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1. Preliminaries

1.1. Introduction: why is étale cohomology useful ?

Classical cohomology of sheaves on a topological space can be applied to a
scheme X, which is equipped with Zariski topology. The behavior of the
corresponding cohomology groups is satisfying when one restricts to quasi-
coherent Ox-modules. However, Zariski topology is often too coarse to deal
with more general sheaves, including constant sheaves of finite groups. Here
are a few examples:

e Galois cohomology of a field k£ cannot be described in terms of coho-
mology of the topological space Speck (which consists of one single
point).

e More generally, X-torsors under a group G (they are analogs of G-
principal bundles in differential or analytic geometry) are not necessar-
ily locally trivial for Zariski topology (unlike vector bundles). Whence
the necessity of introducing a finer topology.

e Assume that X is a smooth complex variety. Cohomology groups
like H'(X(C),Z/nZ) (taken with respect to the complex topology on
X (Q)) play an important role, but they do not coincide with the Zariski
groups H'(X,Z/nZ) because again, Zariski topology is much coarser
than complex topology.



It is therefore necessary to extend the notion of topology, so that we get
something non trivial even in the case X = Speck. It turns out that the
good framework to do this is to consider Grothendieck topologies (see subsec-
tion 2.1.). An especially interesting case is étale topology and its associated
cohomology, which will be the main topic of this course (although we will
also briefly discuss other examples, like flat topology).

For applications in arithmetic and geometry, a very important example
of étale cohomology group is the Brauer group of X, defined as H?(X, G,,)
(where G,, is the sheaf represented by the multiplicative group on X). It
coincides with the classical Brauer group Br k when X is the spectrum of a
field k, and has good functorial properties as well as good invariance prop-
erties. This object (which is still nowadays the topic of very active research)
will be discussed in sections 6. and 7.

1.2. Flat and étale morphisms

Unless explicitely specified, all rings are assumed to be commutative. Nota-
tion like f : Y — X will always denote a morphism of schemes. The local
ring of a scheme X at z is denoted by Ox,, its maximal ideal by Mx,,
and its residue field Ox ,/Mx, by k(z). By convention, a homomorphism
of local rings v : A — B satisfies u(M,) C Mp, where M4 and Mp are
the respective maximal ideals of A and B. For every ring A and f € A, the
piece of notation Ay stands for the localization A[1/f].

Recall that an algebra B over a ring A is finitely generated if B is isomor-
phic to a quotient A[X7, ..., X,]/I where I is some ideal, finitely presented if
there is such an isomorphism with I of finite type as an ideal (if B is finitely
presented, then the kernel of any surjection A[Xj, ..., X,| — B is a finite type
ideal, see [19], Lemma 6.3; observe also that finitely generated coincides with
finitely presented if A is noetherian). The algebra B is said to be finite over
A if it is an A-module of finite type.

Similarly, an A-module M is finitely presented if M is isomorphic to a
quotient A" /I, where I is a finite type sub-A-module of A" (actually in this
case every surjective morphism u : N — M with N an A-module of finite
type satisfies that ker u is of finite type as well by [19]|, Lemma 5.3). A finite
type A-module is automatically finitely presented if A is noetherian.

In this paragraph, we recall the main properties of flat and étale mor-
phisms. Most proofs can be found in paragraph 1.2., 1.3. and 1.4 of [12]
(caution: in this reference, it is implicitely assumed that all schemes are lo-
cally noetherian, so it is sometimes necessary to replace "finitely generated"
or "of finite type" by "finitely presented" to deal with the general case).



Definition 1.1 A morphism f : Y — X is said to be locally of finite type
(resp. locally of finite presentation) if for every pair of affine open subsets
V CcYand U C X such that f(V)) C U, the Ox (U)-algebra Oy (V) is finitely
generated (resp. is finitely presented).

Both properties are local on the base (meaning that they hold if and only
if X can be covered by affine subschemes X; such that all induced morphisms
fHX;) — X; have the required property; see [24], §15 and §21), and they
coincide if the scheme X is locally noetherian.

Recall also that f is quasi-compact if the inverse image of every open affine
subset of X is quasi-compact (=can be covered by finitely many affine open
subsets); again this property is local on the base, cf. [7], Prop. 2.12. The
morphism [ is quasi-separated if the diagonal morphism A : Y — YV xx Y
associated to f is quasi-compact (this is automatic if Y is locally noetherian,
e.g. if f is locally of finite type and X locally noetherian), separated if A
is a closed immersion. An important property of separated (resp. quasi-
separated) scheme Y over an affine scheme S is that the intersection of two
affine open subset Uy, Us still is affine (resp. is quasi-compact), since it is
the inverse image of the affine subset U; xg Uy by the diagonal morphism
Y > Y xgY.

Definition 1.2 The morphism f is of finite type if it is locally of finite type
and quasi-compact, of finite presentation if it is locally of finite presentation,
quasi-compact, and quasi-separated.

Again, these two properties are local on the base, and they are the same if
we work with noetherian and separated S-schemes (where S is any scheme).
Recall also that a variety over a field k is a separated k-scheme of finite type.

Definition 1.3 Let A be a ring. An A-module M is flat if the functor
.®4M (which is always right-exact) is exact on A-modules. A homomorphism
A — B between two rings is flat if it makes B a flat A-module.

A morphism of schemes f : Y — X is flat at y € Y if the corresponding
homomorphism Ox, — Oy, is flat, where z := f(y). The morphism f is
flat if it is flat at every y € Y, faithfully flat if it is flat and surjective.

Let us recall a few properties of flat morphisms in the following two
propositions:

Proposition 1.4 a) Open immersions are flat.

b) The composition of two flat morphisms is flat.
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c) Flatness is stable by base change.

d) Let M be a finitely presented module over A. Then M is flat iff it is
a projective A-module, iff the corresponding Ox-module M is a locally free
sheaf on X := Spec A.

e) A flat morphism Spec B — Spec A between non empty affine schemes
is faithfully flat if and only if a sequence

M, — My — Mg
of A-modules is exact whenever
My ®a B — My ®s B — Mz®a B

is exact. This holds in particular if A — B is a flat homomorphism of local
TiNgs.

Reference :  For a), b), and c), see |9], Proposition I111.9.2. d) is [12],
Theorem 1.2.9. when A is noetherian, or [19], Lemma 83.1 in the general
case. For e), see [12], Prop. 2.7.

|

Proposition 1.5 a) Every finite and surjective morphism between regqular
schemes is flat.

b) Let f : Y — X be a morphism of schemes with Y reduced. Assume
that X s integral, reqular and of dimension 1. Then f is flat if and only if
every irreducible component of Y dominates X.

c) A flat and locally finitely presented morphism is an open. map.

d) Let f 1Y — X be a flat morphism between schemes of finite type over
a field k. Assume that X is irreducible and Y s pure. Then for every x € X,
the fiber Y, =Y x xSpec (k(x)) is empty or pure of dimension dimY —dim X .

Reference :  For a), see [11], chapter 6, Theorem 46. b) is [9], Proposi-
tion I11.9.7. ¢) is Lemma 25.10 of [24]. d) follows from [9], Corollary II1.9.6.
|

The following lemma is part of descent theory; it turns out to be quite
useful:

Lemma 1.6 Let f : A — B be a faithfully flat morphism of rings. Set
B®" = B®4B®..®4 B. Define d : B®" — B®U+Y by the formula:

T

= (=1)e,

1=0
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where, for 0 < i <r:
eilbp®...0b—1) =bp®..0b;_ 1 R1Rb; X ... R b,_1.

Let M be an A-module. Then the sequence

0 MY Me,B 'S Mo, B .. > Mo, B %S M e, B!

(1)

18 exact.

Proof (sketch of):  [12], Proposition 1.2.18 and Remark 1.2.19. The fact
that (1) is a complex is shown by the usual straightforward computation.
Now the idea is that if A" is a faithfully flat A-algebra, it is sufficient (by
Proposition 1.4, e)) to prove the required exactness after replacing M by
M :=M®sA", Bby B' := BosA"and fby f/ = f®ld: A = A9, A" — B'.
Picking A’ = B, we observe that f' : B — B ® 4 B now has a retraction,
namely b ® b’ — bb/, so we reduce to the case when [ has a retraction, i.e.
there exists a homomorphism g : B — A such that go f = Id4. Now the
map k, : B2+2 — BP0+ defined (for r > —1) by

k)r(bo ® ® br+1) = g(bo)bl ® b2 ® ® br+1

is a homotopy, namely it satisfies k,,d" ! +d"k, = Id, which shows that the
complex (1) is exact for M = B. The general case is similar.
|

Faithfully flat morphisms have good "descent" properties, which we sum-
marize in the following statement:

Proposition 1.7 a) Let f : Y — X be a faithfully flat and quasi-compact
morphism. The morphism [ is a strict epimorphism, that is: for every
scheme Z and every morphism h :' Y — Z such that h o p;y = h o py, there
exists a unique morphism g : X — Z such that g o f = h, where pi,ps are
the two projections Y xx Y — Y. In other words the sequence of sets

0 — Hom(X, Z) - Hom(Y, Z) = Hom(Y xx Y, Z)

18 exact.

b) Let f 1Y — X be a morphism. Let X' — X be a faithfully flat and
quasi-compact morphism. Consider the morphism f':Y' =Y xx X' = X'
obtained by base change. Then if f' is quasi-compact (resp. an isomor-
phism, separated, locally of finite type, of finite type, proper, affine, finite,
flat, smooth...), so is f.



Reference :  [12], Th. 1.2.17 for a) and [5], §2.6 and 2.7. for b). See also
[25], §4.
O

Intuitively, a) corresponds to the fact that if h coincides on every pair of
points having the same image by f, then h can be factorized through f. b)
means that a lot of "good" properties can be checked after base change by a
faithfully flat morphism.

The simplest case of a) is when X = Spec A, Y = Spec B, and Z = Spec C
are affine. In this case it immediately follows from the exactness of

0—>A— B“S" B®y B,

which is a special case of Lemma 1.6. Indeed e¢g : b+— 1®bande; :b— b®1
respectively correspond to the second and the first projection Y xx Y — Y.
Let us also remark that these good descent properties do not characterize
faithfully flat morphisms, see [25], §4.

Definition 1.8 Let f: Y — X be locally of finite presentation®. Let y € Y
and x := f(y). The morphism f is unramified at y if My ,Oy, = My,
and k(y) is a finite separable field extension of k(x). The morphism f is
unramified if it is unramified at every y € Y.

Equivalently (using the fact that the local ring at y of the fiber Y, is
Oy.y/Mx Oy, which is proved in [7], Lemma 6.30), a locally of finite pre-
sentation morphism f is unramified if and only if for every z € X, the fiber
Y, is a disjoint union [[Speck;, where every k; is a finite separable field
extension of k(z) (if f is of finite type, this is equivalent to saying that Y,
is the spectrum of a finite separable k(x)-algebra; in particular an étale and
finite type morphism is quasi-finite).

Definition 1.9 Let f : Y — X be locally of finite presentation. Then f is
said to be étale at y € Y if it is flat and unramified at y. The morphism
f is étale if f is étale at every y € Y (that is: f is a flat and unramified
morphism).

Equivalently, f is étale if and only if it is smooth of relative dimension 0.

Example 1.10 a) A field extension is unramified (hence étale) if and only
if it is finite and separable.

n [27], it is only required that an unramified morphism is locally of finite type, and
the term G-unramified is used for what we call unramified.



b) Let L be a finite extension of Q,. Then L/Q, is unramified (in
the sense of number theory) if and only if the corresponding morphism
Spec O, — SpecZ, is unramified in the sense of Definition 1.9. Similarly
a finite extension of number fields L/K is usually said to be unramified at
a prime p € O if the morphism u : Spec O — Spec Ok is unramified at
every prime of O, lying above @. Observe that the flatness of u is automatic
by Proposition 1.5, b).

¢) A closed immersion between locally noetherian schemes is unramified
(but not flat in general). An open immersion is étale.

d) Let k be a field of characteristic # 2. Let Y be the affine scheme Y =
Spec (k[z,y]/(y*> — z)) and X = A}. The morphism f:Y — X, (z,y) — z
is étale everywhere but at (0,0). The fiber at 0 is isomorphic to Spec (kle]),
where kle] := k[T]/(T?). For a € X (k) \ {0}, the fiber at a is isomorphic to
Spec (k(v/a) if a is not a square of k*, to (Spec k) [[(Spec k) otherwise.

Proposition 1.11 a) The composition of two étale morphisms is étale.
b) The property "étale” is local on the base, and stable by base change.
c)Let f:Z —=Y andg:Y — X be morphisms. If g is unramified and
go f is étale, then f is étale. In particular, if S is a scheme, any morphism
between two étale S-schemes is automatically étale.

Reference :  [12], Proposition 1.3.3.
O

The notion of étale morphism is in some sense the analogue in algebraic
geometry of a local diffeomorphism in differential or analytic geometry. More
precisely, we have:

Proposition 1.12 Let f : Y — X be an étale morphism between locally
noetherian schemes. Lety € Y,z := f(y). Then:

a) dim Oy, = dim Oy,,.

b) The tangent map Ty, — Tx» Q@) k(y) is an isomorphism.

Reference :  [7], Proposition 6.34.
O

Definition 1.13 Let R be a ring and F,G € R[T]. The homomorphism
R — R[T)¢/(F) = (R[T]/(F))q is said to be standard étale if F is monic
and F’ is invertible in R[T]¢/(F). A morphism Spec B — Spec A between
affine schemes is standard étale if the induced homomorphism of rings A — B
is isomorphic to a standard étale homomorphism.
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Such a morphism is indeed étale (cf. [12], Example 1.3.4; flatness is
easy because we deal with finite and free A-modules, and the "unramified"
property follows from the characterization that uses the fibers).

Proposition 1.14 Let f : Y — X be a morphism. Then f is étale if and
only if for every y € Y and x = f(y), it satisfies one of the following
equivalent conditions:

a) There exist affine open subsets V- C Y, U C X with the conditions
y € V and f(V) C U, such that the induced morphism V — U is standard
€tale.

b) There exist affine open subsets V- = SpecC' of y and U = Spec A of
x:= f(y) such that C = A[Ty, ..., T,)|/ (P, ..., P,) and the determinant of the
Jacobian matriz (OP;/0T;) is invertible in C'.

Reference :  [12], Example 1.3.4. and Theorem 1.3.14. The latter uses
Zariski’s main Theorem (see [26], section 40): Let f : Y — X be a a separated
and quasi-finite morphism, with X quasi-compact and quasi-separated; then
f factors as the composition of an open immersion with a finite morphism. In
particular, we have that for any finite type étale morphism f : Y — X there
is a Zariski-dense open subset U of X such that the restriction f~Y(U) — U
is finite and étale.

0

Observe that for a standard étale morphism R — C := R[T]g/(F), the
R-algebra C'is also isomorphic to R[T, X|/(F(T),GX — 1), with the deter-
minant F'(T)G of the corresponding Jacobian matrix invertible in C'. Thus
it is always possible to take n = 2 in the previous proposition.

Proposition 1.15 Let f : Y — X be an étale morphism. If X is normal
(resp. regular), then Y is normal (resp. regular).

Reference :  [12], Proposition 1.3.17.
O

Recall that a scheme is normal if all its local rings are normal, that is:
they are integrally closed domains (unlike in [7], we do not require a normal
scheme to be connected in these notes).

Remark 1.16 If the scheme X is normal, then the standard étale morphism
V' — U of Proposition 1.14 can be chosen such that U = Spec A, V =
Spec (A[T]g/(F)), and F is irreducible over Frac A ([12|, Proposition 1.3.19).



Using the previous statements, one gets other characterizations of étale
morphisms between algebraic varieties:

Proposition 1.17 Let f : Y — X be a morphism of varieties over a field
k.
a) Assume that k is algebraically closed. Then f is étale at y € Y if and

only if the induced map between completions 6); — 6}/\31 (where © := f(y))
1S an isomorphism.

b) Assume thatY and X are smooth over k. Then f is étale at y if and
only if it satisfies condition b) of Proposition 1.12.

For a proof, see [13], Prop 2.9.

1.3. Henselian rings, henselization

Definition 1.18 Let A be a local ring with residue field k. The ring A is
said to be henselian if the following condition is satisfied:

Let F € A[T] be a monic polynomial with image F in &[T]. Then for
every decomposition F' = gohg in x[T] with go, ho monic and coprime, there
exist monic liftings g, h of go, ho in A[T] such that F' = gh.

Actually the condition ensures that the liftings g, h are unique if they do
exist ([12], Remark 1.4.1).

Example 1.19 Let A be a noetherian local ring with maximal ideal M.
Assume that A is complete (for the topology associated to M, which is
Hausdorff because A is noetherian). Then A is henselian ([19], Lemma 153.9).

Theorem 1.20 Let A be a local ring with residue field k. Then the following
conditions are equivalent:

i) A is henselian.
ii) Let Fy,....F, € A[Ty,....,T,]. Then every non singular common zero

ag € K" of the F; ("non singular" meaning that the matriz (95 (ag)) € My (k)
J

is invertible) lifts to a common zero a € A™ of the F;.

i1) Same as ii) with n =1, that is: for every ' € A[T| and every ag €
such that F(ag) = 0 and F'(ag) # 0 in k, there exists an a € A such that
a=ag and F(a) = 0.

iv) Every finite A-algebra is a product of local rings (hence it is a local
ring if its spectrum is further assumed to be connected).
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v) Let X = Spec A. Let f : Y — X be an étale morphism. If there is a
point y € Y such that y and x := f(y) have same residue field, then f has a
section s : X — 'Y (that is: a morphism such that fos=1idx).

These properties imply that for a smooth scheme X — A over a local
henselian ring A with residue field k, the reduction map X(A) — X (k) is
surjective.

Reference :  [12]|, Theorem 1.4.2 (and Proposition 1.3.24 b) for the last
statement). Observe that conversely, if a morphism f : Y — X has a section,
then every point y € Y with image x := f(y) satisfies k(z) = k(y), because
the inclusion of fields k(z) — k(y) induced by f has a retraction, which is
therefore a surjective morphism of fields, hence an isomorphism.

m

Definition 1.21 Let A be a local ring with maximal ideal M and residue
field k. An étale neighborhood of A is a pair (B, p), where B is an étale
A-algebra and g is a prime ideal of B lying over M such that the induced
map K — kp is an isomorphism, where x,, is the residue field of B at p.

Proposition 1.22 Let A be a local ring with maximal ideal M. Then there
exists a (unique up to isomorphism) local ring A", equipped with a homomor-
phism A — AP of local rings, such that: every homomorphism A — B of
local rings with B henselian factors uniquely into A — A" — B. Besides,
A" has same residue field as A and its mazimal ideal is MA".

Definition 1.23 The ring A" is the henselization of A.

Namely A" is defined as the direct limit of B, where the limit is over all
étale neighborhoods (B, g) such that Spec B is connected (see for example
[12], Lemma 1.4.8). Besides, if A is noetherian, then so is A" (see [1], 111.4.2
or [19], section 155).

Example 1.24 a) If A is a noetherian local ring, it injects into its completion
ﬁ, and by Example 1.19, the henselization A" is a subring of A If we
assume further that A is a discrete valuation ring with quotient field K, then
AP is the subring of A consisting of algebraic separable elements over K,
and "separable" can be removed if A is excellent. This statement extends
to any excellent normal local ring by Artin-Popescu approximation theorem
(cf. [29], Theorem 2.4). Recall that any algebra finitely generated over an
excellent ring (e.g. over Z or over a field) is excellent, as is a localization of
an excellent ring (see [11], chapter 13 for more details on this notion).

b) The henselization of a quotient A/l is A"/I A"

11



Definition 1.25 A local ring A is strictly henselian (or strictly local) if A
is henselian and its residue field is separably closed.

Proposition 1.26 Let A be a local ring with maximal ideal M and residue
field k. Then there is a (unique up to isomorphism) strictly henselian ring
ASh - equipped with homomorphisms of local rings A — A" — A such that:

a) A" has mazimal ideal MA®™ and residue field & (the separable closure
of k),

b) A is a direct limit of étale A-algebras (or étale A™-algebras).

The ring A" is called the strict henselization of A.

The ring A*" has a universal property similar to A"s: every homomor-
phism A — H with H strictly local extends to a homomorphism A% — H,
which is uniquely determined once the induced map between the residue
fields of A" and H is given.

If we fix a separable closure & of k, we can construct A%" as hﬂ B, where
B runs over all commutative diagrams:

B——k&

e

A
with A — B étale. For a normal ring A with henselization A", the strict
henselization A" is also the maximal unramified extension of A" in the usual
sense (this is not ambiguous because an integral domain B which is finite
over A" is also a local ring by Theorem 1.20, iv).

Definition 1.27 Let X be a scheme. A geometric point of X is a morphism
u, : T — X, where Z is the spectrum of a separably closed field. We denote
by x € X the point u,(Z).

An étale neighborhood of a geometric point T is a commutative diagram

r—U

|

X
with U — X étale.

Thus Ox ; := O, is the limit of Oy (U) over all étale neighborhoods of
Z. Changing the geometric point ¥ with image x is equivalent to changing
the separable closure of the residue field k(z) when constructing the strict
henselization of Ox,. The ring Ox; will play the same role for the étale
topology as the ring Ox , for the Zariski topology.

12



2. Etale topology and sheaves

In this section (and the next one), some familiarity with the language of
categories and functors is assumed. A good introduction is [30], Appendix;
a summary of the main properties can be found in [8], Appendix A.

2.1. Grothendieck topologies

Let X be a scheme. Denote by Sch/X the category of X-schemes. Consider
a full subcategory C'x of Sch/X (so the morphism between two objects of
Cx are the morphisms of X-schemes).

Definition 2.1 A Grothendieck topology on Cx consists of the datum of a
subclass E of morphisms in Cx (called the open sets) satisfying:

i) Every isomorphism is in E.

ii) A composition of morphism in E is in E.

iii) f V — U isin F and W — U is an arbitrary morphism in Cyx, then
the pull-back V xg W — W is in E.

A covering (for this Grothendieck topology) of an object U € Cx is a
family of morphisms f; : U; — U, where every f; is in £ and |, f;(U;) = U.
The pair consisting of C'x and the family of all coverings is called a site, and
is denoted by Xpg.

