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RANDOM MATRIX PRODUCTS AND
MEASURES ON PROJECTIVE SPACES

BY
H. FURSTENBERG AND Y. KIFER

ABSTRACT

The asymptotic behavior of | X.X,_,--- X, is studied for independent
matrix-valued random variables X,. The main tool is the use of auxiliary
measures in projective space and the study of markov processes on projective
space,

Let X, X;, X, - - - be a stationary stochastic process with values in the space of
m X m real matrices. Let || | denote a (Banach algebra) norm on the space of

these matrices. It was proved in [3] that if the expectation E(log" || X)) is finite,
then

(1) fim | XX, -+ X
exists with probability one. If the variables {X,.} are independent with common
distribution p, the limit in (1) is a constant (by the zero-one law) depending only
on u, say B (). Unlike the classical law of laxge numbers, the parameter 8(u ) is
not directly computabie as an integral with respect to the measure p. As a result
the behavior of B{ut) as a function of u is much more recondite and there are
still simple questions that are unanswered.

Here we return to a theme that was taken up in [2] expressing £ () in terms of
# and some auxiliary measures on the (m — I}-dimensional projective space.
These auxiliary measures will also enable us to study the asymptotic behavior of
the vector norrms || X,Xe - - - Xjv| for v €R™ As an application of our analysis
we present a stability result for B{u) with respect to perturbation of p.

We remark that since this paper was first written similar results have been
obtained by Hennion [4]. _ f
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The easiest way to prove the existence of the limit in (1) is to imvoke
Kingman’s subadditive ergodic theorem ([7]).

TaeoreM (Kingman), Let W, m,n =0,1,2,-- -, m < n be a family of real-
valued random variables satisfying

(i} The distribution of W, depends only on n —m.

(i) Form<n<p, Wy = Wo + W,

(i) The expectation E(Wo) is finite.

Then with probability 1, the expression (1/n)W,.. converges to a limit which may
-equal —oo.

" The law of large numbers for matrix norms now follows by taking W... =
log| X Xomh -+ Xora| -

A more precise result may be proved using Osoledec’s “multiplicative ergodic
theorem” {[8], [9]) which is a far reaching generalization of the results of [3].
According to Osoledec’s theorem, if X, X5;- -+, X.. - is a mairix valued
stationary stochastic process with E{log” | X; ) < =, then for almost every choice
of the sequence Xi, Xz, '+, X, - the limit of | XX, - X" as n—e
exisis for every vector o Here | | is any (Banach space) norm on R™. From this
follows the existence of lim || X.X.-. - - - Xi[[""

If the process {X.} is ergodic it is easy to see that im || X, X, - - - X[ is, with
probability 1, a constant. On the other hand, in the Osoledec result, if we write

@) Blw, v) =lm{| X, (@)X {w) - Xulw)o [,

for almost all ©, B{w,v) usually depends non-trivially on v. We may therefore
~expect that for fixed v, §(w,v) depends non-trivially on w. One result of our
. amalysis is that if the {X,} are independent then B{w,v) depends only on v.

- TuEorREM A. If the variables X, X5, -+, X,,, -+ - are independent and identi-
cally distributed in GL(m,R) and if E(log" | X:]) < oo, then

tim X+ Xoo [

 exists with probability one for every v ER", and is a constant depending on v and
on the distribution of X.

In [5] it 15 shown that S(u) is not a continuwous function of x with respect to
- the weak topology on probability measures p. Namely, one may have p, —p
weakly, with p., p probability measures on unimodular m X m matrices (with
- uniformly bounded support} and nonctheless
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€) B(p)>lim sup B ().

(The opposite inequality cannot take place!) We shall present here a family of
measures g for which the instability (3) does not occur.

We shall assume that u{non-invertible matrices} = 0. Then we can associate to
. the smallest closed subgroup G, C GL(m,R) for which (G} =1. Given a
sequence of probability measures {gu} on GL{m,R) we shall say that u. —pu

weakly and boundedly if [ fdp.~> [ fdp for all continuous functions f(g) with
compact support on GL{(m,R), and if

fugnw tog” gl dee (g)+f __log"llg Ml du(g)-—>0

lie™"1

as N — o, uniformly in k

TueoreM B. Let p be a probability measure on GL(in,R) for which G, has
the property that there exists at most one non-trivial subspace V CR™ for which
gV C V for all g €G,.. Then if px— p weakly and boundedly, we will have
Bl )— B (1)

1. Random walks and laws of iarge numbers

Let M be a compact metric space and let P(M) be the space of probability
(borel) measure on M. (M) is a compact metric space in the topology of weak
convergence. A continuous map M — @ (M) assigning to each x & M a measure

p defines a random walk on M. We define the corresponding Markov operator
by

P = [ £0)dme ()

and the adjoint operator P* is defined on #(M) by

P*r{A)= f M (A)dv(x)
for A a borel set in M.
A stochastic process {Z.,n =0,1,2,---} is a Markov process with ransition
probabilities {.} if
PZun €A | Zo, Zo, s Zn} = pz, (A).

