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How	do	we		
design	LBMs	?
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Quadrature 
free	LBMs
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models
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behavior

How	do	we	design	LBMs?

Discrete	
velocities

• Quadrature		
• Moment	matching
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Of	course,	you	also	need	(at	least)	two	relaxaCon	Cmes	
to	correctly	impose	the	Reynolds	and	Prandtl	numbers!
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Convection	

Ideal	Gas	EOS

(⇢,u)

p = ⇢rTD3Q19

•

D3Q19

High-subsonic	LBM	[1]

• D3Q19	+	Mach	correction	
• Entropy	equation	
• Limitation:	Mach	<	0.9

FD	or	FV	discretization	of	the	
energy	equation

This	is	in	agreement	with	PowerFLOW’s	methodology

Convection

Ideal	Gas	EOS

(⇢,u)

p = ⇢rTD3Q39

•

D3Q39a (PowerFLOW)

Supersonic	LBM	[2]

• D3Q39		
• Entropy	equation	
• Limitation:	Mach	<	2

FD	or	FV	discretization	of	the	
energy	equation

[2]	Fares	et	al.,	Validation	of	a	Lattice-Boltzmann	Approach	for	Transonic	and	Supersonic	Flow	Simulations,	AIAA	Paper,	2014-0952.
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PowerFLOW	is	coming	back	to	DDF-LBMs	due	to	
conservation	issues	of	the	entropy	formulation…

Convection

Ideal	Gas	EOS

(⇢,u)

p = ⇢rTD3Q39
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Regularized	collision	models
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Regularized	collision	models

All	these	models	rely	on:		
(1)	analytical	equilibria,	and	(2)	static	lattices
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Outline	(today)

How	do	we		
design	LBMs	?

Adap4ve	
la>ces

Quadrature 
free	LBMs

Two-equa4on	
models
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LBM

Moments	of	
Chapman-Enskog

Macroscopic	
behavior

Numerical	equilibria	for	
quadrature	free	LBMs

Discrete	
velocities

f (eq)
i
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Moment	matching

Numerically	enforced		
through	iterative	procedures

Get	more	physics		
with	the	same	lattice
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✤ Equilibria	(e.g.,	with	an	exponenCal	form)	which	are	computed	iteraCvely	

11

What	are	numerical	equilibria?
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✤ Lagrange	mulCpliers	 	 	 	 	 	 	 	are	 returned	by	a	root-finding	solver	 that	 imposes	a	
number	of	constraints	(usually	mass,	momentum	and	energy)		
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✤ The	number	of	constraints	is	related	to	the	targeted	physics	
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✤ The	number	of	constraints	is	related	to	the	targeted	physics	

Is	it	new?…
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Concept	introduced	in	the	1990s/2000s	for	the	simulaCon	of	

1. Supersonic	flows	using	la>ce	gas	cellular	automata	(LGCA)	

	 	 	 	 	 	 	 	 	 	 	 	 	 	 				

Origin	of	numerical	equilibria
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Concept	introduced	in	the	1990s/2000s	for	the	simulaCon	of	

1. Supersonic	flows	using	la>ce	gas	cellular	automata	(LGCA)	

2. Hypersonic	rarefied	gas	flows	using	discrete	velocity	models	(DVMs)	

	 	 	 	 	 	 	 	 	 	 	 	 	 	 				

Atmospheric	re-entry	simulaCons

Origin	of	numerical	equilibria
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Sets	of	constraints	and	macroscopic	behavior
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Convec4ve Diffusive

✤ Requires	large	ladces	to	compensate	for	numerous	errors	(more	than	100…)	
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Sets	of	constraints	and	macroscopic	behavior
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Can	we	get	the	correct	physics	at	a	lower	cost?…	
Yes!…	if	you	put	more	effort	on	the	equilibrium	instead	of	the	lattice
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Sets	of	constraints	and	macroscopic	behavior

G0 =
P

i f
eq
i � ⇢ = 0

<latexit sha1_base64="jlsSTOVjGUx9cTvtl5iKbtTW18o="></latexit>

G1 =
P

i f
eq
i ⇠i � ⇢u = 0

<latexit sha1_base64="B3wctwBOxL22uDmOHB25478IAhQ="></latexit>

✤ Full	26-moment	approach	

8
>><

>>:

