
BASICS

k
=k,F=

b(x)

X smooth projective curve geometrically connected (ie. xteconnected

G connected semisimple group /b

G =LieG

X:g ->c =Speckigs* =g/2 =t/W =/A

f,. ... fr =generators ofhigs" of degrees da,... du

di-1=exponent

can-/A 8 km weights das ...dr

[G/G] -> G116 =con2 :Rostantsection, ca = e +7g(f)

X: [G/GxGm) -> [can/Gm]



LEM: X
=projective variety

(a) Y =quasi-projective variety ->Maps (X, 4) =quasi-projective variety

Ib) G =algebraic group, 9:6-GL(V) representation, elE) =ExV

Maps (X, [V/G3) = SCE,9);EG-torsor overX, 9GHX, f(E))3

DeDiv(x)

(p < Pic(X) ={ Gm-torsor over x3 Gm-torsor associated with ODD(

M =stackparametrizing pairs (E,9) with E
Et Bung(X)

9HoX, ad(E) af

=Maps (X, [g/GxGm3) X I 5hE,9
Maps (X, B4m)



Compose (E,9) EM with X: [G/G) -> car

ha:x9,[G/GxGm)> [can/am)

ha =

a pair (fD, al with a GA

[can/m) =TAY/Gm) =A =HOIX, lAl

NB:A =&HolX, 0x (diDS)
i =4

- HiX, OxiDI) ifG =GLm

f: M -> A, (E,9) 1xa
=Hitchin map

Ma =f(a), ac A

PB:Understand fx e



I =universal centralizer

={(x,g)((xG;gxg" =x}

-group scheme over G

LEM.1! Abelian group scheme J -> can with a map

x*5
-> I is invertible over greg

ha*5= group scheme over X, ha: x -> [con/am3

Pa
=5 ht5-torsors over x 3



LEM:Pa Ma

PROOF: (E, 9) E Ma

HE,9
ha:x-> [G/6xGm), [con/GmS

ha5 =h,qx*5 -> h*,gI =(autom. of(E,9) over x3

=>we can twist (E,9) by any J-torsor



EX: G =GLn

xtEndV, atbTt) chap. pol. of

Zinau()= subalg. in EndV gene by
15

bTA)/(a) ->ZEmrK), ta isomorphism it is regular matrix

b-bit) minpol Im =bT/(b) =b[t)/(a) it c regular

Ja =(k(t)/(a))"-> ZErdrk"=Ic (matrices compagnon)

Tot10141)
=Spec (PO(iCl)

-

") - Ya -> Xspectral curve

Ma =Storsion free Opa-module ofgeneric mank 13

-compactified Jacobian ofa lit a t AP

Pa =S invertible Ora-module 3 =
Pic(Ya)

=Jacobian ofYa & Ma by



G > gr ={ regular senri-simple

x"(can)
=gVs

A*
=SacA; ha maps gent into cans"}

LEM: dey(D) >, 2g

(a) The Picard stackP->A is smooth over A
*

/b) MIAB is smooth. Itis a P/ap-torsor

EX: G
=GLn

A* IS a; Ya reduced}

a tAP =Pa=Pic/Ya)Ma =((Ya)



X N, [can/km]
acA =>U 13 U

Va-> [con"/km)

H

xAVa=> ax:=hat can (Fa) 1 can(0x
Dx

Rx =Fras(Oc), Doc =Spec(Ox

a - (Gokec)" in the Kostantsection which lifts de

Gra,=G(Ke)/G(Oc) - SPaco, a affine Springer fiber

LEM: Pax:9 ha*5 forsor on Dec+trivou Da" 3

=HCD,,, ha*5) / H9De, ha*5)

Zalä/Zaras(Roch & Spacious, on



PROOF:Use Beauville-Lasslo's theorem

IPax Pa=[hâ5-forsors on Va-trick on ICI3/4KI, has)CUa cCVa

xVa

LEM (Nge'sproductformula
I Pax
CVa

Ma =i SPG10), a X Pa
x4Va

ani
A C A

*

open ofa's such thatIo!Pal finite

LEM:

(a) 8:M -> A proper over
dan

(b) Sam 4 - G semi-simple



w =xx(T) xW

MPr=modolistackof(E,9, x, EB)'s with

(E,9)2M, cEX, E =

B
-
reduction of Ecc

=Parabolic Hitchin map

far:MPr-> A xX Hitchin map

Recall the map Mxx -> [9/G)âm4

mpar [b (B]
âm

-> ↓ I ↓ Carterian square
m xx-[g/G] âm



The Dicad stackPlover A) actson en par

=>Nge's productformula extende to parabolic seting

LEM: Assume deg(D) <, 2 g

(a) MAR smooth, MPLAR ->AP,Xflat

(b) MP4) gani smooth, proper over damy X

=>THM [Yun']: Assume deg(D) <, 2 g

5U-action on Rf."*Q over A"" X

NB:Under Ngo's productformula the E-action is compatible with

the offine springer action



EX: G =GLn

M4*=(c, E, G, E) with

E
(E,9) = tigge bundle

Ec = flag of wanka vector bundles

Em(-x) & EoCExG...En =E, lgth(Ein/Ei) = 1

Maclassifiesflage Ful-x) &FoFxG...Fn=F

with FiECTTYa) and gth(Fix/Fi) = 1

Pa =Dic(Ya)

2 (FF,...) =(2aF2aF(...)