The transition probabilities {z:. } are determined by the operator P and so we can
speak of a Markov process corresponding to P. The principal tool that we wili use
in our discussion is the following general result:

!
b
[
L

et e g e e Yoy =
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Tueorem 1.1. Let {Z.,u =0,1,2,-- -} be a Markov process on M corres-
ponding to the operator P on €(M) and let f € G(M). With probability one,

(1.1) lim supj—\?l_i_—1 i f(Z.)=sup {J fdv | v € P(M) satisfying P*v = V} ;

The proof of the theorem is based on a lemma which appears in {2] and which
we reproduce here for the reader’s CONVENience.

LevMa 12, Iff=g—Pg for some g & @ (M) then with probability 1,

1
1 S fE)0.

PrOOF. Let W= 2i.0(Pg(Z) — g{Z))f k. We have
1
B(Wor| Zos Zay -+, Ze) = Wa by BUPB(Z) = 8(Ze) | 20 2072 22)

_.——1 —_-—~—1 . ..
= Wn—i-n+1Pg(Zn)—n+1E(g(zn+1)!zu,zi, 2 Z)

= W.,
since by the definition of a Markov process
E(g(Z“.,_l)l Zoy Zn s L) = PE(Z0)

Hence {W, } forms a martingale which, by the boundedness of g(x), bas bounded
second moments. This implies that W, converges with probability 1, and by
Kropecker's lemma it follows that

2 {Pg(Zk)’ g(Zk-H)} = O(n)
k=1
and rearranging terms we have the assertion of the lemma.
Lemma 1.3, Let f &€ $(M) be non-negative. Then for any £ > 0 we can write
(1.2} f=Pg—g+th
where g, h € €(M), and where h satisfies

(L3) |2 |l = sup {J fdv | v € P (M) satisfies P*v = v} + &

ProoF. Let £ C €(M) denote the subspace of functions of the form Pg — g
Let & denote the distance of f to 2. By the ahn-Banach theorem, there exists a
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continuous linear functional on € (M) vanishing on £, having norm 1 and taking
on the value § at £ Thus there is 2 (signed) measure A with A | =1, P*x = A,
and ffdA =8. Now if we decompose A into its positive and negative parts
A=A"—A" we find P*A"—P*A"=A"—A", whence P*A = A", P*A = A~
which implies P*A" =A% Let vo=A"/|A7|]. Then P*wo=w, and ffdv.=
[ fdk = 8. By definition of § we can find Pg —g € & so that

If—(Pg—g)f-=8+e

Letting & = f —{Pg — g) we obtain the assertion of the lemma once we check
that

5 gsup“ fdv | v € P (M) and satisfies P*v = v} )

But since v = v, satisfies [ fdw, = & this concludes the proof.

To prove Theorem 1.1 we first note that adjusting f by a constant, we may
assume that f is non-negative. We then have the decomposition (1.2). Now
clearly

1 N
3 =
fim sup 377 "2 nZ)=|Al

=0

and so by {1.3) we complete the proof of the theorem.

Note that in the course of the proof we have also established the existence of
measures p with P*y = ». This was based on the Hahn—Banach theorem. One
can also prove this using an appropriate fixed-point theorem. In any case, the set
on: the right of (1.1) is non-empty.

THEOREM 14 Let {Z,,n=0,1,2,---} be a Markov process on M corres-
ponding to the operator P and let f € € (M) be such that for all v € (M) for
which P*v = v the integral { fdv takes on the same value f. Then with probability
one

i

N+14

Mz

flZzy—f

0

as N— o,

This follows from Theorem 1.1 applied to the functions f and —f.