@t(M
eq
0 ) +r · (Meq

1 ) = 0

@t(M
eq
1 ) +r · (Meq

2 )/ @t(M
eq
2 ) +r · (Meq

3 )

@t(M
eq
Tr2) +r · (Meq

Tr3)/ @t(M
eq
Tr3) +r · (Meq

Tr4)
<latexit sha1_base64="kQiMb8B4Q+f6o8XHlAccEtd8AdM="></latexit>

Convec4ve Diffusive

G2 =
P

i f
eq
i ⇠2i � ⇢(u2 + T�) = 0

<latexit sha1_base64="fUeax7/QATjJwNBaN8LNUGLoP6k="></latexit>

G3 =
P

i f
eq
i ⇠3i � ⇢(u3 + Tu�) = 0

<latexit sha1_base64="hTX8eZRm9I7mIETv4RGsoyWh5vk="></latexit>

GTr4 =
P

i f
eq
i ⇠2i ⇠

2
i � 2⇢[(E + 2T )u2 + (E + T )T�] = 0

<latexit sha1_base64="IPY92j+vZ49G5TGq3Z2sRvwp7bc="></latexit>

✤ Exact	behavior	at	the	cost	of	robustness	(convergence	issues…)
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✤ Exact	behavior	at	the	cost	of	robustness	(convergence	issues…)
One	needs	to	find	the	proper	balance	between		

accuracy,	efficiency	and	robustness
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Sets	of	constraints	and	macroscopic	behavior
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✤ Exact	convecCve	behavior	and	reduced	diffusive	errors	(good	trade-off)

Le	Tallec	and	Perlat,		Numerical	Analysis	of	Levermore's	Moment	System	INRIA,	1997
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✤ It	is	sufficient	to	work	with	39	velociCes	(as	in	PowerFLOW	sokware)

Lal	et	al.,	Efficient	supersonic	flow	simula4ons	using	la>ce	Boltzmann	methods	based	on	numerical	equilibria		
Phil.	Trans.	R.	Soc.	A,	2020,	378,	20190559	

Monatomic	

Polyatomic

D3Q39
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D3Q39a (PowerFLOW)

•

D3Q39a (PowerFLOW)
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✤ Inviscid	Sod	shock	tube	using	400	points	

23

16

royalsocietypublishing.org/journal/rsta
Phil.Trans.R.Soc.A378:20190559
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Figure 5. Sod shock tube for a diatomic gas (specific heat ratio γr = 7/5). Results obtained with Lx = 400 points using the
standard BGK operator, and our version [BGK(ϵ)], are compared against theoretical curves, for τf = 0.57 and 0.5, respectively.
From top left to bottom right: normalized density, temperature, pressure profiles and local Mach number evolution. (Online
version in colour.)

through: (ρL, TL) = (8, 0.75) and (ρR, TR) = (1, 0.6). Subscripts L and R stand for the left and the
right states, respectively. The gas is considered at rest for both states, and the simulation domain
is discretized along the x-direction using only Lx = 400 grid points.

Corresponding results are compiled in figure 5 for both the standard BGK operator and
our dynamic version based on equation (2.28). They prove the ability of the proposed model
to simulate the generation and propagation of rarefaction and shock waves in a diatomic gas.
Simulations are stable for relatively low values of the relaxation time (τf = 0.57, Pr = 1), even
with the standard BGK operator, while LBMs based on a polynomial discrete equilibrium
usually require a large number of discrete velocities (e.g. 81 in 2D [73]), more robust collision
models [16,17] or numerical discretizations [86], in order to achieve similar results. Interestingly,
the Knudsen number based relaxation times drastically improve the stability of the present model,
allowing the simulation of the 1D Riemann problem in the zero-viscosity limit (τf = 0.5, Pr = 1),
with an accuracy that competes with LBMs coupled with shock capturing techniques [87].

The behaviour of this kinetic sensor is investigated in more detail in figure 6. Interestingly,
it locally introduces additional viscosity in regions of the simulation domain where (1)
under-resolved conditions, and (2) abrupt changes of macroscopic quantities are encountered.
Furthermore, by refining the grid mesh, the kinetic parameters self-adjust and focus the addition
of viscosity on both discontinuities (contact and shock). This behaviour is similar to the one
observed with shock-capturing techniques, as discussed in the context of high-order LBMs by
Coreixas [87]. Eventually, while a (non-local) space averaging was required in the latter work to
smooth the normalized pressure Laplacian used as a shock sensor, the present (local) parameter
α allows the smoothing of the input provided by ϵ without impacting the parallel performances
of our LBM.

