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∗ orresponding author: mohamedmahdi.tekitek�fst.rnu.tn17 January 2013 ∗Our ommuniation will be divided into two parts. In the �rst part, we show that it is possibleto get the marosopi �uid equations of lattie Boltzmann shemes with an external fore usingTaylor expansion. In a seond part of our ontribution, we validate this general expansion by adetailed appliation to boundary onditions.A lattie Boltzmann sheme is de�ned through the evolution of a population {fi} of q disreteveloities where time, spae momentum are disretized. The population evolves in a suession ofollision and propagation steps on the nodes of a regular lattie in d dimensions, parametrized bya spatial step ∆x. The time step ∆t is determined thanks to the aousti sale λ (i.e. ∆t = ∆x
λ

).For the DdQq sheme, we note (vj)0≤j≤q−1 the set of q veloities and we assume that for eahnode x and eah veloity vj , the vertex x − vj∆t is also a node of the lattie. So a time step ofa lattie Boltzmann sheme an be written as :(1) fi(x, t + ∆t) = f∗
i (x − vi∆t, t), 0 ≤ i ≤ q − 1 ,where f∗

i is the veloity population after ollision. As proposed by d'Humières [3℄, we introduethe moments m de�ned by m = M•f where M is a given invertible matrix. So in the momentspae it is easier to desribe the ollision step. The moment vetor is omposed of two kinds ofquantities : the �rst one of onserved variables V ∈ R
N whih are not a�eted by the ollisionstep when there is no foring term. The seond one of non onserved quantities Y relax in theollision step. So the moment vetor beomes

m =

(

V

Y

)

.The lattie Boltzmann shemes with fore term are replaed by the following steps :
• The onserved variable are given by : W = V + θ ∆t F, where θ is a �xed salar in ]0, 1[ and
F is a given drift term.
• The relaxation step is performed in the moment spae as follows : Y ∗ = (Id−S)Y + S Y eq,where S is the diagonal matrix of the relaxation times sk,N + 1 ≤ sk ≤ q − 1 with 0 < sk < 2.
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F. Dubois, P. Lallemand and MM. Tekitek.The equilibrium distribution is given by Y eq = E.W, where E is a �xed matrix with q −N linesand N olumns.
• Due to the fore term, the onserved variables during the ollision step, evolve aording to :
V ∗ = V + ∆t F.We rewrite the sheme (1) in moment spae and we obtain the following equation :(2) (

V

Y

)

(t + ∆t) =
∑

n≥0

(∆t)n

(

An Bn

Cn Dn

)(

V

Y

)

(t) +
∑

n≥0

(∆t)n+1

(

Gn

Hn

)

F.We extend the �Berliner version� [1℄ of the Taylor expansion method for the expansion (2) whenan external foring term is present. We suppose here that the onserved variables W satisfy apartial di�erential equation :(3) ∂tW = α1W + ∆t α2W + (∆t)2 α3W + · · · + γ0F + (∆t)γ1F + . . .and the non onserved moments Y follow a dynamis of the type(4) Y = EW + ∆t β1W + (∆t)2 β2W + · · · + ∆tρ0F + (∆t)2ρ1F + . . .We entirely speify the development up to order two on ∆t. By doing Taylor expansion and byidenti�ation with the hypothesis (3), we obtain
{

α1 = A1 + B1E, α2 = B1β1 + A2 + B2E −
α2

1

2
,

γ0 = G0 and γ1 = B1ρ0 + G1 − θA1 −
1
2
(α1γ0 + (γ0 − 2θ)∂t) .For the equation of the N non-onserved moments we have :























β1 = S−1 [C1 + D1E − Eα1]

β2 = S−1

[

D1β1 − Eα2 − β1α1 − E
α2

1

2
+ C2 + D2E

]

,

ρ0 = S−1 [H0 − Eγ0 − θSE]

ρ1 = S−1
[

D1ρ0 + H1 − Eγ1 − β1γ0 −
1
2
Eα1γ0 −

1
2
Eγ0∂t − ρ0∂t − θC1

]

.Using the Taylor expansion method with an external fore given by the above method, we analyzein this ontribution a family of situations (1D, 2D) of di�usion and linear �uid problems with�boune bak � and/or �anti-boune bak� numerial boundary onditions. The result is that�magi� parameters proposed in [4℄ and explored as �quarti� in [2℄ depend not only on thedetailed hoie of the moments but also on the parameter θ (whih is related to how the driftterm is applied). We give a new result for quarti ondition for Poiseuille �ow with an externaldrift for the D2Q13 sheme : 40σ5σ9 − 7− 8σ5 +16σ5θ = 0, where σi =
(

1

si

− 1

2

) is the Hénon'sparameter.Referenes[1℄ A. Augier, F. Dubois, B. Graille. �Rotational invariane of Lattie Boltzmann shemes�,9th ICMMES Conferene, Taipei, July 2012, to appear.[2℄ F. Dubois, P. Lallemand, MM. Tekitek. �On a superonvergent lattie Boltzmann boundarysheme�, Computers and Mathematis with Appliations, p. 2141-2149, 2010.[3℄ D. d'Humières. �Generalized Lattie-Boltzmann Equations�, in Rare�ed Gas Dynamis:Theory and Simulations, vol. 159 of AIAA Progress in Aeronautis and Astronautis, p. 450-458, 1992.[4℄ D. d'Humières, I. Ginzburg. �Multi-re�etion boundary onditions for lattie Boltzmannmodels�, Physial Review E, vol. 68, 2003.



