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Abstract This paper considers the deconvolution problem in the case
where the target signal is multidimensional and no information is known
about the noise distribution. More precisely, no assumption is made on the
noise distribution and no samples are available to estimate it: the deconvolu-
tion problem is solved based only on observations of the corrupted signal. We
establish the identifiability of the model up to translation when the signal has
a Laplace transform with an exponential growth ρ smaller than 2 and when
it can be decomposed into two dependent components. Then, we propose an
estimator of the probability density function of the signal which is consistent
for any unknown noise distribution with finite variance. We also prove rates
of convergence and, as the estimator depends on ρ which is usually unknown,
we propose a model selection procedure to obtain an adaptive estimator with
the same rate of convergence as the estimator with a known tail parameter.
This rate of convergence is known to be minimax when ρ= 1.

1. Introduction. Estimating the distribution of a signal corrupted by some additive
noise, referred to as solving the deconvolution problem, is a long-standing challenge in non-
parametric statistics. In such problems, the observation Y is given by

(1) Y = X + ε ,

where X is the signal and ε is the noise. Recovering the distribution of the signal using data
contaminated by additive noise is a common problem in all fields of statistics, see [40] and
the references therein. It has been applied in a large variety of disciplines and has stimulated
a great research interest for instance in signal processing [41, 1], in image reconstruction
[33, 8] or in astronomy [46].

Although a great deal of research effort has been devoted to design efficient estimators of
the distribution of the signal and to derive optimal convergence rates, the results available in
the literature suffer from a crucial limitation: they assume that the distribution of the noise
is known. Estimators based on Fourier transforms are the most widespread in this setting as
convolution with a known error density translates into a multiplication of the Fourier trans-
form of the signal by the Fourier transform of the noise. However, this assumption may have a
significant impact on the robustness of deconvolution estimators as pointed out in [38] where
the author established that the mean integrated squared error of such an estimator can grow
to infinity when the noise distribution is misspecified.

The aim of this paper is to solve the deconvolution problem without any assumption on
the noise distribution and based only on a sample of observations Y1, . . . ,Yn. In particular,
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we do not assume that some samples with the same distribution as ε are available as in
[28, 34]. We prove this is possible as soon as the signal X has a distribution with light
enough tails and has at least two dimensions and may be decomposed into two subsets of
random variables which satisfy some weak dependency assumption. We then propose an
estimator of the density of its distribution which is shown to be minimax adaptive for the
mean integrated squared error.

The main reason why it becomes possible to solve the deconvolution problem in this mul-
tivariate setting is the structural difference between signal and noise: the signal has dependent
components while the noise has independent components. We prove that such a hidden struc-
ture may be discovered based only on observations Y1, . . . ,Yn. A first step to establish the
identifiability in deconvolution without any assumption on the noise was obtained by [24]
with a dependency assumption on the signal, but under the restrictive assumption that the
signal takes a finite number of values. This identifiability result was extended recently by
[21] who proved the identifiability up to translation of the distributions of the signal and of
the noise when the hidden signal is a hidden stationary Markov chain independent of the
noise. Following these ideas, the first part of our paper establishes the identifiability up to
translation of the deconvolution model when the signal X which lies in Rd, d > 2, can be
decomposed into two dependent components X(1) ∈ Rd1 , d1 > 1, and X(2) ∈ Rd2 , d2 > 1,
with d1 + d2 = d:

(2) Y =

(
Y (1)

Y (2)

)
=

(
X(1)

X(2)

)
+

(
ε(1)

ε(2)

)
= X + ε .

The identifiability up to translation of the law of X ∈ Rd and of ε ∈ Rd based on the law of
Y when the noise is independent of the signal only requires that the Laplace transform of the
signal has an exponential growth smaller than 2 and some dependency assumption between
X(1) and X(2).

The second objective of this paper is to propose an estimator of the probability density
function of X which is consistent without any assumptions on the noise distribution pro-
vided it has finite variance, and to study the rate of convergence of this estimator. In the
pioneering works on deconvolution for i.i.d. data, the distribution of X is recovered by filter-
ing the received observations to compensate for the convolution using Fourier inversion and
kernel based methods, see [17, 37, 47] for some early nonparametric deconvolution meth-
ods and [10, 20] for minimax rates. On the other hand, more recent works were dedicated
to multivariate deconvolution problems such as [15] for kernel density estimators, [44] for a
Bayesian approach or [18] for a multiscale based inference. In all these works, deconvolution
is solved under two restrictive assumptions: (a) the distribution of the noise is assumed to be
known and (b) this distribution is assumed to be such that its Fourier transform is nowhere
vanishing.

An important step toward solving the deconvolution problem without such restrictions
on the noise distribution was achieved in [39] for signals in R with a probability density
function supported on a compact subset of R. In [39], the estimation procedure only requires
the Fourier transform of the noise to be known on a compact interval around 0. The procedure
relies first on recovering as usual the Fourier transform of the signal by direct inversion on
the compact interval where the noise distribution is known, and by choosing a polynomial
expansion on this compact interval. Then, the Fourier transform is extended to larger intervals
before using a Fourier inversion to provide a probability density estimator. Under standard
smoothness assumptions, [39] established an upper bound for the mean integrated squared
error which is shown to be optimal under a few additional assumptions.

In this paper, we propose an estimation procedure inspired from our identifiability proof.
We provide an identification equation on Fourier transforms which can be used to build a
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contrast function to be minimized over a class of possible estimators of the unknown Fourier
transform of the distribution of the signal. Once an estimator of the Fourier transform of the
signal in a neighborhood of 0 is available, we use polynomial expansions of this estimator
as in [39] to extend it to Rd1+d2 before using a Fourier inversion to obtain an estimator of
the density. To be able to get consistency and rates of convergence, one of the main hurdles
to overcome is to relate the value of the contrast function to the error on the Fourier trans-
form. In our opinion, this is far from obvious and it is the most difficult part of our work.
Then, under common smoothness assumptions, we obtain consistency and we provide rates
of convergence for the estimator of the probability density function of X depending on the
lightness of its tail. Both the regularity and the tail lightness have an impact on the rates of
convergence. Surprisingly, while this estimation procedure does not require any prior knowl-
edge on the noise, we obtain the same rates as in [39] when the signal distribution has a
compact support: not knowing the noise distribution does not affect these rates. Also, the
lower bound proved in [39] applies in this case and the rate of convergence of our estimator
is minimax.

We then propose a model selection method to obtain an estimator that is rate adaptive to
the unknown lightness of the tail. Minimax rates of convergence in deconvolution problems
may be found in [20], [6], [7] and in [40]. In most works on deconvolution, not only the
distribution of the noise is assumed to be known (or estimated for instance as in [28] and
[34]) but the rates of convergence depend on the decay of its Fourier transform (ordinary
or super smooth). It is interesting to note that in our context where the noise is completely
unknown, the rate of convergence depends only on the signal and not on the noise.

The paper is organized as follows. Section 2.1 displays the general identifiability result
which establishes that the distributions of the signal and of the noise can be recovered from
the observations up to a translation indeterminacy. This general result allows to identify sub-
models as illustrated in Section 2.2 with several common statistical frameworks. Section 3
describes the consistent estimator, the adaptive estimation procedure, and provides conver-
gence rates. Section 4 suggests a few possibilities for future works and settings in which our
results may contribute significantly. All proofs are postponed to the appendices.

2. Identifiability results.

2.1. General theorem. The following assumption is assumed to hold throughout the pa-
per.

H1 The signal X belongs to Rd with d > 2 and the observation model is given by (2) in
which ε is independent of X and ε(1) is independent of ε(2).

