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Stability structure Introduction

Sufficient condition for stability of LB schemes

Stability-structure for collision operator: → [Junk & Yong, 07 ] and [MRh, 08 ]

i) BJ = −diag(λ1, ..., λq)B

ii) B>B = diag(b1, ..., bq)

iii) λk ∈ [0, 2] for all k ∈ {1, ..., q}







B invertible

Question: BGK collision operators with stability-structure

−→ MRT collision operators with stability-structure?

JBGK = 1
ω(G− I) ↔ JMRT = A(G− I)

Properties of A:

kerA> = ker(G>− I) = kerJ>
BGK (⇒ JMRT has same conserved moments as JBGK)

symmetric (A = A>) and positive semidefinite
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Stability structure Construction of collision operators

J admits stability structure ⇔ JD = DJ>
(D diagonal & positive definite)

Construction: BGK → MRT [MRh, 08 ]

1) G = WS (positive definite & diagonal weight matrix W , symmetric S)

2) no specific assumptions: JBGKD̃ = D̃J>
BGK

(G−I)D̃ = D̃(G−I)> A(G− I)
︸ ︷︷ ︸

JMRT

D = D (G− I)>A
︸ ︷︷ ︸

J
MRT>

A, D =?

JBGKD̃ symmetric

D := D̃

}

⇒ [A, JBGKD̃] = 0

A symmetric ⇒ eigenspaces of A = eigenspaces of JBGKD̃

kerA> = ker
`

JBGKD̃
´>

= ker
`

DJ>
BGK

´

⇒ kerA> = kerJ>
BGK

Observe: spec(JMRT) = spec(A)
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A short reflection

• Advantage of MRT w.r.t. BGK:

more parameters ↔ more flexibility

⇒ Hope to improve stability bahavior.

• However, modification → consistency check.

Does the algorithm still what it is intended to do?

• Example to be studied exemplarily:

D1Q3 lattice Boltzmann algorithm discretizing
advection diffusion equation.

→ admits advection velocity as additional parameter affecting stability.
eee := (1, 1, 1)> ccc := (−1, 1, 0)>
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Consistency analysis Regular expansion

LB equation: f̂k(t + h2, x + ccckh) = f̂k(t, x) +
[

Jf̂̂f̂f(t, x)
]

k

Collision and equilibrium operator:






J = A
︸︷︷︸

relaxation

(

G
︸︷︷︸

equilibrium

− I
︸︷︷︸
identity

)

J = Jd + hAGa

Gfff := Gdfff + hGafff := 〈eee,fff〉www + ahθ〈eee,fff〉cccwww for fff ∈ R
3

Regular expansion: f̂̂f̂f
︸︷︷︸

discrete arguments

= fff (0) + hfff (1) + h2fff (2) + h3fff (3) + ...
︸ ︷︷ ︸

continuously varying arguments

Taylor expansion:
[

f
(j)
k (t + h2, x + ccckh)

]

k∈{1,2,3}
=
∑

α

hαDα(∂t, ccc∂x)fff (j)

Dα(ϑ, ς) :=
∑

2β+γ=α

ϑβςγ

β!γ!

D0(∂t, ccc∂x) = 1, D1(∂t, ccc∂x) = ccc∂x, D2(∂t, ccc∂x) = ∂t + 1
2ccc

2∂2
x,

D3(∂t, ccc∂x) = ccc∂x∂t + 1
6ccc

3∂3
x, D4(∂t, ccc∂x) = 1

2∂
2
t + 1

2ccc
2∂2

x∂t + 1
24ccc

4∂4
x
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Consistency analysis Comparison of coefficients

Equating terms of order h`:

h` : Jdfff
(`) = −AGafff

(`−1) +
∑̀

j=1

Dj(∂t, ccc∂x)fff (`−j)

h0 : Jdfff
(0) = 0

h1 : Jdfff
(1) = −AGafff

(0) + ccc∂xfff
(0)

h2 : Jdfff
(2) = −AGafff

(1) + ccc∂xfff
(1) + ∂tfff

(0) + 1
2ccc

2∂2
xfff

(0)

• Discussion of eqn. (h0)

fff (0) ∈ kerJd = kerA(Gd − I) ⇒ fff (0) = ρ(0)www with ρ(0)(t, x) =?

• Discussion of eqn. (h1)

solution exists ⇔ RHS ∈ imJd ⇔ RHS ∈ (kerJ>
d )⊥ = span(eee)⊥

0 = 〈eee,−AGafff
(0) + ccc∂xfff

(0)〉 ⇐ fff (0) = ρ(0)www.