Remark 2.2 There is a more general definition of Grothendieck topologies
and sites, associated to an arbitrary small category (cf. for instance [22]),
but the above definition will be sufficient for our purposes.

Example 2.3 a) The small Zariski site X,,,: Cx is the category of open
subschemes of X and E is the class of open immersions.

b) The big Zariski site Xz.,: Cx is the category of all X-schemes and F
is the class of open immersions.

c¢) The small étale site Xg: Cx is the category of all étale X-schemes and
E is the class of étale maps (actually in this example, every morphism in C'x
is in E thanks to Proposition 1.11, c).

d) The big étale site Xy,: Cx is the category of all X-schemes and E is
the class of étale maps.

e) The (big) flat site Xgppr: Cx is the category of all X-schemes and E is
the class of flat and locally finitely presented morphisms.
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In these lectures, "étale site" (resp. "Zariski site") will always refer to
the small étale site (resp. small Zariski site), and "flat site" to the big flat
site.

Definition 2.4 Let 7 : X’ — X be a morphism of schemes. Let Xg (resp.
X}) be a site with underlying scheme X (resp. X’). The morphism 7 is
said to induce a continuous map of sites X}, — Xpg (often also denoted 7)
if it satisfies the two following properties:

i) For every Y € Cx, the scheme Y X x X' isin Cy/.

ii) For every covering (U; — Y') in X, the family (U; xx X' = Y xx X’)
is also a covering in Xp,.

Observe that the axioms extend the classical property that a map of
topological spaces is continous if and only if the inverse image of every open
subset is an open subset.

Remark 2.5 a) Again, this definition can be extended to sites in the sense
of [22], using a functor from one category to the other one.

b) For all sites in Example 2.3, condition ii) is equivalent to saying that
for every open set V' — U in Xg, the pull-back V xx X' — U xx X' still is
an open set in X7, (indeed in these examples the image of V' is a Zarisi open
subset of U by Proposition 1.5, c).

Example 2.6 a) Let X be a scheme. Then the identity map on X defines
continuous maps of sites

Xfppf — XEt — Xét — Xzar-

From left to right, the topology gets coarser and coarser.

b) Every morphism of schemes X’ — X induces a continuous map of
sites X}, — Xpg, where F is any one of the sites of Example 2.3, thanks to
stability by base change of flatness, étaleness etc.

2.2. Presheaves and sheaves

Definition 2.7 Let X be a scheme. Let Xg be a site with underlying cate-
gory Cx. A presheaf (of abelian groups) ? on X is a contravariant functor
P from Cx to the category of abelian groups. The group of sections of P
over Y € Cx is I'(Y,P) := P(Y). To every morphism u : Y’ — Y in Cx
is associated a restriction map F(Y) — F(Y'), which we usually denotes by
s+ s)y» when the morphism u is understood.

2Similar definitions can be given for sets, rings etc.
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Observe that the definition of a presheaf (unlike the definition of a sheaf
below) only depends on Cx (not on F). As in the case of sheaves on a
topological space, the kernel and cokernel of a morphism F — G of presheaves
are just the presheaves

Y = ker[F(Y) = G(Y)]; Y — coker [F(Y) — G(Y)].

In particular a sequence of presheaves in exact in P(Xg) if and only if the
corresponding sequences of sections over Y is exact for every Y € C'x. This

makes the category of presheaves on Xg an abelian category, denoted by
P(XEg) (or sometimes P(X) if F is understood).

Definition 2.8 Let X be a scheme. Let G be an X-scheme. A group scheme
structure on G consists of giving a group structure on G(Y) := Homx (Y, G)
for every X-scheme Y, such that the maps G(Y) — G(Y”) are group homo-
morphisms for every morphism Y’ — Y of X-schemes.

Example 2.9 a) A commutative group scheme G over X defines a presheaf
via Y — G(Y). Examples are: the additive group G, x = X Xz Z[T], the
multiplicative group G, x = X xz Z[T*'], or the group of n-roots of unity
pnx = X Xz (Z[T]/(T"—1)). For an affine Y = Spec A, we have G,(A) = A,
G, (A) = A*, and p,(A) is the n-torsion subgroup of A*. Observe that
in the special case when G itself is in C'xy and F is a presheaf on Xpg, a
section s € F(G) induces a presheaf morphism G — F (for U € Cy, send
f € G(U) = Homx (U, G) to the restriction sy induced by f), and vice-versa
(if ¢ : G — F is a presheaf morphism, take for s the image of Idg by the
map G(G) — F(G) induced by ¢).

b) Let F be a sheaf of Ox-modules (in the usual sense). Then we can
define a presheaf W (F) on each site of Example 2.3 by the formula

W<F)<Y) = F(Yv fﬁlf ®f—1(9x OY) = H(](Y, filf ®f—loX Oy)

for every f:Y — X. In particular W(Ox) = G,.

c¢) A presheaf on the Zariski site of X is just a presheaf on the topological
space X, equipped with Zariski topology.

d) Let M be an abelian group. The constant presheaf Py on Xg is
defined by Py (0) = 0 and Py (U) = M for every non-empty X-scheme U,
with obvious restriction maps.

Definition 2.10 A presheaf F on a site Xg is a sheaf if for every scheme
Y € Cx and every covering (U; — Y )¢y, the following properties hold:
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i) Every section s € F(Y) whose restriction to each U; is zero satisfies
s =0.

ii) For every family (s;);c; (where s; € F(U;)) such that the restriction of
s; and s; to U; xy U; coincide for all pairs 4, j € I, there exists an s € F(Y)
whose restriction to each U; is s;.

A presheaf is said to be separated if it satisfies condition i). The two
conditions can be summarized by the exactness, for every covering (U; — U),
of

0= FU) = [[FW) = [[F W xy Uy),
i irj
where the last map is defined by (si)ic; + ((si — 8j)|vixy U, )ijer- In other
words, the sheaf condition says that the sequence

0= F(U) = [[F W) = [[FW: xy U;)
i i\j
is exact, which means® that the map F(U) — [[, F(U;) induces a bijection
between F(U) and the subset of [[, F(U;) consisting of those elements whose
images in H” F(U; xy Uj) by the two twin arrows are the same. The ad-
vantage of this last formulation is that it extends to presheaves of sets or of
non-abelian groups. Observe also that the property that the restrictions of
s; and s; to U; Xy U; coincide is in general non trivial even if ¢ = j (unlike
the classical case of a sheaf on a topological space).

The category of sheaves is denoted by S(Xg) (or sometimes S(X) if F is
understood). It is a full subcategory of P(Xg), which will be shown later to
be an abelian category (but not an abelian subcategory of P(Xg), because
the cokernels are not the same).

So far it is not obvious to check that a presheaf is a sheaf. Here is a useful
criterion:

Proposition 2.11 Let F be a presheaf for the étale or the flat site Xg on
a scheme X. Then F is a sheaf if and only if it satisfies the two following
conditions:

i) For every Y € Cy, the restriction of F toY is a sheaf for the usual
Zariski topology on'Y .

it) For every covering U — U consisting of one single surjective map
with both U" and U affine, the sequence

0—-FU)—=FU)=FU xyU)

18 exact.

3Sometimes the same piece of notation is used without puting a left-zero in the sequence.
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Proof :  Since open immersions are étale (hence flat and locally of finite
presentation), condition i) is necessary; condition ii) obviously is also nec-
essary, since it is the sheaf condition for the special case of a covering of
an affine scheme consisting of one single affine scheme. We will prove the
sufficiency in the case of the flat site (the proof for the étale site is similar).

Condition i) shows that F(V) = [[ F(V;) when V = [[V; is the disjoint
union of the schemes V;. It is therefore sufficient to prove that the sequence

0= FU)—=FU)=FU xgU) (2)
is exact when f : U" — U is such that U’ = [[,c,Uj and (U] — U) is a

covering for the flat site. By condition ii), (2) is indeed exact when J is finite
and we assume further that U and all U J’ are affine, because U’ is then affine.

Write U = |J,.; Us, where all U; are affine open subsets of U. Each Yy
can also be written f~'(U;) = U,cp, Uy, where U}y is an affine open subset
of U'. Now f(U},) is open (by Proposition 1.5, ¢) in the affine (hence quasi-
compact) scheme U;. Since Uj; is covered by the f(U},), we get a covering
(U}, = U,)rek,, where each set K; is finite. We can always assume that K;
contains a given k € E;; therefore, up to repeating (possibly infinitely many
times) U; in the decomposition U = | U;, we can also asume that the family
(Ul.)icr ek, is a covering of U'.

Now there is a commutative diagram

0 0
0 —— F(U) — FU") — FU xy U")
0 —  [LgFU)  —— [Licr ke, F(U) — [Lier Hriex, F Ui, xv Up)

[Ljer FUiNU;) — 1Lijer Hrex,iex, FUL N UR)

The two columns are exact thanks to assumption i). The middle row is
exact as well because it is a product (for i € I) of sequences that were shown
to be exact thanks to condition ii) (recall that K is finite and all U/, are
affine). It follows that the map F(U) — F(U’) is injective. Applying this
result to the covering of (U; NUj) by the Uj N U, for every 4,5 € I, we get
that the bottom arrow is injective as well. Now a diagram chase shows that
the first line is exact, which proves the proposition.

a
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Corollary 2.12 a) Every presheaf defined by a commutative group scheme
G is a sheaf for the flat, étale, and Zariski sites on X.

b) Every presheaf W (JF) associated to a quasi-coherent Ox-module F is
a sheaf for the flat, étale, and Zariski sites on X .

Proof :  a) Condition i) of Proposition 2.11 follows from the fact that if
(U;) is a Zariski open covering of a scheme X, then a family of X-morphisms
U; — G such that f; and f; have same restriction to U; N U; (for every pair
i,7) uniquely extends to an X-morphism U — G by glueing properties of
morphisms of schemes. Condition ii) is a consequence of Proposition 1.7 a)
for Y =U', X = U and Z = G (the proposition follows rather easily from
Lemma 1.6 in this case because U and U’ are affine).

b) Since F is a sheaf for Zariski topology, condition i) is immediate.
Condition ii) follows from Lemma 1.6 (actually only the exactness up to the
first three non zero terms is required) applied to the faithfully flat morphism
Spec B :=U" — Spec A =U and M := F(U).

O

Example 2.13 a) Let M be an abelian group and let My (or simply M if X
is understood) be the associated constant group scheme on X (as a scheme
Mx = [1,,em X in particular Mx(Y) = M for every connected X-scheme
Y). Then the constant presheaf Py, is not a sheaf, but we can define the
constant sheaf Fy; on X as the sheaf associated to the group scheme My.
It is a special case of the sheaf associated to a presheaf (see Theorem 2.29
below). For instance the constant sheaf Z has the property that

HOIIIS(XE)(Z, f) == .F(X)

for every sheaf 7 on X: indeed (decomposing X into the disjoint union of
its connected component) one immediately reduces to the case when X is
connected. Then a sheaf homomorphism Z — F induces a map on global
sections Z — F(X), hence an element s € F(X) (the image of 1). Con-
versely, such an element induces a sheaf homomorphism Z — F: for every
map U — X in E with U connected, one defines the corresponding map
Z =T(U,Z) — F(U) by sending 1 € Z to the restriction s|y.
b) A product of sheaves on Xg obviously is a sheaf.

c¢) The intersection of a family F; of subsheaves of a sheaf F, defined by
(NF)U) :=NFi(U), is again a sheaf.

d) If ¢ : F — F' is a morphism of sheaves, then the inverse image of
every subsheaf of 7’ is a sheaf; in particular the kernel ker ¢ is a subsheaf of
F. This is in general not true for the cokernel.
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Definition 2.14 Let Xy be a site. A refinement of a covering (U;)ie; — U
is a covering (V;),e; — U equipped with a map o : J — I such that for every
J € J, the morphism V; — U factorizes through U,; — U.

Observe that the map o is part of the datum of the refinement.

Remark 2.15 a) A subcovering (U;);cs (where J C I) is a refinement of U
as soon as the union of the images of U; for i € J still is the whole U. Also
if each U; is a union of open subsets (V;;), then (V;;) refines (U;).

b) If we change the class E to a class E’ (on the same category Cy),
such that every covering for F has a refinement consisting of a covering for
E’ and vice-versa, then the category S(Xg) and S(Xg ) are the same ([20],
Lemma 7.8.7). See also Example 3.39 for a statement about cohomology in
this context. This motivates the next proposition.

Proposition 2.16 Let X be a scheme. Let U = (U; KL X) be a covering of
X for the étale (resp. flat) topology.

a) Assume that X is separated (over an affine scheme). Then U has a
refinement consisting of affine étale (resp. flat) morphisms.

b) Assume that X is quasi-separated (e.g. locally noetherian). Then U
has a refinement V = (V; — X);er consisting of finitely presented étale (resp.
flat) morphisms. If X is further assumed quasi-compact, then I can be chosen
finite.

Proof :  We first write X as the union of open affine subset (X;). Set
Ui; = f7(Xi), and decompose again each U;; as the union of affine subset
(Viji). We obtain a refinement V = (V;;), where each g;jr @ Vijr — X
factorizes through the affine morphism V;;; — X;. The assumption a) implies
that the open immersion X; — X is affine, hence the morphism g, is affine
as well. Assumption b) implies that this open immersion is quasi-compact,
making g¢;;, quasi-compact and separated, thus finitely presented (since it is
locally finitely presented by definition of the flat and the étale site). Finally,
if X is further assumed to be quasi-compact, the image of each g;;; is an open
subset of X (by Proposition 1.5, ¢), and it suffices to take a finite subfamily
of (gijx) such that the union of the images of the corresponding g;;i is the
whole X.

0

The next example is very important. It describes the étale sheaves on
X = Speck when £ is a field. Fix a separable closure k of k and define
' = Gal(k/k). If F is a sheaf on Xy, set F(K) := F(Spec K) when K is
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a finite and separable field extension of k. We denote by Cr the category of
discrete I'-modules. Recall that objects of CT are abelian groups equipped
with an action of I such that all stablizers are open (hence of finite index)
in the profinite group I' (cf. [8], chapter 4).

Theorem 2.17 For every sheaf F on X = Speck, define

M]: = llg"lf(K),

where the limit is taken over all finite (Galois) field extensions K C k. Equip
Mz with the action of I' induced by its action on each K. Then Mgz 1is
a discrete I'-module and the functor F — Mz induces an equivalence of
categories between S(Xe¢) and Cr.

Proof :  The definition makes clear that Mz is the union of M }{ over all
open subgroups H of I', hence Mx is a discrete I'-module. Now the goal is
to associate to every M € Cr a presheaf F); on X, which will be shown to
be a sheaf.

We first observe that (thanks to the sheaf condition) it is sufficient to
define Fy/(K) for a finite separable field extension K of k, because every
étale X-scheme is of the form U = [ [ Spec K; (where K is such an extension
of k) and we then set

Fu(U) =[] 7). (3)

Then A(K) := Homy (K, k) has a [-module structure induced by the action
of I on k, and we define

Fu(K) := Homp(A(K), M).

This makes F); a presheaf on X (observe that if we start with a non nec-
essarily discrete ['-module M, we get the same result by replacing M with
the associated discrete submodule |, M*, where H runs over all open sub-
groups of I'). We now show:

Proposition 2.18 The presheaf Fy; is a sheaf.

Proof :  We observe that in the case of a subextension K C k, we have
A(K) =T/H, where H := Gal (k/K), hence Fy(K) = M (a I'equivariant
function from I' to M is given by v +— 7.a, where a is a fixed element of M,
and this function induces a function I'/H — M if and only if a € MH).
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Let us show that F), is a sheaf, using Proposition 2.11. Condition i) is
relation (3) in the definition of Fj;. To check condition ii), we can restrict to
the case U = Spec L, U’ = Spec L', where k C L C L’ are finite and separable
field extensions. Fix an embedding of L' into k; then Fj;(L) identifies to
M"t where I'y := Gal(k/L), and similarly for L'. Therefore, if L'/L is
Galois, we have Fp (L) = Fa (L) /L) Now Galois theory identifies
L' @y L' with [],cqa /1) Ly, where L, = L’ for every o. Writing L' =
LT|/F and L' @, L' = L'[T]/F (where I’ € L[T] is a separable polynomial),
we see that in this identification, the maps z +— z ® 1 and z — 1 ® z (from
L’ to L' ®; L) respectively coincide with the diagonal map and the map
= e (/1) O-T- This implies that the sequence

is exact, because the twin maps Fy (L") = Fy (L' ®p L) of this sequence
now can respectively be identified with the diagonal map and with the map
My — HUeGal(L,/L) M given by a HJeGal(L,/L) o.a. In the general
case where L'/L is not assumed to be Galois, we embed L’ into a finite
separable extension L; which is Galois over L. Consider the commutative
diagram (where the right horizontal maps are defined as the difference of the
twin maps)

0 — Fu(L) — Fu(l) —— Fu(l'®@L L)

-| | |

0 — Fu(L) — Fyu(lh) —— Fu(Ly1 ®p Ly)

As seen before, the bottom row is exact. Since we have injections
Fu(L) = M™ — Fy(L') — Fu(Ly),

a diagram chase shows that the top row is exact is well. This shows that F,,
is a sheaf.
O

To conclude the proof of Theorem 2.17, we note that a ['-homomorphism
M — M’ clearly induces a morphism F,; — Fy;r. Conversely, every sheaf
morphism ¢ : F — F' induces a I-equivariant morphism F(K) — F'(K)
for every finite extension K C k of k. Taking direct limits, we thus get a
G-homomorphism Mz — Mz . It is now easy to check that the correspond-
ing map Homrp(M, M’) — Hom(Fy, Fj,) is an isomorphism and that the
canonical map F — Fy, is an isomorphism, making the categories S(X)
and Cr equivalent.
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Unfortunately, property d) of Example 2.13 does not hold for cokernels
instead of kernels (already for Zariski topology). It is therefore important to
have a good notion of sheaf associated to a presheaf, which will be explained
in the next paragraph.

2.3. Sheaf associated to a presheaf

We start by definitions of direct image and inverse image of a presheatf.

Definition 2.19 Let 7 : X3, — Xg be a continuous map of sites. For every
presheaf P’ on X}, the direct image presheaf w,(P’) is defined by

(mp(PNU) = P'(U xx X).

Definition 2.20 The inverse image presheaf 7P is defined as the left adjoint
functor of m,, that is:

HOI’Ilp(X/) (pr, PI> = Homp(x) (P, prl)
for every presheaves P on Xg, P’ on Xg.

The existence of 7, is ensured by a general result in category theory (cf.
[12], Prop. 11.2.2). More explicitely, it can be constructed as follows for sites
of Example 2.3, as the flat or the étale site:

Proposition 2.21 For a fized morphism U — X' in C’,, consider commu-
tative squares (where U — X is a morphism in Cx)

U 25U

o

™

X — X
and define
(" P)(U") := liy P(U),
where the limit runs over all these diagrams. Then wP is the left adjoint

functor of m,.

It is of course understood that a morphism between two such diagrams
(Uy,91) and (U, g) is a commutative diagram
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Uy

>

U —2-U

o

X —X

Proof :  To give a morphism P — m,P’ is equivalent as giving compatible
maps fy : P(U) — P'(U xx X') for every U € Cy; on the other hand, to
give a morphism 7?P — P’ is the same as defining maps P(U) — P'(U’)
for each diagram as above, which are compatible with the restriction maps.
Such a diagram induces (by the universal property of the fibred product) a
unique morphism U’ — U x x X’ that factorizes U’ — U, hence a morphism
P — m,P’ induces a morphism 7?P — P’, and conversely.

0

Remark 2.22 To be on the safe side, let us observe that the colimit in
Proposition 2.21 is taken over a filtered category in all the relevant examples
(Zariski, étale, or flat site), hence it is a direct limit in the usual sense (over
an arbitrary site one has to use the colimit of abelian groups as defined in
[19], Lemma 8.2). Indeed in these examples finite inverse limits exist in
Cx: This a consequence of the existence of finite products and of difference
kernels (=equalizer of two morphisms) in C'y, which follows easily from the
first three statements of Proposition 1.4 in the case of the flat site, and from
Proposition 1.11 in the case of the étale site; cf. [12], Remark I1.1.13 and
Appendix A.

Remark 2.23 Using the previous remark, it is possible (in the case of the
Zariski, étale, or flat site) to represent an element of (7*P)(U’) as a pair (s, g)
where U — X is a morphism in Cx, g : U' — U is a morphism compatible
with 7, and s € P(U), with the rule that we identify two such pairs (s1,¢1)
and (s9, go) if there is a third pair (s, g) and a commutative diagram

U’
ls
g1 U 92
Uy Us

such that the restrictions of s; and s, to U coincide. If a morphism
h : V' — U is given in Cy/, then the restriction of (s,g) € (7?P)(U’) to
(7PP) (V') is just (s,goh).
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Example 2.24 a) The inverse image of the constant presheaf Py, on Xp is
the constant presheaf associated to the same group M on X7, .

b) Let 7 : X’ — X be in Cyx, take for C%, the X'-schemes that are in Cx
via m. Then 7P(P) is just the restriction of P to the category C%.,; in this
case we can write Py for wPP.

Proposition 2.25 The functor 7, is exact, and ©P is exact if Xg is one of
the sites of Example 2.3, or in the case b) of Example 2.24.

Proof :  The exactness of 7, follows from the definition and the fact that
a sequence of presheaves is exact if and only if the associated sequence of
sections over U is exact for every U € Cx. The exactness of 7P is obvious
in the case b) of Example 2.24. In all sites of Example 2.3, if follows from
the description of 7P using filtered direct limits, and the exactness of filtered
direct limits in the category of abelian groups.

0

Proposition 2.26 If F is a sheaf, its direct image m,F is a sheaf.

Proof: Forevery U € Cx, set U := U xx X'. Take a covering (U; — U),
then (U] — U’) is also a covering. Since F is a sheaf, the sequence

0= FU) = [[FrW) = [ FU xv U)
i i,j

is exact. Since U] xy» U] = (U; xy Uj)', we get that the sequence
0= mF(U) = [[ (@F) ) = [[(mF)(U: <0 U;)
i ij

is exact, which shows that m,F is a sheaf.
0

Before constructing the sheaf associated to a presheaf on the étale site, we
need the notion of stalk? of a presheaf. Since coverings for the étale topology
are more general than Zariski open subsets, it will be associated not to a
point of a scheme, but to a geometric point.