Consider model (2) in which ε is independent of X and ε(1) is independent of ε(2). Let
PR,Q be the distribution of Y when X has distribution R and for i ∈ {1,2}, ε(i) has dis-
tribution Q(i), with Q = Q(1) ⊗Q(2). Denote by R(1) the distribution of X(1) and by R(2)

the distribution of X(2). For any ρ> 0 and any integer p> 1, letMp
ρ be the set of positive

measures µ on Rp such that there exist A,B > 0 satisfying, for all λ ∈Rp,∫
exp

(
λ>x

)
µ(dx) 6A exp (B‖λ‖ρ) ,

where for a vector λ in a Euclidian space, ‖λ‖ denotes its Euclidian norm and for any matrix
C , C> is the transpose matrix of C . When R ∈Md

ρ, the characteristic function of R can be
extended into a multivariate analytic function denoted by

ΦR : Cd1 ×Cd2 −→ C

(z1, z2) 7−→
∫

exp
(
iz>1 x1 + iz>2 x2

)
R(dx1,dx2) .
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Note that no assumption other than H1 is made on the noise ε, and that assumption H2 may
be understood as a dependency assumption between the components X(1) and X(2) of X as
discussed below.

H2 For any z0 ∈ Cd1 , z 7→ ΦR(z0, z) is not the null function and for any z0 ∈ Cd2 , z 7→
ΦR(z, z0) is not the null function.

Assumption H2 means that for any z1 ∈ Cd1 , there exists z2 ∈ Cd2 such that ΦR(z1, z2) 6= 0
and for any z2 ∈Cd2 , there exists z1 ∈Cd1 such that ΦR(z1, z2) 6= 0.

In the following, the assertion R= R̃ and Q= Q̃ up to translation means that there exists
m = (m1,m2) ∈ Rd1 × Rd2 such that if X has distribution R and for i ∈ {1,2}, εi has
distribution Qi, then (Xi − mi)i∈{1,2} has distribution R̃ and for i ∈ {1,2}, εi + mi has
distribution Q̃i.

THEOREM 2.1. Assume that R and R̃ are probability distributions on Rd which satisfy
assumption H2. Assume also that there exists ρ < 2 such that R and R̃ are in Md

ρ. Then,
PR,Q = PR̃,Q̃ implies that R= R̃ and Q= Q̃ up to translation.

One way to fix the “up to translation" indeterminacy when the noise has a first order
moment is to assume that E[ε] = 0. The proof of Theorem 2.1 is postponed to Appendix C.

2.1.0.1. Comments on the assumptions of Theorem 2.1.. First of all, Theorem 2.1 involves
no assumption at all on the noise distribution. This noise can be deterministic and there is
no assumption on the set where its characteristic function vanishes. In addition, there is no
density or singularity assumption on the distribution of the hidden signal. The signal may
have an atomic or a continuous distribution, and no specific knowledge about this is required.
The only assumptions are on the tail of the signal distribution and assumption H2 which, as
discussed below, is a dependency assumption.

The assumption that R ∈Md
ρ is an assumption on the tails of the distribution of X. If R

is compactly supported, then R ∈Md
1, and if a probability distribution is inMd

ρ for some ρ,
then ρ> 1 except in case it is a Dirac mass at point 0. The assumption ρ < 2 means that R is
required to have tails lighter than that of Gaussian distributions. It is useful to note that R is
inMd

ρ for some ρ if and only if R(1) is inMd1
ρ for some ρ and R(2) is inMd2

ρ for some ρ.
Let us now comment assumption H2. Hadamard’s factorization theorem states that entire

functions are completely determined by their set of zeros up to a multiplicative indeterminacy
which is the exponential of a polynomial with degree at most the exponential growth of the
function (here ρ). IfR ∈Mρ for some ρ < 2, then a consequence of Hadamard’s factorization
theorem (arguing variable by variable) is that ΦR (·) has no complex zeros if and only if R ∈
Mρ is a dirac mass. Since we are interested in non deterministic signals, in general ΦR(·, ·),
ΦR(·,0) and ΦR(0, ·) will have complex zeros. Now, if the variables X(1) and X(2) are
independent, then for all z1 ∈ Cd1 and z2 ∈ Cd2 , ΦR (z1, z2) = ΦR (z1,0) ΦR (0, z2), so that
ΦR(z1, ·) is identically zero as soon as z1 is a complex zero of ΦR (·,0). Thus, assumption H2
implies that the variables X(1) and X(2) are not independent except if they are deterministic.
Moreover, if for i ∈ {1,2}, X(i) can be decomposed as X(i) = X̃(i) + ηi, with η1 and η2

independent variables independent of X̃ = (X̃(1), X̃(2)), and if for some z1, E[eiz
>
1 η1 ] = 0 or

for some z2, E[eiz
>
2 η2 ] = 0, then H2 does not hold. In other words, H2 can hold only if all

the additive noise has been removed from X. Here, additive noise means a random variable
with independent components. When the components X(1) and X(2) of the signal have each
a finite support set of cardinality 2, Assumption H2 is even equivalent to the fact that X(1)

and X(2) are not independent.



DECONVOLUTION WITH UNKNOWN NOISE 5

Other examples in which assumption H2 holds are provided in Section 2.2, showing that
assumption H2 is a mild assumption which may hold for a large class of multivariate signals
with dependent components.

2.2. Identification of structured submodels. This section displays examples to which
Theorem 2.1 applies, and in particular, for each model, we provide conditions which en-
sure that assumption H2 holds. This means of course that such models are identifiable. But,
since they are submodels of the general model, it also means that they may be recovered in
this larger general model. Additional examples that could be investigated are discussed in
Section 4.

2.2.1. Noisy Independent Component Analysis. Independent Component Analysis as-
sumes that Y ∈ Rd is a random vector such that there exist an unknown integer q > 1, an
unknown matrix A of size d× q, and two independent random vectors S ∈ Rq and ε ∈ Rd
such that

(3) Y =AS+ ε ,

where all coordinates of the signal S are independent, centered and with variance one and
all coordinates of the noise ε are independent. The statistical challenge is to estimate A and
the probability distribution of S while only Y is observed. The noise free formulation of
this problem, i.e. Y =AS, was proposed in the signal processing litterature, see for instance
[29]. The identifiability of the noise free linear independent component analysis has been
established in [14, 19] under the following (sufficient) conditions.

- The components Si, 1 6 i 6 q, are not Gaussian random variables (with the possible ex-
ception of one component).

- d> q, i.e. the number of observations is greater than the number of independent compo-
nents.

- The matrix A has full rank.

A noisy extension of the ordinary ICA model which implies further identifiability issues was
considered for instance in [41]. A correct identification of the mixing matrix A can be ob-
tained by assuming that the additive noise is Gaussian and independent of the signal sources
which are non-Gaussian, see for instance [27]. In our paper, identifiability of the ICA model
with unknown additive noise is established using Theorem 2.1 under some assumptions (dis-
cussed below). In the following, for any subset I of {1, . . . , d} and any matrixB of size d×q,
let BI denote the |I| × q matrix whose lines are the lines of B with index in I , where |C| is
the number of element of any finite set C .

COROLLARY 2.2. Let A and Ã be two matrices of size d× q. Assume that there exists a
partition I∪J = {1, . . . , d} such that all columns ofAI , ÃI ,AJ and ÃJ are nonzero. Assume
also that (Sj)16j6q (resp. (S̃j)16j6q) are independent and that there exists ρ < 2 such that
the distributions of all Sj (resp. S̃j) are in M1

ρ. Denote by Q (resp. Q̃) the distribution of
ε (resp. ε̃) and by R (resp. R̃) the distribution of AS (resp. ÃS̃) in (3). Then, PR,P = PR̃,P̃
implies that R= R̃ and Q= Q̃ up to translation.

Corollary 2.2 is proved in Section D. Apart from the assumption that the independent
components of the signal have distribution with light tails, the main assumption is that the
observation Y may be splitted into two known parts so that the corresponding lines of the
matrix A have a non zero entry in each column. Although this assumption is not common in
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the ICA literature, as explained in [43, Section 1.1.3], a wide range of applications require to
design source separation techniques to deal with grouped data. Identifiability of such a group
structured ICA is likely to rely on specific assumptions and we propose in Corollary 2.2 a set
of assumptions which allow to apply Theorem 2.1.

