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Abstract

We consider the problem of late change-point detection under the preferential attachment
random graph model with time dependent attachment function. This can be formulated as a
hypothesis testing problem where the null hypothesis corresponds to a preferential attachment
model with a constant affine attachment parameter do and the alternative corresponds to a
preferential attachment model where the affine attachment parameter changes from o to
01 at a time 7, = n — A, where 0 < A, < n and n is the size of the graph. It was
conjectured in [5] that when observing only the unlabeled graph, detection of the change is
not possible for A,, = 0(n1/2). In this work, we make a step towards proving the conjecture by
proving the impossibility of detecting the change when A,, = o(nl/ 3). We also study change-
point detection in the case where the labelled graph is observed and show that change-point
detection is possible if and only if A,, — oo, thereby exhibiting a strong difference between
the two settings.

1 Introduction

Empirical studies carried out on networks modeling different types of interactions have revealed
striking similarities between them. In many situations, these networks are scale-free, i.e. their
empirical degree distribution generally follows a power law. This was observed in many networks
such as citation networks [3, 18], internet [11] and the World Wide Web [1]. On the other hand,
the typical distances between vertices in these networks are small (see the books [23, 22]). This
is generally referred to as the small-world phenomenon. Motivated by these observations, the
preferential attachment random graph model was proposed to mathematically model scale-free
networks. It provides a simple and intuitive mechanism for generating networks with a power-
law degree distribution. The model helps in understanding how networks evolve over time by
showing that vertices with higher degrees tend to attract more links, leading to the rich-get-richer
phenomenon. This mirrors many real-world situations where popular entities tend to become even
more popular over time. The first preferential attachment model to emerge was the Barabasi-
Albert model [4]. In this model, new vertices are added to the network one at a time, and each new
vertex gets attached to existing vertices with a probability proportional to their current degree.
In [7, 9, 13], variants of this model were proposed and they depend mainly on the attachment
function which can be linear, nonlinear, constant in time or time-varying. Recently, there has been
notable interest in investigating time-varying networks [24, 21, 17, 15], i.e. networks where the
attachment function is not constant over time. These networks usually involve a set of parameters
that describe the time evolution of the network. Within this framework, an important question
is to understand the effect of abrupt changes in these parameters on the degree distribution and
how these changes can be detected and localized. Our work focuses on the situation where the
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growth dynamics of the network might undergo at most one change at some point of time. To
model this, a time-inhomogeneous affine preferential attachment model is used. In this model,
a new vertex entering the graph at time ¢ € [2,n] connects to an existing vertex with degree k
with probability proportional to f(k) = k+ 6(t) where d(t) is the parameter likely to change at a
given time. In particular, we are interested in late change-point detection, specifically when the
change-point is given by 7, = n — A, with A,, = o(n). This scenario is important for detecting
changes as quickly as possible. Understanding this context will highlight the fundamental limits
of change point detection and provide an estimate of the minimum number of vertices that must
be observed between the moment the change took place and the moment it is detected. In [5],
the authors built a test based on low degree vertices which was shown to detect the change only
when nAl}g — 00. They conjectured that when A, = o(nl/ 2) and based only on the unlabeled
graph, detection of the change is not possible. In light of this framework, this paper has two
goals: (i) Prove the conjecture holds at least for A, = o(n'/?), and (ii) Study the problem of
change-point detection in the situation where the labeled graph is observed. More precisely, below
is an informal statement of our main results.

Theorem 1.1 (Informal). Using the unlabeled preferential attachment random graph, detection
of the change-point is not possible when A, = o(n'/3).

Theorem 1.2 (Informal). Using the labeled preferential attachment random graph, detection of
the change-point is possible if and only if A, — oco.

The formal statement of Theorem 1.1 is given later in the paper by Theorem 3.1, while the
formal statement of Theorem 1.2 is given by Theorem 3.6.

In what follows, Section 2 introduces the notations and defines the model and the attachment
mechanism. Section 3 presents the main results of the paper. Section 4 is devoted to the discus-
sions and perspectives while Appendices 5 and 6 detail the proofs for the unlabeled model. The
article comes with a supplementary material [16] that contains the proofs and additional results
in the case of labeled observations.

1.1 Related work

This work is a continuation of [5] where the problem of late change-point detection (7, = n —
en”|) was studied and a test was built for detecting the change when v € (1/2,1). The idea
behind this test is that the variations in the number of vertices with minimal degree around
its asymptotic value exhibit different magnitudes under the null hypothesis compared to the
alternative hypothesis. They also conjectured that no test is capable of detecting the change
when v € (0,1/2). In [6, 2], the authors considered the problems of change-point detection and
localization, but they focused mainly on the situation of early change-point, that is when changes
occur at 7, = an with a € (0,1). Detection of the change was shown to be always possible
in this setting and a non-parametric consistent estimator of v was devised, allowing in addition
to detection for localization of the change-point. Similarly, a likelihood-based methodology for
change-point localization was proposed in [10]. In [2], a different regime of early change-detection
was studied. It corresponds to the situation where 7, = |en” | with 4 € (0,1) and ¢ > 0. Unlike
the case of late change, the test used in this regime is based on maximal degrees. This is because,
while the asymptotic degree distribution does not depend on the parameter 7, the distribution of
the maximal degree does. A similar phenomenon was noted in [8], which demonstrated that the
influence of the seed graph (the initial subgraph from which the preferential attachment graph
originates) persists as the number of vertices increases to infinity. In the absence of any change-
point, the general problem of estimation of general attachment functions was already studied in
[13]. This problem reduces to a simple parametric estimation in the case of affine preferential
attachment. The estimation can be done using the MLE as shown in [5]. Consistency and
asymptotic normality of this estimator were proved in the more general setting of random initial
degrees in [12].



2 Setting, definitions and notations

2.1 Labeled versus unlabeled graphs, structure

The preferential attachment mechanism introduced in Section S1 (see also next section for more
details) defines a sequence of random multigraphs (G;);>1 on vertex sets {0, ...,t}. There is no
loss of generality in assuming that these graphs are directed, using the convention that the arrows
go from vertices with largest labels to vertices with smallest labels. To be somewhat more precise,
in the next, a labeled graph refers to the following definition:

Definition 2.1 (Labeled graph). A labeled (multi)graph g is a couple (V, ) where V is the set of
vertices and £ C V? is the multiset of directed edges, with no loop allowed. For an edge (u,v) € &,
we use the convention that the arrow goes from u to v, and we write for simplicity v —4 v for

(u,v) € E.

Given a labeled graph g = (V, &), we define for convenience V(g) = V the vertex set of g, and
E(g) = € the edge multiset of g. Note that in a multigraph, two vertices can be connected by
more than one edge. We count the multiplicity of edges via the function u4 : V(g)* — Z4, such
that pg(u,v) = k means that there are k directed edges u — v in g (with possibly & = 0). The set
Pg(u) = {v e V(g) : v —g4 u} are the in-neighbors of vertex u € V(g) (aka. parents) and Cy(u) =
{v eV(g) : u—4 v} are the out-neighbors of vertex u € V(g) (aka. children). The in-degree
of u € V(g) is written digl“(u? = Zvepg(u) fig(v,u), the out-degree is dg"*(u) = Zvecg(u) pg(u, v),
and the degree is dg(u) = di*(u) 4+ dg"*(u). We observe that for a preferential attachment graph
the out-degree of any vertex is equal to m almost-surely. For a subset S C V(g) we denote by
g NS the induced subgraph of S.

In order to define unlabeled graphs, we require the following definition of an isomorphism of
multigraphs.

Definition 2.2 (Graph isomorphism). Let g and g’ be two labeled graphs. An isomorphism ¢
between g and g’ is a bijective map ¢ : V(g) — V(g') that preserves the set of neighbors of each
vertex. More precisely, for vertices v,w € V(g), and k € Z:

o, v) =k = pg ((u), d(w)) = k.

In the next, g = g’ will denote the fact that g and g’ are isomorphic, ze. there exists an
isomorphism between g and g’. We are now in position to define unlabeled graphs.

Definition 2.3 (Unlabeled graph). An unlabeled graph u is an isomorphism class of labeled graphs
(for the relation 2 defined above).

An important aspect in our work is that we consider the model where only the unlabeled
version of the preferential attachment is observed; ie. only the structure of the graph is available
to the statistician:

Definition 2.4 (Structure). Let g be a labeled graph. The unlabeled graph associated to g, which
will be denoted s(g), is the equivalence class of labeled graphs that are isomorphic to g, ie.

~

s(g) ={¢' : ¢ =g}

2.2 Formal statement of the problem

Using the vocabulary defined in Section 2.1, the preferential attachment model produces a se-
quence (Gy)¢>1 of random labeled graphs, which we now intend to define rigorously. Let m €
N ={1,2,...} and §: N — (—m, +00). The process (G;);>1 of interest is better described by
introducing the intermediate process ((Gy,i)i™)i>1, constructed as follows. For t =1 let Gy ¢ be
the graph consisting of two isolated vertices labeled 0 and 1. Then for ¢ = 1,...,m, G1; is ob-
tained from G ;—1 by adding an edge between vertices 0 and 1. For ¢t > 2, the sequence (G ;)"
is obtained by letting G ¢ be the graph G;_1 ., together with an isolated vertex with label ¢;



and, for ¢ = 1,...,m, Gy ; is obtained from G;;_; by adding an edge directed from ¢ towards a
randomly chosen vertex V; ; in {0, ...,¢ — 1} sampled according to the probabilities that V; ; = v
(conditionally to G¢ ;) given by

th,i—l (U) + 5(t) _ th,i—l (U) + 5(t) (1)
Sl (. () +6(t)  2mt—1)+6(t)t+ (i —1)

Finally, the process (G¢);>1 is obtained from the process ((Gy,:)")i>1 by setting G, = Gy, for
each ¢ > 1. Otherwise said, the process (G;);>1 is obtained from the intermediate process by
forgetting the order of arrivals of the m edges added at every time step ¢ > 1.

The aim of this work is to find evidence in the preferential attachment graph that the value
of ¢ has changed at a given time or not, using solely the information contained in the unlabeled
graph s(G,) at time n. We are interested in the situation where the value of § changes at most
once. This can be formulated as a simple hypothesis testing problem:

(Ho) : 6(t) = do, (Hl) : 5(f) = 601t§‘rn + 611t>‘rn

where 1 < 7, <n, dy € (—m,+00) and §; € (—m, +00) are known. Asin [5], we are interested only
in the situation of late change-points, that is the situation where 7, = n — A,, for A,, = o(n). [5]
constructed a sequence of tests (¢, ),>1 with vanishing Type I and Type II error when S — 0.
They conjectured that using only the unlabeled random graph, change point detection becomes
impossible when A,, = o(n'/?). This work proves the conjecture holds at least for A,, = o(n'/?).
We prove that even if the model parameters 7,,, dg and d; are known, detection of the change is
still not possible (and hence also impossible when they are unknown).

In the sequel, for each n > 1, (Qy,, Fp,Py) (respectively (Qy, F,,PT)) is a probability space
that is rich enough to define the beginning of the sequence of intermediate graphs ((G+;)™ )71
under the hypothesis Hy (resp. Hj). Expectation under Py (respectively P7) is denoted by Ef
(resp. EP).

2.3 Further Notations

Besides the notations and conventions defined in previous sections, we make use of the following.
For real numbers z,y we write A y = min(z,y) and = V y = max(z,y). For sequences of real
numbers, a,, ~ b, means that a, /b, converges to 1, a,, = o(b,,) means that a,, /b, converges to
0, and a, = O(b,) means that a, /b, is asymptotically bounded. We write o(Xi,...,X,) the
o-field generated by random variables (Xi,...,X,).

3 Main results

3.1 The observation is the unlabeled graph

We first consider the situation where only the unlabeled graph is observed. The following theorem
establishes the conjecture in some regimes of the parameters A,, and (dp, 1) which are assumed
to be known.

nl/3

Theorem 3.1. If 6o > 0 and A, = o(n'/?) [or 6o = 0 and A, = O(W)]’ then for every
sequence of events (Ap),~, with An € 0(s(Gn)) for alln > 1,

Py(A4,) -0 = P7(4,) — 0

In other words, under the assumptions of the theorem, the laws of (s(G,))n>1 under H;
are contiguous to those under Hy. By Le Cam’s first lemma [20, Section 6.2], no (eventually
randomized) test made on the basis of observing s(G,,) is capable of controlling both type I and
type II error rates simultaneously: if (¢ )n>1 is a sequence of s(G,,)-measurable tests such that



Ef (¢n) — 0 then Ef(¢,,) — 0 as well. Note that a consequence of this result is that even if the
model parameters are known, detection is still not possible which is a stronger result than if the
model parameters are unknown. A sketch of the proof of the theorem is given in the next section.

