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Abstract

We study the frontier between learnable and unlearnable hidden Markov models (HMMs). HMMs are
flexible tools for clustering dependent data coming from unknown populations. The model parameters are
known to be fully identifiable (up to label-switching) without any modeling assumption on the distributions
of the populations as soon as the clusters are distinct and the hidden chain is ergodic with a full rank
transition matrix. In the limit as any one of these conditions fails, it becomes impossible in general to
identify parameters. For a chain with two hidden states we prove nonasymptotic minimax upper and lower
bounds, matching up to constants, which exhibit thresholds at which the parameters become learnable.
We also provide an upper bound on the relative entropy rate for parameters in a neighbourhood of the
unlearnable region which may have interest in itself.

1 Introduction

1.1 Context and motivation

Finite state space hidden Markov models (HMMs) are widely used in applications to model observations
coming from different populations. HMMs can be viewed as particular mixture models. In the latter,
given a latent sequence of cluster labels (X,,),en taking values in a finite set, the observed data (Y}, )nen
is a sequence of independent random variables with for each n the distribution of Y,, depending only on
X,. When the X, are independent, a mixture model is not identifiable: various convex combinations of
population probability distributions can lead to the same distribution for the observations. This is true even
for observations taking values in a finite alphabet: one cannot recover two different multinomial distributions
from a convex combination of them.

For a HMM, one adds the extra structure that (X, ),y forms a Markov chain. In sharp contrast to the
independent setting, with hidden Markov structure one can recover the distribution of data for each population
absent virtually any constraint on these distributions (known in this context as the emission distributions).
This fact had been observed in applied papers, and a theoretical proof that parameters can be identified with
minimal assumptions is recent, given for HMMs taking values in a finite set in [5, 24, 6] and extended to
allow for emission distributions modelled nonparametrically (but still with the underlying Markov chain
having finite state space) in [18, 4]. HMMs therefore form a tractable class of model nevertheless rich enough
to model many practical clustering settings well: see for instance [11, 27, 25, 37, 42, 41]. In this context
note that given good estimates of the model parameters one can almost match the optimal clustering and



testing behaviour of the Bayes classifier (e.g. see [39], [2]); let us emphasise once more that this is possible
essentially absent any constraint on the emission distributions, in contrast to typical clustering algorithms
which may require parametric modelling or separation of clusters.

In drawing a contrast between the independent and dependent cases, we have so far omitted to mention
that of course an independent model is a degenerate subcase of a Markov model. There are three ways in
which the data (Y,,)nen can fail to exhibit dependence: when the population labels themselves are in reality
independently distributed; when the emission distributions are identical; or when only one population is
observed. It is thus of theoretical and practical importance to understand quantitatively what happens when
these limiting situations are approached.

The present work initiates an exploration of the limits of learnability of the hidden Markov parameters as
the independent subcase is approached. We focus on the setting of two hidden states and multinomial data,
and exhibit principles which should generalise to much wider settings.

1.2 Contribution

Our main result, Theorem 1, gives upper and lower bounds showing the minimax estimation rate for the
model parameters, exhibiting that these parameters can be learned if and only if the sample size n is large
enough compared to a suitable measure of the closeness of the data to the independent subcase.

Important steps to get the main result are as follows. We introduce a reparametrisation of the model
leading to a statistical distance which appears to be a key tool for the understanding of the fundamental
limits of learning the HMM parameters near the independent subcase. This statistical distance is proved
in Proposition 1 to be equivalent to the distance between the distribution of three consecutive observations,
and leads to an explicit upper bound of the relative entropy rate for a specific part of parameters domain,
see Proposition 2, which we believe could have interest in itself. Upper bounds for the learning of the new
parameters are proved in Theorem 2 while (almost) matching lower bounds are proved in Theorem 3.

1.3 Related work

Theoretical justification of a range of learning methods for HMMs with emission distributions modelled
parametrically or nonparametrically have been developed in recent years: moment and tensor methods in
[6, 13], and model selection using penalized least squares estimation in [12, 29], using penalized likelihood
methods in [30], or using other techniques in [28]. These works all give both asymptotic and nonasymptotic
upper bounds controlling the distance between estimators and the unknown parameters. All require the
data to truly be dependent, but none quantify explicitly how their sample complexity results depend on the
“distance” to independence. Indeed, quantifying this dependence requires a sharp understanding of how the
distances between distributions evolve with respect to the distances between parameters, as done for particular
parametric finite mixture models in [21, 23, 16].

Results in [13] control the propagation of errors from parameter estimation to the posterior probabilities
when calculating the latter via plug-in, implying that good control on the risk of the estimators will ensure the
performance of the empirical Bayes classifier is close to that of the true Bayes classifier (whose optimality for
clustering is a standard result in decision theory [14]).

A topic closely related to binary classification/clustering is multiple testing, in which one aims to identify
within some large data set a collection of data points which come from a “discovery” hypothesis, rather than
from the conservative null hypothesis. In this setting control of the false discovery rate has been obtained
recently for a knockoffs-based method in [36] and for an empirical Bayes method in [39, 1]; in each case
estimation of the HMM parameters is an essential first step. Modelling the proportion of non-null signals as



vanishingly small, as our results permit, would allow for further links to the setting of sparse multiple testing,
considered for example (with independent data) in [3, 10].

Relative entropy rate, or equivalently Kullback-Leibler rate, between HMMs can be expressed using
Blackwell’s invariant measure [9], but no explicit formulation exists [38]. Providing useful or meaningful
upper and lower bounds is a subject of ongoing research [15, 31, 17]. In Proposition 2 we obtain a new bound
on the Kullback-Leibler rate between HMMs which compared to the aforementioned works does a better job
at capturing the effects of the underlying Markov dependency structure, at the expense of holding only for a
restricted subspace of parameters.

To the best of our knowledge no prior theoretical result exists addressing the learning of parameters of
a HMM when approaching the independent case. By experimentally studying the EM algorithm when the
multinomial emission distributions approach each other, the authors in [35] find a range of parameters for
which the EM algorithm behaves badly. We believe such behavior is primarily a result of the investigated
region approaching the limit where the parameters become unlearnable, not of a limitation of the EM algorithm
specifically.

Finally, let us mention that departure from the independence assumption has been noted to allow for better
learning also in HMM settings free from the assumption that the Markov chain has a finite state space [20, 7]
(at the expense of stricter assumptions on the emission distributions), and also in other problems including
dynamic networks [32, 8], image denoising [33], and deconvolution [19].

1.4 Organisation of the paper

We describe the setting in Section 2 and state our main result in Section 3. The key reparametrisation is given
in Section 4 where we state the basic propositions involving the statistical distance we define. Intermediate
upper bound results are given in Section 5 while lower bounds are in Section 6. In Section 7 we discuss our
results and possible further work. All proofs are deferred to Section 8.

2 Setting

Consider a two-state HMM with multinomial emissions, in which we observe the first n entries of a sequence
Y = (Y1,Ys,...) € {1,..., K} which, under a parameter § = (p, g, fo, f1), satisfies

Po(Yn =k | X) = fx,(k),

X = (Xn)nEN ~ MaI‘kOV(T{', Q>7 W

with the Y}, 7 € N conditionally independent given X. The vector X of ‘hidden states’ takes values in
{0, 1} and the transition matrix of the chain is given by

_(1-» »p

with the convention that for j > 1, Py(X;41 =0| X; =0)=1-p<landPy(X;;1 =0]| X; =1) =
g > 0. The densities fy, f1 are the ‘emission densities’ with respect to counting measure on {1,..., K}.
Grant also that X is drawn from the stationary distribution of the chain, i.e. Po(X; = 1) = p/(p + q). We
throughout use Py to denote the law of (X,Y"), and all induced marginal and conditional laws.

In the limit where the sequence Y becomes independent and identically distributed (i.i.d.), learning the
parameters becomes impossible due to standard identifiability issues for mixture models : the distribution



of Y1 may be decomposed in many ways as a convex combination of multinomials. This i.i.d. limit can be
approached in three ways:

1. p~0orq~ 0, and thus the chain X passes long periods of time in one of the two states;
2. the transition matrix @ is nearly singular, so that X itself is almost i.i.d; this is the case if |1 —p—g¢| &~ 0;

3. the emission distributions are close to each other: || fo — f1|| &~ 0, where ||-|| denotes the usual Euclidean
norm, || f][* = 32If (k)[*.

We adopt a minimax point of view and encapsulate all the above scenarios within the class of parameters
defined, for some ¢, ¢ € (0, 1) and some ¢ > 0, by

(—):@(57674) :{9 paqzéa |1_p_Q| 265 ||f0_le ZC}
Introduce also the subset
0L =060 =0Nn{1-|1-p—gq| > L}

Remark 1. Note that 1 — |1 — p — q| is the absolute spectral gap of the chain X, and hence the mixing
time of the chain can be upper bounded uniformly in ©F since the state space has size 2 (so the chain is
automatically reversible). Here L may be arbitrarily small but we think of it as fixed, in contrast to §, € and
which are allowed to depend on n. With the introduction of this lower bound we still allow one of p, q to be
vanishingly small (or arbitrarily close — even equal — to 1), but not both.

Remark 2. If { is too large compared to 1/ K, ©(9, €,() may be too small to be an interesting parameter
space. To avoid this and ensure that ©(9, €, () contains near uniform density pairs, we assume a mild

compatibility condition: that
2|K/2
(< VIR o

3 Main results

To avoid a label-switching issue discussed in the next section we assume that fy — fi lies in some specified
half-plane. Our main result is the following.

Theorem 1. There exist an estimator 6 = (p, 4, fo, fl) and a constant C = C(K, L) > 0 such that for all
1 < 22 < nd?ercs,

2

sup Py max(0, eQ)) <e™™,

(max(5 = pl. 1 - a) >~
€O, 7 n5264C6
sup Py (max(||fo — foll, |l = fu]}) >

Cx ) S _zz.
feO

/nd2etls
Grant condition (3). There exist constants ¢ = ¢(K) > 0 and ¢, > 0 such that for § < 1/6, € < €y,
L < 1/3 and né?e*(5 > 1,

inf sup Py

c
max(|p —p|, |d — >
if sup ( (Ip = pl, g —ql) JnRaice
. < < c
inf sup P (max(|fo — fol,Ilfi = ful}) > T

max(d, EC)) >1/4,

) =174,

0 0cOr

where the infima are over all estimators 6 = (p,§, fo, f1).