2.2.2. Repeated measurements. In deconvolution problems with repeated measurements,
the observation model is

(4) Y (1) =X(1) + ε(1) and Y (2) =X(1) + ε(2) ,

where X(1) has distribution R(1) on Rd1 and is independent of ε = (ε(1), ε(2))> where ε(1)

is independent of ε(2) and ε has distribution Q, see [16] for a detailed description of such
models and all the references therein for the numerous applications. Let R be the distribution
of (X(1),X(1))> on R2d1 .

COROLLARY 2.3. Assume that there exists ρ < 2 such that R(1) and R̃(1) are in Md1
ρ .

Then, PR,Q = P
R̃,Q̃

implies that R= R̃ and Q= Q̃ up to translation.

PROOF. Assumption H2 holds since ΦR(z1, z2) = ΦR(1)(z1 +z2) for all z1 ∈Cd1 and z2 ∈
Cd1 , and ΦR(1) can not be identically zero since ΦR(1)(0) = 1. We then apply Theorem 2.1.

Therefore, deconvolution with at least two repetitions is identifiable without any assump-
tion on the noise distribution, under the mild assumption that the distribution of the variable
of interest has light tails. The model may also contain outliers with unknown probability and
still be identifiable.

Corollary 2.3 may be compared to [31, Lemma 1], in which Y is assumed to have a non
vanishing characteristic function, which implies that the characteristic functions of X(1) and
of the noise are nowhere vanishing. Identifiability of model (4) has been proved by [35] under
the assumption that the characteristic functions of X(1) and of the noise are not vanishing
everywhere. In [16], kernel estimators where proved equivalent to those for deconvolution
with known noise distribution when X(1) has a real characteristic function and for ordinary
smooth errors and signal.

2.2.3. Errors in variable regression models. The observations of errors in variable re-
gression models are defined as

(5) Y (1) =X(1) + ε(1) and Y (2) = g(X(1)) + ε(2) ,

where g : Rd1 → Rd2 , X(1) has distribution R(1) on Rd1 and is independent of ε =
(ε(1), ε(2))>, ε(1) is independent of ε(2) and ε has distribution Q. Let R be the distribu-
tion of (X(1), g(X(1))) on Rd1+d2 . If the distribution of (X(1), g(X(1))) is identified, then its
support is identified and the support of (X(1), g(X(1))) is the graph of the function g so that
g is identified on the support of the distribution of X(1).

COROLLARY 2.4. Assume that there exists ρ < 2 such that R(1) and R̃(1) are in Md1
ρ

and that R(2) and R̃(2) are inMd2
ρ . Assume also that the supports of X(1) and g(X(1)) have

a nonempty interior and that g is one-to-one on a subset of the support of X1 with nonempty
interior. Then, PR,Q = P

R̃,Q̃
implies that R= R̃ and Q= Q̃ up to translation.
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This identifiability relies on weaker assumptions on the errors in variable regression mod-
els than in [16] where the noise distribution is assumed to be ordinary-smooth (which implies
in particular that its Fourier transform does not vanish on the real line) and where the distri-
bution of X(1) is assumed to have a probability density with respect to the Lebesgue measure
on R. In [45], the authors also assumed a nowhere vanishing Fourier transform of the noise
distribution and that the distribution of X(1) admits a probability density with respect to
the Lebesgue measure uniformly bounded and supported on an open interval. In this setting
(more restrictive on the noise and with different restrictions on the signal), the identification
result in [45] is not comparable to ours.

PROOF. The proof boils down to establishing that Assumption H2 holds to apply The-
orem 2.1. If Assumption H2 does not hold, then either there exists z0 ∈ Cd1 such that for
all z ∈ Cd2 , E[ez

>
0 X

(1)+z>g(X(1))] = 0, or there exists z0 ∈ Cd2 such that for all z ∈ Cd1 ,
E[ez

>X(1)+z>0 g(X
(1))] = 0. In the last case, since the support of X(1) has a nonempty inte-

rior, this is equivalent to E[ez
>
0 g(X

(1))|X(1)] = 0, which means that ez
>
0 g(X

(1)) = 0, which is
impossible. Thus, since the support of g(X(1)) has a nonempty interior (which is the case
for instance if g is a continuous function), H2 does not hold if and only if for some z0,
E
[
ez

>
0 X

(1)
∣∣∣g(X(1))

]
= 0. The error in variables regression model is then identifiable without

knowing the distribution of the noise as soon as for all z0,

(6) E
[
ez

>
0 X

(1)
∣∣∣g(X(1))

]
6= 0 .

When g is one-to-one on a subset of the support ofX(1) with nonempty interior, for all z0, (6)
is verified and the model is identifiable.

3. Consistent estimation and rates of convergence. In this section, we propose an es-
timator of the signal density that is adaptive in the tail parameter ρ and we study its rate
of convergence. We first explain in Section 3.1 the construction of the estimator for a fixed
tail parameter. We then study in Section 3.2 the consistency and the rates of convergence for
the estimators with fixed tail parameter and give an upper bound for the maximum integrated
squared error over a class of densities with fixed regularity and tail parameters. We provide in
Section 3.3 a model selection method to choose the tail parameter based only on Y1, . . . ,Yn

and prove that the resulting estimator is rate adaptive over the previously considered classes
of regularity and tail parameters.

Notations. In the following, the unknown distribution of the signal is denoted R? and
we assume that it admits a density f? with respect to the Lebesgue measure. Likewise,
the unknown distribution of the noise is written Q?. For all h : Cd1 × Cd2 → C, write
h(1) : (t1, t2) 7→ h(t1,0) and h(2) : (t1, t2) 7→ h(0, t2) and for all h1 : Cd1→C, h2 : Cd2→C,
write h1 ⊗ h2 : (t1, t2) 7→ h1(t1)h2(t2). Define, for any positive integer p and any ν > 0,
Bpν = [−ν, ν]p, and write L2(Bpν) the set of square integrable functions on Bpν (possibly tak-
ing complex values) with respect to the Lebesgue measure. For all h : Cd1 × Cd2 → C and
ν > 0, we write ‖h‖2,ν the L2(Bd1ν × Bd2ν )-norm of h, ‖h‖1,ν the L1(Bd1ν × Bd2ν )-norm of h
and ‖h‖∞,ν the L∞(Bd1ν ×Bd2ν )-norm of h. We also write ‖h‖2 the L2(Rd1 ×Rd2)-norm of
h, ‖h‖1 the L1(Rd1 × Rd2)-norm of h and ‖h‖∞ the L∞(Rd1 × Rd2)-norm of h. For any
discrete set A, |A| denotes the number of elements in A. For any matrix B, ‖B‖F denotes
the Frobenius norm of B. For all i ∈Nd, ‖i‖1 =

∑d
a=1 ia.
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3.1. Estimation procedure. The first step of our procedure is to estimate the Fourier
transform of f?. For all ν > 0 and all measurable and bounded functions φ : Bd1ν ×Bd2ν →C,
define

M?(φ;ν) =
∥∥∥(φΦ

(1)
R?Φ

(2)
R? −ΦR?φ

(1)φ(2)
)

ΦQ?,(1) ⊗ΦQ?,(2)

∥∥∥2

2,ν
,

where ΦQ?,(1) (resp. ΦQ?,(2) ) is the Fourier transform of the (unknown) distribution Q?,(1)

of ε1 (resp. Q?,(2) of ε2). This contrast function is inspired by the identifiability proof, see
equation (S.4). Indeed, following the identifiability proof, we know that for all Q?, if R?

satisfies the assumptions of Theorem 2.1, and if φ is a multivariate analytic function satisfying
Assumption H2, such that there exist A,B > 0 and ρ ∈ (0,2) such that for all (z1, z2) ∈
Rd1 × Rd2 , |φ(iz1, iz2)| 6 A exp(B‖(z1, z2)‖ρ) and such that φ(0) = 1 and for all z ∈ Rd,
φ(z) = φ(−z), then for any ν > 0,

(7) M?(φ;ν) = 0 if and only if φ= ΦR? .

