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Abstract

We prove that a quasi-isometric map, and more generally a coarse
embedding, between pinched Hadamard manifolds is within bounded
distance from a unique harmonic map.

1 Introduction

The aim of this article, which is a sequel to [4], is the following theorem.

Theorem 1.1. Let f : X — Y be a quasi-isometric map between two
pinched Hadamard manifolds. Then there exists a unique harmonic map
h: X — Y which stays within bounded distance from f i.e. such that

SupxeX d(h(x),f(x)) <00

We first recall a few definitions. A pinched Hadamard manifold X is
a complete simply-connected Riemannian manifold of dimension at least 2
whose sectional curvature is pinched between two negative constants: —b? <
Ky < —a® < 0. Amap f: X — Y between two metric spaces X and Y
is said to be quasi-isometric if there exist constants ¢ > 1 and C' > 0 such
that f is (¢, C)-quasi-isometric. This means that one has

cld(z, ') —C < d(f(z), f(2)) < cd(z,2')+C (1.1)

for all z, ' in X. A C? map h : X — Y between two Riemannian man-
ifolds X and Y is said to be harmonic if it satisfies the elliptic nonlinear
partial differential equation tr(D?h) = 0 where D?h is the second covariant
derivative of h.

Partial results towards the existence statement were obtained in [31],
[41], [17], [27], [5]. A major breakthrough was achieved by Markovic who
solved the Schoen conjecture, i.e. the case where X =Y is the hyperbolic
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plane Hﬁ, and by Lemm—Markovic who proved the existence for the case
X =Y =HE in [29], [28] and [23]. The existence when both X and Y are
rank one symmetric spaces, which was conjectured by Li and Wang in [25,
Introduction], was proved in our paper [4]. We refer to [4, Section 1.2] for
more motivations and a precise historical perspective on this result.

As explained in [11], the harmonic map & is not always a diffeomorphism
even when f is a diffeomorphism.

Partial results towards the uniqueness statement were obtained by Li
and Tam in [24], and by Li and Wang in [25]. All these papers were dealing
with rank one symmetric spaces.

Note that Theorem 1.1 was conjectured by Markovic during a 2016 Sum-
mer School in Grenoble. According to our knowledge, Theorem 1.1 is new
even in the case where both X and Y are assumed to be surfaces.

The strategy of the proof of the existence follows the lines of the proof in
[4]. As in [4], we replace the quasi-isometric map f by a C*°-map whose first
two covariant derivatives are bounded. But we need to modify the barycen-
ter argument we used in [4] for this smoothing step. See Subsection 2.2.1 for
more details on this step. As in [4], we then introduce the harmonic maps
hr that coincide with f on a sphere of X with large radius R and we need a
uniform bound for the distances between the maps h, and f. The heart of
our argument is in Chapter 3 which contains the boundary estimates, and
in Chapter 4 which contains the interior estimates, for d(hg, f). The proof
of these interior estimates is based on a new simplification of an idea by
Markovic in [28]. Indeed we will introduce a point = where d(h,(z), f(z))
is maximal and focus on a subset Uy, of a sphere S(x,¥y) whose definition
(4.10) is much simpler than in [28] or [4]. This simplification is the key point
which allows us to extend the arguments of [4] to pinched Hadamard mani-
folds. In this proof we use a uniform control on the harmonic measures on
all the spheres of X, which is given in Proposition 4.9. We refer to Section
4.1 for more details on our strategy of proof of the existence.

In order to prove the uniqueness, we need to introduce Gromov-Hausdorff
limits of the pointed metric spaces X and Y with respect to base points
going to infinity and therefore to deal with C?-Riemannian manifolds with
C'-metrics. This will be done in Chapter 5. We refer to Section 5.1 for more
details on our strategy of proof of the uniqueness.

In Chapter 7, we extend Theorem 1.1 to coarse embeddings (see Defini-
tion 6.2 and Theorem 7.1). The proof is similar but relies on the existence
of a boundary map for coarse embeddings. We also show that Theorem 1.1
can not be extended to Lipschitz maps (Example 7.3)

Chapter 6 is dedicated to the existence of this boundary map which, for
a coarse embedding, is well-defined outside a set of zero Hausdorff dimension
(Theorem 6.5). The existence of such a boundary map seems to be new.

We thank the MSRI for its hospitality during the Fall 2016 where this
project was developed. We are also very grateful to A. Ancona, U. Hamen-



stadt, M. Kapovich and F. Ledrappier for sharing their insight with us.

2 Smoothing

In this chapter, we recall a few basic facts on Hadamard manifolds, and we
explain how to replace our quasi-isometric map f by a C* map whose first
two covariant derivatives are bounded.

2.1 The geometry of Hadamard manifolds

We first recall basic estimates on Hadamard manifolds for
triangles, for images of triangles under quasi-isometric maps, and
for the Hessian of the distance function.

All the Riemannian manifolds will be assumed to be connected. We will
denote by d their distance function.

A Hadamard manifold is a complete simply connected Riemannian man-
ifold X of dimension k > 2 whose curvature is non positive Kx < 0. For
instance, the Euclidean space R* is a Hadamard manifold with zero curva-
ture Kx = 0, and the real hyperbolic space ]I-]II’?R is a Hadamard manifold
with constant curvature Ky = —1. We will say that X is pinched if there
exist constants a,b > 0 such that

<Ky <-d?2<0.

For instance, the non-compact rank one symmetric spaces are pinched Hada-
mard manifolds.

Let xg, 1, x2 be three points on a Hadamard manifold X. The Gromowv
product of the points 1 and x9 seen from xg is defined as

(w1|x2)w0 = (d($0, xl) + d(x(], .1‘2) — d(.%'l, .CI}Q))/?. (2.1)

We recall the basic comparison lemma which is one of the motivations
for introducing the Gromov product.

Lemma 2.1. Let X be a Hadamard manifold with ¥ <Ky <—-a?<0.
Let T be a geodesic triangle in X with vertices xq, x1, T2, and let 6y be the
angle of T at the vertex xg.

a) One has (zo|z2)z, > d(xo, 1) sin?(6p/2).

b) One has 6y < 4e~@@1le2)ag

¢) Moreover, if min((zo|21)z,, (¥0|22)s,) = b~Y, one has Oy > e~0@1lr2)z

Proof. This is classical. See for instance [4, Lemma 2.1]. O

We now recall the effect of a quasi-isometric map on the Gromov product.



Lemma 2.2. Let X, Y be Hadamard manifolds with P <Ky<-ad2<0
and —b?> < Ky < —a?> <0, and let f : X — Y be a (c,C)-quasi-isometric
map. There exists A = A(a,b,c,C) > 0 such that, for all xg, z1, x2 in X,
one has

cHa]m2)ay — A < (F@)If(02) fag) < c(@1]z2)0g + A . (2.2)

Proof. This is a general property of quasi-isometric maps between Gromov
d-hyperbolic spaces which is due to M. Burger. See [13, Prop. 5.15]. O

When zg is a point in a Riemannian manifold X, we denote by d;, the
distance function defined by da, () = d(xo,z) for 2 in X. We denote by dZ,
the square of this function. When F : X — R is a C? function, we denote
by DF its differential and by D?F its second covariant derivative.

Lemma 2.3. Let X be a Hadamard manifold and xg € X.
Assume that —b*> < Kx < —a? < 0. The Hessian of the distance function
dg, satisfies on X \ {zo}

acoth(ady,) go < D*dy, < beoth(bdy,) go (2.3)

where go := gx — Ddyz, ® Dd, and g, is the Riemannian metric on X.
When a = 0 the left-hand side of (2.3) must be interpreted as d;,'go.

Proof. This is classical. See for instance [4, Lemma 2.3] O

2.2 Smoothing rough Lipschitz maps

The following proposition will allow us to assume in Theorem
1.1 that the quasi-isometric map f we start with is C*° with
bounded derivative and bounded second covariant derivative.

2.2.1 Rough Lipschitz maps

A map f: X — Y between two metric spaces X and Y is said to be rough
Lipschitz if there exist constants ¢ > 1 and C > 0 such that, for all z, 2/ in
X, one has

d(f(z), f(a") < cd(z,a")+C . (2.4)

Proposition 2.4. Let X, Y be two Hadamard manifolds with bounded cur-
vatures —b®> < Kx < 0 and —b* < Ky < 0. NLet f: X =Y be a rough
Lipschitz map. Then there exists a C map f : X — Y within bounded
distance from f and whose first two covariant derivatives D}V and D2f are
bounded on X.



We denote k = dim X and &' = dimY. We will first construct in 2.2.2
a regularized map f : X — Y which is Lipschitz continuous. This first
construction is the same as for rank one symmetric spaces in [4, Proposition
2.4]. This construction will not allow us to control the second covariant
derivative, hence we will have to combine this first construction with an
iterative smoothing process in local charts that we will explain in 2.2.3.

2.2.2 Lipschitz continuity

The first part of the proof of Proposition 2.4 relies on the following classical
lemma (see [20, Section 2|).

Lemma 2.5. Let Y be a Hadamard manifold. a) Let p be a positive finite
Borel measure on'Y supported by a ball B(yo, R). The function Q, on'Y
defined by

Qu(y) = fy d(va)2 du(w)
has a unique minimum y,, 'Y called the center of mass of p. This center
of mass y,, belongs to the ball B(yo, R).
b) Let p1, po be two positive finite Borel measures on'Y . Assume that
(1) p1(Y) >m and pa(Y) > m for some m > 0,
(7i) both py and ps are supported on the same ball B(yo, R),
(7i1) the norm of ||p1 — pal| <e.
Then, the distance between their centers of mass y,, and y,, is bounded by

A(Yp1 > Yuo) < 4eR/m . (2.5)

Proof of Lemma 2.5. a) Since the space Y is a proper space, i.e. its balls
are compact, the function @, is proper and admits a minimum y,. Since Y’
has non-positive curvature the median inequality holds, namely one has for
all ¥, y1, y2, y3 in Y where y3 is the midpoint of y; and s :

Sd(y1,p2)? < d(y,y1)? + d(y, y2)* — 2d(y, y3)*. (2.6)

Integrating (2.6) with respect to u, one checks that the function @, satisfies
the following uniform convexity property : if y3 is the midpoint of y; and yo

2d(y1,y2)* < Quyr) + Qulya) — 2Qu(ys) -

Applying this inequality with y; = y, and y2 = y, one gets for each y in YV’

2d(Y,y)? < Qu(y) — Quly) , (2.7)

so that y, is the unique minimum of Q.

We now check that y,, € B(yo, R). By the median inequality (2.6), the
ball B(yg, R) is convex, every point y in Y admits a unique nearest point y’
on B(yo, R), and this point ¢’ also satisfies the inequality

d(y',w) < d(y,w) for all w in B(yo, R).



Therefore, one has Q,(y) < Qu(y). This proves that the center of mass y,
belongs to the ball B(yo, R).
b) Applying twice Inequality (2.7), one gets the two inequalities

Qm (yuz) - Qm (yul) )
Quz (ym) - Quz (ym) .

Summing these two inequalities yields

md(yu1>yu2)2 < (Qm - Quz)(ym) - (Q,ul - Qm)(yul)

< ¢ sup |d(y,u1 ) w)2 - d(yu2> U))2|
wEB(yo,R)

deRd(Yuy» Yusa) »

which proves (2.5). O

<
<
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We now choose a non-negative C*° function y : R — R with support
included in ] — 1, 1], which is equal to 1 on a neighborhood of [—1,1] and
whose first derivative is bounded by || < 4.

Proof of Proposition 2.4. First step: Lipschitz continuity. We now explain
this first construction. We can assume b = 1. Since a rough Lipschitz map
f X — Y is always within bounded distance from a Borel measurable map,
we can assume that f itself is Borel measurable. For x in X, we introduce
the positive finite measure u; on Y such that the equality

o) = /X o (F(2)) x(d(x, 2)) dvolx (2)

holds for any positive function ¢ on Y. The measure j, is the image by
f of a measure supported in the ball B(z,1). We define f(xz) € Y to be
the center of mass of this measure p,. Lemma 2.5.a tells us that the map
x — f(:l:) is well-defined. The Lipschitz continuity of f will follow from
Lemma 2.5.b applied to two measures g := pg, and pa 1= pg, with =1, xo
in X. Let us check that the three assumptions in Lemma 2.5.b are satisfied.

(i) Because of the pinching of the curvature on X, the Bishop volume
estimates tell us that there exist positive constants 0 < mg < My such that
one has, for all x :

mo < vol(B(z, %)) < pz(Y) < vol(B(z,1)) < M.

(74) When x1, x9 are two points of X with d(z1,x2) < 1, the bound (2.4)
ensures that both p,, and pg, are supported on the ball B(f(z1),2c+ C).
(737) The norm of the difference of these measures satisfies

lay = ezl < Mo sup [x(d(z1, 2)) = x(d(w2, 2))]

< 4M, d(l’l, 1’2) .



Thus Lemma 2.5 applies and yields a bound on the Lipschitz constant
of f, namely

Lip(F) = sup A0 F2)) _ 16(2e + )My

O]
T1F#x2 d(fCl, 3}'2) - mo

2.2.3 Bound on the second derivative

The second step of the proof of Proposition 2.4 relies on three lemmas. The
first lemma provides a nice system of charts on Y.

Lemma 2.6. Let Y be a Hadamard manifold with -’ < Ky <0 and
k' = dimY. There exist constants ro = ro(k',b) > 0 and cog = co(k',b) > 1
such that, for each y in'Y, there exists a C*° chart ®, for the open ball

®, : B(y,m0) — U, C R¥ with ®,(y) =0 (2.8)
and such that
ID®y| <co , [IDD, Y| <co, [D*Ryl <o, [D*@|<co. (2:9)
In particular, one has for all r < rg
®,(B(y,cy'r)) € B(0,r) and B(0,c5'r) C ®y(B(y,r)). (2.10)
We have endowed R¥" with the standard Euclidean structure.

Proof of Lemma 2.6. This is classical. One can for instance choose the so-
called almost linear coordinates, as in [19, Section 2] or [32, Section 3]. They
are defined in the following way. We fix an orthonormal basis (e;);<;<x for
the tangent space T,,Y and introduce the points y; := exp,(—e;) in Y. The
map ®, is defined by the formula

q)y(z) = (d(za yl)_17 L) d(z,yk/)—l),

where z belongs to a sufficiently small ball B(y, 7). See [19, p. 43 and 58]
for a detailed proof. O

There exist better systems of coordinates, the so-called harmonic coor-
dinates. We will not need them in this chapter, but we will need them in
Chapter 5 to prove uniqueness (see Lemma 5.2).

The second lemma explains how to modify a Lipschitz map ¢ inside a
tiny ball B(x,r) of X so that the new map g, is constant on the ball
B(z, 5) and the first two derivatives of g, , are controlled by those of g. We
recall that x : R — R is a non-negative C*° function with support included
in | — 1,1[, which is equal to 1 on a neighborhood of [—%, %] and which is

4-Lipschitz, i.e. |x'| < 4.



