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Discrete	
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Discrete	
velocities

• Gauss-Hermite	quadrature	[1]	

based	on	orthogonality	properties
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[1]	Philippi	et	al.,	From	the	con4nuous	to	the	la>ce	Boltzmann	equa4on:	The	discre4za4on	problem	and	thermal	models,	PRE,	2006.
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Discrete	
velocities

• Gauss-Hermite	quadrature	[1]	

• Moment	matching:	analytical	[2]	

based	on	isotropy/symmetry	rules
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[1]	Philippi	et	al.,	From	the	con4nuous	to	the	la>ce	Boltzmann	equa4on:	The	discre4za4on	problem	and	thermal	models,	PRE,	2006.	
[2]	Chen	et	al.,	Thermal	la>ce	Bhatnagar-Gross-Krook	model	without	nonlinear	devia4ons	in	macrodynamic	equa4ons,	PRE,	1994.
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Discrete	
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[3]	Le	Tallec	&	Perlat,	Numerical	Analysis	of	Levermore's	Moment	System,	Technical	Report,	1997.
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LBM

Moments	of	
Chapman-Enskog

Macroscopic	
behavior

How	do	we	design	LBMs?

Discrete	
velocities

• Quadrature		
• Moment	matching
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Of	course,	you	also	need	(at	least)	two	relaxaPon	Pmes	
to	correctly	impose	the	Reynolds	and	Prandtl	numbers!
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Difficult	beginnings…

• Nonlinear	devia4on	in	compressible	regimes:	Qian	&	Orszag	(Europhys.	Le].,	1993)	

Weakly	compressible	limit	of	standard	la>ces2nd-order	equilibrium
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• Nonlinear	devia4on	in	compressible	regimes:	Qian	&	Orszag	(Europhys.	Le].,	1993)	

• Correct	isothermal	behavior:	Alexander	et	al.	(1993),	Qian	(J.	Sci.	Comput.,	1993)

<latexit sha1_base64="DMmskaGglCfOovIUBKc0FiCRmo8="></latexit>

3rd-order	velocity	termsD2Q13



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 12

Difficult	beginnings…

• Nonlinear	devia4on	in	compressible	regimes:	Qian	&	Orszag	(Europhys.	Le].,	1993)	

• Correct	isothermal	behavior:	Alexander	et	al.	(1993),	Qian	(J.	Sci.	Comput.,	1993)	

• Monatomic	thermal	behavior	(but	Pr=1):	Chen	et	al.	(Phys.	Rev.	E,	1994)	

4th-order	velocity	terms
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Difficult	beginnings…

• Nonlinear	devia4on	in	compressible	regimes:	Qian	&	Orszag	(Europhys.	Le].,	1993)	

• Correct	isothermal	behavior:	Alexander	et	al.	(1993),	Qian	(J.	Sci.	Comput.,	1993)	

• Monatomic	thermal	behavior	(but	Pr=1):	Chen	et	al.	(Phys.	Rev.	E,	1994)	

• Variable	Prandtl	number:	Chen	et	al.	(JSC,	1997),	McNamara	et	al.	(J.	Stat.	Phys,	1997)

Error	in	the	heat	generated	
by	viscous	fric4on

Correct	energy	equa4on	
and	minimal	la>ce!…		
but	unstable…
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• Correct	isothermal	behavior:	Alexander	et	al.	(1993),	Qian	(J.	Sci.	Comput.,	1993)	

• Monatomic	thermal	behavior	(but	Pr=1):	Chen	et	al.	(Phys.	Rev.	E,	1994)	

• Variable	Prandtl	number:	Chen	et	al.	(JSC,	1997),	McNamara	et	al.	(J.	Stat.	Phys,	1997)	

• Polyatomic	extension	but	fixed	Prandtl	number:	Kataoka	&	Tsutahara	(PRE,	2004)

Constraints	on	internal	dofs	are	included	in	the	moment	
matching	approach…	but	the	Prandtl	number	is	fixed	 

and	this	approach	suffer	from	stability	issues
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Difficult	beginnings…

• Nonlinear	devia4on	in	compressible	regimes:	Qian	&	Orszag	(Europhys.	Le].,	1993)	

• Correct	isothermal	behavior:	Alexander	et	al.	(1993),	Qian	(J.	Sci.	Comput.,	1993)	

• Monatomic	thermal	behavior	(but	Pr=1):	Chen	et	al.	(Phys.	Rev.	E,	1994)	

• Variable	Prandtl	number:	Chen	et	al.	(JSC,	1997),	McNamara	et	al.	(J.	Stat.	Phys,	1997)	

• Polyatomic	extension	but	fixed	Prandtl	number:	Kataoka	&	Tsutahara	(PRE,	2004)	

• Correct	compressible	behavior:	Li	et	al.	(PRE,	2007)

D2Q12 D2Q12

+ • Double	distribu4on	func4on	approach	
• Stability	issues	(requires	IMEX	+	WENO5)	
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Gauss-Hermite	quadrature	based	LBMs	seem	to	be	
more	stable	than	moment-matching	ones!