In practice, R? and Q? are unknown. Choose first some fixed arbitrary νest > 0. The estima-
tor is defined by minimizing an empirical counterpart of M?(·, νest) over classes of analytic
functions to be chosen later. For all n> 0, define

Mn(φ) =
∥∥∥φ φ̃(1)

n φ̃(2)
n − φ̃n φ(1) φ(2)

∥∥∥2

2,νest

,

where for all (t1, t2) ∈Cd1 ×Cd2 ,

φ̃n(t1, t2) =
1

n

n∑
`=1

eit
>
1 Y

(1)
` +it>2 Y

(2)
` .

For all i ∈ Nd and all analytic function φ defined on Cd, write ∂iφ the partial derivative of
order i of φ: for all x ∈Cd, ∂iφ(x) = ∂i1x1

. . . ∂idxdφ(x). For all κ > 0 and S <∞, let

(8) Υκ,S =
{
φ analytic; ∀z ∈Rd, φ(z) = φ(−z), φ(0) = 1 ,

∀i ∈Nd \{0},

∣∣∣∣∣ ∂iφ(0)∏d
a=1 ia!

∣∣∣∣∣6 S‖i‖1

‖i‖κ‖i‖11

}
.

Note that for all κ > 0 and S <∞, the elements of Υκ,S are equal to their Taylor series
expansion. As shown in the following lemma, the sets Υκ,S andMd

1/κ are equivalent in that
the set of all characteristic functions in

⋃
S Υκ,S is the set of characteristic functions of prob-

ability measures inMd
1/κ. Its advantage overMd

1/κ is the more convenient characterization
of its elements φ in terms of their Taylor expansion.

LEMMA 3.1. For each ρ > 1 and probability measure µ ∈ Md
ρ, there exists S > 0

such that λ 7→
∫

exp
(
iλ>x

)
µ(dx) is in Υ1/ρ,S . Conversely, for all κ > 0, there exists a

constant c such that for any S > 0 and for any probability measure µ on Rd such that
λ 7→

∫
exp

(
iλ>x

)
µ(dx) is in Υκ,S , µ satisfies for all λ ∈Rp,∫

exp
(
λ>x

)
µ(dx) 6 c

(
1 + (S‖λ‖)

d+1

κ

)
exp

(
κ(S‖λ‖)1/κ

)
.

In particular, µ ∈Md
1/κ.

PROOF. The proof is postponed to Appendix E.
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Let now H be a set of functions Rd → Cd such that all elements of H satisfy H2 and
which is closed in L2(Bdνest

). For all κ > 0, S > 0, n > 1, the Fourier transform ΦR? of the
distribution of X is estimated by

(9) φ̂κ,n ∈ arg min
φ∈Υκ,S∩H

Mn(φ) .

To address possible measurability issues, note that we could take φ̂κ,n as a measurable func-
tion such that Mn(φ̂κ,n) 6 infφ∈Υκ,S∩HMn(φ) + 1/n, and all the following results would
still hold.

Consistency of φ̂κ,n in L2(Bd1ν × Bd2ν ) for any ν ∈ (0, νest] will follow from (7) and the
compactness of Υκ,S ∩ H. An estimator of the density f? is then obtained by Fourier in-
version. The first step is to truncate the polynomial expansion of φ̂κ,n. For all m ∈ N, let
Cm[X1, . . . ,Xd] be the set of multivariate polynomials in d variables with (total) degree m
and coefficients in C. In the following, if φ is an analytic function defined in a neighborhood
of 0 in Cd written as φ : x 7→

∑
i∈Nd ci

∏d
a=1 x

ia
a , define its truncation on Cm[X1, . . . ,Xd] as

(10) Tmφ : x 7→
∑

i∈Nd:‖i‖16m

ci

d∏
a=1

xiaa .

Then, for some integer mκ,n (to be chosen later), the estimator of f? is defined as follows:

(11) f̂κ,n(x) =
1

(2π)d

∫
B
d1
ωκ,n×B

d2
ωκ,n

exp(−it>x)
(
Tmκ,n

φ̂κ,n

)
(t)dt ,

for some ωκ,n > 0 (to be chosen later).

3.2. Consistency and rates of convergence. In this section, we explain how to choose
(mκ,n)κ,n and (ωκ,n)κ,n to obtain the rate of convergence of f̂κ,n to f? in L2(Rd1 × Rd2).
For any κ ∈ (1/2,1], define

(12) mκ,n =

⌊
1

8κ

logn

log(logn/4)

⌋
and

(13) ωκ,n = cωm
κ
κ,n/S

for some constant cω 6 νest ∧ 2κ exp(−(3d + 5)/2). The following assumption allows to
control the regularity of the target density f?.

H3 We say that ΦR? satisfies H3 for the constants β, cβ > 0 if∫
Rd1×Rd2

|ΦR?(t)|2(1 + ‖t‖2)βdt6 cβ .

For all κ, S > 0, β > 0, cβ > 0, ν > 0, cν > 0 and cQ > 0, consider the following notations.

• Ψ(κ,S,β, cβ) is the set of functions in Υκ,S that can be written as ΦR for some probability
measure R on Rd and that satisfy H3 for β, cβ .

• Q(ν, cν , cQ) is the class of probability measures of the form Q(1)⊗Q(2) where Q(1) (resp.
Q(2)) is a probability measure on Rd1 (resp. Rd2 ) such that |ΦQ(1) |> cν on [−ν, ν]d1 and
|ΦQ(2) |> cν on [−ν, ν]d2 , and such that if ε is a random variable with distribution Q, then
E[‖ε‖2] 6 cQ.
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THEOREM 3.2. For all κ ∈ (1/2,1], S > 0, β > 0 and cβ > 0, for all ν > 0, cν > 0 and
cQ > 0,

lim sup
n→+∞

sup
Q?∈Q(ν,cν ,cQ)

R? : ΦR?∈Ψ(κ,S,β,cβ)∩H

ER?,Q?
[(

logn

log logn

)2κβ

‖f̂κ,n − f?‖22

]
<+∞ ,

where H is introduced in the definition of φ̂κ,n, see (9).

For κ= 1, the rate of convergence (logn/ log logn)−2β obtained in Theorem 3.2 is mini-
max optimal, see [39] where the situation in which the characteristic function of the noise is
known on an open interval is investigated. For the general case of κ ∈ (1/2,1] we conjecture
that the rate of convergence (logn/ log logn)−2κβ is minimax optimal. Arguments to support
the conjecture are detailed in [23, Section 4].

It is possible to obtain rates of convergence that enjoy uniformity properties in the tail
parameter κ. Since such uniformity will be useful to prove adaptive rates of convergence for
the adaptation procedure proposed in Section 3.3 (see Theorem 3.5), Theorem 3.2 is deduced
as a corollary of the following theorem.

THEOREM 3.3. For all κ0 ∈ (1/2,1], S > 0, β > 0 and cβ > 0, for all ν > 0, cν > 0 and
cQ > 0,

lim sup
n→+∞

sup
κ∈[κ0,1]

sup
Q?∈Q(ν,cν ,cQ)

R? : ΦR?∈Ψ(κ,S,β,cβ)∩H

ER?,Q?
[

sup
κ′∈[κ0,κ]

{(
logn

log logn

)2κ′β

‖f̂κ′,n − f?‖22

}]
<+∞ ,

where H is introduced in the definition of φ̂κ,n, see (9).

PROOF. The proof is postponed to Section A.

It is important to note that the procedure does not require the knowledge of ν, which
leads to the rate of convergence (logn/ log logn)−2κβ without any prior knowledge about
the distribution of the noise, since for any νest > 0, there exists ν ∈ (0, νest] and cν > 0 such
that |ΦQ(1) | > cν on [−ν, ν]d1 and |ΦQ(2) | > cν on [−ν, ν]d2 . Also, the assumption ΦR? ∈
Υκ?,S is not restrictive since by Lemma 3.1, f? ∈Md

ρ implies φ? ∈Υ1/ρ,S for some S > 0.
The assumption κ0 > 1/2 is required only to apply Theorem 2.1 and corresponds to the
assumption ρ < 2. If the identifiability theorem held for a wider range of ρ, Theorem 3.3
would be valid for the corresponding range of κ without any change in the proofs.

As a consequence of Theorem 3.2, the estimator is consistent without any assumption on
the noise distribution provided it has finite variance.