Results	-	Sod	Shock	Tube

Lal	et	al.,	Efficient	supersonic	flow	simula4ons	using	la>ce	Boltzmann	methods	based	on	numerical	equilibria		
Phil.	Trans.	R.	Soc.	A,	2020,	378,	20190559	

Thanks	to	
Florian	De	Vuyst’s	
for	this	idea!

• Kinetic	sensor	allows	for	
inviscid	simulations	

• Good	robustness	even	
using	the	BGK	operator	
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✤Mach	number	field	

24

Results	-	2D	NACA0012

Lal	et	al.,	Efficient	supersonic	flow	simula4ons	using	la>ce	Boltzmann	methods	based	on	numerical	equilibria		
Phil.	Trans.	R.	Soc.	A,	2020,	378,	20190559	
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✤Mach	number	field	

24

Results	-	2D	NACA0012

Lal	et	al.,	Efficient	supersonic	flow	simula4ons	using	la>ce	Boltzmann	methods	based	on	numerical	equilibria		
Phil.	Trans.	R.	Soc.	A,	2020,	378,	20190559	

Bounce	back
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✤Mach	number	field	

24

Results	-	2D	NACA0012

Lal	et	al.,	Efficient	supersonic	flow	simula4ons	using	la>ce	Boltzmann	methods	based	on	numerical	equilibria		
Phil.	Trans.	R.	Soc.	A,	2020,	378,	20190559	

Equilibrium
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✤Mach	number	field	

24

Results	-	2D	NACA0012

Lal	et	al.,	Efficient	supersonic	flow	simula4ons	using	la>ce	Boltzmann	methods	based	on	numerical	equilibria		
Phil.	Trans.	R.	Soc.	A,	2020,	378,	20190559	

Neumann
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✤Mach	number	field	

25

Results	-	2D	NACA0012

Lal	et	al.,	Efficient	supersonic	flow	simula4ons	using	la>ce	Boltzmann	methods	based	on	numerical	equilibria		
Phil.	Trans.	R.	Soc.	A,	2020,	378,	20190559	

• Surprisingly,	all	BCs	have	a	good	behavior	

• Only	the	BB	leads	to	spurious	oscillations	
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• Good	accuracy	
• Speedup	⇠ 100
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NR Iterations
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• Fast	convergence		
• Faster	in	smooth	regions	

⇠ 2 iterations
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✤ High-Reynolds	number	flow	past	a	2D	airfoil:	[8C,	8C,	1]	with	C=350	points	

Results	-	2D	NACA0012

Lal	et	al.,	Efficient	supersonic	flow	simula4ons	using	la>ce	Boltzmann	methods	based	on	numerical	equilibria		
Phil.	Trans.	R.	Soc.	A,	2020,	378,	20190559	
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✤ High-Reynolds	number	flow	past	a	2D	airfoil:	[8C,	8C,	1]	with	C=350	points	

Results	-	2D	NACA0012

Lal	et	al.,	Efficient	supersonic	flow	simula4ons	using	la>ce	Boltzmann	methods	based	on	numerical	equilibria		
Phil.	Trans.	R.	Soc.	A,	2020,	378,	20190559	

Median	of	performance	evaluated	
every	100	iterations	(C=256)	

GPUs	allow	for	a	good	speedup	(10-100)!

<latexit sha1_base64="EPrWZjUGAtkYqFTMBty/xDCK0vk="></latexit>

Hardware i7-8700 (3.2 GHz) GTX 1080 Ti RTX 2080 Ti Volta 100 Ampere 100
MLUPS 0.67 12 17 30 ⇠ 60
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✤ Low-Reynolds	number	flow	past	a	sphere:	[10D,	10D,	10D]	with	D=30	points	

• The	main	features	are	well	captured	

Results	-	3D	behavior

Lal	et	al.,	Efficient	supersonic	flow	simula4ons	using	la>ce	Boltzmann	methods	based	on	numerical	equilibria		
Phil.	Trans.	R.	Soc.	A,	2020,	378,	20190559	

• Shock	stand-off	distances	are	in	agreement	with	experiments,	models	and	simulations
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Outline

How	do	we		
design	LBMs?