The estimator 6 is built via plug-in from those constructed later in Theorem 2. Note that the maxima are
genuinely required in the lower bounds: in the extreme case where p is close to zero and q is close to 1, one
has many samples with X; = 0 and few with X; = 1, so that p and f are easier to estimate accurately than ¢
and f;.

We deduce immediately the sample complexity for learning the parameters. We do not seek sharp
dependence on K in the bounds because we believe our results can be extended to the nonparametric setting,
which we leave for further work.

Corollary 1. Fix a target error magnitude E > 0 and a probability level o« > 0. For the same estimators as
in Theorem 1, there exists a constant C = C(K, L) such that for any 6 € O, we have

log(1/a) C§% Ce2¢?

> o\ /) =
"= 206 max( B2’ E2
log(1/c) c 1

> o\ /) -

"= TRac maX(E2’g2>

1) = Bo(max(p—plli—q) > E) <a

Po(max(|| fo — foll, | f1 — fill) > E) < &

Conversely there exists a constant ¢ = c¢(K) > 0 such that for all 0 < E < c(K) and for any estimator
0 = (p,q, fo, f1) there exists 0 € Oy, such that

c? max (82, €2¢?)

"= T E2g2Ac0
< 702
n= E262¢404

= Po(max(|p—pl,1¢g—ql) > E) > 1/4,

= Py(max(||fo — fol, II/r — f1l) > E) > 1/4.

Note that to apply Theorem 1 for the lower bounds we would initially also need n > (62¢*¢®)~! but by
monotonicity — i.e. the fact that any measurable function of (Y7,...,Y},) is also a measurable function of
(Y1,...,Yy) for N > n — the restriction can be removed.

Let us sketch the main ideas behind the proof of Theorem 1. The full proof is deferred to Section 8, along
with all other proofs for this article.

The minimax upper bounds are obtained by producing an estimator that attains the bounds. Building

(3)

on the work of [6, 18] we know that 6 is identifiable from p,™’, and we propose a reparametrisation of

the model to simplify the analysis. Indeed, motivated by a desire to simplify the expression for p (see

equatlons (9) and (10) in Section 4), we introduce new parameters ¢, ¢ and we show in Proposition 1 that

||p9(¢ ) pé @) || is equivalent to p(¢,¥; ¢, 1), where p is defined in the proposition and can be seen as

the “natural” statistical distance of the problem (see below). Then, we leverage that p(g ) can be estimated

in Euclidean distance at the parametric rate n~'/2 by the empirical estimator ]3513) defined in Section 5,

Lemma 1. This suggests that solving for (¢, 1)) € arg min pré?(’)d) W)~ 3(13) || will give a good estimator

(¢,9) for (¢,v). By standard calculations and using the equivalence between Hpe( 60) || and

~ 7y 9<¢ )

p(o,; ¢ 1/}) derived in Proposition 1, we obtain bounds on maximum risk of such (gb 7,[1) for estimating

(¢,1) in Theorem 2. Finally, the upper bounds for the original parameters in Theorem 1 are obtained by
taking 6 = 6(6, V).

Incidentally, we remark that the parameterization (¢, ) turns out to be of special interest: the components

of ¢ determine how close the sequence Y is to being i.i.d in an interpretable way (see Section 4), and the



parameter ¢ is related to the stationary distribution of the sequence Y. For this reason, we also establish
minimax bounds for the estimation of ¢ and 1) themselves in Theorems 2 and 3.

The minimax lower bounds are obtained by an argument a la Le Cam. In particular, it is a famous result
of Le Cam [26, 40] that the minimax rate (under quadratic loss) of estimating a functional g : © — R is
always greater than the maximum value that |g(6) — g(6)|? can take for #,6 € © under the constraint that

K (pén) ; pén)) < ¢, where K (p(g") ; pg")) denotes the Kullback-Leibler (KL) divergence between the laws of

(Y1, ...,Y,) under parameters 6 and é, and 0 < ¢ < 1isasmall positive constant (see Lemma 2 for the precise
formulation we use). Understanding bounds on |g(#) — g(8)| in terms of bounds on K (pé”)' pgl)) is also
sufficient for obtaining an upper bound on the minimax estimation rate. Since we have dependent observations,
the main difficulty of the proof is to relate K (pé”) ; pgn)) to a suitable notion of distance between 6 and 6. A
o, Phio.) o)
a constant times np?(¢, ¥; ¢, ). Then the lower bounds for ¢ (respectively ) in Theorem 3 are obtained
by lower bounding the value of the optimization problems max|¢; — ¢;|? (respectively max|tp; — 1;|?)
subject to np? (¢, 1; ¢, ) < c and 0(¢,1)),0(p,1)) € O for a small enough constant ¢ > 0. Finally, the
lower bounds for the original parameters in the Theorem 1 are essentially deduced from the bounds for (¢, 1)

and inversion of the parameterization.

key result is Proposition 2 showing that under mild assumptions K ( ) is upper bounded by

4 Change of parameterisation

We reparametrise the model in such a way that the i.i.d. limiting cases are highlighted, by changing variables

to ¢ = (¢1a ¢27 ¢3) and ’l/) = (’1/113 1!]2) defined as
SO= (52 1-p—gq lfo—fl), ()= (el iy

Here we have separated the scalar parameters ¢ from the vector parameters . Defining

r(¢) = 2(1 — ¢7) 203, )

it follows from the discussion in Section 2 that the data Y is close to i.i.d. exactly when r(¢) ~ 0. [This is of
course true also of other combinations of the components of ¢, but as equation (10) will show, r(¢) is the
appropriate combination measuring the “distance” to the i.i.d. case.]

Define

¢ = (I)(57€7<) = {(¢(0)7¢(0)) IS 9(67€’C)}7
(bL - CI)L((SvGaC) = {(¢(9)a¢(9)) NS @L(&QC)},
and note that for (¢, 1)) € ® we have

1—-6 1-6
T Sh STy €SIel<1-2 C< b3 <V2, |r(9)|>deC?/4, S

while for (¢,1) € ®r, we additionally have

|pa] <1 —L. 6)



Remark 3. When K = 2, in view of identifiability issues discussed in the next subsection, 1o is not needed
in the parametrisation, since we may universally make the choice

1 1
VYo = (ﬁ7 —E)
Remark 4. The parametrisation 0 — (p, ) is invertible: we calculate

p=3(1—¢2)(1—¢),
qg=3(1—=2)(1+¢1),
fo=1h1 — 301032 + Sd3ia,
f1 =11 — $d105h2 — Sostba.
Remark 5. Suppose 11 is a probability density function with respect to counting measure on {1, ..., K}, 1y

is a function satisfying ||12| = 1 and ), 1p2(k) = 0, and ¢ satisfies |p1| < 1, |p2| < 1 and ¢3 > 0. Then
(¢, ) lies in ®(4, €, () if and only if

(1 =)L —|o1]) =6, F(1—2)(1+]|¢n]) <
P1(k) — 310302(k) — L3l (k)] >

17 |¢2| > €, ¢3 > Ca (7)
0, Vk<K. ®)

The model (1) is identifiable for the parameter set © only up to ‘label-switching’, since Y has the same
distribution under the parameters (p, q, fo, f1) and (g, p, f1, fo); in the parametrisation (¢, 1), the distribution
of Y is the same under (¢1, @2, @3, 11, 12) and under (—@1, P2, P3, 11, —tb2). However, it was proved in
[6] that aside from this label-switching, the model parameters can be identified from the law of just three

consecutive observations. To that end, for any integer m denoting by Pe(m) the law of (Y7, ...,Y},) under
parameter 6 € ©, and by pém) the corresponding density with respect to counting measure on {1,..., K}™,
we calculate
(3) q p
=|—9®fo®@g+|——|h® fLDh, 9
Py (p—|—q> Jo®yg <p+q) bil )]

where g = (1 — p) fo + pf1 and h = qfo + (1 — ¢) f1, and where ® denotes the tensor product so that

(f®g®h)(a,b,c) = fla)gb)h(c), (a,b,c) € {1,...,K}>.

In the (¢, 1)) parametrisation, writing just p<(1>32p for pg& ») in a slight abuse of notation, we have

P =1 @ 1 @11 +1(0) (12 ® P2 @ Y1 + 1 @ 12 ® o)
+ P (D)2 ®@ 1 @ Yo — P1d2037 ()2 @ P2 @ 2, (10)

where we recall the notation r(¢) = (1 — ¢3)¢2¢3.
We define a statistical distance p directly on the parameter space ¢ which is equivalent to the Euclidean

distance between the densities pfzb and pf;zzj

the triangle inequality and because, due to the identifiability issues reflected by the appearance of factors of

sgn((1a, 1Z2>) in its definition, we may have p(¢, ¥; o, 12) = 0 with (¢, ) # (QNS, 'l[)) Here (-, -) denotes the
Euclidean inner product on R, (f, g) = Zfil f(k)g(k).

. The function p is not a true metric because it may not satisfy



Proposition 1. For r as in equation (4) define m by

m(¢) = (r(¢), d2r(9), P192¢37(9)), (1n

and define
(6,83 6, ) = max{|ma(¢) — m1(D)], [ma(d) — ma(P)], [ms(d) — sen((W2,12)) - ma(d)],
o1 = P, max{|mi ()], [m1 ()]} - [ — sgn((tz, Pa)) - ol }.

There exist constants ¢y, co > 0 (which depend on K ) such that for all (¢, 1)), (qz~57 z/NJ) € U&E,< D(0,€,C) we
have

12)

c1p(0, 93 6,9) < PV, - p || < eap(6, 3 6, 1)).

