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Chapter 1

Basics of Lie groups and Lie
algebras

1.1 Lie groups

A Lie group is just on group on which one can do calculus. They were first
considered as models for the symmetry groups of several physical systems,
but they quickly gained a purely mathematical interest as the symmetry
groups of many different geometries.

Definition 1.1.1. A Lie group is a smooth manifold G endowed with a
group structure such that the group operation

{ch - G
(xy) = xy

is smooth.
Remarks.
* A manifold is not necessarily connected.

* This is the definition of a real Lie group. One can also define a com-
plex Lie group using complex manifolds and requiring holomorphic-
ity of the group operation. This class only presents real Lie groups,
but it is a good exercise to check which properties and which proofs
also hold in the complex setting.

* Here smooth means C*. Requiring everything to be real analytic or
only C! leads to the same theory.

* Quite often, smoothness of the inverse map x > x~! is also required.
However, we will see that it is a consequence of this definition.

Examples 1.1.2.
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1. Countable groups are exactly 0-dimensional Lie groups.

2. (R,+), (IR*,x) and (U, x) where U = {z€ C: |z| = 1} are 1-dimensional
Lie groups. Similarly, (C,+) and (C*,x) are 1-dimensional complex
Lie groups (and 2-dimensional real Lie groups).

3. The additive group of a real (resp. complex) vector space is a real
(resp. complex) Lie group.

4. A complex Lie group can be seen as a real Lie group.
5. The product of finitely many Lie groups is a Lie group.

6. Given a finite dimensional real vector space V, the general linear
group GL(V) is a Lie group. Indeed, it is a open subset of End(V),
hence a manifold. The group operation is smooth because it is the re-
striction of a bilinear map between finite dimensional vector spaces.

7. For the same reasons, GL(#,R) and GL(#n,C) are Lie groups (GL(n,C)
being a complex Lie group).

8. Classical Lie groups: let n, p and g be positive integers. Let I, €
M,,(R) be the identity matrix, and

I, 0 0 -I,
SL(n,R) = {geGL(n,R)|detg=1}
SL(n,C) = {geGL(nC)|detg=1}
OmR) = {geGL(nR)|'gg=1,)
SO(n,R) = O(n,R)NSL(n,R)

O(p.9) = {§€GL(p+q,R)|'gl,q8=1,,)
SO(p,q) = O(p,q)NSL(p+4,R)

Oomn,C) = {geGL n,C | gg= I}
SO(n,€C) = O(n,C)NSL(n,C)

U(n) = {geGL n,C |gg I}

SU(n) = U(n)NSL(n,C)

Sp(2n,R) = {geGL(2n,R | 1Weglng=1Tnu
Sp(2n,C) = {geGL(2n,C)|'g) g =],

Table 1.1: Lie groups you should remember

Here H is the quaternion algebra: the associative 4-dimensional IR-
algebra possessing a basis (1,1,j,k) such that 1 is a unit, i> = j> = k? = -1
and ij = —ji = k.
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SO(n,H) = {geSL(nH)|'gg=1,]

SO*(2n) = {geSO(2n,0)|'g),g =]}
Ulp.q) = gGGL(p+q,<E)|t§Ip,qg=1p,q}
SU(p.q) = U(p,q)NSL(p+4,C)

SU'(2n) = {geSL(2n,C)|],& =8Jul
Sp(p,g) = {8€ Myy(H)|'gl, 8 = Im}
Sp(n) = {geM,(H)|'gg =1,

Sp.(n) = Sp(2n,C)NnU(2n)

Table 1.2: More classic Lie groups

1.1.1 Multiplication and inverse maps

Given a Lie group G and an element g € G, we let L, (resp. R,) denote the
left (resp. right) multiplication by g, i.e. the maps:

Lg:{G - G anng:{G - G.
X P gx X B Xxg

Note that L, and R, are diffeomorphisms, their inverses being (Lg)‘1 =Lg
and (Rg)‘1 = Rg-1. For any g,h € G, we have that L, o R, = R0 Lg (this is a
rewriting of the associativity of G).

Consider the maps:

_{GxG—>G G - G

and inv : 1
X > X

(x,y) = xy

Smoothness of m is part of the definition of a Lie group. The map inv is
also smooth.

Proposition 1.1.3. Let G be a Lie group. The inverse map inv: G — G is
smooth.

Proof. Let xy € G. The partial differential of m with respect to its second
variable at the point (xo,xgl) is dxg‘LxO' therefore invertible. According to
the Implicit Function Theorem, there are an open neighbourhood U C G
of xy and a smooth map ¢ : U — G such that m(x, ¢(x)) = e for any x € U.
Since x@(x) = e, we find that ¢(x) = x~!, and inv is smooth on U. O

This implies that a Lie group is a topological group.

Definition 1.1.4. A topological group is a topological space G endowed
with a group structure such that the maps

{GxG—>G {G—> G
nd

(x,y) +— xp x > ox!

are continuous.
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Note that in the topological setting, continuity of the inverse map is not
a consequence of the continuity of the multiplication map.

Corollary 1.1.5. Every Lie group is a topological group.

Remark. The fact that the smoothness of inv is usually included in the
definition of a Lie group is a habit coming from topological groups.

It should also be a part of the definitions of some infinite dimensional
generalizations of Lie groups (especially if we want a group such as Diff(M)
to be a Lie group, where M is a manifold), but we will not discuss this
further.

We will now see that up to order one, there is no distinction between
IR" and any other Lie group.

Proposition 1.1.6. Let G be a Lie group. For X,Y € T,G, we have that:
Aie,eym(X,Y) = X +Y and d,inv(X) = -X

Proof. Differentiating the identity m(x,e) = x (resp. m(e,v) = y), we find
that d, ,ym(X,0) = X (resp. d(,m(0,Y) =7Y), hence:

d(e,e)m(X, Y) = d(e,e)m(X, 0) + d(e,e)m(o, Y) =X+Y
Differentiating m(x,inv(x)) = e at e now yields X + d,inv(X) = 0. O

This tells us that in order to tell Lie groups apart using infinitesimal
quantities, we will need to work with second order differentials, which is
why the study of Lie groups has a geometric nature: as we will see in the
other chapters of this course, differential geometry treats second order dif-
ferentials as curvature.

Before going further, we should also have in mind that only few mani-
folds can carry a Lie group structure, as there are some strong topological
obstructions.

Proposition 1.1.7. If G is a Lie group, then the tangent bundle T G is trivialis-
able (i.e. G is parallelisable).

Proof. The map
GxT,G — TG
(&v)  (8d.Lg(v))
is a trivialisation of TG. It is smooth because d,L,(v) = d(4,,ym(0,7), and its

inverse is (g, w) > (g,d(g-1,¢)m(0,w)) which is also smooth because m and
inv are. [

As a consequence, there is no Lie group structure on $2.
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1.1.2 Lie group morphisms

Since we will talk a lot about morphisms between Lie groups, we need to
make the definitions clear.

Definition 1.1.8. Let G and H be Lie groups. A Lie group morphism from
G to H is a smooth map f : G — H which is a group homomorphism.

A linear representation of G is a Lie group morphism f : G — GL(V)
where V is a finite dimensional real vector space.

A matrix representation of G is a Lie group morphism f : G — GL(n, R)
or f : G — GL(n,C) for some n € IN.

A representation of G is either a linear representation or a matrix rep-
resentation.

A Lie group isomorphism between G and H is a smooth diffeomor-
phism f : G — H which is a group isomorphism. When G =H, we call f a
Lie group automorphism.

Remark. The fact that f is a group homomorphism translates as f o L, =
Lf(g) o f for all g € G. Note that we use the same notation Ly : G — G and
Lf(g): H — H as there is very little risk for confusion.

Recall that a smooth map f : M — N has constant rank if the rank of
dyf : TeM — Tf(x)N does not depend on x € M. Recall that a constant rank
map is linearisable (i.e. for any xy € M, there are diffeomorphisms ¢, )
such that f = ¢ od, f o ¢ near x).

A constant rank map is a submersion if its differential is always onto, an
immersion if its differential is always injective.

Exercise.

1. If f : M — N has constant rank and is injective, then it is an immer-
sion.

2. If f: M — N has constant rank and is surjective, then it is a submer-
sion.

Hint: show that the image of a constant rank map which is not a sub-
mersion has empty interior using Baire’s theorem.

Proposition 1.1.9.
1. A Lie group morphism has constant rank.
2. A bijective Lie group morphism is a Lie group isomorphism.

Proof.
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1. Given g € G, differentiating the expression foLg = L¢ (g0 f at e yields:

def odeLg =dg(g)Ly(g)0def

Since Ly and Ly, are diffeomorphisms, it follows that d, f and d,f
have the same rank.

2. As a consequence of the previous statement and of the result of the
exercise, a bijective Lie group morphism is a local diffeomorphism,
therefore a diffeomorphism.

O]

1.1.3 The adjoint representation of a Lie group

Let G be a Lie group. Given g € G, we denote by i, = Ly 0 Rg-1 the conjugacy
by g (i.e. ig(x) = gxg~!). It is a Lie group automorphism of G.

Definition 1.1.10. Let G be a Lie group. Given g € G, we set Ad(g) = d,i :
T.G — T,G. The map
Ad: G - GL(T,G)

is called the adjoint representation G.
Note that Ad is indeed a representation.
Definition 1.1.11. The centre of G is:
Z(G)={geG|Vxe Ggx =xg}
Note that we always have Z(G) C ker Ad. However it is not always an

equality.

1.2 Lie algebras

Definition 1.2.1. Let K be a field. A Lie algebra g over K is a pair (V,[-,-])
where V is a vector space over K and [-,-] : gx g — g is a bilinear map
satisfying:

1. VX, Y e V[Y,X] = -[X,Y]
2. VX, Y, Ze VIX,[Y,Z]|+[Y,[Z, X]]+[Z,[X, Y]] = 0

We will only consider the cases K = R and K = C. A bilinear map [, -]
satisfying 1. and 2. is called a Lie bracket. Condition 2. is called the Jacobi
identity.

Remarks.
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* The vector space V needs not be finite dimensional. We will actually
consider one infinite dimensional example.

* We will use the same notation for g and V.

Definition 1.2.2. Let g,I1 be Lie algebras over a field K. A Lie algebra
morphism from g to i is a K-linear map ¢ : g — h such that VX,Y €
gle(X), p(Y)] = [X, Y].

A Lie algebra isomorphism is a bijective Lie algebra morphism (its inverse
is also a Lie algebra morphism). When g = I, a Lie algebra isomorphism is
called a Lie algebra automorphism.

A Lie subalgebra of g is a vector subspace V C g such that [X,Y] e V for all
X, YeV.

Examples 1.2.3.

1. Any vector space V can be endowed with the Lie bracket defined
by [X,Y] =0 for all X,Y € V. Such a Lie algebra (V,[-,-]) is called
abelian.

2. Let A be an associative algebra over K. For X,Y € A, we set [X,Y] =
XY -YX. Tedious yet easy computations show that it is a Lie bracket.
This applies to the associative algebras Endy (V) (where V is a vector
space over K) and M,,(K). These Lie algebras will be denoted respec-
tively by gl(V) ans gl(n, K).

A representation of a Lie algebra gis a Lie algebra morphism ¢ : g —
End(V) where V is a vector space (or ¢ : g — gl(n, K)).

Remark. Note that we do not ask representations of Lie algebras to
be finite dimensional, while we do for Lie groups (so that a Lie group
representation is a Lie group morphism).

3. The classical Lie algebras (see table [3).

4. If gis a complex Lie algebra, we denote by gy the underlying Lie alge-
bra (obtained by considering g as a real vector space). This operation
is known as restriction of scalars. If g is a real Lie algebra, then g@i C
is a complex Lie algebra when endowed with the only Lie bracket
satisfying [X®z, X' ®z'] = [X,X'|®zz" forall X, X’ egand z,z’ € C.

5. The product g; x--- x gi of Lie algebras is a Lie algebra with bracket:

(X1, Xie), (Yi, oo, Vi)l = ([X0, Y [Xe Yie])

6. The image and the kernel of a Lie algebra morphism are Lie subalge-
bras.
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sl(n,R) = {Xegl(nR)|TrX =0}

sl(n,C) = {Xegl(nC)|TrX =0)

so(n,R) = {XeglnR)|'X+X= 0}

so(p,q) = {Xegl(p+qR)|'XI q+1p,qxzo}
so(n,C) = {Xegl(nC)|'’X+X=0

u(n = {(Xeg(nO)|'X+X=0

su(n) = u(n)Nsl(n,C)

sp(2n,R) = {Xegl2n,R)|'XJ,+J,X=0
sp(2n,€) = {X egl(2n,C)|['X ], +],X =0

Table 1.3: Lie algebras you should remember

1.2.1 The Lie algebra of a Lie group

Let G be a Lie group. We have already defined the adjoint representation
Ad: G - GL(T,G) of G. We set ad =d,Ad : T,G — End(T,G) = T;3GL(T,G).

Proposition 1.2.4. Let G be a Lie group. The map

[ T.GxT.G — TG
(-] (X,Y) +— ad(X)Y

is a Lie bracket.

Examples 1.2.5.

* If G is Abelian, then i, = Id for any g € G, which yields Ad(g) =
Id, hence ad = 0. Therefore [X,Y] = ad(X)Y is a Lie bracket, and
(T,G,[-]) is an Abelian Lie algebra.

* If G=GL(V), then T;4G = End(V) (since GL(V) is an open subset of
End(V)). Given g € G, the map i, : G — G is the restriction to G of
a linear map defined on End(V), its differential is Ad(g)Y = gYg™!
Differentiating with respect to g at Id, yields ad(X)Y = XY - Y X, the
usual Lie bracket on End(V).

Proof. The bracket is bilinear because differentials are linear maps. To
prove skew-symmetry, consider elements X,Y € T,G and paths x,y: R — G
such that x(0) = y(0) = e, x(0) = X and y(0) = Y.
Consider the function:
. R? — G
) e xE)ptx(s) Ty

The element c(s,t) is the commutator of x(s) and y(¢) (usually denoted by

[x(s), (8)])-
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Notice that for all s, € R we have c(s,0) = ¢(0,t) = e. It follows that
the first derivatives %(O,t) and %(S,O) are elements of T,G, and so are
the crossed second order derivatives %(0,0) and gt—zaCS(O,O). The Schwarz
Lemma ensures that they are equal.

Let us compute gi(s, ). By rewriting

C(S, t) = ix(s)(y(t))y(t)_l = m(ix(s)(y(t))l an(y(t)))
we can apply Proposition [I.1.6]to get:

dc
E(S; O)

It follows that ££(0,0) = ad(X)Y.
Let us now compute the same second order derivative in the opposite

order. We now use that c(s, t) = x(s)iy(t)(x(s)’l) = m(x(s), iy()(inv(x(s)))).

dc
5
It follows that aaact(O 0) = —ad(Y)X, and the equality between crossed
derivatives yields ad(X)Y = —ad(Y)X, i.e. [X, Y] =-[Y, X].
In order to prove the Jacobi identity, we will start by considering the
behaviour of the bracket under Lie group morphisms.

=Ad(x(s))Y -Y

0,t) = X - Ad(p(1))X.

Lemma 1.2.6. If G,H are Lie groups and f : G — H is a Lie group morphism,
then:

* Vge GAA(f(g))od.f =d.f o Ad(g)
e VX € T,G ad(d,f (X)) o dof = d,f 0ad(X
ie. VY € TG [df(X),dof(Y)] = d,f([X, Y)).

ProofofLemma_ Since f is a Lie group morphism, we have that f o
= if(g) o f. Differentiating these two maps at e yields the first point.
leferentlatmg with respect to g at e yields the second. ]

The second point of Lemma applied to the adjoint representation
f =Ad: G — GL(T,G) yields (thanks to Examples|1.2.5)

ad(X)oad(Y)-ad(Y)oad(X) = ad([X, Y])

=[ad(X),ad(Y)]eEnd(T,G)
Applied to Z € T,G, we get

[X.[Y, Z]]-[Y,[X, Z]] = [[X, Y], Z]

Reordering the terms and using skew-symmetry leads to the Jacobi identity.
O
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1.2.2 The adjoint representation of a Lie algebra

Definition 1.2.7. Let g be a Lie algebra. For X € g, we let ad(X) : g — g
be the map defined by ad(X)Y =[X,Y]. We call ad : g — gl(g) the adjoint
representation of g.

A simple rewriting of the Jacobi identity shows that ad is a Lie algebra
morphism.
In the case of the Lie algebra of a Lie group, both definitions coincide.

Definition 1.2.8. The centre of g is
2(g)={Xeg|VY eg[X,Y]=0}

By definition of ad, we have that z(g) = kerad.

1.2.3 Structural constants

Let g be a finite dimensional Lie algebra, and e = (ey,...,¢;) be a basis of g.
We can decompose brackets between elements of e in the basis e:

d
k
lei ej] = ZCi,jek
k=1

The numbers (Ck 1<i,jk<d are called the structural constants of g (in

ij )
the basis (eq,...,e4)).
Knowing the structural constants of a Lie algebra makes for easy com-
putations (especially if there is a basis in which they have very simple ex-
pressions, e.g. most of them vanish).
One can use a basis to show that a map gxg — gis a Lie bracket. Skew-

symmetry has a simple expression:
Vijke{l,....d} Cf;+Cj;=0,

The Jacobi identity is more difficult to handle in this form:

d
Vininisj € (Led) )" (cEoclyach cl ek cl)=o0.
k=1

However, small dimensions allow for simpler proofs. In dimension 2,
skew-symmetry implies the Jacobi identity. In dimension 3, once skew-
symmetry is proven, it is sufficient to prove the Jacobi identity for one lin-
early independent family (X,Y,Z). In terms of structural constants, we
only have to check three equations:

vjie{l,23) Z(C{(,zcé,k +C35C 5+ C§,1C£,k) =0.
k=1
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Examples 1.2.9.

1. In sl(2,R) (or sl(2,C)), consider the matrices:

e=(o o) =i o) = 5)

They form a basis in which the structural constants are given by the
following relations:

[H,E] = 2E, [H,F]=-2F, [E,F] = H.
2. In su(2), consider the following matrices:

Ciftoo\. o _ifo -\, _ifo1
=510 1) "7\ o)’ T2l o)

They form a basis in which the structural constants are given by the
following relations:

[uy, uz] = us, [uy, uz]=uy, [us, uy] =u,.

3. In so0(3,R), consider the following matrices:

0 0 O 0 01 0 -1 0
rr=10 0 -1]; rn=10 0 O0]; rs=|1 0 O
01 0 -1 0 0 0 0 O

They form a basis in which the structural constants are given by the
following relations:

[r1, 2] =713, [r2, 73] = 11, [1r3,11] = 120

This shows that the linear map ¢ : su(2) — s0(3, R) satisfying ¢@(u;) =
rjfor j=1,2,3is a Lie algebra isomorphism, so the Lie algebras su(2)
and s0(3,R) are isomorphic.

4. Consider the cross product on R?, defined by:

X1 Y1 X2Y3 —¥Y2X3
Xo | X V2| =|X3V1 —¥3X1 |-
X3 Y3 X1Y2 —¥Y1X2

The relations e; x e; = e3, e, X e3 = e; and e3 x e; = e, satisfied by the
canonical basis not only show that (IR, x) is a Lie algebra, but also
that it is isomorphic to su(2) and so(3).
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5. Consider the Lie subalgebra of gl(3,R) defined by

0 x z
heis(3) =410 0 v||(x,v,2) eR3}.
0 0 O
Consider the matrices
01 O 0 0 0 0 1
X=/0 0 0|l; Y=|0 0 1|; Z=|0 0 O
0 0 0 0 0 0 0 0 O

They form a basis in which the structural constants are given by the
following relations:

(X,Y]=2Z, [Z,X]=[2,Y]=0.

6. Consider the Lie subalgebra of gl(3,R) defined by

t 0 a
sol(3)={|0 -t bl|(abt)eR3}.
0O 0 O
Consider the matrices
0 01 0 0O 1 0 O
A=|0 0 0|; B=|0 0 1|; T=|0 -1 O
0 0 O 0 0 O 0 0 O

They form a basis in which the structural constants are given by the
following relations:

[T,A]=A, [T,B]=-B, [A,B] =0.

1.2.4 Automorphisms and derivations of a Lie algebra

In order to understand the nature of the map ad(X) for a given X € g, we
have to look at derivations of Lie algebras.

Definition 1.2.10. Let g be a Lie algebra. A derivation of g is a linear map
0 : g — g satisfying

VX, Y egd[X,Y]=[6X,Y]+[X,8Y]

We denote by Der(g) C gl(g) the set of derivations of g.

Proposition 1.2.11.

* Der(g) is a Lie subalgebra of gl(g).
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* For any X € g, ad(X) € Der(g).
Proof. If 6,6” € Der(g) ans X, Y € g, we find:
508 [X,Y]=[008X,Y]+[6X,8'Y]+[6'X,8Y]+[X, 508 Y]

This leads to [0, 6’] € Der(g).
The fact that ad(X) is a derivation is a rewriting of the Jacobi identity.  [J

The Lie algebra Der(g) is the Lie algebra of a Lie group.

Proposition 1.2.12. The automorphism group of g

Aut(g) = {p € GL()|VX, Y € g ¢([X, Y]) = [p(X), @(Y)]}
is a Lie group, with Lie algebra Der(g).
Proof. For X,Y € g, consider the map

Ey oy {GL(g) - g
1 e e o HeX),e(Y)))

Let (Xy,...,X,) be a vector basis of g, and consider the map

d(d-1)
r.) GL@) - g _
¢ = (Fx,x,(@)i<icjzd

In order to show that Aut(g) = F! (([Xi:Xj])lsiq‘sd) is a submanifold of
GL(g), let us show that the smooth map F has constant rank. For this we
first notice that

Vo eGL(g) kerd,F = ﬂ kerd,Fy, x, = ﬂ kerd, Fx y.
1<i<j<d X,Yeg

These differentials can be computed:

Vo € GL(g) V¢ € End(g) dpFx v(¢) =¢~ ([¢(X), p(Y)])
+ o ([p(X),p(Y)))
—¢ og o™ ([9(X),@(Y))).
Substituting X and Y with ¢~!(X) and ¢~'(Y), we find:
¢ ekerd,F < ¢ o' €Der(g).

It follows that dimkerd,,F = dim Der(g), so F has constant rank and Aut(g)
is a submanifold of GL(g). It is also a subgroup, and the composition map
is smooth, so it is a Lie group. It tangent space at Id is kerdgF = Der(g)
and the Lie bracket is the restriction of the Lie bracket of End(g) (the same
proof as for GL(V') works). O
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This means that a derivation of a Lie algebra should be thought of as an
infinitesimal automorphism.

In the case of the Lie algebra of a Lie group, an important family of
automorphisms is given by the adjoint representation.

Proposition 1.2.13. Let G be a Lie group with Lie algebra g. For all g € G, the
map Ad(g) € GL(g) is a Lie algebra automorphism of g, i.e. Ad(g) € Aut(g).

Proof. Since Ad : G — GL(g) is a representation, it is enough to check that
Ad(g) is a Lie algebra morphism. The second point of Lemma states
that the differential d,f of a Lie group morphism f : G — H is a Lie algebra
morphism. Applied to f =i, for some g € G, we get the desired result.

O

1.3 The Lie algebra of a Lie group

Definition 1.3.1. Let G be a Lie group. The Lie algebra (T,G, [-,-]) defined
by [X,Y] = ad(X)Y is called the Lie algebra of G, it will be denoted by
Lie(G) or g.

We now wish to understand how a Lie group and its Lie algebra work
together. The main goal is see how complicated calculations in a Lie group
can boil down to some simple linear algebra in its Lie algebra.

1.3.1 Locally isomorphic Lie groups

A Lie group morphism induces a Lie algebra morphism.

Proposition 1.3.2. Let G,H be Lie groups with respective Lie algebras g,
and f : G — H a Lie group morphism. The map d.f : g — b is a Lie algebra
morphism.

Moreover, if f is local diffeomorphism (e.g. if f is a Lie groups isomorphism),
then d,f is a Lie algebra isomorphism.

Proof. The fact that d,f is a Lie algebra morphism is exactly the second
point of lemma If f is a local diffeomorphism, then d, f is an invert-
ible Lie algebra morphism, hence a Lie algebra isomorphism. O

This tells us that isomorphic Lie groups have isomorphic Lie algebras.
The converse is false: R and IR/Z are not isomorphic, but their Lie algebras
are.

Definition 1.3.3. Two Lie groups are called locally isomorphic if their Lie
algebras are isomorphic.
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Example 1.3.4. We have seen that the Lie algebras so(3,IR) and su(2) are
isomorphic (Examples [1.2.9), however the Lie groups SO(3,RR) and SU(2)
are not isomorphic. This can be proved by using topology (they are not
diffeomorphic to each other, SO(3,R) is diffeomorphic to RIP?® but SU(2)
is diffeomorphic to $3) or algebra (the centre of SO(3,R) is trivial, while
—I, € SU(2) is a central element).

1.3.2 The identity component of a Lie group

Given a Lie group G and its neutral element ¢, we denote by G, the con-
nected component of e in G, called the neutral component or identity
component.

Proposition 1.3.5. Let G be a Lie group. The neutral component G, is a normal
subgroup of G. It is both open and closed in G.

Remarks.

* Since it is open, it is also a manifold of the same dimension as G, and
a Lie group.

* The quotient group G/G, can be identified with the set of connected
components of G. It is usually denoted by 7((G). The quotient topol-
ogy is the discrete topology (because G, is open).

Proof. The image of G, x G, under the continuous map (x,y) — xy~! is
connected, hence a subset of G,, which shows that G, is a subgroup.
Given g € G, the set gG,g™' = Ly 0 Re-1(G,) is connected, hence a subset of
G,, which shows that G, is a normal subgroup.

Closedness and openness of G, are consequences of the more general facts
that connected components of a topological space are always closed, and
connected components of a manifold are always open. O]

By studying the Lie algebra, we cannot see the difference between a Lie
group and its identity component.

Proposition 1.3.6. Let G be a Lie group. The identity component G, is locally
isomorphic to G.

Proof. One can apply Proposition to the inclusion G, — G. O

Studying the Lie algebra of a Lie group will, at first glance, only allow us
to understand the group near the identity element. However, for connected
groups, this will be enough to recover the whole algebraic structure.

Proposition 1.3.7. If G is a connected Lie group, then any neighbourhood of e
generates G as a group.
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The proof will use a well known fact about open subgroups of topolog-
ical groups.

Lemma 1.3.8. If G is a topological group and H C G is an open subgroup, then
G is closed.

Proof. Simply notice that G\ H = [,y gH is also open. O

Proof of Proposition Let V C G be a neighbourhood of ¢, and H be the
subgroup of G generated by V. It is an open subgroup of G, hence closed
because of lemma Since G is connected, we find that H = G. O

1.3.3 Reminders on vector fields

Let M be a manifold and X € X(M) =T (TM) a vector field M. The flow ¢}
of X is the maximal solution to the ordinary differential equation:

4 ox0 = X(gkx)

P (x) x

A vector field is complete it its flow is defined for all times. Among the
important properties of the flow of a vector field, you should remember the
semi-group property @}° = ¢} o ¢% (whenever defined) and the scaling
invariance ¢/, = ¢%.

If p : M — N is a local diffeomorphism and X € X(N), the pull-back
X € X(M) is defined by 1*X(x) = (d )1 (X (¥ (x))).

The flow of "X is related to the flow of X by the formula:

Pyx =9 opkop
The Lie bracket of vector fields X,Y € X (M) is:

P\
o (QDX) Y

d
X,Y]=—
(X, Y]= —
The right hand term is also the Lie derivative LxY (which can be de-
fined for any type of tensor replacing Y).
In local coordinates, the Lie bracket of vector fields can be computed
through the formula:

[X, Y](x) = di Y (X(x)) - d X (Y (x))

A simple computation shows that for any f € C*(M), we have that:
[X,Y]-f=X-(Y-f)=Y-(X-f)

This formula shows that X'(M) endowed with the Lie bracket of vector
fields is a Lie algebra (more precisely, a Lie subalgebra of Endg(C*(M))). It
also allows for an easy proof of the following identity:

PIX Y] =[9"X, ¢7Y]
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1.3.4 Left invariant vector fields
If G is a Lie group, then G acts on the space of vector fields X' (G) by g.X =
LeX for g € G and X € X(G). Vector fields which are invariant under this

action are called left-invariant. We will denote by “X(G) the space of left-
invariant vector fields on G.

Proposition 1.3.9. The G be a lie group. The space of left-invariant vector

fields X (G) is a Lie subalgebra of X(G).

Proof. Simply notice that Ly [X, Y] = [Lo X, Ly Y] (more generally, f*[X,Y]=

[f*X, f*Y] for any diffeomorphism f). O
Left-invariant vector fields provide a second way of associating a Lie

algebra to a Lie group. We will see that they are isomorphic, but first let us
check that they have the same dimension:

Proposition 1.3.10. Let G be a Lie group. The map

[ ¢X(G) — TG
' X > X(e)

is a linear isomorphism of vector spaces.

Proof. It is linear by definition of the vector space structure on the space
of vector fields. Given g € G, the identity L3 X = X evaluated at e yields
X(g) =d.Lg(X(e)). The injectivity of ¢ follows.

Given X € T,G, we denote by X € X(G) the vector field X(g) = d.Lq¢(X). For
g,x € G, we compute:

(L X)(x) = (dxLg) ™ (X(gx))
= dngg*1 (deLgx(X))
= de(Lg“ o Lgx)(X)
=d,Ly(X)
=X(x)

Therefore X € X (G) and ¢(X) = X, so ¢ is also onto. ]

We will use the notation X = ¢~!(X) for X € g repeatedly in this section.

We will see later on that ¢ is also a Lie algebra isomorphism. This will
be done through the study of the most important tool relating a Lie group
and its Lie algebra: the exponential map.

The exponential map encodes the flow of left-invariant Lie groups, and
we will first need to check that it is defined for all times.

Lemma 1.3.11. A left-invariant vector field on a Lie group is complete.
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Proof. Let X € “X(G) and x € G. If y = @} (x) is defined for some t € R, we
set ¢ = yx~!, and notice that Ly X = X yields:

() =g P} ()

t+s

This formula shows that ¢°(x) is defined if and only if @3 (v) = ¢y (x) is
defined. O]

1.3.5 The exponential map of a Lie group

Definition 1.3.12. Let G be a Lie group with Lie algebra g. The exponen-
tial map of G is defined as follows:

Js - G
expG . { X (p)l?(e)
where X € X(G) satisfies X(e) = X(e).
Remark. It is well defined because of Lemmal[1.3.111

Examples 1.3.13.

1. For G =U = {z € C| |z] = 1}, the Lie algebra is g = iR. For i6 € g, we
find that expy(i0) = ¢'°.

2. For G = GL(n,K) (where K = IR or C), the Lie exponential is equal to

the matrix exponential exp(4) =Y /% %-

The exponential map is sufficient to retrieve to whole flow of a left-
invariant vector field.

Proposition 1.3.14. Let G be a Lie group with Lie algebra g, and let X € g. The
flow of X € CX(G) is given by (p% = Rexp, (tX)-
Proof.

P%(8) = ¢ x(3)
-

=Lgo0 qo%o Le-1(g)
= gpx(e)
=29 %)
0

Note the use of the scaling invariance of the flow of a vector field in
order to get exp;(tX) = (p%(e). This will be used repeatedly.

Most of the properties of the matrix exponential also hold for the expo-
nential map of a Lie group.
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Proposition 1.3.15. Let G be a Lie group with Lie algebra g. The exponential
map expg : 9 — G is smooth, and dyexpg = 1d,.

Proof. For the smoothness, consider the vector field L € X(G x T,G) de-
fined by L(g, X) = (X(x),0). It is smooth thanks to the formula X(x) =
d.Ly(X) = d(,ym(0,X). It follows that the flow ¢ is smooth, and the for-

mula ¢! (x,X) = (qo%(x),X) implies the smoothness of exp,;.

Proposition [1.3.14] yields exp;(tX) = (p%(e). Differentiating at t = 0 gives
dgexps(X) =X(e) = X. O

The Local Inverse Function Theorem guarantees that exp is a local
diffeomorphism between a neighbourhood of 0 in g and a neighbourhood
of e in G. Because of Proposition we get the following:

Proposition 1.3.16. Let G be a Lie group with Lie algebra g. The subgroup
generated by exps(g) is Go.

However, the exponential map of a Lie group is not always onto, even
for a connected Lie group (such as SL(2,R)).

Proposition 1.3.17. Let G be a Lie group with Lie algebra g. For any X € g, the
map:

R — G

t = expg(tX) °

is a Lie group morphism. Every Lie group morphism from R to G has this form
for a unique X € g.

Such a Lie group morphism is called a one-parameter subgroup.

Proof. Since exps(tX) = (p%(e), the additive property of the flow of a vector
field shows that t > exp(tX) is a group morphism. It is smooth because
exp is smooth.

Let ¢ : R — G be a Lie group morphism. Set X = ¢’(0) € g. Differentiating
the expression @(t +s) = @(t)@(s) with respect to s at s = 0, we find:

@'(t) = d. LX) = X(e(t))

Since @(0) = e, uniqueness of the solution of ordinary differential equations
(Cauchy-Lipschitz Theorem) yields ¢(t) = exp;(tX) for any t € R. As Y =
%L:o exps(tY) for all Y € g, the uniqueness of X follows. O

Note that a simple consequence of Proposition|1.3.17|is that exp;(nX) =
(eXpG(X))n forne Z.

Proposition 1.3.18. Let G, H be Lie groups with Lie algebras g,hi. If f : G > H
is a Lie group morphism, then:

VX €g f(expg(X)) = expy(d.f (X))
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Proof. The map t — f(exps(tX)) is a one parameter subgroup of H. O]

Corollary 1.3.19. Let G be a Lie group with Lie algebra g. For g € Gand X € g,
we have that

expg(Ad(g)(X)) = ig(exps(X))
and
Ad(exp;(X)) = exp(ad(X))

(the right-hand term being the matrix exponential in gl(g)).
Proof. Apply Proposition[I.3.1§[first to f =iy, then to f = Ad. O

The exponential map of a Lie group is in general not a group morphism.
There is no explicit formula for the exponential of the sum of two elements
of the Lie algebra. There is however an asymptotic formula.

Proposition 1.3.20. Let G be a Lie group with Lie algebra g. For X,Y € g, we
have that:

exps(X+Y)= lim (expG (ﬁ)eXpG ( Y ))n

n—+00 n n

Proof. Following Proposition and the Local Inverse Function Theo-
rem, we can consider a neighbourhood U of 0 in g and a neighbourhood
V of e in G such that exp restricts to a diffeomorphism from U to V. Let
Log.;: V — U be its inverse.

Consider a neighbourhood U’ C U of 0in g such that exp;(X)exp(Y) €
V for all X,Y € U’. Consider the map:

I3 { UxU — U
’ (X,Y) +— Loggslexpg(X)exps(Y))

Let X,Y € g. For large enough 7, we have that £ € U’ and £ € U”, so we
can consider f (%, %)
Since f(0,0) =0 and d(g0)f(X,Y) =X +Y, we find:

DXL,

n'n n N n—otoo\n
Therefore: v
lim nf(—,—):X+Y
n—+oo n

The continuity of exp leads to:

lim expg (nf(%, %)) =expg(X+Y)

n—+oo

Using Proposition [1.3.17] we get:

(5. 5) (el (2.2



1.3. THE LIE ALGEBRA OF A LIE GROUP 29

The definition of f simplifies the right-hand term:

e 55 )) = eswa o)

oot () oo 1)

Finally:

O

Remark. There is an explicit formula (as a formal series) for the function
f that we used, called the Baker-Campbell-Hausdorff formula.

Proposition 1.3.21. Let G be a Lie group with Lie algebra g. If X,Y € g and
[X,Y]=0, then expg(X +Y) =expg(X)exps(Y).

Proof. Since ad(X)Y = 0, we have that exp(ad(X))Y = Y, and Corollary
yields Ad(exps(X))Y =Y.

We also have that expg(Ad(expg(X))Y) = iexp,(x)(expg(Y)) according to
the same corollary, therefore i, (x)(expg(Y)) = expg(Y), i.e. expg(X) and
exps(Y) commute.

The same applies to % and % for n >0, and we find:

(eXpG(%)expc (%))n - (eXPG (%))n (eXPG (%))n

=expg(X)exps(Y)
Proposition[I.3.20]shows that exps(X + Y) = exps(X)expg(Y). O

While we are still on the subject of the exponential map, let us mention
that there is an explicit formula for the differential of the exponential map
of a Lie group at any point of the Lie algebra. We will not use nor prove
this formula.

Proposition 1.3.22. Let © : End(g) — End(g) be defined by ©(f) = Y ' 2

n=1 n!

(i.e. O(z) = eZTfl). For X € g, the differential dx exp is given by:
dx expg = deLexp, (x) 0 O(—ad(X))

We now have everything needed to show the equivalence between the
two Lie algebras associated to a Lie group.

Theorem 1.3.23. Let G be a Lie group with Lie algebra g. The map X +— X is a
Lie algebra isomorphism between g and © X (G).
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Proof. It only remains to show that it is a Lie algebra morphism. For X,Y e
g, we can compute:

(X, Y)e)= —




Chapter 2

Correspondence between Lie
groups and Lie algebras

Our goal is now to understand up to which extent the classification of Lie
groups reduces to the classification of Lie algebras. We will work on two
distinct aspects: the relationship between subgroups of a given Lie group
and subalgebras of its Lie algebra, and the relationship between Lie groups
whose Lie algebras are isomorphic.

2.1 Correspondence between Lie subgroups and sub-
algebras

The natural definition for a Lie subgroup would be a subgroup which is a
submanifold.

Definition 2.1.1. Let G be a Lie group. An embedded Lie subgroup of G
is a submanifold H C G which is also a subgroup.

An embedded Lie subgroup H C G is a Lie group itself, since restric-
tions of smooth functions to submanifolds are smooth. Since the inclusion
map is a Lie group morphism, we see that the Lie algebra h = T,H is a sub-
algebra of g = T,G. However we will see that if we want all Lie subalgebras
of g to correspond to a Lie subgroup, it is necessary to work with immersed
submanifolds.

2.1.1 Immersed submanifolds and foliations

Definition 2.1.2. Let M be a manifold. An immersed submanifold is the
data of a subset N ¢ M and a manifold structure on N for which the inclu-
sioni: N — M is a smooth immersion.

31
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Remark. The manifold structure may not be unique, i.e. there can be two
manifold structures on N C M such that the inclusion i : N — M is an im-
mersion for both structures on N, yet the identity map Idy seen from N
with one structure to N with the other is not smooth.

In order to avoid this confusion, it is better to work with an abstract man-
ifold S and an injective immersion f : S — M, so the immersed manifold
is the set f(S) with the manifold structure that turns f into a diffeomor-
phism.

One can actually define an immersed submanifold in this way, as an equiv-
alence class of pairs (S, f) where f : S — M is an injective immersion, iden-
tifying (S, f) with (S’, f”) if there is a diffeomorphism ¢ : S — S’ such that
f=f"o0.

An immersed submanifold N C M has two topologies: the topology in-
duced from M (just as any subset of M), and the manifold topology (some-
times called the intrinsic topology). Unless otherwise specified, any topo-
logical condition on N (e.g. connectedness) is considered for the manifold
topology.

For x € N, we will identify the tangent space T,N (for the manifold
structure on N) with its image d,i(T,N) C T, M.

In order to avoid confusion, we will refer to a submanifold (i.e. with
the usual definition) as an embedded submanifold. Note that an immersed
submanifold is embedded if and only if the subset topology is equal to the
manifold topology.

Examples 2.1.3.

+ Consider M = R?/Z? (the 2-dimensional torus), and 7 : R> — M the
canonical projection. Given a € IR*, we consider

D, = {m(x, ax)|x € R}

If @ ¢ Q, then D, is an immersed submanifold which is not embed-
ded. Indeed, the map x — 7(x, ax) is an injective immersion, and D,
is dense in M, therefore not embedded.

* Another example is Bernoulli’s lemniscate: consider the maps (see

Figure|2.1)
f {IR — R? {IR - R?
: t+63 =13\ » §° t+13 -t
toe () b (1)

They are injective immersions with the same image, but the compo-
sition ¢ = f o g”! is given by ¢(t) = % if t #0, and ¢(0) =0, so it is
not continuous. This means that the set f(IR) = g(IR) has two distinct
differentiable structures for which it is an immersed submanifold.
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+00

Figure 2.1: Two different structures on an immersed submanifold.

Definition 2.1.4. Let M be a manifold of dimension d. A smooth foliation
of dimension k of M is a partition F of M into connected subsets such that
for all xy € M, there is an open set U C M containing x; and a smooth
submersion ¢ : U — R satisfying the following:

For all x € U, the set ¢! ({¢(x)}) is the connected component of F(x) N U
containing x.

Such a pair (U, @) is called a local equation of F.

Proposition 2.1.5. Let M be a manifold and F a foliation of M. For all x € M,
the leaf F(x) carries a unique immersed submanifold structure such that for
every local equation (U, @) of F with x € U, we have T, F (x) = kerd,¢.

Definition 2.1.6. Let M be a smooth d-dimensional manifold, and let p €
{1,...,d}. A distribution A of rank p on M is a collection of p-dimensional
vector subspaces A, C T,M for each x € M with the following regularity
property: M can be covered by open sets U on which there are vector fields
Xie0 Xp such that:

Vxe U A, = Vect(X;(x),..., X

p(X))

We say that A is integrable if there is a foliation F of M such that A, =
T, F(x) for all x e M.

Remarks.

* A distribution A is integrable if and only if it is locally spanned by

the fundamental vector fields X; = d; of a local coordinate system

(x1,...,x%).

* Any foliation F defines a distribution by setting A, := T, F (x).

Lemma 2.1.7. Let F be a foliation of a manifold M. If y : [0,1] > M is a
smooth path such that y(t) € T,;)F (y(t)) for all t € [0, 1], then y(1) € F (y(0)).

Remark. This means that the whole path y is included in some leaf.

Proof. If the whole range of y is included in the domain U of a local equa-
tion (U, ) of F, then the derivative of ¢ o y vanishes, so ¢ oy is constant
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and the range of y lies in some leaf. For the general case, we cover the
range of y by finitely many domains of local equations for 7 and use the
transitivity of the equivalence relation defined by the partition F. O

Corollary 2.1.8. Let F and F’ be foliations on a manifold M. If T,F(x) =
T F'(x) for all x € M, then F = F’.

More generally, one can prove that any connected immersed submani-
fold N ¢ M such that T,N = A, for all x € N is an open subset of a leaf.

The leaves of a foliation have an additional property compared to gen-
eral immersed submanifolds, which allows us to check the smoothness
of some functions without working out the differentiable structure of the
leaves.

Definition 2.1.9. A smooth map ¢ : N — M is called a weak embedding if
it is an injective immersion, and if for any manifold P and map f : P —» N,
the smoothness of ¢ o f implies the smoothness of f.

Definition 2.1.10. Let M be a manifold and N C¢ M an immersed subman-
ifold. We say that N is weakly embedded if the inclusioni: N — M is a
weak embedding, i.e. any smooth map f : P — M whose range lies in N is
also smooth seen as a map from P to N.

Remarks.

* Note that when f : P — N is smooth, the differentials df : TP —
TN CcTM and TP — TN coincide.

* The figure eight in R? is a typical example of a non weakly embedded
immersed submanifold.

Proposition 2.1.11. The leaves of a foliation are weakly embedded.

The idea behind the proof is very simple: locally, we can construct a
smooth projection p onto each leaf, so a function f : P — M whose values
are in a single leaf can be written as po f, so is smooth for the differentiable
structure of the leaf.

Note that the restriction of a smooth map f : M — P to an immersed
submanifold N € M is always smooth for the differentiable structure on N
(it is the composition of f with the inclusion map).

Remark. In this course we only consider smooth foliations, i.e. the coor-
dinate system appearing in the definition is smooth. In other contexts (es-
pecially in the study of hyperbolic dynamical systems), we treat separately
the regularity of the leaves (they usually are smooth) and the transverse
regularity (that of the coordinate system, which is usually less regular).
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Definition 2.1.12. Let M be a manifold. A distribution A of M is called
involutive if it is stable under the Lie bracket of vector fields, i.e. the space
['(A)={XeX(M)|VxeM X(x) € A} is a Lie subalgebra of X'(M).

Theorem 2.1.13 (Frobenius Theorem). Let M be a manifold, and A a distri-
bution on M. Then A is integrable if and only if it is involutive.

Here again let us discuss the idea of the proof rather than the proof
itself. The most natural construction of a foliation F would be by setting
F(x) = {(p%(x) |X el(A)te IR}. This always defines (at least locally) a sub-
manifold with T, F(x) = A,. However, at some point y = (pg((x) € F(x),itis
not clear that we still have T,7(y) = A,. This is the case if we can prove
that the flow ¢§ of X € T(A) preserves A. The fact that A is involutive is
exactly the infinitesimal version of this statement, and must then be (very
carefully) integrated to get global invariance.

2.1.2 Lie subgroups

Definition 2.1.14. Let G be a Lie group. A Lie subgroup of G is the data
of a subset H C G and a Lie group structure on H for which the inclusion
in G is a Lie group morphism.

An embedded Lie subgroup is a subset H C G which is a subgroup and an
embedded submanifold.

Remarks.
* An embedded Lie subgroup is a Lie subgroup.

* A Lie subgroup is an immersed submanifold (because an injective Lie
group morphism is an immersion).

* Whenever we consider an immersed Lie subgroup H C G, we have
implicitly fixed a Lie group structure on H for which the inclusion is
a Lie group morphism and an immersion.

Examples 2.1.15.

* The example D, C R?/Z? previously described (for a ¢ Q) is an im-
mersed Lie subgroup which is not embedded.

* The kernel of a Lie group morphism is an embedded Lie subgroup
(this is a consequence of Proposition|1.1.9).

Let us see how the exponential map of a Lie group restricts to a sub-
group. If H C G is an immersed Lie subgroup, then Lie(H) = T,H C T,G =
Lie(G). Since the inclusion of H into G is a Lie group morphism, we find:
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Proposition 2.1.16. Let G be a Lie group, and H C G an immersed Lie sub-
group. For X € T,H C T,G, we have exp;(X) = expy(X) (hence exps(X) € H).

We will see more implications of this later, once we know how to re-
cover a Lie subgroup from a Lie subalgebra.

2.1.3 From Lie subalgebras to Lie subgroups

We will now see that there is a one on one correspondence between con-
nected Lie subgroups (i.e. connected for the intrinsic topology) and Lie
subalgebras.

Theorem 2.1.17. Let G be a Lie group, with Lie algebra g. The map H +—
Lie(H) is a bijection from the set of connected immersed Lie subgroups H C G
to the set of Lie subalgebras of g.

The main ingredient of the proof is that any Lie subalgebra is associated
to an integrable distribution.

Lemma 2.1.18. Let G be a Lie group with Lie algebra g, and let h C g be a Lie
subalgebra. Then Ay = d.Ly(h) for g € G defines an involutive distribution A on

q.
Proof. Given a vector basis (Xy,..., X,) of I, we consider the associated left-
invariant vector fields Xy,...,X,. Notice that (X;(x),..., X(x)) is a vector
basis of A, for all x € G, therefore A is a distribution of rank p = dim1.

If X,Y € X(G) take values in A, we can consider functions fl,...,fp and
S1,--+,8p in C¥(G) such that X = Zle fiX;and Y = Zle ¢;X;. By developing
the expression of [X, Y], we see that it is a linear combination of [X;, X;], X;
and X, which all take values in A because I is a Lie subalgebra of b. ]

Proof of Theorem Let us start with the surjectivity. Let h C g be a Lie
subalgebra. Define the distribution A on G by:

Vxe GA,=d,L,(h)

It is involutive by Lemma therefore integrable because of Frobe-
nius’ Theorem. We let F be the associated foliation (it is unique because of
Corollary[2.1.8), and let H = F (e). It is a connected immersed submanifold
of G.

By construction, the distribution A is left-invariant, i.e. Ay = dyLo(Ay)
for all g,x € G. It follows that for any g € G, the foliation F’ defined by
F'(x)= Lg(}"(g‘lx)) is also tangent to A, so by Corollaryit is equal to
F,ie. F(gx)=Lg(F(x)) forall g,x €G.

For x,y € H = F(e), we find:

F(xy) = Ly(F(9)) = Ly(F (e)) = F (x) = F (e)
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This shows that xy € F(e) = H.
F(e) = F(x™'x) = Ly1 (F(x)) = Lyt (F (o))

This implies that x™! = L,-1(e) € F(e) = H, so H is a subgroup of G.

The fact that the group operation on H is smooth is a consequence of
Proposition[2.1.11} so H is a Lie subgroup.

We now tackle the injectivity. Consider a Lie subalgebra i C g, and a
connected immersed Lie subgroup H C G whose Lie algebra is . We wish
to show that H is the leaf F (e) of the foliation F above.

It suffices to notice that setting F’(x) = L,(H) defines a foliation F’
tangent to A, so 7' = F thanks to Corollary[2.1.8] O

One of the consequences of this proof is that a connected Lie subgroup
is a leaf of a foliation. Associated to Proposition|2.1.11} we get that they are
weakly embedded.

Corollary 2.1.19. Connected Lie subgroups are weakly embedded.

This allows for a description of the Lie algebra of an immersed Lie sub-
group that does not involve any differentiation.

Proposition 2.1.20. Let G be a Lie group, and H C an immersed Lie subgroup.
Then
Lie(H) = {X € Lie(G) |Vt € R expg(tX) € H}.

Proof. We have seen in Proposition that exps(X) = expy(X) for all
X € Lie(H), hence exp;(tX) € H for all (t,X) € Rx Lie(H).

Let X € Lie(G) be such that: Vt € R exp;(tX) € H. Naively, we want
to say that X = %L:O expg(tX) € T,H = Lie(H). This is valid because
t = exp;(tX) is smooth for the manifold structure on H and has the same
derivative as in G, a consequence of Proposition [2.1.11]and of the proof of
Theorem 2.1.17] O

2.1.4 Closed subgroups of Lie groups

The difference between immersed and embedded Lie subgroups is purely
topological. Just as Lie groups have restrictions on their topology, so do Lie
subgroups.

Proposition 2.1.21. An embedded Lie subgroup is closed.

Proof. Let G be a Lie group, and H C G a Lie subgroup. Since H is embed-
ded, it is locally closed (i.e. open in its closure H). But H is a subgroup of
G, and an open subgroup of H is also closed in H (see Lemma hence
closed in G. O
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One of the most remarkable facts in Lie theory is that the converse
holds: any closed subgroup is a Lie subgroup. This may seem extremely
useful, as closed subgroups appear all the time, e.g. as stabilizers for some
group action, but most of the time they are clearly level set of constant rank
maps.

Theorem 2.1.22 (Cartan-Von Neumann Theorem). Let G be a Lie group. If
H c G is a closed subgroup, then H is an embedded Lie subgroup.

Proof. With Proposition [2.1.20|in mind, we set:
V={Xeg|VteR exps(tX) € H}.

First step: Show that V is a vector subspace of g.

We have 0 € V. It is also straightforward that if X € V and A € R then
AXeV.
Consider X,Y € V, and t € R. According to Proposition|1.3.20} we have:

exps(t(X+Y)) = lim (GXPG (g)eXpG (%))n

n—+0co n
Since XeVand Y € V, we find:

tY
n

X
expc(%)expc( )GH

Since H is a subgroup of G, we get:

(el ZJons(2)f <

Finally, because H is closed, we find:

lim (expG(g)expG(ty)) €H

n—+o0 n n

It follows that X + Y € V, and V is a vector subspace of g.

Second step: Let W C g be a supplementary subspace of V (i.e. V&
W = g). Prove the existence of a neighbourhood U of 0 in W such that
exp;(X) ¢ H for all X € U \ {0}.

Let us prove this by contradiction: if it were not the case, we could find
X, € W\ {0} such that X,, — 0 and exp(X,) € H.
Consider a norm || -|| on W, and set «, = H?}W Using the compactness
of spheres in finite dimension normed spaces, up to considering subse-
quences we can assume that a,X,, — X € W\ {0}. Let us show that X e V
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(which is a contradiction with X € W \ {0}).
Let t € R. Set k,, = |[ta,] € Z and 1,, = {ta,,} € [0,1], so that ta, =k, + 1,,.
Since tX =lim,,_, . ta,X,, we find:

exps(tX) = nl—i>IPoo expg(ta,X)

. k”
= lim (expG(Xn)) expg(r,Xy)

n—+oo

Since (r,) is bounded and X,, — 0, we have that r,X,, — 0 , hence
expg(r,X,) — e. We get:
. ky
expg(tX) = lim (expg(X,))
As exps(X,) € H, and H is a closed subgroup of G, we know that
exps(tX) € H, hence X € V, which is the aforementioned contradiction.

Third step: Build a trivialising chart for H on a neighbourhood of e.

Consider the map:

Jg=VeW - G
' X+Y = expg(X)exps(Y)

Since dy¢@ = Id, the Local Inverse Function Theorem provides us with an
open subset Uy C V (resp. Uy C W, Ug C G) containing 0 (resp. 0, e) such
that ¢ restricts to a diffeomorphism from Uy + Uy onto Ug. According to
the previous step, we can assume that exp(X) ¢ H for all X € Uy \ {0}. It
follows that ¢(Uy) = H N Ug, therefore ¢ is a trivialising chart for H on a
neighbourhood of e.

Fourth step: For all ¢ € H, the map L, o ¢ is a trivialising chart for H
around g, which shows that H is an embedded submanifold of G. O]

2.2 Lie groups with a given Lie algebra

We will now study Lie groups that have the same Lie algebra (up to iso-
morphism). Note that according to Proposition a Lie group and its
neutral component share the same Lie algebra, so the problem reduces to
connected Lie groups.

The aim of this section is to partially prove the following result.

Theorem 2.2.1. Let g be a finite dimensional Lie algebra over IRR. There is a
simply connected Lie group G whose Lie algebra is isomorphic to g.

Moreover, if G is a connected Lie group whose Lie algebra is isomorphic to g,
then G is isomorphic to a quotient G/T where T is a discrete subgroup of Z(G).
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2.2.1 Reminders on covering maps

Covering maps have a definition close to that of a local diffeomorphism,
except that the locality should be considered on the target manifold rather
than on the source.

Definition 2.2.2. Let M, N be smooth manifolds. A smoothmapp: M — N
is called a covering map if every y € N has a open neighbourhood V such
that, for every connected component U of p~1(V), the restriction p|;, : U —
V is a diffeomorphism.

Remarks.
* For y € N, the set p~!({y}) is called the fibre over y.

» If N is connected, then all fibres have the same cardinality. This num-
ber (eventually infinite) is called the order of p.

An important family of covering maps is quotients by actions of discrete
groups.

Definition 2.2.3. An action of a group I' on a manifold M is called properly
discontinuous if for every compact subset K C M, the set

{y eTlyKNK =0}

is finite.
The action is called free if

VxeMVyelyx=x=y=ec

Proposition 2.2.4. Let M be a manifold and T a group that acts on M by
diffeomorphisms. If the action is free and properly discontinuous, then there
is a unique manifold structure on the quotient I'\M for which the quotient map
1: M — I'\M is a covering map.

Definition 2.2.5. Let p: M — N and ¢’ : M — N be covering maps. A
covering isomorphism is a diffeomorphism ¢ : M — M’ such that p’o p =
p. If p=p’, we call it a deck transformation.

Proposition 2.2.6. Let p: M — N be a covering map between connected man-
ifolds, and let T C Diff(M) be set of deck transformations. Then I is a group and
its action on M is free and properly discontinuous.

Both properties are a consequence of the following lemma.

Lemma 2.2.7. Let p: M — N be a covering map. Let y € N, and let V C N
be an open neighbourhood of z such that the restriction of p to every connected
component of p~1 (V) is a diffeomorphism onto V.
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For x € p~Y({y}), let U, be the connected component of p~*(V) containing x,
and . : V. — U, the inverse of p.

If a deck transformation ¢ satisfies (U,) N Uy # 0 for some x,x’ € p~' ({y}),
then @(x) =x"and ¢ =P op on U,.

Proof. Consider x,x” € p~!({y}) and z € U, such that ¢(z) € U,. Note that
¢(2) € Ux and p(¢(2)) = p(2), 50 ¢(2) = Py 0 p(2).

Reciprocally, if ¢(z) = i op(z) for some z € Uy, then ¢(z) € P (V) = Uy.
It follows that U,N¢ ™' (Uy) = {z € U, | @(z) = Py o p(2z)}, and this set is both
open and closed in U,. If it is not empty, it must be equal to U,, hence the
result. O

Proof of Proposition[2.2.6] The fact that T is a group is quite straightfor-
ward. Lemma applied to x’ = x shows that the fixed point set Fix(¢)
of ¢ €T is open and closed. Since M is connected, we find that the action
is free.

Let K € M be a compact set, and consider a sequence (¢;);en of ele-
ments of I' such that ¢;(K)NK = 0. Let x; € K be such that ¢;(x;) € K. Up
to considering a subsequence, we may assume that x; converges to some
x € K and ¢;(x;) converges to some x" € K. Let y = p(x) = p(x’), and let
us use the same notations as in Lemma If i is large enough, then
x; € U, and @;(x;) € Uy, thus ¢;(x) = x” thanks to Lemma It fol-
lows from the freeness of the action that there all these elements ¢; for i
large enough are equal to each other. We have shows that any sequence
in {¢ € '|p(K)NK = 0} has an eventually constant subsequence, so this set
must be finite.

O

The quotient manifold of M by the group of deck transformations is not
always diffeomorphic to N.

Definition 2.2.8. A Galois covering is a covering map p : M — N such that
the group of deck transformations acts transitively on each fibre.

The covering maps that are obtained by quotients by free and properly
discontinuous actions are exactly the Galois coverings.
Let us now recall the notion of universal covering.

Definition 2.2.9. A manifold M is simply connected M if it is connected
and any continuous map f : $' — M extends to a continuous map D — M.

Definition 2.2.10. A universal cover of a manifold N is a covering map
f :M — N where M is simply connected.

Theorem 2.2.11. Let N be a connected manifold. Then N admits a univer-
sal cover 1 = N — N. If p: M — N is another universal cover, then for all
(x,x,v) € N x M x N satisfying 1(x) = p(x’) = v, there is a unique covering
isomorphism @ : N — M such that ¢(x) = x.
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In particular, the universal cover is Galois, thus the identification M =
70 (M)\M.

Definition 2.2.12. Let N be a connected manifold. Its fundamental group
711 (N) is the group of deck transformations of its universal cover.

Remarks.
* The fundamental group is only well defined up to isomorphism.

* If M is simply connected and I acts freely and properly discontinu-
ously on M, then rt;(I'\M) = T.

This is a geometric definition of the fundamental group: we define it
through one of its actions (compare with the topological definition through
homotopy classes).

Covering maps are nice to work with because of the lifting property.

Theorem 2.2.13. Let M, N, P be smooth manifolds, p : M — N a covering map
and f : P — N a smooth map. Assume that P is simply connected. Then for all
(x,v) € P x M satisfying p(v) = f(x), there is a unique smooth map f~: P—->M
such that po f = f and f(x) = (such a map f is a called a lift of f).

2.2.2 Coverings of Lie groups

We will now study coverings of Lie groups.

Definition 2.2.14. Let G and G be Lie groups. A map f : G — G is a Lie
group covering if it is both a Lie group morphism and a covering map.