2. ‘Fhe behavior of [ XX, .-~ Xiv|

We shall apply the results of the foregoing section to the following situation.
Set G = GL.(m, R), the locally compact group of invertible m X m matrices, and

ey v ]
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let P denote the (m — 1)}-dimensional projective space. We suppose we are
given a probability measure g on G, and we suppose for the moment that u. has
support on a compact subset Q CG. Let M= Q X P

We may identify P™7' with jines through the origin in R™ and since the
matrices of G send these lines to themselves, we have a natural action of G on
P™'. For g& G and u € P™ ' we shall indicate this action by gu. Lei
X, X2, X, --- be a sequence of independent identically distributed G-
valued random variables with distributions w. The sequence of M-valued
variables

Zo={2,u), v= (XL Xou), Za={X, XaXul, -

2
(—-1) z. =(Xn,Xan-|“‘XiH)

defines a Markov process on M corresponding to the Markov operator

0.2) P(ex)= | f(s" gx)an(g)

and

EWHZ) | Zon Zon -, Zoy = E(F (X, XX - Xau) | X0, X))

=J g g’ X - Xow)dp(g") = Ff(Z.-0).
Let A be a measure on M satisfying P*A = A. By (2.2)
3 [ fan = [ prar = [ 1t 8)du@)a )
where v is the projection of A on P, Xf fig, x)= ¢(x) then

[ o= an = || otemiau(enane.
For any v € P (P""") define psv by

J pdp * v =” ¢ (gx)dp (g rdv{(x).

We say that v is p-stationary ii p+v =1 Note that if ¥ is a P™ '-valuec
random variable, and X is a G-valued random variable independent of ¥ and i
X and Y have distributions @ and » respectively, then XY has distributior

HoE
I conversely v is a p-stationary measure and A is defined by
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4 [ 10 =[] e grraiutrano)

then P*A = A. For

[ s = o
~ [ ] #rts sordut@are)
_ j J j f(g's &' gx)dpu(g")dp(g)dv (x)
- [ 1tggIan(eHan(e)

=de)\_

We thus obtain a one-to-one correspondence between A € P (M) with P*A =
Aand v EPPT ) with p*v =

For u € P™" let # ER™ denote any vector # 0 on the line through the origin
corresponding to u. For any g € C the expression || ]|/]| g™ i || depends only on g
and u. We can therefore define a continuous function on M:

plgu)=logllall/lg"al.

Consider now the averages

i &
NIl 21) p(Za)-
We have
p(Zo)+ p(Z)+ -+ p(Zw) = (log | X[ —logll &)
+(og|| X2 Xl - log| Xaa )+ -
+ (log | XuXus - - - Xadi |
~log || Xy Xw-z -+ Xatt{])

=log| XnXn_--- Xt | —logllal-
Consequently

R 1 .
N7 2 P = g ogl XaXs - Kotk |+ O (D).
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We wish to apply Theorems 1.1 and 1.4. We use the correspondence between )
and P*X = A and p-stationary v and we find that if A corresponds to v, then

[ o@marw = [ s ge)dni)ar)

= [ [toglige 1 )v )

We can now formulate the result.

. Tueorem 2.1. If u is a measure of compact support in GL(m,R) and if {X,

is a sequence of iLid. random variables with values in GL(m,R) and wifl
distribution p, then for any v ER™ we have with probability one,
fim sup UN log|| XuX—y - - - Xh0 ]|
N—sree
2.5) .
=sup {JJ loguﬁgﬁu dir (g)dv(u) [ vEPP " Nandp v = y} ;

Moreover, if for all p-stationary measures v the expression

[ ] r0g 8l au gy

takes on the same value B, then with probability one

1
(2.6) ﬁ IDg ”.XNXN—1 o le ”—> B
it v, - -+, 0. form a basis of R” we can identify || g || with max [/ go: ||. (Note tha
any two norms || [, | i either on matrices or on vectors will satisf
(I I/l "™ —1.) Theorem 2.1 implies a corresponding result for the behavio
of

1
~ log || Xudv—s - - XulL

But we shall immediately see that a stronger statement can be made here.

Let » be some p-stationary measure. Let U be a P™ '-valued randon
variable of distribution » defined simultaneously with the i.i.d. sequence {X,
and assume it is independent of ali the latter. Now define

Zn= (Xn,Xanﬂ e X Un)v

Z%is again a Markov process corresponding to the Markov operator P. If we s¢
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U, =X.X,_,-- - X Uy we see inductively that the distribution of U, is again V =
since U, = X,U,., and X, and U,._; are independent. Tt follows that Z,.=
(X,,17.) is a stationary process. (A Markov process with stationary transition
probabilities is stationary if the individual distributions remain the same.) We
now apply the ergodic theorem to conclude that with probability one,

2.12) J Hogflg{l+1og flg " ldr(g) <=

Let G denote the one-point compactification of the locally compact group
GL(#1,R) and set M = G X P™ . On M we define transition probabliltles as
before, settmg

