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• ~�`Y]RA�A�MdHY�J²�_�OoX?_�b�KcX?A�b�P�b�_�MDK�OQ��Es�QXJb�Md]R_�_�OQ�<C?EsMd]ji?]jPj]�My²�AD]R�)H?PREsMd]�OoX?A�>Q~�`Yb�ES]R�
]jA�MDO�_LESPj_�HYP�EfMDb�CYK�OoC�Es��EfMd]�OQXmOF�VC	b�K|MdHYKci�EfMd]�OQXYA6]RX!³�]jK�b�A´]jX!Md]j��b�Md`Jb��JOQ��ES]RXmH?AD]jXY�
Md`Jb £ @�µ�¶�·¸AD]R�)H?PREsMcOQK�McO5AcOoP�¹ob.Md`Yb)XYb�My³�OoKcW&ESX?�ºPj]jXYbmC?K�OoC�Es�QEsMd]�OoX&b�»�H�EfMd]jOoX?A�>
~�]R��b,�YOo��ES]jX�]RA^��OQK|b�_�OoXQ¹Qb�X?]�b�XQM2MDOqMgESWSb¼]jXQMDOBES_�_�OoH?XQM�XYOoX¾½¿PR]jXYbLESKc]¡MN²�]jX._�]jKc_�H?]¡MdA�>
• ~�`Yb9�Y]�À�_�H?P¡My² T `Yb�K�b T _�OoX?AD]jA�MdA,]jX�Md`Jb9K�b�C?K�b�Acb�XQMgEfMd]�OQX�OS�©Md`Jb9ADW�]jX<b��[b�_nM¼ESP�OQXJ�Md`Jb�³�]jK�b�A�>¤~�`Y]RA�]RADADHJb<`�ESA�i	b�b�XÁ`?]jA�MDOoKc]R_�ESPRP¡²*MdK�bLEsMcbL�Á]jXÂMd`Jb���K�b�»�HYb�X?_n²Â�JOQ��ES]RX
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= k?> T = p > T =A@ > T ³�`JbLK|b�]¡M�]jA¼b°ESA�²�MDOCB	X?��Md`Yb b?D?EF_nM�AcOoPRH¾Md]�OQX�OF�^]j�<CVb��?EFXY_�b T �o]�¹ob�X�iQ²Md`Jb)µ,bLADAcb�P	��H?XY_�MD]jOoX?A�>?~�`Yb�X5Md`Jb�Md]j��b��JOQ��ES]RX�]j�<C?H?PjAcb K�b�ADC	OQXYAcb�]jA��o]�¹ob�X�iQ²�]¡MdAEÑXQ¹Qb�KcAcb!\JOQHYKc]�bLK�~-KcEFXYA��±OQKc�*>
• F b�K�b T ³�b�C?K�OoC	OQAcb�Md`Jb�ESC?CYPR]j_�EsMd]�OoX)OS�	��KDEF_nMd]�OoX�ESPY_�ESPR_�H?PjH?A^Md`Yb�OoK|²!MDO�Md`Jb�Md]R��b�YOo��EF]jX�EFX?EFP¡²JAD]RA,OF�2Md`Jb ADW�]RX�b��[b�_nM�]jX�MdHYi?H?PRESK�_�OoX?�YH?_nMDOoKcA�iQ²�H?AD]jXY��E!¹SEFPj]R�?EsMcbL�
ESC?C?K|OGDY]R��EfMd]�OQX5OS��MD`Yb���K�b�»�HJbLXY_n²5�JOQ��ES]RX5b?DYC?K|bLADAD]�OoX¤>
• H ]¡Md`YOoHJM�_�OQXYAD]R�JbLK�]RXJ�<C?K�OoC�Es��EfMd]�OQX T EFA9EIB�KcA�MBA�MDb�C T Md`Jb���KDES_�MD]jOoX�ESP2_�EFPj_�H?PjH?A]jA)_�Oo��C?EFK|bL��McO Md`Yb�_�OoXQ¹QOoPjHJMd]�OQX8OS�qMD`Yb�]j�<C?H?PjAcb�K�b�ADCVOoX?Acb�OF��Md`Yb�EFCYC?K�OGDY]j��Ef½
MDb���]j�<C	bL�?EFXY_�b�³q]�Md`#Md`Yb*]jX?CYHJM<_�H?K�K�b�XQM�>0~�`Y]RA�]j�<C?H?PjAcb5K|bLADC	OoX?Acb*XYb�b��?AmMDO�i	b
_�EFHYAdEFPKJ?³�bmESPRAcO�AD`YO°³¸]¡MB]RAqCVOoADAD]ji?P�b!]��0��K�b�»�HJbLXY_n²%�YOo��EF]jX&ESC?CYK�OGDY]j��EsMd]�OoX?AqWSb�b�C
_�`?EFKcEF_nMDb�Kc]jA�Md]j_�A�OS�-Md`Jb�K�bLESP EFXY�%]R��Es�Q]jX�ESK�C�ESK|M�>