We will see that a Lie group covering G — Gis always a quotient by a
subgroup I € G. Such a subgroup I' must be normal (so that the quotient
I'\G inherits a group structure) and discrete (for the quotient to have the
same dimension as that of G, the subgroup I' must have dimension 0). We
first notice that such a group must be central, i.e. included in the centre
Z(G).

Proposition 2.2.15. Let G be a connected Lie group, and I' C G a discrete
subgroup. Then I is normal if and only if T C Z(G).

Proof. Assume that I' is normal. Let y € I'. The image of G by the continu-
ous map g > gyg ! is connected and included in the discrete set T, hence
reduced to y. This shows that y € Z(G).

If T C Z(G), we find gTg™! =T for all g € G, so T is normal. O

The quotient by such a subgroup is always a Lie group covering.
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Proposition 2.2.16. Let G be a connected Lie group, and let I C G be a discrete
normal subgroup. There is a unique Lie group structure on I'\G for which the
projection 1t : G — I'\G is a Lie group covering. The Lie algebras of G and I'\G
are isomorphic to each other.

Proof. Let us first show that the left action of I on G is free and properly
discontinuous.

It is free because gx =x = g = xx ' =e.

For any subset K C G, and g € G, we have that:

gKNK %0 — geKK™!

where KK™! = {xy~!|x,y € K}. If K is compact, then so is KK~!. Since I is
discrete, the intersection TNKK™! is finite, and it follows that the action on
G is properly discontinuous.

Following Proposition there is a unique manifold structure on
I'\G for which 7 is a smooth covering map.

Since the group operation in I'\G can be expressed through local in-
verses of 7, it is smooth, i.e. I'\G is a Lie group, and r a Lie group cover-
ing. O

It happens that every Lie group covering can be obtained in this way.

Proposition 2.2.17. Let G and G be connected Lie groups, and p : G- Ga
Lie group covering. There exists a discrete subgroup I' C Z(G ) G) and a Lie group
isomorphism @ : I'\G — G such that @ om = p where 1 : G — I\G is the
projection.

Proof. Set T = p~'({e}). It is a discrete normal subgroup of G, and p(x) =
p(y) & xy~! €T, which allows us to construct ¢ using the universal
property of the quotient. O

We will see that any smooth covering of a Lie group is a Lie group cov-
ering. Let us start with the universal cover.

Lemma 2.2.18. Let G be a Lie group, and let p : G — G be its universal cover.
There is a Lie group structure on G for which p is a Lie group morphism. More-
over, the Lie algebra of G is isomorphic to G.

Proof. We first need to choose a point ¢'in the fibre of e, which we will set
to be the neutral element of G.

Consider the map f : Gx G — G defined by f(x,x’) = p(x)p(x’). Since
G X G is simply connected, according the the Lifting Theorem (Theorem
, there is a unique smooth map i : G X G — G such that pom = f
and n"i('éj'e‘) ='e. We now want to check that f is a group operation that
meets the requirements.

Since f(e,-) = p, and mi(e, e) = ¢, it follows from the uniqueness of the lift
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to the universal cover that (e, -) =1d, i.e. €'is neutral for multiplication on
the left: Vx € G #i(¢,x) = x. A similar argument shows that ¢is neutral for
multiplication on the right.

We now have to prove associativity, i.e.

Vx,v,z € G ii(ii(x,v), z) = i(x, iy, z))

For this, consider both expressions as functions in z, with x and p fixed.
They both coincide at z = ¢, and they are both lifts of z — p(x)p(y)p(z)
(using the associativity of G). It follows from the uniqueness of the lift that
they are equal, i.e. the law m is associative.

We now have to prove the existence of an inverse. For this consider
the map 0 : G — G that lifts x p(x)~!, such that O(¢) = ¢. The map
x — m(x,0(x)) is a lift of a constant map, so it must be constant. It follows
that 7i(x, 6(x)) = ¢ for all x € G. Similarly we get m(0(x),x) =¢, i.e. O(x) is
an inverse of x.

The fact that p is a group morphism is exactly the lifting property pom =
f.

Finally, since p is a Lie group morphism, its differential d,p is a Lie
algebra morphism from Lie(G) to Lie(G). Since p is a local diffeomorphism,
it is a Lie algebra isomorphism. O]

Examples 2.2.19.

* For n > 3, the universal cover of SO(n,R) is called the spin group
Spin(n). Note that Spin(3) ~ SU(2).

* The universal cover SI:_(?,/IR) is an interesting Lie group that doesn’t
have a simpler definition.

Corollary 2.2.20. Let G be a connected Lie group. Its fundamental group 11 (G)
is abelian.

Proof. According to Lemma|2.2.18|and Proposition |2.2.17} the fundamen-
tal group 771(G) is isomorphic to a discrete normal subgroup of G, hence

abelian because of Proposition|2.2.15 O]

Proposition 2.2.21. Let G be a connected Lie group, and let p: M — G be a
smooth covering. There is a Lie group structure on M for which p is a Lie group
morphism. Moreover, the Lie algebra of M is isomorphic to the Lie algebra of G.

Proof. Every covering of G is isomorphic to G/I” where I is a subgroup of
711(G). The result is a consequence of Proposition|2.2.16 O

Proposition 2.2.22. Let f : G — H be a Lie group morphism between con-
nected Lie groups. If d.f is invertible, then f is a covering map.
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Proof. According to Proposition f is a local diffeomorphism, so ker f
is an embedded Lie subgroup, with Lie algebra kerd, f = {0}. It follows that
ker f is a discrete subgroup of G, so by Proposition[2.2.16]there is a (unique)
Lie group structure on G/ker f for which the projection 7 is a Lie group
covering. Now f factorises to a Lie group morphism f : G/ker f — H. It
is injective by the universal property of quotients, and a local diffeomor-
phism because de]_‘ =d,f o(d,m)"!. Tt follows that f(G) = ]_‘(G/kerf) is an
open subgroup of the connected Lie group H, so f is also onto, and it is a
diffeomorphism. Finally f = f o7 is the composition of a covering map and
a diffeomorphism, so it is a covering map. O]

2.2.3 Lie’s third theorem

In order to finish the proof of Theorem we need to prove that any
finite dimensional Lie algebra is the Lie algebra of a Lie group. We will use
the following result without proof.

Theorem 2.2.23 (Ado’s Theorem). Let g be a real finite dimensional Lie alge-
bra. Then g possesses a finite dimensional faithful linear representation.

Remark. The equivalent statement for Lie groups is false. The Lie group
SL(2,RR) is diffeomorphic to R?xS! (which can be shown using Iwasawa de-
composition), so its fundamental group is isomorphic to Z. One can show
that any finite dimensional linear representation of the universal cover of
SL(2,R) factorizes through SL(2,R), so it cannot be faithful.

Since a Lie subalgebra of gl(V) is the Lie algebra of a Lie subgroup of
GL(V) according to Theorem|[2.1.17, Ado’s Theorem has the following con-
sequence:

Theorem 2.2.24. Let g be a real finite dimensional Lie algebra. There is a Lie
group G whose Lie algebra is isomorphic to g.

Combining Theorem [2.2.24, Proposition|2.2.21|and Proposition|2.2.17
we get a proof of Theorem [2.2.1}
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Chapter 3

The structure of Lie algebras

3.1 Ideals of a Lie algebra

We can define an ideal of a Lie algebra just as we would for a ring.

Definition 3.1.1. Let g be a Lie algebra. An ideal of g is a vector subspace
I C g such that:
VXegVYel[X, Y]el

Note that an ideal is a Lie subalgebra (but the converse is false). Ideals
are related to normal subgroups.

Proposition 3.1.2. Let G be a Lie group with Lie algebra g, and H a Lie sub-
group with Lie algebra 1.

If H is a normal subgroup, then its Lie algebra h is an ideal of g.

If v is an ideal of g, and G and H are connected, then H is normal in G.

Proof. First assume that H is normal in G. Consider g € Gand Y € h. Ac-

cording to Corollary we have exp;(tAd(g)Y) = ig(exps(tY)). By
differentiation we find
d

Ad(g)Y = —
d(g) T

ig(expg(tY)).
t=0
Since H is normal in G, the right hand term is in T,H, hence Ad(g)Y € h.
Applying this formula to g = exp(sX) for X € g and differentiating at s = 0
gives [X, Y] eh.

Now assume that Iy is an ideal of g and that G and H are connected. For
any g € G, Ad(g)(y) = . Indeed, this is true for g = exps(X) with X € g
since Ad(exp(X)) = exp(ad(X)) (Corollary [1.3.19), hence for all elements
because G is connected (Proposition [1.3.16). Consequently, the Lie alge-
bra of the connected Lie subgroup ¢gHg™! is . By uniqueness in Theorem
we find that gHg™! = H, i.e. H is normal in G. O]

Quotients of Lie algebras by ideals are Lie algebras.

47
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Proposition 3.1.3. Let g be a Lie algebra and I C g an ideal. There is a unique
Lie bracket on the vector space g/1 for which the projection is a Lie algebra
morphism.

If f : g — biis a Lie algebra morphism, then ker f is an ideal and imf is a Lie
algebra isomorphic to g/ker f.

The intersection and the sum of ideals are ideals.

This last property allows us to define the ideal generated by a subset
A C g as the smallest ideal of g containing A.

Proposition 3.1.4. Let g be a Lie algebra, and 1,J C g be ideals. The vector
space [1,J] spanned by all [X,Y] for X € I and Y € J is an ideal of g.

Proof. Let (X,Y,Z) e gxIxJ. The Jacobi identity yields:

(X [Y, Z]] = [V, [X, Z]]]+ [[X, Y]], Z] € [1, J |
eJ el

O]

Definition 3.1.5. The derived algebra of a Lie algebra g is the ideal [g, g].

3.2 The Killing form of a Lie algebra

A very remarkable property of finite dimensional Lie algebras is that they
come with a symmetric bilinear form, which will be an important tool in
the structure theory of Lie algebras.

Definition 3.2.1. Let g be a finite dimensional Lie algebra. The Killing
form of g is the bilinear form B on g defined by
VX,Y egB(X,Y)=Tr(ad(X)oad(Y)).
Proposition 3.2.2. Let g be a finite dimensional Lie algebra, and B its Killing
form. Then B is symmetric and ad-invariant, i.e.
VX,Y,Z egB(ad(X)Y,Z)+ B(Y,ad(X)Z) = 0.

Proof. The symmetry of B is a consequence of the symmetry of the bilinear

map A, B+ Tr(AB) on gl(g). The ad-invariance of B is a consequence of the

fact that ad is a Lie algebra morphism:

B(ad(X)Y,Z) =Tr(ad([X,Y]) cad(Z))

= Tr((ad(X) 0 ad(Y) —ad(Y) c ad(X)) 0 ad(Z))
=Tr(ad(X)oad(Y)oad(Z))—Tr(ad(Y)oad(X)oad(2))
=Tr(ad(Y)oad(Z)oad(X))—Tr(ad(Y)ocad(X)oad(2))
=Tr(ad(Y) o (ad(Z) cad(X) —ad(X) o ad(Z)))
=Tr(ad(Y) 0 ad([Z, X]))

=-B(Y,ad(X)Z)



3.2. THE KILLING FORM OF A LIE ALGEBRA 49

O]

Remark. Here ad-invariance means that ad(g) is included in the Lie algebra
0(B) of the Lie group O(B) of linear isomorphisms of g preserving B.

Examples 3.2.3.
* The Killing form of gl(n,R) is B(X,Y) =2nTr(XY) -2 Tr(X) Tr(Y).
* The Killing form of sl(n,IR) is B(X,Y) = 2nTr(XY).
* The Killing form of an Abelian Lie algebra vanishes.
* The Killing form of heis(3) vanishes.

* The Killing form of sol(3), the 3-dimensional Lie algebra spanned by
T, A, B satisfying

[T,A]=A, [T,B]=-B, [A,B] =0,

has the following matrix in the basis (T, A, B):

2 00
0 0 0f
000
Note that the Lie algebra of a Lie group is finite dimensional, so it is
possible to define its Killing form (Definition |3.2.1].

Proposition 3.2.4. Let G be a Lie group with Lie algebra g. For all g € G, the
map Ad(g) preserves the Killing form of g, i.e.

VX,Y g B(Ad(g)X,Ad(g)Y) = B(X, Y).
Proof. The result of proposition[1.2.13|translates as
ad(Ad(g)X) = Ad(g) oad(X) o Ad(g)™*

for g € G and X € g. Invariance of the Killing form by Ad(g) is a conse-
quence of the invariance of the trace by conjugation in GL(g). O]

Remark. This means that the adjoint representation of a Lie group G lands
in the subgroup O(B) of GL(g).

In general, the Killing form of a subalgebra is not the restriction of the
Killing form of the ambient Lie algebra (e.g. compare the Killing form of
sol(3) with the restriction of the Killing form of gl(3,IR)). However, they
coincide for ideals.
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Proposition 3.2.5. Let g be a finite dimensional Lie algebra, and 1 C g an ideal.
The Killing form of 1 is the restriction to I x I of the Killing form of g.

Proof. Consider a vector basis of g adapted to a decompositiong=1@ V.
The matrices of operators ad(X) for X € I in this basis are bloc diagonal
with a vanishing bloc, so the trace of the whole matrix is equal to the trace
of the (potentially) non-vanishing bloc. O]

Proposition 3.2.6. Let g be a finite dimensional Lie algebra. The kernel of the
Killing form
kerB={X eg|YY egB(X,Y)=0}

is an ideal of g.

Proof. Let X ekerB, and Y € g. For Z € g, we find:

B([X,Y],Z) = -B(ad(Y)X, Z)
= B(X,ad(Y)Z)
=0

This yields [X, Y] € ker B. Since ker B is also a vector subspace of g, it is an
ideal. O

3.3 Solvable Lie algebras

Definition 3.3.1. Let g be a Lie algebra. The lower central series C;(g) is
defined by Cy(g) = g and Ci,(g) = [g,Ci(g)]-

The derived series D;(g) is defined by Dy(g) = g and D;,1(g) = [D;(g), D;(g)].
A Lie algebra g is called nilpotent if there is some n such that C,(g) = {0}.
A Lie algebra g is called solvable if there is some n such that D, (g) = {0}.

A quick induction argument shows that D, (g) C C,(g) for all n, so any
nilpotent Lie algebra is solvable.

Examples 3.3.2.

* Consider the 3-dimensional Lie algebra heis(3) spanned by X,Y,Z
satisfying [X,Y] = Z and [T,X] = [T,Y] = 0. Then C;(hris(3)) = R.Z
and C,(hieis(3)) = {0}, so hieis(3) is nilpotent (and therefore solvable).

* Consider the 3-dimensional Lie algebra sol(3) spanned by T, A, B sat-
isfying [T,A] = A, [T,B] = —B and [A, B] = 0. For the derived series we
find D;(s0l(3)) = RA®R.B and D,(s0l(3)) = {0}, so sol(3) is solvable.
However we find C,(s0l(3)) = R A®R.B for any n > 1, so sol(3) is not
nilpotent.
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* For n€IN and K =R or C, consider the following Lie algebras:

* . *
0o . :

b(n,K) =1 |y col(n, K) ;
0 =

n(n,K) = o e gl(n, K).
0 0

Then n(n,K) is nilpotent, and b(n,K) is solvable but not nilpotent.
Note that n(n, K) = [b(n, K), b(n, K)].

Let us start with a few elementary properties of solvable Lie algebras.

Proposition 3.3.3. Any subalgebra or quotient of a solvable Lie algebra is solv-
able. Given a short exact sequence 0 — a — b — ¢ — 0 of Lie algebras, if a and
¢ are solvable then so is b.

Remark. Solvable Lie algebras form the smallest family of Lie algebras
that contains Abelian Lie algebras and that is stable under short exact se-
quences.

Proof. If a C bis a Lie subalgebra, then D,,(a) C D,,(b) for any n, so a subal-
gebra of a solvable Lie algebra is solvable. If a is an ideal, then d,(b/a) is
the projection of D, (b), this proves the statement about quotients.

Now let 0 - a — b — ¢ — 0 be a short exact sequence of Lie algebras,
and assume that a and ¢ are solvable. Let n be such that D,(c) = {0}. Then
D,,(b) C a, and D,,.x(b) C Di(a) for all k € N, so b is also solvable. O

Consequently, any subalgebra of b(n, K) is solvable. It happens that any
complex solvable Lie algebra is isomorphic to a subalgebra of b(n, C).

Theorem 3.3.4 (Lie’s Theorem). Let g be a finite dimensional Lie algebra over
C. If g is solvable, there is an injective Lie algebra morphism 1 : g — b(n, C) for
some n € IN.

A non trivial consequence is that [g,g] is nilpotent. Note that this also
holds for real solvable Lie algebras (as g® C is also solvable).
Solvability can be expressed in terms of the Killing form.

Theorem 3.3.5 (Cartan’s criterion). Let g be a finite dimensional Lie algebra.
Then g is solvable if and only if B(X,Y) =0 forall X egand Y € [g,g].
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In particular, any Lie algebra with a vanishing Killing form is solvable.
This is not the case for all solvable Lie algebras, as is shown by sol(3).

Theorem 3.3.6 (Engel’s Theorem). Let g be a finite dimensional Lie algebra.
Then g is nilpotent if and only if ad(X) is nilpotent for all X € g.

In order to prove that a Lie algebra is nilpotent, i.e. that C,(g) = {0} for
some n € IN, one must show that all Lie brackets [X{,[X5,][... X,]...]] = 0 for
any Xi,...,X, € g. Engel’s Theorem states that it is sufficient to check this
for the specific case X; =--- = X,,_;.

Proposition 3.3.7. Let g be a Lie algebra. If 1, J C g are solvable ideals, then
I+ J is solvable.

Proof. Applying Proposition twice, we see that the quotient (I+J)/I ~
J/(INJ) is solvable then that I + J is solvable because of the short exact
sequence

0->I->I+J—>I+J)/I—0.
]

Proposition 3.3.8. Let g be a finite dimensional Lie algebra. There is a unique
solvable ideal Rad(g) C g, called the solvable radical of g, such that any solv-
able ideal of g is included in Rad(g).

Proof. Uniqueness is a consequence of the existence as two such ideals
must contain each other.

Let k = max{dimI|I C g solvable ideal }, and let I C g be a solvable ideal
of dimension k. If J is a solvable ideal of g, then so is I + J by Proposition
and the maximality of dimI implies that T=1+J,i.e. JC 1. O

Note that the quotient g/Rad(g) cannot contain any non trivial solvable
ideal, as its preimage would be a solvable ideal containing Rad(g). This
means that there is always a short exact sequence

0 — Rad(g) » g — g/Rad(g) = 0

where Rad(g) is solvable and Rad (g/Rad(g)) = 0. This means that the classi-
fication of finite dimensional Lie algebras can be broken down into solvable
Lie algebras and Lie algebras with a trivial solvable radical.

Proposition 3.3.9. If g is a finite dimensional Lie algebra and B is its Killing
form, then ker B C Rad(g).

Proof. We have seen in Proposition that ker B is an ideal, so its Killing
form is the restriction of B by Proposition i.e. its Killing form van-
ishes. According to Cartan’s criterion (Theorem|3.3.5), ker B is solvable. [J
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3.4 Semi-simple Lie algebras

Definition 3.4.1. A Lie algebra g is called simple if dimg > 2 and the only
ideals of g are {0} and g. It is called semi-simple if the only abelian ideal is

{0}.

3.4.1 Cartan’s semi-simplicity criterion

Theorem 3.4.2. Let g be a finite dimensional Lie algebra. The following are
equivalent:

1. gis semi-simple.
2. The solvable radical of g is trivial (i.e. Rad(g) = {0}).
3. The Killing form of g is non-degenerate (i.e. ker B ={0}).

4. Thereare simpleideals gy,...,9x C g such that g = g,®---®g and [g;,9;] =
{0} for i =j.

Remark. In particular, for any finite dimensional Lie algebra g, the quo-
tient g/Rad(g) is semi-simple.

The third property, known as Cartan’s semi-simplicity criterion, is by
far the one that we will use most often, as it turns a semi-simple Lie algebra
into a geometric object.

Examples 3.4.3.

* The Killing form of sl(n,K) is given by B(X,Y) = 2nTr(XY), it is non
degenerate for n > 2.

* The Killing form of so(n,K) is given by B(X,Y) = (n—2)Tr(XY). It is
non degenerate for n > 3.

* The Killing form of sp(2n,K) is given by B(X,Y) = 2(n+ 1) Tr(XY), it
is non degenerate for n > 1.

There is however no easy way of knowing if a Lie algebra is simple.
Examples 3.4.4.

* The Lie algebra sl(n,K) is simple for n > 2.

* The Lie algebra so(n,K) is simple for n =3 or n > 5.

* The Lie algebra sp(2n,K) is simple for n > 1.

For K = C, this list of simple Lie algebras is almost complete.
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Theorem 3.4.5. Up to five exceptions, any finite dimensional Lie algebra over
C is isomorphic to some sl(n,C) (for n > 2), so(n,C) (for n =3 or n >5) or
sp(2n,C) (forn>1).

There are some redundancies in this list, given by the accidental iso-
morphisms:

sl(2,C) = s0(3,C) = sp(2,C); s0(5C)=~sp(4,C); sl(4,C)=s0(6C).
The missing so(4, C) is also involved in such an isomorphism:
s0(4,K) ~ 50(3, K)® s0(3,K) .

There is also a classification of real simple Lie algebras, but the list
is longer (and there are more exceptions). If g is a real semi-simple Lie
algebra, then g®C is a complex semi-simple Lie algebra (this is more tricky
with simple Lie algebras, as s0(3,1) is simple yet s0(3,1) ® C = s0(4,C) is
not). But there can be several non isomorphic real Lie algebras with the
same complexification.

sl(n,R)® C = su(n)®C =~ sl(n,C);
so(p,q)®C = so(p +4,C).
There are many more accidental isomorphism for real algebras, here are

a few:

s50(2,1) = sl(2,R) ; s0(3,R) = su(2); s0(3,1)=sl(2,C)r;
s0(2,2) ~sl(2, R)®sl(2,R); s0(3,2)~sp(4,R);

0
=
2
&
w
=
2
=
-
=

3.4.2 The structure of semi-simple Lie algebras

One nice way of describing a Lie algebra is to find a vector basis with simple
structural constants, meaning that most of them are zero. This happens to
be possible with semi-simple Lie algebras.

Definition 3.4.6. Let g be a semi-simple Lie algebra. A Cartan subalgebra
of g is a Lie subalgebra h C g such that:

1. Iis maximal abelian.
2. For every X € I, ad(X) is semi-simple.

Recall that a linear map is semi-simple if and only if it is diagonalisable
in the algebraic closure of the base field (in characteristic zero).
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Example 3.4.7. For g = sl(n,K), we set:

hy 0
h= hy+---+h,=0} Csl(nK)
0 h,,

Let us show that it is a Cartan subalgebra of sl(n,IK). It is an abelian sub-
algebra. It is maximal because if i’ D Iy is abelian, then any element of i’
must commute with the matrix:

1

n-1
n(n-1)
-
and therefore be diagonal, i.e. be an element of I.
Consider the canonical basis (E; j)1<; j<, of M, (K). For

hy 0
H= ,
0 h,
we get ad(H)E; ; = (h; — hj)E; ;. Therefore ad(H) is diagonalisable for every
H e, and 1 is a Cartan subalgebra of sl(n, K).

Proposition 3.4.8. Let g be a finite dimensional Lie algebra over a field K. If g
is semi-simple, then it has a Cartan subalgebra.

Moreover, if K is algebraically closed, then Aut(g) acts transitively on the
set of Cartan subalgebras.

Definition 3.4.9. The rank of a finite dimensional complex semi-simple
Lie algebra is the dimension of its Cartan subalgebras.

Consider a complex finite dimensional semi-simple Lie algebra g. Let
I C g be a Cartan subalgebra. For every H € I, the linear map ad(H) € gl(g)
is diagonalisable, and they all commute with each other. This implies the
existence of a vector basis (Xi,...,X,,) of g in which the matrices of all the
ad(H) for H € Iy are diagonal, i.e. ad(H)X; = a;(H)X.

Note that the eigenvalues «;(H) are linear forms on I, which leads us to
the concept of roots.

Definition 3.4.10. Let g be a complex finite dimensional semi-simple Lie
algebra, and Iy C g a Cartan subalgebra.
For a € ¥, we set

ga = |X €gIVH € b ad(H)X = a(H)X)
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A root is a linear form «a € Ir* \ {0} such that g, = {0}. We call g, the root
space associated to a.

Proposition 3.4.11. Let g be a complex finite dimensional semi-simple Lie al-
gebra, i C g a Cartan subalgebra, and ® C " the set of roots. We have the

following decomposition of g:
g=he @ Ja-

aed

Proof. Itisaconsequence of the previous discussion, and of the fact that the
eigenspace gy (i.e. the centralizer of 1) is equal to i (because I is maximal
abelian). O

In order to find the structural constants in a basis adapted to this de-
composition, we must also understand the brackets between elements of
the root spaces. They happen to have a very nice property.

Proposition 3.4.12. Let g be a complex finite dimensional semi-simple Lie al-
gebra, and 11 C g a Cartan subalgebra. For any a, p € Ir",

[94,95] C 9asp-

Proof. It is a consequence of the Jacobi identity. Consider X, € go, Xp € gp,
and H € Ii. We calculate:

[H, [Xa;X[i]] = _[Xaf [XﬁfH]] - [X/j; [HfXa]]
= (X ~B(H)X] - [Xp, a(H)X, ]
= (a(H) + B(H)) [Xa, Xp]

3.5 Abstract root systems

3.5.1 Manipulations of root systems

Let (V,(:|)) be a (finite dimensional) Euclidean vector space. For x € V'\ {0},

we let xV = éf)‘c ) and denote by s, : V. — V the orthogonal reflection with

respect to x*, which writes as:
se(¥) =9 - l")x.
Note that (xV)¥ = x, s,v = s, and s,(v") = (s¢(v))" for all x,y € V' \ {0}.

Definition 3.5.1. Let (V,(:|-)) be a Euclidean vector space. A root system
of V is a subset ® C V such that:
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1. @ is finite, 0 ¢ ® and Vect(D) = V.
2. VaeD,s5,(P)=D.
3. Va,Be®,(a|BV) e Z.
We call ® reduced if it also satisfies:
4. Vo eDVteR, ta e ® = t = +1.

The elements of @ are called roots. The rank of @ is dim V.

The group W C O(V) generated by the s, for @ € ® is called the Weyl group
of ®.

For a, B € ® we note n(a, ) = {(a|BY).

The notion of isomorphism between root systems may seem unneces-
sarily complicated at first, but it happens to be the right one.

Definition 3.5.2. Let V, V' be Euclidean vector spaces, and let® c V, @’ C
V’ be root systems. An isomorphism from ® to @’ is a linear isomorphism
f:V — V’suchthat f(®) =D et fos,of =sf(q) pour tout a € .

Proposition 3.5.3. Let V be a Euclidean vector space, and @ C V a root system.
1. The Weyl group W is finite.
2. Ifa € D then —a € D.

3. Ifa € D and t € R satisfies ta € D then t € {i%,il,iZ}. We cannot have
%a € ® and 2a € O at the same time.

Proof. 1. The group W acts on the finite set ®@, and this action is faithful
because Vect® = V.

2. We have s,(a) = —a.

3. We have n(a,ta) = % € Z and n(ta,a) = 2t € Z, which yields t €
{i%,il,iZ}. Since n(%a,Za) = %, these two elements cannot be si-

multaneously in @.
O

Exercise. Classify rank one root systems.

Let @ C V be a root system. Given two roots «, € @, let ¢ be the angle
between a and . We have:

[lexll

— COS @.
181 <%

It follows that n(a, B)n(B, ) = 4cos?(¢) € Z, so the only possible values
for the integer n(a, p) are 0,+1,+2,+3, +4.

n(a,p) =2
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Notice that the case n(a, ) = +4 corresponds exactly to proportional
roots (¢ = 7). Let us now assume that it is not the case.

Replacing @ by —a € @ if necessary, we can assume that n(a,p) < 0
(geometrically, this means that ¢ > 7, i.e. the angle between a and g is
obtuse). Switching a and g if necessary, we can also assume that ||| < [|B]|.
We now have that n(a, ) € {0,—1}, and only the four following cases are
possible:

n(a,p)=0 n(p,a)=0 =35

n(a,p)=-1 n(f,a)=-1 ¢=2 |Bll=al
n(a,p)=-1 n(f,a)=-2 =33 |gl=V2|a|
n(a,p)=-1 n(p,a)=-3 ¢=22 |pll=V3al

Corollary 3.5.4. Let V be a Euclidean vector space and @ C V a root system. If
two roots a, p € O form and obtuse (resp. acute) angle, then a + f (resp. a — )
is a root.

Proof. 1f the angle is obtuse, then n(a,f) < 0. According to the previous
comments, up to switching a and 8, we have that n(a, f) = -1, hence f+a =

B—n(a, B)a = 5o (B) € ©.
If the angle is acute, then substituting —f for § leads to the previous case.
O

In particular, if the roots «, f are not proportional nor orthogonal, then
either @ + f or a —  is a root.

Exercise. Classify rank two root systems.

3.5.2 Classification of root systems

Definition 3.5.5. Let V be a Euclidean vector space, and @ C V a root
system. A basis of @ is a subset Il C ® such that:

¢ ITis a vector basis of V.

* Any root @ € ® decomposes as a = ) a7 where all the coeffi-
cients a,, are integer and have the same sign.

Elements of II are called simple roots. A root @ =} ,.ja,m is called
positive (resp. negative) if all a,, are non negative (resp. non positive).
The Cartan matrix is the matrix (n(a, f))q,ger-

We will admit the following fact.

Proposition 3.5.6. Any root system has a basis.
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Definition 3.5.7. Let V be a Euclidean vector space, @ C V a root system,
IT a basis of @, and (n(a, B))q,per1 the Cartan matrix. The Dynkin diagram
of @ (relatively to IT) is the oriented multi-edged graph I, and two vertices
s,t € IT are linked by:

* Asingle edge e if n(s,t) = n(t,s) =-1.

* A double edge e=s if n(s,t) = -1 and n(t,s) = -2.

* Atriple edge e if n(s,t) =—-1et n(t,s) =-3.
The edges are oriented from s towards ¢ if |[s|| > |¢]| (=== or e=).
Theorem 3.5.8 (Classification of root systems).

1. Any non empty connected Dynkin diagram is isomorphic to exactly one of

the following diagrams:
An o —9o—o n> 1
Bn —o— —o—x0 n Z 2
Cn o —o—09 n> 3
Dn o—o— 4—< n Z 4

.
B eele..
S S

Fy oo
G2 [ ==

2. For every diagram in this list, there is, up to isomorphism, a unique irre-
ducible reduced root system of which it is the Dynkin diagram.

3. For every n > 1, there is, up to isomorphism, a unique irreducible non
reduced root system of rank n, denote by BC,,.

3.5.3 Root systems of complex semi-simple Lie algebras

Let g be a complex finite dimensional semi-simple Lie algebra, and h Cga
Cartan subalgebra. Recall that for a € 1", we set:

g, ={X€eglVH el [H,X]=a(H)X}.

We write @ = {a € "\ {0}|g, # {0}} the set of roots of g relatively to h, and
g C b the R-vector subspace spanned by ®. We now wish to endow by
with an inner product, so that @ is a root system. It will be constructed by
using the Killing form of g. There is actually a strong relationship between
the decomposition of g into root spaces and the Killing form (it is almost
an orthogonal decomposition).
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Proposition 3.5.9. Let g be a complex finite dimensional semi-simple Lie alge-
bra, h C g a Cartan subalgebra, ® C Iy* the set of roots and g = h & EBaqu g, the
root space decomposition.

1. Vectc® =10".

2. VYa,f €l [94,9p] C Garp-
3. Yaed, g, L & for the Killing form B of I.
4. Blyxy is non degenerate.

Proof.

1. We have that N, kera C z(g) = {0}. Considering duals, we find that
Vectc® =10,

2. It is a consequence of the Jacobi identity. Consider X, € 9,4, Xp € gp,
and H € 1. We calculate:
[H, [Xa, Xp]] = =[Xo, [Xp, H]] = [Xp, [H, X4 ]
= —[Xq, —p(H)Xp] = [Xp, a(H)X,]
= (a(H) + B(H)) [Xq, Xg]

3. If H e hand X, € g,, the matrix of ad(H) o ad(X,) in a basis adapted
to the decomposition g = h & @ﬁeq) gp has vanishing diagonal coeffi-

cients, since ad(H) o ad(X,)(gg) C g4+ p- Hence Tr(ad(H) 0oad(X,)) =0,
i.e. B(H,X,)=0.

4. Let H € ker (B|yx). Since H is orthogonal to all the root spaces, we
find that H € ker B, hence H = 0 because g is semi-simple.

O]

The Killing form induces a non degenerate bilinear form (:|-) on i* by
duality.

Theorem 3.5.10. Let g be a complex finite dimensional semi-simple Lie algebra,
b C g a Cartan subalgebra, ® C i* the set of roots, g = b & @ae® g, the root
space decomposition and (:|-) the bilinear form induced on y* by the Killing form

Bofg.
1. The restriction of (:|) to iy is a scalar product.
2. The set @ is a reduced root system of (g, :|-)).
3. Up to isomorphism, this root system only depends on g.

So we can talk about the root system of a complex finite dimensional
semi-simple Lie algebra, and its Dynkin diagram.
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3.5.4 The classification theorem
Theorem 3.5.11 (Classification of complex semi-simple Lie algebras).

1. Two complex finite dimensional semi-simple Lie algebras are isomorphic
if and only if their root systems are isomorphic.

2. A complex finite dimensional semi-simple Lie algebra is simple if and only
if its Dynkin diagram is connected.

3. Every Dynkin diagram can be obtained by a complex finite dimensional
semi-simple Lie algebra.

Example 3.5.12. Let us pick up the case of sl(n, C) where we left it. We saw
that the subalgebra Iy of diagonal traceless matrices is a Cartan subalgebra.
We also saw that the roots are the forms a; ; defined by «; ;(H) = h; — h; for
H = diag(hy,..., h,) (with i # j), and that the root spaces are sl(n,C)ai']_ =
CEi,j'

Let us prove that ay,...,a,_1, is a basis of ®. It is a family of n—1
linearly independent elements of 1", hence a vector basis. For i < j, we
find:

Qi = Qg+t Qi

This shows that a; ; and @ ; = —a; ; have integer coefficients all sharing the
same sign in the basis IT.

In order to compute scalar products and establish the Dynkin diagram,
we need to find the vectors Hy,...,H,_; € i such that B(H;,e) = a; ;1. Recall
that B(X,Y) = 2nTr(XY). It follows that

1
H; = —diag(0,...,1,-1,0,...
i = 5.-diag( )

where the 1 is in the it" position.
We have that <a,-,,-+1 |a]-,]~+1> = B(H;, H;), which yields:

% ifi=j
(ajipilajjin)y=14 5 ifli-jl=1
0 ifli—j|>1
We now can find the coefficients n(a, f) = 25;2?, which are:
2 ifi=j
n(a i) =9 -1 ifli—-jl=1
0 ifji—-jl>1

This shows that the Dynkin diagram of sl(n,C) is of type A,_;. Similar
calculations allows us to find the Dynkin diagrams of all classical semi-
simple Lie algebras.
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Proposition 3.5.13 (Dynkin diagrams of classical Lie algebras).
The Dynkin diagram of the Lie algebra sl(n+ 1,C) is of type A,,.
The Dynkin diagram of the Lie algebra so(2n+ 1,C) is of type B,,.
The Dynkin diagram of the Lie algebra sp(2n,C) is of type C,,.

The Dynkin diagram of the Lie algebra so(2n,C) is of type D,,.

Types Eg,E7, Eg, F4 and G, called exceptional correspond to Lie alge-
bras that are much more complicated to describe.



Chapter 4

Actions of Lie groups on
manifolds

4.1 Smooth actions of Lie groups

We will now start to relate Lie groups and the geometry of manifolds,
through actions of Lie groups. We will consider both left and right ac-
tions (a right action X v~ G is a map X x G — X satisfying (x.g).h = x.(gh)
and x.e = x).

The two standard examples are obtained from a group G and a sub-
group H C G. The group H acts on G by right multiplication (g.h = gh, this
is a right action). One can consider the quotient G/H of G by this action, it
consists of cosets gH for g € G. The group G acts on G/H by g.¢’"H = g¢'H
(this is a left action).

4.1.1 Some vocabulary

All the vocabulary will be defined for left actions, but is also used for right
actions.

Definition 4.1.1. Let G be a Lie group, and X a smooth manifold. An action
G m~ X is called smooth if the map

GxX —» X
(&x) H gx
is smooth.
Definition 4.1.2. Let G be a Lie group, X a smooth manifold, and consider

a smooth action G ~ X.
For ¢ € G, we denote by m, : X — X the diffeomorphism defined by

mg(x) = gx.
For x € X, the orbit map is ¢, : G — X defined by ¢,(g) = gx.

63
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The orbit G.x of x is the range of ¢,.

The stabiliser of x (also called its isotropy subgroup) is the subgroup
Gy=1{geGlgx=x}.

We denote by O, : G/G, — X the map induced by the orbit map ¢,.

Definition 4.1.3. Let G be a Lie group, X a smooth manifold, and consider
a smooth action G ~ X.

We say that G ~ X is transitive if there is x € X such that G.x = X.

We say that G ~ X is free if for all x € X, we have G, = {e}.

We say that G ~ X is proper if for all compact subset K C X, the set
{g € G|gK Nk =0} is compact.

Lemma 4.1.4. Let G be a Lie group, X a smooth manifold, and consider a
smooth action G ~ X. Let x € X.

1. The orbit map @, : G — X has constant rank.

2. The stabiliser G, is an embedded Lie subgroup of G, and T,G, = kerd,¢,.
Remark. The rank of ¢, may depend on x € X.
Proof.

1. Differentiating ¢, o Ly = mg o ¢ (i.e. the equivariance of ¢, : G — X)
at eyields dypyod,Ly = dymgod, @y, which implies that d, ¢, and d, @,
have the same rank since L, and m, are diffeomorphisms.

2. Itis alevel set of a constant rank map, hence an embedded submani-
fold with tangent space the kernel of d,¢,.

O]

4.1.2 Topology of the quotient by a smooth action

We will now discuss manifolds that are obtained as quotients by a smooth
(right) action of a Lie group. Before discussing manifold structures on quo-
tients, we need to discuss the topology, which will always be the quotient
topology. Given a right action X v\ G, if ©: X — X/G is the canonical
projection, then we know that 7 is surjective and continuous (recall that
V C X/G is open if and only if 7c~!(V) is open), which is the case for all
quotient topologies. In the case of the quotient by a smooth group action,
we have an additional property (which only uses the continuity of the ac-
tion).

Proposition 4.1.5. Let G be a Lie group, X a manifold, and consider a smooth
action X v~ G. The quotient map 1 : X — X/G is open, i.e. the image of an
open set is open.
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Proof. Let U C X be open. Then ! (r(U)) = Ugec R¢(U) is open because
R, is a homeomorphism, therefore 7(U) is open. O

Lemma 4.1.6. Let G be a Lie group, X a manifold, and consider a smooth proper
action X v\ G. For all compact subset K C X, the orbit of K, i.e. the set

K.G={x.g|(g.x) e GXxK}CX,
is closed. In particular, orbits of points are closed.

Proof. Recall that the topology of a manifold is metrisable, so we can use
sequences to show that a subset is closed. Si (g,) € GN, (x,) € KN and
Xn.8n — ¥ € X, we wish to show that y € K.G. Since K is compact, we can
assume that x,, —» x € K. Since X is locally compact, there is a compact
set L C X such that vy € [ and x € L. For large enough n, we find that
X,.8n € L.g,NL, therefore (g,) stays in a compact set of G (because the action
is proper), and we can assume that g, - g€ G. We get y = gx € K.G. O

Lemma 4.1.7. Let G be a Lie group, and H C G a Lie subgroup. The right
action G v~ H is proper if and only if G is closed.

Remark. The same holds for the left action.

Proof. If G v~ H is proper, then the orbit e.H is closed according to Lemma
i.e. H is closed.
Reciprocally, if H is closed and K C G is compact, then the set

is the intersection of a closed and a compact subset, hence compact, i.e. the
action is proper. O

Lemma 4.1.8. Let G be a Lie group, X a manifold, and consider a smooth
proper action X v~ G. The quotient topology on X/G is Hausdorff and second
countable.

Proof. First notice that the image of a second countable space under a con-
tinuous and open map is also second countable, so it is the case for X/G.
Let x,y € X be such that 7(x) # (y). Since x € y.G and y.G is closed
according to Lemma we can consider an open set U C X containing
x, such that U N y.G = 0 (because the topology of X is metrisable). Up to
shrinking U, we can assume that U is compact, and that U Ny.G = 0. This

directly implies that U.G N .G = 0.

According to Lemma the set U.G is closed. Since U.GNy.G = 0, we
can consider open sets V, W C X such that U.GC V,y.GC W and VNW =0
(once again, because the topology of X is metrisable).

Since 7 is an open map, the sets 77(U) and 7t(W) are open in X/G. We
have that 7t(x) € (U) and nt(y) € ©(W). The inclusion = (7(U)) C V shows
that w(U) N (W) = 0, therefore X/G is Hausdorff. O
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Before we try to turn the quotient into a manifold, let us prove a simple
result on submersions.

Lemma 4.1.9. Let M,N, P be manifolds, p : M — N a surjective submersion,
and f : N — P amap. Then f is smooth if and only if f o p is smooth.

Proof. The Constant Rank Theorem associated to the surjectivity of p im-
plies that every point in N has a neighbourhood U on which we can find
a smooth function ¢ : U — M satisfying p o ¢ = Idy. It follows that

f=fopogonU. ]

Theorem 4.1.10. Consider a smooth free proper action of a Lie group X v\ G.
There is a unique manifold structure on the quotient X/G such that the quotient
map 1 : X — X/G is a submersion. Furthermore, dim X/G = dim X —dim G.

Remarks.
* In the zero-dimensional case, this is Proposition

¢ Since 7t is a submersion, its level sets are closed embedded submani-
folds, i.e. orbits are closed embedded submanifolds.

Proof. Lemma assures that the quotient topology is Hausdorff and
second countable. Let d =dim X and p = dimG.

The uniqueness of the differentiable structure comes from Lemma[4.1.9]
applied to the identity map of X/G, so we focus on the existence.

First step: Given x € X, we look for a d — p-dimensional submanifold
W, C X such that:

1. xeW,,

2. m|yy, is injective,

3. Vze W, Im(d.@,)® T,WV, = T,X.

First note that the orbit maps are immersions (they are injective because
the action is free, and they have constant rank by Lemma[4.1.4). It follows
that dim Im(d,¢,) = p. Let W C T, X be a vector subspace such that T, X =
Im(d,p,)® W, and let W, C X a d — p-dimensional submanifold such that
xeW,and TW, =W.

Transversality (condition 3.) is open. Indeed, given local coordinates
(xl,...,xk) on W,, a local volume form w on X and a basis Xl,...,Xp of g, it
is equivalent to

d

0
(3 de(Pz(Xl),...,de(PZ(Xp),a—xl(Z),...,W(Z) = 0.

So up to shrinking W,, we may assume that the third condition is satis-
fied.
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Consider the action map @ : X x G — X. The differential d(,ca : T, X x
g — T, X induces an isomorphism from T,)V, x g to T, X, so up to shrinking
W, the Local Inverse Function Theorem provides us with open sets U, C
G and V, C X respectively containing e and x such that a restricts to a
diffeomorphism ¢, : W, x U, — V,.

Let us now show that we can shrink W, to make 7|y, injective. Were
it not the case, we could find sequences (g) € GN and (wy) € WN such
that wy — x, wrgr € Wy, wrgr — x and wi g # wy. The properness of the
action implies that g lies in a compact subset of G, so up to considering a
subsequence we can assume that ¢ — ¢ € G. But wy g — xg and wig —
x, so xg = x and g = e because the action of G is free. So we find that
gx — ¢, hence g € U, for large enough k. But i, (wg, k) = Yx(wirgk,€) is a
contradiction with the fact that ¢, is a diffeomorphism.

Second step: Build a chart around 7t(x).

Consider the diffeomorphism ¢, : W, x U, — V, from the first step.
Notice that 7t(V,) = (W), therefore 1t()V,) is an open subset of X/H (since
7t is an open map) containing 7t(x). Let @, : ©(W,) — W, be defined by
O, (mt(w)) = w for w € W, (it is well defined because 7ty is injective).

Let us show that @, is a homeomorphism. Its construction makes it a
bijection, and its inverse 7ty is continuous. Continuity of @, is a conse-
quence of the fact that 7 is an open map: if O C W, is open, then ®;1(0) =
(1, (O x Uy)) is open.

Third step: Build an atlas on X/G.

For every x € X, consider a chart (r(W,), ®,) defined as above (axiom of
choice haters will find a way to avoid using it). Let x,x” € X, and consider
the transition function

(Dx’ © q);l : (Dx(n(wx) N T((Wx’)) - (Dx’(n(wx) N R(Wx’))-

The domain can be simplified:

O, (r(Wy) Nt(Wy)) = {z € Wi |1t(z) € r(W,) N t(Wyr)}
= {z € Wx|m(z) € ®(Wy)}
={zeW,|ze WG}
=W, N Wy G

Let ze W,NW, G, and let g(z) € G be such that z.g(z) € W,.. It is unique
(because 7tlyy,, is injective), and moreover

D, 0D (z) = z.4(2).
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It remains to show that the map z — g(z) is smooth. This is a classic ar-
guments from dynamical systems (it is a Poincaré first return map). Since
we are working locally, we may assume that W,» = F~1({0}) for some sub-
mersion F : O — RP where O C X is open. Then z — g(z) is the solution of
the implicit equation F(z.g(z)) = 0. Let zy € W, NW,/G, and write gy = g(2¢)-
Consider the function G defined on a neighbourhood of (zy,gp) in W, x G
by G(z,g) = F(z.g). When differentiating with respect to g, we find:

d( )G(O, O) = dZo-goF (@) dgo(pZO.

20,80

This map is an isomorphism:

kerd, .1G(0,e) =kerd, o FNImdg @,
= Tuyq Wa N Imdg, (@2, 0 L1 )
= Toyg W N 1Imdey o)
= {0}.

We can use the Implicit Function Theorem to show that z +— g(z) is smooth,
and so is the transition function @, o ®;1. O

4.2 Quotients of Lie groups

We will now study quotients of Lie groups by Lie subgroups. Note that
the quotient by an immersed subgroup need not be a manifold (think of an
irrational line in the torus).

Theorem 4.2.1. Let G be a Lie group with Lie algebra g, H C G an embedded
Lie subgroup with Lie algebra Iy C g, and 7w : G — G/H the projection. There
is a unique manifold structure on G/H for which 1t is a submersion. Moreover,
the action of G on G/H is smooth.

If H is a normal subgroup of G, then G/H is a Lie group, 1 is a Lie group
morphism, Iy is an ideal of g and the Lie algebra of G/H is isomorphic to g/h.

Remarks.
* dimG/H =dimG-dimH.
* Tx(e)G/H = T,G/T.H, more generally Ty ()G/H =~ T,G/T,(gH).
o If f: G — G’ is a Lie group morphism, then f(G) is an immersed
Lie subgroup of G’. Indeed, the quotient G/ker f is a Lie group, and

f(G) is the image of f : G/ker f — G’ which is an injective Lie group
morphism, hence an immersion.
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Proof. Since the action of H is proper (Lemma[4.1.7) and free, we can apply
Theorem [4.1.10]to get the manifold structure on G/H.

The smoothness of the action is a consequence of Lemma [4.1.9]applied
to the action map G x G/H — G/H and the submersion G x G — G x G/H.

If H is a normal subgroup, then G/H carries a group structure, and
by applying Lemma to the projection G x G — G/H x G/H and the
multiplication map of G/H, we find that G/H is a Lie group and that 7 is
a Lie group morphism. Finally the differential d, 7 of the projection gives a
short exact sequence of Lie algebras 0 - 1 — g — g/h — 0.

O

4.3 The manifold structure of orbits

Proposition 4.3.1. Let G be a Lie group, X a manifold, and consider a smooth
action G ~ X. For all x € X, the canonical map O, : G/G, — X is an injective
immersion.

Remark. In particular, the orbit G.x is an immersed submanifold, and
TxG'x = de(Px(g)-

Proof. Let w: G — G/G, be the projection. The map ©, is smooth because
O, o = @, is smooth.

It is also injective, and its range is that of ¢,, i.e. G.x.
We are left to show that d;;()O, is injective for all g € G. Using the equiv-
ariance, we only need to prove it for g =e.

We know that T,G, = kerd,¢,, and ¢, = ©, o ™ where 7 is a submer-
sion satisfying kerd,m = T, Gy, so the formula d,@, = dy (O o d.7 yields
kerdn(e)(ﬂx = {0} O

Proposition 4.3.2. Let G be a Lie group, and X a manifold. If a smooth action
G ~~ X is proper, then orbits are embedded submanifolds.

Remarks.

* According to Proposition and Lemma we know that the
orbits are closed immersed submanifolds. But that is not enough to
guarantee that they are embedded submanifolds.

* If G is compact, then all smooth actions are proper, so orbits are al-
ways embedded submanifolds.

Proof. Since ©, : G/G, — X is an injective immersion with range G.x, we
only need to show that it is a homeomorphism onto G.x.

Let @ : Gx — G/G, be its inverse. Consider a sequence (y¢) € (Gx)N and
v € Gx such that y — v. We can write y; = gxx and vy = gx where g, g € G.
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It follows that ®(yx) = 7(gx) and ®(y) = 1t(g) where 7 : G — G, is the pro-
jection.

Since gxx — p, properness of the action implies that (gx) lies in a com-
pact subset of G. Up to considering a subsequence, we can assume that
g —heG.

We find that hx = y, hence

Dy) = () = lim m(g)= lim D(yy)

k—+00

and @ is continuous. O

Theorem 4.3.3. Let G ~ X be a smooth action of a Lie group G on a manifold
X, and let x € X.

1. The orbit Gx is an embedded submanifold if and only if it is locally closed.

2. If Gx is an embedded submanifold, then ©, is a diffeomorphism from
G/G, to Gx.

Remark. In particular, every closed orbit is an embedded submanifold.
Proof.

1. Any embedded submanifold is locally closed. Reciprocally, assume
that G.x is locally closed. Then G.x is locally compact, and satisfy
Baire’s property. Since O, is an injective immersion, we only need to
show that it is a homeomorphism onto its image. It is enough for this
to show that ¢, is an open map. Using the equivariance, we are left
to show that for every open neighbourhood U of e, the image ¢, (U) =
U.x is an open subset of G.x. Let V be a compact neighbourhood of
e such that V™'V c U. Consider a dense sequence (g;);cn in G. We
have that G = J;en &V, and G.x = ;e £i(V.x). Since V is compact,
sois V.x = ¢,(V), and it must be closed in G.x. According to Baire’s
property, there is some i € IN such that g;(V.x) has non empty interior.
If g € V is such that gx lies in the interior of g;(V.x), then ¢"!Vx is a
neighbourhood of x in G.x that lies in ¢, (U).

2. A proper injective immersion is a diffeomorphism onto its image.

4.4 Transitive actions of Lie groups

Theorem 4.4.1. Let G be a Lie group and X a manifold. If a smooth action
G ~ X is transitive, then for every x € X, the canonical map ©, : G/G, — X is
a diffeomorphism.
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Proof. According to Proposition O, is an injective immersion. Since
the action is transitive, it is also surjective. A bijective immersion is a dif-
feomorphism. 0

Definition 4.4.2. A homogeneous space is a smooth manifold M equipped
with a smooth transitive action of a Lie group G ~ M.

Examples 4.4.3.

* Spheres.
S$" ~O(n+1)/0O(n) ~ SO(n+1)/SO(n)

* Projective spaces.

RP" ~ PO(n + 1)/0(n) ~ PSL(n, R)/P

* Grassmannians.
Gr(R") ~ O(n)/O(k) x O(n — k) ~ GL(n,R)/P, &

* The upper half plane.
SL(2,R) acts on H = {z € C|Im(z) > 0} via ( Z z ).z = azth

H ~ SL(2,R)/SO(2, R) ~ PSL(2, R)/PSO(2, R)
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When first learning about functions, your attention was drawn to the
importance of figuring out its domain, formally this means the set E on
which a map f : E — F is defined. For the purpose of calculus, you first
learned that E should be an interval in R, then an open subset of R?, later
on that E should be a manifold.

But the target space F received little attention so far, with the excep-
tion of the study of local inverses, where you learned that you can always
replace F with the range of f in order to make it artificially surjective.

A strange situation tends to happen when working on the geometry of
manifolds (or in physics): we may define maps f, for which the source is a
manifold M, but the point f(x) belongs to a set F, which depends on x. We
will mostly focus on the case where each F, is a vector space.

From a set theoretic point of view, this is not a huge problem, as you
can always consider such maps to have image in the disjoint union U,cp, Fy.
From a differential point of view, it is not so straightforward, as we natu-
rally want to define a differential as d, f (v) = lim;_, %(f()/(t)) — f(x)) where
y : IR — M is a smooth curve satisfying y(0) =x € M and y(0) =v € T, M.
The problem is that the difference between f(y(t)) and f(y(0)) is not de-
fined as they live in different vector spaces. To make some sense of this
formula, we need to find a way of connecting F,,g) and F,,(;), which is pos-
sible, but not canonical.

This situation happens naturally when we want to consider second or-
der derivatives of maps defined on manifolds. Start with a smooth func-
tion f : M — R. Then for x € M, we have a linear map d,f : M — R, i.e.
deof € (T,M)* =T;M. So df can be seen as a map of M, but the image d, f
lies in a set T; M that depends on x.



Chapter 5

Fibre bundles

5.1 General fibre bundles

5.1.1 Submersions and trivialisations

Consider two manifolds M and F. A fibre bundle over M with fibre F is
the assignment to each x € M of a manifold &, which is diffeomorphic to F
in a way that "depends smoothly on x". The whole point of the following
definitions is to make some sense of this smooth dependence.

Let us first focus on the task of assigning a manifold &, to each x € M.
Since constructing a manifold structure on a set is a tedious task, we want
to define &, as a submanifold of a given manifold E. The simplest setting
is to consider a submersion p : E — M, and to set &, = p~!(x).

For this to actually produce a manifold for every x € M, we require p to
be surjective. In this case, all manifolds &, have the same dimension, but
they need not be diffeomorphic to each other.

Even if they are all diffeomorphic to the same manifold F, just knowing
it abstractly is not enough, we really need the diffeomorphism to "depend
smoothly on x". If we consider a diffeomorphism 6, : F — &, for each
x € M, then one can simply express the smooth dependence of 6, in x by
requiring the smoothness of the map (x,y) — 6,(y). This is what we will
call a trivialisation.

Definition 5.1.1. Consider a surjective submersion p : E — M and a man-
ifold F. A trivialisation of p with respect to F is a collection of diffeomor-
phisms (6, : F — p~!(x))en such that the map

MxF — E
6'{ (,2) — Oy(2)

is smooth. We say that p is trivialisable with respect to F if it possesses a
trivialisation with respect to F.

77
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The simplest example of a submersion onto M which is trivialisable
with respect to F is the projection t; : M x F — M onto the first factor.
Here we assign to each x € M the manifold &, = 71;1 ({x}) = {x} x F which is
diffeomorphic to F, and by setting 6,(y) = (x,y) we find a diffeomorphism
0, : F — &, which is a smooth function on M x F.

Up to a diffeomorphism, it is the only example.

Proposition 5.1.2. Consider manifolds E,M,F, a surjective submersion p :
E —> M, and 0 = (0y)xem a trivialisation of p with respect to F. Then the
map
o { MxF — E
1 (xz) B O(2)

is a diffeomorphism.
Remark. The important property of © is that po® = 7t; where 71 (x,z) = x.

Proof. The map © is smooth by definition of a trivialisation of p with re-
spect to F. Note that © is bijective, and that ©®~!(y) = (p(), 9;(1}))(3;)) for all
y€L.

The fact that p o ©(x,z) = x for all (x,z) € M x F differentiates to:

Vx e TxM Vze TZF d(x,z)(P o @)(X, Z) =X.

If di,;©(%,2) = 0 for some x € M, x € T,M, z € F, z € T,F, it follows
from the differentiation of p o © that x = 0. Now d|, ,©(0,2) = d,0,(2) = 0,
therefore z = 0 since 60, is a diffeomorphism.

We have seen that © is a bijective immersion, hence a diffeomorphism.

O

For now it may seem that we are stuck in a dead end, since the assign-
ment to each x € M of a manifold &, which is diffeomorphic to F in a way
that depends smoothly on x is the same as considering the product M x F.

For this to lead to a rich theory, we only need to ask for the trivialisa-
tions to be defined locally.

To make sense of this, we need to consider restrictions of surjective
submersions. It is important to notice that the notion of surjective submer-
sions behaves well under restrictions to open sets of the target space: if
p: E — M is a surjective submersion, and U C M is open, then the restric-
tion ply,-1(y) : p~}(U) — U is also a surjective submersion.

Definition 5.1.3. A fibre bundle & = (E,p, M, F) is the data of manifolds
E,M,F and amap p : E — M such that:

e The map p: E — M is a surjective submersion.

* For every x € M, there is an open neighbourhood U C M such that
Pl : p~1(U) — U is trivialisable with respect to F.
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The total space of £ is the manifold E, the projection of & is the map
p: E — M, the base of ¢ is the manifold M and the fibre of ¢ is the manifold
F. For x € M, the fibre over x is the manifold &, = p~!(x).

We say that ¢ is trivialisable if p is trivialisable with respect to F.

Remarks.

* As mentionned above, given any open set U C M, the map p|,-1(y) :
p~1(U) — U is a surjective submersion, which is important for this
definition to make sense.

* For every x € M, the fibre &, = p~!(x) is a submanifold of E diffeomor-
phic to F.

* Amap p: E - M is called a locally trivial fibration if there is a
manifold F such that (E, p, M, F) is a fibre bundle.

The standard example is the trivial bundle F,, defined by:
Fyy=(MxF,mt;,M,F).

We will have many examples of fibre bundles in this course that will
not be equivalent to the trivial bundle in any relevant way.

Just as mentioned for surjective submersions, the notion of restriction
of fibre bundles behave well when restricting to open subsets of the base.

Definition 5.1.4. Let £ = (E,p, M, F) be a fibre bundle, and U C M an open
set. The restriction of & to U is &|;y = (p‘l(U),plpfl(U), U,F).

Remark. It is also a fibre bundle.

Definition 5.1.5. Let £ = (E,p, M, F) be a fibre bundle.

An open set U C M is a trivialising domain if &y is trivialisable.

A trivialising chart is a pair (U, 0) where U C M is a trivialisation do-
main and 6 is a trivialisation of &|y.

A trivialising atlas A is a set of trivialising charts whose domains cover
M.

Remark. For all the set theory nerds out there, a trivialising chart can be
seen as a subset of M x F x E, so an atlas is a subset of P(M x F x E), and all
set theoretic manipulations are valid.

Fibre bundles are not all trivialisable, however by definition they pos-
sess a trivialising atlas.
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5.1.2 Constructing fibre bundles

Constructing fibre bundles, even the most basic examples such as the tan-
gent bundle of a manifold, can be quite tricky and rather annoying because
of one aspect: the manifold structure on the total space. It turns out that
is usually the most technical and time consuming part of the proof that
something is a fibre bundle. As a result, this manifold structure is usually
quite poorly understood. Moreover, this differentiable structure ends up
getting more attention than it deserves, as the study of fibre bundles ba-
sically boils down to techniques that allow us to avoid manipulating this
differentiable structure in an abstract way. For this reason, we will now
see how this manifold structure can systematically be derived from local
trivialisations.

