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Organisation du document :Ce document reprend les travaux que j'ai accomplis lors de mes 3 années de thèse sous ladirection d'Alice Guionnet à l'Ens Lyon. J'ai passé la troisième année de cette thèse en séjourlong à l'université de Stanford suite à l'invitation d'Amir Dembo.Je débuterai par une introduction dont le but est de replacer mes articles dans leur contexteen retraçant brièvement l'histoire des liens entre grandes matrices aléatoires et combinatoire.Je rappellerai aussi les di�érents résultats obtenus au cours de cette thèse ainsi que desquestions soulevées par ces résultats sur lesquelles je travaille actuellement.Les quatre chapitres suivant cette introduction sont les quatre articles que j'ai écrits pen-dant ces trois années.Le premier chapitre est l'article �Combinatorial aspects of matrix models� [GMS06]. C'estun travail réalisé en collaboration avec Alice Guionnet. Le but est de prouver que l'identi�-cation au premier ordre entre modèles matriciels à plusieurs matrices et énumérations com-binatoires planaires va au-delà de l'identi�cation des séries formelles. Cet article a été publiédans le premier numéro de la revue ALEA (Revue Latino-Américaine de Probabilités et Sta-tistiques). Ce type de liens remonte à l'article fondateur de Brézin, Itzykson, Parisi et Zuber[BIPZ78] et est très utilisé en physique. Le cas des modèles à une matrice avait déjà été traitéen détail par Ercolani et McLaughin [EM03] en utilisant des techniques de Riemann-Hilbert.Cet article introduit l'utilisation des équations de Schwinger-Dyson, un outil central développédans les autres articles.Le second chapitre est l'article �Second order asymptotics for matrix models� [GMS07]qui a aussi été écrit avec Alice Guionnet, on y étudie le premier ordre de la correction dans laconvergence des modèles matriciels puis on le relie aussi à une interprétation combinatoire. Cetarticle est à paraître dans �Annals of probability�. On y prouve aussi un Théorème CentralLimite pour la mesure empirique des valeurs propres de modèles matriciels.Le troisième chapitre est l'article �High order expansion of matrix models and enumerationof maps� [MS06a]. J'y termine cet aspect de l'étude des modèles gaussiens en montrant que,à tous les ordres, l'énergie libre des modèles matriciels s'identi�e de manière non-formelle àdes séries énumérant des objets combinatoires plongés sur des surfaces de genre d'autant plusgrand que l'on va loin dans les corrections à la convergence. Cet article a été soumis.Le dernier chapitre est l'article �Asymptotics for unitary matrix models� [CGMS06] encollaboration avec Benoît Collins et Alice Guionnet qui est en train d'être terminé. Le but iciest de prouver la convergence d'intégrales sur le groupe unitaire et de mesures qui sont desperturbations de la mesure de Haar. Nous nous inspirons pour cela des articles qui précèdentet de la technologie de l'équation de Schwinger-Dyson. Par ailleurs, après avoir prouvé l'ana-lyticité des intégrales unitaires pour de petits paramètres, nous proposons une interprétationcombinatoire nouvelle des coe�cients de la série correspondante.





Notations :1. On notera MN(C) l'espace des matrices de taille N × N , HN (C) celui des matriceshermitiennes, UN(C) celui des matrices unitaires et AN(C) celui des matrices antisy-métriques. Selon ce qui sera le plus clair, nous noterons A(ij) ou Aij le coe�cient dela i-ième ligne, j-ième colonne de la matrice A. On identi�era HN(C) à R
N2 via sabase canonique {δii, δij + δji,

√
−1(δij − δji)}16i<j6N . Grâce à cette identi�cation nousposerons dNA la mesure de Lebesgue sur HN (C). La mesure de Haar sur UN (C) seranotée m. La norme d'une matrice ‖A‖ est sa norme opérateur.2. Nous noterons en gras les vecteurs d'éléments. Ainsi A désignera généralement unevecteur (A1, . . . , Am) de matrices.3. Pour une mesure µ sur un espace mesuré (X,A) et une fonction mesurable f dé�nie sur

X, nous noterons µ(f) l'espérance de f :
µ(f) =

∫

X

f(x)dµ(x)La topologie la plus utilisée dans ce document est la topologie de la convergence en loi.Une suite de mesures de probabilité {µn}n∈N tend en loi vers µ si pour toute fonctionréelle continue bornée f :
µ̂N(f) →n→+∞ µ(f).Pour les mesures de probabilités sur R, nous utiliserons aussi la notion de convergenceen moments, {µn}n∈N tend en moments vers µ si pour tout entier p,

µn(xp) → µ(xp).4. Pour une matrice A de spectre λ1, . . . , λN nous noterons µ̂N
A la mesure empirique de sesvaleurs propres :

µ̂N
A =

1

N

N∑

i=1

δλi
.5. On notera Cp, p ∈ N, le p-ième nombre de Catalan dé�ni par récurrence :

C0 = 1, Cp+1 =

p∑

k=0

CkCp−k.Ces nombres sont très utiles dans les problèmes de combinatoire, Cp compte notammentles arbres à p arêtes, les arbres binaires à 2p arêtes, les paranthésages équilibrés à p pairesde parenthèses, les partitions non-croisées de {1, . . . , 2p} en paires, les marches simplesde longueur 2p positives et revenant en 0 (appelées chemins de Dick). . .6. On notera C〈X1, · · · , Xm〉 l'algèbre complexe des polynômes non-commutatifs en les mvariables X1,. . .,Xm. Si nous appelons monôme les mots en X1,. . .,Xm, C〈X1, · · · , Xm〉est la C algèbre engendrée par les monômes. Le degré du monôme Xi1 . . .Xip est p, ledegré d'un élément de C〈X1, · · · , Xm〉 est le maximum des degrés de ses monômes.





Chapitre 1
Introduction

Le thème de cette thèse est l'étude des liens qui unissent modèles matriciels et fonctionsgénératrices d'objets combinatoires. Nous verrons en e�et qu'une large classe d'intégralesmatricielles peuvent être vues comme des fonctions génératrices de nombres de graphes. Ré-ciproquement, il existe une grande variété d'énumérations de graphes qui peuvent s'exprimerde manière très compacte via des intégrales matricielles.Les matrices aléatoires ont été introduites en physique par Wigner [Wig55] dans les années50 pour modéliser des opérateurs de mécanique quantique dont la description précise étaittrop complexe. C'est une vingtaine d'années plus tard que Brézin, Itzykson, Parisi et Zuberdans [BIPZ78] ont mis en lumière leur capacité à capturer des problèmes combinatoires,précisant dans ce cadre les théories de 't Hooft [tH74] sur les développements topologiques. Lapossibilité d'envisager des énumérations extrêmement variées va rendre les modèles matricielstrès populaires dans les années 80 où ils vont se révéler un outil remarquable dans tous lesproblèmes de surfaces aléatoires qui apparaissent en physique théorique, donnant ainsi unexemple �agrant de ce que Wigner appelait la �déraisonnable e�cacité des mathématiquesdans les sciences naturelles� [Wig85]. Suite à cette découverte, les modèles matriciels sontdevenus un outil privilégié en physique théorique pour tous les problèmes d'énumération desurfaces. Ce n'est que dans les années 90 que les mathématiciens se sont intéressés à cettethéorie et aux questions qu'elle soulevait.Le but de cette introduction est de retracer brièvement l'histoire de ce domaine. N'étantpas physicien, certains travaux ne me sont pas aisément compréhensibles. J'ai cependant es-sayé de donner un compte-rendu de certains articles venant de la physique car le domaine ytrouve son origine. Par ailleurs, il s'agit de travaux très rigoureux mathématiquement et quiont créé un va-et-vient d'idées particulièrement fertiles entre physiciens théoriciens, probabi-listes, spécialistes d'algèbres d'opérateurs... Dans un deuxième temps nous donnerons dans lesgrandes lignes les résultats obtenus lors de ces trois années de thèse, en particulier sur l'iden-ti�cation non-formelle entre intégrales matricielles et combinatoire. En�n nous évoqueronsquelques questions ouvertes se situant dans le prolongement de cette thèse.



8 CHAPITRE 1. INTRODUCTION1.1 Contexte1.1.1 PrémissesNous allons tout d'abord évoquer rapidement ce qui a précédé l'identi�cation entre modèlesde matrices et combinatoire en essayant d'y détecter les prémisses des liens qui unissent cesdeux domaines. Nous verrons ainsi comment la combinatoire est très vite intervenue dans lesmodèles matriciels et comment l'utilisation d'équations algébriques peut aider à résoudre desproblèmes combinatoires.Premiers résultats en grandes matrices aléatoiresL'observation que des énumérations d'objets combinatoires apparaissent dans l'étude desgrandes matrices aléatoires remonte aux origines du domaine et aux modèles les plus simples.Dans les années 50, Wigner eu l'idée de remplacer l'étude de certains opérateurs de méca-nique quantique par l'étude d'opérateurs aléatoires. L'intuition derrière cette démarche estque si le système est su�samment complexe, vu à grande échelle les détails de toutes sescomposantes ne sont pas nécessaires pour déduire ses propriétés macroscopiques. Porté parcette philosophie, le modèle exact choisi ne devrait pas avoir d'importance à condition derespecter certaines contraintes du système étudié telles que ses symétries. Nous nous reporte-rons au livre de Mehta [Meh04] pour une introduction à l'utilisation des matrices aléatoiresen physique.Le modèle le plus simple est celui d'une matrice aléatoire dont les coe�cients sont choisisde manière indépendante. Wigner s'intéressa au problème mathématique de comprendre lespectre d'une telle matrice. Dans les années 50 il étudia dans [Wig55] une matrice symétriquedont tous les coe�cients ont même valeur absolue mais dont les signes sont choisis de façonindépendante et équiprobable tout en respectant la condition de symétrie. Il prouva que lamesure spectrale de la matrice correctement renormalisée avait une limite déterministe : laloi du semi-cercle. Il constata peu après dans [Wig58] que sa preuve se généralisait à un cadrebeaucoup plus général.[Wigner] Soit XN une suite de matrices symétriques de taille N × N telles que1. {XN(ij)|1 6 i 6 j 6 N} est une famille de variables aléatoires indépendantes,2. pour tout i, j, E[(XN(ij))2] = 1 et la distribution de XN(ij) est symétrique,3. pour tout k, supN,i,j E[(XN (ij))k] < +∞.Si nous désignons par µ̂N la mesure empirique des valeurs propres de N− 1
2 XN , alors pourtoute fonction continue bornée

E[µ̂N(f)] →N→+∞ σ(f)où σ est la loi semi-circulaire, i.e. la loi de densité (2π)−1
√

4 − x21[−2,2] par rapport à la mesurede Lebesgue. Cette convergence a lieu en loi et en moments.Notons qu'il existe de nombreuses généralisations de ce théorème. Bai [Bai99] donne uneversion plus robuste du théorème ainsi qu'une description de méthodes très variées permettant



1.1. CONTEXTE 9de le prouver. Ainsi, l'hypothèse de symétrie des distributions peut être supprimée et laconvergence en espérance de µ̂N peut être remplacée par une convergence presque sûre. Ilest aussi possible d'a�aiblir le contrôle des moments et de conserver la convergence en loi(Remarquons tout de même que l'hypothèse de seconds moment borné reste indispensablepour obtenir la loi du semi-cercle. Ben Arous et Guionnet [BAG07] étudient des matrices àcoe�cients indépendants n'ayant pas de second moment borné et prouvent la convergence dela mesure empirique sous une autre normalisation ; la loi limite n'est plus la semi-circulaire).Anderson et Zeitouni [AZ06] ont proposé une variante de ce théorème si l'hypothèse de secondmoments tous égaux est supprimée. Ils prouvent qu'il y a toujours convergence si les XN(ij)peuvent s'écrire f(i/N, j/N)Y N(ij) avec f une fonction continue de norme L2 égale à 1et la famille des Y N (ij) est une famille de variables i.i.d.. Cependant la limite n'est pasnécéssairement la loi semi-circulaire.Ces généralisations illustrent la remarquable robustesse de ce théorème : la loi limite desvaleurs propres ne dépend pas du détail de la loi des coe�cients.La méthode utilisée par Wigner est de commencer par prouver la convergence des moments.La convergence en loi vient ensuite par un simple argument de tension. Il montre par de lacombinatoire sur les mots que le 2p-ième moment de la loi empirique N−1Tr(XN)2p tend,lorsque N tend vers l'in�ni, vers le nombre d'arbres à p arêtes. Celui-ci vaut Cp, le p-ièmenombre de Catalan. Par symétrie les moments impairs sont nuls. La loi semi-circulaire apparaîtalors comme étant l'unique loi de probabilité ayant ces moments. Les nombres de Catalansont omniprésents en combinatoire où ils énumérent quantité d'objets cruciaux : toutes sortesd'arbres, les paranthésages équilibrés, les chemins de Dick, les partitions non-croisées... Envue de la combinatoire qui va nous intéresser nous allons privilégier une interprétation enterme de cartes.Combinatoire des cartes simplesLa notion essentielle est celle de carte introduite par Tutte [Tut63]. Une carte est ungraphe connexe plongé dans une surface compacte orientée de telle façon que les arêtes ne secoupent pas et que les faces (les composantes connexes du complémentaire du graphe sur lasurface) soient homéomorphes à des disques. Deux exemples de plongement de graphes sontdonnés dans la �gure 1.1. Le premier, sur la sphère, et le second, sur une surface de genre
2, sont des cartes. Le troisième en revanche n'est pas une carte car l'une des faces n'est pashoméomorphe à un disque.Les surfaces compactes orientées sont classées à homéomorphisme près par leur genre, unentier g positif qui compte le nombre de �trous� de la surface. On dé�nit le genre d'une cartecomme le genre de la surface dans laquelle le graphe est plongé. On appellera carte planaireune carte sur la sphère (et non sur le plan R2).Le sommet d'un graphe plongé dans une surface orientée est caractérisé par sa valence etpar un ordre cyclique sur les arêtes. Réciproquement, la donnée d'un ordre cyclique sur lesarêtes sortant d'un sommet pour chaque sommet d'un graphe est su�sante pour spéci�er leplongement dans la surface (voir Proposition 4.7 dans [Zvo97]). En e�et, il est alors facile dedé�nir les faces en suivant le bord des arêtes orientées et de retrouver la surface en recollant des
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PSfrag replacements
sommets du graphe plongé

Fig. 1.1 � Deux cartes planaires, une de genre 0, une de genre 2 et un plongement de graphesur le tore qui ne donne pas de carte.disques sur ces faces. Conformément aux articles joints, nous appellerons étoile le voisinaged'un sommet de graphe plongé dans une surface munie d'une arête distinguée. Une étoileest déterminée par sa valence qui est le nombre de demi-arêtes qui en sortent. L'une de cesdemi-arêtes est distinguée.Nous nous intéresserons à l'énumération de cartes à homéomorphismes près : deux cartessont équivalentes s'il existe un homéomorphisme des surfaces qui envoie un graphe plongé surl'autre en envoyant étoiles sur étoiles. De plus, nous supposerons les étoiles étiquetées, ellesne sont donc pas interchangeables. Par abus de notation, nous désignerons désormais sous lenom de carte une classe d'équivalence de cette relation. L'exemple le plus simple de question àlaquelle nous aimerions répondre est : �Quel est le nombre de cartes planaires avec k-sommetsde valence 4 ?�Pour donner un exemple, le nombre de cartes planaires à 2 étoiles de valence 4 est 36.Nous avons représenté dans la �gure 1.2 ces cartes. Cependant, chaque dessin représente 4cartes ce qui est le nombre de possibilités pour la demi-arête distinguée de la seconde étoile.Une interprétation possible des nombres de Catalan qui s'accorde avec la combinatoire descartes est la suivante : le p-ième nombre de Catalan est le nombre de cartes planaires à uneétoile de valence 2p (voir �gure 1.3). Il est aisé de véri�er cette égalité : pour construire unetelle carte il faut choisir à qui appareiller la demi-arête marquée. Il y a 2p − 1 possibilités etl'arête ainsi formée sépare la carte en deux.Pour poursuivre la construction, il faut construire une carte à l'intérieur de la boucle etune autre à l'extérieur. Ainsi, nous obtenons la récursion suivante pour le nombre de cartesplanaires M(Xp) que l'on peut construire sur une étoile de valence p :
M(Xp) =

p−2∑

j=0

M(Xj)M(Xp−2−j).Cette décomposition inductive est illustrée par la �gure 1.4.
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2 demi-arête distinguée du premier sommetarêteétoile

Fig. 1.2 � Cartes planaires à deux étoiles de valence 4 : 36 possibilitésAvec la convention M(1) = 0 et le fait que M(X) = 0, nous nous ramènons aisément à larécursion des nombres de Catalan pour les p pairs. Cette équation qui dé�nit M par inductionest l'exemple le plus simple des équations algébriques utilisées par Tutte pour énumérer lescartes que nous allons rencontrer dans toute la suite.Plus généralement, pour construire une carte, nous disposerons des étoiles dans une surfacepuis nous relierons les demi-arêtes deux par deux pour former des arêtes qui ne se croisentpas. On obtient ainsi une carte s'il ne reste plus de demi-arêtes non reliées et que toutes lesfaces sont homéomorphes à des disques.A�n de trouver une expression exacte pour un type de carte donné, Tutte découvre des
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Fig. 1.3 � C3 = 5 vu comme une énumération de cartes.
PSfrag replacements ?

M(Xp)
M(Xj)

M(Xp−2−j)Fig. 1.4 � Relation de récurrence pour les cartes planaires à une étoile.relations algébriques sur les séries génératrices de ces cartes. L'idée est d'exhiber une décom-position récursive de la carte. Prenons un exemple concret qui se révelera particulièrementpertinent par la suite. Supposons que l'on veuille calculer Mk le nombre de cartes planairesà k étoiles de valence 4. Comme il n'est pas facile de trouver des relations fermées sur cetensemble d'objets, introduisons Mk(X
p) le nombre de cartes planaires à k étoiles de valence

4 et une étoile de valence p. Dé�nissons aussi sa série génératrice :
M(Xp) =

∑

k∈N

(−t)k

k!
Mk(X

p).A�n de trouver une équation algébrique sur cette série, déterminons la manière de construireune telle carte. On dispose sur une sphère une étoile de valence p + 1 et des étoiles de valence
4. Intéressons-nous maintenant à la demi-arête marquée de l'étoile de valence p + 1 : soit elleest reliée à une étoile de valence 4, soit elle boucle sur l'étoile de valence p+1 comme indiquéedans la �gure 1.5.Dans le premier cas nous avons 4k choix possibles de la demi-arête avec laquelle la demi-arête distinguée est reliée. Une fois l'arête formée, nous pouvons la contracter, c'est à dire
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+

−t

Mk(X
p+1)

Mk′(X
j)

Mk−k′(X
p−1−j) 4kMk−1(X

p+3)Fig. 1.5 � Relation de récurrence pour les quadrangulations.diminuer la longueur de l'arête jusqu'à la faire disparaître en recollant les deux sommetsqu'elle réunissait, pour obtenir une étoile de valence p + 3, ce qui conduit à 4kMk−1(X
p+3)possibilités.Dans le second cas il faudra �nir la construction de la carte à l'intérieur de la boucle età l'extérieur (Notons que comme nous nous plaçons sur la sphère, le côté sur lequel passe laboucle est sans importance). Il faut alors choisir les étoiles de valence 4 se trouvant à l'intérieuret à l'extérieur de la boucle puis �nir la construction, ce qui mène à

p−1∑

j=0

∑

k1+k2=k

(
k

k1

)
Mk1(X

j)Mk2(X
p−1−j)possibilités. On obtient ainsi :

M(Xp+1) = (−t)M(4Xp+3) +

p−1∑

j=0

M(Xj)M(Xp−1−j).Il est aisé de voir qu'il existe une unique série formelle en t, solution de cette équation. Cetype d'identité obtenue par décompositions récursives de cartes va jouer un rôle central dansnos travaux. Ce type de relations est le point de départ de Tutte pour trouver dans [Tut62]et [Tut63] des expressions exactes pour l'énumération de triangulations ainsi que pour desclasses plus générales de cartes planaires. Ainsi, il obtient une formule explicite pour Mk :
Mk =

2k!4k3k

(k + 1)(k + 2)

(
2k

k

)
.1.1.2 Origine de l'analyse de séries combinatoires via les modèlesmatricielsL'intérêt pour ce type d'énumérations fut relié en physique théorique par l'article de 'tHooft [tH74] aux théories de jauge de groupe de jauge UN(C). Le concept de �développements



14 CHAPITRE 1. INTRODUCTIONtopologiques� y apparaît naturellement, il s'agit de compter des graphes sur des surfacesénumérées selon leur genre avec un poids N−2g pour les termes de genre g.Le dé� qui se pose alors est celui de trouver une manière de calculer et de comprendre detels développements.Perturbation du GUEC'est en 1978 que Brézin, Itzykson, Parisi et Zuber [BIPZ78] explicitent pour la premièrefois le lien entre intégrales de matrices et développements topologiques. Le cas étudié danscet article est celui des quandrangulations : nous cherchons à énumérer les cartes dont tousles sommets sont de valence 4 en pondérant les cartes à k sommets et de genre g par le poids
(−t)kN−2g/k!. Le modèle étudié, invariant par l'action de UN (C) est celui du GUE .On appelle matrice du GUE une matrice

X = (X(ij))16i,j6Nhermitienne de taille N ×N telle que {X(ii)|1 6 i 6 N}∪{
√

2<eX(ij),
√

2=mX(ij)|1 6 i <
j 6 N} est une famille de gaussiennes indépendantes centrées et de variance N−1. De manièreéquivalente la loi du GUE est la mesure de probabilité µN sur HN(C) ayant pour densité :

dµN(A) =

(
N

2π

)N2

2

e−
N
2
TrA2

dNAoù dNA est la mesure de Lebesgue sur l'espace des matrices hermitiennes.Comme nous le verrons dans la partie suivante, le calcul gaussien est essentiel dans l'ap-parition de la combinatoire en grandes matrices aléatoires.Les matrices du GUE véri�ent aussi la loi du semi-cercle mais l'intérêt est que certainesperturbations de cette loi sont reliées à des énumérations combinatoires plus riches. Si parexemple nous voulons compter Mg
k le nombre de cartes de genre g à k étoiles de valence 4alors l'énergie libre F N

tX4 du modèle matriciel obtenu en perturbant le GUE par un potentielquadratique est relié à cette énumération :[Brézin-Itzykson-Parisi-Zuber] On a l'identité entre séries formelles en t suivante :
F N

tX4 :=
1

N2
ln

∫

HN (C)

e−NtTrA4

dµN(A) =
∑

k,g∈N

(−t)k

N2gk!
Mg

k.Notons que cette égalité ne peut être qu'au niveau des séries formelles. En e�et, la sommesur la droite n'est pas convergente pour t 6= 0 et l'intégrale du membre de gauche n'est biendé�ni que pour les t positifs. Comme observé dans [KNN77], à genre �xé, ce type de série aun rayon de convergence strictement positif et c'est uniquement le fait de resommer sur tousles genres simultanément qui la rend divergente.



1.1. CONTEXTE 15Calcul gaussien et combinatoireNous allons maintenant essayer de donner une intuition des idées qui conduisent au Théo-rème 1.1.3. Nous suivrons la démarche de Bessis Itzykson et Zuber [BIZ80]. Zvonkin a aussiécrit une présentation très accessible à destination des mathématiciens [Zvo97].La base de ce lien est le calcul de Wick : [Calcul de Wick] Si f1,. . .,f2p sont des élémentsd'un espace gaussien, alors
E[f1 . . . f2p] =

∑
E[fi1fj1 ] . . . E[fipfjp]où la somme se fait sur toute les partitions de {1, . . . , 2p} en p paires {i1, j1},. . .,{ip, jp} avec

i1 < i2 < · · · < ip et pour tout k, ik < jk.Le calcul de Wick permet donc de ramener l'espérance d'un produit de gaussiennes à unproduit de covariances.Revenons maintenant à notre modèle matriciel avec son potentiel V = tX4. Pour seramener à du calcul gaussien, nous allons développer l'exponentielle. Ainsi la fonction departition ZN
tX4 se réécrit :

ZN
tX4 :=

∫
e−NtTrA4

dµN(A) =
∑

k∈N

(−Nt)k

k!
µN [(TrA4)k].Ici nous avons opéré une interversion somme/intégrale que rien ne permet de justi�er, parcontre il y a bien égalité des séries formelles en t et c'est ainsi qu'il faut comprendre cetteidentité.Un rapide calcul montre que la fonction de covariance dans une matrice du GUE estdonnée par : ∫

AN(ij)AN(kl)dµN(A) =
1i=l,k=j

N
. (1.1)A�n de calculer l'espérance de (TrA4)k sous cette mesure, nous allons représenter chaquevariable X(ij) comme une demi-arête orientée portant une étiquette i sur son bord gaucheet une étiquette j sur son bord droit. La variable A(i1i2)A(i2i3)A(i3i4)A(i4i1) sera représen-tée comme une étoile de valence 4 avec les demi-arêtes associées à chacun des coe�cientsapparaissant dans le produit (voir �gure 1.6). Pour calculer l'espérance de (TrA4)k, le calculde Wick montre qu'il su�t d'envisager toutes les manières d'appareiller deux par deux lesvariables. En d'autres termes, il faut relier deux par deux les demi-arêtes. Chaque arête repré-sente une paire dans le Théorème de Wick et fait donc apparaître la covariance des variablescorrespondant aux deux demi-arêtes. D'après (1.1), celle-ci sera non-nulle si et seulement si lesindices des bords recollés correspondent (voir �gure 1.7). L'appariement de toutes les demi-arêtes forme une carte. Il faut ensuite savoir quel est le poids d'une telle carte. Pour obtenirun terme non nul, il faut que les indices des bords des demi-arêtes correspondent. Commeles bords des arêtes dé�nissent les faces cela revient à demander que tous les indices le longd'une face coïncident, ce qui laisse N choix par faces. Chaque arête représente un couple deWick et donc une covariance donnant une contribution N−1. En�n, comme k est le nombred'étoiles, la contribution d'un appariement est NF−A+S/S! où F est le nombre de faces de la



16 CHAPITRE 1. INTRODUCTION
i3

i1

i4

i2

PSfrag replacementsi j
A(ij) A(i1i2)A(i2i3)A(i3i4)A(i4i1)Fig. 1.6 � Représentation des variables en demi-arêtes et des monômes en étoiles
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A(ij) A(kl)Fig. 1.7 � Règle d'appariement des demi-arêtes : E[A(ij)A(kl)] = N−1 si les indices coïncident
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Fig. 1.8 � Appariement de deux étoile de valence 4multi-carte, A le nombre d'arêtes et S le nombre de sommets (voir �gure 1.8). Remarquonsque rien ne spéci�e ici que l'on connecte tous les sommets, nous obtenons donc une somme



1.1. CONTEXTE 17sur des unions disjointes de cartes que nous appellerons multi-carte :
µN [(NTrA4)k] =

∑multi-cartes à k sommets NF−A+S

Nkk!
.Un fait connu et facile à véri�er (voir [LZ04] par exemple) en combinatoire est, que pourune série génératrice A(s) de graphes étiquetés pondérés telle que le poids d'un graphe est leproduit du poid de ses composantes connexes alors la série génératrice des graphes connexes

B(s) s'obtient simplement par la relation B = ln A.Ainsi,
F N

tX4 :=
1

N2
ln ZN

tX4

=
1

N2
ln{

∑multi-cartesNF−A+S (−t)S

S!
}

=
∑cartesNF−A+S−2 (−t)S

S!

=
∑cartesN−2g (−t)S

S!
=
∑

k∈N

(−t)k

k!N2g
Mg

k (1.2)où nous avons utilisé la formule d'Euler :
F − A + S = 2 − 2g.Les mêmes arguments généralisent cette mécanique à quantité d'autres énumérations. Onpeut ainsi retrouver des cartes à sommets de valence 3 en considérant un potentiel cubique

tX3 ou encore mélanger plusieurs types de sommets. Par exemple, si Vt,u = tX4 + uX6, alorsnous avons l'identité entre séries formelles
F N

Vt,u
:=

1

N2
ln

∫
e−NTr(tA4+uA6)dµN(A) =

∑

k,l,g∈N

(−t)k(−u)l

N2gk!l!
Mg

k,lavec Mg
k,l le nombre de cartes de genre g avec k étoiles de valence 4 et l de valence 6.Notons que ces techniques permirent à Harer et Zagier [HZ86], en étudiant les momentsdu GUE (t = u = 0), de calculer de manière explicite le nombre de cartes à une étoile devalence n sur une surface de genre g.Analyse du modèle matricielL'intérêt de traduire une telle somme combinatoire en intégrale matricielle est que cettedernière est parfois plus facile à analyser. La clé ici est que l'on peut écrire une formule explicitepour les valeurs propres de ce type de modèle. Soit µN

V la loi sur les matrices hermitiennes :
dµN

V (A) =
1

ZN
V

e−NTrV (A)dµN(A)



18 CHAPITRE 1. INTRODUCTIONoù ZN
V est une constante de normalisation qu'on appelle fonction de partition. L'exempleprécédant correspond au cas V = tX4.Cette loi est invariante par conjugaison, A → U∗AU par une unitaire ce qui permet deréécrire cette loi sur les valeurs propres, pour toute fonction f invariante par conjugaison :

µN
V (f) :=

1

ZN
V

∫

HN (C)

f(A)e−NtTrV (A)dµN(A) = cN

∫

RN

f(L)∆(L)2

N∏

i=1

e−N(V (λi)+
λ2

i
2

)dλioù L est la matrice diagonale Diag (λ1, . . . , λN) et ∆(L) est le déterminant de Vandermondedes λi, ∆(L) =
∏

i<j(λi − λj).Une analyse de cette expression permet aux auteurs de [BIPZ78] de déduire une formuleexacte pour le premier terme du développement topologique des cartes à sommets de valence
4 :

F 0
tX4 := lim

N
F N

tX4 =
1

24
(a2 − 1)(9 − a2) − 1

2
ln a2.où a résout

12ta4 + a2 − 1 = 0. (1.3)De plus, si l'identi�cation n'est pas seulement formelle, alors nous nous attendons à ce quel'énergie libre tende vers la série énumérant les objets planaires :
lim
N

F N
tX4 =

∑

k

(−t)k

k!
M0

k.Les modèles matriciels permettent donc d'obtenir une expression compacte pour l'énumérationde certaines cartes.Le problème vient par contre de la di�culté à analyser le modèle matriciel dans le casgénéral ou d'analyser les corrections à cette convergence pour connaître les termes suivants dudéveloppement topologique. Il n'existe pas de méthode pour traiter le cas général. Toutefoisdans le cadre de l'énumération de graphes sans couleurs que l'on a vu jusqu'ici, qui se ramène àdes modèles à une matrice, il existe un outil privilégié : l'analyse par polynômes orthogonaux.La méthode des polynômes orthogonauxCette méthode introduite par Bessis [Bes79] lui permet de trouver une expression explicitepour le second terme dans le développement de l'énergie libre pour le potentiel V = tX4,
F 1

tX4 := lim
N

N2(F N
tX4 − F 0

tX4) =
1

12
ln(2 − a2)avec le a dé�ni par (1.3). Si on parvient à identi�er le modèle matriciel à la série formellealors cette formule énumère les cartes à étoiles de valence 4 plongées sur le tore.La technique utilisée est d'introduire les polynômes orthogonaux dans la densité des valeurspropres. Rappelons ici la formule de la densité des valeurs propres :

∆(λ1, . . . , λN)2e−N
∑N

i=1 V (λi)+
λ2

i
2

N∏

i=1

dλi.



1.1. CONTEXTE 19La loi est donc celle de variables indépendantes soumises à une interaction décrite par le carrédu déterminant de Vandermonde. C'est celui-ci que nous allons essayer de réécrire en termede polynômes orthogonaux :
∆(λ1, . . . , λN) =

∣∣∣∣∣∣∣

1 . . . λN−1
1... ... ...

1 . . . λN−1
N

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣

1 . . . hj(λ1) . . . hN−1(λ1)... ... ...
1 . . . hj(λi) . . . hN−1(λi)... ... ...
1 . . . hj(λN) . . . hN−1(λN)

∣∣∣∣∣∣∣∣∣∣∣pour toute famille de polynômes (hj)j∈N telle que hj soit un polynôme de coe�cient de plushaut degré xj . Cette identité s'obtient facilement en redeveloppant le déterminant de droiteselon ses colonnes. Nous avons donc une liberté immense dans le choix des hj. En particulier,il est pertinent de choisir les hj comme la famille des polynômes orthogonaux vis-à-vis dela mesure de densité e−N(V (x)+ x2

2
)dx. Un calcul élémentaire montre alors que la fonction departition du système se simpli�e :

ZN
V = cN

∫

RN

[det(hN
j (λi))16i6N,06j6N−1]

2
N∏

i=1

e−N(V (λi)+
λ2

i
2

)dλi

= cNN !

N−1∏

j=0

∫

RN

(hN
j (x))2e−N(V (x)+ x2

2
)dxOn se ramène ainsi à l'étude de cette famille de polynômes orthogonaux.Motivations physiquesLes motivations initiales de cette théorie étaient la compréhension des développementstopologiques utilisés par 't Hooft [tH74] dans le cadre de la Chromo-Dynamique Quantique.Cependant, la richesse combinatoire des intégrales matricielles les a rendu très populairedans les années 80 notamment dans l'étude des métriques deux dimensionnelles aléatoires. Leproblème est que l'espace des métriques planaires est un espace bien trop grand pour pouvoirchercher directement dessus une mesure raisonnable. Une idée est de discrétiser ces métriques.Les cartes sont des candidats à cette discétisation. On pourra par exemple décider de munirla carte de la distance venant du graphe en mettant une longueur 1 à toutes les arêtes. Cetteidée que l'on pouvait regarder les cartes comme des discretisations de métriques continues aen particulier été développée dans [ADF85], [KKM85].Citons en particulier deux domaines où ces surfaces aléatoires interviennent. En gravitéquantique 2D (voir le livre de DiFrancesco, Ginsparg et Zinn-Justin [DFGZJ95]) où on rem-place l'espace dans lequel vivent les particules par un espace aléatoire planaire : on quanti�esur l'espace. La théorie des cordes est un autre domaine où l'on souhaiterait sommer sur toutesles métriques possibles. De même que la trajectoire d'une particule ponctuelle est représentéepar un objet uni-dimensionnel, la trajectoire d'une corde est de manière naturelle une surface.



20 CHAPITRE 1. INTRODUCTION1.1.3 Modèles multi-matriciels et cartes coloréesCombinatoire des cartes coloréesLe problème se complique lorsqu'en plus de simplement compter les géométries possiblesnous rajoutons de la �matière�. Ce cas se pose typiquement en physique statistique sur graphealéatoire. Le premier exemple est celui du modèle d'Ising. On aimerait répondre à des ques-tions du type �Combien y a t-il de cartes planaires à n sommets de valence 4 munis d'unedistribution de spin {+,−} sur les sommets et tel qu'il y ait r arêtes reliant un spin + à unspin − ?�

PSfrag replacements
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Fig. 1.9 � Con�guration d'Ising sur une partie de graphe planaire.Nous suivrons les idées introduite par Itzykson et Zuber [IZ80] pour répondre à cettequestion. Nous aurons recours à une astuce consistant à considérer des énumérations de cartesà arêtes colorées. Dans ce cadre plus général, les demi-arêtes des étoiles seront aussi colorées.Du coté du modèle matriciel, nous serons amené à considérer plusieurs matrices. On choisitune matrice A correspondant au spin + et une matrice B correspondant au spin −. Nousregarderons des graphes ayant 3 types d'étoiles :1. Les sites portant un spin + seront représentés par une étoile à 4 demi-arêtes de couleurnoire et nous dirons que c'est une étoile de type A4.2. De même des étoiles de valence 4 à demi-arêtes blanches (lignes discontinue sur le dessin)appelées étoiles de type B4 représenteront les sites portant un spin −.3. En�n pour représenter les interfaces entre les deux spins, nous utiliserons des étoiles devalence 2 à une demi-arête de couleur noire et une de couleur blanche. Nous dirons queces étoiles sont de type AB.Nous avons représenté dans la �gure 2.5.4 une con�guration illustrant ce codage.



1.1. CONTEXTE 21Les quantités qui nous intéressent ici sont donc
Mg

k,l,r = Card{ Cartes de genre g à k étoiles de type A4, l étoiles de type B4et r étoiles de type AB

}

Mg(t, u, c) =
∑

k,l,t∈N

(−t)k

k!

(−u)l

l!

cr

r!
Mg

k,l,r.Notons que cette série ne compte pas réellement les graphes d'Ising tel qu'on le souhaiteraitpuisque des étoiles de valence 2 peuvent être liées entre elles mais quitte à resommer sur lenombre de paires de telles liaisons, on peut se ramener à la véritable énumération via unsimple changement de variable. Précisément, Mg((1− c2)2t, (1− c2)2u, c) énumère les graphesd'Ising comme on le souhaite puisque le coe�cient de (−t)k(−u)lcr compte les cartes à k + létoiles de valence 4 munis d'un distribution de k spins + et l spins − telles que r arêtes relientun spin + à un spin −.Le modèle matriciel qui va être relié à cette énumération s'obtient très facilement à partirdu modèle combinatoire. Les étoiles de type A4 donnent un poids−t, celles de type B4 un poids
−u et celles de type AB un poids c ; le potentiel correspondant est donc V = tA4+uB4−cAB.Au niveau des séries formelles, il est possible de prouver l'identité :

F N
V :=

1

N2
ln

∫

HN (C)2
e−NTr(tA4+uB4−cAB)dµN(A)dµN(B) =

∑

g∈N

1

N−2g
Mg(t, u, c).Ici, la mesure sur A et B est donc un produit de loi du GUE perturbé par un potentielcorrespondant au modèle que l'on désire étudier. À nouveau ici il s'agit d'une identité deséries formelles en les variables t, u, c.Expliquons les étapes essentielles pour prouver une telle égalité. Comme dans le modèle àune matrice, nous développons l'exponentiel et il faut alors évaluer des espérances de produitsde traces : ∫

HN (C)2
tkTr(A4)kulTr(B4)kcrTr(AB)rdµN(A)dµN(B).Ici le calcul de Wick s'applique toujours et pour compter ces termes il su�t de compterà nouveau les appariements. Cependant désormais un appariement aura une contributionuniquement si les variables A et B ne sont jamais reliées. Il su�t donc de demander à ce queles appariements d'étoiles ne relient que les demi-arêtes de la même couleur. Les changementsde couleurs auront donc seulement lieu en les étoiles de type AB et nous obtenons bienl'énumération recherchée.Analyse des modèles multi-matriciels du type IsingCertains de ces modèles de physique statistique sur graphes aléatoires peuvent donc êtrereprésentés par un modèle matriciel. Le problème qui se pose alors est celui de l'analysedu modèle et c'est là que les choses se compliquent. On ne peut plus réduire la loi sur lesmatrices à une loi sur leurs valeurs propres uniquement ; la matrice de passage entre les bases



22 CHAPITRE 1. INTRODUCTIONde diagonalisation des matrices intervient car le modèle n'est pas invariant par conjugaisond'une des deux matrices par une unitaire. Une idée introduite par Itzykson et Zuber dans[IZ80] et devenue très populaire est précisément d'e�ectuer séparément l'intégration sur lavariable angulaire et l'intégration sur les valeurs propres des deux matrices. Si nous regardonsun modèle de type Ising, c'est à dire avec un potentiel de la forme V = V1(A)+V2(B)− cAB,alors,
ZN

V :=

∫

HN (C)2
e−NTr(V1(A)+V2(B)−cAB)dµN(A)dµN(B)

=

∫

L∈Rn,M∈Rn

IZ c(L, M)∆(L)2∆(M)2e−NTrV1(L)e−NTrV1(M)dNLdNMoù IZ est l'intégrale d'Itzykson-Zuber qui prend en charge la di�érence de base de diagonali-sation pour les deux matrices :IZ c(A, B) =

∫

UN (C)

ecNTr(U∗AUB)dmN(U)où m est la mesure de Haar sur UN (C). Modulo ce terme, l'intégrale se réduit, comme dans lecas à une matrice, à une intégrale sur l'espace des valeurs propres avec l'apparition de carrésde déterminants de Vandermonde.La di�culté ici est donc l'analyse de IZ . Notons que cette intégrale est invariante parconjugaison de A ou B par une unitaire, nous pouvons donc supposer ces deux matricesdiagonales. Ce qui est remarquable, c'est que l'on peut la réexprimer via une expressionsimple et explicite. Dans [IZ80], utilisant une technique du noyau de la chaleur, les auteursprouvent que si A = Diag (a1, . . . , aN) et B = Diag (b1, . . . , bN ) sont des matrices diagonalessans valeurs propres doubles : IZ c(A, B) =
det ecNaibj

c
N(N−1)

2 ∆(A)∆(B)
.L'intégrale peut donc se réécrire de manière exacte comme une somme de ses valeurs en sespoints critiques. Cette formule avait été auparavant prouvée de manière indépendante dansun cadre plus abstrait par Harish-Chandra dans [HC57], ce pourquoi elle est aussi appeléeintégrale de Harish-Chandra ou intégrale de Harish-Chandra-Itzykson-Zuber. On trouve dans[ZJZ03] une étude des di�érentes méthodes pour prouver cette identité.Cependant, a�n d'extraire le terme correspondant aux graphes planaires de l'intégralematricielle il faut pouvoir comprendre la limite en N grand de l'énergie libre et donc de IZ .Ce problème semble beaucoup plus ardu et est loin aujourd'hui encore d'être maîtrisé.Revenons au premier ordre du modèle d'Ising :

F 0
tA4+tB4−cAB := lim

N

1

N2
ln

∫

HN (C)2
e−NTr(tA4+tB4−cAB)dµN(A)dµN(B)En analysant à l'aide du développement en caractère IZ , les auteurs de [IZ80] trouvent lespremiers termes du développement de F 0 en c. Ultérieurement, Mehta [Meh81], en utilisant



1.1. CONTEXTE 23les polynômes orthogonaux, trouve une expression explicite pour F 0 encore simpli�ée parKazakov [Kaz86] :
F 0

tA4+tB4−cAB =
1

2
ln

t

g(t)
+

t2

2g2(t)

(
t − 1

2(3t − 1)3
+ c2 t + 1

4(3t − 1)
+

c4

32
(3t4 − 3t2 + 1)

)

− t

g(t)
(

1

3t − 1
+

c2

4
(1 − t2)) +

1

2
ln(1 − c2

4
) +

3

4avec
g(t) =

t

(1 − 3t)2
− c2t + 3c2t3

4
. (1.4)Autres modèles multi-matricielsL'étude des modèles de physique statistique sur graphes aléatoires ne se limite pas aumodèle d'Ising mais se généralise aisément à de nombreux autres modèles. Pour illustrer larichesse des possibilités, citons en particulier le modèle de Potts qui est un modèle où au lieu depouvoir être dans deux états di�érents comme dans le modèle d'Ising, les sites peuvent prendre

q couleurs di�érentes. Cette combinatoire est traduite en modèle matriciel en regardant unmodèle à q + 1 matrices. Chaque couleur sera représentée par une matrice (Bk)16k6q et nousconsidérerons une matrice A supplémentaire qui codera l'interface entre les clusters colorés.Ainsi, nous choisirons un potentiel du type V =
∑

i Pi(Bi)+P (A)+c
∑

i ABi n'autorisant deschangements de couleurs qu'entre l'un des Bi et un site représentant l'interface. Ce modèleintroduit par Kazakov [Kaz88] est étudié dans [ZJ00], [EB99].Un autre modèle populaire est le modèle O(n) qui étudie les énumérations de bouclescolorées sur une surface. On se donnera encore une matrice A qui sert à construire la carte etpour chaque couleur une matrice (Bi)16i6n. Le potentiel étudié est alors de la forme V (A) +∑
i B

2
i A ce qui empêche les clusters de couleur i de brancher et les oblige donc à former desboucles. Ce modèle introduit par Kostov [Kos89] est étudié par exemple dans [EK95].Des modèles très di�érents ont été abordés à l'aide de ces techniques. Citons par exempleles travaux de Zinn-Justin et Zuber sur l'énumération des noeuds [ZJZ02] ou l'énumérationde cartes selon les degrés des étoiles et des faces simultanément dans l'article de Kazakov,Staudacher, et Wynter [KSW96] et étudié plus récemment par Guionnet et Maïda [GM05b].Grâce à leur géométrie plus souple et à la réduction sous forme de modèle matriciel, ilarrive que ces modèles soient plus faciles à étudier sur graphes aléatoires que dans le réseau

Z
2. Un fait remarquable est que si la structure euclidienne et la structure aléatoire ont peu encommun, en 1988 Knizhnik, Polyakov et Zamolodchikov [KPZ88] ont proposé une conjecturequi décrit une formule, appelée depuis KPZ, qui relie des exposants critiques sur graphealéatoire à leur analogue sur graphe euclidien. C'est une motivation supplémentaire pourl'étude des modèles de matrices. Les travaux de Duplantier [Dup06],[Dup04] donnent desexemples d'utilisation de cette mystérieuse relation. Notamment grâce au travail de Lawler,Schramm et Werner sur le SLE, il est désormais possible de calculer rigoureusement desexposants critiques dans le plan (par exemple [LW99] et la série initiée par [LSW01]). Lorsqu'ilest possible de les comparer ces résultats coïncident à ceux trouvés en utilisant les modèles



24 CHAPITRE 1. INTRODUCTIONmatriciels et KPZ. Cependant il semble qu'il n'existe pour l'heure pas de compréhensionmathématique de cette formule.1.1.4 Approches récentesAu cours des années 90, le sujet n'a cessé de se populariser notamment avec l'apportde nombreux travaux venant de divers secteurs des mathématiques. Nous allons évoquerquelques-unes des approches qui ont été essayées pour gagner une meilleure compréhensionde ces phénomènes.Convergence des modèles à une matriceLorsqu'on cesse d'identi�er a priori le modèle matriciel à sa série formelle de nouvellesquestions surgissent. La simple question de savoir si le modèle admet une limite est loin d'êtretriviale.Les premières avancées ne sont pas liées à l'aspect combinatoire mais s'intéressent plutôtà ces modèles matriciels pour eux-mêmes et prouvent divers résultats de convergences. Onremarquera que les deux résultats qui suivent vont non-seulement au delà de l'identi�cationformelle mais aussi au-delà d'un résultat perturbatif qui ne s'appliquerait que pour de petitsparamètres. Ici le potentiel V pourra être choisi hors d'un voisinage du potentiel quadratique
x2/2.Dans le cadre des modèles à une matrice, il existe des résultats très précis pour la conver-gence du premier ordre. Plus particulièrement la quantité à laquelle nous nous intéressons iciest la mesure empirique des valeurs propres. Soit W : R → R+ un potentiel, nous regardonsla mesure sur HN (C) de densité :

dµN
W (A) =

1

ZN
W

e−NTrW (A)dN(A)avec
ZN

W =

∫

HN (C)

e−NTrW (A)dN(A)la constante de normalisation. Pour faire le lien avec ce qui précède, W joue ici le rôle de
V (x) + x2/2Il faudra bien sûr exiger que W véri�e au moins des conditions de croissance à l'in�ni pourque ZN

W soit �nie et que la dé�nition de µN
W ait un sens. L'enjeu est de comprendre le compor-tement de µ̂N , la mesure empirique des valeurs propres sous cette mesure lorsque N tend versl'in�ni. En 1997, Ben Arous et Guionnet [BAG97] prouvent un résultat de grandes déviationspour cette convergence. [Ben Arous-Guionnet] Soit W (x) une fonction sur R di�érentiablequi tend vers l'in�ni avec |x| su�samment (mais pas trop) vite :

lim sup
δ→0

lim sup
|x|→+∞

sup
|y|<δ

∣∣∣∣
W ′(x + y)

W (x)

∣∣∣∣ < +∞.



1.1. CONTEXTE 25Soient Σ et IW les fonctionelles dé�nies sur l'espace des mesures de probabilités sur R par :
Σ(µ) =

∫ ∫
ln |x − y|dµ(x)dµ(y)

IW (µ) = (µ(W ) − Σ(µ)) − inf
ν

(ν(W ) − Σ(ν)).Alors µ̂N satisfait un principe de grandes déviations de bonne fonction de taux IW . De plus,
IW atteint son minimum en une unique mesure de probabilité σW caractérisée par1.

W (x) −
∫

ln |x − y|dµ(y) = inf
ν

(ν(W ) − Σ(ν)) σW p.p.2. Pour tout x, sauf sur un ensemble de capacité logarithmique nulle (voir [BAG97] pourla dé�nition)
W (x) −

∫
ln |x − y|dµ(y) > inf

ν
(ν(W ) − Σ(ν))On notera en particulier que ce théorème s'applique dans le cas où W est un polynôme tendantvers +∞ en l'in�ni, ce qui est important dans le cadre des interprétations combinatoires.L'année suivante Johansson prouve dans [Joh98] un Théorème Central Limite pour lamesure empirique. [Johansson] Soit W un polynôme tel que le support de σW dé�ni dans lethéorème précédent soit un intervalle compact [a, b]. Pour tout polynôme réel P , sous la mesure

µN
W , N(µ̂N (P )− σW (P )) tend en loi vers une gaussienne N (0, σ2(P )). De plus la fonction decovariance σ2(.) a une description simple. Si les T̃n sont les polynômes de Tchebychev modi�és :

T̃n

(
(b − a)x

2
+

a + b

2

)
= Tn(x)avec Tn la suite des polynômes de Tchebychev, alors pour tout m, n > 1,

σ2(T̃n, T̃m) =
n1n=m

4
.Ce résultat est remarquable par son universalité, la covariance des �uctuations ne dépend dupotentiel que via une famille à deux paramètres. Brézin et Zee [BZ93] avaient prédit une telleuniversalité, nous y reviendrons dans les conclusions de cette introduction.Autour de l'intégrale d'Itzykson-ZuberAprès ces résultats précis sur l'intégrale à une matrice, le dé� suivant fut la compréhen-sion de l'intégrale d'Itzykson-Zuber qui permet l'étude des modèles les plus importants enphysique statistique sur graphes aléatoires. Pour un aperçu des résultats sur cette intégralenous recommandons en particulier la lecture de [ZJZ03].Plus précisément l'enjeu est de comprendre

I(µA, µB) := lim
N

1

N2
ln

∫

UN (C)

eNTrU∗AN UBN

dm(U)



26 CHAPITRE 1. INTRODUCTIONoù AN (respectivement BN ) est une suite de matrices diagonales dont la mesure empiriquedes valeurs propres tend vers µA (resp. µB). L'existence même de cette limite est un problèmetrès ardu.En 1994, Matystin dans [Mat94] relie au moyen d'une dérivation formelle cette intégraleaux solutions complexes de l'équation de Hopf :
∂

∂t
f + f

∂

∂x
f = 0pour f(x, t) satisfaisant les conditions au bord

=mf(x, 0) =
dµA(x)

dx

=mf(x, 1) =
dµB(x)

dx
.Le premier résultat précis et rigoureux est obtenu en 2002 par Guionnet et Zeitouni [GZ02].Les auteurs relient la limite de l'intégrale de Itzykson-Zuber à la fonction de taux du mou-vement brownien hermitien à condition initiale déterministe. Plus précisément soit XN (t) ladi�usion dé�nie sur HN (C) par

XN(0) = A

dXN(t) = dHN(t)où HN est le mouvement brownien hermitien :
{
√

NHN(ii),
√

2N<eHN(ij),
√

2N=mHN(ij)}i<jest une famille de mouvements browniens indépendants. La preuve centrale de l'article [GZ02]montre que si AN est uniforméméent bornée, {t → µ̂N
XN (t)|t ∈ [0, 1]} satisfait un principe degrande déviation de fonction de taux J(µA, .). De là, les auteurs dérivent l'asymptotique deIZ : [Guionnet-Zeitouni] Supposons que la suite de matrice AN soit uniformément bornée en

N et que supN µ̂N
BN (x2) < +∞ alors si AN (respectivement BN ) est une suite de matricesdiagonales dont la mesure empirique des valeurs propres tend vers µA (resp. µB)

I(µA, µB) = −J(µA, µB) + Ix2

2

− 1

2
µA(x2).où Ix2

2

est dé�nie dans l'énoncé du Théorème 1.1.5. Ce résultat est exploité par Guionnet dans[Gui04] pour donner le comportement asymptotique au premier ordre du modèle d'Ising, dumodèle de Potts ainsi que d'autres modèles multimatriciels où l'interaction entre les matricesest aussi quadratique.Une autre piste suivie a�n de comprendre l'intégrale d'Itzykson-Zuber est de faire undéveloppement de l'intégrale en c :
∫

UN (C)

eNcTrU∗AN UBN

dm(U)



1.1. CONTEXTE 27puis de chercher la limite des coe�cients de la série obtenue. Utilisant les travaux de Wein-garten [Wei78] sur les limites d'intégrales sur le groupe unitaire, Collins prouva en 2002 dans[Col03] que la limite coe�cient par coe�cient de la série formelle en c existe et possède uneinterprétation diagrammatique. Cette interprétation combinatoire que l'on ne détaillera pasici est retrouvée par Zinn-Justin et Zuber [ZJZ03]. Les auteurs y utilisent une transformationde IZ qui remplace l'intégration le long de la mesure de Haar par une intégration le long dematrices gaussiennes complexes. Le quatrième article sur lequel j'ai travaillé pendant ma thèseen collaboration avec Benoît Collins et Alice Guionnet a pour application l'étude d'intégralesunitaires dont IZ fait partie. En particulier, nous proposons une interprétation combinatoirede ce type d'intégrale. Ces résultats seront exposés plus en détails dans la section 1.2.6.Probabilités libresUn autre domaine où l'interprétation combinatoire de mesures de probabilités est impor-tant est celui des probabilités libres (voir [VDN92], [Voi00] pour une introduction). En 1991,Voiculescu prouva dans [Voi91] un analogue du théorème de Wigner dans le cadre multi-matriciel. Rappelons que le théorème de Wigner (Théorème 1.1.1) peut s'énoncer comme laconvergence du p-ième moment d'une matrice vers M(Xp) le nombre de cartes planaires surune étoile à p demi-arêtes. Le théorème de Voiculescu peut-être reformulé de la manière sui-vante : [Voiculescu] Soient XN
1 ,. . .,XN

m , m suites de matrices aléatoires indépendantes véri�antchacune les hypothèses du théorème de Wigner. Pour tout entier p, pour tout i1,. . .,ip dans
{1, , . . . , m},

1

N
Tr(XN

i1 . . .XN
ip ) → M(Xi1 . . .Xip)où M(Xi1 . . .Xip) est le nombre de cartes colorées planaires que l'on peut construire sur uneétoile de valence p dont les demi-arêtes sont respectivement de couleur i1,. . .,ip. La �gure 1.10montre un exemple e�ectif de calcul d'un moment non-commutatif. Ce théorème permet ainsi

PSfrag replacements

?
=

Fig. 1.10 � limN N−1Tr(A2BA4B) = 2de calculer n'importe quel moment non-commutatif de manière aisée. Cette reformulationdu théorème en terme de cartes s'inspire des travaux de Nica et Speicher [NS06] qui ont



28 CHAPITRE 1. INTRODUCTIONdeveloppé toute une technologie de reformulation des probabilités libres notamment au traversde l'étude des cumulants, en terme de combinatoire de partitions non-croisées. Ces techniquesont notamment été utilisées dans une récente série d'articles par Mingo, Speicher, Sniady etCollins [MS06b], [M�S07], [CM�S07] pour comprendre la limite et les �uctuations d'autresmodèles de matrices aléatoires de manière combinatoire.CombinatoireSi nous nous sommes surtout concentrés jusqu'ici sur l'étude des énumérations combina-toires via les modèles matriciels qui fournissent quantités d'outils d'analyse, ces problèmespeuvent aussi être attaqués de manière purement combinatoire. Dans le domaine des cartesmonocolores Bender et Can�eld [BC94] ont ainsi obtenu des équations algébriques pour lescartes à étoiles énumérées selon le nombre d'arêtes et ayant des étoiles de type prescrit.Le cas emblématique du modèle d'Ising sur carte planaire de valence 4 a été étudié parBousquet-Melou et Schae�er [BMS02]. Ainsi ils parviennent à retrouver le résultat prouvépar Mehta [Meh81]. La stratégie adoptée par les auteurs est ici de construire une bijectionexplicite entre les cartes du modèle d'Ising et des familles d'arbres pour lesquelles il est plusfacile d'obtenir des équations algébriques sur les séries génératrices.Équation de bouclesL'idée des équations de boucles aussi appelées équations de Schwinger-Dyson est d'opérerune modi�cation in�nitésimale dans le modèle pour faire apparaître des familles d'équationsalgébriques entre les observables. Comme ces techniques sont une partie importante de cettethèse nous les décrirons plus en détail dans la partie 1.2.2.Cette technique est utilisée dès l'origine du domaine (même si elle ne porte pas encorece nom) dans [BIPZ78]. Elle est devenue très populaire en gravité quantique [DFGZJ95].Ambjørn, Durhuus et Fröhlich [ACKM93], ont montré qu'elles pouvaient être utilisées pourcalculer récursivement tous les ordres des observables des modèles matriciels. Des techniquesproches ont permis à Albeverio, Pastur et Shcherbina [ASM01] de donner le développementen genre de la transformée de Hilbert de la mesure empirique moyenne.Les équations de boucles ont été généralisées aux modèles multi-matriciels par Staudacher[Sta93]. Eynard a beaucoup développé cet outil. Il montre notamment comment calculerrécursivement les observables des modèles de type Ising [Eyn03a] à partir des équations deboucles. Dans un travail avec Kokotov et Korotkin [EKK05], il calcule de manière explicitela première correction à l'énergie libre. En�n, dans une récente série d'articles écrits avecChekhov et Orantin [CEO06, EO05, EO07], les auteurs développent une théorie associant aumodèle matriciel une courbe complexe qui contient toute l'information puisque les obervablesà tous les ordres peuvent se lire comme des invariants de cette courbe.



1.1. CONTEXTE 29Polynômes orthogonaux et technique de Riemann-HilbertRappelons que la fonction de partition du modèle matriciel à une matrice, de potentiel Vpeut se réécrire explicitement en terme de polynômes orthogonaux :
ZN

V = cNN !
N−1∏

j=0

∫

RN

(hN
j (x))2e−N(V (x)+ x2

2
)dxoù hN

j est le j-ième polynôme orthogonal par rapport à la mesure exp(−NV (x)) et de coe�-cient directeur xj . L'analyse des polynômes orthogonaux s'est développée dans les années 90avec l'utilisation des techniques de Riemann-Hilbert. On pourra consulter [Dei99] pour uneintroduction et des applications de ces techniques. Un problème de Riemann-Hilbert est ladonnée1. d'un ensemble Σ de courbes lisses orientées de C s'intersectant de manière transverse eten un nombre �ni de points2. d'une application lisse v : Σ → GLN(C) qui si Σ est non borné tend rapidement versl'identité à l'in�ni.Le problème est alors de trouver une application m : C → MN(C) telle que1. m est analytique sur C − Σ,2. m(z) ∼z→+∞ I3. Les discontinuités de m lorsqu'on franchit une composante de Σ sont décrites par v dela manière suivante :
m+(z) = v(z)m−(z)où m+ (resp. m−) est la valeur de m à gauche (resp. à droite) de Σ, ce qui a un senscar les contours sont orientés.Le lien avec les polynômes orthogonaux se fait en choisissant Σ = R, n = 2 et

v(z) =

(
1 w(z)
0 1

)
.Alors si Y j est une solution du problème de Riemann-Hilbert correspondant où l'on a modi�éla deuxième condition portant sur l'asymptotique en :

Y j(z) =z→+∞

(
I + O(

1

z
)

)(
zj 0
0 z−j

)
.alors Y j

11(z) est le j-ième polynôme orthogonal par rapport à la mesure de densité w(z)dz (icipour déterminer de manière unique la famille des polynômes orthogonaux nous imposeronsau j-ième d'avoir comme terme de plus haut degré zj).La stratégie adoptée est, après transformation du problème de matrices aléatoires en unproblème de Riemann-Hilbert, de modi�er ce dernier en déformant le contour pour le rendreplus simple à résoudre. Ces idées ont été mises en oeuvre avec succès, permettant notamment



30 CHAPITRE 1. INTRODUCTIONde prouver des phénomènes d'universalité dans l'espacement des valeurs propres des matricesaléatoires.Pour les liens avec la combinatoire, le premier résultat liant les modèles de matrices et lesénumérations de cartes a été obtenu en utilisant ces techniques par Ercolani et McLaughin[EM03]. [Ercolani-McLaughlin] Soit V (x) = t2pX
2p +

∑2p−1
i=1 tix

i un polynôme à coe�cientdominant positif et pair. Pour tout g entier, il existe ε > 0 tel que si max16i62p |ti| < εet max16i62p−1 |ti| < εt2p alors l'énergie libre du système converge et est égale à la sériecombinatoire :
F N

V =
1

N2
ln

∫

HN (C)

e−NTrV (A)dµN(A) =
∑

k∈N2p,h6g

1

N2h

∏

i

(−ti)
kiki!Mh

k + o(
1

N2g
)où Mh

k est le nombre de cartes de genre h avec exactement ki étoiles de valence i. Une largepartie de ma thèse a été consacrée à généraliser ce résultat au cadre des modèles à plusieursmatrices. La di�culté est que, mis à part le cas des modèles à une matrice et dans une moindremesure des modèles du type Ising [BEH02], la méthode des polynômes orthogonaux ne peutfonctionner comme dans cet article. Les méthodes que nous avons utilisées sont donc trèsdi�érentes.