3.2 Sketch of proof of Theorem 3.1
3.2.1 Difficulties in proving contiguity

Let us for simplicity denote Q?’S =P}o(so G,)7! the law of s(Gy,) under hypothesis H;. The
statement in Theorem 3.1 is equivalent to the contiguity of (Q7"%),>1 with respect to (Qy”*)n>1-
A well-known sufficient condition for establishing contiguity is that the second moment of the
likelihood ratio dgn = remains bounded as n — co. Understanding this likelihood ratio is, however,

not a simple task. To see why, observe that for a given unlabeled graph u, on n + 1 vertices we
do have

Pi(s(Gn) =)= Y  P{(Gn=g), (=0,1. (2)

up,
V(g)e [0,n]

Though P} (G, = g) is easy to evaluate when P} (G, = g) > 0 (see Lemmas 5.2 and 5.3), it is
much more delicate for an arbitrary unlabeled graph u,, to understand which of the terms in the
summation of (2) is non-zero. Indeed, if P} (G, = g) > 0 and there is an edge ©v —4 v, then
the graph g’ obtained from g by swapping the labels u and v has the same structure as g while
P} (G, = ¢’) = 0. This is because in the preferential attachment mechanism, arrows can only go
from the largest label to the smallest. So to understand the likelihood of s(G,,), it is required to
understand the intersection of u,, with the support of the law of G,,, which turns out to be rather
challenging. Instead, we prefer to reduce the problem to a simpler one, as we explain in the next
section.

3.2.2 Problem reduction

Informally, problem reduction consists in analyzing a simpler problem where the observation is
richer than the structure, but where detection is still not possible. The first natural reduction
to examine is the situation where the labeled graph G,, is observed. Unfortunately, we will show
in Section 3.3 that in this case, change detection is always possible for any v € (0,1) and that a
similar reduction is therefore useless for our proof. Consequently, We are bound to look for an
intermediate problem where the observation is richer than the structure, but not as informative
as the labeled graph. The main idea of the proof is that if we show that change-point detection is
impossible in this (easier) problem, then this should imply that it is also impossible in the original
problem where only the structure is observed.

Such an intermediate problem consists in considering the model where only a suitable random
permutation of the labels of G, is observed. We use the following definition of a permuted graph.

Definition 3.2 (Permutation of a labeled graph). Let g be a labeled graph and 7 a permutation of
V(g). We call 7(g) the labeled graph obtained by the application of permutation 7 to the vertices
of the graph g. In other words V(n(g)) = V(g) and for vertices u,v € V(g) and k € Z

pg(u,v) =k <= ,uw(g)(w(u),ﬂ'(v)) = k.

From now on, it is assumed that the spaces (Qy,, Fn,Pg) and (2, Fp,P}) are rich enough
to define ((Gi,i)i%g)i=q jointly with a random permutation 7, of [0,n]; the details of which are
given below. The situations where one observe G,,, m,(G,,), or s(G,), are of increasing difficulty
since one observes less and less information related to the labeled graph. Detection of the change
should become more and more difficult. The following lemma confirms this insight, provided the
conditional distributions of 7, given G,, are the same under Pj and P}.



Lemma 3.3. Let G,, denote the set of all labeled graphs on vertex set [0,n] and S, denote the
set of all permutations of [0,n]. Suppose there is a Markov Kernel K,, : G, x 25» — [0,1] such
that both Pg and PT admit K,, as conditional distribution of m,, given G,,. Consider the following
propositions:

1. For every sequence (Ap)n>1 of Gp-measurable sets, P{(A,) - 0 = P}(A,) — 0.

2. For every sequence (Ap)n>1 of mn(Gp)-measurable sets, Pj(A,) -0 = P}(4,) — 0.

3. For every sequence (Ap)n>1 of s(Gp)-measurable sets, Pj(A,) - 0 = P}(4,) — 0.
Then 1 = 2 = 3.

See Appendix 6.1 for the proof of Lemma 3.3.

In what follows, we will consider the reduction where one observes m(G,,) in place of s(Gy,).
Letting Q)" (respectively Q]"") denote the law of 7, (G, ) under the null hypothesis (resp. the
alternative hypothesis), a mere change of variable followed by an application of Cauchy-Schwarz
shows that for any events A,,, B,, € o(m,(Gp))

40" 2 1/2
P?(An)SP?(BZ)+P8(An)1/2E8l<Wiw(ﬁn(Gn))> 13,11 .

Hence, if we build a sequence of kernels (K,),>1 and events (By,)p>1 in o(m,(By)) such that

2
dQm”
P} (B;) — 0, and, lim sup E¢ l(Q—l(wn(Gn))> 1p,| < +oo,

n—soo dQy”*

then 2 of Lemma 3.3 holds, which by said lemma implies the validity of our theorem. We build
(Kn)n>1 and (By)p>1 in the next section.

3.2.3 Construction of the Markov kernel K, and the event B,

We first remark that, when building K, (g, -), it is enough to consider g,, in &,, = {g), : P§(G, =
g,) #0} ={g, : P¥(G, =g,) # 0}. We give a characterization of the set &,, in Lemma 5.1.
Remark that all graphs in &,, have vertex set [0, n].

To construct K,, and B,,, we first define the following set of vertices of a labeled graph g,,
which corresponds to the vertices illustrated in bold in the Figure 1:

V(ga) = {v e lr+ 1n] © dg,(v) =m, Yw € Cq, (v), Py, (w)\{v} € [0,74]}.

In the previous definition (7),)n>1 is a sequence of integer numbers to be chosen accordingly later,
but satisfying 0 < 7/, < 7,,. In other words, V(G,,) contains the late vertices of G,, which have
minimal degree and are the unique late parent of their children. We then consider permutations
which leave invariant the labels not in V(G,,); ie. letting S, the set of all permutations of [0, 7]
we define

0, (g,) = {7r €8, : Vi¢ Vg, (i) = z}

and we define K (g,, ) as the uniform distribution over II,,(g, ), for all g,, € &,,. We note that one
of the advantages of this permutation scheme is that 7 (g,) € &,, for any g, € &,, and 7w € I1,,(g,,)
(see Lemma 6.2), which precludes the issues mentioned in Section 3.2.1. Then, we consider

0";?41), [7 + 1] € V(Gn) }

B, = {V(Gu)| = &, (1~

for a sequence (ay)n>1 diverging slowly to infinity, and where A/, = n — 7/,. We note that by
construction V(G,) = V(m,(Gy)), so that B, € o(m,(G,)) as required (see previous section).



On the event B, all the late vertices of GG,, are eventually permuted and are indistinguishable
from the earlier vertices in f)(Gn) This informally tells why the change-point cannot be detected.
More formally, the Theorem 3.1 is an immediate consequence of the two following propositions,
choosing A/, =< n?/3 (implying 7/, ~ n), A, = O(%:S), and «a,, — oo arbitrarily slowly if §o > 0

QXn

Or foafay — arbitrarily slowly if §o = 0.

Proposition 3.4. There exist constants c1,co > 0 depending only on dg, 61, and m, such that
foralln >4, if 3< 7, <1, anly, < % and 22 < % then

7 7
Tn An

< 4o A AL n 22mA2 n 2 n 1 A2 e22h
e An .
- T T) 3AL JANA

See Appendix 6.2 for the proof of Proposition 3.4.

2
dQy”
10g]E3l<%§,p(%(Gn))> 1p,

Proposition 3.5. There exists a constant C' > 0 depending only on &y, 41, and m, such that for
al2<71, <n

C oan A, A log(7}) if §p =0,
P*(B¢) < /(1 “n/=n4=n o n
1(Ba) < ( + 7! ) {1 if 5o > 0.

(67% n

See Appendix 6.3 for the proof of Proposition 3.5.

g T7IL
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Figure 1: Typical preferential attachment graph g,, with m = 1 when A, = o(nl/ 3). Four types
of vertices emerge: normal vertices (1), bold vertices (2), double circle vertices (3) and dotted
vertices (4). Our random permutation 7, is built to permute only vertices represented in bold.

3.3 The observation is the labeled graph

We consider now the model where the observation is the labeled graph G,,. The main purpose
of this section is to emphasize the difference between the labeled model and unlabled model, by
showing that in the labeled model the change-point can be detected as soon as A, — oo; in
contrast with the unlabeled model for which nAl72 — oo is sufficient by [5] and % — o0 is
necessary by our previous result. This also shows that a reduction scheme to a problem where




the labeled graph undergoes a transformation is unavoidable to obtain a non trivial lower bound
in the unlabeled model.

We assume that the model parameters (0o, d1) and 7, are known to be consistent with our
Theorem 3.1. We however state additional results in the supplemental [16], covering the case
where (dp,01) are unknown as well as the localization of the change-point (ie. estimating 7).
In particular these additional results show that not knowing the parameters does not affect the
capability of detecting the change-point as soon as A,, — oo.

Theorem 3.6. Let Qf =Pi(G,, € ) and QF =P (G, € -). If 7, = o0 and A,, — oo, detection

of the change is possible: the likelihood-ratio test T, = l(jgg (Gn) > 1) satisfies

EZ(T,) +E} (1 —T,) — 0.

When lim sup,,_,., A, < +00 detection of the change is not possible: (QV)n>1 is contiguous with
respect to (QF)n>1-

See the supplementary material [16, Section S4] for the proof of Theorem 3.6. Observe that
Theorem 3.6 identifies the exact phase transition for detection when the labeled graph is observed
and the model parameters are known.

4 Discussions and perspectives

While the original conjecture in [5] had two parts, one concerning the impossibility of detection
using the sequence of degrees and the other concerning the impossibility of detection using the
unlabeled graph, our work focuses only on the second part, which is more general as it implies the
impossibility of detection using the degrees. Although we believe the conjecture to be true, our
proof of Theorem 3.1 does not cover all the regimes of the conjecture in terms of A,, and (do, d1).
As explained in Section 3.2, the main step of our proof of Theorem 3.1 resides in showing that the
second moment of the likelihood-ratio of the permuted graph is bounded by an absolute constant.
We were able to exhibit such a bound only in the regime where A, = o(nl/ 3) and &y > 0. To put
it simply, our proof works when all the last A,, vertices are in V(Gy,) (ie. bold in the Figure 1):
the expression of the likelihood-ratio is easier to handle in this case and its second moment can be
bounded by an absolute constant. This situation is illustrated in Figure 1 by a typical example.
However, in the regime n'/? < A, < n'/? and as illustrated in Figure 2, “double circle” and
“dotted vertices” start appearing amongst the last A,, vertices, making it more difficult to choose
an appropriate permutation. If we keep the same permutation (the one modifying only the labels
of bold vertices) in the regime n'/3 < A,, < n'/2, the labels of the “dotted” and “double circle”
vertices appearing amongst the last A,, vertices will be kept invariant and the second moment
of the likelihood-ratio will diverge to infinity. One possible way of generalizing the result to the
remaining regime is to construct a permutation that modifies the labels of almost O(n) vertices,
including all the last A, vertices, while at the same time still be able to uniformly bound the
second moment of the likelihood-ratio. There is a trade-off between the complexity of the chosen
permutation (how many labels are modified and how they are modified) and the ease in bounding
the second moment of the likelihood-ratio. For a similar reason, the regime dy < 0 was not
covered in the proof. The main shortcoming of our proof is that we choose permutations that
modify only labels in f)(Gn) The reason behind this choice is that given a preferential attachment
random graph, every permutation affecting only ]}(Gn) results in a labeled graph having positive
probability under preferential attachment. This facilitates the explicit writing of the likelihood-
ratio. However, if we were to allow the permutations to modify the labels of “dotted” and “double
circle” vertices, then one needs to be much more careful to ensure that after the application of
the permutation, the labeled graph still has positive probability under preferential attachment;
or find another way to circumvent the issues discussed in Section 3.2.1.
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Figure 2: Typical preferential attachment graph g, with m = 1 when n'/3 < A,, < nl/2.

5 Proof elements common to both labeled and unlabeled
graphs

5.1 A result on the support of the general preferential attachment
model

Anticipating that we will need to compute the likelihood under both the null hypothesis and the
alternative, we first derive the likelihood in the most general case of a Preferential Attachment
Model (PAM) with an arbitrary parameter function 6, : N — (—m,+o0), which is allowed
to change with n. We let F§ denote the distribution of a partial sequence of random graph
(Go, G, ...,Gy) distributed according to the PAM with parameter &,,.

Lemma 5.1. Forn >0, let
611 = {gn : V(gn) = [[O,TL]], an (O) = @7 Vv € [[1,71]] an (’U) C [[O,U - 1]] and d;:t(v) = m}
Then Fy. (Gn=g9n) >0 < g, € &,,. Furthermore, for any g, € S,,

[Tis I Tuec,, ) [Tz (dg.no,j—17(w) +k =14 8,(5))
H?:Q H:T;l Sj,l—l(é’ﬂ(j))

where C(gy) = T (ET!)T)I#D Gyt ond Sji-1(0) =2m(j — 1) +i— 146 (defined as in [12]).
j= weCgq,, (j n\Js

Proof. Suppose n > 2, otherwise the result is trivial. By construction F} ((Go,G1) = (go, 1)) =1
iff gg is the labeled graph with a unique vertex with label zero and no edge, and g; is the graph
with two vertices zero and one with m edges going from one to zero. Let 1 < j < n and suppose
that

Vk € [[O,j]], Ik € 6 and gkﬁ[[O,k—l]]zgk_l — an((Go,...,Gj):(go,...,gj)) >0, (3)

which has been shown to be verified for j = 1. The graph G is obtained from G;_; by sampling
m edges according to the PA rule. In other word

Fs ((Go,-..,Gj) = (90,---,85)) = Fs ((Go,-..,Gj—1) = (80, ---,8j-1)) K5, (8 | 9j-1)



for a Markov kernel Ky, ;(g; | 9;—1) that assigns non-zero probability to g; iff V(g;) = [0, j] and
g; N [0,j — 1] = g;—1 and dg'*(j) = m and Cg, (j) C [0,j — 1]. By induction (3) is then verified
for all 1 < j < n. Observe that (3) implies that the law of (Go,...,G,) is entirely determined by
G, since it must be that Gy, = G\, N [0, k] Fy -almost-surely for all k € [0, n].