“In these notes, we will not consider the extension of the notion of stalk to more general
sites. We refer to [16] for related results.
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Definition 2.27 Let P be a presheaf on X¢. Let u, : £ — X be a geometric
point of X. The stalk of P at T is

Pz = (ubP)(T).

In other words P; = lim P(U), where the limit runs over all étale neighbor-
hoods U (or all étale connected neighborhoods) of z in X.

Lemma 2.28 Let F be a sheaf on X¢. Let s € F(U) be a section of F over
UeCx. If s#0, then there exists x € X and a geometric point * € U lying
over x such that the restriction sz € Fz 1s not zero.

Proof :  Assume that s; = 0 for all maps F(U) — F; as in the lemma.
For every u € U, choose a geometric point & with image u. By definition
of the stalk, there is an étale U-scheme V,,, whose image in U contains u,
and such that the restriction of s to V, is zero. Since U is covered by all
V., — U,u € U, the sheaf condition yields that s = 0.

O

Theorem 2.29 Let Xg be a site with underlying scheme X. Let P be a
presheaf on Xg. Then there is a sheaf aP on Xg and a morphism of
presheaves ¢ : P — aP, such that any morphism ¢ from P to a sheaf F
factors uniquely through ¢.

Proof :  We give the proof in the case of the étale site (the general case is
more complicated, see [1], I1.1.4 and also Example 3.12). Start with the case
X = Spec K, where K is a separably closed field. Then every étale X-scheme
U is a disjoint union U = [ X; with X; = X, and we define aP as

(@P)([TX:) = [[P(x0,

and ¢(U) as the map P(U) — [[ P(X;) induced by the restriction maps.

We now deal with a general X. For each x € X, choose a geometric point
u, : & — X with image . Then u?P is a presheaf on z, and we just defined
the associated sheaf P; = a(u2P). According to Proposition 2.26, the direct
image (u,),(Ps) is a sheaf on X, as well as

P i= [T ()P

thanks to Example 2.13, b). For each x € X, we have an adjunction mor-
phism of presheaves P — (u,),(ufP) and a sheafification map v?P — P;,
which induces a map (uy),(u2P) — (u,),(Ps), hence (by composition) maps

P = (ua)p(Pz),
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which induce a map ¢ : P — P*. We define aP as the intersection of all
subsheaves of P* containing the image ¢(P) (this is a sheaf by Example 2.13,
c).

Let ¢/ : P — F be a morphism from P to some sheaf F. There is a
commutative diagram

P2 aP — P

Nk

F—=F
Here 1 is the map given by the maps ¢, : P: — F7 induced by ¢'. The

map i is injective by Lemma 2.28. We observe that by Example 2.13 d),
Y~1(F) is a subsheaf of P* and it contains ¢(P), hence also aP. Therefore
1 induces a morphism v, : aP — F, such that ¢/ = 1y o ¢ as required.
Now if another v : aP — F also satisfies ¢/ = 11 o ¢, then ker(¢y — 1y is
a subsheaf of P* containing ¢(P), hence it contains aP, which shows that
1o = 1. This concludes the proof.

a

Remark 2.30 Let u, : ¥ — X be a geometric point of X. A presheaf on &
(which is the spectrum of a separably closed field) is a sheaf if and only if
it takes disjoint union of schemes to products of abelian groups; this easily
implies that u? takes sheaves to sheaves, which shows that u? oa ~ a o u?.
In particular, for a presheaf P on X, since

Pz = (ugP)(z) = (aufP)(2),
we have
P = (aP)(@) = (aP):.

In other words, P and aP have the same stalks.

2.4. The category of sheaves

Theorem 2.29 (which constructs the sheafification of a presheaf) can be re-
formulated as follows: the inclusion functor i : S(Xg) — P(Xg) has the
functor a : P(Xg) — S(Xg) as a left-adjoint. For a morphism of sheaves
u : Fi — JFa, the cokernel (resp. image) of u in S(Xg) is defined as
a(coker Pu) (res. a(Im” w)), where coker Pu (resp. Im” u) is the cokernel (resp.
image) of u in P(Xg).

Theorem 2.31 a) The inclusion functor i is left exact and the sheafification
functor a is exact. In particular the image of a morphism u : F' — F in
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S(Xg) identifies to a subsheaf of F, the quotient F/Imu in S(Xg) is the
sheaf cokernel coker u, and a sequence of sheaves

0=F = F—=F (4)

is exact in S(Xg) if and only if it is exact in P(Xg). .
b) For Xp = X, the sequence (4) is exact is exact if and only if for
every geometric point T of X, the sequence

0— F.— Fz — Fl (5)

1S exact.
c) A map of sheaves ¢ : F — F' is surjective on X¢ if and only if the
map ¢z : Fz — FL is surjective for every geometric point T of X.

d) The category S(Xg) is abelian.

Proof :  a) The fact that ¢ is left exact is obvious, because the kernel
of a morphism of sheaves is the same in the categories S(Xg) and P(Xg).
The functor a is right exact as adjoint of i; it remains to show that a is
left exact, which we will show only in the case of the étale site (see [12],
Theorem 11.2.15 a) for the general case). Let P; — P, be an injective
morphism of presheaves. Using the notation of the proof of Theorem 2.29, the
corresponding map P; — P; is injective because the functors u? and (uy),
are exact (Proposition 2.25), which implies (as aP; and aP, are respectively
subpresheaves of P; and Pj) that the morphism aP; — aPs is injective in
P(Xg), hence also in S(Xg).

b) Obviously, if (4) is exact, then (5) is also exact. Assume that (5) is
exact for all geometric points z of X. Let U € Cx and s’ € F'(U) such that
the image s of ' in F(U) is zero. Since the map F., — F; is assumed to be
injective, this implies that s, = 0 for all Z, hence s’ = 0 by Lemma 2.28. To
show the exactness "in the middle", take s € F(U) such that the image of s
in F'(U) is zero. This implies that s; € F, C F; for all . Therefore, for
every u € U, there is an étale map V,, — U whose image contains v and such
that the restriction sy, € F'(V,) C F(V,). Since (V,, = U) is a covering of
U and F' is a sheaf, this means that s € F'(U) as required.

c) Let w : F — F’ be a morphism of sheaves, denote by P its cokernel in
P (X ), then its cokernel in S(Xg) is aP. Since

F—>F —-P—=0
is exact in P(X ), the corresponding sequence of stalks

Fi = Fr =Pz =0
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obviously remains exact, which implies that the map F; — FL is surjective if
and only if (aP); = 0 thanks to Remark 2.30. Since u is surjective in S(Xg)
if and only if aP = 0, which (by Lemma 2.28) is equivalent to saying that
(aP)z = 0 for all geometric points z of X, we are done.

d) It only remains to prove that every morphism ¢ : F — F' in S(Xg)
induces an isomorphism between its coimage F/ker ¢ and its image Im ¢.
The image and coimage of ¢ in S(Xpg) are obtained by applying the functor
a to the image and coimage in P(Xg), which is an abelian category. Since
a takes isomorphisms to isomorphisms, the map Coim¢ — Im ¢ is an iso-
morphism in S(Xg), since in the abelian category P(Xg) the canonical map
between the coimage and the image of ¢ is known to be an isomorphism.

0

Remark 2.32 On an arbitrary site, surjectivity of 7 — F' is equivalent to
saying that for every U € Cx and every s € F'(U), there exists a covering
(U; — U) and elements s; € F(U;) such that ¢(s;) = sy, for all i ("local
surjectivity"). See [12], Theorem II1.2.15 and proof of Theorem 2.11 (the
latter defines the sheafification in the general case).

Example 2.33 a) The group schemes G,, and p, induce sheaves on the
étale site or the flat site of a scheme X. The sequence

0= ptn = G 3 G,y

is clearly exact in P(Xg), hence also in S(Xg). For every strictly local ring A
with n € A*, the map = — x" is surjective from A* to A* by Hensel’s lemma
(that is: property iii) of Theorem 1.20), which proves (by Theorem 2.31, c)
that the Kummer sequence

0= pin— G 3G,, =0

is then exact on Xy as soon as the integer n is invertible on X.

b) The Kummer sequence is exact on Xp,,¢ without any assumption on the
residue characteristics of X. Indeed let U be an X-scheme and u € Oy (U)*.
Cover U by open affine subsets U; = Spec A; and let u; be the restriction of
uto U;. Set A, = A;[T]/(T" —w;) and U] = Spec A}. Then (U] — U) is a flat
covering of U (indeed A} is free of rank n over A;) such that the restriction
of u to U] is an n-th power in G,,(U]) for every i. Remark 2.32 now yields
the required exactness.

c¢) Let X be a scheme of characteristic p > 0 (that is an Fj-scheme). Let
F be the map a +— aP. Then there is an exact sequence (the Artin-Schreier
sequence) of étale sheaves on X:

0 Z/pZ = G, '5' G, = 0.
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The last map is surjective because if A is a strictly local ring, then the map
A — Az — 2P — x is onto (again by Hensel’s lemma). The sequence of the
first four terms is easily seen to be exact (even for the Zariski topology), the
F,-group scheme (Z/pZ) being isomorphic to (Spec (F,[T]/(T? —T)) (hence
the same holds for their pullback to X).

d) Again, let X be a scheme of characteristic p. Let «, be the subsheaf of
G, given by the kernel of a — aP, that is the sheaf corresponding to the group
scheme Spec (F,[T]/T?) xg, X. Then there is an exact sequence of sheaves
for the flat topology (but in general not for the étale topology, because over
an imperfect separably closed field, the map = — 2P is not surjective)

0—a,— G, 3G, —0.

2.5. Direct and inverse images of sheaves

Definition 2.34 Let 7 : X}, — Xjg be a continuous map of sites. The direct
image T, F' of a sheaf 7' on X7, is just m,F’. The inverse image of a sheaf
F on Xgis 7*F := a(nPF).

By definition, the functors m, and 7* are adjoint in S(X}),S(Xg). If
7: X' — X is in Cyx, then 7* is just the restriction functor F — F|x.

Remark 2.35 For every presheaf P on Xy and every sheaf F on X7, we
have

Homg_, (7*(aP), F) = Homg, (aP, 7, F) = Homp, (P, 7, F) =

Homp_, (7P, F) = Homggr)(a(n?P), F),
which shows that 7*(aP) = a(7?P).

Proposition 2.36 The functor w, is left exact. The functor @ is exact if
Xg is one of the sites of Example 2.3, or if m: X' — X is in Cyx.

Proof :  The first assertion follows from the exactness of m, (Proposi-
tion 2.25), left-exactness of i, and last statement of Theorem 2.31, a). For
the second assertion, let

0=>F -F—=>G—0
be an exact sequence in S(Xg). Then the sequence

0F -F—=g
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is exact in P(Xg), hence
071 F - n*F > 7°G

is exact in S(Xg) because 7? (Proposition 2.25) and a (Theorem 2.31, a) are
exact. It remains to prove the surjectivity of 7*F — 7*G in S(Xg). Let G’
be the cokernel of F — G in P(Xg), we have aG’ = 0 because F — G has
trivial cokernel in S(Xg) and a is exact. Using again exactness of ¥ and a,
we see that
T F = 7°G — a(n?G")

is exact in S(Xg). By Remark 2.35, we have a(7G’) = 7*(aG’) = 0, whence
the result.

O

Note that although , is exact, the functor 7, is not right exact in gen-
eral, because the cokernels in S(Xg) and P(Xg) are not the same (thus an
exact sequence of sheaves does not necessarily remain exact as a sequence of
presheaves).

Example 2.37 a) Let Gx be a commutative group scheme over X it repre-
sents a sheaf (on one of the sites of Example 2.3). Let Gx be the X'-group
scheme G x x X'.

There is a presheaf map 7Gx — Gx/, obtained by sending a pair (s, g)
(where g : U — U and s € G(U) are as in the explicit description after
definition 2.20) to sg € Gx(U’) = Gx/(U’). This induces a canonical map of
sheaves ¢ : 7Gx — Gx (which can also be defined using the adjunction
property of 7*). This map is an isomorphism if 7 : X’ — X is in CYx, or if
G itself is in Cx. The first case is easy (the inverse image 7Gx being just
the restriction of Gx to X’). For the second one, we use Example 2.9, which
yields for every sheaf F on X7/,:

HOHIS(X/)(GX/,./—") = f(GX/) = (W*f)(G) = HOIHS(X)(Gx,W*f).

Therefore Gx: ~ 7*G x by uniqueness of adjoints.

b) In general ¢ is not an isomorphism: for instance let X be the spectrum
of a field k of characteristic p > 0, let A be a k-algebra and X’ = Spec A.
Take G = «, and work on the small étale sites. Then Gx = 0 because every
¢tale X-scheme U is reduced, hence a,(U) = 0. This implies that 7*Gx = 0
but G x» does not represent the zero sheaf as soon as A has a non-zero element
a with a? = 0. Thus ¢¢ is not surjective in this case.

c) It is also possible that ¢ is not injective. Set ¥, = Z/pZ, X" = SpecF,,
and X = Spec (Z/p*Z) = Spec (Fye]), where ¢ = 0. Consider the closed
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immersion 7 : X’ — X and Gx = Gy, x. For every finite field extension K
of F,,, there is an exact sequence

0= K— K[]" > K*"—=0
(the first map being a — 1+4ag), which yields an exact sequence of presheaves
0—=G, =G, = G, x — 0.

Applying the exact functor a, we get an exact sequence of sheaves

0— G, —7G,, g G, x — 0.

In particular the kernel of ®¢ is not 0.

c) Let k& C K be an inclusion of field, which induces a morphism 7 :
Spec K — Speck. We choose compatible separable closures k and K of k
and K. This induces a map of absolute Galois group ¢ : I'x — 'y (which
is injective if K is an algebraic separable extension of k). Consider the étale
sites associated to Speck and Spec K. By Theorem 2.17, we can identify
S(Spec k) with the category Cr, of discrete I'y-modules, and similarly for K.
Then taking the inverse image of a sheaf on Speck corresponds to view a
['y-module M as a I'x-module via . Since 7, and 7* are adjoint functors,
we deduce that the direct image of a I'x-module N consists of the induced
module (cf. [8], Remark 1.1.14) IliblfFK)(Nkew), which is just Ig}f(N) it K/k
is algebraic separable.

We now study the stalks of the inverse and the direct image of a sheaf
for the étale topology.

Proposition 2.38 Let 7 : X' — X be a morphism. Let F be a sheaf on
Xy Let 2/ € X', set © = w(x') and choose compatible geometric points ',
T respectively associated to x,x’. Then (7*F)z ~ Fz. In particular, if we
take for m the canonical morphism Spec(Oxz) = Spec(0%,) — X, then
Fz=(m*F)z = (m*F)(Spec (Ox.z)).

Proof :  First observe that for a geometric point u, : £ — X, the stalk
Fz is isomorphic to (uiF)(z) (and similarly for the geometric point ' — X’
and the sheaf 7*F) because uiF = (au?)(F) and uPF have same group of
sections over T by definition of sheafification over the spectrum of a separably

closed field.

Now we may take T = Z’, whence a commutative diagram
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Then
(7" F)ar = (upm F) (@) = (;.F)(7) = Fs.

a

The situation with direct image is more complicated. We need the fol-
lowing lemma, which will be extended later (Theorem 3.26, b) to étale coho-
mology:

Lemma 2.39 Let I be a filtered category (e.g. a filtered ordered set) and
i — X, a contravariant functor from I to X-schemes. Asssume that all
morphisms X; — X, are affine and that all schemes X; (as well as X ) are
quasi-compact and quasi-separated. Set X = @XZ Let F be a sheaf on
X, with respective inverse image F; and Foo on X;, Xoo. Then

lin (X, F5) = T(Xoo, Foo)-

Recall that the scheme leXZ- is well defined because all transition mor-
phisms X; — X; are assumed to be affine.

Proof (sketch of):  Here are the main steps of the proof:

i) The first important observation is that if f : U — X is an étale, quasi-
compact, and quasi-separated map, then it is obtained by base change from an
étale map f; : U; — X; for some i € I. This follows from [19], Lemma 143.3, (9)
(which is the case where all schemes considered are affine).

ii) We can work over the site (X )st.geqs (Whose definition is the same as the
small étale site, except that étale morphisms are replaced by quasi-compact and
quasi-separated étale morphisms; cf. Proposition 2.16). Although f; (defined as
above) is not unique, two such maps give rise to the same map U; — X; for some
j > 1, which makes the definition

unambiguous. This defines a presheaf on the site (X )¢t gegs, Which is a sheaf
thanks to the sheaf condition on each F; and the (left) exactness of the direct limit
functor.

iii) One show (using the adjunction property of the inverse limit of a sheaf)
that the obvious map G — Foo on S(Xoo)étgegs) 1S an isomorphism whence the
result by taking global sections over X.

O
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Theorem 2.40 Let 7 : X' — X be a quasi-compact and quasi-separated
morphism. Let x € X, T := Spec (k(x)). Set X := Spec (0%,) and X' :=
X' xx X. Let F be a sheaf on X' with inverse image F on X'. Then

(m.F)z = F(X').

Proof : By definition we have
(W*f)j; = hﬂ.j—'.(U Xx X/),

where the limit is over all étale neighborhoods U of T in X. We can restrict
to affine U such that X = lim U, whence X' = l&l(U xx X') (products
commute with inverse limits). The transition morphisms in the last equality
are affine morphisms between quasi-compact and quasi-separated schemes;
it remains to apply Lemma 2.39.

0

The situation is better with finite morphisms:

Theorem 2.41 Let w: X' — X be a finite morphism. Let F be a sheaf on
X/,. Let T be a geometric point of X associated to x € X. Then (m.F)z =

H]:d( ) where the product is over all ¥’ € 7w~ Y(x) and d(z') is the separable
degree of k(x') over k(x) (which is a constant d if w is étale of constant degree
d). In particular, for a closed immersion i : Z — X and a sheaf F on Zg,

we have (i,F)z =0 if T & Z and (i, F)z = Fz if T € Z.

Proof : ~ With the notation of Theorem 2.40, we know that X' is finite
over X, which is the spectrum of the stricly local ring Ox z. Therefore

[T Spec (’);l((f )

z'en—1(z)

by Theorem 1.20, which implies the result via Theorem 2.40.
O

Corollary 2.42 If r: X' — X is a finite morphism (e.g. a closed immer-
sion), then the functor m, is exact.

Proof :  This follows from Theorem 2.41 and Theorem 2.31, c).
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2.6. Extension by zero of a sheaf; functor ¢

Let 5 : U — X be an object of Cx for some site Xg. Then the functor
¥+ P(X) — P(U) consists of restricting a presheaf on X to the open
set (for the E-topology) U. We will now describe its left-adjoint, denoted
Ji: P(U) — P(X). Its existence is ensured by the same general result ([12],
Prop. 11.2.2.) as the existence of the inverse image presheaf. Actually, one
easily checks directly that that for P € P(U) and V' € Cx, we have

GP)(V) = lim P(V),
where the limit is over all commutative diagrams
Vie—— V

L

U — X

in Cx. Sorting these diagrams with respect to the corresponding homomor-
phism ¢ : V — U, we get

GP)Y V)= P lmPH),
pcHomx (V,U) S(¢)

where S(¢) is the set of diagrams as above such that the composite map
V - V' = Uis ¢. But S(¢) has a final object (the diagram with V' = V),

so we obtain:
GPY(V)= P P,
¢€Hom x (V,U)

where V,;, € Cp is the object V % U. For instance, if j : U — X is an open
immersion, then (P)(V) = P(V) if V — X factorizes through U, and it is
zero otherwise.

Definition 2.43 The extension by zero functor j, associated to j : U — X
is the composition of the functors

S(U) 5 P(U) & P(X) % S(X).
It is left-adjoint to j*.

Observe that 7 is exact (it is right exact as left adjoint of j*, and left
exact as composite of left exact functors). In the case of an open immersion
j U — X, the stalk (j1F)z is F;z if € U, and it is zero otherwise.
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Let us now specialize to the case of a closed subscheme Z of X and set
U= X —Z. Denote by j : U — X the corresponding open immersion and
1 : Z — X the corresponding closed immersion. Equip all schemes with the
étale topology. For every sheaf F on X, set

i'F = ker[i* F — i*j.5* F].

The idea is that i,i'F will appear as the largest subsheaf of F that is zero
outside Z.

Lemma 2.44 Let F be a sheaf on the étale site of a scheme X. There is an
exact sequence of sheaves on X :

0— " F = F = i,0°F = 0.

Proof: This can be checked on the geometric stalks. Let Z be a geometric
point of X. By Theorem 2.41, we have (i,i*F); = (i*F)z = Fz if T € Z, and
(1,i*Flz =0if z € U = X — Z. Similarly (jij*F)z = (j*F)z = Fz if £ € U,
and (51j*F)z =0ifz € Z = X — U (cf. Definition 2.43). Whence the result.

0

Proposition 2.45 a) The functor i, : S(Z) — S(X) is fully faithful (i.e.
it induces a bijection between homomorhism sets) and it is a left-adjoint of
i S(X)— S(2).

b) For every sheaf F on X, we have

(i'F)(Z) = ker[F(X) — F(U)].

Proof : a) Let F be an étale sheaf on Z. The adjunction map i*i,F — F
is an isomorphism because by Theorem 2.41, it induces an isomorphism on
every geometric fiber. Therefore

Homg(x)(i.F,1.G) = Homg(z) (i"i.F, G) ~ Homgz)(F,G)

for every F,G € S(X), which means that i, is fully faithful.

Now the square
g —— JJg

| |

1,0°G — 1,377,570
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is cartesian (this is easily checked on the geometric stalks, dealing separately
with the cases 7 € U and 7 € Z). As Homg(x)(i.F, j:5*G) = 0 (this is
checked again on the stalks), this implies:

Homgx)(ixF,G) = Homg(x) (i,.F, ker[i,i"G — i,i"5,5*G)).