1.2. RÉSULTATS 311.2 RésultatsLe but de cette partie est de décrire les résultats obtenus dans les quatre articles écritspendant cette thèse. Ces articles étant joints à cette introduction nous n'en donnerons qu'unbref aperçu en soulignant les outils essentiels ainsi que les di�cultés particulières rencontrées.1.2.1 Présentation du modèle et notationsMoments non-commutatifs et états traciauxUn cadre adéquat pour présenter les relations entre modèles matriciels et combinatoireest celui des probabilités non-commutatives. S'il est en e�et naturel de décrire la limite d'unmodèle de plusieurs matrices comme un espace de probabilités non-commutatives (voir parexemple [Voi00]). Nous allons essayer de montrer que ces espaces sont aussi remarquablementadaptés pour parler de la combinatoire des cartes colorées. Nous allons essayer de souligner cedernier point en introduisant simultanément la combinatoire et ces espaces non-commutatifs.SoitHN(C) l'ensemble des matrices hermitiennes de taille N×N . Dans toute la suite, nousnous �xerons un entier m qui est le nombre de matrices de notre modèle. On considérera danscette partie des m-uplets de matrices aléatoires hermitiennes A = (A1, · · · , Am). Les modèlesque l'on étudiera sont invariants si nous conjuguons toutes les matrices par une matriceunitaire donnée. Dans le cas d'un modèle à une matrice toute la donnée est alors contenuedans la connaissance de la distribution des valeurs propres que l'on peut par exemple étudiervia ses moments. Dans le cadre multi-matriciel, l'�angle� (c'est à dire le fait qu'elles ne sediagonalisent pas dans une même base) entre les matrices intervient. C'est pourquoi nousnous intéresserons plutôt à la distribution des moments non-commutatifs de ces matrices. Onnote C〈X1, · · · , Xm〉 l'algèbre des polynômes non-commutatifs à coe�cients complexes en lesvariables X1,. . .,Xm, c'est à dire les combinaisons linéaires complexes de monômes qui sontdes mots en X1,. . .,Xm. Cette algèbre est munie de l'opérateur de conjugaison dé�ni sur lesmonômes par :
(λXi1 . . . Xip)

∗ = λ̄Xip . . .Xi1pour tout λ complexe et ij dans {1, . . . , m}. Un monôme Xi1 . . .Xip peut-être à la fois vucomme un moment non-commutatif mais aussi comme le voisinage marqué du sommet d'ungraphe à arêtes colorées plongé dans une surface compacte orientée.Appelons étoile un tel voisinage de sommet. Une étoile est déterminée par la valence dusommet, l'orientation de la surface, la couleur de chacune des arêtes qui en sort et une marquesur l'un de ces germes d'arêtes. Pour construire l'arête associée au monôme Xi1 . . .Xip, traçons
p germes d'arêtes ou �demi-arêtes�. Nous marquerons la première et nous lui donnerons lacouleur i1 puis en tournant dans le sens horaire autour du sommet nous colorierons la deuxièmede couleur i2 et ainsi de suite jusqu'à la p-ième que nous colorierons couleur ip. La �gure 2.1dans la partie 2 illustre comment passer des monômes aux étoiles. Il est immédiat qu'on aconstruit là une bijection entre monômes non-commutatifs et étoiles marquées. La conjugaisonagit sur une étoile en prenant son image dans un miroir. Changer la marque de place revientsur un monôme à e�ectuer une permutation circulaire des variables.



32 CHAPITRE 1. INTRODUCTIONOn appelle état tracial une forme linéaire τ sur C〈X1, · · · , Xm〉 qui véri�e les propriétés :
τ(1) = 1, ∀P, Q, τ(PQ) = τ(QP ), ∀P, τ(PP ∗) ≥ 0.C'est la généralisation naturelle de la fonction qui donne les moments d'une mesure dans uncadre non-commutatif. Par analogie avec le cas à une variable nous dirons qu'un état tracial

τ est à support borné s'il existe R > 0 tel que pour tout monôme P ,
∀P, |τ(P )| 6 Rdeg P .On appellera la borne inférieure des R véri�ant cette famille d'inégalités le rayon du support.L'objet qui nous intéresse est la distribution de notre m-uplet de matrices aléatoires

µ̂N :
C〈X1, · · · , Xm〉 → C

P → 1
N
TrP (A) := 1

N
TrP (A1, · · · , Am).C'est une variable aléatoire à valeur dans l'espace des états traciaux. On s'intéressera plusparticulièrement à sa limite lorsque N devient grand.Dérivées non-commutativesOn dé�nit sur notre espace de polynômes deux notions de dérivées. Elles apparaissent demanière naturelle si on dérive un produit de matrices. C'est pour cette raison que la dérivéecyclique fut introduite pour la première fois par Rota, Sagan et Stein [RSS80]. Les dérivéesnon-commutatives ont été très utilisées par Voiculescu dans sa série de 6 papiers initiés par[Voi93] dans le but de dé�nir un analogue de l'entropie dans un cadre non-commutatif.Pour 1 6 i 6 m, la dérivée non-commutative ∂i est un opérateur linéaire de C〈X1, · · · , Xm〉dans C〈X1, · · · , Xm〉⊗2 dé�ni par la règle de Leibniz :

∂iPQ = ∂iP (1 ⊗ Q) + (P ⊗ 1)∂iQet pour une variable ∂iXj = 1i=j1⊗1. Si P est un monôme, on peut écrire directement l'actionde cette dérivée :
∂iP =

∑

P=RXiS

R ⊗ Soù la somme porte sur toutes les décompositions du monôme P en RXiS. Cette dé�nitionvient naturellement lorsqu'on cherche à dériver un produit de matrices hermitiennes. Si nousidenti�ons de manière canonique HN (C) à RN2 alors pour P un monôme,
(

∂

∂<eAk(ij)
+
√
−1

∂

∂=mAk(ij)

)
P (A)ij =

∑

P=RXiS

R(A)(ii)S(A)(jj)On peut voir aussi l'action de cette dérivée graphiquement sur les étoiles. Si nous représentons
R⊗ S par deux étoiles : une de type R, une de type S collées en leur sommet et séparées parune boucle sur le sommet qui entoure R (ou S, ce qui est équivalent car topologiquement la
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PSfrag replacements 1

BAB2AB

=⇒ ++

AB

B2AB

ABAB2

B

Fig. 1.11 � ∂A(ABAB2AB) = 1 ⊗ BAB2AB + AB ⊗ B2AB + ABAB2 ⊗ Bseule chose importante est de séparer les deux étoiles) alors cette dérivée consiste à rajouterà une étoile P de toutes les manières possibles une boucle de couleur i partant à gauche de lademi-arête marquée et se recollant sur une autre demi-arête de couleur i. Plus important pourla suite, remplacer XiP par ∂iP consiste à relier de toutes les manières possibles la premièrevariable Xi à une autre demi-arête de couleur i (voir la �gure 1.11).On introduit aussi une seconde dérivée, appelée dérivée cyclique qui est un opérateurlinéaire sur C〈X1, · · · , Xm〉 et dé�ni par Di = mult ◦t ◦∂i avec t l'opérateur de transposition((a ⊗ b)t = b ⊗ a) et mult celui de multiplication (mult(a ⊗ b) = ab). Comme précédemmentnous pouvons écrire l'action de cette dérivée sur les monômes :
DiP =

∑

P=RXiS

SRet en donner une interprétation combinatoire : si nous remplaçons l'étoile XiP par l'étoile
DiPQ cela revient à considérer toutes les manières de relier la demi-arête marquée de XiPà une demi-arête de Q de la même couleur et de contracter l'arête ainsi formée (voir �gure1.12). Cette dérivée apparaît naturellement lorsqu'on cherche à dériver des traces de produit

PSfrag replacements
A(ABAB2AB)

AB2AB

ABAB2AB3AB ABAB2AB2AB2Fig. 1.12 � (ABAB2AB)DA(AB2AB) = ABAB2AB3AB + ABAB2AB2AB2



34 CHAPITRE 1. INTRODUCTIONde matrices : pour P en monôme en des matrices hermitiennes :
(

∂

∂<eAk(ij)
+
√
−1

∂

∂=mAk(ij)

)TrP (A) = (DkP )(A)(ij).Le modèle matricielLe modèle qui nous intéresse ici est une petite perturbation du GUE. On choisit les matricesselon la loi :
dµN

V (A1, . . . , Am) =
1

ZN
V

e−NTrV (A)dµN(A)où V est un polynôme non-commutatif et ZN
V =

∫
e−NTrV (A)dµN(A) est la constante denormalisation. A priori, rien ne dit que ceci dé�nisse une mesure de probabilité car il y a deuxobstacles. La premiere est d'assurer que la densité dé�nie ainsi est bien réelle. Si TrV (A) esttout le temps réel, nous pouvons supposer, quitte à le remplacer par 1/2(V + V ∗), sans pertede généralité que V est auto-adjoint (V = V ∗). Nous imposerons cette condition par la suite,ce qui entraîne immédiatement que pour tout m-uplet de matrices TrV (A) est réel. Le secondest que, si jamais V décroit trop vite à l'in�ni, alors ZN
V est in�nie. Par exemple, le potentiel

V = tX3 rend l'intégrale dé�nissant ZN
V divergente. Pour obliger V à bien se comporter àl'in�ni, nous demanderons une condition de stricte convexité. On peut aussi tirer parti dufait que V vient s'ajouter au potentiel X2

2
qui est déjà convexe. On dé�nit donc la notion de

c-convexité pour c > 0 : on dit que V est c-convexe si V est auto-adjoint et pour tout N lafonction
HN(C)m → R

A → Tr[V (A) + 1−c
2

∑
i A

2
i ]a une Hessienne positive. Cette condition assure que notre densité est bornée supérieurementpar une densité gaussienne, ce qui implique la convergence de l'intégrale dé�nissant ZN

V . Grâceau lemme de Klein (voir [GZ02]) assurant la convexité de X → Trf(X)) pour f fonction réelleconvexe, on peut construire des exemples de polynômes véri�ant cette hypothèse :
V =

∑

i

Pi(
∑

j

αijXj) +
∑

k`

βk`XkX`avec des polynômes réels convexes Pi, des αij , βkl réels tels que pour tout l, ∑ |βkl| < 1 − c.Notons en particulier que les modèles du type Ising rentrent dans ce cadre.Finalement, nous demanderons à V d'être �petit�, pour cela nous nous �xerons des mo-nômes q1,. . ., qn et nous dé�nirons Vt =
∑n

i=1 tiqi. Les domaines sur lesquels nous regarderonsces intégrales seront de la forme :
Bη,c = {t = (t1, . . . , tn) ∈ C

n|Vt est c-convexe et pour tout i, |ti| < η}.Les quantités qui nous intéressent sont alors la fonction de partition ZN
V , l'énergie libre

F N
V et le comportement de la distribution empirique µ̂N et de sa moyenne µN :

µN(P ) = µN
V (µ̂N(P )) =

∫

HN (C)m

1

N
TrP (A)e−NTrV (A)dµN(A).



1.2. RÉSULTATS 35L'énergie libre et la distribution emirique sont liées par la relation :
∂

∂s

∣∣∣∣
s=0

F N
V +sP = −µN [P ].Ainsi, obtenir des résultats sur l'un donne des renseignements sur l'autre. Notre angle d'at-taque sera le plus souvent l'étude de la mesure pour déduire des informations sur l'énergielibre. Notons que toutes ces quantités dépendent de la famille de paramètres t mais, pouralléger les notations, nous ne les ferons pas �gurer.CombinatoireOn s'intéresse à l'énumération de cartes dans une surface donnée avec des étoiles de typedonné. Pour y parvenir, si Vt =

∑n
i=1 tiqi est un polynôme �xé avec qi des monômes, nousdé�nissons :

Mg(P ) =
∑

k∈N

n∏

i=1

(−ti)
ki

ki!
Mg

k(P )où Mg
k(P ) est le nombre de cartes dans une surface de genre g avec une étoile de type P eten plus pour tout i, ki étoiles de type qi étiquetées de 1 à ki. Remarquons qu'on peut aussireformuler cette série comme une énumération d'objets non-étiquetés :

Mg(P ) =
∑

k∈N

n∏

i=1

(−ti)
kiDg

k(P )où Dg
k(P ) est le nombre de cartes dans une surface de genre g avec une étoile de type Pqu'on désigne comme étant la racine et en plus, pour tout i, ki étoiles de type qi (cette foisindi�érentiables les unes des autres).L'étoile de type P sera appelée racine de la carte.1.2.2 Premier ordre, équation de Schwinger-DysonLe but de cette partie est d'expliquer le résultat principal de [GMS06] : Pour tout Vt =∑n

i=1 tiqi, c > 0, il existe η > 0 tel que si t est dans Bη,c,
lim
N

F N
V =

∑

k

(−t)k

k!
M0

koù M0
k est le nombre de cartes planaires avec pour tout i, ki étoiles de type qi étiquetées de

1 à ki.La première étape de notre stratégie est d'étudier la distribution empirique µ̂N plutôt quel'énergie libre. Comme nous l'avons vu les deux objets sont reliés et obtenir des informationssur la mesure permet après une simple intégration d'en obtenir sur l'énergie. Par ailleurs,il s'agit d'un objet a priori plus riche. En réalité, cette démarche est analogue à celle descombinatoriciens qui pour obtenir des résultats dans une série génératrice de cartes à étoiles



36 CHAPITRE 1. INTRODUCTIONde valence 4, considèrent la série plus générale où ces cartes sont enracinées en une étoile devalence arbitraire (voir la section 1.1.1).Le centre de notre étude est l'équation de Schwinger-Dyson qui va créer pour nous le lienentre combinatoire et intégrales matricielles. On dit qu'un état tracial τ satisfait SD[Vt] ,l'équation de Shwinger-Dyson de potentiel Vt si pour tout polynôme P et pour tout 1 6 i 6 m,
τ((Xi + DiVt)P ) = τ ⊗ τ(∂iP ).Cette équation possède de nombreuses interprétations. Nous verrons son lien avec les mo-dèles de matrices et avec la combinatoire. Son analogue unidimensionnelle est la recherched'une mesure de probabilité réelle τ ayant une transformée de Hilbert x + V ′(x) donnée. Lesprobabilités libres généralisent cette interprétation en la recherche d'un état tracial tel que lavariable conjuguée (notion introduite par Voiculescu dans [Voi98]) de Xi soit Xi + DiV .A�n de souligner l'importance de cette équation, nous allons développer trois de ces as-pects : son lien avec le modèle matriciel, son interprétation combinatoire et en�n ses propriétésen tant qu'équation sur l'espace des états traciaux.Schwinger-Dyson et modèles matricielsComme nous l'avons vu, les opérateurs de di�érentiation non-commutatifs ∂i et Di appa-raissent de manière naturelle lorsque l'on se met à di�erentier des fonctions de produits ettraces de matrices. Une simple intégration par parties montre ainsi que pour tout i,P ,

µN
V [µ̂N((Ai + DiV )P )] = µN

V [µ̂N ⊗ µ̂N(∂iP )].Cette équation est très proche de l'équation de Schwinger-Dyson. Ainsi si nous parvenions àintervertir dans le second terme l'espérance et le produit tensoriel :
µN

V [µ̂N ⊗ µ̂N(R ⊗ S)] = µN
V [µ̂N(R)]µN

V [µ̂N(S)]alors µN
V ◦ µ̂N = µN serait solution de l'équation Schwinger-Dyson. Cette interversion n'estpas possible pour N �ni. Cependant du fait du choix d'un potentiel convexe, notre mesurevéri�e une inégalité de Sobolev logarithmique (voir [ABC+00]) qui garantit des propriétésde concentration de la mesure. Ceci est su�sant pour assurer que l'interversion est vraieasymptotiquement : µ̂N(R) et µ̂N(S) sont su�samment proches de leur moyenne.Il devient ainsi possible de prouver que les points d'accumulation de µN satisfont l'équationSD[Vt] et, par concentration, c'est aussi le cas de ceux de µ̂N . En�n, la convexité de V assureaussi que µN est tendue et que ses points d'accumulation ont un support strictement borné.Schwinger-Dyson et combinatoireUn moyen alternatif au calcul de Wick pour voir émerger la combinatoire des modèlesmatriciels est de constater que l'équation de Schwinger-Dyson est exactement analogue aux



1.2. RÉSULTATS 37relations de Tutte pour l'énumération des cartes planaires (voir l'exemple que nous avonsdonné dans la section 1.1.1). Réécrivons cette équation :
τ(XiP ) = τ ⊗ τ(∂iP ) −

n∑

j=1

tjτ((Diqj)P ). (1.5)Nous voulons montrer ici par récurrence que si τ satisfait cette équation, alors pour tout Pen tant que série formelle en t,
τ(P ) = M(P ).Pour y parvenir, il su�t de voir que ces deux quantités satisfont la même relation d'induction :SD[Vt] . Notons tout d'abord qu'il y a unicité des solutions formelles de cette équation. Celavient de l'écriture (1.5) où nous calculons τ(XiP ) en fonction d'un terme où le degré du poly-nôme a chuté et d'un deuxième où la valuation en les variables t a augmenté. Nous obtenonsdonc une récurrence bien fondée sur les coe�cients de la famille de séries {τ(P )}P∈C〈X1,··· ,Xm〉.Cette récurrence est initialisée par la condition τ(1) = 1. Ainsi vue, l'équation de Schwinger-Dyson (1.5) apparaît comme une un moyen algorithmique de calculer les Mk(P ).Montrons queM satisfait la même équation. Soit P un monôme. A�n de calculerM(XiP ),nous voulons construire les cartes enracinées en une étoile de type XiP ; pour le montrer,regardons à quoi est reliée la demi-arête issue du Xi : il y a deux possibilités.1. Soit celle-ci boucle sur P et il faut alors que Xi apparaisse dans P = RXiS. On devraconstruire une carte dans chaque composante délimitée par cette boucle, donc une carteenracinée en R et une en S : ∑

P=RXiS

M(R)M(S).Cette opération est similaire à celle illustrée par la �gure 1.11 et correspond au premierterme dans le membre de droite de (1.5).2. La seconde possibilité est d'être reliée à un sommet de type qj ce qui rajoute un poids
−tj et n'est possible que si Xi apparaît dans qj = RXiS. La contraction de l'arête ainsiformée regroupe les demi-arêtes restantes de P et de q pour former une étoile de type
PSR :

−tj
∑

q=RXiS

M(PSR).Cette opération est similaire à celle illustrée par la �gure 1.12 et correspond au secondterme dans le membre de droite de (1.5).En mettant bout à bout ces deux possibilités et en utilisant l'écriture en termes de dérivéesnon-commutatives, nous obtenons que M est solution de SD[Vt] et cette équation est sim-plement la version pour les cartes colorées de la relation de Tutte montrée dans la �gure1.5.Propriétés de l'équation de Schwinger-DysonArrivé à ce point, si nous faisons le bilan des informations collectées :



38 CHAPITRE 1. INTRODUCTION1. M est une série formelle solution de SD[Vt] .2. Les points d'accumulation de µ̂N sont des solutions à support compact de SD[Vt] .La dernière étape sera donc l'étude de l'unicité des solutions de SD[Vt] .1. Si τ est une série formelle solution de SD[Vt] alors pour tout P , la série τ(P ) a un rayonde convergence strictement positif. De plus l'état tracial non formel obtenu est solutionde SD[Vt] et son support est uniformément borné pour |t| petit.2. Soit R > 0. Il existe ε > 0 tel que pour |t| < ε, il existe au plus une solution de SD[Vt]dont le support est borné par RCe théorème est su�sant pour conclure que µ̂N et µN ont un unique point d'accumulation :
M. Le résultat sur l'énergie libre est une conséquence simple de ce fait car tous les contrôlessont uniformes.Notons que la tracialité de M est triviale puisque la seule di�érence entre l'étoile XiP etl'étoile PXi est la demi-arête en laquelle la racine est marquée. Cependant on peut se passerde cette tracialité pour montrer que M était solution de SD[Vt] . C'est en fait un corollaireque toute solution est automatiquement traciale. Le résultat analogue pour l'équation quiapparaît dans l'étude des matrices unitaires n'a rien d'évident.1.2.3 Deuxième ordreNous allons maintenant présenter le résultat principal de [GMS07] : Pour tout Vt, c > 0,il existe η > 0 tel que si t est dans Bη,c,

F N
V = F 0(t) +

1

N2
F 1(t) + o(

1

N2
)Ce résultat est en fait un corollaire d'un Théorème Central Limite sur la répartition desvaleurs propres : Pour tout Vt, c > 0, il existe η > 0 tel que si t est dans Bη,c, pour toutpolynôme P ,

N(µ̂N(P ) −M(P )) → N (0, σ2(P, P ))où σ2 est la série énumérant les cartes planaires avec deux étoiles de type P :
σ2(P, P ) =

∑

k∈Nn

n∏

i=1

(−ti)
ki

ki!
Mk(P, P )où Mk(P, Q) est le nombre de cartes dans une surface de genre g avec une étoile de type P ,une autre de type Q et en plus, pour tout i, ki étoiles de type qi étiquetées de 1 à ki.La preuve de ce théorème est détaillée dans [GMS07]. Donnons-en les grandes étapes.Tout d'abord, nous avons besoin de meilleurs contrôles que pour le premier ordre (ceux-ciproviennent essentiellement de la convexité de V et seront détaillés en début de cette partie).Le point de départ est d'opérer un �changement de variable in�nitésimal� outil utilisé enphysique notamment pour dériver les équations de boucle. C'est aussi la méthode utilisée par



1.2. RÉSULTATS 39Johansson pour prouver le Théorème Central Limite dans le cas à une matrice [Joh98]. Cettetechnique consiste à faire une petite déformation dans la fonction de partition :
ZN

V =

∫

HN (C)m

e−NTrV (A)dµN(A).L'idée est de faire le changement de variable Bi = Ai + 1
N

hi(A) pour des fonctions h su�-samment bien choisies (pour des raisons techniques nous ne pouvons pas choisir directementles hi polynomiaux car ceux-ci ne sont pas bornés).La jacobienne de ce changement de variable s'écrit :
Jh = e

1
N

∑
iTr⊗Tr(∂ihi)+

1
2N2

∑
i,j Tr⊗Tr((∂ihj).(∂jhi))+o(1)et nous avons par ailleurs,

NTrV (B) = NTrV (A) +
∑

i

TrDiV hi +
1

2N

∑

i

TrD2
i,jV.(hi, hj) + o(1).Ici D2

ij est un opérateur di�érentiel d'ordre ayant une dé�nition analogue à celle de la dérivéenon-commutative. Un peu de calcul mène à :
µN

V (eN(Ξ(h1,...,hm))) = eC(h1,...,hm)(1 + o(1))où C est quadratique et Ξ est un opérateur linéaire (voir section 3.4.3 de la partie 3 pour unedé�nition précise).Un peu de technique permet d'obtenir le même résultat pour des hi polynomiaux. Onobtient alors aisément grâce au théorème de Levy un Théorème Central Limite pour les poly-nômes dans l'image de Ξ. Arrivé à un stade comparable Johansson avait utilisé des techniquesanalytiques d'inversion de la transformée de Hilbert (en particulier les méthodes développéesdans [Tri57]). Ces méthodes ne sont cependant pas accessibles dans le cadre multimatricielet il faut trouver un moyen d'inverser l'opérateur Ξ pour obtenir le Théorème Central Limitepour des polynômes arbitraires.C'est ce qui nous a poussé à introduire la famille de normes ‖.‖A pour A > 2, sur l'espacedes polynômes : si P =
∑

q λqq est la décompostion de P en monômes :
‖P‖A =

∑

q

|λq|Adeg q.L'intérêt réside ici dans le fait que pour A > 2, si t est petit, nous avons pu prouver quel'opérateur Ξ est continu et inversible sur C〈X1, · · · , Xm〉A, ce qui permet de prolonger leThéorème Central Limite à n'importe quel polynôme.1.2.4 Ordres suivants et dérivéesEn�n pour achever cet aspect de l'étude des modèles gaussiens, nous allons maintenantdécrire les résultats de [MS06a].



40 CHAPITRE 1. INTRODUCTIONPour tout Vt, c > 0, g ∈ N, il existe η > 0 tel que si t est dans Bη,c,
F N

V = F 0(t) + · · ·+ 1

N2g
F g(t) + o(

1

N2g
)et F g(t) énumère les cartes plongées sur des surfaces de genre g. Par ailleurs, ce développementse dérive terme à terme : pour tout j = (j1, . . . , jn), n uplet d'entiers il existe η > 0 tel que si

t est dans Bη,c,
∂j1+···+jn

∂tj11 . . . ∂tjn
n

F N
V =

∂j1+···+jn

∂tj11 . . . ∂tjn
n

F 0(t) + · · · + 1

N2g

∂j1+···+jn

∂tj11 . . . ∂tjn
n

F g(t) + o(
1

N2g
)et ∂j1+···+jn

∂t
j1
1 ...∂tjn

n

F g(t) énumère les cartes sur des surfaces de genre g avec au moins ji étoiles detype qi.L'idée directrice est toujours de montrer que certains observables des modèles matricielssatisfont des relations similaires à celles que l'on peut trouver en combinatoire. Cependant ilest nécessaire d'augmenter la famille des observables à considérer. D'une part les corrections àla convergence du modèle matriciel font intervenir les moments joints de la mesure empirique,il nous faut alors analyser
νN (P1 ⊗ · · · ⊗ Pl) = EµN

V
[N l(µ̂N − µ)⊗l(P1 ⊗ · · · ⊗ Pl)].D'autre part a�n de trouver un ensemble clos de relations pour l'énumération de cartes degenre supérieur, nous sommes là aussi amenés à augmenter les observables. Pour l dans N,une famille de monômes P1, · · · , Pl et des une famille de monômes q1,. . .,qn, nous dé�nissonsles cartes minimales comme étant les multi-cartes formées d'étoiles de type qi et de l étoilessupplémentaires associées à P1,. . .,Pl telles que :1. chaque composante de la carte contient au moins une des étoiles associé à l'un des Pi,2. chaque Pi est soit dans une carte non-planaire soit dans la composante d'un autre Pj.Pour des entiers k = (k1, · · · , kn), on dé�nira Mg

k(P1 ⊗ · · · ⊗ Pl) le nombre de telles multi-cartes ayant exactement ki étoiles de type qi et dont la somme des genres des composantes est
g. C'est en augmentant le nombre d'objets à compter de cette manière que l'on est capablede trouver une famille de relations fermées entre les séries de cartes a�n d'appliquer notretechnologie.L'intérêt de cette famille de relations est qu'elle est bien fondée. Elle permet donc encoreune fois de calculer récursivement des nombres de cartes. Par ailleurs, en les comparant avecsoin à des relations obtenues sur le modèle matriciel, nous pouvons à nouveau rapprochermatrices aléatoires et combinatoire. La seule di�culté est qu'ici comme au premier ordre, larécursion étudiée n'est bien fondée que si l'on parvient à inverser l'opérateur Ξ. En réalité, cetopérateur n'est inversible que sur l'espace limite C〈X1, · · · , Xm〉A où tous les opérateurs sontà support compact. Or pour obtenir notre résultat, nous avons besoin d'estimés à N �ni. C'estce qui nous conduit à la preuve relativement technique du Lemme 4.6.2 où au lieu d'inverser
Ξ, nous utilisons un inverse approximatif où la précision de l'approximation se ra�ne lorsque
N tend vers l'in�ni, ce qui nous permet d'obtenir le contrôle su�sant pour conclure.



1.2. RÉSULTATS 411.2.5 Intégrales divergentesL'identi�cation de l'intégrale matricielle et de la série combinatoire peut donc se faire defaçon non-formelle sous deux conditions : la perturbation doit être petite et convexe.La première restriction peut être partiellement levée. Dans un article plus récent Guionnetet Shlyakhtenko [SG07] prouvent qu'il n'y a pas de rupture d'analyticité de la distributionempirique au premier ordre tant que l'on reste dans le domaine de convexité de V . Ainsi, celaprouve que dans le domaine de convergence de la série génératrice des cartes, si les paramètresrendent V convexe, alors l'intégrale matricielle coïncide avec cette série. L'analyse se fondesur l'écriture de la loi du modèle comme une mesure invariante d'une di�usion matricielle.L'hypothèse de convexité du potentiel peut être relativement restrictive. Ainsi pour énu-mérer des triangulations, nous aimerions considérer un potentiel V = tX3, mais celui-ci nonseulement ne véri�e aucune convexité, mais transforme la fonction de partition en intégraledivergente. Il existe cependant un moyen de passer outre cette di�culté. Il est toujours pos-sible de rendre le modèle matriciel bien dé�ni en décidant, par exemple, de restreindre l'espaceaux matrices de norme plus petite qu'une borne donnée. Ainsi pour L > 0 on peut dé�nir :
ZN

L,V =

∫

‖Ai‖<L

e−NTrV (A)dµN(A).Le fait remarquable est que pour un choix raisonnable de L (ni trop petit ni trop grand)la limite de l'énergie libre F N
V,L := N−2 lnZN

L,V est indépendante du choix précis de L etcorrespond à l'interprétation combinatoire attendue. Pour tout Vt =
∑

i tiqi, si on se donne
L > 2 alors il existe η > 0 tel que si pour tout i, |ti| < η alors,

lim
N

F N
V,L =

∑

k

(−t)k

k!
M0

koù M0
k est le nombre de cartes planaires avec pour tout i, ki étoiles de type qi étiquetées de

1 à ki. Ce résultat se généralise aussi à l'ordre suivant, voir Théorème 3.1.4 dans la partie 3.Donnons maintenant l'intuition dérrière ce théorème. On doit �xer L plus grand que 2le rayon du support de la semi-circulaire pour laisser intact le domaine où vivent asymp-totiquement les valeurs propres. La constante L étant �xée, pour t su�samment petit, ladensité 1||A||<Le−NTr(tA3+A2/2)devient log-concave ce qui permet d'appliquer dans les grandes lignes les techniques précé-dentes. La seule di�culté est alors de contrôler le terme de bord.1.2.6 Modèles unitairesLe but ici est d'étudier à l'aide de la technologie des équations de Schwinger-Dyson lesperturbations de la mesure de Haar sur le groupe unitaire.Appelons m la mesure de Haar sur UN(C) et donnons nous p suites de matrices détermi-nistes AN
1 ,. . .,AN

p . Nous supposerons



42 CHAPITRE 1. INTRODUCTION1. La norme opérateur des AN
i est uniformément bornée par une constante C indépendantede N . On pourra supposer sans perte de généralité que C = 1.2. Les AN

i admettent une distribution limite i.e. il existe sur C〈A1, · · · , Am〉 un état tracial
τ , tel que pour tout P dans C〈A1, · · · , Am〉,

1

N
TrP (AN

i ) →N→+∞ τ(P ).Par ailleurs nous supposerons sans perte de généralité que les AN
i sont hermitiens.Appelons C〈U1, · · · , Um, A1, · · · , Am〉 l'algèbre des polynômes complexes en les variablesnon-commutatives A1,. . .,Ap,U1,U−1

1 ,. . .,Um,U−1
m muni de l'adjonction dé�nie par A∗

i = Ai,
U∗

i = U−1
i . L'objet de notre étude est la mesure sur UN(C)m obtenue en perturbant la mesurede Haar par un potentiel V dans C〈U1, · · · , Um, A1, · · · , Am〉 :

dµN
V (U) = eNTrV (U,A)dm⊗m(U1, . . . , Um).En particulier nous aimerions comprendre la limite de l'état tracial µ̂N : P → N−1TrP (U,A)sous cette loi.Notons que l'intégrale de IZ (voir section 1.1.3) entre dans ce cadre puisqu'elle est l'énergielibre du modèle obtenue en choisissant V = cU∗A1UA2. Nous avons vu l'importance de cetteintégrale en physique statistique sur graphes aléatoires. Sans chercher à obtenir de résultatsnon perturbatifs comme dans [GZ02], l'enjeu est de voir si l'on peut obtenir des résultats dansun voisinage de zéro en c et si les conclusions de [Col03] dépassent le cadre formel pour formerune série convergente.Soulignons deux di�érences essentielles entre ce cadre et le cadre gaussien.1. La première di�érence est d'ordre technique : les matrices unitaires, à la di�érence desgaussiennes, sont bornées ce qui conduit à de nombreuses simpli�cations techniques.Nous aurons par exemple beaucoup moins de problèmes pour prouver des résultats detension.2. Nous sommes désormais privés du calcul de Wick pour nous donner une intuition d'uneinterprétation combinatoire. À la di�érence de l'article [ZJZ03] qui ramenait le calculde IZ à une intégration gaussienne, nous allons utiliser l'équation de Schwinger-Dysonpour trouver une interprétation combinatoire. Cette interprétation est nouvelle et n'aété donnée à notre connaissance nulle part ailleurs.Suivant les idées de [GMS06, GMS07, MS06a] nous introduisons des opérateurs de déri-vation non-commutatives. L'opérateur ∂i est dé�ni par la règle de Leibniz et par

∂iUj = 1i=j1 ⊗ Ui,

∂iU
∗
j = −1i=jU

∗
i ⊗ 1.La dérivée cyclique Di vaut encore mult ◦t ◦∂i.Ainsi pour un monôme P dans C〈U1, · · · , Um, A1, · · · , Am〉,

∂iP =
∑

P=RUiS

RUi ⊗ S −
∑

P=RU∗
i S

R ⊗ U∗
i S,
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DiP =

∑

P=RUiS

SRUi −
∑

P=RU∗
i S

U∗
i SR.Ces dérivées proviennent de la dérivation sur le groupe unitaire. Ainsi pour toute matriceantisymétrique,

∂

∂s
TrP (Uie

sA)|s=0 = TrDiPA.Le lien entre modèle matriciel et solutions de l'équation de Schwinger-Dyson avait étéprouvé en 2003 par Biane [Bia03]. Une démarche similaire à celle du cas gaussien nous permetde préciser ce résultat dans notre cadre de petites perturbations. Soit V =
∑n

i=1 tiqi unpotentiel dans C〈U1, · · · , Um, A1, · · · , Am〉. Il existe ε > 0 tel que si pour tout i, |ti| < εet V ∗ = V alors pour tout polynôme P en les variables non-commutatives Ai,Ui,U∗
i , µ̂N(P )converge presque sûrement et en espérance vers µ(P ), µ étant l'unique solution de l'équationde Schwinger-Dyson :

∀i, ∀P, µ ⊗ µ(∂iP ) + µ(DiV P ) = 0.De plus, µ est analytique en les ti et est aussi l'unique solution de l'équation de Schwinger-Dyson vue comme une équation sur les séries formelles. En particulier, ce résultat identi�e,dans un régime haute température, la limite �réelle� de IZ trouvée dans [GZ02] et la solutionformelle de [Col03].Le dé� est ensuite de parvenir à trouver une interprétation combinatoire de µt(P ) à partirde l'équation de Schwinger-Dyson. C'est le travail que nous avons réalisé dans la partie 5.5.L'interprétation n'est pas aussi simple que dans les modèles gaussiens puisqu'on doit envisagerdes cartes avec de multiples manières de relier les objets entre eux : ainsi deux structures viventsur la carte, des arêtes orientées similaires aux arêtes du cas gaussien et de nouvelles arêtesque nous avons appelées �dotted edges�. Par ailleurs la manière de calculer le poids d'unecarte est moins explicite en particulier la contribution donnée par les ensembles de �dottededges� n'a pu être donnée que via le nombre de manières de construire ces ensembles.



44 CHAPITRE 1. INTRODUCTION1.3 Conclusion et perspectivesLes résultats de cette thèse permettent donc dans un régime haute température de prouverla convergence de modèles matriciels proche de la mesure du GUE . La première applicationest l'extrême régularité de la limite de ces modèles puisque ceux-ci dépendent analytique-ment de leurs paramètres. De plus, puisque la série associée énumère des cartes, nous avonsprouvé un lien allant au-delà des séries formelles entre intégrales matricielles et énumérationcombinatoire.Le fait que ces énumérations soient liées à des modèles de matrices montre qu'elles ontune structure supplémentaire. Dans le cas à une matrice, l'existence d'une mesure de pro-babilité derrière ces énumérations combinatoires est essentielle dans de nombreux papiers (àcommencer par [BIPZ78]) pour trouver des expressions exactes.Dans le cadre que nous avons examiné, celui des modèles à plusieurs matrices, la probabilitéest remplacée par un état tracial. Ainsi nous obtenons la propriété de positivité de ces sériescombinatoires M(PP ∗) > 0 dont il n'existe pas de preuves directes a priori. Nous pouvonsespérer que de nombreux progrès sont encore à faire dans l'utilisation de ce résultat.Pour conclure je proposerai quelques questions ouvertes qui s'inscrivent dans le prolonge-ment de cette thèse.1.3.1 Combinatoire des cartes non-orientablesDans la droite ligne de mes travaux de thèse, j'étudie en ce moment le même type derésultats peut être prouvé pour des modèles de matrices symétriques ou symplectiques.Ces modèles ne béné�cient pas des simpli�cations miraculeuses du cas hermitien (l'articlede Johansson [Joh98] illustre pour le cas à une matrice le fait qu'il existe un nombre importantde raccourcis pour le cas complexe). Il s'agit désormais d'étudier des déformations du GOE(Ensemble Gaussien Orthogonal) et du GSE (Ensemble Gaussien Symplectique), notammentdu point de vue combinatoire. Le GOE a été étudié par Goulden et Jackson dans [GJ97]. Lesauteurs y étudient les cartes à une étoile. Mulase et Waldron ont écrit un article sur la dualitéen GOE et GSE [MW03], un phénomène dont il serait intéressant de voir les implicationsdans notre cadre.Nous nous attendons toujours à trouver des développements topologiques :
∑

χ∈Z,χ62

Nχ−2Mχavec Mχ qui compte des cartes de caractéristique d'Euler χ. Mais désormais la somme neportera plus nécessairement sur des cartes dessinées sur des surfaces orientables. Ainsi χpourra prendre des valeurs impaires et nous aurons à considérer des cartes sur le plan projectifou la bouteille de Klein.1.3.2 Modèles matriciels complexesUne autre question que j'ai un peu examinée avec ma directrice de thèse est celle de l'étudede modèles matriciels à potentiel complexe. C'est un cas extrêmement important puisqu'on



1.3. CONCLUSION ET PERSPECTIVES 45en trouve en particulier un exemple au coeur de la preuve d'une conjecture de Witten parKontsevich [Kon92]. Cependant, les intégrales oscillantes impliquées sont extrêmement di�-ciles à contrôler. Il semble que les outils utilisés pour les potentiels auto-adjoints ne puissents'appliquer ici. Une stratégie serait d'utiliser la récente technologie développée par Guionnetet Shlyakhtenko dans [SG07] en regardant la mesure matricielle comme la mesure invarianted'une di�usion.1.3.3 Transport in�nitésimal de semi-circulairesLes limites des modèles matriciels fournissent des exemples non triviaux d'états traciauxdans le voisinage du produit libre de lois semi-circulaires. Une autre famille d'états traciauxnaturels dans ce voisinage est l'ensemble des états que l'on peut obtenir par un petit trans-port de la loi semi-circulaire. Plus précisément si S1,. . .,Sm sont m semi-criculaires libres et
(Fi)16i6m est une famille d'éléments de C〈S1, · · · , Sm〉, nous pouvons considérer l'état tracial
σF qui est la loi de

S1 + F1, . . . , Sm + Fm.La question est alors de savoir si lorsque les Fi sont petits pour une norme raisonnable, nousallons pouvoir trouver un potentiel V tel que σF s'écrive comme limite du modèle matricielcorrespondant. Réciproquement, nous pouvons nous demander quelles sont les limites τV demodèles matriciels qui peuvent s'écrire comme de petites modi�cations de la semi-circulaire.1.3.4 Basse temperatureDans le cadre d'un groupe de travail à Stanford en compagnie de géomètres, Eliashberget Ionel, nous avons commencé avec Guionnet et Dembo à étudier de nouveaux liens entremodèles matriciels et géométrie qui proviennent de théorie des cordes. Schématiquement, desconjectures de Witten indiquent que toutes les théories devraient coïncider ce qui fournit deségalités non triviales entre des invariants d'objets géométriques. Les preuves rigoureuses quiexistent de ces identi�cations utilisent les modèles matriciels. Nous avons suivi les notes deMarino [Mar04] qui présente en particulier la théorie de Chern-Simons qui peut se décrirevia un modèle matriciel dans sa limite à �basse température�. Le modèle que l'on cherche àcomprendre est le suivant :
ZN

V (β) =

∫

HN (C)

e−
N
β

TrV (A)dN(A).L'objectif est de comprendre ce qui se passe pour de petites valeurs de β. Les valeurs propresdevraient se concentrer en les minima de V . Si V n'a qu'un unique minimum, nous pouvonsnous ramener à une étude proche de celle des déformations du GUE . Le cas à plusieursminima semble beaucoup plus ardu à traiter, à l'exception des modèles possédant des symétriesremarquables permettant de déterminer quelle masse de l'ensemble des valeurs propres seconcentre autour de chaque minimum. Par exemple, le cas d'un potentiel pair à double puitcomme V (x) = (x2 − 1)2 peut être analysé. Nous pouvons ainsi montrer la convergence de la



46 CHAPITRE 1. INTRODUCTIONmesure empirique des valeurs propres et de l'énergie libre à tous les ordres. La simpli�cationdonnée par ce modèle est que la répartition des valeurs propres tombant dans chaque puit estdonnée par la symétrie. Le problème se complique lorsque cette répartition n'est pas donnéea priori.1.3.5 Modèles matriciels et partition de type BIl est bien connu suite aux travaux de Voiculescu que la loi limite de matrices indépendantesest décrite par la notion de liberté. Un article de Biane, Goodman et Nica [BGN03], motivéepar des considérations algébriques, introduit et étudie la notion de cumulants et partition detype B. Cette approche permet de dé�nir une notion abstraite de liberté de type B pour desvariables non-commutatives. Cette notion est équivalente à une forme de liberté classique avecamalgamation. Sur une suggestion de Shlyakhtenko, j'aimerais regarder si cette liberté peutaussi apparaître naturellement comme la limite en grande dimension d'observables de matricesindépendantes. La limite étant décrite par la notion classique de liberté, il est possible quecette B-liberté intervienne pour les corrections à cette convergence.1.3.6 Autour de l'universalitéUn phénomène surprenant apparaît lorsque l'on regarde les �uctuations au premier ordrede modèles matriciels. Si nous regardons le théorème prouvé par Johansson (Théorème 1.1.6),les �uctuations des modèles matriciels au premier ordre ont une certaine universalité. D'aprèsle papier de Johansson celle-ci n'apparaît qu'au premier ordre et uniquement pour le mo-dèle complexe, et non pas pour l'orthogonal et le symplectique. Ce résultat est analogue àl'universalité de la fonction de corrélation à deux points connexe qui avait été prédite parBrézin et Zee dans [BZ93]. Les auteurs y justi�aient cette universalité en invoquant le faitque la renormalisation consistant à supprimer une ligne et une colonne de la matrice avaitpour unique point �xe le GUE .Ce résultat semble avoir d'intéressantes conséquences sur la combinatoire des cartes pla-naires car nous pouvons par ailleurs identi�er la covariance du Théorème Central Limite àdes énumérations combinatoires. Ainsi si V =
∑

i tix
i, posons

CV (xp, xq) =
∑

k∈Nn

n∏

i=1

(−ti)
kiMk(x

p, xq)avec Mk(x
p, xq) le nombre de cartes planaires à ki étoiles de valences i et deux autres étoiles :une de valence p, une de valence q. On énumère donc les cartes planaires à deux racines detype �xé.L'universalité va nous fournir des identités sur les CV . Pour simpli�er, supposons que

V est un polynôme pair (mais un enchaînement analogue pourrait être réalisé dans le casgénéral). La mesure limite des valeurs propres σx2/2+V est à support compact [−α; α]. D'aprèsles résultats de Johansson, CV véri�e l'identité suivante :
CV (T̃1, T̃1) = CV (

x

α
,
x

α
) =

1

4



1.3. CONCLUSION ET PERSPECTIVES 47d'où
α2 = 4CV (x, x).Ce résultat est prouvé par des méthodes combinatoires dans [DF06]. En substituant cetteexpression de α dans n'importe quelle autre relation d'orthogonalité des polynômes de Tche-bychev, nous pouvons déduire des identités entre les séries, par exemple :

CV (T̃2, T̃2) = CV (2(
x

α
)2 − 1, 2(

x

α
)2 − 1) =

1

2permet d'obtenir
CV (x2, x2) = 2CV (x, x)2.Ainsi la série des cartes planaires avec deux sommets de valence 2 marqués s'exprime en fonc-tion de celle avec deux sommets de valence 1 et ce via une relation indépendante du potentiel

V (pourvu qu'il soit pair), c'est à dire indépendante des poids et des types de sommets auto-risés. Cette relation est la plus simple que l'on puisse obtenir mais ce rapprochement en créebeaucoup d'autres. Ce qui est remarquable est le fait qu'elles sont indépendantes des poidsaccordés aux di�érentes valences possibles. La question se pose de savoir s'il existe derrièredes bijections naturelles entre les graphes correspondants. On peut aussi se demander si lacompréhension de ce phénomène nous donnerait des informations sur le cas coloré.





Chapitre 2Combinatorial Aspects of matrix models
Ce chapitre est l'article [GMS06] écrit en collaboration avec Alice Guionnet et publié dansla revue ALEA (Revue Latino-Américaine de Probabilités et Statistiques).

AbstractWe show that under reasonably general assumptions, the �rst order asymptotics of the freeenergy of matrix models are generating functions for colored planar maps. This is based onthe fact that solutions of the Schwinger-Dyson equations are, by nature, generating functionsfor enumerating planar maps, a remark which bypasses the use of Gaussian calculus.2.1 IntroductionIt has long been used in combinatorics and physics that moments of Gaussian matriceshave a valuable combinatorial interpretation. The �rst result in this direction is due to [Wig58]who proved that the trace of even moments of a N×N Hermitian matrix A with i.i.d centeredentries with covariance N−1 converge as N goes to in�nity towards the Catalan numbers whichenumerate a large variety of combinatorial objects such as non crossing pair-partitions, rootedtrees or Dick paths. If one restricts to Gaussian entries, that is matrices following the law µNof the GUE which is the probability measure on the set HN(C) of N ×N Hermitian matriceswith density
µN(dA) =

1

ZN
e−

N
2
Tr(A2)

∏

16i6j6N

d<e(Aij)
∏

16i<j6N

d=m(Aij),



50 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSit occurs that the corrections to this convergence count graphs which can be embedded onsurface of higher genus, a fact which was used by [HZ86]. This enumerative property was fullydeveloped after 't Hooft, who considered generating functions of such moments. For instance,c.f. [Zvo97], we have the formal expansion
F N

tx4 =
1

N2
log

∫
e−NtTr(A4)dµN(A) =

∑

g>0

N−2g
∑

k>1

(−t)k

k!
C(k, g)with

C(k, g) = Card{ maps with genus g with k vertices of valence 4}Here, maps are connected oriented diagrams which can be embedded into a surface ofgenus g in such a way that edges do not cross and the faces of the graph (which are de�nedby following the boundary of the graph) are homeomorphic to a disc. The valence of thevertices comes from the quartic potential. The counting is done up to equivalent classes, i.e.up to homeomorphism. Let us stress that the above equality is only formal and should beunderstood in the sense that all the derivatives at the origin on both sides of the equalitymatch, i.e. for all k ∈ N,
(−1)k∂k

t F N
tx4 |t=0 =

∑

g>0

1

N2g
C(k, g).This equality can be proved thanks to Wick's formula since ∂k

t F N
tx4 |t=0 depends only on mo-ments of gaussian variables (note above that the sum is in fact �nite).Such expansions can be generalized to arbitrary polynomial functions (to enumerate mapswith vertices of di�erent degrees) and to several-matrices integrals to enumerate colored maps.More precisely, let V be a polynomial of m non-commutative variables, Vt =

∑n
i=1 tiqi withsome monomials qi and complex parameters t = (ti)16i6n such that TrVt(A1, · · · , Am) is realfor any self adjoint matrices A1, · · · , Am. Then, the free energy expands formally into

F N
Vt

=
1

N2
log

∫
e−NTr(Vt(A1,··· ,Am))

n∏

i=1

dµN(Ai) =
∑

g>0

1

N2g
Fg(t1, · · · , tn)where for g ∈ N, Fg is a generating function for the enumeration of colored maps of genus grelated to the monomials (qi)16i6n (see section 2.2.5).The interest in such formal expansions lies in the hope to be able to estimate the freeenergy F N

V when N goes to in�nity by probability techniques, henceforth �nding formulae forthe generating functions (Fg)g>0. Such a strategy can only be validated if the expansion isnot only formal, but for reasonable (small but non zero) parameters t = (t1, · · · , tn), for all
k ∈ N and for N large enough,

F N
Vt

=

k∑

g=0

1

N2g
Fg(t1, · · · , tn) + o(

1

N2k
).This means that one can invert the limits of t small and N large in the expansion.



2.1. INTRODUCTION 51Our aim is to look beyond this formal approach and try to justify this inversion of limits.In the case of one matrix integrals, this problem is quite well understood at any level ofthe expansion and for any reasonable potentials V (see [ASM01] and [EM03] for instance).Several matrix models are much harder. In the physics literature, the focus is mostly on afew speci�c integrals ; we refer the interested reader to the reviews [DFGZJ95, GDS91]. In themathematical literature, fewer matrix integrals could be analyzed and only their �rst orderasymptotics could be derived (see [MM91, Meh81] and [Gui04, GM95]). Even for these lastintegrals, the relation of their �rst order asymptotics with the related enumeration problemwas not yet established rigorously. In combinatorics, another road was opened by [BMS02],following the ideas of [Tut63], to enumerate colored planar maps ; instead of studying matrixmodels, they used directly bijection between maps and well labeled trees.To establish such a relation, we shall study an even more interesting quantity than the freeenergy, namely, the limiting empirical distribution of matrices ; for A1, · · · , Am ∈ HN (C)m, itis de�ned as the linear form on the set C〈X1, · · · , Xm〉 of polynomials of m non-commutativevariables so that̂
µN

A1,··· ,Am
(P ) =

1

N
Tr(P (A1, · · · , Am)) ∀P ∈ C〈X1, · · · , Xm〉.Let µN

V be the Gibbs measure on HN(C)m given by
µN

V (dA1, · · · , dAm) = e−N2F N
V e−NTr(V (A1,··· ,Am))

m∏

i=1

dµN(Ai)with F N
V as above. We shall prove that for reasonnable polynomials V , for all polynomials P ,

µN
V (µ̂N

A1,··· ,Am
(P )) converges and its limit is a generating function for maps. We prove this intwo steps

• First, we study the solution τ in the algebraic dual of C〈X1, · · · , Xm〉 of the so-calledSchwinger-Dyson equations SD[V] :
τV (1) = 1, ∀P ∈ C〈X1, · · · , Xm〉, ∀i ∈ {1, · · · , m}

τV ((Xi + DiV )P ) = τV ⊗ τV (∂iP ).Here, ∂i and Di are respectively the non-commutative derivative and the cyclic derivativewith respect to the ith variable (see paragraph 2.2.2). We give su�cient conditions on V sothat solutions to this equation exist and are unique.Moreover, we relate solutions to SD[V] with generating functions of planar maps. Let usdescribe these planar maps. We associate to (Xi)16i6m m half-edges of di�erent colors, andto a monomial q(X) = Xi1 · · ·Xip a star with p colored half-edges by ordering clockwise thehalf-edges corresponding to Xi1, · · · , Xip. Such a star is said to be of type q. Note that ithas a distinguished half-edge, the �rst one, Xi1 , and its half-edges are oriented by the aboveclockwise order (one should imagine the star to be fat, each half-edge made of two parallelsegments which have opposite orientation, the whole orientation being given by the clockwiseorder). This de�nes a bijection between non-commutative monomials and stars. Alternatively,



52 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSa star can be seen as an oriented circle with colored dots and one marked dot. A map is aconnected graph with colored stars, each half-edge of each star being glued with exactly onehalf-edge of the same color and orientation and the edges obtained in this way do not crosseach other (see a more precise description of the planar maps we enumerate in subsection2.2.5). As edges around a vertex are cyclically ordered, one can �nd a canonical embedding ofthis graph on a surface. The map is said to be planar if we obtain a sphere by this construction.We can now relate Schwinger-Dyson's equation and maps enumeration :Let Vt =
∑n

i=1 tiqi with ti in C and qi monomials. For all R > 2, there exists an openneighborhood U ⊂ C
n of the origin (a ball of positive radius) such that :� For t ∈ U , there exists a unique τt ∈ C〈X1, · · · , Xm〉∗ which is a solution to SD[Vt] andsuch that for all p, for all i1, · · · , ip in {1, · · · , m}, |τt(Xi1 · · ·Xi1)| 6 Rp.� For all P monomial in C〈X1, · · · , Xm〉, t → τt(P ) is analytic on U and for all k1, · · · , knintegers, (−1)Σki∂k1

t1 · · ·∂kn
tn τt(P )|t=0 is the number of maps with ki stars of type qi andone of type P .Hence, (τVt

)|t|6ε are generating function for the enumeration of colored planar mapsand Schwinger-Dyson's equations can be viewed as the generating di�erential equations toenumerate colored planar maps. This is due to the fact that the action of the derivatives
∂i and Di on monomials, under the above bijection between stars and monomials, producesnatural operations on planar maps.

• Then, we shall see (see section 2.3) that, under some appropriate assumptions on V ,
µ̂N

A1,··· ,Am
converges almost surely under µN

V (dA1, · · · , dAm) towards a solution τV to theSchwinger-Dyson equations SD[V ].We show under rather general assumptions that the limit points of µ̂N
A1,··· ,Am

will solve aweak form of the Schwinger-Dyson equation (see section 2.3.1) which turns into its strong formif the limit points are compactly supported, i.e have all the moments of monomial functionsof degree d bounded by Rd for some �nite constant R. For small ti's, this proves that µ̂N
A1,··· ,Amconverges almost surely towards the solution of SD[V] if we know that the limit points of

µ̂N
A1,··· ,Am

satisfy such a bound. We then give su�cient conditions to obtain such an a prioriestimate.For instance, if we consider a convex potential V (see section 2.3.2) we have :Let a ∈ [0, 1], let Ua be the set of ti's for which V + a
2

∑
i X

2
i = Vt + a

2

∑
i X

2
i is convex,then there exists ε > 0 such that for (ti)16i6n ∈ Ua ∩ B(0, ε), µ̂N

A1,··· ,Am
converges in L1(µN

Vt
)and almost surely to the unique solution to SD[Vt] as described in theorem 2.1.1Remark : For the one matrix model, [EM03] assumed that Vt =

∑2D
i=1 tiXi with t2D >

γ
∑2D−1

i=1 |ti| and t2D < T for some γ, T > 0. Note that if T, γ are large enough the hypothesisesof Theorem 2.1.2 are satis�ed.For general potential V , we obtain a similar result provided we add a cut-o� (see section2.3.3).Coming back to the free energy of matrix models, we conclude (see Theorem 2.3.3) thatwhen the empirical distribution of matrices converges towards the solution to Schwinger-Dyson's equations, the free energy is also a generating function of the associated planarmaps.As a consequence, we can apply these results to the study of Voiculescu's microstates



2.2. SCHWINGER-DYSON'S EQUATIONS AND COMBINATORICS 53entropy (see section 2.4) and show that the microstates entropy can be estimated at thesolutions to SD[V] when the ti's are small enough.Finally, we compare diverse approaches to the enumeration of planar maps by either usingmatrix models or combinatorics techniques.The results of this paper are clearly known, at least at a subconscious level, by physicists,but we could not �nd any proper reference on the subject. However, we want to emphasizethat the use of Schwinger-Dyson's equations is well spread in physics. This paper is ratherelementary but provides a mathematical framework to the study of matrix models and relatedmap enumeration. We hope it will demystify this interesting �eld of physics to mathematicians,or at least to probabilists. The generalization of the techniques developed in this paper tohigher order expansions is the subject of a forthcoming article.2.2 Schwinger-Dyson's equations and combinatorics2.2.1 Tracial statesLet C〈X1, · · · , Xm〉 be the set of polynomial functions in m self-adjoint non-commutativevariables. We endow C〈X1, · · · , Xm〉 with the involution given for all z ∈ C, all i1, · · · , ip ∈
{1, · · · , m} and all p ∈ N, by

(zXi1 · · ·Xip)
∗ = z̄Xip · · ·Xi1 .We will say that P in C〈X1, · · · , Xm〉 is self-adjoint if P ∗ = P .For any R > 0, completing C〈X1, · · · , Xm〉 for the norm

||P ||R = sup
A C∗−algebra sup

a1,..,am∈A,

ai=a∗
i

,‖ai‖A6R

‖P (a1, · · · , am)‖Aproduces a C∗-algebra C〈X1, · · · , Xm〉R = (C〈X1, · · · , Xm〉, ||.||R, ∗).We let C〈X1, · · · , Xm〉∗ be the set of self-adjoint linear forms on C〈X1, · · · , Xm〉 (i.e linearforms such that τ(a∗) = τ(a)), and denote C〈X1, · · · , Xm〉∗R the subset of C〈X1, · · · , Xm〉∗ ofcontinuous forms with respect to the norm ||.||R, i.e the topological dual of C〈X1, · · · , Xm〉R.We let Mm be the set of laws of m bounded self-adjoint non-commutative variables, thatis the subset of elements τ of C〈X1, · · · , Xm〉∗ such that
τ(PP ∗) > 0, τ(PQ) = τ(QP ) ∀P, Q ∈ C〈X1, · · · , Xm〉, τ(1) = 1. (2.1)For any R < ∞, Mm

R = C〈X1, · · · , Xm〉∗R ∩ Mm is a compact metric space for the weak*-topology by Banach-Alaoglu theorem. Elements of Mm = ∪R>0Mm
R are said to be compactlysupported, by analogy with the case m = 1 where they are indeed compactly supportedprobability measures. A family (τt)t∈I of elements of Mm

R for some R < ∞ is said to beuniformly compactly supported.To deal with variables which do not have all their moments, we will sometimes change theset of test functions and, following [CDG01], consider instead of C〈X1, · · · , Xm〉 the complex
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st (C) generated by the Stieljes functionals
ST m(C) = {

→∏

16i6p

(zi −
m∑

k=1

αk
i Xk)

−1| zi ∈ C\R, αk
i ∈ R, p ∈ N} (2.2)where∏→ is the non-commutative product. We can give to ST m(C) an involution and a norm

||F ||∞ = sup
AC∗−algebra sup

ai=a∗
i ∈A

||F (a1, · · · , am)||∞where the supremum is taken on unbounded operators a�liated with A, which turns it into a
C∗-algebra. We denote Cm

st (R) = {G = F + F ∗, F ∈ Cm
st (C)}. We let Mm

ST be the set of linearforms on Cm
st (C) which satisfy (2.1) (but with functions of Cm

st (C) instead of C〈X1, · · · , Xm〉). Ifone equips Mm
ST with its weak topology, then Mm

ST is a compact metric space (see [CDG01]).2.2.2 Non-commutative derivativesWe de�ne the non-commutative derivative with respect to the variable Xi,
∂i : C〈X1, · · · , Xm〉 → C〈X1, · · · , Xm〉 ⊗ C〈X1, · · · , Xm〉given by the Leibnitz rule

∂i(PQ) = ∂iP × (1 ⊗ Q) + (P ⊗ 1) × ∂iQfor any P, Q ∈ C〈X1, · · · , Xm〉 and the condition
∂iXj = 1i=j1 ⊗ 1.In other words, if P is a non-commutative monomial

∂iP =
∑

P=P1XiP2

P1 ⊗ P2where the sum runs over over all possible decomposition of P as P1XiP2. This de�nition canbe extended to Cm
st (C) by keeping the above Leibnitz rule (but with P, Q in Cm

st (C)) and
∂i(zi −

m∑

k=1

αkXk)
−1 = αi(zi −

m∑

k=1

αkXk)
−1 ⊗ (zi −

m∑

k=1

αkXk)
−1.We also de�ne the cyclic derivative Di as follows. Let m : C〈X1, · · · , Xm〉⊗2 → C〈X1, · · · , Xm〉(resp. Cm

st (C) ⊗ Cm
st (C) → Cm

st (C)) be de�ned by m(P ⊗ Q) = QP. Then, we set
Di = m ◦ ∂i.Note that, if P is a non-commutative monomial,

DiP =
∑

P=P1XiP2

P2P1.



