
BRIDGELANDSTABll.IT#0N3FOLDS

Plan :

1. The quinte zfold
2. Bogomolov inequality for vector bandles
3. The support qroqerty and Bridgeland déformation thm .

4. Construction and generali zed Bogomolov inequality .



1. Théqwintimzfold
X : = { W=o 3EME smyth quinte

Îhomog . poly in Elmo . -ma]
degW= 5

DBX := boundedderived category



Intel : Dbx

V vector bundle onX.
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Idee :

• V.→ VID shifted complet (to the left )
• 4W v.balles

.
Hom IV.WIKI ) = HKLX

,
Vorw)

•

"

generalized exact seq .
"

: triangle
Ü→ v. → W

'

→ÜID

s.t.tt C. c- D'X
, 3- long ex . seq . :
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1. the qwintimzfold
X : = { W= o 3e IPÊ smyth quinte

Îhomog . poly in elno . _ ,nu]
degW= 5

DbX := banded dérived category

Stab X) := space of Bridgetand stability conditions
on DbX



Int 2 : Stab X) LBnidgeland.us]

E- (2- sp) ←
±Ê

, faux quinte

• Z : Hag 2)→¢ gqhomom .

centrage

• p=U Pld) EDBX
GEIR sonnettes of phase §

st
.
:



← ZCE) : -- E-(ch (E))
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and
2-(E) = m(E) .
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Cü ) Homlpldd.PK/dt--oV-d,sdz



tw) tt Ee D'X
,
3- seq. of triangles

a- Ep → Ep → . . .
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→ En- t → En = E
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1. theqwintimzfold
X : - { W=o3ePÊ smomothqmntic

"
homog.qolyinelnor.nu]

degtv-5DX.n-boundedderivedcategoryfimtkmf.la !( ifweaddthesuqqontproqerty )

Stab X) :- sqaceoftsridgelandstability conditions
on X



Questions
-

:

• Stab(Dbx) ¥ § ? a- this talk !

• What is it ? ←
Aseinwall

conj

• Why do we can ? - modulai spaces
country invariants
wall- crossing formulas
symqlectic geometry



Eanj . [ Asqinwall . 20043
7 I : Mr↳ f.my#tablDbXYc ]
Î closed embedding[Etre :xH%, ] --

strings isqaa

where
, if we write Itv) - (Zyspy )
we have :
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• MMS)

Oit) := - É E-
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m" Nm) . ty,_mçgç
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basis of solution of Picard- Fuchs je Os - s 3

eqn associated to period of the
Mirror

.
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← lvlqt.
• 4=00

The [chungiti .""]
"

ÏÏËËËËÏË.-germer× quinte zfold .

conifdd et.Then :
Stab x) # § HEY ¥0

and Asqinwallconj . time inear large volume limit.



2. ¥30gomolomvnineqwahty
X surface , H ample division
V v. belle on X → chlv) Cheminade

>

chows mm / chulD)← ch (V)ch, (V) = ci (V)
chzLV) = 4¥,

'
- czlv)



Int 3 : Chem classes

V v. belle ← assure : Vgloballygenaated
R RKLV)

so . - ssn.ie Holt, V)
general sections

Di : = locus in X where so
,
_ ,sn-ilinearlydfqlndftmsa.lv) : - [Di] c- H
"

(V,2) .



2. ¥30gaminequality
X surface , H ample division
V v. belle on X

Def V m -sensible if tt WÇV ,

t'HIW) : =
H.edu)
¥,

± Malt)



Then [ Bogomolovineqnality.ru 1978]
✓
un - semistable .

Then

DIV) : = c. lui- z-rrlvt.ch.LV) s, 0

3-
attentes different qroofs "

[Bogomolov , Reid ,gieseker , Le Potier , t'vibre ,
Kobayashi , Langer , Lazarsfeld , . . . ]



Remy . 3- version in bigler dimension :
Hn? DCV) >o

,
a- dim X

• For special surfaces , 7 stranger ineq .
e.g. , del Pezzo surfaces

Kz surfaces ,û¥¥¥÷¥âî¥üüîüâ"
:

" soso.z.ws
'

if not 72



Çnj [ Toda , 2013 ]
← %Edgl%1ainbacher.yan.ua]

Xquinticsfold.H-Q.li)
V stable v. bdlec-allowsingh-vt.gg#nfee
Assume : !!¥, = - ¥
Then H.SN) > 1.5139

. ..