Optimal estimation rates can be obtained if we adequately understand the Kullback—Leibler divergence

between distributions with different parameters. The Kullback—Leibler divergence between P, and

(n)

o 0(6.%)
Pe((”(; ) can be related to the statistical distance p(¢, ¥; ¢, 1) in a neighbourhood of the independent subcase.
Proposition 2. Assume there exists ¢ € (0,1) such that min(fo, f1, fo, f1) > ¢ There exist constants

C, €0 > 0 depending only on ¢ such that if max(|¢2|, |d2|) < €o, then with p as in equation (12),

K(Pe(zg ) P(Yg ¢)) < Cnp(,; ‘15 7/})

We note that only the lower bound on || Py w p || in Proposition 1 is used in our paper (it is used in

proving Theorem 2). The upper bound on || pgzb p(3) || is still of interest as it establishes the tlghtness (up

to constants) of the corresponding lower bound, thereby proving the equivalence between || g, w p || and

p(o,; qﬁ, @[1) and showing that p is the natural and adequate statistical metric for this problem. Furthermore,
in combination with Proposition 2, Pinsker’s inequality, and the fact that all norms on the set {1,..., K} are
equivalent, it shows that whenever max(|@z|, |¢2|) is small enough,
(n) (n) 1o 117 (3) G2 <« o (3) (3)
K(Py(g0y Pogay) < Cllpgy — pg 5117 < CTnK (Pyg .y Fos )

for constants C’, C"" > 0, once again highlighting the prominent role of the law of 3 consecutive observations
in HMM modeling, and illustrating that optimal estimators (up to numerical constants) can be built solely on
the basis of the empirical distribution of blocks of 3 consecutive observations. This shows that as long as
the chain Y is not “too dependent”, it behaves almost as if we had observed i.i.d. blocks of 3 consecutive

observations (in which case we would have that K (PQ(&Z oy Pg(zg ») = (n/3)K (Pe(f’; o) P9((3¢)> )» foralln
divisible by 3).

S Upper bounds

We obtain the following upper bounds for estimating ¢ and 1. Since we are studying limits as the quantities of
interest become small, the relative risk may be of as much interest as the absolute risk, and we provide bounds
for both quantities. The bounds demonstrate that learning model parameters is possible in the regime where n
is large enough in relation to &, € and ¢. Observe firstly that estimation of p() is possible at a parametric rate.



Lemma 1. Define the empirical estimator p. : {1,...,K}" = [0,1] by

n—2
. 1
P (abc) = ~ ; L{Y; = a, Yis1 = b, Yiyo = c}. (13)

Then for some constant C = C(K, L) and any x > 1
A _ 2
sup  Puy ([P —pP| = Cz/vn) <e .

(P, )P (6,6,C)

Theorem 2. Assume ®;, is non-empty and let qAS, 1& be any measurable functions satisfying, for 135?)

asin
equation (13),
B _ 503 <« 2 inf (3) _ »(3)
Py —Dpll >4 10 p; s —DPnll
Sy - <2 int 1 =)
There exists a constant C = C'(K, L) > 0 such that the following hold.
1. Assume 1 < 2% < nd%e*(S. Then
1—¢2 2 2022
w L oTee =g 1 2 )
esee | NT= 6 noZelct
S R o G N A o )se
= (o’ 1= P15 1P 1) = < .
() EPL(5.6.0) net(o

2. Assume 1 < 22 < né2€2¢*. Then

bo 2 x2
sup Py, (‘——1‘ 207)
(6:9)EDL(,¢,) 2\ gy noZet4
bo— gl > O—2
< sup P¢,w(¢2—¢2 207> <e .
() EPL (5,6,C) néZe2 ¢

3. Assume 1 < 2 < né?e*(®. Then
¢3 x?
swp P[22 > o)
(6:9)€DL(S,¢,) 20\ g nd2et (s
2

x ) <
no2et(d) =

e

< s Poy(lds -tz C
(d’ﬂl’)E‘I’L(&EaC)

4. Assume 1 < z2 < n. Then

N Cx? a2
sup Py (i — 2> =) < e
(6, )EDL(5,e,C) n

5. Assume 1 < 22 < né?e2¢* and K > 2. Then

P ; Cx? 2
sup  Poy (min(||¢2 — %, |ltbe + 2|?) > 7) <e
(,9)€PL(8,6,) né2e2(4



Recall that estimating 15 is unnecessary when K = 2 (see Remark 3). Note that the absolute loss in each
case is bounded, and one can deduce that the bounds for ¢ and for ¢ hold without an upper bound on z,
with e=*" on the right replaced by zero (for C' large enough).

6 Lower bounds

We prove lower bounds, matching the previous upper bounds in a suitable regime and demonstrating the
impossibility of learning model parameters when n is not large enough in relation to J, € and (. The particular
value 1/4 on the right sides in the following is not essential: what is important is that the probabilities are
bounded away from zero. The lower bounds over ® 1, remain true over the larger set ®.

Theorem 3. Grant the compatibility condition (3). There exist constants ¢ = ¢(K) > 0 and ey > 0 such
that whenever € < €y, § < 1/6 and L < 1/3 the following hold. [The infima are over all estimators, i.e. all
measurable functions of the data (Y1,...,Yy,).]

1. Assume nd%e*¢% > 1. Then

~ A~ c
inf sup Py (min(lr — 61 |6+ i) = —)
b1 (6:1)EPL(5,60) net(®

1—¢2 |2 2
>inf  sup Py (‘74‘ > 7) > 1/4.
b yedrec) AT — @3 ng2et(o
2. Assume né2€*C* > 1. Then
inf sup P (\(ﬁ #o|* > _° )
L ¢, 2 — Q2| =
b2 (6,4)EDL(5,6,0) ng2e*(t
s 952 2 &
> inf sup ]P’7(——1‘ 27)21/4.
92 (bpyearec) |\ nget(t
3. Assume n62€*CS > 1. Then
inf sup P (\gzg o3> > _°c )
> ¢, 3 — @31 =2
b3 (6:$)€®L(5,6,0) nget(t
. 3 2 c
> inf sup ]P’7(——1‘ 27)21/4.
b (pa)ers6ec) -\ ng2et(o
4. Foranyn, 6, € and (,
. - ¢
inf s Poy (-2 5) 2 1/4
1 (¢,9)ePL(d,6,C) n
5. Assume n6%€2C* > 1 and K > 2. Then
. . ¢
inf  sup Py (win(lde — Gl 19+ al)? = ) 2 1/4,
by (p)ERL(5eC) noe?(t
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7 Conclusions and future directions

In this work we have quantified the impact on learnability of approaching the i.i.d. boundary within the set of
parameters of a hidden Markov model. The limiting cases occur when one hidden state is absorbing, when the
underlying Markov chain becomes a sequence of independent variables, or when the emission distributions
are equal. We have proved both upper and lower bounds for the estimation rates of the parameters in a hidden
Markov models with two hidden states and finitely many possible outcomes. Our results characterize the
frontier in the parameter space between learnable and unlearnable parameters and quantify how large the
sample has to be in order to get estimators with prescribed error with high probability.

Some tricky regions of the parameter space are not fully captured in the upper and lower bounds.
Specifically, the condition on 7 in the lower bound for estimating ¢, differs by a factor of €? from the
corresponding condition in the upper bound. Also, in the upper bound for ¢;, we do not describe the precise
estimation behaviour in the region nd2e*(% < 22 < ne*¢®: in this range we can obtain something by applying
the bound with y? = min(22?,nd%€*¢%) but we cannot expect that this gives the correct dependence on z.
[There is no issue in the region 22 > ne*(% since we may replace the bound e~ with zero, similarly to the
comment after the theorem regarding ¢ and 1.] A similar gap exists for estimating ¢3. Our results already
work for a wide range of parameters, and extending to the few remaining cases is an interesting issue for
future research.

Regarding the upper bounds, we analysed a minimum distance estimator for theoretical convenience,
and we think the same upper bounds should hold for more practical estimators (for example empirical least
squares estimators and tensor-based methods). Our proof method relies on the fact that the two steps of
estimating p(3) and of estimating, given p(3), the HMM parameters themselves, decouple. This is because,
with good mixing properties for the Markov chain, estimation of p®) can be done uniformly at a rate not
depending on the HMM parameters (Lemma 1). When the spectral gap is small the underlying Markov chain
mixes slowly, spending long periods remaining in whichever of the two states it is in, so that estimation of
p3) becomes hard for parameters for which there is small spectral gap. These are not the same parameters for
which recovering the HMM parameters given p(®) is most difficult, and so to obtain accurate rates without a
spectral gap requires carefully addressing the two steps simultaneously, which is beyond the scope of the
paper (we could obtain a suboptimal rate using the current methods just with careful tracking of the spectral
gap, since it is lower bounded by 1 — 24, but upper and lower bounds obtained in this way mismatch by a
factor of §). Note the above arguments explain the requirement for a spectral gap, not an absolute spectral
gap; we believe our results will in fact hold in the near-periodic case when the spectral gap is close to 2 and
the absolute spectral gap is close to zero, but this would require some extra technical calculations in the proof
of Lemma 1.

We believe similar results hold with more than two hidden states and with arbitrary nonparametric emission
distributions. Investigation of the fundamental limits for learning more general HMMs and misspecified
modelling will be the object of further work. Developments of our findings for clustering, multiple testing
and sparse settings will also be the object of further work, and all will depend fundamentally on the results
obtained here.

On the practical side, usual estimation algorithms can be expected to exhibit bad computational behaviour
when the unknown true parameters lie near the learning frontier. We have not tackled this issue here and
we believe it merits substantive investigation, both in building robust algorithms and in detecting the poor
performance in the problematic region. This last question is interesting both from a practical and a theoretical
point of view.
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8 Proofs

8.1 Proof of Proposition 1

Recall the definition (11) of m as

m(¢) = (r(¢), ¢ar(9), d1o20sr(9)), 1(d) = (1 — ¢7)d2¢3.

We write m = m(é), and we write ;. for 1; ®1; ® ¢y, and T;ijk for 1; ® T;j ®1ﬁk. Then from equation (10)
we have
pfﬂp - p;i) = (Y111 — ) + {ma(vYaz1 + ¥122) — 171 (V221 + P122) }

+{m21/)212 - Thz%u} - {m3¢222 - mS'IZZZQ}-

—

(14)

Recalling that (-, -) denotes the Euclidean inner product on R¥ we have (W1,1) =1, (P2, 1) =0, ||eo|| = 1
and |[1]| = K /2 Let (-,-) also denote the Euclidean inner product on RX*X*X 'wherein for functions
fis fi:{1,..., K} = R, i < 3 we have

(1®fe® f37f1 & fz @ f3> = <f1,f1><f27f2><f3, f3>

(3) ||

Lower bounding ||p¢ w =Dy, For any function f : {1,..., K} — R, we have

(P~ pf;,fea 1®1) = (Y1 = un, f ®1©1) = (1 — 9, f).
Then
|1 — n]| = sup [(¥1 — ¢, )]
llfll=1

= sup |0, =1 fe1@1)

Il Fll=1

3 3 3
< IlpS), - p”nﬂm‘lp If @1@1] = Klp§), - p5 5, (15)

and similarly,
%), - P‘(j)w»1®f®f> (@11 = P11, 1@ f @ f) + (mitras — mathias, 1@ f @ f)
= (1 =1, )7+ ma (W, )7 = i (s, ). (16)
Choosing f = thy + sgn((th2,1)2)) - 1y (with the convention that sgn(0) = +1), we observe that
(2, [) = 1+ (2, o) | = sgn((vha,2)) - (Y2, f).