2.2. SCHWINGER-DYSON'S EQUATIONS AND COMBINATORICS 552.2.3 Schwinger-Dyson's equationLet V be in C〈X1, · · · , Xm〉 and consider the following equation on C〈X1, · · · , Xm〉∗ ; wewill say that τ ∈ C〈X1, · · · , Xm〉∗ satis�es the Schwinger-Dyson equation with potential V ,denoted in short SD[V], if and only if for all i ∈ {1, · · · , m} and P ∈ C〈X1, · · · , Xm〉,
τ(1) = 1, τ ⊗ τ(∂iP ) = τ((DiV + Xi)P ) SD[V]These equations are called Schwinger-Dyson's equations in physics, but in free probabi-lity, one would rather say that the conjugate variable (or alternatively the non-commutativeHilbert transform) ∂∗

i 1 under τ is equal to Xi + DiV for all i ∈ {1, · · · , m}.2.2.4 Uniqueness of the solutions to SD[V] for small parametersLet
V (X1, · · · , Xm) = Vt(X1, · · · , Xm) =

n∑

i=1

tiqi(X1, · · · , Xm)where the qi's are �xed monomials of m non-commutative indeterminates and t = (t1, · · · , tn)are complex parameters.In this paragraph, we shall consider solutions to SD[Vt] which satisfy a compactnesscondition that we shall discuss in the following subsections. Let R ∈ R+ (We will alwaysassume R > 1 without loss of generality).(H(R))An element τ ∈ C〈X1, · · · , Xm〉∗ satis�es (H(R)) if and only if for all k ∈ N,
max

16i1,··· ,ik6m
|τ(Xi1 · · ·Xik)| 6 Rk.In the sequel, we denote D the degree of V , that is the maximal degree of the q′is ; qi(X) =

Xji
1
· · ·Xji

di

with, for 1 6 i 6 n, deg(qi) =: di 6 D and equality holds for some i.The main result of this paragraph isIf we �x R > 0 then, there exists η > 0 such that for all t ∈ Cn such that |t| := maxi|ti| <
η, SD[Vt] has at most one solution which satsi�es (H(R)).Remark : Note here that it could be believed at �rst sight that the solutions to SD[V]are not unique since they depend on the trace of high moments τ(qjP ). However, our com-pactness assumption (H(R)) gives uniqueness because it forces the solution to be in a smallneighborhood of the law τ0 = σm of m free semi-circular variables, so that perturbation analy-sis applies. We shall see in Theorem 2.7 that this solution is actually the one which is relatedwith the enumeration of maps.Proof.Let us assume we have two solutions τ and τ ′. Then, by the equation SD[V], for anymonomial function P of degree l − 1, for i ∈ {1, · · · , m},

(τ − τ ′)(XiP ) = ((τ − τ ′) ⊗ τ)(∂iP ) + (τ ′ ⊗ (τ − τ ′))(∂iP ) − (τ − τ ′)(DiV P )



56 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSHence, if we let for l ∈ N

∆l(τ, τ
′) = supmonomial Q of degree l |τ(Q) − τ ′(Q)|we get, since if P is of degree l − 1,

∂iP =

l−2∑

k=0

p1
k ⊗ p2

l−2−kwhere pi
k, i = 1, 2 are monomial of degree k or the null monomial, and DiV is a �nite sum ofmonomials of degree smaller than D − 1,

∆l(τ, τ
′) = max

P of degree l−1

max
16i6m

{|τ(XiP ) − τ ′(XiP )|}

6 2

l−2∑

k=0

∆k(τ, τ
′)Rl−2−k + C|t|

D−1∑

p=0

∆l+p−1(τ, τ
′)with a �nite constant C (which depends on n only). For γ > 0, we set

dγ(τ, τ
′) =

∑

l>0

γl∆l(τ, τ
′).Note that under (H(R)), this sum is �nite for γ < (R)−1. Summing the two sides of theabove inequality times γl we arrive at

dγ(τ, τ
′) 6 2γ2(1 − γR)−1dγ(τ, τ

′) + C|t|
D−1∑

p=0

γ−p+1dγ(τ, τ
′).We �nally conclude that if |t| is small enough so that we can choose γ ∈ (0, R−1) so that

2γ2(1 − γR)−1 + C|t|
D−1∑

p=0

γ−p+1 < 1then dγ(τ, τ
′) = 0 and so τ = τ ′ and we have at most one solution. Taking γ = (2R)−1 showsthat this is possible provided

1

R2
+ C|t|

D−1∑

p=0

(2R)p−1 < 1so that when R goes to +∞ we need to take |t| of order at most R2−D.
2



2.2. SCHWINGER-DYSON'S EQUATIONS AND COMBINATORICS 572.2.5 CombinatoricsIn this paragraph we describe the combinatorial objects we are considering. A star is theneightbourhood of a vertex in a planar graphs i.e. it is a vertex with some half-edges comingout of it. Theses half-edges are ordered in the clockwise order starting from a distinguishedone. We associate to each i ∈ {1, · · · , m} a di�erent color. Then, we de�ne a bijection betweenoriented edges-colored stars with a distinguished half-edge and non-commutative monomialsas follows. For any i ∈ {1, · · · , m}, we associate to Xi a half-edge of color i. We shall say thata star is of type q(X1, · · · , Xm) = Xi1 · · ·Xil if it is a star with l half-edges which we colorclockwise ; the �rst half-edge will be of color i1, the second of color i2 ... etc ... until the lthhalf-edge is colored with color il. Note that this star possesses a distinguished half-edge, theone corresponding to Xi1 , and an orientation, corresponding to the clockwise order (see �gure2.1 for an example). By convention, the star of type q = 1 is simply a point.
�
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�
�

�
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�
�

PSfrag replacements
X1

X1
X1

X1

X1X1

X2

X2

X2

X2 marks the �rst half-edgeindicates the orientation

Fig. 2.1 � The star of type q(X) = X2
1X

2
2X

4
1X2

2A map is a connected graph whose vertices are colored stars, each half-edge is glued withexactly one half-edge of the same color and orientation. Because the edges coming out of a starare cyclically ordered, we can de�ne the faces of this graph and thus �nd an embedding of thisgraph on an orientated surface in such a way that edges do not cross each other (see [Zvo97]).A map is planar if this surface has genus zero, i.e. is the sphere. Planar maps can be thoughtas graphs embedded on the sphere up to homeomorphism. Maps are only considered up to anhomeomorphism of the sphere. Now we will be interested in enumerating maps with a �xedset of stars, we de�ne for qi the family of monomials which appear in V and k = (k1, · · · , kn)a family of integers :
Mk = ]{planar maps build with ki stars of type qi}.and

Mk(P ) = ]{planar maps build with ki stars of type qi and one of type P}.In that set, each star is labeled and has a marked half-edge (which corresponds to its �rstvariable) so that for example if V = X4, M2 = 36.Due to the fact that everything is labeled, we enumerate lots of very similar objects. Away to avoid this problem is to look at the maps as they are enumerated by combinatorialists



58 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELS(see [BMS02]). The idea is to forget every label and to add a root : a distinguished star witha marked half-edge. We will say that a map is rooted at a vertex of type P if its root is oftype P with the marked half-edge the �rst one in the above construction of a star from amonomial. We can de�ne for P a monomial, k = (k1, · · · , kn),
Dk(P ) = ]{maps with ki stars of type qi rooted at a vertex of type P}To go from these rooted maps to the previous one we only have to label each star and becareful about the symmetry of the stars in order to specify a half-edge by star. More precisely,let us de�ne the degree of symmetry s(q) of a monomial q as follows. Let ω : C〈X1, · · · , Xm〉 →

C〈X1, · · · , Xm〉 be the linear function so that for all ik ∈ {1, · · · , m}, 1 6 k 6 p

ω(Xi1Xi2 · · ·Xip) = Xi2 · · ·XipXi1and, with ωp = ω ◦ ωp−1, de�ne
s(q) = ]{0 6 p 6 deg (q) − 1|ωp(q) = q}.We easily see that for all monomial P , distinct monomials qi (but one of them may be equalto P ), and integers ki :

Dk1,...,kn(P ) =
Mk1,...,kn(P )

Πn
i=1ki!s(qi)ki

(2.3)2.2.6 Graphical interpretation of Schwinger-Dyson's equationsWe shall now make an assumption on the solutions of Schwinger-Dyson's equation SD[Vt]when the parameters belong to an open convex neighborhood of the origin, namely(H) There exists a convex neighborhood U ∈ Cn, a �nite real number R and a family
{τt, t ∈ U} of linear forms on C〈X1, · · · , Xm〉 so that for all t in U , τt is a solution of SD[Vt]which satis�es H(R).Note that up to take a smaller set U , we can assume that the conclusions of Theorem 2.2.1are valid, i.e for all t ∈ U there exists an unique solution to SD[Vt] which satis�es H(R).The central result of this article is thenAssume that (H) is satis�ed. Then1. For any P ∈ C〈X1, · · · , Xm〉, t ∈ U → τt(P ) is C∞ at the origin in the sense thatfor all k = (k1, k2, · · · , kn) ∈ Nn there exists εk > 0 so that ∂k1

t1 · · ·∂kn
tn τt(P ) exists on

Uε = U ∩ B(0, ε) with B(0, ε) = {t ∈ C
n : |t| 6 ε}.2. We let τk(P ) = (−1)k1+···+kn∂k1

t1 · · ·∂kn
tn τt(P )|t=0. Then, we have for all polynomial Pand all i ∈ {1, · · · , m},

τk(XiP ) =
∑

06pj6kj
16j6n

n∏

j=1

(
kj

pj

)
τp ⊗ τk−p(∂iP ) +

∑

16j6n

kjτ
k−1j ((Diqj)P ) (2.4)where 1j(i) = 1i=j and τk(1) = 1k=0.



2.2. SCHWINGER-DYSON'S EQUATIONS AND COMBINATORICS 593. Moreover the Mk(P )'s satisfy the same family of equations (2.4) than the τk(P )'s.Hence, for any monomial P ∈ C〈X1, · · · , Xm〉, any k1, · · · , kn ∈ N,
τk(P ) = Mk(P ).Proof.

• The smoothness of t → τt comes as in the proof of Theorem 2.2.1 from Schwinger-Dyson'sequations and induction on the degree of the test polynomial function. Denote V = Vt, τ = τtand take t = (t1, · · · , tn), t′ = (t′1, t
′
2, .., t

′
n) ∈ U . By SD[V],

(τt − τt′)[(Xi + DiVt)P ] = (τt − τt′) ⊗ τt(∂iP ) + τt′ ⊗ (τt − τt′)(∂iP )

+ τt′ [(DiVt′ − DiVt)P ]By our �nite moment assumption, we deduce that if P is a monomial function of degree l−1,for any i ∈ {1, · · · , m},
|τt[(Xi + DiVt)P ] − τt′[(Xi + DiVt)P ]|

6 2

l−2∑

k=0

max
Q monomial of degree 6k

|τt[Q] − τt′ [Q]|Rl−2−k +
∑

16i6n

|ti − t′i|Rl+D−1.Thus we deduce that for any p ∈ N,
∆l(τt, τt′) = max

i
max

P monomial of degree p−1

|τt(XiP ) − τt′(XiP )|

6 2

l−2∑

k=0

∆k(τt, τt′)R
l−2−k +

n∑

i=1

|ti|∆l+di−1(τt, τt′) +
∑

16i6n

|ti − t′i|Rl+D−1.Now, let γ ∈ (0, R−1) and let's sum both sides of this inequality multiplied by γl to obtain,with dγ(τt, τt′) =
∑

l>0 γl∆l(τt, τt′),
dγ(τt, τt′) 6 2(1 − γR)−1γ2dγ(τt, τt′)

+

n∑

i=1

|ti|γ−di+1dγ(τt, τt′) + (1 − γR)−1
∑

16i6n

|ti − t′i|RD−1.Since by de�nition ∆l(τt, τt′) 6 2Rl, dγ(τt, τt′) is �nite for γR < 1 we arrive at
(1 − 2γ2(1 − Rγ)−1 −

∑

16i6n

|ti|γ−D+2)dγ(τt, τt′) 6 (1 − Rγ)−1
∑

16i6n

|ti − t′i|RD−1.Now, for ε small enough, we can �nd γ = γ(|t|) > 0 so that
1 − 2γ2(1 − Rγ)−1 −

∑

16i6n

|ti|γ−D+2 > 0
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l>0

γl∆l(τt, τt′) 6 C(t)
∑

16i6n

|ti − t′i|which implies that for all l ∈ N

∆l(τt, τt′) 6 C(t)γ−l
∑

16i6n

|ti − t′i|so that for any monomial function P , t → τt(P ) is Lipschitz in Uε := U ∩ B(0, ε) for ε smallenough. Moreover, we have proved that there exists η0(ε) = γ−1 < ∞, so that
∆l(τt, τt′) 6 C0(ε)η0(ε)

l|t− t′| with |t − t′| = max
16i6n

|ti − t′i|. (2.5)Consequently, τt is almost surely di�erentiable in Uε and the derivative satis�es
∂tkτt[(Xi + DiVt)P ] + τt[DiqkP ] = ∂tkτt ⊗ τt(∂iP ) + τt ⊗ ∂tkτt(∂iP ) (2.6)for almost all t ∈ Uε. Since C〈X1, · · · , Xm〉 is countable, these equalities hold simultaneouslyfor all P ∈ C〈X1, · · · , Xm〉 almost surely, let U ′

ε be this subset of Uε of full probability.Inequality (2.5) implies that
max

16k6m
max

P monomial of degree l

|∂tkτt(P )| 6 C0(ε)η0(ε)
lfor all t ∈ U ′

ε. This bound in turn shows that we can redo the argument as above to see thatfor |t| small enough, t → ∂tkτt(P ) is Lipschitz. Indeed, if we set
∆1(l) = ∆1

l (∂τt, ∂τt) = max
16k6m

max
P monomial of degree l

|∂tkτt(P ) − ∂tkτt′(P )|we get, for t′, t ∈ U ′
ε,

∆1(l) 6 2
l−2∑

k=0

∆1(k)Rl−2−k + C0(ε)|t− t′|lη0(ε)
l +

n∑

i=1

|ti|∆1(l + di − 1)so that we get that by summation, for γ < min(R−1, η0(ε)
−1),

(1 − 2(1 − Rγ)−1γ2 −
n∑

i=1

|ti|γ−di+1)
∑

l>0

∆1(l)γ
l
6 γ2C0(ε)(1 − γη0(ε))

−2|t − t′|.Hence, again, we can choose η1(ε) < ∞ big enough so that there exists C1(ε) < ∞ so that if
ε is small enough

∆1(l) 6 C1(ε)η1(ε)
l|t− t′|.In particular, this shows that we can extend t ∈ U ′
ε → ∂tkτt(P ) for all monomial functions

P continuously in Uε and so the equality (2.6) holds everywhere. Now, we can proceed by



2.2. SCHWINGER-DYSON'S EQUATIONS AND COMBINATORICS 61induction to see that t → τt(P ) is C∞ di�erentiable in a neighborhood of the origin. Moreprecisely, for any k = (k1, · · · , kn) there exists ε = εk > 0 so that on Uε,
τk
t (P ) = (−1)k1+···+kn∂k1

t1 · · ·∂kn

tmτt(P )exists and furthermore satis�es the equation
τk
t ((Xi + DiVt)P ) =

∑

06pi6ki
16i6n

n∏

i=1

(
ki

pi

)
τp
t ⊗ τk−p

t (∂iP ) +
∑

16j6m

kjτ
k−1j

t ((Diqj)P )Applying this result at the origin, we obtain the second point.
• We now show the combinatorial interpretation of (2.4). It is based on the observationthat the {τk(P ), k ∈ Nn} and the {Mk(P ), k ∈ Nn} satisfy the same inductive relations (2.4).Let us �rst interpret graphically τ 0 = τ0. τ0 satis�es by de�nition SD[0] which is wellknown to have a unique solution given by the law of m free semi-circular variables (see[Voi91]). Then, τ0(Xi1 · · ·Xik) can be computed for instance using cumulants techniques asdeveloped by [Spe97] ; it counts the number of planar maps which can be constructed from thestar associated to Xi1 · · ·Xik by gluing together the half-edges of the star colorwise. We proveagain this result by induction over the degree of the monomial function. We putMk(1) = 1k=0by convention and then we start the induction. Let i ∈ {1, · · · , m} and P = XiQ. To compute

M(XiQ), we break the edge between the distinguished half-edge Xi and the other half-edge of
Q with which it was glued, then erasing these two half-edges. Since the maps are planar, thisdecomposes the planar map into two planar maps (see �gure 2.2) corresponding respectivelyto the stars Q1, Q2 for any possible choices of Q1, Q2 so that Q = Q1XiQ2. Hence

M(XiQ) =
∑

Q=Q1XiQ2

M(Q1)M(Q2).Thus, if M(R) = τ0(R) for all monomial of degree strictly smaller than P ,
M(XiQ) =

∑

Q=Q1XiQ2

τ0(Q1)τ0(Q2) = τ0 ⊗ τ0(∂iQ)which completes the argument since the right hand side is exactly τ0(XiQ).We now consider the general case ; let us assume that for |k| 6 M , the graphical interpre-tation has been obtained for all monomial and that for |k| = M + 1, it has been proved formonomial of degree smaller or equal to L. By the preceding, we can take M > 1 and L > 1since for all k 6= 0, τk(1) = 0. Again, we shall show that M(P, (q1, k1), · · · , (qn, kn)) satis�esthe same induction relation than τk(P ).Let us consider a star of type XiP (rooted at the half-edge Xi, with its inner orientation)with P a monomial of degree less than L and |k| =
∑

ki = M + 1. Now, in order to com-pute M(XiP, (q1, k1), · · · , (qn, kn)), we break the edge between the distinguished half-edge Xi(which has color i) and the other half-edge with which it was glued.The �rst possibility is that it was glued with an edge of the star P . Then, since the mapsare planar, this decomposes the map in two planar maps. If this half-edge was given by the
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Xi so that P = P1XiP2, one of this planar map contain the star of type P1 and the otherthe star of type P2, which have also a distinguished half-edge and are oriented. If one of thisplanar map is glued with kj stars of type qj , 0 6 kj 6 n, the other map is glued with theremaining stars, that is kj − pj stars of type qi. There are ∏n
j=1

(
kj

pj

) ways to choose pj among
kj stars of type qj for 1 6 j 6 n (recall here that stars are labeled). Since we do that for all
(P1, P2) so that P have the above decomposition, we obtain the planar maps correspondingactually to the stars associated with the monomials of ∂iP . Note that the case where one ofthe monomial in ∂iP is the monomial 1 shows up when P = XiQ or QXi for some monomial
Q and the weight corresponds then to the case where we glue the �rst half-edge Xi in XiPwith its left or right neighbor. In this case, none of these two half-edges can be glued withanother star, and there is only one possibility to glue these two half-edges otherwise, whichcorresponds to the weight τk(1) = 1k=0.Hence, the number of planar maps corresponding to this con�guration is given by

∑

06pj6kj
16j6n

∑

P=P1XiP2

∏

16j6n

(
kj

pj

)
Mp1,··· ,pn(P1)Mk1−p1,··· ,kn−pn(P2)

=
∑

06pj6kj
16j6n

∏

16j6n

(
kj

pj

)
τp ⊗ τk−p(∂iP )where we �nally used our induction hypothesis.The other possibility is that this edge is glued with a star of type qj for some j ∈ {1, · · · , n}.In this case, erasing the edge means that we destroy a star of type qj and replace the star oftype XiP and the star of type qj by a single bigger star. If qj = Q1XiQ2, we replace the twostars of type XiP and qj by a single one of type Q2Q1P (see �gure 2.3). Since we do thatwith all the possible edges of color i in qj, we �nd that we can glue all monomials appearingin Diqj , and so the corresponding weight is given by τk−1j (DiqjP ) times kj, the number ofways to choose one star among kj of type qj.
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2PHence, by induction, we proved that the number of planar maps with kj stars of type qjand one of type XiP is given by

Mk(XiP ) =
∑

06pj6kj
16j6m

n∏

j=1

(
kj

pj

)
τp ⊗ τk−p(∂iP ) +

∑

16j6m

kjτ
k−1j ((Diqj)P )

= τk(XiP )for all i ∈ {1, · · · , m}. This shows that the graphical interpretation holds for all L and
|k| 6 M + 1. We can start the induction since we know that τk(1) = 1k=0. This completesthe proof.

2Remark : Note that this graphical approach can be generalized to matrix models with morecomplex potentials involving tensor products. For example, one can consider a potential Vwhich is a sum of monomials and of tensor products of monomials :
Vt =

∑

i

tiq
1
i ⊗ · · · ⊗ qd

iand the associated measure with density Z−1
N e−N2−d(Tr)⊗dVt with respect to µ⊗m

N . Then onecan write the generalized Schwinger Dyson's equation :
τ ⊗ τ(∂iP ) = τ(XiP ) +

∑

k,j

tkτ
⊗dk(q1

k ⊗ · · · ⊗ Diq
j
kP ⊗ · · · ⊗ qd

k)The previous results remain valid up to a graphical interpretation of the new term. Forexample q1 ⊗ · · · ⊗ qk will be a bunch of k loops, the �rst one containing the half-edges ofthe star of q1, in the clockwise order, the �rst of which is the marked one, the second one thehalf-edges of q2 ... The additional constraint being that vertices which will be placed in a loopcan not be linked to any vertices in an other loop.



64 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELS2.2.7 Existence of an analytic solution to Schwinger-Dyson's equa-tionThe aim of this section is to prove that for all monomials (qj)16j6n, there exists a convexneighborhood of the origin (actually an open ball) and a �nite constant R so that hypothesis(H) of section 2.2.6 is satis�ed. Moreover, we show that it depends analytically on t in aneighborhood of the origin. Let Vt be as before. There exists an open neighborhood U ⊂ Cnof the origin (a ball of positive radius) such that for t ∈ U , there exists τt ∈ C〈X1, · · · , Xm〉∗satisfying SD[Vt] such that :� t → τt is analytic on U , i.e. there exists (τk, k ∈ Nn) in C〈X1, · · · , Xm〉∗ such that forall P in C〈X1, · · · , Xm〉, t in U ,
τt(P ) =

∑

k∈Nn

∏

16i6n

(−ti)
ki

ki!
τk(P ) (2.7)and the series converges absolutely on U .� τk(P ) = (−1)Σki∂k1

t1 · · ·∂kn
tn τt(P )|t=0 = Mk(P )� There exists R < ∞ so that for all t ∈ U , all ii · · · il ∈ {1, · · · , m}l, all l ∈ N,

|τt(Xi1 · · ·Xil)| 6 Rl.Remark : Using (2.3), one can obtain inside the domain of convergence, for all monomial
P :

τt(P ) =
∑

k∈Nn

∏

16i6n

(−s(qi)ti)
kiDk(P ).Proof.Note that if we assume that τt can be written as a series like in (2.7) then according toTheorem 2.2.2 the τk are de�ned uniquely by equation (2.4) so that τk(P ) = Mk(P ) forall k, P and reciprocally these equalities imply that τt satisfy SD[Vt] inside the domain ofconvergence. The only point is thus to control the growth of the τk(P )'s to show that

∑

k∈Nn

∏

16i6n

(−ti)
ki

ki!
τk(P )has a strictly positive radius of convergence. We write, if k! =

∏
ki!,

τk(XiP )

k!
=

∑

06pj6kj
16j6n

∑

P=P1XiP2

τp(P1)

p!

τk−p(P2)

(k − p)!
+
∑

16j6m
kj 6=0

τk−1j ((Diqj)P )

(k − 1j)!where the second sum runs over all monomials P1, P2 so that P decomposes into P1XiP2.Our induction hypothesis will be that for k so that ∑i ki 6 M − 1 and all monomial P ,as well as for ∑ ki = M and monomials P of degree smaller than L,
∣∣∣∣∣
τk(P )

k!

∣∣∣∣∣ 6 A
∑

kiBdegP
∏

i

Cki
CdegP



2.2. SCHWINGER-DYSON'S EQUATIONS AND COMBINATORICS 65where the Ck are the Catalan's numbers which satisfy
Ck+1 =

k∑

p=0

CpCk−p, C0 = 1,
Ck+l

Cl
6 4k ∀l, k ∈ N. (2.8)Here, deg P denotes the degree of the monomial P and we can assume B > 2 without loss ofgenerality. Our induction is trivially true for k = 0 and all L since M0 = τ 0 = σm is the lawof m free semi-circular variables which are uniformly bounded by 2 so that

|τ 0(P )| 6 2degPMoreover, it is satis�ed for all k and L = 0 since then τk(1) = 1k=0. Let us assume that it istrue for all k such that∑ ki 6 M − 1 and all monomials, and for k such that∑ ki = M andmonomials P of degree less than L for some L > 0. Then
∣∣∣∣∣
τk(XiP )

k!

∣∣∣∣∣ 6
∑

06pj6kj
16j6n

∑

P=P1XiP2

A
∑

kiBdegP−1
n∏

i=1

Cpj
Ckj−pj

CdegP1CdegP2

+ 2
∑

16l6n

A
∑

kj−1
∏

j

Ckj
BdegP+deqql−1CdegP+deqql−1

6 A
∑

kiBdegP+1
∏

i

Cki
CdegP+1

(
4n

B2
+ 2

∑
16j6n Bdegqj−24degqj−2

A

)where we used (2.8) in the last line. It is now su�cient to choose A and B such that
4n

B2
+ 2

∑
16j6n Bdegqj−24degqj−2

A
6 1(for instance B = 2n+1 and A = 4nBD−24D−2) to verify the induction hypothesis works forpolynomials of all degrees (all L's).Then

τt(P ) =
∑

k∈Nn

∏ (−ti)
ki

ki!
τk(P )is well de�ned for |t| < (4A)−1. Moreover, for all monomial P ,

|τt(P )| 6
∑

k∈Nn

n∏

i=1

(4tiA)ki(4B)degP
6

n∏

i=1

(1 − 4Ati)
−1(4B)degP .so that for small t, τt has a uniformly bounded support.

2Hence, we see that the enumeration of planar maps could be reduced to the study ofSchwinger-Dyson's equations SD[V]. For instance, the asymptotics of such enumeration canbe obtained by studying the optimal domain in which the solutions are analytic. Matrixmodels can be useful to study also the solution, e.g. we shall deduce from this approach thatthe solutions to SD[V] are tracial states (the positivity condition being unclear a priori).



66 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELS2.3 Existence of solutions of Schwinger-Dyson's equationfrom matrix modelsLet V = Vt be a polynomial function as before. Consider
ZN

V =

∫
e−NTr(V (A1,··· ,Am))µN(dA1) · · ·µN(dAm)and µN

V the associated Gibbs measure
µN

V (dA1, · · · , dAm) = (ZN
V )−1e−NTr(V (A1,··· ,Am))µN(dA1) · · ·µN(dAm).We will always assume in this section that V = Vt is self-adjoint so that the potential is real.This means that if Vt =

∑
i tiqi then for all i, there exists j such that q∗j = qi and tj = ti. Notethat ZN

V is not necessarily �nite. We will see various assumptions in order to make µN
V a properprobabilty measure. The empirical distribution of m matrices A = (A1, · · · , Am) ∈ HN(C)mis de�ned as the element of Mm

ST such that
µ̂N

A(F ) := µ̂N
A1,··· ,Am

(F ) =
1

N
Tr(F (A1, · · · , Am))for all F ∈ Cm

st (C). Note that the empirical distribution could be de�ned as well as an elementof Mm but since the random matrices (A1, · · · , Am) under µN
V have a priori no uniformlybounded spectral radius, the topology of weak convergence would not be suitable then.We shall see that if we know that a limit point of µ̂N

A under µN
V is compactly supported,then it satis�es SD[V]. In a second part, we shall give examples of potential V for which thisassumption is satis�ed. Finally, we discuss localized matrix integrals and show that boun-ded solutions to SD[V] for small potentials can always be constructed by localized matrixintegrals.2.3.1 Limit points of empirical distribution of matrices following ma-trix models satisfy the SD[V] equationsThe integral ZN

V is well de�ned provided that the monomials of highest degree in Vt areeven and su�ciently large. We shall assume in this paragraph that
Vt(X) = V ∗

t (X) =
∑

16i6n

tiqi(X) + tiq
∗
i (X) +

∑

n+16i6n+m

tiX
D
i−n (2.9)with D even, monomial functions qi of degree less or equal than D − 1 and ti > 0 for

i ∈ {n+1, · · · , n+m}. We shall see in the last paragraph of this section that such assumptioncan be removed provided a cut-o� is added.For such potentials, we show that we can relate the matrix model to the solutions ofSD[V]. Assume (2.9). Then



2.3. EXISTENCE OF SOLUTIONS FROM MATRIX MODELS 671. There exists M < ∞ so that, µN
V almost surely for all i ∈ {1, · · · , m}.

lim sup
N→∞

µ̂N
A1,··· ,Am

(XD
i ) 6 M.2. The limit points of µ̂N

A1,··· ,Am
for the Cm

st (C)-topology satisfy the `weak' Schwinger-Dysonequation
τ ⊗ τ(∂iF ) = τ((DiV + Xi)F ) (WSD)[V]for all F ∈ Cm

st (C), for all 1 6 i 6 m. Moreover for all i ∈ {1, · · · , n}, τ(XD
i ) < +∞.Note here that (DiV +Xi)F does not belong to Cm

st (C) so that it is not clear what (WSD)[V]means a priori. We de�ne it by the following ; since τ(XD
i ) < +∞ and DiV has degree lessthan D − 1, there exists a sequence V δ ∈ Cm

st (C) so that
lim
δ→0

max
16i6m

sup
τ(XD

i )6M

τ(|DiV
δ − DiV − Xi|) = 0from which, since any F ∈ Cm

st (C) is uniformly bounded,
lim
δ→0

max
16i6m

sup
τ(XD

i )6M

|τ(FDiV
δ) − τ(F (DiV + Xi))| = 0is well de�ned.Proof.

• The �rst point is trivial since by Jensen's inequality,
ZN

V > exp{−N2

∫
1

N
Tr(V (A))

∏

16i6m

dµN(Ai)} > exp{cN2}for some c > −∞, where the last inequality comes from the fact that (see [Voi91])
lim

N→∞

∫
1

N
Tr(V (A))

∏

16i6m

dµN(Ai) = σm(V ) < ∞where σm is the law of m free semi-circular variables.Now, observe that by Hölder's inequality,
|µ̂N

A(qi)| 6 max
16i6m

µ̂N
A(|Xi|D−1 + 1)so that we deduce

µ̂N
A(V ) >

m∑

i=1

(
ti+nµ̂N

A(XD
i ) − c(t)µ̂N

A(|Xi|D−1) − c(t)
)with a �nite constant c(t). Since ti+n > 0, we conclude that µ̂N

A(V ) > m|t|M/2 when
max

16i6m
µ̂N

A(XD
i ) > M



68 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSfor M large enough. Thus
µN

V

(
max

16i6m
µ̂N

A(XD
i ) > M

)
6 e−2−1N2Mm|t|e−cN2 (2.10)goes to zero exponentially fast when M > 2c

m|t| . The claim follows by Borel-Cantelli's lemma.
• We proceed as in [CDG03], following a common idea in physics, which is to make, in

ZN
V , the change of variables Xi → Xi + N−1F (X) for a given i ∈ {1, · · · , m} and F ∈ Cm

st (R).Noticing that the Jacobian for this change of variable is
|J | = eNµ̂N

A
⊗µ̂N

A
(∂iF )+O(1)we get that

∫
e(Nµ̂N

A⊗µ̂N
A(∂iF )−N2µ̂N

A(N−1XiF (X)+V (Xi+N−1F (X))−V (Xi))µN
V (dA) = O(1).If we denote

EN = µ̂N
A ⊗ µ̂N

A(∂iF ) − Nµ̂N
A(N−1XiF (X) + V (Xi + N−1F (X)) − V (Xi))we deduce that ∫

max16i6m µ̂N
A

(AD
i )6M

eNEN µN
V (dA) = O(1).Hence, we conclude by Chebychev inequality and (2.10) that for M big enough, any δ > 0,there exists η > 0, so that

µN
V

(
{ max

16i6m
µ̂N

A(XD
i ) 6 M} ∩ {|EN | 6 δ}

)
> 1 − e−ηN .Moreover,

µ̂N
A(V (Xi + N−1F (X)) − V (Xi))) = N−1µ̂N

A((DiV )F ) + RNwith a remainder RN of order N−2 max16i6m µ̂N
A(XD−2

i ) which we can neglect on the event
max16i6m µ̂N

A(AD
i ) 6 M . This shows, by Borel Cantelli's Lemma, that for all F ∈ Cm

st (R),
µ̂N

A ⊗ µ̂N
A(∂iF ) − µ̂N

A(XiF + DiV F )goes to zero almost surely. This result extends to F ∈ Cm
st (C) since it can always be decomposedinto the sum of two elements of Cm

st (R). Moreover, if we let Aε
i = Ai(1 + εA2

i )
−1 = Ai(

√
−1 +√

εAi)
−1(−

√
−1+

√
εAi)

−1 ∈ Cm
st (C), then again Hölder's inequality shows that τ(|DiV (Ai)−

DiV (Aε
i )|) goes to zero uniformly on max16i6m τ(AD

i ) 6 M . This shows that µ → µ((DiV +
Xi)F ) is continuous for the weak Cm

st (C)-topology on {µ(AD
i ) 6 M} for any F ∈ Cm

st (C).Therefore, since Mm
ST is compact, we conclude that any limit point of µ̂N

A satis�es
τ ⊗ τ(∂iF ) = τ((Xi + DiV )F )
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2We therefore have the Assume that there exists a limit point τV of µ̂N

A under µN
V which iscompactly supported. Then, it satis�es Schwinger-Dyson's equation SD[V]. Proof.The proof is straightforward since if τV is compactly supported, it is equivalent to saythat τV satis�es WSD[V] or SD[V] since Cm

st (C) is dense in the set of polynomial functions(approximate the Ai's by the Aε
i 's de�ned in the previous proof).

2Let us also give the �nal argument to deduce convergence of the free energy from the previousconsiderations.Let γ : [0, 1] → Cn be a continuously di�erentiable path from 0 to t such that for all s,
Vγs =

∑n
i=1 γs(i)qi is self-adjoint. Assume that

• µ̂N
A converges in Mm

ST almost surely or in expectation under µN
Vγs

for all s in [0, 1].
• maxp µN

Vγs
(µ̂N

A(|Xp|l)) is uniformly bounded for s in [0, 1] and N large enough for some lstrictly greater than the degree of Vt.Then1. The free energy
F N

Vt
= N−2 log

(
ZN

Vt

)converges as N goes to in�nity towards a limit FVt
.2. Moreover, there exists ε > 0, such that, if for all s, γs is in B(0, ε), and if the limitpoints of µ̂N

A under µN
Vγs

are uniformly compactly supported, then
F N

Vt
= N−2 log(ZN

Vt
)converges as N goes to in�nity towards

FVt
=

∑

k∈Nn\(0,..,0)

∏

16i6n

(−ti)
ki

ki!
Mk.Note above that the last series has a positive radius of convergence according to Theorems2.2.2 and 2.2.3. This emphasizes that the possible divergence of F N

Vt
does not survive the large

N limit.Proof.
• First, note that as for all s Vγs is self adjoint, thus, up to a change of coordinates in C

n,
Vγs can be written as Vγs =

∑n
i=1(γs(i)qi + γs(i)q

∗
i ). By di�erentiating

N−2 log ZN
Vγs

=
1

N2
log

∫
e−NTr∑n

i=1(γs(i)qi+γs(i)q∗i )dµNwith respect to s we obtain that
∂sN

−2 log ZN
Vγs

= −
n∑

i=1

µN
Vγs

(µ̂N
A(qi∂sγs(i) + q∗i ∂sγs(i))).



70 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSBut, under our assumption, (µ̂N
A(qi∂sγs(i) + q∗i ∂sγs(i)))N∈N converges almost surely and isuniformly integrable so that µN

Vγs
(µ̂N

A(qi∂sγs(i) + q∗i ∂sγs(i))) is a uniformly bounded sequencewhich converges as N goes to in�nity towards τγs(qi∂sγs(i)+q∗i ∂sγs(i)) for s ∈ [0, 1]. Integratingwith respect to s yields the convergence with FVγs
as above by dominated convergence theorem.

• We can choose ε > 0 such that on B(0, ε) there is an unique solution τγs of SD[Vγs]and it satisfy the combinatorial interpretation of Theorem 2.2.3. By Corollary 2.3.2, ourhypothesis implies that for s in [0, 1] the limit points of µ̂N
A are unique and given by τγs . Hence,

µ̂N
A converges in Mm

ST almost surely towards τγs . Since we assumed our family uniformlyintegrable, we deduce that µN
Vγs

(µ̂N
A(qi∂sγs(i) + q∗i ∂sγs(i))) converges as N goes to in�nitytowards τγs(qi∂sγs(i) + q∗i ∂sγs(i)) for all l ∈ {1, · · · , n}. We denote Mk1,k2 (resp. Mk1,k2(P ))the number of planar maps with k1
i vertices of type qi and k2

i of type q∗i (resp. and with oneof type P ),
lim

N→∞

1

N2
log ZN

Vγs
= −

n∑

i=1

∫ 1

0

τγs(qi∂sγs(i) + q∗i ∂sγs(i))ds

=
n∑

i=1

∑

k1
j ,k2

j

∫ 1

0

∏

j

(−γs(j))
k1

j

k1
j !

(−γs(j))
k2

j

k2
j !

(Mk1,k2(qi)∂sγs(i) + Mk1,k2(q
∗
i )∂sγs(i))

=
n∑

i=1

∑

k1
j k2

j 6=0

∏

j

(−tj)
k1

j

k1
j !

(−tj)
k2

j

k2
j !

Mk1,k2where we used in the last line the equality Mk(qi) = Mk+1i
.

2We shall in the next section provide a generic example where the assumption of the secondpoint of Theorem 2.3.3 is satis�ed (in fact, a slightly di�erent version since we do not provethat the almost sure limit points of µ̂N
A satisfy our compactness assumption, but their averagedo, which still guarantees the result).2.3.2 Convex interaction modelsLet us assume that we consider a matrix model with potential V such that for all N in N,

ϕN
V,a : (Ak(ij)) ∈ (RN2

)m → Tr(V (A1, · · · , Am)) +
a

2

m∑

k=1

Tr(A2
k) (2.11)is convex in all dimensions for some a < 1, i.e the Hessian of ϕN

V,a is non negative for all
N ∈ N. An example is V of the form

V (A1, · · · , Am) =
n∑

i=1

tiPi(
m∑

k=1

αi
kAk) +

∑

i,j

βi,jA1Aj



2.3. EXISTENCE OF SOLUTIONS FROM MATRIX MODELS 71with non-negative ti's, convex polynomials of one variable Pi, real α's and β with for all i,
|∑j βi,j | < 1 − a. Indeed, by Klein's lemma (c.f. [GZ02]), since x → Pi(

∑
αkxk) is convex,

A → TrPi(
∑

αi
kAk)is also convex (Here A, by an abuse of notations, denotes the entries of the m-uple of matrices

A = (A1, · · · , Am)).Then, we shall prove that Let V be a self-adjoint polynomial function which satis�es(2.11). Then� There exists RV < ∞ so that
lim sup

N→∞
µN

V (µ̂N
A(A2n

i )) 6 (RV )nfor all n ∈ N and i ∈ {1, · · · , m}. Here, RV is uniformly bounded by some RM whenthe quantities (a, V (0, 0, .., 0), (DiV (0, 0, .., 0))16i6m, σm(V )) are bounded by M .� µN
V [µ̂N

A] is tight and its limit points satisfy SD[V].� Take V = Vt =
∑n

i=1 tiqi and let Ua be the set of ti's for which Vt satis�es (2.11) fora given a < 1. For ε > 0 small enough, when (ti)16i6n ∈ Ua ∩ B(0, ε), µ̂N
A converges in

L1(µN
V ) and almost surely to the unique solution to SD[V].� Let a < 1, there exists ε > 0 such that if there exists a continuously di�erentiable path

γ : [0, 1] → Ua ∩ B(0, ε) from 0 to t then
F N

Vt
= N−2 log(ZN

Vt
)converges as N goes to in�nity towards

FVt
=

∑

k∈Nn\(0,..,0)

∏

16i6n

(−ti)
ki

ki!
Mk.Remark : Observe that if Vt has only a quadratic interaction term, Ua contains all the rangeof parameters such that the self potentials of each matrix is convex. For instance, if we lookat the Ising model,

Vt = βAB +

n∑

i=1

tiA
2i +

m∑

i=1

uiB
2ithen {|β| < a} ∩ {ti ∈ R+} ∩ {ui ∈ R+} ⊂ Ua.Proof.We can assume without loss of generality that a = 0 since otherwise we just make a shifton the covariance of the matrices under µN . The idea is to use Brascamp-Lieb inequality (c.f.[Har04] for recent improvements) which shows that since

f(A) = e−NTrV (A1,··· ,Am)



72 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSis log-concave, for all convex function g on (R)mN2 ,
µN

V (g(A− M)) =

∫
g(A− M)

f(A)
∏

dµN(Ai)∫
f(A)

∏
dµN(Ai)

6

∫
g(A)

∏
dµN(Ai) (2.12)with

M =

∫
AdµN

V .Here A denotes the set of entries of the matrices (A1, · · · , Am). Let us apply (2.12) with
g(A) = Tr(A2p

k ) which is convex by Klein's lemma. Hence,
µN

V

(Tr((Ak − E[Ak])
2p)
)

6 µN(Tr(A2p)) (2.13)where E[Ak](ij) = µN
V (Ak(ij)) for 1 6 i, j 6 N . By Theorem 2 p.17 in [Sos99], there exists a�nite constant C so that for all p 6

√
N ,

µN(Tr(A2p)) 6 CN4p.In particular,
lim sup

N→∞
µN

V [
1

N
Tr((Ak − E[Ak])

2p)] 6 4p. (2.14)Also, by Chebychev's inequality we �nd that if ||A||∞ denotes the spectral radius of A, for all
k ∈ {1, · · · , m}

µN
V (||Ak − E[Ak]||∞ > 3) 6 µN

V (Tr((Ak − E[Ak])
2p

> 32p) 6 CN

(
2

3

)2pfor all p 6
√

N . Taking p =
√

N , we deduce by Borel Cantelli's lemma that
lim sup

N→∞
||Ak − E[Ak]||∞ 6 3 a.s. (2.15)We now control E[Ak] uniformly. Since the law of Ak is invariant by the action of theunitary group, we deduce that for all unitary matrix U ,

E[Ak] = E[UAkU
∗] = UE[Ak]U

∗ ⇒ E[Ak] = µN
V (µ̂N

A(Xk))I. (2.16)We now bound µN
V (µ̂N

A(Xk)) independently of N . Since V is convex, there are real numbers
(γi)16i6m and c > −∞, γi = DiV (0, · · · , 0) and c = V (0, · · · , 0) so that for all N ∈ N and allmatrices (A1, · · · , Am) ∈ HN (C)m,Tr(V (A1, · · · , Am)) > Tr( m∑

i=1

γiAi + c).



2.3. EXISTENCE OF SOLUTIONS FROM MATRIX MODELS 73By Jensen's inequality, we know that ZN
V > e−dN2 for N su�ciently large, d = 2σm(V ) <

+∞ and so Chebychev's inequality implies that for all y > 0, all λ > 0,
µN

V

(
|µ̂N

A(Xk)| > y
)

6 e(d−c)N2−λyN2

[

∫
e−N

∑m
i=1 γiTr(Ai)+NλTr(Ak)

m∏

i=1

dµN(Ai)

+

∫
e−N

∑m
i=1 γiTr(Ai)−NλTr(Ak)

m∏

i=1

dµN(Ai)]

6 2e(d−c)N2−λyN2

e
N2

2

∑
i6=k γ2

i + N2

2
(γk+λ)2We now optimize with respect to λ : there exists a constant A < ∞ (which depends only on

DiV (0, · · · , 0), Vi(0, · · · , 0) and σm(V )) so that
µN

V

(
|µ̂N

A(Xk)| > y
)

6 eAN2−N2

4
y2and so

µN
V (|µ̂N

A(Xk)|) =

∫
µN

V

(
|µ̂N

A(Xk)| > y
)
dy 6 4

√
A +

∫

y>4
√

A

e−
N2

4
(y2−4A)dy 6 8

√
Awhere we assumed N large enough in the last line. Hence, we have proved that

lim sup
N

|µN
V (µ̂N

A(Xk))| < 8
√

A. (2.17)Plugging this result in (2.14) and (2.16) we obtain for all p > 1 :
lim sup

N→∞
µN

V [µ̂N
A((Ak)

2p)] 6 22p−1 lim sup
N→∞

µN
V [

1

N
Tr((Ak − µN

V [Ak])
2p)]

+22p−1 lim sup
N→∞

(µN
V (

1

N
Tr[Ak])

2p)

6 22p−14p + 22p−1(8
√

A)2p
6 R2p

Vwith RV = 4(1 + 8
√

A). To prove the convergence of µV
N [µ̂N

A], remember that µV
N [µ̂N

A] is tightfor the Cm
st (C)-topology. To study its limit point, recall ∫ xe−x2/2f(x)dx =

∫
f ′(x)e−x2/2dx sothat, for P ∈ Cm

st (C),
∫

1

N
Tr(AkP )dµV

N(A) =
1

2N2

∑

ij

∫
∂Ak(ij)(Pe−NTr(V ))ji

∏
dµN(Ai)

=
1

2N2

∑

ij

∫ ( ∑

P=QXkR

2QiiRjj

−N

n∑

l=1

∑

ql=QXkR

tl

N∑

h=1

2PjiQhjRih

)
dµN

V (A)

=

∫ (
1

N2
(Tr⊗ Tr)(∂kP ) − 1

N
Tr(DkV P )

)
dµN

V (A)



74 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSwhich yields ∫ (
µ̂N

A((Xk + DkV )P ) − µ̂N
A ⊗ µ̂N

A(∂kP )
)
dµV

N(A) = 0Now, by convexity of V we have concentration of µ̂N
A under µV

N (since log-Sobolev inequality issatis�ed uniformly, according to Bakry-Emery criterion, and that Herbst's argument thereforeapplies, see [ABC+00], sections 6 and 7) : for all Lipschitz function f on the entries
µN

V

(
A : |f(A) − µN

V (f)| > δ
)

6 e
− δ2

2||f ||2
L (2.18)where ||f ||L is the Lipschitz constant of f . Since for P ∈ Cm

st (C), A → µ̂N
A(P ) is Lipschitzwith constant of order N−1 (see [GZ00]), we conclude that since ∂iP ∈ Cm

st (C) ⊗ Cm
st (C), forall P ∈ Cm

st (C),
lim

N→∞

∣∣∣∣
∫

µ̂N
A ⊗ µ̂N

A(∂kP )dµV
N(A) − µV

N [µ̂N
A] ⊗ µV

N [µ̂N
A](∂kP )

∣∣∣∣ = 0.Thus
lim sup

N→∞

(
µN

V (µ̂N
A((Xk + DkV )P )) − µN

V [µ̂N
A] ⊗ µN

V [µ̂N
A](∂iP )

)
= 0If τ is a limit point of µN

V [µ̂N
A] for the weak Cm

st (C)-topology, we can use the previous momentestimates to show that even though Xk+DkV is a polynomial function, µN
V (µ̂N

A((Xk+DkV )P ))converges along subsequences towards τ((Xk +DkV )P )), and of course µN
V [µ̂N

A]⊗µN
V [µ̂N

A](∂kP )converges towards τ ⊗ τ(∂kP ). Hence, we get that the limit points of µN
V [µ̂N

A] satisfy theWSD[V]. By the previous moment estimate, these limit points are compactly supported,hence they satisfy SD[V]. Similarly, by (2.18), µ̂N
A is almost surely tight and its limit pointssatisfy SD[V] according to (2.15) and (2.17).When V = Vt, observe that Rt is uniformly bounded when |t| 6 M since Vt(0, · · · , 0) and

(DiVt(0, · · · , 0))16i6m depends continuously on t. Thus, the �rst point of the theorem showsthat the limit points of µN
Vt

[µ̂N
A] are uniformly compactly supported. Hence, since also we haveseen that they satisfy SD[Vt], for t small enough, µ̂N

A converges in expectation (and thereforealmost surely by concentration), to the unique solution to SD[Vt]. The last point is now adirect consequence of Theorem 2.3.3.
2Hence, we see here that convex potentials have uniformly compactly supported limit dis-tributions so that we can apply the whole machinery. We strongly believe that this propertyextends to much more general potentials. However, we shall see in the next section that wecan localize the integral to make sure that all limit points are uniformly compactly supportedand still keep the enumerative property, hence bypassing the issue of compactness.



2.3. EXISTENCE OF SOLUTIONS FROM MATRIX MODELS 752.3.3 The uses of diverging integralsIn the domain of matrix models, diverging integrals are often considered. For instance, ifone wants to consider triangulations, one would like to study the integral
ZN(tx3) =

∫
etNTr(M3)dµN(M)which is clearly in�nite if t is real. The same kind of problem arises in many other models (c.f.the dually weighted graph model [KSW96]). However, we shall see below that at least as far asplanar maps are concerned, we can localize the integrals to make sense of it, while keeping itsenumerative property. Namely, let Vt = V ∗

t =
∑

tiqi and let us consider the localized matrixintegrals given, for L < ∞, by
ZN,L

Vt
=

∫

||A||∞6L

e−NTr(Vt(A))
∏

dµN(Ai)and the associated Gibbs measure
µN,L

Vt
(dA) = (ZN,L

Vt
)−11||A||∞6Le−NTr(Vt(A))

∏
dµN(Ai).Here, ||A||∞ = max16i6m ||Ai||∞ and ||Ai||∞ denotes the spectral radius of the matrix Ai.We shall prove There exists L0 > 0 and ε0 > 0 so that for ε < ε0, there exists L(ε) > L0,

L(ε) going to in�nity as ε goes to zero, so that for t ∈ B(0, ε) ∩ {t|Vt = V ∗
t }, for all L ∈

[L0, L(ε)],
lim

N→∞

1

N2
log ZN,L

Vt
=

∑

k∈Nn\(0,..,0)

∏

16i6n

(−ti)
ki

ki!
Mk (2.19)Moreover, under µN,L

Vt
, µ̂N

A converges almost surely towards τt described in Theorem 2.2.3.This shows that, up to localization, the �rst order asymptotics of matrix models gives theright enumeration for any polynomials. The diverging integrals often considered in physicsshould be therefore thought to be conveniently localized to keep their combinatorial virtue,and are then as good as others. In view of Lemma 2.3.6, this localization procedure shouldnot damage the remainder of the large N expansion neither.Proof.Fix M > 0 and choose η su�ciently small, so that Vt(0, · · · , 0), DiVt(0, · · · , 0) and
σm(VtV

∗
t ) are uniformly bounded by a constant M < +∞ for t ∈ B(0, η). We will provethat if L is su�ciently large, there exists 0 < ε < η such that Theorem 2.19 is valid for all tin B(0, ε) ∩ {t|Vt = V ∗

t }.We now see our potential as a convex potential in order to �nd an uniform bound on thesupport. First we bound the Hessian of
ϕN

Vt
: (Ak(ij)) ∈ (RN2

)m ∩ {‖A‖∞ 6 L} → Tr(V (A1, · · · , Am)) (2.20)uniformly in N :
HessϕN

Vt
(A, A) =

n∑

i=1

ti
∑

qi=RXSXT

Tr(RASAT ).



76 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSNow we use Hölder's inequality :
|Tr(RASAT )| = |Tr(TRASA)| ≤

√Tr((TR)A∗A(TR)∗)
√Tr(SA∗AS∗)

6 ‖TR‖∞‖S‖∞Tr(AA∗).which implies that for {‖A‖∞ 6 L}

‖HessϕN
Vt
‖ 6 C|t|and C depends only on L. Therefore, We can �nd ε > 0 such that if t ∈ B(0, ε)∩{t|Vt = V ∗

t },for all N , ϕN
Vt

+ 1
4

∑n
i=1 Tr(X2

i ) is convex on {‖A‖∞ 6 L}.Thus Ṽt(A) = Vt(A) + ∞1||A||∞>L is a convex potential and1||A||∞6Le−NTr(Vt(A)) = e−NTr(Ṽ (A))is log-concave so that we can use the strategy of the proof of the �rst point in Theorem 2.3.4.The only point to check is that there exists d < +∞ such that ZN,L
Vt

> e−dN2 . According toJensen's inequality,
ZN,L

Vt
=

∫

||A||∞6L

e−NTr(Vt(A))
∏

dµN(Ai)

> µN(||A||∞ 6 L) exp

(
− N

µN (||A||∞ 6 L)

∫

||A||∞6L

Tr(Vt(A))
∏

dµN(Ai)

)The biggest eigenvalue goes almost surely to 2 and |
∫
||A||∞6L

Tr(Vt(A))
∏

dµN(Ai)| is boundedby µN(VtV
∗
t )

1
2 which goes to σm(VtV

∗
t ) < +∞ according to [Voi91]. Thus if L > 2, ZN,L

Vt
>

e−dN2 for a �nite constant d. Thus, we can use the same technique than in Theorem 2.3.4 toshow that any limit point of µ̂N
A has a bounded support RM independent of L.We choose L > RM . Now the proof is very close to that of Theorem 2.3.1 except thatwe have to be careful to make perturbations which do not change the constraint ||A||∞ 6 L.Let i ∈ {1, · · · , m} and consider the perturbation Ai → Ai + N−1h(Ai) and Aj → Aj for

j 6= i with a compactly supported function h which vanishes on [−R, R]c. Then for L > R,for su�ciently large N , and ||Ai||∞ 6 L, ||Ai +N−1h(Ai)||∞ 6 L so that we see that the limitpoints of µ̂N
A under the localized Gibbs measure µN,L

V satisfy for i ∈ {1, · · · , m}, for all h ofsupport strictly less than L

µ ⊗ µ(∂ih(Xi)) = µ((DiV + Xi)h(Xi)). (2.21)These limit points are also laws of operators bounded by RM < L. Thus the limit points satisfy(2.21) for arbitrary polynomials P i.e. they satisfy SD[V]. Now according, to Theorem 2.2.3if t is su�ciently small, SD[V]has an unique solution given by the enumeration of maps.Thus we have shown that for L > RM , there exists ε > 0 such that for t ∈ B(0, ε)) µ̂N goesalmost surely to the soltution of SD[V] described in Theorem 2.2.3.The formula for the free energy is then derived as in Theorem 2.3.3 since L is �xedindependently of t small enough.
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2Let us remark that if we de�ne, following [Voi93], for µ ∈ Mm, a microstates Γ(µ, n, N, η),

n ∈ N, N ∈ N, η > 0, as the set of matrices A1, .., Am of HN(C)m such that
|µ(Xi1..Xip) −

1

N
Tr(Ai1 ..Aip)| < η (2.22)for any 1 6 p 6 n, i1, .., ip ∈ {1, .., m}p, then we have For all δ > 0 small enough, for

L ∈ [L0(δ), L(δ)], and |t| 6 δ,
lim

N→∞

1

N2
log

∫

||A||∞6L

e−NTr(Vt(A))dµN(A1) · · ·dµN(Am)

= lim
η→0,n→∞

lim
N→∞

1

N2
log

∫

Γ(τt,n,N,η)∩||A||∞6L

e−NTr(Vt(A))dµN(A1) · · · dµN(Am)

= lim
η→0,n→∞

lim
N→∞

1

N2
log

∫

Γ(τt,n,N,η)

e−NTr(Vt(A))dµN(A1) · · ·dµN(Am)Proof.The �rst equality is a direct consequence of the previous theorem since it is equivalentto the fact that µN,L
Vt

(Γ(τV , n, N, ε)) goes to one. The second comes from the fact that for ngreater than the degree of V ,
lim

η→0,n→∞
lim

N→∞

1

N2
log

∫

Γ(τt ,n,N,η)∩||A||∞6L

e−NTr(Vt(A))dµN(A1) · · ·dµN(Am)

= −τt(Vt) + lim
η→0,n→∞

lim
N→∞

1

N2
log µ⊗m

N (Γ(τt, n, N, η) ∩ ||A||∞ 6 L)

= −τt(Vt) + lim
η→0,n→∞

lim
N→∞

1

N2
log µ⊗m

N (Γ(τt, n, N, η))where we used in the last equality the result of [BB03], which hold when τV is the law ofbounded operators with norms strictly smaller than L (see the last remark in [BB03]).
2As a corollary, we also deduce that for all Vt with t small enough, the limits of empiricaldistributions of matrices given by localized matrix models provide solutions of SD[Vt]. Sincethese limits have to be tracial states, we deduce that when there is a unique solution to SD[Vt]it has to be a tracial state. Thus,The compactly supported solutions of SD[Vt] are tracial states when t is su�cientlysmall. Note that if (Pi)16i6m in C〈X1, · · · , Xm〉m is the conjugate variable of a tracial state,[Voi02] have shown that Pi = DiP for 1 6 i 6 m and some polynomial P . This fact should becompared with our graphical interpretation which works only because Pi is a cyclic derivative.



78 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELS2.4 Applications to free entropyLet us recall that Voiculescu's microstates entropy is de�ned, for τ ∈ ∪RMm
R , by

χ(τ) = lim
η→0,n→∞

L→∞

lim sup
N→∞

1

N2
log µ⊗m

N (Γ(τ, n, N, η) ∩ ||A||∞ 6 L)with Γ(τ, n, η, N) the microstates de�ned in (2.22). Note that the original de�nition of Voicu-lescu is not with respect to the Gaussian measure, but with respect to the Lebesgue measure.However, both de�nitions only di�er by a quadratic term (see [CDG03]). It is an (important)open problem whether in general one can replace the limsup by a liminf in the de�nition of
χ. However, from the previous considerations, we can see the followingLet n ∈ N and (qi)16i6n be monomials in m non-commutative variablesX = (X1, · · · , Xm).Let Vt = V ∗

t

∑n
i=1 tiqi. By Theorem 2.2.3, we know that there exists ε > 0 so that for |t| < ε,there exists a unique compactly supported solution τt to SD[Vt]. Then, also for |t| 6 ε,

χ(τt) = lim
η→0,n→∞

L→∞

lim inf
N→∞

1

N2
log µ⊗m

N (Γ(τt, n, N, η) ∩ {||A||∞ 6 L}) .Moreover,
χ(τt) = −

∑

k∈Nn\(0,··· ,0)

n∏

i=1

(−ti)
ki

ki!