The latter is also
Homgx) (i F, ii'G)

by definition of i' and left-exactness of i,, and this last group identifies to
Homgz)(F, i!g) because i, is fully faithful. Finally

HomS(X)(i*]:, Q) = Homg(z) (./—", i!g),

showing that 7, is the left-adjoint of it

b) For any scheme S, denote by Zg the constant sheaf Z on S. By a) and
Example 2.13 a) , we have

(i’ F)(Z) = Homg(z)(Zz,i F) = Homg(x) (i, Zz, F).

We observe that j*Zx = Zy and i*Zyx = Z; by Example 2.37 a) (the group
scheme Z being étale over X). Lemma 2.44 gives an exact sequence

O—)j!ZU—)ZX —>i*Zz—)O,

and applying the left-exact contravariant functor Homgx(., F), yields an
exact sequence

0— Homg(x)(i*ZZ, .F) — Homg(x)(ZX, .F) — HomS(X)(j*ZU, .F)
To conclude, we observe that Homg(x)(Zx, F) = F(X) and

Homgx)(71Zv, F) = Homgw)(Zy, Flu) = F(U).

3. Cohomology : first properties

If not specified, the notation S(X) denotes the category S(X) of sheaves on
the (small) étale site of X. We always implicitely assume that Xz is one of
the sites of Example 2.3, and in particular that the inverse image functor 7* is
exact. For a summary of properties of derived functors on abelian categories,
see Appendix A of [8] or [30], chapters 2 and 5.
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3.1. Some derived functors

Let Xg be a site. We want to define cohomology groups as (right) derived
functors. Recall that an object A in an abelian category is injective if the
contravariant functor Hom(., A) is exact (it is always left exact). An abelian
category has enough injectives if every object can be embedded into an in-
jective object.

Proposition 3.1 The category S(Xg) has enough injectives.

Proof: We give the proof in the case of the étale site.® Let u, : T — X be
a geometric point of X. Then the category S(z) is equivalent (Theorem 2.17)
to the category Ab of abelian groups, hence it has enough injectives by [30],
Exercise 2.3.2. Let F € S(X). For each z € X, we choose an embedding
ui F — JF, into an injective sheaf. Set Fy = [[,cx(us)«Fy, it is injective in
S(X) (aproduct of injectives is injective; besides, direct image functors (u,).
preserve injectives because its left adjoint (u,)* is exact). Now F embeds
into Fy via the embeddings F < [ v (ue)upF and (ug )« (uiF) = (Us)s T,
The injectivity of the first map can be checked on the stalks: indeed for a
geometric point  with image x € X, the canonical map Fz — ((ug)«utF)z
is an isomorphism by Theorem 2.40 and equality F; = (u;F)(Z). The second
map is injective because (u ). is left exact.

m

By definition, right derived functors R'f(F) of a left-exact functor f on
S(Xg) are computed via an injective resolution

0 F—=>1°—>T1"— ..

of F, then by taking the cohomology of the complex

fU%) = fIY) — ...
Now the functor S(Xg) — Ab defined by F — I'(X,F) is left exact,

whence:

Definition 3.2 We denote by H"(Xg,.) (r € N) or H"(X,.) (if E is under-
stood) the right derived functors of the functor I'(X,.) = H°(X,.). For a
sheaf F on Xg, the group H"(Xg, F) is called the r-th cohomology group of
Xg with values in F.

SLet C be an abelian category with products and coproducts, such that filtered colimts
of exact sequences are exact, and with a family of generators. Then C has enough injectives.
This yields the general case, using the sheaves Zy := j1Z for various 7 : U — X in F as
generators, cf. [12], Lemma I11.1.3. and below.
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In the case of the étale site, we shall denote H"(Xg, F) by HL(X,F)
or simply by H"(X, F). Notation H{ (X, F) stands for cohomology on the
flat site. As derived functors are d-functors (see [30], Theorem 2.4.6. and

§ 2.5.1.), we have the following very important property:

Theorem 3.3 For every short exact sequence of sheaves (on a site Xg)
0= F - F—=F" =0,

there is a long exact sequence of the related cohomology groups

0— H'(X,F)— HYX,F) - H'(X,F") - H' (X, F') — ...
= HYUX, F - H (X, F) - H (X, F) - H(X,F") — ...

Example 3.4 Other derived functors are interesting on sites like Xg:

a) Let Fy be a sheaf on Xp. The covariant functor F +— Homgx,)(Fo, F)
is left exact. Its right derived functors are denoted by F — Ext"(Fy, F). As
in any abelian category, the groups Ext"(Fy, F) can also be interpreted in
terms of Yoneda extensions ([30], §3.4).

b) Let Fy and F; be sheaves on Xg. Then we define a sheaf (the sheaf con-
dition is easy to check) Hom(Fo, 1) on Xg by U — Homg ) ((Fo) v, (F1)v)-
The right derived functors of Hom(Fy,.) (from S(Xg) to S(Xg)) are denoted
Ext"(Fo, .).

c) Let m : X}, — X be a continuous map of sites. Then the functor
m. + S(X) — S(Xg) is left exact. Its derived functors are denoted R'r,.
The sheaves Rim,F are the higher direct images of the sheaf F.

d) Let X = Speck, where k is a field with absolute Galois group I' =
Gal (k/k). Then the category of étale sheaves S(X) is equivalent to the cat-
egory of discrete I'-modules Cr. Etale cohomology groups on X correspond
to Galois cohomology groups H"(I', M) of a discrete I'-module M, which
are torsion groups if > 0 ([8], Corollary 4.23). The derived functors Ext"
correspond to the Ext” in the category of I-modules. Finally, Hom(F, F1)
translates into |J,; Home,, (Mo, M;), where H runs over all open subgroups
of I'. If My is not assumed to be finitely generated, this is in general not the
same as Homayp (Mo, M;), which might be non discrete when equipped with
the I'-action:

(v-)@) =7.f(v " a) . yeT,z e My

(observe that Home,, (My, M;) = Homay, (Mo, M1)¥) The associated derived
functors are denoted Exti.(My, M7). See [8], §16.2.
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e) Galois cohomology groups H'(k, M) can be described using cocycles
([8], Definition 4.17), which is a special case of Cech cohomology for the étale
topology (see paragraph 3.2. below). For a constant sheaf (corresponding to
a trivial action of I' on the discrete G-module M), the first cohomology group
H'(k, M) is just the group Hom.(T', M) of continuous homomorphisms from
the profinite group I' to M. For instance H'(k,Z) = 0 (indeed Z has no
non-trivial finite subgroup) and H?*(k,Z) ~ H'(k,Q/Z) is isomorphic to
Hom,.(I', Q/Z) ([8], Example 1.52, which extends immediately to the coho-
mology of a profinite group; this comes from the fact that H'(k, Q) = 0 for
all 2+ > 0 because Q is uniquely divisible and Galois cohomology groups are
torsion).

f) The inclusion functor i : S(Xg) — P(Xg) is left-exact. Its right
derived functors are denoted H" (X, .) (or simply H'(.) if Xg is understood).

Taking an injective resolution of a sheaf F in S(Xg), one sees that H" (X g, F)
is the presheaf U — H"(U,F) on Xg.

Remark 3.5 a) In some sense the functor H"(Xpg, F) is contravariant on
Xpg. More precisely, if 7 : X, — Xg is a continuous map, then the univer-
sal property of derived functors (as d-functors) yields maps H" (Xg, F) —
H"(X},,7*F) induced by the obvious map H°(Xp, F) — H(X},, 7 F).
There is also a canonical map H"(Xg, m.F) — H" (X}, F) (induced by the
corresponding map for r = 0), which is an isomorphism if 7, is exact.

b) We can always identify (cf. Example 2.13, a) the functors I'(X, .) and
Homg(x,)(Z,.), where Z is the constant sheaf on Xp; hence H"(Xg,.) and
Exty(x,)(Z, ) also coincide.

c) Let U € Cx. The functor F — Fy is exact from S(Xg) to S(Ug);
besides, this functor takes injectives to injectives, because it actually has an
exact left adjoint ("extension by zero") j, associated to the map j: U — X
(see Definition 2.43). This implies that the notation H" (U, F) is not ambigu-
ous: these groups can be obtained via derived functors of F — I'(U, F) on
S(XEg), as well as the ones of Fy — I'(U, Fiy) on S(Ug).

It is a general fact ([30], Exercise 2.4.3) that to compute derived functors,
the injective resolution can be replaced by any f-acyclic resolution, that is a
resolution by objects J satisfying R'f(J) = 0 for every i > 0. It is therefore
important to determine a class of acyclic sheaves for the various functors we
are interested in.

Definition 3.6 A sheaf F on Xy is sait to be flabby ¢ if H"(U, F) = 0 for
all U € Cx and all r > 0.

6Unfortunately, there is no uniform definition in the litterature for flabby or flasque.
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In other words, a sheaf F is flabby if and only if H"(F) = 0 for all » > 0.
It immediately follows from Remark 3.5, ¢) that the restriction of a flabby
sheaf F € S(Xg) to any U — X in Cy still is a flabby sheaf.

Proposition 3.7 a) Let 7 : X}, — Xg be a continuous map of sites. Let
F € S(X}). Then Rim.F is the sheaf associated to the presheaf U >
HY(U', Fyr), where U :=U xx X'.

b) With the notation as in a), a flabby sheaf on X}, is acyclic for the
functor m,.

c) Assume that Xg is one of the sites of Example 2.3. Let F be an
injective object of S(X,). Then mF is injective in S(Xg).

Proof :  a) Let i be the inclusion S(X’') — P(X’). By definition 7, =
amyi. Take an injective resolution F — I® in S(X'). Now R'm.F is the
i-th cohomology group of the complex am,(i/®). Since a and m, are exact
(Proposition 2.25 and Theorem 2.31, a), they commute with cohomology
and we get

R'm, F = am,(H'(F)),
The conclusion follows because H'(F)(U’) = H'(U’, F) (Example 3.4, f).

b) This is an immediate consequence of a).

c) In these cases, the left adjoint 7* of 7, is exact (Proposition 2.25),
whence the result.
|

3.2. Cech cohomology

For certain explicit computations (and also to give good criterions for a sheaf
to be flabby), it is useful to define Cech cohomology on an arbitrary site Xg,
which is modeled on the classical construction for topological spaces. We are
now going to describe it in details.

Let P be a presheaf on Xg. Consider a covering U = (U; — X);e; of X
for the E-topology and set

Uio...ir = Uio Xx ... Xx Uir

The definition that we give here is the same as the one of flasque in Artin [1] (p. 39), but
it does agree neither with the classical definition of a flasque sheaf on a topological space,
nor with the definition of flasque in [15] (the latter coincides with the notion of totally
acyclic in [22])
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for every (r + 1)-uple (i, ..., %,), where each i; € I (observe that unlike the
classical case of a topological space, the i; are not assumed to be pairwise
distinct). There is an obvious restriction map

res; : P(U ) = P(Us....ir)s

§0ei i

which is induced by the projection.

Definition 3.8 The Cech complez C*(U, P) = (C"(U, P))en (associated to
U and P) is defined by

cupP) =[] PU..)

with the differential maps
d":C"(U,P) — C"H U, P)
defined by
(drs)io---ir+1 = Z(_1)jresj($io...i}...ir+1)'
=0
The verification that d"™'d” = 0 is straightforward (as in the classical

case of a topological space).

Definition 3.9 The cohomology groups of the complex (C"(U,P)) are de-
noted by H"(U,P) and called the Cech cohomology groups of P with respect
to U.

For instance
U, P)=ker[[[PU:) —» [ PWy),
iel (4,5)eIxI

whence a canonical map P(X) — H°(U,P), which is injective is P is sepa-
rated and an isomorphism if P is a sheaf.

Consider now a refinement V = ((V;);es, 7) of U (see Definition 2.14).
Denote by ¢; : U; — X and v, : V; — X the corresponding maps. We can
write ¢; = ¢r,n; for some n; : V; — U,,. This induces maps

™ C"(U,P)— C"(V,P)
defined by

(Trs)jo...jr = resnjo X XMNjp <8Tj0...Tjr>7

which commute with the differentials. Whence a map
o H7(UP) > H'(V,P).
Lemma 3.10 The map p depends only on P, U, andV (not on T or the ;).
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Proof :  Let 7/,(n;) be another choice for 7,(n;). Define a map h" :
C"(U,P) — C"™ YV, P) by the formula

<

1
(—1)*res , ¢ (Srigmier i)
”jo><---X---X(”jkv"jk)x“-xnjr, 750 TIRT Gl T Gr—1)

(h"8)jojor =
k=0

1

All A" are homomorphisms and
drflhr 4 hr+1dr — (7_/>r - 7_7’7

which proves that (/)" and 7" induce the same map on H" (U, P), which is
what we wanted to prove.
O

Lemma 3.10 imply that the groups H"(U,P) equipped with the maps
p: H (U, P) — H"(V,P) form an inductive system’. Whence the following
definition:

Definition 3.11 Set

H'(Xp,P) = lim H" (U, P).

The groups H"(Xg, P) (or H'(X,P) if E is understood) are the Cech coho-
mology groups of P over X. We denote by ET(XE,P) (or simply ET(P) if
the site X is understood) the presheaf U + H"(U,P) on Xp (this is the
Cech cohomology analog of the presheaf H "(P) introduced in Example 3.4,
f) in the context of derived functor cohomology.

Example 3.12 a) By definition, there is a canonical map of presheaves
P — H'(P), which is injective if and only if P is separated. In this case
it turns out that EO(P) = aP is the sheaf associated to P (see [12], proof
of Theorem II1.2.11 and [1], II.1.4. The difficulty is to check that EO(P) is
indeed a sheaf). In general the canonical map H 0(73) — a’P is only injective.

b) Assume that X = Spec A and U consists of one faithfully flat morphism
Spec B — Spec A. Take P = G,,, and equip X with the flat topology. Then

Strictly speaking, it is better to consider the coverings of X modulo the equivalence
relation & ~ V if each is a refinement of the other. Then we get a filtered partially ordered
set Jx because two coverings (U;) and (V;) have a common refinement (U; x x V;). Then
Lemma 3.10 shows that the functor Y — H "U,P) factors through Jx and we get an
inductive system indexed by the filtered set Jx.
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the groups H" (U, G,,) are the cohomology groups of the complex (where the
differentials are defined as in the complex (1) of Lemma 1.6 for M = A)

0—B"—= (B®aB)" > (B®asB®yB)"— ..
These groups were first considered by Amitsur.
Proposition 3.13 Let
0P =-P—=P' =0
be an exact sequence of presheaves. Then there is a long exact sequence
0— HYX,P)—..— H(X,P) = H(X,P") = H™(X,P) — ...

and stmilarly with X replaced by any covering U of X.

Proof : Let U be a covering of X for the F-topology. Then the sequence
0—C"U,P)—=CUP)—CUP")—0

is exact for all r as a product of exact sequences of abelian groups. Whence
an exact sequence of complexes

0—C*(U,P)—C*U,P)—C*U,P")—0,
which (by [30], Th. 1.3.1) yields a long exact sequence
0— H'U,P)— ...— H(U,P)— H U,P") — HU,P)— ..

Taking direct limit preserves exactness of a sequence of abelian groups,
whence the required long exact sequence.
O

Remark 3.14 In general, an exact sequence of sheaves does not provide
such an exact sequence because the corresponding sequence of presheaves
does not always remain exact (but see the spectral sequences in Theorem 3.18
below that relate Cech cohomology to cohomology defined via derived func-
tors). The point is that (as the next statement will show), Cech cohomology
groups can be seen as derived functors from the category of presheaves (not
of sheaves).

Proposition 3.15 LetU € Cx. LetU be a covering of U for the E-topology.
Then the H"(U,.) (resp. the H"(U,.)) are the right derived functors of the
functors HO(U,.) (resp. H(U,.)) from P(Xg) to Ab.
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Proof : The category P(Xg) has enough injectives (this is a general
fact, whose proof is similar to the same statement for abelian groups; see
[21], Prop 6.1). Since we already know (Proposition 3.13 and its proof) that
H*(U,.) and H*(U,.) take short exact sequences to long exact sequences,
it is sufficient to prove the following lemma (which immediately implies the
similar statement for H" (U, P) by taking the inductive limit):

Lemma 3.16 Let P be an injective object of P(Xg). Then H"(U,P) = 0
for all r > 0.

Assume indeed that the lemma is proven. Then embed any presheaf P
into an injective one P, such that there is an exact sequence

0—=Py—=P—=>P =0,

then H'(U,Py) = coker [H'(U,P) — H'WU,P")], H'U,P') ~ HT U, P,)
for i+ > 1 (and similarly with H® replaced by the derived functors of HY),
whence the result by degree shifting.

Proof of the lemma: Set U = (U; — U). With the notation as above,
the goal is to show that the complex

HIP(UZ') — HP(Uioh) - HP(Uioilig) — ...

is exact. For every j : W — X in CY, denote by Zy, the presheaf jZ on
X associated to the constant presheaf Z on W as in paragraph 2.6. Then we
have

Zw(V)= @ Z Hom(Zw,P)=Hom(Z,j*P)="PW)
Hom x (V,W)

for every V' — X in Cx. Therefore the above complex is also

Hom(EP Zu,, P) — Hom(EP Zu,,, . P) — Hom(EP Zu,,,.,. P) = -

and since P is injective, one reduces to show that the complex

@ ZUi — @ ZUioil — @ ZU¢0i1¢2 . (6>

is exact in P(X).
Let V € Cx. For every U-scheme W and ¢ € Homyx(V,U), denote by

Homy(V, W) the set of morphisms V' — W that are made U-morphisms by
¢. Then Homy (V, U, ...) is the disjoint union

HomX(V, Uioil...) = U Hom¢(V, Uioil...) =
¢€Hom x (V,U)
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U (Homy(V,U;) x (Homy(V,U;,) x ..)
¢eHomx (V,U)

Now denote by T'(¢) the disjoint union of the Hom,(V, U;) for i € I. We get

| U Homx (V, Uiy, ..i,) = U T(p)",

10,0 ¢€Homx (V,U)

where T'(¢)" is the cartesian product of r copies of the set T'(¢). This
implies that € Zy, V) is actually the free abelian group on the set

iQiy..-ir (

Usettomy (v.ory T(¢)". Therefore the complex (6) evaluated at V' can be rewrit-

ten
@ [@Ze@Ze@Ze...].
T(¢)?

pcHomx (V,U) T(4) T(¢)?
Fix ¢ € Homx(V,U) and define S := T'(¢), we can assume S # (). Choose a
distinguished element a € S. Then the complex inside the brackets
Z[S] + Z[S?) < Z[S?] + ...,

where the differentials 8, : Z[S™™!] — Z[S"] are defined via
(50, 80) = D (=10 (80, 000y 5y o 82), (80,00, 57) € S
j=0

is known to be exact (see for instance [8], Lemma 1.26): indeed we have maps
u, : Z[S™Y] — Z[S™?] defined by u,(sq, ..., s,) = (a, So, ..., $), which satisfy
Up_1 0 dy + dpyqu, = Id for all r € N*.
The lemma follows.
m

3.3. Cech cohomology compared to derived functor co-
homology

We start with a general statement:

Proposition 3.17 Cech cohomology of sheaves agrees with derived functor
cohomology on Xp if and only if every short exact sequences of sheaves in-
duces (functorially) a long exact sequence of Cech cohomology.
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Proof :  The "only if" part is clear from the general properties of derived
functors. For the "if" part, we first observe that H(X, F) = H(X, F) for
every sheaf F on Xg. We now embed F into an injective sheaf I, which yields
an exact sequence of sheaves 0 — F — I — ) — 0. Since [ remains injective
in P(Xg) (because the left adjoint a of the inclusion functor i : S(Xg) —
P(Xp) is exact), we have H"(X,I) = 0 for all » > 0 by Lemma 3.16. The
isomorphism H"(X,F) ~ H"(X,F) follows by induction on r (dimension
shifting).

O

We now relate Cech cohomology to derived functor cohomology via spec-
tral sequences. Recall that when there is a spectral sequence E35° converging
to E"t* (which is written E}® = E"*), this implies that every term E™ has
a filtration whose all successive quotients are isomorphic to a subquotient of
E%® for r 4+ s = n. In particular if all of those E%* are zero (resp. finite), then

E"™ is zero (resp. finite). Also, there is an ezact sequence of low degree terms
(cf. [12], Appendix B):

0— E,° — B — EY' — E2 — [ker E? — EY?] — E — [ker B3 — E9).

Theorem 3.18 Let F be a sheaf on Xg. Let U be a covering of X. There
are spectral sequences

Ey = H (U, H(F)) = H*(X, F).

H"(X,H*(F)) = H™*(X, F).
H' (X, H*(F)) = H™(X, F).

Proof :  The first two results are special cases of Grothendieck’s spectral
sequence of composed functors (cf. [30], §5.8), the first functor being F
H°(F) from S(Xg) to P(Xg), and the second one P — H°(U,P) (resp.
P H(X,P)) from P(Xg) to Ab.

Indeed, since (as obviously H°(F) = F, and H°(U, F) = F because F is
a sheaf)

HU,H*(F)) = H'(X,H’(F)) = H'(X, F),

the composition of the two functors is F + H°(X, F), whose derived functors
are the H™.

It is therefore sufficient to check that for an injective object I of S(Xg),
its image by the first functor is acyclic for the second one, that is:

H (U,H(I)) = H"(X,H°(I)) =0
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for all # > 0. But this follows from Lemma 3.16 because H° is just the
inclusion functor i : S(Xg) — P(Xg), which (as already seen in the proof of
Proposition 3.17) preserves injectives.

Replacing X by an arbitrary open set U — X in the E-topology in the
second spectral sequence provides the third one.
O

Corollary 3.19 Let F be a sheaf on Xg. Then there are functorial isomor-
phisms . .
HO(X, F) = HY(X, F); H(X,F)~ H'(X,F)

and an exact sequence

0— H*X,F) = H*X,F) —» HY(X,H'(F)) = H}X,F) - H}X, F).

