1 (n). Moreover, as N goes to infinity, the following convergence in law
(with respect to any absolutely continuous probability distribution) occurs:

Smcﬁw ZfoTZ—>U )\/?3/\/’,

where Yy is a Mittag-Leffler random variable of order (3, where N is a standard Gaussian random
variable, and where Y3 and N\ are independent.

Proof of Theorem 1.11.
So as to manipulate lighter expressions, we put:

NN
sinc(fm)

We shall proceed in three steps. In the first, we assume that x is chosen in A according to the
distribution p4, and get a limit theorem for the induced transformation. In the second, we will
stick with the assumption that z is chosen in A according to the distribution p4 and get our limit
theorem. At last, we will get the theorem for any starting distribution which is absolutely continuous
with respect to p.

K =

First step: Sums for the induced transformation on A

We choose = in A with probability p4. Let (X;, ;) be a process such that (X;) and (XoT%) have
the same law (as processes), (f;) and (@4 0T7%) have the same law, and (Xi) and (¢ (t;) are independent.
If we denote by & = (®)*(4) the generalized inverse of ®(N) := ZN "1;, then (&) has the same law
as (&) and is independent of (X;). We couple the processes (X;,#;) and (X; o T4, o4 0T}) in a way
satisfying the conclusions of Theorem 1.7. By Proposition 1.4, Proposition 4.2 and Lemma 4.1:

N 1 Env—1
o(5) o g U

where the convergence is in distribution, Y3 and N are independent, Y} is a standard Mittag-Leffler
distribution of order 3 and N is a standard Gaussian random variable, and where the variance o( f)?
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is given by Equation (1.13). In addition, o(f) = 0 if and only if X is a coboundary, hence if an only
if f is a coboundary.
Moreover, as stated by Theorem 1.7, for some r < 1, almost surely, for all large enough n:

K Env—1 ~ , K éN 5
Vo) 2 XemXpoTy < B(N)'F (wuv) ’

=0

which tends in probability to 0 by Proposition 4.2. Therefore,

En—1
\/% Y XpoTh— o(f)V/YaN.
/=0

Now, notice that for all IV, we have &, = N and t¢, < N, so that:

Ev &N =& — N =& &

Let £ > 1. By Lemma 4.4 (take r = 1), we know that almost surely, for all large enough integer
N, the function &y (respectively £y) is bounded by ¢ (NN)*. Since the coupling between ¢y and ty
satisfies the conclusions of Theorem 1.7, almost surely, for all large enough integer N:

}th — ng‘ < T (P(N)™).

Since this is true for all k > 1, for all 7" € (r, 1), the difference ‘th — t¢, | is bounded by P*(p(N))
for all large enough N. By Lemma 4.4, for all r* € (r,1) and for all large enough N, we have:

Env —Ev < U(N).

We deal with £y — £y in the same way, and we obtain ’51\7 — SN‘ < (N)™ for all r* € (r,1) and

all large enough N. Let x > 1, and 7’ € (2/p+ (1 — 2/p)r*,1). By Lemma 4.5, we get for all large
enough N:

k+i—1
X;oTY
l=k

XpoTy — XpoTy| < ——=— sup  sup
Y(N) @Z:; gz_; V(N) k<p(N)= i<yp(N)*

|

< K9¢(N)

If we take x close enough to 1, this converges to 0 as N goes to infinity. Hence, we have:

Env—1
% S X o T4 — o(f)V/TaN. (47)
=0

Second step: Limit sums with starting point in A

We still choose x in A with probability 4. We want to get rid of the return times in the
expression (4.7).

For any ¢ > 0 and any € > 0, we have:

14e¢

) ) < Cf_(l"f)'

P(XjfoT4 > ¢
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Hence, by Borel-Cantelli lemma, almost surely, there exists a constant C' such that Xy o T{ <

Crv . If we replace ¢ by £x — 1, we obtain that almost surely, there exists a constant C' such that
14e¢

Xjf 0 Tf;N < CeN . (]13+y) Lemma 4.4, for any x > 1, almost surely, for all large enough n, we have

Xjg 0 Tf{v 1< C(N) » . This gives us the following bounds for large enough values of N:

1 | 1
Y foT'| < ——XoTi" !

VIl | 52 o)
< Cp(N) TR
If we take € close enough to 0 and x close enough to 1, the expression above converges almost surely
to 0 as N goes to +00. Hence, we get:

Env—1

KN_loz'_ K - N_loi_>0
o oS \ & e S ST [ oA

where the convergence is in distribution when the left hand side is seen as a real-valued function on
the probability space (€2, j14).

Third step: Strong distributional convergence
This last step is a straightforward application of Theorem 1 in [21], with one hypothesis left to
prove. Let N be an integer. We compute for any ¢ > 0:

> e) < 2 (!fl > CW&) ,

N-1
> foT'—foToTl
=0

K
M R —
VU(N)
and since f is in IL1(€, u) the right hand side converges to 0 as N goes to +o00.

Hence, we can apply the conclusions of Theorem 1 in [21]: the convergence in equation (4.8) holds
not only on (€2, i114), but on (€2, ) for any probability measure v < p. ]

Remark 4.6.
A closer look at this proof shows that the assumption Xz € LP(A,pua) and fo dpu = 0 wn
Theorem 1.11 can be replaced by the following weaker set of assumptions:
i1
fo T
=0

e sup
1<p4

S LP(A7 :U’|A);

o there exists a M > 0 such that p(|f| > M) < +00;

L] /de/”A:O
A

This improvement is enough to extend our limit theorems to “non-integrable functions with zero
average”, which do not belong to LY(Q, p). We give some examples at the end of Section 2.