Since we usually consider that the base M and the fibre F are famil-
iar manifolds, it is much more convenient to only work with the issue of
differentiabily for maps defined on and with values in open subsets of the
familiar M, F, or M x F rather than the very abstract total space E.

Theorem 5.1.6. Let M,F be manifolds. Consider a collection of manifolds
(&x)xem, an open cover U of M, and for each U € U a collection of diffeomor-
phisms (Y : F — &) cu-

Assume that for every U,V € U, the map

(UNV)xE — F
(xz) o~ (0Y) o6Y(2)

is smooth. Then there is a unique manifold structure on the disjoint union
E = Uyepm&y satisfying the following properties:

* The quadruple (E,p,M,F) is a fibre bundle, where p : E — M is defined
by p(z) = x when z € &,.

UxF —

E is smooth
(x,9) +— 6Y() ‘

s Foreach U €U, the map OV : {

Proof. We start with the existence. We wish to show that the maps OY
for U € U provide an atlas for E. Note that they are injective, and that
@)U(U xF)= p_l(U) = Uyeu&x-

First step: define a topology on E.

Declare that a set O C E is open if for every y € O there are:

* Anelement U € Y/, and an open subset V C U containing p(y).

-1
* An open subset W C F containing (6;](3})) ().
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Such that ®Y(VxW) C O. One easily checks that it defines a topology on E:
0 is open because the condition is then empty, E is open because | ¢, U =
M, stability by union is a tautology, and stability by finite intersections is a
consequence of the same properties for the topologies of M and F.

Second step: show that E has the right topological properties.

First notice that p is continuous: given z € E, we pick U € i such that
p(z) € U, so that for any open subset V C M containing p(z), we have that
p Y (UNV)isopen, so p~!(V) is a neighbourhood of z.

We now wish to show that E is Hausdorff. Let z,z’ € E be distinct. Set
x = p(z) and x" = p(z’). If x # x/, then the continuity of p and the fact that
M is Hausdorff provide disjoint open sets containing z and z’. If x = x’, we
consider U € U that contains x, and set y = (9,9)_1 (2),y" = (93 )_1 (z’). Since
z#z', we also have y # 9/, and we can consider disjoint open sets W, W’ C F
such that y € W and y’ € W’. We now have that ®Y(U x W) and @Y (UxW’)
are disjoint open subsets of E containing y and y’ respectively.

In order to show that E is secound countable, we first use the fact that
M is Lindelof (i.e. every open cover has a countable subcover) to consider
a sequence (U;)jen in U such that | J;o U; = M. For every i € IN, we con-
sider a countable base (U; j)jen of the topology of U;. We also consider a
countable base (W )xen of the topology of F. For i, j,k € IN, set:

0;jk =0 (U; ; x Wy)

One easily checks that (O; j k)i jkjens 1s a countable base of the topology of
E.

Third step: Find an atlas.

Given U € U, the map OV is injective and its image is p~'(U). Let
@y : p~'(U) — M x F be its inverse. Note that its domain p~!(U) is an open
subset of E, and that its image U x F is an open subset of M x F.

Let V. Cc U and W C F be open subsets. It follows from the definition of
the topology on E that Cijl(U x W) is open. This shows that @, is continu-
ous. Also, if O C E is open and z € O, then by definition we have that @ (O)
contains some V x W which contains ®;(z), therefore ®;(O) is open, and
@y is a homeomorphism.

The transition maps are the maps:

(UNV)xF — (UNV)xF
{ (xy) (%(95)_1093?(?))

Their smoothness is one of the assumptions.
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Fourth step: Show that (E,p, M, F) is a fibre bundle.

Since po®Y(x,y) = x, and @Y is a local diffeomorphism, we see that
p is a submersion. It is surjective by definition of the disjoint union. The
family (6Y),cy provide a trivialization of ply-1(u) with respect to F, which

shows that (E,p, M, F) is a fibre bundle.
Fifth step: Prove uniqueness.

Because the maps ©U are smooth, the charts @ define an atlas, and
the uniqueness follows from the uniqueness of a maximal atlas containing
a given atlas.

O

5.1.3 Topological aspects of fibre bundles

Let us finish by discussing the gap between surjective submersions and lo-
cally trivial fibrations. The projection p : Rx R\ {(0;0)} — R onto the first
factor is a surjective submersion but not a locally trivial fibration, since the
fibres are not all diffeomorphic to each other. There are also examples of
surjective submersions whose fibres are all diffeomorphic to each other, but
that are not locally trivial fibrations, however their constructions are much
more involved.

In the specific case where the fibres are compact, things are more sim-
ple. If £ = (E,p, M, F) is a fibre bundle and F is compact, then p is proper.
Reciprocally, proper surjective submersions are locally trivial fibrations.

Theorem 5.1.7 (Ehresmann). If f : M — N is a proper surjective submersion,
then (M, f,N,F) is a fibre bundle (where F = f~!(x) for some x € N).

Note that if the total space of a fibre bundle is compact, then so are the
base and the fibre. The other direction is also true.

Proposition 5.1.8. Let & = (E,p, M, F) be a fibre bundle. If M and F are com-
pact, then so is E.

Proof. Since the topology of a manifold is metrizable, we can carry a se-
quential proof. Let (z,),en € EN, and set x,, = p(z,) € M. Since M is com-
pact, there is a subsequence (z,, ) such that x,, converges to some x € M. Let
(U, 0) be a trivialising chart around x, and set y,, = 9;}11 (z,) € F when it is
defined. Since F is compact, up to replacing n; with another subsequence
we can assume that y,, converges to some y € F. Now set z=60,(y) € E, and
notice that z,, = 0(x,,,y,,) — z. O
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5.1.4 Morphisms and subbundles

Definition 5.1.9. If £ = (E,p, M,F) and &’ = (E’,p’, M, F’) are fibre bundles,
a fibre bundle morphism ¢ = (¢,)ycym is a family of smooth maps ¢, :
& — &} such that the map

. E — E’
z = (Pp(z)(z)

is smooth. It is a fibre bundle isomorphism if each ¢, is a diffeomorphism.

Remark. Here we only define morphisms for bundles with the same base.
There is also a definition for bundles over different bases, involving a map
between the bases. A fibre bundle morphism as defined above is called
a fibre bundle morphism over the identity in this general setting. This
general case can still be treated in our terminology as a morphism from a
bundle over some manifold M to the pull-back of a bundle over a manifold
N by some map M — N.

Proposition 5.1.10. Let & = (E,p,M,F)and &’ = (E’,p’, M, F’) be fibre bundles
over the same base M, and @ = (Qy)cep a fibre bundle morphism. Then ¢ is a
fibre bundle isomorphism if and only if the map

. E — E’
z > Py (2)

is a diffeomorphism.

Remark. This is a generalisation of Proposition which is the case
where ¢ is the trivial bundle. The proof is exactly the same.

Proof. If @ is a diffeomorphism, then ¢, = ®|¢_is a diffeomorphism with
inverse ®~! |-

Now assume that ¢ is a fibre bundle isomorphism. Note that @ is a
bijection, with ®~1(z’) = (qpp/(zf))_l (z’) for all 2’ € E’. Let us show that @
is an immersion. Since this is a local notion, we may assume that £ is the
trivial bundle F,. If (x,y) € E = M xF and (x,9) € kerd,, ,)®, then dy ,)7t; o
®(x,9) = 0, which shows that x = 0. Now we have that d(,,®(0,7) =
dypx(y)=0,s09 =0.

We have shown that @ is a bijective immersion, so it is a diffeomor-
phism. O

Proposition 5.1.11. Let & = (E,p, M, F) be a fibre bundle, and f : N — M a
smooth map. Define the set

fE={(x,2) e N xE|p(z) = f(x)}
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and the map

f*p:{ f'E — N

(x,2) > «x

Then f*E is a submanifold of N xXE, and f*§ = (f*E, f*p,N, F) is a fibre bundle,
called the pulled back bundle of & by f.

Remark. The pulled back bundle should be thought of as the fibre bundle
over N, for which the fibre over x € N is the fibre of £ over f(x) € M, i.e.
(f*€)x = &f(x)- This is how we will prove that it is a fibre bundle: given a
local trivialisation (U, 8) of &, we show that

(f_l(U)r(ef(x))xef*I(U))

is a local trivialisation of f*&.

Proof. The fact that f*E is a submanifold of N x E is a basic example of
transversality: consider the map fxp : NxE — MxM defined by fxp(x,z) =
(f(x),p(z)). Then f*E = fxp~'(A), where A € MxM is the diagonal, and fxp
is transverse to A because p is a submersion. It follows that f*E is a sub-
manifold of N x E and that T(, ;) f*E = {(v,w) € TyN x T,E|d, f (v) = d,p(w)}.
It also follows from this characterization of the tangent space that f*p is a
submersion. It is surjective because p is surjective.

Finally, given a local trivialisation (U, 0) of &, set 01(y) = (x,07(x)(v)) €
(f*p)_1 ({x}), so that (f~1(U),0’) is a local trivialisation of f*&. O

Definition 5.1.12. Let £ = (E,p, M, F) be a fibre bundle. A subbundle of £
is a fibre bundle &’ = (E’,p’, M, F’) such that:

* E’CE is a submanifold, and p’ = p|g.
e F’CF is a submanifold.

* For every x € M, there is a local trivialisation (U, 0) with x € U such
that:
VpeU 6,(F)=p ' (y)nE

Note that the other requirements imply that E” must be a submanifold

of E.

Proposition 5.1.13. Let & = (E,p, M, F) be a fibre bundle. Consider a subman-
ifold F’ C F, and a collection of submanifolds &, C &, for all x € M. Assume
that for every x € M, there is a local trivialisation (U, 0) with x € U such that:

VyeU 6,(F)=p '(y)NE

Then E’ = Uyepr &y is a submanifold of E, and &' = (E’,p’, M, F’) is a subbundle
of €.

The proof is left as an exercise.
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5.2 Reductions of the structural group

5.2.1 Transition functions

Definition 5.2.1. Let & = (E,p, M, F) be a fibre bundle, and (U, 0), (U’,6’)
two trivialising charts. The transition function is the map:

UnU’" — Diff(F)
X > 0;l00,

Given a subgroup G C Diff(F), two trivialising charts are called G-
compatible if the transition function has values in G. A trivialising atlas
is called G-compatible if it consists of trivialising charts that are pairwise
G-compatible.

A reduction of the structural group of £ = (E,p, M, F) to G is a maximal
G-compatible atlas (i.e. maximal amongst G-compatible atlases).

The data of a reduction of the structural group of & = (E,p,M,F) to
G c Diff(F) means that fibres &, for x € M inherit any algebraic or geomet-
ric structure of F which is invariant by G.

The data of the transition functions 7y : U NV — Diff(F) on an open
cover U of M trivialising domains characterizes a fibre bundle up to iso-
morphism. Moreover, one can construct fibre bundles from the data of
such transitions.

Theorem 5.2.2. Let M and F be manifolds, and U an open cover of M. For
every pair U,V € U, consider a map ty,y : UNV — Diff(F). Assume the
following:

1. The maps { unvxr - E are smooth.

(vz) = Ty)(2)

2. Forevery U, V,Wel and xe UNV NW, we have:
Ty,v (%) o Ty,w(x) o T,y (x) =Idp

Then there exists a fibre bundle & = (E,p, M, F), and a local trivialisation (QU)
of &|y for each U € U such that Ty y(x) = (9?)_1 00Y forallxeUNYV.

We will discuss two examples of reductions of the structure group: the
case where F is a vector space, and G is the general linear group GL(F),
known as vector bundles, and the case where F is a Lie group, and G is the
group of right translations in F, known as principal bundles.

Definition 5.2.3. Let H be a Lie group. A H-principal bundle (or principal
bundle with structural group H) is the data of a fibre bundle £ = (E,p, M, H)

and a reduction of the structural group to {Lg |g € H}
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Definition 5.2.4. Let M be a manifold, and r € IN. A real (resp. complex)
vector bundle of rank r over M is the data of a fibre bundle & = (E, p, M,IR")
(resp. & = (E,p,M,C")) and a reduction of the structural group to GL(R")
(resp. GL(C")).

5.2.2 A transition-free approach

Any notion defined on a manifold should have a description that does not
involve coordinate changes! For reduction of structural groups of fibre
bundles, it is possible, but not so obvious. Given a reduction of the struc-
tural group of a fibre bundle & = (E,p, M, F) to a group G C Diff(F), and
a point x € M, there is a well defined group G, c Diff(¢,), and one could
hope to use this family of groups of diffeomorphisms of the fibres to get
a trivialisation free definition. But there is no natural identification of G,
with G, which makes this tricky. Instead, we can define a reduction of the
structural group to G as the assignment to each point x € M of an orbit O,
for the right action of G on the set of diffeomorphisms from F to &,, such
that around every point there is a local trivialisation (0,),cy with 6, € O,
forall xe U.

5.2.3 Principal bundles

The archetypal principal bundle is a quotient G/H of a Lie group by an
embedded Lie sugroup.

Proposition 5.2.5. Let G be a Lie group, H C G an embedded Lie subgroup and
1 : G — G/H the projection. Then (G, 7, G/H,H) is a H-principal bundle.

Proposition is a particular case of the following characterisation
of principal bundles in terms of actions of the structural group. Recall that
the quotient by a smooth free proper action is a manifold (Theorem|4.1.10).

Theorem 5.2.6 (Principal bundles). Let X v~ H be a smooth, free and proper
action of a Lie group H on a manifold X, and let 7w : X — X/H be the projection.
Then (X, 7, X/H,H) is a H-principal bundle.
Reciprocally, if £ = (E,p, M, H) is a H-principal fibre bundle, then there is a
smooth, free and proper action X v~ H whose orbits are the fibres of £.

Proof. Start with a smooth, free and proper action X v~ H. Consider an
open set U C X/H and a smooth map o : U — X such that mroo = 1Id
(such open sets exist around each point of X/H as a consequence of the
Submersion Theorem).

For x € U, we consider the orbit map ¢,y : H — ! ({x}), and we wish
to show that the family (@ (x))xey is a trivialisation of 7t|,-1 () with respect
to H.
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The map (x,h) = @q(x)(h) = o(x).h is smooth because o and the action
are smooth. Given x € U, the map ¢,y is injective because the action is
free, and surjective by definition of an orbit. It is an immersion as shows
Proposition It follows that it is a diffeomorphism, so (@4 (x))xev is
a trivialisation of 7t|;-1(y) with respect to H and (X, 7, X/H,H) is a fibre
bundle.

Let U’ € X/H be another open set and ¢’ : U’ — X another smooth map
satisfying woo’ = 1d. Because the action is free, for any x e UNU’ there is a
unique h(x) € H such that o’(x) = o(x).h(x). The transition function is x
Li(x), SINCE Py/(x) = P (x).h(x) = Po(x) © Ln(x)- This proves that (X, 7, X/H, H) is
a H-principal bundle.

Now given a H-principal bundle & = (E,p, M, H), consider a trivialising
atlas A of G-compatible trivialising charts. Define the (right) action of H
on M in the following way: for z € E and h € H, let (U,0) € A be such
that x € U, and set z.h = © (p(z), 6;(12)(2)h). This action is well defined, i.e.
does not depend on the choice of (U,0) € A. The smoothness of p, ©, @~!
and the group operation on H imply the smoothness of the action. It is
free because the action by right multiplication of H on itself, and the orbits
are the fibres of £. Finally, one can check that it is proper by using the
properness of the right action of H on itself and the continuity of 1. [

Examples 5.2.7.
* Principal bundles with 0-dimensional fibre are Galois coverings.

* If M is a d-dimensional manifold, the frame bundle R(M) of M is
defined by

R(M), = {go € HomIR(IRd, T.M) | @ is an isomorphism }

for x € M. The group GL(IR?) acts on R(M), by ¢.f = pof. Itisa
principal bundle with structural group GL(IR?).

* The Hopf fibration of $° ={(zw) € C_zl |z|? +|w|?> = 1}. Consider the
S! action on $3 given by €'?.(z,w) = (¢'9z,¢'%w). It is free and proper.

The quotient is diffeomorphic to $? (because the projection is the re-
striction of the canonical projection C? \ {0} — CP! ~ $?).

5.3 Sections of fibre bundles

Definition 5.3.1. Let £ = (E,p, M, F) be a fibre bundle. We set:
I['(&)={0€C(M,E)|VxeM o(x) €&}

A section of £ is an element o € T'(&).



88 CHAPTER 5. FIBRE BUNDLES

Remark. For people who are into commutative diagrams, o € I'({) trans-
lates as p oo =1dy,.

General fibre bundles need not have sections. For principal bundles,
the existence of a section is equivalent to triviality.

Proposition 5.3.2. A principal bundle & = (X, 7, X/H, H) is trivialisable if and
only if it admits a section o : X/H — X.

Proof. Let 0 : X/H — X be a section. Then (@4 (y))xex/m is a trivialisation of
7t with respect to H. O]

Remarks.

* Given a principal bundle, fibres can be identified with H up to choos-
ing a point in the fibre that we associate with e (this is exactly what a
section does).

* The H-principal bundle (G, 7, G/H,H), where H C G is a closed Lie
subgroup, is not necessarily trivial.

Vector bundles, on the other end of the sprectrum, have many sections.
For a start, you can always define the zero section. However trivialisability
can still be expressed in terms of sections.

Proposition 5.3.3. Let & = (E,p,M,K") be a vector bundle of rank r (where
K =R or C). If there are r sections o7y,...,0, of & such that (oy(x),...,0,(x)) is
a vector basis of &, for all x € M, then & is trivialisable.

Proof. For x € M, consider the linear isomorphism

Then (¢y)yenm is a trivialisation of &. O

We will see later that this is an equivalence.
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Vector bundles

Remarks.

* We only consider smooth vector bundles over real manifolds (the fi-
bres can be complex vector spaces), not holomorphic vector bundles
over complex manifolds, which are a science apart.

* A vector bundle will just be denoted by & = (E,p, M).

* Given a vector bundle & = (E,p, M) of rank r and x € M, the fibre &,
is a vector space of dimension r (every trivialisation chart gives an
isomorphism with R" or C").

6.1 Morphisms of vector bundles and vector subbun-
dles

All the operations described on fibre bundles make sense within vector
bundles.

Definition 6.1.1. Let M be a manifold, and & = (E,p,M),&" = (E’,p’,M)
be vector bundles over M. A vector bundle morphism from & to &’ is a
smooth map ¢ : E — E’ such that p’o@ = p, and for all x € M the restriction
@y &x — &4 is linear.

It is a vector bundle isomorphism if moreover the restrictions to fibres are
isomorphisms.

One can easily check that a vector bundle isomorphism is a diffeomor-
phism between the total spaces (e.g. by using Proposition [5.1.2). We want
to call a a vector bundle trivialisable if it is isomorphic as a vector bundle
to the trivial vector bundle K", ,. This happens to be equivalent to being
trivialisable as a fibre bundle.

89
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Proposition 6.1.2. Let & = (E,p, M) be a vector bundle of rank r over K (= R
or C). There is a vector bundle isomorphism between & and the trivial vector
bundle (M x K", 1t;, M) if and only if the fibre bundle (E,p, M, K") is trivialis-
able.

Proof. It is a straightforward consequence of the definitions that the trivi-
alisability as a vector bundle implies the trivialisability as a fibre bundle.

If the fibre bundle (E, p, M,K") is trivialisable, then consider a trivialisation
(¢x)xem of p with respect to K”. Then (dy@y)ep is also a trivialisation of
p with respect to IK”, made of linear maps, so the map 1 : M x K" — E de-
fined by (x,v) = dy@,(v) is a vector bundle isomorphism between & and
the trivial vector bundle (M x K", 7ty, M). O

This means that there is no possible confusion on what we mean by a
trivialisable vector bundle. Note that the proof works in a more general
setting: two vector bundles that are isomorphic as fibre bundles are also
isomorphic as vector bundles.

Pulling back a vector bundle also yields a vector bundle.

Proposition 6.1.3. Let & = (E, p, M) be a vector bundle of rank r, and f : N —
M a smooth map. There is a unique vector bundle structure on the pulled-back
bundle f*& such that the vector space operations on (f*&), for x € N coincide
with those on éf(x).

Definition 6.1.4. Let £ = (E, p, M) be a vector bundle. A vector subbundle
of £ is a fibre subbundle &’ of & such that &) is a vector subspace of &, for
all x e M.

6.2 Sections of vector bundles

6.2.1 Frame fields

Instead of working with vector bundle isomorphisms or some more or less
sophisticated types of charts, it is more practical to deal with vector bun-
dles through frame fields, i.e. a vector basis of each fibre that depends
smoothly on the base point.

Definition 6.2.1. Let & = (E,p, M) be a vector bundle of rank r. A frame
field of & is a r-tuple (¢q,...,&,) € ['(£)" such that, for any x € M, the family
(e1(x),...,&,(x)) is a basis of &,.

Frame fields need not exist globally, but only locally, since they are di-
rectly related to the trivialisability of the vector bundle.

Proposition 6.2.2. Let & = (E,p, M) be a vector bundle of rank r. Then & is
trivialisable if and only if it possesses a frame field.
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Proof. 1f ¢ is a vector bundle isomorphism from the trivial bundle to £ and
(e1,...,€,) is a vector basis of K", then ¢;(x) = ¢(x, e;) defines a frame field.
Reciprocally, if (ey,...,¢&,) is a frame field, we set 0,(v) = vie;(x)+--- +
v"e,(x) for x e M and v = (v',...,v") € K. For each x € M, the map 0, :
K" — &, is a linear isomorphism, in particular a diffeomorphism. Since
€1,...,& are smooth maps, the map (x,v) — 6,(v) is smooth, and it is a
trivialisation of &. ]

Most of the local computations on vector bundles will be done through
the choice of a local frame field, i.e. a frame field for a restriction &|; to an
open set U C M. This is practical because we then treat sections of & as a
r-tuple of smooth functions.

Lemma 6.2.3. Let & = (E,p, M) be a vector bundle of rank r, and let (¢,..., &)
be a frame field of &. Any section o € (&) decomposes uniquelyas o =) ;_, o'¢;
where 01,...,0, € C®(M).

Proof. The uniqueness is a consequence of the uniqueness of the decom-
position of a vector in a vector basis. The existence of functions o7, ...,0,
follows from the same fibrewise consideration. To prove their smoothness,
consider the trivialisation (6,),cp used in the proof of Proposition
ie. O.(v)=Y!_ vigi(x) for x € K. The map © : M x K" — E defined by
O(x,v) = O,(v) is a diffeomorphism according to Proposition Now
notice that (x, (oy(x),...,0,(x))) = ®!(x,0(x)), the smoothness of the func-
tions oy, ..., 0, follows. O

6.2.2 The space of sections of a vector bundle

Given a vector bundle &, the space of sections I'(£) is a vector space, as
one can add and multiply by scalars on each fibre. First, notice that sec-
tions of vector bundles are plentiful (which is the main difference with the
holomorphic setting).

Lemma 6.2.4. Si & = (E,p, M) be a vector bundle of rank r. For all x € M and
v € &, there is a section o € I'(&) such that o(x) = v.

Proof. Let U C M be a trivializing domain containing x and (&y,...,¢,) a
frame field of &|y. Every v € &,, decomposes as v =) [, vie;(x). Using
a bump function ¢ € C*(M) such that ¢(x) =1 and ¢ = 0 outside U, we
can define 0, = p¢; €T(E),and o =) |, vio; € (&) satisfies o(x) = v. O

Of course, such a section is far from being unique (it depends strongly
on all the choices made). One can easily check that the vector space I'(¢)
of all sections is infinite dimensional. We will make use of the following
technical result relating sections that agree at some given point.
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Lemma 6.2.5. Let & = (E, p, M) be a vector bundle of rank r. If 6,0” € T'(&) sat-
isfy o(x) = 0’(x) for some x € M, then there are sy,...,s, € '(§) and f;,..., f, €
C®(M) such that f;(x) = 0and 0 = ¢’ +)_;_; f;s; on a neighbourhood of x.

Proof. Let U C M be a trivializing domain containing x and (¢y,...,¢,) a
frame field of &|.

If ¢ € C*(M) is a plateau function, equal to 1 on a neighbourhood of x
and 0 outside of U, then the sections s; = @¢; € I'(£) are well defined.

There are smooth functions g,..., g, € C®(U) such that o—0’' =) |_, g;¢&;
on U.

The functions f; = pg; € C*°(M) are well defined, and we have that ¢ =
o'+ ) i_, fisi near x. O

The space I'(£) has an additional algebraic structure: given a smooth
function f € C*°(M) and a section o € I'(£), we can define the fibrewise
product fo € I'(£). This means that I'(£) is a C*°(M)-module. Proposition
6.2.2|can be restated as saying that & is trivialisable if and only if I'(£) is a
free C*(M)-module (necessarily of rank r).

6.2.3 Constructing vector bundles from frame fields

It is actually possible to construct vector bundles via frame fields, and this
is what we will use for all algebraic constructions.

Theorem 6.2.6. Let M be a manifold, K = R or C, and r € IN. Consider a
collection of K-vector spaces (&) xem of dimension r, an open cover U of M, and

for each U € U and x € U a vector basis (oy 1(x),...,0yp,(x)) of &y

Assume that for every U,V € U, the maps Tgf :UNV — Kdefined by

r

oui(x) =) T l(xoy,(x)

j=1

are smooth. Then there is a unique manifold structure on the disjoint union
E = Uyepm&y satisfying these two conditions:

* (E,p,M) is a vector bundle of rank r, where p : E — M is defined by
p(z) =x when z € &,.

* The functions oy ; are smooth for all U e Y and 1 <i <r.

Proof. The existence and uniqueness of a manifold structure on E for which
(E,p,M,K") is a fibre bundle is given by Theorem when considering
the diffeomorphisms 6 : K" — &, defined by 0V (v) = Y i v'oyi(x). Since

L. . . . . v,
the transition functions are linear, with matrices (TU g(x)) that de-
T Nsijsr
pend smoothly on x, it is a vector bundle. O
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Vector subbundles can be defined in terms of frame fields.

Proposition 6.2.7. Let & = (E,p, M) be a vector bundle of rank r. Consider a
vector subbundle &’ = (E’,p’, M, IKr') of &. Then around every x € M there is a
local frame field (e, ..., €,) of & such that (e1,...,¢&,) is a local frame field of &’.

Proof. Theidea is very similar to Proposition[6.1.2] By definition of a vector
subbundle, for every x € M the submanifold &; C &, is a vector subspace.

Consider a local trivialisation (6,),cy of & (as a fibre bundle, i.e. each
0, : K" — &, is a diffeomorphism, but not necessarily linear) such that
&= 0, (K" x {0}) (the existence of such trivialisations around every point
of M comes from the definition of a fibre subbundle).

Now let (ey,...,e,) be the canonical basis of K”, and simply check that
(€1,...,€,) is a local frame field of & satisfying the requirements where
&i(x) =doOx(e;). O

Remark. If £ = (E,p, M) is a a vector bundle, and E’ C E is a subset such
that for all x € M, the intersection E’' N &, is a vector subspace of dimen-
sion r’, and if around every x € M there are sections (¢y,...,¢,/) of & such
that (e1(y),...,€-(y)) is a vector basis of E’ N &, for all y near x, then &’ =
(E’,plg,, M) is a vector bundle, and a vector sub-bundle of &.

6.3 Examples of vector bundles

6.3.1 The tangent bundle

Recall that given a manifold M and x € M, the tangent space T, M is defined
as:

TeM ={D € Homg (C*(M),R)|¥ f, g € C*(RR) D(fg) = D(f)g(x) + f (x)D(g)}

Theorem provides a vector bundle structure on TM = U,cp T, M
by requiring that for every chart (U, ¢) the local sections d1,...,d; given by

2i(x).f = af;)fil (p(x)) are smooth.

A section of TM is called a vector field. We write X(M) =T(TM). A
manifold M is called parallelisable if its tangent bundle TM is trivialis-
able.

6.3.2 Tautological bundles

Definition 6.3.1. Let V be a finite dimensional vector space over K (= R
of C), and let k € {0,...,dim V}. The tautological bundle of the Grass-
mannian Gi(V) = {W C V|dim W = k} is the vector subbundle 7;(V) of the
trivial bundle Gy (V) x V with total space {(x,v) € Gx(V)|v € x}.

Proposition 6.3.2. Up to vector bundle isomorphism, the only vector bundles
of rank 1 over the circle are the trivial bundle and T, (IR?).
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6.3.3 Flat bundles

Consider a manifold M, and a linear representation p : 7t;(M) — GL(V).
The fundamental group 71 (M) acts M x V via the diagonal action y.(x,v) =

(y.x,p(y)v).

Lemma 6.3.3. Let M be a manifold, V a finite dimensional vector space and
p: 1 (M) — GL(V) a representation. The diagonal action 1ti(M) ~ M xV is
free and properly discontinuous.

Proof. Tt follows from the fact that the action on M is free and properly
discontinuous. If y.(x,v) = (x,v), then yx =xsoy =e. f KCMxV
is compact, then K’ = {x e]\~/1|3v eV (x,v)e K} is also compact, any any
y € 11 (M) satisfying . K N K # () must also satisfy .K’ N K’ # (), so the set
of such elements is compact. O

We can consider the quotient manifold E = 771 (M)\(M x V), and denote
by 7t : M x V — E the projection. The composition of the projection on the
first factor 71, : M x V — M with the universal covering map 7y : M — M
induces a map p : E — M satisfying p o tg = )4 0 717.

Proposition 6.3.4. Let M be a manifold, V a finite dimensional vector space
and p : 1y (M) — GL(V) a representation. Set E = 1 (M)\\(Mx V), and p:E—
M the map induced by the projection on the first factor. Then & = (E,p,M) is a
vector bundle.

Proof. The fact that p is a surjective submersion comes from the identity
pomg =myomy. Let U C E be an open set and 0 : U - M x V a local
section of 7tg (i.e. g oo =1d).For y € U, let (pg be the map:

N -1
o7 :{ 4 P ()

v > mg(npoo(y)v)

Then (¢,)ycu is a local trivialisation of p with respect to V. Given a second
local section 0’ : U’ — M — V of g, the transition function at y e U N U’
is p(y) where y € 1ty (M) satisfies 711 0 0/(y) = y.71; 0 0(p). Since p is a linear
representation, we find that & is a vector bundle. O

This construction works in a more general setting. First of all, instead
of working with the universal cover M, any Galois covering and represen-
tation of the Galois group I' would do. Moreover, given a manifold F and a
group homomorphism I' — Diff(F) (i.e. a smooth action of I on F), we can
define a fibre bundle with fibre F over M.

One can also replace I with a Lie group G, and construct bundles over
quotients by free proper actions of G (called associated bundles).
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6.4 Vector subbundles, quotients and direct sums

6.4.1 Supplementary vector subbundles

Just as any manifold can be seen as a submanifold of the Euclidean space,
any vector bundle can be seen as a subbundle of a trivial bundle.

Proposition 6.4.1. Any smooth vector bundle is isomorphic to a vector sub-
bundle of a trivial vector bundle.

Proof. Let & = (E,p,M) be a vector bundle. Let T be the vector bundle
over M defined by (Ty<&), = To&, (it is the pull-back of the tangent bundle
TE by the zero section O¢ : M — E). Since each fibre &, is a vector space,
To<& is isomorphic to &.

Using Whitney’s Embedding Theorem, we may assume that E is a sub-
manifold of some RN, which makes Ty& a subbundle of the trivial bundle
RY,,. 0

Definition 6.4.2. Let £ = (E,p, M) be a vector bundle, and consider vector
subbundles & = (Ey,p1,M), &y = (Ep, pa, M) of £. We say that &; and &, are
supplementary in & if £, = (&1), ® (&), for all x € M.

The fibrewise projection is a vector bundle morphism.

Proposition 6.4.3. Let & = (E, p, M) be a vector bundle, and consider two sup-
plementary vector subbundles & = (Ey,p1,M),&; = (Ep, pa, M) of &. The map
7y : E — Ey such that (111)|¢, is the projection of & onto (&1), parallel to (&5),
is a vector bundle morphism.

Proposition 6.4.4. Every vector subbundle of a smooth vector bundle has a
supplementary subbundle.

Let us postpone the proof of Proposition to Chapter 8} as it will be
a straightforward consequence of Proposition and Proposition [8.1.5]
The reader can check that it does not create any logical inconsistency.

6.4.2 Quotients of vector bundles

Given a vector space V and a subspace W C V, we let X € V/W be the image
of x € V as long as there is no possible confusion.

Proposition 6.4.5. Let & = (E,p, M) be a vector bundle, and n = (F,q, M) be a
vector subbundle of £&. The quotient bundle &/1 is the vector bundle defined
by (E/1)x = Ex/Nx for all x € M, and such that for any local frame (eq,...,€,) of
& for which (ey,...,¢€x) is a local frame of v, the maps (€x41,...,€,) form a frame
field.
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The fibre wise projection defines a vector bundle morphism & — &£/7.
A section o € I'(£) projects to a section o € I' (/7). Note that any section of
the quotient can be lifted.

Lemma 6.4.6. Let & = (E, p, M) be a vector bundle, and = (F,q, M) be a vector
subbundle of &. Any section of /1 is the projection of a section of &.

Remark. This means that there is an isomorphism I'(£/77) = I'(£)/I'(17), both
as vector spaces and as C*(M)-modules.

Proof. Start locally by using a trivialisation to produce a supplementary
subbundle, then extend with a partition of unity. O]

6.4.3 The direct sum of vector bundles

Definition 6.4.7. Let £ = (E,p, M) and y = (F,q, M) be vector bundles over
a same manifold. The direct sum & @ 7 is the vector bundle defined by
(E@®n)y = Ex®1, for all x € M, and such that for local frame fields (¢y,..., ;)
of £ and (Cy,...,C) of 7 over a same open set U C M, the maps (¢180,...,¢,®
0,086Cq,...,08 ;) form a frame field.

The existence and uniqueness of such a vector bundle is given by The-
orem|[6.2.6]

One can also recover its total space E®F as follows:
E®F ={(v,w) e ExF|p(v) = q(w)}

Given sections 0 € I'(£) and T € I'(#7), we can define 0 @7 € I'({ ®17). Any
section of £ @7 can be obtained in this way, so we have an isomorphism
F'(E®n)=T(&)@®TI(n) (this works both as real vector spaces and as C*(M)-
modules).

6.5 Algebraic operations on vector bundles

6.5.1 The dual bundle

Recall the definition of a dual basis.

Proposition 6.5.1. Let V be a vector space and e = (ey,...,e;) be a basis of
V. There is a unique basis e* = (e',...,e") of V* such that e'(ej) = 5;. for all
1<i,j<r.

The basis ¢* is called the dual basis of e. Given some vector v € V, the
scalar e’(v) is the coordinate along e; of its decomposition in the basis e.
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Definition 6.5.2. Let £ = (E,p, M) be a vector bundle of rank r. The dual
bundle £* of £ is the vector bundle defined by (&%), = (&,)" for all x e M,
and such that for a local frame (¢y,...,&,), the family (¢!,...,¢") is a local
frame of &*, where (¢'(x),...,e"(x)) is the dual basis of (£1(x),...,&,(x)) when
defined.

If Ael(&*)and o0 €T(&), we can define A(g) € C®(M). Note that while a
section o € I'(§) is usually written with a functional notation, i.e. o(x) € &,
for x € M, for a section A € I'(£7) it is more convenient to use a subscript
notation A, € & for x € M, so that given v € &, we can write 1,(v) € K
instead of A(x)(v).

The dual bundle T*M of the tangent bundle TM of a manifold M is
called the cotangent bundle.

Since we are working with finite dimensional vector spaces, there is a
natural identification between a vector space V and its bidual V** = (V*)*,
sending x € V to the evaluation map A +— A(x). This property, which may
seem rather trivial at a first glance, is a key feature of finite dimensional
vector spaces and it makes the description of tensor products dramatically
simpler.

Let us now see how to construct sections of a dual bundle. If & =
(E,p,M) is a vector bundle of rank r, then a section A € I'(£*) defines a
linear map A : I'(§) — C®(M) by setting A(o)(x) = A (o (x)). However, not
all linear maps A : I'(§) — C*®(M), as the value of A(c)(x) could also de-
pend on the values of ¢ at other points of M, or on derivatives of o. The
following result, called the Tensoriality Lemma, states that the defining
condition of the maps I'(§) — C*(M) thus obtained is C*(M)-linearity.

Lemma 6.5.3. Let & = (E, p, M) be a vector bundle of rank r, and let A : T (&) —
C*®(M) be a linear map. The following are equivalent:

1. Yo eT(E) Vf €C®(M) A(fo) = fA(o)
2. AN eT(E) Vo eT(E) Vx e M A(0)(x) = Ay (0 (x))

Remark. This means that there is an isomorphism of C*°(M)-modules be-
tween I'(&*) and Homew(p) ([(E),C*(M)), i.e. between I'(£”) and the dual
of I['(§) seen as a C*(M)-module.

Proof. The implication (2)=(1) is straightforward, let us prove (1)=(2).
Consider A : T'(&) — C*®(M) which is C*®(M)-linear. For x € M and v € &,,
consider a section o € I'(§) such that o(x) = v (the existence being given by
Lemma|6.2.4). Set A, (v) = A(0)(x).

Let us first check that A,(v) does not depend on the choice of o.

Let 0,0’ € T(&) be such that o(x) = 0’(x) = v. According to Lemmal[6.2.5)
there are sections sy,...,s, € I['(£) and functions fi,..., f, € C*(M) such that
o =0"+)_, fis; on a neighbourhood V of x.
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If @ € C*°(M) is a plateau function such that ¢ =1 on a neighbourhood
of x and ¢ = 0 outside V, then we find:

9o =pa’+) ofis; (6.1)
i=1

This equality stands on all of M. Evaluating A on the left hand side of
we find:

Alpo)(x) = @(x) Alo)(x)
=1

= A(o)(x)

Evaluating A on the right hand side of [6.1]yields:

A @0'+Z¢ﬁsi (x) = ¢(x) A(O”)(x)+Z§0(x) Ji(x) A(si)(x)
i=1 0 i=1 >
=A(0)(x)

In the end, we do find that A(c)(x) = A(co”)(x).

In order to prove the linearity and regularity of A, consider a trivializing
domain U C M containing x, and (¢1,...,¢,) a frame field of &|y.

We once again consider a plateau function ¢ € C*°(M) such that ¢ =1
on a neighbourhood W of x and ¢ = 0 outside of U.

On W, we find:

A= i/\(lpei)ei
i=1

This shows both the linearity and the smoothness of A, i.e. A €' ().
O

Remark. We do not require any regularity of the functional A (we do not
even need to consider topologies of the vector spaces I'(§) and C*°(M)). The
regularity is hidden in the fact that given a smooth section ¢ € I'(£), the
resulting function A(c) is smooth.

6.5.2 The homomorphism bundle

Given two vector spaces V, W and elements A € V*,w € W, we can define
the linear map A w € Hom(V, W) by A@ w(v) = A(v)w for all v e V.

If (e,...,e;) is a basis of V and (fi,..., f;) is a basis of W, then (¢ ® f;) is
a basis of Hom(V, W).
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Definition 6.5.4. Let £ = (E,p,M) and 1 = (F,q, M) be vector bundles over
the same manifold. The homomorphism bundle Hom(&,#) is the vector
bundle defined by Hom(&, 1), = Hom(&,,7,) for all x € M, and such that
for local frames (¢q,...,¢,) of £ and (Cy,...,C;) of n over a same open set
U c M, the maps (¢! ® C;) form a frame field.

There are several fibrewise operations that produce and/or use sections
of homomorphism bundles.

* Sections 0 € I'(§) and A € I'(Hom(&, 7)) produce a section A(o) € I'(17)
defined by A(o)(x) = Ay (o(x)).

* Sections A €I'(£¥) and o € I'(17) produce a section A®o € I'(Hom(¢&, 7))
defined by A® 0, = A, ® 0 (x).

* A section A € [(Hom(&, 1)) produces a section A € T(Hom(n*, £*)) by
considering the fibrewise transpose (recall that given u € Hom(V, W),
the transpose ‘u € Hom(W*, V*) is defined by ‘u(A) = Ao u).

Sections 0 € I'(£) and A € I'(Hom(¢&, 77)) produce a section A(o) € I'(#).
So a section A € I'(Hom(&,77)) induces a linear map I'(£) — I'(#), and once
again C*(M)-linearity is the distinguishing feature of these maps.

Lemma 6.5.5. Let & and 1 be vector bundles over the same base M. The map

{F(Hom(&’?)) —  Homge ) (T(E),T(17))
A — o A(o)

is an isomorphism of C*°(M)-modules.

Proof. The proof of Lemma carries out exactly in the same way until
the last formula that should be changed into A =) _; &' @ A(¢¢;). O

6.5.3 The tensor product bundle

Let R be a commutative unital ring, and Mj,..., My, N be R-modules. We
denote by Mult(M;,..., M; N) the space of multi-R-linear maps from M; x
---XMj to N. If there is any ambiguity on the ring R (mostly R, C or C*°(M)
for some manifold M), we will write ®g to specify the ring.

The construction of the tensor product M; ® --- ® My produces a multi-
Ml X---XMk il M] ®"'®Mk

(X1,.. %) P X Q--Qxi

Recall the universal property of the tensor product: if N is a R-module and
@ € Multg(My,...,My;N), there is a unique map ® € Homg(M;®:--®Mj, N)
such that O (x; ®---®x¢) = @(x1,...,x¢) for all (xq,...,xx) € My x -+ x M.

linear map
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The tensor product V'@ W

In the setting of smooth vector bundles, we will work with finite dimen-
sional vector spaces over the fields R and C. The construction of the tensor
product is much simpler in the case. The easiest case is actually the ten-
sor product V*® W involving a dual space. Indeed, we have seen that
a linear form A € V* and a vector w € W define a linear map A @ w €
Hom(V, W). One can check that there is a unique isomorphism from V*@W
to Hom(V, W) identifying pure tensors A@w € V*® W with the linear map
A®w € Hom(V, W). For our intended purposes, we can treat this as a defi-
nition and consider that V*® W = Hom(V, W).

Recall that if (e;);<;<, is a basis of V and (f;)1<j<, is a basis of W, then
(¢! ® fj) is a basis of V'@ W.

Remark. One sees quite clearly in this description of the tensor product
that most elements of V*® W are not pure tensors. Indeed, non trivial pure
tensors in Hom(V, W) are exactly linear maps of rank 1.

Tensor product of dual spaces

This leads us directly to defining the tensor product V*® W* as the vector
space Hom(V, W*). There is a natural identification between Hom(V, W*)
and Mult(V, W;K) as a map to a set of maps is the same as a two-variable
map, i.e. the natural isomorphism is

{Hom(V,W*) —  Mult(V, W;K)
¢ B (v,w) - ) (w)

and its inverse

Mult(V,W;K) — Hom(V,W*)
0] > v D(v,e)

We can thus consider that V'@ W* = Mult(V, W;IK). Given linear forms
A e V*and p € W7, the tensor product is A ® y € Mult(V, W;K) is defined
by A® pu(v,w) = A(v)u(w) for all (v,w) e Vx W.

More generally, we can consider the tensor product Vi ®---® V; as the
space Multg(Vy,..., Vi;K), and A1 ®--- @ Ak (vy,...,vk) = A1 (vy) - A (vg) for
(Ao ) € Vi x--x Vi and (vy,...,vk) € Vi x -+ X V.

If (/\;) is a basis of V].*, then the family (A ® - ® )\;{") is a basis of V[ ®
@ VY.

General tensor products of finite dimensional vector spaces

We are now lead to describe a tensor product V®W and the tensor product
of their biduals V*®@ W™, so we can consider that V@W = Mult(V*, W*; K).
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The tensor product of (v,w) € Vx W is defined by v®w(A, u) = A(v)u(w) for
all (A, p) e Vi x W™,

More generally, we can consider the tensor product V; ® ---® Vj as the
space Multg (V7,..., V5 K), and v; ® -+ @ vi(Ay,..., Ax) = Ay (vq) -+ Ar(vg) for
(A, A) € VX x VL

If (e?) is a basis of V}, then the family (eil1 ®-- -®effk) is a basis of V| ®:--®V,.
Remark. Another approach is that the dual space (V ® W)* can be identi-
fied with Mult(V, W;K) by the universal property of tensor products. So
one can also consider V® W as the dual space Mult(V, W;K)", but this is
not as easy to deal with as Mult(V*, W*;KK) is. Note that there is not di-
rect natural identification between these two spaces, the most natural way
of identifying them goes through the tensor product (one can also choose
bases of V and W and identify the corresponding bases of Mult(V, W;K)*
and Mult(V*, W*;K), then check that this isomorphism does not depend
on the choice of bases).

Associativity and commutativity of tensor products

The operation of taking tensor products is commutative, meaning that for
any permutation o € Sy, there is a unique isomorphism from V; ®---® Vi
to V(1) ®-+-® V() sending each pure tensor v ®+- ® v t0 V(1) ® -+ @ Vg (k)-
This is quite straightforward from the description of the tensor product as
multilinear maps.

This operations is also associative, in the sense that there a unique iso-
morphism from (V;®V,)®V; to V1@V,®V; sending pure tensors (v Qv,)Qv;
to v1 ® v, ® v3. This is a consequence of the isomorphism between the ap-
propriate spaces of multilinear maps given by partial evaluations.

One example of particular interest is the fact that a tensor product of
the form Vi ®---® V) ® W can be described as Mult(V,..., Vi; W).

Tensor products of vector bundles

Definition 6.5.6. Let &; = (E{,p1, M),..., & = (Ex, pr, M) be vector bundles
over the same manifold M. The tensor product bundle &; ® --- ® & is the

vector bundle defined by (£;®-® &)y = (£1)x®- - ® (&) for all x € M, and

such that for local frames (e{,...,eﬂj) of each ¢; defined over a same open

set U C M, the maps (51-11 ®--- ®£f-‘k) for a local frame field.

Given a finite dimensional space V, we set V& = V ®...® V. Similarly,
| ——

k times
given a vector bundle & we can define &%,
There is also an operation on sections: considering o € I'(£) and 7 €
I'(r7), we can define 0 ® T € I'(£ ® 17) through fibrewise tensor product. This
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actually leads to an isomorphism between I'(§ ®17) and I'(&)®ce(ar) I(77), but
we will not attempt to prove this fact as it will not be of any interest for us.

Tensors on manifolds

Most of the vector bundles that we will be interested in will be tensor pow-
ers of the tangent bundle of a manifold, or subbundles of these.

Definition 6.5.7. Let M be a manifold, and p,q € IN. A tensor of type (p,q)
on M is a section of (T*M)®P @ TM®1. We denote by 7P4(M) the space of
tensors of type (p,q) on M.

A tensor of type (p,0) is called covariant and a tensor of type (0,9) is
called contravariant.

There is a widely accepted consensus as to how one should write a ten-
sor in coordinates. Given T € TP49(M), we always write its expression in
coordinates with indices relating to the covariant part on the bottom, and
indices for the contravariant part on top, i.e.

T= E T/ Mix @ @dxh®9; ®9;
1seeer lp 1 ]q
1<) sl fi g <d

For example, a vector field X € X(M) = 7 %!(M), which is a contravari-
ant tensor, is always written locally as X = Z?:l X'9;. A differential 1-form
w e QY(M) =T19(M), on the other hand, is a covariant tensor, and is writ-
ten locally as w = Zle w;dx’.

The tensoriality lemma

Definition 6.5.8. Consider vector bundles &,&4,...,&,, over the same basis
M. A multi-linear map A : I'(&;) x--- xI'(&,,,) = I'(§) is called tensorial if it
is C*°(M)-multi-linear, i.e.

YV(fireor fin) €CO(M)" Y(01,...,0m) €T(E1) x - xT(&,,)
A(flalr"'ffmgm) :fl"'fmA(Uli'--er)

Theorem 6.5.9 (Tensoriality Lemma). Consider vector bundles &,&,,...,&,,
over the same basis M, and a multi-linear map

AT(&y) % xT(&y) = T(E)
The following are equivalent:
1. Ais tensorial
2. Thereisa €T(&] ®---® &, ®E) such that:

VxeM V(Ui)lﬁiSm € ]_lr(éz) A(Glf-";am)(x) = ax(o'l (x),...,om(x))
i=1
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Pull-backs and the Lie derivative

Given a vector bundle £ = (E,p,M) and a smooth map ¢ : N — M, the
pull-back @*o of a section ¢ € I'(§) is a section of f*£. In the case of a
covariant tensor bundle & = 7P%(M), there is another notion of pull-back
which defines a tensor on N. We use the same notation for both.

Given a smooth map ¢ : N — M and a covariant tensor T € 7P9(M),
one can define its pull-back ¢*T € 7P°(N) by

(@ T)x(v,..., vp) = T(p(x)(dx(P(vl)r ey dx(p(vp))-

This is well defined because T,(wy,...,w;) is just a real number for any
y€Mand wy,...,w, € T,M.

For a general tensor T € 7P4(M), then we can define the pull-back
¢@*T € TP9(N) under the additional hypothesis that ¢ is a local diffeomor-
phism. For g = 1, the formula is

(P T)a(v1,-, ) = (dep) ™ [T (e (v1), .. dup(vy))]

Given a vector field X € X(M) and a tensor T € 7P4(M), we can define

the Lie derivative LxT € T € TP(N) by
d %
T=— ) T
LxT =+ o ((PX)

It acts as a derivation on tensors, in the sense that Lx(fT) =df(X)T +
fLxT for any function f € C®(M).

Note that a tensor of type (0,0) is just a function, and in this case we get
Lxf=df(X). For X,Y e X¥(M), we have [X,Y]=LxY =-LyX.

6.5.4 Exterior and symmetric powers of a vector bundle

The exterior power AXV* is the subspace of (V*)® composed of skew-
symmetric forms (i.e. u(xg(1),.--, X (k) = €(0)u(xy,..., x¢) for (xy,...,x;) € vk
and o € Sy).

Given j, ke N, 1 € A/V* and p € AFV*, we define A A u € AI*kV* as:

1
/\/\,”(xl:---:x]ﬁrk):ﬁ Z E(O)AXo(1)- - X (j)H(Xg(j+1)r- - -» Xa(jk))

G€5j+k

This operation is associative and anti-commutative (uA A = (1)1 A A
u). Given (Ay,..., Ax) € (V*)K, the formula for A} A--- A Ay € AFV* is:

AL A A A (xy, e, X)) = Z (o)A (xg(1))* Ar(xo (k)

UESk

= det(/\i(xj))lsi,jﬁk

If (ey,...,e,) is a basis of V, then (et A--- A eik)i1<...<ik is a basis of AKV*.
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Definition 6.5.10. Let £ = (E,p, M) be a vector bundle of rank r, and k an
integer. The kth_exterior power of & is the vector subbundle Akcf* of (cf*)®k

defined by (A¥&*) = Ak(&*), for all x € M.
y X

The symmetric power S¥V* is the subspace of (V*)® composed of sym-
metric forms (i.e. u(xg(1),---, Xg(k)) = U(xq,...,x¢) for (xy,...,xx) € vk and
(oS Sk)

Given j,k€IN, 1 € S/V* and p € S¥V*, we define A v y € SI*kV* as:

k!
AV p(xy,. o Xjak) = m Z A% (1) X (DI (X (1) r Xo(j4k))-
U€5j+k
This operation is associative and commutative. For (Aq,..., ;) € (VHK,
the product A; V-V A € S¥V* is given by:

AL VeV AR(Xg,, g ) = Z A (xg(1)) Ar(xo (k)

0‘651(
If (ey,...,e,) is a basis of V, then (et V.-V eik)ils-nsik is a basis of SkV*.

Definition 6.5.11. Let £ = (E,p, M) be a vector bundle of rank r, and k an
integer. The k'M'-symmetric power of £* is the vector subbundle S¥&* of
(£)%F defined by (Aké*)x = sk(&%), for all x € M.

Differential forms on a manifold

A differential k-form on a manifold M is a section of AKT*M. We use the
notation QF(M) = F(AkT*M). There are four main operations on differen-
tial forms.

The wedge product: Given w; € Q%1 (M) and w, € Q% (M) we can de-
fine wy A w, € Qf1*k2 (M) fibrewise.

The interior product: Given X € X(M) and w € Q¥!(M), we define
1xw € QF(M) by:

VxeMVY(vy,...,v) € MY (1xw),(vy,...,v5) = @y (X(x),v1,..., V%)

The Lie derivative: if w € QX(M) c TF9(M) and X € X(M), then the
Lie derivative Lyw € TP°(M) is still skew-symmetric, i.e. Lxw € QkM),
and the Lie derivative is an operation on differential forms.

The exterior derivative: Given w € QK(M), we define dw € QF1(M).

- <iy), thendw= Y0 ¥ /¢ diwrdx’ Adxl.
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There are several formulae relating these operations. The interior prod-
uct and the wedge product are related by

ix(@1 Aws) = (1xwp) Awy + (=1) 1wy A (ixws)
We have the following rule for the exterior derivative of a wedge product.

d(wy ANwy) =dwy Awy + (—1)k1a)1 A Wy

Note that this formula, together with the fact that d f is the usual differ-
ential for a 0-form f, and d od = 0, are the defining features of the exterior
derivative.

The exterior derivative, the Lie derivative and the interior product are
related through Cartan’s magic formula.

KX(U = d(lxa)) + lea)

Remark. The Tensoriality Lemma can be used to define the exterior deriva-
tive of a differential form, using Cartan’s magic formula as a definition in-
stead of a property. For w € Q! (M), it gives

do(X,Y) =X -w(Y)-Y - w(X)-w(X,Y)

In the general case w € QP(M)), given X,..., X, € X(M), we find:

P
dw(Xo,..., X,) = Z(—mlxi c(Xg oo Xy Xp)
i=0
£ ) )X X Xy K, K, Xp)
0<i<j<p
One can use this forumula as a definition, since the Tensoriality Lemma
shows that this expression defines dw € F(T*M®P+1), then one can check

that it is skew-symmetric, i.e. dw € F(APJr1 T*M) = QP (M).

6.5.5 Vector bundle valued differential forms

Definition 6.5.12. Let & = (E,p, M) be a vector bundle and p € IN. A &-
valued differential k-form w is a section w €T (Ak "M ®é).

We will use the notation Q¥(&) = F(AkT*M®£). Note that for R, =
(M xR, 711;, M), we get usual differential forms QX (R,,) = QX(M).

The interior product of a vector field X € A'(M) and a £-valued differ-
ential form w € Qf*1(&) can be still be defined as i1xyw € Q¥(&) through the
same formula (txw),(vy,..., k) = w0 (X(x),v1,...,V%).

The wedge product is trickier. In general, given w; € Q¥ (&) and w, €
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Qk2(&), there is no natural way of defining some element of Qkitk (&), since
the definition of the wedge product involves multiplication in fibres. The
most general construction possible is to start with two vector bundles &,#
over M and forms a € QP(&), p € Q9(r), then a A p can be defined as an
elements of QP*(E®7).

What makes sense is the exterior product a A g € QQP9(&) of a usual
differential form a € O’(M) and a &-valued differential form g € Q9(¢), the
formula is the same as usual:

(aAﬂ)x(vl,...,va) = L

plg! Z E(U)ax(va(l);...,Va(p))ﬁx(vg(erl),...,va(erq))_

€S,

For w € QP(M) and o € T(&) = Q%(&), the notation w®0c € QP (&) is more
appropriate. We will mostly use it for 1-forms: given A € Q' (M) = I(T*M)
and o €T (&), we define A® 0 e T(T*"M ® &) = Q1(&). The formula is:

VxeMVYveT,M (A®0)(v) = A (v)o(x)

It is also possible to define pull-backs of vector bundle valued differen-
tial forms. If £ = (E,p, M) is a vector bundle, w € Qk(E) a &-valued differ-
ential form and @ : N — M a smooth map, the pull-back ¢*w € Q¥(¢*&) is
defined by:

((P*a))x(vlv--rvk) = c‘)(p(x)(dx(P(vl )""ldxq)(vk)) € CS(p(x) = ((P*é)x

6.5.6 The conjugate of a complex vector bundle

All the above constructions work for both complex and real vector bundles.
However we only consider real manifolds, so tangent bundles, and more
generally tensor bundles 774(M), are real vector bundles.

When considering complex vector bundles, there are a few more oper-
ations. Complex vector spaces come in pair. Indeed, recall that a vector
space V over a field K is not just a set, but a triple V = (|V|],+,.) where |V|
is a set, the addition map +: |[V|x|V| — |V|is such that (|V|, +) is an abelian
group, and the exterior multiplication . : Kx|V| — |V| satisfies a rather long
list of axioms.

In the case where IK = C, we can associate to V its conjugate space V
defined by V= (IV],+,7), where A~v = A.v. One can check that it is also
a complex vector space. The (complex) dual space (V)* of the conjugate
consists of maps A : |V| — C that are anti-linear for V (i.e. satisfy A(z.v) =
zA(v)). In particular, we can identify (V)>F ®c V* with the space of maps
@ : V xV — C that are sesquilinear, i.e. anti-linear with respect to the first
variable and linear with respect to the second.
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Given a complex vector bundle &, we can define its conjugate & as we
have for all other algebraic operations. This allows us to define the vector
bundle of sesquilinear forms over & as (E)* ®E".

A complex vector space V = (|V],+,.) defines a real vector space VR =
(IV],+,.Irx|v|), this process is known as the restriction of scalars. Similarly,
a complex vector bundle & defines a real vector bundle g by fibrewise
restriction of scalars.

Starting with a real vector space W, we can wonder if there is a complex
vector space V such that Vg = W. For this, one must find a way to define the
multiplication by arbitrary complex numbers instead of just real numbers.
The map J : |V| — |V| defined by J(v) = i.v is a linear map of Vg which
satisfies J> = —Id. Starting with a real vector space W = (|[W|,+,.) and a
linear map J € Homp(W) satisfying J2 = —Id, we can define the complex
vector space V = (|W|,+,%) where (x+iy)*w = x.v+y.J(v). This is a complex
vector space such that Vg = W (note that this is an actual equality, not just
an isomorphism).

This questions of knowing whether a real vector space can be endowed
with a complex structure should not be confused with extension of scalars.
A real vector space V defines a complex vector space simply by looking
at C®g V. Extension of scalars can be considered at the level of vector
bundles, through the tensor product with the trivial bundle C,,.

Note that not all complex vector bundles (on real manifolds) can be
obtained in this way. Indeed, the tangent bundle over $2 admits a structure
of a one dimensional complex vector space (e.g. because $? ~ CP! is a
complex manifold). If there were to exist a real bundle ¢ such that Cg,®¢ is
isomorphic to T$?, then it would possess a rank 1 subbundle (e.g. Rg. ®&).
But the Hairy Ball Theorem implies that there is no such bundle.

6.5.7 Grassmannian bundles

Up to now, we saw that vector bundles produce more vector bundles. But
they also produce fibre bundles that are not vector bundle. The main ex-
amples are Grassmannians.

Let & = (E,p,M) be a vector bundle of rank r, and k € {1,...,r}. We
wish to define a fibre bundle G (&) over M with fibres G (&), = Gr(&,) for
x € M. For this matter, we consider an open set U C M and a frame field
€=(eq,...,&) 0of &|y.