COROLLARY 3.4. Assume the noise has finite variance. Then as soon as ΦR? ∈
Ψ(κ,S,β, cβ) ∩ H for some κ ∈ (1/2,1], S > 0, β > 0 and cβ > 0, the estimator f̂κ,n is
a consistent estimator of f? in L2(Rd1 ×Rd2).

The proof of Theorem 3.3 can be decomposed into the following steps.

(i) Consistency. The fist step consists in proving that there exists a constant c which depends
on κ, S, d and νest such that for all n> 1 and all x > 0, with probability at least 1− 4e−x,

sup
φ∈Υκ,S

|Mn(φ)−M?(φ;νest)|6 c

(√
1

n
∨
√
x

n
∨ x
n

)
.
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This result is established in Lemma A.1. A key observation will be that for any ν 6 νest
and any φ,

M?(φ;ν) 6M?(φ;νest) .

This is enough to establish that, for any ν 6 νest, all convergent subsequences of (φ̂κ,n)n>1

have limit ΦR? in L2(Bd1ν × Bd2ν ), provided ΦR? ∈Υκ,S . Since Υκ,S is a compact subset
of L2(Bd1ν ×Bd2ν ), this implies that (φ̂κ,n)n>1 is a consistent estimator of ΦR? in L2(Bd1ν ×
Bd2ν ), uniformly in κ and R?.

(ii) Rates for the estimation of ΦR? . Then, for a fixed ν ∈ (0, νest], for h in a neighborhood
of 0 in L2(Bd1ν ×Bd2ν ), the risk M?(ΦR? + h;ν) is lower bounded as follows:

(14) M?(ΦR? + h;ν) > c‖h‖42,ν ,

where c depends on d and ν. This result is established in Proposition A.2 in Appendix A.2
and is obtained by decomposing M?(ΦR? + h;ν) into two terms, the first one involving
the L2(Bd1ν ×Bd2ν ) norm of h(1)h(2) and the second part involving the L2(Bd1ν ×Bd2ν ) norm
of a linear term in h. The main challenge to prove equation (14) is to establish a lower
bound of the first term and an upper bound of the second term for h in a neighorhood of 0
in L2(Bd1ν ×Bd2ν ). Obtaining these two bounds requires many technicalities and they need
to be balanced sharply to establish (14). Then, we show in Proposition A.3 that there exist
constants c1, c2 and c3 which depend on κ0, ν, S, d and E[‖Y‖2] such that for all x> 1,
for all n> (1∨ xc1)/c2, with probability at least 1− 4e−x,

(15) sup
κ∈[κ0,κ?]

‖φ̂κ,n −ΦR?‖2,ν 6 c3

(√
x

n
∨ x
n

)1/4

.

(iii) Rates for the estimation of f?. Then, using assumption H3, the error term ‖f̂κ,n−f?‖22
is upper bounded based on the Fourier inversion (11) as follows

‖f̂κ,n − f?‖22 6C‖Tmκ,n
φ̂κ,n −ΦR?‖22,ωκ,n +

C

(1 + ω2
κ,n)β

.

This allows to establish Theorem 3.3 by controlling the error between Tmκ,n
φ̂κ,n and

the truncation of φ? in Cmκ,n
[X1, . . . ,Xd] using Legendre polynomials, and the distance

between functions in Υκ,S and their truncations in Cmκ,n
[X1, . . . ,Xd].

Comments on the practical computation of the estimator. In practice, computing the
minimum over the infinite dimensional set defined in (9) requires to introduce a truncation
parameter. In other words, instead of minimizing Mn over all elements φ of Υκ,S ∩H, we
would minimize it over all Tmφ, where m is the so-called truncation parameter. This trun-
cation has no impact on the result proved in Theorem 3.3, i.e. on the rates of convergence
derived in this paper, as long as this truncation parameter is chosen sufficiently large with
respect to mκ,n to obtain the rates for the estimation of ΦR? . As observed just after equa-
tion (9), the result is an approximate minimizer of Mn. In the case where this new truncation
parameter is at least greater than 2mκ,n, this allows in (15) to control the additional bias term
and to balance it with the term (

√
x/n∨ x/n)1/4. Although the estimator may be adapted to

allow practical computations, this does not ensure a stable and numerically efficient result in
real life learning frameworks. Moreover, designing a setH that is closed in L2([−νest, νest]

d)
and whose elements satisfy H2 that is in addition rich enough for Theorem 3.3 to hold for a
wide choice of R? is complex and would be a significant practical contribution. Designing an
efficient and stable implementation of the proposed algorithm is a challenge on its own and is
left for future works, as described in Section 4. The focus of this paper is to derive theoretical
properties of the deconvolution estimator without any assumption on the noise distribution.
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3.3. Adaptivity in κ. In Section 3.2, we studied estimators built using the tail parameter
κ. Unfortunately this tail parameter is typically unknown in practice. We now propose a data-
driven model selection procedure to choose κ, and we prove that the resulting estimator has
a rate corresponding to the largest κ such that ΦR? ∈Υκ,S for some S > 0.

Our strategy is based on Goldenshluger and Lepski’s methodology ([25, 26], see also [5]
for a very clear introduction). Like in all model selection problems, the core idea is to perform
a careful bias-variance tradeoff to select κ. While a variance bound is readily available thanks
to Theorem 3.3, the bias is not so easily accessible. Goldenshluger and Lepski’s methodology
provides a way to compute a proxy of the bias, thus allowing selection of a proper κ̂. The
variance bound (which can also be seen as a penalty term) is taken as

σn(κ′) = cσ

(
logn

log logn

)−κ′β

,

for all κ′ ∈ [κ0,1] and for some constant cσ > 0. While the selection procedure works as soon
as this constant cσ is large enough, the exact threshold depends on the true parameters. This is
a usual problem of selection procedures based on penalization: the penalty is typically known
only up to a constant. Approaches such as the slope heuristics or dimension jump heuristics
have been proposed to solve this issue and proved to work in several settings, see [3] and
references therein. The proxy for the bias is defined for all κ′ ∈ [κ0,1] as

An(κ′) = 0∨ sup
κ′′∈[κ0,κ′]

{
‖f̂κ′′,n − f̂κ′,n‖2 − σn(κ′′)

}
.

Finally, the tail parameter is selected as

κ̂n ∈ arg min
κ′∈[κ0,1]

{An(κ′) + σn(κ′)} .

When ΦR? ∈ Υκ,S , f̂κ̂n,n reaches the same rate of convergence as f̂κ,n for the integrated
square risk.

THEOREM 3.5. For all κ0 ∈ (1/2,1), S > 0, β > 0 and cβ > 0, for all ν > 0, cν > 0 and
cQ > 0, there exists cσ > 0 such that if σn(κ′) > cσ(logn/ log logn)−κ

′β for all κ′ ∈ [κ0,1],

lim sup
n→+∞

sup
κ∈[κ0,1]

sup
R? : ΦR?∈Ψ(κ,S,β,cβ)∩H

Q?∈Q(ν,cν ,cQ)

(
logn

log logn

)2κβ

ER?,Q?
[
‖f̂κ̂n,n − f?‖22

]
<+∞ ,

where H is introduced in the definition of φ̂κ,n, see (9).

The proof of Theorem 3.5 is detailed in Section F. It is a consequence of deviation upper
bounds developed to prove Theorem 3.3 showing that if ΦR? ∈Υκ,S , with probability at least
1− 4/n, for all κ′ ∈ [κ0, κ], ‖f̂κ′,n − f?‖2 6 σn(κ′).

4. Conclusion and future works. Recently, in [4], the authors summarized the standard
assumptions on the noise distribution and their implications on the minimax risk of the es-
timator of the signal distribution. In particular, they pointed out that obtaining assumptions
under which standard rates of convergence can be established when the Fourier transform of
the noise can vanish have not received satisfactory solutions in the existing literature. In the
direction of weakening the assumptions on the noise, such limitation has been completely
overcome in this paper. The rate of convergence in our setting does not depend at all on the
unknown noise. In another direction, it would be interesting to find if it is possible, in the



DECONVOLUTION WITH UNKNOWN NOISE 13

context of unknown noise, to recover noise dependent minimax risk by restricting the set
of possible unknown noises. One way could be to make in our methodology ν = νest go to
infinity and to study the square integrated risk with cν having a precise decreasing behavior.
This can not be directly obtained by the proofs in this work in which we use the fact that ν is
finite to derive equation (18) which is itself a basic step to establish Proposition A.3.