Next, let (gj—1,9;) € 6,-1 x &; with g;_1 = g; N [0,5 —1]. A rapid computation using
equation (1) shows that if we enumerate v; < --- < vy the elements of Cg,(j) and denote by
i, - .-, e the associated edge multiplicities:

1 Uez)+21<k<z € =Ve; +6 ( )
Ks o(a: | a: gf i
5n7](g] |g] 1) Z H (dgj 1( )+Elgk<i - +5n( ))

oy e IT7 (d, () + k= 1+ 6,()
(€15-.sem) Hi:l Zw:O ( BJ‘*I( ) + Zl§k<i lek:w + 577-(]))

where the summation over (ej,...,e) is understood under the sequence in [1,¢]™ with py
elements equal to k for each k = 1,...,¢ (ie. over all the possible ways of assigning the m edges
to the ¢ children with the multiplicity constraint taken into account). We observe that exactly m
edges are added at each step of the construction, so

> (o @)+ D7 Lo +6a0)) = 2m0 = 1)+ = 1+ j6a () = Sjim1(0n(5)):
w=0 1<k<i

It follows that

m! HwGC ;) HHQ] o) ( g (W) +k—=1406,(j ))
Hwecgj (5) Ma; (J, w)! [T Sii-100n(5))

Ks, (g5 1 gj-1) =

Consequently, for all g, € &,,, writing abusively g; = g, N [0, ] (which is justified by the above
discussion),

l"Dj (va)
(G ) ﬁ m! HwGng(j) k=1 ( g1 (W) +k =1+ 6n(j ))
2\bn =0n)= : m
’ ol Hwecgj () Moy (J; w)! [[i=1 S5i-1(6n (7))
_ gy =2 Toces,0 [12 Y (dg, - (w) + k= 1+ 6,(5)
" Hg 21_[1 1 Sji- 1(571( )
This concludes the proof. O

5.2 The likelihood of a labeled graph under the null and the alternative
hypotheses

In this section we compute the likelihood of the labeled graph under the null hypothesis (Lemma 5.2),
under the alternative hypothesis (Lemma 5.3), as well as the likelihood-ratio (Lemma 5.4).

Lemma 5.2. Let &, C(gn), and St ;—1(9) as defined in Lemma 5.1. Then for all g, € &,

- @ (v)— Ym + 8o + k) (e 5o) Nk (8n)
thz IT:2 Sti-1(d0) ITi=o T2, Sei-1(00)

where N (gn) is the number of vertices in g, which have degree strictly greater than k.

Fg (Gn = gn) = C(an) = C(gn)

10



Proof. The first expression comes from swapping the product over parents and children in the
expression given in Lemma 5.1 and using that the parameter is constant over time:

| HZi"l(J’w) (dg,npo.j—17(w) +k — 1+ dp)
[T ITiZ Sji-1(00)
n—1 n (8t
t=0 HsePgn(t) Hll:il( ) (dgnﬂ[[o-,sfl]] (t)+k—1+ 60)
ITj—o T2 S5i-1(0n(s))
Now for each vertex ¢ contributing to the above product, order its parents in increasing time of

arrivals and see that the product over s and k is in fact equal to (m + dp)(m + 1+ dp)...(m +
di’ (t) — 14 8o). Thus,

= C(gn)

n— din (v)—
T T (m 4 6o + &)

H?:z szl St,i— 1 (50)

which is the first expression in the statement of the Lemma. For the second expression, notice
that

_1 dig“n (v)—1 n—1(n—1)m
H (m+d+k)= H H (m+60+k)1k§d'g‘n(v)—l
v=0 k=0 v=0 k=0
(n—1)m I
_ H (m+60 + k)zv:o
k=0
— H (k + 50)22;(} ldi)Jnn(v)+M>k

k=m

Lin
dgn(u)>k

_ H (k + 50)23;& L4g,, >k

k=m
Hence the result. O

Note that under the null hypothesis, the likelihood of the graph does not depend on the labels
of the vertices. It depends only on the structure s(g,) since Ns(+) is constant over s(g, ).

Lemma 5.3. Let S, C(gn), and S;;_1(8) as defined in Lemma 5.1. Also define HE™ (v) =
> uepy (v) Man (U, 0)Lu<r, and HZT(v) =30 cp () Ko (U 0)lusr, . Then for all g, € &,

v)—1 HS;" (oN)+HZ ™ (v)—1
(m + 50 + k) Hk:DH;:'n (v)) ‘

H?:z szl Sm-,l((S(t))
w (ko 8o) > =8m) TTOM (k4 61) Vo (80) = Non(arn)
[Ti25 T Stim1(d0) [Ti—,, 1 [Ti2) Sei-1(61)

<
o [T (m + 6, + k)]

PY(Grn = gn) = C(gn)

= C(gn)

with gr, = gn N [[07 Tnﬂ'

Proof. The first expression comes from the Lemma 5.1 and using the same arguments as in

11



Lemma 5.2. For second expression, notice that

et [HE™ (@)1 H)-1 oL HET ()= W 4+ 6y + k)
H H (m + dp + k) H (m + 61 + k) = H H (m +do + k) H<W (v)—-1
v=0 k=0 k=H=<7n (v) v=0 k=0 [k=o (m + 01+ k)

STn () — dout (p)—1
H 1_([) 1m—|—60—|—/€ o (V)

o m+06 +k

11
0
nm k+ 5 N>k (8ry,) (o)
_kl__[m</€+51> (k o+ b1y
11
k=m

k=0

which concludes the proof. o

Lemma 5.4. Let Q} =P} (G, € -) for £ =0,1. Then, for every g, € S,

dQy s St ( k+ 01
inL H H z 1( H <k+50

t=71p+11i=1 i

)N>k(9n)N>k(Bnm|IO=Tn]])

Furthermore, almost-surely under Py

d@t T 1T Stio1(%) (th i (Vea) + 51>
Gp) = | | I I ’ : )
dQBl( ) iz Stim1(01) \da, o (Vi) +do

Proof. The first expression in the statement of the lemma is an immediate consequence of Lem-
mas 5.2 and 5.3. Regarding the second statement, it suffices to observe that N~ (G,,) depends
only on s(G,), so that [recall Gy = Gy ]

N>k (Grn) — Nsi(Gr,) = Z Z lag, ., (Ve.)=k-

It follows that

nm k+51 N> (Gn)—N>r(Gr,) n m nm 4Gy, (Vei)=k
I (%) - 11T ()

(

(

)

)

k=m
_ - T dGr i V;S,z) + 01 lth,i71(Vtwi):k
N H H H < 1 Vi, )+50>

11 e \9G0i
SO [t i 0
izt \dGei (Vi) + 0o
This concludes the proof. O

The following lemma will also be used several times when analyzing likelihood ratios.

Lemma 5.5. Suppose 1, > 3. Then for every &p,d1 > —m

_6mAp (Qm—l— 60)mA H H St i— 1 6mAy (2m + 50)
e ™ <e
2m + 01 1 i IStZ 1 2m + 61

12
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Proof. By definition of S; ;1

L Sa(G0) | 2mA oA Ty e Lt e
H HSt7i71(51)_(2m+51) H Hl—FM

t=p+1i=1 t=1p+1i=1 t(2m+41)

But for j =0,1, 7, +1<t<nl1<m<i¢and j; > —-m

2 —2m+i—-1
l1-—<14+ ——— <1
Tn + t(2m+4;) —
Thus,
n m —2m+i—1
1 2\ mA, - 1+ m < 1 mi,
(-2 iy
n t=7n+1i=1 t(2m+41) n
The conclusion follows because log(1 —2/7,) > —~ 2_2 > —Ti when 7, > 3. O

6 Proofs when the observation is the unlabeled graph

6.1 Proof of Lemma 3.3

1 = 2. Let (A,)n>1 a sequence of m,(G,)-measurable sets such that P§(A,) — 0 and let
e > 0 arbitrary. Because P§(A,) = EF[EG(1a, | Gn)] = E§[Kn(Gnr, Ay)], it must be that
Py (Kn(Gn,An) > €) — 0. But {w € Q, : K,(Gn(w),A,) > e} € o(G,), so by the first
proposition P} (K, (Gr, A,) > ) — 0. Since PP(A,,) = EY[K,(Gp, An)] < € + PP (K, (Gr, Ay) >
¢), and since ¢ is arbitrary, the result follows.

2 = 3. Let (E,)n>1 be a sequence such that Py (s(G,) € E,) — 0. Remark that
P2 (s(Gn) € En) = Pi(s(mn(Gr)) € En) = Pi(mn(Gn) € s7HE,)). So PY(s(G,) € E,) =
P (s(mn(Gr)) € Bn) = PP (1, (Gr) € s7H(E,)) goes to zero by the second proposition.

6.2 Proof of Proposition 3.4

6.2.1 Derivation of the expression of the likelihood-ratio

n,p
In this section we determine the expression of the likelihood ratio gg%,p.
0

Lemma 6.1. Let S; ;-1 as defined in Lemma 5.1. P§-almost-surely:

dQ 1 - St i 1 Gr(t),i—1 (Vﬁ(t)yi) + 01
Y (n(Gn)) = =7 ’ :
ar e P INN V) Eovm s e ermiEe

Proof. Let g, € 6,, and 7y € I1,,(gy,). Then, for j =0,1

P;'l (Wn(Gn) = 770(971)) = E? Eg( Z 1%(Gn):7ro(gn),7rn:7’r Gn)
7€, (Gr)

=B} | > la@u)=ro(gn) B0 (Tn =T | Gn)
| 7€M, (Gn)

1
= En T/~ 0\ 17? Gp)=n n
I (G, wergcn) (Gn)=m0(gn)

13



Now remark that 7@ € II,,(G,,) leaves invariant V(G,) and 7y € I1,,(g,) leaves invariant V(g,),
thus

=l

(Gn) = mo(gn)

It follows

S P (#(Ga) = mo(gn)

7€, (gn)

ST D RRAG ORI

7€, (gn)
1
= T - N\ P? Gn =7t n
o], 2 Fi(Ge=7"0)

Note that the advantage of permuting only bold vertices is that the set II,,(G,) is a group,
which makes the expression of the likelihood ratio easier to handle. As shown in Lemma 5.2,
the likelihood of the labeled graph 7~ !(g,) under the null hypothesis does not depend on the
permutation 7 when 7 € II,,(gn). It follows that Py (7, (Gr) = mo(gn)) = Py (Gn = 7 *(gn)) for
every 7 € I1,,(g,). Furthermore, the Lemma 6.2 below guarantees that 7-1(g,) € &,, whenever
gn € 6,. Then by Lemma 5.4

1 dQr
v QT

"= Gl agg ™ (@)

7€, (Gn)

1 = Stzl k+5
~ LGl > I Ht 1 H(k+5o

REM, (Gp) t=Tn+1i=1 i

)N>k(771(Gn))N>k(771(G")‘rn)

with #71(Gp): = 77 H(Gn) N [0,¢] for all t € [1,n]. Let 7 € I1,,(g,,) be arbitrary. Then,

N>k(ﬁ_l(Gn)) - N>k(ﬁ_l(Gn)Tn) = Z Z 1(k +1- Nfr*l(Gn)t(tvs) < dfrfl(Gn)tfl(S) < k)

t=7n+1 Secﬁ_—l(Gn)t(t)

Remark that for s € Cz1(q,,),(t) is must be that dg, (s) > m and hence 7(s) = s. In particular
Crian).(t) = Ca,, (7(t)) and pz-1(a,), (t,8) = pG, (o, (7(t), ). In addition, using the Lemma 6.3,
we deduce that

Noh(71Gn) = Nok(m  (G)r) = D D 1(k+1= g, (7(1).5) < day,y () < k)

t=Tp+1 SGCG,(P)

Z Z (dGm)z (Vaw,i) = k)

t=7p+1 1=1

where the last line follows because the fact that vertex 7(¢) has a child whose degree is < k at
instant 7(¢t) — 1 but > k at instant 7(¢) is equivalent to the fact that vertex 7(t) choose a vertex
Vz(1),i of degree k in Gy ;-1 for some i =1,...,m. Consequently

1 - St i— 1 Gr(t),i—1 (Vﬁ'(t),i) + 01
Y, = ——— : . O
L, (Gl > I H Sti-1(61) sy s (Vaey i) + 0o

REM, (Gp) t=Tn+1i=1 i

14



Lemma 6.2. Let g, € 6, and let 7 € H%gn). Then 7~ (gn) € &,.

Proof. In view of Lemma 5.1, the set &,, is the set of directed labeled graphs on vertex set [0, n]
where each non-zero vertex has out-degree exactly m and arrows are all directed from largest
to smallest label. Since 7 € II,(g,), it permutes only the labels of vertices in V(g,). But any
v € V(g,) must satisfy v > 7/, and have all of its children ¢, ..., ¢ in [0,7,]. So #~*(v) > 7/, as
well and 771 (c;) = ¢; for all its children. In other words, the out-degree of any vertex in 71 (g,)
is also m and the arrows are all directed from largest to smallest label, as required. O

Lemma 6.3. Let g, € &,,, T € IL,,(gn) and let 771 (gn): = 7 (gn) N [0,¢] and g: = g, N [0,1]
for all t € [1,n]. Then for all all t € [, +1,n] and all s € Cz-1(q,),-

dff*l(gn)ml (s) = dgr’r(t)fl (s).