Recall that the differentiable structure on G (IR") is given by that of the
homogeneous space GL(r,IR)/P,, where:

B, = {( 6‘ g )lA € GL(k,R), B € My, 4(R),C € GL(r - k,IR)}

For any x € U, the basis ¢(x) of &, induces an isomorphism between
GL(r,R) and GL(&y), sending P , to some group P.(x) C GL(&,). We there-
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fore get a diffeomorphism between the homogeneous spaces GL(r,IR)/P,
and GL(&,)/P.(x), hence a diffeomorphism 6% : G (R") — Gi(&y)-

Given another frame field 9, the transition map (62)7! 0 0% : G(k, R") —
G(k, R) lifts to a diffeomorphism GL(k,R") — GL(k,IR") which is the conju-
gation by the change-of-base matrix between ¢(x) and o(x), so it depends
smoothly on x. By Theorem we have found a fibre bundle structure

on G(&) = (UyemGi(Ex) P, M, G (R?)).

Definition 6.5.13. Let £ = (E,p, M) be a vector bundle of rank 7, and k €
{1,...,r}. The fibre bundle G;(&) constructed above with fibre G(&,) over
x € M is called the kt"-Grassmannian bundle of &.

Note that since Grassmannian spaces are compact, the total space of a
Grassmannian bundle of a vector bundle over a compact manifold is com-
pact, due to Proposition[5.1.8]

6.6 Classification of vector bundles

The results of this section will only be stated, not proved.

Two continuous maps f,g : B — M are called homotopic if there is a
continuous map h : [0,1]x B — M such that h(0,-) = f and h(1,g). If f and
g are smooth, it is always possible to choose a smooth h.

We say that B is contractible if Id : B — B is homotopic to a constant.

Theorem 6.6.1. Any vector bundle over a contractible manifold is trivialisable.

We will see a simple proof of this fact using connections. Note that the
result is also true for general fibre bundles.

Theorem 6.6.2. Let M be a smooth manifold.

1. If & is a vector bundle of rank r over M, there are an integer N and a
smooth map f : M — G,(KN) such that & is isomorphic to f*r,(IKN)
where t,(IKN) is the tautological bundle.

2. Given two smooth maps f,g: M — G,(KN), the vector bundles f*7,(IKN)
and g*t,,(KN) are isomorphic if and only if there is an integer N’ such that
f and g are homotopic as maps from M to G,(KN').

The first point follows easily from Proposition if & is a vector
subbundle of the trivial bundle K, , then it is isomorphic to f*r,(KN)
where f: M — G,(KN) is defined by f(x) = &,.
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Covariant derivatives

In order to make sense of the definition of a connection, we need to under-
stand how central the Leibniz rule is in calculus, and that it is a defining
rule of differentiation.

Proposition 7.0.1. Let D : C*°(IR) — C®(IR) be a linear map such that D(f g) =
D(f)g+ fD(g) for all f,g € C*(R). There is A € C*°(IR) such that D(f) = Af
for all f € C*®°(R).

7.1 Vector bundles over the line

7.1.1 Existence of frame fields

The study of vector bundles over an interval is made easy by the fact that
they are all trivialisable.

Theorem 7.1.1. Let I C R be an interval, and & = (E, p,I) be a vector bundle of
rank r. Then & is trivialisable.

This is a consequence of Theorem|[6.6.1, however we will give a proof of
Theorem as we will use it repeatedly.

The key is that if there is only one dimension, then there is only one
way of "gluing" local trivialisations. This is because the intersection of two
intervals is an interval.

Lemma 7.1.2. Let I C R be an interval, and & = (E,p,I) be a vector bundle of
rank r. Assume that there are two subintervals Iy, I C I such that &|;, and &y,
are trivialisable, and Iy U I; = 1. Then & is trivialisable.

Moreover, for any compact subinterval | C Iy and any frame field (4,...,¢,) of
&y, there is a frame field (g1, ...,€;) of & such that €(t) = &;(t) for all t € ] and
ie{l,...,r}.

Proof. Notice that the second point implies the first. Up to enlarging J, we
can assume that J NI = 0.

109
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Let (¢1,...,&,) be a frame field of £[;, and (ef,..., £;) a frame field of &]y, .
For t € Iy N I;, we can decompose:

eit)=)_Alt)e)(t)
j=1

This defines a smooth curve A = (A?)lsi,jsr : IgNI; — GL(r,R). Consider
a smooth curve A : I; — GL(r,R) such that A(t) = A(t) for all t € ] N I; (this
is possible because GL(r,R) is a manifold).

Now define (€g,...,¢,) in the following way:

F(t)_ Si‘(t) iffelo\ll
Tl DL Ale(n iften

One easily checks that (€7,...,,) is a frame field with the required property.
O

Proof of Theorem Using the topological properties of R, given t; €I,
we can find a sequence (I;);cz of open intervals such that:

b to EI().

* ForallieZ, I is a trivialising domain of .

I;n1; = 0 whenever |i - j| > 2.
e ForallieZ, I;NI;,; is an interval.

d UiEZIi =1.

Using Lemma we can construct a sequence of frame fields (611‘,...,51,;)
over J; = U—ksjsk I; such that
k

e *1 restricts to ef-‘ on J;, which leads to a trivialization of &.

O

If frame fields exist, they are however far from being unique. One can
check that given t; € I and a vector basis (ey,...,e,) of & , there exists a
trivializing frame (¢y,...,¢,) of £ such that ¢;(tg) =¢; forall i € {1,...,r}. But
this frame field is still far from being unique.

7.1.2 The archetypal vector bundle over the line

Since frame fields of vector bundles over the line exist but are not unique,
we can ask whether there is a canonical choice. In order to understand this,
let us understand the archetypal construction of a vector bundle over the
line. For this, consider a manifold M, and a smooth curve y : I — M. Then
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¥*TM is a vector bundle over I. If M is not parallelisable, then there is
really no reason for a "canonical" frame field to exist (the fact that y*TM is
trivial is a property of the interval, not of M or y).

In a trivial bundle & = (I xIR", t1,I), there is a canonical way of choosing
such a frame fields: picking sections that are constant maps I — R". But
for a pulled back bundle y*TM there is no natural definition of a constant
frame field. Even when M is a submanifold of IR?, there is no reason for a
section of ¥*TM with constant coordinates in R? to exist.

7.1.3 Intrinsic derivatives

Definition 7.1.3. Let I C R be an interval, and & = (E, p,I) a vector bundle
of rank r. An intrinsic derivative on ¢ is a linear map % :T(&) » (&) such
that:

Vo eT(&)Vf eC™(I) %(fa) = f%o +fo

A section o € I'(¢) is parallel if %o* = 0. A frame field (&y,...,¢,) is called
parallel if ¢4,...,¢, are parallel.

A frame field allows us to define an intrinsic derivative.

Proposition 7.1.4. Let I C R be an interval, & = (E, p,I) a vector bundle of rank
rand € = (&q,...,¢&,) a frame field of . There is a unique intrinsic derivative on
& for which ¢ is parallel.

Proof. Any section o € I'(£) decomposes uniquely as o = }.i_; o'e; where
o' = (o) € C*(I). Define:

D re - T
dt | o=)Yi_0'¢ > Y  d'€

It is linear, and the product rule for derivation of functions shows that it is
an intrinsic derivative. By definition, ¢ is parallel.
Reciprocally, if % is an intrinsic derivative for which ¢ is parallel, then:

D (< . .. D U U
E ZOZSZ'] = ZGZ Eé‘i +Zdl€i = Za’lei
i=1 =1 =l i=1
=0
This yields uniqueness. 0

Another situation in which we can define a "canonical" intrinsic deriva-
tive is for pullbacks of tangent bundles of submanifolds of IR” by curves.

Proposition 7.1.5. Let M C R" be a submanifold, and let y : I — M be a
smooth curve. For x € M, we let p,, € End(IR") be the orthogonal projection onto
T.M for the canonical inner product.

The map % :T(y*TM) — I'(y*TM) defined by %a(t) = Py(r)(d(t)) is an in-
trinsic derivative.
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Proof. Firstly, since M is a smooth manifold, the linear map p, € End(R")
depends smoothly on x, so %0‘ is smooth for any o € I'(y*"TM), and % :
[(y"TM) — I'(y*TM) is well defined. It is linear because the orthogonal
projections are linear.

Let o0 € I'(y*TM) and f € C*(I). Since o(t) € T, ;)M for all t € I, we have
that p,,;)(o(t)) = o(f), and it follows that:

2 (£t =y (F(5(0) + Fd)o(0) = F(1) - 0(0)+ (o)

We now wish to show that any intrinsic derivative possesses a parallel
frame field. The whole point is that seeking parallel sections amounts to
solving a linear ODE.

Proposition 7.1.6. Let I C R be an interval, & = (E,p,I) a vector bundle of
rank r, and % an intrinsic derivative on &. For all tg € I and v € &, there is a
unique parallel section o € I'(§) such that o(ty) = v.

Proof. Since ¢ is trivialisable according to Theorem consider a frame
field (ey,...,¢,) of £&. Any section ¢ can be writtenas o =) |_, o'¢; for some
functions o!,...,0" € C®(I).

Consider A = (A{) : I - M(r,R) such that:

1<i,j<r
D —
. E ] ..
%61 = Aié]
=1

Since %0 =), ai%ei + 6;¢;, we find:

D . v ] i
EG:():}V]E{l}“.,r}O-]-i—Zl’Ai =0
i=

Existence and uniqueness follow from the Cauchy-Lipschitz Theorem. []

The existence of parallel sections allows us to define linear maps be-
tween fibres (i.e. we connect fibres with each other).

Definition 7.1.7. Let I C R be an interval, £ = (E,p,I) a vector bundle of
rank r, and % an intrinsic derivative on &. For ty,t) € I, the map ||,tf1 B
0 0

&4, defined by ||§(1)v = 0(ty), where o € (&) is parallel and o(tg) = v, is called
the parallel transport.

The parallel transport has a semi-group type property (which is not
surprising since it is more or less defined as the flow of an ODE).
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Proposition 7.1.8. Let I C R be an interval, & = (E,p,I) a vector bundle of
rank r, and % an intrinsic derivative on &.

* For ty,t; €1, the parallel transport ||:(1) : &y, — &, is an isomorphism, with

. PR S
inverse (||t:)) =l
e For to, t1,tp € I we have ”E o ”;(1) = “;é

Proof. Linearity of the parallel transport is because the space of parallel
vector fields is a vector space. Everything else is a consequence of the

uniqueness in Proposition O

This can be used to show the existence of parallel frame fields

Proposition 7.1.9. Let I C R be an interval, & = (E,p,I) a vector bundle of
rank r, and % an intrinsic derivative on &.

Given ty € I and a basis (ey,...,e,) of &, there is a unique parallel frame field
(€1,...,&) such that (e1(tg),...,e-(tg)) = (e1,...,€).

Proof. Uniqueness is a consequence of the uniqueness in Proposition|[7.1.6]
For the existence, we only need to check that if ey,..., &, € I'(£) are parallel
and (e (tg),...,e,(tp)) is linearly independent, then (e;(¢),...,e,(t)) is linearly
independent for all t € I. This is true because the parallel transport ||§0 is
an isomorphism (Proposition[7.1.8). O

The data of a parallel frame field allows for easy computations of ev-
erything that involves the intrinsic derivative.

Lemma 7.1.10. Let I C R be an interval, & = (E, p,I) a vector bundle of rank r,
% an intrinsic derivative on & and (&1,...,¢€,) a parallel frame field.

* Given oy,...,0, €C¥(I), ifo =), ole; €T(&), then %a =Y, Gle;.
« Givento,ty €landv=Y"!_ v'e;(ty) € &r,» we find ||2)v =Y viei(ty)
Proof. The first point is a consequence of the Leibniz rule and the fact that

%ei = 0. The second point is a consequence of the linearity of the parallel
transport, and the fact that |I:éei(t0) =¢;(f). O

Luckily for us, in many situations we will not need to know an explicit
parallel frame field, but it will be enough to know that they exist.
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7.2 Koszul connections

Given a function f € C*(M), a point x € M and a tangent vector v € T, M,
we can define d, f (v) € R. If we replace f with a section o € I'(£) of a vector
bundle &, then d,o(v) € T,E. The whole point of vector bundles (and more
generally fibre bundles) is that we do not want to consider the manifold
structure of the total space, but rather work either in a given fibre, or on
the base. More simply put, TE is a vector bundle over a vector bundle, so
it is meant to mess with your head.

To define connections on vector bundles with arbitrary basis, we first
notice that differentiating a function f € C*(M) does not yield another
function, but a 1-form df € I(T*M) = Q!(M). For sections of bundles,
we wish to define a differential Vo (v) € &, for v € T, M, hence a linear map
Vo : TM — &, ie. a&-valued 1-form Vo e [(Hom(TM, &) =T(T*M®E) =
Q1(s).

Definition 7.2.1. Let £ = (E,p, M) be a vector bundle. A connection on &
is a linear map V:T(&) —» T(T*M ® &) = Q! (&) satisfying the Leibniz rule:

Voel(&)VfeC®M) V(fo)=df®o+fVo

Remark. By definition, (df ® 0),(v) = d,f(v)o(x) for x e M and v € T,M.
We will write V,o(v), however the notation V,o is more frequent in the
literature.

We will only use the notation with the vector as a subscript for vector
fields: given X € X(M) and o € I'(§), we will write Vyo = 1x(Vo) = Vo (X).
This defines a map Vy : I'(§) — T'(&) which is R-linear but NOT C*®(M)-
linear, instead it satisfies the Leibniz rule Vx(fo) =df(X)o + fVxo. Itis
quite common in the literature to see a connection defined as a IR-bilinear
map V : X(M) xI'(£) — T'(xi) which is C*°(M)-linear in the first variable
and satisfies the Leibniz rule in the second variable. A simple use of the
Tensoriality Lemma shows that this definition is equivalent to[7.2.1]

On a trivial bundle V,,, sections can be identified with smooth func-
tions f € C*°(M, V). One can check that D,f(v) = d,f(v) then defines a
connection D on V,,, called the trivial connection. Let us see how to treat
this in terms of frame fields.

Proposition 7.2.2. Let £ = (E, p, M) be a vector bundle of rank r, and (&4, ..., €;)
a frame field of &. There is a unique connection D on &, called the trivial
connection, such that:

Viell,...,r} D¢ =0

Proof. Any section o € I'(&) decomposes uniquely as o = Y /_; o'¢;. Define

D:T(&)— Ql(é) by:
Do = Zdai ®¢;
i=1
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It is linear and satisfies the Leibniz rule for connections because of the
usual Leibniz rule for functions. We also have D¢; = 0 for all i.

If V is another connection with the same property, then the Leibniz rule
ensures that V= D. O

Definition 7.2.3. Let £ = (E,p, M) be a vector bundle, and V a connection
on &. A section o € I'(§) is called parallel if Vo = 0.

Proposition 7.2.4. Let M C R" be a submanifold. For x € M, we let p, €
End(IR") be the orthogonal projection onto T, M for the canonical inner product.
The map V : X(M) — QY (TM) = TVY(M) = T (End(TM)) defined by V0 (v) =
px (dyo(v)) is a connection.

The proof is very similar to

If M =1 C R is an interval, then connections on vector bundles over I
are essentially the same as intrinsic derivatives.

Recall that % e I'(TI) is defined by % - f = f for every f € C*(I), and
dt e I'(T*I) satisfies dt(%) =1.
Proposition 7.2.5. Set I C R be an interval, and & = (E,p,I) a vector bundle.
If% is an intrinsic derivative on &, then V:o — dt ® %0 is a connection.
Reciprocally, if V is a connection on &, then % : 0 > Vao is an intrinsic

dt
derivative.

Remark. These maps are mutually reciprocal bijections.

Proof. One just has to check that the Leibniz rules are equivalent. Note
that for f € C®(I), we have df = fdt and df(%) = f.

Given an intrinsic derivative %, we check:

: D
V(fo) dt® fa dt®(fa)+dt®fEa:dt®VU+fVa

Given a connection V, we check:
D d . D
E(fo*)—V;zt(fa)—df®0'(ﬁ)+fvi0‘—f0‘+f$0'
O

Proposition 7.2.6. Let &,&’ be vector bundles with the same base M, and V,V’
connections on &,&’.

There are unique connections V*, V&V’ and V'V’ on &, E®E and EQE’ such
that:

\Mer(g*)va (&) Yo el (&)
“Mo) =d(Ma)) - A(Vo)

o) =

0)=

VeV )( '
(VoV)oed’

Vo +V'o’
Vo®o +o@V'e’
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More generally, V induces a connection, still denoted by V, on the vector
bundles (£*)8 ® £24. For w € T7P°(M) a covariant tensor, we get:

Vo(Xy,...,X

,) = d(w(Xy,..., X,)) -

(X1, VX, Xp)

||'[\/]~a
I

In other words, we can differentiate w(Xj,...,X,) using a Leibniz rule:

(X1, VX;, .., Xp)

-

d(w(Xy,....Xp) = VoXy,..., X,) +
=1

Note that this formula also preserves skew-symmetry, so a connection V on
TM also induces a connection on AKT*M.
For R € TP1(M) a type-(p, 1) tensor, we get:

VR(X,...,X,) = V(R(Xp,..., X)) = Y R(Xy,...,VXj..., X

p)

”.ME
MR

Proposition 7.2.7. Let & = (E, p, M) be a vector bundle. The set of connections
on & has the structure of an affine space, with underlying vector space I'(£* ®
T*"M®&) =T(T*M ®End(&)) = Q' (End(&)).

Proof. Simply notice that if V and V’ are connections on &, then V-V’ is
tensorial. 0

This idea can be used to show the existence of connections.
Proposition 7.2.8. Every vector bundle has a connection.

Proof. Let & = (E,p,M) be a vector bundle, and consider a locally finite
open cover M = |Jygy U such that every restriction &|y is trivialisable.
Consider a connection VY on &|; (which exists because of Proposition
7.2.2).

We let (¢y)yey be a partition of unity associated to U. For ¢ € I'(§) and
x € M, we set:

Vo(x) =) puVY (0ly)(x)

xeU

Since U is locally finite, V =),y U is a neighbourhood of x, and the in-
dexes in the sum for Vo(y) for y € V are the same as for x, which shows
that Vo is a smooth map, hence an element of [(T*"M ® £).
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For f € C®(M), we find:
Vifo)=) euV'(foly)

Ueld
=) pul(dfeo+fvV(oly)
Ueld
=[Z¢U]df®0+f Z@UVU(Ulu)
Ueld Ueld
=df®o+fVo

7.2.1 Local description of a connection

Even though the definition of a connection is through global sections, it
still allows us to differentiate local sections.

Lemma 7.2.9. Let & = (E,p,M) be a vector bundle, and V a connection on &.
Consider 0,0” € I'(§). Let U C M be an open set such that o(x) = o’(x) for all
xeU. Then Vo =V,0’ forall x e U.

Proof. Fix x € U, and consider a plateau function ¢ € C*(M) such that
@ =1 on a neighbourhood of x and ¢ = 0 outside of U. Since ¢(x) = 1 and
dyp =0, we find:
Vilpo) =dp @0 (x) + @(x)Vyo
=V,o

As @o = o, it follows that V,0 = V0’ O

An immediate consequence is that Vo only depends on the 1-jet of o
at x.

Proposition 7.2.10. Let & = (E,p, M) be a vector bundle, and V a connection
on &. Forall o €T'(&), x € M and v € T,M, the value of V,o(v) only depends
on o(x) €&y and dyo(v) € Ty E.

Proof. If o’ € T'(&) satisfies 0’(x) = o(x) then according to Lemma
there are sections sy,...,s, € I['(£) and functions fi,..., f, € C*°(M) such that
o’ =0 +) f;s; on a neighbourhood of x and f;(x) = 0.

If dyo’(v) = dyo(v), then we also get d, fi(v) = 0, and Lemma 7.2.9]yields:

Voo (v) = V(o + ) fisi) ()

=Vio()+)_(defivsio) + fi(x)Vasi(v))
=V,0(v)
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Proposition 7.2.11. Let & = (E,p, M) be a vector bundle, and V a connection
on &. For any open set U C M, there is a unique connection V|y on &|y such
that:

Yo €L(&) (Vly)oly =(Vo)ly.

Proof. Lemma and a tiny bit of thinking guarantee the uniqueness.
To prove the existence, consider o € I'(&|y).

For x € x € U, consider a plateau function ¢ € C*°(M) such that p =1 ona
neighbourhood of x and ¢ = 0 outside of U. This allows us to define po €
[(&), and set (V|y),0 = Vi(@o). Following Lemma (Vly)xo(x) does
not depend on the choice of ¢. Since the same function ¢ works for any
point in a neighbourhood of x, we do obtain a smooth section of T*"UQ¢&|yy.
We have defined a map V|y : I(TU) - I'(T*U @ &|y). Its linearity and the
Leibniz rule follow from the same properties for V. O

Most of the time, we will use the notation V for V| (so Proposition
means that Vo can be defined even if o is only defined on an open
subet of M).

Reciprocally, knowing the local expressions of a connection is enough
to recover the whole connection.

Lemma 7.2.12. Let & = (E,p, M) be a vector bundle. Consider an open cover
M =1 U; of M and connections V' on &|y.. If

.. i i
Vz,] el v |U,-mU]- - v]|U,-mUj

then there is a unique connection V on & such that
Viel V|y =V

Remark. Readers who are familiar with algebraic geometry will recognize
that Proposition [7.2.11|shows that connections on open subsets of M form
a pre-sheaf, and Lemma|7.2.12|shows that it is actually a sheaf.

Proof. Uniqueness is a consequence of Lemma For the existence, sim-
ply set V.o = V. (U|Ui) whenever x € U;. Because of the assumption on the
restriction to intersections, it does not depend on the choice of U;, and one

easily checks that it defines a connection.
O

The restriction of a connection is what allows us to study a connection
from a local point of view, i.e. in coordinates.

Consider a trivializing domain U C M, and a frame field (¢y,...,¢,) of
&lu-

According to Proposition there is a unique connection D on &y
for which ¢4,...,¢, are parallel. According to Proposition V-Disa



7.2. KOSZUL CONNECTIONS 119

represented by a section A € T (T*U ® End ({|yy)) = Q' (End(&]y)), called the
connection form of (U, ®) (or the connection 1-form). We find:

V0 (v) = Dyo(v) + A(v)(0(x)).

Every section ¢ € I'(¢|y) decomposes as 0 =)/, 0%,.
Now consider also a coordinate system (x1,...,x%) on U. We let 9; = %
be the fundamental vector fields, and dx’ the differentials of the functions

x'.

r

Vo = Z[D(a“ea)JrA(a“ea)]
a=1

[da“ ®eq+ o“A(ea)]

a=1

Since D¢, = 0, we find:
r .
Ve, = Aley) = ZAfadx’ ® &g
B=1

Forv=Y v'0d; and 0 =Y 0%,, we find:

Vio(v)= Z v 9;0%(x)eq (x)+ Z A?’a(x)viaa(x)gﬁ(x)

1<i<d 1<i<d
1<a<r 1<a,p<r

=D,0(v) =A,(v)(o(x))

When calculations start to involve sums on many indexes, it is more
practical to use Einstein’s convention: we do not write the sum symbol
Y, but whenever an index is repeated once as a subscript and once as a
superscript, we implicitely consider the sum over all possible values of this
index. Here, we find:

V,o(v)=v'd;o%, +A'§avio“£/3

There will always be a warning before using Einstein’s convention.

One way of interpreting Lemma is that it is possible to define a
connection by using local coordinates, as long as the expression is invariant
under a change of coordinates. For this, we need to know how the connec-
tion form behaves under a change of coordinates. On an arbitrary vector
bundle, we need to choose local coordinates on the base manifold and a lo-
cal frame field. Let us focus on the frame field, and see how the connection
form changes.
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Lemma 7.2.13. Let ¢ = (€y,...,¢&;) and 11 = (11,...,1,) be two frame fields of
a vector bundle &, and V a connection on &. Let T € I' (End(&)) be defined by
7(€) = 1. Let D be the trivial connection defined by ¢, and A=V -D € Q! (&)
the connection form of V in the frame field €. The connection form B of V is the
frame field 1 is given by:

B=1t'Dr+1t'Ar.
Remarks.

* We still denote by D the connection induced on End(&) in order to
define Dt € Q' (End(&)).

* In coordinates, using Einstein’s convention and letting #, = Tﬁ, the
formula is:

Bg = (T‘l)id’cz + (T‘l)iA;S,TZ.

Proof. We must compute Vi, = ngﬁ, which mostly consists in renaming
indices.

Vi1l :V(Tgeﬁ)
B

= drg ®ep+ Tavelg

= dTg®£ﬁ+T£A£®£y

= (drg‘ + TZAf/)@EIg

= (dTg +T$A§)®((T_1)Z 175)
= ((T_l)f/d’fgj + (r‘l)g A;S,TZ)@)%

O]

Now let us look at the particular case of a connection on the tangent
bundle, where the frame field is made of the coordinate vector fields.

Lemma 7.2.14. Let M be a manifold, and V a connection on TM. Consider two

local coordinate systems (x',...,x%) and (v',...,v?) defined on the same open set

UcM.
. —k .
The components of the connection form Af,j (resp. A; ;) of V with respect to

the coordinates (x',...,x%) (resp. (v',...,v%)) are related by:

Gk _ P oyt OxP oxi oyt
Ll ayjayi dxP P9 ayi ayj ax’




7.2. KOSZUL CONNECTIONS 121

Remark. We use Einstein’s convention.

Proof. The coefficients Ak are defined by:

0 J
V— —Akd J® —
oxt dxk
9 _9xP 9 9 _ 9 9 .
Since pr 9—’;, EIT and =5 = a—i)pa—yk, we find:
0 d%xP .9 p
v 3 x vl ox v d

oy agiagi Y Caxr T gy oxp
PxP k9 d
=——="—dy/ Ar 1
dyidy! dxP Y ®8y dyl P 99 ® o
2P opk . P
d°x Byd]®8 dx raxayd d

Gyiay axp ' ® Gkt oy e g 9 Y @ 5o

The f(Emula follows from the identification of each term with the defi-
nition of 4; ;:
V— 4 A i v ® 2
9y dy*

7.2.2 Connections and curves

We have seen that intrinsic derivatives on vector bundles over an interval
are related to choices of trivializations of these bundles. However, connec-
tions on higher dimensional manifolds do not lead to trivializations. One
reason is that vector bundles need to be trivializable, but there are also lo-
cal obstructions, which we will study later.

However, connections can be studied by considering curves on the base.

Definition 7.2.15. Let £ = (E,p, M) be a vector bundle. Given a smooth
curve ¢ : I — R, a £-valued vector field along c is a section of ¢*&, i.e. a
smooth function o : I — E such that:

Vtel G(t)GéC(t)

Note that every o € I'(£) defines a &£-valued vector field o o ¢ along c.
However, not all £-valued vector fields along ¢ can be obtained in this way
(the curve c is not necessarily injective).

A vector field along c (without precising the vector bundle) is a TM-
valued vector field along c.
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Proposition 7.2.16. Let & = (E,p, M) be a vector bundle, V a connection on &,
and c: I — M a smooth curve.

There is a unique intrinsic derivative % on c*&, called the intrinsic derivative
along c, such that:

VYoeTl(&)Vtel %(O‘ oc)(t) = Vpo(é(t))

Remark. For o € I'(§), we will usually write %0‘ instead of %(0‘ oc).

Proof. Let us start with the case where ¢ is trivializable. Consider a frame
field (&q,...,¢&,) of &, the associated trivial connection D, and the connection
form A e'(T*"M ® End(&)).

If % is an intrinsic derivative on ¢*¢ satisfying the requirement, then:

Vaefl,... rjVtel %(é‘a 0 0)(t) = Ve(yea(E(t)) = Ac(p (€(1))(€a(c(t)))

Since any &-valued vector field along ¢ decomposesas o0 =) | _; 0%¢,0c
for some functions 0% € C*(I), we get:

%G _ Z(“ + a“A(c')<ea>)

This formula not only guarantees uniqueness, but can also be used to
prove existence.

In order to move on to the general case, we use the fact that for every
t € I, we can choose an open interval I; C I containing I and a trivializ-
ing domain U; € M such that c(I;) € U;. The previous discussion shows
that the intrinsic derivative along c|;, is uniquely defined. Because of the
uniqueness, they coincide on I; NI for t,s € I, so Lemma[7.2.12allows us to
define a unique intrinsic derivative with the same property for the whole
curve c (actually Lemma only concerns connections on c*¢, but the
relationship with intrinsic derivatives is given by Proposition [7.2.5). O

The proof actually gave us the local expression for %, given a local
frame field (¢q,...,¢&,) of &:

r

%o’ = Z(d“ea + cr“A(C')(ea))

) are local

If ¢ has values inside a chart domain of' M, and (xl,...,x
coordinates, then we decompose ¢(t) = Zle ¢'(t)d;. We now find:

A(6)(eq) = Z (Afﬂ oc)éieﬁ
1<i<d
1<p<r
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Which leads to:
D .
EO': g da€a+ E (AfaOC)O'a(:'ZEﬁ
1<a<r 1<i<d
1<a,B<r

Example 7.2.17. With the same notations for local coordinates and frame
field, through any point x € U we can consider the curves obtained by vary-
ing one of the coordinates, i.e. t > (x!(x),...,x""1(x),t, Xt (x),...,x%(x)). We
will denote by % the intrinsic derivative along this curve. Note that for

o €T'(&), we have %0' =Vy.0.

Since a connection defines an intrinsic derivative for any curve in M,
it also defines a parallel transport. Since (c*¢); = &), it defines linear
isomorphisms between different fibres of &.

Definition 7.2.18. Let £ = (E,p, M) be a vector bundle, V a connection on
&, and ¢ : I - M a smooth curve. Given ty,t; € I, the parallel transport
||;1) : &c(ty) = &c(ty) for the intrinsic derivative along c is called the parallel
transport along c.

Note that because ||§f o IIZ) = IIZ, we can define the parallel transport
along any piecewise smooth curve in a consistent way, so that we still have
the same property for composition (we use the convention that piecewise
smooth curves are continuous).

Parallel transport can be used to prove Theorem [6.6.1] (vector bundles
over a contractible manifold are trivial). Indedd, if f : [0,1]xM — M is a
smooth map such that f(0,-) is a constant xy € M and f(1,-) = Id, then the
parallel transport along curves t — f(t,x) gives an isomorphism between
the trivial bundle EXOM and &.

Note that the parallel transport usually depends heavily on the choice
of a curve. In particular, if c(¢y) = c(t;), then there is no reason that ||2)
should be the identity map.

Definition 7.2.19. Let £ = (E,p, M) be a vector bundle, V a connection on
&, and x € M. The holonomy group of V at x is the subgroup Hol, € GL(&,)
of parallel transports ||} along piecewise smooth curves c: [0,1] — M such
that ¢(0) =¢(1) = x.

The restricted holonomy group is the subgroup Hol; C Hol, of parallel
transporst along null homotopic piecewise smooth curves.

Note that if M is connected, then Hol, does not really depend on x, as
for x,y € M there is a linear isomorphism ¢ : £, — &, such that Hol, =
(p‘lHoly(p (simply take ¢ to be the parallel transport along any curve from
xtoy).

Not only can the parallel transport along curves give many informa-
tions about a connection, it actually allows to retrieve the whole connec-
tion.
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Proposition 7.2.20. Let & = (E,p, M) be a vector bundle and V a connection
on &. Consider x € M, v € TyM, and a smooth curve c : |-¢,e[ — M such that
c(0) =x and ¢(0) = v. For all 0 € T(&), we get:

d

VXG(T/) = %

B o (e(t)

Proof. Consider a parallel frame (¢q,...,¢,) along ¢ so we can decompose
o(c(t)) =Y -1 0%(t)e4(t). We have that:

Vo) = 2500 0)= ) 5 (0)cal0)

We also have:

I'otet) =) o®(t)ea(0)

a=1

Differentiating this expression at t = 0 offers the conclusion. O

7.2.3 Pulling back connections

Recall that the pulled back bundle f*¢ of a vector bundle & = (E,p, M) by a
smooth map f : N — M is defined by f*& = (f*E,N, f*p) where

fE={(x,v) e N xE|p(v) = f (x)}

and f*p(x,v) = x.
In other words, the fibre above x € N is the fibre above f(x) € M:

(f" &) =¢1x)

Note that pulling back vector bundles is compatible with algebraic op-
erations on vector bundles, i.e. f*(E®E&) = (f*E)®(fE), f*(EDE) =
(fE)@(f&) and f*(£7) = (f€)"

Any section o € I'(£) can be pulled back to a section f*o =oof € I'(f*¢).
Not all sections of f*& can be obtained in this way (indeed, f could be
constant), but sections can all be recovered from these.

Lemma 7.2.21. Let & = (E,p, M) be a vector bundle of rank r, f : N — M a
smooth map, and o € I'(f*&). For every x € N, there are sections sy,...,s, €
[(£) and functions u',...,u” € C*(N) such that Y, u' f*s; is equal to o on a
neighbourhood of x.

Proof. Consider a trivialising domain U ¢ M of & that contains f(x), and
a frame field (eq,...,¢,) of &|y. Then (f*eq,..., f*e,) is a frame field of
[ &l () Write oly = Y|, o'f*e;, and consider a plateau function ¢ on M
such that ¢ =1 on a neighbourhood of f(x) and ¢ = 0 outside of U. Then
si=@e;and u' = (@ o f)o' are the required functions and sections. O
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In order to define a connection on the pulled back bundle, notice that
we can also pull back bundle-valued differential forms: for w € Q!(&), de-
fine f*w € Q'(f*&) by:

VxeN Vv e TN (f*w)x(v) = a)f(x)(dxf(v)) € ‘Ef(x) = (f*é)x

Proposition 7.2.22. Let & = (E, p, M) be a vector bundle of rank r, V a connec-
tion on M, and f : N — M a smooth map. There is a unique connection f*V on
f*& such that:

Voel(&) (fV)(fo)=["(Vo)

Proof. Let us start with uniqueness: let V!,V? be connections on f*& such
that V! f*o = V2 f*o = f*(Vo) for every o € [(&).

Let 0 eI'(f*¢) and x € N. According to Lemma there are func-
tions ul,...,u" € C*(N) and sections sy,...,s, € I'(§) such that Y !_, u' f*s;
is equal to o on a neighbourhood of x. From Lemma we know that
Vio = Vfc( i uif*sl-) forj=1,2.

.
Vie = Vi[Zuif*si]

i=1

=Y (dar o Fste+ wtaviss)
i=1

=) (et ® fsi(x) + 40 (1) (£ Vsy), )

i=1
Since the last line does not depend on j, we find that V! = V2. In or-
der to show the existence, we simply need to check that the expression
i (dui ®f*si+u' (f*Vsi)x) defines a connection on f*&. O

Let us compute the components of the connection form of the pulled
back connection. Consider an open set U C M and a frame field (¢y,...,¢;)
of &|y. Then (f*ey,..., f*e,) is a frame field of f*(&|y) = (f*£)|f_1(U).

d) 1

on U and coordinates (y ,...,yd,)

Consider also coordinates (xl,...,x
on an open subset of f~1(U).

For w e [(T*"M ® &), we write locally w = ) wf’dxi ®¢&,. Then f*w is

1<i<d
1<ac<r
locally given by:
* 8f1 a j *
fo= ) S ofdyo(f )
1<5<ar %Y
1<i<d

1<a<r
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Since (f*V)(f*es) = f*(Ve,), we find the components of the connection
form f*A of f*V.

af’
(F4)] )iy :E:;,q ngJ ®)

Note that the formula justifies the notation f*A, as it is also the formula
for the pull-back of A.

The pulled back connection can also be described in terms of parallel
transport.

Proposition 7.2.23. Let & = (E,p, M) be a vector bundle, V a connection on
M, f: N — M a smooth map, and f*V the pulled back connection on f*&. For
every smooth curve ¢ : I — N and ty,t; € I, the parallel transport along c from
tototy

t . *
s 2 (FE)er) = Eftetton = (F ety = Eftetta)

is equal to the parallel transport along f o c from t\ to ty.

Proof. 1f o is a £-valued vector field along f oc, then f*o is a f*&-valued
vector field along c. By working locally, we can see that % (fro)=f" (%0),

so o is parallel along f oc if and only if f*o is parallel along c.

We will mostly deal with pulled back connections in two situations:
constant maps and the inclusion of a submanifold.

Pulled back connection by a constant map

Assume that the map f : N — M is constant, say f(x) =y, for all x € N.
Then the vector bundle f*¢ is trivialisable: the fibre over x € N is always
the same vector space &y, Glven a vector basis (eq,...,e,) of Epyo the sections
(€1,...,&) of f*& given by ¢,(x) = e, for all x € N form a frame field of f*¢&.

The connection f*V is equal to the trivial connection D associated to
(€1,...,&). In other words, sections of f*& can be identified with smooth
maps from N to the vector space &, , the connection f*V is then mapped to
the usual differential.

Note that sections of the form f*o correspond to constant maps N —

53/0 .

Restriction of a connection to a submanifold

Let & = (E,p, M) be a vector bundle equipped with a connection V, and con-
sider an immersed submanifold N € M. Recall that by calling N ¢ M an
immersed submanifold, we have implicitely chosen a differentiable struc-
ture on N for which the inclusion i : N — M is an immersion.

The pulled back bundle i*¢ is the vector bundle over N whose fibres
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are given by (i*§), = &, for x € N, i.e. i*& should be seen as the restriction
&y of Eto N.

The connection i*V should also be considered as the restriction of V to
&ly. This means that given a section ¢ € I'(i*§), which should be seen as
a section of & which is only defined on the submanifold N, we can define
V,0 € &, for x e N and v € T, N (but not necessarily for a general v € T,M).
This is exactly the same as for smooth real valued functions defined on sub-
manifolds: a function defined on N can be differentiated along a direction
tangent to N.

Note that sections of the form i*¢ for some ¢ € I'(£) are sections defined
over N that can be extended to sections defined over M.

7.3 Tensorial invariants of a connection

We will now see how the non triviality of a connection can be encoded in
two fields. A first candidate would be the connection form. However, it
depends on the choice of a trivialisation, and its value at one point cannot
help in the definition of an invariant.

Proposition 7.3.1. Let & = (E,p, M) be a vector bundle of rank r, V a con-
nection on & and x € M. There is a neighbourhood U C M and a frame field
(€1,..., &) of E|y such that Ve, vanishes at x for all « € {1,...,r}.

Remark. In local coordinates (x!,...,x%) around x € M, this means that

B B .
A;(x)=0forallie{l,...,d}and a,B€{1,..., 7}
Proof. Start with a local frame field (¢;,...,€,) on some neighbourhood of
x, and decompose V,¢, = 22:1 a)g ® £3(x) where wﬁ e T;M (given local
coordinates (x!,...,x%), the formula is a)g = Zle Af,adxi).
Choose functions faﬁ € C*®(M) such that ff(x) =0 and dxff = —a)g (this
is just a punctual condition at x, not a differential equation). Let ¢, =€, +
r B=
Zﬁil fa 8[5.
Since ¢,(x) = €,(x), we find that (¢q,...,¢,) is a local frame field around
X.

p=1
T r
=Y (wh+doff)@Es(x)+ Y fE(x)V,Ey
/3:1 —_— ﬁ—l ~——
-0 =0
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Because of this, we have two options. The first one is to consider deriva-
tives of the connection form, this leads to the notion of curvature. The
second one is to only consider some specific trivialising frames, which we
can do on the tangent bundle of a manifold, this will lead to the notion of
torsion.

Even though curvature and torsion are two very different types of in-
variants, they share a common interpretation as the failure of generalisa-
tions of the Schwarz Lemma for second order covariant derivatives. Cur-
vature is the failure of the Schwarz Lemma when considering second order
covariant derivatives of sections of a vector bundle, and torsion is the fail-
ure of the Schwarz Lemma for second order derivatives of functions on a
manifold (we will see how a connection on the tangent bundle allows us to
define second order differentials of functions).

7.3.1 The curvature of a connection

When dealing with connections on vector bundles over the line, we saw
how useful it was to be able to consider parallel frame fields. So it is natural
to ask whether these exist in higher dimensions.

Definition 7.3.2. Let & = (E,p, M) be a vector bundle of rank r and V a
connection on M. We say that V is locally trivial if every x € M has an
open neighbourhood U C M on which there is a frame field (ey,...,¢,)
such that V| is equal to the corresponding trivial connection (i.e. Ya €
{1,...,71} Ve, =0).

In order to know whether a connection is locally trivial, a starting point
would be to ask if given a point x € M and a vector v € &, we can find a

parallel section o € I'(£) such that o(x) = v. First, we notice that uniqueness
still holds.

Proposition 7.3.3. Let & = (E, p, M) be a vector bundle and V a connection on
E. Let 0 € I'(&) be parallel. If o vanishes a some point, and if M is connected,
then o vanishes identically on M.

Proof. Consider x € M such that o(x) =0, and y € M. Since M is connected,
we can consider a smooth path ¢ joining x and y. Then o oc is a parallel
section of c*¢ that vanishes at some point, so the uniqueness in Proposition
[7.1.6|guarantees that ¢ o ¢ = 0, therefore o (y) = 0. O

This tells us that non trivial parallel sections should not always exist,
because nowhere vanishing sections do not always exist (e.g. the tangent
bundle of $2). However, one should not expect local existence to hold
either, since the equation Vo = 0 is a partial differential equation, and
a generic partial differential equation tends to not have solutions. What
stands out is that the obstruction to the existence of parallel section is en-
coded in a field, called the curvature.
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Lemma 7.3.4. Let & = (E,p, M) be a vector bundle, and V a connection on M.
The map F : X(M) x X(M) xI'(§) — I'(&) defined by

F(X, Y)G = Vvaﬁ - VYVXG - V[X’y]O'
is tensorial, and skew-symmetric in the first two variables.

Proof. Skew-symmetry is straightforward. For tensoriality with respect to
o, we consider f € C*°(M), and we first compute VxVy(fo):

ViVy(fo) = Vx(df (V)o + fVyo)
=d[df(V)|(X)o +df (Y)Vxo +df(X)Vyo + fVxVyo
Similarly, we get:
VyVx(fo)=d[df(X)|(Y)o +df(X)Vyo +df(Y)Vxo + fVyVxo

Since d [df (V)] (X) - d[df(X)|(Y) = df ([X,Y]), we find:

ViVy(fo) = VyVx(fo) = df ((X,Y])a+ f (VxVyo - VyVxo)

This simplifies to:

FIX,V)(fo) = =V (fo) +df (X, V) + £ (F(X, Vo + Vo)
=fF(X,Y)o
Let us now prove tensoriality with respect to X. First, recall that:
[fX,Y]=fIX,Y]-df(Y)X

It follows that:
Virxyio = fVix,yjo —df(Y)Vxo

We also find:
VixVyo —VyVixo = fVxVyo —Vy(fVxo)
= £(VxVyo - VyVxa )= df(¥)Vxo(X)
Combining with the previous computation, we get:
F(fX,Y)o = fE(X,Y)o

Tensoriality with respect to Y follows from the skew-symmetry. O
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Definition 7.3.5. Let £ = (E,p, M) be a vector bundle, and V a connection
on M. The curvature of V is the field F e [(A’T*M ® End(&)) = Q?(End(&))
such that, for all X,Y € X(M) and o € (&), we have:

F(X}Y)UZZVXsHMT—J7yVXIF—VqXJqO
We say that V is flat if F vanishes identically on M.

Let us describe the curvature tensor in coordinates. Let (xl,...,xd) be a
local coordinate system on M, and (¢y,...,¢,) a local frame field of &.
For X = Zle X'0;,Y = Zle Y'd;e X(M)and o =) [ _, 0%,, we get:

F(X,Y)o = Z X'YI6F(;,9;)eq
1<i,j<d
1<a<r
= Z (X'YT - XIY') 0" F(9;,9))e,
1<i<j<d
1<a<r

We can compute F(d;, d;)e, by using the components of the connection

form:

F(al, a]')fa = VaiVa]fa - Vajvaiga - V[a,v,aj]ga

[ —
=0
o ~ g
=V, z:Aﬂfﬁ _V% Z:Auﬁﬁ
ﬁ:l ﬂ:l

= Z (9iAf,a—9jAfa)fﬁ+ Z (AfaAZﬁ‘AfaAjy,ﬁ)EV
1<B<r 1<B,y<r

So we find F(d;,d))eq = Yy Ffj]aeﬁ where:

B
Fiﬁa 1 M,a jat iy La‘ gy

.
= oAl 0l + ) (a] AL Al Al )
y=1

Reformulation: This formula can be written as F = dA + %[A,A] where
dA is the exterior differential of the connection 1-form A (it only makes
sense for a trivial bundle, but A already depends on the choice of a triv-
ialization), and [A,B] € Q?(End(&)) is defined for A,B € Q!(End(&)) by
[A, Bl(u,v) = [A(u), B(v)] - [A(v), B(u)].

Proposition 7.3.6. Let & = (E,p, M) be a vector bundle, V a connection on &,

and F its curvature.
Given a smooth map f : U — M where U C R? is open, we denote by:
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. the intrinsic derivatives along the curves t — f(t,sg) for fixed s,.

Yo Yo

- the intrinsic derivatives along the curves s — f (to,s) for fixed t,.

Thenforallo*erfé,wehavethat:
DD DD f of
o=FZ, ZL
(33 )

0t ds’  dsot’

. of of
Remark. The result can be abbreviated as at as] F( ot X)‘

Proof. Since both sides of the equation can be computed locally, consider a
local coordinate system (x',...,x%) on M, and a local frame field (1, ...,¢,)
of &.

Write fi(t,s) = x'(f(t,s)) fori € {1,...,d} and (t,s) € U, and decompose:

ZafZ ; 9f Zafl

We also decompose 0 =) |, _, 0%, (here ¢, stands for an abbreviation
of 40 f).
. D .
First, we compute 5 ¢,:

d .
D of'!
gea:V%{ea_ ( ) Z A(d;,€,) = . a];Aﬁ
1<i<d
1<B<r
Similarly, we find:
D 8f’
FACE 85 atp
1<i<d
1<B<r
We can compute %0' and %o*:
D — (o 2D
EO’—Z _81} Eqgt O Eéa)
a=1
T
do «9f 8
N ot ot Z ot Aiath
a=1 1<i<d
1<p<r
, ,
do? af’
— B a .
B P Z 0" o Aig |Ea
a=1 1<i<d

1<B<r
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In slightly simpler terms, %G =) 1 (%a)a &4 Where:

(Ba)a = EJr Z aﬂa—fiA“’f

ot ot : ot~ P
<i<
1<p<r

Similarly, we find:

(Do) -2

s’
1<i<d
1<p<r

We now have everything in place to (reluctantly) compute gt aD o:

(220)“:92_0‘“+ y (3;'455’/“'+ p92f! )Aa

ot ds otods i Jt ds dtds
1<i<d
1<B<r
s9f" 3f]
" Z o ot
1<i,j<d
1<B<r

do? LT s |Of7 .
+Z —+Z asAJV atA

S
1<i<d 1<j<
1<p<r 1<y<r

It becomes slightly tidier when using Einstein’s convention:

DD\ 0% (9P If  PF\ 0 sof of
(3i2:°) =50 +(7§+ 3195 )A o5 o’
aaﬁafl o afl V af a
s o AT o5 Ao Ay

We have developed the last term and swapped the indexes  and y as
well as 7 and j in the very last sum, so that it will be easier to see what
cancels out with 8230

For that purpose, we label the indexes differently for %%0‘: whenever

there is a sum over both i and j, we swap them. Other sums keep the same
labelling.

(DD T _Pot (20 Of S o pof! afl
Eﬁ") 259t s 20 Y9 Gear [T S 55
Gﬁafl a af V4 af
o8 95 st o i o5
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Out of the six terms in each sum, four will cancel out, either directly or
by permuting the order of partial derivatives with respect to s and t thanks
to the Schwarz Lemma. We are left with:

DD DD \*_ g0f'9f) o p o b v aa a7 4B
(Ega—gmﬁ) =0 8_8_(81A1a_aA +AlﬁA]V_A]ﬁAIV)
Gh 2 9f e
ds ot F]“"
of of
(5 %))

O]

Remark. This kind of calculation can seem a daunting task when first ap-
proaching the subject, but with time and practice they become rather easy.
Clever labelling of indices is the key (e.g. note that we used Greek letters
for coordinates in the fibres and Roman letters for coordinates on the base
manifold).

Note that the computation can be made much simpler if f is assumed to
be an immersion. In this case, we can find local coordinates (xl, e, xd) on M
such that x'(f(t,s)) = t and x(f(t, s)) =5, as well as x'(f(t,s)) = 0 for i > 2.
It follows that for o € (&), we have 2 50 =V 0 and %G =V,,0, so using

the fact that [dy,d,] = 0 we find E%a—%%g =F(dy,0,)0 = F(‘;{ ‘3{)0 A
double use of the Leibniz rule allows to replace o0 € I'(£) with 0 € I'(f*&) by

decomposing o in a local trivializing frame of £ (which amounts to showing
that [%, %] is tensorial on I' (f*&)).

Proposition can also be retrieved abstractly (i.e. without any com-

putation) from a more general result on pull-backs.

Proposition 7.3.7. Let & = (E,p, M) be a vector bundle, V a connection on &
and @ : N — M a smooth map. The curvature tensor F¥"V € Q2 (End(¢*&)) of
the pull-back connection @*V is related to the curvature F¥ € Q?(&) of V by:

FPV = ¢'FY.
Remark. We use the identification End(¢p*&) = ¢*End(&).

Proof. Locally, the connection form of ¢*V is ¢*A where A is the connection
form of V. So the result is just a consequence of the commutation of the
pull-back with the exterior derivative and the exterior product. O

Theorem 7.3.8. Let & = (E,p, M) be a vector bundle. A connection V on & is
flat if and only if it is locally trivial.
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Lemma 7.3.9. Let & = (E,p, M) be a vector bundle and V a flat connection on
M. Then for any x € M and v € &, there is a local parallel section o around x
such that o(x) = v.

Proof. To understand the idea, let us start with the two-dimensional case.
Consider a local parametrization f : IR> — M such that f(0,0) = x. Denote
by % (resp. %) the intrinsic derivatives along the curves t — f(t,sq) for
fixed sg (resp. t — f(tq,s) for fixed ty).

Define o in two steps:

* First define o(f(t,0)) such that o(x) = v and %o((f(t,O)) = 0 for all
t € R (recall that from Proposition there is a unique way of
doing so).

* Then define o(f(t,s)) with the value at s = 0 given by the first step,
and so that %U(f(t,s)) =0 for all (t,s5) € IR?.

Smoothness of o comes from the Cauchy-Lipschitz Theorem and the fact
that %a =0and %o = 0 are ordinary differential equations (for exemple,

in coordinates, 2o = 0 writes as 22 + AY ,0f = 0).
0s ds 2,8
We have that %O‘ =0, and according to Proposition m

D D D D
%50 = §£U+F(8t,85)a =0

For all ¢ty € R, the &-valued vector field s — %a(f(to,s)) along the curve
s > f(to,s) is parallel, and vanishes at s = 0, so it must vanish identically
because of the uniqueness in Proposition[7.1.6]

We now know that %0 = %0 =0, hence V5,0 =V, 0 = 0. Tensoriality
with respect to the vector field shows that Vo = 0.

To proceed in arbitrary dimension, we use an induction process. For
d > 0, let A(d) be the assertion: "Lemma is true for d-dimensional
manifolds". We have proved A(2), but note that A(0) and .A(1) trivially
hold.

Assume that A(d) is true. Consider that M has dimension d + 1, and
let f: R™! — M be a local parametrization such that f(0) = x. Let % be
the intrinsic derivative along the curves t f(xl,...,xi_l,t,xi+1,...,x;l+1)
for fixed (Xl,...,Xi_l,xi+1,...,xd+1) S IRd.

Using the assumption .A(d) applied to the manifold N = f(IRd X {O}),
and the pulled-back connection (which is still flat because of Proposition
@ , we can define ¢ on N such that o(x) = v and a%ia(y) =0forallye N
andie{l,...,d}.

We now defined o on f(IRd“) with given value on N and such that

D

axdﬂ 9= O




7.3. TENSORIAL INVARIANTS OF A CONNECTION 135

Once again, the theory of ordinary diffential equations guarantees the
smoothness of o.
Just as in the 2-dimensional case, we have that %a is parallel along all

curves t > f(xq,...,Xg,t) for (xq,...,x4) € R?, and vanishes at t = 0, so it
must be identically 0.

Tensoriality of V with respect to the vector field once again leads to
Vo =0. O

Remark. We just solved a partial differential equation. The method we
used applies to a family of equations called transport equations, or conser-
vation laws.

Proof of Theorem|7.3.8] Notice that if o € T(&) is parallel, the definition of
the curvature tensor directly leads to F(X,Y)o = 0 for all X,Y € X (M).
Added to the tensoriality of the curvature, this shows that locally trivial
connections are flat.

We now assume that V is flat. Consider x € M and a basis (ey,...,e,) of
&y. According to Lemmal7.3.9] we can define local parallel sections ¢,..., ¢,
of & such that ¢,(x) = ¢, for a € {1,...,r} (note that they can be defined on
the same neighbourhood of x because a finite intersection of open sets is
open).

According to the uniqueness in Proposition[7.2.2 we only need to check
that (eq,...,¢&,) is a frame field on a neighbourhood of x. For this consider

a local frame field (04,...,6,), and write ¢, = Z;ZlAgéﬁ. Since the matrix
(Aﬁ(x))lsa’ﬁsr is invertible and GL(r,IR) is open in M(r,R), we have that

(Ag(y))lsa,,sg € GL(r,R) for p sufficiently close to x, so (¢1(v),...,&,(v)) is a
vector basis of &y ]

7.3.2 Flat connections and representations of the fundamental
group

The parallel transport of a flat connection only depends on the homotopy
class.

Proposition 7.3.10. Let & = (E, p, M) be a vector bundle, and V a flat connec-
tion on &. Let x,y € M, and consider smooth curves cy,c; : [0,1] — M such that
co(0) = ¢1(0) = x and co(1) = ¢1(1) = y. If ¢y and c, are homotopic, then their
parallel transports from &, to &, are equal.

Proof. Since c; and c; are homotopic, there is a smooth map f : U - M

where U c R? is open and contains [0,1]?, such that f(-,0) = ¢, f(~1) = ¢y,

f(0,s) =xand f(1,s) =y for all s. We use the notations of Proposition[7.3.6]
Consider v € &, and define 0 € I'(f*¢) in the following way:

* First define o(t,0) that is parallel along ¢y such that ¢(0,0) = v.
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* Then define o(t,s) that is parallel along the curves f(t,-) for fixed t,
with the value o(t,0) given in the first step.

Smoothness of o comes from the Cauchy-Lipschitz Theorem and the fact
that 2 50=0 and 2 5,0 = 0 are ordinary differential equations (for exemple,

in coordlnates, 550 = 0 writes as &— 8‘7 +A§ﬁ0ﬁ 0).

By defmltlon we have that 50=0onU and ;0 (t,0) = 0. According
to Proposition|[7.3.6] we find:

D D D D df of
a_sﬁa‘ﬁa_s"”:(a "9 ) =0
It follows that D =0 is parallel along the curves f(¢,-). Since it vanishes

at s = 0, it must be identically 0, i.e. %0 =0on U. Therefore o(,1)is

parallel along ¢y, so the parallel transport of v along c; is equal to o(1,1).
By definition of o, the parallel transport of v along ¢, is equal to o(1,0).
Since o(1,s) € TyM and %0 = 0, we find that o(1,-) is constant, hence
o(1,0)=0(1,1).
O

A first consequence is that flat connections on vector bundles over sim-
ply connected manifolds only exist on trivialisable vector bundles.

Corollary 7.3.11. Let & = (E,p, M) be a vector bundle, and V a flat connection
on &. If M is simply connected, then & is trivialisable.

Proof. For x,y € M, we let ||} : &, — &y be the parallel transport along any
curve joining x and y (according to Proposition it does not depend
on the choice of such a curve because M is simply connected). Fix some
0 € M, and let (ey,...,e,) be a vector basis of &,. For x € M, we write ¢;(x) =
IX(e;), so that (e1(x),...,&,(x)) is a vector basis of &,.

We need to check that the sections ¢; are smooth (so that (ey,...,¢,) is
a frame field of M, and ¢ is trivialisable). The same arguments as in the

proofs of Proposition [7.3.10} Theorem and Lemma |7 which rely

on locally choosing curves that depend smoothly on X, apply O]

A straightforward consequence of Corollary is that TS? admits
no flat connection.

We now wish to discuss the relationship between flat connections on
vector bundles over a manifold M and linear representations of the funda-
mental group mt;(M), i.e. group homomorphisms p : 7t;(M) — GL(r,R) (or
GL(r,C) for complex vector bundles).

Start with a vector bundle & = (E,p,M) and a flat connection V on €.
Fix some x € M. For y € m;(M), we set p(y) € GL(&,) to be the paral-
lel transport along a closed curve based at x representing y (according to



7.3. TENSORIAL INVARIANTS OF A CONNECTION 137

Proposition it only depends on the homotopy class ). Because of
the semi-group property of parallel transport, this gives a group represen-
tation p : 71 (M) — GL(&y), called the holonomy representation. Note it is
well defined up to conjugacy: if we choose a different point y € M, then the
representations are conjugated by the parallel transport along any curve
from x to y.

Any representation of p : 711 (M) — GL(V) can be obtained in this way.
Consider the action of 7t; (M) on MxV defined by y.(x,v)=(y.x,p(y)v). Itis
free and properly discontinuous (because 7t; (M) ~ M is). We can consider
the quotient manifold E = (M x V)/m1 (M), and the map p : E —» M defined
by p((x,v) mod 1t;(M)) = t(x) (Where 7 : M — M is the universal covering
map). One can check that £ = (E, p, M) is a vector bundle. Since the canon-
ical flat connection on the trivial bundle M x V is invariant under 7t; (M), it
descends to a flat connection on &, whose holonomy representation is p.

7.3.3 Torsion of a connection on a manifold

So far, we have worked on arbitrary tangent bundles, and done most com-
putations using local trivializing frames. In the specific case of the tangent
bundle of a manifold, it is often convenient to choose frame fields coming
from local coordinates, i.e. (dy,...,d ).

For example, given a flat connection on TM, one can ask if there are lo-
cal coordinates for which the associated frame field is parallel. Once again,
the answer is no, and the obstruction is encoded in a tensor.

In terms of calculation rules, a connection V on the tangent bundle TM
of M allows to compare VxY and Vy X for vector fields X,Y € X'(M). Let us
calculate the difference for the trivial connection.

If (x!,...,x%) are local coordinates and D is the trivial connection as-
sociated to the frame field (dy,...,d;) of TM, then for X = Y | X’9; and
Y=Y",Y9;, the formula for D is:

DyY = Z X/9;Y'o;
1<i,j<d
We get:
DyxY -DyX = Z (X/9;Y"-Y19;X")9; = [X,Y]
1<i,j<d
This formula, DxY — Dy X = [X, Y], does not hold for an arbitrary con-

nection on TM, but the failure of this formula defines a tensor, called the
torsion.

Lemma 7.3.12. Let M be a manifold, and V a connection on TM. The map
T:X(M)xX(M)— X(M) defined by:

T(X,Y)=VyxY-VyX-[X,Y]
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is tensorial and skew-symmetric.