PROOF

RfPN notin a single perverse degree

=>can'tuse Lusstigmiddle extension method

->Use Hecke correspondences

Hecke

a E
m par ↳Par

gear
xx

↓par

Hecke parametrines tuples ki, Ex, 9x, Ex, Ez, 92, Eas, al

E
(
. Ei, 9i, E?) E Mpar

-:(Ex,4,)(xx5x}-(E2,92) (xse

Hecke= ind-algebraic stackwith ind-phoper maps to MPar



LEM:

Ca) The fibers ofa, b atk, E, 9, E?) are isomorphic to SPI, dese

with aE GO such thatX(ac)
=
aa Ecan(0o

(b) Any finite type substract H CHecke/APxxis graph-like/AxX

PROOF:

Flag =G1k)/I, I =

Iwahori

rt(gak)*

Spr =3gI/I; ggt(ie(I), gtG(A)) <FlagIs

k
=kx,0 =0x

ICG10x) Iwabori associated with Borel BCG



SPI,parametrizes tuples (E,9, E, d) with

E
=

G-torsor over Dx:Spec (Oc)

9- HiD,, ad (E))S E=B -reduction at

2: (E,9)
bi=
(4, xG,u)



Icanonical map AxX, canm*

(*X)*=inverse image of canset

Apply the correspondences construction with

X =MPand S =dx xx U =(A* xX)"

LEM:

IY-action on MPar,
as

such Hecke* =disjointunion of

graphs, up to wilpotents



PROOF: Assume G =GLm. Recall Pa: Ya < X Spectral curve

(a,x) (dxX)=Ya smooth over x and

Mac ={ FCPic(Yal ordering

Paks) =(yx,yz) ...,yn)3

weW=Sn
=> ur-action permutes the yi'

X
=(x,..., Xn) (2 =x-action is For FoxOral, digi)



CORRESPONDENCES

Acorrespondence (ijover Xis; is a proper morphism

aiis↳aj
Cij(*) xiXI, ie, a diagram Xi Xj

fit fj
S

EX:(ij =XiXjis a correspondance

We can compose correspondences by setting

(13 i(, *(23 =42,423 ->XY3

Acohomological correspondence supported on Ciis an elementof

Home(a*Qxi, aj Qxj

Ievaluation map

#. Home (a* Qxi, ajQxjlc Hom, (fi!Qxi, bjxxj)



(ai,0j)x

Home(a*Qxi, ajQxj) ädj, Hom 19Qxi,4j9xj)
↑ XiXj

lai, aj)xa* =(ai,aj)x(ai,aj)
*

p.cp Homy (axi,j axi
lai, aj)xa; (ai, aj),(ai,aj)"pi" ->p, 11 ba

Homy, (Qxi, 8,9jx 9xj)
Il adj

Hom, (fi! Qxi 9jx9xj)

LEM: Assume X2 ->S proper. Icomposition

Hom,
23

Ca* Qxz, asQxg) Home)a* Qx,, an Qxal
comp

Homea* Qx,, asQxa

compatible with evaluation maps, ie, comp (x, y) # = x# 04#



Now letX be smooth equidimentional ofdimention &

with f: x-S proper

(a,b)
2 x3Xcorrespondence->

Fix N:CxC -> C proper map
which is associative

No comp= an associative multiplication on Hom,(a*Qx, b!Qx)

C is graph-like/S

A 50CS open / alo, blu:Co ->Yu are itale

E
*dim CuId, dim Im(CICr - Xxx) <d

=>Hom,(aQx, b!ax) =HP, Dct-2d)) =HYY(C,a)
U

[C]



LEM:Assume C is graph-like

Then the evaluation map HE*(C, Q) End, (fxQx)

is an algebra homomorphism which factoriza as

H *4(C,Q) > End,(f(x)
res

,
aly. how.

HE4(C,Q)

Ex: x =g, S =g x 0
=g"

f: G-> G GrotherdieskSpringer

QW -> HY(SH), w1> 5Stwb alg.hom.

=>W-action on fxQ



AFFINE SPRINGER REPRESENTATION

ICPC G(A) standard parahoric

L =Levifactor

Spp,< Flagp =G(A) / P

erp:SP4,-> [Lie((p)/(p)

94/P 1-> ip (g"rg) mod La

Hx(Spy,Q) =colinut because Spy ofs type

THM[Lusstig):1E-action on Hx(Spr)



PROOF:Assume G s.c., hence w
=< si)

We have a Carterian diagram

SPI, evI [LitLp)/(p)
P 9

SP4, eve, [Lie((p)/Lp)

Wa Rq1D I Wp R4xD

=>Wp H4(SpI,

Wp ={4,5i =si-action

Wp =(si,5j) =relation si/sj