Proof :  Using the exact sequence of low degrees in the second spectral
sequence of Theorem 3.18, it is sufficient to check that H°(X, H*(F)) = 0
for every s > 0. Take an injective resolution I* of F in S(Xg). Then
a(H*(F)) = 0 because since a (which is exact) commutes with cohomology,
the sheaf a(H*(F)) is obtained by taking cohomology of the complex ai(I®) =
I*. Now, as already observed (cf. Example 3.12; a), the presheaf Eo(ﬂs(}"))
injects into a(H*(F)), hence it is zero as well. In particular (taking global
sections), we get HO(X, H*(F)) = 0.

m

Remark 3.20 The vanishing of EO(X, H?(F)) can be reformulated as: for
every integer s > 0, every U € Cx and every ¢ € H*(U, F), there exists a
covering (U; — U) such that the restriction of ¢ to H*(U;, F) is zero for all .

We now use Cech cohomology to give a useful characterization of flabby
sheaves:

Proposition 3.21 Let F be a sheaf on Xg. Then the following are equiva-
lent:

a) The sheaf F is flabby.

b) For every open set U — X (in the E-topology) and every covering U
of U, we have H"(U, F) = 0 for all v > 0.

¢) For every open set U — X (in the E-topology), we have H" (U, F) =0
for all r > 0.
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Proof : a) = b): By definition of a flabby sheaf, we have H*(F) = 0 for
all s > 0. Hence the first spectral sequence of Theorem 3.18 yields

H"(U,F)=H"(UF)=0

for all r > 0.
b) = ¢) is obtained by taking the inductive limit.

¢) = a): The assumption is H (F) = 0 for all s > 0. Let us show by in-
duction on s > 0 that H*(F) = 0. The case s = 1 comes from Corollary 3.19.
Assume that the required result holds for all positive integers ¢ < s and con-
sider H"(X, HY(F)) for p+q = s. By the induction hypothesis, it is zero for
0 < g < s. Furthermore

TS

H' (X, H'(F)) = H'(F) =0

by assumption, and EO(X, H?(F)) = 0 as seen in the proof of Corollary 3.19.
Since the third spectral sequence of Theorem 3.18 shows that H*(F) has a
filtration whose each quotient is a subquotient of some H"(X, HY(F)) for
P+ q = s, we are done.

|

Corollary 3.22 If 7 : X, — Xg is a continuous map of sites, the direct
image m.JF' of every flabby sheaf F' on X, is flabby.

Proof : Let U € Cx. Let U = (U; — U) be a covering of U. Set
U =U; xx X' and U = U xx X', then U' := (U] — U’) is a covering of
U’ and by definition of m, the Cech complexes C*(U’, F') and C*(U, F) are
isomorphic. Now apply Proposition 3.21, b).

|

It is sometimes possible to extend corollary 3.19 to higher degrees:

Theorem 3.23 Let F be a quasi-coherent sheaf of Ox-modules on a sepa-
rated and noetherian scheme X. Then

HT(XZar,.F) >~ HT<XZar7-F>

for every r € N.
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Proof :  This is classical; see 9], Th. IIL.4.5. or [7], Th. 9.6. The main
step consists of proving that H" (Uz,,, F) = 0 for all » > 0 if U is an affine
Zariski open subset of X. Then use Theorem 3.18.

O

The situation with étale topology is more complicated. We state the
following theorem (due to Artin).

Theorem 3.24 Let X be a quasi-projective scheme over a ring A. Let F be
an étale sheaf on X. Then

HT<Xét,.F) ~ Hr<Xét,.F)

for every r € N.

Proof: By proposition 3.17, it is sufficient to show that an exact sequence
of sheaves induces an exact sequence of the corresponding Cech complexes.
Since the inclusion functor i : S(X) — P(X) is left-exact, we just have to
show that a surjective map F — F’ of sheaves induces a surjective map

lim(] [ F(Uiy...)) = lim(] [ 7' (Ui..))

where U runs over the set of all étale coverings (up to equivalence) of X and
notation is as in paragraph 3.2.. Using Proposition 2.16 b), we can restrict to
coverings (U; — X);er with I finite and each U; étale and of finite type over
X. Replacing (U;) by [, U;, we can restrict to coverings consisting of one
single morphism f: U — X with f étale and of finite type. Let n € N* and
s e F'(U"). As F — F' is surjective, there is an étale covering W — U™
such that sy, lifs to some s € F(W). Now by [12], Lemma 2.19, there is
an étale covering V' — U such that V" — U™ factorizes through W, which
implies that s?vn is the image of sjy». Whence the result.

0

Remark 3.25 Not much is known about such a comparison result for flat
cohomology, except in the case when X = Speck is a field. Let k%% be the
algebraic closure of k. Then one can work with the Cech complex related to
the sole covering Spec (k*#) — Spec k, whose cohomology gives flat cohomol-
ogy for sheaves represented by k-group schemes G of finite type ([18], Th. 42
p. 208). Hence flat cohomology groups of G over Speck coincide with étale
(=Galois) cohomology groups if k is assumed to be perfect.
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3.4. Cohomology and limits; stalks of the higher direct
images

Recall that if (F;) is an inductive system of sheaf, its direct limit is the sheaf
associated to the presheaf U — hﬂz(}—l(U )) (it is indeed the direct limit in
the category of sheaves). The next statement (whose detailed proof is rather
complicated) is very useful to compute étale cohomology.

Theorem 3.26 a) Assume that X is quasi-compact and quasi-separated.
Then étale cohomology on X commutes with direct limit of sheaves.

b) Let the notation and assumptions be as in Lemma 2.39. Then
lim H"(X;, F;) = H' (Xoo, Foo)-

Proof (sketch of):  a) This uses the fact (cf. Proposition 2.16, b) that
any étale covering of X has a refinement (V; — X),;c; with J finite and all V;
(as well as the products Vj, xx ... xx V}, for {ji,...,5,} C J) quasi-compact
and quasi-separated. This easily implies the case » = 0. The general case
is by induction on 7, using the first spectral sequence of Theorem 3.18 and
Remark 3.20. See 27|, Lemma 51.4.

b) See [1], II1.3. or [27], Theorem 51.3. The proof uses a) and the fact that
the category of étale schemes of finite type over X, is the direct limit of the
categories of étale schemes of finite type over X;. It is easier (via Lemma 2.39,
which is the case r = 0) if one works with quasi-projective schemes over a
ring, so that Cech cohomology can be used (thanks to Theorem 3.24).

0

Remark 3.27 The previous theorem actually also holds for the flat site. If
F is represented by a group scheme G, the statement also holds if one takes
for F;, Fo respectively the sheaves represented by G x x X;, G x x X« (([15],
VIL5).

Theorem 3.28 Let m : Y — X be a quasi-compact and quasi-separated
morphism. Let F be an_étale sheaf on'Y. Let x € X and T a geometric
point with image x. Set X = Spec (Oxz), Y =Y xx X and define F as the

inverse image of F on'Y . Then
(R (F))z = H'(Y, F).

In particular, iof F is defined by a_group scheme G locally finitely presented
over Y and we set Gy = G Xy Y, we have an isomorphism (R'm.G); ~

H(Y,Gy).
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Proof : By Proposition 3.7 a), we have R, F = am,(H'(F)). Since a
presheaf has the same stalks as its associated sheaf (Remark 2.30), we get

(R F)z = @Hi(U Xx Y, Fluxyy),

where the limit is over all étale neighborhoods U of z in X. Now the required
isomorphism follows from Theorem 3.26 exactly as Theorem 2.40 follows from
Lemma 2.39.

The case of a sheaf F represented by a group scheme G' follows from the
equality F = G xy Y, which comes from Example 2.37, a) (first case).
O

Remark 3.29 We will see later (proper base change theorem 5.7) that for
a proper morphism 7, the previous theorem can be considerably refined for
a torsion sheaf F (that is: a sheaf such that F(U) is a torsion group for
every U € Cx with U quasi-compact, see paragraph 5.1.). Indeed the stalk
(R'm.F)z is then isomorphic to H*(Yz, Fly,), where Yz =Y xx Spec (k(Z))
is the geometric fiber of 7 at z.

3.5. Some spectral sequences

Recall that we always assume that the sites are one of the sites of Example 2.3
(so that the inverse image functor is exact).

Theorem 3.30 a) (Leray spectral sequence) Let w: Xy, — Xg be continu-
ous morphisms of sites. Let F be a sheaf on Xy. Then there is a spectral
sequence

By = H"(Xp, R°m.F) = H™ (X}, F).

b) Let X1 = X4 > Xp be a continuous morphism of sites. Then for
every sheaf F on X}, there is a spectral sequence

(R'm,) (R°wL)F = R (nn') F.

Proof : By Proposition 3.7 ¢), the direct image functors 7, 7’ preserve
injectives. Both results are therefore special cases of Grothendieck’s spectral
sequence of composed functors (cf. [30]).

0

Remark 3.31 There is also a spectral sequence associated to two sheaves
F1, Fo on Xg, namely:

HT(XE,M‘S(.FL .FQ)) = EXtH_S(.Fl, Fg)
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It is obtained the same way as the previous spectral sequences, once one
knows that if F5 is injective, then Hom(F;, F,) is flabby, which is proven
in [12], Cor II1.2.13 (using Proposition 3.21). An example of this situation
occurs in [8], Theorem 16.14.

Example 3.32 Let X be a quasi-compact scheme over a field k, set I' =
Gal (k/k). We apply Theorem 3.30 to 7 : X — Spec k on the étale sites. Let
F be a sheaf on X with inverse image F on X := X x,k. By Proposition 3.7,
Theorem 2.17, and Theorem 3.26, we have that the sheaf R*7,F corresponds
to the I'-module

limy /* (X, Fx,e) = HY (X, F),

K

where K runs over all finite extensions K C k of k and Fy, is the inverse
image of F on Xg := X X K. We get the spectral sequence in étale coho-
mology

H"(k, H*(X,F)) = H (X, F).

If F is represented by a commutative group scheme G over X, we can re-
place F, F respectively by G := G x; k and G (cf. Remark 3.27). A
consequence of the spectral sequence is that every H"(X, F) is filtered by
groups such that each successive quotient of the filtration is a subquotient of
some H"(k, H*(X,F)) with r + s = n. This is quite useful to get finiteness
or vanishing results. Another interesting consequence is the exact sequence
of the first terms associated to the spectral sequence (cf. [12], Appendix B)

0— H' (k,H'(X,F)) - HY(X,F) - H(k, HY(X, F)) = H*(k, H*(X, F)) —

ker[H*(X,F) — H(k, H*(X,F))] — H'(k, H' (X, F)) = H3(k, H*(X, F)).

Definition 3.33 Let X be a connected scheme, fix a geometric point = of
X. A finite and étale morphism 7 : Y — X is a finite Galois covering if
Y is connected and the right action of Aut x(Y) on F(Y) := Homy(Z,Y)
(which is free because Y is connected) is transitive (this does not depend on
the choice of z). The Galois group of such a covering is Aut x (V).

It is not difficult (but a bit tedious, see [12|, Example I11.2.6) to check
that for a sheaf F on X and a finite Galois covering Y of X, the Cech
complex associated to the single covering Y — X is isomorphic to the stan-
dard complex of inhomogeneous cochains (cf. [8], Th. 1.27) of G with values
in F(Y). This implies the following generalization of Example 3.32, called
Hochschild-Serre spectral sequence:
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Theorem 3.34 Let 7 : X' — X be a finite Galois covering with group G.
Let F a sheaf for the étale topology on X with restriction Fx: to X'. Then
there is a spectral sequence in étale cohomology

H'(G, H*(X', Fx))) = H™"(X, F).

Proof (sketch of):  The left action of G on F(X’) makes it a G-module.
The section functor I'(X.) is the composition of the functor F — F(X')
from S(X) to Cg and the functor M — M¢ from Cg to Ab (the argument
is roughly the same as in the proof of Theorem 2.17, cf. [12], Prop I1.1.4). To
apply Grothendieck’s spectral sequence of composed functors, it remains to
check that for an injective sheaf I on X, we have H" (G, I(X')) = 0 for r > 0.
Observing that [ is a fortiori injective in the category of presheaves, this is
a special case of Lemma 3.16 because H"(G,.) identifies with H"(X'/X,.).
O

Remark 3.35 Hochschild-Serre spectral sequence extends (when X is quasi-
compact and quasi-separated) to an infinite Galois covering X’ — X with
group G (that is: X' is the projective limit of finite Galois covering X; — X
with group G; and G := 1&16’1) Indeed we can use Theorem 3.26 plus the
fact that the cohomology of the group G is obtained as a direct limit of the
cohomology of the G; ([8], Proposition 4.18) coupled with the exactness of
the direct limit functor.

3.6. Comparison of topologies

The first statement of this paragraph shows that in some sense, changing
the category C'x does not change the cohomology if the class E of coverings
remains the same.

Proposition 3.36 Let Cx be a subcategory of a category of X -schemes C'y,
such that (Cx)g and (C'y ) g are sites associated to the same class of coverings
E. Consider the continuous map of site 7 : (C%)g — (Cx)g induced by the
identity map on X.

a) The functor m, is exact, and for every sheaf F on Cx there is an
1somorphism F — mw ¥ F.

b) The functor 7 : S((Cx)r) — S(C%)E) is fully faithful.

c¢) The canonical maps

H(X,mF') = H'(X, F)

93



and

HY(X,F)— H(X,7*F)

are isomorphisms for every sheaves F' on (C%)r and F on (Cx)g.

Proof :  a) The exactness of 7, is clear. Let U € Cyx, then I'(U, 7P F) =
(U, F) because the limit that defines I'(U, 77 F) can be taken over the single
initial object (Id,U). Since F is a sheaf, this equality shows that 7?F and
its associated sheaf 7*F have the same sections over U € Cx C CY, hence:

U, m* F)=T(U,n*F) =TU,n"F) =TU,F).
b) comes from the second part of a), using the formula
Hom(7*F,n*G) = Hom(F, m,n*G) = Hom(F, G)

for every sheaves F, G on Xg.

c) Since 7, is exact, the first map is an isomorphism. The composition
of the second map with the isomorphisms H*(X,n*F) ~ H!(X,m,m*F) =~
H(X, F) is the identity, whence the result.

O

Example 3.37 a) For a sheaf F on the big étale site, corresponding to a
sheaf 7, F on the small étale site, the cohomology groups H]fjt(X, F) and
H! (X, . F) are the same. It does not always imply that the canonical map
m*m.JF — F is an isomorphism: take the sheaf represented by «, on the big
étale site of a regular scheme X:; then 7, F = 0 on the small étale site, but
F # 0 because on arbitrary (non reduced) X-scheme U, we don’t necessarily
have a,(U) = 0.

b) The statement does not imply that for a morphism f : YV — X
of schemes and a group scheme G over X, the groups H' (Y, Gy) and
H(Yy, f*G) coincide if we don’t assume that f (or G) is étale, even though
we know that Gy = f*G on Yy, by Example 2.37, a). Take for instance
G = o, on X = Speck (where k is the spectrum of a field) and ¥ =
Spec (k[T]/T?). Then G = 0 on Xg, hence we have H°(Yy, f*G) = 0; but
H°(Yy,Gy) = a,(Y) # 0. Another example consists of taking k algebraically
close, G =G, and Y = A,lg. Then G is the constant sheaf £ on X, so f*G
is also the constant sheaf &, which implies H°(Y, f*G) = k. However

HO(Y, Gy) = H(Y, G,) = k[T].

There is also a statement when the class E of coverings is replaced by a
smaller class, if one assumes that this smaller class contains a refinement of
every covering in F.
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Proposition 3.38 Let 7 : ((Ch)x)g, — ((C2)x)E, be a continuous mor-
phism of sites induced by the identity on X, where (Cy)x is a subcategory of
(C1)x and Ey D Ey. Assume that for every U € (Cy)x and every covering of
U for the Ey-topology, there is a covering of U for the Es-topology that refines
it. Then m, : S(Xg,) — S(Xg,) is ezact and H (X g,, m.F) ~ H(Xg,,F)
for every sheaf F on Xg,.

Proof :  The condition that 7, takes injectives to injectives is automatic
(Proposition 3.7, ¢)). Since we obviously have H(Xg,, 7.F) = H*(Xg,, F),
it is sufficient to show that =, is exact. We observe that =, is simply the
restriction of an Ej-sheaf to an Es-sheaf, the Fs-topology being coarser. We
already know that m, is left exact. Let F — JF’ be a surjective map of
sheaves on Xp,, take U € (Cy)x and s € F'(U). By Remark 2.32, there
exists a covering (U;) of U for the Ej-topology such that every sy, is in
the image of F(U;). Let (V;) be a covering of U for the Es-topology, such
that (V}) is a refinement of (U;). Then every V; — U factors through some
Ui — U, which implies that sy, is in the image of F(V;) for all j, hence
F — F’ remains surjective in S(Xg,).

m|

Example 3.39 Assume that X is locally noetherian. Thanks to Proposi-
tion 2.16 (which apply to every U € Cx in the cases below), we have the
following examples of refinements as in Proposition 3.38:

a) Replace the class of all étale morphisms (in the definition of X ) by
the class of étale morphisms of finite type, or even affine and of finite type
étale morphisms morphisms if X is separated.

b) Similarly, we can take for C'x the class of finite type X-schemes and
for E the class of flat and of finite type morphisms in the definition of the
(big) flat site. If X is separated, it is also possible to compute cohomology
on a "small"® flat site, taking for F the affine and flat morphisms of finite
type and for C'y the affine flat X-schemes of finite type.

Theorem 3.40 Let F be a quasi-coherent Ox-module and let W (F) be the
corresponding sheaf on Xeppr. Then HY(Xjar, F) ~ H( Xeppt, W(F)). A sim-
ilar result holds if the flat site is replaced by the étale site.

8Observe, however, that on this small flat site direct products do not exist in general:
indeed if W is a flat X-scheme and U, V' are W-schemes that are flat over X, then U xy V'
might not be flat over X because it is not guaranteed that U or V is flat over W.
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Proof :  We give the proof for the flat site (it is similar for the étale site).
Using Leray spectral sequence, one reduces to showing that Rim, W (F) = 0
for all ¢ > 0, where m : Xppr — X,ar is the natural continuous map, or
equivalently that H*(Upps, W (F)) = 0 for every open affine subset U C X.
Using Example 3.39 b), one can use the small E-site on U, where E is the
class of all affine flat morphisms of finite type. By Proposition 3.21 and the
last statement of Proposition 2.16, it suffices to show that on this site, we
have H (U, W (F)) = 0 for every covering U = (U; — U);e; of U with I finite.
Replacing the family of U; by [[, U;, we reduce to the case where U consists
of one single morphism Spec B — Spec A with B flat and finitely generated
over A. Since W(F) = M for some A-module M, the Cech complex is now
the complex of Lemma 1.6, which we know is exact.

0

The following result is more difficult, see [12], Theorem II1.3.9. Using
again Leray spectral sequence, the method consists of proving that we have
H'(Xgppt, G) = 0 for ¢ > 0 when X = Spec A with A strictly local, which
relies on computations in Cech cohomology.

Theorem 3.41 Let G be a smooth, quasi-projective, and commutative group
scheme over a scheme X. Then H' (X, G) ~ H'(Xgppt, G). Besides, if
X = Spec A with A henselian, then H(X,G) ~ H Xy, Go) (for the flat or
the étale topology), where Xy is the closed point of X and Gy := G xx Xj is
the closed fiber of G over X.

Remark 3.42 A similar statement holds for étale cohomology compared to
complex cohomology on a smooth C-scheme X, provided one restricts to
torsion coefficients ([12|, Th. II1.3.12). Theorem 3.41 is false without the
smoothness assumption: take an imperfect field k& of characteristic p and
set X = Speck, G = p,. Then by Kummer exact sequence and Hilbert’s
Theorem 90, we have H{ . (k,p,) = k*/k*", but H} (k, u,) = 0 because the

fppf
sheaf yi, is zero on the étale site of X.

3.7. Cohomology with support

We consider the following situation: X is a scheme, U an open subscheme of
X, and Z = X — U is a closed subscheme of X. Denote by i : Z — X the
corresponding closed immersion and j : U — X the open immersion.

Definition 3.43 The right derived functors of the left exact functor
F = ker[F(X) = F(U)]
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from S(Xg) to Ab are denoted Hy(X,F) and are called the cohomology
groups with support on Z.

Theorem 3.44 Let F be a sheaf on X¢. There is a long exact sequence
0— HY(X,F) = F(X) = FU) = Hy(X,F)...

v = Hy (X, F) = H(X,F) —» H(U,F) » HS (X, F) — ...

Proof :  Apply Lemma 2.44 to the constant sheaf Z on X, and define
Zy =y, 2, = i,0*7Z. Since Z is an étale group scheme over X, we have
(by Example 2.37) that ¢*Z is just the constant sheaf Z on Z. Let F be
a sheaf on Xg. We use the long exact cohomology associated to the func-
tor Hom(., F) (which is contravariant and left-exact, with derived functors
Ext’(., F)). We get, for every sheaf F on X4, an exact sequence

... = Ext™(Z, F) = Bxt"(Zy, F) = Ext"™"(Z5, F) — ...

As already explained (Remark 3.5, b), we have Ext"(Z,F) = H"(X,F).
Since

Homgx(Zy, F) = Homgw(Z, 5 F) = F(U),

the group Ext"(Zy,F) is obtained as a derived functor of U — T'(U,F),
hence it is H" (U, F) (see Remark 3.5 ¢). Similarly, the groups Ext"(Zz, F)
are obtained as derived functors of

Homgx)(Zz, F) = Homg(z)(Z,i'F) = HY(X, F)

(cf. Proposition 2.45), so they coincide with H7 (X, F).
O

Theorem 3.45 (Excision) Let Z C X and Z' C X' be closed subschemes.
Let m : X' — X be an étale morphism such that 7(X' — Z') C X — Z and
7 induces an isomorphism Z' ~ Z. Then for every sheaf F on Xg, the
canonical map

Hy(X,F)— HL (X', 7*F)

s an tsomorphism for all p > 0.
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Proof :  Since 7* is exact and preserves injectives (its left adjoint m being
exact), it is sufficient to deal with the case r = 0. Set U = X — Z and
U = X' — 7', there is a commutative diagram with exact lines

0 — HYX,F) —— H'X,F) —— HY(U,F)

‘| | !