Proof. Skew-symmetry is just a consequence of the skew-symmetry of the
Lie bracket. Consider f € C®(M). Recall that:

X Y]=fIXY]=(Y- )X
We get:

T(fX,Y)=VsxY -Vy(fX)-[fX,Y]

= fVXY = fVyX = (Y- )X = (f[X, Y] (Y - f)X)
= fVxY - fVyX - f[X, Y]
= fT(X,Y)

Skew-symmetry implies tensoriality with respect to Y. O

Definition 7.3.13. Let M be a manifold, and V a connection on TM. The
torsion of V is the tensor T € F(AZT*M® TM)) = Q%(TM) such that, for
all X,Y € X(M), we have:

T(X,Y)=VxY -VyX—[X,Y]
We say that V is torsion free if T vanishes identically.

The absence of torsion should be seen as a much weaker condition that
flatness. One of the many reasons is the general existence (and abundance)
of torsion free connections.

Proposition 7.3.14. Let M be a manifold, V a connection on TM, and T its
torsion. The connection V' =V — %T on TM is torsion free.

Remark. Since T € Q?(TM) c Q' (End(TM)), this expression does define a
connection V’ thanks to Proposition The formula is:

1
VX, Ye X(M) VyY=VxY- ET(X' Y)
Proof. This is a simple computation, using the skew symmetry of T.

1 1
VY =VyX = VxY = S T(X,Y) = VyX + 5 T(Y,X)

=VyY -VyX-T(X,Y)
=[X,Y]
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Let us have a look at the expression of the torsion in local coordinates
(x},...,x?). For X=Y" | X'9;and Y = Y| Y?9;, we get:

T(X,Y)= Z X'YIT(9;,9:)

ir9j
1<i,j<d
= Z (XY - XIY)T(9;,9;)
1<i<j<d

We can compute T(d;,d;) by using the connection form in the frame

field (9y,...,d4) (i-e. V5,0, = zﬁzlAj{jak):

T(9,dj) =V5,0;=V;.0; - [0;, ]
[ —
0

d
=) (A -45) 9

1

So we find T(d;,d;) = Zzzl Ti’jak where:

k _ ak k

Lemma 7.3.15. Let M be a manifold, and V a torsion free connection on T M.
For every x € M, there is a local coordinate system (x',...,x%) of M around x
such thatAfj(x) =0foralli,j,ke(l,..,d).

Proof. Consider a local coordinate system (p',...,p%) on an open set V ¢ M
—k

centered at x (i.e. p'(x) =--- = p9(x) = 0). Write A;; the components of
the connection form in these coordinates. Consider functions fl-k on M for
. —k :
i,k €{l,...,d} such that f*(x)=0and d,f} = Y9, 4} j(x)d,/.

Since V is torsion free, the derivatives of the functions fik satisfy the
following formula:

ot gk x0T
oyl T T gy

This means that the differential 1-forms a!,...,a% € Q'(U) defined by
ak=y4 fkdy' are closed. Let U C V be an open set diffeomorphic to R?
that contains x. Poincaré’s Lemma gives the existence of functions P
on U such that dzF = a*.

Note that aX = 0, hence d,z* = 0. By setting x’ =y’ +2/, the Local Inverse

Function Theorem ensures that up to shrinking U, the map (xl,...,xd) is a
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coordinate system on U.
Note that g—;;(x) = E(x) = 6?. It follows from Lemma [7.2.14|that:

~ ox
s 9%k k afik k s k
ij(%)= W(x) +A; (%)= ﬁ(x) +A;i(x) = Aj j(x) + Aj (x)
y'oy y
It follows that A} (x)=0. O

The torsion being a point-wise invariant, we can turn this into a point-
wise result.

Proposition 7.3.16. Let M be a manifold, V a connection on TM and T its
torsion. Given x € M, the following are equivalent:

1. The torsion vanishes at x: Yu,v € T,M T,(u,v)=0.

2. There is a local coordinate system (x',...,x%) of M around x such that
Aﬁ.ﬁj(x) =0foralli,jke(l,..,d).

Proof. The formula given for the components of the torsion in coordinates
show that 2.=1.
If T, = 0, we consider the torsion free connection V’ given by Proposi-

tion|7.3.14] According to Lemma|7.3.15} there is a local coordinate system
(x%,...,x%) of M around x such that A’i’]-(x) =0foralli,jke{l,...,d}, where

the A’i.‘]. are the components of the connection form of V’. The definition

of V’ gives the following relationship between the connection forms A of V
and that of V”:

1
7k _ Ak Lok
A j,]'(x) = Ai,j(x) 2 TZ](X)
It follows that A} i(x)=0. O

Proposition 7.3.17. Let M be a manifold, V a connection on TM, and T its
torsion.
Given a smooth map f : U — M where U C R?, we define by:

o

the intrinsic derivatives along the curves t — f(t,sq) for fixed s.

L]
o

the intrinsic derivatives along the curves s — f (ty, s) for fixed t.

We have that:

dt ds Jds ot

TRTRILE]
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Proof. Consider local coordinates (x!,...,x%) on M. Write fi(t,s) = x(f(t,s))
forie{l,...,d}and (t,s) € U, and decompose:

Yoy La s Loy Lo

The calculations made in the proof of Proposition (replacing ¢,
with d;) translate as:

D, _ 9 k5 . D Ik
510 ) Gt 5 50i= ) oA
1<jk<d 1<) k<d
We find:
d .
Dof D(&af
335 = 3 27‘91)

Y (25,20,
_; Btas ds Jdt
d
92f’ If1 4
‘Z[atas Z atA Ok
=1 1<]k<d
d
3 df' of Ak
‘Z amFZ;a o7 i
i=1 1<i,j,k<d

We swap i and j in the second sum for the expression of g a’;

d .
D of I’ f! af! af
——== E ——d; + E
i=1 1<i,j,k<d at 95

DJdf DIf _ of of v
20 osor yk<%aﬂA —4ij

<i,j,

_ Z 9f1<9f] k)
A o5 or Li%
1<i,j,k<d

Jof Jdf
%maJ
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Theorem 7.3.18. Let M be a manifold and V a connection on M. The following
are equivalent:

1. Vis flat and torsion free.
2. Around every point in M, there is a local coordinate system (x',...,x%)
such that Vd; =0 for all i € {1,...,d}.

Proof. We have seen that the trivial connection associated to a coordinate
system is torsion free and flat, so 2.=1.

To show 1.=2., we fix x € M and use Theorem that provides a
local trivializing frame (¢,...,&4) of TM around x such that Ve; = 0 for all
iell,...,d}.

Consider the flows @;. of the vector fields ¢;, and define the map f :
U — M on a small neighbourhood U c R of 0 by:

Flxt,o ) = @ 00 g (x)
Since dof(vl,...,vd) =vle;(x)+---+v%e,(x), the Inverse Function Theorem
states that f is a diffeomorphism from a neighbourhood of 0 in R to a
neighbourhood of x in M. Consider the local coordinates (xl,...,xd) on M
defined by f7'(y) = (x'(p),....x*(1)).
Fori,j€{l,...,d}, the vector fields ¢; and ¢; commute:

[€i,€j] = V¢ —Vg]fi +T(e,6)=0
It follows that the flows also commute, and therefore d; = ¢; is parallel. [

Remark. If the flows do not commute, there is no reason for d; to be equal
to ;.

7.3.4 Torsion and symmetry of the Hessian

Consider a manifold M. Recall that a connection V on TM also defines a
connection V* on the cotangent bundle T*M (the data of one or the other
are equivalent). This allows us to define a second order differential for
smooth functions of M.

Definition 7.3.19. Let M be a manifold, V* a connection on T*M and f €
C®(M). The Hessian of f with respect to V* is the tensor Hess(f) = V*df €
QYT*M)=T(T*"M @ T*M).

Let us try to understand this definition. For x € M and u € T, M, we can
define Vy(df)(u) € T;M, and apply this linear form to some v € T, M to get

Hess(f)(u,0) = (Vid (1) (v).
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If V* is the dual connection of V, then for X,Y € X (M), we find:

Hess(f)(X, Y) = d(df(X))(Y) —df(VYX)

This formula can be understood as a product rule for differentiating the
function d f(X): it should be the sum of a term that differentiates df (the
Hessian Hess(f)(X,Y)) and a term that differentiates X (the second term

af (VyX)).

Proposition 7.3.20. Let M be a manifold, V a connection on TM and V* its
dual connection on T*M. The following assertions are equivalent:

1. The connection V is torsion free.
2. For all f € C*°(M), the Hessian of f with respect to V* is symmetric.

Proof. For X,Y € X(M), we have:

Hess(f)(X, Y) = d(df(X))(¥) - df (VyX)
This leads to:
Hess(f)(X, Y) = Hess(f)(Y, X) = df(T(X, Y))
The abundance of smooth functions allows to prove the equivalence. [

7.3.5 Bianchi identities

Most torsion free connections are not flat. However, vanishing of the tor-
sion adds a type of symmetry on the curvature tensor.

Proposition 7.3.21 (First Bianchi identity). Let M be a manifold and V a
torsion free connection on TM. For x € M and u,v,w € T,M, we have that:

Fo(u,v)w+Fy(v,w)u+F(w,u)v =0

Remark. The first Bianchi identity is also called the algebraic Bianchi iden-
tity.
R - M

Proof. Consider a smooth map f :{ (tsr) > Flbsr) such that

_ o _ o _, 9 _
£(0,0,0) =x, E(O' 0,0)=u, Z(O’ 0,0)=v, E(O' 0,0)=w.
This is always possible, e.g. by choosing a diffeomorphism ¢ : R? — U
where U C M is open, and ¢(0) = x, then setting:
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f(t,s,1) = p(tdep™ (1) +sd o™ (v) + rdyp~ ()
According to Proposition we have:

of 9f\of DD af DD of
(55 )

Ot’ ds)dr ~ Itdsdr st Ir

Since V is torsion free, we can change the second term by means of

Proposition[7.3.17}

of af\of D DAJf D D f
4 4%-524-25

Ot ds| dr  dtds dr s dr ot

Cyclically permuting the indexes and summing, each term on the right
hand side appears twice, once with a positive sign and once with a negative
sign, so they cancel each other out. In the end, we find:

Evaluation at (0, 0, 0) offers the conclusion. O

Recall that a connection V on a vector bundle & defines connections,
still denoted by V, on the dual bundle £* and all tensor products (Proposi-
tion|7.2.6).

In particular, if V is a connection on TM, then the curvature tensor
F € Q*(End(TM)) is a section of A>T*M ® End(TM), so we can define
VF e QY(A’T*M ® End(T M)).

Let us review the notation: given x € M and u € T, M, we can define
V.F(u) which is the same type of tensor as Fy, i.e. V F(u) € A’°T;M ®
End(T,M), so we use the same notation V,F(u)(v,w) € End(T,M) for v,w €
.M.

The very definition of the associated connection on A2T*M ® End(TM)
allows us to use of product rule for differentiating. Namely, given vec-
tor fields X,Y,Z,W € X (M), if we want to differentiate the vector field
F(X,Y)Z € X(M) in the direction W, i.e. calculate

Vi (R(X,Y)Z)

then the result is a sum of terms where we differentiate each term of the
expression F(X,Y)Z at a time, i.e. consider ViyX, Vi Y, ViyZ as well as
pri
Vw (P(X, Y)Z) = (VwF)(X,Y)Z
+F(VwX,Y)Z+F(X,VywY)Z
+F(X,Y)[VwZ]
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Proposition 7.3.22 (Second Bianchi identity). Let M be a manifold and V a
torsion free connection on TM. For x € M and u,v,w € T,M, we have that:

[vxp(u)] (v, w) + [VXF(v)] (w,u) + [VXF(w)] (1,v) =0

Remarks.

* The second Bianchi identity is also called the differential Bianchi
identity.

* This is an equation in End(7T,M). Written in terms of vector fields
X,Y,Z,W e X(M), the equation is:

(VWE)(X,Y)Z +(VxF)(Y,W)Z +(VyF)(W,X)Z =0

. . R} - M
Proof. Consider once again a smooth map f : { (hs,r) > Flbsr) such

that £(0,0,0) = x, 2(0,0,0) = u, %(0,0,0) = v and %(0,0,0) = w.
Let z € T,M, and consider a section o € I'(f*"TM) (i.e. a smooth map
o : R> - TM such that o(t,s,r) € Tt (1,5, yM for all (t,s,7) € R3) such that

0(0,0,0) = z (existence of ¢ is guaranteed by Lemma|6.2.4).

(G5 )= el )+ G5 5 )
AL B a(2 25
-l wlo-r (555
5w sl
(515552 %)
+R(%%,%, o

Cyclically permuting the indexes and summing, each term involving R
on the right hand side appears twice, once with a positive sign and once
with a negative sign, so they cancel each other out. The other terms sum
up to zero because of the Jacobi identity (for linear endomorphisms of the
vector space I' (f*TM)). Evaluating at (0,0, 0) offers the conclusion.

O
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The second Bianchi identity is related to the fact that the curvature,
when seen as a 2-form with values in End(TM), is closed. This is actually
true for connections on general vector bundles (so torsion free is not nec-
essary). In order to make sense of this, we need to work with differential
forms with values in a vector bundle and consider the exterior covariant
derivative.

Proposition 7.3.23. Let & = (E, p, M) be a vector bundle and V a connection on
&. For any integer k € IN, there is a unique linear map d¥ : QX (&) — Q*+1(¢),
called the exterior covariant derivative, such that

dV(a®o)=da®o+(-1)fa AVo
for all @ € QX(M) and o € T(&).

Proof. In a local frame field (g,...,¢,), any w € Q¥(&) can be decomposed
as w = w* ® e, where w!,...,w" € Q¥(M). Then we must have:

AVw=do*®¢,+(-1) 0 @ Ve,.
This formula proves both existence and uniqueness. O

Note that if A is the connection form, then the local expression can also
be written as
dNo=do+ANw

where dw stands for d°w where D is the trivial connection associated to
the chosen frame field.

For k = 0, i.e. w € I'(£), we simply have dVw = Vw. For a &-valued
differential 1-form w € Q!(&) and X,Y € X (M), there is a covariant magic
formula:

d¥w(X,Y) = Vx(w(Y)) - Vy(w(X)) - o([X, Y]).

More generally, for w € Qk(&) and Xy, ..., X; € X(M) we have:

A (Xg,..., Xp) = Z (~1)'Vx, (0(Xo,..., X5y, X))

0<i<k

+ Z (1) ([X5, X;1, Xovee s X, X

')

0<i<j<k

Proposition 7.3.24. Let & = (E,p, M) be a vector bundle, V a connection on
M, and F its curvature.

1. VX,Y € X(M) Yo €T(§) F(X,Y)o=d"(d"o)(X,Y)

2. dVF=0
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Remarks.
* We will see later that 2. is equivalent to the second Bianchi identity.

* The exterior covariant derivative dVF in 2. is the exterior covariant
derivative for End(&)-valued differential forms, defined by the con-
nection on End(§) induced by V (i.e. Yu e I'(End(&))Vo € T'(&) (Vu)o =
V(u(o))—u(Vo)).

* A flat vector bundle defines a cohomology complex (Q‘(é),dv). This
allows for the construction of topological invariants associated to flat
vector bundles (or equivalently to linear representations of 7t; M).

Proof.

1. Just apply the formulas given above for d¥ on &-valued 0-forms (i.e.
sections of &) and 1-forms.

2. Start by noticing that for w € QP(End(&)) and o € I'(£), we have that:
(d¥w)(0) =d" (w(0)) - w(d" o)
Applied to F € Q%(End(&)), we find:
(dVF)(0)=d" (F(0))-F(d o)
=d"(dVod"(0))-d"od" (d" o)
=0
O

Let us now see how Proposition gives another proof of Proposi-
tion[7.3.221

Consider X,Y,Z € X(M) such that X(x) = u, Y(x) = v and Z(x) = w.
Note that up to working locally, we can choose X, Y, Z that pairwise com-
mute (say by choosing them to be constant in some local coordinates).

To make the expressions lighter, we fix W € X(M), and set:

B(X,Y,Z)W = VxF(Y,Z)W + VyF(Z, X)W + V,F(X, Y)W

So we wish to show that B(X,Y,Z)W = 0.
By definition of the exterior covariant derivative, the expression of the
End(TM)-valued differential 3-form dVF is:

dVF(X,Y,Z)=Vy (F(Y,Z)) +Vy (F(Z,X))+Vz(F(X, Y))

Now Vx (F(Y,Z)) is a section of End(TM). Its definition is:
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Vx (F(Y,Z2))W = Vx (F(Y,Z)W )= F(Y,Z)[Vx W]
= (VxF)(Y,Z)W + F(VxY,Z)W + F(Y,Vx Z)W

Since dVF = 0, we find:

~B(X,Y,Z)W = F(VxY,Z)W + F(Y,VxZ)W
+F(VyZ, X)W + F(Z,Vy X)W
+F(VzX, Y)W + F(X,V, Y)W

Since V is torsion free, we can simplify this expression:
-B(X,Y,Z)W =F([X,Y],Z)+F([Z,X],Y)+F([Y,Z],X)

Since we have chosen X, Y, Z that pairwise commute, we get B(X,Y,Z)W =
0.

7.4 Geodesics of a connection

7.4.1 The geodesic equation

Definition 7.4.1. Let M be a manifold and V a connection on TM. A
geodesic of V is a smooth curve ¢ : I — M such that %c’ =0.

Remarks.

* This notion is only well defined for connections on the tangent bun-
dle TM.

¢ In local coordinates (xl,...,xd), the equation becomes:

Vkell,...,d) &)+ Z AF(c(t)é () =0

1<i,j<d

It is a second order ordinary differential equation, non linear except
in some exceptional situations.

* The equation depends on the parameterization of the curve, not only
on its image in M. For M = IR? and the trivial connection, geodesics
are solution to ¢ = 0, i.e. affinely parameterized straight lines.
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7.4.2 The exponential map of a connection

According to the theory of second order ordinary differential equations, a
point x € M and a tangent vector v € T, M define a unique maximal solution
¢, : I, > M such that ¢,(0) = x and ¢,(0) = v.

Because of uniqueness, we have that I, = s~ I, for s € IR*, and ¢y, (t) =
c,(st).
Definition 7.4.2. Let M be a manifold and V a connection on TM. The
exponential map of V is the map

| lveTM|1el} - M
Xp v — cy(1)

We say that V is complete if exp is defined on all of TM.
For x € M we set exp, = exp|r,m-

According to the theory of second order ordinary differential equations,
the domain on which exp is defined is an open subset of TM (containing
the zero section), and exp is smooth.

Proposition 7.4.3. Let M be a manifold and V a connection on TM. For all
x € M, we have that dyexp, = Idt .

Remarks.

* Since exp, is defined on an open set of the vector space T, M, its dif-
ferential dyexp, is defined on Ty(T, M) = T, M.

* According to the Local Inverse Function Theorem, exp, defines a dif-
feomorphism from a neighbourhood of 0 in T, M to a neighbourhood
of x in M, hence local coordinates around x.

Proof. Since exp,(tv) = ¢4, (1) = ¢, (t), we get:

d .
doexp,(v) = ' 0expx(tv) =¢,(0)=v
t=

O

For the trivial connection on R?, the exponential map exp : TR? = R x
RY — R is simply exp(x,v) = x + v.

Proposition 7.4.4. Let M be a manifold and V a connection on TM. For all
Xog € M, there exist an open neighbourhood U C M of x,, and a smooth map
@ :UxU — TM such that:

s Vx,veU @(x,v) e T,M

s exp,(p(x, )=y
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Proof. Since the result is local, we may assume that M is an open subset of
R¥. Consider the map

{MxMled N R4
F:
(x,p,v) > exp,(v)-p

The partial differential with respect to v at (xg,x(,0) is the identity map
of R?, so there is an open set U C M containing xy and a smooth map
p:UxU— R? such that F(x,v,9(x,v)) =0, i.e. exp,(p(x,v)) = . O

7.4.3 Jacobi fields

We now wish to compute the differential of the exponential map at an ar-
bitrary point. Since there is no explicit formula for the exponential map
itself, we cannot expect an explicit formula for its differential. However, it
can also be defined as the solution of a second order ordinary differential
equation, which is linear (this is actually a general fact for the differential
of the flow of a vector field).

Definition 7.4.5. Let M be a manifold, V a connectionon TM andc:I - M
be a smooth curve. A Jacobi field along c is a vector field J along c such

that:
2

dt?

where F is the curvature of V.

J+E(J,6)é=0

Remarks.
* By vector field along ¢, we mean T M-valued vector field along c.

* This definition makes sense for any curve c, however it will only be
useful when c is a geodesic.

Since Jacobi fields are defined by a linear differential equation, solu-
tions exist and are given by initial data consisting of the value and the
derivative at a point.

Proposition 7.4.6. Let M be a manifold, V a connection on TM and c:1 — M
be a smooth curve. For every ty € I and ]y, Jo € Te(1)M, there is a unique Jacobi

field ] along c such that J(to) = Jo and 2] (to) = Jo.
Proof. Let (€1,...,¢4) be a parallel frame along c. Decompose:
d

Feio)i=) fle

=1
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for some functions fij € C®(I). Also decompose Jj = Z 1]O &i(tg) and Jo =
YL Jbeilt)
Then J = Y% | J'e; is a Jacobi field if and only if:

d
Vie(l,...,d) fi+ijiﬂ -
j=1

According to the Cauchy-Lipschitz Theorem for linear equations, there is a
unique solution (J#);<j<;y € C®(I)? such that Ji(ty) = J and J'(tg) = J§ for all
ief{l,...,d}, i.e. a unique Jacobi field ] € I'(¢c*TM) such that J(ty) = Jo and
D o

7iJ(to) = Jo. O

Let us now see how Jacobi fields are related to variations of geodesics.

Lemma 7.4.7. Let M be a manifold and V a torsion free connection on TM. Let
f: U — M be a smooth map where U C R?. Assume that for all s, the curve

t— f(t,sg)isa geodeszc Then for all s, the vector field t +— f(t so) along the
geodesic t — f(t,sq) is a Jacobi field.

Proof. As usual we define:

. a— the intrinsic derivatives along the curves t — f(t,sg) for fixed s.
. Q the intrinsic derivatives along the curves s — f(t(,s) for fixed ¢.

. . . . D df _ D If
Since V is torsion free, Proposition |7.3.17 afhrms that 55 = 553 Now,

we use Proposition and the fact that f(-,s) is a geodesic (which trans-
lates as aDt a’; = 0), to calculate:

DDJf D Daf

dt ot ds  Jt ds It
D Dof +F(9f af)af

" Js ot ot ot’ ds | ot
~——
=0

:F_f af\df
ot’ ds | ot

O]

Let us see how to use this to compute the differential of the exponential
map.

Proposition 7.4.8. Let M be a manifold and V a torsion free connection on
TM. Let xe M and v,w € T,M. If exp, is defined at v, then:

dy exp,(w) =J(1)
where J is the Jacobi field along the geodesic c, such that J(0) = 0 and 2 7J(0) =
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Proof. Consider the map

U - M
o

t,s) — exp, (t(v + sw))

defined on an open set U C R? which contains [0,1] x {0}. Since f(1,s) =
Iif

exp,(v + sw), we wish to compute d, exp,(w) = 5:(1,0). In order to do so,

we consider the vector field t — f(t 0) along the curve f(-,0) =c,.
According to Lemma [7.4.7} it is a Jacobi field. Let us calculate its intial

data. First, we have that f(0,s) = x for all s, so 3—{(0, 0)=0.
To get aDt af(O O) we notice that s — f(0,s) is a constant curve, so the

intrinsic derivative 2 =, along this curve is just the usual derivative of func-

tions to T, M. Since af(O ) = Cprsw(0) = v+ sw, we get gs ?:(0 0) = w, hence

gt g{(0,0) w. So t > f(t 0) is the Jacobi field J defined above. O

7.5 Ehresmann connections

7.5.1 Vertical and horizontal bundles

So far we have only considered connections on vector bundles. It is possi-
ble to define a notion of connection on general fibre bundles. They always
provide a way of differentiating sections, but do not always produce sec-
tions of the same bundle (there is no reason for this to happen if fibres are
not vector spaces).

Definition 7.5.1. Let £ = (E,p, M, F) be a fibre bundle. Denote by ¢ :
TE — E and 7y : TM — M the canonical projections. The vertical bundle
of & is the vector sub-bundle V of TE defined by V, = kerd,p = T,&,,) for
allzeE.

A horizontal bundle, also called an Ehresmann connection, is a vector
sub-bundle H of TE such that H®V = TE.

Remark. The vector bundles V and H are vector bundles above the total
space E of &.

7.5.2 Covariant derivatives and Ehresmann connections

Let us see how a connection V on a vector bundle & = (E,p, M) defines an
Ehresmann connection HY. First, consider z € E, and let x = p(z) € M.
Define H, to be the space of derivatives of parallel £-valued vector fields
along curves passing though x with value z:

HY = {d(O)

ceC®(R,M), c(0)=x, 0 €T(c*&), 0(0) =z, %o = O}
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Consider local coordinates (x!,...,x%) on a neighbourhood U of x and a
local frame field (ey,...,¢,) for &|y. This defines a local coordinate system
(x',...,x%v1,...,v") on p~1(U).

A vector W in H) is the derivative at 0 of a curve y(t) in E whose coor-
dinates (c!(t),...,c%(t), a1 (¢),...,07(t)) satisfy 6%¢, +Af€t ) ca“c’ieﬁ = 0. This
means that W = X1% +~-+Xd% + V1% +oot Vra‘?ﬂ satisfies the equa-
tions:

Ve ZAffﬁ(x)vﬁXi =0
ip

Reciprocally, if W € T,E satisfies this equation, then W € HY. This shows
that HY is a sub-bundle of TE, and that H®V = TE (V is spanned by
%, e %) Therefore HY is an Ehresmann connection.

However all the properties of an affine connection are not encoded in
an Ehresmann connection, so we need to impose a condition on Ehresmann

connection that is linked to the structural group of vector bundles.

Definition 7.5.2. Let £ = (E,p, M) be a vector bundle. An Ehresmann con-
nection H on ¢ is called linear if d,m,(H,) = Hy, for all v € E and A € R
(where m : E — E is fibrewise multiplication by ).

Most of the litterature adds a condition of invariance by sum, however
it is implied by the scaling invariance.

Theorem 7.5.3. Let & = (E,p, M) be a vector bundle. The map V +— H" is a
bijection from the set of affine connections to the set of linear Ehresmann con-
nections.

Proof. Linearity of HY comes from the linearity of %. A &-valued vector

field o along a curve c is parallel if and only if %G € HV. Tt follows that HY
determines the parallel transport, hence the injectivity.

To prove the surjectivity, let H be a linear Ehresmann connection. Con-
sider P € I'(End(TE)) the projection from TE to V parallel to H. For v € E,
the vertical space V, = T, &, (y) is the tangent space of a vector space, so it
identifies to &p(,). For o € I'(¢), define V,o(v) = P,(d,o(v)). The Leibniz
rule is a consequence of linearity of P, which follows from that of H (V is
also linear). O

7.5.3 Curvature of Ehresmann connections

Note that an Ehresmann connection is always characterized by a field of
projections P € I'(End(TE)) on the vertical sub-bundle. Alternatively, one
can see P as a TE valued 1-form, i.e. P € Q!(TE).

A notion of curvature can be defined for Ehresmann connections, as a
TE-valued 2-form on E. For X,Y € ['(TE), define F(X,Y) = P([X - P(X),Y -
P(Y)]). One can check that it is tensorial, so it defines F € Q?(TE).
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Notice that F is exactly the obstruction for H to be integrable in the
Frobenius Theorem, so flat connections are exactly integrable ones.

For linear Ehresmann connections, this curvature is linked to the pre-
viously defined one by identifying TM with H.

7.5.4 Principal connections

For a fibre bundle with a reduction of the structure group, one can always
define Ehresmann connections that are invariant under this restriction. For
example, there is a notion of invariant Ehresmann connections on a H-
principal bundle & = (E,p, M, H), i.e. invariant under the action of H on
E. Such a connection is also characterized by a simpler object, namely a
principal connection, i.e. a i-valued 1-form A € Q! (bp) that is equivariant
for the actions of H (right-action on E, and Ad on ), and defines an iso-
morphism between the vertical bundle and I (so the horizontal bundle is
the kernel of A). The curvature is then defined by F = dA + $[A, A] where
[A,B] € QZ(I_IE) is defined for A,B € QI(I_IE) by [A, Bl (u,v) = [Ax(u), B(v)] —
[Ax(), By(u)].
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Chapter 8

Pseudo-Riemannian manifolds

8.1 Metrics on vector bundles

8.1.1 Euclidean metrics

Definition 8.1.1. Let & = (E,p, M) be a real vector bundle of rank r. A
Euclidean metric on & is a section h € F(Szé*) such that for all x € M, the
map hy : &, x &, — Ris an inner product.

Proposition 8.1.2. Euclidean metrics exist on every real vector bundle.

Proof. Let & = (E,p, M) be a real vector bundle of rank r, and consider an
open cover U of M such that &|y is trivialisable for every U € . Consider
a partition of unity (¢y)yey subordinate to U, and for each U € U let eV =
(eV,...,eY) be a frame field of &|y. Now h =Y oy pu Yh (e ) @(eY) isa
Euclidean metric on &. O

Definition 8.1.3. Let £ = (E,p,M) be a real vector bundle of rank r, and
h a Euclidean metric on £. An orthonormal frame field is a frame field
(€1,...,€&,) such that for all x € M, the basis (&1(x),...,&,(x)) of &, is orthonor-
mal for h,.

Proposition 8.1.4. Let & = (E,p, M) be a real vector bundle of rank r, and h
a Euclidean metric on &. If & possesses a frame field, then it also possesses an
orthonormal frame field.

Proof. Consider an arbitrary frame field, and apply the Gram-Schmidt pro-
cess on every fibre. Since the operations involved in this process are alge-
braic, they are smooth and the result is an orthonormal frame field. O

Proposition 8.1.5. Let & = (E,p, M) be a real vector bundle of rank r, and h
a Euclidean metric on &. If 1 is a vector subbundle of &, then nt defined by
(71)x = (1x)* for every x € M is a vector subbundle of &, supplementary to 1.

159



160 CHAPTER 8. PSEUDO-RIEMANNIAN MANIFOLDS

Proof. Consider a local frame field (¢y,...,¢,) of & such that (e1,..., &) is a
frame field of 7. Applying the Gram-Schmidt process, we find an orthonor-
mal frame field (9y,...,9,) such that (91,...,0) is still a frame field of 7. It
follows that (641,...,0,) is a frame field of 1. O

Proposition 8.1.6. Let & = (E,p, M) be a real vector bundle of rank r. The
data of a Euclidean metric on & is equivalent to the data of a reduction of the
structural group of & to O(r,R).

Proof. Given a Euclidean metric on &, the trivialisations given by local or-
thonormal frame fields form a reduction of the structural group to O(r, R).

Given a reduction of the structural group to O(r,R), the inner product
computed in a trivialisation belonging to this reduction of the structural
group does not depend on said trivialisation, so it defines a Euclidean met-
ricon &. ]

Proposition 8.1.7. Let & = (E,p, M) be a real vector bundle of rank r, and h
a Euclidean metric on . For x € M, we let U, = {v €&, |h(v,v) =1} and
UE = Jyep UEy. Then (UE, plyg, M, $™Y) is a fibre subbundle of £.

Proof. Let x € M, and let (¢y,...,¢,) be a local orthonormal frame of & de-
fined on some open set U C M containing x. For y € U, define

0. - R’ — (fy
Pl v e vle @)+ 0 e ()

It is a local trivialisation of & sending $'~!  R” diffeomorphically to uég,
forallye U. ]

Definition 8.1.8. Let £ = (E,p, M) be a real vector bundle of rank r, and h a
Euclidean metric on &. The fibre bundle U = (UE, p|yg, M, S !) is called
the unit bundle.

An inner product (:|-) on a finite dimension real vector space V induces
an inner product on V*, using the isomorphism between V and V* obtained
by sending v € V to (w — (v|w)) € V*.

Inner products on two vector finite dimensional vector spaces (V,(:|))
and (W, (-,-)) also induce a unique inner product << |- >>on V ® W satis-
fying << vy @ wy||lv, @ wp >>= (v1|v,) (w1, w,) for all pure tensors.

Put together, we find inner products on all tensor powers (V*)® @ V1.
The identification of V*® V with End(V) gives the usual product (f|g) =
Tr(f'g).

Similarly, a Euclidean metric & on a vector bundle £ induces Euclidean
metrics on all tensor powers (&*)®P ® £%1.

A Euclidean metric h on a vector bundle & = (E,p, M) allows us to de-
fine semi-norms on I'(£) (or a norm when M is compact): given a compact
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subset K C¢ M, define ||0]|c,x = SUP,ex Vhx(0(X),0(x)). The topology asso-
ciated to this family of semi-norms is the compact-open topology (it does

not depend on the Euclidean metric h).

8.1.2 Pseudo-Euclidean metrics

Definition 8.1.9. Let £ = (E, p, M) be a vector bundle of rank r, and p,q € N
be such that p + g = r. A pseudo-Euclidean metric of signature (p,q) on &
is a section h € [(S?&*) such that h, has signature (p, q) for every x € M.

Note that given a fixed signature, a pseudo-Euclidean metrics does not
always exist.

A big difference with positive definite metrics is that the restriction of a
pseudo-Euclidean metric to a vector subbundle is not necessarily a pseudo-
Euclidean metric. However, if it is, then we can still define the orthogonal
complement.

Proposition 8.1.10. Let & = (E,p, M) be a vector bundle of rank r, and h a
pseudo-Riemannian metric on &. If iy is a vector subbundle of &, then n' defined
by (nh)x = (11x)* for every x € M is a vector subbundle of £.

If moreover the restriction of hy to 1, x 11, is non degenerate for all x € M,
then nt is supplementary to 1.

Proof. Use the corresponding statement for quadratic vector spaces and
copy the proof of Proposition O]

Let us recall some basic facts on quadratic forms over real vector spaces.

Definition 8.1.11. Let V,V’ be vector spaces, and ¢ : VxV — R, ¢’ :
V’x V' — R be bilinear forms. We say that ¢ and ¢’ are equivalent if there
is a linear isomorphism f : V. — V’ such that ¢’(f(x), f(v)) = @(x, p) for all
x,yeV.

Given integers p,q,r € N, we let (|-}, . . be the bilinear form on RP¥I*"

defined by <x|y>p,q,r = Zle XV — Zf:gﬂ X;V; for X,y € RPHI+T

Theorem 8.1.12 (Sylvester’s inertia law). Let V be a finite dimensional real

vector space, and ¢ : V x V. — R a symmetric bilinear form. There is a unique
triple (p,q, ), called the signature of ¢, such that ¢ is equivalent to {:[-), o -

Lemma 8.1.13. Let V be a finite dimensional real vector space, and ¢ a sym-
metric bilinear form on V of signature (p,q,r). Then ¢ is non degenerate if and
only if r = 0.

For non degenerate forms, we will call (p, q) the signature.

Definition 8.1.14. Let V be a finite dimensional vector space, and ¢ a sym-
metric bilinear form on V. A linear map u € End(V) is called ¢-self adjoint

if p(x,u(y)) = @(u(x),y) forall x,y e V.
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Proposition 8.1.15. Let V be a finite dimensional vector space, and ¢ a non
degenerate symmetric bilinear form on V. If B is a symmetric bilinear form on
V, then there is a unique @-self adjoint operator b € End(V') such that B(x,y) =

@(x,b(p)) forall x,y e V.

Definition 8.1.16. Let V be a finite dimensional vector space, and ¢ a non
degenerate symmetric bilinear form on V. If B is a symmetric bilinear form
on V, then the trace of B with respect to ¢ is Tr,(B) = Tr(b) where b €
End(V) is the @-self adjoint operator such that B(x,y) = ¢(x,b(y)) for all
x,yeV.

Recall that the matrix of a bilinear form ¢ in a basis e = (ey,...,¢e4) is
(pleirej))i<ij<d-

Proposition 8.1.17. Let V be a finite dimensional vector space, and @, B sym-
metric bilinear forms on V. Assume that @ is non degenerate. Let e = (eq,...,e4)
be a basis of V, on consider the matrices P and Q respectively of ¢ and B in e.
Then Try,(B) = Tr(QP™!).

In particular, if @ is positive definite and e is @-orthonormal, then Try,(B) =
Tr(Q).

8.1.3 Hermitian metrics on complex vector bundles

Definition 8.1.18. Let & = (E,p, M) be a complex vector space of rank r. A
Hermitian metric on £ is a section h € ['(V ®V™) such that h, is a Hermitian
inner product on &, for every x € M.

Proposition 8.1.19. Every complex vector bundle possesses a Hermitian met-
ric.

Proof. Let & = (E,p, M) be a complex vector bundle of rank r, and consider
an open cover U of M such that &|y is trivialisable for every U € /. Con-
sider a partition of unity (¢y)yey subordinate to U, and for each U € U
let eV = (8?,...,65]) be a frame field of &|y. Now h=) ey QU Yo ey e

(eY)* is a Hermitian metric on &. O

8.2 Metrics on manifolds

8.2.1 Pseudo-Riemannian metrics

Definition 8.2.1. Let M be a manifold of dimension 4.

A Riemannian metric on M is a Euclidean metric on TM, i.e. a section
¢ € T(S2T*M) such that for every x € M, g, is an inner product T, M.

A pseudo-Riemannian metric of signature (p,q) (with p+¢q = d) is
a pseudo-Euclidean metric of signature (p,q) on TM, i.e. a section g €
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[(S2T*M) such that for every x € M, g, is non-degenerate and has signa-
ture (p, 9).

A Lorentzian metric is a pseudo-Riemannian metric of signature (d —
1,1).

A (pseudo-)Riemannian manifold is a pair (M, g) where M is a mani-
fold and g is a (pseudo-)Riemannian metric on M.

Notation: Given a pseudo-Riemannian metric g, we write g, (v,w) =
(v|lw), = (v|lw) for x € M and v,w € T,M. If g is Riemannian, we write

Il = 1[vlly = V(vv),.

Proposition 8.2.2. Every manifold has a Riemannian metric.

This is a consequence of the existence of Euclidean metrics on vector
bundles (Proposition [8.1.2).

It does not hold for Lorentzian metrics: the sphere $? has no Lorentzian
metric (it is a consequence of the hairy ball theorem).

Before we move on any further with pseudo-Riemannian manifolds, let
us start with the most basic example. On RP*9, we consider the bilinear
form:

p ptq
<x|3/>p,q = in?i - Z XiYi
i=1 i=p+1

Definition 8.2.3. The pseudo-Euclidean space of signature (p,q) is the
pseudo-Riemannian manifold RP7 = (IRP*, g) where g, = (|)p,q for all x €
RP*.

For g = 0, EP = RP"? is called the Euclidean space.

For g =1, M" = R""!! is called the Minkowski space.

Another elementary way of producing pseudo-Riemannian manifolds
is through products. If (M,g) and (M,g’) are pseudo-Riemannian mani-
folds, then we can define the product pseudo-Riemannian manifold (M x
M’, g ®g’) where the metric is defined by:

(g 69g,)(x,x’)((vl ‘l/,), (w,w')) = gx(V; w) + g,’c,(v', w’)

Note that if (M, g) and (M’, g’) are Riemannian, then so is the product.
This construction generalizes to the product of a finite number of pseudo-
Riemannian manifolds.

8.2.2 Local expression of a pseudo-Riemannian metric

Let (M, g) be a pseudo-Riemannian manifold of dimension d. Given lo-
cal coordinates (x!,...,x%), for u = Z?:l u'd; and v = Z?Zlvlai, we find

&e(1,0) = L1 j<a 8 j(x)u'v], where g; i(x) = g¢(9;, ;). We write:

g= Z g j(x)dx'dx/

1<i,j<d
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Here we use the notation dx'dx/ = %(dxi Qdx! +dxI ® dxi).

It is quite frequent to see the notation ds? for a pseudo-Riemannian
metric, especially in coordinates:

ds* = Z g j(x)dx'dx)

1<i,j<d

Given another coordinate system (yl,...,yd) if we write gi’ i the metric

in these coordinates, i.e. gi/,j( X) =gy ( 2 97 ), the formula for the coordinate
change is:
, Ixk ox!
8ij = ay ay]gkl

1<k,I<

8.2.3 Isometric maps

Definition 8.2.4. Let (M,g) and (M’,g’) be (pseudo-)Riemannian mani-
folds. A smooth map f : M — M’ is an isometric immersion if f*¢’ = g.

It is called an isometry if it is also a diffeomorphism.

A local isometry is a local diffeomorphism which is an isometric im-
mersion.

A (pseudo-)Riemannian covering is a map which is both a local isom-
etry and a covering map.

Note that an isometric immersion is indeed an immersion, since the
equality d, f(v) = 0 implies g,(v,v) = 0. In particular, its existence implies
that dimM’ > dim M.

Definition 8.2.5. Let (M, g) be a pseudo-Riemannian manifold. The isom-
etry group of (M, g) is:

Isom(M, g) ={f € Diff(M)|f*g = g}

The isometry group is a subgroup of Diff(M), and we will discuss its
topology later. It is important however to understand that even though
most of the examples that we will work on have many isometries, a typi-
cal pseudo-Riemannian manifold (i.e. a generic metric for an appropriate
topology on the set of metrics) has no non trivial isometry. Indeed, the
equation f*g = ¢ where the map f is the unknown is an overdetermined
partial differential equation.

Example 8.2.6. Given y € O(p,q) and v € RP*, the affine map x — yx+v
is an isometry of IRP9. This means that the group O(p,q) < RP*1 of affine
transformations whose linear part is in O(p, q) is a subgroup of Isom(IR"7).

Proposition 8.2.7. Isom(RP7) = O(p, q) =< RP*1
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Proof. Let f € Isom(IRP"7). This means that for all x, u,v € RP™, we have:

(dif(W)ldyf (), g = U] 4 (8.1)

Let us differentiate this expression with respect to x at some vector w.
2 2
(@fwwldf @) +{df|dif @w)
The same formula remains true when switching u and w.
2 2 —
(@fwuldf @) +{def w)|dif @) =0 (8.3)

Since f is smooth, d?f, is symmetric, and subtracting (8.3) from (8.2)
yields:

0 (8.2)

2 _ 2
(dfaif ), =(def W)|dif@u) (8.4)
Now a cyclic permutation of u,v,w in gives:
2 2 —
(Rfwuldfw) +{def @) f wu) =0 (8.5)
Combining and (8.5), we find:
2 -
{dfldfww) =0
Since f is a diffeomorphism, we find that d2f = 0, i.e. f is affine. Now
shows that the linear part of f is in O(p,q). O

8.3 Volume and angles

8.3.1 Pseudo-Riemannian volume

If g is a Riemannian metric, the Riemannian volume is the unique Borel
measure Vol€ on M such that, for any chart (U, ¢) and continuous function
f with support in U,

J- fdVolé :J- foply/det(gopl)dA
U @(U)

where A denotes the Lebesgue measure on R? et g(x) est the matrix
(&i,j(%)1<i,j<d-

If moreover M is oriented, the Riemannian volume form is the volume
form vol8 € T(A?T*M) defined in oriented coordinates by:

vol$ = Vdet(g(x)dx! A+ A dx*

The volume can also defined for pseudo-Riemannian metrics by con-
sidering the absolute value of the determinant.
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8.3.2 Conformal metrics

If (M,g) is a pseudo-Riemannian manifold and ¢ € C®(M,]0,+co[), then

¢g is also a pseudo-Riemannian metric on M, with the same signature as

g.

Definition 8.3.1. Let M be a manifold. Two pseudo-Riemannian metrics g

and g’ are called conformal if there is ¢ € C*°(M, ]0,+o0[) such that g’ = ¢pg.
The conformal class of a pseudo-Riemannian metric is the set [g] C

r (SZT*M ) of pseudo-Riemannian metrics that are conformal to g.

Note that two conformal metrics have the same signature. Their respec-
tive pseudo-Riemannian volumes are related by dvoly = (j)dlmTM dvol,.

In order to understand the geometric meaning of conformal Rieman-
nian metrics, we have to define a notion of angles in Riemannian geometry.

Definition 8.3.2. Let (M, g) be a Riemannian manifold. Let x € M, and
v,w € T,M \ {0}. The Riemannian angle between v and w is the angle
< (v,w) €[0, 7] defined by:

cos <, (v, w) = _Glw),
1l llwll,
One can easily prove that two Riemannian metrics on a given manifold
are conformal if and only if they define the same Riemannian angles.
For a pseudo-Riemannian manifold (M, g) of signature (p,q) with pq =
0, the situation is different. Here the conformal class is characterized by
the isotropic cone: given another pseudo-Riemannian metric & on M, we

find:
helg)] = VxeM {veTM|g(v,v)=0}={ve T M|h,(v,v)=0}

8.4 Examples of pseudo-Riemannian manifolds

8.4.1 Pseudo-Riemannian quotients

Just as examples of covering maps can be constructed from group actions,
examples of pseudo-Riemannian coverings can be constructed from iso-
metric actions.

Theorem 8.4.1. Let (M,3) be a pseudo-Riemannian manifold, and T be a sub-
group of Isom(M, 3) such that the action T ~ M is free and properly discontin-
uous. There is a unique pseudo-Riemannian metric g on M = M/T for which
the projection M—Misa pseudo-Riemannian covering.

Proof. Let 7t : M — M be the projection. Let x € M, and consider a local
inverse f of . Set g, = (f*g),. Since two local inverses differ by an element
of T', the metric does not depend on the choice of f, and defines a smooth
Riemannian metric on M. t
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Examples 8.4.2.

* For any A > 0, we can define the circle E!/AZ as the quotient of E!
by the group generated by the translation x — x + A.

* The flat torus IE?/Z2. More generally we can define IE"/A where A is
the subgroup of Isom([E") generated by n linearly independent trans-
lations.

+ The Clifton-Pohl torus, which is the quotient of (R?\{0}, %) by the
map (x,v) — (2x,2y). It is a Lorentzian manifold often used to point

out the differences between Riemannian and Lorentzian geometries.

8.4.2 Pseudo-Riemannian submanifolds

Definition 8.4.3. Let (M, g) be a pseudo-Riemannian manifold. An im-
mersed submanifold N C M is called a pseudo-Riemannian submanifold
if there are integers p’,q’ with p’ + g’ = dim N such that the restriction of g
to T,N x T;N is non degenerate and has signature (p’,q’) for all x e N.

It is a Riemannian submanifold if ¢’ = 0.

If N Cc M is a pseudo-Riemannian submanifold, the induced metric, or
restricted metric, or the first fundamental form is the metric defined on
N by restriction of g to tangent spaces.

Note that every submanifold of a Riemannian manifold is a Riemannian
submanifold. In particular, every submanifold of R? inherits a Riemannian
metric in this way. It is the case for spheres $” C R"*!. The induced metric
gsph is called the round metric, or standard metric on $".

If N ¢ M is a pseudo-Riemannian embedded submanifold of (M, g) and
f € Isom(M, g) preserves M, then the restriction of f to N is an isometry.
However N can have many more isometries.

Applied to the sphere $" c R"**!, we find that O(n + 1) C Isom($"). We
will see later that this is an equality.

Submanifolds of a pseudo-Riemannian manifold of arbitrary signature
are not always pseudo-Riemannian submanifolds, since the restriction of
the metric can be degenerate. If (M, g) is a pseudo-Riemannian manifold of
signature (p,q), then a pseudo-Riemannian submanifold of (M, g) can have
any signature (p’,q’) with p’ <p and ¢’ <g.

We will now look at a Riemannian submanifold of the Minkowski space
IM"*!1, Consider one sheet of the one-sheeted hyperboloid:

H" = {(xl,...,xn+1) e R"! |(x|x)n'1 =1 & x,41 > 0}
For x € H", the tangent space is:

T H" = {v e R™! |(x|v)n’1 = 0}



168 CHAPTER 8. PSEUDO-RIEMANNIAN MANIFOLDS

Since (x|x), ; = —1, its orthogonal complement is definite positive, i.e. H"
is a Riemannian submanifold of M"*!. This Riemannian manifold H" =
(H",gyn) is called the real hyperbolic space.

By the same considerations as for the sphere, we find that O (n,1) C
Isom(IH"), where O, (n,1) is the subgroup of O(n, 1) preserving each sheet
of the two-sheeted hyperboloid H" (it has index two in O(n, 1), but it is not
SO(n, 1)).

8.4.3 Riemannian manifolds of dimension 1

Theorem 8.4.4. Let (M, g) be a connected Riemannian manifold of dimension
1. Then (M, g) is isometric to an interval of B! or to a circle E'/\Z.

Proof. Consider two isometric maps ¢ : I - M and ¢ : ] - M. Now con-
sider the set

X ={teIn]|p(t) = () & ¢(t) = 1))

Itis a closed subset of INJ. Now let 5 € X. Since ¢ is an immersion and
dimM = 1, it is a local diffeomorphism. Considering a local inverse ¢!
near ¢(ty), we see that f = ¢! o 1, which is defined on an open interval K
containing t,, satisfies |f(t)| = 1 for all t € K. The fact that t, € X implies
that f(ty) =ty and f(to) = 1. It follows that f = Id, i.e. ¢ = ¢ on K. This
argument shows that the set X is openinIN]J.

Let xg € M, and vg € T, M such that g, (vo,vg) = 1 (there are exactly
two such vectors). Consider the set E of pairs (I, ¢) where I C R is an open
interval containing 0 and ¢ : I — M is an isometric map such that ¢(0) = x;
and ¢(0) = vo.

By the above discussion, if (I,¢),(J,1) € E then ¢ and ¢ coincide on
INJ. This allows us to define a maximal element of E: set I; = U(I’@)GE I,
and define ¢y, : 7 — M by @y (t) = @(t)if ([,p) € Eand t € 1.

First, let us check that E is not empty. For this, start with a curve y :
J — M such that y(0) = xy and y(0) = vy. Up to shrinking J, we can assume
that y is an immersion. Then the function A : I — IR defined by A(t) =

Jot gy (1) (P(t),p(t)) is increasing, so it is a diffeomorphism onto its image

I CR. Now set ¢ =y o A~!, so that (I,¢p) € E.

Since E is not empty, we find that (I);, ¢)s) € E. Now notice that since
@ is an immersion, its image @u;(I)r) is open in M. Its complement is the
union of such open sets obtained by starting at a different base point. It
follows that ¢@p(Iys) is closed. Since M is assumed to be connected, we see
that ¢, is onto.

If @y is injective, then it is an isometry between an interval of £! to
(M, g). Now assume that ¢y, is not injective. We wish to show that it is
periodic. Up to changing xj and vy, we can assume that there is T > 0 such
that ¢y (T) = x¢, and that T is the smallest positive real number with this
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property. First assume that @) (T) = vy (we will see that it is always the
case). Then (Ip;—T,pp(-+T)) € E, and it follows from the maximality of I);
that I is stable by translation by T, therefore I; = R, and that gy (-+T) =
@u- It follows that there is a map ¢ : E!/TZ — M such that @y = pom
where 7 : B! — [E!/TZ is the canonical projection. Since T was chosen to
be minimal, the map ¢ is injective, and it is an isometry between the circle
E!/TZ and (M, g).

Now let us see why we must have @) (T) = vg. If not, then ¢p;(T) = —vy.
The same type of argument as above shows that I; = R and that ¢, (T—-t) =
@um(t) for all t € R. This implies that (pM(%) = —(pM(%), ie. (pM(%) =0.
This is a contradiction with the fact that ¢, is isometric. O]

This implies that the isometries of a submanifold are not all restric-
tions of isometries, since one dimensional submanifolds have isometries
but need not be preserved by any isometry of the ambient space.

8.4.4 Conformal models of the real hyperbolic space

The Poincaré ball model of the real hyperbolic space H" is (B, gj,,) where
B" = {x e R"|||x[| < 1}

and
4

8hyp = m

It is a pseudo-Riemannian manifold conformal to the unit ball in the Eu-

clidean space. Its volume element is dvoly,, = ﬁdxl ceedxy,.

Consider the following map f from the hyperboloid model to the ball
model of H": set p = (0,...,0,-1) € M"™1 and embed R” into M"™*! as the
hyperplane x,,,; = 0. For x € H" we let f(x) be the intersection of the line
from x to p with R".

Precisely, we have:

(dxf+-~-+dx,%)

X1 Xn
1"’xn+1’“.)1+xn+l

f(xll---:xn+1) =

The map f is an isometry.
The Lobachevsky upper half-space model of the real hyperbolic space
H" = Hp, is (IRﬁ,dsiyp) where

R} ={x e R"|x, > 0}

and 5 ,
s _dxy+-+dx;
po, = —————
vp X2
It is conformal to a half Euclidean space. The volume element is dvol,, =
dx,--dx,
X :
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8.4.5 Invariant metrics on Lie groups

Let G be a Lie group with Lie algebra g. A pseudo-Riemannian g on G is
left invariant if {L, |x € G} C Isom(G, g), i.e.

VxeGL,g=g
It is right invariant if {R, |x € G} C Isom(G, g), i.e.
VxeGR,g=g

It is bi-invariant if it is both left and right invariant.
Any bilinear symmetric non degenerate form b : g x g — R defines a
unique left invariant pseudo-Riemannian metric g on G such that g, = b.
The metric g is bi-invariant if and only if b is Ad-invariant, i.e.

b(Ad(9)X, Ad(g)Y) = b(X,Y)

forallge Gand X,Y €g.

8.4.6 The space of ellipsoids

For n > 2, we consider the set
&y :{xe/\/ln(IR)|tx:x,x> 0, detx = 1}

It is a submanifold of M,,(IR), and it can be identified with the set of volume
1 ellipsoids of R" centred at 0 (by identifying x € £, with {v e R" | fxvx < 1}).
The tangent spaces are easily described, as

Ty, & = {X € My(R)|'X = X, Tr X = 0},
and more generally
T = {X € My(R)|'X = X, Tr(x"'X) = 0}.
Consider the Riemannian metric on &, defined as
(X]Y), = Tr(x 1 Xx71Y)

To prove that it is a Riemannian metric (the hard part is the positive defi-
niteness), it is convenient to use the existence of a square root of x, i.e. an
element /x € £, such that \/§2 =X.

For g € SL(n,R) the map x > ‘gxg is an isometry of £,. Since -1, acts
as the identity, this gives an embedding of PSL(n, R) into Isom(&,). We will
see later that this map is surjective.
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8.5 Raising and lowering indices

8.5.1 The musical isomorphisms

A non degenerate symmetric bilinear form (:|-) on a finite dimensional real
vector space V induces isomorphisms:

A V = V* e ‘,/’e — V
b.{v o o= (o] and f=b { PRI

A pseudo-Riemannian metric ¢ on a manifold M therefore defines iso-
morphisms between TM and T*M. We can apply these isomorphisms
to tensor powers, and find isomorphisms between 7™*(M) and 775 (M)
whenever r +s=1"+5s".

In particular we get an isomorphism b : X(M) = 7%(M) — Q}(M)
T19(M) from vector fields to 1-forms. For X € X(M), if we write X
Z?:l X'9; in coordinates, then

Xb=)"

i=1

d

Zgi,jxj

=1

dx!

Similarly, the inverse f : Q' (M) — X (M) writes for @ = Y% | w;dx’ as

d
]:

d
i=1
Einstein’s convention makes these formulae very concise:

Xl.’ = gi’ij and a)é = gi’ja)]-

When writing tensors in coordinates, the lower indices correspond to
the covariant part and the upper indices to the contravariant part. Be-
cause of this convention for notations, applying an isomorphism 7"*(M) —
T15-1(M) is called lowering an index, and applying an isomorphism
T7$(M) — T"1s*1(M) is called raising an index (note that this terminol-
ogy is consistent with the musical notations b and §).

Note that there are several isomorphisms 775(M) — 7"+15=1(M), de-
pending on which index we lower (i.e. on which factor of TM®1 we ap-
ply b). If s = 1, there is no possible confusion. For example, if we have
T € T3 (M), then there is only one index to lower, and we find TY e T49(M)
defined locally by

d
b _ a
Tikr = Zgl,a Tk
a=1
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8.5.2 Contractions of tensors

Given a finite dimension real vector space V, there is a unique linear map
V*®V — Rsending A®v to A(v). The identification of V*® V with End(V)
identifies this map with the trace in End(V).

This map also yields maps (V*)® ® V& — (V*)® -1 @ V&1 (where we
have to choose the factors of (V*)®" and V®° to which we apply the map
V'@V — R).

On a manifold M, this defines maps 7"*(M) — 7"~ 1~1(M) called the
contraction of a tensor. For T € T3!(M), its contraction U € 7>%(M) is

given by:
d
Uij=2_Taij
a=1

On a pseudo-Riemannian manifold (M, g), by combining this with the
musical isomorphisms, we are able to contract covariant (and contravari-
ant) tensors. For R € 74%(M), its contraction S € 7>%(M) is defined by

b
Sij= Z 8" Ra,ijp

1<a,b<d

For V € T2%(M), its contraction is a function W € C®°(M) = 7 %°(M) defined
by
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The Levi-Civita connection

9.1 The fundamental theorem of pseudo-Riemannian
geometry

Theorem 9.1.1. Let (M, g) be a pseudo-Riemannian manifold.
There is a unique connection V on TM with the following two properties:

1. Vis torsion-free: VX, Y e X(M) VxY -VyX =[X, Y]
2. g is parallel for V:

VX, Y,ZeX(M) X-g(Y,Z2)=g(VxY,Z)+g(Y,VxZ)

Remarks.
* This connection V = V¢ is called the Levi-Civita connection of g.

* Condition 2. is equivalent to Vg = 0 (where V also denotes the in-
duced connection on T"M @ T*M).

Proof. Let us start with uniqueness. If V satisfies 1. and 2., we find, for
X,Y,Z € X(M):

X-g(Y,Z2)
Y- -g¢(Z,X)
Z-9(X,Y)

g(VxY,Z)+¢(Y,VxZ)
g(VyZ,X)+¢(Z,VyX)
VX, Y)+g(X,V,Y)

By adding the first two lines and subtracting the third, then simplifying
because V is torsion-free, we find:

29(VxY,Z)=X-g(Y,2)+Y-g(Z,X)+Z-g(X,Y) (9.1)
+8(X, Y], Z2)-g([X, 2], Y) - ¢([Y, Z], X)

173
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Since g is non-degenerate, this formula, called the Koszul formula defines
VxY, hence the uniqueness.

For the existence, we use the Koszul formula to define V. For this we
first have to check that the formula is tensorial with respect to Z, so that it
defines VxY € X(M), then that it is tensorial in X, so that it defines VY €
7 1(M). Finally we can check that it satisfies the Leibniz rule. O

Example 9.1.2. For the pseudo-Euclidean space IRP7, the Levi-Civita con-
nection is the trivial connection on TIRP*Y = RP*4 x RP*4.

9.2 Pseudo-Riemannian parallel transport

Proposition 9.2.1. Let (M, g) be a pseudo-Riemannian manifold, and c : I —
M be a smooth curve. If X,Y : I — TM are vector fields along c, then:

d D D

Proof. The definition of the intrinsic derivative % g induced on the tensor

bundle T*M ® T*M leads directly to:

- (e r) e 50

Since g is a tensor defined on all of M, we have that %g = Vg(¢) = 0. The
result follows. O

Proposition 9.2.2. Let (M, g) be a pseudo-Riemannian manifold and c: I — M
a piecewise smooth curve. For every t,t, € I, the parallel transport for the Levi-
Civita connection

t
llzg * (Tetto) M 8e(ty)) = (Tee) M 8ety))
1S isometric.