(
n∑

j=1

kj − 1

)
Mk.Proof.In fact, by Lemma 2.3.6

χ(τt) = lim
η→0,n→∞

L→∞

lim sup
N→∞

1

N2
log

∫

Γ(τt,n,N,η)
∩{||A||∞6L}

eNTr(Vt(A))−NTr(Vt(A))dµ⊗m
N (A)

= τt(Vt) + lim
η→0,n→∞

L→∞

lim sup
N→∞

1

N2
log

∫

Γ(τt,n,N,η)
∩{||A||∞6L}

e−NTr(Vt(A))dµ⊗m
N (A)

6 τt(Vt) + Ftwhere the last inequality holds with
Ft = lim sup

N→∞

1

N2
log

∫

||A||∞6L′

e−NTr(Vt(A))dµ⊗m
N (A)



2.5. APPLICATIONS TO THE COMBINATORICS OF PLANAR MAPS 79for L′ chosen as in Lemma 2.3.6. On the other hand,
lim

η→0,n→∞
L→∞

lim inf
N→∞

1

N2
log µ⊗m

N (Γ(τt, n, N, η) ∩ ||A||∞ 6 L)

= τt(Vt) + lim
η→0,n→∞

L→∞

lim inf
N→∞

1

N2
log

∫

Γ(τt,n,N,η)∩||A||∞6L

e−NTr(Vt(A))dµ⊗m
N (A)

= τt(Vt) + Ft + lim
η→0,n→∞

lim inf
N→∞

1

N2
log µN,L′

Vt
(Γ(τt, n, N, η))

= τt(Vt) + Ftwhere we used in the last term Theorem 2.3.5 which implies
lim

N→∞
µN,L′

Vt
(Γ(τt, n, N, η)) = 1for all ε > 0, n ∈ N. Thus, we see that χ is equal to its liminf de�nition and moreover

χ(τt) = τt(Vt) + Ft.Now, by Theorems 2.3.5 and 2.2.3,
Ft =

∑

k∈Nn\(0,..,0)

∏

16i6n

(−ti)
ki

ki!
Mkwhereas

τt(Vt) =
n∑

i=1

ti
∑

kj∈N,

16j6n

∏

16j6n

(−tj)
kj

kj!
Mk1,··· ,ki−1,,ki+1,ki+1,··· ,knfrom which the formula for χ(τt) is easily derived.

22.5 Applications to the combinatorics of planar mapsFor the sake of completeness, we summarize in this last section, the results of a few papersdevoted to the enumeration of planar maps, either by a combinatorial approach or by a matrixmodel approach.2.5.1 The one matrix caseWe now consider the case m = 1 where we only have one matrix. Let Vt(A) =
∑2D

i=1 tiA
iwith t2D > 0 a polynomial potential with an even leading power. Then it has been proven in[BAG97] Theorem 5.2 that the empirical measure satis�es a large deviation principle :



80 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSLet
J(µ) =

∫ (
x2

2
+ Vt(x)

)
dµ(x) −

∫ ∫
log |x − y|dµ(y)dµ(x)and

I(µ) = J(µ) − inf
ν∈P (R)

J(ν)then the sequence of empirical measure µ̂N satis�es a large deviation principle in the scale
N2 with good rate function I. Moreover, the minimum of I is reached at a unique probabilitymeasure µt so that

x2

2
+ Vt(x) − 2

∫
log |y − x|dµt(y) = Ct, µta.s.with a �nite constant Ct, and where the left hand side dominates the right hand side on thewhole real line.We can di�erentiate in x this last equation to recover Schwinger-Dyson's equation. It isnot su�cient in general to determine the solution uniquely ; one need the inequality on thewhole real line to �x the support of the solution.These analysis of µt has also been investigated with the method of orthogonal polynomialswhich give a rather sharp description of the limit measure and emphasizes a structure similarto the semi-circular law. More precisely Theorem 3.1 in [EM03] gives :Let Vt be a real polynomial of degree 2D. There exists t > 0 and γ > 0 such that if for all

i, |ti| < t and t2D > γ
∑

i<2D ti then µt is absolutely continuous with density Ψt of the form :
Ψt(x) =

1

2π
1[a,b](x)

√
(x − a)(x − b)h(x)with

h(z) =

∫

C(z,R)

V ′
t (s)√

(s − a)(s − b)

ds

s − zwhere R is such that a, b ∈ C(z, R). Besides, the boundaries a and b can be �nd by theequations : ∫ b

a

V ′
t (s)√

(s − a)(b − s)
ds = 0

∫ b

a

sV ′
t (s)√

(s − a)(b − s)
ds = 2πWe now look at combinatorics of the Schwinger-Dyson's equation with one variable, for

Vt(x) =
∑2D

i=1 tix
i. Remember that from Theorem 2.2.3, µt can be seen as the generatingfunction of graphs counted by the numbers of stars of valence i :

µt(x
p) =

∑

k1,··· ,k2D∈N

2D∏

i=1

(−ti)
ki

ki!
Mk(P ).



2.5. APPLICATIONS TO THE COMBINATORICS OF PLANAR MAPS 81Hence, Theorem 2.5.2 allows to estimate the numbers of one color planar maps. A more directcombinatorial approach can be developed by considering for instance the dual of those graphs.The dual of a graph is simply obtained by replacing each face by a star and each edge by atransverse edge which link the two stars which come from the face adjacent to the edge. Inthat operation each star is replaced by a face of the same valence. As we work on the spherewe can decide that the face which comes from the star Xp is the external face.Thus µt(X
p+1) is also the generating function of connected planar graphs with an externalface of valence p+1 and enumerated by the number of faces of a given valence. Those objectsare classical ones in combinatorics and we can follow [Tut63] to �nd an equation on thesegenerating functions. The idea is to try to cut the �rst edge of the external face, then twocases may occur : either the graph is disconnected and we obtain two graphs or it isn'tdisconnected and the external face has grown. This two cases corresponds in the dual graphto the fact that the �rst half-edge of the root is a loop or not which is exactly what we use tobuild our combinatorial interpretation so that we can retrieve the Schwinger-Dyson's equationfrom this fact. Just by using the equation given by this decomposition and some algebraictools, combinatorialists have solved some models. For example [BC94] gives an equation onthe generating function M(u, v) of maps whose internal faces have degree living in a �xedset D ⊂ N and enumerated by their number of edges and the degree of the external face. Totranslate this in our framework, one can consider for a �nite D with an even maximal element,

Vt(X) =
∑

d∈D
tdX

dThen under this potential, for small t, the limit measure µt will satisfy our combinatorialinterpretation. De�ne
M(u, v) =

∑

p∈N

µ
(−u

d
2 )d∈D

(Xp)vpwhich counts maps according to the degree of the external face and its number of edges.Theorem 1 of [BC94] states :For a series F (z) =
∑

i aiz
i we will note [zi]F (z) the ith coe�cient ai. Then there exists aunique power series R satisfying

R = 1 − 4R1v − 4R2v
2with

R1 =
u

2

∑

i∈D

[vi−1](R
1
2 ) and R2 =

u

2

∑

i∈D

[vi](R
1
2 ) + u − 3R2

1.The number mn of maps with n edges such that every degree of internal face lies in D is then
mn = [un]

(R2(u) + R1(u)2)(R2(u) + 9R1(u)2)

(n + 1)u2The techniques to prove these results are most often purely algebraic. The main di�erence innature that we could meet between the approaches by matrix models or by combinatorics to



82 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSthese enumerations is that the �rst provides for free additional structure ; it shows that theseenumerations can be expressed in terms of a probability measure µt. This point generalizes toany number of colors where the enumeration can be expressed in terms of tracial states. Onemay hope that this positivity condition could help in solving these combinatorial problems.2.5.2 Ising model on random graphsThis model is de�ned by m = 2 and
V (A, B) = VIsing(A, B) = −cAB + V1(A) + V2(B).In the sequel, we denote in short A for X1 and B for X2. It is clear that for |c| < 1, V is aconvex potential as de�ned in (2.11) if V1, V2 are convex (write −2AB = (A−B)2 −A2 −B2or 2AB = (A + B)2 − A2 − B2 to see that up to a quadratic term 2−1|c|A2 + 2−1|c|B2, V isconvex) Hence we deduce from Theorem 2.3.4For c ∈ R and Vi(x) =

∑D
j=1 tijx

2j , i = 1, 2, set Vt,c(A, B) = −cAB + V1(A) + V2(B). Let,for δ > 0, Uδ = ∩i,j{0 6 tij 6 δ}∩{|c| < 1− δ}. Then, for δ > 0 small enough and (t, c) ∈ Uδ,
µN

V (µ̂N
A) converges towards the solution µt,c of SD[Vt,c] as N goes to in�nity. Moreover

µt,c(P ) =
∑

k∈N2D

r∈N

∏

i,j

(−tij)
ki

j

ki
j !

cr

r!
Mk1,k2,r(P )and

F (t, c) − F (t, 0) =
∑

k∈N2D

r>1

∏

i,j

(−tij)
ki

j

ki
j!

cr

r!
Mk1,k2,rwhere Mk1,k2,r (resp. Mk1,k2,r(P )) is the number of planar maps with k1

j vertices of type
A2j , k2

j of type B2j and r of type AB (resp. and one of type P ). Remark : Note that we tookpotentials V1 and V2 as polynomials with even powers to guarantee our convexity relation butthis condition could easily be relaxed by taking more sophisticated domains than Uδ in whichthe polynomials would remain convex.Proof.This result is a consequence of Theorem 2.2.2, 2.3.4 and 2.3.3. Note here that the controlon
µN

V (N−1Tr(AB))assumed in Theorem 2.3.3 is satis�ed due to Theorem 2.3.4 which provides a uniform boundwhen |c| < ξ for ξ < 1.
2According to the graphical interpretation, the limiting measure is linked to planar mapswith stars whose type are the monomial of V1, V2 and stars of type AB. Those maps are very



2.5. APPLICATIONS TO THE COMBINATORICS OF PLANAR MAPS 83close from Ising con�guration on planar graphs except that two stars of type AB can be linkedtogether. For integers (ki
j)i∈{A,B},16i6D, de�ne

I{ki
j},r(P ) = ]{ planar maps with ki

j stars of color i and degree 2j,one star of type P (if P 6= 0) and r stars of type ABsuch that there's no link between any of the r AB-stars. }and its rooted counterpart :
J{ki

j},r(P ) = ]{ rooted planar maps with ki
j stars of color i and degree 2j,one star of type P wich is the root and r stars of type ABsuch that there's no link between any of the r AB-stars. }There's a relation between these quantities similar to (2.3) :

I{ki
j},r(P ) = J{ki

j},r(P )r!Πi,jk
i
j!(2j)

ki
j (2.23)We can now relate these numbers to our limit measure :Let µt,c be as in Corollary 2.5.4, then on its radius of convergence,

µt,c(P ) =

(
1

1 − c2

)deg P
2 ∑

ki
j
∈N2D

r∈N

∏

i,j

1

ki
j!

( −tij
(1 − c2)j

)ki
j cr

r!
I{ki

j},r(P )and
F (t, c) − F (t, 0) =

1

1 − c2

∑

ki
j
∈N,i∈{1,2},

j∈{1,D},r>1

∏

i,j

1

ki
j !

( −tij
(1 − c2)j

)ki
j cr

r!
I{ki

j},r(0)Proof.First we de�ne a projection π from rooted maps to rooted Ising graphs such that if M is amap π(M) is obtained by deleting pairs of AB stars which are glued. We now apply Corollary2.5.4, and translate its result in term of rooted diagrams using (2.3) :
µt,c(P ) =

∑

k∈N2D

r∈N

∏

i,j

(−2jtij)
ki

jcrD{ki
j},r(P )All the maps M appearing in that sum are such that π(M) is an Ising graph rooted ata star of type P . For a �xed Ising graph G we must �nd the contribution in that sum of

π<−1>(G). But we can construct every graph in that set by adding pairs of stars AB on theedges of G. The numbers of edges of G is eG = degP
2

+
∑

i,j jki
j so that to get the wholecontribution of π<−1>(G) we have to multiply the contribution of G by

∑

a1,··· ,aeG
∈N

c2
∑

ai =

(
1

1 − c2

) degP
2

+
∑

i,j jki
j

.



84 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSIn that sum, ai stands for the number of pairs of AB stars added on the ith edge. Summingon every graphs, we obtain :
µt,c(P ) =

(
1

1 − c2

) deg P
2 ∑

k∈N2D

r∈N

∏

i,j

( −2jtij
(1 − c2)j

)ki
j

crJ{ki
j},r(P )and the result follows by using (2.23).The second point can be proven by proceeding in the same way.

2In the rest of this section, we compare a few di�erent approaches to solve the enumerationproblem of the Ising model. In short, let us emphasize that, for the time being, combinatorialand orthogonal polynomials approaches give the more complete and explicit results. However,these techniques are still limited to very few models. The Schwinger-Dyson's equation or thelarge deviation approaches can be developed for a much wider range of models (such as q-Potts,induced QCD etc). However, it seems to us that these arguments still need some mathematicale�orts to provide as transparent and powerful results (namely for the �rst a mathematicalstudy of the so-called master-loop equations, and for the second a clear understanding of therelations between complex Burgers equations and the master-loop equations).Orthogonal polynomial approachHere we take V1 = V2 = (g/4)x4. By using orthogonal polynomials techniques, it wasproved by [Meh81] that the corresponding free energy Fg,c satis�es
Fg,c − F0,c =

∫ 1

0

(1 − x)[log f(x) − log
cx

2(1 − c2)
]dxwith f(x) = fg,c solution to the algebraic equation

f(x){(1 − 6
g

c
f(x))−2 − c2} + 12g2f 3(x) − 1

2
cx = 0and the root to be taken equals 2−1cx(1 − c2)−1 when g = 0.Starting from there, a simpler expression as been derived in [BK87] (equation (16), (17)with h = z/g) :

Fz,c =
1

2
ln h(z) +

h2(z)

2

(
z − 1

2(3z − 1)3
+ c2 z + 1

3z − 1
+

c4

2
(3z4 − 3z2 + 1)

)

−h(z)(
1

3z − 1
+ c2(1 − z2)) +

1

2
ln(1 − z2) +

3

4with
h(z) =

(1 − 3z)2

1 − c2(1 − 3z)2(1 − 3z2)
(2.24)



2.5. APPLICATIONS TO THE COMBINATORICS OF PLANAR MAPS 85Hence, by the preceding, Mehta's result gives a formula for the generating function of J inthe quadrangulation case. However, it does not a priori gives the limiting spectral measuresof the matrices. Moreover, this strategy could be only developed completely and rigorouslyfor the Ising model and the matrix coupled in chain model (see [CMM81]).2.5.3 Direct combinatorial approachWe can also relate this result to the work of [BMS02]. Their approach is purely com-binatorial ; they use bijection with well labeled trees (whose generating functions are wellunderstood) to obtain algebraic equations for the generating functions of the Ising model.Let I(X, Y, u) be the generating function of the Ising model on quasi-tetravalent graphs, (i.e.tetravalent graphs except for the root which is bivalent and black) where X (resp. Y ) countsthe black (resp. white) tetravalent stars and u the bicolored edges :
I(X, Y, u) =

∑

m,n,r∈N

XmY nur]






quasi -tetravalent maps with m tetravalentblack stars, n tetravalent white stars and
r bi-colored edges 



 .If P (x, y, u) is the solution to the algebraic equation :
P = 1 + 3xyP 3 +

P (1 + 3xP )(1 + 3yP )

u2(1 − 9xyP 2)2
(2.25)Then, by [BMS02], Proposition 1 p.4, I can be written in function of P (x, y, u) with x =

X(u − 1
u
)2 and y = Y (u − 1

u
)2 as

I(X, Y, u) =
u2 − 1

u2

(
xP 3 +

P (1 − 3xP − 2xP 2 − 6xyP 3)

1 − 9xyP 2
− yP 3(1 + 3xP )3

u2(1 − 9xyP 2)3

)
.On the other hand, according to Proposition 2.5.5, if V = tA4 + uB4 − cAB and µt,u,c is theassociated limit measure then on its domain of convergence,

I(X, Y, u) = (1 − u2)µX(1−u2)−2,Y (1−u2)−2,u(A
2).If we make the following change of variable in (2.25) :

x = y =
−z

3c2h(z/3)
, P = −c2h(z/3), u = cthen we �nd (2.24). Hence, a combinatorial approach can be developed to solve the problem ofthe enumeration of planar maps of the Ising model, a strategy which requires some combina-torial insight. The next approach we present, developed in particular by Staudacher, Kazakovand Eynard, is a direct analysis of the SD[V] equations. It is a purely analytical and ratherrobust strategy.



86 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELS2.5.4 Direct study of the SD[VIsing] equationsHere, the analysis is based on Theorem 2.3.4 which asserts that if V1, V2 are convex, forsmall parameters, µ̂N
A,B converges almost surely towards the solution µt,c of SD[Vt,c] which isa generating function for the enumeration of maps. Hereafter we take c = 1 up to a rescaling

x̄ =
√

cx, ȳ =
√

cx, V1(x) = V̄1(x̄), µt(P (A, X2)) = µt,1(P (
√

c
−1

A,
√

c
−1

X2)). Following[Eyn03b], we shall analyze the solutions of the Schwinger-Dyson's equation. Observe that thefollowing considerations hold for any range of parameters, not only small parameters. For largeparameters, we do not know that the Schwinger-Dyson's equation has a unique solution but westill know that any limit point of the empirical measure of the random matrices still satis�esit. In the next section, we shall see that for the Ising model and any range of parameters,there is a unique such limit point, and it will therefore enjoy the properties described below.We here summarize the main result, as found in [Eyn03b]. Let µt be a solution of SD[VIsing]
µt((W

′
1(A) − B)P ) = µt ⊗ µt(∂AP ),

µt((W
′
2(B) − A)P ) = µt ⊗ µt(∂BP ),with ∂A (resp. ∂B) the non-commutative derivative with respect to A (resp. B) µA (resp. µB)and Wi(z) = z2/2 + Vi(z). Now, let µA (resp. µB) be the spectral measure of the matrix A(resp. B) then we shall obtain an algebraic equation for HµA(x) (resp. HµB(x)) the Stieljestransform of the limiting measure µA (resp. µB) given, for x ∈ C\R by :

HµA(x) = µt(
1

x − A
) =

∫
1

x − y
dµA(y)Let for x, y ∈ C\R, Y (x) = W ′

1(x) − HµA(x) and X(y) = W ′
2(y) − HµB(y). Then, thereexists a polynomial function E(x, y) so that for all x, y ∈ C\R

E(X(y), y) = 0 E(x, Y (x)) = 0.In particular, µA and µB are absolutely continuous with respect to Lebesgue measure, withHilbert transform HµA and HµB so that Y (x) = W ′
1(x)−HµA(x) satis�es the same algebraicequation with x ∈ R. Proof.Note that since we know that µt is compactly supported, we can take Stieljes functionsin SD[VIsing] instead of polynomials P since the latest are dense by Weirstrass theorem. Wechoose P = P (A) = (x − A)−1 in the second equation in SD[VIsing] to obtain :

µt

(
W ′

2(B)

x − A

)
= −1 + xHµA(x)Then we use this in the �rst equation written with

P (A, B) =
1

(x − A)

(W ′
2(y) − W ′

2(B))

(y − B)to get after some calculation
U(x, y)(y − Y (x)) = (Y (x) − W ′

1(x))(x − W ′
2(y)) + 1 − Q(x, y) (2.26)



2.5. APPLICATIONS TO THE COMBINATORICS OF PLANAR MAPS 87where
U(x, y) = µt

(
1

(x − A)

W ′
2(y) − W ′

2(B)

(y − B)

)
,and

Q(x, y) = µt

(
W ′

1(x) − W ′
1(A)

(x − A)

W ′
2(y) − W ′

2(B)

(y − B)

)
.To obtain our algebraic equation, we simply de�ne

E(x, y) = (y − W ′
1(x))(x − W ′

2(y)) + 1 − Q(x, y)and we obtain the famous �Master-loop equation�
E(x, Y (x)) = 0by taking y = Y (x) in (2.26). In a symmetric way, we can show that if X(y) = W ′

2(y)−HµB(x)then we also have E(X(y), y) = 0. Note that E is a polynomial function. Hence, this shows that
Y (x), X(y) and so the generating functions HµA(x) and HµB(y) are solution to an algebraicequation. However, this equation still contains a certain numbers of unknown ; {µt(A

pBq), p 6deg(V1)− 2, q 6 deg(V2)− 2}. It is argued in physics that when t is small, the supports of µAand µB should be connected and therefore (x, Y (x)) and (X(y), y) should then be genus zerocurves. Then, these unknowns should be determined by the asymptotic behavior of X(y) and
Y (x) at in�nity

X(y) ' W ′
2(y) − 1

y
(1 + o(1)), Y (x) ' W ′

1(x) − 1

x
(1 + o(1)).Note in passing that, as solutions of an algebraic equation, HµA and HµB extends conti-nuously (but in general not di�erentially) to the real line (as an extended complex number).As a consequence, µA and µB have densities with respect to the Lebesgue measure, as thelimits of the imaginary part of the Stieljes transform on the real line.

22.5.5 Large deviations approachAn approach using large deviation was developed in [Gui04], see also [Mat94]. Again, wetake c = 1 up to rescaling and denote Wi(x) = x2/2+Vi(x) for i = 1, 2. The main advantage ofthis strategy is to be valid in the whole range of the parameters. Otherwise, it should providethe same type of information than in the previous paragraph. Namely,For any polynomials V1, V2 going to in�nity faster than x2, µ̂N
A,B converges almost surelytowards µt,1 = µt which is uniquely de�ned by the Schwinger-Dyson's equations

µt ⊗ µt(∂AP ) = µt((W
′
1(A) − B)P ), µt ⊗ µt(∂BP ) = µt((W

′
2(B) − A)P ) (2.27)



88 CHAPITRE 2. COMBINATORIAL ASPECTS OF MATRIX MODELSand by the fact that µt|A and µt|B (which are the limits of µ̂N
A and µ̂N

B respectively) are theunique minimizers of
SV1,V2(µ) = µA(W1) + µB(W2) − 2−1

∫ ∫
log |x − y|dµA(x)dµA(y)

− 2−1

∫ ∫
log |x − y|dµB(x)dµB(y)

+
1

2
inf
ρ,m

{
∫ 1

0

∫
mt(x)2

ρt(x)
dxdt +

π2

3

∫ 1

0

∫
ρt(x)3dxdt}where the inf is taken over m, ρ so that µt(dx) = ρt(x)dx ∈ P(R), µ0(x ∈ .) = µA(x ∈ .),

µ1(x ∈ .) = µB(x ∈ .), and
∂tρt(x) + ∂xmt(x) = 0.The in�mum in (ρ., m.) is taken along the solution to a complex Burgers equation ; let Ω =

{x ∈ R, t ∈ (0, 1) : ρt(x) > 0} and de�ne on Ω ut(x) = ρt(x)−1mt(x) and ft(x) = ut(x) +
iπρt(x). Then on Ω,

∂tft(x) + ft(x)∂xft(x) = 0.Moreover, with µA = µt|A and µB = µt|B, for µA-almost all x

W ′
1(x) − u0(x) = HµA(x), µA a.s., W ′

2(x) + u1(x) = HµB(x), µB a.s. (2.28)In comparison with the previous statements, we note that the above results hold for all cand V1, V2, and not only for small parameters.Proof.Most of the proof is contained in [Gui04] where the convergence of µ̂N
A , µ̂N

B towards theunique minimizers of SV1,V2 was proved (see Theorem 3.3 in [Gui04]), as well as the factthat the limit is compactly supported and that µt satis�es (2.27) but for P ∈ Cm
st (R) (seesection 3.2.1, p. 555 and 558, in [Gui04]). It clearly extends to polynomial functions since µtis compactly supported as its marginals are. The only point we stress here is that this implythat µt is also uniquely determined. Indeed, by proceeding by induction over the degree in Bof a monomial function P , we see that

τ(BP ) = −τ ⊗ τ(∂AP ) + τ(W ′
1(A)P )de�nes uniquely all the moments τ(P (A, B)) from those of τ(Q(A)). Note here that thisis speci�c to the interaction under consideration ; in general the solutions of SD[V] is notdetermined by their restriction to one variable.

2Using for instance the fact that if we let gt(x) = tft(x)+x, the Wronskian of (f, g) is null,we �nd that on each connected component of Ω, there exists an analytic function F so that
tft(x) + x = F (ft(x)).



2.5. APPLICATIONS TO THE COMBINATORICS OF PLANAR MAPS 89In a small parameter region, it should easily be arguable that Ω is connected, as it is when theparameters are null (where the solution at time t can be seen to be a semi-circular variablewith variance 1− t + t2). One ca argue that ft extends continuously to t = 0 and t = 1 whichyields
x = F (f0(x)) f1(y) + y = F (f1(y)) (2.29)for all x in the support of µA and all y in the support of µB. Noting that f0(x) = W ′

1(x) −
HµA(x) = −Y (x), f1(x) = −W ′

2(x) + HµB(x) = −X(x) it is tempting to hope that (2.29)yields the same result that Property 2.5.6, namely that (Y (x), x) and (y, X(y)) satisfy thesame algebraic equation. Our knowledge of this �eld is much too limited to enable us to getthis conclusion.





Chapitre 3Second order asymptotics for matrixmodels
Ce chapitre est l'article [GMS07] écrit en collaboration avec Alice Guionnet et à paraîtredans la revue �Annals of Probability�.

AbstractWe study several-matrix models and show that when the potential is convex and a smallperturbation of the Gaussian potential, the �rst order correction to the free energy can beexpressed as a generating function for the enumeration of maps of genus one. In order to dothat, we prove a central limit theorem for traces of words of the weakly interacting randommatrices de�ned by these matrix models and show that the variance is a generating functionfor the number of planar maps with two vertices with prescribed colored edges.3.1 IntroductionIn this paper we study the asymptotics of Hermitian random matrices whose distribution isgiven by a small convex perturbation of the Gaussian Unitary Ensemble (denoted GUE). Weshall consider m-tuples of random matrices, with an integer number m ∈ N �xed throughoutthis paper. Then, the law µN of m independent matrices following the GUE is given, for
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N × N Hermitian matrices A = (A1, . . . , Am), by

dµN(A) = e−
N
2
Tr(∑m

i=1 A2
i )

m∏

i=1

N∏

j=1

d(Ai)jj

∏

16j<k6N

d<e(Ai)jkd=m(Ai)jkwith Tr the non-normalized trace Tr(A) =
∑N

i=1 Aii. In other words, the A = (A1, · · ·Am)are independent Hermitian matrices whose entries are, above the diagonal, independent com-plex centered Gaussian variables with variance N−1. Let V (X) be a polynomial in m non-commutative indeterminates X = (X1, · · · , Xm) such that Tr(V (A)) is real for all m-tupleof Hermitian matrices A = (A1, · · · , Am). Then, we shall study the following probabilitymeasure µN
V on the set HN(C)m of m-tuple of N × N Hermitian matrices

dµN
V (A) =

1

ZN
V

e−NTr(V (A))dµN(A)where ZN
V is the normalizing constant so that µN

V is a probability measure.Besides we require that the trace of W (A) := V (A) + 1
2

∑m
i=1 A2

i is a strictly convexfunction of the entries of A = (A1, · · · , Am) ∈ HN (C)m for any N ∈ N. In that case ZN
V isautomatically �nite. More precisely, for c > 0, we say that V is c-convex if for any N ∈ N,

A ∈ HN (C)m → Tr(W (A)) is real-valued and with Hessian bounded below by cI. An exampleof c-convex potential is
V (X1, · · · , Xm) =

∑

j

Pj

(∑

i

αj
iXj

)
+
∑

j,k

βj,kXiXjwith convex polynomials Pj on R, real numbers αj
i , βj,k and ∑j |βj,k| 6 1 − c for all k ∈

{1, · · · , m} (see section 3.2 for more details).The central result of this paper can roughly be stated as follows. Let V = Vt(X1, · · · , Xm) =∑n
j=1 tjqj(X1, · · · , Xm) be a polynomial potential with n ∈ N, t = (t1, · · · , tn) ∈ C

n and mo-nomials (qj)16j6n �xed. For all c > 0, there exists η > 0 so that if |t| := max16j6n |tj| 6 ηand Vt is c-convex, there exists F i(Vt) = F i(t1, · · · , tn) for i = 0, 1 so that
log ZN

Vt
= N2F 0(Vt) + F 1(Vt) + o(1).The �rst order expansion F 0(Vt) was already obtained in [GMS06] and we extend our studyhere to the second order. The higher order expansions can also be tackled by a re�nement ofour strategy ; this is the subject of a separate article by E. Maurel-Segala [MS06a]. Moreover,we believe our tools su�ciently robust to tackle other models such as the Gaussian orthogonalensemble, or the Haar measure on the unitary group for instance. Again, this is the subjectof further studies.We next turn to the combinatorial interpretation of F 0(Vt), F 1(Vt) as generating functionsof maps.Matrix models have been used intensively in physics in connection with the problem ofenumerating maps, see the reviews [DFGZJ95, GDS91]. Let us recall that a map of genus
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g is a graph which is embedded into a surface of genus g in such a way that the edges donot intersect and dissecting the surface along the edges decomposes it into faces which arehomeomorphic to a disk. We will call a star the couple of a vertex and the half-edges whichare glued to this star. A star will have a distinguished half-edge and an orientation and willeventually have colored half-edges when m > 2. When m = 1, it is well known that if Vt = 0(i.e t = (0, · · · , 0)) moments of the random matrices from the GUE are related with theenumeration of maps ; for instance, the number Mg

k of maps with genus g with one star with
2k half-edges were computed by Harer and Zagier [HZ86] using the formula

∫
1

N
Tr(A2k

1 )dµN(A1) =

[ k
2
]∑

g=0

1

N2k
Mg

k.It was shown in [EM03] (see also [ASM01, ACKM93]) that when m = 1, this enumerativeproperty extends to the free energy of matrix models at all orders, as conjectured and widelyused in physics (see e.g. [BIZ80]). More precisely, if Vt =
∑n

i=1 tix
ni with D = maxni = npeven and tp/

∑
i6=p |ti| large enough, for all k ∈ N, there exists η > 0 so that for |t| 6 η,

log ZN
Vt

= N2
k∑

g=0

1

N2g
F g(Vt) + o(N2−2k)with

F g(Vt) =
∑

k1,··· ,kn∈Nn\{0,··· ,0}

∏

i

(−ti)
ki

ki!
Mg

k1,··· ,knwhere Mg
k1,··· ,kn

is the number of maps of genus g with ki vertices of degree ni, 1 6 i 6 n.Several-matrices integrals are related with the enumeration of colored (or decorated)maps. To make this statement clear, let us associate to a monomial q(X) = Xi1 · · ·Xip acolored star as follows. We choose m di�erent colors {1, · · · , m}. The star associated to q(called a star of type q) is a vertex equipped with colored half-edges such that the �rst half-edge has color i1, second has color i2 till the last half-edge which has color ip. Because the starhas a distinguished half-edge (the one associated with Xi1) and an orientation, this de�nes abijection between non-commutative monomials and colored stars. Then, it can be seen [Voi91]that, for any monomial q,
lim

N→∞

∫
1

N
Tr(q(A))dµN(A) = M0(q)with M0(q) the number of planar maps with one colored star of type q such that only half-edges of the same color can be glued pair-wise together (then forming a one-colored edge). In[GMS06], we proved that if Vt is c-convex and t = (t1, · · · , tn) is small enough, the limit F 0(Vt)of the free energy given in Theorem 3.1.1 is analytic in the variables ti in a neighborhood ofthe origin and its expansion is a generating function for planar maps with prescribed coloredstars ;
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F 0(Vt) =

∑

k1,··· ,kn∈Nn\{0,··· ,0}

n∏

i=1

(−ti)
ki

ki!
Mk1,··· ,kn (3.1)with Mk1,··· ,kn the number of planar maps with ki colored stars of type qi, the gluing beingallowed only between half-edges of the same color. Note however that we can not retrieve allthe numbersMk1,··· ,kn from the F 0(Vt)'s because the condition that Tr(Vt) is real requires thatthe parameters t satisfy some relations. Namely, if ∗ denotes the involution (zXi1 · · ·Xik)

∗ =
z̄Xik · · ·Xi1 , we must have Tr(Vt) = 1

2
Tr(Vt +V ∗

t ) and therefore if Vt =
∑

tiqi, to each ti mustcorresponds a tj such that Tr(qj) = Tr(q∗i ) and tj = t̄i. Thus, the F 0(Vt)'s are generatingfunctions for the number of planar maps with ki colored stars of type qi or q∗i . The convexityassumption also should induce some extra relations between the parameters but it can beremoved as shown in Theorem 3.1.4.In this paper, we shall prove that such a representation also hold for the correction F 1(Vt)to the free energy given in Theorem 3.1.1. F 1(Vt) is analytic in the parameters ti in someneighborhood of the origin. Its expansion is a generating function of maps :
F 1(Vt) =

∑

k1,··· ,kn∈Nn\{0,··· ,0}

n∏

i=1

(−ti)
ki

ki!
M1

k1,··· ,knwithM1
k1,··· ,kn

the number of maps with genus one with ki colored stars of type qi. In particular,the above sum converges absolutely for max1≤i≤n |ti| small enough. Let us remark that sucha representation is commonly assumed to hold in physics since the formal result is alwaystrue for �nite N . For a few models (namely models similar to the Ising model on randomgraphs), the analysis has been pushed forward to actually give a rather explicit formula forthe generating function F 1(Vt) in terms of the limiting spectral measure of one matrix underthe Gibbs measure µN
Vt

(see e.g. B. Eynard et al. [EKK05]). Our strategy is here to studythe most general potentials, providing a general formula for F 1(Vt) in terms of the limitingempirical measure of all the matrices (see section 3.6).Our arguments to prove Theorem 3.1.1 are rather di�erent from [EM03] or [ASM01] whereorthogonal polynomials were used. In [EM03], the idea was to develop a Riemann-Hilbertapproach based on precise asymptotics of orthogonal polynomials. In the case of several-matrices models, the technology of orthogonal polynomials is far to be as much developed(except for the Ising model, see [BEH02]). We shall therefore use di�erent tools ; the �rst,which is well spread in physics, is the use of Schwinger-Dyson equation, the second, for whichwe need a convex potential, is the a priori concentration inequalities. To sketch our strategy,let us denote µ̂N the empirical measure
µ̂N : P −→ 1

N
Tr(P (A)) =

1

N
Tr(P (A1, · · · , Am))where P runs over the set C〈X1, · · · , Xm〉 of non-commutative polynomials in m indetermi-nates. Note that when m = 1, µ̂N is the spectral measure of A1, and therefore a probabilitymeasure on R. When m > 2, µ̂N is a tracial state, which generalizes the notion of measures



3.1. INTRODUCTION 95to a non-commutative setting (see e.g. [Voi00]). Observe that, for 1 6 i 6 m,
∂ti log ZN

Vt
= −N2µN

Vt

(
µ̂N(qi)

)so that the second order asymptotics of the free energy will follow from that of µN = µN
Vt

[µ̂N ]evaluated at the monomials qi, 1 ≤ i ≤ n. Then, a simple integration by parts shows that, forany N ∈ N, the following �nite N Schwinger-Dyson equation holds
µN

Vt

(
µ̂N ⊗ µ̂N(∂iP )

)
= µN

Vt

(
µ̂N((Xi + DiVt)P )

)for any polynomial P and i ∈ {1, · · · , m}. Here, ∂i, Di are non-commutative derivatives (seesection 3.2 for a de�nition). Based on this equation and concentration inequalities, it wasshown in [GMS06] that for su�ciently small parameters t = (t1, · · · , tn), µ̂N converges almostsurely and in expectation (for the weak topology generated by the set C〈X1, · · · , Xm〉 ofnon-commutative polynomials). Its limit µt is solution of the Schwinger-Dyson equation
µt ⊗ µt(∂iP ) = µt((Xi + DiVt)P ), ∀P ∈ C〈X1, · · · , Xm〉, 1 6 i 6 m. (3.2)It is the unique solution which satis�es a bound of the form |µt(X

d
i )| ≤ Cd for all d ∈ N andall i ∈ {1, · · · , m}, when t = (t1, · · · , tn) is small enough and C �nite, independent of t.In this paper we investigate the correction to this convergence by proving a central limittheorem for µ̂N − µt. More precisely if we de�ne δ̂N

t (P ) := N(µ̂N(P )− µt(P )), then we showFor all c > 0, there exists η > 0 such that for all t in
Bη,c = B(0, η) ∩ {t|Vt is c-convex}, for all P in C〈X1, · · · , Xm〉, under µN

Vt
, δ̂N

t (P ) converges in law towards a complex centeredGaussian law γP . Moreover, {γP |P ∈ C〈X1, · · · , Xm〉}, equipped with the natural addition
γP + γQ = γP+Q, is a Gaussian space and the covariance function is a generating function forplanar maps with two prescribed stars. Such a central limit theorem was proved for moregeneral potentials when m = 1 by K. Johansson in [Joh98]. When m = 1 but the entries arenot Gaussian, we refer the reader to [AZ06]. In the case m > 2 but V = 0, the central limittheorem was obtained in [CD01], [MS06b] and [Gui02]. Our proof is rather close to that of[Joh98] and in the physics spirit ; by doing an in�nitesimal change of variables, it can be seenthat the random variable

δ̂N
t (ξtP ) :=

m∑

i=1

δ̂N
t ((I ⊗ µt + µt ⊗ I)(∂iDiP ) − (Xi + DiVt)DiP )converges in law towards a centered Gaussian variable. The main issue is then to show that the

ξtP 's are dense in the set of polynomials. When m = 1, K. Johansson could use �nite Hilberttransformation to invert the operator ξt. In our case, we deal with a di�erential operator actingon non-commutative test functions and we prove by hand that it is invertible for su�cientlysmall ti's in section 3.4. Clearly, our analysis is perturbative at this point and does not try to�nd the optimal domain of validity of the central limit theorem.



96 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSTo use the central limit theorem to obtain the second order asymptotics of µN
Vt

(δ̂N
t (P ))observe that by the �nite dimensional Schwinger-Dyson equation, we get

NµN
Vt

(δ̂N
t (ξtP )) = µN

Vt
(δ̂N

t ⊗ δ̂N
t (∂iDiP ))and the right hand side converges towards the variance of the central limit theorem. So again,to obtain the limit of NµN

Vt
(δ̂N

t (P )), we need to invert the operator ξt (see section 3.6).The resulting formula for the free energy and the variance are given in terms of di�erentialoperators acting on non-commutative polynomial functions. Note that a similar formula forthe variance of the central limit theorem governing the �uctuations of words of band matriceswas found in [Gui02]. Their interpretation in terms of enumeration of maps can be retrievedfrom the interpretation of non-commutative derivatives in terms of natural operations onmaps (see [GMS06]).Finally, in the spirit of [GMS06], we study matrix models with a non-necessarily convexpotential V . Since in that case ZN
V has no reason to be �nite we need to add a cut-o�. For apositive constant L we de�ne

µN
V,L(dA) =

1

ZN
V,L

1λmax(A)<Le−NTr(V (A))dµN(A).with λmax(A) the maximum of the spectral radius of the Ai's and ZN
V,L a normalizing constant.The remarkable point that we shall prove is that asymptotically the behavior of this measureis independent of L and gives the same type of expansion than in the convex case. Let

V = Vt(X1, · · · , Xm) =
∑n

j=1 tjqj(X1, · · · , Xm) be a polynomial potential with n ∈ N, t =
(t1, · · · , tn) ∈ Cn and monomials (qj)16j6n �xed. Assume that Tr(Vt(A))) is real for all A ∈
HN(C)m, all N ∈ N. There exists L0 > 0 such that for all L > L0, there exists η > 0 so thatif |t| := max16j6n |tj | 6 η so that

log ZN
Vt,L

= N2F 0(Vt) + F 1(Vt) + o(1)with F 0(Vt), F
1(Vt) as in (3.1) and Property 3.1.2. Note that in the large N limit, thedependence in L disappears.In the next section we will describe our hypothesis of convexity and show some usefulconsequences. In section 3 we give an estimate on the rate of convergence of µN

Vt
[µ̂N ] to µt.Then, in section 4 we prove a central limit theorem, �rst only for some speci�c polynomials andthen for arbitrary polynomials. In section 5 and 6, we give an interpretation of the varianceand of the free energy in terms of enumeration of maps. Finally, in section 7 we give somehints to generalize our proofs to the setting of Theorem 3.1.4.3.2 Convex hypothesis and standard consequences3.2.1 Framework and standard notationsNon-commutative polynomialsWe denote C〈X1, · · · , Xm〉 the set of complex polynomials on the non-commutative unk-nown X1,. . .,Xm. Let ∗ denotes the linear involution such that for all complex z and all
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(zXi1 . . .Xip)

∗ = zXip . . .Xi1.We will say that a polynomial P is self-adjoint if P = P ∗ and denote C〈X1, · · · , Xm〉sa theset of self-adjoint elements of C〈X1, · · · , Xm〉.For an integer number N , we denote HN (C) the set of N × N Hermitian matrices. Weshall sometimes identify HN(C) with the set RN2 of the corresponding real entries (by thebijection which associates to A ∈ HN(C) the N2-tuple ((<e(Aij)16i6j6N , (=m(Aij)16i<j6N))).Moreover, we shall denote in general by A a randommatrix, by X a non-commutative inde-terminate (for instance to write polynomials). Bold symbols will in general denotes vectors ; A(resp. X) will in general denote a m-tuple of matrices (resp. non-commutative indeterminates)whereas t will denote a vector of complex scalars.The potential V will be later on assumed to be self-adjoint which guarantees that forall integer N , all A = (A1, · · · , Am) ∈ HN(C)m, Tr(V (A)) is real. Note that conversely, ifTr(V (A)) is real, Tr(V (A)) = Tr((V + V ∗)(A)/2) and so we can replace V by (V + V ∗)/2without loss of generality.We shall assume also that V satis�es some convexity property in this paper. Namely, wewill say that V is convex if for any N ∈ N,
φN

V : HN(C)m ' (RN2
)m −→ R

((Ak)ij) 16i6j6N
16k6m

−→ Tr(V (A1, · · · , Am))is a convex function of its entries.Note that as we add a Gaussian potential 1
2

∑m
i=1 X2

i to V we can relax the hypothesis alittle. We will say that V is c-convex if c > 0 and V + 1−c
2

∑m
1 X2

i is convex. Then the Hessianof φN
W with W = V + 1

2

∑m
1 X2

i is symmetric positive with eigenvalues bigger than c.An example is
Vt(X1, · · · , Xm) =

n∑

i=1

Pi

(
m∑

k=1

αi
kXk

)
+
∑

k,l

βk,lXkXlwith convex real polynomials Pi in one unknown and real αi
k, βk,l such that for all l,∑k |βk,l| 6

(1−c). This is due to Klein's Lemma (see [GZ02]) which states that the trace of a real convexfunction of a self-adjoint matrix is a convex function of the entries of the matrix.In the rest of the paper, we shall assume that V is c-convex for some c > 0 �xed. We willdenote B(0, η) = {t ∈ Cn : max16i6n |ti| 6 η} and Bη,c = B(0, η) ∩ {t : Vt is c-convex.}.Non-commutative derivativesWe de�ne for 1 6 i 6 m the non-commutative derivatives ∂i from C〈X1, · · · , Xm〉 to thespace C〈X1, · · · , Xm〉⊗2 by the Leibniz rule
∂iPQ = ∂iP × (1 ⊗ Q) + (P ⊗ 1) × ∂iQ



98 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSand ∂iXj = 1i=j1 ⊗ 1. So for a monomial P , the following holds
∂iP =

∑

P=RXiS

R ⊗ Swhere the sum runs over all possible monomials R, S so that P decomposes into RXiS.We can iterate the non-commutative derivatives : ∂2
i : C〈X1, · · · , Xm〉 → C〈X1, · · · , Xm〉 ⊗

C〈X1, · · · , Xm〉 ⊗ C〈X1, · · · , Xm〉 is given on monomial functions by
∂2

i P = 2
∑

P=RXiSXiQ

R ⊗ S ⊗ Q.We denote ] : C〈X1, · · · , Xm〉⊗2 × C〈X1, · · · , Xm〉 → C〈X1, · · · , Xm〉 the map P ⊗ Q]R =
PRQ and generalize this notation to P ⊗ Q ⊗ R](S, T ) = PSQTR. So ∂iP]R correspondsto the derivative of P with respect to Xi in the direction R, and similarly 2−1[D2

i P](R, S) +
D2

i P](S, R)] the second derivative of P with respect to Xi in the directions R, S.We also de�ne the so-called cyclic derivative Di. If m is the map m(A ⊗ B) = BA, let usde�ne Di = m ◦ ∂i. For a monomial P , DiP can be expressed as
DiP =

∑

P=RXiS

SR.We shall denote in short D the cyclic gradient (D1, · · · , Dm).Non-commutative lawsFor (A1, · · · , Am) ∈ HN(C)m, we de�ne the linear form µ̂N
A1,··· ,Am

on C〈X1, · · · , Xm〉 by
µ̂N

A1,··· ,Am
(P ) =

1

N
Tr (P (A1, · · · , Am))with Tr the standard trace Tr(A) =

∑N
i=1 Aii. µ̂N

A1,··· ,Am
will sometimes be called the empiricaldistribution of the matrices (A1, · · · , Am). When there is no ambiguity and the matrices

A1, · · · , Am follow the law µN
V , we shall drop the subscript A1, · · · , Am ; µ̂N = µ̂N

A1,··· ,Am
. In[GMS06], it was shown that if Vt =

∑
i tiqi is c-convex, for |t| := max16i6n |ti| small enough,

µ̂N converges weakly in expectation and almost surely under µN
V towards a limit µt (i.e. forall P in C〈X1, · · · , Xm〉, µ̂N(P ) converges in expectation and almost surely to µt(P )). Wedenote

µN
t (P ) = µN

Vt
[µ̂N(P )].We shall later estimate di�erences between µ̂N and its limit. So, we set

δ̂N
t = N(µ̂N − µt)

δt

N
=

∫
δ̂NdµN

V = N(µN
t − µt)

δ̂
N

t = N(µ̂N − µN
t ) = δ̂N

t − δt

N
.



3.2. CONVEX HYPOTHESIS AND STANDARD CONSEQUENCES 99In order to simplify the notations, we will make t implicit and drop the subscript t in the restof this paper so that we will denote µN , µ, δ̂N , δ
N and δ̂

N in place of µN
t , µt, δ̂

N
t , δt

N and δ̂
N

t ,as well as V in place of Vt.3.2.2 Brascamp-Lieb inequality and a priori controlsWe use here a generalization of Brascamp-Lieb inequality shown by Hargé in [Har04] whichimplies that if V is c-convex, for all convex function g on (R)mN2 ' HN (C)m,
∫

g(A−M)dµN
V (A) 6

∫
g(A)dµN

c (A) (3.3)where M =
∫

AdµN
V (A) is the m-tuple of deterministic matrices whose entries are (Mj)k` =∫

(Aj)k`dµN
V (A) for k, ` ∈ {1, · · · , N}, j ∈ {1, · · · , m}, and µN

c is the Gaussian law onHN(C)mwith covariance (Nc)−1, i.e ∫ f(A)dµN
c (A) =

∫
f(c−

1
2 A)dµN(A) for all measurable function

f on RmN2 .Recall that Bη,c is the subset of the complex numbers t ∈ Cn which are bounded by η andso that V is c-convex. Based on Brascamp-Lieb inequality, it was shown in [GMS06] (Theorem3.4) that(Compact support) If c, η > 0, then there exists C0 = C0(c, η) �nite such that for all
i ∈ {1, · · · , m}, all n ∈ N, all t ∈ Bη,c,

µ(X2n
i ) 6 lim sup

N
µN (X2n

i ) 6 Cn
0 .Note that this lemma shows that, for i ∈ {1, · · · , m}, the spectral measure of the matrices isasymptotically contained in the compact set [−√

C0,
√

C0].Proof.Let us recall the proof of this result for completeness. Let k ∈ {1, · · · , m}. As g : A ∈
HN(C)m → N−1Tr(A4d

k ) = µ̂N(X4d
k ) is convex by Klein's lemma, we can use Brascamp-Liebinequalities (3.3) to see that

µN ((Xk − Mk)
4d) 6 µN

c (µ̂N(X4d
k )) (3.4)where Mk := µN

V (Ak) is the deterministic matrix with entries (Mk)ij = µN
V ((Ak)ij). Thus,since µN

c (µ̂N(X4d
i )) converges by Wigner theorem [Wig58] towards c−2dC2d 6 (c−14)2d with

C2d the Catalan number, we only need to control Mk. First observe that for all k the law of
Ak is invariant under the unitary group so that for all unitary matrices U ,

Mk = µN
V [UAkU

∗] = UµN
V [Ak]U

∗ ⇒ Mk = µN
V (µ̂N(Xk))I = µN(Xk)I. (3.5)Let us bound µN(Xk). Jensen's inequality implies

ZV
N > e−N2µN ( 1

N
Tr(V )) = e−N2µN ◦µ̂N (V ).



100 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSAccording to [Voi91], µN◦µ̂N converges in moments to the law of m free semicircular operators,which are uniformly bounded. Thus, there exists a �nite constant L such that ZV
N > e−N2L.We now use the convexity of V , to �nd that for all N , all A = (A1, · · · , Am) ∈ HN (C)m,Tr(V (A) +

1 − c

2

m∑

i=1

A2
i

)
> Tr(V (0) +

m∑

i=1

DiV (0)Ai + (1 − c)
m∑

i=1

Ai

)
.By Chebyshev's exponential inequality, and then using the above bound, we therefore obtainthat for any λ ≥ 0,

µN
V (µ̂N(Xk) > y) 6 e−λN2yµN

V (eλN2µ̂N (Xk))

= e−λN2y ZN
c

ZN
1 ZN

V

µN
c

(
eλN2µ̂N (Xk)−NTr(V (A)+ 1−c

2

∑m
i=1 A2

i )
)

6 eN2(L−V (0)−λy+ m
2

log c)µN
c (e−NTr(∑m

i=1((1−c)+DiV (0))Ai−λAk))

= eN2(L−V (0)−λy+ m
2

log c)e
N2

2c

∑
i6=k(1−c+DiV (0))2+ N2

2c
(1−c+DkV (0)−λ)2where we denoted V (0) := V (0, · · · , 0) and DiV (0) := DiV (0, · · · , 0). Remark that theseconstants are uniformly bounded for t in B(0, R), R > 0. Thus, we deduce that

µN
V (µ̂N(Xk) > y) ≤ eN2[(a−λy)+ 1

2c
(λ−b)2 ]with two constants a, b which are uniformly bounded in terms of c, η for t ∈ Bη,c. Optimizingwith respect to λ shows that there exists A < +∞ so that for t in Bη,c

µN
V

(
µ̂N(Xk) > y

)
6 eN2(a− c

2
y2−by)

6 eN2(A− c
4
y2).Replacing Xk by −Xk, we bound similarly µN

V

(
µ̂N(Xk) 6 −y

) and hence we have proved
µN

V

(
|µ̂N(Xk)| > y

)
≤ 2eN2(A− c

4
y2).As a consequence,

µN
V (|µ̂N(Xk)|) =

∫ ∞

0

µN
V

(
|µ̂N(Xk)| > y

)
dy

6 2
√

c−1A + 2

∫ ∞

2
√

c−1A

e−
N2c

4
(y2−4A

c
)dy 6 4

√
c−1A (3.6)where the last inequality holds for N su�ciently large. Recall that A is a continuous functionof the ti's and therefore our bound on supN µN

V (|µ̂N(Xk)|), which controls the spectral radiusof Mk in any dimension N , is locally bounded in t. This completes the proof with (3.4).
2



3.2. CONVEX HYPOTHESIS AND STANDARD CONSEQUENCES 101Let us derive some other useful properties due to the convexity hypothesis. Let λNmax(Ai)be the maximum of the absolute value of the eigenvalues of Ai. We �rst obtain an estimateon λNmax(A) the maximum of the (λNmax(Ai))1≤i≤m under the law µN
V .(Exponential tail of the largest eigenvalue) If c, η > 0 then there exists α > 0 and

M0 < ∞ such that for all t ∈ Bη,c, all M > M0 and all integer N

µN
V (λNmax(A) > M) 6 e−αMN .Proof.Since the largest eigenvalue

λNmax(A) = max
16i6m

sup
‖u‖=1

< u, AiA
∗
i u >

1
2is a convex function of the entries of the Ai's, we can apply Brascamp-Lieb inequality (3.3)to obtain that for all s ∈ [0, c

10
],

∫
esNλNmax(A−M)dµN

V (A) 6

∫
esNλNmax(A)dµN

c (A) 6 CN
0where the last inequality comes from the bound on the largest eigenvalue of the GUE shownfor instance in [BADG01]. Now,

λNmax(A) 6 λNmax(A −M) + λNmax(M) 6 λNmax(A − M) + 4
√

Ac−1where we used the bound (3.6). Consequently, we deduce that
∫

esNλNmax(A)dµN
V (A) 6 CNfor a positive �nite constant C. We conclude by a simple application of Chebyshev's inequality.

23.2.3 Concentration inequalitiesWe next turn to concentration inequalities for traces of polynomials on the subset of
HN(C)m ' RN2m

ΛN
M = {A ∈ HN(C)m : λNmax(A) = max

i
(λNmax(Ai)) 6 M}for some �xed M > 0. Recall that δ̂

N
= N(µ̂N−µ̄N). We shall prove concentration inequalitiesfor δ̂

N
(P ) on ΛN

M for polynomial functions P . However, concentration inequalities shouldnot restrict to polynomial functions but hold more generally for Lipschitz functions (see e.g[GZ02]). We thus de�ne the following Lipschitz semi-norm
‖P‖M

L = sup
AC∗−algebra sup

x1,··· ,xm∈A

∀i,xi=x∗
i

,‖xi‖A6M

(
m∑

k=1

‖DkPDkP
∗(x1, . . . , xn)‖A

)1
2

. (3.7)



102 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSBe aware that this is not a norm since for example ‖1‖M
L = 0 or ‖X1X2 − X2X1‖M

L = 0.However, on these particular polynomials, δ̂N vanishes. This fact can be generalized as follows ;if we set
mN

M,P :=
1

µN
V (ΛN

M)
µN

V

(1ΛN
M

δ̂
N

(P )
)we shall see (see the proof below) that on ΛN

M

|δ̂N
(P ) − mN

M,P | ≤ 2M
√

mN‖P‖M
L .Therefore, if we denote C〈X1, · · · , Xm〉ML the completion of C〈X1, · · · , Xm〉 for ‖.‖M

L , we canextend δ̂
N −mN

M,P to C〈X1, · · · , Xm〉ML on ΛN
M . A similar result will be proved for µ in Lemma3.4.9 (note however that the arguments of this lemma do not apply here because µ̄N is notthe law of uniformly bounded matrices).We shall prove(Concentration inequality) Let t be such that V is c-convex. There exists α, M0 > 0such that for all N in N, all M > M0, all P ∈ C〈X1, · · · , Xm〉ML , there exists a positiveconstant εN

P,M such that for any ε > 0,
µN

V

(
{|δ̂N

(P ) − mN
P,M | > ε + εN

P,M} ∩ ΛN
M

)
6 2e

− cε2

2(‖P‖M
L

)2 . (3.8)Moreover, there exists a universal constant C such that
εN

P,M ≤ 2CNM‖P‖M
L e−αNM .If P is a monomial of degree 0 < d < αN , we have

‖P‖M
L 6 dMd−1, εN

P,M 6 NCdMde−αMN , |mN
P,M | 6 N(3Md + d2)e−αMN .Proof.Since V is c-convex, for all integer number N , the Hessian of

φN
V : A ' ((Ak)ij) 16i6j6N

16k6m
∈ R

mN2 −→ Tr(V (A1, · · · , Am)) ∈ Ris bounded below by cI. Therefore, since µN
V has density e−NφN

V (A) with respect to Lebesguemeasure, µN
V satis�es a Log-Sobolev inequality with constant (Nc)−1 (see e.g. corollaire 5.5.2p.87 in [ABC+00]). In other words, for any continuously di�erentiable function f from RmN2into R, ∫

f 2 log
f 2

µN
V (f 2)

dµN
V ≤ 2

Nc

∫
‖∇f‖2dµN

Vwith ∇f the gradient of f and ‖ · ‖ the Euclidean norm. Here and in the sequel we identifythe measure µN
V as a measure on RN2m. This implies, by the well known Herbst argument(see e.g. [ABC+00], théorème 7.4.1 p. 123), that µN

V satis�es concentration inequalities. Let



3.2. CONVEX HYPOTHESIS AND STANDARD CONSEQUENCES 103us brie�y summarize this argument for completeness. If f is a continuously di�erentiablefunction, di�erentiating X(λ) := 1
λ

log µN
V [eλf ] and using Log-Sobolev inequality yields

∂λX(λ) ≤ 2

cNλ2µN
V (eλf )

µN
V (‖∇e

1
2
λf‖2) ≤ 1

2cN
‖‖∇f‖2‖∞.If we assume µN

V (f) = 0, we �nd that X(0) = 0 and so integrating with respect to λ yields
µN

V (eλf ) 6 e
λ2‖‖∇f‖2‖∞

2cN .Using Chebyshev's inequality thus gives, for ε > 0 and λ > 0,
µN

V (f ≥ ε) 6 e−λεe
λ2‖‖∇f‖2‖∞

2cNand so optimizing with respect to λ results with
µN

V (f ≥ ε) 6 e
− cNε2

2‖‖∇f‖‖2∞ .Replacing f by −f gives the well known concentration estimate for any ε > 0

µN
V (|f | ≥ ε) 6 2e

− cNε2

2‖‖∇f‖‖2∞for any continuously di�erentiable function f such that µN
V (f) = 0. This estimate extends,modulo some extra technicalities, to Lipschitz functions and then ‖‖∇f‖‖∞ is replaced bythe Lipschitz norm

‖f‖L := sup
x 6=y

|f(x) − f(y)|
‖x − y‖where x, y belong to R

mN2 and ‖x‖ denotes the Euclidean norm of x. Then, for all ε > 0, thefollowing estimate holds
µN

V (|f − µN
V (f)| > ε) 6 2e

− Ncε2

2‖f‖2
L . (3.9)We set

fP (X) := δ̂
N

(P ) − mN
P,M

= Tr(P (X)) − cN
P,Mwith cN

P,M = 1
µN

V (ΛN
M )

∫ 1ΛN
M
Tr(P (A))dµN

V (A). Observing that
∂(Ai)kl

Tr(P (A)) = (DiP (A))lk,we �nd that on the closed set ΛN
M , fP is a Lipschitz (actually an in�nitely di�erentiable)function of the entries of A ∈ HN (C)m with constant

(‖fP‖ΛN
M

L )2 := sup
A∈ΛN

M

‖∇TrP (A)‖2

= sup
A∈ΛN

M

m∑

k=1

Tr(DkP (DkP )∗) ≤ N(‖P‖M
L )2



104 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSwhere we simply used that the set of N × N matrices is a C∗-algebra. As a consequence, wealso �nd that for B ∈ ΛN
M ,

|fP (B)| =

∣∣∣∣Tr(P (B)) − 1

µN
V (ΛN

M)

∫ 1ΛN
M
Tr(P (A))dµN

V (A)

∣∣∣∣

6
‖TrP‖ΛN

M

L
µN

V (ΛN
M)

∫ 1ΛN
M

(
m∑

i=1

Tr(Bi − Ai)
2

) 1
2

dµN
V (A)

6 2
√

mMN‖P‖M
L (3.10)and so on ΛN

M we can extend fP to P ∈ C〈X1, · · · , Xm〉ML .We can also extend fP to the whole space HN (C)m with the same Lipschitz constant byputting
f̄P (A) = sup

B∈ΛN
M



fP (B) −

√
N‖P‖M

L

(
m∑

i=1

Tr(Ai − Bi)
2

)1
2



 .Then applying (3.9), with

εN
P,M = |µN

V (1(ΛN
M

)c f̄P )| + |1 − µN
V (ΛN

M)−1||µN
V (1ΛN

M
fP )|,we obtain

µN
V

(
{|δ̂N

(P ) − mN
P,M | > ε + εN

P,M} ∩ ΛN
M

)

= µN
V

(
{|f̄P − 1

µN
V (ΛN

M)
µN

V (1ΛN
M

f̄P )| > ε + εN
P,M} ∩ ΛN

M

)

6 µN
V

(
|f̄P − µN

V (f̄P )| > ε
)

6 2e
− Ncε2

2(‖fP ‖
ΛN

M
L

)2 = 2e
− cε2

2(‖P‖M
L

)2 .We now use the exponential decay of the largest eigenvalue to control εN
P,M . By (3.10) andthe de�nition of f̄P , note that

f̄P (A) ≤ 2
√

mMN‖P‖M
L +

√
N‖P‖M

L



(

m∑

i=1

Tr(A2
i )

) 1
2

+
√

mNM


 .