																						…	not	necessarily!
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✤ LaWce	considered	

	D2Q9	

✤Macroscopic	equaPons	(Hermite	expansion	up	to	the	2nd	order	!)	
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✤ LaWce	considered	

	D2V17a	[1]	

✤Macroscopic	equaPons	(Hermite	expansion	up	to	the	3rd	order!)	

	 	 	 	 	 	 	 	 	 	 	 	 	 	 				

19[1]	Philippi	et	al.,	PRE,	2006,	73.																												
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UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE

✤ LaWce	considered	

	D2V37a	[1,2]	

✤Macroscopic	equaPons	(Hermite	expansion	up	to	the	4th	order!)	

	 	 	 	 	 	 	 	 	 	 	 	 	 	 				

20[1]	Philippi	et	al.,	PRE,	2006,	73.																													[2]	Scagliarini	et	al.,	PoF,	2010.
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Are	they	really	more	stable?
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Are	they	really	more	stable?
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✤ Linear	stability	of	fourth-order	models	(isothermal	hypothesis)

Coreixas,	High-order	extension	of	the	recursive	regularized	la>ce	Boltzmann	method,	PhD	Manuscript,	2018.
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BGK

• All	BGK-LBMs	have	different	stability	ranges	with	a	low	maximal	Mach	number…

✤ Linear	stability	of	fourth-order	models	(isothermal	hypothesis)

0

0.2

0.4

0.6

0.8

1

1.9 1.92 1.94 1.96 1.98 2

M
M
a
x

0

1/(⌧ + 1/2)

D2V37a BGK

D2V37b

D2V37c

D2V37d

<latexit sha1_base64="ppr2614YgEyigUP4rAU1B3OGCUI="></latexit>

⌫ = 0

Are	they	really	more	stable?

Coreixas,	High-order	extension	of	the	recursive	regularized	la>ce	Boltzmann	method,	PhD	Manuscript,	2018.



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 22

BGK

• All	BGK-LBMs	have	different	stability	ranges	with	a	low	maximal	Mach	number…

✤ Linear	stability	of	fourth-order	models	(isothermal	hypothesis)

0

0.2

0.4

0.6

0.8

1

1.9 1.92 1.94 1.96 1.98 2

M
M
a
x

0

1/(⌧ + 1/2)

D2V37a BGK

D2V37b

D2V37c

D2V37d

<latexit sha1_base64="ppr2614YgEyigUP4rAU1B3OGCUI="></latexit>

⌫ = 0

Recursive	regularization

• But	this	can	be	improved	by	changing	the	collision	model	without	changing	the	numerical	scheme!
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Are	they	really	more	stable?

Brogi	et	al.,	Hermite	regulariza4on	of	the	la>ce	Boltzmann	method	for	open	source	computa4onal	aeroacous4cs,	JASA,	2017.	
Coreixas	et	al.,	Recursive	regulariza4on	step	for	high-order	la>ce	Boltzmann	methods,	PRE,	2017.	
Coreixas	et	al.,	Impact	of	collision	models	on	the	physical	proper4es	and	the	stability	of	la>ce	Boltzmann	methods,	PTRSA,	2020.	
Wissocq	et	al.,	Linear	stability	and	isotropy	proper4es	of	athermal	regularized	la>ce	Boltzmann	methods,	PRE,	2020.

• More	info	regarding	the	stabilization	properties	(check	papers	below)
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✤ Not	bad	in	the	fully	compressible	case	(D2V37a	+	RR	+	Jameson-like	sensor)

Coreixas,	High-order	extension	of	the	recursive	regularized	la>ce	Boltzmann	method,	PhD	Manuscript,	2018.

Very	 good	 agreement	 wrt	 the	
theory.	
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Figure 82 – Tube à choc de Sod (D2V37 FREC 3pMAX) pour Re ! 1 et ✓ = 0.8 : compa-
raison avec la solution obtenue avec un solveur de Riemann exacte (� = 2). Visualisation des
champs de : (a) Densité, (b) Viscosité artificielle, (c) Vitesse longitudinale et (d) Température,
respectivement adimensionnées par ⇢

0

= 1 [kg/m3], ⌫

0

= 1 [m2

/s], u

0

= 150 [m/s] et
T

0

= 300 [K].