. (RKLV))
'

Îimattlnnmber Da
in le"its)



Thx [ Clnnnyi hi , 2019]
H.SU) z Ia - ravi

④

Key pt : . Toda Conj . ⇒ Asginwallconj
Î . Pf. of Li Thm uses Bridgeland

iûianemîaîmîgmîrîidîâxmnar . stabilitycond.am surfaces



3. Thl-suqqOI.to?0qlrIfr-lkontsevich-Soibelman
,
2008]

se = LZP) c- Stab X)

Def ou satisfis the support qnoqertyifn.az
Jrealqnadnatic forum Q est

.

②⇒

②co

• Qhrerz négative définit au

• VEEPCOI) , QCE) >o .

-



EI X surface , H ample
Z = f- chat Rr) +A . He ,

On = ci - article

→ Kerz = {
ÆrK

H.ci =D

→ Qfprerz t - 2212K
'
< 0

.

*.



Thx [Bridgeland Déformation -1hm : Bridgelaqd.ae??s!!!,

t.CZ#c-StablDbX)wlsupqontproqertyThenV-Wst.Qlwerw< 0

J-zdwpwk-stab.lkx) wl support qroqerty .
Du

Imparticnlar , Stab X) wl supp. prop.
îÏËÏÊÊÏËËÏü

.

is complex manifold of dimension rrlttdglxiet) .



4-GKLEIBogommolovinequftys-LZ.PEStab X)

} C- ¢
{

es. EEE

Def for ( e-
"I. Z

,
P
' )

,
Pilot :-PldtReles))

m CIÇSTABLDX)
"

notations
"



LÉON of Bridgeland stability conditions :
{

not all semistable objs. have a phase .

e.g. , ftp.stabibityfonsheaves

• Start wl week stabibity condition
toner torsion - fumes hanaehaselse.ee )

• Rotate- ¥.FI?eaIs7%Feia+f?.?qm:onrtnreineqnah
e.g. , the actual Bogomolovineqnality for stable sheaves .

←
by using an analogons

• DlflfMtn result as Bridgeland Déformation Thin
for wearstability .

• IterAfl
, if mlclssqhyc-eg.itisnudedindims.rs



Et X surface , H ample .

• 8, = (Z , Pi) ,
Zi = - Hei +F. RK

Casualty -stabihty ) P, = MH-semistr.be/les&alltomionsheaves
I they have no phase

ifcodim-2.rotate.by¥ : si _- IZIPI )
e ! )

• Reform by using Q =D : ok - là,B) a Stab X)

Zz = f- d- chat Rr) +F. H.ci , ta>0.
A



Et Xzfold ,
H ample

8
, → 82 → 8z←ËËIêÛ stabilise

ÏÏ"" "ÏÏÏÏÏËÏÏËÏËËÊ"")

]EENJ [Bayer - M .

- Toda
, 2011]

X 3 feld , g.(X) =p←
essxqmnticsfoed .

E Va,p - semistable
{
aurai- a. citeras"

Then : d' DLE) + MplE) 70 *



Idéal. : X qsinticsfold . üïËï÷ÏüÏï:ü. .
• [ M . 2014 : BMS, 2016] réduction to Euler charactertics

estimas
• [Élisais] réduction to strong

âme- Bogomolovineq . fon
'

un- stable v. belles

• [ Feyzbahrhsh , 2016] réduction to cohomologie
estimâtes en cuves of deg triste p4

• [chinois] get suchestimatesbyembeddingbyimmoringieis.it
night Chine in surface of deg (2,2) ( del Plzzo ! )lead to proof of full

à:S
.

ntm and we Bridgeland stab. & strong Bogomolov there .
Asqimwall Conjecture . tg