3.2. CONVEX HYPOTHESIS AND STANDARD CONSEQUENCES 105Consequently, if M, N are large enough so that µN
V ((ΛN

M)c) ≤ e−αNM ≤ 1
2
by Property 3.2.2,

εN
P,M 6 µN

V

(
1(ΛN

M )c(MNm‖P‖M
L (3 + λmax(A)))

)
+ 2MmN‖P‖M

L e−αNM

≤ MNm‖P‖M
L (5e−αNM +

∫ ∞

0

µN
V ({λmax(A) ≥ y ∨ M}) dy)

≤ 6m(M2 +
1

αN
)N‖P‖M

L e−αNMWhen P is a monomial of degree d,
‖P‖M

L ≤ dMd−1.Thus, we only need to control mN
P,M ;

|mN
P,M | 6

∣∣∣∣
(

1

µN
V (ΛN

M)
− 1

)
µN

V (1ΛN
M
Tr(P ))

∣∣∣∣+
∣∣∣µN

V (1(ΛN
M )cTr(P ))

∣∣∣

≤ 2Ne−αMNMd + NµN
V (1(ΛN

M )cλmax(A)d)

= 2Ne−αMNMd + dN

∫ ∞

0

yd−1µN
V ({λmax(A) ≥ y ∨ M}) dy

6 2Ne−αMNMd + dN

∫ ∞

0

yd−1e−αNy∨Mdy

6 (2 + 1)Ne−αMNMd + dNe−αNM
d∑

k=1

d − 1

αN
· · · d − k

αN

6 N(3Md + d2)e−αNMwhere we assumed that d < αN .
2For later purposes, we have to �nd a control on the variance of µ̂N . Recall that δ̂

N
(P ) =

N(µ̂N(P ) − µN(P )). For any ε, η, c > 0, there exists B, C, M0 > 0 such that for all t ∈ Bη,c ,all M > M0, for all N ∈ N, and all monomial P of degree less than εN
2
3 ,

µN
V

(
(δ̂

N
(P ))2

)
6 B(‖P‖M

L )2 + CdN2e−
αMN

2 .Proof.If P is a monomial of degree d, we write
µN

V ((δ̂
N

(P ))2) 6 µN
V (1ΛN

M
(δ̂

N
(P ))2) + µN

V (1(ΛN
M )c(δ̂

N
(P ))2) = I1 + I2. (3.11)



106 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSFor I1, the previous Lemma implies that
I1 = 2

∫ ∞

0

xµN
V

(
{|Tr(P ) − µN

V (Tr(P ))| > x} ∩ ΛN
M

)
dx

6 (εN
P,M + |mN

P,M |)2 + 4

∫ ∞

0

xe
− cx2

2(‖P‖M
L

)2 dx 6 Ce−αMN + B(‖P‖M
L )2with a constant B = 4

c
and a constant C such that (εN

P,M + |mN
P,M |)2 ≤ Ce−αMN for all

d ≤ εN
2
3 . For the second term, we take M > M0 with M0 as in Lemma 3.2.2 (Exponentialtail of the largest eigenvalue) to get

I2 6 µN
V [(ΛN

M)c]
1
2 µN

V ((δ̂
N

(P ))4)
1
2 6 e−

αMN
2 µN

V ((δ̂
N

(P ))4)
1
2 .By Cauchy-Schwartz inequality, we obtain the control

µN
V [δ̂

N
(P )4] 6 24µN

V ((Nµ̂N(P ))4) 6 24N4µN
V ((µ̂N(PP ∗))2).Now, by non-commutative Hölder's inequality (see for example [PX03]),

[µ̂N(PP ∗)]2 6 max
16i6m

µ̂N(X4d
i )so that we obtain the bound

µN
V [δ̂

N
(P )4] 6 24N4 max

16i6m
µN(X4d

i ).By (3.5) and (3.6), we obtained a uniform bound x(= 4
√

Ac−1) on µ̄N(Xi) so that we haveproved using (3.4) that
µN(X4d

i ) 6 24d(µN
c (µ̂N(X4d

i )) + x4d).We can now use the control on the moments as obtained for instance by Soshnikov, Theorem2 p.17 in [Sos99] to see that there exists C(ε), C(ε) < ∞ for ε > 0, so that
µN

c (µ̂N(X4d
i )) 6 C(ε)4dprovided d 6 εN

2
3 . As a consequence, we get that

µN(X4d
i ) 6 C(ε)4d (3.12)for all d 6 εN

2
3 and all integer number N . Here C(ε) denotes a �nite constant dependingonly on ε, η and c which may have changed from line to line. Hence, we conclude that

I2 6 4N2e−
αMN

2 C(ε)2d.Plugging back this estimate into (3.11), we have proved that for N and M su�cientlylarge , all monomials P of degree d 6 εN
2
3 , all t ∈ Bη,c

µN
V

(
(δ̂N (P ))2

)
6 B(‖P‖M

L )2 + C2dN2e−
αMN

2with a �nite constant C depending only on ε, c, and η.
2



3.3. BOUND ON THE DISTANCE BETWEEN µ AND µN 1073.3 Bound on the distance between µ and µNWe here bound, for all monomial P ,
δ

N
(P ) = N(µN(P ) − µ)(P ).For all c, ε > 0, there exists η > 0, C < +∞, such that for all integer number N , all t ∈ Bη,c,and all monomial functions P of degree less than εN

2
3 ,

|δN
(P )| 6

Cdeg (P )

N
.In particular, |(δ̂N − δ̂N)(P )| ≤ Cdeg (P )

N
almost surely.Proof.The starting point is the �nite dimensional Schwinger-Dyson equation that one gets readilyby integration by parts (see [GMS06] proof of theorem 3.4)

µN
V (µ̂N [(Xi + DiV )P ]) = µN

V

(
µ̂N ⊗ µ̂N(∂iP )

) (3.13)Therefore, since µ satis�es the Schwinger-Dyson equation (3.2)
µ[(Xi + DiV )P ] = µ ⊗ µ(∂iP ), (3.14)by taking the di�erence we get that for all polynomial P ,

δ
N

(XiP ) = −δ
N

(DiV P ) + δ
N ⊗ µN(∂iP ) + µ ⊗ δ

N
(∂iP ) + r(N, P ) (3.15)with

r(N, P ) := N−1µN
V

(
δ̂

N ⊗ δ̂
N

(∂iP )
)

.If we take P a monomial of degree d 6 εN
2
3 and assume M > M0 then we see by usingLemma 3.2.4

|r(N, P )| 6
1

N

∑

P=P1XiP2

µN
V

(
|δ̂N

(P1)|2
) 1

2
µN

V

(
|δ̂N

(P2)|2
) 1

2

6
C

N

d−1∑

l=0

(Bl2M2(l−1) + C lN2e−
αMN

2 )
1
2 ×

(B(d − l − 1)2M2(d−l−1) + C(d−l−1)N2e−
αMN

2 )
1
2

6
C

N
d(B(d − 1)2M2(d−2) + C(d−1)N2e−

αMN
2 ) := r(N, d, M).



108 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSWe set
∆N

d = max
P monomial of degree d

|δN
(P )|.Observe that by (3.12), for any monomial of degree d less than εN

2
3 , |µN(P )| 6 C(ε)d,

|µ(P )| 6 Cd
0 6 C(ε)d. It allows us to obtain the rough bound ∆N

d 6 2NC(ε)d if d < εN
2
3 . By(3.15), writing DiV =

∑
tjDiqj , we get that for d < εN

2
3

∆N
d+1 6 max

16i6m

n∑

j=1

|tj |∆N

d+deg(Diqj)
+ 2

d−1∑

l=0

C(ε)d−l−1∆N
l + r(N, d, M).We next de�ne, for κ 6 1,

∆N (κ, ε) :=
εN

2
3∑

k=1

κk∆N
k .We obtain, if D is the maximal degree of V ,

∆N (κ, ε) 6 [C ′κ−D|t| + 2(1 − C(ε)κ)−1κ2]∆N(κ, ε)

+C|t|
εN

2
3 +D∑

k=εN
2
3 +1

κk−D∆N
k +

εN
2
3∑

k=1

κk+1r(N, k, M) (3.16)where we choose κ small enough so that C(ε)κ < 1. Moreover, since D is �nite, using thebound on ∆N
k , we get

εN
2
3 +D∑

k=εN
2
3 +1

κk−D∆N
k 6 2DN(κC(ε))εN

2
3 κ−D.Since κC(ε) < 1, as N goes to in�nity, this term is negligible with respect to N−1 for all

ε > 0. The following estimate holds
εN

2
3∑

k=1

κkr(N, k, M) 6
C

N

εN
2
3∑

k=1

kκk(B(k − 1)2M2(k−2) + C(k−1)N2e−
αNM

2 ) 6
C ′′

Nif κ is small enough so that M2κ < 1 and Cκ < 1. We observed here that N2e−
αNM

2 isuniformly bounded independently of N ∈ N. Now, if |t| is small, we can choose κ so that
ζ := 1 − [C ′κ−D|t| + 2(1 − C(ε)κ)−1κ2] > 0.Plugging these controls into (3.16) shows that for all ε > 0, and for κ > 0 small enough, thereexists a �nite constant C(κ, ε) so that

∆N (κ, ε) 6 C(κ, ε)N−1and so for all monomial P of degree d 6 εN
2
3 ,

|δN
(P )| 6 C(κ, ε)κ−dN−1.
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2To get the precise evaluation of Nδ

N
(P ), we shall �rst obtain a central limit theorem under

µN
V which in turn will allow us to estimate

lim
N→∞

Nr(N, P ).3.4 Central limit theoremWe shall here prove that
δ̂N(P ) = N(µ̂N − µ)(P )satis�es a central limit theorem for all polynomial P . By proposition 3.3.1, it is equivalent toprove a central limit theorem for δ̂
N

(P ), P ∈ C〈X1, · · · , Xm〉. We start by giving a weak formof a central limit theorem for Stieltjes-like functions. We then extend the result to polynomialfunctions in the image of some di�erential operator. We �nally generalize our result to anypolynomial functions.For the rest of the paper, we will always assume the following hypothesis (H).(H) : Let c be a positive real number. The parameter t is in Bη,c with η su�ciently smallsuch that we have the convergence to the solution of (3.2) as well as the control given byLemma 3.2.1 (Compact support), and Proposition 3.3.1.Note that (H) implies also that the control of Lemma 3.2.1 (Compact support) is uniform,and that we can apply Lemma 3.2.2 (Exponential tail of the largest eigenvalue) and Lemma3.2.3 (Concentration inequality) with uniform constants.3.4.1 Central limit theorem for Stieltjes test functionsOne of the issue that one needs to address when working with polynomials is that theyare not uniformly bounded. For that reason, we will prefer to work in this section with thecomplex vector space Cm
st (C) generated by the Stieltjes functionals

ST m(C) = {
→∏

16i6p

(zi −
m∑

k=1

αk
i Xk)

−1; zi ∈ C\R, αk
i ∈ R, p ∈ N} (3.17)where ∏→ is the non-commutative product. We can also equip ST m(C) with an involution

(

→∏

16k6p

(zk −
m∑

i=1

αk
i Xi)

−1)∗ =

→∏

16k6p

(zp−k −
m∑

i=1

αp−k
i Xi)

−1.We denote Cm
st (C)sa the set of self-adjoint elements of Cm

st (C). The derivation is de�ned by theLeibniz rule and
∂i(z −

m∑

i=1

αiXi)
−1 = αi(z −

m∑

i=1

αiXi)
−1 ⊗ (z −

m∑

i=1

αiXi)
−1.



110 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSWe recall two notations ; �rst ] is the operator
(P ⊗ Q)]h = PhQ and (P ⊗ Q ⊗ R)](g, h) = PgQhRso that for a monomial q

∂i ◦ ∂jq#(hi, hj) =
∑

q=q0Xiq1Xjq2

q0hiq1hjq2 +
∑

q=q0Xjq1Xiq2

q0hjq1hiq2.Assume (H) and let h1, · · · , hm be in Cm
st (C)sa. Then the random variable

YN(h1, · · · , hm) = N

m∑

k=1

{µ̂N ⊗ µ̂N(∂khk) − µ̂N [(Xk + DkV )hk]}converges in law towards a real centered Gaussian variable with covariance
C(h1, · · · , hm) =

m∑

k,l=1

(µ ⊗ µ[∂khl × ∂lhk] + µ(∂l ◦ ∂kV ](hk, hl))) +

m∑

k=1

µ(h2
k).Proof.De�ne W = 1

2

∑
i X

2
i +V . Notice that YN(h1, · · · , hm) is real valued because the h′

ks and Ware self adjoint. The proof follows from the usual change of variable trick. We take h1, · · · , hmin Cm
st (C)sa, λ ∈ R and perform a change of variable Ai → Bi = F (A)i = Ai +

λ
N

hi(A) in ZN
V .Note that since the hi are C∞ and uniformly bounded, this de�nes a bijection on HN(C)mfor N big enough. We shall compute the Jacobian of this change of variables up to its secondorder correction. The Jacobian J may be seen as a matrix (Ji,j)16i,j6m where the Ji,j are in

L(HN(C)) the set of endomorphisms of HN (C), and we can write J = I + λ
N

J with
J i,j : HN(C) −→ HN(C)

X −→ ∂ihj#X.Now, for 1 6 i, j 6 m, X −→ ∂ihj#X is bounded for the operator norm uniformly in N(since hj ∈ Cst(C), ∂ihj ∈ Cst(C) ⊗ Cst(C) is uniformly bounded) so that for su�ciently large
N , the operator norm of λ

N
J is less than 1. From this we deduce

| detJ | = | det(I +
λJ

N
)| = exp(Tr log(I +

λJ

N
)) = exp(

∑

k>1

(−1)k+1λk

kNk
Tr(Jk

)).Observe that as J is a matrix of size m2N2 and of uniformly bounded norm, the k-th term
(−1)k+1λk

Nk tr(J
k
) is bounded by m2|λ|k

Nk−2 . Hence, only the two �rst terms in the expansion willcontribute to the order 1 and the sum sN of the other terms will be of order 1
N
. To computethe two �rst terms in the expansion, we only have to remark that if φ is an endomorphism of

HN(C) is of the form φ(X) =
∑

l AlXBl, with N×N matrices Ai,Bi then Trφ =
∑

l TrAlTrBl(this can be checked by decomposing φ on the canonical basis of HN (C)). Now,
J

k

ij : X −→
∑

16i1,··· ,ik−16m

∂ihi2](∂i2hi3](· · · (∂ik−1
hj]X) · · · )).



3.4. CENTRAL LIMIT THEOREM 111Thus, we get Tr(J) =
∑

i

TrJ ii =
∑

16i6m

Tr⊗ Tr(∂ihi)and Tr(J2
) =

∑

i

Tr(J2

ii) =
∑

16i,j6m

Tr⊗ Tr(∂ihj∂jhi).We now make the change of variable Ai → Ai + λ
N

h(A) to �nd that
ZN

V =

∫
e−NTr(V (A))dµN(A)

=

∫
e−NTr(W (Ai+

λ
N

hi(A))−W (Ai))e
λ
N

∑
iTr⊗Tr(∂ihi) ×

e−
λ2

2N2

∑
i,j Tr⊗Tr(∂ihj∂jhi)esN dµN

V (A)with sN of order 1
N
. The �rst term can be expanded into

W (Ai +
hi(A)

N
) − W (Ai) =

1

N

∑

i

∂iW]hi +
1

N2

∑

i,j

∂i ◦ ∂jW#(hi, hj) +
RN

N3where RN is a polynomial in the hi's and in the Xi's, of degree less than the degree of Vminus two in the later. To sum up, the following equality holds
∫

eλYN (h1,··· ,hm)−λ2

2
CN (h1,···hm)+ 1

N
(µ̂N (RN )+NsN ) = 1with

CN(h1, · · · , hm) := µ̂N

(
∑

i,j

∂i ◦ ∂jW#(hi, hj)

)
+ µ̂N ⊗ µ̂N(

∑

i,j

∂ihj∂jhi).We can decompose the previous expectation in two terms E1 and E2 with
E1 = µN

V

[1ΛN
M

eλYN (h1,··· ,hm)−λ2

2
CN (h1,··· ,hm)+ 1

N
(µ̂N (RN )+NsN )

]and
E2 = µN

V

[1(ΛN
M )ceλYN (h1,··· ,hm)−λ2

2
CN (h1,··· ,hm)+ 1

N
(µ̂N (RN )+NsN )

]
.We �rst consider E1. On ΛN

M = {A : maxi(λ
Nmax(Ai)) 6 M} the polynomialRN is uniformlybounded and so µ̂N(RN)+NsN is of order one, bounded by a constant AN which goe uniformlyto 0 when N goes to in�nity. We next show that we can replace CN(h1, · · · , hm) by its limit

C(h1, · · · , hm) in the exponential in E1. An intermediate step is to replace it by
C̄N(h1, · · · , hm) = µ̄N

(
∑

i,j

∂i ◦ ∂jW#(hi, hj)

)
+ µ̄N ⊗ µ̄N(

∑

i,j

∂ihj∂jhi).



112 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSIn fact, by Lemma 3.2.3 µ̂N(P ) converges towards its expectation µN(P ) under µN
V (1ΛN

M
·)except on sets with probability of order e−N2 once evaluated at any products of the hi's andthe Xi's (because the Lipschitz constant of �nite products of hi's and Xi's are bounded on

ΛN
M and the error terms εN

P,M and mN
P,M can be bounded as we did for polynomials). Hence,we can �nd a constant C(M, c) > 0 such that for N large enough,

µN
V

(
{
∣∣CN(h1, · · · , hm) − C̄N(h1, · · · , hm)

∣∣ > 2ε} ∩ ΛN
M

)

≤ 2e−C(M,c)N2(εN )2 .with εN = ε − εN
P,M − mN

P,M ∼ ε. Moreover, µN(P ) converges to µ(P ) for any polyno-mial function P (see [GMS06], Theorem 3.1 and 3.4). Since by Weierstrass theorem the
hi's can be uniformly approximated by polynomials on ΛN

M , uniformly in N , we also knowthat C̄N(h1, · · · , hm) converges to C(h1, · · · , hm). Consequently we obtain for some positiveconstant C(M, c), N large enough,
µN

V

(
{|CN(h1, · · · , hm) − C(h1, · · · , hm)| > ε} ∩ ΛN

M

)

≤ 2e−C(M,c)N2(εN )2 .Finally, YN(h1, · · · , hm) is at most of order N and CN(h1, · · · , hm) of order one. Hence, theexponential in E1 is at most of order eCN for some �nite constant C. Therefore, if we let
E ′

1 := µN
V

[1ΛN
M

eλYN (h1,··· ,hm)−λ2

2
C(h1,··· ,hm)

]
,we deduce that

∣∣∣∣log
E1

E ′
1

∣∣∣∣ ≤

∣∣∣∣∣∣
log eAN

µN
V

[1ΛN
M

eλYN (h1,··· ,hm)−λ2

2
(CN (h1,··· ,hm)−C(h1,··· ,hm))

]

µN
V

[1ΛN
M

eλYN (h1,··· ,hm)
]

∣∣∣∣∣∣

≤
∣∣∣log(e

λ2

2
εN + 2eCNe−C(M,c)N2ε2

N )
∣∣∣+ ANLetting �rst N going to in�nity and then ε going to zero yields

lim
N→∞

E1

E ′
1

= 1Note that this estimate is valid for any M large enough so that Lemma 3.2.3 holds.Our goal is now to show that for M su�ciently large, E2 vanishes when N goes to in�nity.It would be an easy task if all the quantities where in Cm
st (C) but some derivatives of Vappear so that there are polynomials term in the exponential. The idea to pass this di�cultyis to make the reverse change of variables. For N bigger than the norm of the hi's, and with

Bi = Ai + 1
N

hi(A),
E2 = µN

V

[1{A:λN (A)>M}e
λYN (h1,··· ,hm)−λ2

2
CN (h1,··· ,hm)+ 1

N
(µ̂N (RN )+NsN )

]

= µN
V

(
B : λNmax(A) > M

)
6 µN

V

(
B : λNmax(B) > M − 1

)
.



3.4. CENTRAL LIMIT THEOREM 113This last quantity goes exponentially fast to 0 for M su�ciently large by Lemma 3.2.2 (Ex-ponential tail of the largest eigenvalue).Hence, we arrive, for M large enough, at
lim

N→∞

∫ 1ΛN
M

eλYN (h1,··· ,hm)dµN
V = e

λ2

2
C(h1,··· ,hm).Since µN

V (ΛN
M) goes to one as N goes to in�nity, we �nd that YN(h1, · · · , hm) convergesin law under µN

V (ΛN
M)−1µN

V (. ∩ ΛN
M) towards a centered Gaussian variable with covariance

C(h1, · · · , hm), for any M large enough. For the same reason, we conclude that the sameconvergence holds under µN
V .

23.4.2 Central limit theorem for some polynomial functionsWe now extend Lemma 3.4.1 to polynomial test functions.Assume (H) and let P1, · · · , Pm be in C〈X1, · · · , Xm〉sa. Then, the variable
YN(P1, · · · , Pm) = N

m∑

k=1

[µ̂N ⊗ µ̂N(∂kPk) − µ̂N [(Xk + DkV )Pk]]converges in law towards a real centered Gaussian variable with covariance
C(P1, · · · , Pm) =

m∑

k,l=1

(µ ⊗ µ[∂kPl × ∂lPk] + µ(∂l ◦ ∂kV ](Pk, Pl))) +
m∑

k=1

µ(P 2
k ).Proof.Let P1, · · · , Pm be self-adjoint polynomials and hε

1, · · · , hε
m be Stieltjes functionals whichapproximate P1, · · ·Pm such as

hε
i (X) = Pi

(
X1

1 + εX2
1

, · · · ,
Xm

1 + εX2
m

)
.Since E[YN ] = 0 by (3.13),

YN(P1, · · · , Pm) = δ̂
N

(KN(P1, · · · , Pm))with
KN(P1, · · · , Pm) =

m∑

k=1

(
µ̂N ⊗ I(∂kPk) − (Xk + DkV )Pk

)and similarly YN(hε
1, · · · , hε

m) = δ̂
N

(KN(hε
1, · · · , hε

m)). It is not hard to see that
‖KN(hε

1, · · · , hε
m) − KN(P1, · · · , Pm)‖M

L ≤ εC(M)



114 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSfor some �nite constant C(M) which only depends on M . Hence, we deduce by Lemma 3.2.3(Concentration inequality) that there exists mN
P,ε,M and εN

P,ε,M going to zero as N goes toin�nity (note here that the control on mN
P,ε,M and εN

P,ε,M follows exactly the same line as formonomials) such that
µN

V

(
{|δ̂N(KN(hε

1, · · · , hε
k) − KN(P1, · · · , Pk)) − mN

P,ε,M | > δ + εN
P,ε,M

)

6 e−αMN + e
− δ2

2cε2C(M)2and so for any bounded continuous function f : R → R, if νσ2 is the centered Gaussian lawof covariance σ2,
lim

N→∞
µN

V

(
f(δ̂

N
(KN (P1, · · · , Pk)))

)
=lim

ε→0
lim

N→∞
µN

V

(
f(δ̂

N
(KN(hε

1, · · · , hε
k))
)

= lim
ε→0

νC(hε
1,··· ,hε

m)(f) = νC(P1,··· ,Pm)(f)where we used in the second line the version of the lemma for Stieltjes function and in thelast line Lemma 3.2.1 (Compact support) to obtain the convergence of C(hε
1, · · · , hε

m) to
C(P1, · · · , Pm).

2

YN depends on Nµ̂N ⊗ µ̂N , in which clearly one of the empirical distribution µ̂N shallconverge to its deterministic limit. This is the content of the next lemma.Assume (H) and let P1, · · · , Pm be self-adjoint polynomial functions. Then, the variable
ZN(P1, · · · , Pm) = δ̂N

(
m∑

k=1

(Xk + DkV )Pk −
m∑

k=1

(µ ⊗ I + I ⊗ µ)(∂kPk)

)converges in law towards a centered Gaussian variable with covariance
C(P1, · · · , Pm) =

m∑

k,l=1

(µ ⊗ µ[∂kPl × ∂lPk] + µ(∂l ◦ ∂kV ](Pk, Pl))) +
m∑

k=1

µ(P 2
k ).Proof.The only point is to notice that using (3.2)

YN(P1, · · ·, Pm) =

m∑

k=1

(
δ̂N ⊗ µ + µ ⊗ δ̂N

)
(∂kPk) − δ̂N((Xk + DkV )Pk) + rN,Pwith rN,P = N−1

∑m
k=1 δ̂N ⊗ δ̂N(∂kPk) of order N−1 with probability going to 1 by Lemma3.2.3 (Concentration inequality) and Property 3.3.1. Thus

YN(P1, · · · , Pm)

= δ̂N

(
m∑

k=1

(−(Xk + DkV )Pk + (I ⊗ µ + µ ⊗ I)(∂kPk))

)
+ rN,P

= −ZN (P1, · · · , Pm) + O(
1

N
).This, with the previous lemma, proves the claim.
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23.4.3 Central limit theorem for all polynomial functionsIn the previous part, we have obtained CLT's only for the family of random variables

δ̂N(Q) with Q in the following subset F of C〈X1, · · · , Xm〉

F :=

{
m∑

k=1

(Xk + DkV )Pk −
m∑

k=1

(µ ⊗ I + I ⊗ µ)(∂kPk), ∀i, Pi self-adjoint} .In this section, we wish to extend it to δ̂N (Q) for any self-adjoint polynomial function Q, thatis prove Theorem 3.1.3. We have to show a form of density of F in C〈X1, · · · , Xm〉.The strategy is to see F as the image of an operator that we will invert. The �rst operatorthat comes to mind is
Ψ : (P1, · · · , Pk) →

m∑

k=1

(Xk + DkV )Pk −
m∑

k=1

(µ ⊗ I + I ⊗ µ)(∂kPk)as we immediately have F = Ψ(C〈X1, · · · , Xm〉sa, · · · , C〈X1, · · · , Xm〉sa).In order to obtain an operator from C〈X1, · · · , Xm〉sa to C〈X1, · · · , Xm〉sa we will preferto apply Ψ to Pk = DkP for all k and for a given P ; as we shall see later, Ψ(D1P, · · · , DmP )is closely related with the projection on functions of the type TrP of the operator on theentries ∆ −∇Ntr(W ).∇ which is symmetric in L2(µN
V ). The resulting operator is a di�eren-tial operator and hence it would be hard to prove that it is continuous on a �xed space offunctions. To avoid this issue and make the argument more readable we have �rst to divideeach monomials of P by its degree.Then, we de�ne a linear map Σ on C〈X1, · · · , Xm〉 such that for all monomials q of degreegreater or equal to 1

Σq =
q

deg q
.Moreover, Σ(q) = 0 if deg q = 0. For later use, we set C0〈X1, · · · , Xm〉 to be the subset ofpolynomials P of C〈X1, · · · , Xm〉sa such that P (0, · · · , 0) = 0. We let Π be the projectionfrom C〈X1, · · · , Xm〉sa onto C0〈X1, · · · , Xm〉 (i.e Π(P ) = P − P (0, · · · , 0)). We now de�nesome operators on C0〈X1, · · · , Xm〉 i.e. from C0〈X1, · · · , Xm〉 into C0〈X1, · · · , Xm〉,

Ξ1 : P −→ Π

(
m∑

k=1

∂kΣP]DkV

)

Ξ2 : P −→ Π

(
m∑

k=1

(µ ⊗ I + I ⊗ µ)(∂kDkΣP )

)
.We denote Ξ0 = Id − Ξ2 and Ξ = Ξ0 + Ξ1, where I is the identity on C0〈X1, · · · , Xm〉. Notethat the images Ξi's and Ξ are indeed included in C〈X1, · · · , Xm〉sa since V is assumed self-adjoint. With these notations, Lemma 3.4.3, once applied to Pi = DiΣP , 1 ≤ i ≤ m, reads



116 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSFor all P in C0〈X1, · · · , Xm〉, δ̂N(ΞP ) converges in law to a centered Gaussian variable withcovariance
C(P ) := C(D1ΣP, · · · , DmΣP ).Proof.We have for all tracial state τ , τ(∂kP]V ) = τ(DkPV ) and if P is in C0〈X1, · · · , Xm〉 (i.e

P (0, · · · , 0) = 0), we have the identity
P =

∑

k

∂kΣP]Xk.Then, as δ̂N is tracial and null on constant terms (so that the projection Π can be removedin the de�nition of Ξ), for all polynomial P ,
δ̂N(ΞP ) = δ̂N(P +

m∑

k=1

∂kΣP]DkV −
m∑

k=1

(µ ⊗ I + I ⊗ µ)(∂kDkΣP ))

= δ̂N(

m∑

k=1

(Xk + DkV )DkΣP −
m∑

k=1

(µ ⊗ I + I ⊗ µ)(∂kDkΣP ))

= ZN(D1ΣP, · · · , DmΣP ).We then use the Lemma 3.4.3 to conclude.
2To generalize the central limit theorem to all polynomial functions, we need to show thatthe image of Ξ is dense and to control approximations. If P is a polynomial and q a non-constant monomial we will denote λq(P ) the coe�cient of q in the decomposition of P inmonomials. We can then de�ne a norm ‖.‖A on C0〈X1, · · · , Xm〉 for A > 1 by

‖P‖A =
∑

deg q 6=0

|λq(P )|Adeg q.In the formula above, the sum is taken on all non-constant monomials. We also de�ne theoperator norm given, for T from C0〈X1, · · · , Xm〉 to C0〈X1, · · · , Xm〉, by
|||T |||A = sup

‖P‖A=1

‖T (P )‖A.Finally, let C0〈X1, · · · , Xm〉A be the completion of C0〈X1, · · · , Xm〉 for ‖.‖A. We say that Tis continuous on C0〈X1, · · · , Xm〉A if |||T |||A is �nite. We shall prove that Ξ is continuous on
C0〈X1, · · · , Xm〉A with continuous inverse when t is small. With the previous notations,1. The operator Ξ0 is invertible on C0〈X1, · · · , Xm〉.2. There exists A0 > 0 such that for all A > A0, the operators Ξ2, Ξ0 and Ξ−1

0 arecontinuous on C0〈X1, · · · , Xm〉A and their norm are uniformly bounded for t in Bη.



3.4. CENTRAL LIMIT THEOREM 1173. For all ε, A > 0, there exists ηε > 0 such that for |t| < ηε, the operator Ξ1 is continuouson C0〈X1, · · · , Xm〉A and |||Ξ1|||A 6 ε.4. For all A > A0, there exists η > 0 such that for t ∈ Bη, Ξ is continuous, invertible with acontinuous inverse on C0〈X1, · · · , Xm〉A. Besides the norms of Ξ and Ξ−1 are uniformlybounded for t in Bη.5. There exists C > 0 such that for all A > C, C is continuous from C0〈X1, · · · , Xm〉A into
R.Proof.1. We can write

Ξ0 = I − Ξ2.Observe that since Ξ2 reduces the degree of a polynomial by at least 2,
P →

∑

n>0

(Ξ2)
n(P )is well de�ned on C0〈X1, · · · , Xm〉 as the sum is �nite for any polynomial P . This clearlygives an inverse for Ξ0.2. First remark that a linear operator T has a norm less than C with respect to ‖.‖A ifand only if for all non-constant monomial q,

‖T (q)‖A 6 CAdeg q.Recall that µ is uniformly compactly supported (see Lemma 3.2.1 (Compact support))and let C0 < +∞ be such that |µ(q)| 6 Cdeg q
0 for all monomial q. Take a monomial

q = Xi1 · · ·Xip, and assume that A > 2C0,
‖Π
(
∑

k

(I ⊗ µ)∂kDkΣq

)
‖A 6 p−1

∑

k,q=q1Xkq2,

q2q1=r1Xkr2

‖r1µ(r2)‖A

6 p−1
∑

k,q=q1Xkq2,

q2q1=r1Xkr2

Adeg r1Cdeg r2
0 =

1

p

p−1∑

n=0

p−2∑

l=0

AlCp−l−2
0

6 Ap−2

p−2∑

l=0

(
C0

A

)p−2−l

6 2A−2‖q‖Awhere in the second line, we observed that once deg(q1) is �xed, q2q1 is uniquely de-termined and then r1, r2 are uniquely determined by the choice of l the degree of r1.Thus, the factor 1
p
is compensated by the number of possible decomposition of q i.e.the choice of n the degree of q1. If A > 2, P → Π (

∑
k(I ⊗ µ)∂kDkΣP ) is continuous ofnorm strictly less than 1

2
. And a similar calculus for Π (

∑
k(µ ⊗ I)∂kDkΣ) shows that Ξ2



118 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSis continuous of norm strictly less than 1. It follows immediately that Ξ0 is continuous.Recall now that
Ξ−1

0 =
∑

n>0

Ξn
2 .As Ξ2 is of norm strictly less than 1, Ξ−1

0 is immediately continuous.3. Let q = Xi1 · · ·Xip be a monomial and let D be the degree of V and B(≤ Dn) the sumof the maximum number of monomials in DkV .
‖Ξ1(q)‖A 6

1

p

∑

k,q=q1Xkq2

‖q1DkV q2‖A 6
1

p

∑

k,q=q1Xkq2

|t|BAp−1+D−1

= |t|BAD−2‖q‖A.It is now su�cient to take ηε < (BAD−2)−1ε.4. We choose η < (BAD−2)−1|||Ξ−1
0 |||−1

A so that when |t| 6 η,
|||Ξ1|||A|||Ξ−1

0 |||A < 1.By continuity, we can extend Ξ0, Ξ1, Ξ2, Ξ and Ξ−1
0 on the space C0〈X1, · · · , Xm〉A. Theoperator

P →
∑

n>0

(−Ξ−1
0 Ξ1)

nΞ−1
0is well de�ned and continuous. And this is clearly an inverse of

Ξ = Ξ0 + Ξ1 = Ξ0(I + Ξ−1
0 Ξ1).5. We �nally prove that C is continuous from C0〈X1, · · · , Xm〉A into R where we recallthat we assumed A > C0. Let us consider the �rst term

C1(P ) :=

m∑

k,l=1

µ ⊗ µ(∂kDlΣP × ∂lDkΣP ).Then, we obtain as in the second point of this proof
|C1(P )| 6 4

m∑

k,l=1

∑

q,q′

|λq(P )||λq′(P )|
deg q deg q′

∑

q=q1Xkq2,q′=q′
1

Xlq
′
2

q2q1=r1Xlr2,q′2q′1=r′1Xkr′2

Cdeg q+deg q′−4
0

≤ 4
∑

q,q′

|λq(P )||λq′(P )|deg q deg q′Cdeg q+deg q′−4
0

≤ 4(sup
`≥0

`C`−2
0 A−`)2‖P‖2

A.We next turn to show that
C2(P ) :=

m∑

k,l=1

µ (∂k ◦ ∂lV ](DkΣP, DlΣP ))



3.4. CENTRAL LIMIT THEOREM 119is also continuous for ‖.‖A. In fact, noting that we may assume V ∈ C0〈X1, · · · , Xm〉without changing C2,
|C2(P )| 6

∑

p,q,q′,k,l

|λp(V )|
∑

q,q′,p=p1Xkp2Xlp3
q=q1Xkq2,q′=q′

1
Xkq′

2

|λq(P )||λq′(P )|Cdeg p+deg q+deg q′−4
0

deg q deg q′

≤ n|t|D2
∑

q,q′

|λq(P )||λq′(P )|CD+deg q+deg q′−4
0

≤ n|t|D2CD−4
0 ‖P‖2

AThe continuity of the last term C3(P ) =
∑m

i=1 µ ((DjΣP )2) is obtained similarly.
2We can compare the norm ‖ · ‖A to a more intuitive norm, namely ‖ · ‖M

L de�ned in (3.7).We will say that a semi-norm N is weaker than a semi-norm N ′ if and only if there exists
C < +∞ such that for all P in C0〈X1, · · · , Xm〉,

N (P ) 6 CN ′(P ).For A > M , the semi-norm ‖.‖M
L restricted to the space C0〈X1, · · · , Xm〉 is weaker thanthe norm ‖.‖A. Proof.For all P in C0〈X1, · · · , Xm〉, the following inequalities hold

‖P‖M
L 6

∑

q

|λq(P )|‖q‖M
L 6

∑

q

|λq(P )| deg qMdeg q
6 (sup

l
l(

M

A
)l)‖P‖A.

2To take into account the previous results, we de�ne a new hypothesis (H') stronger than(H).(H') : (H) is satis�ed, A − 1 > max(A0, M0, C) for the M0 which appear in the Lemma3.2.2 (Exponential tail of the largest eigenvalue) and the C which appear in Proposition 3.3.1Besides, |t| 6 η with η as in the fourth point of Lemma 3.4.5 in order that Ξ and Ξ−1 arecontinuous on C0〈X1, · · · , Xm〉A and C0〈X1, · · · , Xm〉A−1, and that C is also continuous forthese norms.The two main additional consequences of this hypothesis are the continuity of Ξ for ‖ · ‖A.The strange condition about the continuity of Ξ on C0〈X1, · · · , Xm〉A−1 is here for a technicalreason which will appear only in the last section on the interpretation of the �rst ordercorrection to the free energy.While (H′) is full of conditions, the only important hypothesis is the c-convexity of V .Given such a V , we can always �nd constants A and η which satisfy the hypothesis. The onlyrestriction will be then that t is su�ciently small.



120 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSWe can now prove the general central limit theorem which is up to the identi�cation of thecovariance equivalent to Theorem 3.1.3. Assume (H'). For all P in C〈X1, · · · , Xm〉sa, δ̂N(P )converges in law to a centered Gaussian variable γP with covariance
σ2(P ) := C(Ξ−1Π(P )) = C(D1ΣΞ−1Π(P ), · · · , DmΣΞ−1Π(P )).If P ∈ C〈X1, · · · , Xm〉, δ̂N(P ) converges to the complex centered Gaussian variable γ(P+P ∗)/2+

iγ(P−P ∗)/2i (the covariance of γ(P+P ∗)/2 and γ(P−P ∗)/2i being given by σ2((P + P ∗)/2, (P −
P ∗)/2i) where σ2(·, ·) is the bilinear form associated to the quadratic form σ2).Proof.Since δ̂N(P ) does not depend on constant terms, we can directly take the polynomial
P = Π(P ) in C0〈X1, · · · , Xm〉. Now, using Lemma 3.4.5 4, we can �nd an element Q in
C0〈X1, · · · , Xm〉A such that ΞQ = P . The space C0〈X1, · · · , Xm〉 is dense in C0〈X1, · · · , Xm〉Aby construction. Thus, there exists a sequence Qn in C0〈X1, · · · , Xm〉 such that

lim
n→∞

‖Q − Qn‖A = 0.Let us de�ne Rn = P − ΞQn in C0〈X1, · · · , Xm〉.Now according to Property 3.4.4 for all n, δ̂N(ΞQn) converges in law to a Gaussian variable
γn of variance C(Qn) with

C(Qn) = C(D1ΣQn, · · · , DmΣQn).As C is continuous by Lemma 3.4.5.4, it can be extended to the space C0〈X1, · · · , Xm〉Aand σ2(P ) = C(Ξ−1P ) = C(Q) = limn C(Qn) is well de�ned. Hence, γn converges weaklytowards γ∞, the centered Gaussian law with covariance C(Q), when n goes to +∞. The laststep is to prove the convergence in law of δ̂N (P ) to γ∞. We will use the Dudley distance. For
f : R → R we de�ne |f |L = ‖f‖L + ‖f‖∞. The Dudley distance between two measures on Ris

D(µ, ν) = sup
|f |L61

|µ(f) − ν(f)|.The topology induced by the Dudley metric is the topology of the convergence in law. Below,as a parameter of D we denote in short δ̂N (P ) for the law of δ̂N(P ). We make the followingdecomposition :
D(δ̂N(P ), γ∞) 6 D(δ̂N(P ), δ̂N(ΞQn)) + D(δ̂N(ΞQn), γn) + D(γn, γ∞). (3.18)By the above remarks, D(δ̂N(ΞQn), γn) goes to 0 when N goes to +∞ and D(γn, γ∞) goes to

0 when n goes to +∞. We now use the bound on the Dudley distance
D(δ̂N(P ), δ̂N(ΞQn)) 6 E[|δ̂N(P ) − δ̂N (ΞQn)| ∧ 1] = E[|δ̂N(Rn)| ∧ 1].We control the last term by Lemmas 3.2.3 (Concentration inequality) and 3.2.2 (Exponentialtail of the largest eigenvalue) so that for M > M0,

E[|δ̂N(Rn)| ∧ 1] 6 e−αNM + 2

√
2π

c
‖Rn‖M

L + εN
Rn,M + |mN

Rn,M |.



3.4. CENTRAL LIMIT THEOREM 121But we deduce from Lemma 3.4.6 that since we chose M < A, there exists a �nite constant
C such that

‖Rn‖M
L 6 C‖Rn‖A = C‖Ξ(Q − Qn)‖A 6 C‖|Ξ‖|A‖Q − Qn‖Aand so ‖Rn‖M

L goes to zero as n goes to in�nity. And since ‖Rn‖M
L is �nite, εN

Rn,M goes tozero. Similarly, using the bound of Lemma 3.2.3 on mN
P,M for P monomial, we �nd that

|mN
Rn,M | 6 N

∑

q

|λq(Rn)|deg(q)(3Mdeg(q) + deg(q)2)e−αMN

≤ N sup
`≥0

(`(3M ` + `2)A−`)‖Rn‖Ae−αMNgoes to zero as N goes to in�nity. Thus, E[|δ̂N(Rn)|∧1] goes to zero as n and N go to in�nity.Putting things together we obtain if we let �rst N going to +∞ and then n, the desiredconvergence limN D(δ̂N(P ), γ∞) = 0.

2Note that the convergence in law in Theorem 3.4.7 can be generalized to a convergence inmoments ;Assume (H'). Let P be a self-adjoint polynomial, then δ̂N(P ) converges in moments to areal centered Gaussian variable with variance σ2(P ), i.e for all k in N,
lim

N→∞

∫
(δ̂NP )kdµN

V =
1√

2πσ2(P )

∫
xke

− x2

2σ2(P ) dx.Proof.Indeed, once again we decompose ∫ (δ̂NP )kdµN
V into EN

1 + EN
2 with

EN
1 =

∫ 1ΛN
M

(δ̂NP )kdµN
V EN

2 =

∫ 1(ΛN
M )c(δ̂NP )kdµN

Vwith M > M0. For E1, we notice that the law of δ̂NP has a sub-Gaussian tail accordingLemma 3.2.3 (Concentration inequality). Therefore, we can replace xk by a bounded conti-nuous function, producing an error independent of N . Applying Theorem 3.4.7 then showsthat
lim

N→∞

∫ 1ΛN
M

(δ̂NP )kdµN
V =

1√
2πσ2(P )

∫
xke

− x2

2σ2(P ) dx.For the second term, we use the trivial bound
|EN

2 | 6 Nk

∫ 1(ΛN
M )c(|λmax(A)| + |µ|(P ))kdµN

V

6 kNk

∫

λ>M

(λ + |µ|(P ))k−1e−αλNdλwhich goes to zero as N goes to in�nity for all �nite k.
2



122 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSAnother generalization of Theorem 3.4.7 is to extend the set of test functions from po-lynomials to the completion of C0〈X1, · · · , Xm〉 for the Lipschitz semi-norm ‖.‖M
L . We shallassume that M is strictly greater than C, the constant which bound uniformly the radius ofthe support of µ according to Lemma 3.2.1 (Compact support), and also greater than M0, theconstant which appear in Lemma 3.2.2 (Exponential tail of the largest eigenvalue) in order tohave λmax(A) less than M with high probability. We denote C0〈X1, · · · , Xm〉ML the completionof C0〈X1, · · · , Xm〉 for that norm.Let us �rst extend some of the previous quantities to this setting. Recall that for all N ∈ N,√

N‖P‖M
L is always bigger than ‖TrP‖ΛN

M

L , so that if λmax(A) < M , TrP (A) is well de�ned.This allows us to de�ne, for P in C0〈X1, · · · , Xm〉ML , µ̂N(P ) = 1
N
TrP (A) on ΛN

M . We can alsoextend µ to this context byLet P ∈ C0〈X1, · · · , Xm〉. Then, with C0 as in Lemma 3.2.1 (Compact support),
|µ(P )| 6 C0‖P‖C0

L .Proof.Let us consider the following norm on C〈X1, · · · , Xm〉,
‖P‖µ := lim sup

n
(µ((PP ∗)n))

1
2n .The completion of C〈X1, · · · , Xm〉 for this norm is then a C∗-algebra (see e.g the Gelfand-Neimark-Segal construction). As µ is compactly supported, the norm of the Xi's are boundedby C0. Besides, for all P ,

|µ(P )| 6 ‖P‖µ.Therefore, we can write
|µ(P )| = |µ(P (X)) − µ(P (0))| =

∣∣∣∣∣µ
(∫ 1

0

m∑

k=1

(DkP )(sX)Xkds

)∣∣∣∣∣

6

∫ 1

0

∣∣∣∣∣µ
(

m∑

k=1

DkP (sX)Xk

)∣∣∣∣∣ ds

6

∫ 1

0

(
m∑

k=1

µ(DkP (sX)DkP (sX)∗)

) 1
2
(

m∑

k=1

µ(X2
k)

) 1
2

ds

6 C0 sup
AC∗−algebra
xi=x∗

i
‖xi‖6C0

(
m∑

k=1

‖DkP (x1, · · · , xm)‖2
A

) 1
2

= C0‖P‖C0
L .

2Thus, µ extends to C〈X1, · · · , Xm〉ML . It is a natural question to study the behavior of
δ̂N (P ) := N(µ̂N (P ) − µ(P ))1ΛN

Mfor P in C0〈X1, · · · , Xm〉ML , the completion of C0〈X1, · · · , Xm〉 for ‖ · ‖M
L . Assume (H') andlet M be bigger than C0 and M0.



3.5. IDENTIFICATION OF THE VARIANCE 1231. σ2 is continuous for ‖.‖M
L and so extends to C0〈X1, · · · , Xm〉ML .2. For all P in C0〈X1, · · · , Xm〉ML , δ̂N(P ) converges in law to a Gaussian variable withvariance σ2(P ).Proof.We take a sequence of polynomials Sn which converges to P for the norm ‖.‖M

L . Let
Rn = P − Sn be the rest. For all n, δ̂N (Sn) converges to a centered Gaussian variable γn ofvariance σ2(Sn).Let us show that σ2 is continuous for ‖.‖M

L . Let P be a polynomial, and M su�cientlylarge,
σ2(P ) = lim

N
E[δ̂

N
(P )2] = lim

N
E[1ΛN

M
δ̂

N
(P )2].The �rst equality comes from the previous corollary about the convergence in moments aswell as Lemma 3.3.1 which allows to recenter with respect to the mean rather than the limit,and the second equality comes from Lemma 3.2.2 (Exponential tail of the largest eigenvalue).Now by Lemma 3.2.3 (Concentration inequality), as ‖P‖M

L controls the Lipschitz norm of
1
N
Tr(P ),

lim
N→∞

µN
V [1ΛN

M
(δ̂

N
(P ))2] = 2 lim

N→∞

∫ ∞

0

εµN
V (ΛN

M ∩ {|δ̂N
(P )| > ε})dε

6

∫ ∞

0

2εe
− cε2

2(‖P‖M
L

)2 dε =
4

c
(‖P‖M

L )2where we used that mN
M,P and εN

M,P of Lemma 3.2.3 go to zero as N goes to in�nity since
P is a polynomial. Thus, the quadratic form σ2 is continuous for ‖.‖M

L and can be extendedon C0〈X1, · · · , Xm〉ML . This implies that σ2(Sn) converges to σ2(P ). The rest of the proof isexactly as that of Theorem 3.4.7 and we omit it.
2Note that by Lemma 3.4.5 the norm ‖.‖A is stronger than the norm ‖.‖M

L so that we canuse this corollary to extend out central limit theorem on C0〈X1, · · · , Xm〉A and by continuityof σ2, on this space the formula
σ2(P ) := C(Ξ−1P ) = C(D1ΣΞ−1P , · · · , DmΣΞ−1P )remains valid.3.5 Identi�cation of the variance3.5.1 Exact formulaWe shall provide here a more tractable formula for the variance σ2(P ) of the limitingGaussian distribution found in Theorem 3.4.7. Note that for all polynomials P , Q, δ̂N(P +Q)



124 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSconverges to γP+Q. Thus, {γP |P ∈ C〈X1, · · · , Xm〉sa} = {γP |P ∈ C0〈X1, · · · , Xm〉} has anatural structure of Gaussian space. In this space all elements are centered and the covariancefunction is given, for P, Q ∈ C0〈X1, · · · , Xm〉 by
σ2(P, Q) = C(Ξ−1P, Ξ−1Q) = C(DΣΞ−1P ,DΣΞ−1Q)where D is the cyclic gradient de�ned by DP = (D1P, · · · , DmP ) and

C(P1, · · · , Pm, Q1, · · · , Qm)

=
m∑

k,l=1

(µ ⊗ µ[∂kPl × ∂lQk] + µ (∂l ◦ ∂kV ](Pk, Ql))) +
m∑

k=1

µ(PkQk).We now give a more explicit formula for σ2(P, Q). We therefore need to study C and thecommutation relations of the cyclic gradient and Ξ.Let us de�ne the following operators on C〈X1, · · · , Xm〉

Ξ̄1 : P −→
m∑

k=1

∂kP]DkV Ξ̄2 : P −→
m∑

i=1

(I ⊗ µ)M ◦ ∂2
i Pwhere M(A ⊗ B ⊗ C) = AC ⊗ B. We also de�ne Ξ̄0 = Σ−1 − Ξ̄2 and Ξ̄ the operatoron C0〈X1, · · · , Xm〉 given by Ξ̄P = Ξ̄0P + Ξ̄1P if P ∈ C0〈X1, · · · , Xm〉. We extend Ξ̄ to

C〈X1, · · · , Xm〉 by setting Ξ̄1 = 0. We set, for i = 0, 1, 2 or nothing, Ξ̄i the operator on
C〈X1, · · · , Xm〉m such that Ξ̄i(P1, · · · , Pm) = (Ξ̄iP1, · · · , Ξ̄iPm).For all l ∈ {1, · · · , m}, for all P ∈ C0〈X1, · · · , Xm〉, the following equalities hold

DlΣ
−1P = Σ−1DlP + DlP,

DlΞ1P = Ξ̄1DlΣP +

m∑

i=1

∂iDlV ]DiΣP,

DlΞ2P = Ξ̄2DlΣP.Besides, let Hess(V ) : C〈X1, · · · , Xm〉m → C〈X1, · · · , Xm〉m be given byHess(V )(v)l =
m∑

i=1

∂iDlV ]vi.Then, for any (P1, · · · , Pm) ∈ C〈X1, · · · , Xm〉m , with I the identity on C〈X1, · · · , Xm〉m, thefollowing relation of commutation relation holds
DΞ = (I + Hess(V ) + Ξ̄)DΣ.Proof.By linearity, it is su�cient to prove these equalities for a monomial P = Xi1 · · ·Xip.Moreover, the projection Π onto C0〈X1, · · · , Xm〉 is irrelevant in the de�nition of the operators

Ξi's since they are followed by derivatives.
DlΣ

−1P = pDlP = (p − 1)DlP + DlP = Σ−1DlP + DlP.



3.5. IDENTIFICATION OF THE VARIANCE 125To prove the second equality, write
DlΞ1P = Dl

∑

i,ΣP=q1Xiq2

q1DiV q2then Dl can di�erentiate q1, q2 or DiV so that
DlΞ1P =

∑

i,ΣP=r1Xlr2Xir3

r2DiV r3r1 +
∑

i,ΣP=r1Xir2Xlr3

r3r1DiV r2

+
∑

i,ΣP=q1Xiq2,DiV =q3Xlq4

q4q2q1q3.The sum of the �rst two terms gives exactly Ξ̄1DlΣP and the last one is
∑

i,DiV =q3Xlq4

q4DiPq3 = ∂iDlV ]DiΣP.Note that if P is a monomial,
Ξ2P = 2

∑

i,ΣP=q1Xiq2Xiq3

{µ[q1q3]q2 + µ[q2]q1q3}so that we obtain
DlΞ2P = 2

∑

i,ΣP=q1Xlq
′
1Xiq2Xiq3

µ[q2]q
′
1q3q1

+2
∑

i,ΣP=q1Xiq2Xlq
′
2Xiq3

µ[q3q1]q
′
2q2 + 2

∑

i,ΣP=q1Xiq2Xiq3Xlq
′
3

µ[q2]q
′
3q1q3.Similar algebra shows that

Ξ̄2DlΣP = 2
∑

i,DlΣP=q1Xiq2Xiq3

{µ(q2)q3q1} = DlΞ2P.Finally, the last point we only have to sum the previous equalities for P ∈ C0〈X1, · · · , Xm〉and all l ∈ {1, · · · , m},
DlΞΣ−1P = (Dl + Σ−1Dl − Ξ̄2Dl + Ξ̄1Dl)(P ) +

m∑

i=1

∂iDlV ]DiP

= [(I + Hess(V ) + Ξ̄)DP ]l

2



126 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSThus we can deduce an expression for D ◦ ΣΞ−1. The operator Ξ̄ is a symmetric nonnegative operator in L2(µ). Let ·t be the involution on C〈X1, · · · , Xm〉 ⊗ C〈X1, · · · , Xm〉de�ned by (A ⊗ B)t = B ⊗ A, then for any (P, Q) ∈ C〈X1, · · · , Xm〉m

µ(P Ξ̄Q) =
m∑

k=1

µ ⊗ µ(∂kP × [∂kQ]t).

Ξ̄ is thus non negative in L2(µ)m equipped with the scalar product 〈P,Q〉 =
∑m

i=1 µ(PiQ
∗
i ).

1−c
2

I +Hess V is a non negative operator in the sense that for every polynomials P1, · · · , Pm,
m∑

i=1

(Hess(V )P )iP
∗
i > −(1 − c)

m∑

i=1

PiP
∗
i .Thus, (I+Hess V+Ξ̄) is symmetric de�nite positive in L2(µ)m and is invertible. If we consider

DΣΞ−1 as a continuous operator from C0〈X1, · · · , Xm〉A into L2(µ)m, the following rule ofcommutation holds
DΣΞ−1 = (I + Hess V + Ξ̄)−1D.Proof.Here, it is easier to come back to the origin of the problem. The idea is that the operator

Ξ̄ is a projection of the Laplace operator
L =

1

N

m∑

k=1

N∑

i,j=1

eNTr(V +2−1
∑

X2
l )∂xk

ij
e−NTr(V +2−1

∑
X2

l )∂xk
jion functions of the matrices. Here ∂xk

ji
is a notation and stands for

1

2
(∂<exk

ji
+
√
−1∂=mxk

ji
).In fact, if we take P a polynomial function,

LP =
1

N
[

m∑

k=1

N∑

i,j=1

N(−DkV − Xk)ji∂kP]∆ji +

m∑

k=1

N∑

i,j=1

∂k ◦ ∂kP](∆ij, ∆ji)]

=

m∑

k=1

∂kP](−DkV − Xk) +

m∑

k=1

(I ⊗ µ̂N)M ◦ (∂k ◦ ∂k)Pwith ∆ij the matrix with null entries except in (i, j) where it is equal to 1. As a consequence,we deduce from the convergence of µ̂N towards µ that for all polynomials P, Q

lim
N→∞

∫
1

N
Tr(QLP )dµV

N = −µ(QΞ̄P ).



3.5. IDENTIFICATION OF THE VARIANCE 127But now, by integration by parts, we obtain
∫

1

N
Tr(QLP )dµV

N =

∫
1

N2

N∑

α,β=1

Qα,β(LP )β,αdµV
N

= −
∫

1

N2

m∑

k=1

N∑

i,j,α,β=1

∂xij
k
Qα,β∂xji

k
Pβ,αdµV

N (3.19)
= −

∫
1

N2

m∑

k=1

N∑

i,j,α,β=1

[∂kQ]∆ij ]α,β[∂kP]∆ij]β,αdµV
N

= −
m∑

k=1

∫
µ̂N ⊗ µ̂N(∂kP × (∂kQ)t)dµV

Nwhich converges as N goes to in�nity towards
m∑

k=1

µ ⊗ µ(∂kP × (∂kQ)t) = µ(QΞ̄P ).This shows that Ξ̄ is symmetric and non negative (since if Q = P ∗, the right hand side of(3.19) is clearly non positive for all N). Similarly, remark that
(HessV P )l =

∑

i

∂iDlV ]Pi.Once estimated at a �nite matrix, it is easily seen thatTr(∂iDlV ]PiP
∗
l ) =

∑

α,β,γ,δ

(∂xi
αβ

∂xl
γδ
TrV )(Pi)βα(Pl)δγand so the positivity of Hess is deduced at �nite N from the convexity of V which, byde�nition, is the positivity of the Hessian of Tr(V ) in any �nite dimension. As a consequence,the operator I + Hess(V ) + Ξ̄ is invertible on C〈X1, · · · , Xm〉m ⊂ (L2(µ))m. We then obtainthe commutation relation by using the third point of the previous Lemma.

2This gives us an explicit formula for σ2.For all P, Q in C0〈X1, · · · , Xm〉, for all 1 6 k, l 6 m, the following identities holds
µ ⊗ µ[∂kDlP × ∂lDkQ] = µ ⊗ µ[∂kDlP × [∂kDlQ]t],

C(DP,DQ) =
m∑

i=1

µ(DiP [(I + HessV + Ξ̄)DQ]i),

σ2(ΞP, Q) =

m∑

i=1

µ(DiΣPDiQ),

σ2(P, Q) =
m∑

i=1

µ(DiP (I + HessV + Ξ̄)−1DiQ).