Page 104 / 110

(a) (b)

1

1.5

2

2.5

3

3.5

4

0 0.2 0.4 0.6 0.8 1

⇢
/
⇢

R

x/L

100
400

10000
Theory

0

3

6

9

12

15

0 0.2 0.4 0.6 0.8 1
⌫

J

/
⌫

0

x/L

100
400

10000

(c) (d)

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

u
/
u

0

x/L

100
400

10000
Theory

0.6

0.8

1

1.2

1.4

0 0.2 0.4 0.6 0.8 1

T
/
T

R

x/L

100
400

10000
Theory
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Are	they	really	more	stable?
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Ok,	but	the	lattice	is	too	large	in	3D!
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How	do	we	get	the	correct	physics	with	that	lattice?
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Outline

How	do	we		
design	LBMs	?

Adap4ve	
la>ces

Quadrature 
free	LBMs

Two-equa4on	
models



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 28

Compressible	LBMs

Single	Distribu4on

High-Order

D3Q103

CPU	Time	and	Memory	Reduction	Strategy
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Compressible	physics	at	lower	cost	
Double	Distribution	Function	(DDF)
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Compressible	physics	at	lower	cost	
Double	Distribution	Function	(DDF)
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Compressible	physics	at	lower	cost	
Double	Distribution	Function	(DDF)
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Compressible	physics	at	lower	cost	
Double	Distribution	Function	(DDF)

• Flexible	Pr	and					
• These	models	allow	for	the	reduction	of	CPU	and	memory	consumptions
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Compressible	physics	at	lower	cost	
Hybrid	LBM

LBM
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FD	or	FV	discretization	of	the	
energy	equation	[1,2]

These	models	allow	us	to	further	reduce	CPU	and	memory	consumptions…		
BUT	it	is	difficult	to	get	accurate	AND	stable	hybrid	schemes!
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Compressible	physics	at	lower	cost	
Stability	of	hybrid	LBMs

Renard	et	al.,	A	linear	stability	analysis	of	compressible	hybrid	la>ce	Boltzmann	methods,	arXiv,	2020.
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Renard	et	al.,	A	linear	stability	analysis	of	compressible	hybrid	la>ce	Boltzmann	methods,	arXiv,	2020.

pressure	work	(heat	production	by	compressibility	effects)

Fourier	heat	flux	(heat	loss	by	diffusion)

Viscous	production	(heat	source	by	friction)

Conservative	form Primitive	form
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Compressible	physics	at	lower	cost	
Stability	of	hybrid	LBMs

Renard	et	al.,	A	linear	stability	analysis	of	compressible	hybrid	la>ce	Boltzmann	methods,	arXiv,	2020.

Conservative	form Primitive	form

The	entropy	
formulation	is	the	only	
one	with	an	implicit	
pressure	work	term!
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✤ Two	numerical	discrePzaPons

The	study	focuses	on	errors	related	to	
time	and	convective	terms



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 36

Compressible	physics	at	lower	cost	
Stability	of	hybrid	LBMs

Renard	et	al.,	A	linear	stability	analysis	of	compressible	hybrid	la>ce	Boltzmann	methods,	arXiv,	2020.

Conservative	form Primitive	form
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✤ Two	numerical	discrePzaPons

Central	scheme	for	source/sink	terms
The	study	focuses	on	errors	related	to	

time	and	convective	terms
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Compressible	physics	at	lower	cost	
Stability	of	hybrid	LBMs

Renard	et	al.,	A	linear	stability	analysis	of	compressible	hybrid	la>ce	Boltzmann	methods,	arXiv,	2020.

✤ Linear	stability	domain	of	hybrid	D2Q9-LBMs	(implicit	coupling	+	HRR	collision)

RK1UPO1
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Compressible	physics	at	lower	cost	
Stability	of	hybrid	LBMs

Renard	et	al.,	A	linear	stability	analysis	of	compressible	hybrid	la>ce	Boltzmann	methods,	arXiv,	2020.

✤ Linear	stability	domain	of	hybrid	D2Q9-LBMs	(implicit	coupling	+	HRR	collision)

RK1UPO1

• For	this	low-order	formulation,	only	primitive	forms	are	stable	
• For	internal	and	total	energy,	the	pressure	work	leads	to	stability	issues
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Compressible	physics	at	lower	cost	
Stability	of	hybrid	LBMs

Renard	et	al.,	A	linear	stability	analysis	of	compressible	hybrid	la>ce	Boltzmann	methods,	arXiv,	2020.