Lemma 2.7. Let X and Y be two Hadamard manifolds with bounded cur-
vatures —b> < Kx < 0, —=b> < Ky < 0. Letrg > 0 and ¢y > 1 be as in
Lemma 2.6. Let g : X — Y be a Lipschitz map, x be a point in X, y = g(x)

and let 0 < r < rg. Assume that
. 0
L < —. 2.11
ip(9) 2r (2.11)

Then the following formulas define a Lipschitz map gy, : X —Y

1=

gra(2) = g(z) when d(z,z) <

— o, ((1_X(d(zr,w)))<1)y(g(z))> when % < d(z,x
= 9(2) when d(z,2) > 1.

9

~— N

<r

)

One has the inequality between the Lipschitz constants on the ball B(x,r) :

LipB(a:,r) (gr,z) < 5602 LipB(x,T) (g) (212)

In particular, one has

Lip(gra) < 5eo” Lip(g). (2.13)

Moreover, if g is C? in a neighborhood of a point z in X, then Gr.z 15 also
C? in this neighborhood and one has

1D2r2(2)]| < (ID?9(2) | + Libpan(9)? +1) My, (214)

where the constant M, > 1 depends only on r, b, k, k' and x.

Proof of Lemma 2.7. Condition (2.11) ensures that, for any point z in the
ball B(z,r), the image g(z) belongs to the ball B(y, cy°ro). Therefore, by
(2.10), the vector ®,(g(z)) belongs to the ball B(0, cg'ro) C R¥. When we
multiply this vector by the scalar 1—x(.), the new vector is still in the same
ball. This is why, using again (2.10), the element g, ;(2) is well-defined and
belongs to B(y, o).

The upper bound (2.12) follows from the chain rule. Indeed, when z is
a point in B(z,r) where g is differentiable, the bound (2.9) yields

1Dgr.2(2)]

IN

4
(21, + D@, 00
< ¢ LipB(x,r)((I)yog) < 5002 LipB(x,r)(g)'

The upper bound (2.14) follows from similar and longer computations
left to the reader, which also use the bounds (2.3) for D?d,. O

We will also need a third lemma. We recall that a subset X of a metric
space X is said to be r-separated if the distance between two distinct points
of Xy is at least r.



Lemma 2.8. Let X be a Hadamard manifold with 2 < Kx <0. Let
k = dim X and Ng := 100¥. There exists a radius ro = ro(k,b) > 0 such
r_

that, for any r < 1o, every 5-separated subset Xo of X can be decomposed
as a union of at most Ny subsets which are 2r-separated.

Proof of Lemma 2.8. The bound on the curvature of X and the Bishop vol-
ume estimates ensure that we can choose rg > 0 such that

volB(z,4r) < NovolB(z, %) forall 7 <rgand z in X. (2.15)
This ro works. Indeed, let X1, Xo,..., Xy, be a sequence of disjoint 2r-
separated subsets of Xy with X7 maximal in Xy, X9 maximal in Xo~X7, and
so on. Every point x of Xy must be in one of the X;’s with ¢ < Ny because,
if it is not the case, each X; contains a point in B(z,2r), contradicting
(2.15). O

Proof of Proposition 2.4. Second step: bound on D2f. According to the first
step of this proof, we can now assume that the map f : X — Y is ¢-Lipschitz
with ¢ > 1.
We can choose a new radius ro = ro(k, k', b) that satisfies both conclusions of
Lemma 2.8 for X and of Lemma 2.6 for Y. We will use freely the notations
of these two lemmas. Now let

0

™M = ——Sv 15
5N() CSNO+2 c

and pick a maximal “-separated subset Xo of X. Thanks to Lemma 2.8,

we write this set X as a union
X():XlU-"UXNO

of Ny subsets X; which are~2r1—separated.

In order to construct f from f, we will use a finite iterative process
based on Lemma 2.7. Starting with fo = f, we construct by induction a
finite sequence of maps f; for i < Ny and we set f := fy,. Using the
notations of Lemma 2.7, the map f; is defined from f;_; by letting

fi(z) = (fic1)r2(2) when d(z,z) <r; for some x in X;11,

= fic1(2) otherwise
so that the Lipschitz constants of these maps satisfy
Lip(f;) < 5 Lip(fi_1) < 5'co®c. (2.16)

Indeed, once f; is known to be well defined and to satisfy (2.16), it also
satisfies the bound (2.11) : Lip(f;) < =%. Therefore Lemma 2.7 ensures

0(2)7'1'

that fiy1 is well defined and, using (2.12), that f;+1 also satisfies (2.16) :

Lip(fiy1) < 5 Lip(f;) < 57?0 e,



Let A := M,, + 25¢4 + 1. By (2.14) and (2.16), one has for any i < Ny and
zin X :

ID? fi(2)|| + Lip(fi)* + 1 < A (IID* fi—1(2)l| + Lip(fi-1)* +1) . (2.17)

Since Xy is a maximal 7-separated subset of X, every z in X belongs to
at least one ball B(a;, 5) where x is in one of the sets X;;. But then the
function f;, is constant in a neighborhood of z. Therefore, using (2.16) and
applying (Ny—ig) times the bound (2.17) one deduces that fis a C2-map
that satisfies the uniform upper bound

HDQJ?(Z)H < ((5“’0?%)2 + 1)ANo—io < ANo2, 0

3 Harmonic maps

In this chapter we begin the proof of the existence part in Theorem 1.1.
We first recall basic facts satisfied by harmonic maps. We explain why a
standard compactness argument reduces this existence part to proving a
uniform upper bound on the distance between f and the harmonic map h,
which is equal to f on the sphere S(O,R). Then we provide this upper
bound near this sphere S(O, R).

3.1 Harmonic functions and the distance function

We recall basic facts on the Laplace operator on Hadamard
manifolds.

The Laplace-Beltrami operator A on a Riemannian manifold X is defined
as the trace of the Hessian. In local coordinates, the Laplacian of a function

p is

Ap = tr(DQ‘P) = %Z” a?ci (v gﬁﬁa%@) (3-1)

where v = /det(g,;) is the volume density. The function ¢ is said to be
harmonic if Ap = 0 and subharmonic if Ay > 0.
We will need the following basic lemma.

Lemma 3.1. Let X be a Hadamard manifold with Kx < —a? <0 and zo
be a point in X. Then, the function dy, is subharmonic. More precisely, the
distribution A dg,—a is non-negative.

Proof. This is [4, Lemma 2.5]. O

10



3.2 Harmonic maps and the distance function

In this section, we recall two useful facts satisfied by a har-
monic map h : the subharmonicity of the functions d,, o h, and
Cheng’s estimate for the differential Dh.

Definition 3.2. Let h: X — Y be a C? map between two Riemannian man-
ifolds. The tension field of h is the trace of the second covariant derivative
7(h) := trD?h. The map h is said to be harmonic if 7(h) = 0.

Note that the tension field 7(h) is a Y -valued vector field on X, i.e. it is
a section of the pulled-back of the tangent bundle TY — Y under the map
h: X =Y.

For instance, an isometric immersion with minimal image is always har-
monic. The problem of the existence, regularity and uniqueness of harmonic
maps under various boundary conditions is a very classical topic (see [10],
[35], [19], [9], [40], [38] or [26]). In particular, when Y is simply connected
and has non positive curvature, a harmonic map is always C* i.e. it is in-
definitely differentiable, and is a minimum of the energy functional among
maps that agree with h outside a compact subset of X.

Lemma 3.3. Let h: X — Y be a harmonic C* map between Riemannian
manifolds. Let yo € Y and let pp, : X — R be the function pp, := dy, o h. If
Y is Hadamard, the continuous function py is subharmonic on X.

Proof. See [4, Lemma 3.2]. O

Another crucial property of harmonic maps is the following bound for
their differential due to Cheng.

Lemma 3.4. Let X, Y be two Hadamard manifolds with ¥ < Kx <0.
Let k = dim X, z be a point in X, r > 0 and let h : B(z,7) = Y be a
harmonic C*° map such that the image h(B(z,1)) lies in a ball of radius Ry.
Then one has the bound

|Dh(z)|| < 2%k 1‘;& Ry .
In the applications, we will use this inequality with r = =1,

Proof. This is a simplified version of [8, Formula 2.9]. O

3.3 Existence of harmonic maps

In this section we prove Theorem 1.1, taking for granted
Proposition 3.5 below.

11



Let X and Y be two Hadamard manifolds whose curvatures are pinched
—b? < Kx < —a*> < 0 and —b* < Ky < —a? < 0. Let k = dim X and
E'=dimY. Let f: X =Y be a (¢, C)-quasi-isometric C*° map whose first
two covariant derivatives are bounded.

We fix a point O in X. For R > 0, we denote by B, := B(O, R) the
closed ball in X with center O and radius R and by 0B, the sphere that
bounds B,. Since the manifold Y is a Hadamard manifold, according to
Hamilton in [16] (see also Schoen and Uhlenbeck in [36] and [37]), there
exists a unique harmonic map h, : B, — Y, which is C*> on the closed ball
B, and satisfies the Dirichlet condition h, = f on the sphere 0B,. We
denote by

d(hg, [) = sup d(hy(z), f(z))
z€B(O,R)
the distance between these two maps. The main step for proving existence
in Theorem 1.1 is the following uniform estimate.

Proposition 3.5. There exists a constant p > 1 such that, for any R > 1,
one has d(hy, f) < p.

The constant p is a function of a, b, ¢, C, k and k’. More precisely, when
f satisfies (4.1), p only needs to satisfy Conditions (4.6), (4.7) and (4.8).

We briefly recall the classical argument used to deduce Theorem 1.1 from
this Proposition.

Proof of Theorem 1.1. As explained in Proposition 2.4, we may assume that
the (¢, C)-quasi-isometric map f is C*° with bounded first two covariant
derivatives. Pick an unbounded increasing sequence of radii R, and let hg, :
Bpr, — Y be the harmonic C* map that agrees with f on the sphere 0Bp,,.
Proposition 3.5 ensures that the sequence of maps (hg,) is locally uniformly
bounded. Using the Cheng Lemma 3.4 it follows that the first derivatives
are also locally uniformly bounded. The Ascoli-Arzela theorem implies that,
after extracting a subsequence, the sequence (hg,) converges uniformly on
every ball B towards a continuous map h : X — Y. Using the Schauder’s
estimates, one also gets a uniform bound for the C*®-norms of hg, on By.
If needed, note that these classical estimates will be recalled in Formulas
(5.29), (5.32) and (5.33) in Section 5.6. Therefore, using the Ascoli-Arzela
theorem again, the sequence (hp, ) converges in the C2-norm and the limit
map h is C? and harmonic. By construction, this limit harmonic map h
stays within bounded distance from the quasi-isometric map f. O

Remark 3.6. By the uniqueness part of our Theorem 1.1 that we will prove
in Chapter 5, the harmonic map h which stays within bounded distance from
f is unique. Hence the above argument also proves that the whole family of
harmonic maps hp converges to h uniformly on the compact subsets of X
when R goes to infinity.
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3.4 Boundary estimate

In this section, we begin the proof of Proposition 3.5 : we
bound the distance between h, and f near the sphere 0B,,.

Proposition 3.7. Let X, Y be Hadamard manifolds and k = dim X. As-
sume moreover that Kx < —a? < 0 and —b*> < Ky < 0. Let ¢ > 1 and
f:X =Y beaC>® map with |Df(x)|| < ¢ and ||[D?f(z)| < bc?. Let
O€eX, R>0 and set B, := B(O,R).

Let h, : B, — Y be the harmonic C* map whose restriction to the
sphere OB, is equal to f. Then, one has for every x in B :

d(hy (@), (@) < B d(2,0B,,) . (3.2)

An important feature of this upper bound is that it does not depend
on the radius R, provided the distance d(x,0B,,) remains bounded. This is
why we call (3.2) the boundary estimate. The proof relies on an idea of Jost
in [19, Section 4].

Proof. This proposition is already in [4, Proposition 3.8]. We give here a
slightly shorter proof. Let x be a point in B, and y be a point in Y chosen
so that d(y, f(B,)) > b~ and

dy(hp(2)) = dy(f(2)) = d(f(z), hy(2)) - (3-3)

This point y is far away on the geodesic ray starting at h,(x) and containing
f(z). Let ¢ be the C* function on the ball B,, defined by

0(2) = dy(hy(2)) — dy(f(2)) — (R — dp(2)) for all z in B,,. (3.4)

This function is the sum of three functions ¢ = @1 + @2 + ¥3.
The first function ¢; : z — dy(h,(2)) is subharmonic on B, i.e. one has
A1 > 0. This follows from Lemma 3.3 and the harmonicity of the map h,.
The second function ¢3 : z — —d,(f(2)) has a bouded Laplacian, namely
|Aps| < 3kbc?. Indeed, since y is far away, Formula (2.3) yields the bound
| D?dy|| < 2b on f(Bg) so that

|Apa| = |A(dy o )| < k| D*dy||IDfI? + k|| Dy ||| D* £ < 3kbc?.

The third function ¢3 : z +— —%(R— do(z)) has a Laplacian bounded
below Ags > 3kbc?. This follows from Lemma 3.1 which says that Adp > a.
Hence the function ¢ is subharmonic : Ay > 0. Since ¢ is zero on 0B,,
one gets p(x) < 0 as required. O

4 Interior estimate

In this chapter we complete the proof of Proposition 3.5.
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4.1 Strategy

We first explain more precisely the notations and the assump-
tions that we will use in the whole chapter.

Let X and Y be Hadamard manifolds whose curvatures are pinched
b < Ky < —a?> < 0and b < Ky < —a? < 0. Let k = dim X and
k' = dimY. We start with a C* quasi-isometric map f : X — Y whose first
and second covariant derivatives are bounded. We fix constants ¢ > 1 and
C > 0 such that one has, for all z, 2’ in X :

IDf(@)l <c, |D*f(2)]| <bc®  and (4.1)

crd(z,2) - C < d(f(z), f(z)) < cd(z,2) . (4.2)

Note that the additive constant C' on the right-hand side term of (1.1) has
been removed since the derivative of f is now bounded by c.

4.1.1 Choosing the radius ¢

We fix a point O in X. We introduce a fixed radius ¢y depending only on
a, b, k, k', ¢c and C. This radius ¢y is only required to satisfy the following
three inequalities (4.3), (4.4) and (4.5) that will be needed later on.

The first condition we impose on the radius £ is

bly > 1. (4.3)
The second condition we impose on the radius £ is

(A+b e

¢
07 sin2(0/2)

where gy := (3¢2M)~, (4.4)
where A is the constant given by Lemma 2.2, and M, N are the constants
given by Proposition 4.9.

The third condition we impose on the radius ¢ is

aC Lo be
a .

16e e~ 1¢ <y where f := e " (€0/4) (4.5)

4.1.2 Assuming p to be large

We want to prove Proposition 3.5. For R > 0, recall that h, : B(O,R) - Y
is the harmonic C*° map whose restriction to the sphere dB(O, R) is equal
to f. We let

p:= sup d(hy(x),f(x)).
2€B(O,R)

We argue by contradiction. If this supremum p is not uniformly bounded
with respect to R, we can fix a radius R such that p satisfies the following
three inequalities (4.6), (4.7) and (4.8) that we will use later on.