Adap4ve	
la>ces

Quadrature 
free	LBMs

Two-equa4on	
models



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 30

Idea:	 Velocity	 distribuCon	 funcCons	 have	 different	 shapes	 depending	 on	 the	 local	
flow	condiCons	

	 	 	 	 	 	 	 	 	 	 	 	 	 	 				

Link	between	physics	and	velocity	discretization

Typical	flow	condi4ons	during	atmospheric	re-entry

Best	prac4ces	(DVMs)

Mieussens,	Math.	Models	Methods	Appl.	Sci.,	2000,	10,	1121-1149

Sta4c	manner	to	ensure	good	proper4es
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Idea:	 Velocity	 distribuCon	 funcCons	 have	 different	 shapes	 depending	 on	 the	 local	
flow	condiCons	

	 	 	 	 	 	 	 	 	 	 	 	 	 	 				

Typical	flow	condi4ons	during	atmospheric	re-entry

Best	prac4ces	(DVMs)

Mieussens,	Math.	Models	Methods	Appl.	Sci.,	2000,	10,	1121-1149

Sta4c	manner	to	ensure	good	proper4es

We	need	100s	or	1000s	of	discrete	velocities		
to	get	the	correct	physics	for	large	variations…

Link	between	physics	and	velocity	discretization



UNIVERSITY OF GENEVA 
FACULTY OF SCIENCE 32

Idea:	 Velocity	 distribuCon	 funcCons	 have	 different	 shapes	 depending	 on	 the	 local	
flow	condiCons	

	 	 	 	 	 	 	 	 	 	 	 	 	 	 				

Typical	flow	condi4ons	during	atmospheric	re-entry

Best	prac4ces	(DVMs)

Mieussens,	Math.	Models	Methods	Appl.	Sci.,	2000,	10,	1121-1149

Sta4c	manner	to	ensure	good	proper4es

We	can	reduce	the	number	of	velocities	by	(1)	looking	at	local	
variations,	and	(2)	adapting	the	lattice	accordingly!

Link	between	physics	and	velocity	discretization
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Concept	introduced	in	the	1990s/2000s	for	the	simulaCon	of	supersonic	flows	

1. DVMs	

	 	 	 	 	 	 	 	 	 	 	 	 	 	 				

Increased	efficiency	through	adaptive	velocities

D3Q27	formula4on
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Concept	introduced	in	the	1990s/2000s	for	the	simulaCon	of	supersonic	flows	

1. DVMs	
2. LBMs	

	 	 	 	 	 	 	 	 	 	 	 	 	 	 				

Euler

Euler

NSF

Increased	efficiency	through	adaptive	velocities
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Static	shift	of	velocity	discretizations

Shiked	ladces	are	the	rule	for	DVMs	but	excepCons	for	LBMs

Applica4on	of		
DVMs’	best	prac4ces	

to	LBMs

Understanding	their	 
impact	on	LBMs	
(macroscopic	and		
numerical	errors)
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Static	shift	of	velocity	discretizations

Shiked	ladces	shik	the	physical	properCes…	
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Understanding	their	 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Static	shift	of	velocity	discretizations
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Static	shift	of	velocity	discretizations
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Understanding	their	 
impact	on	LBMs	
(macroscopic	and		
numerical	errors)

Optimal	accuracy	and	stability	by	adjusting	the	lattice	to	local	
macroscopic	conditions!
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Static	shift	of	velocity	discretizations
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Understanding	their	 
impact	on	LBMs	
(macroscopic	and		
numerical	errors)

I’ll	upload	a	code	on	RG	for	people	to	play	with	it	
(convected	vortex	simulation)
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Several	authors	are	reviving	the	concept	of	adapCve	LBMs,	and	propose	alternaCve	
ways	to	reconstruct	missing	informaCon

Overview	and	recent	developments

2	-	Pragma4c	reconstruc4on

• Sun,	Hsu	et	al.	(end	1990s	-	beg	2000s)

1	-	Redistribu4on	of	macros	during	streaming

<latexit sha1_base64="ur1x/+jFd2E9RYoBEcKUNJADjI0="></latexit>

feq
i +	correc4on	terms	(viscous	effects)

D2Q8

D3Q12

4x8=32	
«	virtual	»		
veloci4es

8x12=96	
«	virtual	»		
veloci4es
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+	Efficient	reconstrucCon	of	missing	populaCons  
+	No	interpolaCon	(parallel	efficiency	+	conservaCvity)	
-	Complex	parCConed	streaming	(but	local)	
-	Requires	correcCon	terms	(viscous)

2	-	Pragma4c	reconstruc4on

• Sun,	Hsu	et	al.	(end	1990s	-	beg	2000s)

1	-	Redistribu4on	of	macros	during	streaming
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Hsu	et	al.,	A	Review	of	La>ce	Boltzmann	Models	for	Compressible	Flows,	Parallel	Computa@onal	Fluid	Dynamics,	2004.	