Proof. Let @ € I,(gn), t € [1n +1,n] and s € Cz-1(4,),(t). Observe that since s € Cz-1(q,), (t)
it is necessary that dg, (s) > m and then 7(s) = s.
Suppose first that for all t' € Pz-1(4,y(s) we have 7(t') = t'. Then s € Cy, (t) and dz-1(g,),_, (5) =

dgt 1 (8) dg‘rr(t) 1( )
Second, suppose there exists t' € Pz-1(4,)(s) such that (') # t'. It is necessary that 7(t') > 7/,

since @ permute only the labels in V(g,,) C [7, + 17 n]. Furthermore 7(t') € V(g,) so it must be
that Py, (s)\{7(t')} C [0,7,,]. Let enumerate v; < --- < v, the elements of Py, (s)\{7(t')}. Hence
the elements of P, (s) are v; < ...v, < @(t'). Since v; < --- < v, < 7/, they are not in V(g,,) and
thus 7(v;) = v; for all j = 1,...,r. It follows that the elements of Pz-1(4,y(s) are vy,...,v,,t
and satisfy

<< <1<t

because 7(t') > 7, == t' > 7,. Therefore t' =t and dz-1(q,),_,(s) =dg_, (5) =dg,,_,(s). O

6.2.2 Bound on the second moment of the likelihood ratio

As in Lemma 6.1 we let Y, = dgn 7 (mn(Gy)) for simplicity. Then by Lemmas 6.1 and 5.5, since

T > T >3
2m+50 2mAn
E» Y21 < 6mA, /Ty
O(n Bn)_e 2m + 61

D on e (G) ﬁ rde (Vaw,a) H01da, gy, (Vaw,i) + 61

x E
Ol TGP AL L da . (Vaw.d) + 00 46,0y (Vag,i) #0070

Observe that |IL,,(G,)| = W(Gn)}' Moreover, on the event B,, we have forced that [r, + 1,n] C

V(G,). This implies that on B,, we have 7(t) € V(G,,) for all t € [r, + 1,n]. Consequently on
By,

Eﬂ' ﬂ'EHn ﬁ “ de(t) i—1 (V7 ) + 61 de(t) i—1 (Vﬂ'(t),i) + 51
1L, (G, i 96 (Vama) + 00 dany oo (Vi) + 6o
1
< > >
‘V( n)|? K, 1.7k, €V(Gn) ™, €I, (Gn)

(7 (Th41)se-es T(n))=(krp+1s--es kn)
7'71‘#17é #knev(Gn) (77(7'7113)7 ,ﬂ(n)) ( .,_nilly ;k/n)

« ﬁ ﬁ de/ i 1 ) +a1 det,ifl(Vk?tvi) + 0
dG Vk’ ) + do det,¢71 (th,i) + do

t=71,+11
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which can be further bounded above by

< (PG| - an)? > ﬁ ﬁ i (Vi) #01dg, (Vi) + 01

- V(Gn)|1? KL 1 #. Ak, EV(Gy) tETatli=] SCES 1 (Vii) £ 00 6, s (Vi) £ 00
Krp 417 #kn €V(G)

< (PG| - an)e > I ﬁdck” L (Vig) + 01 dg,, (Vi) + 01

T GRG0 (Vi) § 00 e (Vi) + 00
Krp 1500 kn €V(Ghp

_(f}(Gn) _A) ( Z l—IdG,“1 +51> e

- V(Gy) |12 eV (Gr) i=1 déi1 (Vii) + 00

<(9(Gn)—A) ( i Hdg,“1 +61> e

a V(G,)|12 k=r/+1i=1 de iy (Vi) + 0o

Next, we use that for any non-negative integer v27n(n/e)” < n! < v/2mn(n/e)"e/ (127 (see
for instance [19, Section 3.6], which entails that for any v > k > 1

—k 1
— | N U — v=k\¥ 12(v—k) —k+1 k
(v—k)! < v k( ) ¢ = (1 - E)V 2 (E) 612(”1*’” < V_kek2/u+12(:*’ﬂ.
v v -

|
S
—
SN
SN—

S

V!

Since on the event B,, it holds that [V(G,)| > A (1 — O‘”A ) we deduce that

— < —= Xp | — =
V(6|1 V(Ga)[A TN V(Ga)| - 12(V(Ga)l = An)
1 an Al A? 1
< e —Aylog (1 - 2204 — 4 -
Ay P ( © ( n ) V(G| 12(V(Gn)| - An))
PR ( anA, AL A2 N 1 )
> Xp = =
(A7,)8n n =l V(G| 12(1V(GR)| - Ay)
1 200, Ap Al 242 1
= an)a exp (=45 w34 )
where in the last line we have used the assumptions that £ anly <1 5 and A, < %A;, which imply

that [V(G )| > AT;"” and |V(G,)| — A, > AT;L. Hence one obtalns the bound [here we use that

6mA, 4A 10mA?2
Tn + = < ) ]

2A,
4o<nAnAn 10mA 2m + 50 2mA, 1 n m G + 61
n 2 <e -7 —n A+ —— +3A, ( ) n kyi— 1 '
EO (Yn 1Bn) — 2m+ 51 A o E : H )+50

T, +11=1 Gk i 1
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Letting Z,, and m,, as in Lemma 6.4, we deduce from said lemma that
i d )46 B Zp — mip\ 280
DI | by I e
nk T/ 4+1i=1 lel +50 Mn
e Zn — MMy, 244
e [Tm (10 2 e
0 My

=myo / PG (Zn —mn > ma (275 —1) )de
0
N = pn my, log(x)
<mze (14 [ P20 —mn > T EE Yaa

245 - cAymy 2
<m3 <1+/1 exp(— A2 log(x) )dx)

Using Lemma 6.5 to upper bound the last integral, together with Lemma 6.6 implying that

My 2> efgm(%)m since 7], > 3, it is found that there are constants ¢1,c2 > 0 depending only

on dg, 01, and m, such that

n dg —I— 01 2an c1 A2 C2A
Z H kyi— 1 5 < m?zAn 1+ A/ AT )
n k=1/+1i=1 Gk i 1 + 0
Finally, summarizing everything and using Lemma 6.6 to get an upper bound on m,,, we find that

10mA2  _ 22mA2
[here we use that 12maas 4 10m2, - 22m0y ]
T'Vl T'Vl Tn

dap, A, AN 22mA2 2 1A c28i
n 2 n=—n-=—n n 1
logEf (Y, 1p,) < e +3A%+,/ AT me AL

6.2.3 Auxiliary results used to prove the Proposition 3.4

Lemma 6.4. Let

- da,, (Vi) + 61 ~ Sk,i—1
| L i

nk T, +1i=1 lel nk 7, +1i=1

Then there exists a constant ¢ > 0 depending only on &g, 01, and m, such that for all x > 0

Py (Zn — My, > x) < e—cAnT?
Proof. In the proof we let F, = o(Gh,...,Gy) and Fy; = o(Ga,...,Gi—1,Ga,...,Gy;) for
t=1,...,nand i =1,...,m. Let W}, = H;’ll% for k =71/ +1,...,n. Clearly
Ep (Wi, | Fi) = Wy, for all ¢ > k. Also,

Eg(Wk |}-k71) = En(En(Wk | Froom—1) | Fre 1)

de 1 Vkl + 01 de 1(V )+51

- Eg sl Freom— Fr_

H Vii) +60 (dem (Vieym) + | & l)l !
(
(u)

)
(Vi)
(ki) + 6, = dckmlu—i—(ﬁdckml()-i-éo
: Fr_
Glm 1(V Z)+5OZdem U +50 Sk,mfl((so) | e
(Vi,i)
A7)

CIG;H 1 V k,i +51 Skﬂm,l(dl) |fk )
Vi,i) + 00 Sk,m—1(00) )

)
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Continuing inductively, it is found that

Sh,i
E§ (Wi | Fr-1) HSZ%

and then Bf (W, | Fo) = [}, $=H5 for all £ < k. Deduce that for all k = 7, +1,...,n and
al =71/ 4+1,...,n

if 0 £k,

da, . (Vi,i)+d1 Sk,i—1(01) :
m i1 (Vk, _77m Ski—1(1 _
Hi:l day, ;1 (Vi,i)+do Hi:l Sk,i—1(d0) iHe=k

Eg(Wk | Fo) — By (Wi | Fo—1) =

Build the Doob martingale M; = E(Z, | F;) and observe that

n

> (M- M) = A, (Zn —E§(Zn | ffg))-

j:7-7/1+1
Furthermore for every j =7/ 4+ 1,...,n, by equation (4)
M — M| =] > (ES(Wk | Fj) —Eq(Wy | fj—l))’
k=1}+1

= |W; = Eg(W; | Fj-1)|
m+51)m
m + dg

< 2max (1,

because

W =11 (0 ) <mes ()

By Hoeffding-Azuma’s inequality, for all > 0, almost-surely

B (20— B§ (20 | Fr)) 2 57 | P ) =BG (Mo = My 22| Fry)

I2
<ex .
=P T 287 max (1, 227

Then the result follows by taking the expectation both sides of the last display and by noticing
that Ef (Z,, | Fr;) = m,, almost-surely. O

Lemma 6.5. For every 8 >0

0 S/ e—Blog(@)? 4 <
1

Proof. Tt is found after a straightforward change of variable that

mel/(28)

eis [ e rel/(28)

o0 —Blog(z ) / 2y ryd — 7%(y7\/% duy <
e e e Yy = e Yy <
J 7 7, ;

Lemma 6.6. For every 7} >3

2m + &, om r2m 4 §1\™
) < ()
2m + dg 2m + &g
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Proof. As in Lemma 5.5, we have whenever k > 7/, that

(1_2/7_7,1)7,1(2771—1—51) HSkZ 1( (2m—|—51) : 1

2m + dg Sk,i— 1( 2m + g 1—2/T7/l)m
Hence the result follows since log(1 — 2/7/) > — =2 ¢ for 7/, > 3. O
6.3 Proof of Proposition 3.5
6.3.1 Upper bound on the probabilities
By Markov’s inequality
oan ! Qp (A;z)z

B (V6] < & (1= =257 ) ) = B (11 + L\ (G| > =25 )

n

< B I+ LD
- (ﬁ)(A/ Ef (IV(@ )

Hence by Lemma 6.7 below

By (0G| < &) (1 - 2220

/!
n

IN

C Jlog(r,) if 6o =0,
o 1 if 6o > 0.

Similarly,

Py (Ir + 1,0]  V(Gn)) =Py (Ilm + Lu\P(G) 2 1)

<EBY(|[ra + 1,n]\V(Ga)])
=A, - E?(W(Gn) N 7 + 17”]]')'

Hence by Lemma 6.8 below

. CALA! [log(r!) if 6 =0,
Py ([ + 1, ¢ V(Gn)) < n { o&(m) if do

7! 1 if 6o > 0.

n

6.3.2 Computation of expectations of |V(G,,)| and [V(G,) N [, + 1,7]|

In this section we derive estimates on the expectations of [V(G,,)| and |V(G,,) N [, + 1, n]| which
are crucial elements in bounding the probability P} (Bg).

Lemma 6.7. There exists a constant B > 0 depending only on m, dy and 01, such that for all
2<7/,<n

N B(A)? (7,) 700/ (Bm¥30)if 5y <0,
AL 2 EF(V(G)l) 2 A, = —=#= { log(7) if 6o = 0,

" 1 if 5o > 0.

Proof. First observe that the upper bound is trivial since V(G,,) C [/, 4 1,n] almost-surely. We
now focus on the lower bound.
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Let us write X,, = [V(G,,)| for simplicity. In the whole proof we use the convention that an
empty product equals one. Note that

D
3
Il
M=
—

(de. (i) = m, Vk € Ca;, (), b < 7, and V0 € Pg;, (W\ {5}, £ < 7))

= i > > ( II 1 #6. 5) )(ﬁluc (2 —y>< II Hlkﬁgk%).

7/ <j<n £=10<z1 <<z <T) Y1,..,Ye>1 j<k<n i=1 7, <k<ni=1

Yyi+-+ye=m
Indeed, the previous can be rewritten more conveniently as [here xy = (21,...,2¢) and y; =
(ylu oo 7y€)]

m
Te,Ye,J
> > X Y. v
T <j<n 0=10<z1 << <T), Yiyeenye>1
Y1t tye=m

with

14

ypoved = T 1k Ao, ool [T 1e, Goe) =yo) T 1k Ae, {20 5)).