14



The first condition we impose on the radius p is
ap > 8kbc%ly . (4.6)
The second condition we impose on the radius p is

27(ap)*

W < 490 . (47)

The third condition we impose on the radius p is
p > deloM (21020 k)N (4.8)

where M, N are the constants given by Proposition 4.9.
We denote by z a point of B(O, R) where the supremum (4.1.2) is
achieved:

Al (@), F(@)) = p.
According to the boundary estimate in Proposition 3.7, Condition (4.6)
yields

ap
Combined with Condition (4.3), this ensures that the ball B(z,{y) with
center z and radius /g satisfies the inclusion B(z,fy) C B(O, R—b~!). This
inclusion will allow us to apply the Cheng ’s lemma 3.4 at each point z of

the ball B(x, {p).

4.1.3 Getting a contradiction

We will focus on the restrictions of both maps f and h,, to this ball B(z, {y).
We introduce the point y := f(x). For yi, y2 in Y \ {y}, we denote by
8, (y1,y2) the angle at y of the geodesic triangle with vertices y, y1, y2. For
z on the sphere S(z,{y), we will analyze the triangle inequality :

0y(f(2); hp(2)) < 0,(f(2), hp(2)) + by (hg(2), hp(2)) (4.9)

and prove that on a subset Uy, of the sphere, each term on the right-hand
side is small (Lemmas 4.5 and 4.6) while the measure of Uy, is large enough
(Lemma 4.4) to ensure that the left-hand side is not that small (Lemma 4.8),
giving rise to the contradiction. These arguments rely on uniform lower and
upper bounds for the harmonic measures on the spheres of X that will be
given in Proposition 4.9.

We denote by pj, the function on B(x,{) given by pp(2) = d(y, h,(2))
where again y = f(z). By Lemma 3.3, this function is subharmonic.

Definition 4.1. The subset Uy, of the sphere S(xz,{y) is given by

14
Uy = {z€S8(x.lo)|pn(z)=2p- 2% : (4.10)
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4.2 Measure estimate

We first observe that one can control the size of pp(2) and of
Dh,(z) on the ball B(x,¥y). We then derive a lower bound for
the measure of Uy, .

Lemma 4.2. For z in B(x,{y), one has

pr(z) < p+clo.
Proof. The triangle inequality and (4.2) give, for any z in B(x,{y) :
pn(2) < d(hy(2), f(2)) +d(f(2),y) < p+clo. O

Lemma 4.3. For z in B(z,{y), one has
Dl ()] < 25Kbp.

Proof. For all z, 2’ in B(O, R) with d(z,2') < b~!, the triangle inequality
and (4.2) yield

d(hy(2), hp(2)) d(hg(2), f(2)) + d(f(2), f() + d(f(2), hp(2))

<
< p+bletp<2p+cly <3p.

For these last two inequalities, we used Conditions (4.3) and (4.6). Applying
the Cheng’s lemma 3.4 with Ry = 3p and r = b~!, one then gets for all z in
B(O, R—b71) the bound || Dh,,(2)| < 2%kbp. O

We now give a lower bound for the measure of Uy,.

Lemma 4.4. Let 0 = 0,4, be the harmonic measure on the sphere S(x,{y)
at the center point x. Then one has

> L
- 32
Proof. By Lemma 3.3, the function py, is subharmonic on the ball B(z, {y).
Hence this function p; is not larger than the harmonic function on the
ball with same boundary values on the sphere S(z,¢y). Comparing these
functions at the center x, one gets

o(Us,) (4.11)

[ (ona) - pdatz) = 0. (412)
S(x,lo)

By Lemma 4.2, the function pp is bounded by p + cfy. Hence Equation
(4.12) and the definition of Uy, implies

0
cloo(Uy,) = 5 (1= o(Us)) 2 0

so that o(Uy,) > ﬁ O
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4.3 Upper bound for 0,(f(2), h,(2))

For all z in Uy,, we give an upper bound for the the angle
between f(z) and h,(z) seen from the point y = f(z).

Lemma 4.5. For z in Uy,, one has

0,(f(2),hp(2)) < 4dez2 e dc. (4.13)

Proof. For z in Uy,, we consider the triangle with vertices y, f(z) and h,(2).
Its side lengths satisfy

EO gO
(). 1) S p s Ay, () 2 L=C, dlhy(2) 2 p— 2,
where we used successively the definition of p, the quasi-isometry lower
bound (4.2) and the definition of Uj,. Hence, one gets the following lower
bound for the Gromov product

b C
(f)he(2))y 2 72— 5
Since Ky < —a?, Lemma 2.1 now yields
0,(f(2),hy(2)) < 4eF e3¢ . 0

4.4 Upper bound for 0,(h,(2), h,(z))

For all z in S(x,{), we give an upper bound for the angle
between h,(z) and h,(z) seen from the point y = f(z).

Lemma 4.6. For all z in the sphere S(x,ly), one has

2° (ap)®

Hy(hR(Z)7hR($)) m- (4.14)

The proof will rely on the following lemma which also ensures that this
angle 0, (h,(z),h,(z)) is well defined.

Lemma 4.7. For all z in the ball B(z, ), one has pp(z) > p/2.

Proof of Lemma 4.7. Assume by contradiction that there exists a point z;
in the ball B(z,{y) such that pp(z1) = p/2. Set r1 := d(x,z1). One has
0 < ry <{p. According to Lemma 4.3, one can bound the differential of h
on the ball B(zx, {y), namely

sup ||Dh,| < 2%kbp.
B(z,l)
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Hence one has
3 .
pn(2) < Zp for all z in S(z,r1) N B(z1, 7213kb)'

By comparison with the hyperbolic plane with curvature —b?, this intersec-

tion contains the trace on the sphere S(z,r;) of a cone C, with vertex x
sinh(27 11 /k)

- . For instance we will choose for
sinh(brq)

and angle o as soon as sin § <

o the angle o := ¢~002710/F
Let 0/ = 04,, be the harmonic measure on the sphere S(x,r) for the

center point x. Using the subharmonicity of the function p; as in the proof

of Lemma 3.3, one gets the inequality
/ =) 20, (4.15)
x,r1

By Lemma 4.2, the function pj is bounded by p + cfy. Using the bound
pr(z) < 2 p when z is in the cone C,, Equation (4.15) now implies that

C€0 — gUI(Ca) > 0.

Using the uniform lower bounds for the harmonic measures on the spheres
of X in Proposition 4.9, one gets

p < dcloM o~ N = ety M (2100 k)N
which contradicts Condition (4.8). O

Proof of Lemma 4.6. Let us first sketch the proof. Let z be a point on the
sphere S(x,fy). We denote by t — z;, for 0 < t < £y, the geodesic segment
between z and z. By Lemma 4.7, the curve ¢t — h,(z;) lies outside of the
ball B(y, p/2) and by Cheng’s bound on || Dh,(2;)|| one controls the length
of this curve.

We now detail the argument. We denote by (p(y/),v(y')) € 10, 00[xT, Y
the polar exponential coordinates centered at y. For a point 3 in Y ~\ {y},
they are defined by the equality 5’ = exp,(p(y')v,(y')). Since Ky < —a?
the Alexandrov comparison theorem for infinitesimal triangles and the Gauss
lemma ([12, 2.93]) yield

sinh(ap(y")) [Dv(y)] < a.
Writing vj, :== v o h,, we thus have for any 2’ in B(z, () :
sinh(app,(2)) || Dva(2) || < a|| Dhr(2)] -
Hence, Lemma 4.7 yields the inequality
Oy(hp(2),hp(x)) < Lo sup [[Dup(z)]]

0<t <4y

(Lfo
— — su Dhr(z)].
smh(ap/2) Ogté)éo || R( t)”
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Therefore, using Lemma 4.3 and Condition (4.6), one gets

28kbp aly < 25(ap)?

0,(h h < . O
y(Ma(2); ha(2)) < sinh(ap/2) ~ sinh(ap/2)
4.5 Lower bound for 6,(f(2),h,(z))
We find a point z in U, for which the angle between f(z)
and h(x) seen from y = f(x) has an explicit lower bound.
Lemma 4.8. There exist two points z1, z2 in Uy, such that
0y(f(21), f(22)) = b0,
where Oy is the angle given by (4.5).
Proof of Lemma 4.8. Let oy := % According to Lemma 4.4, one has

o(Uy,) > 0o > 0 Thus, using the uniform upper bounds for the harmonic
measures on the spheres of X in Proposition 4.9, one can find 21, 29 in Uy,
such that the angle 0, (21, 22) between z; and 29 seen from x satisfies

op < M9m(21722)% -

This can be rewritten as
02(21,22) > €0, (4.16)

1
where ¢ is the angle introduced in (4.4) by the equality o9 = M €’ . There-
fore, using Lemma 2.1.a and Condition (4.4), we get the following lower
bound on the Gromov products

min((x|21).,, (z]22)2,)) > losin®(eg/2) > (A +b Ve
Using then Lemma 2.2, one gets

min((y|f(21)) f(0), W F(22)) p(0)) = b7 (4.17)

This inequality (4.17) allows us to apply Lemma 2.1.c, which gives
0y(f(21), f(22)) > o b(f(=1)|f(22))y

Therefore, by Lemma 2.2, one has

ey(f(zl), f(z2)) > e~ bA g—be(z1]22)z

Using Lemma 2.1.b and Condition (4.16), one gets

ey(f(zl)7 f(ZQ)) > €7bA (9;5(2’1, ZQ)/4)%
> e (e0/4)F =t

according to the definition (4.5) of 6p. O
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End of the proof of Proposition 8.5. Using Lemmas 4.5 and 4.6 and the tri-
angle inequality (4.9), one gets for any two points z; = z; or 2o in Uy, :

c aly 5(ap)?
0,(f(2i),hy(x)) < de'T e ae + Sh2m((a/;)/2)

< 360 by Conditions (4.5) and (4.7).
Therefore, using again a triangle inequality, one has

Oy(f(21), f(22)) < b,

which contradicts Lemma 4.8. O

4.6 Harmonic measures

The following proposition gives the uniform lower and upper
bounds for the harmonic measure on a sphere for the center
which were used in the proof of Lemmas 4.7 and 4.8.

Proposition 4.9. Let 0 < a < b and k > 2 be an integer. There exist
positive constants M, N depending only on a, b, k such that for every k-
dimensional Hadamard manifold X with pinched curvature 1 < Ky <
—a?, for every point x in X, every radius v > 0 and every angle 6 € [0, 7]
one has

L 0N <5, (Cro) < MOV (4.18)

where 0, denotes the harmonic measure on the sphere S(x,r) at the point
x and where Cy ¢ stands for any cone with vertex x and angle 6.

We recall that, by definition, o, , is the unique probability measure on
the sphere S(z,r) such that, for every continuous function h on the ball
B(x,r) which is harmonic in the interior B(z, ), one has the equality

h(z) = /S(x’r) h(z)dog - (2).

A proof of Proposition 4.9 is given in [3]. It relies on various technical
tools of the potential theory on pinched Hadamard manifolds : the Harnack
inequality, the barrier functions constructed by Anderson and Schoen in
[2] and upper and lower bounds for the Green functions due to Ancona in
[1]. Related estimates are available like the one by Kifer—Ledrappier in [21,
Theorem 3.1 and 4.1] where (4.18) is proven for the sphere at infinity or by
Ledrappier—Lim in [22, Proposition 3.9] where the Holder regularity of the
Martin kernel is proven.

5 Uniqueness of harmonic maps

In this chapter we prove the uniqueness part in Theorem 1.1.
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5.1 Strategy
In other words we will prove the following proposition.

Proposition 5.1. Let X, Y be two pinched Hadamard manifolds and let
ho,h1 : X — Y be two quasi-isometric harmonic maps that stay within
bounded distance of one another:

sup d(ho(z), hi(z)) < 0.
zeX

Then one has hg = hq.

When X = Y = H?, this proposition was first proven by Li and Tam
n [24]. When both X and Y admit a cocompact group of isometries, this
proposition was then proven by Li and Wang in [25, Theorem 2.3]. The aim
of this chapter is to explain how to get rid of these extra assumptions.

Note that the assumption that the h; are quasi-isometric is useful. Indeed
there does exist non constant bounded harmonic functions on X. Note that
there also exist bounded harmonic maps with open images. Here is a very
simple example. Let 0 < A < 1. The map h) from the Poincaré unit disk
D of C into itself given by z +— Az is harmonic. More generally, for any
harmonic map h : D — D, the map hy : D — D : z — h(\z) is a harmonic
map with bounded image.

Before going into the technical details, we first explain the strategy of
the proof of this uniqueness.

Strategy of proof of Proposition 5.1. We recall that the distance function
x +— d(ho(z), hi(z)) is a subharmonic function on X and that, by the maxi-
mum principle, a subharmonic function that achieves its maximum value is
constant. Unfortunately since X is non-compact we can not a priori ensure
that this bounded function achieves its maximum. This is why we will use a
recentering argument. This recentering argument will force us to deal with
Riemannian manifolds which are not C* (see Section 5.4).

We assume, by contradiction, that hg # hy and we choose a sequence of
points p,, in X for which the distances

d(ho(pn), hi(pn)) converge to § := 81615 d(ho(z), h1(z)) >0 (5.1)

and we set gy, := ho(pn).

The pinching conditions on X and Y ensure that, after extracting a
subsequence, the two pointed metric spaces (X,p,) and (Y, q,) converge
in the Gromov—Hausdorff topology to two pointed metric spaces (X0, Poo)
and (Yao, goo) Which are C2 Hadamard manifolds with C! Riemannian met-
rics satisfying the same pinching conditions (Proposition 5.14). Moreover,
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extracting again a subsequence, the harmonic map hg (resp. hi) seen as
a sequence of maps between the pointed Hadamard manifolds (X, p,) and
(Y, qn) converges locally uniformly to a map hg o (resp i) between the
pointed C? Hadamard manifolds (X, poo) and (Yao, gso). These harmonic
maps hg o and hq o are still harmonic quasi-isometric maps (Lemma 5.15).

The limit distance function « — d(hco(2), h1,00(x)) is a subharmonic
function on X, that now achieves its maximum § > 0 at the point pe.
Hence, by the maximum principle, this distance function is constant and
equal to 0 (Lemma 5.16). Generalizing [25, Lemma 2.2], we will see in
Corollary 5.19 that this equidistance property implies that both hg . and
h1,00 take their values in a geodesic of Y. This contradicts the fact that hg
and hi  are quasi-isometric maps, and concludes this strategy of proof. [J

In the following sections of Chapter 5, we fill in the details of the proof.

5.2 Harmonic coordinates

We first introduce the so-called harmonic coordinates, which
improve the quasilinear coordinates introduced in Lemma 2.6.
We refer to [15] or [19] for more details.

The harmonic coordinates have been introduced by DeTurk and Kazdan
and extensively used by Cheeger, Jost, Karcher, Petersen... to prove various
compactness results for compact Riemannian manifolds. Beyond being har-
monic, the main advantage of these coordinates is that, for every a €]0, 1],
they are uniformly bounded in C*“-norm, i.e. they are uniformly bounded
in C2-norm and one also has a uniform control of the a-Hélder norm of their
second covariant derivatives. Moreover, one has a uniform control on the
size of the balls on which these harmonic charts are defined. This is what
the following lemma tells us.

We endow R¥ with the standard Euclidean structure.