128 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSProof.An elementary computation shows that for all polynomials P ,
∂kDlP = (∂lDkP )t.To prove the second equality, recall that

C(DP,DQ) =
m∑

k,l=1

(µ ⊗ µ[∂kDlP × ∂lDkQ] + µ (∂l ◦ ∂kV ](DkP, DlQ)))

+
m∑

k=1

µ(DkPDkQ).The third term can be directly written ∑m
i=1 µ(DiP [DQ]i). For the second term we use the�rst equality and Lemma 3.5.2 :

m∑

k,l=1

µ ⊗ µ[∂kDlP × ∂lDkQ] =
m∑

i=1

µ(DiP Ξ̄DiQ).Finally we only need to check if the two terms in the second derivative of V coincide, but thisis clear by the trace property :
m∑

k,l=1

µ (∂l ◦ ∂kV ](DkP, DlQ)) =

m∑

i,j=1

µ(DiP∂jDiV ]DjQ)For the last points we only have to use the commutation rule of Lemma 3.5.2 and theprevious point.
σ2(ΞP, Q) = C(DΣP,DΣΞ−1Q)

=
m∑

i=1

µ(DiΣP [(I + HessV + Ξ̄)DΣΞ−1Q]i)

=

m∑

i=1

µ(DiΣPDiQ)The last point is proved with the same technique.
2



3.5. IDENTIFICATION OF THE VARIANCE 1293.5.2 Combinatorial interpretationIt was shown in [GMS06] that for small t's the limit measure µ has a combinatorialinterpretation. More precisely let V =
∑

i tiqi with some monomials qi. Note that in order tohave a self-adjoint potential, in the decomposition in monomials, the coe�cient of a monomialmust be the complex conjugate of the coe�cient of its adjoint.We de�ne a set of colors as the set {1, · · · , m} and associate to each monomial q =
Xi1 · · ·Xip a star (i.e. a vertex with some half-edges pointing out of it) of p half-edges whichare in the clockwise order respectively of color i1, i2,. . .ip. Besides we distinguish the �rst half-edge so that we clearly obtain a bijection between monomials and stars. We will say that thestar is of type q if it comes from a monomial q in that way. Note that a star can equivalentlybe represented by an annulus with ordered colored dots and a distinguished dot.Given a set of such stars embedded in the sphere, we can construct some graphs amongthem simply by gluing pairwise di�erent half-edges of the same color and such that theresulting edges do not cross each other. We call a graph obtained in this way a planar graph.Two planar graphs are said to be equivalent if there is an homeomorphism of the spherewhich �x each star and take the �rst graph on the second. A map is a class of equivalence ofconnected planar graphs for the relation of homomorphism. We now de�ne

Mk1,··· ,kn(P ) = ]

{ maps with ki stars of type qiand one of type P

}and
Mk1,··· ,kn(P, Q) = ]

{ maps with ki stars of type qione of type P and one of type Q

}These quantities are only de�ned for P and Q monomials but we immediately extendthem by linearity to arbitrary polynomials P and Q. By convention, the star associated tothe monomial 1 is empty so that Mk1,··· ,kn(P, 1) = 0.In [GMS06] section 3.2 there is the following relation between the limit measure and theenumeration of planar graphs. There exists η > 0 such that for t ∈ Bη, for all polynomial P ,
µ(P ) =

∑

k1,··· ,kn

n∏

i=1

(−ti)
ki

ki!
Mk1,··· ,kn(P ).We now prove that there is a similar link between the variance σ2(P ) which appears inour central limit theorem and the generating function of the Mk1,··· ,kn(P, Q). We de�ne

M(P, Q) =
∑

k1,··· ,kn

n∏

i=1

(−ti)
ki

ki!
Mk1,··· ,kn(P, Q).We shall prove that σ2(P, Q) and M(P, Q) satisfy the same kind of induction relation. For



130 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSall monomials P, Q and all k,
Mk1,··· ,kn(XkP, Q)

=
∑

06pi6ki

∑

P=RXkS

∏

i

Cpi

ki
Mp1,··· ,pn(R, Q)Mk1−p1,··· ,kn−pn(S)

+
∑

06pi6ki

∑

P=RXkS

∏

i

Cpi

ki
Mp1,··· ,pn(S, Q)Mk1−p1,··· ,kn−pn(R)

+
∑

06j6n

kjMk1,··· ,kj−1,··· ,kn(DkV P, Q) + Mk1,··· ,kn(DkQP )and
M(XkP, Q) = M((I ⊗ µ + µ ⊗ I)∂kP ) −M(DkV P, Q) + µ(DkQP ). (3.20)Besides there exists η > 0 so that there exists R < +∞ such that for all monomials P and

Q, all t ∈ B(0, η),
|M(P, Q)| 6 Rdeg P+deg Q.Proof.The proof is very close to that given of Theorem 2.2 in [GMS06] which explain the decom-position of planar maps with one root. We look at the �rst half-edge with color k correspondingto Xk in XkP .1. The �rst possibility is that the half-edge is glued to another half-edge of P = RXkS.It cuts P in two monomials R and S and it occurs for all decomposition of P into

P = RXkS which is exactly what does D. Then either the component R is linked to Qand to pi stars of type qi for each i, this leads to
∏

i

Cpi

ki
Mp1,··· ,pn(R, Q)Mk1−p1,··· ,kn−pn(S)possibilities or we are in the symmetric case with S linked to Q in place of R.2. The second case occurs when the half-edge is glued to a star of type qj for a given jthen �rst we have to choose between the kj vertices of this type then we contract theedges arising from this gluing to form a star of type DiqjP1, there is
kjMk1,··· ,kj−1,··· ,kn(DkqjP, Q)choices.3. The last case is that the half-edge can be glued with the star associated to Q = RXiS.We contract this half-edge and obtain a star of type DkQP . This leads to

Mk1,··· ,kn(DkQP )possibilities.



3.5. IDENTIFICATION OF THE VARIANCE 131We can now sum on the k's to obtain the relation on M.Finally, to show the last point of the proposition, we only have to prove that there exists
A > 0, B > 0 such that for all k's, for all monomials P and Q,

Mk1,··· ,kn(P, Q)∏
i ki!

6 A
∑

i kiBdeg P+deg Q.This follows easily by induction over the degree of P with the previous relation on the Msince we have proved such a control for Mk1,··· ,kn(Q) in [GMS06].
2We can now relate the variance and the generating function for the enumeration of planarmaps with two prescribed vertices.Assume (H') with η small enough. Then, for all polynomials P, Q,

σ2(P, Q) = M(P, Q).Proof.First we transform the relation on M. We use (3.20) with P = DkΣR to deduce
M(ΞR, Q) =

∑

k

µ(DkQDkΣR).Let us de�ne ∆ = σ2−M. Then according to (3.5.2) and the previous property, ∆ is compactlysupported and for all polynomials P and Q,
∆(ΞP, Q) = 0.Moreover, with M(1, Q) = 0 = σ2(1, Q),
∆(1, Q) = 0.To conclude we have to invert one more time the operator Ξ. For a polynomial P we take as inthe proof of the central limit theorem, a sequence of polynomial Sn which goes to S = Ξ−1Pin C0〈X1, · · · , Xm〉A. Then, write

∆(P, Q) = ∆(Ξ(Sn + S − Sn), Q) = ∆(Ξ(S − Sn), Q)But by continuity of Ξ, Ξ(S −Sn) goes to 0 for the norm ‖.‖A. We can always assume A > Rif η is small enough. Moreover, because ∆ is compactly supported, ∆ is continuous for ‖.‖A,and so ∆(Ξ(S − Sn), Q) goes to zero when n goes to +∞. This proves the theorem.
2



132 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELS3.6 Second order correction to the free energyWe now deduce from the Central Limit Theorem the precise asymptotics of Nδ
N

(P ) andthen compute the second order correction to the free energy.Let φ0 and φ be the linear forms on C0〈X1, · · · , Xm〉 which are given, if P is a monomialby
φ0(P ) =

m∑

i=1

∑

P=P1XiP2XiP3

σ2(P3P1, P2) (3.21)and φ = φ0 ◦ Σ.Assume (H′). Then, for any P in C0〈X1, · · · , Xm〉

lim
N→∞

Nδ
N

(P ) = φ(Ξ−1Π(P )).Proof.Again, we base our proof on the �nite dimensional Schwinger-Dyson equation (3.13) which,after centering, and since we can always assume that P ∈ C0〈X1, · · · , Xm〉, reads for i ∈
{1, · · · , m},

N2µN
V

(
(µ̂N − µ)[(Xi + DiV )P− (I ⊗ µ+µ⊗I)∂iP

)
=µN

V

(
δ̂N ⊗ δ̂N(∂iP )

)
.Taking P = DiΣP and summing over i ∈ {1, · · · , m}, we thus have

N2µN
V

(
(µ̂N − µ)(ΞP )

)
= µN

V

(
δ̂N ⊗ δ̂N(

m∑

i=1

∂i ◦ DiΣP )

)
. (3.22)By Corollary 3.4.8 and Lemma 3.5.1, we see that

lim
N→∞

µN
V

(
δ̂N ⊗ δ̂N(

m∑

i=1

∂i ◦ DiΣP )

)
= φ(P )which gives the asymptotics of Nδ

N
(ΞP ) for all P .To generalize the result to arbitrary P , we proceed as in the proof of the full central limittheorem. We take a sequence of polynomials Qn which goes to Q = Ξ−1P when n go to ∞for the norm ‖.‖A. We denote Rn = P − ΞQn = Ξ(Q − Qn). Note that as P and Qn arepolynomials then Rn is also a polynomial. Then we write

Nδ
N

(P ) = Nδ
N

(ΞQn) + Nδ
N

(Rn)According to Property 3.3.1, for any monomial P of degree less than εN
2
3 ,

|Nδ
N

(P )| 6 Cdeg(P ).



3.6. SECOND ORDER CORRECTION TO THE FREE ENERGY 133So if we take the limit in N , for any monomial P ,
lim sup

N
|Nδ

N
(P )| 6 Cdeg(P )and if P is a polynomial,

lim sup
N

|Nδ
N

(P )| 6 ‖P‖C 6 ‖P‖A.The last inequality comes from the hypothesis (H') which require C < A.We now �x n and let N goes to in�nity,
lim sup

N
|Nδ

N
(P − ΞQn)| 6 lim sup

N
|Nδ

N
(Rn)| 6 ‖Rn‖A.If we now let n goes to in�nity, the right term vanishes and we are left with

lim
N

Nδ
N

(P ) = lim
n

lim
N

Nδ
N

(Qn) = lim
n

φ(Qn).It is now su�cient to show that φ is continuous for the norm ‖.‖A. But it can be checkedeasily that P → ∑m
i=1 ∂i ◦ DiP is continuous from C0〈X1, · · · , Xm〉A to C0〈X1, · · · , Xm〉A−1and σ2 is continuous for ‖.‖A−1 due to the technical hypothesis in (H'). This proves that φis continuous and then can be extended on C0〈X1, · · · , Xm〉A. Thus

lim
N

Nδ
N

(P ) = lim
n

φ(Qn) = φ(Q).

2This result allows us to estimate the �rst order correction to the free energy. Assume
(H′), then the following asymptotics holds

log ZN
Vt

= N2F 0(Vt) + F 1(Vt) + o(1)with
F 0(Vt) = −

∫ 1

0

µαt(

n∑

i=1

tiqi)dαand
F 1(Vt) = −

∫ 1

0

φαt(Ξ
−1
αt

n∑

i=1

tiqi)dswith Ξαt (resp. φαt) the operator Ξ (resp. the linear form φ) corresponding to the potential
Vαt = αVt with parameters αt. Proof.Remark that for i ∈ {1, · · · , n},

∂α log ZN
αVt

= −N2µN
αVt

(µ̂N(
n∑

i=1

tiqi))



134 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSso that we can write
log ZN

Vt
= N2F 0(Vt) −

∫ 1

0

[Nδ̄N
αt(
∑

tiqi)]dα (3.23)Since for all α ∈ [0, 1], Vαt = αVt is c∧1-convex if Vt is c-convex, Proposition 3.6.1 and (3.23)�nish the proof of the theorem since by Proposition 3.3.1, all the Nδ̄N
αt(qi) can be boundedindependently of N , α ∈ [0, 1] and t ∈ Bη,c so that dominated convergence theorem applies.

2As for the combinatorial interpretation of the variance, we relate F 1(Vt) to a generatingfunction of maps. This time, we will consider maps on a torus instead of a sphere. Such mapsare said to be of genus 1. We de�ne
M1

k1,··· ,kn
(P ) = ]

{ maps of genus 1 with ki stars of type qiand one of type P

}and
M1

k1,··· ,kn
= ] {maps with ki stars of type qi} .We also de�ne the generating function

M1(P ) =
∑

k1,··· ,kn

n∏

i=1

(−ti)
ki

ki!
M1

k1,··· ,kn
(P ).If P is a monomial, we will denote M(∂iP ) for∑P=RXiS

M(R, S) and we extend this notationto all polynomials by linearity.For all monomials P and all k,
M1

k1,··· ,kn
(XkP )

=
∑

06pi6ki

∑

P=RXkS

∏

i

Cpi

ki
M1

p1,··· ,pn
(R)Mk1−p1,··· ,kn−pn(S)

+
∑

06pi6ki

∑

P=RXkS

∏

i

Cpi

ki
Mp1,··· ,pn(R)M1

k1−p1,··· ,kn−pn
(S)

+
∑

06j6n

kjM1
k1,··· ,kj−1,··· ,kn

(DkV P, Q) +
∑

P=RXkS

Mk1,··· ,kn(R, S)and
M1(XkP ) = M1((I ⊗ µ + µ ⊗ I)∂kP ) −M1(DkV P ) + M(∂kP ). (3.24)Besides, for η small enough, there exists R < +∞ such that for all monomials P , all t ∈

B(0, η),
|M1(P )| 6 Rdeg P .Proof.We proceed like for the combinatorial interpretation of the variance. We look at the �rsthalf-edge corresponding to Xk, then two cases may occur.



3.6. SECOND ORDER CORRECTION TO THE FREE ENERGY 1351. The �rst possibility is that the half-edge is glued to another half-edge of P = RXkS. Itforms a loop starting from P . There is two cases.(a) The loop can be retractable. It cuts P in two monomials R and S and it occurs forall decomposition of P into P = RXkS which is exactly what does D. Then eitherthe component R or the component S is of genus 1 and the other component isplanar. It produces either
∏

i

Cpi

ki
M1

p1,··· ,pn
(R)Mk1−p1,··· ,kn−pn(S)possibilities or the symmetric formula (where we exchange R and S).(b) The loop can also be none trivial in the fundamental group of the surface. Thenthe surface is cut in two. We are left with a planar surface with two �xed stars Rand S. This gives

Mk1,··· ,kn(R, S)possibilities.2. The second possibility occurs when the half-edge is glued to a half-edge of a star of type
qj for a given j then �rst we have to choose between the kj stars of this type then wecontract the edges arising from this gluing to form a star of type DiqjP1, this create

kjM1
k1,··· ,kj−1,··· ,kn

(DkqjP, Q)possibilities.We can now sum on the k's to obtain the relation on M1.Finally, to show that M1 is compactly supported we only have to prove that there exists
A > 0, B > 0 such that for all k's, for all monomials P ,

M1
k1,··· ,kn

(P )∏
i ki!

6 A
∑

i kiBdeg P .Another time this follows easily by induction with the previous relation on the M1(P )'s.
2We now give the combinatorial interpretation for the �rst order correction to the free energy.Assume (H'). There exists η > 0 small enough so that for t ∈ Bη,c, for all non constantmonomial P ,

φ(Ξ−1P ) = M1(P )and
F 1 =

∑

k1,··· ,kn∈Nn−{0}

n∏

i=1

(−ti)
ki

ki!
M1

k1,··· ,kn
.Proof.



136 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSWe use the previous property with P = DkΣP and we sum on k,
M1(ΞP ) = M(

∑

k

∂kDkΣP ) =
∑

k

σ2(∂kDkΣP ) = φ(P )where we have used the combinatorial interpretation of the variance (Theorem 3.5.6). As
M1 and φ are continuous for ‖.‖A when η is small enough, we can apply this to Ξ−1P andconclude.Finally, for η su�ciently small the series is absolutely convergent so that we can invertthe integral and the sum to obtain

F 1(Vt) = −
∫ 1

0

M1
αt1,··· ,αtn(

∑

j

tjqj)dα

=

∫ 1

0

∑

k1,··· ,kn

∑

j

∏

i

(−αti)
ki

ki!
(−tj)M1

k1,··· ,kn
(qj)dα

=
∑

k1,··· ,kn

1

k1 + · · ·+ kn + 1

∑

j

∏

i

(−ti)
ki

ki!
(−tj)M1

k1,··· ,kj+1,··· ,kn

=
∑

k1,··· ,kn

∏

i

(−ti)
ki

ki!
M1

k1,··· ,kj,··· ,kn

23.7 Diverging integralsPhysicists often use matrix models in more general settings. We would like to study thecase of a potential V for which the integral ZN
V is not convergent. For example, one maywonder if we can obtain the generating function for planar triangulation. The issue is that for

V = tX3, ZN
V is in�nite. The idea to give a meaning to this integral is to add a cut-o�, wede�ne for L > 0,

ZN
V,L =

∫

HN (C)m,λmax(A)<L

e−NTr(V (A1,··· ,Am))dµN(A1, · · · , Am).This allow us to de�ne the probability measure
µN

V,L(dA1, · · · , dAm) =
1λmax(A)<L

ZN
V,L

e−NTr(V (A1,··· ,Am))dµN(A1, · · · , Am).In [GMS06], we show that for all L > L0 for a well chosen L0, there exists η > 0 such thatfor |t| < η, µ̂N goes almost surely towards the unique solution to Schynger-Dyson's equation(3.2). This show that the cut-o� does not perturb too much the model since the limit doesnot depend on the choice of the cut-o� L and keeps the same interpretation than in case of



3.7. DIVERGING INTEGRALS 137convex potentials. The aim of this section is to show that we can also extend the central limittheorem to this setting. The key idea is to see this potential as a convex potential. We boundthe Hessian of
ϕN

Vt
: (Ak(ij)) ∈ (RN2

)m ∩ {λmax(A) 6 L} → Tr(V (A1, · · · , Am)) (3.25)uniformly in N :
HessϕN

Vt
(A, A) =

n∑

i=1

ti
∑

qi=RXSXT

Tr(RASAT ).Now, use Hölder's inequality :
|Tr(RASAT )| = |Tr(TRASA)| ≤

√Tr((TR)A∗A(TR)∗)
√Tr(SA∗AS∗)

6 ‖TR‖‖S‖Tr(AA∗).which implies that for {λmax(A) 6 L}

‖HessϕN
Vt
‖ 6 C|t|and C depends only on L. Therefore, We can �nd ε > 0 such that if t ∈ B(0, ε)∩{t|Vt = V ∗

t },for all N , ϕN
Vt

+ 1
4

∑n
i=1 Tr(X2

i ) is convex on {λmax(A) 6 L}.Thus Ṽt(A) = Vt(A) + ∞1λmax(A)>L is a convex potential and1λmax(A)6Le−NTr(Vt(A)) = e−NTr(Ṽ (A))is log-concave so that most of the step we proved so far can be generalized to this case. Indeed,Brascamp-Lieb and concentration inequalities do not require smoothness for the potential V .In fact, we could have included this case in all of the previous proof but they would have beenless readable. We will only sketch the proof in this generalized case and highlight the maindi�erences with the convex case.First we must control the rate of convergence of the measure to its limit. The importantfact is that up to the choice of t we can obtain bounds independent of L.There exists non-negative constants L0, M0, C, α such that for L > L0 we can �nd η > 0such that for |t| < η,1.
µ(X2n

i ) 6 lim sup
N

µN(X2n
i ) 6 Cn2. For all M > M0

µN
V (λN

max(A) > M) 6 e−αMN3. there exists a �nite constant εN
P,M such that for any ε > 0,

µN
V

(
{|δ̂N

(P ) − mN
P,M | > ε + εN

P,M} ∩ ΛN
M

)
6 2e

− cε2

2‖P‖M
Land if P is a monomial of degree d, εP,M 6 NCdMde−αMN .



138 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSProof.Since e−NTr(Ṽ (A)) is log-concave we can still use Brascamp-Lieb inequalities. The onlypoint to check is that we can still �nd a lower bound for ZN
V,L, but this was already done in[GMS06] using Jensen's inequality :

ZN,L
Vt

=

∫

λmax(A)6L

e−NTr(Vt(A))
∏

dµN(Ai)

> µN(λmax(A) 6 L) exp

(
−N

∫

λmax(A)6L

Tr(Vt(A))

∏
dµN(Ai)

µN(λmax(A) 6 L)

)The biggest eigenvalue goes almost surely to 2 and
|
∫

λmax(A)6L

1

N
Tr(Vt(A))

∏
dµN(Ai)|is bounded by µN(VtV

∗
t )

1
2 which goes to σm(VtV

∗
t )

1
2 < +∞ according to [Voi91]. Thus if

L > 2, ZN,L
Vt

> e−dN2 for a �nite constant d. Thus we can prove the Property as in section3.2. The proof of the two last points do not di�er from the convex case.
2The idea, once we have an a priori control on the radius C of the support independentlyof L, is that we can use it to approximate any polynomial by a compactly supported functionwith support in [−L, L]. We choose L > L0 = max(M0, C) and de�ne for L0 < R < L,

φR the piecewise a�ne function such that for |x| < R, φR(x) = x and φR has a compactsupport strictly inside [−L, L]. Then we can approximate any polynomial P (X) by hR =
P (φR(X1), · · · , φR(Xm)). The main improvement in the replacement of P by hR is that hRsatis�es the �nite Schwynger-Dyson's equation (3.13).If L is bigger than some L0 > 0, and ε > 0, there exists C, η, M0 such that for M > M0,
|t| < η for all polynomial P of degree d < εN

2
3

|δN
(P )| 6 C

‖P‖M

N
.Proof.In order to prove the analogue in the convex case (Property 3.3.1) we use the �niteSchwynger Dyson's equation which is not always satis�ed in this case. In fact, it is onlysatis�ed for compactly supported function h with support in [−L, L] since for such h we canmake the in�nitesimal change of variable. For a polynomial P ,

µN
V (µ̂N [(Xi + DiV )P ]) − µN

V

(
µ̂N ⊗ µ̂N(∂iP )

)

= µN
V (µ̂N [(Xi + DiV )(P − hR)]) − µN

V

(
µ̂N ⊗ µ̂N(∂i(P − hR))

)Therefore, since µ satis�es the Schwinger-Dyson equation, we get that for all polynomial P ,
δ

N
(XiP ) = −δ

N
(DiV P ) + δ

N ⊗ µN(∂iP ) + µ ⊗ δ
N

(∂iP ) + r(N, P ) (3.26)
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r(N, P ) := N−1µN

V

(
δ̂

N ⊗ δ̂
N

(∂iP )
)

+ N(µN
V (µ̂N [(Xi + DiV )(P − hR)]) − µN

V

(
µ̂N ⊗ µ̂N(∂i(P − hR))

)
.Thus the only di�erence with the convex case is the term N(µN

V (µ̂N [(Xi + DiV )(P − hR)])−
µN

V

(
µ̂N ⊗ µ̂N(∂i(P − hR))

)
) but since on ΛN

M , P (A) = hR(A) and R > M , this term decreasesexponentially fast and this allows to �nish the proof exactly as in the proof of Proposition3.3.1.
2Since the main tools are available we next turn to the proof of the central limit theorem.Here we have to be careful since the technique of the �in�nitesimal change of variable� is nolonger true in his full generality. But it still holds if we restrict ourself to compactly supportedfunctional, thus we immediately obtain a weaker version of Lemma 3.4.1 :If L is bigger than some L0 > 0, there exists η such that for |t| < η if h1, · · · , hm arecompactly supported with support in ] − L, L[ and self-adjoint, the random variable

YN(h1, · · · , hm) = N
m∑

k=1

{µ̂N ⊗ µ̂N(∂khk) − µ̂N [(Xk + DkV )hk]}converges in law towards a real centered Gaussian variable with variance
C(h1, · · · , hm) =

m∑

k,l=1

(µ ⊗ µ[∂khl × ∂lhk] + µ(∂l ◦ ∂kV ](hk, hl))) +
m∑

k=1

µ(h2
k).The last step is to show that even if we do not have the result for all Stieltjes functionsit is su�cient to approach polynomials by compactly supported function with support inside

] − L, L[. We will another time use the fact that the limit measure has a support boundedindependently of L. Using this idea we prove a result similar to Lemma 3.4.2.If L is bigger than some L0 > 0, there exists η such that for |t| < η, if P1, · · · , Pm are in
C〈X1, · · · , Xm〉sa then the variable

YN(P1, · · · , Pm) = N
m∑

k=1

[µ̂N ⊗ µ̂N(∂kPk) − µ̂N [(Xk + DkV )Pk]]converges in law towards a real centered Gaussian variable with variance
C(P1, · · · , Pm) =

m∑

k,l=1

(µ ⊗ µ[∂kPl × ∂lPk] + µ(∂l ◦ ∂kV ](Pk, Pl))) +
m∑

k=1

µ(P 2
k ).Proof.



140 CHAPITRE 3. SECOND ORDER ASYMPTOTICS FOR MATRIX MODELSFirst choose L > L0 = max(M0, C) and for L0 < R < L approximate the polynomials
Pi(X) by hi

R = Pi(φR(X1), · · · , φR(Xm)). Then since C bound the support of µ, observe that
C(P1, · · · , Pm) = C(h1

R, · · · , hm
R ) and we only have to prove that
YN(P1, · · · , Pm) − YN(h1

R, · · · , hm
R )goes in law to 0 when N goes to in�nity. But, we have the inequality

P (|YN(P1, · · · , Pm) − YN(h1
R, · · · , hm

R )| > ε) 6 P (λmax(A) > M)and the right hand side goes exponentially fast to 0.
2The other results can be proved as in the convex case with only minor modi�cations.Following the same way than in the convex case, this allow us to prove the Theorem : If Lis bigger than some L0 > 0, there exists η such that for |t| < η, for all P in C0〈X1, · · · , Xm〉,

δ̂N(P ) converges in law to a Gaussian variable with variance
σ2(P ) := C(Ξ−1P ) = C(D1ΣΞ−1P, · · · , DmΣΞ−1P ).Besides the convergence in moments occurs and the covariance keeps its combinatorial inter-pretation, allowing us to enumerate a larger variety of graphs.Finally, applying the same strategy than in the convex case we are able to prove theconvergence of the free energy. For L is bigger than some L0 > 0, there exists η such that for

|t| < η, the following asymptotics holds
log ZN

Vt,L = N2F 0(Vt) + F 1(Vt) + o(1)with
F 0(Vt) =

∑

k1,··· ,kn∈N−{0}

n∏

i=1

(−ti)
ki

ki!
Mk1,··· ,knand

F 1(Vt) =
∑

k1,··· ,kn∈N−{0}

n∏

i=1

(−ti)
ki

ki!
M1

k1,··· ,kn
.



Chapitre 4High order expansion of matrix modelsand enumeration of maps
Ce chapitre est l'article [MS06a] qui a été soumis.

AbstractPerturbation of the GUE are known in physics to be related to enumeration of graphs onsurfaces. Following [GMS06] and [GMS07], we investigate this idea and show that for a smallconvex perturbation we can perform a genus expansion : the free energy and the moments ofthe empirical measure can be developed into a series whose g-th term is a generating functionof graphs embedded on a surface of genus g.4.1 IntroductionWick's calculus allows to easily compute any moments of Gaussian variables and givesthem a combinatorial interpretation since the p-th moment of a Gaussian can be seen as thenumber of partitions in pairs of [|1, p|]. This fact can be used to �nd moments of the GUE,the Gaussian unitary model. Let µN be the law on HN(C)m the set of m-tuple A1, · · · , Am of
N ×N hermitian matrices such that <eAi(kl), k < l, =mAi(kl), k < l, 2−

1
2 Ai(kk) is a familyof independent real Gaussian variables of variance (2N)−1 or more directly

µN(dA) =
1

ZN
e−

N
2
Tr(∑m

i=1 A2
i )dNA



142 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODELwith dNA the Lebesgue measure on HN(C)m = (RN2
)m and ZN a constant of normalization.For a edge-colored graph on an orientated surface we say that a vertex is of type q =

Xi1 · · ·Xip for a monomial q if this vertex is of degree p and when we look at the edges goingout of it, starting from a distinguished one and going in the clockwise order the �rst edge isof color i1, the second of color i2,. . ., the p-th of color ip. A graph on a surface is a map if itis connected and its faces are homeomorphic to discs (see section 3 for a precise de�nition ofthese notions). Then, a computation (see [HZ86] for the one matrix case and [NS06] for thegeneral case) using Wick's calculus shows that for all non commutative monomials,Xi1 · · ·Xip,
µN(

1

N
Tr(Ai1 · · ·Aip)) =

∑

g∈N

1

N2g
Mg(Xi1 · · ·Xip) (4.1)where Mg(Xi1 · · ·Xip) is the number up to isomorphism of maps with colored edges on asurface of genus g with one vertex of type Xi1 · · ·Xip . The contribution for higher asymptoticsis given by graphs of higher genus. This is called a genus expansion or a topological expansion.Besides, one can use Euler's formula to show that the sum in the right hand side is always�nite. We see that the �rst asymptotic of the moments of the GUE leads to an enumerationof planar object. The link between limit moments of matrices and combinatorial structurealready appeared in the �rst works on randommatrices since [Wig58] proved that the momentsof hermitian matrices with i.i.d. entries are Catalan's numbers. In the multi-matrix case this�rst asymptotic can be described by the notion of freeness, a crucial property in operatoralgebra, see [Voi00] for an introduction and [Voi91] which proves this type of asymptotic issatis�ed not only for the GUE but for a far more larger class of matrices. This freeness hasalso a combinatorial interpretation as a sum over non-crossing partitions (see [Spe97]).Can such an interpretation be generalized beyond the Gaussian case ? More general genusexpansions are of particular interest in physics (see [tH74] which introduce such a concept).The links between them and matrix integrals were discovered in [BIPZ78]. We present themhere in a general setting. Take a potential V (X1, · · · , Xm) =

∑
i tiqi with complex parameters

t1, · · · , tn and non-commutative monomials qi. We are interested in the following perturbationof the GUE

µN
V (dA1, · · · , dAm) =

1

ZN
V

e−NTr(V (A1,··· ,Am))dµN(A1, · · · , Am) (4.2)where ZN
V is the normalizing constant making µN

V a probability measure. The derivatives of themoments of this model at t = 0 are exactly moments of the GUE and thus can be computedusing Wick's calculus and the limit can be formally expressed as a generating function ofgraphs. For example, for a quartic potential V = tX4, we can obtain the following formalexpansion for the free energy (see [BIZ80])
log ZN

tX4 =
∑

g∈N

N2−2g
∑

k∈N

(−t)k

k!
Ck

g (4.3)with Ck
g the number up to isomorphism of connected graphs on a surface of genus g with kvertex of degree 4 and such that faces are homeomorphic to discs (the so-called maps). Note



4.1. INTRODUCTION 143that we have to be careful since the right hand side of (4.3) is divergent for t 6= 0. Thus, thisequality is purely formal. It can also be stated for general potential Vt.This paper is the sequel of the two articles [GMS06] and [GMS07]. One aim of this series isto investigate what can be said of the previous equality beyond the identi�cation of the formalseries. More precisely we would like to know if for some parameters t the genus expansion isthe large N expansion of the free energy :
F N

Vt
:=

1

N2
ln ZN

Vt
.First we need to make some assumptions in order for our probability measure to be wellde�ned. We will always assume that :1. The perturbation is small : we will restrict ourselves to small coe�cients ti in V . Notethat we can not get rid of this condition, as the generating functions of combinatorialobjects that we consider have arbitrary small radius of convergence.2. The potential V + 1

2

∑
i X

2
i is �uniformly� convex : there exists c > 0 such that for all

N in N,
ϕN

V :
HN (C)m −→ C

(X1, · · · , Xm) −→ Tr(V (X1, · · · , Xm) + 1−c
2

∑m
i=1 X2

i )is a real and convex function. If V satis�es this condition, we say that V is c-convex.Thus, for Vt =
∑n

i=1 tiqi with t = (t1, · · · , tn) complex numbers and qi non-commutativemonomials we de�ne
Bη,c = {t ∈ C

n||t| = max
i

|ti| 6 η, Vt is c-convex}.Examples of c-convex potentials can be built using Klein's lemma (see [GZ02]) is
V (X) =

∑

i

Pi(
∑

j

αijXj) +
∑

k`

βk`XkX`with real and convex polynomials Pi, real αij, βkl and for all l, ∑ |βkl| < 1 − c.We proved in the previous articles the �rst two terms of the expansion converge : Let
Vt =

∑n
i=1 tiqi, and c > 0, there exists η > 0 such that for all t in Bη,c, the free energy hasthe following expansion

F N
Vt

= F 0(t) +
1

N2
F 1(t) + o(

1

N2
).We also showed that F i(t), i = 0, 1 enumerates maps of genus i with vertices associated to themonomials of V . More precisely, [GMS06] tackled the �rst asymptotic for the free energy andfor the moments of the measure. In [GMS07], we looked at the second asymptotic for thosequantities and in addition we proved a central limit theorem for the moment of the empiricalmeasure which will be crucial in this paper.Our objective is to generalize this expansion to any genus. Our main concern is the multi-matrix case since the one matrix case is already well understood. For the latter, the �rst



144 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODELasymptotic of the empirical measure has been studied from a non-perturbative perspective(that is with assumptions only on the growth of V at in�nity and not on the size of itscoe�cients). A large deviation principle was obtained in [BAG97] and a central limit theoremin [Joh98]. An explicit description of the density of the limit measure is given in [EM03]. Thenext orders in the expansion have also been studied. In [ACKM93], a recursive procedure basedon the loop equation is given to compute recursively the asymptotics of observables such as thefree energy. Our proofs also rely on this loop equation, called Schwinger-Dyson's equation.More recently, [ASM01] shows an expansion for the expectation of the Stieltjes transformof the empirical measure. Finally, [EM03] gave a genus expansion for the free energy usingRiemann-Hilbert methods. This is exactly this expansion that we would like to obtain in themulti-matrix case. Our tools are very di�erent from those of [EM03] but the hypotheses arecomparable. (In [EM03] they assume that V = t2mx2m +
∑

i<2m tix
i with t2m which dominatesthe other ti while we assume the convexity of V ).Many techniques used in these articles, such as the use of orthogonal polynomials, cannot be generalized to the multi-matrix case. However, there is a huge literature which tacklessome speci�c models, such as the so called two matrix model V = V1(A) + V2(B) + cAB,whose combinatorics is of crucial importance for models of statistical physics on randomgraphs. The Ising model on random graphs was solved by physicists in [Meh81] and then bycombinatoricians in [BMS02] At a non-perturbative level the �rst order was studied usinglarge deviation technique in [Gui04]. A recent series of papers ([CEO06], [EO05], [EO07])introduces tools of algebraic geometry and gives recursive formula to study the asymptoticsof these models.The interested reader should consult the review [DFGZJ95] and [GDS91] and the book[Zvo97]. The last part of [GMS06] also aims to present the many approaches to this problem.As in [GMS06] and [GMS07], our main tool will be the so-called Schwinger-Dyson's equa-tion and we will try to interpret it as a higher genus Tutte's equation (see [Tut63]). This willlead us to the combinatorial series.The main result of this paper is that we can go beyond the �rst two asymptotics, up toany order. Let Vt =

∑n
i=1 tiqi, and c > 0, for all g ∈ N, there exists ηg > 0 such that for all tin Bηg,c, the free energy has the following expansion

F N
Vt

:=
1

N2
log ZN

Vt
= F 0(t) +

1

N2
F 1(t) + · · ·+ 1

N2g
F g(t) + o(

1

N2g
)with F g the generating function for maps of genus g associated with V :

F g(t) =
∑

k∈Nn\{0}

(−t)k

k!
Ck

g (P )where k! =
∏

i ki!, (−t)k =
∏

i(−ti)
ki and Ck

g is the number of maps on a surface of genus gwith ki vertices of type qi. Note that increasing the order of the expansion is done at the costof reducing the radius of convergence since the full series in power of g is not convergent.To tackle this problem, we will look at asymptotics of other observables (like in [GMS06]and [GMS07]). In particular we will be interested by the asymptotic of the non-commutative



4.1. INTRODUCTION 145moments of our measure EµN
Vt

[ 1
N
Tr(P )] for a non-commutative polynomial P . Such momentsappear as derivatives of the free energy since

EµN
Vt

[
1

N
Tr(P )] = − ∂

∂u

∣∣∣∣
u=0

F N
Vt+uP .With the same hypotheses than in the previous theorem, for all for all g ∈ N, there exists

η > 0, such that for all t in Bη,c, for all monomials P

EµN
Vt

[
1

N
Tr(P )] = C0

t (P ) + · · ·+ 1

N2g
Cg
t (P ) + o(

1

N2g
)with Cg the generating function maps of genus g with some �xed vertices :

Cg
t (P ) =

∑

k∈Nn

(−t)k

k!
Ck

g (P )where Ck
g (P ) is the number of maps on a surface of genus g with ki vertices of type qi andone of type P .In fact, we will be able to �nd the asymptotics of many more observables, such as thehigher derivatives of the free energy. Indeed, we show that we can di�erentiate term by termthe expansion of Theorem 4.1.1. Let us introduce for j = (j1, · · · , jn) ∈ N

n, the operator ofderivation
Dj =

∂
∑

i ji

∂tj11 · · ·∂tjn
n

.With the same hypothesis than in the previous theorem, for all non-negative integers j =
(j1, · · · , jn) in Nn\{0}, for all g ∈ N, there exists η > 0 such that for all t in Bη,c,

DjF
N
Vt

= DjF
0(t) + · · · + 1

N2g
DjF

g(t) + o(
1

N2g
).Besides, DjF

g is the generating function maps of genus g with some �xed vertices :
DjF

g(t) =
∑

k∈Nn

(−t)k

k!
Ck+j

g .In the next section, we will de�ne some useful notations from non-commutative probabilitytheory and we will recall the main result of [GMS06]. Next, we will look for recursive relationsbetween the asymptotics of the non-commutative moments of our model. This will lead usto study some combinatorial objects in section 4 whose generating functions satisfy theserelations. In the sections 5 and 6, we will prove the equality of these moments and theseenumerating functions before proving our main results. Finally the last section will be devotedto the proof of Theorem 4.1.3.



146 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODEL4.2 Notations and reminderLet us denote by C〈X1, · · · , Xm〉 the set of complex polynomials on the non-commutativeunknown X1,. . .,Xm i.e. the complex linear combination of monomials which are simply theset of �nite words on X1, . . . , Xm. Monomials must be thought as non-commutative moments.Let ∗ denotes the linear involution on C〈X1, · · · , Xm〉 such that for all complex z and allmonomials
(zXi1 . . .Xip)

∗ = zXip . . .Xi1.A polynomial P is self-adjoint if P = P ∗.We will denote C〈X1, · · · , Xm〉∗ the dual of C〈X1, · · · , Xm〉. If there exists R > 0 suchthat for all monomial |τ(Xi1 . . .Xip)| 6 Rp we will say that τ has a compact support. Byanalogy with the one variable case, the in�mum of the R's which satisfy this inequality forall monomials will be called the radius of the support of τ .For a polynomial P and a monomial q, we de�ne λq(P ) as the coe�cient of q in thedecomposition of P . For M > 0, we de�ne the norm ‖.‖M on polynomials :
||P ||M =

∑

l∈N

∑

q monomial
degq=l

|λq(P )|M l.This norm ‖.‖M is an algebra norm, i.e. for all polynomials P , Q,
‖PQ‖M 6 ‖P‖M‖Q‖M .Note that an element τ of C〈X1, · · · , Xm〉∗ has a support of radius less than R if and only iffor all polynomials P ,

|τ(P )| 6 ‖P‖R.We extend ‖.‖M on C〈X1, · · · , Xm〉⊗C〈X1, · · · , Xm〉 by de�ning this norm on the decompo-sition in monomials :
‖
∑

λq1,q2q1 ⊗ q2‖M =
∑

|λq1,q2|Mdeg q1+deg q2with this de�nition for all polynomials P, Q, ‖P ⊗ Q‖M = ‖P‖M‖Q‖M .For all i in [1, n], we de�ne the non-commutative derivative ∂i on the space of non-commutative polynomials C〈X1, · · · , Xm〉 to C〈X1, · · · , Xm〉⊗2 by the Leibniz rule
∂i(PQ) = ∂iP × (1 ⊗ Q) + (P ⊗ 1) × ∂iQand ∂iXj = 1i=j1 ⊗ 1. For a monomial P , we will often use the convenient expression

∂iP =
∑

P=RXiS

R ⊗ Swhere the sum runs over all possible monomials R, S so that P decomposes into RXiS. Wealso de�ne another operator of derivation on polynomials, the cyclic derivative Di which islinear and such that for all monomials :
DiP =

∑

P=RXiS

SR.



4.2. NOTATIONS AND REMINDER 147Alternatively, D can be de�ned as m ◦ ∂ where m(A ⊗ B) = BA. We will see that these twooperators appear naturally when we di�erentiate products of matrices and they both possessesa nice combinatorial interpretation. An important fact we will use later is that for all M ′ > M ,both ∂i and Di are continuous from (C〈X1, · · · , Xm〉, ‖.‖M ′) to (C〈X1, · · · , Xm〉, ‖.‖M). Forexample for a monomial q,
‖Diq‖M

‖q‖M ′

= deg q
Mdeg q−1

M ′deg q
= M−1 deg q

(
M

M ′

)deg qwhich is bounded. Note also that due to the particular form of this form, in order to showthat an operator θ has a norm bounded by C with respect to this norm, it is su�cient toshow that for all monomials q, ‖θq‖M 6 C‖q‖MThe main object of our study is the law µN
Vt

on HN (C)m

µN
Vt

(dA1, · · · , dAm) =
1

ZN
Vt

e−NTr(Vt(A1,··· ,Am))dµN(A1, · · · , Am)and we are particularly interested by the behavior of the random variable
µ̂N :

C〈X1, · · · , Xm〉 −→ C

P −→ 1
N
Tr(P (A1, · · · , Am))and its mean :

µN
t :

C〈X1, · · · , Xm〉 −→ C

P −→ EµN
Vt

[ 1
N
Tr(P (A1, · · · , Am))]We can now state precisely the main result of [GMS06], we will use it very frequently itin the next sections. For any c > 0,R > 0 there exists η > 0 such that for all t ∈ Bη,c, for allpolynomials P , µ̂N(P ) goes when N goes to +∞, almost surely and in expectation towards

µt(P ) with µt a solution of the Schwinger-Dyson equation
µt ⊗ µt(∂iP ) = µt((Xi + DiVt)P ) ∀P ∈ C〈X1, · · · , Xm〉, ∀i ∈ {1, · · · , m}.Besides, this solution is the unique one which has a support bounded by R : for all monomial

Xi1 · · ·Xip

|µt(Xi1 · · ·Xip)| 6 Rp. (4.4)Moreover, on Bη,c, µt can be seen as a generating function of planar maps : for all polynomials
P ,

µt(P ) =
∑

k1,··· ,kn∈N

∏

i

(−ti)
ki

ki!
Mk1,··· ,kn(P )where Mk1,··· ,kn(P ) is the number of planar connected graphs with ki vertices of type qi andone of type P . For the rest of the paper we will work in this domain Bη,c where the convergenceholds. In order to shorten a little the notations the subscript t will be most of the time implicit,for example we will often write µ instead of µt, V instead of Vt, µN instead of µN

t . . .



148 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODEL4.3 First order observableThe starting point is a relation already used in [GMS06] for the matrix model when N is�xed : for all polynomial P , for all i,
E[µ̂N ((Xi + DiV )P )] = E[(µ̂N ⊗ µ̂N)(∂iP )].We will give the proof of a generalization of this equality later. Using this equality and someconcentration inequalities we were able to prove that for t in Bη,c for a well chosen η, forall polynomial P , E[µ̂N(P )] was converging towards µ(P ) with µ the unique solution of theSchwinger-Dyson's equation SD[V] :

µ((Xi + DiV )P )) = (µ ⊗ µ)(∂iP ). (4.5)In order to �nd the next asymptotic, we study the di�erence between the equation for �nite
N and the limit equation, if νN = N2(µN − µ), we obtain by subtracting the two equations :

νN ((Xi + DiV )P ) − (I ⊗ µ + µ ⊗ I)∂iP ) = N2E[((µ̂N − µ) ⊗ (µ̂N − µ))(∂iP )] (4.6)Here, an important operator shows up in the left hand side. For P = Xi1 · · ·Xip a monomial,de�ne the following operators :
Ξ1P =

1

p

∑

i

DiV DiP

Ξ2P =
1

p

∑

i

(I ⊗ µ + µ ⊗ I)∂iDiP.We extend them by linearity on C〈X1, · · · , Xm〉 and we de�ne Ξ0 = I −Ξ2 and Ξ = Ξ0 + Ξ1.These operators were introduced in [GMS07] to obtain a central limit theorem for the matrixmodel. We also de�ne the operator of division by the degree i.e. the linear operator P → Psuch that for all monomial P = Xi1 · · ·Xip, P = 1
p
P and 1 = 0. These operators allow us tostate the relation for the �rst correction (4.6) in a simpler form. If we apply (4.6) to DiP andthen sum on i, we get :

νN (ΞP ) =
∑

i

N2E[((µ̂N − µ) ⊗ (µ̂N − µ))(∂iDiP )]. (4.7)Then, the strategy is simple, we only have to understand the asymptotic of N2E[((µ̂N −µ)⊗
(µ̂N −µ))(R⊗S)] and then "invert" Ξ. The �rst order asymptotic of N2E[((µ̂N −µ)⊗ (µ̂N −
µ))(R⊗S)] is easy to compute using [GMS07] as it was shown that N(µ̂N −µ)(Q) convergesin law towards a Gaussian law when N goes to in�nity. The main issue is that when we try toinvestigate the next asymptotic, terms of type N3E[(µ̂N − µ)⊗3(R ⊗ S ⊗ T )] will appear andat their turn they will create terms of greater complexity. That's why we are interested moregenerally in all the N `E[(µ̂N − µ)⊗`(P1 ⊗ · · · ⊗ P`)]'s and we will eventually �nd their fullasymptotic. First remark that according to [GMS07], for all P , N(µ̂N(P )−µ(P )) converges to



4.3. FIRST ORDER OBSERVABLE 149a Gaussian variable and this convergence occurs in moments (see Corollary 4.8 in [GMS07]).Thus N `E[(µ̂N −µ)⊗`(P1 ⊗ · · ·⊗P`)] has a �nite limit when N goes to in�nity and this limitis 0 if ` is odd. But we need a more precise result which state that this convergence is uniformfor all monomials P of reasonable degree. For all ` ∈ N
∗, α > 0 there exists C, η, M0 > 0, suchthat for all t ∈ Bη,c, M > M0 and all polynomials P1,. . .,P` of degree less than αN

1
2 ,

∣∣E[N `(µ̂N − µ)⊗`(P1 ⊗ · · · ⊗ P`)]
∣∣ ≤ C‖P1‖M · · · ‖P`‖M .Proof.First using Hölder's inequality, write

E[N `(µ̂N − µ)⊗`(P1 ⊗ · · · ⊗ P`)] ≤
∏̀

r=1

E[|N(µ̂N − µ)(Pr)|`]
1
` .Thus we only have to prove the claim if the Pr are equals. Then we subtract the mean

E[|N(µ̂N − µ)(P )|`] ≤ 2`{E[|N(µ̂N(P ) − µN (P )|`] + |N(µN(P ) − µ(P ))|`} (4.8)Proposition 3.1 in [GMS07] state a rate of convergence of µN(P ) to µ(P ) : there exists C, M0 >

0 such that for M > M0, for all polynomials P of degree less than εN
2
3 ,

|N(µN(P ) − µ(P ))| 6 C
‖P‖M

N
. (4.9)Thus in inequality (4.8) above, we only have to control the �rst term. We decompose it intothe sum

E[|N(µ̂N(P )− µN(P )|`] = E[|N(µ̂N(P )− µN(P )|`1‖A‖6M ] + E[|N(µ̂N (P )− µN(P )|`1‖A‖>M ](4.10)with ‖A‖ is the max of the operator norm of the Ai's. The second term can be bounded by
(2N)`µN((PP∗)`)

1
2 P(‖A‖ > M) 6 (2N)`‖P‖`

MP(‖A‖ > M)Now according to Lemma 2.2 in [GMS07], we have a control on the decay of the largesteigenvalue : there exists a > 0 such that if M is su�ciently large, P(‖A‖ > M) 6 e−aMN andsince e−aMN(2N)` is uniformly bounded in N we get :
E[|N(µ̂N(P ) − µN(P )|`1‖A‖>M ] 6 C‖P‖`

M . (4.11)with a constant which may depends on a, ` and M .We are only left with the term
E[|N(µ̂N(P ) − µN(P )|`1‖A‖6M ].



150 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODELWe can use the concentration inequality result of Lemma 2.3 in [GMS07]. Borrowing thenotations from this lemma we have :
E[|N(µ̂N (P ) − µN (P )|`1‖A‖6M ]

=

∫ +∞

0

`x`−1
P(|N(µ̂N(P ) − µN(P )| > x, ‖A‖ 6 M)dx

6 `(εN
P,M + mN

P,M)` +

∫ +∞

0

{`(x + εN
P,M + mN

P,M)`−1

× P(|N(µ̂N(P ) − µN(P )) − mN
P,M | > x + εN

P,M , ‖A‖ 6 M)}dx

6 `(εN
P,M + mN

P,M)` + 2

∫ +∞

0

`(x + εN
P,M + mN

P,M)`−1e
−cx2

2(‖P‖M
L

)2 dxNow observe that up to a little change in M , our norm ‖.‖M control the lipschitz norm of P :
‖P‖M

L 6 (
∑

k

‖DkPDkP
∗‖M)

1
2 6 C‖P‖M ′for a M < M ′. This is a direct consequence of the continuity of the derivation Dk from

C〈X1, · · · , Xm〉M ′ to C〈X1, · · · , Xm〉M for M < M ′. Thus
E[|N(µ̂N(P ) − µN(P )|`1‖A‖6M ] 6 C((εN

P,M)` + (mN
P,M)` + ‖P‖`

M ′)Note that since M < M ′, for all polynomial P , ‖P‖M 6 ‖P‖M ′ so that if in the end we havea control in terms of these two norms we will be able to convert it into a control with respectto the norm ‖.‖M ′.The last step is to control εN
P,M and mN

P,M . The bound computed in Lemma 2.3 in [GMS07]for monomials is easily extended to polynomials : for all P of degree less than αN ,
εN

P,M 6 C‖P‖M ′ and mN
P,M 6 C‖P‖M ′.Thus we get

E[|N(µ̂N(P ) − µN(P )|`1‖A‖6M ] 6 C‖P‖M ′which with (4.11) give the control on the left hand side of (4.10). This with (4.9) allow tocontrol (4.8) which conclude the proof.
2We now try to �nd some relation between the N `E[(µ̂N − µ)⊗`(P1 ⊗ · · · ⊗ P`)]'s whichgeneralize (4.7). Remember that, for ` odd, those quantities vanish when N goes to in�nity.Thus in order to obtain non-trivial limits, we have to distinguish the normalisation accordingto the parity of `.For ` ≥ 1 we de�ne :

ˆ̀=

{
` + 1 if ` is odd
` otherwise.



4.3. FIRST ORDER OBSERVABLE 151Note that ˆ̀ is always an even integer. We now de�ne a function from the disjoint union ofthe C〈X1, · · · , Xm〉⊗` for ` a non-negative integer to C,
νN (P1 ⊗ · · · ⊗ P`) = EµN

V
[N

ˆ̀
(µ̂N − µ)⊗`(P1 ⊗ · · · ⊗ P`)].On C〈X1, · · · , Xm〉⊗`, this is a `-linear symmetric function which is tracial in each Pr. Ourconvention will be that for λ in C = C〈X1, · · · , Xm〉⊗0, νN (λ) = λ. The relation that willappear as our main tool are the aim of the next property. In a tensor product P1⊗· · · P̌r · · ·⊗P`denotes the tensor product of P1,. . .,Pr−1,Pr+1, . . .,P` i.e. the term Pr is omitted. For all `, forall polynomial P1,. . .,P`, for all N , if ` is even

νN(ΞP ⊗ P2 ⊗ · · · ⊗ P`) =
∑

i,r

µt(DiPDiPr)ν
N (P2 ⊗ · · · P̌r · · · ⊗ P`)

+
1

N2

∑

i,r

νN(DiPDiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)

+
1

N2

∑

i

νN(∂iDiP ⊗ P2 ⊗ · · · ⊗ P`)and if ` is odd
νN (ΞP ⊗ P2 ⊗ · · · ⊗ P`) =

∑

i,r

µt(DiPDiPr)ν
N(P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i,r

νN (DiPDiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i

νN (∂iDiP ⊗ P2 ⊗ · · · ⊗ P`)This proposition is the generalization of the equation (4.7). One may wonder why we stressso much the di�erence between the odd and the even case. The point is to keep in mind whichterms are of order 1 and which are negligible. In view of this, the νN
1 are convenient as theyshould all be of order 1 and thus the previous equation will lead us to �nd their limit byinduction.Proof.To sum up the proposition in a shorter way, we have to prove that for all ` for all polyno-mials P1,. . .,P` and for all N ,

N `E[(µ̂N − µ)⊗`(ΞP1 ⊗ P2 ⊗ · · · ⊗ P`)]

=
∑

i,r

µt(DiP1DiPr)N
`−2E[(µ̂N − µ)⊗`−2(P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i,r

N `−2E[(µ̂N − µ)⊗`−1(DiP1.DiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)]

+
∑

i

N `E[(µ̂N − µ)⊗`+1(∂iDiP1 ⊗ P2 ⊗ · · · ⊗ P`)].



152 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODELWe will use the integration by part formula :
∫

xf(x)e−x2/2dx =

∫
f ′(x)e−x2/2dx.We generalize this formula into

∫ Tr(AiP )f(TrQ)dµN =
1

N

∑

α,β

∫
(∂Ai(αβ)Pβα)f(TrQ)

+ Pβα∂Ai(αβ)TrQf ′(TrQ)dµN .Two useful computations show the importance of the non-commutative derivatives and theirlinks with the derivation of polynomials of hermitian matrices : if P is a monomial,
∑

αβ

∂Ai(αβ)Pβα =
∑

αβ

∑

P=RXiS

RββSαα = Tr⊗ Tr(∂iP )and
∂Ai(αβ)TrP =

∑

P=RXiS,γ

RγβSαγ = (DP )αβ.Thus, for P1,. . .,P` polynomials :
N `E[µ̂N(XiP1)(µ̂

N − µ)⊗`−1(P2 ⊗ · · · ⊗ P`)]

= N `E[(µ̂N ⊗ µ̂N)(∂iP1)(µ̂
N − µ)⊗`−1(P2 ⊗ · · · ⊗ P`)]

+
∑

r

N `−2E[µ̂N(P1DiPr)(µ̂
N − µ)⊗`−1(P2 ⊗ · · · P̌r · · · ⊗ P`)]

− N `E[µ̂N(P1DiV )(µ̂N − µ)⊗`−1(P2 ⊗ · · · ⊗ P`)].Now remember that according to Schwinger-Dyson's equation we have :
µ((Xi + DiV )P1) − µ ⊗ µ(∂iP1) = 0Then, we subtract the two equalities and use the identity

µ̂N ⊗ µ̂N − µ ⊗ µ = (µ̂N − µ)(I ⊗ µ + µ ⊗ I) + (µ̂N − µ) ⊗ (µ̂N − µ)to obtain
N `E[(µ̂N − µ)((Xi + DiV )P1 − (I ⊗ µ + µ ⊗ I)∂iP1)(µ̂

N − µ)⊗`−1(P2 ⊗ · · · ⊗ P`)]

= N `E[(µ̂N − µ)⊗`+1(∂iP ⊗ P2 ⊗ · · · ⊗ P`)]

+
∑

r

N `−2E[(µ̂N − µ)⊗`−1(PDiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)]

+
∑

r

N `−2µ(PDiPr)E[(µ̂N − µ)⊗`−2 ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)].To get the result it is now su�cient to apply this equality with P1 = DiP̄ and then to sumon i.



4.4. MAPS OF HIGH GENUS 153
2This proposition gives us some precious hints on the limit ν of the νN . It should satisfy the"limit equation", if ` is even

ν(ΞP ⊗ P2 ⊗ · · · ⊗ P`) =
∑

i,r

µt(DiPDiPr)ν(P2 ⊗ · · · P̌r · · · ⊗ P`) (4.12)and if ` is odd
ν(ΞP ⊗ P2 ⊗ · · · ⊗ P`) =

∑

i,r

µt(DiPDiPr)ν(P2 ⊗ · · · P̌r · · · ⊗ P`) (4.13)
+
∑

i,r

ν(DiPDiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i

ν(∂iDiP ⊗ P2 ⊗ · · · ⊗ P`).Hopefully, we will be able to study the solutions ν of these equations. In fact, following[GMS06] we would be able to prove that for R, L > 0, there exists ε > 0 such that for |t| < εthere exists an unique ν : t2L
`=0C〈X1, · · · , Xm〉⊗` → C linear on each set C〈X1, · · · , Xm〉⊗`with support bounded by R and which satisfy each of the previous equation for ` ≤ 2L. Butwe will proceed in a di�erent way. Looking at these equations, we will try to recognize inthem some relations between enumeration of combinatorial objects. This is the aim of thenext section.4.4 Maps of high genusIn this section, we describe the combinatorial objects that appear in the asymptotic of ourmeasure. Remember that it was shown in [GMS06] and [GMS07] that the �rst two asymptoticscan be viewed as a generating function for the enumeration of planar maps with vertices of agiven type. Here we follow the same strategy to extend this interpretation.First, we choose m colors {1, · · · , m}, one for each variable Xi. A star must be thought asthe neighborhood of a vertex in a plane graph. More precisely, it is a vertex with the half-edgescoming out of it. One of these half-edges is distinguished and starting from it the other oneare clockwisely ordered. Besides, each of these half-edges is colored.We say that a star is of type q for a monomial q = Xi1 · · ·Xip if it has p half-edges, the �rsthalf-edge is distinguished and of color i1 and then in the clockwise order the second half-edgeis of color i2, the third of color i3, . . ., the p-th of color ip. This gives a bijection betweenmonomials and stars.The combinatorial objects that will appear in the asymptotic of our matrix model aremaps. A map is a connected graph on a compact orientated connected surface such thatedges do not cross each other and faces are homeomorphic to discs. We will consider edge-colored maps such that each vertex as a distinguished edge going out of it so that we canassociate a star and a well de�ned type to any vertex. The genus of the map is the genus



154 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODELof the surface. We will count maps up to homeomorphism of the surface which preserves thegraph.The typical way to construct a map is to put some stars q1, · · · , qp on a surface of genus
g. Then we consider all the half-edges that goes outside the stars and glue them two by twowhile respecting the following constraints :� Two half-edges can only be glued if they are of the same color� The edges created by gluing two half-edges must not cross any other edge.� At the end of the process faces must be homeomorphic to discs.For example, one can ask how many maps of genus 1, we can construct above two stars oftype X1X2X1X2. The answer as shown in �gure 4.1 is 6. Note that as faces are homeomorphicto discs, it is su�cient to know which pairs of half-edges are glued together to build the map.For ` in N, P a monomial and integers k = (k1, · · · , kn), let Mk(P ) be the number of maps ofgenus 0 (or planar maps) with for all i, ki stars of type qi and one of type P where q1, · · · , qnare the monomials which appear in the potential V . We could de�ne the same kind ofquantities with the condition of being of genus g for g > 1 but then we won't be able to �ndany closed relation of induction between these quantities. In order to get relation inductionon enumeration of maps we follow an idea of Tutte (see [Tut63]). We try to decompose a mapin smaller ones by contracting one edge (Note that Tutte used to work on the dual of thegraph we are considering, thus his operation is a little di�erent).Imagine a map of genus 1 with a root of type P = XRXS and that the two half-edgescorresponding to the X are glued together. Imagine also that the loop resulting from thisoperation is not retractable on the surface. How does the contraction of this edge decomposesthe map ? Now R and S are separated by that loop, we will have to remind these two mono-mials. That's why we will introduce maps above a root of type R⊗ S. Besides R and S mustbe linked together, otherwise there would be a face (touched by the loop) which is not a disc,something to avoid for a map.Thus we de�ne some more complex vertices which will appear when we will try to decom-pose our maps. Let P1,. . .,P` be a family of monomials. We associate to this family a bunchof `− 1 circles such that outside the circles we put the half-edges of P1 and in the m-th circlewe put the half-edges of a star of type Pm+1 going out of the central point and in the sameorder. This object will be called the root and we will name each Pr a vertex of the root (lookat �gure 4.2, to see a root of type X1X2X1X2 ⊗ X2

1 ⊗ X2X1).This corresponds to a star coming from a vertex which have ` prescribed loops, the m-thhaving the germs of edges corresponding to a star of type Pr. Now we construct maps witha root of type P1 ⊗ · · · ⊗ P` and some other vertices of type qi. We say that such a map isminimal if when we cut the surface along the ` − 1 loops of the root, we do not obtain anycomponent homeomorphic to a disc. This means that for any Pi the component of Pi is notplanar i.e. either it is linked to another Pj or it is linked to some other vertices in a way thatcan't be embedded on a sphere.For `, g in N, a family of monomials P1, · · · , P` and some non-negative integers k =
(k1, · · · , kn), let Mk

g (P1 ⊗ · · ·⊗P`) be the number of minimal maps of genus g with a root oftype P1 ⊗ · · · ⊗ P` and for all i, ki stars of type qi. For example for V = tX1X2X1X2, the�gure 4.1 shows that M1
1(X1X2X1X2) the number of minimal maps of genus 1 with a star of
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X1
X2�rst star second star distinguished edgesFig. 4.1 � Maps of genus 1 above two stars of type X1X2X1X2.type X1X2X1X2 and a root of type X1X2X1X2 is 6.We extend by linearity Mk and Mk

g so that we can compute them on polynomials Piinstead of monomials and we de�ne the power series for these enumerations :
I(P ) =

∑

k∈Nn

n∏

i=1

(−ti)
ki

ki!
Mk(P )
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PSfrag replacements X1

X2distinguished edge
Fig. 4.2 � Root of type X1X2X1X2 ⊗ X2

1 ⊗ X2X1.and
Ig(P1 ⊗ · · · ⊗ P`) =

∑

k∈Nn

n∏

i=1

(−ti)
ki

ki!
Mk

g (P1 ⊗ · · · ⊗ P`).By convention we de�ne for λ in C, Ig(λ) = λ1g=0 and Ig ≡ 0 ig g < 0.Recall that it was proved in [GMS06] that for t su�ciently small I(P ) = µ(P ) for all P .This was proved using the fact that these two quantities satisfy the same induction relation.The induction relation for the enumeration of maps where given by a decomposition of mapsfollowing the strategy of Tutte. We now try to generalize this fact and we begin by lookingat the relation given by decomposing maps. First, some values can be directly computed
Mk

g (1 ⊗ P2 ⊗ · · · ⊗ P`) = 1g=k=`=0because the component of 1 is automatically planar.We now want to count maps that contribute to Mk
g (XiP1 ⊗ · · · ⊗ P`) with Pi monomials.We look at the �rst half-edge of the root XiP1⊗· · ·⊗P` and see where it is glued. Rememberthat it must not be planar.Then three cases may occur (see �gure 4.3) :1. Either (upper right picture in �g 4.3) the half-edge is glued to a vertex of type qj = RXiSfor a given j. First we have to choose between the kj vertices of this type, then wecontract the edge coming from this gluing to form a vertex of type SRP1. This creates

∑

1≤j≤n,kj 6=0

kjMk1,··· ,kj−1,··· ,kn

g (DiqjP1 ⊗ P2 ⊗ · · · ⊗ P`)possibilities.
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PSfrag replacements
++

�=�
Where can we glue the �rsthalf-edge ? (1) : To an other vertex.