Formal solution:







fff (1) = ρ(1)www + J
†
d

(

−AGafff
(0) + (ccc∂xfff

(0))
)

= ρ(1)www − aθρ(0)J
†
dA(cccwww) + ∂xρ(0)J

†
d(cccwww)

J
†
d

= pseudo-inverse of Jd. 5



Reminder The pseudo-inverse

J : R
q → R

q not invertible (neither injective nor surjective)

Jxxx = yyy difficulty:

{
yyy ∈ imJ ⇒ not unique solution
yyy 6∈ imJ ⇒ no solution �

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�

xxx = J−1yyy

Best approximate solution of minimal norm:

xxx ∈
{

aaa : ‖Jaaa− yyy‖ = minzzz ‖Jzzz − yyy‖
}

=: A, ‖xxx‖ ≤ ‖aaa‖ for all aaa ∈ A

Pseudo-inverse: J†yyy := xxx (well-defined & linear)

Explicit construction: J |(kerJ)⊥ =: J̃ : (kerJ)⊥ → imJ (invertible restriction)

J † = Ẽ(kerJ)⊥ J̃−1 P̃imJ J = ẼimJ J̃P̃
(kerJ)⊥

Some properties:

yyy ∈ imJ ⇒ exact solution J†yyy + kerJ

J†J = P(kerJ)> ∈ End(Rq) but JJ† = PimJ ∈ End(Rq), (AB)† 6= B†A†

Subspace V ⊂ R
q, orthogonal projector P̃V : R

q → V , embedding ẼV : V → R
q. 6



Reminder The pseudo-inverse (cont.)

• J symmetric: J = J>
(orthogonal eigenspaces)

kerJ = eig(J, 0) ⊥ imJ ⇔ ker(J)⊥ = imJ (⇒ J†J = JJ† = PimJ )

J = M diag
(
0, ..., 0, λ1, ..., λdim(im J)

)
M−1

⇒ J† = M diag
(
0, ..., 0, λ−1

1 , ..., λ−1
dim(im J)

)
M−1

(M−1 = M>)

⇒ J† symmetric

• J projection: J = J2
(BGK: Jd = 1

ω(Gd − I))

Two possibilities for solving Jxxx = yyy ∈ imJ

i) xxx = yyy + kerJ (yyy ∈ imJ ⇔ yyy = Jzzz ⇒ Jyyy = J2zzz = Jzzz = yyy)

ii) xxx = J†yyy + kerJ

yyy − J†yyy ∈ kerJ ⇔ Jyyy
︸︷︷︸
=yyy

−JJ†yyy
︸ ︷︷ ︸

=yyy

= 000
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Consistency analysis Target equation & transport coefficients

Jdfff
(2) = −AGafff

(1) + ccc∂xfff
(1) + ∂tfff

(0) + 1
2ccc

2∂2
xfff

(0)

• Discussion of eqn. (h2)

Solvability condition for fff (2): RHS ∈ imJd ⇔ RHS ∈ (kerJ>
d )⊥ = span(eee)⊥

0 =
D

eee,−AGafff
(1)

+ ccc∂xfff
(1)

+ ∂tfff
(0)

+ 1
2ccc

2
∂

2
xfff

(0)
E

=
D

eee,ccc∂xfff
(1)

+ ∂tfff
(0)

+ 1
2ccc

2
∂

2
xfff

(0)
E

↓↓↓ fff
(0) = ρ(0)www

fff
(1) = ρ(1)www − aθρ(0)J

†
d
A(cccwww) + ∂xρ(0)J

†
d
(cccwww)

0 = ∂tρ
(0) − aθ

〈
ccc, J

†
dAcwcwcw

〉

︸ ︷︷ ︸
advection velocity

∂xρ(0) +
(〈

ccc, J
†
dcwcwcw

〉
+ 1

2θ

)

︸ ︷︷ ︸
−diffusivity

∂2
xρ(0)

⇒ ρ(0) has to satisfy a drift-diffusion equation.

• Turns out:

Transport coefficients (almost) independent of specific A and thus of Jd.
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Consistency analysis Evaluation of transport coefficients

• A =
( · · ·· ω ·· · ω

)
or A = ωI ⇒ J = 1

ω(G− I) (BGK)

〈ccc, J†
dAcwcwcw〉 = −〈ccc, cwcwcw〉 = −1

θ, 〈ccc, J†
dcwcwcw〉 = − 1

ω〈ccc, cwcwcw〉 = − 1
θω

• A = M−1
( · · ·· ω ·

· · λ

)

M M :=

(
eee>

ccc>

(ccc2−1
θeee)>

)

=

(
1 1 1

−1 1 0

1−1/θ 1−1/θ −1/θ

)

M has W -orthogonal rows ⇒ J
†
d = −A†

〈ccc, J†
dAcwcwcw〉 = −〈ccc, A†Acwcwcw〉 = −1

θ, 〈ccc, J†
dcwcwcw〉 = −〈ccc, A†cwcwcw〉 = − 1

θω

• A = M−1
( · · ·· ω ·

· · λ

)

M M :=

(
eee>/

√
3

ccc>/
√

2

(3ccc2−2eee)>/
√

6

)

=

(
( 1 1 1 )/

√
3

(−1 1 0 )/
√

2

( 1 1 −2)/
√

6

)