Lemma 5.2. Let X be a k-dimensional Hadamard manifold with bounded
curvature —1 < Kx < 0. Let 0 < o < 1. There exist two constants
ro = ro(k) > 0 and cg = co(k, ) > 0 such that, for every x in X, there
exists a C*°-diffeomorphism

U, : B(x,r0) — U, C R* with W, (z)=0, (5.2)
1DVl <o, [IDVY <o, [D*Tyf <eo, DTN <o (5.3)
and such that each component z1, ...,z of ¥, is a harmonic function.
In particular, one has for all T < rq :
U, (B(x,cy'r)) € B(0,r) and B(0,co'r) C W, (B(z,r)). (5.4)

(7i1) The second covariant derivatives of all U, are also uniformly a-Hélder :

|D*T,lex < co. (5.5)
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This a-Holder semi-norm Q|\D2\11x||ca is defined as follows. Using the

vector fields Do Do ON B(xz,rp) associated to our coordinate system

U, = (z1,...,2), we reinterpret the tensor D?¥, as a family of vector
valued functions on B(z, 7). Indeed, we set

TY(z) = DQ\IJz(z)(a%i, a%j) eRF, fori,jin{1,...,k},

and the bound (5.5) means that

DT Ok (E]
x @, — 1

< ¢p. 5.6
I 2,2 d(z,2")~ = (5:6)

These uniform bounds (5.3) and (5.5) have three consequences.

First, in the harmonic coordinate systems ¥, = (z1,..., 2x), the Chris-
toffel coefficients Ffj are uniformly bounded in C*-norm. Indeed, these coef-
ficients (Ffj)lgegk are the components of the vector —DQ\IJ;E(%, 8%]_) € RF,

Second, on their domain of definition, the transition functions

W, 0o W1 are uniformly bounded in the C%“-norm. (5.7)

Third, in the coordinate systems ¥, = (z1,...,2;), the coefficients of
the metric tensor

Gij = g(a‘l, %) are uniformly bounded in the C1**norm. (5.8)
Proof of Lemma 5.2. See [19, p. 62 and 65] or [32, Section 4]. O

5.3 Gromov-Hausdorff convergence

In this section, we recall the definition of Gromov—Hausdorff
convergence for pointed metric spaces and some of its key prop-
erties. We refer to [7] for more details.

5.3.1 Definition

When X is a metric space, we will denote by d or dx the distance on X.
We denote by B(z, R) the closed ball with center x and radius R, and by
é(x, R) the open ball. We recall that a metric space X is proper if all its
balls are compact or, equivalently, if X is complete and for all R > 0 and
e > 0 every ball of radius R can be covered by finitely many balls with
radius €.

We also recall the notion of Gromov-Hausdorff distance between two
(isometry class of proper) pointed metric spaces.
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Definition 5.3. The Gromov—-Hausdorff distance between two pointed met-
ric spaces (X, p) and (Y, q) is the infimum of the € > 0 for which there exists
a subset R of X XY, called a correspondence, such that :

(1) the correspondence R contains the pair (p,q),

(ii) for all x in the ball B(p,e~1), there exists y in Y with (z,y) in R,
(iii) for all y in the ball B(q,e 1), there exists x in X with (z,y) in R,
(1) for all (x,y) and (2',y’) in R, one has |d(z,z") — d(y,y")| < e.

Heuristically, this correspondence R must be thought as an e-rough isom-
etry between these two balls with radius e .

Based on this definition, a sequence (X, py) of pointed metric spaces
converges to a pointed metric space (Xoo, Poo) if, for all € > 0, there exists
ng such that for n > ng, there exists a map f,, : B(pn,e~ ') — X such that
(@) d(fn(pPn);pso) <€,

(B) d(fn(), ful2') —d(z,2")| < e, for all z, ' in B(p,,e ),
(v) the e-neighborhood of f,,(B(pn,e~1)) contains the ball B(pe,e™t — €).

This definition 5.3 is only useful for complete metric spaces. Indeed, the
Gromov—Hausdorff topology does not distinguish between a metric space and
its completion. It does not distinguish either between two pointed metric
spaces that are isometric : the Gromov—Hausdorff distance is a distance on
the set of isometry classes of proper pointed metric spaces. See [7, Theorem
8.1.7]

The following equivalent definition of Gromov—Hausdorff convergence is
useful when one wants to get rid of the ambiguity coming from the group of
isometries of (Xoo, Poo)-

Fact 5.4. Let (X, pn), forn > 1, and (X0, Pso) be pointed proper metric
spaces. The sequence (X, pn) converges to (Xoo, Poo) if and only if there ex-
ists a complete metric space Z containing isometrically all the metric spaces
X, and X« as disjoint closed subsets, and such that

(a) the sequence of points py, converges to pso in Z,

(b) the sequence of closed subsets X,, converges to Xoo for the Hausdorff

topology.

Statement (b) means that
- every point z of X is the limit of a sequence (z,)p>1 With z, € X,
- every cluster point z € Z of a sequence (z,),>1 with z,, € X,, belongs to
X

Sketch of proof of Fact 5.4. Assume that the sequence (X,,p,) converges
t0 (Xoos Poo). We want to construct the metric space Z. We can choose a
sequence €, \, 0, and correspondences R, on X, X X, as in Definition 5.3
with p = pn, ¢ = P and € = ¢,. This allows us to construct, for every
n > 1, a metric space Y, which is the disjoint union of X, and X, which
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contains isometrically both X,, and X, and such that the distance between
two points z in X, and y in X is given by

dy, (z,y) = inf{dx, (v,2") + e+ dx__ (v, v)}, (5.9)

where the infimum is over all the pairs (2/,y’) which belong to R,,.

The space Z is defined as the disjoint union of all the X,, and of X..
The distance on Z is given on each union Y,, := X,, U X by (5.9) and the
distance between points z in X, and z in X,, with m # n is given by

dz(z,z) = inf{dy,, (z,y) + dy, (y,2)}, (5.10)

where the infimum is over all the points y in X.
Then (a) follows from (i) and (b) follows from (i7), (ii7) and (iv). O

The choice of such isometric embeddings of all X,, and X, in a fixed
metric space Z will be called a realization of the Gromov-Hausdorff conver-
gence. Such a realization is not unique. It is useful since it allows us to
define the notion of a converging sequence of points z,, in X,, to a limit z
in X by the condition dz(x,, ) — 0.

5.3.2 Compactness criterion

A fundamental tool in this topic is the following compactness result for
uniformly proper pointed metric spaces due to Cheeger—-Gromov :

Fact 5.5. Let (X, pn)n>1 be a sequence of pointed proper metric spaces.
Suppose that, for all R > 0 and € > 0, there exists an integer N = N(R,¢)
such that, for all n > 1, the ball B(pn, R) of Xy can be covered by N balls
with radius €. Then there exists a subsequence of (X, pn) which converges
to a proper pointed metric space (Xoo, Poo)-

For a proof see [7, Theorem 8.1.10].
The following lemma gives us a compactness property for sequences of
Lipschitz functions between pointed metric spaces.

Lemma 5.6. Let (X, pn)n>1 and (Yo, gn)n>1 be sequences of pointed proper
metric spaces which converge respectively to proper pointed metric spaces
(XoosPoo) and (Yoo, Goo). As in Fact 5.4, we choose metric spaces Zx and
Zy which realize these Gromov—Hausdorff convergences as Hausdorff con-
vergences.

Let ¢ > 1 and let (fn : Xp — Yo)n>1 be a sequence of c-Lipschitz maps
such that fn(pn) = qn. Then there exists a c-Lipschitz map foo @ Xoo = Yo
such that, after extracting a subsequence, the sequence of maps f,, converges
to foo. This means that for each sequence x, € X, which converges to
Too € Xoo, the sequence fn(xy) € Yy, converges to foo(Too) € Yoo.
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Proof. This follows from basic topology arguments.

First step. We first choose a point 4, in X and a sequence x,, in X,
converging to T,. Since the metric space Zy is proper and the sequence
fn(xy) is bounded in Zy we can assume after extracting a subsequence that
the sequence f,(x,) converges to a point y», € Y. Since the f, are c-
Lipschitz, this limit y,, does not depend on the choice of the sequence x,
converging to xoo. We define foo(Zoo) = Yoo-

Second step. We choose a countable dense subset Sy, C X, and use
Cantor’s diagonal argument to ensure that the first step is valid simultane-
ously for all points T4 in Seo.

Last step. One checks that the limit map fo : Soo = Yoo is c-Lipschitz.
Hence it extends uniquely as a c¢-Lipschitz map fo : Xoo — Yoo and the
sequence f, converges locally uniformly to fu. O

5.3.3 Length spaces and Alexandrov spaces

We recall a few well-known definitions (see [7]).

A length space is a complete metric space for which the distance § be-
tween two points is the infimum of the length of the curves joining them.
When X is proper, any two points at distance J can be joined by a curve of
length §. Such a curve is called a geodesic segment.

Let K < 0. A CAT(K)-space or CAT-space with curvature at most K
is a length space in which any geodesic triangle (P, @, R) is thinner than a
comparison triangle (P, @, R) in the plane X of constant curvature K. Let
us explain what this means. A comparison triangle is a triangle in X with
the same side lengths. For every point P’ on the geodesic segment [P, Q)]
we denote by P’ the corresponding point on the geodesic segment [P, Q)] i.e.
the point such that d(P, P') = d(P, F’). Thinner means that one always has
d(P'",R) < d(?l,ﬁ). Note that a CAT(0)-space is always simply connected
(See [6, Corollary II.1.5]). We also recall that in a proper CAT(0)-space,
any two points can be joined by a geodesic and that this geodesic is unique.

Similarly, a metric space with curvature at least K is a length space in
which any geodesic triangle (P, @, R) is thicker than a comparison triangle
(P,Q, R) in the plane X of constant curvature K. Thicker means that one
always has d(P',R) > d(P, R).

The following proposition tells us that these properties are closed for the
Gromov—Hausdorff topology.

Fact 5.7. Let (Xpn,pn)n>1 and (Xoo,Poo) be pointed proper metric spaces.
Let K < 0. Assume that the sequence (X, pn) converges to (Xoo, Poo)-

(i) If the X,,’s are length spaces, then X is also a length space.

(ii) If the X, ’s are CAT(K) spaces, then X is also a CAT(K) space.
(#i7) If moreover the Xy ’s have curvature at least K, then X too.
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Proof. (i) See [7, Theorem 8.1.9].
(i) See [6, Corollary I1.3.10].
(73t) See [7, Theorem 10.7.1]. O

5.4 Hadamard manifolds with C! metrics

In this section we focus on C? Hadamard manifolds when the
Riemannian metric is only assumed to be C'. These Hadamard
manifolds will occur in Section 5.5 as Gromov-Hausdorff limits
of pinched C* Hadamard manifolds.

5.4.1 Definition

We need first to clarify the definitions. We will deal with C? manifolds
X. This means that X has a system of charts  — (x1,...,z;) into RF
for which the transition functions are of class C?>. These manifolds will be
endowed with a C! Riemannian metric g. This means that in any C? chart,
the functions g(a%i, a%j) are continuously differentiable.

In general, on such a Riemannian manifold, there might exist two differ-
ent geodesics which are tangent at the same point (see [18] for an example
with a Cl®-Riemannian metric). The following lemma tells us that this
kind of examples will not occur here since we are dealing only with CAT(0)-
spaces whose curvature is bounded below. Note that, since the metric tensor
is not assumed to be twice differentiable, the expression “curvature bounded
below” refers to the definitions in Section 5.3.

Definition 5.8. By a C? Hadamard manifold with a C' metric, we mean
a C% manifold endowed with a C* Riemannian metric which is CAT(0) and
complete.

5.4.2 Exponential map

Lemma 5.9. Let X be a C?> Hadamard manifold with a C* metric of bounded
curvature.

a) For all x in X and v in T, X there is a unique geodesic t — exp,(tv)
starting from x at speed v. This geodesic is of class C?.

b) This exponential map induces an homeomorphism ¥ : TX = X x X
given by, V(x,v) = (x,exp,(v)) for x in X and v in T, X.

Proof. This lemma looks very familiar. But, since the Christoffel coefficients
might not be Lipschitz continuous, we cannot apply Cauchy—Lipschitz the-
orem on Existence and Uniqueness of solutions of differential equations.

a) Since the Christoffel coefficients are continous, we can apply Peano—
Arzela theorem. It tells us that there exists at least one geodesic of class C?
starting from z at speed v. Uniqueness follows from the lower bound on the
curvature.
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b) Since X is CAT(0), the map VU is a bijection. Since a uniform limit
of geodesic on X is also a geodesic, the map V¥ is continuous. This map ¥
is also proper, therefore it is an homeomorphism. O

5.4.3 Geodesic interpolation of hy and hy

In the sequel of this section we prove a few technical properties of the in-
terpolation h; of two equidistant Lipschitz maps hg and hy with values in a
Hadamard manifold (lemmas 5.10). In Section 5.8, we will apply this lemma
to two equidistant harmonic maps hg and h; obtained by a limit process.
This lemma 5.10 will be used to compare the energy of hy and hy with the
energy of some small perturbations of hg and hy. However, in this section
5.4, we do not need to assume hg and h; to be harmonic. Here are the
precise assumptions and notations for Lemma 5.10.

Let X be a C? Riemannian manifold with a C' metric and Y be a C?
Hadamard manifold with C' metric. Let hg,h1 : X — Y be two C' maps
such that one has

d(ho(x),h1(z)) =1 for all z in X. (5.11)
Since Y is a Hadamard manifold, there exists a unique map
h:[0,1]xX — Y (5.12)
(t,l‘) = h(tv .’IJ) = ht(x>

such that, for all z in X, the path ¢ — h(z) is the unit speed geodesic joining
ho(x) and hy(x). This map h is called the geodesic interpolation of hy and h;.
By convexity of the distance function, h is Lipschitz continuous. Therefore,
by Rademacher’s theorem, the map h is differentiable on a subset of full
measure (with respect to the Riemannian measure on X). In particular,
there exists a subset X’ C X of full measure such that, for all z in X', the
map h is differentiable at (z,t) for almost all ¢ in [0, 1]. In particular, for all
tangent vector V € T, X at a point z € X', the following derivative

t— Jv(t) = Dﬂﬂht<v) € Tht(x)Y (513)

is well-defined for almost all ¢ in [0, 1]. Such a measurable vector field Jy
on the geodesic t — hy(z) will be called a Jacobi field. We denote by

t— Tx(t) = 8tht(a:) € Tht(x)Y (514)
the unit tangent vector to the geodesic t — h¢(z).

Lemma 5.10. We keep these assumptions and notations. Let x be a point
in X" and V € T, X.
a) There ezists a constant ay € R such that

(Jv(t),7(t)) = ay, for allt in [0,1] where Jy(t) is defined.  (5.15)
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b) There exists a convex function t — @y (t) on [0,1] such that

ov(t) = |[Jv(@)|l, forallt in [0,1] where Jy(t) is defined. (5.16)

1/2

¢) The function Yy = (o} — a¥)? is also a convex function on [0,1].