In particular we note that (1)y, f)2 = (12, f)2 = (14| (b2, ¥2)])% > 1. Since also || f||2 = 24 2| (12, 1h2)| <
4, returning to (16) we observe that

my — 1| < (| F12 )l — a2 + |12 ®f®f|lllp¢¢, P
< 4l = |? + 4K, — S|
<K+ KV, — pS, (17)

12



where for the last line we have used equation (15) and the fact that Hp P pq‘s H2 < K3. We continue by
considering the expression f ® 1 ® f, for which we have

(111 — Y11, fR1@ f) +
= (1 — b1, £)2+ maiha, £)2 — ma(ihy, f)?

(Mathor2 — Mathora, f @1 ® f)

s, - p ,f®1®f>

Recognising symmetry with equation (16), we again choose f = 1o + sgn((t2,12)) - ¥ to obtain
(18)

~ 3 3
[ma —1ia| < 4(K7/? + K210, = 571

Finally, considering the expression f ® f ® f, we observe that

(111 — 77/;111,]8 Q@ f @ f) + (m1(221 + Y122) — m1(7/;221 + 1/;122)7]" Rff)

Py —pe s f @ F© ) =
+ (matharz — Mathorz, f @ f @ f) — (mathagy — Mathose, f @ f @ f).

Py oy — p¢¢a

In other words,

(S, — pw,f ®f @ f) = (1 —
+ (ma (2, ) (¢, f)

— 11 (2, £)2 (41, f))

D1, )2 4 2(ma (2, /)21, f)
(ma (o, £) — s (s, £)?).

— a2 (tha, £)2 (41, f)) —

15, we obtain (recall that by construction ||f|| < 2,

Once more choosing f = Yo + sgn(<¢2,1/~)2>)
< 4, and also sgn({1h2, ¥2)) (2, f) = (tha, f))

1< (Yo, f)? = (2, f)?
_1211H3 (3) (3 )

[ms — sgn((Y2, ¥2)) - | < 8[|y
+ 8|ma (¢1, f) —m1<1/}1, ‘ + 4d|ma (e, ) = ma (i, )]

For some constant C' = C'(K') we have

’m1<’(/}17f> _m1<’(/;17f>’ < |<1/}17f>‘|m1 —’l’h1| + |m1”<1/)1 _’(/;17f>‘
< 2|\ [l|ma — | + 2Jn |1 — P |
< O, -,

where for the last line we have used equations (15) and (17) and that ||¢; || < K'/2 and || < ¢3/4 <
K)

Ifo — F1l1?/4 < K/4.
Similarly, using equation (18) and the fact that || is suitably bounded, we have for some C' = C(

[ma (W, f) = ma(r, )] < Cllpl, =P

We deduce for some different constant C' = C'(K) that
19)

[ma — sgn( (v, va)) - 1ig| < Cllp§, =Py |l

Finally, for 1) we show that for some C' we have
mae((m . i) o2 — sen({, a)) - dall < Cllp) oL 20)

13



If o = 1/32 there is nothing to prove, so we assume without loss of generality that 1)o # 1/32. Also assume that
|my| > ||, the final bound then following by symmetry. Returning to equation (16) with f to be chosen,
we see that

mi (2, )° = (2, £)?) = (1 =0, £ = (0, = p5 1@ @ f) = (o, )2 (my — ).
Since (2, f)? — (1, f)? = (2 — tha, f) (b2 + 2, f) we obtain
Ima (s = o, ) (2 + P, Al < (AP0 — 1|2 + K F12lp5, — p || + [ma — i |(d, £)*. @21
Observe that 15 + 1/;2 is orthogonal to ¥y — 1[32 (this arises from the fact that 1/, and 77/;2 have unit norms) and
choose - -
I o — by
= s 4 = .
Y2 + 2l Iz — ol

note that ~ ~ ~ R
(Yo — b2, f) (W2 + Yo, ) = |[Y2 — allll2 + P2

Since also || f|| < 2 and |(¢5, f)| < 2, continuing from equation (21) and using equations (15) and (17) we
see that for a constant C' = C'(K)

\m1|||¢2—1/32||||¢2+¢2us4wl—¢1||2+4K|\pr P+ djma — 1|
<20|p})), — p ||
Observing that

[92 — o |||t + Da|? = |2 — sgn((tha, Pa2)) - Pal|?[[¢h2 + sgn((t2, ¥a)) - Pol?
= |[9p2 — sgn((va, ¥2)) - Yo * (2 + 2| (2, P2)])
> 2||1hy — sgn((1ha, Pa)) - %,

and recalling we assumed that |m1\ > |mq|, equation (20) follows.

The proof that || p((fzp p~ o H is lower bounded up to a constant by p(¢, ¥; b, 7]1) follows by combining

equations (15) and (17)- (20)

Upper bounding || p(?’) p(~3)~ || From equation (14),

Hp¢ » p(MJH < 111 — il + [ma = ma 201 + Yraall + [ |[[¢221 — Pomn |
+ [ [[¢122 — Proal| + [ma — o[ ar2]| + |a [ 212 — Wona| (22)
+ [ms — M| |2zl + [1al[vhaz2 — PYaza]-
Note that the bound remains valid if we replace the final two terms by
Ima + ||| aze|| + || a2z + Pooa;

we focus on the case where sgn( (1, 12)) = 41 for which the original decomposition yields suitable bounds,
but the proof in the other case is similar using the alternative decomposition.

14



As used already in proving the lower bound on || pfzb - p((;zzj I, we note that

max(||vg1 ], [|1h122]), [, (212l [z, |[¥222]], ms]) < C,

for some C' = C/(K). To conclude the proof it thus suffices to bound the tensor product terms ||¢;jx — s |
in terms of the differences ||1)1 — 91|, ||tb2 — 12]|. First we decompose

1 @ 1 @ b1 — 1 @ P1 @ Py || < [|th1 @ Y1 @ 1 — 1 @ Y1 @ by |
+ [t @ 1 @ Y1 — 1 @1 @ r || + ||t @ b1 @ U1 — Y1 @1 @,
so that ~ ~ ~ ~ }
111 — Yraall < Nlor — Dl ll® + el ]l + 11 )1?) < 3Ky — 4] (23)

We also note, recalling that v, and 7]12 have unit norms, that

9201 — 21|12 = [[221 1% + [[201 || — 2(wb221, Pa21)
= [[P1]|? + l91)1* — 2(tpa, P2)? (W1, 1)
= |1 — ¥ |)* + 2<1/11,1/~11>(1 - <¢271;2>2)
< b1 — O l® + 2l |11 [T — (W2, o)

Observe that R ~
[4bo = a|* = 2(1 = (2, ¥2)), (24)
and hence
|1 — (1o, 2)?] = |1+ (b, ¥2) |1 — (02, Wh2)| < 21 — (o, )| = ||tha — o>
We deduce that

221 — aar||® < [lvb1 — Pul|® + 2l|eba |11 [0z — ol < [l — 1|1 + 2K ||vh2 — 2| (25)

By symmetry, the same bound holds for ||1)120 — 1/3122” and for [[1p212 — gzjguH. Furthermore ||¢a92|| = 1,
and using (24),
[tha22 — Pzl = Ilthaal® + I|tha2l|® — 2(th222, Yha22)
=2 — 2(¢hn, 2)°
=2(1 — (W2, 92)) (1 + (W2, 9h2) + (2, ¥2)?)
< 3|l — ol (26)

The claim follows from inserting equations (23), (25) and (26) into equation (22).

8.2 Proof of Proposition 2

Write X7.; and Y7, for the vectors (X1, ..., X) and (Y7,...,Y}) respectively, and recall that Pe(n) denotes
the law of Y7.,, for parameter 6. Without loss of generality we may assume that sgn ({1, ¥2)) = +1, since
one may substitute ¢/ = (—q~51, b2, 953) and ¢/ = (7]11, —152) for ¢ and v and obtain Pé(") = ng,"), hence
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K(PyY; P) = K(Py™; PUY), but sgn((ths, 04)) = —sgn((t2,9)). Recall that K (P;Q) is upper
bounded by the chi-square distance x?(P, Q) = Eg[(dP/dQ — 1)?] (e.g. [40, Lemma 2.7]). Then using that
Py(Y1 =) = 41(-) and Pz(Y1 = -) = ¥1(-) > ¢, we have

Po(vi =3) ~Bs(i =) _ [ = th[*

(1), phy <
SCOREREDY Ps(Y1=y) c

yey

27

This yields the case n = 1 since the definition (12) implies that p(¢, 1; b, 7,[3) > |y — 1 1%
Now assume that n > 2. By the chain rule for relative divergence (used inductively), we have

n—1
Ky P = K(PY PYY) + Y B [K (P (Yieyr € - | Vi )i Py (Ve €| Vi)l (28)
k=1

The first term was addressed above, and we now consider the remaining terms. Again bounding the KL
divergence by the chi-square distance, we have

Py (Y; = Yi) — P:(Y; = Y:.2)1?
K(Po(Yit1 € - | Yii); Pg(Yigr € - | Yiw)) < Z [Po(Yirr = | Vi) oYerr =y | Vi)
= P;(Yeq1 =y | Yix)

< Py (Yigr = - | Vi) = Py(Viyr = - | Vi) [|?
- minyey Pé(YkJrl =Y | le:k) )

But, for any k > 1,

Po(Yir1 =9y | Yi) = Z Po(Yet1 =y | Y1k, X1kt1 = 2)Po(Xapt1 =2 | Yig)
ze{0,1}F+1
= Z f$k+1 (y)PQ(Xlzk-‘rl =T ‘ 1/Vl:lc)
z€{0,1}k+1
= > fo@Po(Xps1 =z | Yiu), (29)
z€{0,1}

where we have used that Y311 | (Y1.r, X1:141) has the same law as Y41 | Xpy1. Therefore when
min(fo, f1) > ¢ we must have for all Y7.; and all k£ > 1

Ps(Yir1 =y | Yie) > ¢ Y Py(Xpp1 =2 | Vix) =c.
z€{0,1}

Hence we have established that for all Y7., andall k > 1

< P (Ver = - [ Vi) = Pg(Viers = - [ Vi) |2
< - .