T <k<j =1 j<k<n

Letting Fy = 0(G1,...,Ge) and §(j) = Jo1(j < 7,) +011(j > 7n), it is seen that [assuming j < n,
otherwise the result is trivial]

Y4

E?(Yricl)ybj | ]:nfl) = H l(k 7L>Gk {xla s 7552})1_[1(#6‘]-(].,171') = yf) H l(k 7L>Gk {xla s ,Ig,j})

T <k<j i=1 j<k<n-—1

y H( (@) + 5] + -+ [da, (w0) + 8(n)] + [m+5(n)]>

Sn_i,l(é(n))

‘
I 1k Ac, {zr .z [[1ue, Gox) =we) [ 1k Aa, {21, 205}
i=1

T, <k<j J<k<n-—1

[da,, (z1) +y1 +6(n)] + -+ [da,, (we) +ye +6(n)] + [m+5(n)]>

<1l (1‘ S Om)

where the second line follows because if the product of indicators is non-zero, then at instant n—1
no vertex other than j has connected to one of the x1, ..., 2y on the time interval [7/, + 1,n — 1],
and j has edge multiplicity y, with xy. Defining for simplicity Df’_i,f = Zle dGT% (z;), and taking
conditional expectation of the previous inductively with respect to F,—2, ..., F7, it is found that
[here the combinatorial factor comes from enumerating all the possibilities of connecting j to

Z1,...,2 with edges multiplicities y1, .. ., ye]

n Te,Ye,J Dwe—i_g(s()
BT (Yreved | Fr) = H H( m)

1yl T, <k<ji=1

]_[Z 1 (dG/(:cZ)—l-z —14+46(5 D77 +2m + (£ +1)5(k)
Hi:l Sj,lfl(a(j) 7<1;]<:nH < Sk,zfl((S(k)) ) .
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Hence,

By (Y20Ued | Fry) > T 17, S;.i-1(6(5)) ien
m! Hf:1 = 1(dG1($z)+l —1+4(j

[ v [T 5.6100)) (1 (
mt o TT9 (day, (@) 40— 140() m D% + mb(k)

[Tz, vi! Hi:l 1 00) (1 » Sk,171(5(k)) )

S _m [Tizy T2 (da, (@) +i = 1+0(j - DT +md(k)
I P [T S100) . <k<n EGON

mt TIo T (da, (20) + =1+ 0(5) (i D + €5(k)
Sk.i-1(0(k))

=1
< D"”+65( )

1HH

7, <k<ni=1

S <k<n i=1

We now define two random variables

u mt T T2 (dayy (20) +8 = 14 6(5))
22 2 2 I, v T2, 551 000)

7/ <j<n £=10<z1 <<z <T) Y1,..,Ye>1

B i m! Hf:l 721 (da, /(%)‘i" —1+4(5)) Df’fy,f—l—m(S(k)
Bo=m D 2 2 2 T, ! [T:%, Sji-1(8(5)) Sk,0(d(k))

7, <jk<n £=10<x1 <---<z¢<T), Y1,ey0>1
Yitetye=m

so that EY (X, | Frr) > X, — R,, almost- surely To compute the expectations of X,, and R,, we
use the following trick. For a fixed J > 1), we define on the same probablhty space a sequence
of random graphs (G4 )ito)e>1 such that GJ, =Gy, for 1 <t <7/ and0<i<m,and then
(égﬂ-);’io evolves independently of (Gt ;)i according to the preferential attachment rule with
parameter §(t) = 6(j) for all ¢ > 7,,. Then, we see that

m
1:1@’;(2 3 >oo1(Vi=ltong, (1) =y) ‘ﬁ;)
£=10<z1<-<z¢<T) Y1,--,ye>1 "
Yyiteotye=m

i m! Hf:l v (d /(xz)‘f'l_l‘f‘é( )
ZZ ) ) i :

é m
=10<z; <<z <7} Y1,...,ye>1 Hizl yi! Hi:l S‘rn-l-l,z—l((s(]))
Yi+-F+ye=m
So indeed,
iyl ’+11 1 5 ))
n Xn —
AR | =t S G0

T <j<ni=1

N 2m+5j))j—2m+i—1

Th<j<ni=1
_ 2m+0G)G -7 = 1)
_T;Q”Hl( 2m+6(]))j—2m+i—1)

(2m+0()[J — 7 — D™
>T<ZM( @m+060)))j —2m )

mA/ )

zA;(l— .
n—2

21

Sk,i-1(8(k))

))



Similarly,

B - m)! Hf:l | (dGT4l (zi) +1' =1+ 5(j)) .
- Z Z Z [Ty wi! [Ti%y Srrv1,i-1(0(5)) D

£=10<z1<--<x(<T) Y1,--,ye>1
Yyitetye=m

from which we deduce that

n _ 1 n B 1 S +1i-1(00))
EY(Rp)=m Y 5o <m5(k)+IE1<UEC > des @))) G0

Tn<Jj,k<n ai (i) i=1
Th+1
But
E?( > des @)) <D E{(de, (Vi)
’UECGJ- () +1) " i=1
) +1
m . ™ ; dGi, NG +4(4)
_z; ' UZ:;) i Sri41,i-1(6(7))
m TT/L E?(d~ 2 m .
:ZZ 1( GZ—4L+1,1’71 v ) +6(]) 2m7’,’l—|—z—1
= Sri1i-1(0(5)) — 5w 4+1,i-1(6())

i Ef ((de,, ., (v) +60)%)  2m(mé(j) V 0+ (m — 60)2)(, + 1)

M TR 000 Sr+10000))

where we have used that only m edges can be added between 7), and 7], + 1, so the difference

between the degree of v in éz_, 41 and its degree in G,/ 41 cannot exceed m. Remarking that
in time interval [0,7/] the process (G)¢>1 evolves according to the preferential attachment rule
with parameter dy, and remarking that % is bounded by a constant, it follows letting

6 =200 N6

EP(X,)A! omz &
E"(R,) < kel 7 X ' R ES ((da +60)?
1(Bn) < Srr11,0(9) < Srr11,0(9) Z:;) il Gy 12 (V) £ 00) )

for a constant C' > 0 depending only on &g, d1, and m. By Lemmas 6.10 and 6.11, there are
constants C, C" > 0 depending solely on m and dp such that

’
T

7, . 7! 4 1 2m/ (2me+d0)
> B (e, ) +d0)?) <Y (=) ”
v=0

v=0

T +1
n 1
11 2m/(2m+0d,
< O'(r w1yt 0)<4+/1 Wd”@)

(7'7/7, + 1)2m/(2m+50) if 50 < Oa
<C" 9 (mh+ Dlog(m, +1)if 69 =0,
T’rIL +1 if 6o > 0.

The conclusion follows because Sr 11,0(9) = (2m + 9)(7,, +1) — 2m > m7), + 6. O
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Lemma 6.8. There exists a constant B > 0 depending only on m, dg and 61, such that for all
2<7, <7 <n

(7_7/1)760/(2m+50) if 69 <0,

— log(7/,) if 6 =0,
" 1 if dp > 0.

. CA,A!
An > EF ([V(Gn) N[+ 1,0]]) > A, - ——2

Proof. The lemma follows by remarking that [V(G,,) N [7, + 1,n]| can be rewritten as

n

> 1(da. () =m, Yk € Ca,(j), k <7 and Ve € P, (W\{j}, €< 7).

j=rnt1

Then the rest of the proof is identical to Lemma 6.7 mutatis mutandis. o

6.3.3 Auxiliary results used to prove the Proposition 3.5
Lemma 6.9. Let v, = H;il (1 + m) For every0 <u<t<n

Ef (de, (u) + do) = wEq (da, ., (w) + do).
Proof. These are standard computations, see for instance [14, Chapter 8§]. O

Lemma 6.10. For every2<t<nand 0<u <t
Eg[(d, (w) +00)°] = E1vu(m + 80)* + Ky (m + o)

where for allr =1,...,t:

=11 H(H Mlgso))

r+1<j<ti=1

and

M= Y ( I (s ao>)>< I p“‘m»

r+1<j<t \j+1<p<ti=1 r+1<p<j—1i=1

<Z S0 AL (1+ Sjyill((so)) I (1 sj,ii((so)))'

<i<k—1 k+1<i<m

Proof. Let Fy = 0(G1,...,Gy). We first compute Ef [(de, (u) + 60)? | Fe] = Ef [(de, ., (w) + 00)? |
Fi—1]. We define the coefficients (o ;)™ and (B;)7, such that oy, = 1 and B = 0, and
satisfying the recurrence for i =m,...,1

2 1 O
PR U N O Y RN S S T
i = o St,i—1(00) pehm Sti-1(00)/) " Sti-1(%)
It is seen that for every r = 1,...,m (using the convention that empty product equals one and

empty sum equals zero):

2
Qg = H (1 + 75157]‘_1(50

r+1<j<m

;)
D S | N (R

Ste—1(0
r+1<k<m £k 1( O) r+1<j<k—1

= 2 st,k_ll((so)r (Hst,‘,-_ll(so)) 11 (Hst,jj(éo))'

r+1<k<m k+1<j<m

IA
IA
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Then we consider the random variable
My = avi(de, ,(u) +8)” + Bri(dg, , (u) +0).

We claim that (M; ;)7 is a martingale with respect to (F;;)%;, where Fi; = 0(Gro,...,Gri);
ie. we claim that E(My,; | Fti—1) = M1 fori=1,...,m. Indeed fori =1,...,m

dG . (’U,)—F(SQ
2 4 (dg,,, (u) +80)% (1 —
St e )+ )’

2 ) + th,i—l(u) + 50
Sti—1(d0) St.i—1(00)

d t,i—1 +6
Ef ((do,.. (u) +00)* | Friv1) = (dey .y (u) +1+60) -ii;—ffl——ﬂ)

St.i—1(00)

= (da,s () + 80 (1+

and

th,i—l (u) +do
Sti—1(d0)
1
+ N
5t,i—1(50))

B th,i—l (u) + 50)

Eg (th,i(u’) + do | ]:tyifl) = (th,i—l (’U,) +1+ 50) S, . 1(60)

+ (darg (u) + 60) (1
= (da,. () + 80) (1

so that

B (Myi | Frio1) = arBg ((da, , (u) 4 60)% | Fric1) + Beilg ((da, . (u) + 60) Fr,i-1)

at,i 1

2 2
= a1+ g ) o)+ 00 + (W +o(1r W)) (A2 () + o)

= ari-1(dg,,_, () +60)* + Bri—1(dg, ,_, (u) + do)
= M; ;1.

Then,

E[(de, . (u) + 6)* | Fia] = EY[Mym | Fii]

= a0(de,0(u) + 5)2 + Bro(da, o (u) +9)

2
= ato0(da,, () +0)" + Bro(da, (u) +9).
Next, let (€£)5_, and (x})%_, as in the statement of the lemma, and v; = [T~ (1+ m) (as
in Lemma 6.9). It is straightforward to show that (£5)’_, and (x})i_; satisfy £ =1 and kf =0
and the recurrence
-1 = §505.0, Kj1 = &Bjo + ki

Indeed, for r =1,...,¢t

g= T awo= TI ﬁ(”ﬁ)

r1<j<t r1<j<ti=1
t_ t
Ky = E &80 H Vi
r+1<j<t r+1<k<j—1

which are equal to the expression given in the statement of the lemma. Let now define for
j=1Vu,...,t
2
MJ/ = g; (de (u) + 50) + H; (de (U) + 50)
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The claim is that (MJ);>1 is a martingale with respect to (F;)%_;,,,. Indeed, using Lemma 6.9
and the above computations

Ef (M | Fj-1) = &Eg ((da, (w) + 60)* | Fj-1) + w5EG (da, (w) + 6o | Fj—1)
= & (as0(da, - () +00)° + Bjolda, -, (w) + 6o) ) + Kb (da, -, (u) + o)

=& ajo(da,_, (1) + 60)* + (§85.0 + £57;) (da,_, (u) + o)
= ;'71(de71 (’U,) + 60)2 + K/;fl(dcj—l (’U,) + 60)
_ M.

This implies that (because dg,,,, (u) = m almost-surely)
Eg ((da, (u) +0)%) = Eg (M) = E§ (M]y,) = Eva(m +0)* + k1yu(m + ). O

Lemma 6.11. Let &, and k%, as in the statement of Lemma 6.10. There exists a constant
B > 0 depending only on m and dy such that for all 0 < u <t such that

t ) 2m/(2m+dop)

t t < B(
max(équv Kqu) — 1V

Proof. Let define the function g : N — R as g(1) = 0 and g(n) = > ?:2 > it W for n > 2.
Gyi—
Observe that for any n > 2

n m 1
g(n)zzz (2m+d0)j —2m+i—1

j=21=1

1 n m
" E s 22 -?ml

j=2i= m—+9dg

m =1 L 1
T 2m 52} 2m+5ozz_1(j+—§ﬂgol_})

m 21 & 2m+i—1
_2m+50§j 2m+502;;j _5271_301)

Thus letting H(n) = >7_ 173 1 denote the j-th harmonic number, we deduce that there is a constant

C > 0 depending only on m and Jg such that for all n > 2:

m
~ 2m+dg

v+log(n))—C <

< o H=C < gln) <

(H(n)-1) <

m
< It (v+log(n))

()
with v the Euler constant, using well known bounds on the harmonic numbers. It follows from
(5) that

L(
2m—|—50

Elvu < exp (29(t) — 29(1 V u))

= eXp(2m2T50 10g(1\t/u) +O)'

Next, since maxa<;j<t maxi<<m [[1<icpy (1+ m) [iii<icm (1+ 5 1(6 )) is finite, we
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find that for some constants C’, C”, C""" > 0 depending only on m and &y

K’i\/u < 1 29(t)—29(4) 9(G—1)—g(1Vu)
IVut1<5<t Sj.0(d0)
<" Z 1 t>2m/(2m+50)( j )m/(2m+60)
- 1V7J«+1§j§tj .] 1Vu
" t2m/(2m+60) t 1
=C (1 V u)m/(@m+do) ~/1\/u pltm/(2m+6o) dz
t 2m/(2m+3dop)

< C///( ) .