Overview	and	recent	developments

Several	authors	are	reviving	the	concept	of	adapCve	LBMs,	and	propose	alternaCve	
ways	to	reconstruct	missing	informaCon
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3	-	Full	reconstruc4on	(moment	space)

• Dorschner	et	al.	(2018)

1	-	Third-order	Lagrange	interpola4on

2	-	Predictor-corrector

+	No	correcCon	terms	
-	Space	interpolaCon	(loss	of	parallel	efficiency)	
-	Predictor-corrector	step	
-	Requires	the	computaCon	of	all	moments	
-	Restricted	to	tensor-product-based	ladces	(Q27,	Q125,	etc) 
-	Severe	conservaCon	issues	depending	on	the	interpolaCon	

2	-	Pragma4c	reconstruc4on

• Sun,	Hsu	et	al.	(end	1990s	-	beg	2000s)

1	-	Redistribu4on	of	macros	during	streaming

<latexit sha1_base64="ur1x/+jFd2E9RYoBEcKUNJADjI0="></latexit>
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Overview	and	recent	developments

Several	authors	are	reviving	the	concept	of	adapCve	LBMs,	and	propose	alternaCve	
ways	to	reconstruct	missing	informaCon
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3	-	Full	reconstruc4on	(moment	space)

• Dorschner	et	al.	(2018)

1	-	Third-order	Lagrange	interpola4on

2	-	Predictor-corrector

+	No	correcCon	terms	
-	Space	interpolaCon	(loss	of	parallel	efficiency)	
-	Predictor-corrector	step	
-	Requires	the	computaCon	of	all	moments	
-	Restricted	to	tensor-product-based	ladces	(Q27,	Q125,	etc) 
-	Severe	conservaCon	issues	depending	on	the	interpolaCon	

In-depth	invesCgaCon	of	this	alternaCve	adapCve	LBM		
(named	‘ParCcles	on	Demand’)

2	-	Pragma4c	reconstruc4on

• Sun,	Hsu	et	al.	(end	1990s	-	beg	2000s)

1	-	Redistribu4on	of	macros	during	streaming
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Overview	and	recent	developments

Several	authors	are	reviving	the	concept	of	adapCve	LBMs,	and	propose	alternaCve	
ways	to	reconstruct	missing	informaCon
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3	-	Full	reconstruc4on	(moment	space)

• Dorschner	et	al.	(2018)

1	-	Third-order	Lagrange	interpola4on

2	-	Predictor-corrector

+	No	correcCon	terms	
-	Space	interpolaCon	(loss	of	parallel	efficiency)	
-	Predictor-corrector	step	
-	Requires	the	computaCon	of	all	moments	
-	Restricted	to	tensor-product-based	ladces	(Q27,	Q125,	etc) 
-	Severe	conservaCon	issues	depending	on	the	interpolaCon	

In-depth	invesCgaCon	of	this	alternaCve	adapCve	LBM		
(named	‘ParCcles	on	Demand’)

2	-	Pragma4c	reconstruc4on

• Sun,	Hsu	et	al.	(end	1990s	-	beg	2000s)

1	-	Redistribu4on	of	macros	during	streaming
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i +	correc4on	terms	(viscous	effects)

Overview	and	recent	developments

Several	authors	are	reviving	the	concept	of	adapCve	LBMs,	and	propose	alternaCve	
ways	to	reconstruct	missing	informaCon

27	interpolaCon	points	and	at	least	100	velociCes	are	required	in	3D
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• Dorschner	et	al.	(2018)

If	this	problem	is	not	taken	seriously,	
conservaCon	issues	are	encountered	

even	at	low	Mach	number	
condi4ons…

D3Q125

3	-	Full	reconstruc4on	(moment	space)

1	-	Third-order	Lagrange	interpola4on

2	-	Predictor-corrector2	-	Pragma4c	reconstruc4on

• Sun,	Hsu	et	al.	(end	1990s	-	beg	2000s)