0 — HY (X', Fix) — H' (X', F) —— H°(U',F)

Let o € HY(X, F) such that u(a) = 0. Then the restriction of « € H°(X, F)
to U and to X' are zero, which implies that o = 0 because (U — X, X’ — X)
is a covering of X. Now let 8 € HY, (X', Fix) C HY(X', F). The restriction
of Band 0 to X' xx U = 7~ }(U) C U’ agree, hence they glue to a section
a € H°(X, F), which by construction is in H%(X, F); thus u(«) = . Finally,
u is bijective as required.

m

Corollary 3.46 Let z be a closed point of X. Then for every sheaf F on
X, there is an isomorphism HL(X, F) — HZ(Spec (0% ), F).

Proof : By theorem 3.45, we have H. (X, F) ~ H (Y, F) for every étale
neighborhood (Y,y) of z that induces an isomorphism between the closed
subschemes {y} and {z} (in particular y and z have same residue field).
Taking the direct limit over such (Y, y) (cf. Theorem 3.26), we get the result.

m

4. Etale cohomology: more examples

Unless explicitely specified, all schemes are equipped with the étale topology.
For every Z-group scheme G and every scheme X (ex. G = Z,G = G,,), the
piece of notation Gx (or simply G if X is understood) denotes the X-group
scheme G Xgpecz X. When X = Spec A is affine, G4 stands for Ggpec a-

4.1. Cohomology of Z

Lemma 4.1 Let X be a scheme. Let K be a field equipped with a morphism
f:Spec K — X (i.e. a K-point of X is given). Then

a) HY(X, f.Zx) = 0.

b) Hl(Xa f*Gm,K) = 0.

C) le*ZK =0.

d) R .G, = 0.
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Proof :  Leray spectral sequence (Theorem 3.30, a) yields for every étale
sheaf F on Spec K (corresponding to a Galois module by Theorem 2.17)
an injection H'(X, f.F) — HY(K,F). But H'(K,F) = 0 in both cases
F = Z (Example 3.4, ¢) and F = G, (this is Hilbert’s Theorem 90 in Galois
cohomology, cf. [8], Theorem 6.5).

By Proposition 3.7 a), the sheaf R!f,Zy is associated to the presheaf
U — HYU xx Spec K, Zy). Since for every étale map U — X, we know
that the fiber U X x Spec K is empty or is the disjoint union of spectra of
fields (see comment after Definition 1.8), the same argument as above shows
that both H'(U x x Spec K, Z) and H'(U X x Spec K, G,,, k) are zero.

O
Proposition 4.2 Let X be an integral, noetherian and normal scheme.
Then HY(X,Zx) = 0.
Proof : Using Proposition 3.38 and Example 3.39, we can make the

calculation on the site Xg such that objects of C'x are étale X-schemes of
finite type and morphisms in F are étale morphisms of finite type. Let
¢ : 1 — X be the inclusion of the generic point of X. By Lemma 4.1, it
is sufficient to show that the canonical map Zx — ¢.Z, is an isomorphism.
We can check this on sections over U, where U is a connected, étale and
finite type X-scheme. Then U is normal by Proposition 1.15 and noetherian
(it is of finite type over a noetherian scheme), hence it is integral by [23],
Lemma 7.7. The generic fibre U, of U — X is then integral, hence

ZX(U) =7Z= Zn(Un) = (i*Zn)(U)-
O

Remark 4.3 The same argument shows that for an integral, noetherian and
normal scheme and an arbitrary constant commutative group scheme M on
X, we have H"(X, M) ~ H"(X,i,M,) for all » > 0. Using Leray spectral
sequence, this provides an injective map H*(X, M) — H*(K, M), where K
is the function field of X. Using the interpretation of H'(X, M) with torsors
(see next paragraph), one sees that H'(X, M) corresponds to the group of
continuous morphisms from the étale fundamental group (cf. [12], §1.5) of X
(or its abelianized group) to M.

4.2. Torsors, descent, and twisted forms

In this paragraph only, we will most of the time work on the flat site, so
we will use notation like H"(X,...) for H"(Xgppt, -..). We denote by G be a
locally finitely presented and flat group scheme over a scheme X.
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We start with a classical statement in faithfully flat descent theory (see
2], §6.1 and 6.2):

Theorem 4.4 Let f :' Y — X be a faithfully flat and quasi-compact mor-
phism. Denote by p1,pa the projections Y Xx Y — Y and by p;; the projec-
tions Y xx Y xxY =Y xxY fori>j (defined by p;i(y1, y2, y3) = (y;,9i))-

Then, to give a quasi-coherent sheaf F over X is equivalent (via F +
f*F) as giving a quasi-coherent sheaf F' on'Y equipped with a descent datum,
that is: an isomorphism ¢ : p{F' — p5F' such that

P31(9) = Pa2(@)p51 (4). (7)

A similar statement holds with schemes Z affine over X (where Z' =
7Z xx Y ) instead of quasi-coherent sheaves.

Observe that if F’ (resp. Z') comes from a quasi-coherent Ox-module
(resp. an affine X-scheme), we obviously can take for ¢ the identity map to
obtain condition (7).

Definition 4.5 A (right) G-torsor (or principal homogenous space of G) over
X is a faithfully flat, locally finitely presented scheme Y — X, equipped with
a (right) action of G such that the corresponding map

Y xxG—=Y xxY,(y,9) = (v,9.9)

is an isomorphism. A torsor is trivial if it is isomorphic to G (acting on
itself), which is the case as soon as Y — X has a section.

Example 4.6 A finite Galois covering of X with Galois group G (where G
is an abstract finite group) is nothing but a (connected) X-torsor under the
constant group scheme G.

Proposition 4.7 Let f : Y — X be an X-scheme equipped with an action
of the group scheme G. The following are equivalent:
i)Y is a G-torsor over X .

it) There a covering (U; — X)) for the flat topology such that every Yy, :=
Y X x U; is isomorphic as a Gy,-scheme to Gy, (equipped with the action by
right-translation,).

If G is smooth over X, flat topology can be replaced by étale topology in
condition ii).

Condition ii) can be rephrased as : the torsor Y is trivialized by the
covering (U; — X).
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Proof : i) = ii): It suffices to take the covering given by the single
morphism Y — X and the isomorphism given by the definition of a torsor.

ii) = i): Set U := [[U;. Then U is faithfully flat and locally of finite
presentation over X and Yy =~ Gy. In particular Yy is faithfully flat and
locally of finite presentation over U, which implies (Proposition 1.7) the same
for Y over X. By assumption (Y xx G)y — (Y xx Y)y is an isomorphism,
hence so is (Y xx G) = (Y xx Y) by loc. cit.

Assume further that G is smooth over X. Then so is a G-torsor Y by
loc. cit. Cover X by affine open subset X; and set V; = f~}(X;); then
fi » Y, = X, is a G-torsor. Since X; is quasi-compact, the morphism f;
admits a quasi-section, that is: there is (by [12], Prop. 1.3.26) an étale and
surjective morphism Y/ — X; equipped with an X;-morphism Y; — Y;. This
implies that (Y — X) is an étale covering of X, which satisfy condition ii)
because each torsor f; is trivialized by Y;, hence by Y/.

O

It is actually useful to extend the definition of a torsor to (non necessarily
representable) sheaves.

Definition 4.8 Let F be a sheaf of sets on Xy, equipped with an action
of G. It is said to be a sheaf torsor for G over X if it satisfies condition ii)
of Proposition 4.7, where Yy, is replaced by the restriction of F to U;, which
must be isomorphic as a Gy,-sheaf to the sheaf Gy, .

Remark 4.9 In this definition, the group scheme G can be replaced by a
sheaf of groups (not necessarily representable by a group scheme) on X, with
the obvious modifications. Also, a sheaf torsor is trivial (isomorphic to G) if
and only if it has a global section over X.

Lemma 4.10 Let F be a sheaf torsor on a quasi-compact, quasi-separated
scheme X . Then there exists a finitely presented and faithfully flat morphism
[ Y — X such that the sheaves Gy and Fjy are isomorphic.

Proof:  This is a consequence of Proposition 2.16: indeed if (f; : U; — X)
is a covering as in Definition 4.8, we can assume that [ is finite and all f; are
flat and finitely presented. Then take Y =[], U;.

O

By Proposition 4.7, a scheme that is a G-torsor is a sheaf torsor, and two
such schemes are isomorphic as G-torsors if and only if they are isomorphic
as sheaf torsors (by Yoneda lemma). In general, a sheaf torsor is not always
representable. However, we have:
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Proposition 4.11 Assume that the group scheme G is affine. Then a sheaf
torsor F for G over X is representable by a G-torsor.

Proof : Start with the case when X itself is affine. Let Y be as in
Lemma 4.10 and denote by p1,ps the two projections ¥ xx Y — Y. We
have p}(Fjy) = p5(Fjy) because both p; and p, are X-morphisms and Fjy is
the restriction of a sheaf defined over X. Since Gy and F|y are isomorphic,
this induces an isomorphism pj(Gy) — p3(Gy ) which satisfies the conditions
of Theorem 4.4, hence this defines an affine scheme 7 such that 7y = Gy.
Consider the sheaf Hom(7,F). By construction we have a section ¢y of
this sheaf over Y, which satisfies the glueing condition with respect to the
covering Y — X, hence comes from a unique morphism ¢ : 7 — F (and
similarly for the converse isomorphism <p§1, hence ¢ is an isomorphism).
Thus F is represented by 7.

In the general case, cover X by affine open subsets (X;). For each i, let

7; + T; — X; be an X;-scheme that represents F|x,. We can now glue the

7: along the U;; := 7, *(X; N X;) (the glueing conditions being ensured by

the fact that Fjx,nx,) is represented by both 7;; = T; xx, (X; N X;) and
Tii = T; Xx,; (XiN Xj)) to get an X-scheme that represents F.

0

Our next goal is to relate (isomorphism classes) of sheaf torsors to étale
cohomology. To include the case of a non commutative group scheme G,
it is necessary to slightly extend the definition of the Cech H' as follows.
Let U = (U; — X);er be a covering on a site X and let G be an X-group
scheme, or more generally a sheaf of groups on X (with the composition law
written multiplicatively). Set U;; := U; xx U; for 4,j € I and similarly for
Uijk-

Definition 4.12 A 1-cocycle for U (with values in G) is a family g = (gi;)i jer
with g;; € G(U;;), such that the restriction of g;; and g¢;;gx to Uy, coincide.
Two cocycles g, ¢" are said to be cohomologous if there exists a family (h;)er

with h; € G(U;) such that

g = ((ha)w, )i (hiw,) ™5 Visj €1 (8)

The quotient of the set of cocycles by the equivalence relation "being co-
homologous" is denoted H'(U, G) (recall that unless otherwise specified, the
site F is the flat site in this paragraph). It coincides with the corresponding
Cech cohomology group is G is commutative; in general it is only a pointed
set, the distinguished element (denoted 0 or 1) being the class of the cocycle
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defined by g;; = 1 for all 7, j. Observe that thanks to the cocycle condition,
a cocycle automatically restricts over each U; to a trivial (:=cohomologous
to 1) cocycle for the covering (U; X x Uj)jer.

Taking direct limit over all (classes of) coverings, we define

HY(X,G) = @Hl(u,a).

There is still a (small) piece of long exact sequence for these non abelian
cohomology sets:

Proposition 4.13 Let
1—=-G =Gy — G5 —=0

be an exact sequence of sheaves of groups. Then there is an exact sequence
of pointed sets

1 G1(X) = Go(X) — G5(X) S HY(X,Gy) — HY(X,Go) — H'(X,Gs).

Here, exact sequence of sheaves of groups means that 1 — G7 — Gy — G3

is exact as a sequence of presheaves, and G — (G35 is "locally surjective" in
the sense of Remark 2.32.

Proof (sketch of):  The only non obvious map is 9, which we define as
follows. Let g € G3(X), take a covering (U; — X) such that the restriction
gju, lifts to some g; € G2(U;). Then set

8(g)w - ((gi)\Uij)_l(gj)|Uij'

It is then straightforward to check that d(g) is well-defined and the required
exactness.
O

Theorem 4.14 There is a bijection between the set ST (X,G) of isomor-
phism classes of sheaf torsors for G and H (X, G). The image of the trivial
torsor is 0.

Proof: Start from a sheaf torsor F and take a coveringd = (f; : U; — X)
that trivializes F. In particular F(U;) # 0; choose s; € F(U;), there is
a unique g;; € G(Uj;) such that ((si)jv,).9i5 = (Sj)jv;- One immediately
checks that the restriction to Ujji, of s;g;;9x and s;g;, coincide with <8k)|Uijk7
hence g = (g;;) satisfies the cocycle condition. Replacing s; by s; gives a
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cohomologous cocycle (write s} = s;.h; with h; € G(U;), then the new cocycle
gi; = h; ! gi;hj), and taking an isomorphic torsor clearly does not chfmge the
cohomology class of (g;;) either. Whence a map ¢ : ST(U,G) — H' (U, G)

defined on the isomorphism classes of sheaf torsors trivialized by U.

We now construct an inverse map. Consider the sheaves

QO(”? G) = H(fl)*(GUz)’ Ql(”? G) - H(flj)*(GUm)

i i\j
There is a morphism of sheaves d : C°(U, G) — C1(U, G), defined (for an arbitrary
V — X) by

(hi) = (hi Dy, (s [TGV xx U) = [[ GV xx Usy).
i ij

Let g be a cocycle for G and U, we associate a sheaf torsor F ¢ CO(U,G) to
g as follows. For every V. — X, we take for F(V) the inverse image of giv by
d. The sheaf F is equipped wih the right action ((s;,h)) + h~ls; of G. In the
particular case of a trivial cocycle that can be written g;; = (g; 1)\U¢j (9, for
some g; € [[ G(U;), we observe that G is isomorphic to F via

s sy @) vsos GV) = [ GV xx Uy).

Indeed (g;)jvxy, is in F(V) by definition and the kernel of the map d(V) :
U, G) V) = CHU,G)(V) identifies to G(V) because G is a sheaf, hence the
inverse image of g,y by d is G(V).(gi)jvxy,- Since the cocycle g becomes trivial
over each U; and the definiion of F is compatible with the restriction maps, this
proves that Fy, is isomorphic to Gy, (compatibly with the action of G). Therefore
F is a sheaf torsor for G.

It is now straightforward to check that the 1-cocycle associated to F by the
map c is g, and conversely that if start from a sheaf torsor F; and an associated
cocycle g1 (whose class is ¢(F1)), then the sheaf associated to the cocycle g; is Fi.
So ¢ is a bijection. It remains to take the limit over all (classes of) coverings U.

]

Remark 4.15 a) The bijection ¢ is functorial in both X and G in the
following sense. If w : X’ — X is a morphism, then it induces a map
u* : HY(X,G) = HY(X’,Gx/) (defined by pulling-back coverings of X’ and
corresponding cocycles to X) such that u*(c(F)) = c(F|xs) for every sheaf
torsor F. If f : G — G’ is a morphism of X-group schemes, it induces
an obvious map f, : HY(X,G) — H'(X,G") by pushout of cocycles. The
link to the bijection ¢ is more complicated: starting from a sheaf torsor F
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for G, the sheaf torsor F’ associated to f.(c(F)) is obtained by taking the
contracted product F x¢ G'; by definition this is the sheaf quotient of F x G’
by the action of G' defined by (s,¢’).g = (sg7',¢’g), where G acts on G’ via
f. When G is commutative, the contracted product of two sheaf torsors also
corresponds to the group law on the abelian group H (X, Q).

b) If the group scheme G is smooth over X, we can replace flat cohomology
by étale cohomology in Theorem 4.14 thanks to Proposition 4.7. In particular
Theorem 3.41 extends to the non-abelian H!.

c¢) For an affine group scheme G, there is no need to distinguish between
sheaf torsors and torsors (Proposition 4.11), hence we have a bijection be-
tween the set 7(X,G) of isomorphism classes of torsors and H'(X, G).

Torsors and Cech cohomology sets are closely linked to the following
notion:

Definition 4.16 Let Z be an "object" over X (example : a scheme, a sheaf
of Ox-modules or of Ox-algebras...). A twisted form of Z for the flat (resp.
étale, resp. Zariski) topology is an objet of the same type Z’ with the property
that there exists a covering U = (U; — X) for the flat (resp. étale, resp.
Zariski) topology such that Z x x U; ~ Z' x x U; for all i.

Example 4.17 a) Let G be an X-group scheme. A G-torsor is a twisted
form of G (as a right principal homogeneous space of G).

b) A locally free sheaf of rang n on X is a twisted form of O% for Zariski
topology; actually it is sufficient to demand that it is a twisted form of O%
for the étale or flat topology, by descent theory (see proof of lemma 4.19
below).

Keep the notation as above. Consider the presheaf Aut (Z) defined by
U — Auty(Z xx U), it is easily seen to be a sheaf when Z is a scheme
as well as Z is a sheaf of Ox-modules. Let Z’ be a twisted form of Z
trivialized by a covering U = (U; — X). We define an associated class
o(Z) € H U, hut (Z)) as follows. Let @; : Zy, — Zj; be an isomorphism,
then ay;; = ¢; 'p; is a cocycle, and we take for ¢(Z) its class. It is easy to
check that it is well-defined and that two twisted forms are X-isomorphic if
and only if they have the same cohomology class.

Conversely, set Y = [[,U; and as usual denote by p;,ps the two pro-
jections Y xx Y — Y. Start from a cocycle g with cohomology class
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c € HY(Y/X,Aut (7)), it can be viewed? as an isomorphism piZ — piZ
that satisfies condition (7), that is as a descent datum on Zy. Summing up:

Proposition 4.18 The map Z — c¢(Z) induces an injection ¢ from the set
of isomorphism classes of twisted forms Z' of Z such that Z3, ~ Zy to the
set HY(Y/X,Aut (Z)). The map c is surjective iff every descent datum on
Zy arises from a twisted form Z' defined over X.

For example, surjectivity of ¢ holds if the (flat, étale, or Zariski) covering
Y — X is quasi-compact and Z is a quasi-coherent Ox-module (resp. an
affine X-scheme) thanks to Theorem 4.4.

4.3. Cohomology of G,,, Hilbert’s Theorem 90

The following lemma extends the classical Hilbert’s Theorem 90 (cf. [§],
Theorem 6.5) in Galois cohomology, which is the case n = 1 and A is a field.
The group scheme GL,, is defined over Z by : for every Z-algebra B, GL,(B)
is the group of invertible matrices M, (B)*; we also write GL,, for GL, xz X
if X is understood.

Lemma 4.19 Let A be a local ring and X = Spec A. Then H'(X,GL,) =0
(for the flat, étale, or Zariski topology).

Proof : We give the proof for the flat site (the other cases are simi-
lar). Since X is affine, it is sufficient (using Proposition 2.16 and replacing
a covering (U;) by [[U;) to prove that for every affine and faithfully flat
morphism Y = Spec B — X, the set H'(Y/X,GL,) is trivial. We observe
that GL, = Aut (O%). Consider a descent datum on Of. By Theorem 4.4, it
comes from a quasi-coherent Ox-module F = M , where M is an A-module.
As Fy is isomorphic to OF, the sheaf F is locally free of rank n, hence M
is a flat and finitely presented A-module by [19] Lemma 10.83.2. Therefore
M is a projective A-module by Proposition 1.4, d). This implies M ~ A™ by
[19], Lemma 10.78.5, because A is local. Hence the class of F in H'(X, GL,)
is trivial. We conclude with Proposition 4.18.

0

Definition 4.20 Let X be a scheme. The Picard group Pic X of X is the
gI’OUp Hzlar(X7 O;() = Hzlar(X7 Gm)

9To give an example of this correspondance, take X = Spec A, Y = Spec B. Let Z be
the sheaf O% and N be the A-module B™. Then a cocycle can be viewed either as an
automorphism of (B ® 4 B)™ or as an isomorphism N ® 4 B — B®4 N.
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More concretely, recall that it is also the group of isomorphism classes of
invertible sheaves of Ox-modules (cf. [9], exercise I111.4.5).

Theorem 4.21 Let 7 : Xgpr — Xyar be the continuous map induced by the
identity on X. Then R'7,G,, = 0. The same holds if Xyt is replaced by
Xt -

Proof: We treat the case of the fppf site (the proof is similar for the étale
site). By Proposition 3.7 a), we reduce to showing that for a Zariski open
subset U of X, every class o € Hy, (U, Gp,) is trivialized by restriction to
all Hy (Ui, Gy,) for some Zariski covering (U; — U). Using Theorem 3.26
and Remark 3.27, this is equivalent to requiring Hf (U, G;,) = 0 when
U = Spec A with A local, which (thanks to Corollary 3.19, which says that
the H' is the same for derived functor cohomology and Cech cohomology) is
Lemma 4.19 for n = 1.

a

Remark 4.22 The proof of Lemma 4.19 shows in particular the exactness
of

when B is faithfully flat and finitely presented over A.
Corollary 4.23 For every scheme X, there are isomorphisms

Pic X ~ H! (X,G,,) ~ HL(X,G,,).

zar

Proof :  This follows from Leray spectral sequence (Theorem 3.30, a) and

Theorem 4.21.
O

5. Some advanced theorems

In this section, we discuss a few fundamental results in étale cohomology.
Unfortunately, detailed proofs are quite long (and would take a whole seminar
by themselves), so we will only give an overview.

67



5.1. Torsion sheaves

Definition 5.1 Let Xy be a site. A sheaf of abelian groups F on Xg is a
torsion sheaf if F is associated to a presheaf of abelian torsion groups.

Proposition 5.2 a) A sheaf F is a torsion sheaf if and only if the canonical
morphism li HEN- WF — F s an isomorphism, where ,JF is the n-torsion

subsheaf of F.

b) If F is a torsion sheaf on one of the sites X of Example 2.3 and
U € Cx is quasi-compact, then F(U) is torsion.

Proof :  a) Assume that lim nF = F. Then F is associated to the
presheaf U +— @(nf(U)), where hgl(n}"(U)) is torsion (as a direct limit of
abelian torsion groups). Hence F is a torsion sheaf.