-1% logll XaXown -+ X, Uyl —>

.7 Pf(gx) = [ 1188 )du(@)

“iforall g € G. For each positive T < » we consider the function pr(g, ) defined
as before by log(lli[[/]lg &) for | g|l, [¢7*|= T and extended continuously to
all of M with the same bounds. At the same time consider p(g u)=

log(llall/| g4 |) defined on G x P™' C M. Form {Z,} as before. Then

. where g is a random variable satisiying

8  E@)=E@(X XU = Elog X0l | [ tog %%ﬁ{l du(g)dv ().

Now p must take on values = E(p) and so with positive probability

1 i
N 77 2 eZ) T pr(Z)
. 1
(29) i sup 10| XX - Xa| Z E(p) = f J log %3%"“ dp(g)dv(w). 213 ‘ N+ N+l

= {Jog" || 2G| +log" | XM |+ log T)e, (X
The liminf in question is measurable with respect to the tail field of {X..} and so N +1 2, (og" X 'l | 8TNr (Xe)
by the zero-one law it is a.e. constant. Thus (2.9} holds with probability one.
Moreover, the expression to the left in (2.9) does not depend on the choice of ».

If we now set

‘where Br =1{g ]max{i Igll,[lg™*|} > T}. By the ergodic theorem for the process
{X ! the right-hand side of (2.13) converges to the hmit

[, tog'bgl+iog I~ du(e) + og Tu(Br)
10) g =swp{ [[ gl du@rav|s €@, 00 = 1) ) o

52 [ ogllgl+log g Do)
then

By (2.12) this — 0 as T-> . It follows that for large T, the asymptotic behavior
lim inf % [ XuXs - - - Xo[ Z B(w). f || XoXn—1 - - - Xsv || can be estimated by integrals of pr with respect to measures
“A satisfying P*A = A. Comparing p with pr we find that

Comparing this with (2.5) we obtain . -
‘jpdh—fprm‘éj (log"ligll+log g™ | +log T)dp(g)
THEOREM 2.2.- If pu is a measure of compact support in GL{m, R} and if {X.} Br

is a sequence of independent identically distributed GL{m,R}-valued random
variables with distribution u, then with probability one,

hich converges to zero as T — . The result is the following

TeEOREM 2.3. The conclusions of Theorem 2.1 and Theorem 2.2 are valid 1f
he measure y. satisfies

@.11) lim - log | XXt -+ Xl = B(e)
[ togtiigl+1og" s Nl (g) <.

where B{p) is defined by (2.10).

The foregoing results may be extended to the case of non—compacﬂy sup-
ported measures g provided some boundedness restriction is imposed. We shall
assume u satisfies ;

The filtration of R™ for random mairix predacts

We consider a fixed measure p on GL(m,R) satisfying (2.12). For any
~stationary measure » on P, let () be given by
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i
a0y = | [ 4 augrav o
We have

Bu)=supla(v)|v EPP™ and p v =},

We shalt speak of B(u) as the rate of growth of the matrix products for p.
Let N denote the compact convex subset of @(P™"') consisting of u-
stationary measures. To each » € N we can attach a stationary Markov process

Zi= (X, X Xoca - X1 Uo)

where U, has distribution ». Assume that Z7 is an ergodic process. Then with
probability one

N T U .
lim =g 2 P20 =lim 57 log | XaXn s -~ - X U

G.1) -] 1og”"%}E dyu(g)dlv (u)
= a(r)

by the ergodic theorem. We formulate this as follows:

LemMa 3.1, If v €EN is such that Z) is ergodic, then for v-almost every
direction u, if v ER™ ™ is a vector in the direction u, then

1

~ ol XX -+ Xov || = a(w).

LemMa 3.2. The measure v with Z, ergodic are just the exiremal points of N.

ProoF. [Itis readily checked that if v is non-extremal then £ is non-ergodic.
For the converse direction we use the fact that the invariant functions for a
stationary Markov process {Z} have the form ¢ (Z}) for some function ¢ on the
state space ([1]). Since ¢ can be assumed to take on the values 0, 1, there will
exist sets A C G x P™ " such that 0 << A{A) < 1 where A € % (M) corresponds 0
vy E@(P™), and with (g, g'x)E A for all (g, x)E A for p-almost every g'.
Then ¢learly A depends only on the second component: A =G X A’, with
g'A'C A'forae. g' € G. We have 0 << v(A") < 1 and the restriction of v to A’ is
a p-stationary measure. This shows that v is not extremal.