1	-	Redistribu4on	of	macros	during	streaming
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Need	to	adopt	a	conservaCve	
numerical	scheme,	as	done	with	

DVMs	for	hypersonic	flow	
simula4ons…	

Overview	and	recent	developments

Several	authors	are	reviving	the	concept	of	adapCve	LBMs,	and	propose	alternaCve	
ways	to	reconstruct	missing	informaCon
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• Dorschner	et	al.	(2018)

3	-	Full	reconstruc4on	(moment	space)

1	-	Third-order	Lagrange	interpola4on

2	-	Predictor-corrector

• Zipunova	et	al.	(2020)

3	-	Regularized	reconstruc4on

1	-	Third-order	Lagrange	interpola4on

2	-	Predictor-corrector
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i Hermite	expansion

Reg-PonD	is	supposed	to	be	more	efficient

hsps://www.youtube.com/watch?v=FfpjSu7G594&list=PLmp2AWh1L6AoFETV5ZNhFtbU1vbX0fSOC&index=11

2	-	Pragma4c	reconstruc4on

• Sun,	Hsu	et	al.	(end	1990s	-	beg	2000s)

1	-	Redistribu4on	of	macros	during	streaming
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i +	correc4on	terms	(viscous	effects)

Overview	and	recent	developments

Several	authors	are	reviving	the	concept	of	adapCve	LBMs,	and	propose	alternaCve	
ways	to	reconstruct	missing	informaCon

https://www.youtube.com/watch?v=FfpjSu7G594&list=PLmp2AWh1L6AoFETV5ZNhFtbU1vbX0fSOC&index=11
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• Dorschner	et	al.	(2018)

3	-	Full	reconstruc4on	(moment	space)

1	-	Third-order	Lagrange	interpola4on

2	-	Predictor-corrector

• Coreixas	and	Las	(2020)

3	-	Regularized	reconstruc4on

1	-	Interpola4on	free

2	-	Predictor-corrector	not	required
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i Grad’s	formula4on		
(or	CE	expansion)

2	-	Pragma4c	reconstruc4on

• Sun,	Hsu	et	al.	(end	1990s	-	beg	2000s)

1	-	Redistribu4on	of	macros	during	streaming
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Overview	and	recent	developments

Several	authors	are	reviving	the	concept	of	adapCve	LBMs,	and	propose	alternaCve	
ways	to	reconstruct	missing	informaCon

• Zipunova	et	al.	(2020)

3	-	Regularized	reconstruc4on

1	-	Third-order	Lagrange	interpola4on

2	-	Predictor-corrector
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i Hermite	expansion

To	obtain	an	efficient	scheme,	we	should	avoid	modificaCons	proposed	for	PonD,	i.e.,	
interpolaCon	+	full	reconstrucCon
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• Coreixas	and	Las	(2020)

3	-	Regularized	reconstruc4on

1	-	Interpola4on	free

2	-	Predictor-corrector	not	required
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(or	CE	expansion)

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020. 46

Overview	and	recent	developments

Several	authors	are	reviving	the	concept	of	adapCve	LBMs,	and	propose	alternaCve	
ways	to	reconstruct	missing	informaCon

To	obtain	an	efficient	scheme,	we	should	avoid	modificaCons	proposed	for	PonD,	i.e.,	
interpolaCon	+	full	reconstrucCon
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Stability	condition	to	dynamically	shift	the	lattice

LSA	of	1D	models	with	an	analyCcal	equilibrium	(integer-value	shik)

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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Stability	condition	to	dynamically	shift	the	lattice

LSA	of	1D	models	with	an	analyCcal	equilibrium	(integer-value	shik)

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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Stability	condition	to	dynamically	shift	the	lattice

LSA	of	1D	models	with	an	analyCcal	equilibrium	(integer-value	shik)

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.