Conversely assume that F = aP, where P is a presheaf of torsion abelian

groups. The sequence
0=, P—P3P

is exact in P(Xg). Since the sheafification functor a is exact, this shows that
oF = a(,P). As a commutes with direct limits (as a left-adjoint functor),
we obtain

b) Let P be the presheaf U’ — lim ,, F(U’) over U. It is separated as a
subpresheaf of F. Since U is quasi-compact and morphisms in E are open
maps for all sites of Example 2.3, every covering (U; — U) has a subcovering

(U; = U)ser with I finite. As F = aP = H'(P) (Example 3.12 a), we get

F(U) = H(U,P) = lim H°U, P),

where the limit can be taken over all coverings U = (U; — U);e; with I finite.
Since .
H2U,P) =ker([ [ P(U:) = [] PUi xv U))],
iel ijel
the groups H°(U, P) are torsion (because each P(U;) if torsion and I is finite).

Hence, so is the direct limit F(U).
|

Proposition 5.3 Let X be a scheme. A sheaf F on Xg is torsion if and
only if all its stalks F3z are torsion groups.
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Proof : Let z be a geometric point of X. By Theorem 2.31, we have
(nF)z = n(Fz). The stalk functors clearly commute with direct limits of
presheaves, hence also of sheaves (thanks to Remark 2.30). By loc. cit., the
canonical map lim (,, /') — F is an isomorphism if and only if lim (,F)z — F
is an isomorphism for all geometric points Z, which yields the result.

m|

Example 5.4 a) The constant sheaf represented by a torsion group A is
a torsion sheaf. Observe that A(X) need not be torsion if X is not quasi-
compact, e.g. A = Q/Z and X is the disjoint union of infinitely many copies
of Spec K, where K is a field.

b) p, is a torsion sheaf.
c¢) Every torsion sheaf F can be written F = @, F{¢}, where the sum is

over all prime numbers ¢ and F{{} := ligln(gn]:) is the (-primary torsion of
F. One says that F is of torsion prime to p (where p is a prime number) if

Fipt =0.

Proposition 5.5 Let X be a quasi-compact and quasi-separated scheme. Let
F be a torsion sheaf on Xg. Then the cohomology groups H"(X,F) are
torsion for all r € N.

Proof : Since X is quasi compact and quasi separated, we have (by
Theorem 3.26, a) :

H'(X,F) = H"(X,lin(,.F)) = lim H" (X, F),

hence it is sufficient to prove that each H"(X,, F) is torsion. Since multipli-
cation by n is zero on ,JF, it is zero as well on H" (X, F), which shows that
H"(X,, F) is an n-torsion group.

|

Proposition 5.6 a) Let f : Y — X be a morphism of schemes. If F is a
torsion sheaf on Xg, then the same holds for f*F.

b) Assume further that f is quasi-compact and quasi-separated. Then
Rf,F is a torsion sheaf for all ¢ € N.

c) If j : U — X is an open immersion, then jiF is a torsion sheaf for
every torsion sheaf F on U.

d) Ifi: Z — X is a closed immersion, then i'F is a torsion sheaf for
every torsion sheaf F on X.
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Proof: a) follows from Propositions 2.38 and 5.3. For b), we observe that
by Theorem 2.40, the stalk of R?f,F at a geometric point T is Hq(?,]?),
where Y is quasi-compact and quasi separated (being quasi-compact and
quasi separated over an affine scheme) and F is a torsion sheaf by a). There-
fore H ‘1(37, F ) is torsion by Proposition 5.5, and we conclude with Proposi-
tion 5.3. ¢) and d) immediately follow from loc. cit. (recall that i'F is a

subsheaf of *F).
|

5.2. Proper base change and smooth base change

In this paragraph, all schemes are equipped with the étale topology. For
proofs of the main theorems of this paragraph, see [12], §VI.2 and V. 4.

Theorem 5.7 (Proper base change) Let 7 : Y — X be a proper mor-
phism. Let F be a torsion sheaf on Y.

a) Let f : X" — X be a morphism, set Y :=Y xx X'. Let f':Y' =Y
and 7 :Y" — X' be the corresponding projections.

7T/

Y — X

f/l lf
y 5 X
Then ‘ ‘
f*(Rm,F) ~ R’ (f*F).

b) Let & — X be a geometric point, denote by Yz the geometric fiber of Y
over I.

/

Y, —/—— &

Y —
Then there is an isomorphism

(R F)z ~ H' (Y, Fly,)-
c) Let k C K be separably closed fields. Assume that Y is a proper

scheme over k and set Y =Y X K. Then H'(Y, F) ~ H Yk, Fy, ), where
we denote by Fly, the pull-back of F to Y.
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Observe that b) is a special case of a), taking for f the morphism z — X
and using Example 3.32. ¢) is obtained by showing that if 7 : Y — Speck
is the structural morphism, then R'm,F is a so-called locally constructible
sheaf, which implies that its sections over the two separably closed fields k
and K are the same (compare with Theorem 3.41: the assumptions are of
slightly different nature).

Corollary 5.8 Let A be a henselian local ring. Let S = Spec A, consider
a proper morphism w : X — S. Denote by sg the closed point of S and by
Xo — so the closed fiber of w. Let F be a torsion sheaf on X¢ and Fo 1= Fix,-
Then HY(X,F) ~ H'(Xo, Fo).

Proof : Let A%" be the strict henselization of A, set S = Spec A™"; denote
by 5¢ the closed point of S and X = X xgS. By Theorem 5.7 b) and
Theorem 3.28, we have isomorphisms

H (X, Frx) =~ H'(X,, (Fo)ix,)-

Now define G = Gal (k(3¢)/k(so)) = Gal (A" /A). We have Hochschild-Serre
spectral sequences (Remark 3.35)

HZ(G7 Hj<77 ‘F‘|Y>> = Hi+j<X7 ‘F)a HZ(Gu Hj(707 (‘FO)\Y) = Hi+j<X7 ‘FO)u

whence the result because the two left-hand terms are isomorphic.
O

There are also finiteness statements if F is further assumed to be con-
structible in the sense of [12], §V.1. We will restrict in these notes to the
simpler case when F is represented by an étale group scheme.

Theorem 5.9 (Finiteness Theorem) Let X be a proper scheme over a
separably closed field k. Let G be an étale, finite type, commutative X -group
scheme. Then the groups H' (X, G) are finite. In particular, with the notation
and assumptions of Theorem 5.7, all H'(Yz, Fy,) are finite if we assume
further that F is represented by an étale and finite type Y -group scheme.

Again, the key is to show that the sheaf Rim,F is constructible, where
7w X — Speck is the structural morphism.

Remark 5.10 Using Hochschild-Serre spectral sequence, we also see that
the groups H'(X,G) are still finite if k is any field such that the Galois
cohomology groups H(k, M) are finite for every finite Galois module M, for
instance if £ = R or k is a p-adic field ([8], Corollary 8.15).
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The conclusion of Theorem 5.7 a) still holds with the properness assump-
tion on 7 strongly relaxed, provided a smoothness assumption is made on the
base change f and a slight restriction is made on the torsion on the sheaf:

Theorem 5.11 (Smooth base change Theorem) Let 7 : Y — X be a
quasi-compact and quasi-separated morphism. Let F be a torsion sheaf on
Y whose torsion is prime to all residue characteristics of X.

a) Let f : X' — X be a smooth morphism, set Y' :=Y xx X'. Let
Y =Y and 7' .Y — X' be the corresponding projections. Then

F*(R'm,F) ~ R’ (f*F).

b) Assume that 7 :Y — X is a proper and smooth morphism, and that
F is represented'® by an étale and finite type group scheme over Y. If X is
connected, then the groups (R'm.JF)z; ~ H'(Yz, Fy,) are isomorphic for all
geometric points T € X.

Corollary 5.12 Let k C K be algebraically closed fields. Let X be a quasi-
compact and quasi-separated k-scheme. Let F be a torsion sheaf on X whose
torsion is prime to Chark. Then H'(X,F) ~ H'(Xk, Fix,) for all i > 0.

Proof: We have K = ligAj, the limit being over all smooth k-algebras
A; C K: indeed every element a; of K — k is transcendental over k, hence
Spec (k[a;]) ~ A}, which is smooth over k. Now apply Theorem 5.11 a)
to the morphisms Spec A; — Speck. Taking the stalks at the geometric
point z of Spec A; corresponding to Spec K — Spec A;, we get isomorphisms
H(X,F) =~ (R%Z)(ﬂXAj)j, where 77 is the projection X4, — Spec A;

Xa, LN Spec (4;)

£ l lf
X —~— Speck
Taking the limit (thanks to Theorem 3.26), we obtain an isomorphism

H'(X, F) = (R'm Fix, ) = H' (Xk, Fixie),

where 7’ is the projection X — Spec K and ¥’ is the geometric point Spec K.
O

Note that provided the slight additional assumption on the torsion on F is
made, no properness assumption is necessary here. The statement still holds

10 Again, it would be sufficient to assume F constructible and locally constant on Y.
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if kK and K are only supposed to be separably closed, because for a universal
homeomorphism X, — X (e.g. a closed immersion defined by a nilpotent
sheaf of ideals, or a morphism X; — X where the field extension L/k is
radicial), the natural map H*(X,F) — H*(Xo, Fx,) is an isomorphism. See
[27], Proposition 45.4.

5.3. Purity and Gysin sequence

Let X be a scheme. We consider a closed subscheme i : Z < X and the
open subscheme U = X — Z. Recall the functor i' : X4 — Zg, which is
left exact with left adjoint i,. The latter is exact by Corollary 2.42, hence '
preserves injectives.

Proposition 5.13 Denote by H,(X,.) the derived functors of i'. Let F be
a sheaf on Xg. There is a spectral sequence

H'(Z, Hy(X,F)) = Hy" (X, F).

Proof :  This is a special case of Grothendieck spectral sequence, since '
preserves injectives and H%(X, F)= HO(Z, i!}").
O

Definition 5.14 Let n € N* be invertible on X. Let ¢ € Z. Define the
following sheaves on X:

(Z/n)(0) = (Z/n)x; (Z/n)(c) = (1y")x, ¢ > 0;
(Z/n)(c) = Hom((Z/n)(—c), Z/n),c < 0.
For a sheaf F of Z/n-modules, set F(c) := F @z, (Z/n)(c).
The following recent theorem (called absolute purity) is due to Gabber

(cf. [14]). The case of schemes of finite type over a perfect field was known
before, see for example [12], Th. VL.5.1.

Theorem 5.15 (Gabber) Assume that X and Z are reqular and Z is of
codimension c everywhere. Let F be a sheaf of n-torsion on Xg, with n
invertible on X. Let m € N*. Then

H7(X,F)) =0,m#2c; H¥(X,F) ~ (F)(—¢)z.

Corollary 5.16 (Gysin sequence) With the notation and assumptions as
above, there is an exact sequence

o= H™2(Z, F(—c)) - H™(X,F) = H™(U,F) = H" 2" Z, F(—c)) — ...
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Proof :  Apply exact sequence of Theorem 3.44; then identify H}'(X, F)
with H™2¢(Z, F(—c)), using spectral sequence of Proposition 5.13 and The-
orem 5.15.

O

An important consequence is the following extension of Theorem 5.9 (see
[12], Corollary II1.5.5 for a proof).

Theorem 5.17 Let X be a smooth variety over a separably closed field k.
Let G be an étale and commutative finite type X -group scheme whose torsion
is prime to Char k. Then the groups H' (X, G) are finite.

Again, this holds more generally for a finite and locally constant sheaf
whose torsion is prime to Char k. Also, Theorem 5.17 is still valid for a
singular variety if resolution of singularities is assumed.

6. The Brauer group

Unless explicitely specified, all schemes are equipped with the étale topology.
A standout comprehensive reference for this topic is the book [4].

6.1. Definition and first examples

Definition 6.1 Let X be a scheme. The Brauer group of X is the étale
cohomology group H?*(X, G,,).

Remark 6.2 a) What we call the Brauer group is sometimes called the coho-
mological Brauer group, to make the difference with a subgroup of H?(X, G,,)
defined in terms of Azumaya algebras. We denote the latter by Br, X. An
Azumaya algebra is a twisted form of the sheaf M, (Ox) for some n (for the
étale topology), hence Azumaya algebras are classified (for a given n) by the
cohomology set H'(X,PGL,). It is known in many cases (but not always
true) that Br ,, X = Br X, thanks to works by Gabber and Cesnavicius.

b) Since G,, is a smooth group scheme, the Brauer group Br X is also
HE (X, Gyn) by Theorem 3.40, b). Tt can also be computed as HZ (X, G,)
on the big étale site thanks to Proposition 3.36.

c) Let f :Y — X be a morphism of schemes. Using the canonical
map (G, ) = Gy (cf. Example 2.37 a), we get (via Remark 3.5, a)
a morphism Br X — BrY between Brauer groups. We can also use b) to
define this map. In particular, if A is a ring, every A-point z € X(A) =
Hom(Spec A, X)) gives rise to a map * : Br X — Br A := Br (Spec A).
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Example 6.3 a) Let X = Speck, where k is a field with absolute Galois
group I'y, = Gal(k/k). Then BrX is the classical Brauer group Brk =
H?*(T, k*) of the field k, thanks to Theorem 2.17 (cf. Example 3.4, d).
As a Galois cohomology group of positive degree, it is a torsion group (|8§],
Corollary 4.23).

b) In particular, Br k is zero if k is separably closed, and more generally if
k is a Cy field like a finite field (see [8], Theorem 6.22). Other examples of C}
fields include the function field of a curve over an algebraically closed field kg
(Tsen’s Theorem) and fraction fields k of excellent henselian discrete valua-
tion rings with algebraically closed residue field (Lang’s theorem). Without
the "excellent" assumption, we still have Brk = 0 (cf. [17], §X.7. : the proof
easily extends from the complete case to the henselian case; it is also possible
to use the approach of loc. cit., §XII.2). A refinement of Tsen’s Theorem
asserts that if £ is the function field of a curve over a separably closed field
whose characteristic is not ¢, then the {¢}-primary torsion of Br & is also zero.

c) Let A be a henselian local ring with residue field x. Then the canonical
map BrA — Brk (associated to Speck — Spec A) is an isomorphism by
Theorem 3.40, b). This shows that Br A = 0 if A is strictly local.

For any abelian group A and any positive integer n, we denote respectively
by Aln] and A/n the kernel and cokernel of multiplication by n on A. For a
prime number ¢, the piece of notation A{¢} stands for the ¢-primary torsion
subgroup of A.

Proposition 6.4 Let X be a scheme. Let n be a positive integer, assume
that n 1s invertible on X. Then there are exact sequences

0 — Pic X/n — H*(X, u,) — (Br X)[n] — 0.

0 — BrX/n— H*X,u,) = H*(X,G,,)[n] = 0.

Proof :  Apply the long exact sequence in étale cohomology to Kummer
exact sequence of sheaves (Example 2.33, a)

0= ftn = G 3G, = 0.

a

Observe that without assumption on n, the previous proposition still
holds provided H?*(X, pu,,) and H3(X, u1,,) are replaced by their fppf counter-
parts, thanks to Example 2.33 b) and Theorem 3.40 b).
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6.2. Brauer groups and function fields

In this paragraph, we link the Brauer group of an integral scheme to the
Brauer group of its function field. For a normal and integral scheme X, the
piece of notation X! denotes the set of integral divisors (or, equivalently, of
points of codimension 1) on X.

Proposition 6.5 Let X be an integral, normal and noetherian scheme with
function field F'. Denote by j : § = Spec F' — X its generic point. For
every integral divisor D of X, denote by k(D) its function field and by ip :
Spec (k(D)) — X the embedding of the generic point of D into X .

a) There is an exact sequence of étale sheaves on X :

0= Gux = juGumr = Dx = @ (in).Zip).
Dex(@)

b) Assume further that X is reqular. Then the map u is surjective.

Proof: a)Let U — X be étale, connected and of finite type with generic
fibre U,,. Using Example 3.39, it is sufficient to check that the corresponding
sequence of sections over such a U is exact. The scheme U is integral by [23],
Lemma 7.7., since it is noetherian and normal by Proposition 1.15; denote
by R(U) its function field. Then

T(U, j.Gr) = T(U,, Gp) = RU)".

Define the morphism of sheaves u via the map

RU) = P ((in)-Zup)(V) = P Z

Dex () EcUu®

defined by the valuations associated to the integral divisors on U. Since
G,.x(U) = Oy(U)* is the group of invertible functions on U and the se-
quence
0—O0OpU)" = RU)" — @ Z
EcUM
is exact by [10], Lemma 1.13 (the scheme U being integral and normal), we
are done.

b) It is sufficient to check the surjectivity at the level of geometric stalks.
Let z € X, A := 0%, and K = FracA. We have to check that the map

K*— & o Z, where the direct sum is over the prime ideals of height 1 and
the map is given by the valuations, is surjective, or in other words that the
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ideal class group of A is trivial. Since A is local and regular (it is a direct
limit of regular rings by Proposition 1.15), it is a UFD (cf. [11], pp. 139 and
142), whence the result.

O

Theorem 6.6 Let X be a noetherian, integral and reqular scheme with func-
tion field F'. Then the canonical map Br X — Br F' is injective. In particular
Br X s a torsion group.

Proof : Let 5 : Spec F — X be the generic point of X. We have Leray
spectral sequence

H'(X, R%j.Gp) = H™*(F,G). 9)

We know that R'j,G,, = 0 by Lemma 4.1. The exact sequence of the first
terms of the spectral sequence now yields an injection H%(X, j.G,,) < Br F.
On the other hand, we can apply cohomology to the exact sequence (cf.
Proposition 6.5, b):

0— Gm,X — j*Gm7F — @ (ZD)*Zk(D) — 0,

Dex (@)

which in turn gives an injective map Br X — H?*(X, j.G,, r) because we have
HY (X, @ pexm(in)sZipy) = 0 by Lemma 4.1 and Theorem 3.26. Whence
the result.

m

Without assumption, it is not always true that Br X is a torsion group
(unlike the Azumaya Brauer group Br », X); see [4], §8.1.

6.3. Schemes of dimension 1

It is possible to say a lot more than Theorem 6.6 when X is of dimension
1 and some additional assumptions are made. For every profinite group G,
denote by GP the group of continuous homomorphism of G' (or its abelianized
group G®) to the discrete group Q/Z.

Proposition 6.7 Let X be a noetherian, integral and reqular scheme of di-
mension 1 with function field K. Assume that all residue fields k(x) for
r € XU are perfect and denote by G, the absolute Galois group of k(x).
Then there is an exact sequence

0—=BrX —»BrK - P GY - H(X,Gy) = H (K, Gy).

$EX(1)
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This statement will be partially extended to higher dimensional schemes
in the next paragraph.

Proof: Let j:Spec K — X be the generic point of X. Let x € XM it is
a closed point of X because X is of dimension 1. By Theorem 3.28, the stalk
of R?j,G,, at a geometric point # with image z is H*(K:" G,,) = Br K%,
where K3" = Frac(O%,). This group is known to be zero (Example 6.3,
b) because the residue field of the henselian discrete valuation ring OF, is
separably closed, hence algebraically closed (the residue field k(z) of O% ,
being perfect). For a geometric point 77 with image the generic point of X,
we still have (R%*j,G,,); = 0 (it is the Brauer group of a separably closed
field). Finally R%j,G,, = 0. Using Leray spectral sequence (9), this yields

H*(X,j.Gp) = Br K; H*(X,j.Gp) = H*(K,Gy,).

On the other hand, we also have Leray spectral sequence for the closed
immersion i, : v — X with € XM Since (i), is then exact, we have
R(iy)« = 0 for all ¢ > 0, which gives H"(X, (i,).Z) = H"(k(z),Z) for
all non negative integers r. Set Dx = @,y (iz)«Z, we thus have (using
Theorem 3.26) H"(X,Dx) = @, xo) H'(k(x),Z). We observe that this
group is zero for r = 1, and is @, ya) GF for r = 2 (cf. Example 3.4, e).
Proposition 6.5 b) yields an exact sequence

0— Gnx — j«Gnx — Dx — 0. (10)
Applying cohomology, we get an exact sequence

0—BrX —BrK— P G- HYX,G,) = H(X,j.Gp),  (11)
zex ()

whence the results because H*(X, j.G,,) — H*(K, G,,).
|

Example 6.8 a) Assume that A is a discrete valuation ring with perfect
residue field x and function field K. Then exact sequence (11) becomes

0—BrA—BrK — H'(k,Q/Z).

The map 94 : Br K — H'(k,Q/Z) is called the residue map. There are
other definitions for this map (Serre residue, Witt residue; see also c) below),
which coincide up to a sign (see [4], §1.4). If we assume further A henselian,

then Br A ~ Brk, and this exact sequence has a section given by the com-
position of the inflation map H'(k, Q/Z) ~ H?*(k,Z) — H*(K,Z) with the
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map H*(K,Z) — H*(K,G,,) induced by m — 7™, m € Z, where 7 is a
uniformizing parameter of A. In particular the residue map is surjective if A
is henselian.

b) Assume further that K is of characteristic zero or X is an algebraic
curve over a field (this works more generally if X is excellent, which is the
case of any scheme of finite type over a field or over Z). Then the fields
KM are of cohomological dimension 1, because they are C; (cf. Example 6.3
b). This implies that H"(K5® G,,) = 0 for every r > 0. In this case, we
have R, G,, = 0 for all » > 0, hence sequence (11) extends to a long exact
sequence

> H'(X,Gp) - H'(K,Gp) » @ H '(k(2),Q/Z) = H (X, Gp) — ...
Z‘EX(I)
Again, the special case of an excellent henselian discrete valuation ring
as in a) yields short split exact sequences

0— H (A G,) = H(K,G,) = H *xQ/Z) — 0.

for all r > 2.

c) Let A and B be discrete valuation rings with respective residue fields
Ka, kp (assumed to be perfect) and fraction fields K, L. Assume that B is
an extension of A with A = K N B and denote by e its ramification index.
Then there is a commutative diagram (where Res denote restriction maps in
Galois cohomology)

BrL —25 H'(rkp,Q/Z)

ResT Te.Res

BrK — H(ka, Q/Z)
To prove this, one can assume that A and B are henselian by going over
to the henselizations. Let K™ be the maximal unramified extension of K.
Then Br K can be identified with H?(Gal (K™ /K), K™") because Br K™ = (
(Example 6.3 b). Hence the valuation map K™ — Z induces a map

Br K — H?*(ka,Z) = H'(ka,Q/Z)

(observe that Gal (K™ /K) is the absolute Galois group of r,4), which is
one possible definition of d4 (and similarly for B). This easily provides the
formula.

d) If X is a smooth curve over an algebraically closed field k, then its
function field K is Cy by Tsen’s Theorem, so H" (K, G,,) = 0 for r > 0, and
we also have H"(k(x),Q/Z) = 0 for all closed points x of X, the field k(z)
being algebraically closed. Thus H%(X, G,,) = 0 for all ¢ > 2.
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6.4. Purity and residues

The next theorems identify more precisely the Brauer group of a regular
integral scheme inside the Brauer group of its field of functions.