Lemma 3.3. B(u)=supla(v)|» €N, v extremal}.

- At e T T TR
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Proog. This follows from the Krein—Milman theorem which asserts that a

of N is spanned by extremals.

Suppose now that for ali extremal measures v & N we had a(v)=p for
fixed 8. Then 8 = B(u)and by Theorem 2.1 we would have with probability on

1
(32) lim - log | XaXu-r -~ Xio | = B(r)

for all € R™. If on the other hand (3.2) is not valid for all 4, there must exist z

extremnal measure » with o ()< B{(u). Lemma 3.1 is valid for this measure

and we obtain a set of vectors » for which with probability one

% log | XsXuos - - Xot | ().

For any subspace L CR", let I. denote the corresponding set of points
P™', ie., the set of all directions represented in L. Let L be the set of vectors
for which
(3.3) lim sup !

N+ I\r

fog|| XnXnor - - Xav | = alw)

Lolds with probability one. L is clearly a subspace of R™ and by Lemma 3
(L) = 1. On the other hand since & ()< B(u), by Theorem 2.2 it is clear that
is a proper subspace of R”. So if we let L. denote the minimal subspace for whi
v(L,)=1, then L, C L, so that L, is & proper subspace of R™ and (3.3) is valid{
all v &L,

Lemma 3.4, If v is a p-siationary measure and L. is the minimal subspace
R™ for which v(L.)=1, then gL, = L. for p-almost every g € GL{m,R).

PROOF. Since v is j-stationary

WD)=pr (D)= | vlg™ Didute):

If this is 1, then »(g 'L)=1 for a.e. g. But then g 'LDL andso gL =1L

Let us say that a subspace L CR™ is p-invariant if gL = L for p-almostev
g €GL(m,R). We now have

THEOREM 3.5. Assume the measure y, satisfies the condition of Theorem |

Then either for every v €R™ and with probability one

(32 biS) lim %;T‘ logHXNXN_1 = XIU H = B(j.{.),
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or for some proper p-invariant subspace L C R™, for every v €L,

G4 fim sup o7 log] XaXiv 1+ Xio | = o

where « < B{p), again with probability one.

If L is a g~invariant subspace of R™ then for p-almost every g we obtain a
transformation g ] I of L — L. Thus p determines a measure g on GL{L). For

2]

each p-invariant subspace L C R™ we then have a rate of growth B {je.) which
can be characterized as the infimum of & for which (3.4) holds.

We note that B(pr-r-) = max{B{u.), B(pe-)} if L', L” are both p-invariant
subspaces. It follows that if there exists any subspace with B )< B{p) then
there is a unique maximal such subspace. We denote this subspace by L.

The alternative presented in Theorem 3.5 is that either (3.2) holds with
probability one for every vector v €R™, or L. is a non-trivial subspace of R™.

Once again let L be a p-invariant subspace of R". For p-almost every g
gl C L and g induces a transformation of R™/L. —R"/L. Thus . determines a
measure gipme 00 GLR™/L).

LeEMMA 3.6, If L is a p-invariani subspace of R™
B () = max{B(p.), B (Hem -
Proor. Choose a basis of R™ whose initial vectors form a basis of L. The

matrices g in the support of g have the form
_ (8 8z
& ( 0 gzz)
where g; are submatrices, g corresponding to the restriction of g to L and g=
corresponding to the action of g on R™/L. Forming the product Xy, Xy_y- -+ X,

of matrices in this form, and identifying 8(u) with the rate of growth of the
random product, we see immediaiely that

(3.5 Blp )= B(r),  Blpen)=B(p).

Now suppose that both of these inequalities are strict. Consider the product

(XzNva—l Tt XNH)(XNXN—I Tt Xl) = (%N g;) ( ON B‘,B,) .

N,
Let & >0. When N is large, then with probability close to one we will have
JAKLIARES e, BB S e,

[CHL I CHl = et ometmmo),

s i e e, o

Vol dh. [UN3 RANDOM MATRIX PRODUCTS 2!

Hence with probability close to one,

Xy Kanes -+ X 5 0Pt s,

+e Urr)N(B (e )+ B (= )] (1+fEN({5€HJ+tJ(.uHm,,_)‘

+e
But this is also larger than ¢~ "™ which shows that both inequalities in (3.5
cannot be strict. This proves the lemma.

2

LEMMA 3.7. With L, defined as above (L, may be {}), the measure pemy ha

the property that with probability one
1 _ —
~ gl XX - Xz = flu)
for each z ER™/L,, where for g € GL(m,R) with gl.. = L, we denote by g th
induced transformation on R™/L..