There are numerous avenues for future works. We specifically chose to focus on the theo-
retical properties of the deconvolution estimator obtained from the risk function Mn without
assumption on the noise distribution, leaving mainly open the question of designing efficient
numerical solutions. Recently, in this unknown noise setting, [21] provided two algorithms
to compute nonparametric estimators of the law of the hidden process in a general state space
translation model, i.e. when the hidden signal is a Markov chain. More thorough and scalable
practical solutions remain to be developed. Although the estimator proposed in this paper en-
joys interesting theoretical properties, designing a stable and numerically efficient algorithm
remains mainly an open problem.

In a more applied perspective, the recent emergence of blind spot neural networks such as
[2] or [32] represent a breakthrough in the field of blind image denoising. In these papers, the
authors manage to improve state-of-the-art performance in signal prediction using mainly
local (spatially) dependencies on the signal and assuming that the noise components are
independent. See also [42]. Our results which in addition do not require any assumption on
the noise are likely to provide new architectures or new loss functions to extend such works.

We are particularly interested in applying our results to widespread models such as noisy
independent component analysis and nonlinear component analysis, see for instance [30].
As mentionned in [43], a wide range of applications require to design source separation
techniques to deal with grouped data and structured signals. The identifiability of such a
group structured ICA is likely to rely on specific assumptions similar to the one derived in
our paper which should provide new insights to derive numerical procedures. Additive index
models studied in [36, 48] could also benefit from this work to weaken the assumptions on
the signal and on the functions involved in the mixture defining the observation.

As underlined in Section 2.2, submodels may be identified in the larger general deconvo-
lution model studied in this paper. It could be of interest to study statistical testing of such
structured submodels, for instance using the minimax non parametric hypothesis testing the-
ory.

In another line of works referred to as topological data analysis (TDA), see [13], [12], the
aim is to provide mathematical results and methods to infer, analyze and exploit the complex
topological and geometric structures of the data. Despite fruitful developments, geometric
inference from noisy data remains mainly an open problem. Although they appear to be
concentrated around geometric shapes, real data are often corrupted by noise and outliers.
Quantifying and distinguishing topological/geometric noise, which is difficult to model or
unknown, from topological/geometric signal, to infer relevant geometric structures is a subtle
problem. Ourwork is likely to be applied to multidimensional signals supported on manifolds
and opens the way to find strategies to infer relevant topological and geometric information
about signals additively corrupted with totally unknown noise. One way to proceed is to use
the distance to measure strategy developed in [11]. It shows that it is possible to build robust
methods to estimate geometric parameters of the supports of probability distributions from
perturbed versions of it in Wasserstein’s metric. This is the subject of an ongoing research
project. In particular in [9], it is proved that distributions whose supports are closed regular
curves in R2 satisfy H2.
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APPENDIX A: PROOF OF THEOREM 3.3

A.1. Uniform consistency. By definition, for all R? and all Q? such that ΦR? ∈Υκ,S ,

M?(φ̂κ,n;νest) 6Mn(φ̂κ,n) + sup
φ∈Υκ,S

|Mn(φ)−M?(φ;νest)| ,

6Mn(ΦR?) + sup
φ∈Υκ,S

|Mn(φ)−M?(φ;νest)| ,

6 |Mn(ΦR?)−M?(ΦR? ;νest)|+ sup
φ∈Υκ,S

|Mn(φ)−M?(φ;νest)| .(16)

Lemma A.1 provides a control on the deviation |Mn(φ)−M?(φ;νest)| for φ ∈Υκ,S .

LEMMA A.1. For all S > 0, there exists c > 0 such that for all ∆ > 0, n > 1, x > 0,
and probability measures R? and Q? on Rd such that ER?,Q? [‖Y‖2] 6 ∆, with probability
at least 1− 4e−x under PR?,Q? , for all κ′ ∈ [1/2,1],

sup
φ∈Υκ′,S

|Mn(φ)−M?(φ;νest)|6 c

[√
∆

n
∨
√
x

n
∨ x
n

]
.

In particular, for all S > 0, ν ∈ (0, νest] and ∆> 0, there exists a constant c such that for all
κ ∈ [1/2,1], n> 1 and x > 0,

(17) sup
R? : ΦR?∈Υκ,S

Q? :ER?,Q? [‖Y‖2]6∆

PR?,Q?
(

sup
κ′∈[1/2,κ]

M?(φ̂κ′,n;ν) > c

(√
x

n
∨ x
n

))
6 4e−x .

PROOF. The proof of the first inequality is postponed to Section G in the supplementary
material. The second follows from equation (16) (which requires ΦR? ∈ Υκ′,S , hence the
assumption κ′ 6 κ since the family (Υκ,S)κ is nonincreasing in κ), and the observation that
for all ν 6 νest,

M?(φ̂κ′,n;ν) 6M?(φ̂κ′,n;νest) .

The proof is then completed by taking the supremum over κ′ ∈ [1/2, κ].

Since supR?:ΦR?∈Υκ,S
ER? [‖X‖2] is bounded by a constant that depends only on κ and S,

assuming EQ? [‖ε‖2] 6 ∆̃ and ΦR? ∈ Υκ,S ensures that ER?,Q? [‖Y‖2] 6 ∆ for some con-
stant ∆ depending on S and ∆̃. Thus, we may instead use the conditions ΦR? ∈ Υκ,S and
EQ? [‖ε‖2] 6 ∆̃ in equation (17).

For any ν > 0, by the proof of Theorem 2.1 and Lemma 3.1, if ΦR? ∈ Υκ,S ∩ H, the
only zero of the contrast function φ 7→M?(φ;ν) on Υκ,S ∩H is φ= ΦR? as soon as 1/κ <
2 since all functions in H satisfy H2. Moreover, the mapping (φ,ΦR? ,ΦQ?) ∈ L∞(Bd1ν ×
Bd2ν )3 7→M?(φ;ν) is continuous and for all κ > 0, S > 0 and ∆ > 0, the sets Υκ,S and
{ΦQ : Q s.t. EQ[‖ε‖2] 6 ∆} are compact in L∞(Bd1ν × Bd2ν ) by Arzelà–Ascoli’s theorem
(the second derivative of ΦQ is bounded by the second moment of Q and likewise for ΦR, so
these sets are uniformly equicontinuous and all of their elements have value 1 at zero). Thus,
for all S,ν > 0, κ0 ∈ (1/2,1], ∆> 0 and η > 0,

inf
φ,ΦR?∈Υκ0,S

∩H
‖φ−ΦR?‖2,ν>η
Q? :EQ? [‖ε‖2]6∆

M?(φ;ν)> 0 .
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Let S > 0 and ν ∈ (0, νest]. This equation and Lemma A.1 together with the fact that the
family (Υκ,S)κ is nonincreasing in κ ensure that for all κ0 ∈ (1/2,1], there exists c > 0 such
that for all κ ∈ [κ0,1], ∆> 0, η > 0, n> 1 and x ∈ (0, cn],

(18) sup
R? : ΦR?∈Υκ,S∩H
Q? :EQ? [‖ε‖2]6∆

PR?,Q?
(

sup
κ′∈[κ0,κ]

‖φ̂κ′,n −ΦR?‖2,ν > η

)
6 4e−x .

In particular, the family of estimators (φ̂κ′,n)κ′ is L2(Bd1ν × Bd2ν )-consistent uniformly in
κ′ ∈ [κ,κ0], and uniformly in the true parameters R? and Q?.