Proof. When Y is a C>*° Hadamard manifold, the vector field Jy is a classical
Jacobi field and this lemma is well known. Indeed, the function ¢y is the
norm of the orthogonal component Ky, of the Jacobi field Jy , and Inequality
(5.12) follows from the Jacobi equation satisfied by this Jacobi field K. We
now explain how to adapt the classical proof when Y is only assumed to be
a C? Hadamard manifold with a C! metric.

a) Since the path ¢ — hy(x) is a unit speed geodesic, one has the equality
d(hs(x), hi(x)) = |t—s| for all s, tin [0, 1]. Differentiating this equality gives,
when Jy (s) and Jy (t) are defined,

(Jv(8) 7a(s)) = (Jv (1), Tu(t)) -

Hence this scalar product is almost surely constant.
b) Let ¢ be a C! curve ¢ : [—&g,e0] — X with ¢(0) = z and 9sc(0) = V.
Since the space Y is CAT(0), when s > 0, the functions

5 (1) o= —d(a(e(0)), ha(e(s)

are convex on [0,1]. Let Sy := {t € [0,1] | Jy(¢) is defined}. This set Sy
has full measure and contains the endpoints 0 and 1. For all ¢ in this set
Sy, one can compute the limit of these functions lims_o ps(t) = ||Jv (¢)]|-
Since these functions ¢, are convex, the limit @y (t) := limg_,o @s(t) exists
for all ¢ in [0, 1] and is a convex function.

¢) We slightly change the parametrization of the geodesic interpolation :
the function & : (t,s) — ki(S) := hi—say (c(s)) is well defined when t — say
is in [0, 1], and the paths t — k;(s) are also unit speed geodesics. Hence, for
almost all ¢ in [0, 1], the vector field

t = Ky(t) == 0ski(0) € Tiy,0)Y (5.17)
is well-defined and one has the orthogonal decomposition
Jy(t) = Ky (t) + ayra(t).
In particular, one has the equality,
by (t) = 1Ky (@) (5.18)

The same argument as in b) with the Jacobi field Ky proves that the function
1y is also convex. O
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5.4.4 Geodesic interpolation in negative curvature

The following Lemma 5.11 improves Lemma 5.10 when the curvature of Y
is uniformly negative. Indeed, it tells us that the norm ¢ — )y (¢) of the
Jacobi field Ky is uniformly convex.

Lemma 5.11. We keep the assumptions and notations of Lemma 5.10.
Moreover we assume that Y is a CAT(—a?)-space with a > 0. Then the
function Yy satisfies the following uniform convexity property,

v (t) < LDy (0) + Smi oy (1) forallt in [0,1]. (5.19)

Remark 5.12. One can reformulate (5.19) as the following inequality be-
tween positive measures

2 2
Ly > a*y .

Proof. This inequality (5.19) will follow from an upper bound for the norm
of the Jacobi field ¢ — Ky (t) by the norm of a well chosen Jacobi field
t — K(t) along a geodesic segment in the hyperbolic plane of curvature
—a?. Here are the details of the construction of this Jacobi field ¢ — K (t).

Using a slight rescaling, we can assume without loss of generality that the
geodesics t — k¢(s) are defined for ¢ in [0, 1] and that the Jacobi field Ky (t)
is well defined for ¢ = 0 and for ¢t = 1. We choose s > 0. Later on we will let
s go to 0. We set P; := k¢(0) and Qs+ := k(s), and we apply Reshetnyak
Lemma 5.13 to the four points Py, Pi, Qs,1, Qs0. According to this lemma,
there exists a convex quadrilateral C' in the hyperbolic plane Y of curvature
—a? with vertices Py, P1, QSJ, 6870, and a 1-Lipschitz map j : Cy — Y
whose restriction to each of the four geodesic sides PP, Fl@s,p @s,las’o,
6570?0 is an isometry onto each of the four geodesic segments PyPy, P1Qs 1,
Qs1Qs,0, Qs0P. Indeed, since d(Py, P1) = 1, we can assume that the two
vertices Py and P; do not depend on s and that the quadrilateral Cj is
positively oriented.

Since the vectors Ky (0) and Ky (1) are orthogonal to the geodesic seg-
ment ¢ — k¢(0), by Lemma 5.9, each of the four successive angles 6; (for
i=1,...,4 ) between the four successive geodesic segments PyP;, P1Qs 1,
Qs,1Qs,0, Qs,0F inY is equal to §+o0(1), where o(1) denotes a quantity that
goes to 0 when s goes to 0. Since j is 1-Lipschitz, each of the corresponding
four successive angles 6; between the four successive geodesic sides PoP1,
P1Q, 1, Q41Qs0, Qs0Po in the hyperbolic plane Y is not smaller than ;.
Since the sum of these four angles 6; is bounded above by 27, each of these
four angles 6; also satisfies when s goes to 0 :

9 = g +o(1). (5.20)

Denote by t — P; and t — @s,t the unit speed parametrizations of the
sides PoPy and QyQ;. For ¢ in [0,1], one has j(P;) = P; and j(Q, ;) = Qs.s,
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and also

d(Pt7 Qs,t) S d<ﬁt7 @sﬂf) (521)
with equality when ¢t =0 or 1 :
d(P()? QS,O) = d(?()a@s,()) and d(P17 QS,I) = d(?la@s,l) . (522)

We now focus on these convex quadrilaterals C’; in the hyperbolic plane Y of
curvature —a?. We write Q, ; = exppt(sfs,t) where K, belongs to TEY.
Since Ky (0) and Ky (1) are well defined, by (5.17), (5.18), (5.20) and (5.22),
the limits o o o o

K(0)= ll_I)I(I)K570 and K(0) = ll_r}r(l)Ksyl

exist and satisfy
IK(0)]] = ¥y (0) and [[K(1)]| = v (1). (5.23)
Therefore, the limits
F(t) = lim Fs,t
s—0

exist for all ¢ in [0,1]. Moreover, by (5.17), (5.18) and (5.21), they satisfy
the inequalities

Yy (t) < K@) (5.24)

Since the vector field ¢ — K(t) is a Jacobi field along the geodesic segment
t — Py, which is orthogonal to the tangent vector, its norm

P(t) = K1)

satisfies the Jacobi differential equation

d? — —
@w = (12¢ .
Hence, one has the equality
(t) = BEECSG(0) + (1) for all ¢ in [0, 1), (5.25)

We now deduce Inequality (5.19) directly from (5.23), (5.24) and (5.25). O

We have used the following existence result for a majorizing quadrilateral
due to Reshetnyak in [34]. More precisely we have used the boundary of this
majorizing quadrilateral C.

Lemma 5.13. Let Y be a CAT(—a?) metric space and Y be the hyperbolic
plane of curvature —a®. Then, for every four points Py, Pi, Q1 Qo in'Y
there exists a convexr quadrilateral C in'Y with vertices Po,P1, Q,Qq and
a 1-Lipschitz map j : C — Y which is an isometry on each of the four
geodesic sides of C, and which sends each of these four vertices R; on the
corresponding given point R; in'Y .
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5.5 Limits of Hadamard manifolds

In this section we describe the Gromov—Hausdorff limits of
pinched Hadamard manifolds.

The following proposition is a variation on the Cheeger compactness
theorem.

Proposition 5.14. Let (X, pn)n>1 be a sequence of k-dimensional pointed
Hadamard manifolds with pinched curvature —1 < Kx, < —a?2<0.

a) There exists a subsequence of (X, pn) which converges to a pointed proper
CAT-space (Xoo, Poo) With curvature between —1 and —a?.

b) This space Xoo has a structure of a C* Hadamard manifold such that the
distance on X, comes from a C' Riemannian metric.

The same proof shows that X, has a structure of a C*>® Hadamard
manifold with a C1'® Riemannian metric, for every 0 < oo < 1. We will not
use this improvement.

Even though this proposition follows from [33, Theorem 72 p. 311], we
give a sketch of proof below.

Proof. a) The assumption on the curvature of X, ensures that for each
R > 0, one has uniform estimates for the volumes of balls with radius R in
X, : forall n > 1 and x in X,,, one has

volBgi (O, R) < volBx, (z, R) < volByx (O, R) .

Therefore, for each 0 < ¢ < R, there exists an integer N = N(R,¢) such
that every ball By, (pn, R) of X,, can be covered by N balls of radius e.
Hence, according to Fact 5.5, there exists a subsequence of (X, p,) which
converges to a proper pointed metric space (Xoo,Poo). According to Fact
5.7, Xoo is a CAT-space with curvature between —1 and —a?.

b) It remains to check that X, is a C? manifold with a C! Riemannian
metric. We isometrically imbed the converging sequence (X, p,) in a proper
metric space Z as in Fact 5.4. We fix rp > 0 and ¢y > 0 as in Lemma 5.2
where we introduced the harmonic coordinates, and we choose a maximal
70 _geparated subset S, of Xo. For each x4 in S, , we choose a sequence

2co
x, of points in X,, that converges to z~. By (5.3), the harmonic charts

Uy, : Bz, ) — R (5.26)

C

are uniformly bi-lipschitz. More precisely, for all z, 2’ in B (T, Z—g), one has
co d(z,2") < ||V, (2) = Vo, ()| < cod(z,2).

Hence after extracting a subsequence, this sequence of charts ¥, converges
towards a bi-lipschitz map

U, Blzs, ) — RF. (5.27)

o] co
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The extraction can be chosen simultaneously for all the points z., in the
countable set So. This collection of maps ¥,_ endows X, with a structure
of a Lipschitz manifold.

We now want to prove that this manifold X, is a C?> manifold. Indeed we
will check that, for any x and 2/ in S, the transition functions Dy o@;;
are of class C2. This just follows from the fact that these transition functions
are uniform limit on compact sets of the transition functions @, o(b;nl which
are, by (5.7), uniformly bounded in the C?®-norm.

Finally, we check that the distance d on X, comes from a C' Riemannian
metric on Xo. By (5.8), the Riemannian metrics (g,);; on X,, seen as
functions in the charts W, of X,,, are uniformly bounded in the C1**-norm.
Extracting again a subsequence, there exists a C' Riemannian metric (9o0)ij
in the charts ¥, _ of X such that the sequence of metrics

(gn)ij converges to (goo)ij in the C* topology. (5.28)

Let d be the distance on X, associated with go,. We check that do, = d
on Xo. Let 2/ and 2/ be points in X. They are limits of points z], and
xl in X,,. Let ¢, be the geodesic segment joining x}, to x!!. Extracting once
more a subsequence, the curves ¢, converge uniformly to a curve joining

xl, and 27,. This curve must be a geodesic for go.. This proves that
e, 20) = d(al, ). =

5.6 Convergence of harmonic maps

We now explain how to obtain the limit harmonic maps.

We first notice that we can extend Definition 3.2 : AC?> map h: X — Y
between two C? Riemannian manifolds with C! metrics X and Y is said to
be harmonic if its tension field is zero, namely 7(h) := trD?h = 0. Indeed,
the tension field of a C?> map h at a point = depends only on the 2-jet of h
and on the 1-jet of the metrics of X and Y at the points z and h(z). More
precisely, writing h in a coordinate system h : (z1,...,z%) — (h1,...,h}),
the equation trD?h = 0 reads as

A Oh, dh,
g aSCZ 8$]’

Ahy = —Zgijf

v

(A< K) (5.29)

where F/’)V are the Christoffel coeflicients on Y and where A is the Laplace
operator on X defined as in (3.1) :

A:prs %%(vg”%ﬁ_) (5.30)

where v = /det(g;;) denotes the volume density on X. See [19, Section 1.3]
for more details.
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Lemma 5.15. Let (X,,pn)n>1 and (Y, qn)n>1 be two sequences of equi-
dimensional pointed Hadamard manifolds with curvature between —1 and 0.
Let ¢,C > 0 and let hy, : X,, — Y, be a sequence of (c,C)-quasi-isometric
harmonic maps such that sup,, d(hy,(pp), qn) < 0o. After extracting a subse-
quence, the sequences of pointed metric spaces (X, pn) and (Yo, qn) converge
respectively to pointed C* manifolds with C' Riemannian metrics (Xoo, Poo)
and (Yoo, o), and the sequence of maps h, converges to a c-quasi-isometric
map hoo : Xoo = Yao. This map heo is of class C? and is harmonic.

Proof. Since they are harmonic, the maps h,, are C*°. Since these maps are
also (¢, C')-quasi-isometric, according to Cheng’s Lemma 3.4, there exists
some constant C’ > 0 such that the maps h,, are C'-Lipschitz. The first two
statements then follow from Proposition 5.14 and Lemma 5.6.

It remains to show that the limit map heo is of class C2 and harmonic.
The key point will be a uniform bound for the C*®norm of h,, in suitable
harmonic coordinates. Let k := dim X,, and k' := dimY,,. Let zo, be a
point in X, and Yo := hoo(Zso). Let @, be a sequence in X,, converging to
ZToo and let y, 1= hy(xy,).

We look at the maps h,, through the harmonic charts ¥, of X, and ¥,
of Y, as in (5.26). By (5.27), these charts converge respectively to charts
U, of Xo and ¥, of Y. By (5.28), in these charts, the Riemannian
metrics of X, and Y,, converge to the Riemannian metrics of X, and Y
in the C1®-norm.

Let 0 < a < 1. When one writes Equation (5.29) for h = h,, in these
harmonic coordinates on a small open ball Q := B(0, wor) of R* that does
not depend on n, one gets

2
ZQ”L o > ¢’ Oty Ol (5.31)

T 82’2'82’]' “ g 8Zi 82’]' '
i v

The coefficients of this equation depend on n, but Lemma 5.2 ensures that
they are uniformly bounded in the C%-norm. The Schauder estimates for
functions v on Q and compact sets K of Q as in [33, Theorem 70 p. 303]
thus tell us that

[ullero, e < M ([|Aullco,o + [lullce.0) (5.32)

ulleze,ic < M ([[Aullca0 + [lullce ) (5.33)

for some constant M = M (k,Q, K). Therefore, since the maps h,, are C’-
Lipschitz, combining (5.29), (5.32) and (5.33) yields a uniform bound for
the C>“-norm of the maps h,. Hence the Ascoli Lemma ensures that, after
extracting a subsequence, the sequence of maps h,, converges towards a C?
map in the C? topology. This proves that the limit map hs, is C? and is
harmonic. O
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5.7 Construction of the limit equidistant harmonic maps

We now explain why the limit harmonic maps hg,oo and by oo
constructed in the strategy of Proposition 5.1 are equidistant.

We first sum up the construction of these limit maps.

We start with two Hadamard manifolds X, Y of bounded curvatures,
and with two distinct quasi-isometric harmonic maps hg, h; : X — Y such
that 6 := d(ho, h1) is finite and non-zero. We choose a sequence of points
pr, in X such that d(ho(pr), hi(pn)) converges to § and we set qor, == ho(pn)
and g1, := hi1(pn). We will frequently replace this sequence by subsequences
without mentioning it. By Proposition 5.14, there exist two C?> Hadamard
manifolds with C! metrics (Xoo, Poo) and (Yo, ¢0,00) Which are the Gromov—
Hausdorff limits of the pointed metric spaces (X,py) and (Y, qo,). These
limit Hadamard manifolds also have bounded curvature. We denote by ¢1 oo
the limit in Y, of the sequence ¢ ,,. By the Cheng Lemma 3.4, the harmonic
quasi-isometric maps hg and h; are Lipschitz continuous. By Lemma 5.6,
there exists a limit map hg o : (Xoo, Poo) = (Yoo, go,00) Of the sequence of
Lipschitz continuous maps hg : (X, pn) — (Y, qo,n). There exists also a limit
map hi oo : (Xoo,Poo) = (Yoo, G1,00) Of the sequence of Lipschitz continuous
maps hy @ (X,pn) = (Y,q1n). By Lemma 5.15, these limit maps hg o and
h1,00 are still harmonic quasi-isometric maps.