4.2 Almost everywhere bound

We wish to present to the reader a last result which, while somewhat beyond the scope of this article,
can be easily proved with the tools used in the previous sections and may improve our understanding
of the behavior of the Birkhoff sums in infinite ergodic theory.
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Theorem 4.7.

Let (2, 11, T) be a dynamical system which induces a mizing Gibbs-Markov map on a Borel set A.
Assume that the inverse of the tail of the random variable 4 on (A, jua) is reqularly varying with
index 3 € [0,1). Let f in LY(Q, p), with [, f du =0, be such that the random variable X5 belongs
to LP(A, jua) for some p > 2 and that condition (1.9) is satisfied.

Then, for any € > 0 and for p-almost every point x in €2:

N—+oo 3te 4

1 N—-1
lim —— Y f(T'z) =0. (4.9)
=0

The proof of this theorem uses the same tools as the proof of Theorem 1.11, albeit in a much
cruder fashion.

Proof.
For now, we choose x in A with probability 4. Almost surely, { increases to +-0o0. By Lemma 4.5
(take r = 1), this implies that for all € > 0, almost surely for all large enough N,

En—1 fpa—1
3 (Z foTi) 0T

£=0 =0

1
§+E

<e’ (4.10)

By Lemma 4.4 (take r = 1), for all € > 0, almost surely for all large enough N,
Ev < P(N)He. (4.11)

Putting equations (4.10) and (4.11) together, we get that for all € > 0, almost surely for all large

enough N,
En—1 [pa—1
> (3 ser)en

=0 =0

< P(N)z*e,

Then, we can copy the second step of the proof of Theorem 1.11; for all £ > 0, this gives us:

N-1
S FoTH < w(N)Et,
k=0

almost surely for all large enough N.

Now, we want to get a result for p-almost every x in Q. Notice that some iterate T%x of p-almost
every x in (2 lies in the subset of A (of full y14 measure) of the points which satisfy the desired bound.
Moreover, the sum of the f o Tz before T*x enters this set is also finite for p-almost every . Hence,
the theorem holds. O

Remark 4.8.
We can again prove this theorem with a weaker set of assumption, which does not require f to be
integrable. The hypotheses X5 € LP(A, ) and fQ f du =0 in Theorem 4.7 can be replaced by:

i—1

e sup E
<4 =0

foT! € LP(A, wa);

L /deMA:O.
A

The rate of convergence of Theorem 4.7 may be improved until one gets a law of iterated logarithm,
as was done by M.B. Marcus and J. Rosen in [14] (Theorem 1.1) for random walks on Z and Z.
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4.3 A generalized CLT with =1

We finish this article by proving Theorem 1.12. We cannot rely on asymptotic independence, so
we shall use two tricks to prove the convergence in distribution. The first trick consists in noticing
that a Mittag-Lefller random variable of parameter 1 is almost surely constant, and thus in a way
independent from any other random variable. The second trick, used for instance in [3] (Section 2.3),
is used to manage the random fluctuations of the local time around its limit.

Proof of Theorem 1.12.

In the following, we use the notation ¢)(N) := N S0~ o w . Sums with negative range are defined
by oy tn = = Sy tn if a > .

As in the proof of Theorem 1.11, we will proceed in three steps: we first get a limit theorem for
the induced transformation, then a limit theorem when z is chosen in A according to the distribution
4, and at last a limit theorem with arbitrary absolutely continuous initial distribution. Since the
last two steps can be copied from the proof of Theorem 1.11, we will only deal with the first argument.
We want to prove that, under the law p 4, the following convergence in distribution happens:

En—1

1 XjoTh— a(fN, (4.12)

=

where o(f)? = [, X? du+2Y"% [, Xy X;0T} dp and N is a standard Gaussian random variable.
We divide the sum in the following way:

1 Env—1 1 Env—1
——TT——— EE: )(fC)Tﬁ ::__TT___ :E: )(fC)Tk + :E: )CfOiTe
P(N) =0 U(N) (=0(N)
Then, the Central Limit Theorem 1.4 applied to X yields the convergence in distribution:
1 $(N)-1
— ) XjoTi—a(fIN,
b)) =

and all we have to do is to bound the error term. By Proposition 4.2, the function SN/LE(N )
converges in distribution to a random variable which is almost surely equal to 1. Hence, it converges
in probability. Let ¢ > 0. For large enough N,

P(|g, — ¥(N)| > eb(IV)) <&
By Rosenthal inequality 1.5, there is a constant C' depending only on f and p such that, for all

n7
k-1 p
E | sup ZXfon1 < Cn?,
0<k<n —0

which yields, via Markov’s inequality,

k-1

j{:)(fOCrﬁ

=0

IA

> €8 zZ(N)>

D(N) |z 0<k<ed(N)

(V)%

(I 1
P Z XpoTy| >en 8+]P< sup
Clev
ERT

(N)2



Thus, the error term converges in probability to 0. This proves the convergence in distribution of

Equation (4.12). O
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