Proor. We can write, with a harmless abuse of notation,
Y. Z
x =X Zn
(v %)

where ¥, denotes the restriction of X, to L,. By Lemma 3.6, since B (uc)-
B(;2) we must have 3(peme)= B(u). Now apply Theorem 3.5 t¢ pem,- If th
assertion of Lemma 3.7 were not true, R™/L; would contain a proper subspac
with a rate of growth < 8(gem~w,)= B{p). We could then write

Y. Z. Z.
X.=|0 xi X
¢ 0 X7

where the random products of X have smaller rate of growth than 3{x). Bt
also Y, leads to a smaller rate of growth since B({p. )<< B{p). The same

(¢ %I
0 X5

according to Lemma 3.6. But this would contradict the maximality of L. Th

therefore true of

proves Lemma 3.7.
This leads to

PrOPOSITION 3.8. For any v €R™ with v& L,

lim. % log | XnXn-1- - Xl

exists with probability one and equals B{(x).
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Now L, is invariant with respect to the matrices in the support of u. We can " Note that since for extremal measures a(¥) can take on only finitely many
carry out the same analysis for L, as we did for R™ and we find a proper subspace
L, C L, containing all the p-invariant subspaces with B (gt )< B{p)- For any .

v € Lo\ L, we will have

values, the supremum

B(w)=supla()|v SR (P, prv =1}

is attained for some extremal ». Moreover, any v for which v(L,) =0 will satisfy

lim'];log"XNXN—]“'XiUn:B(H’Ll)' (r)= B{p). We have
a(r)=Bg{p)-

N

We repeat this procedure till we have exhausted R™ The final result is the .
following

. COROLLARY. There exist u-stationary measures on P (P™7Y) satisfying v(L.) =
.0. For any such measure

TueoreM 3.9. Let p be a probability measure on GL(n, R) satisfying (2.12).
There is a sequence of subspaces

[ [ roe 8 duceraviy=p
OCL,— CL,HC"' CLzCL] CLu':-Rm

and a sequence of values B(p)=B"(p)> B'(n)>p ()= > B uy such

. 4. Perturbation of random matrix product
that if v € L:\Li a1, then with probability one

We let u be a probability measure on GL{m,R) and, as in the preceding
section, we say that a subspace L CR™ is p “pvariant if gl = L for almost all
g € GL{m, R) with respect to p. We denote by u. the induced measure on the
* proup of linear transformations of L. The growth rate B () is defined by (2.11).

.1 i
,lfwl;nmﬁ log "XNXN—] - X " = ;8“)(1”' )-

The subspaces {L;} and the growth rates $“(u) are related to the extremal
g -stationary measures v in the following way. By Lemmas 3.1 and 3.2 we know.

. . . ProPOSITION 4.1. Assume that for eve _invariant subspace L #{0} of R™
that if » is an exiremal p-stationary measure then f Y u P {0} of

we have B(uc)=B(un). Let {u} be a sequence of probability measures on
af{ry= J‘J log Hﬂggﬂl du(g)dv(u) " GL(m, R) safisfying

B ] ) ) -+ + + ~1
is the growth rate for some vector v. Therefore by the theorem a (v} = 8 “{() for 1) Jugl\>r log7lg s (8) Lg-!nw log"llg™" ldp(5)—0

some i Since this growth rate characterizes the vectors of L\ Lix we must have’
v(L\Le) =1, or »(£) =1, v(L) =0.

Thus for extremal _u,—stationary v, the functional « (v} can take on only the.wa
values B°(w), B'(1), - -, B (1), Consider all the measures v with (v} :

BP(w), and let & be the set of all subspaces L with »(L)=0 for these ». On
each such subspace the growth rate is < () and therefore the same is true of
the sum. These considerations lead to the following

.as T—> oo uniformly in k. If . — . weakly, Le., If for all continuous functions flg)
of compact support [ fdp. — [ fdu., then B )— B(u).

_ Proor. Bythe corollary to Theorem 3.10, for each measure p, there exists a
measure v, on P™ ' with p = . = v and such that

Bl = f J tog WAL du (g)dvs ()

TueoreM 3.10.  The subspaces {L;} and the () of the foregoing theorem
can be obtained as follows. As v ranges over all exiremal p-stationary measures,
there are finitely many values of a(v) that can occur. These values are B{u)=
Bou)=BYu)>---> BY(n). Let & be the set of all p-invariant subspaces
satisfying v(L) =0 for all v with a(v)> B(1t.). L is thus the sum of all subspaces
in %, and it is the unique maximal element of Z.