A is symmetric ⇐ M is orthonormal, J
†
d 6= −A† but

〈ccc, J†
dAcwcwcw〉 = −〈ccc, A†Acwcwcw〉 = −1

θ, 〈ccc, J†
dcwcwcw〉 = −〈ccc, A†cwcwcw〉 = − 1

θω
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Consistency analysis Evaluation of transport coefficients

∂tρ
(0) − aθ

〈
ccc, J

†
dAcwcwcw

〉

︸ ︷︷ ︸
advection velocity

∂xρ(0) +
(〈

ccc, J
†
dcwcwcw

〉
+ 1

2θ

)

︸ ︷︷ ︸
−diffusivity

∂2
xρ(0) = 0

∂tρ
(0) + a∂xρ(0) − 1

θ

(
1
ω −

1
2

)

︸ ︷︷ ︸
=ν

∂2
xρ(0) = 0

• A ∼
( · · ·· ω ·

· · λ

)

, A = A>, [A,GD] = 0 (GD) = (GD)> = DG>

A symmetric, J
†
d 6= −A† still

〈ccc, J†
dAcwcwcw〉 = −〈ccc, A†Acwcwcw〉 = −1

θ 〈ccc, J†
dcwcwcw〉 = −〈ccc, A†cwcwcw〉

but 〈ccc, A†cwcwcw〉 = −ν(ah, θ, ω, λ)

i.e. diffusivity → (complicated) function of all algorithmic parameters

A has same eigenspaces as GD depending on ah
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Consistency analysis Further orders

• Evolution of ρ(`):

Drift-diffusion equation ← driven by derivatives of lower orders

• Unlike BGK, in general: ρ(`) 6= 〈eee,fff (`)〉 ` > 0

Jdfff
(`) = −AGafff

(`−1) +
∑`

j=1 Dj(∂t, ccc∂x)fff (`−j)

︸ ︷︷ ︸

RHS(`)

RHS(`) ∈ imJd ⇔ RHS(`) ⊥ kerJ>
d ⇒ 〈eee,RHS(`)〉 = 0

fff (`) = ρ(`)www + J
†
d RHS(`) ⇒ 〈eee,fff (`)〉 = ρ(`) +

〈
(J>)†eee, RHS(`)

〉

︸ ︷︷ ︸
=0 if Jd sym.

J† = Ẽ
(kerJ)⊥ J̃−1 P̃imJ ⇒

(

kerJ† = (imJ)⊥ = kerJ> ⇒ ker(J>)† = (imJ>)⊥ = kerJ

imJ† = (kerJ)⊥ = imJ> ⇒ im(J>)† = (kerJ>)⊥ = imJ

• Avoid this → successive solution: Jdfff
` = A(G− I)fff (`) = RHS(`)

(A symmetric)

〈eee, RHS(`)〉 = 0 ⇒ (G− I)fff (`) = A† RHS(`)
(not general solution)

〈eee, A† RHS(`)〉 = 0
︸ ︷︷ ︸

automatically satisfied

⇒ fff (`) = ρ(`)www −A† RHS(`)
(G − I negative projector)
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BGK relaxation Test: influence of θ on stability

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
0

0.2

0.4

0.6

0.8

1

1.2

θ

r=
a*

h

1/θ
ω=0.2
ω=1.2
ω=1.8

Stability-structure: guarantees stability for |ah| < 1
θ.
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TRT/MRT relaxation Numerical test: influence of λ on stability

W -orthogonal moment generating vectors:

M :=

0

@

eee>

ccc>

(ccc2 − 1
θeee)

>

1

A =

0

@

1 1 1

−1 1 0

1 − 1
θ 1 − 1

θ −1
θ

1

A A = M
−1

“

0 · ·· ω ·
· · λ

”

M
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λ

a*
h

 

 

ω = 1.60
ω = 1.80
ω = 1.90
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0.9
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ω = 1.20
ω = 1.60
ω = 1.80
ω = 1.90
ω = 1.98

Observation:

it max = 5000, N = 100, bound = 5, alpha = 1, theta = 3 13



TRT/MRT relaxation Numerical test: influence of λ on stability

Orthonormal moment generating vectors:

M :=

0

B

@

eee>/
√

3

ccc>/
√

2

(3ccc2 − 2eee)>/
√

6

1

C

A
=

0

B

@

1√
3

1√
3

1√
3

− 1√
2

1√
2

0
1√
6

1√
6

− 2√
6

1

C

A
A = M

−1
“

0 · ·· ω ·
· · λ

”

M
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ω = 0.20
ω = 0.40
ω = 0.60
ω = 0.80
ω = 1.00
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ω = 1.20
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ω = 1.98

Observation:

it max = 5000, N = 100, bound = 5, alpha = 1, theta = 3 14



Comparison standard versus cascaded MRT Numerical test: influence of λ on stability
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standard MRT
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cascaded MRT ([Geier],[Asinari])

it max = 5000, N = 100, bound = 5, alpha = 1, theta = 3 15