- 1Vu
This concludes the proof. 0
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S1 Organization

This document is supplementary material for the article On the impossibility of detecting a late
change-point in the preferential attachment random graph model [4]. Tt contains the statements
of additional results in the case where the observation is the labeled graph (Section S2), as well
as their proofs (Section as well as the missing proof of Theorem 3.6 (Section S4), as well as the
remaining proofs (Section S5). We refer to the main document for all the definitions and notations.
Supplementary notations used only in this document are given in Section S3.

Every section, subsection, theorem, etc. of the supplemental has label prefixed by S and is
cited with prefix. References to the main document are cited with no prefix.

S2 Additional results when the observation is the labeled
graph

S2.1 Maximum Likelihood Estimation of (dg, ;)

In [2], the estimation of §p was done under the null hypothesis. We now investigate the estimation
of §p and 1 in the model where there is a change-point from &g to d; at instant 7, = n — A,,.
Here 7, is assumed to be known. As shown in the expression of the likelihood in Lemma 5.3,
the likelihood factorizes in two parts each of those involving only dp or d1; de. letting [here
G., =G, NJ[0,7.]]

TnMM (k+5)N>k(GTn) )

— k=m
buir, (90) = log <ng2 M 2m At 60)t—2m+i— 1]

Zm (k+61)N>k(Gn)—N>k(Grn)
T, n =1 I = m ;
lr,+1:n(01) = log I o II [(2m+61)t —2m+i—1]

the log-likelihood of (Jy, d1) writes as ¢1.-, (6o) + £+, +1:n(61). Then, building on the work of [2] in
the no change-point model, we obtain in the next theorem the asymptotic normality of the MLE
in the model with a change-point.

As it will be useful in the next, we recall the expression of the limiting degree distribution of
the affine preferential attachment model with parameter § (see [3, Sections 8.6.1 and 8.6.2] for
details):

F'k+0)I'(m+24+0+6/m)
F(m+0)I(k+3+04+d/m)

pe(0) =(2+d/m) (52.1)
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Theorem S2.1. For all (§,01) € (—m,)?, if 7, = 00 and A, — oo, then (6,8") = l1.., (8) +
lr, 11:0(0") has a unique mazimizer (0o n,01,n) with probability going to one under (P})y>1, and

(F B
0 A'n, 51771 —61 ’ 0 141

where ~ stands for convergence in distribution under (P}),>1 and where for j = 0,1

b M = pr(do) B 1
J 2m+5j k:mk+6j 2m+5j '

See Section S5.1 for the proof of Theorem S2.1. Remark that in Theorem S2.1 we do not
require that the MLE is restricted to a compact set as in [2]. This condition was imposed by [2]
to avoid issues in controlling the score function near the boundary —m. Here we circumvent this
issue by showing that the score cannot have a zero close to the boundary (and hence the likelihood
a maximum).

S2.2 Change-point detection when only 7, is known

We now consider the situation where the change-point 7, is known but the model parameters
0o and 9, are unknown. Theorem 3.6 suggests that change-point detection is possible when A,,
diverges to 400 and that the likelihood ratio test guarantees that type I and type II error rates
decay to 0. However, it requires the knowledge of the parameters dy and ¢; and 7,. If these two
parameters are unknown in advance, we can always try to estimate them and then consider the
likelihood-ratio test with plugin estimates of §p and §;. One can use the Maximum Likelihood
Estimator (MLE) of (4o, d1) derived in the previous section.

In the next we let Q?Tn_’ 50,61) be the distribution of the preferential attachment graph G,, when
d(t) = doli<s, + 011¢>7,. The following theorem shows that when the model parameters (dg, d1)

are unknown, the test
Q™ . .
T;l _ 1<d fl‘l'n-,(;o,n-,(;l,n) (Gn) > 1)

(Tn580,m,00,n)

using the MLE (507,1, 51n) is ensured to have vanishing error rates. In other words plug-in estimates
of the parameters §p and 1 allow to mimic the asymptotic behavior of the likelihood ratio test.

Theorem S2.2. For every increasing sequence T, such that 7, — oo and n — 1, = A, — 00,
detection of the change is possible using the test T} :

E2 (T,) + EP(1 — T,,) — 0.

See Section S5.2 for the proof of Theorem S2.2.

S2.3 Localization of 7,

Finally, we consider the situation where parameters d; and J; are known while 7,, is unknown.
The purpose is to localize the parameter 7,,. The following proposition shows that 7, can be
localized with an error of order O(log(n)?®) using the maximum likelihood estimator

T € argmax Q (s, 50.5,) ({Gn})-
T€[0,n]

Proposition S2.3. For C > 0a large enough constant,

PY (|%n — 7] < C’log(n)g) — 1.
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See Section S5.3 for the proof of Proposition S2.3.

Finally, let us mention that when writing this paper, we were essentially interested in the
model where the unlabeled graph is observed. The case where the labeled graph is observed has
only been studied to justify the choice of the reduction of the original problem. We were not
interested in obtaining the sharper results in the labeled graph model. For example, we believe
that the result of Proposition S2.3 can be generalized to include the simultaneous localisation of
all model parameters dg, d; and 7,,, and eventually reduced from log(n)? to constant, but at the
cost of some tedious calculations that are outside the scope of this paper.

S3 Supplementary notations

We use the same conventions as in the main paper. We furthermore make use of the following
supplementary notations in the subsequent proofs. We write a,, < b, to denote a,, = O(b,,). We

say that a,, =< b, if there exist constants c1,cy > 0 such that cia, < b, < csa,. For sequence of
real-valued random variables (X,,),>1 with respective distributions (P,),>1 and real numbers ¢

we write X,, = ¢, j = 0,1, to say that lim, P2(|Xn — ¢ > €) =0 for all € > 0 and we abusively
say that (X,,)n>1 converges in probability to ¢, even though the random variables X,, may not be

necessarily defined on the same probability space. The notation X, 28 X stands for convergence
in distribution of (X,),>1 to a random variable X.

S4 Proof of Theorem 3.6

S4.1 Bounding the sum of the two errors of the likelihood-ratio test

Let Qp (vespectively Q7) denote the law of G,, under Py (resp. P}). The limiting behaviour of
aQp
er}f
behaviour under P{. Using Proposition S4.1, it is found that

lim sup Py <jg£ (Gyp) > 1> =Py <10g (jgz (Gn)> > O)
n— oo 0 0

= limsup P§ (Ai log (d L (Gn)) + 02 > E&)
n 0

n—00

under P{ is characterized below in Proposition S4.1, while Proposition S4.2 characterizes its

=0.
Using Proposition S4.2, we prove similarly that for any K > 0

<dQ’1’
dQg

3 123
lim sup PY
n—oo

(Gn) < 1) ~0.

S4.2 Regime of contiguity

Using the Lemma 5.4, it is clear that (jgi) is uniformly bounded below and above when
0/n>1

limsup,, A,, < 400, and thus (Q}),>1 is contiguous to (QF)n>1-

S4.3 Estimates on the behaviour of the likelihood-ratio under the null
and alternative hypothesis

The following propositions are used for the proof of Theorem 3.6. Recall that @} denote the
law of G, under P7, for j = 0,1. We recall that p(d) is the limiting distribution of the degree
distribution of the affine preferential attachment graph with parameter § (see also equation S2.1).
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Proposition S4.1. Let dp,61 > —m with dg # 61. For every increasing sequence (Tp)n>1 Of
integer numbers satisfying 0 < 1, <n and A, =n — 1, — 00, one has

L d@7 Po, g0
os (g @) & %

where [letting X ~ p(do)/

0o m 51—50 _ 61—50
600_727714-60 <(2m+50)10g <1+ 2m+50> E[(X—l—éo)log <1+X+(50 > 0.

Proof. In what follows, we introduce the random variables D; ; = dg, ,_, (Vi) and the filtrations
Fi=0(Go,...,Gy) and Fr i1 = 0(Gro,-..,Gri—1) as in [2] to simplify the notations. We recall
that the expression of the likelihood-ratio has been established in Lemma 5.4. Normalizing the
log-likelihood ratio by n — 7,, one obtains:

log L(Gy) n.oom ) 01 — 0
(dQ ): 1 : 3 Z<log< Dm+§0>_Dt1)i+§0> (S4.2a)

n—"Tn n—r

t=7n+1 i=1
(B1-0) o & - )
S4.2b
n—Tn ;+ ; Dy i+ 6o St,i—l(‘so) | )
50)> t(dr — 50))
s (14 B . 4.2
-7, ¢ 2;1 ; < % < St i~1(00) St,i—1(d0) (S:2)

We will control each of the three terms involved in the previous display separately.
First term (S4.2a). This term can be written as:

o Tn nl ti=
Z Z <10g< 50) _ 01 —50> 1p, =k _ Z (10g <k+51) B 01 —5()) Zl§<zt§§m Dy =k
o <ien k+6o k + o n—"Tn Pt k + o k + o n—"Tn
1<i<m
and
Yora<t<n 1Dy =k  Dor.<t<n (1Dm-:k - Eg {1th =k | ft,i—lD Yorn<t<n PG (Dii =k | Fri-1)
1<i<m _ 1<i<m ’ + 1<i<m
n—"Tn n—"Tn n—"Tp
T n]-t': _Enlt': Fiiv
:Zlngitgﬁm( Dy =k O[ Dy ; k| t, 1D+k+50 Z Nk(Gt,i—l)
n—"mTp n—"Tnp r<t<n Styi,l(éo)
1<i<m

where Ny (Gy,i—1) is the number of vertices of degree k in the graph after attaching the (i — 1)-th
edge to the vertex ¢ of the graph. On the one hand, by Hoeffding- Azuma inequality, the first term
of the equality above converges to 0 in probability. On the other hand, we have that for all (¢,1%):

INk(G1i) = Ni(Gn)| < (n—70)(m +1)

It follows that:

me(Gn)_(n_Tn)(m+1) < 1 Ny Gtz 1 Sme(Gn)—i_(n_Tn)(m—i_l)
Sn,m (50) n—"mp St Ji— 1 50 an+1,0(50)

Th<t<n
1<i<m
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where both sides converge in probability to 5-%5-pr(do) = ”Zi—(&i“). Thanks to the dominated
convergence theorem (Note that the dominated convergence theorem holds also when convergence

takes place only in probability):

. Py > 51 — 50 51 — 50
(S4.2a) — Z <log (1 + 0 > " 0 >p>k(5o).

k=m

Second term (S4.2b). First, note that:

E" [# | o 1} _ i 1 (k+00)Nk(Gri1) _ t
0 Dt;i + 50 b i k + 50 St7i71(50) St,ifl((so) ’

Given that 0 < one can apply the Hoeffding-Azuma inequality and obtain:

1 1
Dy, i+6d0 < m-+dg

(S4.2b) 2% 0
Third term (S4.2c). Assume 6; > &p. Since the function ¢ — log (1 + 55517&))) is non-

decreasing for every choice of t € [1,n] and ¢ € [1,m], one has:

log (1 + (T"Stni)léil(gg)éo)> < log (1 + %) lo (1 + %)

It follows that:

o) 01 — 0o
Z Zlog(l—l—stZ o )) —>m10g<1+2m+60).

t‘r+111

This convergence holds also when §; < §p. A similar argument yields:

1 i i t(51 — 50) N m(51 — 60)
n—"Tnp " St_,i,l(éo) 2m + 50 '

To sum up, one has:

01 — dp 41— o
S4.2 — 1 1 — .
( C)_> m(og( +2m+50) 2m + dg
Gathering all of the above estimates, it follows that :

log (ggg (Gn)) v

n—mTp

[O

where

~
>
Il

= 51—50
o mlog(l—l—2 +5> Z (o) 1og< k—i—éo)

k=
T 2m+ ) i(k+5) (50) log (14 2=%
2m + &g ) 2 +50 0)Pk\%0) 208 k + 0o

k=m

+ o +60) —E[(X—l—éo)log <1+§;;§2>D

where X ~ p(d9) = (pr(dp))k. Since E(X) = 2m (see for instance [3, Exercise 8.16]) and when
8o # 61 the map z — zlog (1 + 61;50) is concave and non-affine on RT and p(dp) is not a Dirac
distribution, it follows that 2, > 0. O

m
=—1(2 o)
2m+50< me 0
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Proposition S4.2. Let dp,01 > —m with dg # 61. For every increasing sequence (Tp)n>1 of
integer numbers satisfying 0 < 1, <n and A, =n — 1, — 00, one has

1 log dQy
n—"Tn dQp

Pn

(Gn)> L0k

where [letting X ~ p(do)/

1 m 6 51 _ 60—61
l, = FT—— (E[(X+(51)10g(+X+51)] (2m+51)10g<1+2m+51 < 0.

Proof. In what follows, we introduce the random variables D; ; = dg, ,_, (Vi) and the filtrations
Fi = 0(Go,...,Gy) and Fyi—1 = 0(Gro,...,Gi—1) as in [2] to simplify the notations. Recall
the expression of the likelihood-ratio has been established in Lemma 5.4. Normalizing the log-
likelihood ratio by n — 7,,, one obtains:

L jog <dQn(G )> _

CL = —do 81 — do
Z Z <1og (1 + D“ n 50) Dt 50) (54.3a)

n— Ty dQg n—T,
o) N (1 t
+ n—"mn t:; 1i=1 Dt i+ 60 St,i—l(éo) (S43b)
1 n om (01 — do) t(81 — o)
n—Tp 72 Z (log (1 + St,i—l(éo)) Sii100) ) (S4.3¢)

We will control each of the three terms involved in the previous display separately.
First term (S4.3a).