Remark. Consequently, the holonomy group Hol, is a subgroup of O(g,) =
O(p q)-

Proof. If X,Y : 1 — TM are vector fields along M, we get:

d
S8 XU Y(0) = e (X0, Y () + 8y (X0, = ¥(0)

If X and Y are parallel, it follows that g(X, Y) is constant. O
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9.3 The Christoffel symbols

Let (M, g) be a pseudo-Riemannian manifold, and consider local coordi-

nates (x!,...,x%). The connection form of the Levi-Civita connection is usu-

ally denoted by I'. Its components Flk] are called the Christoffel symbols.

k
(awa]) Zgz ]dx dx ; Vi i~ Zr ak
Since the Levi-Civita connection is torsion-free, we have:

k _ 1k
=1

The Koszul formula (9.1) yields:
28(V0idj, k) = 9i&j.k + 958k, — Ikgirj

To obtain the Christoffel symbols, we must consider the inverse matrix
(8"1)1<i,j<a of (8 j)1<i,j<d-

d
1
LY EZ (9igj, 1 +9;8i1 — 18i)
I=1

9.4 Differential operators on Riemannian manifolds

Definition 9.4.1. Let (M, g) be a Riemannian manifold, and let f € C*(M).
The gradient of f is the vector field §f € X(M) defined by:

Vxe MVYveTM dyf(v)=g.(Vf(x)v)

Remark. With the notation of the musical isomorphisms, we have v f =

dfy.

Note that the notation V has nothing to do with the Levi-Civita connec-
tion. In coordinates, we find:

Vi= ) g"aif9

1<i,j<d

Definition 9.4.2. Let (M, g) be a Riemannian manifold, and let X € X(M).
The divergence of X is the function divX € C*®(M) such that for all x e M,
div X(x) is the trace of the map v — V,X(v), where V is the Levi-Civita
connection.

In local coordinates, for X = X i9; (using Einstein’s convention), we find
divX = d; X" + I’i]in. Note that div X is the contraction of the tensor VX €
TVH(M).
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Definition 9.4.3. Let (M, g) be a Riemannian manifold, and let f € C*(M).
The Laplacian of f is the function Af € C®°(M) defined by Af = div Vf.

We have already seen that a connection V on TM allows us to define a
Hessian Hess f. If V is the Levi-Civita connection of a Riemannian mani-
fold, one can check that Af = Trg(Hessf).

9.5 Examples of Levi-Civita connections

9.5.1 The Levi-Civita connection of a submanifold

Let (M, g) is a pseudo-Riemannian manifold, and let N € M be a pseudo-
Riemannian submanifold. Recall that we can consider the restriction of the
Levi-Civita connection V to N, which is a connection on TM|y. This allows
us to define V, X (v) for x e N, v € T,N and X € T'(TM]|y). In other terms,
the vector field X is only defined on N but is not necessarily tangent to N.
However, requiring X to be tangent to N does not ensure that V,X(v) is.

The tangent bundle TN is a vector subbundle of TM|y. Since N is a
pseudo-Riemannian submanifold, according to Proposition [8.1.10|the vec-
tor bundle T M|y splits as a direct sum TM|y = TN®TN. The vector bun-
dle vN = TN+ is called the normal bundle of N. For x € N and v € T, M,
we write v = v T + v its decomposition according to this direct sum.

Lemma 9.5.1. Let M be a manifold and N C M an immersed submanifold. For
all x € N and v € T,N, there is a vector field X € X(M) and a neighbourhood
U CN of x such that X(x) =v and X(y) € T,N forally € U.

Proof. Use the linearisation of immersions and a plateau function on M.
O

Proposition 9.5.2. Let (M, g) be a pseudo-Riemannian manifold, and N c M
a pseudo-Riemannian submanifold, with induced metric §. For all X € X(N),
x € N and v € T,N, we have V,X(v) = (V,X(v))" where V is the Levi-Civita
connection of (N,g) and V is the Levi-Civita connection of (M, g).

Proof. First check, let us check that the formula VX (v) = (V, X(v)) " defines
a connection V on TN. It is a map from X(N) to Q'(N) (because the map
v v is a vector bundle morphism).

Let f e C®(N), X €e X(N), x € N and v € T;N. Since V is a connection
we have:

Vi(f X)) = dy f(v)X(x) + f (x)V X (v)
Since X(x) € T,N, we have X(x)" = X(x) and projecting on TN yields:

VAf X)) = dof (0)X(x) + f(2)V.X(v)
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This shows that V is a connection on TN. We now wish to compute its tor-
sion. For this, we first consider vector fields X, Y € X (M) whose restrictions
X,Y to N are tangent to N. Since V is torsion free, we find:

VxY -VyX =[X,Y]

Now evaluating this at some point x € N and projecting on T, N, the left
hand side is VY — VX, and the right hand side is [X, Y], so we find:

VY -VyX =[X,Y]

Hence T(X,Y) = 0 where T is the torsion of V. Using the tensoriality of T
and Lemma we find that V is torsion free.

Now let X,Y,Z € X(M) be such that their restrictions X,Y,Z to N are
tangent to N. Since g is parallel for V, we have:

X-g(Y,Z)=g(VxY,Z)+g(Y,VxZ)

When restricting to N, the left hand side becomes X - g(Y, Z). Let us com-
pute the first term of the right hand side:

g(VxY,Z)=g(VxYV, Z)+g((VxY)*".Z)

In the end, we find:

This shows that (ﬁgg) (Y,Z) = 0. Once again by using the tensoriality of Vg
and Lemma we find that Vg = 0, so V is the Levi-Civita connection
of g. O

9.5.2 Conformal metrics

Consider a pseudo-Riemannian manifold (M, g) and a conformal metric
¢’ = e*?g with 0 € C®(M). Then the Levi-Civita connections V,V’ of g,¢’
respectively are related by:

—

Vi X(v) =V X(v) +dyo(v)X(x) + do (X(x))v — g (X(x),v)Vo(x)

Where the gradient Vo is considered for the metric g.
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9.5.3 The space of ellipsoids
For n > 2, we consider the set
E, = {xe./\/ln(IR)|tx:x,x> 0, detx = 1}
Recall that the tangent spaces are given by
To&p = {X € My(R)|'X = X, Tr(x"' X) = 0},
and the Riemannian metric is defined as:
(X|Y), = Tr(x 1 Xx71Y).
The Levi-Civita connection V of &, is given by:

v~ X (x) + X(x)x v
2

V. X(v)=d, X(v)-

To prove this, one should first check that it is well defined (i.e. that
V,X(v) € T,E,), that it is a connection, that the torsion vanishes, and that
the metric is parallel.

9.6 Pseudo-Riemannian geodesics

9.6.1 The geodesic flow

Definition 9.6.1. Let (M, g) be a pseudo-Riemannian manifold. A geodesic
of (M, g) is a geodesic of its Levi-Civita connection V, i.e. a smooth curve
c:1 — M such that %é:O.

Example 9.6.2. Since the Levi-Civita connection of RP7 is the trivial con-
nection, geodesics of IRP1 are affinely parametered straight lines.

Even though it is not possible to solve explicitly the geodesic equation,
it does have a first integral.

Proposition 9.6.3. Let (M, g) be a pseudo-Riemannian manifold, and c : I —
M a geodesic. Then g(¢,¢) is constant.

Proof. 1t is a straightforward consequence of Proposition and the fact
that 2.¢=0. O
dt

Let us fix a notation: for v € TM, we let I, C R be the maximal interval
on which the geodesic c, is defined.
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Definition 9.6.4. Let (M, g) be a pseudo-Riemannian manifold, and set

U= U I, x{v) CRx TM

The geodesic flow of (M, g) is the map

U — TM
CD:{ (Lv) > 6(t)

Write ®(t,v) = ®(v). It is a local flow: if t,t +s € I, then s € Ipt(y) and
D5 (D!(v)) = DS(v).

The corresponding vector field 28 = %L:O(Dt € X(TM) is called the
geodesic spray.

If the Levi-Civita connection V is complete, then U = R x TM, and
(D!);er is a one parameter subgroup of Diff(TM).

If g is Riemannian, we can consider the unit tangent bundle

T'M ={veTM]||v| =1}

The geodesic flow @, preserves T!M (Proposition [9.6.3), so we get a
dynamical system (T!M, (®,)). Note that if M is compact, then so is T! M.

9.6.2 Normal coordinates and the injectivity radius

Definition 9.6.5. Let (M, g) be a Riemannian manifold. Consider x € M,
open sets U C TyM and V C M such that exp,|y : U — V is a diffeo-
morphism, and an orthonormal basis (ey,...,e;) of T,M. The coordinates
(x!,...,x%) on V defined by x' = gx((expx IU)_1 () el-) are called normal co-
ordinates.

Normal coordinates (x!,...,x%) correspond to the chart (x1,...,x%)

exp,(xle; +---+xey).
Proposition 9.6.6. Let (M, g) be a Riemannian manifold. Consider x € M and
normal coordinates (x',...,x%) around x. Then

Vi,jkefl,....d} g;(x)=8; ; ri’jj(x)zakgi,j(x)zo

Remark. This means that a Riemannian metric is "Euclidean up to order
one". This makes it hopeless to find invariants of Riemannian metrics that
only involve first order derivatives.

Proof. By definition of normal coordinates, (d;(x),...,d;(x)) is an orthonor-
mal basis of TyM, so g; i(x) = g(d;(x), dj(x)) = 9; ;.
Now fix some v = (v1,...,v%) € R%. The curve c defined by

c(t) = exp, (tv!dy (x) + -+ + tv99,(x))
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is a geodesic. Recall the geodesic equation in coordinates:

Vke(l,...,d) &b+ Z ri’fj(c(t))ci(t)cf(t):o

1<i,j<d
Here c/(t) = tv', so the equation simplifies:

Vkel(l,...,d) Z If (c(t)v'vl = 0

1<i,j<d

In particular we have } ;<4 I‘l.k].(x)vivf = 0. This being true for all v € R?,
we find I’Z-]f]-(x) =0.
Now we also have

d
Vi,jkefl,...,d} 0igjr(x)+9;gix(x)—dkgij(x)=2 ng,z(x)ﬂl,j(x) =0
=1

By permuting the indices we also get
Vi,jkel{l,...,d}  digii(x)+digi(x)—0gki(x)=0

By adding these last two equalities and using the symmetry of g, we find
9i&j,k(x) = 0. O

Definition 9.6.7. Let (M, g) be a Riemannian manifold, and let x € M. The
injectivity radius of (M, g) at x is inj, = supE € ]0,+co] where E C ]0, +oo[
is the set of positive real numbers r such that exp, is diffeomorphic from
Bt m(0,7) onto its image.

The injectivity radius of (M, g) is injM = inf ¢y, inj, € [0, +oo].

Remark. The theory of ODEs shows that the map x + inj, is lower semi-
continuous. Therefore if M is compact then injM > 0.

9.6.3 Isometries and geodesics

Lemma 9.6.8. Let (M, g) be a pseudo-Riemannian manifold, and N C M a
pseudo-Riemannian submanifold. Let ¢ : I — N be a smooth curve. If c is a
geodesic of M, then it is a geodesic of N.

Proof. If c is a geodesic of M, then %c’ = 0, and its projection on TN also
vanishes, so c is a geodesic of N according to Proposition[9.5.2] O

This is far from being an equivalence. It can be seen in the proof: the
geodesic equation on M has more constraints that we did not use (the pro-
jection on TN+ of %c’).

To find some explicit examples, consider submanifolds in E¢. Most
submanifolds do not contain any straight line, yet geodesics always exist.
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Proposition 9.6.9. Let (N,h) and (M, g) be pseudo-Riemannian manifolds. If
@ : N — M is an isometric immersion, and ¢ : I — N is a smooth curve such
that @ o c is a geodesic, then c is a geodesic.

Furthermore, if @ is a local isometry, then ¢ o c is a geodesic if and only if c
is a geodesic.

Proof. Let us start with the second statement. Introducing local coordi-
nates on M and pulling them back on N by ¢, the geodesic equations for ¢
and ¢ o c are the same, hence the result.

If ¢ is only an isometric immersion, we can work locally and assume
that ¢ is an embedding (since being a geodesic is a local condition). Then
@ o c is a geodesic of the submanifold ¢(N) of M (Lemma[9.6.8), and since
@ is an isometry between N and ¢(N), we recover the result from the pre-
vious case.

O

Corollary 9.6.10. Let (N,h) and (M, g) be pseudo-Riemannian manifolds. Let
@ : N — M be an isometry. If x e M and v € T,M are such that exp,(v) is well
defined, then:

P(exp,(v)) = exp,y(y (Ax(v))

Proposition 9.6.11. Let (N,h) and (M, g) be pseudo-Riemannian manifolds,
with N connected. Let ¢,1p : N — M be isometries. If there is some x € N such

that @(x) = P(x) and d,@ = d,, then ¢ = .

Proof. Consider the set X = {x ¢ N|(p(x) =(x) & dyp =d,p}. It is open
because of Corollary and closed because ¢ and i are smooth. O

Examples 9.6.12. We can use Proposition[9.6.11|to determine the isometry
groups of the sphere and the hyperbolic space. Indeed, in both cases, we
have found a subgroup G of Isom(M, g) such that for all x,y € M and any
linear isometry L : M — T, M, there is ¢ € G such that ¢(x) = y and
dyp =L (G=0(m+1)for $" and G = O,(n,1) for H"). It follows that
G =Isom(M,g).

Proposition says that an isometry ¢ can be recovered from the
image ¢(xg) of a given point xy and the differential d, ¢. It is actually
possible to use this to define charts on the isometry group, and prove that
it is a Lie group.

The topology that we consider on Isom(M, g) is the compact-open topol-
ogy: a basis is given by {¢ € Isom(M, g)|p(K) C U} where K C M is compact
and U C M is open.

Theorem 9.6.13 (Myers-Steenrod). The isometry group Isom(M, g) of a con-
nected pseudo-Riemannian manifold (M, g) has a unique Lie group structure
for the compact-open topology such that the action on M is smooth.
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9.6.4 Examples of geodesics

We already mentioned that geodesics of IRP1 are affinely parameterised
straight lines.
is that For a pseudo-Riemannian submanifold N ¢ IR”7 and a smooth
curve ¢ : I — N, Proposition [9.5.2]yields:
D

—c¢=¢
dt

It follows that c is a geodesic if and only if:
Vtel é(t)e TN+
For x € $% c E? and v € T8¢ = x* with ||v|| = 1, the geodesic is:
¢, (t) = cos(t)x + sin(t)v
For x € H® c M?*! and v € T, H? = x with ||v|| = 1, the geodesic is:
¢, (t) = cosh(t)x + sinh(t)v

In both cases, we find that images of geodesics are intersections with
linear planes in the ambiant vector space.

We can use the isometries between the various models of the hyperbolic
space to see that geodesics in the ball and hyperboloid models of H” are
circle arcs perpendicular to the boundary.

Finally, if p: M — M is a Riemannian covering, then geodesics of M are
compositions of geodesics of M with p.

In the space of ellipsoids &, geodesics through 1,, are exactly the curves
t — exp(tX) where X is a traceless symmetric matrix.
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Riemannian manifolds as
metric spaces

10.1 The Riemannian distance

10.1.1 Lengths of curves

We now consider a connected Riemannian manifold (M, g). Recall that we
use the convention that piece-wise smooth paths are continuous.

Definition 10.1.1. Let (M, g) be a Riemannian manifold, and c: [a,b] > M
be a piece-wise smooth curve. The length of c is

b
L(o) =j el dt

Definition 10.1.2. Let (M, g) be a Riemannian manifold, and c: [4,b] > M
be a piece-wise smooth curve. We say that ¢ has constant speed if ||| is
constant.

Remark. Geodesics have constant speed.
We can use the lengths of curves to define a distance.

Definition 10.1.3. Let (M, g) be a connected Riemannian manifold. The
Riemannian distance of (M, g)isd : M x M — [0, +oo[ given by

d(x,y) =1inf{L(c) | c:la,b] > M piece-wise smooth, c(a) =x, c(b) =y}

Remark. Since M is connected, it is also path connected, so d(x,y) € [0, +oo[
is well defined (understand: it is finite).

Staring at this definition won’t get you very far. The space of curves
joining two given points is infinite dimensional in its nature, so minimising
a functional on this space is by no means easy.

Before we attempt general methods and subtle definitions, let us work
out the case of the Euclidean space.

183
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Theorem 10.1.4. The Riemannian distance of the Euclidean space E" is equal
to the Euclidean distance.

Remark. This can be summarized by the fact that the shortest path joining
two points is the straight line.

Proof. Let d be the Riemannian distance on [E”, and x,y € E" such that
x # 7. Consider the straight line

7/:{[0,1] - E"

t = x+tHy—x)

joining x and y. Since L(y) = |[x —p||, we get d(x,v) < ||x — v||.
Now let ¢ : [0,1] — [E" be a piecewise smooth curve such that ¢(0) = x
and ¢(1) = y. Decompose c(t) = a(t) + b(t) where a(t) is on the line joining

i >—y7x and

x and y, and b(t) is orthogonal to it (i.e. a(t) = x + <c(t) -x o=l To==]

b(t)=c(t)—al(t).

Since d(t) and b(t) are orthogonal, we have that ||¢(¢)|| > ||4(t)||, hence
L(c) > L(a).

Now write a(t) = x + A(t)(y — x), so that

Ll A(t)dt

|, hence d(x,p) > ||y —x”. O

e =11 = [}y ==

1
L(a) = L A)l ||y - x| dt >

It follows that L(c) > L(a) = ||y - X

We will keep this result in mind when we prove that the Riemannian
distance is always a distance. The idea is that locally, one can compare the
Riemannian metric to a Euclidean metric in charts.

Lemma 10.1.5. Let (M, g) be a Riemannian manifold, and d$ the Riemannian
distance.

1. If h is another Riemannian metric on M and g > h, then d$ > d" where
d" is the Riemannian distance of (M, h).

2. If U c M is open, then dU(x,y) > d8(x,y) for all x,y € U, where dV is the
Riemannian distance of (U, g|y).

Remark. By ¢ > h for Riemannian metrics, we mean that g (v,v) > h,(v,v)
forall xe M and v € T, M.

Proof.

1. If c: I - M is a piece-wise smooth curve, then we let L8(c) (resp.
L"(c)) be its length with respect to g (resp. h). Since Se(r(€(t),¢(t)) =
hey(€(t), é(t)) for all t € I, we find that L3(c) < L"(c), therefore L8(c) >
d"(x,y) if c joins x and y, and finally d8(x,y) > d"(x,v).
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2. Given x,y € U, a curve in U joining x and y is also a curve in M
joining x and p, i.e. dY(x,p) is the infimum of a subset contained in
the one defining d&(x,v), therefore dV(x,y) > d$(x, p).

O]

We can use this principle to prove that the Riemannian distance is a
distance.

Theorem 10.1.6. Let (M, g) be a connected Riemannian manifold. The Rie-
mannian distance d is a distance on M that defines the manifold topology.

Proof. One easily checks that d is well defined, non negative, symmetric,
and that it satisfies the triangle inequality (this is why we work with piece-
wise smooth curves: they are stable under concatenation).

Let x,y € M be such that x # y. Consider local coordinates (xl,...,x
on an open domain U C M such that g; i(x) = 6; ; (e.g. normal coordinates)

“)

and p ¢ U. To simplify notations, assume that U c R?.
Since the functions g; ; are continuous, we can shrink U and assume the
existence of a > 0 such that:

2
eucl

2
eucl

VzeUYveT,U = |pl2, ., < 2 (v,v) < a?|p]|

1
pl

Let € > 0 be such that B,,,.j(x,¢) C U. For z € B,,,.;(x, €), consider a piece-
wise smooth path ¢ :[0,1] — M joining x and z. If ¢([0,1]) C U, then the
first point of Lemma|10.1.5{implies that L(c) > % If the path c leaves
U, consider t, the smallest parameter such that c(ty) € dB,,(x, €), then the
restriction of ¢ to [0, ;] is a path contained in U joining x to c(ty), and it is
shorter than ¢, hence L(c) > £ > %.

This shows all for z € B,,,.(x, €) satisfy d(x,z) > ||Z*9;||@.451‘

Since any continuous curve from x to y must cross dB,,(x, €), we also
find that d(x,y) > £ > 0, therefore d(x,) # 0, and d is a distance.

The fact that d(x,z) > % for all z € B,,.(x, €) shows that B;(x,r) C
Boyci(x,ar) for all r < ae.

The first point of Lemma[10.1.5|and the fact that g < ag,, . imply that
Beyci(x,1) C By(x,ar) for all r < e. It follows that d defines the manifold

topology. O]

10.1.2 Minimising curves

The computation of the Riemannian distance for the Euclidean space is
based on the fact that we can find an explicit formula for the shortest path
between two points. In other terms, the infimum defining the Riemannian
distance is a minimum.
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This will not always be the case. Consider IR? \ {0} with the Euclidean
metric. Considering paths that take arbitrarily small detours around the
origin, we see that the Riemannian distance is still equal to the Euclidean
distance, however given two opposite points, there is no shortest curve in
R?\ {0}. This problem will be avoided by working locally.

Definition 10.1.7. Let (M, g) be a connected Riemannian manifold, and d
the Riemannian distance.
A piece-wise smooth curve c: [a,b] — M is called minimising if L(c) =

d(c(a), c(b)).

It will be practical to consider minimising curves defined on infinite in-
tervals, so we need a definition that does not involve the endpoints. Notice
that the notion of minimising curve is stable under restrictions.

Lemma 10.1.8. Let (M, g) be a connected Riemannian manifold, d the Rieman-
nian distance, and c : [a,b] — M a minimising curve. For all [a’,b’] C [a,b],
the restriction cly p) is minimising.

Proof. We already have d(c(a’),c(b’)) < L(cl[a,,b/]).

Consider a piece-wise smooth curve y : [a’,b'] - M such that y(a’) =
c(a’) and p(b’) = c(b’). Let ¥ : [a,b] — M be the piece-wise smooth curve
defined by y(t) = c(t) if t € [a,a’] or t € [b’,b] and Y(t) = y(t) for t € [a’,]’].
Since ¥ is a piece-wise smooth curve joining c(a) and c(b), we have that
L(y) > d(c(a),c(b)) = L(c).

By writing out the integral that defines the length, we find that L(y) >
L(c|[u,,b/]). Therefore |, ;) is minimising. O

If I c Ris any interval and c: I — M is a curve, where M is a manifold,
we say that c is piece-wise smooth if its restriction to any compact interval
is piece-wise smooth.

Definition 10.1.9. Let (M, g) be a Riemannian manifold, and d the Rieman-
nian distance.

If I C R is any interval, then a piece-wise smooth curve ¢ : I — M is
called minimising if

Vs, t el Lcls,) = d(c(s) c(t))
It is locally minimising if
Vtel de>0 clj_¢ t4¢) is minimising

The two definitions of minimising curves coincide for a compact inter-
val. Minimising curves are locally minimising, but we will see that the
converse is not true.
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10.1.3 Riemannian spherical coordinates

We now wish to find out some more about the relationship between Rie-
mannian geodesics and the Riemannian distance. In the Euclidean space,
we used an orthogonal projection to find the Riemannian distance, which
is somehow related to Cartesian coordinates. However, these coordinates
are not well defined in Riemannian geometry. We can however define some
spherical coordinates, and they will be very useful.

Theorem 10.1.10 (Gaufs Lemma).
Let (M, g) be a Riemannian manifold, and x € M. If exp, is defined at v € T,M,
then:

Ywe T,M (d, expx(v)|dx exp,(w ))exp = (v|w),
Proof. Given € > 0 small enough, consider:
£ |-, 1+¢[x]-¢€,¢[ — M
' (t,5) = exp,(tv +stw)

We find that af(l,O) =d,exp,(v) and g—f;(l,O) = d, exp,(w), so we wish to
compute < of f> at (t,s) =(1,0).

Note that for s fixed, f(-,s) is a geodesic, so %{ =0.
9 [9f|9F\_ (D of|9f\ [9f|D of
dt\dt|ds| \ot dt|ds| \ot|at ds

—_———
=0
_(2f|Pof
~\dt|ds ot
_12 [af|of
20s\0t|at

Since f(-,s) is a geodesic, it has constant speed, i.e. < 9{ 8]:> does not depend
on t. Since %(O,S) =v +sw, we find (% %> =||v + sw]|?, and:

d [df |of\ 10 [df|df

Jt\ot|as| 29s\ot|at
Integrating yields:

S .

Since f(O s) = 0, we finally get:
%
(S| )a0=com

>= (lw) +s|lw]®

ot | ds
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O]

If w is a multiple of v then this is a just a consequence of the fact that
the geodesic t — exp,(tv) has constant speed. So the relevant information
in Theorem is that the differential of the exponential map exp,
preserves orthogonality with geodesics going through x.

This has a nice interpretation in terms of spherical coordinates.

Proposition 10.1.11. Let (M, g) be a Riemannian manifold, and x € M. Define

. 10,inj, [x T{M — M
) (r,v) = exp,(rv)

There is a smooth family of Riemannian metrics (h(r)),c)o,inj [ 01 the sphere
TIM such that (P*g)p = dr? + h(r),.

Remark. By smooth family of Riemannian metrics, we mean that each h(r)
is a Riemannian metric on T!M, and the map (r,v) — h(r), is a smooth
from ]0,inj [ x T{ M to the total space of the vector bundle S?T*(T,!M). In
human language, this means that the expressions in coordinates are smooth
functions in (r,v).

Proof. Since Ti;y) (]O,injx[ X TXIM) = RxT,T}M, any Riemannian metric on

]0,inj, [ x T1 M can be written as
a(r,v)dr2 +dr®w(r), + h(r),

Where w(r) is a smooth family of 1-forms on T!M and h(r) is a smooth
family of Riemannian metrics.

First, we have that a(r,v) = ||d(,,,,)CD(1,O)||2 = |l¢,(r)|I* where ¢, is the
geodesic satisfying ¢,(0) = v. It follows that a(r,v) = IvlI? = 1.
Since any w € T, T, M satisfies (v|w), = 0, the Gauss Lemma yields:

@ (1)y(w) = (A1) P(0,w)]d 1,1y D(1,0)) = (dyy exp,(rw)|dy, exp,(rv)) = 0
[

Examples 10.1.12. In the following examples, the metric h(r) can be com-
puted easily.

E?> ds?>=dr’+r%d6? (r>0)
52 dsszph:dr2+sin2rd92 (0<r<m)

H? ds}zlyp =dr? +sinh?rd0? (r>0)
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10.1.4 Shortest paths and geodesics

Theorem 10.1.13. Let (M,g) be a Riemannian manifold, and ¢ : I — M a
piece-wise smooth curve. Then c is a locally minimising if and only if ¢ is a
reparametrization of a geodesic.

It is a consequence of the following more precise statement.

Proposition 10.1.14. Let (M, g) be a Riemannian manifold. Let x € M, v €
T.M, and let c be the geodesic with initial velocity v. If t € ]0,inj [, then:

1. The curve c|jg,;) is minimising.

2. Any minimising curve joining x and exp,(tv) is a reparametrization of
Cl[O,t]‘

3. BM(X, t) = epr(BTXM(O, t))

Proof. Let y : [a,b] - M be a piece-wise smooth curve such that y(a) = x
et y(b) = exp,(tv). Let b’ be the first time at which y exits exp, (BTXM (0, )

ie. b’ _1r1f{s €la, b]| éexpx(BTM(O t))} la,b].

For s € [a,b’], we set r(s) = expx || Using the Riemannian spheri-
cal coordinates of Proposition we can write ¢(s) = exp,(r(s)u(s)) for
s€[a,b’] where u(s) € T'M. We ﬁnd:

[PI° = # + () o, 1)

It follows that ||)/(5)|| > |7(s)| for all s € [a,b’]. We can use this estimate
the length of y:

rb
Lo = | [l7(s)|| ds

o
[7s)l]as

\%

\%

|7(s)lds

\%

This shows that L(y) > L(c|[0’t]), i.e. the geodesic c|[g,) is minimising.
If y is also minimising, then every inequality that we used is an equality.

In particular, we have that fbb, )/(s)”ds = 0, which shows that b’ = b, and
h(r),(11,1) = 0, i.e. u is constant, however y(b) = exp,(v) implies that u(s) =
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v for all s, hence y(s) = exp,(7(s)v) = c(r(s)), and y is a reparametrization of
cljo, -

Since c|[9 ] is minimising, we find that d(x,exp,(tv)) = t. This being true
for all t € ]0,inj,[ and v € T!M, we find exp, (BTXM(O,t)) C Bps(x,t). Since
we have shown that every piece-wise smooth curve starting from x and
leaving exp, (BTXM(O,t)) has length at least t, we also find that By(x,t) C

epr (BTXM(O’ t))
O

Proposition 10.1.15. Let (M, g) be a Riemannian manifold. Every xo € M has
a neighbourhood U such that:

1. Any x,y € U are joined by a unique unit-speed minimising geodesic cy .

2. There is € > 0 such that c,,, is defined on |—¢,¢[ for all x,y € U, and the

{ UxUx]-¢,¢[ —
map

is smooth.
(x,9,1) = Cyy(t)

3. Ifx,v,ze U and d(x,v) +d(v,z) = d(x, z), then vy = ¢, ,(d(x,)).

4. Ifc: 1 — U satifies d(c(t),c(s)) = |t—s| for all t,s € I, then c is a unit speed
geodesic.

Proof. Using the lower semi-continuity of the injectivity radius, we can find
an open set V C M containing x, such that for all x € V, we have V C
B(x,inj,.).

As seen for connections, we can find an open set U C V containing x,
and a smooth map ¢ : Ux U — TM such that ¢(x,y) € T,M, ¢(x,x) =0 and
exp,(¢(x,y)) =y for all x,y € U. Now c,,(t) = exp,(t@(x,)) is a smooth
function of (x,v,t).

Proposition implies the fist point because U C V, and the re-
mark above implies the second point.

Now let x,y,z € U and d(x,y) +d(y,2) = d(x, z). The concatenation of ¢, ,
and ¢, , is a minimising curve from x to z, so it must be a geodesic, hence
Y = e z(d(x,)).

Finally, if a curve c: I — U satifies d(c(t),c(s)) = |t —s| for all t,s € I, the
previous point shows that c(t) = cc(s),c(p)(t —a) for t € [a,b] C I. O

Lemma 10.1.16. Let (M,g) be a Riemannian manifold, and let x € M. For
v,we€ T, M, we have:

d(exp,(tv),exp,(tw)) = t|[v —w||, + o(t)

Proof. Consider a neighbourhood U C M given by Proposition|10.1.15}, and
the smooth map ¢ : U x U — TM used in its proof.
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Let W = exp;!(U), and consider the function F : W x W — R defined by

F(u,v) = d(exp,(u),exp,(v))®. Then F(u,v) = ||(p(expx(u),expx(v))”zxp y

which shows that F is smooth. )
Using the fact that F(u,v) = F(v,u), F(0,v) = ||v||926 and F(u,u) = 0, we

can recover the first and second order differentials of F at (0,0). We find

d(o,o)F =0 and:
d(zo,O)F((”'V)’ (zw)) =2 (u—-v,z—w)
This leads to:

d(exp(tv),exp,(tw))* = £ |lv — wll} + o(t?)

10.1.5 Recovering a Riemannian metric from the distance

Proposition 10.1.17. Let M be a connected manifold, and g,¢" Riemannian
metrics on M. If the Riemannian distances dg and dg are equal, then g = g’.

Proof. At first we only consider the metric g. Let x € M, and define f : M —
R by f(y) = %dg(x,y)z. By Proposition we find that f(exp,(v)) =
%||v||2 for v € T,M small enough. It follows that f is smooth in a neigh-
bourhood of x, that d,.f = 0 and that d2f = g, (where d2f is the Hessian of
a function at a critical point).

The same being true for g’, we find that g, = g;. O

Proposition 10.1.18. Let (M, g) be a connected Riemannian manifold, and d
the Riemannian distance. If f : M — M is an isometry of the metric space
(M, d), then it is an isometry of the Riemannian manifold (M, g).

Remark. A Riemannian isometry is quite clearly an isometry of the Rie-
mannian distance, but this is not true for local isometries. There is however
an inequality for the general case of isometric immersions: if f : (N,h) —
(M, g) is an isometric immersion between connected Riemannian mani-
folds, then it is 1-Lipschitz:

Vx,y €N do(f(x), f(y)) <dn(x,).

Proof. If f is smooth, then the Riemannian distance of f*g is equal to
the Riemannian distance of g, and Proposition implies that f €
Isom(M, g). So it remains to show that f is smooth.

Let x € M. For all v € T, M, the image of the geodesic t — exp,(tv) under
f is a geodesic because of the last point in Proposition so there is
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L(v) € Tf(xyM such that f(exp,(tv)) = expf(x)(tL(v)) for t small enough. The
map L: TeM — Ty, M fixes 0, and it satisfies:

L) - Lol = lim 2SO S (XP{12))

t—0 t

im d(exp,(tu),exp,(tv))
t—0 t

= fJu = vl

It follows that L is a linear isometry. Since f(exp,(v)) = expf(x)(L(v)) for
v small enough and exp, is a local diffeomorphism at x, we find that f is
smooth around x. O]

This implies that Isom(M, g) is closed in Homeo(M). This is also true
for pseudo-Riemannian manifolds, but considerably more difficult.

If M is compact, then so is Isom(M, g) (by Ascoli’s Theorem). Any com-
pact Lie group acting on a manifold preserves a Riemannian metric.

Proposition 10.1.19. Let G ~ M be a smooth action of a compact Lie group on
a manifold. There is a Riemannian metric on M for which G acts isometrically.

Proof. We use a left-invariant volume form @ on G and any Riemannian
metric # on M to define:

Hlv) = | (g drgv) o)
Then H is a Riemannian metric on M, invariant under the action of G. [

10.1.6 Closed geodesics

Corollary 10.1.20. Let (M, g) be a compact Riemannian manifold. Any non
trivial free homotopy class contains a closed geodesic.

Remark. The statement is false for non compact manifolds.

Let us sketch the proof. Since M is compact, we know that r = injM > 0.
Let C ¢ C°([0,1],M) be a non trivial free homotopy class. It is a closed

subset of C%([0,1], M). Let C’ C C be the subset of piecewise C! paths.

For ¢ € C’, we can find a piecewise geodesic y € C’, with at most Lo

pieces, such that L(y) < L(c). Set: '
L=inf{L(c)|c e’}

Let us prove that L > 0. If not, we could find a sequence of paths (¢;) in C’
such that L(cx) — 0. Since M is compact, up to a considering a subsequence
this means that ¢; converges to a constant path, which must be in C because
it is closed. This contradicts the non triviality of C.
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Consider a sequence c; € C’ such that L(c;) — L. Using the above re-
mark, we can assume that c; is piecewise geodesic with at most £ pieces.

Using Ascoli’s Theorem, we can assume that c; converges in the space
C°([0,1], M) to some path c € C. We find that c is a geodesic.

10.2 Geodesics and calculus of variations

10.2.1 Energy and the variational approach to geodesics

The fact that minimising the length is invariant under a change of param-
eter is a major technical issue. It means that if we find an equation de-
scribing minimising curves, then this equation must have an infinite di-
mensional space of solutions (a physicist might say that the group of dif-
feomorphisms of the interval act as gauge transformations, and infinite di-
mensional gauge is something that one should stay away from).

A first clue towards finding a way around this problem is to consider
only curves with constant speed. Indeed, any regular curve (i.e. with non
vanishing velocity) can be reparametrized so that it has constant speed, and
this reparametrization is unique.

The appropriate solution consists in finding a functional on curves that
is minimised by length-minimising curves with constant speed. This func-
tional is the energy.

Definition 10.2.1. Let (M, g) be a Riemannian manifold, and c: [a,b] > M
be a piece-wise smooth curve. The energy of c is

b
B© = | lewlPd

Remark. The energy still makes sense in pseudo-Riemannian manifolds,
but the length does not (artificially defining it with an absolute value before
the square root can be useful but only if we restrict the study to subspaces
of curves).

There is a simple inequality between the length and the energy of a
curve, and the equality case is only achieved by curves with constant speed.

Lemma 10.2.2. Let (M, g) be a Riemannian manifold, and c : [a,b] — M be a
piece-wise smooth curve. Then L(c)> < 2(b - a)E(c), and equality holds if and
only if ¢ has constant speed.

Proof. It is a consequence of the Cauchy-Bunyakovsky-Schwarz inequality,
and its equality case. O]

We can define energy-minimising curves in a similar fashion as for the
length.
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Definition 10.2.3. Let (M, g) be a connected Riemannian manifold, and 4
the Riemannian distance.

A piece-wise smooth curve c : [a,b] — M is called energy-minimising
if any other piece-wise smooth curve y : [a,b] — M such that y(a) = c(a)
and y(b) = c(b) satisfies E(y) > E(c).

Note that considering curves defined on the same interval is vital in this
definition, since the energy changes when rescaling to a different interval.
We still have the same properties for restrictions.

Lemma 10.2.4. Let (M,g) be a connected Riemannian manifold, d the Rie-
mannian distance, and ¢ : [a,b] — M an energy-minimising curve. For all
[a’,b"] C [a,b], the restriction cliy 1) is energy-minimising.

Proof. The proof of Lemma|10.1.8|can be carried out mutatis mutandis. [J

This also allows for a notion of energy-minimising curves defined on an
arbitrary interval.

Definition 10.2.5. Let (M, g) be a Riemannian manifold, and d the Rieman-
nian distance.

If I C R is any interval, then a piece-wise smooth curve c: I — M is
called energy-minimising if for all s, € I, the restriction c|; ] is energy-
minimising.

It is locally energy-minimising if

Vtel de>0 clj_¢ t4¢] is energy-minimising

Proposition 10.2.6. Let (M, g) be a Riemannian manifold, and let c : 1 — M
be a piece-wise smooth curve. Then c is energy-minimising if and only if it is
minimising and has constant speed.

Similarly, it is locally energy-minimising if and only if it is locally minimis-
ing and has constant speed.

Proof. Note that the global statement implies the local one, since constant
speed is a local property. Without loss of generality we can assume that I
is a compact interval [a, b].

First assume that ¢ is minimising and has constant speed. If y : [a,b] —
M is a piece-wise smooth curve such that y(a) = c(a) and y(b), then Lemma

10.2.2|gives E(y) > 2L( 2 Since c is minimising, it follows that E()/) %
However c has constant speed, so Lemma 10.2.2{implies that ) a) = = E(c),

hence E(y) > E(c), and c is energy-minimising.
Now assume that c is energy-minimising. Let ¢ : [a,b] — M be the

constant speed reparametrization of c. By Lemma [10.2.2} we get E(c) >
L(C)2 L(’E)2

2=
E(c) = 2(5;6) nk and according to Lemma|10.2.2|c has constant speed.

= E(c). Since c is energy-minimising, these are equalities, i.e.
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Let y : [a,b] > M be a piece-wise smooth curve such that y(a) = c(a)
and y(b) = c(b), and let ¥ be the constant speed reparametrisation of y.
Lemma and the invariance of the length under reparametrisations
each applied twice give:

L(y)=L(y) = v2(b-a)E(Z) > v2(b —a)E(c) = L(c)

It follows that c is minimising. O

10.2.2 The first variation formula

Since we are looking for minimisers of the energy functional, a possible
approach is to try to find its critical points, then compute the second order
derivative at these points and try to evaluate its sign. For now we will just
focus on the first derivative.

It is possible to formalize this in terms of functions on infinite dimen-
sional manifolds of paths, but we will not go down this path.

Instead, we will work with variations of curves.

Definition 10.2.7. Let (M, g¢) be a Riemannian manifold, and c: [a,b] > M
a smooth curve.

A variation of c is a smooth map f : [a,b] x |-¢,¢[ — M for some ¢ > 0
such that, if ¢;: I — M is the curve defined by c4(f) = f(¢,s), then ¢y = c.

It has fixed endpoints if ¢;(a) = c(a) and c4(b) = c() for all s € |-¢, ¢].

The variation field of f the the vector field ] along c defined by J(t) =

%L:O c(t) € Tc(t)M-

Remarks.

* We consider smooth curves in order to avoid complicated definitions
of piece-wise smooth functions of two variables.

* If a variation f has fixed endpoints, then the variation field J satisfies
J(a) =0and J(b) = 0.

* One can show that any vector field along c is the variation field of a
variation of ¢, and that the variation can be chosen with fixed end-
points if the vector field vanishes at the endpoints of c. However, it
will not be necessary for our applications.

Theorem 10.2.8 (First variation formula for the energy).
Let (M, g) be a Riemannian manifold, ¢ : [a,b] — M a smooth curve, f :[a,b] x
|-¢, e[ = M a variation of c, and ] its variation field. We have:

d

b
| == [ o 1000 e+ gy €016 =g (€0 @)

5=0
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Remark. If f has fixed endpoints, then the formula simplifies to:

s:oE(CS) = _ngc(t)(](t):%dt))dt

Proof. Since we are considering smooth functions on a compact interval,
we can differentiate before integrating:

d

ds

d 1 (b9 o
FE =3 | Fsantemamds

We can compute the integrand:

%
ggcs(t) (és(t); és(t)) =

|
oq

|

¥

QL
'\'\ Q_)
~
Qv
~
—_—

~—

Il Il
N N
o 8 8
REICIINY
Vo Yo

Il
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e+
Y|
T —
|
N
oqQ
—
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T —

At s =0, this simplifies as:

9 o d D
S| sl ee) =2 g e~ 2¢( e )
Integration yields the desired formula. ]

We little effort, one can show that critical points of the energy must
satisfy %c’ =0, i.e. be geodesics.

A similar formula can be obtained for the variation of the length, but it
is only practical if we assume the curve c to have constant speed.

Theorem 10.2.9 (First variation formula for the length).

Let (M, g) be a Riemannian manifold, ¢ : [a,b] — M a smooth curve with
constant speed, f : [a,b] x |-¢,e[ — M a variation of c with fixed endpoints,
and ] its variation field. We have:

[b-a [ b
s SZOL(CS):_ TC;IJ; gc(t)(](t)lﬁé(t))dt

L
d

Proof. We proceed in the same way as we did for Theorem [10.2.8} and find

that: )
d C(Pa (of If\
EL(CS)_L g[g(g;g) dt
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Since ¢ has constant speed, we get g(¢,¢) = %. Using the computations

made in the proof of Theorem[10.2.8, we find:

1
d of df\*|_ |b—-a(d | D .
F5leo |8 (E'E) ]—\/ o) (ﬁg (@18 (g6 ))
Integration once again yields the desired formula. O]

10.3 Completeness of Riemannian manifolds

10.3.1 The Hopf-Rinow Theorem

Definition 10.3.1. A Riemannian manifold (M, g) is called geodesically
complete if any geodesic c: I — M extends to RR.

It is called geodesically connected if any pair of points in M is linked
by a minimising geodesic.

Examples: E”, $", H" are geodesically complete and connected, but
IR" \ {0} is neither.
Geodesic completeness and connectedness are related.

Lemma 10.3.2. Let (M, g) be a Riemannian manifold, and consider two distinct
points x,y € M. If r > 0 satisfies r <inj, and r <d(x,y), then there is z € S(x,r)
such that

d(x,2z) +d(z,y) = d(x,y)

Proof. Since r <inj,, Proposition shows that:
S(x,r)= expx(STxM(O,r))
It follows that S(x,r) is compact, and we can find z € S(x, r) such that:
VpeS(x,r) d(y,p)=d(yz)

Let y :[0,1] > M be a piece-wise smooth curve such that y(0) = x and
¥(1) = y. Since d(y(0),x) = 0 and d(y(1),x) > r, we can consider t € [0,1]
such that y(t) € S(x,r). We find:

L(y) = (Vl[o,t])+L(7/|[t,1])

L
d(x, y(t))+d(y,y(t))
+d(z,9)

Since the right term does not depend on y, we find:

d(x,y) >d(x,z)+d(z,p)
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The triangle inequality yields d(x,z) + d(z,v) > d(x,v), hence d(x,y) =
d(x,z)+d(z,p).
O

Lemma 10.3.3. Let (M,g) be a connected Riemannian manifold. Let x € M
be such that exp, is defined on all T,M. For all y € M, there is a minimising
geodesic from x to y.

Remark. This has the important consequence that for all R > 0:
Bdg(x,R) = exp, (BTXM(O, R)) and Edg(x, R) =exp, (ETXM(O,R)).

Proof. Let y € M be distinct from x, and consider r € |0, min(inj,, d(x,v))[.
Let z; € S(x,r) be given by Lemma [10.3.2, and consider v € T} M be such
that exp, (rv) = zj. Set:

I={te[0,d(x)]|d(p,c,(t) +t=d(x,))

Since 0 € I, this set is not empty. Let s = supI. Note that S is closed, so s € I.
Assume, by contradiction, that s <d(x,p).

Write x; = ¢, (s). Note that d(x,x;) < L(Cv|[0’s]) =s,and d(x,x1) > d(x,y)—
d(x1,v) =s,s0d(x,x;) =s. In particular x; = .

Let r; € ]0,max(inj, ,d(x1,)[, so that we can apply Lemma([10.3.2and
find z; € S(x1,71) such that d(xy,21) +d(z1,v) =d(x1,v).

d(x,21) 2 d(x,p) —d(z1,9)

>d
>d(x,x1) +d(x1,y) = (d(x1,9) —d(x1,21))
>d(x,x1)+d(xq,21)

It follows that the concatenation of c,[[o,s) and the unit speed minimising
geodesic joining x; and z; is a minimising curve, hence a geodesic. There-
fore zy = ¢,(s+ry), and s+ r; € I. This is a contradiction with s =supl. [

Theorem 10.3.4 (Hopf-Rinow). Let (M, g) be a connected Riemannian mani-
fold, V its Levi-Civita connection and d the Riemannian distance. The following
assertions are equivalent.

1. (M, g) is geodesically complete.

2. Yx € M exp, is defined on T, M.

3. dx € M exp, is defined on T,,M.

4. VR>0VYxeM B(x,R) is compact.

5. AR>0VYx e M B(x,R) is compact.
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6. (M,d) is complete.

Furthermore, if there conditions are satisfied then (M, g) is geodesically con-
nected.

Remark. We will say that (M, g) is complete if it satisfies these conditions.

Proof. The last statement is a consequence of the second condition and
Lemma[10.3.3]

1.=2. is a matter of definitions and 2.=3. is just specification.

3.=4. Lemma|10.3.3/implies that B(x,R) = exp, (ETxM(O,R)), hence the
compactness.

4.=5. and 5.=6. are general fact for metric spaces.

6.=1. Let c: ]a,b[ — M be a geodesic. Without loss of generality, we
can assume that ||¢||=1 and 0 € ]a, b[.

If b < +0c0, consider a sequence () such that t; — b.

Since ¢ is 1-Lispchitz, the sequence (c(fy)) is Cauchy, therefore con-
verges to some y € M. Let r = m%

For k large enough, we find both inj,,, > r (which implies that c is
defined on a, t; + r[) and b —t; <r, so ¢ can be extended. O

Corollary 10.3.5. Let (M, g) be a complete Riemannian manifold, and d the
Riemannian distance. If the metric space (M, d) is bounded, then M is compact.

Proof. Let x € M and R > 0 be such that M = B(x,R). The Hopf-Rinow
Theorem implies that B(x, R) is compact, and so is M. O]

Corollary 10.3.6. Let (M,g) be a connected Riemannian manifold. If M is
compact, then (M, g) is geodesically complete and geodesically connected.

This is not true for general pseudo-Riemannian manifolds: the Clifton-
Pohl torus is a compact Lorentzian manifold yet is not geodesically com-
plete.

Proposition 10.3.7. Let (M, g) be a Riemannian manifold. There exists o €
C*®(M) such that the conformal metric e° g is complete.

10.3.2 Riemannian coverings

Proposition 10.3.8. Let (M, g) and (N, h) be connected Riemannian manifolds,
and f : M — N a local isometry.

Then (M, g) is complete if and only if f is a Riemannian covering and (N, h)
is complete.

Proof. First assume that (N, h) is complete and that f is a Riemannian cov-
ering. Let x € M and v € T,M. The geodesic ¢4 f(,) of N is defined on R.
Since f is a covering map, consider the lift ¢ : R — M of ¢4 f(,) such that
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¢(0) = x. It is a geodesic because of Proposition[9.6.9} and ¢(0) = v, i.e. c=¢,
is defined on R.

Now assume that (M, g) is complete. Let us start by showing that f
is onto, using the connectedness of N. Since f is a local diffeomorphism,
f(M)is open in N. The surjectivity of f will follow from the fact that f(M
is also closed.

For this, let us prove that there is no geodesic of N joining a point in
f(M) and a point in its complement. Assume by contradiction that there
is a geodesic ¢ : I — N such that ¢(0) € f(M) and ¢(1) ¢ f(M). Let x e M
be such that f(x) = ¢(0) and set v = d, f "1 (¢(0 )) The geode31c c,, is defined
on R because (M, g) is complete, and f o c, is a geodesic of (N, h) with the
same initial data as c, hence f oc, =cand ¢(1) = f(c,(1)) € f(M), which is a
contradiction.

This shows that f (M) is closed: if y € N\ f(M), then By, (y, injy)ﬂf(M) =
(0. It also shows that geodesics of N going through f(M) are complete, so
(N, h) is complete.

It remains to show that f is a covering map. Let x € N, then set r = inj,
and U = By, (x,r). For x € f~1({x}), consider the set Uz = Bdg(fc\, r). Let us

prove that:
U v
xef~({x})

If y € f~1(U), we can consider v € T;N such that f(y) = cv( 1)and |jv|| < 7.
Let w = —c'v( ) € Tf N (so that x = ¢, (1)) and w = dyf ) € T,N. Then
X=cp(l) e f! because f ocg = cyp) and the path cw| has length
[[v|| <7, therefore y e Us.

If y € Us for some x € f~!({x}), recall that the local isometry f is 1-
Lipschitz, so dy(f (y),x) < dg(y,X) <r,and y € ()

We now fix ¥ € f~!({x}) and wish to show that f induces a diffeomor-
phism from Ui to U. Since f is a local isometry, hence a local diffeomor-
phism, we only have to check that its restriction to Us is injective, and that
f(Uz) =U.

The injectivity of f|y._ follows from the fact that Uz = expy(BTfM(O, r))
(because (M, g) is complete), the identity f o expy= exp, od,f and the in-
jectivity of exp, on Bt (0,7) (recall that r = inj,).

If x # x’, let us prove by contradiction that U, N U, = 0. Consider z €
UyN Uy, and let v,v’ € Br, (0, €) be such that z = exp,(v) = exp,(v’). The
geodesics foc, and foc, join f(z)toy and d(f(z),p) < inj,, so they must be
equal. Consequently ¢,(1) = ¢,/(1), and ¢, = ¢,, hence x = ¢,(0) = ¢,-(0) = x".

We have already seen that Uz C f~!(U), hence f(Ug) C U. Now lety € U
and write y = cy(1) for v € T,M such that ||[v|| < r. Then y = f(c5(1)) where
v'=dzf1(v), hence y € f(Us).

Fmally, con51der two distinct points x7,%, € f~!({x}). We wish to show
that Uyl N U;gz =0.
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Let z € Uz N Uy, and write z = ¢, (1) = ¢,,(1) where v; € Tz M and
lvill <7 for i =1,2. Then f oc, and f oc,, are both geodesics in N joining
x and f(z) that are included in B(x,r). Since r = inj,, it follows that these
geodesics are equal, hence X7 =X;.

O

Proposition 10.3.9. Let (M, g) and (N, h) be connected Riemannian manifolds
of the same dimension. If (M, g) is complete and f : M — N is a smooth map
such that f*h > g, then f is a covering map.

Proof. Since f*h > g, we see that f*h is a Riemannian metric on M. Now the
inequality f*h > g integrates to an inequality on the Riemannian distances:

Vx,peM  dpy(x,y) 2 dg(x,y)
This means that for x € M and r > 0, we have an inclusion of closed balls:
Ef*h(x, 1’) C Eg(x, 1’)

The Hopf-Rinow Theorem assures that Eg(x, r) is compact, and so is
Ef*h(x,r). According to the Hopf-Rinow Theorem, the Riemannian mani-
fold (M, f*h) is complete. Since f is a local isometry from (M, f*h) to (N, h)
(because they have the same dimension), we can apply Prposition
and find that f is a covering map. O

10.3.3 Completeness and vector fields

The classical property of finite time explosion for ODEs generalizes to com-
plete Riemannian manifolds.

Proposition 10.3.10. Let (M, g) be a complete Riemannian manifold, and let
X e X(M). For x e M, let I C R be maximal the interval on which the flow line

((pﬁ((x))td is defined. If ty = sup is finite, then

limsup”X(qo;((x))“ , =00
t—ty Px(x)

Proof. Assume the contrary. Then for any sequence t; € I with t; — ty, we
find that (pﬁé‘(x) is a Cauchy sequence for the Riemannian distance, so it
must converge to some y € M because (M, g) is complete. Then the flow
line starting at y extends the flow line of x on a larger interval, hence the
contradiction. O

Corollary 10.3.11. Let (M, g) be a complete Riemannian manifold. If X €
X (M) is bounded for the metric g, then it is complete.
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Chapter 11

Pseudo-Riemannian curvature

11.1 The various notions of curvature

11.1.1 Symmetries and contractions of the curvature tensor

Definition 11.1.1. Let (M, g) be a pseudo-Riemannian manifold, and V the
Levi-Civita connection. The curvature field of V is called the Riemann
tensor of type (3,1) of (M, g). It is denoted by R € Q? (End(TM)).

Let us list its symmetries.
Proposition 11.1.2. Let (M, g) be a pseudo-Riemannian manifold, V the Levi-
Civita connection, and R its type (3,1) Riemann tensor.

For all x e M and u,v,w,z € T,M, we have the following symmetries:

1. Ry(u,v)w=—-R, (v, u)w.

2. Ry(u,v)w+ R, (v, w)u + R, (w,u)v =0.

3. gel(Ru(1t,0)w,2) = ~go(Ry(1t,v)2,w).

4. & (Ry(u,v)w, z) = gx(Ry(w, 2)u, v).
Remark. Property 3. can be written as R, (u,v) € s0(g,).
Proof. Property 1. is a consequence of the skew-symmetry of the curvature,
i.e. Re Q?(End(TM)).

Property 2. is the first Bianchi identity.

In order to prove property 3. we consider a smooth function f : R> — M

such that f(0) = x, %(0) = u and ‘3—{(0) = v. Also consider sections 0,7 €

203
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[(f*TM) such that ¢(0) = w and 7(0) = z. First we compute:

af d D D

g(R(a—fa—f)") =2(| 57 527
DD D D
=55 35755 0)
D D d (D
=5(G0 ) G (5]
D D d (D
w2l 3 sG]
When symmetrizing in o and 7, half of the terms disappear and the rest
yields:

(6% ol ) 2Bl 2

d D D
-5 ls(Ger) +ele 57
B PE (
= 7591800 ~ 555800 T)

=0
Evaluating at 0 yields property 3.

In order to prove property 4., let us use normal coordinates (x!,...,x
around x. We then have that g; ;(x) = g"/(x) = ¢; ; and akg,-,]-(x) = 0 (also

/)

I‘i’fj(x) = 0), hence Ri.’].’k(x) = a,-rj{k(x) - ajI‘il’k(x). Derivatives at x simplify a
lot:

d
1 m
AL ()= 0|5 ) 8""(9i8km + Igjm = Imgj,j) | (%)

m=1
1
= 5(912,jgk,1(x) +07,.8j,1(x) = 97,8 k(%))
We now get:

gx(Rx(air a])ak' al) = Ri',j,k(x)
1

=3 (97481,1(6) = 9718 k(x) — 97 811 (x) + 97 8 k(%))

This formula remains invariant when switching (i, j) and (k, ), which is the
desired symmetry (and all other symmetries can be retrieved through this
formula). O

These symmetries are all encoded in the type (4,0) tensor obtained by
lowering an index of the type (3,1) curvature tensor.
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Definition 11.1.3. Let (M, g) be a pseudo-Riemannian manifold, V its Levi-
Civita connection, and R its type (3,1) Riemann tensor.
The type (4,0) Riemann tensor is the tensor R € 74°(M) defined by:

VxeMVYu,v,w,ze TM Ry(u,v,w,z)=g(Ry(1,v)w,2)

We use the same letter for the type (3,1) and the type (4,0) tensor as
there is very little chance of it inducing a confusion.

Proposition 11.1.4. Let (M, g) be a pseudo-Riemannian manifold. The type
(4,0) Riemann tensor R satisfies the following symmetries:
Vxe M VYu,v,w,ze T,M R, (u,v,w,z)=-R,(v,u,w,z)
=-R(u,v,z,w)

=R, (w,z,u,v)

Remark. These symmetries are summarized by R € T (52(A2T*M)).
Proof. These are just concise versions of Proposition|11.1.2 O]
In local coordinates, we write R; ; . ; = R(d;, d;, di, d;), and find:

n

Rijk1= ng,lR?fj,k

m=1

Definition 11.1.5. Let (M, g) be a pseudo-Riemannian manifold. For x € M
and a vector plane P C T,M non degenerate for g, if (v, w) is a vector basis
of P, the sectional curvature K(P) is defined by:

R,(v,w,w,v)

KB = g w,w) —ga,w)?

Remarks.
* It does not depend on the choice of a vector basis (v, w) of P.

* The fact that P is non degenerate for g, is equivalent to the non van-
ishing of the denominator.

» If g is Riemannian, and (v,w) is an orthonormal basis of P, then
K(P) =R, (v,w,w,v).

* If g is Riemannian, then planes are always non degenerate, so the
sectionnal curvature can be defined as a function K : G,(TM) —» R
where G,(IR) is the (total space of the) fibre bundle above M whose
fibre over x € M is the Grassmannian G,(T,M). The function K is

smooth. It follows that for a compact M, the sectional curvature is
bounded.



206 CHAPTER 11. PSEUDO-RIEMANNIAN CURVATURE
One can show that the sectional curvature determines the Riemann ten-
sor R (it is a consequence of the symmetries of the Riemann tensor).

Definition 11.1.6. Let (M, g) be a pseudo-Riemannian manifold, and R its
type (3,1) Riemann tensor. The Ricci curvature of (M, g) is the type (2,0)
tensor Ric € F((T*M)®2) defined for x e M and v,w € T,M by:

Ricy (v, w) = Tr(z — Ry(z,v)w)

Proposition 11.1.7. Let (M, g) be a pseudo-Riemannian manifold. The Ricci
curvature Ric is symmetric, i.e. Vx e M Vv, w € T,M Ric,(v,w) = Ricy(w, v).

Remark. This is summarized by Ric € T(S2T*M).

Proof. Let (eq,...,e;) be an orthonormal basis of T,M. Then we have:

Ricy(v,w) = Ry (e;,v,w,e;)

[\/]:h

i=1
The symmetries of the type (4,0) tensor imply that Ric, is symmetric. [

In local coordinates, we write R; ; = Ric(d;, d;), and we find:

d
_ ko _ k1
Ri,j_ZRk,i,j_ Z 8" Ry,iji
k=1 1<k,l<d

Note that the Ricci curvature is of the same type as the metric, so it
makes sense to compare them.

Definition 11.1.8. An Einstein manifold is a pseudo-Riemannian mani-
fold (M, g) for which there is A € R such that Ric = Ag.

Remarks.

* If (M, g) has constant sectional curvature equal to «, then Ric = (n -
1)xg.

* This implies that VRic = 0, and it is almost an equivalence (in other
terms, an Einstein manifold should be interpreted as having constant
Ricci curvature).