Lemma 5.16. With the above notation, the two limit harmonic quasi-iso-
metric maps ho oo, Ni,0o are equidistant. More precisely, for all x in X,
one has d(hoco(), h1,00(x)) = 8 > 0 where 6 := d(hg, h1).

We will apply this lemma to two pinched Hadamard manifolds X, Y. In
this case, the limit C? Hadamard manifolds X, Y will also be pinched.

Proof. Let Ay be the Laplace operator on X, defined as in (5.30). We
first check that the function ¢o, @  — d(ho,co(), h1,00(2)) is subharmonic
on Xo. This means that Ao IS a positive measure on Xo,. Assume
first that the Riemannian metric on Y, is C*°. In this case, ¢ is the
composition of a harmonic map h = (hg,h1) : Xoo — Yoo X Yo and of a
convex C*®-function F' = d : Yoo X Yoo — R, so that the function ¢ is
subharmonic on X, because of the formula

As(Foh)= 3" D?F(Deh, De,h) + (DF,7(h)),
1<i<k

where (e;)1<i<k is an orthonormal basis of the tangent space to X.
Since the Riemannian metric on Y might not be of class C*°, we will use

instead a limit argument. We fix a point z in Xo. In a chart (z1,...,xx),

the Laplace operator Ay, of the Riemannian metric (¢ )i; of Xoo reads as
1 0 0

b Aot =~ (vggd L (5.34)

o0
Voo OF; > 0x;
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where vo is the volume density. We want to prove that for every C? function
1 > 0 with compact support in a small neighborhood of z,, one has

/]Rk Voo Do) Voodx > 0. (5.35)

This function ¢ on the pointed metric space (Xoo, poo) is equal to the
limit of the sequence of functions ¢, :  +— d(ho(x), hi(x)) on the pointed
metric spaces (X, p, ), as defined in Lemma 5.6. Note that the dependence on
n comes from the base point p, which moves with n. We choose a sequence
Zn in X, converging to To,. As in the proof of Lemma 5.15, we look at the
functions ¢,, through the harmonic charts ¥, of X,,. By (5.27), these charts
converge to a chart U,  of Xo. By (5.28), in these charts (z1,...,x)) the
Riemannian metric (gn);; of X, converge to the Riemannian metric (goo)i;
of X in C! topology.

Since, by the above argument, the functions ¢,, are subharmonic for the
metric (gy)ij, for every C? function ¢ > 0 with compact support in these
charts, one has at each step n

/gonAnzp vpdz >0 (5.36)

where A, and v, are the Laplace operator and the volume density of the
metric (gp)ij. Letting n go to oo in (5.36) gives (5.35). This proves that the
function @4, is subharmonic.

By construction, this subharmonic function ¢, on X, achieves its max-
imum 0 > 0 at the point po. By (5.34), the Laplace operator is an elliptic
linear differential operator with continuous coefficients. Hence, by the strong
maximum principle in [14, Theorem 8.19 p.198], this function ¢ is constant
and equal to 9. O

The aim of Sections 5.8 and 5.9 is to prove that such equidistant har-
monic quasi-isometric maps hp o and hi o can not exist (Corollary 5.19)
when Y, is pinched. This will conclude the proof of Proposition 5.1.

5.8 Equidistant harmonic maps
We first study equidistant harmonic maps without any pinch-

ing assumption.

The following lemma 5.17 extends [25, Lemma 2.2] to the case where the
source space X is only assumed to be a C2-Hadamard manifold. We include
a complete proof to deal with this weaker regularity assumption.

Lemma 5.17. Let X, Y be two C?> Hadamard manifolds with C* Riemannian
metrics of bounded curvature. Let hg,h1 : X — Y be two harmonic maps

36



such that the distance function x w— d(ho(z), h1(z)) is constant. For t in
[0,1], let hy be the geodesic interpolation of ho and hy as in (5.12). Then
for almost all x in X, t in [0,1] and V in T, X, one has

[Dho(V)|| = [[Dhe(V)[| = [Dh2 (V)] - (5.37)

Note that we can not conclude that Equality (5.37) is valid for all  and
t since the interpolation h; might not be of class C'.
We will use the following straightforward inequality for convex functions.

Lemma 5.18. Let t — ®; be a non-negative convex function on [0, 1]. Then,
for all t in [0, %}, one has

P+ P <Dy + P — 2t ((I)O + & — 2‘1)1/2) . (538)

Proof of Lemma 5.18. We just add the following two convexity inequalities
P, < (1 — 275)‘1’0 + Qt‘bl/z and ®1_; < (1 — Qt)q)l + Qt(I’l/Q. ]

Proof of Lemma 5.17. The idea is to construct two small perturbations f.
and g. of the harmonic maps hg and h1 with support in a compact set K of
X, and to compare the sum of the energies of f. and g. with the sum of the
energies of hg and hq.

Let 0 < & < 1. Here is the definition of the two maps f. : X — Y
and g. : X — Y. We fix a C! cut-off function n : X ~— [0,1];2 + n, with
compact support K, and we let for all x in X :

fe(x) = hsnz (x) and ge(x) = hl—snm (x) (5-39)

These functions are Lipschitz continuous, so that they are almost everywhere
differentiable. In order to compute their differentials, we use the notations
(5.13) and (5.14) : for all z in a subset X’ C X of full measure, for all V in
T, X, for almost all ¢ in [0, 1], we let

Jy(t) = Dyhy(V) and  7o(t) == dpha(x).

For such a tangent vector V, it follows from Lemma 5.10.b that there exists
a convex function t — ¢y (¢) such that oy (t) = ||Jy(¢)|| for all ¢ where
the derivative Jy (t) exists. By the chain rule, for almost all ¢ in [0, 1], the
differentials of f. and g. are given, for almost all z in X and all V in T, X,
by

Df.(V) = Jv(eng) + eVipre(ens), (5.40)
Dg.(V) = Jyv(l —en,) —eVnry(l —eny) (5.41)

where V.n = dn(V) is the derivative of the function 7 in the direction V.
According to Lemma 5.10.a, for almost all x in X and all V in T,,X, the
scalar product (Jy (t), 7(t)) is almost surely constant. Therefore, for almost
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all ¢ in [0,1], # in X and V in the unit tangent bundle 7} X, one has the
equality

IDL-(V)I? + | Dge(V)II* = v (ene)? + @v (1 — ene)® 4 26%(Vap)? . (5.42)

We introduce the convex function ¢ + ®} := ¢y (t)2. Using Inequality

(5.38), one gets for almost all € in [0,1], z in X and V in T} X the bound
IDF-(V)II* + | Dge(V)|I* < &g + &1 — 2ems(Bg + &) — 20Y ) +2*(Vi)*.

We recall that the energy over K of a Lipschitz map h: X — Y is

Bi(h) = [ IDbPar= [ |phv)Pav,

where dz is the Riemannian measure on X and dV the Riemannian measure
on T'X. Integrating the previous inequality on the unit tangent bundle of
K, one gets the following inequality relating the energy over K of f., g, hg
and hi :

EK(f€> + EK(ga) — EK(ho) - EK(hl) < —6/1 A(V) dVv + O<52) (543)
TK
where A is the function on 71 X defined for almost all z in X and V in T} X
by
A(V) := 21 (B + DY — 207 ).

Since the harmonic maps hg and h; are critical points for the energy func-
tional, Inequality (5.43) implies that

A(V)dv <0. (5.44)
TK

Since the function ®" is convex, the function A is non-negative. Therefore
Inequality (5.44) implies that the function A is almost surely zero. Since
the function 1 was arbitrary, this tells us that, for almost all V in T'.X, one

has
%4 1% 1%
2@1/2 == q)o + (Pl .

Since ®V is the square of the convex function ¢y, this tells us that for almost
all V in T X, the function ¢y is constant. This proves (5.37). O

5.9 Equidistant harmonic maps in negative curvature

The following Corollary 5.19 improves the conclusion of Lemma 5.17 when
the curvature of Y is uniformly negative.
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Corollary 5.19. Let a > 0. Let X, Y be two C?> Hadamard manifolds
with C' Riemannian metrics. Assume moreover that Y is CAT(—a?). Let
ho,h1 : X — Y be two harmonic maps such that the distance function
x +— d(ho(x), hi(x)) is constant. Then either hg = hy or

ho and hy take their values in the same geodecic T of Y. (5.45)

This means that, when hg # hi, there exists a geodesic t — (t) in YV
and two harmonic functions ug, u; on X such that hg =y owug, hy =vou;
and the difference u; —ug is a bounded harmonic function on X.

Note that this case is ruled out when hy and h; are within bounded
distance from a quasi-isometric map f : X — Y since X has dimension
k> 2.

Proof of Corollary 5.19. We can assume that the distance between hg and
h1 is equal to 1. We recall a few notations that we have already used. For
t in [0, 1], let hy be the geodesic interpolation of hg and hy. For z in X, let
Tz(t) := Ophy(x). Since the map (¢,x) — h(x) is Lipschitz continuous, the
vector Jy (t) := Dh(V) is well-defined for almost all ¢ in [0, 1], x in X and
Vin T, X. For all such ¢, z, V, we set

av (t) = (Jv (), (), v(t) =1y @), v (t) = (pv(t)® —av(t)*)/?.
By Lemmas 5.10.a and 5.17, one has the equalities
ay(0) = ay(t) = ay(l) and v (0) = ev(t) = pv(1) (5.46)
for almost all ¢ in [0, 1] and almost all V' in T'X, so that
v (0) =Yy (t) =y (1).

Comparing these equalities with the uniform convexity of the function )y
in (5.19), one infers that 1y () = 0. Hence, when Jy (¢) is defined, one has

Ty (1) = av(0) 7o (t) - (5.47)

We now explain why (5.47) implies (5.45). It is enough to check that,
for every C! curve
c:10,1] = X5 cs

with speed at most 1/3, the images
ho(cpo,17) and hi(cjg 1)) are both included in the geodesic I' (5.48)

of Y containing both hy(cp) and hq(cp).

The idea is to construct an auxiliary curve C with zero derivative. Let
B:[0,1] = [-1/3,1/3] be the function given by s — s := [ a (0)dr. For
to in [1/3,2/3], let C be the curve

C:[0,1] = Y;s+ C(s) := hyy—p, (cs).
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Since the speed of ¢ is bounded by 1/3, the curve C is well-defined. By
construction C' is a Lipschitz continuous path, and by (5.46) and (5.47), for
almost all s, its derivative is,

C,(S) = (O‘C’S (to_ﬁs) T (O)) Tes (750—53) =0

Therefore, one has C(s) = C(0) for all s in [0, 1], that is

htO*ﬁs (CS) = hto (CO) .

Using this equality for two distinct values of g, we deduce that the geodesic
segments hy 1)(co) and hyg 1)(cs) meet in at least two points. This proves
(5.48) and ends the proof of Corollary 5.19. O

This also ends the proof of Proposition 5.1.

6 Boundary maps for weakly coarse embeddings

This chapter is independent of the previous ones. We prove
that a weakly coarse embedding between pinched Hadamard
manifolds admits a boundary map which is well-defined outside
a set of zero Hausdorff dimension. We prove that the fibers of
this boundary map also have zero Hausdorff dimension (Theorem
6.5). More precisely, we will prove quantitative versions of these
facts (Propositions 6.13 and 6.15) that we will use in Chapter 7.

6.1 Weakly coarse embeddings

In this section, we introduce various classes of rough Lips-
chitz maps f : X — Y between pinched Hadamard manifolds
generalizing the quasi-isometric maps.

Let X and Y be Hadamard manifolds with pinched sectional curvatures
< Kx<-a?2<0, -0 <Ky <—-a’><0. Let k=dimX, ¥ =dimY.

Definition 6.1. Let ¢ > 0. A map f: X — Y is rough c-Lipschitz if, for
all z,2' € X, with d(z,2") <1 one has d(f(x), f(z")) < ec.

When f: X — Y is a rough c-Lipschitz map, one has for all z, 2’ in X :
d(f(z), f(2)) < cd(w,2’) +c.

Definition 6.2. A map f: X — Y is a coarse embedding if there exist two
non-decreasing unbounded functions o1, wo such that, for all z,2' € X :

pr(d(z,2’)) < d(f(x), f(2) < pa(d(z,2")). (6.1)
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Note that a map which is within bounded distance from a coarse embed-
ding is also a coarse embedding. In Definition 6.2 one may always assume
that the function ¢, is an affine function, that is, f is rough Lipschitz. A
quasi-isometric map is a special case of a coarse embedding, where ¢ is also
an affine function.

Definition 6.3. A weakly coarse embedding f : X — Y is a rough Lipschitz
map for which there exist co, Co > 0 such that, for all x, ¥’ in X :

d(f(z), f(2") <eco = d(z,2") <Cy. (6.2)

Equivalently, this means that there exist two non-decreasing non-nega-
tive and non-zero functions o1, 92 such that (6.1) holds. Of course, any
coarse embedding f : X — Y is a weakly coarse embedding.

Example 6.4. There exist many coarse and weakly coarse embeddings f
from H? to H®. More precisely, for any non-decreasing 1-Lipschitz function
©1 : [0, 00[— [0, 00[ with ¢1(0) = 0 one can choose a 1-Lipschitz map f for
which @1 is the best lower bound in (6.1).

Proof. Indeed, one first constructs a unit-speed C! curve fy : R — H? such
that ¢1(t) = miﬂrg} d(fo(s+1), fo(s)) for every t > 0. We set H' := R and, for
EIS

k > 1, we embed each space H* as a totally geodesic hyperplane in HF+!
and denote by x — n, a unit normal vector field to HF in H**!. We now
define the Lipschitz map f : H? — H? as f(exp(tns)) := exp(tny,(s)) for all
sin H' and t € R.

For any point g € X and r > 0, we identify through the exponential
map each sphere S(xg,r) with the unit tangent sphere

Szo = {€ € Too X | [I€]l = 1}

More precisely, when £ € S, is a unit tangent vector at the point xg, we
denote by r — & := exp, (r§) the corresponding unit-speed geodesic ray
(so that &y = xo).

We denote by X = X U 0X the visual compactification of X. The
boundary 0X is the set of (equivalence classes of) rays in X. The map
Vg + & Tlggo & gives an homeomorphism of the unit tangent sphere Sy,
with the sphere at infinity 0X. We say that a subset A of 0X has zero
Hausdorff dimension if, seen in Sy, it has zero Hausdorfl dimension. One
can check that this property does not depend on the choice of xg, because
for any another point z; € X, the homeomorphism v, Lo Yy, is bi-Holder.

In this Chapter 6 we will prove the following theorem.

Theorem 6.5. Let f : X — Y be a weakly coarse embedding between pinched
Hadamard manifolds.
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a) There exists a subset A C 0X of zero Hausdorff dimension such that, for
all £ € 0X N A, the limit 0f(§) := hﬁm f(&) exists in JY'.

b) For every £ € 0X N\ A, the fiber {n € 0X~A| 0f(n) = 0f(&)} has zero

Hausdorff dimension.

The map df : 0X A — 9Y is called the boundary map of f.