RK1UPO1 RK4CO2

• For	this	low-order	formulation,	only	primitive	forms	are	stable	
• For	internal	and	total	energy,	the	pressure	work	leads	to	stability	issues	
• For	the	high-order	formulation,	the	conservative	form	of	the	entropy	equation	is	also	stable

✤ Linear	stability	domain	of	hybrid	D2Q9-LBMs	(implicit	coupling	+	HRR	collision)
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Compressible	physics	at	lower	cost	
Stability	of	hybrid	LBMs

Renard	et	al.,	A	linear	stability	analysis	of	compressible	hybrid	la>ce	Boltzmann	methods,	arXiv,	2020.

RK1UPO1 RK4CO2

• For	this	low-order	formulation,	only	primitive	forms	are	stable	
• For	internal	and	total	energy,	the	pressure	work	leads	to	stability	issues	
• For	the	high-order	formulation,	the	conservative	form	of	the	entropy	equation	is	also	stable

High-subsonic	regime	can	be	reached	with	hybrid	formulations	of	
standard	LBMs	based	on	the	entropy	equation!

✤ Linear	stability	domain	of	hybrid	D2Q9-LBMs	(implicit	coupling	+	HRR	collision)
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Convection	

Ideal	Gas	EOS
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Convection

Ideal	Gas	EOS

(⇢,u)

p = ⇢rTD3Q39

•

D3Q39a (PowerFLOW)

Supersonic	LBM	[2]

• D3Q39		
• Entropy	equation	
• Limitation:	Mach	<	2

FD	or	FV	discretization	of	the	
energy	equation

[2]	Fares	et	al.,	Validation	of	a	Lattice-Boltzmann	Approach	for	Transonic	and	Supersonic	Flow	Simulations,	AIAA	Paper,	2014-0952.



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 40Renard	et	al.,	Improved	compressible	Hybrid	La>ce	Boltzmann	Method	on	standard	la>ce	for	subsonic	and	supersonic	flows,	arXiv,	2020.

✤ Supersonic	regime	via	tailoring	of	correcPons	with	the	D2Q9	(HRR	collision)

But	it	seems	that	we	can	do	better…



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 40Renard	et	al.,	Improved	compressible	Hybrid	La>ce	Boltzmann	Method	on	standard	la>ce	for	subsonic	and	supersonic	flows,	arXiv,	2020.

✤ Supersonic	regime	via	tailoring	of	correcPons	with	the	D2Q9	(HRR	collision)

But	it	seems	that	we	can	do	better…

8
>><

>>:

@t⇢+r · (⇢u)= 0

@t(⇢u) +r · (⇢uu)=�rp+r ·⇧

@t(⇢E) +r · ([⇢E + p]u)=r · (�rT ) +r · (⇧ · u)
<latexit sha1_base64="1ETkifwxWIb47FdPDxopLrsGfPQ="></latexit>

Isothermal	(no	compressibility	restriction)+O�
M3

�

Compressibility	error	correction



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 40Renard	et	al.,	Improved	compressible	Hybrid	La>ce	Boltzmann	Method	on	standard	la>ce	for	subsonic	and	supersonic	flows,	arXiv,	2020.

✤ Supersonic	regime	via	tailoring	of	correcPons	with	the	D2Q9	(HRR	collision)

But	it	seems	that	we	can	do	better…

8
>><

>>:

@t⇢+r · (⇢u)= 0

@t(⇢u) +r · (⇢uu)=�rp+r ·⇧

@t(⇢E) +r · ([⇢E + p]u)=r · (�rT ) +r · (⇧ · u)
<latexit sha1_base64="1ETkifwxWIb47FdPDxopLrsGfPQ="></latexit>

Isothermal	(no	compressibility	restriction)+O�
M3

�

Compressibility	error	correction
2nd-order	centered



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 40Renard	et	al.,	Improved	compressible	Hybrid	La>ce	Boltzmann	Method	on	standard	la>ce	for	subsonic	and	supersonic	flows,	arXiv,	2020.