K(Po(Yit1 € - | Yii)i Pg(Yigr € - | Yiir)) (30)

Let us now rewrite Pg(Yz11 = y | Yi.x) in the parametrisation (¢,1). For convenience we introduce
the notation Py (z) := Py(Xx41 = = | Y1.x) for the prediction filters, and we similarly write Py(x) =
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P;(X11 = = | Yi.t). By equation (29) and Remark 4,
Po(Yirr =y | Yie) = fo(y) Pu(0) + fi(y) Pr(1)
= (¥1(y) — 3é10502(y) + 102 (y) ) PL(0)
+ (v1(y) — 3010902(y) — $6sv2(y) ) Pu(1)
= 1(y) + 5 (Pr(0) — Pr(1) — ¢1) p3tba(y).
Define
Vi = @a(Ph(0) = Pu(1) = ¢1) = 6a(1 = 2Pi(1) = ¢1), Vi =da(l—2P(1) = 1), k= 1.

Then combining equations (27), (28) and (30), we obtain

2 1”
k:
n—1
<2 ¢1|\2+*ZE [IVitba — Vieths|?]
n—1
- +MZE5[VI« +%ZE ViV, 3D
k=1 k=1

where in the last line we have used that |[1b]|2 = 1.
Let us now find an inductive formula for V. First we observe that, for any & > 2

Pk(x) = PQ(Xk+1 =T | Yl:k)
= > Po(Xppr =2 | Yig, Xig = 2 )Po(Xp = 2’ | Yix)

' e{0,1}

> Po(Xpwr == | X = 2')Po(Xi =2’ | Vi)
z’'€{0,1}

Z Qu oPo( Xy =2 | Yik—1, Ya),
z’'€{0,1}

and we further calculate
Po(Xp =", Yy = yx | Yiu—1)
Po(Ye | Y1:k-1)
_ Jor(Yp)Po( Xy = 2" | Vi 1)
N >areqony PoWr | Yik—1, X = #")Po(Xy = 2 | Y1ip—1)
Jor(Yr) Pe—1 (")
© Yareqony for (yr) P ()

Po(Xx =2 | Yig—1, Ve = yx) =
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Similarly, for k = 1,

Py(X2 =2, Y1 =11
Po(y1)
Yooy Po(Xo =2, Y1 = y1 | Xy = a/)Py(X, = ')
- Ywreqony for (y1)Po(X1 = 27)
7 Zz'e{o,l} Jor (Y1) Qar 2Po(X1 = 2')
B Zx’G{O,l} for(y1)Po(X1 = 2)

To summarise, we have proved the recursive formula

Py(Xo =2 |Y1 =y1) =

Y erc01y Qut o for (Yi) Po—1(z’)
— 21’6{0,1} f:c’(Yk')Pkfl(a:/)
Pu(a) = s 5 @u L pe(Xa=a')
> eicion) o (V1)Pe(X1=2")

if k> 2,
if k= 1.

Therefore when k& > 2,

Qo,1fo(Y)Pe—1(0) + Q1,1 f1(Ya)Pr—1(1
V=1 -2 O Rty %)
3(1 ~ 2pfo(Ye)Pr—1(0) +2(1 — q) fr (Vi) P2 (1) ¢1>
Jo(Ye)Pr—1(0) + f1(Ye)Pr—1(1)
~ 2pfo(Ye) + 2P (D[(1 — ¢) /1 (Y%) — pfo(Ye)] ¢1).
Jo(Ye) + Por (D) [f1(Y) — fo(Ye)]

¢

= ¢3 (1
We write for convenience

Dy = fo(Yi) + Pe—1(1)[f1(Ye) — fo(Yk)],
N = (1= ¢1)$p3Dy — 2¢3pfo(Yi) — 203 P —1(1)[(1 — q) f1(Yx) — pfo(Ya)],

so that Vj, = Ny /Dy,. We rewrite the previous expressions solely in terms of the parameters (¢, v) [recall the
inversion formulae in Remark 4]. First,

Dy, = 1(Yi) — %¢1¢31/)2(Yk) + %¢3¢2(Yk) — Po_1(1)g3vp2(Yy)

= 1 (Vi) + 5sta (V)1 — 2P 1 (1) - 6]

Vi—1

= (Vi) + 5

P2 (Yi).

Also,

2pfo=(1—¢1)(1 — ¢2) [1/11 - %¢1¢3¢2 + %¢31/J2],
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and
(=) fi —pfo=Q0—q—p)fr —p(fo— f1)
= 62 (1~ 5ordsn — 5652) — 51— 621~ 61)uv

= baths — o5t (0+ 162 + (1= 62)(1— 60))

1
= gutpr — 5002 (1— 61+ 26162).
Using the last three displays and the fact that 2¢3 P, _1(1) = —Vj;,_1 + ¢3 — ¢1¢3, we obtain that
Vie_
N = (1= 61)6s [ (Vi) + ~ 55|

~ 831 = 61)(1 — 62) [t (V) — 5 1030a(i) + 56502(¥0)|
+ (Vs — 63+ 6169) [0201(00) = 30002 () (1 61+ 26102) |
Grouping together the terms proportional to Vi_1 and the others,
Nie= Vit [020n V) + 5 (= 6+ 165 — 2016265 + (1 — 61)63 ) (V)|
U1 (Y)[ (1= 61)6s = @a(1 = 61)(1 = 9) — Ba(1 = 95)62 |
+ 32V~ G301 — 911 = 62) + B3(1 — 61)(1 — 61+ 20162)].
We remark that,

—P3 + G103 — 201203 + (1 — ¢1) b3 = —2¢102¢3,

and
(1 —=¢1)p3 — d3(1 — d1)(1 — ¢p2) — Pp3(1 — p3)p2 = 0,
and
— ¢5(1 — ¢1)*(1 — ¢2) + ¢5(1 — ¢1)(1 — 1 + 261 ¢2)
=—¢5(1— ¢1)*(1 — ¢2) + ¢5(1 — ¢1)* + 2010205(1 — 1)
= 2¢3(1 — ¢1)? + 2016203(1 — @)
= ¢o3[1 — 2¢1 + ¢ + 2¢1 — 267]
= ¢a¢3(1 — 1)
That is,

$2¢3(1 — 61)

Ni = ¢aVieo1 [1(Ye) — 10302 (V)] + 5

Va(Yy)
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which means that for & > 2,

P2t (Yi) — p1032(Y3)]Vie—1 + 2r(d) 2 (Ys)
V1 (Y3) + 202 (Yi) Vin .

For k = 1, recalling that Y1 ~ 11 and Py(X; = 1) = p/(p + q), we have

Vi =¢3(1 = 2P (1) — ¢1)

Vi =

B Fo(Y1) 2L + fi(vy) L=

=os(1m o 2T )

B Fi1(Y1) 22 + davha(Y) 2L

—¢3<1—¢1—2 P q¢1(Y1) P ‘1)

B [W1(Y1) — $61¢3102 (Y1) — 33002 (Y1)] 252 + da9ba(Y5 )M

=s(1-0-2 2 M) )
) _(1*¢1)2(1+¢1) + (1*¢2)2(1*¢?)

= ~d5v2() Y1(Y1)

31— ) paeda (V1)
P1(Y7)

Letting my = r(¢), ma = r(¢)p2, and mg = r(¢) 123, we have obtained the inductive formula

[matp1 (Yi)— mswz(Yk)] =L 4omya(Yi) .
V=9 o p TV itk>2,
2mive(i) if k=1

The strategy is now to bound V — Vk for k > 2in term of V; — f/l using the above inductive formula. To do so,
we will need an upper bound for Vj, (respectively V;,) which we establish now. We claim that |Vi,| < 4|m,|/c
for all k& > 1 provided ¢ is taken small enough. Indeed, |¢)2(Y1)| < ||¢2|| = 1 and ¢ < ¢41(Y71) < 1
hence |V1| < 2|my|/c < 4|my|/c. Now suppose that |Vj,_1| < 4|m1]|/c; then, under the assumptions
of the proposition with for g = ¢p(c) small enough, using equation (5) to see that |m1| < |¢2| < e,

|p1 23| < v/2|pa2| < V/2€0, we have

Vil < ]
27 ¢
(|2] + [Prd203))2 + 2
< [ma|
c—4lmql/c
4|m |

(32)
C

Similarly |V;,| < 4|y |/c for all k > 1. We are now in position to bound Vj, — Vj, for k > 2. Recall
Vi = Ny /Dy, and similarly write Vi = Nj, / Dy. Then

Vk_f/k—&—%— DyNy — DNy, _ (D — Dy)Ni +Nk_Nk
Dy Dy, Dy Dy, DyDy, D,
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As when bounding |V |, we can assume that ¢ is small enough to have Dy, > ¢/2 and f?k > ¢/2, and
|Nk| < (|mo] + Imsl) + 2[ma| < 4|ma .