L MONQPSR5TVU'W�XZY []\_^`X"acbdN_^ \_T�eCfgR�TV[ih ^�j]fgW�k5T�[lh Wihg\ TVY mn^po
\qWrhgUp^sT�h ktN_^suwv+^�j]fg^�hgUxP \_[lY W�T�h

• ÿ*E D¾³�b�PRPKyÓA!b�»�H�EfMd]�OQXYA�]jX?AD]j�Yb�E&�FO�O¾� _�OoX?�YH?_nMDOoK{z l `?�|y A)PRE�³}J −→
j = σ

−→
E ~ESK�b�³�Kc]¡McMDb�X T ADH?CYC	OQAD]jXY�*Md`�EfMm�?]jADC?PREF_�b���b�XQM�_�H?K�K�b�XQMm]RA.XJb��oPj]j�o]RiYPjb�_�Oo�<C�ESK�b��ÂMcO

_�OQXY�?HY_�MD]jOoX%_�HYKcK�b�XQM�EFXY��MD`�EfM�Md`Jb�K�b.]jAqXYO<_a`�ESK��Fb.ES_�_�HY��H?PREfMd]jOoX¤>

\^]j�oH?K|b k > ���1���w���������/�2���}�V�����+�I���8���$�8�����/�$�2�n�/���?���,�)�������x�)���"���)�"�

• \JOoK�E!_n²JPR]jX?�YKc]R_�ESPV_�OoX?�YH?_nMDOoK�OS�^KDEF�Y]RHYA
r = a

z�Acb�b�\^]j�?> @ ~ T ³�b ADH?CYC	OQAcb9Md`?EsMMd`Jb9_�H?KcK�b�XQM��Yb�X?AD]¡My²�`?EFA�EFX<HYX?]j»�HYb9_�OoXQMdKc]ji?HJMD]jOoX��±OQPjPjOL³�]jXY� Md`YbBE DY]jA,�Y]RK�b�_nMd]�OQX�OS�
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Md`Jb!_�OoX?�YH?_nMDOoK�>?@BPjAcO T �±OoK�E�_n²JPR]jX?�YKc]j_LESP¤AD`?EFC	b�Md`Jb!_�H?KcK�b�XQM�]RA�]jX?�Jb�CVb�XY�Yb�XQMqOS� φ
>

\^]jX�ESPRP¡²�³�b._�OQXYAD]R�Jb�K�XJO<C?K�OoC�Es�QEsMd]�OoX*]jX
z
AcO�Md`�EfM −→

j = jz(r, t)
−→uk

>
• EÑX�OoKc�Yb�K´MDO.�JbLAD_�Kc]ji	b�MD`Yb�]RXYXYb�K6]R�<C	b���ESX?_�b�OF�[Md`Jb�³q]RK|b T ³�b�HYAcb�MD`Yb��Y]��©HYAD]jOoXb�»�H�EfMd]�OQX5�±OoK�MD`Yb._�H?K�K�b�XQM��JbLXYAD]�My²5]RXYAD]R�Jb�Md`Jb._n²JPR]jX?�YKc]R_�ESP¢_�OoX?�?HY_nMDOQK��o]�¹ob�X�iQ²xJ

∂2jz(r, t)

∂r2
+

1

r

∂jz(r, t)

∂r
− σµ0

∂jz(r, t)

∂t
= 0E��V³�b�CVb�K|�±OoKc� E.\JOoH?K�]jb�K-MdKDESX?A��±OoKc��O°¹ob�K-Md]R��b

t
Md`Yb�C�ESK|Md]REFPY�?]¡�[bLK|bLXQMD]�ESPJb�»�H?EsMd]�OoX

]jA�MdKcEFXYA��±OQKc��b���]jXQMDO�EFX�OoKc�?]jX�ESK|²5�?]¡�©b�K�b�XQMd]RESP¢b�»�H�EfMd]jOoX'J
d2ĵz(r, ω)

dr2
+

1

r

dĵz(r, ω)

dr
− jωσµ0ĵz(r, ω) = 0.