(2) : To a half-edge of the samevertex. (3) : To another vertex ofthe root.
X1

X2

distinguished edgeFig. 4.3 � The decomposition process for maps.2. The second case (bottom left picture in �g 4.3) occurs if the half-edge is glued to anotherhalf-edge of P1 = RXiS. It cuts P1 in two : R and S. It occurs for all decomposition of
P1 into P1 = RXiS. To write the expression that will arise in a more convenient way,we will use the non-commutative derivative ∂ which satisfy for P a monomial

∂iP =
∑

P=RXiS

R ⊗ S.We are now left with two separate circles, one for R and one for S. Either both arenon-planar which leads to
∑

P1=RXiS

Mk
g (R ⊗ S ⊗ P2 ⊗ · · · ⊗ P`) = Mk

g (∂iP1 ⊗ P2 ⊗ · · · ⊗ P`)



158 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODELpossibilities or one of the component is planar then the two components can not be linkedthus we have to share the vertices of type qi between them. They are ( k

k′

)
=
∏

j

(
kj

k′
j

)ways of choosing for all j, k′
j vertices of type qj for the component of R.If the component of R is planar and the one of S is not this leads to

∑

k′+k′′=k

(
k

k′

)
Mk′′

g ((Mk′ ⊗ I)(∂iP1) ⊗ · · · ⊗ P`)possibilities or S is planar and R is not,
∑

k′+k′′=k

(
k

k′

)
Mk′

g ((I ⊗Mk′′

)(∂iP1) ⊗ · · · ⊗ P`)possibilities.3. The last case occurs if the half-edge is glued with another vertex Pr = RXiS of theroot. This create a vertex of type DiPrP1. Note that the edge can not cross the circlesof the root so it must go through a handle of the surface thus it changes the genus byone. But this vertex is now free from the condition of non planarity so it can either beplanar and thus be separate from the other vertices of the root :
∑

2≤m≤l,k′+k′′=k

(
k

k′

)
Mk′

(DiPrP1)Mk′′

g−1(P2 ⊗ · · · P̌r · · · ⊗ P`)possibilities or it may still be non-planar :
∑

2≤m≤`

Mk
g−1(DiPrP1 ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)possibilities.This decomposition gives us the relation

Mk
g (XiP1 ⊗ · · · ⊗ P`)

=
∑

1≤j≤n,kj 6=0

kjMk1,··· ,kj−1,··· ,kn
g (DiqjP1 ⊗ P2 ⊗ · · · ⊗ P`)

+ Mk
g (∂iP1 ⊗ P2 ⊗ · · · ⊗ P`)

+
∑

k′+k′′=k

(
k

k′

)
Mk′′

g ((Mk′ ⊗ I)(∂iP1) ⊗ · · · ⊗ P`)

+
∑

k′+k′′=k

(
k

k′

)
Mk′

g ((I ⊗Mk′′

)(∂iP1) ⊗ · · · ⊗ P`)

+
∑

2≤m≤`

Mk
g−1(DiPrP1 ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`).



4.4. MAPS OF HIGH GENUS 159We can sum these identities and then sum on the ki's to obtain the following equality, forall g, for all P1. . .,P`,
Ig(XiP1 ⊗ · · · ⊗ P`) =

∑

j

(−tj)Ig(DiqjP1 ⊗ · · · ⊗ P`)

+ Ig((I ⊗ I + I ⊗ I + I ⊗ I)∂iP1 ⊗ · · · ⊗ P`)

+
∑

m≥2

Ig−1((I + I)DiPrP1 ⊗ · · · P̌r · · · ⊗ P`)We can reformulate this by applying it to P1 = DiP̄ and then summing on i :
Ig(ΞP ⊗ · · · ⊗ P`) =

∑

m≥2,i

µ(DiPrDiP̄ )Ig−1(P2 ⊗ · · · P̌r · · · ⊗ P`) (4.14)
+
∑

m≥2,i

Ig−1(DiPrDiP̄ ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i

Ig(∂iDiP̄ ⊗ · · · ⊗ P`).where we used the identity I = µ. Note that maps that appear in the enumeration must satisfythe condition of non-planarity, this imposes a high genus. We have to break the �planarity� of
` components, this can't be done without at least [ `+1

2
] handles on the surface (each handleallow one edge to cross from one vertex of the root to another one, breaking the planarity oftwo components at most). Thus if g < Ent( `+1

2
), Ig(P1 ⊗· · ·⊗P`) = 0. This allow us to writethe previous equation in a special case which will appear to be useful, if ` is even,

I `
2
(ΞP ⊗ · · · ⊗ P`) =

∑

m≥2,i

µ(DiPrDiP̄ )I `−2
2

(P2 ⊗ · · · P̌r · · · ⊗ P`). (4.15)Thus for ` even, I `
2
satisfy the limit equation (4.12) of the matrix model. One can easily checkthat for ` odd I ˆ̀

2

= I `+1
2

satisfy also the limit equation (4.13) :
I `+1

2
(ΞP ⊗ · · · ⊗ P`) =

∑

m≥2,i

I(DiPrDiP )I (`−2)+1
2

(P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

m≥2,i

I `−1
2

(DiPrDiP ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i

I `+1
2

(∂iDiP̄ ⊗ · · · ⊗ P`).We can deduce from these identities a control on these enumerations : For all g ≥ 0, thereexists ε > 0 such that for t ∈ B(0, ε), Ig is absolutely convergent and has a bounded supporti.e. there exists M > 0 such that for all polynomials P1, · · · , P`,
|Ig(P1 ⊗ · · · ⊗ P`)| 6 ‖P1‖M · · · ‖P`‖M



160 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODEL. Proof.It is su�cient to show that for all g ≥ 0, there exists Ag, Bg > 0 such that for all h, for allmonomials P1,. . .,P`, and all integers ki :
Mk

g (P1 ⊗ · · · ⊗ P`)∏
i ki!

≤ AΣdegPi
g BΣki

gThis is easy by induction using the induction relation on the Mk
g (P1 ⊗ · · · ⊗ P`) and in thesame spirit than the control for planar maps in [GMS06].

2Finally we need to know the e�ect of derivation on these generating function. In fact,derivation adds some vertices to the enumeration. For all j = (j1, · · · , jn), we have
DjI(P ) = (−1)j

∑

k∈Nn

n∏

i=1

(−ti)
ki

ki!
Mk+j(P )and

DjIg(P1 ⊗ · · · ⊗ P`) = (−1)j
∑

k∈Nn

n∏

i=1

(−ti)
ki

ki!
Mk+j

g (P1 ⊗ · · · ⊗ P`).Besides, these series are absolutely convergent and has a bounded support. Proof.The proof is straightforward, I,Ig are analytic in a neighborhood of the origin thus theirderivatives are analytic and their series are given by di�erentiating term by term I and Ig.
2Thus derivatives �x some vertices in the enumeration a fact often used in combinatorics to�nd relation between generating functions of graphs.4.5 High order observableWe have already seen that ν(P1 ⊗ · · · ⊗ P`) = I ˆ̀

2

(P1 ⊗ · · · ⊗ P`) satisfy the limit equationof νN . This is our candidate for the limit of the νN 's. In fact this suggests a statement closelyrelated to 4.1.1. For all `, for all g ∈ N, there exists η > 0 such that for all t in Bη,c, for allpolynomials P1,. . .,P`,
νN (P1 ⊗ · · · ⊗ P`) = I ˆ̀

2

(P1 ⊗ · · · ⊗ P`) +
1

N2
I ˆ̀

2
+1

(P1 ⊗ · · · ⊗ P`)+

· · ·+ 1

N2g
I ˆ̀

2
+g

(P1 ⊗ · · · ⊗ P`) + o(
1

N2g
).



4.5. HIGH ORDER OBSERVABLE 161To prove this we have to de�ne all the correction to the convergence. We de�ne νN
1 = νNand by induction on h, for all N , all polynomials P1, . . . , P`,

νN
h+1(P1 ⊗ · · · ⊗ P`) = N2(νN

h − I ˆ̀

2
+h−1

)(P1 ⊗ · · · ⊗ P`).Those quantities satisfy also some induction relation similar to those of proposition 4.3.2 Forall h > 2, ` in N, for all polynomial P1,. . .,P`, for all N , the ��nite Schwinger-Dyson's equationof order h� (SDN
h,`) is satis�ed by νN : if ` is even

νN
h (ΞP ⊗ P2 ⊗ · · · ⊗ P`) =

∑

i,r

µ(DiPDiPr)ν
N
h (P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i,r

νN
h−1(DiPDiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`) (SDN

h,`)

+
∑

i

νN
h−1(∂iDiP ⊗ P2 ⊗ · · · ⊗ P`)and if ` is odd

νN
h (ΞP ⊗ P2 ⊗ · · · ⊗ P`) =

∑

i,r

µ(DiPDiPr)ν
N
h (P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i,r

νN
h (DiPDiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`) (SDN

h,`)

+
∑

i

νN
h (∂iDiP ⊗ P2 ⊗ · · · ⊗ P`)Proof.Remember that we have shown in Proposition 4.3.2, for ` even

νN
1 (ΞP ⊗ P2 ⊗ · · · ⊗ P`) =

∑

i,r

µt(DiPDiPr)ν
N
1 (P2 ⊗ · · · P̌r · · · ⊗ P`)

+
1

N2

∑

i,r

νN
1 (DiPDiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)

+
1

N2

∑

i

νN
1 (∂iDiP ⊗ P2 ⊗ · · · ⊗ P`)and according to (4.15)

I `
2
(ΞP ⊗ · · · ⊗ P`) =

∑

m≥2,i

I(DiPrDiP̄ )I `−2
2

(P2 ⊗ · · · P̌r · · · ⊗ P`).Thus if we subtract these two equalities and multiply the result by N2 we obtain (SDN
2,`)



162 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODEL(Observe that with our convention νN(λ) = I0(λ)).
νN

2 (ΞP ⊗ P2 ⊗ · · · ⊗ P`) =
∑

i,r

µ(DiPDiPr)ν
N
2 (P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i,r

νN
1 (DiPDiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i

νN
1 (∂iDiP ⊗ P2 ⊗ · · · ⊗ P`).Now suppose that for ` even, h > 2, for all polynomial P1,. . .,P`, for all N , (SDN

h,`) issatis�ed. Then according to (4.14) :
I `

2
+h−1(ΞP ⊗ · · · ⊗ P`) =

∑

i

I (`+1)+1
2

+h−2
(∂iDiP̄ ⊗ · · · ⊗ P`)

+
∑

r≥2,i

I (`−1)+1
2

+h−2
(DiPrDiP̄ ⊗ · · · P̌r · · · ⊗ P`)

+
∑

r≥2,i

µ(DiPrDiP̄ )I (`−2)
2

+h−1
(DiPrDiP̄ ⊗ · · · P̌r · · · ⊗ P`).and this can be translated into

I ˆ̀

2
+h−1

(ΞP ⊗ · · · ⊗ P`) =
∑

i

Î̀+1
2

+h−2
(∂iDiP̄ ⊗ · · · ⊗ P`)

+
∑

r≥2,i

Î̀−1
2

+h−2
(DiPrDiP̄ ⊗ · · · P̌r · · · ⊗ P`)

+
∑

r≥2,i

µ(DiPrDiP̄ )Î̀−2
2

+h−1
(DiPrDiP̄ ⊗ · · · P̌r · · · ⊗ P`).Subtracting this equality from (SDN

h,`) we get (SDN
h+1,`). This proves by induction (SDN

h,`) forall h, and for all ` even.We proceed in the same way for ` odd. Observe that the equation for ` odd and h = 1is satis�ed according to Proposition 4.3.2. Then observe that for ` odd, (SDN
h+1,`) can beobtained by subtracting (4.14) with g = `+1

2
+ h − 1

I ˆ̀

2
+h−1

(ΞP ⊗ · · · ⊗ P`) =
∑

i

Î̀+1
2

+h−2
(∂iDiP̄ ⊗ · · · ⊗ P`)

+
∑

r≥2,i

Î̀−1
2

+h−2
(DiPrDiP̄ ⊗ · · · P̌r · · · ⊗ P`)

+
∑

r≥2,i

µ(DiPrDiP̄ )Î̀−2
2

+h−1
(DiPrDiP̄ ⊗ · · · P̌r · · · ⊗ P`).from (SDN

h,`).
2



4.6. ASYMPTOTIC OF THE MATRIX MODEL 1634.6 Asymptotic of the matrix modelThe issue with the previous relations is that they only give us the moments of productsof polynomials such that the �rst polynomial is in the image of Ξ. Thus we need to invert Ξ.We de�ne the operator norm with respect to ‖.‖M :
|||A|||M = sup

‖P‖M61

‖AP‖M .In [GMS07], we gave some estimates on the operator norm of Ξ.1. The operator Ξ0 is invertible on C〈X1, · · · , Xm〉.2. There exists M0 > 0 such that for all M > M0, the operators Ξ2, Ξ0 and Ξ−1
0 arecontinuous and their norm are uniformly bounded for t in Bη.3. For all polynomials P , deg Ξ−1

0 P 6 deg P and deg Ξ1P 6 deg P + deg V − 24. For all ε, M > 0, there exists ηε > 0 such for |t| < ηε, Ξ1 is continuous as an operatoron C〈X1, · · · , Xm〉 and |||Ξ1|||M 6 ε.The last step to proves Theorem 4.1.1 is to control the νh
N . This done by induction usingthe recursive relation for those quantities. The only issue is to invert the operator Ξ. This wasdoable in the context of [GMS06] by completing the space of polynomials for an appropriatenorm. This can not be done here and use some approximate inversion of Ξ with the degree ofthe inversion depending on the dimension N . This leads to a quite technical proof.For all `, h ∈ N∗, α > 0, there exists C, η, M0 > 0, such that for all t ∈ Bη,c, M > M0 andall polynomials P1,. . .,P` of degree less than αN

1
2 ,

|νN
h (P1 ⊗ · · · ⊗ P`)| ≤ C‖P1‖M · · · ‖P`‖MProof.The case h = 1, ` even is a direct consequence of Lemma 4.3.1. We treat the other casesby induction using Proposition 4.5.2. As the equations are di�erent according to the parityof `, we have to be careful : we prove the result by an induction on h and for a �xed h wedeal �rst with the case ` even and then with the case ` odd (Note that both time we will doan induction on `). Now we choose `, h ∈ N∗, α > 0 and polynomials P1,. . .,P` of degree lessthan αN

1
2 .Then, the idea to nearly invert Ξ on a polynomial P is to approximate P1 by ΞQn =

(Ξ0 + Ξ1)Qn with
Qn =

n−1∑

k=0

(−Ξ−1
0 Ξ1)

kΞ−1
0 P1.The remainder is

Rn = P1 − ΞQn = (−Ξ1Ξ
−1
0 )nP1.As Ξ1 is the multiplication by a derivative of V it should have a small norm and the remaindershould be easily controlled.



164 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODELWe can make the decomposition :
νN

h (P1 ⊗ · · · ⊗ P`) = νN
h (ΞQn ⊗ · · · ⊗ P`) + νN

h (Rn ⊗ · · · ⊗ P`) (4.16)Now we let n goes to in�nity with N , for example n = [
√

N ]. It is important that n goesto in�nity no too slowly but we must have n = O(
√

N) in order to use all the inductionhypothesis. An important fact is that the degrees of Rn and Qn are O(
√

N) since Ξ−1
0 Ξ1change the degree by at most D − 2.We �rst control the term with Rn, by de�nition of the νh

N ,
νN

h (Rn ⊗ · · · ⊗ P`) = (N2(h−1)νN
1 + N2(h−1)I ˆ̀

2

+ · · ·+ I ˆ̀

2
+h−1

)(Rn ⊗ · · · ⊗ P`).Each of the Ig are compactly supported according to Lemma 4.4.3 so that if η is su�cientlysmall, for t in Bη,c, I ˆ̀

2

, . . .,I ˆ̀

2
+h−1

are convergent and we can take M bigger than the radiusof their support. Besides, Proposition 4.3.1 shows that for polynomials P of degree of order
N

1
2 ,

|νN
1 (P1 ⊗ · · · ⊗ P`)| 6 CN‖P1‖M · · · ‖P`‖M .Thus according to Lemma 4.6.1, for η small, ‖Rn‖M 6 |||Ξ1Ξ

−1
0 |||n‖P1‖M decrease exponen-tially fast in n and this uniformly for t ∈ Bη,c. Then since n ∼
√

N

|Ig(Rn ⊗ · · · ⊗ P`)| 6 ‖Rn‖M‖P2‖M . . . ‖P`‖M 6 Ce−C′
√

N‖P1‖M . . . ‖P`‖M .Thus,
|νN

h (Rn ⊗ · · · ⊗ P`)| 6 N2hCe−C′
√

N‖P1‖M . . . ‖P`‖M (4.17)and N2hCe−C′
√

N is bounded.Finally we have to deal with νN
h (ΞQn ⊗ · · · ⊗ P`). We can use (SDN

h,`) :
νN

h (ΞQn ⊗ P2 ⊗ · · · ⊗ P`) =
∑

i,m

µt(DiQ̄nDiPr)ν
N
h (P2 ⊗ · · · P̌r · · · ⊗ P`) (4.18)

+
∑

i,m

νN
h−1` even(DiQ̄nDiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)

+
∑

i

νN
h−1` even(∂iDiQ̄n ⊗ P2 ⊗ · · · ⊗ P`)We now use the induction hypothesis. Indeed if h is even, on the right hand side either

h decreases or h remains constant and ` decreases and remains even. If h is odd, either `becomes even or ` decreases. Now, let C be an uniform bound on the norm of Ξ−1
0 (whichexists according to Lemma 4.6.1) by de�nition of Qn,

‖Qn‖M 6

n−1∑

k=0

|||Ξ−1
0 Ξ1|||kM |||Ξ−1

0 |||M‖P‖M 6
C

1 − C|||Ξ1|||M
‖P‖M .Thus, using Lemma 4.6.1, if η is su�ciently small, for t in Bη,c, ‖Qn‖M 6 2‖P‖M . Note that

deg Qn 6 deg P1 + 2
√

N(D − 1) 6 (α + 2(D − 1))
√

N.



4.6. ASYMPTOTIC OF THE MATRIX MODEL 165We can now apply the induction hypothesis with α′ = α+2(D− 1), there exists M, C, η suchthat for t in Bη,c,
|µt(DiQ̄nDiPr)ν

N
h (P2 ⊗ · · · P̌r · · · ⊗ P`)| (4.19)

6 C‖DiQ̄nDiPr‖M‖P2‖M · · · ‖P̌r‖M · · · ‖P`‖where we have assumed that M is bigger than the radius of the support of µt which is boundedaccording to (4.4). Besides, by the induction hypothesis we can obtain with the same constant,
|νN

h−1` even(DiQ̄nDiPr ⊗ P2 ⊗ · · · P̌r · · · ⊗ P`)| (4.20)
6 C‖DiQ̄nDiPr‖M‖P2‖M · · · ‖P̌r‖M · · · ‖P`‖Mand
|νN

h−1` even(∂iDiQ̄n ⊗ P2 ⊗ · · · ⊗ P`)| (4.21)
6 ‖∂iDiQ̄n‖M‖P2‖M · · · ‖P̌r‖M · · · ‖P`‖M .Now remember, that if M ′ > M ,

Di : (C〈X1, · · · , Xm〉, ‖.‖M ′) → (C〈X1, · · · , Xm〉, ‖.‖M)is continuous, thus
‖DiQ̄nDiPr‖M 6 ‖DiQ̄n‖M‖DiPr‖M

6 C‖Qn‖M ′‖Pr‖M ′ 6 C‖P1‖M ′‖Pr‖M ′and
‖∂iDiQ̄n‖M 6 C‖P1‖M ′.If we use inequalities (4.19), (4.20) and (4.21) in the decomposition (4.18), we get

|νN
h (ΞQn ⊗ P2 ⊗ · · · ⊗ P`)| 6 C‖P1‖M ′‖P2‖M ′ · · · ‖P`‖M ′.Finally, we conclude with (4.17) and (4.16)

2Now, for all `, h there exists η > 0 such that for t ∈ Bη,c, for all polynomials P1, · · · , P`,
νN

g (P1 ⊗ · · · ⊗ P`) = N2(νN
g − I ˆ̀

2
+g−1

)(P1 ⊗ · · · ⊗ P`)is a bounded sequence for all g 6 h + 1. Thus for all g 6 h, νN
g (P1 ⊗ · · · ⊗ P`) goes to I ˆ̀

2
+g−1and

νN (P1 ⊗ · · · ⊗ P`) = I ˆ̀

2

+
1

N2
I ˆ̀

2
+1

+ · · ·+ +
1

N2h
I ˆ̀

2
+h

+ o(
1

N2h
).



166 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODELThus Proposition 4.5.1 is proved. The special case ` = 1 is exactly Theorem 4.1.2 :
E[µ̂N(P )] = I(P ) +

1

N2
νN

1 (P )

= I(P ) +
1

N2
I1(P ) + · · ·+ 1

N2g
Ig(P ) + o(

1

N2g
).Thus we can prove Theorem 4.1.1. For all g ∈ N, there exists η > 0 such that for all t in

Bη,c,
F N

Vt
= F 0(t) + · · ·+ 1

N2g
F g(t) + o(

1

N2g
)and F g is the generating function for maps of genus g associated with V :

F g(t) =
∑

k1,··· ,kn∈N

∏

i

(−ti)
ki

ki!
Ckwhere if k = (k1, · · · , kn), Ck is the number of maps on a surface of genus g with ki verticesof type qi. Proof.Note that the estimate we get in Lemma 4.7.2 are uniform in t provided we are in Bη,c.Now observe that if Vt is c-convex then for α in [0, 1], Vαt is c-convex if c 6 1 and 1-convex if

c > 1. Thus if t is in Bη,c, for all 0 < α < 1, αt ∈ Bη,min(c,1). This allow us to use Proposition4.7.3 with an uniformly bounded remainder.
F N

Vt
=

∫ 1

0

−EµN
Vαt

[µ̂N(Vt)]dα

= −
∫ 1

0

µαt(Vt)dα − 1

N2

∫ 1

0

νN
αt(µ̂

N(Vt))dα

= F 0(t) + · · · + 1

N2g
F g(t) + o(

1

N2g
)with

F 0 = −
∫ 1

0

∑

k1,··· ,kn∈N

∏

i

(−αti)
ki

ki!
Mk(Vt)dα

=
∑

k1,··· ,kn∈N

∏

i

(−ti)
ki

ki!
Cksince it can be easily checked that

∑

k1,··· ,kn∈N

∏

i

(−uti)
ki

ki!
Ck



4.7. HIGHER DERIVATIVES. 167has the same derivative in u than −
∫ u

0

∑
k1,··· ,kn∈N

∏
i

(−αti)
ki

ki!
Mk(Vt)dα. With the same tech-nique,

F g = −
∫ 1

0

∑

k1,··· ,kn∈N

∏

i

(−αti)
ki

ki!
Mk

g (Vt)dα

=
∑

k1,··· ,kn∈N

∏

i

(−ti)
ki

ki!
Ck

gThis proves the Theorem :
F N

Vt
= F 0 + · · · + 1

N2g
F g + o(

1

N2g
).

24.7 Higher derivatives.In this section we will show that one can di�erentiate these expansions term by terms.Indeed, the family of the νN
h 's is su�ciently rich to express any of its own derivatives. Thus,we will be able to �nd a recursive decomposition of this derivatives.For all 1 6 j 6 n, for all polynomials P1, · · · , P`, if ` is even,

∂

∂tj
νN

1 (P1 ⊗ · · · ⊗ P`) = −νN
1 (P1 ⊗ · · · ⊗ P` ⊗ qj)

−
∑̀

r=1

∂

∂tj
µ(Pr)ν

N
1 (P1 ⊗ · · · P̌r · · · ⊗ P`)

+ νN
1 (P1 ⊗ · · · ⊗ P`)ν

N
1 (qj)and if ` is odd,

∂

∂tj
νN

1 (P1 ⊗ · · · ⊗ P`) = −νN
2 (P1 ⊗ · · · ⊗ P` ⊗ qj)

−
∑̀

r=1

∂

∂tj
µ(Pr)ν

N
2 (P1 ⊗ · · · P̌r · · · ⊗ P`)

+ νN
1 (P1 ⊗ · · · ⊗ P`)ν

N
1 (qj).Proof.We simply need to di�erentiate

1

ZN
V

∫ ∏

r

(
1

N
Tr− µ)(Pr)e

−NTrV dµN .



168 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODELIn that expression we can either di�erentiate the potential, 1
ZN

V

,or one of the µ(Pr), this leadsto
∂

∂tj
E[
∏

r

(
1

N
Tr− µ)(Pr)] = −N2E[

∏

r

(
1

N
Tr− µ)(Pr)(

1

N
Tr− µ)(qj)]

+ E[
∏

r

(
1

N
Tr− µ)(Pr)]N

2E[(
1

N
Tr− µ)(qj)]

−
∑

r

∂

∂tj
µ(Pr)E[

∏

r′ 6=r

(
1

N
Tr− µ)(Pr′)]Where one can notice that we have added in the two �rst terms of the right hand side thequantity µ(qj) but these two modi�cations cancel each other.Now multiply by the normalisation N ` to get the equation in the case ` even. In the case

` odd, if we multiply by N `+1 we get
∂

∂tj
νN

1 (P1 ⊗ · · · ⊗ P`) = −N2νN
1 (P1 ⊗ · · · ⊗ P` ⊗ qj)

+ νN
1 (P1 ⊗ · · · ⊗ P`)ν

N(qj)

− N2
∑̀

r=1

∂

∂tj
µ(Pr)ν

N
1 (P1 ⊗ · · · P̌r · · · ⊗ P`)

= −νN
2 (P1 ⊗ · · · ⊗ P` ⊗ qj)

+ νN
1 (P1 ⊗ · · · ⊗ P`)ν

N(qj)

−
∑̀

r=1

∂

∂tj
µ(Pr)ν

N
2 (P1 ⊗ · · · P̌r · · · ⊗ P`)

+ N2rNwith by de�nition of νN
2 ,

rN = −I l+1
2

(P1 ⊗ · · · ⊗ P` ⊗ qj) −
∑

r

∂

∂tj
µ(Pr)I l−1

2
(P1 ⊗ · · · P̌r · · · ⊗ P`).Let's have a closer look at this expression, I l+1

2
(P1 ⊗ · · · ⊗ P` ⊗ qj) counts maps with l+1

2handles and such none of the l + 1 components P1,. . ., P`, qj is planar. Since each handle canbreak the planarity of at most two components, the only way to obtain such a con�gurationis to form l+1
2

couples among these l components and in each of these couples to put a handlebetween the two components. For example, one can decompose these maps according to theother vertex in the couple of qj :
I l+1

2
(P1 ⊗ · · · ⊗ P` ⊗ qj) =

∑

r

I1(Pr ⊗ qj)I l−1
2

(P1 ⊗ · · · P̌r · · · ⊗ P`).Now observe that I1(Pr⊗qj) counts maps of genus 1 such that the component of Pr is linked tothe component of qj, thus it is equivalent to the counting of planar maps with two prescribed



4.7. HIGHER DERIVATIVES. 169vertices, one of type Pr and one of type qj. According to Lemma 4.4.4, that exactly whatcount − ∂
∂tj

µ(Pr). Thus rN = 0 and the proposition is proved.
2With this decomposition we can now show that the derivatives of the νN

h 's are of order 1.For all j = (j1, · · · , jn) , for all `, h ∈ N∗, α > 0, there exists constants C, η, M0 > 0, suchthat for all t ∈ Bη,c, M > M0 and all polynomials P1,. . .,P` of degree less than αN
1
2 ,

|Djν
N
h (P1 ⊗ · · · ⊗ P`)| ≤ C‖P1‖M · · · ‖P`‖MProof.Proposition 4.7.1 allow to relate any derivative of an observable in terms of derivatives oflesser degree of those observable. Note also that since it is an exact relation this is still true forthe correction of these observable and thus this allows us to deduce the result by induction onthe number of derivatives. The start of this induction, that is the case with |j| = 0 is exactlyLemma 4.6.2.

2From there we deduce For all `, for all g ∈ N, for all j = (j1, · · · , jn) there exists η > 0such that for all t in Bη,c, for all polynomials P1,. . .,P`,
Djν

N (P1 ⊗ · · · ⊗ P`) = DjI ˆ̀

2

(P1 ⊗ · · · ⊗ P`) +
1

N2
DjI ˆ̀

2
+1

(P1 ⊗ · · · ⊗ P`)+

· · ·+ 1

N2g
DjI ˆ̀

2
+g

(P1 ⊗ · · · ⊗ P`) + o(
1

N2g
).Finally we prove Theorem 4.1.3, For all j = (j1, · · · , jn), for all g ∈ N, there exists η > 0such that for all t in Bη,c,

DjF
N
Vt

= DjF
0(t) + · · · + 1

N2g
DjF

g(t) + o(
1

N2g
).Besides, DjF

g is the generating function for rooted maps of genus g associated with V :
DjF

g(t) =
∑

k1,··· ,kn∈N

∏

i

(−ti)
ki

ki!
Ck+j

g (qi1 , · · · , qip)where Ck1,··· ,kn
g is the number of maps on a surface of genus g with ki vertices of type qi.Proof.The case j = 0 is just Theorem 4.1.1. Thus we can assume j 6= 0, for example j1 6= 0.Observe that for all i,

∂

∂ti
F N

Vt
= −E[µ̂N(qi)] = −I(qi) −

1

N2
νN (qi).



170 CHAPITRE 4. HIGH ORDER EXPANSION OF MATRIX MODELwe can use the Proposition 4.7.3 : there exists η > 0 such that for t ∈ Bη,c,
DjF

N
Vt

= −Dj−1i=1
(I(q1) +

1

N2
νN (q1))

= −Dj−1i=1
I(q1) −

1

N2
Dj−1i=1

νN (q1)

= −Dj−1i=1
I(q1) −

1

N2
Dj−1i=1

I1(q1) − · · · − 1

N2g
Dj−1i=1

Ig(q1)

+ o(
1

N2g
)Observe now that according to Lemma 4.4.4

Dj−1i=1
Ig(q1) =

∑

k1,··· ,kn∈N

∏

i

(−ti)
ki

ki!
Mk+j−1i=1

g (q1)

= −
∑

k1,··· ,kn∈N

∏

i

(−ti)
ki

ki!
Ck+j

g = −DjFgand by the same method, Dj−1i=1
I(q1) = −DjF0. Thus we get,

DjF
N
Vt

= DjF0 + · · · + 1

N2g
DjFg + o(

1

N2g
).

2



Chapitre 5Asymptotics for unitary matrix models
Ce chapitre est l'article [CGMS06] écrit avec Benoît Collins et Alice Guionnet. Cet articleest soumis.

AbstractIn this paper we solve the following two conjectures : �rstly, we prove that in small parameterregions, arbitrary unitary matrix integrals converge in the large N limit and match theirformal expansion, We give a combinatorial interpretation of our matrix integral convergenceresults and investigate examples related to free probability and the HCIZ integral. Secondly,the convergence result leads us to the proof of a conjecture of Voiculescu about smoothnessof microstates.IntroductionMatrix integrals provide models for physical systems (2D quantum gravitation, gaugetheory, renormalization, etc...), and generating series for a wide family of combinatorial objects(see e.g [tH74, Zvo97]).Gaussian integrals are the most studied. It was shown by Brezin, Itzykson, Parisi and Zuber[BIPZ78] that perturbations of Gaussian integrals expand formally as a generating function ofmaps, sorted by their genus when the dimension N of the matrices is regarded as a parameter.Such `topological' expansions were shown also to hold in the large N limit, and then to matchwith the formal expansion on a mathematical level of rigor by two authors [GMS06, GMS07,



172 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELSMS06a] and previously in the one matrix case in [ASM01, ACKM93] and [EM03]. The relationof Gaussian matrices with the enumeration of maps is an easy consequence of Wick calculus-or equivalently Feynman diagrams- see [Zvo97] for a good introduction. However, Gaussianmatrices are very special in the sense that their spectrum has a prescribed large N limit.According to 't Hooft [tH74], such topological expansion should hold in the more generalcontext of models invariant under unitary conjugation. This leads us to concentrate in thisarticle on the matrix integrals of type
IN(V, AN

i ) :=

∫

UN (C)m

eNTr(V (Ui,U∗
i ,AN

i ,1≤i≤m))dU1 · · · dUm (5.1)where AN
i are N × N deterministic uniformly bounded matrices, dU denotes the Haar mea-sure on the unitary group UN(C) and V is polynomial in the non-commutative variables

(Ui, U
∗
i , AN

i , 1 ≤ i ≤ m).We shall study in this article the �rst order asymptotics of matrix integrals given by (5.1)when the joint distribution of the (AN
i , 1 ≤ i ≤ m) converges ; namely for all polynomialfunction P in m non-commutative indeterminates

lim
N→∞

1

N
Tr(P (AN

i , 1 ≤ i ≤ m)) = τ(P ) (5.2)for some linear functional τ on the set of polynomials. Without loss of generality, we shallassume that AN
i are Hermitian matrices.It is convenient to assume that the polynomial V is such that Tr(V (Ui, U

∗
i , AN

i , 1 ≤ i ≤ m))is real for all Ui ∈ UN (C), all Hermitian matrices AN
i , for all i ∈ {1, · · · , m} and N ∈ N .Under those very general assumptions, the only result proved so far is the formal conver-gence of these matrix integrals. Namely, it was proved in [Col03] by one author that for each

k, the limit
∂k

∂zk
N−2 log

∫

UN (C)

ezNTr(V (Ui,U∗
i ,AN

i ,1≤i≤m))dU1 · · · dUm|z=0converges towards an integer fk(V, τ) depending only on the limiting distribution of the AN
i 'sand V .The questions of whether the limit of the matrix integrals actually exists (at least for smallparameter z), of the convergence of the power series of term fk(V, τ), of the equality betweenthese two quantities were all open and we solve them a�rmatively in the four �rst sections,as recapped in the following theorem : Under the above hypotheses and if we further assumethat the spectral radius of the matrices (AN

i , 1 ≤ i ≤ m, N ∈ N) is uniformly bounded (bysay M), there exists ε = ε(M, V ) > 0 so that for z ∈ [−ε, ε],
lim

N→∞

1

N2
log

∫

UN (C)

ezNTr(V (Ui,U
∗
i ,AN

i ,1≤i≤m))dU1 · · · dUm =: FV,τ (z).Moreover, FV,τ (z) is an analytic function of z ∈ C ∩ B(0, ε) and for all k ∈ N,
∂k

∂zk
FV,τ (z)|z=0 = fk(V, τ).



173This also implies that the series FV,τ (z) is analytic with a positive radius of convergence, aresult which had not been proved by the techniques of [Col03] based on Weingarten function.Our approach is based on non-commutative di�erential calculus and perturbation analy-sis as developed in the context of Gaussian matrices in [GMS06, GMS07, MS06a]. Anotherpossibility to prove the equality between real and formal limits would have been to be ableto show convergence of the integrals for complex parameters z. We have not yet been able tofollow this line successfully, and this remains an open question.An important example of unitary matrix integral is the so-called spherical integral, studiedby Harisch-Chandra and by Itzykson and Zuber,
HCIZ(A, B) :=

∫

U∈Un

eNTr(U∗AUB)dU.This integral is of fundamental importance in analytic Lie theory and was computed for the�rst time by Harisch-Chandra in [HC57]. In the last two decades it has also become an issueto study its large dimension asymptotics.Theorem 5.0.5 holds true for the HCIZ integral as well. It thus relates the results of [Col03]which computed the formal limit of the HCIZ integral and those of [GZ02] where the limit of
HCIZ(A, B) was obtained (regardless of any small parameters assumptions) by using largedeviations techniques. In fact, it implies that the free energy found in [GZ02] is analytic inthe vicinity of the origin. Let

I(µ) =
1

2
µ(x2) +

1

2

∫ ∫
log |x − y|dµ(x)dµ(y).If µA (resp. µB) denote the limiting spectral measure of A (resp. B), assume that I(µA) and

I(µB) are �nite. Then, the limit of N−2 log HCIZ(A, B) is given, according to [GZ02], by
I(µA, µB) = −I(µA) − I(µB) − 1

2
inf
ρ,m

{∫ 1

0

∫ (
mt(x)2

ρt(x)
+

π2

3
ρt(x)3

)
dxdt

} (5.3)where the inf is taken over m, ρ so that µt(dx) = ρt(x)dx ∈ P(R) is a continuous process,
µ0 = µA, µ1 = µB and

∂tρt(x) + ∂xmt(x) = 0.The inf over (ρt, mt) is taken (see [Gui04]) at the solution of an Euler equation for isentropic�ow with negative pressure −π2

3
ρ3.When µA and µB have a small compact support of width `, our result shows also that

I(µA, µB) expends analytically in `, a result which is not obvious from formula (5.3). Moreover,the coe�cients of this expansion count certain planar graphs (see section 5.5), as summarizedin the following theorem. Denote √
β]µ the probability measure

√
β]µ(f) =

∫
f(
√

βx)dµ(x).Assume that µA and µB are two compactly supported probability measures. Then, there exists
β0 > 0 such that for all β ∈ [−β0, β0],

I(
√

β]µA,
√

β]µB) =
∑

n≥0

βn
Mn(µA, µB)



174 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELSwhere
Mn(µA, µB) =

∑

m admissible maps of Σn

Mm(µA, µB).

Σn is the set of planar maps drawn above n stars of type U∗AUB by gluing pairwise orientedarrows and possibly rings and Mm(µA, µB) is the weight of the map.We refer the reader to section 5.5 for the de�nitions of stars, admissible maps and weights.Our de�nition of planar maps is more complicated than in the usual Wick calculus becausethe sums are signed and we have a notion of admissibility. However it was an open question inmathematical physics to have a graphical model for unitary integrals (see [ZJZ03]). Moreover,this graphical interpretation gives a new understanding of cumulants formulae (see section5.6.2).The convergence of other integrals was still unknown and it is one of the points of thispaper to show their convergence. We use it to study Voiculescu's microstates entropy evaluatedat a set of laws which are small perturbations of the law of free variables, and prove regularityof microstates Under suitable assumptions described in Theorem 5.8.1,
χ(µ) = lim inf

ε↓0
k↑∞

lim inf
N→∞

1

N2
log µ⊗m

N (ΓR(µ, ε, k))and a formula for χ(µ) can be given.This result generalizes section 4 in [GMS06].The paper is organized as follows : after setting our working framework (section 5.1), westudy the action of perturbations upon the integral IN(V, AN
i ) and deduce some properties ofthe related Gibbs measure ; namely that the so-called empirical distribution of the matricesunder this Gibbs measure satis�es asymptotically an equation called the Schwinger-Dysonequation (section 5.2). Then, we study this equation and obtain uniqueness for parameters ofthe potential V small enough (section 5.3) and analyticity (section 5.4).Then, we describe a combinatorial solution of Schwinger-Dyson equation (section 5.5) anddeduce applications of these results to free probability (section 5.6) and to the convergence ofmatrix integrals IN(V, AN

i ) (section 5.7). Finally, we point out some consequence of our resultfor free entropy (section 5.8).5.1 NotationsLet UN(C) be the set of unitary matrices, MN(C) the set of N ×N matrices with complexentries, HN(C) the subset of hermitian matrices of MN(C) and AN(C) the subset of antiher-mitian matrices of MN(C). We let m be a �xed integer number throughout this article. Wedenote by (AN
i )1≤i≤m a m-tuple of N × N Hermitian matrices. We shall assume that the se-quence (AN

i )1≤i≤m is uniformly bounded for the operator norm, and without loss of generalitythat they are bounded by one,
sup
N,i

‖AN
i ‖∞ = sup

N,i
lim
p→∞

(Tr((AN
i )2p)

) 1
2p ≤ 1.



5.1. NOTATIONS 1755.1.1 Free ∗-algebraLet C〈U1, · · · , Um, A1, · · · , Am〉 be the set of polynomial functions in the non-commutativeindeterminates (Ui, U
−1
i , Ai)1≤i≤m with the relation

UiU
∗
i = U∗

i Ui = 1.Note that in general we may want to consider models with a number of �deterministic" indeter-minates Ai di�erent from the number of �random unitary" indeterminates Ui but this generalcase can be obtained from the previous one by looking only at a sub-algebra and our conven-tion shortens a little the notations. The algebra C〈U1, · · · , Um, A1, · · · , Am〉 is equipped withthe involution ∗ so that A∗
i = Ai and U∗

i = U−1
i and for any X1, · · · , Xn ∈ (Ui, U

−1
i , Ai)1≤i≤m,any z ∈ C,

(zX1X2 · · ·Xn−1Xn)∗ = z̄X∗
nX

∗
n−1 · · ·X∗

2X∗
1 .Note that for any Ui ∈ UN (C), Ai ∈ HN (C), and P ∈ C〈U1, · · · , Um, A1, · · · , Am〉,

(
P (Ui, U

−1
i , Ai, 1 ≤ i ≤ m)

)∗
= P ∗(Ui, U

−1
i , Ai, 1 ≤ i ≤ m)where in the left hand side ∗ denotes the standard involution on MN(C). We denote by

C〈U1, · · · , Um, A1, · · · , Am〉sa the set of self-adjoint polynomials ; P = P ∗, and in the samespirit C〈U1, · · · , Um, A1, · · · , Am〉a the set of anti-self-adjoint polynomials ; P ∗ = −P . In thesequel, except when something di�erent is explicitly assumed, we shall make the hypothesisthat the potential V belongs to C〈U1, · · · , Um, A1, · · · , Am〉sa, which insures that for all Ui ∈
UN(C) and AN

i ∈ HN(C) Tr (V ((Ui, U
−1
i , AN

i )1≤i≤m)
) is real-valued for all Ui ∈ UN(C) and

AN
i ∈ HN(C).5.1.2 Non-commutative derivativesOn C〈U1, · · · , Um, A1, · · · , Am〉, we de�ne the non-commutative derivatives ∂i, 1 ≤ i ≤ m,given by

∂iAj = 0, ∂iUj = 1i=jUj ⊗ 1 ∂iU
−1
j = −1i=j1 ⊗ U−1

j , ∀j,and satisfying the Leibnitz rule : for P, Q ∈ C〈U1, · · · , Um, A1, · · · , Am〉,
∂i(PQ) = ∂iP × (1 ⊗ Q) + (P ⊗ 1) × ∂iQ. (5.4)Here, × denotes the product P1 ⊗ Q1 × P2 ⊗ Q2 = P1P2 ⊗ Q1Q2. We also let Di be thecorresponding cyclic derivatives such that if m(A ⊗ B) = BA, Di = m ◦ ∂i.If q is a monomial in C〈U1, · · · , Um, A1, · · · , Am〉, we more speci�cally have

∂iq =
∑

q=q1Uiq2

q1Ui ⊗ q2 −
∑

q=q1U−1
i q2

q1 ⊗ U−1
i q2 (5.5)

Diq =
∑

q=q1Uiq2

q2q1Ui −
∑

q=q1U−1
i q2

U−1
i q2q1. (5.6)



176 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELS5.1.3 Bounded tracial statesLet T be the set of tracial states on the algebra generated by (Ui, U
−1
i , Ai)1≤i≤m, i.e. theset of linear forms on C〈U1, · · · , Um, A1, · · · , Am〉 such that

µ(PP ∗) ≥ 0, µ(PQ) = µ(QP ), µ(1) = 1.Throughout this article, we restrict ourselves to tracial states µ ∈ T such that
µ((Ai(Ai)

∗)n) ≤ 1 ∀n ∈ N, ∀i ∈ {1, · · · , m}.We denote M this subset of T .Note that for any monomial q ∈ C〈U1, · · · , Um, A1, · · · , Am〉, the Cauchy-Schwarz inequa-lity implies that for any µ ∈ M,
µ(qq∗) ≤ 1. (5.7)We endow M with its weak topology : µn converges to µ if and only if for all P ,

lim
n→∞

µn(P ) = µ(P ).By equation (5.7) and since the above topology is the product topology, M is a compactmetric space.We denote µ̂N the empirical distribution of matrices AN
i ∈ HN(C) and Ui ∈ UN(C) whichis given for all P ∈ C〈U1, · · · , Um, A1, · · · , Am〉 by

µ̂N(P ) =
1

N
Tr (P (Ui, U

−1
i , AN

i , 1 ≤ i ≤ m)
)
.This object will be of crucial interest for us.The notation M|(Ai)1≤i≤m

stands for the set of tracial states of M restricted to the algebragenerated by the (Ai)1≤i≤m. In particular, the limiting distribution τ given by (5.2) belongsto M|(Ai)1≤i≤m
.5.1.4 Tracial power statesLet V ∈ C〈U1, · · · , Um, A1, · · · , Am〉sa and µN

V be the distribution on UN (C) given by
µN

V (dU1, · · · , dUm) = IN(V, AN
i )−1 exp(NTr(V ))dU1 · · ·dUm.We de�ne, for all P ∈ C〈U1, · · · , Um, A1, · · · , Am〉,

µ̄N
V (P ) := EµN

V
[µ̂N(P )] :=

∫
1
N
TrPeNTrV dU1 . . . dUn∫
eNTrV dU1 . . . dUn

.In the following, an n-tuple of monomials (qi)1≤i≤n in C〈U1, · · · , Um, A1, · · · , Am〉 will be �xedand we shall take V = Vt =
∑n

i=1 tiqi. Then, µ̄N
Vt

(P ) can be seen as a power series in the ti's ;
µ̄N

Vt
(P ) :=

∑

k∈Nn

tk

k!

∂|k|
∏

i ∂tki

i

∣∣∣∣∣
ti=0

E[µ̂N(P )eN2µ̂N (Vt)]

E[eN2µ̂N (Vt)]
. (5.8)



5.1. NOTATIONS 177We will call µ a `tracial power state' of M if and only if it is a map
µ : C〈U1, · · · , Um, A1, · · · , Am〉 → C[[t]]with for all a, b, µ(ab) = µ(ba). Here C[[t]] is the algebra of power series in the variables

t1, · · · , tn. In particular, we may view µN
Vt

as a tracial power state of M.5.1.5 Cumulants.The classical cumulants {Ck}k≥0 are de�ned via their formal generating function :
log E(etX) =

∑

k≥0

tkCk(X, . . . , X)/k!This equality holds also in a complex neighborhood of 0 for t if X is bounded. We also de�nethe cumulants Ck for k in Nn :
log E(et1X1+···+tnXn) =

∑

k∈Nn

tkCk(X1, . . . , Xn)/k!where k = (k1, · · · , kn), k! =
∏

i ki!, |k| =
∑

i ki and tk =
∏

i t
ki

i . Note that :
Ck(X1, . . . , Xk) = C|k|(X1, · · · , X1, · · · , Xn, · · · , Xn)where in the previous list the variable Xi appears ki times.Let us recall some properties of these cumulants. The following two statements hold true :1.

E(Y et1X1+...+tnXn)

E(et1X1+...+tnXn)
=
∑

k∈Nn

tkC1,k(Y, X1, . . . , Xn)/k!2.
E(Y Zet1X1+...+tnXn)

E(et1X1+...+tnXn)
− E(Y et1X1+...+tnXn)

E(et1X1+...+tnXn)

E(Zet1X1+...+tnXn)

E(et1X1+...+tnXn)

=
∑

k≥0

tkC1,1,k(Y, Z, X1, . . . , Xn)/k!Proof.Item (1) is obtained by replacing t1X1 + . . . + tnXn by yY + t1X1 + . . . + tnXn anddi�erentiating the generating function of the cumulants in y at y = 0.Item (2) is obtained by replacing tX by yY + zZ + tX and di�erentiating the equalityde�ning the cumulants in y and z at y, z = 0.
2



178 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELS5.2 Matrix modelsWe �rst investigate the asymptotic behavior of the random state µ̂N and then we studyits moments.5.2.1 Behavior of µ̂NIn this section, we investigate the behavior of µ̂N under µN
V when N goes to in�nity. Notethat µ̂N belongs to M.The main result of this section is the following Assume that V is self-adjoint. For allpolynomial

P ∈ C〈U1, · · · , Um, A1, · · · , Am〉,
lim

N→∞

{
µ̂N ⊗ µ̂N(∂iP ) + µ̂N(DiV P )

}
= 0 µN

V a.s.In particular, any limit point µ ∈ M of µ̂N under µN
V satis�es the Schwinger-Dyson equation

µ ⊗ µ(∂iP ) + µ(DiV P ) = 0 (5.9)for all P ∈ C〈U1, · · · , Um, A1, · · · , Am〉 and µ|(Ai)1≤i≤m
= τ. The idea of the proof, rathercommon in quantum �eld theory and successfully used in [GMS06, GMS07, MS06a], is toobtain equations on µ̂N by performing an in�nitesimal change of variables in IN(V, AN

i ). Moreprecisely we make the change of variables U = (U1, · · · , Um) → Ψ(U) = (Ψ1(U), · · · , Ψm(U))with
Ψj : U → Uje

λ
N

Pj(U)where the Pj are antisymmetric polynomials (i.e. P ∗ = −P ). This change of variables becomesvery close to the identity as N goes to in�nity, reason why it is called �in�nitesimal�.The function Ψ is a local di�eomorphism and its Jacobian has the following expansionwhen N goes to in�nity
JΨ = e

λ
N

∑
iTr⊗Tr(∂iPi)+O(1)Proof.Let us �rst recall the following two elementary results of di�erential geometry :1. The map exp : MN(C) −→ MN(C) is di�erentiable and :Di�M exp .H := lim

ε→0
ε−1(eM+εH − eM) =

(
+∞∑

k=0

(AdM)k

(k + 1)!
H

)
eMwhere AdM is the operator de�ned by AdMH = MH − HM .2. If P ∈ C〈U1, · · · , Um, A1, · · · , Am〉 is considered as a function of the Ui's, then it isdi�erentiable and its di�erential with respect to the i-th variable in the direction A, for

A in AN(C) is :Di�iP.A := lim
ε→0

ε−1(P (U1, · · · , Ui−1, Uie
εA, Ui+1, · · · ) − P (U)) = ∂iP]A.



5.2. MATRIX MODELS 179As a consequence, if we �x A in AN(C), 1 6 i 6 m, one hasDi�iΨj(U).A = 1i=jUjA + UjDiff λ
N

Pj(U) exp .(
λ

N
∂iPj]A)

= 1i=jUjA +
λ

N

+∞∑

k=0

Uj

(Ad λ
N

Pj(U))
k

(k + 1)!
(∂iPj]A)e

λ
N

Pj(U)

= 1i=jUjA + Uj
λ

N
ΦijA.with Φij the linear map from AN(C) into MN(C) given by :

ΦijA :=

+∞∑

k=0

(Ad λ
N

Pj(U))
k

(k + 1)!
(∂iPj]A)e

λ
N

Pj(U).We can factorize the term Uj to obtain :Di�Ψ(U) = U ◦ (IdAN (C)m +
λ

N
Φ) (5.10)with U(M1, · · · , Mm) = (U1M1, · · · , UmMm) and Φ is the linear operator from AN(C)m to

MN(C)m whose blocks are the Φij .Since the operator norms of the Ai's and the Ui's are uniformly bounded in N , the operatornorm of Ad λ
N

Pj(U) as an operator on (MN(C), ‖.‖∞) is also bounded. Thus, Φij is a uniformlybounded operator from AN(C) to MN(C). Since Φ comes with a factor λ
N
, we can deducethat for N large enough such that, the norm of λ

N
Φ is less than 1/2. For those N , Ψ is a localdi�eomorphism with positive eigenvalues.We can now compute the factor coming from the Jacobian in the integral :

JΨ := | detDi�Ψ(U)| = | detU || det(I +
λ

N
Φ)|.It can be easily checked that | detU | = 1.Besides, the positivity of the eigenvalues of Φ allows us to replace the determinant by theexponential of a trace :

JΨ = exp(Tr log(I +
λ

N
Φ)) = exp

(
−
∑

p≥1

(−λ)p

pNp
Tr(Φp)

)
.Note that since Φ is a bounded operator on AN(C) which is a space of dimension N2, the

p-th term in the previous sum is at most of order N2−p. We only look at the terms up to theorder O(N). A quick computation shows that if
ϕ :

AN(C) → AN(C)
X → ∑

l AlXBl



180 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELSis considered as a real endomorphism, Trϕ =
∑

l TrAlTrBl (this can be checked by decom-posing ϕ on the canonical base of AN(C)). This is su�cient to obtain the �rst term of theJacobian :
λ

N
Tr(Φ) =

λ

N

∑

i

Tr(Φii) =
∑

i

λ

N
Tr⊗ Tr(∂iPi) + O(1).

2Before making the change of variable we show that Ψ is a bijection. For N large enough,
Ψ is a di�eomorphism of UN(C)m. Proof.The only non-trivial property is the injectivity of Ψ. If Ψ(U) = Ψ(V ) then for all j ∈
{1, · · · , m},

U∗
j Vj − I = e

λ
N

Pj(U)e−
λ
N

Pj(V ) − I.Thus, we obtain if N is su�ciently large so that λ
N

Pj(U) is in a domain where the function
exp is 2-Lipschitz, then if ‖.‖∞ is the operator norm,

‖Uj − Vj‖∞ = ‖UjV
∗
j − 1‖∞ = ‖e λ

N
Pj(U)e

−λ
N

Pj(V ) − 1‖∞

= ‖e λ
N

Pj(U) − e
λ
N

Pj(V )‖∞ ≤ 2|λ|
N

‖Pj(U) − Pj(V )‖and the results follows since (Pj, 1 ≤ j ≤ m) are uniformly lipschitz on UN(C)m so that∑m
j=1 ‖Uj − Vj‖∞ vanishes for su�ciently large N .

2Proof.[Proof of Theorem 5.2.1.]Let us de�ne
Y N (P ) =

∑

i

1

N
Tr(DiV Pi) +

(
1

N
Tr⊗ 1

N
Tr) (∂iPi)We expand TrV (Ψ(U)) asTr(V (Ψ(U))) − Tr(V ) =

λ

N

∑

i

Tr(DiV Pi) + O(N−1)and perform the change of variables U → Ψ(U) in IN(V, AN
i ) ;

IN(V, AN
i ) :=

∫
eNTr(V )dU1 · · · dUm

=

∫
eN(Tr(V (Ψ(U))−Tr(V ))JΨ(U)eNTr(V )dU1 · · · dUm

=

∫
eNY N (P )+0(1)eNTr(V )dU1 · · · dUm



5.2. MATRIX MODELS 181where O(1) is of order one independently of N and uniformly on the unitary matrices U1,. . .,
Um. Thus we have proved that

∫
eNY N (P )dµN

V (U) = O(1).Borel-Cantelli's lemma thus insures that
lim sup

N→∞
Y N(P ) ≤ 0 a.s.and the converse inequality holds by changing P into −P since Y N is linear. This proves the�rst statement of Theorem 5.2.1. The last result is simply based on the compactness of Mand the fact that any limit point must then satisfy the same asymptotic equations than µ̂N .

2Another consequence of this convergence is the existence of solutions to (5.9) for any self-adjoint potential V (since any limit point of µ̂N in the compact metric space M will satisfyit) a fact already proved in [Bia03]. Moreover, since these solutions are limit points of µ̂N ,they belong to M and in particular |µ(q)| ≤ 1 for any monomial q.5.2.2 Moments of µ̂NIn the rest of the paper, we denote by E the expectation with respect to the Haar measureon the unitary group. The goal of this section is to show (see Proposition 5.2.5) that cumulantsalso satisfy a formal version of Schwinger-Dyson equation. We start with the following lemma :One has, for all i all N , all monomials q1, · · · , qn and all k = (k1, · · · , kn) in Nn,
N2E

(
µ̂N ⊗ µ̂N (∂iP ) ·

(
µ̂N(q1)

)k1 · · ·
(
µ̂N(qn)

)kn

)

+
∑

j

kjE
((

µ̂N(q1)
)k1 · · ·

(
µ̂N(qj)

)kj−1 · · ·
(
µ̂N(qn)

)kn
µ̂N(Diqj · P )

)
= 0Proof.Following Lemma 5.2.2, we write down the change of variable

Ψi : U → (U1, · · · , Ui−1, Uie
λPi(U), Ui+1, · · · , Um)in the integral ∫ ((µ̂Nq1)

k1 · · · (µ̂Nqn)kn)dU1 · · · dUm, where the integration is taken over theunitary Haar measure. Its Jacobian satis�es
JΨ = 1 + λTr⊗ Tr(∂iP ) + o(λ).and we have the expansionTr(qj(U
′)) = Tr(qj(U)) + λTr(Diqj · P ) + o(λ).The �rst order of a Taylor expansion around λ = 0 proves the claim.
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2As a formal series equality, one has, for all i, for all t,

E[µ̂N ⊗ µ̂N(∂iP )eN2µ̂N (Vt)] + E[µ̂N (DiVt · P )eN2µ̂N (Vt)] = 0.Proof.Multiplying the equality of Lemma 5.2.4 by tkN2|k|−2/k! and summing over k in Nn givesthe desired identity.
2Finally we would like to study the large N limit µf of these formal states (the index

f stands for �formal�). Let Vt be the polynomial ∑n
j=1 tjqj . For all P , the sequence µ̄N

Vt
(P )converges as a formal series (i.e. coe�cientwise) when N goes to in�nity to some µf(P ).Besides, µf satis�es the family of equations, for all i, for all P ,

µf ⊗ µf(∂iP ) + µf(DiVt · P ) = 0.Proof.First, we prove the existence of a limit. By the �rst item of Proposition 5.1.1, we canexpress µ̄N
Vt

(P ) as a sum over cumulants,
µ̄N

Vt
(P ) =

∑

k∈Nn

tkC1,k(
1

N
TrP, NTrq1, · · · , NTrqn)/k!.The limit in N , of the C1,k(

1
N
TrP, NTrq1, · · · , NTrqn) was proved to exists in [Col03] so that

µf is well de�ned.Item (2) from Proposition 5.1.1 implies
E( 1

N
TrP1

1
N
TrP2e

NTrV )

E(eNTrV )
− E( 1

N
TrP1e

NTrV )

E(eNTrV )

E( 1
N
TrP2e

NTrV )

E(eNTrV )

=
∑

k≥0

tk

k!
C1,1,k(

1

N
TrP1,

1

N
TrP2, NTrq1, · · · , NTrqn).Now, it follows from [Col03] that elements on the right hand side have decay N−2 so that thecoe�cientwise limit is zero. This can be interpreted as a formal convergence of measure resultfor the states µ̂N .The proof of the Theorem follows from this observation and from Proposition 5.2.5.