A.2. Upper bound for the estimator of the Fourier transform of the signal distribu-
tion. Recall, for all bounded and measurable functions h : Bd1ν × Bd2ν → C, for any ν > 0
and any probability measures R? and Q? on Rd,

M?(ΦR? + h;ν)

=
∥∥∥(hΦ

(1)
R?Φ

(2)
R? −ΦR?h

(1)Φ
(2)
R? −ΦR?Φ

(1)
R?h

(2) −ΦR?h
(1)h(2)

)
ΦQ?,(1) ⊗ΦQ?,(2)

∥∥∥2

2,ν
.

In addition, for all Q ∈Q(ν, cν , cQ), infBd1ν |ΦQ(1) | ∧ infBd2ν |ΦQ(2) | > cν . Using that for all
(a, b) ∈R, (a− b)2 > a2/2− b2 and ‖ΦQ?,(1)‖∞ = ‖ΦQ?,(2)‖∞ = ‖ΦR?‖∞ = 1 yields for all
probability measures R? and Q? on Rd such that Q? ∈Q(ν, cν , cQ),

(19) M?(ΦR? + h;ν) > c4
νM

lin(h,ΦR? ;ν)/2− c4
ν‖h(1)h(2)‖22,ν ,

where

(20) M lin(h,φ;ν) =
∥∥∥hφ(1)φ(2) − φh(1)φ(2) − φφ(1)h(2)

∥∥∥2

2,ν
.

Section B provides an upper bound for ‖h(1)h(2)‖22,ν and a lower bound for M lin(h,ΦR? ;ν)
which allows to establish the lower bound given in Proposition A.2. When ΦR? ∈Υκ,S , the
functions h such that ΦR? + h ∈Υκ,S belong to the set

(21) Gκ,S = {φ− φ′ : φ,φ′ ∈Υκ,S} .

PROPOSITION A.2. For all S,ν, cν > 0, there exist η, c> 0 such that for all κ ∈ [1/2,1]
and all h ∈ Gκ,S such that ‖h‖2,ν 6 η,

inf
R? : ΦR?∈Υκ,S

Q?∈Q(ν,cν ,+∞)

M?(ΦR? + h;ν) > c‖h‖42,ν .

PROOF. The proof is postponed to Section B.

Using the above proposition for κ= κ0 together with equations (17) and (18) is enough to
establish Proposition A.3.

PROPOSITION A.3. For all κ0 ∈ (1/2,1], ν ∈ (0, νest] and S, cν , cQ > 0, there exist
c, c′ > 0 such that for all n> 1, x ∈ (0, cn] and κ ∈ [κ0,1],
(22)

inf
R? : ΦR?∈Υκ,S∩H
Q?∈Q(ν,cν ,cQ)

PR?,Q?
(

sup
κ′∈[κ0,κ]

‖φ̂κ′,n −ΦR?‖2,ν 6 c′
(√

x

n
∨ x
n

)1/4
)
> 1− 4e−x .
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A.3. Upper bound for the estimator of the density of the signal distribution. Let
κ′ ∈ (0,1]. Assume H3 holds for the constants β, cβ . Then, by definition of f̂κ′,n together
with Plancherel’s theorem,∥∥∥f̂κ′,n − f?

∥∥∥2

2
=

1

(4π2)d

∥∥∥1B
d1
ω
κ′,n×B

d2
ω
κ′,n

Tmκ′,n φ̂κ′,n −ΦR?

∥∥∥2

2
,

=
1

(4π2)d

∥∥∥Tmκ′,n φ̂κ′,n −ΦR?

∥∥∥2

2,ωκ′,n
+

1

(4π2)d
‖ΦR?(t)‖2L2((Rd1×Rd2 )\(Bd1ω

κ′,n×B
d2
ω
κ′,n ))

,

6
1

(4π2)d

∥∥∥Tmκ′,n φ̂κ′,n −ΦR?

∥∥∥2

2,ωκ′,n
+

1

(4π2)d
cβ

(1 + ω2
κ′,n)β

,

6cmax
{
‖Tmκ′,n φ̂κ′,n −ΦR?‖22,ωκ′,n ; (1 + ω2

κ′,n)−β
}
.

for some constant c > 0. Let S,ν > 0 be fixed in the remaining of the proof. For all i> 0, let
Pi be the i-th Legendre polynomial and

(23) P norm
i = (i+ 1/2)1/2ν−1/2Pi(X/ν)

the normalized i-th Legendre polynomial on [−ν, ν]. For all positive integer p, define the
orthonormal basis (Pnorm

i )i∈Np of C[X1, . . . ,Xp] (seen as a subset of L2(Bpν)), where for all
i ∈Np,

(24) Pnorm
i (X1, . . . ,Xp) = (P norm

i1 ⊗ · · · ⊗ P norm
ip )(X1, . . . ,Xp) =

p∏
a=1

P norm
ia (Xa) .

Since Tmκ′,n φ̂κ′,n and Tmκ′,nΦR? are in Cmκ′,n [X1, . . . ,Xd], there exists a sequence (ai)i∈Nd

such that ai = 0 if ‖i‖1 >mκ′,n and Tmκ′,n φ̂κ′,n − Tmκ′,nΦR? =
∑

i∈Nd aiP
norm
i (X), where

Pnorm
i is defined in (24). By properties of the Legendre polynomials, see [39, page 11], for all

x ∈R, |Pi(x)|6 (2|x|+2)i so that |P norm
i (x)|6 ((2i+1)/(2ν))1/2(2|x/ν|+2)i. Therefore,

for all i ∈N, ∫ ωκ′,n

−ωκ′,n
|P norm
i (x)|2dx6

1

2

(
2 + 2

ωκ′,n

ν

)2i+1
,

and by Cauchy-Schwarz inequality,

‖Tmκ′,n φ̂κ′,n−Tmκ′,nΦR?‖22,ωκ′,n

6

 ∑
i∈Nd,‖i‖16mκ′,n

d∏
a=1

∫ ωκ′,n

−ωκ′,n
|P norm
ia (x)|2dx

(∑
i∈Nd
|ai|2

)
,

6 (mκ′,n + 1)d2−d
(

2 + 2
ωκ′,n

ν

)2mκ′,n+d
‖Tmκ′,n φ̂κ′,n − Tmκ′,nΦR?‖22,ν ,

6md
κ′,n

(
2 + 2

ωκ′,n

ν

)2mκ′,n+d
‖Tmκ′,n φ̂κ′,n − Tmκ′,nΦR?‖22,ν .(25)

Since Υκ,S ⊂Υκ′,S when κ′ 6 κ, by Lemma H.2 and Lemma H.3 in the supplementary mate-
rial, when ΦR? ∈Υκ,S , there exists a constant c such that for all κ′ ∈ [1/2, κ] andmκ′,n > 2d,

‖ΦR? − Tmκ′,nΦR?‖22,ωκ′,n 6 (8ωκ′,n)d(Sωκ′,n)2mκ′,nm
−2κ′mκ′,n+2d
κ′,n fκ′(Sωκ′,n)2

6 cωd+2mκ′,n+2/κ′

κ′,n S2mκ′,nm
−2κ′mκ′,n+2d
κ′,n exp(2κ′(Sωκ′,n)1/κ′

) ,(26)
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Since Υκ,S ⊂Υκ′,S when κ′ 6 κ, by Lemma H.3 in the supplementary material, when ΦR? ∈
Υκ,S , for all κ′ ∈ [1/2, κ] and mκ′,n > 2d,

‖ΦR? − Tmκ′,nΦR?‖22,ωκ′,n 6 (8ωκ′,n)d(Sωκ′,n)2mκ′,nm
−2κ′mκ′,n+2d
κ′,n fκ′(Sωκ′,n)2,

where the function fκ′ is defined in (S.18), so that by Lemma H.2, there exists a constant c
such that for all κ ∈ [1/2,1] such that ΦR? ∈Υκ,S , for all κ′ ∈ [1/2, κ] and mκ′,n ∈N∗,
(27)
‖ΦR? − Tmκ′,nΦR?‖22,ωκ′,n 6 cωd+2mκ′,n+2/κ′

κ′,n S2mκ′,nm
−2κ′mκ′,n+2d
κ′,n exp(2κ′(Sωκ′,n)1/κ′

) ,

and likewise

(28) ‖φ̂κ′,n − Tmκ′,n φ̂κ′,n‖22,ν 6 c(Sν)2mκ′,n+2/κ′
m
−2κ′mκ′,n+2d
κ′,n

and

(29) ‖ΦR? − Tmκ′,nΦR?‖22,ν 6 c(Sν)2mκ′,n+2/κ′
m
−2κ′mκ′,n+2d
κ′,n .