~�`Ybm]R�<C	b���ESX?_�b.C	b�K9H?XY]�MBP�b�XY�SMd`+OS�0Md`Jb�_�OoX?�?HY_nMDOQKq_LESX*MD`Yb�X&i	b)�Yb�B	XJbL�&EFA = k$> T= p > T = @ > T = � > J
z k ~ Ẑ ≡ Êz(a)

Î
=

√−j√
2πaσδ

· J0(ka)

J1(ka)

³q`Yb�K�b
J0

ESX?�
J1

ESK�b�µ�b�ADAcb�Pf��H?XY_�MD]jOoX?A¢³q]�MD`!E�_�OQ�<CYPjb?D ESK��oH?��b�XQM
k =

√−jωσµ0ESX?�
δ =

√
2

ωσµ

]jA�Md`Yb.ADW�]jX%�Yb�CJMD`¤>

• � ADH�ESPRP¡² T �±OoK,��K�b�»�HJbLXY_n²<�YOo��EF]jX<K�b�AcOQPjHJMd]�OoX T�� H?A�M¼MD`Yb K�bLEFPVC?EFK|M¼OF�¤MD`?]jA�]R�<C	bn½��ESX?_�b.]jAqHYAcb��*i	b�_�EFHYAcb�Md`Jb.]R��Es�Q]jX�ESK|² C�ESK|M9_�ESX%iVb!XJb��QP�b�_�McbL��_�Oo�<C�ESK�b�� MDO�Md`Yb
b?D¾MDb�KcX�ESP¤]jX?�YH?_nMgESX?_�b�OS��Md`Jb�³�]jK�bo> H b�³q]RPjP¤Acb�b�PREsMcbLK¼Md`?EsM�Md`Yb�]R��Es�Q]jX�ESK|²�C�ESK|M9]jA
XYb�_�b�ADAdEFKN²�MDO<CYK�b�Acb�K|¹Qb�_�EFHYAdEFPj]�My²Q>

� bdTVY ^ \_[iY WrTVh v+^�R�mn[lhgR�^

• ~�O OoiJMdEF]jX�Md`Yb&MD]R��b+�YOo��ES]jX�b�¹QOoPRH¾Md]�OQX�OS�._�H?K�K�b�XQM5HYX?�Yb�K�ADW�]RX�b��[b�_�M<³�b
C?K|OQC	OoAcb%EFX OoKc]��Q]jX�ESP¼ESC?CYK�O�ES_�`8Md`?EsM�`�ESA�i	b�b�X H?Acb��#]RX8OSMd`JbLK)ESC?C?Pj]j_LEfMd]�OQXYA =�� > TESX?�%i�ESAcb��%OoX5Md`Yb���KDEF_nMd]�OoX�ESP¤_�EFPj_�H?PjH?A = � > >
• H b _�`YO�OoAcb�MDO�EFCYC?K�OGDY]j��EsMcbIz k ~ MD`?K�OoHY�o`YOoHJM�Md`Jb ³q`YOoPjb i?EFXY�J³q]R�¾Md`�KDESXY�o]RXJ���K�Oo� h Z MDO<`?]��o`���K|bL»�HJb�X?_n²�³q]¡Md`'J

Ẑapp(ω) =
1

πa2σ
+

1 + j

2πa

√
µ

2σ

√
ω , ω ∈ [0,∞[

Ẑapp(ω) =
1

πa2σ
+

1 − j

2πa

√
µ

2σ

√
|ω| , ω ∈ ] −∞, 0[.

@BP¡Md`YOoHY�o`8Md`?]jA.b�DYCYK�b�ADAD]jOoX�O°¹ob�K�b�A�Md]j��EfMDb�A�Md`Jb5]j�<CVb��?EFXY_�b�EfM)`?]��Q`���K�b�»�HJbLXY_�]jb�A T
]¡M�yÓA.]j�<C?HYPRAcb<K�b�ADC	OoX?Acb�]RA!K�bLESP_z

Ẑapp(−ω) = Ẑ∗
app(ω) ~ ESX?� C?K|bLAcb�K|¹ob�A._�EFHYAdEFPj]�My²
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z�� KcEF��b�KcA|½��BK�OQXY]j� K�b�P�EfMd]�OQXYA ~ >´~�`Jb%]R�<C	b���ESX?_�b5]jX8Md`Yb5My³�OÁCYK�b�¹J]jOoH?A�b�»�H?EsMd]�OoX?A
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Ẑapprox(ω) =
1

πa2σ
+

1

2πa

√
µ

σ

√
jω.