Definition 11.1.9. Let (M, g) be a pseudo-Riemannian manifold, and Ric €
[(S2T*M) its Ricci curvature. The scalar curvature of (M, g) is the function
R =Scal € C*(M) defined by:

VxeM R(x)=Scal(x) = Trg (Ricy)

where Tr, is the trace of a quadratic form with reference g,.
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Remarks.

o If (6;)1<i<q is a g-orthonormal frame of T, M, then
d
R(x) = ZRicx(ei,ei).
i=1

* It can also be defined as R(x) = Tr(f,) where f, € End(T,M) is the g,-
self adjoint operator such that Ric,(v,w) = g (v, fr(w)) for all v,w €
T, M.

* Inlocal coordinates, R=}_;; i<g gi'jRi,]-.

Einstein’s equation: in the theory of General Relativity, a spacetime is
represented by a 4-dimensional Lorentzian manifold (M, g) (Special Rela-
tivity corresponds to the Minkowski space IM*). The physics of a spacetime
are encoded in a type (2,0) tensor T € ['(S*(T*M)), called the stress-energy
tensor, and Einstein’s equation is an equation on the Lorentzian metric g:

1
Ric- ZR+Ag=T

where A is called the cosmological constant.

Proposition 11.1.10. Let (M, g) be a pseudo-Riemannian manifold. For A >
0, the following tensors and functions associated to the metrics ¢ and A\*g are
related in the following way:

1. vVVe=ve
2. dvol*’¢ = A" dvolé

3. If g is Riemannian, then dy24 = Ad,.

4. RV8=RS (where R is the type (3,1) Riemann tensor).

a2 .
6. Ric*'€ =Ricg
2
7. Scalt'® = %Scalg.
Moreover, isometries preserve R, K,Ric and Scal.

Definition 11.1.11. We say that a Riemannian manifold (M, g) has pinched
sectional curvature if there are a, f € R such that @ < K(P) < g for every
plane P € G,(TM).

We say that it has negative pinched curvature if there are b < a < 0 such
that —b% < K(P) < —a? for every plane P € G,(TM).
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The formulae for different types of curvature look quite intimidating
when it comes to computing them in examples. For this, we can try to
cheat and use the abundance of isometries in the three main examples.

If (M, g) is Riemannian, and Isom(M, g) ~ M is transitive, then (M, g)
has pinched sectional curvature, and Scal is constant.

If moreover Isom(M, g) ~ G,(TM) is transitive, then (M, g) has constant
sectional curvature.

Consequence: the Euclidean space [E", the sphere ($", g;pp,) and the hy-
perbolic space (H", g,,,) have constant sectional curvature (we will see that
their values are respectively 0,1 and —1).

11.1.2 Jacobi fields as variation fields

Consider a Riemannian manifold (M, g) and a geodesic c: I — M.
Reminder: A Jacobi field along cis J : I — TM such that Vt e I J(t) €

T,yM and 257+ R(J,¢)¢ = 0.
A Jacobi field | is determined by J(#y) and %](to) for a given ty e 1.

Definition 11.1.12. Let (M, g) be a Riemannian manifold, andc: I - M a
geodesic. A Jacobi field ] along c is called orthogonal if

Ytel J(t)Lc(t)
It is called tangent if J(t) is proportional to ¢(t) for all t € I.

Proposition 11.1.13. Let (M, g) be a Riemannian manifold, and ¢ : I — M a
geodesic. Let | be a Jacobi field along c.

1. If ] is orthogonal, then %](t) L E(t) foralltel.
2. If there is tg € I such that J(ty) L ¢(tg) and %](to) 1 ¢é(tg), then ] is
orthogonal.

Proof. Since c is a geodesic, we have that:
d . D .
SsU.0=g(1¢) (11.1)

If ] is orthogonal, this formula shows that % J is also orthogonal to ¢.

We also have:
(B
ars\ar )~ 8\
Using the fact that ] is a Jacobi field, it follows that:

d (D
In other words, g(% J,¢) is constant. If it vanishes at t;, then it vanishes
everywhere. In this case, (11.1) shows that g(J,¢) is also constant, and if it

also vanishes at f( then | is orthogonal. O
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Lemma 11.1.14. Let (M,g) be a Riemannian manifold, and ¢ : I - M a
geodesic. Consider a function f € C*(I), and set ] = f¢. Then ] is a Jacobi
field if and only if f = 0.

Proof. Since %c’ =0, we find (%22] = %(fc') = fé. Now R(J,¢)¢ = fR(¢,¢)¢ =0

because of skew-symmetry. O]

So tangent Jacobi field are all of the form t > (at + b)¢(t) for some a,b €
R.

Proposition 11.1.15. Let (M, g) be a Riemannian manifold, ¢ : I - M a
geodesic and | a Jacobi field along c. Then g is tangent if and only if there is
to € I such that J(ty) and %](to) are proportional to ¢(tg).

Proof. 1f ] is tangent, then the computation made in Lemma|l1.1.14{shows
that J and % ] are proportional to J everywhere.

If %](to) = ac(ty) and J(to) = (ato + b)i(ty), then the t +— (at + b)é(t) is a
Jacobi field according to Lemma|l1.1.14} and has the same initial condition
at tg as J, so it must be equal to ], therefore ] is tangent. O

Proposition 11.1.16. Let (M, g) be a Riemannian manifold, and ¢ : 1 — M a
geodesic. If ] is a Jacobi field along c, then | decomposes uniquely as J = JT +J+
where JT is a tangent Jacobi field along c and J* is an orthogonal Jacobi field
along c.

Proof. The uniqueness comes from the fact that tangent and orthogonal
Jacobi fields form vector spaces whose intersection is null.

For the existence, fix ty € I, and decompose %](to) = ac(ty) + u and
J(to) = (atg+b)c(ty)+v where a,b € Rand u,v € ¢(ty)*. Let JT(t) = (at+b)c(t),
and let J* be the Jacobi field along c such that J*(to) = u and %]l(to) =.
Then JT + J+ is a Jacobi field along ¢ with the same initial data at ¢y as J,
therefore ] = JT +J+.

By construction JT is tangent, and J* is orthogonal thanks to Proposi-
tion IT.1.13 O

Definition 11.1.17. Let (M, g) be a Riemannian manifold, andc: I - M a
smooth curve.

A variation of ¢ is a smooth map f : I x |-¢, e[ — M for some ¢ > 0 such
that, if ¢, : I — M is the curve defined by ¢,(t) = f(t,s), then ¢y = ¢

It is a geodesic variation if all the curves ¢, are geodesics.

The variation field of f the the vector field | along ¢ defined by J(t) =
Z|._pcslt) € TyyM.
Proposition 11.1.18. Let (M, g) be a Riemannian manifold, c : I - M a
geodesic, and | a vector field along c.

Then ] is a Jacobi field if and only if for every t( € I, there is an open interval
Iy C I with ty € I such that J|;, is the variation field of a geodesic variation of
C|IO.
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Remark. If (M,g) is geodesically complete, then the local asumption can
be removed: | is a Jacobi field if and only if it is the variation field of a
geodesic variation of c.

Proof. The fact that the variation field of a geodesic variation is a Jacobi
field was proved in section

If J is a Jacobi field and t( € I, first consider a geodesic y : [-¢,¢] > M
such that y(0) = ¢(ty) and y(0) = J(to).

Let X,Y : |—¢,¢[ — TM be the parallel vector fields along y such that
X(0) = ¢(to) and Y(0) = £ (to).

Let Iy C I be an open interval such that t; € I and the geodesic ¢; with
initial condition c(ty) = y(s) and ¢é(ty) = X(s) +sY(s) is defined on I; (note
that ¢g = ¢).

Let ¢4(t) = expy(s)((t —t9)X(s) +s(t —tg)Y(s)). Then f : [y x]-¢,¢[ > M
defined by f(t,s) = c(t) is a geodesic variation of c. It follows that J; =
g Cs I @ Jacobi field.

Since ¢4(ty) = y(s), we have that J;(ty) = (0) = J(0). We also have that

Jd d d . d
DI = D9 and Y (t,s) = ¢(to) = X(s) +sY(s), so 2% (t,0) = Y(0) (be-
cause X and Y are parallel along y). This shows that %jl(to) = %](to), SO

J1 =7, and ] is the variation field of a geodesic variation on . O

11.1.3 The second variation formula

Jacobi fields also arise naturally from the variational study of geodesics.

Definition 11.1.19. Let (M, g) be a Riemannian manifold, R its type (3,1)
curvature tensor and c: [a,b] — M a geodesic. The bilinear form

(X,Y) - [V g(% DY +R(Y, ¢)¢)dt

1-{ [(c*TM)xT(c*TM) — R

is called the index form of c.

Theorem 11.1.20. Let (M, g) be a Riemannian manifold, ¢ : [a,b] > M a
geodesic, f :[a,b] x |—¢,e[ = M a variation of ¢, and ] its variation field. We
have:
d2
ds?|
s=

E(cs) =1(J,])

0

11.1.4 Jacobi fields and sectional curvature

Let (M, g) be a Riemannian manifold, x € M, P C T,M a plane, and (v, w)
vector basis of T, M.
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Let ¢ = ¢, be the geodesic with initial velocity v, and ] a Jacobi field
along c such that J(0) = w.
&R (v, w)w, v)
8x(v,v)gx(w, w) - gx(v, w)?
g (L37(0),7(0))
8x(€(0),¢(0))gx(J(0),7(0)) — 8x(¢(0),7(0))?

In particular, if g,(v,v) =1, g(v,w) = 0, and ] is orthogonal along c, we
find:

K(P) =

(Z100)[10)
7>

If we know the explicit expressions of geodesics of a given Riemannian
manifold, then we can compute Jacobi fields using geodesic variations, and
this formula gives the sectional curvature.

K(Re¢(0) @ RJ(0)) = -

11.2 Curvature and topology

11.2.1 Riemannian manifolds with constant sectional curvature

Theorem 11.2.1. For n > 2, the sectional curvature of ($",gspp) is +1, that of
(H", gnyp) is —1.

Proof. For x € $" C E"! and v € T,$" = x* such that ||v|| = 1, the geodesic
c, is given by:
c(t) = costx +sintv

If we T,$" is such that ||w|| = 1 and (v|w) = 0, then:
f(s,t) = cost(cossx +sinsw) + sin tv

is a geodesic variation of c. Therefore J(t) = costw is a Jacobi field along c.

D>y _y_ _ o)y _
Now ﬁ] —] ——], SO K(IRU@IRU)) ——W =1.

For the hyperbolic space H", consider the hyperboloid model H" C
M"*!1, The geodesic c, is now given by:
c(t) = coshtx +sinh tv

The geodesic variation is:

f(s,t) = cosht(coshsx + sinhsw) + sinh tv

The associated Jacobi field is J(t) = coshtw, it satisfies [%22] =] =7, and the
sectional curvature is K = 1. OJ
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Theorem 11.2.2. Let (M, g) be a Riemannian manifold of dimension n with
constant sectional curvature equal to k € IR. Then every x € M has a neighbour-
hood U isometric to an open set of:

E" 1 sz =0
(Snr Egsph) ZfK >0
(Hnl_%ghyp) ifK <0

Moreover, if (M, g) is complete and simply connected, then it is globally isomet-
ric to this model space.

Lemma 11.2.3. Let (M, g) be a Riemannian manifold with constant sectional
curvature equal to k¥ € R. For all x € M, if (u,v) is an orthonormal basis of a
plane P C T,M, then R (u,v)v = xu.

Proof. Let us start with showing that R, (u,v)v € Rv@ Rw. If dimM = 2,
it is automatic. If dimM > 3, we can consider w € T, M such that ||w||, = 1
and g, (1, w) = g (v, w) = 0.

Notice that since (u#,v) and (v, w) are both orthonormal, we have:

Ry (u,v,v,u) =Ry (w,v,v,w) =«

Expressing the sectional curvature of the plane generated by v and u + w
yields R(u + w,v,v,u + w) = 2x.

The symmetries of the (4,0) Riemann tensor show that R (w,v,v,u) =
R,(u,v,v,w), and multi-linearity leads to:

Ry(u+w,v,v,u+w)=R(u,v,v,u)+2R,(u,v,v,w) + Ry(w,v,v,w)
~—  ——
=2K =K =K

It follows that R, (u,v,v,w) = 0 = g,(R(u,v)v,w). This being true for any
unitary vector w orthogonal to u and w, we find that R, (u,v)v = Au+ uv for
some A, p € R.

Now R, (u,v,v,v) = 0 yields y = 0, and R, (u,v,v,u) = k yields A = «,
hence the result. O

Lemma 11.2.4. Let (M, g) be a Riemannian manifold with constant sectional
curvature equal to k € R. For x € M, and u,v € T,M such that g,(u,v) =0 and
2(v,v) =1, we let U be the parallel vector field along c, such that U(0) = u,
and ] the Jacobi field along c, such that J(0) = 0 and %](0) =u.

For t € I,,, we have J(t) = f(t)U(t), where

t ifk=0
f(t)= #sin(\/%t) ifk>0
\/L:(sinh(\/qt) ifk <0
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Proof. Notice that the function f satisfies (and is determined by) f(0) =0,
f(0)=1,and f = —«f.

Set J1(t) = f(t)U(t). Since U is parallel along c,, we find %]1 =fU, and
5—;]1 =fU=-«].

According to Lemma we have R(J1,¢,)¢, = xJ1. So J; is a Jacobi
field along c,. But J;(0) = 0 and %]1(0) = u, therefore J; =J. O

Proof of Theorem|11.2.2} Multiplying g by some well chosen A > 0 if neces-
sary, we can assume that x =0, 1 or —1.
Fix some x € M.

Flat case: Let us show that exp, : (T\M, g,) — (M, g) is a local isometry.

Let v € T,M be such that exp,(v) is well defined. Set c(t) = exp,(tv).
For w € T,M, we have d, exp,(w) = J(1), where ] is the Jacobi field along ¢
satisfying J(0) = 0 and %](0) =w. Write w = Av + u where g,(v,u) = 0.

Lemma shows that J(1) = U(1) where U is the parallel vector
field along c such that U(0) = w.

It follows that d, exp,(w) = J(1) + Aé(1) is the value at 1 of a parallel
vector field along c. Since the parallel transport is isometric, it follows that
d, exp, is isometric, i.e. exp, is a local isometry.

In the complete case, the map exp, is local isometry from E" to M,
hence a Riemannian covering by Proposition and an isometry if M
is simply connected.

Negative curvature case:

Now Lemma|l11.2.4{gives Hdt,, expx(tw)” =sinht when g,(v,w) = 0.
Consider some x € H". We know that exp; = TzIH" — H" is a diffeo-

morphism.

Fix a linear isometry f : TzH" — T, M. Just as in the flat case, Lemma
[[1.2.4shows that exp} gy, = (exp, of )'g.

The map F = exp, of o expr;-1 is an isometry (local or global depending
on the hypothesis) with H".

Positive curvature case:

Now Lemmagives ||dtv expx(tw)” =sint when g, (v,w) = 0.

The construction of a local isometry works exactly as in the negative
curvature case.

In the complete and simply connected case, we have to be more careful.
Using the inverse of the exponential map, we build a local isometry F :
S"\ {-x} - M.
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Fix some y € $" \ {x,—x}. Consider y = F(), and the same construction
as for F gives a local isometry G : 5"\ {7} such that G(y) = y and d3G = d3F.
Since §" \ {£X, +7} is connected, It follows from Proposition that
F = G on this subset, and we have built a local isometry $" — M, which is
an isometry because M is simply connected. O]

Consequence: If a Riemannian manifold (M, g) has constant sectional
curvature equal to x, then (M, g) is isometric to a quotient X/T" where
I' c Isom(X}) is isomorphic to 7y (M).

All surfaces posses a Riemannian metric with constant sectional curva-
ture. This is not true for higher dimensional manifolds (e.g. $? x S1).

Theorem 11.2.5 (Poincaré-Koebe Uniformisation Theorem).
Let (M, g) be a two-dimensional Riemannian manifolds. There is a constant
curvature metric §’ conformal to g. It is unique up to homothety.

Case « = 0: A Riemannian manifold (M, g) with constant sectional cur-
vature equal to 0 is called flat.

Theorem 11.2.6 (Bieberbach Theorem).
If E"/T is compact and orientable, then I N R" is the group generated by n
linearly independent translations, and has finite index in G.

Flat compact surfaces are the torus T? = [E?/Z? and the Klein bottle
[E?/T where T is the group generated by (x,y) = (x + 1,9) and (x,) > (1 -
xv+1).

Case x = 1: A Riemannian manifold with constant sectional curvature
equal to +1 is called spherical (note that it is not the negation of aspheri-
cal...).

A complete spherical manifold is compact. Compact spherical surfaces
are the sphere $2 and the projective plane RIP2.

Case k¥ = —1: A Riemannian manifold with constant sectional curvature
equal to —1 is called hyperbolic.

Hyperbolic manifolds are plentiful (e.g. all the remaining compact sur-
faces), their study is still an active area of research.

11.2.2 The topology of non positively curved Riemannian mani-
folds
Given x € R, we define the function f, : R — IR by:
t ifx=0
folt) = \/Lgsin(\/%t) ifx>0
\/L:(sinh(\/—Kt) if k<0



11.2. CURVATURE AND TOPOLOGY 215

It is the solution of the ODE j + xy = 0 with initial conditions f(0) =0 and
fi(0)=1.

Recall that if ] is a Jacobi field along a unit speed geodesic in a Rieman-
nian manifold with constant sectional curvature equal to x, and J(0) = 0,

then |[J(1)]| = || 27 (0)|| £ (¢) for t > 0 (and # < 7= when x> 0).

Theorem 11.2.7 (Rauch Comparison Theorem). Let (M, g) be a Riemannian
manifold with sectional curvature bounded from above by x € R.

If c : I - M is a unit speed geodesic, and | : I — TM is an orthogonal
Jacobi field along c such that J(0) = 0, then ||J()|| > || ZT(0)|| fe, (t) for t €I (and

t<v%when Ko >0).

Proof. Assume that ||%](0)|| =1 (which is always possible unless %](0) =0,
in which case | = 0 and the result is straightforward).

The strategy consists in showing that the function % is non decreasing.
For this to be useful, we need to know its value at t = 0, which is a limit
since f (0) = 0. For this, set v(t) = g.;)(J(£),J(t)). Then v = 2<]|%]>, hence
v = 2”%]”2 + 2<]|d%22]>. It follows that v(0) = 0 and #(0) = 2, so v(t) ~ t* as
t — 0, and ||J(¢)|| ~ |t|. This leads to:

el _,

im
1—0,6>0 f ()

Set A ={t>0]J(t) = 0}. We find that A contains some interval ]0, ¢[. For
t € A, we can differentiate ||J|:

{127)
0

d
W=

Let us differentiate once more:

e IR0 Gl

i Tl P
B wE-01R1) R,
B iR W71l
(R, )€l
=T
> i ]

Hence ;—:2 /Il = =% |lJ|l on A. We wish to compare ||J|| and f, . We have:

a (WI_ feod =1 5 iy
dt fKo - szo
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Since [I1(0)l| = fi,(0) and &|,_ Wl = 4| _, fi,» e find £ (0) 4|, _, Il -
TO) 4],_q o = O-

d d d d?
- f@||f||—||1||ﬁfko)=f,<o(ﬁ|u||+xo|un)zo

It follows that iﬂ is non-decreasing on A, hence A = I NR;( and [|J|| = ky,,

K

which is the desiored result. O

Definition 11.2.8. Let (M, g) be a Riemannian manifold. Two points x,y €
M are called conjugate if there is a geodesic ¢ : [0,1] — M such that ¢(0) = x
and ¢(1) = y, and a non trivial Jacobi field | along ¢ such that J(0) = 0 and
J(1)=0.

Proposition 11.2.9. Let (M, g) be a Riemannian manifold with non-positive
sectional curvature. Then M has no pairs of conjugate points.

Proof. If c is a geodesic and | a Jacobi field along ¢ such that J(0) = 0 and
J(1) = 0, the Rauch Comparison Theorem yields %](0) =0,hence/=0. O

Theorem 11.2.10 (Cartan-Hadamard Theorem).
Let (M, g) be a connected complete Riemannian manifold. If the sectional curva-
ture is non-positive, then for all x € M, the map exp, : T,M — M is a covering
map.

In particular, its universal cover is diffeomorphic to RY (where d = dim M).

Proof. By completeness, exp, is defined on all T,M. Recall (Proposition
that for v,w € T, M, the differential d, exp,(w) is equal to J(1) where
J is the Jacobi field along the geodesic ¢, satisfying J(0) = 0 and %](0) =w.

The Rauch Comparison Theorem show that ||dv expx(w)”eXp ) > |[wlly-
This means that exp} g > g. It follows from Proposition txhat exp, is
a covering map. dJ

Consequence: if M is simply connected and « < 0, then two points are
linked by a unique geodesic.

11.2.3 The topology of positively curved Riemannian manifolds

Theorem 11.2.11 (Myers).
Let (M, g) be a complete Riemannian manifold of dimension d. If there is r > 0
such that: i1

Ric > ——¢

r

Then diamM < mr. In particular, M is compact and 101 (M) is finite.

Remarks.
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* Under these conditions, diamM = nr if and only if (M, g) is isometric
to " (Cheng).

* If k> L, then Ric > d,;zlg-

This result can appear weaker than the Cartan-Hadamard Theorem,
since it does not determine the topology of M. The reason for this is that
positively curved simply connected Riemannian manifolds can have differ-
ent topologies (e.g. $" and CIP”). There is no topological characterisation
of simply connected manifolds admitting a Riemannian metric with pos-
itive curvature. In particular, it is still unknown whether $? x $2 admits
such a metric (this problem is often referred to as Hopf’s conjecture).

In even dimension, the Synge Theorem asserts that an oriented com-
plete Riemannian manifold with positive sectional curvature is simply con-
nected (this is not true in odd dimensions, as show the Lens spaces, quo-
tients of $3 by finite cyclic groups).

To obtain that M is covered by $”, we need to add a condition on the
curvature. The story starts in 1926 with a conjecture of Hopf stating that
a simply connected Riemannian manifold with sectional curvature close
enough to 1 should be homeomorphic to a sphere. This was first proved in
1951 by Rauch: if the sectional curvature x of a complete simply connected
Riemannian manifold (M, g) satifies % <k <1, then M is homeomorphic
to a sphere. The optimal constant was found in 1961, a result of Berger
(heavily relying on the work of Klingenberg) states that if the sectional
curvature « satisfies zlL <k <1, then M is homeomorphic to a sphere. Berger
also showed that if it satisfies i < x <1 but M is not homeomorphic to
a sphere, then (M, g) is isometric to a standard Riemannian metric on a
projective space CIP", IHIP" or OIP2.

The question of differentiability in the Sphere Theorem stayed open
for many years after the work of Berger. A first version with non optimal
pinching constants was obtained by Gromoll and Calabi in 1966. The final
version was proved in Brendle and Schoen in 2007: if (M, g) is a complete
simply connected Riemannian manifold with sectional curvature « satis-
fying % <k <1, then M is diffeomorphic to a sphere. Note that there are
examples of manifolds that are homeomorphic to a sphere $” but not dif-
feomorphic to $" (e.g. for n = 7), known as exotic spheres (for n = 4, we still
don’t know whether there are exotic spheres). Gromoll and Meyer exhib-
ited in 1974 an exotic sphere with a positively curved Riemannian metric.

The main tool used by Brendle and Schoen is the Ricci flow, which is
famous for being used by Perelman in his proof of the Poincaré conjecture.
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11.3 The geometry of non positively curved Rieman-
nian manifolds

Definition 11.3.1. A Cartan-Hadamard manifold is a simply connected
complete Riemannian manifold of non positive sectional curvature.

We have seen that if (M, g) is a Cartan-Hadamard manifold and x € M,
then exp, is a diffeomorphism. For x,p,q € M, we can define the angle
<x(p,q) to be «(u,v) where p = exp,(u) and g = exp,(v).

Lemma 11.3.2. Let (M, g) be a Cartan-Hadamard manifold, x € M and u,v €
T, M. We have:

d(exp, (1), exp,(v)) 2 [|u - |,

Moreover, the map t +— d(c,(t),c,(t)) is non decreasing.

Proof. Consider the geodesic y : [0,1] — M such that y(0) = exp,(u) and

7(1) =exp,(v). Let c(s) = exp;l(y(s)) e T,M.
Since c is a curve in T, M joining u and v, its length is at least ||ju —v||,.
The Rauch Comparison Theorem implies that “dw expx(z)”exp w) 2 |||, for

all w,z € T,M. So we get:

d(exp (), exp. (v flly )l

> L el ds

2 [Ju—vll,

Now consider the geodesic variation f(t,s) = exp,(tc(s)). The Jacobi
field %—’: vanishes at t = 0, so it follows from the last point of the Rauch
Comparison Theorem that for every s € [0,1], the map ¢ H%—{(t,s)“ is non

decreasing.
For t € [0,1], the curve s — f(s,t) joins exp,(tu) and exp,(tv), so we
find:

1
d(exp,(tu),exp,(tv)) < j gf(t s)||ds
f 9%,
8

<L(y)
< d(exp,(u),exp,(v))

This shows that the map t — d(exp,(tu),exp,(tv)) is non decreasing on
[0,1]. A simple re-scaling shows that it is non decreasing on Rs. O
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Lemma 11.3.3. Let (M, g) be a Cartan-Hadamard manifold, and let x,y,z € M.
Seta=4d(x,z), b=d(y,z), c =d(x,y) and y = <,(x,v). We have the following
relation:

¢?>a’+b*>—-2abcosy

Proof. Consider u,v € T,M such that x = exp,(#) and y = exp,(v).

c? = d(exp,(u),exp,(v))®

2 2 2
2 [lu = vlly = lully +[lvlly = 2 ulv),

> a? + b — 2abcos(y)
O

Proposition 11.3.4. Let (M, g) be a Cartan-Hadamard manifold, and let S ¢ M
be a non empty bounded subset. There is a unique closed ball of minimal radius
containing S.

Proof. Set E = {(x,r) €M xR* |S CE(x,r)} and R=inf{r|dx e M (x,r) € E}.
Consider a sequence (xi, i) € E such that r, — R. Let us show that (xy)
is a Cauchy sequence.
Let € > 0, and let ky > 0 be such that: Yk > kg r,f < R?+e¢. For k,1 > kg
and p € S, we let g be the middle point of the geodesic segment joining xj
and x;, hence

<q(p1xk) + <q(p1xl) =T

Up to exchanging k and I, we can assume that
cos <, (p, x) <0

We now get

RP+exrf
> d(xi,p)’
d(xy, x1)?
> (a1 + dlp.q)? = T d(p, g2

Since S is not included in B(g, VR? —¢) (by definition of R), we can
choose p € S that satisfies d(p,q)*> > R? — ¢. Therefore

d(xg, x1)?
4
It follows that (x;) is a Cauchy sequence.

R*+e> +R?—¢

Existence: Consider any sequence (xi,rx) such as above, and let x =
limx; € M. Then S C NgsoB(xg, 1¢) € B(x, R).
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Uniqueness: 1f S C B(x,R) and S C B(y,R), then consider the sequence
(xx,1¢) in E such that rp = R, x5 = x and x5, = y. We find that (x;) con-
verges in M, so x = y.

O

Corollary 11.3.5 (Cartan’s Fixed Point Theorem). Let (M, g) be a Cartan-
Hadamard manifold, and let K be a compact group that acts continously on M
by isometries. Then K fixes a point in M.

Remark. By a continuous action, we mean that the map K xM — M is
continuous.

Proof. Let x € M. The orbit K.x is compact, hence bounded and Propo-
sition [11.3.4] says there is a unique closed ball of minimal radius B(xg, R)
containing K.x. For ¢ € K, we find that B(¢(xg), R) contains ¢(K.x) = K.x,
s0 @(xg) = xo by uniqueness. O
11.3.1 The boundary at infinity of a Cartan-Hadamard manifold

Definition 11.3.6. Let (M, g) be a complete Riemannian manifold.
Two unit speed geodesics cy,c; : R — M are called positively asymp-
totic if there is M such that d(cy(¢),c,(t)) < M for all ¢t > 0.

Lemma 11.3.7. Let (M, g) be a Cartan-Hadamard manifold. For any unit speed
geodesic ¢ : R — M and any x € M, there is a unique v € T M such that c, is
positively asymptotic to c.

Proof. For t >0, we let v, € T} M be such that the geodesic ¢y, goes through
c(t). Let us show that t > v; is Cauchy.

Set dy = d(x,¢(0)). Lemma([11.3.3]yields
d(c(t),c(s))? = d(c(t),x)? + d(c(s), x)? = 2d(c(t), x)d (c(s), x) cos <(vy, vs)
The triangle inequality gives
t—do <d(c(t),x)<t+d

s—dg<d(c(s),x)<s+d

For t,s large enough, we find

(t—do)* +(s—do)* —(t-s)

cos <(vy, vs) =

2(1’ + do)(S + do)
(t—dp)(s—dp)
Z (F+do) s+ do) (11.2)

We can set v = lim;_,, o, v; € Tle. For t,s > 0, we have
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d(cy(t),c(t)) < d(cy(t), ¢y (£)) + d(cy, (2), c(2))

For s > t, Lemma [[1.3.2]yields d(c, ('), c(t)) < d(c, (2),¢(0)) where t’ =
t+s’—sand z=5s"~s, with ¢, (s") = c(s).
The triangle inequality gives s —dy < s’ < s+d,, and we find

d(cy (1), c(t)) < d(cy (1), ¢, (1) +d(cy (), c(t))
< dg+d(cy,(2),¢(0)
<dg+d(cy,(2),x)+dy
< 3d,

2)
2)

It follows that d(c,(t),c(t)) < d(c,(t),c, () + 3dg, and s — +oo leads to
d(cy(t),c(t)) <3d, forall t > 0.
The uniqueness is also a consequence of Lemma as for all v’ €
T M, we have
d(cy(t),cy(1))* = 2t2 (1 —cos <«(v,v"))

O

We now let G(M) be the set of unit speed geodesics in M, and d, M =
G(M)/ ~ where c; ~ c; if ¢; and ¢, are positively asymptotic.
According to Lemma|11.3.7} for all x € M the map

| M —» I M
e v o> o]

is a bijection.

Lemma 11.3.8. Let (M, g) be a Cartan-Hadamard manifold. For x,y € M, the
map @;' o @, : T{ M — T,) M is a homeomorphism.

Proof. We only have to prove that ¢, Lo, : T'M — T}}M is continuous.

For this purpose we consider u; — u € T, M. For t > 0, we let vi(t) €
TylM be such that ¢, (;) goes through c, (t) and v(t) € TylM be such that ¢,
goes through c,(t).

Now set vg = @, o (1) and v = ¢! o @y (u). Applying Lemma
to the triangle with vertices y, ¢, (t) and ¢, (t), we find

t—d(x,y))2 1(d<cuk<t>,cu<t>>)2

cos<(vk(f)lv(t))Z(H_d(x’y) ) t—d(x,p)

The uniformity in (11.2) in the proof of Lemmal|l1.3.7|shows that vi(t)
(resp. v(t)) converges to vy (resp. v) as t goes to +oo.
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So for all € > 0, we can find ¢ > 0 such that
cos <(v,v) = cos «(v(t), v(t)) — ¢

and

it follows that

1{d(c,, (1), c,(t))\?
cos <(vg,v) > 1 - 2¢ — 5(%)
But ¢, () — ¢, (t) because exp, is continuous, which leads to vy — v. ]

Theorem 11.3.9. Let (M, g) be a Cartan-Hadamard manifold.
There is a unique topology on M = M U d M such that:

s Forall x € M, the map @, : T M — d M is a homeomorphism.

* M is open and dense in M, and the induced topology is the manifold topol-
0gy.

* For any unit speed geodesic ¢ : R — M, we have lim;_, , c(t) = [c].
* M is compact.

Note that by uniqueness, the group Isom(M) acts by homeomorphisms
on M, hence on d M.

The compactification M is homeomorphic to the closed ball B(0,1) in
R, so we can apply Brower’s Fixed Point Theorem to see that any isometry
of (M, g) must fix a point in M.



Chapter 12

Riemannian submanifolds

Let (M, g) be a Riemannian manifold, and N € M a submanifold (immersed
or embedded). Recall that the first fundamental form of N, also called the
induced metric is the Riemannian metric ¢ on N defined as the restriction
of gto TN.

We will use a bar to denote everything that relates to N: the Levi-Civita
connection of N is V the curvature tensor is R, the Riemannian distance is
E, etc...

For x € N and v € T,M, we will write v =vT + vt where vT € T,N and
vt e (T,N)*L.

Recall that the Levi-Civita connection V of (M, g) restricts to N (i.e.
V,X(v) is well defined for X € I'(TM|y) and v € T,N), and that the Levi-
Civita connection V of (N, g) satisfies V,. X(v) = (V, X(v))" for all X € X(N),
x€ N and v e T;N.

12.1 The second fundamental form

Definition 12.1.1. Let (M, g) be a Riemannian manifold, and N C¢ M a sub-
manifold. The normal bundle of N is the vector sub-bundle vN of TM|y
defined by v,N = (T, N)+ c T, M.

The orthogonal decomposition induces an isomorphism of vector bun-
dles TN @ vN = TM|y.

Example 12.1.2. the normal bundle of $" C [E"*! is a trivialisable line bun-
dle (v,5" = R.x).

Lemma 12.1.3. Let (M, g) be a Riemannian manifold, and N C M a submani-
fold. The map A: X(N x X(N) = I'(vN) defined by:

VX, Y€ X(N) A(X,Y)=(VxY)*
is tensorial and symmetric.

223
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Proof. Tensoriality in X comes from the definition of a connection. For
feC®(N),wehave A(X, fY) = fAX,Y)+(X-f)Y1+ = fA(X,Y) since Y1 = 0.
Now that we know that it is tensorial, in order to prove the symmetry we
can consider the case where X,Y are vector fields on M whose restriction
to N is tangent, thanks to Lemma|[9.5.1]

AX,Y)=A(Y,X) = (VxY): = (VyX)*+
=[X,Y]*
=0
O

Definition 12.1.4. Let (M, g) be a Riemannian manifold, and N ¢ M a sub-

manifold. The second fundamental form of N is Il € F(SZ(T*N)@)VN)
defined by:

-

VX, Y e X(N) T(X,Y)=(VxY)*

Note that for X,Y € X(N), we find VxY =VyY + ﬁ(X, Y) (this is known
as the Gauf$ formula).

The second fundamental form has values in the normal bundle. Given
a normal vector n € v,N, the map (u,v) — gx(n, ﬁx(u,v)) is a symmetric
bilinear form TN, so it can be represented by a self adjoint operator of
T(N.

Definition 12.1.5. Let (M, g) be a Riemannian manifold, and N ¢ M a sub-
manifold. The shape operator of N is S e ['((vN)*® End(TN)) defined by:
Vxe NVnev,NVu,ve I,N g (Sy(n)u,v)= —gx(n, ﬁ)x(u,v))

Remark. The shape operator is also called the Weingarten operator.

Proposition 12.1.6 (Weingarten formula). Let (M, g) be a Riemannian man-
ifold, and N C M a submanifold. For all n e I'(vN), we have

S(n)=(Vn)"

Proof. Consider X,Y € X(N). Since the formula is local, we can assume
that X,Y,n extend to vector fields on M. Note that we only assume that
g(n,Y)=0on N, but this is enough to find that X - g(n,Y) =0on N.

2((vn(x)",Y) = g(Vn(X),Y)
=X -g(n,Y)-g(n,VY(X))
=0-g(n (X, Y)+VY(X))
=—g(S(mX,Y)
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Theorem 12.1.7 (Gauf3 equation). Let (M, g) be a Riemannian manifold
with Levi-Civita connection V and curvature tensor R, and let N ¢ M be a
submanifold. Let g be the restricted metric on N, and R the curvature tensor of
g. Allx e N and u,v € TyN satisfy

—_ — —

Ry (u,v,v,u) = R (u,v,v,u) —gx(IIx(u,v),I x(u,v)) +gx(ﬁx(u,u), fx(v,v))

Proof. Recall that according to Lemma(9.5.1] we can consider that u = X(x)
and v = Y(x) where X,Y € X (M) are vector fields that restrict to vector
fields of N.

First, we consider two other tangent vectors w,z € TN, and use the
Weingarten formula to obtain:

& (Vi (X, 7)) (w), 2) =3, (S (HXY) w),z)
—gx(ﬁx w,2)) (12.1)

By using the decomposition V =V + 11 for vector fields on N, we find:

R (u,v,v,u)— R (u,v,v,u) = gx(Vx (ﬁ(Y, Y))(u),u) -9 (Vx (ﬁ(Y,X))(v),u)

Using (12.1), we find the desired formula. O

12.2 Hypersurfaces

Consider a hypersurface N ¢ M, and n € I'(vN) unitary (it is always possi-
ble to find such a field locally, and there are exactly two choices).

We can consider the scalar second fundamental form defined by II =
()

The Eigenvalues of the shape operator S(n) are called the principal cur-
vatures of N.

The Gaufl curvature is K = detS(n). It is the product of the principal
curvatures.

Theoremin the case M = IR? says that the Gauf3 curvature of N is
equal to its sectional curvature for the induced metric. This result implies
the Theorema Egregium of Gaufl: the Gaufl curvature is invariant under
isometries.

Proposition 12.2.1. Let N be an immersed hypersurface of a Riemannian man-
ifold (M, g), with unitary normal field n. Let x € N, v € T,N, and consider a
smooth curve c : |—&,e[ — N such that ¢c(0) = x € N and ¢(0) = v. The scalar
second fundamental form satisfies:

IL(0,0) = g 3:6(0) 1)
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Proof. Differentiating the fact that ¢(¢) and n(c(t)) are orthogonal for all ¢,
we find that:

12.3 Euclidean submanifolds

If (M, g) is the Euclidean space E?, and N c R? is a hypersurface with nor-
mal field 7, then the shape operator is simply dn, i.e. it is already tangent
to N. Indeed, the normal field n can be seenasamapn: N — $9-1 and its
differential d,n at x € N is a map from T, N to Tn(x)Sd‘l =n(x)t = T,N.

To compute the second fundamental form, we start with a smooth curve
c:]-€,€[ — N such that ¢(0) = x € N and ¢(0) = v. Proposition[12.2.1]yields

1L (v,v) = (€(0)n(x))

i.e. II,(v,v) is the curvature of the curve obtained by intersecting N with a
plane spanned by the normal direction to N and v.

If N ¢ R is a submanifold of arbitrary codimension, then there is also
a simpler way of defining the second fundamental form (i.e. not involving
covariant derivation). For any vector subspace V C RY, let py : R? — IR? be
the orthogonal projection on V. Consider the function:

_{Nxmd - R
(x,v) = prone(v)

Then ﬁx(u,v) can be obtained by differentiating p:
I(u,v) = ~d(x,0)p(v,0)

Indeed, by definition, if # = X(x) and v = Y(x) for some vector fields
X,Y € X(N), then ﬁx(u,v) =p(x,d,X(Y(x)). By differentiating the fact that
p(x, X(x)) = 0 and using the linearity of p in its second variable, we get the
equality.

This shows that curvature measures the variations of the tangent space.
Another way of seeing this is by describing the tangent space of TN ¢ R?*
at (x,v) € TN (i.e. xe N and v € T,N):

Ti) TN ={(%,9) | % € TuN & prone (9) = T (v, %))
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Indeed, (x,v) € TN is characterized by the equations x € N and p(x,v) =0,
so the tangent space of TN is obtained by differentiating these equations:
x € TeN and d(, ,)p(%,7) = 0, i.e. —Il (v, %)+ pr N2 (V) = 0.

12.4 Moving frames for surfaces in R®

Consider a surface S ¢ R3. Locally, we can always consider a unitary
normal field n € T'(vS), and an orthonormal frame field #;,¢, of TN. For
each x € S, the vectors (n(x),t;(x),t,(x)) form an orthonormal basis of IR.
So we can decompose the derivatives of n,t;,t, in this basis. Differenti-
ating n.n = 1, we find that d,n(v).n(x) = 0 for all x € S and v € T, S, i.e.
dyn(v) € TS = Vect(t;(x), t,(x)). So we can decompose:

dxn(v) = ax(v)t (x) + Bx(v)ta(x)

This defines (locally) a, 8 € Q!(S). We can now do the same for ¢; and
t,. Because they are unit vector field, the derivative of each of them must
be orthogonal to itself.

dyt1(v) = yx(v)t2(x) + 65 (v)n(x)
dth(v) = gx(v)tl (x) + Cx(v)n(x)

Since n.t; = 0, we have that d,n(v).t;(x) + n(x).dyt;(v) =0, i.e. a+ 6 =0.
So we can simplify:

dyt1(v) = px(v)t2(x) — ax(v)n(x)

Similarly, the fact that n.t, = 0 differentiates to f+C =0, and t1.t; =0
yields ¥ = € = 0. So the differentiation of the frame (n,t;,t,) is given by
a, B,y € QY(S) such that:

v)ts(x)
)

dxn(v) ax(v)tl (x)"'ﬁx
( v)n(x)

(
dxtl (v) = )/x('l})tz x) = ax
dxtz(v) =—=Yxt (x) - ﬁx(v)n(x)

One way of understanding this is by considering the matrix C(x) =
(t1(x)|t2(x)|n(x)) € O(3,R). The derivative must lie in the tangent space to
SO(3,RR),i.e. C(x)"'d,C(v) € s0(3,IR). Now this matrix is:

0 Vx(v) _ax(v)
Cx)'d,Cw)=| —pxv) 0 —Bu(v)
ax(v) Bx(v) 0
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The left upper 2 x 2 bloc, given by the form y, corresponds to the Levi-
Civita connection of S. The vector-valued form («, ) corresponds to the
second fundamental form of S. The two are related by the Gaufy equation:
dy = —a A B. To prove this formula, we only need to show that dy(t,t;) =
a A B(t,ty) = a(ty)B(t) — a(ty)B(t1). Now using the Cartan magic formula,
we find:

dy(ty, tr) = d(y(t))(t1) —d(y(t))(t2) = y([t1, £2])

In order to compute a term like d(y(t;))(¢;), we can use the fact that func-
tions defined on S (such as vector fields which are IR? valued functions) can
be locally extended to R3, so it makes sense to use second order derivatives.
Since y = dt;.t,, we find:

d(y(t2))(ty) = d?ty (ty, tr).ty + dty (dty(t))-ty + d iy (£).dta (1)
d(y(t)(ty) = >ty (ty, t2).ty + dty (At (t)).ty + dty (t).d 1 (t)

The second order derivatives of t; cancel out thanks to Schwartz symmetry,
and d,ty(u).dyt,(v) = ay(u)By(v) for any u,v € T,.S, so we get:

d(y(t2))(t1) —d(y(£1))(t2) = y(dta(ty) — diy (£2)) + a(t2) B(t1) — a(ty)B(12)
= V([tlrtZ]) —aAn ﬂ(tll t2)

This shows that dy(t,t;) = —a A B(t1,t;), therefore dy = —a A B.

Now dy is the intrinsic (sectional) curvature of S times the area form,
and a A f is the Gaufl curvature times the area form, so this is a way of
proving the Theorema Egregium.

12.5 Mean curvature

Definition 12.5.1. Let N C M be an immersed submanifold of a Rieman-
nian manifold (M, g). The mean curvature of N is H € I'(vN) given by
H(x)=TrlL,.

A submanifold is called minimal if H = 0.

Remark. It is the trace of a quadratic form, i.e. H(x) =) ", IL(v;,v;) where
(v;) is an orthonormal basis of T,N.

If N is a hypersurface, we locally choose a unit normal field #7 € T'(vN),
and consider the scalar mean curvature H(x) = TrII,.

Theorem 12.5.2. If N is compact, and X € X (M) is a complete vector field with
flow (@?), then:

4
dt

_ vel(g'(V) = - JN g(H, X)dvolg
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12.6 Totally geodesic submanifolds

Proposition 12.6.1. Let (M, g) be a Riemannian manifold and N C M an im-
mersed submanifold. The following are equivalent:

1. VxeM Ii,=o.
2. Any geodesic of N is a geodesic of M.

3. For all x € N, there are neighbourhoods V C N of x and U C T,N of 0
such that exp,(U) = V (where exp, is the exponential in (M, g)).

4. TN is stable under V, i.e.

VXeX(N)VxeNVveT,N V,X(v)eT,N

A submanifold satisfying these properties is called totally geodesic.

Proof. First note that 1. < 4. comes from the definition of ii.

2. = 3. is a consequence of the local surjectivity of the exponential
map.

3. = 2. is a consequence of the uniqueness of geodesics.

2. & 4. comes from the geodesic equation on a submanifold (see the
discussion following Proposition[9.6.9). O

Exercise. Show that the totally geodesic submanifolds of E" are open sub-
sets of affine subspaces.

Lemma 12.6.2. Let (M, g) be a Riemannian manifold, and let N C M be a to-
tally geodesic submanifold. For all x € N and u,v,w € T,N, we have R (u,v)w €
TN where R is the Riemann tensor of (M, g).

Proof. We let R be the Riemann tensor of N, so that R, (u,v)w € T,N. The
fact that I = 0 assures that V = V on N, hence R, (u,v)w = Ry(u,v)w, and
R, (u,v)w e T,N. O
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Part IV

Symmetric spaces
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Chapter 13

Globally and locally symmetric
spaces

13.1 Globally symmetric spaces

Definition 13.1.1. A Riemannian symmetric space is a connected Rie-
mannian manifold X such that for all x € X, there is an isometry s, €
Isom(X) such that s,(x) = x and d,s, = —Idr x.

Note that such an isometry s, is unique because of Proposition[9.6.11

Lemma 13.1.2. Let X be a Riemannian symmetric space. Then X is complete,
and if ¢ : R — Xis a geodesic, we have s.(;)(c(s)) = c(2t —s) for all t € R.

Proof. First notice that if ¢ : I — X is a geodesic and x = ¢(0), then s, oc is
also a geodesic, with velocity vector —¢(0), hence —I = and s, o c(t) = c(—t).
Up to a translation of the parameter, this proves the second point under
the assumption of completeness.

Letc:[a,b] - X be a geodesic with a,b € R. Set z=c(b). Now y : [b,2b—
a] — X defined by y(t) = s,(c(2b - t)) is a geodesic such that y(b) = ¢(b) and
y(b) = ¢(b), so it extends c to [a,2b—a]. Repeating this argument shows that
c is extendable to IR, i.e. X is complete. O

Proposition 13.1.3. If X is a Riemannian symmetric space, then X is homoge-
neous, i.e. the isometry group Isom(X) acts transitively on X.

Proof. Let x,y € X. Since X is complete by Lemma|13.1.2} the Hopf-Rinow

Theorem [10.3.4]{provides a geodesic ¢ : R — X such that ¢(0) = x and ¢(1) =

y. By Lemma13.1.2, we find that y = s,(x) where z = c(%) O

Notation: If X is a symmetric space, we consider G = Isom(X), the
identity component of the isometry group. Recall that it is a Lie group and
that the action on X is smooth (Myers-Steenrod Theorem). We fix some
0 €X, and set K = Stabg(0). It is a compact Lie subgroup of G.

235
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For g € G, we have s¢(,) =gosy0 gL
Lemma 13.1.4. Let X be a Riemannian symmetric space. The map

X — Isom(X)
X Sy

is smooth.

Proof. Set_@ = Isom(X) and let 0 € X. Since G ~ X is transitive, the orbit
map ¢, : G — Xis a submersion.

Since sq(o) = 05,0 ¢!, the map x - s, lifts through the submersion ¢,
to the map g +> gos, o g~' which is smooth, so x > s, is smooth. ]

Lemma 13.1.5. Let X a Riemannian symmetric space, and G = Isom(X),. For
all x,y € X, we have that sy os, € G. The action of G on Xis transitive.

Proof. Let ¢ : R — X be a geodesic such that ¢(0) = x and ¢(1) = y. Then
Sx O S¢(t) is a continuous path in Isom(X) that links Id and s, o's,,.

By letting z = ¢ (%), we find y =5, 05,(x), hence the transitivity. O

Examples 13.1.6. E", $" and H" are symmetric spaces.

13.2 Locally symmetric spaces

Motivated by Proposition |[13.1.3, we can try to define symmetries in arbi-
trary Riemannian manifolds.

Definition 13.2.1. Let (M, g) be a Riemannian manifold, and let x € M. The
geodesic symmetry through x is the map s, = exp, o(—exp;l) defined on
B(x,inj,).

In general, it is not a local isometry, but it is in some cases.

Definition 13.2.2. A Riemannian locally symmetric space is a Rieman-
nian manifold (M, g) such that for all x € M, the geodesic symmetry s, is
isometric on a neighbourhood of x.

Theorem 13.2.3 (Cartan-Ambrose-Hicks). Let (M, g) be a Riemannian man-
ifold. Then (M, g) is a locally symmetric space if and only if VR = 0.

If (M, g) is a complete and simply connected Riemannian locally symmetric
space, then it is a symmetric space.

The condition VR = 0 will be used in the following way:

Lemma 13.2.4. Let (M,g) be a Riemannian manifold, and T € TP°(M) be a
covariant tensor. The following are equivalent:
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1. VT =0

2. For any smooth curve ¢ : I — M and parallel vector fields Xy,...,X, €

['(c*TM) along ¢, T(Xy,...,Xp) is constant.
Lemma 13.2.5. Let (M, g) be a Riemannian manifold with curvature tensor
R. If VR = 0, then for all x € M and v € T,M with ||v||, < inj,, the differen-
tial dexp (v)Sx * Texp, ()M = Texp (—v)M, is equal to the opposite of the parallel
transport along the geodesic t — exp,(tv).

Proof. Writey = exp,(v), and let u € T,M. From the definition of s, and the
chain-rule we find that dys,(u) = -d_, exp,(w) where w = (d, expx)_1 (u) e
T.M.

Let ¢ : I — M be the geodesic defined by ¢(0) = v, and ] the Jacobi field
along c¢ such that J(0) = 0 and %](0) = w. The formula for the differential of
the exponential map (Proposition[7.4.8) yields w = J(1) and dysy(w) = J(~1).

Consider a parallel orthonormal frame (¢y,...,¢4) along ¢, and decom-
pose J(t) = Z?Il Ji(t)e;(t). Since we have chosen a parallel frame, we have
that 2D j(t) = Y4 Ji(t)e;(t). Using the fact that it is an orthonormal frame,

dtdt
we find:
d .
R (T (5) EO)E) = )T (B)Reqoy((8), €(E))e()
j=1
= ) J(ORp(ej(1) (b, elt) ei(D)es(t)
1<i,j<d

Let a; j = Ry(£(0),v,7,¢;(0)) € R. According to Lemma |13.2.4, we have
that:

Vel Rey((Hem)Et) = ) aijll (Hei(t)

1<i,j<d

The Jacobi field equation writes as:

d
Vi fi+ Zai,j]j =0
j=1

It is a linear differential equation with constant coefficients. It follows
that the vector field ]~along c defined by T(t) = —Zleji(—t)ei(t) is also a
Jacobi field.

Since J(0) = 0 = J(0) and 2J(0) = Y4, j1(0)e;(0) = £J(0), we find that
J=].
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Finally we get:

i=1
=-II;'7(1)
= |l u
]

Since the parallel transport is isometric (proposition [9.2.2), it follows
that s, is a local isometry.
Lemma [13.2.5|admits the following generalisation:

Lemma 13.2.6. Let (M, g) be a complete Riemannian manifold, and assume
that VR = 0. For all x,y € M and all linear isometry ¢ : T.M — T,M which
preserves the Riemann tensor (i.e. Ry(¢(u), ¢(v))p(w) = ¢(Ry(u,v)w) for all
u,v,w € T,M), there is a local isometry f : B(x,inj,) — M such that f(x) =y
and d,f = ¢.

If we drop the completeness hypothesis, we can still build f on B(x,r)
where r <inj, and exp, is defined on BTyM(O, 7).

Lemma 13.2.7. Let (M, g) be a complete Riemannian manifold, and assume
that VR = 0. For all x,y € M and smooth curve ¢ : [0,1] — M such that c(0) = x
and c(1) =y, there is a neighbourhood U C M of ¢([0,1]) and a local isometry
f U — M such that f(x) =xand d, f = -1d.

Proof. Considering the open cover ¢([0,1]) C Useqo,1)B(c(t),inj,(;)), we can
consider a finite sequence 0 =ty < t; <--- <ty =1 such that c([t;, t;;1]) C U;
where x; = c(t;) and U; = B(xl-,injxl_).

Our goal is to inductively construct a connected open set V; C M con-
taining c¢([0,#;,1]) and a local isometry f; : V; — M such that f;(x) = x et
d.fi =-1d.

The open set Vy = Uy and the local isometry f; are given by Lemma
13.2.5]

Assume that we have V; and f; : V; — M as described above. Since x; €
Vi, Lemm guarantees the existence of a local isometry f : Uj,; = M
such that f(x;,1) =y;and d,,  f =4,  fi

Let W be the connected component of x;,; in U;;; NV;. The restrictions
of f; and f to W are equal.

We now denote by Vi, the connected component of x; 1 in V;UU,, ;. We
can define f;,; : Vi1 — M that extends both f; and f, since they are equal
on the intersection of their domains, and satisfy all the requirements.

Finally U = Vy_; and f = fy_; answer the initial problem. O
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Proof of Theorem Assume that (M, g) is locally symmetric. Near x €
M, we have s3(VR) = VR. Evaluating this at x, since s,(x) = x and d,s, =
—Id, we find (s}(VR)), = —=(VR), (because VR is a type (4,1) tensor). Hence
(VR), =0.

If VR = 0, then Lemma shows that (M, g) is locally symmetric
(because parallel transport is isometric).

We now assume that (M, g) is locally symmetric, complete and simply
connected. Let x € M. We wish to construct s,.

Lemma assures that for every y € M, we can find a connected
open set U, C M containing x and y, and a local isometry f, : U, — M such
that f,(x) = x et d, f, = —1d. Let us show that f,(y) does not depend on the
choice of the curve to which we apply[13.2.7]

Consider two curves cy,c; : [0,1] = M such that ¢¢(0) = ¢1(0) = x and
co(1) = ¢1(1) = y. Since M is simply connected, we can consider a smooth
homotopy H : [0, 1]2 — M such that H(0,-) = ¢g, H(1,:) = ¢1, H(s,0) = x and
H(s,1)=yp forall se[0,1].

Let ¢, be the curve ¢; = H(s,) for s € [0,1], also U the connected open
set and f; : Us — M the local isometry obtained by applying Lemma
to c;.

[0,1] - M

s = £
that in order to show that f;(y) = f;(v), we only need to check that x and y
are in the same connected component of U; N Uy .

For s €[0,1], we set r = min {injcs(t) | telo, 1]} Let 1 > 0 be such that:

Let us show that the map { is locally constant. Note

ls—s’|<n=Vtel0,1] cy(t) € Blcs(t), 1)

We find that ¢y (t) € Us for s e |s—1,s+#n[and t € [0,1]. Hence U;N Uy D
¢s([0,1]), and v is in the connected component of U; N Uy which contains
x. Hence fy(v) = fs().

Since [0, 1] is connected, we get fo(v) = f1(p).

We now define s, in the following way: for y € M, we choose a smooth
path ¢, from x to y and we set s,(y) = f,(y) where f, is given by Lemma
13.2.7

The map s, is isometric: for z € B(y,injy), if we choose the concatena-
tion of a path from x to y and the minimising geodesic from p to z in order
to construct s,(z), we find that s,(z) = f,(2), and f, is isometric on a neigh-
bourhood of y.

Since (M, g) is complete, the local isometry s, : M — M is a Riemannian
covering, hence a diffeomorphism because M is simply connected.

O

Corollary 13.2.8. Let X be a symmetric space. Then VR = 0.
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Proposition 13.2.9. Let X be a symmetric space. If ¢ : R — X is a geodesic,
then for all t,s € R the differential at c(t) of s is equal to the opposite of the
parallel transport along c.

Proof. The same computations as in Lemma|13.2.5|can be carried out. [

13.3 The symmetric space of ellipsoids

For n > 2, welet &, = xe/\/ln(IR)|tx:x,x>0,detx: 1}. Leto=1, €&,
and p = T,&,. Note that

p={XeM,(R)|'X =X, TrX =0}

p - & . . ,
The map { X > exp(X) is a diffeomorphism, and we let Log be its

1

inverse. The map x > \/x = ¢2108*

is a diffeomorphism of &,.

Consider the action SL(1,R) ~ &, defined by g.x = gx'g. The stabiliser
Stabsy(,,R)(0) is equal to SO(n, R). This action is transitive, so we can iden-
tify &, with SL(n,R)/SO(n, R).

Endow p with the inner product (X|Y), = Tr(XY) = Zi’j Xi;Y;. Itis
invariant under the action of SO(n, R).

For X € T,.&,, we set || X||, = ||\/§_1X\/§_1H . The polarized form is:

[
(X|Y), = Tr(Xxtyx)

It is a Riemannian metric on &,, and SL(n, R) acts isometrically.

En = S_”l is an isometry. It fixes 0 and satisfies d,s, =
X B X

—1Id. Therefore £, is a symmetric space.

Themaps, : {

Exercise. Show that &, is isometric to IH?.

13.4 The algebraic structure of symmetric spaces

13.4.1 Symmetric spaces and involutions of Lie groups

Proposition 13.4.1. Let X be a Riemannian symmetric space, G = Isom(X),,
0 € Xand K =Stabg(o). Let H ={g € G|s,g = gs,} and H, its identity compo-
nent. Then:

H,CKCH

Conversely, if G is a connected Lie group, 0 : G — G an involutive Lie
group automorphism, and K a compact subgroup of G such that H, C K C H,
where H = {g € G|o(g) = g}, then any G-invariant Riemannian metric on G/K
is symmetric.
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Remarks.

 If K is compact, then G-invariant Riemannian metrics on G/K exist.

* The double inclusion H, C K C H should be interpreted as the fact
that K as the same Lie algebra as H.

Proof. Let X be a Riemannian symmetric space, G = Isom,(X), 0 € X and
K =Stabg(o). Let H = {g € G|s,g = g5,} and H,, its identity component.

If (y4) is a one-parameter subgroup of H, then s,(y;(0)) = y;(0) for all ¢.
Since o is an isolated fixed point of s,, it follows that y; € K, hence H, C K.

If g € K, then h =5,gs, is an isometry of X satisfying h(o) = 0 = g(0) and
d,h=d,g, hence h = g. Therefore K C H.

We now consider a connected Lie group G, an involutive Lie group au-
tomorphism 0 : G — G, and K a compact subgroup of G such that H, C K C
H, where H = {g € G|o(g) = g}. Let k be the Lie algebra of K.

Note that the Lie algebra of G? is {X € g|0(X) = X} where 6 = d,o. Since
GJ C K ¢ GY, the groups G? and K have the same Lie algebra, hence:

k={X€g|6(X)=X)

Let m : G — G/K be the projection, and let 0 = 7(e). The map s :
G/K = G/K is well defined because K ¢ H. We have s(0) = o.
n(g) = m(o(g))

Let us show that d,s = —Id. Since s o 7w = 0 0, we have that d,s o d, 7 =
d,mtod,o.

Since (d,0)? = 1d, and the Lie algebra of H, which is equal to &, is the
eigenspace of d,o for the eigenvalue 1, the eigenspace of d,o for the eigen-
value —1 is supplementary to kerd,m =k, hence d,s = —1d.