2



5.3. STUDY OF SCHWINGER-DYSON EQUATION 1835.3 Study of Schwinger-Dyson equationWe have shown that the limit points of the matrix model satisfy (5.9). The aim of thissection is to study this equation and show that it has a unique solution.Let τ ∈ M|(Ai)1≤i≤m
. A tracial state µ ∈ M is said to satisfy Schwinger-Dyson equationSD[V,τ ] if and only if for all P ∈ C〈(Ai)1≤i≤m〉,

µ(P ) = τ(P )and for all P ∈ C〈U1, · · · , Um, A1, · · · , Am〉, all i ∈ {1, · · · , m},
µ ⊗ µ(∂iP ) + µ(DiV P ) = 0.Let V ∈ C〈U1, · · · , Um, A1, · · · , Am〉. One can decompose V in a sum

V =
n∑

i=1

tiqi(Uj, U
−1
j , Aj, 1 ≤ j ≤ m)with monomial functions qi and complex numbers ti. We let D be the maximal degree of themonomials qi.Here we prove that τ is uniquely de�ned provided that V is small enough.Let D an integer and τ a tracial state in M|(Ai)1≤i≤m

be given. There exists ε = ε(D, m) >
0 such that if |ti| ≤ ε, there exists at most one solution µ to SD[V,τ ]. From this andTheorem 5.2.1 we deduce the following Assume that V is self-adjoint. Let D an integer and τa tracial state in M|(Ai)1≤i≤m

be given. There exists ε = ε(D, m) > 0 such that if |ti| ≤ ε, µ̂Nconverges almost surely to the unique solution µ of the Schwinger-Dyson equation. Moreover,
µ̄N

V = µN
V (µ̂N) converges as well to this solution as N goes to in�nity.This result is obvious since Theorems 5.2.1 and 5.3.2 show that µ̂N has a unique limitpoint, and thus converges almost surely. The convergence of µ̄N

V is then a direct consequenceof bounded convergence theorem since µ̂N ∈ M.Actually Theorem 5.2.1 and Corollary 5.3.3 do not use the assumption that the matrices
AN

i are deterministic, but only that they are bounded and have almost surely a convergingjoint distribution. Therefore these two results still hold almost surely in that framework. Thisobservation implies that our result can also encompass the case of the truncated GUE orother classical bounded matrix models.Proof.[Proof of Theorem 5.3.2.] Let µ be a solution to SD[V,τ ]. Note that if we take q a monomialin C〈U1, · · · , Um, A1, · · · , Am〉, either q does not depend on Uj, U
−1
j , 1 ≤ j ≤ m and then

µ(q) = τ(q) is uniquely de�ned, or q can be written as q = q1U
n
i q2 for some i ∈ {1, · · · , m}and n ∈ {−1, +1}. Then, by the traciality assumption, µ(q) = µ(q2q1U

n
i ) = µ(Un

i q′) with
q′ = q2q1. Remark that we can assume without loss of generality that the last letter of q′ isnot U−n

i . We next use SD[V,τ ] to compute µ(Un
i q) for some monomial q. We assume �rstthat n = −1. Then, by (5.4),

∂i

(
U−1

i q
)

= −1 ⊗ (U−1
i q) + U−1

i ⊗ 1 × ∂iq.



184 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELSTaking the expectation, we thus �nd by (5.5) that
µ(U−1

i q) = µ ⊗ µ(U−1
i ⊗ 1∂iq) + µ(DiV q)

=
∑

q=q1Uiq2

µ(U−1
i q1Ui)µ(q2) −

∑

q=q1U−1
i q2

µ(U−1
i q1)µ(Uiq2)

+
∑

j

tijµ(qijq) (5.11)where DiV =
∑

j tijqij . Note that the sum runs at most on Dn terms and that all the tij arebounded by max |ti|. A similar formula is found when n = +1 by di�erentiating qUi.We next show that (5.11) characterizes uniquely µ ∈ M when the tij are small enough. Itwill be crucial here that µ(q) is bounded independently of the ti's (here by the constant 1).Now, let µ, µ′ ∈ M be two solutions to SD[V,τ ] and set
∆(`) = supdeg(q)≤`

|µ(q) − µ′(q)|where the supremum holds over monomials of C〈U1, · · · , Um, A1, · · · , Am〉 with total degreein the Uj and U−1
j less than l. Namely, if the monomial (or word) q contains Uj a+

j times and
U−1

j a−
j times, we assume ∑m

j=1(a
+
j + a−

j ) ≤ `. Note that
∆(`) = max

1≤i≤m
a∈{+1,−1}

supdegq≤`−1

|µ(Ua
i q) − µ′(Ua

i q)| (5.12)and that by (5.11), we �nd that, for q with degree less than ` − 1,
|µ(U∗

i q) − µ′(U∗
i q)| ≤

∑

q=q1Uiq2

|(µ − µ′)(q1)| +
∑

q=q1Uiq2

|(µ − µ′)(q2)|

+
∑

q=q1U−1
i q2

|(µ − µ′)(U−1
i q1)| +

∑

q=q1U−1
i q2

|(µ − µ′)(Uiq2)|

+
∑

j

tij |(µ − µ′)(qijq)|and thus
∆(`) ≤ 2

`−2∑

p=1

∆(p) + 2

`−1∑

p=1

∆(p) + nDε∆(` + D − 1)where we used that deg(q1) ∈ {0, · · · , ` − 2}, deg(q2) ∈ {0, · · · , ` − 2} (but ∆(0) = 0) anddeg(qij) ≤ D and assumed |ti| ≤ ε. Hence, we have proved that
∆(`) ≤ 4

`−1∑

p=1

∆(p) + nDε∆(` + D).



5.4. FORMAL SOLUTION AND ANALYTICITY 185Multiplying these inequalities by γ` we get, since H(γ) :=
∑

`≥1 γ`∆(`) < ∞ for γ < 1,
H(γ) ≤ γ

1 − γ
H(γ) +

nDε

γD
H(γ)resulting with H(γ) = 0 for γ so that 1 > γ

1−γ
+ nDε

γD . Such a γ > 0 exists when ε is smallenough. This proves the uniqueness.
2As a corollary, we characterize asymptotic freeness by a Schwinger-Dyson equation, aresult which was already obtained in [Voi99], Proposition 5.17.A tracial state µ satis�es SD[0,τ ] if and only if , under µ, the algebra generated by

{Ai, 1 ≤ i ≤ m} and {Ui, U
−1
i , 1 ≤ i ≤ m} are free and the Ui's are two by two free andsatisfy

µ(Ua
i ) = 0 ∀a ∈ Z\{0}.Proof.By the previous theorem, it is enough to verify that the law µ of (Ai, Ui, U

−1
i )1≤i≤m satis�esSD[0,τ ]. So take P = Ua1

i1
B1 · · ·Uap

ip Bp with some Bk's in the algebra generated by (Ai, 1 ≤
i ≤ m). We wish to show that for all i ∈ {1, · · · , m},

µ ⊗ µ(∂iP ) = 0.Note that by linearity, it is enough to prove this equality when µ(Bj) = 0 for all j. Now, byde�nition, we have
∂iP =

∑

k:ik=i,ak>0

ak∑

l=1

Ua1
i1

B1 · · ·Bk−1U
l
i ⊗ Uak−l

i Bk · · ·Uap

ip
Bp

−
∑

k:ik=i,ak<0

ak−1∑

l=0

Ua1
i1

B1 · · ·Bk−1U
−l
i ⊗ Uak+l

i Bk · · ·Uap

ip
Bp.Taking the expectation on both sides, since µ(U i

j) = 0 and µ(Bj) = 0 for all i 6= 0 and j,we see that freeness implies that the right hand side is null (recall here that in the de�nitionof freeness, two consecutive elements have to be in free algebras but the �rst and the lastelement can be in the same algebra). Thus, µ ⊗ µ(∂iP ) = 0 which proves the claim.
25.4 Formal solution and analyticityWe have shown in Theorem 5.2.6 that the limit points of the formal model also satisfyan equation similar to Schwinger-Dyson's equation. The only di�erence is that one of these



186 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELSequations is on the space of tracial states while the other one is on the space of tracial powerstates. In order to prove that the formal model matches the matrix model we need to studythis formal equation and show that the series have a positive radius of convergence, henceproviding a solution to SD[V,τ ] as de�ned in De�nition 5.3.1.Let Vt =
∑

i tiqi be a polynomial and τ a tracial power state in M|(Ai)1≤i≤m
. A tracialpower state µ ∈ M is said to satisfy Schwinger-Dyson equation SDf [Vt,τ ] if and only if forall P ∈ C〈(Ai)1≤i≤m〉,

µ(P ) = τ(P )and for all P ∈ C〈U1, · · · , Um, A1, · · · , Am〉, all i ∈ {1, · · · , m},
µ ⊗ µ(∂iP ) + µ(DiVt P ) = 0.(Here, both terms of the above equality are elements of C[[t]] and the equality is formal.)We already know, due to Theorem 5.2.6, that there exists a solution to this equation. Wenow prove that this solution is unique.There exists a unique tracial power state µ which satis�es Schwinger-Dyson equationSDf [Vt,τ ].Proof.Let µt be a tracial power state solution of SDf [Vt,τ ]. There exists a family µk,k =

(k1, · · · , kn) ∈ Nn in C〈U1, · · · , Um, A1, · · · , Am〉∗ such that for all P ,
µt(P ) =

∑

k∈Nn

n∏

i=1

tki

i

ki!
µk(P ).We will now show that the µk are uniquely inductively de�ned by the relation given bySDf [Vt,τ ]. Let us de�ne 1j the vector in Nn which vanishes on every coordinate except the

j-th which is 1. We get the following equalities, for all k,1. If P is in C〈(Ai)1≤i≤m〉, µk(P ) = τ(P )1k=0,2. If P = RUiS with S in C〈(Ai)1≤i≤m〉, µk(P ) = µk(SRUi),3. If P = RU∗
i S with R in C〈(Ai)1≤i≤m〉 and S does not contain any Uj (but may containthe U∗

j ), µk(P ) = µk(U∗
i SR),4. If q does not contain any Uj ,

µk(U∗
i q) = −

∑

q=q1U∗
i q2

(
k

k′

) ∑

k′+k′′=k

µk′

(U∗
i q1)µ

k′′

(U∗
i q2)

+
∑

j

kjµ
k−1j(Diqjq).5. And for all q,

µk(qUi) = −
∑

q=q1Uiq2

∑

k′+k′′=k

(
k

k′

)
µk′

(q1Ui)µ
k′′

(q2Ui)

+
∑

q=q1U∗
i q2

∑

k′+k′′=k

(
k

k′

)
µk′

(q1)µ
k′′

(q2) +
∑

j

kjµ
k−1j(Diqjq).



5.4. FORMAL SOLUTION AND ANALYTICITY 187One can see that this allows to compute uniquely any µk(P ). The �rst relation takes careof the non random case, the relations 2 and 3 use the traciality to place a variable U ina convenient place. Finally relations 4 and 5 allow to compute µk(P ) as a function whichdepends on the µk′
(Q) with deg Q < deg P and k′ 6 k (�rst terms) or on the µk′

(Q) with
k′ < k (last term). This is a well founded induction. Thus the µk are uniquely de�ned.

2We next show that this solution is not only formal but gives a family of solution µt of thenon-formal equation SD[Vt, τ ] which depend analytically on the parameters (ti)1≤i≤n.There exists ε > 0 such that for t ∈ Cn, max1≤i≤n |ti| ≤ ε, the formal solution µt of
SDf [Vt, τ ] is indeed a convergent series. For all polynomials P , t −→ µt(P ) is analytic.In other words, there exists a family (µk,k = (k1, · · · , kn) ∈ Nn) of elements in M suchthat

µt(P ) =
∑

k∈Nn

n∏

i=1

tki

i

ki!
µk(P )converges absolutely for max1≤i≤n |ti| ≤ ε. An immediate consequence of this result is todeduce that the formal solution is a real solution of SD[Vt, τ ] in a small parameters region,and therefore by Theorem 5.3.2, equals the real solution. This will be a key to prove Theorem5.0.5 (see section 5.7). The formal solution of Schwinger-Dyson equation converges for small

t. In addition it matches the real solution which thus depends analytically in the parameters
t of the potential.Let us now prove Theorem 5.4.3. Proof.According to the proof of Theorem 5.4.2 the µk are uniquely de�ned by the family ofrelations (1)-(5). We only need to control the growth of the coe�cient µk to show that thisgive for small parameters a convergent expansion.To �nd a bound we use the Catalan's numbers

C0 = 1, Ck+1 =
∑

06p6k

CpCk−pand the fact that they do not explode too fast ; Ck+1 6 4Ck. We denote Ck :=
∏

i Cki
and

Dk := Ak−1Ck−1 for k ≥ 1, d0 := 0. The two key properties of this sequence is �rst that itis sub-geometric (Dk+1 6 4ADk) and secondly it satis�es Dk = A
∑

0<p<k DpDk−p. Now ourinduction hypothesis is that there exists A, B > 0 such that for all k, for all monomial P ofdegree p,
|µk(P )|

k!
6 CkB

kDp. (5.13)We prove this bound by induction. We will only show how it works for a polynomial of the
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|µk(qUi)|

k!
6

∑

q=q1Uiq2
k′+k′′=k

|µk′
(q1Ui)|
k′!

|µk′′
(q2Ui)|
k′′!

+
∑

q=q1U∗
i

q2
k′+k′′=k

|µk′
(q1)|

k′!

|µk′′
(q2)|

k′′!
+
∑

kj 6=0

|µk−1j(Diqjq)|
(k − 1j)!Now we use the induction hypothesis. Note that the number of terms in the last sum is lessthan nD with D the degree of V . If q is of degree p − 1,

|µk(qUi)|
k!CkBkDp

6 2
∑

0<q<p

k′+k′′=k

Ck′Bk′
DqCk′′Bk′′

Dp−q

CkBkDp

+ r
Ck−1j

Bk−1Dp+D

CkBkDp

6 2
∏

i

Cki+1

Cki

1

A
+ r

(4A)D

B
.The point is that we can choose A, B > 0 such that this last quantity is lesser than 1. Forexample take A > 4n+1 and then B > 2r(4A)D.Thus, for ‖t‖ := maxi |ti| < 1/4B, for all P in C〈U1, · · · , Um, A1, · · · , Am〉,

νt(P ) =
∑

k

∏

i

tki

i

ki!
µk(P )is an absolutely convergent series.

25.5 Combinatorics.The purpose of this section is to provide a graphical approach to the solution of theSchwinger-Dyson equation, and therefore to the computation of unitary matrix integrals andfree entropy (see sections 5.6, 5.7 and 5.8). Actually, the proof of Theorem 5.4.2 gives arecursive way of computing formal solutions to the Schwinger-Dyson equation, and thereforenumerical solutions with arbitrary precision.Before giving a detailed description of our combinatorial model, we start with an overview.We need the notions of a star, which is a pictorial encoding of a monomial in the algebra
C〈U1, · · · , Um, A1, · · · , Am〉, of root star, which is a distinguished star, and of a map, whichis a speci�c planar decoration over a set of stars and one root star. Thus there will be aforgetful application of maps onto sets of stars (which we will call multistars).



5.5. COMBINATORICS. 189The goal of this section is to show that the limits of integrals on the space of unitarymatrices are generating function of the number of some maps as described above. However weare not interested in all maps, but rather on some that arise from an admissible construction,which leads us to the third concept of admissible maps. Last, we need the notion of weightof a map, and our result will be in terms of sum over admissible maps of weights.Let us point out that for the sake of clarity, although our natural playground is the algebra
C〈U1, · · · , Um, A1, · · · , Am〉 and our de�nitions work in full generality, we restrict ourselvesin the examples to the case of one single unitary matrix U and two variables A1 =: Aand A2 =: B. We �rst start with the de�nition of a star and root star, in the spirit of[GMS06, GMS07].First we de�ne the base elements that we will use to construct our maps.1. A star is a circle endowed with the clockwise orientation, decorated with elements suchas colored incoming or outgoing arrows, and colored diamonds. One of the element ismarked.2. To each letterXi in the alphabet (Ai, Ui, U

∗
i )1≤i≤m, we associate (bijectively) an elementas follows ; a diamond of color i if Xi = Ai and a ring of color i if Xi = Ui or U∗

i ; inthe case of Ui (resp. U∗
i ) we attach before the ring an outgoing arrow of color i (resp.we attach after the ring an incoming arrow of color i) outside of the circle.3. To a monomial q ∈ C〈U1, · · · , Um, A1, · · · , Am〉, we associate in a canonical way a starof type q by drawing on the oriented circle the elements associated to the successiveletters of q, while the element corresponding to the �rst letter of q is marked.4. A root star of type q is obtained by drawing on the oriented circle the elementsassociated to the successive letters of q in the counter clockwise order, the arrows beingdrawn inside the circle. Although the maps are on the sphere, in the graphical represen-tation of this section we will draw them on the plane and, to highlight the role of theroot star we will draw it in this section such that it contains all the other stars. It canbe viewed as the star centered in in�nity or as the outer face of the dual map. Besides,on a root star we can distinguish a root element. If q contains no Ui nor U∗

i , there areno root element. If q contains a Ui, the ring associated to the last (Ui, 1 ≤ i ≤ m)is the root element. If q contains no Ui but some U∗
i , the ring associated to the �rst

(U∗
i , 1 ≤ i ≤ m) is called the root element.5. A multistar is a set of k stars inside a root star drawn on the same plane with acoherent orientation.The �gure 5.1 shows a concrete example of a multistar. In the middle of the picture thereis a star of type U∗AUB and, surrounding it, a root star of type U∗A5UB2U∗A3UB.We are now ready to introduce the main objects in our combinatorial model, namely,maps :A map is a decoration of a multistar into a connected graph embedded in the plane bydrawing two species of edges between rings :1. A �rst category of edges, called �dotted edges", can be drawn between rings eitherattached to two outgoing arrows of the same color or to incoming arrows of the same
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Fig. 5.1 � Star of type U∗AUB and root star of type U∗A5UB2U∗A3UB.color. Edges can not have diamonds as endpoints. Rings can have any number of dottededges going out of them, possibly none.2. A second category of edges, called �colored oriented edge" arises from the connectionof an arrow going out of a star (associated with a variable Ui) into an incoming arrow(associated to a variable U∗
i ) of the same color. These colored oriented edges is a pairingbetween the set of Ui's and the set of U∗

i 's : exactly one incoming arrow is glued to eachoutgoing arrow.In addition, all the above edges do not cross, all arrows are paired but rings can be attachedto any number of dotted edges (including to none).In the rest of this section we keep considering pictures drawn on spheres. They thereforegive rise to graphs with vertices, edges and faces - together with additional decoration. Forour forthcoming de�nitions, we need to clarify the notion of `face' : we consider that facesof a graph are the connected components of the complementary of the graph on the sphere.However, we take the convention that the original stars are `fattened vertices'. Therefore theinterior of stars will not be considered as faces (neither is the exterior of the root star).If the graph is connected, each `face' component is isomorphic to a disc ; thus this is anactual face. This is due to the fact that our map is embedded into a sphere. This conditionwould not be granted in the case of an embedding into a higher genus oriented 2D compactmanifold. In this case it would have to stand in the de�nition of a map of `higher genus' : thiswill be of use for future work but for the sake of simplicity we do not emphasize this notionin this paper.Next, we de�ne the weight of a map. The boundary of a face is homeomorphic to a disc,it is given an orientation (the orientation of the sphere) and is decorated with diamonds(note that all arrows have been paired) ; it thus has the structure of a star except for thedistinguished element.



5.5. COMBINATORICS. 191As we said before, not all maps will contribute and we need to de�ne now the notion ofadmissible maps. Admissibility can be checked by an inductive procedure IP, which ressemblesTutte's surgery [Tut63] and which amounts to check one after the other whether edges of themap are admissible. Once an edge has been checked, it is frozen and we continue by checkingthe other edges.Inductive Procedure IP :a- If the root star has no root element, then it can not be connected to any other star andhence the graph can not be a map unless there is no other star in which case the map is justthe trivial graph with no edges.b- The root star has a root element which is associated to a Ui (resp. a U∗
i ), for some

i ∈ {1, · · · , m}.1-Then, we �rst check the admissibility of the dotted edges. We �rst consider the dottededge which is the farthest from the arrow and declare it admissible if its other vertex is a ringof an outgoing (resp. ingoing) arrow and that there is no other dotted edge attached to thisring which is farther (amongst the unfrozen dotted edges) from its arrow. Once this conditionis veri�ed, we freeze this dotted edge and the root element remains the root element. Wecheck all dotted edges of the element root inductively. Once the dotted edges are frozen, themap may have been cut into disjoint subgraphs whose boundary is homeomorphic to a disc.In each of these subgraphs, we declare the �rst element after the dotted edge as marked. Theboundary of each subgraph is then a star which will be the root star of the resulting submap.2- When all dotted edges are frozen, we check that the arrow of the root is paired with anarrow of the opposite direction (note that if the element root comes from a U∗
i , it can only bepaired with an element of another star since by de�nition there is no more outgoing arrowson the root star). The oriented edge is seen as a fat edge. In particular, if the oriented edgelink the root star with another star, we see this other star as part of the root star for thenext step, i.e we identify the root star of type QUiP glued to the star of type RU∗

i S by themarked Ui's with the root star of type PQSR with, by convention, the distinguished elementchosen to be the closest element after the glued U∗
i . If the oriented edge link two rings of theroot star, two disjoint subgraphs are formed and we proceed as in -1-.c-We continue the inductive procedure on the submaps.Now we can de�ne weighted sum of admissible maps.Assume we are given the tracial state τ of (5.2).� First we de�ne the weight of the faces of a map. The faces of the map are the connectedcomponents of the map (with boundaries made of dotted edges, oriented edges, piece ofcircles and decorated with diamonds). The interior of the circle of a star is not consideredto be a face of the map (neither is the exterior ot the root star). The faces can alsobe seen as the submaps de�ned in the inductive procedure, in the last step where theirboundary is only decorated with diamonds. In particular, each of their boundary havethe structure of a star and therefore are associated with a monomial in the Ai's. Theweight of a face is the trace τ(q) of the monomial q associated with its boundary.� The weight of the map m, denoted by Mm(τ), is the product of the weights of the facestimes a sign given by −1 to the power the number of dotted edges.� We de�ne the weighted sum of admissible maps constructed above the stars r1, · · · , rn



192 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELSand the root star P :
Mr1,··· ,rn(P ) =

∑
Mm(τ)where the sum runs over all admissible maps m constructed above r1, · · · , rn with rootstar P . Assuming that Vt = t1q1 + . . . + tnqn where qi are monomials, we de�ne theformal series :

Mt(P ) =
∑

k∈Nn

tk

k!
Mk(P )with Mk1,··· ,kn(P ) = Mq1,··· ,q1,··· ,qn,··· ,qn(P ) where the monomial qj appears in kj succes-sive position and tk =

∏
tki

i , k! =
∏

ki!.Remark that we do not count all the maps which contain the stars r1,. . .,rn but only thosethat are constructed using our inductive rules ; they for instance forbid to glue the two samerings more than twice.However, a given map is counted at most once since there is only one way to decomposec it using the procedure IP. Indeed, it is easy to check that at each step we have only onepossibility for the next step since the dotted edges have to be drawn one after the otherfollowing the orientation and no new dotted edge can be drawn after the arrow of the roothas been glued.ExampleLet us show some example. We start from one root star and a star on the sphere (see�gure 5.1). We want to construct maps above these stars with our rules, starting with theroot element shown by the arrow outside the root star. Figures 5.2, 5.3 and 5.5 are examplesof such maps. Note that the weights of the maps of �gures 5.2 and 5.3 are the same, the onlydi�erence is the way the three rings are glued. There is a third way to glue those three ringsshown in �gure 5.4 which is a map but can not be obtained by our rule of construction (andthus is not admissible).
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Fig. 5.2 � A possible map. Its weight is τ⊗5(A6 ⊗ B ⊗ B2 ⊗ A3 ⊗ B)We now come to the main theorem of this section, namely the graphical expansion resultfor Mt :
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Fig. 5.3 � Another one. Its weight is τ⊗5(A6 ⊗ B ⊗ B2 ⊗ A3 ⊗ B)
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Fig. 5.4 � A counterexample : IP is violated because of the order of the dotted edges at theroot element
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Fig. 5.5 � Another map. Its weight is τ⊗6(A5 ⊗ A ⊗ A3 ⊗ B ⊗ B2 ⊗ B)Let V =
∑

tiqi. Let µt be a solution of SD[Vt, τ ] and Mt be the formal series
Mt(P ) =

∑

k∈Nn

n∏

i=1

tki

i

ki!
Mk(P )where Mk(P ) is the weighted sum of planar maps with one root star of type P and ki starsof type qi. Then, Mt is absolutely convergent in a neighborhood of the origin and for all



194 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELSpolynomial P ,
Mt(P ) = µt(P ).Proof.For the sake of clarity we �rst prove the case V = 0.We proceed by induction on the total degree in Ui, 1 ≤ i ≤ m, in q.Suppose that there is no variable Ui in q. Then either there is no variable U∗

i and bothsides of the equality are equal to τ(q), or there is a U∗
i and both sides vanish : the l.h.s byfreeness property and the r.h.s because one can not glue the arrow coming out from this U∗

ianywhere.We assume our identi�cation proved when the degree of q in the Ui's is less than k. Wenext take q with degree in the Ui's equal to k + 1. Thus we can assume that there is a Ui in
q,and we consider the last one in q so that q = pUib with b a polynomial in the U∗

j and the
Aj 's, 1 ≤ j ≤ m. By de�nition, M(pUib) = M(bpUi) since it depends only on the positionof the last Ui. Thus, we may assume that q is of the form PUi with P of degree k. We applySchwinger-Dyson equation to this quantity :

µ(PUi) = −
∑

P=RUiS

µ(RUi) ⊗ µ(SUi) +
∑

P=RU∗
i S

µ(R) ⊗ µ(S) (5.14)Now, we can apply our induction hypothesis since all polynomial appearing above havedegree strictly smaller than k + 1.We need to show that this is exactly the induction relation for maps. To construct a mapabove a star of type PUi. We �rst look at the root element Ui and we have to decide whatto do �rst with the edge linked to the hyperedge and then with the arrow. There are twopossibilities :1. The �rst possibility is that there is no dotted edge going outside of the ring of the root.In such a case, we can glue the arrow to any other arrow of opposite direction and ofthe same color (corresponding to a variable U∗
i ). This implies that P decomposes into

RU∗
i S and we construct an oriented edge between Ui and U∗

i . Thus we separate the mapin two parts and we have to construct a map above the R part and another one abovethe S part (this is the case 2 of IP). This is exactly the possibilities counted by thesecond term in the right hand side of (5.14).2. The second possibility is that we glue the root ring to another ring. Thus P mustdecompose into RUiS and the creation of the dotted edge amounts to decompose themap into RUi and SUi. In this procedure, we have �xed one dotted edge and thusmultiplied the contribution of the resulting map by −1. (this is the case 1 of IP). Weagain separate the map in two parts by planarity. Besides, we separate once again themap in two and choose a new root ring inside the new face. The second sum computesthe operation of gluing rings by dotted edges.Putting these two possibilities together we see that the state µ and the enumeration of maps
M0 satisfy the same induction so that they are equal ;M0(pUib) = µ(pUib) for any b monomialwhich does no contain any of the (Ui, 1 ≤ i ≤ m). Note here that no dotted edges between



5.5. COMBINATORICS. 195rings of incoming arrows can be drawn since if there are no outgoing arrows in a map, butsome U∗
i , there is no contribution. By traciality of µ, we deduce as well that M0 is tracial.Now we turn to the general V case.We �rst check the induction relation when the root star P contains a Ui for some i ∈

{1, · · · , m}. Let us denote for n-tuples k and `, (k
`

)
=
∏

i

(
ki

li

). We check the formal equalityby considering the induction relation, now given by :
µk+1j(PUi) = −

∑

`≤k+1j

∑

P=RUiS

(
k + 1j

`

)
µ`(RUi) ⊗ µk+1j−`(SUi)

+
∑

`≤k+1j

∑

P=RU∗
i S

(
k + 1j

`

)
µ`(R) ⊗ µk+1j−`(S) (5.15)

−
∑

qj=RUiS

kjµ
k(PUiSRUi) +

∑

qj=RU∗
i S

kjµ
k(PSR)We need to show that the enumeration of maps satis�es the same relation. We start by puttingstars of type (qj , 1 ≤ j ≤ n) inside a root star of type PUi and we wonder what happens tothe root Ui. We apply one step of IP. Two things can happen. Either we link Ui to anotherpart of P and in that case we have already shown that the possibilities are enumerated bythe �rst two terms of the induction relation. Here, note that the product of (ki

`i

) correspondsto the possible distribution of stars in each part of the map, since all the stars are labeled.Thus we need to show that the two other terms take into account the case where Ui islinked to another star qj . According to our construction rules we have two possibilities :1. Starting from Ui we glue the arrow to an arrow of the same color entering a star of type
q. This rule forbids any other gluing from Ui, this is counted by

∑

qj=RU∗
i S

kjµ(PSR).The coe�cient kj counts the number of choices for the star of type qj since they are alllabelled.2. The other possibility is to glue the ring to a ring of the same color. This leads to
−

∑

qj=RUiS

kjµ(PUiSRUi)possibilities.In the case where P does not contain any Ui, 1 ≤ i ≤ m but still some U∗
i , the root of the rootstar can only be glued by a dotted edge to any other U∗

i , or by a directed edge to a Ui of astar.The resulting induction relation is exactly given by the formula obtained by conjugationof (5.15), hence again Mk(P ) = µk(P ).Thus the proof is complete.
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2This theorem gives a combinatorial interpretation in term of maps to the unitary integrals.The fact that we do not take the sum on all maps but only on admissible ones makes thisinterpretation less transparent than the one for the gaussian case found in [BIPZ78]. However,now that we know that the series can be identi�ed to the matrix integral, we obtain somecombinatorial identities which show that IP is less rigid than it looks like.Let V =

∑
tiqi.1. For all P, Q,

Mt(PQ) = Mt(QP ).2. For all monomials r1, . . . , rn, rn+1, and all permutation σ of n + 1 elements,
Mr1,··· ,rn(rn+1) = Mrσ(1),··· ,rσ(n)

(rσ(n+1)).3. Assume that we de�ne another procedure to de�ne the root element of the root star (forexample we pick the root element to be the second ring avaible if possible, or we picka ring at random, or any other choice which may change during IP for the root starsthat are created during the procedure when new faces are added). This will change thenotion of admissible maps and we can de�ne a new weighted sum M′
r1,··· ,rn

(P ) and anew series M′
t(P ) where the sum occurs on these new maps. For all r1, . . . , rn, P ,

Mr1,··· ,rn(P ) = M′
r1,··· ,rn

(P )

Mt(P ) = M′
t(P ).Note that due to the de�nition of admissible maps via the procedure IP, those properties arefar from being obvious from a purely combinatorial point of view. Still they will appear aseasy consequence of the identi�cation with the matrix model.Obviously di�erent roots lead to a di�erent procedure IP, and thus potentially to di�erentmaps. It is actually possible to see through examples that this phenomenon actually happens.However, it follows from the second point of the corollary that the choice of the rootdoes not a�ect the weighted sum. The �rst and third points show that the choice of the rootelement and of the root star does not a�ect the �nal series. We were not able to give a moredirect combinatorial proof of that result.To be more speci�c on the impact of the choice of the roots on the maps, let us call clustersthe equivalence class of rings for the equivalence relation generated by a ∼ b if the ring a isglued to the ring b by a dotted edge. Changing the choices of the roots will lead to di�erentadmissible maps since it will allow di�erent positions for the dotted edges. For example, theywere three choices for the starting root in �gure 5.1. For each of these choices, two of thethree maps represented in �gures 5.2, 5.3 and 5.4 would have been reachable by the inductiveconstruction IP but not the third one. The one who is not constructible depends on the choiceof the �rst root. It seems that if the maps are di�erent, nevertheless the clusters are the sameand in that simple case, knowing this cluster is su�cient to de�ne the faces created by thedotted edges and thus the weight of the maps.



5.6. APPLICATION TO FREE PROBABILITY 197One may wonder why we choose this representation instead of representating the clustersby an additional structure and putting edges between the rings and this structure. In thatcase we would miss the possibility of �gure 5.5. In the case of a one map with only one vertexthis can not occur and we will use that fact in section 5.6.Proof.Changing the root element of a star is the same thing than making a circular permutationof the variable of the associated monomial. The Theorem shows that weighted sums are equalto the limit of the empirical measure of the matrix model which are tracial. The �rst andthird items are a direct consequence of this identi�cation.For the second item, observe that permuting the �rst n monomials doesn't change thesum by its de�nition. Thus we only need to show that
Mr1,··· ,rn(P ) = MP,r2,··· ,rn(r1).Let us de�ne V =

∑
i uiri + tP . We will again use the identi�cation with the matrix modelbut now we will use the formal version. The coe�cient Mr1,··· ,rn(P ) appears as the coe�cientof the limit tracial power state µf by Corollary 5.3.3 and Theorem 5.5.4. More precisely,
Mr1,··· ,rn(P ) = (−1)n lim

N

∂n

∂u1 · · ·∂un

∣∣∣∣
ui=0

µf(P ).We now use the fact that µf is the limit coe�cientwise of the formal model de�ned in (5.8).Thus,
Mr1,··· ,rn(P ) = lim

N

∂n

∏
i ∂ui

∣∣∣∣
ui=0

E[µ̂N(P )eN2µ̂N (Vt=0)]

E[eN2µ̂N (Vt=0)]

= lim
N

∂n+1

∂t
∏

i ∂ui

∣∣∣∣
ui=0,t=0

1

N2
ln E[eN2µ̂N (V )].We conclude by noticing that this last expression is symmetric in the monomials r1,. . .,rn,P .

25.6 Application to free probabilityIn this section we look at applications of the combinatorial results of section 5.5 to freeprobability.Let us assume the Ui's are chosen independently according to the Haar measure. If wede�ne Xi = U∗
i AiUi then the Xi's are asymptotically free (according to a theorem of Voiculescu[Voi91]) and with �xed distribution µ uniquely de�ned by the distribution of the Ai's. We areinterested in using our setup to compute limit of moments of these variables or in other wordto compute the moments of free variables :

µ(Xi1 ...Xik).



198 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELSAccording to our interpretation this can be computed by looking at the maps above the starof type Xi1 ...Xik without any other stars, in other words we have to focus on computationsof M(q) which turns out to be equal to µ(q) where µ is the free state product (see Corollary5.3.4)We are interested in using this method to compute some non-commutative moments offree variables, in relation with Speicher's non-crossing cumulants theory, cf [Spe94].5.6.1 One star mapsFor these purposes we need to �nd a simpli�ed interpretation of M(q) in the single starmap.For this one vertex-case, the combinatorial interpretation can be slightly modi�ed. First,we do not need to consider dotted edges between incoming arrows since if there is a U∗
i theremust be a Ui which can be chosen as the root element or we can not build any map. Butthe main di�erence is that now each time we glue two rings, the edge newly created separatethese two rings in two di�erent faces so that they can no longer be glued together. Thus, wecan forget about the restriction of the construction rules and present a simpler description inthat case. Instead of gluing the ring two by two we will now glue them together. We de�ne anew structure which we will call a node and now rings can only be glued to node and a nodecan be glued to any number of rings. A one vertex map is a map with one vertex where thearrows has been glued two by two while respecting the orientation and rings may be glued toexactly one node, each node is glued to an arbitrary number of rings but at least one. Figure5.6 shows the new representation of a one vertex map. The trick to go from the previousinterpretation to this one is to glue together to a node all the rings that are in the sameclass of the equivalence relation generated by being glued. In order to compute the weight ofsuch a map, observe that several maps give the same one-star map, but the weight is easy tocompute since as we will see we only need to add a factor Cd−1 for each node of degree d.

Fig. 5.6 � Reduction of a map on one star to a one-star map.A one-star map is a connected graph embedded on a sphere above one star and with someedges such that1. Edges are drawn only between rings and must not intersect.



5.6. APPLICATION TO FREE PROBABILITY 1992. Arrows must be glued two by two while respecting the orientation and the color : anarrow going out of a star (associated with a variable Ui) is always glued to exactly oneother arrow going into a star (associated to a variable U∗
i ) of the same color. This pairof arrows creates an oriented edge.3. Any number of rings may be glued together on a node.The weight of a one-star map is the product of the weight of its faces which is de�ned asbefore as trace of products of Ai's times the product of the weight of the nodes. The weight ofa node of degree d is (−1)d−1Cd−1. We de�ne M̃0(q) the weighted sum of one-star map abovea star of type q. Note that we no longer need to take care of roots and of maps that can bebuilt with some set of rules.For all monomial q,

µ(q) = M̃0(q).Proof.We only need to show that M(q) = M̃0(q). For this we need to compute the number ofmaps above one star that are reduced to a given one-star map. The reduction goes as follows :two rings are glued to the same node if they are linked by a sequence of dotted-edges. Wehave to count how many con�gurations of dotted edges lead to a node of degree d. Whenone of the ring glued to this node becomes the root in the recursive construction, it has tobe glued to one of the other ring glued to the node. Thus it separates the set of ring in twosubsets, so according to our inductive procedure of section 5.5, we have to continue to gluethis ring to other ones while we continue the construction in the face newly created. Thisyields a structure of tree on this set of rings. We have as many choices as they are trees with
d − 1 edges (to glue the d ring we need exactly d − 1 edges). This explains the factor Cd−1.The factor (−1)d−1 simply comes from the factor −1 which comes with each edge.

25.6.2 Maps and cumulantsLet A1, . . . , An be self-adjoint variables and U a unitary matrix, free from the Ai's. Thenchoosing k indices i1, . . . , ik in {1, n} one has
µ(Ai1 . . . Aik) = µ(U∗UAi1 . . . U∗UAik)Let us apply Schwinger-Dyson equation with respect to U to the above equality, and let usrearrange the sum according to the non-crossing partition of Ai's generated by the orientededges. Obviously one obtains a formula of type

µ(Ai1 . . . Aik) =
∑

π∈NC(k)

K̃π(Ai1 , . . . , Aik) (5.16)



200 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELSwhere NC(k) is the non-crossing partitions and K̃π is a k-linear form multiplicative along theblocks of π in the sense of Speicher : if π = {V1, . . . , Vn} with the block Vi = {ai
1, . . . , a

i
ri
}

K̃π(X1 . . .Xk) =
∏

i

K̃(ri)(Xai
1
, . . . , Xai

ri
)where (ri) represents the partition on ri elements with only one block.The fact that such a formula holds true for any choice of non-commutative laws for Ai'sproves via the moment-cumulant formula that K̃π has to be Speicher's non-crossing cumulants

Kπ. But it is also given as a sum on maps by our graphical model.Let us recap this in the following proposition :The n-th non-crossing cumulant of the variables A1, . . ., Ap is the weight of all one-starmaps over the star build by putting in the clockwise order a ring, a diamond of color i1, aring, a diamond of color i2,. . ., a ring, a diamond of color ip. Note that we have de�nedthis map above a star which is not of type q for any monomial q. This would be a problemfor admissible maps since IP requires the presence of oriented edges. But the de�nition ofone-star map is �ne in this context.Actually, Proposition 5.6.2 gives us a new proof of the following Corollary, due to Speicherand known as non-crossing Moebius formula The following inversion formula holds true :
Kn(A1, . . . , An) =

∑

π∈NC(n)

µπ(A1, . . . , An)(−1)n−|blocks(πc)|
∏

B block ofπc

C|B|−1,where πc is the Kreweras complement (see [NS06]) and Cq the catalan number. Proof.This is a direct consequence of the previous proposition. Remember that Kn(A1, . . . , An)is a weighted sum over maps with dotted edges since the star contains some rings and noarrows. These dotted edges form a non-crossing partition of [|1, . . . , n|] by saying that tworings are in the same component if their are linked to a same node. The weight associatedto this map is a product whose factors are : (−1)d−1Cd−1 for each node of degree d and theweight of each face. The faces are by de�nition the component of the Kreweras complementof π′. Thus we obtain :
Kn(A1, . . . , An) =

∑

π′∈NC(n)

µ(π′)c(A1, . . . , An)
∏

B block ofπ′

(−1)|B|−1C|B|−1.The formula follows after taking π′ = πc.
2As a further remark, one can also read graphically the main properties of cumulants, forexample, Kn(X1, . . . , Xn) = 0 as soon as there are occurence of free elements. More precisely,assume that we can partition the Xi's in two families the Aj's and the Bk's with the algebragenerated by the Aj 's free from the algebra generated by the Bk's. Then if all the Xi's do nottake value in the same algebra, Kn(X1, . . . , Xn) = 0. Indeed, one can replace all the familyof Aj's by the one of V ∗AjV with V unitary and free from the other variables. Now when



5.7. APPLICATION TO THE ASYMPTOTICS OF IN(V, AN
I ) 201looking at the combinatorial interpretation of µ(X1, . . . , Xn) we can see that the oriented edgescoming from V separate the components containing the Aj's from the others. By followingthose edges we see that the faces they are de�ning contain only variable from one of the twoalgebras. Thus, in the decomposition (5.16), the terms corresponding to partitions with onecomponent containing both some Ai's and some Bj 's does not occur. By uniqueness of thedecomposition into cumulants we deduce that those elements vanish i.e. Kn(X1, . . . , Xn) = 0.These remarks are not new but this shows that our graphical model fully encompasses thetheory of non-crossing cumulants and that the Schwinger-Dyson equation can also be read interms of cumulants.It is interesting to mention here that papers [M�S07] and [MJE07] have developed acalculus on annuli which seems to be related to our graphical model. However these approachesonly deal with the asymptotics of second order cumulants whereas our approach via formalcalculus, see section 5.4, allows us to deal with arbitrary order cumulants.The actual relation can be found in [CM�S07], where convolution on partitioned permuta-tions is introduced and showed to be the relevant algebraic tool to handle higher order freeness,namely, the asymptotic behaviour of cumulants of unitarily invariant random matrices.But the results in our paper give an explicit algorithmic description of the Moebius inver-sion formula and therefore of higher order cumulants. As in the one star case, cumulants arealso obtained by inserting an outer U∗U between each variable of each star and by looking atgenerating function where U is linked to its neighboring U∗.It is interesting to see that a direct (yet di�cult to describe) graphical reading of theSchwinger-Dyson equation, which is our main tool of investigation of unitarily invariant matrixmodels, yields non-crossing and could yield higher order moments related series and operationssimilar to convolution, although these latter results rely on more representation theoreticgrounds (Weingarten function theory as developed in [C�06]).It is not obvious to us how the Schwinger-Dyson equation can be read o� from the resultsof [CM�S07] (without writing a change of variable invariance formula), and it would be inter-esting to attempt to �gure out the meaning of Schwinger-Dyson equation at the representationtheoretic level.5.7 Application to the asymptotics of IN(V, AN

i )Let (q1, · · · , qn) be �xed monomials in C〈U1, · · · , Um, A1, · · · , Am〉, let V =
∑

tiqi and
IN(V, Ai) be given by (5.1). Then There exists η = η(q1, · · · , qn) so that for any t ∈ Cn∩B(0, η)we have

lim
N→∞

1

N2
log IN(Vt, A

N
i ) =

∑

k∈Nn\(0,..,0)

∏

1≤i≤n

tki

i

ki!
Ik(q1, · · · , qn, τ).Moreover, for any j such that kj 6= 0

Ik(q1, · · · , qn, τ) =
∑

k

(−t)k

k!
Mk



202 CHAPITRE 5. ASYMPTOTICS FOR UNITARY MATRIX MODELSwhere Mk is the weighted sum of maps constructed above ki stars of degree i for all i, afterchoosing one of them as a root star (this is well de�ned according to corollary 5.5.5). Proof.Let
F N

t =
1

N2
log IN (Vt, A

N
i ).Then, if α ∈ R,

∂αF N
αt =

∫
µ̂N(Vt)dµN

Vt
.Assume that t is small enough so that Corollary 5.3.3 holds and remark that Vαt is self-adjointand such that |αti| ≤ ε for all i and all 0 ≤ α ≤ 1. Thus, for α ∈ [0, 1],

lim
N→∞

∂αF N
αt = µαt(Vt)with µαt the solution to SD[αVt, τ ]. By dominated convergence theorem, we deduce that

lim
N→∞

F N
αt =

∫ 1

0

µαt(Vt)dα

2Here also, we obtain the following important corollary :The following holds true :
lim

N→∞

∂k

∂zk

1

N2
log

∫

UN (C)

ezNTrV ((Ui,U∗
i ,AN

i )1≤i≤m)dU|z=0 =
∂k

∂zk
FV,τ (z)|z=0In particular, with this result we can give an expansion of the Harisch-Chandra-Itzykson-Zuber integral as a generating function of the number of some maps. Let us recall the exactexpression of this integral :

F A,B
N (z) :=

1

N2
log HCIZ(zA, B) =

1

N2
log

∫

UN (C)

ezNTr(U∗AUB)dU.The maps appearing in the expansion contain only stars of type U∗AUB (see the star in themiddle of �gure 5.1). Besides we can build these maps without considering the rings attachedto variable U∗ since we will always be able to choose the root element to be a U (a U∗ alwayscomes with a U for this potential).Since the number of diagrams is growing quickly we compute only the �rst term of theexpansion. Note that when gluing the arrow of the root of the root star, we must always glueit to another incoming arrow of another star and hence we shall never face the case of a rootstar with no Ui's. Again, we therefore do not see dotted edges between incoming arrows.Besides, we consider only the case where the distribution is centered, that is when τ(A) =
τ(B) = 0. The other cases can be deduced easily from this one since we have the relation

F a+A,b+B
N (z) = F A,B

N (z) +
z

N
(bTrA + aTrB) + zab.
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I ) 203In terms of diagrams, this means that we only need to consider diagrams such that no facecontains only one diamond.According to the previous theorem, limN→∞ F A,B

N (z) has, for small parameters z, an ex-pansion∑n Fnzn. We now use this graphical representation to compute the �rst terms of thisintegral.Since the distributions are centered, the �rst term F1 is zero.The second term F2 consists of maps constructed with two stars of type U∗AUB. Thereis only one way to add edges between these two stars to construct a connected map withoutfaces which contains only one diamond, this is represented by �gure 5.7. We obtain a map withtwo faces. One has two diamonds associated to A and the other one two diamonds associatedto B. Thus the weight of this map is τ(A2)τ(B2). Since there is no gluing between the ringsthey are no other signs. They are only one way to distribute the labels on this picture (thatis the second distribution leads to the same map) thus to obtain F2 we only need to divideby 2!,
F 2 =

1

2
τ(A2)τ(B2).

Fig. 5.7 � Second term in the expansion of the IZ integral.We can continue this for the next terms in the expansion, the third term (see �gure 5.8)is in the same spirit and leads to
F 3 =

1

3
τ(A3)τ(B3).The fourth term is the �rst one where gluings between the rings appear. Thus weigthswith negative coe�cients can occur. The sign of a map is easy to compute, it is −1 to thepower the number of dotted lines in the map. Equivalently since in the case of Itzykson-Zuberintegral the number of oriented edges is equal to the number of stars, this number is alsoequal to the number of faces of the map and thus to the number of factor in the productof moments of the weight. In �gure 5.9, we have drawn all unlabelled planar maps one canconstruct with 4 stars. To compute the exact coe�cient of each map one has to multiply itby the number of way to distribute the labels and divide by 4!.
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Fig. 5.8 � Third term in the expansion of the IZ integral.This leads to,
F 4 =

1

4
τ(A4)τ(B4) − 1

2
τ(A2)2τ(B4) − 1

2
τ(A4)τ(B2)2

+
1

2
τ(A2)2τ(B2)2 +

1

4
τ(A2)2τ(B2)2.Here the weight are given in the same order than the maps in the �gure. Note a new andinteresting feature that appears in the third map : two rings are linked by more than onedotted edge.The other terms can be computed in the same way, for example �gure 5.10 represents the�fth term and gives

F 5 =
1

5
τ(A5)τ(B5) − τ(A2)τ(A3)τ(B5) − τ(A5)τ(B2)τ(B3)

+4τ(A2)τ(A3)τ(B2)τ(B3).Thus the �rst terms agree with the expansion given in [ZJZ03] on page 23, besides thisallows us to answer a question raised in this paper. Indeed, the authors ask if there is anexplanation to the fact that the coe�cient of Fn all seem to be integer multiple of 1
n
. Thisis easy to prove with this graphical interpretation. To compute the contribution of a givenunlabelled map we must distribute the labels {1, .., n} on its stars, count the number ofdi�erent map that we obtain and divide by n!. But after choosing the star which received thelabel 1 we have (n− 1)! ways to distribute the remaining labels and they all lead to di�erentmaps (note that on the other hand, due to possible symmetry in the unlabelled map, di�erentchoices for the star with the label 1 may lead to the same maps). Thus the coe�cient in frontof this map is a multiple of (n−1)!

n!
= 1/n. More precisely it is 1/n times the number of choicesof the star wich carry the label 1 that will lead to di�erent maps, in particular it is alwaysless than 1.To �nish, we wish to point out that we can recover results in [Col03] and [GM05a] aboutscalings of IZ integral. In these two papers, one considers the scaling where A has small rank,which amounts to considering only terms τ(Ak)×P (B). Here the transformation depicted in
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Fig. 5.9 � Fourth term in the expansion of the IZ integral.section 5.6 applies and one sees that P (B) has to be k−1Kk(B). In particular this means inthe case that A is a rank 1 projection, that N−1 log IZ tends to the primitive of Voiculescu's
R-transform.5.8 Application to Voiculescu free entropyVoiculescu's microstates free entropy is given as the asymptotic the volume of matriceswhose empirical distribution approximates su�ciently well a given tracial state. Up to aGaussian factor, it is given by

χ(µ) = lim sup
ε↓0

k↑∞,R↑∞

lim sup
N→∞

1

N2
log µ⊗m

N (ΓR(µ, ε, k))with µN the Gaussian measure on HN(C) and ΓR(µ, ε, k) the microstates
ΓR(µ, ε, k) = {X1, · · · , Xm ∈ HN (C) : | 1

N
Tr(Xi1 · · ·Xip) − µ(Xi1 · · ·Xip)| < ε

p ≤ k, i` ∈ {1, · · · , m}, ‖Xi‖∞ ≤ R}.When m = 1, it is well known [Voi00] that µ ∈ P(R) and
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Fig. 5.10 � Fifth term in the expansion of the IZ integral.
χ(µ) = I(µ) =

∫ ∫
log |x − y|dµ(x)dµ(y)− 1

2

∫
x2dµ(x) + const.Moreover, one can replace the lim sup by a lim inf in the de�nition of χ. Such answers (conver-gence and formula for χ) are still open in general when m ≥ 2 (see [BCG03] for bounds).However, if µ is the law of m free variables with respective laws µi, then these questions aresettled and

χ(µ) =

m∑

i=1

I(µi).We here want to emphasize that our result provides a small step towards dependent variablesby showing convergence and giving a formula for the type of laws µ solutions of Schwinger-Dyson's equations SD[V, τ ]. Indeed, we shall prove that Let µ be the law of m self-adjointvariablesXi with �xed marginal distribution (µ1, · · · , µm). Assume that Xi can be decomposedas Xi = UiDiU
∗
i with Ui unitary matrices such that the joint law of (Di, Ui, U

∗
i )1≤i≤m satisfy

SD[V, τ ] with τ the law of m free variables with marginal distribution µ1, · · · , µm and somepotential V =
∑n

i=1 tiqi. Assume that the ti's are small enough so that Corollary 5.3.3 holds.Assume also that the hypotheses of Theorem 5.7.1 hold. Then,
χ(µ) = lim inf

ε↓0
k↑∞

lim inf
N→∞

1

N2
log µ⊗m

N (ΓR(µ, ε, k))



5.8. APPLICATION TO VOICULESCU FREE ENTROPY 207and a formula of χ(µ) can be given in terms of the µk's of Theorem 5.4.3.Proof.Indeed, let us consider V = V (UiAiU
∗
i , 1 ≤ i ≤ m) with V a self-adjoint polynomial and

µ the unique solution of SD[V, τ ] with τ the law of the Ai, 1 ≤ i ≤ m which is now chosen tobe the law of m free variables with marginals distribution µi, 1 ≤ i ≤ m. Under the law µ⊗m
N ,we can diagonalize the matrices Xi = UiDiU

∗
i with Ui following the Haar measure on UN(C),and id d is the Dudley metric, we �nd that for N su�ciently large

ΛN := µ⊗m
N (ΓR(µ, ε, k))

= µ⊗m
N

(
d(µ̂N

Di
, µi) < ε; µ̂N

UiDiU∗
i ,1≤i≤m ∈ ΓR(µ, ε, k)

)

=

∫
d(µ̂N

Di
,µi)<ε

‖Di‖∞≤R



∫

µ̂N
(UiDiU∗

i
)1≤i≤m

∈ΓR(µ,ε,k)

dU1 · · · dUm



∏

1≤i≤m

dσN(λi)where we denoted ∆(λj) =
∏

k 6=j |λk − λj | and dσN the probability measure
dσN(λ) := Z−1

N

∏

k 6=j

|λk − λj|2e−
N
2

∑
(λj)2

∏

1≤j≤N

dλj.In these notations, Di = diag(λi
1, · · · , λi

N) and λ = (λ1, · · · , λN). Hereafter, µ̂N
{Ei}1≤i≤n

denotesthe empirical ditribution of {Ei}1≤i≤n ; µ̂N
{Ei}1≤i≤n

(P ) = N−1Tr(P (Ei, 1 ≤ i ≤ n)). As a conse-quence, applying the large deviations result of [BAG97] to the diagonal matrices Di, we �ndthat there exists o(1) going to zero with ε such that
ΛN ≤ eN2

∑m
i=1 I(µi)+N2o(1) sup

d(µ̂N
Di

,µi)<ε

‖Di‖∞≤R

∫

µ̂N
{UiDiU∗

i
}1≤i≤m

∈ΓR(µ,ε,k)

dU1 · · · dUm

:= eN2
∑m

i=1 I(µi)+N2o(1)Λ1
Nwith for k greater than the degree of V ,

Λ1
N = sup

d(µ̂N
Di

,µi)<ε

‖Di‖∞≤R

∫

µ̂N
{UiDiU∗

i
}1≤i≤m

∈ΓR(µ,ε,k)

eNTr(V )−NTr(V )dU1 · · ·dUm

= e−N2µ(V )+N2ε sup
d(µ̂N

Di
,µi)<ε

‖Di‖∞≤R

∫

µ̂N
{UiDiU∗

i
}1≤i≤m

∈ΓR(µ,ε,k)

eNTr(V )dU1 · · ·dUm

≤ e−N2µ(V )+N2ε sup
d(µ̂N

Di
,µi)<ε

‖Di‖∞≤R

∫
eNTr(V )dU1 · · · dUm

= e−N2µ(V )+N2ε sup
d(µ̂N

Di
,µi)<ε,‖Di‖∞≤R

IN(V, Di)
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′
i in d(µ̂N

Di
, µi) < ε, ‖Di‖∞ ≤ R

∣∣∣∣
1

N2
log IN(V, Di) −

1

N2
log IN(V, D′

i)

∣∣∣∣ ≤ η(ε, R),with η(ε, R) going to zero as ε goes to zero for any �xed R. Hence,
lim sup

N→∞

1

N2
log IN(V, Di) ≤ F (V, µi) + η(ε, R)with F (V, µi) the limit of N−2 log IN(V, Ai) given in Theorem 5.7.1 when the distribution ofthe Ai converges to free variables with marginal distribution µi. We thus have proved, letting

ε going to zero and then R, k to in�nity, that
χ(µ) ≤

m∑

i=1

I(µAi
) − µ(V ) + F (V, µi).Conversely, we have

ΛN ≥ eN2
∑m

i=1 I(µi)+N2o(ε)Λ2
Nwith

Λ2
N := inf

d(µ̂N
Di

,µi)<ε,‖Di‖∞≤R

∫

µ̂N
(UiDiU∗

i
)1≤i≤m

∈ΓR(µ,ε,k)

dU1 · · · dUm

= e−N2µ(V )+N2o(ε) inf
d(µ̂N

Di
,µi)<ε

‖Di‖∞≤R

∫

µ̂N
{UiDiU∗

i
}1≤i≤m

∈ΓR(µ,ε,k)

eNTr(V )dU1 · · · dUm

≥ e−N2µ(V )+N2o(ε) inf
d(µ̂N

Di
,µi)<δ

‖Di‖∞≤R

∫

µ̂N
{UiDiU∗

i
}1≤i≤m

∈ΓR(µ,ε,k)

eNTr(V )dU1 · · · dUmfor any δ < ε. Now, choosing δ and using the continuity of µ̂N
{UiDiU∗

i }1≤i≤m
in the distributionof the uniformly bounded variables Di, we �nd by Corollary 5.3.3 and our hypothesis that

lim inf
N→∞

∫
µ̂N

UiDiU∗
i

,1≤i≤m
∈ΓR(µ,ε,k)

eNTr(V )dU1 · · · dUm

∫
eNTr(V )dU1 · · ·dUm

= 1which insures that
χ(µ) ≥

m∑

i=1

I(µi) − µ(V ) + F (V, µi).Thus we have proved that
χ(µ) =

m∑

i=1

I(µi) − µ(V ) + F (V, µi).Note that µ(V ) and F (V, µi) can be written in terms of the µk of Theorem 5.4.3 by Theorem5.7.1.
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Résumé :
Cette thèse étudie les liens entre modèles matriciels et modèles combinatoires. Il est connudepuis plus d'une vingtaine d'années, notamment grâce à des travaux en physique théorique,que formellement, le développement en la dimension de l'énergie libre de modèles proches duModèle Unitaire Gaussien pouvait s'identi�er en tant que série formelle à une énumérationselon leur genre de graphes plongés dans des surfaces.Nous prouvons que les perturbations du Modèle Unitaire Gaussien par un potentiel convexeà petits paramètres convergent vers la série génératrice de graphes dans la sphère. L'objetcentral qui nous permet de faire ce lien est l'équation de Schwinger-Dyson. Cette équationqui apparaît de manière naturelle dans les modèles matriciels peut être vue comme un typed'équation utilisé par Tutte pour énumérer des objets combinatoires. Nous obtenons ainsil'extrême régularité des limites de modèles de matrices et une structure supplémentaire auxénumérations combinatoires puisque celles-ci viennent de limite de probabilités sur les ma-trices.Ces résultats sont ensuite ra�nés. Tout d'abord à l'ordre suivant : la correction à laconvergence de l'énergie tend vers une série énumérant des graphes plongés dans le tore. Cettepreuve passe notamment par un théorème central limite sur la distribution des matrices.En�n, nous prouvons la convergence de tous les termes du développement de l'énergielibre vers des séries génératrices de graphes plongés sur des surfaces de genre de plus en plusgrand.Le second aspect de cette thèse est l'étude de modèle de matrices unitaires aléatoires ob-tenu en prenant de petites perturbations de la loi de Haar. Un des objectifs est la compréhen-sion de l'intégrale de Itzykson-Zuber pour de petits paramètres. Nous prouvons la convergenceau premier ordre d'intégrales unitaires et nous donnons une interprétation combinatoire de lasérie limite ainsi obtenue.