5 7 9 11 13 15 17 19 21

V

�2

�1

0

1

2

3

u
x

ToptTopt

5 7 9 11 13 15 17 19 21

V

T50%

Ux = 0

Ux = 1

Ux = 0

Ux = 1

<latexit sha1_base64="2LchPNpRXTaXULlnOmgapH+9UyI="></latexit>

<latexit sha1_base64="nwHUmwZUJ9JdPK/hYK8rE6qt4AQ="></latexit>

<latexit sha1_base64="qMeM5vcg46P3c2jJMtahvVN1+8M="></latexit>

<latexit sha1_base64="AlbHZG6cY3mFuvJ0ckrDwHPu6KA="></latexit> D1Q11

D1Q9

D1Q7

D1Q5

Non-shiked

<latexit sha1_base64="pX+do/Zc0VQQsKhXpNpyprzkiUQ="></latexit>

<latexit sha1_base64="xlsWk9w76JV16W58BuLXKpsFCnY="></latexit>

<latexit sha1_base64="He6owjRZ+vfha9YPpXt0qDrN/Nw="></latexit>

<latexit sha1_base64="sGo2RpvFnQoaSMIg7VxOzRM0mAo="></latexit>

Stability	domains	must	overlap!…	but	it	only	happens	for	D1Q9,	D1Q11,	etc…
LBMs	based	on	analyCcal	equilibria	cannot	be	used	to	design	an	efficient	model	
when	the	shik	is	based	on	integer	values!	
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Stability	condition	to	dynamically	shift	the	lattice

What	about	LBMs	based	on	numerical	equilibria?

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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Impose	all	convecCve	moments	(10	in	2D)
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Stability	condition	to	dynamically	shift	the	lattice

What	about	LBMs	based	on	numerical	equilibria?

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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We	can	use	compact	lattices	(2D	version	of	PowerFLOW’s	D3Q39)		
thanks	to	numerical	equilibria
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Reconstruction	strategy

Dynamic	domain	decomposiCon	based	on	macroscopic	quanCCes	(u	and/or	T)

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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Reconstruction	strategy

Dynamic	domain	decomposiCon	based	on	macroscopic	quanCCes	(u	and/or	T)

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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How	do	we	compute	missing	populaCons	at	the	interface?
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Reconstruction	strategy

Dynamic	domain	decomposiCon	based	on	macroscopic	quanCCes	(u	and/or	T)

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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Reconstruction	strategy

Dynamic	domain	decomposiCon	based	on	macroscopic	quanCCes	(u	and/or	T)

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.

<latexit sha1_base64="pCaOk2gSal/j4fWhPGehXBdB0bI="></latexit>

<latexit sha1_base64="MZjpoj7T0FYKD+nJvf+db4mUbV4="></latexit> <latexit sha1_base64="udDCWjGrWUO50zAdY1XyHOmZYLc="></latexit>

<latexit sha1_base64="myF0CqiKxftlyNSujGFkola8tbA="></latexit>

�0.5 < u
x

6 0.5
<latexit sha1_base64="gjrORjKXNQ1QBg5Xe9xRZxRsRw4="></latexit>

0.5 6 u
x

< 1.5

How	do	we	compute	missing	populaCons	at	the	interface?
<latexit sha1_base64="+0ElLoeuKoQALjS5McmtZdiQ24o="></latexit>

h⇤
i = heq

i + (1� 1/⌧h)h
neq
i

analyCcal	or	numerical
Grad’s	formulaCon	of	populaCons

<latexit sha1_base64="dO+GLbXirSLQrJF9vJlkV0e5E4g="></latexit>

hneq
i ⇡ h(1),Grad

i = heq
i (1 + �h)

velocity	and	temperature	gradients

Interpolation-free	reconstruction	strategy		
that	can	be	coupled	with	all	equilibria	(analytical/numerical)
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Reconstruction	strategy

Dynamic	domain	decomposiCon	based	on	macroscopic	quanCCes	(u	and/or	T)

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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It	will	further	be	applied	to	initial	and	boundary	conditions
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Accuracy	of	interpolation-free	formulation

PropagaCon	of	waves	(inviscid	condiCons	and	L=100	points)	
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Low	dissipaCon	and	dispersion	errors
Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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Accuracy	of	interpolation-free	formulation

1D	Riemann	problem	(L=500	points)	
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• All	methods	perform	very	
well	

• No	issue	with	BCs	

• Kinetic	sensor	allows	for	  
inviscid	simulations		

• Contact	discontinuity	is	 
over-dissipated	  

• Interface	is	following	the	 
shock	and	rarefaction	wave

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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Accuracy	of	interpolation-free	formulation

2D	Riemann	problem	(L	points	in	each	direcCon)
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• Main	features	are	properly	recovered	(symmetry,	«	mushroom	»,	complex	pattern)	

• The	kinetic	sensor	allows	for	inviscid	simulations	but	it	is	too	dissipative	

• The	kinetic	sensor	would	benefit	from	fine	tuning	(e.g.,	based	on	wave	types)

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.