0 T nlp, =
. > (log 1+ 0= ) _ 91=% :JFZ log [(RAOL) 01— do Z@tsgm Deai=h
n—"Ty & Dy +do Dy + do & kE+ 6o k + & n—1, .

Th<t<n k=m
1<i<m

On the one hand with ]:t_’ifl = O'(tho, ey Gt_’ifl)

Tn n 1 t,i= n
Zlétggm D=k - Z (1p,,—k —E} [1p, .=k | Fri-1]) N 1 Z (k4 61)Ne(Gri1)
n— Ty n—"Th n— Ty St,i—1(01) '
Th<t<n Th<t<n ’
1<i<m 1<i<m

The first term converges to 0 in probability P} using Hoeffding-Azuma inequality. On the other
hand, we have that for all (¢,%):

|Nk(Gt,i) = Ni(Gn)| < (n— 7)) (m +1).
It follows that:

Ni(Gp) — (n— 1) (m +1) 1 = Ni(Gri—1) Ni(Gn) + (n — 1) (m +1)
< .
m Snm(&)) Tn—Ty ¢ TZJrl ; Sk, Ji— 1 50 o STnJrl-,O((SO)

Thus: " m
Dtern 41 Qi1 D=k PY (kK + 61)m
—
n—"Tn 2m + 61

Using dominated convergence theorem, one has:

meom 01 =% _ 91~
(S4.3a) — Ao ;n(k + 61)pk(d0) (10g (1 T Eto, ) %+ 00 ) '

Pr(d0).
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Second term (S4.3b). The term

= 51—50
D >ty S 00)

i— 1

t=71p+1 i=1
converges clearly to w On the other hand:
- EY | 5—— | Fri-
"= t:;Jrl;Dtﬂ'i_éo n="Tn t_;ﬂ; (th+5o ! |:Dt,i+50 |7, 1])
> Y E |py  Fu
" op=r, 41 i=1
n m 1
- —Ef | =— ‘/—"1‘,
n—Tn :TZ ; (Dt,l+60 |:Dt,i+50 | t, 1:|>
k+61 1 S Nk Gtz 1
+Zk+60n—7‘n Z Z t7,161

t=7p+11=1
The first term converges in probability to 0. We will show that:
n

k+51 1 Nk th 1 IF’? m +Ook—|—51
00)-
Zk+60n_Tnt_;+1; St,i-1(01) 2m+51k:mk+50pk(0)

For positive K, we have:

k+51 1 - o Gtz 1 m +Ook+51
Zk—l—éon—m Z z; C2m+ 6, :mk+60pk(60)

t=Tn+ ti-1(01)

: é : Ty, ;rl zz; ]g: 1G1t 1511 2mnj' 51pk(60)

e 3 gt + G 3 31 E T
= é :igg n—=Tn i il ZGlt 1511 Qmﬂl 51Pk(50)

) ORI SpHE
Pt TR o

+ ﬁ _:+1 iiglpk(tso) +mC(do, 01) N>K(Gn;:£30z6:§)(m +1)
SRl S S NG

N 2n~bﬂjr 51 k_o; 2 i gl Pr(80) +mC (8o, 1) s ;7:5?2 l(;n +1)
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where C(dg,d1) is a constant depending solely on dg and §;. The upper-bound converges in
probability to:

oo

m k+ 61 2m20(50,51)

2m + 01 k:K+1/€+6opk( o) K(2m+61)

which can be made arbitrarily small for large values of K. We deduce that:

m(51 — 50)
2m + 50 '

m(él—éo) > k4 01
2m + 01 k:mk+6o

(S4.3b) 215 pr(do) —

Third term (S4.3a). Finally, the last term is shown to converge to:
01 — do 01 — do
S4.3 — —1 1+ —— .
( C)_>m<2m+50 Og( +2m—|—50

L 1og <dQ1”<Gn>) LNy

It follows that:

n—rTy dQp
where
6 61 60_61
S — L (k + 61)p(0o) log ( 1 — (2m+6)log 1+ 2%
oo 2m+51(1§ +1Pk(0)0g<+k 51) (2m + 1)0g<+2m+51)>
m 6 61 50—61
=—E|(X+d)] 1 —(2 01)1 1+ ———
2m+51< [( +01) Og( +X+51>} (@m +01) Og( +2m+51>)
which can be shown to be positive by a similar argument to that used in Proposition S4.1. O

S5 Remaining proofs

S5.1 Proof of Theorem S2.1

We first remark that the fact that 50,77, and 51,,1 are asymptotically independent is an immediate
consequence of the fact that the likelihood factorizes as the product of a function depending solely
on dp and another function depending solely on §;. Hence, it is enough to consider separately ¢1.,,
and ¢, ,.,. But remark that /., is the log-likelihood of the model without change-point at size

7. Hence, the existence, uniqueness, and asymptotic normality of (SO,n)nZI follows immediately
from the results in [2]!.

Thus in the next we focus on the analysis of the sequence of maximizers of ¢;, 1 ,. The proof
is standard and mimicks the steps in [2]. First define the score as

. <X Noi(Gp) — N
AN >k >k
KT"Jrlm(a)_k:Zm k+0 tTZ_H; 2m+6’t—2m+2—1

The Proposition S5.1 below establishes that £, | 1.,(-) converges uniformly over (—m + &, +-00)
in probability to a function ¢j (whose expression is given in said proposition) that is monotone
decreasing with a unique zero. The Proposition S5.2 shows that with high probability érn+1:n
has no zero in (—m,e). These facts are exploited hereafter in Proposition S5.3 to establish the
existence and uniqueness (with high probability) and the consistency of (1,,,)n>1. Finally, given
the consistency of (01,5,)n>1, we deduce in Section the asymptotic normality using the standard
machinery.

IWe note however that for practical reasons [2] restricts the MLE to some compact set [—a, b] but this is in fact
not required, by the argument we develop in Proposition S5.2.
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Proposition S5.1. For every e >0

su 7£T"+1m(5) —11(6) K) 0
6> —m-+te n—mn
where [with X ~ p(dp)]
Lll( 2m+5ozk+51p>k 50)_ m _ m E X+51 _E[X]+51
2m + 01 k+dy k+96 2m+ 6 2m + 61 X+6 E[X]+5

The proof of Proposition S5.1 is delayed to Section S5.1.2.

Proposition S5.2. There exists eg > 0 such that for all 0 < e < g¢ it holds

]P”f( inf 0y 1n(6) > An) =1

8’ €(—m,e)
The proof or Proposition S5.2 is delayed to Section S5.1.3
Proposition S5.3. For every (0o, 01) € (—m, +00), if A, — 00

o P?
61n 4 61

The proof of Proposition S5.1 is delayed to Section S5.1.4.

S5.1.1 Asmptotic normality of (Sl,n)n21

In what follows, we introduce the random variables Dy ; = dg, ,_, (Vi,;) and the filtrations F; =
0(Go,...,Gy) and Fyi—1 = 0(Gyro,...,Gi—1) as in [2] to simplify the notations. By definition
of d1,,, one has:

Y DorlOn) = NorlCn) - 5~ 3

= k+ 517,1 tmrtl i1 (2m + 51 n)t—2m+1i— 1

It follows that:

% Z?:Tn-l-l Z:Zl (]'Dt,i:k - EY [1Dt,i:k | ]'—t,z'ﬂ])
k + 51771

k=m

_ z": zm: 7_%”: k46, Np(Grii)
Stz 1(5171 k+51n Stz 1(61)

t=7p+1 i=1
n m " " n m " nm k+ 6, Nk(Gti71)
= — — + - @ _ )
t:;;l; (Sm 1(01.0) St,i—1(61)> t:;rl; <St,z'—1(51) Z: k+ 61, Sti-1(01)

+

noom #2 L | k+o
i 3 s > 3t 3 i (1- 22

t=7p+1 1=1 tﬂ 1(61)St i— 1(51 ") t=7p+1 i=1

o m ~ 1 Ni(Gti-1)
= (01— 01n) Z {Sm 1( Stz 1(5 n)  Sti1(01) an A }

t=7p+1i=1 k+ 51771
SN N t Ni(Grio g]
— (65— by [ _
o )t:;-i-l;S“ 1001) LS 5-1(01,0) Z t(k + 01,0)
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Thus:

an Z? Tn+1 21 1(1Dt17k ]E1 [lDt ,Lfk‘]:r1 1])
\/n—Tn(61 —5—1)”) = k+61n

N(G“ )
n—rn Zt Tn+1 Zz 1.S;,— 1(51) |:S“ 1((51 ) _Zk m - : :|

t k+61 n)

We will show that the numerator of the previous display is asymptotically normal and the de-
nominator converges to a positive constant. Asymptotic normality of the estimator follows. Let

A ¢ <N (G
A(G"):n—Tn Z thil(gl)[ 2 _Z a4 = 1)}

t=rp+1 i=1 Sti—1(01,n) ~ t(k+01,n)
B(G ) Z Zt =7n+1 Zz 1 (lDtl—k - EY [lD“_k |]:tz 1})
Yt k+ o, ’

B(Gn) = \/nl_—T Z Ziorn1 Sim (o, l];i—éEl [1p, .=k | Fri- 1D
" 1

Convergence of A(Gy). First, note that

t ZNk (Gti-1) L
(2m+511n)t—2m—|—i—1 k—|—51n 2m+51nt—2m+z—1 2m—|—517n

1
2m+61n 2m+61>
i Ni(Gri—1)  Ni(Gri-1)
t(k+01)

k=m k+51")

o~ [ Ni(Gpi-1) ~ pi(do)
P k+51 k+51

1 = peldo)
2m + 61 k:mk—i-él'

We have :

Tn + 1 < t < n

@m+o)n—m—1" 2m+o)t—2m+i—1" (2m+61,)(mn +1)—2m
It follows that:

n—Tn, 1o Stz 1(61) (2m+51)n)t— 2m+1i—1 2m+51,n '
Similarly:
1 & 1 1 Py
— 0.
sy

2m =+ Sl,n a 2m + 51
On the other hand:

- Nk(Gt,’ifl) Nk(Gt'L 1) > Nk Gtz 1)
Z R - 5171 Z
S \tk+o1,) k0 t(k + 01)(k + 61.)

5 — 01
T (m+0)(m4b1,)
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It follows that:

t Nk(Gt,i—l) Nk(Gt,i—l) PT
E E 5 — — 0.
Sti—1(61) \ t(k+61,)  tk+01)

n—r
o= Tn+1 i=1

The fourth term is smaller than:

t o Ni( Gm 1)
— pi(o
”—Tnt;H;Stz 1(61) Zk—l—(S’ Pi(%0)
1og (nm +0) & N Gt1 1)
- n—"Tnp Z ZS“ 1 51 m<k<nm‘ _pk(50)

t=7p+11=1

which converges to 0 in probability by Theorem 1.3 in [1]. One can then deduce that:

1 — Dk (60)

PP om
2m + 01 — k+ 01

A(G,) — FT——

Asymptotic normality of B(Gn) Now we turn our attention to B. One has

n—r, nm _ Tn )
(1dvt+wi:k K7 [1dvt+wi:k | ]'—t,171D

B ; 2 Vi — 1ok + 61)

L4y, ik —ET |14y =k|Fti-1 - .
Let Yt(?) =S ( ax = Ll(kr-:&) D We now need to show that B(G,,) is
asymptotically normal. We will apply proposition 3 of [2]. To do this it is enough to prove that

1
5

“
=

nm — E» .
(1dvt+wi:k K7 [1dvt+wizk | ]'—t,171D

2 NCETHUERN Ly

Py
| Frim1| — 0,

t=1 =1 k=m

- 2
n_Tnzm:En f (Lo, =k = BF Loy, r | Fricn]) e
=1 i—1 ! b, \/n—Tn(k-i-(Sl) "’

The first convergence result is straightforward since for all t € [1,n — 7,] and ¢ € [1,m], the
random variables Yt(l) are uniformly bounded by \/ﬁ(m At For the second one, we start by
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computing the expectations:

2
nm — [En» .
(ldVH’Tnvi:k El |:1dvt+7-n,i:k | ]:t-,lflj|)

BY | 2 NOEE TN

k=m

2
E? |:(1dvt+7‘n,i_k B E? |:1dvt+m,i:k | ]:tﬂ.*l}) | ]:t’ilj|
(k+01)*(n — )

E;’ll [1Dm:k | ]:t,i—l} E? [1Dm:k’ | .7:1571'_1]
(K" + 1) (k + 61)

| Friz1

n

3

|
(]

i
— 3

n—Tnk#/

2
E} [1p, ,— | Fri-1] 1 (% E?[lDt,i_klft,“]>

|
P%

(k+00)2(n—10) n-74 k+ 0,

k=m k=m

nm nm 2
_ Ni(Griz1) 1 Ni(Giiz1)

P (n = Tn)(k +01)[St,i-1(01)] n—Ty — St,i—1(01)

3
3

Ni(Grio1) 1 ( t Y
(n—7n)(k+01)[St,i—1(01)]  n—7 \Sti—1(61)/)

k=m

Using arguments exactly similar to those of the previous paragraphs, we have that the second
sum converges under P} to:

i mpy.(do) _ m __m pi(do) 1
k+51 2m+61) (2m+61)2 2m + 01 k:mk+5l 2m+ 46, |
By application of Proposition 3 of [2], one has:

B(Gh) % N(0,11).