✤ Supersonic	regime	via	tailoring	of	correcPons	with	the	D2Q9	(HRR	collision)

But	it	seems	that	we	can	do	better…

8
>><

>>:

@t⇢+r · (⇢u)= 0

@t(⇢u) +r · (⇢uu)=�rp+r ·⇧

@t(⇢E) +r · ([⇢E + p]u)=r · (�rT ) +r · (⇧ · u)
<latexit sha1_base64="1ETkifwxWIb47FdPDxopLrsGfPQ="></latexit>

Isothermal	(no	compressibility	restriction)+O�
M3

�

Compressibility	error	correction
2nd-order	centered

1st-order	upwind



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 40Renard	et	al.,	Improved	compressible	Hybrid	La>ce	Boltzmann	Method	on	standard	la>ce	for	subsonic	and	supersonic	flows,	arXiv,	2020.

✤ Supersonic	regime	via	tailoring	of	correcPons	with	the	D2Q9	(HRR	collision)

But	it	seems	that	we	can	do	better…

8
>><

>>:

@t⇢+r · (⇢u)= 0

@t(⇢u) +r · (⇢uu)=�rp+r ·⇧

@t(⇢E) +r · ([⇢E + p]u)=r · (�rT ) +r · (⇧ · u)
<latexit sha1_base64="1ETkifwxWIb47FdPDxopLrsGfPQ="></latexit>

Isothermal	(no	compressibility	restriction)+O�
M3

�

Compressibility	error	correction
2nd-order	centered

1st-order	upwind

It	is	worth	noting	that	the	collision	model		
plays	an	important	role	in	the	stabilization	process!



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 41

✤ Supersonic	regime	via	tailoring	of	correcPons	with	the	D2Q9	(HRR	collision)

✤ This	can	be	rigorously	proven	through	linear	stability	analyses

Implicit	coupling	
+	

Thermal	LSA	
+	

HRR

But	it	seems	that	we	can	do	better…



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 41

✤ Supersonic	regime	via	tailoring	of	correcPons	with	the	D2Q9	(HRR	collision)

✤ This	can	be	rigorously	proven	through	linear	stability	analyses

Implicit	coupling	
+	

Thermal	LSA	
+	

HRR

Explicit	coupling	
+	

Isothermal	LSA 
(reference	temperature		
as	a	free	parameter)	

+	
T-normalized	CHM-REG	

(equivalent	to	RR)	

But	it	seems	that	we	can	do	better…
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Other	recent	hybrid	LBMs	for	supersonic	flows

D3Q19	formulation	+	Mass	conservation	improvement Unsteady	boundary	conditions

Grid	refinement Alternative	formulation	to	prevent	mode	couplings	[1,2]

[1]	Renard	et	al.,	A	linear	stability	analysis	of	compressible	hybrid	la>ce	Boltzmann	methods,	arXiv,	2020.	
[2]	Zhao	et	al.,	A	pressure-based	hybrid	regularized	La>ce-Boltzmann	method	for	numerical	combus4on,	2020.	
(see	h]ps://pierre-boivin.cnrs.fr/wp-content/uploads/2020/05/ar4cle.pdf)

https://pierre-boivin.cnrs.fr/wp-content/uploads/2020/05/article.pdf
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PowerFLOW	is	coming	back	to	DDF-LBMs	due	to	
conservation	issues	of	the	entropy	formulation…

Convection

Ideal	Gas	EOS

(⇢,u)

p = ⇢rTD3Q39
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What	does	that	imply	for	the	development	of	future	hybrid	LBMs?
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Further	reading

✤ Compressible	flows	are	not	all	about	high-speed	condiPons	and	shockwaves…	  

Discrete	Boltzmann	methods	(DBMs)

Hybrid	LBMs

✤  
Go	check	papers	about	combusPon	simulaPons!



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 45

Guo	&	Shu,	LaEce	Boltzmann	Method	and	Its	ApplicaHons	in	Engineering,		
World	Scien4fic,	2013.

Further	reading

• Other	types	of	equilibria	(circular,	spherical,	etc)		
• Other	numerical	discretizations	(TVD,	IMEX,	etc)	
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Guo	&	Shu,	LaEce	Boltzmann	Method	and	Its	ApplicaHons	in	Engineering,		
World	Scien4fic,	2013.

Further	reading

• Other	types	of	equilibria	(circular,	spherical,	etc)		
• Other	numerical	discretizations	(TVD,	IMEX,	etc)	

Yang	et	al.,	LaEce	Boltzmann	and	Gas	KineHc	Flux	Solvers,		
World	Scien4fic,	2020.

• Lattice	Boltzmann	/	gas	kinetic	flux	solvers	
• Go	and	check	papers	about	DUGKS	and	DBM	(not	shown	here)
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Thank	you	for	your	attention!	
Questions?