Theorem 6.9 Let X be an integral, regular and notherian scheme. Let Z
be a reqular closed subscheme of X of pure codimension ¢, set U = X — Z.
Let ¢ be a prime invertible on X.

a) If ¢ > 2, then the restriction map (Br X){¢} — (BrU){{} is an iso-
morphism.

b) Assume ¢ = 1; denote by Dy, ..., D,, the connected components of Z
and by K1, ..., K,, their respective function fields. There is an exact sequence

0— BrX){{} - (BrU){¢{} — éHl(Di, Qv/Zy)

i=1
and likewise with H*(K;, Qu/Zy,) instead of HY(D;, Qu/Zy).

If all residual characteristics of X are zero, we can of course remove {{}

everywhere and replace Q¢/Z, by Q/Z = @, Q./Zs.

Proof: a) By Proposition 6.4, there is a commutative diagram with exact
rows

0 —— PicX/l" —— H*(X,ppm) — BrX)["] —— 0

| | !

0 —— PicU/0" —— H*(U, pp) —— (BrU)[("] —— 0

Since X is regular, we can identify the Picard groups with the groups of
Weil divisors, making the left hand vertical map surjective. The right hand
vertical map is injective by Theorem 6.6. The snake lemma combined with
Gysin exact sequence (Corollary 5.16, which comes from Gabber’s purity
theorem) now yields an exact sequence

0 — (Br X)[("] — (BrU)[¢"] — H3>*(Z, pen(—c)) — H3(X, pen) — H>(U, pgn)

for ¢ < 2 and an isomorphism (Br X)[¢"] ~ (BrU)[¢"] for ¢ > 2. For ¢ =1,

the closed subscheme Z is the disjoint union of the D; (which are its con-
nected and irreducible components) and H*2¢(D;, n(—c)) = H(D;, Z/(™),
whence the exact sequence

0— (Br X)[("] — (BrU)[¢"] — éHl(Di, Z/0") — H3(X, pon) — H3(U, pign).

i=1
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Taking direct limit over n now yields the required result. We also observe
that the restriction map H'(D;, Q,/Z,) — H'(K;, Qu/Zy) is injective (Re-
mark 4.3) because D; is regular (hence normal), so it is possible to replace
D; by K; in the exact sequence.

O

We now give a version of Theorem 6.9 where the assumptions on Z are
relaxed:

Theorem 6.10 Let X be an integral, reqular, noetherian, excellent scheme.
Let U be a non empty open subset of X, set Z = X — U (with its reduced
structure) and denote by c the codimension of Z. Let { be a prime invertible
on X.

a) If ¢ > 2, then the restriction map (Br X){{} — (BrU){{} is an iso-
morphism.
b) Assume ¢ = 1; denote by Dy, ..., D, the irreducible components of Z of

codimension 1 in X and by K1, ..., K,, their respective function fields. Then
there 1s an exact sequence

0 — (BrX){(} = BrU){} — P H' (K, Qi/Zy).

=1

Proof: As X is excellent, the singular locus of every closed subscheme Z
of X is closed (and different from Z if Z is non empty and reduced, since it
does not contain the generic point of an irreducible component of Z). Define
a sequence of closed subsets (with their reduced structure)

Z2=72027212...0.0.0Zp D Zpi1 =0

where Z,, is the union of the singular locus of Z,,_; and of its irreducible com-
ponents of codimension > n+1 (the sequence stops because X is noetherian).
Then Z is the disjoint union of the W, := Z,,_1 — Z,, 1 <n < m + 1; each
W, is empty or is a regular closed subset of pure codimension n in X — Z,,,
and the last one is W,,,.1 = Z,,.

The case where Z is regular of pure codimension 1 in X is settled by
Theorem 6.9. Otherwise, repeated applications of Theorem 6.9 give isomor-
phisms

Br X {0} ~ Br (X — Z,){¢} ~ Br (X — Zp_1){{} ~ ...~ Br (X — Z,){(}.

If Z = Z;, the proof is over. If Z # Z;, it remains to apply Theorem 6.9 to
the codimension 1 regular closed subscheme W, = Z — Z; of X — Z;.
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Observe that without regularity assumption on Z, it is no longer possible
to replace H'(K;, Q¢/Zs) by H'(D;,Q¢/Z,) in Theorem 6.10.

Corollary 6.11 Let X be an integral, reqular, noetherian, excellent scheme
with function field K. Let € be a prime invertible on X. Then there is an
exact sequence

0= (BrX){¢} = (BrK){¢} » @ H'(Kp.,Qi/Z),

Dex()

where X s the set of integral divisors (or points of codimension 1) of X
and Kp is the function field (=residue field of the corresponding point of
codimension 1) of D.

Proof :  Take the direct limit over all non empty open subsets U of X in
Theorem 6.10.
O

Remark 6.12 Let = be a point of codimension 1 of X with residue field k(z).
The residue map (Br K){¢} — H'(k(x),Q¢/Z,) appearing in the previous
theorem coincides (up to a sign) with the map defined !* in Example 6.8, a)
with A = Ox, (which can also be defined by going to the henselization A"
of A, cf Example 6.8 ¢). See [4], Theorem 3.7.3.

Corollary 6.13 Let X be a reqular, noetherian, integral, excellent scheme
with function field K. Let ¢ be a prime number invertible on X. Then:

a) The subgroup (Br X){¢} of Br K is given by
(BrX){e} = (] Br(Ox.){f}-
zeXx @)

b) Let A; C K fori € I be the discrete valuation rings with quotient field
K which lie over X (that is: such that the map Spec K — X factors through
Spec A). Then

(Br X){¢} = ((Br A){¢} C (BrK){¢}.
el
c) Assume further that X is proper over a scheme S. Let B; be the the
discrete valuation rings with quotient field K which lie over S. Then

(Br X){¢} = ((Br B)){¢} C (BrK){¢}.

el

1Tt is not necessary to assume k(z) perfect here, because ¢ is invertible on X.

82



Proof :  a) follows from Corollary 6.11 and Remark 6.12. b) is an imme-
diate consequence of a). c) is deduced from b) using the valuative criterion
of properness.

|

Remark 6.14 K. Cesnavicius has proved recently that for every regular,
noetherian and integral scheme X and every open subset U of X such that
codim(X — U, X)) > 2, the restriction map Br X — BrU is an isomorphism
(without restriction to (Br X){¢} with ¢ invertible on X). A consequence is
that Corollary 6.13 actually still holds with the assumption on ¢ removed,
see [4], Theorem 3.7.8. and Proposition 3.7.10.

6.5. Birational invariance of the Brauer group

We start with a definition due to D. Saltman.

Definition 6.15 Let £ C K be an extension of fields. The unramified
Brauer group of K over k is the subgroup Bry, (K/k) of Br K consisting
of those elements « such that for every discrete valuation ring A with quo-
tient field K and such that k C A, the element « is in the image of the map
BrA— BrK

Observe that if we assume further that k is of characteristic zero, then the
condition a € Br,, (K/k) can be rephrased as: for every discrete valuation
ring A with quotient field K and such that k C A, the residue d4(«) is zero
(since the residue field of A is then automatically perfect).

Proposition 6.16 Let k C K C L be field extensions. Then the image of
Br,, (K/k) by the restriction map Br K — Br L is a subgroup of Bry, (L/k).

Proof : Let B a discrete valuation ring containing k£ and with fraction
field L. If its valuation v is trivial on K, then K C B and the image of
Br K in Br L is a subgroup of Br B (whose elements have trivial residue at
B). Otherwise, A := BN K is a discrete valuation ring with field of fractions
K, and the restriction to Br L of an element of Bry, (K/k) C BrA is in
BrB C Br L.

|

Theorem 6.17 Let X be a proper, integral, regular variety over a field k

with function field K = k(X). Then Bry,, (K/k) is the subgroup Br X of
Br K.
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Proof :  If k is of characteristic zero, this follows immediately of Corol-
lary 6.13, ¢). In the general case, one has to use Cesnavicius’s purity Theorem
(see Remark 6.14).

O

Corollary 6.18 (Birational invariance) Let X andY be two k-birational
proper, integral, reqular varieties over a field k. Then Br X ~ BrY.

Proof: The condition that X and Y are k-birational means that there are
Zariski-dense open subsets U C X and V' C Y such that U is k-isomorphic
to V, which in turn is equivalent to saying that the function fields k(X)) and
k(YY) are k-isomorphic. Now apply Theorem 6.17.

0

Theorem 6.17 is especially useful to compute explicitely Br X (in partic-
ular when X is given as a smooth and projective model of a possibly singular
variety, it is not necessary to explicitely write down equations for X to com-
pute the unramified Brauer group of its function fields). See section 7. for
examples.

7. Applications of the Brauer group

7.1. Birationality and stable birationality of varieties

In this paragraph, we denote by k a field with separable closure k and absolute
Galois group I' = Gal (k/k). For a k-variety X, we set X := X x; k and
kX" = H'(X,G,,). We let Br; X := ker[Br X — Br X] be the algebraic
Brauer group of X.

Theorem 7.1 Assume that k[X]|* = k* (e.g. X is proper and geometrically
integral, or X = A7}). Then there is an exact sequence

0 — PicX — (PicX)!' = Brk — Br; X — H'(k,PicX) - N = 0,

where N = ker[H?(k,Gy,) — H3(X,Gy,)]. If X(k) # 0, then the map Brk —
Bry X is injective and Bry X/Brk ~ H'(k,Pic X).

Proof : By Hilbert’s Theorem 90, we have H'(k, k[X]*) = H'(k, k*) = 0.
Now the sequence just consists of the exact sequence of the first terms in
Hochschild-Serre spectral sequence (Remark 3.35), given that H°(X, G,,) =
k* by assumption. If we assume further that X (k) # ), then the structural
morphism X — Spec k has a section, hence the morphism Brk — Br X (as
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well as the morphism H?3(k,G,,) — H3*(X,G,,)) has a retraction, hence is
injective, which gives the second statement.
|

Proposition 7.2 Let k be an algebraically closed field. Let C be a regular
and integral curve over k (ex. C' = A} ). Then BrC = 0. The same statement
holds for (BrC){¢} if k is separably closed and ¢ is a prime distinct from
char k.

Proof :  Actually the Brauer group of the function field k(C) is already
trivial by Tsen’s theorem (cf. Example 6.3) if k is algebraically closed, whence
the result by Theorem 6.6. The version of Tsen’s theorem for a separably
closed ground field of characteristic # ¢ yields the second statement.

0

Theorem 7.3 Let S be an integral, reqular, noetherian scheme with function
field K. Let ¢ be a prime distinct from char K. Then the canonical map
(BrS){¢} — Br(AY){¢} is an isomorphism.

Proof : By induction on n, it is sufficient to deal with the case n = 1.
Over a field K of characteristic # ¢, the map (Br K){¢{} — (Br; AL){(}
is an isomorphism thanks to Theorem 7.1, because the Picard group of the
affine space is zero. Besides, we have (Br; AL){¢} = (Br A% ){¢} by Propo-
sition 7.2, whence the theorem when S = Spec K.

In the general case, we observe that there is a commutative diagram

Br(AL) —— Br(Ak)

I I

BrS —— BrK

The horizontal maps are injective by Theorem 6.6 (both groups on the
first line are subgroups of Br (K (7'))). Choose a section (which clearly exists,
for example via the choice of a Z-point of AL) of the structural morphism
AL — S, it induces a retraction s of the left vertical map and a retraction
sk of the right vertical map. By the case S = Spec K, we already know that
Sk is an isomorphism on the ¢-primary torsion subgroups, hence so is s by
diagram chasing.

O

Corollary 7.4 Let k be a field of characteristic zero. Then the canonical
map Brk — BrP} is an isomorphism for n > 1.
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Proof :  Let K ~ k(Ti,...,T,) be the function field of P} and A}. By
Theorem 6.6, we have injective maps

Brk — BrP; — BrAl — BrK,

and the corresponding map Brk — Br A} is surjective, whence the result.
O

Remark 7.5 Over an arbitrary perfect field k of characteristic p, we still
have (Brk){p} ~ Br(A}){p} by Theorem 7.1 and Proposition 7.2, the sep-
arable closure of k being algebraically closed. This is no longer true over a
non perfect field or for Br (A}) (n > 2) over an algebraically closed field of
characteristic p, see [4], Remark 6.1.2. Corollary 7.4 still holds in positive
characteristic, but the proof is more complicated, see [4|, Theorem 6.1.3.

Corollary 7.6 Let X be a projective conic over a field k with Chark # 2,
given by the equation in P3 :

x? —ay® —bz* =0,
where a, b, c € k* are constants. Then there is an exact sequence
0—Z/d—Brk % BrX — 0,
where the index d of X is 1 if X(k) # 0, and d = 2 if X(k) = 0.

Recall that in general, the index of a k-variety X is the g.c.d. of the
degrees of finite extension &’ of k such that X (k") # 0.

Proof : The degree map Pic X — Z is a Galois-equivariant isomorphism

and Pic X is generated by the class of a closed point of degree d. We have

Br X = 0 thanks to the k-isomorphism X ~ P!. Then apply Theorem 7.1.
O

We now go back to the unramified Brauer group. To make the statements
simpler, we assume from now on that all fields are of characteristic zero.

Proposition 7.7 Let k C K C L be field extensions. Assume that L =
K(Ty,...,T,) is purely transcendental over K. Then the map Br K — Br L
induces an isomorphism Bry, (K/k) — Bry, (L/k).
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Proof :  Proposition 6.16 yields that the image of Br,, (K/k) in Br L is a
subgroup of Bry, (L/k). Using induction on n, we can assume that L = K(7T').
Let 8 € Bry, (L/k), then by definition 5 € Bry, (L/K), which is isomorphic
to BrP}, = Br K by Theorem 6.17 and Corollary 7.4. Therefore 3 comes
from a unique o € Br K, and it remains to show that a € Bry, (K/k).

Let A be a discrete valuation ring containing k& with Frac A = K, with
uniformizing parameter m. Let B be the localization of A[T] at the prime
ideal spanned by 7, it is a discrete valuation ring with uniformizing param-
eter m and fraction field L. The induced map k4 — kg on residue fields
corresponds to the canonical injection k4 — k4(T'), hence the corresponding
restriction map H'(rk4,Q/Z) — H'(kp,Q/Z) is injective because k4 is al-
gebraically closed in k. By Example 6.8, ¢), the equality dg(5) = 0 implies
O0a(a) = 0 (indeed the ramification index is 1). Since this is true for all A as
above, this exactly means that o € Bry, (K/k).

0

Definition 7.8 Two k-varieties X and Y are stably k-birationally equivalent
if there exists non negative integers m and n such that X x,P¥ is k-birational
to Y xj, P*. A k-variety X is stably k-rational if X x PF is k-rational for
some n.

Corollary 7.9 Let k be a field. Let X and Y be integral k-varieties with
respective function fields k(X) and k(Y'). Then, if X and Y are stably k-
birationally equivalent, we have Bry, (k(X)/k) ~ Bry, (k(Y')/k). In particu-
lar, if X is stably k-rational, then Bry, (k(X)/k), is trivial, that is isomorphic
to Brk.

This corollary is very important, because it can be used to proved that
two varieties are not stably k-birationally equivalent, e.g. that a k-unirational
variety is not stably k-rational. We will see an explicit example in the next
paragraph.

7.2. Some explicit computations of residues

Let K be a field. Let n be a positive integer which is not divisble by Char K.
There is a cup-product pairing in Galois cohomology

HY(K,Z/n) x H'(K, pi,) — H*(K, i1,) = (Br K)[n], (o, 8) = a U B.

Assume further that K is the fraction field of a discrete valuation ring A with
residue field k whose characteristic does not divide n. There is a residue map
04 : (BrK)[n] — H'(k,Z/n). The following result relates the cup-product
with this residue map:
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Proposition 7.10 Let « € H'(A,Z/n) with image oy € H'(k,Z/n). Let
b € K*, denote by v(b) € Z its valuation and by B its image in H' (K, p,) =
K*/K*". Then

Oa(aUB) =va(b)ay € H (K, Z/n).

Proof :  See [4], §1.4.1., Formula (1.18).
O

Remark 7.11 The case n = 2 is especially interesting: in this case we can
identify the K-group schemes Z/2 and puy. For (a,b) € K*, the cup-product
(a,b) € (BrK)[2] of their classes in H'(K,py) = K*/K* is the classical
Hilbert symbol, which is zero if and only if the projective conic

X:2®—ay? —b2> =0

has a K-point (or, equivalently, b is a norm of the extension K(y/a)/K).
Let K(X) be the function field of X. The kernel of the map v : Br K —
Br X C Br(K(X)) is generated by (a,b) thanks to Corollary 7.6: indeed
(a,b) obviously belongs to ker u because X has a K (X)-point, and we know
that ker u is non-trivial (isomorphic to Z/2) if and only if (a,b) # 0.

Proposition 7.12 Let k be a field of characteristic zero and a € k*—k**. Let
fi(z) and fa(x) be irreducible coprime polynomials of degree two. Consider
the affine surface V' defined in the affine space A3 by the equation

?J2 —az’ = fi(z) f2().

Let K be the function field of V.. Then:
a) The element o := (a, f1(z)) of Br K belongs to Bry, (K/k).

b) Assume further that a is a square neither in the field k[x]/(fi(z)) nor
in the field k[x]/(f2(x)). Then « is not in the image of the canonical map
Brk — BrK.

Proof (sketch of):  a) follows from a computation of residues relying
on Proposition 7.10; b) uses Remark 7.11 and the fact that K is also the
function field of the conic

Yoz’ = filz) fa(@)
over the field k(z).
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Remark 7.13 A smooth projective model X of V' (which exists by Hi-
ronoka’s resolution of singularities Theorem) is an example of Chadtelet sur-
face. Thanks to Theorem 6.17, Proposition 7.12 exhibits a non-trivial element
of Br X, without having to compute explicitely equations for X.

Proposition 7.14 (D.H., 1994) Let a € C*. Let V be the C-variety de-
fined in the affine space A* by the equation

Y —t2* = (2P +a) 1+ —t(z*+a+2)).
Then (t,z* + a) is a non-zero element of Bry, (C(V)).

This yields an example of a C-variety which is unirational (it is dominated
by the rational variety obtained via the change of variables ¢t = u?) but not
stably rational.

Proof (sketch of):  (See [6]). To show (t, 2% + a) # 0, observe that V is
fibered over the affine plane (via t, z), the generic fibre being a conic X over
F := C(x,t) with function field F(X) = C(V). Then apply Remark 7.11
to obtain that (¢, 22 + a) is not in the kernel of Br F — Br (F(X)) because
it is not zero and distinct from (¢, (> + a)(1 + > — t(2®> + a + 2)) in Br F
(equivalently, (¢,2% +a) and (¢, (1 + t* — t(z* + a + 2)) are both non zero in
Br F', which is not difficult to check).

To show that (¢, z*+a) is in Bry,, (C(V)), the method is similar to Propo-
sition 7.12: it consists of proving that all residues are zero thanks to Propo-
sition 7.10.

m

7.3. The Brauer-Manin obstruction

Let £ be a number field. Denote by 2 the set of all places of k and by
k, the completion of k at v. Local class field theory gives a one-to-one
homomorphism inv, : Brk, — Q/Z, which is an isomorphism if v is not
archimedean. Global class field theory yields an exact sequence

0— Brk —» @Brk, *5" P Q/Z 0.
vES) vEQ

Now let X be a k-variety. The above exact sequence implies that for every
rational point M € X (k) with image M, € X (k,), we have for any a € Br X:

> inv, (a(M,)) =0.

vEQ
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Therefore, if for all families of local points (P,) € ], .o X (k,), there exists
o € Br X such that ) g inv,(a(P,)) # 0, we have X (k) = (J: this is the so-
called Brauer-Manin obstruction to the Hasse principle, introduced by Manin
in 1970. Here is an example of this obstruction:

Theorem 7.15 (Iskovskih, 1970) Let V be the smooth Q-variety defined
in the affine space by the equation

Y22 = (2 —2)(3 -2 #£0.

Then V' has points in every completion of Q but V(Q) = 0. The same holds
for every smooth and projective model X of V.

Proof (sketch of):  The property that V has points everywhere locally
is easy to check via Hensel’s lemma. Then the element o := (—1,2% — 2) €
Br (Q(V)) actually belongs to Br,, (Q(V)) ~ Br X by Proposition 7.12 and
Theorem 6.17. Local computations then show that for every local point P, €
V(Q,), we have a(P,) = 0, except if v is the finite place 2 where a(P,) # 0.
Hence V(Q) = 0 thanks to the Brauer-Manin obstruction associated to a.
The same argument works for X because V' (which is smooth) is isomorphic
to a Zariski open subset of X, so V(Q,) is dense in X(Q,) by the implicit
function Theorem.

O

Remark 7.16 For a smooth and proper variety X, there is also a Brauer-
Manin obstruction to weak approximation, namely: a family of local points

(Py) € [ eq X (k) such that

> inv,(a(P,)) # 0

vES)

cannot be in the closure of X (k) (for the product of v-adic topologies). [6]
gives examples (similar to the one of Theorem 7.14) of Brauer-Manin ob-
struction (to the Hasse principle as well as to weak approximation) given by
a transcendental element of Br X and not detected by algebraic elements (i.e.
elements of Br;X).
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