Asymptotic normality of B(G,,). We start by showing that B(G,,) — B(G,,) converges to 0 in
probability.

~ . 1 (61 n . - _ .
PG =BG = ) G ) < ¢— 2 2 (o =B [ton ] ft"””) |

t=1,+1 i=1

First we show that for all & > m:

51 n—01) == = Py
(1p, .=k —E} [1p, .=k | Fri-1]) — 0.
Vit = Tn t—;-i—l ;

Let € > 0. One has:

(Orn —01)
]PH( L, 1) Z Z 1p,,—k — B} [1p, .=k | Fri-1]) _6>
n t=7,+1 1=1
€

+ P Z?:mﬂ >isi1p, =k —E} [le‘:k | ]:tvifl]
N

2.2

S ]P)? ( gl,n — 51‘ 2 E) +2€72am
a

> ae)
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Taking the limit of n to 400 and then the same for a, one obtains the desired convergence.
Given that 4, ,, is far from —m- with probability tending to 1, one obtains by application of the
dominated convergence theorem that:

B(G,) — B(G,) 2 .
Finally, we apply Slutsky lemma to obtain:

V(00— b1n) T N (0,071

where

ad mpy(do) m
> (k+61)2m+61) (2m+6)%

Vv =
k=m

S5.1.2 Proof of Proposition S5.1

First, one can easily show that:

n m m
0.
5;;1175“ n_Tnt:TZ+1; 2m+5t—2m—|—z—1 C2m+4 -
For the other sum, we write:
+o0 too
1 Z N>k(Gn)—N>k(G7-n)_ m k+51 (5)
n— T k+o 2m+0; = ko
K
1 N>k(Gn) — N>k(GT ) m
ne— k+6 1)
= k+6} n— Th 2m+51( +01)pi (%)
—+oo —+oo
1 Nui(G,) — Nsp G k+96
+ Z k49 - 2—7’>( 2m+5 Z k—l—(;pk (%0)
k=K+1 n L=k+1

Taking the supremum over § on both sides, one obtains for K > 0:

1 *i Now(Gp) — Noi(Gr, Z k+ 61
2m+51

b n—"Tn k+46 k—i—épk

6>—m—+te

k=m

k m-+e n—"Tn 2m + 61

n m —+oo —+oo
m k+ 61
E E E 1p, =k + ——— ————py(do)
TL—Tn: i k—m+e 2m+51k:K+1k—m+e

(k + 81)pk(do)

+1
N>k(Gn) - N>k(G‘rn) . m

1
< k+96 1)
_;nk—m—l-e n—"Tp 2m—|—51( +01)px(00)
+oo
m m k+ 61
— (0
+K—|—1—|—e— +2m—|—51 k—m—l—epk( 0)
k=K+1

The first term in the upper-bound converges in probability to 0 and the remaining terms can be
made arbitrarily small by choosing a large value for K. The convergence in probability result
follows: .
L (0

Tn+1-n( ) LI (5) N

n—"Tp

sup
> —m-+te
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S5.1.3 Proof of Proposition S5.2

Based on the expression of the score, we remark that

, K Nop(Grn) — N N t
N >k >k(G
67n+13n(5) = ];:m: k4o ;1; 2m+d)t—2m+i—1
N>m(Gn) N>m Tn - % t
> § E
=z m+ o — mt
t=1p+1 i=1
_ N>m(Gn) _N>m(GTn) — A

m+ 9’
Further notice that almost-surely letting D;; = dg, ,_, (Vi)

n

N>m(Gn) N>m Tn Z 1 th—m

t=71p+1 =1

Hence with F; ;1 = 0(Gy,i—1)

B} (Non(Gr) = Nom(Gr)) = D2 D B (Pi(Des =m | Fiio))
t=1p+1 i=1
B n m . m+51
_ tz;ﬂ ;El (Vo Grin) g —55)
_ - B (N (Gri-1))
m+61t;+1; St1151

Since only m edges are added at each instant ¢, we deduce that N,,,(Gi—1) > Np(Gy) —m for
allt € [r, +1,n] and all i = 1,...,m. Furthermore E(N,,(Gt)) < tpm(dp) (see for instance the
computations in [5]). Hence we deduce that Ef (Nsm(Gpn) — Nsm(Gr,)) = CA, for a constant C

depending only on (do,d;) and m. A standard concentration argument shows that £, 1.,(8/) >
A,, with probability going to one provided € > 0 is taken small enough.
S5.1.4 Proof of Proposition S5.3

We first show that:

The starting point is
]P)71I (N>m(Gn) - N>m(GTn) =0 | ]:Tn) = ]Pﬂll (ﬂ?:‘rnJrl ﬂ;il {th i—l(‘/ti 5& m} | ]:Tn)

_ n- T (m =+ 61) N (Gti-1)
o _tzl‘;I-i-lil;[ <1 Sti-1(01) | 7o

§ n m m+ 0 Gtz 1

=E} |exp (t Z Zlog (1 - : +St,z—1(§l) )>> | ]:Tn]
. = (m o+ Gri—1

<E{ |exp <— > Z( +st,)i_1<§1> )> m"] '

It follows that:

P} (N>m(Gp) = Nom(Gr,) = 0) <EF leXp <— > Z (m+§23_1<§f§“ ”)] - 0.
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Note that when Ns,,,(Gp) — Nam (G, ) > 1, there exists a deterministic 79 > 0 such that 51,,1 >
—m + 1no. Finally,

P} ([01610)| = €) <P (|41010)] 2 € Nom(G) = Nom(Gr,) 2 1) + B} (Norn(Gi) = Nom(Gr,) = 0)
n ’ éTnJrl*ﬂl(a) n _
<Py sup  |11(6) — ————=| 2 € | + P} (Nom(Gn) — Nom(Gr,) =0).
§>—m-+no n—"Tn

n

It follows by Proposition S5.1 that ¢} (dy,,) o

S5.2 Proof of Theorem S2.2

Theorem S2.2 is a direct consequence of the following proposition.

Proposition S5.4. Let §y # 61. For every increasing sequence 1, < n such that A, — oo, one

has:
Q" . . n
1 T
_1og< <>) S, 0 <o

n=Ta T\ QL G S
dQ™ . . n
1 T
— log < 5 (nnv‘50751,n)> Pir 6(1)0 >0
J— ~ N n——+00
= Tn (7n,90,00)

where (%, and (% are defined in Propositions S/.1 and S4.2.
Proof. Thanks to Proposition S4.1 and Proposition S4.2, one only needs to show that:

Q™ . . dQn -
! log ( dQ(;""éo"él’") (Gn)> 1 log <7§:""5°’61) (Gn)> L)

n="Tn (Tn,&).,go) n=Tn dQ("'nw‘;Ov‘sU)

for £ € {0,1}. Using the expression of the likelihood ratio in Lemma 5.4, one has:
dQm™ . . dQn
1 T, 1 T R
1og< a (n"'5°’51’"’<Gn>> T <7d Ch— <G,,>>
(71180,80) n=Tn Qs 60,60)

~ mlog 2m + &g 2m+A61 n Z N>k(Gn)—N>k(G-,—n) log k+517nk+§0 '
2m+502m+51_’n n—"Tp k+61 k44

k=m

Using Proposition S5.3 and the arguments used in the proof of Proposition S4.1 and Proposition
S4.2, one can easily deduce that:

aQr . . aQr \
1 (71,00,01,n) 1 (7n,90,01) Py

] =) (@) | - log | —mmd00) (v y | FE,
n— Ty og< Q" (Gn) n—rTy & dQ? (Gn) 0

(Tn+80,80) (7n,90,90)
for £ € {0, 1}. 0

S5.3 Proof of Proposition S2.3

In what follows, we introduce the random variables Dy ; = dg,,_, (V) and the filtrations F; =
o0(Go,...,Gy) and Fy ;-1 = 0(Gyro,-..,Gi—1) as in [2] to simplify the notations. Let 7, > 7,
then

@m+o0)t—2m+i—1) 1 %5,

- =
dQ(7—n760761) t=71,+11=1

dan nm N
_ 1 log <d Snﬁf}ﬁl)) — mlog (2m+51> + Z log (k+50> N>k(GTi) N>k(GTn) —l—O(l) )
k=m

Tn — Tn Q. 50.61) 2m + 4 k4 0y Tn — Tn n
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On the other hand,

Tn m

<A k + 6o k + o n
;;bg <k+51> (N>1(Gr,) — N>k (G Zl (k+51) ST S (e — B [1p,,—k | Frioa))

t=1,+1 =1

S E+d0) 00—\ <= = ((E+8)Nk(t,1=1)  (k+3)p
+,§1<log<k+51> k+51) Z Z< (2m 4+ 61)t 2m + &

< k + do 5o & (k+01)Np(t, 1 —1) (k+ 61)Ny(t,1 —1)
1
+;<Og<k+51) k+61>t;+lz<2m+51t—2m+l—l (2m + 01)t

Ni(t,1—1) Pk
=iy 3 S (e - )

k=mt=7,+1 =1

(7 _T")k%;log (k+60) (k+51)pk'

k+01) 2m+ o,
Since
£ ((t8)-558) $, £ (s, s
Sé‘loggig?) _ij‘:;ll (k)N ~ 1) t;mz; @m+ o)t ((22:11;;1;1—27714—1—1)
<5 e (158) - i

-ofz)
n

m

1

k=mt=71,+1 (=1 t=Tp+11
7

—0 L)
n

thl—l) ks t
> 3 S (e ) - 2 3 (e
Tn

and

B an k + o (]C + 61)]% _ = k+ o (k + 51)]% Tn — Tn
n—in § :1 = n—Tn § 1 |,
(T =T )k:m Og<k+51> 2m + &, (7 T)k:m & k+01) 2m+ 0y +0 n

one obtains

Tn

1 dQ s0.6) s
K 10g<dQnm6:61) C Ta =T ;1 (k+61) 2. Z 1p, =k —EY [1p, = | Fri-1])

nTn t=rn 1 1=1
- k400 60— & 1 (k+0)N(t,l= 1) (k+00)px
+k_z7n<10g<k+5l) k+61)Tn_TntTZ+1;< 2m+61) 2m+61

2m + 61 = k+ do (k+51)pk 1
+m10g(2m+50>+mk_zmlog<k+51 2m + 61 +0 n)’
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Let

2m+ 61\ <X m(k+61) k + 8
Lo =ml — ] 0.
mog(2m+50)+k_m 2m + 01 Pk 208 k+ 6, <

Q.
! log <d (Tn.00.01) )—é
Tn — Tn Q(ngoygl) tmril =1
L k+50 50—51 1 k+51 thl—l) (k+51)pk 1
1 - -
+k_z7n<0g<k+5l) k+61)Tn_Tn Z Z< 2m+61) 2m+61 +O n

t=7,+1 =1
<log (AN
=08 m+ 51 mgkgnm

Tn ‘

T — T Z Z 1th k_E1 [1DH k|]:tl 1})

t=1n+11=1

One has:
k+ 0 n
(k+5i> Z Z 1p, =k —EY [1p, = | Fri-1])

Ni(t,1—1) -— k+ o do— 01| k+d 1
LA R 1 _ ol =
+sup t pk/; Og(k+5l> k101 | 2mtor (n)

Since (3C = C(m, by, 1) > 0) such that ;™" ’1og (zig?) - ‘3;’_;?11

2’:;3‘_;31 < C'log(n) and log (%J%‘i“) <

of2)

Tn ‘

C'log(n) one gets:

t

— Dk

1 dQ7;
- log . 51”’60’61) < s + C'log (n) sup
Tn — Tn Q (Tn,60,81) t,lk

+ Clog(n) sup

m<k<nm

7_'77,_7-71 Z Z 1Dtl =k — ]El [1Dtl ]C|]:tl l])

t=1n+11=1

where sup, ; ;, corresponds to the supremum over ¢ € [7, +1,7,], I € [1,m] and k € [m,nm]. It
follows that there exists C’ > 0 such that:

aqQr. ) aQr.
P} < sup W > 1) Z P} ( — <dQ£l mdo0) | 5
Tn—TnZkn (Tn+00,01) Fn—Tn>Kn Tn Tn (T1,60,61)

. L v o +0(y)
< ) _TZ>H Py <m<s;1<pnm T 2 +1; (IDH:k - E; [lD“:k | ]:t.,lfl}) > 2CTog (n) )
n Nk(tul_l) _ _ZOO—FO(%)
+ . 7TZ>;< P (t I, k t Pi| 2 2C' log(n)

<n (nexp ( Cllogz 7)—”> + O(%))
/ Kn 1
AN

where we have used Hoeffding-Azuma inequality for the first term and Theorem 8.3 of [3] (or
Proposition 2.1 of [1]) for the second term. Note that these results were stated only in the case of
no change. However, they should remain valid for our model. Using an exactly similar argument
for 7,, — T, < —Kn, we finally obtain:

i aQn
n (Tn,90,01) 2 r Kn

P sup > 1 O(n exp (—C 7> —1—0(1))
1 (Tn—‘l'n|>ﬁn Q (Tr,60,61) ) 10g(n)2
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Taking k., = log (n)®, one obtains:

_ dQr:
Py ( sup St > 1) — 0.
Fu—ral 2k QQLr, 50.61)

One obtains a localization error smaller than log(n)3.
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