Write

U(ωκ′,n) = cωd+2mκ′,n+2/κ′

κ′,n S2mκ′,nm
−2κ′mκ′,n+2d
κ′,n exp(2κ′(Sωκ′,n)1/κ′

) ,

U(ν) = c(Sν)2mκ′,n+2/κ′
m
−2κ′mκ′,n+2d
κ′,n .

Then, equations (25) to (29) show that for all κ′ ∈ [1/2, κ],

‖Tmκ′,n φ̂κ′,n −ΦR?‖22,ωκ′,n

6 4U(ωκ′,n) + 4md
κ′,n

(
2 + 2

ωκ′,n

ν

)2mκ′,n+d (
2U(ν) + ‖φ̂κ′,n −ΦR?‖22,ν

)
,

which is controlled by equation (22). Now, choose ωκ′,n and mκ′,n as in (12) and (13), that
is

ωκ′,n = cωm
κ′

κ′,n/S and mκ′,n 6
1

2κ′
α logn

log(α logn)
,

for some cω ∈ (0,1] and α > 0 (note that α = 1/4 in equation 12). Proposition A.3 shows
that for all κ0 ∈ (1/2,1], ν ∈ (0, νest] and S, cν , cQ, β, cβ > 0, there exist c, c′ > 0 such that
for all n> 1, x ∈ (0, cn] and κ ∈ [κ0,1],

inf
R? : ΦR?∈Ψ(κ,S,β,cβ)

Q?∈Q(ν,cν ,cQ)

PR?,Q?
(
∀κ′ ∈ [κ0, κ], ‖f̂κ′,n−f?‖22 6 c′max

{
m−2κ′β
κ′,n , e−mκ′,nv(x,n)

})

> 1− 4e−x ,

where

v(x,n) = 1∨ x
1/4nα

n1/4
∨ x

1/2nα

n1/2
.

Now, when α 6 1/4 and (cm logn)/ log logn 6mκ,n 6 (Cm logn)/ log logn for all κ and
n for some constants cm > 0 and Cm > 0 and take x= logn. It follows that there exists n0

such that for all n> n0,

(30) sup
κ∈[κ0,1]

inf
R? : ΦR?∈Ψ(κ,S,β,cβ)

Q?∈Q(ν,cν ,cQ)

PR?,Q?
(

sup
κ′∈[κ0,κ]

{
m2κ′β
κ′,n ‖f̂κ′,n − f?‖22

}
6 c′

)
> 1− 4

n
.

Finally, note that m2κ′β
κ′,n ‖f̂κ′,n − f?‖22 6 (CM logn/ log logn)2βdiam(Υκ0,S)2 by construc-

tion, so that Theorem 3.3 follows.
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APPENDIX B: PROOF OF PROPOSITION A.2

By (19), Proposition A.2 may be proved by balancing a lower bound for M lin(h,φ;ν)
and an upper bound for ‖h(1)h(2)‖22,ν . The lower bound on M lin(h,φ;ν) is first obtained for
polynomials with known degree m.

LEMMA B.1. For all S,ν > 0, there exists c> 0 and C > 1 such that for all κ ∈ [1/2,1],
m ∈N∗, φ ∈Υκ,S and h ∈ Gκ,S ,

M lin(Tmh,Tmφ;ν) > cm−5d−3C−m‖Tmh‖22,ν ,

where M lin, Υκ,S , Gκ,S and Tmφ are defined in (20), (8), (21) and (10).

PROOF. The proof is postponed to Section I in the supplementary material.

Then, we extend this lower bound to all functions h and φ by controlling the difference
between h and φ and their truncations to degree m.

LEMMA B.2. For all S,ν > 0, there exist c, c′ > 0 and C > 1 such that for all κ ∈
[1/2,1], m ∈N∗, φ ∈Υκ,S and h ∈ Gκ,S ,

M lin(h,φ;ν) > cm−5d−3C−m‖h‖22,ν − c′(Sν)2mm−2κm+2d ,

where M lin(h,φ;ν), Υκ,S and Gκ,S are defined in (20), (8) and (21).

PROOF. The proof is postponed to Section J in the supplementary material.

Finally, a careful choice of m allows to show that M lin(h,φ;ν) is lower bounded by
‖h‖2+o(1)

2,ν when ‖h‖2,ν is small enough.

PROPOSITION B.3. For all S,ν > 0, there exist η,α, c> 0 such that for all κ ∈ [1/2,1],
φ ∈Υκ,S and h ∈ Gκ,S such that ‖h‖2,ν 6 η,

M lin(h,φ;ν) > c‖h‖22,ν
(

log log(1/‖h‖2,ν)

log(1/‖h‖2,ν)

)5d+3

‖h‖

α

log log (1/‖h‖2,ν)
2,ν ,

where M lin, Υκ,S and Gκ,S are defined in (20), (8) and (21).

PROOF. The proof is postponed to Section J in the supplementary material.

The upper bound on ‖h(1)h(2)‖22,ν is likewise first obtained on polynomials with known
degrees m then extended to any function h by controlling the difference between h and its
truncation.

LEMMA B.4. For all S,ν > 0, there exists c > 0 such that for all κ ∈ [1/2,1], m ∈ N∗
and h ∈ Gκ,S ,

‖h(1)h(2)‖22,ν 6 cmd(‖h‖42,ν + (Sν)4mm−4κm+4d) ,

where Gκ,S is defined in (21).

PROOF. The proof is postponed to Section J in the supplementary material.
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Finally, a careful choice of m shows that this term is upper bounded by ‖h‖4−o(1)
2,ν when

‖h‖2,ν is small enough.

PROPOSITION B.5. For all S,ν > 0, there exist η, c> 0 such that for all κ ∈ [1/2,1] and
h ∈ Gκ,S such that ‖h‖2,ν 6 η,

‖h(1)h(2)‖22,ν 6 c
(

log(1/‖h‖2,ν)

log log(1/‖h‖2,ν)

)d
‖h‖42,ν ,

where Gκ,S is defined in (21).

PROOF. The proof is postponed to Section J in the supplementary material.

By Proposition B.3, Proposition B.5 and (19), for all S,ν, cν > 0, there exist constants
η,α, c, c′ > 0 such that for all κ ∈ [1/2,1], for all Q ∈Q(ν, cν ,+∞) and R? such that ΦR? ∈
Υκ,S and for all h ∈ Gκ,S such that ‖h‖2,ν 6 η,

M?(ΦR? + h;ν) > c‖h‖22,ν
(

log log(1/‖h‖2,ν)

log(1/‖h‖2,ν)

)5d+3

‖h‖

α

log log(1/‖h‖2,ν)
2,ν

− c′
(

log(1/‖h‖2,ν)

log log(1/‖h‖2,ν)

)d
‖h‖42,ν .

Therefore, assuming
(31)

c
(

log log(1/‖h‖2,ν)

log(1/‖h‖2,ν)

)5d+3

‖h‖

α

log log(1/‖h‖2,ν)
2,ν > 2c′

(
log(1/‖h‖2,ν)

log log(1/‖h‖2,ν)

)d
‖h‖22,ν

yields

M?(φ
?;ν) > c′

(
log(1/‖h‖2,ν)

log log(1/‖h‖2,ν)

)d
‖h‖42,ν .

Note that (31) is implied by(
log log(1/‖h‖2,ν)

log(1/‖h‖2,ν)

)6d+3( 1

‖h‖2,ν

)2−
α

log log(1/‖h‖2,ν) >
2c′

c
,

which is true as soon as ‖h‖2,ν 6 η for some η > 0 depending only on α, c and c′.

SUPPLEMENTARY MATERIAL

Omitted proofs are provided in the supplementary material [22].
().
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