Therefore,

16|m1\

Vi — Vi < |Dy — Di| + = |Nk—J\7k\. (33)

But, recalling the definition (12) of p, we have

|Dy, — Dy.| = |1(Y) — 91 (V3) + l(wQ(Yk)Vk—l - 1;2(Yk)‘~/k—1))

|¢2(Yk)

< () — ) + 20y g e g () — ()

[Vi—1 — Vk—1|
2

< (14 2)o6,0:6.9) +

<ty — Ol +

+ AL, )

Vie1 — Vi1

— 5

and

Vi—1

my

) (2t (Vi) = rigtba(Vi) ) -+ 2ma s (Vi) = 20 (i),

Ny, — Ni = [math1 (V) — moth1 (Vi) — matha(Yi) + gtz (Ya)]

my my

n (E Vi1

from which we deduce that

\ 7 ~ - - Vie_
[Nk — Nig| < (|m2\||w1 — U1l + [ma — ig| + |malhe — s +|m37m3|)’ m;’
Vie—1 |\ [me| + |m
(|Vk 1= Vil + [ma — m1|‘ 1‘)' 2|~ |
|7 |
+ 2|ma [[|tbe — Pa| + 2my — |
- 4lmgo —m 4lmsg —m
< A4|my —mq| + s 2|+ | 30 dl
Vi1 = Vi

4 — 4
n |ma|||11 ¢1II+< |m3]

c clmq|

where the last line holds when ¢ is small enough. Inserting these bounds into equation (33), we find that
there is a constant B depending solely on c such that for all £ > 2

+2) Il = ol + T,

~ 8lm
Vi — Vil < Bp(, ' 1‘

o,
< Bp(¢,v

;571/3)+G

~ o~ 1
;0,0) + §|Vk71 — Vi

)le 1= Vi
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again when ¢ is small enough. Hence for k£ > 2,

Vi = Vil <2(1 = 27%)Bp(e, 3 6,9) + 2 F Vi — V7
3B - - =V
<8 oo, undy + AL

To finish the proof, it is enough to show that |V} — 171| is bounded by a multiple constant of p(¢, 1); gz~5, z/;),
which follows from its definition and the same arguments as above. Thus for some constant B’ > 0 depending
only on c

max [V = Vil < B'p(é, 45 6,). (34)

The conclusion follows by combining equations (31), (32) and (34).

8.3 Proof of Theorem 2

We start with the proof of Lemma 1, that p(®) can be estimated at a parametric rate.

Proof of Lemma 1. We use a Markov chain concentration result from [34]. Theorem 3.4 therein (but note there
is an updated version of the paper on arXiv) tells us that for any stationary Markov chain Z = (Z(1), Z(3) )
of pseudo-spectral gap s (defined as in [34]) and any function A satisfying E[h(Z(V)?] < 0% and ||h]|s < b,

n 2
P ZD) Z En(ZW)| > ) < 2exp( - T Tps .
“; MZT) = EWZ ) z @) < eXp( 8(n + 1/9p)0” + 20ba;) (35)

We apply to the chain Z defined by Z(™) = (X,,, X,, 11, Xpnt2, Yo, Yiy1, Yiy2): we begin by showing the
pseudo-spectral gap of this chain is bounded from below. Proposition 3.4 of the same reference shows that
the reciprocal of the pseudo-spectral gap of any chain is bounded above by twice the mixing time tﬁix of the
chain, defined as the first time that the law of Z, regardless of the starting distribution, is within 1/4 of its
invariant distribution in total variation distance. We note that tZ_ is equal to the mixing time tn)fi;g) of the
chain ((X,,, Xy41, Xnt2)n>0)- This latter quantity is equal to tX + 2 where tX denotes the mixing time
of the chain X itself. Finally, the matrix ) has eigenvalues 1 and ¢, and an explicit computation yields that
max;;|Qf; — ;| = max;(m;)|¢2|" so that the mixing time of X is at most

{logﬁ%@ﬂ)—‘ = [log(ll/o(gill— L))—‘ = Polg,ll—"

which is a constant since L is fixed. The pseudo-spectral gap of the chain Z is thus lower bounded by some
constant v = ~y(L).

Applying equation (35) with h(Z) = 1{Z; = a,Z5 = b, Zs = c}, which satisfies Eh?> < 1 and
[Ih]loo < 1, we see that

3

2
P (nlp®) (a,5,¢) = p) (0. b,6)| = ) < 2exp(— 7 )-

8n +8/v + 20z

hence for some constant ¢/ > 0

P¢,w(|ﬁ(3) (a,b,c) — pf;zb(a,b, o) >x/vn) < Qexp(—c’ min(mQ,xzn, x\/ﬁ))
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Using that [|p® — p®)|| < K3 max,.|p® (a,b,c) — p® (a,b,c)| and a union bound, we deduce for some
C = C(K, L) and for z < /n that

Py (6 — p® | > K2z /v/n) < 2K exp(—Ca?).

For 2 > 1 we may absorb the factor 2/ 3 into the exponential by changing the constant C, and by replacing
with C’x we can remove this constant, yielding the result in the case where C'x < /n. In the other case, since
5 — p(3)|| is bounded (by K3/2), by increasing the constant C” if necessary we have C’z/+/n > K3/? so
that the probability in question is equal to 0 < e~ O

To prove Theorem 2, observe that by Lemma 1 there exist events .4,, of probability at least e~ on which

. 3
165 = Py |l < Ca/v/m.
The true parameter (¢, 1)) lies in @, so that any estimators constructed in Theorem 2 satisfy
3 . 3 R
15 =21 < 2lp, 5P
and hence on the event A, further satisfy

3 3 3 NE 3 A(3 3 NE
15 = ol < 165 =5 + Ipl), = 591 < 3IpE), — 5P| < 3Cw/ v/,

By Proposition 1 we deduce for a constant C” that p(qAﬁ, 3 0, ¥) < C'z/+/n on A,. For estimating ),
observe that ||y — 1 [| < p(¢, ¥; ¢,9) and |r(¢)| min([|¢pz — 2|, [[tb2 +b2l) < p(¢,9; ¢, ¢). The upper
bound for estimating 1/, is immediate and, recalling from equation (5) that |r(¢)| > §e(? /4, we also deduce
the bound for 5.

For the bounds on ¢, observe firstly that it suffices to prove the upper bounds on the absolute risk since,
taking ¢o as an example, for (¢, 1) € ®1(0, €, () we have

. C ~ C¢3
P (102102 =17 >~ ) = o (16—l > —02) -

A Ce?
<P ( — o] > 7) .
= 1oy |¢2 ¢2| = TL5264C4
(See also after equation (37) for a similar argument with ¢;.) Define

wi(e,¥5m) = Sup{\% — sgn((vo, ¥2)) - o1 : p(d,b; b

=
IN
3

=

and
wi(0vim) = sup{l6; = &5 : p(6 030 0) <}, j=2.3,
We have the following.

Proposition 3. Ler n € [0, 1]. There exist constants c, C for which the following hold.

C
1< e(l—¢D)g3ds = wid,¥;n) < ¢2—"3
2%3

C
< c(l—62)|paldd = wale,tim) < 7

(1= %)l 2|3’

C
n<c(l— ¢35 = ws(p,v;n) < m
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The conditions of Theorem 2 ensure that on the event .4,, we may apply Proposition 3 with n = C’x/+/n.
We deduce the upper bounds for estimating the components of ¢ immediately upon replacing ¢1, ¢2 and ¢3
on the right sides in Proposition 3 by their lower bounds [for ¢; we note that min(|¢1 — ¢1], |1 + ¢1]) <

|1 — sgn((v2,¥2)) - d1 1.
Proof of Proposition 3. Recall that m(¢) = (r(¢), ¢2r(¢), p1¢203r(4)) with r(¢) = (1 — ¢3)ga¢3. If

r(¢) = 0 then in each case no n € [0, 1] satisfies the conditions and so there is nothing to prove. Otherwise,
note that m is invertible when restricted to {¢ : r(¢) # 0} D ®(J, €, () and its inverse is given by ¢(m)
defined by

¢1(m) = ms/(4mima + m3)"/?
¢2( ) m2/m17
p3(m) = (4mfm2 + m§)1/2/m2.

For arbitrary (¢, ¢; ¢, ¥) satisfying p(¢,v; ¢,v) < 1, we define

Ari=mi(@) —mi(9), Az i=ma(d) —ma(d), As:i=sgn((tha,h2)) ms(d) — ms(e).

Define also

9(¢) = 4m1(¢)2m2(¢) +ms3(¢)?

= {1(1 — 6D)e3ol}
and, for A = (A1, Ag, Ag),
he(A) = g(4) — 9(0)
= 4(m1(¢) + A1)*(ma(d) + Az) + (m3(9) + Az)? — {4ma(¢)*ma(9) + ms(¢)*}.
Observe that
hg(A) = 8my(¢)ma(B) A1 + 8miy(¢) A1 + 4ma(p) AT
+4A3 Ay + 4m(9)2 Ag + 2m3(p)As + AZ.

Bounding w; We decompose,

(i ms(9) sgn((vs, ) - m3(0)
s ) = T T ® S (@)rma(d) + mal@)?
:m3(¢) m(¢)+A3
V(@) Vg(d) + he(A
. 1 1 As
B 3(¢){¢g<¢> ¢g<¢>+h¢<A>} 9(0) + hy(D)
_ ms(¢) hA) B As
TT00) Tty VIO T hel8) = Valo)) - eemers
ms () h¢(A) A
)




Now we observe that mg(¢)/+/g(®) is equal to ¢1, so indeed
g o G1he(8) = As( /(8 PaB) + /(D)
o ) T R Va0 T helB) 1 Va(@)

Call the numerator of this last fraction NV and call its denominator D. Writing hg(A) as he(A) = £4(A) +
Yo (A), where v4(A) = 2m3(¢p)As + A3, we see that

N = $165(A) + S175(8) = As{(9(9) + ho (D) + g(¢)"/?}.

In order to obtain the optimal upper bound, we need to do a fine analysis of this expression. To this end, we
calculate

A= g174(A) — Az{(g + h)Y? + g2}
= 203{¢1m3(¢) — g/} + 1A% — As{(g+ h)/? — g*/?}

Ash
oA — A2)1/2 2 _ 3
= —2A3(1 - ¢7)g " + 123 (g + h)/2 + g1/
A) — g1 A R)1/2 4 g1/? Ass(A
NP VAN AT\ -0 (R Wit S-S B
(g +1)1/2F g1 g+ 172+ g1
where the last line follows because ¢11m3(¢) = ¢2g(4)'/2. We now focus on the middle term of this last

display, which we will express as a function of A.