Passmg to a subsequence one can assume, without loss of generality, that the
‘sequence ¥ COMVErges weakly to a measure »* on P™ 1. It is easy to deduce
from the equalities pu * % = v that p*v*= v*

Now apply Theorem 3.10 to the measure p. Smce by hypothesis 8 (u. )= B {4}
“for each p-invariant subspace L CR™ the filtration {L:} corresponding to g
“must be trivial, having only the subspaces {0}, R™. Hence for every extremal
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j-stationary measure v, «(v)= B(it) and so too for all w-stationary measures.
In particular

i .
| [ 108 88 duigra @) — o).
On the other hand, if pe — g, ve— r*, and (4.1) holds uniformiy, then

lga leal .
JJ log Ta] duk(g)dvk(u)—}JJ log la] dp(g)dv*(u).

This proves that 8 (e )— B (1) and thus completes the proof of the proposition.

In particular, if the measure g is supported on a subgroup G, CGL{(m.R)
which is irreducible, then 8 () is ““stable” in the sense that small perturbations
of . subject to (4.1) lead to small changes in 8(x). We can deduce the same
result under the milder restriction that G, possess at meoest one non-trivial
invariant subspace. For suppose that L is the unique p-invariant subspace, and
decompose the matrices g € G,. into the form

—{8n glz)
g ( 0 g2
with g, the restriction of g to L and g the induced translormation on R™ /L. By

Proposition 4.1, if 8(x.)= B{u) then we have stability. On the other hand, if
Blu )< B{u), then by Lemma 3.6, B{pe~)= B(1). Now consider the trans-

posed matrices
[p— [811 O )
& ([gu [gzz

and the corresponding measure ‘u. There is a unigue non-trivial ‘w-invariant
subspace, L™, and the restriction of 'g to this subspace is given by 'gz. Now if we
regard B (g as a rate of growth of matrix products it is clear that S{u)=8(r)

and for the same reason B (e~ ) = B 1ee). Since Blue~ )= B{u), it follows
that for ihe non-trivial 'p-invariant subspace L*,

BCa,)=pCu)

Apgain we can apply Proposition 4.1 to conclude that we have stability for “p. But

clearly this is equivalent to stability for u. This proves Theorem B of the
Introduction:

Tueorem B.  Let p be a probability measure on GL{m,R) and let G, be the
smallest closed subgroup of GL(tn, R) which supports the measure p. If G, has the
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property that there exists at most one non -trivial subspace V CR™ for which
gV C Vforg € G, then whenever p, — p weally and boundedly, B(ju)— B{1).

A variant of Theorem B is the foilowing result.

Tuscrem B.  Let o be a probability measure on GL(m,R) and let G, he the
smallest closed subgroup of GL(m,R) which supports the measure j. Let V C R
be an invariant subspace for G, such that V is contained in any other invariant
subspace. Assume that B{pv)=p{p). Then whenever p.— weakly and
boundedly, B(pi)— B(1).

Clearly, the hypotheses of this theorem imply those of Proposition 4.1.

A relevant example is where G, consists of all the matrices

21 g2 8u
g=10 gn .
0 0 Exn

Let v = [log|g:|du(g) for i =1,2,3. We claim that if either v, or s 1s the
largest of the three numbers 1, 2, = then we will have stability in the sense of
the foregoing theorems. For if v, is the largest of the three, then the conditions
of Theorem B’ are fulfilled for p. On the other hand, if s is the largest, the
conditions of Theorem B’ are fulfilied for the transposed measure ‘u, and since
B(uw) = B(n), we obtain the same result.

Consider now the case m =2. There are three possibilities as regards the
invariant subspaces for (... Either there are no non-trivial subspaces, or there is
just one, or there are two invariant subspaces. (We omif the trivial case of scalar
matrices.) In the first two cases we will have stability of 8 () by Theorem B.In
the third case there need not be stability, as the example of [5] shows. Namely,
we can suppose that g is concentrated in diagonal matrices

— Eu O)
g (0 B ’

flogigddu(g)#J log|gx»|du(g)

Suppose

and let g, ={1—e)u + 8, where & is the point measure attached to the
element k which we take to be
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One verifies that . has a unique stationary measure on ? and one is led to the
formula

ﬁ(m):%u loglgnid#(gﬁj logigzzidu(g))-

On the other hand, it is clear that

() = max (J logiguldu(g),f‘loglgzzidu(g)) .

so that although p. — p as ¢ =0, B{(u.)+> B{r). Finally if

[ 108l galan(@) = [ 10818l dunte)

then the conditions of Proposition 4.1 are satisfied, so that in this case we do,
indeed, obtain stability.