~�`Yb�Md]j��b��JOQ��ES]RX�K|bLADC	OoX?Acb �±OQK�E�_�EFHYAdEFP¤K|b°ESP©��HYX?_nMd]�OQX
i(t)

]jA�MD`Yb�X'J
zßp ~ u(t) =

1

πa2σ
i(t) +

1

2πa

√
µ

σ
D

1

2 i(t)

³q`Yb�K�b�³�b��Yb�B	XJb�Md`JbS�����%�����2�)�x�8��� �?�$���8� �����%�!ESA�]jX =�� > J
D

1

2 i(t) ≡
∫ t

0

di(τ)

dτ

dτ√
π(t − τ)

=
1

2π

∫ ∞

−∞

√
jω Î(ω) ejωt dω.

~�`Yb+X�H?��b�Kc]R_�ESP�b�DYCYK�b�ADAD]jOoX�OS�BMd`Yb%��KDES_�MD]jOoX�ESP��Jb�Kc]�¹SEsMd]¡¹ob+_�ESX�i	b&�Jb�¹Qb�P�OQC	b���]jX
�?]¡�[b�K�b�XQM�³�E�²JA =�� > > H b�b?DYC	OQAcb�`Jb�K�b�iYKc]jb��Y²&Md`Jb�H?Acb�OS��MD`Yb��±OoKc��EFP�AD»�H�ESK�b�K�O�OSM
OS�6ECB�X?]¡MDb.�?]¡�[b�K�b�X?_�b�OoC	bLKcEsMDOoK z U K	�YXQ³�EFPj�¾½�
©b�MDX?]jWFO°¹5�?]¡�[bLK�]RXQMDb��oKDESP ~ >
• \^]�DY]jXY��E.Md]j�<bBA�McbLC

h > 0 T MD`YbB¹FEFPjHYb�A¼OS� Md`Yb i(t)
��HYX?_nMd]�OQX�EfM�K�b��oH?PREFK�A�MDb�CYA

ESK�b!b�DYCYK�b�ADAcb��
in = i(nh)

³q`Yb�K�b
n ∈ N

>V~�`JbnB	X?]¡MDbm�?]¡�[b�K�b�X?_�b!H?CQ³q]RXY� AD_�`Jb��<b
�±OoK�Md`Jb�B	K�A�M��JbLK�]�¹FEfMd]¡¹Qb�]RA"J

[
di(t)

dt

]

n

≈ 1

h
(in − in−1) =

[
1

h
(Id − χ) i

]

k³q`Yb�K�b
Id

ESX?�
δ
EFK|b ]j�Yb�XQMd]¡MN²�ESX?���Yb�PRE�² OQC	b�KDEfMDOoKcA�AcO�Md`�EfM

[Idi]k = ik
EFXY�

[χi]k = ik−1.
~�`Jb9�Yb�B	XY]�MD]jOoX�OF�©Md`Yb���KDES_�MD]jOoX�ESP��Yb�Kc]¡¹FEfMd]¡¹Qb�_�OQ��b�A´Md`Yb�X<X�EfMdH?KcEFPjP�²xJ

D
1

2 ≡ 1√
h

√
Id − χ =

=
1√
h

(
1 +

1

2
(−χ) + . . . +

1

2
(1

2
− 1)...(1

2
− n + 1)

n!
(−χ)n + . . .

)

[
D

1

2 i
]

k
=

1√
h

k∑

j=0

αjik−j .

@BC?CYP�²J]jXY��MD`Yb.CYK�b�¹J]jOoH?A�K�b�ADH?P¡MdA�McO zßp ~ ]�M��±OoPRP�O°³qA"J

ik =
1

1

πa2σ
+

1

2πa

√
µ

σ

1√
h
α0

(
uk −

1

2πa

√
µ

σ

1√
h

k∑

j=1

αjik−j

)
.
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Fractional Calculus

\^]j�oH?K|bmp�>l���5�$���?�6�l� �O�������r� �������w�)���+�)�������������/� �|���+����� � �������8�<�+�/�2�)�	� �"�7���w�$�2�w� ��
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� � TVY f_X�W k5TV[ih � ^�R5f_X�ktR

• ~�`Yb.¹FESPjHYb�A�_�OQK�K�b�ADCVOoX?�%MDO EFX&@ H U pFp)³�]jK�b T a = 0.36 mm
�±OoK�Md`Jb)KcEF�Y]RHYA

OS�¤Md`YbB_n²JPj]RXY�Yb�K T σ = 5.2107S/m
�±OoK�]¡MdA�b�Pjb�_nMdKc]j_�EFPY_�OQXY�?H?_nMd]¡¹J]¡MN²Q>�~�`Yb9b?DY_�]�MdEsMd]�OoX
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