The proof of Theorem 6.5 will last up to the end of this Chapter. The
quantitative estimates (6.8) and (6.10) that we will obtain during this proof
will be reused in Chapter 7.

6.2 Hausdorff dimension and Frostman measures

In this section we introduce classical notations and definitions
from geometric measure theory.

Definition 6.6. Let M,v > 0. A Borel probability measure o on a compact
metric space S is said to be (M, v)-Frostman if, for all{ € S and all r > 0,
one has the following bound for the measures of the balls :

o(B(&,r) < Mr”. (6.3)

Proposition 4.9 tells us that all the harmonic measures o, , of a pinched
Hadamard manifold are (M,1/N) Frostman, where the constants (M, N)
do not depend on the center x nor the radius r > 0.

Let v > 0 and 6 > 0. For a subset A C S, we denote
H{(A) = inf{) diam(U;)" | A Cc |, U; , diam(U;) <6}.
i>1

When § = oo, we denote similarly

HY (A) =inf{}" diam(U;)" | Ac U, Ui} . (6.4)

i>1
We recall that the v-dimensional Hausdorff measure of A is defined as
HY(4) = sup HY (A)
6>0
and the Hausdorff dimension of A is
dimg(A) =inf{r > 0| H"(A) = 0}.
Observe that one also has
dimg(A) =inf{v > 0| H5 (A) =0}. (6.5)
The following easy lemma relates HY (A) with Frostman measures.

Lemma 6.7. Let o be a (M,v)-Frostman measure on a compact metric
space S and A C S. Then one has o(A) < M HY (A).

Proof. Observe that o(A) < > o(U;) < M ) diam(U;)” for any covering
i>1 i>1

(U;) of A. 0
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6.3 Image of a large sphere

In this section we focus on those points of a sphere S(xq,r)
whose images under a weakly coarse embedding are too close
from a given point.

The following definition will play a key role in the proof of Theorem 6.5.

Definition 6.8. Let ¢, C1, Co > 0. A rough c-Lipschitz map f : X — Y
satisfies property Cc,.c, if, for all points x9 € X, yo € Y and all r,s > 0,
the set

A-'EanO:"'ys = {6 € SfE() | d(y07 f(gr)) S S} (66)

can be covered by at most C1eP%'s balls of radius Coe™ ", where k' = dimY .
If such constants C1, Cy exist, we say that f satisfies property C.

In this definition the unit sphere S;, is endowed with the distance in-
duced by the Riemannian norm on 77, X.

The bound on the size of a covering of the set (6.6) will be very useful for
Hausdorff dimension estimations. The precise value bk’ for the exponential
growth in Definition 6.8 is not very important. It is the one obtained in the
next proposition and it merely avoids the introduction of another parameter.

Proposition 6.9. Fvery weakly coarse embedding f : X — Y satisfies
property C.

In particular, Propositions 6.13 and 6.15 below apply to all weakly coarse
embeddings f.

We will use the Bishop volume estimates (see for example [12]) which
compare the volume of balls in X and in the hyperbolic space HF.

Lemma 6.10. Let X be a pinched Hadamard manifold with dimension k
and sectional curvature —b*> < Kx < —a? < 0. Then, for R > 0, one has

a"*vol(Byi (0, aR)) < vol(Bx(z,R)) < b~*vol(Bg.(0,bR)) .
We will also need to bound angles by Gromov products as in Lemma 2.1.

Lemma 6.11. Let Y be a Hadamard manifold with curvature Ky < —a? <.
Then, for all yo € Y and y1,y2 € Y ~{yo} one has the bound

ayo (y17 Z/Q) <4 e’a(yl,yQ)yo :

where Oy, (y1,y2) is the angle at yo of the geodesic triangle (yo,y1,y2) and
(1, ¥2)yo := 5(d(yo,y1) + d(yo,y2) — d(y1,y2)) is the Gromov product.
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Proof of Proposition 6.9. We will see that f satisfies property Cc, ¢, where
the constants Cy, Co depend only on a, b, k', and on ¢g, Cy from (6.2).

It follows from the volume estimates of Lemma 6.10 that there exists
a constant C1 > 0 such that for each ball B(yp,s) C Y (s > 0) and each
covering of minimal cardinality of this ball by balls with radii ¢y/2

B(yo, s) C UierB(yi, co/2),

this cardinality is at most Creb¥'s.

Since f is a (cp, Cp)-weakly coarse embedding, for each i € I, the inverse
image of this ball f~1(B(y;, co/2)) is either empty or lies in a ball B(x;, Cg) C
X. By Lemma 6.11, the intersection B(z, Cp) N S(zp,7) lies in a cone with
vertex xo and angle 6, = Coe™ 9", O]

Remark 6.12. Any map f: X — Y within bounded distance from a map
f X — Y satisfying Property C also satisfies Property C.

6.4 Construction of the boundary map

We now investigate the long-term behavior of the images of geo-
desic rays under a rough Lipschitz map satisfying Property C.

Let X, Y be pinched Hadamard manifolds and f : X — Y be a rough
Lipschitz map satisfying Property C. The following proposition 6.13 tells us
that, except for a set of rays of zero Hausdorff dimension, the image under
f of a ray goes to infinity in Y at positive speed and this image converges
to a point in 0Y.

We need some notations. For z¢ € X, let A, be the set of rays whose
image do not go to infinity at positive speed, namely

Agy = {€ € Sy, | liminf & d(f(x0), f(€n)) = 0}

One has Az, =)

>0 Azg,a, where, for a > 0, we denote

Avgr = {€ € Sry | limind Ld(f(a0). £(60) < 0}
One has Ay, o C mnozl Azy.a(no), where, for ng > 1, one defines
Ay a(no) :={& € Sy | d(f(z0), f(&n)) < na for some n > ng}.

With the definition (6.6), one has Ay «(n0) = U

n>ng Aazo,f(a:o),n,na .

Proposition 6.13. Let X, Y be pinched Hadamard manifolds with sectional
curvatures —b> < K < —a®? < 0. Let ¢,C1;,0y >0 and f : X - Y be a
rough c-Lipschitz map satisfying Property Coy,.c,. Let o > 0, k' = dimY
bk'a C1C%

a

and v, = . For v > v,, we introduce the constant C3 ., = T o=atvay -

Then, the following holds for any xg € X and ng > 1.
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a) One has
HOVO(AJCO,Oé(nO)) S CS,a,V eia(yil/a)nq (67)

b) For every (M,v)-Frostman measure o on Sg,, one has
0(Azg.a(no)) < M C o, e 7000, (6.8)

¢) One has dimpg(Azy.a) < Va.
d) One has dimp(Ag,) = 0.
e) For every £ € Sy Ay, the limit Of(§) = llm f(&) exists in OY .

The bound (6.8) can be interpreted as a large deviation inequality for
the random path f(&;) when the ray & is chosen randomly with law 0. A key
point is that the constants involved in (6.8) do not depend on the (M, v)-
Frostman measure 0. We will apply it later on to various harmonic measures
0 = 0gyr o0 X.

Proof of Proposition 6.13. a) Since f satisfies Property C¢, c,, one has

Hgo(AIO,a(nO)) < Z Houo(Axo,f(xo),n,na)
n>ng
< Z Cleauan Cé/e—aun _ 037047;/ e—a(y—ya)ng )
n>ngo
b) This follows from a) and Lemma 6.7.
c¢) Letting no go to infinity in (6.7), one gets HX (Az,o) = 0 for all
v > v,. Therefore, (6.5) yields that dimg(Az,a) < Va.
d) One has dimpy(Az,) < g;fo dimpg(Azy,a) =0.
e) Since f is rough Lipschitz, one may assume that the parameters r are
integers and apply the following lemma 6.14 to the sequence y, = f(&,). O

Lemma 6.14. Let Y be a Hadamard manifold with sectional curvature
Ky < —a? < 0. Let (yn)nen be a sequence in'Y such that

1
Sup d(Yn, Yn+1) < oo and liminf —d(yo,yn) > 0.

Then, the limit yoo := lim y, exists in the visual boundary 0Y .
n—oo
Proof. Choose ¢ > 0, @ > 0 and ng > 1 such that
d(Yn,Yn+1) < ¢ and d(yo,yn) > na for alln > ng.

By Lemma 6.11, the inequality 6y, (yn, ynt1) < 4ec/2¢=a0n }o)ds for any

n > ng. Since this series converges, there exists a geodesic ray v+ C Y with

origin gy such that li_}m Oyo (Yn,v+) = 0. O
n oo

Unlike quasi-isometric maps, coarse embedding may not have boundary
values in every direction. See Example 6.4 where we could begin with a
curve fo that spirals away in H2.
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6.5 The fibers of the boundary map

We now investigate the fibers of the boundary map df of a rough
Lipschitz map satisfying property C.

The following proposition 6.15 tells us that the fibers of the boundary
map have zero Hausdorff dimension.

We keep the notations of Section 6.4 and introduce more notations. As
before, X, Y are pinched Hadamard manifolds and f : X — Y is a rough
c-Lipschitz map satisfying Property C. For o € X and £ € Sy, let Bf;o be
the set of rays n that “do not go away from £ at positive speed”, namely

i={n€ Sy | lim inf od(f(&), f(np)) =0}

ng—00 n,p>ng

One has Bgo = Na>0 Bg(w, where, for a > 0, we set 3, := and let

2a+c

Bio={n€ S| lim inf —=d(f(&), f(np)) < Bat-

no—00 n,p>ng

One has Bﬁo,a CMNpo>1 Bgoya(no), where we let for any ng > 1 :

BS, o(n0) = {n € Sz, | d(f(&n), f(1p)) < (n+p)Ba for some n,p > no}.

This specific value for 3, has been chosen in order to obtain the same ex-
ponent in (6.7) and in the following (6.9).

Proposition 6.15. Let X, Y be pinched Hadamard manifolds with sectional
curvatures —b*> < K < —a® < 0. Letc,C1,Co >0 and f : X — Y be a rough
c-Lipschitz m2ap with Property Ccy c,. Let a > 0, K z (Ci}Vm Y, vy = %
and Po = 5ot (1_87%,6&)21_26_,1(”_1,&)).
Then, the following holds for any xo € X and ng > 1.

a) For & € Sy~ Ay .a(no), one has

For v >v,, we set Cy o, =

HY, (B, o(n0)) < Ci e @ velm, (6.9)

0,0

b) For & € Syy~\Agya(no) and any (M,v)-Frostman measure o on Sy, one
has

(BE ( )) < MC4,04,1/ e_a(u_ua)no- (6.10)

To,q

c) For € € Sgy\Agy o, one has dimH(Bg%0 o) < Va.
d) For ¢ € SIO\AIU, one has dimp (B3 B o) =0.

e) Assume ng > 1 4: - For &,m € Sy NAzy.a(no) withn & Bgo,a(no) and

for all n,p > £y := 47;00, one has the lower bound for the angle

20)(F(&n), Fmp)) = ge 0%, (6.11)
f) For &,m € Syy\Ag,, withn & Bgo, one has 0f(n) # 0f(§).
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We begin with a technical covering lemma.

Lemma 6.16. We keep the notations of Proposition 6.15. Fix ng > 1. For
£ € Sy and p > ng, let

BS,y ap(no) = {1 € Sz | d(f(én), f(1p)) < (n+p)Ba for some n > ng}.

If € is not in Ay a(no), the set Bgma,p(no) can be covered by at most
o)) ebk’ap

(=" balls of radius Cye™ %,

Proof of Lemma 6.16. Using the notation (6.6), we have the equality

Bioap(0) = U Asy f(en)pr(ntp)ba-

n>ng
The key point is that, since f is rough c-Lipschitz and § ¢ Az (no), this

union is a finite union. Indeed, assume that an integer n > ng satisfies

d(f(&n), f(np)) < (n+p)Ba

for some n € Sy,. Since d(f(zo), f(&§n)) > na and d(f(zo), f(np)) < pec,
one must have

na —pce < (n+p)fa-

By our choice of §,, this inequality is equivalent to

(n+p)fa < po.

Therefore, using Definition 6.8, one can cover the set Bgma,p(ng) by at most
Ciy, ¥ (n+p)Ba halls of radius Coe™ P where this sum runs over the in-
tegers n > ng such that (n+p)Bs < pa. Computing this sum, one deduces

¢ o)) ebk’ap
that the set B3, can be covered by at most PR balls of radius
—_— e «
Coe P, O
Proof of Proposition 6.15. a) Since B§07a(no) = Upsne B§07a7p(ng), Lemma
6.16 yields
HY(BSyalno)) < 3 H(Bioap(no)
p=no
CeaP
S Z % Cgeial/p = C47a7y eia(yiya)no °
p=no

b) This follows from a) and Lemma 6.7.
¢) Letting ng go to infinity in (6.9) one gets HY (BS,.a) = 0, for all
v > vq. Therefore, using (6.5), it follows that dimH(Bgma) < vy
d) One has dimH(Bgo) < in% dimH(Bgo’a) =0.
a>
e) This is a consequence of the following lemma 6.17 applied to the

sequences y, = f(&,) and 2z, = f(n).
f) This follows from e). O

47



6.6 Two sequences going away from one another

The aim of this section is to prove the following lemma which
provides, in a pinched Hadamard manifold, a lower bound for the
angle between points in two sequences with bounded speed that
“go away from one another at positive speed”.

Lemma 6.17. Let Y be a Hadamard manifold with sectional 2curvature
- < Ky < —a® < 0. Letcza25>0andnoz%. Let
(Yn)nen and (zp)pen be two sequences of points in'Y with yo = 29, such that

d(Yn, Yn+1) < ¢ and d(zp, 2p+1) < ¢ for any integers n,p > 0, (6.12)
d(Yo,Yn) >na, d(yo, zp) > pa and d(yn, zp) > (n+p)B for n,p > ng. (6.13)

4ngc

Then, for any integer n,p > £y := =22%, one has

Oyo (Yn, 2p) > e~ 210% . (6.14)

We will need two geometric lemmas.

We know that the orthogonal projection from a Hadamard manifold on a
geodesic is a 1-Lipschitz map. The following lemma gives us a more precise
information when the curvature is bounded from above.

Lemma 6.18. Let Y be a Hadamard manifold with sectional curvature
Ky < —a®2 < 0. Let ¥ C Y be a geodesic. Then, the orthogonal projec-
tion m : Y — 7 is smooth and, for y € Y, the norm of its differential

satisfies
1

—ad(y,
IDyrll < cosh(ad(y,~)) < 2e7000.
Proof of Lemma 6.18. The proof relies on a Jacobi field estimate (see [12]).

Let y € Y\, let § = n(y) € v and £ = d(y,7y) = d(y,y). Denote by
c:s €[0,4] = c(s) € Y the unit-speed parametrization of the geodesic
segment [7,y] with ¢(0) = g and c(¢) = y.

Let v € T,;)Y. We want to bound the ratio || Dy (v)||/||v]]. We may thus
assume that v is orthogonal to KerDym, i.e. that v is orthogonal to the
geodesic ¢ at the point y.

Choose a smooth curve t — y(t) € Y with y(0) = y and y/(0) = v, and let
y(t) = m(y(t)) € v. We can assume that, for all ¢, one has d(y(t),y(t)) = ¢.
For each parameter ¢, introduce the constant-speed geodesic ¢; : [0,¢] — Y
such that ¢;(0) = g(t) and ¢:(¢) = y(t). By construction, each vector u(t) :=
%ct( )‘S _o € Ty»)Y is normal to v at the point ().