For m == 3 we have a more specialized result. Suppose the matrices of G, have
the form
gn &1z Zi3
g~ ( 0 z= 813)
0 0 8aa
and that for some g € G,., g7~ 0, g»7#0. Then if

Jlongnldn(g)émax U log | g|du(g), f 10glgss!du(g)}

we can verify the conditions of Theorem B’. Thus in this case we will have
stability.

For further discossion of stability with more restrictive conditions of con-
vergence pyx — g we refer the reader to [6].

5. Appendix. Comparison with the Oseledec decomposition

In {8} Oseledec studies the rate of growth of products X, X._,--- Xiv for a
stationary process {X.}. This includes the situation we have studied, but the
results are not quite the same. Oseledec considers the sequence {X.} fixed and
regards the growth rate of | X.X,_.--- Xiv| as a function of v. This leads to a
“random’ decomposition of R™ exhibiting different growth rates.

To illustrate the situation let us take an example when u is concentrated on
upper-triangular 2 X2 matrices

T

R T AT TR

S—

T

R ™

R AT T

W
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Let @ = Elogja:| and b = E log|bi|. According to [8} a and b will be twe
characteristic exponents and they have corresponding directions with approx
mately e™ and e™ rates of expanding (contracting).

The mairices X; have the invariant subspace

e={G))-

a, a) E dn "‘ﬂkﬂcabk—r"bl)
k=1
G0 Y, =X. - Xi = 0 b.--- b .

Clearly,

If a < b, then all vectors of I' grow with the speed e™, but any vector y &1 grow
as ¢™, ie.,

a ityel,

{5.2) Iirﬂ%IOgHXn"'Xl}’“g

b ityel.
In this case the filtration given by Theorem 3.9 is the same as in [8].

If @ > b then one direction in Oseledec’s theorem is I and it is non-randor
This direction correéspends to the growth rate of e™. From {5.1) it is clear that d
direction corresponding to the growth rate e™ is determined by the vector

)

Z_ S L M)(E)
Za kz—l di (dk—l &
and it is random. Tf I is the only invariant subspace with respect to all g & supy

(which is the generic case) then by Theorem B for any v SR™ with t
probability 1,

with

(5.3)

h_mﬂ% log| X, - Xiv|=a
and so the direction (5.3) coincides with a fixed direction with probability
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CENTRAL LOCALIZATION AND
GELFAND-KIRILLOV DIMENSION

BY
S. P. SMITH

ABSTRACT

Let R be a factor ring of the enveloping algebra of a fimte dimensional Lie
algebra over a field k. If the centre of R, .Z, consists of non-zero divisors in R,
the ring R obtained by localizing at the non-zero elements of Z becomes a
finitely generaied algebra over the figld K which arises as the field of fractions
of Z. The Gelfand—Kirillov dimension of an R-module M is denoted d{M). In
this paper it is shown that i R,®-M#0 then d{M)=
d(R, (x M) +1r. deg, Z, where d(R, ) M) 1s the Gelfand-Kirillov dimension
of R, @ M viewed as an R.-module and R, is viewed as a finitely generated
K-algebra (not as a k-algebra). The result is primarily of a technical nature.

1. Infroduction

1.1. R will be a finitely generated algebra over a field k of characteristic zer
Let E be a central subring of R containing k with the property that ever
element of E is regular in R. Let R; denote the localization of R at E (that 1
R is the ring obtained by inverting the elements of E). The ring Re will nc
generally be finitely generated as an algebra over k, but will be a finite!
generated algebra over the field K which arises as the gquotient field of tk
integral domain E. Such a situation is typical if R is a prime factor ring of a
enveloping algebra of a finite dimensional Lie algebra, or a prime factor ring «
the group algebra of a polycyclic-by-finite group.

If M is an R-module it is natural to look at the Gelfand—XKirillov dimension «
M (denoted d(M)) over the field k (that is, the vector spaces in the definition «
d{M) are k-vector spaces); we shall write dp (M) for the Gelfand-Kirilic
dimension of the R-module M, viewing R as an algebra over k. Put.§ = Re ; it
is an S-module it is natural to look at d{N) by viewing N as an S-moduie and
ag an algebra over K; we shall write ds(N) for the Gelfand-Kirillov dimensic
of the $-module N, viewing S as an algebra over K (not as an algebra over k).
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