B i=75(A) — d185((g + h)/? + ¢'/?)
= 2A5(m3(9) — 19"%) + A3 — p1A5{(g + h)'/* — g*/?}

A2 $1A3h

To(g )R+l
_ A2 018376(A)  $14384(A)
= A3

g+ W2 1 g2~ (g4 h)/2 4 g1/
As{(g+ )2+ '/} — p1vs(A) P1A3E4(A)

= A _
’ (g+h)12+ g1/ (g+n)/2+g'/2
_ AszA R TANIACAY)
(g+n)2+g"2 (g+h)2+ g2
Thus,
AsB Aséy(A)
A=—2A(1— 2\ 1/2 3 . 3G
B R ECE A PR TR
2 2 -

{lg+n)' 2+ g2 = {(g+ M2+ g' 22 (g+h)V2+g' />
from which we deduce that
_ 2y .1/2 d1A364(A) As&e(A)
2A3(1 (bl)g + (9 y

Fh)1/24gl/2}2 (g+h)1/24g1/2
1—A3/{(g+ h)1/? + g'/2}2 '

N = ¢1§¢(A) +
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Since ma(¢) > 0, we see that £;(A) has maximal amplitude when Ay = sgn(mq(¢))n and when Ay = 7,
in which case we have

£6(A)] = 8|my()|ma(d)n + 8lma(8)n* + 4ma(d)n® + 4n° + 4my(¢)*n
< 12my(¢)°n + 12\ma(9)|n® + 4n°,

where the last line follows since ma (@) < |m1(¢)|. Now we observe that under the condition of the lemma,
we have 7 < |mq ()], and so we can find a constant C' > 0 such that

[€5(A)] < Cma(9)*n.

Also, we have that |y4(A)| < 2|m3(¢)|n + 12, and so
[ho(A)] < Cm()*n + 2|ms(6)|n + n?,

Noting that ¢35 < v K, for ¢ = ¢o(K) sufficiently small in the assumption of the proposition we have
|hg(A)| < g(¢)/2. Consequently, noting also that |Az| < nand < 4cog'/?, we find that

IN| < [d1|ma(9)n +n(1 — ¢3)g(h)'/?
<n(l - ¢?)2 343,
and
ID| 2 g(¢) 2 (1 — ¢3)? ¢35,

Hence we have "

P33

b1 — sgn((tha, 1)) - 1| <

LW

Bounding w, We rewrite,

b — By = T2(0)  m2(d) + A2
mi(p)  ma(¢) + Ay
_ m2(9)(m1(9) + A1) — (m2(9) + Az)ma(¢)

B ma(¢)(m1(¢) + Aq)

Hence,
Ayma () — Aamy(9)
mi(¢)(my(4) + A1)

Under the assumptions of the theorem, we have that < m1(¢)/2, and thus

2n(ma(¢) + |m1(¢)|)
m1(¢)?
4n
= ()]
167

(1= 1)l alF

b2 — G2 =

|2 — ¢~52| <
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Bounding ws We rewrite,

V9(0)  V9(d) +he(A

03 =05 = ma(¢) ma(d) + Az
$)(V9(9) = V9(9) + hs(D)) N As\/g9(9)
m2(¢)( 2(¢) + As) ma(¢)(ma(d) + Az)
_ —hg(A) A2<Z53
(ma(6) + A2)(v/9(¢) + he(A +\/9 b)) (¢) + Az

_ —he(A) + Dads(V/9(d) +he(D) +1/9(9))
(m2() + A2)(\/9(9) + hy (D) +1/9())

Let us call the numerator of the fraction on the right of the last display N, and the denominator D. We further
decompose hy(A) as hy(A) = E5(A) 4+ 74(A), where v4(A) = 4my (¢)?Ay. We see that

$3Ash
CEDNEEE

—£4(0) — 4my (6)*Ag + ¢3A2((g + h)? + ¢'/?)

—£4(9) — 4ma(8)* A2 + ¢3A0{(g + h)'/* + g*/?}

—£4(0) — 4my (6)2Ag + 2030809 % + 3 A0 {(g + h)/* — g*/?}
(®)

= —£4(8) + Ao(1 + ¢3)p3g™* +

where the last line follows because m1 (¢)? = (1 — ¢%)p3g'/2. Since ma(¢) > 0, we see that {,(A) has
maximal amplitude when A; = sgn(m1(¢))n and when Ay = 7, in which case we have

1€6(A)] = 8|my()|ma(d)n + 8ma(d)|n? + 4ma(d)n® + 4n* + 2|ms(d)|n + n?
< A{lma(9)|ma(e) + 2ims(9)}n + n°
< (1 — ¢7) 508 max{(1 — ¢7)|da|ds, |¢1]}n + 0,

where the second line follows because under the assumptions of the proposition we have that ma(¢) <
|m1(4)| and n < ma(¢)/2 (note that g3 < K'/2). Since hy(A) = E4(A) + 4my ()2 A, we also have

he(A)] S (1= 67)¢305 max{(1 — ¢7)ds, |¢1]}n + n°,
Hence,

IN| < (1 — ¢7)d5¢3 max{(1 — ¢1)|p2les, |¢1]}n + 0
+ 77¢391/2 + ¢3(1 — ¢7) 9363 max{(1 — ¢7)@s, 1]} + 1’03
g1/2
< (1= ¢7) 9305 max{(1 — ¢7)[d2|ds, |p1|}n + n?

+ 039" + n’d3 max{(1 — ¢3)¢s, [p1|} +

773

(1—¢1)¢303
But by assumption 7 < (1 — ¢7)¢3¢3, and 4g"/2 = (1 — ¢3) P33, thus

IN| < (1= ¢7)d5¢5 max{@s, [¢1]}n +n*.
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Note that max(¢s,|¢[1) < vK. Moreover, under the assumptions of the proposition and using that
¢3 < VK, itis the case that |Ay| < 1 < ma(¢). Therefore | D| = my(¢)+/g(4), and

2

(1—¢1)%¢303°

63 — b3| < 5+

(1 ¢)¢2

2y 2,2 .
Finally, since have assumed that < %, we see that the second term is at most a constant times the

first, so that it can be absorbed by increasing the constant C. O

8.4 Proof of Theorem 3

We give a standard two-point testing lower bound, summarising ideas that can be found for example in
Chapter 2 of [40].

Lemma 2. Given data X" ~ p&"’) for parameter u € U, the following lower bounds hold for estimating u.
Suppose U C R and for some r < 1/2 assume that there exist parameters g, uy satisfying

i fuy/ug — 1| > 4r,
i. K(pi;pi)) < 1/100,
where we recall K denotes the Kullback—Leibler divergence. Then

inf sup Py, (|a/u — 1] = r) > 1/4,
U el

where the infimum is over all estimators 1 based on the data X (™).
If instead (U, d) is a pseudo-metric space and for some r > 0 there exist parameters ug, u1 satisfying

i. d(uo,u1) = 2r
i. K(pi,pi)) < 1/100,
then
inf sup Py, (d(@,u) > r) > 1/4.
U el

Proof. Given an estimator ¢ we may construct a test 7" of u = ug vs u = uy,

roaf|2 -1 1)

Observe that

n — U1 u1

‘771 ‘——H
U1 Uo

> 4r — ‘u——1|(1—|—47“).
1
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Then

gPul(3—1 zr),

U1
where for the last line we have used that 47 /(2 + 4r) > r for r < 1/2. Also note that on the event
{T' =1} n{|t/uo — 1| < r} we have also |&/u; — 1| < r and hence
lu1/uo — 1| = |@/uo — 1 = (@/ur —1) — (@/us — 1)(u1/uo — 1)
< 2r +rluy Jup — 1],

so that |uy /ug — 1| < 2r/(1 — r) on this event. Having assumed r < 1/2 and |u; /ug — 1| > 4r we deduce
that {7 =1} N {|a/ug — 1| < r} =B sothat {T = 1} C {|4/up — 1| > r}, and hence we have shown

inﬁfsupPu(g—l‘Zr) > inf max PP,,, (‘——1 )>1nfmaxIP’ AT #£1),

4 1=0,1 i=0,1

where the latter infimum is over all tests 7'. In the pseudo-metric case a reduction considering the test
T = 1{d(t,up) > d(@,u1)} and directly using the triangle inequality likewise yields

i U > >
1IéfstllthP’u(d(u,u)_7") n%fm%x]P’ (T #1).

It remains to lower bound the maximum probability of testing error by 1/4. Introducing the event
Pl
A= {pﬁ) > 1/2}, we see

PuolT #0) > By [25147] > 4P, (T = 1) = Py (4°)

Thus, writing p; = P,,, (T = 1), we see

max (P, (T # 0), Py, (T # 1)) > max(z(p1 — Pu, (4%)),1 = p1)

i%fl] max (3 (p — Py, (49)),1 — p).
The infimum is attained when 3 (p — P,,, (A°)) = 1 — p and takes the value 3P, (A) so that
inf mgXIP (T #1) > 3Py, (A).

Next observe

P

(n)
Pul (A) = ]Pu1 [% S 2] =1- PZ [log(

wo

>1— (log2) 'Ey, |log(

(n)
) >log2| > 1Py Ulog(Z—%)M > log 2]

(n)
Pug

(n)
%) :
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where we have used Markov’s inequality to attain the final expression. By the second Pinsker inequality (e.g.
Proposition 6.1.7b in [22]), using the upper bound on the Kullback—Leibler divergence we can continue the
chain of inequalities to see

Pu,(A) > 1 — (log2) 7 [K(p{2, p{V) + /2K (07 )] = 1= (log 2) ™ (1 + /2).
For any ¢ < 1/3, we may choose y = u(c) small enough that the testing error satisfies

Nom
M) >,

i ) ; >l( —
I%fg%,}ipul(T#l)_ 3\ log 2

and in particular a numerical calculation shows that p = 1 + % log2 —4/1+ %log 2 > 1/100 works for
c=1/4. O

In view of Proposition 2, for any (¢, ), (¢,7) € ® corresponding to strictly positive emission densities,
we have for ¢ and ¢ small enough that

K@§l,p")) < Cnplg, 3 6,9),

where C' > 0 is a constant depending only on K and a lower bound for the emission densities. We remark
that for all the hypotheses we will exhibit below, we will have that ¢» and ¢4 are of order €, which is upper

bounded by €; by assumption, so that choosing the latter small enough the above bound on K (pgﬁnq)p, pg‘i})

will apply. Then, to prove Item (1), it suffices to apply Lemma 2 tou =1 — # and prove the existence of
parameters (¢, 1), (¢, 1) € @1 (4, €, ¢) satisfying for small enough ¢; > 0 and some ¢z > 0

~ ~ _ a2
o33 0) < /v, and [Tk~ 1] 2 co/ VnB2EACS 37)
1

which will give the lower bound on the absolute risk. Regarding the relative risk, we then note that for any
a > 0, since |¢;| < 1and 1 — ¢? > 4, so that we may assume the same of ¢, we have

Py (min(|dy — ¢1, [d1 + 61]) > a) > Py (|(1 — ¢3) — (1 = 67)| > 2a)
> Pyy(|(1—67)/(1 - ¢1) — 1| > 2a/9).
(See also equation (36) for a similar calculation with ¢-.)