For g € G, we let my : G/K — G/K be the multiplication by g. We find:

m OSOT(:mgOﬂfOU

8
=To Lg oo
=7JCoO0 O LU(g)
=SOoTlo La(g)
=So m(,(g) oTt
It follows that mgos = somy(y). We now consider a G-invariant Riemannian
metric QQ on G/K. Then s*Q) is also G-invariant:

g (s"Q) = (s o mg)"Q
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Moreover, (s*Q2), = Q),, and a G-invariant metric is characterized by its
value at o, hence s*() = Q, and (G/K,()) is a Riemannian symmetric space.
O

13.4.2 The Cartan involution

Definition 13.4.2. Let X be a Riemannian symmetric space, G = Isom,(X),
g its Lie algebra, 0 € X and K = Stabg(0). The Cartan involution relatively
to o is the map 6 = dqgo : g — g where 0 : G — G is defined by o(g) =
So080 S,

Example 13.4.3. For £, and o = 1,,, we find s,(x) = x~!. For [¢] € PSL(n,R),
write «([g]) € G the associated isometry, i.e. a([g])(x) = gx'g. We find:

-1t _ \-1 _t_-1 t(t 71)

sooa([g])es,(x) = (gx™ ') ="g " x('g
Therefore o([g]) = ['¢™!], and O(X) = —'X for X € sl(n, R).

Proposition 13.4.4. Let X be a Riemannian symmetric space, G = Isom,(X),
g its Lie algebra, o € X and K = G,. Let O be the Cartan involution rela-
tively to o, and B the Killing form of g. Set k = {X €g|O(X) =X} and p =
{X eglO(X) =-X].

1. g=Rk®p, and this decomposition is Ad(K)-invariant.

2. [k,R] CKk, [k,p] Cpet[pp] Ck.

3. ks the Lie algebra of K and d,p, : p — T,X is an isomorphism.
4. Blgxp = 0.

5. Blgxi is negative definite.

Remark. The decomposition g = p@k is called the Cartan decomposition
of g.

Proof.

1. The decomposition g = k@ p is a consequence of 6% = Id.

If 0 : G — G denotes the conjugacy by s,, then ig 0 0 = 0 0y for all
g € G. For g € K, we have 0(g) = g, hence i;00 = 0 oi,. Differentiating
at Id yields Ad(g) o 0 = 6 o Ad(g), hence the Ad(g)-invariance of the
decomposition k @ p.

2. All three inclusions are a consequence of the fact that 0 is a Lie alge-
bra morphism.
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3. We have seen in the proof of Proposition|13.4.1|that k is the Lie alge-
bra of K.

The map d, @, is surjective because the action of G is transitive. Its
kernel is the Lie algebra of K, hence supplementary to p, therefore
d.p, : p — T,X is an isomorphism.

4. If X ek and Y € p, then the matrix of ad(X)oad(Y) in a basis adapted
to the decomposition g = k @ p has vanishing diagonal blocs, hence
Tr(ad(X)oad(Y))=0,i.e. B(X,Y)=0.

5. Let ({:|-)) be an Ad(K)-invariant inner product on g. Let (ey,...,¢,) be
an orthonormal basis of g.

For X € k, we find:

B(X, X) = Tr(ad(X) o ad(X))

= Z((ad(X) oad(X)e;|e;))
i=1
- Z((ad(X)ei lad(X)e; )
i=1

== liXell?
i=1

We get B(X,X) < 0. Moreover, if B(X,X) =0, then X € z(g). It follows
that for all t e R and Y € g, exp(tX) commutes with exp(Y).

Since G is connected, we find that exp(tX) € Z(G). The G-action on
M is transitive, and for all g € G we have:

exp(tX)(g(0)) = g(exp(tX)(0)) = g(o)

It follows that exp(tX) = Id, hence X = 0.

Example 13.4.5. For £, and 0 = 1,,, we find
k=s0(n,IR)and p = {X € sl(n,IR)|tX = X}.
The Killing form of g = sl(n, R) is:

B(X,Y)=4nTr(XY)
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Chapter 14

The geometry of symmetric
spaces

14.1 Geodesics in symmetric spaces

Definition 14.1.1. Let (M, g) be a Riemannian manifold. An isometry ¢ €
Isom(M, g) is a transvection if there are a non constant geodesic c: R —» M
t+ig

and t; € R such that for all t € R, we have ¢(c(t)) = c(t+ty) and d.yyp = ||,

Lemma 14.1.2. Let X be a symmetric space, and let ¢ : R — M be a non con-
stant geodesic. For t € R, consider g; = Se(£) © 5¢(0)- Then g; is a transvection,

and t v g is a one-parameter subgroup of G.

Proof. Lemma [13.1.2|shows that g;(c(s)) = c(t + s), and Proposition [13.2.9

shows that d(g; = 5, so g; is a transvection.

The isometries g;,; and g; o g; both send o = ¢(0) to ¢(t + s), and their
differential at o is the parallel transport along ¢ (Proposition [13.2.9). It
follows that they are equal, i.e. t — g; is a one parameter subgroup of G (it

is smooth thanks to Lemma|13.1.4). O

Proposition 14.1.3. Let X be a Riemannian symmetric space, G = Isom,(X), g
its Lie algebra, o € X and g = p@®k the associated Cartan decomposition. For all
X € pand g € G, the isometry gexp(X)g~! is a transvection of X. Moreover,
any transvection of X has this form.

Proof. Since the conjugate of a transvection by an isometry is a transvec-
tion, so we only have to show that exp(X) is a transvection for X € p\ {0}.
Set v =d,¢,(X), and ¢ = ¢, (it is a non constant geodesic because of Propo-
sition. For t € IR, we let g =5.(1)05,.

According to Lemma t — g; is a one-parameter subgroup of G,
so we can consider X’ € g such that g, = exp(tX’). First, we wish to show

245
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that X’ is in p. For this we compute o (expG(tX’))

U(expG(tX')) =50 05,(1) 05005,

=8¢
= expg(~tX’)

The derivative at t = 0 yields 0(X’) = =X’, i.e. X’ € p. Since g;(0) = c(t), we
find:
d

dt

g:(0)
t=0

= Zil,_, Po(exPa(tX)

= de(po(X/)

It follows from Proposition that X’ = X. Hence exps(X) = g is a
transvection.

Reciprocally, let g € Isom(X) be a transvection along a geodesic c. Let
top € R be given by the definition of a transvection. Since G acts transitively
on X, we can assume that ¢(0) = o.

Consider g; = s.(1) o5, as in Lemma Then g and g, have the
same one-jet at o, so they are equal.

Let X € g be such that g, = exp(tX) for all t € R. The computation
above shows that X € p. We find that g = exp(£(X). O

Corollary 14.1.4. Let X be a Riemannian symmetric space, G = Isom,(X), g
its Lie algebra, o € X and g = p@®k the associated Cartan decomposition. The
geodesics going through o are exactly the curves t — exp(tX)o for X € p.

Proof. Let v € T, X, and set ¢ = ¢,. According to Proposition|13.4.4] there is
X e p such that v = d,¢,(X). Following the proof of Proposition [14.1.3} we
find:

expg(tX).o=s
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14.2 The Levi-Civita connection of a symmetric space

In order to relate the Levi-Civita connection of a symmetric space with
computations in the Lie algebra of its isometry group, we can can start by
seeing that a smooth action G ~ M induces a Lie algebra anti-morphism
(i.e. reversing the bracket) from the Lie algebra of G to the Lie algebra
X (M) of vector fields on M.

Definition 14.2.1. Let G be a Lie group with Lie algebra g, and M a mani-
fold. Consider a smooth action G ~ M. For X € g, the fundamental vector
field associated to X is X € X(M) defined by:

X(x) = de(Px(X)

Lemma 14.2.2. Let G ~ M be a smooth action of a Lie group. For X,Y € g, we
have [X,Y] =Y, X].

Remark. This result can be interpreted by seeing Diff(M) as an infinite
dimensional Lie group, whose Lie algebra is A'(M), but the bracket is the
opposite of the usual Lie bracket of vector fields.

Proof. First notice that the flow @' of X is given by:
¢'(x) = expg(tX).x
Indeed, (t,x) — exp;(tX).x is a flow and we have:
d d
7z expg(tX).x = E't:O (Px(eXpG(tX))

t=0
= de(Px(X)
= X(x)

So the flow 1 of Y is also given by:

Pi(x) = exps(tY).x

We can compute [X, Y] by looking at the commutators of the flows:

- d
RTI0= 3 dyropurovyso o)

(exp(VY)exp(ViX)exp(-VtY)exp(-VtX)).x

t=0"

T dt

But we also have:

T exp(VtY)exp(ViX)exp(—VtY)exp(-VtX) = [V, X]

t=0"

It follows that [X, Y] =[Y, X]. O
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Definition 14.2.3. Let (M, g) be a Riemannian manifold. A Killing field is
X € X(M) whose flow preserves g, i.e.

8ot (Ax @k (1), dx @k (v) = g1, v)
whenever ¢} (x) is defined.

Remark. This condition is equivalent to Lxg = 0, where Lx is the Lie
derivative.

If a Lie group G acts smoothly on a Riemannian manifold (M, g) by
isometries, i.e. the maps x +— g.x are isometries, then the fundamental
vector fields are Killing fields.

Lemma 14.2.4. Let (M, g) a Riemmanian manifold with Levi-Civita connec-
tion V. Let X € X(M) be a Killing field. For all V,W € X(M), we have:

[X, va] = V[X,V] W+ Vv[X, W]

Proof. For ¢ € Isom(M, g), we have ¢*V =V (because ¢*V is the Levi-Civita
connection of ¢*g = g). This means @*(VW(V)) = V"W (¢*V).
We can apply this to the flow ¢’ of X, and find:

(@) (YW (V) = Vg W ((¢")'V)

The derivative of the left hand side at ¢t = 0 is [X,VW(V)] by definition of
the Lie bracket. The right hand side derivates to VW ([ X, V]) + V[X, W](V).
O

Theorem 14.2.5. Let X be a Riemannian symmetric space, G = Isom,(X), g its
Lie algebra, 0 € X and g = p®k the associated Cartan decomposition. Consider
Xepandv=d,p,(X). Forall Ve X(M), we have V,V (v) = [X, V](0).

Proof. Let @' be the flow of X, i.e. ¢(x) = exps(tX).x. The relationship
between a connection and its parallel transport yields

0

d

VOV(V) = E

V t
ol (¢'(0))

Here ||?pt(0) is the parallel transport along the flow line t > ¢'(0) =

exp;(tX). According to Proposition [14.1.3} it is equal to the differential
of the transvection (pt, hence:

V,V(v)= % (dog') " (v (9'(0)))

t=0

We recognize ((pt)* V(0), and find V,V (v) = [X, V](0). O
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14.3 The curvature of a symmetric space

Theorem 14.3.1. Let X be a Riemannian symmetric space, G = Isom,(X), g
its Lie algebra, o € X and g = p@®k the associated Cartan decomposition. For
X,Y,Zep, weset u=d,p,(X),v=d,0,(Y)and w=d,p,(Z) € T,X. We have:

Ro(ulv)w = _de(Po ([[X, Y],Z])

Remark. Note that [X,Y] € k, hence [[X,Y],Z] € p (Proposition[13.4.4). In
particular, we find R,(u,v)w =0 < [[X,Y],Z]=0.

Proof. We use the fundamental vector fields X,Y,Z to compute the curva-
ture.

R, (1, v)w = R(X,Y)Z(x,)
=V, VZ(?))(u)—vo(VZ(X))(v)—VOZ([X?](o)) (14.1)

According to Lemma we find:
[X,Y](0) = ~[X, Y](0)
= _de(Po([X; Y])

But Proposition|13.4.4/shows that [X,Y] € k = kerd,¢,, hence [X, Y](0) = 0,
and (14.1) simplifies:

Ra(u,v)w:VO(VZ(?))(u)—VG(VZ(X))(v) (14.2)

Theorem yields
Vo (VZ(Y))(u) = [X vz(?)] (0)

Since X is a Killing field, we can apply Lemma [14.2.4

[X.vZ(¥)|=VZ([X,Y])+ VX, Z](Y)

Evaluating at 0, we have seen that [X, Y](0) = 0, so all that remains is:

(X.VZ(¥)](0) = Vo[X. Z)()

Applying Theorem [14.2.5|once again, we find:

[X.VZ(Y)](0) = [Y.[X, Z])(0)
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Two applications of Lemma|14.2.2]yield:

[X.VZ(1)](0) =Y, [X, Z]I(0)

We have shown:

Vo (VZ(Y)) () = [V, [X, Z]](0) (14.3)
Injecting back into (14.2), we find:

Ro(u,v)w =[Y,[X, Z]](0) - [X,[Y, Z]](0)

The Jacobi identity yields the desired formula. O

Example 14.3.2. For &£,, we can compute the sectional curvature of the
plane generated by X, Y e p:

R(X,Y,Y,X)=-Tr([[X,Y],Y]X)=Tr([X,Y]?)

We find that the sectional curvature is 0 if [X,Y] = 0, and negative other-
wise.

14.4 Lie triple systems and totally geodesic submani-
folds of symmetric spaces

Recall that a submanifold N of a Riemannian manifold (M, g)M is called
totally geodesic if any geodesic of N is a geodesic of M.

Now we start with a point x € M and a vector subspace V C T,M, and
wonder whether there is a totally geodesic submanifold N c M such that
x € N and T,N = V. Actually there is not much choice for N, as it should be
an open subset of exp (V). But in general, exp, (V) is not totally geodesic.

We have already seen that a necessary condition is for V to be stable
under the Riemann tensor: if u,v,w € V, then R, (u,v)w € V. When (M, g)
is a symmetric space, we will show that it is also a sufficient condition. In
the general case, it cannot be sufficient as one should at least impose some
stability by the covariant derivatives of the Riemann tensor.

This stability under the Riemann tensor has a nice interpretation in Lie
algebraic terms for a symmetric space.

Definition 14.4.1. Let g be a Lie algebra. A vector subspace v C g is called
a Lie triple system if it satisfies:

VX,Y,Zeu [[X,Y]Z]eu

Remark. This can be summarized as [u, [u,u]] C v.
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Lemma 14.4.2. Let g be a Lie algebra. If v C g is a Lie triple system, then [u,u]
and v + [u,u] are Lie subalgebras of g.

Proof. For X,Y,Z, W €u, the Jacobi identity yields:

[[X, Y], [Z, W]] = —[Z, [W, [X’ Y]] - [X, [[X, Y],Z] € [U,U]

For X,Y € u+ [u,u], there are three cases to deal with:
e If Xevand Y €evthen [X,Y] € [u,u] Cu+][u,ul

* If Xevand Y € [u,u] then [X,Y] € v Cu+[u,u] by definition of a Lie
triple system.

e If X €[u,u]and Y € [u,u] then [X, Y] € [u,u] Cu+ [u,u] because [u,u] is
a Lie subalgebra.

These three cases show that v+ [u,u] is a Lie subalgebra of g. O

Theorem 14.4.3. Let X be a Riemannian symmetric space, G = Isom,(X), g
its Lie algebra, o € X and g = p®Kk the associated Cartan decomposition. Let
V C T,X be a vector subspace. The following are equivalent:

1. V is stable under the Riemann tensor R,.
2. (dopo) Y (V)N pis a Lie triple system in g.

3. Thereis a totally geodesic submanifold N of X such that x € N and T\N =
V.

Moreover, if these conditions are met, then exp,(V) is an immersed totally
geodesic submanifold of X, and it is a symmetric space.

Proof. Note that 1. & 2. is a straightforward consequence of Theorem
14.3.1

3.=1. is a general fact for Riemannian manifolds (Lemma [12.6.2). We
will now prove 2. implies 3. and the last statement.

Let v = (d,¢,)"}(V) N p, and assume that it is a Lie triple system. Ac-
cording to Lemma I = v+ [u,u] is a Lie subalgebra of g, so we can
consider the connected Lie subgroup H C G such that T,H = I.

Note that H.o is an immersed submanifold on M (it is an orbit of a
smooth action), and that T,H.o = d,p,li = V (because [v,u] Ck =kerd,p,).

Let us show that exp,(V) C H.o. Let v € V, and consider X € u such that
d.@,(X) = v. Corollary [14.1.4]yields exp,(v) = exp;(X).0. Since X e v C l,
we find exp(X) € H and exp,(v) € H.0. So we have proved exp, (V) C H.o.

This means that any geodesic starting from o and tangent to V lies in
H.o. Given x € H.o, we write x = g.o for some g € H, and we have T\H.o =
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d,g(V). For v € V, by setting w = d,g(v), we find ¢, (t) = g.c,(t) € g(H.0) =
H.o. This shows that H.o is totally geodesic, i.e. we have proven 3.

Note that H.o is complete. Indeed, for v € V the geodesic ¢, of H.o is
defined on R. It follows from the Hopf-Rinow Theorem that H.o C exp,(V),
hence H.o = exp,(V). So exp,(V) is an immersed totally geodesic subman-
ifold of X.

Now note that exp, (V) is stable under s,. This implies that H.o is also
stable under s¢, = gs,¢"! for g € H, so H.o is a symmetric space. O]

Definition 14.4.4. Let X be a symmetric space. A flat of X is a complete
and connected totally geodesic submanifold F ¢ M which is flat.
The rank of X is the maximal dimension of a flat of X.

Remark. The rank is sometimes called the geometric rank.

Proposition 14.4.5. Let X be a Riemannian symmetric space, G = Isom,(X),
g its Lie algebra, 0o € X and g = p@®k the associated Cartan decomposition. Let
V c T,X be a vector subspace. There is a flat F C X such that T,F =V if and
only if(de(po)_1 (V)N pis an abelian subalgebra of g.

Remark. One only need to ask of (de(pl,)_1 (V)N p to be a Lie subalgebra,
since [p, p] C k shows that a vector subspace of p must be abelian in order to
be a Lie subalgebra of g.

Proof. Letu = (degoo)_1 (V)N p. If uis an abelian subalgebra of g, then it is a
Lie triple system and Theorem [I4.4.3|shows that there is a totally geodesic
submanifold F C X such that T,F = V, and that F is a symmetric space. The
curvature of F can be computed thanks to Theorem[14.3.1}, and it vanishes.

Now assume that there is a flat F ¢ X such that T,F = V. Theorem
[14.3.1]yields [[X,Y],Z] = 0 for all X,Y,Z € u. Let B be the Killing form of
g. Since B is ad-invariant, we find for X,Y € u:

B([X,Y],[X,Y]) = B(ad(X)Y,[X,Y])
= —B(Y,ad(X)[X,Y])
= B(Y,[[X, Y], X])

Since [[X,Y],X] = 0, we find that B([X,Y],[X,Y]) = 0. But we showed in
Proposition |13.4.4|that B is negative on k, and [X, Y] € [p,p] C k. It follows
that [X,Y] =0, i.e. vis an abelian subalgebra of g. O

Examples 14.4.6. The rank of [E" is n, the rank of $" and H" is 1. For &,
a flat corresponds to matrices that commute, so they are diagonalisable in
the same basis. It follows that the rank of £, is n—1.
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14.5 The sectional curvature of symmetric spaces

In order to relate the geometry of a symmetric space X and the Lie algebra
g of its isometry group, we first notice that p in the Cartan decomposition
has two quadratic forms: the Riemannian metric of X and the Killing form
of g. To understand their relationship, we must first ask if they have the
same signature.

Definition 14.5.1. Let X be a symmetric space, G = Isom(X), g its Lie alge-
bra, and let 0 € X with corresponding Cartan decomposition g = p®k. We
say that X is:

* Of Euclidean type if p is an abelian ideal of g.
 Of compact type if Bl,,, is negative definite.
* Of non compact type if Bl,,, is positive definite.

Remark. By using the homogeneity, we can see that this definition does
not depend on the choice of 0 € X.

The Euclidean type can be interpreted in terms of curvature.

Proposition 14.5.2. Let X be a symmetric space. Then X is of Euclidean type
if and only if X is flat.

Proof. According to Proposition|14.4.5|applied to T,X, we see that X is flat
if and only if p is abelian. If p is abelian, then [p,k] C p shows that it is an
ideal, which completes the proof. O]

Consequently, a simply connected symmetric space of Euclidean type
is isometric to the Euclidean space [E”, hence the terminology.

Not every symmetric space is of one of these types, but the classification
of symmetric spaces reduces to these three types. Note that the product of
symmetric spaces is always a symmetric space, so a classification of sym-
metric spaces requires the understanding of which symmetric spaces can
split into a product.

Definition 14.5.3. Let X be a symmetric space, G = Isom(X), g its Lie al-
gebra, and let 0 € X with corresponding Cartan decomposition g = p & k.
We say that X is irreducible if the only vector subspaces u C p satisfying
[k,u] C v are {0} and p.

Remarks.

* By using the homogeneity, we can see that this definition does not
depend on the choice of 0 € X.
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* This is equivalent to stating that the action of the identity component
of K on T,K is irreducible.

Irreducible symmetric spaces must be of one of the three types de-
scribed above.

Proposition 14.5.4. Every irreducible symmetric space is either of Euclidean,
compact or non compact type.

Before we can prove Proposition|14.5.4, we need to introduce some no-
tations.

Definition 14.5.5. Let X be a symmetric space, G = Isom,(X), g its Lie
algebra and B its Killing form, o0 € X and g = p®k the associated Cartan
decomposition.

The Riemannian form is the inner product (:|-) on p defined by:

VX, Yep (X]Y)=(de@o(X)ldepo(Y)),

The Killing operator is the self-adjoint (for (:|-)) operator b € End(p) de-
fined by:
YX,Yep B(XY)=(b(X)Y)

Lemma 14.5.6. Let X be a symmetric space, G = Isom,(X), g its Lie algebra,
o€ Xand g =p®k the associated Cartan decomposition. The Killing operator
b commutes with ad(X) for all X € k.

Proof. Since exp(tX) € Isom(X), we have:

Vo,we T,X  (d,expg(tX)(v)|dy expg(tX)(w)) 0o = (V10

expq(t
The derivative at t = 0 pulled back by ¢, yields:
VY,Zep (ad(X)Y|Z)+(Y]ad(X)Z)=0 (14.4)

The ad-invariance of the Killing form now translates to b as:

VY,Zep (boad(X)Y|Z)+(b(Y)ad(X)Z) =0 (14.5)

=B(ad(X)Y,Z) =B(Y,ad(X)Z)

Putting (14.4) and (14.5) together, we find for all Y, Z € p:

(boad(X)(Y)|Z) = —(b(Y)lad(X)(Z))
= (ad(X)ob(Y)|Z)

Since (-|-) is positive definite, it follows that b o ad(X) = ad(X) o b. O
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Proof of Proposition|14.5.4]  Since b is self-adjoint, there is an orthonormal
basis Xj,..., X, of p such that b(X;) = A;X; for A; € R. We set:

ug = Vect{X;|A; =0}
u_ = Vect{X;|A; < 0}
v, = Vect{X;|A; >0}

We have a direct sum p = vy ®v_@uv,, this decomposition is orthogonal
for both (-|-) and Bly,. It is also ad(k)-invariant because of Lemma([14.5.6]
If X is irreducible, then one of the three K-invariant spaces vy, u_, u, is
equal to p. If ¢ = v(, then X is of Euclidean type. If ¢ = v,, then X is of
compact type. If ¢ =v_, then X is of non compact type.
O]

Theorem 14.5.7. Let X be an irreducible symmetric space of compact or non
compact type, G = Isom,(X), g its Lie algebra and B its Killing form, o € X and
g = p@®Kk the associated Cartan decomposition.

There is a € R\ {0} such that B(X,Y) = a(X|Y) forall X,Y € p.

If (u,v) is an orthonormal basis of a plane P C T,X, and X,Y € p are such
that d,,(X)=u and d,,(Y) =v, then:

K(P)= ZB(X, YLIX, V)

If X is of compact (resp. non compact) type, then it has non negative (resp. non
positive) sectional curvature.

Proof. The Killing operator b is diagonalisable, and ad(X) commutes with
b so it must preserve its eigenspaces for each X € k, so there is @ € R such
that b = a1d. Therefore B(X,Y) = a(X|Y) for all X,Y € p.

By looking at the sign of B, we see that a < 0 (resp. @ > 0) when X is of
compact (resp. non compact) type.

K(P)=R,(u,v,v,u)
= (Ro(u,v)vu),
= (-[[X, Y], Y]IX)

1
= ;B([Y, [X, Y]],X)

1
= B(X,YL[X,Y)

The sign of the sectional curvature comes from the fact that B is negative
definite on k. O
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Chapter 15

Classification of symmetric
spaces

15.1 Decomposition into irreducible factors

Recall that the universal cover of a symmetric space is still a symmetric
space, and that the product of symmetric spaces is also a symmetric space.
Up to these manipulations, the classification of symmetric spaces reduces
to the irreducible ones.

Theorem 15.1.1.  Every simply connected symmetric space is isometric to a
product X; x --- x Xy where each X; is an irreducible symmetric space.

Lemma 15.1.2. Let X be a symmetric space, G = Isom,(X), g its Lie algebra
and B its Killing form, o € X and g = p@®k the associated Cartan decomposition.
The vector space p admits a decomposition

p=0pBDU D DU, QU_1D--- DUy
such that:
* [k, v;] Cu; and v; is irreducible for i # 0.

* Ifi=jthenu; et uj are orthogonal for both the Riemannian form (|-) and
the Killing form B.

* UL ®-- @y, is equal to the sum v, of eigenspaces attached to positive
eigenvalues of the Killing operator b and v_1 &---@®uy_ is equal to the sum
u_ of eigenspaces attached to negative eigenvalues of b.

* uy = kerb.

Proof. Since ad(X) preserves the Riemannian form on p for all X € &, the
orthogonal of an ad(k)-invariant subspace is also invariant, and we can find
a decomposition of p into irreducible subspaces. Each of them must be
included in an eigenspace of b. O

257
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Definition 15.1.3. Let X be a symmetric space, G = Isom(X), g its Lie
algebra, 0 € X and g = p®k the associated Cartan decomposition.

The decomposition p = @k,sisk u; given by Lemma|15.1.2|is called the
decomposition into irreducible factors of p.

Remark. The space vy may not be irreducible.

Lemma 15.1.4. Let X be an irreducible symmetric space of compact or non
compact type, G = Isom,(X), g its Lie algebra and B its Killing form, o € X and
g = p®Kk the associated Cartan decomposition.

The kernel of the Killing operator vy = kerb C p is equal to ker B. It is an
abelian ideal of g, and [u, p] = {0}.

Proof. The definition of ug yields B(X,Y) =0 for X € vy and Y € p. Since k
is B-orthogonal to p, we also have B(X,Y) = 0 for X € ug and Y € k, hence
vy C ker B.

Since B is negative definite on k, we find that ker B is included in the
orthogonal for B of k, i.e. in p. It follows that ker B C ker b = v,

This implies that v is an ideal of g. Moreover, for X e vy and Y € p, we
have [X,Y] € k Ny = {0}, hence [uy, p] = {0}, and v is abelian. O

Lemma 15.1.5. Let X be a symmetric space, G = Isom,(X), g its Lie algebra,
0€X, g=p@®Rk the associated Cartan decomposition and p = @k <i<k Vi the
decomposition into irreducible factors. o

For i # 0, write [; = [Ui:Ui] and I =u;81;.

1. v; is a Lie triple system of g.

2. 1; is an ideal of k.

(V)

. Iyj is an ideal of g.

N

. If i # j are both different from 0, then [y, hi;] = {0}.

9]

. If i # j are both different from 0, the ideals ; and 1; of k are orthogonal for
B.

Proof. 1. Since [u;,u;] C [p,p] C k, we have [[u;,u;],u;] C [k, u;] Cu;, sou;
is a Lie triple system.

2. For X ekand Y, Z € v;, we find:

[X,[Y,Z]]:—[\li_/, [Z,X] ]—[f/, [X, Y] ]e[u,ui] =1

€lu;,k]cu; €[k, u;]cy;
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3. Let us start by proving that [v;,u;] = {0}. Let X € v; and Y € v;. Since
u; and u; are B-orthogonal, we find:

B([X,Y],[X,Y]) = B(X,[Y,[X,Y]]) =0
€lu;,k]cu;

Since B is negative definite on k, we find [X, Y] =0, and [uj,u;] = {0}.
We already know that [k, [;] C [; and [k, u;] C u;, so we find that [k, I1;] C
I;.

The fact that [v;,u;] = {0} for j # i shows that [p,u;] C [u;,v;] = ;.
Finally, for X e pand Y, Z € u;, we have:

(XY, z]l=-[ Y ,[ZX]]-[ Z ,[X,Y]]€e[u;li]Cuy;

€u; €U,

E[U,’,p]c[l‘ E[D,U,']C[,'

4. Since Ij; and Ii; are both ideals, we have [Iy;, Iy;] C Iy N y; = {0}.

5. For X;,Y; €v;, and X, Y; € vj, we find:

B([X;, Yi], [X;, Y;]) = B(X;, [Y;, [X}, Y;]] = O
0

O

Thanks to Theorem [14.4.3|and Lemma [15.1.5] we know that the X =
exp,(u;) are totally geodesic subspaces of X, and symmetric spaces.

Lemma 15.1.6. Let X be a symmetric space, G = Isom,(X), g its Lie algebra,
0€X, g=p®Kk the associated Cartan decomposition and p = @k_<i<k+ u; the
decomposition into irreducible factors. o

Fori#0, write ; = [u;,u;] and y; = v; ®1;. Denote by L the B-orthogonal of
D..,li in k, and write iy = Ly @ vg.

1. hy is an ideal of g.
2. For i # 0 we have [Iy;, lyg] = {0}.
3. The decomposition g = @k,sisk l; is B-orthogonal.

Proof. Let us start by showing that for i # 0, we have [ly;, ug] = {0}. It follows
from [u;,ug] C [p,up] = {0} and:

(L, vo] = [[vi,vi] vo] C [[vj,v0],ui] + [[vg, ui ], u;] = {0}
={0} ={0}



260 CHAPTER 15. CLASSIFICATION OF SYMMETRIC SPACES

1. Thanks to Lemmal|l5.1.4{we know that [g,u(] C Uy, so it only remains
to show that [g,[p] C . Let X €k, Y €[y and Z € [; for some i = 0.

B([X,Y],Z)=B(Y, [2,X])=0
~——
E[l,‘,k]C[f

It follows that [k,[g] C [p. Now let X € p, Y €[, and Z € v; for some
i#0.

B([X,Y],Z)=B(Y, [Z,X])=0
~——
€lv;,plcl;

It follows that [p, k(] is orthogonal to u;. Since it is included in p, we
find [[J, IQ] Cvp.

2. Since Ii; and iy are both ideals of g we have [Ii;, ig] C I; Ny = {0}.

3. Since the decompositions p = @k,sigk v; and k = @k,sisk [; are B-
orthogonal, and so is g = p@®k, the same goes for g = @k,sisk b;.

O

Lemma 15.1.7. Let X be a symmetric space, G = Isom,(X), g its Lie algebra,
0€X, g=p®Kk the associated Cartan decomposition and p = @k_<i<k+ u; the
decomposition into irreducible factors. o

For i =0, write[; = [u;,u;] and y; = u; ®1;. Denote by ly the B-orthogonal of
@iio l; in R, and write iy = [y ® U

Let Hy be the connected Lie subgroup of G with Lie algebra Iry. The symmet-
ric space Xo = Hy.o is of Euclidean type.

Proof. This is a consequence of Proposition|14.4.5/and Lemma|(15.1.4, [

Lemma 15.1.8. Let X be a symmetric space, G = Isom,(X), g its Lie algebra,
0€X, g=p@®Rk the associated Cartan decomposition and p = @k,sish u; the
decomposition into irreducible factors.

For i =0, write; = [u;,u;] and y; = v; ®1;. Denote by |y the B-orthogonal of
@#0 [; in Rk, and write iy = [y ®vy.
Let H; be the connected Lie subgroup of G with Lie algebra Iy;. If i < 0 (resp.
i > 0), the symmetric space X; = H;.o is of compact (resp. non compact) type
and irreducible.

Proof. Since I; is an ideal of g, its Killing form is the restriction of the
Killing form of g. It is non degenerate, so according to Cartan’s criterion fy;
is semi-simple.
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Let g; be the Lie algebra of the isometry group of X;, G; = Isom,(X;),
and g; = p; ® k; the Cartan decomposition associated to 0. Since H; acts
isometrically on X;, we have a Lie group morphism f; : H; — G;. The kernel
of f; acts trivially on X; so it fixes o, hence ker f; C K. It follows that 4, f; is
injective on v;. Hence d, f;(v;) = p; by equality of dimensions. We also have
dcfi(l;) Ck;.

Let us show that X is irreducible. If v C p; is ad(k;)-invariant, then
v’ = (d,f;)~} (v)Nu; must be ad(l;)-invariant. Indeed, given X € v’ and Y € [;,
we have [X,Y] € [u;,[;] C v; and since d,f; is a Lie algebra morphism we
find:

dfi([X, Y]) = [defi(X),dcfi(Y)] € v
—_——
€v €k,

Since [, u;] = {0} for j # i, it follows that v is ad(k)-invariant, so v" = {0} or
v’ =u;, hence u = {0} or v = p;, and X is irreducible.

The same computation as in Theorem shows that X; has non
negative (resp. non positive) sectional curvature when i < 0 (resp. i > 0), so
X; must have compact (resp. non compact) type. O

Lemma 15.1.9. Let G be a Lie group with Lie algebra g. Let Hy,H, C G be
connected Lie subgroups with respective Lie algebras Ir, l1; C g.
If [y, o] = {0}, then any elements g; € Hy and g, € H, commute:

8182 = 8281

Proof. Since H; is connected, we find Ad(g;)ly, = Id,,. By considering the
one-parameter subgroup associated to X, € Ii,, we find that g; commutes
with exp;(X;). Since H; is connected, g commutes with any element of
H,. O

Proof of Theorem|[15.1.1] Consider the decomposition p = @k,sish u; into
irreducible factors. For i # 0, write [; = [v;,u;] and Ii; = v; ®@[;. Denote by [
the B-orthogonal of @#O [; in k, and write iy = [ ® vy.

Let H; be the connected Lie subgroup of G with Lie algebra h;, and
recall that the symmetric space X; = H;.o is a totally geodesic submanifold
of X. Consider L; = H; N K;, so that X; can be identified with L;\H;.

We will now show that X is isometric to the product X x -+ x X .
This implies that X is simply connected, so it is isometric to the Euclidean
space [EX, and therefore is irreducible. So the proof of Theorem will
be complete thanks to Lemma(15.1.7jand [15.1.8]

We start by considering the map:

—.{Hk_x"'XHk+ — X
L (8kr--18.) P &k 8,0
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It is smooth, and Lemma|15.1.9|shows that for all ({i_,...,{; ) € L x-+-x Ly,
we have ({; gk -+, 0k 8k,) = ¢(8k_,---, 8k, )- Thus the map:

'{ka...xx,ﬁ - X
e (8 0,---,8k,0) — gk "8, 0

is well defined and smooth.

Let us prove that it is isometric (then the completeness of X x---xX ,
the simple connectedness of X and a count of dimensions will imply that
@ is an isometry).

We start by computing the differential of ¢. Since the elements in dif-
ferent groups H; commute, we can easily compute the partial derivatives:

d(gk, rrrrr gk+)¢(0"‘"O’Xi’o""’o):dO(gk_"'é;"'gh)‘)dg,v(Po(Xi)
=do (8 8k, ) o (dogi) " [dg 0(Xi)]

G O gk+o)§0(0z---loluifof---fo):do(gk_"'gk+)°(dogi)_l(ui)

Since the spaces T,X; are pairwise orthogonal, we find that ¢ is isometric.
O

15.2 Symmetric spaces without Euclidean factors

Definition 15.2.1. A symmetric space X has no Euclidean factor if none of
the factors in the decomposition of its universal cover X given by Theorem

15.1.1|is of Euclidean type.

Lemma 15.2.2. Let X be a symmetric space, G = Isom(X), g its Lie algebra, B
its Killing form, o € X and g = p®Kk the associated Cartan decomposition.
For X € p\ {0}, the following are equivalent:

1. X ekerB.

2. Any plane P C T,X containing d,p,(X) has vanishing sectional curva-
ture.

Proof. First assume that X € ker B, and consider a plane P C T,X spanned
by d,¢,(X) and d,¢p,(Y) for some Y € p. According to Lemma we
have [X,Y] =0, so Theorem shows that the curvature of P is 0.

Now assume that any plane P C T,X containing d,¢,(X) has vanishing
sectional curvature. Then according to Proposition we find that
[X,Y]=0forall Y ep. Letc ={X"ep|VY ep[X',Y]=0}. Let us see that ¢
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is stable under the Killing operator b. For X’ €, Y € pand Z € k we can
compute:

B(Z,[Y,b(X")]) = B([Z,Y],b(X"))
=(b([Z, Y]|b(X"))
=([Z,b(V)][b(X"))
= B([Z,b(Y)], X’)
= B(Z,[b(Y),X])
=0

Since B is negative definite on k, we find [Y,b(X’)] = 0, i.e. b(X') ec. It
follows that ¢ is the direct sum of its intersections with eigenspaces of b.
Let X’ € ¢ be such that b(X’) = AX’ for some A #0. For Z €k and Y € p, we
find:

B(Y,[X’,Z]) = B([Y,X',Z) =0

It follows that [X’,Z] € kerb. However the eigenspaces of b are invariant
under ad(Z), hence [X’,Z] = 0, and X’ € z(g) C kerB, therefore X’ = 0. It
follows that ¢ C ker B, and X € ker B. O

Proposition 15.2.3. Let X be a symmetric space, G = Isom,(X) and g its Lie
algebra. Then X has no Euclidean factor if and only if g is semi-simple.

Proof. Cartan’s criterion states that g is semi-simple if and only if ker B =
{0}. But Lemma|[15.2.2]shows that the condition ker B = {0} remains invari-
ant under coverings, so we can assume that X is simply connected. If X
has a Euclidean factor X, then any element X € ug is in ker B, so g is not
semi-simple. If X has no Euclidean factor, then B is non degenerate on p,
so it is non degenerate on g and g is semi-simple. O

Proposition 15.2.4. A symmetric space with no Euclidean factor is of compact
(resp. non compact) type if and only if it has non negative (resp. non positive)
sectional curvature.

For a symmetric space X of compact or non compact type, we find that
all the irreducible factors must be of the same type.

Proposition 15.2.5. Let X be a simply connected symmetric space. If X is
of compact (resp. non compact) type, there are irreducible symmetric spaces
Xy,..., Xy of compact (resp. non compact) type such that X is isometric to
Xq x-x X

Proof. If X is of compact (resp. non compact) type, then p =v_ (resp. p =
v,)in Lemma|15.1.2} The rest of the proof of Theorem|15.1.1|can be carried

out in the same way. O
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Geometrically, the three types of symmetric spaces are determined by
the sign of the curvature.

Proposition 15.2.6. Let X be a symmetric space. If X is of compact (resp. non
compact) type, then the sectional curvature of X is non negative (resp. non
positive).

Proof. This is a consequence of the fact that the universal cover of X has

the same property, so we can apply Theorem[14.5.7, Proposition|15.2.5/and
the fact that a product of Riemannian manifolds with non negative (resp.

non positive) sectional curvature also has non negative (resp. non positive)
sectional curvature). O

Lemma 15.2.7. Let X be a symmetric space. The universal cover X is of Eu-
clidean (resp. compact, non compact) type if and only if X is of Euclidean (resp.
compact, non compact) type.

Proof. The Euclidean case is a consequence of Proposition|14.5.2 O

Proposition 15.2.8. If Xy,..., Xy are symmetric spaces and are all of Euclidean
(resp. compact, non compact) type, then X x --- x Xy is of Euclidean (resp.
compact, non compact) type.

Proof. O]

Theorem 15.2.9. Any simply connected symmetric space X is isometric to a
product Xo x X_ x X, where:

* X is a symmetric space of Euclidean type.
* X_ is a symmetric space of compact type.

* X, is a symmetric space of non compact type.

15.3 Symmetric spaces of compact type

Proposition 15.3.1. Let X be a simply connected symmetric space of compact
type. There are irreducible symmetric spaces Xy,...,Xy of compact type such
that X is isometric to Xy x --- X X.

Proof. 1f X is of compact type, then p=v_in Lemma|l5.1.2| The rest of the
proof of Theorem|[15.1.1|can be carried out in the same way. O

Proposition 15.3.2. A symmetric space of compact type has non negative sec-
tional curvature.
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Proof. Non negative sectional curvature for a symmetric space X or for its
universal cover X are equivalent, so we can apply Theorem [14.5.7] m Propo-
sition[15.2.5|and the fact that a product of Riemannian manifolds with non
negative sectional curvature also has non negative sectional curvature. [J

Proposition 15.3.3. Let X be a symmetric space, G = Isom,(X) and g its Lie
algebra. If X is of compact type, then G is compact, and g is semi-simple.

Remark. Since G acts transitively on X, it is also compact.

Proof. The Killing form of g is negative definite, so g is semi-simple.

The opposite of the Killing form of g induces a bi-invariant Riemannian
metric on G, and computations show that its sectional curvature must be
positive. The Myers Theorem implies that G is compact. O]

Definition 15.3.4. A real Lie algebra g is called compact if its Killing form
is negative definite.

If g is compact, then it is semi-simple, and so is g® C.

Theorem 15.3.5. The map g+ gQ® C is a bijection from the set of compact Lie
algebras (up to isomorphism) to the set of complex semi-simple Lie algebras (up
to isomorphism).

Compact Lie algebras | Complex simple Lie algebras
so(n) so(n, C)
su(n) sl(n,C)
sp(n) sp(n, C)

Note that even if X is irreducible, the group G may not be simple. The
main example is a compact Lie group itself. If I is a compact Lie algebra,
there is a unique (up to isomorphism) Lie group H with trivial centre and
Lie algebra isomorphic to 1. We can endow H with a bi-invariant Rieman-
nian metric whose value at Iy is the opposite of the Killing form. Then H is
a symmetric space, and G = H x H acts on the left and on the right on H.

Classical examples include spheres $" = SO(n+1)/SO(n) and projective
spaces CP" = SU(n+1)/U(n).

15.4 Symmetric spaces of non compact type

We will admit the following result.

Proposition 15.4.1. A symmetric space of non compact type is simply con-
nected.

This means that a symmetric space of non compact type is a Cartan-
Hadamard manifold, hence diffeomorphic to the Euclidean space.
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Proposition 15.4.2. Let X be a symmetric space of non compact type. There
are irreducible symmetric spaces Xy,..., Xy of non compact type such that X is
isometric to Xy X+ -+ x X.

Proof. 1f X is of non compact type, then p = v, in Lemma|15.1.2| The rest
of the proof of Theorem|[15.1.1|can be carried out in the same way. O]

Proposition 15.4.3. A symmetric space of non compact type has non positive
sectional curvature.

Proof. Simply apply Theorem [14.5.7, Proposition [15.2.5and the fact that

a product of Riemannian manifolds with non positive sectional curvature
also has non positive sectional curvature. O]

Proposition 15.4.4. Let X be a symmetric space of non compact type, and G =
Isom,(X). Any compact subgroup K C G fixes a point of X.

Proof. This was already shown to be true for any Cartan-Hadamard mani-
fold. O

Proposition 15.4.5. Let X be a symmetric space of non compact type, G =
Isom,(X) and o € X. The stabiliser K = G, is a maximal compact subgroup of
G, i.e. any compact subgroup L C G containing K is equal to K.

Definition 15.4.6. A semi-simple Lie algebra has no compact factor if it
has no compact ideal.

Theorem 15.4.7. The map sending X to the Lie algebra g of its isometry group
is a bijection from the set of symmetric spaces of non compact type (up to multi-
homothety) to the set of non compact semi-simple real Lie algebras (up to iso-
morphism).

A multi-homothety is a map that is homothetic on each irreducible fac-
tor, but possibly with different constants .

Starting with a semi-simple Lie algebra with no compact factor g, we
can choose a Lie group G whose Lie algebra is g, and with trivial centre
Z(G) = {1}. We then consider the symmetric space X = G/K where K C G is
a maximal compact subgroup.
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Real semi-simple Lie algebras

16.1 The structure of real semi-simple Lie algebras

16.1.1 Restricted roots

Definition 16.1.1. Let g be a finite dimensional real semi-simple Lie alge-
bra with Killing form B. A Cartan involution of gis a Lie algebra automor-
phism O of g such that 62 = Id and such that the bilinear form (:-), on g
defined by

VX,Yeg (X|Y)y=-B(X,0(Y))

is positive definite.

Given a Cartan involution 8, we write p = {X €g|0(X)=—-X} and k =
{X € g|6(X) = X}. The decomposition g = p@® g is called the Cartan decom-
position.

Note that it is symmetric because 0 is a Lie algebra morphism. The
same computations as in Proposition [13.4.4] show that [p,p] C &, [k k]"k
and [k, p] Cp.

Proposition 16.1.2. Let X be a symmetric space of non compact type, G =
Isom,(X), and g its Lie algebra. For all o € X, the Cartan involution of X
associated to o is a Cartan involution of g.

Lemma 16.1.3. Let g be a finite dimensional real semi-simple Lie algebra, 6 a
Cartan involution of g and g = p@®R the associated Cartan decomposition.
For all X € p, the map ad(X) : g — g is self-adjoint for the inner product (:|-)g.

Proof. Recall that O is a Lie algebra automorphism of g, so ad(6(X)) o 6 =
0 oad(X), hence ad(X) o0 = -0 oad(X) since X € p.
For Y,Z € g, we find:

267
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(ad(X)Y|Z)g = —B(ad(X)Y,6(Z2))
= B(Y,ad(X) 0 0(2))
= —B(Y,0(ad(X)Z))
= B(Y,2d(X)Z)

Consequently, the map ad(X) is diagonalisable for all X € p.

Definition 16.1.4. Let g be a finite dimensional real semi-simple Lie alge-
bra, 6 a Cartan involution of g and g = p®k the associated Cartan decom-
position.

A Cartan subspace of g is a maximal abelian subalgebra of p.

Definition 16.1.5. Let X be a symmetric space. A maximal flat of X is a
flat F c X that is maximal for the inclusion.

Proposition 16.1.6. Let X be a symmetric space of non compact type, G =
Isom,(X), g its Lie algebra, B its Killing form, o € X, and g = p@®k the Cartan
decomposition.

Let a C p be a vector subspace. Then a is Cartan subspace if and only if d,¢,(a) C
T,X is the tangent space of a maximal flat.

Proof. This is a consequence of Proposition [14.4.5 O]
For a € a¥, we write:
g, ={Yeg|VXea[X,Y]=a(X)Y}

Definition 16.1.7. Let g be a finite dimensional real semi-simple Lie alge-
bra, 6 a Cartan involution of g and g = p®k the associated Cartan decom-
position.

Let a C p be a Cartan subspace. A restricted root is a € a*\ {0} such that
ga # {0}

We will denote by X C a* the set of restricted roots. We have a decom-

position
0=90® @ Oa

aey

Moreover, this decomposition is orthogonal for the Cartan form.

Theorem 16.1.8. Let g be a finite dimensional real semi-simple Lie algebra, 0
a Cartan involution of g and g = p@®Rk the associated Cartan decomposition.

Let a C p be a Cartan subspace, and ¥ C a* the set of restricted roots. We
equip a* with the inner product obtained by duality from the inner product on
d.
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1. ¥ spans a* as a vector space.

2. Va, B €a” [90,98] C gaxp-

3. Yaea O(g,) =9_4

4. goNp=aandgy=a®d(goNEk).

5 Ifa+p =0, then g, and gg are orthogonal for B.

6. Ifa,pe, then S48 c 7 and o - $E2 pey,

faf &2 then agglgy € 2 and @ =556 €
Remark. The last property means that ¥ is a root system in a*. Contrary to
the complex case, it is not always reduced. Recall that in a Euclidean space,

wlx)

for a fixed vector x, the map y — vy — 2o X 18 the reflection with respect to

the hyperplane x*.

For a € ¥, the root space g, does not decompose as the sum of its in-
tersections with k and p. The root space decomposition and the Cartan
decomposition are related in a more complicated way.

Lemma 16.1.9. Let g be a finite dimensional real semi-simple Lie algebra, O a
Cartan involution of g and g = p@®Rk the associated Cartan decomposition.

Let a C p be a Cartan subspace, and ¥ C a* the set of restricted roots. For
XeaandY €g,, wewrite Y = Yy + Y, € R®p the Cartan decomposition of Y.
The Lie bracket [X,Y, ] decomposes as:

[X, Yi] = @(X)Y, and [X, Y,] = a(X)Y,

Proof. We have [X, Y] +[X,Y,] = a(X)Y, + a(X)Yg. Since [X, Y] € [p,k] Cp
and [X, Y,] € [p,p] C k, we can identify the factors. O

16.1.2 Some examples

The hyperbolic space H"

To understand the description of the Lie algebra g = so(n,1), we will use
a decomposition in blocks of size n and 1. For A € gl(n,R), u,v € R” and
A € R we find:

A My
4 eso(nl) & Aeson),v=u, A=0

For the symmetric space IH", by fixing the point 0 = (0,...,0,1) in the
hyperboloid model, we find that the Cartan involution of is simply 6(X) =
t
-'X.



CHAPTER 16. REAL SEMI-SIMPLE LIE ALGEBRAS

A0 0 'u
(G S Jlacsmmfro={( 1)
The bracket of two elements in p can be computed explicitly.
0 'u 0 v \|_{(‘fuv-tvu 0
u 0 '\v 0 ]| 0 0
This bracket can only vanish if u = 0 or v = 0. It follows that a maximal
abelian subalgebra of p has dimension 1. Set a = IR.X where

270

uelR”}

0 ‘h
H_( "o ),h_(O,...,O,l)

The bracket between H and an arbitrary element of g can be computed

explicitly.

alA A\l _ [ Thv="vh -A'h
v 0 )| hA 0

The line hA is simply the last line of A, and for v = (vy,...,v,,) € R", we

have:

"hv —tvh =
vy e Vo1 0

The centraliser of a can be found easily:

gomk:{( 18 8 )‘Aeso(n—l)}

Here we identify so(n — 1) with the top left block diagonal embedding
in so(n). The roots are +a where a(H) =1, and the root spaces are:

0 ~'u 'u
go=4lu 0 0 ||lueR"!
u 0 0
0 'u ‘tu
g.=4 -u 0 0 ||lueR"!
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The space of ellipsoids &,

The decomposition that we find for g = sl(n, R) is exactly the same as for
sl(n,C). Indeed, we can choose a to be the space of diagonal traceless ma-
trices. It happens to be a Cartan subalgebra, i.e. gy = a. A real semi-simple
Lie algebra with this property is called a real split Lie algebra. There is
a one to one correspondence between real split Lie algebras and complex
semi-simple Lie algebras.

Real split Lie algebras | Complex Lie algebras
sl(n,R) sl(n,C)
so(n,n+1) so(2n+1,C)
sp(2n,R) sp(2n,C)
so(n,n) s0(2n,C)

16.1.3 Restricted roots and geometry

Lemma 16.1.10. Let g be a finite dimensional real semi-simple Lie algebra, 6 a
Cartan involution of g and g = p@®R the associated Cartan decomposition.

Let a C p be a Cartan subspace, and ¥ C a* the set of restricted roots.

For a € X, consider Y, € g, such that (Y,|Y,)g = 1. Then the element
Xo =10(Y,), Y, ] € a satisfies:

VXea (Xu|X)g=a(X)

Proof. 1t follows from Theorem [16.1.8|that [O(Y,), Y,] € go. By using the
Cartan decomposition of Y, we also find [ ),Z] € p for any Z € g, so

[0(Y,), Yol €g0Nnp=a.

(XalX)g = =B([0(Yy), Yo], X)
=-B(0(Y, [YwX]
=B(9(Y) a(X)Y,
= a(X)(YalYa)g
=a(X)

O

Definition 16.1.11. Let X be a symmetric space of non compact type, G =
Isom,(X), g its Lie algebra, B its Killing form, o € X, and g = p®k the
Cartan decomposition. We say that X is normalized if the Killing form
and the Riemannian form are equal on p.

Proposition 16.1.12. Let X be a symmetric space of non compact type, G =
Isom,(X), g its Lie algebra, B its Killing form, o € X, 0 : g — g the associated
Cartan involution and g = p@Kk the Cartan decomposition.
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Let a C p be a Cartan subspace, and ¥ C a* the set of restricted roots.
For a € X, consider Y, € g, such that (Y,|Y,)g =1, and X, = [0(Y,), Y,].
There is a totally geodesic surface S C X containing o such that T,S is spanned

by do@o(Xo) and do,(Y,).
If X is normalized, then the sectional curvature of S is —|lal?.

Proof. Use B(Y,0(Y))=1and B(Y,Y)=0. O

16.1.4 Regular elements and Weyl chambers

Proposition 16.1.13. Let g be a real semi-simple Lie algebra, 6 : g — g a Cartan
involution and g = p@Kk the Cartan decomposition.
For X € p, the following assertions are equivalent.

1. z2(X)Npis abelian.
2. X belongs to a unique Cartan subspace.
3. For any Cartan subspace a C p containing X, we have Va € ¥ a(X) = 0.

4. There is a Cartan subspace a C p containing X, such that Va € ¥ a(X) #
0.

Definition 16.1.14. Such an element X € p is called regular.

Proof. 1.=2.1f z(X) N p is abelian, then it is a Cartan subspace. If aCpisa
Cartan subspace containing X, then a C z(X), hence a = z(X) N p because of
maximality.

(2)=(1) Let a C p be the Cartan subspace containing X. For Y € z(X)Np,
the abelian subalgebra IR. X + R.Y is contained in Cartan subalgebra,so Y €
a, and z(X) Np C a is abelian.

(3)=(4) is just specification.

(1)=(3) Assume that z(X)Npis abelian, and consider a Cartan subspace
a C p that contains X.

If a(X) = 0 for some « € ¥, then Lemma @‘shows that Y, € 2(X)Np =
aforall Y € g,. Hence [X’,Y,] = @(X")Y; = 0 for all X" € a,and g, C p, which
leads to « = 0.

(4)=(1) For Y € 2(X)Np, we write Y = Yy + ),y Y, its decomposition
ing=g0®@ ;00 Since 0=[X,Y] =Y sy a(X)Y,, we get Y, =0, hence
Yegonp=a. 0

Note that a consequence of the fourth point is that every Cartan sub-
space contains regular elements (because | J,cy ker @ has empty interior in
a).

Now consider a symmetric space of non compact type X. The stabiliser
K of a point 0 € X acts on the set of Cartan subspaces of p (an element g € K
acts on a Cartan subspace a C p by g.a = Ad(g)a).
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Proposition 16.1.15. Let X be a symmetric space of non compact type, G =
Isom,(X), g its Lie algebra, 0 € X, K = G, its stabiliser and g = p®k the Cartan
decomposition.

The action of K on the set of Cartan subspaces of p is transitive.

Proof. Let a,b C p be Cartan subspaces. Consider regular elements X € a
and Y € b, and the function

f{ K — R
| ¢ — B(Ad(g)X,Y)

Since K is compact, f reaches its maximum at some g, € K. Up to replacing
X with Ad(gp)X and a with Ad(gg)a, we can assume that g5 = Id.

For all Z € k, we have %L:Of(expG(tZ)) = 0. This derivative can be
computed:

flexpg(t2)) = B(ad(2)X,Y) = B(Z,[X, Y])

dtli—
Since [X,Y] € k and B is negative definite on &, it follows that [X,Y] = 0.
The elements X and Y being regular, we find a = b. O

Definition 16.1.16. Let g be a real semi-simple Lie algebra, 0 : g — g a
Cartan involution and g = p@®k the Cartan decomposition.

Let a C p be a Cartan subspace, and ¥ the set of restricted roots.

A Weyl chamber of a is a connected component of a\ |J,cy kera.

Proposition 16.1.17. Let X be a symmetric space of non compact type, G =
Isom,(X), g its Lie algebra, 0 € X, K = G, its stabiliser and g = p@®k the Cartan
decomposition.

The group K acts transitively on the set of pairs (a*,a) where a C p is a
Cartan subspace and a* C a is a Weyl chamber.

Proof. Consider X € a* C a, Y € b* C b, and the function f introduced in

the proof of Proposition|16.1.15

f{ K — R
| ¢ — B(Ad(g)X,Y)

We can still assume that f reaches its maximum at e (hence a =b). For Z €
Of(expG(tZ)) < 0. Since Ad(expg(tZ)) = expgyg)(tad(2)),

2
k, we have %
2],

we find:
d2

5| flexpa(t2)) = Bad(2)X, )

t=0

=B([Z,[Z,X]],Y)
= —B([Z,X], [Z, Y])
= —B([X,Z], [Y,Z])
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We are left with:
B([X,Z],[Y,Z])>0

For a € ¥, choose Y € g, \ {0} and decompose Y = Y; + Y, € k®p. We can
apply the previous inequality with Z = Y;.
Since [X, Y] = a(X)Yp, we find:

a(X)a(Y)B(Y,,Y,) >0

Note that Y, # 0. Since B is positive definite on p, we find that a(X)a(Y) > 0.
It follows that X and Y are in the same Weyl chamber.
O

Proposition 16.1.18 (Polar decomposition). Let X be a symmetric space of
non compact type, G = Isom,(X), g its Lie algebra, o € X, K = G, its stabiliser
and g = p@®k the Cartan decomposition.

For all g € G, there is a unique pair (k, X) € K x p such that g = kexp(X).

Proof. Let X € p be such that g(0) = exp(X).0 (i.e. X = (dopy'(v) where
g(o) =exp,(v)). Now k = gexp(—X) € K satisfies g = kexp(X).
The uniqueness comes from the fact that exp, is a diffeomorphism. [

Proposition 16.1.19 (KAK decomosition). Let X be a symmetric space of non
compact type, G = Isom,(X), g its Lie algebra, 0 € X, K = G, its stabiliser and
g = p®k the Cartan decomposition.

Let a C p be a Cartan subspace and a* C a a Weyl chamber.

For all g € G, there are k,k’ € K and X € a* such that :

g =kexpg(X)k’

Proof. Following Proposition [16.1.18, we write ¢ = lexps(Y) with Y € p
and / € K.

Note that any element of a is in the closure of a Weyl chamber, so ac-
cording to Proposition [16.1.17|there is k” € K such that X = Ad(k)Y € a*.
Set k = Ik’~! € K, so that we find:

kexpg(X)k' = 1k"exp o (X)k’
=1k exps(Ad(k)X)
=lexpg(Y)
=g
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16.2 Compactifications of symmetric spaces

16.2.1 The visual boundary of a symmetric space of non compact
type

Proposition 16.2.1. Let X be a symmetric space of non compact type, G =
Isom,(X), 0 € X and K = G, its stabiliser.
The map ¥, : T} X — 0 X is K-equivariant,

Proof. Forge Kand v e T,}OX, we find g(c,(t)) = ¢g.,(t) where g.v =d, g(v).
O

Proposition 16.2.2. Let X be a symmetric space of non compact type, G =
Isom,(X), 0 € X and K = G, its stabiliser.
The following assertions are equivalent.

1. G~ d X is transitive.
2. K ~ T} X is transitive.

3. X has rank 1.

4. The sectional curvature of X is negative.

Proof. (1) &< (2) is a consequence of Proposition|16.2.1
(3) & (4) is a consequence of the formula for sectional curvature

(Theorem (14.5.7).
(3)=(2) is a consequence of Proposition|16.1.17
(2)=(3) is a consequence of Proposition|(16.1.17 O]

Theorem 16.2.3. Any rank 1 symmetric space of non compact type is homoth-
etic to one of the following:

* The real hyperbolic space IH" (and g = so(n, 1)).

* The complex hyperbolic space Hg, (and g = su(n,1)).

* The quaternionic hyperbolic space Hy, (and g = sp(n,1)).
« The octonionic hyperbolic plane Hg, (and g = £,%°).

In particular, a rank 1 symmetric space of non compact type is irre-
ducible (this is the first part of the proof, and a consequence of the more
general fact that the rank is additive