The map (s,t) — c(s) is a variation of geodesics, so that J : s €
[0, 4] — dt ct(s)l € Ti(5)Y is a Jacobi field along the geodesic c. We have
J(0) = Dym(v) and J(¢) = wv. Since both J(0) and J(¢) are normal to c, it
follows that J is a normal Jacobi field. Since v is a geodesic and each u(t)
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is normal to 7, we infer from the equality J'(0) = «/(0) that J'(0) is normal
to v, i.e. orthogonal to J(0). The Jacobi field equation J” + R(c/, J)c =0
and the hypothesis on the curvature now yield

(113" = 2[l7|I* = 2R(¢, I, &, T) = 2(||T|')? + 2a°||.T||?

and therefore

11" > a®[|J]] -
Since ||.J]'(0) = % = 0, one deduces that ||J(¢)|| > ||7(0)| cosh(at),
for all ¢ > 0. In particular, one has || Dym(v)|| < ||v||/ cosh(af). O

The second lemma is an easy angle comparison lemma.

Lemma 6.19. Let Y be a Hadamard manifold with sectional curvature
—v2 < Ky <0. Let v C Y be a geodesic, yo € v, y € Y and § = 7(y)
be the projection of y on 7. Assume that d(yo,y) < R and d(y,y) > R, then
one has Oy, (y, ) > se 1.

Proof of Lemma 6.19. The angles of a triangle in H?(—b?) with same side-
lengths are smaller than the angles of the triangle (yoyy). It follows that
0y, (y,7) > ¢, where ¢ is the angle of an isosceles right triangle in H?(—b?)

with adjacent sides R, which is ¢ = arctan( m) > 1e bR, O

Proof of Lemma 6.17. Let 4 be a geodesic ray starting from yg = 29. De-
note by m : Y —  the orthogonal projection on the geodesic v that contains
~v+. Identify v ~ R so that vy ~ [0,00[. Introduce, for n,p € N, the
points ¥, = 7(y,) and z, = m(z,), and the sub-intervals I, = [gn, Yn+1] and
Jp = [Zp, Zp+1] of 7.

Let R := 2ngc. We claim that

min(yy, zp) < R for all N, P > 0. (6.15)

According to (6.12), one has the bound max(yn,, Zn,) < noc. Hence it is
enough to check that the interval Z := [gy,, yn] N [Zn,, Zp) has length at
most |Z| < nge.

Let ¢ € Z. This point lies in some non-empty interval I,, N J, with
n,p > ng. Since the projection 7 is 1-Lipschitz, using (6.12) again yields
d(Yn, Zp) < 2¢. According to (6.13) one has d(yn, zp) > S(n + p) so that

either d(yn,Un) >nB —c or d(zp, %) >pB—c,

and Lemma 6.18 now provides a bound for the length of one of the intervals
I, or Jp :

cither |I,] < 2¢c2m98 or || < 22,
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It follows that the interval Z is bounded by
‘I| < Z 2 e2ac—na,8 4 Z 2 e2ac—paﬁ

n>ng p>ng
4¢ e2a¢

17_(1& e_noaﬁ S nopc.
— €

This proves our claim (6.15).
Now, let n,p > ¢y := % so that, by (6.13), one has d(yo, yn) > 2R and
d(yo,zp) > 2R. The claim (6.15) tells us that

either d(yo,9n) < R or d(yo, %) < R.

Hence by Lemma 6.19, one has

1

either Oy, (yn,74+) > 3¢ 8

1 —
or Oy (zp,v4) > 3 8.
Since this is true for any ray v, based at yo, one gets 0y, (yn, 2p) > %e_bR. O

Proof of Theorem 6.5. Point a) follows from Propositions 6.13.d and 6.13.e.
Point b) follows from Propositions 6.15.d and 6.15.f. O

Remark 6.20. It follows from the proof that Theorem 6.5 also holds true for
any rough Lipschitz map f: X — Y between pinched Hadamard manifolds
that satisfies property C.

7 Beyond quasi-isometric maps

The aim of this Chapter 7 is the following extension of Theorem 1.1 to all
weakly coarse embeddings f, and in particular to all coarse embeddings f
(see Definitions 6.2 and 6.3).

7.1 Weakly coarse embeddings and harmonic maps

Theorem 7.1. FEvery weakly coarse embedding f : X — Y between two
pinched Hadamard manifolds is within bounded distance from a unique har-
monic map h: X — Y.

Indeed we will prove a more general proposition using Definition 6.8.

Proposition 7.2. Fvery rough Lipschitz map f : X — Y satisfying property
C between two pinched Hadamard manifolds is within bounded distance from
a unique harmonic map h: X — Y.

The main new ingredients in the proof are the construction and the
properties of a boundary map of f. These new ingredients which do not
involve harmonic maps were explained in Chapter 6. We now explain how
to adapt the proof of Theorem 1.1 using these new ingredients.

50



7.2 Rough Lipschitz harmonic maps

We first want to point out that Theorem 7.1 can not be ex-
tended to all rough Lipschitz maps.

Example 7.3. There exists an injective Lipschitz map f : H?> — H? from the
hyperbolic plane to itself, that extends continuously to the visual boundary
as the identity map, and which is not within bounded distance from any
harmonic map.

Proof. We will consider a map f : H? — H? that commutes to a parabolic
subgroup of Isom(H?). Let us work in the upper half-plane model. The map
f is defined by

f(u,v) = (u,v+v?) ueR,v>0,

so that fos; = sgo f where si(u,v) = (t —u,v) for any ¢t € R. Observe that
f extends continuously to the visual compactification of H? by the identity,
and that f is 2-Lipschitz.

Assume by contradiction that there exists a harmonic map h : H? — H?
within bounded distance from f.

First case: the map h is unique. In this case h also commutes to the
isometries s¢, so that there exists a continuous function g : [0, 00] — [0, o0]
such that

B(u,v) = (u,g(v) weR,v>0,

and with ¢g(0) = 0, g(oco) = co. Saying that h is harmonic is equivalent to
requiring the function g to satisfy the differential equation

99" =(¢g")* 1.

It follows that the harmonic map h coincides with one of the maps h, :
H? — H? defined by

ha(u,v) = (u,% sinh(av))

for some constant a > 0. Observe that none of the maps h, is within
bounded distance from f, hence the contradiction.

Second case: the map h is not unique. Let hg, hy be two distinct
harmonic maps within bounded distance from f. We want again to find a
contradiction. We will use arguments similar to those in Chapter 5. Let
xo := (0,1) € H2. We choose a sequence of points z,, in H? for which the
distances

d(ho(xyn), h1(zy)) converge to 0 := sup d(ho(z),h1(z)) >0
z€H?

and we set y, := f(zn). Let ¢, and 1, be the isometries of H? fixing
the point co € OH? and such that ¢, (x¢) = z, and ¥y, (z0) = yn. After
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extraction, the sequence of maps v, ! o f o ¢, converges to one of the maps
fs : H? — H? with 8 € [0, oo] where

2
fg:(u,v)H(ﬁ,%) when 0 < < o0

foo : (u,v) = (0,0%)  when 8= cc.

For ¢ = 0 and 1, the sequence of harmonic maps h;, := Q/Jnl o h; oy
converges, after extraction, to a harmonic map h; : H? — H? within
bounded distance to fz. The subharmonic function x = d(ho o (), h1,00())
achieves its maximum value at © = x(, hence is a constant function equal
to . Therefore, by Corollary 5.19, the harmonic maps hg ~ and hj o take
their values in the same geodesic I". This forces the equality 5 = co and the
geodesic I' is the image of fo. Now we write

foolu,v) = (0,62F°°(“’”)) and hg oo (u,v) = (0, 62H0,oo(uvv))7

where Foo(u,v) = logv and where H o is a harmonic function.

The function G = Fso — Hp,oo is then a bounded function on H?
such that AG, = 1. Such a function G4 does not exist. Indeed the
function G : = +— 2log(cosh(d(zg,x)/2)) also satisfies AG = 1 and the
function G—G« would be proper and harmonic, contradicting the maximum
principle. O

7.3 An overview of the proof of Proposition 7.2

Proof of Proposition 7.2. The strategy is the same as for Theorem 1.1:

Step 1 : smoothing f out. By Proposition 2.4 there exists a smooth
map f: X — Y within bounded distance from f and whose first and second
covariant derivatives are bounded on X. This function f is Lipschitz and
still satisfies property C. Hence we can assume that f = fv

Step 2 : solving a bounded Dirichlet problem. We fix an origin O € X.
For any radius R we consider the unique harmonic map hgr : B(O,R) —» Y
satisfying the Dirichlet condition hr = f on the sphere S(O, R).

Step 3 : estimating the distance d(hg, f). We will check in Section 7.4:

Proposition 7.4. There exists a constant p > 1 such that, for any R > 1,
one has d(h,, f) < p.

Step 4 : letting the sequence hgr converge to h. We prove this conver-
gence as in Section 3.3. O

The proofs of Steps 1, 2 and 4, as well as the proof of uniqueness, require
only minor modifications from the ones for quasi-isometric maps. Thus, the
remaining of this paper will be devoted to the proof of Step 3.
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7.4 Interior estimate for rough Lipschitz

In this section we complete the proof of Proposition 7.4 whose structure is
exactly the same as the proof of Proposition 3.5. We will just repeat quickly
the arguments of Section 4 pointing out the changes in the choice of the
many constants involved in the proof.

7.4.1 Strategy

Let X and Y be two Hadamard manifolds whose curvatures are pinched
—V <K< —-a2<0. Let k=dim X and ¥ = dimY. We fix two constants
M, N > 0 as in Proposition 4.9. We set a = 517+ so that, with the notation
of Propositions 6.13 and 6.15, one has v, = ﬁ We set v =21, = %

We start with a C* Lipschitz map f : X — Y whose first and second
covariant derivatives are bounded. We fix constants ¢, C7,Cs > 1 such that,
f satisfies property Cc, ¢, as in Definition 6.8 and such that, for all z in X,
one has

IDf@)l <c , [D*f(a)ll <be*. (7.1)

We let O3 = U3, < C4 = Cyq, be the two constants as in Proposition
6.13 and 6.15 :

e a?

10y _
(1 — e~tK'B)(1 — e—a/(2N)) where f = 2004 ¢

T 1 _ o—a/2N)

03 9 C14 ==

Choosing /y very large. We fix a point O in X. We introduce a fixed
integer radius £y depending only on a, b, k, k', ¢, C; and C5. This integer
lp > 1 is only required to satisfy the three inequalities (7.2), (7.3) and (7.4) :

bly > 1, (72)

ac . _ (6%
by > 4ngc/a, where ng > ﬁee;_aﬁ is chosen with M Cye™ "% < 30’ (7.3)
c

—acly —2npbc
16e” 7 < 6y where 0y :=e “"0%/2. (7.4)
Choosing p very large. For R > 0, let h, : B(O,R) — Y be the
harmonic C*° map whose restriction to the sphere 9B(O, R) is equal to f.

We let p := sup d(h,(z), f(z)) . We argue by contradiction. If this
2€B(O,R)
supremum p is not uniformly bounded, we can fix a radius R such that p

satisfies the three inequalities (4.6), (4.7) and (4.8) that we rewrite below:

ap > 8kbc*(y (7.5)

27(ap)?

— <. :

sinh(ap/2) =% (7.6)
p > dcloM (21060 k)N, (7.7)
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We denote by x a point of B(O, R) where the supremum is achieved:
d(h,(x), f(x)) = p. According to the boundary estimate (3.2), one has,
using (7.5),

ap
> > .
d(x.0B(0, R)) > o3 > 2l

Getting a contradiction. We will focus on the restrictions of both
maps f and h, to this ball B(x,#y). We introduce the point y := f(x). For
& on the unit tangent sphere S, we will analyze the triangle inequality:

ey(f(gfo)ﬂ hR(I)) < Hy(f(&o% hR(&o)) + Oy(hR (&0)7 hR(x))7 (7‘8)

and prove that on a subset Uy, \ Az o(no) of the sphere, each term on the
right-hand side is small (Lemmas 7.9 and 7.10) while the left-hand side is
not always that small (Lemma 7.12), giving rise to the contradiction.

Definition 7.5. Let Uy, = {§ € Sz | d(y, h, (&) > p— bocr/2 }.

7.4.2 Measure estimate

Lemma 7.6. For ¢ in Sy, one has d(y,h,(&e,)) < p+ clo.

Proof. This is Lemma 4.2. ]
Lemma 7.7. For € in Sz, and v < (o, one has |Dh,(&.)|| < 28kbp.

Proof. This is Lemma 4.3. It uses (7.2) and (7.5). O

Lemma 7.8. Let 0 = 0,4, be the harmonic measure on the sphere S; ~
S(z,Lo) at the center point x. Then one has o(Uy,) > 7% .

Proof. Same as Lemma 4.4, using Lemma 7.6. O

7.4.3 Estimating the angles

—aal

Lemma 7.9. For £ in UyAg o(n0), one has 0,(f (&), hp(&e,) <4e 7 s %0.

Proof. Same as Lemma 4.5, using (7.4). O

5 (ap)?
Lemma 7.10. For & in Sy, one has Oy(h, (&), hy(x)) < % < %0.

Proof. Same as Lemma 4.6, relying on Lemma 7.11 and using both (7.5)
and (7.6). O

Lemma 7.11. For all £ in Sy and r < £y, one has d(y, h,(&)) > p/2.

Proof. Same as Lemma 4.7, using Lemma 7.7 and Condition (7.7). O

Lemma 7.12. There exist &, n in UgyNAg.o(no) with 8,(f (&e,), f(1e,)) > 6o -
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Proof of Lemma 7.12. Recall that o := 0, 4, denotes the harmonic measure
at the point x for the sphere S(z, /). Let 09 := £. According to Lemma
7.8, one has

o(Uyy) > 09 > 0.

Since the harmonic measure o is (M, 1/N)-Frostman (Proposition 4.9), one
may apply (6.8) of Proposition 6.13 to o and get, using (7.3), that

ang

0(Aza(ng)) < MCze™ 28 < — = ap/2.

a
8c
Therefore, there exists an element £ € Uy, \ Ay (¢p). On may now apply
(6.10) of Proposition 6.15 to the harmonic measure o = 0, 4, and get, using
(7.3) again, that

m

(B o(no)) < MCye™ 25 < % = 00/2.

Therefore, there exists an element n € Uy, \ (Aza(no) U B o(ng)). This
element satisfies

Oy(f(Eeo), i) > e 2% /2= 6
because of (7.3), (7.4) and Proposition 6.15.e. O

End of the proof of Proposition 7.4. Let &, n be two vectors of Uy, ~\Az o (n0)
given by Lemma 7.12. Applying Lemmas 7.9 and 7.10 to £ and 7, one gets

Oy (f (o) F(M05)) < 0y(f(Eey)s B (@) + Oy (R (2), f(0ey)) < bo,
which contradicts Lemma 7.12. ]

The first version of this paper containing Chapters 1 to 5 was released in February
2017. In this second version, Chapters 6 and 7 were added. In between, two related

preprints were posted in the ArXiv: [30] and [39].
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