Similar conditions to (37) suffice for proving the other parts of Theorem 3 and we proceed now to
verifying the existence of suitable parameters (¢, ¢) and (¢, ¥), with the help of the following lemma.

Lemma 3. For a given ¢, assume conditions (6) and (7) and assume that ¢3 < /2| K/2]/(2K). Then
there exists 1) such that (¢, 1)) lies in @1, and the corresponding emission densities fy, f1 are bounded below
by some constant ¢ = ¢(K) > 0.

In particular, for |p1] <1 —36, e < ¢po < min(1/3,1 — L), ¢ < ¢3 < 2(, then such a 1) exists under
the compatibility condition (3).

Proof. Take
Vi(k) =1/K, a(k) = (2|K/2))"Y?*(1{k odd, k < K} — 1{keven}), k<K.

Under the assumed condition on ¢3 and recalling that |¢;| < 1 by assumption, we observe from the
expressions for fp, f1 given in Remark 4 that these are lower bounded by 1/(2K). In the particular case, one
simply notes that all the conditions hold for such ¢. O
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Proof of Items (1) and (3) We prove the lower bounds for estimating ¢; and ¢3 together. For some small
constant ¢ > 0, set R = ce~2¢"3n~'/2 and, writing S = (2 — 65 — R)R/(66 — 952), set

¢:(1_3§767CV1+8)a

¢:(1_36_R76a<')‘

Recalling the definition r(¢) = (1 — ¢3)p2¢3 /4, the choice of ¢3 ensures that 7(¢) = r(¢), and we note
that under the assumptions of the theorem we have R<é6<1/6sothat S < R/6 <1land( < ¢3 < 2(.By
Lemma 3 there exists ¢ such that (¢, ¢), (¢, ¢) € @y, and for this 1) we see that

(6,13 6, 0) = |p1d2037(9) — $162037(0)| = dor(¢)|b163 — P1s].
Using that /1 4+t < 1+t for t > 0 we have
[$165 — G103 = (1 = 30)¢C(VI+ 8 — 1) + RC < (S + R)( < 2R(/5,
hence since 7(¢) = (66 — 95%)e¢?(1 + S)/4 < 35e¢?, we obtain
p(¢, 56, 9) < 6°¢*R < 6en /2.
Recalling that R < § < 1/6 and that r(¢)) = () one calculates
1-
1- ¢
For ¢ small enough we see that the conditions in equation (37) are satisfied, yielding the claimed bound for
estimating ¢;.

To prove the lower bound for estimating ¢ it suffices to lower bound |¢3/ (53 — 1|. Here we use the bound
Vitr—1>2/2V1I+x)>2/(2v/2)for0 <z <1 to see for a constant ¢/ > 0 that

|¢3/ds — 1] > ' R/S.

The bound for ¢3 follows from applying Lemma 2.

—1=25> R/(120).

Proof of Item (2) For a constant ¢ > 0, define R = ¢6 e~ 2¢~2n~1/2, define ¢, ¢ by

¢=(1-30,¢6C(1+R/e)/?)

¢:(173536+R3<)7

and observe that by construction 7(¢) = r(¢). Noting that ¢ < 2¢ < 1 — L and ¢3 < 2¢ because the
assumptions of Theorem 3 ensure that R < € < 1/3, we deduce using Lemma 3 that there exists some 1) = 1)

such that (¢, ), (¢, %) € L (5,€,¢).
Next observe, using that (1 + 2)'/2 <1 + ,

O1]0203 — d2d3| < |2||ds — B3| + |3]|¢2 — da| = €((\/1+ Rfe — 1) + (R < 2(R < R,

the last inequality following from the fact that under the compatibility condition (3) we have ¢ < 1/2. We
deduce

p(¢, 05 6, 0) = () max(|pg — Pal, |p1¢203 — d12z|) = Rr(s).
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Again using that ¢35 < 2¢ and noting also that (1 — qﬁ) =65 — 962 < 66, we see that for some C’ > 0 we
have o

P13 6,10) < C'0eC’R < eC'n~ V2,
As with Items (1) and (3), for ¢ small enough in the definition of R we may apply Lemma 2 to deduce the

claimed lower bound since |¢o /o — 1| = R/e.

Proof of Item (4) Set ¢ = q~5 = (0,¢,(), set, as in Lemma 3,
Vi(k) =1/K,  o(k) = (2|K/2])"Y?(1{k odd, k < K} — 1{keven}), k<K,

and define 1 = 11 4+cn~/24,. Note that under the compatibility condition (3) we have (p,v), (({), 1/;) €y
for n larger than some C' = C(K, ¢), or for all n > 1 if ¢ is small enough. Then

p(d, 03 ,9) = cn™1/?

and we apply Lemma 2 to deduce the result.

Proof of Item (5) Set ¢ = ¢ = (1—30, ¢, (), choose 11 = ), to be the uniform density on {1,...,K}. As
with the previous parts, an application of Lemma 2 will yield the theorem if we can exhibit 12, 102 such that the
induced emission densities are bounded below by some ¢/ = ¢/ (K) > 0, ||tba —1h2|| = R := ¢(nd?e2¢*)~1/2
for some ¢ > 0, sgn({wq, 1[)2)) = +1, and p(¢, ¢; , 1/;) < ¢yn~ /2 for a small constant ¢;. Such a choice
is possible, for a small enough constant ¢, under the compatibility condition (3) and for no2e2 ¢ 4> 1; for
example, define 12 as in Lemma 3 by

VoK) = (2| K/2]))"V?(1{k odd, k < K} — 1{keven}), k<K,
and, for h defined by h(1) = 27/2, h(3) = —271/2 and h(k) = 0 for all other k, define
Yo = (12 + ah)/(1+a), a=R/(2—R).

This satisfies |12 — 12| = R, ||[¢a]| = 1, (b9, 1) = 0 and (43, ¥5) > 0. For k ¢ {1, 3} the condition (8) of
Remark 5 holds with 1/(2K) in place of 0 on the right, and for k£ € {1, 3} a direct calculation shows that
the condition with 1/(4K) in on the right if R is upper bounded by some ¢’ = ¢/(K),which is the case for
¢ = ¢(K) sufficiently small. Then

p(6,1; 0, 0) = |r(9)||[1ha — || < 8eC2R < en™ Y2,

8.5 Proofs for Section 3
Proof of Theorem 1. We begin with the upper bounds. From the inversion formulae in Remark 4 we have
max (|| fo — foll, 11 = f1ll) < 1 — ¥l + Sl d1dsh2 — 13|l + Llldstia — dstbal|

Recalling that || < 1, that 0 < ¢p3 < K'/2 and that ||¢)]| = [|¢)2]| = 1, we decompose the second term on
the right, with an implicit decomposition of the third term included:

6103102 — d1¢3tha|| < |1l Patbe — Psthall + |¢3]|dr — 1]
< |3 — bl + K2 |the — ho| + ¢3]é1 — .
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It follows that for some constant C' we have

max(|| fo — foll, | f1 = f1ll) < Cmax(|[tr — 1, |2 — o], |63 — 3], d3|d1 — ¢ul)-

Applying Proposition 3 as in the proof of Theorem 2, one can show that for some C' > 0

n Cl‘z _ 2
P¢,w(¢§|¢>1 —$1)* > ) <e ™,

netcs

The upper bounds for estimating fy and f; then follow from Theorem 2.
Similarly, Remark 4 and the fact that |¢2| < 1 give

max(|p - pl,1d — al) < 3(1+ [1])|2 — do| + §1d1 — |1 — d2| < 2max(|dr — ¢ul, |d2 — al).

The upper bounds then again follow from Theorem 2.

For the lower bounds, writing 0(¢,v) = (p, q, fo, f1) and 9((;), 1/3) = (p, q, o, fl) observe by Lemma 2
that it suffices to lower bound max(|p — p|, |¢ — §|) and max(|| fo — foll, || f1 — f1||) corresponding to choices
of (¢, %), (¢,1) made in the proof of Theorem 3.

From the inversion formulae in Remark 4 we calculate, for any ¢, ¢,

2max(|p — pl, lg — ql)
> max((1 +[¢1])|2 — P2l — |1 — allg1 — dul, Id1 — dal|1 — Pa| — (1 — |¢1])|@2 — dal).  (38)
If 6 > eCset p = (1 —30,¢6,C(1+5)/2)and ¢ = (1 — 36 — R, €,¢), where R = ¢(ne*¢%)~1/2 for some

¢ > 0 and where S € [R/(126), R/d] is, as in the proof of Theorem 3 Item (1), such that r(¢) = r(¢). If
§ < €C instead set ¢ = (1 — 36,¢,((1 + R/e)*/?), ¢ = (1 — 36, e + R, () with R = ¢(ne?62¢*)~/2. In
either case the proof of Theorem 3 demonstrates that for suitable ¢ = 1/; we have K (pfﬁnl)p , pf;%) < 1/100 for
c small enough hence by Lemma 2

inf sup Py (max([p — pl, 4 — al) > ¢ max((p 7l lo — 1)) > 1/4
c

Inserting from equation (38) we conclude the bound in either case.
For (fo, f1), again set ¢ = (1 — 3d,¢, ((1 + SY/2), ¢ = (135 — R,€,¢) where R = ce=2(3n~1/2,
and choose 9 = 1) by Lemma 3. As with p and ¢ we deduce that for some ¢’ > 0 we have

inf sup Py (max((| 7o — follI1fy = ful) > ¢ max(lfo = foll, I = fil)) = 1/4.

6 0co
Using the inversion formulae in Remark 4 and the fact that 1) = 1 and |15 = 1, one calculates

2max(||fo — foll, If1 — fill) = |p163 — 13| + b3 — P3| > b3 — o

For the current choice of ¢, ¢, calculating as in proving Theorem 3 Item (3), we have |¢3 — (;33| > C(R/6
for some C' > 0 and we deduce the lower bound. O

Proof of Corollary 1. 1t suffices to substitute @ = e~ into Theorem 1 and solve for error equal to F/, while
ensuring that 22 = log(1/a) is suitably bounded. O
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