Astoul	et	al.,	Analysis	and	reduc4on	of	spurious	noise	generated	at	grid	refinement	interfaces	with	the	la>ce	Boltzmann	method,	JCP,	2020.
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Accuracy	of	interpolation-free	formulation

2D	Riemann	problem	(L	points	in	each	direcCon)
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The	lattice	self-adapts	to	all	main	features

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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Accuracy	of	interpolation-free	formulation

2D	Riemann	problem	(L	points	in	each	direcCon)

0

0.5

1

y/
L

L = 200 L = 500 L = 1000

0.6

0.8

1.0

1.2

1.4

1.6

0 0.5 1

x/L

0

0.5

1

y/
L

0 0.5 1

x/L

0 0.5 1

x/L

(0, 0)

(1, 0)

(0, 1)

(1, 1)

<latexit sha1_base64="naZlA9oWvKzbU8Ip3An1NCN2W2g="></latexit>

<latexit sha1_base64="EmOy7L1KOkdLUk2IqankOAqGZdk="></latexit>

<latexit sha1_base64="RyIyu/yz1P/suX1o6BDgGTxh2II="></latexit>

<latexit sha1_base64="3rIKA/EgkPBn8krP2yrqUkviDMk="></latexit>

All	of	this	is	very	promising!

Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.
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Accuracy	of	interpolation-free	formulation

2D	Riemann	problem	(L	points	in	each	direcCon)
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Coreixas	and	Lal,	Compressible	la>ce	Boltzmann	methods	with	adap4ve	velocity	stencils:	An	interpola4on-free	formula4on,	PoF,	2020.

What’s	next?

All	of	this	is	very	promising!
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On-going	investigations

Mode	transfer:	Hybrid	LBMs…

Renard	et	al.,	A	linear	stability	analysis	of	compressible	hybrid	la>ce	Boltzmann	methods,	arXiv,	2020.

Usually,	either	pressure	or	velocity	
fields	of	the	convected	vortex	are	

plosed	in	papers…

and	this	might	hide	spurious	
transfers	between	vor4city	and	

temperature!
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On-going	investigations

Mode	transfer:	Hybrid	LBMs…	but	not	only!

Dorschner,	Bösch	and	Karlin,	Par4cles	on	Demand	for	Kine4c	Theory,	PRL,	2018

PonD	(D2Q9)	also	have	
mode	transfer	issues!…	

What	about	other	
adapCve	LBMs?		
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On-going	investigations
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High	variability	depending	on	the	numerical	scheme

Preliminary	comparison	of	some	compressible	LBMs	(no	shock	sensor)
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µs/pt/it 1� 10 ⇠ 7.1 ⇠ 7.7
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On-going	investigations
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i7-10700K	CPU	@	3.80GHz	(perfo	based	on	1	core)

Preliminary	comparison	of	some	compressible	LBMs	(no	shock	sensor)
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On-going	investigations
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Preliminary	comparison	of	some	compressible	LBMs	(no	shock	sensor)
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On-going	investigations

Preliminary	comparison	of	some	compressible	LBMs	(no	shock	sensor)
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Performance	and	conservaCon	issues	are	worsen	when	increasing	raCos…
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On-going	investigations

Preliminary	comparison	of	some	compressible	LBMs	(no	shock	sensor)
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Performance	and	conservaCon	issues	are	worsen	when	increasing	raCos…
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Moral	of	the	story:	It’s	good	to	use	lattices	as	small	as	possible…	
but	that’s	pointless	without	efficient/accurate	numerical	schemes!
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Guo	&	Shu,	LaFce	Boltzmann	Method	and	Its	Applica@ons	in	Engineering,		
World	Scien4fic,	2013.

Further	reading

• Other	types	of	equilibria	(circular,	spherical,	etc)		
• Other	numerical	discretizations	(TVD,	IMEX,	etc)	
• Lattice	Boltzmann	/	gas	kinetic	flux	solvers	
• Go	and	check	papers	about	DUGKS	and	DBM	(not	shown	here)

Yang	et	al.,	LaFce	Boltzmann	and	Gas	Kine@c	Flux	Solvers,		
World	Scien4fic,	2020.
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Thank	you	for	your	attention!	
Questions?


